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Abstract

In this work, we study continuous fiber preforms in the context of Resin Transfer Moulding
(RTM) processes. The aim of the thesis is two-fold: propose a new methodology to ob-
tain mesoscale geometrical data from preforms and provide a new numerical model able to
predict permeability or perform mesoscale filling simulations in a computationally efficient
way. In the first part, the focus is on the acquisition of geometrical data from preforms:
we propose a novel methodology based on the analysis of the pressure field experienced
by a dry preform under compaction. By using a commercial pressure-sensitive film, the
pressure field exerted by a stack of layers against mould walls is captured and analysed.
Taking advantage of the periodic morphology of textiles, geometric patterns revealed by the
pressure field are interpreted according to spectral Moiré analysis to recover the orientation
and spatial distribution of each individual layer in the stack. In the second part, the recon-
structed digital architecture of the preform is used to carry out numerical flow simulations
at the scale of the yarns, to characterize permeability of the stack or directly perform filling
simulations. The stack geometry is replaced by a skeletonized representation of the same,
on which a two-dimensional flow problem can be solved numerically, greatly reducing the
computational cost when compared to a full 3D approach. This “medial skeleton” model is
first formulated in its single-scale version (flow in channels) and then extended to dual-scale
(flow in channels and yarns). The model potential is illustrated through several test cases.
This research establishes a pathway going from the acquisition of non-destructive data to
the simulation of the dual-scale flow inside a multi-layer layup of textiles.
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Chapter 1
Introduction

1.1 Industrial context and motivation

Being able to predict the outcome of a manufacturing process still remains one major chal-
lenge in the industry of composite materials. Resin Transfer Moulding (RTM) is a family of
Liquid Composite Moulding (LCM) processes used to produce composite structural parts in
which a fibrous preform is compressed inside a rigid mould and impregnated with a poly-
meric resin (Fig. 1.1), which is later solidified to obtain a finished part [1]. When producing
RTM parts, engineers are interested in predicting the filling pattern and anticipate defects
that may arise due to an insufficient infiltration. This is typically achieved using numerical
simulations to model the macroscopic flow inside the fibrous material using Darcy’s law [2,
3]. However, simulations rely on assigning the proper permeability data to the material.
This upscaled tensorial quantity expresses the compliance of a textile to be infiltrated by
a fluid and depends on the material microstructure. In the industrial context, permeabil-
ity is estimated mostly by experimental characterization on a flat sample material [4, 5].
However, for the same layup and fiber volume fraction, different values of permeability can
be registered from part to part [6]. Variability arises mostly from the mesoscale architec-
ture of the part, which originates from the preforming stage [7], but also from the intrinsic
variability of textiles [8]. In recent years, significant efforts have been devoted to the numer-
ical characterization of permeability by simulating the flow inside a digital Representative
Volume Element (RVE) of the material [9–11]. The challenge for this approach is in the
acquisition of the mesoscale geometric data to create a realistic digital material [12]. The
geometry of an RVE can be measured in great detail using µ-CT, but the high cost and the
small size of sample that can be studied mean that this technique is of little interest for the
industry context [13]. Furthermore, due to the design of composite parts, the permeability
of a preform is usually not homogeneous throughout the part (ply drop-offs, change in fiber
orientations and volume fraction), hence cannot be represented by a single value extracted
at one location.
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Figure 1.1: a) Schematic of the RTM process; b) dual-scale flow impregnating a quasi-UD textile [14]

Objective The objective of this thesis is to develop a novel workflow for RTM process
simulation that relies on real material data, bypassing the need for traditional permeability
characterization with liquid flows. The research work can be divided conceptually in two
parts: geometrical data acquisition and process simulation. In the first part (chapters 2,
3) we introduce two new non-destructive methods to acquire mesoscopic geometrical data
from quasi-UD textiles. The measurement is cost-effective and not limited in size, because
based on using an affordable pressure-sensitive film [15] that can be laid inside the mould.
In the second part (chapters 4, 5, 6) the acquired data is processed to develop an efficient
model of flow simulation, based on the principle of geometry skeletonization and model
reduction. The outcome is a dual-scale flow model that can be used to simulate directly the
filling of a multi-layer preform, at the meso-scale, based on real material data and without
the need of any permeability characterization.

Although both parts can be treated independently, they complement each other in a
seamless workflow. The scientific challenges related to each task and their place in the
thesis are presented in the next section.

1.2 Scientific challenges

The challenge in the characterisation of fine geometrical features of a textile preform comes
from the intrinsic variability of highly deformable dry fabrics. The meso-scale structure of
a fibrous preform is the result of the complex interaction between multiple layers of textile
which are stacked and compacted inside a mould [7]. Traditional techniques to character-
ize the meso-scale geometry of a fibrous preform are available. Photographic inspection
techniques such as the one developed by Gommer et al. [8] are effective, but limited to the
visible surface layer. µ-CT acquisition is very accurate (Fig. 1.2) but the size of investigation
is limited to a few centimeters. Furthermore the high cost and time-consuming operation
make this option more suited for research than for industry.

The meso-scale configuration of the material can also be affected by the intrinsic vari-
ability that textiles exhibit before they are even stacked in a mould. This depends on the
degree of reproducibility of textile manufacturing processes, which in turn comes from the
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Figure 1.2: Examples of quasi-UD textiles. a) section view [16]; b) µ-CT scan [17] of a glass quasi-UD textile; c) schematic
view of quasi-UD tows [18] highlighting inter and intra yarn pores

non-cohesive nature of textiles. Variability can affect not only the shape of a yarn cross-
section, but also the spacing between their paths [8].

The aim of chapter 2 is to use the an affordable pressure-sensitive film to study the yarn
variability in a single layer of quasi-UD textile. The pressure information obtained from the
compression of the textile is used to interpret the initial thickness and width of each yarn.

The use of pressure information to interpret geometrical features in a textile is novel, but
the single-layer study should be seen as a first attempt of application of the pressure sensor.
In RTM composite processing, the interest in studying one single layer textile is low since
all preforms are always formed by multi-layer stacks of textiles. Extending the methodology
to the multi-layer case, the detailed information valid for single yarns is not obtainable
anymore. The mechanical approach is abandoned, however the periodic structure of the
material opens up the possibility to other types of analysis.

In chapter 3 the analysis is extended to multi-layer stacks. A pressure-sensitive film is
once again used to interpret the meso-scale structure of a preform under compression. By
combining Moiré theory of interference [19] and image spectral analysis, the precise orien-
tation and spatial distribution of yarns are measured. The outcome is a three-dimensional
digital model of the multi-layer preform.

Knowing the geometrical information of a preform with mesoscopic detail allows one
to build realistic digital models of the material [20, 21]. These are in turn used as input
data to compute flow simulations with the purpose of material characterization [9]. The
challenge associated with numerical simulation of flow in porous media is in the compu-
tational complexity. When the simulation is carried out at the meso-scale, the problem to
solve can be computationally demanding. As a consequence, flow simulations are usually
limited to small sample domains (RVEs). Properties extracted from one localised position
however are hardly representative of the entire part, since the meso-structure of the ma-
terial could be different simply a few lengths away. Instead of using local information to
compute an upscaled permeability value, in this thesis we propose to directly simulate the
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mesoscopic flow of resin in the preform. We also look for a computationally efficient model
to simulate the flow over a large domain, in line with the scale of measurement enabled
by the pressure-sensitive film, which is orders of magnitude larger than a traditional RVE.
Therefore, some simplification to the flow model must be introduced. The network of inter-
yarn pores, where the resin flows, is composed by thin channels in which the gap is much
smaller than the characteristic length of the flow. This allows one to reduce the computa-
tional cost of the problem by adopting the lubrication approximation, essentially reducing
the complexity of the problem by one dimension. This assumption is well established in
soils [22–24] and has been applied successfully to textile materials [11, 25, 26]. However,
in order to use lubrication theory for RTM simulations, a compatible geometrical space is
needed.

In chapters 4 and 5 we introduce the Single-Scale Skeleton model: from the three-
dimensional pore space of textiles, a medial skeleton mesh is extracted. Reynolds equation
of lubrication is solved numerically on the skeleton mesh, for both saturated and unsatu-
rated flow. This model can be used to numerically compute the permeability of a preform
using only the geometric data coming from the pressure print. More importantly, the model
allows one to carry out direct filling simulations, at the meso-scale, completely bypassing
the need for an upscaled permeability. The computational efficiency of the model allows
one to simulate an RTM infusion process over a domain of large size. Local defects such as
racetracks can also be included directly. A series of test cases are provided and the potential
of the skeleton model is discussed.

The first version of the skeleton model only accounts for single-scale flow in the pore
space of inter-yarn channels. However, the flow of resin impregnating a textile preform
is affected by two characteristic lengths: the size of the pores in-between the yarns (the
inter-yarn channels) and the size of the pores within the yarns (the gaps between individual
fibers) [27]. Consequently, the flow of resin during an RTM process is dual-scale and models
exist to account for it [7, 28, 29]. Accounting for the presence of the permeable yarns is
important [30] because local defects such as dry spot formation are likely to be found there
[31].

Building on the single-scale model, in chapter 6 we propose a Dual-Scale Skeleton (DSS)
model. The permeable yarns are added to the domain available for the resin flow in
the form of a second skeleton mesh, interconnected with the original channels mesh. A
Reynolds-Darcy model is proposed to simulate the dual-scale flow. The model is applied to
a series of test cases. The DSS model can simulate the transient filling of resin on a hybrid
skeleton mesh representing the meso-scale geometry of both the channels and the yarns.

The outcome of chapter 6 fulfils the objective of proposing a seamless workflow: from
the affordable acquisition of geometric data to the numerical simulation of a dual-scale RTM
filling process, bypassing any measurement of permeability.
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In chapter 7 we draw the conclusions, highlighting the potential and the downsides of the
novel methodology we propose, leading to the future prospects of development.

1.3 Chapters structure

Chapters 2 and 3 have been previously published in the form of two journal articles [32,
33]. The main body of the chapters has been directly extracted from the published versions
and Introduction/Conclusions sections have been modified to blend with the flow of the
thesis.

Chapters 4, 5 and 6, on the other hand, contain unpublished material and have been
written expressly for this document.

The different source of the material explains some potential disparity in style and length
between the first and the second parts of the thesis.
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Chapter 2
Single-layer geometrical study

The material presented in this chapter has been published as a journal article:

Bancora, S., Binetruy, C., Advani, S., & Comas-Cardona, S. (2021). Inverse methodology as
applied to reconstruct local textile features from measured pressure field. Journal of Materials
Science & Technology, 71, 241-247.

The body of the chapter has been maintained as the published text, only minor additions
have been made.

2.1 Introduction

In this chapter we begin the study of geometrical features in textiles using a novel tech-
nique. The variability in yarn dimensions of a single layer of quasi-UD textile is measured
by analysing its pressure field resulting from its through-thickness compression. The data
acquisition is carried out using a pressure-sensitive film. This technique is a cost-effective,
non-destructive tool to conduct the analysis.

The detection of the original width and size for each yarn on the print is gathered by
adopting an hyperelastic constitutive law to determine the inverse transformation. The
information extracted from the pressure field analysis can be used to generate a digital
representation of the original textile.

Although the geometrical study of one single layer of textile has little direct application,
this novel methodology is a first attempt to use a compaction pressure field to interpret
geometrical features of a textile. The work presented in this chapter represents a first
milestone towards the extension to characterizing multi-layer preforms, introduced later
in the thesis.
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Figure 2.1: Examples of Prescale prints of textures

2.1.1 Outline of the chapter

The methodology presented in this chapter relies on the use of a pressure-sensitive film.
Therefore, before detailing the technique to acquire geometric data, the Prescale pressure
sensor is introduced and its calibration is carried out.

This is followed by the constitutive model used to link the measured stress to the yarn
deformation. Next, the characterization of the needed material parameters is performed.

Following that, the methodology for detection of the yarn mesoscale dimensions is de-
tailed and validated on single yarns.

Finally, a test case involving a portion of one textile layer is carried out. The outcome of
this step is the generation of a three-dimensional digital model of the original material.

2.2 Materials

2.2.1 Prescale pressure film

The measurement of the boundary pressure is achieved using a flexible pressure sensor.
Technical developments of recent years spawned many examples of similar sensors based on
current-resistive cells [34]. These sensors are typically limited in both size and resolution
due to added manufacturing costs and applications range from biological measurements
[35, 36] to process monitoring [37]. In this work the purely mechanical Prescale sensor by
Fujifilm is used.

This is a pressure-sensitive film capable of registering a distributed pressure applied
normally on its surface, yielding a quantification of the field in the form of a color intensity
map. Since the measurement is carried out by the rupture of color-releasing microcapsules,
this system is cheaper than the aforementioned electrical sensors. Some examples of pres-
sure prints from various textures obtained using a Prescale film are shown in Fig. 2.1. The
Prescale sensor has been extensively used in biomechanics to study contact surfaces, in ar-
ticular joints [15, 38] or other mechanical applications [39, 40]. Other fields of application
include studies on wheel/road [41] or wheel/rail[42] contact. This particular sensor works
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well with the chosen material, as it can be laid under the textile when a mould is closed
during the compaction stage.

In addition to the mentioned cost effectiveness, another interesting advantage of this
film is that the measurement has no limitations in size, unlike electrical sensors or direct
geometry measurement techniques such as µ-CT which yield extremely accurate results but
limited to a small material sample [13].

To the best of the authors’ knowledge this is the first time a pressure-sensitive film is
used as an input in an inverse identification method. Several gradations of Prescale films
are available that address various ranges of pressure. In this thesis, the LLLW (0.2 - 0.6
MPa) and the LLW (0.5 - 2.5 MPa) types are used, depending on the range of interest.

Pressure film calibration

The intensity of the color displayed on the film after a pressure is applied depends on the
density of ink dots on the surface. Each ink dot is released when a microcapsule breaks, the
quantity of broken capsules depending directly on the pressure applied. The manufacturer
provides a color scale that can be directly used to link the color intensity on the paper to a
value of pressure associated. The relation between pressure and intensity is claimed to be
linear. However, since the calibration procedure is straightforward and has been detailed
before in literature [43], the calibration of the Prescale sensor was carried out autonomously
for the Prescale types LLW and LLLW.

The methodology consists in applying a range of known loads onto a patch of pressure
film, over a flat contact area which is exactly known, so that the applied pressure can be
calculated. At each application, the marked area is scanned and the average color intensity
is extracted, as to create a map between pressure and intensity.

All compression tests for the calibration of the film were performed on an Instron 5584
machine. The detailed procedure is described below:

– In order to control exactly the area of application of the load, an aluminum compres-
sion punch is machined in-place. This punch has the shape of a cylinder of radius
R = 20mm. Great care is placed in making its top and bottom faces perfectly flat,
so that the load applied on the pressure film is uniform and the pressure color print
does not present any gradient of intensity. The contact area between the punch and
the pressure film is A = R2π and the pressure for a given load can be obtained as:
p = F/A.

– The marked print is digitized using a digital scanner Epson Workforce DS-5500. In
order for all measurements to be consistent, the image exposure and the acquisition
resolution (600 PPI) are set manually and never changed.

– Following already documented procedures [44], the average intensity of the marked
area is measured using the ImageJ software [45].

The procedure is repeated for imposed compressive load values between 60 and 3000
N, and carried out for both the LLW and the LLLW types of Prescale films. Values of pressure
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Figure 2.2: Linear fit for calibration of LLW and LLLW Prescale® films

and intensity are plotted in Fig. 2.2 for the LLW and the LLLW cases respectively. The map
shows indeed a linear trend, therefore a linear fit can be adopted. When the intensity (I) is
expressed in a normalized grayscale value [0-1], coefficients for Eq. 2.1 were characterized
for a linear map of the form:

p(I) = C1I + C2 (2.1)

The coefficients were identified as follows:

- LLLW film: C1 = 2.65MPa, C2 = 0.05MPa

- LLW film: C1 = 5.40MPa, C2 = 0.34MPa

2.2.2 Quasi-UD textile

The entirety of this research was developed on quasi-UD textiles. These were chosen over
woven fabrics on account of the lower morphological complexity they present. Another
reason behind the choice is that UD materials, more than woven, are likely to present long
preferential channels for the resin to flow due to their intrinsic anisotropy. This geometrical
characteristic of the inter-yarn channels will be of interest in chapters 4-6. Two different
quasi-UD textiles are used in the course of this thesis: in this chapter, the material used is
the UDT400 glass fabric.

The UDT400 glass fiber textile is an unbalanced quasi-UD textile (Aw = 423g/m2) from
Chomarat. The fabric material is shown in Fig. 2.3.

Yarn dimensions are measured later in the chapter. The quasi-UD textile presents a
very thin weft yarn, which thickness is one order of magnitude lower than the warp. The
presence of the weft yarns will mostly be neglected.
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Figure 2.3: UDT400 fabric

2.3 Inverse methods for geometry characterization

Inverse formulations in mechanics allow to compute unknown properties of the study do-
main starting from available response or external boundary conditions. Many kinds of such
methods exist: perhaps the most common example in mechanics is the identification of
material parameters [46, 47] or boundary conditions [48].

One possible application of inverse formulation is the detection of the unknown initial
shape of a domain, when some information is available such as its deformed configuration
or the boundary conditions applied. An extensive work on such application was presented
in [49], where a full inverse finite element method was deployed to determine the initial
shape of a rubber domain given some final conditions. Another example [50] is the re-
construction of the initial shape of an aortic aneurysm from the final configuration and the
pressure experienced by the tissue. One big challenge in inverse methods is that they often
rely on knowing some field variables from the final configuration: for example, in a me-
chanical deformation problem we might need to know the Cauchy stress experienced by the
deformed domain, or the displacement field on some boundaries. An extensive theoretical
treatment of the inverse application of boundary values can be found in [51]. The actual
values however are not always easy to obtain due to physical shortcomings such as difficult
sensors placement or limited measurable domain.

2.4 Methodology

To reconstruct the initial geometry of the textile, an inverse methodology is envisioned:
the initial shape of a deformed domain can be identified from the knowledge of the final
geometry and boundary pressure. The method is applied to the reconstruction of a textile
composed of many yarns, which is subject to a planar compaction state between two par-
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Ω

Γfilm
O
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e2

h
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−pfilme2

Figure 2.4: Schematic of Yarn cross section where w is the width and h is the thickness subjected to normal distributed
traction vector, pfilme2

allel rigid plates. The final thickness of the domain is known, while the initial geometry
(thickness, width and path) of each yarn are unknown and subject to individual variability
from one yarn to another. The method is now illustrated for one generic yarn, and later will
be extended to the entire textile. The following assumptions are made:

- the length of the yarn is assumed to be much larger than the cross-sectional dimen-
sions, therefore a 2D plane strain formulation can be justified. The yarn is oriented
with its major axis (width) and minor axis (thickness) as illustrated in Fig. 2.4.

- the yarn cross section geometry of a yarn is described as a power ellipse as detailed
in [20], with a measured shape parameter n = 0.3. Therefore identifying the cross-
section geometry reduces to finding the value of thickness (h) and width (w).

- The geometry is symmetric with respect to planes passing through the center O with
normals e1 and e2.

- The yarn is modeled as a continuum.

Based on this premise, the stress state on the domain is only known at the boundaries,
where the magnitude of the normal distributed traction vector σe2 can be measured (on the
deformed domain) by the Prescale pressure sensor.

By Cauchy’s theorem the admissible stress state will imply:

− e2 σ(x) e2 = pfilm ∀x ∈ Γfilm (2.2)

where x is the position vector of a point in the deformed configuration, pfilm is the bound-
ary pressure measured by the sensor and Γfilm is the boundary subregion in contact with the
pressure film. By describing the deformation behaviour by an appropriate constitutive law
the stress state can be related to the deformation state.

2.4.1 Yarn constitutive law

Previous efforts have described the mechanical behavior of yarns under compaction. Mod-
eling approaches can be broadly classified into micro-mechanical or continuum descriptions
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of the yarn. In our study, continuum approach to describe the yarn mechanical behavior is
adopted.

This choice is justified by the fact that, although composed of many filaments or fibers, a
yarn often behaves as a continuum body due to the closely packed small diameter filaments
that form the yarn bundle and the presence of sizing which maintains its cohesion. However,
it will be highly non-linear mechanical behavior, since a yarn deformation under a load is a
motion of the fibers within. Dixit [52] modeled the yarn as an elastic material, transversely
isotropic in directions normal to the yarn orientation and described the evolution of the
elastic modulus as a function of fiber volume fraction. Recently Dharmalingam [17], Lectez
[53] and Hemmer [54] studied the evolution of yarn cross sections under compaction and
described the material behavior with a compressible hyperelastic constitutive law. They
used a variation on the Ogden [55] strain energy density function known as hyperfoam
material, that was proposed in 2000 by Jemiolo and Turtletaub [56]. This model is adopted
in the present work.

The strain energy density function of the hyperfoam material is defined in terms of
principal stretches λi as:

W (λ1, λ2, λ3) =
2µ

α2

(
λα1 + λα2 + λα3 − 3 +

1

β
(J−αβ − 1)

)
(2.3)

where the principal stretches λi = |dx|/|dX| are the eigenvalues of the deformation gradi-
ent F ,X is the position vector of a point in the initial configuration, J(F) is the determinant
of the deformation gradient and α, β, µ are material parameters that need to be identified.
The orthonormal basis is placed so that e3 is aligned along the direction of the fibers and e2

is oriented in the thickness direction out of plane. Furthermore, inextensibility of the mate-
rial in the fibers direction is assumed by setting λ3 = 1. According to classical hyperelastic
material theory, the eigenvalues of the Cauchy stress tensor are derived from Eq. 2.3 as:

σi =
λi
J

∂W

∂λi
(2.4)

where Voigt notation was adopted for the stresses:

σ = [σ11, σ22, σ33, σ23, σ13, σ12] (2.5)

As stated in the assumptions, we simplify the problem according to plane strain theory. The
principal Cauchy stresses in the cross-sectional plane are:

σ1 =
2µ

αλ2

(
λα−1

1 − λ−αβ2 λ−αβ−1
1

)
(2.6)

σ2 =
2µ

αλ1

(
λα−1

2 − λ−αβ1 λ−αβ−1
2

)
(2.7)

The yarn is free to laterally expand under compression in the e2 direction, so we adopt the
assumption that σ1 = 0 at all locations of the domain [57]. This yields from Eq. 2.6 a
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Figure 2.5: Single yarn compression device Figure 2.6: Camera recorded yarn compression

relation between principal stretches:

λ1 = λ
− β

1+β

2 (2.8)

and Eq. 2.7 can be simplified to:

σ2 =
2µ

α

(
λ
α+αβ+1

1+β

2 − λ
−αβ−1

1+β

2

)
(2.9)

The coefficients α, β, µ need to be characterized for this specific material in order to exercise
the model.

2.4.2 Material parameters identification

A set of compression tests were performed in order to identify the parameters of the model.
The experimental apparatus used is shown in Fig. 2.5. It consists of an Instron 5584
machine, on which a ball joint was mounted to ensure parallelism between the top and
bottom plates. A small punch-die compression assembly was used to better control the
placement of the yarn. For each test, a single yarn of 5 cm of length was placed between
the plates of the device and compacted at very low deformation velocity of 0.5 mm/min.
Values of force, displacement and time were recorded from the machine. The cross-section
transformation during the compaction was recorded by a camera placed in front of the
apparatus as shown in Fig. 2.6.

Measurements were taken from 8 compression repetitions. The evolution of width w
and thickness h was extracted by image analysis from the bounding box of the cross sec-
tions, using the software ImageJ [45]. Consequently, the values of stretch in the principal
directions are obtained as λ1 = h/h0, λ2 = w/w0 where h0 and w0 are respectively the
thickness and width of the initial configuration (stress free). The β parameter is calculated
first by fitting Eq. 2.8 to the recorded experimental measurements of λ1, λ2. The β pa-
rameter is used to determine the yarn width according to the vertical compression λ2 to
obtain a Cauchy stress curve from the measured force. An assumption of homogeneous
stress state is made. It is reasonable as the geometry of the yarn is almost rectangular. Al-
though this simplification could lead to some inaccuracy in the material characterization,
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Figure 2.7: Stress/stretch best curve fitting provided the model coefficients: α = 44.8178, β = 0.1857, µ = 0.8341MPa in
Eq. 2.3

relaxing this assumption would require knowing the complete strain field in the cross sec-
tion, which is not practical to achieve. The raw data collected is processed and the machine
compliance is eliminated to yield a stress-deformation curve for 8 yarns tested. Measure-
ments between all samples followed a coherent trend, with some differences due to the
intrinsic variability that characterizes fiber yarns [13]. From this experimental data the
material parameters α, µ are calibrated by mean square error minimization. Experimental
and fitted curves are plotted in Fig. 2.7. The values found for the model coefficients are:
α = 44.8178, β = 0.1857, µ = 0.8341MPa.

2.4.3 Inverse formulation

The objective of the problem is to determine the initial yarn cross section geometry in terms
of width (w0) and thickness (h0) of a yarn under compression, given a final thickness h and
a measured boundary pressure pfilm. The final thickness h is an arbitrary imposed value
(h < h0) and corresponds to the final gap between the compression plates. In the case of
composite materials, it is a design parameter determined to obtain the desired fiber volume
fraction. [1]. Adopting the hyperfoam material law allows one to use Eq. 2.2 to formulate
the problem stated below in Eq. 2.10:

λi = argmin
λi

|e2 σ(x, λi) e2 − pfilm| ∀x ∈ Γfilm (2.10)

One simple formulation would be to use Eq. 2.10 to determine λ2 for a given boundary
pressure pfilm that could be measured by the mentioned pressure sensitive film. Being λi
the eigenvalues of the deformation gradient F (λi), the reference configuration could be
determined with the pull-back operation:

X = F−1x (2.11)

which in the chosen basis and for our simple transformation yields:

h0 = λ−1
2 h (2.12)
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Table 2.1: Measured reference cross-section area A0 from an 8 samples population.

Yarn sample 1 2 3 4 5 6 7 8

A0 [mm2] 1.10 1.11 1.11 1.09 1.12 1.08 1.04 1.12

w0 = λ−1
1 w = λ

β
1+β

2 w (2.13)

This approach however would only work if the stress state was perfectly homogeneous
and for a simple rectangular geometry. When a yarn is compressed instead the measured
stress pmeas exhibits a gradient of intensity, with a maximum value on the centerline, as
shown in Fig. 2.11c. Furthermore, since the final width w is unknown, Eq. 2.13 is not
applicable right away. For this reason we look for some further condition to link w0 to known
quantities. The cross section geometries of a population of 8 yarns in the initial state were
measured using a confocal scanner (profilometer). As already stated in the assumptions,
these cross sections fit into power ellipses [20]. Width (w0) and thickness (h0) for each
sample were extracted as the bounding box dimensions, and the area A0 of each cross
section is computed numerically from the profile, as listed in Table (2.1). From this sample
space the average area A = 1.08mm2 and the standard deviation σ = 0.049mm2(≈ 5%) are
calculated. The very low deviation allows us to assume that for this particular material the
initial cross section area remains constant in the reference state even though the yarn initial
dimensions are affected by variability. Adopting this assumption the width w0 of a yarn in
the reference state can be directly expressed as a function of a given thickness h0:

w0(h0) = arg min
w0

(
|A(h0, w0)−A|

)
(2.14)

Using this assumption of constant initial cross section area, a finite element solution of the
stress field is adopted to compute the inhomogeneous left-hand side stress term of Eq. 2.10.
The compaction of the yarn is simulated iteratively in ABAQUS using an explicit solver. An
initial yarn cross section geometry is generated numerically, with an initial guess for thick-
ness h∗0 and width w∗0 that satisfies Eq. 2.14 for a fixed value of A. The yarn is assigned
the hyperfoam material law with the identified parameters α, β, µ in the plane strain frame-
work. A rigid 1D element which represents the mould is used to impose the final thickness
h on the domain. From the finite element solution, the σ2 Cauchy stress is computed, which
as expected is quite homogeneous along the e2 direction and inhomogeneous in the e1 di-
rection, as shown in Fig. 2.9a. From the computed stress field, the normal pressure pnum(h∗0)
at the rigid element boundary Γfilm is extracted. Finally, using the stress value pfilm acquired
from the Prescale pressure-sensitive film, the error is calculated as:

ξ = |pnum(h∗0)− pfilm| (2.15)

The initial thickness h0 of the yarn is found as:

h0 = argmin
h∗0

ξ(h∗0) (2.16)
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Input:
α, β, µ, h,A0,
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∗
0, w

∗
0
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no
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Figure 2.8: Flowchart to create the stress/initial geometry database

and initial width w0 is determined using Eq. 2.14 under the assumption of constant initial
cross-section area A. This optimization is performed iteratively by assigning an arbitrary
initial value h∗0, performing the analysis and saving the resulting pnum(h∗0) to a file before
starting over with a new value of h∗0. The steps of this numerical optimization are summa-
rized in Fig. 2.8. The interest of saving all values of pnum(h∗0) for all possible values of h∗0 is
to create a database that can be readily used to quickly evaluate Eq. 2.15 for a given h when
multiple yarns are being reconstructed, each with their local value of pfilm. An example of
pnum(h∗0) database for different yarn reference dimensions and a given final h is shown in
Fig. 2.9b.

(a) Finite element yarn compression, σ2 stress field on a quarter of yarn.
(b) pnum database for imposed final h = 0.25mm, half yarn
normalized width (vertical symmetry). Units in legend are [mm]

Figure 2.9: Numerical simulation of yarn compression using the hyperfoam material model
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Figure 2.10: Visual validation of yarn geometry reconstruction (left) and pressure print of one yarn (right)

Table 2.2: Comparison of reconstructed vs measured yarn geometries [mm]

Specimen wmeas
0 hmeas

0 wcalc
0 (err) hcalc

0 (err)

1 2.94 0.35 3.192(8.5%) 0.34(2.8%)
2 3.39 0.33 3.392(0.05%) 0.32(3%)
3 2.7 0.41 2.65(1.8%) 0.405(1.2%)
4 2.7 0.41 2.77(2.6%) 0.4(4.8%)
5 3.42 0.34 3.39(1%) 0.32(5.8%)
6 2.75 0.39 2.855(3.8%) 0.38(2.6%)

2.4.4 Cross-section validation

The validation of the initial geometry reconstruction is performed by comparison with ex-
perimental measurements. A set of yarns were compressed up to an imposed thickness h
and the whole transformation was recorded from a camera placed in front of the cross sec-
tion as in Fig. 2.10(left). A Prescale film was also placed under the yarn, and the pressure
profile Fig. 2.10(right) was used to identify the yarn geometry following the procedure just
described. The geometry calculated from the pressure information using the inverse method
was compared with the real yarn geometry measured from the video information for error
quantification.

The results and a quantification of error are reported in the table 2.2, where w0 and h0

are the reference dimensions. The superscripts "meas" and "calc" indicate the measured and
calculated values respectively. The imposed final thickness is h = 0.25mm. The percentage
relative errors in the calculated quantities with respect to the measured ones are reported
in parentheses.

The results of this section show that:

- it is possible to reconstruct with accuracy a yarn geometry in its initial configuration
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(a) Pressure field used for the UDT400 textile reconstruction. Nodes are marked at the
crossover regions.

(b) Inter crossover sampling on yarn i

(c) Longitudinally averaged pressure
profile pifilm

Figure 2.11: Pressure field analysis for the textile reconstruction

from a compressive test and a pressure field sensor

- the resolution of the Prescale pressure sensitive film is high enough to work well even
on the relatively small yarn dimensions (millimeters).

2.5 Full textile reconstruction

The interest of this work is to detail and showcase how stress boundary conditions can
be applied for inverse method reconstruction of more complex domains and geometries.
To showcase the potential of the technique presented in Section 3 for a single yarn, the
reconstruction will be extended to a full textile which contains several yarns.

2.5.1 Cross sections

To address this scenario, the method is simply repeated for each yarn, since by laying the
entire textile sample over a layer of Prescale film and compressing it it is possible to know
the pressure field pifilm experienced by every ith yarn individually. A UDT400 textile was
placed on the pressure film and compressed up to an imposed final thickness h. From the
resulting pressure print an area of 98×98mm, corresponding to a collection of 33 weft yarns
and 27 warp yarns, was extracted to be analyzed. This frame can be seen in Fig. 2.12b.

For each individual yarn, multiple intensity measures are sampled from the pressure
print along its length and in between crossover points, as shown in Fig. 2.11b. The measures
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are averaged length-wise to compute the curve of pressure pifilm relative to the i-th yarn as
shown in Fig. 2.11c. Assigning a length-averaged pressure profile and therefore a constant
cross-section identification to each yarn simplifies the geometry identification process. Each
pressure curve is used in Eq. 2.16 to find the corresponding yarn reference dimensions
(h0, w0) under the assumption of known initial cross-section area A = 1.08mm2. It should
be noted that this method can allow for the cross-section to vary along the yarn length
by simply repeating the identification at every sampling instead of length-averaging the
pressure print. However this was not taken into account as it would be material specific
and the number of identifications to carry out increases especially on a large domain.

2.5.2 Yarn paths

When a full textile is being reconstructed it is not sufficient to determine the yarn cross
section geometries, but yarn paths are needed as well as this is important for investigating
dual scale flow when these textiles are impregnated with resin [58]. These could easily
be measured by imaging techniques, taking a picture of the textile to have realistic yarn
paths as was done by Gommer et al. [8]. However since the pressure field measured
by the Prescale film contains spatial information as well, the yarn paths can be directly
extracted from that measurement. The complexity of this step depends on the complexity
of the textile architecture. In this study, since the textile is woven material, the regions
where the weft and warp yarns cross over are clearly visible as spikes in pressure since the
thickness is locally higher. The yarn paths are easily measured by interpolating a spline
through these regions. At the current level of implementation, the yarn paths definition is
performed manually by using the ImageJ software to select and output the nodal positions
C(x, y) of crossover regions on the domain as shown in Fig. 2.11a. To these in-plane
coordinates the z information is added by shifting the nodes out of plane following the
weaving pattern to account for the thickness of the small weft yarn, which was assumed
to be non-deformable. These nodes C(x, y, z) are used for the definition of each yarn path
when the textile geometry is generated.

2.5.3 Geometry generation

Following the method proposed, the information of initial cross section and yarn path for
each individual yarn has been obtained. In order to generate the 3D geometry, the textile
geometry generator TexGen [59] is used through its Python API.

The original textile, compaction pressure map and reconstructed geometry can be seen
in Fig. 2.12.

It is clearly visible that the yarn paths and geometries are not idealized, but exhibit
instead the variability in cross-section and path that was captured from the pressure print.
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(a) Picture of the real material (intra-yarn gaps high-
lighted) (b) Prescale pressure field (c) Reconstructed material

Figure 2.12: Synoptic comparison of real and reconstructed geometry of a 98× 98mm UDT400 textile

2.6 Conclusions

In this chapter we have presented a novel methodology to identify the meso-scale geomet-
rical variability in a textile. The method is based on the acquisition of boundary values of
pressure experienced by the material in the process, which was achieved using a pressure
sensitive film. The hyperfoam material model was used to relate the pressure to the defor-
mation of the yarns. Validation carried out yarn-wise showed a good match between the
reconstructed and measured geometry, proving that the sensitivity of the film is satisfactory
even on small scales.

