N
N

N

HAL

open science

Essays in general equilibrium with borrowing
constraints, optimal growth, and FDI

Pham Ngoc-Sang

» To cite this version:

Pham Ngoc-Sang. Essays in general equilibrium with borrowing constraints, optimal growth, and
FDI. Economics and Finance. Université Panthéon-Sorbonne - Paris I, 2014. English.

2014PA010076 . tel-03745631

HAL Id: tel-03745631
https://theses.hal.science/tel-03745631

Submitted on 4 Aug 2022

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.

NNT:


https://theses.hal.science/tel-03745631
https://hal.archives-ouvertes.fr

UNIVERSITE DE PARIS 1 PANTHEON-SORBONNE

THESE

en vue de 'obtention du

Doctorat en Sciences

de I"Université de Paris 1 Panthéon-Sorbonne
Spécialité : Economie
Présentée et soutenue par

Ngoc-Sang PHAM

Essays in General Equilibrium with

Borrowing Constraints, Optimal Growth,
and FDI

These dirigée par Gael GIRAUD

préparée a I'Université de Paris 1 Panthéon-Sorbonne

soutenue le 26 septembre 2014

Membres du Jury :

Jean-Marc BONNISSEAU
Professeur, Université de Paris I Panthéon-Sorbonne

Stefano Bosr
Professeur, Université d’Evry-Val d’Essonne

Gaél GIRAUD (Directeur)
Directeur de recherche, CNRS

Victor Filipe MARTINS DA ROCHA (Rapporteur)
Directeur de recherche, CNRS

Cuong LE VAN
Professeur, CNRS, PSE

Yiannis VAILAKIS (Rapporteur)
Professeur, Université de Glasgow



Remerciements

Tout d’abord, je remercie mon directeur de these, Gaél Giraud, de
m’avoir encadré pour ma these. Tout au long de la réalisation de mon
mémoire de master et de ma these, M. Giraud, il a favorisé mon travail par
beaucoup de bons conseils. Bien qu’il soit tres occupé, il m’a accueilli et
a répondu a toutes mes questions en tout temps, voire en weekend. Je lui
adresse mes remerciements infinis.

Je veux remercier Cuong Le Van de m’avoir encadré pour mes premiers
pas de recherche. Il m’a enseigné non seulement des lecons scientifiques
mais aussi la fagon de vivre.

Je tiens a remercier Filipe Martins-da-Rocha et Yiannis Vailakis de
m’avoir accordé ’honneur d’étre rapporteur et membre du Jury.

Je dois un grand merci a Jean-Marc Bonnisseau avec qui j’ai suivi mon
premier cours d’économie : la théorie de ’équilibre général. C’est un grand
honneur pour moi qu’il soit dans le Jury car il est I'un des tres grands
spécialistes de I'équilibre général.

J’aimerais remercier Stefano Bosi d’avoir discuté avec moi et donné des
bons commentaires et suggestions sur mes travaux. Il m’a fait un grand
honneur de siéger dans ce jury.

Je remercie également mes co-auteurs Tran Nam Binh, Nguyen Huu
Thanh Tam, Ha Huy Thai pour les discussions enrichissantes que nous
avons eues ensemble et pour les bouts de chemin de recherche que j’ai faits
avec eux. J’espere continuer de collaborer avec eux.

J’aimerais adresser aussi mes remerciements aux professeurs Bernard
Cornet, Jean-Pierre Drugeon, Bertrand Wigniolle, Giorgio Fabbri, Antoine
d’Autume, Christophe Chorro, Dominique Guégan pour les conseils dont
j’ai bénéficié pendant mon séjour au CES.

J’ai bénéficié aussi des aides des responsables administratifs du CES,
comme Elda André, Maria Varela, Loic Sorel, Nathalie Louni, Martine
Ahmed-Chaouch, Stéphane Brice, Rachad Abidi, Martine Ahmed Chaouch,
Stéphane Michalinoff, Joane Faron, Eric Delogu, Frédéric Busson, qui ont
été toujours tres souriants et sympathiques. J’aimerais leur adresser toute
ma gratitude.

Un grand merci va a mes amis travaillant ou ayant travaillé au CES
comme Lalaina Mamonjisoa Rakotonindrainy, Ha Huy Thai, Hyejin Cho,



i

Benjamin Ortangar Nguenmanadji, Nguyen Duy Manh, Vo Dinh Tri, Nguyen
Thi Do Hanh, Florent Mc Isaac, Veronica Acurio Vasconez, Carla Cane-
las, Vincenzo Platino, Andreas Karpf, Gaetan Gournier, Stéphan Gonzalez,
Peter Addo, Lai Ngoc Anh, Guillaume Arnould, Antoine Kornprobst... Je
les remercie pour leur amitié, pour les discussions dans tous les domaines,
pour les beaux souvenirs des moments passés ensemble.

J’aimerais adresser mes remerciements a ma famille, en particulier a ma
femme, Quynh, pour leur soutien et leur confiance. Cela fait et fera mes
bonheurs dans cette vie.



Résumeé

La these se compose de 5 articles.

Le premier article considere une économie monétaire a horizon infini
avec actifs financiers collatéralisés. La Banque Centrale fait des préts a
court et a long terme aux ménages. Les agents peuvent déposer ou/et em-
prunter a court ou a long terme. Néanmoins un plafond est imposé sur
les emprunts de long terme. Tous les agents ont acces aux marchés finan-
ciers. Toutefois les agents doivent posséder suffisamment de collatéral en
biens de consommations pour vendre un actif financier. Les agents font
face a des contraintes de liquidité aussi bien lorsqu’ils achetent des biens
de consommation que des actifs financiers. Sous des hypotheses de ”Gains
a I’échange”, 'existence de 1’équilibre est démontrée. Dans un tel cadre,
plusieurs propriétés des équilibres sont démontrées, notamment 1’existence
d’une trappe a liquidité.

Le deuxieme considere un modele d’équilibre général a la Ramsey avec
agents hétérogenes, contraintes d’emprunt, et offre de travail exogene. D’abord,
I’existence d'un équilibre est démontrée méme si les capitaux ne sont pas
bornés uniformément et si les fonctions de production ne sont pas station-
naires. Ensuite (i) nous définissons la bulle du capital physique comme la
différence strictement positive entre son prix et sa valeur fondamentale (ii)
nous montrons qu’une bulle existe si, et seulement si, la somme des rende-
ments du capital est finie. Enfin, lorsque les fonctions de production sont
linéaires, tout équilibre intertemporel est efficient. De plus, on peut avoir
des équilibres a la fois efficients et avec bulle.

Le troisieme étudie la nature de la bulle financiere dans un modele
d’équilibre général a I’horizon infini avec agents hétérogenes, contraintes
d’emprunt endogenes. Nous démontrons 'existence d'un équilibre sans au-
cune condition sur des dotations initiales des agents. Nous disons qu’il y a
une bulle financiere a ’équilibre si le prix d’actif financier est supérieur a
sa valeur fondamentale. Nous démontrons que les trois conditions suivantes
sont équivalentes : (i) Il y a une bulle, (ii) le cout d’emprunt est strictement
positif, (iii) les taux d’intérét sont bas, i.e., la somme des taux d’intérét au
cours du temps est finie.

Nous donnons aussi une condition sur les variables exogenes pour que
la bulle financiere apparaisse a 1’équilibre.

111
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Le quatrieme concerne l'interaction entre le marché financier et le sec-
teur productif. Pour étudier cela, nous construisons un modele d’équilibre
général a horizon infini avec agents hétérogenes, contraintes d’emprunt en-
dogenes dans lequel les agents investissent en actif financier ou/et en capi-
tal physique. Il y a une firme qui maximise son profit. D’abord, I'existence
d’un équilibre est démontrée. Nous montrons que si la productivité est
suffisamment élevée, 1’économie ne tombe jamais en récession. ! Si la pro-
ductivité est basse, I’économie va tomber en récession avec un nombre infini
de fois. Cependant, dans certains cas, l'actif financier pourrait bénéficier
a I’économie en financant ’achat du capital physique. Grace a cela, une
récession économique pourrait étre évitée.

Dans notre modele, 'actif financier pourrait non seulement créer des
fluctuations du stock de capital physique agrégé mais aussi, dans certains
cas, le rendre efficient pour 1’économie.

Le dernier article porte sur 'analyse de la relation entre la croissance
optimale et l'investissement direct a 1’étranger (IDE), la compétition entre
les firmes domestiques et étrangeres et la stratégie optimale d’un pays re-
cevant 'IDE.

Notre approche consiste a considérer une petite économie ouverte avec
deux secteurs productifs : un vieux secteur produisant le bien de consomma-
tion avec le capital physique et un nouveau secteur produisant un nouveau
bien en utilisant a la fois le capital physique et un travail spécifique. Il existe
deux types de firmes dans la nouvelle industrie : une firme multinationale
déja implantée et une firme domestique potentielle. Notre cadre de travail
met en évidence un certain nombre de résultats.

Tout d’abord, dans un pays pauvre avec un faible rendement de la
formation et des retombées de I'IDE, aucune firme domestique ne peut étre
créée dans la nouvelle industrie qui exige un cout fixe élevé.

Deuxiemement, une fois que le pays d’accueil a la capacité de créer des
firmes domestiques dans la nouvelle industrie, la compétitivité de I'entre-
prise domestique est le facteur clé qui lui permet d’entrer dans la nou-
velle industrie, et potentiellement d’éliminer la firme multinationale. I1
est intéressant de noter que dans certains cas ou les retombées des IDE
sont fortes, le pays devrait investir dans la nouvelle industrie, mais ne pas
avoir besoin de former les travailleurs spécifiques. Ce résultat nous permet
d’expliquer pourquoi dans certains pays, une nouvelle industrie pourrait
étre créée meme si ces pays ne font aucune formation pour les travailleurs
spécifiques.

Enfin, les contraintes de crédit, 1’élasticité entre le capital et le travail
jouent des roles importants dans la compétition entre la firme multinatio-

1. Nous disons qu’'une récession économique apparait s’il n’y a pas d’investissement
dans le secteur productif.



nale et la firme domestique.
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Chapitre |

Introduction

The dissertation consists of two main parts. The fisrt part focuses on
Intertemporal General Equilibrium with Incomplete Markets : monetary
equilibrium and liquidity trap, bubbles and efficiency of equilibria, the in-
teraction between financial and production sectors. In the second part, we
focus on some concerns in Development Economics. More precisely we study
the link among multinational firms, FDI spillovers and economic growth.

1 Monetary equilibrium

Dubey and Geanakoplos (2003a,b) proved the existence of equilibrium
for 2-period monetary economies by using Gains to Trade Hypothesis (GTH).
Conversely, they also proved that monetary equilibrium for pure exchange
economies with money does not exist unless there are sufficient gains to
trade (Theorem 6 and 7 in Dubey and Geanakoplos (2003a)). Dubey and
Geanakoplos  (2006b) then constructed a two-period monetary economy
with production. They imposed that firms sell all goods at hand in period
2, and then there is always a strictly positive quantity of commodity which
is sold in the economy for that holds the existence of an equilibrium.

Chapter 2 gives a full general equilibrium approach to money by construc-
ting an infinite horizon model with consumptions, fiat money and collate-
ralized financial assets. In this framework, there are a Central Bank and
heterogeneous households. The Central Bank lends money to households
by creating short- and long-term loans. Households can deposit and borrow
money. A short (resp., long)-term loan will be paid back with interest rate
at the end of the same (resp., the next) period. For each agent, there are
borrowing constraints when she wants to borrow long-term loans. If agents
want to sell a financial asset, they are required to hold certain commodities
as collateral. When buying a commodity or an asset, tradings face cash-
in-advance constraints. At each period, all trade is voluntary and trading
timing of each agent is the following :
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(i) trade bank loans

(ii) trade commodities and assets
(iii) deliver on assets
(iv) pay back bank loans.

Agents face a liquidity constraint at each sub-period : all purchases must
be paid for in money. With this setup, fiat money which is the stipulated
medium of exchange plays a central role in trading.

The first contribution concerns the existence of monetary equilibrium.
The technique we use to proof the existence of equilibrium consists of three
steps : (1) prove that there exists an equilibrium for each T—truncated
economy ET, (2) prove that the sequence (depending in T') of equilibria has
a limit, (3) prove that such limit will be an equilibrium for the monetary
economy.

In standard general equilibrium models (Levine (1989), Levine and
Zame (1996), Magill and Quinzii (1994, 1996), Araujo, Pascoa, Torres-
Martinez (2002), Kubler and Schmedders (2003)), the budget constraints
are homogeneous. Thanks to that, we can normalize prices by setting the
sum of prices at each date to equal 1. As a consequence, we can easily prove
that the sequence of equilibria of truncated economies has a limit. Howe-
ver, when introducing fiat money in our model, cash-in-advance constraints
are no longer homogeneous, and hence we cannot assume that the sum of
prices equals 1. Hence, the methods used in these papers are no longer
valid. Moreover, since nominal interest rates may be zero, agents may also
keep money on hand. Because of that, cash-in-advance constraints are ge-
nerally not binding, which implies that each choice of agents at date ¢ will
appear in every their cash-in-advance constraints from date t41. Therefore,
we cannot easily apply Kuhn-Tucker Theorem as used in Araujo, Pascoa,
Torres-Martinez (2002), Kubler and Schmedders (2003).

To overcome all difficulties discussed above, we introduce Uniform and
Sequential Gains to Trade Hypotheses (for short, we write UGTH, SGTH,
respectively). Thanks to these hypotheses, a strictly positive amount of
commodities will be traded at each period. As a result, commodity prices
are determined (cannot be either zero or infinity). Collateral constraints
then ensure that asset prices and traded quantities of financial assets are
bounded from above. UGTH and SGTH, and collateral constraints allow
us to pass to the limit after having proved that there exists an equilibrium
for each truncated economy. We give two versions of equilibrium : (i) under
UGTH, prices are uniformly bounded from above and away from zero, (ii)
under SGTH, prices are only bounded for the product topology.

Our framework is also different from Bloise, Dreze and Polemarchakis

(2005) on two points. In Bloise, Dreze and Polemarchakis (2005), the
financial market is sequentially complete and they assume that interest
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rates are exogenous. On the contrary, the financial market is incomplete
and interest rates are endogenous in my paper.
The second contribution is about liquidity trap.

Definition 1.1 At equilibrium, we say there is a liquidity trap if the inter-
est rate of short-term loan at some date equals zero.

In a two-period model, Dubey and Geanakoplos (2006a) assume that asset
payoffs are linearly independent for that liquidity trap may exist in the first
period at equilibrium. In Dubey and Geanakoplos (2006b), they consider
a two-period model with production. The existence of liquidity trap in the
first period in this model is based on the assumption that firms have strictly
positive endowment and sell all in period 2.

In our model, without these assumptions, we show that liquidity trap
may appear at any date in an infinite horizon economy. Our result says
that : at some node, say ¢, if money supply for short-term loans, i.e., M (),
is very high with respect to money supply which agents expect to be avai-
lable at some date in the future, the economy will fall into a liquidity trap
at node . Different from Dubey and Geanakoplos (2006a,b), my argument
is based on SGTH, UGTH and collateral constraints.

2 Bubbles

Let us start by the following comment :

”However, despite the widespread belief in the existence of bubbles
in the real world, it is difficult to construct model economies in
which bubbles exist in equilibrium.”

Kocherlakota (2008)

We focus here on rational bubbles by constructing 2 types of model where
there are bubbles. We give conditions under which bubbles appear at equili-
brium. We also point out the relationships between bubbles, credit constraints
and interest rates.

2.1 Financial asset bubble

Since there are many kinds of bubbles,! we start by defining bubbles.
Consider a long-lived asset whose price at date t is ¢, & is its dividend at

1. Araujo, Pascoa, Torres-Martinez (2011) study rational bubbles in a model with
durable goods and collateral constraints by focusing on individual deflators. Martin
and Ventura (1912), Ventura (2012) define bubble as a short-lived asset. A survey
on bubbles in asymmetric information, overlapping generation or heterogeneous-beliefs
models can be found in Brunnermeier, Ochmke (2012).
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date t. Asset pricing is the following

@ = Yer1(Qea1 + &) (I.1)

where v, is the discount factor of the economy from date t to date ¢t + 1.
We define the discount factor, );, of the economy from date 1 to date ¢

Qe ="M (1.2)

We then have

Qutr = Quqg1 + Qi1&41 (L.3)

We see that

1. At date 1, one unit (from date 0) of this asset will give back 1 units
of the same asset and &; units of consumption good as its dividend.
This is represented by qo = Q1&1 + Q1

2. At date 2, one unit of long lived asset will give one unit of the same
asset and & units of consumption good. This is represented by Q1q; =

Q265 + 2o, and so on.

This leads us to define the fundamental value of financial asset

+oo
FVy = > Qi (1.4)
t=1

Definition 2.1 There is a bubble if and only if the price of the asset is
greater than its fundamental value : qo > F'Vj.

Remark 2.1 There is a bubble if and only if tlim Q:q: > 0.
—00

Bubbles in general equilibrium models : We now explain why
we have (I.1). Let denote p; the price of consumption good at date ¢, ¢,
the price of financial asset at date t. These prices are endogenous. There
are m households. Each household has e;; units of consumption good as

endowment. Household i takes sequences of prices (p,q) = (pr, @)%, as
“+o0o

given and maximizes her utility > Sfu;(c;;), where 3; is the discount factor
£=0

of agent ¢ and w; is the utility function of agent 7.
Her budget constraint at date ¢

DeCit + @aie < peeiy + (@ + pi&e)aig—1. (L5)

There are many types of constraints by which the financial market is in-
complete. A type of exogenous borrowing constraint is a;; > a; where a; is
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an exogenous constant. Kocherlakota (1992) studies bubble in the model
with a; = a for any ¢, Le Van and Vailakis (2012) work with a; = 0.

There is also endogenous borrowing constraints, which can be represen-
ted by

function(aiz, (pe)i; (q)e; (€ir)e) > 0.
Chapter 4 considers the following type of endogenous borrowing constraint :
—(Ger1 + Der1&e1)air < fiPrr1€igt1- (L.6)

This constraint means that the payment of agent ¢ cannot exceed a fraction
of her endowments. f* is the borrowing limit which is set by law. Market
clearing conditions are the following :

Consumption good : Z Cit = Z eir+ &, (1.7)
i=1 i=1
Financial asset : Z a;; = 1. (L8)
i=1

Under standard conditions, equilibrium is proved to exist. At equilibrium,
we define

Bz‘ué(ci,tﬂ)

= B e >0 1.9

Ve+1 iegl,.?(m} u;(czt) y VU =2 ( )
t

Q =1, Q:=][rvt>1 (1.10)
s=1

Q; is the discount factor of the economy from initial period to period ¢.

Lemma 2.1 For each t > 0 we have

L 7t+1(_%+1 +&iy1) (I.11)
Dt Di+1
q q

Qt—t = Qt+1(—t+1 + &) (L.12)
Dt Pt+1

Note that & is the asset price (in term of consumption good) at date t.
bt

Remark 2.2 We can see that borrowing constraint (1.6) is equivalent to
qt i
Qt;ai,t + f'Qu1€ip41 > 0.
t

This means that borrowing value of agent i does not exceed a fraction value
of its endowments.

We then define bubbles as in Definition 2.1.
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Remark 2.3 [t is easy to see that there is no bubble in finite horizon mo-
dels or in models with complete financial market (i.e., there is no constraint
on ;).

On the relationship between bubble and borrowing constraints, Kocher-
lakota (1992) suggests that borrowing constraints are binding infinitely of-
ten if bubbles exists. Actually, what he proved was that litrn inf(a;;—a*) =0

—00

for any 7. Our contribution is the following :

Proposition 2.1 (Borrowing constraint is binding at infinitely many
date)

If bubble occurs, there exists an agent i and an infinite sequence (t,)n>1
such that borrowing constraint of agent i is binding at each date t,,.

The following result shows that at bubble equilibirum, there is a fluc-
tuation in financial asset volume of some agent.

Proposition 2.2 If bubble occurs, there exists © such that the sequence
(ai+) has no limit.

We continue by pointing out the relationship between bubbles and interest
rates.

In Alvarez and Jermann (2000), they define high implied interest rates as
a situation in which present value of aggregate endowments is finite, i.e.,

o
ZQtet < 00,
t=0

where e; 1= > e;;.

i=1
Proposition 2.3 (Santos and Woodford (1997), Huang and Werner
(2000))
If an equilibrium has high implied interest rates, there is no bubble at this
equilibrium.

Note that Tirole (1982) studies bubbles in a model in which e;; = 0 for
every ¢ and t. Therefore, his no-bubble result can be viewed as a particular
case of Proposition 2.3.

Note that high implied interest rates is only an sufficient condition for no
bubble. 2 Moreover, it seems that high implied interest rates is an abstract
concept. For these two reasons, we will introduce another concept called
”low (high) interest rates”, and then show that there is a bubble if and only

2. See Example 3.1 in Le Van and Vailakis (2012).
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if interest rates are low. To do this, we recall budget constraint of agent ¢
at date t — 1 and ¢.

DPe-1Cit—1 + Q-1Git—1 < Di—1€ir—1 + (G—1 + De—1&-1)it—1
e
DeCir + @aie < peir+ @1+ q_)alt 1-
t
One can interpret that if agent ¢ buys a;,—; units of financial asset at date

t — 1 with price ¢;_1, she will receive (1 + pt—&)ai,t,l units of financial asset

with price ¢; at date t. Therefore, pt—ft can be viewed as the interest rate
qt
of the financial asset at date t.

Definition 2.2 We say that interest rates are low at equilibrium if

> Pt o, (1.13)

—
Otherwise, we say that interest rates are high.

We now present relationship between financial bubble and low interest
rates.

Proposition 2.4 There is a bubble if and only if interest rates are low.

Although there are some examples of bubbles (Kocherlakota (1992),
Huang and Werner (2000), Le Van and Vailakis (2012)), no one gives
conditions of exogenous variables under which there is a bubble at equi-
librium. Our contribution is to give an exogenous condition for bubble.

Theorem 2.1 (An exogenous sufficient condition for financial as-
set bubble)
Assume that f* = 0 for every i. We normalize by setting p, = 1 for every
t. Denote
61 (ezt) . ﬂz z
D; := max Ay = min , W, €it +
ET e, m} (Wt 1) T et} o (Wt 1 Z 0t &

m

There is a financial asset bubble at equilibrium if the following conditions

hold :
0 t
(i) B := Y Bi& < 00, where By :== [] Dx.
=1

k=1
(ii) There exists i such that

A+£1 /

uj(es0 + &oai—1 — B(l—a; 1)) < B ui(Wh), (1.14)

where A = Z(HA)

t=2 s=
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Note that these conditions is satisfied if &1, &,, ..., are small.

2.2 Physical capital bubble

Becker, Bosi, Le Van, Seegmuller (2014) is the first paper introdu-
cing the concept "bubble of physical capital”. Following Becker, Bosi, Le
Van, Seegmuller (2014), Chapter 3 considers physical capital bubbles in a
Ramsey model with heterogeneous agents. There are m households. Each
household i takes sequences of prices (p,7) = (pt, 71)52, as given and solves

—+o0

(P(p, 7)) : max [Z @wi(q,t)] (1.15)
(Ci,t,ki,t+1)§i1)t:0 t=0

subject to: k;;11 >0 (1.16)

Pe(Cip + kigrr — (L= ki) < rekig + 0'mi(p, 1), (117)

where (0°)™, is the share of profit, §° > 0 for all i and _ 6" = 1.
i=1
For each period, there is a representative firm who takes prices (py, ;)

as given and maximizes its profit.
(P(re)) : m(pe,me) = %13% [ptFt(Kt) — i

Note that we allow non-stationary technologies. At equilibrium, markets
clear : for each t > 0,

m

consumption good : Z[cm + ki1 — (1 —0)kit] = Fr(K)

=1

physical capital : K; = Z K.
i=1

Equilibrum is proved to exist. As in previous section, we define

Y41 =  max M,WEO (L.18)

ie{lm}y  wj(Ciy)

t
Q = 1, Q:=][rvt>1 (1.19)
s=1

Q; is the discount factor of the economy from initial period to period ¢.

Lemma 2.2 We have

L = (1=06+p1)ven (1.20)
Qr = (1 =0+ p11)Qry1, (1.21)
where p; = ™t is the return (in term of consumption good) of the physical

t
capital at date t.
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In this framework, physical capital can be viewed as a long-lived asset
whose price at initial date equals 1.

1. At date 1, one unit (from date 0) of this asset will give (1 — §) units
of physical capital and p, units of consumption good as its dividend.
This argument is formalized by 1 = (1 — 6)Q1 + p1Q1.

2. At date 2, (1 — 0) units of physical capital will give (1 — §)? units
of physical capital and (1 — d)py units of consumption good. This
argument is formalized by (1 — §)Q; = (1 — §)2Qq + (1 — §) p2Q-.

Therefore, the fundamental value of physical capital at date 0 can be
defined by

[e.e]

FVy = Z(l - 5)t_1tht- (1'22>

t=1

Definition 2.3 We say that there is a capital asset bubble if 1 > > (1 —
s=0
0) " piQy.

We can see that there is a bubble on capital asset if and only if tlim (1-—
—00

5)'Q; > 0.

Remark 2.4 There is no physical capital bubble in the case of full depre-
ciation of the capital, i.e., when § = 1.

Definition 2.4 We say that interest rates are low at equilibrium if

> p < 0. (1.23)
t=1

Otherwise, we say that interest rates are high.

We state our main result in this section.
Proposition 2.5 There is a bubble if and only if interest rates are low

Corollary 2.1 Assume that F, = F for every t, F is strictly increasing,
concave. Then there is no bubble at equilibrium.

Note that we do not require any condition on F’(c0) in Corollary 2.1.

In Becker, Bosi, Le Van, Seegmuller (2014), they work with a endogenous
OF

F
labor supply model and assume that a—K(oo, m) = 8_L<1’ o0) = 0.

Corollary 2.2 Assume that Fy(K) = a;K for each t. Then there is a
bubble at equilibrium if and only if > a; < oo.
=1

This result shows that if the productivity decrease to zero with high speed,
a bubble in physical capital will appear.
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3 Financial market vs productive sector

The financial market has been considered as one of main causes of eco-
nomic recession or/and fluctuation. But, does financial market always cause
an economic recession? What is the role of financial market on the pro-
ductive sector? Chapter 5 explores the interaction between the financial
market and the productive sector.

Definition 3.1 We say there is an economic recession if there is no in-
vestment in the productive sector.

To present our ideas in a simple way, consider an agent whose initial
endowment is S. Agent has two choices to invest : to produce or to invest
in financial asset. She may produce AF(K) units of consumption good by
using K units of physical capital. If she buys a units of financial asset
with price ¢, she will receive £a units of consumption good, where £ is the
dividend of the financial asset.

pax AF(K) +&a (1.24)

K+qga<S§ (1.25)

Proposition 3.1 (i) If AF'(0) < %, agent does not produce, i.e., K =0
and a = S.

(ii) If AF'(S) > %, agent does not invest in financial asset, i.e., a = 0
and K = s.

(111) If AF'(S) < § < AF'(0), agent produces and invests in financial
asset. K is determined by AF'(K) = % anda =5 —K.

The intuition is very clear : We invest in the highest return asset. Point (i)
says that we do not produce if the maximum return of the productive sector
is less than the return of the financial sector. The main implication of Pro-
position 3.1 is that the productive sector will disappear if its productivity
is low.

In Chapter 5, we embed this idea in an infinite horizon dynamic general
equilibrium model. In such framework, the sequence of dividend (&), is
exogenous, but the sequences of consumption good prices (p;);, asset prices
(qi):, capital return (r;), are endogenous. There are m households. Each
household i takes sequences of prices (p,7,q) = (e, e, q)72, as given and
maximizes her intertemporal utility +Zoo Blui(e;y) by choosing consumption

=0
(¢it):, physical capital (k;¢++1), and financial asset volume (a;¢)¢. There is

a physical constraint k; ;41 > 0. The budget constraint at date ¢ :

Pe(Cin + kiper — (1= 0)kiy) + quaiy < rikiy + (0 + pee)@ip—1 + 0'r;.
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Borrowing constraint at date ¢ :

(Grs1 + Peer&sn)aie > —F (P (1 = 8) + rep1) ki

where f' € (0,1) is borrowing limit of agent 7. f? is exogenous and set by
law.

For each period, there is a representative firm who takes prices (py, ;)
as given and maximizes its profit.

(P(p,,7)):  max [ptF(Kt) — K, (1.26)

K;>0

(67, is the share of profit, 6" > 0 for all 7 and >_ 6° = 1.
i=1
At equilibrium, every market clear : at each t > 0,

m

good : Z(Ci,t + Kigr1 — (L= 0)kiy) = F(K) + &,

i=1

capital : K, = Z Kit,

i=1

m
financial asset : E a;; = 1.
i=1

First, we prove the existence of equilibrium. We then explain when does an
economic recession appear ? and point out the role of financial dividend.
Our finding is summarized as follows.

Proposition 3.2 Assume that there exists £ > 0 such that & > & for every
t >0 and F'(0) < §. Then there is an infinite sequence (t,)5, such that
K, =0 for every n > 0.

However, even when the productivity is low, a recession may be avoided
thanks to financial asset. This ideas is formalized by the following result.

Proposition 3.3 Assume that for every 1,

BLF(0) 41— D)) > (),

We have K; 1 > 0.

This result also shows that if F'(0) = oo, we have K;1 > 0.
In our framework, a fluctuation of (&) may create a fluctuation of (K;).

Proposition 3.4 (Fluctuation of the capital stocks)
Assume that
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(i) Bi = B, ui(c) = S, and F'(0) < 4.

1
(1) Eop — &£°, Eop1 — &° when t — o0.

(iii) € > me’
(5(F’(0) +1-— 5))
We have

(i) There is an infinite sequence (t,)0, s.t. K, =0 for every n > 0.

alm

(#) limsup K; > 0.

t—o00

4 Efficiency of equilibria

In the dissertation (Chapter 3 and Chapter 5), we are interested by the
efficiency of intertemporal equilibria in Ramsey models with heterogeneous
agents. Let us begin by defining the efficiency of a capital path.

Definition 4.1 (Malinvaud (1953))

Let F; be the production function at date t, 0 be capital depreciation
rate. A feasible path of capital is a positive sequence (K;)2, such that 0 <
K1 < F(Ky) + (1 —0)K; for every t > 0 and Ky is given.

A feasible path is efficient if there is no other feasible path (K;) such that

F(KY) 4+ (1= 0)Ky — Ky = Fy(Ky) + (1= 6) Ky — K

for every t with strict inequality for some t.

Here, aggregate feasible consumption at date t is defined by C; :=
F(K)+(1=0)K; — Kyya.
We have some classical results :

Theorem 4.1 (Malinvaud (1953))

Assume that Fy = F for every t, where F 1is strictly increasing, strictly
concave, twice continuously differentiable, and F'(0) = 0, F'(c0) = 0, F'(0) =
00

A feasible path (K;) is efficient if

lim i = 0. (1.27)
t—o0 t=1
[1(1—6+ F/(Ky))

s=0

Theorem 4.2 (Cass (1972))
Consider capital paths with K; > k > 0 for every t. Assume that Fy = F for
every t, where F' s strictly increasing, strictly concave, twice continuously
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differentiable, and F'(0) =0, 0 < F'(00) < 0 < F'(k). A feasible path (K;)
is inefficient if and only if

i [Ja -6+ F(K,) < . (1.28)

s=0

Theorem 4.3 (Cass and Yaari (1971))

Assume that for each t, F; is strictly increasing, strictly concave, conti-
nuously differentiable, and F(0) = 0. The feasible path (K;) is efficient if
and only if

T,
liminf Y L% < (1.29)
T—o0 t
=0
t—1
for every feasible capital path (K7), where I, := [] (1 — 6 + FL(Kjy)).
s=0

We now define the efficiency of intertemporal equilibrium.

Definition 4.2 We say that an intertemporal equilibrium is efficient if
its aggregate feasible capital path (Ky) is efficient in sense of Malinvaud
(1953).3

Our first finding can be stated as follows :

Proposition 4.1 Consider the Ramsey model used in Section 2.2. Assume
that the production functions are linear. Then every equilibrium path is
efficient.

Note that this result does not require any conditions about the convergence
or boundedness of the capital path as in previous literatures.

Corollary 2.2 and Proposition 4.1 indicate that with linear production
functions, there exists an equilibrium the capital path of which is efficient
and a bubble may arise at this equilibrium.

The following result shows the role of financial dividend on the efficiency
of equilibrium.

Proposition 4.2 Consider the Ramsey model used in Section 3 We as-
sume that the production function F is strictly concave, F'(c0) < 6, and

limsup & < oo. If limsup & > 0, every equilibrium is efficient.
t—o0 t—o0

3. Another concept of efficiency is constrained efficiency. About the constrained effi-
ciency in general equilibrium models with financial asset, see Kehoe and Levine (1993),
Alvarez and Jermann (2000), Bloise and Pietro (2011). About the constrained efficiency
in the neoclassical growth model, see Davila, Hong, Krusell and Rios-Rull (2012).
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Our results are related to Becker and Mitra (2012) where they proved
that a Ramsey equilibrium is efficient if the most patient household is not
credit constrained from some date. However, their result is based on the fact
that consumption of each household is uniformly bounded from below. In
Proposition 4.1, we do not need this condition. Instead, the efficient capital
path in our model may converge to zero. Mitra and Ray (2012) studied
the efficiency of a capital path with nonconvex production technologies and
examined whether the Phelps-Koopmans theorem is valid. However, their
results are no longer valid without the convergence or the boundedness of
capital paths.

Becker, Dubey, and Mitra (2014) give an example of inefficient Ramsey
equilibrium in a model with only physical capital. The production function
in their model satisfies F'(oc0) = 0 and they consider full depreciation of
the capital. The following result shows that financial dividends, for such
models, may make production paths efficient. Actually, our result is more
general.

5 FDI, new industry and optimal growth

Almost economists agree that economic development needs the compe-
titiveness of productive sectors, a well-functioning financial system and the
political stability,... In developping coutries, FDI has been also viewed as
an important factor in the economic growth.* However, is attracting FDI
spillovers the key to developing of their own industries ? If not, what is
the optimal policy of the host country? More precisely, should the host
country develop a new industry or continue to focus on already develo-
ped ones 7 What are the roles of different macroeconomic variables such as
development level, FDI spillovers, return of training, and heterogeneity of
firms.

Let us start by considering a very simple situation in an industry. As-
sume that we have L units of labor. We get salary with wage w (in term of
consumption good) if we work for multinational firm. There is a fixed cost
L if we want to create a new firm in this industry. For simplicity, we begin
by assuming that labor is the unique input and the production function of
our firm is F'(Ly) = Aq(Lg— L)*, where A is the productivity. we formalize
the problem by the following simple model

max Ag(Ly — L)t +wL, (1.30)
Lg,Le

Li+ L. <L, (1.31)

4. See Harrison, Rodriguez-Clare (2010) for a complete review.
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where Ly is labor utilized to produce the consumption good, L. is labor
working for the multinaional firm.

We have the following result showing the optimal quantities of labor
Le, Lg.

Proposition 5.1 (i) Assume that L < L, we have Lq = 0 for every Ay.
(ii) Assume that L > L.
(ii.a) If Ag(L — L) <wL, Ly =0.
(ii.b) If Aq(L — L) > wL, we have Ly > L and L, = 0.

Point (i) proves that if the initial labor cannot cover the fixed cost,
no domestic firm cannot be created in this industry for every level of the
productivity Ay. Point (ii) says that even the initial labor is greater than
the fixed cost, we invest in this industry if and only if the productivity Ay

w
reachs a critical threshold A Moreover, the multinational firm may be

eliminated by the domestic one.

In chapter 6, we construct a full model with two industries (an old
and a new industries), heterogeneous firms, two inputs (physical capital
and speficic labor), and endogenous specific labor supply (which is from
the investment in training of the host country). The old sector produces
consumption good by using physical capital as the sole input. There is a
unique representative domestic firm in this sector. The new sector produces
a new good by using physical capital and a specific labor. There are two
types of firm in the new sector : an already planted multinational firm and
a potential domestic one. As in Proposition 5.1, the potential domestic firm
cannot be created if it holds less than L units of specific labor.

In this economy, consumption good, physical capital, and new good can
be freely exchanged with the rest of the world while the specific labor is not
mobile. There are two agents : a social planner maximizing the GNP of the
country and the multinational firm maximizing its profit. The prices (in
term of consumption good) of physical capital and new good are assumed
to be exogenous. However, wage is endogenous and determined by specific
labor market clearing condition. Specific labor supply is also endogenous
and from three sources : initial specific labor of the country, FDI spillovers
effects, and investment in training of the host country.

We consider a two-period model and an infinite horizon model as well.
The intuition of Proposition 5.1 will be explored in these models.

The two-period model allows us to analyze the roles of many different
macroeconomic variables such as development level, FDI spillovers, return
of training, and heterogeneity of firms, fixed cost.

First, point (i) of Proposition will be extended : to invest in the new
industry, the country must hold one of the following conditions : (1) it is
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rich enough, (2) its return of training is high enough, (3) FDI spillovers are
strong.

Second, once the country holds the above conditions, the productivity
of the potential domestic firm is the key factor deciding the optimal choice
of the country. If the old sector is competitive (i.e., high productivity), the
country should focus on this sector. If the multinational firm is competitive,
no domestic firm can be created in the new industry ; in this case all specific
workers will be hired by the multinational firm. The host country should
invest in the new industry if and only if the productivity of the domestic
firm in this industry reaches a critical threshold ; in this case, although the
domestic firm must pay the entry cost, it can dominate, even eliminate, the
well-planted multinational firm. Moreover, when FDI spillovers are strong,
the domestic firm may be created without training specific workers.

We also point out that in some cases, credit constraints of the domestic
firm may prevent it to enter the new industry even if its productivity is
greater than that of multinational firms.

The infinite horizon model based on the optimal growth theory gives
us dynamic analysis. Consider a poor or developing country (i.e., initial
capital stock is low) but its productive sectors are competitive. This country
should train specific workers who will be hired by multinational firms. These
workers get favorable salaries and, by the way, contribute to the GNP of
the host country. There exists a date at which the GNP reaches a critical
threshold and new domestic firms are created in the new industry. These
domestic firm may eventually dominate multinational firms.
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Chapitre Il

Collateral monetary equilibrium
with liquidity constraints in an
infinite horizon economy

Abstract : This paper considers an infinite horizon monetary economy.
There is a Central Bank lending money to households by creating short-
and long-term loans. Heterogeneous households can deposit and borrow
money on both short- and long-term maturity loans. If households want
to sell a financial asset, they are required to hold certain commodities as
collateral. There is also a borrowing constraint when households want to
borrow a long-term loan. Moreover, they face cash-in-advance constraints
when buying commodities and financial assets. I introduce Uniform (resp.,
Sequential) Gains to Trade Hypothesis under which the existence of colla-
teral monetary equilibrium is ensured and prices are uniformly (resp., only
for the product topology) bounded. I also provide some properties of mo-
netary equilibria, for example, the structure of interest rates, the liquidity
trap.

