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Résumé Les grandes matrices aléatoires se sont révélées depuis quelques temps étre fondamentales
en mathématiques (statistiques en grande dimension, algebre d’opérateur, combinatoire, théorie des
nombres, ...) et en physique (physique nucléaire, théorie quantique des champs, chaos quantique, ...).
Leur utilisation en traitement statistique du signal et analyse des séries temporelles est en revanche
plus récente. Elles s’averent étre utiles quand les observations sont issues de séries temporelles mul-
tivariées de grande dimension (notée M) et que la taille de I’échantillon (noté N) n’est pas beaucoup
plus grande que M, une situation qui devient trés courante en raison du développement spectac-
ulaire des dispositifs d’acquisition de données et des réseaux de capteurs. Ce contexte souleve un
certain nombre de questions qui sont beaucoup étudiées par les chercheurs de la communauté des
statistiques en grande dimension. L’exemple le plus parlant est lié au probleme fondamental de
I’estimation de la matrice de covariance car il est connu que son estimateur empirique classique se
comporte mal quand N n’est pas significativement plus grand que M. Par conséquent, les schémas
d’inférence statistique conventionnels basés sur des fonctionnelles de la matrice de covariance em-
pirique peuvent mal se comporter. Afin de résoudre ce type de probleme, les approches les plus
populaires proposées sont basées sur une hypothese de parcimonie des parametres sous jacents.
Malheureusement cette hypothese n’est pas toujours valide. L’application de la théorie des grandes
matrices aléatoires est une alternative prometteuse car, sous certaines hypotheses, il est possible
de comprendre le comportement de fonctionnelles de la matrice de covariance empirique quand M
et IV sont simultanément grand, et d’utiliser ces résultats afin de proposer de nouvelles techniques
d’inférence plus performantes. Bien qu’un certain nombre de travaux récents aillent dans cette
direction, il reste un travail considérable a accomplir pour étudier des schémas d’inférence statis-
tique basés sur des estimateurs empiriques des statistiques du second ordre de séries temporelles
de grande dimensions. Le travail présenté est donc a l'interface entre grandes matrices aléatoire et
statistiques des séries temporelles multivariées.

Mots clés: matrice aléatoires, statistique en grande dimension, traitement du signal,
cohérence spectrale

Cette these a été préparée au Laboratoire IGM (CNRS, Univ. Paris-Est/MLV), 5 Boulevard
Descartes, 77454 Marne-la-Vallée, France.



Abstract Large random matrices have been proved to be of fundamental importance in mathe-
matics (high dimensional probability, operator algebras, combinatorics, number theory,...) and in
physics (nuclear physics, quantum fields theory, quantum chaos,..) for a long time. The use of large
random matrices is more recent in statistical signal processing and time series analysis. The corre-
sponding tools turn out to be useful when the observation is a large dimension (say M) multivariate
time series and the sample size N is not much larger than M, a situation that becomes very common
due to the spectacular development of data acquisition devices and sensor networks. This context
poses several new difficult statistical problems that are intensively studied by the high-dimensional
statistics community. The most significant example is related to the fundamental problem of esti-
mating the covariance matrix of the observation because the standard empirical covariance matrix
is known to perform poorly if NV is not significantly larger than M. As a result, the conventional
statistical inference schemes that are based on functionals of the empirical covariance matrix may
perform poorly. To mitigate this conceptual difficulty, the most popular approaches were based on
the design of inference schemes using some possible degree of sparsity of the underlying parameters.
However, sparsity is a property that does not necessarily hold. The use of large random matrix
theory is an appealing alternative because, under some assumptions on the observations, it is pos-
sible to identify the behaviour of certain functionals of the empirical covariance matrix when M
and N are both large, and to use the corresponding results to design new improved performance
inference schemes. While some papers produced several valuable results, considerable work remains
to be done to exploit the potential of large random matrix techniques in the context of statistics of
high-dimensional Gaussian time series. The proposed works in this thesis are thus at the interface
between large random matrices and the statistics of multivariate time series.

Keywords: random matrix, high-dimensional statistics, signal processing, spectral
coherency

This thesis has been prepared at Laboratoire IGM (CNRS, Univ. Paris-Est/MLV), 5 Boulevard
Descartes, 77454 Marne-la-Vallée, France.
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Introduction

This thesis is devoted to the asymptotic study of estimates of the spectral coherency matrix of large
dimensional Gaussian time series. If one denotes by M the dimension of the time series and by N
the number of observations collected, classical time series analysis usually deals with the case where
M is fixed and N — 4o00. This context enables us to derive several important asymptotic results.

These low-dimensional results in general break down when M is considered as a function of NV,

such that M (N) N2400, 4 so. Modern statistical problems are commonly faced with this context,

either because the dimensionality M of the problem is large, or because it is not possible to collect a
sufficiently large number of observations N so that N is in practice not much greater than M (this
can happen for instance because the observed time series is not stationary and its parameters are
rapidly evolving, or because the duration of the observation period is small). In these situations,
it becomes tricky to apply low-dimensional results from statistical analysis. This relatively new
asymptotic regime motivated a certain number of research papers, and an important proportion of
them considered using results from random matrix theory. Random matrix theory is concerned with
asymptotic properties of the eigenstructure of high-dimensional random matrices when both M and
N are diverging such that M/N — ¢ € (0,4+00). This approach turned out to be insightful, and in
particular shed light on the behaviour of the eigenvalues and eigenvectors of sample covariance and
correlation matrices, both objects which are of prime importance for statistical analysis applications.
This random matrix-based approach also allowed to design new improved performance approaches.
However, other properties related to the behaviour of time series requires more information than
those provided by the covariance matrix, and some applications may require detailed knowledge of
the spectral density and spectral coherency matrices in the high-dimensional regime. The goal of
this manuscript is to present some results obtained on the behaviour of a well-known estimator of
the spectral coherency matrix of a high-dimensional Gaussian time series, and how these results
can be used to address some important statistical signal processing problems in particular whether
the components of the M—dimensional time series are independent or not.

0.1 Motivation

We consider an M—dimensional stationary complex Gaussian' time series y. A time series (y,)nez
is said to be Gaussian if and only if for any finite set of time points N1, No, ..., Nk, YN, Y Nos - - -2 YN,
are jointly normally distributed. If we denote R, = E[yn+4Y};] its autocovariance at lag u, one can
define the spectral density matriz at frequency v by

S(v) = (s;j())ig=1 = ) Rue 2™ (1)
ue”Z

!The complex circular Gaussian distribution with variance o is denoted as Nc(0,0?) and defined as X; + i X2
where X1, X2 ~ N(0,062/2) i.i.d. A random vector x of C" follows the Ncn (0, R) distribution if b*x ~ Nc(0,b*Rb)
for all deterministic (column) vector b and a fixed n x n positive definite matrix R.

13



14 INTRODUCTION

and the spectral coherency matriz (see for instance [13, Chapter 7-6], [52, Chapter 5.5]) at frequency
v, an analogue of correlation in the frequency domain, by

N

C(v) = (cyy()M_, = dg(S(v))2S(v)dg(S()) ™ 2)

where dg(S(v)) = S(v) ® Iy, with ® denoting the Hadamard product (entrywise product) and Iy,
is the M—dimensional identity matrix.

These quantities, S(v) and C(v), provide useful information about the second-order dynamics
properties of y, which from a statistical point of view could be important to understand and extract
from a finite sample of (yn)n=1,..n. In other words, spectral density aggregates information of
autocovariance of different lag orders [ at a specific frequency v € [—%, %] For instance, it is shown
in [68] that ¢;;(v), the coherence between the time series ¢ and j at frequency v, is equivalent to
the squared correlation between v-oscillatory components of the two time series. Note also that the

autocovariance function can be recovered from the spectral density by

1
R, = /2 A S (1) dv

1
2

In this manuscript, we will detail some applications in statistical analysis and signal processing,
such as the test of independence between the M components of y, and the detection of a low-rank
spatially correlated signal within a high-dimensional noise. To achieve these goals, we will rely on
the smoothed periodogram estimator of S(v) (also called averaged periodogram estimator in the
literature) of y at frequency v defined by

B/2

Sn(v) = (3 () M) = 31+1 > én <1/ + ;;) & <u + ]bv> (3)

b=—B/2

where B is an even integer, which represents the smoothing span, and

N
1 —2ir(n—1)v
1% = — Tle
En(v) N n§1y

is the renormalized Fourier transform of (y,)n=1..n. The corresponding estimated spectral co-
herency matrix is defined as:

1

1

Cn () = (eni) i (v) = dg (Sw(v)) " Sw(v)dg (Sw(v)) (4)

The following chapters of this manuscript are motivated by the understanding of some properties
of C(v) when the dimension M of y is large and the components of y are independent time series.
Before stating the obtained results, we recall that the properties of quantities derived from S N(V)
and Cy (v) have first been studied in the regime where N — oo and M is fixed, a regime that we
will call low-dimensional in the rest of this manuscript. It is well known (see the paragraph on the
literature review paragraph below for more details) that Sy () and Cy(v) are consistent estimates
of S(v) and C(v) in the low-dimensional regime if B — +o00 and £ — 0. Under mild assumptions
on the memory of the time series (yn)nez, S ~(v) is moreover an asymptotically normal estimate
of S(v), which can, in turn, be used to study the asymptotic performance of various tests based on
C N(I/). R

In the case where M — +o00, to ensure that Sy (v) is still a consistent estimator of S(v), it is
necessary that % — 0. A simple example which shows this is the following: consider (y,)ncz a
sequence of i.i.d. N¢(0,1) random variables. In this context, for each v, the renormalized Fourier
transform vectors (§ (v +0/N))p—_p/2,... B/2 are mutually independent N¢ (0, I5s) random vectors.
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The spectral density estimate S ~(v) thus coincides with the sample covariance matrix of these
(B 4 1) M—dimensional vectors. If one denotes by ¢y the ratio B%H and suppose that cy — ¢, it is

known since [63] that ||Sy () — S(v)|| ———= Neo, (14 1/c)? — 1 almost surely. This quantity is null if
and only if ¢ = 0, which means that % — 0.

Nowadays, in many practical applications involving high-dimensional signals and/or moderate
sample size, the ratio % may not be small enough to be able to choose B so that % is much smaller
than 1 and % small enough. In this context, the behaviour of C ~(v) is not accurately predicted
by the results obtained in the low-dimensional regime ( — 0 with either M fixed or ¥ — 0). In
particular, Cy () has no reason to be close from C(v). In this situation, it appears more relevant
to choose B of the same order of magnitude as M, and to rely on the high-dimensional regime in
which M := M(N),B := B(N) and N converge to infinity such that 3 converges to a positive
constant ¢ € (0,400) while % converges to zero. As seen below, large random matrix methods then
allows to have a good understanding of the behaviour of C ~(v). In the following, we moreover
assume that

1
B = O(N?) for some o € <2, 1)

Of course, since % — ¢ € (0,+00), it is clear that M is also O(N®) for o € (%, 1), and % — 0. Note
that « is taken greater than % so that M is not too small compared to IN. Otherwise, it becomes
again reasonable in applications to find a B such that simultaneously M <« B and B < N. This
means that, in the case a < %, choosing B of the same order of magnitude as M has, in practice,
little interest and would only make our results more complex to state. This is why we discard this
case. Lastly, in the case where % — ¢ € (0,400) (so B must also be chosen of the same order of
magnitude as N and M) the entries of S ~(v) are not even consistent. Analysis based on the spectral
density is not recommended anymore, and one has to rely on other tools, such as the behaviour of
the eigenvalues of empirical covariance matrix from random matrix theory. The conclusion of this
paragraph is that in this manuscript, we will rely on the following high-dimensional regime defined
by:

1 M -
M = M(N),B = B(N),B = O(N®) for a € <2, 1> , while = ey 222 0 e (0, +00)

B+l
()
which will be abbreviated by NTreo, This regime is relevant to study Sy (v) defined in (3) using

large random matrix methods, since it can be written as Sy (v) = Ty (¥)En(v)* where Ty (v) is
the M x (B + 1) matrix defined by

S = (e (v ) e (v ).

This can be seen as the empirical covariance matrix applied to the Fourier transforms vectors
En(v— %), L EN(v+ %), It can thus be expected that random matrix theory provides tools to
understand the eigenvalues of Sy () under our high-dimensional regime.

We finish this paragraph by making more precise the two quantities derived from C ~(v) that
will be studied in this manuscript when the components of y are assumed independent. First, if
one denotes A1 (v), ..., Ay (v) the eigenvalues of Cy(v), a quantity of interest to study is the Linear
Spectral Statistic (LSS) (see [5]) S2M_, f(Am(v)) for some function f defined on Ry satisfying some
regularity conditions. This quantity is related to the empirical eigenvalue distribution of C N(v)
since writing F; the empirical eigenvalue distribution function defined by:

Bo(t) = %card{;\m(u) () < 1)
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we see that the LSS corresponds to test the empirical probability distribution against the function
f- Moreover, this quantity is of importance for testing the independence of the M—time series, since
it can be used to compare the eigenvalue distribution of C ~(v) with the distribution expected under
the null hypothesis Hg where the time series are independent. Still motivated by the independence
test, the second object of interest will be the off-diagonal entries of C ~(v), and more precisely
SUp,, SUD;£; |énij(¥)|?. This manuscript compiles results obtained on the behaviour of these two

objects (LSS and maximum off-diagonal entry of Cy(v)) under various model assumptions for the
time series (yn)nez in the high-dimensional asymptotic regime described above.

0.2 Literature review

In this section, we present some important results related to the questions addressed in this
manuscript. We will divide this section into two paragraphs: the first one presents some of the typi-
cal topics of interest around the spectral density and coherency of time series in the low-dimensional
regime, while the second one presents some of the main useful results in random matrix theory.

0.2.1 On the spectral density/coherency matrices

Multivariate spectral density estimation is an important problem in time series and signal processing.
The spectral density of a stationary multivariate time series is the frequency domain analogue of
covariance and is based on the Fourier transform of the autocovariance function. It aggregates
information across different lags and among the components of a multivariate time series. Compared
to the Pearson correlation matrix, it provides a richer description of a potential cross-sectional
dependence. While most of the classical results on time series analysis through frequency domain
tools are available in [13] and [14], we recall in this paragraph some of them to help the reader be
familiar with the objects used in this manuscript.

Periodogram. As this manuscript is interested in the behaviour of the smoothed periodogram
estimator, it could be of importance to collect some results concerning the periodogram estimator,
which is defined as &y (v)€y(v)*, or simply |£n(v)[? in the univariate case. The periodogram is a
fundamental tool in spectral analysis. In the case where (y,)nez is a complex Gaussian time series,
it can be shown that the Fourier transform at frequencies vy, ...,y written &5 (v1),...,En (VL)
are asymptotically independent N¢(0,S(v;)) random variables. Moreover, in the univariate case,
it is known that |y (v)|? is asymptotically unbiased for s(v) but not consistent due to its non-
diminishing variance. For instance, for i.i.d Gaussian white noise g, ~ N(0,0?), the variance of
|En(v)]? is of the order o [14, Proposition 10.3.2]. Moreover, it is shown in [30] that for any
sequence of independent, normally distributed random variables with mean zero and finite variance
02, the random variables {|én(£)|%,k € {0,...,N — 1}} are independent and have exponential
distributions with 2 as their common mean. It is also shown in [1] that for a stationary ergodic
process satisfying inf, (g 1 s(v) > 0 and additional moment assumptions on the innovations, then
almost surely:

2
lim sup M =1
N—+00 eo1] $(v) log N

Smoothed periodogram. While these results for the periodogram &y (v)& 5 (v)* are useful, they
suffer as shown above from the non-consistency of this estimator in the regime where M is fixed
and N — 4o00. To achieve consistency, it is common to resort to smooth periodograms over nearby
frequencies. An example of estimator in this more general class of estimator is called the smoothed
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periodogram and is defined as follows:

B/2

A B B\"*
gty 8 e B)es(ed)

b=—B/2

where B is a parameter called the spectral window. Under mild assumptions on the spectral
window, some distributional results are also available for the windowed periodogram estimator, see
for instance [13], [10], [66],[20],[57] and [97].