An example of generation of a digital model of a textile was provided, by using the
pressure film to extract the yarn paths as well as the cross sectional geometries of each
yarn. Although only the planar scenario was investigated, the same methodology could be
potentially extended to single-curvature shapes as well (but not double-curvature shapes).

This method has some potential as a non-destructive measurement technique for single
layers of textiles. However it is important to state that interpreting the geometrical features
of a single layer of textile has very little application interest. Furthermore, the methodology
presents some unfavourable aspects: the treatment of the data yarn-wise is time consuming
and requires the characterization of certain material parameters. Finally, the high geomet-
rical detail measured (yarn-wise mesoscale geometry variability) hardly plays any relevant
role in the upscaled properties of a multi-layer textile preform.

With these considerations in mind, we move on to the next chapter: the multi-layer
scenario will be tackled and the mechanical analysis will be abandoned in favour of a more
appropriate methodology.
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Chapter 3
Multi-layer geometrical study

The material presented in this chapter has been published as a journal article:

Bancora, S., Binetruy, C., Advani, S., & Comas-Cardona, S. (2021). Characterization of
mesoscale geometrical features of a preform using spectral Moiré analysis on pressure print.
Composites Part A: Applied Science and Manufacturing, 106608.

The body of the chapter has been maintained as the published text, only minor additions
have been made.

3.1 Introduction

The objective of this chapter is to extend the acquisition of geometrical data to multi-layer
stacks. In the light of proposing a method which is both cost-effective and applicable to
industrial preforms, the Prescale pressure film is once again used as the measurement in-
strument. However, as interactions between layers become more complex, the fine mechan-
ical analysis used in chapter 2 must be abandoned in favour of some other technique of
investigation. A novel methodology of characterization is proposed: we take advantage of
the periodic structure of textile layers to apply Moiré theory of interference to their inter-
actions. In this theory, quasi-UD textile layers are seen as gratings and the patterns they
exhibit on the pressure field as Moiré fringes. Through the power of image spectral analysis,
the precise orientation and spatial distribution of yarns for each layer can be extracted from
the pressure print.

To the best of the author’s knowledge, this is the first time that Moiré theory is applied
to the reconstruction of the mesoscale structure of stack of fabrics through the analysis of a
pressure field. This technique has application potential because the information extracted
can be used to generate realistic digital models of a multi-layer stack.
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(a) Top view
(b) 3D scan of the textile surface (axes not in scale)

Figure 3.1: C-Weave UT710P textile

3.1.1 Outline of the chapter

This chapter relies on the theory of spectral Moiré analysis. Before applying the methodol-
ogy to the task at hand, a brief overview of the theory is provided.

Next, we present a series of test cases in which stacks of multiple textile layers are
compacted over a Prescale pressure film. The pressure field is analyzed using spectral Moiré
theory to detect orientation and spatial distribution of each layer.

Finally, we provide an example of exploitation of the geometrical information acquired
by generating a digital reconstruction of one of the layups analysed.

3.2 Materials

The textile used in this chapter is the quasi-UD carbon fiber textile (C-Weave UT710P 50K
T13 from Chomarat). The material is shown in Fig. 3.1a. This fabric is morphologically
very similar to the UD400 used in chapter 2, with the only key difference that the size of
the yarns is fairly bigger. This shift in material is justified by technical limitations which are
related to the larger size of the domain of investigation:

– a larger compression plate is used in this part, resulting in the possibility of studying
larger domains but also in higher possibility of misalignment between compression
plates;

– the larger area to acquire numerically by scanning limits the resolution of detail that
can be appreciated:

A larger, thicker material compensates both these criticalities.
Similarly to what was done in chapter 2, the 3D surface measurement of one layer

of uncompressed textile was acquired using a confocal microscope to provide an accurate
dimensional reference (Fig. 3.1b). Average measurements from a sample size of 5 measure-
ments yield the following values. Tow thickness: hmeas = 1.3 mm, tow width: wmeas = 4.80
mm and tow center-lines period: Tmeas = 5.12 mm. The geometry of the weft yarn, which is
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Figure 3.2: Examples of superposed pairs of periodic structures that originate Moiré effect

one order of magnitude smaller than the carbon tows, is neglected completely to limit the
complexity of the problem.

For the measurement of the pressure field, a Prescale pressure film type LLLW (0.2 - 0.6
MPa) is used.

3.3 Theoretical background: Spectral Moiré analysis

3.3.1 Moiré effect

Moiré patterns can be observed when two or more periodic structures are superimposed.
A geometrical treatment of the patterns that are generated from superposition of periodic
gratings can be found in [60].

Example of classical periodic structures which are concerned by the Moiré phenomenon
are gratings, grids and dot-screens (Fig. 3.2).

In the present study we focus on gratings-like structures, as they resemble closely the
yarn arrays of textiles commonly found in composite layups. We define a raised cosinusoidal
grating by the function:

g(x, y) =
1

2
cos[2πf(x cos θ + y sin θ)] +

1

2
(3.1)

where f represents the frequency per unit length and θ defines the normal orientation
of the grating. This spatial function assumes values between 0 and 1, therefore can easily
be represented as a grayscale image bounded by its extrema (0 is black, 1 is white). In Figs.
3.3a, 3.4a two such gratings g1 and g2 are represented, over a unit domain, with spatial fre-
quency f = 20 and orientations θ1 = 0◦ and θ2 = 20◦ respectively. Moiré effects arise when
gratings are superimposed, which can be carried out in two ways: multiplicative superpo-
sition or additive superposition. In this work we focus only on multiplicative superposition,
which for two gratings g1 and g2 is expressed as:

G(x, y) = g1(x, y) · g2(x, y) (3.2)
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(a) g1(x, y) (b) F1(u, v)

Figure 3.3: The function g1 and its spectrum F1

The image G(x, y) resulting from this operation is shown in Fig. 3.5a. One can notice
visually that a series of low frequency periodic bands arise from the interaction of the base
arrays. We will refer to these bands as moiré fringes.

3.3.2 Spectral Moiré analysis

Fourier theory of spectral analysis can be used to characterize Moiré structures. In the
frequency domain, spatial patterns are easy to interpret as they can be decomposed into a
series of cosinusoidal functions. An extensive treatment of the topic can be found in [19].
Theoretical material on the subject can also be found in [61, 62]. The procedure of analysis
of Moiré patterns using spectral analysis is now detailed.

The first step consists in performing the 2D Fast Fourier Transform (FFT) on the greyscale
image G(x, y). The resulting spectrum is shifted to center the zero-frequency. The result
of the operation is the spectrum FG shown in Fig. 3.5b, where the central portion of the
image which contains the frequency information has been magnified for the sake of clarity.
The spectrum contains a series of impulses, each characterized by a position vector and
an amplitude. Each impulse is paired with an identical twin impulse which is symmetrical
from the origin. The position vector f of an impulse is expressed in polar coordinates by its
distance f from the origin and the angle θ the vector makes with the u axis. These values
match the frequency and orientation of the periodic grating g associated to that impulse.
Every impulse is also characterized by an amplitude. Position and amplitude of each impulse
are dictated by the convolution theorem [63] which states that the Fourier transform of the
product of functions is the convolution of the Fourier transforms of the individual functions.

FG(u, v) = [F1 ∗ F2](u, v) (3.3)

The convolution of the spectra F1 and F2 can be geometrically defined by placing over each
of the impulses of F1 a centered copy of F2 or vice-versa [64]. As a consequence, we can
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3.3. Theoretical background: Spectral Moiré analysis

(a) g2(x, y) (b) F2(u, v)

Figure 3.4: The function g2 and its spectrum F2

identify two groups of impulses in FG. First we can locate the impulses that correspond
to the generating layers, that we will name first order (O1) impulses. Their position is
described by the corresponding frequency vectors:

- f1 at polar coordinates (20, 0◦): identifies the grating g1, see Fig. 3.3

- f2 at polar coordinates (20, 20◦): identifies the grating g2, see Fig. 3.4

We can also locate two new pairs of impulses which frequencies were not present in the orig-
inal gratings. As a consequence of the convolution theorem the location of these impulses
is obtained as the sum and difference of the frequency vectors of the base impulses being
convoluted. Their amplitude is the product of the amplitudes of the impulses participating
in the convolution. We will name these second order (O2) impulses:

- a set of low frequency impulses, at location f1 − f2 and f2 − f1

- a set of high frequency impulses, at location f1 + f2 and −f1 − f2

Index notation

A convenient index notation exists that allows to identify every impulse by expressing it as
a linear combination of all the n generating impulses, and collecting the integer coefficients
in the form (k1, ..., kn). In Table 3.1 are listed all the impulses present in the spectrum FG
of G, as well as their geometric coordinates and their indices.

We define the O2 impulse (1,-1) and its twin (-1,1) as low Moiré because they generate
the low frequency structures known as Moiré fringes that are clearly visible on G. On the
other hand, theO2 impulse (1,1) and its twin (-1,-1) are high Moiré because they contribute
to G with some high frequency patterns which are hardly distinguishable at visual observa-
tion [61]. Finally the central impulse, traditionally named DC, has a frequency value equal
to 0, undefined θ and represents the average intensity of G.
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3.3. Theoretical background: Spectral Moiré analysis

(a) G(x, y) (b) FG(u, v)

Figure 3.5: The product function G and its spectrum FG

Table 3.1: Impulses collected from the spectrum FG

Vector Lin. comb. Index Order Position (u, v) Position (f, θ) Amplitude Source

f0 0f1 + 0f2 (0,0) - (0,0) (0, 0◦) 0.25 DC
f1 1f1 + 0f2 (1,0) O1 (20,0) (20, 0◦) 0.125 g1
−f1 −1f1 + 0f2 (-1,0) O1 (-20,0) (20,−180◦) 0.125 g1
f2 0f1 + 1f2 (0,1) O1 (19,-7) (20, 20◦) 0.125 g2
−f2 0f1 − 1f2 (0,-1) O1 (-19,7) (20,−160◦) 0.125 g2

f1 − f2 1f1 − 1f2 (1,-1) O2 (1,7) (7.07,−81.8◦) 0.0625 low Moiré
−f1 + f2 −1f1 + 1f2 (-1,1) O2 (-1,-7) (7.07, 98.2◦) 0.0625 low Moiré
f1 + f2 1f1 + 1f2 (1,1) O2 (39,-7) (39.6, 10◦) 0.0625 high Moiré
−f1 − f2 −1f1 − 1f2 (-1,-1) O2 (-39,7) (39.6,−170◦) 0.0625 high Moiré
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3.4. Methodology

Table 3.2: List of test cases

Test case Label Number of plies Sequence h0 [mm] hf [mm]

Two Ply Stack 2PS 2 [0◦, θ2] 2.47 1.74
Four Ply Stack 4PS 4 [0◦, θ2, θ3, θ4] 4.27 2.67

Four Ply Periodic (misaligned) 4PPm 4 [0◦, θ2]× 2 3.90 2.65
Four Ply Periodic (aligned) 4PPa 4 [0◦, θ2]× 2 3.87 2.59
Nine Ply Periodic (misaligned) 9PPm 9 [0◦, θ2, θ3]× 3 7.88 4.43
Nine Ply Periodic (aligned) 9PPa 9 [0◦, θ2, θ3]× 3 7.51 4.45

3.4 Methodology

Spectral Moiré analysis can provide information about the structure of multiple fabric layers
by examining its compaction pressure field imprinted on the Prescale film. To do so, we take
advantage of the similarity between layers of quasi-UD textile and periodic gratings. The
underlying assumption is that the local thickness of one layer of textile roughly resembles a
two-dimensional cosinusoidal field (grating) of the form:

r(x, y) =
h

2
(cos[2πf(x cos θ + y sin θ)] + 1) (3.4)

where h is the maximum tow thickness, θ is the orientation of the grating and f is its
spatial frequency (f = T−1 where T is the tow center-lines period). When multiple layers of
textile are stacked and compressed, Moiré patterns appear due to the interaction between
overlapping tows. To investigate this behavior a series of tests were carried out. Multiple
stacked plies of textile were compressed using an Instron 8805 hydraulic press, as to repli-
cate the compaction phase in preform manufacturing. One Prescale LLLW film was placed
under the preform to capture the pressure field exerted on the bottom plate. Since the range
of pressure sensitivity of the film is limited, for all tests in this chapter the compression is
driven by imposing an appropriate force equal to 30 kN. The compression is carried out at
a very low speed of 0.5 mm/min to reduce viscoelastic effects. Force/displacement data is
recorded, from which the final thickness of the compressed preform can be obtained. Initial
thickness (h0, measured at 0.1 kN force) and final thickness (hf , measured at 30 kN force)
of all specimens are provided in Table 3.2.

For each test presented, the compression is carried out over a 30 × 30 cm plate and
textile samples are 47 × 47 cm in size. The Prescale film used to capture the pressure field
is placed at the center of this area and has dimensions of 21 × 27 cm. Each pressure-
marked film is scanned and digitized using an Epson Workforce DS-5500 unit. To obtain
consistent measurements, exposure and acquisition resolution (600 PPI) are manually set.
The methodology is first illustrated for a layup of two angled plies, then extended to more
layers. A complete list of all test cases is provided in Table 3.2.
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3.4. Methodology

3.4.1 Two Ply Stack

Two layers of C-Weave textile are stacked on top of each other at different orientations.
The first layer (bottom) is laid down along an orientation which is assumed as reference
(0◦). The second layer is placed on top of the first one at some angle which is intentionally
not measured, in order to create an unbiased generic layup. Care was taken to ensure
the textiles were not sheared during manipulation. An LLLW Prescale film is placed under
the stack to record the pressure field exerted on the bottom plate. The two-layer stack is
compressed over the pressure film by the imposed force. The force-stretch compression
curve is shown in Fig. 3.6b, from which we can also measure the final thickness (λ =
h(F )/h0, where h0 is the initial specimen thickness measured at a force of 0.2 kN). The
pressure field retrieved after the compression is shown in Fig. 3.6a. From a visual inspection
of the image, one can notice the presence of bands in the pressure field, crossing from left
to right with a rather uniform period.

These are the Moiré fringes that were introduced in Section 3.3.1. The similarity be-
tween the pattern in Fig. 3.6a and the one in Section 3.3.2, Fig. 3.5a obtained from ideal
cosinusoidal functions can be easily identified.

The Moiré patterns are then analysed using spectral analysis. The grayscale pressure
image is first inverted and normalized, so that 1 corresponds to white and 0 corresponds
to black. Black margins are added as needed to make the image square for performance
optimization. No additional filtering is performed on the image. The two-dimensional
Fast Fourier Transform (FFT) of the image is generated numerically and the spectrum is
shifted to center the zero-frequency impulse (DC). The resulting spectrum in frequency
domain F (u, v) is plotted in Fig. 3.7, where only the magnification of the central region
is shown. The spectrum is populated by precisely located impulses. For the purpose of
analysis, a graphical scheme of the same region collecting the main impulses is also provided
on the right side of Fig. 3.7. The amplitude values are normalized, which results in the
amplitude of the DC impulse being unity. To interpret the physical meaning of each impulse
we will adopt the classical index notation used in Moiré spectral analysis, which is detailed
in section 3.3.2. The impulses present in the spectrum are listed in Table 3.3. The Cartesian
u, v coordinates of impulses in the spectrum are expressed as pixel positions in the shifted
frequency domain with the origin in the center. Polar coordinates f, θ are expressed in
mm−1 and degrees respectively (clockwise rotation is positive). For each impulse in the
table a twin impulse symmetrical from the origin is present, which is omitted in the list.

As detailed in section 3.3.2, we classify impulses under two groups: first order (O1) and
second order (O2) impulses. O1 impulses directly represent in frequency and orientation the
generating cosinusoidal gratings that approximate the textile layers. Measuring the polar
components (f, θ) of these impulses provides sufficient information to determine precisely
the average orientation and spacing of the tow center-lines from the corresponding layer:

- the twin impulses (1,0) and (-1,0) identify a cosinusoidal grating oriented at θ1,0 = 0◦

and of period T1,0 = f−1
1,0 = 0.1952−1mm = 5.12 mm. This grating corresponds to the

morphology of the first layer that was placed as the reference orientation θ = 0◦ and
had a period of Tmeas = 5.12 mm.
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3.4. Methodology

(a) Pressure field at F = 30kN (b) Compression curve

Figure 3.6: Two Ply Stack case: pressure field

(a) FFT data (enhanced contrast) (b) Schematic representation of data

Figure 3.7: Two Ply Stack case: power spectrum F (u, v) of the pressure field

Table 3.3: Two Ply Stack case: impulses in the spectrum (Fig.3.7a)

Index Lin. comb. Order Position (u, v) Position (f, θ) Amplitude Source

(0, 0) f0 - (0,0) (0, 0◦) 1 DC

(1, 0) f1 O1 (52,0) (0.1952, 0◦) 0.45 layer 1
(0, 1) f2 O1 (51,-11) (0.1958, 12.16◦) 0.37 layer 2

(1,−1) f1 − f2 O2 (1,11) (0.0415,−84.8◦) 0.22 low Moiré
(1, 1) f1 + f2 O2 (103,-11) (0.3888, 6.09◦) 0.16 high Moiré
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3.4. Methodology

(a)O1 impulse (1,0) (b)O1 impulse (0,1) (c)O2 impulse (1,-1)

Figure 3.8: Two Ply Stack case: isolated impulses and associated gratings

- the impulses (0,1) and (0,-1) identify a cosinusoidal grating oriented at θ0,1 = 12.16◦

and of period T0,1 = f−1
0,1 = 0.1958−1mm = 5.10 mm. This grating corresponds to the

second layer, which differs from the first only in orientation.

All the remaining impulses in the spectrum belong to the group of O2 impulses. These
originate from the convolution of O1 impulses [63]. They are responsible for the band
structures that one can perceive in the pressure field, i.e. the actual Moiré fringes that arise
from the interference between layers.

- the twin impulses (1,-1) and (-1,1) identify some low frequency fringes (low Moiré)
that run in the direction transverse to the tows. These bands are well within the circle
of visibility [61] and are visually evident in Fig. 3.6a.

- the impulses (1,1) and (-1,-1) define some higher frequency interference (high Moiré)
between the layer gratings. They contribute to some extent to the definition of the
pressure field, but at the same time their effect is less evident as one’s sensitivity to
high frequency detail decreases significantly [61].

To visually clarify their physical meaning, the individual pairs of O1 and O2 impulses
present in the spectrum F have been isolated in Fig 3.8, where the corresponding cosinu-
soidal gratings from Eq.3.4 are plotted.

Validation

The validity of the spectrum interpretation is compared to the direct visual measurement of
the layer orientations. A picture of each layer being laid down is taken using a digital camera
with 30 mm full-frame equivalent lens mounted in a fixed position from above. Due to space
constraints the camera lens is slightly off-centered and tilted from the plate’s vertical axis:
perspective correction is applied to the pictures to recover the orthogonal view of the layers.
The picture of the layers are shown in Fig. 3.9. The measurement of the layer orientations is
performed manually by measuring the direction of the tows using the software ImageJ [45].
Angle values are offset so that the bottom layer is the reference θvis

1,0 = 0◦. The orientation of

32



3.4. Methodology

(a) Layer 1 (b) Layer 2

Figure 3.9: Photographic validation of two ply stack with different orientations case

the second layer measured manually was θvis
0,1 = 11.9◦, against the value measured in section

3.4.1 of θFFT
0,1 = 12.16◦. The value measured from the pictures shows very good agreement

with the one computed from the analysis of the pressure field spectrum. This proves that the
physical interpretation of the impulses is satisfactory. However the values measured from
the pictures hardly represent a benchmark for error estimation: in fact, it is reasonable to
say that the uncertainty in the measurement of angles from the pictures (lens distortion,
manual measurement precision) exceeds the uncertainty of measurement from analysing
the position of an impulse. High sensitivity to small angle differences is a characteristic of
Moiré analysis [60]. Therefore the visual validation is intended more to be a confirmation
of the physical interpretation of the spectrum rather than an error quantification.

Discussion on Two Ply Stack case

Some observations regarding this case study can be elaborated. The first observation con-
cerns the first order (O1) impulses. Since the layers in the stack are made of the same
textile, all O1 impulses have the same frequency component f and only differ in orientation
θ. In this case we can define a theoretical orientation circle, centered in the origin and with
radius equal to f , on which all impulses from the layup layers fall, their position depending
only on their orientation. As a consequence any O1 impulse not falling on the orientation
circle becomes an indication of some uncontrolled distortion in the tows center-lines spac-
ing of the corresponding layer that might have occurred during the compaction phase. The
orientation circle then becomes a tool for quantification of the layup deviation from the
baseline configuration.

The second observation concerns second order (O2) impulses. According to the convo-
lution theorem [63], the presence of O2 impulses suggests that the pressure field exhibits
characteristics of multiplicative interference rather than additive. An ideal additive field
would not generate second-order impulses. (Moiré fringes could still be visible, but would
rather be called pseudo-Moiré [65]). However the pressure field captured by the Prescale
sensor is not a mathematical construct, but rather the result of a non-linear physical in-
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teraction between materials. The sensitivity bounds of the Prescale sensor also introduce
some thresholding on the field. Therefore it is reasonable to assume that the pressure field
captured contains traits of both multiplicative and additive interference. For this reason it
would be more appropriate to name this behavior pseudo-multiplicative interference. This
claim is further supported by the amplitude of all the impulses. Under the assumption of
purely multiplicative interference of cosinusoidal gratings, all O1 impulses should have the
same amplitude. However the measured amplitudes of O1 impulses are generally lower the
farther away we move from the pressure sensor. This likely happens because the contact
interaction between plies is highly non-linear, and affected by local variability of the mate-
rial. On the other hand, the sequential decay in O1 impulses is useful because it reveals the
ordering of plies in the stack.

3.4.2 Fabric Stacks with Three and Four Plies

In this section the same technique is applied to more configurations with higher number
of plies. This is important because in real industrial applications fabric preforms are con-
structed with varying number of plies to build up to the thickness of the composite. The
application of the method is demonstrated here with a Three Ply Stack (3PS) and a Four
Ply Stack (4PS) test cases. In each case the first ply is placed at a reference orientation (0◦),
then all subsequent layers are placed at some arbitrary, not pre-determined angles with re-
spect to the reference layer. That means that for an N -layers case, N -unique orientations
are present in the stack. For the 3PS and 4PS cases, the pressure fields, power spectra and
table of impulses are provided.

- Three Ply Stack (3PS)
Compression curve and pressure field are shown in Fig. 3.10. The FFT spectrum is
shown in Fig. 3.10b Impulses are listed Table 3.4.

- Four Ply Stack (4PS)
Compression curve and pressure field are shown in Fig. 3.11. The FFT spectrum is
shown in Fig. 3.11b. Impulses are listed in Table 3.5

It can be observed that as the number of layers increase, impulses of higher order are also
present in the spectrum (O2,O3, ... ON for N layers). They arise from the convolution
of lower order impulses, hence their amplitude is much lower. Their presence is barely
detectable in the FFT image, however their contribution to the pressure field is negligible.
The fact that they are present confirms the multiplicative character of the pattern, however
the information they contain is redundant and will not be considered any further. The
interpretation of the impulses remains unchanged: O1 impulses describe the orientation
and spatial frequency of the base layers, (O1+) are generated from their convolution and
are responsible for the patterns on the print. To keep the analysis synthetic:

- O1+ impulses with low amplitude are ignored

- O1+ impulses far outside of the orientation circle are ignored
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(a) Pressure field at F = 30kN (b) FFT data (enhanced contrast)

Figure 3.10: Three Ply Stack case

- Twin impulses are not be listed

For both the 3PS and 4PS cases all individual layer orientations and spatial frequencies
were measurable. For the 4PS case only, a photographic measurement of the orientations
was also carried out, which yielded the values, in the order: 0◦, 18.5◦, 4.2◦, 76.5◦. Measured
values are very close to the orientations interpreted from the print, reported in Table 3.5. It
can be concluded that the spectral analysis of the pressure field allows one to fully detect
the structure of multi-layer layups containing up to 4 distinct orientations.

Discussion on Three and Four layer Cases

It is well known that when gratings are at nearly orthogonal orientations the sensitivity
of Moiré analysis is at its lowest [19]. The Four Ply Stack case shows that the technique
is viable even when the angles are close to 90◦. As already observed in the 2PS case,
there is a progressive decrease in amplitude for all impulses when more orientations are
introduced farther away from the pressure sensor. Hypothetical reasons behind this effect
were discussed in section 3.4.1. On the other hand, the decrease in amplitude for all O1+
impulses can indeed be explained by the convolution theorem. For every additional N th

layer a set of additional ON impulses are generated the amplitude of which decays as it is
the product of the amplitudes of all ON− impulses that contribute in the convolution. This
trend is qualitatively confirmed by the amplitude of all O1+ impulses in the three and four
layer case. Given that the amplitude of the impulses in the spectrum directly correlates to
the pattern intensity on the pressure film, a physical maximum number N of layers can be
reached so that higher order impulses (ON+) would not be detectable in the spectrum, as
their contribution to the pressure field would fall under the sensitivity of the sensor. For
example the LLLW Prescale sensor used in the experiments has a sensitivity range of 0.2 -
0.6 MPa. On a purely theoretical basis, if we assumed a linear relationship between pressure
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Table 3.4: Three Ply Stack case: impulses in the spectrum

Index Lin. comb. Order Position (u, v) Position (f [mm−1], θ) Amplitude Source

(0, 0, 0) f0 - (0,0) (0, 0◦) 1 DC

(1, 0, 0) f1 O1 (52,0) (0.1954, 0◦) 0.37 layer 1
(0, 1, 0) f2 O1 (52,-5) (0.1963, 5.5◦) 0.26 layer 2
(0, 0, 1) f3 O1 (47,-21) (0.1934, 24.0◦) 0.27 layer 3

(1,−1, 0) f1 − f2 O2 (0,6) (0.0225, −90◦) 0.16 low Moiré
(0, 1,−1) f2 − f3 O2 (4,15) (0.0583, −75.05◦) 0.18 low Moiré
(1, 0,−1) f1 − f3 O2 (4,21) (0.0808, −79.35◦) 0.14 low Moiré
(1, 1, 0) f1 + f2 O2 (103,-5) (0.3875, 2.77◦) 0.10 high Moiré
(1, 0, 1) f1 + f3 O2 (99,-20) (0.3795, 11.42◦) 0.10 high Moiré
(0, 1, 1) f2 + f3 O2 (99,-26) (0.3846, 14.71◦) 0.11 high Moiré

(a) Pressure field at F = 30kN (b) FFT data (enhanced contrast)

Figure 3.11: Four Ply Stack case

36



3.5. An application case study: misalignment detection in periodic layups

Table 3.5: Four Ply Stack case: impulses in the spectrum

Index Combination Order Position (u, v) Position (f [mm−1], θ) Amplitude Source

(0, 0, 0, 0) f0 - (0,0) (0, 0◦) 1 DC

(1, 0, 0, 0) f1 O1 (52,0) (0.1956, 0◦) 0.37 layer 1
(0, 1, 0, 0) f3 O1 (49,-16) (0.1940, 18.08◦) 0.36 layer 2
(0, 0, 1, 0) f2 O1 (51,-4) (0.1948, 4.48◦) 0.22 layer 3
(0, 0, 0, 1) f4 O1 (12,-50) (0.1945, 76.50◦) 0.19 layer 4

(1, 0,−1, 0) f1 − f3 O2 (0,4) (0.0150, −90◦) 0.10 low Moiré
(0,−1, 1, 0) f2 − f3 O2 (2,12) (0.0458, −80.53◦) 0.10 low Moiré
(1,−1, 0, 0) f1 − f2 O2 (2,16) (0.0607, −82.87◦) 0.11 low Moiré
(1, 0, 0,−1) f1 − f4 O2 (40,50) (0.2409, −51.34◦) 0.06 low Moiré
(0, 0, 1,−1) f3 − f4 O2 (39,46) (0.2269, −49.71◦) 0.04 low Moiré
(0, 1, 0,−1) f2 − f4 O2 (37,34) (0.1890, −42.58◦) 0.08 low Moiré

and normalised amplitude, we can estimate a theoretical minimum detectable amplitude,
under the assumption of purely multiplicative interference, equal to 0.0625. This would
allow one to barely detect O3 impulses while O4 impulses would be undetectable. Actual
sensitivity could be even lower. The maximum order N of impulses that can be detected
on the pressure field could theoretically be increased by expanding the sensitivity range of
the sensor. This property of the convolution theorem could be interpreted as unfavorable.
However there is a way to turn this same property into an useful feature when addressing
multi-layer layups, and this property is studied in the next section.

3.5 An application case study: misalignment detection in peri-
odic layups

We propose here an example of scenario where one property of the convolution theorem is
exploited to the benefit of the technique. In the layup of LCM preforms it is common practice
to follow stacking sequences which are periodically repeated, for example: [0◦, 45◦, 0◦, 45◦]
or [0◦, 30◦, 60◦, 0◦, 30◦, 60◦] and so on. The precise placement of each ply according to
the designated orientation plays a major role in the final properties of the preform such
as the local permeability and fiber volume fraction. While tools exist to assist the precise
placement of every layer, a certain degree of misalignment from the prescribed values can
occur. This is especially true in complex shape molds, where the distortion of the textiles
being laid down can hinder the precise alignment. Obtaining a precise quantification of the
deviation from the theoretical layup is not an easy task, especially when the misalignment
originates during the compaction of the plies inside a closed mold.
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Table 3.6: 4PPm: impulses in the spectrum (Fig.3.13a)

Index Order Position (u, v) Position (f, θ) Amplitude Source

(0, 0, 0) DC (0,0) (0, 0◦) 1 DC

(1, 0, 0) O1 (50÷52,0÷1) (0.1934, 0◦) 0.22 layers 1,3
(0, 1, 0) O1 (49,-14) (0.1913, 15.94◦) 0.28 layer 2
(0, 0, 1) O1 (48,-17) (0.1914, 19.50◦) 0.27 layer 4

(1,−1, 0) O2 (2,13) (0.0494,−81.25◦) 0.1 low Moiré
(1, 0,−1) O2 (3,16) (0.0611,−79.38◦) 0.12 low Moiré
(0, 1,−1) O2 (1,-3) (0.0119,−18.43◦) 0.12 low Moiré

3.5.1 Four Ply Periodic Stack

The methodology presented in this article can be applied to this scenario to evaluate the
alignment between plies. To demonstrate this, the compaction of a Four Ply Periodic (4PP)
layup, containing 4 plies in sequence [0◦, θ2, 0

◦, θ2], was repeated twice under different
conditions. In the first scenario (4PPm) the stacking was performed allowing some slight
misalignment between the layers pairwise in the sequence. In the second scenario (4PPa)
great care was observed in aligning the layers two by two as precisely as possible. To keep
the study as generic as possible, the angle θ for layers 2 and 4 was not pre-determined. This
means that layer 2 was arbitrarily placed over layer 1, then layer 4 was placed to match
precisely the orientation of layer 2.

(a) 4PPm: slightly misaligned layers (b) 4PPa: well aligned layers

Figure 3.12: Four Ply Periodic (4PP): pressure field at 30 kN force
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Table 3.7: 4PPa: impulses in the spectrum (Fig.3.13b)

Index Order Position (u, v) Position (f, θ) Amplitude Source

(0, 0) - (0,0) (0,0◦) 1 DC

(1, 0) O1 (51,0) (0.1919,0◦) 0.51 layers 1,3
(0, 1) O1 (48,-16) (0.1941,18.43◦) 0.49 layers 2,4

(1,−1) O2 (3,-16) (0.0624,−79.37◦) 0.29 low Moiré

(a) 4PPm: slightly misaligned layers (b) 4PPa: well aligned layers

Figure 3.13: Four Ply Periodic (4PP): F (u, v) spectrum data (enhanced contrast)

In test case 4PPm, the slightly misaligned layers generate the fairly structured pressure
field shown in Fig. 3.12a. One can notice visually the presence of two distinct low-frequency
Moiré fringes on the image. After computing the FFT, shown in Fig. 3.13a, it is possible
to detect three distinct pairs of O1 impulses that fall on the orientation circle. That is due
to the fact that layers 2 and 4 are misaligned and are individually detectable as separate
impulses. Furthermore the (1,0,0) impulse appears blurry and its position is not well de-
fined but spans several pixels. Values and detected orientations are provided in Table 3.6.
On the other hand in test case 4PPa, when the plies are pairwise aligned with precision,
only one set of Moiré fringes is present in the pressure field in Fig. 3.12b. The spectrum in
Fig. 3.13b appears similar to the Two Ply Stack case addressed in section 3.4.1. Only two
O1 impulses are detectable: (1,0) and (0,1) mark the position of layers 1,3 and 2,4 respec-
tively. Only two pairs of O2 impulses are detected. Their amplitudes are higher than in test
case 4PPm. Period and orientation of all layers can be accurately determined. Values are
provided in Table 3.7. The multi-layer periodic layup scenario allows one to take advantage
of a property of the convolution theorem: under the assumption of pseudo-multiplicative
interference, the amplitudes of two impulses are summed when the convolution of the spec-
tra places them in the same position in the frequency domain. This applies to impulses of
all orders. This condition is met only when two layers are well aligned (they behave as one
single layer), as in test case 4PPa, but not in test case 4PPm. An important consequence is
that all impulses in the misaligned scenario exhibit a lower amplitude than in the well-aligned
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(a) 9PPm: slightly misaligned layers (b) 9PPa: well aligned layers

Figure 3.14: Nine Ply Periodic (9PP): pressure field at 30 kN

scenario, with O2 impulses decaying faster that O1.

3.5.2 Nine Ply Periodic Stack

To confirm this finding, the same test was repeated for a Nine Ply Periodic (9PP) test case,
with 9 layers stacked in periodic sequence [0◦, θ2, θ3, 0

◦, θ2, θ3, 0
◦, θ2, θ3]. In test case 9PPm

the layers were aligned roughly, while in test case 9PPa the layup was realised with extreme
care, in order to effectively have only 3 unique orientations. Pressure fields for these two
scenarios are shown in Figs. 3.14a, 3.14b. The corresponding FFT spectra are shown in
Figs. 3.15a, 3.15b. In the spectrum of test case 9PPm a total of 5 O1 blurry impulses
can be detected, with the impulses (0,0,0,1,0) and (0,0,0,0,1) much weaker in amplitude
than the others. This implies that at least 5 distinct orientations were present in the stack
(instead of the nominal 3). It is reasonable to believe that even more unique orientations
might have been present in the layup, but the sensitivity of the technique fails to detect
more than 5 distinct O1 impulses, especially because they are closely grouped together (the
misalignment is slight). On the other hand in the spectrum of test case 9PPa only 3 O1
impulses can be detected, corresponding to the orientations [0, θ1, θ2]. Their position is well
defined and their amplitude is higher than the O1 impulses from test case 9PPm, denoting
a good alignment of the matching orientations. The 9PPa scenario also presents a lower
number of O2 impulses than 9PPm.

