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Resuneetendu

Un esuneetendu en langue frarcaise du manuscrit est donre dans les pages suivantes. Il reprend
les princauxekments et esultats de chaque chapitre accompagres des gures ces du manuscrit.

Chapitre 1. Une introduction au sujet de l'interaction choc-bulle

Lerosion par cavitation est un probeme important qui doit étre esolu dans de nombreux do-
maines, tels que les applications hydrauliques et marines. Ce processus se produita la suite de
I'e ondrement des bullesa proximite des parois solides, ce qui endommage les maeriaux. Le pro-
cessus physique de ces ptenonenes aetetude dans de nhombreuses recherches experimentales et
nuneriques. Par exemple, Haas & Sturtevant (1987) a eali® uneetude exgerimentale ai la bulle

de gaz aet aecee par I'onde de choc faible plane. Les auteurs ont pesent la geonetrie de

la ceformation de la bulle, ce qui a permis de valider de nhombreusesetudes nunreriques utilisant
cette con guration. D'autre part, Johnsen & Colonius (2009) a ealise une simulation nunerique de

I'e ondrement d'une bulle de gaz immergee dans un champ libre eta proximit d'une paroi, en com-
parant les esultats obtenus aux donrees exgerimentales disponibles. Cetteetude est la premere
al la validation de la solution nunrerique aet faite quantitativement contre celles obtenues par
des experiences. La eponse du maeriau solide cause par un tel e ondrement de bulle aee
etudee nuneriquement dans Gong & Klaseboer (2016), ai les auteurs ont e ectie un couplage
des nmethodes pouretudier levolution de la bulle avec des nethodes pour analyser guantitative-
ment I'e et de la pression impulsive, causee par I'e ondrement de la bulle, sur le matriau solide.
Du point de vue des calculs nunreriques, le ptenonrene de cavitation recessite une moclisation de
lecoulement diphasique compressible. La contributiona ce besoin est faite dans Goncalves & Zei-
dan (2018) aus un solveur multiphase compressible aet impemene pouretudier lesecoulements

de type liquide-gaz avec la pesence d'ondes de choc et d'expansion qui provoquent le processus de
cavitation. Cependant, ce type de calculs reste un c& pour les matlrematiques appliglees et les
nmethodes nureriqgues, méme si la demande industrielle d'une telle moctlisation estelevee. Cette
complexie est due aux fortes variations des proprees thermodynamiques, aux fortes ondes de
pression eta leur interaction avec les interfaces et la dynamique rapide impliglee.

Il existe plusieurs strakgies largement utilisees pour ces probemes a deux phases. L'une
des plus utilisees est une nethode base sur une approche moyenne. Cette nmethode a conduit au
teveloppement d'une varek de perspectives dierentes bases sur les hypotteses physiques pour la
condition de glissement entre les phases et lequilibre mecanique et thermodynamique. L'approche
de mocklisation la plus compéte est connue pour etre le mocelea deux uides Baer & Nunziato
(1986), qui pesente une grande complexie de calcul puisqu'il se compose de septequations. Une
nmethode alternative, plus adapte aux applications pratiques, est un mockle eduita cingequations
avec I'nypotlese sous-jacente d'unequilibre de pression et de vitesse entre les phases Kapéaal.
(2001); Saurelet al. (2008). En outre, ce mockle peut étre eduit en utilisant I'hypotrese dequilibre
thermique. Un tel mockle consiste en troisequations pour les lois de conservation et une quatreme
pour le taux de vide Goncalves & Parnaudeau (2020).

L'un des domaines importants et di ciles de letude desecoulements compressibles diphasiques
est celui des methodes nuneriques approprees. Un & provient de la structure caraceristique
des ondes du syseme hyperbolique cecrivant ce ptenonene physique, ce qui donne lieua des
simulations instables. De plus, le probeme des discontinuies des variables thermodynamiques
et desequations detat dues aux interfaces maerielles pose des di cules dans la cerivation des
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solveurs de Riemann. La composante vitesse du son constitue egalement un ce . En raison des
grandes dierences entre ses valeurs dans le nelange et les phases liquides, de grandes variations
sont pesentes et provoquent un comportement non lisse et des impecisions dans la solution. Ainsi,
des oscillations non physiques peuvent apparatre dans la solution de la structure entere de l'onde
Abgrall (1996). La dissipation nunerique des schemas nuneriques qui est recessaire pour suivre la
loi thermodynamique estegalement un esultat de ces impecisions de la moctlisation. En gereral,

le processus complet detablissement du mocele nunerique peut étre divie en trois parties. La
premere est une discetisation de base, ai le cadre global de la discetisation spatiale et temporelle
est e ni. La deuxeme partie est une anelioration de ces nmethodes globales a n d'obtenir une
plus grande pecision de reconstruction dans les parties lisses de la solution. La dernere partie
est leea l'observation du codt de calcul qui devient gereralement rapidement prohibitif lorsque
I'ordre de pecision et la grille ne requise du probeme augmentent. Par consquent, des nethodes
suppementaires de eduction du temps de calcul sont recessaires.

En termes de discetisation nunerique de base, trois nmethodes sous-jacentes sont principale-
ment utilisees : celles baskes sur des maillages lagrangiens, lagrangiens-eukriens arbitraires (ALE)
et eukriens. Les deux premeres nethodes utilisent le suivi de l'interface des maeriaux en util-
isant le maillage mobile. L'inconwenient d'une telle approche eside dans sa grande complexie de
calcul et sa mise en uvre di cile en raison de la recessie de einitialiser fequemment le maillage
pour tenir compte de sa deformation lorsque lecoulement se ceplace. La nethode eukrienne, en
revanche, utilise les marqueurs lagrangiens pour suivre l'interface maerielle et capture cette in-
terface en utilisant un scalaire suppementaire avec le terme d'advection requis. L'introduction du
scalaire lui-méme est encore diviee en deux sous-catgories de nethodes : les methodesa interface
nette eta interface di use.

Une autre partie de la discetisation de base consiste a choisir le solveura utiliser pour les
nmethodes de volumes nis. Une des formulations habituelles est le Harten-Lax-van Leer-Contact
(HLLC) initialement introduit dans Toro et al. (1994). Elle aet utilise dans de nombreuses
etudes al la reconstruction d'ordreelewe aek ealise avec suces, par exemple Johnsen & Colonius
(2006, 2009); Wanget al. (2018) parmi beaucoup d'autres. Un autre choix populaire est celui des
sctemas upwind, ai le solveur de Riemann et la decomposition caraceristique sont les techniques
sous-jacentes. Ces nethodes s'inspirent des sctemas de Godunov et, h encore, elles ne sont pas
facilesa mettre en uvre dans le cadre desecoulements multiphasiques. Un autre type de nmethodes
est celui des sctemas centraux qui sont avantageux en raison de leur incependance de la structure
propre du probeme consicte. Quelques exemples de tels sctemas sont le sckema de Lax-Friedrichs
Lax (2005) et le sctema de Nessyahu-Tadmor Nessyahu & Tadmor (1990). La combinaison des
deux schemas, ascendant et central, est une nethode discuee dans Spina & Vitturi (2012), qui est
aborcee comme la formulation KNP. Cette nethode prend un point avantageux des deux cogs,
I'incependance de la cecomposition caraceristique et la nature upwind retenue en raison du calcul
de type unilatral des valeurs propres requises dans la formulation.

La complexie des plenonenes physiques de cavitation exige une anelioration de I'ordre de
pecision des solveurs de volumes nis, c'esta-dire que des nethodes de reconstruction d'ordre
eleve doivent etre utilies. Bien qu'il existe de nombreux sclemas de ce type, le choix n'est
pas simple. Les nethodes utiliees pour aneliorer la pecision de la solution doivent satisfaire
plusieurs exigences : stabilie dans les egions non lisses de la solution, reconstruction nette des
egions de discontinuie et comportement non oscillatoire. Selon Johnsen & Colonius (2006),
les instabilies nuneriques duesa l'interface maerielle, par exemple, peuvent étre anelioees en
utilisant la reconstruction de variables primitives par opposition aux variables conservatrices qui
sont normalement les valeurs de reconstruction par cefaut dans les methodes de volumes nis. Les
auteurs ont appliqe avec suces la methode Weighted Essentially Non-Oscillatory (WENO) pour
les probemes diphasiques gaz-gaz. Cependant, cette strakegie n'est pas aussi adapee lorsqu'un
rapport de densie important entre les phases est pesent, ce qui entrame des gradientseleves dans
lecoulement. En e et, il aee cemonte que les sctemas d'ordre eleve peuvent conduire a des
oscillations parasites lorsqu'ils sont appligiesa desecoulements diphasiques compressibles rigides.
Deux nethodes ontet proposes pour esoudre ce probeme dans Coralic & Colonius (2014). L'une
d'entre elles, la construction hybride du sctema, a1 le WENO d'ordre 5 est localement eduita
la reconstruction d'ordre 2 pes de linterface. Une autre nmethode consiste a lisser l'interface



maerielle en tant que partie de la condition initiale. Cependant, les deux strakgies pesentent
des inconenients. La premere nethode est cependante du probeme, puisque la condition de
l'interface est dierente en fonction des ptenonenes physiques impliges. D'autre part, la deuxeme
nethode pesente le probeme déepaissir arti ciellement l'interface, ce qui peut provoquer d'autres
instabilies nuneriques. A n deviter ces probemes, une nethode alternative aet suggee par
Wang et al. Wang et al. (2018), a1 un pochoir incementala 2 et 3 points est utili pour obtenir
un sckema WENO d'ordre 5. Ce choix entre le pochoir le plus petit et le plus grand est conditionre
par le criere de discontinuite.

La classe de methodes WENO mentionree ci-dessus est I'une des plus utilies dans la recherche
moderne dans le contexte de la varee de lecoulement diphasique compressible. Initialement
introduite par Liu et al. (1994), ai le sclema essentiellement non-oscillatoire pour la capture des
chocs aek propo sur la base de la combinaison convexe de candidats polynomiaux interpolants,
cette nethode a fait I'objet de nombreuses etudes. Les esultats nuneriques peliminaires ont
monte une tendance prometteuse sur divers probemes, y compris le probeme du tube de choc.
La plus grande anelioration de cette nethode aet suggee dans Jiang & Shu (1996a). La
nouvelle nethode de mesure de la egularie de la solution aek cerivee, ce qui a conduita un ordre
suppementaire de pecision et a aboutia un screma d'ordre 5. La principale caraceristique de ce
nouveau sctema est son e cacie, puisqu'un ordre arrelioe du schema est ceriwve de telle sorte qu'il
est deux fois plus rapide que son homologue pe@dent. Cette version de WENO aet tesee dans
de nombreux cadres nurreriques, notamment un probeme d'interaction d'onde de choc entropique
en 2D. Les auteurs ont cemonte que la nouvelle mesure de lissage est un outil capable de esoudre
les chocs complexes. De nombreuses autres aneliorations de WENO de cinqueme et troiseme
ordre ont suivi. Outre |'anelioration cecp mentionree dans Wang et al. (2018), il y a eu Henrick
et al. (2005) avec I'observation que la convergence du schkema n'est pas satisfaisante pes des points
critiques et la suggestion d'aneliorer cet inconwenient avec une technique de mappage speciale pour
garder les poids non lireaires en accord avec les lireaires partout ai la discontinuie est cetecee.
Une inspiration de cette icke aet prise par Borges et al. (2008) et une autre version du sctema
aet introduite avec une mesure d'indicateur de lissage superieure qui a conduita des esultats
superieurs avec un coat de calcul similaire. De plus, la formulation arbitraire convenanta tous les
ordres impairs de pecision aee crivee dans Castro et al. (2011). Une conception anelioee et
une nouvelle conception de la fonction d'indicateur de lissage de WENO ontet principalement
aees sur la pecision de la methode aux points critiques et sont bases sur l'attribution de poids
plus importants aux pochoirs moins lisses avec la peservation de la propret essentiellement non
oscillatoire (ENO). Ce type de nmrethodes s'est awee e cace pour esoudre des probemes pesentant
de forts chocs et des discontinuies.

Si les methodes WENO sont extrémement populaires, d'autres nethodes retiennent occasion-
nellement l'attention dans la literature. Une methode assez proche est propose dans Suresh &
Huynh (1997) qui a ceveloppe un sctema de peservation de la monotonicie, al la reconstruction
polynomiale d'ordreelee est limiee sur la base de la detection de discontinuie. Les auteurs ont
fourni la validation base sur lequation d'advection lireaire que la methode peserve la mono-
tonicie et maintient l'ordre eleve uniformement. Une nethode beaucoup moins disponible dans
le contexte desecoulements diphasiques compressibles et une classe dierente de reconstruction
nunerique d'ordre eleve est une nethode parabolique par morceaux (PPM). Ce sclema aet
initialement discue dans Colella & Woodward (1984) et corcu pour les probemes de gaz iceal
monophasique. Ce sclema aetetendu et applique avec suces dans Zheng & Lee (2013) dans le
cadre d'un syseme dequations inviscides avec une cetection appropree des discontinuies de con-
tact pour les EOS raidis et un algorithme d'aplatissement simplie. La version modiee a donre
a la nethode la capacie de esoudre des probemes avec de fortes discontinuies et des gradients
aigus mieux esolus. La stratgie PPM aegalementet reck nie dans le contexte des limiteurs
peservant les extremums dans Colella & Sekora (2008), ai les auteurs ont propos une modi ca-
tion conduisanta la peservation de la pecision des extrema lisses. Cette methode modiee aee
corcuea nouveau pour les probemes de type dynamique des gaz.

Bien que les nethodes nuneriques d'ordre supgerieur aneliorent la esolution de prenonenes
physiques complexes, il est toujours recessaire de disposer de maillages tes ns. Ainsi, en plus
d'un plus grand stencil de calcul normalement recessaire pour atteindre un ordre de pecision plus
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elew, la complexie de calcul augmenteegalement en raison du nombre de points dans le domaine
de calcul. Alors que les probemes avec des solutions lisses peuvent étre optimies en utilisant
des schemas nuneriques d'ordre eleve avec un nombre de points eduit, les cas impliquant de
forts chocs et des discontinuies ne suivent pas recessairement cette egle. Le besoin de straegies
permettant de eduire le colt de calcul tout en peservant la pecision de la solution se fait sentir.
L'une d'entre elles est l'introduction de maillages non-uniformes.

Plusieurs nmethodes de eduction de maillage existent. Le ra nement de maillage adaptatif
(AMR), l'une des plus utilies dans la literature ecente, est une nethode ai la pecision de
la solution est adapee en fonction de I'emplacement de certaines composantes critiques de la
solution. L'icee principale sous-jacente de cette methode est d'appliquer une pecision nurrerique
pluselewee au moyen d'un maillage plus n dans les zones du domaine de calcul ai les gradients
elewes sont ceteces et de eduire cette pecision dans le cas contraire. L'algorithme AMR original
aet pesene dans Berger & Joseph (1984) et Berger & Colella (1989) a1 les auteurs ont pesene
un maillage dynamique ou un ra nement adaptatif local du maillage. Une autre methode de
maillage non uniforme est letirement du maillage. Léetirement du maillage peut étre ealie par
l'introduction d'une fonction quelconque pour distribuer les points de manere non uniforme. La
fonction la plus simple peut étre base sur la progression geonetrique et la plus complexe sur des
fonctions plus lisses, comme le sinus, le tan, etc. Lesetudes analytiques de ces fonctions adaptes
a la gereration de grille ontetetudees dans Thompson et al. (1985); Vinokur (1983); Pierson &
Kutler (1980); Gough et al. (1975).

Bien que les deux techniques de eduction de maillage aient et utilies avec sucaes pour
introduire un maillage non uniforme, certaines di cules peuvent survenir. En e et, la pertinence
des sclemas nurreriques pour de tels maillages peut &tre remise en question, puisque la majorie
des schemas sont cerives pour les maillages uniformes. La cerivation modiee de la reconstruction
d'ordre superieur est recessaire si elle est utilie avec un espacement de grille nonegal. |l est
ineressant de noter que la methode PPM aek pesente dans Colella & Woodward (1984) avec
la prise en compte de la grille non uniforme, ce qui facilite consicerablement son utilisation sur les
mailles non homogenes. D'autre part, les methodes WENO ontet aborcees dans le cadre de la
grille non uniforme dans Wanget al. (2008).

En ce qui concerne I'apercu ci-dessus, la pesente these se concentre sur les nmethodes nuneriques
d'ordre elewe approprees pour esoudre avec une grande pecision le probeme de I'e ondrement
d'une bulle induit par un choc eau-air pes d'un mur. La nethode de moctlisation d'un tel probeme
est base sur le moctlea quatreequations pesent dans Goncalves & Charriere (2014). On con-
sicere une bulle de gaz immergee dans l'eau et s'e ondrant sous l'incidence d'une onde de choc
soit en champ libre Nourgalievet al. (2006) soita proximie d'une paroi. Le second probeme est
particulerement important pour letude de 'endommagement des magriaux conduisanta lerosion
et est bag sur letude de Paquette et al. (2018).

Les objectifs suivants onteketablis pour cetteetude et peuvent étre divies en trois parties.

A

La discr etisation de base et les sch emas num eriques d'ordre eleve. Cette partie
est destireeaetudier le mocele matlematique sous-jacent et la discetisation nunerique de
base. Plus peciement, les nethodes approprees pour les probemes qui impliquent de forts
chocs et des discontinuies doivent étre examirees en se concentrant sur les techniques qui
ontek valickes dans le contexte desecoulements diphasigues compressibles. Une attention
particulere doit étre accorckea l'existence d'un terme source dans le mockle matrematique
sous-jacent. En plus de la discetisation spatiale de base, l'inegration temporelle doit &tre
choisie en peservant les caraceristiques des autres methodes nuneriques choisies. En n, les
methodes nurnreriques d'ordre sugerieur doivent étre examirees dans le cadre du probeme
consicee. Les techniques approprees doivent étre validees sur les probemes qui peuvent
cemontrer la compatibilie des sclemas des prenonenes impligtes.

Maillage non-uniforme. Cette partie de la trese traite des techniques de eduction des
coutts de calcul au moyen de techniques detirement de maillage. Les methodes detirement de
maillage ontee examirees et des nethodes approprees ontee mises en uvre et tesees. Les
strakgies detirement de maillage cependantes du probeme doivent étre proposes, tesees
et valicees. Le cadre nal de letirement des mailles doit étreetabli.



Vii

" Calculs 3D. L'objectif nal de cette these est une extension des nethodes nuneriques
proposes calcukes sur le maillage non-homogne avec la esolution recessaire au probeme
de I'e ondrement des bulles de choca proximie de la paroi en 3D. Le coltelew de tels
calculs recessite l'introduction d'un solveur enterement paralkli et une mise en uvre
paralele e cace des sctemas nuneriques d'ordreelewe. Une attention suppkmentaire doit
étre accorceea l'impementation du maillage non-uniforme dans le cadre d'un environnement
de calcul paralkli®. La strakgie nale appropree en termes de methode nunerique d'ordre
elewe et de maillage non uniforme doit étre suggeee.

Cette these aborde les objectifs ci-dessus dans le sctema suivant. Le chapitre 2 pesente le
moctle matrematique sous-jacent utili®e dans cetteetude et developpe la discetisation nunerique
de base. Le chapitre 3 traite de I'extension de la discetisation de base aux sctemas nuneriques
d'ordreelewe et passe en revue les principales nethodes nuneriques disponibles. Ces nethodes sont
ensuite valicees au chapitre 4, ai trois probemes 1D sont utilises par ordre herarchigue en termes
de rigidie. La validation est nalise par l'utilisation de schemas slectionres dans le probeme
2D de l'interaction choc-bulle air-Felium. Le chapitre 5 pesente une extension de ces nethodes
aux probkmes d'e ondrement de bulles induit par un choc dans un champ libre et pes d'une
paroi. Nous aneliorons ces nmethodes en termes de eduction des colts de calcul en introduisant
un maillage non-uniforme. Ces techniques sont discuees dans le chapitre 6 et valicees pour les
calculs 2D dans le chapitre 7. Enn, nous pesentons des calculs 3D en utilisant des sclemas
appropres et un maillage non uniforme dans le chapitre 8. Le esune gereral de ce travail et ses
perspectives sont donres dans le chapitre 9.

Chapitre 2. Moctle matlematique et discetisation de base

Dans cetteetude, nous nous concentrons sur un mocklea quatreequations qui constitue la premere
partie du travail detablissement de I'e et du sctema nurnerique sur la base de simulations invis-
cides. Le sysemea quatre equations comprend trois lois de conservation pour les quanties de
nelange et uneequation de transport suppementaire pour la fraction de vide. Le solveur est bas
sur les nethodes explicites de volumes nis utilisant deux approximations de ux dierentes (HLLC
et KNP) avec dierentes approches de esolution dans le temps et des techniques de limitation
dans l'espace.

Nous commercons par pesenter le probkme mattematique et lesequations gouvernantes, puis
nous decrivons les sctemas d'approximation nunerigue mis en uvre et teses. Il est employe sur
la base de I'approche du nelangea un seul uide avec les hypotleses suivantes:

couplage fort des phases avec la méme vitesse
~ equilibre thermique et nmecanique entre les phases
~ etat de saturation du liquide

les e ets visqueux et la tension super cielle sont regliges

Le mockle utilise un sysemea quatre equations dont trois sont des lois de conservation pour
les quanties de nelange et la quatreme est lequation de transport du taux de vide Goncalves
& Zeidan (2018). La discetisation de base est e ectiee en utilisant la nethode des volumes nis
avec inegration temporelle explicite. En utilisant la repesentation des variables conservatives,
c'esta-dire w=(; "V ; E) et la fraction volumique du gaz ), le syseme inviscide 2D peut étre
ecrit comme suit,
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@
I @t
: I I
Q V)+div('V "V +PId)=0
ot - . (1)
@@t) +div( " VH)=0
@ !V d Kdi !V
ot v grad() = Kdv( V)
|
@’V = (u;v) designe la vitesse du centre de masseE = e+ V2=2 est lenergie totale du
nelange et H = h + V?2=2 est I'enthalpie de ce nelange. Le re et de la variation du volume de

chaqgue phase et de la vitesse du son des phases putgsont inclus dans le termeK , qui est cerive
selon la formulation suivante,

rdiv(' V)=0

K = ICI2 v

al l'indice g repesente la phase gazeuse €t la phase liquide. Plusieurs etudes merees par
Wermelinger et al. (2018) et Schidmayeret al. (2020) ont cemonte un e et de ce terme dans le
cadre de letude du mocklea cingequations avec et sans termeK . Il aetetabli que ce terme
aneliore la pecision du comportement thermodynamique dans le nrelange.

Uneequation detat (EOS) pour le nelange est recessaire pour fermer le syseme. La formu-
lation est ceduite de I'EOS des gaz raidis convexes LelMetayeret al. (2004) pour les deux phases
et obtenue a partir de I'hypottese de lequilibre thermique et necanique. Lesequations pour la
pression et la temgerature sont,

PGiessY ) = ( () D aY) ()IP1() )
h q(Y)
T(;hY —_— 3
GhY) = e 3)
with
1 1
= +
( ) 1 \ 1 | 1 4
aY)=Yg+( Y)g )
Co(Y)=YGC, +(1  Y)Cy,
() " v o
P = Py +(1 P 5
1 ()=~ AP e )P (5)
al C, et Cy sont les capacies thermiques, g est lenergie de formation, = Cy=C, est le
rapport des capacies thermiques etY = = est la fraction massique de gaz. La quantiePy

cbsigne une pression de ekrence constante.
Le pesent syseme est hyperbolique et les valeurs propres sont; = U Cpallis, 234 = U,
5 = U+ Cpalis» O Cwalis COrresponda la propagation des ondes acoustiques sans transfert de
masse et de chaleur et a la formulation suivante,

1 1
c? - vC5+ ICI2 (6)

wallis

al ¢, et ¢ sont les vitesses du son des phases vapeur et liquide, respectivement.
A n d'appliquer la discetisation, le syseme 2.1 doit étre eecrit sous forme 1D comme suit,

@u, @)
@t @x

+Bung$:o (7)
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Cette nouvelle formulation 1D peut ensuite etre utiliee pour le fractionnement directionnel
lors de la esolution de probemes en plusieurs dimensions. Les domaines spatial et temporel de
calcul sont divies en mailles eguleres de longueur uniforme x et d'intervalles uniformes t,
respectivement. La forme discete reformuke de (2.1) est obtenue en utilisant la nethode des
volumes nis. Le syseme peut &tre exprime comme sulit,

, et F cksigne le ux convectif.

Z
untt  yn Xj+1 =2 @u
XL Gl O] o+ B(U) 5,0 (®)

Xi 1=2

La discetisation du terme non-conservatif est discute ci-dessous. La discetisation a pour but
d'approximer le ux nunerique G}, _,, GI' ,_, en utilisant la solution du probeme de Riemann
ou toute autre technique nurrerique. Alors que de nombreuses formulations sont disponibles pour
l'estimation du ux nunerique, telles que le type Roe Gallouet et al. (2002), le type AUSM
Kitamura et al. (2014), le type Jameson-Schmidt-Turkel Jamesoret al. (1981), deux formulations
sont consiceees dans cet article : HLLC Toro et al. (1994) et KNP Spina & Vitturi (2012).

Le sckema HLLC aet largement utilie dans la plupart des publications ecentes et il aet
temonte qu'iletait adape aux probemes impliquant des chocs forts. La formulation KNP, d'un
autre coe, plus speci quement la formulation de l'unpwind central, aet impemente dans le
schema pedicteur-correcteur de Hancock et tesee pour desecoulements compressibles, ce qui est
e ectivement le probeme consicee dans cette tlrese.

Ce chapitre a examire le moctle mattematique a quatre equations qui esta la base de tous
les calculsa venir. L'EOS pour le gaz raidi aet enon®. Ensuite, deux formulations pour la
discetisation spatiale de base ontet proposes. L'une d'entre elles, HLLC, est base sur le
solveur de Riemann et est l'une des formulations les plus utilies pour les probémes ai des chocs
et des discontinuies sont pesents. La deuxeme nethode est KNP, qui a et appliqiee avec
suces dans le contexte de lecoulement diphasique compressible avec la pesence du terme source
et aek particulerement tesee dans le cadre du sclema pedicteur-correcteur MUSCL-Hancock.
Par conequent, le sclema MUSCL-Hancock aet decritetape paretape avec la description du
traitement de la source. Le choix des variables de reconstruction aee discue et letape de
transformation entre les variables primitives et caraceristiques aeeenonee. Les techniques des
limiteurs MUSCL et TVD qui peuvent étre utili’ees comme premere etape de l'anelioration de
l'ordre spatial sont passees en revue et les cerivations cks sont pesenees. Le traitement des
conditions aux limites est discue.

Chapitre 3. Methodes nuneriques d'ordreelewe

La discetisation de base base sur le solveur de volumes nis avec le schema pedicteur-correcteur
MUSCL-Hancock conduit gereralementa une pecision du second ordre dans l'espace et le temps.
Toutefois, il convient de noter que la partie non conservative dans 2.24 est toujours reconstruite
avec le premier ordre dans le temps. An de ealiser la reconstruction cetailee de prenonenes
physiques complexes, une telle approche nunerique recessiterait une grille extremement ne, ce
qui pourrait étre irealiste pour les calculs en 3D. Une pecision similaire avec moins de points dans
le domaine de calcul peut &tre obtenue en utilisant des sclemas nuneriques d'ordre sugerieur, en
raison de leurs proprees formelles de convergence plus rapide.

L'ordre superieur de pecision peut étre obtenu par deux moyens: Les techniques de TVD
MUSCL, telles que discuees dans la section 2.2, pour obtenir une convergence de deuxeme ou
troiseme ordre dans l'espace et des methodes nurreriques plus avanees, abordcees ici comme des
nmethodes nunreriques d'ordre sugerieur. Le premier choix, c'esta-dire la TVD MUSCL, recessite
des proedures de limitation suppementaires, telles que les limiteurs de pente qui sont destiresa
eduire les oscillations non physiques et, par conequent, pourraient conduirea une solution di u-
sive autour des egions de discontinuie. Le deuxeme choix, d'autre part, les sctemas nuneriques
d'ordreelew, ont des techniques plus complexes pour e nir les zones de la solution ai un traite-
ment special est requis et peuvent changer I'ordre de la solution dans ces zones pour conduirea des
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esultats monotones et non oscillants. Cependant, ces nethodes peuvent pesenter l'inconenient
d'une complexie de calcul elewee, de methodes de mise en uvre diciles et du traitement de
egions critiques qui peuvent étre soit trop di usives, soit trop oscillantes. Ainsi, le choix des
nethodes d'ordreelewe, qui est une peoccupation principale du pesent chapitre, est base sur ces
crieres. En particulier, les methodes consiceees doivent conduirea un ordre uniforme formel de
pecision sugerieura 2, les proprees de monotonicie doivent &tre pesenees et des algorithmes
non oscillants doivent &tre envisages. De plus, les sctemas doivent étre capables de travailler avec
des probemes avec de forts chocs et discontinuies et avoir des proprees de stabilie sur le maillage
avec une petite valeur du pas spatialdx.

Le domaine de recherche de la dynamique des uides computationnelle est souvent caracerise
par des probemes a la solution uniforme est perturlee par des discontinuies. Le ce consiste
donca trouver des sclemas d'ordreelewe qui peservent la reconstruction nette et non oscillatoire
autour des discontinuies tout enetant pecis dans les egions lisses. L'une des toutes premeres
tentatives pour esoudre ce probeme aet pesenee par Colella & Woodward (1984), a1 les
auteurs ont pesent une nmethode parabolique par morceaux utilisant le stencil centea quatre
points pour la cerivation de la valeur d'interface. Cette nmethode utilise ensuite des proedures
de limitation pour eduire les oscillations dans les egions de discontinuies. D'autres techniques
d'ordre superieur coupkesa des algorithmes de limitation ontet introduites, par exemple, par
Leonard (1991). Cependant, cette classe de nethodes pesente l'inconvenient de eduire I'ordre du
schema local pes des extrema.

Une approche alternativea la technique de eduction de l'ordre local est une technique de stencil
adaptatif introduite pour la premere fois par Harten et al. (1987) dans le cadre de ses sclemas
essentiellement non-oscillatoires ENO, ai les donrees les plus "lisses" sont utilies pour eviter
les interpolations dans les egions discontinues. Cette nethode, cependant, n'utilise pas toutes
les donrees disponibles par rapport au sckema ENO poncee de Liuet al. (1994) et Jiang & Shu
(19960), au les auteurs cerivent la valeur d'interface en utilisant la moyenne pondeee des valeurs
d'interface de tous les pochoirs disponibles. L'icee derrere cette nethode est d'utiliser la moyenne
ponceee de tous les pochoirs autour des zones lisses de la solution et seulement le pochoir le plus
"lisse" dans les egions discontinues. Neanmoins, les versions peedentes des sctemas ENO et
WENO sont consiceees comme des sctemas di usifs et, par conequent, ces sctemas ont tendance
a maculer les egions discontinues.

Une autre technique est introduite par Suresh & Huynh (1997), ai I'approche limitative men-
tionree ci-dessus est utilise. La base de ce schema est la reconstruction du stencil en cing
points. L'avantage de cette technique nunerique est un pochoir plus grand (par rapporta la
nethode PPM), ce qui eduit I'e et d'escalier dda la nature dissipatrice du sctema. Selon les
auteurs de la nethode, ce sctema pesente plusieurs dierences principales par rapporta ceux
mentionres ci-dessus : la monotonicie et la pecision sont pesernees, la conception sgeci que
pour lechelonnement temporel Runge-Kutta et la faible complexie de calcul due aux proedures
de limitation plus simples.

Les nethodes nuneriques d'ordre sugerieur sont introduites dans le cadre du solveur de Rie-
mann HLLC Hancock ou du solveur de Hancock KNP. Ceci est eali en modi ant le calcul du
limiteur de pente W dans l'algorithme de Hancock.

Ce chapitre a ce ni la motivation des sctemas nuneriques d'ordre elewe et les exigences que
ces nethodes doivent satisfaire. Il s'agit, entre autres, de la peservation de la monotonicie, de
l'uniformie de l'ordreelewe, de la stabilie sur les mailles nes et du comportement non oscillant.

Le bref apeicu de ces sctemas dans la section 1 aet suivi de pesentations cetailees de techniques
nurreriques satisfaisant formellement et parfois pratiguementa ces exigences. Ces sctemas sont
PPM, MP5 et WENO.

La section 2 propose la cerivation du sckema PPM avec plusieurs ceveloppements ecents
disponibles. L'algorithme de monotonie, la technique d'aplatissement et la cetection des disconti-
nuies sont ineges dans le sckema. La technique de peservation des extrema est propoee. La
nethode PPM est adapte au maillage non uniforme. La pecision du quatreme ordre formel dans
les solutions lisses peut étre obtenue en utilisant cette straegie.

La section 3 pesente la technique MP5. Cette methode aet valicee sur lequation d'advection
lireaire et a conduit aux solutions uniformes d'ordreelewe. La technique de limitation TVD est
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utilisee dans la base de la nmethode. La nethode MP5 permet d'obtenir une pecision formelle
d'ordre 5.

En n, la section 4 est consaceea la classe des nethodes WENO. Celles-ci sont discukes dans
le contexte du troiseme et du cinqueme ordre de pecision. Certaines aneliorations ecentes de ces
schemas sont proposes. Ce type de nethodes est le plus prometteur par rapporta ses homologues
PPM et MP5 en raison de lenorme quantie de recherches axees sur ce type de technique et de son
applicationa de nombreux probemes decoulement diphasique compressible. A n de dierencier
la varet des nethodes discukes, les notations suivantes seront utilies tout au long de la trese.

"~ WENO3-JS et WENOS5-JS sont les nethodes de troiseme et cinqueme ordre de pecision,
respectivement, bases sur lesetudes de Liet al. (1994) et Jiang & Shu (1996).

WENO3-Z et WENOS5-Z sont des modi cations proposes par Borgeset al. (2008)
WENOZ3-P est une nethode de pecision de troiseme ordre propose dans Xu & Wu (2017)
OWENOZ3 est une anelioration discuee dans Baezaet al. (2013)

WENO5-SZ est une nmethode aneliorant la pecision du cinqueme ordre pesenee par Shen
(2009)

WENOS5-IS est une autre version modiee d'ordre 5 propose par Wang et al. (2018).

¢ repesente la reconstruction des variables caraceristiques.

Les methodes discukes dans ce chapitre seront soumisesa la proedure de validation nunrerique
an de conrmer leur compatibilie formelle pour esoudre les probemes avec de forts chocs et
discontinuies.

Chapitre 4. La validation nunerique

L'ordre formel des schemas nuneriques peut &tre cerive analytiquement pour certains probemes
simples. Cependant, une telle cerivation est presque impossible pour la majorie des cas pratiques
impliges dans la dynamique des uides nunerique. Bien que toutes les nethodes nuneriques
pesentes dans cette these aientet valicees par I'ordre formel de pecision dans dierentesetudes,
l'ordre eel cepend fortement du probeme qui est esolu. Certains facteurs qui peuvent eduire

la pecision du sckema sont la pesence de discontinuies et de chocs. Ainsi, méme si les sctemas
nurreriques consicees sont d'ordreelewe, par exemple du troiseme, quatreme ou cinqueme ordre,
cela ne signi e pas recessairement que lorsqu'ils sont appliques au probeme de l'interaction choc-
bulle, I'ordre de pecision analytique est consene. De hombreux auteurs ont obsene que s que le
probeme pesente des discontinuies, I'ordre de pecision nunerique de la majorie des sctemas se
ceeriore en raison du prenonene bien connu de Gibbs. Il aee cemonte Majda & Osher (1977);
Lax & Mock (1978); Toro (1999) que I'approximation de solutions discontinues par des nethodes
d'ordre eleve ne donne, en gereral, qu'une pecision de premier ordre, car l'information passant
par le choc le long des caraceristiques est degracke.

La validation de I'ordre de pecision theorique pour un probeme eel de dynamique de calcul
peut &tre une tache di cile. Alors que les sctemas sont normalement pesenes avec une ckerivation
de la pecision base sur des probemes "jouets", l'ordre eel de pecision peut étre cemonte
nurreriquement en utilisant un probeme simple avec une solution analytique disponible. Ces
cas d'essai sont nhormalement bases sur l'approximation de la cerivation et lequation d'advection
lireaire. Cependant, cette tAche devient un ¢ lorsque des probemes plus di ciles sont esolus
et que les solutions analytiques sont soit di ciles a obtenir, soit inconnues. De plus, l'ordre
de pecision pour le cas d'essai simple de l'approximation cerivee n'est pas recessairement une
pediction exacte pour les solutions impliqiees dans les ecoulements diphasiques compressibles.
Ainsi, des nmethodes de validation alternatives sont recessaires pour avoir une icee de la perfor-
mance des sctemas.



Xii RESUME ETENDU

La proedure classique d'analyse de la performance des nmethodes nuneriques repose sur le
calcul de l'erreur entre les solutions nuneriques et analytiques et la cemonstration de la vitessea
lagquelle cette erreur diminue avec I'augmentation du nombre de points dans le domaine de calcul.
Cependant, que se passe-t-il si la solution analytique n'est pas disponible?

L'inspiration pour un tel cas est pesenee par Spina & Vitturi (2012). Le travail de ces
auteurs cemontre la validation numerique base sur la solution nunerique de etrence calcuke.
Cette solution de etrence est obtenue par des calculs sur un maillage consicerablement plus n
que les solutions nuneriques compaees. L'estimation de l'erreurEeg; et le taux de convergenceR
sont calcues de la manere suivante,

" (50N () SOkt (x)))?
I j (SOlref (Xj ))2
j 1(sOIN(Xj)  SOlrer (X)))]
' i j(SOlret (Xj )]

al soler est une solution de ekrence calcuke sur le maillage n et soly designe la solution
calcuke sur le maillage avecN nombre de points.

L'erreur et le taux de convergence sont estimes pour le probeme du tube-choc. L'inerét par-
ticulier du probeme du tube-choc est d0 aux plusieurs types de ptenonenes physiques impligies,

a savoir I'onde de dilatation, le choc et la discontinuie de contact. Ainsi, le comportement des
sctemas peut étre correctementevalte pour chacun de ces processus physiques. La solution de
ekrence est calcuee sur 128 000 n uds dans le cadre du solveur HLLC Hancock avec une recon-
struction WENO5-IS.

Les sclemas sont ensuite teses pour les probemes de tube d'expansion avec des vitesses faibles
etelewes. Les discontinuies plus fortes impligiees dans le probeme permettent d'acedera la
performance des schemas nuneriques. Les solutions sont compaees qualitativement.

La validation est conclue par le cas 2D air-telium. Ce probkme est choisi comme un bon
point de cepart pour acedera la performance des sclemas en 2D eta la disponibilie des donrees
experimentales. La validation base sur ce probeme est e ectiee en analysant la convergence de
la composante de pression maximale de la solutioRy,ax convergeant vers la valeur obtenue sur le
maillage le plus n. Levaluation qualitative du contour du gradient de densit permet de conclure
a un dege de reconstruction cetailee de la ceformation des bulles.

Sauf indication contraire, la reconstruction est e ectwee sur des variables primitives et le solveur
HLLC Hancock est utilie par defaut.

Le premier cas consicee aek introduit dans Murrone & Guillard (2005) et est un tube de choc
d'un rretre de long avec une discontinuie dans la fraction volumique, avec le coe droit (x > 0:7)
rempli d'air et le coe gauche d'eau liquide a haute pression. Les fractions volumiques sont de
0,8 et 0,2, pourx > 0;7 et x > 0;7, respectivement. Les deux uides sont initialement au repos
et cecrits par lequation detat (EOS) des gaz raidis. La partie remplie d'air esta basse pression
10°P a, tandis que la partie d'eau esta haute pression 18P a. Les parametres EOS pour ce test
sont,

Eest(SOIN ; SOler ) =

9)

R(soly ; SOl ; SOlet ) =

(10)

0 1 0 1 0 1 1

4:4 0 1:4
BP X  -B6 10PaketbP X =B oPak

3 3
Water 1000 kg/m A 1 kg/m

Les calculs ontee e ectwes sur le maillage de 1000 cellules avec un pas de temps xe dt=10" s.
Nous comparons les esultats au temps naltsing = 0:2 s. Les esultats calcues sont obtenus
par un solveur bage sur HLLC Hancock ou KNP Hancock. Un Runge-Kuttaa trois etapes a
et utilie pour comparer la solution avec une esolution temporelle pluselewe. Bien que notre
peoccupation principale soit les sckemas d'ordreelewe, la methode MUSCL TVD de second ordre
est utilissea des ns de comparaison. Sauf indication contraire, le limiteur de pente van Albada
est utiliee dans le cadre de la nethode MUSCL TVD.

Le tableau 4.1 pesente les estimations d'erreur et de convergence avec CFL=0.4 xe. L'estimation
de l'erreur Eqg; @ cemonte que les sckemas d'ordre sugerieur, par exemple WENO5 et PPM, con-
duisent e ectivementa une solution plus pecise. En greral, il aee constae que I'erreur est plus
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faible pour les schemas d'ordre superieur et qu'elle diminuea mesure que le maillage est ra re.

Le taux de convergenceR calcuk en utilisant (4.2) est estine en ra nant le maillagea partir de 1

000 n uds et jusqua 8 000 n uds avec le pas 1 000. Tous les sctemas ont donre lieua une conver-
gence d'environ second ordre, contrairementa la pecision treorique pluselewee. Cependant, si les
formulations classiques de cerivation d'ordre sont utilies (c'esta-dire une dierence de norme),

le premier ordre de convergence est obsene dans tous les sctemas en raison des discontinuies
pesentes dans la solution. En e et, I'ordre de pecision des nethodes d'ordreelewe diminue pour

les probemes ai une forte discontinuie est pesente (voir Toro (1999); Schidmayer et al. (2020)).

Table 1: Probeme du tube de choc : erreur relative @ gauche) et taux de convergence @ droite).

Relative error Convergence rate
N WENO5SZ | WENOS5SIS | PPM WENO5SZ || WENOS5IS | PPM
8000|[ 3.9 106 |45 10° 53 10 °® 2.3 2.3 2.2
4000|| 1.9 10 ° 1.9 10 ° 2.4 10 ° 2.1 2.1 2.1
2000} 9.3 10 ° 9.2 10° 1.0 10 4 2.1 2.1 2.1

1000l 3.9 10 * 39 10 4 42 10 4 - - -
N WENO3JS | WENO3Z WENOSP WENOS3JS || WENO3Z WENOSP

8000| 4.4 10 © 44 106 43 10 6 2.3 2.3 2.3
4000(| 1.8 10 ° 1.9 10° 1.9 10 ° 2.2 2.1 2.1
2000(| 8.4 10 ° 9.2 10 ° 9.2 10 4 2.1 2.1 2.1

1000|| 3.5 10 # 39 10 4 39 10 4 - - -
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Figure 1: Probeme de tube de choc eau-gaz, comparaison des sctemas nuneriques, maillage 1000 cellules,
tna =0.2 s. Prols de pression et de vitesse (en haut), de densie du nelange et de taux de vide (en bas)
le long du tube.