Before moving to the next section, we note that it is possible to define more general estimator of
smoothed periodogram using arbitrary functions, but this manuscript only considers the smoothed
periodogram estimator defined by (3) (also called the averaged periodogram). This allows to keep
computations tractable and as simple as possible while providing clues on the behaviour of high-
dimensional phenomena. We believe that considering the more general class of estimator would not
change much our understanding of the asymptotic properties of the spectral coherency estimator in
high dimension (up to some constants independent of IV, but the speed of convergence would remain
unchanged), but would greatly increase the derivation complexity and decrease the readability of
our results.

0.2.2 On large dimensional general sample covariance matrices

Even though this manuscript is interested in understanding the behaviour of an estimator of the
spectral density matrix of high-dimensional stationary processes, it has been seen that our smoothed
periodogram estimator can be seen as the empirical covariance matrix of the Fourier vectors associ-
ated with the observations (y,)n=1,.. n, so it is insightful to review some of the known results from
random matrix theory on the sample covariance matrix.

While the behaviour of the eigenvalues of sample covariance matrices is well-known in the low-
dimensional regime (where the dimension M is fixed while the sample size N — +00) since the
foundation work in [2], the high-dimensional regime requires more work. The aim of this subsection
is of course not to provide a general overview of the results developed regarding the behaviour of the
eigenvalues of large dimensional sample covariance matrices, but instead to introduce the reader to
the main ideas used later in this manuscript. This subsection will cover several subjects, from the
pure white noise model to several extensions incorporating dependence between the entries, either
within the rows (which will sometimes be called time dependence) or within the columns (which
will sometimes be called spatial dependence).

Marcenko-Pastur distribution. For the rest of this section we consider the sample covariance
matrix %YNYT\, where Yy is a matrix of size M x N, and the asymptotic regime considered will
be M, N — +oo such that % — ¢ € (0,+00). We stress that this notation is not the one that
will be used in this manuscript (we will use M x (B + 1) matrices such that B%H — c € (0,400)),
but is a standard one used in the random matrix literature. [63] is one of the first papers which
realized that there might be new problems in estimating the spectral properties of large-dimensional
covariance matrices when % is not small. In particular, they showed the surprising result that in
the case of i.i.d. data with variance 1, the eigenvalues of the sample covariance matrix %YNYE‘V

do not concentrate around 1 (the value of all population eigenvalues), but rather were spread out
on the interval [(1 — y/45)%, (1 + \/g)Q] when M < N (otherwise, the matrix &Y yY} is rank
deficient and there are almost surely exactly M — N zero eigenvalues). This implies that when
the ratio % is not small, the sample covariance matrix is not a good estimator of the population
covariance. Fortunately, they also have shown that the empirical eigenvalue distribution of the
sample covariance matrix is asymptotically non-random, which enables the design of new improved
estimators, a better understanding of the quantities related to sample covariance matrices, and
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more generally the foundations of random matrix theory applied to statistical data analysis. More
precisely, consider Y y an M x N matrix with i.i.d. A/(0, 1) entries and consider the random measure
iy defined by

1 M
dMN = M Z 65\7n,N
m=1

where 5\17 Noyeoors A MmN are the M eigenvalues of %YNY}‘V and ¢, the Dirac measure at point x. It
is shown in [63] that there exist a non-random measure [y, depending on ¢ := lim & € (0, +o0),
such that almost surely
A~ w
- —0
UN — Hmp,c M—stoo

where the convergence is the weak convergence of measures. The measure fi,, . is defined by:

e = (1= 1) a0+ SRR o )

C

where ()4 = max(-,0) and Ay = (1£/c)%2. When ¢ > 1, the M — N zero eigenvalues are represented
by the term (1 — %) n do(A). When ¢ < 1, the Marcenko-Pastur distribution is supported on the
interval [A_, A\y], also called the bulk of the distribution. Their method relies on the Stieltjes
transform of the empirical eigenvalue distribution, defined as:

A _ [ dian(A)

my(z) = A for all z € C\ Ry

1

or equivalently by the resolvent (Y nY}% — 2In) ! since riuy(z) can also be expressed as follows:

) 1 1 \ -
my(z) = Mtr (NYNYN - zIM> .

The authors of [63] showed that the function 7y satisfies asymptotically the equation zeX?2 + (z +
¢—1)X + 1 =0, which admits the solution z — #(z) in the set of Stieltjes transforms equal to:

~(zte—1D)+/E A A
2zc

t(z) =

where for z = pe?, \/z = /pe?/? for 6 € (0, 27). For a sequence (cy)n>1, we denote

ey~ )+ V- A)E - )
2zen

tN(z) =

where it is understood that A+ = (14,/cx)?. It will be convenient in the next chapters to introduce
now the Stieltjes transform of ﬁY}"VY N

) 1 1, -1
my(z) = Ntr <MYNYN - zIN>
(Y 5Yn — 2Iy) 7! is sometimes called the co-resolvent) and it can be shown equivalently that
7y converges asymptotically to ¢, satisfying:

- 1-c

t(z) =ct(z) — pot
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Lastly, t(z) and #(z) can be expressed as the unique solution in the set of Stieltjes transforms carried
by Ry of the following coupled equations:

—1 - —1
&= iy YT vy

Similarly, for a sequence (¢y)n>1, we denote:

-1 ~ -1

tv(2) = W) = A enin @)

N 2(1+tn(2))

(7)

It is also of interest to consider the limiting spectral distribution of the sample correlation
matrix defined by dg(+YNY3) 24 YNYidg(LYNYR) 2. It was first studied by [46] under
second-moment conditions, where the author showed that in the white noise case, the limiting
spectral distribution of the sample correlation also almost surely converges weakly towards the
Marcenko-Pastur distribution.

Extensions with spatial dependence. While the limiting spectral distribution of the white
model (with no correlation between the rows and the columns of Y ) has been studied in detail
in [85],[84] and [4], there has also been a large amount of effort made to relax the independence
structure imposed between the entries Y;;, and understand how dependence between the entries of
Y 5 have an impact on the limiting spectral distribution of the sample covariance matrix. We start
with the model where the samples y1,...,yy are independent, but the components of y; are not

1

independent. The authors in [85] considered the case where Yy = E?VX N, and X is a matrix of
size M x N with i.i.d. entries of finite second moment while 3 is a non-negative definite matrix
independent of X. The Marcenko-Pastur equation corresponds to the case where Xny = I;. In
the other case, where X # Ins, Yy contains spatial correlation. Under the assumption that
the spectral distribution of the matrices (X x)n>0 almost surely converges weakly to a probability
density function H, then with probability one as N — +o0o while % — ¢, the empirical spectral
distribution of %YNY}‘V almost surely converges weakly to a non-random p.d.f. This limiting
spectral distribution is given implicitly by an equation whose Stieltjes transform z — m(z) is the
unique solution in the set {m € C: —1=¢ + cm € C} of:

- dH (1)
me:) = | i

1—c—czm(2)) —z

Note that in the white noise case, H = 1, and we recover the equation defining the Marcenko-
Pastur distribution. Moreover, [86] derived analytical properties concerning the limiting spectral
distribution from the study of this equation.

Another model of importance for applications and specifically for Chapter 3 and Chapter 4 is the
well-known spiked model. This corresponds to the case where Xy is a finite K-rank perturbation
of the identity:

Yy =By +1y, with By positive and rank(By) = K

so that the M — K smallest eigenvalues of 3 are equal to 1. It is then of interest to study the
1 1

eigenvalues of %YNY* = %E%XNXR,Z?V where X is an M x N matrix of i.i.d. zero-mean

variance one entries. This model is also called the multiplicative spiked model and has been studied
in [6] and [7]. Denoting fiy the empirical eigenvalue distribution of 4+ YnY%, it is shown that
almost surely,

~ w
N _——
BN o Hmpe

However, all the eigenvalues of + Y xY% do not concentrate around the bulk [(1—/c)2, (1+ /).
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It is shown in [7] that the K largest eigenvalues 5\1’ Nyeros A K,N of %YNY}*V can converge to limits
outside of the bulk if the K non-zero eigenvalues of ByB%, converges towards the sufficiently large
values A1, ..., A\g. More precisely, for any k =1,..., K,

. At Apte)
Aoy a.s. Vi ) if A, >1+4 \/E
" N—too (14 +/c) else.

Note that A > 1+ /c implies that W > (1 ++/¢)?, which means that asymptotically the

k—th largest eigenvalues will effectively leave the bulk of the eigenvalues, and create a spike localised

around the values W

Extensions with time dependence. We now focus on the case where the samples y1,...,yn are
correlated through time instead of correlated through space. There are several ways of considering
1 1
such a model. For instance, one could consider Yy = Xy3X3;, (instead of Yy = 33Xy in the
previous paragraph) and study the sample covariance matrix Sy = %YNY}"V = %XNE NXy-
However, it can be seen that this model is not so different than the one developed from [85], as one
. 1 1

could consider instead Xy = ﬁY}kVYN = ﬁEfVX NXN X5, whose limiting eigenvalue distribution
is known. It remains to observe that 3y and & have exactly the same eigenvalues, except N — M
zeros if N > M (M — N zeros otherwise).

Another model, which will be of great importance in Chapter 2 is the following: suppose that

there exists an N x N positive Hermitian matrices @1, ..., ®,; such that
Ym,1 L Tm,1
=02
Ym,N Lm,N
where (Tm 1, .., Tm,N) ~ Nc(0,In) and (2, 1, ..., Tm, ~) is independent of (T, 1, - -, Ty, n) for

m1 # mg. This model, studied in [92] and [48], is useful to represent M—dimensional observations,
where the dimensions are independent, but each one has its own covariance structure described by
©,,,. This model will be treated in detail in Chapter 2.

Lastly, a model related to those developed in this manuscript is to suppose that each dimen-
sion is generated as a time series. This model is of importance since an important problem in
applications is to test whether a collection of time series are uncorrelated or not. In this case, the
Marcenko—Pastur distribution is not anymore a good approximation of the eigenvalue distribution of
the sample covariance matrix, and moreover this model cannot be expressed as Silverstein’s sample
covariance matrices from the previous paragraph. For instance, the author in [98] considered that
each dimension of y is generated as an independent univariate linear process:

Ymmn = § Ok€mn—k

k>0

where for each m, (€mn)ncz is a real-valued and weakly stationary white noise with mean zero
and variance 1. Under the assumption that the filtering sequence is summable ()", |ax| < +00)
and moment condition on the innovations (Ee} < +00), it is shown that the spectral distribution
of %YNY}*V converges towards a non-random probability distribution F' whose Stieltjes transform
z — m(z) satisfies:

-1 ! 1
= m(z) +/0 em(2) + es—H(v) dv

where s is the spectral density of the linear process (Ym,n)n>0 (by assumption, the spectral densities
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for all the dimensions are identical) equal to:

2
S(I/) _ Zak€2inku )

k>0

The assumption that each time series is generated by the same linear filter is quite strong, and
in this manuscript, we will not suppose this, which means that we suppose that there exists M
sequences of filtering coefficients (a1 1 )r>0,- - -, (ark)k>0 (With additional assumptions that will be
made precise in the following chapters) such that

Ymmn = § Am, k€mmn—k
k>0

where the noises are still independent weakly stationary white noise.

Extensions with spatial and time dependence. Naturally, one may ask whether it is possible
to simultaneously handle dependence within rows and columns since multivariate populations with
spatio-temporal dependence can be found in many practical situations and are of considerable
interest in statistical methods and applied areas. 1For instance, it 1is of interest to consider a general

sample covariance matrix model of the form %T;NX}‘VTI NXnT3y, where T1y and Toy and non-
negative sequence of matrices, and Ty are Hermitian, whose size coincides with X € CM*N In
the case where T y is positive semidefinite, this model is known as the separable covariance model,
since the covariance of the data matrix is the Kronecker product of Ty and Ty . Among the
works which studied this model, we can refer to [71], [49], [18], [37] and the reference therein.

0.2.3 Previous works using the asymptotic regime (5)

Relatively few papers studied the behaviour of the smoothed periodograms S ~(v) under the regime
defined by (5). For instance, it was observed in [11] that as the dimension of the time series
increases, the estimation risk of the smoothed periodogram also increases. This observation led to
new directions of research to improve estimation and testing performance, using methods relying
on shrinkage, thresholding (see e.g. [87]), and random matrix theory. The authors of [11], inspired
by the well-known spreading phenomena of the eigenvalues of high-dimensional sample covariance
matrices around the population eigenvalues, defined a shrinkage estimator by:

A

SEP (1) = p(w)Sn(v) + (1) u

for some explicit functions p and r controlling the shrinkage level for each frequency, and proved
that this method can reduce the risk associated with the estimation of the spectral density matrix.
Note that the asymptotic regime they considered is similar to the one used in this manuscript, as
they required:
0 < inf %Ssup%<+ooand@—>0
N>1 N>1 N

which is equivalent to M = o(N?/3) (and we recall that in this manuscript, we will assume M =
O(N®) for some 3 < o < 1). This approach has been improved later in [29] and the reference
therein.

Another related approach to test the independence of high-dimensional time series is found in
[61] and [60]. The authors consider L consecutive observations of the m—th time series starting at

time n, namely

yTLrL,n = [ym,nv s 7ym,n+L71]T
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and from this built an M L—dimensional column vector

yr =yt (irn)"]

They denote by Ry, the ML x ML covariance matrix of this random vector, i.e. Ry = E[yX(yL)*]
where (-)* stands for transpose conjugate. This matrix is sometimes referred as the spatio-temporal
covariance matrix. Clearly, the M series ((Ym,n)nez)m=1,...,m are uncorrelated if and only if for each
integer L, matrix Ry, is block-diagonal, namely

R = Bdiag(Rpr)

where, for an ML x ML matrix A, Bdiag(A) is the block-diagonal matrix of the same dimension
whose L x L blocks are those of A. We notice that the L x L diagonal blocks of Bdiag(R 1) are the
L x L Toeplitz matrices Ry, 1, m =1,..., M, defined by

(Rin.n)kk = rm(k — k')

where (7, (k))rez is the covariance sequence of the m—th time series. [61] and [60] denote by Reorr. L.
the block correlation matrix defined by

Reorr., = Bdiag(R1) 2R Bdiag(Rp) 2.