3.5.3 Conclusions on Periodic Layups

The periodic layup test cases 4PP and 9PP demonstrate that the analysis of the pressure
field can provide information about orientations and spatial frequency of textile layers even
in presence of a high number of plies. The results lead to two important conclusions:

- it is not the number of layers, but rather the number of unique orientations that defines
the limit of the technique.
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3.5. An application case study: misalignment detection in periodic layups

Table 3.8: 9PPm: impulses in the spectrum (Fig.3.15a)

Index Order Position (u, v) Position (f, θ) Amplitude Source

(0,0,0,0,0) - (0,0) (0,0◦) 1 DC
(1,0,0,0,0) O1 (51,1) (0.1919,−1.12◦) 0.40 layers 1,4,7
(0,1,0,0,0) O1 (48,-17) (0.1915,19.50◦) 0.33 layers 2,5
(0,0,1,0,0) O1 (21,-47) (0.1936,65.92◦) 0.27 layers 3,9
(0,0,0,1,0) O1 (47,-21) (0.1936,24.07◦) 0.08 layer 8
(0,0,0,0,1) O1 (16,-49) (0.1939,71.91◦) 0.07 layer 6

(1,0,-1,0,0) O2 (30,48) (0.2129,−58.00◦) 0.13 low Moiré
(0,1,-1,0,0) O2 (27,29) (0.1490,−47.04◦) 0.12 low Moiré
(1,0,0,-1,0) O2 (3,18) (0.0686,−80.53◦) 0.08 low Moiré
(1,-1,0,0,0) O2 (5,23) (0.0885,−77.73◦) 0.04 low Moiré

(a) 9PPm: slightly misaligned layers (b) 9PPa: well aligned layers

Figure 3.15: Nine Ply Periodic (9PP): F (u, v) spectrum data (enhanced contrast)

Table 3.9: 9PPa: impulses in the spectrum (Fig.3.15b)

Index Order Position (u, v) Position (f, θ) Amplitude Source

(0, 0, 0) - (0,0) (0,0◦) 1 DC

(1, 0, 0) O1 (51,0) (0.1919,0◦) 0.44 layers 1,4,7
(0, 1, 0) O1 (48,-17) (0.1916,19.50◦) 0.35 layers 2,5,8
(0, 0, 1) O1 (24,-45) (0.1919,61.92◦) 0.29 layers 3,6,9

(1,−1, 0) O2 (3,17) (0.0649,−80.00◦) 0.18 low Moiré
(1, 0,−1) O2 (27,45) (0.1974,−59.03◦) 0.16 low Moiré
(0, 1,−1) O2 (24,28) (0.1387,−49.40◦) 0.15 low Moiré
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- for a given periodic layup, it is possible to assess the misalignment of layers by looking
at the number and amplitude of the impulses present in the FFT of the pressure field.
For example, a threshold value could be set on the amplitude of O2 impulses (which
decay faster than O1 in case of misalignment) to assess if the layup is acceptable or
not.

3.6 Digital preform reconstruction

The acquisition and analysis of the compaction pressure field allows one to precisely mea-
sure certain quantities of the preform layup, notably the layer orientations and tow center-
lines distance. This information is valuable for several applications, most notably the char-
acterization of mechanical or flow related properties. One possibility of exploiting this
information consists in reconstructing a realistic, three-dimensional digital geometry of the
layup, of which we will give here an example.

We provide an example, using TexGen to generate the geometry by scripting via its
Python API. We demonstrate the process using the 4 layer case as a representative case, but
the same could be accomplished for any other case. The layup digital geometry is generated
using the data measured from the real material:

- Layer orientations and tow centerline spacing are assigned the values obtained from
the Four Ply Stack (4PS).

- Tow cross-sectional geometry is approximated by an ellipse. The tow width is set to
the quantity measured in section 3.4.1 (w = 4.9mm). Tow thickness of the compacted
preform is assumed to be homogeneous across the layers, and is obtained by dividing
the final thickness (Table 3.2) by the number of layers. For this test case, h = hf/4 =
2.67/4 = 0.67mm).

- Size of the domain is set to the same values of the pressure field print (20.5× 26 cm).

The geometry generated is shown in Fig. 3.16. Layers have been clipped in visualisation
to display the layers below. One can see that the tow orientations and distribution are
very accurately matching the ones of the real material, while on the other hand the tow
cross-sectional shapes are only approximated. Once the information about accurate layer
orientation and tow centerlines position is secured, an additional step would be to refine
the geometry of tow cross sections. To this extent, mechanical models exist that compute
the evolution of tow cross sections under compression [32, 66, 67]. Their implementation
however deserves a completely separate treatment and will not be dealt with here. The
numerical mesh of a multi-layer layup such as the one in Fig. 3.16 is the typical domain
input for further computations, such characterization of flow properties of the textile layup.
This kind of analysis will be at the center of the next chapters.
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Figure 3.16: Digital reconstruction of the Four Ply Stack preform

3.7 Conclusions

In this chapter we presented a methodology to determine the orientation and alignment of
a multi-layer layup configuration based on the analysis of its compaction pressure field. Tow
orientations and center-line periods of layups in compacted state were measured applying
spectral Moiré analysis for the first time to the compaction pressure field. The theory of
Moiré notoriously ensures high precision in the detection of angles between layers when
the misalignment is small. However we have demonstrated that, even in presence of high
angles (4PS and 9PP cases), the method yields accurate spatial description. The use of a
cost effective pressure sensitive film results in the absence of size limitations in the area to
study. This represents an advantage over other mesoscale direct measurement techniques
such as µ-CT.

This novel methodology opens the way to several future developments. The first re-
garding the material: quasi-UD textiles were used, but Moiré theory is able to interpret also
interaction of periodic grids, and contributions exist in literature that apply the theory to
non-periodic structures as well [68]. It is the author’s belief that the present methodology
could be extended to woven fabric preforms and detection of average tow path distortions.
Another future work might be to add a mechanical model: at the current state, the me-
chanical information in the pressure field is not really used. It might be worth trying to
complement this analysis with a mechanical model, using the actual local values of pressure
from the print, reprising elements from chapter 1 [32]. Coupling the Moiré analysis of the
patterns with a mechanical model for the yarn deformation [66, 67] could provide some in-
sight on the evolution of yarn cross-sections as well, hence improving even more the output
digital reconstructions (section 3.6). These future works will be reprised in chapter 7.

The multi-layer methodology shown in this chapter, along with the single-layer study,
conclude the first part of this thesis dedicated to the acquisition of geometric data. We can
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consider the digital textiles generated from such data, such as the one shown in section
3.6, as the output of this first part. Starting from the next chapter, the focus will shift to
exploitation of these data for flow simulations.
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Chapter 4
Single-Scale Skeleton model:
formulation

4.1 Introduction

In the last chapter we presented a novel technique to extract information about the struc-
ture of multi-layer heterogeneous preforms. Most notably, the two pieces of information
that can be obtained are the orientation of the yarns and the spacing between them, which
is a consequence of their spatial distribution. As stated, the benefit of the spectral Moiré
analysis is that the domain size is no longer a limitation. In order to exploit the information
obtained by Moiré analysis for material characterisation, if the size of the domain is a factor,
a fitting tool of analysis is needed. We can consider the three-dimensional preform models
presented in chapter 3 as the starting point for the next study. Depending on the stacking
configuration, the periodicity length of such preforms could be orders of magnitude larger
than the yarn dimensions. Because of the fine scale of the channel cross-sections, coupled
with the large size of the domain, a full three-dimensional Stokes flow becomes a computa-
tionally intensive problem to solve [69]. Going back to the premises laid down in chapter 1,
we expressed the need for a tool capable of solving a flow analysis over a potentially large
domain. Such a tool would serve as a fitting complement to the spectral Moiré analysis.
This tool is represented by the Skeleton model, which is introduced in this chapter.

4.1.1 Outline of the chapter

This chapter is to be intended as strongly connected to the next chapter: here the theoretical
treatment and validation is laid, then in chapter 5 the application to composite materials is
presented. We take advantage of the typical aspect ratio of intra-yarn channels to reduce
the complexity of the flow problem. Starting from a digital model of a porous domain we
will generate a Medial Skeleton mesh, which simplifies and replaces the original geometry.
Then by adopting Reynolds lubrication approximation we model a steady-state flow prob-
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lem on the skeleton domain. The problem is solved numerically and several quantities are
computed. The solution obtained is compared with a reference solution obtained by solv-
ing a steady-state Stokes flow on the original domain. Both 2D (2D Stokes - 1D Reynolds)
and 3D (3D Stokes - 2D Reynolds) cases will be addressed. While the 3D scenario is the
most appealing for real application, the 2D case is a good starting point to illustrate the
methodology and investigate its limitations.

4.2 Predictive methods for permeability characterisation

We will review briefly the non-experimental methods available for characterising the flow
properties of a porous medium. The quantity that is typically investigated is permeability,
both in its full tensorial form or simply in a given direction of interest. In order to go
from the knowledge of a porous geometry to the characterisation of its permeability, we
can identify two approaches for predictive procedures. The first group is represented by
analytical solutions, which can directly express the flow properties of a porous domain
given its geometrical parameters. The advantage of these methods is that a simple analytical
formula can directly yield a quantification of the properties of the geometry, often to a very
good degree. This is the case of Gebart’s expression for permeability of cylinder arrays
in different packing configurations [70], or the Kozeny-Carman equation [71, 72]. The
downside of these models, however, is that they are either only applicable to very simple
domains, with certain idealised geometrical characteristics, or they depend on empirical
parameters that are unknown. The second group of characterisation procedures consist in
solving (numerically) a flow problem on a porous domain, so that material properties can
be computed from the flow solution. Typically these methods involve generating a digital
representation of the porous geometry under study, on which a flow problem is modeled
and numerically solved. All numerical methods provide a solution which is based on the
arbitrary geometry provided, which is not required to observe restrictions in its complexity.
This is why numerical flow methods are today the most viable option to perform the digital
characterisation of any given porous material. The downside associated with these methods
comes from the numerical solution of a (potentially) complex problem.

4.2.1 Analytical methods

Kozeny-Carman equation

The earliest constitutive model that linked permeability to volume fraction of a porous
domain was developed by Kozeny [71] and modified by Carman [72], into what is generally
known today as the Kozeny-Carman equation [73]. Initially developed for soils, the version
of the equation used with composite materials is:

K = α
(1− Vf )3

V 2
f

(4.1)
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where Vf is the area fraction of the domain occupied by the cylinders and α is an empirical
parameter depending on the fibrous structure of the domain, and linked to the (unknown)
flow tortuosity. The presence of an empirical parameter requires one to obtain this value
by other means such as conducting experiments: more authors have attempted to derive
variations on Eq. 4.1 with the aim to relax the need for empirical parameters. This was
achievable only by assuming some regularity and idealisation on the cell model geometry.
Among others, Bruschke and Advani [74] used lubrication theory to express permeability
across an array of cylinders:

K =
1

3

(1− L2)2

L3

3L tan−1
√

1+L
1−L√

1− L2
+
L2

2
+ 1

−1

R2 (4.2)

where L2 = 4Vf/π and R is the radius of the cylinder. Expression 4.2 has the benefit of not
needing any empirical parameter to be fitted experimentally.

Gebart model

Gebart [70] proposed an analytical formula to express the permeability of a domain pop-
ulated by an array of cylinders. The way this approximation is derived assumes that most
of the viscous dissipation happens at the narrowest points of the channel restrictions. The
permeability in the longitudinal and transverse direction is expressed as:

K‖ =
8R2

A

(1− Vf )3

V 2
f

(4.3)

K⊥ = B

(√
Vfmax

Vf
− 1

)5/2

R2 (4.4)

where Vfmax is the maximum volume fraction possible, obtained when the cylinders touch,
and A, B are geometrical parameter listed in Table 4.1. The parameters A, B are only
known for simple packing arrangements, and become once again empirical parameters if
the packing of cylinders is arbitrary. In particular, for the square and hexagonal packing
scenarios:

Table 4.1: Geometrical parameters for Gebart’s expressions

Packing Vfmax A B

Square π/4 57 16/9π
√

2

Hexagonal π/(2
√

3) 53 16/9π
√

6

These expressions, although limited in applicability to real composite tow geometries,
can be used as a term of comparison for the model we propose further on. Gebart’s expres-
sions 4.3-4.4 will be used again in Section 4.6.4.
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(a) Square packing (b) Hexagonal packing

Figure 4.1: The array packings used by Gebart

4.2.2 Numerical methods

Finite Elements method

Finite element methods (FEM or FE) are general purpose methods. Although they apply
to an endless variety of physical scenarios, their working principle is always the same: a
system of PDEs of interest are solved numerically by discretising the continuous space into
finite elements. In the case of fluid flow, the equations of interest are Navier-Stokes (or
Stokes) and continuity. The differential equations are expressed in the weak form, which
is an integral form of the same that relaxes the continuity requirements of the derivatives.
The characteristic of FEM is that every variable, including the solution variables, can be
expressed as a linear combination of basis functions and values of the variable at the nodes.
One strong advantage of FEM is that a great number of solvers exist for the numerical
solution of most equations. In the field of composite processing, this method can be used
to compute the permeability or the transient filling of a part. For example there are many
commerial codes available that use FEM to simulate the RTM process such as PAM-RTM by
ESI [75] or LIMS developed by University of Delaware [76, 77]. In this thesis, FEM is used
in chapters 4, 5 and 6.

Finite Volume methods

Finite Volume (FV) methods are extensively used to solve CFD problems. The reason is,
the formulation of FV methods is suited to solve conservation equations, such as mass or
momentum, expressed in their integral form. The domain is discretised in cells, not unlike
with FEM, over which the divergence theorem is applied to transform volume integrals of
quantities into surface integrals of fluxes across the boundaries of the cells. This operation,
unlike when using shape functions, does not introduce approximation in the conservation
of quantities, making FV methods valuable for filling simulations. Commercial softwares
based on FV method which are used in composite materials simulations are GEO-DICT
(Math2Market, Germany) and OpenFOAM (OpenCFD, ESI).

48



4.2. Predictive methods for permeability characterisation

Meshless methods

Meshless methods stand out in a category by themselves because unlike all previous meth-
ods they are not based on a discretisation of space into elements. Two particle-based meth-
ods are worth mentioning: Lattice-Boltzmann method and Smoothed Particle Hydrody-
namics. In the Lattice-Boltzmann method (LBM) the macroscopic behaviour of a fluid is
retrieved by tracking the evolution of particles of fluid (or rather, their distribution). This
rather advanced model is based on Boltzmann’s equation for gases, which is upscaled to
a solution of Navier-Stokes. Without going into the details of the method, which would
require an understanding of particle dynamics, we remark that certain characteristics of
LBM make this model suitable for mesoscale flow simulations in porous media, both for
generic purpose [78, 79] and for the estimation of permeability of composite textiles [80].
A comprehensive treatment of LBM application to CFD can be found in [81, 82].

In Smoothed Particle Hydrodynamics (SPH) the flow of a fluid is represented as a col-
lection of interacting particles, each acting on the neighbours by a smoothed function of
influence called kernel function. This numerical method, introduced in the 1990s [83], has
been successfully applied to mesoscale flow simulations in porous media [84] In the field
of composite materials, SPH was used to simulate the resin infusion of a part in [85, 86] or
even flow-induced deformations of a preform in RTM processes [87]

Pore Network Model

In the Pore Network Model (PNM), a porous medium is represented as a network of pores
and throats. This model is ideal for highly unstructured porous media such as soils, where it
is possible to clearly identify openings in the channels network (pores) and narrow channels
connecting them (throats). The advantage of PNM is that the number of unknowns to be
resolved, which are linked to the number of pores, is much smaller than the number of
DOFs a detailed mesh would require. Applications of PNM to flow in porous media have
been countless, we refer to [88] for a comprehensive review. The critical feature in PNM
resides in the proper generation of the pores and their connections [89, 90]. Although the
applicability of the model is limited to the characteristic morphology of porous networks
such as the ones found in soils, PNM has been used to model the flow in textiles [91].

Other methods

Other numerical methods that are used to solve flow problems in porous media are the
Boundary Element Method (BEM [92, 93]), the Finite Elements with Level Set method [94]
and mixed Finite Element / Finite Difference method [95]. These methods have been used
to perform both saturated and unsaturated flow simulations.
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4.3 Model equations

We will review now the equations which will be used in the remainder of the chapter to
describe the flow behaviour. Two equations will be taken into account: Stokes and Reynolds
equations. Stokes equation is used to model a creeping flow within any geometry. When
the flow takes place in thin gaps and some assumptions are adopted, Stokes equation is
simplified into Reynolds equation within the theory of lubrication approximation.

4.3.1 Stokes flow

The flow of a Newtonian fluid inside a domain is governed by Navier-Stokes equations. In
their general form, assuming a constant density of the fluid, they read as:

ρ
Du

Dt
= f + µ∇2u−∇p (4.5)

where u indicates the velocity field, f is a force vector acting on the fluid volume and p is
the pressure field in the fluid. The material derivative term Du

Dt can be explicitly expressed
as:

Du

Dt
=
∂u

∂t
+∇u · u (4.6)

The left-hand side terms in Eq. 4.5 is related to the inertial effects, and the terms on
the right-hand side are the body forces, viscous effects and pressure effects respectively.
Dimensional analysis [96] shows that the contribution of inertial effects is closely related to
the Reynolds number, which is defined as:

Re =
ρuL

µ
(4.7)

where u is the magnitude of the characteristic velocity, and L is the flow characteristic
length. In composite processes the resin flows is generally characterized by low velocity
and high viscosity. In such flows, known as creeping flows, Re << 1 and the inertial term in
Eq. 4.6 becomes negligible compared to the other terms. These simplifications lead to what
is known as the Stokes momentum equation for fluids:

∂u

∂t
= f + µ∇2u−∇p (4.8)

and with some further assumptions such as

– the flow is steady-state, ∂u∂t = 0

– the fluid is Newtonian. Viscosity µ is constant and independent of time.

– source terms or body forces f are not present.
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along with the continuity equation, which for a constant density fluid (∂ρ/∂t = 0) is:

∇ · u = 0 (4.9)

results in the steady-state formulation of Stokes equations for fluids:

µ∇2u−∇p = 0 (4.10)

∇ · u = 0 (4.11)

Given some boundary conditions, Eqs. 4.10 are typically solved numerically for any arbi-
trary domain using the tools described in Section 4.2.2. Besides conditions on inlet/outlet
fluxes or source terms, one typical boundary condition that is usually adopted in single-scale
Stokes flow is the no-slip condition. If we denote the boundaries as Γw, this condition is
expressed as:

u = 0 on Γw (4.12)

Viscous power One representative scalar quantity that can be useful for global quantifi-
cation is the viscous power dissipated by the fluid. For a steady-state incompressible viscous
flow, we can write an energy balance equation in the form:∫

Γ
u · (σ · n) dS =

∫
Ω
σ : D dV (4.13)

where the left-hand side represents the work done by boundary stresses and the right-hand
side represents the internal viscous dissipation. The second-order tensorD indicates the
symmetric part of the velocity gradient, expressed as:

D =
1

2
(∇u+∇Tu) (4.14)

and σ is the stress in the fluid expressed as:

σ = −pI + 2µD (4.15)

where I is the identity matrix. Injecting this constitutive relation in the right-hand side of
Eq.4.13 allows one to express the viscous power density as:

σ : D = σijDij = −pDijδij + 2µDijDij = −pDkk + 2µDijDij (4.16)

and since from 4.14:

Dkk =
1

2
(uk,k + uk,k) = 0 (continuity equation) (4.17)

we can express the viscous power dissipation as:

Ψ =

∫
Ω
σ : D dV = 2µ

∫
Ω
D : D dV (4.18)
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Figure 4.2: µ-CT acquisition of a multi-layer quasi-ud layup [16]

4.3.2 Lubrication approximation

Lubrication theory leads to a much simplified form of Stokes equation which can describe
the flow of a fluid film inside slender channels or fractures. The theory is valid for slow,
creeping flows inside thin gaps or fluid films and was developed by Reynolds in 1886 [97].
It has been historically employed to model flow in bearings [98, 99] and in porous rocks
containing a network of fractures [22–24]. Lubrication approximation can also be applied
to creeping flow in textiles. The typical cross-sectional shape of inter-yarn pores is that
of thin and elongated channels, in which the characteristic length of flow is much higher
than the thickness. In Fig. 4.2 we show an example from the µ-CT scan of a textile, in
which the inter-yarn channels are highlighted. Lubrication theory has been used as the
micro-scale flow model for permeability upscaling in porous media [25, 26]. The model
and its definition of hydraulic aperture was also used by Wong et al. in [11] to compute the
upscaled permeability of textiles using a "stream surface" method. The theory can describe
the steady-state flow of a fluid in a much simplified form of Stokes equations, provided that
the following assumptions are adopted:

– the thickness h of the channel is small compared to the characteristic length of the
flow: h/L� 1

– no-slip boundary conditions at the channel walls

– constant viscosity µ

When these conditions are met, the pressure gradient in the transverse direction of the
channel can be neglected:

∇P · e2 = 0 (4.19)

where e2 is the direction transverse to the channel gap.
Starting from the Stokes momentum equation 4.10 we can add the non-slip condition

on velocity for a channel of gap h as: u(y = 0) = u(y = h) = 0, where u(y) denotes the
component of velocity in the channel direction. Eq. 4.10 can be integrated along the gap
dimension y, satisfying Eq. 4.9 and the no-slip condition, to obtain the well-known velocity
profile:

u(y) = u(y) e1 =
y(y − h)

2µ
∇p e1 (4.20)
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where h denotes the height of the channel. The mass flow rate as a function of the gap
thickness h is obtained directly from the velocity field by integration:

Q = ρ

∫ w

0

∫ h

0
(u(y) · e1) dydz = −wρh

3

12µ
∇p (4.21)

where ρ is the fluid density. For simplicity in the derivation we will adopt a unit-width
channel (w = 1). The gap-averaged component of velocity of the fluid in the channel
direction is obtained from Eq. 4.21 as:

〈u〉 =
Q

ρh
= − h2

12µ
∇p (4.22)

Finally we can apply mass conservation to Eq. 4.21 to obtain the differential form of the
continuity equation describing flow in a thin gap:

∇ · (ρ h 〈u〉) = ∇ ·
(
ρh3

12µ
∇p
)

= 0 (4.23)

This equation is also known as Reynolds equation, and in the field of geoscience is some-
times referred to as the "local cubic law (LCL) [96]".

Viscous power The power dissipated by viscous force is expressed for Reynolds equation
as:

Ψ =

∫
Ω
u · ∇p dx =

∫
Ω
u · ∇p dx (4.24)

This quantity is equivalent to the one expressed in Eq. 4.18

Validity of lubrication approximation in varying gap channels

The lubrication approximation theory, from which Eq.4.23 is derived, is based on the as-
sumption of a slowly varying gap in the channel. The actual meaning of this statement has
been largely investigated, however the conclusions that have been drawn on the rigidity
of this assumption have sometimes been not univocal. While studying flow between peri-
odically corrugated gaps, Zimmerman et al. [22] compared Stokes and Reynolds solutions
for a series of channel profiles. They found that the error introduced is less than 10% if
the channel gap to wavelength ratio is lower than 0.2, validating the idea that the smooth
variation of the channel gap is what most affects the approximation. On the other hand
Brown [100] found that that same ratio should be lower than 0.02 for the same result to
hold. Mourzenko et al. [101] observed that, for a given set of fractal aperture realisa-
tions, the error introduced by lubrication approximation is not monotonic with respect to
the gap aperture. Furthermore in the same study they showed that a best approximation of
the Stokes results is obtained when the distance bd between the medial streamline and the
channel walls, rather than the vertical separation between them b, is used as a value for gap
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Figure 4.3: Effective channel gap bd definition as used in [101]

size in Eq. 4.21, as shown in Fig.4.3. Finally, if surface roughness and sudden discontinuities
in the gap aperture are found, the validity of the lubrication approximation is hindered, as
observed in [24]. To address this issue, researchers proposed to adopt a spatially averaged
definition of the hydraulic aperture [102]. However, this aspect will not pose an issue in the
application of the lubrication theory to textiles, where the channel geometries are generally
smooth.
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4.4 Medial Skeleton

By neglecting the pressure gradient in the transverse direction, Reynolds equation allows
one to reduce the dimensionality of a flow problem. The gap-averaged velocity from Eq.
4.22 is constant in the cross-section leading to a Poiseuille flow. As a consequence, the
direction of the flow is only determined by the direction of the hyperplane separating the
channel walls. In the case of a 2D channel this hyperplane is represented by a medial
line running between the walls. If the gap is three-dimensional, the hyperplane becomes
a surface located at equal distance from the boundaries. We can generalise this definition
to any arbitrary 2D or 3D geometry to express the concept of topological Medial Skeleton.
The Medial Skeleton of a given geometry is defined as the "locus of centers of maximal
spheres bi-tangent to the shape boundaries" [103]. The equidistant condition is defined
locally, meaning that for every point belonging to the Medial Skeleton there exist at least 2
points belonging to the boundaries of the geometry which lie at the same distance.

The geometrical nature of the skeleton is dependent on the topological dimension of
the original geometry: the topology of the skeleton domain has always codimension 1 with
respect to the topology of the starting domain. The Medial Skeleton of a two-dimensional
set of boundaries is represented by a set of curvilinear lines that occupy the locus of points
equidistant from the boundaries. Such geometrical construct is known as "Medial Axis
Skeleton". On the other hand, the Medial Skeleton of a three-dimensional set of boundary
surfaces is built as a set of surfaces described by the points equidistant from the boundaries.
Such geometrical object is known as "Medial Surface Skeleton". In the remainder of the
chapter, the term "Medial Skeleton" is generically used to indicate both Medial Axis and
Medial Surface Skeletons, the distinction falling on the obvious context. Whenever clarity
is demanded, the proper labels "Medial Axis" and "Medial Surface" are used.

4.4.1 Background

Medial skeletons of shapes were historically introduced by Blum in 1967 [103]. In this early
work, he proposed several procedures to define a Medial Axis Function (MAF) of a shape
(Fig. 4.4). Today a number of numerical algorithms have been developed for the extraction
of medial skeletons from complex shapes. A comprehensive review of skeletonization algo-
rithms was realised by Saha et al. [104]. Loosely following the classification they proposed,
we can identify the main methods used to generate a Medial Skeleton mesh:

Voronoi diagram The medial skeleton is obtained by performing operations on the ele-
ments of the Voronoi diagram of the original shape. Voronoi diagrams were formally de-
veloped by Georges Voronoï in 1908 [105, 106] and have since been used in many fields.
The extraction of the Medial Axis Skeleton using Voronoi diagram from a 2D shape is quite
straightforward [107, 108]. The extension to Medial Surface Skeleton generation from 3D
shapes is slightly more complex [109–111]. The Voronoi diagram method is simple to imple-
ment and very robust for complex shapes. Furthermore, one can benefit from open-source
libraries such as QHull [112] and CGAL [113] to generate Voronoi diagrams starting from a
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4.4. Medial Skeleton

Figure 4.4: The original concept of medial skeleton from Blum’s 1967 paper [103]. The skeletons are highlighted. a) Medial
Axis Skeleton. b) Medial Surface Skeleton.

set of input points. The Voronoi diagram is the method that will be used to generate all
the Medial Skeleton meshes, 2D and 3D, in the remainder of the thesis. Detailed procedures
for the generation of Skeleton meshes using the Voronoi method are provided for both 2D
and 3D in Section 4.4.3. The Voronoi method has some known downsides: the tendency
of the skeleton being perturbed by small boundary features [108] and the bad scalability in
efficiency with large sets of input points [114].

Grassfire method The grassfire algorithms originate from an original concept by Blum
[103]: the original shape should be imagined as made of a mass of grass with the outer
layer set on fire. The erosion of the mass would advance until the fronts of the fire would
eventually meet at what is the medial skeleton of the shape. This early concept has been
implemented numerically both for 2D [115] and 3D [116]. Although this methodology of
Medial Skeleton generation was not explored in the present work, it is that author’s belief
that the grassfire algorithm could be an alternative to the Voronoi method. In that case,
however, additional care would need to be adopted to retrieve the distance map from the
boundaries (which is easy to compute using Voronoi method).

Other methods A number of alternative methods, not further explored in the context of
this work, do exist for the generation of complex skeleton meshes from 2D or 3D geometries.
We mention the sequential Betti-number based algorithm [117], the extended shrinking
algorithm [118], and distance-transform (DT) based algorithms [119].

4.4.2 Medial Skeleton and porous media

Flow models in porous media based on medial skeletons have been developed before. Riasi
et al. [120] used a 3D-voxels representation (Pore Topology Method) of the medial surface
skeleton of a porous domain to compute its macroscopic permeability. The permeability
of rock fractures was estimated using Reynolds equation and the medial skeleton in [121,
122], for 2D and 3D skeletons. The Medial Axis Skeleton is also sometimes used to identify
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the throats connectivity in Pore Network Modeling [118]. Aufort et al. [123] were able to
generate very complex surface skeleton meshes from digital samples of sandstone. Random
porous media structures were reduced to skeleton representations using Voronoi diagram
method in [124].

4.4.3 Numerical generation of Skeleton meshes

Skeleton domains are generated as discrete meshes from input geometries by using a series
of numerical tools, following sequential steps. As mentioned, the Voronoi diagram method
is used in the present work. The open-source library QHull [112] is used to compute Voronoi
diagrams of a set of input points through its Python API. The procedure for generating the
skeleton domains is now detailed, both for the 2D and the 3D cases. The sequence of
operations is fairly similar, with some additional steps in the 3D case.

Identification of Boundaries

Let Ω be a bounded geometrical domain of dimension d = 2, 3. This domain represents the
full geometry on which a given flow problem will be modeled. In its discrete definition,
Ω is a numerical mesh. The first step in the generation of its skeleton representation is
the identification of all boundaries Γw that correspond to solid walls of the domain, i.e.
boundaries where the no-slip condition is enforced. The subset of all element nodes Pw ∈
Γw becomes the input data for the generation of the skeleton mesh. We shall refer to this
set of points as generating nodes. The dimensionality of this set of points depends on the
dimensionality of the input geometry, as Pw ∈ Rd.

Voronoi diagram

The Voronoi diagram is the mathematical tool for the identification of the points in space
which will build the Medial Skeleton. Without going deep into the mathematical for-
malisms, a brief review of the theory is provided here.

Let a set of points Pw = {p1,p2, ...,pn} ∈ Rd with n ≥ 2 be given as generating nodes. d
denotes the geometrical dimension of the initial geometry. For each point pi it is possible to
identify a region in space such that all points belonging to this region are closer to pi than
any other point of the set. We can define this region of space as:

V i = V (pi) = {x | ‖x− pi‖ ≤ ‖x− pj‖, i 6= j} (4.25)

where x ∈ Rd is any generic position vector and ‖ · ‖ denotes the Euclidean distance. Each
region V i is called the Voronoi region associated to the generator point pi, and the set given
by

V = {V 1, V 2, ..., V n} (4.26)
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(a) Voronoi diagram in two dimensions of a set of 7 generator points.
(b) A pair of 3D Voronoi regions [125]

Figure 4.5: Examples of Voronoi diagrams. Generator points are marked as pi. Lines (2D) or planes (3D) separate Voronoi
regions (Vi), bounded by Voronoi vertices (vi).

is identified as the Voronoi diagram of the set of generator nodes Pw. The topological
dimension of a Voronoi region is identical to the geometrical dimension d of the domain.
If the original geometry is defined in a two-dimensional space, each Voronoi region will
delimit an area of space (Fig. 4.5a). Conversely if the original geometry is defined in a
three-dimensional space, each Voronoi region will delimit a volume of space (Fig. 4.5b). We
define two regions as adjacent if there exists at least one point x ∈ Rd that belongs to both
regions. Then for every pair of adjacent regions {V i, V j , i 6= j} we can define the locus
of points which are equidistant from both generating points (pi,pj). This locus of points,
which is a hyperplane of dimension (d−1), identifies a boundary ∂V i,j between the regions
V i, V j .

∂V i,j = {x | ‖x− pi‖ = ‖x− pj‖, i 6= j} (4.27)

or, more succinctly:
∂V i,j = V i ∩ V j , i 6= j (4.28)

We will define the boundary ∂V i,j as a Voronoi boundary. Notice that:

∂V i,j = ∂V j,i (4.29)

By extension the set of all Voronoi boundaries is:

∂V = {∂V 1,2, ∂V 1,3, ∂V 2,3, ..., ∂V i,j} (4.30)

The dimension (d − 1) of the boundary hyperplane calls for clarification: if the original
geometry is two-dimensional (d = 2), each Voronoi boundary is a line (Fig. 4.5a). Likewise
if the Voronoi regions are three-dimensional (d = 3), then each Voronoi boundary is a plane
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delimiting the region (Fig. 4.5b). The former shall be referred to as Voronoi ridge, the latter
as Voronoi plane. In the case of d = 3, the definition of boundary hyperplanes can be applied
recursively to the newly found Voronoi planes: these in turn are delimited once more by
lines that we can consider Voronoi ridges themselves.

Furthermore any triplets or more of adjacent Voronoi regions (that share one ridge pair-
wise) identify one intersection point v ∈ Rd, that is:

vi,j,k,...,n = V i ∩ V j ∩ V k... ∩ V n, i 6= j 6= k 6= n (4.31)

We will refer to this intersection point as a Voronoi vertex and we can identify the set of all
vertices as:

V = {v1,2,3,v1,2,4, ...,vi,j,k} ∈ Rd (4.32)

Notice that as a consequence of its definition, every Voronoi vertex vi,j,k,...,n is equidistant
from 3 or more associated generating points. We will refer to these as parent nodes to the
Voronoi vertex. For example in Fig. 4.5a the vertex v1,2,6 has the parent point p1,p2,p6.
Using the notion of parent nodes, it is possible to compute the Euclidean distance g between
each Voronoi vertex and the associated parent nodes.

g = ‖vi,j,k − pi‖ (4.33)

The set of Voronoi vertices, along with the associated ridges, planes and regions, is the
relevant data obtained from the Voronoi diagram. Before proceeding, it is necessary to
reorganise all the data into classical ordered tables of nodes and connectivity. All Voronoi
vertices are collected as nodal table of spatial coordinates:

V = {v1,v2, ...,vn} ∈ Rd (4.34)

where n is the number of Voronoi vertices and d is the geometrical dimension of the original
domain. We equally collect all distance values g and generate an array of local channel gap
values h to be associated with all Voronoi vertices:

h = {2g1, 2g2, ..., 2gn} ∈ R (4.35)

Using the indices of the parent nodes of each Voronoi vertex, we can generate a series
of connectivity tables. These shall be called Ck/0, where k and 0 are integer numbers
referring to the topological dimension of the geometrical entities related by the table, with
0 referring to vertices. The connectivity tables vary according to the geometrical dimension
of the problem.