En n, la comparaison des solutions entre les principaux schemas nuneriques est propose sur
la gure 4.9 ai sont pesenes les esultats obtenus en utilisant MUSCL, PPM, MP5, WENOS3-Z et
WENOS5-IS. Le sctema PPM a conduita une kgere variation pes de la discontinuie du contact
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pour le pro | du taux de vide. La nmethode MP5 a un esultat oscillant pour la densit du nelange
dans la zone post-choc. Sinon, tous les schemas ont conduita une solution pecise en accordetroit
avec la solution de etrence.

Le probeme du tube de choc eau-gaz est le point de cepart du processus de validation. Les
performances des sctemas sont estinees. La plupart des schemas ont conduita une solution pecise,
a l'exception de WENO5-JS, MP5 et PPM-CW a1 des oscillations sont obserees dans la zone
post-choc.

La premere partie du processus de validation des sclemas nuneriques utilises dans cetteetude
a commene par des calculs 1D pour les tests du tube de choc eau-gaz et du tube de dcetente avec
des vitesses initiales faibles etelewees.

Tout d'abord, les calculs du probeme du tube de choc montrent que la plupart des techniques
de reconstruction fournissent des esultats en bon accord avec la solution de e&rence. La solution
de ekrence est calcuke en utilisant HLLC avec WENO5-IS nethode de Hancock. Cependant, cer-
taines divergences ontet constates. Par exemple, le sclema WENO5-SZ pesente une oscillation
pour la densie du nelange autour de la zone de discontinuie, qui n'est obsenee ni dans les autres
nethodes WENOS5, ni dans la solution de etrence. Cette oscillation aet elimiree en utilisant
la reconstruction des variables caraceristiques. D'autre part, les sclemas WENO3 ont conduita
une reconstruction pecise et lisse de toutes les variables,a I'exception de la formulation OWENO,
al une kgere divergence est noee pour la densie du nelange dans la zone de discontinuie. De
plus, la methode PPM produit des oscillations de la solution dans la zone post-choc en utilisant la
reconstruction des variables primitives (PPM CW). Ce probeme est esolu en utilisant des vari-
ables caraceristiques. Ce test n'a pas cemonte de dierence entre les solveurs HLLC et KNP.
L'analyse nunerique en utilisant la solution de etrence calcuke sur la grille ne aet e ectiee
et un second ordre de convergence approximatif est obtenu en utilisant tous les schemas.

Deuxemement, deux tests de tubes d'expansion ontet e ecties. Ici, la vitesse initialeetablie
avec des valeurs faibles et elevees permet d'examiner le comportement du sctema lorsque des
vagues plus fortes sont impligiees. La solution de etrence aet obtenue en utilisant la nethode
HLLC WENOS5-IS de Hancock avec 128 000 points pour la vitesse faible et la nethode HLLC
MUSCL-Hancock avec une taille similaire dedx pour la vitesseelewe. En e et, d'autres variations
de la solution nunerique ont et illustees. Par exemple, le sclema WENO5-JS a conduita
des oscillations synetriques le long des ondes d'expansion dans les deux essais pour la pression.
Contrairement au probeme du tubea choc, ces tests ontegalement monte une dierence dans
levolution de la pression en utilisant WENO3- n et WENO3- p, a le premier a conduita la
reconstruction inexacte des ondes de raefaction pour le cas avec une vitesse initiale plus forte. En
outre, toutes les nethodes PPM produisent des oscillations pour les pro Is de densie du nelange
et de taux de vide, méme avec une reconstruction caraceristique, soit au milieu du tube pour le cas
de faible vitesse initiale, soit le long des ondes d'expansion pour le cas de vitesseelewe. De plus, la
nethode PPM avec reconstruction primitive pesente une grande oscillation non synetrique dans
la zone de raefaction pour le cas avec une vitesse initialeelevee, qui n'est pas pesente dans des
calculs similaires avec reconstruction caraceristiqgue. En n, ces tests ont pesent les divergences
dans la solution pour la variable de pression en utilisant le solveur KNP.

Ces premiers esultats donnent une indication du comportement des sctemas lorsque de forts
chocs ou des ondes d'expansion sont impligies. Nous pouvons conclure de manere peliminaire
que la nethode PPM fournit une solution plus pecise lorsqu'elle est appligiee aux variables
caraceristiques, puisque la plupart des probemes sontelimires par rapporta la reconstruction des
variables primitives. En outre, la formulation WENO5-JS devient oscillante si un choc important
est impligle et, par conequent, ne devrait probablement pas étre utilisee dans de tels probemes.
En revanche, le sctema WENO5-IS a donre des esultats pecis dans tous les tests. De méme, la
tendancea la deerioration de la solution est note pour certains sclemas WENO3, c'esta-dire que
la methode OWENO3 oscille méme pour le cas du tubea choc et que WENO3-p n'est pas pecis
pour les probemes impliquant une forte onde d'expansion. En n, nous notons une ceerioration de
la solution du solveur KNP, alors que la formulation HLLC est un choix petrentiel peliminaire
pour les calculs de tels cas.

La deuxeme partie de la validation est une interaction choc-bulle 2D : une bulle d'relium
immergee dans l'air est impacee et acekee par une onde de choc. Ce probeme particulier aee
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choisi en raison de l'existence detudes exgerimentales merees par Haas & Sturtevant (1987) et plus
ecemment par Layeset al. (2009). Cela implique que les visualisations des donrees exgrimentales
peuvent étre utilies pour uneevaluation qualitative.

La bulle d'felium a un diarretre initial de 4 cm et est impacee par une onde de choc normale
se ceplacanta un nombre de Mach de 1,175. Les paranetres EOS et post-choc sont indiques dans
le tableau 4.2. La fraction volumique repesente ici le rapport entre le gaz le plus eger et le gaz
porteur.

Table 2: Paranetres EOS de l'air et de I'telium et conditions post-chocs

Pi
air 1.4 0 Pa 1.163 kg/n?
helium 1.648 0 Pa 0.16 kg/n?
P u

post-shock 1.444 1®Pa 1.51 kg/m® 93.65 m/s

Les calculs sont e ecties sur un demi-domaine en raison de la synetrie du probeme. Sauf
indication contraire, les esultats ontet obtenus en utilisant une discetisationa maillage uniforme
de 4000 400 cellules, un pas de temps de 2,510 ° s et la formulation de ux HLLC. Dans les
pesents calculs, la nethode PPM est utiliee avec des variables caraceristigues avec cetection
des discontinuies de contact. La notation WENOS3-P cesigne la formulation avec l'indicateur de
lissage de ekrence selon 3.46, qui n'‘oscille pas dans le probeme du tube de cetente avec une
vitesse initialeele\ee.

Tout d'abord, levolution du gradient de densie par rapport aux visualisations exgerimentales
est pesente dans les gures 4.15 et 4.16 pour les simulations e ectiees en utilisant la recon-
struction WENO5-IS. Les solutions nurreriques et exgerimentales sont compaeesa des moments
approximativement similaires. La deformation de la bulle commence par son aplatissement dans
la direction de I'onde de choc et prend nalement la forme d'un rein en raison de la formation d'un
jet d'aira grande vitesse sitiea l'interface amont. D'autre part, le jet de l'interface aval conduit
a l'apparition de tourbillons contrarotatifs qui provoquent l'allongement de la bulle. Les calculs
obtenus avec tous les sctemas sont capables de reproduire les principauxeements de levolution
de la forme des bulles par rapport aux donrees exgerimentales.

Figure 2: Visualisation exgerimentale par Haas et Sturtevant, extraite de Haas & Sturtevant (1987).

Figure 3: Resultats nuneriques calcuks sur 4000 400 nuds, dt=2,5 10 °s, HLLC Hancock WENO5-IS.

Letude de la convergence du maillage des sctemas aet ealige sur la composante de pres-
sion maximale calcuee au temps nal t 5 =0,05 s avec CFL=0,3 en utilisant les nmethodes de
reconstruction MUSCL, WENO3-Z, PPM et WENOS5-IS. Levolution de la pression maximale at-
teinte au cours du processus est repesenee sur la gure 4.20 (partie gauche). La solution de la
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pression maximale pesente trois pics principaux. Le premier, d'une valeur approximative de 1,8
bar, se produit au temps 0,3 s. Tous les sctemas ont conduita des valeurs de pression similaires.
Le deuxeme pic, le pluselew, de 2,2 bar, se produit au temps 1,2 s, qui aet correctement
reconstruit par tous les sclemas avec la formulation HLLC et aet retarck et lise en utilisant la
formulation KNP. En n, le troiseme pic de 1,9 bar en deux parties se produisanta des moments
compris entre 2,9 et 3,5 s aet egrement diminte en intensie en utilisant la reconstruction
PPM avec la formulation HLLC et cecak dans le temps et sans l'intensie exacte en utilisant la
formulation KNP.

24 MUSCL —— 1.02 MUSCL '~
weno3z 1.01 | weno3z °
2.2 ppm ppm
= HLLC weno5IS o 1 [HLLC weno5IS
@ 2 A KNP wenos5IS —— 3 KNP weno5IS
i<} ) 2 099 12nd order slope | ,
3 | \ AA g
E 1.8 A )\/\ ' 5 0.98
/ p S |
16 \/“\ 0.97 .
. \ H
J 0.96 v
1.4 ¥
0  1x10° 2x107 3x10™ 4x10™ 5x107° 200 250 300 350 400
t(s) Resolution (ppbd)

Figure 4: Interaction choc-bulle air-relium, comparaison de la pression maximale, maillage : 4000400
(gauche), convergence de la pression maximale (droite). CFL=0.3

La valeur de pression normalisee du pic le pluselew (estiree en utilisant la solution calcuee
sur le maillage le plus n de 4000 400 nuds avec la formulation WENO5-IS) est repesente
sur la gure 4.20 (partie droite) en fonction de l'augmentation progressive de la esolution du
maillage indigee par le nombre de points par dianmetre de bulle (ppbd). Le pic de pression le
pluselewe se produit approximativement au méme moment, 0,012 ms, et est obtenu en utilisant le
schema WENO5-IS. La convergence du second ordre approximatif est \eriee en calculant I'erreur
approximative lee a la valeur de pression de la maille la plus ne. Cela conrme la pecision
nunerique des schemas obtenus dans les essais 1D du tubea choc discues peedemment.

Letude de validation en 2D a mis enevidence une assez bonne performance de tous les sclemas
nurreriques. Le solveur HLLC s'awere plus adape aux calculs actuels, tandis que la formulation du
ux KNP est di usive. L'e et de la reconstruction d'ordreelewe par rapporta la reconstruction
MUSCL de second ordre est illuste. Les formulations standard de WENO3-JS et WENO5-JS
sont plus di usives que leursequivalents modies, par exemple WENO3-Z et WENO5-SZ,I1S. La
variation entre la reconstruction primitive et la reconstruction caraceristique est regligeable, la
reconstruction primitive est donc petee en raison de sa cerivation et de sa mise en uvre plus
simples.

L'objectif du processus de validation aete » pour ¢ nir les performances des schemas sur
la base de dierents probemes. Trois probemes en 1D (probemes de tube-choc et de deux tubes
d'expansion) et un probeme en 2D (interaction air-relium choc-bulle) ontet & nis comme des
tests appropres pour examiner la eponse des sclemas nuneriques aux prenonenes de chocs,
de discontinuies de contact et d'ondes d'expansion. Les probemes ontek teses dans l'ordre
herarchique du plus facile au plus dicile en 1D : tube-choc, tube d'expansiona faible vitesse,
tube d'expansiona grande vitesse. La conclusion suivante peut étre tiee :

~

Ordre de pr ecision. Bien que les sctemas nuneriques pesenes dans cette trese aient un
ordre de pecision formelelewe, cet ordre ne peut étre atteint lorsque des discontinuies dans
la solution sont pesentes. Ceci aek obsene dans la literature et aee valide dans notre
etude du taux de convergence en utilisant le probeme du tube de choc et une solution de
ekrence approximative. La pecision moyenne du second ordre est estimee pour tous les
sclemas consicees.
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Flux formulation. Le choix de la formulation du ux est crucial car nous avons calcue
des cas plus complexes. Ainsi, alors que le probeme du tube de choc n'a pas illuste de
dierences dans la solution, des divergences apparaissent dans le pro | de pression pour le
tube d'expansion. De plus, la solution obtenue avec le sclema KNP pour l'interaction choc-
bulle en 2D est fortement di usive. Par conequent, nous pensons qua cetegard, le solveur
HLLC est petrable.

Variables de reconstruction. L'e et des variables de reconstruction n'a paset cemonte
comme etant important. Bien que plusieurs sctemas epondent mieux aux variables car-
aceristigues (PPM en particulier), nous avons remarqgte que les sctemas ereralement sta-
bles, tels que WENO5-IS, WENO3-Z, WENO3-P ont une solution similaire avec des variables
primitives et caraceristiques. Globalement, la reconstructiona l'aide de variables primitives
est plus simple en termes de cerivation analytique et de mise en uvre. |l est donc logique
de choisir les sctemas ai le choix des variables n'est pas crucial. Neanmoins, d'apes nos
tests, la methode PPM devrait &tre utilisee avec des variables caraceristiques.

Reconstruction d'ordre eleve. Nous avons tese une varee de sctemas nuneriques
d'ordreelee et plusieurs nethodes ont cemonte de meilleurs esultats globaux dans tous
les probemes consicees. Ces sclemas sont les suivants : WENO5-1S, WENO3-Z, WENOS3-P.
La methode PPM fonctionne bien avec la reconstruction caraceristique et peut etre utiliee
de cette manere. La nmethode MP5 oscille dans tous les probemes. Le sckema MUSCL est
toujours stable mais pesente beaucoup moins de cetails dans la reconstruction, selon notre
evaluation qualitative.

Chapitre 5. 2D E ondrement des bulles induit par un choc

Ce chapitre traite du probeme de I'e ondrement d'une bulle induit par un choc liquide-gaz.
Deux probemes sont proposs : premerement, I'e ondrement de la bulle en champ libre et,
deuxemement, le probeme similaire a proximie d'une paroi (qui peut conduire a lerosion du
maeriau solide).

L'objectif de ce chapitre est detablir I'e et des scltemas nuneriques d'ordre eleve sur la re-
construction de la solution. Plus peciement, les solutions de la pression maximalea l'inerieur
du uide Pnax dans le cas de I'e ondrement d'une bulle dans un champ libre et, en outre, de la
pression maximale pes de la paroiP wall,ax dans le cas de I'e ondrement d'une bulle pes d'une
paroi sont examirees du point de vue de la reconstruction globale pecise et, plus important en-
core, de la ecuperation pecise des pics de pression. Letude de la convergence des pics d'intensie
de pression est pesente. L'examen qualitatif des contours des gradients de densie est propo<.
Nous visonsa quanti er I'impact des sctemas numreriques sur les solutions eta tirer une conclusion
peliminaire pour des calculs 3D suppkmentaires.

Le premier test est base sur celui pesene dans Bourne & Field (1992) et calcuk par divers
auteurs (par exemple Nourgalievet al. (2006)). Une bulle d'air de dianmetre 6 mm, immergee
dans l'eau au repos, est impacee par une onde de choc normale pour laguelle le nombre de Mach
Mgh=1.7. Les conditions physiques sont initialisses comme suit :P = 10° Pa, ,; = 1 kg/m 3 et

cau 1000 kg/m3. Seule une moite de la bulle est consiceee en raison de la synetrie du probeme.
Les fronteres superieure et inkrieure du domaine sont e nies comme des parois de glissement,
tandis que les fronteres gauche et droite sont soumisesa des conditions de non-e exion. Les
calculs sont e ecties avec une discetisation spatiale de 2000 1000 n uds en utilisant soit un
pas de temps xedt =10 ° s, soit un nombre xe de LFC. Les pararetres EOS et la condition
post-choc sont indigles dans le tableau 5.1.
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Table 3: Paranetres EOS eau-air et conditions post-chocs

Pl Cp
air 1.4 0 Pa 4180 J/K.kg
water 4.4 6 10° Pa 1487 JIK.kg
P u

post-shock 1.9 10° Pa 1323.65 kg/m3 681.58 m/s

Tout d'abord, une description des principaux prenomrrenes physiques est propose dans la Figure
5.1 au sont traes le module du gradient de densike (en haut du graphique) et le champ de pression
(en bas du graphique) obtenusa l'aide du sclema WENO5-IS. La collision du choc avec la bulle
provoque la e exion d'une forte onde de raefaction dans la direction arrere et la peretration
d'une faible onde de choc dans la bulle (au temp$=2 s ). La dierence de pression entrane une
teformation de la bulle qui prend la forme d'un rein (au moment t=3 s ). Cette forme particulere
est le esultat de la vorticie qui se produit au bord de la bulle en raison du jet d'eau provogle
par le passage de I'onde de choc. La zone de haute pression est gereee lorsque ce jet d'eau frappe
l'eau stagnante devant la bulle, provoquant lemission d'une forte onde de choc (tempd =4 s).
De plus, la poursuite de la propagation du jet d'eau et sa vitesseelewe entrament une expansion
asynetrique du front de sou e. Enn, une zone de haute pression est gereee au moment t=4,8
s en raison de la recollapse des morceaux de bulles par le front gauche de I'onde de sou e. Alors
que l'onde de sou e continue de sktendre, la cavie se etecit et les champs de basse pression
sont obsenes au c ur des tourbillons.

Figure 5: Evolution du temps d'e ondrement des bulles, (a) 2 s, (b) 3 s, (¢c) 4 s, (d) 4.8 s, HLLC
Hancock WENOS5-IS, maillage 2000 1000, CFL=0.3.



XiX

Le temps et lintensie des pics de pression maximale atteints pendant I'e ondrement sont
analyses. La convergence du maillage est attestee par levolution du pic de pression le pluselee.
La gure 5.2 (gauche) pesente levolution de la pression maximale ai trois pics principaux sont
obsenes (voir tableau 5.2). Le premier pic se produita environ 3,6 s en raison de la gereration
de lI'onde de choc et les valeurs les pluselewes sont obtenues en utilisant WENO3-Z et WENO5-
IS, c'esta-dire 50,600 bar et 50,700 bar respectivement. Le deuxeme pic se produit au moment
approximatif de 4,4 s en raison de la greration d'une autre forte onde de choc dans le liquide
lorsque le choc du gaz expulse se concentre sur le point le plus en amont de la bulle. Enn, le
troiseme pic, le plus fort, est obserne a un moment approximatif de 4,7-4,8 s et est daa la
recollapse des fragments de la bulle. Ce pic pesente le plus de ceviations en solution. La nethode
PPM donne lieua la plus forte intensie de pic, autour de 98 000 bar, qui est presque 10% plus
elexee que les deux autres sclemas. La dierence entre les intensies de pression obtenues par
WENO3-Z et WENO5-ISa ce pic est d'environ 3 000 bar, la valeur la pluseleweetant calcuee
en utilisant WENO5-IS. Cela corresponda une dierence d'environ 3%. Une variation similaire de
la solution aet note en utilisant la methode MUSCL qui a conduita une intensie de pression
inerieure d'environ 3%.

Table 4: E ondrement des bulles induit par un choc, comparaison des pics de pression maximaleg .

Water-air shock-bubble, Pmax (bar)

Scheme t1 P1 t2 P2 t3 P3

MUSCL 36 s |49900 (44 s |58100 |48 s | 86,600
WENQO3-Z 36 s |50600 [44s |59600 |48 s | 86,300
PPM 37s | 51506 |4.39s|65950 |47 s | 97,930
WENO5-IS || 3.6 s | 50,700 |44 s | 67,300 | 4.8 s | 89,300

La convergence des sctemas estetudee en a nant le maillage et en examinant l'intensie du
troiseme pic de pression. La gure 5.2 (droite) pesente la convergence en utilisant la reconstruc-
tion MUSCL de second ordre et les nethodes d'ordre sugerieur, WENO3-Z et WENO5-IS. Les
valeurs ontee normalises par la valeur de pression obtenue sur le maillage le plus n, c'esta-
dire 2000 1000 n uds. Les calculs ontet e ectles en utilisant la valeur xe CFL=0.1 qui aet
choisie sur la base desetudes peliminaires de I'e et CFL. La nature oscillante de la solution est
nokee dans tous les sctemas, ce qui rend probematique letude de la convergence nunerigue. C'est
particulerement le cas pour le screma PPM qui a conduit au esultat le plus oscillant. Ainsi, an
d'e ectuer uneetude de convergence approximative, le Iltre de Savitsky-Golay de quatreme ordre
avec 100 points est utilie pour lisser les donrees : Savitzky & Golay (1964). La reconstruction
PPM n'est pas incluse dans cette analyse en raison des fortes oscillations. La meilleure convergence
des sctemas d'ordre supgerieur WENO3-Z et WENObS-IS est notee par rapport au screma MUSCL
de second ordre, au une egere divergence est obsenee. La solution inckependante du maillage est
obtenuea environ 500 points par dianetre de bulle, ce qui corresponda un maillage de 20001000
n uds.

Le probeme de I'e ondrement d'une bulle de choc dans un champ libre est caracerige par un
saut de pression important au moment de la recollapse des fragments de la bulle. On s'attend
a ce que les sctemas nuneriques d'ordre elewve soient capables de ecugerer la valeur d'une telle
intensie de pression avec plus de pecision que les nethodes MUSCL. De plus, la complexie des
prenonenes physiques impligies dans ce probeme ne peut &tre reconstittee qu'en utilisant un
maillage tes n pendant les calculs. Les esultats pesenes dans cette section ont illuste un
e et de la reconstruction d'ordreeleve. En e et, les solutions obtenues en utilisant WENO3-Z
et WENO5-IS ont une meilleure pecision par rapport au sctema MUSCL en utilisant le méme
maillage. La nmethode PPM pesente une variation qui n'est pas obsenee avec les autres sclremas.
Le pic de pression le pluselewe et son intensie pourraient étre le esultat de la nature oscillante
de la nethode.

Le deuxeme test aet propos par Paquette Paquette et al. (2018) pouretudier les dommages
potentiels aux murs dusa I'e ondrement des bulles. Une paroi est place derrere la bulle. Une
onde de choc normale initialement sittleea 0,1 mm se deplace avec un nhombre de Mach M=1,09
provoquant I'e ondrement de la bulle. Les paranetres EOS restent les mémes et les conditions
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Figure 6: E ondrement des bulles induit par un choc, pression maximale Itee par la methode de Savitsky-
Golay, maillage 2000 1000 (gauche), convergence du troiseme pic de pression (droite), CFL=0.1.

post-choc sont indiguees ci-dessous:

0 1 0 1
P 1.2 10 Pa
B X = ©1049 kg/m® X (11)
u 75 m/s
post shock

Le domaine de calcul est d'une taille de 0,30,5 mm et le dianetre initial de la bulle est de 0,1
mm avec son emplacement initiala (0,2,0) mm. Le rapport L=R¢ entre la position du centre de
la bulle par rapporta la paroi et le rayon initial de la bulle est un paranetre majeur qui egit la
dynamique d'e ondrement de la bulle. Comme le suggere letude de Johnsen et Colonius Johnsen
& Colonius (2009), la bulle initialement sitteea une distance inérieurea L=Rg = 2 pesente un
potentieleleve de causer des dommages. Nous consicerons dans cette section uniquement le cas
al le rapport L=Rg = 2.

Les calculs sont e ecties avec CFL=0.1 et 650 points par dianetre de bulle, ce qui corresponda
une discetisation spatiale de 1908 3180 n uds. Les solutions sont obtenues en utilisant MUSCL,
WENO3-Z, WENO3-P, PPM et WENO5-IS.

La convergence du maillage est \eriee sur levolution des pics de pression maximalea partir
des solutions obtenues avec MUSCL, WENO3-Z et WENOS5-IS. Le maillage est compris entre
750 1250 et 1908 3180 (250 a 650 points par dianetre de bulle). Trois pics principaux sont
obsenes dans la solution de pression. Le premier, de plus faible intensie, se produit au temps
0,13 s et est dda l'impact de I'onde de choc incidente sur la paroi. La deuxeme est obsenee
au temps 0,28 s et esulte de l'impact de I'onde de choc gereee sur le mur. La troiseme,
au temps 0,36 s, est cauee par l'impact d'une onde secondaire emise par la recollapse de la
bulle. Tous les sclkemas nuneriques conduisenta des temps approximativement similaires pour ces
pics. L'intensie du pic en fonction du schema nunerique employe est pesente dans le tableau
5.3. Les tests ont monte la convergence de tous les scltemas avec une solution incependante du
maillage obtenue en utilisant 500 points par dianetre de bulle. Cependant, la forte cependance
du troiseme pic de pression par rapport au nombre de LFC aetetablie. Les premier et deuxeme
pics de pression convergent plus rapidement méme avec des nombres CFL pluselees.

Table 5: E ondrement d'une bulle pes d'une paroi, comparaison des pics de pression maximale R .

Water-air shock-bubble with a wall, maximum pressure Pnax (bar)
Scheme 11 P1 to P> t3 P3
MUSCL 0.13 s | 2,573 0.28 s | 9,444 0.36 s | 8,829
weno3-Z 0.13 s | 2,565 0.28 s | 9,453 0.36 s | 8,938
weno3-P 0.13 s | 2,565 0.28 s | 9,440 0.36 s | 9,158
PPM 0.13 s | 2,553 0.28 s | 9,449 0.36 s | 9,070
weno5-IS 0.13 s | 2,563 0.28 s | 9,456 0.35 s | 9,138
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Le troiseme pic de pression le pluselewe aet obtenu en calculant la solution avec les sclemas
d'ordre sugerieur, c'esta-dire WENO5-1S, PPM et WENO3-P, tandis que les premier et deuxeme
pics de pression ne pesentent qu'une egere dierence due au schema nunerique. Les gures 5.5
et 5.6 pesentent la convergence du maillage des sclemas MUSCL, WENO3-Z et WENO5-IS.

Figure 7: E ondrement de la bulle pes d'une paroi, pression maximale de la paroi obtenue avec le maillage
1908 3180 nuds, CFL=0.1 @ gauche), convergence des pics de pression maximale Fx obtenus avec
MUSCL, CFL=0.1 (right).

Figure 8: E ondrement des bulles pes d'une paroi, convergence des pics de pression maximauxXmg,
CFL=0.1, WENO3-Z (gauche), WENO5-IS (droit).

Le temps de calcul des solutions obtenues en utilisant les principaux schemas nuneriques @
savoir MUSCL, WENO3-Z, WENO5-IS) est indiqe dans le tableau 5.4. Le colt a augmenge de
40% entre les sclemas MUSCL et WENO5-IS. Ce coolt de calcul est critique pour les calculsa
haute esolution et, en particulier, pour les probemes 3D.

Table 6: Coat du CPU, e ondrement de la bulle pes d'un mur. Maillage: 1908 3180. CFL=0.1.

Scheme CPU (h) ratio

MUSCL 94.7 1
WENOS3-Z 121.6 1.28
WENO5-IS 133.7 1.41

L'objectif de ce chapitre est de & nir I'e et des schemas nunreriques d'ordreelewe et de ¢ nir
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une strakgie pour les calculs 3D ulerieurs. Deux tests ontek e ectwes: I'e ondrement d'une
bulle de choc dans un champ libre eta proximie d'un mur.

La eponse des sctemas nunreriques au grand saut de pression geree par la recollapse des
fragments de bulles dans le premier cas aet obsenee. En e et, une reconstruction sugerieure
de l'intensit de la pression aet obsenee en utilisant les sclemas WENO5-IS et WENO3-Z par
rapporta la reconstruction MUSCL de second ordre. En outre, I'examen qualitatif du gradient de
densie a mis enevidence une solution plus cetailee. La nethode PPM, bien que conduisanta
la valeur d'intensie de pression la pluselewee, est consiceee comme moins pecise et ces valeurs
sont duesa la nature oscillante.

Les esultats obtenusa partir des calculs de I'e ondrement des bulles pes d'un mur ont monte
une tendance similaire. Les esultats les plus pecis ontet obtenus en utilisant le sclema WENO5-
IS. La solution aet consicerablement anelioee par rapporta la technigue MUSCL de second
ordre.

L'objectif de ce chapitre etait cependant en partie de quanti er les esultats des schemas
nurreriques d'ordre eleve. Les calculs d'une solution de egrence nétant pas ealisables, cette
quanti cation est base uniguement sur deuxeements: I'ampleur des pics de pression et le colt
de calcul. La premere partie est de savoir combien d'intensie de pression suppementaire aete
ecupeee en utilisant des scremas d'ordreelewe. La seconde partie est la quantie de puissance de
calcul suppementaire utiliee pour obtenir ce gain.

Il est ineressant de noter gu'en examinant uniguement les composantes de pression max-
imale de la solution (pression maximale a coe d'une paroi dans le cas d'un e ondrement de
bullea proximie d'une paroi), nous n'observons pas uneenorme dierence. En particulier, une
anelioration de seulement 3% est note en utilisant WENO5-IS pour le premier probeme. D'autre
part, I'e ondrement d'une bullea coe d'un mur illustre des valeurs d'intensie de pression tes
similaires par toutes les nethodes. Par conequent, la plupart des conclusions peuvent étre tiees
d'observations qualitatives.

Bien que ces observations nenent e ectivementa la conclusion de meilleurs esultats obtenus
avec les sctemas WENO5-IS et WENO3-Z, levaluation de la solution nunerique n'est pas compkte
sans la comparaison du cott du CPU. En e et, une augmentation du codt du CPU est pesente
lorsque I'ordre de la methode s'aneliore, en particulier en raison de l'augmentation de la taille du
stencil de calcul. Le co0t aee augmene de 40% en utilisant le sctema WENO5-IS par rapport
a la simulation MUSCL. Ce co0lt est acceptable dans les cas 2D mais devient critique pour les
con gurations 3D. Par conequent, un ceveloppement ulerieur important consistea examiner les
strakgies potentielles pour eduire ce colt de CPU.

Chapitre 6. Maillage non homogene

Le colt de calculelewe des probemes actuellement consicees, dda la combinaison de la recessie
d'un grand nombre de points par dianetre de bulle et de la taille du stencil de calcul, conduit
a envisager des strakgies possibles pour eduire soit le nombre de points, soit le CPU, soit les
deux avec une perte de pecision minimale. La eduction de l'unie centrale peut étre obtenue
en utilisant diverses techniques de paralklisation. Cependant, a n de ealiser des calculs 3D de
haute celie qui recessitent des grilles tes nes, le cot de calcul devient prohibitif méme avec
des solveurs paralkles. Par consquent, la eduction des points de maillage est recessaire.

L'une des solutions possiblesa ce probeme est l'introduction d'un maillage non uniforme. On
peut observer que la bulle n'occupe pas la totalie du domaine de calcul et, selon le probeme
consicee, la zone du maillage uniforme peut étre ce nie autour de I'emplacement de la bulle. En
d'autres termes, le nombre de points par diametre de bulle sera identique a celui du probeme
initialement esolu, tandis qu'en dehors de cette zone, la taille des cellules sera progressivement
augmente jusqua la limite du domaine.

La deuxeme solution, qui est quelque peu leea la premere, consiste en une augmentation
continue de la taille des cellulesa partir d'un point arbitraire donrea l'inerieur du domaine de
calcul, le milieu de la bulle, par exemple.

L'hypotrese tesee ici est de determiner si oui ou non le co0t du CPU peut &tre eduit en
gardant constant le nombre de points par dianmetre de bulle et en eduisant le nombre de pointsa
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I'exerieur de la bulle sans eduction consquente de la pecision.

Lemergence des grilles non-uniformes peut &tre lee principalementa la recessie de esoudre
lesequations aux cerivees partielles sur une geonetrie arbitraire des domaines de calcul. Il s'agit
d'une exigence particulere pour le probeme de la dynamique des uides computationnelle, d'a
proviennent la plupart des ceveloppements de ce domaine de recherche. Gereralement, ces grilles
sont exploees dans les probemes a1 les sysemes de coordonrees curvilignes sont recessaires. Ces
probemes avec introduction de grilles non uniformes ont fait I'objet de nombreuses recherches, en
particulier dans le cadre de l'ordre de pecision formel de la solution dans le cas de grilles non
uniformes. Par exemple, Thompsonet al. (1985) a eali® uneetude analytique approfondie sur
les variations de pecision en utilisant deux stratgies dierentes de grille non-uniforme : fonction
de distribution xe et nombre de points xe. De plus, levaluation des fonctions de distribution
aek e ectee, le esultat pouvant etre etendua d'autres sysemes ai les mailles non-uniformes
pourraient etre utilies. Dix fonctions de distribution ontet consiceees, dont la fonction ex-
ponentielle, le sinus hyperbolique et la tangente, etc. Les conclusions concernant la fonction de
distribution la plus appropree pour des probemes particuliers ontet tiees.

Une strakgie alternative pour la gereration de maillage non-uniforme est l'introduction du
maillage adaptatif ai le groupe de points est geree dans certaines zones critiques de la solution.
Cette nmethode est diviee en deux classes principales. La premere classe de ranement est la
redistribution adaptative du maillage ou ce qu'on appelle le p-re nement Chung (2002). L'icee
du p-re nement est de repositionner continuellement un nombre xe de cellules pour aneliorer
localement la pecision de la solution. Bien que ce type de ra nement soit assez facilea mettre
en uvre, il n'y a aucune possibilie de modi er la topologie dans le cas de discontinuies. Cela
peut conduirea une distorsion de la grille. La deuxeme classe de ra nement adaptatif est le h-
re nement ou commurement appee AMR Berger & Joseph (1984), ai les groupes de points sont
continuellement modies par l'ajout et la suppression de cellules. L'avantage de cette nmethode
est la possibilie de l'utiliser dans de nombreux probemes ai les grands gradients localises sont
pesents, par exemple les probemes avec des discontinuits, des chocs et des changements de phase.
Cependant, cette nethode est consicerablement plus complexe en termes d'impementation et de
paralklisation. Certaines des di cules potentielles dans la programmation ®quentielle de cette
nethode incluent la e nition du criere de ra nement, les contraintes de ra nement et son ordre.

Les grilles structuees non uniformes plus simples peuvent &tre mises en uvre pour les probemes
dont les solutions pesentent une zone de variation localige. Les fonctions approprees pour gererer
de telles grilles ontee analyses en termes d'erreur de troncature par Vinokur (1980). Ces fonc-
tions sont destireesa étre utiliees lorsque la eduction des points avec une pecision consenee de la
solution est requise et appliglee de manérea ce que les points se regroupent autour des egions a
la solution varie le plus. En ealig, ces egions sont souvent inconnues et complexes. De plus, cer-
tains probemes peuvent avoir une solution avec plusieurs egions de ce type qui changent avec les
ierations temporelles. Ainsi, le syseme de gereration de grille parfait est un syseme adaptatif, qui
ecerere la grille aussi souvent que recessaire en fonction de la physique du probeme consicee. Ce
type de grilles aet consicte dans le contexte des nethodes de dierences nies avec des probemes
unidimensionnels, par exemple dans Pierson & Kutler (1980) et Gouglet al. (1975). Cependant,
pour utiliser ces grilles dans un espace multidimensionnel, des developpements suppementaires
sont recessaires en raison de la geonetrie gereralement di cile des egions grougees.

Dans la pratique, certains probemes peuvent &tre evalles a I'avance en termes de egions
al le clustering est recessaire. En particulier, cette estimation peut &tre base sur la topologie
bien pevisible du probeme, des con gurations simples de I'onde de choc, etc. Souvent, de tels
probemes sont bases sur le probeme des valeurs limites elliptiques et letude du clustering pour
ce type de cas aeketudee dans Middleco & Thomas (1979) et Thompson et al. (1977). Le
regroupement aux fronteres peut etreetabli en utilisant des sysemes algebriques avec des fonctions
unidimensionnelles, normalement appekes fonctions detirement. De tels sysemes algebriques sont
discues en cetail dans Thompson (1983) et Thompsonet al. (1985). En supposant une geonetrie
simple, le regroupement peut étre obtenu en utilisant uniqguement des sysemes algebriques avec
une fonction detirement unidimensionnelle.

Plusieurs types de fonctions detirement sont disponibles pour travailler avec des probemes
al la geonretrie de la zonea solution tes variable peut étre pece nie. La fonction détirement
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unidimensionnelle la plus simple n'implique que deux paranetres. Par exemple, une fonction
detirement inerieur recessiterait le point de localisation dans le domaine de calcul, ai la fonction
est initialiee, et la valeur de I'espacement qui est prise comme premere valeur minimale pour la
pente. D'autre part, pour une fonction detirement bilatrale, ces deux paranetres sont les valeurs
de la pente aux deux extemies de la distribution. Une autre fonction detirement peut avoir une
nature asynetrique, al les pentes aux deux extemies sontegales et construite en utilisant deux
fonctions detirement unilaerales. De plus, la fonction detirement inerieur peut étre utilisse pour
construire une fonction unilatrale ai le regroupement est ¢ nia I'une ou l'autre des extemites.

Dierentes distributions sont utiliees pour construire ces fonctions detirement. Létude de
Thompson (1972) a exploe la fonction de distribution sinus hyperbolique inverse pour les calculs
nuneriques dans le cadre d'unecoulement supersonique inviscide sur une aile deltaemousse. Les
points ontek regroupes sur le corps de l'aile en employant la fonction unilaerale. La fonction
logarithmique de classe antisynetriquea deux coes est utilisee dans letude de Roberts (1971) pour
le type de limite du probeme. Cependant, comme indigte dans Vinokur (1983), la cerivation d'une
telle fonction ignorait les erreurs de troncature et, méme si une telle fonction pouvait étre utiliee
dans certains probemes decoulement, il y a une forte motivation pour cevelopper une fonction
detirement bilakrale qui permettrait unetirement arbitrairea I'une ou l'autre des extemies de
la fonction indkependamment l'une de l'autre.

Ce chapitre explore les deux classes de fonctions detirement. La premere est une fonction
detirement unilakrale base sur des distributions de sinus ou de tangente hyperboliques. La
seconde est une fonction detirement inerieur base sur le sinus hyperbolique. La discussion des
raisons de ces deux fonctions est propose et la construction de ces fonctions est discuee. En
outre, la cerivation des sctemas nuneriques d'ordre sugerieur tels que PPM, WENO5 et WENO3
pour le maillage non uniforme est discutee. En n, la validation de ces techniques est e ectwee sur
le probeme de bulle de choc air-telium et I'impementation est ensuite etenduea I'e ondrement
de la bulle avec et sans paroi. Les strakegies de clustering pour chaque probeme consicee sont
proposes.

Les fonctions detirement utilisees pour la gereration de maillage non-uniforme peuvent étre
basees sur une varee de distributions. Uneevaluation des fonctions de distribution aet pesente
par Thompson et al. (1985) sur la base des mesures de l'ordre. Les fonctions de distribution qui
conviennenta un tes petit espacement ontee cetermirees.

Les conclusions suivantes ontet tiees sur la base de l'analyse pesente par les auteurs:

1. Méme si la fonction exponentielle est proche de la fonction tangente hyperbolique en termes
de egularit, la conclusion nale est que la fonction exponentielle n'est pas aussi bonne. Par
conequent, la fonction hyperbolique est petrable.

2. La comparaison entre la tangente hyperbolique et le sinus hyperboliqgue a monte que le sinus
hyperbolique convient mieux aux fronteres ai I'espacement initial est specie. Cependant,
en consicerant les autres crieres, la tangente hyperbolique est globalement meilleure.

3. consicerant I'acequation des fonctionsa l'inerieur eta l'exerieur des couches limites, I'erreur
et la tangente hyperbolique sont les plus approprees. La fonction tangente hyperbolique est
meilleurea l'inerieur et la fonction erreur est meilleurea I'exerieur de la couche limite.

4. les autres fonctions, c'esta-dire le sinus, la tangente, I'arc-tangente, la tangente hyperbolique
inverse et les fonctions sinus, quadratique et logarithme ne sont pas adapeesa la grille
detirement.

Chapitre 7. Calculs en 2D sur un maillage non homogene

Le probeme de letirement des mailles n'est pas arbitraire. Si le choix de la fonction detirement
est uneetape importante, la cecision d'application d'une telle fonction est cruciale. Par exemple,
la fonction detirement bilaeral permet de concentrer davantage de points du maillage sur les
limites du domaine, tandis que la fonction detirementa partir d'un point inerieur localise un plus
grand nombre de points autour de I'emplacement initial de la fonction. Ces deux exemples peuvent
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étre appligiesa des probemes dierents : le premier convient aux probemes de fronteres, par
exemple, tandis que le second fonctionnerait pour les probemes ai la zone d'inerét se trouve a
l'inerieur du domaine de calcul.

Ce deuxeme exemple d'utilisation de la fonction detirement du maillage peutegalement étre
esolu par la fonction detirement unilaeral en c nissant la zone d'inerét comme un bloc de
maillage uniforme. Dans ce cas, deux fonctions unilatrales doivent étre utilies, en supposant
gue le bloc de maillage uniforme est sitte dans une zone interne arbitraire du domaine de calcul.
Autrement dit, une fonction est gereee pour setirera gauche du bloc de maillage uniforme et une
autrea droite. Cette straegie est une alternative a 'utilisation de la fonction partant du point
inerieur et pourrait aneliorer la pecisiona l'inerieur de la zone d'inerét, puisque cette zone est
uniformement mailee. Cette facon d'introduire letirement du maillage pourrait étre ineressante
pour les probemes aui la zone d'inerét est relativement petite par rapporta I'ensemble du domaine
de calcul.