Consequently, R, is block diagonal for each L if and only if Reorr 1, = Inr for each L. A possible
way to test whether the M components of the time series (y,,)nez are uncorrelated thus consists in
estimating Rcorr 1, for a suitable value of L, and subsequently comparing the corresponding estimate
with Ips7. For this, the authors consider the standard sample estimate 7A€com 1, defined by

ﬁcorr,L = Bdiag(ﬁL)_%ﬁLBdiag(,’éL)_%
where R, is the empirical spatio-temporal covariance matrix given by

N

1
Ry — L. L\x*
L= [Ln§1yn(yn)

and where Bdiag(?@L) is the corresponding block diagonal matrix:

Ry
Bdiag(Rr) =
RM,L

with f{mJ; for m = 1,..., M, denoting the corresponding L x L diagonal blocks. Under the

assumption of independence of the M components of the time series and under the asymptotic

regime where % N, ¢, they showed that

[ 100 din ) = [ 10 e >0

where djiy = ﬁ Zi\;l 5;\k, and (;\k)k:Lm,ML are the eigenvalues of K.
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0.3 Contributions of the thesis

The general topic of this thesis is to understand the properties of the smoothed periodogram es-
timator of the spectral coherency matrix of an M—dimensional time series y when M is large
and the components of y are independent. For all chapters, we will use the high-dimensional
regime defined above in (5) that we recall here: M and B are integer functions of N such that

X Noteo, o e (0,400) and M = O(N®) for 3 < a < 1. In this section, we will sometimes omit
the explicit dependencies on the frequency v and on the complex number z to reduce notations.

0.3.1 Contribution of Chapter 1

The motivation of this chapter is to evaluate the behaviour of certain Linear Spectral Statistics (LSS)
of C(v) defined in (4) under the hypothesis #o that the M components (Y1, )nez, - - - » (Ys.n)nez
of y are mutually uncorrelated and in our high-dimensional asymptotic regimes. Let the empirical
spectral measure of Cy(v) be defined by

R 1

where (A, (A))m=1,...,m represents the M eigenvalues of the M x M matrix A, and 0, is the Dirac
mass at point 2. An LSS of Cx () can be written Je fF(N) ditn (v, A) or equivalently A7tr F(CN ()
for some function f defined on R satisfying some regularity assumptions if needed. In this chapter,
we study the quantity

sup

ve0,1] M

1
—tr f CN /fd#mch

to show that the empirical eigenvalue distribution of C ~ (V) converges towards the Marcenko-Pastur
distribution. In order to study this quantity, we first work with a fixed v, and later extend our
results over v € [0, 1] using a Lipschitz argument. For each fixed v, we consider the intermediate
quantity Cy () defined by

Cn(v) = dg(S(v) 2 Sn(v)dg (S(v))~

[N

and show that Cy(v) can be written

where Xy (v) is an M x (B + 1) matrix With iid. Nc(0,1) entries and Ay(v) is an error term
converging towards 0 in spectral norm at rate 5 5 (see below for more details on matrix Ay (v)). We

now state the global decomposition used to approach the quantity of interest A14tr f (C N(v)):

37 FEx0D) = (70 £ = 371m FOx)) + (700 ACx () - Er S(Ex () )

M
+ <Ej\14tr f(Cn()) - E%U f <W>)

1 X X *
+ (EMtr f <W> - /fd:ump,CN) +/fdl“mpuCN

Concerning the first step of the decomposition, we use the Helffer-Sjostrand formula, which makes
possible to transfer the study of the LSS to the resolvents Qn(2) := (Cny — 2Iy) 7t and Qu(2) =
(Cn — 2I5)~t. Under assumptions on f (regularity and compactness of its support), the Helffer-
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Sjostrand formula states that

[ ran= e [ 000w (o+ i) dady

where s,, is the Stieltjes transform of u, 9 = 9, + 9, and ®x(f) : C — C the function defined on C
by
= (iy)'
Or(f)(x.y) =Y - P (@)o(y)

=0

where p : R — RT is smooth, compactly supported, with value 1 in a neighbourhood of 0. Function
@ (f) coincides with f on the real line and extends it to the complex plane. Applying this in our
context, we write that

1 - 1

tr f(Cx () — 17t f(Cn(v) = “Re /C - 00(f),0) 7t (@l + i) — Quv( + i) dedy,

It is then possible to study the difference
Tr (G~ 2Ly) - i (G~ Ly) = Lt ((Qu(2)(Cx - Cx)Qn ()
M M M

To state our quantitative result about the behaviour of L:tr (Cy — 2Ly) "t = Ltr (Cy — 2Ly~ L,
we first need to define the concept of stochastic domination, where we say that the family of non-
negative random variables X = (Xxy)n>1 is stochastically dominated by the deterministic sequence
(un)n>1 if for all € > 0, there exists Ny(e) large enough and some y(e) > 0 such that for any
N > Ny(e):

P[Xny > Nun| < exp—N"

If (Xn)n>1 is stochastically dominated by (un)n>1 we use the notation Xy < un, and if for some
complex valued family X we have | X| < uy, we also write X = O (uy). With this tool at hand,
we show that the following stochastic domination holds uniformly in v € [0, 1]:

M e 5 3
ot (G ()t F(Cn () = - (Azmzﬂ 25;((3)> oy < D f > +0_ (; e (ﬁ) )

2 ~ : =
where vy = (%ﬂ 52/33/2 (%) ) and < Dy, f > corresponds to the action of the distribution Dy,

whose Stieltjes transform is explicitly known, on f (this quantity will be made precise later). This
allows us to focus on the behaviour of Cy(r). We then show by standard Gaussian concentration

inequalities, that
1 1

37t FEx0) ~ Eqpon 1Cx ) =0 ()

so it remains to study E--tr f (Cn(v)). Under the assumption that the M components of the time
series are independent, we show that Cy(v) is well approximated by a white noise Wishart matrix

for each v:
Xn(W)Xn(v)*

B+1
where Xy (v) is an M x (B 4 1) matrix with ii.d. Nc(0,1) entries, sup, ¢y, [ANW)|| = 0x(%)
and Vy = {%, k=0,...,N —1}. After Gaussian computations (using especially the Gaussian

Cn(v) = +An(v)
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integration by part formula), it is possible to obtain the following estimation:

£ []\Zt f(éN(u»] —E []\Zt / <W)] - (AZ 5 54'18)2 <Dy f > ow

Sm
m=1
M 3
1 st (v) ~ 1 B
N D ol = el
MmZ::IQSm(I/)< N fon Ol g+
where Dy is another distribution whose Stieltjes transform is explicitly known. The strategy
to obtain this result consists in considering E [ﬁtr QN(Z):| — E[4tr Qn(2)], where Qn(2) =
(XN(V)XN(V)*

Bl — 2zI57) 7! is the resolvent associated with X ~NXJ. Using long and very tedious Gaus-
sian calculations, it holds that

1 ~ 1 < sh(w)\ -
E MTT(QN(Z)_QN(Z))} == mzs ) PN (z) N+
m=1 "™
18w B’
(M;smw)) e ov 0 ()

where py is the Stieltjes transform of the compactly supported distribution Dy introduced previ-
ously, py is also the Stieltjes transform of another compactly supported distributions Dpy. Their

close-form expression is known:

—cn (2tn (2)in(2))°
1-— CN(ZtN( )EN(Z))

pn(2) = (2tn(2)), pN(2) =

where we recall that ¢ and £y have been defined in (7). It remains to state a classical result from
random matrix theory which ensures that for complex Gaussian white noise matrix Xy (v),

1 X
E|—tr ()

1
i B T 1 :| /fdﬂmp7CN = <B2>

where [y, 15 the Marcenko-Pastur distribution with parameter cy = BLH' Combining all the
previous estimations, we obtain that for each v,

nw =05+ vt (%))

/

M 2
TN(V) —tr CN /fd:u’mp,cN _ ( Z Sm(”)) <Dn,f>vn

—1 sm(v)

where

This result informally states that under the assumption of independence of the components of
the multidimensional time series, the empirical eigenvalue distribution of Cy(v) is close to the
Marcenko Pastur distribution, up to a correction of order O(%)2 and an error rate of order % +

\f N + ( )3. By a union bound over the grid Vy of cardinality N, it is clear by the definition

of the stochastic domination that sup,cy, [Tn(v)| < & + \fN + (£ ) . It remains to show that
v +— Tn(v) is Lipschitz with a Lipschitz constant of order N? for some finite p to obtain the desired
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result:

T ()] < 1+ 1 B+<B>3
sup |In(v -+ —— —
vel0,1] B \/EN

However, we remark that this result does not allow to propose a statistical test since nothing is
known about the asymptotic distribution of sup,¢q 1) |Tn (v)], so it impossible to design a test with
a controlled type-I error. Nevertheless, the results obtained in this chapter represent a first step
toward obtaining the asymptotic distribution of sup,¢jo 1) [Tn(v)|. This will be discussed in more
details in the Perspectives section 0.4.

0.3.2 Contribution of Chapter 2

To evaluate explicitly the (’)(%)2 correction term in the expression of ﬁtr C N(v) — f f dtbmp.en s
the approach used in Chapter 1 turns out to require extremely long and tedious calculations. In
this chapter, we propose an alternative approach that allows us to recover this quantity much more
easily. Instead of using the decomposition:

e[t 3] - [ £atmpen =€ [ s €509 € [ L X<B>>+<1<>]
1. Xy(v)
e[l K],

we propose to directly study the behaviour of the resolvent E(Cx(v) — zI3)~" by using the co-
variance structure of the Fourier transforms (& (v + %))b:, B/2,..,B/2 and Gaussian calculus. Note

that Cy(v) = dg(S(v)) 2 Zn (1) Sy (v)*dg(S(r)) "2 where

- (e (o= )t (s 2)

so Cn(v) can be interpreted as the empirical covariance matrix of dg(S(l/))_%Z ~(v). Under the

assumption of spatial independence, the rows of dg(S(V))_%Z ~(v) are independent. We define
O n (V) the covariance matrix of the normalized Fourier transforms at frequency v of the m—th
component of the time series:

@Nm(y):E<§Nm( — 5v) fN,m(l/—l—ﬁv))*(&wm(l/—ﬁv) ngm(”J“ﬁv))
7 \/7( T Sm (V)

By classical results on Fourier transforms (see [13]), for any m > 1,

Cov <5N7m <V+ ;f) Enm <y+ Jbv» — S <u+ ;;) 1b=1)+0 <]1V>

This implies that for each m and v, ® n ,,(v) is approximately the identity matrix, and means that

the columns of dg(S(U))_%E ~(v) are almost independent. This model allows explicit calculations
for the behaviour of Qn(z) := (Cn(v) — zIn)~'. We show that for each z € Cy, there exists
deterministic matrices T (z,v) such that

1 - 1 - 1
Mtr EQn(v,2) — Mtr Tyn(v,z) =0, <B2>

where O, ( ) means that there exists polynomials whose constants and degrees are independent of
N and z such that this quantity is less than P1(|z\)P2(ImZ) 2. Moreover, using proper assumptions
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on the time series, it is possible to show that O,( BQ) is uniform in v. Finally, the matrix Ty (v, 2)
is deterministic and is defined implicitly by the unique solution of equation:

N -1
Ta(,2) =d _ m=1,....M
N, 2) & <z(1 + Onm (v, 2)) mn >

where the (5N7m)m21 are defined as the solution of the system of M equations:

-1
- 1 S
INm(v, 2) = B 1tr <—ZIB+1 + — Z I 5];[\,]; ) Onm(v), me[M]

We now use the fact that the columns are almost independent, so that it is reasonable to recover a
Marcenko-Pastur type behaviour for T . We show that the following estimates hold:

B
s sup [©3,0) T =0 ()
m>1ve0,1]

1 B\*
tr (©® m —1I -7 m =0+
B+ 1 m21 e FONn ) = L) = A1) <N>

where Ynn(v) is the O(£)? term equal to YTy m,(v) = 33 Eung. This allows to prove that
Ty(z) — tn(2)Iy — 0 for any z € C, and obtain that for any f € CP with p large enough,

1 Mo ’
EMtr /fd,umpczv = (MZ m ) <Dn,f>vNn
M s 2 3
(o 2 B) <tssovro(5e R (2))

where the O(-) is uniform in v € [0,1], and where Dy and Dy are distributions whose Stieltjes
7CN(ZtN(Z)£ZV(Z))3
1—cn(ztn(2)tn(2))2"

transforms at point z are equal respectively to (ztx(2))" and

0.3.3 Contribution of Chapter 3

In this chapter, we consider an M—dimensional time series (y,)nez defined as
Yn =Up +Vp

where (u,)nez represents a useful signal and where (vy,),ecz represents an additive noise. The useful
signal is modeled as the output of an unknown stable M x K MIMO filter (Hy)gez driven by a
non-observable K—dimensional complex Gaussian white noise (€, ),cz with E[e €] = Ik, i.e.

u, = § Hye,—i
kezZ

with probability one. We notice that K represents the number of sources in the context of array
processing. For each v € [0, 1], we denote by H(v) the Fourier transform of (Hy)xez:

V) _ Z er—iQka

keZ
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We suppose that the signal satisfies the following short-memory assumption:

sup ) (1 + [K])[|H|| < +oc

mzl 7

while its magnitude is scaled such that

li h =0.
i max max (b ()],

where ||h,, (V)% = Zle |(H),n 1 (v)|? represents the total power received by the sensor m from the
K—dimensional signal at frequency v. This implies that the total power of the signal is equal to

1
El | = /0 [ ()]1? dv = o(1)

Concerning the noise, (vy)nez is modeled as an M—dimensional stationary complex Gaussian
time series such that its component time series (v1 5 )nez, .-, (Urn)nez are mutually independent.
We assume that the noise satisfies the short-memory assumption:

sup Z(l + [k 2|7 (k)| < +o0
m2l ez

where 7y, (k) = E[Um nUmn—k), and that the spectral density is uniformly bounded from below:

inf inf s,,(v) >0
m>1vel0,1]

where 5, (V) = > 1cz " (k)e™ 2™k This assumption implies that the total noise power satisfies the
following: there exists constants 0 < C'y < Cy < +o00 such that

1 1
C; < inf —E 2 < —E 2<
1< Inf o7 vl _]SVuzPlM [vnll )

Ellun]l® satisfies ElUvIZ — O(4;). The objective of Chapter 3 is

Ellvni® EllvnI®

to detect the presence of the signal in this context. We start by noticing that the spectral density
matrix Sy of (y,)nez is given by

Therefore, the signal to noise ratio

Sy(v) = H(r)H(v)" + Sy (v)

where Sy (v) = dg(s1(v),...,sm(v)). Similarly, by the definition of the spectral coherency matrix,
it holds that

[NIE
=

Cy(v) = (dg(H()H(v)") + Sy(v)) 2 (H(¥)H(¥)" + Sy (v)) (dg(H(¥)H()") + Sy (v))

Under the assumptions on the total power of the signal (u,),ez, it is reasonable to approximate
1 _1 _1
dg(Sy ()2 = (dg(H(v)H(v)") + Sy(v)) 2 by Sy(v)"2 and Cy(v) by

1

(Hv)H(v)* 4+ Sy(v)) SV(V)fé =Iy+Sv(v) 2H(v)H(r)*Sy(v)~

N|=
o=

Cy(v) = Sy(v)~

To estimate Cy, we consider the frequency-smoothed periodogram C N,y defined by (4). We first
prove that Cy (v) behaves asymptotically as a colored Wishart matrix with a population covariance
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equal to Ips + SV(V)féH(V)H(V)*SV(V)fé in spectral norm, and uniformly in v:

2 lXN(V)XN(V)* 1 a.s.
C —-= — B e
1{161%}1\{7 N,y(V) (V)2 B+1 (V) ’ M—o0 0
where Vy is the set of Fourier frequencies {%, k=0,...,N — 1},

ol

Z(v) = Ly + S (v) 2H(w)H(v)*Sy (v) 2.

and Xy (v) is an M x (B + 1) matrix with i.i.d. Nc(0,1) entries. This result, used in conjunction
with Weyl’s inequalities [43, Th. 4.3.1], implies in particular that each eigenvalue of the spectral
coherency matrix Cy y(v) behaves as its counterpart of the Wishart matrix

L Xy () Xy (1)
B+1

N |=

[1]

Wy (v) =E(v) E(v)

that is

We remark now that E(v) is a finite rank K perturbation of the identity matrix In;. This suggests

to use the results of the spike model covariance matrix from [7] to describe precisely the behaviour

of the largest eigenvalues of E(u)% WE(W% This enables to design a statistics to test for

Ho against H; defined by:
Ho : (Yn)nez = (Va)nez

Hl : (Yn)nEZ = (un)nEZ + (Vn)nGZ

We consider the largest eigenvalue of C ~(v) over the frequencies of Vi, and compare it with A:

TN,e = Il[/\JF—&—e,oo) (max A1 (CN,Y(V)>) :

veVN

where we recall that A, = (1 + ,/c)2. This test is proven to be consistent in our high-dimensional
regime as follows: if under Hypothesis H;, there exists 75 > 0 such that

max A (sv(y)—%H(y)H(y)*sv(y)—%) N

veVN M—oo
then defining

(z+1)(z+c) o> \ﬁ
o) =1{ . * |
A if x < /¢

we prove that for all 0 < € < ¢(Y00) — AT and i € {0,1},

M—oc0 ’
where P; is the underlying probability measure under Hypothesis H;. Note that 7., the maximum
eigenvalue of the finite rank perturbation, may be interpreted as a certain SNR metric in the
frequency domain. Finally, we prove that a test based on the linear spectral statistics of Cy(v)
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does not allow discrimination between these two hypotheses. Consider the linear spectral statistics
1 < .
Lng(v) = M Z ¥ ()‘m <CN,y(V)>>
m=
where ¢ belongs to a certain class of functions, and here we require that ¢ € C' ((0, +00)). It will

be proved that

max
veVyN

L) - [ @(A)f(A)dA‘ e

M—o0

where f is the density of the Marcenko-Pastur distribution for ¢ < 1 given by

VA-2A)AT -

f) = o) L= (A

with \* = (1+ \/5)2 This shows that linear spectral statistics of the sample spectral coherency
matrix converge to the same limit regardless of whether the observations contain only pure noise or
signal-plus-noise contributions. This shows that any test statistic solely relying on linear spectral
statistics of the sample spectral coherency matrix is unable to distinguish between absence or
presence of useful signal, and cannot be consistent in the high-dimensional regime.

0.3.4 Contribution of Chapter 4

In this chapter we consider the same settings and context as that of Chapter 3, except that we
do not assume that limpsoo max,,=1,_. ;7 Max,c, 1] |lhy (v)||, = 0. This assumption implied that
the total power received by each sensor m from the K—dimensional signal at frequency v converges
toward zero. In some context, it can be of interest to not rely on this assumption, and it will
be seen that computations can still be done explicitly. The main consequence of this is that we
cannot anymore rely on the approximation dg(Sy(r)) ~ dg(Sv(v)) and we instead have to write
dg(Sy(v)) = dg(H(v)H(v)*) + Sv(r). We denote Dy(v) = dg(H(v)H(r)*) and suppose that there
exists for each v € [0,1] a sequence of M x M diagonal matrices (Dy,oo(¥))n>1 with a bounded
number of non-zero entries such that

IDu(v) = Dy (v) ]| 22225 0,

The condition on the number of non-zero entries of Dy o (v) ensures that this matrix rank remains
asymptotically finite, which will be useful to apply results on spike models from [7]. Using the same
strategy as in Chapter 3, we show that for each v € Vy, there exist a random matrix Xy (v) with
i.i.d. Mc(0,1) entries such that

A~

Cw(v) - )t THXNT

B+1

ol

max
vEVN

where

[NIES
D=

E(v) = Im + (Duco() +Sv(v)) 2 (H()H(¥)" = Duoo(¥)) (Du,co(r) +Sv(v))~

This is in contrast to the result from Chapter 3, where the population covariance matrix was equal
to Ins+ Sv(y)_% (H(v)H(v)*) (Sv(u)_%. The new expression of Z(v) implies that the perturbation
term may contains negative spike since the matrix H(v)H(v)* — Dy, o0 (v) is not necessarily positive
definite. Moreover, as the rank of H(v)H(v)* — Dy, () is finite, results on spike models from [7]
prove that the largest and smallest eigenvalues of C ~(v) may leave the bulk of the Marcenko-Pastur
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distribution if a certain SNR condition is respected. A new statistical test to detect the presence
or absence of signal (u,),cz is proposed:

T.=1 (sup Al(éy(u)) > At +eor inf )\M(Cy(y)) <A — E)

I/GVN vEVN

and it is shown that this test is consistent to test between the null hypothesis Hg and the alternative
Hy if

Voo > Ve or v, < —v/e
where 71 and v, are defined as:

max A\ (Q(v)) —— 7L > Ve
M—ro0

vEVN
in Ay (€2 — e, < —
Din Ay (QV)) == Yoo < Ve

NI

with Q(v) = (Dy,e0(v) + SV(V))_% (H(¥)H(v)" = Dy,o(v)) (Dueo(v) + Sv(v)) 2.

0.3.5 Contribution of Chapter 5

This chapter stands apart from all the other chapters, as it is not interested in the eigenvalue
behaviour of the spectral coherency matrix, but instead is interested in the behaviour of its in-
dividual entries. More precisely, we consider M jointly stationary complex Gaussian time series
(Y1)nez s+ » (UMm) ez and for all i, 5 € {1,..., M}, we denote by s;; and c;; the spectral density
and spectral coherence between (yi ), > and (yjn),c» given respectively by s;;(v) = (S(v)); and
¢ij(v) = (C(v))ij where S(v) and C(v) are respectively the spectral density/coherency matrices
defined in (1) and (2). This chapter is motivated by the problem of testing the independence of a
large number of Gaussian time series:

2
: i =0
Ho 1§?£}§(M Vrg[%,)i] |SZ] (V)’ ’
or equivalently
Ho: max max |c;;(v)[* =0,

T 1<i<j<M ve[0,1]

This suggests to compute consistent estimators of these quantities, and test their closeness to zero.
Assuming that N observations (yi1n),_; n+--->(UMn),—1 n are available for each time series,
we consider the frequency smoothed estimate ¢y ;; of ¢;; given by (4). Under the hypothesis

Ho : (Y1.m)nez, - - (Ymn)nez are mutually uncorrelated,

and some technical assumptions on the spectral densities of the M time series, it is shown that in
the high-dimensional regime described above in (5),

+ log

P ((B +1) max |éni(v)|? <t +log (8)

M(M - 1) N—+o00 e,e—t
(i’jal’)GIN B "‘ 1

2

where
Iy :={(i,j,v) :4,j € [M] such that i < j, v € Gy}
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with [M] ={1,..., M} and where

B+1 N
=k——:keN0<k<
N { N €N.0= —B+1}

is the subset of the Fourier frequencies

k
VN::{N:kGN,OSng—l}
with elements spaced by a distance (B 4 1)/N. Thus, (8) states that max(; ; ez |én,i;(v)|?, after
proper normalization and centering, converges in distribution to a type I extreme value distribution,
also known as Gumbel distribution. As it will be clear in the proof, the term log % is related
to the maximum over (7,j) while the term log BLH is related to the maximum over v € Gy. The

main steps of the proof are as follows. We start by writing the linear causal representation

Ymm = Z Qm k€mn—k

k>0
where (€1 k)kez, - -, (€M k)kez are mutually independent sequences of N¢(0,1) i.i.d. random vari-
ables, and (a1 )keNs - - - (@rrk)ken € €2(N). Denote

+oo )
hm(V> _ Z am,ke_kaV
k=0

so that |hy, (v)|? = sm(v). It is shown in [94] (and extended under weaker assumptions in [67] and
[19]) that the Fourier transforms &y, (v) behaves like hy, (v)€n,e,, (v) in the following way: for any
Kk > 0O:

P 1640, 0) — (D)o, ()] > ] =0 )

This suggests to define y,;(v), an approximation of §y;;(v) := (Sn(¥))ij where Sy(v) is defined
by (3), as:

B/2

SN (V) = 31H Z R (l/+ Jl\)[) h;j <V+ ;;)&v,q <I/+ ]l\)]> ENLe; <V+ Jl\)[>

b=—B/2

Equation (9) is then key to prove that (B + 1)sup;, ; , [¢n,;j(v)|* has the same limiting distribution

Snr s 2
as (B +1)sup; ;, [én,i;(v)|* where ¢y i;(v) = % with
2]

B/2

1 b b
0-12\77,5](1/) = TH Z S; <l/ + N) Sj <l/ + N)

b=—B/2

This decomposition is helpful since we decoupled the action of the filter from the innovations, so
that it remains now to deal with the Fourier transforms of the i.i.d. random variables €, . In order
to show the limiting Gumbel distribution for sup; ; , |¢n,i;(v)|?, we rely on a Poisson approximation
from [3] based on the Chen-Stein method. This method has been used by [45] to study the behaviour
of the largest entry of the Pearson correlation matrix of i.i.d. data. Moreover, this method requires
to compute the two following moderate deviations: there exists a constant n > 0 such that for any
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C > 0, we have

2
mae . |P((B41) 2580 2 ot (10)
t€[0,C B (4,j,v) €T N”(y) N—ooo
and
S ()2 2
max max P (B+1)M>t2 (B+1)M>52
t,s€[0,CB"] (4,5,v)ET oy ij(V) UNzJ (I/)

(ilvj/vy)ez(i,j,u)

Using these estimates ends the proof of (8).

0.4 Perspectives

We end this Introduction by stating some possible directions of future works which could improve
the results presented in this manuscript.

e First, as mentioned in the contributions of Chapter 1, more information about the asymptotic
distribution of

1 1 L (v) ’
Ty = sup Mtr f( CN /fdep,cN —\ 37 Z Sm(y) <Dn,f>uvn
m=1"T

ve(o,1]

is needed to control the type-I error of a statistical test based on it (for instance 1(Ty > ) for
some threshold ). However, we feel that it is very difficult to obtain such a result. A more rea-
sonable approach would be the following one: write, as in Chapter 5, the linear causal represen-
tation Ymm = Y pez Gm kEmn—k With (€1,n)nez, - -, (€rr,n)nez mutually independent sequences
of Nc(0,1) ii.d. random variables, and (a1 x)kez,-- - (@ari)eez € (*(N). Define hy,(v) =

Zkez amake_QiWkV7 H(V) = dg(hl (V)7 R hM(V))7 and EN,e(V) = (SN,Q (V)7 s aEN,eM (V))T‘
Using the well-known approximation & Ny( v) = H(v)§x (v), which has already been used in

Chapter 5, it makes sense to consider Sy (v), an approximation of S ~N(v), defined by

< b b b\"* b\"*
SN(V):%H ZH<V+N>€N7€ <V+N>£N’€ (V+N> H<V+N)
—-B

and Cy(v), an approximation of C ~N(v) defined by

~ ~ ~ ~ 1

Cn(v) = dg(Cn(v)) 2 Cn(v)dg(Cn(v)) 2.

For vy # 1n € Gy := {k:Bﬁl EeNO0<Ek< B{VH} &N e(v1) is independent of &y ((v2), so

it is clear that - tr f(Cn(v1)) is also independent of Htr f(Cn(v2)). This should enable to
obtain the asymptotic distribution of T defined by

vegn

1 1 Lo (v) ’
Ty = sup ut f(C /fd,ump,czv |7 > Sm(y) <Dy, f>vN
m=1""
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It would remain then to control the error rate between Cy(r) and Cx(v) to ensure that
tr f(Cn(v)) and F;tr f (Cn(v)) follow asymptotically the same distribution. This would
represent an improvement over our results from Chapter 1 and Chapter 2, since it would allow
us to control the type-I error of the test statistics 1(sup,cg, |Tn (V)| > k). However, it is still
unclear how to control the supremum over the continuous range of frequencies [0, 1] instead
of the discrete grid Gy.

In chapter 1 we focused on sup, |Tn(v)|, but it could be useful for the applications to study
some kind of integrated statistics as was done in [25], such as qu[O 1 T (v)]? dv.

Once the asymptotic distribution of T is known under Hg, it would be natural to study the
power of such a test under a defined class of alternatives where the spectral density matrix
S(v) is not diagonal for every v, using similar tools as those used in [15] for instance.

The Gaussian assumption on the time series is crucial in all the chapters in this manuscript,
and it could be of interest to extend our results to non-Gaussian time series. For instance, in
Chapter 1, the Gaussian assumption on the observations was necessary to approximate C N(V)
by %HXN(V)XN(V)* where Xy (v) is an M x (B + 1) matrix with i.i.d. entries. Without
the Gaussian assumption, the entries of X (v) are not anymore i.i.d., thus preventing us to
follow the strategy used in the proofs of Chapter 1. However, the approach used in Chapter
2 seems more adapted to handle non-Gaussian cases, as the corresponding model was first
studied in [92] under condition of finite moment of order eight. However, the majority of the
remaining work would be about controlling the new error rates implied by the weaker moment
conditions.

It should be possible to obtain results about the local behaviour of the eigenvalues of S N(V)
and Cy(v). For the applications in signal detection, it would be valuable to prove a Tracy-
Widom behaviour for the largest eigenvalues of the spectral density/coherency matrices.

Lastly, we stress the fact that we systematically approximated Cy(v) by Cn(v) =
dg(S(I/))_%SN(V)dg(S(I/))_%, and then studied Cy(v) instead of Cn(v). The advantage
of Cn(v) over Cy(v) is that the renormalization by dg(S(l/))_% is not random anymore.
Nevertheless, it also requires that dg(S(v)) does not vanish, therefore imposing the technical
condition inf,cjg 1 infy>1 $m () > 0. Tt could be of interest to find another approach to avoid

having to rely on this assumption.

Journal /Conference papers associated with the manuscript
Chapter 1 has been accepted by the Electronic Journal of Statistics, and will soon be published.

Chapter 3 has first been published at the ICASSP conference: Alexis Rosuel et al. “On the
frequency domain detection of high dimensional time series”. In: ICASSP 2020-2020 IEEE
International Conference on Acoustics, Speech and Signal Processing (ICASSP). IEEE. 2020,
pp- 8782-8786, and later extended and published by IEEE Transactions on Signal Processing;:
A. Rosuel et al. “On the Detection of Low-Rank Signal in the Presence of Spatially Uncorre-
lated Noise: A Frequency Domain Approach”. In: IEEE Transactions on Signal Processing
69 (2021), pp. 4458-4473. DOI: 10.1109/TSP.2021.3099644. We only present in this
manuscript the IEEE TSP paper in Chapter 3.

e Chapter 5 is currently under review by the Journal of Multivariate Analysis.
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Notations

We assume that M := M(N) and B = B(N) are integer functions of N, and that

M(N),B(N) No4e0 oo in such a way that cy = BLH satisfies 0 < infy>1cey <
supy>jen < 400 and ¢y Noteo, e (0, +00). Moreover, there exists % < a < 1 such

that B = O(N®). This implies in particular that % N2H%0 0 and % N2H0 . This regime

will be referred as N — 400 in the following.