For the case d = 2:

– C2/0: associates each Voronoi region with its Voronoi vertices. Elements: planar
polygonal regions of varying number of vertices

– C1/0: associates each Voronoi ridge with its Voronoi vertices. Elements: lines with 2
Voronoi vertices
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For the case d = 3:

– C3/0: associates each Voronoi region with the bounding Voronoi vertices. Elements:
three-dimensional polyhedra of varying number of vertices

– C2/0: associates each Voronoi plane with its Voronoi vertices. Elements: planar polyg-
onal regions of varying number of vertices

– C1/0: associates each Voronoi ridge with its Voronoi vertices. Elements: lines with 2
Voronoi vertices

Mesh construction: 2D skeleton

The Medial Axis skeleton mesh is constructed by one-dimensional line elements. These can
be readily extracted directly from the connectivity table C1/0. Therefore the Medial Axis
Skeleton generated from a two-dimensional geometry is simply the compound collection
of all Voronoi ridges of its corresponding Voronoi diagram. The nodes of the skeleton are
the Voronoi vertices. However, in order to only retain the portion of the skeleton that
exists in the Ω1 domain where the flow is defined, a filtering step is necessary to remove all
unwanted regions of the skeleton. The filtering is achieved by associating a subdomain flag
with each node in the skeleton. For sake of explanation we can imagine to assign the label
’c’ (channel) to all nodes located inside the Ω1 subdomain, ’s’ (solid) to all others. Once
the nodal flags are identified, the filtering is performed by simply retaining all elements
with both nodes flagged as ’c’, and discarding all others. Finally the value of the local gap
thickness h calculated from 4.35 is assigned to each node in the skeleton. The output is a
line elements mesh Ω̂, representing the medial axis skeleton of domain Ω, with associated
scalar field h. An example of Medial Axis Skeleton mesh is shown in Fig. 4.18b.

Mesh construction: 3D skeleton

The medial surface skeleton mesh is built as a compound mesh of two-dimensional ele-
ments. Unlike the simpler case of the medial axis skeleton, these surface elements cannot be
directly extracted from any of the connectivity tables computed from the Voronoi diagram.
After the generation of the Voronoi connectivity tables, an additional step is necessary: the
C2/0 table is composed of convex planar polygons of varying number of vertices. In order
to generate a conventional mesh, the polygons must be subdivided in triangular elements.
This is achieved by performing Delaunay triangulation on each polygon in the set. A new
connectivity table C ′2/0 is created, populated only by triangle elements. Finally the medial
surface skeleton of a three-dimensional geometry can be generated as the compound sur-
face of all triangulated Voronoi planes of its Voronoi diagram. Once again, domain filtering
is performed in similar fashion to the 2D case: a flag ’c’ (channel) is assigned to all nodes
located inside the Ω1 subdomain, ’s’ (solid) to all others. Only triangular elements with all
nodes flagged as ’c’ are retained, all others are discarded. The value of the local gap thick-
ness h from Eq. 4.35 is assigned to each node in the skeleton. The output is a triangular
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Table 4.2: List of test cases for 1D Medial Skeleton model. ξ indicates the perc. rel. error, as defined in Eq. 4.42

Label Description ξ range

SR2-A Poiseuille flow in straight channel 0.3%
SR2-B Slowly varying gap channel (0.1%, 15.7%)
SR2-C Strongly varying gap channel 0.6%
SR2-D Replica of Gebart’s study [70] (1.0%, 10.3%)
SR2/E-H Gallery of 2D test cases (3.2%, 6.6%)

SR3/A Strongly varying gap channel 4.5%
SR3/B Doubly slanted plates (0.2%, 2.3%)
SR3/C Inter yarns channel 8.2%
SR3/D-E Gallery of 3D test cases (1.3%, 5.0%)

elements mesh Ω̂, representing the medial surface skeleton of domain Ω, with associated
scalar field h. An example of Medial Surface Skeleton mesh is shown in Fig. 4.27b.

4.5 Methodology

In the remainder of this chapter, a series of test cases will be set up with the aim to eval-
uate the accuracy of the Medial Skeleton model. For each test case, a steady-state Stokes
flow problem is modeled and solved numerically using the finite elements method. This is
adopted as the reference solution. Consequently, the Medial Skeleton of the same domain
is extracted and the same flow problem is modeled on the dimensionally-reduced mesh
by Reynolds equation. The problem is solved once again by finite elements method, then
the skeleton solution is compared with the benchmarked Stokes solution. The analysis is
first carried out over two-dimensional domains: these cases are useful to isolate and study
specific features of the skeleton model. In the second half of the chapter, the method is
extended to three-dimensional domains: these cases have application potential. A list of the
test cases present in the chapter is provided in Table 4.2.

4.5.1 Boundary conditions

A specific nomenclature will be adopted to denote domains and boundaries. Unless other-
wise specified, this nomenclature will apply to all test cases and will only be detailed here,
in order to avoid unnecessary repetitions. The computational domain is indicated as Ω.
Inlet and outlet boundaries are labeled as Γin and Γout respectively. All other solid bound-
aries are indicated as Γw. Domains and boundaries belonging to the Skeleton domain are
indicated with the |̂·| superscript. Depending on the geometrical dimension of the domain,
these boundaries assume a different topological dimension. A summary of boundary labels
and dimensions is listed in Table 4.3. For the comparison to be consistent, the same set of
boundary conditions must be applied to both the Stokes and Reynolds problems:
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Table 4.3: Boundary labels for the two-dimensional test cases

Scenario Label Geometrical dim. Topological dim.

2D domain
(Stokes)

Domain Ω 2 2
Inlet Γin 2 1
Outlet Γout 2 1
Boundaries Γw 2 1

Medial Axis
Skeleton
(Reynolds)

Domain Ω̂ 2 1
Inlet Γ̂in 2 0
Outlet Γ̂out 2 0
Boundaries - - -

– Stokes:

p = pout on Γout∫
Γin

u · n dS = Qin on Γin

u = 0 on Γw

(4.36)

– Reynolds:

p = pout on Γ̂out∫
Γ̂in

û · n dS = Qin on Γ̂in
(4.37)

It is worth noting that the no-slip condition at the solid boundaries (u = 0 on Γw) is already
embedded in Reynolds equation by derivation. Conditions of Eqs. 4.36-4.37 describe a
classical flow scenario: along the outlet boundary a known value of pressure pout is imposed,
while at the inlet boundary a volumetric flow rate Qin is prescribed. By choosing this set of
boundary conditions, the inlet pressure is unknown and becomes part of the solution.

4.5.2 Numerical solution

We will present the procedures that were followed to obtain a numerical solution of Stokes
and Reynolds problems in all the test cases that follow. Before doing so, we introduce the
FEM library that was used to achieve the goal.

FEniCS library

In order to solve numerically Eqs. 4.9, 4.10 and 4.23 a finite element solver must be used.
For all the test cases in this chapter, the FEniCS finite element library [126, 127] was used.
This open-source library can be used through a convenient Python API, and presents many
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benefits but also some drawbacks. The main advantage of using the FEniCS library is that
only the weak formulation of the problem must be coded in the script, without the need to
compute assembly elements. Another point in support is that FEniCS is well established in
the research community. The main drawback of FEniCS is performance: being mostly an
interpreted library, the speed and memory management of FEniCS cannot be compared to
compiled codes such as Deal.II [128] or FreeFem++ [129]. This drawback however was of
secondary importance for the present research, where the focus is not on the speed of the
solution but rather on comparison between different models that are solved by the same
solver.

Workstation specifications

All test cases presented in this chapter were computed on a machine running Ubuntu 18.04,
equipped with an Intel Core i5-6500 CPU 3.20GHz, 16 GB of memory and an Nvidia Quadro
P600 graphics card. CPU time results provided must be interpreted with respect to these
specifications.

Stokes equation

To compute the solution of the Stokes flow problem we seek the unknown functions (u, p)
that satisfy Eqs. 4.9-4.10 and boundary conditions 4.36. These are solved using the Finite
Elements method (FEM). To do so, Eqs. 4.9-4.10 must be expressed in their weak form.
Multiplying Eqs. 4.9-4.10 by arbitrary test functions v, w we obtain:∫

Ω
µ ∇u : ∇v +

∫
Ω
p ∇ · v =

∫
∂Ω
µ g v (4.38)∫

Ω
∇ · u w = 0 (4.39)

This is the mixed formulation (unknowns p, u) classically adopted for Stokes equations.
Eq. 4.38 can be solved for pressure and velocity by assigning the appropriate boundary
conditions. The procedure to obtain the numerical solution of Eq. 4.38 will be the same
in all the following test cases, therefore it will only be detailed here to avoid unnecessary
repetitions. This applies to both 2D and 3D cases.

– The GMSH mesh file (*.msh) of the domain is imported in FEniCS using a custom
written library.

– Domain Ω and boundaries Γ are identified.

– Linear elements are converted into Taylor-Hood elements of order (2,1) that satisfy
LBB condition (needed for stability of mixed Eq. 4.38).
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– Boundary conditions from Eq. 4.36 are imposed. In particular, the inlet flow rate
condition is enforced by means of Lagrange multiplier by adding to Eqs. 4.38:

λ∗
∫

Γin

((u · n)− q) dS + λ

∫
Γin

((v · n)− q) dS (4.40)

where q = Qin/||Γin||

– Eqs. 4.38 are solved using solvers available in FEniCS. Depending on the test case,
either a GMRES iterative solver or a MUMPS direct solver were used. Both these
solvers can handle non positive-definite matrices that arise from the application of
Eq. 4.40. The direct solver was used for most cases, except in the presence of large
meshes (SR3/A,B) when memory constraints forced the choice on the solver.

– Solution validation: the value of the expression
∫

Γin
u · n dS is calculated from the

solution to ensure it amounts to Qin up to a low tolerance (1E-5).

– The mesh with solution fields p,u is exported (*.xdmf format). CPU solution time
(CPU t) is recorded.

– The total dissipated power Ψ is computed (Eq. 4.18).

Reynolds equation

To compute the solution of the Reynolds lubrication approximation flow problem we seek
the unknown functions p that satisfies Eq. 4.23 and boundary conditions 4.37. Once again
the Finite Elements method (FEM) is used. The weak formulation of the Eq. 4.23 by
Galerkin method, after multiplying by arbitrary test function v and integrating over the
Skeleton domain Ω̂, is: ∫

Ω̂

ρh3

12µ
∇p · ∇v dx =

∫
Γ̂
hgv ds (4.41)

where g = ρh2

12µ∇p · n. Eqs. 4.41 and 4.37 are solved using FEniCS library. This elliptical
PDE is a much simpler problem than Stokes. Once again we detail only once the procedure
to obtain the numerical solution of Eq. 4.41, which will be the same for all test cases.

– The GMSH Skeleton mesh file (*.msh) is imported in FEniCS.

– Domain Ω̂ and boundaries Γ̂in, Γ̂out are identified.

– Boundary conditions from Eq. 4.37 are imposed. In particular, the inlet flow rate
condition is assigned in the weak formulation by: g = Qin/||Γ̂in h||

– Eq. 4.41 is solved using a direct LU solver available in FEniCS. The low resource
requirements for all the Skeleton mesh solutions did not require any particular care
to the solver algorithm.
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Test Case
geometry

Domain mesh
Numerical
simulation:
Stokes flow

Solution p,u,
viscous energy
Ψ (Eq. 4.18)

Skeleton mesh
Numerical
simulation:

Reynolds flow

Solution p, û,
viscous energy
Ψ̂ (Eq. 4.24)

Error
measure, ξ
(Eq. 4.42)

Figure 4.6: Flowchart of Methodology

– The velocity field û is computed from the pressure solution using Eq. 4.22.

– Solution validation: the value of the expression
∫

Γ̂in
û · n dS is calculated from the

solution to ensure it amounts to Qin up to a low tolerance (1E-5).

– The mesh with solution fields p, û is exported (*.xdmf format). CPU solution time
(CPU t) is recorded.

– The total dissipated power Ψ̂ is computed (Eq. 4.24).

Comparison of Solutions

To assess the error introduced by the Skeleton Model when compared to the Stokes solu-
tion, we look for comparable quantities. Fig. 4.6 illustrates the method that will be followed
below. Due to the topological difference between the meshes of the domains, direct compar-
ison of solution fields p,u and calculation of standard error quantities becomes impossible.
In order to make a quantitative comparison between the models, we must look at equiva-
lent global quantities that can be computed from both models. The quantity that will be
used as a measure of comparison is the total viscous power dissipation. The expression of
this quantity was detailed in Eqs. 4.18 and 4.24. To differentiate the cases, we maintain
the notations Ψ and Ψ̂ to denote the viscous power from Stokes and Reynolds equations,
respectively. The Percent Relative Error ξ of the Skeleton Model solution compared to the
Stokes solution is:

ξ =
|Ψ− Ψ̂|

Ψ
× 100 (4.42)

4.6 Two-dimensional test cases

4.6.1 SR2/A: Flow in constant channel

The test case SR2/A, represented in Fig.4.7, depicts the steady-state flow of a viscous fluid
in a constant cross section channel. When the flow is laminar it is known as Poiseuille flow.
The flow is one-directional, and the velocity profile of the fluid is described analytically by

65



4.6. Two-dimensional test cases

Eq. 4.20. The existence of an analytical solution of this problem allows one to use this case
to validate the numerical solvers. The geometrical and model parameters are provided in
Table 4.4

Table 4.4: Problem parameters of test case SR2/A

L [m] H [m] µ [Pa s] Qin [m3/s] pout [Pa]

1 0.15 1 1 0

Numerical solution: Stokes

The domain is modeled using Gmsh. A series of meshes with decreasingly smaller size of
elements are generated, in order to perform a convergence study of the solution. This step
is carried out to determine an approximate size of elements to be adopted for future cases
in order to have a good accuracy of the solution. Examples of a solution and a mesh are
shown in Figs. 4.8 and 4.9 respectively. The solution p,u is computed for all the refined

e1

e2

Γw

Γw

Γin Γout

Ω

u(0) = 0

u(H) = 0

u(y)e1

Figure 4.7: Stokes flow constant channel domain

meshes following procedure detailed in Section 4.5.2. In order to assess the validity of
the solution provided by the FEniCS solver, the velocity profile along the channel direction
u · e1 is extracted and plotted against the analytical expression from Eq.4.20 in Fig.4.10a.
A convergence study on the root mean square error (RMSE) between the numerical and
analytical velocity profiles for an increasing number of elements is plotted in Fig. 4.10b.
Convergence is achieved for Ne > 10000. This density of elements will be approximately

Figure 4.8: Solution of Stokes flow in channel
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maintained for all future test cases, avoiding the need to run a mesh convergence analysis
each time. Results shows very good agreement with the analytical solution, proving that the
FEniCS Stokes solver is well suited to be used as a reference solution. The solution fields
p,u for the finest mesh (Ne = 26312) are plotted in Fig.4.8. Results of the solution are
summarised in Table 4.5.

Ne CPU t [s] RMSE

232 0.06 0.188
1062 1.85 0.044
3332 4.11 0.029
9552 16.30 0.026
20332 21.52 0.025
26312 29.62 0.025

(a) Mesh convergence analysis: RMSE

Figure 4.9: Mesh convergence analysis on SR2/A

Numerical solution: Skeleton

The Medial Axis Skeleton mesh is extracted from the most refined 2D mesh. The skeleton
mesh is shown in Fig.4.11. In this case, the gap size h is constant throughout the mesh.
Eq.4.23 is solved numerically on the Skeleton mesh following procedure detailed in Section
4.5.2.

The result is shown in Fig. 4.12. Results are reported in Table 4.5.

Results discussion

From the values reported in Table 4.5, one can notice that the error introduced by lubri-
cation approximation is very low. This is expected because, in the case of a constant cross

(a) Velocity profile (b) Numerical solution error with mesh size

Figure 4.10: Convergence study and validation of the FEniCS Stokes solver.
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Figure 4.11: Channel thickness h on the medial axis mesh

Figure 4.12: Solution of Reynolds flow in channel

Table 4.5: Channel flow: Stokes vs Reynolds solution comparison

Scenario pin [Pa] Ψ [W] Ne. CPU t [s] ξ

Stokes 3.55E03 3.55E03 26312 29.62
0.3%

Reynolds 3.54E03 3.538E03 298 0.035
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section, Reynolds lubrication approximation does not introduce any error: the analytical
expression for velocity profile from Eq.4.20 is exact and the pressure gradient in the trans-
verse direction, as expressed in Eq.4.19, is null. This initial test case was carried out with
the purpose of validating the Stokes and Reynolds solvers. However, there is little interest
in comparing solutions on channels of constant cross section geometry. The method will
now be extended to non-constant cross section cases.

4.6.2 SR2/B: Gradually varying gap size

h0 h1

Γw

Γin Γout

Ω

λ

Figure 4.13: Domain for smoothly varying gap size test case

The aim of this test case is to test the validity of lubrication approximation in the pres-
ence of a varying gap size. We depict a scenario of a flow through a channel that contains
a venturi-like restriction at half of its length. A parametric study is conducted: a series of
simulations are carried out in which the wavelength λ of the restriction is kept constant,
while the channel gaps at the beginning (h0) and at the throat (h1) are varied in order to
study their effect on the lubrication approximation. The aspect ratios between h0 and λ are
shown in Fig. 4.14. This analysis is a follow-up on the studies from [22, 101] on the validity
of Reynolds equation already discussed in section 4.3.2.

Figure 4.14: Different inlet sizes h0 used for the parametric study
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Numerical solution: Stokes

A series of meshes for all the different variations of h0 and h1 are created in Gmsh. For
all the cases, the mesh refinement is small enough to be comparable to the finest mesh of
test case SR2/A (at least 10 elements across the smallest h1 throat), to reasonably remove
solution bias due to elements size. On each mesh, Stokes flow problem is solved following
the procedure detailed in Section 4.5.2. An example of the result is shown in Fig. 4.15.
Results are summarised in Table 4.6.

Figure 4.15: Solution fields for test case SR2/B: Stokes flow

Numerical solution: Reynolds

The Medial Axis Skeleton is extracted from every 2D mesh. Eq.4.23 is solved numerically
on the Skeleton mesh following procedure detailed in Section 4.5.2. An example of result
is shown in Fig. 4.16. Results are reported in Table 4.6.

Figure 4.16: Solution fields for test case SR2/B: Skeleton model

Comparison of the Results

The results from all simulations, for all the values of h0 and h1 tested, are reported in Table
4.6. The evolution of the percentage relative error with respect to the h1/h0 ratio is plotted
in Fig. 4.17. The results show that the error decreases rapidly as soon as the ratio between
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Table 4.6: Results from SR2/B test case

Stokes Skeleton

h0/λ h1/h0 Ne CPU t [s] Ψ [W] Ne CPU t [s] Ψ [W] ξ

0.15

0.03 138202 212 1.06E+07 515 0.003 9.25E+06 12.74
0.07 38360 55 1.88E+06 517 0.003 1.81E+06 4.03
0.1 64354 88 69.07E+04 690 0.003 68.45E+04 0.87
0.2 75348 119 12.67E+04 691 0.003 12.66E+04 0.10
0.3 86864 137 48.09E+03 692 0.003 48.12E+03 0.1

0.3

0.016 88740 160 7.50E+06 572 0.003 6.85E+06 8.72
0.03 92000 139 13.30E+05 577 0.003 13.03E+05 2.00
0.23 132946 213 11.11E+03 580 0.003 11.18E+03 0.61
0.33 155252 229 4.77E+03 281 0.002 4.80E+03 0.62
0.66 226970 349 10.01E+02 282 0.002 10.06E+02 0.50

0.6

0.008 126184 240 53.29E+05 455 0.005 47.43E+05 10.98
0.016 129052 110 94.47E+04 455 0.005 91.86E+04 2.76
0.05 139900 276 61.76E+03 457 0.004 61.97E+03 0.34
0.08 150802 257 17.59E+03 459 0.004 17.76E+03 0.92
0.13 168150 262 56.11E+02 463 0.004 56.97E+02 1.53
0.25 209708 367 12.44E+02 475 0.005 12.77E+02 2.64
0.5 303550 296 24.46E+01 519 0.004 25.4E+01 3.88

1.0

0.005 156544 190 4.14E+06 321 0.004 3.49E+06 15.77
0.01 156544 190 7.37E+05 321 0.004 7.06E+05 4.22
0.02 160864 132 1.32E+05 319 0.004 1.31E+05 0.46
0.04 168962 122 2.39E+04 319 0.004 2.42E+04 0.96
0.08 185304 188 4.45E+03 319 0.004 4.55E+03 2.34
0.2 238930 272 5.00E+02 321 0.004 5.25E+02 5.04

inlet gap (h0) and throat (h1) is not extreme. For all scenarios, any h1/h0 > 0.05 case
yields an error less than 5%. This suggests, in the worst performing case (h0/λ = 1), that
a channel gap is allowed to change its size at most by a factor of 10 per unit length. This
condition is very reasonable if inter-yarn channels are considered. An interesting remark
that emerges from the parametric study is the influence of the h0/λ ratio. When the inlet gap
size is small relative to the domain length (h0/λ = [0.15; 0.3]), the error is monotonically
decreasing with respect to the increase of the throat gap (h1/h0). This is reasonable, as
it would reflect for a lower angle of restriction (smooth varying gap assumption) and the
values are in line with the ones observed in [22]. However, when the inlet gap/domain
length ratio increases (h0/λ = [0.6; 1]), we observe a non-monotonic evolution of the error
introduced by the lubrication approximation: the error quickly decreases as the h1/h0 ratio
becomes less extreme, but starts increasing again, following a somewhat linear trend, with
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Figure 4.17: Error evolution for varying gap channel

increasing h1/h0. That means that there are configurations when a gradual gap variation
introduces more error than a steep one. A similar effect was observed by Mourzenko et
al. in [101], when they observed a non-monotonic behaviour of the Reynolds/Stokes error
with respect to similar geometrical parameters. The interpretation of this phenomenon is
not trivial, and still open to discussion, but we will try to provide some justification. As
stated in [70], the majority of viscous dissipation and pressure loss happen in the region
of the maximal channel narrowing. As the h1/h0 ratio increases, this region gets wider
and wider, and so does the importance of the transverse velocity. As a consequence, there
are two competing factors that affect the lubrication approximation accuracy: smooth gap
variation and high narrowing dissipation. The former describes the smooth gap variation
assumption formulated in [22, 101] and observed in all scenarios as an error decreasing
factor. The latter affects h0/λ > 0.6 cases, when it is not possible to identify a clear throat in
the channel, where the contribution to the viscous dissipation is maximum, but instead the
transverse velocity field component is present nearly everywhere and cannot be neglected.
This is clearly a simple explanation, based on the interpretation of the numerical results
and on the observations from [22, 70, 101]. A more in-depth study of lubrication theory
should be conducted to formulate a well defined quantification of its limitations, identify
the influencing factors and provide justifications for the disagreements found in literature
which is not the focus of this thesis. The sufficient information to be extracted from this
test case is: the error introduced by the lubrication approximation, in presence of a smooth
varying gap channel, is mostly below 10%, which becomes less than 5% if the gap variation
is progressive.

There is another consideration that can be drawn from this study. By keeping approx-
imately the same element size, the number of elements needed to mesh the 2D geometry
is strongly affected by the geometrical parameters h0 and h1, as can be seen from Table
4.6. On the other hand, in all the Medial Skeleton meshes extracted from these cases, the
number of elements remains reasonably similar. The reason is the number of elements in
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the Skeleton mesh is only a function of the number of boundary nodes along Γw, and is
unaffected by the number of elements in Ω. This feature affects the CPU time needed to
compute both solutions (Table 4.6), and is a key point in favour of the Skeleton model.

4.6.3 SR2/C: Steeply varying gap size

The aim of this test case is to check the validity of lubrication approximation when applied
to a more arbitrary geometry. In Fig. 4.18a we show the two-dimensional domain used
as test case. The fluid domain, denoted as Ω, is delimited by rigid wall boundaries and
a rigid circular inclusion is placed at its center. Geometrical and model parameters are
summarised in Table 4.7. This test case contains two critical elements which are of interest:
abrupt change in gap size h and diverging/converging branches in the Skeleton mesh.

e1

e2
Γw

Γw

Γw

Γin Γout

(a) Domain for test case SR2/C
(b) Medial Axis Skeleton mesh for test case SR2/C

Figure 4.18: Geometry and Skeleton mesh for test case SR2/C

Stokes solution

The mesh of the domain is created in Gmsh. A sufficient number of elements are used to
remove solution bias due to elements size. Result fields p,u are shown in Fig. 4.19 (c and
d). Results are summarised in Table 4.8.

Reynolds solution

The Medial Axis Skeleton mesh is generated from the 2D mesh. In Fig.4.18b the mesh is
plotted with the channel gap field h. Once can notice the strong change, as well as the
branching of the path. Result fields p, u are shown in Fig. 4.20. Results are summarised in
Table 4.8.

Table 4.7: Parameters of strongly varying gap problem

L [m] H [m] µ [Pa s] Qin [m3/s] pout [Pa]

0.4 0.2 1 1 0
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(a) Solution pressure field (b) Solution velocity field

Figure 4.19: Solution fields for test case SR2/C: Stokes flow

Figure 4.20: Solution fields for test case SR2/C: Skeleton model

Discussion of Results

Results show that the error introduced by the Skeleton model is less than 1% even in pres-
ence of steep variations in gap size and multiple branches.

4.6.4 SR2/D: Gebart’s study

The objective of this test case is to test the application of the Medial Skeleton model to solve
a classical problem in the domain of composite materials. Among the analytical expressions
that link the geometrical parameters of a regular periodic cell to its permeability, we have

Table 4.8: Results from SR2/C test case

Scenario pin [Pa] Ψ [W] Ne CPU t [s] ξ

Stokes 18.87E+03 18.88E+03 16365 16
0.6%

Reynolds 19.00E+03 19.00E+03 227 0.004
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cited in Section 4.2.1 the model proposed by Gebart [70]. It is therefore interesting to see
how the Medial Skeleton solution compares to the analytical results of Gebart for transverse
permeability from Eq. 4.4. when the same scenario is simulated. We present a parametric
study where arrays of cylinders are packed in both square and hexagonal configurations as
to replicate exactly the cells used by Gebart. For each packing configuration, a series of
domains are generated with different sizes of cylinders radius R, as to vary the Vf values
of Eq. 4.4. Geometrical parameters are summarised in Table 4.9. The flow problem is then
solved numerically on the full domain (Stokes) and on the Medial Skeleton (Reynolds) and
the equivalent macro permeabilities are computed from the result. Values of permeability
from both models are compared with the values obtained from Gebart’s analytical expres-
sions (Eqs. 4.43, 4.44). In this study the full two-dimensional result (Stokes) is the intended
benchmark solution, because it is rigorous with least assumptions.

Table 4.9: Parameters for SR2/D test case

Packing L [m] H [m] R [m] Vf µ [Pa s] Qin [m3/s] pout [Pa]

Square 1 1 (0.20 , 0.49) (0.13 , 0.78) 1 1 0
Hexagonal 1

√
3/2 (0.20 , 0.49) (0.15 , 0.87) 1 1 0

Numerical solution: Stokes

Several meshes are generated for different values of Vf for both the square and hexagonal
packing configurations. A high number of elements are used to remove solution bias due
to elements size. On each mesh, Stokes flow problem is solved following the procedure
detailed in Section 4.5.2. In Figs. 4.21 and 4.22 we show an example of solutions, for the
square and hexagonal packing scenarios respectively. Results are summarised in Table 4.10.

Figure 4.21: Solution fields for test case SR2/D: Stokes flow (Square packing, Vf = 0.78)
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Figure 4.22: Solution fields for test case SR2/D: Stokes flow (Hexagonal packing, Vf = 0.73)

Numerical solution: Skeleton

The medial axis skeleton mesh for each configuration is extracted from the full 2D domain,
and Reynolds equation is solved following the procedure detailed in Section 4.5.2. An
example of results is shown in Figs. 4.23 and 4.23, for the square and hexagonal packing
scenarios respectively. Results are summarised in Table 4.10.

Figure 4.23: Solution fields for test case SR2/D: Skeleton model (Square packing, Vf = 0.78)

Permeability calculation

To compare the Stokes, Skeleton and Gebart models we will compute the permeability of
the homogenized domain yielded by all three methods.

The expressions proposed by Gebart [70] for the transverse permeability of cylinder
arrays have been presented in Section 4.2.1. We recall them here, this time in their square
and hexagonal packing forms:

K⊥quad =
16

9π
√

2

(√
Vfmax

Vf
− 1

)5/2

R2 (4.43)
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Figure 4.24: Solution fields for test case SR2/D: Skeleton model (Hexagonal packing, Vf = 0.73)

K⊥hex =
16

9π
√

6

(√
Vfmax

Vf
− 1

)5/2

R2 (4.44)

where R is the radius of the cylinders, Vfmax is the maximum volume fraction possible for
a square packing configuration, obtained when the cylinders touch (V quad

fmax = π/4, V hex
fmax =

π/(2
√

3)).
Using expressions 4.43, 4.44 the Gebart permeability for all the scenarios solved numer-

ically can be calculated. Values are listed in Table 4.10.
Using instead the numerical solution obtained from the Stokes and Reynolds problems,

the equivalent permeability of the cell in a given direction can be calculated as:

K =
µQinL

A∆p
(4.45)

where Qin is the volumetric flow rate going through the domain, µ = 1 indicates the fluid
viscosity, L = 1 is the domain length and A is the total cross-sectional area of the domain
in consideration. By using respectively values of pressure drop from Stokes and Reynolds
solutions, we can compute the values of permeability yielded by solving the flow problem
on the full 2D or on the Skeleton meshes. Values are reported in Table 4.10.

Discussion of Results

As expected the Gebart permeability values show good agreement with the reference solu-
tion, with the error decreasing with the increase of Vf . This is coherent with the assumption
underlying Gebart’s derivation, as the pressure dissipation is driven by the channel narrow-
ing.

The Medial Skeleton solution shows generally an even better agreement with the bench-
mark solution. This is justified by the fact that, unlike in Gebart’s derivation, the whole do-
main geometry is taken into account in the computation of the pressure loss. Nonetheless,
we can appreciate how the result is indeed dominated by the effect of the channel restric-
tion, which is also the only region where the lubrication approximation is exact. For this
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reason, even the skeleton solution becomes more accurate for higher Vf (narrower gap). In
Figs. 4.25, 4.26 we plot a comparison between the values of permeability K obtained using
the different methods. The full 2D Stokes solution is indicated as reference and is used to
compute the percentage relative error with respect to the Gebart expression or the skeleton
solution. The results are summarised in Table 4.10.

As in all parametric test cases of the chapter, the computation time of the Skeleton
solution is independent of the geometrical parameters of the domain, while the full Stokes
solution is directly affected by it.

Finally we can remark that in the case of the hexagonal packing, all solutions show
very good agreement and the error remains below 10 % in both Gebart and skeleton so-
lutions. This can be explained by the fact that the hexagonal packing arrangement creates
lower permeability configurations than the square packing arrangement for the same vol-
ume fraction. This results in a larger portion of the domain being dominated by the channel
narrowings (in the hexagonal packing unit cell, there are two constrictions as opposed to
only one in the square packing cell). Consequently, both the Gebart assumption and the
lubrication approximation become less strong.

Table 4.10: Results from SR2/D test case: permeability and error

Stokes Skeleton Gebart

Packing Vf K [m2] CPU t [s] K [m2] CPU t [s] ξ K [m2] ξ

Square

0.13 33.3E-03 24 29.9E-03 0.04 10.31 44.1E-03 32.32
0.20 20.1E-03 24 18.5E-03 0.04 7.92 25.0E-03 24.42
0.28 11.0E-03 25 10.3E-03 0.05 6.30 13.1E-03 18.22
0.38 5.2E-03 16 4.9E-03 0.04 4.88 5.9E-03 13.33
0.50 1.8E-03 15 1.7E-03 0.04 3.44 2.0E-03 9.16
0.64 3.2E-04 8 3.1E-04 0.04 1.91 3.3E-04 4.94
0.78 5.68E-06 7 5.6E-06 0.05 1.01 5.7E-06 0.67

Hexagonal

0.15 26.1E-03 38 25.9E-03 0.05 1.97 25.4E-03 2.54
0.23 15.0E-03 29 14.6E-03 0.05 2.65 14.4E-03 3.97
0.33 7.9E-03 27 7.4E-03 0.04 6.04 7.5E-03 4.42
0.44 3.5E-03 20 3.3E-03 0.04 5.04 3.4E-03 3.55
0.58 1.2E-03 19 1.1E-03 0.04 2.77 1.2E-03 1.45
0.73 1.9E-04 12 1.9E-04 0.04 1.23 1.9E-04 1.01
0.87 3.3E-06 6 3.5E-06 0.05 6.03 3.3E-06 0.48

We can conclude that the Medial Skeleton model can be used to solve scenarios such as
quantifying the permeability of a domain containing periodic cylinder arrays. The results
show good agreement with the full solution, and proves to be equivalent for higher volume
fraction and better for lower volume fractions than Gebart’s solution.
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Figure 4.25: Square packing: models comparison, permeability (left) and error (right)

Figure 4.26: Hexagonal packing: models comparison, permeability (left) and error (right)

4.6.5 SR2/E-H: Gallery of test cases

To conclude the section, we present in the following page a gallery of test cases with generic
geometries that can be addressed by the medial axis model. Each test case is presented with
a short description, an illustration of the flow geometry, a plot of the solution and a table of
parameters and results. To avoid having a large number of figures, only the pressure field p
is shown. In order to provide a quick perception of the solution accuracy, we adopt a visual
device: Stokes and Skeleton solutions are superimposed on the same plot, and their meshes
are warped along the e3 direction, normal to the mesh plane, by a quantity proportional to
the local value of p. This gives a quick visual understanding of the local gradients.

No in-depth analysis is provided for these cases, as their features can be retraced to the
test cases SR2/A-D.
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Test case Geometry Solution Results Description

SR2E

– L = 4
– H = 0.2
– µ = 1
– Qin = 1
– pout = 0
– ξ = 4.0 %

Long channel containing a long obstacle,
where the dissipation is concentrated.

Features: strong gap variation

SR2F

– L = 2
– H = 0.4
– µ = 1
– Qin = 1
– pout = 0
– ξ = 6.6 %

Channel containing multiple obstacles
with irregular morphology.

Features: strong gap variation, complex
geometry

SR2G

– L = 3
– H = 1
– µ = 1
– Qin = 1
– pout = 0
– ξ = 6.0 %

Complex domain with many obstacles of
different shapes, changes in flow direction
and high local h/λ ratios.

Features: strong gap variation, complex
geometry, high h/λ ratios

SR2H

– L = 2
– H = 0.6
– µ = 1
– Qin = 1
– pout = 0
– ξ = 3.2 %

Hexagonal packing of ellipses, a trans-
verse flow scenario using geometries typi-
cal of yarn cross sections.