Ces deux points de consiceration lors de la mise en uvre du domaine de calcul avecetirement
du maillage doivent &tre combires et la cecision cepend fortement du probeme. L'une des questions
initiales evidentes est de savoir comment choisir un emplacement appropre du bloc de maillage
uniforme ou du point inerieura partir duquel la fonction détirement sera appliqee. La straegie
as deux fonctions unilaerales sont utilises est relativement simple si la zone d'inerét a un em-
placement constant dans le temps. Cependant, si le probeme consiste en un objet en mouvement,
on est confronea plusieurs choix quanta I'endroit eta la manere de gererer les mailles uniformes
et non uniformes. Consicerons deux cas. Le premier est celui a1 un certain objet est c& ni comme
zone d'inerét, sitte quelque parta l'inerieur du domaine de calcul (et su samment loin des lim-
ites) et au il a soit un emplacement et une taille constants, soit se deplace et change tes peu de
taille. Un tel probeme peut &tre esolu nuneriguement sur un maillageetie et la zone a1 se trouve
I'objet est mailee unifornement, tandis que deux fonctions detirement unilateral sont utilises des
deux coes de la bote de maillage uniforme. Une autre solution consistea appliquer une fonction
detirement bilatralea partir d'un point inerieur, par exemple un point interne de l'objet. Bien
gue l'application d'une telle fonction entrame une perte de pecision de la reconstruction de l'objet
en raison du changement continu dedx, si le facteur detirement est su samment petit, I'erreur
nunerique peut étre acceptable.

Consicerons maintenant le probeme au I'objet se teplace dans le temps et change de taille ou
de forme. Plusieurs questions doivent étre abordees. En supposant que le maillageetie est e ni
uniquementa la premere ieration, comment la zone d'inerét doit-elle &tre traiee? Doit-elle étre
uniquement la position initiale de I'objet? Doit-elle &tre la trajectoire compkte du deplacement
de l'objet ? Cette dernere solution pourrait conduire a une zone uniforme si grande que la
signi cation du maillage etie s'en trouverait diminitee. Cependant, si seule la position initiale
de l'objet est uniformement mailee, certaines informations de reconstruction ne seront-elles pas
perdues au moment nal de la solution? D'autre part, si le maillage est rece ni avec une certaine
fequence au fur eta mesure que I'objet se ceplace dans le temps, cela recessiterait une nethode
suppementaire de e nition de l'interface de I'objet et un colt de calcul suppkementaire da au
nombre pluselewe d'ogerations.

Ce chapitre examine trois probemes d'interaction choc-bulle avec application de letirement
de maille. Le premier cas, la bulle d'telium, sert de probeme de validation pour appliquer et
tester plusieurs fonctions detirement de maille. La fonction unilatrale est utilisee des deux coes
de la bo'te de maillage uniforme dans la directionX et une autre fonction unilaerale est gereee
de gauche a droite dans la directionY. Des tests alternatifs sont e ectles avec une fonction
detirement des points inerieurs dans la direction X. Le deuxeme cas, I'e ondrement d'une bulle
induite par un choc en champ libre, est un exemple parfait lorsque I'objet d'inerét occupe une
grande partie du domaine de calcul, et la fonction détirement inerieur est tesee plus avant en
utilisant ce probeme. En n, les calculs de I'e ondrement d'une bulle induit par un choca proximie
d'un mur sont e ectes. La straegie particulere detirement du maillage pour ce cas est discuee
et les esultats sont pesenes. En n, le plan pour les calculs 3D avecetirement du maillage pour
le probeme peedent est dessire. Sauf indication contraire, le solveur de Riemann HLLC avec
reconstruction WENOS5-IS et la nethode de Hancock sont utilis dans tous les calculs. Ceci est
daa la similarie de I'e et de letirement du maillage coupka dierents schemas nuneriques.
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Les strakgies de localisation des fonctions detirement ontee discuees et celles adapeesa
chaque probeme ontet & nies. L'analyse du colt du CPU aet propose.

Finalement, un maillage non-uniforme appropre aet introduit pour le probeme de I'e ondrement
de bulles induit par un choca proximie d'un mur. Nous avons ¢ ni un endroit approprée du
domaine ai la solution varie le plus et avons utili un espacement uniforme n dans cette egion.
Cet espacement de maillage a ensuiteet utilie comme valeur initiale pour ceer un maillage con-
tinu setendant en dehors de la zone de variation de la solution. Nous avons cetermire le dege
detirement qui est recessaire pour atteindre le coat CPU requis. En outre, les methodes hybrides
ontek mises en uvre et tesees comme moyen de eduire davantage le temps de calcul. Dans
I'ensemble, la eduction du CPU est proportionnellea la eduction du nombre de points dans le
domaine de calcul et nous avons eussia acekrer les calculs de cing fois pour le probeme de
I'e ondrement d'une bulle induit par un choc pes d'un mur.

Cependant, la question du codt de la communication se pose lors de I'extension de ces nethodes
aux calculs en 3D, ai des techniques de paralklisation sont recessaires. Il faut alors trouver un
compromis entre la plus grande pecision de la nethode et un temps de calcul acceptable. Par
exemple, la dierence de CPU entre la nethode de WENO3 et WENO5S est consicerable méme en
2D, alors que la dierence de esultats n'est probablement pasenorme. C'est le cas au moins pour
un nombre donre de points dans le domaine de calcul, ce que nos ressources informatiques nous
permettent de faire. Par congquent, il faut se demander si la nethode d'ordre 3 n'est pas plus
appropree en termes de complexie qu'une nrethode d'ordre 5. Uneevaluation similaire doit étre
faite concernant I'approche hybride dont la complexie estegalement augmente par l'introduction
de deux nethodes ensemble. Ces questions seront partiellement clariees dans le prochain chapitre.

Chapitre 8. Calculs 3D sur maillage non homogene

Figure 9: Con guration au condition initiale, Ps,=1200 bar

Ce chapitre traite de I'extension aux calculs 3D des nethodes nuneriques d'ordre eleve et des
techniques detirement de maillage examirees peedemment. En raison de la complexie de la mise
en uvre des nethodes d'ordreelewe sur un maillage non uniforme, seule la nmethode WENO3-Z
est consiccee pour le moment. Deux cas d'essai sont pesenes.

Le premier probeme est une extension directe de I'e ondrement d'une bulle de choca proximie
d'une paroi, cetaile au chapitre 7. En raison des limites des ressources de calcul, les solutions
sont obtenues en utilisant le maillageetie et compaees aux esultats de Goncalves & Parnaudeau
(2021) et Duboiset al. (2021). La strakgie detirement du maillage doit étre modiee pour inclure
'emplacement de I'onde de choc.

Le second probeme consicere un autre e ondrement de bulle induit par un choc pes d'un mur
avec une valeur plus faible pourPg, pour lequel le calcul haute- Elie aee e ectie Wermelinger
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et al. (2018). Les calculs sont e ectwes sur un maillage uniforme etetie en utilisant les nethodes
MUSCL et WENO. La dependance de la pression maximale pes de la paroi par rapporta la
distance deloignement de la bulle est propose. Toutes les solutions pesenees ici sont obtenues
a partir de calculs dans le solveur paralele SCB sur le supercalculateur Jean Zay JeanZay (2019).

SCB solveur est un solveur multiphase paralele simple et e cace developge pour simuler
divers ecoulements multiphases compressibles, en particulier I'e ondrement de bulles. La par-
alelisation du solveur est base sur une approche hybride utilisant les bibliotreques OpenMP et
MPI. Recemment, la stratgie de paralklisation combinant MPI et OpenACC aet mise en uvre
en raison du ceveloppement important des superordinateurs bases sur les CPU et les GPU (voir
Dubois et al. (2021)).

La parall elisation de la m emoire distribu ee est base sur la bibliottreque MPI. Le stencil
de calcul de SCB est bag sur cing points par direction, ce qui implique que chaque inconnue
est calcuke en utilisant 13 voisins. Le solveur de Riemann de HLLC est paralklise en utilisant la
distribution de tableaux globaux entre les processus. Un partitionnement par blocs 3D de la matrice
est utili an d'e ectuer une cecomposition. Cette technique est base sur l'introduction de
cellules "fantdbmes" dans chaque sous-domaine et sur la communication de donrees entre les cellules
voisines d'un sous-domaine. Une topologie de processeur caresien est utilisee pour organiser les
sous-domaines et les calculs sont coupks en utilisant deux couches de cellules auxiliaires ck nies
aux limites de chaque sous-domaine. Les performances sont meilleures si les sous-domaines ont
une tailleegale et une topologie caree.

Mod ele de parall elisation de l'acc elerateur est bas sur la bibliotreque OpenMP. Trois
principes principaux ontee utilies pour distribuer les boucles entre les threads (c'esta-dire une
programmationa grain n). Le premier principe est une estimation de la taille du probeme qui
permet deviter le partage de donrees non pertinentes si la taille du probeme devient trop petite.
Le second principe est le choix d'un ordonnancement appropre. La meilleure charge autour des
threads peut &tre obtenue en basculant entre quatre types dierents d'ordonnancement de boucle
OpenMP. |l s'agit de static, dynamic, guided et runtime. Le premier est destirea basculer entre
les trois types pe@dents lorsqu'une execution qui utilise un environnement syseme variable est
execute. Le dernier principe concerne la fusion des boucles interne§ OLLAPSE, qui conduita un
elargissement de I'espace d'ieration et, par conequent,a une meilleure distribution des ierations.
Un exemple simplie avec une impkmentation OpenMP dans SCB est donre en annexe B.

Le maillage non uniforme  est geree par un programme ceveloppge £paement, qui prend
comme entees |I'emplacement initial et la taille des pas spatiauxdx, dy et dz. Comme letirement
du maillage cepend du probeme, chaque straegie doit étre mise en uvre en fonction du cas
d'essai consicee. Tous les probemes et straegies detirement de maillage discues dans cette
trese sont inclus dans ce logiciel. Le maillage non-uniforme est geree etecrit dans le chier de
donrees, qui est ensuite utilie par SCB. La distribution des valeurs des coordonrees de la grille
est recessaire pour les calculs paraleles.

L'introduction des sch emas d'ordre eleve dans SCB recessite une communication de
Voisins suppementaires par inconnue. C'est particulerement le cas pour les scremas d'ordre 5 au le
colteleve de communication est discutable en termes de proportionnalie avec l'arrelioration de la
solution. A ce stade, la methode WENO3-Z avec maillage uniforme et non uniforme aet introduite
dans le cadre d'OpenMP et de MPI. L'impementation de la nmethode sur le maillage uniforme ne
recessite pas un agrandissement du stencil existant. Cependant, une nouvelle communication
est recessaire pour le maillage non-uniforme, ai nous devons partager les valeurs des coe cients
du maillage non-uniforme requis pour le schema. Si cela n‘augmente pas le nombre de voisins
pour la methode MUSCL, c'est certainement le cas pour la nethode WENO3 reformuke pour la
grille non uniforme, ai deux n uds suppkmentaires doivent etre e nisa la premere ieration
temporelle pour calculer les coe cients. Cela peut augmenter le coat de communication. Pour
eviter cela, nous notons que, gracea la fonction detirement du maillage lisse utilisee dans cette
etude, la variation des valeurs des coe cients recessaires pour le maillage non uniforme est tes
faible. Ainsi, les derniers coe cients calcues pour WENO3 aux limites du domaine sontegauxa
son voisin. Un exemple de cette mise en uvre dans la directionx est pesent dans I'annexe C.
Une methode similaire est utilisese pour toutes les directions.

Nous consicerons un e ondrement de bulle spherique avec une distance deloignement du mur
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L=Rp=2. Le cas d'essai est similairea I'e ondrement de bulles pes d'un mur pesent dans le
chapitre peedent avec une extensiona la 3D. En exploitant la synetrie du probeme, seul un
quart de la bulle est calcuk. La con guration au temps initial est pesente sur la Figure Finit.

(@) t=0.25 s, 1050 1780 1780 (b)t=0.25 s, 1050 850 850

Figure 10: Visualisation de I'e ondrement de bulles en 3D a dierents moments pour une distance de
gparation L=R, = 2. Composante de vitesse longitudinale sans dimension=ug,, pression de paroi sans
dimension P=Ps;,, repesentation de type Schlieren et isosurface du . WENO3-Z. Comparaison du facteur
de maillage non homogenePg, = 1200 bar

(a) Pmax (b) P wallmax

Une illustration de levolution de I'e ondrement des bulles est propose sur la gure 8.10. Nous
pesentons la vitesse longitudinale normaliee deug, = 75:07 m/s sur le plan de synetrie vertical,
la pression normalige dePg, = 1:2 10% Pa sur la paroi, le gradient de densie sur le plan de
synetrie horizontal et le taux de videa l'inerieur du volume. L'onde de choc incidente atteint
la paroi et une onde eechie est gereee. Au temps t = 0:15 s, lI'onde de e exion est localiee
pes de la bulle. On note la deformation de la bulle par rapporta sa forme splerique initiale a
t =0;12 s. Cela se produit en raison de la dierence de pression entre les deux coes. Le jet d'eau
eretrant dans la bulle lui donne une forme torodalea t = 0;18 s et I'onde de choc eechie a
atteint l'interface de la bulle. L'onde de choc splerique intense est gereee au momentt =0;20 s
lorsque le jet d'eau frappe le coe oppos de linterface de la bulle. Les valeurs de vitesseelewees
sont gereees et atteignent 1500 m/s. L'apparition d'un fort pic de pression cause par I'onde de
sou e atteignant la paroi est obseneea t = 0;23 s. L'onde eechie se propage en direction de
la bulle torodale. Enn, I'impact de cette onde sur la bulle entrame sa recollapseat = 0;25 s.
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Par congquent, un autre pic de pression est geree, comme on peut I'observer sur la gure 8.12.
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@t=012 s (b)t=0.15 s
(c)t=0.18 s d)t=020 s
(e)t=0.23 s flt=0.25 s

Figure 12: Visualisation de I'e ondrement de bulles en 3D a dierents moments pour une distance de
gparation L=R, = 2. Composante de vitesse longitudinale sans dimension=ug,, pression de paroi sans
dimension P=Py;,, repesentation de type Schlieren et isosurface du . WENOS3-Z, maillage non homogene:

1050 1780 1780. Pspn = 1200 bar
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Letape suivante aet e nie pour appliquer un facteur detirement plus fort. La gure 8.8
pesente une comparaison cotea cote de la visualisation 3D au moment du etecissement de la
bulle sous l'incidence de I'onde de e exion. On note une reconstruction en forme de care du pro |
de pressiona lecart de la bulle. Elle est certainement duea letirement du maillage puisque les
calculs sur un maillage uniforme et sur un maillageetie avec un facteur plus faible ne la pesentent
pas. Bien que I'e et d'unetirement aussi fort aitegalementet obsene dans les calculs en 2D,

il n'a pas aece la egion de pression autour de la bulle. De méme, en 3D, le pro| de pression
a proximie de la bulle a une forme correcte et commencea étre plus care en skloignant de la
bulle lorsque I'espacement de la grille continue d'augmenter. Cela peut &tre corrige en utilisant
un facteur detirement plus faible ou une plus grande surface de maille uniforme. La manere de
ceterminer ce facteur cependrait du co0t nal du processeur que l'on peut acqterir et de la taille
initiale de dy et dz.

La comparaison de la pression maximalea l'inerieur du uide eta coe d'une paroi est proposee
en utilisant une con guration similaire de maillageetie sur la gure 8.8. Les pics de pression les
pluselewes et les plus critiques n'ont pasek a eces par un dege detirement plus fort.

Le coat du CPU pour le pesent probkme (Tableau 8.1) est de 6 heures pour le maillage
etie de 1050 850 850 et de 34 heures pour le maillage etie de 10501780 1780 en utilisant
4 000 processeurs. En comparaison, le temps de calcul d'un probeme similaire en 3D avec un
espacement uniforme plus grossier de 750250 1250 et une valeurdt deux fois pluselewee, est
seulement 0,7 h de moins. Nous pensons quétant donre le coOt de calcul et la pecision de la
solution dans la zone critique des ptenonenes physiques, unetirement plus fort du maillage (c'est-
a-dire un maillageetie de 1050 850 850) peut étre utili® pour ecuperer les caraceristiques ces
du processus d'e ondrement des bulles.

Dans ce chapitre, nous avons e ecte des calculs 3D bass sur les nmethodes nuneriques d'ordre
elewe valicees et les techniques de maillageetie. La complexie des nethodes nuneriques d'ordre
elewve dans l'impementation paralele a limie notre consicerationa la methode WENO3-Z d'ordre
3 pour le moment. L'impkementation de la nethode est faite dans le cadre paralele d'OpenMP et
MPI. Le maillage non-uniforme aek introduit dans le solveur au moyen d'un logiciel detirement
de maillage cee £paement. La strakegie de paralklisation des coe cients de maillage requis pour
le schema reformue WENO aet propose. Deux probkmes d'e ondrement de bulles induit par
un choc pes d'un mur avec dierentes conditions post-choc onteketudes.

Le premier probeme est une extension de I'e ondrement de bulles sous I'e et d'un choc en 2Da
proximie d'un mur. Les tests peliminaires e ectwes ont permis detablir la con guration principale
de la strakgie detirement du maillage adapee a ce probeme. Peciement, un emplacement
appropre de la zone de maillage uniforme est propog et dierents deges detirement sont compris
ainsi que leur e et sur la pecision de la solution. Il aet obsene que le rapport entre dymax
et dymin et dzmax €t dzmin a un e et sur la solution aux points eloigres de la zone de maillage
uniforme. Cependant, cela n'a pas entraYe la deerioration de la solution aux points critiques.
Les principaux prenonenes physiques sont reconstitles avec pecision par rapporta des etudes
similaires. Les solutions 2D et 3D ontee compaees et I'e ondrement plus rapide et plus intense
des bulles spreriques est con rne dans notre etude. Nous pensons que la stratgie de la maille
etiee est gereralement une icke eussie, méme si la divergence dans la formation du prol de
pression loin de la zone de maille uniforme est detecee. Cela peut étre corrige en utilisant un
facteur plus faible pour letirement.

Le deuxeme probeme pesente une valeur inkrieure pour la condition de choc. La straegie
detirement du maillage base sur une taille de domaine dierente est introduite. Les esultats
sont valices en utilisant un maillage uniforme avec les methodes MUSCL et weno3-Z. Nous avons
constae que les solutions sont relativement similaires. La methode WENO3-Z est ensuite utiliee
dans le cadre de letirement du maillage. L'e et du maillage non-uniforme est faible. De méme,
les principaux ptenorenes physiques sont reconstruits avec pecision par rapport aux calculs de
ekrence e ectes dans Goncalves & Parnaudeau (2021). Nous proposons une comparaison de la
pression maximale de la paroi en fonction de la distance de la bulle par rapporta la paroi. On
note l'augmentation rapide de l'intensie du pic maximal lorsque la distancea la paroi se eduit.
En e et, un sctema similaire aet obsene dans les cas a1 la valeur de Pg, est pluselewee (voir
Johnsen & Colonius (2009) et Goncalves & Parnaudeau (2021), par exemple).
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Ces calculs ont illuste une vitesse de calcul d'un facteur cing. Par congequent, nous pensons
que la straegie non-uniforme pesente est un sujet prometteur pour des ceveloppements futurs.

Chapitre 9. Conclusion gererale et perspectives

L'e ondrement des bulles induit par un choc est un probeme important, qui fait partie du processus
derosion par cavitation. Les applications industrielles recessitent des etudes approfondies de ce
pkenonene en raison de I'endommagement des parois dia I'e ondrement des bullesa proximie
des parois solides, ce qui peut provoquer une erosion. La dynamique physique impligiee dans
ce processus est caraceriee par des vitesseselewes et de tes petitesechelles spatio-temporelles.
Ainsi, la reconstruction nunerique de tels prenonenes recessite un maillage tes n, qui est de
l'ordre de 1C° pour les calculs en 2D et de 1D en 3D ou plus. La taille du probeme peut etre
eduite en utilisant les methodes nuneriques d'ordreelewe approprees, ce qui peut entramer une
convergence plus rapide et, par congequent, une eduction du nombre de points recessaires pour
obtenir une reconstruction pecise. Ceci aet c ni comme l'une des principales peoccupations
de cette trese.

Mod ele math ematique et discr etisation de base utiliees dans cetteetude ontet discues
dans le chapitre 2. Un mocklea quatreequations base sur lI'approche du nelange d'un seul uide
est utiliee. La discetisation de base est e ectiee en utilisant les formulations HLLC ou KNP pour
le ux et la methode MUSCL-Hancock pour la esolution spatio-temporelle du second ordre. Le
sctema pedicteur-correcteur de Hancock s'est avee robuste dans notreetude et nous pensons que
ce sctema est une bonne alternative aux autres methodes nuneriques temporelles, ai le temps
de calcul augmente en méme temps que la pecision de la nethode. Ceci est particulerement
important pour les calculs en 3D.

Les methodes num eriques d'ordre elev e qui peuvent étre utiliees an d'aneliorer la
esolution spatiale dans l'algorithme MUSCL-Hancock ontee discutees au chapitre 3. Nous nous
sommes particulerement ineressesa la classe de sctemas WENO en raison de sa grande disponi-
bilie et des etudes approfondies dont elle fait I'objet dans la literature. Plusieurs variations
ecentes ontee propoges dans ce chapitre. D'autres sclemas moins populaires,a savoir PPM et
MP5, ontet pesenes. En particulier, la nethode PPM aet examiree du point de vue de sa
formulation arelioee pour I'EOS du gaz raidi.

La m ethodologie de validation  aet k& nie au chapitre 4. Nous notons que les probemes
qui nous ineressent n'ont pas de solutions analytiques et pesentent des discontinuies. Ainsi, une
validation nurrerique classique du solveur n'est pas possible. Le processus de validation qui aee
pesent dans le chapitre est bag sur le calcul d'une solution de ektrence approximative qui est
ensuite utilie pour calculer I'ordre de pecision relatif. Cette nethodologie est ensuite appliqlee
a trois probemes 1D, teses par ordre herarchiqgue en termes de rigidie et de complexie. Le
probeme 2D de la bulle de choc air-telium a conclu la validation.

Calculs de I'e ondrement d'une bulle induite par un choc en 2D sont pesenes au
chapitre 5. Nous avons consicce deux probemes : le premier est une bulle d'eau-gaz immerge
en champ libre et le second, une bulle d'eau-gaz sittee a proximie d'une paroi. Ces calculs
avaient pour but de determiner I'e et des sckemas nuneriques d'ordreelewe sur la pecision de la
reconstruction des ptenonenes physiques.

Les techniques de maillage non uniforme ontee aborcees dans le chapitre 6 a1 nous
avons pesent le cadre de maillageetie. La cerivation des fonctions detirement de maillage jugees
ineressantes pour notre etude a et propose. Le besoin de versions reformukes de certaines
nethodes nuneriques d'ordre eleve a et souligre et ces cerivations sont ceveloppees pour les
nethodes WENO.

Les resultats des calculs 2D sur maillage non-uniforme ontet proposes au chapitre 7,
al trois probkmes ontet consiceies. Nous avons discue et valice les strakgies detirement de
maillage en utilisant la bulle de choc air-relium, qui est un probeme appropre pour tester diverses
techniques detirement de maillage en raison de la topologie du probeme. Ce faisant, nous avons
b ni les fonctions detirement pour la greration de maillage non uniforme pour les probemes
d'e ondrement de bulles induit par un choc. Dans les sections suivantes du chapitre, nous avons
ckveloppe les nethodes detirement de maillage speci quesa ces probemes et monte les esultats.
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De plus, nous avons propog une approche de nethodes hybrides a deux sctemas nuneriques
peuvent étre utilies sur le maillage non-uniforme. Ces techniques sont ceveloppees dans le but de
eduire les coots de calcul.

Les resultats des calculs 3D sur maillage non uniforme ontee pesenes au chapitre
8. Le probeme de I'e ondrement d'une bulle induit par un choca proximie d'une paroi aet
etendua la 3D et calcué sur un maillage non uniforme avec la nethode WENO3-Z. La strakgie
detirement du maillage est gereralement resee inchangee par rapporta la reconstruction des
bulles. Les principaux prenonenes physiques du probeme ontet cecrits et une comparaison
avec les esultats 2D correspondants aee montee. En n, un probeme similaire avec une valeur
inerieure pour la condition post-choc aet calcue sur un maillage uniforme et non-uniforme en
utilisant les methodes MUSCL et WENQO3-Z. L'e et du sckema nunerique d'ordre eleve dans le
calcul 3D aet \erie sur un maillage uniforme. Le faible impact du maillage non-uniforme sur la
pecision de la solution aegalementee illuste. Nous avons monte la cependance de l'intensie
de la pression par rapporta la position de la bulle par rapporta la paroi.

Ces ceveloppements nous ont permis de dresser un tableau plus large de I'approche nunerique
cererale de la esolution d'un probeme d'e ondrement de bulles induit par un choc. En partant
d'une discetisation de base du moctle mattematique, nous avons constae que le solveur de
Riemann HLLC est plus performant lorsque la complexie du probeme augmente et que des chocs
et des discontinuies plus importants sont impligues. Une conclusion similaire aet faite en ce
gui concerne certains des sctemas nuneriques d'ordre eleve. En cereral, la classe des sclemas
WENO, et en patrticulier ses formulations les plus ecentes, se sont avees les plus pecises et les
plus robustes lors de nos tests. La methode PPM, qui comprend plusieurs algorithmes pour traiter
les zones de discontinuie de la solution, s'est avee fonctionner relativement bien. Cependant,
dans le probeme de I'e ondrement d'une bulle de choc dans un champ libre, elle a conduita des
variations de la solution qui nktaient pas pesentes en utilisant d'autres schemas. La nmethode
MP5, la moins populaire parmi les nethodes envisagees, s'est eweke oscillante ces les probemes
de validation et a doncetecarte de la suite de I'analyse.

Une perspective de choix d'un sctema nunerique d'ordre eleve appropre dans le cadre de
calculs tes intensifs a et envisagge. Compte tenu du codt de calcul du plus grand stencil,
cereralement implige dans les sctemas nuneriques d'ordre elewe, il faut cecider de la relation
entre la quanti cation de la reconstruction anelioee et 'augmentation du CPU. C'est ce qui nous
a peoccupe dans le cas des sclemas d'ordre 3 et 5. Alors qu'une anelioration aet clairement
obsenee entre la solution calcuee avec MUSCL et WENO3, la méme chose n'est pas exactement
evidente entre cette dernere et WENOS. Les esultats que nous avons analyses dans cette trese
n'‘ont pas camonte une anelioration signi cative entre les deux et, par congquent, la methode
WENO3 aetetendue aux calculs 3D.

Cependant, méme un stencil de calcul plus court recessite une puissance de calcul importante,
gue I'on pensait pouvoir eduire en utilisant le solveur SCB enterement paraleli® et en intro-
duisant des techniques detirement de maillage. Nous avons constate que I'approche détirement
du maillage la plus appropree est celle bage sur l'introduction d'une zone de maillage uniforme
dans le domaine a se trouve la zone de forte variation de la solution. Dans notre cas, il s'agit de
la zone de la bulle et de son interaction avec I'onde de choc et la paroi. La fonction detirement
base sur la tangente hyperbolique est cetermiree commeetant la plus appropree dans nos calculs.
Cependant, le choix entre la tangente hyperbolique et le sinus peut &tre plus probematique.

Les methodes detirement du maillage nous ont permis de eduire de cing fois le coOt des
calculs en 2D pour le probeme de I'e ondrement des bulles induit par un choc. Par congquent,
son extension aet appliguee avec suces aux calculs en 3D. De plus, le screma WENOS3-Z a conduit
a la reconstruction pecise des ptenonenes physiques dans des probemes 3D avec des conditions
post-chocs superieures et inerieures ai un gain de CPU similaire aet obsene. Nous pensons que
cette nethode est un choix appropre pour obtenir une reconstruction de haute pecision pour les
calculs di ciles de I'e ondrement des bulles induit par un choc.

La pesente tlese a ceveloppe les methodes qui ont permis d'atteindre une meilleure pecision
de la solution sans rencontrer un codt de calculeleve. Cependant, ces travaux pourraient étre
poursuivis et anelioes dans une ou plusieurs directions.

Le premier domaine immediat d'investigation est le mocele mattematique sous-jacent qui pour-
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rait €tre modie a n d'examiner son e et sur la solution. Par exemple, Goncalves & Parnaudeau
(2020) a eali® une etude approfondie de plusieurs moctles en 2D et cette etude pourrait étre
etenduea 3D avec une eduction des colts de calcul au moyen d'un maillage non uniforme. En
outre, les e ets visqueux peuvent étreetudes dans le méme cadre.

Sans aucun doute, le domaine des sctemas hautement nuneriques peut &tre etendu presque
a l'in ni. Les variations d'autres formulations des nethodes WENO et de ses cerives continu-
ent d'apparatre. Ainsi, cette partie peut étre etendue a d'autres ceveloppements en utilisant
speci quement la classe WENO. La publication la plus ecentea cetegard est, par exemple, Luo
& Wu (2021). En outre, les nethodes sugerieures de WENO peuvent étre examirees, mais avec
pecaution.

Une autre grande partie de I'anelioration du pesent travail concerne l'introduction de maillages
non-uniformes. Cette these n'a pesent que des techniques detirement de maillage arbitraire lees
au probeme, qui sont initialies une fois lors de la premere ieration. Le processus de recherche
d'une strakgie appropree aet bag sur des tests. Ceci pourrait étre tourre dans une direction
dierente et aborder un probeme de nethodes de maillage adaptatif. Par exemple, letirement du
maillage pourrait &tre rece nia certains moments ai la bulle modi e le plus sa topologie et son
emplacement ou lorsque la plus forte variation de solution est cetecee. Cependant, letirement
adaptatif du maillage peut étre une tache dicile et tes coldteuse en termes de calcul. En tant
que tel, le coat de sa mise en uvre dans des cadres fquentiels et paralkles, les reformulations
des sclemas nuneriques et les cerivations analytiques suppkmentaires doivent &tre soigneusement
examires.

En n, et ce n'est pas le moins important, uneetude du couplage solide- uide dans le contexte
de 'endommagement de la paroi cause par I'e ondrement des bulles peut étre ealise. L'analyse
de la charge de pression de la paroi bage sur la distance de sparation entre la bulle et la paroi
est un bon point de cepart pour ce type detude. Par exemple, elle a cepee examiree dans
Johnsen & Colonius (2009) et Goncalves & Parnaudeau (2021) dans des calculs 2D et 3D. Ces
etudes peuvent &tre poursuivies en testant dierentes con gurations de I'e ondrement de la bulle
pour con rmer les lois de charge de pression suggees par les auteurs. La partie de cette analyse
pour dierentes con gurations de test est pesente dans cette these.

D'une manere ererale, le domaine de recherche concernant I'e ondrement des bulles induit
par un choc est vaste et de nombreuses aneliorations nuneriques peuvent étre et seront apporees
a l'avenir car nous observons une croissance technologique constante. Cela permettra de esoudre
des probemes encore plus lourds en termes de calcul sur des mailles extremement nes. Nous
esferons gue cetteetude constitue un pas en avant dans ces persuasions.
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Chapter 1

Introduction and Background

1.1 The context of a shock-induced bubble collapse

Cavitation erosion is an important problem which has to be tackled in many domains, such as
hydraulic and marine applications. This process occurs as a result of bubble collapse near the
solid walls causing the material damage. The physical process of such phenomena has been studied
in many experimental and numerical investigations. For instance Haas & Sturtevant (1987) has
performed an experimental study where the gas bubble has been a ected by the plane weak shock
wave. Authors presented the geometry of the bubble deformation which made it possible the
validation of many numerical studies using this con guration. On the other hand, Johnsen &
Colonius (2009) performed a numerical simulations of a gas-bubble collapse immersed in a free
eld and in a proximity to a wall, comparing the obtained results to available experimental data.
This study has been a rst one where the validation of the numerical solution has been done
guantitatively against those obtained by experiments. The response of the solid material caused
by such a bubble collapse has been numerically investigated in Gong & Klaseboer (2016), where
authors performed a coupling of the methods to study the bubble evolution with methods to analyse
guantitatively the e ect of the impulsive pressure, caused by bubble collapse, to the solid material.
From numerical computations point of view, the cavitation phenomena requires a compressible
two-phase ow modelling. The contribution to this need is done in Goncalves & Zeidan (2018)
where a compressible multiphase solver has been implemented to study liquid-gas type of ows
with presence of shock and expansion waves which cause the cavitation process. However, this
type of computations is still a challenge for the applied mathematics and numerical methods, even
though the industrial demand of such a modelling is high. This complexity is due to high variations

of thermodynamic properties, strong pressure waves and their interaction with interfaces and the
involved fast dynamics.

1.2 Basic numerical methods

There are several widely used strategies for such two-phase problems. One of the often used is
a method based on an average approach. This method led to the development of the variety of
di erent perspectives based on the physical assumptions for the slip condition between phases and
mechanical and thermodynamic equilibrium. The most complete modelling approach is known
to be the two- uid model Baer & Nunziato (1986), which has a high computational complexity
since it consists of seven equations. An alternative method, which is more suitable for practical
applications, is a reduced ve-equation model with the underlying assumption of pressure and
velocity equilibrium between phases Kapilaet al. (2001); Saurelet al. (2008). Furthermore, this
model can be reduced by using the assumption of thermal equilibrium. Such a model consists of

1
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three equations for conservation laws and a fourth one for the void ratio Goncalves & Parnaudeau
(2020).

One of the important and di cult domains of studying the two-phase compressible ows is the
suitable numerical methods. One challenge comes from the characteristic waves structure of the
hyperbolic system describing this physical phenomena, which yields to the unstable simulations.
Moreover, the problem of discontinuities of thermodynamic variables and equations of state oc-
curring due to the material interfaces causes di culties in the derivation of Riemann solvers. The
speed of sound component is also a challenge. Due to the large di erences between its values in
mixture and liquid phases, some large variations are present and cause the non smooth behaviour
and inaccuracies in the solution. Thus, nonphysical oscillations can appear in the solution of the
whole wave structure Abgrall (1996). The numerical dissipation of the numerical schemes which
is required to follow the thermodynamic law is also a result of these inaccuracies of the modelling.
Generally, the full process of establishing the numerical model can be divided into three parts. The
rst one, is a basic discretization, where the global framework of spatial and temporal discretiza-
tion is de ned. The second part is an improvement of these global methods in order to achieve
higher accuracy of reconstruction in smooth parts of the solution. The nal part is related to
the observation of computational cost which generally becomes quickly prohibitive as the order of
accuracy and required ne grid of the problem increases. Hence, additional methods of decreasing
the time of computations are required.

In terms of basic numerical discretization, three underlying methods are mainly used: those
based on Lagrangian, arbitrary Lagrangian-Eulerian (ALE) and Eulerian meshes. The rst two
methods are using the tracking of material interface by using the moving mesh. The disadvantage
of such an approach lies in the high computational complexity and di cult implementation due
to the requirement of frequent reinitialisation of the mesh to accommodate its deformation as the
ow moves. The Eulerian method, on the other hand, uses the Lagrangian markers to track the
material interface and captures this interface by using an additional scalar along with required
advection term. The introduction of the scalar itself is further divided into two subcategories of
methods: sharp-interface and di use-interface methods.

Additional part of basic discretization is a choice of the solver to use for the nite volume meth-
ods. One of the usual formulation is Harten-Lax-van Leer-Contact (HLLC) initially introduced
in Toro et al. (1994). It has been used in numerous studies where the high-order reconstruction
is successfully achieved, e.g. Johnsen & Colonius (2006, 2009); Waeg al. (2018) among many
others. Another popular choice is upwind schemes, where the Riemann solver and characteris-
tic decomposition are the underlying techniques. The inspiration for these methods is Godunov
schemes and yet again, they are not easy to implement in the framework of multiphase ows. Yet,
another type of the methods is central schemes which are advantageous due to its independence of
the eigenstructure of the considered problem. Some examples of such schemes are Lax{Friedrichs
scheme Lax (2005) and the Nessyahu{Tadmor scheme Nessyahu & Tadmor (1990). The combi-
nation of both, the upwind and central schemes is a method discussed in Spina & Vitturi (2012),
which is addressed as KNP formulation. This method takes an advantage point from both sides,
the independence of characteristic decomposition and retained upwind nature due to the one-sided
type computation of eigenvalues required in formulation.

1.3 High-order numerical methods

The complexity of physical phenomena of cavitation requires an improvement of the order of ac-
curacy of nite-volume solvers, i.e. high-order reconstruction methods have to be used. While
numerous amount of such schemes exist, the choice is not straightforward. The methods used
to improve the accuracy of solution must satisfy several requirements: stability in non-smooth
regions of solution, sharp reconstruction of discontinuity regions and non-oscillatory behaviour.
According to Johnsen & Colonius (2006), the numerical instabilities due to the material interface,
for instance, can be improved by using the primitive variables reconstruction in contrast to conser-
vative variables which are normally default reconstruction values in nite volume methods. The
authors successfully applied Weighted Essentially Non-Oscillatory (WENO) for gas-gas two-phase
problems. However, this strategy is not as suitable when a large density ratio between phases is
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present leading to high gradients in the ow. Indeed, it has been shown that high-order schemes
can lead to spurious oscillations when applied to sti compressible two-phase ows. Two methods
have been suggested to tackle this issue in Coralic & Colonius (2014). One of them, the hybrid
construction of the scheme, where the fth order WENO is locally reduced to the second order
reconstruction near the interface. Another method is a smoothing the material interface as a part
of initial condition. However, there are disadvantages in both strategies. The rst method is
problem-dependent, since the interface condition is di erent based on the physical phenomena in-
volved. On the other hand, the second method has a problem of thickening the interface arti cially,
which can cause further numerical instabilities. In order to avoid these problems, an alternative
method have been suggested by Wang et al. Wangt al. (2018), where an incremental 2- and 3-
point stencil is used to obtain a fth order WENO scheme. This choice between the smaller and
larger stencil is conditioned based on the discontinuity criteria.

The above mentioned WENO class of the methods is one of the mostly used in modern research
in the context of variety of the compressible two-phase ow. Initially introduced by Liu et al.
(1994), where the essentially non-oscillatory scheme for shock capturing has been proposed based
on the convex combination of interpolating polynomial candidates, this method has been a topic
of many studies. The preliminary numerical results demonstrated promising tendency on variety
problems, including the problem of shock-tube. The earliest biggest improvement of this method
has been suggested in Jiang & Shu (199). The new method of measuring the solution smoothness
has been derived, which led to one additional order of accuracy and resulted in fth-order scheme.
The main characteristic of this new scheme is its e ciency, since an improved order of scheme
is derived as such that it is twice faster than its earlier counterpart. This version of WENO has
been tested in many numerical frameworks, including a shock entropy wave interaction problem
in 2D. The authors demonstrated that the new smoothness measure is a capable tool of solving
the complex shocks. Many more improvements of WENO of fth and third order followed. Along
with already mentioned improvement in Wang et al. (2018), there have been Henriclet al. (2005)
with observation that the convergence of the scheme is not satisfactory near the critical points and
suggestion to improve this drawback with a special mapping technique to keep the nonlinear weights
in agreement with linear ones everywhere where the discontinuity is detected. An inspiration from
this idea has been taken by Borge®t al. (2008) and yet another version of the scheme has been
introduced with superior smoothness indicator measure which led to the superior results with
similar computational cost. Moreover, the arbitrary formulation suitable for all odd orders of
accuracy has been derived in Castret al. (2011). An improved design and redesign of smoothness
indicator function of WENO has been mainly focused around the method accuracy at critical points
and is based on the assignment of larger weights to the less smooth stencils with preservation of
essentially non-oscillatory property (ENO). This type of methods has been proven to be e cient
in solving problems with strong shocks and discontinuities.

While the WENO methods are extremely popular, some other methods occasionally get an at-
tention in the literature. Somewhat related method is proposed in Suresh & Huynh (1997) which
developed a monotonicity preserving scheme, where the high-order polynomial reconstruction is
limited based on the discontinuity detection. Authors provided the validation based on the linear
advection equation that the method is monotonicity-preserving and maintains the high order uni-
formly. A much less available in the context of compressible two-phase ows and di erent class
of high-order numerical reconstruction is a Piecewise Parabolic Method (PPM). This scheme has
been initially discussed in Colella & Woodward (1984) and designed for single-phase ideal gas
problems. This scheme has been extended and successfully applied in Zheng & Lee (2013) in the
framework of inviscid system of equations with a suitable contact discontinuity detection for sti -
ened EOS and a simplied attening algorithm. The modi ed version has provided the method
with capability of solving problems with strong discontinuities and better resolved sharp gradi-
ents. The PPM strategy has been also rede ned in the context of extremum-preserving limiters in
Colella & Sekora (2008), where authors suggested a modi cation leading to the smooth extrema
accuracy preservation. This modi ed method has been designed yet again for the gas-dynamics
type of problems.
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1.4 Stretched mesh and numerical methods

Although high-order numerical methods improve the solution of complex physical phenomena,
there is still a need of highly ne meshes. Thus, along with larger computational stencil normally
required for achieving higher order of accuracy, the computational complexity is also increasing
due to the number of points in computational domain. While the problems with smooth solutions
can be optimised by using high-order numerical schemes with less number of points, the cases
involving strong shocks and discontinuities do not necessarily follow this rule. The need for the
strategies where the computational cost can be decreased while preserving the accuracy of the
solution arises. One of them is an introduction of non-uniform meshes.

Several mesh reduction methods exist. The adaptive mesh re nement (AMR), one of the most
often used in recent literature, is a method where the solution accuracy is adapted based on the
location of certain critical solution components. The main underlying idea of this method is to
apply higher numerical precision by means of ner mesh in the zones of computational domain
where the high gradients are detected and reduction of this precision otherwise. The original
AMR algorithm had been presented in Berger & Joseph (1984) and Berger & Colella (1989) where
authors presented a dynamic gridding or local adaptive mesh re nement. An alternative non-
uniform mesh method is a mesh stretching. The mesh stretching can be achieved by introduction
of any function to distribute the points non-uniformly. The easiest function can be based on the
geometrical progression and more complex one is on smoother functions, such as sine, tan etc.
The analytical studies of these functions suitable for the grid generation have been studied in
Thompson et al. (1985); Vinokur (1983); Pierson & Kutler (1980); Gough et al. (1975).

While both mesh reduction techniques have been successfully used to introduce non-uniform
mesh, some di culties may arise. Namely, the suitability of the numerical schemes for such meshes
can be questioned, since majority of the schemes are derived for the uniform meshes. The modi ed
derivation of the high-order reconstruction is required should it be used with not equal grid spacing.
Interestingly, the PPM method has been presented in Colella & Woodward (1984) with the account
for the non-uniform grid, which signi cantly facilitates its use on the non-homogeneous mesh. On
the other hand, WENO methods have been addressed in the framework of non-uniform grid in
Wang et al. (2008).

1.5 Objectives and outline of the thesis

In regard to the above overview, the present thesis focus is on high-order numerical methods
suitable to solve with high accuracy the problem of a water-air shock-induced bubble collapse
next to a wall. The method of modelling such a problem is based on the four-equation model
presented in Goncalves & Charriere (2014). A gas bubble immersed in water and collapsing under
the incidence of shock wave either in a free eld Nourgalievet al. (2006) or in the vicinity of a
wall is considered. The second problem is particularly important for the investigation of material
damage leading to the erosion and is based on the study of Paquetiet al. (2018).