The various quantities introduced above and studied in the manuscript will usually depend
on N and v, but we choose to omit the explicit notation on the dependence of these pa-
rameters when the context is clear in order to simplify the notations. For instance, S can
be used to represents S ~(v), which is the estimated spectral density matrix at frequency v
obtained from the sample y1,...,yy. Similarly, CN(V), ¢n,ij(V),En(v), ... can be represented
by C, éij7£7 “ e

R, and R_ represent respectively the set of all non-negative numbers and non-positive num-
bers, and we denote R* = R\ {0}, R7 = Ry \ {0} and R* = R_\ {0}. We also define
Ci={z€C:Im(z) > 0}.

By a nice constant, we mean a positive deterministic constant which does not depend on the
parameters M, B and N, or on the complex variable z. In the following, C will represent a
generic nice constant whose value may change from one line to the other. A nice polynomial
P is a polynomial whose degree and coefficients are nice constants.

For a matrix A, the notations ||A | and ||A||r represent its spectral norm and Frobenius norm
respectively. The transpose and the conjugate transpose of A are respectively denoted by AT
and A*. For a matrix B of the same size, A > B stands for A — B is non-negative definite.

If moreover A is a square matrix, Im(A) is the Hermitian matrix defined by Im(A) = AEiA*

C.(R,R) represents the set of all real valued compactly supported functions defined on R.
C®)(R,R) represents the set of all real valued k-differentiable functions defined on R. C'(I)
(resp. C(I)) represents the set of continuously differentiable functions (resp. continuously
differentiable functions with compact support) on an open set I.

If ¢ is a random variable, we denote by (° the zero mean random variable defined by (° = (—E(.

The complex circular Gaussian distribution with variance o2 is denoted as Ng(0,02) and
a random vector x of C" follows the Ngn(0,R) distribution if b*x ~ ANc(0,b*Rb) for all
deterministic (column) vector b and a fixed n x n positive definite matrix R.
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Introduction (Frangais)

Ce manuscrit de thése est consacré a I’étude asymptotique de la matrice de cohérence spectrale
estimée de séries temporelles gaussiennes de grande dimension. Si ’on désigne par M la dimension
de la série temporelle et N le nombre d’observations, la théorie des séries temporelles classique traite
le cas ou M est fixé et N — +o0o. Ce contexte permet de déduire plusieurs résultats importants.

Ces résultats étudiés en petite dimension échouent en général quand M est considéré comme une

fonction de N, de fagon que M (N) N2Ho0, 100, Les problemes statistiques actuels sont souvent

confrontés a ce contexte, soit parce que la dimension M du probleme est grande, soit parce que
ce n’est pas possible de collecter un nombre suffisamment grand d’observations N de fagon que
N soit en pratique pas beaucoup plus grand que M (ce peut étre le cas par exemple parce que
la série temporelle observée n’est pas stationnaire et que ses parametres évoluent rapidement, ou
parce que la durée de I'observation est petite). Dans ces situations, il devient délicat d’appliquer
les résultats théorie statistique en petite dimension. Ce nouveau régime asymptotique a suscité une
certaine quantité de travaux de recherche, et une importante proportion d’entre eux a utilisé les
résultats de la théorie des matrices aléatoires. La théorie des matrices aléatoires étudie les propriétés
asymptotiques des valeurs propres de grandes matrices aléatoires quand M et N divergent de fagon
que M/N — ¢ € (0,400). Cette approche s’est révélée intéressante, et en particulier a permis
de mettre en évidence les propriétés des valeurs propres et des vecteurs propres des matrices de
covariance et de corrélation, qui sont des objets de premiere importance pour les applications
statistiques. Cette approche basée sur les matrices aléatoires a également permis de concevoir de
nouvelles approches plus performantes. Cependant, d’autres propriétés liées au comportement de
la série temporelle nécessitent plus d’informations que celles fournies par la matrice de covariance,
et certaines applications peuvent nécessiter des informations détaillées sur la matrice de densité
spectrale et la matrice de cohérence spectrale dans le régime asymptotique des grandes dimensions.
Le but de ce manuscrit est de présenter quelques résultats obtenus sur le comportement d’un
estimateur bien connu de la matrice de cohérence spectrale d’une série temporelle gaussienne de
grande dimension, et de montrer comment ces résultats peuvent étre utilisés pour étudier quelques
problemes importants de traitement du signal, notamment pour tester si les composantes d’une
série temporelle M-dimensionnelle sont indépendantes ou non.

0.7 Motivation

Considérons une série temporelle stationnaire complexe Gaussienne’ de dimension M. Une série
temporelle (y,)ncz est dite Gaussienne si et seulement si pour tout ensemble fini d’instant

Ni,Na,...,Ni, YN, ¥YNgs - - - YN, sont normalement distribués. Si on note R, = E[yp44y;] son
autocovariance au lag u, on peut définir la matrice spectrale de densité S(v) a la fréquence v par
S(v) = (55 ()Yoy = D Rue 2™ (11)
ueZ

?La distribution circulaire Gaussienne de variance o2 est notée Nc(0,0'z) et définie par X; + iX2 ou X1, X2 ~
N(0,6%/2). i.i.d. Un vecteur aléatoire x dans C™ suit la distribution Ncn (0, R) si b*x ~ ANc(0,b*Rb) pour tous les
vecteurs (colonne) b déterministes et un matrice n X n positive définie R.
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et la matrice de cohérence spectrale (voir par exemple [13, chapitre 7-6], [52, chapitre 5.5]) a la
fréquence v, un analogue de la corrélation dans le domaine fréquenciel, par

N

C(v) = (cyy()M_, = dg(S(v))2S(v)dg(S()) ™

ou dg(S(v)) = S(v) ® Iy, avec ©® désignant le produit Hadamard (produit entrée par entrée) et Ins
désignant la matrice identité de taille M.

Ces quantités, S(v) et C(v), fournissent des informations utiles sur les propriétés dynamiques
de second ordre de y, ce qui, du point de vue statistique, pourrait étre important a comprendre
et a extraire d’un échantillon fini (y,)n=1,..n. En effet, la densité spectrale combine I"information
de l'autocovariance de différents lags [ a une fréquence v € [—%, %] Par exemple, il est montré
dans [68] que ¢;j(v), la cohérence entre les séries i et j a la fréquence v, est équivalente au carré de
la corrélation entre les composantes v-oscillatoires des deux séries temporelles. On note aussi que

I’autocovariance peut étre retrouvée a partir de la densité spectrale par

(12)

1
R, = /2 A S (1) dv

D=

Dans ce manuscrit, nous détaillerons quelques applications en analyse statistique et en traitement
du signal, telles que le test d’indépendance entre les M composantes de y, et la détection d’une
signal de petit rang corrélé spatialement dans un espace de grande dimension. Pour atteindre ces
objectifs, nous nous appuierons sur le périodogramme moyenné, un estimateur de S(v) a la fréquence
v défini par

Sw(v) = (s DY) = 5 %:/2 Ex <1/+ ;) Ex <u+ Jz\)[> (13)

b=—B/2

ou B est un entier pair, qui représente la taille du fenétrage, et

N
1 —2ir(n—1)v
€N(V):ﬁzyn€ 2im(n—1)
n=1

est la transformée de Fourier renormalisée de (y,)n=1..,n. Le matrice de cohérence spectrale estimée
est alors définie comme ceci:

1

Cn () = (enip)lhma (V) = dg (Sw(v)) * Sv(v)dg (Sn(v)) (14)

M=

Les chapitres suivants sont motivés par la compréhension de certaines propriétés de C ~(v) quand
la dimension M de y est grande et les composantes de y sont indépendantes. Avant de mentionner
les résultats obtenus, nous rappelons que les propriétés de quantités dérivées de S N(v) et C N(V)
ont d’abord été étudiées dans le régime o N — oo et M est fixe, un régime que nous appellerons
des petites dimensions dans le reste de ce manuscrit. Il est bien connu (voir le paragraphe sur la
revue de la littérature ci-dessous pour plus de détails) que Sy (v) et Cn(v) sont des estimateurs
consistants de S(v) et C(v) dans le régime des petites dimensions si B — 400 et £ — 0. Sous
des hypotheses supplémentaires sur la mémoire des séries temporelles (yy,)nez, S ~N (V) est en outre
un estimateur asymptotiquement normal de S(v), qui peut, & son tour, étre utilisée pour étudier la
performance asymptotique de différents tests basés sur C N (V).

Dans le cas ou M — —+o00, pour que S ~ (V) soit toujours un estimateur consistante de S(v), il est
nécessaire que % — 0. Un exemple simple qui illustre cela est le suivant. Considérons (y;)nez une
suite de variables aléatoires indépendantes N¢(0,1). Dans ce contexte, pour chaque v, les vecteurs
de Fourier (& (v +b/N))y—_p/2,.. /2 sont des vecteurs de variables aléatoires indépendantes de loi
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Nc(0,1y), et la densité spectrale estimée S N (V) est égale a la matrice de covariances de ces (B+1)
vecteurs M—dimensionnel. Si on désigne par ¢y le ratio B%H et on suppose que cy — ¢, il est connu

depuis [63] que [|Sy(v) — S(v)|| ———= Noreo, (14 v/c)? — 1 presque stirement. Cette quantité est nulle
si et seulement si ¢ = 0, ce qui signifie que 4% — 0.

De nos jours, dans la plupart des applications impliquant des signaux de grande dimension et/ou
un petit echantlllon le rapport M peut ne pas étre suffisamment petit pour choisir B de maniére
A satisfaire 4 5 et N nettement 1nferleur a 1. Dans ce contexte, le comportement de C N(v) nest
pas bien prédit par les résultats obtenus dans le domaine des petites dimensions (% — 0 avec M
fixé ou 2 — 0). En particulier, Cx(v) n’a pas de raison d’étre proche de C(v). Dans ce cas, il
semble plus intéressant de choisir B du méme ordre de grandeur que M, et de se baser sur le régime
des grandes dimensions dans lequel M := M(N), B := B(N) et N convergent vers 'infini tel que
% converge vers une constante positive ¢ € (0,+00) tandis que % converge vers zéro. Comme
on le voit ci-dessous, les méthodes de grandes matrices aléatoires rendent alors possible une bonne
compréhension du comportement de C ~(v). Dans ce qui suit, on suppose en outre que

1
B = O(N®) pour un certain a € <2, 1>

Bien entendu, puisque % — ¢ € (0,+00), il est clair que M est également O(N®) pour o € (%, 1),
et % — 0. On note que « est pris supérieur a % de maniere a ce que M ne soit pas trop petit par
rapport a N. Dans le cas contraire, il apparaitrait de nouveau intéressant de choisir B de maniere
a ce que simultanément M < B et B < N. Ceci signifie que, dans le cas a < %, choisir B du
méme ordre de grandeur que M ne présente pas d’intérét et ne ferait que rendre nos résultats plus
complexes a exposer. C’est pourquoi nous écartons ce cas. Enfin, dans le cas ou % — c € (0,+00)
(de sorte que B doit aussi étre choisi du méme ordre de grandeur que N et M), les entrées de Sy (v)
ne sont méme pas consistantes. Une analyse basée sur la densité spectrale n’est plus recommendable,
et il faut alors se fier a d’autres approches, telles que celles basées sur le comportement des valeurs
propres de la matrice empirique de covariance issue de la théorie des matrices aléatoires. Pour
conclure ce paragraphe, nous allons dans la suite de ce manuscrit nous appuyer sur le régime des
grandes dimensions défini par M = M (N), B = B(N) avec:

=y X2F% e (0, +00) (15)

1
B =0O(N“ -1 i
O( )poura€<2, ),tandlsqueB+1

qui sera abrégé par =% Ce régime est pertinent pour étudier Sn(v) défini dans (13) en
utilisant des méthodes de matrices aléatoires en grande dimension, puisque ’on peut écrire Sy (v) =
Ynw)EN(v)* ou By (v) est la M x (B + 1) matrice définie par

o= (o ) o 20)

Cela représente la matrice de covariance empirique appliquée aux vecteurs de Fourier v —
p piryq ppliq N
%), L Ev(v+ %), et il est donc attendu que la théorie des matrices aléatoires fournisse des

outils pour comprendre les valeurs propres de Sy (v) sous notre régime des grandes dimensions.

Nous terminons ce paragraphe en précisant les deux quantités dérivées de CN( ) que nous
étudierons dans ce manuscrit lorsque les composantes de y sont supposées indépendantes.
Premiérement, si I'on note Ay (v), ..., A (v) les valeurs propres de Cy(v), on peut considérer la
Statistique Linéaire Spectrale (LSS en anglais) défini par Z%zl f (Xm(y)) pour une fonction f définie
sur R, satisfaisant des conditions de régularité. Cette quantité est liée a la distribution empirique
des valeurs propres de C ~(v) puisque, en notant F), la distribution empirique des valeurs propres
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définie par:

By(t) = %card{j\m(y) () < 1)

On voit que la LSS correspond a tester la mesure de probabilité empirique contre la fonction
f- De plus, cette quantité est importante pour tester I'indépendance des M séries temporelles,
puisqu’elle peut étre utilisée pour comparer la distribution des valeurs propres de CN(V) avec
la distribution attendue sous I’hypothese nulle Hg, ou les séries temporelles sont indépendantes.
Toujours motivé par le test d’indépendance, le second objet d’intérét sera les entrées hors-diagonales
de Cy(v), et plus précisément sup, sup;; [en (V) |2. Ce manuscrit compile les résultats obtenus sur

le comportement de ces deux objets (LSS et maximum des entrées hors-diagonales de Cy(v)) sous
différentes hypotheses de modele pour les séries temporelles (y,)ncz dans le régime asymptotique
des grandes dimensions décrit ci-dessus.

0.8 FEtat de art

Dans cette section, nous présentons quelques résultats importants liés aux questions traitées dans
ce manuscrit. Nous diviserons cette section en deux paragraphes: le premier présente les principaux
sujets d’intérét autour de la densité et cohérence spectrale de séries temporelles dans le régime
des petites dimensions, tandis que le second présente quelques résultats importants en théorie des
matrices aléatoires.

0.8.1 Autour de la matrice de densité/cohérence spectrale

L’estimation de la matrice de densité spectrale est un probleme important en traitement du signal.
La densité spectrale d’une série temporelle stationnaire est I’analogue en domaine fréquentiel de la
covariance et est basée sur la transformée de Fourier de la fonction d’autocovariance. Elle agrege
I'information au travers de différents lags et parmi les composantes d’une série temporelle multi-
variée. Comparée a la matrice de corrélation, elle offre une description plus riche d’une potentielle
dépendance croisée. Alors que la plupart des résultats classiques sur ’analyse des séries temporelles
utilisant des outils du domaine fréquentiel sont disponibles dans [13] et [14], nous en rappelons ici
quelques-uns pour aider le lecteur a se familiariser avec les objets utilisés dans ce manuscrit.