Features: textile geometry, branching
paths
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4.6.6 Conclusions

In this section a series of test cases were presented where the lubrication approximation the-
ory was applied to the Medial Skeleton model and tested. The first set of test cases covered
the two-dimensional scenarios. This analysis was useful to isolate and study critical geomet-
rical features of domains that can affect the applicability of the Medial Skeleton model. It
was found that for most of the scenarios solved, the Skeleton model yields a close solution to
the reference Stokes solution in terms of pressure and dissipated power. Throughout all the
test cases, the error rarely exceeded 5% and never 10%, with the exception of some extreme
cases from Test Case SR2B, which are not common in the geometries of inter-yarn channels
commonly found in textiles. Test cases SR2D showed that the Medial Skeleton model can
accurately estimate permeability of periodic cells encountered in fabric architectures in the
composite literature.

The study has confirmed some of the observations from literature, while still diverging
from some others, confirming the difficulty in finding a univocal rule to quantify the ap-
proximation introduced by lubrication theory. The strength of the methodology relies in the
possibility of generating a numerical mesh of a Medial Skeleton for any arbitrary geome-
try. The savings in computational time from adopting the Medial Skeleton Model instead of
Stokes have been quantified. Although the comparison is strongly biased by the efficiency
of the FEniCS solvers, which differ from Stokes to Reynolds equations, the quantification
proves that the solution times differ by two orders of magnitude at the very least.

While the two-dimensional Medial Skeleton model is excellent to illustrate the method
and analyse the influence of the parameters involved, it is of little interest for real ap-
plications. In the second half of the chapter, the method will be extended to the three
dimensional cases.

4.7 Three-dimensional test cases

The objective of this section is to extend the Medial Skeleton model to three-dimensional
geometries and assess its validity. As introduced in Section 4.4, the Medial Skeleton of a
three-dimensional geometry is a surface. We adopted the name "Medial Surface Skeleton" to
identify this version, although for the remainder of the chapter the name "Medial Skeleton"
will often be used without risk of ambiguity. The study will follow the same methodology
as in the previous Section (Fig. 4.6): a series of problems will be carried out, in which
the solution of three-dimensional Stokes equations (Eq. 4.10) will be compared to the
solution of two-dimensional Reynolds equations (Eq. 4.21) solved on the Skeleton mesh.
The procedure to generate a Medial Surface skeleton mesh from a three-dimensional set of
boundaries was detailed in Section 4.4. As in the previous part of the work, we will adopt
the same nomenclature convention to identify domains and boundaries. However, in the
three-dimensional case, the topological dimension of all boundaries is increased by one.
The updated summary of boundary definitions is reported in Table 4.11.
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Table 4.11: Boundary labels for the three-dimensional test cases

Scenario Label Geometrical dim. Topological dim.

3D domain
(Stokes)

Domain Ω 3 3
Inlet Γin 3 2
Outlet Γout 3 2
Boundaries Γw 3 2

Medial surface skeleton
(Reynolds)

Domain Ω̂ 3 2
Inlet Γ̂in 3 1
Outlet Γ̂out 3 1
Boundaries - - -

Table 4.12: Parameters of 3D Strongly varying channel flow

L [m] H [m] W [m] µ [Pa s] Qin [m3/s] pout [Pa]

0.4 0.2 1 1 1 0

4.7.1 SR3/A: Steep variation in gap size

We replicate here, in its three-dimensional form, the test case SR2/B from Section 4.6.3.
The domain consists in a rectangular cross-section channel defined by parallel plates and
a transverse cylindrical obstacle (Fig. 4.27a). The width of the domain is set to unity to
mimic quantitatively the results from the two-dimensional case. Geometrical and problem
parameters are provided in Table 4.12.

(a) Problem geometry (b) Medial Surface Skeleton mesh

Figure 4.27: Domains for SR3/A test case
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Figure 4.28: Solution fields for test case SR3/A: Stokes flow

Figure 4.29: Solution fields for test case SR3/A: Skeleton model
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Stokes solution

The domain is modeled and meshed using tetrahedral elements. For this particular test
case, the stretched aspect ratio in the width dimension results in a very high number of 3D
elements. Boundary conditions as in Eq. 4.36 are assigned. In order to represent the same
flow as in the two-dimensional counterpart, one additional boundary condition becomes
necessary, i.e. symmetry of the velocity field:

u · n = 0 on Γsym (4.46)

where n denotes the outwards normal of the boundary facet. This condition will be true, in
all future test cases, whenever boundaries marked as Γsym are present. The large amount
of memory needed by the library to obtain the solution (>8 GB) is a justifiable limitation to
the possibilities of three-dimensional calculations over large domains. Solution is shown in
Fig. 4.28. Results are summarised in Table 4.13.

Skeleton solution

The Medial Surface Skeleton mesh is generated from the three-dimensional domain. The
Reynolds problem is solved following the procedure detailed in Section 4.5.2. Solution is
shown in Fig. 4.29. Results are summarised in Table 4.13.

Comparison of the Results

The relative percentage error is less than 5% when the viscous dissipation Ψ is consid-
ered. This result is not surprising, since the solution is the three-dimensional extension of
problem SR2-C. Nonetheless the comparison shows that the Medial Skeleton model is a vi-
able alternative to the full three-dimensional solution even in presence of sudden gap size
changes. The trade off for the error due to the approximation is justified by the saving in
computational time and resources. This is especially true with 3D problems.

Table 4.13: Strongly varying channel 3D: Stokes vs Reynolds solution comparison

Scenario pin [Pa] Ψ [W] Ne CPU t [s] ξ

Stokes 1.896E+04 18.78E+03 300758 1810
4.5%

Reynolds 1.788E+04 17.94E+03 71897 0.37

4.7.2 SR3/B: Doubly slanted plates

In Fig. 4.30a we show an irregular geometry bounded by two solid plates, of which the
top one is not planar. The plates identify a channel whose thickness varies in both e1 and
e2 directions. This test case was explored with the aim of testing this unique feature of
the Medial Surface Skeleton: the change in gap height h in two directions. This scenario
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is critical because the lubrication approximation might not hold if the velocity component
normal to the skeleton becomes non negligible. We conduct a parametric study: the same
flow problem is repeated for different h1/h2 aspect ratios, ranging from 2 to 4.

Table 4.14: Geometrical parameters of doubly slanted plates test case

L [m] W [m] h1 [m] h2 [m] µ [Pa s] Qin [m3/s] pout [Pa]

1 0.6 (0.2 ÷ 0.4) 0.1 1 1 0

(a) Problem geometry
(b) Medial Surface Skeleton mesh

Figure 4.30: Domains for SR3/B test case

Stokes solution

The domain is modeled using Gmsh. Multiple meshes are created with different values
of h1, h2 indicated in Table 4.15. The boundary conditions 4.36, and 4.46 on Γsym are
prescribed. One example of solution fields p,u for h1/h2 = 4 is plotted in Fig. 4.31. Results
are summarised in Table 4.15.

Figure 4.31: Solution fields for test case SR3/B: Stokes flow (h1/h2 = 4)
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Table 4.15: Results from SR3/B test case

Stokes Skeleton

h1/h2 Ne CPU t [s] Ψ [W] Ne CPU t [s] Ψ̂ [W] ξ

2 53237 175 5943 28898 0.75 5954 0.20
3 68363 218 2552 28747 0.73 2578 1.02
4 86260 277 1349 28359 0.73 1380 2.30

Skeleton solution

One Medial Skeleton mesh is generated from each 3D mesh of the parametric study. Bound-
ary conditions as in 4.37 are assigned. The solution p,u for h1/h2 = 4 is shown in Fig. 4.32.

Figure 4.32: Solution fields for test case SR3/B: Skeleton model (h1/h2 = 4)

Discussion of Results

The first observation we can draw is that the relative percentage error ξ committed by
the skeleton model is always less that 3%, for all values of h1/h2. This value is especially
low if the big difference in CPU time between the Stokes and the Skeleton solutions is
considered. We remark that, as in all previous parametric test cases, the number of elements
in the 3D mesh is not constant, while the number of elements in the Skeleton mesh remains
approximately the same. The velocity field obtained on the skeleton mesh shows a good
match with the three-dimensional counterpart for all h1/h2 = 4 ratios. In Fig. 4.33 we
plot the streamlines calculated from a flat slice of the Stokes velocity field (left) and from
the full Skeleton velocity field (right), both extracted from the case h1/h2 = 2. There is no
point in comparing the velocity values because u 6= u, but one can appreciate the qualitative
similarity of the paths. This test case proves that the Medial Skeleton is suited for application
to three-dimensional problems with arbitrary gap variation in more directions.
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(a) Stokes flow geometry (slice) (b) Skeleton mesh

Figure 4.33: Streamlines from velocity field, h1/h2 = 2

4.7.3 SR3/C: Inter yarns channel

This test case is aimed at applying the Medial Skeleton modeling to the typical geometrical
shape of a channel in-between the yarns. The space for the resin to flow between two
adjacent yarns is typically hourglass-shaped, as can be seen for example in Fig. 4.2. We
replicate a typical hourglass-shaped channel as shown in Figs. 4.34a and 4.34b. Geometrical
and model parameters are provided in Table 4.16. This geometry is an oversimplification
of real channel geometries, which are much more irregular and hardly constant throughout
their length due to material variability.

Table 4.16: Geometrical parameters of SR3/C test case

L [m] W [m] h1 [m] h2 [m] µ [Pa s] Qin [m3/s] pout [Pa]

5 1 0.47 0.2 1 1 0

(a) Channel between two yarns
(b) Problem geometry

(c) Medial Surface Skeleton mesh

Figure 4.34: Domains for SR3/C test case
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Stokes solution

The domain is modeled using Gmsh. Boundary conditions 4.36, and 4.46 on Γsym are
prescribed. The solution fields p,u are plotted in Fig. 4.35. Results are summarised in Table
4.17.

Figure 4.35: Solution fields for test case SR3/C: Stokes flow

Reynolds solution

The Medial Skeleton mesh is generated from the 3D yarn domain. Given the planar sym-
metry of the geometry, the skeleton appears as a flat surface traversing the centerline of the
channel, on which the varying gap size is defined as the field h (Fig. 4.34c). Solution is
shown in Fig. 4.36. Results are summarised in Table 4.17.

Figure 4.36: Solution fields for test case SR3/C: Skeleton model
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Discussion of Results

The relative percentage error of the Skeleton Model is less than 10 %. This value is fairly
low, rendering the Medial Skeleton a viable model to describe flow in inter-yarn channels.
It should be remarked that the geometry is over-simplified when compared to real material
channels. More realistic geometries will be presented in chapter 5.

Table 4.17: Results from of SR3/C test case

Scenario pin [Pa] Ψ [W] Ne CPU t [s] ξ

Stokes 24.5E+03 25.0E+03 79672 220
8.2%

Reynolds 27.0E+03 27.0E+03 12678 0.4

4.7.4 Gallery of test cases

As with the two-dimensional scenarios, in the next page we collect some generic purpose
test cases with the aim to further compare the Medial Skeleton model to the Stokes solu-
tion. These cases are generated on arbitrary geometries with different degrees of complex-
ity, with similarity to variable gap channel flow scenarios. Each case is presented with a
short description, an illustration of the flow geometry, a plot of the solution and a table
of parameters and results. Only the velocity field v is represented, with a superposition of
the Skeleton solution over a section view of the 3D solution. Errors observed remain below
10%, suggesting that the Skeleton model approximation is acceptable to address generic
cases of three-dimensional channel flow.
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Three-dim

ensionaltest
cases

Test case Geometry Solution Results Description

SR3D

– L = 2
– H =

√
3/2

– W = 1
– Vf = 0.73
– µ = 1
– Qin = 1
– pout = 0
– ξ = 1.3 %

Longitudinal flow between array of cylin-
ders in hexagonal packing (Vf = 0.73).
Application of the Skeleton model to a
classical scenario as tackled by Gebart in
[70].

Features: classical case, longitudinal flow

SR3E

– L = 2
– H = 0.4
– W = 0.6
– µ = 1
– Qin = 1
– pout = 0
– ξ = 5.0 %

A complex geometry channel with no pla-
nar symmetries: the flow around a cylin-
drical and a spherical obstacles.

Features: complex geometry, three-
dimensional velocity field
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4.8 Conclusions

In this chapter we introduced the Single-Scale Skeleton model for both two-dimensional and
three-dimensional flow problems. When a channel-flow-like scenario can be identified, the
lubrication approximation assumption can be adopted to reduce the dimensionality of the
flow by neglecting the gradient of pressure in the transverse direction. The Reynolds equa-
tion of lubrication can be numerically solved on a Medial Skeleton mesh, generated from
any arbitrary geometry. The potential of this tool has been demonstrated both qualitatively
and quantitatively by comparing the Skeleton model accuracy against the full-dimensional
Stokes solution. The error quantification was performed by comparing the values of total
viscous power dissipation from the concurrent models. It was found that, for all various
scenarios tested, the error introduced by the Medial Skeleton model remains mostly below
10%. The computation time, on the other hand, is 2 to 4 orders of magnitude smaller.

We conclude that the Skeleton model is a viable tool to solve large scale flow problems
at a reasonable approximation level and at a low computational cost when compared to full
solutions. In the next chapter, the Single-Scale Skeleton model will be applied to composite
material scenarios, specifically to simulate the flow through textile preforms typical of RTM
processes.
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Chapter 5
Single-Scale Skeleton model:
application to textiles

5.1 Introduction

The test cases presented in Chapter 4 were used to demonstrate the applications of the
medial skeleton model and to quantify its approximation as opposed to solving for the full
flow solution. In this chapter the methodology will be applied to the main challenge at
hand: modeling of resin flow in textile layups in RTM processing. The flow is still assumed
to be single-scale, meaning the yarns are considered solid and the resin flows only inside
the network of inter-yarn channels. A dual-scale extension of the model will be presented
in Chapter 4. The potential of the medial surface skeleton for this application is two-fold.
First, the characteristic cross-sectional geometry of the inter-yarn channels resembles the
typical gap-varying channels presented in Chapter 4, which yielded accurate predictions
when modeled by the medial skeleton approach. Second, the mesoscale 3D computation on
an RVE containing a stack of layers generally requires large computational resources, due
to the small size of elements required to get good accuracy of the field variables. Such a
cost is greatly reduced on the skeleton mesh.

5.1.1 Outline of the Chapter

The objective of this chapter is to apply the Skeleton model to textile preforms, specifically
to address the following questions:

– solve the saturated flow problem and compute the full permeability tensor of a digital
multi-layered RVE

– solve the unsaturated (transient) flow problem and simulate the single-scale flow
within a textile layup at the meso-scale
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This chapter is organized as follows. First the background and the methodology are
described. Then, several case studies are addressed and discussed.

5.2 Permeability measurement

A large part of this chapter is dedicated to estimating permeability of fabric architectures
encountered in composite processes using the Skeleton model. By conducting a flow simu-
lation on textile architectures, we can compute an upscaled permeability of the full domain.
Better yet, by following some well-established procedures, we can determine the full per-
meability tensor of any given fabric layup.

When the permeability tensor of an anisotropic material is unknown, several techniques
exist that allow one to determine all its components. These procedures, either experimental
or simulated numerically, typically consist in inducing a flow in the material and measuring
the resin velocity or pressure along pre-determined directions.

The type of flow, boundary conditions and directions of measurement vary according
to several possible experimental approaches. We can distinguish constant pressure mea-
surements and constant flow rate measurements [130]. In the case of constant pressure
experiments a pressure difference is imposed between the inlet and the outlet vents of a
mould and the flow front progression or flow rate is measured over time to obtain the un-
saturated (transient) permeability. Alternatively, the flow rate is monitored over time to
measure the saturated (steady state) permeability. In the case of constant flow rate, the
difference between the inlet and outlet pressure is measured.

On a flow type basis, we can distinguish one-dimensional channel flow, two-dimensional
radial flow and three-dimensional hemispherical flow [1].

The different measurement possibilities enabled by different experiment types have
prompted researchers to make some unification effort in the measurement protocols. Most
notably, three international permeability benchmark exercises [6, 131, 132] which revealed
the need of an ISO measurement standard, currently under development.

5.2.1 Channel flow measurement

The channel flow measurement, sometimes referred to as the unidirectional flow measure-
ment, is the simplest experimental protocol. The experimental setup consists of a flat rect-
angular mould inside which the material is placed and compressed to the desired volume
fraction (Fig. 5.1). A unidirectional flow of fluid of known viscosity is induced by either
imposing constant flow rate or constant pressure boundary conditions. The flow front posi-
tion is tracked by either a camera or pressure transducers to measure the average velocity
of the fluid. The measurement can be repeated along different known directions to de-
termine the full permeability tensor of the material. One critical factor that needs to be
managed is the risk of race-tracking effects along the edges of the mold [133]. The channel
flow measurement will be simulated numerically throughout the remainder of the chapter
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5.2. Permeability measurement

Figure 5.1: Schematic of channel flow permeability measurement apparatus [133]

to characterize the permeability of textiles using the Skeleton model. Therefore it is worth
detailing the procedure that will be used for the characterization of permeability.

Channel flow permeability model

In Fig. 5.2 we represent the typical top view schematic of a channel flow experiment.
A rectangular porous domain of length L and width W is delimited by inlet and outlet
boundaries. If a pressure difference ∆p = pin− pout is imposed between the inlet and outlet
regions, a flow of resin is induced that obeys Darcy’s law:

〈u〉 = −K
µ
∇p (5.1)

where 〈u〉 is the phase averaged resin velocity. In the channel flow measurement it is
assumed that the velocity across the width of the domain is null, that is: u · e2 = 0. By
expanding Eq. 5.1, we obtain:

u2 = 0 = −K12

µ

∂p

∂x1
− K22

µ

∂p

∂x2
→ ∂p

∂x2
= −K12

K22

∂p

∂x1
(5.2)

u1 = −K11

µ

∂p

∂x1
− K12

µ

∂p

∂x2
=

1

µ

(
K11K22 −K2

12

K22

)
∂p

∂x1
(5.3)

When the resin flow front has reached a position x1, the average pressure gradient
between the inlet and the flow front is computed under the assumption of linearity, as:

∂p

∂x1
=

∆p

x1
(5.4)

For simplicity, we will consider that x1 = L, meaning the resin has reached the outlet region
of the mould and the material is saturated. By measuring the flow rate of the resin at that
time, it is possible to compute the averaged velocity in direction e1:
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〈u1〉 =
Q

A
=

1

A

∫
A
u1 dA (5.5)

where A is the cross-sectional area of the porous material.
Alternatively, if we have access to the full velocity field, as is the case with numerical

simulations, the same quantity can be expressed as:

〈u1〉 =
1

V

∫
Ω
u1 dV (5.6)

For a channel flow experiment, due to mass conservation and lateral solid walls bound-
ary condition it is trivial to see that Eqs. 5.6 and 5.5 yield the same quantity.

Then we can express the averaged velocity of the resin as:

〈u1〉 =
K̂

µ

∆p

L
(5.7)

If the permeability tensor of the material is assumed as homogeneous, then by compari-
son between Eq. 5.7 and Eq. 5.3 the following expression must be valid:

K̂ =

(
K11K22 −K2

12

K22

)
(5.8)

We will refer to this quantity K̂ as effective permeability in the direction of the mould (e1

in this scenario).
From Eq. 5.7 we can express the effective permeability:

K̂ = µ〈u1〉
L

∆p
(5.9)

The effective permeability quantity expressed in Eq. 5.9 can be measured easily from a
channel flow experiment. However, one measurement alone is not sufficient to determine
all the permeability tensor values K11,K12,K22. Three different measurements along three
different directions are needed [134].

For that purpose, Eq. 5.8 needs to be made parametric with respect to the angle of mea-
surement θ. This is easily accomplished by operating a change of basis to the permeability
tensor. We can express a new permeability tensor K′ in an orthonormal basis e′1, e

′
2 rotated

by an angle θ around e3 from the original basis as:

K′
[e′1,e

′
2] = R K[e1,e2] R

T (5.10)

where R is the rotation matrix:

R =

[
cos θ − sin θ
sin θ cos θ

]
(5.11)
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Figure 5.2: Schematic of the channel flow test case scenario

Developing Eq. 5.10, we can express the components of a rotated permeability tensor
K′ as a function of the angle θ and the components of the original tensor K:

K ′11(θ) = cos2 θK11 − 2 cos θ sin θK12 + sin2 θK22 (5.12)

K ′12(θ) = cos θ sin θK11 − cos θ sin θK22 +K12(cos2 θ − sin2 θ) (5.13)

K ′22(θ) = sin2 θK11 + 2 cos θ sin θK12 + cos2 θK22 (5.14)

Finally, we can re-write Eq. 5.8 of effective permeability as function of the angle θ:

K̂(θ) =

(
K ′11K

′
22 −K ′12

2

K ′22

)
(5.15)

By performing three separate measurements of K̂(θ) along three distinct orientations
at an angle θ with respect to the direction e1, it is possible to determine the values of
K11,K12,K22 of the permeability tensor expressed in the original basis e1, e2. This is ac-
complished on a practical standpoint by simply rotating the material inside the mould by
known angles θ1, θ2, θ3 and performing the same measurement three times.

Once the full tensor of permeability is determined in the [e1, e2] basis, it can be diago-
nalised to find the principal permeability values (its eigenvalues) and the principal perme-
ability directions (its eigenvectors).

Special cases may require less measurements:

– if the principal directions are known a-priori, then only two measurements of effective
permeability along these directions directly yield the principal permeabilities

– if the material is known to be isotropic, then one single measurement in any direction
will suffice

97



5.2. Permeability measurement

5.2.2 Radial flow measurement

In the radial flow measurement, the porous material is placed in a transparent mould and
compressed up to the desired volume fraction (Fig. 5.3). A radial flow of a fluid of known
viscosity is induced by placing the inlet gate at the center of the mold. Either constant
flow rate or constant pressure boundary conditions can be used. The flow front is tracked
by camera recording or pressure transducers. The radial flow measurement presents some
advantages over the channel flow method. First, race tracking effects are absent because
the fluid does not reach the edges of the mould. Secondly, the entire permeability tensor is
determined by one single experiment because the anisotropy in the material will affect the
elliptical shape of the advancing flow front. On the other hand, the correct determination
of average velocity and pressure gradients is not straightforward, because it is not possible
to isolate flow directions and make an assumption of linear pressure gradient. As shown in
[135], the inlet gate shape and radius also affect the measurement.

In this chapter, radial permeability measurement is applied to one single test case pre-
sented in Section 5.6.4. We provide a brief overview of the methodology. The theory and
procedure of measuring permeability from a radial flow experiment is thoroughly detailed
by Weitzenbock in [135, 136]. Additional studies of radial flow permeability measurement
can be found in [133].

Radial flow permeability model

If the material is isotropic, the flow front expands with a circular shape centered in the
inlet gate. We will consider here the scenario where a fixed inlet pressure is imposed.
After expressing Darcy’s law in polar coordinates and solving the continuity equation, the
permeability is given by the expression:

K =
{
r2
f [2 ln (rf/ro)− 1] + r2

o

} 1

t

µφ

4∆p
(5.16)

where rf (t) is the transient position of the flow front, t is time, r0 is the inlet radius
(rf (0) = r0) and φ is the porosity of the fabric. By recording the flow front radius over time,
one can plot the value of permeability given by Eq. 5.16 until the values converge, some
distance away from the inlet. When the material is not isotropic, the flow front will develop
into an elliptical shape. The orientation of the ellipse axes marks the principal direction of
permeability. Furthermore, if we denote the flow front positions measured along the two
ellipse axes as x′f and y′f , the ratio of principal permeabilities is equal to the ratio of the
ellipse axes squared:

K1

K2
=
x′f

2

y′f
2 (5.17)

The expressions of permeability in the anisotropic case become very complex [135]. How-
ever it is possible to derive much simplified expressions of principal permeabilities K1 and
K2 if the measurements of the flow front position are performed along axes of the ellipse:
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Figure 5.3: Schematic of radial flow measurement apparatus [1]

K1 =
{
x′

2
f

[
2 ln

(
x′f/ro

)
− 1
]

+ r2
o

} 1

t

µφ

4∆P
(5.18)

K2 =
{
y′

2
f

[
2 ln

(
y′f/ro

)
− 1
]

+ r2
o

} 1

t

µφ

4∆P
(5.19)

The values of K1 and K2 from Eqs. 5.18-5.19 can be computed for the transient flow
front positions x′f and y′f at different times t until values converge. Expressions 5.18-5.19
will be used to compute the permeability tensor of an anisotropic stack in Section 5.6.4. We
remark that the use of r0 as the inlet radius for the anisotropic case is a simplification to
the original expression, because distinct values x′0 and y′0 would be required. These values
are difficult to measure and can affect the accuracy of the calculation. The sensitivity to the
inlet radius is a downside of the radial flow permeability measurement [135].

5.3 Methodology: saturated flow

The methodology that will be followed is largely similar to the one detailed in Chapter 4.
A textile geometry is generated, the Medial Surface Skeleton mesh is extracted from it, and
the Reynolds flow equation is solved numerically on it. There are however some differences
from the methodology followed in Chapter 4 as related to

1. Textile geometry generation

2. Boundary conditions

3. Validation

and will be discussed in this section.
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Figure 5.4: Schematic of yarn geometrical parameters

Textile geometry generation

The digital geometry of textiles to be used for the test cases is generated using TexGen [20],
and not Gmsh. This change of tool is natural, because TexGen was created specifically for
the creation of digital textile geometries. The TexGen library offers control over the position,
path and cross section of individual yarns and is implemented in the study using its Python
API scripting language. In particular, a custom-built library will be used that allows one to
declare as input data:

– the number of layers

– the orientation and vertical position of each individual layer

– the yarn cross section shape, dimensions, and center-line spacings

– the RVE size

– the output mesh elements size

By modifying this data, many possible layups can be created. For all the following test cases,
we will be assigning the same yarn cross-sectional geometry. The dimensional parameters
are provided in Table 5.1 and a schematic detailing the quantities is shown in Fig. 5.4. These
are the same geometrical parameters used in test case 4PS in chapter 3. They correspond to
four layers of C-Weave quasi-UD textile, compressed to λ3 = 0.44 of their original thickness.
Once again the thin warp yarns are neglected. Other parameters that affect the realism of

Table 5.1: Yarn geometrical parameters for all test cases

w [mm] e [mm] n d [mm] g [mm]

4.8 0.56 0.6 0.3 0.05

the geometry but that have not been implemented in the current library are:

– local distortion of yarn paths

– local variability in cross sections (non-constant through the yarn length)
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These geometric modeling aspects should be further developed and included in the study
to increase the level of realism of the generated geometries. However, measuring the vari-
ability is a more complex task, one that could be achieved only by sophisticated mechanical
modeling, µ-CT scanning, or adopting the methodology of Chapter 1 which is so far limited
to a single layer. All these efforts are out of scope in the current study, the latter will rely on
simplified, idealistic layup geometries. An example of TexGen generated layup geometry is
shown in Fig. 5.5a. The set of all yarn surfaces constitutes the Γw boundary.

On the other hand, the extraction of the Medial Surface Skeleton mesh follows the
same procedure as in chapter 4. The set of generating points is the collections of all nodes
Pw ∈ Γw. The underlying assumption, embedded in the Reynolds equation, is the no-slip
condition on the surface of the yarns:

u = 0 on Γw

This condition, typical of single-scale models, will be partially relaxed in Chapter 6. The
Skeleton mesh is created following the procedure detailed in Section 4.4.

(a) Textile geometry

(b) Medial Surface Skeleton

Figure 5.5: An example of layup generated using TexGen (elliptical yarn cross sections, 4 layers)

Boundary conditions

The nomenclature used to label the regions of the skeleton meshes is identical to the one
used in chapter 4. The Skeleton mesh domain is denoted as Ω̂. Inlet and outlet boundaries
of the mesh are denoted as Γ̂in and Γ̂out, respectively. The boundary conditions that will
be used in this chapter are slightly different from the ones used in chapter 4. The inlet
pressure, pin, and outlet pressure, pout, are imposed as Dirichlet boundary conditions on the
corresponding boundary edges. That is expressed as:

p = pin on Γ̂in

p = pout on Γ̂out
(5.20)

This adaptation is made to mimic typical boundary conditions applied in RTM processes,
where it is common to impose a pressure difference between inlet and outlet, while the
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resin velocity field in the material results from the gating strategy. For convenience in all
test cases, values of pin = 1 Pa and pout = 0 Pa are used.

Validation

There will be no three-dimensional validation of the skeleton flow problems by Stokes
model comparison. This is because the large size of the textile RVEs compared to the size
of the inter-yarn gaps would require a high number of elements, and consequently a high
computational cost, to solve a 3D Stokes flow problem on the full domain. This kind of
simulations falls within the competence of high performance computing, and the challenge
is beyond the scope of this research. The extensive analysis presented in chapter 4 served
specifically to validate the Medial Skeleton model, and specific features were isolated for
the purpose. The set of test cases in this chapter presents geometrical features that can be
assimilated to already analysed features, rendering another validation unnecessary.

Furthermore, one can note that the difficulty to perform full three-dimensional flow
simulations on large domains is itself the core motivation behind the Medial Skeleton model.

Governing equations

The governing equations, both in strong and weak form, are identical to the ones used
in chapter 4. They are summarised here for convenience. The creeping flow of the fluid
according to the Skeleton model is governed by Reynolds gap-averaged velocity on the
medial surface skeleton:

〈u〉 = − 1

µ

h2

12
∇p (5.21)

Eq. 5.21 must be coupled with continuity equation:

∇ · 〈u〉 = 0 (5.22)

Numerical solution

Once again the FEniCS finite elements library is used to solve the weak form of Reynolds
equation and numerically compute a solution p kinematically admissible with boundary
conditions 5.20. A direct LU decomposition solver is used in all the cases. From the pressure
solution, velocity is computed on the elements using relation 4.22. The inlet and outlet total
volumetric fluxes are also computed from the solution, to ensure that the mass is conserved:∫

Γ̂in

h 〈u〉 · n dx ≈
∫

Γ̂out

h 〈u〉 · n dx (5.23)

where Γ̂ denotes the inlet/outlet edge boundary of the Skeleton mesh (topological dimen-
sion: 1).
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Table 5.2: RT/A: Textile geometrical parameters

N layers Orientations L [mm] W [mm] H [mm] Packing factor

4 [0◦, 0◦, 0◦, 0◦] 20 20 2.6 0.73

Figure 5.6: RT/A: Textile geometry

Workstation specifications

All test cases presented in this Chapter were run on the same workstation, whose charac-
teristics are detailed in chapter 4, Section 4.5.2.

5.4 Test cases: saturated flow

5.4.1 RT/A: UD aligned layers

As a first case study, we use TexGen to generate a unidirectional layup composed of 4 aligned
layers of the same C-Weave UD textile used in chapter 3. Geometry parameters are provided
in Table 5.2. A small gap of g = 0.05 mm is created vertically between the layer planes, in
order to generate a non-interrupted skeleton mesh surrounding the yarns (yarns are not in
contact). Although being idealised, the similarity between this geometry and the µ-CT scan
of a similar quasi-UD material from Fig. 4.2 is appreciable. The purpose of this analysis is to
apply the Medial Skeleton model to compute the permeability tensor of the material. In this
case, the principal directions of permeability of the layup are known because all yarns are
aligned along the same direction. The highest permeability (K1) is in the direction along
the yarns while the lowest permeability (K2) will be in the direction transverse to the yarns.
These correspond respectively to the directions e1 (θ = 0◦) and e2 (θ = 90◦) of Fig. 5.6.
Therefore only 2 flow solutions will be necessary to fully determine the permeability tensor.

Numerical solution: Skeleton model

The set of points Pw belonging to the yarn surfaces Γw are extracted from the input geom-
etry. The Medial Surface Skeleton is generated from the input points and is shown in Fig.
5.7. The skeleton mesh appears as a regular grid of thin surface channels, with a locally

103



5.4. Test cases: saturated flow

(a) Channels network

(b) Channels network, front view

Figure 5.7: RT/A: Skeleton mesh

varying aperture h (Fig. 5.7b). The value of h at layers interface (zone A)is one order of
magnitude smaller as compared to the junctions (zone B).

The medial skeleton mesh Ω̂ is imported in the FEniCS library and Reynolds flow prob-
lem is solved following procedure detailed in Section 4.5.2, this time with boundary con-
ditions from 5.20. In order to characterise the anisotropy of the material, the procedure is
repeated twice: once for longitudinal flow (θ = 0◦) and once for transverse flow (θ = 90◦).

The solutions p, û are shown in Figs. 5.8 and 5.9 for longitudinal and transverse flow,
respectively. Test case parameters and solution quantities are provided in Table 5.3.

(a) Pressure field
(b) Velocity field (magnitude)

Figure 5.8: Solution fields for test case RT/A: Longitudinal flow

Permeability determination

The velocity field computed from the pressure solution seems qualitatively consistent. In
the longitudinal flow case, the resin travels faster in vertical slits between the arrays of
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(a) Pressure field (b) Velocity field (magnitude)

Figure 5.9: Solution fields for test case RT/A: Transverse flow

θ Ψ [W] Ne CPU t [s] 〈u〉 [mm/s] K̂ [m2]

0◦ 7.5E-03 272600 1.57 1.37E-04 2.75E-09
90◦ 1.56E-03 272600 1.74 2.7E-05 5.44E-10

Table 5.3: Results from test case RT/A

yarns, and in particular at the junction between the slits and the interfaces between layers,
where the gap h reaches its maximum value (see Fig. 5.7b). On the other hand in the
transverse flow case, the resin shows maximum velocity in the narrowings between layers
as expected (we remark that the values of velocity are always very low because ∆p = 1
Pa). From the velocity field û we can calculate the averaged velocity from Eq. 5.6 and then
the permeability in the flow direction, for both longitudinal and transverse cases, using Eq.
5.9. The values are indicated in Table 5.3. The two values of permeability that we compute
correspond to the principal permeability values: K1 = 2.75E-09 m2, K2 = 5.44E-10 m2. As
expected, the textile exhibits a much lower permeability in the transverse direction.

5.4.2 RT/B: UD nested layers

This test case reworks elements from RT/A, with the difference that the layers of UD yarns
are now stacked in a nested configuration rather than being exactly superposed. To achieve
nested configuration, layers of textile are shifted pairwise by a length of T/2, T being the
center-lines period, and vertically shifted. Geometrical parameters are provided in Table
5.4. In the nested configuration, the packing factor is higher (0.82) and the channels mor-
phology and gap field h is different. The principal directions of permeability values K1 and
K2 are known because they correspond to the direction longitudinal (θ = 0◦) and transverse
(θ = 90◦) to the yarns respectively. Therefore we will follow exactly the same procedure as
in test case RT/A.

105



5.4. Test cases: saturated flow

Figure 5.10: RT/B: Textile geometry

Numerical solution: Skeleton model

The Medial Surface Skeleton is shown in Fig. 5.11. One can notice the different arrange-
ment of un-nested and nested channels by comparing Figs. 5.7b and 5.11b. Following the
same procedure as for test case RT/A, the flow problem is solved twice in longitudinal and
transverse directions. Solutions p, û are shown in Figs. 5.12 and 5.13. Problem parameters
and computed values are provided in Table 5.5.