The following objectives have been established for this study and can be divided into three
parts.

A

The basic discretization and high-order numerical schemes. This part is meant to
study the underlying mathematical model and basic numerical discretization. Speci cally,
the appropriate methods for the problems which involve strong shocks and discontinuities
have to be reviewed with the focus on the techniques which have been validated in the
context of compressible two-phase ows. Particular attention has to be paid to the existence
of a source term in the underlying mathematical model. In addition to the spatial basic
discretization, the temporal integration has to be chosen with preserving the features of
other chosen numerical methods. Finally, high-order numerical methods have to be examined
in the framework of the problem in consideration. The appropriate techniques have to be
validated on the problems which can demonstrate the schemes compatibility of the involved
phenomena.
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A~

Non-uniform mesh. This part of the thesis is dealing with the techniques of reducing
the computational cost by means of the mesh stretching techniques. The mesh stretching
methods have to reviewed and appropriate methods have to be implemented and tested. The
problem-dependent strategies of mesh stretching have to be proposed, tested and validated.
The nal mesh stretching framework has to be established.

3D computations.  The nal objective of this thesis is an extension of the proposed numer-
ical methods computed on the non-homogeneous mesh with the necessary resolution to the
problem of shock-bubble collapse in vicinity to the wall in 3D. The high computational cost
of such computations requires an introduction of fully parallelized solver and e cient paral-

lel implementation of high-order numerical schemes. Additional attention has to be paid to
the implementation of the non-uniform mesh in the framework of parallelized computational
environment. The nal appropriate strategy in terms of the high-order numerical method
and non-uniform mesh has to be suggested.

This thesis addresses the above objectives in the following outline. The Chapter 2 presents the
underlying mathematical model used in this study and develops the basic numerical discretization.
Chapter 3 addresses an extension of basic discretization to the high-order numerical schemes and
reviews the key numerical methods available. These methods are then validated in Chapter 4,
where three 1D problems are used in hierarchical order in terms of its sti ness. The validation
is nalised by using selected schemes in the 2D problem of air-helium shock-bubble interaction.
The Chapter 5 presents an extension of these methods to the problems of shock-induced bubble
collapse in a free eld and near a wall. We improve these methods in terms of the computational
cost reduction by introducing a non-uniform mesh and these techniques are discussed in Chapter
6 and validated for 2D computations in Chapter 7. Finally we present 3D computations by using
appropriate schemes and non-uniform mesh in Chapter 8. The general summary of this work and
its perspectives are given in Chapter 9.
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Chapter 2

Mathematical model and basic
discretization

The Chapter is organised as following. The Section 1 reviews the mathematical model itself
with the governing equations and equations of states (EOS). The Section 2 proposes two global
methods for the basic spatial discretization and methods for the temporal integration. The treat-
ment of boundary conditions is presented in Section 3. The summary of the discussed methods
concludes this Chapter.

In this study we focus on a four-equation model which is the rst part of work of establishing
the numerical scheme e ect on the basis of inviscid simulations. The 4-equation system includes
three conservation laws for mixture quantities and a supplementary transport equation for the void
fraction. The solver is based on the explicit nite volume methods using two di erent ux approx-
imates (HLLC and KNP) with di erent resolution approaches in time and limiting techniques in
space.

We start by presenting the mathematical problem and governing equations followed by the
description of numerical approximation schemes implemented and tested.

2.1 Mathematical model

This Section discusses the mathematical model and basic discretization, which are used throughout
this thesis. It is employed based on the one- uid mixture approach with following assumptions:

strong coupling of phases with the same velocity
thermal and mechanical equilibrium between the phases
saturation state of liquid

viscous e ects and surface tension are neglected

The model uses a four-equation system where three equations consist of conservation laws for
mixture quantities and the fourth one of the void ratio transport equation Goncalves & Zeidan
(2018). The basic discretization is performed by using the nite volume rlnethod with explicit time
integration. Using the conservative variables representation, i.ew = ( ; ~V; E) and the volume
fraction of gas ), the 2D inviscid system can be written as,

7
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@ .o _
| @t+dlv( V)=0
@v) ., 1. | _
o +d|(;(E\)/ Y% +| Pld)=0 o1
o1 +div('VH)I=0
%t# V grad( ) = Kdiv(' V)

|
where V = (u;Vv) denotes the centre of mass velocityE = e+ V2=2 is the total energy of
mixture and H = h + V2=2 is the enthalpy of this mixture. The re ection of the change in each
phase volume and speed of sound of pure phasesare included into the term K, which is derived
according to the following formulation,

K = IC|2 Vce

2
1C vC\%
T +

where index g stands for the gas phase and for the liquid one. Several studies by Wermelinger
et al. (2018) and Schidmayeret al. (2020) demonstrated an e ect of this term in the framework
of studying the ve-equation model with and without K -term. It has been established that this
term is improving the accuracy of thermodynamic behaviour in mixture.

An equation of state (EOS) for the mixture is required to close the system. The formulation
is deduced from convex sti ened gas EOS Leletayeret al. (2004) for both phases and obtained
from the thermal and mechanical equilibrium assumption. The equations for the pressure and
temperature are,

PGiessY ) = ( () D aY) ()IP() (2.2)
h q(Y)
T(;h;Y) = 23
(hiY) & (23)
with
1 1
= +
( ) 1 \Y 1 | 1 54
aY)=Ya+@ Y)g @4
Co(Y)=YGC,, +(1  Y)Cy,
() " v, o
P = P/ +(1 P 2.5
1( ) ( ) v 1 1 ( ) | 1 1 ( )
where Cp, and C, are thermal capacities, q is the energy of formation, = Cp=C, is the heat
capacity ratio and Y = = is the mass fraction of gas. The quantityP; denotes a constant

reference pressure.

The present system is hyperbolic and the eigenvalues are; = U Cpalis, 234 = U, 5=
U+ Cyalis ,» Where cyaiis corresponds to the propagation of the acoustic waves without mass and
heat transfer and has the following formulation,

1 1
= + (2.6)
C Gallis VG G

where ¢, and ¢ is the speed of sound of vapour and liquid phases, respectively.
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2.2 Basic discretization

This section presents the key basic discretization techniques in space and time which are used
throughout present study. The choice of the discussed methods are due to their suitability for
the problems where strong shock waves and discontinuities are present. In order to apply the
discretization, the system 2.1 has to be rewritten in 1D form as following,

@uU Q@GQ@U) @u_
! et ex B(U)@x'o! 27)
whereU = W , G(U) = FSN) , B(U)= KO , and F denotes the convective

ux.

This 1D new formulation can then be used for the directional splitting when solving problems
in several dimensions. The computational spatial and temporal domains are divided into regular
meshes of the uniform length x and uniform intervals t, respectively. The reformulated discrete
form of (2.1) is obtained by using the nite-volume method. The system can be expressed as,

n+1 n Z Xj+1 =
S U, Glim G 1o+ v B(U)g;= 0 (2.8)
Xi 1=2
The discretization of the non-conservative term is discussed below. The discretization is meant
to approximate the numerical ux G, _,, G!' ;_, using the solution to Riemann problem or any
other numerical technique. While many formulations are available for the estimation of the numer-
ical ux, such as Roe-type Gallouet et al. (2002), AUSM-type Kitamura et al. (2014), Jameson-
Schmidt-Turkel Jamesonet al. (1981), two formulations are considered in this paper: HLLC Toro
et al. (1994) and KNP Spina & Vitturi (2012). The HLLC scheme has been widely used in most of
the recent literature and has been demonstrated to be suitable for the problems involving strong
shocks. The KNP formulation, on the other hand, more speci cally central unpwind formulation,
has been implemented in the Hancock predictor-corrector scheme and tested for compressible ows,
which is indeed the problem considered in present thesis.

2.2.1 Harten-Lax-van Leer-Contact Riemann solver

The rst ux approximation, HLLC approximate Riemann solver, has been chosen due to its
stability, availability of contact discontinuity resolution and accurate shock capturing. This method
uses two intermediate statesw, and wg, which are separated by the speed contact wav8y . The
conservative part of the equation (2.7) is discretized according to the classical HLLC formulation
Toro et al. (1994).

8
F(wo); ifS.>0
F(w ), ifS. 0<Spy

Fisi=2 = o (2:9)

F (WR), if Su 0 Sy

" F(wgr); IfSR<O

where S| and Sg are the smallest and largest speed waves, respectively, inside the given cell.
The uxes and, both, left and right states can be de ned according to,

0 1 0
K k(Sk  Uuk)

W = (u)Ki_ 1 % (Uk(Sk u)+ P Px §
K7 @E)A Sk Swum E)k(Sk uk)+ P Su Pxuk
K k(Sk  Uuk)

0
K SM
_ (u)¢Sw + P
F(wi) = (E)KKSM"'PSM§

KSM
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where pressure is

P =P+ (u S )(u. Sm)=Pr+ r(UR Sr)(UR Sm)

and contact wave speed is

SM:PR Po+ tu (St u) RrUR(SR UR)
L(SL u) Rr(Sr UR)

while the speed estimation of the left and right waves speed for Riemann problem is

SL=min(u. C;UR CRr)

Sk = max(uL + C_;Ur *+ CRr)

The discretization of the non-conservative part, on the other hand, is based on the approach
proposed in Daudeet al. (2014). The B (U) term is formulated as,

Xj+1 =2 @u
B(U)=-" B(U)(Uis1=2 U 1=2) (2.10)
Xi 1=2 @x
and the interface cell value is then derived,
8
%UL if S >0
SLU.g, ifS. 0<Sy
Uisi=2 = & S ) (2.11)
Sk SM SM if SM 0 SR
" UR if SR< 0

2.2.2 Kurganov, Noelle, Petrova upwind-central scheme

Another ux approximate used in present work is Kurganov, Noelle, Petrova scheme Spina &
Vitturi (2012). This scheme approximates the numerical ux using the calculation of positive and
negative local speeds at each interface. Let;, 1R and 1L be the maximum eigenvalue of the

Jacobian and |, LR and . 1L be the negative eigenvalue of the same Jacobian. We de ne the
positive and negative local speeds as,

QO
-
1

max( i+%;R; i+%;L;0)

2
Numerical uxes are then derived as,

a1 = max( i+ 1R i+%;L;O)

ar+%F(Ui+%;L) a‘i+%F(Ui+%;R) ai++%ai+%
i+ 3 a . a tor o Uieir Vi) (2.12)
i+ 3

1 -, 1 -4 1
i+ 3 i+ 2 i+ 3

Both numerical uxes, HLLC and KNP, lead to the rst order scheme in space. However, the
spatial order can be straight forwardly increased by using MUSCL extrapolation technique with
TVD slopes limiters to avoid unnatural oscillations or more sophisticated high order numerical
methods. In terms of the time integration, the solver is based on the explicit approach with either
simple Euler or Runge-Kutta time stepping or an alternative predictor-corrector scheme, referred
as the Hancock's method van Leer (2003), which is discussed in detail in the next subsection.

The non-conservative term in present model can pose several di culties. Generally, the ob-
tained solution has to satisfy the conservation properties of the system. Moreover, the discontinu-
ities of the solution should be reconstructed as such that they re ect the real physics of phenomena.
While these two conditions are satis ed in fully conservative formulations, it is not necessarily the
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case for its non-conservative counterparts. One has to tackle the following di culties related to the

non-conservative term: sharp capturing of the gradients without non-physical oscillations, accurate
reconstruction in smooth regions of the solution and approximating smooth nontrivial solutions to

avoid these non-physical solutions near equlibria.

2.2.3 MUSCL and TVD limiters

One of the simplest numerical methods for space resolution is the MUSCL reconstruction (Mono-
tonic Upstream-centered Scheme for Conservation Law) which has been initially presented by Van
Leer in 1977 van Leer (1977). The underlying assumption of this method is existence of linear
variation inside the cell. Consequently, the main idea follows that the discrete average values at
the cell borders are used to reconstruct the average interface values. In order to do so, the second
order expansion is employed to obtain the slope of the reconstructed variables. Generally, two
types of approximation are used:

A~

one-sided approximation

Wi W,
WL =Wt 5 -
2.13
WR = w  Niv2 Wit (2.13)
i+5 J 2
centered approximation
W. +1 W
WjL+l = WJ + ; 2 ;
2
2.14
R — Wi+1 W (2.14)
WepT e T

These two formulations can be combined in general from by using the parameter. That is,

1+
WI% =Wt (W, w 1)+ 2 (W1 W) (2.15)
where setting = 1;1;1=3 leads to the one-sided, centered or third order approximations,

respectively.

The MUSCL method stand alone had been known to lead to the oscillations around strong
shocks and discontinuities. The methods to tackle this problem which are known as TVD (Total
Variation Diminishing) methods have been introduced in Harten (1983). The solution obtained by
the numerical scheme is considered to be TVD if it satis es the following condition,

TVW'™ ] TV[W"] (2.16)

This method can then be included into the general MUSCL formulation by introducing yet
another parameter ,

g 1+ 1 _
WI% =Wt )W wo1)+ 2 D)W w) with
rL = M
Wi W
1+ 1 o (2.17)
Wg - W 4 ( rR)(Wj+1 wp) + ( r*R)(Wj +1 W) with

R_ Wi+1 W
Wj+2  Wj+1

r

Some mostly used TVD slope limiters are, for instance,
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Albad - max(©; "
van Albada ( r) = max( ,m)

minmod ( r)=max(0; min(1;r)) (2.18)

superbee (r)=max(0;min(1;2r); min(2;r))

2.2.4 MUSCL-Hancock predictor-corrector

The main interest of MUSCL-Hancock method lies in its remarkable robustness and the ability
to carry out stable computations of complex problems involving discontinuities and shocks. The
method has been found by Steve Hancock in 1980, where the original MUSCL technique has been
simpli ed van Leer (1984). The more recent version is presented in van Leer (2006). The stability
of the method has been proven in Berthon (2005) and Berthon (2006).

The method can be sketched by using the following steps:

1. denoting the set of variablesW , perform the reconstruction on linear subcell distribution
over the whole chosen set. In general, the choice of variables does not alter structure of
algorithm. We de ne,

Wi =limiter ( W; W 1;Wja1 W) (2.19)
2. perform the advancement of solution by half time step using the following form of equations,
Wi+ (Aw,)jWx =0 (2.20)

where A is a matrix which depends on the variables choice for the reconstruction. For the
primitive variables, this matrix A in direction X is

0u 0 01
0O u 011o
Ax=BO 0 u O
0 c2 0 u O
0 K O Owu

Note, that the source term S is included to this matrix A. The predictor step is then
computed as,

_t

Wi =W, Aw W; 2.21
j oo Aw W ( )
3. using previously computed gradients, solve for the time-centered interface values,
_ 1
Wi g =W; 5 W
1 (2.22)
Wivir = Wj+ 5 W

4. perform the computation for time-centered interface uxes using the chosen numerical ap-
proximation ux scheme (e.g. HLLC), i.e.

Fior = F(WL 1 iW i, 1R) (2.23)

5. advance the solution over the full time-step

t t
an"'l = Uj —X(FJ_'_% FJ %) 7XB(UJ )(UJ +1=2 UJ 1:2) (224)



2.3. INLET AND OUTLET BOUNDARY CONDITIONS 13

The reconstruction step can be applied to either the primitive or characteristic variables. Some
authors note the latter choice leads to more robust solutions. The main focus of the analysis in
this thesis is based on the choice of the primitive variables, but the characteristic reconstruction is
studied for completeness. The case of the characteristic reconstruction in the limiting step (2.19)
is replaced by the following transformation step

W = RWj)limiter ( | 1, j+1 ) (2.25)

where | = L(Wjx1 W), L is the matrix of left eigenvectors arranged as rows, ancR is
the matrix of right eigenvectors arranged as columns. Since both Jacobian matrix and primitive
coe cient matrix relates to the same transformation, the left and right eigenvectors associated
with primitive variables can be straightforwardly derived. For instance, the following associated

matrices have been derived for the directionx,

100 - 100 0 ¢
000 1 1 001 O O
RX=§010 0 o%LX:ooo 1 L (2.26)
000 ¢ c 010 1 o0
oo1 K K 010 L o0

The limiting formulation (2.19) can be performed by simple MUSCL TVD techniques Harten
(1983), as in original presentation of the method. However, in this study we replace this step
by high-order reconstruction methods in the framework of predictor-corrector Hancock method.
These high order methods are discussed in the next Chapter.

2.3 Inlet and outlet boundary conditions

The characteristic relations of Euler equations are used to impose boundary conditions as described
in Goncalves & Zeidan (2018). The positive characteristics directed into the domain of interest
de ne the variables which are set at boundaries.

The following notations are used: the superscriptc stands for the variables imposed at the
boundaries, s is for those which are computed by using the numerical schemeéy; and V, are the
tangential and normal components of the mean velocity, respectively. The mathematical model
which is based on 4-equations systems in present study leads to the following characteristic relations
in two-dimensional ow,

(¢ S+(P° P%=0 (2.27)
Ve VE=0 (2.28)

(¢ % K(® 9=0 (2.29)
(P PS+ c(VE V=0 (2.30)
(P P c(V& V=0 (2.31)

The inlet boundaries have the values of , densities of pure phases and velocity imposed. All
variables can be evaluated at the boundaries by using the derivation of pressure from equation
2.31.

The outlet boundaries have the static pressure imposed and the variables are computed by
using equations 2.27-2.30.
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2.4 Synthesis

This Chapter reviewed the mathematical model of four equations which is an underlying of all
computations to follow. The EOS for sti ened gas have been stated. Next, two formulations for
the basic spatial discretization have been proposed. One of them, HLLC, is based on the Riemann
solver and it is one of the mostly used formulation for problems where shock and discontinuities
are present. The second method is KNP, which has been successfully applied in the context of
compressible two-phase ow with the presence of the source term and has been particularly tested
in the framework of MUSCL-Hancock predictor-corrector scheme. Consequently, the MUSCL-
Hancock scheme has been described step by step with the description of the source treatment.
The choice of the reconstruction variables has been discussed and the transformation step between
primitive and characteristic variables was stated. The MUSCL and TVD limiters techniques
which can be used as a rst step of improving the spatial order are reviewed and key derivations
are presented. The treatment of the boundary conditions is discussed.



Chapter 3

High-order numerical methods

The basic discretization based on the nite volume solver with predictor-corrector MUSCL-
Hancock scheme generally leads to the second order of accuracy in space and time. However, it
should be noted that the non-conservative part in 2.24 is always reconstructed with rst order
in time. In order to achieve the detailed reconstruction of complex physical phenomena, such
numerical approach would require extremely ne grid, which might be unrealistic for computations
in 3D. Similar accuracy with less points in computational domain can be achieved by using higher
order numerical schemes, due to their formal faster convergence properties.

The higher order of accuracy can be obtained by two means: MUSCL TVD techniques as
discussed in Section 2.2 to obtain second or third order convergence in space and more advanced
numerical methods, addressed here as high-order numerical methods. The rst choice, i.e. MUSCL
TVD requires additional limiting procedures, such as slope limiters which are meant to reduce the
nonphysical oscillations and, consequently, might lead to the di usive solution around discontinu-
ity regions. The second choice, on the other hand, the high-order numerical schemes, have more
complex techniques of de ning the areas of the solution where special treatment required and can
change the order of the solution in these areas to lead to the monotonic, non-oscillating results.
However, these methods can have a disadvantage of high computational complexity, di cult im-
plementation methods and the treatment of critical regions which can be either too di usive or
too oscillating. Thus, the choice of the high-order methods which is a main concern of present
Chapter, is based on these criteria. Particularly, the methods in consideration have to lead to the
formal uniform order of accuracy higher than 2, the monotonicity properties have to be preserved
and non-oscillating algorithms have to be thought. Moreover, the schemes have to be capable of
working with problems with strong shocks and discontinuities and have the stability properties on
the mesh with small value of the space stepix.

This Chapter organised as following. Firstly, a brief schemes overview is proposed. Secondly,
the piecewise parabolic method (PPM) is presented with discussion of additional algorithms which
can improve the monotonicity and reduce oscillations. More recent developments of the method
are reviewed in the framework of the problems other than single-phase perfect gas, which has
been originally a main topic of concern of PPM scheme. This class of the methods is followed
by monotonicity preserving scheme (MP5) which has been designed particularly for the uniform
high-order of the solution. Finally, the Chapter is concluded by the discussion of the weighted
essentially non-oscillating WENO methods of third and fth order, which are most widely used in
the recent computational uid dynamics computations.

3.1 High-order numerical methods overview

The computational uid dynamics domain of research often characterised by the problems where
the uniform solution is disturbed by discontinuities. This leads to a challenge of nding the high-

15
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order schemes with preserving the sharp non-oscillatory reconstruction around discontinuities along
with accuracy in smooth regions. One of the very rst attempts to tackle this problem was Colella
& Woodward (1984), where authors presented piecewise parabolic method using the four-point
centered stencil for the interface value derivation. This method then uses limiting procedures
to reduce the oscillations in regions of discontinuities. Some additional higher-order techniques
coupled with limiting algorithms were introduced by, for example, Leonard (1991). However, this
class of methods has a disadvantage of reducing the local scheme order near the extrema.

An alternative approach to the reducing local order limiting technique is an adaptive stencil
techniques rst introduced by Harten et al. (1987) inside his essentially non-oscillatory schemes
ENO framework, where the 'smoothest’ data is used to avoid interpolations in discontinuous re-
gions. This method, however, does not use all available data in comparison with weighted ENO
scheme by Livet al. (1994) and Jiang & Shu (199®), where authors derive the interface value
using the weighted average of the interface values from all available stencils. The idea behind
this method is to use the weighted average of all stencils around smooth areas of solution and
only the 'smoothest' stencil in discontinuous regions. Nevertheless, earlier versions of ENO and
WENO schemes are considered to be di usive schemes and, thus, these schemes tend to smear the
discontinuous regions.

Another technique is introduced by Suresh & Huynh (1997), where the limiting approach
mentioned above is used. The base of the scheme is ve-point stencil reconstruction. The advantage
of this numerical technique is a larger stencil (in comparison with PPM) which leads to the less
staircasing due to the dissipating nature of the scheme. According to the authors of the method,
this scheme has several principal di erences compared to those mentioned above: monotonicity
and accuracy is preserved, speci ¢ design for Runge-Kutta time stepping and low computational
complexity due to the simpler limiting procedures.

The high-order numerical methods are introduced in the framework of either HLLC Hancock
Riemann solver or KNP Hancock solver. This is achieved by changing the calculation of the slope
limiter W in Hancock algorithm.

3.2 Piecewise parabolic method

This section proposes the derivation and discussion of the piecewise parabolic reconstruction strat-
egy (PPM). The classic scheme which is presented in the form of accounting for the non-uniform
meshes has been suggested in Colella & Woodward (1984).

The rst step in reconstruction under the PPM strategy is based on building the parabolic dis-
tribution for the reconstructed variables by using its cell averages. We denotav the reconstructing
variable and wn the cell average of numerical solutionw(x;t") in the cell j, i.e. (xj LX)l 1) at
time t" and Wherex +1, X 1 are the boundaries between the cell§ andj +1, and j andj 1,
respectively. The ceII averagewn is de ned according to the following formulation,

z
1 Xj+ 1 n
w'= — Z w(x;t")dx; (3.1)
Xj Xj %
where x = Xjpl X1 is the grid spacing ofjth cell. The computational stencil w}' is
formed by using this averagewJ and other averages computed from the cells neighbouring to the

cell j. This stencil is then used to construct the interpolation polynomial which is following the
integration relation,

n 1 Xj*%
wj' = X w(x)dx (3.2)

The parabolic interpolation function suggested in Colella & Woodward (1984) satis es,

W(X)=wgj + ( wj + wgj(1 )), where
X X1 (3.3)



3.2. PIECEWISE PARABOLIC METHOD 17

with following interpolation coe cients,

Iin+1 w(x) = wyj; lim w(x) = wgj
xtx" g X! x
I 5 It 5

In order to de ne a unique polynomial, the coe cients must satisfy,

Wij 41 = WRj = W, o (3.4)

where we denoteNj”+ , to be an approximation to the numerical solution w(x;t") at the border

2
between cellj andj +1, i.e. the interface X; . 1. The evaluation of this quantity is performed as,

X 1
an_'_; :an + —(an+l W )P—
2 Xj+ X+ k=1 Xj+k
2 Xj+1 XX 1t X Xive X un o wny (3.5)
+ .
Xj + Xj +1 2 Xj + Xj +1 2 Xj + Xj ! !
Xj 1t X Xj+1 +  Xj+2
2 Xj+ Xj+1 Xj+2 Xj+1 Wj

The slope wj can be set as a simple average slope by using the cell average quantities. For
instance, forw it states,

Xj
Xj 1t X+ Xin

2 Xj 1+ X (W Wiy + Xj +2 Xj+1
. . v W : .
Xj+ X+ Xj 1% X

Wi =
! (3.6)
W' w' )

The alternative slope should be used in order to ensure that the valuev; , 1 is located between

the averages of the two neighbouring cells. Moreover, this slope leads to the sharper representation
of discontinuities compared with the average slope. The modi ed formulation is,

8
3 min(j Wjj;Zjon wj” 1j;2jwj”+1 Wj”j)sgn(wj),

mWj = 5 if(wiha  whw! w',)>0 (3.7)
* 0, otherwise

Assuming the solution is smooth, the values de ned in 3.4 are applied. Otherwise, several
modi cations are proposed in order to obtain better results in more complicated problems.

3.2.1 Monotonocity algorithm

The oscillation-free reconstruction of the variables is conditioned by maintained monotonic distri-
bution in each cell. This is achieved by the following algorithm. Firstly, should an be determined
to be local minimum or maximum, the w(x) is set constant. Saying that we have,

wi bowliwrg bowlif(wry o wi)(W! owg) O (3.8)

Secondly, the case when the value off is close enough tawg;j or wi;j , the value of interpolation
function might fall outside the de ned range. Should this be the case, the interface quantities are
reset as,

(Wr;j W )2
. 6 (3.9)
> (WRj Wi )(an E(WL;j + WR;j ))

, 1
wij ! 3wj” 2Wg;j If (Wrj Wy )(an é(WL;J- + Wrj)) >

(WR;j WL )2
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3.2.2 Contact discontinuity detection

There are cases where the interface values should be adjusted if the cell is de ned to be within
contact discontinuity. One would search for a method to reproduce a sharper pro le if contact
discontinuity is detected by modifying the interpolation polynomial. Such a cell can be identi ed
by using several conditions. Firstly, the third derivative of the density should be large enough along
with the second derivative changing its sign across the cell. Secondly, the rst and third derivatives
should have opposite signs. Lastly, we should determine weather or not the density change is
su ciently large. In the following, the sketched framework of using the contact discontinuity
detection is presented.

The modi ed left and right interface values in case of contact discontinuity detection are,

1
2
1 (3.10)
2

In order to de ne the switching rule between 3.4 and 3.10, the generalisation of the expressions
for interface values follow,

d
wip bowg (T )+ wg (3.11)
! (1 ) + d__ . '
WR;j ! WR; ( i)t WRy
with switching coe cient ; de ned as,
j =max(0;min( (v  2):1) (3.12)
where
8
2l P g X 03X x)®
Xj+1 Xj 1 jn+1 jnl
S = f 20,20 >0 (3.13)
200 [l minG i ) >0
"0 otherwise
and
2n - 1 ] o (3.14)
Pooxar Xt Xt Xt X Gt X

The constants ® and 2 are meant to switch between 3.4 and 3.10, while the parameter is set
to determine how big the change in the cell solution should be that it is considered to be a contact
discontinuity. Here, we propose these parameters based on the approach presented in Zheng &
Lee (2013), i.e. 1 =18, 2=0:05and =0:05. These parameters have been tested by authors
in the framework of multi-phase problems with EOS of sti ened gas.

Finally, the condition for the cell to be determined as a contact discontinuity is,

Ko J.J+1 .J 1) _ 1Py +1 Pj 1) ; (3.15)
min( j+1; j 1)  mMin(pj+1 + j+1 j+130 1+ j o1 1)
where Ky = 0:15. This condition allows not only to switch between the formulations with and
without contact discontinuity adjustment, but also to determine the degree to which we would like
to impose the contact discontinuity detection. For instance, to determine how large the density
gradient and shock should be for it being considered as contact discontinuity.
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3.2.3 Flattening method

The PPM method assumes to tackle the post-shock oscillations issues in the situations where the
characteristic speed of the post-shock is higher than shock speed. The original presentation of
the method by Colella & Woodward (1984) suggests several methods to reduce these oscillations
by adding the dissipation. These methods have been designed by authors to work with problems
where the perfect gas EOS are employed and, what is more, with problems of single-phase ows.
Here, we review the adjusted approach by Zheng & Lee (2013), where authors suggest less com-
plex modi cation of original 'attening’ method, which is essentially an order reduction of the
interpolation function around strong shocks.

We de ne the weighted coe cient f; 2 [0,0.5] which goes to zero as we move further away from
the shock,

fj =max(0; min(0:5;f;)), with f; = max(fj 1;f7;fj+1)

and (3.16)
Pivr P 1 @, @
Pi+2 B 2

where! W=0.75, | @ =5. The value of !  is computed as,

7=1; max Q

8

< e (pjv1 P 1)
wj = 1 Ifmi”(pj+1 Po1)
* 0 otherwise

and uj Uij+1 > 0
R N (3.17)

where =0.33.

The present approach is di erent from the one in Colella & Woodward (1984) by maximum
value of weighted coe cient f; where it can be set equal to 1 if we would like to lower the order
of the scheme in case of smaller shocks. Moreover, the valfi¢ could be computed based on the
choice of two stencils depending on the direction of the shock propagation.

3.2.4 Extrema preservation

An additional technique of improving the PPM method has been suggested more recently by
Colella & Sekora (2008), where authors emphasise on the drawback of the classical strategy to
reduce the local order of the scheme around the discontinuities, i.e. the reduction to the 1st
order at all extrema. Their improved approach of extrema preservation is based on the modifying
the original framework at only extrema points by introducing the non-linear combinations of the
second derivatives approximations. This idea is meant to keep the overall accuracy of the method
while providing the reconstruction at extrema points without clipping.

The method includes the initialisation of the interface value to be of higher, sixth order,

37 2 1
= @(an + W) E(an 1t W)+ a)(an + wls) (3.18)

This value is then constrained in the areas where the condition in 3.7 does not hold. The
constraints are based on the evaluations of the second order derivative approximations, which are,

3 n n n 2
7(Wj 2Wj+% + Wj+%)(D W)J-Jr%;L

1

(DZW)J + %

|
=

2
P 2w+ wiy )(D W)j+%;R

1
—2W' 20+ wis)

Should the signs of the above computed derivatives,{?w); , L (D2w); g and (D W), 4 L
be the same, the following quantity is computed,
(D?w) = Smin(C(J'DZW)H%;LJ'iCJ'(DZW)J-J,%;RJ';J'(DZW),-J,%J'); (3.19)

j+ 1ilim
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where s = sgn((DZW)H%). Otherwise, we set DZW)H%;“m = 0. Using these evaluations we
modify the interface value as,

1 2 .
an+% = é(wjn + W) TX(DZW)j+ Liim );where C > 1 is a constant (3.20)

We then de ne the condition for the location at local extrema. If the following inequality
(w' . wh)( w' i+ w") Oor
A (3.21)

(an 1 an)( an+1 + an) 0

holds true, then we are at local extrema and the following constraints to the interface value
are de ned,

2Wei
2. — 6;j
(Dw); = 2
1
(Dw)jL = 7(an 2 2w+ wly)
2 X (3.22)
(DW)jr = 7(an 2wy + Wp)
1
(D?w)jc = T(an 120+ W)

As before, if the above four quantities have the same sign, then

(D2W)jim = s min(C(iD2W)j. j; Cj(D2W);r j; Cj(D?W)jc j; J(D W) j)

(3.23)
with s’ = sgn((D?w);)
and (D 2W)j;|im = 0 otherwise. The interface value follows,
_ (D2W)jiim
Wiy =Wl D g
(D7w) (3.24)
— jilim
R S R I I e G

The second part of the expression is set to be equal to zero if the denominator diminishes. On
the other hand, if the condition of the local extrema is not satis ed, we continue with monotonicity
constraints described in the subsection above. However, the authors in Colella & Sekora (2008) note
that the original monotonicity constraints are being too restrictive and suggest simpler approach.
In particular we are looking for the interpolation function to satisfy the following van Leer-like
condition,

00 00, 00 00, 00

sw'y sl () sw o osli«() swlyy
0 N N (3.25)
s =sgn(wjyp W )

where is CFL number.
For simplicity we de ne, w;.« = W+ 1
’ r2

compute the following slopes,

[
S

wj'. Should any of the twojwj;+j 2jwj; j hold, we

| ext = - sow=wow (3.26)

4(Wj W, )

. . 0 0 .
Finally, if s lexx S w, the interface values are computed as,

w! =an (2w +2s(( w)? wWwi. )%)

N[

(3.27)

=
]
N
1

w' 2w +2s((w)? wWwj 4 )?)
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The PPM method leads to the third order method for the smooth problems (e.g. linear ad-
vection) and fourth order in the limit of vanishing CFL. The strategy described here can be easily
applied to the primitive, conservative or characteristic variables, where the latter one needs the
derivation of the left and right eigenvectors (see Section 2 for more details). Moreover, the deriva-
tion of PPM is ready to be used on non-uniform mesh. This method provides some choices: for the
problems involving contact discontinuity (water-gas shock tube problems, for instance), the contact
discontinuity detection procedure can be enabled, and disabled otherwise. Moreover, depending
on the degree of the involved shock, more dissipation can be added in order to avoid oscillations.
Finally, where the extrema clipping is observed, an application of extrema preserving technique
can be switched. While complex, the PPM method, nevertheless, provides plenty of possibilities
to resolve di erent kind of problems.

3.3 Monotonicity preserving method

This section details the MP5 numerical framework which includes two principal steps according to
Suresh & Huynh (1997): the computation of original value and modied or nal value. To start
with, a fourth-degree polynomial is formulated at x; 41 -, as fth-order in space interface value,

Whiop = @W 2 13w 1+47W +27Wjs1  3Wj42)=60 (3.28)

The 3.28 can be modi ed to become fourth-order formulation with low phase error,

Whio = (OW 2 56w 1+194w; +104wjq 11w .2)=240 (3.29)

The interface values de ned by 3.28 and 3.29 might lead to the non-physical oscillations near
the regions of discontinuity as noted by authors in Suresh & Huynh (1997), which are eliminated
by using the limiting procedure to obtain nal interface value. In order to preserve monotonicity
it is proposed to use an assumption that at interfacej 1=2, the value wj'- 1=, belongs to the
following interval,

L

Wi

while the upper limit (UL) value for the interface j +1=2is,

1=2 2 LWy 15w ]

UL —

woE = wi ok (Ww o),

where 2 and

L UL
Wiy=p 2 1 [wj;wor]

Then, the obtained solution belongs to the interval betweenw; 1 and w;, which is a consequent
result of the condition wY wj 1 ( +1)(w; w; ).

The choice of the speci ¢ values for depends on the time stepping scheme one can choose to
work with. However, according to Suresh & Huynh (1997), = 4 works better for Runge-Kutta
type of methods compared to = 2 which leads to the staircasing. These values are not discussed
in the framework of other temporal resolutions.

Assuming that the above interval conditions hold for all j, we rewrite,

L .
Wiy1=p 2 1 [Wj;Wj41]

These interval conditions imply that the value WJ-L+1 -, belongs to the intersection ofl [wj ; wj+1 ]

and | [w; ;wYL]. We note that one end of this intersection isw; and the other one is set to be the
monotonicity preserving (MP) median function, wMP of w;, wj+1, wUt, which can be expressed
using the minmod function,

| MP w; + minmod [wj+1 Wi (wj W 1)] (3.30)

Hence, this results in,



22 CHAPTER 3. HIGH-ORDER NUMERICAL METHODS

L - MP
Wiyp=p 2 1wy, whe ]

The median function can be employed to satisfy the above condition. That is,

WjL+1 -, median (WjL+1 s wj s wMP ) (3.31)

This condition has a disadvantage of local accuracy decrease near the discontinuity. In order to
X thus issue, Suresh & Huynh (1997) suggests the technique where the constraint 3.31 is coupled
with additional accuracy preserving constraint. This is achieved by enlarging the intervals using
the adjoining median value and extrapolating interface values linearly. This means,

FL

1 1 1
WEE S W S W )W S W S(Wia Wi i WY = (Wt W) (3.82)

Setting the median value, wWMP = median (WA ;wFL; wFR), the constraint is relaxed to,

Wiy o 2 1wy 5 wiag ; WwMP ] (3.33)

It is important to note, that this monotonicity constraints were initially derived for solving sim-
ple linear advection equation, where the scheme demonstrated the characteristics of monotonicity
and uniformly high-order of accuracy. However, in practice, these expectations are not necessarily
satis ed in the non-linear solutions.

3.4 Weighted essentially non-oscillatory method

This section presents weighted essentially non-oscillatory (WENO) scheme, which is an extension
of essentially non-oscillatory method (ENO), and had been rst introduced by Liu et al. (1994).
The main di erence between ENO and WENO is the underlying method of reconstruction to
achieve high-order accurate approximation result. In contrast to the ENO, where adaptive-stencil
method had been used, WENO strategy is based on convex combination. This convex counterpart
to the adaptive-stencil uses all respective stencils assigned to each cell. It is also coupled with con-
vex combination of all respective reconstructing stencil polynomials derived as an approximating
polynomial. The former is achieved by the derivation of appropriate convex combination weights.
Among the advantages of WENO method comparing with non-weighted counterpart, the key ones
rely in smoother data dependence, which is expected to result in less oscillations but, at the same
time, sharper representation. In order to describe general idea behind the WENO reconstruction,
we consider the general extrapolation problem. The fth order strategy is proposed as an example.

Given the uniform mesh x; = i x with corresponding points in the middle, that is, Xjs1 =
%(xi + Xj+1) and the interval | = (Xx; 1 X4 %), cell average values of arbitrary functionw(x) are
computed,

1 %x+}
Wi = X 41 w(x)dx

2
We are looking for approximating values of the functionuy at the interface nodes,x; 1. De n-
ing some primitive function with lower limit given by any arbitrary xed point,
Z X
W (x) = w( )d
X 1

This results in,

Zx+d Xi ZXH% Xi
WX, 1) = ) w()d = ) w()d = XW,

N
I
o

Nl
I
o

(3.34)
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This means that the values of all half nodes are knownW (x; %), given the cell averagesw;.
Hence, the computation of the interpolation polynomial for the primitive function W (x) is possible,
which will be used as an approximation tow(x) = W{x).

For the general understanding purposes, leP1(x) be the polynomial of the highest degree of

three to interpolate given function W (x) at four points, xj+%;j =i 3i 2i 1i, and set
p1(x) = PJx), where it can be proven that p;(x) is a unique polynomial with a highest degree of
two and which reconstructs w(x) over the stencil Sy = |; »;1; 1;1i. Thatis,
1 Xji 1 . . . .
(Po)j = — Tp)dx=ups =i 20 L (3.35)
X.

3

Assuming the smoothness of the functiorw(x) in the stencil S;, the approximation to the value
@

W(xi, 1) IS W'y Palxi, 1) or explicitly,
o _1 7 11
Wj+1—§Wj 2 éwj 1+€Wj
which is third order accurate, i.e. W, 1o w(xi+%) = O( x3) by using the relationship
2
pr = PXx). In similar manner two more stencils can be consideredS; = I; 1;1;;li+1 and
Sz = li;li+1;li+2, which lead to two other polynomials, (p2)j = w; for j =i 1;i;i +1 and
(ps)j = w; forj = i;i +1;i+2, respectively. Explicit approximation is then given by,
(2) _ _ 5 1
Wj+% pz(xj+%) - éWJ 1+ éwj + éWJ +1
®3) 1 5 1
Wj+% p3(Xj+%) = éWj + 6Wj+1 éWj+2

which is yet again a third order accurate, given the function is smooth enough in the stencils
S, and S;.

To sum up, assuming that the function is globally smooth, we can expect third order accurate
approximations across whole considered domain and we can choose any of the obtained approxi-
mations based on other reasoning, e.g. stability or local error estimates.

On the other hand, there is an interest to work with a union of these three stencils. That

is, our larger stencil isS = I; 2;1; 1;li;li+1;1i+2, which allows to obtain the polynomial p(x) of
degree four at most which satis esp; = w;, wherej =i 2;i 1;i;i +1;i+2 and which leads to
explicitly expressed approximation,

1 13 47 9. 1
i+t SWi+2
with fth order of accuracy, W4 1 W(Xj+ %) = O( xP), if the function w(x) is globally smooth
in our new large stencil S.
The core point of WENO method is an observation that, in fact, we can rewrite in this particular
case the fth order formulation, using the large stencil, as a linear convex combination using

previously derived third-order approximations, wh, w® w® Saying that, we have

Miep 09e8)7 3% 2 50" 1T 0" T 20

vzt i ity
_ (1) (2 (3)
W.o1= (W + oW+ 3w 3.36
i+3 1 i+ % 2 J+% 3 J+% ( )
. .. P
where 1= &, >= 2 and 3= 3 are constants satisfying the condition ; = 1.

Special attention deserves the case when the functiow(x) has a discontinuity in [X; 2;Xj+2],

and which means that not all three approximations Wj(?l, Wj(i)l, Wj(:?l are equally good. To obtain
2 2 2

the guaranteed third order accuracy and essentially non-oscillatory behaviour Harteret al. (1987),

suggest to use one of these three approximations based on the strategy of nding local smoothness

of given dataw; fori 2 | i +2 derived from divided di erences. This would work well
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should w(x) be smooth in at least one of the stencils discussed above. On the contrary, WENO
method suggests to derive the approximation using the convex combination of three third-order
approximations, hence,

@

- @ @) .
Wj+%‘!1wj+%+!2Wj+%+! Wj+%, (3.37)
P _ _ _ ,
where ;!i=1and!; 0. The new weights are not linear and will be approximately equal

to ; if the function w(x) is smooth in the stencil S and zero if the discontinuity had been detected
in any of the stencils S;. However, in the later case we assume thatw(x) is smooth in at least
one of the other two stencils. Otherwise, the oscillations near discontinuities can occur. Thus,
a particular design of nonlinear weights is required. The WENO class of the schemes uses the
following idea to compute these nonlinear weights.