Periodogramme. Ce manuscrit étant intéressé par le comportement du périodogramme moyenné,
il peut étre important de réunir d’abord quelques résultats concernant le périodogramme, qui
est défini comme &y (v)€y(v)*, ou simplement |¢x(v)|? dans le cas univarié. Le périodogramme
est un outil fondamental en analyse spectrale. Dans le cas ou (y,)nez est une série temporelle
complexe gaussienne, il est possible de montrer que la transformée de Fourier a des fréquences
vi,...,vr écrite En(v1),. .., &N (vr) sont des variables aléatoires asymptotiquement indépendantes
de loi Nc(0,S(1;)). De plus, dans le cas univarié, il est connu que |€y(v)|? est un estimateur asymp-
totiquement non-biaisé de s(v) mais pas consistant a cause de sa variance qui ne tend pas vers zéro.
Par exemple, pour un bruit blanc gaussien i.i.d. y, ~ AN(0,02%), la variance de |&n(v)|? est de
'ordre o [14, Proposition 10.3.2]. De plus, il est montré dans [30] que pour n’importe quelle suite
de variables aléatoires indépendantes, gaussiennes, centrées, et de variance finie o2, les variables
aléatoires {|¢n(£)|%,k € {0,...,N — 1}} sont indépendantes et ont une distribution exponentielle
avec 02 comme valeur pour leur espérance commune. 11 est également montré dans [1] que pour un
processus stationnaire ergodique satisfaisant inf, (o s(~/) > 0 et des hypothéses supplémentaires
sur les innovations, alors presque siirement :
v

lim sup ———F—— =
N—+o00 VG[OF,)I} s(v)log N
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Périodogramme moyenné. Bien que ces résultats sur le périodogramme & (v)En(v)* soient
utiles, ils souffrent toutefois comme montré ci-dessus de la non-consistance de cet estimateur dans
le régime ou M est fixe et N tend vers l'infini. Pour atteindre la consistance, il est commun
de recourir a une moyennisation des périodogrammes sur des fréquences proches. Un exemple
d’estimateur dans cette classe plus générale d’estimateurs est appelé le périodogramme moyenné et
est défini comme suit :

B/2 .
N 1 B B
Sn(v) = Bri b:EB/2£N (V + N) En (V + N)

ol B est un parametre appelé fenétre spectrale. Sous des hypotheses supplémentaires sur la fenétre
spectrale, certains résultats de distribution limite sont également disponibles pour le périodogramme
moyenné, voir par exemple [13], [10], [66],[20],[57] et [97].

Avant de passer a la section suivante, nous précisons qu’il est possible de définir plus
généralement un estimateur de la densité spectrale a I’aide d’une fonction de fenétrage arbitraire,
mais ce manuscrit ne traitera que de l’estimateur de la densité spectrale a 1’aide d’une fonction
de fenétrage définie par (13) (aussi appelé 'estimateur de la densité spectrale moyennée). Cela
permet de garder les calculs tractables et aussi simples que possible tout en fournissant des indices
sur le comportement de cet estimateur en grande dimension. Nous pensons que considérer la classe
plus générale d’estimateur ne changerait pas substantiellement notre compréhension des propriétés
asymptotiques de l'estimateur de la cohérence spectrale en grande dimension (& des constantes
pres indépendantes de N et avec une vitesse de convergence inchangée), mais cela augmenterait
considérablement la complexité des preuves et réduirait la lisibilité de nos résultats.

0.8.2 Autour des grandes matrices de covariance empirique

Bien que ce manuscrit a pour objectif de comprendre le comportement du spectre de la matrice
de cohérence spectrale d’'un processus stationnaire en grande dimension, il a été observé que le
périodogramme moyenné peut étre vu comme la matrice de covariance empirique des vecteurs de
Fourier associés aux observations (yy)n=1,. n, il est donc intéressant de revoir certains résultats
connus de la théorie des matrices aléatoires sur la matrice de covariance empirique.

Bien que le comportement des valeurs propres de la matrice de covariance empirique en petite
dimension est bien connu depuis les travaux fondateurs de [2], le grande dimension nécessite une
plus grande attention. L’objectif de cette section n’est bien entendu pas de fournir une vue ex-
haustive des résultats développés concernant le comportement des valeurs propres d’'une matrice de
covariance empirique de grande dimension, mais plutot d’introduire le lecteur aux idées principales
utilisées plus tard dans ce manuscrit. Cette section couvrira plusieurs sujets, allant du modele blanc
jusqu’a plusieurs extensions incorporant une dépendance au sein des lignes (qui sera parfois appelée
dépendance temporelle) ou au sein des colonnes (qui sera parfois appelée dépendance spatiale).

Distribution de Marcenko-Pastur. Pour la suite de cette section, nous considérons la matrice
de covariance empirique %Y NY7}, ol Yy est une matrice de taille M x N, et le régime considéré
sera M, N — +o0o tel que % — ¢ € (0,400). Nous soulignons le fait que cette notation n’est pas
celle que nous utiliserons dans ce manuscrit (nous utiliserons des matrices de taille M x (B + 1) tel
que Blﬂ — ¢ € (0,+00)), mais est une notation utilisée classiquement dans la littérature sur les
matrices aléatoires. Le travail de [63] est un des premiers qui a réalisé que 1’estimation des propriétés
spectrales de matrices de covariance empirique de grande dimension pose de nouveaux problemes
quand % n’est pas petit. Ils ont montré que dans le cas d’entrées i.i.d. avec variance 1, les valeurs

propres de la matrice de covariance empirique %YNY}K, ne se concentrent pas autour de 1 (I'unique

valeur propre population), mais se répartissent sur 'intervalle [(1—/ %)2, (144/ %)2] quand M < N
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(sinon, la matrice %YNY}‘V est dégénérée et il y a presque surement exactement M — N valeurs
propres nulles). Ceci implique que quand le rapport % n’est pas petit, la matrice de covariance
empirique n’est pas un bon estimateur de la matrice de covariance. Néanmoins, ils ont également
montré que la distribution empirique des valeurs propres de la matrice de covariance empirique est
asymptotiquement non-aléatoire, ce qui permet d’une part la construction de nouveaux estimateurs
améliorés, d’autre part une meilleure compréhension des quantités spectrales liées & la matrice de
covariance estimée, et a plus généralement fondé les bases de la théorie des matrices aléatoires
appliquée & ’analyse statistique des données. Plus précisément, considérons Y une matrice de
taille M x N avec des entrées i.i.d. N(0,1) et considérons la mesure aléatoire /iy définie par

| M
m=1
ou ;\1, Noyoo- ,5\ M, N sont les M valeurs propres de %Y N Y et 6, la mesure de Dirac au point z. Il est

montré dans [63] 'existence d’une mesure non-aléatoire fi;,y , dépendante de ¢ := lim % € (0, +00),
telle que presque stirement

A~ w
N~ Hmpe ——— 0
H Hmp,e M—+o00

ou la convergence est la convergence faible des mesures. La mesure fi,,; . est définie par:

VO =N = A0
2cm

Qjtmpe(N) = <1 - 1)+ So() +

c

IOV (16)

ot (-)4 = max(-,0) et \x = (1 £+/¢)%2. Quand ¢ > 1, les M — N valeurs propres nulles sont
représentées par le terme (1 — %) +60()\). Quand ¢ < 1, la distribution de Marcenko-Pastur est
supportée sur U'intervalle [A_, A4], qui est appelé le bulk de la distribution. Leur méthode de preuve
repose sur la transformée de Stieltjes de la distribution empirique des valeurs propres, définie comme:

my(z) = / W, pour tout z € C\ Ry (17)
R A—

ou de maniere équivalente par la résolvante (%Y NYy—2zI )~ ! puisque 77y (2) peut aussi s’exprimer
comme suit:

-1
1 1
7 =—tr [ =YnNYy—2I .
my(z) Mr<N NYnN ZM>
Les auteurs de [63] ont montré que la fonction 7y satisfait asymptotiquement ’équation zeX? +
(z+c—1)X +1 =0, qui admet pour solution z — ¢(z) dans I’ensemble des transformées de Stieltjes
égale a:

(e VG ADGE A

2zc

t(z) =

olt pour z = pe®?, \/z = ,/pe®/? pour 0 € (0,2m). Etant donné une suite (cy)y>1, nous noterons

(18)

—(zten =D+ V(- A)(z—A)
2zen

tN(Z) =

oit il est entendu que A\t = (14 ,/cy)?. On va maintenant introduire la transformée de Stieltjes de
HYR Yy

) 1 1 !
my(z) = Ntr (MY}"VYN - zIN)
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(7YY n — zIn) 7! est parfois appelée la co-résolvante) et on peut montrer de la méme maniére
que 1 converge asymptotiquement vers t, satisfaisant:
1-c

t(z) = ct(z) — ot

Enfin, #(2) et £(z) peuvent étre exprimés comme 1'unique solution dans le domaine des transformées
de Stieltjes portées par Ry des équations couplées suivantes :

He)= e, H(e) =
2) = — 2) = ——.
z2(14t(2)) z2(1 4+ ct(z))
De la méme maniere, pour une suite (¢y)n>1, nous noterons :
-1 - -1
tn(z) = tn(z) (19)

T (1 +in(2) " 2T+ entn(2)

Il est aussi intéressant de considérer la distribution spectrale limite de la matrice de corrélation
empirique définie par dg(%YNY}"V)_%%YNY}‘Vdg(%YNY}‘V)_%. Cette distribution a été étudiée
pour la premiere fois par [46] sous des conditions de second moment fini, ot 'auteur a montré que,
dans le cas blanc, la distribution spectrale limite de la matrice de corrélation empirique converge
faiblement vers la distribution de Marcenko-Pastur.

Extensions avec dépendence spatiale. Bien que la distribution spectrale limite dans le cas
blanc (indépendance entre les lignes et les colonnes de Y ) ait été étudiée en détail dans [85],[84] et
[4], il y a eu une grande quantité de travaux écrit afin de relaxer la structure d’indépendance entre
les entrées Y;;, et comprendre comment les dépendances entre les entrées de Yy ont un impact sur
la distribution spectrale limite de la matrice de covariance empirique. Nous commencgons avec le
modele ou les échantillons y1,...,yy sont indépendants, mais les composantes de y; ne sont pas

indépendantes. Les auteurs dans [85] ont considéré le casou Yy = E]%VX N, et X est une matrice de
taille M x N avec des valeurs i.i.d. de deuxieme moment fini tandis que X est une matrice définie
positive indépendante de X. Le modele de Marcenko-Pastur correspond au cas ou Xy = I;.
Dans le cas contraire, ou Xny # Ip;, Yy contient de la corrélation spatiale. Sous 1'hypothese
que la distribution spectrale des matrices (X y)n>0 converge presque sirement faiblement vers une
densité de probabilité H, alors avec une probabilité égale a 1, étant donné que N — +oco tandis que
% — ¢, la distribution spectrale empirique %Y N Y converge presque stirement faiblement vers une
densité de probabilité non-aléatoire. Cette distribution spectrale limite est donnée implicitement
par une équation dont la transformée de Stieltjes z — m(z) est 'unique solution dans I’ensemble

{meC:-Lf+cemeC,}de
B dH ()
m(z) = /R t(l—c—czm(z2)) — z

On note que dans le cas du bruit blanc, H = 41, on retrouve I’équation définissant la distribution de
Marcenko-Pastur. De plus, [86] déduit des propriétés analytiques concernant la distribution limite
des valeurs propres a partir de I’étude de cette équation.

Un autre modele important pour les applications et, plus particulierement, pour le Chapitre 3
et le Chapitre 4, est le modele connu sous le nom de modele spike. Il correspond au cas ou X est
une perturbation de rang fini K de 'identité :

Yy =By +1Iy, avec By positif et rank(By) = K

de sorte que les M — K premieres valeurs propres de X sont égales a 1. Il est alors intéressant
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1 1
d’étudier les valeurs propres de %Y NY N = %E?\,X Xy va ou X est une matrice de taille M x N
a éléments i.i.d. de moyenne nulle et variance un. Ce modele est aussi appelé modele multiplicatif
spike et a été étudié dans [6] et [7]. En notant fiy la distribution empirique des valeurs propres de
%Y NY 7}, il est montré que presque stirement,

~ w
e
HN Not Hmp,c
Toutefois, les valeurs propres de —]i,Y NY} ne se concentrent pas toutes autour de l'intervalle [(1 —

VE)?, (14 1/c)?]. Tl est montré dans [7] que les plus grandes valeurs propres Ajn, ..., Ag.n de
+YNY} peuvent converger vers des valeurs hors de lintervalle [(1 — /¢)%, (1 + /c)?] si les K

valeurs propres positives de ByB%, convergent vers des valeurs suffisamment grandes Ai,..., Ak.
Plus précisément, pour tout £k =1,..., K,
. At Aete) o
Mo p.5. A , ST )\k>1+ﬁ
7 Notoo | (14 e) sinon.

On note que A\ > 1+ /c implique que w > (1 ++/c)?, ce qui signifie que, asymptotique-

ment, les valeurs propres les plus grandes vont effectivement quitter I'intervalle [(1—+/c)2, (14+/¢)?],

et créer un spike localisé autour de la valeur W

Extensions avec dépendance temporelle. Nous étudions maintenant le cas ou les échantillons
Yi,...,¥yn sont corrélés temporellement plutot que corrélés spatialement. Il existe plusieurs
manieres de considérer un tel modele. Par exemple, on pourrait considérer Yy = XNE}\{Q, (au
lieude Yy = 2%2X ~ dans le paragraphe précédent) et étudier la matrice de covariance empirique
by N = %Y NY N = %X NEnXYy. Cependant, il apparait que ce modele n’est pas tellement différent
que celui développé dans [85]: il suffit de considérer & = ﬁY}‘VYN = ﬁE}fX NX}‘VZ}\P, dont la
distribution limite des valeurs propres est connue. Il reste & observer que >y et 3y ont exactement
les mémes valeurs propres, a l'exception de N — M zéros si N > M (M — N zéros sinon), pour
décrire completement les valeurs propres de ce modele.

Un autre modele qui aura une importance cruciale dans le Chapitre 2 est le suivant : supposons

qu’il existe des matrices positives Hermitiennes @1, ..., ®;; de taille N x N telles que
Ym,1 L Tm,1
=02
ym,N xm,N
ot (Tm 1.y Tm,N) ~ Nc(0,In) et (Tymy 1.5 Tmy,n) est indépendant de (T, 1, -, Tmy,N) POUr

mi1 # mg. Ce modele, étudié dans [92] et [48], est utile pour représenter des observations M-
dimensionnelles, ou les dimensions sont indépendantes, mais chaque dimension a sa propre structure
de covariance décrite par ©,,. Ce modele sera traité en détail dans le Chapitre 2.