Keywords : Monetary economy, cash-in-advance constraints, borro-

wing constraints, collateralized assets, infinite horizon, liquidity trap.
JEL Classifications : C62, D91, E40, E50, G10.

21



1. Introduction 22

1 Introduction

The paper gives a full general equilibrium approach to money by stu-
dying the monetary equilibrium in an infinite horizon model with consump-
tions, fiat money and incomplete markets. In this framework, there are a
Central Bank and heterogeneous households. The Central Bank lends mo-
ney to households by creating short- and long-term loans. Households can
deposit and borrow money in both short and long term by trading short-
term and long-term loans. A short (resp., long)-term loan will be paid back
with interest rate at the end of the same (resp., the next) period. For each
agent, there is a borrowing constraint in long-term loan : the net repay-
ment does not exceed the market value of his endowments at next period.
If agents want to sell a financial asset, they are required to hold certain
commodities as collateral. When buying a commodity or an asset, tradings
face cash-in-advance constraints. At each period, all trade is voluntary and
trading timing of each agent is the following :

(i) trade bank loans

(ii) trade commodities and assets
(iii) deliver on assets
(iv) pay back bank loans.

Agents face a liquidity constraint at each sub-period : all purchases must
be paid for in money. With this setup, fiat money which is the stipulated
medium of exchange plays a central role in trading.

The first contribution of this paper concerns the existence of monetary
equilibrium.

Dubey and Geanakoplos (2003a,b) proved the existence of equilibrium
for 2-period monetary economies by using Gains to Trade Hypothesis (GTH).
Conversely, they also proved that monetary equilibrium for pure exchange
economies with money does not exist unless there are sufficient gains to
trade (Theorem 6 and 7 in Dubey and Geanakoplos (2003a)). Dubey and
Geanakoplos (2006b) then constructed a two-period monetary economy
with production. They imposed that firms sell all goods at hand in period
2, and then there is always a strictly positive quantity of commodity which
is sold in the economy for that holds the existence of an equilibrium.

In our infinite horizon model, the technique we use for the proof of
equilibrium existence consists of three steps : (1) prove that there exists an
equilibrium for each T—truncated economy £7, (2) prove that the sequence
(depending in T') of equilibria has a limit, (3) such limit will be proved to
be an equilibrium for the monetary economy. Here, the difficulty is to show
that the sequence of prices converges and actuallly are equilibrium prices.

In standard general equilibrium models (Levine (1989), Levine and
Zame (1996), Magill and Quinzii (1994, 1996), Araujo, Pascoa, Torres-
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Martinez (2002), Kubler and Schmedders (2003)), the budget constraints
are homogeneous. Thanks to that, we can normalize prices by setting the
sum of prices at each date to equal 1. As a consequence, we can easily prove
that the sequence of equilibria of truncated economies has a limit. However,
when introducing fiat money in our model, cash-in-advance constraints
are no longer homogeneous, and hence we cannot assume that the sum
of prices equals 1. As a result, the methods used in these papers are no
longer valid. Moreover, since nominal interest rates may be zero, agents may
also keep money on hand. Because of that, cash-in-advance constraints are
generally not binding, which implies that each choice of agents at date t will
appear in every their cash-in-advance constraints from date t+1. Therefore,
we cannot easily apply Kuhn-Tucker Theorem as used in Araujo, Pascoa,
Torres-Martinez (2002), Kubler and Schmedders (2003).

To overcome all difficulties discussed above, I introduce Uniform and
Sequential Gains to Trade Hypotheses (for short, we write UGTH, SGTH,
respectively). Thanks to these hypotheses, a strictly positive amount of
commodities will be traded at each period. As a result, commoditiy prices
are bounded from above and away from zero. Collateral constraints then
ensure that asset prices and traded quantities of financial assets are boun-
ded from above.

UGTH and SGTH, and collateral constraints allow us to pass the limit
after having proved that there exists an equilibrium for each truncated
economy This paper gives two versions of equilibrium : (i) under UGTH,
prices are uniformly bounded from above and away from zero, (ii) under
SGTH, prices are only bounded for the product topology.

The second contribution is about liquidity trap. At equilibrium, we say
there is a liquidity trap if the interest rate of short-term loan at some
date equals zero. In a two-period model, Dubey and Geanakoplos (2006a)
assume that asset payoffs are linearly independent for that liquidity trap
may exist in the first period at equilibrium. In Dubey and Geanakoplos
(2006b), they consider a two-period model with production. The existence
of liquidity trap in the first period in this model is based on the assumption
that firms have strictly positive endowment and sell all in period 2.

In my paper, without these assumptions, I show that liquidity trap may
appear at any date in an infinite horizon economy. Our result says that : at
some node, say ¢, if money supply for short-term loans, i.e., M (§), is very
high with respect to money supply which agents expect to be available at
some date in the future, the economy will fall into a liquidity trap at node &.
Different from Dubey and Geanakoplos (2006a,b), my argument is based
on SGTH, UGTH and collateral constraints. Indeed, if the interest rate
of short-term loan, i.e., r¢(§), is strictly positive, agents spend all money
borrowed from the Central Bank through short-term loan. Under SGTH or
SGTH, commodity prices, and so asset prices, are bounded independently
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from M (&). By collateral constraints, sales of assets must also be bounded.
As a consequence, expenditures at node £ must be bounded. Therefore,
when M (&) is high enough, r¢(§) must be zero.

Since liquidity trap may occur at any period, there may exist a sequence
of dates such that liquidity trap appears at each date of this sequence.

Related literature : Bloise, Dreze and Polemarchakis (2005) also stu-
died the monetary equilibrium in an infinite horizon model. However, they
only considered the case where the financial market is sequentially complete
and they assume that interest rates are exogenous. On the contrary, the
financial market is incomplete and interest rates are endogenous in my pa-
per. An excellent introduction to incomplete markets with infinite horizon
can be found in Magill and Quinzii (2008).

On intertemporal equilibrium with production. Becker, Bosi, Le Van,
Seegmuller (2014) proved the existence of a Ramsey equilibrium with en-
dogenous labor supply and borrowing constraint on physical asset. Le Van
and Pham (2013) proved the existence of intertemporal equilibrium in an
infinite horizon model with physical capital, endogenous labor supply and
financial asset with borrowing constraint, in which aggregate capital and
consumption may be not uniformly bounded.

More about liquidity trap, see Krugman (1998), Eggertsson (2008) for a
complete reviews. See Werning (2012) and Cochrane (2014) for monetary
and fiscal policy in liquidity trap scenarios in a continuous-time version of
the standard New-Keynesian model.

The remainder of the paper is organized as follows. Section 2 describes
the model. In section 3, we discuss the existence of monetary equilibrium.
Section 4 provides some properties of equilibria : the structure of interest
rates, the liquidity trap. Section 5 comprising conclusion and some open
questions. Most of the formal proofs are given in Appendix.

2 Model

I extend the model in Dubey and Geanakoplos (2003b) and Araujo,
Pascoa, Torres-Martinez (2002) to the case of infinite horizon and add
collateral constraints to financial assets.

2.1 The underlying economy

I consider an infinite horizon model with uncertainty. Time runs from
t =0 to +oo.
At each date, there are S possible exogenous states (or shocks)

S :={s1,...,85}.
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A node ¢ is charaterized by & = (¢, a9, a1, .. .,a;) where t = (&) is the date
of node £ and ag,...,a; € S. The unique previous node of £ is denoted by
&~. For each T and &, we denote
— D is the set of all nodes. D() is the subtree with root &,
— Dr :={& : t(§) = T} is the family of nodes with date T.
T
- DT(§) = L{Q Dy(§), where Dy(§) := Dr ND(&).
t=t
- & ={p e D) : t(n) = t(&) + 1}
A path of nodes is a sequence of nodes (£,)I_, such that &, € & for
every n > 0. Note that, given £, there is a unique path from &, to &, which
is denoted by (&, &1, -+, &).
The set of commodities is £ :={1,...,L}.
There are H types of consumers, h € H = {1,..., H}. Each agent h is
equipped with an initial vector endowment e"(¢) € Ri of goods at each
node &. We denote e := (e"(&)¢eep).
Assumption (H1) : For each node & and each h € H, |e"(&)]| > 0,
L

where ||e"(€)| == Y. el(€). For each node & and each commodity ¢ € L
=1

(€)= 50 () > 0.

h=1
Assumption (H1*) : There exists €, e € (0,+00) such that e < ey(§) <

e for every node & and for every commodity { .
Each agent h has the utility function U"(-) = - > uf(x}).
t=0¢€eDy
Assumption (H2) : u! : RY — Ry is concave, strictly increasing’
and
uf(0) =0, VEeD, (IL.1)
lim u?(:vl, cos o1, 20(€), Tpyn, .., xp) = Hoo, VE €D, (11.2)

xg(§)—00
> ui@") < +oo, (IL.3)
t=0 £€Dy

for each z" € RE.
Assumption (H2*) : u? : RY — R, has all conditions as in Assump-
tion (H2) except that condition (I1.3) is replaced by the following condition

>3 uieE) < +oo, (I1.4)

where (&) = (e1(£),...,er(§)).

1. i.e., for each note &, ue(x) > ue(y) for x > y and x # y. Here, > y means that
xg >y forevery £=1,... L.
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Conditions (II.3) and (I1.4) ensure that the utility of each household is
finite. Note that, a standard example of the utility function is given by

S8 Pl@un(a(©) = EL S Bun(al),

t=0 £€Dy

where u" : R, — R, and P,(£) is the probability of node ¢ under agent
h’s belief.

2.2 Money

As in Dubey and Geanakoplos (2006b), money is fiat and enters the
economy in two ways. At each node &, each agent has endowment of money
m" (&) > 0. Denote m" := m"(€)¢ep. We call this outside money. We assume
that total outside money at initial date is strictly positive.

Assumption (H3) :

m:=>» m"(&) >0 (IL.5)
h

A Central Bank can make short loans totalling M (§) > 0 dollars for
one period at node ¢, and also make long loans totalling N(§) > 0 for
two periods at node £.2? Each agent can borrow money from the bank by
promising to pay back the loans with interest. If the interest rate for short
loans is r,, one can borrow p/(1+7;) dollars by promising to repay p dollars
at the end of the same period. If the interest rate for long loans is ry, one
can borrow v/(1+ ry) dollars by promising to repay v dollars at the end of
the next period. There is a borrowing constraint in long-term loan, which
will be presented in section 2.5.

For each node &, denote

H t(8)
m(€) =Y m"(E), (€)= ml&)
h=1 n=0
where (£, &1, ..., &) is the finite path whose terminal node is £. We can see

that m (&) may tend to infinity if £(£) tends to infinity. As a consequence,

prices may tend to infinity. Therefore, we need the following assumption if

we want to prove that prices are uniformly bounded at equilibrium.
Assumption (H4) : For each path of nodes (£,)5°,, we have

Zm(gn) < o0, (11.6)

2. With the long loans of maturity of T, we refer to Magill an Quinzii (2012).
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and there exists M such that M (&) + N (&) < M for every node €.

This assumption requires that the quantity of outside and inside money
in the economy is uniformly bounded. Note that our paper gives two types
of equilibrium : (i) with Assumption (H4), equilibrium prices are uniformly
bounded ; (ii) without Assumption (H4), we can still prove the existence of
equilibrium at which prices are only bounded for the product topology.

2.3 Fundamental Macrovariables

The fundamental macrovariables are

1= (n())een = (75(8), 7e(€), () Jeen

where, at each node ¢
— 15(€) is the interest rate on short-term bank loan.
— 7¢(&) is the interest rate on long-term bank loan.
— p(¢) € RY : commodity prices.

Denote 7(0,&) = (7(s0), - - -, 7€), 7(£)).

2.4 Collateralized assets

There are K types of financial assets. The set of financial assets is
denoted by K = {1,..., K}. A collateralized security is a pair (A, c¢), where
A = (A(7(0,€)))eep, with A(77(0,£)) € RE, A(-) depends continuously on
7(0,€), and ¢ = (ch)rexeer € RE*E. If one agent wants to sell one unit of
financial asset k, she is required to hold (c})ee, units of goods. We assume
that collateral is non null.

Assumption (H5) :

Z cy >0, forallk. (I1.7)
teL

As in Geanakoplos and Zame (2002, 2010), the collateral requirement is
the only means of enforcing promises. Therefore, the delivery per share of
security (A,c) at node ¢ will be the minimum of the face value and the
value of the collateral :3

4x(€) := min { Au(7(0,)), p(€) - 1 }. (IL8)
The delivery of a portfolio o = (ay, -+ ,ax) € RF at note £ is
Z axdy(§). (I1.9)
keK

3. We denote here x - y = x1y1 + ... + Ty, for z,y € R™.
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We now define the fundamental macrovariable n by adding financial asset
prices into the fundamental macrovariable.

2.5 Liquidity constraints for households

Given macrovariable 7, we will define ZZ = (Z?)&e p the set of feasible
choices of h € H. Each choice o"(¢) € Z? of agent h at node £

ot (&) = (u", 7" V" 0", ¢", " e, aM) () 2 0

is described as follow

p"(€) : short-term bank loans sold by h at node &,

f"(€) : short-term money deposited by h at node &,

uh(g) : long-term bank loans sold by A at node &,

" (€) 1 long-term money deposited by h at node &,

al(¢) : financial asset k € K sold by h at node ¢ (recall that selling a
security is borrowing),

al(€) : money spent by h on asset k at node &,

qM(€) : quantity of commodity ¢ sold by h at node &,

GM(€) : bid on h on commodity ¢ € £ at node £.

The timing of trade is as follows : first, household A buys and sells bank
loans ; second, she buys and sells financial assets, commodities; third, she
delivers on financial assets ; finally, she repays on loans. o”(¢) must satisfy
the following liquidity constraints.

(i) deposited money < money on hand :

i (&) + DM (€) < mh(€) +mh(E) (W™

where m"(£7) is non-negative and represents the cash hold by household h
at the end of node £™.

(ii) expenditures of financial assets and commodities < money unspent
in (1)"(¢) plus money borrowed via short- and long-term loans :

~h h Mh(g) Vh(g) h
D EEO+ D O <A+ T T T T (2)"(€)

kel lel

where A(a) is the difference between the right-hand side and the left-hand
side of inequality (a).

(iii) Delivery on assets of the previous period < money left in (2)"(¢)
plus money obtained from sales of commodities, and assets

an(g)
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(iv) Repayments on loans

PO +VMET) < ABME) + (1 ru(§)A"(E)
+(L+ (7)) (€7) (4)"(&),

Moreover, o"(£) must satisfy collateral and borrowing constraints. Col-
lateral constraint (or physical constraints) requires that the agent h’s com-
modity used as collateral cannot exceed its amount of commodity ¢ after
trading within node plus the collateral from previous period, i.e.,

> cha(e) < eb(e) + 2 (f; O+ dale) e,
kel ke

The collateral constraint allows us to ensure that the amount of financial
asset sold by each agent is bounded.

Borrowing constraints* on bank loans requires the repayment on long-
term loan of each agent cannot exceed its value of endowment :

V(ET) D et (©pe(d) ()" (6)

Liquidity, collateral and borrowing constraints define the feasible set

ZZ = (Zg)&e p- Note that given n, we see that Zz is convex. The consump-
tion of household h is given by

oM(E) 1= eh(€) — g(6) + ; ©)

=Y dap(©) + > cfap(¢). (1L10)

0(€) keK kek

And agent h’s money at the end of this node is
A (E) = A (). (IL11)

Here, we can see that m"(£) may be strictly positive. Because of this fact,
the Lagrange multiplier techniques in Araujo, Pascoa, Torres-Martinez
(2002) cannot be used to prove the existence of equilibrium. The reason is
that each variable within node £ will appear in every constraint after this
node.

2.6 Monetary equilibrium

Definition 2.1 The collection (1, (0%)aen) S a collateral monetary equili-
brium (CME) for the monetary economy € = ((uh, e, mMen, (A, c), (M, N)),
where M = (M (&))eep, N = (N(§))eep, are stocks of money from the Cen-
tral Bank in short- and long-term loans, respectively, if

4. If we collateralize long-term loans as we did with financial assets, the existence
of equilibrium is still ensured.
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(i) All agents maximize their utility

o' € argmax U"(2"(n, ")), Vh € H (I1.12)

ai}EEh

(ii) All markets clear : loans, derivatives and commodities

1+TS Zu = M@E)+ i) (11.13)

1+w§ ZV = N(£)+;ﬁ (©), (11.14)
T (§) Zak = ZdZ(f) (I1.15)
Y a©) = Y @) (IL.16)

heH heH

3 The existence of equilibrium

We prove the existence of collateral monetary equilibrium by using the
standard approach.

(i) Step 1 : prove that there exists an equilibrium for each T'—truncated
economy &7

(ii) Step 2 : prove that the sequence of equilibria has a limit.

(iii) Step 3 : prove that such limit will be an equilibrium for the monetary
economy & :

The main difficulty is to bound all prices. Different from standard general
equilibrium models, there is the fiat money in the present model, which
makes liquidity constraints become non-homogeneous. Because of that, we
cannot normalize prices by setting the sum of prices to equals 1.

For truncated economies, by adopting Dubey and Geanakoplos (2003b),
I introduce Uniform and Sequential Gains to Trade Hypotheses (for short,
UGTH, SGTH, respectively), and then use them to prove that commodity
prices are bounded. The boundedness of prices of financial assets can be
proved thanks to collateral constraints and the boundedness of commodities
prices.

Therefore, the sequence of equilibria has a limit. It is clear that market
clearing conditions are satisfied. We prove the optimality of this limit of
allocations by using borrowing constraints on long-term loans and collateral
constraints on financial assets.



3. The existence of equilibrium 31

3.1 Gains to Trade Hypotheses

First, by following Dubey and Geanakoplos (2003b), we define non y—
Pareto optimal allocation. Denote RY*P := {z = (24(£))rccreep : 20(§) €
R}.

Definition 3.1 (z!,...,2") € (RLXD)H is called non ~y-Pareto optimal at
node & € D if there exists T'(£),- -, 77 (&) € RY such that

> e =0,

ThE) £ 0, L a(€) + 7€) e RE, forallh € H
U(@"(y, ™ (€))) > U"("), vh,

wh(u) if p £ €
where Eh(% Th(f))f(ﬁ‘) = h
¢

(&) + min{7} (), 7' (§)

I+~

bifu=¢.

Definition 3.2 Forx = (2!,... 2") € (RLXD)H, we define y(x) := sup{~ :
x is not v — Pareto optimal at node £ }

Second, for each a > 0, £ € D, we define the set X%(&) of allocations such
that the level of trade does not exceed a.

X¢) = { (z',...,2") € (]RJLFXD)H such that there exists (p,r) € ]RSFLH)XD and
(al,...,af) e (RfXD)H such that
H H K H H K
Vil Y () + >0 () =D e(m) + ) >  cfop(uT)

h=1 h=1 k=1 h=1 h=1 k=1

H K
Ve (€)= eh(©) = DY chafe) <a .

h=1 k=1

For each node &, denote

ve(m, M) =

Assumption (H6) : (Sequential Gains to Trade Hypothesis)
At each node £, there exists a(§) > 0 such that at each node £ € D, ye(z) >
ve(m, M) for all z € X“9(¢&).

This hypothesis requires that at each node &, there exists a trade level
a(§) > 0 at which there are gains to trade. This hypothesis allows us to
prove that there is a strictly positive amount of commodities will be tra-
ded. As a consequence, commodities prices are bounded. Formal proof is
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presented in Appendix 6.1.

We also define, for each path (&, &, ..., ),

) = max (ra(e) — K -
mie) = max ()~ e 4 NE)) 117

je(m, M) = % (IL18)

Assumption (H6*) : (Uniform Gains to Trade Hypothesis)
There exists a > 0 such that at each node § € D, ve(x) > pe(m, M) for all
r e X*¢).

This hypothesis requires that there exists a trade level a > 0 at which
there are gains to trade at every node.

3.2 Existence of equilibrium in the economy &7

We first define of T— truncated economy 7.

Definition 3.3 (T-truncated economy £7) We define ET as € but for
allt > T, ny = oy = 0 and, at period T, there are neither trades in loans
nor trades in financial assets, i.e. V"(£) = v"(€) = al(€) = al(€) =0 for
every h,k, and £ € Drp.

The following results claim that there exists an collateral monetary
equilibrium for each T-truncated economy.

Theorem 3.1 Under Assumptions (H1*), (H2*), (H3), (H4), (H5) and
(H6*), there exists a collateral monetary equilibrium for ET. Moreover, at
equilibrium, all prices are uniformly bounded.

Proof: See Appendix 6.1. =

Theorem 3.2 Under Assumptions (H1), (H2), (H3), (H5) and (H6), there
exists a collateral monetary equilibrium for ET.

Proof: See Appendix 6.2. =

Note that Assumption (H4) ensures that quantity of money at every
node is uniformly bounded, hence so are prices. But without Assumption
(H4), prices are only bounded for the product topology.
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3.3 The existence of equilibrium : infinite horizon

Theorem 3.3 Under Assumptions in Theorem 6.1 (or Theorem 3.2), there
exists a collateral monetary equilibrium for the infinite horizon economy.

Proof: By observing the proof of Theorem 6.1 (or Theorem 3.2), we see
that allocations and prices are bounded for the product topology. Therefore,
we can assume that the sequence of equilibra (n*T, (6*"7T);cq) converges
to (7%, (0*")ex) when T tends to oo.

We will prove that (n*, (0*"),e%) is an equilibrium of £. It is clear that
condition (ii) in Definition 2.1 hold. We only need to prove the optimality
of choice (o*h)

Denote

heH -

ST = foh: ") =0 VEEZDT(&),
and v

For a choice 0" € ¥!'., denote U™ (c") := &%;T ug (z"(n*, o™)).
Suppose that there exists a choice 7" € ZZ*, e > 0, and 77 € N such that
for all T > T,

UM (5") — UM (6*h) > 3¢, VT > T

Since the utility of household A is finite, there exists® Ty > T}, 6" € EZ* N
Y12 guch that UM (6h) — URT(6") > —e and UPT (o*") — U (0*") > —e
for all T > T,. Hence, there exists 6" € EZ* N Y212 guch that

Uht(6™) — UMo™) > e, VT > To.

We define ¢" : X — E072 by ¢ (o) := {6" € ¥V . UM (6") — UM (o) >
e}.

Denote O is the space of prices that is compact in Theorem 6.1. Define F"
is a correspondence from © x X to X472 by

Fh(n, o) = ST 0 (™).

So F" is lower semi-continuous with respect to the product topology.
By definition of 6", we see that 6" € F"(n*,o*h).

5. Note that thanks to collateral and borrowing constraint, if ¢” is a feasible choice,
the following choice o is also feasible

© or (&) for every £ such that ¢(§) < T
g =
T 0, otherwise.

6. See Pascoa and Seghir (2009).
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Combining with Tlim (T (a*m1),) = (n*, (6*"),), there exists a sequence
—00
(62)r>7, C XM such that lim oh = o and ok € F'(npT o1 for all
- [Se'e)
T>T,
Without the generality, we can assume that Ty > T5. Therefore, 6%0 € EZ;?%

and
Ut (sl ) — UM (o™) > e

As a consequence, we obtain
Urto(og,) > UM (o,) > U (0™T) 4 € > UM (o™ T0).

This is a contradiction with the optimality of the truncated economy £7°.
|

4 Properties of equilibria

In this section, we study properties of equilibria. Let’s start by the
following result.

Lemma 4.1 At any equilibrium, we have

Y @@+ D m(©ar(©)

< X (mhQ+ate)+ MO+ NE. (119

and

(T4 7e(€7)NET) + (L +75(€))M(E)
< Y () + ) + M) + N(©). (11.20)

h

Proof: To prove (IL.19), we use (2¢) and the fact that markets are clear.
(I1.20) is proved by using (4¢) and the fact that markets are clear. m

The inequality (I1.19) in Lemma 4.1 is a version of the Quantity Theory
of Money with velocity of money is equal to 1. The inequality (I1.20) indi-
cates that the quantity of money paid back by the Central Bank at the end
of node ¢ is not greater than the total of outside money at node &, money
unspent from previous node £~ and money injected by the Central Bank
at node €.

The inequality (I1.20) means that the quantity of money turned back
to the Central Bank at the end of period £ does not exceed the total money
circulated at the same period.
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Proposition 4.1 At any equilibrium

(i) 75(€),1¢(€) >0 for all t.
(i) 1+ 7(&) = n;lin{(l +1s(E)(1 +74(ET))}.T A direct consequence of

this result is that r¢(§) > r5(&) + ngin{rs(gﬂ}.
5 (m"(€) +mh(€7)) + N(©) = (1 + (€ ))N(E)
(i) 7s(€) < - T ,
5 (m"(€) +mh(€7)) + N(€) = ru(€)M(€) = N(€7)
and ro(€7) < NE .

(iv) Public debt : the following result can explain the fact in monetary
policy : for every path (&o,&1,...,&), we have

—_

3

[m(&)N(ék) + s (Er) M (&) | 4 75(8n) M (&) < 1(&n) + N(E4D1.21)

0

i

where m(§) = él(mh(fo) + -+ m(€)).

Proof: (i) and (ii) are standard. (iii) is proved by using (II.20) in Lemma
41. =

Corollary 4.1 Under Assumptions in Theroem 6.1, at equilibrium we have

lim ry(§)N(E) + ro(§)M(E) = 0. (I1.22)
t(&)—o0
This result implies that if the Central Bank can control all money in long
run, and the quantity of money injected by the Central Bank is uniformly
bounded, all interest rates tend to a very low level. Indeed, if the Central
Bank can control all money in long run, Assumption 2.2 is hold. Hence for
every infinite path, we have

S [Fl€IN () + r(@M(E)] + €I M(E) <00 (1123)

k=0

Consequently, nlggo TZ(Sn)N<§n) + T <§n)M<§n> =0

7. Generally, if we consider the long-term loans of ¢t-period with t = 1,...,T,

1+ rpy(€) > min H (1 g (€T ))
£, 5'5@:‘2 t; =T i=1
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As in Dubey and Geanakoplos (2006a), the following result shows that
if agents borrow money from the bank and do not use all the money to
purchase, liquidity trap occurs.

Lemma 4.2 If u"(&) > 0 and ry(€) > 0, A(2M(E)) = 0.

Proof: Consider at node &. Assume that p*(€) > 0 and 7,(£) > 0. Let h
borrow e less on short-term loan 74(¢). This action will leave agent h with
ers(£) more money after trading in node . Agent h can spend this amount
to buy more consumption good in next node, a contradiction. m

For each monetary economy & = ((uh, el mM) e, A, e, M, N) we de-
note M%(€) :=m(&) +---+m(&) + N(E) + N(&) + M(€). Note that the

total money at node ¢ is smaller than M°(¢) and that M®(€) does not de-
pend on M (£7).

The following result indicates that if the Central Bank injects a quantity
of money which is larger than the expected quantity of money in the future,
the interest rate of short-term loan is zero. This result is consistent with
those in Dubey and Geanakoplos (2006b).

Theorem 4.1 (Liquidity Trap Theorem)
Consider a monetary economy € = <(uh el mM e, A, e, M, N). Consi-

der node . There exists a finite constant B and T > t(§) such that : if

M(& /
]\/[b<(£2) > B for each & € DrN D(E), rs(§) = 0.

Proof: Our proof is based on Theorem 3’s proof and Lemma 4.2. By mar-

ket clearing condition, we have M (§) < Z p" (&) which implies

phe)
L+7&) —
A(2"(¢)) > 0 when M(€) is large enough.

On the one hand, we have

D@ < D D @O =D pe©ar(©) < DD pil&enl€)

el heH teL heH teL lel heH

1+7,(8) 2

that there exists h such that M(&)/H. We will prove that

Lemma 6.8 implies that p,(¢) does not exceed a bound which does not
depend on M (€), but this bound depends on M®(¢"). Consequently, so is
> @ (&)
teL

On the other hand, we have

doar©) < YD ar©) <D0 m(©ar(©)

kel heH kel ke heH
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By collateral constraints, af'(¢) are bounded. Lemma 6.9 implies that asset

prices are also bounded.® Therefore, Y a%(¢) does not exceed a bound
kek
which does not depend on M (). As a consequence, if M () is large enough,

A(2"(€)) > 0, therefore r,(£) =0. m

Definition 4.1 (Constant of Liquidity Trap)
A&, T) ==1inf{A: if M(£) > AM®(&") V¢ € Dy D(E) then ry(€) = 0}
is called constant of liquidity trap.

Theorem 4.1 says that this constant exists and is finite. However, ano-
ther question appears : how can we estimate this constant ? In practice, we
face some challenges when we want to estimate this constant. For example,
it is hard to know quantity of outside money m(¢), and then M°(£F).

5 Conclusion

We have constructed an infinite horizon monetary economy model with
incomplete financial market and liquidity constraints. By introducing Se-
quential (reps., Uniform) Gains to Trade Hypothesis, we proved the exis-
tence of equilibrium. At equilibrium, liquidity trap rises at one date if the
Central Bank injects a quantity of money which is larger than the expected
quantity of money at some date in the future.

It would be interesting in future work to introduce productive sectors
into model and to study the impacts of liquidity constraints on strategy of
firm as well as on aggregate economic activities.

6 Appendix

6.1 Proof of Theorem

We follows Dubey and Geanakoplos (2003b). For € > 0, h € H, define
the ambient strategy space of an agent of type h :
These spaces are clearly convex and compact.

Given choices o € [] X, define macrovariables n.(o) = (r,7,p)(0) as
heH

a |

5P = {(0"(€)eer 1 0 < 0"(¢) <

8. Note that Lemma 6.9 is based on SGTH (UGTH) and collateral constraints.
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follows
. e+ M)+ 1(E) . e+ N+ ()
L+re(e) e+ HE) L) v i(©
e+ 2 ai(6) e+ > a6
w0 = Syae "Iy g

And the delivery is defined

62

€+ Eh: ak(§)

min (dk(§)7 1) + TS o)

€

;7 (€) =

The payoff to any player of type h € H
Hh(aa Uh) = uh(xh). (1125)
f]ge(o) is defined in the same manner as Z;‘E(J), but replacing d* by d;°
B = Do) (47).

Define ¢ : 3. — X, where 3. := [] X", by the follows
heH

w?(a): arg max Hh(o,éh). (11.26)

Fheh h
o EEne(g)ﬂxe

We see that all the standard assumptions are satisfied, hence there exists an
e - collateral monetary equilibrium (i.e. type-symmetric Nash equilibrium
for I') for every € > 0.

We will prove that li\rjg(ng(ae), 0¢) = (n,0) is an equilibrium of 7.

Lemma 6.1 at every node &, the total commodity is uniformly bounded by
a constant C' which does not depend on the quantity of money for sufficiently
small €.

Proof: Clear. m

Lemma 6.2 for every h € H,& € DT ; (&), vH(€), 7(E), 75(€) are boun-
ded for sufficiently small €.

Proof: Notice that the total amount of money at a node is bounded by
some constant D, so pu<(€),v"<(¢) < D for all small enough e.

The fact that 7$(€),r§(§) are bounded from above is easily proved by the
boundedness of p"¢(&),v5(£).. =



6. Appendix 39

Remark 6.1 The constant D does not depend on T, it only depends on
node &.

Lemma 6.3 7$(€),r5(§) are non negative for sufficiently small €.

Proof: Clear. m

Lemma 6.4 There exists p such that pi(§) > p for sufficiently small €.

Proof: We choose H* such that uf(0,...,0, H*,0,...,0) > U"(C) for all

h. By assumption on outside money, there exists h € H such that mg’e >
m/H, so we have

m

(&) > ———. I1.27

pile) > 2 (1127)

Indeed, if p§(&) < %, let h spend m/H to buy H* units of commodity

[ at node &, so h obtain a final utility > u"(0,...,0, H*,0,...,0) > u"(C).
Contradiction! m

Lemma 6.5 We have 1 4+ 7§(&) > min(1 +7$(£))1 +r$(p) at each node &.

pegt

Proof: Clear. =

Lemma 6.6 At each final node & € Dy(&y), for path (&, &1, - .., &) we have

r5(€0) M (§o) + 5 (&o) N (€o) + - -+ + g ()M ()
rgEINET) +ri(OM(E) < (&) + Be,

H

where m(&) = Y. (m"(&) +- - +m"(£)), and B is a constant depending on
h=1

£.

Proof: Clear. =

Denote pg(m, M) := —(m(g) — MGI(HELD)+ M(M;ﬁ—iu]if(f—)]v(f))'

Lemma 6.7 Given £~ € Dy (&), there exists a final node & € Dr(&)
such that

()
M(&) + N(£7)

rs(§) < < pe(m, M). (11.28)
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Proof: Given £~ € Dp_1(&). According to Lemma 6.5, there exists £ €
(§7)* such that 1+r{(§) = (1+75(£7))(1+ri(€)). Hence ri(§) = ri(€7) +
r¢(€). Lemma 6.6 implies that

s

ri§)INET) + N(E)) +ri(E)(N(ET) + M(§)) < m(E) + Be.

Consequently, r5(§) < NZ(_%)_:_EE 5
Let € — 0, we obtain r¢(§) < N(gﬂ)lf)M(f)
On the other hand, definition of je(m, M) implies that

= ; m(€) — min m(p) -

el M) = 37 (MO — B S+ e )
1 () ]
SR GES SRR
m(§)
M(&) + N(€7)

Lemma 6.8 At final node & € Dr(&), if rs(§) < pe(m, M), we have

M’;(f) max(1, %

pe(p) <

), (I1.29)

for each p in the path (§o,&1,...,§), and £ € L, where e(p) := rgnigge(u).
€

Proof: Consider a final node £ € Dr (). Suppose that r4(§) < pe(m, M).

M (E) 2w | ae
. 6 = o) ©

M)

Assume for each £ € L, p,(§) >

16 _ gh6) < —a, we have g2(6) > a, 50 peli) <

2o ()
4y _ 2 —
i ' pe(§) 4

then a >

, contradiction !

o) (€) > —a, we imply

(&) € [—a, a]. Consequently,

(€)= h(€) — 0 ko) = 1L gpe) < a
‘ ‘ — pe(§) T
N\ H
It means that z = (zt,...,2") € (]RiXD ) belongs to X ().

Uniform Gains to Trade Hypothesis implies that v¢(z) > pe(m, M). Com-
bining with Lemma 6.7, we get v¢(x) > r5(£). By definition of y¢(x), there
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exists 7 > r4(£) such that x is not v - Pareto optimal at node £. Therefore,
there exists 7(€) = (7"(€))nen € RE*H such that

H
™) #0, forallheH, and ZTh(f) =0, (I1.30)

h=1
(&) + 7€) e R, forall h € H, (11.31)
U z"(y, 7"(€))) > UM (z"), for all h € H. (11.32)

H
Since > 7"(€) = 0, there exists i € H such that p(&)7(¢) < 0. Without the

gener;;tly, we can assume that 7(§) = (7‘1(5) oy T (&), =Th i (8), - —TE (D)),
with 7/(£) > 0. We have sz( () < Z pe(§)7i(8).

f=m+1
We construct a new Strategy (6°(1)) sepr of agent i as follows : 6*(p) =

o'(n), Vp # €& and at node £

A& = w&)+ Y pelmi©),
=1
#O) = @O +nOL, =1 m
Qi) = @& +7iE), Y=m+1,..., L
Since z'(§) +7'(£) € R%, this new strategy satisfies the physical constraint
(pe)" (). Thanks to 7£(x) > r,(€), we obtain —— < —_ hence

L4+y  147,(8)
liquidity constraint (2°(£)) is hold. Liquidity constraint (4'(£)) is satisfied

(3
because ip@(f)Ti(ﬁ) < Z (&) (8).

=m-+1

On the other hand UZ( (v,
mality of 0.

We now consider a node p in the path (&, &,...,¢). Let k € L. Since

H
S el(u) > e(u), there exists h such that e?(£) > e(u)/H.

7(€))) > U'(z"), contradiction to the opti-

h=1
2H*H
If Pr(1) > . Let h do nothing, just sell e(x)/(2H ) units of commodity
pe(§) ~ elp)

k, obtain py(u)e(pn)/(2H) dollars. Hence h can buy at leastH* units of

commodity ¢, contradiction.
Therefore, Pe(1) < 2H H,

pe(§) ~ eln)

so we obtain (I1.29) m

Lemma 6.9 Price of financial asset k at node & : m(€) is bounded from
above if commodity prices py(§) are bounded from above.
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Proof: Choose h with m} > m/h. Let h uses m{ to buy a vector of

m
commodities ((TO)L) ter, at initial node in order to use these commodities
D
mh
as collateral at node £. So at note &, h can sell at least w = min { — ko } >
Z:c’z>0 pCEL

0 units of asset k and obtain wy,(£) dollars. Of course, wr§(§) < pH*. Thus
me(§) < pH"/w. m

Lemma 6.10 Let & as in Lemma 6.7, we have

7s(§0) M (&) + 1e(§0) N (&o) + -+ + 7o (E7)M(E7)
+r(ET)N(ET) +rs (M) = m(E).

Proof: Similarly Claim V in Dubey and Geanakoplos (2003b). m

Lemma 6.11 At each final node £, we have rs(§) < us(m, M)

Proof: Assume there is a final node ¢ at which r4(§) > ps(m, M). Then
. m () N
M(g)rs(&) + min () +N(5*)N(€ ) > m(&).
Lemma 6.6 implies that
rs(€o)M (&) + re(§o) N (§o) + -+ -+ rs(§7)M(ET)
+re(§)N(ET) + (M) < m(8).

Hence
i T N(E) > n(@)M(G) + &N (&)
o (E)M(ET) + e E)N(ET).
Let € (§°)* be as in Lemma 6.7, i.e, ry(u) < (Mﬁ“jif & then
min R NE) M ()
< TV M
< SN T e ) = e

Consequently, we get

m(p) > 75(§o)M (o) + 1e(€0) N (o)
o (E)MET) +re(ET)N(ET) + o) M (),

contradiction to Lemma 6.10. =
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Lemma 6.12 All prices are bounded from above.

Proof: This is a direct sequence of the above results. m

Lemma 6.13 d;.7(£,n) = di(§,n) for sufficiently small e.