Let the nonlinear weight ! ; be close to the linear weight ; if the function w(x) is smooth
in each of the substencils of S and close to zero near discontinuities. This allows to retain the
improved accuracy in smooth regions and reduce the oscillations in discontinuities area. De ne
the smoothness indicator j as,

X z Xjv1=2 df 2
j = xj2r 1 wp@)(x) dx; (3.38)
r=1 Xj+1 =2

where Xx;2r 1is ascaling factor. The above formulation can be seen as a scaled square sum
of the L? derivatives norms of the reconstruction polynomial pli)(x) over the subinterval | .

This section discusses two types on WENO schemes, i.e. of third, WENO3, and fth WENO5
order of accuracy. Each of them has di erent variations of formulations to achieve better conver-
gence while reducing the oscillations. One of the main ideas of the research around the improvement
of this class of schemes has been around the calculation of the smoothness indicatgr, which is
used in order to calculate the nonlinear weights! j and determines whether or not the function
w(x) is smooth in the stencil S;. Another popular topic is the small number which was originally
meant to make the denominator to be non zero. However, later it has been established that this
number makes the scheme being bias towards upwind- or central-like scheme. It is, thus, impor-
tant to determine which strategy is the best for the problem one solves. The focus of the following
subsections is on the third order and fth order method and mostly di erent strategies to tackle
the question of smoothness indicator formulations and appropriate nhumber.

3.4.1 WENO of third order

The originally presented WENO of third order in Jiang & Shu (1996b) is based on the convex
combination of the second-order approximations in each of the two candidate stencilsSy and Sy,
that is

Wis1 = PoWgja1 + h Wy, (3.39)
with
1 3 1 1
Woj+ 2 = Wi 17 SWjs Wyje 1 = SWj + SWje1 (3.40)

Jiang & Shu (1996) suggested the following non-linear weight function,

K dy
=P+ k= ——3 k=01 (3.41)
é:o s ( + k)2

where is introduced to avoid zero in denominator anddy is the optimal weights choice which
leads to the third-order upwind scheme with the following values,

Lo =2 (3.42)

and  is the smoothness indicator computed as,
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o=(W 1 W% 1=(w  Wj)? (3.43)

The above formulation has been widely used particularly due to the calculation of nonlinear
weights as per 3.41. However, this procedure has been later proven to fail to achieve the desired
order of convergence at critical points and to lead to the oscillations around discontinuities and
shocks. This drawback has been successfully improved by Borges al. (2008). In particular, the
non-linear weights are modi ed and are computed in order to lead to faster achievement of the
WENO weights towards the optimal weights. These new nonlinear weights computed as,

K o dk(1+ T()

! k= P—=PF = dk(l + 7)1
=0 s=00s(l+ ) ‘ (3.44)
where = de(1+ ); k=0;L and =jo 4j

k +

The above modi cation has been popular to particularly resolve the discontinuities. However,
originally proposed number for WENO methods failed to achieve the same speed of convergence
for the third order.

The alternative improvement has been suggested by WWu & Zhao (2013) where authors attempt
to compute the so-called reference indicator which satis es the su cient condition to achieve the
third order scheme. The new smoothness indicator covering the complete stencil is formulated as,

13
12
and the new reference smoothness indicator replaces and has the form,

1
3= (W 1 2w+ Wjap)P Z(Wj 1 Wja)? (3.45)

. o7t :
NEies— (3.46)
or alternative one as have been proposed in Xu & Wu (2017);

ot 1 ,
pEios W1 W)’ (3.47)

Nevertheless, while these methods address the problem of the right order at critical points,
it had been pointed out in Baezaet al. (2013), that these modi cations involve an additional
exponent and, thus, depend on the data scaling. This issue has been tried to be resolved by
adjusting the number to keep the accuracy, where the proper scaling would be required.

Thus, an optimized WENO scheme, proposed by Baezat al. (2013), involves an additional
node to the original two-node stencil. Authors argue that by using the conventional stencil in the
framework of third order WENO scheme, it is not possible to achieve the following properties at
the same time:

discontinuities and critical points detection in the given data
independence of the weights formulation from data scaling

avoidance of the -parameter tuning

Hence, the new modi ed procedure is suggested to satisfy all the above points at once by
introducing one additional node. While the original stencil of two nodes had been de ned as
S=(w 1;Wj;Wj+1), the new extension of this stencil isSe = (w; 1;fj;fj+1);fj+2).

We start by de ning the interpolating polynomials which correspond to two stencils, i.e. Sp =
(wj 1;w;) and S; = (w;j;wj+1) for which the smoothness indicators remain unchanged and are
computed as in Jiang & Shu (1996). As for the additional node, new associated smoothness
indicator is computed as owenoz = (Wj+2 W, +1)2. The weights are then computed with being
the same small quantity to avoid zero in denominator,
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1+
!"o =
0% 12 (3.48)
ko= 0% g .
= 0t 142 )
The corrector weight is proposed and computed as following,
! =#With\]= ol 1+ 2)+( ot 1) 2 (3.49)
! T+ :
and the quantity involves the extended stencil and is de ned as,
=dl;d=( W 1+3W 3w+ W)’ = o+ 1+ 2 (3.50)
The new corrector weight is then computed with ¢y = % andc, = %
lo=lco+(1 !)*
0 o+ ( )0 (3.51)
!1:!C1+(1 !)!"1
Finally the reconstruction of the interface values is,
Wj+% =1 0WO;j+% + ! 1W1;j+% (3.52)

3.4.2 WENO of fth order

The fth order WENO scheme has been extremely popular and the initial idea of the smoothness
indicator formulation appears in Jiang & Shu (1996), where the scaled sum of the squard.?
norms of all the derivatives of corresponding reconstruction polynomialp; (x) in the respective

interval [X; 1;X%;, %] is used,

1

2
|

X Zivr g "2

2 d
I ; @pj(x) dx (3.53)

with k standing for the degree of polynomialp; (x). For instance, if we choosek = 2, the
explicit formulations for left ( o), central ( 1) and right ( ) smoothness indicators are,

13 1
0= 1—2(Wj 2 2w 1+ Wj)2+ Z(Wj 2 4w 1+3Wj)2 (3.54)
13 1
1= W1 20 Wag)P W1 W) (3.55)
13 1
2= TZ(WJ' 2WJ' +1 W +2)2+ Z(Buj 4wj+1 + W +2)2 (3.56)

Using these calculations, we de ne the non-linear weights according to the formulation,

- J .
= 4 + ol (3:57)

where j
|~ =
PO+ )2

Number is a small number which allows us to avoid zero in denominator.

Over the years there have been several developments around main WENO, which were meant
to improve or adapt this method for di erent problems. Among those are the development of
smoothness indicator calculations, di erent derivation of non-linear weights, algorithms for scheme
order adaption depending on the discontinuities and the small number .
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For example, Henrick et al. (2005) and Borgeset al. (2008) demonstrated the strong sensitivity
of the scheme order to the number , that is, they observed the ENO nature mitigation if the
value for has been chosen too large. In order to tackle this problem, Borgest al. (2008) derived
alternative set of non-linear weights which would ensure the fth-order convergence,

I k= 0O( xd (3.58)
using new smoothness indicator de nition,

z _ kKt . —-Nn.1-
[= —— k=012 (3.59)
k+ 5+

with s=] o 2.
Furthermore, in practical applications, as noted by Shen (2009), there exists the non-uniformity
in the ow solution or nite grid size. This fact might lead to the variation between ¢ and {,

which can result in deviation between non-linear and linear weights. Thus, Shen (2009) proposed
yet another formulation for smoothness indicator,

Ez RoAmin( o;:::; v 1)+ « (3.60)

where Rg = m';)'(n( (offff:;rr 1)? s with =10 10 set to avoid zero in denominator. Based on this

new derivation, we de ne a new weight function as,

| =
R S ey (3.61)

where

|~ = j

The parameter is based on the chosen underlying smoothness indicator, or {. Precisely,

=10 ®isused for , and =10 29 for Z. The number A=10 in this study.

Furthermore, Peer et al. (2009) suggested an alternative strategy of improving the WENO
method around discontinuities by introducing an algorithm of adapted number which had been
observed to add some bias approach either to upwind or central-like scheme, and, manage oscil-
lations at critical points. Their idea is based on the de nition of whether or not stencil contains
discontinuity, that is, stencil S de ned to have discontinuity if o> dix 2. More precisely, authors
suggest to switch to ENO3 scheme if this condition satis es. Otherwise, the classical WENO is

used with computed as following,

min( «)
max xy min +10

=10 °min 1; +10 % (3.62)
Yet, another improvement of WENO5 method is presented in \Wanget al. (2018) where authors
propose an incremental stencil approach. This method is using the incremental stencil of 2- and
3-points with the underlying idea that the reconstruction should be reduced to the second order
where closely located discontinuities are detected. The upwind-like stencil is used as in Jiang &
Shu (1996) with, however, splitted 3-points stencil into two 2-points stencils. Such splitting allows
to switch between these two 2-points stencils where all originally formulated stencils have been
crossed by discontinuity. The new smoothness indicator reference formulated in this strategy is,

1 13
5= (W2 2Wja1 +2W 1 W, 2)?+ Wivz  AWje +6W; 4w 1+ W 2)  (3.63)

while the smoothness indicators de ned as,
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0= (W1 w)?

(wj  w 1)?

13 1

2 = 1—2(Wj 2Wj +1 +Wj+2)2+ Z(3Wj 4w +1 "'Wj+2)2
13 1

3= TZ(WJ' 2 2w, 1+Wj)2+zr(3Wj > 4w 1+3w;)?

1
(3.64)

The issue arises when the values ofg and 1 calculated from the rst derivatives are much
smaller than the value of , and 3, which are obtained from rst and second derivatives. This
can happen near the critical points and lead to the assignment of the considerably larger weight to
the two-points stencil and, as a result, eventual reduction of accuracy order. This can be avoided
by slight weight modi cation, i.e.

5 5
1= di(1+ )
" ot or | (3.65)
= +
2 2 1t o1t

where 1 is the smoothness indicator in stencilSp; computed according to,

13
12

The general WENO approach is, thus, one of the most studied numerical methods to solve
the problems with shocks and discontinuities. This scheme has been a subject of continuous
improvements depending on the problem one solves. While there is no WENO solution for arbitrary
problem, since the discontinuity can be de ned dierently in some problems, this class of the
methods can be capable to solve many practical problems in computational uid dynamics by
providing smooth high-order result.

1
1= (W 1 2w +Wj+1)2+ 2 W Wi+1)? (3.66)

3.5 Synthesis

This Chapter has de ned the motivation for high-order numerical schemes and requirements which
these methods have to satisfy. These are: monotonicity preservation, uniformy high order, stability
on ne meshes, non-oscillating behaviour amongst others. The brief overview of such schemes in
Section 1 has followed by detailed presentations of numerical techniques formally and sometimes
practically satisfying these requirements. These schemes are PPM, MP5 and WENO.

The Section 2 proposed PPM scheme derivation with several recent developments available.
The monotonocity algorithm, attening technique and discontinuity detection are integrated into
the scheme. The extrema preserving technique is proposed. The PPM method is suitable for the
non-uniform mesh. The accuracy of formal fourth order in smooth solutions can be obtained by
using this strategy.

The Section 3 presents MP5 technique. This method has been validated on linear advection
equation and led to the high-order uniform solutions. The TVD limiting technique is used in the
underlying of the method. The MP5 method yields to formal fth order of accuracy.

Lastly, Section 4 is dedicated to WENO class of the methods. These are discussed in the context
of third and fth order of accuracy. Some recent improvements of these schemes are proposed.
This type of the methods is the most promising compared with PPM and MP5 counterparts due
to the huge amount of research focused on this kind of technique and its application to many
problems of compressible two-phase ow problems. In order to di erentiate between the variety of
methods discussed, the following notations will be used throughout the thesis.

A~

WENO3-JS and WENOS5-JS are the methods of third and fth order of accuracy, respectively,
based on the studies by Liuet al. (1994) and Jiang & Shu (199®)

WENO3-Z and WENO5-Z are modi cations proposed by Borgeset al. (2008)
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WENOZ3-P is third order accuracy method suggested in Xu & Wu (2017)

OWENOZ3 is an improvement discussed in Baezat al. (2013)

WENO5-SZ is a fth order accuracy improved method presented by Shen (2009)
WENOS5-IS is yet another fth order modi ed version proposed in Wang et al. (2018)

¢ stands for characteristic variables reconstruction

The methods discussed in this Chapter will undergo the numerical validation procedure in order
to con rm their formal compatibility of solving the problems with strong shocks and discontinuities.
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Chapter 4

Numerical validation

The formal order of numerical schemes can be derived analytically for some easy problems.
However, such derivation is nearly impossible for majority of practical cases involved into com-
putational uid dynamics. While all numerical methods presented in this thesis underwent the
formal order of accuracy validation in di erent studies, the real order heavily depends on the
problem which is being solved. Some factors which can reduce the accuracy of the scheme are
presence of discontinuities, shocks. Thus, even though the considered numerical schemes are of
high-order, e.g. third, fourth or fth order, it does not necessarily mean that when it is applied to
the problem of shock-bubble interaction, the analytical order of accuracy is retained. Variety of
authors observed that once the problem has a presence of discontinuities, the numerical order of
accuracy of majority of schemes deteriorates due to the well known Gibbs phenomenon. It has been
shown Majda & Osher (1977); Lax & Mock (1978); Toro (1999) that approximating discontinuous
solutions by high-order methods yield, in general, only rst-order accuracy, because information
passing through the shock along characteristics is degraded.

This Chapter addresses the validation of the numerical schemes reviewed in Chapter 3. The
Section 1 revises the overall methodology of the validation process. An approximate derivation
of numerical error and order of convergence are presented in the framework of HLLC Riemann
solver. The applied validation methodology to 1D shock-tube problem is presented in Section
2. Two problems of expansion tube with initial low and high velocities are used to test the
numerical schemes further in Sections 3 and 4, respectively. The validation is closed by applying
the numerical schemes to the 2D problem of air-helium shock-bubble interaction. It should be
mentioned, that the ideal starting point of such a validation procedure is a problem with analytical
solution or exact approximate solution. However, such problems are not accurately representing
schemes performance for the nal shock-bubble collapse case. Indeed, the problems chosen for
validation, are meant to demonstrate the numerical methods behaviour for the strong shocks and
discontinuities.

4.1 Methodology

The validation of theoretical order of accuracy for a real computational dynamics problem can
be a di cult task. While the schemes are normally presented with accuracy derivation based on
'toy' problems, the real order of accuracy can be demonstrated numerically by using a simple
problem with available analytical solution. These test cases are normally based on the derivative
approximation and linear advection equation. However, this task becomes a challenge when more
di cult problems are being solved and where the analytical solutions are either di cult to obtain

or unknown. Moreover, the order of accuracy for the simple test case of derivative approximation is
not necessarily an exact prediction for the solutions involved to compressible two-phase ows. Thus,
alternative validation methods are required in order to get an idea of the schemes performance.
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The classical procedure of analysis for numerical method performance relies on the error cal-
culation between the numerical and analytical solutions and demonstration of how fast this error
decreases along with an increase of number of points in computational domain. However, what if
the analytical solution is not available?

The inspiration for such a case is presented by Spina & Vitturi (2012). The work of these
authors demonstrates the numerical validation based on the computed reference numerical solution.
This reference solution is obtained by computations on considerably ner mesh than the compared
numerical solutions. The error estimation E¢s; and convergence rateR are computed in following
manner,

" [(s0l (X)) SOker (x)))?
I i (50|ref (Xj ))2

" i(s0h () S0kt ()]
i j(SOlref (Xj )]

where sol,es is a reference solution computed on the ne mesh andoly denotes the solution
computed on the mesh withN number of points.

The error and convergence rate are estimated for the problem of shock-tube. The particular
interest of the shock-tube problem is due to the several types of physical phenomena involved,
i.e. expansion wave, shock and contact discontinuity. Hence, the behaviour of the schemes can
be properly evaluated for each of these physical processes. The reference solution is computed on
128,000 nodes in the framework of HLLC Hancock solver with WENO5-IS reconstruction.

The schemes are then tested for the problems of expansion tube with low and high velocities.
The stronger discontinuities involved into the problem allow to access the performance of numerical
schemes. The solutions are compared qualitatively.

The validation is concluded by 2D air-helium case. This problem is chosen as a good starting
point for accessing the performance of the schemes in 2D and availability of experimental data.
The validation based on this problem is performed by analysing the convergence of the maximum
pressure component of the solutiorPnayx converging to the value obtained on the nest mesh. The
qualitative assessment of the density gradient contour is used to draw a conclusion of a degree of
detailed reconstruction of bubble deformation.

Unless stated otherwise, the reconstruction is performed on primitive variables and HLLC
Hancock solver is used by default.

Eest(SOIN ; SOles ) = (4.2)

R(soly ; soloy ; SOlef ) = (4.2)

4.2 1D shock-tube problem

The rst case in consideration has been introduced in Murrone & Guillard (2005) and is a one-
meter long shock tube with discontinuity in volume fraction, with right side ( x > 0:7) lled with air
and left side with high pressure liquid water. The volume fractions are 0.8 and 0.2, fox > 0:7 and
x > 0:7, respectively. Both uids are initially at rest and described by the sti ened gas equation
of state (EOS). The air lled part is at low pressure 10°P a, while water part is at high pressure
10°Pa. The EOS parameters for this test are,

0 1 0 1 0 1 0 1

4:4 1:4
Br, X  =B6 1FPak and P, X =% opPa &
3 3
Water 1000 kg/m A 1 kg/m
The computations have been performed on the mesh of 1000 cells with xed time step dt=10" s.
We compare the results at nal time tsny =0:2 s. The computed results are obtained by either
HLLC Hancock or KNP Hancock based solver. While our main concern is high-order schemes,
second order MUSCL TVD method is used for comparison purposes. Unless stated otherwise, van
Albada slope limiter is used in MUSCL TVD framework.
The comparison of the solutions obtained with di erent solver, i.e. KNP and HLLC, is pre-
sented combined with the WENOS reconstruction on Figure 4.1. The solutions for all components

are in good agreement with reference solution and are very similar. The variations in the critical
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zones of expansion wave and post-shock area are not observed. Similar results are obtained for
other reconstruction technigues. In what is to follow, HLLC solver with Hancock approach is used
by default unless stated otherwise.

Figure 4.1: Water-gas shock-tube problem, HLLC Hancock WENO5 and KNP Hancock WENOS5 solver
comparison, mesh 1000 cells, 4 =0.2 s. Pressure and velocity (top), mixture density and void ratio
(bottom) pro les along the tube.

The results obtained with WENO5 methods illustrate relatively similar reconstruction and
are in good agreement with reference solution. Figure 4.2 shows the pressure, density, velocity
and alpha proles. The slight oscillation along the expansion wave in the interval 0.2-0.4 m is
observed in the pressure solution by WENO5-JS. However, the post-shock area is well resolved by
all schemes. The velocity pro le is equally well solved by all schemes. This observation includes
the shock zone. On the other hand, the density and alpha pro les demonstrate the di erences in
the solution. Figure 4.3 presents the enlargement of the density and void ratio solutions at the
post-shock area, 0.6-1 m. The oscillations in density and void fraction solutions around contact
discontinuity are the highest by using the WENO5-SZ, WENO5-Z and WENO5-JS. However,
these peaks are reduced by applying the reconstruction on the characteristic variables (WENO5-
SZ, for instance on 4.4). Notably, the application of WENO5-IS method to both, primitive and
characteristic variables, led to the good resolution of the contact discontinuities.

The solutions for pressure, velocity, mixture density and void ratio obtained by WENO3 meth-
ods are proposed on Figures 4.5 and 4.6. We note relatively similar reconstruction by all WENO3
methods. Slight oscillation is noted for the mixture density near the post-shock area produced by
OWENO3 method. An undershoot of the mixture density solution by WENOS3-JS is observed in
the same region. Otherwise, WENO3 methods provided accurate smooth solutions.

Some variations have been noticed in the solution pro les by using di erent formulations for
PPM method. Figures 4.7 and 4.8 present the solutions of pressure, velocity, mixture density and
void ratio along the tube obtained by PPM method. The enlargement of every component solution
in the post-shock area is proposed on the left hand side. The following notations are used:
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~ 'PPM CW' stands for the PPM method originally presented by Colella & Woodward (1984),

'PPM ¢ CW' is similar method with its application to characteristic variables,

'PPM CD' is for the modi ed contact discontinuity formulation by Zheng & Lee (2013),

'PPM EP' denotes the extrema preservation modi cation as per Colella & Sekora (2008).

Figure 4.2: Water-gas shock-tube problem, WENO5 reconstructions comparison, mesh 1000 cellgat =0.2
s. Pressure and velocity (top), mixture density and void ratio (bottom) pro les along the tube.

Figure 4.3: Water-gas shock-tube problem, WENO5 reconstructions comparison, mesh 1000 cellgat =0.2
s. Enlargement of post-shock area of mixture density (left) and void ratio (right) pro les
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Overall, all solutions computed with PPM methods are in close agreement with reference
solution. The classical PPM-CW method led to oscillations around discontinuity zone in the
post-shock area for all components of the solution. However, these oscillations are reduced by
application of similar formulation to the characteristic variables.

The extrema preservation modi cation led to a slight variation in the solution for the void ratio
around the coordinate x=0.85 in the post-shock area compared with solution obtained by meth-
ods with special treatment for contact discontinuity and classical formulation with characteristic
variables. This modi cation has also led to oscillation in discontinuity zone for the void ratio.

The solutions with modi ed contact discontinuity algorithm and classical formulation of PPM
are in close agreement with reference solution.

Figure 4.4: Water-gas shock-tube problem, WENOS5 reconstructions comparison, characteristic variables,
mesh 1000 cells, to =0.2 s. Enlargement of post-shock area of mixture density (left) and void ratio (right)
pro les

Figure 4.5: Water-gas shock-tube problem, WENOS3 reconstructions comparison, mesh 1000 cellgat =0.2
s. Pressure (left) and velocity (right) pro les along the tube.
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Figure 4.6: Water-gas shock-tube problem, WENOS reconstructions comparison, mesh 1000 cellgat =0.2
s. Enlargement of post-shock area of mixture density (left) and void ratio (right) pro les along the tube.
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Figure 4.7: Water-gas shock-tube problem, PPM methods comparison, mesh 1000 cells,st =0.2 s. Pres-
sure and velocity pro les along the tube (left), enlargement of post-shock area (right).

Figure 4.8: Water-gas shock-tube problem, PPM methods comparison, mesh 1000 cellsst =0.2 s. Mix-
ture density and void ratio pro les along the tube (left), enlargement of post-shock area (right).
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Table 4.1 presents the error and convergence estimations with xed CFL=0.4. The error
estimation E.s; demonstrated that the higher order schemes, e.g. WENO5 and PPM, do indeed
lead to the more accurate solution. In general, it has been found that the error is lower for the
higher order schemes and is reduced as the mesh is re ned. The convergence r&ecalculated
by using (4.2) is estimated by re ning the mesh starting from 1,000 nodes and up to 8,000 nodes
with the step 1,000. All schemes yielded to approximately second order of convergence in contrast
to the higher theoretical accuracy. However, should the classical formulations of order derivation
be used (i.e. a norm di erence), the rst order of convergence is observed across all schemes due
to the present discontinuities in the solution. Indeed, the order of accuracy of high-order methods
decreases for the problems where a strong discontinuity is present (see Toro (1999); Schidmayer
et al. (2020)).

Table 4.1: Shock-tube problem: relative error (left) and convergence rate (right).

Relative error Convergence rate
N WENOS5SZ | WENOS5IS PPM WENOS5SZ || WENOSIS PPM
8000| 3.9 10 °© 45 10 © 53 10 °© 2.3 2.3 2.2
4000|| 1.9 10 ° 1.9 10 ° 2.4 10 ° 2.1 2.1 2.1
2000(| 9.3 10 ° 9.2 10 ° 1.0 10 4 2.1 2.1 2.1

1000|| 3.9 10 4 39 10 4 42 10 4 - - -
N WENO3JS | WENO3Z WENOS3P WENOS3JS || WENO3Z WENOS3P

8000| 4.4 10 © 44 10 6 43 106 2.3 2.3 2.3
4000(| 1.8 10 ° 1.9 10° 1.9 10 ° 2.2 2.1 2.1
2000(| 8.4 10 ° 9.2 10 ° 9.2 10 4 2.1 2.1 2.1

1000|| 3.5 10 * 39 10 4 39 104 - - -

12000 w w w 800 : ‘
MUSCL —— |
10000 feessess wenos is —— 700 7
weno3 z —— 600 A
8000 ppm %%‘g’ 500 ,
@ reference £ 400 e
f, 6000 % 300 y MUSSC_L -
\ wenosts ——
AN 100 1
2000 I PR s —— |
S reference
0 i - -100 | ; . :
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
x(m) x(m)
900 075 MUSCL ——
800 \\ ' wenos is ——
\ weno3d z ——
T o N ol
% ™ @ 055 reference
© 400 | weno5is © 045 ]
< P ahmeeaay
= weno3z —— y.
300 | pom o ow 0.35 .
200 1 referer?llgg ~ |
100 w w | o
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
x(m) X(m)

Figure 4.9: Water-gas shock-tube problem, numerical schemes comparison, mesh 1000 cellg, £0.2 s.
Pressure and velocity (top), mixture density and void ratio (bottom) pro les along the tube.

Finally, the comparison of solutions between the key numerical schemes is proposed on Figure
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4.9 where the results obtained by using MUSCL, PPM, MP5, WENO3-Z and WENO5-IS are pre-
sented. PPM scheme led to slight variation near the contact discontinuity for the void ratio pro le.
Method MP5 has the oscillating result for the mixture density in the post-shock area. Otherwise,
all schemes led to accurate solution in close agreement with reference solution.

The water-gas shock-tube problem is a starting point for the validation process. The perfor-
mance of the schemes is estimated. Most of schemes led to the accurate solution with exception
of WENO5-JS, MP5 and PPM-CW where oscillations are observed in post-shock area.

4.3 1D Expansion tube with initial velocity JUgj=2 mM=s

The second considered case is the double rarefaction problem. It consists in a one meter long tube
where the velocity set with discontinuity located in the middle. The tube is lled with liquid water

with density =1150 kg/m 2, atmospheric pressure and a small fraction of vapour =0.01. The
initial velocity is set to be -2 m/s on the left and 2 m/s on the right. The uids are described by
EOS with the following parameters,

0 1 0 2:35 ! 0 1 0 1:43 !
Py 10° Pa Py 0 Pa
q = 0:1167 10’ Jkg¢ and B q = §0:2030 10’ J/kg
1150 kg/m3 1 kg/m3
C  water 4267 JIK kg C  Gas 1487 J/IK.kg

For this case, the pressure remains positive since gas is present initially and an increase in gas
volume fraction is observed due to the gas mechanical expansion. The obtained numerical solution
presents two expansion waves. The computations have been done by using 1000 cells at time step
dt =10 ’s. We compare the results at nal time t 5 =3:2 ms.

Figure 4.10: Water-gas double rarefactiorjupj=2 m/s, reconstruction methods comparison, mesh 1000 cells,
t = 3:2 ms. Pressure, velocity, mixture density and void ratio pro les
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We rst consider the solution for pressure, velocity, mixture density and void ratio obtained
by using key high-order numerical schemes, i.e. MUSCL (for comparison purposes), WENO5-IS,
WENOS-Z and PPM-CW with characteristic reconstruction. The results of computations are pro-
posed on 4.10. The solutions for the pressure and velocity components are in close agreement with
reference solution. The variation in the mixture density and void ratio is noted by using PPM
scheme, where a strong oscillation around the region of initial discontinuity is observed. However,
the solution recovers as the expansion wave progresses and we obtain a smooth reconstruction.
Oscillations along the expansion waves are noticed by using MP5 method for the pressure pro le.

The deviation between results of using di erent variations of WENO5 and PPM are present
for the pressure component, where oscillations along the expansion waves appear (on the interval
x=[0,0.2] and x=[0.8,1]). The solution for pressure obtained by using several modi cations of
WENO5, WENO3 and PPM are presented on Figure 4.11. We observe two symmetrical oscilla-
tions by using WENOS5-JS scheme. These oscillations are eliminated with later modi cations of
the schemes (e.g. WENO5-Z, WENOS5-IS etc). On the other hand, all WENO schemes of third
order accuracy have smooth reconstruction in similar area and in agreement with reference solu-
tion with only a slight undershoot provided by WENO3-JS in the angle of expansion waves. The
PPM method variations led to relatively similar results. However, an unsymmetrical oscillation is
present on the left expansion wave by using primitive variable reconstruction.

Finally, the solution discrepancy in the pressure pro le is obtained from computations with
KNP solver (see Figure 4.11 bottom right). The unsymmetrical oscillations are noticed along the
expansion waves propagation on the intervalk = [0;0:2]Jm and x =[0:8; 1]m.

The characteristic variables reconstruction does not have any e ect on present computations
except for the PPM method.

Figure 4.11: Water-gas double rarefactionjupj=2 m/s, numerical schemes comparison: WENO5, WENO3,
PPM, HLLC and KNP, mesh 1000 cells,t = 3:2 ms. Pressure pro le
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4.4 1D Expansion tube with initial velocity Jugj=100 m=s

We consider a similar test to the previous one, except for the initial velocity value increased to 100
m/s, which leads to sti and challenging numerical problem. EOS are unchanged. As before, we
set the time stepdt = 10 ’ s and perform the computations on the domain with 1000 cells. The

solutions have been compared at nal timet 5 =1:5 ms. For this test the reference solution has

been obtained by using MUSCL reconstruction on 128,000 nodes due to the strong oscillation at
initial discontinuity region produced by high-order schemes by using this mesh re nement.

The solutions obtained by using di erent key numerical schemes are presented on Figure 4.12.
In agreement with previous test, PPM method led to the oscillations in mixture density and void
ratio components around the zone of initial discontinuity. All other schemes provided accurate
smooth solutions around the initial discontinuity and along the expansion waves. We did not
obtain any solution for this problem by using MP5 method.

Figure 4.12: Water-gas double rarefactionjupj=100 m/s, numerical schemes comparison, mesh 1000 cells,
t=1.5 ms. Pressure, velocity, mixture density and void ratio pro les

Large discrepancies are marked for the pressure pro le by testing variations of schemes. The
solution for the pressure evolution is proposed on Figure 4.13. Similarly to the previous test,
WENO5-JS formulation (top left) provides the solution with badly reconstructed rarefaction waves
where the symmetrical oscillations are present on the intervak = [0;0:2]m and x = [0:8; 1]m. How-
ever, other methods of this class allowed to obtain an accurate solution in close agreement with
the reference computations.

Unlike the expansion tube with lower velocity, the variation in the solution for pressure variable
is noted between the schemes WENO3y and WENO3- p (Figure 4.13, top right). The modi -
cation in the reference smoothness indicator as per equations 3.46 and 3.47 led to the di erence in
the reconstruction of the rarefaction waves. Particularly, the solution where 3.47 has been applied,
symmetrical oscillations are observed along the wave expansion on the interva = [0; 0:2]m and
X =[0:8;1]m.
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Figure 4.13: Water-gas double rarefactiorjupj=100 m/s, numerical schemes comparison: WENO5, WENO3,
PPM, HLLC and KNP, mesh 1000 cells, t=1.5 ms. Pressure pro le

The pressure solution computed by using PPM methods (Figure 4.13 bottom left) illustrates
the discrepancy in the reconstruction of left rarefaction wave by using primitive variables. The
oscillation appears only on the left wave, while the right part of the wave has an accurate result.
This problem is xed by using characteristic variables reconstruction.

Finally, the KNP solver (Figure 4.13, bottom right) result demonstrates the problem on the left
boundary, where the oscillation is present. Moreover, symmetrical discrepancies of the solution
along the angle of rarefaction waves are noted on the interval x=[0,0.2] and x=[0.8,1]. These
problems do not appear in the solution obtained by using HLLC solver.

Figure 4.14: Water-gas double rarefactionjugj=100 m/s, numerical schemes comparison; WENOS5, and
PPM, mesh 1000 cells, t=1.5 ms. Velocity pro le

The velocity component of the solution has a variation in the solution by using modi ed
versions of WENOS formulations. Figure 4.14 (left) illustrates strong oscillations around initial
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discontinuity zone resulted by WENO5-Z and WENO5-SZ. The solutions are recovered smoothly
at other regions of the domain.

The PPM method with primitive variables reconstruction Figure 4.14 (left) has similarly led
to a slight oscillation around initial discontinuity for the velocity solution. Moreover, further
discrepancies appear at x=0.4 and x=0.6 which are not present in reference computations. This
problem disappears by using characteristic variables.

Other schemes do not have e ect of characteristic variables reconstruction in present compu-
tations.

4.5 Synthesis

The rst part of the validation process of the numerical schemes used in this study has started
by doing 1D computations for the tests of water-gas shock-tube and expansion tube with low and
high initial velocities.

Firstly, the computations of the shock-tube problem show that most of the reconstruction tech-
niques provide results in good agreement with the reference solution. However, some discrepancies
have been found. For instance, WENO5-SZ scheme has an oscillation for the mixture density
around the discontinuity zone, which is not observed neither in other WENO5 methods, nor in
reference solution. This oscillation has been eliminated by using characteristic variables recon-
struction. On the other hand, WENO3 schemes led to the accurate and smooth reconstruction
of all variables with one exception of OWENO formulation, where slight discrepancy is noted for
the mixture density in the discontinuity zone. Moreover, PPM method produces oscillations of
the solution in the post-shock zone by using primitive variables reconstruction (PPM CW). This
problem is xed by using characteristic variables. This test did not demonstrate any di erence
between HLLC and KNP solvers. The numerical analysis by using reference solution computed on
the ne grid has been performed and an approximate second order of convergence is obtained by
using all schemes.

Secondly, two expansion tube tests have been performed. Here, the initial velocity set up with
low and high values allows to examine the scheme behaviour where stronger waves are involved.
Indeed, more variations of the numerical solution have been illustrated. For instance, the WENO5-
JS scheme led to symmetrical oscillations along the expansion waves in both tests for the pressure.
Unlike the shock-tube problem, these tests have also shown a di erence in the pressure evolution
by using WENO3-  and WENO3- p, where the former one led to the inaccurate rarefaction
wave reconstruction for the case with stronger initial velocity. Furthermore, all PPM methods
produce oscillations for the mixture density and void ratio pro les even with characteristic re-
construction, either at mid-tube for the low initial velocity case or along the expansion waves for
the high velocity case. Moreover, the PPM method with primitive reconstruction presents a big
unsymmetrical oscillation in the rarefaction zone for the case with high initial velocity, which is not
present in similar computations with characteristic reconstruction. Finally, these tests presented
the discrepancies in the solution for the pressure variable by using KNP solver.

These rst results give an indication of the schemes behaviour when strong shocks or expan-
sion waves are involved. We can preliminary conclude that PPM method provides more accurate
solution when applied to the characteristic variables, since most of the issues are eliminated in com-
parison to the primitive variables reconstruction. Furthermore, WENOS5-JS formulation becomes
oscillating if strong shock is involved and, hence, probably should not be used in such problems.
On the other hand, WENO5-IS scheme demonstrated accurate results in all tests. Similarly, the
tendency of solution deterioration is noted for some WENOS3 schemes, i.e. OWENO3 method is
oscillating even for the shock-tube case and WENO3+» is not accurate for the problems involving
a strong expansion wave. Finally, we note deteriorating nature of the solution of KNP solver, while
HLLC formulation is preliminary preferred choice for the computations of such cases.
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4.6 2D air-helium shock-bubble interaction

The second part of validation is a 2D shock-bubble interaction: a helium bubble immersed in air
is impacted and accelerated by a shock wave. This particular problem has been chosen due to the
existence of experimental studies by Haas & Sturtevant (1987) and more recently by Layest al.
(2009). It implies that the experimental data visualisations can be used for qualitative assessment.

The helium bubble has an initial diameter of 4 cm and is impacted by a normal shock wave
moving at the Mach number 1.175. The EOS and post-shock parameters are given in Table 4.2.
The volume fraction represents here the ratio of the lighter gas to the carrier gas.

Table 4.2: Air-Helium EOS parameters and post-shock condition

Pi
air 1.4 0 Pa 1.163 kg/n?
helium 1.648 0 Pa 0.16 kg/n¥
P u

post-shock 1.444 1®Pa 1.51 kg/m® 93.65 m/s

The computations are performed on a half-domain due to the symmetry of the problem. Unless
stated otherwise, the results have been obtained by using a uniform mesh discretization of 4000
400 cells, the time step of 5 10 % s and the HLLC ux formulation. The PPM method in
present computations is used with characteristic variables with contact discontinuity detection.
The notation WENO3-P denotes the formulation with reference smoothness indicator as per 3.46,
which is not oscillating in the problem of expansion tube with high initial velocity.

Firstly, the density gradient evolution compared to the experimental visualisations is shown
in Figures 4.15 and 4.16 for simulations performed by using the WENOS5-IS reconstruction. The
numerical and experimental solutions are compared at approximately similar times. The bubble
deformation starts by its attening in the direction of the shock wave and eventually takes the
shape of the kidney as a result of the high speed air jet formation located at the upstream interface.
On the other hand, the downstream interface jet leads to the appearance of the counter-rotating
vortices which cause the bubble elongation. The computations obtained with all schemes are able
to reproduce the main elements of the bubble shape evolution compared to the experimental data.

Figure 4.15: Experimental visualisation by Haas and Sturtevant, extracted from Haas & Sturtevant (1987).

Figure 4.16: Numerical results computed on 4000400 nodes, dt=2.5 10 ° s, HLLC Hancock WENO5-IS

The comparison of the numerical schemes performance is now proposed. Firstly, the deviation
in the solution obtained by using di erent formulations of WENO3 scheme is discussed. The
WENO3-JS method solution is presented in Figure 4.17 left. Although the bubble interface has
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been reconstructed accurately, overall the bubble interface is smeared with little reconstruction of
vortices. On the other hand, the improved extensions, i.e. WENO3-Z and WENO3-P (Figure 4.17
middle and right, respectively) demonstrate considerably better reconstruction without noticeable
oscillations inside or outside the bubble. The vortices on the bubble interface are reconstructed
fairly well but with less details compared to the higher order PPM and WENOS5 schemes. The
two core vortices are di used but still improved in WENO3-Z and WENO3-P compared with the
originally formulated WENO3-JS.

Figure 4.17: Air-helium shock-bubble interaction, comparison of the numerical schemes. Mesh: 400@00,
dt=2.5 10 ° s, tya =0.05 ms, left to right: WENO3-JS, WENO3-Z, WENO3-P.

Similarly, an improvement is illustrated with higher order WENO5 schemes in Figure 4.18. The
WENOS5-JS has fairly well reconstructed bubble interface and the vortex-like structure including
the core vortices. However, the oscillations can be noticed in the direction of the wave propagation
(inside the bubble on the left and outside the bubble on the right part of the plot). The inside
oscillations have been eliminated almost completely by using improved versions of the method
(Z, 1S and SZz). All three schemes led to the accurate bubble structure reconstruction with slight
deviations inside the vortices. We notice that WENO5-Z and WENO5-SZ produce more structure
inside the vortices on the bubble interface, while these structures have been di used in the case
of WENO5-IS. On the other hand, the two vortices inside the bubble have been reconstructed
well by all three schemes with, however, again, more di usion by WENO5-IS. Interestingly, small
oscillations outside the bubble are observed by WENO5-Z and WENO5-SZ, while WENO5-IS
eliminates these oscillations and instead has uctuations in the solution around two core vortices.

Figure 4.18: Air-helium shock-bubble interaction, comparison of WENO5 class methods, mesh: 400@00,
dt=2.5 10 9, t ny =0.05 ms, left to right: WENO5-JS, WENO5-Z, WENO5-SZ, WENO5-IS.

Furthermore, the impact of the numerical ux formulation (HLLC versus KNP) is presented
in Figure 4.19. We notice a strong di usivity in the case of both, second-order MUSCL and fth
order WENO5-SZ method. The KNP ux formulation is proved to be very di usive in the present
study.
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Figure 4.19: Air-helium shock-bubble interaction, comparison of the numerical ux formulations, mesh:
4000 400, dt=2.5 10 ° s, t,y =0.05 ms, left to right: HLLC Hancock-MUSCL, KNP Hancock-MUSCL,
HLLC Hancock-WENO5-IS, KNP Hancock-WENO5-IS

Lastly, the e ect of the characteristic variables reconstruction has been analysed. No strong
discrepancy for the results by using characteristic or primitive variables have been observed.

The study of the mesh convergence of the schemes have been performed on the maximum
pressure component computed at the nal time thg =0.05 s with CFL=0.3 by using MUSCL,
WENOS-Z, PPM and WENOS5-IS reconstruction methods. The evolution of the maximum pressure
reached during the process is plotted in Figure 4.20 (left part). The solution of the maximum
pressure has three main peaks. The rst one of the approximate value 1.8 bar occurs at time
0.3 s. All schemes led to the similar pressure values. The second and highest peak of 2.2
bar happens at time 1.2 s, which has been correctly reconstructed by all schemes with HLLC
formulation and has been delayed and smoothed by using KNP formulation. Finally, the third
peak of 1.9 bar with two parts occurring at times between 2.9-3.5 s has been slightly decreased
in intensity by using PPM reconstruction with HLLC formulation and shifted in time and lacking
the accurate intensity by using KNP formulation.
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Figure 4.20: Air-helium shock-bubble interaction, maximum pressure comparison, mesh: 40000 (left),
convergence of the maximum pressure (right). CFL=0.3

The normalized pressure value of the highest peak (estimated by using the solution computed
on the nest mesh 4000 400 nodes with the WENO5-IS formulation) is shown in Figure 4.20
(right part) against the gradually increased mesh resolution indicated by the number of points per
bubble diameter (ppbd). The convergence of approximate second order is veri ed by computing
the approximate error related to the nest mesh pressure value. This con rms the numerical ac-
curacy of the schemes achieved in previously discussed 1D tests of shock-tube.

The validation study in 2D highlighted a fairly good performance of all numerical schemes.
The HLLC solver is shown to be more suitable for present computations, while KNP ux formu-
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lation is di usive. The e ect of high order reconstruction compared to the second order MUSCL
reconstruction is illustrated. The standard formulations of WENO3-JS and WENOS5-JS are more
di usive compared to its modi ed counterparts, e.g. WENO3-Z and WENO5-SZ,IS. The vari-
ation between the primitive and characteristic reconstruction is negligible, hence, the primitive
reconstruction is preferred due to its simpler derivation and implementation.