(a) Channels network

(b) Channels network, front view

Figure 5.11: RT/B: Skeleton mesh

Permeability determination

The average velocity in both longitudinal and transverse directions is calculated from the
solution field and the corresponding permeability values are computed using Eq. 5.9. Values
are reported in Table 5.5. Being the textile constructed along the principal domain axis,
these values directly correspond to principal permeabilities: : K2 = 4.36E-10 m2, K2 =
3.83E-11 m2. We remark that, as should be expected, both values are lower than in the
un-nested scenario RT/A.

106



5.4. Test cases: saturated flow

(a) Pressure field (b) Velocity field (magnitude)

Figure 5.12: Solution fields for test case RT/B: Longitudinal flow

Figure 5.13: Solution fields for test case RT/B: Transverse flow

5.4.3 RT/C: UD generic layup

In this test case we will use the Skeleton model to determine the permeability tensor of
a generic layup, of which the principal direction of permeability are unknown. For the
generation of the textile, we will be using the specifics from test case 4PS from chapter 3.
The layup consists in 4 layers of C-Weave textile, which were stacked randomly. This is
a "real" layup because the orientations were interpreted using Spectral Moiré analysis on
the pressure print. Using the direction e1 as reference, the layers were oriented following
the sequence from bottom to top: [0.0◦, 18.08◦, 4.48◦, 76.5◦]. The layup is generated and
shown in Fig. 5.14a (sliced view of layers to show underneath). Notice that the layers
are not nested but simply stacked because of all different orientations. Since this layup
does not follow any preferential direction, the planar principal directions of permeability
are unknown. In order to determine them, three channel flow measurements are necessary
along three distinct directions [θ1, θ2, θ3].
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5.4. Test cases: saturated flow

Table 5.4: RT/B: Textile geometrical parameters

N layers Orientations L [mm] W [mm] H [mm] Packing factor

4 [0◦, 0◦, 0◦, 0◦] 20 20 2.44 0.82

θ Ψ [W] Ne CPU t [s] 〈u〉 [mm/s] K̂ [m2]

0◦ 1.08E-03 603527 4.44 2.18E-05 4.36E-10
90◦ 9.95E-05 603527 4.12 1.92E-06 3.83E-11

Table 5.5: Results from test case RT/B

Numerical solution: Skeleton model

In order to perform three distinct channel flow measurements on the Skeleton mesh, three
different meshes are prepared. Slices of the layup of size L=50 mm × W=20 mm are cut
out from the Skeleton mesh of Fig. 5.14b, each oriented with side L aligned to directions
θ = [0◦, 45◦, 90◦]. Skeleton flow problem is solved following procedure detailed in Section
4.5.2 with boundary conditions from 5.20. The velocity field solution is shown for all three
orientations of the mesh in Fig. 5.15, with velocity streamlines highlighted.

Permeability determination

Values of averaged velocity in the direction e1 are computed from the three solutions using
Eq. 5.6. Effective permeability values are computed using Eq. 5.9. Results are reported
in Table 5.7. The permeability tensor in the basis [e1, e2] can be calculated by solving the
system of equations 5.15 for K11,K22,K12. Using the measurement directions θ1 = 0◦, θ2 =
45◦, θ3 = 90◦ this yields the system of equations:

K̂(0◦) =

(
K11K22 −K2

12

K22

)
(5.24)

K̂(45◦) =

((
1
2K11 +K12 + 1

2K22

) (
1
2K11 −K12 + 1

2K22

)
−
(

1
2K22 − 1

2K11

)2(
1
2K11 −K12 + 1

2K22

) )
(5.25)

K̂(90◦) =

(
K22K11 +K2

12

K11

)
(5.26)

Solving the system of Eqs. 5.24-5.26 yields the three components of the permeability
tensor of the material in the [e1, e2] basis: K11 = 1.171E-09 m2 , K12 = −6.995E-11 m2,
K22 = 7.134E-10 m2. Finally by computing the eigenvalues and the eigenvectors of the
tensor we calculate the principal permeability values in their principal basis [p1,p2]. Values
are reported in Table 5.8.

The values of principle permeability of this stack are not too different from the values of
test case RT/A. These values are reasonable considering that most of the layers in the stack
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5.4. Test cases: saturated flow

(a) RT/C: layup geometry (b) RT/C: Medial skeleton mesh

Figure 5.14: RT/C: Generic layup geometry and skeleton mesh

(a) θ = 0◦ (b) θ = 45◦
(c) θ = 90◦

Figure 5.15: RT/C: channel flow velocity field for three different measurements. Streamlines are traced on the skeleton mesh.

are oriented at a rather small angle from the e1 axis, with the exception of layer number 4
(θ4 = 76.5◦). This is also reflected in the principal direction of permeability K1, which is
slanted by 8.5◦ from the principal direction of test case RT/A.

5.4.4 Conclusions

The Medial Skeleton model has been successfully applied to generic textile layups through
a series of test cases. The flexibility of the numerical tools developed for the generation
of the Skeleton mesh allows this methodology to be independent of the complexity of the
domain. The efficiency in terms of CPU time of the numerical solution allows this technique
to be applicable to domains of considerable size, such as for the case RT/C.
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5.5. Methodology: unsaturated flow

N layers Orientations L [mm] W [mm] H [mm] Packing factor

4 [0.0◦, 18.08◦, 4.48◦, 76.5◦] 50 20 2.7 0.73

Table 5.6: RT/C: Textile geometrical parameters

θ Ψ [W] N elem. CPU t [s] 〈u〉 [mm/s] K̂ [m2]

0◦ 1.38E-03 596768 3.76 2.33E-05 1.16E-09
45◦ 1.04E-03 497346 2.83 1.64E-05 8.20E-10
90◦ 8.08E-04 550482 3.54 1.44E-05 7.17E-10

Table 5.7: Results from test case RT/C

5.5 Methodology: unsaturated flow

The permeability tensor of a material is usually treated as the input data to run filling sim-
ulations of industrial parts. However, by definition permeability is an averaged quantity. In
practice, it means that the local variation of properties of the material and the effect of local
features such as microstructural defects cannot be taken into account when a permeability
tensor is assigned to the whole part. Furthermore, modeling the presence of local features
inside RVEs in the estimation of permeability should be avoided, because the purpose of
upscaling is to compute quantities which are representative of the entire part, not affected
by the presence of local features. This is why local features are not addressed in the first
half of the chapter.

However, this is not true when dealing with unsaturated flow. Although their influence
over the macro-scale permeability might be small, small local changes such as defects can
affect and distort the flow pattern while the resin is advancing through the part. This be-
haviour can potentially lead to air entrapment and dry spots [137–139]. In the second part
of this chapter, we will attempt to use the Skeleton model to simulate numerically the un-
saturated single-scale flow of a resin filling a preform. The finite elements/ control volume
method (FE/CV) is the most widely used to compute filling simulations. The Skeleton model
in its current formulation will be implemented into an existing FE/CV solver. This will al-
low to perform a direct filling simulation of a preform at the meso-scale, including the
presence of potential local features, greatly expanding the potential of the model. Before
moving to the actual implementation, we provide a brief overview of the FE/CV method
and the solver that will be adopted.

K11 [m2] K12 [m2] K22 [m2] K1 [m2] K2 [m2] p1 p2 θprinc

1.17E-09 -6.99E-11 7.13E-10 1.18E-09 7.03E-10 [0.98, 0.15] [0.15, -0.98] 8.50◦

Table 5.8: Characterised permeability tensor for test case RT/C
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5.5. Methodology: unsaturated flow

5.5.1 FE/CV method

Finite Elements / Control Volume methods (FE/CV) are hybrid methods that incorporate
traits of both FEM and Finite Volume (FV) techniques, used to simulate filling of a domain
by a fluid. In the FE/CV method the filling of a numerical mesh is simulated by discretising
time in a series of time increments. At each time increment, the method consists in looping
through two essential steps. In the first step, the pressure field is solved at every node
using the finite elements method. The constitutive equation to relate velocity and pressure
is usually Darcy’s law and the continuity equation is used to write a Laplace equation of the
same form as the one in chapter 4. For efficiency, the solution must be sought only in the yet
unsaturated region (p = pin in the saturated region). This model of flow front progression
is also known as slug flow or abrupt front [2]. In the second step, the pressure solution is
used to compute the velocity field for the current time step using Darcy’s law. The fill factor
of the elements at the front is updated as shown in Fig. 5.16 by calculating the net fluxes of
resin entering the control volumes:

q = −
i∑[∫

si

(
hi
µ
n ·K · ∇p

)
ds

]
(5.27)

where s denotes the boundary of the control volume. After, the loop is repeated until the
entire part is filled. The FE/CV method is used by commercial softwares like LIMS developed
by University of Delaware [76, 77].

Figure 5.16: Control volumes and fill factors in FE/CV method [1]

5.5.2 LIMS: filling simulation software

In the present work, LIMS is adopted as framework to implement the Skeleton model. This
solution was chosen because of the possibilities it offers in terms of non-standard implemen-
tations. LIMS is distributed with a Graphical User Interface (GUI) that allows to perform all
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5.5. Methodology: unsaturated flow

the operations: materials parameters assignment, boundary conditions definition, etc. How-
ever in this work, only the solver component of LIMS will be used, which can be accessed
by scripting.

It is important to notice that LIMS is designed to solve the macro-scale Darcy flow, and
not the Skeleton model. Therefore the implementation of the Skeleton model will need to
be adapted to the capabilities of LIMS.

5.5.3 Implementation of the Skeleton model

LIMS uses a Darcy solver to compute the pressure solution at every time step. With no
source terms or Neumann conditions imposed, the equation solved by LIMS becomes:

Ne∑
e

∫
Ω̂e

Ke

µ
∇p∇v dΩ̂ = 0 (5.28)

where Ke is the permeability tensor and µ is the viscosity. The permeability tensor
Ke is constant on the element, and LIMS allows one to assign an element-wise different
permeability tensor to the mesh. By comparing the weak forms of the Darcy Eq. 5.28 solved
by LIMS with Reynolds Eq. 4.41 solved by FEniCS, it is clear that the equations can be
reduced to the same form by assigning to each element the permeability tensor:

Ke =
h2
e

12
ei ⊗ ei =

[
h2
e

12 0

0 h2
e

12

]
(5.29)

By observing these modifications, the Skeleton model can be successfully implemented
in LIMS. This implementation was validated: a Medial Skeleton model test case is set up
and solved both using the established FEniCS approach from chapter 4 and the new LIMS
implementation. The purpose is to prove that the same pressure field solution is obtained
using both tools. This validation is detailed in Appendix B. Results substantiate the correct
implementation of the Skeleton model in LIMS.

5.5.4 LIMS numerical procedure

The procedure to solve the transient flow simulation on a Skeleton mesh using LIMS is
broken down in three steps:

– Skeleton mesh importation

– Boundary conditions assignment

– Solution and visualisation

These steps are detailed below:
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5.5. Methodology: unsaturated flow

Skeleton mesh importation

To read a mesh into the solver, LIMS uses a *.dmp input file. dmp is a text format designed
to contain all the necessary data for the simulation: nodal data, elements data and resin
viscosity value. The *.dmp file does not contain any boundary conditions information.

The Skeleton mesh data is converted in the necessary format and written into a custom-
created *.dmp file via a Python script. In addition to the mesh basic information, each
element is assigned three key values for the correct implementation of the Skeleton model:

– thickness: the element thickness will affect the volume to be filled. The gap value he
for each element is assigned.

– volume fraction: this value affects the effective volume associated to the element. In
the context of the pure-fluid domain this value has no meaning. The very low value
Vf = 1E − 6 is assigned. That means the entire volume must be filled.

– principal permeability values: the values K1 = K2 = h2
e/12 are assigned to each

element, according to the relation discussed in Eq. 5.29.

Furthermore, in the *.dmp the resin viscosity value µ is defined. For all test cases in the
remainder of the chapter, the value of µ = 0.3 Pa·s is used.

Boundary conditions assignment

The same set of boundary conditions used in the first part of the chapter are maintained
here. An inlet pressure is imposed at the boundary defined as Γ̂in. An outlet pressure
is imposed at the boundary defined as Γ̂out. To define these boundary conditions, LIMS
uses a scripting *.lb file, in LBASIC scripting language. The LBASIC scripting language is a
customised version of the traditional BASIC language, which has been expanded with a set
of functions for use in LIMS. Once all inlet and outlet nodes of the skeleton mesh have been
identified, the BC assignment is carried out by writing the *.lb file is written via a Python
script.

Solution and visualisation

Once input file and boundary conditions are assigned, the LIMS solver is called to compute
the solution. One key factor when dealing with filling simulations is the visualisation of
results. To properly monitor the process, the evolution of the flow front must be tracked.
To to so, the *.lb script was tweaked to save a snapshot file of the current solution, in *.tp
format, at every given interval ∆t of filling time. In Table 5.9 we report some numerical
values extracted from the solutions. The filling time tfill is defined as the time when the
most advanced region of the flow front reaches the outlet boundary Γ̂out. The CPU time
(CPU t) includes the time spent to write multiple *.tp snapshot files of the solution (about
100 tecplot files per simulation). The actual CPU time dedicated to the solution might be
sensibly lower, however at the current implementation it was not tracked.
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5.6. Test Cases: unsaturated flow

Test Case Description Ne tfill [s] CPU t [s]

RT/AT Array of yarns 102240 6 2000
RT/BT Anisotropic layup 332982 55 6500
RT/CT a) Racetrack effect 155528 45 4980
RT/CT b) Racetrack effect 152975 40 4810
RT/CT c) Racetrack effect 152844 36 4950
RT/DT Radial flow 812990 16 13400

Table 5.9: Fill and CPU time results from the unsaturated flow test cases

Table 5.10: RT/AT: Textile geometrical parameters

N layers Orientations L [mm] W [mm] H [mm] Packing factor pin [Pa]

4 [0◦, 0◦, 0◦, 0◦] 20 20 2.6 0.73 1.0E+03

Workstation specifications

All test cases presented in this chapter were run on the same workstation detailed in chapter
4, Section 4.5.2. The LIMS solver was run on a Windows operating system installed on the
same machine.

5.6 Test Cases: unsaturated flow

5.6.1 RT/AT

We propose again the same textile from the test case RT/A: four aligned layers of C-Weave
textile, stacked in un-nested configuration. Geometrical parameters are reported in Table
5.10. The procedure detailed in Section 5.5.4 is followed.

Result discussion Fill factor solution is presented in Fig. 5.17b, where the skeleton being
filled is shown among the yarns, and in Fig. 5.18 as a series of time frames.

The flow pattern is not straight, as the gap on the side of the yarns is larger than the
interface gap between layers. The Skeleton simulation can capture this locality. After a time
of t = 6s the flow front reaches the end of the mesh in the lateral gaps, but not yet in the
interface gaps. A pressure difference of only 1.0E+03 Pa was imposed so that the filling
would not be too fast, because the length of the domain is only 2 centimeters. Although
being a meso-scale simulation, the efficiency of the Skeleton model allows to complete the
simulation is less than one hour of CPU time. Values are provided in Table 5.9.

5.6.2 RT/BT

In this test case the same layup from test case RT/C is used. The objective is to demonstrate
how the direct meso-scale simulation on the Skeleton mesh can capture the local anisotropy
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5.6. Test Cases: unsaturated flow

(a) Textile geometry

(b) Skeleton mesh with advancing resin flow front

Figure 5.17: RT/AT: Textile and skeleton mesh

Figure 5.18: RT/AT: resin filling sequence

effect of a complex layup sequence without homogenising the permeability of the layers. A
medial skeleton mesh is generated from the same layup as in test case RT/C. The layup is
oriented in the θ = 0◦ configuration as in Fig. 5.14a. Geometrical parameters are given in
Table 5.11. This is an interesting case because in test case RT/C the traditional permeability
tensor estimation was carried out following the channel flow procedure. However, when
the material is highly heterogeneous due to the many orientations in the stack, the actual
meaning of computing a macroscopic permeability tensor is questionable. The meso-scale
simulation afforded by the Skeleton model bypasses completely this necessity, as the three-
dimensional connectivity of the complex channel network is directly taken into account.

Discussion of Results Looking at the flow front progression in Figs.5.19a and 5.19b, a
series of considerations arise. One can observe that the flow front location is different in
each layer, because the flow at each level of the mesh is affected by the connectivity of the
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N layers Orientations L [mm] W [mm] H [mm] Packing factor pin [Pa]

4 [0.0◦, 18.08◦, 4.48◦, 76.5◦] 50 20 2.7 0.73 1.0E+03

Table 5.11: RT/BT: Textile geometrical parameters

neighbour layers. The advancing flow front develops an angle (α) due to the orientation of
layers. This is in agreement to what observed in [140]. The angle is tracked (manually) in
Fig. 5.19.

A somewhat unexpected result, one can notice that the change in angle α is not mono-
tonic during the advancement. This effect could not be captured by the macro-scale simu-
lations of [140]. We suspect this effect is due to the alternating periods of crossover regions
each layer experiences from neighbouring layers (i.e. the average flow front angle oscil-
lates periodically). However, this behaviour might also be the result of an edge effect bias;
further investigation would be necessary to identify the cause with certainty.

Finally we remark that the efficiency of the Skeleton solution allows to compute a meso-
scale filling simulation over a domain orders of magnitude larger than the channels gap
characteristic size. Values of number of elements and CPU time are reported in Table 5.9.

5.6.3 RT/CT: Racetrack defect

One critical factor that may affect the outcome of an RTM process is the presence of local
defects in the part. Typical features that may be qualified as defects are race-tracks, un-
even spacing between yarns, twists or distortions in the yarn paths and local changes in
the compaction/fiber volume fraction. Local defects of different sorts can be represented
by the Skeleton model, provided that their presence is accurately included in the textile
geometrical model. In this section we will only look at one type of defect: the presence of a
race-tracking channel in the layup.

Racetrack A well-known defect in LCM process is racetracking. This defect occurs when,
somewhere in a layup, a gap is created either between yarns or between the part and the
mould walls. This larger gap is a race-track, as it provides a preferential channel for the
resin to flow. The consequence on the process is that the resin flow pattern will be distorted
in an uncontrolled way by the presence of the defect. Depending on the magnitude of the
defect, this may lead to quality issues.

The position of the racetrack and its orientation with respect to the filling direction is
also a factor that affects the influence of the defect. The Skeleton model can be used to study
the influence of racetracking. We setup a layup made by 4 layers of C-Weave textile, which
are stacked following the sequence: [0◦, 45◦, 0◦, 45◦]. The angles are measured relative to
the injection direction. Using this layup, we recreate three scenarios: i) in the first scenario,
no defects are present; ii) in the second scenario, a racetrack defect is introduced in the
second layer (at 45◦ from the flow direction); iii) in the third scenario, a racetrack defect is
introduced in the third layer (at 0◦ from the flow direction).
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Figure 5.19

Figure 5.20: RT/BT: top and bottom resin filling sequences

For each case, the racetrack defect is created by widening one single inter-gap channel
by a quantity gaprt = 1mm in the input geometry. Geometrical values about the domain are
provided in Table 5.12. The Medial Skeleton mesh is generated and the filling simulation is
computed for each scenario.

N layers Orientations L [mm] W [mm] H [mm] gaprt [mm] Packing factor pin [Pa]

4 [0◦, 45◦, 0◦, 45◦] 45 30 2.7 1 0.73 2.0E+03

Table 5.12: RT/CT: Textile geometrical parameters

Discussion of results Result values are reported in Table 5.9. Filling patterns from sim-
ulations are displayed in Fig. 5.21. Snapshots from the three different scenarios (absent,
45◦ and 0◦ racetrack) are taken at the same time steps. The snapshot comparison shows the
effect of the racetrack on the flow front. We can see that the orientation of the racetrack
plays a role in the alteration it causes. In the case b), when the racetrack is slanted at 45◦
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Figure 5.21: RT/CT: comparison between racetrack and no racetrack filling scenarios

from the main flow direction, the effect is barely appreciable, and only results in some mi-
nor distortion of the flow front with respect to the base configuration. On the other hand in
case c), when the racetrack runs in the same direction as the flow direction, a major distor-
tion in the flow front is produced, with the flow front angle being disrupted and the resin
reaching the end of the part sooner in the proximity of the racetrack. It should be noted
that in scenarios b) and c) only one single racetrack channel is present in the entire layup
composed by 4 layers. That means that the effect of the racetrack is somehow damped by
the influence of the other 3 defect-free adjacent layers. Looking at the fill time values from
Table 5.9, one can see that the racetrack has an effect on the time the flow front takes to
reach the end of the part: in scenario c) the fill time is 20% lower than in scenario a).

We can conclude that the Skeleton model could be used as a tool to directly integrate
the presence of local meso-scale features in simulations of scale larger than the defect, in
order to study their effect on surrounding regions of the part. It should be stressed that the
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Table 5.13: RT/DT: Textile geometrical parameters

N layers Orientations L [mm] W [mm] H [mm] Packing factor r0 [mm] pin [Pa]

4 [0◦, 45◦, 0◦, 45◦] 100 100 2.7 0.73 0.2 5E+03

accuracy of the prediction given by the Skeleton model is only as good as the assumptions
of the skeleton model itself and the input geometry used to generate the skeleton mesh. At
the present time, the reliability of the Skeleton model in simulating realistic scenarios has
not been validated by any experimental comparison.

5.6.4 RT/DT: Radial flow

Although channel flow experiments were exclusively addressed so far, different injection
conditions can easily be implemented in the Skeleton model. An example of radial flow
injection is provided. For this study we use a layup of 4 layers in stacking sequence:
[0◦, 45◦, 0◦, 45◦]. To be able to observe the radial flow front effect developing, the layup
size is increased to a size of 100mm× 100mm. Layup and process parameters are provided
in Table 5.13. The medial skeleton mesh is generated and the inlet pressure BC is prescribed
to a small group of nodes in the center, marked as Γ̂in (see Fig. 5.22).

Figure 5.22: RT/DT: Textile with inlet gate (left) and skeleton mesh (right)

Discussion of results The advancing flow front is shown in Fig. 5.23. The typical elliptical
front naturally arises from the anisotropy and orientation of the material. The flow front
positions x′f , y′f are measured at different time frames t. Using the expressions from Eq. 5.18
we can compute the transient principal permeabilities. All values are reported in Table 5.14
and the transient values of K1, K2 are plotted versus time in Fig. 5.24. The fluctuations of
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Figure 5.23: RT/DT: resin filling sequence

Figure 5.24: RT/DT: Evolution of measured principal permeability values

the predicted permeabilities are due to the fact that the measurement of the radii is carried
out by hand, over a jagged flow front. We will consider the last values in the series as the
principal permeability values: K1 = 7.25E − 10 m2, K2 = 4.96E − 10 m2. The orientation
of the ellipse main axis yields that the principal permeability tensor expressed in a basis
[e′1, e

′
2] is oriented at θ = 25◦ along e3. Using the Medial Skeleton model we are able to

reproduce the macro-scale elliptical flow front pattern and local fluctuations by performing
a meso-scale simulation. The flow inside inter-yarn channels was simulated over a domain
three orders of magnitude larger than the channel gap characteristic size.

5.7 Conclusions

The Single-Scale Skeleton flow model has been successfully applied to multi-layer textile
scenarios. Examples have been provided to show how the model can be used for both
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t [s] x′f [m] y′f [m] K1 [m2] K2 [m2]

1 0.008 0.006 8.0910E-10 5.1008E-10
2 0.010 0.008 7.0262E-10 5.0820E-10
3 0.012 0.010 7.2201E-10 5.3348E-10
4 0.014 0.011 7.2685E-10 5.2419E-10
5 0.015 0.012 7.3003E-10 5.0425E-10
6 0.016 0.013 7.3722E-10 5.1644E-10
7 0.017 0.013 7.3732E-10 5.0086E-10
8 0.018 0.014 7.4340E-10 4.9976E-10
9 0.019 0.015 7.4170E-10 5.1044E-10
10 0.020 0.016 7.2829E-10 5.1543E-10
11 0.021 0.016 7.3185E-10 4.9627E-10
12 0.022 0.017 7.2304E-10 4.9680E-10
13 0.023 0.018 7.2488E-10 4.9910E-10
14 0.023 0.018 7.0768E-10 5.0158E-10
15 0.024 0.019 7.2082E-10 5.0165E-10
16 0.025 0.019 7.2162E-10 4.9305E-10
17 0.025 0.020 7.2388E-10 4.9159E-10
18 0.026 0.020 7.3372E-10 4.9657E-10
19 0.027 0.021 7.1950E-10 5.0376E-10
20 0.027 0.021 7.2514E-10 4.9615E-10

Table 5.14: RT/DT: Evolution of flow front position and principal permeability values

saturated flow (permeability estimation) and unsaturated flow (filling simulations to predict
flow patterns). In particular, the computational efficiency that the Skeleton model offers
over full-dimensional Stokes flow allows one to tackle meso-scale filling simulations over
much larger domains than typical RVEs. Furthermore, the presence of local features such as
racetracks can be directly included in the Skeleton flow simply by modeling their presence
in the input geometry. The presence of these local features has been shown to have an effect
on the flow patterns.

Because of the prohibitive technical requirements associated, it was not possible at the
current state to carry out a rigorous validation of the Skeleton model accuracy. Such a
task would require to solve a Stokes problem in 3D on equally large domains, which is a
challenging effort that comes within the competence of high performance computing. Such
a validation should be carried out eventually. However, the series of validations performed
in chapter 4, which focused on representative geometrical features, allow one to retain some
confidence in the level of accuracy of the Skeleton model. This is supported by the fact that
all simulations have shown qualitatively consistent results.

The computational cost of solving Reynolds equation on the Skeleton mesh is reasonable
already at the current level of implementation. However, it should be stressed that no effort
was made on the optimisation of the computation efficiency. It is the author’s belief that
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the employment of other solvers, especially compiled ones, as well as parallelisation, which
was never used, might drastically improve the CPU time efficiency of the method.

This analysis concludes the study of the Single-Scale Skeleton model. However, in the
context of composite materials, single-scale flow is only a partial solution. The presence
of permeable tows, which were considered as solid in this chapter, can have an important
effect on the resin flow behaviour. This is especially true in the case of unsaturated flow. To
address such scenarios, in the next chapter we will resume and extend the Skeleton model
to its dual-scale version.
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Chapter 6
Dual-Scale Skeleton model

6.1 Introduction

Chapter 5 focused on the application of the Single-Scale Skeleton model to textiles to sim-
ulate unsaturated flow. In this chapter the Skeleton model is extended to its Dual-Scale
version in which the assumption that the yarns are solid is relaxed. To model this, the
porous geometry of the yarns is added to the channels network, as an additional domain
available for the resin to flow and impregnate. To do so, a new type of hybrid skeleton mesh
is introduced and a series of assumptions to solve the dual-scale equations are adopted. The
model takes advantage of the efficiency of the medial skeleton to approximate the 3D flow
problem at a lower computational cost. Similarly to what was previously done with the
single-scale version, the dual-scale model is implemented in an existing commercial solver
to compute filling simulations of textiles at the mesoscale.

This chapter represents the final step of the continuous workflow that started in chapter
3 with the acquisition of geometrical data from layups and continued into chapters 4, 5
with the single-scale skeleton model. The long-term objective is to create an efficient tool
capable of handling dual-scale, unsaturated flow simulations at the scale of the yarns and
over a domain size of a whole RTM part. While the current state of development is still
far from this target, this chapter is to be interpreted as a first successful step towards this
challenging objective.

6.1.1 Outline of the chapter

First, a new kind of hybrid Skeleton mesh designed to accommodate the needs of a dual-
scale model is introduced.

Next, a Dual-Scale Skeleton model (DSS model from now on) is proposed and its as-
sumptions are discussed followed by the numerical implementation of the model. An in-
house FE solver is developed to implement a saturated flow version of the DSS model on
a test case. The result is compared with a full-dimensional dual-scale Stokes-Brinkman
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6.2. Dual-scale flow

Figure 6.1: Example of dual-scale flow in a quasi-UD fabric Interglas 92146 [14]

simulation of the same scenario.
Finally, the DSS model is implemented into the LIMS solver and the potential of the

model is showcased through a series of representative test cases.

6.2 Dual-scale flow

The flow of resin impregnating a dual-scale porous fabric is affected by two characteristic
lengths: the size of the pores in-between the yarns (the inter-yarn channels) and the size of
the pores within the yarns (the gaps between individual fibers) as shown in Fig. 6.1. These
characteristic lengths differ usually by one or more orders of magnitude. Consequently, the
flow of resin in the medium is a dual-scale flow, which occurs at two scales: the mesoscopic
flow between the yarns, and the microscopic flow within the yarns. The dual-scale flow
in composite processing has been observed extensively. The effects on the resin flow front
progression have been observed experimentally in [27], studied in [2, 7, 141]. Dual-scale
flow induced by capillarity effects has been observed in [142, 143].

There is a large body of literature devoted to the dual-scale flow in fabrics, both on
modeling and experimental aspects. Although many models have been proposed, where
some of which are presented here, this still continues to be an active area of research.

Most models agree on identifying three key factors that need to be handled: i) flow in
the channels in between the fiber yarns (mesoscale region); ii) flow in the porous region
within the fiber yarns (microscale region); iii) conditions at the interface between the two
regions.

Channels region The flow in the channels region is usually modeled as a creeping flow
in a gap obeying Stokes equation. The behaviour is the same as discussed in chapter 4,
with the difference that the no-slip condition is no-longer valid at the interface between
the channel and porous regions. The region close to the geometric interface is actually a
boundary layer marking the transition from the channel region to the porous region. In case
of thin channel region, lubrication theory has been successfully applied even in presence of
dual-scale flow [28].
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6.2. Dual-scale flow

Porous region Although the flow of a fluid in a porous medium is usually described in
terms of its phase averaged velocity by Darcy’s law, this model fails to properly describe the
behaviour of the fluid near the interface. This happens because the second-order viscous
term present in Stokes equation has no corresponding terms in Darcy’s law, leading to an
inconsistency in the shear stress of the fluid at the interface [144]. To address this limitation,
two approaches have been explored. The first consists in prescribing some slip-velocity
boundary condition at the interface between the channel and the porous regions [145].
This is known as Beavers-Joseph boundary condition and has been extensively studied in
literature ([146–148]). The main drawback comes from the presence of a semi-empirical
parameter (αBJ), which depends on the material properties and needs to be determined
experimentally or by some other means [149].

The second approach uses the Brinkman equation [150], instead of Darcy, to model the
fluid behaviour in the porous layer:

−∇p+ µ′∇2〈u〉 − µK−1 · 〈u〉 = 0 (6.1)

where µ and µ′ are the Stokes and Darcy viscosities respectively, and K is the porous
medium permeability (scalar when isotropic, otherwise second-order tensor). This is a
well established model, that extends Darcy’s equation with the addition of a second-order
volume-averaged viscous term similar to the corresponding term in Stokes equation, that
can handle the presence of the interface boundary layer. Far away from the interface, the
shear stress in the fluid is negligible with respect to the viscous drag and Eq. 6.1 degenerates
to Darcy’s equation. It should be noted that the viscosity values in channel and porous do-
mains are different terms, i.e. µ 6= µ′. The Darcy viscosity µ′ depends on the characteristics
of the porous medium, and their relation has been studied in [151, 152]. Sometimes µ = µ′

is adopted for simplicity. Coupling Stokes and Brinkman equations to describe dual-scale
flow in fabrics made of fiber tows has been used extensively [29, 144].

Interface region When Brinkman equation is used together with Stokes equation to model
the dual scale flow in a channel/porous domain, the stress continuity at the interface is
achieved. However a stress-jump condition at the interface was developed by Ochoa-Tapia
and Whitaker to better match experimental values when the porosity of the porous medium
is high [153–155]. This is to be used with a modified version of Brinkman equation:

− φ∇p+ µ∇2〈u〉 − µ φ

K
〈u〉 = 0 (6.2)

which differs from Eq. 6.1 by µ′ = µ/φ, with φ being the porosity of the porous domain.
Li [28] applied the stress-jump boundary condition in conjunction with the lubrication the-
ory (Reynolds equation instead of Stokes) to address scenarios when the channel region is
a thin layer. Although the methodology will be different, lubrication theory with stress
jump at the interface will be applied to the model we propose in this chapter.
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6.3. Hybrid Skeleton Mesh

6.2.1 Macroscale numerical models

The scales at which Stokes-Brinkman equations are defined are traditionally not suitable for
computation of flow over large domains, such as filling simulations in RTM processes. At the
macro-scale, the geometrical features of the porous media are captured in the permeability
term and interface boundary layer effects are not modeled. The macroscopic mass balance
in non-deformable dual-scale porous media can be expressed as:

∇ · 〈u〉 = q (6.3)

where q is a sink term describing the resin entering the tows [156]. Eq. 6.3 states that some
of the fluid flowing in the inter-yarn gaps (channel domain) escapes into the intra-yarn gaps
(yarn domain).

Simacek et al. [31] used arrays of 1D elements added to the nodes of the macroscale
mesh to model the absorption of fluid by the fiber tows. In [157] and [158] the sink term
in Eq. 6.3 is modeled as function of the microscale properties of the material.

Although in the present work all dual-scale modeling and numerical solution will be
carried out at the meso-scale exploiting the skeleton mesh, the addition of "sink" elements
remains at the core of the new DSS model that is introduced later.

6.3 Hybrid Skeleton Mesh

The Skeleton mesh, both in its 2D and 3D versions, has proven to be effective to model the
channel network of a complex domain. Having been used to describe a single-scale flow,
all the Medial Skeleton meshes shown so far have only represented the mesoscale network
of channels running between the yarns. In the intent of developing a dual-scale model that
uses the Skeleton mesh as a geometry descriptor, this definition of Skeleton mesh needs to
be updated. We have defined in Section 6.2 the existence of three separate features that
need modeling attention: the channels subdomain, the yarns subdomain and their interface.

We propose here a novel Hybrid Skeleton mesh that is based on the natural separation
of the aforementioned elements.

Channels, yarns and their interface will be treated as three separate subdomains: each
of them will be represented by an associated mesh. More precisely, the channels and the
yarns subdomains will each be represented by a Medial Skeleton mesh (2D elements) that
fully describes their meso-scale geometry. A third mesh, made of 1D elements, representing
the interface between them will be used to spatially connect the channels and yarns sub-
domains. Each of these are now described and the procedure to obtain the Hybrid Skeleton
mesh from a dual-scale domain is presented below.

6.3.1 Input mesh

The input mesh has no specific requirements in terms of geometry or element type. The
only (trivial) condition that needs to be satisfied is that at least two separate subdomains
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6.3. Hybrid Skeleton Mesh

can be identified in the mesh. These correspond to the channels subdomain and the yarns
subdomain. We will refer to these subdomains in the input mesh as Ω1 (channels) and Ω2

(yarns) respectively. An example of input mesh is shown in Fig. 6.2a , with labels identifying
these subdomains. Although the model was originally formulated in 2D, in the remainder of
the chapter we will deal exclusively with 3D geometries, as it is the most complex scenario
and has application potential.