Proof: By collateral constraints, di(§) is bounded. Consequently we get
d;°(&,m) = di(&,m) for sufficiently small . m

Lemma 6.14 We have ol'(€) is bounded from above.

Proof: By collateral constraints, we get

C ozk <Z ZCZ ak <Ze£

k

6.2 Proof of Theorem 3.2

We use the same method in the proof of Theorem 6.1. However, in order
to prove that all prices are bounded when € — 0, we use Sequential Gains
to Trade Hypothesis.

At each node £ € DT(&), consider path (&, &, ..., €). Let denote m(§) :=

h
S m"(€) be the total stock of money unspent at the end of node €. Then
=1

we have

m(§) = m(E) +m(§) + N(§)+ M(¢)
—(L 47§ )NET) — (L +7:(6))M(E)

= (&) + N(€) — ry(E)M(€)

=75 (E7)M(ET) —re(§T)N(ET) — - = 75(&0) M (&0) — 72(&0) N (o)
Since markets clear, we have
rs(M(E) <

NAGE

m(E) +m(E) ~ M)

(&) + N(§) — M($).
§)

Therefore, r5(§) < (&) + i\\;(é)) Mg < ye(z) for all z € X9 (¢). By

using the same argument in Lemma 6.8, we obtain that all commodity

IA A
§>

prices are bounded from above, so are financial asset prices.
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Chapitre Il

Intertemporal equilibrium with
production : bubbles and
efficiency

Abstract : We consider a general equilibrium model with heteroge-
neous agents, borrowing constraints, and exogenous labor supply. First,
the existence of intertemporal equilibrium is proved even if the aggregate
capitals are not uniformly bounded above and the production functions are
not time invariant. Second, (i) we say that, at an equilibrium, there is a
physical capital bubble if the fundamental value of physical capital is lower
than its market price at this equilibrium, (ii) We say that an equilibrium
has low interest rates if the sum (over time) of capital returns is finite. We
show that there is a physical capital bubble at an equilibrium if and only
if this equilibrium has low interest rates. Last, we prove that with linear
technologies, every intertemporal equilibrium is efficient. Moreover, there
is a room for both efficiency and bubble at equilibrium.

Keywords : Intertemporal equilibrium, physical capital bubble, effi-

ciency, infinite horizon.

JEL Classifications : C62, D31, D91, G10
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1 Introduction

Following Becker, Bosi, Le Van and Seegmuller (2014), we consider
a dynamic general equilibrium model with heterogeneous agents. Howe-
ver, our framework is different from their model in three points : (i) for
simplicity, we consider exogenous labor suply, (ii) our technology is not
stationary, (iii) aggregate capital stock is not necessarily uniformly boun-
ded from above. Heterogeneous agents decide to invest and consume. If
they invest in physical capital, this asset will not only give them return in
term of consumption good at the next period but also give back a fraction
of the same asset (after being depreciated). Agents cannot borrow.

Our first contribution is to prove the existence of intertemporal general
equilibrium. To do so, we firstly prove the existence of equilibrium for
each T'—truncated economy. Hence, we have a sequence of equilibria which
depend on T'. We then prove that this sequence has a limit (for the product
topology) which is an equilibrium for the infinite horizon economy.

We say that a physical capital bubble (for short, bubble) occurs at equi-
librium if the market price of the physical asset is greater than its funda-
mental value. We say that interest rates are low at equilibrium (for short,
low interest rates) if the sum of capital returns is finite. Our second contri-
bution is to prove that bubble is equivalent to low interest rates.

The no-bubble result in Becker, Bosi, Le Van and Seegmuller (2014)
can be viewed as a particular case of our result. Indeed, in Becker, Bosi,
Le Van and Seegmuller (2014), the aggregate capital stock is uniformly
bounded, and then real return of the physical capital is uniformly bounded
away from zero. Therefore, the sum of returns equals infinity. According to
our result, the physical capital bubble is ruled out.

However, when we allow for non-stationary production functions, there
may be a bubble at equilibrium. To see the point, take linear production
functions whose productivity at date ¢ is denoted by a;. At equilibrium,
real return of physical capital at date t must be a;. As mentioned above,

there is a bubble if and only if » a; < co. We can now see clearly that
=0
there is a bubble if productivities decrease with sufficiently high speed.

Our third contribution is about the efficiency of intertemporal equili-
brium. An intertemporal equilibrium is called efficient if its aggregate capi-
tal path is efficient in sense of Malinvaud (1953). We prove that with linear
production functions, every intertemporal equilibrium is efficient. However,
as we mentioned above, this efficient intertemporal equilibrium may have
bubble if productivities decrease with sufficiently high speed. Therefore, we
have both efficient and bubble at equilibrium with such technologies. Note
that our result does not require any conditions about the convergence or
boundedness of the capital path as in previous literature.
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Related literature

(1) On bubbles. Tirole (1982) proved that there is no financial asset
bubble in a rational expectation model without endowment. A survey on
bubble in models with asymmetric information, overlapping generation,
heterogeneous-beliefs can be found in Brunnermeier and Oehmke (2012).

Doblas-Madrid (2012) presented a model of speculative bubbles where
rational agents buy an overvalued asset because given their private infor-
mation, they believe they have a good chance of reselling at a profit to a
greater fool. Martin and Ventura (1953), Ventura (2012) did not define
bubble as we do. Instead, they defined bubble as a short-lived asset.

(2) On the efficiency of a capital path. Malinvaud (1953) introduced the
concept of efficiency of a capital path and gave a sufficient condition for the
efficiency : tliglo P,K; = 0, where (P,) is a sequence of competitive prices,
(K;) is the capital path.! Following Malinvaud, Cass (1972) considered
capital path which is uniformly bounded from below. Under the concavity of
a stationary production function and some mild conditions, he proved that
a capital path is inefficient if and only if the sum (over time) of future values
of a unit of physical capital is finite. Cass and Yaari (1971) gave a necessary
and sufficient condition for a consumption plan (C) to be efficient : the
inferior limit of differences between the present value of any consumption
plan and the plan (C) is negative.

Our paper is also related to Becker and Mitra (2012) where they proved
that a Ramsey equilibrium is efficient if the most patient household is not
credit constrained from some date. However, their result is based on the fact
that the consumption of each household is uniformly bounded from below.
In our paper, we do not need this condition. Instead, the efficient capital
path in our model may converge to zero. Mitra and Ray (2012) studied
the efficiency of a capital path with nonconvex production technologies and
examined whether the Phelps-Koopmans theorem is valid. However, their
results are no longer valid without the convergence or the boundedness of
capital paths.

(3) Another concept of efficiency is constrained efficiency. Constrained
inefficiency occurs when there exists a welfare improving feasible redistri-
bution subject to constraints (these constraints depends on models). About
the constrained efficiency in general equilibrium models with financial as-
set, see Kehoe and Levine (1993), Alvarez and Jermann (2000), Bloise and
Pietro (2011). About the constrained efficiency in the neoclassical growth
model, see Davila, Hong, Krusell and Rios-Rull (2012).

The remainder of the paper is organized as follows. Section 2 describes
the model. In section 3, existence of equilibrium is proved. Section 4 studies
physical capital bubble. Section 5 explores our results on the efficiency of

1. See Malinvaud (1953), Lemma 5, page 248.
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equilibria. Conclusion will be presented in Section 6. Technical details are
gathered in Appendix.

2 Model

We follow Becker, Bosi, Le Van and Seegmuller (2014), but we consider :
(i) exogenous labor supply, (ii) non-stationary production functions.

Consumption good : at each period ¢ = 0,1,2,...,00, the price
of consumption good is denoted by p; and agent ¢ consumes ¢;; units of
consumption good.

Physical capital : at time ¢, if agent ¢ decides to buy k; ;11 > 0 units
of new capital, then at period t 4 1, after being depreciated, agent 7 will
receive (1 —9d)k; 41 units of old capital and a return on capital k; ;41 at the
rate r,.1. Here, 0 is the capital depreciation rate.

Each household i takes the sequence of prices and capital returns (p, r) =
(pe, 74)52, as given and solves

+o0

(P;(p,r)) : max [Zﬂful(czt)] (I1L.1)
((Ci,uki,tﬂ)ﬁl)tzo t=0

subject to: k; ;11 >0 (111.2)

pe(Cit 4+ Kigr1 — (L= 0)kiy) < rikis + Qiﬁt(Ptﬂ‘t), (I1L.3)

. . m .
where (6"), is the share of profit, #* > 0 for all ¢ and »_ 6" = 1.
i=1
Firm : For each period, there is a representative firm which takes prices

(p¢, ) as given, and maximizes its profit.
(Pr)) mlpsre) o= max [peFh(Ko) = miko|

We write m; instead of m;(py, 7¢) if there is no confusion.

_ _ \ too
Definition 2.1 A sequence of prices and quantities (ﬁt, Tty (City K1) Kt>
t=0

15 an equilibrium of the economy € = ((ui,ﬂi,kiﬁo,@)ﬁl,ﬂ) if the follo-
wing holds.

(i) Price positivity : py, 7 > 0 fort > 0.

(ii) All markets clear : at each t > 0,

m

consumption good Z[@-,t + kigo1 — (1= )k y] = F(K(QIL4)
i=1
physical capital : K, = Z Ei,t. (I11.5)
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(111) Optimal consumption plans : for each i, ((E@t,l%i,tﬂ)ﬁl)oo is a
=0
solution to problem (P;(p,7)).
(iv) Optimal production plan : for each t > 0, (K;) is a solution to
problem (P(7)).

3 The existence of equilibrium

The following result proves that the feasible aggregate capital and the
feasible consumption are bounded from above for the product topology.

Lemma 3.1 Feasible individual and aggregate capitals and feasible consump-
tions are in a compact set for the product topology. Moreover, they are uni-
formly bounded if there exists ty and an increasing, concave function G such
that : (i) for every t > ty we have Fy(K) < G(K) for every K, (ii) there
exists x > 0 such that G(y) + (1 — 0y <y for every y > x.

Proof: Denote

Do = Do(Fy, 8, Ky) = Fo(Ko) + (1 — 6K,
Dy = Dy((Fy)sm0,0, Ko) = Fi(Di1((Fy)iZo, 0, Ko))
+(1 = 8) Dy ((Fy)2L, 6, Ko), ¥t > 0.

Then Y ¢y + K11 < Dy for every t > 0.
i=1
We now assume t; and the function G (as in Lemma 3.1) exist. We
are going to prove that 0 < K; < max{Dy, ..., Dy—1,2} =: M. Indeed,

K, < D, 1 < M for every t < ty. For t > t3, we have

Kt+1 - Z ki,t—i—l S G(Kt) + (1 - 6)Kt
i=1
Then K11 < G(Ky,) +(1—0)Ky, < G(M)+(1—6)M < M. Iterating the
argument, we obtain K; < M for each t > 0.

Feasible consumptions are bounded because > ¢;; < G(K¢)+ (1 —0)K;. m
i=1
We need the following assumptions.
Assumption (H1) : For each i, the utility function u; of agent i is

strictly increasing, strictly concave, continuously differentiable, and u(0) =
0,4/(0) = oc.

Assumption (H2) : Fy(-) is continuously differentiable, strictly increa-
sing, concave, the input is essential (F;(0) = 0) and F;(oc0) = oo.
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Assumption (H3) : § € (0,1) and k; ¢ > 0 for every i.?

Assumption (H4) : For each i, the utility of agent ¢ is finite

f: Blu;(Dy) < oo.

t=0

3.1 Existence of equilibrium in &7

We define a T— truncated economy €7 as the econonomy obtained from
& by imposing that there are no activities from period T + 1 to infinity,
ie., ¢y =kiy =0 forevery i =1,...,m, and for every ¢t > T+ 1.

In the economy E7' agent i takes the sequence of prices (p,r) = (ps, 7¢)1_,
as given and maximizes her intertemporal utility by choosing consumption
and investment levels.

(Pip.7)) : max [iﬂfui(ci,t)]

(ci,e:kiir1)isg
subject to : kity1 >0,
(budget constraints)  py(cis + kg1 — (1 — 8)kiy) < rekiy + 0'my,

where k; 7 = 0.
We then define the bounded economy &/ as obtained from 7 by assu-
ming all variables are bounded in the following compact sets :

(cit)iey € Ci:=1[0,B])"
(ki)Zt € Ki:=10,B)"
K = (K)' ¢ K:=[0,B]",

where B, > mtaXFt(B) +(1—-46)B, B> mB;.

Proposition 3.1 Under Assumptions (H1) — (H3), there exists an equi-
librium for EF .

Proof: See Appendix. =

Proposition 3.2 An equilibrium of the economy &l is also an equilibrium
of the unbounded economy ET.

Proof: Similar to the one in Becker, Bosi, Le Van and Seegmuller (2014).
|

2. Becker, Bosi, Le Van and Seegmuller (3) weekens H3 by assuming > .~ ki o > 0
because they assume that every agent has 1 unit of labor.
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3.2 Existence of equilibrium in &

Theorem 3.1 Under Assumptions (H1)-(H4), there exists an equilibrium.

Proof of Theorem 3.1:
We have shown that for each T > 1, there exists an equilibrium for the
economy ET. We denote by (p”, 7%, (¢F ,le )m o, KT) an equlhbrlum of T—

truncated economy £7. We can normalize by setting p! + 7] = 1 for every
t <T. We see that

0<é, K < D
Without loss of generality, we can assume that

(ﬁTv 7(_1 Jk:zT)z 17KT) T—>_OO> (ﬁ,f, (Eialzji)?ivi)
for the product topology.

We are going to prove that : (i) all markets clear, (ii) at each date ¢,
K; is a solution to the firm’s maximization problem, (iii) #; > 0 for each
t >0, (iv) (¢,k;) is a solution to the maximization problem of agent i
for each i = 1,...,m, (v) p > 0 for each t. Consequently, we obtain that
(p, 7, (¢, k)™, K) is an equilibrium for the economy &.

(i) By taking the limit of market clearing conditions for the truncated
economy, we obtain the market clearing conditions for the economy

E.

(ii) Take K > 0 arbitrary. We have pl F,(K) -7l K < pI F,(KI) -7 KT
Let T tend to infinity, we obtain that p, F}(K)—7 K < p,Fy(K,) -7 K,.
Therefore, the optimality of K, is proved.

(iii) If 7 = O then p; = 1 (since 7/ + p; = 1). The optimality of K;
implies that K; = oo. This is a contradiction, because we have K; =
lim K < D; < o0.

T—o00
(iv) First, we give some notations. For each i and t, we define BI (p,7)
and CT (p, 7) as follows

B?(ﬁa 77) = {(Ci,takz tJrl) =0 S RT+1 X ]RTJrl (a> 1, T+1 — O (b) vt = 07 s
ki,tJrl > 0, Pt[Czt + k; 41— (1 - 5)/€1,t] < 1k it T 0 Wt(pt;rt)}

CZT<]3, 7:) = {(Czt;kzt—i-l)t —0 € ]RT+1 X RT+1 (a) i, T+1 — O (b) Vt = O, e
)

kiti1 >0, pileis+ ki — (1 —

Since 7; > 0 for every ¢, it is easy to prove that B (p, ) # 0.

kit <7 zt+97Tt(pt;7“t)}

7T7

7T7
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Let (¢4, k;) be a feasible allocation of the problem P;(p, 7). We have
to prove that Y Bfui(cit) < > Bjui(Cix)-
t=0 t=0

We define (¢}, k] ,1){—o as follows : ¢}, = ¢;; for every t < T, = 0 if
t>1T; k;,t—i—l = kityr for every t <T —1, =0 if £ > 0. We see that
(¢h4s k) 141)io belongs to Cf(p, 7). Since B (p,7) # 0, there exists

a sequence ((c?t, kftﬂ)f:()) € B (p,7) with kI, = 0, and this
K b _0 9

sequence converges to (¢}, k},, 1), when n tends to infinity. We have

ﬁt(czt + k’thrl - (1 - 5)]€:'t) < ftkirft + Qiﬂ't(pt, ft)

We can chose sp > T, high enough, such that : for every s > sq, we
have

Pi(Ciy + klpyy — (L= 0)k7Yy) < 7k, + 0'm(p7, 7).

T
It means that (¢, k7, 1)i—g € CF (5%, 7). Therefore, we get 3 fluq(c},) <
=0

s T o0
> Biui(c;,). Let s tend to infinity, we obtain ) Bjui(cj,) < > Biui(Ciy).

T 00

Let n tends to infinity, we have Y Sfu;(c;r) < > Blui(E;y) for every
=0 =0

T.

o0 o
Let T tend to infinity, we obtain > Blu;(cir) < > Blui(Ey).
=0 =0

(v) p is strictly positive thanks to the strict increasingness of the utility
functions.

4 Physical asset bubble

—+00

Let (pt, ey (Cigs Kig) e, Kt> be an equilibrium.
0

t=
Lemma 4.1 For each t, we have

1=(1—6+ ")y (I1L6)

DPi+1

il (e
where Y41 1= max M
ie{1,....,m} ui(ci,t)

Proof: Firstly, we write all FOCs for the economy &. Denote by A;; the
multiplier with respect to the budget constraint of agent ¢ and by ;4 the
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multiplier with respect to the borrowing constraint (i.e., k&7, ,, > 0) of agent
1.

t, !

iui(ci,t) = )\i,tpt
XitDt = N1 (Teg1 + pes1 (1 = 6)) + fipsa

i1k = 0.

Pr+1 > Biui(cipi)
Ter1 + D (1 —0) = ul(ciy)
Since K; > 0 at equilibrium, there exists ¢ such that k;,.; > 0. For such
agent, we have ;11 = 0. Thus, \iipr = Nit+1(re41 + peya(1 — 9)). Conse-
quently, we get (II11.6) m

Therefore, we have

for every 1.

Definition 4.1 We define the discount factor of the economy from initial
date to date t as follows

t
Q=1 Q=[] t>1 (IIL7)
s=1

According to Lemma 4.1, we have Q; = (1 — § + ;’;E)Qtﬂ for every
t > 0. As a consequence, we can write

1 = (1—5+2)Q1=(1—5)Q1+;—1Q1

p1
= — — T2 "o (1 _§)2 a2 Y
= 1-6)1-=56+ p2)Q2 + plQl (1-08)"Qs+ (1 6)p2Q2 + plQl

T
= (1-0"Qr+>» (1- 5)”th. (ITL8)
t=1 t

Interpretation. In this model, physical capital is viewed as a long-lived
asset.

1. At date 1, one unit (from date 0) of this asset will give (1 — §) units
of physical capital and ;—1 units of consumption good as its dividend.

2. At date 2, (1 — §) units of physical capital will give (1 — §)? units of
physical capital and (1 — 5);—"; units of consumption good ...

Therefore, the fundamental value of physical capital at date 0 can be defined
by

o

FVp=Y (1 5)“%@.
t

t=1
Definition 4.2 We say that there is a capital asset bubble if physical capi-
tal’s price is greater that its fundamental value, i.e., 1 > > (1 — 6)’5*1;—§Qt.
t=1
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From (II1.8), we can see that there is a bubble on capital asset if and only
if lim (1 - 0)Q, > 0.
—00

Definition 4.3 We say that interest rates are low at equilibrium if
3 "t - . (I11.9)
— Pt

Otherwise, we say that interest rates are high.

We now state our main result in this section.

Proposition 4.1 There is a bubble if and only if interest rates are low

Proof: According to (II1.6), we see that Q; = (1 — d + “)Q;1 1. Hence,

Pt+1
we have
71 T2
1 = (1-6+ 1—6+-H(1-6+-2
(1-5+ 0 =1-5+ -5+ 2)0;
T - T r
= .= 1—0+-)=Qr(1-&)"J]1 + ——1.
QT ];[( pt) QT( ) g[ (1 — 5)1%]
Consequently, tlim (1—9)'Q; > 0 if and only if H 1+ 6 —t—] < +00. This
— 00
condition is equivalent to
Y <o, (I11.10)
i— Pt

It means that interest rates are low. m
We point out some consequences of Proposition 4.1.

Corollary 4.1 Assume that F, = F for every t, F is strictly increasing,
strictly concave. Then there is no bubble at equilibrium.

Proof: Case 1 : F'(00) > 4. Therefore, we have It > F'(K;) > ¢ for every
t. As a result, Z £ —= oo which implies that bubble is ruled out.

Case 2 : F' ( ) < 0. Since F is strictly increasing and strictly concave,
aggregate capital stock is uniformly bounded, i.e., there exists 0 < K < oo
such that K, < K. Consequently, L= F'(K;) > F'(K) > 0 for every .

This implies that Z ;—i = 00. According to Proposition 4.1, there is no
=1
bubble. =

Note that we do not require any condition on F’(0c0) in Corollary 4.1.
In Becker, Bosi, Le Van, Seegmuller (2014), they work with a endogenous

aF(l 00) = 0.

F
labor supply model and assume that — (oo, m) = 5L

0K
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Corollary 4.2 Assume that Fy(K) = a;K for each t. Then there is a

bubble at equilibrium if and only if > a; < oo.
t=1

Proof: This is a direct consequence of Proposition 4.1 . m

This result shows that if the productivity decreases to zero with high
speed, a bubble in physical capital will appear.

5 On the efficiency of equilibria

In this section, we study the efficiency of intertemporal equilibrium.
Following Malinvaud (1953), we define the efficiency of a capital path as
follows.

Definition 5.1 Let F; be a production function, d be the capital deprecia-
tion rate. A feasible path of capital is a positive sequence (K;)52, such that
0 < Ky < FU(Ky)+ (1 —0)K; for everyt > 0 and Ky is given.

A feasible path is efficient if there is no other feasible path (K|) such that

F(K)+ (1 -0)K, - K, > F(K)+(1-6)K, — Ky

for every t with strict inequality for some t.

Here, aggregate feasible consumption at date ¢ is defined by C; :=
F(K)+ (1 =0)Ky — Kyyq.
Definition 5.2 We say that an intertemporal equilibrium is efficient if its

aggregate feasible capital path (K;) is efficient.

Our main result in this section requires some intermediate steps. First,
we have, as in (Malinvaud (1953)).

Lemma 5.1 An equilibrium is efficient if tlim QiK1 =0.
—00

Proof: Let (Kj, C]) be a feasible sequence. We have just to show that

T
liminf Y ~Q, (C; - C}) > 0. (I11.11)
t=0

T—+o0

It is enough to prove that feasibility and first-order conditions imply

T

Z Qi (Cr — C)) > =QrKriy (II1.12)

t=0
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Let us prove inequality (I11.12). We have

T
AT = ZQt (Ct — Cé)
t=0

= ) Qu[F(K) = F (K} + (1= 0) (K — K)) = (Ko — K7)]

T T
> > Qu[F(Ky) (K — KD+ (1= 6) (K — KD = Y~ Qu (K — K7 yy)
t=0 t=0
T . T
— ZQt (1 — 0+ l) (K, — K)) — ZQt (Kepr — Kiq)
t=0 pe t=0
By noticing that Ky = K| and Q41 (1 -0+ ]%) — @; = 0, we then
+
get :
T . T
Ar > > Q (1 — 5+ ;) (Ke— K)) = > Qi (Kisa — K.4)
t=1 t t=0
T-1 .
= {Qt—&-l (1 -0+ t—H) - Qt] (Keyr — Kiyy) — Qr (Krjn — K7yy)
—0 Dt+1
T—1 .
> Z [Qt+1 (1 -0+ t—+1> - Qt:| (K1 — Kppy) = QrErn
—0 P41
= —QrKrp
]

We also have the transversality condition of each agent.

Lemma 5.2 At any equilibrium, we have tlim Biui(cit)kit1 = 0 for every
—00

1.

Proof: See Theorem 2.1 in Kamihigashi (2002). m

The following result shows the impact of borrowing constraints on the
efficiency of an intertemporal equilibrium.

Lemma 5.3 Consider an equilibrium. If there exists a date such that, from
this date on, the borrowing constraints of agents are not binding at this
equilibrium, then it is efficient.

Proof: Assume that there exists ¢y such that k;; > 0 for every ¢ and for
every t > tg. Then we have : for every t > t,
Q: t—to u;(ciz)

Qn T )
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According to Lemma 5.2, we have tlim Blul(cit)kity1 = 0. Then tlim Qikip1 =
—00 —00
0 for every ¢. This implies that tlim QK11 = 0. Therefore, this equilibrium
—00

is efficient. m
We now state our main finding in this section.

Proposition 5.1 Assume that the production functions are linear. Then
every equilibrium path is efficient.

Proof: Since production functions are linear, profit equals to zero. Recall
that we have ¢;; > 0 for every 7 and every ¢. This implies that k;; > 0 at
equilibrium. According to Lemma 5.3, every equilibrium path is efficient.
[ |

Corollary 4.2 and Proposition 4.1 indicate that with linear production
functions, there exists an equilibrium the capital path of which is efficient
and a bubble may arise at this equilibrium.

6 Conclusion

We build infinite-horizon dynamic deterministic general equilibrium mo-
dels in which heterogenous agents invest in physical capital and consume.
We proved existence of equilibrium in this model, even if technologies are
not stationary and aggregate capital is not uniformly bounded.

We say there is a bubble of physical capital at equilibrium if the physical
capital’s price is greater than its fundamental value. We point out that
bubbles exist if and only if the sum (over time) of capital returns is finite.

With linear technologies, every intertemporal equilibrium is efficient.
Interestingly, it is possible to have both bubble and efficient at equilibrium.

7 Appendix : Existence of equilibrium for the
truncated economy

Proof of Proposition 3.1: Denote A = {2 = (p,7) : 0 < pr, 1y <
1;pt+rt:1 VtZO,,T},

Bi(p,r) == { (ciy ki) € C; x K; such that :Vt=0,...,T
Pe(Ciy 4 kigrr — (1 — 0)kiy) < rikiy + Qiﬁt},
and
Ci(p,r) == { (ciy ki) € C; X KC; such that :Vt=0,...,T
pe(Cit + Kizrr — (L= 0)kiy) < rikiy + Qiﬂt}7
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Denote by B;(zy) the closure of B;(2).

Lemma 7.1 For every (p,r) € P, we have Bi(p,q) # 0 and Bi(p,q) =
Ci(p, q)-

Proof: We rewrite B;(p,r) as follows

Bi(p,r) := {(c,;,az-) € C; x A; such that :Vt=0,...,T
0 <pi((1=0)kiy — cip — kigyr) + Tk + 9%}.

Since (1 — d)k;p > 0, we can choose ¢;o € (0, B.) and k;; € (0, By) such
that

0 < po((1 —8)kio — cip — ki1) + rokio + 0'mo.

By induction, we see that B;(p,r) is not empty. =

Lemma 7.2 B;(p,r) is a lower semi-continuous correspondence on P =
AT And Ci(p,r) is upper semi-continuous on P with compact convex
values.

Proof: Clearly, since B;(p,r) is empty and has an open graph. m

m

We define & := A x [[(C; x K;) x K. An element z € ® is in the form

i=1

z = (z)4" where 2o :== (p,7),2 = (ci,k;) for each i = 1,...,m, and
Zm+1 = K.

We now define correspondences. First, we define ¢q (for additional agent
0)

©o H(Cl X K%) X ]C—>2A
i=1
T m
pol(2:)i7") = arg max { Zpt(Z[Ci,t + ki1 — (1= 0)kig] — Ft<Kt))
A |
T m

+ Zrt(Kt - Zk”)}

t=0 i=1
For each i = 1,...,m, we define

Qi - A — QCiXKi
T

@i(p,r) = argmax {Zﬂf“z(cm)}

(ei,ki)€Ci(p,r) ~ 12
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For each i = m + 1, we define

Ol - A — 2K
T
vilp,r) = arg max{ ZptFt(Kt) — rth}.
KeK -0

Lemma 7.3 ¢; is upper semi-continuous convex-valued correspondence for
eacht=0,1,...,m+ 1.

Proof: This is a direct consequence of the Maximum Theorem. m

According to the Kakutani Theorem, there exists (p,7, (¢;, k)™, K)
such that

(B, 7) € ol(@, ki)iZy, K) (I11.13)
(€. ki) € pi(p, T) (111.14)
K € @pia(p, 7). (II1.15)

Denote by Xt = Z[éi,t—i']%i,t—i-l_<1_§)]%i,t]_Ft([_(t) and }_/;5 = Kt_z ];'2'715 the
i=1 i=1
excess demands for goods and capital respectively. For every (p,r) € ATTL

we have
T - T B
S )X+ (1o — 7)Y, < 0. (IIL.16)

By summing the budget constraints, for each ¢, we get
Xy + 7Y <0. (I11.17)
Hence, we have : for every (ps, 1) € A
peXe + Yy < peXy + 7Y; < 0. (II1.18)

Therefore, we have X;,Y; < 0, which implies that

S G+ ki < (1=0)> Fi + Fi(K) (II1.19)
=1 =1

K<) kg (I11.20)
=1

Lemma 7.4 p;,, 7, >0 fort=0,...,T.
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Proof: If p, = 0 then ¢;; = B. > (1 — 6)B + Fi(B). Therefore, we get
Citt+kirir > (1-06) i k; ¢+ Fy(K;) which is a contradiction. Hence, p; > 0.
If 7, = 0, then theZ:o})timality of K implies that K, = B. However, we
have l;;i,t < By for every i,t. Consequently, il@t < mB, < B = K,

=1

contradiction to (I11.20). Therefore, we get 7, > 0. ®

Lemma 7.5 Z ]%i,t = Rt and Z[é’iﬂf + lg'i7t+1 — (1 — 5)]%17,4 = F([_(t)

i=1 =1

Proof: Since prices are strictly positive and the utility functions are strictly
increasing, all the budget constraints are binding and, summing them across
the individuals, we get

P Xy + 7Y, = 0. (I11.21)

We know that X;,Y; < 0 and p;, 7 > 0. Then, X, = Y; = 0. The optimality
of (¢;,k;) and K comes from (II1.14) and (II1.15). m m
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Chapitre IV

Financial asset bubble with
heterogeneous agents and
endogenous borrowing
constraints

Abstract : This paper studies the root of financial asset bubble in an
infinite horizon general equilibrium model with heterogeneous agents and
borrowing constraints. We say that there is a bubble at equilibrium if the
price of the financial asset is greater than its fundamental value. First, we
found that bubble can occur only if there exists an agent and an infinite
sequence of date, (,), such that borrowing constraint of this agent are bin-
ding at each date t,,. Second, we prove that there is a bubble if and only
if interest rates are low, which means that the sum (over time) of inter-
est rates (in term of financial asset) is finite. Last, we give a condition on
exogenous variables, under which a financial asset bubble occurs at equili-
brium.

Keywords : Financial asset bubble, intertemporal equilibrium, infinite
horizon, borrowing constraints.
JEL Classifications : C62, D5, D91, G10
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1 Introduction

This paper is to study fundamental questions about rational bubbles :
What is an asset price bubble ? what is the root of bubbles? We also give
an answer for the following debate :

”However, despite the widespread belief in the existence of bubbles
in the real world, it is difficult to construct model economies in
which bubbles exist in equilibrium.”

Kocherlakota (2008)

To do this, we contruct an infinite horizon general equilibrium model
with heterogeneous agents and endegenous borrowing constraints. There is
a single consumption good and a finanical asset. On the one hand, the finan-
cial asset will give dividends in term of consumption good. On the other
hand, agents can resell it. There is an endogenous borrowing constraint
when agents want to borrow : at each date, each agent can borrow an
amount but the delivery of this amount at next date cannot be greater
than a fraction of the endowment of this agent. Because of the borrowing
constraints, the financial market is dynamically incomplete.

Before studying the bubbles, we have to prove the existence of equili-
brium. We do so by proving the existence of equilibrium for each truncated
economy, and then pass to the limit. The existence of equilibrium for each
truncated economy is proved by two steps : (i) consider bounded trunca-
ted economy and prove that there exists equilibrium for each bound, (ii) let
bound tend to infinity to obtain an equilibrium for truncated economy. Our
proof is crucial because we do not require any condition on endowments of
agents as in Levine (1989), Levine and Zame (1996), Magill and Quinzii

(1994), Araujo, Pascoa, Torres-Martinez (2002). Instead, endowments of
agents may be zero in our paper. We overcome this difficulty by two steps :
(1) we prove that there exists an equilibrium for the economy in which every
agent has € > 0 units of endowment ; as a result we obtain a sequence of
equilibria parameterized by €, (2) let € tend to zero, this sequence has a
limit ; we prove that such limit is an equilibrium by using the positivity of
financial dividend (since the financial dividend is in term of consumption
good and can be consummed).

Second, we move to study bubble of financial asset. We say that a
financial asset bubble occurs at an equilibrium (for short, bubble) if the
price of the financial asset is greater than its fundamental value. Some
significant papers studied rational asset bubbles. A well known result is
that if the present value of aggregate endowment is finite, there is no bubble
(Santos and Woodford (1997), Huang and Werner (2000)). However, the
present value of aggregate endowments is endogenously determined. Why
the present value of aggregate endowment is finite ?
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Montrucchio (2004), Le Van and Vailakis (2012) have given conditions
on endogenous variables, under which there is a bubble. Unfortunately, they
did not explain the nature of these conditions. Although there are some
examples of bubbles (Kocherlakota (1992), Huang and Werner (2000), Le
Van and Vailakis (2012)), no one gives conditions of exogenous variables
under which there is a bubble at equilibrium. Our paper will fill these gaps.

We begin by pointing out that, at equilibrium, individual transversality
condition of each agent is satisfied but real transversality condition of each
agent may be not held. If the real transversality condition of each agent is
satisfied, there is no bubble.

We also find that if a bubble appear, there exists an agent i and an
infinite sequence of date (¢,)°°, such that borrowing constraint of this
agent is binding at each date t,. This finding complements the one in
Kocherlakota (1992) where he wanted to claim that borrowing constraint
is binding infinitely often. However, he only proved that the inferior limit
of difference between asset amount of each agent and exogenous borrowing
bound equals zero.

We then define new concepts : low interest rates and high interest rates.
An equilibrium is said to have low interest rates if the sum (over time) of
interest rates (in term of financial asset) is finite, otherwise we say interest
rates are high. A novel result is that interest rates are low if and only if
bubbles exist. Our definition of low interest rates is different from the one
in Alvarez and Jermann (2000) where implied interest rates are called to
be high if the present value of aggregate endowment is finite. We proved
that if equilibrium is high implied interest rates, it will be high interest
rates.

Our last contribution is to give a condition of exogenous variables, under
which bubble occurs at equilibrium. The intuition of our condition is the
following : if there exists an agent whose highest subjective interest rate
is less than the interest rate of the economy, this agent accepts to buy
financial asset with a price which is greater than its fundamental value.
Consequently, there is a bubble.

Related literature : A survey on bubble in models as asymmetric
information, overlapping generation, heterogeneous-beliefs can be found
in Brunnermeier and Oehmke (2012). Doblas-Madrid (2012) presents a
model of speculative bubbles where rational agents buy an overvalued asset
because given their private information, they believe they have a good
chance of reselling at a profit to a greater fool. Martin and Ventura (2012),
Ventura (2012) do not define bubble as our definition. They define bubble
as a short-lived asset.

In a rational expectation model without endowment, Tirole (1982)
proved that there is no financial asset bubble. His result can be viewed as
a particular case of our model.
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Our paper is also related to physical capital bubble. In the standard
Ramsey model with heterogeneous agents and stationary concave tech-
nology, Becker, Bosi, Le Van and Seegmuller (2014) prove that physical
capital bubble does not exist. Bosi, Le Van and Pham (2014) allow non-
stationary technologies and prove that physical capital bubble exists if and
only if the sum (over time) of capital return is finite. In Becker, Bosi, Le
Van and Seegmuller (2014), physical capital can be viewed as a long-lived
asset whose price (in term of consumption goood) is 1 and capital return
can be viewed as dividend. However, r; is endogenous in Becker, Bosi, Le
Van and Seegmuller (2014).

The remainder of the paper is organized as follows. Section 2 decribes
the model. In section 3, the existence of equilibrium is proved. Section 4
studies the root of financial asset bubble. Conclusion will be presented in
Section 5. Technical details are gathered in Appendix.

2 Model

We consider a standard exchange economy in an infinite horizon model.
At each date, agents are endowed with an amount of consumption good. p;
is price of consumption good at date t.

Financial market : there is one long-lived financial asset. At date ¢, if
agent 7 buys a;; > 0 units of financial asset with price ¢, at the next
date (date t + 1), this agent will receive &, units of consumption good as
dividend and she will able to sell a;; units of financial asset with price g;4.

Each household i takes sequences of prices (p,q) = (pi, q:)72, as given
and maximizes her utility :

+oo
(Pp,a) max [ Bluiei)] (IV.1)
((Cz‘,uaz‘,t)gil)t:() =0
subject to  piciy + qair < preig + (@ + Piée)air—1 (IV.2)
—(qr1 + Pes1&ii1)ain < fiPrs1€its1, (IV.3)

where ; is the discount factor of agent ¢ and wu; is the utility function of
agent 7. f* € [0, 1] is the borrowing degree of agent i. Borrowing constraint
(IV.3) means that the payment of agent ¢ cannot exceed a fraction of her en-
dowments. If f* = 0, agent ¢ cannot borrow. Our setup is different from the
one in Kocherlakota (1992) where he considers that borrowing constraints
are exogenous, which is given by a;; > a* where a* do not depend on
time. Borrowing constraints in our framework allow us to bound the trade
volume of asset by an exogenous bound. Indeed, assume that prices are
strictly positive, we observe that (IV.3) implies that

fipt+lei,t+1 < fiei,t+1' (IV.4)
Qi1 + Pey1&i1 §it1

Qg
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t+1

It means that agent ¢ cannot borrow more than

f iCi,t+1

t+1

which is exogenous

but varies in time ¢. Although is exogenous, it may tend to infinity.

Definition 2.1 A sequence of prices and quantities (ﬁt, G, (Cig, @i)™0) 1SS

is an equilibrium of the economy € = ((ui,ﬁi,ai,,l, fi)y;1> if

(i) Price positivity : py, g > 0 fort > 0.
(i1) Market clearing : at each t > 0,

Consumption good : Z Cit = Z eir + &, (IV.5)
i=1 i=1
Financial asset : Zai,t =1. (IV.6)
i=1

(11i) Optimal consumption plans : for each i,
(Cit, @it)iZ0

is a solution of the problem (P;(p,q)).

3 The existence of equilibrium

We need some standard assumptions.

Assumption (H1) : The utility function u; : R, — R is C°, strictly
increasing, concave and u;(0) = 0, v/(0) = +o0.

Assumption (H2) : e;; > 0 such that for every ¢t > 0andi =1,...,m.

Assumption (H3) : Foreachi=1,...,m,a; 1 > 0and ) a; 1 = 1.

i=1
Assumption (H4) : & > 0 for every t.