4.7 Conclusion

The objective of validation process has been set up to de ne the schemes performance based on
di erent problems. Three problems in 1D (shock-tube and two expansion tube problems) and
one problem in 2D (air-helium shock-bubble interaction) have been de ned as suitable tests to
examine the response of the numerical schemes to phenomena of shocks, contact discontinuities
and expansions waves. The problems have been tested in hierarchical order from easiest to the most
di cult in 1D: shock-tube, expansion tube with low velocity, expansion tube with high velocity.

The following conclusion can be draw:

Order of accuracy.  While the numerical schemes presented in this thesis have a high
formal order of accuracy, this order cannot be achieved where discontinuities in the solution
are present. The average second order of accuracy is estimated for all the considered schemes.

Flux formulation. The choice of the ux formulation was crucial as we computed more

complicated cases. As such, while shock-tube problem did not illustrate di erences in the
solution, discrepancies appear in the pressure pro le for the expansion tube. Moreover,
the solution obtained with the KNP scheme for the 2D shock-bubble interaction is strongly

di usive. Hence, we believe that in this regard, HLLC solver is preferred.

Reconstruction variables. The e ect of reconstruction variables has not been shown to
be important. While several schemes are responding better to characteristic variables (PPM

in particular), we have noted that generally stable schemes, such as WENO5-1S, WENOS3-Z,
WENOS-P have similar solution with primitive and characteristic variables. Overall, the
primitive variables reconstruction is simpler in terms of analytical derivation and implemen-
tation. Hence, it makes sense of choosing the schemes where the choice of variables is not
crucial. Nevertheless, PPM method should be used with characteristic variables based on
our tests.

High-order reconstruction. We have tested variety of high-order numerical schemes and
several methods have demonstrated better overall results in all the considered problems.
These schemes are: WENO5-IS, WENO3-Z, WENO3-P. The PPM method is working well
with characteristic reconstruction and can be used in this way. MP5 method is oscillat-
ing in all problems. MUSCL scheme is always stable but has considerably less detail in
reconstruction as per our qualitative assessment.
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Chapter 5

2D Shock-induced bubble collapse

This Chapter addresses the problem of a liquid-gas shock-induced bubble collapse. Two prob-
lems are proposed: rstly, the bubble collapse in a free- eld and, secondly, the similar problem in
the vicinity of a wall (which can lead to the erosion of the solid material).

The objective of this Chapter is to establish the high-order numerical schemes e ect on the
solution reconstruction. Precisely, the solutions of maximum pressure inside the uidPmax in
the case of bubble collapse in a free eld and, additionally, maximum pressure next to the wall
Pwallmax in the case of bubble collapse close to a wall are examined on the point of accurate
overall reconstruction and, more importantly, accurate recovery of pressure peaks. The study
for the convergence of pressure intensity peaks is presented. The qualitative examination of the
contours of the density gradients is proposed. We aim to quantify the numerical schemes impact
on the solutions and draw a preliminary conclusion for further 3D computations.

5.1 Bubble collapse in a free- eld

The present test is based on the one presented in Bourne & Field (1992) and computed by various
authors (for example Nourgalievet al. (2006)). An air bubble with diameter 6 mm, immersed in
water at rest, is impacted by a normal shock wave for which the Mach number M,=1.7. The
physical conditions are initialised as following: P = 10° Pa, r =1 kg/m 2 and water 1000 kg/m?3.
Only a half of the bubble is considered due to the symmetry of the problem. The domain has
top and bottom boundaries set as slip walls, left and right boundaries have imposed non-re ective
conditions. The computations are made with spatial discretization of 2000 1000 nodes using
either a xed time step dt =10 ° s or a xed CFL number. The EOS parameters and post-shock
condition are stated in Table 5.1.

Table 5.1: Water-air EOS parameters and post-shock condition

air 1.4 0 Pa 4180 J/K.kg
water 4.4 6 10° Pa 1487 J/K.kg
P u

post-shock 1.9 10° Pa 1323.65 kg/nt 681.58 m/s

Firstly, a description of the main physical phenomena is proposed in Figure 5.1 where the
density gradient modulus (the top of the plot) and the pressure eld (the bottom of the plot)
obtained by using WENOS5-IS scheme are plotted. The collision of the shock with the bubble
causes a strong rarefaction wave to be re ected in the backward direction and a weak shock wave

49
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to penetrate the bubble (at time t=2 s ). The pressure di erence leads to the bubble deformation
which becomes kidney shaped (at timeg=3 s ). This particular shape is a result of the vorticity
occurred at the bubble edge due to the water jet caused by the passing shock wave. The high
pressure zone is generated once this water jet hits the standing still water in front of the bubble
causing the emission of a strong blast wave (time =4 s ). Moreover, further propagation of the
water jet and its high speed makes the blast front expand asymmetrically. Finally, a high pressure
area is generated at timet=4.8 s due to the recollapse of the bubble pieces by the leftward front of
the blast wave. While the blast wave continues to expand, the cavity shrinks and the low pressure
elds are observed at the vortices core.

Figure 5.1: Bubble collapse time evolution, (a) 2 s, (b) 3 s,(c)4 s, (d) 4.8 s, HLLC Hancock WENO5-
IS, mesh 2000 1000, CFL=0.3.

The time and the intensity of the maximum pressure peaks reached during the collapse are
analysed. The mesh convergence is attested through the evolution of the highest pressure peak.
Figure 5.2 (left) presents the evolution of the maximum pressure where three main peaks are
observed (see Table 5.2). The rst peak occurs at approximately 3.6 s due to the generation of
the blast wave and highest values are obtained by using WENO3-Z and WENO5-IS, i.e. 50,600
bar and 50,700, respectively. The second peak happens at approximate time 4.4 due to the
generation of another strong shock wave in the liquid when the expelled-gas shock focuses on the
bubble's most upstream point. Finally, the third and strongest peak is observed at approximate
time 4.7-4.8 s due to the recollapse of the bubble fragments. This peak has the most deviations
in solution. The PPM method results in the strongest peak intensity, around 98,000 bar, which
is almost 10% higher than the two other schemes. The dierence between pressure intensities
obtained by WENO3-Z and WENO5-IS at this peak is approximately 3,000 bar with higher value
computed by using WENO5-IS. This corresponds to approximately 3% di erence. Similar solution
variation has been noted by using MUSCL method which led to the lower intensity of pressure by
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around 3%.

Table 5.2: Shock-induced bubble collapse, comparison of the maximum pressure peaksR .

Water-air shock-bubble, Pmax (bar)

Scheme t1 P1 t2 P2 t3 P3

MUSCL 36s |49900 |44 s |58100 | 4.8 s | 86,600
WENO3-Z 36s | 50600 |44s |59600 |48 s | 86,300
PPM 3.7s | 51506 | 439s|65950 |47 s | 97,930
WENOS5-IS || 3.6 s | 50,700 | 44 s | 67,300 | 4.8 s | 89,300

The convergence of the schemes is studied by re ning the mesh and examining the third peak
pressure intensity. Figure 5.2 (right) presents the convergence by using the second order MUSCL
reconstruction and higher order methods, WENO3-Z and WENO5-IS. The values have been nor-
malised by the pressure value obtained on the nest mesh, i.e. 20000000 nodes. The computations
have been performed by using xed CFL=0.1 which has been chosen based on the preliminary stud-
ies of CFL e ect. The oscillating nature of the solution is noted across all schemes which makes
it problematic to perform the numerical convergence study. This is especially the case for the
PPM scheme which led to the most oscillating result. Thus, in order to perform approximate
convergence study, the Savitsky-Golay Iter of fourth order with 100 points is used to smooth the
data Savitzky & Golay (1964). The PPM reconstruction is not included to this analysis due to
the strong oscillations. The better convergence of high-order WENO3-Z and WENO5-IS is noted
compared with second-order MUSCL scheme, where slight discrepancy is observed. The mesh
independent solution is achieved at around 500 points per bubble diameter, which corresponds to
the mesh 2000 1000 nodes.
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Figure 5.2: Shock-induced bubble collapse, maximum pressure Itered with Savitsky-Golay method, mesh
2000 1000 (left), convergence of the third pressure peak (right), CFL=0.1.

The density gradient along with the pressure pro le evolution at the time of the third pressure
peak t3 is proposed in Figures 5.3-5.4. The presented results have been computed on the mesh
2000 1000 with CFL=0.3. The variation in the solution obtained by using di erent order schemes
is noticed. The most detailed solution is obtained by using WENOS5-IS scheme where all the details
of the bubble core structure can be distinguished. The PPM method, on the other hand, has a
structure which is smeared, the internal structure lines are thicker. However, the least amount
of details is produced by the second order MUSCL approach, which is a consistent result based
on the theoretical order of accuracy of these schemes. The pressure pro les are illustrated at the
bottom of the plots. The highest values are observed in the solution computed with PPM as has
been noticed with the maximum pressure analysis. The low pressure area inside the vortices is
present on the plots of all three schemes.
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Figure 5.3: Shock-induced bubble collapse, contour of density gradient (top) and pressure eld (bottom),
MUSCL (left), PPM (right). Mesh 2000 1000 nodes, CFL=0.3, timet=4.8 s.

Figure 5.4: Water-air shock-bubble collapse, contour of density gradient (top) and pressure eld (bottom),
WENOS-Z (left), WENOS5-IS (right). Mesh 2000 1000 nodes, CFL=0.3, timet=4.8 s.

The problem of the shock-bubble collapse in a free eld is characterised by large pressure jump
at the time of the recollapse of the bubble fragments. It is expected that the high-order numerical
schemes are able to recover the value of such a pressure intensity with more accuracy than MUSCL
methods. Moreover, the complexity of the physical phenomena involved into this problem can be
reconstructed only by using very ne mesh during the computations. The results presented in
this Section illustrated an e ect of high-order reconstruction. Indeed, the solutions obtained by
using WENO3-Z and WENOS5-IS have better accuracy compared with MUSCL scheme by using
the same mesh. PPM method has a variation which is not observed with other schemes. The
highest pressure peak and its intensity might be a result of the oscillating nature of the method.
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5.2 Bubble collapse near a wall

The present test has been proposed by Paquette Paquettet al. (2018) to study the potential wall
damage due to the bubble collapse. A wall is placed behind the bubble. A normal shock wave
initially located at 0.1 mm is moving with a Mach number M ¢,=1.09 causing the bubble collapse.
The EOS parameters stay the same and the post shock conditions are given below:

0 1 0 1
P 1.2 10° Pa
B X = B1049 kgim* % (5.1)
75 m/s
post shock

The computational domain is of a size 0.3 0.5 mm and the initial bubble diameter is 0.1 mm
with its initial location at (0.2,0) mm. The ratio L=Rg between the position of the bubble center
to the wall and the initial bubble radius is a major parameter that governs the bubble collapse
dynamics. As suggested in the study of Johnsen and Colonius Johnsen & Colonius (2009), the
bubble initially located at a distance lower than L=Ro = 2 presents a high potential to cause
damage. We consider in this section only the case where the ratib=Rg = 2.

The computations are made with xed CFL=0.1 and 650 points per bubble diameter, which
corresponds to a spatial discretization of 1908 3180 nodes. The solutions are obtained by using
MUSCL, WENO3-Z, WENO3-P, PPM and WENO5-IS.

The mesh convergence is veri ed on the evolution of the maximum pressure peaks based on
the solutions obtained with MUSCL, WENO3-Z and WENO5-IS. The mesh is ranged between
750 1250 and 1908 3180 (250 to 650 points per bubble diameter). Three main peaks in the
pressure solution are observed. The rst one, with the lowest intensity, occurs at around time 0.13

s and is due to the impact of the incident shock wave on the wall. The second one is observed
at time 0.28 s and is a result of the impact of the generated blast wave on the wall. The third
one, at time 0.36 s, is caused by the impact of a secondary wave emitted by the recollapse of the
bubble. All numerical schemes lead to approximately similar time for these peaks. The intensity
of the peak depending on the employed numerical scheme is presented in Table 5.3. The tests
have shown the convergence of all schemes with a mesh independent solution achieved using 500
points per bubble diameter. However, the strong dependency of the third pressure peak on the
CFL number has been established. The rst and second pressure peaks converge faster even with
higher CFL numbers.

Table 5.3: Bubble collapse near a wall, comparison of the maximum pressure peaks\g -

Water-air shock-bubble with a wall, maximum pressure Pnax (bar)
Scheme 11 P1 to P> i3 P3
MUSCL 0.13 s | 2,573 0.28 s | 9,444 0.36 s | 8,829
weno3-Z 0.13 s | 2,565 0.28 s | 9,453 0.36 s | 8,938
weno3-P 0.13 s | 2,565 0.28 s | 9,440 0.36 s | 9,158
PPM 0.13 s | 2,553 0.28 s | 9,449 0.36 s | 9,070
weno5-1S 0.13 s | 2,563 0.28 s | 9,456 0.35 s | 9,138

The highest third pressure peak has been obtained by computing the solution with the schemes
of higher order, i.e. WENO5-IS, PPM and WENOS3-P, while the rst and second pressure peaks
have only slight di erence caused by the numerical scheme. Figures 5.5 and 5.6 present the mesh
convergence of the MUSCL, WENO3-Z and WENO5-IS schemes.
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Figure 5.5: Bubble collapse next to a wall, maximum wall pressure obtained with the mesh 1908 3180
nodes, CFL=0.1 (left), convergence of the maximum pressure peaksRx obtained with MUSCL, CFL=0.1

(right).

Figure 5.6: Bubble collapse next to a wall, convergence of the maximum pressure peaks,&, CFL=0.1,
WENOS3-Z (left), WENOS5-IS (right).

The solution improvement based on the enlargement of the density gradient is illustrated. The
gradient of the density with corresponded pressure pro le at the time of the third pressure peak
is proposed in Figure 5.7. For comparison purposes, ve main elements are distinguished in the
bubble vortices curvature, c1, ¢, C3, ¢4 and cs. These elements are noted on the plot with WENO5-
IS solution since this scheme led to overall most accurate results. In the discussion to follow, the
comparisons of the solutions will be relative to this method.

We note that the numerical solution computed with MUSCL does not reconstruct the vortices
accurately. All the elements of curvature have been smoothed out and, moreover, the elemenj
does not have the complete shape. The pressure pro le has also considerably less area of high
pressure values. On the other hand, WENO3-P and WENO3-Z led to the reconstruction of better
accuracy. The elementcs is best resolved by WENO3-P, where internal space of the vortex has the
curved structure as we indeed also observe in the solution by WENOb5-IS. The shape of the element
¢4 is computed with the most amount of details by 3-P and also WENQO3-Z. Thec, element is
reconstructed accurately by all schemes of this class with slightly more concave structure produced
by WENO3-P. The element ¢; is smoothed out considerably by using the schemes WENO3-P and
WENO3-Z. Finally, the comparison with PPM solution is proposed. This solution is the most
close to the solution produced by WENO5-IS. The main deviations are in the curvature of the
element c;, where WENOS5-IS has more concave structure. Thecz element is not reconstructed
su ciently by PPM and only the top part is present. The inside vortex elements, ¢4 and cs,
are solved accurately with again less detailed resolution of the elemerts. Precisely, the inside
structure is more smeared and lacks some details in the PPM solution.
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Figure 5.7: Bubble collapse next to a wall, comparison of the reconstruction method, contour of density
gradient (top), pressure eld (bottom), mesh: 1908 3180, CFL=0.1, left to right: WENO5-IS, PPM,
WENO3-z, WENO3-P, MUSCL
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The computational time of the solutions obtained by using the key numerical schemes (i.e.
MUSCL, WENO3-Z, WENOS5-IS) is given in Table 5.4. The cost has been increased by 40% be-
tween MUSCL and WENO5-IS schemes. This cost of computations is critical for higher resolution
computations and, particularly, for 3D problems.

Table 5.4: CPU cost, bubble collapse near a wall. Mesh: 19083180. CFL=0.1.

Scheme CPU (h) ratio
MUSCL 94.7 1
WENO3-Z 121.6 1.28
WENO5-1S 133.7 1.41

5.3 Synthesis

The objective of this Chapter has been set to de ne the e ect of high-order numerical schemes
and to map a strategy of further 3D computations. Two tests have been performed: shock-bubble
collapse in a free eld and in vicinity to a wall.

The numerical schemes response to the large pressure jump generated by bubble's fragments
recollapse in the rst case has been observed. Indeed, superior reconstruction of the pressure
intensity has been observed by using WENO5-IS and WENO3-Z schemes compared with second
order MUSCL reconstruction. Furthermore, the qualitative examination of the density gradient
highlighted more detailed solution. The PPM method, while led to the highest pressure intensity
value, is thought to be less accurate and these values are accounted to the oscillating nature.

The results obtained from the computations of the bubble-collapse next to a wall showed similar
tendency. The most accurate results were achieved by using WENO5-IS scheme. The solution has
been considerably improved in comparison to the second order MUSCL technique.

The part of the objective of this Chapter, however, was a quanti cation of the high-order
numerical schemes results. The computations of a reference solution being not feasible, this quan-
ti cation is based only on two components: the magnitude of pressure peaks and the computational
cost.

Interestingly, by only looking at the maximum pressure components of the solution (maximum
pressure next to a wall in the case of bubble collapse in vicinity to a wall), we do not observe a
huge di erence. Particularly, an improvement of only 3% is noted by using WENO5-IS for the
rst problem. On the other hand, bubble collapse next to a wall illustrated very similar pressure
intensities values by all methods. Hence, most of the conclusions can be drawn by qualitative
observations.

While these observations indeed lead to the conclusion of better results obtained with WENO5-
IS and WENOS3-Z schemes, the numerical solution assessment is not complete without the com-
parison of the CPU cost. Indeed, an increase of the CPU cost is present as the order of the method
improves, in particular due to the increase of the computational stencil size. The cost has been
increased by 40% using WENO5-IS scheme in comparison with the MUSCL simulation. This cost
is acceptable in 2D cases but becomes critical for 3D con gurations. Thus, an important further
development is to examine potential strategies to reduce this CPU cost.



Chapter 6

Mesh stretching

The high computational cost of presently considered problems due to the combination of neces-
sity of the large number of points per bubble diameter and the size of computational stencil, leads
to the consideration of possible strategies to reduce either number of points or CPU or both with
minimum accuracy loss. The CPU reduction stand-alone can be achieved by employing various
parallelization techniques. However, in order to achieve high- delity 3D computations which re-
guire very ne grids, the computational cost becomes prohibitive even with parallel solvers. Hence,
the mesh points reduction is required.

One of the possible solutions to this problem is an introduction of a non-uniform mesh. One
can observe that the bubble does not occupy the whole computational domain and depending on
the considered problem the area of the uniform mesh can be de ned around the bubble location.
That is, the number of the points per bubble diameter will be the same as the originally solved
problem, while outside this area, the cell size will be gradually increased up to the boundary of
the domain.

The second solution, which is somewhat related to the rst one, is continuous increase of the
cell size from a given arbitrary point inside the computational domain, the middle of the bubble,
for instance.

The hypothesis tested here is to determine whether or not the CPU cost can be reduced by
keeping constant the number of points per bubble diameter and reducing the number of points
outside the bubble without consequential reduction of the accuracy.

6.1 Non-uniform mesh overview

The emergence of the non-uniform grids can be related mainly to the need of solving the patrtial
di erential equations on arbitrary geometry of the computational domains. This is especially
a requirement for the computational uid dynamics problem, from where most developments of
this research domain originated. Generally, these grids are explored in the problems where the
curvilinear coordinate systems are required. These problems with an introduction of non-uniform
grids became a focus of many researches, in particular in the framework of formal accuracy order of
the solution in the case of non-uniform grids. For instance, Thompsoret al. (1985) performed an
extensive analytical study about the accuracy variations by using two di erent non-uniform grid
strategies: xed distribution function and xed number of points. Moreover, the evaluation of the
distribution functions has been performed, the result of which can be extended to other systems
where the non-uniform meshes might be used. Ten distribution functions have been considered,
including the exponential function, hyperbolic sine and tangent etc. The conclusions about which
distribution function is the most suitable for particular problems have been drawn.

An alternative strategy for non-uniform mesh generation is an introduction of the adaptive
mesh where the cluster of points is generated in certain critical areas of the solution. This method

57
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is divided into two main classes. The rst class of re nement is adaptive mesh redistribution or
so-called p-re nement Chung (2002). The idea of p-re nement is to continuously reposition a xed
number of cells to locally improve the solution accuracy. While this type of re nement is fairly
easy to implement, there is no possibility to change the topology in the case of discontinuities.
This may lead to the grid distortion. The second class of adaptive re nement is h-re nement or
commonly called AMR Berger & Joseph (1984), where the point clusters are continuously changing
by adding and removing cells. The advantage of this method is the possibility to use it in many
problems where the localised large-gradients are present, e.g. the problems with discontinuities,
shocks and phase changes. However, this method is considerably more complex in terms of its
implementation and parallelization. Some of the potential di culties in sequential programming

of this method include the de nition of re nement criterion, the re nement constraints and its
order.

The simpler non-uniform structured grids can be implemented for the problems where the
solutions have the localised variation area. The functions suitable to generate such grids have been
analysed in terms of the truncation error by Vinokur (1980). These functions are meant to be used
when the reduction of the points with retained accuracy of the solution is required and applied in
a way of the points clustering around the regions where the solution varies the most. Realistically,
these regions are often unknown and complex. Moreover, some problems might have the solution
with several such regions which are changing with the time iterations. Thus, the perfect grid
generating system is an adaptive system, which regenerates the grid as often as needed according
to the physics of the problem in consideration. This type of grids have been considered in the
context of the nite di erence methods with one-dimensional problems, for instance in Pierson &
Kutler (1980) and Gough et al. (1975). However, in order to use these grids in multi-dimensional
space, further developments are required due to the usually di cult geometry of the clustered
regions.

Some problems in practice can be evaluated beforehand in terms of the regions where the
clustering is needed. Particularly, this estimation can be based on the well predictable topology
of the problem, simple con gurations of the shock wave etc. Often, such problems are based on
the elliptic boundary-value problem and clustering study for these type of cases have been studied
in Middleco & Thomas (1979) and Thompson et al. (1977). The clustering at the boundaries
can be set by using the algebraic systems with one-dimensional functions, normally addressed as
stretching functions. Such algebraic systems are discussed in some details in Thompson (1983)
and Thompsonet al. (1985). Assuming a simple geometry, the clustering can be obtained by using
only algebraic systems with one-dimensional stretching function.

Several types of stretching functions are available to work with problems where the geometry of
the area with highly varied solution can be prede ned. The most straightforward one-dimensional
stretching function involves only two parameters. For instance, an interior stretching function
would require the location point in the computational domain, where the function is initialised,
and the value of spacing which is taken as the rst and minimal value for the slope. On the
other hand, for two-sided stretching function these two parameters are the slope values at both
ends of the distribution. Yet another stretching function can have the asymmetrical nature, where
the slopes at both ends are equal and constructed by using two one-sided stretching functions.
Moreover, the interior stretching function can be used to construct one-sided function where the
clustering is de ned at either of the ends.

Di erent distributions are used two construct these stretching functions. The study of Thomp-
son (1972) explored the inverse hyperbolic sine distribution function for the numerical computa-
tions in the framework of inviscid supersonic ow over the blunt delta wing. The points have been
clustered on the body of the wing by employing the one-sided function. The logarithmic function
of two-sided anti-symmetrical class is used in the study of Roberts (1971) for the boundary-type of
the problem. However, as noted in Vinokur (1983), the derivation of such a function ignored the
truncation errors and, even though, such a function could be used in some ow problems, there
is a strong motivation for developing two-sided stretching function which would allow arbitrary
stretching at either of the ends of the function independently from each other.

This Chapter explores the two classes of stretching functions. The rst one is a one-sided
stretching function based on either hyperbolic sine or tangent distributions. The second one is
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interior stretching function based on the hyperbolic sine. The discussion of reasons for these two
functions is proposed and the construction of these functions is discussed. Moreover, the derivation
of the high-order numerical schemes such as PPM, WENO5 and WENO3 for the non-uniform mesh
is discussed. Finally, the validation of these techniques is performed on the air-helium shock-bubble
problem and the implementation is then extended to the bubble collapse with and without a wall.
The strategies of the clustering for every considered problems are proposed.

6.2 Evaluation of distribution functions

The stretching functions used for the non-uniform mesh generation can be based on variety of
distributions. An evaluation of the distribution functions has been presented by Thompsonet al.
(1985) based on the measures of the order. The distribution functions which are suitable for a
very small spacing were determined.

The following conclusions were drawn based on the analysis presented by authors:

1. even though exponential function is close to the hyperbolic tangent function in terms of the
smoothness, the nal conclusion is that the exponential function is not as good. Hence, the
hyperbolic function is preferable

2. the comparison between hyperbolic tangent and hyperbolic sine demonstrated a better suit-
ability of the hyperbolic sine for the boundaries where the initial spacing is speci ed. How-
ever, considering other criteria, the hyperbolic tangent is better overall

3. considering the suitability of the functions in terms of within and outside the boundary layers,
the error and hyperbolic tangent are the most suitable. The hyperbolic tangent function is
better within and the error function is better outside the boundary layer.

4. the other functions, i.e. the sine, tangent, arc-tangent, inverse hyperbolic tangent and sine,
quadratic and logarithm functions are not suitable for the stretching grid

In what is to follow, the hyperbolic tangent and sine functions will be considered and the
construction of the functions to set up the grid stretching will be discussed.

6.3 Construction of one-dimensional stretching functions

This Section's concern is a one-dimensional stretching function. A patrticular interest for this
function is due to its suitability for present study since the directional splitting is used for multi-
dimensional problems and its simplicity since it can be constructed by using only two parameters.
These two parameters involved into the stretching function are the arbitrary internal point in the
domain and the initial size of the spacing. The objective of this section is to draw the conditions
which such a stretching function should satisfy and present its derivation.

6.3.1 A general two-sided stretching function

The derivation of general two-sided stretching function was presented in Vinokur (1983). The
following notations are used. The function is denoted by" and its general form is"(t; sg; S1),
where" is a coordinate andt is a smoothly varied parameter which are normalised and de ned as,

t t n n
t= A and "= A (6.1)
ig ta B A

The variables A and B denote the either ends of the curve. The parametersy and s; stand
for the dimensionless slopes at the point®A and B and formulated as,

d" o
ai (0) and Sy = gt Q) (6.2)

The criteria for the stretching function is based on the fractional truncation error analysis for
the speci c situation when the solution has a localised region of rapid variation. It has two points:

So =
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1. the order of all inverse scales of the-variation with respect to " should not be higher than
one

2. the order of the slopedt=d" must be equal to the order of minimum length scale of function
of unknowns or vector function r-variations with respect to t in the region where a rapid
variation is located

These conditions should be satis ed for allsy and s;. Additionally, the function should be
monotonic and preferably simple, easily invertible and continuous for allsg, s3. Moreover, the
stretching function is required to be constructed as such that"(t) is independent of the choice of
either ends of the curve,A and B, when not normalised.

Consider some universal function (z) and its scaled portion for de ned values of sy and s;
by using the corresponding pointszg and z;. These observations lead to the condition that the
considered universal function is, in fact, odd. That is, the following is satis ed,

(2= (2 (6.3)

The two immediate candidates of the function described above, which are monotonic and
invertible, are sin(z) and tan(z) which have the related hyperbolic functions if z is complex. The
inverse function can be formulated by association oz with either " or t. One can observe that
the most conservative case is when the antisymmetric function is constructed by settingg = s1,
which means that zg=- z;.

A case whensy = s; > 1 for sin(z) and tan(z) has been analysed in Vinokur (1980) where
author demonstrated that only = tan(z) satis es all the requirements to obtain the suitable
stretching function. It is, thus, the function in consideration in present study. This function is
constructed as follows. De ningthezrangesas z= z; zpand rangesas =tan(z;) tan(z)
for arbitrary sp and s3, the normalized variables are de ned,

Z 2

"= and t
z

The slope of the stretching function is computed by taking the partial derivative of the coor-
dinate " with respect to the variable t,

_ tan(z) tan(zo) (6.4)

dll

— = —co¢ 6.5

5 = 5% (6.5)
In order to compute parameters sy and s;, the trigonometric identity is used to rearrange

equation (6.5),

_ sin(z1  2o)
tan(z1) tan(zp) = c0S@1)c0s (o) (6.6)
The equations for sg and s; follow,
S0 = sin( z)cos(zp) and s = sin( z)cos(z1) 6.7)

Zcos(z1) Zcos(zo)

The relation between the ends of the curveA and B with zg and z; are established by intro-
ducing the following,

A= X and B=Pss 6.8)
S1
Then, we have, _
_ Cos(zp) and 5= sin( z) (6.9)
cos(z1) z

The rearrangement by using the cosine sum identity leads the 6.9 to be rewritten as,

A =cos( z)+tan( zy)sin( z) and % =cos( 2z)+tan( zg)sin( z) (6.10)
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The setting arbitrary value for B and solving equation (6.9) for z, the value zg is then obtained
from equation (6.10) with arbitrary value A. Finally, these developments and right equation in
(6.4) lead to the following expression for the stretching function,

_tan(" z+ z9) tan(zp)

t (6.11)

This expression, however, requires one more step to be used in the computations. One should
notice that depending on the set valueB, the ranges z and can be of imaginary type and,
moreover, depending on the values for both A and B, zg can be complex. The latter can be
avoided by using the tangent sum identity to rewrite 6.11,

(= tan(" 2)
"~ Asin( 2)+(1  cos( 2))tan(" 2)

Furthermore, to nd an antisymmetric solution which corresponds to A = 1 in order to simplify
the above expression, the tangent sum identity is used once more to obtain the solution("),

(6.12)

1 tan( z(" 05))
=27 T2an(5 2) (6.13)
which is invertible. Hence, in order to obtain the slopessy and sz, only antisymmetric stretching
function result is required. Furthermore, the desired stretching function is obtained by taking a
square root of the ratio sp=s;.

The choice of the tangent function is also predetermined by noticing that the tangent of the
sum is a rational function of each of the tangent components. The same argument, however,
demonstrates an unsuitability of similar derivations by using sine function, since by de nition the
sine of the sum cannot be expressed as a rational function of individual sines, but, instead involves
individual cosines along with individual sines.

The value for B is required in order to compute the antisymmetric function. Here, the type of
z depends onB and three cases are present. Firstly, iB > 1, then z takes the form of imaginary
type and the following expressions are obtained,

sinh( y) _ 1 tanh( y(" 05))
y and u= 3+ 2tanh(0:5 y) (6.14)

with the inverted formulation,

B =

1, tanh Y(2u 1)tanh(0:5 y))
2 2y
Both formulations of hyperbolic tangent and its inverted counterpart can be expressed in terms

of exponential and logarithmic functions.
Secondly, ifB < 1, then z takes a real form and the following is valid,

(6.15)

sin( x) _ 1 tan( x(" 05))
X and U=+ 2tan(0:5 x) (6.16)

with the inverted formulation,

B =

1, tan Y(2u Dtanh(0:5 x))
2 2 x
Finally, if the value of B is close to 1, the observation that both, x and y converge to zero

and, thus, both previous formulations do not work. Hence, equations (6.16) and (6.17) have to be
expanded in powers of x. Thatis, in B 1 the rst order expression is,

(6.17)

u "(L+2(B (" 051 ") (6.18)

and
"ul 2B 1)(u O05@A u) (6.19)
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The one-sided stretching function with zero slope att = 1 and given initial slope at t =0 can
be derived by scaling the half of the functions de ned above. There are three cases which have to
be taken into account. Firstly, if sp > 1 we have,

sinh(2 ) tanh( y(" 1))

= ——=* =1+ 2
So 2y and t tanh( ) (6.20)
with the inverted equation as,
1
v o1+ tanh ~((t i)tanh( y)) (6.21)
Secondly, ifsg < 1 we have,
_sin(2 x) _ tan( x(" 1))
So = > % and t=1+ tan( X) (6.22)
with the inverted equation as,
1
"o 14 tan “((t i)tan( X)) (6.23)
Finally, if so 0, the following is an approximate formulations for t and its inversion,
t="(1 050 1@ "2 ") (6.24)
and
"= t(1+0:5( @A )2 1) (6.25)

In order to incorporate the above developments, the solution of the non-linear equation has
to be computedy = sinh (x)=x for the case whenB > 1 and sy > 1 for two-sided and one-sided
stretching functions, respectively. This solution can be obtained by either solving this equation
with one of the available iterative methods or by using approximate analytical formulation.

The solution to this implicit equation by using iterative method requires the following rear-
rangement,

rearrange: sinhf) = yx
apply inverse hyperbolic sine to both sides: arcsinh(sinh)) = arcsinh( yx)
result: x = arcsinh(yx)

The last expression is then used a${x) for the xed point or Newton iterative methods.

However, in order to avoid the iterative methods, an approximate analytical expression is
presented in Vinokur (1983). This analytical solution leads to a negligible error and, thus, the
resulting mesh discontinuity does not have an e ect on the nal solution. These approximate
analytical expressions are presented in Appendix A.

6.3.2 A general interior point stretching function

Another stretching function is an interior stretching function which equally requires two parame-
ters: a slope, which is independent from the dimensiors;, and in iction point t;, where the initial
spacing is speci ed. The general interior stretching function is denoted as(t; si;t;) and the initial
slope at the arbitrary interior point is then formulated,

dll

S|=a

(ti) (6.26)
The curvature of this slope is de ned as,

2u
(;?(ti)zo,foro i 1 (6.27)
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It appears that the only case which is practical is whens; > 1. Similarly as for the two-sided
stretching function, the odd universal function (z) is scaled and its portion is considered. While
author in Vinokur (1980) analyses both, sin@z) and tan(z), the main conclusion is drawn that
sin(z) satis es the requirements of the desired stretching function based on the antisymmetric case
when t; = 0:5 and s; takes a large value. Thus, a scaled portion of the inverse hyperbaolic sine
results in another stretching function "(t).

In order to construct an interior stretching function, let us consider z = iy and the universal

function = sin(z). Then, for the arbitrary t; and the range (y) = y1 Yo We write,
. sinh y(" ")
t=1t 1+ s’y ; (6.28)
with its inverse formulation
1 . .
HER —43?5u1h 1((5} 1)sinh"; y) (6.29)
|
It has been suggested in Thompson (1972) to sdt= " = 1 and, given a value for y, we can
write the relation between tj and ",
1 =1 cosh( y)+sinh( y)coth("; vy) (6.30)

o
The inverse formulation is obtained by replacing the hyperbolic cotangent by its logarithmic

formulation. Then

1 1+tiexp ¥ 1)

i:2 ylog(l (X exp V)

Solving the equations for the value vy requires to provide parameterss; and t;. In order to
compute v, the equation 6.28 is di erentiated with respect to t and used on the right hand side
in equation 6.26. Finally, 6.30 is used to nd an expression for'; and the result is the following
expression,

n

) (6.31)

1 y cosh( y) 1+1=t
(siti vi)? sinh(y)
This equation can be simpli ed if the interior point, where the initial spacing has been speci ed,
is not given as a values close to either end of the computational domain and the given initial spacing
s; is large enough. Then, by using the assumption that exp 2 y << 1, the simpli cation of (6.32)
is,

)2 1 (6.32)

49— sinh(05
2si (1 t) O(Syy)

We note, that the above equation is implicit for y and the right hand side is similar to the
equation from previous Section. Hence, the previously de ned approximate analytical expressions
can be used to solve it (see Appendix 1).

(6.33)

Lastly, a special case whertj = "; = 0:5 leads to the antisymmetric case. The corresponding
solution is,
sinh( y(" 0:5))
=0:5(1+ :
t=0:5(1 SInh(0'5 Y) ) (6.34)
The inversed formulation is,
"=0:5+ lysinh (@t Dsinh( y=2)); wheres; = sp = Smh(y—)2/:2) (6.35)
On the other hand, if tj = " = 0, one-sided function is de ned as,
t = M (6.36)

sinh y
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The inversed formulation is,

sinh( y)
y

The presented here stretching functions require a setting the slopes of one or two location of the
domain. These two parameters is not an arbitrary choice, however and strongly problem dependent.
One of the logical way of de ning it, is knowing where the solution has a strongly localised region
of rapid variation and set the function as such as to cluster more points around this region. Thus,
a successful application of mesh stretching is not only nding an appropriate stretching function,
but also de ning a suitable problem dependent stretching strategy. This discussion is developed
further in the next Chapter.

= 1ysinh Ytsinh y); wheres; = sq = (6.37)

6.4 WENO formulation for non-uniform mesh

The high-order numerical reconstruction presented in Chapter 3 have to be reformulated in order to
account for the non-uniform mesh spacing. The PPM method is originally formulated for the non-
uniform mesh and presented in Colella & Woodward (1984). The complete formulations suitable
for the most variations of WENO3 and WENOS5 are presented in this section. Here we follow the
developments of Wanget al. (2007).

Spacial stencil In order to reformulate the key formulations of WENO class of schemes, the
formal formulation for the quadratic polynomial is recalled from Jiang & Shu (1996b),

X2
pr(x)= Gy (X)Uj r+j, with r =0;1;2; (6.38)
j=0
where
Cij (x) = By (X)h3 r+j, wherehy = Xj 34m, m=1;:::;5 (6.39)
P Q
X |3:0;I64n( 3:0;q6:m;l(x X r+q %))
Brj (x) = Q3 (6.40)
m=j+1 I:O;IG:m(Xi r+m % Xi e %)

wherer;j =0;1,;2.
Now, by de ning & = C;; (xj+ %) and B(j = By; (xj+ %) and recalling that WENO reconstruc-
tion is
x . x
Wiy o = P (Xivn =2) and Wiv1=2 = L Py (Xiv1=2) (6.41)
r=0 r=0

we can computeP (X;, 1),
2

X2
Pr(Xis1)= € Ui r+j, wheredy = B hs s (6.42)
j=0
and
P Q
x3 I3=O;I6=m( 3=O;q6=m;l (Xi+% X r+q %))
B = Qs (6.43)
m=j+1 |=0;|6=m(xi r+m 1 Xi re %)
Here we provide the explicit formulations for the spacinghy, = Xj 3+4m With m=1;:::5, the

explicit formulations for ﬁj are
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1 1 1 (h1+ ha+ h3)(hz + hg)

_ . s L : - 44

b2 hi+ha+hs ha+hs hs ’ Bor = B2 (h1 + ho)hzh; (6.44)
(h1 + ha + h3g)hs (h2 + h3)hs

. : - 6.45

o B (h2 + hz)hahy bz (h2 + hz + ha)(hz + hs)ha (6.45)
1 1 1 (h2 + h3)hy

= T : = 27 Ni3)N4 4

11 B2 hpths ' hs ha ; Bro = Bus (hs + ha)hahs (6.46)
hshz h3(h4 + h5)

= ; = Py + 24T N5) 6.47

Eoo (hs + hsg + hs)(ha + hs)hs Bor = o (hs + hg)hshs (6.47)

1 1 1
oo = s S (6.48)
P
Similarly, we can de ne pr(x; 1) = 20 G Ui r+j With & = Cy (x 1)= B hs r+j and
P Q3
. 1 X3 1=0;I ( =0; | (X' 1 X; l))

bi=Bix | 3= o (6.49)

m=j+1 I=0;I6=m(xi r+m % Xi e %)

We can demonstrate thath; = ‘r\)( 1j Whilej =0;1;2 andr =1;2. Then the only coe cients
to be computed are whenr =0 and j =0;1;2. These coe cients, by, are,

ha(hs + hg + hs)

— h3(h4+ hs ) :
ﬁbz - (h3 + h4 + h5)(h4 + h5)h5 ! t\bl - sz (h3 + h4)h4h5 (650)
oo = fipg + 13+ NN+ N+ g) 651

hsha(hs + hs)

Thus, we have explicit formulations for the approximate solution at the cell boundariesx; -
and Xj41 -2, Pr(X; 1) and pr(X;, 1), respectively with spacial stencils formulations needed to ac-
count for the non-uniform mesh. The coe cients ¢; and ¢; have to be computed only once since
they depend only on the spacial spacind,.

Smoothness measure We recall that the smoothness indicator function are introduced in
WENO class of the methods in order to improve the solution on the border between the areas
with discontinuities and area where the solution is smooth. This function is formulated in classical
WENO as,

z i+1=2

z X+1=2 3, 00 2
_, (19)°(Pr ()%

;= ] ha(pr (X)) 2dx +

X 1=

(6.52)

Note, that when the above expression satis es the condition that the approximate solutionpy
is smooth in |, that is, the computational stencil S; is smooth, we have,

- = (P (x)ha)?(1 + O((h3)?) (6.53)
If, however, the stencil S; is nhot smooth, the following is satis ed,
r = 0(1) (6.54)

By using the fact that p;(x) is a quadratic polynomial, it follows that p(,)(x) and p?o are linear
and constant, respectively. The latter one is derived as,

OO_ X2 00 _ X2
= Cyui r+j =
j=0 j=0

00
Brj h3 r+jUi r+j (6.55)
The argument x has been dropped since,; (x) and B,; are constants. We now can have the

expressions for theB;
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" 6
B, = 6.56
2 (hs  + a v+ hs )(Na + + P 1)Ns 1 (6.56)
" " 6 " " 6
Brl: Br2 BrO: Brl+ (6-57)

(h3 rt+ h4 r)h4 rh5 r ’ (h4 rt+ h5 r)h3 rh4 r

By substituting these coe cients into 6.52, the second integral of the equation can be rewritten,

Xj+1 =2 " x
hs(pr(X))de=(h3)4(_ By ()Ns r+jUi r+))? (6.58)

Xj 1=2 j=0

The rst integral can be reformulated by using the property that if the rst derivative pf(x) is
linear in x, then (p, (x))? is quadratic in x. That leads to the way to compute the exact value for
the rst integral in 6.52 by applying the Simpson's quadrature rule,

" o (0% = ()R x 122))2 + 4B )7+ (B (i) (659)

Xj 1=2
It follows from 6.38, that the values for p?(xi 1=2), pf(x), pf(xiﬂ =) are,
X X2

1 1
PrX)= g Ciloui =5
j=0 j=0

0
Brj (X)h3 r+jUi r+j (660)
The formulations for the coe cients ij are obtained from 6.40. We have,

2(h1+2hy) 2(h1+2hy  hs)

0 0 0
BaolXi 1) = (hy+ ha+ h3)(hz + h3)hs P Baxi )= Baolxi y) (h1 + h)hohs
0 0 2(h1 +2 h2 h3) 0 2(h2 h3)
. = . + . . =
BaolXi 3) = Barli % = gm0 P2 DT Ry + hay(he + haha
0 o0 2(h2 hz hy) ) 0 o0 2(hy 2hz hy)
B11(X %) = By(X %) (ha + ha)haha v Bio(X; %)— B11(X; %)"‘ (hs+ ha)hoha
0 4(h3+ h4) 0 0 2(2h3+ hg + h5)
. = . . = . +
BoalXi 3) = fhaw ha+ he(hat hgghs Do 1) = BoalXi )t e e
0 o0 2(2hg 2hg hsg)
BOO(Xi %) - BOl(Xi %) (h4+ h5)h3h4 (661)
Similarly,
0 0 1 " ] 0 0 "
Bro(Xi) = Bra(x; 1)+ §h3Br2 ; Bro(Xis 1) = Bra(X; 1)+ 3By (6.62)
0 0 1 " ) 0 0 "
Br1(Xi) = Bri(X; %)"‘ §h3Br1 ; Br1(Xi) = Bry(X; %)"‘ h3B,, (6.63)
0 0 1 " 0 0 "
Bro(Xi) = Bro(X; %)’f §h3Bro : Bro(Xi) = Byo(X; %)"’ hsB, (6.64)
Weights coe cients. We recall that the fth order approximation to the solution u(x;tp) is

unigue and, thus the weights can be derived from following relations,
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X2 X2
p(X; %) = dr Pr (X, %) and B(X; %) = ler Pr (X, %) (6.65)
r=0 r=0

The explicit formulations for the constants d, and d, are,

(ha + hg)(hz + hg + hs)

@ = (hy + ha+ hg+ hg)(hy + ha+ hz + hg + hs) (6.66)
4 = (h1 + h2)(hs+ hg + hs)(hy +2hy + 2h3 + 2hy + hg) (6.67)
Y7 (hi+ ha+ h3+ hy)(hza+ hg+ hg+ hs)(hy+ o+ hg+ hs + hg) '
_ (h1 + ha)hy
do = (h2+ hz+ ha+ hs)(hy+ ho+ hz+ hg + hs) (6.68)
_ (hg + hs)hy
& = (h1+ ho+ ha+ hg)(hy+ ho+ hz+ hg+ hs) (6.69)
& = (h1 + ha+ h3)(hs + hs)(hy +2hy + 2h3 + 2hy + hg) (6.70)
17 (hi+ ho+ ha+ hg)(hy + hg+ hy+ hs)(hy + hy+ ha+ hy + hs) '
& = (h2 + h3)(hy + hz + hg) (6.71)

(hz2 + hg+ hg + hs)(hy + h2+ hs+ hs + hs)

These derivations can be used to obtain full formulations of WENO schemes to account for the
non-uniform mesh.
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Chapter 7

2D computations on non-uniform
mesh

The mesh stretching problem is not an arbitrary one. While the choice of stretching function
is an important step, a decision of application of such a function is crucial. For instance, two-sided
stretching function allows to concentrate more points of the mesh on the boundaries of the domain,
while the stretching function from interior point locates higher number of points around the initial
location of the function. These two examples could be applied to di erent problems: the rst
one is suitable for the boundary problems, for instance, while the second one would work for the
problems where the area of interest is inside of the computational domain.