(a) Input geometry (b) Dual-scale medial skeleton (hybrid skeleton mesh)

Figure 6.2: Yarn immersed in a channel: three-dimensional original geometry and corresponding hybrid skeleton mesh

6.3.2 Mesh generation

The Hybrid Skeleton mesh is composed of two distinct subdomains connected by an inter-
face of one-dimensional elements. The physical subdomains Ω1 (channels) and Ω2 (yarns)
are reduced to their skeleton versions Ω̂1 (channels), Ω̂2 (yarns) and linked through Ω̂3

(interface). An example of geometry with labeled domains is shown in Fig. 6.2.

Domains Ω̂1 and Ω̂2:

The surface mesh Ω̂1 represents the channels domain. This is exactly the same type of
skeleton mesh that has been used for all the single-scale test cases presented this far. Each
element is equipped with the scalar value he which describes the local gap height. The
mesh Ω̂2 describes the yarns domain. This is also a Medial Surface skeleton mesh entirely
analogous to the channels counterpart, Ω̂1. Each element stores a scalar value he that
represents the local yarn thickness in the position occupied by that element. The non-
constant thickness of fiber tows of lenticular or elliptical cross-section is then captured. The
skeleton meshes Ω̂1 and Ω̂2 are generated at the same time. The procedure is mostly similar
to the one detailed in Section 4.4.3, the only difference being in the filtering step. Voronoi
vertices are labeled as ’c’ or ’s’ based on whether they fall respectively inside a channel or
a yarn. After this step, Voronoi planes with all vertices flagged as ’c’ are added to the C2/0
tables of the Ω̂1 mesh, while planes with all vertices flagged as ’s’ are added to the C2/0
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6.4. Dual-Scale Skeleton model

tables of the Ω̂2 mesh. Delaunay triangulation follows for both subdomains, and the C’2/0
connectivity tables of triangular elements are created (see chapter 4, Section 4.4.3).

Interface domain Ω̂3:

The generation of the one-dimensional elements that represent the channel/tow interface
requires an additional procedure. After labeling all Voronoi vertices as either ’c’ or ’s’, all
Voronoi ridges containing at least one ’c’ vertex and one ’s’ vertex are identified. This can be
accomplished easily by filtering the C1/0 connectivity table of the entire Voronoi diagram.
This filtering operation identifies a set of 1D lines that cross the yarn boundaries, with one
vertex belonging to an element in Ω̂1 and one vertex belonging to some other element in
Ω̂2. Using the connectivity tables from the Voronoi diagram and some simple geometrical
operations, each interface element is equipped with 2 scalar quantities that are essential for
the dual-scale model:

– re: the radius of the associated region of influence. This is an approximation of the
volume represented by the interface element, computed as the distance between the
element center and the generating node of the associated Voronoi region. Using re we
can also compute the cross-sectional area associated to the element as Ae = r2

eπ.

– δe: the fraction of the element length which is immersed inside the yarn . This quantity
will be useful is section 6.4.

6.3.3 Domains and boundaries definition

The same notation scheme introduced for the single scale skeleton model is used for the
dual-scale model. As already stated, Skeleton mesh subdomains are referred as Ω̂. Bound-
aries are labeled as Γ̂ according to the same scheme used in chapters 4 and 5.

6.4 Dual-Scale Skeleton model

In the formulation of the dual-scale model, the stress continuity state guaranteed by the
Brinkman equation is abandoned. The core idea is the following: the channel and yarn
domains are modeled quite independently using their classical governing equations, respec-
tively Stokes and Darcy. The interface elements are then used to ensure interaction between
them. The adoption of interface elements to relate separate 2D meshes was inspired by the
work in [159], although in the present model, the equations and the numerical methods
used are completely different.

The starting point is the always valid continuity equation, which in its differential form
and for constant density is:

∇ · u = f (6.4)
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6.4. Dual-Scale Skeleton model

where f indicates a point-wise source term. Introducing the test function v we can
transform Eq. 6.4 in its weak form to take advantage of the additive property of integrals:

∫
Ω
∇ · u v dx =

∫
Ω
f v dx (6.5)∫

Ω1

∇ · u v dx+

∫
Ω2

∇ · u v dx =

∫
Ω1

f v dx+

∫
Ω2

f v dx (6.6)

The terms in Eq. 6.6 can be isolated and treated separately based on a separation of
domains. We will deal with each one individually.

6.4.1 Channels domain

The terms in Eq. 6.6, valid in the channels domain Ω1, are expressed as:∫
Ω1

∇ · u v dx =

∫
Ω1

f v dx (6.7)

Lubrication theory is adopted in the channels, similarly to what was done in [28].
We can then substitute the point-wise velocity field u with the gap-averaged Reynolds

velocity 〈u〉. This operation is possible by applying the volume averaging theorem of the
divergence operator [156], which states:

〈∇ · u〉 = ∇ · 〈u〉+
1

V

∫
Γw

n⊥ · udx (6.8)

We remark the second term in Eq. 6.8 is null under the assumption of Poiseuille flow.
Reynolds volume-averaged velocity is expressed as:

〈u〉 = − 1

µ

h2

12
∇p (6.9)

In the weak formulation of Eq. 6.7 we will consider the viscosity µ constant everywhere
in the domain. The constitutive law from Eq. 6.9 is inserted into Eq. 6.7 to obtain:

1

µ

∫
Ω1

∇ ·
(
h2

12
∇p
)
v dx =

∫
Ω1

fv dx (6.10)

Eq. 6.10 is defined over the Medial Surface Skeleton mesh Ω̂1. The value of the gaps
he is assumed as constant element-wise. This allows one to express Eq. 6.10 in FE discrete
formulation, which after integration by parts yields:

Ne∑
e=1

he
µ

∫
Ω̂1

h2
e

12
∇p∇v dx−

Ne∑
e=1

he
µ

∫
Γ̂1

h2
e

12
(∇p · n)v dx =

Ne∑
e=1

he

∫
Ω̂1

fv dx (6.11)
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6.4. Dual-Scale Skeleton model

We can observe that the second term on the LHS of Eq. 6.11 has non-zero value only
on domain boundaries where Neumann conditions are prescribed. To simplify notation we
rewrite Eq. 6.11 as:

Ne∑
e=1

[
1

µ

∫
Ω̂e

h3
e

12
∇p∇v dx =

∫
Ω̂e

hefv dx+

∫
Γ̂e

hegv dx

]
(6.12)

where Γ̂e indicates the boundary subset where Neumann boundary conditions are pre-
scribed by the boundary flux term g = h2

e/12(∇p · n). This is the classical finite element
formulation for the solution of an elliptical PDE.

Adding an interface flux term In order to account for the interaction between domains,
a non-conventional source term is added to the local formulation Eq. 6.12 to allow some
net outflow (or inflow) of mass in the elements. This term will be related to quantities
modeled later on the interface domain Ω̂3. Fig. 6.3 shows a typical triangular element from
the mesh Ω̂1. We can identify three subsets ∂Ω̂i of the triangle surface Ω̂e, each associated
to the corresponding local i node, such that:

i

j

k

qi

qj

qk

∂Ω̂i
e

∂Ω̂j
e

∂Ω̂k
e

Ω̂e

Figure 6.3: Triangle element with interface flux

∂Ω̂i
e ∪ ∂Ω̂j

e ∪ ∂Ω̂k
e = Ω̂e (6.13)

We represent the volumetric flow Qi entering the Ω̂e domain through a subset ∂Ω̂i as:

Qi =

∫
∂Ω̂i

qiv dx (6.14)

where qi is the flux of resin through node i. The quantity q will have to be properly
defined later. The total net flux in/out of the element is obtained by the sum of all contri-
butions of fluxes associated with all the nodes of the element:

Qe =

3∑
k=1

Qk =

3∑
k=1

∫
∂Ω̂ke

qv dx =

∫
Ω̂e

qv dx (6.15)
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This term can be seen as some extra surface flux entering the element through its surface.
Adding this term to the expression in Eq. 6.12 we can express the weak form of the problem
with the added interface flux contribution:

Ne∑
e=1

 1

µ

∫
Ω̂e

h3
e

12
∇p∇v dx︸ ︷︷ ︸

A.1

+

∫
Ω̂e

qv dx︸ ︷︷ ︸
A.2

=

∫
Ω̂e

hefv dx︸ ︷︷ ︸
B

+

∫
∂Ω̂e

hegv dx︸ ︷︷ ︸
C

 (6.16)

where the terms represent:

A.1 = internal element flux balance

A.2 = interface flux term

B = external source term

C = Neumann flux boundary condition on element boundary ∂Ωe

At this moment, it is convenient to express Eq. 6.16 in matrix vector form. We adopt a
choice for the test function as v = ηi, and the trial function p = piηi. Linear shape functions
ηi are used. The matrix-vector form of Eq. 6.16 becomes:

Ne∑
e=1

[[Ke][pe] + [q]] =

Ne∑
e=1

[fe] +

Ne∑
e=1

[ge] (6.17)

where:

[Ke] =

[
1

µ

∫
Ω̂e

h3
e

12
∇ηT∇η dx

]
(6.18)

This assembly operation yields a global matrix vector system of equations in the form: KΩ̂1

p
+

q
 =

bΩ̂1

 (6.19)

where [b] represents the right-hand side of Eq. 6.17. The vector [b] contains the pre-
scribed volumetric source terms and Neumann boundary conditions. Without loss of gener-
ality, we will consider that [b] = [0] in the test cases addressed in Section 6.7 (no source or
external flux terms imposed).
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6.4.2 Yarns domain

The terms in Eq. 6.6 that apply to the yarns domain are:∫
Ω2

∇ · u v dx =

∫
Ω2

f v dx (6.20)

In this model, Darcy’s law is adopted as the constitutive law for the resin velocity inside
the yarns domain Ω̂2. This choice is justifiable: since the presence of the interface is not
explicitly modeled in the Ω̂2 domain, Brinkman equation simply reduces to Darcy’s law.

By the volume averaging theorem on operators [156], we can then replace the point-
wise velocity in Eq. 6.20 by the corresponding volume-averaged velocity 〈u〉, plus a trans-
verse flow term q (last term in Eq. 6.8) which will be treated separately as an interface flux
term. Darcy’s equation in the yarns reads:

〈u〉 = −K
µ
∇p (6.21)

The Ω̂2 skeleton mesh is composed by classic triangle elements which are identical to the
elements in Ω̂1. The weak formulation of Eq. 6.20 on Ω̂2 is achieved by following the exact
same steps than in Section 6.4.1 and replacing the definition of Reynolds velocity from Eq.
6.9 with Darcy velocity from Eq. 6.21. The same interface flux term [q], accounting for the
contribution of the last term of Eq. 6.8, is added even here to the weak form of Eq. 6.20.
Therefore, the procedure will not be repeated here. Following the same manipulation we
obtain matrix-vector weak form:

Ne∑
e=1

 Ke

pe
+

qe
 =

fe
+

ge
 (6.22)

where this time the local stiffness matrix of each element is defined as:

[Ke] =

[
1

µ

∫
Ω̂e

hek∇ηT∇η dx
]

(6.23)

and k is the transversely isotropic permeability tensor assigned to the yarn. In the current
implementation of the model, we assign a homogeneous, isotropic permeability at all points
in the yarn, corresponding to the longitudinal permeability K‖ of the yarn:

k = K‖ei ⊗ ei =

[
K‖ 0

0 K‖

]
(6.24)

The transverse permeability of the yarn will be taken care of separately later, by the interface
elements Ω̂3. This assembly operation yields a global matrix-vector system of the same form
as Eq. 6.19:  KΩ̂2

p
+

q
 =

bΩ̂2

 (6.25)
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where [b] represents the right-hand side of Eq. 6.20. Once again, as in domain Ω̂1, we will
consider that no volumetric source terms or Neumann boundary conditions are assigned,
hence [b] = [0].

6.4.3 Interface domain

The skeleton subdomains Ω̂1 and Ω̂2 are interconnected by a dense array of 1D elements
representing the interface in between. This set of elements is labeled as Ω̂3. It is important
to remark that these elements do not hold any kind of physical meaning (i.e. they cannot
be related to some physical space), but merely represent a logical connection between in-
teracting nodes among which an exchange of fluid is allowed. Therefore, special care and
a set of reasonable assumptions must be observed when implementing this subspace in the
model. Fig. 6.4 shows a typical interface element from Ω̂3. If a flow of resin is allowed in

i

j
qint

qi

qj

Ae

Figure 6.4: Interface element

the element, the internal flux can be expressed as:

qint = (u · n)Ae = uAe (6.26)

where u is the axial velocity of the flux, in direction of the rod, and Ae is the area of the
cross-section associated to the element, as defined in section 6.3.2. By adopting outwards
flux from the element as positive, we can express the local conservation of mass in terms of
balance of fluxes at the inlet and outlet nodes of the element:

node (i) : qi + qint = 0

node (j) : qj − qint = 0
(6.27)

To close the system, a definition of flux velocity u in the element is needed. The element
does not represent a physical space where some constitutive law is well defined, therefore
some modeling assumptions must be made.

Resin velocity in the interface The interface element carries the flow of resin between the
mesh of the channel domain Ω̂1 and the mesh of the yarn domain Ω̂2. Furthermore, the 1D
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interface elements are always oriented in the direction normal to the channel boundaries.
The lubrication approximation is adopted in the channels, as a consequence the pressure
gradient in the direction of the interface element is null in the region Ω1. On the other
hand, since Darcy’s law is adopted inside the yarns, the pressure gradient in the direction
of the interface element is not null in the region Ω2. In the hybrid skeleton representation,
the 1D interface element spans inside both regions, always sharing one node with Ω̂1 and
one node with Ω̂2. Therefore, a choice is made to model the flow velocity in the interface
using Darcy, but only in the portion of the element inside Ω2, and considering u = 0 in
the portion of the element inside Ω1 (no transverse flow in the channel region).

Darcy’s velocity (scalar form) in the 1D interface element is expressed as:

u = −Kt

µ

∂p

∂s
(6.28)

where Kt is the yarn transverse permeability and s denotes the curvilinear coordinate
of the 1D element. To be consistent with the choice made, it is necessary to properly define
the pressure derivative ∂p/∂s of Eq. 6.28 so that only the yarn region is taken into account.
This can be achieved by defining the pressure derivative as a linear pressure gradient:

∂p

∂s
=
pi − pj
Le δe

(6.29)

where Le is the total length of the element, and δe is a scalar coefficient corresponding to
the fraction of the element length which is immersed in the yarn domain Ω1 in the
original geometry, as defined in section 6.3.2. Adopting this expression, the linear system
from Eq. 6.27 becomes:

qi − Kt
µ
pi−pj
Le δe

Ae = 0

qj + Kt
µ
pi−pj
Le δe

Ae = 0
→

∣∣∣∣qiqj
∣∣∣∣ =

[
Ke

] ∣∣∣∣pipj
∣∣∣∣ (6.30)

with

[Ke] =
KtAe
µLe δe

[
1 −1
−1 1

]
(6.31)

where Ae represents the cross-sectional area associated to the element. A schematic repre-
sentation of the pressure field as modeled on the interface elements is shown in Fig. 6.5.
This system expresses the local net flux balance for a 1D interface element ∈ Ω̂3 between
nodes i and j. A global system of equations can be built by assembling all Ω̂3 elements, to
create a system of nDOFs equations:q

 =

 KΩ̂3

p
 (6.32)
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Figure 6.5: 1D element Ω̂3 connecting the domains Ω̂1, Ω̂2. The assumed pressure gradient is represented

6.4.4 Global assembly

Local matrix-vector forms have been written in Eqs. 6.19, 6.24 and 6.32 for all hybrid
skeleton subdomains Ω̂1, Ω̂2 and Ω̂3. In order to write a global assembly it is sufficient to
equate the [q] term in these expressions. A global matrix-vector system is obtained: KΩ̂1

p
+

 KΩ̂2

p
+

 KΩ̂3

p
 =

b
 (6.33)

Finally by assembling all terms in a global form: KΩ̂

p
 =

b
 (6.34)

where [KΩ̂] = [KΩ̂1
] + [KΩ̂2

] + [KΩ̂3
] is a n× n global stiffness matrix, [p] is the n× 1 nodal

values vector and [b] is the n × 1 right-hand side vector of Eq. 6.5, n being the number
of DOFs. The system of equations in Eq. 6.34 can be solved for the nodal coefficients
[p] provided that some boundary conditions are prescribed. Without loss of generality, we
remind that in all following cases we will adopt [b] = [0], and Dirichlet boundary conditions
on pressure will be prescribed on some boundary Γ̂ of the hybrid skeleton mesh.

6.5 Model test and validation

In order to validate the dual-scale skeleton model, a reference model is needed. As detailed
in Section 6.2, the dual scale flow in a clear-fluid/porous medium domain can be conve-
niently modeled by Stokes-Brinkman equations. Therefore in the following, we solve the
DSS model and compare it to the Stokes-Brinkman solution for a simple geometry. The
following procedure was adopted:
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– a dual-scale flow is solved using the Stokes-Brinkman model;

– the same dual-scale flow is solved using the DSS model;

– the velocity obtained from both solutions is compared

6.5.1 Test case geometry

A simple rectangular channel geometry is created using Gmsh. The channel is composed by
two layers: one channel domain Ω1 on top, and a porous domain Ω2 on bottom. Both layers
have the same constant thickness h = 0.2 m. The geometry is shown in Fig. 6.6a. Inlet
and outlet boundaries are indicated. Geometrical and material parameters are provided
in Table 6.1. We remark that the porous medium permeability value is quite high, and as
a consequence the boundary layer thickness becomes important. These are not realistic
values, however the choice was made in order to have a significant effect of the boundary
layer on the solution.

(a) Input mesh

(b) Hybrid Skeleton mesh

Figure 6.6: The geometry used for DSS model test and validation

6.5.2 Stokes-Brinkman model

The numerical solution of Stokes-Brinkman (SB) model is computed using FEM, by solving
a mixed formulation problem composed of three equations:

– Stokes equation on Ω1

– Brinkman equation on Ω2

– Continuity equation on Ω1,Ω2

The weak form of Brinkman’s equations, obtained by multiplying Eq. 6.2 by test function
v and integrating by parts, can be written as:
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L [m] H [m] φ µ [Pa·s] µ′ [Pa s] K [m2] pin [Pa] pout [Pa]

5 0.4 0.3 1 1 1E-04 1 0

Table 6.1: Parameters used in DSS model validation

∫
Ω2

−φ∇ · v p+ µ′∇〈u〉∇v − µ φ

K
〈u〉 · v dx = 0 in Ω2 (6.35)

Values used for the test case are provided in Table 6.1. Eq. 6.35 is added with the weak
forms of Stokes and Continuity equations defined in Eq. 4.38 to the system of equations to
solve for p and u.

Boundary conditions A pressure difference between inlet and outlet is imposed as bound-
ary condition, along with no-slip condition on the solid walls.

– p = pin on Γin

– p = pout on Γout

– u = 0 on Γw

Numerical values are provided in Table 6.1

Numerical solution The Stokes-Brinkman flow problem is solved once again using FEn-
iCS. To reduce the computational cost without affecting the result of interest, only a slice
of the domain is modeled and a planar problem is solved. This is possible because the ge-
ometry and the problem variables do not vary in the e2 direction. Adopting this reduction
allows to mesh the domain very finely, as to remove any mesh resolution bias from the
solution. Mesh parameters are provided in Table 6.2. The velocity field solution is shown
in Fig. 6.7 and the velocity in the channel direction u1 is extracted along a section line s
and plotted in Fig. 6.8. One can observe the typical velocity profile from Stokes-Brinkman
model: the parabolic profile in the channel region and the plug flow profile in the porous
region, connected by the characteristic boundary layer near the interface. To extract some
values that can be comparable with the Skeleton model, we compute the average velocity
in the e3 direction for both fluid and porous regions. Since in the porous domain the value
is affected by the (fast) boundary layer, we compute also the plug value of Darcy’s velocity,
indicated in Fig. 6.8 as 〈u〉plug. The e3-averaged velocity on an interval [s1, s2] is obtained
as:

〈u〉 =
1

|s1 − s2|

∫ s2

s1

u1(s) ds (6.36)

The following averaged values were obtained:

– 〈u〉Ω1 = 7.72E-04 m/s on Ω1 for s1 = 0.2, s2 = 0.4 (channel domain)
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Case Ne CPU t [s] 〈u〉Ω1 [m/s] 〈u〉Ω2 [m/s] 〈u〉plug [m/s]

Stokes-Brinkman 63316 97 7.72E-04 2.90E-05 2.00E-05
DSS model 9354 0.04 6.75E-04 2.02E-05 2.02E-05

Table 6.2: Results from dual-scale validation test case

– 〈u〉Ω2 = 2.90E-05 m/s on Ω2 for s1 = 0, s2 = 0.2 (porous domain).

– 〈u〉plug = 2.00E-05 m/s on Ω2 for s1 = 0, s2 = 0.15 (porous domain away from
boundary layer).

One can see the non-negligible difference between 〈u〉Ω2 and 〈u〉plug as a consequence of
the high value of permeability K.

Figure 6.7: DSS model validation: Stokes-Brinkman solution (velocity)

Figure 6.8: DSS model validation: extracted SB velocity plot along s

6.5.3 Numerical solution: DSS model

A numerical solver for the DSS model described in Section 6.4 is written in-house using
Matlab scripting to solve Eq. 6.34 for solution of pressure p. For this test case, to be
coherent with the SB model: µ = µ′ and K‖ = Kt = K are selected.
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Figure 6.9: DSS model validation: hybrid skeleton solution (velocity)

Boundary conditions The same boundary condition as in Stokes-Brinkman model are
assigned to the skeleton mesh:

– p = pin on Γ̂in

– p = pout on Γ̂out

No-slip boundary condition is already embedded in the phase-averaged definition of 〈u〉.
Values are provided in Table 6.1

Numerical solution The system of Eqs. 6.34 is solved after applying inlet/outlet boundary
conditions using the Matlab solver, by direct inversion. Nodal solution p is exported and
written back onto the mesh *.xdmf file to be able to visualise the results in Paraview. Phase
averaged velocities are computed from the pressure solution on Ω̂1 and Ω̂2 using Eqs. 4.22
and 6.21, respectively. The velocity solution on the hybrid Skeleton obtained from the DSS
model is shown in Fig. 6.9 The following velocity values are obtained:

– 〈u〉Ω̂1
= 6.75E-04 m/s on Ω̂1 (channel domain)

– 〈u〉Ω̂2
= 2.02E-05 m/s on Ω̂2 (porous domain).

The values are constant on the respective skeleton domains since the thickness is con-
stant.

6.5.4 Discussion of results

A series of considerations can be drawn from the synoptic view of the Dual-Scale Skeleton
and Stokes-Brinkman solutions. The domains will be examined individually.
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Mesh Solver Ne CPU t [s]

Original domain FEniCS (SB) 63316 97
Hybrid skeleton Matlab (DSS) 9354 0.02

Table 6.3: Mesh and CPU time values from validation test case

Channel domain The DSS model yields a velocity value of 〈u〉Ω̂1
= 6.75E-04 m/s on Ω̂1.

From the SB model we obtain a higher value of 〈u〉Ω1 = 7.72E-04 m/s on Ω1. Overall,
the difference is reasonable, with a percentage relative error (ξ) between the two values of
ξ = 12.5%. The DSS model underestimates the fluid velocity in the channel region. We can
attempt to provide an explanation: the DSS model is written adopting the no-slip condition,
hence a Poiseuille velocity profile, in the channel. In the SB model the velocity at the tow
interface is not null, since there is a transition between the Poiseuille flow in the channel
region and the boundary layer in the porous region near the interface. This interface-slip
velocity (see Beavers-Joseph boundary condition [146–148]), which is absent in the DSS
model, leads to higher velocity in the region close to the interface in the Stokes solution.

Porous domain The DSS model yields a velocity value of 〈u〉Ω̂2
= 2.02E-05 m/s on Ω̂2,

compared to the value of 〈u〉Ω2 = 2.90E-05 m/s on Ω2 from SB model (ξ = 30.3%). How-
ever, when the strong velocity change in the interface boundary layer is neglected, the "plug"
Darcy velocity inside Ω2 becomes 〈u〉plug = 2.00 E-05 m/s. This is a very close value to the
one obtained from the DSS model (rel. perc. error ξ = 1%). The meaning is, no boundary
layer is accounted for in the DSS model. Instead, the model limits the interaction between
regions to pressure. This is clearly a simplification from the full-dimensional dual-scale
Stokes-Brinkman model. On the other hand, the size of the boundary layer is small with re-
spect to the overall domain, especially when the porous medium permeability is low [144].
Away from the interface, when the Darcy velocity is stabilized, the DSS model agrees well
with the SB model.

Conclusion The CPU time needed to compute solution according to the models is differ-
ent. Values are reported in Table 6.3. One must remark that this comparison is arbitrary,
since the number of elements is very different (the analysis was carried out with validation
purpose, so a high number of elements were used in the SB solution). Even so, the DSS
model shows a large advantage in CPU time.

Based on all the considerations drawn, we conclude that the DSS model is a viable first
attempt at modeling the dual-scale flow taking advantage of the skeletonized version of a
domain. The main drawback is the difference in the channel region velocity, which is un-
derestimated by ≈ 12% in the test, due to the lack of slip-velocity at the interface. This
condition could be addressed in future refinement of the DSS model. However, at the cur-
rent level of development, and in reason of the low CPU time trade-off, this approximation
is deemed acceptable especially if the goal is to predict dual-scale flow in large complex
geometries.
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It is worth mentioning that the simplification of the Stokes-Brinkman model by the
Reynolds-Darcy model is often used in the context of the homogenization of the perme-
ability of porous media with bidisperse porosity [160]. For example, the interactions be-
tween the inter-tow and intra-tow regions, obtained here with 1D interface elements, are
reflected by the Eshelby tensor in the context of the mean field homogenization. It has been
shown that this simplified model nevertheless provides satisfactory results in the context of
composites reinforced with fabrics made of fiber tows.

In the remainder of the chapter, efforts are made to implement the DSS model in a more
powerful solver than the in-house Matlab solution, to take advantage of its full potential in
complex scenarios.

One final remark is due: the single test case that was carried out for validation should
not be considered exhaustive for the quantification of the DSS model approximation. Both
the geometry and the boundary conditions used resulted in a somewhat "simple" test case.
The comparison between DSS and SB models should be carried out over more complex
test cases in order to properly assess the potential and limitation of the model we propose.
However, in this first implementation, the objective is shifted on building the complete
workflow that was stated in the introduction of the chapter. Therefore the simple validation
presented will be deemed sufficient for the task at hand.

6.6 LIMS implementation

The final objective of this chapter is to use the dual-scale skeleton model to simulate the
unsaturated flow of resin during the filling of a textile preform. To do so, we resort to the
same numerical tool that was used in chapter 5: LIMS. This solver was developed to model
Darcy flow only, and is not capable of solving a dual-scale problem on a mixed elements
skeleton mesh. However, this is not entirely true: a model mixing 2D and 1D elements
to simulate the dual-scale impregnation of tows was already implemented in LIMS by its
developers [31]. Because of this work, LIMS already possesses all the core functionalities
needed for the implementation of the dual-scale skeleton model. Since the equations differ,
some modification is required. By acting on the material and process variables assigned via
the *.dmp input file, the same form of equations as in section 6.4, hence the same pressure
solution, can be obtained. However, because of the redundancy of elements in the hybrid
skeleton mesh (1D interface elements), a special care will be needed to correctly compute
the filling. The next section outlines how the input data can be adapted so that the equations
solved by LIMS and the flow advancement correctly reflect the DSS model.

6.6.1 LIMS solution scheme

The solution scheme of the LIMS solver is detailed in chapter 5. The two steps solved at
each time increment (pressure solution, fill factor update) are isolated and the modifica-
tions needed to replicate the DSS model are highlighted. The baseline is the mixed 2D-1D
elements solution scheme already implemented in LIMS in [31].
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Pressure solution

LIMS solves the classical Darcy-Continuity equations at every time step:

〈u〉 = −K
µ
∇p (6.37)

∇ · 〈u〉 = 0 (6.38)

The objective is to obtain the same solution as the one yielded by the skeleton model. To do
so, it is convenient to express Eq. 6.37 in matrix-vector weak form:

[K][p] = [f ] (6.39)

When the mixed 2D-1D elements scheme is used, the global stiffness matrix can be split in
the 2D (4) and 1D (�) contributions:

[K4][p] + [K�][p] = [f ] →
Ne∑
e

([K4]e[p]e + [K�]e[p]e = [f ]e) (6.40)

Each term on the left-hand side of Eq. 6.40 is taken care of separately.

2D elements The 2D elements contribution of the global stiffness matrix is represented
by summation of all local terms, each expressed as:

[K4]e[p]e (6.41)

In the case of triangular linear elements as used by LIMS, the local stiffness matrix is
obtained according to classical FE theory as:

[K4]e =

[
1

µ

∫
Ω̂e

heke∇ηT∇η dx
]

(6.42)

In the dual-scale skeleton model, the 2D elements are found in the channels domain Ω̂1

and in the yarns domain Ω̂2. The local stiffness matrix forms of the corresponding elements
are given in Eqs. 6.18 and 6.23. By comparing them with Eq. 6.42, one can see that the form
is identical and the same quantity can be expressed by simply acting on the definition of the
element permeability tensor ke. The implementation of the local 2D elements contribution
from the dual-scale skeleton model into the LIMS solver is then achieved by simply defining:

ke =
h2
e

12
ei ⊗ ei =

[
h2
e

12 0

0 h2
e

12

]
on Ω̂1 (6.43)

ke = K‖ei ⊗ ei =

[
K‖ 0

0 K‖

]
on Ω̂2 (6.44)

(6.45)

where K‖ is the longitudinal permeability of the yarns.
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1D elements The 1D elements contribution of the global stiffness matrix is the summation
of all local element stiffness matrices:

[K�]e[p]e (6.46)

LIMS uses rod elements to compute the local stiffness matrix of its 1D elements. Accord-
ing to classical FE formulation, this is expressed as:

[K�]e =

[
1

µ

∫
Ω̂e

Aeke∇ηT∇η dx
]

(6.47)

Linear shape functions (η) are adopted by LIMS. If we denote by x the arc length coor-
dinate within a generic line element delimited by nodes i and j, and by Le the length of the
element, that yields:

[
ηi ηj

]
=
[
− 1
Le
x+ 1

2
1
Le
x+ 1

2

]
(6.48)[

∇ηi ∇ηj
]

=
1

Le

[
−1 1

]
(6.49)

Developing Eq. 6.47 we obtain the form:

[K�]e =
ke Ae
µ Le

[
1 −1
−1 1

]
(6.50)

This is the form of the local stiffness matrix computed by LIMS for each 1D element.
Admitted input parameters element-wise are: ke, Ae The fact that linear shape functions
are used is very convenient, because it can be adapted to the 1D interface elements of the
skeleton model. Comparing Eq. 6.50 with the 1D element of the skeleton model from Eq.
6.31, one can see that the same quantity can be computed by simply setting:

A′e =
Ae
δe

(6.51)

and assigning the element-wise value A′e to the 1D interface elements in the skeleton
mesh input file. We also assign the yarn transverse permeability (Kt) as the element per-
meability:

ke = Kt (6.52)

Filling solution

The filling step is straightforward: once the pressure field is correctly computed at all nodes
with the modifications presented above, the velocity at the resin front is computed to prime
the filling of the elements. LIMS computes Darcy’s phase averaged velocity, which is defined
element-wise as:

〈ue〉 = −ke
µ
∇p (6.53)
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2D elements Since the definitions of ke detailed in Eq. 6.43 are being assigned, the proper
velocity is already computed on the 2D elements (Ω̂1 and Ω̂2). After computing the velocity,
the volumetric fluxes going into the elements are computed using Eq. 5.27

q =

∫
Γ̂e

〈ue〉 · ndx (6.54)

and the fill factor in the elements is updated. If the fill factor value in an element is denoted
as σe, the fill factor at time step t is calculated as:

σe(t) = σe(t−1) +
q

Ae he φe
∆t (6.55)

The filling of the 2D elements is computed correctly by assigning:

– φe = 1 in Ω̂1 (channel region which is empty space)

– φe = (1− V tow
f ) in Ω̂2 (space available is a function of yarn’s porosity)

The proper porosity value is assigned element-wise to 2D elements in Ω̂1, Ω̂2 using the mesh
*.dmp input file.

1D elements The 1D elements need special care. In fact, the volume of the entire do-
main, i.e. empty channel and porous region, is completely described by the corresponding
Ω̂1 and Ω̂2 skeleton meshes. The volume represented by the 1D interface elements is an
extra volume that wrongly adds to the total. The interface elements serve the important
purpose of connecting the DOFs of the Ω̂1 and Ω̂2 and ensuring the pressure solution is
properly achieved. After that, they become redundant and, even more so, hinder the proper
execution of the filling step.

One remedy adopted to address the issue is to define an area correction factor, a large
scalar value that shall be named λ. We shall adopt, for instance, λ = 1E + 05. Eq. 6.50
is modified to be multiplied and divided by λ. In the specific, integrating also the modified
version of Eq. 6.51:

[K�]e =
ke A

′
e

µ Le

λ

λ

[
1 −1
−1 1

]
(6.56)

We proceed to define the following quantities:

k′e = ke λ (6.57)

A′′e =
A′e
λ

=
r2
e π

δe λ
(6.58)

Both quantities k′e and A′′e can be assigned element-wise according to their definitions from
Eqs. 6.57 to the 1D interface elements using the mesh *.dmp input file. By adopting this
approach results in:
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– the pressure solution that was defined is not altered, since the value of Eq. 6.31
remains the same. The contribution of the 1D interface elements to the pressure field
has not been modified.

– the velocity computed using Eq. 6.53 in the 1D interface elements is much higher, by
a factor λ, than it should be.

– the volume associated with the 1D interface elements is much smaller, by a factor
λ. This condition together with the previous one results in the 1D interface elements
being filled almost instantaneously.

– the volumes Ω̂1 and Ω̂2, associated to channels and yarns, are filled normally.

– The extra volume associated with the 1D interface elements that becomes filled (quickly)
is very small, and the error committed in the total volume to be filled is of order
O = λ−1

The final result which is obtained by adopting this modification is that the correct pres-
sure solution is conserved step-wise, at the cost of a very small approximation in the filling
step.

6.6.2 Validation of LIMS Dual-Scale Skeleton solution

The validity of the entire filling simulation cannot be directly compared with any other
reference solution. Such validation would require a full-3D Stokes-Brinkman FE/CV filling
simulation software. These solutions do exist (for example, GeoDict by Math2Market),
but their accessibility and implementation are out of scope for this thesis. It is undeniable
however that a rigorous validation should be eventually performed, because at the current
time it is impossible to estimate the degree of approximation of the DSS model.