Assumption (H5) : For each i, utility of agent i is finite

iﬂfuz(Wt) < 00, (IV.7)
=0

where W, := > e; 1 + &.
i=1

Theorem 3.1 Assume that Assumptions (H1) — (H5) are satisfied, there
exists an equilibrium in the infinite-horizon economy if (e;0,a; 1) # (0,0).

We see that even if agents do not hold endowment, i.e., e;; = 0, there
may be an equilibrium. This is the case where a; _; > 0 for every 7. In Le
Van and Vailakis (2012), they required there exists e > 0 such that e;; > e



3. The existence of equilibrium 69

for every ¢ and for every t. This result also gives a foundation in order to
study financial bubble in Tirole (1982) where he assumes that households
do not hold endowments.

We prove Theorem 3.1 by two main steps : (1) we prove the existence of
equilibrium for each T'—truncated economy, we have a sequence of equilibria
which depend on T'; (2) we prove that this sequence has a limit (for the
product topology) which is an equilibrium for the infinite horizon economy.

3.1 Existence of equilibrium for truncated economy

For each T' > 0, we define T— truncated economy £ as £ but there are
no activities from period 7'+ 1, i.e., ¢;y = a;y—1 = 0 forevery t =1,...,m,
t>T+1.

1 Existence of equilibrium for bounded economy

We define the bounded economy & as 7 but all variables (consump-
tion demand, asset investment) are bounded.

Ci = [07 BC]T+1; Bc > 1 + max Wt
t<T
A; = [-B,,B,)", B,>1+B,
where B is satisfied B > max{mgx ngVt, 14+m max 12% 1.

Denote A := {ZOZ (paQ)ZOSPtaQt S 1apt+qt:1 Vt:()a?T}

For each € > 0 such that 2me < 1, we define e—economy SbT “ by adding
¢ units of each asset (consumption good and financial asset) at date 0 for
each agent in the bounded economy. More presise, the feasible set of agent
1 is given by

CiT’e(p, Q) = {(Cz‘,t,ai,t);[:o € RJTFH X R?rl : (a) a; 7 =0,
(b) pocio + qoaio < poleio + €) + (G + Poo)(@ii—1 + €)
(c) foreach 1 <t < T':
0 < (g + pe&)ais—1 + f'oileqs + €)
peCiv + qaie < pr(eiy +€) + (g + ptft)ai,t—l}-

_ \T
Definition 3.1 A sequence of prices and quantities (pt, Gts Tty (Cigy Qigy kig) 1y, Kt>
t=0

is an equilibrium of the economy cS'bT “if the following conditions are satisfied
(i) Price are strictly positive, i.e., py, @ > 0 fort > 0.
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(i1) All markets clear :
Consumption good

Z Cio = Z €0+ 2me + &
i=1 i=1

i Ei,t = i éi,t —+ me + €t
=1

=1

Financial asset
m m
E ajp = E i1 + €) E Qi1 = E a;, vt > 0.
i=1 i=1 =1

o0
(11i) Optimal consumption plans : for each i, (@‘,t, di7t> s a solution
t=0
of the maximization problem of agent i with the feasible set C’iT’E(p, q).

The first step is to prove the existence of equilibrium for each e— economy
when € is small. We then take a sequence (€,) converging to zero. When
n tends to infinity, the sequence of equilibria depending on €, has a limit
who will be proved to be an equilibrium for bounded economy &7 Formal
proofs ars presented in Appendix.

2 FExistence of equilibrium for unbounded economy

We claim that an equilibrium of & is also an equilibrium for £7". Indeed,

T
let <pt, Gt, (Cig, Qg 1) is an equilibrium of &. Note that a;7 = 0 for
=0

every ¢ = 1,...,m. It is easy to see that prices are strictly positive and all
markets clear. We will prove the optimality of allocation.
Let z; := (cz-,t, ai,t)j:o be a feasible plan of household 7. Assume that

T T
> Biui(cir) > 3 Biui(Cip). For each v € (0,1), we define z;(7) = vz +
t=0 t=0

(1 —v)z;. By definition of £, we can choose 7 sufficiently close to 0 such
that z;(y) € C; x A;. Tt is clear that z;(vy) is satisfied budget constraints.
By the concavity of the utility function, we have

T

T T
Z i(cin(y) > VZﬁfUi(Ci,t) +(1 —V)Zﬁfui(éi,t)
—0 tho =0
> Z ﬁfu,L(E,’t)
=0

Contradiction to the optimality of Z;.
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3.2 Existence of equilibrium in the infinite horizon eco-
nomy

We have shown that for each T > 1, there exists an equilibrium for
the economy ET. We denote by (p”,q", (¢F',al)™,) an equilibrium of T—
truncated economy £7.

We can normalize prices by setting pl + ¢ = 1 for every t < T.

It is easy to see that

(A Z

T
0< Ci,t < Dt
m
W
1
—aZTt < Vi, and ath = 1.
t+1 P

Therefore, endogenous variables are bounded for the product topology.
Therefore, we can assume that

9 qT (ET7 d?)gﬁ

I, (p,q, (¢i,a;)x,)  (for the product topology ).

In Appendix, we prove that this limit is an equilibrium for the economy &.

3.3 Individual behavior

We consider an equilibrium (p, ¢, (¢;,a;);). Let A;+ denote the mul-
tiplier associated with budget constraints of agent i at period ¢, and the
multiplier of borrowing constraint is denoted by p; ¢ (@i > 0). We have

ti(cin) = Pedi (IV.8)
Xirqr = (N1 + fipr1) (@1 + 1) (IV.9)
i1 ((Qt—H + Py 1er1)aie + fipt+1€z‘,t+1> =0. (IV.10)

For each 7, we define S;0 = 1, S;; == ﬁ is the agent i’s discount factor
from initial period to period t. o

Lemma 3.1 We have

lim S, La;, =0 (IV.11)
t—o00 p

t
Z SitCit = (@ +&)a;—1 + Z Si€ix + Z f /;\” Siteir < 00.
t=0 Po t=0 =1 7t
(IV.12)
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Proof: Indeed, (IV.11) is proved by using the result in Kamihigashi (2002).
At equilibrium, we have

0o
OO>Z§UZ Czt 22 Cztczt
t=0

oo
As a consequence, there exists > S;¢; ;. Therefore, we obtain (IV.12). m
t=0

We now define the discount factor of the economy. Since > a;; = 1,
i=1
there exists i(t) such that a;u), > 0, hence pi;4y = 0. Therefore, we get

qt Ait41 i1 Dt

= = max —F—— = Vi1 —, V.13

Qi1 + Pey1&i41 it i€{l,..,m} iy " Di+1 ( )

where v,41 := max Pu ,(Cl +1) . For each t > 0 we have
ie{lm}  uj(Cit)

q q
== ’Vt+1(_t+1 + ft+1)~ (IV-M)
Dt Pi+1

We define (g := 1, and for each t > 1, (); := H v, is the discount factor of

the economy from initial period to period ¢. Smce Q11 = V111Q:, we have

= Qt+1(qtl + &) (IV.15)

Remark 3.1 It is clear that Q; > S;; for everyt, i.e., the market discount
factor is greater individual discount factors. One can see that if borrowing
constraint of agent i is not binding from initial date until date t, we have

Q=15

Remark 3.2 We can see that borrowing constraint (qir1 + Div1&e41) @it >

—['Pigr1€ire1 > 0 is equivalent to Qrir (G +Pee1&11) @it > — F'Qui1Pipr1€i441-
According to (1V.15), this can be rewritten as

q i
Qt;taz‘,t + f'Qit1€i41 >0
t

This means that borrowing value of agent i does not exceed a fraction value
of its endowments.

We state the a fundamental result showing the information of borrowing
constraints.

Proposition 3.1 (Fluctuation of borrowing constraints)
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1. For each i, there are only 2 cases

(a) there does not exist tlgglo (Qt%ai,t + fiQtJrlei,tH).
. q i
(b) lim (Qt_tai,t +f Qt+1€i,t+1) = 0.
t—o0 o
2. We have, for each 1,

lim inf <Qt%ai7t + fiQt+1€i7t+1> =0 (IV16)
t—o00 Dy

Proof: Assume that there exists tlgélo th—iai’t + ['Qii1€i401 =: Q.

If Q); > 0, there exists ¢y such that Qth)—iam + f'Qis16i441 > 0 for each
t > to. However, this condition is equivalent to Qui1(& + &41)aieer +

. Pt+1
f'Qiy1€i141 > 0. It means that the borrowing constraints of agent i are
not binding from date t;. This implies that g—: = SS—: for every t > t,.
0 10

According to Lemma 3.1, we get tlim th—iai,t =0, and tlim Qi+1€i141 =0,
—00 —00
contradiction !
(IV.16) is proved by using the same argument. ®

4 Financial asset bubble

According (IV.14), we have = Yer1 (E + &1 ). Therefore, for each

Pt+1
t > 1, we have

KU ’71(2 +&) = Q& +nq =&+ 7172(@ + &)
Do b1 b2
= @Qi1& + Q25+ Qz%
b2
= :Zngs'f'Qt%
1 Dbr

Interpretation : In this model, financial asset is a long-lived asset
whose price at date 0 is qq.

1. At date 1, one unit (from date 0) of this asset will give back 1 units
of the same asset and &; units of consumption good as its dividend.

2. At date 2, one units of long lived asset will give one unit of the same
asset and & units of consumption good ...

This leads us to have the following concept.

Definition 4.1 The fundamental value of financial asset

+0o0
FVy = Z Qi (IV.17)
t=1
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Denote by := tlir+n Qt%, by is called financial asset bubble. We have
——+o0 t

qo = bo + F'Vp. (IV.18)

It means that the price of the financial asset equals its fundamental value
plus its bubble.

Definition 4.2 We say there is a bubble on financial asset if the price of
financial asset is greater than its fundamental value : gy > F'Vj.

On the relationship between bubble and borrowing constraints, Kocher-
lakota (1992) suggests that borrowing constraints are binding infinitely of-
ten if bubbles exists. ! However, what he proved was that li{n inf(a;;—a*) =

—00

0. We now prove that borrowing constraint is binding.

Proposition 4.1 (Borrowing constraint is binding at infinitely many
date)

If bubble occurs, there exists i and an infinite sequence (t,)n,>1 such that
borrowing constraint of agent i is binding at each date t,,.

Proof: Assume that for each i, there exists ¢; > 0 such that borrowing
constraints of agent ¢ are not binding from ¢;. We define {; = max ¢t;.

i=1,....m

Hence, borrowing constraints of all agents are not binding from date t.
By using the same argument in the proof of Proposition 3.1, we have
lim Qt@am = 0. As a consequence, we have lim Qtﬁ =0. m
t=oo Py t=oo Dy

This result says that, if there is a bubble, there exists an agent whose
borrowing constraints are binding at infinitely many dates. Our finding
complements the one in Kocherlakota (1992).

The following result (as the one in Kocherlakota (1992)) shows that at
bubble equilibirum, there is a fluctuation in financial asset volume of some
agent.

Proposition 4.2 If bubble occurs, there exists © such that the sequence
(ai+) has no limit.

Proof: If the sequence (a;:) converges for every i, there exists ¢ such that
tliglo a;; > 0. Borrowing constraint of this agent are not binding from some
date t;. Therefore, by using the same argument as in the proof of Proposi-
tion 3.1, we have lim Q;%a;, = 0. Hence, lim Q;Z =0. m

t—oo Pt 7 t—oo Pt

1. Recall that in Kocherlakota (1992), borrowing constraint is a;; > a*.



4. Financial asset bubble 75

4.1 Rational bubble and low interest rates

We firstly define what does low interest rates mean. We recall budget
constraint of agent ¢ at date ¢t — 1 and ¢.

Pe1Cit—1 + Q-1Giz—1 < Di—1€ir—1 + (@1 + De—1&-1) it
D&

PiCit + qaie < preir+ @1+ q_) it—1-
¢

One can interpret that if agent ¢ buys a;,—; units of financial asset at date

tgt

t — 1 with price ¢;_1, she will receive (1+ —)ai7t_1 units of financial asset
at

with price ¢; at date t. Therefore, pt—& can be viewed as the interest rate
4
of the financial asset at date ¢.

Definition 4.3 We say that interest rates are low at equilibrium if

Z b t& . (IV.19)
t=1

Otherwise, we say that interest rates are high.

Remark 4.1 In Alvarez and Jermann (2000), they define high implied
interest rates as a situation in which the present value of aggregate endow-

ments is finite, i.e.,
o
E Qier < 00,
t=0

where e, := Y ;1. We will compare these two concepts (high interest rates
i=1
and high implied interest rates) at the end of this subsection.

We now present relationship between financial bubble and low interest
rates.

Proposition 4.3 There is a bubble if and only if interest rates are low.

Proof: According to (IV.15), we imply that
T
H (1+ pt—& (IV.20)

Since gy > 0, we see that tlign Q:q; > 0 if and only if
—>+00

T
lim [[(1+ g

=) < 0.
t—o0 o
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It is easy to prove that this condition is equivalent to (IV.19). m

Proposition 4.3 is closed to the one in Montrucchio (2004). Note that Le
t

Van and Vailakis (2012) give an example in whichp, = land ¢ =1-) &
s=1
for every t. Recall that their model can be viewed as a particular case of

our model With ft = 0 for every i. In their example, there is a bubble if

and only if Z & < 1. It is easy? to see that this condition is satisfied if

and only if -
2 f—tt < 00
=11-— Z 58
s=1

This is exactly our theoretical condition p;—ft < 00.
=1
We give some consequences of condition (IV.19).
Corollary 4.1 (i) Assume that ) & < oo. If It is bounded from below,

i=1
there is a bubble.

(i) Assume that > & = oo. If there is a bubble, we have lim % = co.
=1

t——+oo Pt

(iii) Assume that there exists x, X € (0,00) such that v < & < X. If

&1
qp41

+&t
bubble occurs ; the real return pt“—tH 15 bounded from below.

bt

Proof: Point (i) and (ii) are clear. Let us prove point (iii). Since bubble
occurs, condition IV.19 is held, thus there exists M € (0, 00) such that

pt+18t41

.Y

peée -
qt

By combining with the fact that rate of growth of financial dividend is
g1

bounded, we implies that rate of growth of financial asset prices p’;% is

bt
bounded from below. Consequently, the real return is bounded from below.
[ |
We now study the relationship between bubble and present values of

agents. Recall that the present value of agent i is given by » Q:e; .
=0

o0 T
2. Indeed, Z ft < oo if and only if lim [](1+ L) < oo if and only
T—o0 t=1 t
1 - Z gs 1- 21 fs
. =
if lim ———— < oo if and only if E£t<1
T—o0

I—Z&
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+oo
Proposition 4.4 If a bubble occurs, there exists i such that y , Qie; s = 00,
t=1

and then lim sup L = 4oo.
t—o0 it

+oo
Proof: Suppose that a bubble occurs. Assume that for every 7, > Qie;; <
=1
oo. Thus, tlim Qieir = 0. We observe that
— 00

T T
do i 4 i
(p_ +&o)ai 1 + Z Qieir + ['Qir1€ipp1 = Z QiCit + (Qt;tai,t +f Qt+16i,t+1>
0 t=0 t=0 t

T
> Z QiCiy.
t=0

400
Therefore, there exists ) Q;c; ;. Consequently, there exists tlim (th_iaivt +
t=1 —00

fiQHlei,tH) . According Proposition 3.1, we have tlggo (Qt%ai,t+fiQt+1ei7t+1> =
0 which implies that tlim Qtz—i =0. =
— 00

Interpretation : We define the gross interest rate (1 + R;) of the eco-
nomy and gross interest rate (1 + R;;) of agent i at date ¢ as follows

1 qi—1 Biu/‘(ci t)
— = = max ———2% V.21
1+ Ry g+ & T ie{1,m} Ui (Cip—1) ( )
1 ﬁz’ul'(ci t)
— = e V.22
1 + Ri,t u;(Ci’t,1> ( )

Proposition 4.4 indicates that if bubble occurs, there exists an agent ¢ and
an infinite sequence date (¢,) such that

Qtn _ (1 + Ri,l) P (]. + Ri7tn>
Sit, (1+Ry)...(1+Ry,)

(IV.23)

tends to infinity. It means that the individual interest rate is greater than
the interest rate of the economy. We will come back to this point in next
section.

We point out some consequences of Lemma 4.4.

Corollary 4.2 If there exists a > 0 such that & > «') ey, there is no
i=1
bubble. Therefore, interest rates are high
+00 oo
Proof: Note that > Q& < g—g < 00, we implies that ) Qe;+ < +oo for

t=1 =1
every i. According to Proposition 4.4, there is no bubble. =
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m

Condition & > «a ) e;; is not only a sufficient condition ruling out
i=1

bubble but also a sufficient condition under which interest rates are high at

equilibirum. We can see that high financial dividend implies that interest
rates are high, and then bubble is ruled out.

Corollary 4.3 Assume that e;; = 0 for every t and every i. There is no
bubble at equilibrium.

This result is in line with Tirole (1982) where he proved that bubble does
not exist in a fully dynamic rational expectation equilibrium model without
endowments. However, he did not prove the existence of equilibrium.

Corollary 4.4 (Santos and Woodford (1997), Huang and Werner (2000))

Assume that Y Qe; < 0o. There is no sequential price bubble.
=0

Proof: Clear. m

Note that high implied interest rates is only an sufficient condition for
no bubble.? We end this subsection by making clear the difference between
high interest rates and high implied interest rates.

oo oo
Proposition 4.5 At equilibrium, if > Q.e; < 00, we have p;—ft =oo. It
=0 t=1
means that

Proof: According to Corollary 4.4, if the present value of aggregate en-
dowment is finite, there is no bubble. As a consequence of Proposition 4.3,

there is no bubble if and only if ) p;—ft = 00. Therefore, we obtain the
=1

result. m

This result shows that if an equilibrium has high implied interest rates,
it has high interest rates.

4.2 An exogenous sufficient condition for bubble

We have so far given necessary conditions or some sufficient (on endo-
genous variables) of bubble. Although there are some examples of bubble
(Kocherlakota (1992), Huang and Werner (2000), Le Van and Vailakis
(2012)), no one gives conditions of exogenous variables under which there
is a bubble at equilibrium.

Our novel contribution is to give a sufficient condition (on exogenous
parameters) under which a financial asset bubble occurs.

3. See Example 3.1 in Le Van and Vailakis (2012).
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For simplicity, we assume that f* = 0 for every . Let us begin by the
following result.

Lemma 4.1 At each date t, there exists i such that a;¢ > a;+1 and a;; >
0.

Proof: Define 7y such that
Qigt — Aigt+1 = m?X{Gi,t - ai,t—i—l}-

Then a;,+ — ai,¢+1 > 0.
Case 1 : iyt — Qjg t+1 > 0 then it > Qi 41 > 0.
Case 2 : a;,+ — ajy 141 = 0 then a;; — a;441 < 0 for every 4. Since Y (a;; —

K3
a;14+1) = 0, we imply that a;; — a;++1 = 0 for every i. Choose i; such that
a;,+ > 0, we have a;, + = @, 441 and a;,; > 0. m

We now bound the size of the discount rate v; by exogenous bounds.

Lemma 4.2 (Size of discount rate ;)

We have

At < v < Dt, (IV24)

Biug(ei) . Biui(Wis) U
here D, := — A= — 2 and W, := i
where D, ieflﬁ?i(m} W (Wi_1) ¢ ze{rlnlnm} u;(%) an ¢ 2:216 T
&t
Note that A;, D; are exogenous.
YAy

Proof: Recall that 74 := max M By using Lemma 4.1, there

ie{l,....,m} u;(cm_l)
exists ¢ such that a;;—1 > a;; and a;;—1 > 0. Since a;;—1 > 0, we get

it—1 = 0, and then

Ve = Bileie) (IV.25)

Ué(%—l) '

On the one hand, we have ¢;;—1 < Wj_q, so u}(c;—1) > w;(Wi_1). On the
other hand, we have

Cit + @iy =€+ (@ + &)ar1 > e + (g0 + &)ay, (IV.26)
hence ¢;; > e;;. Therefore, we get that

ﬁz‘ul-(cz‘t) @'Ul-(@it)
= A Lo <D 1v.27
ul(cipmr) ~ Ui(Wimy) = ( )

Tt
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Wi_1

m

It is easy to see that there exists j such that c;;—1 >

. Biui(cjr) - Bju;(Wh)

S ) T ()

, SO

> A, (IV.28)

Interest rates : Before give a sufficient condition for financial asset
bubble, let us study the gross interest rate. We define r; by ﬁ =D It
is easy to see that

re < Ry = mjn{Riyt}.

We recall that F'V; is the fundamental value of financial asset at date

t. We have

+oo
g = bo+ Y Q& =by+FV (IV.29)
t=1
+oo
@ o= b+ Q& =bh+FW, (IV.30)
t=1
Y bo

where Q} := —, and b; = —.
M ga!

Lemma 4.3 We have

a+&  FVi+&

— V.31
% an (1v:31)
qo bo + F'Vj Qo
Proof: We have = . Note that by = b = ,
G+& LW+ FVI+& o= @+ &

and then we get (IV.31). =

According to Condition (IV.31), the real return of an asset can be com-
puted by using its prevent value : it equals the ratio between the sum its
dividend and its fundamental value at date 1 and its fundamental value at
date 0.

We now state our main result in this subsection.

Theorem 4.1 (An exogenous sufficient condition for financial as-
set bubble)

We normalize by setting py = 1 for every t.

There 1s a financial asset bubble at equilibrium if the following conditions

hold :
o0 t
(i) B := Y Bi& < 00, where By :== [] Dy.
=1 =

k=1
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(i) There exists i such that

A+
u; (6@0 + §oai,_1 — B(l — (li7_1)> S ﬁz Bé-l U;(Wl), (IV32)
o] t
where A=Y (] As)&s.
t=2 s=2
Note that these conditions is satisfied if &1, &,, ..., are small.
Proof: First, according to Lemma 4.2, we have
+oo +oo
G = bot+ > Q& <bo+ > B&=by+B (IV.33)
t=1 t=1
00 t 00 t
a > > ([[we>> (A = A (IV.34)

t=2 s=2 t=2 s=2
We now rewrite Condition (IV.32) as follows

Biuz(Wh) - B
Ug(ei,o + &oa;,—1 — B(1 — ai7_1)) —A+&

(IV.35)

This implies that

Biug(Wh) > B _ 4o — bo
u(eio+ &oaim1 —B(l—a;—1)) ~ a+& a+&

(IV.36)

We also have

eio+&ai—1—B(l—ai—1) < e+ &ai—1— (g —bo)(l—ai_1)
€0+ (g0 +&o)ai—1 — qo + bo(1 —a; 1)

< e+ (qo + &o)ai—1 — qoaio + bo(1 — a; 1)
= ¢io+bo(l—a;_1).
Hence,
AT ' (e AT
/Bz%tz(cz,l) < max 6]/]( j,l) _ qo < bO + , Bzuz(cz,l) .
uj(cip) et} ul(cjp) n+é& a+& ui(ci,o + bo(1 — a@,l))
s
Since the function f(x) = . Biui(cin) is increasing in

a+& (Ci,O + (1 — ai,—l))
x, we obtain by > 0. m

Interpretation : We rewrite Condition (IV.32) as follows

Biui(Wh) __B
ué(ei,o + &oa;—1 — B(1 — %—1)) —A+&

(IV.37)
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B is an upper bound of the fundamental value F'V; of financial asset at
initial date 0. A is a lower bound of the fundamental value F'V; of financial

1 B
asset at date 1. We define 7; by — = . We see that 7, is a lower
1 + 7 A + 51
bound of the interest rate R;. Indeed,
1 FV, B 1
= < =, (IV.38)
1+R1 FVl—l—& A+£1 1—|—7’1
So, we get
r < Rl.
Define a bound 7; ; of interest rate of agent i by
I Biui(Wh)
1 + fi71 N U;(QLO + fo — B(l — aiy_l)'
We now see that Condition (IV.32) is equivalent to
L4+7 > 147;. (IV.39)

This implies that the agent i’s highest subjective interest rate 7;; is less
than the interest rate of the economy R;. Therefore, agent i accepts to buy
financial asset with a price which is greater than the fundamental value.
Consequently, there is a bubble.

5 Conclusion

We considered an infinite horizon general equilibrium asset pricing mo-
del with heterogeneous agents and endogenous borrowing constraints. We
proved the existence of equilibrium in this model without any condition
about endowments.

At equilibrium, if the market price of the financial asset is greater than
its fundamental value, we say that there is a bubble. Borrowing constraints
play an important role on bubble : a bubble can occur only if there exists an
agent whose borrowing constraints are binding in infinitely many times. We
prove that the existence of a bubble is equivalent to low interest rates. We
also give an sufficient condition (on exogenous variables) for the existece
of bubble : the highest subjective interest rate of agent is smaller than the
interest rate of the economy.
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6 Appendix

6.1 Existence of equilibrium for c-economy
We also define B! “(p, q,) as follows.
BT’E(]% q) = {(Ci,tvai,t>?20 € RI+1 X RI+1 : (a) a; 7 = 07

(b) pocio + qoaio < poleio + €) + (g + poo)(@ir—1 + €)
(c) foreach 1 <t <T':

0 < (¢ +p&t)air—1 + fipt(ei,t +¢€)
PiCit + ;e < peleir +€) + (g + ptft)ai,t—l}-

We write CT (p, q), BY (p, q) instead of C°(p, q), B]"°(p, q).
Lemma 6.1 BiT’e(p, q) # 0 and BiT’e(p, q) = CiT’e(pa q).
Proof: We write

By (p,q) = {(cip aig)i_g € RIT X RET cayp = 0,
0 < po(eio+ €+ &ait—1 — cio) + Golai—1 + € — aip)
and for each 1 < ¢ <7T':
0 < qa; -1+ pi(&ai—1 + fi(ei,t +¢€))
0 <pileir +e+&air1 — cip) + Glaii—1 — aiz).

Since e;0+€+E&pa; -1 > 0 and a; -1 +€ > 0, we can choose ¢; o € (0, B,)
and a;0 € (0, B,) such that

0 < poleio + €+ &ai—1 — cip) + qolai—1 + € —ap).
By induction, we see that B;(p,q,) is not empty. m
Lemma 6.2 B;(p,r) is lower semi-continuous correspondence on P. And
Ci(p,r) is upper semi-continuous on P with compact convez values.

Proof: Clearly, since B;(p,r) is empty and has open graph. ®

We define & := A x [[(C; x A;. An element z € ® is in the form
i=1
z = (z)", where 2z := (p,q,7), 2 := (¢, a;, k;) for each i =1,... ,m.
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We now define correspondences. First, we define g (for additional agent
0)
©o H(Cz X A,) — 2A

=1
m m

¢o((zi)iL;) 1= arg max {pO(Z(Ci,O — €i0) — 2me — fo) + Qo Z(ai,o — a1 —€)
(pg)ea i=1 i=1
T m T-1 m
+Zpt(Z(Ci,t—€i,t)—m€—5t)+z Zazt Qi1 }
t=1 i=1 t=1  i=1
For each i = 1,...,m, we define
;i : Ax — 20xA

vi(p,q) = argmax { i Bfuz(czt)}

(ci,a:)€Ci(p,a) ~ 1—p

Lemma 6.3 The correspondence ; is lower semi-continuous and non-
empty, concex, compact valued for each i =0,1,...,m+ 1.

Proof: This is a direct consequence of the Maximum Theorem. m

According to the Kakutani Theorem, there exists (p, g, (¢;, a;),) such
that

(P @) € wol(Giyai)iZy) (IV.40)
(¢, ai) € @i((p, 7)) (IV.41)
Denote
Xo = Z(Ci,O — ei0) — 2me — &) (IV.42)
i=1
X, = Zm:(cm —ei)—me—§&, t>1 (IV.43)
i=1

Zo=Y (ag—e—ai ), Zi=) (@u—ay), t>1. (IV.44)

i=1 i=1

For every (p,q) € A, we have

T T—
> (- p) X+ Z(qt — @7 <0. (IV.45)

t=0 t=0

By summing the budget constraints, we get that : for each ¢

pX; +qZ, <0. (IV.46)
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Hence, we have : for every (p,q) € A
pXe + @ Z < pXi +§Z < 0. (Iv.47)

Therefore, we have X;, Z; < 0, which implies that

Z E@O S Z éz‘70 + 2me + 50 (IV48)
=1 =1
Z Gis < Z Gip+met&, t>1 (IV.49)

Gip < i, . (IV.50)

1 i=1

Za10<z 1+e

Lemma 6.4 p;, > 0 and ¢ >
&t+1 > 0.

||M3

V
o
Sy
3
~

= 0,...,T. Moreover, ¢ > 0 if

Proof: If p, = 0, the optimality implies that ¢;; = B, > 1+ W,. Therefore,
we get ¢;; > i et + 2me + &), contradiction. Hence, p; > 0

We now assulrznle that &9 > 0. If ¢ = 0, we have iy = B for each 1.
Thus, Za” > mB, > 1+ B,. However, we have Za” < Zaz _1+me=

=1 =1 =1
1+ me < 1+ B,, contradiction !

Lemma 6.5 X, = 7, = 0.

Proof: Since consumption good prices are strictly positive and the utility
functions are strictly increasing, all budget constraints are binding. By
summing budget constraints at date ¢ we have which implies that.

nXe + @2, = 0. (IV.51)
By combining with the fact that X;, Z; <0, we obtain X;, =7, =0. m

The optimality of (¢;, a;) is from (IV.41).

6.2 When ¢ tends to zero

We have so far proved that for each €, = 1/n > 0, where n is interger
number and high enough, there exists an equilibrium, say

T

equi(n) = (pu(n). Gi(n). (Zsa(n). @i (m),)

)
t=0
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for the economy &
By using borrowing constraint, we get that : for every n,

[P (n)(€iper + €n) < fieipr1 + €n) < 1+ Wi
- G

—a; (N S — — =

o) Grr1(n) + &P (n) §iv1

By combining with )" a;(n) = 1, we see that a;;(n) is uniformly bounded
i=1

when n tends to infinity. Moreover, we have p¢:(n) + @(n) = 1. Therefore,
we can assume that

((n), a(n), (€:(n), a; (n))iy)

— (ﬁ? CL (E’M dz)gl)

Markets clearing conditions : By taking limit of market clearing condi-
tions for economy SbT “» we obtain market clearing conditions for the eco-
nomy & .

Lemma 6.6 B} (p,q) # 0 if (eipo, ai—1) # (0,0).
Proof: Recall that

B (0,@) = {(cinsai) g € R X RET s ap = 0,
0 < poleso + &oir—1 — cip) + Go(ai—1 — aip)
and for each 1 <t <7T':
0 < qais 1+ pi(&aie 1+ feir)
0 < prleir +&air—1 — cip) + Gai—1 — aiz).

If (e;0,ai—1) # (0,0), we have e; p+&pa; ;—1 > 0. By combining with p,+q; =
1, we can choose ¢; ¢ € (0, B.) and a;0 € (0, B,) such that

0 < poleio+ &ait—1 — cip) + Go(ai—1 — aip)
0 < qra;o+ p1(&aio+ fleiq.

Lemma 6.7 We have py, q: > 0.

Proof: Since > a; 1 =1 > 0, there exists an agent ¢ such that a; ; > 0.
i=1

According Lemma 6.6, we have B! (p,q) # 0. We are going to prove that

the optimality of allocation (¢&;,a;).

4. In fact, since prices and allocations are bounded, there exists a subsequence
(ni1,n2,...,) such that equi(ns) converges. However, without loss of generality, we can
assume that equi(n) converges.
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Let (c¢;,a;) be an feasible allocation of the maximization problem of

agent ¢ with the feasible set C'(p, 7). We have to prove that Y Sfu;(c;,) <
=0

> Biui(Cig)-
=0
Since BT (p, ) # 0, there exists sequences (h)y> and (cf', al) € Bl (p, q)

1) 1
such that (c?, al') converges to (c;, a;). We have

777

ﬁtczt + @a?,t < Preig + (G + ﬁt£t>a2t71
0 < (q@ +ﬁt€t>a2t_1 + [ Peis-
Fixe h. Let ng (no depends on h) be high enough such that for every
n > ng, (cF,al) € C’?’l/n(ﬁ(n),q(n)). Therefore, we have Zﬁfuz(c?t) <
t=0

177

> Biui(€ir(n)).

=0

Let n tend to infinity, we obtain > Slu;(c},) < 3 Blui(Cig).
t=0 t=0

o0 oo
Let h tend to infinity, we have > Slu;(cit) < > Biui(¢;t). It means that
=0 _ i=0

we have just proved the optimality of (¢;, a;, k;).
We now prove p, > 0 for every t. Indeed, otherwise we have ¢;;, = B. >
1+ W;, contradiction. ¢; > 0 is from the positivity of financial dividend. m

Lemma 6.8 For each i, (¢;,a;) is optimal.

Proof: Consider agent i. Since (e;0,a;_1) # (0,0), we have BY (p,q) # 0.
By using the same argument as in Lemma 6.7, we obtain the optimality of
(i, a;).

]

6.3 The existence of equilibrium for the economy &£
It is easy to see that all markets clear.
Lemma 6.9 We have p, > 0 for each t > 0.

Proof: There exists ¢ such that a, _; > 0. By using the same argument in
Lemma 6.6, we see that BY (p, q) # 0.

Let (¢;, a;) be an feasible allocation of the problem P;(p, q). We have to
prove that > Blu;(cir) < > Blui(Ciy).
t=0 t=0
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Note that, without loss of generality, we can only consider feasible al-

locations such that pre;r + @iraie > 0. We define (], a; )i, as follows :

aj, =ay, ft<T—-1,=0ift <T
iy = Ciy, if t <T = 15prcip = preir + Grais iy = 0if ¢ > T.
We see that (¢}, a},)[_, belongs to CT(p, q). Since B} (p,q) # 0, there
exists a sequence ((Cm ary)i— 0) € Bl(p,q) with af; = 0, and this
n=0

sequence converges to (¢}, a;,){_, when n tends to infinity. We have

piciy + Grafy < preiy + (G + DeSe)ai, ;-

We can chose sg high enough and sy > T such that : for every s > sq, we
have

piciy + qiai, < Pieiy + (@ + Di&)ay, .

T
It means that (¢, a,){_g € C7 (7%, ¢°). Therefore, we get Zﬁz‘tui(c?t) <

Z Biui(;,). Let s tend to infinity, we obtain Z Blui(c}y) < Z Bl (G t).
=0 =0

Let n tends to infiniy, we have Z Blui(ciy) < Z Blu;(¢;4) for every T. As

a consequence, we have : for every T

T—

o

Z Czt S Z Czt

—0 =0
oo oo

Let T tend to infinity, we obtain > Slu;(ciy) < > Blui(Ciy).
=0 =0

Therefore, we have proved that the olgtimality of (éijdi).
Prices py, ¢; is strictly positive since the utility function of agent 7 is strictly
increasing and & > 0 for every t. m

Lemma 6.10 For each i, (¢;,a;) is optimal.

Proof: Since py, ¢ and (e;0,a; 1) # (0,0), we get that Bf (p,q) # 0. By
using the same argument in Lemma 6.9, we can prove the optimality of
(E“(_LL> |
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Chapitre V

Intertemporal equilibrium with
financial asset and physical
capital

Abstract : We build an infinite-horizon dynamic deterministic general
equilibrium model with imperfect market (because of borrowing constraints)
in which heterogeneous agents invest in capital or/and financial asset, and
consume. There is a representative firm who maximizes its profit. Firstly,
the existence of intertemporal equilibrium is proved even if aggregate capi-
tal is not uniformly bounded. Secondly, we study the interaction between
the financial market and the productive sector.

Keywords : Infinite horizon, intertemporal equilibrium, financial fric-

tion, productivity, efficiency, fluctuation.
JEL Classifications : C62, D31, D91, E44, G10.
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1 Introduction

The recent financial crisis requires us to reconsider the role of the finan-
cial market on aggregate economic activity. The financial market has been
considered as one of the main causes of economic recession or/and fluc-
tuation. But, does financial market always cause an economic recession ?
What is the role of financial market on the productive sector ?

To answer these questions, our approach is to construct a dynamic
deterministic general equilibrium with heterogenous agents, capital accu-
mulation, and imperfect financial market. In our model, consumers differ
in discount factors, reward functions and initial wealths.! Heterogeneous
consumers invest, borrow, and consume. They have two choices to invest :
in productive sector and in financial sector. At date ¢, if one invests in the
physical capital, he (or she) will receive a return that depends on the mar-
ginal productivity of the economy at next date. In the financial market, if
he (or she) buys one unit of financial asset at date ¢, he (or she) will be
able to resell this asset and also receive &1 units of consumption good
as dividend. When agents want to borrow, they are required to hold some
amounts of the physical capital as collateral. The market value of collate-
ral must be greater than the value of debt. Because of this constraint, the
financial market is imperfect.

The first contribution of our paper concerns the existence of intertempo-
ral equilibrium. Becker, Boyd I1I, Foias (1991) demonstrated the existence
of intertemporal equilibrium under borrowing constraints with inelastic la-
bor supply. Kubler and Schmedders (2003) constructed and proved the
existence of Markov equilibrium in an infinite-horizon asset pricing mo-
del with incomplete market and collateral constraint, but without capital
accummulation. Such a Markov equilibrium was also proved to be com-
petitive equilibrium. Becker, Bosi, Le Van, Seegmuller (2014) proved the
existence of a Ramsey equilibrium with endogenous labor supply and bor-
rowing constraint on physical capital ; however, they only considered an
implicit financial market and assumed that no one can borrow. In these
papers, they needed some assumptions (about endowments as in Kubler
and Schmedders (2003), and about production function as in Becker, Boyd
I11, Foias (1991), Becker, Bosi, Le Van, Seegmuller (2014)) to ensure that
aggregate capital and consumption stocks are uniformly bounded. Here we
allow growth for the physical quantities (consumption, capital stocks, out-
puts). Our framework is rich enough to cover both productive sector and
imperfect financial market.? Moreover, in our proof of the existence of an
intertemporal equilibrium, we allow non-stationary and even linear pro-

1. A detailed survey on the effects of heterogeneity in macroeconomics can be found
in Guvenen (2012)
2. However, for simplicity, we assume exogenous supply of labour.
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duction functions and do not need that aggregate capital and consumption
stocks be uniformly bounded. We firstly prove that there exists an equili-
brium for each T'—truncated economy. We then obtain a sequence of equi-
libria (indexed by T") which will be proved to have a limit for the product
topology. Last, we prove that such limit is an intertemporal equilibrium.

Analyzing the relationship between the financial market and the produc-
tive sector is our second contribution. We explore three important points.