Pour finir, un modele lié a ceux développés dans ce manuscrit est de supposer que chaque
dimension est générée comme une série temporelle. Ce modeéle est d’importance puisque 'un des
problemes importants dans les applications est de tester si une collection de séries temporelles
sont corrélées ou non. Dans ce cas, la distribution de Marcenko-Pastur n’est plus une bonne
approximation de la distribution des valeurs propres de la matrice de covariance empirique, et
d’autre part, ce modele ne peut étre exprimé sous la forme du modele développé dans [85]. Pour
prendre un exemple, [98] considere que chaque dimension de y est générée par un processus linéaire
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scalaire indépendant des autres dimensions :

Ymmn = § Ok€mn—k

k>0

ol pour chaque m, (€mn)ncz est une série de valeurs réelles et stationnaires & moyenne nulle et
de variance 1. Sous 'hypothese que le filtre est sommable (D, |ar| < 4+00) et une condition de
moment fini sur les innovations (Ee} < +00), il est montré que la distribution limite des valeurs pro-
pres de %YNY}QV converge vers une distribution de probabilité déterministe F' dont la transformée
de Stieltjes z — m(z) satisfait :

-1 1 1
=t e @

ou s est la densité spectrale du processus linéaire (Ym n)n>0 (toutes les dimensions m =1,..., M
ont la méme densité spectrale par hypothese) égales a :

2
s(v) = Zakem”k” .

k>0

L’hypothese que chaque série temporelle est générée par le méme processus est assez forte, et
dans ce manuscrit, nous ne supposerons pas cela, ce qui veut dire que nous supposerons qu’il existe
M filtres (a1 k)k>0,-- -, (@rk)k>0 (avec des hypotheses supplémentaires qui seront précisées dans
les chapitres suivants) tels que

Ym,n = § O, k€m,n—k
k>0

ou les innovations sont comme précedement du bruit blanc.

Extensions avec de la dépendance temporelle et spatiale. Naturellement, on peut se de-
mander s’il est possible de traiter simultanément la dépendance sur les lignes et les colonnes, puisque
des échantillons avec dépendance spatio-temporelles peuvent étre 'objet de nombreuses situations
pratiques et sont d’intérét dans le domaine du traitement du signal par exemple.lPar exemple, il 1es‘c

intéressant de considérer un modele de covariance plus général de la forme %TENX*NTl X NTSN,
ou Ty et Ton sont des suites de matrices positives, et les T sont hermitiennes, dont les taille
coincident avec celles des X € CM*N | Dans le cas ot T v est semi-définie positive, ce modele
est connu sous le nom de modele & covariance séparable, puisque la covariance des données s’écrit
comme le produit de Kronecker des matrices T y et To y. Parmi les travaux qui ont étudié ce
modele, on peut citer [71], [49], [18], [37] et les références citées dans ces papiers.

0.8.3 Travaux précédents utilisant le régime asymptotique (15)

Relativement peu de travaux ont étudié le comportement du périodogramme moyenné S ~(v) dans
le régime défini par (15). Par exemple, il a été observé dans [11] que, quand la dimension de
la série temporelle diverge, le risque d’estimation du périodogramme moyenné diverge également.
Cette observation a conduit a de nouvelles directions de recherche pour améliorer les performances
d’estimation et de test, en utilisant des méthodes reposant sur le shrinkage, le thresholding (voir par
exemple [87]), et la théorie des matrices aléatoires. Les auteurs de [11], inspirés par le phénomene
bien connu de répartition des valeurs propres de la matrice de covariance empirique de grande
dimension autour des valeurs propres population, ont défini un estimateur de shrinkage par:

Sink) (1) = p(V)Sn (V) + r(V)Iy



46 INTRODUCTION

pour des fonctions explicites p et r controlant le niveau de shrinkage pour chaque fréquence, et ont
démontré que cette méthode peut réduire le risque associé a ’estimation de la matrice de densité
spectrale. On note que le régime asymptotique qu’ils ont considéré est similaire a celui utilisé dans
ce manuscrit, puisqu’ils utilisent :

B
—0

..M M
0 < inf — < sup — <+ et
N>1 B N>1

ce qui est équivalent & M = o(N?/3) (et on rappelle que dans ce manuscrit, on suppose M = O(N®)
pour % < a < 1). Cette approche a été améliorée plus tard dans [29] et les références citées dedans.

Une autre approche liée aux séries temporelles de grande dimension est présente dans [61] et
[60]. Les auteurs considérent L observations consécutives de la m-éme série temporelle a partir du
temps n :

yﬁz,n = [ym,na cee 7ym,n+L—1]T

et a partir de ceci construisent un vecteur M L-dimensionnel

yr =1yt i) ]

Ils désignent par R la matrice de covariance ML x ML de ce vecteur aléatoire, c’est-a-dire Ry =
ElyL(y%)*] ou (-)* signifie le transposé conjugué. Cette matrice est parfois appelée matrice de
covariance spatio-temporelle. Il est clair que les M séries ((Ym,n)nez)m=1,.,m sont indépendantes
si et seulement si pour chaque entier L, la matrice Ry, est diagonale, c’est-a-dire

R = Bdiag(Rpr)

ou, pour une matrice ML x ML A, Bdiag(A) est la matrice diagonale de la méme dimension dont
les L x L blocs sont ceux de A. On remarque que les L x L blocs diagonaux de Bdiag(R ) sont les
L x L matrices Toeplitz R, 1, m = 1,..., M, définies par

(Ron,0)krr = rm(k — &)

ou (rm,(k))kez est la séquence de covariance de la m—eme série temporelle. [61] et [60] définissent
par Reorr,, la matrice de corrélation bloc-diagonale par:

Rcorr,L = Bdlag(RL)i : RpBdiag (RL ) 2 ’

De cette maniere, R, est bloc-diagonale pour tout L si et seulement si Reorrr, = Iz, pour tout L.
Une maniere de tester si les M composantes de la série temporelle (y,)nez sont décorrélées consiste
a estimer Rcorr,, pour des valeurs de L adéquates, puis comparer ces estimées avec I77,. Pour faire
cela, les auteurs considerent ’estimateur classique 7@00% 1, défini par:

ﬁCOTT,L = Bdlag (7%’[/ ) a % 7-:)/LBdiag(,]%’L)_ %

ou Ry, est la matrice de covariance spatio-temporelle empirique définie par

N
_ L. L\x*

n=1



47

et ou Bdiag(ﬁ,L) est la matrice bloc-diagonale correspondante:

R
Bdiag(R) =
Rz
avec f{m,L pour m = 1,..., M, représentant les L x L blocs-diagonaux correspondants. Sous
I’hypothese d’indépendance des M composants de la série temporelle et sous le régime asymptotique
ol M L Nzeo, ¢, ils montrent que

[ 100y ) = [ 10 e 0

oudiy = ﬁ Zévzl 55\&’ et (S\k)k:L...,ML sont les valeurs propres de R .

0.9 Contributions de cette these

Le sujet général de cette these est de comprendre certaines propriétés de quantités issues du
périodogramme moyenné de séries temporelles M—dimensionnelles y quand M est grand et les
composantes de y sont indépendantes. Dans tous les chapitres suivant, nous utiliserons le régime

des grandes dimensions défini plus haut dans (15) que nous rappelons ici : M et B sont des fonctions
de N & valeur entitres telles que 2% Nteo, ¢ e (0,+00) et M = O(N?) pour 3 < a < 1. Dans
cette section, nous omettrons parfois la dépendance explicite en la fréquence v et en le complexe z

afin de simplifier les notations.

0.9.1 Contribution du Chapitre 1

La motivation de ce chapitre est d’évaluer le comportement de certaines statistiques linéaire des
valeurs propres (LSS) de Cy(v) définies en (14) sous hypothése Ho que les M composantes
(Y1,n)nezs -+, (YMn)nez de y sont mutuellement décorrélées et dans notre régime asymptotique
des grandes dimensions. Soit la mesure spectrale empirique de C ~(v) définie par

1 M
ANy = 57 mz_:l N

ou ()\m(A))m:L._,, M représentent les M valeurs propres de la matrice A de taille M x M, et J,
est la mesure de Dirac au point z. Une LSS de Cn(v) peut alors s’écrire [, f(A)djin(v, A) ou de

maniére équivalente 1tr f(Cy(v)) pour une certaine fonction f definie sur Ry satisfaisant certaines
propriétés de régularité si nécessaire. Dans ce chapitre, nous étudions la quantité

1
sup |—tr f( CN /fdﬂm c
ve0,1] M e

et montrons que la mesure empirique des valeurs propres de C ~N(v) converge vers la distribution
de Marcenko-Pastur. Afin d’étudier cette quantité, nous travaillons d’abord a v fixé, et étendons
ensuite notre résultat uniformément sur v € [0, 1] en utilisant un argument de Lipschitzité. Pour
chaque v fixé, nous considérons l'intermédiaire de calcul Cy(v) défini par

Cn(v) = dg(S(v) "2 Sn(v)dg (S(v))~

N
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et montrons que Cy(v) peut s’écrire sous la forme

Cytr) = X 4 Ao

ol Xy (v) est une matrice M x (B + 1) & entrées i.i.d. Nc(0,1) et Ax(v) est un terme d’erreur

convergeant vers 0 en norme spectrale a la vitesse % (voir plus bas pour plus de détails sur la

matrice Ax(v)). Nous énongons maintenant la décomposition utilisées pour étudier la quantité

artr fF(Cn(v)):

Str €x() = (gt F@) = e S ) + (Gt S ) — Ete S(Ex0)

M
+ <E]\14tr f(Cn(v)) — Eitr f <W>)

ek (ST i) f e

Concernant la premiere étape de cette décomposition, nous utilisons la formule de Helffer-Sjostrand,
qui permet de transférer 'étude des LSS vers celle des résolvantes Qn(z) := (Cn — 2Ip)~" et
Q N(z) = (C ~ — zIn)71. Sous hypotheéses sur f (régularité et support compact), la formule de
Helffer-Sjostrand fournit que

/fdu = 71TR6/C+ O (f) (2, y)su(x + iy) dz dy

ol s, est la transformée de Stieltjes de u, @ = 9, + 0y, et Pi(f) : C — C est la fonction définie sur

C par
k i l
) =3 W)

=0

D(@)p(y)

oll p: R — RT est smooth, & support compact, de valeur 1 dans un voisinage de 0. La fonction
O (f) coincide avec f sur l'axe réel et I’étend sur le plan complexe. Dans notre contexte, nous
pouvons écrire que

27t FEx () = g7t FCv () = ~Re [ 90u(1)(w.9) 57t Qo+ i) — Qe +iy) dedy,

I1 est ensuite possible d’étudier la différence
1 - _ 1 ~ 1 PO
—tr (Cy — 2L) ™' = ot (Cy = 2L) ™ = —tr (Qu(2)(Cy — Cx)Qn(2))

Pour énoncer notre résultat sur le comportement de ﬁtr (CN —2Ip) 7t - ﬁtr (Cn — 2I)~Y, nous
avons préalablement besoin de définir le concept de domination stochastique, ou I’on dit que qu’une
famille de variable aléatoire positive X = (Xy)n>1 est stochastiquement dominée par une suite
(un)n>1 si pour tout € > 0, il existe Ny(e) suffisamment grand et un certain y(e) > 0 tel que pour
tout N > Ny(e):

P[Xn > Nuy] < exp—N"7

Si (Xn)n>1 est stochastiquement dominé par (uy)y>1, nous utilisons la notation Xy < un, et si
pour tout famille de variable aléatoire complexe X nous avons | X| < uy, nous écrirons aussi X =
O<(uy). En utilisant cette notation, nous montrons que le résultat suivant est valide uniformément
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en v € [0,1]:
L ke Lo ke Mg ) 5 o 1 B (B\°
Mtr f( N(V))—Mtr f(Cn(v) mZ: o) vn < Dn, f > +0. E TN ( )

. 2 = . . N~
ou vy = (B+1 2512 B2 ( ) ) et < Dy, f > correspond a action de la distribution Dy, dont

la transformée de Stieltjes est explicitement connue, sur f (cette quantité sera précisée plus loin).
Cela nous permet de nous concentrer sur I’étude du comportement de Cy(v) au lieu de celui de
Cn(v). Nous montrons ensuite, via des arguments de concentration gaussienne, que

%tr f(Cn(v)) — E%tr f(Cn(w)) =0 (fl?)

afin que de cette maniere il ne reste qu’a étudier Eﬁtr f (C ~(v)). Sous 'hypotheése d’indépendance
des M composantes de la série temporelle, nous montrons que Cy (v) peut s’approximer pour chaque
v par une matrice de Wishart de bruit blanc:

Cnv) = TNy A0

ott Xy (v) est une matrice de taille M x (B 4 1) a éléments ii.d. Nc(0,1), sup,eyp, |AN()| =

(94%) et Yy = {%, k=0,...,N —1}. Apres quelques étapes de calcul gaussien (en particulier la
formule d’intégration par partie gaussienne), il est possible d’obtenir 'estimation suivante:

£ []\Zt f(éN(u»] —E Uft / <W)} - Ghé j:ng <Dy f > ow

1 < s (v) ~ 1 B\?
_MmZ:lzsm(V)<DN,f>UN+O<N+<N>)

ol Dy est une autre distribution dont la transformée de Stieltjes est aussi connue explicitement.

La stratégie pour obtenir ce résultat consiste a considérer E {ﬁtr Q N(z)] —E [ﬁtr Q N(z)], oll

Qn(z) = (%ﬁ"(y)* — 2Ip) 7! est la résolvante associée & XyX%. Apres de long et fastidieux
calcul gaussiens, on montre que

E 1T ~ B 1 U sh(w)\ -
STONE) — Q)| = = (37 2 2 ) ) ont

:15m(1/)
1 & s;n(y)>2 B\?
— 2)uon+ 0, | —
(M > 50 o (3)

ou py est la transformée de Stieltjes de la distribution a support compact Dy introduite
précedemment, et py est aussi la transformée de Stieltjes d’une autre distribution & support compact
Dy. Leur expression exacte est connue:

—en (2tn (2)in(2))°
1-— CN(ZtN( )fN(Z)

Pn(2) = (2tn(2)),  pi(2) =

ol nous rappelons que ty et ty ont étées définies dans (19). Il reste alors & énnoncer un résultat
bien connu en matrice aléatoire qui assure que pour une matrice de bruit blanc gaussien complexe
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1 Xpy(v) _ 1
Elat B+1 ] /fd“mp’cN_ (B?)

Ol flmp,cy €st la distribution de Marcenko-Pastur de parametre cy = B%H' En rassemblant toutes
les estimations précédentes, nous obtenons que pour chaque v,

nw =05+ v+ (%))

/

M 2
TN<V) = %tr CN(V) — /fd:u’mp,cN _ (]\14 Z Sm(”)) <Dn,f>vn

—1 sm (V)

Xn(v),

De maniere informelle, ce résultat indique que sous I’hypothese d’indépendance des séries tem-
porelles, la distribution empirique des valeurs propres de C ~n(v) est proche de la distribution de
Marcenko-Pastur, a une correction pres d’ordre (9( )2 et & une erreur prés d’ ordre 4 5t+—= \/E ~ —|—( )3
Par une borne d’union sur la grille Vy de cardinal IV, il est clair, par la définition de la domination
stochastique, que sup,cy, [Tn (V)| < % 4 ﬁ% + (%)3, Il reste & montrer pour obtenir le résultat
final que v — Tn(v) est Lipschitz avec une constante de Lipschitz d’ordre NP pour un certain p

fini: 5
1 1 B B
sup [Tn(V)| < 5+ —=—+ ()
uE[O,l]’ B /BN

Cependant, nous remarquons que ce résultat ne permet pas de proposer un test statistique
car la distribution asymptotique de sup,¢o |Tn(v)| reste inconnue. Il est donc impossible de
controler 'erreur de premiere espece de cette statistique de test. Néanmoins, le résultat obtenu
dans ce chapitre représente un premier pas vers 'obtention de la distribution asymptotique de
sup,co,1] TN (¥)]. Ce sujet sera décrit plus en détail dans la section Perspectives 0.10.