One validation that can be carried out, instead, is the correct implementation of the DSS
model in the LIMS solver. As such, we will proceed in identical fashion as what was done
for the implementation of the single-scale skeleton model in chapter 5, i.e. ensuring the
pressure solution is correctly maintained.

The validation is detailed in Appendix C. The results from the analysis show that the
difference between the LIMS and the custom-written reference solution is only 0.005 %.
The result substantiates the correct implementation of the DSS model within LIMS.

6.7 Test cases

The remainder of the chapter presents a few representative test cases in which the dual-
scale filling of a multi-layer layup is simulated at the mesoscale using the DSS model. The
procedure followed for all cases is the same:

– an input textile geometry is generated using either Gmsh or TexGen;
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– the hybrid skeleton mesh is generated;

– the mesh is imported in LIMS and the DSS model is implemented by following the
procedure from Section 6.6;

– the simulation is run, and the dual-scale filling is visualised;

For all presented cases, a resin viscosity of µ = 0.3 Pa·s and a yarn fiber volume fraction
of V yarn

f = 0.5 are used. Tow permeability values K‖ and Kt are provided case by case.

Boundary conditions

The same boundary conditions from Eq. 5.20 of inlet pressure (p = pin on Γ̂in) and outlet
pressure (p = pout on Γ̂out) are imposed for all cases. For all cases, the values of inlet
and outlet pressure are set to pin = 1.0E + 03 Pa and pout = 0 Pa, respectively. The only
exception is represented by case DS/C, where a value of pin = 1.0E + 05 Pa is used. The
proper pressure difference is chosen to avoid a too fast filling of the mesh, since the domain
lengths are in the order of centimeters.

Test Case Description Ne tfill [s] CPU t [s]

DS/A Yarn immersed in channel 19456 1.14 20
DS/B a) Yarns array - high yarn perm. 383273 19 3300
DS/B b) Yarns array - low yarn perm. 383273 16 3700
DS/B c) Yarns array - central racetrack 402404 16 6500
DS/C Multi-layer layup - central racetrack 124818 1 3700

Table 6.4: Fill and CPU time results from the DSS filling test cases

Workstation specifications

All test cases are run on the same workstation detailed in chapter 4, Section 4.5.2, running
LIMS solver on Windows operative system.

6.7.1 DS/A: Single yarn in channel

The purpose of the first case is to focus on the dual-scale filling mechanism using an elemen-
tary geometry. The DSS model is applied to the simplest scenario: one yarn is immersed
in an empty channel running above and below. The hybrid skeleton mesh used for the
simulation is the same that was used in Section 6.3 to introduce the hybrid skeleton mesh,
re-proposed here in Fig. 6.10a. Dimensions are representative of situations encountered in
fabrics, except for the reduced length L: the geometry is created for illustrative purpose.
Geometrical and material parameters are reported in Table 6.5. Boundary conditions are
applied, the DSS filling is computed by LIMS and results are exported.
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L [mm] W [mm] H [mm] h1 [mm] h2 [mm] h3 [mm] K‖ [m2] Kt [m2]

1 0.5 0.4 0.2 0.1 0.125 1.0E-11 1.0E-11

Table 6.5: DS/A: geometrical and material parameters

(a) Input geometry (b) Hybrid skeleton mesh

Figure 6.10: DS/A: Input geometry and hybrid skeleton mesh

Discussion of results The filling pattern is shown as a time sequence in Fig. 6.11. The
interface 1D elements are not displayed due to format constraints, which is fine because
their presence would clutter the visual. One can notice the faster flow quickly filling the
channels Ω̂1 first, and the slower flow front following in the yarn Ω̂2. We remark that the
entire filling is rather quick because the domain is short and pin = 1.0E+03 Pa. The role
of the interface elements is evidenced by the partially-saturated region that precedes the
saturated flow front in the yarn. This region is the effect of the transverse flow coming into
the yarn from the already filled channel regions above and below. One can also notice the
concave shape of the flow front in the yarn, which is due to the higher thickness of the yarn
in the middle (more volume to fill). Finally we remark that the CPU cost needed to compute
the dual-scale filling is in the order of seconds (Table 6.4).

In conclusion, the DSS model provides qualitatively satisfactory results, although it is
impossible at the current stage of development to express any quantitative comparison.

6.7.2 DS/B: Array of yarns with variations

The purpose of this test case is to study how the dual-scale filling of an array of yarns is af-
fected by local features: in particular, the yarn permeability and the presence of racetracks.
An array of four yarns are lined up in a channel defined by two parallel plates, as shown
in Fig. 6.12a. The geometry is modeled using Gmsh. A flow is prescribed along the yarns.
Three different scenarios are considered:

– scenario a): the yarns are assigned the same permeability value as in case DS/A.
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Figure 6.11: DS/A: result fill sequence

Case L [mm] W [mm] H [mm] e [mm] d [mm] K‖ Kt

a) 20 15 1 0.85 0.1 1.0E-11 1.0E-11
b) 20 15 1 0.85 0.1 1.0E-12 1.0E-12
c) 20 15 1 0.85 0.5 1.0E-11 1.0E-11

Table 6.6: DS/B: geometrical and material parameters

– scenario b): the yarns permeability is decreased by one order of magnitude.

– scenario c): a racetrack gap of size d is introduced in the middle of the yarns.

For each of these scenarios, a different input mesh is created and the corresponding hybrid
skeleton mesh is extracted. Geometry and permeability values for the three scenarios are
provided in Table 6.6. The hybrid skeleton mesh from scenario a) is shown in Fig. 6.12b as
an example.

(a) Input geometry
(b) Hybrid skeleton mesh

Figure 6.12: DS/B: Input geometry and hybrid skeleton mesh
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Figure 6.13: DS/B: close-up view of the solution features and visualisation cut of the inter-layers channel domain

Discussion of results

The results from the three scenarios are displayed in Fig. 6.14. In the interest of the study,
the top of the mesh is hidden to show both channels and yarns underneath at the same
time. This visualisation cut is illustrated in Fig. 6.13. All three scenarios show the dual-
scale flow behaviour: the flow front proceeds faster in-between the yarns, and follows after
some lag distance in the yarns. The flow front in the yarns is preceded by a partially-
saturated region, similar to what was observed in case DS/A, caused by the transverse flow
coming from the filled channels. The variation of isolated parameters has an observable
effect on the flow. In Scenario b), the yarn permeability, both longitudinal and transverse,
is one order of magnitude lower than in Scenario a). As a consequence, the resin advances
more slowly in the yarns and the partially-saturated region is longer. With the yarns being
less permeable, the flow rate of the resin flowing transversely from the channels to the
yarns is lower and hence the channels are filled faster. In Scenario c) the larger racetrack
between the two central yarns has a trailing effect on the entire dual-scale flow, distorting
the flow front pattern. As the central channel is filled first, the transverse impregnation
of the yarns originates in prevalence from the center. The partially-saturated region in the
yarns is comparable in length to the one of Scenario a), which is justified by the same value
of yarn permeability.

All simulations require a higher CPU time to carry out than case DS/A in virtue of the
much higher number of elements. Values are reported in Table 6.4. The CPU time across all
Scenarios is fairly similar, given that the number of elements is comparable, with the notable
exception of Scenario c). This might be due to the fact that, since the front is distorted, by
the time the lateral unsaturated regions are filled the resin velocity is very low and many
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more time steps are necessary. This is only an interpretation since the flow front position
with CPU time was not tracked, but this investigation goes beyond the scope of the study.
Considering the size of the domain (20 × 15 mm) and the hardware used, the values of
CPU time remain affordable.

Figure 6.14: DS/B: result fill sequence

6.7.3 DS/C: Multi-layer layup

This final test case serves to demonstrate the application of the DSS model to a plausible real
scenario. A four-layer layup is set up. Layers and yarns are modeled as C-Weave textiles
with dimensions provided in Table 5.1 in chapter 5. The layup follows the sequence of
orientations (from the bottom): θ = [−45◦, 0◦, 45◦, 0◦]. The domain has a size of 35 × 35
mm. Furthermore, one single central racetrack is designed in the middle of the second
layer in the stack. This local feature was included to add complexity to the domain and
demonstrate how local defects can be addressed by the DSS model. The test case geometry
is modeled using TexGen and the input mesh is shown in Fig. 6.15.
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6.7. Test cases

Figure 6.15: DS/C: Input geometry

The hybrid skeleton mesh is extracted and shown in Fig. 6.16. The two main com-
ponents of the hybrid skeleton, the channels mesh Ω̂1 and the yarns mesh Ω̂2, have been
isolated in the figure. It is possible to see the presence of the racetrack channel in the
middle of the Ω̂1 mesh. In order to contain the memory usage during the filling simula-
tion, a second, coarser mesh is generated from the one in Fig. 6.16 by merging smaller
elements together. The h field is conserved by interpolation of the original field over the
coarser mesh. This allows one to decrease noticeably the number of elements and the CPU
cost. Inlet and outlet regions are defined as in a channel flow experiment (Γ̂in and Γ̂out in
Fig. 6.16). Unlike the previous test cases, the value of inlet pressure has been increased to
pin = 1.0E+05 Pa because of the larger domain.

Figure 6.16: DS/C: Hybrid skeleton mesh
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6.7. Test cases

Figure 6.17: DS/C: result fill sequence

Discussion of results

The computed flow patterns in layers are displayed as a time sequence in Fig. 6.17. The
mesh is cut for visualisation at every layer, so that the flow progress can be tracked indi-
vidually. At each level, it is possible to see the yarns being progressively filled with the
flow front preceded by the usual partially-saturated region as a result from the transverse
infiltration. As expected the flow front in the channels is more advanced. We remark that
the filling is carried out in a very short time since the imposed pressure in this case was in-
creased to pin = 1.0E+05 Pa. The effect of the racetrack on the flow front can be observed
in layer 2. Its influence can be observed also in the adjacent layers 1 and 3, less in layer 4
(the most distant). In particular, in Fig. 6.17 we have highlighted a yarn region in layer 3
which is located just above the racetrack. An unfilled area in the yarn is entrapped between
the advancing flow front saturating the yarn and the transverse flow infiltrating from the
racetrack. A scenario like this represents a potential risk of air entrapment and dry spot
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formation.
Regarding the computational cost of the simulation, CPU time with respect to number of

elements is reported in Table 6.4. The time needed, slightly higher than one hour, is deemed
reasonable considering that a dual-scale filling simulation is being carried out on a 35× 35
mm domain composed by 4 layers. We remark that the CPU time needed was comparable
to test case DS/B, even though the number of elements is lower. This result was checked
by running the simulation 3 times. The reason is unknown, although it is most certainly
related to the time stepping and solution scheme of LIMS.

6.8 Conclusions

In this chapter we have proposed a new Dual-Scale Skeleton (DSS) model which can handle
the dual-scale flow onto a novel hybrid skeleton mesh, both in saturated and transient form.
The model was developed as an extension to the Single-Scale Skeleton model that was
introduced in chapters 4 and 5. The accuracy of the DSS model was assessed by comparison
against a full-dimensional Stokes-Brinkman solution. However, in this regard, an additional
validation over more complex scenarios is still necessary.

The main objective of the chapter, which brings the entire thesis to a fitting conclusion,
was the application of the DSS model to the simulation of the dual-scale filling of composite
parts. This was achieved by implementing the DSS into the software LIMS. Using this new
tool, a series of representative test cases were presented in which the filling of arbitrary dual-
scale porous domains was carried out on their hybrid skeleton representation. At the current
level of development, the results require further validation, which could be achieved only
by either experimental measurement or by solving the same scenarios numerically using a
high-computing Stokes-Brinkman transient flow solver. It is worth to note that experimental
validation is still very challenging. The dual scale flow in fabrics is very difficult to monitor
and is subjected to experimental errors. However, all the results show good qualitative
agreement with how the flow is expected to behave in presence of their distinctive features
(racetracks, low/high transverse yarn permeability...).

The approximations introduced by the DSS model are well balanced by the computa-
tional efficiency: filling simulations for all test cases were carried out in a CPU time of
about one to two hours, a reasonable result considering that: i) no solving optimisation
was made; ii) a modest workstation was used; iii) domain sizes were larger than typical
RVEs. The actual efficiency of the model should be further assessed by obtaining a term of
comparison from a full-dimensional Stokes-Brinkman transient filling solution.

In summary, the methodology presented in this chapter can be considered a first suc-
cessful attempt at applying the novel Dual-Scale Skeleton model to the direct meso-scale
simulation of RTM processes.
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Chapter 7
Conclusions

7.1 Summary and contributions

Driven by the aim to bypass the need for traditional permeability characterization while
capturing the essential geometric features of fibrous preform, we have presented a contri-
bution to the modeling of RTM processes. The first part of the thesis has focused on the
acquisition of relevant geometrical data from fibrous textiles. We have proposed a novel
measurement methodology, based on an affordable pressure-sensitive film, to interpret fine
mesoscale features of a textile in its compacted state. In particular, we have shown how
the theory of Moiré interference, combined with image spectral analysis, is able to detect
the precise orientation and spatial frequency of yarns of individual layers in a multi-layer
stack. This represents a novel application of the theory, introducing a new non-destructive
tool of geometric investigation to go alongside with or replace the traditional ones (µ-CT
[161], photography [8]) . This technique has shown promising potential: the necessary
data is the compaction pressure field, and this measurement could be integrated in current
manufacturing workflow, since the preform compaction is already an integral step in the
production process. Furthermore unlike µ-CT, using a cost-effective pressure film removes
any limitations to the size of measurement.

In the second part of the thesis, the geometrical data obtained was used as input to
develop an efficient flow model based on skeletonization. Adopting the lubrication ap-
proximation, the creeping flow typical of RTM processes was solved on a Skeleton mesh
representing the meso-scale architecture of the material at a reduced computational cost.
Although the use of lubrication theory in textiles is not novel, for the first time the Reynolds
flow model was solved on complex three dimensional skeleton geometries that represent
the inter-yarn channels of a preform. This method allows one to compute the upscaled per-
meability of the domain, but more importantly allows one to directly solve the mold filling
flow problem on an entire preform. The stated objective is to achieve the direct simulation
of an RTM flow, at the mesoscale, on a domain representing the whole part. While the
current level of implementation is still far from the goal, we were able to solve domains on
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the order of several centimeters of length at a reasonable computational cost and without
any numerical optimization, substantiating the potential of the methodology in modeling
local flow effects.

Finally, in the last chapter of the thesis, we have extended the model to propose the
first development of a Dual-Scale Skeleton (DSS) model. Based on a specifically designed
hybrid skeleton mesh, the model is capable of solving the dual-scale transient flow impreg-
nation of a textile preform taking into account the filling of both inter-yarn and intra-yarn
pore spaces. The DSS model was implemented in the existing solver LIMS to tackle a se-
ries of representative cases, and the results have shown good agreement with known flow
behaviours.

Unlike with macroscale models, the Single and Dual-Scale Skeleton models are able to
directly account for local defects or variability in the material, relaxing any assumption of
periodicity, which makes them valuable for a future application in the simulation of RTM
processes.

7.2 Future prospects

Along with the answers provided, this research opens many new questions. Potential future
developments that spawn from this work are numerous, and can be conceptually divided in
two groups: geometrical data acquisition and skeleton flow simulation.

Geometrical data acquisition The first part of the work was dedicated to using a pressure-
sensitive film to measure and interpret geometrical data from textiles. At the current level
of development, only flat geometries were investigated using this sensor.

– While the doubly-curved surfaces are a different challenge in terms of implementation
(a deformable sensor is needed), it would be interesting to extend the analysis to
single-curvature shapes, which are commonly encountered in RTM parts.

The Prescale pressure system has served well its purpose to lay the basis for a new
methodology: however, this pressure film was not developed for the application we envi-
sioned, and presents some strong limitations in resolution, data readability and fluid resis-
tance.

– In light of an industrial application, it would be wise to resort to a different system
for pressure field measurement: possibly a digital solution (section 2.2.1) directly
integrated in a "smart mould", so that the pressure data from closing a preform in
the mould could be directly read and analysed, and the simulation of flow could be
carried out, before the resin is injected into the actual part.

In terms of the methodology itself, the spectral Moiré analysis of pressure paves the way
for future studies. In chapter 3 we have detailed the complete theory on how to relate the
position of impulses in the FFT to the orientation and spacing of tows. The focus of the
analysis was put on the detection of orientations only.

156



7.2. Future prospects

– It would be worthwhile to study also the variation of inter-yarn spacings using the
same technique. For instance, we can hypothesize that one layer in a stack with yarns
closer together than nominal (for instance, because it has been sheared) would show
up on the FFT as an impulse with higher frequency than expected (outside of the
orientation circle), indicating an anomaly.

– Another development is possible in the textiles architecture: although we focused on
quasi-UD textiles (gratings), we have remarked that Moiré theory can also be applied
to periodic grids [19] and non-periodic structures [68]. Based on these premises, one
could explore if spectral Moiré analysis based on pressure would be able to charac-
terize woven fabrics (grids) or more complex features, such as curved yarn paths in
automated fiber placement technologies.

– Finally, one interesting extension to what discussed in chapter 3 would be to couple
spectral Moiré analysis with a mechanical model, able to use the pressure intensity
information to extract some information about the yarn cross-sections. This would
add to the realism of the geometric reconstructions (see section 3.6) made possible by
the analysis of the compaction pressure field.

Skeleton flow simulation The Skeleton model for flow, both in its single-scale and dual-
scale (DSS) versions, has been applied to simulate the infusion of representative test cases at
mesoscale level. Three-dimensional flows are solved on two-dimensional skeleton meshes,
with good potential in terms of computational savings when compared to full 3D solutions.
The model trades off some accuracy to the advantage of the size of domain that could be
solved. However, at the current level of implementation, we were only able to scale up to
domain sizes of a few centimeters (case RT/DT in chapter 5 is 10×10 cm) which, although
larger than traditional RVEs, are still far from the target of a whole part. The cause of
this limit is not in the model itself, but rather in the preliminary generation of the skeleton
mesh. Using the Voronoi diagram method, the memory requirements for the generation of
the skeleton mesh increase steeply with the domain size L (O(L2)). Furthermore, the large
scale separation between the inter-yarn channel dimensions and the domain size implies
that a very high density of generating points must be used in order to properly compute the
channel gap values. This results in a very fine skeleton mesh, independently of the domain
size.

– With the objective to generate large skeleton meshes at the scale of entire parts, the
first step of improvement is to abandon the Voronoi diagram method for the defini-
tion of the skeleton nodes. Alternative methods such as the "grassfire" algorithm were
discussed in section 4.4.1: it would be worth to test if they could yield better perfor-
mance with large geometries. However it is the author’s belief that the best approach
would be to take advantage of the parametric description of a textile (yarn paths,
cross sections) to directly generate a "parametric skeleton mesh" without using a set
of input points.
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Finally, some future prospect should be dedicated to the Dual-Scale Skeleton (DSS)
model. Applying the model to simulate flow in classical scenarios we have obtained results
which are qualitatively satisfactory. However, a rigorous validation by comparison with a
full three-dimensional Stokes-Brinkman unsaturated flow is still lacking.

– A validation by comparison with non-skeleton solution should be carried out. De-
pending on the domain size, such validation could have a high computational cost but
would be useful to quantify the approximation introduced by the DSS model.

– The DSS model is already capable of treating yarns as transversely isotropic by assign-
ing different values of longitudinal and transverse permeability to the yarn elements
(Ω̂2) and interface elements (Ω̂3) respectively. This scenario was not tackled, but it
could be interesting to explore the effect of varying transverse permeability on the
flow.

– Capillary effects inside fiber tows are not modeled in the DSS model and hence it
would be worthwhile to include this behavior by identifying regions where the capil-
lary flow is not negligible.

– So far, fibrous structures were considered as non-deformable porous media. Flow-
induced decompaction in liquid resin infusion could be developed, expanding the
applicability of the model to a wider range of LCM processes [16]. The DSS model is
suitable because it includes the h metric of local thickness, which should be modified
to evolve in time with the flow progression.
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Appendix A
Geometric Moiré

In the present technique the information contained in the O1 impulses (located on the
orientation circle) was used to detect orientation and spatial frequency of plies. One remark
can be made on the apparent redundancy of information carried by the spectrum: in fact
the same quantities (orientations, frequency) can be obtained by applying the principles of
geometric Moiré to the low-frequency O2 impulses. To demonstrate this the Two Ply Stack
(2PS) case will be used as an example. The spectrum in Fig. 3.7 shows a pair of O2 low-
frequency impulses: (1,-1) and (-1,1). Under the assumption that the period T of the tow
center-lines is known (or measured from O1 impulses) and remains the same in both layers
(T1,0 = T0,1 = T ), the following relations are valid [19]:

f1,−1 =
2 sin(|∆θ/2|)

T
(A.1)

θ1,−1 =
Σθ − π

2
(A.2)

where ∆θ and Σθ denote respectively the difference and sum of the orientation angles θi
for the two layers. The sole measurement of the polar coordinates f, θ of the second order
impulse (1,-1) is sufficient to determine the tow center-line period of the base layers by
combining Eqs. A.1 and A.2:

T1,0 = T0,1 =
2 sin(|θ1,−1 + π/2|)

f1,−1
(A.3)

Here the first layer was viewed as the reference orientation (θ1,0 = 0◦), so that ∆θ = Σθ.
These relations can be used to confirm the validity of the values in Table 3.3. For example
plugging T = 1/f1,0 = 1/f0,1 = 5.12mm and ∆θ = θ1,0 − θ0,1 = 12.16◦ in Eq. A.1 yields
f1,−1 = 0.0415, proving that the measurement of the impulse positions on the spectrum was
consistent. More generally, second order impulses can complement first order impulses in
providing the necessary information, especially considering that low frequency second order
impulses like (1,-1) are often easy to detect in periodic Moiré patterns [65]. In the present
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work however we do not rely on geometric Moiré, which can be used as an alternative tool
of interpretation.
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Appendix B
Validation of LIMS solution:
Single-Scale Skeleton model

The purpose of this section is to demonstrate that the LIMS solver is able to correctly solve
Reynolds equation on the Skeleton mesh, replicating the same results as the FEniCS solver.
To do so we will be solving a simple test case, with a non-linear pressure field solution. The
skeleton problem is first solved using the established FEniCS solver, which is now adopted
as the reference solution. Consequently, the mesh input data is adapted to the Darcy solver
of LIMS in order to solve the same equation. The solution is computed using LIMS and the
result is compared with the reference.

Problem domain In order to compare the solutions, we need a non-trivial test case that
present some degree of non-linearity in the solution. To that purpose we generate a 3D
tapered channel, with the gap height larger on one end. The geometry is shown in Fig. B.1.
The geometric parameters are given in Table B.1. The medial skeleton mesh appears as a
flat surface on which the channel gap field he is assigned to each element. In order to have
a comparable solution, we choose the set of boundary conditions from Eq. 5.20. These BCs
impose a given pressure difference between inlet and outlet and are used for all test cases
in chapter 5.

FEniCS solution Reynolds equation 4.41 with assigned boundary conditions from Eq.
5.20 is solved in FEniCS. Solution is plotted in Fig. B.2a. We remark that the gradient
of the solution is not constant due to the varying channel gap.

L [m] W [m] H1 [m] H2 [m] pin [Pa] pout [Pa]

1 0.3 0.1 0.3 1 0

Table B.1: Geometrical parameters of test case
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Figure B.1: Validation test geometry: tapered channel

LIMS solution LIMS uses a Darcy solver to compute the pressure solution at every time
step. With no source terms or Neumann conditions imposed, the equation solved by LIMS
becomes: ∫

Ω̂

K

µ
∇p∇v dΩ̂ = 0 (B.1)

where K is the permeability tensor of the material, v is the test function and µ is the
viscosity. The permeability tensor K is constant on the element, and LIMS allows to as-
sign an element-wise different permeability tensor to the mesh. By comparing the weak
forms of the Darcy Eq. B.1 solved by LIMS with Reynolds Eq. 4.41 solved by FEniCS, it is
clear that the equations can be reduced to the same form by assigning to each element the
permeability tensor:

ke =
h2
e

12
ei ⊗ ei =

[
h2
e

12 0

0 h2
e

12

]
(B.2)

The tensor ke is computed for each element in the Skeleton mesh and a *.dmp file is
written to import the mesh into LIMS. Viscosity from Table B.1 and and boundary conditions
from Eq. 5.20 are applied. The transient filling simulation is carried out and a a snapshot
file in *.tp format is saved at every time interval ∆t = 10 s. It should be noted that the only
time when the pressure solutions from FEniCS (saturated flow) and LIMS (transient flow)
are comparable is when the mesh is completely filled, i.e. at the last computed time step.
The pressure field form the last time step is shown in Fig. B.2b.

Solutions comparison In Fig. B.3 we plot a visual comparison between the evolution of
the pressure field from both solutions. On the left is the FEniCS solutions, and on the right
the LIMS solution. Both meshes are warped such that nodes are displaced by a vector equal
to p · e3, where p stands for the pressure solution on the corresponding mesh. This allows
to appreciate at a glance the similarity of the solutions. To quantify the error, we extract the
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(a) FEniCS solution (b) LIMS solution

Figure B.2: Validation test geometry: tapered channel

values of p along medial axis line s running through the meshes. The line is shown in Fig.
B.1. The values of p from both solvers are plotted on the normalised line in Fig. B.4a. The
relative error between solutions is computed point-wise as:

ξ =
|pF − pL|
pin

(B.3)

where pF and pL stand for the FEniCS and LIMS solutions, respectively. The relative error
with respect to normalised s is plotted in Fig. B.4b.

The error comparison proves that the implementation of the Single-Scale Skeleton model
through Eq. B.2 results in LIMS solving the same set of equations as the established FEniCS
solver and obtaining the same pressure field. This concludes the validation of LIMS as an
appropriate solver to tackle transient flow scenarios using the Skeleton model.

Figure B.3: Visual comparison of FEniCS and LIMS solutions. Mesh distorted by p · e3.
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(a) Pressure (b) Relative error ξ

Figure B.4: Solution comparison and error
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Appendix C
Validation of LIMS solution: Dual-Scale
Skeleton model

The purpose of this validation is to ensure that the implementation of the DSS model into
LIMS is correct. We set up a test case and ensure that the exact same problem is solved: the
pressure solution obtained from the custom written dual-scale skeleton FE solver (reference
solution) is compared with the pressure solution obtained from the implementation of the
dual-scale skeleton model in LIMS. The aim is to verify that the pressure solution is identical
within reasonable tolerance, to confirm that the tweaks introduced in chapter 6 to the *.dmp
input file to implement the DSS model actually do not affect the pressure solution.

The test case geometry is a dual-layer channel, in which the top layer is a clear-fluid re-
gion Ω1 and the bottom layer represents a porous yarn (Ω2). To make the pressure solution
non-trivial, the thickness of the Ω1 region is not constant. The input geometry is shown in
Fig. C.1a and the hybrid skeleton mesh is shown in Fig. C.1b.

Boundary conditions are imposed as follows:

– p = pin = 1.0E + 05Pa on Γ̂in;

– p = pout = 0Pa on Γ̂out;

Notice that to make the solution less trivial the inlet boundary condition is only imposed
on the skeleton boundary of the channel domain (Γ̂1), while the yarn inlet boundary is left
unconditioned (natural Neumann condition).

The pressure solution is computed for the two cases using the custom-written Matlab
solver and LIMS. In the case of LIMS solution, as was done for the single-scale validation,
we extract the pressure field at the last time step, when the front has reached the end of the
part.

Solutions from both solvers are displayed side by side in Fig. C.2. The value of pressure
does not change along the e2 direction. Therefore we can extract and plot the solution p(x1)
along an intersection line s between the mesh and the mid-plane normal to e2. The line of
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(a) Input dual-scale geometry

(b) Hybrid skeleton mesh

Figure C.1: Validation test geometry: dual-scale channel

Figure C.2: Comparison of the pressure solutions obtained from the in-house Matlab solver (left) and LIMS implementation
(right) of the DSS model

extraction is indicated in Fig. C.1a. The pressure extracted along the line s from both the
LIMS and reference solutions is plotted in Fig. C.3. On the left, the comparison is made on
the channel mesh Ω̂1. On the right, the solution is from the porous mesh Ω̂2 Both curves
show a very good match.

The yarn inlet boundary is marked as Ω̂2(x1 = 0) in Fig. C.2. The value of pressure
obtained along that boundary is a result of the solution. It is worth comparing the values
obtained by the two solvers:

– LIMS solution: pΩ̂2
(x1 = 0) = 71979 Pa

– Reference (MATLAB) solution: pΩ̂2
(x1 = 0) = 71975 Pa

The percentage relative error between the LIMS and the reference solution is only 0.005
%. The result substantiates the correct implementation of the DSS model in LIMS.
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(a) Channel domain, Ω̂1 (b) Porous domain, Ω̂2

Figure C.3: Comparison of pressure solutions from DSS model plotted on the medial line of skeleton meshes Ω̂1 and Ω̂2
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Nomenclature

α, β, µ Hyperfoam material parameters (chapter 2)

F Deformation gradient

f Frequency vector

I Identity matrix

K Permeability tensor

n Normal unit vector

R Rotation matrix

u Velocity field

X Position vector in reference configuration (chapter 2)

x Position vector in deformed configuration (chapter 2)

δ Fraction of interface element inside yarn (chapter 6)

η Linear shape functions (1D element)

Γ Domain boundary

Γfilm Surface boundary in contact with Prescale film (chapter 2)

λ Area correction factor (chapter 6)

λi Principal stretches

〈u〉 Volume averaged velocity field

V Voronoi diagram
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Nomenclature

µ Viscosity

µ′ Darcy viscosity (Brinkman equation)

Ω Domain

∂V i,j Voronoi boundary

φ Porosity

Ψ Viscous power

ρ Density

σ Cauchy stress tensor

θ Layer/grating orientation

ξ Relative percentage error

A Yarn cross-section area (chapter 2)

Aw Areal weight

D Symmetric velocity gradient

f Spatial frequency (chapter 3)

FG FFT of function G

H Domain thickness

h Channel gap height

h0 Initial yarn thickness (chapter 2)

hmeas Measured yarn thickness (chapter 3)

J Determinant of deformation gradient

K Permeability (scalar)

Kt Transverse yarn permeability

K‖ Longitudinal yarn permeability

L Domain length

p Pressure field

Pw Input points (Voronoi diagram)
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Nomenclature

pfilm Boundary pressure measured on Prescale (chapter 2)

pnum Boundary pressure simulated numerically

Q Volumetric flow rate

q Source flux term

t Time

Tmeas Measured yarn center-line period (chapter 3)

u, v Frequency domain coordinates

V Voronoi region (Voronoi diagram)

Vf Fiber volume fraction

W Domain width

w0 Initial yarn width (chapter 2)

wmeas Measured yarn width (chapter 3)

CPU t Computation time

Re Reynolds number

RMSE Root Mean Square Error
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Titre : Caractérisation d’empilements de tissu par analyse d’empreinte de pression et simulation 
d'écoulement à double échelle basée sur la squelettisation topologique : application à la fabrication de 
matériaux composites 

Mots clés : Empilements de tissu, Analyse d’empreinte de pression, Procédés de composites, 
Squelettisation topologique, Théorie du Moiré, Simulation d'écoulement à double échelle 

Résumé : Dans cette thèse, nous nous intéressons 
aux préformes fibreuses dans le cadre du procédé 
Resin Transfer Moulding (RTM). L'objectif de la thèse 
est double : proposer une nouvelle méthodologie 
pour obtenir des données géométriques à la méso-
échelle des préformes et fournir un nouveau modèle 
numérique capable de prédire la perméabilité ou 
d'effectuer des simulations d’écoulement efficaces à 
la méso-échelle. 
Dans la première partie, l'accent est mis sur 
l'acquisition de données géométriques : nous 
proposons une nouvelle méthodologie basée sur 
l'analyse du champ de pression supporté par une 
préforme sèche sous compactage. Un film sensible à 
la pression mesure le champ de pression par un 
empilement de plis contre les parois du moule. 
Profitant de l’architecture périodique des textiles, les 
empreintes révélées par le champ de pression sont 
interprétées par analyse spectrale de Moiré pour 
mesurer l'orientation et la distribution spatiale de 
chaque couche dans l’empilement. 

Dans la seconde partie, le modèle numérique de la 
préforme est utilisé pour effectuer des simulations 
numériques d'écoulement à l'échelle des fils, afin 
d’en caractériser la perméabilité ou d’effectuer 
directement des simulations de remplissage. La 
géométrie 3D de l’empilement est remplacée par un 
squelette préservant les propriétés topologiques 
nécessaires à la résolution numérique du problème 
d'écoulement bidimensionnel, réduisant 
considérablement le coût de calcul par rapport à 
une approche 3D complète. Ce modèle de 
réduction du volume poreux en squelette est 
d'abord formulé dans sa version simple échelle 
(écoulement inter-mèche), puis étendu en double 
échelle (écoulement inter- et intra-mèche). Le 
potentiel du modèle est illustré à travers plusieurs 
cas tests. 
Cette recherche propose une méthodologie allant 
de l'acquisition de données géométriques à la 
simulation numérique double-échelle de 
l'écoulement au sein dans un empilement de tissus. 

 

Title : Characterization of fabric layups by pressure print analysis and simulation of dual-scale flow based on 
topological skeletonization: application to composite materials processing 

Keywords : Fabric layups, Pressure print analysis, Composites processing, Topological skeletonization, 
Moiré theory, Dual-scale flow simulation 

Abstract : In this work, we study continuous fiber 
preforms in the context of Resin Transfer Moulding 
(RTM) processes. The aim of the thesis is two-fold: 
propose a new methodology to obtain mesoscale 
geometrical data from preforms and provide a new 
numerical model able to predict permeability or 
perform mesoscale filling simulations in a 
computationally efficient way. 
In the first part, the focus is on the acquisition of 
geometrical data from preforms: we propose a novel 
methodology based on the analysis of the pressure 
field experienced by a dry preform under compaction. 
By using a commercial pressure-sensitive film, the 
pressure field exerted by a stack of layers against 
mould walls is captured and analyzed. Taking 
advantage of the periodic morphology of textiles, 
geometric patterns revealed by the pressure field are 
interpreted according to spectral Moiré analysis to 
recover the orientation and spatial distribution of 
each individual layer in the stack. 
 

In the second part, the reconstructed digital 
architecture of the preform is used to carry out 
numerical flow simulations at the scale of the yarns, 
to characterize permeability of the stack or directly 
perform filling simulations. The stack geometry is 
replaced by a skeletonized representation of the 
same, on which a two-dimensional flow problem can 
be solved numerically, greatly reducing the 
computational cost when compared to a full 3D 
approach. This “medial skeleton” model is first 
formulated in its single-scale version (flow in 
channels) and then extended to dual-scale (flow in 
channels and yarns). The model potential is 
illustrated through several test cases. 
This research establishes a pathway going from the 
non-destructive acquisition of data to the simulation 
of the dual-scale flow inside a multi-layer layup of 
textiles. 
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