The first one concerns the economic recession by which we mean a
situation where no one invests in the productive sector. Although there
are many sources for economic recession as war, policy shocks, financial
shocks..., we focus on productivity of the productive sector. Our finding is
summarized as follows.

(i) When the productivity is high enough, the economy never falls in
recession.

(i) When the productivity is low, the economy will fall in recession at
infinitely many dates (not necessary at all dates) because the agents
prefer financial assets to physical capital.

(iii) However, at some dates, even when the productivity is low, finan-
cial assets may be beneficial to the economy by providing financial
support for the purchase of the physical capital. Thanks to that, a
recession may be avoided. Moreover, when the productivity is lower
than the depreciation rate, introducing dividends may prevent the
economy to collapse, i.e., to converge to zero when time goes to infi-
nity.

The second point concerns fluctuations of the aggregate capital path
(K%). We prove that, under some mild conditions, there exists an infinite
sequence of time (¢,) such that K;, = 0 for every n, but limsup K; > 0.

t—o00

Third, we study the efficiency and the existence of bubbles of intertem-
poral equilibrium. An intertemporal equilibrium is called to be efficient if
its aggregate capital path is efficient in the sense of Malinvaud (1953).
When the production technology is stationary, we give exogenous condi-
tions on the financial dividends and the marginal productivity to obtain
that, at equilibrium, there is no bubble on the financial or/and the physical
assets markets and efficiency of any equilibrium path.

Related literature : Our paper is related to several strands of research.

(i) The first strand concerns General equilibrium with incomplete mar-
kets. An excellent introduction to asset pricing models with incomplete
markets and infinite horizon can be found in Magill and Quinzii (2008).
On collateral equilibrium, Geanakoplos, Zame (2002) proved the existence
of collateral equilibrium in a two-period models that incorporates durables
gooods and collateralized securities. By extending Geanakoplos, Zame
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(2002), Araujo, Pascoa, Torres-Martinez (2002) proved the existence of
equilibrium for an infinite horizon models with collateral requirement on
selling financial assets. Pham (2013) proved the existence of collateralized
monetary equilibrium in an infinite horizon monetary economy. Note that,
in these papers, they did not take into account the role of the productive
sector.

(ii) Credit market frictions and aggregate economic activity : Our paper
is also related to Kiyotaki, Moore (1997). However, they did not take into
account the existence of intertemporal equilibrium. Some other significant
researchs (Scheinkman, Weiss (1986), Bernanke, Gertler, Gilchrist (1999),
Matsuyama (2007), Gertler, Kiyotaki (2010), Christiano, Motto, Rostagno

(2010)) have explained why credit market frictions can make impact on
aggregate econnomic activity. Gabaix (2011) proposes that idiosyncratic
firm-level shocks can explain an important part of aggregate movements.
Basu, Pascali, Schiantarelli, Serven (2012) show that aggregate TFP, ap-
propriately defined, and the capital stock can be used to construct suffi-
cient statistics for the welfare of a representative consumer. Brunnermeier,
Sannikov (2014) incorporated financial sector in a macroeconomic model
with continuous time. See Brunnermeier, Eisenbach, Sannikov (2012) for
a complete review on macroeconomics with financial frictions.

(iii) On the efficiency of capital paths. Malinvaud (1953) introduced the
concept of efficiency of a capital path and gave a sufficient condition of the
efficiency : tlirono P,K; = 0, where (P,) is a sequence of competitive prices,
(K;) is the capital path.? Following Malinvaud, Cass (1972) considered
capital path which is uniformly bounded from below. Under the concavity
of a stationary production function and some mild conditions, he proved
that a capital path is inefficient if and only if the sum (over time) of future
values of a unit of physical capital is finite. Cass and Yaari (1971) gave
a necessary and sufficient condition for a consumption plan (C') to be effi-
cient, which can be stated that the inferior limit of differences between the
present value of any consumption plan and the plan (C) is negative. Our
paper is also related to Becker and Mitra (2012) where they proved that a
Ramsey equilibrium is efficient if the most patient household is not credit
constrained from some date. Mitra and Ray (2012) studied the efficiency
of a capital path with nonconvex production technologies and examined
whether the Phelps-Koopmans theorem is valid.

Our finding is different from their result because we introduce another
long-lived asset into a standard Ramsey model with heterogeneous agents.
Financial dividends play an important role on the efficiency of capital paths.
It may make aggregate capital paths efficient. Interestingly, thanks to fi-
nancial dividend, an efficient capital path may have zero capital stocks at

3. See Malinvaud (1953), Lemma 5, page 248.
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some dates.

(iv) Another concept of efficiency is constrained efficiency. Constrained
inefficiency occurs when there exists a welfare improving feasible redistri-
bution subject to constraints (these constraints depends on models). About
the constrained efficiency in general equilibrium models with financial as-
set, see Kehoe and Levine (1993), Alvarez and Jermann (2000), Bloise and
Pietro (2011). About the constrained efficiency in the neoclassical growth
model, see Davila, Hong, Krusell and Rios-Rull (2012).

The remainder of the paper is organized as follows. Section 2 presents
the structure of economy. In Section 3, we discuss about the existence of
intertemporal equilibrium. Section 4 studies the interaction between the
financial market and the productive sector. The efficiency of intertemporal
equilibrium is presented in Section 5. Section 6 gives conditions to have
no bubble on both markets. Section 7 concludes. Technical proofs can be
found in Appendix.

2 Model

The model is an infinite-horizon general equilibrium model without un-
certainty, t = 0,...,00. There are two types of agents : a representative
firm without market power and m households. Each household invests in
physical asset and/or financial asset, and consumes.

Consumption good : there is a single consumption good. At each period
t, the price of consumption good is denoted by p; and agent 7 consumes ¢;
units of consumption good.

Physical capital : at time ¢, if agent ¢ buys k; ;411 > 0 units of new capital,
agent ¢ will receive (1 — d)k; 1 units of old capital at period t + 1, after
being depreciated, and k; ;41 units of old capital can be sold at price 7.4 .

Financial assets : at period ¢, if agent ¢ invests a;; units of financial asset
with price ¢, she will receive & 1 units of consumption good as dividend
and she will be able to resell a;; units of financial asset with price g;1;.
These assets may be lands, houses...

Table 1 : Household i’s balance sheet at date ¢

Expenditures Revenues
Consumption DiCit O, share of profit
Capital investment  py(k; o1 — (1 — 0)ki) | 7ekiy capital return
from date t — 1
Financial asset Qtiy (g¢ + pi&t)a;—1  financial delivery
from date t — 1




2. Model 96

Each household i takes the sequence of prices (p, 7, q) = (pt, e, )20 as
given and solves the following problem

—+00

(Blprg) o max | S fuiles)|

(Ci,t,ki,t,&i,t)?;og =0
subject to : kitv1 >0
budget constraint : pe(Cit + Kigr1 — (L= 6)kir) + qraiy
< rikis + (@ + pe&e) i1 + 0'me

borrowing constraint : (Gt1 + Drv1&evr) @iy > —f (ppr (1 = 6) + Te1)Kiti1,

where f* € (0,1) is borrowing limit of agent 4. f* is exogenous and set by
law.

In our setup, the borrowing constraint is endogenous. Agent ¢ can bor-
row an amount but the repayment of this amount does not exceed a fraction
of the market value of his physical capital. This fraction is less than 1, i.e.,
the market value of collateral of each agent is greater than its debt.

For each period, there is a representative firm which takes prices (p;, ;)
as given and maximizes its profit by choosing physical capital amount K.

(P(pe, ) : max [ptE(Kt) — kK (V.1)

(6")™, is the share of profit, 6" > 0 for all 7 and >_ 6° = 1.

=1

2.1 Equilibrium
We define an infinite-horizon sequence of prices and quantities by
(p7 rq, (Cia ki? ai)zilv K? L)
where, for each i =1,...,m,
(Ci, ki, CL,‘) = ((CZ‘J):_:OS, (l{?@t)?:og, (ai7t)f:°§) € Rim x RT> x Rioo X R+Oo,
(p.r,a) = (P, (r)i55, (@)55) € RY™ x RY™ x R,
(K) = ((K)i3) e Y™

We also denote zg := (p,r,q), z; := (¢i, ki, a;) foreach i =1,...,m, 2,41 =
(K) and z = ()"

Definition 2.1 A sequence of prices and quantities (pt, Tey Gty (City Kigy Qig) iy, Kt

is an equilibrium of the economy

5 = <<ul7 ﬁi; ki,Ov ai,*h fi7 6i)?l17 (Ft7 ft)io; 5) .

if the following conditions are satisfied :

)

+oo

t=0
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(i) Price positivity : py, 7y, G > 0 for t > 0.
(ii) Market clearing : at each t > 0,

good : Z(Ei,t + ];:i,t-i—l —(1—- 5)1271‘,15) = Ft(—f(t) + &,

=1

capital : K, = Z /_ci,t,
i=1
financial asset : Z a;; = 1.
i=1

(i1i) Optimal consumption plans : for each i, ((Ei,t, kit ai,t)ggl) is a
t=0
solution of the problem (P;(p,7,q)).
(iv) Optimal production plan : for each t > 0, (K,) is a solution of the

problem (P(7y)).

The following result proves that aggregate capital and consumption are
bounded for the product topology.

Lemma 2.1 Capital and consumption stocks are in a compact set for the
product topology. Moreover, they are uniformly bounded if (&), are uni-
formly bounded and there exists ty and an increasing, concave function G
such that the two following conditions are satisfied : (i) for every t > tg
we have F;(K) < G(K) for every K, (ii) there exists x > 0 such that
G(y) + (1 - 8)y <y for everyy > .

Proof: Denote

Dy(F, 0, Ko, &) = Fo(Ko) + (1 —0)Ko + &,
Dt(F757K07€07"'7€t) = Ft(Dt—l(Fa57K07€07'"7§t—1)7m)
+<1 _5)Dt—1(F757 K07§07"'7€t—1)+€t VtZ 0.

m
Then Y ¢y + Kip1 < Dy for every t > 0.
i=1

We now assume that time ¢y and the function G (in the statement of

Lemma 2.1) exist. We are going to prove that 0 < K; < max{Dy,,z} =: K.
Indeed, K; < K for every t < ty. For t > t;, we have

Kt+1 - Z ki,t—i—l S G(Kt) + (]_ - 5)Kt
=1

Then K;y < G(Kpy—1) + (1 —0)Kyy—1 < G(K) + (1 —6)K < K. Iterating
the argument, we find K; < K for each t > 0.

Consumptions are bounded because Y ¢;; < Fy(Ky) + (1 —0)K; +& m
i=1



3. The existence of equilibrium 98

3 The existence of equilibrium

Standard assumptions are required.

Assumption (H1) : v; is in C', w;(0) = 0, u5(0) = +o0, and u; is
strictly increasing, concave, continuously differentiable.

Assumption (H2) : F(-) is strictly increasing, concave, continuously
differentiable, F3(0) = 0.

Assumption (H3) : For every t > 0,0 < & < oc.

Assumption (H4) : At initial period 0, k; 0, a; —1 > 0, and (k; 0, a;—1) #

(0,0) for i = 1,...,m. Moreover, we assume that > a; ;1 = 1 and Ky :=
i=1

7

Remark 3.1 Here we differ from Becker, Bosi, Le Van, Seegmuller (2014)
by do not imposing F'(c0) < 6. We accept the AK production technology.

m
ki,O > 0.
=1

First, we prove the existence of equilibrium for each T'— truncated eco-
nomy £7. Second, we show that this sequence of equilibriums converges
for the product topology to an equilibrium of our economy £. The added
value in our proof is that we do not need that aggregate capital stocks
are uniformly bounded, and we allow non-stationary technologies. Moreo-
ver, incorporating financial market with borrowing constraints also requires
some new techniques in order to prove the existence of intertemporal equi-
librium.

To prove the existence of equilibrium for T— truncated economy &7,
we prove the existence of the bounded economy & and then by using the
concavity of the utility function, we will prove that such equilibrium is also
an equilibrium of £7.

3.1 The existence of equilibrium for 7— truncated eco-
nomy 7

We define T— truncated economy £7 as £ but there are no activities
from period T+ 1 to the infinity, i.e., ¢;+ = a;;—1 = k;iy = K; = 0 for every
i=1,....m, t>T+1.

Then we define the bounded economy & as £T but all variables (consump-
tion demand, capital supply, asset investment, capital demand) are boun-
ded. See Appendix for details.

Lemma 3.1 Under Assumptions (H1)-(H}), there exists an equilibrium
for &EF.

Proof: See Appendix 8.1. m
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Lemma 3.2 An equilibrium of EL is an equilibrium for ET.

Proof: See Appendix 8.2. m

3.2 The existence of an equilibrium in &£

To take the limit of sequence of equilibria, we need the following as-
sumption.

Assumption (H5) : For each i, utility of agent i is finite

Zﬁltuz(Dt(Fa 57 KOa’SO?"'aét)) < Q. (V2>
t=0

Remark 3.2 With stationary technology, condition V.2 holds if there exists
b < oo such that, for everyi € {1,...,m},

> Bimax{&.} < oo, (V3)
t=0 -

> BIE'(B) +1 - 6)' max{,, 1} < cc. (V.4)
t=0 -

Proof: See Appendix 8.4. m

Note that there exist some cases where although F’(oc0) > § and (&),
are not uniformly bounded, but conditions (V.3) and (V.4) still hold. For
example, if there exist b < oo and « > 1 such that & < of and af;(F'(b) +
1 —6) < 1, conditions (V.3) and (V.4) hold.

Theorem 3.1 Under Assumptions (H1)-(H5), there exists an equilibrium
in the infinite-horizon economy &.

Proof: See Appendix 8.3. We consider the limit of sequences of equilibria
in &7, when T — co. We use convergence for the product topology. m

4 Financial market vs productive sector

In this section, we will study the interaction between the financial mar-
ket and the productive sector. For simplicity, we only consider stationary
technology.
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Let (pt, Qs 7 (Cigs Qigs i)y, Kt)t be an equilibrium. Denote f; ¢, Vi ¢+1
the multiplier associated with (V.1), (V.1) respectively. Denote A; ;11 the
multiplier associated with borrowing constraint of agent 7 at date t. We
have

Tui(Cit) = Pethi (V.5)
Pettig = (Tee1 + (1 = O)prg1) (i1 + [Vig1) + Nigsa (V.6)
Gettie = (Qer1 + Pe1&gr) (i1 + Vigs1)- (V.7)

Note that ki,t—l—l)\i,t—l-l =0 and

Vit+1 ((Qt+1 + per1&egr)ais + S (1 —6) + Tt+1)ki7t+1> =0.

Lemma 4.1 We have, for each t,

qt
Gi+1 + D&

i t+1 < Pt
Pig ~  Tepr + (1= 0)pea

= max{
K3

(V.8)
Moreover, the equality holds if there exists i such that k;syq > 0.

m

Proof: Since ) a;; = 1, there exists i such that a;; > 0, and then v; ;41 =
i=1

0. As a consequence, we get

qt — max {,ui,t+1 }
Q11 + Prr1&+1 i it
It is easy to see that P > max{m’t ! } Assume that
o1 + (1 = 0)peya i Lt

kit+1 > 0, we have \; ;11 = 0, and then

pt _ Hign F Vi i Vi Q
1 + (1 — 0)pesa it o it Q41 + Per1&i41
Therefore, we have ——2—~——— = max {M} n
) re41+(1=0)pe+1 i it

Normalization : Since p; > 0, without loss of generality, we assume
that p, = 1.

In our framework, consumers have two possibilities to invest : in the
financial asset and/or in the physical capital. We would like to know when
consumers invest in the physical capital and/or in the financial asset. Note
that the return of the physical capital is 7,41 + 1 — d, and the return of the
financial asset is 218t

Economic recession : We say that there is an economic recession at
date t if no one invests in the productive sector, i.e., the aggregate capital
equals zero, K; = 0. We will point out the role of the competitiveness of the
productive sector. We say that that the productive sector is competitive if
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min; 5;(F'(0)+1—4¢) > 1. It is extremely competitive if F”(0) = +oo. Note
1
that (F’(0) + 1 — ) min; 5; > 1 is equivalent to F'(0) > -1+,
m

@ M

where — 146 is the highest investment cost if we use some interest

min; o;
rates to define the discount factors f;.

We have the following results showing the respective roles of the pro-
ductivity and the financial dividends.

Lemma 4.2 [f Geer T & > (F'(0)+1—6) then consumers do not invest
4t
in the physical capital, i.e., Kiq = 0.

Proof: Suppose that Gns T i > (F'(0)+1—9). If K41 > 0, there exists

t
i€ {l,---,m} such that k;++; > 0. On the one hand, according to Lemma
. i t+1 1

4.1 h k; : )} = ——— FOC of K
, we have k;;1 gives us mlax{ i } P g of K;iq

Mz‘,t+1} 1
Hit F,(O)"‘l—é
. This implies that

implies that 71 = F'(K1) < F'(0), hence max{

Mz‘,t+1} _ qi
it Qi1+ &

+1— ), contradiction. m

On the other hand, we have max{

Gt+1 ;‘ i1 < (F'(0)
t

Lemma 4.2 says that if the maximum real return of the physical capital
is less than the financial asset’s return, households do not invest in the
physical capital.

Proposition 4.1 Assume that there exists £ > 0 such that & > & for every
t >0 and F'(0) < 4. Then? there is an infinite sequence (t,)%, such that
K, =0 for every n > 0.

Proof: We claim that there exists an infinite increasing sequence (¢,,)9°,
such that ¢, + &, > q, 1 for every n > 0.

Indeed, if not, there exists ¢y such that g1 + &1 < ¢ for every t > t.
Combining with & > ¢ for every ¢t > 0, we can easily prove that ¢, +1t£ <

qr, for every t > 0. Let t — oo, we have ¢, = 0o, contradiction !
. +
Therefore, there exists a sequence (t,,) such that for every n > 0, Qo ¥ S0, >
qt,—1
1> F'(0)+1—¢. Lemma 4.2 implies that K;,, = 0 for every n > 0. m

4. By using the same argument, we can prove this result if Assumption ”& > £ > 0

o0
for every t > 07 is replaced by Assumption ” Y & = 00”.
=0
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Proposition 4.1 shows that if the productivity is low, economic recession
will appear at infinitely many dates. Since the bound £ does not depend
on the technology, we see that economic recession is not from the financial
market, but from the fact that the productive sector is not competitive.
This result suggests that we should invest in technology to improve the
competitiveness of productive sector in order to avoid economic recession.

We illustrate our finding by the following example.

Example 4.1 (K; =0 for everyt > 1)
Consider an economy with two agents i and j such that

Z.l—o
Bi=Pi=P€(0,1), wu(z)=u;x)= o
Ko>0, BF(0)+1-48) <1,
ks
Qi —1 = 0" = I(i(()) =ac (O, 1),

where qo, &, &, Ko are such that

1> B(F/(0) +1 - 5)(F(K°) + (15— 6) Ko + oy

(F(K0)+(1—5)K0+§0>"_@1—5

3 & B
An equilibrium is given by the following
Allocations : a=a, a;=1—a Vt>1,

koo =k =0 Vi1,

cio = a(F(Ko) + (1 = 0)Ko + &), cip=a, Vt>1,

cjo = (1 —a)(F(Ko) + (1 = 6)Ko+ &), ¢ju=(1—a)s,
Prices :  ro=F'(Ky), r=1F(0) Vt>1,

15}
o @ V2

Proof: See Appendix 8.4. m

In Proposition 4.2 and its two corollaries, the competitiveness of the
productive sector is high.

Proposition 4.2 Assume that there existt > 0,T > 1 such that & > &1 1.
If (F'(0) + 1 — 0) min; B; > 1, there exists 1 < s < T such that K; s > 0.

Proof: See Appendix 8.4. m
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Corollary 4.1 Assume that there exists an infinite decreasing sequence
(&), de, &, 2> &ty for every n > 0. If (F'(0) +1 — §) min; §; > 1,
there exists an infinite sequence (7,)n>0 such that K. > 0 for everyn >0
at any equilibrium.

Corollary 4.2 Assume that & = £ > 0 for every t > 0. If (F'(0) + 1 —
0) min; 5; > 1, we have K; > 0 for every t > 1 at any equilibrium.
We continue our exposition by the following result :

FK) + (1= 0K +&

Proposition 4.3 If 5;(F'(0)+1—0)u (1) > uli( -

for everyi=1,...,m, we have K;11 > 0.

)

Proof: See Appendix 8.4. m

On the one hand, Proposition 4.3 proves that if the productivity £’(0) =
oo then K, > 0 at equilibrium. On the other hand, Proposition 4.3 also
shows that the financial market plays an important role in the productive
sector. Indeed, consider an equilibrium where K; = 0. Assume also that &
is high enough such that, for every i,

Bl = S)edl(rnr) > ul(2L).

m

According to Proposition 4.3, we obtain that K;;; > 0. This is due to the

fact that part of the financial dividend is used to buy the physical capital.
A natural question is whether the aggregate capital stock K; is bounded

away from zero. To answer this question, the following result is useful :

Proposition 4.4 Given K > 0, > 0, let G;(K, &) be defined by
ui(Gi(K,€)) = (F'(K) + 1= 6) Biuj(F(K) + (1 = 0)K +&).
At equilibrium, there exists i such that

& < K1 + mGi(Kig1,&41), for any t. (V.9)

Proof: See Appendix 8.4. m

Since v/, F" are decreasing and F' is increasing, we can see that G;(Kyy1,&11)
is increasing in K;,; and &.,1. We point out some consequences of Propo-
sition 4.4.

we start by the following result, the proof of which is trivial by Propo-
sition 4.4.
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Corollary 4.3 Assume that & > mG;(0,&41) for every i. At equilibrium,
we have

K > miin {Bi(ftaftﬂ)} >0
where B;(&;,&41) is defined® by

& = Bil& &) + mGi( Bil6e, €01, 61 ) (V.10)

This result shows that under condition & > mG;(0,&;11), we have Ky 4 is
bounded from below by an exogenous constant which is strictly positive.
Note that we have & > mG;(0,&;,1) when & is high enough.

We end this section by the following result showing that a fluctuation
of (&) may create a fluctuation of (K3).

Corollary 4.4 [Fluctuation of the capital stocks/
Assume that

(i) Bi = B, ui(c) = <, and F'(0) < 4.
(i) Eop — £°, Eap1 — &° when t — 0.

(iii) & > me -
(BF'(0)+1—10))°
We have
(i) There is an infinite sequence (t,)0, s.t. K, = 0 for every n > 0.

(#) limsup K; > 0.

t—o0

Proof: The first point is a direct consequence of Proposition 4.1. Let us
prove the second point. Assume that limsup K; = 0. According to (V.9),

t—o0
we have, for each t,

&t < Kopp1 +mGi( Ko, Eartn) (V.11)

Let t tend to infinity, we get £ < mG;(0,£°). Under Assumptions of Co-
rollary 4.4, it can be computed that

é’O
(BF(0) +1—14))

G1<07 fo) =

1
o

As a result, we obtain
mé°

(B(F"(0) 4+ 1 —14))

£ <

Y

al=

which is an contradiction. m

5. Note that B;(&,&11) is increasing in & and decreasing in 1.
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5 On the efficiency of equilibria

In this section, we study the efficiency of intertemporal equilibrium. We
continue to assume that p, = 1 for every t.

Following Malinvaud (1953), we define the efficiency of a capital path
as follows.

Definition 5.1 Let F; be a production function, 0 be capital depreciation
rate. A feasible path of capital is a positive sequence (K;)2, such that 0 <
Ky < F(Ky) + (1 —=0)K; + & for every t > 0 and Ky is given.

A feasible path is efficient if there is no other feasible path (K|) such that

F(K)+ (1 =0)K,— K, > F(K)+(1—-06)K, — Kiq

for every t with strict inequality for some t.

The aggregate feasible consumption at date t is defined by C; := F,(K;)+
(1=0)K; +& — Ky

Definition 5.2 We say that an intertemporal equilibrium is efficient if its
aggregate feasible capital path (K) is efficient.

Definition 5.3 We define the discount factor of the economy from initial
date to date t as follows

t
Q=1 Q=[] t=1 (V.12)
s=1

(e
where Y41 1= max M
ie{1,....,m} ui(ci,t)

Lemma 5.1 An equilibrium is efficient if li{n inf Q; K1 = 0.
—00
Proof: See Malinvaud (1953) and Bosi, Le Van and Pham (2014). =

Becker, Dubey, and Mitra (2014) give an example of inefficient Ramsey
equilibrium in a model with only physical capital. The production function
in their model satisfies F’(oc0) = 0 and they consider full depreciation of
the capital. The following result shows that financial dividends, for such
models, may make production paths efficient. Actually, the result is more
general.

Proposition 5.1 We assume that the production functions are stationary,
strictly concave, F'(00) < §, and limsup &, < oo. If limsup & > 0, every

t—o0 t—o00
equilibrium is efficient.
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Proof: Since technologies are stationary and lim sup & < oo, we easily see
t—o0

that that (K;) is bounded. Indeed, there exists & > 0 such that & < &
for every t. We are going to prove that 0 < K; < max{Kop,z} = K
where z such that® F(z) + (1 — §)z + & = x. Note that if y > x then
Fly)+ (1 —=d0y+&<y.

We have

Ky = Z kivy1n < F(K)+(1-0)K, +&
i1

< F(K)+(1-0)K, +¢.

Then K1 < F(Ko)+(1-0)Ko+ &< F(K)+ (1 —-0)K + ¢ < K. Iterating
the argument, we find K; < K for each t > 0.

Since limsup & > 0, there exists a constant A and a sequence (t,,) such
t—00

that K, , < A&, for every n large enough.
According to Lemma 4.1, we have ¢;Q; = (qs41 + &+1) Q141 As a conse-
quence, we obtain

qo = Z Q& + tlgilo Q.

Recall that g € (0, 00), hence Z Q& < 0o. Therefore, we have llm Q& =

0 which implies that hm QtnKtle = 0. According to Lemma 5 1, the
capital path is efﬁ(nent l

6 Bubbles and Efficiency

In this section we will assume that production technology is time inva-
riant. We will first consider the productive sector. We will define physical
asset bubble. Let (pt, Gty Tty (Cits Qigy Kig) 1y Kt)t be an equilibrium. Accor-
ding to Lemma 4.1, we have :

Lemma 6.1 For each t, we have

r
1> (1=0+ —)un (V.13)
P41
where Y;11 := max fiu <Cl t+1) . We have equality if Ky > 0.

ic{1,..,m} u;(Cz,t)

6. since F(-) is concave, z is unique. The existence of x is ensured by F(0) +& > 0
and lim F(x) —dz+£<0
Tr—00
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Definition 6.1 The rate of return p;iq is defined by

@%(@,m) B 1
max ; =
E u;(ciz) 1 =0+ piy1

(V.14)

So, we have 1 = (1 — 6 + p;)v and so Q; = (1 — § + py1)Qs1 for each
t > 0. By interating, we get

I = (1=0+p)Q1=(1-0)Q1+pQ
(1=0)1 =6+ p2)Q2+ Q1= (1—0)2Qa+ (1 —0)p2Q2 + p1@Q1

= (1-0 Qi+ (1-6)"pQs.
s=1

The fundamental value of the physical capital at date 0 can be defined
by

(0.9]

(1 - 5)t71tht-

t=1

Definition 6.2 We say that there is a capital asset bubble if 1 > > (1 —
s=1
0) Q.

We can see that there is a bubble on capital asset if and only if tlim (1-—
—00

5)iQ; > 0.
We state the necessary and sufficient to have bubbles on the physical asset
market.

Proposition 6.1 There is a physical capital bubble if and only if Y o | pr <
+00.

Proof: The proof is similar to the one in Bosi, Le Van and Pham (2014).
[

Let us now move to financial asset market. It is easy to obtain the
following relation

q qi+1 qi+1 De+1&4+1
Qt—t = Qt+1<_t+ +&i41) = Qi ax (1 SR aax s )
Dt Pt+1 Pt+1 qt+1
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We also have Z—i = %“(Zii + &41). Therefore, for each t > 1, we have

EU— 71(24‘51) :Q1€1+712 :Q151+’71’Y2(@+52)
Po y4! D1 D2
= &+ Q26 + QQQ
P2
_ -y .
= ... 821Q5§3+th

This leads us to have the following concept.

Definition 6.3 The fundamental value of financial asset

+0o0
FVy = Z Q& (V-15)
t=1

Denote by := tli+m Qt%, by is called financial asset bubble. We have
—+o00 t

o = by + FVj. (V.16)

It means that the price of the financial asset equals its fundamental value
plus its bubble.

Definition 6.4 We say there is a bubble on financial asset if the price of
financial asset is greater than its fundamental value : gy > F'Vj.

We give another definition of low interest rates for financial asset market.
We recall budget constraint of agent ¢ at date ¢t — 1 and t.

Pi1(Cit—1 +kie — (L= 0)kis—1) + qr—1aii-1 < reoakien + (@—1 + pe—1&—1)ai—1 + 0'm
pe€ i
pe(Cit + kiter — (1= 0)kis) + qraiy < mekip+ q(1+ %)ai,t—l +0'm,
t
One can interpret that if agent ¢ buys a;,—; units of financial asset at date

t — 1 with price ¢;,_1, she will receive (1+ ]ﬁ)am,l units of financial asset
qt

Pise

qt
rate of the financial asset at date t.

with price ¢; at date t. Therefore, can be viewed as the real interest

Definition 6.5 We say that interest rates are low at equilibrium if

Zpt—& < 0. (V.17)

=

Otherwise, we say that interest rates are high.
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We now give a relationship between financial bubble and low interest
rates of the financial asset market.

Proposition 6.2 There is a bubble if and only if interest rates are low.
Proof: See Le Van, Pham and Vailakis (2014). m
We also have

Lemma 6.2 (1) For each i, we define S;o =1, S;4 := BLU(Z(_;;) is the agent

i1’s discount factor from initial period to period t. Then hm Szt sy = 0.

(2) If the borrowing constraints of agent i are not bzndmg fmm to tot then
Qr _ St

Qg Sitg’

Proof: (1) Use Theorem 2.1 in Kamihigashi (2002).

(2) See Le Van, Pham and Vailakis (2014). =

The main result of this section is stated as follows.

Proposition 6.3 (1) Assume that the production functions are stationary.
Then at equilibrium there exists no bubble on the physical asset market.

(2) Assume that the production functions are stationary, F'(co) < 0 and
0 < limsup&; < oo. Then any equilibrium is efficient and at equilibrium

t—o0
there exists no bubble on the physical asset market.
(3) We assume that the production functions are stationary, F'(co) < §
and 0 < hm 1nf & < hm Sup & < 0o. Then any equilibrium is efficient and

at equzlzbmum there exzsts no bubble on the financial asset market.
(4) Assume that the production functions are stationary, F'(co) < 0 and
0 < hm mf & < hm sup & < 0o. Then any equilibrium is efficient and at

equzl@bmum there exzst no bubble on the financial asset market and no bubble
on the physical asset market.

Proof: (1) We have

Tt+1+1_5< Q

DPt+1 t+1

= prr1+1—0.

If F'(c0) > ¢ then for any t, pyyq > 224 > F'(c0) > §. This implies

Y oo Pr+1 = +oo. From Proposition 6.1, gflgre is no physical capital bubble.
If F'(00) < 9, by Lemma 2.1, (K;) is bounded uniformly by some constant
K, which implies that there F'(K;) > F'(K). For any t, pi41 > ;::1 >
F'(K). This implies ) >, pi+1 = +o00. From Proposition 6.1, there is no
physical capital bubble.

(2) No bubble follows statement (1). Efficiency follows Proposition 5.1.
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(3) (ii) follows Proposition 5.1.
+o00
Let us prove (i). First, since li{n inf¢ > 0 and > Q& < oo, we have
— 00 t=1

+oo
> @+ < 0. Since (K;) is bounded uniformly, we also have lim Qrk; 741 =

t=1 T—)-‘rOO
0 for any ¢, and

ZFKtQt<ZF )Qr < 0.
We claim that we always have
Qrkiry1 = (1 -0+ — s ——)Qr1kiri1
Pt+1
Indeed, the claim is trivially true if k; 741 = 0. If k; 741 > 0 then Kryq >0
and Q7 = (1 — 9 + 222)Qr41 (see Lemma 6.1).

Pit+1
For any agent ¢, consider her/his budget constraints. We have

T

T T

Z Qicit + Qrkiri1 + QTq_Tai,T = (—0 +1—0)kip+ (CJo +&o)ai—1 + 0’ Z tQt
pr Po Po =0 Dt

S (34’1—5)]%,04‘( +§0)6L2_1+¢922F Kt
0 t=0

< —o0.

Now, from the borrowing constraint we get :

,
0< QT_azT + 1=+ ptﬂ VQr1kiri1 = QT asz + ['Qrkiri
pr t+1

But
['Qrkiri1 < Qrkirh
We then obtain

q
0< QT—Tai,T + Qrkiri1
pr

Therefore, Zt o Qiciy < +oo, and then llm Qrkir+1 + QT—azT exists.

Since Thm Qrkir41 = 0, we have hm QT Lair exists. If there exists a
—+o00

bubble then Thlf a; 7 exists. This property holds for any i. As a conse-

quence, there exists ¢ such that Thm a; 7 > 0. For this agent, there exists
—+00

T such that the borrowing constraints will not bind for ¢ > T. We have
from Lemma 6.2 that % = %, for any t > 1. We then have, by using
T

lim Qt alt— Qr lim Szt a”—O
Dt

t—+00 Sir t=+00

Lemma 6.2

which is a contradiction. We conclude that there is no bubble on the finan-
cial asset market.
(4) The statement follows statements (2) and (3). =
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7 Conclusion

We build an infinite-horizon dynamic deterministic general equilibrium
model in which heterogeneous agents invest in capital and/or financial as-
set, and consume. We proved the existence of intertemporal equilibrium in
this model, even if aggregate capital is not uniformly bounded and techno-
logies are not stationary.

By using this framework, we studied the relationship between the fi-
nancial market and the productive sector.

When productivity is low and financial dividends are bounded away
from zero, the productive sector will disappear at infinitely many dates. We
illustrate by an example in which F’'(0) < ¢ and there is no investment in
the productive sector. However, when productivity is low and the financial
dividend is high, there is investment in the productive sector. This is due
to the fact that part of the financial dividend is used for the purchase of
the physical capital. When productivity is high enough, the economy will
produce at any period.

Fluctuations on financial dividend (&) can create fluctuations on the
aggregate capital path (K;). However, when the marginal productivity at
infinity is lower than the depreciation rate, any equilibrium associated with

a sequence of financial dividends (&;) which satisfies lim sup & < 400 and
t—00

li%n inf& > 0 is efficient and there exist neither bubble on the financial
—00

asset market nor bubble on the physical asset market.

8 Appendix

8.1 Existence of equilibrium for truncated bounded eco-
nomy
We define the bounded economy & as ET but all variables (consump-

tion demand, capital supply, asset investment, capital demand) are boun-
ded.

C; = [0,B)", B,>14maxF,(Bg)+ (1 —0)By +max§,
t<T t<T

Ki = [0,B)", Bp>D":=1 +I{1<E¥<Dt(K0a§07 &)

A; = [-Bo,BJ*, B,>1+B

= [0,Bk]"™, Bg >1+mbBy,

where B is satisfied B > max{max 2¢,1 + m max 2¢}.
t &t t &t
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3 Fuxistence of equilibrium for e-economy

For each € > 0 such that 2me < 1, we define e—economy ng “ by adding
¢ units of each asset (consumption good, physical capital, and financial
asset) for each agent at date 0 . More presisely, the feasible set of agent i
is given by

C'Z-T’E(p, q,r) = {(c@t, Kivi1, i)y € Rzﬂ X ]RJTFH X RJTFH :(a) kiri1,a;7 =0,
(b) po(cio + ki — (1 —0)(kio +€)) + qoaip
< poe + ro(kio + €) + (qo + poco)(aie—1 + €) + 6'm
(c) foreach 1 <t <T':
0 < (g + pe&)ais—1 + f'(re + (1L — 6)py) ki
p(Cip+ ki — (1= 0)kiy) + qaiy < (@ + pe&y)air—1 + rikiy + eiﬂ't}-

We also define B]“(p, q,7) as follows.

BiT’E(p, q,7) = {(c@t, Kivi1, Gig)ieg € Ri“ X ]Ri“ X ]RJTF+1 :(a) kirs1,air =0,
(b) po(cio + kix — (1 —0)(kio +€)) + qoaip
< poe + ro(kio + €) + (qo + poo)(ai—1 + €) + 0'mg
(c) foreach 1 <t <T':
0 < (g + pe&)ais—1 + f'(re + (1 = 0)pe) iy
Pe(Cip+ ki1 — (1= 0)kiy) + @iy < (@ + pee)@ig—1 + 1ekiy + eiﬂt}-

We write CT (p,q,7), Bf (p,q,r) instead of C’iT’O(p, q,7), BiT’O(p, q,7).

Definition 8.1 A sequence of prices and quantities (ﬁt, s> Tty (Cig, Qig, ity Kt>j .
is an equilibrium of the economy SbT “if the following conditions are satis-
fied :
(i) Price positivity : py, Ty, G > 0 fort > 0.
(i1) All markets clear :
Consumption good

m

Z(Ei,o + Ei,l — (1 — 5)(’%170 + €)> = 2me + Fo(Ko) + go
=1

Z(Ei,t + ]_%,tﬂ —(1- 5)1_61‘,15) = Ft(Kt) + &

i=1

Physical capital
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Financial asset

m m m m
E ;0 = E (a;—1 +€), E i1 = E Qg
i=1 i=1 i=1 i=1

_ [e.e]

(111) Optimal consumption plans : for each i, <5i,t,c_zi¢, ki7t> is a so-
lution of the maximization problem of agent i with the f:easz'ble set
G (p,g,m). )

(iv) Optimal production plan : for each t > 0, (K;) is a solution of the
problem (P(7)).

Lemma 8.1 BZ-T’E(p, q,r) £ 0 and BiT’e(p, q,r) = C’iT’e(p, q,r).
Proof: We rewrite

Bl (p,q,r) := {(cins kipr1, ain)img € RV X REF X RE 2 kg, a5 = 0,
0 < pole+ (1 —8)(kio+€) +&olais—1+€) —cio— ki)
+1o(kio + €) + Qo(ais—1 + € — aip) + 0'mg
and for each 1 <t < T
0 < qaip—1+ fiftki,t + pi(&ai—1 + fia- d)kit)
0 <pe((1—=0)kiy + &aji—1 — iy — kigs1) + 1ekis + Gai—1 — air) + 0.

Since €, kig+€,a;4—1+€ > 0, we can choose ¢; g € (0, B.), ki1 € (0, By),
and a;0 € (0, B,) such that

0 <pole+ (1 —0)(kio+e) +&olais—1+€) —cio— ki)
+ro(kio +€) + qolai—1 +€—aipo) + 9'm,.