This second example of using the mesh stretching function can be also resolved by one-sided
stretching function by de ning the area of the interest as a block of uniform mesh. In this case,
two one-sided functions have to be used, assuming the uniform mesh block is located in some
arbitrary internal area of computational domain. That is, one function is generated to stretch to
the left of the uniform mesh block and one to the right. Such strategy is an alternative to using
the function starting from the interior point and could improve the accuracy inside the zone of the
interest, since this zone is uniformly meshed. This way of introducing the mesh stretching could
be interesting for the problems where the interest zone is relatively small in comparison to the
whole computational domain.

These two points of consideration when implementing the computational domain with mesh
stretching have to be combined and the decision is strongly problem-dependent. One of the obvious
initial questions is how to choose an appropriate location of the uniform mesh block or interior point
from which the stretching function will be applied. The strategy where two one-sided functions are
used is relatively simple should the area of the interest has a constant location in time. However,
if the problem consists of a moving object, one faces several choices of where and how generate
the uniform and non-uniform meshes. Consider two cases. The rst one, is where a certain object
is de ned as area of the interest, located somewhere inside the computational domain (and far
enough from the boundaries) and it either has a constant location and size or moves and changes
the size very little. Such a problem could be numerically resolved on stretched mesh and the
area where the object is located is uniformly meshed, while two one-sided stretching functions are
used on the both sides of the uniform mesh box. Alternatively, two-sided stretching function from
interior point can be applied from, for instance, internal point of the object. While applying such
a function leads to the loss of accuracy of the object reconstruction due to the continuous change
of dx, assuming the small enough stretching factor, the numerical error can be acceptable.

Now, let us consider the problem where the object moves in time and changes it size or shape.
Several question have to be addressed. Assuming that the stretched mesh is de ned only at the
rst iteration, how the zone of the interest should be addressed? Should it be only initial location
of the object? Should it be the whole path of the object move? The latter one might lead to the
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uniform area so big that the meaning of the stretching mesh is getting diminished. However, if
only initial location of the object is uniformly meshed, then will some reconstruction information
be lost at the nal time of the solution? On the other hand, if the mesh is rede ned with certain
frequency as object moves in time, this would require the additional method of de nition of the
object interface and added computational cost due to the higher number of operations.

The present chapter considers three problems of shock-bubble interaction with application
of the mesh stretching. The rst case, the helium bubble, stands as a validation problem for
applying and testing several mesh stretching functions. The one-sided function is used on both
sides of the uniform mesh box inX direction and another one-sided function is generated from
left to right in Y direction. Alternative tests are performed with an interior point stretching
function in X direction. The second case, shock-induced bubble collapsing in free eld, is a perfect
example when the object of interest occupies a big part of the computational domain, and interior
stretching function is tested further by using this problem. Finally, the shock-induced bubble
collapse in vicinity to a wall computations are performed. The particular mesh stretching strategy
for this case is discussed and results are presented. Finally, the plan for 3D computations with
mesh stretching for the former problem is drawn. Unless stated otherwise, the HLLC Riemann
solver with WENO5-IS reconstruction and Hancock method are used in all computations. This is
due to the similarity of the e ect of the mesh stretching coupled with di erent numerical schemes.

7.1 Air-helium shock-bubble interaction

Following the numerical schemes validation, the air-helium shock-bubble is used in this Section to
validate several mesh stretching strategies. The initial condition of the bubble and its location at
nal time of the solution tfng = 0:05 s are presented on Figure 7.12. The centre of the bubble
moves along thex-coordinate from 0.006 to 0.011. The shock wave is initially located ak = 0:003.
Here, the bubble is considered as a zone of interest and the goal is to apply the mesh stretching
in a way, that the accuracy of the bubble reconstruction is similar to the solution obtained on the
uniform mesh.

The process of de ning the area of uniform mesh and its consequent stretching has to take into
account the following peculiarities of the present problem:

the initial location of the bubble takes a relatively small part of the computational domain
the bubble moves alongx-direction and changes the overall shape
the presence of the shock wave and its e ect of the bubble has to be considered

only half of the bubble computed; that is, the bubble size iny-direction takes approximately
half of the computational domain

Figure 7.1: Air-helium shock-bubble, initial condition (top), nal time location (bottom)
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Based on these points two strategies are applied ix-direction. The rst one has a uniform
mesh box located around the bubble and includes the shock wave location taking into account the
nal location of the bubble. That is, the uniform mesh area is set on 0.003-0.019 interval. This
interval allows to have the uniform mesh along the whole trajectory of the bubble inx-direction.
Next, two one-sided stretching functions on each of the sides of the uniform mesh block are set by
using di erent arbitrary stretching factors. The second strategy de nes the interior point of the
domain based on the approximate center of the bubble at its nal location and applies the two-
sided stretching function from this point. In the rst case, more points are located on and around
the uniform mesh box, while in the second case, more points are concentrated around the center
of the bubble at the nal time of the solution. The strategy for mesh stretching in y-direction is
based on one-sided stretching function due to the computations of only half of the bubble.

The validation process based on air-helium shock-bubble means to answer the following ques-
tions:

considering two stretching functions based orsinh and tanh, which function leads to higher
accuracy of the method?

what is the loss of accuracy by using the interior point stretching function in comparison to
the uniform mesh block method?

what is the e ect of the mesh stretching applied only in x, y and both directions?

what is the CPU decrease by using di erent mesh stretching strategies?

The cost of analytical derivation of reformulated numerical schemes is considered to be negli-
gible.

The comparison of the obtained solutions is done at the nal timetsjng = 0:05 s and uses the
solution obtained on the uniform mesh 4000 400 as a reference. The computations are performed
by xing CFL=0.3. The values of space stepsdx and dy in obtained solutions always correspond
to the spacing of the mesh 4000400. The stretching factor of the mesh, , is set arbitrary and
the system of equations to generate the mesh is always solved for number of points rather than
the stretching factor.

The rst step in present analysis is a comparison of the non-uniform mesh distribution in
terms of the size ofdx and dy. Let us consider, rstly, the x-direction and the uniform mesh
block located around the bubble and shock wave location, and the mesh stretching on either of its
sides. The minimaldx in this case is set similar to the size of the spacing in the uniform mesh, i.e.
dx = Lx=(4000) =1 10 ° m. Figure 7.2 shows the mesh distribution by using two hyperbolic
stretching functions, tanh on the left and sinh on the right. The faster increase ofdx values
is noticed by using the sinh-function. Precisely, by applying the highest degree of stretching,
corresponding to =3 and imax =2320, the maximum values fordx are 5.5 10 ®> m and 9.4 10 °
m by using tanh and sinh, respectively. This means that by using the same number of points in
x direction, the accuracy of the method away from the uniform mesh zone is di erent since the
values ofdx are higher, i.e. theoretically, the solution by usingtanh is better than one achieved
by using sinh.

Similar argumentation is used for the stretching function applied to y-direction. Figure 7.3
presents the mesh distribution in y-direction by using tanh (left) and sinh (right) stretching
functions. Similarly, the higher value of dy is obtained by using sinh function, i.e. dymax =
9:8 10 ° m while tanh led to the smaller value, dymax =5:5 10 °>m.

In order to con rm this theoretical loss of accuracy by simply using di erent stretching func-
tions, the solutions of the maximum pressure are compared. Figures 7.4-7.5 present the maximum
pressure solution by applying di erent factors of stretching and using eithertanh or sinh stretch-
ing functions. Both functions led to the overall accurate reconstruction of Pynax curve. The slight
decrease of the intensity of the peaks at times 1.2 and 3 s by using the highest stretching factor

= 3 is observed and its similar to both, tanh and sinh functions. The time of occurrence the
pressure jumps stays similar in comparison to the uniform mesh solution.

While the deterioration of the solutions obtained by using stretching mesh inx-direction is very
small, the error increases when the stretching is applied iry-direction. Generally, the decrease
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Figure 7.2: Air-helium shock-bubble interaction, mesh stretching comparison, hyperbolictan (left), sin
(right, zoom of y-abscissa from 5 10 ® mto 6 10 ® m)

Figure 7.3: Air-helium shock-bubble interaction, mesh stretching comparison, hyperbolictan (left), sin
(right)

Figure 7.4: Air-helium shock-bubble interaction, Pmax (bar) solution comparison with mesh stretching,
hyperbolic tan (left), sin (right), WENO5-IS

of the pressure intensity and the delay of its occurrence is noted. For instance, a decrease of
approximately 7% of the highest peak att = 1:2 s and delay of about 0.03s for tanh function
with highest stretching factor is present. In comparison, sinh function with similar factor of
stretching led to 9% decrease and delay of 0.0%. This demonstrates the lower accuracy of the
solution by using the sinh function in comparison to tanh with similar stretching factor.

The second strategy of mesh stretching applied to this validation problem, is interior point
sinh function applied in x-direction. The interior point of stretching is an arbitrary and problem-
related choice, and has been set ta = 0:011 m, which corresponds to the approximate center of
the bubble at the considered nal time of the computation. The stretching in y-direction stays
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Figure 7.5: Air-helium shock-bubble interaction, Pmax (bar) solution comparison with mesh stretching,
hyperbolic tan (left), hyperbolic sin in y-direction (right), WENO5-IS

similar to the rst strategy. Figure 7.6 shows the mesh distribution is x and y directions. Here,
the maximum stretching in x-direction corresponds to 2573 points andXmax =3:5 10 °m.

Figure 7.6: Air-helium shock-bubble interaction, mesh stretching comparison, hyperbolic sin function from
interior point, x-direction (left), hyperbolic tangent function y-direction (right)

The solutions of maximum pressure are compared by using two-sidedinh -function from the
interior point in x-direction by applying di erent stretching factor . Figure 7.7 illustrates that
while the curve of Pmax is generally correctly reconstructed, a slight deterioration of the pressure
intensity is present. For instance, the decrease oPnax value at time of the peak,t = 3:4 s is
around 2% with stretching applied only in x-direction.

Figure 7.7: Air-helium shock-bubble interaction, Pmax (bar) solution comparison with mesh stretching,
hyperbolic sin from interior point in x-direction, WENO5-IS
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In order to nalize the examination of mesh stretching in either x or y-directions, the assessment
of the contour of the density gradient is performed. Figure 7.8 illustrates the di erence of the
density gradient reconstruction between the uniform mesh (left), tanh from the uniform mesh
block (middle) and sinh from interior point (right). The nal shape of the bubble has been
correctly reconstructed in both cases. The internal structure of the bubble is slightly changed in
case of the mesh stretched from the internal point, due to the continuously changing oflx value.
However, the solution around the bubble obtained by using the stretching mesh from uniform mesh
block with tanh function is almost identical to the one computed on uniform mesh.

Figure 7.8: Air-helium shock-bubble interaction, HLLC Hancock WENO5-IS scheme, gradient of the density,
comparison of mesh stretching strategies irK direction: uniform mesh (left), tanh from the uniform mesh
block (middle), sinh from interior point (right)

While the little di erence in the solution is noticed as a result of the mesh stretching in x-
direction, the deterioration is more critical when non-uniform mesh in both directions is used.
The gradients of density computed on non-uniform mesh withtanh and sinh function applied
from bottom to top are shown on Figure 7.9. The di usion of the solution with = 3 is noticed.
Although the general shape of the bubble is correct, the interface vortices are lacking as well as
the internal structure of the bubble is di used by using both stretching functions. However, the
sinh function led to the higher error on the top boundary.

Figure 7.9: Air-helium shock-bubble interaction, HLLC Hancock WENO5-IS scheme, gradient of the density,
comparison of mesh stretching strategies iy direction: tanh (left), sinh (right)

The reason why the e ect of the solution by stretching mesh iny-direction is stronger compared
with stretched mesh applied to direction x is due to the relatively short length of y-direction and,
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consequently, smaller number of points. Indeed, the factor of stretching have to be reduced when
the number of points is not big enough to avoid the over stretching of the values of spacing.

The following conclusions can be drawn based on these results. An application of the mesh
stretching in both direction has to take into account of the results of isolated results in either
direction x or y. For instance, in terms of one-sided function, the better solution is obtained
by using tanh function for same number of points due to the smaller increase of spacing values
compared with sinh function. On the other hand, two-sided sinh stretching function from interior
point, leads to slightly less accurate solution due to the constant change ofix. This function can
be useful for the problems where the object occupies a large part of the computational domain.
The result of these observations is the following idea for the appropriate mesh stretching in both
directions: one-sidedtanh from uniform mesh area or two-sidedsinh from interior point of domain
in x-direction and one-sidedtanh function in y-direction. The solutions of P4« Obtained by using
these two strategies are presented on Figure 7.10. The mesh stretching jdirection is moderate
due to the strong deterioration of the result by using mesh stretching. The higher decrease in
pressure intensity at peak times is noticed by using thesinh from interior point along with tanh
in y-direction. However, the unphysical and abrupt drop of maximum pressure at the end of the
computations is noted by usingtanh in both directions (from uniform mesh block in x-direction)
which is not present by using sinh from interior point in x-direction. This drop might be an
indication of too high stretching factor, which led to high nal dx value. On the other hand, all
peaks of the maximum pressure solution have been captured accurately by usirtgnh function in
both directions, while the second strategy, wheresinh function from interior point has been used,
yields to around 3-4% pressure intensity loss (see Tables 7.1 and 7.2).

Figure 7.10: Air-helium shock-bubble interaction, mesh stretching in both directions. x-direction: hyper-
bolic tan from uniform mesh block (left), sin from interior point (right). y-direction: tanh from top to
bottom

Lastly, the gradients of the density are presented on Figure 7.11. The solution obtained by
using tanh function from uniform mesh area inx direction (with =5 and imax = 1763) and tanh
function in y direction (with =1 and jmax = 340) presents an accurate bubble reconstruction
with vortices on the bubble interface. Moreover, the internal vortex has similar shape compared
to the solution computed on uniform mesh. On the other hand, the gradient computed by using
the mesh generated by usingsinh from the interior point similarly has correct general shape and
the interface vortices, while the vortex in the bubble center has deformed shape. Furthermore,
the area around the bubble is diused which is a result of continuous change ofix-value and,
consequently, the accuracy reduction.

The concluding part of the mesh stretching validation is an examination of CPU cost. The
objective of this part is to de ne the theoretical computational cost and compare it to the factual
one. Assuming that such an estimation is a consistent one, the interval of accepted CPU can
be established and, hence, the maximum number of points used to compute the solution can be
derived. For instance, if the goal is to compute the given problem in 2 hours and the actual time
of computation by using uniform mesh is 5 hours, the degree of mesh stretching can be de ned as
such to achieve 3h of computational time gain.
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Figure 7.11: Air-helium shock-bubble interaction, HLLC Hancock WENO5-IS scheme, gradient of the
density, comparison of mesh stretching strategies irY direction: tanh (left), sinh (right)

Table 7.1: Air-helium shock-bubble interaction, comparison of mesh stretching strategies.X : tanh from
uniform mesh block, Y: tanh from top to bottom. P peaks (bar) and CPU time. WENO5-IS

nbp Plnax P2max P3max CPU (h) CPU ratio

4000 400 1.79 2.22 191 19.8 2.5
2320 340 1.78 2.18 1.89 111 14
1763 340 1.78 2.18 1.89 8.0 1

Table 7.2: Air-helium shock-bubble interaction, comparison of mesh stretching strategies.X : sinh from
interior point, Y: tanh from top to bottom. P peaks (bar) and CPU time. WENO5-IS

nbp Plhax P2max P3max CPU (h) CPU ratio

4000 400 1.79 2.22 1.91 19.8 3.2
1573 340 1.77 2.18 1.88 115 1.9
1481 340 1.74 2.16 1.84 6.1 1

While the mesh stretching is a possible mean of reducing the CPU cost, it has its own con-
tribution to increasing the nal computational time. This increase arises from the fact that the
numerical schemes have to be reformulated in order to account for the non-uniform mesh. Although
part of these reformulations can be computed only at rst iteration, the algebraic operations have
to be included into the numerical scheme derivation and, thus, have to be used at every time the
solution advances in time. By saying that, these fraction of CPU has to be estimated and included
into the theoretical estimation.

The theoretical estimation of the computational cost is computed by taking the CPU cost value
while using the uniform mesh and adding the CPU cost of the stretching mesh generation (e.g.
the computation of the coe cients and its introduction to the numerical scheme in the means of
algebraic operations) and nally adding the percentage multiplier proportional to the grid nodes
reduction. The nal formulation is then a di erence between the CPU of the problem computed on
the uniform mesh and a sum of CPU time of the uniform mesh with new reformulated numerical
scheme and number of the nodes reduction factor,

Tiheoreticat = tf (M t§) + trr; (7.1)
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where t; is CPU time to nish the computation on the uniform mesh, tn, is the CPU time
to compute the same test with the scheme reformulation to account di erent mesh size andn is
mesh reduction number computed as,

(imaxX new jMax new)
(imax jmax)

m= 1 (7.2)
The CPU gains by using the stretched mesh techniques are estimated from the computational
time presented in Tables 7.1-7.2. The computational gains are in line with or above our estimations.

7.2 Bubble collapse in a free- eld

The problem of water-air shock-induced bubble collapse has a di erent topology than the air-
helium case. Figure 7.12 shows the initial condition, the nal location and the size of the bubble.
Firstly, the expansion of the bubble is of considerate size. Secondly, the size and location of the
bubble at nal time of the solution occupies a large part of the computational domain. Hence,
mesh stretching in a framework of setting the uniform mesh area is not suitable for this problem
since the reduction of point number is not high unless a strong stretching factor applied. On the
other hand, two-sidedsinh function from the interior point in x-direction with moderate stretching
degree seems to be an appropriate way of reducing number of points. However, since the bubble
computations are performed only for half of the bubble, the strategy iny-direction can be similar
to one of air-helium problem, i.e. tanh-function applied from bottom to top part of the whole
domain.

Figure 7.12: Bubble collapse in a free- eld, initial condition (left), nal location of the bubble(right)

The e ect of the mesh stretching applied in either x- or y-direction is rst demonstrated.
The mesh distribution used in this testing is presented in Figure 7.13. The interior point for the
initialisation of stretching function is set to be approximatevely at the bubble center at its nal
location, i.e. at position x = 0:013 m. The minimal value of dx and dy are corresponding to the
uniform mesh 2000 1000, which is also used as a discretization for the reference solution computed
on the uniform mesh. The size of spacing irx-direction varies from 1.2 10 ® to 3 10 ° with
maximum stretching factor « = 3 for x-direction and from 1.2 10 5to 2.5 10 ° with maximum
stretching factor = 2 for y-direction.

The solutions for Pyax computed with these mesh con gurations and compared with corre-
sponding solution obtained by using the uniform mesh are presented in Figure 7.14. The overall
correct curve reconstruction is observed by using the mesh stretching, including maximum degree
of stretching. The highest discrepancy of the pressure intensity is noticed at the time of the rst
pressure peak, at time t=3.6 s, and at the time of the highest pressure peak, t=4.8s. Precisely,
the rst pressure peak has been reduced by approximately 7% by using stretching factor x=3,
which corresponds to the maximum stretching tested inx-direction and number of points equal to
1404, which is almost 30% reduction. On the other hand, the same peak has been decreased by
approximately 5% when using the stretched mesh with y=2 which results in almost 50% decrease
in number of points in y-direction. The highest pressure peak occurring at t=4.8 s has a reduction
of around 3% with maximum stretching in direction x and approximately 7% in direction y.
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Figure 7.13: Water-air shock-bubble collapse, mesh stretching comparison, hyperboltan (left), sin (right)

Figure 7.14: Water-air shock-bubble collapsePmnax (bar) solution, mesh stretching e ect, sinh from a point
in x-direction (left), tanh from bottom to top in y-direction (right)

The mesh stretching applied simultaneously in both directions by using the strategy described
above is performed by using two combinations with .,y =3;1 and yy = 3;2. The Pnax solution
is shown on Figure 7.15. Similarly to the stretched mesh used on either of directions, the highest
loss of pressure intensity is observed at times of the rst and third (highest) pressure jumps. The
decrease of 2% and 4% for the highest pressure jump is noted by using,y =3;1 and yy =3;2,
respectively. However, the consistency of such a decrease may vary due to the highly oscillating
solution of Pmax as previously noted in the numerical methods chapter.

Figure 7.15: Water-air shock-bubble collapsePmnax (bar) solution, mesh stretching e ect, sinh from a point
in x-direction, tanh from bottom to top in y-direction

The qualitative examination of the e ect of mesh stretching in both directions is proposed.
The contours of the density gradients and pressure pro les corresponding to times t=3.6s (the



7.2. BUBBLE COLLAPSE IN A FREE-FIELD 79

Table 7.3: Water-air shock-bubble collapse, comparison of the maximum pressure occurrence times and
intensity (bar) depending on the mesh stretching level usingsinh function from interior point in x-direction.
WENO5-IS, CFL=0.1

mesh X1y Tleax , S leax Tp3max P3max
2000 1000 n/a 3.62 50,640 4.78 87,881
1404 851 3,1 3.64 47,600 4.77 86,254
1404 551 3,2 3.64 48,030 4.77 84,488

rst pressure peak), t=4.8 s (the third pressure peak) and t=6 s (the nal time of the solution)

are presented on Figures 7.16, 7.17 and 7.18, respectively. The shape of the bubble has been re-
constructed accurately by using both mesh strategy combinations. The pressure pro le att=3.6 s

has changed the maximum values distribution (red area on the plot) by being slightly di used
when mesh stretching is used. Similarly, the bubble interface has the slight smearing due to the
continuous spacing change in both directions. The internal structure has been slightly deformed
comparing to the solution obtained on the uniform mesh.

Figure 7.16: Water-air shock-bubble collapse, gradient of the density (top), pressure (bottom) at time
t=3.6 s, comparison of mesh stretching strategies (from left to right): uniform mesh, hyperbolicsin from
a point in x-direction, hyperbolic tan in y-direction, stretching in both directions

The pressure pro le at the time of the highest pressure peak, t=4.8 s, has similar slight deteri-
oration, i.e. the values of around 40,000 bar are more di used when using the mesh stretching. The
gradient of the density has very similar shape compared to the uniform mesh solution. However,
the bubble interface is rather smeared and well distinguished internal vortex is di used and lacks
the clarity of small details.

Figure 7.17: Water-air shock-bubble collapse, gradient of the density (top), pressure (bottom) at time
t=4.8 s, comparison of mesh stretching strategies (from left to right): uniform mesh, hyperbolicsin from
a point in x-direction, hyperbolic tan in y-direction, stretching in both directions

At the nal time of the simulation, t=6 s, a similar lack of clarity of the internal vortex and
smearing of the bubble interface is illustrated. Moreover, the left boundary where the highestx
value is recorded due to the mesh stretching and location of the nal location of the bubble lacks
completely the wave re ection which is noted on the left boundary of the density gradient contour
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obtained by using the uniform mesh. The distribution of the pressure values is accurate by using
both mesh stretching con gurations.

Figure 7.18: Water-air shock-bubble collapse, gradient of the density (top), pressure (bottom) at time
t=6 s, comparison of mesh stretching strategies (from left to right): uniform mesh, hyperbolicsin from a
point in x-direction, hyperbolic tan in y-direction, stretching in both directions

Finally, the CPU values recorded by using non-uniform mesh are presented in Table 7.4. The
overall number of points reduction in both directions is approximately 40% and 60% by using
xy =3;1land yxy =3;2, respectively. The corresponding CPU decrease is around 45% and 60%.
Thus, the reduction in computational time is consistent with number of points decrease.

Table 7.4: Water-air bubble collapse,sinh stretching function from interior point x-direction, tanh stretching
from bottom top in y-direction. CPU (h), xed CFL=0.1. WENO5-IS

mesh CPU (h) ratio

2000 1000 135 2.7
1404 851 7.5 1.5
1404 551 4.9 1

7.3 Bubble collapse near a wall

The nal and concluding problem of the mesh stretching study is the bubble collapse near a wall.
Once again, the topology of this present problem is somewhat di erent from the previous case. Two
main variations of this problem compared with similar bubble collapse considered in the previous
Section is the existence of the wall de ned atx-axis, where the main phenomena of the accurate
reconstruction occurs and the geometry of the computational domain, which is 1.7 times longer in
y-direction than in x-direction. The initial condition and the nal location and size of the bubble
are presented on Figure 7.19.

Figure 7.19: Bubble collapse near a wall, the uniform nodes box in relation to the initial condition (left)
and t=0.5 s (right)

The initial location of the bubble center is set at abscissax = 0:0002 m, that is, the distance
from the wall is 0.0001 m. The bubble moves and changes its topology towards the wall as solution
progresses. The Chapter 5 showed that the choice of the numerical scheme has a strongest e ect
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on the part of the bubble where the well distinguished vortex is located. This vortex occupies the
bottom part of the domain along the time iterations, which is around tenth part in direction .
On the other hand, the phenomena of the wave re ection from the wall is observed and has to be
reconstructed accurately. Thus, when choosing the location of the initial stretching, the latter has
to be included into consideration.

Taking into the consideration the topology of the problem, the following initial mesh strategy
is thought. The uniform mesh box is set onx-axis from the center of the computational domain,
which includes the whole initial location of the bubble on the left. The uniformly discretized
part of the domain ends at the right boundary of the domain, where the wall is located. This
particular choice is made due to the interest of getting accurate solution next to the wall and catch
the possible e ect on the solution from the wall. On the other hand, the y-direction equally has
prede ned the uniform part of the domain which corresponds to the radius of the bubble, which
is approximately similar to the size of the vortex which is de ned as our main zone of the interest.
This uniform interval is set on the interval y =[0;0:00005] m.

The size and geometry of this particular problem, however, requires a careful consideration
about the degree of the stretching, . The previous study showed that a CPU time of more than
ve days for the mesh 1908 3180 with CFL=0.1. Assuming similar initial con guration being
used for the stretching method, considerably high stretching factor has to be applied ix-direction
to achieve a ordable CPU time. This computational time 'taste' is relatively conservative due
to the extension of this problem to 3D computations, which is extremely expensive without mesh
stretching or without the considerate reduction of the number of points required to achieve accurate
computations. Hence, two additional mesh stretching strategies have been de ned to understand
the e ect of, on one hand, the strong stretching factor in x-direction, and on the another hand,
the location of the size of the uniform mesh area.

The comparison of the alternative location of the uniform mesh areas are shown on Figure 7.20.
The rst area, Aj, is located as such, that the whole bubble is included into the uniform mesh
interval. The second area,A», is set to include the vortex of the bubble as it is moving towards
the wall and the re ection wave on the left hand side of the bubble. The nal area, Az, includes
only the internal well distinguished vortex next to the wall. The third area with uniform mesh is
also reduced in directiony to the position y = 0:00004 m. The mesh stretching is applied starting
from initialised uniform mesh areas by usingtanh function in both, x- and y-directions.

Figure 7.20: Bubble collapse near a wall, the uniform nodes box in relation to the initial condition (left)
and t=3.3 s (right)

The mesh distribution is presented on Figure 7.21. The stretching factor has been applied to
reduce the number of points inx- and y-directions to reduce the size of the problem as much as to
achieve the CPU time around 24h. Hence, the resulting number of points is approximately similar
between all three areas. The strategy where the ared; is set has the highest increase adx-value
outside the uniform mesh interval, which results in the valuedxmax = 3:6 10 ®m. The distribution
of the dy-values stays approximately similar to all set areas with max value ofdy equal to 5:6 10 ©
m. Hence, by taking into account that the highest variation between three chosen stretching comes
from x-direction, the solution is mostly a ected by the choice of stretching in x-direction.

The computations presented here are done with xed CFL=0.1 with minimal dx-value accord-
ing to the uniform mesh 1908 3180, which is also used for the reference solution computed on the
uniform mesh. The scheme WENO5-IS is used for all computations unless stated otherwise. This
is due to the similarity of the stretching mesh e ect on the numerical schemes. The analysis starts
by comparing the solutions of Pmax and Pwallnmax presented on Figure 7.22. All three stretching
strategies led to very similar solutions and the curves have been reconstructed correctly overall
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Figure 7.21: Bubble collapse next to a wall, comparison of thalx (left) and dy (right) distribution

with pressure peaks occurring at similar times. However, the loss of intensity of the highest peak
in both components of the solution is observed (see Figure 7.5). The highest pressure peak at
time t=0.28 s has been reduced by approximately 6% for bothA, and A3, and 3% by using the
stretching with A1. The reduction of the peak of Pwallnax at time t=3.3 s is noted to be around
5% for all three strategies.

Figure 7.22: Bubble collapse near a wall, hybrid approachPnax (left), Pwallnax (right)

method t1, s P, bar Pwall, bar t2, s Pwall, bar
uniform 2.8 27,301 9,456 3.35 9,138

Al 2.8 26,532 9,417 3.3 8,675
A2 28 25,755 9,466 3.3 8,651
A3 28 25,544 9,544 3.3 8,660

Table 7.5: Bubble collapse next to a wall, comparison of the maximum pressure occurrence times and
intensity (bar) depending on the mesh stretching degree usinganh function from interior point in x-
direction. WENOS5-IS, CFL=0.1

The qualitative assessment of the density gradient and pressure pro les at time of the highest
pressure jump and biggest variation in its intensity as a result of the mesh stretching are presented
on Figure 7.23. The main focus of this assessment is the accuracy of the bubble reconstruction and,
particularly, its internal vortex which has the highest variation when di erent numerical schemes
are used. Nevertheless, the strong stretching e ect on the left boundary of the strategyA; is
observed, where the high values ofix resulted in visible spacing. While this would be critical
assuming some important phenomena take place at this part of the computational domain, these
high values ofdx have weak e ect on the bubble reconstruction. The clear shape of the bubble and
its internal structure is visibly similar to the gradient computed on the uniform mesh. Moreover,
the high values of pressure pro le are identically distributed. On the other hand, the strategiesA»
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and Az, where the shorter interval of the uniform mesh is used but lower degree of stretching has
been applied, eliminated the visible large spacing irx direction on the left boundary, with only
slight smearing of the structure noticeable. The overall bubble shape and structure are correctly
reconstructed. However, the smearing of the bubble interface is observed and the slight oscillation
on the left interval part of the bubble are visible, which is not present on the reference solution.
The oscillations increase as the interval of the uniform mesh shortens and includes less of the
bubble (see the bottom left and bottom right on Figure 7.23). Furthermore, the internal structure

is somewhat tilted to the left, which is probably a result of smaller velocity values due to the mesh
stretching. The pressure pro les are recovered similarly to the uniform mesh solution.

Figure 7.23: Bubble collapse next to a wall, zoom of the gradient of the density (top) pressure (bottom),
WENO5-IS, uniform 1909 3181 (left top), A, stretch 1050 1501 (right top), A, stretch 1039 1501 (left
bottom), Az stretch 1051 1470 (left right), t=2.8 s, zoom iny-direction

In order to conrm these observations, an enlargement of the internal vortex of the bubble
of the size of the biggest uniform mesh areaX; area) at time t=3.3 s is plotted on Figure 7.24.
This time of the solution illustrates stronger variations, particularly the discrepancy of the internal
vortex reconstruction. The deformation of the shape and angle of this vortex increases with the
decrease of the uniform mesh area. For instance, the stretching strategi1 led to the vortex to
be nearly identical to the solution obtained on the uniform mesh, while smaller uniform boxA3
resulted in the vortex being poorly resolved and missing elements around it. Moreover, the bubble
part where the mesh is stretched is more di used, i.e. the interface on the left hand side to the
vortex. Furthermore, the disturbances in the higher values of the pressure pro les withA,- and
Asz-strategies are noted. These observations show that the shorter interval of the uniform mesh,
which does not include the whole bubble yields to stronger solution deterioration inside the zone
of the interest. While, the larger uniform mesh box results in considerably lower accuracy of the
solution on the left boundary, the result of the bubble reconstruction and its collapse next to the
wall is well recovered.

7.3.1 Hybrid approach

The mesh stretching implementation demonstrated an e ective way of computational cost reduc-
tion. An appropriate choice of the location of the stretching function initialization leads to the
retained accuracy of the solution of the prioritised part of the computational domain, i.e. the
whole bubble or its part. Even though the required CPU time can be achieved by using solely the



84 CHAPTER 7. 2D COMPUTATIONS ON NON-UNIFORM MESH

Figure 7.24: Bubble collapse near a wall zoom of the gradient of the density (top) pressure (bottom),
WENOS5-IS, uniform 1909 3181 (left top), A1, stretch 1050 1501 (right top), A,, stretch 1039 1501 (left
bottom), A3 stretch 1051 1470 (left right), t=3.3 s, zoom iny-direction

mesh stretching strategy, the extension of the computations to 3D space might need some further
reduction.

The CPU cost can be aected by many things such as code optimization, implementation
methods, etc. However, two crucial parts of the contribution to the computational time in present
solver is the size of the problem (i.e. nhumber of discretization points in all directions) and the size
of the computational stencil. Perspectively, the fth order scheme requires 2.5 times more nodes
in the stencil than the second order scheme. Moreover, the solution obtained by using the only
two-points stencil (see Section 5), have not a too big variation at the part of the domain without
the bubble. Hence, one of the ways to achieve further CPU decrease is an introduction of the lower
order of the scheme outside the zone where the high order of accuracy is required. The result of
this is a combination of the higher order scheme and uniform mesh inside the zone of the interest
and reduced order of the scheme with stretched mesh elsewhere.

In order to demonstrate this idea, the bubble collapse next to a wall is computed by using mesh
stretching following con guration A1 with similar parameters: xed CFL=0.1, the initialisation
of the mesh is done based on the 1908180 points. However, two more numerical methods
are involved in the results presented. While the most accurate result has been achieved with
WENO5-IS, MUSCL and WENO3-Z are used in order to examine dierent e ects of the new
hybrid approach. Saying that, the following combinations of the schemes are tested:

~ WENOS5-IS inside the zoneA1, WENO3-Z elsewhere
~ WENOS5-IS inside the zoneA1, MUSCL elsewhere

~ WENOS3-Z inside the zoneA1, MUSCL elsewhere
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Firstly, the solutions for Ppnax and Pyaimax are examined and compared with the solutions
obtained on the uniform grid computed with above mentioned schemes. The results are presented
on Figure 7.25. The overall correct curves reconstruction is noted. However, the intensity reduction
of the maximum pressurePnax at time t =2:8 s is observed as well as the decreased value of the
peak at time t=3.3 s of Pwallhax . The values of these solution components are recorded in Table
7.6. The comparison between the values dPmax and Pyaimax computed on the uniform mesh and
on the stretched mesh coupled with hybrid schemes approach is proposed. While there is a decrease
of around 3% in highest pressure peak between WENO5-IS computed on uniform mesh and all
other schemes, this reduction is nearly identical among all solutions obtained on the non-uniform
mesh, including those where the order reduction is used outside the zone of our interest. Similar
pattern is noted for the peak of wall pressure at timet=3.3 s, i.e. the reduction of approximately
6% is observed across all solutions compared to result obtained on the homogeneous grid by using
WENOS5-IS.

Figure 7.25: Bubble collapse near a wall, hybrid approachPmax (left), Pwamax (right), bar

method tl, s P, bar Pwall, bar t2, s Pwall, bar
WENOS5-IS uniform 2.8 27,302 9,456 3.3 9,138
WENO5-IS 2.8 26,532 9,417 3.3 8,675
WENO5-IS+WENO3-Z 2.8 26,536 9,414 3.3 8,664
WENO5-IS+MUSCL 2.8 26,533 9,406 3.3 8,530
WENQO3-Z uniform 2.8 26,000 9,453 3.3 8,938
WENO3-Z 28 26,199 9,409 3.3 8,637
WENO3-Z+MUSCL 28 26,225 9,407 3.3 8,530

Table 7.6: Bubble collapse next to a wall, comparison of the maximum pressure occurrence times and
intensity (bar) depending on the mesh stretching degree usinganh function from interior point in x-
direction. hybrid formulation, CFL=0.1

The present analysis is concluded by qualitative assessment of the gradient of the density
and pressure pro les corresponding to the occurrence of the wall pressure peak at time=3.3 s.
This time has been chosen due to the advanced development of the internal vortex of the bubble
and, thus, the variation in the solution can be seen. The comparison between the density gradients
obtained from the uniform mesh computations are compared with those computed on the stretched
mesh coupled with hybrid approach where the combinations of two schemes, lower and higher order,
is used. The results zoomed on the uniform mesh area are presented on Figures 7.26 and 7.27. The
bubble shape, its interface and internal vortex have been accurately reconstructed inside the zone
of the interest. The solutions obtained from computations on the non-uniform mesh are nearly
identical to those computed on the stretched mesh coupled with lower order scheme outside the
area uniform mesh.

The nal CPU cost by using mesh stretching approach with and without coupling with order
reduction outside the interest zone is presented in Tables 7.7-7.8. The reduction of the size of
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Figure 7.26: Bubble collapse next to a wall, zoom of the gradient of the density (top) pressure (bottom),
WENOS5-IS uniform mesh (left), WENO5-IS stretched mesh (middle left), WENO5-IS+WENO3-Z (middle
right), WENO5-IS+MUSCL (right), time t=3.3 s

Figure 7.27: Bubble collapse next to a wall, zoom of the gradient of the density (top) pressure (bottom),
WENO3-Z uniform mesh (left), WENO3-Z stretched mesh (middle), WENO3-Z+MUSCL (right), time
t=3.3 s

the problem by using the stretching strategy A; is about 70% and the consequent decrease of
computational time by using only stretched mesh approach is observed to be proportional to this
value. i.e. the CPU gain is similarly about 70% between WENOS5-IS solution obtained on the fully
uniform mesh and same scheme used on the stretched grid. This gain is improved by further 5% and
10% by reducing the computational stencil to three and two points, respectively. Similar tendency
is recorded with the scheme WENOS3-Z. The CPU gain obtained by using only stretched mesh and
stretched mesh coupled with order reduction is about 80% and 83%. Overall, the computational
time has been improved by almost six times by using fth order scheme.

Scheme mesh CPU (h) ratio
weno5IS+MUSCL 1050 1502 23.1 1
weno5IS+weno3z 1050 1502 32.1 1.4

wenosIS 1050 1502 374 1.6

wenos5IS 1908 3181 133.7 5.8

Table 7.7: CPU cost, bubble collapse near a wall, mesh stretching+hybrid approach based on WENO5-IS,
CFL=0.1

Scheme mesh CPU ratio
weno3z+MUSCL 1050 1502 20.7 1

weno3z 1050 1502 30.0 1.4

weno3z 1908 3181 121.6 5.9

Table 7.8: CPU cost, bubble collapse near a wall, mesh stretching+hybrid approach based on WENO3-Z,
CFL=0.1
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7.4 Synthesis

This Chapter addressed mesh stretching strategies based on the analytical presentation of stretch-
ing functions in Chapter 6. The strategies of stretching function location have been discussed and
those suitable for each problem were de ned. The CPU cost analysis was proposed.

Ultimately, an appropriate non-uniform mesh was introduced for the problem of shock-induced
bubble collapse in vicinity to a wall. We de ned a suitable location of the domain where the
solution varies the most and used ne uniform spacing in this region. This mesh spacing was then
used as initial value to create a continuous mesh stretching outside the zone of solution variation.
We determined the degree of stretching which is necessary to achieve the required CPU cost.
Moreover, the hybrid methods were implemented and tested as a way of further computational
time reduction. Overall, the CPU reduction is proportional to the reduction of humber of points
in computational domain and we managed to speed up the computations by ve times for the
problem of shock-induced bubble collapse next to a wall.