By induction, we see that B;(p, ¢, ) is not empty. m

Lemma 8.2 B;(p,r) is lower semi-continuous correspondence on P. And
Ci(p,r) is upper semi-continuous on P with compact convex values.

Proof: Clearly, since B;(p,r) is empty and has open graph. m

We define & := A x [[(C; x A; x K;) x K. An element z € ® is in the

i=1
form z = (z;)h! where 2y := (p,q,7), 2z = (¢;, a;, k;) for each i = 1,...,m,

and z,.1 = (K).
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We now define correspondences. First, we define g (for additional agent
0)

©o H(CZ XAZ‘ X’CZ) X’C—>2A
i=1

(2

900((22)7?1) = f?rg IilaAX {po( Z(Cw + kix — (1= 0)(kip + €) — me — Fo(Kp) — 50))
Pq;T)€ i=1
+q0 Y _(aio— a1 —€) +ro(Ko— Y (kg +6))
i=1 i=1
T m
+ Zpt Z Cit+ kigr1 — (1 —8)kiy — Fi(Ky) — ft)
t=1 =1
T T-1 m
Zrt Kt Zkzt + Qtz At — Qg t— 1}
t= t=1 =1
For each ¢ = 1,...,m, we define
;i A x K — 203 AxKs

ei((p.q,7r), K) = arg max {iﬁfuz(czt)}

(ci,ai,ki)€Ci(pa,r) ~ 120
For each : = m + 1, we define

Pm+1 A=K
T

eil(p,r) = argmaX{ZptFt K) — T‘th}
(K)eK t=0

Lemma 8.3 The correspondence @; is lower semi-continuous and non-
empty, convex, compact valued for each i =0,1,...,m+ 1.

Proof: This is a direct consequence of the Maximum Theorem. m

According to the Kakutani Theorem, there exists (p, ¢, 7, (¢;, a;, ki)™, ), K
such that

(ﬁa (j, F) € @0((51'76_11‘7]%1')?;1) (V18>
(@, i, ki) € (P, G, 7)) (V.19)
(K) € oma((B,4,7))- (V.20)
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Denote
Xo = (cio+kix — (1= 0)(kio + €) — Fo(Ko) — &) (V.21)
=1
Xp= (cig+ ki — (1= 0k — F(K,)), t>1 (V.22)
i=1
Yo=Ko— Y (kio+e), YVi=K - ky t>1 (V.23)
=1 =
Z() - Z(dip — € — ai7_1), Zt — Z(&i,t - di,t_l), t Z 1 (V24)
=1 =1
For every (p, q,?") € A, we have
T B T-1 ~ T B
Z pe — Do) Xe + Z(Qt — Q) Z + Z(T’t —7)Y; <0. (V.25)
t= t=0 t=0

By summing the budget constraints, we get that, for each t,
Xy + G2, + 7Y, <0. (V.26)
As a consequence, we have, for every (p,q,r) € A,
pXe + @Zy + 1Y < pXy+ G2+ 7Y, < 0. (V.27)

Therefore, we have X, Z;,Y; < 0, which mean that

Z Cio+kip <m Z 0 +€) + Fo(Ko) + & (V.28)
i=1 i=1
Zéi,t + ki < (1-90) Z ki + Fi(K), t>1
i=1 i=1
Ko< (kiote), K<Y ky t>1 (V.29)
i=1 i=1

NE

S |

0=

m
=1

Lemma 8.4 p;, ¢, 7 >0 fort=0,...,T.

(@146, Y @i<» aya, t>1. (V.30)
i=1 i=1

i=1

Proof: If p; = 0, we imply that ¢;; = B. > n+ (1 — 0) By + Fy(By) + &.

Therefore, we get &+ kis1 > (1—0) > kis + Fy(K;), contradiction. As a
i=1

result, p; > 0.
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If 7, = 0, the optimality of (K) implies that K; = Bg. However, we
have l%i,t < By, for every i,t. Consequently, > l%i,t <mB+n < Bx = K,

i=1
contradiction to (V.29). Therefore, we get 7, > 0.
If g = 0, we have a,; = B, for each ¢. Thus, ) a;+ > mB, > 1+ B,.
i=1
However, we have > a;; < Y a; 1 +me = 14+me < 1+ B,, contradiction !
i—1 i=1

1=

Lemma 85 X, =2,=Y, =0.

Proof: Since prices are strictly positive and the utility functions are strictly
increasing, all budget constraints are binding. By summing budget constraints
at date t we have.

0 X, + @2+ 7Y, =0. (V.31)

By combining this with the fact that X, Z;,Y; < 0, we obtain X, = 7, =
V,=0. =m

The optimalities of (¢;, a;, k;) and (K) are from (V.19) and (V.20).

4 When € tends to zero

We have so far proved that for each €, = 1/n > 0, where n is interger
number and high enough, there exists an equilibrium, say

equi(n) := (pi(n). @(n). 7s(n). (&o(n) (). By ()2 o))

)
t=0

for the economy &". Note that Fi,(n) + §(n) + 7i(n) = 1, we can assume
that *

(B(n), 7(n), q(n), (€i(n), ki(n),aj (n))i2y, K (n))
— (pa T, q, (éiv Ei» ai);ilj [_()

Markets clearing conditions : By taking limit of market clearing condi-

tions for economy cS'bT “» we obtain market clearing conditions for the eco-

nomy & .

Optimality of K, : Take K > 0. We have p;(n) Fy(K)—7(n) K < p;(n)F;(K(n))—

-7
7(n)K;(n). Let n tend to infinity, we obtain that p, Fy(K)—7 K < p,Fy(K;)—
7, K;. Therefore, the optimality of K; is proved.

7. In fact, since prices and allocations are bounded, there exists a subsequence
(ni1,n2,...,) such that equi(ns) converges. However, without loss of generality, we can
assume that equi(n) converges.
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Lemma 8.6 If p; > 0, we have 7y > 0 for each t > 0.

Proof: Assume that 7, = 0. According to the optimality of K, we have
Fi{(K) < Fy(K) for every K > 0. Then K; = By > D, ;. However,
according to market clearing condition, we have

Koy < (1= 0)K; + Fy(Ky) + & (V.32)

As a consequence, K; < D;_1, contradiction. m

Corollary 8.1 We have g + 7 > 0 for each t > 0.
Lemma 8.7 We have py + qo > 0.

Proof: If py + gy = 0, we get pg = 0, 79 = 1. According to the optimality
of Ky, we have K > K, for every K > 0. Then, Ky = 0, contradiction. m

Lemma 8.8 B! (p,q,7) # 0 if po + qo > 0, q; + 7 > 0 for each t > 0, and
one of the following condition is satisfied

1. Go=0.

2. qo > 0 and a; 1 > 0.

Proof: In the case when gy = 0, we imply that po, 7o > 0. Since (ki o, a; —1) #
(0,0), we can use the same argument in Lemma 8.1 to prove that B (p, q, 7) #
0.

If g > 0 and a; 1 > 0, we get &a; 1 > 0. BY (p,q,7) # 0 is also proved
by using the same argument. m

Lemma 8.9 We have py, q;, 7 > 0.

Proof: Since > a; 1 =1 > 0, there exists an agent ¢ such that a; _; > 0.
i=1
According to Lemma 8.8, we have B! (p,q,7) # 0. We are going to prove
the optimality of allocation (¢;, a;, k;).
Let (¢, ks, a;) be a feasible allocation of the maximization problem of

agent i with the feasible set C} (p, ¢, 7). We have to prove that Y Blu;(c;;) <
=0

> Biui(Cig)-
=0
Since BT (p,q,7) # 0, there exists (h)>o and (c!, kP, al) € BY(p,q,7)

such that (c?, k' al') converges to (c;, ki, a;). We have

(AR A R

Dol + kL — (L= 8)kL) + qal, < Pkl + (G + pi&)aly_y + 0'm
0 < (G + De&)al_y + 1 (7 + (1= 8)po) kL,
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Fixe h. Let ng (ng depends on k) be high enough such that for every n > ny,
(ch, kbt ab) € Cf’l/n(ﬁ(n),q(n),f(n)). Therefore, we have Y flu;(cl,) <
t=0

R ARt

> Biui(€ir(n)).

=0

Let n tend to infinity, we obtain > Sfu;(c},) < 3 Blui(Cig).
t=0 t=0

o0 oo
Let h tend to infinity, we have > flu;(ci) < > Biui(¢¢). It means that
=0 _ i=0

we have just proved the optimality of (¢;, a;, k;).
We now prove p, > 0 for every t. Indeed, if p, = 0, the optimality of

(Gi, @, k;) implies that &, = B, > (1 — §)K; + Fy(K;) + &, contradiction.
Therefore, it is easy to prove that ¢ > 0,7, > 0. =

Lemma 8.10 For each i, (¢;,a;, k;) is optimal.

Proof: By using the same argument in Lemma 8.9. m

8.2 Existence of equilibrium for truncated unbounded eco-
nomy

_ _ _\\T
Proof of Lemma 3.2 : Let (pta (jt, 'th (E’i,t; CilZ‘Vt, ki,tv )?ih Ku Lt) be an
t=0

equilibrium of &'. Note that k; 711 = a;7 = 0 for every i = 1,...,m. We
can see that conditions (i) and (ii) in Definition 8.1 are hold. We will show
that conditions (iii) and (iv) in Definition 8.1 are hold too.

For Condition (iii), let z; := (cm, @it ki,t)tho be a feasible plan of hou-

sehold 1. . .
Assume that > Slui(c;) > > Biui(Ey). For each vy € (0,1), we define
=0 =0
zi(v) == vz + (1 — 7)Z;. By definition of &', we can choose 7 sufficiently
close to 0 such that z;(y) € C; x A; x ;. It is clear that z;(y) is a feasible

allocation.
By the concavity of the utility function, we have

T T T
> Bluileis(y) = Y Builei) + (1—7)> Blui(eny)
t=0 t=0 t=0

T
> Z Bfui(éi7t) .
t=0

Contradiction to the optimality of Z;. So, we have shown that conditions
(iii) in Definition 8.1 is hold. A similar proof for conditions (iv) in Definition
8.1 permits us to finish our proof. m



8. Appendix 119

8.3 Existence of equilibrium for the infinite horizon eco-
nomy

Proof of Theorem 3.1:

We have shown that for each T > 1, there exists an equilibrium for the
economy ET. We denote (pT,q%, 77, (F,al, k)™, KT) is an equilibrium
of T— truncated economy 7.

We can normalize by setting p! + ¢* + 7l =1 for every t < T.

We see that

0<¢, K < D

m

D

_T t+1 T _

—a;; < ) E :ai,t =1
i1 —

Therefore, we can assume that

" 7", (e kL al)m,, KT)

(2 7,

I, (p, 7, q, (¢, ki, a;)my, K) (for the product topology ).

It is easy to see that all markets clear, and at each date t, K, is a
solution of the firm’s maximization problem. As in proof of the existence
of equilibrium for bounded T'—truncated economy, we have

(i) 7 > 0 if p, > 0.
(i) 7 + g > 0 for each t > 0.
(it)) fo + o > 0.
Lemma 8.11 We have p; > 0 for each t > 0.

Proof: There exists 7 such that a, _; > 0. By using the same argument in
Lemma 8.8, we see that BY (p, 7, q) # 0.
Let (¢;, ki, az) be a feasible alloation of the problem P;(p, 7, q). We have

to prove that Z Blui(cir) < Z Blu;(¢;+). Note that, without loss of gene-
rality, we can only consider fea51ble allocations such that pr(c;r+ kizr1 —
(1 —0)kiz) + Girai; > 0. We define (¢} ,, k] 1, a},){_, as follows :

Cit =kipr1 =a;y =01t >T

iy = iy, ift <T —1,a;7 =0

Cip=Cip, FL ST =1, ki =kigy, ft <T—1
pr(cir + ki pp — (1= 0)kiy) = pr(cir + kirgr — (1 = 0)kiy) + Giraiy

We see that (], k7,1, a;,)i—, belongs to C(p, T, q).
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o0
Since B] (p,7,q) # 0, there exists a sequence ((c’;t, Kt a?t)f:0> €
K b b TL:O
BY(p,7,q) with kirn = 0, aly = 0, and this sequence converges to

(¢4 ki 1415 @) ,){—o when n tends to infinity. We have
pi(cy + iy — (L= 0)k,) + qai'y < ek’ + (G + pee)ags  + 0'mi(pt, 7r)

We can chose sy high enough such that s; > T and for every s > sg, we
have

pf(CZt + thJrl —(1— 5)k1 )+ qja zt < Ttkzt + (@ + pi&)a; Qg+ int(ﬁfﬁf).
T

It means that (¢, k7,1, afy)i—g € CT(§°, 7, 3°). Therefore, we get Y Bius(c,) <
i=0

s T 00
> Biui(c;,). Let s tend to infinity, we obtain ) Sju;(c}’,) < 3 Bjui(Ciy).
=0

=0 =0
T 00

Let n tend to infiniy, we have Y Slu;(ciy) < > Blui(¢iy) for every T. As a
=0 =0

t=
consequence, we have : for every T

T—1 [e]
E 6 uz Czt § uz czt
t=0 t=0

oo o0
Let T tend to infinity, we obtain > Slu;(cit) < > Blui(Ciy).
=0 =0

Therefore, we have proved that the optimality of (¢, k;, @;).
Prices py, ; are strictly positive since the utility function of agent 7 is strictly
increasing. 7, > 0 is implied by p; > 0. =

Lemma 8.12 For each i, (¢, ki, @;) is optimal.

Proof: Since p;, ¢, 7 > 0 and (ki o, a; 1) # (0,0), we get that B (p, 7, q) #
0. By using the same argument in Lemma 8.11, we can prove that (&, k;, @;)
is optimal. m m

8.4 Other formal proofs

Proof of Remark 3.2: Indeed, assume that there exists b < oo such that
(V.3) and (V.4) for every i. Denote A = F'(b), B = F(b). Since F(-) is
increasing and concave, we obtain F(z) < Az + B for every z > 0. Since
definition of D, (Ko, &, ...,&), we have

D(F,0,Ko,&,...,&) < (A+1—-8)""Ky+(A+1-68)(B+&)+---+(B+&)

< (A+1=0)" Ko+ (B+max{&}) ) (A+1-0)°

s=0
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Since w; is concave, there exists a; > 0,b; > 0 such that w;(z) < a;z + b;
for every x > 0. Then

Zﬁtul (DU(F,6, Ko, o, &) < D B (aiDil B8, Ko, Gos -, &) + bi).
=0

Case 1 : A < § then Dy(F,0, Ko, &,...,&) < Ko+ (t+ 1)(B —i—mgtxfs).

Combining with (V.3), (V.4), and (V.33) we obtain (V.2).
Case 2 : A > 0, then

Dy(F,8, Ko, &,...,&) = (A+1=0)""Ko+ (A+1-0)'(B+&)+ -+ (B+&)
(A+1-0)*" -1
A—90 '

< (A+1-0)" Ko+ (B + max{¢})
Combining with (V.3), (V.4), and (V.33) we obtain (V.2). =

Proof for Example 4.1: It is easy to see that all markets clear and the
optimal problem of firm is solved.

Let’s check the optimality of household’s optimization problem by ve-
rifying the FOCs.

FOCs of allocation are hold because of the choises of multipliers.

FOCs of ap, with h € {7, j}. We have Phiti _ 3 for every t > 1. Since
Kht

for every t > 1, we have G+ 8 _ Hhttt
1=-5 qt Hht
o _ Hn1 .

a+E o

q=§ for every t > 1. At

initial date, we have to prove that

e

g _ gy _ Hn
5(1 6) Mh,o‘

FOC of kp,; with h € {i,j}.

For t > 2, we have to prove that m > max “;:1

because LRt — g for every t > 1 and S(F'(0)+1—-0) <1.
Hht

At date 1, we have to prove that

. This is true

1> ML F ) +1-6) Vhe i)
Kh.0

Therefore, we have only to check the following system
1> ML F0)+1-6) Vhe i)
Hh,0

qo Hh,1 ..
—(1 — =—=, VYhedij}
£( 3) o {i,7}
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We have

fiy uj(ag) o F(IKo) + (1= 0)Ko + &\ 7
e~ s s ¢ )
i1 _ g uj(ag :5(F(K0)+(1 —6)Ko+£o>o
15,0 wi(a(F(Ko) + (1 = 06) Ko+ &)) § .

Our system becomes

1> B(F'(0)+1—

(F(Ko)+(1—5)K0+50> pl-=p
3 & B

Choose &, &, ko, qo to be satisfied this system. =

5)<F(K0) + (15_ ) Ko + fo)"’

Proof for Proposition 4.3 : Assume that §;(F'(0) + 1 — §)ul(&p1) >
(PO + (1= 0+

m
If K;11 = 0, the market clearing conditions imply that

) for every i =1,...,m.

Y e = F(K)+(1—08)K +§& (V.33)
=1
Z Cit+1 + Kt+2 = £t+1~ (V34)

F(K;) + (1 =0)K; + &

Therefore, there exists i € {1,...,m} such that ¢;; >
m

s0 w(ciy) < g(FE) A=K+ &)

m
Moreover, FOC of K;,; implies that r,; > F'(Kyq) = F'(0). FOC of

k; 441 implies that —————— > max M Therefore, we imply that
T+ 1—10 i Mg
1 > m Mj,t+1 > Mz‘,t+1 Biu (Cz t+1) > ﬁiu;<§t+1) ’
F'(0)+1-0 Kt Mt ui(ciy) u{(F(Kt) + (1 —0)K: + ft)
! m

contradicting our assumption. m

Proof for Proposition 4.2: Assume that there exists ¢ > 0,7 > 1 such
that § > & If (F'(0) +1—0)8; > 1 for every i = 1,...,m.
If Kips =0 for every s =1,...,T, we have

Zci,t = F(K)+ (1-90)K; +¢&,
i=1

m

Z Citts T Kitst1 = &usy Vs=1,...,T.

=1
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Therefore, we have

m m
Zci,t > & > & > Zci,t+T~ (V.35)
i=1 i1

Consequently, there exists ¢ € {1,---,m} such that ¢;; > ¢; 447, hence

ui(cipsr) > wi(cit)-
FOC of K implies that rp s > F'(Kyys) = F'(0). FOC of k; ;1 implies
Mjt+s

that ————— > max ————. Hence
Ttts +1— ) J Mjt4s—1
Hjtts Hit+s @TU;(C@HT) T
—— ) > | | max ——— > = > (Bi)" -
<F’(0) +1— ) H I s Hl it +s—1 ug(cit) (5:)
So 1> (F'(0) +1—6)5;, contradiction! m
Proof for Lemma 4.4: Market clearing conditions imply that
Z i+ Ky = F(K)+(1-0)K, +¢§ (V.36)
Z Cit+1 T Kt+2 - F(KH—I) + (1 - 5)Kt+1 + ft+1~ (V-37)
i=1

gt - Kt+1

Therefore, there exists ¢ € {1,...,m} such that ¢;; >
m

Moreover, FOC of Ky implies that r,qy > F'(Kyy1). FOC of kjpqq
1 .
implies that — > maxw. Therefore
Tep1 +1—0 i Wt

> max P > Biui(Ciy1) S Biui(F( K1) + (1 —0) K1 + ft+1)'

FI(Ki)+1—=6 — 57 pye wi(cie) wi(cq)
This can be rewritten as

wi(cig) 2 (F'(Kpr) +1 = 8) By (F (K1) + (1= 0) Kpyr + &)
Hence, we have ¢;; < Gi(Kii1,&41), where G;(Kiy1,&41) is defined by
W (Gi(Kii1, &) = (F' (K1) +1 = 8) Bug(F (K1) + (1= 8) Kpy1 + &41).
As a result, we obtain

& < K1 +mGi( Ky, &)
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Chapitre VI

Multinational firms, FDI, and
economic growth

Abstract : We consider a small open economy with two productive
sectors : an old sector producing consumption good by using physical ca-
pital and a new sector producing new good by using physical capital and
specific labor. There are two types of firms in the new industry : a well
planted multinational firm and a potential domestic firm. Our framework
highlights a number of results. First, in a poor country with low return of
training and weak FDI spillovers, the domestic firm does not exist in the
new industry requiring a high fixed cost. Second, once the host economy
has the capacity to create the new firm, the competitivity of the domestic
firm is the key factor allowing it to enter into the new industry, and even
eliminate the multinational firm. Interestingly, in some cases where FDI
spillovers are strong, the country should invest in the new industry, but
not train specific workers. Last, credit constraint and labor/capital shares
play important roles in the competition between the multinational and the
domestic firms.

Keywords : FDI spillovers, investment in training, heterogeneous firms,
entry cost, optimal growth.
JEL Classification Numbers : F23, F4, F62, O3.
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1 Introduction

Over the last five decades, operations of multinational firms have made
a significant influence on developing economies. Multinational firms may
generate FDI spillovers to domestic firms by transferring advanced tech-
nologies or training workers. Thanks to that, some countries can promote
the development of their industries and particularly, encourage the entry of
domestic firms into these industries. ! However, is attracting FDI spillovers
the key to developing of their own industries ? If not, what is the optimal
policy of the host country ? More precisely, should the host country deve-
lop these new industries, or continue to focus on already developed ones ?
What are the roles of different macroeconomic variables such as develop-
ment level, FDI spillovers, return of training, and heterogeneity of firms.

To answer these questions, we consider a small open economy model
(two-period and infinite horizon models) with two sectors and heteroge-
neous firms. The first, called old sector, produces consumption good by
using physical capital as the sole input. There is a unique representative
domestic firm in this sector. The second (new sector) produces a new good
by using physical capital and a specific labor. There are two types of firm
in the new sector : an already planted multinational firm and a potential
domestic one. The potential domestic firm cannot be created if it holds less
than L units of specific labor. These two firms differ not only in producti-
vity but also in labor and capital shares.

In this economy, consumption good, physical capital, and new good can
be freely exchanged with the rest of the world while the specific labor is
not mobile. There are two agents : a social planner maximizing the GNP of
the country and the multinational firm maximizing its profit. The prices (in
term of consumption good) of physical capital and new good are assumed to
be exogenous. However, the wage is endogenous and determined by labor
market clearing condition. Specific labor supply is also endogenous and
arises from three sources : initial specific labor of the country, FDI spillovers
effects, and investment in training.

Our framework provides a number of results. First, to invest in the new
industry, the country must hold one of the following conditions : (i) it is
rich enough, (ii) its return of training is high enough, (iii) FDI spillovers
are strong. This result is due to the existence of fixed cost L which prevents
the domestic firm’s entry. Our finding indicates that in a poor country with
low FDI spillovers, the domestic firm cannot exist in the new industry even
if its productivity is high.

Second, once the country satisfies the above conditions, the productivity
of the potential domestic firm is the key factor deciding the optimal choice

1. See Harrison, Rodriguez-Clare (2010) for a complete review.
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of the country. Our framework shows that if the old sector is competitive
(i.e., high productivity), it will attract all investment. Hence, the country
should focus on this sector, but neither develop the new sector nor invest in
training. We prove that the host country should invest in the new industry
if and only if the productivity of the domestic firm in this industry reaches
a critical threshold. Moreover, although the domestic firm must pay an
entry cost, it can dominate, even eliminate, the multinational firm. We also
make clear the role of the entry cost by showing that the mentioned critical
threshold of productivity increases when the entry cost increases. One may
ask if training of specific labor is essential to create a new domestic firm
in the new industry. Not always! Indeed, in the case where FDI spillovers
are strong and the domestic firm’s productivity is high, the host country
should invest in the new industry but not in training.

Third, we study the competition between the multinational firm and
the domestic one in the new industry by analyzing heterogeneities of firms
and the roles of exogenous prices, return of training. Since the wage is en-
dogenous, specific workers will be hired by the more competitive firms.
Does the domestic firm benefit from high return of training/low physical
capital price/high new good price in order to compete with the multina-
tional firm ? Our model shows that, with high returns of training, the host
country will not invest in the new industry when the physical capital share
of the potential domestic firm is not too low. The main reason comes from
credit capacity of firms. Indeed, high returns implies a high number of spe-
cific workers. If the potential domestic firm has a weak credit capacity, it
cannot buy an arbitrary quantity of physical capital when its capital share
is not too low and the number of workers is high. Therefore, its production
process will be inefficient. By contrast, the multinational firm can get fi-
nancing from its parent company and, thanks to that, when specific labor
supply is high, it can buy an arbitrary amount of physical capital to make
its production process efficient. As a consequence, all specific workers will
be hired by the multinational firm, which implies that the domestic one
cannot enter the new industry even if the country has a high return of trai-
ning. A similar argument can be used when physical capital price is low.
It seems that the host country may more likely invest in the new industry
if the new good price is high. Unfortunately, this argument is not always
true. Our framework points out that even if the new good price is very
high, the domestic firm cannot enter this new industry because of its weak
credit capacity. However, we should make clear that with middle level of
return of training/physical capital price/new good price, productivities of
firms play the most important role in their competition.

2. In our model, the competitiveness of firm is characterized by four factors : pro-
ductivity, labor and capital share, and credit capacity.
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Our paper is related to several strands of research. The first strand
studies the fixed entry cost of firms and economic growth. Smith (1987) and
Markusen (1995) point out that a potential domestic firm has to invest in
a firm-specific fixed cost in order to be able to produce. By contrast, Smith
(1987) considers that the multinational firm has a plant in its home country
where this investment has been already realized, and then does not suffer
it by producing in the host country. Fosfuri, Motta, Ronde (2001) indicate
that a domestic firm may gain from new technologies thanks to the mobility
of worker who initially worked for multinational firms. However, to do that,
the domestic firm must to pay a fixed cost which may be interpreted as its
absorptive capability. In our framework, we assume that the domestic firm
must utilize a fixed number of skilled workers to ensure that its production
process functions. We also make clear the impact of this fixed cost on the
competition of firms, and then on the economic growth. In optimal growth
context, Bruno, Le Van, Masquin (2009) prove that a poor country cannot
invest in new technology. However, they consider do not take into account
the impact of multinational firms. In our paper, multinational firms can
generate FDI spillovers and may eventually help the country to invest in
new technology.

The second concerns FDI spillovers and training of skilled workers. The
literature shows the existence of four types of FDI spillovers.? First, FDI
spillovers may be created via vertical linkages between foreign affiliates and
local suppliers (Rodriguez-Clare , 1996; Markusen, Venables , 1995; Car-
luccio, Fally , 2013). Second, multinational firms can improve productivity
of domestic firms through demonstration/imitation effects. Export is the
third channel through which domestic firms can benefit from multinatio-
nal firms (Aitken, Hanson, Harrison , 1997; Greenaway, Sousab, Wakelin ,
2004). Last, FDI spillovers may arise due to the mobility of workers who
have been trained by multinational firms (Ethier, Markusen , 1996; Fosfuri,
Motta, Ronde , 2001; Poole , 2013). FDI spillovers in our paper are gene-
rated through the last form. By contrast, in our paper, specific workers are
not only trained by multinational firms (through specific communication or
learning by doing effects), but also by the government ; thanks to that, the
host country gaining low F'DI spillovers can still develop the new industry.

The last strand is the link between credit constraints and trade. Kletzer,
Bardhan (1987) theoretically show how comparative advantage depends
on credit market imperfections. By using a 30-year panel for 65 countries,
Beck (2002) finds that financial development exerts a causal impact on
exports and trade balance of manufactured goods. Manova (2008) studies
the impact of equity market liberalizations on trade by giving empirical

3. See Blomstrom, Kokko (1998); Gorg, Greenaway (2004); Crespo, Fontoura (2007)
for a substantial review of FDI spillovers.
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evidence (with 91 countries), and then shows that credit constraints play
an important role on international trade flows. Manova (2013) incorporates
credit constraints and firm heterogeneity into Melitz (2003) and studies the
impact of financial frictions not only on producers’s entry into exporting
but also on exporters’ foreign sales. Different from theses papers, we focus
on the impact of credit constraints on the competition between the domestic
firm and the multinational one in the host country’s market.

The remainder of the paper is organized as follows. Section 2 presents
the structure of economy. In section 2, we explore the optimal strategy
of the host country at equilibrium in a two-period model by analyzing
roles of all factors of the economy. Section 3 gives dynamic analysis in an
infinite horizon model. Section 4 concludes. All formal proofs can be found
in Appendices.

2 A two-period model

We start by a two-period model. We consider a small open economy
having two productive sectors. The first produces the consumption good
by using physical capital good. We call it the old sector. There is a unique
representative domestic firm (called consumption good firm) in this sector
and its production function is given by

FO(K,) = AJK (VLI)

where A, > 0 and a. € (0,1).*

The second sector produces a new good by using physical capital good
and a specific labor. It is called new sector or new industry. In this sector,
there are two types of firm : a multinational firm (or foreign firm) and a
potential domestic one. The foreign firm is well planted in the country and
its production function is

Fe(K. L) = AJKLP (V1.2)

where A, > 0 and a, S € (0,1), a. + 8. < 1.
The potential domestic firm’s production function is given by

FUK4 Ly) = AKS*((Lg—L)*)™ (VL3)

4. The reader may ask why there is only one input to produce consumption good.
We can introduce labor into the production process of the consumption good by taking
the production function as F¢(K,, L.) = A, KL% where L. is low-skilled labor. If
we assume that low-skilled labor is exogenous and there is no possible transfer between
high-skilled and low-skilled workers, this setup becomes exactly our framework with the
unique input.
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where Ay > 0 and ag, B4 € (0,1), ag + B4 < 1. To enter the new indus-
try, the domestic firm must make an initial investment. We model this
investment by the fixed cost, L, representing the number of specific wor-
kers needed to ensure that the production process functions. Thanks to the
parent company, the foreign firm does not need to pay this investment.

Interpretation of L : In general, we can assume that the production
functions of firms are

FUKy, Ly) = AgK34 ((Lg — La)*)™

Fe(Ko, Le) = A K2 (L — L) )™

In the new industry, firms need some technical experts to set up the pro-
duction process in order to be able to produce. The parent company of the
foreign firm has such experts in the home country and sends them to host
countries for new production plants. Once this setup is finished, the tech-
nical experts will come back to their home country. Hence, we can assume
that Ly > L.. Without loss of generality, we assume that L, = 0, and in
this case we write L instead of L.

We would like to make distinction between our threshold L and others
in literature. Azariadis, Drazen (1990) consider the following production
function F' = A, F (K, L;), where the scale factor A; may depend func-
tionally on a vector of social inputs that are not controlled by any one
producer.

In Bruno, Le Van, Masquin (2009), A; is endogenized : the social
planner chooses physical capital K.; and high-skilled labor L.; in or-
der to produce new technology, which enter the formula of A; as follows
Ay =20+ a(F(Ket, Ley) — X)T. X a minimum level of adoption of new
technologies which is necessary for them in order to impact the economy.

In Smith (1987), the potential domestic firm has the following problem

max P(X)X — cost(X) — (fixed cost). (VI1.4)

In Melitz (2003), the production is given by F(L) = ¢(L — f)*. The
threshold f > 0 represents a fixed entry cost (measured in units of labor.

In Fosfuri, Motta, Ronde (2001), fixed cost arises in the local firm’s
valuation of the worker v; = NIl (¢) — k where k indicates the cost that
local firm has to pay in order to gain from new technology received by the
trained worker.

The economy takes place into two periods : date 0 and date 1. All
consumption good, physical capital, and new good can be freely exchan-
ged with the rest of the world, but the specific labor is not mobile. Let
consumption good price be numeraire. Denote p (resp., p,) the internatio-
nal real prices of capital good (resp., new good) in term of consumption



2. A two-period model 133

good. Prices p, p,, are exogenous. The initial endowment of the host country
is S, (8 >0.)

Let Ly be the initial specific labor, Ty be the specific workers generated
by the foreign firm at the first period.® We assume that if the country
invests an amount H; in education, it will get e H; specific workers, where
¢ is the return of training. Hence the specific labor supply of the country
after receiving FDI and training will be

Lo + TO + EHl.

Note that specific labor supply in this economy is endogenous.
Let denote this economy by

E:=(F°, F* F° S,p,pn, ¢, Lo, Ty, L).

Denote by w; the real wage in term of consumption good at date 1,
the wage is endogenous in our model. For simplicity, we assume that the
depreciation rate of physical capital equal 1.

The foreign firm (without market power) maximizes its profit.

(F): max [pnFe(Ke LIP)) — pK., — wlLfl} .
Ke1,LP,>0 ’ ’ ’ ’

The social planner takes prices as given and chooses ¢;, K. 1, Kq1, H1, Lg1, Le 1
to maximize GNP of the economy at the second period :°

(P): max U= F(K.1) +wi Loy + puF4 Ky, LdJ)]
(Kc,lyKd,lelzLd,laLe,l)

5. We note that FDI spillovers T in our framework arise through workers mobility.
We refer to Fosfuri, Motta, Ronde (2001); Gorg, Strobl (2005); Poole (2013) for the
existence of such FDI spillovers.

6. In general, the social planner’ problem is to choose
co,c1,5, Ken, Ka1,H1,Lg1,Le 1 that maximizes the utility

max {ﬁoU(Co) + 1U(c1)
(60761737Kc,17Kd,1 vH1,La,1,Len

subject to ¢g + 5 < Sy, ¢1 < F(S)

where Sy > 0 is given, f; is the time preference at date i = 0,1, and F(S) is defined by

max [F(Ke1) +wiLey +ppF(Kgn, Laa)
subject to Hy +p(Ken +Kg1) < S

Lgq+Ley < Lo+ Ty +eH;y

Ke1,Kg1,H1,Lg1,Le1 > 0.

For simplicity, we assume that S is exogenous. Then the problem of the social planner
is equivalent to the problem (P).



2. A two-period model 134

subject to
Hy+p(Kep + Kap) <8 (VL5)
Ld,l + Le,l S LO + T(] -+ GHl, (VI6>
Ken, Kap, Hi, Laj, Leq 2 0. (VL7)

At the first period (date 0), the social planner uses H; units of consump-
tion good to train specific labor. She also buys K., (resp. K1) units of
physical capital as input for the consumption sector (resp. the new sector).

At the second period (date 1), an amount of specific labor L. ; is used
by the multinational firm and another amount of specific labor Ly ; is used
by the domestic firm. The GNP of the economy (in term of consumption
good) has three parts

(i) F°(K.1) : consumption good from the consumption sector.

(ii) wqLe, : salary in term of consumption good paid by the multina-

tional firm.

(iii) poF¥(Kg41,Lay) : production value of the domestic firm.

Note that, if a specific worker works for the multinational firm, she only
contributes to the GNP by her salary because the multinational firm takes
away its profits. However, if she works for the domestic firm, the GNP is
improved in two ways, salary of the worker and profit of the domestic firm.

Remark 2.1 The constraint Hy + p(K.1 + K41) < S means that the host
country cannot borrow from abroad. As a consequence, the potential do-
mestic firm faces a credit constraint. By contrast, the multinational firm
does not face credit constraint because it can get financing from its parent
company.

Definition 2.1 Consider the economy & == (F¢, F4, F¢, S, p, pp, €, Lo, Ty, L).
An equilibrium is a list (K.1, Kaq1, H1, Lag, Le1, Ke1,w1) such that
(1) Given labor price wy, (K1, Kq1, Hi, La1, Ley) s a solution of pro-
blem (PO).
(it) Gwen labor price wy, (LD}, K.1) is a solution of problem (F).
(ii) Labor market clears : L) = Le ;.

In what follows, in order to avoid confusion, we present our findings in
the case where the production functions of the firms are strictly decreasing
returns to scale, i.e. ag + B4, ae + B < 1. Note that, most of our findings
are also valid for constant returns to scale technologies (Theorem 2.2 and
Proposition 2.12).

As the wage is endogenous in our model, we firstly provide relations
among exogenous prices, return of training and wage.
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Proposition 2.1 (i) wy decreases if p or € increases, increases if p,
mcreases.
(11) Denote wy (resp. W) the wage in the case Y41 > 0 (resp. Yg1 =0).
Then we have Wy < ;.

Proof: These are direct consequences of the equation determining wage.
See (VI.49), (VI.49), (V1.53) and (VI.57) in Appendix 5 . m

Point (i) is clear. For example, a rising of physical capital price makes
induces a decrease of the production level in the new sector. Consequently,
demand of specific labor decreases. Therefore, the wage will decrease.

Proposition 2.1 also points out that the entry of domestic firm into the
new industry leads to a greater wage than that in the case without the
domestic firm.

2.1 FDI spillovers, optimal shares, and GNP

In this section, we consider an equilibrium in which H; > 0. Denote
0, 04 the optimal share of investment in training and in new sectors, res-
pectively, i.e.,

ch,l = (1 — Qd - Hh)S, pKdJ = GdS and H1 = QhS (VIS)
First, we focus on direct FDI spillovers Tj.

Proposition 2.2 (i) When Ty increases, GNP increases.

(ii) When Ty increases, 0y, decreases
Proof: See Appendix 5.3. =

This result confirms the positive impact of direct FDI spillovers T on
GNP of the host country, as it is shown in the literature. Nevertheless, point
(ii) shows that such positive externalities lowers the share of investment
in training of specific labor. Indeed, an increase of T will improve the
specific workers supply in the host country, then lower wage, finally decrease
investment in training.

On the other hand, there exists an indirect spillover effect generated by
the multinational firm in our model. Indeed, we have

Ld,l + L371 = LO + TO + EHl. (VIQ)

Assume that Ly + To = 0 then L. (resp., Lg1) represents the level of
specific labor generated in the new sector by the multinational (resp., do-
mestic) firm. Following Rodriguez-Clare (1996), they are called the linkage
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coefficient of the multinational (resp., domestic) firm. He says that the mul-
tinational firm has a negative (resp., positive) linkage effect if L, 1 —Lg; < 0
(resp., Ley — Lga > 0). In our framework, the linkage coefficient is given
by

—(1—ae) B /8 —1
Lot — Ly = oowi " — (L d [=a=Fa ) VI.10
1~ La1 = ocw; (L + PR ) ( )

We can see that the linkage effect is increasing in A., decreasing in A, or L.

Rodriguez-Clare (1996) give a condition (condition (14), page 862)
under which the difference between the linkage coefficient of the multina-
tional firm and the domestic firm is positive. This condition depends on
labor shares of firms, the communication cost, the level of the underde-
veloped economy.” In our framework, the condition for a positive linkage
coefficient depends on different parameters such as (i) productivities A, Ay
of the foreign firm and domestic firm, (ii) the entry cost L, (iii) prices of
physical capital and new good, and (iv) shares of physical capital and spe-
cific labors ay, B4 (resp. a., 5e) of the domestic firm (resp. multinational

firm).

2.2 Diversification or specification ?

We now study the roles of different factors on the optimal strategy of
the social planner. We says that the country invests in the new industry it
the domestic firm exists in this sector, i.e., Y;; > 0.

Let us start by two cases : the entry cost L is very low and the initial
endowment S is very high.

Proposition 2.3 There exists L* depending on other parameters such that
if L < L* then Y;, > 0.

Proof: See Appendix 5.3. ®

This result shows that when the entry cost is small enough, the host
country should invest in the new industry.
For the initial endowment S, we have the following result.

Proposition 2.4 There exists S such that if S > S then H; > 0 and
Ya1 > 0 at equilibrium.

Proof: See Appendix 5.3 m

7. In his paper, the development level of each country is defined by the number of
variety.
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In our model, the country’s initial endowment S can be viewed as an
index of the development level of the country. Proposition 2.4 shows that,
when the country has a high development level (i.e, S reaches a critical
level), it will easily cover the entry cost L. Therefore, this result is in line
with Proposition 2.3. Moreover, since firms have a decreasing return to
scales technology, the country also invests in training of specific labor to
get a favorable salary.

Roles of productivities : We now observe the impact of the multina-
tional firm’s productivity.

Proposition 2.5 There exists A, > 0 such that if Ac > A., we have
Yd71 =0 and H; > 0.

Proof: See Appendix 5.3. m

This result shows that, if the foreign firm’s productivity is so high, the
host country should not invest in the new industry. It is optimal to train
specific workers, however, and then let them work for the foreign firm in
order to get a favorable salary.

We now see the important role of the old sector’s productivity.

Proposition 2.6 There exists A, > 0 such that if A, > A., we have Yo1 =
0 and H; = 0.

Proof: See Appendix 5.3. ®

This result implies that, whenever the old sector is highly competitive,
the country should focus on this sector and should not invest in the new
industry. Moreover, by contrast to Proposition 2.5, the country do not in-
vest, in this case, in training of specific workers. Indeed, the goal of this
investment is to provide specific labor for the new sector, but the domes-
tic firm in this sector is less competitive than the one in the old sector.
Consequently, investing in training is not the best choice.

Propositions 2.5 and 2.6 also indicate that even if A. or A, are very
small, we do not know whether the host country will invest in the new
industry. Indeed, if A, is small, but A, is high enough, this country will focus
on training of specific labor and let them work for the foreign firm. Similarly,
when A, is low, but A, is high, a sole investment in the consumption sector
is more relevant than both investing in the new sector and in training.

It is now interesting to study how the productivity of the domestic firm
and the development level of the host country affect the optimal strategy
of the social planner.

Let us begin by the following result.
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Proposition 2.7 IfeS + Ly + Ty < L then Yq1 =0.

Proof: Since Hy < S then Ly + Ty + eH; < €S + Lg + Ty. Consequently,
Lgi— L <0, hence Lgi=Kq:1=0. =

Proposition 2.7 shows that if a country invests in the new industry, it
must satisfy one of the following conditions : (i) its development level is
high enough, (ii) the return of training is high enough, (iii) FDI spillovers
are strong enough.

The Proposition also allows us to capture some important points.

(i) Consider a poor country : S, Ly are small so that Ly + S < L. If
Ty < L — Ly — €S, i.e., FDI spillovers are low, the new industry
cannot be created in this poor country. This result suggests that a
poor country receiving a low FDI spillovers should focus on other
sectors and not on the new industry requiring a high entry cost.

(ii) Consider a country whose FDI spillovers are not so high : Ty < L. In
this case, it cannot invest in the new industry if Ly + €S < L — Ty,
This means that to be able to benefit from FDI, this country must
reach a certain development level.

We now consider a host country such that the maximum specific labor
supply is greater than the entry cost but specific labor supply without
training is not.

ES+L0+TO >[_/ and L0+To S[_/ (VIll)
We have the following result.

Proposition 2.8 Assume that €S > L — (Lo + Tp) > 0. We have
(i) there exists Ay > 0 such that Yg1(Aq) > 0 if and only if Aq > Aq.
In this case Hy > 0.
(ii) there exists Ay > A, such that if Ag > Ay then Yi1 > Yeq.
(i4i) both A, and A, are increasing in L.

Proof: See Appendix 5.3 m

Proposition 2.8 indicates that, in a host country such as the one stu-
died in this case, the productivity of the domestic firm is the key factor
determining the optimal strategy of the social planner. If this firm is suffi-
ciently competitive, it is optimal to invest in the new sector. However, since
Lo +Ty < L, training of specific workers is required to cover the entry cost
of the domestic firm. That is why we have a strictly positive amount H;
when Ay is high enough. Inversely, if the domestic firm has a low producti-
vity, the social planner should not invest in the new industry. In this case,
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we do not have enough information to know whether the country invests
in training of specific labor.

Proposition 2.8 also shows that the domestic firm can even dominate
the foreign one, when the productivity of the former is very high, Aq > A4,
. Our result is related to Markusen, Venables (1995) since these authors
prove that in some countries, domestic firms may become sufficiently strong
such that local production overtakes and carries out foreign one.

We clearly see how the fixed cost L prevent the host country invests in
the new industry. The higher level of L, the higher level of productivity the
domestic firm must have to enter the market.

Let us show an example. Denote U (resp. U ) the GNP in the case
Ya1 > 0 (resp. Yy, = 0). Figure VI.1 gives the path of the difference U-U
as a function of Ay for three values of L = 1,2, 3. Note that A; > A, (or
Ay < A,) is not sufficient to ensure the domestic firm’s entry. We also see
that the threshold A, > 0 is increasing in L.

FIGURE VI.1: The graph of (U — U) as a function of the domestic firm’s
productivity Aqg

=3

A1)

Ai(2) Ayfa)

A=A, =12,e=12,5=2,Ly=051T5=0.5;p=1;p, = 2;
a.=0.7,00=0.3;0,=04;a, =1/3; 8. = 7/15.

We have a direct consequence of Proposition 2.8.

Corollary 2.1 Assume that Ly = Ty = 0 and €S > L. We have Y1, Hy >
0 when Ay is high enough.

This is the case where there is neither FDI spillovers effects nor initial
specific labor. Our result gives an answer for the question : when the host
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country create a new industry ? A new industry can only be created under
two conditions : (1) return of training is high, (2) the potential domestic
firm is competitive enough.

We now study the case of a host country in which specific labor supply
without training is high enough.

Lo+To> L (VI.12)
The optimal strategy of the social planner depends on different factors.

Proposition 2.9 Assume that Lo+ Ty > L.

1. IfeS < %(LO—FTO—L) then there exists Ay > 0 such that Y41 > 0 and
Hy = 0 if and only if Aq > As. Moreover, when Ay is high enough,
we have Yg; > Y, 1.

2. IfeS > %(Lﬁ—Tg—L) then there exists As > 0 such that Yy, > 0 and
H; > 0 if and only if Aq > As. Moreover, when Ay is high enough,
we have Yq1 > Y, 1.

3. If €S = %(LO + Ty — L) then when Aq is high enough, we have

Proof: See Appendix 5.3. =

Proposition 2.9 indicates that sole conditions on specific labor and entry
cost are not sufficient to ensure the existence of the domestic firm. Once
again, we observe the decisive role of its productivity Ag4. The host country
should invest in the new industry if and only if this productivity is high
enough. This explains why in some rich countries, although there are suf-
ficiently workers required to create a new firm, they do not choose to do
it.

The first point of Proposition 2.9 shows us an interesting scenario : the
host country can create a new firm i.e., Yy ; > 0 without training of specific
labor (i.e., Hy = 0). This is the case where the potential domestic firm’s

productivity is high and the condition €S < %(LO + To — L) holds, i.e.,
when

(i) € is low (see Proposition 2.10 for further discussions.)

(ii) or/and the ratio /B4 of capital share over specific labor share of
the potential domestic firm is high

(iii) or/and the difference Ly + Ty — L is high. This means that the en-
try cost is relatively lower than FDI spillovers Ty and/or the initial
specific labor Lj.

8. €S = %(Lo + Ty — L). We do not enough information to confirm H; > 0. It
depends on other factors. We will answer this question in Section 2.1.
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Some empirical studies are likely to support our finding. Gershenberg
(1987) argues that in Kenya, some local managers usually started their
career in multinational firms before creating their own firm. By using a
sample of firm-level data in Ghana, Gorg, Strobl (2005) state that there
exist some domestic firms whose entrepreneurs (owner or chairman) worked
for a multinational firm before joining or setting up their own domestic
firm. ? These managers/entrepreneurs can be represented by parameter Ty
in our model.
We summarize our result in the following theorem.

Theorem 2.1 We have the following properties at equilibrium
1. If Lo+ €S+ Ty < L then Yy1(Ag) = 0 for all Ay.
2. If Lo+ €S + Ty > L then
2.1. If Ly+Ty < L then when Aq is high enough, we have Ya1 >0 and
H, > 0. Moreover, when Aq is very high, we have Yy1 > Y, .
2.2. If Ly + Ty > L then

2.2.1. if S < %(LO + Ty — L) then when Ay is high enough, we
have Yq1 > 0 and Hy; = 0. Moreover, when A, is very high,
we have Yg1 > Yo 1.

2.2.2 if €S > %(LO + Ty — L) then when Aq is high enough, we
have Yy, > 0 and Hy > 0. Moreover, when Aq is very high,
we have Yq1 > Ye 1.

2.2.3 If €S = 3%(Lo + To — L) then when Aq is high enough, we
have Y4, > 0.

Here, the multinational firm exists thanks to its decreasing return to scale
technology. However, in the case of constant return to scale production
functions, we have the following result.

Theorem 2.2 We assume that ag + B4 = a. + B = 1. We have the
following properties at equilibrium

1. If Lo+eS+Ty <L thenY;, =0, Yoy > 0.
2. If Lo+ €S + Ty > L then

2.1. If Ly+Ty < L then when Ag is high enough, we have Ya1,H: >0,
and Y1 = 0.

9. Among 228 domestic firms in the sample, the number of domestic firms whose the
entrepreneur worked for a multinational firm is about 32. Most of them is in metals and
machinery (34.4%), followed by furniture (31.3%), textiles (18.8%), and wood products
(9.4%).
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2.2.1.

(LO + Ty — L) then when Ay is high enough, we
have Yd,1 > 0 Hy =0 and Y. = 0.

2.2.2 1 12(; (Lo + Ty — L) then when Ay is high enough, we
have Yq1,H; >0, and Y1 = 0.

Proof: See Appendix 6. =

On the one hand, Theorem 2.2 shares the main point with Theorem
2.1. On the other hand, it indicates an interesting scenario in which the
well planted foreign firm may be eliminated. There are two main conditions
for such scenario : (i) the maximum specific labor supply is high enough
to cover the entry cost, (ii) the domestic firm’s productivity is high. In
this scenario, although the domestic firm has to pay an entry cost, it may
not only enter into the new industry but also eliminate the well planted
multinational firm.

Roles of returng of training and credit constraints : We are now
interested in the role of return of training of qualified workers on the opti-
mal choices.

Proposition 2.10 Then there exists €, € depending on the other parame-
ters such that : (i) if € > € then Hi(€) > 0 at equilibrium, (ii) € < € then
Hl(E) = 0.

Proof: See Appendix 5.3. =

Proposition 2.10 shows that the host country will invest in training of
specific labor if its return exceeds a threshold. But if return of training is
low, the country should not invest in this sector.

In our framework, investment in training is to provide specific labors
for the new industry. A natural question appearing is that when return
€ is very high, will investing in the new industry be optimal for the host
country ?

The answer is the following.

Proposition 2.11 (High return of training with DRS technologies)

(i) If —1— ad% > 5 Be then when € is high enough, the country should invest
i both tmmmg and the new industry, i.e., Hy,Y;1 > 0. Moreover,
we have lim U — U = +o0.

€E—00

(ii) fa+ﬂd< Be we have lim U — U =0 and

)
Qe €—00

(ii.a) if ad+/3 <7 5"’ < 1—ay then when € is high enough, the country
should mvest in both training and the new industry.
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(i1.0) if 1 —ay < lfze then when € is high enough, the country should
1mvest in training, but not invest in the new industry.

With constant return to scale (CRS) technologies, we have.

Proposition 2.12 (High return of training with CRS technolo-
gies). Assume that og + Bqg = ae + B = 1. When € is high enough, the
country should invest in training, but not invest in the new industry.

Proof: See Appendix 6. =

Proposition 2.12 can be viewed as a consequence of point (ii.b) of Pro-
position 2.11. Indeed, let a. + . tend to 1, then _— tends to 1 which is
greater that 1 — ay. According to point (ii. b) of Propos1t10n 2.11, H; > 0,
Ys1 = 0 when return of training e is high enough. Although CRS tech-
nologies would simplify computations, it may make a misunderstanding
about the optimal strategy of the country. We can see here that if we only
considered CRS technologies, we could not know the roles of labor/capital
shares. That is why we need to analyze both technologies : CRS and DRS.

We now can give some implications of Propositions 2.11 and 2.12 by
considering a country in which specific labor can be easily trained (i.e., €
is high).

First, as stated in Proposition 2.11, this country should focus on the
new industry if the potential domestic firm has a high labor share. Indeed,
on the one hand, high value of € allows the domestic firm to cover more
easily the entry cost L. On the other hand, high labor share of the domestic
firm make it be more competitive than the foreign firm. Consequently, the
country should invest in the new industry.

Second, we discuss credit constraints of firms. The asymmetry of condi-
tions in Propositions 2.11 and 2.12 is from the structural difference between
the multinational firm and the domestic one. In our framework, the host
country cannot borrow from abroad, therefore the potential domestic firm
faces a credit constraint pKy, < S, ie., Kq1 < K := S/p. Therefore, if
capital share reaches a critical threshold, oy > = e E, the production pro-
cess will be inefficient when the number of Workers is high. However, since
the multinational firm is not credit constrained, '° it can buy arbitrary high
quantity of input K. ; to be consistent with high quantity of specific labor.
Hence, in the environment of the multinational firm, specific workers have
enough physical capital in order to produce efficiently the new good. As
a consequence, when return e is high, all specific workers will be hired by
the multinational firm even if the domestic firm has higher productivity. '

10. it can get financing from the parent company.
11. Indeed, consider the case CRS technologies with Ay > A, aqg = ae, Bq = Be, and
there is no entry cost (L = 0). Proposition 2.12 proves that Ls; = 0 when € is high
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It means that credit constraints may prevent the domestic firm to entry in
the new industry.

By analyzing the impact of credit constraints on the competition bet-
ween the domestic firm and the multinational one, our result contributes to
the literature about the impact of credit constraints on international trade
(Kletzer, Bardhan , 1987; Beck , 2002; Alfaro, Chanda, Kalemli-Ozcan,
Sayek , 2004; Manova , 2008, 2013).

We illustrate our finding by some examples. The first concerns point (i)
of Proposition 2.11 (cf. Figure VI.2). We consider 3 cases : A, = 1.2, A, = 2,
and A, = 3.

FIGURE VI.2: The graph of (U — U) as a function of €
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Figure V1.2 gives the path of the difference U — U as a function of e for
these three cases. We see that even if Ay < A, U — U will be positive (i.e.,
investing in the new industry is optimal) when € is greater than a threshold.
When A, = 1.2, this threshold is just 0.63. However, when A, = 2 (resp.,
A = 3), return of training must be greater than 56 (resp., 1600) in order
to encourage investing in the new industry. Once again, we see the key role
of productivity Ay.
The second example is to illustrate point (ii) of Proposition 2.11 (cf.
Figure VI.3). We consider 2 cases : ag = 0.50 (1 —ay < ~2<) and ag = 0.29

1—ae

(% < % < 1 — ay). First, we see that U — U is not monotonic with
respect to € and it tends to zero when € tends to infinity. Secondly, when e
is high enough, U — U will be negative (resp., positive) in the first (resp.,

second) case.

enough.
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A

FiGURE VI.3: The graph of (U —U) as a function of €
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We note that in the case 2o~ = 1 — a4, when € is high, we must to have

T-ac
information of other factors, specially A4, A., to know the optimal strategy
of the country. Figure V1.4 gives us the answer. We also consider 2 cases :

3=A;>A., =land1=A;< A, =3.

FIGURE VI.4: The graph of (U — U) as a function of € with 2 =1 — ay
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The figure indicates that, when € is high enough, the host country will
invest in the new industry (U — U > 0) if the productivity of the domestic
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firm is high (3 = Ay > A. = 1 ). Conversely, such investment will not be
done if this productivity is low (1 = A; < A, = 3). This result is totally
consistent with Theorem 2.1.

Roles of exogeneous prices : In this section, we focus on the role of
physical capital and new good prices. We analyze two cases, new good
price p, is high and physical capital price p is low. First, we study what
happens when new good price p,, is very high.

Proposition 2.13 (i) We have lim “222) — 40

Pn—+00 Pn
(ii) When p, is high enough, the host country invests in training, but not
i the new industry.

Proof: See Appendix 5.3. =

Point (i) of Proposition 2.13 implies that when the new good price
increases, wage not only increases, but increases faster than the new good
price (because the multinational firm is not credit constrained). Point (ii)
then shows that when new good price is very high, the host country should
invest in training, but not in the new industry, whatever the productivity
of the domestic firm. The main reason is the following. When price p,, of
new good increases, wage w; consequently increases. This encourages the
host country to invest in training. Moreover, since wage increases faster
than new good price and it must to pay an entry cost to invest in the new
industry, it will be optimal to let all specific workers work for the foreign
firm in order to get a favorable salary.

Let us give an example where the domestic firm’s productivity is greater
than that of the multinational firm (cf. Figure VL.5).

When p, is high enough, we see that U < U, ie., the country should
not invest in the new industry even A; > A.. Note that when p,, is low or
medium, we need more informations of other factors in order to confirm
U<U.

Second, we consider the case where physical capital price p is low. In
this case, capital shares play an important role.

Proposition 2.14 (i) Assume that 124~ > max(ac, aq). The host coun-
try will invest in training, but not in the new industry when p is low
enough.

(1) Assume that ag > max(ae, 125-), €5+ Lo + T > L

(ii.a) If €S > 34(Lo + To — L). The host country will invest both in
training and in the new industry when p is low enough.
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F1GURE VL.5: The graph of (U — U) as a function of p,
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(iti.b) If €S < G4 (Lo +To— L). The host country will invest in the new
industry, but not in training when p is low enough. '?

Proof: See Appendix 5.3. =

The reason for point (i) in Proposition 2.14 is similar to that of Propo-
sition 2.13. Indeed, when p decreases, demand for specific labor increases
and so is wage w;. This incites the host country to invest in training. High
capital share of the foreign firm makes it to be more competitive than
the domestic firm. Therefore, the host country will not invest in the new
industry. In this case, all specific workers work for the multinational firm.

One may ask why there are two possibilities in Proposition 2.14, but
there is a unique in Proposition 2.13. The reason is from the fact that new
good price p,, does not enter in the budget constraint of the social planner
while physical capital price p makes influence not only in the new industry,
but also in the old industry.

We now explore some implications of point (ii) of Proposition 2.14.

(a) First, as in point (i), if the domestic firm’s capital share is high, the
host country invests in the new sector when physical capital price is
low.

12. We note that in the case where a. > max(ayg, 124~ ), we do not know if the country
invest in the new industry. Because, this condition does not make a strong influence on
the competition between firms in the new industry.
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(b) Second, when physical capital price p is low, the country also invests
in training if one of the following conditions holds : (1) return of
training € is high, (2) the ratio 54/cq of specific labor share over
capital share of the potential domestic firm is high, (3) the difference
Lo+ T, — L is low.

Let us finish this section by considering a specific case where we can
give explicit conditions under which the host country invests in training of
specific labor and in the new industry.

Example 2.1 We assume that

Qe _ Be _ ag + B
1— a, 1—ae.— B 1—ag—Ba

(VI.13)

(i) There exists an equilibrium with Hy > 0 and Yz, > 0 if and only if
the two following conditions hold

L
€S(0e+04+0.) > (€S+ Lo+ To— L) (00 + —254NL.15)
g+ B
where ) = a<%+7d)+%( " )E < 1, with a := a, =
a70+76 70+’Ve+/7d

g + ﬁd and

Oc = Qe o4 = (q + Ba)7a, 0. =7 (VL16)
Qe 1 —ac
Yo = al "CA " (ep) o (VL17)
g Bd 1 —ayg

= oG (4 T () (VL)
e = Oéelfa;;@e /Belfa_efeﬁe (Aepn) mpﬁ. (Vl.lg)

(i) There exists an equilibrium with Hy > 0 and Yy, = 0 if and only if
the two following conditions hold

L
eS+ Lo+Ty < m (VIQO)

€Sve > aye(Lo+ To). (VI.21)
Proof: See Appendix 5.3. =

In point (i), condition (VI.42) is to ensure that the GNP in case Yy, > 0
is greater than the GNP in case Y;; = 0. H; > 0 is ensured by Condition
(VI.43). In point (ii), condition (VI.20) is to ensure that the GNP in case
Y1 > 0 is smaller than the GNP in case Y;; = 0, H; > 0 is ensured by
Condition (VI.21).
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Example 2.1 shows the complexity of solution and indicates that the
optimal strategy of the host country depends on all parameters of the
economy. However, with the assumption in Equation (VI.13), the example
cannot illustrate all our results in previous section.

3 FDI in optimal growth context

In this section, we consider a small open economy in an infinite horizon
model with FDI. The consumption good is taken as numeraire. Price (in
term of consumption good) of physical capital (resp., new good) is denoted
by p (resp., p,) which is assumed to be exogenous.

At each date t, there is a multinational firm (without market power)
who maximizes its profit

(F): 7=  max [pnFe(Ke,t,Lft)— pK&t—thft](VI.QQ)
Ke,t,LD,>0 ’ ’

where, wage w; (in term of consumption good) is endogenous and determi-
ned by market clearing condition as we will see below.

If the country chooses to buy K.;1; units of physical capital at date ¢,
it will produce A.K¢f, units of consumption good at date ¢+ 1. If the host
country invests H;,; units of consumption good to train specific labor at
date t, it will receive Ay, H | units of specific labors. The host country may
also create a new firm in the new industry.

For simplicity, we assume that the depreciation rate of physical capital
equals 1. The social planner solves the dynamic growth problem.

(PO) : max . [tf@tu(ct)} (VI.23)

(Ct,Kc,t,Kd,t7Ld,t7Le,t7Ht) 0

subject to, for every ¢t > 1.

0 S Kct7Kdt7Ldt;Let7Ht VI 24
o+ S < AKD et T WiLey +pan(Kd,t7 L) VI.25
Sty1 =

Le,t S Atha

(V1.24)
(VI.25)
P(Kerr1 + Kapr) + Hi (VI.26)
(V1.27)
Lgy L, = (Ath‘ 6t) + Spillovers(Ae, Le 4, St)(VI 28)

IN

At initial date, constraint is given by c¢q + .51 < Sy, where S is given.
We make the following assumptions.

Assumption 3.1 The utility function wu(.) is strictly increasing, strictly
concave, continuously differentiable, and satisfies u(0) =0, u'(0) = +o0.
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Assumption 3.2

BAeLe,t
1+ 5
AaKS,(Lay — D)) ™ if Vs <t —1: Yy, =0

d dﬂf((l ar = L) >, s < +(V1.30)
AaKg Ly ,® otherwise.

Spillovers(Ae, Le, St) (VI.29)

FH(Kgp, Lay) =

As in the two-period case, to enter the new industry, the domestic firm must
make a fixed cost L representing the number of specific workers needed to
ensure that the production process functions. Once the domestic firm is
created, it does not pay this cost.

Different from the two-period case, FDI spillovers are endogenous in this
section. Each unit of specific labor hired by the multinational firm gene-
rates ﬁf};& units of specific labor. Specific labor generated by FDI spillovers
can be hired by a domestic firm. By our assumption, FDI spillovers are
decreasing in the development level of the host country S; and increasing
in the technology level of the multinational firm (see Crespo, Fontoura
(2007) for detailed discussions). The coefficient B can be viewed as the

absorbability of specific labors (or the level of learing by doing effects).

Definition 3.1 An intertemporal equilibrium is a list

D D [e%S)
(Ct7Kc,t7Ht7Kd,t7Ld,t7Le,tuL Ke,tuwt)t:[]

e,t?
such that
(1) Given (wy)2y, (¢t, Ket, Hes Kat, Lat, Le )2y 15 a solution of the pro-
blem (p,).
(i1) Given we, (LD, KL,) is a solution of the problem (F}).

(i) Labor market clears L, = L.

The labor market clearing condition means that specific labor supplied by
the host country equals specific labor demanded by the multinational firm.

Remark 3.1 If there does not exist the new industry, we return to a clo-
sed economy. In this case, the problem (p,) becomes the standard Ramsey
optimal growth model.

+oo

(p) : max [Zﬁtu(ct)} (VIL.31)
(Ct’Kc’t)t:() t=0

subject to ¢+ Koy <AKY. (VL.32)

In this case, we know that 1tlim Sy = S,, where S = afB(—).
—00 pe
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Lemma 3.1 Assume that Yy, = 0 for every t, we have, for everyt,

A\ e
wy = w = <oz”‘(1 - oz)lfo‘p—> :
pOC

Wa also have tlim Sy = Sy, where Sy, is defined by Sp“ = afA and A =
—00
A,
(¢

SOV 4 (wAy) )
) (wAp) ™)
Proof: The problem PO) can be rewritten as follows

max [Z ﬁtu@t)} (V1.33)

subject to ¢t + Sir1 < f(S) (VI.34)
Ct, St+1 Z O, (V135>
where, the function f is defined by
f(S) = Kcr,rfl(&}i(zo Ak +wLe
subject to: pK.+ H < S
L., < AyH;.

It can be established that f(S) = AS®. By using the well known result in
the standard Ramsey model, we have tlim Sy =5, m
—00

Interpretation : It is easy to see that S, > S,. Lemma 3.1 shows that
with FDI, the economy’s investment stock converges to a steady state which
is greater than the steady state when the economy is closed. If A, = 0 or
A. = 0, specific labors play no role and the economy is closed. In this case,
our model becomes the standard Ramsey model.

3.1 Static problem

We will solve a general equilibrium model at each date. The social
planner maximizes the GNP.

— « o T\t 11—«
(G) G(S) = KC,K;?S%E,HEOACKC +wLe + prAaK; ((Ld L) )

subject to

L. < A, H®
BA
Ly< A H*— L.+ —=1L,.
d = h 178
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It is easy to see that the function G is continuous and increasing in S.
The multinational firm (without market power) maximizes profit

Te = max |p,A K (L) — pK, —wLP (VI.36)

K.,LP>0

Wage w is determinied by labor marker clearing condition : L = L.
Denote Y, := F4(Ky, Lyg) and Y, := F¢(K,, L,).
It is easy to see that

Lemma 3.2 ] fTAg > 1, we have L, = A,H®.

This result shows that if FDI spillovers is high enough, all specific labor
of the host country will be hired by the foreign firm in order to get salary
and high spillover effects on high-skilled labor supply. The country may use
labor generated by spillovers effects to create a new firm.

Lemma 3.3 Assume that max(]ffg, 1)A,S® < L. We have Yy = 0.

Proof: If ffg <1, we have Ly < A H{ < A5 < L. As a consequence,
Y, =0.

If ]13;456 > 1, we have

BA
Ly < A HY— L, —eLe
@ = Thh t17s

BA. _ DA HY = Ay HY < ApS* < L.

SIéthtajL(lJrS

As a consequence, Y; =0. m

This result is consistent with the one in the two-period model where we
have proved that if the entry cost is high, the poor country which does not
have a strong FDI spillovers cannot invest in the new industry.

Lemma 3.4 Assume that BA, < 1 and A,S* > L. There exists A which
does not depend on S such that for every Ag > A, Y; >0 and Y, = 0.

Proof: Since A,S® > L, there exists A; such that Yy > 0 for every A, >
A;. Indeed, when Y; = 0, G(S) does not depend on A,. Since A,S% > L,
we can choose H closed to S such that A,H® > L. Then we chose L; =
ApH* > L. We now see that G(S) tends continuously to infinity when Ay
tends to infinity. This contradicts the optimality.

Let A; > Aq, we have Y; > 0. Assume that Y, > 0. We can compute

that y )
w = <oza(1 — oz)l_ap—n e) e
pOé
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Denote A, A1, Ay, \; Lagrange multipliers associated to constraints (VI.36),
(VL.36), (VI.36), and L. > 0 respectively. We have

K.: aAK* ' =X\p (VL.37)

Kq: ap,AgKg ' (Lg— L)' = \p (VI.38)

Ld : (1 - Oé)pnAdK:jx(Ld — E)_a = )\2 (V139)

H: A=\ +X\)ad,H*! (VL.40)
BA BA

L. : = 1-— I > (1 — o [.41

cw= M (- A 2 (1= (VL41)

FOCs of Ky, Ly imply that

A -«
Pn dOéa<1 _ Oé)lia _ )\a)\%f)\ < /\(%) )

Ae
p B ]13+S
As a consequence, we obtain \¢ > ﬁ—‘j(l — ?TASE)I_Q. (VI.41) implies that
w > (A1 + o) (1 — ]13;45). Therefore, we have
_ A+ Ao A, 5w
Hl > = OéAh < OéAh< >
voeesGae ) T
A s 1 P\ 25
<o =gy (a1 -0y B2e)
sed\ i paye) 1-ag \ @0
We define H by
_ A s 1 P 20
Hlfa — oA ( € > ( @ — 1704_6) )
A\ 0= pay=) T-ap \ - g

Since 1 > BA,, we have L < Ly > A,H* < A, H®.
We define A by L = A, H®. A contradiction will appear when A; > A.
As aresult, Y, =0. =

3.2 Dynamic analysis

Let us define the sequence (z;) as follows : zg = Sy, 411 = f(x;), where
the function f was defined in Lemma 3.1. Define 2* by f(z*) = z*. It means
that 4

T = (S5)T + (wAy) T
p
We note that f(z) < f(z*) < 2* for every x < x* and f(x) < z for every
x>zt
We define S := max{Sy, z*}. It is easy to prove that z; < S for every t.
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Proposition 3.1 (Poverty Trap)
Assume that max(BA,,1)A,S* < L. Then we have Y;; = 0 for every t.
And in this case ltim Sy = Sy for every t.

%

Proof: Assume that Sy < z*.
At initial date, we have Sy < Sy which implies that L;; < max(BA., 1)ApS§ <
L. Therefore, Y;; = 0.
At date 2, we have Sy < f(S1) < f(z*) = #* = S. Hence, we have
Lgy < max(BA,,1)A,S5% < L. Therefore, Y, 5 = 0. By induction argument,
we obtain that Y;; = 0 for every t. m

This results shows that no domestic firm can be created in a new indus-
try in a country if the country’ inital endowment Sy, the technology of the
old sector A., the productivity of training sector A, FDI spillovers effects
BA, are low.

Proposition 3.2 Assume that

BA, 0 =+

max(l o 1)ALSS < L (VI.42)
BA, ..

max(l Ty 1)ALSy > L. (VI.43)

There exists Aq > 0 such that for each Ay > Ay, there exists a date
ta > 1 such that Yy, = 0 for every t <ty and Yy, > 0.

Proof: Assume that Y;; = 0 for every ¢, the welfare of the country W does
not depend on A,;. We also have that ltim S; = Sp. As a consequence, there
ﬁ

exists ¢ such that max(24 1)A,5¢ > L.

1+S5;?
If ffi < 1. Let L;, = 0 and L}, = AH;. Choose H, is closed to
Sy such that max(ffi, 1A, (H))* > L. Let Ay be high enough, the new

welfare of the country will be greater than . This violates the optimality
of the country’s choice.

If £% > 1. Let L, = AyH{* and L}, = % A,Hf. Choose Hj is

closed to S; such that max(ﬁ“;, )AL (H))* > L. Let Ay be high enough,

the new welfare of the country will be greater than W. This violates the
optimality of the country’s choice.

tq > 1 because of the assumption max(ffg;, DASE < L. m

Interpretation : Condition (VI.42) means that the host country’s ini-
tial stock Sy is low and with this initial stock, the country cannot invest in
the new industry at the initial date.

Recall that S, = (Ozﬁ)i ((Acp_o‘)ﬁ—i—(wAh)ﬁ). Therefore, condition
(VI.43) means that the host country may cover fixed cost L if it has high
level of A., Aj, or strong spillovers (B or A, are high).
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Proposition 3.2 gives us an interesting implication : Consider a poor or
developing country (characterized by condition (VI1.42)) but its producti-
vities A, Ay, Aq are high enough (characterized by condition (VI.43)). Its
optimal strategy should be the following :

(i) Stage 1 : It should train specific workers.

(ii) Stage 2 : These workers work for the multinational firm in the new
industry to get favorable salary and working experiences or learning
by doing effects in order to improve the GNP of the country.

(ii) Stage 3 : Once the GNP reaches a critical threshold, the country
creates new firms in the new industry.

A natural question appears : Can the domestic firm eliminate the multina-
tional firm ? The following result answers this question.

Proposition 3.3 Assume that
BA. <1, A,Sy < L < A,Sy (V1.44)

(i) There exists A* > 0 and t* such that for each A > A*, we have
Yor = 0,Ye: > 0 for every t < t* and Yy > 0,Y.; = 0 for every
t >t

(i) lim ¢, =¢, lim S, =5, lim K., = K., lim K4, = K,, lim H, = H.
t—o00 t—o00 t—o00 t—o00 t—o00

Moreover, S > Sy.

Proof: Under condition (VI.44), assumptions in Proposition 3.3 are satis-
fied. Therefore, there exist A; and ¢; such that Y;;, > 0. As a consequence,
for every t > t1, we have

d __ a Tl1-a
Ft - Ade,tLd,t :

According to Lemma 3.4, we can choose A* > A; such that Y;;, > 0,
Y.+ =0 for every A > A*. Choose t* =t; + 1.
We rewrite the social planner’s problem from date t*

(P) : max [Zﬁtu(ct)} (VI.45)
(Ct75t+1)t:0 t=0
¢+ Sip1 < F(S) (V1.46)

where, F' is defined by

— « (e} a\1l—«
F(S) = e AKS + p AgKg(ARH?)
subject to p(K.+ Ky)+H<S

Since Ay is high, we have F\(S) > f(S). As a result, we obtain S > 5.
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It is easy to see that F(S) is dominated by some function F'S®, where
@ < 1, therefore we obtaint that S is finite. m

Interpretation : Proposition 3.3 shows that if the domestic firm in
a poor country has high productivity, this poor country should follow the
strategy mentioned above. And the domestic firm will not only be created
but also eliminate the multinational firm.

4 Conclusion

We have constructed a two-period small open economy model with
multi-sector, heterogeneous firms, and then used it to study the optimal
strategy of a country and analyze roles of all factors of the economy. Our
finding indicates that the country’s optimal strategy depends on its deve-
lopment level.

First, poor countries with low FDI spillovers cannot invest in a new
industry that requires a high entry cost. In this case, all specific workers in
this sector will work for multinational firms.

Second, the FDI spillovers can improve the GNP and help poor or de-
veloping countries to create a new firm, but it does decrease the optimal
share of high-qualified labor. We proved that if FDI spillovers are high,
these country may create a new firm without training of qualified wor-
kers. But if FDI spillovers are not high, these countries must train qualified
workers in order to invest in this new industry.

Third, our model shows that once the host country has a sufficient high-
skilled labor to cover the fixed cost in the new industry, the efficiency of
domestic firm is necessary and sufficient to ensure its entry. This explains
why developed countries do not invest in some new industries.

The competition between the multinational and the domestic firms de-
pends on many factors. The most important factors are their productivities
Ag, A.. However, credit constraint also plays an important role. Because of
credit constraint, the domestic firm may be eliminated even if it has a
higher productivity.

We also give dynamic analysis by embedding the two-period model in
an infinite horizon model. Our result suggests that a poor or developing
countries holding a hig should follow the following strategy : It first trains
specific workers. These workers work for the multinational firm in the new
industry, and then improve the GNP of the country. Once the GNP reaches
a critical threshold, domestic firms will enter in the new industry and po-
tentially eliminate the multinational firm.
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5 Appendix : Decreasing return to scale

We assume that ag + 54, e + Be < 1.

At equilibrium, since the production functions of the foreign firm and
the consumption good producer are decreasing return to scale, we always
have K@l, Ke,h Le,l > 0.

We now write first order conditions (FOCs) for foreign firm.

e—1
Lei:  paBeAKYLIT = w)
Ke,l : pnaeAngj_lLf,el =D

Therefore, we get that

—(1—ae)

ae w]- 1—ae—pf
Ke,l - __Le,h Le,l = 0.W, ey
Be p
- ae - 1—cae 1 —ae
Where 0_6 = aefaefﬂe /Be*llcfﬁe (Aepn) 1*“6*36])17&5755

Denote A, i Lagrange multipliers associated to conditions (VL.5), (VI.6),
respectively, and )y is Lagrange multiplier with respect to condition H; >
0. We write FOCs for the social planner for variables K., H1, Lc 1

Kei: ALK =Xp
Leq: w; —pu=0
H: —A+ pe+ A\, =0, where A\, >0, Hi A\, = 0.

Note that to solve social planner’s optimization problem, we must consider
two cases : Y1 = 0 and Yy, > 0. Then, we compare welfares in these cases
in order to know what is the optimal strategy.

5.1 Equilibrium with H; =0

(1) : If L0+T0 S .Z/ We have Le,1+Ld,1 S €H1+L0+T0 = L0+T0 S E7
thus Ly < L then Yq1 = 0.
(ii) : If Lo+ Ty > L. We have to consider two cases : Ys1=0and Yy; > 0.
Case 1 : Y;; = 0. In this case K451 = Lg1 = 0. Therefore, we get that

S
K.1 = —and L3 = Ly + Tp. By using FOCs of firm’s maximization, we

p
—(1—ae)
have L.; = o.w; “*". Hence, wage is computed by
g l—ae—fBe
wy = - 1-ce VI1.47
! (Lo + To) (VL47)

In this case, we have

Qe 1 Be
e

S L e
Welfare = A.(—)% + Beae  Ae™ (p—) o (Lo + Tp) Tee.
p pee
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Note that we have to justify the following condition
FOC of H; :epwy < Ap = acAchi_l.

This condition is equivalent to the following condition under which € is low
enough.

l—ae—B—e

)= < apdo(Lo+To) e . (VI4S)

Qe

1
651—%5604817% Al poe (p_"

pae
Case 2 : Y;; > 0. In this case Ly > L. We write FOCs for the social
planner
Kgi: pnOédAdKz”{_l(LdJ — L)% —Xp=0
Lav:  pnBaAaKgi(Lag — L)' —p=0

Since we are considering the case H; = 0, labor market clearing condition
—(1—ae)

implies that Ly = Lo+ Ty — Leg = Lo+ Ty — oew, <.