Yet, the question of communication cost arises when extending these methods to 3D compu-
tations, where parallelization techniques are needed. As such, a trade-o between the highest
accuracy of the method and acceptable computational time has to be made. For instance, the
di erence of CPU between the method of WENO3 and WENOS5 is considerable even in 2D, while
the di erence in results is probably not huge. It is a case at least for a given number of points in
computational domain, which could be a orded on our computational resources. Hence, one has to
consider if the method of third order is not more suitable in terms of its complexity than a method
of fth order. Similar assessment has to be made regarding the hybrid approach which complexity
is also increased by introducing two methods together. These questions will be partially clari ed
in the next Chapter.
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Chapter 8

3D computations on non-uniform
mesh

This Chapter addresses an extension of the previously discussed high-order numerical methods
and mesh stretching techniques to 3D computations. Due to the complexity of implementation of
high-order methods on non-uniform mesh, only WENO3-Z method is considered at this moment.
Two test cases are presented.

The rst problem is a direct extension of the shock-bubble collapse in vicinity to a wall detailed
in Chapter 7. Due to the limits of computational resources, the solutions are obtained by using
the stretched mesh and compared to the results in Goncalves & Parnaudeau (2021) and Dubois
et al. (2021). The mesh stretching strategy has to be altered to include the location of the shock
wave.

The second problem considers yet another shock-induced bubble collapse near a wall with
lower value for Pg, for which the high- delity computation has been performed \Wermelinger et al.
(2018). The computations are done on the uniform and stretched mesh by using MUSCL and
WENO methods. The dependence of the maximum pressure next to the wall on the stand-o
distance of the bubble is proposed. All solutions presented here are obtained from computations
in parallel solver SCB on supercomputer Jean Zay JeanZay (2019).

8.1 3D SCB solver

SCB is an e cient and simple parallel multi-phase solver developed to simulate various compress-
ible multiphase ows, in particular bubble collapse. The parallelisation of the solver is based on
hybrid approach of using OpenMP and MPI libraries. Recently the parallelisation strategy of
combination of MPI and OpenACC has been performed given large developments of CPU and
GPU-based supercomputers, see Duboist al. (2021).

The distributed memory parallelisation is based on the MPI library. The computational
stencil of SCB is based on ve points per direction, which implies that each unknown is computed
by using 13 neighbours. The HLLC Riemann solver is parallelised by using global arrays distri-
bution between the processes. A 3D block partitioning of the matrix is used in order to perform
a decomposition. This technique is based on the introduction of "ghost" cells at each subdomain
and data communication between neighbouring cells of one subdomain. A Cartesian processor
topology is used to organise the subdomains.The computations are coupled by using two layers of
auxiliary cells which are de ned on the boundaries of each subdomain. The better performance
can be achieved if the subdomains has equal size and square topology.
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Accelerator parallelization model is based on the OpenMP library. Three main principles
have been used in order to distribute the loops across the threads (i.e. a ne grained programming).
The rst principle is an estimation of the problem size which allows to avoid the irrelevant data
sharing should the problem size becomes too small. The second principle is a choice of appropriate
scheduling. The better load around the threads can be achieved by switching between four di erent
types of OpenMP loop scheduling. These arestatic, dynamic, guided and runtime. The former
one is meant to switch between three previous types when a run which uses a variable system
environment is executed. The nal principle addresses a merging of internal loopsCOLLAPSE,
which leads to an enlargement of the iteration space and a consequent improved distribution of
iterations. A simpli ed example with OpenMP implementation in SCB is given in Appendix B.

The non-uniform mesh is generated by separately developed program, which takes as inputs
initial location and size of space stepsdx, dy and dz. Since the mesh stretching is a problem-
dependent, every strategy has to be implemented based on the test case in consideration. All
problems and mesh stretching strategies discussed in this thesis are included into this software.
The non-uniform mesh is generated and written into the data le, which is then used by SCB. The
distribution of the grid coordinates values is required for the parallel computations.

An introduction of the high order schemes in SCB requires a communication of addi-
tional neighbours per unknown. This is particularly the case for the schemes of fth order where
the high communication cost is questionable in terms of its proportionality to the solution im-
provement. At this stage WENO3-Z with uniform and non-uniform mesh has been introduced in
the framework of OpenMP and MPI. The implementation of the method on the uniform mesh does
not require an enlargement of the existing stencil. However, the new communication is required
for the non-uniform mesh, where we have to share the values for the non-uniform mesh coe cients
required for the scheme. While this does not enlarge a number of neighbours for MUSCL method,
it certainly does for WENO3 reformulated for the non-uniform grid, where two additional nodes
have to be de ned at the rst time iteration to compute the coe cients. This can increase a com-
munication cost. In order to avoid this, we note that due to the smooth mesh stretching function
used in this study, the variation of coe cients values needed for the non-uniform mesh is very
small. Thus, the last coe cients computed for WENO3 at the boundaries of the domain are set
equal to its neighbour. An example of this implementation in x-direction is presented in Appendix
C. Similar manner is used for all directions.

8.2 Bubble collapse near a wall, Pg, = 1200 bar

Figure 8.1: Con guration at initial time, Pg,=1200 bar
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We consider a spherical bubble collapse with a stand-o distance from the walL=Ry=2. The test
case is similar to the bubble collapse near a wall presented in previous Chapter with extension
to 3D. Exploiting the symmetry of the problem, only a quarter of the bubble is computed. The
con guration at initial time is presented on Figure 8.1.

The time evolution of maximum pressure inside the uid and along the wall is presented on
Figure 8.2. We introduce a 2D result computed on the corresponding uniform mesh for comparison.
As noted in Goncalves & Parnaudeau (2021) the collapse of spherical bubble develops faster and its
intensity is stronger. Indeed, the same observation is con rmed in our computations. The intensity
of maximum pressure peak is of factor 5 compared to 2D solution and it occurs approximately
0.5 s faster. However, the wall pressure (the right part of the plot) has very similar intensity at
maximum peak, as observed in Goncalves & Parnaudeau (2021).

Figure 8.2: Time evolution of the maximum pressure inside the uid (left) and near the wall (right).
WENO3-Z. 2D, uniform mesh: 1500 2500; 3D, stretched mesh: 1050850 850. Ps;, = 1200 bar

The 3D mesh stretching strategy is rstly examined by means of coarser mesh computations.
These computations illustrated a solution discrepancy by using the mesh stretching strategy similar
to 2D computations. Precisely, the time of the pressure peaks is shifted depending on the stretching
factor . We demonstrate this discrepancy on Figure 8.3 (left) by using the example of solution
for maximum pressure along the wall. The mesh stretching is applied only inx direction while
keepingy and z directions uniform. The solutions are compared with corresponding uniform mesh
150 250 250. We observe the solution being shifted in time depending on the degree of stretching.

The variation of the time is thought to occur for two reasons. The rst reason is a very
coarse mesh and, hence, less accurate stretched mesh spacing at the boundaries. The second one
is inappropriate strategy of the mesh stretching in x-direction. Indeed, the 3D problem has an
increased complexity and di erence in the shock topology and might require an alternative thinking
about non-uniform grid generation. Thus, slightly di erent non-uniform mesh is generated for 3D
computations. The di erence in our new approach is an expansion of the uniform mesh area to the
left hand side alongx-direction. The new uniform mesh area includes the location of the incident
shock wave. This change has improved the solution obtained by using the coarse stretched mesh.
(see the right part of Figure 8.3). All computations results discussed below follow similar idea of
mesh stretching in x direction. The mesh stretching in directionsy and z stays unchanged.
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Figure 8.3: Time evolution of the maximum pressure near the wall with uniform mesh area occupying 1/2
of the domain in x-direction (left) 2/3 of the domain in x-direction (right). MUSCL. Pg, = 1200 bar

The high-order scheme e ect on solution is then analysed on ner uniform mesh (7501250 1250).
The comparison is performed between MUSCL and WENOS3-Z methods. The solutions of maxi-
mum pressure inside the uid and on the wall are presented on Figure 8.4. The highest peak of
pressure inside the uid occurs at approximate time t=0.2 s and reaches almost 70,000 bar. This
value is in close agreement for both obtained solutions, with lower intensity result by WENO3-Z
(reduced by around 1.5%). Similarly, the solution for the wall pressure is characterised by highest
pressure intensity at t=0.22 s and is about 10,400 bar. This value is varied by less than 1% be-
tween both methods. However, overall the WENO3-Z scheme led to the higher pressure intensity
values at later times of the solution.

Figure 8.4: Time evolution of the maximum pressure inside the uid (left) and near a wall (right). Com-
parison between MUSCL and WENO3-Z.Pg, = 1200 bar

Further comparison is performed by means of qualitative assessment of 3D visualisations where
longitudinal velocity component, wall pressure, density gradient and isosurface of void ratio are
presented (Figure 8.5). The solutions are compared at following times: t=0.20s, t=0.24 s and
t=0.28 s. The key components of the solution are in very close agreement between each other.
This only small di erence between the obtained results can be explained by relatively coarse mesh
which has been employed in these tests. Due to the negligible variation between the results of
second and third order formal accuracy, the stretching mesh strategy is thus initially examined by
using the scheme with smaller computational stencil, i.e. MUSCL method.
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(@) t=0.2 s, MUSCL (b) t=0.2 s;WENO 3 Z
(c) t=0.24 s;MUSCL (d) t=0.24 s, WENO3-Z
(e) t=0.28 s;MUSCL (f) t=0.28 s, WENO3-Z

Figure 8.5: Visualisation of 3D bubble collapse at di erent times for a stand-o distance L=Ry = 2. Di-
mensionless longitudinal velocity componentu=ug,, dimensionless wall pressure P/R,, Schlieren-like rep-
resentation and isosurface of void ratio. WENO3-Z, stretched mesh: 7501250 1250. Ps;, = 1200 bar
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(a) Pmax (b) F)wallmax
Figure 8.6: Time evolution of pressure. Comparison between coarse and ne mesiPg, = 1200 bar

(a) t=0.28 s; 550 900 900 (b) t=0.28 s; 550 625 625

Figure 8.7: Visualisation of 3D bubble collapse at di erent times for a stand-o distance L=Ry = 2. Di-
mensionless longitudinal velocity componentu=ug,, dimensionless wall pressure P/R,, Schlieren-like rep-
resentation and isosurface of void ratio. MUSCL, t=0.28 s. P, = 1200 bar

The computations presented in what is to follow are performed by using stretched mesh in all
directions by using hyperbolic tangent function. The stretching strategy is similar to 2D case with
only change being an extended uniform mesh area iR-direction to include the location of shock
wave. The initialisation of dx;dy and dz values is based on the uniform mesh of 7501250 1250
corresponding to 250 points per bubble diameter for the coarser mesh or on the uniform mesh of
1500 2500 2500 corresponding to 500 points per bubble diameter for ner mesh.

Di erent degree of stretching is examined by using MUSCL scheme and the initial spacial
interval corresponding to the mesh of 750 1250 1250 nodes. The uniform mesh box is set similarly
in all computations. The 3D visualisations presented on Figure 8.7 illustrate the deviation of the
solution with increased stretching factor. This is especially the case for the wall pressure component
where the distribution values are not smoothly propagated and have a square pattern. However,
the solution around the bubble, where the uniform mesh is set remains accurate and similar in all
tests. This raises the need of proper de nition of how much stretching can be applied to obtain the
solution of required quality if the uniform accuracy everywhere in the domain is searched. These
tests show that the solution accuracy for this particular problem and corresponding stretched
mesh con guration is dependent on the ratio between dyhax /dY min  and dzmnax /dZ min . We limit
the consideration on these two directions since the uniform mesh area set in these two directions is
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relatively small. Saying that, this ratio for the rst stretched mesh con guration (550 900 900)
is 1.7 and the obtained solution is not visually deteriorated, while the second stretched mesh
con guration (550 600 600) with approximate ratio equal to 3.2 yield to the deformation of the
pressure values distribution. Thus, the initial ner stretched mesh computations are following the
rst ratio between maximum and minimum spacing in directions of y and z.

(8)t=0.25 s, 1050 1780 1780 (b)t=0.25 s, 1050 850 850

Figure 8.8: Visualisation of 3D bubble collapse at di erent times for a stand-o distance L=R, = 2. Di-
mensionless longitudinal velocity componentu=ug,, dimensionless wall pressurd®=Pg,, Schlieren-like rep-
resentation and isosurface of void ratio. WENO3-Z. Comparison of stretched mesh factorPs, = 1200 bar

We now show the reason for general ner mesh requirement inside the zone of our interest.
The two key components of the solution are examined on Figure 8.6, i.e. maximum pressure inside
the uid and on the wall. The obtained maximum pressure curve next to a wall does not have a
critical variation at highest intensity peak. However, the pressure inside the uid has a gain of
more than 30% in highest peak. This increase of intensity which is a result of increasing number
of nodes in computational domain shows the need of certain spacing size in order to obtain an
accurate reconstruction of physical phenomena.

(a) Pmax (b) P wallmax

Figure 8.9: Time evolution of pressure. Comparison between stronger and weaker stretchind?s, = 1200
bar

An illustration of the bubble collapse evolution is proposed on Figure 8.10. We present nor-
malised longitudinal velocity by ug, = 75:07 m/s on the vertical symmetry plane, normalised
pressure byPg, = 1:2 10° Pa on the wall, the density gradient on the horizontal symmetry plane
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and void ratio inside the volume. The incident shock wave reaches the wall and re ected wave
is generated. At timet = 0:15 s, the re ection wave is located near the bubble. We note the
bubble deformation compared with its initial spherical shape att = 0:12 s. This happens due
to the di erence in pressure between two sides. The water jet penetrating the bubble causes its
toroid-like shape att = 0:18 s and the re ected shock wave has reached the bubble interface. The
spherical intense blast wave is generated at tim¢ = 0:20 s as the water-jet impacts the opposite
side of bubble interface. The high velocity values are generated and reach 1500 m/s. The occur-
rence of strong pressure peak caused by the blast wave reaching the wall is observed at 0:23 s.
The re ected wave propagates in direction of toroid-like bubble. Finally, this wave impacting the
bubble leads to its recollapse att = 0:25 s. Consequently, another pressure peak is generated as
can be observed on Figure 8.10.

The next step has been set to apply stronger stretching factor. Figure 8.8 presents side-by-side
comparison of 3D visualisation at the time of bubble recollapse under the incidence of re ections
wave. A square-shaped reconstruction of pressure pro le is noted away from the bubble. It is
certainly due to the stretching mesh since the computations on uniform mesh and on stretched
mesh with lower factor do not exhibit it. While the e ect of such strong stretching has been also
seen in 2D computations, it did not a ect the pressure region around the bubble. Similarly in 3D,
the pressure pro le close to the bubble has a correct shape and starts to be more squared further
away from the bubble as the grid spacing continues to increase. This can be corrected by using
weaker stretching factor or larger area of uniform mesh. The way of determining this factor would
depend on the nal CPU cost one can acquire and the initial size ofdy and dz.

The comparison of maximum pressure inside the uid and next to a wall is proposed by using
similar con guration of stretching mesh on Figure 8.9. The highest and most critical peaks of
pressure have not been a ected by stronger degree of stretching.

The CPU cost for present problem (Table 8.1) is recorded to be 6 hours for the stretched
mesh of 1050 850 850 and 34 hours for the stretched mesh of 10501780 1780 by using 4,000
processors. In comparison, the computational time of similar problem in 3D with uniform coarser
spacing of 750 1250 1250 anddt-value twice higher, is only 0.7 h less. We believe that given
computational cost and solution accuracy inside the critical area of physical phenomena, stronger
mesh stretching (i.e. stretched mesh of 1050850 850) can be used to recover key characteristics
of the bubble collapse process.

Table 8.1: CPU cost, 3D bubble collapse near a wall, WENO3-ZPs, = 1200 bar. JeanZay 4,000 processors

Problem Mesh type nb points dxmin (10 1) dt( 10 ) CPU (h)
Psh = 1200 bar  uniform 750 1250 1250 4 1 5.2
Psh = 1200 bar  stretched 1050 1780 1780 2 0.5 34.9
Psh = 1200 bar  stretched 1050 850 850 2 0.5 5.9
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@t=012 s (b)yt=0.15 s
(c)t=0.18 s (dyt=0.20 s
(e)t=0.23 s flt=0.25 s

Figure 8.10: Visualisation of 3D bubble collapse at dierent times for a stand-o distance L=Ry = 2.
Dimensionless longitudinal velocity componentu=ug,, dimensionless wall pressureP=Ps,, Schlieren-like
representation and isosurface of void ratio. WENO3-Z, stretched mesh: 10501780 1780. Ps, = 1200 bar
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8.3 Bubble collapse near a wall, Pg, =353 bar

The present test case considers a gas spherical bubble of radi®y immersed in water in vicinity
to a wall and impacted by a shock wave, which has a downstream pressure By, = 353 bar. This
problem has been studied before in Johnsen & Colonius (2009), Wermelingeat al. (2018) and
most recently in Dubois et al. (2021). The initialisation and EOS parameters are stated in Tables
8.2 and 8.3.

Table 8.2: Initialisation parameters

u P

air 1 kg=m?3 Om/s 10° Pa
water 998 kggm® 0 m/s 10° Pa

Table 8.3: Water-air EOS parameters

Pl Cp

air 14 0 Pa 1487 J/K.kg
water 6.68 4.103 10 Pa 1650 J/K.kg

The spatial domainissetLy Ly L;]=[8Ro 12Rp 12R¢] and the position of the bubble
center is at x = 6Rg. The incident shock wave is set atxg, = 3:15Rg. The initial stand-o
distance between the bubble and the wall, a parameter which we aim to examine in some detail, is
L=Ro=2. Only a quarter of the bubble is computed due to the symmetry of the problem. The wall
is set by means of slip condition. Two con gurations are tested. Firstly, the computations on the
uniform mesh of 900 1200 1200 points are performed and solutions of maximum pressure inside
the uid and near the wall obtained by using MUSCL and WENOS3-Z are compared. Secondly, the
stretched mesh by using hyperbolic tangent stretching function with initialised dx; dy; dz-values
corresponding to the uniform mesh of 900 1200 1200 is initialised in the framework of uniform
ne mesh area which starts at the location of the shock wave and includes the whole interval in
x-direction to the right hand side and bubble radius Rg in directions y and z. This results in a
new mesh of 612 600 600 points. Both con gurations of the mesh correspond to 225 points per
bubble diameter.

Figure 8.11: Time evolution of the maximum pressure inside the uid (left) and near a wall (right), com-
parison of numerical schemes: MUSCL and WENQO3-Z, uniform mesh: 9001200 1200. P, = 353 bar

This test case starts by examination of the e ect of high-order numerical scheme and stretched
mesh on the solution. The maximum pressure evolution inside the uid and along the wall is
plotted on Figure 8.11. The solution has been obtained on the uniform mesh of 9001200 1200
by using HLLC solver with WENO3-Z Hancock method. The MUSCL solution is proposed for
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comparison purposes. The rst pressure jump is generated due to the impact of water jet on the
bubble and generation of the blast wave. This peaks reaches the value of almost 20 GPa by using
MUSCL technique and slightly lower intensity by using WENO3-Z scheme, of about 18 GPa. The
maximum pressure next to the wall is considered on the right part of the plot. The impact of
higher order scheme is relatively low with maximum pressure intensity being recovered equally by
both schemes. The solution variation between the schemes, however, is observed around the time
t =0:01 s, where lower values are generated by WENO3-Z.

Next, the e ect of the mesh stretching is analysed. Similar quantities are presented on Figure
8.12, where maximum pressure evolution inside the uid is plotted on the left and along the wall on
the right. The e ect of the mesh stretching is very weak: the most important peaks in pressure have
been reconstructed equally, on uniform and stretched mesh with only slightly reduced intensity of
maximum pressure along the wall on the interval betweert = [0:008, 0:015] s.

Figure 8.12: Time evolution of the maximum pressure inside the uid (left) and near a wall (right), WENO3-
Z, comparison of uniform mesh: 900 1200 1200 and stretched mesh: 612600 600. Py, = 353 bar

The main phenomena of the bubble collapse has been described in Johnsen & Colonius (2009)
and Dubois et al. (2021). The pressure di erence between phases causes the bubble deformation,
which takes a toroid-like shape during the process. It causes a generation of water jet along the axis
of ow symmetry. A high-pressure zone is generated as a consequence of the water-hammer shock
formation at the time of water jet hitting the opposite side of the bubble. This results in bubble
being cut into pieces. Furthermore, a consequent strong pressure peak occurs due to the impact
of the blast wave to the wall. This can cause a damage of the solid material. The visualisation
of this process is proposed in Figure 8.13. Computations are performed on stretched mesh with
WENOS-Z scheme. The quantities presented on the plots are: the longitudinal velocity component
on the vertical symmetry plane normalised with us, = 20:77 m/s, the pressure normalised by
Psh = 3:53 10’ Pa on the wall and density gradient on the horizontal symmetry plane. The
isosurface of void ratio is plotted inside the volume.

At approximate time of t =0.004 s the shock wave a ects the wall and generates the re ection
wave which locates at the bubble. The water jet a ecting the bubble and causing its toroid shape
along with generation of the blast wave can be observed at = 0:005 s. A strong pressure peak
occurs as the blast wave hits the wall at timet =0.006 s. The re ective wave propagates in the
direction of the bubble and eventually reaches the bubble pieces which results in recollapse and
another pressure peak at approximate timet =0.008 s.

A discrepancy caused by mesh stretching is observed on the Figure 8.13, where the pressure
pro le has a somewhat squared pattern. Similar pattern is discussed for the problem in previous
section. Moreover, it is not present on the solutions computed on the uniform mesh. We believe
this e ect is due to the strong stretching factor in y- and z-directions.
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(a) t=0.004 s (b) t=0.005 s

(c) t=0.006 s (d) t=0.007 s

Figure 8.13: Visualisation of 3D bubble collapse at dierent times for a stand-o distance L=Ry = 2.
Dimensionless longitudinal velocity componentu=us,, dimensionless wall pressure P/R,, Schlieren-like
representation and isosurface of void ratio. WENO3-Z, stretched mesh: 612600 600. P, = 1200 bar

Figure 8.14: Time evolution of the maximum pressure along the wall for di erent values of the stand-o
parameter L=Ry: from 2 to 1.2 (right), 1.1 (left), WENO3-Z, stretched mesh: 612 600 600. Py, = 353
bar
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Next, we address the e ect of the initial bubble position in relation to the wall. The parameters
of computations stay unchanged except the value of. =R, which varies from 2 to 1.1 and de nes
the distance of bubble center to the wall. The time evolution of the maximum pressure inside the
uid and along the wall are presented on Figure 8.14 with di erent L=Ry. The pressure load on
the wall increases rapidly as the bubble distance from the wall decreases. The highest intensity
of pressure is achieved at approximate time t = 0.006 s and it is this peak that has the biggest
impact by changing the stand-o position. An intensity of almost 30,000 bar is reached when we set
L=Rg =1:1 (right part of the gure), which is almost 6 times higher than the peak corresponding
to L=Rg = 2.

Lastly, the computational cost of this problem is proposed in Table 8.4. All computations
are performed on 4,000 processors. A remarkable gain in CPU of factor 5 has been achieved by
introduction of the stretched mesh. This gain is proportional to the reduction of number of points
in computational domain.

Table 8.4: CPU cost, 3D bubble collapse near a wall, WENO3-ZPs, = 353 bar. JeanZay 4,000 processors

Problem Mesh type nb points CPU (h) ratio

Psh =353 bar  uniform 900 1200 1200 15 5
Psh =353 bar  stretched 612 600 600 3 1

8.4 Synthesis

In this Chapter we performed 3D computations based on the validated high-order numerical meth-
ods and stretching mesh techniques. The complexity of high-order numerical methods in parallel
implementation limited our consideration to the third order WENO3-Z method for the moment.
The implementation of the method is done in parallel framework of OpenMP and MPI. The
non-uniform mesh was introduced into the solver by means of separately created mesh stretching
software. The parallelization strategy of mesh coe cients required for the reformulated WENO
scheme was proposed. Two problems of shock-induced bubble collapse near a wall with di erent
post shock condition were studied.

The rst problem is an extension of the 2D shock-bubble collapse in vicinity to a wall. The
preliminary tests were carried out which established the main con guration of mesh stretching
strategy suitable for this problem. Precisely, a suitable location of the uniform mesh area is pro-
posed and di erent degree of stretching is its e ect on solution accuracy is understood. It has
been observed that the ratio betweendymax and dymin and dzmax and dzm,i, has an e ect on the
solution at points away from uniform mesh area. However, this did not yield to the solution deteri-
oration at critical points. The main physical phenomena is accurately reconstructed in comparison
to similar studies. The 2D and 3D solutions were compared and faster and higher intensity of
the spherical bubble collapse is con rmed in our study. We believe that the stretched mesh strat-
egy is generally a successful idea, even though the discrepancy in pressure pro le formation away
from the uniform mesh zone is detected. This can be corrected by using lower factor for stretching.

The second problem has a lower value for the shock condition. The mesh stretching strat-
egy based on di erent domain size is introduced. The results are validated by using the uniform
mesh with MUSCL and weno3-Z methods. We found that the solutions are relatively similar. The
WENOS-Z method is then used in mesh stretching framework. The e ect of the non-uniform mesh
is low. Similarly, the main physical phenomena is reconstructed accurately in comparison to the
reference computations done in Goncalves & Parnaudeau (2021). We propose a comparison of the
maximum wall pressure depending on the bubble stand-o distance from the wall. The rapidly
increasing intensity of the maximum peak is noted as the distance from the wall shortens. Indeed,
similar pattern has been observed for the cases with higher value d?s, (see Johnsen & Colonius
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(2009) and Goncalves & Parnaudeau (2021), for instance).

These computations illustrated a computation speed up of a factor ve. Hence, we believe that
the presented non-uniform strategy is a promising topic for further developments.



Chapter 9

General conclusion and perspectives

This Chapter concern is a general synthesis of the work presented in this manuscript and
discussion about further work which can be interesting to pursue in the context of high-order
numerical methods for studying shock-induced bubble collapse.

9.1 General conclusion

A shock-induced bubble collapse is an important problem, which is a part of the cavitation
erosion process. The industrial applications require extensive studies of this phenomena due the
occurring wall damage as a result of bubble collapse near the solid walls which can cause erosion.
The physical dynamics involved into this process are characterised by high speeds and very small
spatio-temporal scales. Thus, the numerical reconstruction of such phenomena requires a very ne
mesh, which is around 16 for 2D and 10° in 3D computations or more. The size of the problem
can be reduced by using the appropriate high-order numerical methods which can result in faster
convergence and, hence, a reduction of points required to achieve the accurate reconstruction. This
was de ned as a main concern of this thesis.

Mathematical model and basic discretization used throughout present study were dis-
cussed in Chapter 2. A four-equation model based on one- uid mixture approach is employed. The
basic discretization is performed by using HLLC or KNP formulations for the ux and MUSCL-
Hancock method for the spatial-temporal resolution of second order. The Hancock predictor-
corrector scheme has been robust in our study and we believe this scheme is a good alternative
to other temporal numerical methods, where the computational time is increasing along with the
accuracy of the method. This is particularly important for 3D computations.

High-order numerical methods which can be used in order to improve a spatial resolution
in MUSCL-Hancock algorithm were discussed in Chapter 3. Particularly, we focused on WENO-
class of the schemes due its wide availability and extensive studies in the literature. Several recent
variations were proposed in the Chapter. Other less popular schemes, i.e. PPM and MP5 were
presented. Particularly, the PPM method has been reviewed in terms of its improved formulation
for the sti ened gas EOS.

Validation methodology has been de ned in Chapter 4. We note that problems we are con-
cerned with have not analytical solutions and have discontinuities. Thus, a classical numerical
validation of the solver is not possible. The validation process which has been presented in the
Chapter is based on the computation of approximate reference solution which is then used to
compute the relative order of accuracy. This methodology is then applied to three 1D problems,
tested in hierarchical order in terms of the sti ness and complexity. The 2D problem of air-helium
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shock-bubble concluded the validation.

2D shock-induced bubble collapse computations are presented in Chapter 5. We con-
sidered two problems: one, is a water-gas bubble immersed in free eld and as second one, a
water-gas bubble located in vicinity to a wall. These computations were meant to establish the
e ect of high-order numerical schemes on the accuracy of the physical phenomena reconstruction.

Non-uniform mesh  techniques were discussed in Chapter 6 where we presented the stretching
mesh framework. The derivation of mesh stretching functions which were thought interesting for
our study were proposed. The need of reformulated versions of some high-order numerical methods
was emphasised and these derivations are developed for WENO methods.

The results of 2D computations on non-uniform mesh were proposed in Chapter 7,
where three problems were considered. We discussed and validated the mesh stretching strategies
by using the air-helium shock-bubble, which is a suitable problem to test variety of stretched mesh
techniques due to the topology of the problem. By doing so, we de ned the stretching functions
for the non-uniform mesh generation for the problems of shock-induced bubble collapse. In the
following sections of the Chapter we developed the problem-speci ¢ mesh-stretching methods for
these problems and showed the results. Furthermore, we proposed a hybrid methods approach
where two numerical schemes can be used on the non-uniform mesh. These techniques are devel-
oped for the purposes of computational cost reduction.

The results of 3D computations on non-uniform mesh were presented in Chapter 8.
The problem of shock-induced bubble collapse near a wall was extended to 3D and computed on
non-uniform mesh with WENO3-Z method. The mesh stretching strategy has generally stayed
unchanged in relation to the bubble reconstruction. The main physical phenomena of the prob-
lem were described and comparison with corresponding 2D results was shown. Lastly, a similar
problem with lower value for the post-shock condition was computed on uniform and non-uniform
mesh by using MUSCL and WENO3-Z methods. The e ect of high-order numerical scheme in
3D computation has been veri ed on uniform mesh. The low impact of the non-uniform mesh on
the solution accuracy was also illustrated. We showed the dependency of pressure intensity on the
stand-o position of the bubble to the wall.

These developments allowed us to draw a broader picture of general numerical approach of
solving a problem of shock-induced bubble collapse. Starting with a basic discretization of the
mathematical model, we found that the HLLC Riemann solver is a better performer when the
complexity of the problem increases and stronger shocks and discontinuities are involved. Simi-
lar conclusion was made in relation to some of the high-order numerical schemes. Generally, the
WENO class of the schemes and particularly its more recent formulations were proven to be the
most accurate and robust in our tests. The PPM method, which includes several algorithms to
tackle the discontinuity areas of the solution, was established to work relatively well. However, in
the problem of shock-bubble collapse in a free eld it led to the variations in the solution which
were not present by using other schemes. The MP5 method, the least popular amongst considered
methods, was shown to be oscillating already in validation problems and, hence, was dropped from
further analysis.

A perspective of choosing a suitable high-order numerical scheme in the framework of highly
intensive computations has been thought. Considering the computational cost of the larger sten-
cil, generally involved in high-order numerical schemes, one has to decide on the relation between
the quanti cation of improved reconstruction and increase of CPU. This has been our concern in
regard to the third and fth order schemes. While an improvement has been clearly observed be-
tween the solution computed with MUSCL and WENO3, the same is not exactly obvious between
the later and WENOS. The results which we have analysed in this thesis did not demonstrate a
signi cant improvement between the two and, thus, the WENO3 method has been extended to 3D
computations.
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However, even shorter computational stencil requires a signi cant computational power which
was thought to be reduced by using the full parallelized solver SCB and introduction of mesh
stretching techniques. We found that the most suitable mesh stretching approach is the one based
on the introduction of the uniform mesh area in the domain where the zone of high variation of the
solution is located. In our case this is a zone of the bubble and its interaction with the shock-wave
and the wall. The stretching function based on the hyperbolic tangent is determined to be the
most suitable in our computations. However, the choice between hyperbolic tangent and sine can
be more problem-related.

The mesh-stretching methods allowed us to reduce the cost of computations by ve times in
2D for the problem of shock-induced bubble collapse. Hence, its extension has been successfully
applied to 3D computations. Moreover, WENO3-Z scheme led to the accurate reconstruction of
physical phenomena in 3D problems with higher and lower post-shock conditions where similar
CPU gain has been observed. We believe that this method is an appropriate choice to achieve a
high accuracy reconstruction for the challenging computations of shock-induced bubble collapse.

9.2 Perspectives

The present thesis developed the methods which allowed to achieve better accuracy of the solution
without encountering a high computational cost. However, this work could be pursued further and
be improved in one or several direction. This sections discusses these choices.

The rstimmediate area of further investigation is underlying mathematical model which could
be changed in order to examine its e ect on the solution. For instance, Goncalves & Parnaudeau
(2020) has performed an extensive study of several models in 2D and this study could be extended
to 3D with computational cost reduction by means of non-uniform mesh. Additionally, the viscous
e ects can be studied in the same framework.

Undoubtedly, the domain of high-numerical schemes can be extended almost in nitely. The
variations of yet other formulations of WENO methods and its derivatives continue to appear.
Thus, this part can be extended to further developments by using speci cally the WENO class.
The most recent publications in this regard is, for instance, Luo & Wu (2021). Furthermore, the
higher methods of WENO might be examined but with care.

Another big part of improvement of present work concerns the non-uniform mesh introduc-
tion. This thesis presented only arbitrary problem-related mesh stretching techniques which are
initialised once at the rst time iteration. The process of nding a suitable strategy has been based
on testing. This could be turned to di erent direction and address a problem of adaptive mesh
methods. For instance, the mesh stretching could be rede ned at certain time periods when the
bubble is changing its topology and location the most or when the strongest solution variation is
detected. The adaptive mesh stretching, however, can be a challenging and highly computationally
expensive task. As such, the cost of its implementation in sequential and parallel frameworks, the
numerical schemes reformulations and further analytical derivations have to be carefully examined.

Lastly, but not least importantly, a study of solid- uid coupling in the context of the wall
damage caused by the bubble collapse can be performed. The wall pressure load analysis based on
the stand-o distance of the bubble from the wall is a good starting point for this type of study.

For instance, it was already examined in Johnsen & Colonius (2009) and Goncalves & Parnaudeau
(2021) in 2D and 3D computations. These studies can be pursued by testing di erent con gura-
tions of the bubble collapse to con rm the pressure load laws suggested by authors. Partly, the
part of this analysis for di erent test con gurations is presented in this thesis.

Generally, the domain of research concerning the shock-induced bubble collapse is a broad one
and many numerical improvements can be and will be made in the future as we observe a constant
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technological growth. This will allow to solve even more computationally extensive problems on
extremely ne mesh. We hope that this study provides a step forward in these persuasions.
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Appendix A

Analytical solution for the inverse of
stretching function

The two-sided stretching function for B > 1 and one-sided stretching function forsg > 1 require
the inverse of the function

y = sinh(x)=x (A.1)

An approximate analytical solution for inverse function x = f (y) as derived in Vinokur (1980).
Wedeney=1 vy, v=log(y)andw=1=y 0:028527431.
For y < 2:7829681.:

x="By(1 015 +0:057321429 0:02490729§°

. . (A.2)
+0:007742446%*  0:001079412¢)

For y > 2:7829681:

Xx=v+(1+1=v)log(2v) 0:02041793 + 02490272%

A.3
+1:9496443 w? 2:629454W° + 8:5679591W* (A3)

The two-sided stretching function for B < 1 and one-sided stretching function ifsp < 1 requires
the inversion of

y = sin(x)=x (A-4)

We denotey =1 y and an approximate analytical representation is following.
For y < 0:26938972,

x= (1 y+y?> (1+ =6)y°

; : : (A5)
+6:79473%* 13:20550%° + 11:72609/°)
For y < 0:26938972,
x= (1 y+y> (1+ =6)° A6)
+6:794733* 13:20550%° + 11:72609/°) '
For 0:2693897Xx< y < 1,
x=" 6y(1 +0:15y + 0:0573214292 + 0:04877423§° A7)

0:05333775$* + 0:0758451§%°)
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Appendix B

SCB simpli ed example of OpenMP
Implementation

DO ndt=1,ndtmax

DO k=kmin,kmax

DO j=jmin,jmax

DO i=imin,imax
RI1=wl(i,j,k)-w1(i-1,j,k)
sl=dmax(0.0,dmin(Ril1,1.0))+dmin(0,dmax(1,Ril))
W1(i,j,k)=W1(i-1,j,k)&
+1/4*s1*(W1(i-1,j,k)-W1(i-2,j,k))+1/4*sI(W1(i,j,k)-W1(i-1,j,k))

ENDDO

ENDDO

ENDDO

CALL BOUNDARY (W1)
CALL MPI_SENDRECV(W1,imax*kmax,MPI_DOUBLE_PRECISION, &
&neib_mpi(N),tag,W1,imax*kmax,MPl_DOUBLE_ PRECISION, &

&neib_mpi(S),tag,cpmm,status,err_mpi)
ENDDO
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Appendix C

SCB implementation of WENO3-Z on
non-uniform mesh.

An example of implementation for WENO3-Z coe cients on the boundaries for non-uniform mesh.
Similar manner is used for all directions.

SUBROUTINE distribute_weno3_x
#if defined key_mpi
if ((neib_mpi(WEST) == MPI_PROC_NULL).and. &
(neib_mpi(EST) /= MPI_PROC_NULL)) then
DO i=3,imax-2
coef=0.5d0*(x(i)+x(i+1))
ENDO
i=2
coef(i)=coef(3)
i=imax+1
coef(i)=coef(imax)
endif

if ((neib_mpi(EST) == MPI_PROC_NULL).and. &
(neib_mpi(WEST) /= MPI_PROC_NULL)) then
DO i=1,imax-2
coef=0.5d0*(x(i)+x(i+1))
ENDO
i=0
coef(i)=coef(1)
i=imax-1
coef(i)=coef(imax-2)
endif

if ((neib_mpi(WEST) /= MPI_PROC_NULL).and. &
(neib_mpi(EST) /= MPI_PROC_NULL)) then
DO i=1,imax
coef=0.5d0*(x(i)+x(i+1))
ENDO
i=0
coef(i)=coef(1)
i=imax+1
coef(i)=coef(imax)
endif
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if ((neib_mpi(WEST) == MPI_PROC_NULL).and. &
(neib_mpi(EST) == MPI_PROC_NULL)) then
#endif

DO i=3,imax-2
coef=0.5d0*(x(i)+x(i+1))

ENDO
i=2
coef(i)=coef(3)
i=imax-1
coef(i)=coef(imax-2)

#if defined key_mpi

endif

#endif

return

END SUBROUTINE distribute_weno3_Xx
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High-order numerical methods for shock-bubble interaction computations

The importance of modelling two-phase ows involving shock waves arises from many engineering and med-
ical applications. The presence of strong shock waves, their interactions with bubble interfaces and the large
variation of material properties make the resolution of such problems a complicated task for the numerical
methods. While the variety of numerical techniques to solve these problems exist, e.g. the sharp interface
or the di use interface methods, these strategies can lead to spurious oscillations of the solution near the
interface. It is well known that it is di cult to achieve both a high order accuracy of the scheme and the
monotonicity of the solution.

In this thesis a four-equation mixture model is employed and integrated in an explicit nite-volume
solver with di erent numerical schemes and reconstruction methods. The construction of a high-order nu-
merical tool for solving sti 2D and 3D shock-bubble interactions is proposed. The numerical validation of
the methods is performed on various 1D problems (shock-tube problems) and on air-helium shock-bubble
case in 2D. The study is then ex- tended to the collapse of a gas bubble immersed in water and located in
the vicinity of a wall.

While the high-order numerical schemes lead to the high-accuracy reconstruction, the question of com-
putational cost emerges. The physical phenomena involved into considered problems require a ne grid to
achieve the detailed solution. For instance, a computational isotropic grid can reach over 1 billion nodes in
3D, leading to a huge cost. Thus, there is a need of CPU reduction techniques. Di erent mesh-stretching
techniques have been studied and implemented in the code, leading to a reduction of the computational
cost by a factor of 5 for the problem of shock-bubble collapse.

Finally, the computations of the latter problem have been successfully extended to 3D with implemen-
tation of parallel paradigms (OpenMP and MPI). The solutions computed on one billion points with third
order accuracy are presented and discussed. The evolution of the maximum wall pressure is analysed when
the stand-o distance varies, suggesting potential wall damages.

Keywords : Numerical analysis, Bubbles{Dynamics, Two-phase ow, Equations, Simultaneous{Numerical
solutions, Shock waves, Simulation methods, Shock tubes, bubble collapse, high-order scheme, WENO
reconstruction, non-uniform mesh

M ethodes num eriques d'ordre eleve pour la simulation d'interactions choc-interface

La mocklisation desecoulements diphasiques en pesence d'ondes de choc est d'une importance majeure pour
de nombreuses applications d'ingenierie et nedicales. La pesence d'ondes de choc de tes forte intensig,
leurs interactions avec les interfaces entre phases et la grande variation des proprees des materiaux rendent
di cile la esolution nunerique de tels probemes. Bien qu'il existe une large varee de nethodes nuneriques
pour esoudre ces probemes comme les nethodes a interface raide oua interface diuse, ces strakgies
peuvent conduirea des oscillations nurreriques de la solution au voisinage de linterface. Il est bien connu
qu'il est di cile d'obtenira la fois une pecision d'ordreelewe du sctema et la monotonie de la solution.

Dans cette trese, un mockle de nmelange a quatre equations est utilie et inege dans un solveur aux
volumes nis explicite avec dierents sctemas nuneriques et nethodes de reconstruction. La construction
d'un outil nurrerique d'ordreelewe pour esoudre des probemes d'interactions choc-interface 2D et 3D est
propose. La validation nunerique des nmethodes est e ectiee sur dierents probemes en 1D (probemes
de tubea choc) et sur un cas choc-bulle air-telium en 2D. Letude est ensuite etendue aux probemes de
collapse de bulle de gaz immergee dans de l'eau et sitleea proximie d'une paroi.

Alors que les sctemas nuneriques d'ordreelee conduisenta une reconstruction pecise, la question du
colt de calcul se pose. Les prenorrenes physiques impliges dans les probemes consicees recessitent des
maillages tes ns pour etre bien calcues. Par exemple, une grille isotrope de calcul peut atteindre plus d'un
millard de n uds en 3D, ce qui entrame un codtenorme. Des techniques de eduction du CPU sont donc
recessaires. Des straktgies de maillageetie sont ainsietudees et implantes dans le solveur, conduisanta
une eduction du cott de calcul d'un facteur 5 pour le probeme du collapse de bulles par choc.

En n, les calculs ontetetendus en con guration 3D avec la mise en uvre de paradigmes paraleles
(OpenMP et MPI). Les solutions calcuees sur une grille d'un milliard de points avec une pecision du
troiseme ordre sont pesenees et discuees. La pression maximalea la paroi est analysee en fonction de
I'emplacement initial de la bulle, permettant devaluer le potentiel endommagement du matriau.

Mots cl es: Analyse nunerique, Bulles{Dynamique, Ecoulement diphasique,Equations, Sysemes
d{Solutions nurreriques, Ondes de choc, Simulation, Methodes de, Tubesa choc, collapse de bulle,
sctema d'ordreelee, reconstruction WENO, maillage non uniforme
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