1
By using FOC for variable Ly, we get that K, = ( i )"d (Ld,l —
denAd
_ 1-84
L),

On the other hand, we have acAchi’l =\p= @dpnAngld_l(LdJ — L)Pe,
Therefore

1 l—ay -8
KC ) < acAc ) l-ac Kdliac (Ld — E) 1—c§ic
’ PrntaAd ’ ’
1 1 1—ay L
aCAC 1—ace 1 ag(l—ac) wl ag(l—ac) = (lx(%_aﬁ[%
_ L w1 (Lay — L) atiad
Qg PnAa Ba

S ) .
According K.; + K41 = —, we get that w; is a solution of the equation
p

Go(z) = 0, where

S a1 _ (a0 \ ot
Gal) i= ==+ ( dex i) (Lo YTy~ L Jexl—ae—ﬁe) ‘ (VL.49)
1 l1-a l—ag—p
n (acAc) ﬁ ( 1 > ag(l—ac) <£> ad(17ic) (LO X TO _ E S ffi;f?al) ad(ld—cuj'
ay PnAd Ba

It is easy to see that the function Gy is increasing. Moreover, inf Go(z) =
X

5 and sup G3(z) = +4o00. Therefore, the equation Go(z) = 0 has the
D

unique solugction, called wy.

By observing the equation Gy(w;) = 0, we see that when Ay tends to
infinity then w;(A,4) tends to infinity.

FOCs give us BapnYa1 = wi(Aa)(La1(Ag) — L) = wi(Aa)(Lo+To — L —
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—(A—ce)

oew; 7). Consequently, lim p,Y;; = +oo, then the welfare in this
Ad—>+00

case is greater than the welfare in the first case, which does not depend
on Ay. Moreover, lim Y;; = +oo implies that Y;; > Y. ; with A; is

Ad—++00
high enough. It means that we have just proved the result mentioned in

Proposition 2.9.

Remark 5.1 Assume that Ly + Ty > L and € is low enough such that
€84S < ay(Lo+ Ty — L). When Ay is high enough then the list

(Kea, Kag, Lay, Lep, Kep,wy)
given in case 2 above is the unique equilibrium.

Proof: Indeed, labor market clearing condition is satisfied. All FOCs of the
foreign firm hold. It remains to justify the FOC with respect to variable
H, =0, which is A > ewn, i.e., eplecl’Io‘c < a.A.. We have

lelIac w1 1 D%d w1 l;zd = 7_7(1_66) liao:liﬂd
c, — ety -1 l; 71 - L/__ . 1—ae Be) d
OZCAC g <pnAd> <5d> ( 0 + 0 et
Since Go(w1(Ag)) =0 and lim  wq(Ag) = +o0, we have
Ad%Jroo
S L = 1=Bd . w1 (Ad) 1
- > “d(Ly+Ty— L) *a (limsu *d
p (5dpn> (Lot To— L) (Ad—>+£ d )
A Ay))t—ad
Hence, lim supM < 400 then lim M = 0. Again, by
Agotoo  Ad Ag—ro00 Ag
using lim  Gy(wq(Aq)) = 0 which implies that
Ad—>+oo
S ]_ 1 _ 1-Bq . w1 (Ad) 1
— = ca(Lo+Toy— L) a1 o, VIL.50
p = (g et TomDyme lim (P (VISO)
We now assume that €345 < aq(Lo + Ty — L). We have
K o wi(Ag) LTy 1 .
Adhﬁnioo EPW - P Adhﬂnioo ( Ad ) ’ <p_n> —I;Zd <L0 +To - L)
Oédﬁd

- baS 4
de(Lo -+ TO — L)

Consequently, if Ay is high enough then epw K, C{I"‘c < a A, ie., FOC of
H, is satisfied.
When Ay tends to infinity then the welfare tends to infinity. m

l—ayg—By4

*d
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5.2 Equilibrium with H; > 0

Let denote Lo := Lo+ Tp+¢€S and U (resp. [7) the GNP in case Yy; > 0
(resp. Y1 = 0).
Recall that we are considering equilibrim with H; > 0, so A\, = 0.

We will consider 2 cases : Yg; > 0 and Yy; = 0. Let denote U and U the
welfare value of problem (P) with Y;; > 0 and with Y;; = 0, respectively.

Case 1. Assume that (f(cg, f(dJ, ﬁlazd,lyke,lf/e,lazbl) with EdJ > [_/,
K41 > 0 is an equilibrium. We have

Hi: —A+pe=0
Lai panAdf(zil(f/d,l — L)t — =0
Kd,l . pnOédAdKzal_l([:dJ - E)ﬂd - )\p = 0.

We get that

~ [aCAC} o (VL51)

Kc 1 =
' EpW1

= _ Ba~ = [Pa@aAa, Ba€p. 5,] TaiEy
Lig—L = PlepRyy, Ky = [P (28] (VL52)
Qq pewn Oy

By combining the budget constraint of the social planner and labor market
clearing condition, we imply that

((I’d,l - Z) + 6pl%d&) + Epkc,l + Z-/e,l = S+ L() + To — E

It means that @, is a solution of the equation G(z) = 0, where we define

G(x) = o@To + oo i + oga 0
ey (VL53)
7 = (acA) T (ep) (VL54)
agd Bq ) i
Oq = (Oéd + ﬁd)aéfadfﬁd 6;7Qd*5d (Adpn) 1—ag—Bgq (Ep) l_ad_B(VI.55>

We see that lim G(wq) = +0o0, lini G(w,) = L — Ly and G'(w1) < 0
w1 —>+00

151—>0+ "
for every w; € (0,+00). Therefore if L — Ly < 0 then the equation (VI.53)
has the unique solution in (0, 4+00).

Condition H; > 0 is equivalent to

S - [ochc}l_lac n [pnadAd Baep /Bd:|1_°‘;_5d‘

p €pwy pew ayq
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This condition can be rewritten as follows

og, " (VI.56)

—1
o
€S > o, " + d
aq + Bq

We now compute the welfare in this case. The welfare is given by

U = FC(KcJ)—FlDlZle,l +pan(f<d,17f/d,1)

A fgc ~ —(1-ae)
— Ac[acf} ' + o, e
epwy
ag+8
_{_@ [(ﬂd‘fp)ﬁd(OédAdpn)l e Bd} [;} 1*id*%d
(6 %] (67 €p w1
—Be —ag—Bq

~ 1-—ag—8
= B B ey,

where, we define

Oc 0d
Ye = —5 Vd =

————  Ye = Oe.
(8% ag + Bd

Case 2. Assume that (KC 1, f(d 1, ]:Il, [A/d 1, Ke 1Le 1, wl) with Ld 1= Kd 1
0 is an equilibrium. In this case, we note that Le 1+ ech 1 = Ly. As in the
case 1, we have

1
> acAc 1-ac
Kex = epw
1
B —(1—ce)
2 Qe W1 7 7 AT—ae—p
Ke,l — __Le,la Lel = OWq e
Be Pn

We get that w; is a solution of the following equation

-1 —(1—ce)

Qi) = ouaby " + oy T = Lo =0 (VL5T7)

We see that lim Q(wl) =400, lim Q(uw)= —Ly and G'(w;) < 0 for
w1 —+o0

w14)

every w; € (0, +00). Therefore the equation (VI.57) has the unique solution
n (0, +00). This solution is denoted by ;.
We now compute the welfare. The welfare is given by

> c/ T ~ T acAc 1i¥§c ~ f(ie agl
U = F (Kc,l) + wlLeJ = AC — + wlaewl
eEpwy

—Cc —Be

= Yol(thy) Toc 4 ety ) Tae e

., €S > o] e

. . . S racA ﬁ . =L
Condition H; > 0 is equivalent to — > [ - }
p €pwn
—aqg—Bg

Lemma 5.1 If (1 — ag — Ba)yaw, “* 7 > L then U > U.
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This result means that if the potential domestic firm’s profit (1 — oy —
Ba)pnYa1 can cover the value of the entry costs W L, the country should
invest in the new industry. But the inverse is not true. Because the domestic
firm’s entry increases the GNP by making a positive profit and increasing
of wage.

Proof: We observe that

—1

U = (eS+ Lo+ To+ (1 — a.)yab )iy (VL58)

~ —1

U = (eS+Lo+To— L+ (1—a.)yw *
+(1 — g — ﬁd)’}/dﬁjll &d_ﬁ d)’lzjl. (VI59)

Therefore, we get
U—-U = (eS+ Lo+ Ty)(wy — 1) + (1 — o) ye(w; % — 7o)
l—aq—Ba a5 -

+(————oqw; "7 — L)wy. VI.60
( agt+ By )i ( )

Consider the function f(z) := (eS + Lo + Tp)x + 1 ~2e0y 5T . We have

f'(x) > 0 for every x such that €S+ Lo+ Ty > og.x7ec =3 Therefore, w, > w;
implies that f(w,) > f(w), i.e.,

~ A 1—aq _5d ~17a717,8 =\ ~
U-U>(——— a7fd T, .
( ag + Ba 74t )w1

5.3 Formal proofs

Proof of Proposition 2.2:

The first statement is clear. We will prove the second one. It is trivial
it H; = 0. Hence, we assume that H; > 0. We consider 2 cases : Y3; = 0
and Yy, > 0.

Casel:Y;; =0.1It is easy to see that when Tj increases, w; decreases.

5 = "§w11 = will increases which implies 8}, decreases.
The same argument can be used to prove our result in the case Y;; > 0. m

Proof of Proposition 2.3: Case 1 : H; > 0. Let L — 0, we have
llm UA)l (.Z) = 12)1, lll’Il ’U~J1(I/) = 1211, where 12)1, U~)1 such that
L—0 L—0

-1 —(1—ce)

o o, 7 = eS+ Lo+ Ty (VL61)
-1 —(1—ae) ﬁ
aq d

Oy "+ oy "+ o = eS+Lo+Tp. (VL62)
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We also have lim U(L) = U, lim U(L) = U, and
L—0 L—0
U-U = (eS+ Lo+ Tp)wr — (eS+ Lo+ Tp)un (VI1.63)
—Qc —Qc —ag—Bd

+(1 - aC)’yC( | — wll ac) + (1 — Qg — Bd)'ydww'

—ac

Consider the function f(z) := (eS + Lo + Tp)z + =%0.w, ". We have

f'(x) > 0 for every = such that €S + Ly + Ty > acarl = Therefore wy >

wy implies that f(wy) > f(iy), ie., U —U > 0. Since U(L) — U(L) is

continuous, there exists L* > 0 such that U(L) > U(L) for every L > L*.
Case 2 : When H; = 0. It is clear. m

Proof of Proposition 2.4.: It is easy to see that lim w = lim w = 0.
S—+o0 S—400
_O‘d B4

Therefore, for S is high enough, we have (1 — ag — fq)Vah; "¢ ¢ > Laby.
Consequently, we obtain

11—« —ac —ac
cac(wl S Wy )

A

By using the same argument in the proof of Theorem, we have U (S) —
U(S) > 0 for S high enough. =

Proof of Proposition 2.5:

Let A, tend to infinity, we have 7. and so wy,w; will tend to infinity.
Consequently, we have

—(1—ce)
lim e, %% = €S+ Lo+ Ty (VI1.64)
Ae—+00
—(1—ce) _
lim ~ew; % = eS+Ly+Ty—L (VL.65)
Ae—+00
~ 11—
. W\ Toae—5s eS + LO —+ T()
lim (=) = _ > 1. (VL66
Aein-l}oo w1 GS + LO —f- T() — L ( )
Therefore, we get that
2 ~ —Be
im ¢ = <ﬂ> et (VL67)
Ae—r+00 U U)1

Thus, there exists A, > 0 such that U > U, ie., Y31 = 0. It remains to
verify that H; > 0, i.e., ew; > pafgf‘f%. This condition holds with A, is
high enough. m

Proof of Proposition 2.6: Assume that H; > 0. Like proof of Proposition
2.5, we have Y;; = 0. But in this case, condition H; > 0 is not satisfied.
Hence, we have H; = 0 at equilibrium.
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By using the similar argument in Remark 5.1, we get that Y;; = 0 and
FOC with respect to H; is satisfied. m

Proof of Proposition 2.8:
Assume that £y > L > Lg + Ty. Wage w0, is the unique solution of the
following equation

1 7(1 ae)

O'Cwll_ac +Ue 1 Toele +0- wl ad I-ea=Pa €S+L0 +T0 L) (VI68)

We see that w; depends on Ay, we can write w; = wq(Ay). It is easy to see
-1
that wy(+) is increasing in (0, +00). Since Alim 0q = 400 and og, "¢ <
B d—>00
Ly — L, we obtain Alim w1(Ag) = 400. By combining with (VI.68), we
4—>+00

have »

e _
lim o, 7 =Ly — L > 0.
Ad—>+OO

Consequently, we obtain

—cd—Pd —=L __qaq+Bd
~ 1— . ~ 1—
Ahm oq, T = Ahm ad d= Bd[aw “a Bd}
d—+0oo d—>+0o0
— _ T\@t+Ba 1; l—ag—PBa _
= (Lo—1L) B lim o, = +00.
d4—r+00

Therefore lim U(Ag) = +o0. By combining with 1, does not depend on

Ag—+o0
Ay, we have lim U(Ad) > U, then critical level A; in Proposition 2.8
Ag—+o0

exists.
Since L > Ly + T}, we have

-1 —(1 ae)

eS > Lo—L=oa; * + o, “ "% + 04 wl1 T (VI.69)
ad ~ 1— alﬂ

> o0, “C+ o, ‘47, VIL.70

c™1 ad_’_ﬁd 1 ( )

Therefore, we have H; > 0. We can now define A; and A .

A = inf{A,:U(Ay) > U} (VL.71)
Al = mf{Ad . }/d,l Z }/e,l}~ (VI72)

We now prove that A; increases if L increases.
For each L, Ay, we write (L, Aq) meaning that wage depends on L, A,.
Then A; is the unique level of productivity such that U(A;) = U which
can be rewritten as

—ac —Be —ag—B4 ~

Ye(W1(L, Ay)) =0 4+ e (Wi (L, Ay)) o Pe 4 g (wn (L, Ay)) o Pa = U.
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Note that U does depend neither on L nor on Ay. Since @ is increasing in
the first variable, decreasing in the second variable, and ~, is increasing in
Ay then we have A, is increasing in L.

Similarly, A; is increasing in L. m

Proof of Proposition 2.9:
o _
Case 1: ¢S < —d(LO + Ty — L). This case is a direct consequence of
d

Remark 5.1.
A, can be defined as follows

Ay i=1inf{A;: U(As) > U and epK7* < a.A.}, (VL.73)

where K. is defined as in the case 2 of Appendix B.

Case 2 : €5 > %(Lo—l—To — L). We get
d

aq

€S>(€S+LO+TO_E)& —|—ﬁ .
d d

Condition H; > 0 is equivalent to €S > ep(K.1 + Kg41), i.e

€S > UCw1 * 4

As in Proposition 2.8, we have lim o0, = =eS+ Lo+Ty—L > 0.

Ad—H—oo
Thus
—1 Qyq ~ﬁ 7]
lim o0 % 4+ o, TP = €S + Lo + T¢ < €S.
Ag——+oo 1 Qq + ﬁd 4™ Bd( 0 0 )

This implies that H; > 0 if A is high enough. Other statements in this
case are proved in Proposition 2.8.

A can be defined as follows

Ay :=inf{A;: U(A)>U and

€S > o + do—fﬁda BT (VLT4)

Proof of Proposition 2.10 :
We have H; =S — p(K.1 + Kg1). Hence Hy > 0 if and only if

S
2 > K.+ Kai. (VL.75)
p
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—1

If Y;; = 0. In this case, (VI.75) is equivalent to €S > o, °°. Recall that
w; is the unique solution of the following equation

1 —(1—ae)

Q1) = oab, * + o, * 7 —(eS+ Lo+ Tp) = 0.

—(1—ae)
Consequently, H; > 0 if and only if o, * % > Ly + Tp. Since w; is
decreasing in €, this condition is equivalent to € > ¢, where ¢ is the

—(1—ae)

unique solution of the equation o,x7=2c=5c = L+ Ty.
If Y, > 0. In this case, (VI.75) is equivalent to

—(1—ae) —

Yewy "+ agyawy 7 > Lo+ Ty — L. (VL.76)

Since 74 is decreasing and w; is increasing in €, condition (VI.76) is equi-
valent to € > €5, where €; is the unique solution of the equation

—(1—ce) —1

,yewll—ae—ﬁe + ad'}/d/lj)ll_ad_ﬁd = LO —+ TO — Zz

Therefore, Hy > 0 if € > € := max{e,e}; H = 0if € < ¢ =
min{ep, €2}.
m

Proof of Proposition 2.11: We denote X, X, X, such that

—ac -«

d
o, = XeeT-ee, ogg5=Xge' b, o,=X,.

By definition of w;, we have

X, X, L T
i =S5+ ~ot o (VL77)
(€tdy) Tee eI Pe €

Let e tend to infinity, thus 0 (e) will tend to zero. Moreover, we have

e X
lim e (€) = +oo. Indeed, (VI.77) implies that lierinf e, e > ==,
€E—+00

e——+o0 S
Therefore
l—ae —Be
ey = e, * 7w, 7" — +oo when € — +o0.
. : - Xe
By combining with (VI.77), we obtain 115_11 — =S.
€00 ~N1—ae—PBe
Definition of w; implies that
X Xe X, Lo+Ty— L
1 e 54 T E (y17s)

e I e ‘



5. Appendix : Decreasing return to scale 167

By the same argument, we obtain lim ew;(€) = +o0.
€—>+00

We now compare the welfare between two cases : Y;; > 0 and Yy, = 0.

—ac —Be

2 1— -~ 1 ae—pf
Ule) Yeldy " 4 yedy
= = - — ——7;
U(E) : Qc T aBe _—Xd—Pd_
~1— ~1—ae—p ~ 1l—ag—B4
YWy e + YeWq T+ YaW,
*Otc _ —Be
XC€1 O‘Cw —ac _|_X Al ae—PBe
- X —oc _ —Be _odo [;d
T T—ac T—ac—Pe m aqg—Bq
o€ cw + Xew, +ad+6de W,
N —Qc —Be ,\% —Be
D R R
R— C
a — — _l-ae —« B —og=Bq °
X :lc 755 fp— 17[1_1 e T—ag—Bg
C(GU}1>1 ac €l—ae +X (Ewl )1 cxe + ad+/3d€ ag—Bq aewl
Case 1 : 4 . This condition is equivalent to
1—a. 1 — fa
1 — Qe . . . . ~ _l-ae
r—y which 1mpl1es that lim e(w(€))T=ec—Fc = +o00. Consequently,
— Qe — Pe €—+00
L Xa
we obtain lim T T =S.
e—H—OO( ~1-B4 71 B
ew, ") -eaFa
ag+Bd 3
l—ag— e . .
Denote N := a—Pa . We observe that 5; > ——— is equiva-
ag g d 1
e -«
l—ad—ﬁd + 1—045 ¢
- ,8 N_lflﬁ
lent to N > =5 Hence ew) = ew, ", ¢ — 0 when € — 4o0.
— Pa
Moreover, we can write
—ay B —ag—Bq _ag B
(Tagapy T Zewl ag—Ba  _ (Eﬁ){v) T—ag—Bg 1735'

Thus, we get that R
im Z{(E) = 0.
e—+00 U(E)

Therefore, Y31 > 0 at equilibrium when € is high enough

Case 2: 3y = case, and
note that lim z’)l < 1 we get
€—+00
U
im 2 g
e—+oo U(E)

Therefore Y;; > 0 at equilibrium when € is high enough.

/Be /Bd 1 1
Case 3 : 83 < 5 - < aim In this case, we write

. Ted—=hqg ~1+§—d _—9%d
oa(W) e P = Xg(ew; *)TeaFa,
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Since g < = Be - < a[jfﬁ , we have 1+§—Z—1_1;+“_556 > 0, and we get
Ba l—cae 1+&, l1—ae
lim e, ¢ = lim ew; * %@, ¢ "7 =0.
€— 00 E—00
—ag—Fq
Consequently, lim o4(w;)"*afa = oo. According Lemma 5.1, we have
€E— 00
lim U — U = +oc.
€E— 00 ~ A~
Note that, if ﬁd < 165 = B we have lim U — U > 0, when € — +0o0.
O‘e aatPa €—00
Case 4 : 1 o > an + ﬁ . By using the same argument of Case 3, we have

g
lim o4(w;) a7 = 0. On the one hand, we have
€—00

—Qc —Qc

U-U = (€S+LQ+T0)(QZ}1 )+(1—Oéc)’}/c( e —wf ac)
1-— — # \ ~
F (AP T Lyay

1

aq + B
l1—oy— ~,¢;71, =\ ~
< (M oqy "4 — L)y (VL.79)
ag + B
Hence, lim erf U — U >= 0. On the other hand, we also have
E—+00
~ ~ —ac —ac _ —Be _ —Be . Bq
U—U = 3@ —0]%) + v (i P — iy ) o iy 47
fo‘d*Bd
< 'del_ad_ﬂd-
Hence, lim sup U—U<0. Therefore, we obtain lim U — U=0.
e—+00 e—+00
Case 4.1 : 1—aq > 5 ’Be - > —Ba_ We have - — —=2_ > (0, and then
ag+Bq” ag l—ae—Le
1 1—ae 1 1—ae
eyt = ew; Py TR )
—1 1 —ay
when ¢ — oo. Consequently, lim ew; ** ™ = lim Xy(ew;* )P =
€—00 €—00

+00. According (VI.79), U — U > 0 when e is high enough.

—1
“a=Pa _ ()

Case 4.2 : 1 —ay < 5 66 . In this case, we have lim ew, "
€—00

First, we have a remark that for v € (0,1), we have y7 — 27 > vy~ (y —
z) for every y,z > 0. Therefore, we have

—Qc —Qc _—1 _—1 _—1 -1
Wy — W) = (W)Y — (W) > ety (W] — Wy )
*Beﬁ *5eﬁ 1—(1—&2) Be 1—(1—02) Be
~N1—ae—fBe T 1—ae—Be H1l—ae—Pe N1l—ae—Pe
W — W = (w YT-ae — (W ) T-oe
1 1 1 1
ﬁe —(A—ce) —(1—ce)
> iy (DT e _ qpTreePe ),

1—a,
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We now write

A ~ _ac _ac 766 756 l_ad Bd
U o U — fyc(wll ac ,Lbllfozc) + ,ye(wll—ae—ﬂe _ ,l’lv)ll—ae ﬂe) ,.y 'lIJ ag—Bq
= (SR - nZ@T - ol ¢ ] - al )
— Qe e Qe Qe
/66 1 — ae T —Be T —Be B l_C;d %d
+ e( 1—C¥e Be _wl ae-ﬂe) ,.y w d—Pd
1— Qe ﬁe
_ _ —aq—B
Z 1_1(Xe /662(/\1170:;6 _wll D;pc)_’ydwl add ﬁ‘fj
— Qe Qe
/68 ~ :ic _1 1 (;e a;})e N1 (;e a;)e
+1_aw1 O (W] — Wy 7)) + o (W, — )
e
ﬁ 3 —1 —ag—Bq
> 1 _e& ZZ)l(L — O'dlbl ad ﬂd) — ’}/dlfjll “a—Pa
e

Therefore, we have

2 - A~ /86 T /86 ~1l—a B ,lz)l ~1l—a 176
U-U > ( L— ahd d d>.
YINTZ Q, 1—a, oat (g + Ba)wn ot

-1
Recall that in this case, we have L > 0, lim # =l and lim ew; *% = 0.
e—oo W1 €—00

So, we imply that U — U > 0 when ¢ is high enough. m

Proof of Proposition 2.13: If €S + Ly + Ty < L, we have Yy; = 0. We

now consider the case €S + Ly + Ty > L.

We assume that H; > 0. By observing equation determining wage, we see

that wage increases when selling physical capital price increases. Moreover,
lim w; = lim w; = 4+o00. VL.57 implies that

Ppn—+00 pn—+00

lim aewll e =S+ Lo+ Tp.

Pn—>+00

Equation determining w is equivalent to

—1

~T—ae O¢ Pn —1 O¢ Pn
oot e (P ey % (PR Sy Lo+ Ty— L,
1 e—Be w 1— —B wl
pno‘ 1 pn g d

where we note that —%— and —%— do not depend on p,.
p%*aefﬁe Pl O‘d B4

Therefore, we have 22 = 71_—% is bounded. This implies that lim 22 =
w1 Pn—+00 w1

0. Consequently, we get

lim aewll we- P =eS+ Lo+ Ty — L.

Pn—+00
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w
Thus, we obtain lim B (

Pn—+00 W1
We now compare welfares

€S+L0—|—T0 )_%
ES+L0+T0—E .

PN=I-7- % o N ———Be
0e(01) 5 43, (i0)
—oc —ag—Bq
’chl e +’76w1 ae Be +’7dw1 =l
—(1—ce) ~
Ye(iy) T + e (ty) T e wy
-1 —(1 ae)

’chlliac + 76w1 el + Yaw

v
i

~m w1

Hence, we obtain

U S+ Lo+ T,
lim = = (2Tt e o
pn—r+oo [J eS+Lo+Ty— L

This implies that when p,, is high enough, U>"U.

We can also see that condition (VI.75) is satisfied when p,, is high enough.
So, when p,, is high enough, we have Y;; = 0 and H; > 0 at equilibrium.
|

Proof of Proposition 2.14:
Case (i) : 125 > max(ac, aq). As in proof of Proposition 2.13, we
obtain
lim wp® = lim wp* = lim wp*? = 400
p—0 p—0 p—0

1—ae

lim oty " i =eS+ Lo+ T

p—0

1—a

hH(l)O'e’lIle *e=Fe :€S+L0—|—TO—Z

Consequently, we get

. uAjl 65 + LO + TO l—ae—fe
lim — = = 1-ce VI.80
Plg%lzil (ES+L0+TQ—L) ( )

. U €S + LO + TO _Be

lim = = —) e VI.81
ms - Ginin-1 (VL.81)

Therefore, when p is low enough, we have U, >U.
We have to: now check that H; > 0 when p is low enough. We will check that

€S > o.ab; . As in proof of Proposition 2.13, we obtain lir% o] % =0,
p—

Hence, H; > 0 when p is low enough.
Case (ii.a) : The proof is similar to point (i) of Proposition 2.4.
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Case (ii.b) : Assume that H; = 0, we write the equation of w,

1—ae

SN W - M, o
S = () (pwi*) (Lo + Ty — L - —) "
den d (pwl ae )m

QCAC ﬁ 1 o (11*0413) %
+< > <—7a ) ¢ pw; e <L0+T0
Qq pnAdﬁcll ¢ !

l—aq—Bgq
- M. =

ag(l—ac)
L ) ,

l—ae

(pw, * )Hfﬁ

where M, := o.p a7 which does not depend on p.
First, it is easy to see that w; increases if p decreases. Moreover, lin% wi(p) =

pP—
+00. .
If there is a sequence (p(n))n—1,2,.., converging to zero such that p(n) (w1 (n))
is bounded from above. * Since =%~ < L < =% e have

a(l—ae) aq ac
p(n)(wl(n))aild = p(n)(wi(n)) - (w1(n))é_1;:e — 0 when n — 0
p(n)(wi(n)) = p(n) (w1 (n)) 4 (w1 (n)) %4573 5 0 when n — 0.

l—ae

Therefore, we get a contradiction to the equation of wy. So, we have hH(l) p(wl (p)) xe =
p—
+00.
We now prove that lir% p(w1 (p)) @all=ac) = (), Indeed, if there is a sequence
p—

l—«

-«
(p(n))n=1,2,. converging to zero such that p(n)(w:(n)) sat=527 is bounded
from below. We get that

1 l—ay 1 l—ay
@

i = p(n) (wi(n)) 7029 (wy(n)) 2 7000 — 400

p(n) (wi(n))

when n tends to infinite. This implies a contradiction to to the equation

determining wage.
1l—ae l—ay

: Pl - agd-ad) —
We have proved that }g%p(wl@)) +00 and Zl)lg[l)p(wl (p)) 0.

The equation determining wage implies that

1 1 _ 1=84 L
_ (ﬁdp Ad) %4 (Lo+Ty— L) @ limpuy’”.  (VI82)

By using the same argument in Remark 5.1, we see that the first order
condition of H; is satisfied. m

Proof of Example 2.1: We prove point (i). Point (ii) can be proved by
the same argument.

13. We write w;(n) instead of wy(p(n)).
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Assume that there exists an equilibrium with Hy, Yy, > 0.
We find conditions in which U > U under Assumption VI.13.
By using Assumption VI.13, we have

Lo— L

L

= Oc+ 0.+ 0q
U = (Ye+ % +r)oi
<\ Lo
()" = Oc+ 0c
U = (e +7) (@)™,
where x := —1/(1 — a,). Therefore we see that

U>U

70+76+7d > < EO O—c+0—e+0d>ac
70"'/76 £O_E Uc+ge

<~ ,CQ—IJZQ,C()@(I—Q)EOZE
Note that €2 < 1. Indeed,

O = O‘(’)/c"i_/yd)_’—%i( '7c+’ye )alc
Oé’)/c—i_')/e ’Yc_'_/}/e—i_’)/d
_ (Ve t7a) +7e Vet e
OKYC—"/YE ’70+’78+’7d
On the other hand,
et V)t @ g Y et Vet
AYe + Ve QaYe + Ye Ve + Ve Ve + Ve
A L
Therefore 2 < 1. Consequently, U > U if and only if £y > T—q
Condition H; > 0 is equivalent to
~ :71 ad ~ 1707176
€S > o, *° + oqw, 47
! ag+fBa

€S+L0+T0—L
O+ 04+ 0,

. The-

1 1
Under Assumption 3, we have wT-ac = w!-*aFfi =

refore, H, is equivalent to condition (VI.43).

We now assume that condition (VI.42) and (VI.43) hold. Then €S+ Lo+
Ty — L > 0 then equation (VI.53) has a unique solution who is equilibrium
wage. We see that all first order conditions hold. Condition (VI.43) ensures
that Hy > 0 in this case. Thus, the list (K1, K1, H1, Laq1, Leq, Ke1,w1)
given in proof of Example 2.1 in case Y, > 0 is the unique equilibrium.
We now have

od B4 1 1 _ 1
l—ag—Bg nl-ag—Bq pl-ag—B4 ,1-ag—Bq 1-—ae—Pe
Yor v oy By Ay Pn 1
Y. - 65_ - ae Be 1 g ae g
el P)/@ Oéel—ae—ﬂe /Bel—ae—ﬁe Ael—(!e—ﬂe plfad*ﬁd l—ae—Pe ¢l-ag—Bq
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6 Appendix : Constant return to scale

We assume that ag + B4 = a. + . = 1. We write FOC for the multina-
tional firm. If K., L.; > 0, we have

aepnAngi_lLi_lae = P (VI83)
(1 = ae)pn A KLY = wy. (V1.84)
Consequently, we get wi™® = a2 (1 — o)~ A.p,p~®. In this case, the

multinational firm’s profit equals zero. This implies that the multinational
firm’s profit equals zero in any case. Note that K.; = L.; = 0 is a solution
of this firm’s maximization problem.

Denote A, A¢ Lagrange multipliers associated to conditions (VI.5),
(VL.6), H; > 0, and L.; > 0, respectively. We have

K.q: ozCACKCOfi_l =Ap
Ly : wy — p+ A =0, where \y > 0, L1\ = 0.
H: —A+ pe + A, =0, where A\, > 0, H1 A\, = 0.

If Yy1 > 0, we have

Kav: paoaAaK§i Loy — 1) = dp

Ldﬂ : pn(l‘_(ldLAd}(zi(LdJ —-L)_ad:: M_

Proof of Theorem 2.2: The first case is clear. We assume that Lo+ 7Ty +
€S > L. It is easy to see that when A, tends to infinity, the GNP tend to
infinity if the host country invest in the new industry. So, when Ay is high
enough, we have Y;; > 0 at equilibrium. Therefore, Ly + Ty + ¢H; > L at
equilibrium.

If Lo+ T, < L then we have H; > 0. The second statement of Theorem 2.2
is proved.

Case (2.2.1) Lo+ Ty > L and €S < 72 (Ly + Ty — L). Assume that

1—ayqy

L.y =H,=0.FOCs of K.; and K4, imply that

Qe AI T (Lo + Ty — L) ™70 = pag AgK L.

We then get an equation determining K ;

1—ac¢

)ﬁ(LO + Ty — D)K.

pnacAc
OédAd

S :ch,l + (

This equation has a unique solution. It is easy to see that when A, increases,

K., decreases, and lim K.; =0, lim Ky =S5/p.
’ Ag—r+o0 ’ Ag—+o0 ’
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We now check FOC of H; : A > pe will be satisfied when A, is high
enough. This condition can be written as % > €p which is equivalent to

%M > ep. This condition is satisfied when A, is high enough since
—aqg Kin

lim Ky =5/p.

Ad~>+oo

Case (2.2.2) Lo+ Ty > L and €S > 24 (Lo + Ty — L). We will check

11—«
that L.y = 0 and H; > 0 at equilibrium. Ass{ilme that L.; = 0 and H; > 0.
Then we }}ave Lg1=Lo+1Ty+eH, and A = pe. FOCs of K1, Lg implies

that 2L — 1;%ep Hence, we get pKg1 = 24 (Lo + Ty + eH, — L) and

Kd,l o 1—ay

1-— (6%} )1_ad

OécAchiil = )\p = pnadAdKz(i_1<Ld,1 — E)liad = pnOédAd( €p

Hence, we can compute K. ; in oder to get that

S = pK.i+pKq + H
QA L a L0y ag-ac H ag(Lo+Ty — L
- (et ey ot Tl
PrngAg (1 1—ay 1 —ayg)e
Since S > %, this equation has a unique solution H; > 0 when A,
is high enough. It is easy to check all FOCs. Therefore, L.y =0, Y1, H; > 0
given as above is an equilibrium. m

— ad)e

Proof of Proposition 2.12: When ¢ is high enough, it is clear that the
country should invest in training.

Assume that the country also invests in the new industry, i.e., Yz, > 0.
According the computation in the proof of Theorem 2.2, we have

1-— Qq

ep) KL > pnOédAd(l — ep)l_ad(g)l_“c-

acAc > pnadAd( v D

This condition will be violated when € is high enough. =
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Chapitre VIl

Conclusion

This dissertation discusses some issues which seem important for us.

1. By introducing Uniform and Sequential Gains to Trade Hypotheses,
we prove the existence of monetary equilibrium in an infinite horizon
model wih fiat money and collateralized assets and point out that the
liquidity trap may appear in any period.

2. The existence of intertemporal equilibrium in infinite horizon models
with incomplete financial markets (because of borrowing constraints)
and capital accumulation is also proved. When there is a long-lived as-
set with positive dividend, equilibrium exists even agents do not have
endowment. In our frameworks, technologies may be non-stationary
and the aggregate capital stock are not necessarily uniformly boun-
ded.

3. The dissertation contributes to the understanding of rational bubbles.
Rational bubbles of financial asset are studied in two types of model :
(1) general equilibrium model with incomplete financial market and
without production, (2) Ramsey model with heterogeneous agents
and incomplete financial market. Rational bubbles exist only if there
exists an agent whose borrowing constraint is binding at infinitely
many dates. We prove that there exists a bubble if and only if in-
terest rates (in term of financial asset) are low, which means that
the sum (over time) of interest rates is finite. We next give an exo-
genous condition under which bubbles appear. Bubbles of physical
capital are also studied. Physical capital bubbles exist if and only if
the sum of returns on capital is finite. As a consequence, if technolo-
gies are stationary and under standard assumption, physical capital
bubbles are ruled out. In a standard Ramsey model with heteroge-
neous agents, with non-stationary linear technologies, bubbles exist if
and only if the sum over time of productivities is finite (which means
that productivities decrease with sufficiently high speed).
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4. We study the efficiency of intertemporal equilibrium. An intertempo-
ral equilibrium is called to be efficient if its aggregate capital path is
efficient in sense of Malinvaud (1953). In standard Ramsey models
with heterogeneous agents and linear production functions, every in-
tertemporal equilibrium is efficient ; interestingly, efficiency and bubbles
may co-exist at equilibrium with such technologies. In a general equi-
librium model with physical capital and financial asset, financial di-
vidends may make production paths efficient.

5. We study the relationship between the financial market and the pro-
ductive sector in a dynamic deterministic general equilibrium model
with heterogeneous agents, capital accumulation, and imperfect fi-
nancial market. By economic recession we mean a situation at which
no one invests in the productive sector. We prove that when the pro-
ductivity is slow, the economy will fall in recession because the agents
prefer financial assets to physical capital. However, in some cases, fi-
nancial assets may be benefit to the economy by providing financial
support for the purchase of the physical capital. We also point out
that, a fluctuation of financial dividend (§;) may create a fluctuation
of the aggregate capital path (K}).

6. The last contribution of the dissertation is to point out the link among
multinational firms, FDI spillovers and economic growth. Consider a
poor or developing country having competitive productive sectors. Its
optimal strategy should be the following :

(i) Stage 1 : It should train specific workers.

(ii) Stage 2 : These workers work for the multinational firm in the
new industry to get favorable salary and working experiences or
learning by doing effects in order to improve the GNP of the
country.

(ii) Stage 3 : Once the GNP reaches a critical threshold, the domestic
firm will enter in the new industry and potentially eliminate the
multinational firm.

For the future, we would like to study the following problems :

1. We need a "general” theory of bubbles, which allows us to study
bubbles not only in general equilibrium models but also in asymmetric
information and overlapping generation models.

2. We feel that we still are far from a well-understanding of the efficiency
of capital path and of intertemporal equilibrium as well. To solve
this problem, we need a new version of Cass Theorem with non-
concave, non-stationary technologies and without the boundedness
of capital paths. Then, we apply this to understand the efficiency of
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intertemporal equilibrium in models with non-stationary technologies
and/or without discounting.

. It would also be interesting to study the relationship between rational
bubbles and the efficiency of capital paths.

. Fluctuations of the aggregate capital path (K;) is a promising topic.
Can a fluctuation of (K};) appear even when financial dividend is zero 7
Do credit constraints create an endogenous fluctuation of (K;)?

. We need to understand the impact of borrowing limits f% not only on
asset prices but also on the efficiency of intertemporal equilibrium.

. By interpreting heterogeneous agents as heterogeneous countries and
financial market (with financial frictions) as international financial
market, we should develop the model in Chapter 5 to analyze capital
flows and global imbalances.