0.9.2 Contribution du Chapitre 2

Pour évaluer explicitement le terme de correction d’ordre (9(%)2 dans l'expression de H;tr Cn(v)—
[ f dpimp,cy » approche utilisée dans le Chapitre 1 se révele étre extrémement longue et fastidieuse
en terme de calculs. Dans ce chapitre, nous proposons une approche alternative qui permet de
retrouver cette quantité bien plus simplement. Au lieu d’utiliser la décomposition :

e[ 7t 3] - [ £t =€ [ s x0)] € [ L X<B>X<>]

1 Xn()
+ &[5 P [ e,

nous proposons d’étudier directement le comportement de la résolvante E(Cy(v) — 2I5/)~" en
utilisant la structure de covariance des transformée de Fourier (& (v+ %))b:, B/2,..,B/2 et du calcul

gaussien. Notons que Cy(v) = dg(S(l/))iéEN(V)EN(V)*dg(S(V))fé oll

v~ (e (o )t (o4 2))

donc Cy(v) peut s’interpréter comme la matrice de covariance empirique de dg(S(l/))_% Xn(v).
Sous I’hypothese d’indépendance spatiale, les lignes de dg(S(y))_% 3 n(v) sont indépendantes. Nous
définissons O y ,, (v) la matrice de covariance des transformée de Fourier renormalisées & la fréquence
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v de la m—eme composante de la série temporelle:

@Nm(y):E<me( — 3v) §N,m(u+£\/)> (me( — 2 §N7m(V+2?V)>
) \/T Y Sm (V) \/T ) -

D’apres des résultats classique sur les transformée de Fourier (voir [13]), pour tout m > 1,

Cov (@Vm <u + ;) JENm (1/ + i;)) = Sm (1/ + ]z\)[> 1b=V)+0O (;)

Ceci implique que pour tout m et v, ® v, (v) peut s’approximer par 'identité Ip. 1, ce qui signifie

que les colonnes de dg(S(u))‘%E ~(v) sont presque 1ndependantes Ce modele permet d’expliciter
un équivalent déterministe de Qn(z) := (Cn(v) — 2Ip7)~'. On montrera que pour tout z € Cy, il
existe une matrice déterministe Ty (z, ) telle que

1 ~ 1 - 1
Mtr EQn(v,z) — Mtr Tn(v,z) =0, (BQ>

ou O, BQ) indique qu’il existe des polynomes P; et P, dont les constantes et degrés sont
indépendants de N et z tel que la quantité en question soit bornée par Pi(|z|)Pa(:22) Blg. De
plus, sous certaines hypotheses sur les séries temporelles, il est possible de montrer que la quantité
Oz(ﬁ) est en fait indépendante de v. Finalement, la matrice T (v, z) est déterministe et est définie

implicitement par I'unique solution de I’équation:

-1
z(1+ gN,m(V, z)) ’

TN(V,z):dg< mzl,...,M)

ou les (EN,m)mzl sont définis par la solution dans ’ensemble des transformée de Stieltjes du systeme
de M équations suivantes:

-1
- 1 (S}
INm(v,z) = BT ltr <—zIB+1 + = Z 1 +5]]\;kk )) Onm(v), me[M]

Nous utilisons maintenant le fait que les colonnes sont presque indépendantes, et il est donc
raisonnable de s’attendre a retrouver un comportement de type Marcenko-Pastur pour T . Nous
montrerons que ’estimation suivante est valide:

B
sup sup [|[Onm(v) —Ipti|| = O <N>
m>1vel0,1]

1 B\’
B+1 21 veo] F(ONm ) = L) = ) <N>

o YTy m(v) est le terme d’ordre (9(%)2 égal & Yy (V) = %zﬁgzg vy. Ceci permet de prouver que

Ty(z) — tn(2)Iy — 0 pour tout z € C, et d’obtenir que pour tout f € C? avec p suffisamment
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grand,
1 DAY
EMU f(CN(V))_/demP,cN = (M,;Z:(Z)> <Dn,f>vN
2
1 L s (v) . 1 1 B (BY®
_<Wm:15m(u)> <'DN,f>UN+O<B+\/§N+<N>>

ot le O(-) est uniforme en v € [0,1], et ot Dy et Dy sont des distributions dont la transformée de
1ot —on (N (2)En(2)°
I—en (ztn (2)En (2))%

Stieltjes au point z sont égales respectivement & (ztn(z))

0.9.3 Contribution du Chapitre 3

Dans ce chapitre, nous considérons une série temporelle M—dimensionnelle (y,)nez définie par
Yn =Up +Vp

ou (u,)nez représente le signal utile et ou (vy,)nez représente un bruit additif. Le signal utile est
modélisé comme la sortie d’un filtre MIMO M x K inconnu et stable (Hj)gez dont 'entrée est un
bruit blanc gaussien K—dimensionnel non-observable (€,),cz avec E[e €] = I | i.e.

u, = E ern—k

kezZ

avec probabilité 1. Nous remarquons que K représente le nombre de sources dans le contexte du
traitement d’antenne. Pour tout v € [0,1], nous notons H(v) la transformée de Fourier de la
séquence (Hy)gez:

H(I/) _ ZHk‘efiQﬂ'I/k
kez

Nous supposons que le signal satisfait ’hypothese suivante dite de mémoire courte:

sup » (14 |k[)|[Hy|| < +o0
mzlycz

ou la magnitude du signal satisfait

li h =0.

ott [y (V)[12 = 55, |(H) i (v)|? représente la puissance totale reue sur le capteur m par le signal
K—dimensionnel a la fréquence v. Ceci implique que la puissance totale du signal est d’ordre

1
|| = /0 b (1)]]? v = o(1)

Concernant le bruit, (vy,)nez est modélisé par une série temporelle gaussienne complexe M—
dimensionnelle telle que ses composantes (V1 5 )nez, - - - , (VM0 )nez sont mutuellement indépendantes.
Nous supposons que le bruit satisfait aussi une hypothése de mémoire courte:

sup Z(l + [k 2|rm (k)| < +o0
mzlyez

ol 7y, (k) = E[vmnUmn—k). Nous supposons aussi que les densités spectrales associées & ces séries
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temporelles sont uniformément bornées inférieurement par zéro:

inf inf s,(v)>0
m>1vef0,1]

olt S (V) = Y ez Tm(k)e 2™, Cette hypothese implique que la puissance totale du bruit satisfait
la condition suivante: il existe des constantes 0 < C7 < Cy < +oo telles que

1 1
inf —E|lvy|? < sup —E|lvy]?
o < inf 77 vl _]SvuZle [vnll® < Co

2 2
Ainsi, le rapport signal-sur-bruit (SNR) EH;%L vérifie EHEg“Z = O(ﬁ) L’objectif du Chapitre 3
est de détecter la présence de signal dans ce contexte. Pour commencer, nous remarquons que la

matrice de densité spectrale Sy de (yn)necz est donnée par
Sy(v) =H()H(v)" + Sy (v)

ou Sy(v) =dg(s1(v),...,sp(v)). De maniere similaire, par la définition de la matrice de cohérence
spectrale,

S
[SIES

Cy(v) = (dg(H(»)H(¥)") + Sy (v)) 2 (H¥)H(¥)" + Sy(v)) (dg(H(»)H(¥)") + Sy(v))

Sous les hypotheses sur la puissance du signal et du bruit, il est raisonnable d’approximer
1
dg(Sy (1) * = (dg(H()H()*) + Sy(1)) "¢ par S, ()~} et Cy(v) par

D=

(HW)H@)* + Sy () Sy(v) "2 = Iy + Sy (v) 2HW)H(1)*Sy (1)

N|=

Cy(v) = Sv(v)~

Afin d’estimer Cy, nous considérons ’estimateur de la cohérence spectrale construit & partir du
périodogramme moyenné, noté C N,y et défini en (14). Nous montrons en premier que Cy(v) se com-
porte asymptotiquement en norme spectrale et uniformément en v comme une matrice de Wishart
”coloré” dont la matrice de covariance population est égale a I + Sv(y)_%H(y)H(y)*Sv(u)_% :

~ 1 XN(V)XN(V)* 1 p.s.
C —-= — 5 ——0
Ifrel%)]\(z N,y(V) (V) ’ B+1 <V) ’ M—o0
ou Vp est 'ensemble des fréquences de Fourier {%, k=0,....,N — 1},

I

Z(v) =Ty + Sy(v) 2H@)H(v)*Sy(v) 2.

et Xy (v) est une matrice de taille M x (B + 1) & entrées i.i.d. Nc(0,1). Ce résultat, utilisé en
conjonction avec les inégalités de Weyl [43, Th. 4.3.1], implique en particulier que chaque valeur

A

propre de la matrice de cohérence spectrale estimée Cy () se comporte comme sa contrepartie

Wishart:
%XN(Z/)XN(I/)*
B+1

Wy (v) = E(v) (v)2

[1]

c’est a dire

~ p.s.
2% 125 o (O () = (W] 20

Nous remarquons maintenant que Z(v) est une perturbation de rang fini K de l'identité I;. Ceci
suggere d’utiliser les résultats concernant les modeles spike multiplicatif développés dans [7] afin de
décrire précisément le comportement des plus grandes valeurs propres de E(u)% WE(W%
Ceci permet de proposer une statistique permettant de tester I'hypothese Hg contre 'hypothese Hy
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définies par :

HO : (Yn)nEZ = (Vn)nez
Hl : (YH)HEZ = (un)nez + (Vn)nEZ

Nous considérons la plus grande valeur propre de Cx(v) a travers les fréquences de Fourier Vy, et
comparons cette valeur a Ay :

TN,e = ﬂ[/\++e,oo) (max )\1 (CN,y(V))>

veEVN

ol nous rappelons que Ay = (1 + ﬁ)Q Nous montrons que ce test est consistant sous le régime
asymptotique des grandes dimensions : si sous I’hypothese H1, il existe v, > 0 tel que

max A1 (SV(V)*%H(I/)H(V)*SV(V)*%) T Voo > Ve

veEVN
alors, en définissant

(z+1)(z+c) ifr > /o
da)=4 . ° o> e
A if z <.\/c

nous montrons que pour tout 0 < € < ¢(V0) — AT et i € {0,1},

P; (thloo Tne= z) =1

ou P; est la mesure de probabilité sous-jacente a '’hypothése H;. On note que v, la limite de la
plus grande valeur propre de la perturbation de rang K, peut s’interpreter comme un certain SNR
dans le domaine fréquentiel. Finalement, nous montrons qu’un test basé sur les statistiques linéaires
des valeurs propres de C ~(v) ne permet pas de séparer les deux hypotheses. On considere la LSS
suivante :

1 U A
Ly,(v) = M Z ¥ (Am (CN,y(V)))

m=1

oll ¢ appartient & une certaine classe de fonction, ici cette classe étant ¢ € C!((0,+0oc)). Nous
montrerons que

max

veEVN M—oo

Lo) ~ [ oONIMAA 2250
R
ol f est la densité de la distribution de Marcenko-Pastur pour ¢ < 1 donnée par

fA) = \/()\ - ;&E\)ﬁ —N ]1[)\,7>\+]()\)

avec AT = (1+ \/5)2 Ceci montre que les LSS de la matrice de cohérence spectrale estimée con-
vergent vers la méme limite, indépendamment du fait que les observations contiennent uniquement
du bruit ou du bruit et signal. Ceci montre que toute statistique de test se reposant uniquement
sur une LSS de la matrice de cohérence spectrale estimée est incapable de distinguer de maniere
consistante la présence ou ’absence de signal dans notre régime des grandes dimensions.
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0.9.4 Contribution du Chapitre 4

Dans ce chapitre nous considérons le méme contexte que dans le Chapitre 3, a ’exception que nous
ne supposons plus que limps oo Maxy,=1,.. pm max,eo,1] [hm(v)|l, = 0. Cette hypothese indiquait
que la puissance totale émise par le signal K—dimensionnel recue a la fréquence v sur chaque capteur
m converge vers zéro. Dans certain cas, il peut étre d’intérét de ne pas supposer que c’est le cas,
et nous montrons qu’il est encore possible d’explicitement écrire le comportement au premier ordre
des valeurs propres spike de la matrice de cohérence spectrale estimée dans ce cas plus général.
La conséquence principale de cet affaiblissement d’hypothese est que I'approximation dg(Sy(v)) ~
dg(Sv(v)) n’est plus valide, et nous devons a la place écrire dg(Sy(v)) = dg(H(v)H(v)*) + Sy (v).
Nous notons Dy (v) = dg(H(v)H(v)*) et supposons qu’il existe pour chaque fréquence v € [0, 1]
une séquence de matrices diagonale (Dy o (¥))n>1 de taille M x M avec un nombre fini d’entrées
non-nulles telle que

N
IDu(v) — Dyoo(v)]] 2% 0.

La condition sur le nombre d’entrées non-nulles de Dy, o (V) assure que cette matrice reste de rang
fini asymptotiquement, ce qui sera utile pour appliquer les résultats sur les modeles spike issus de
[7]. En utilisant la méme stratégie qu’en Chapitre 3, nous montrons que pour tout v € Vy;, il existe
une matrice aléatoire X (v) & entrées i.i.d. Nc(0,1) telle que

Cv) - s(y)éXN(;)lev@)*

max E(u)%

veVN

ou

Nl

E(v) = Iyt + (Duoo(v) + Sv (1)) 2 (H)H(»)" — Duyoo(¥)) (Duoo(¥) + Sy (¥))

Ceci est en contraste avec le résultat du Chapitre 3, ou la matrice de covariance population s’écrivait
In + Sv(u)_% (H(v)H(v)*) (Sv(u)_%. Cette nouvelle expression de E(v) nous indique que le terme
de perturbation peut induire des spikes négatifs, car la matrice H(v)H(v)* — Dy oo(v) n’est pas
nécessairement définie positive. De plus, comme le rang de H(v)H(v)* — Dy oo(v) est fini, les
résultats sur les modeles spike de [7] prouvent que la plus grande et plus petite valeur propre de
C ~(v) peut s’échapper du bulk de la distribution de Marcenko-Pastur si une certaine condition
sur le SNR est respectée. Une nouvelle statistique pour tester la présence ou ’absence de signal
(un)nez est en conséquence proposée:

T.=1 (sup M(Cy(v) > AT +eou inf A\y(Cy(v)) <A™ — e)

vEVN VEVN

et il est montré que cette statistique est consistante pour séparer I’hypothese nulle Hg de ’alternative
7‘[1 si

75 > Ve ou g < —ve.
ol 7%, et 5 sont définis par:

max A\ (Q(v)) —— 7L > Ve
M—o0

vEVN
in A\ (€2 — Y < —
T

[NIES

avec Q(v) = (Dy,0(v) + Sv(u))fé (H(v)H(v)* — Dy,co(¥)) (Du,eo(v) + Sv(v)) 2.
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0.9.5 Contribution du Chapitre 5

Ce chapitre se démarque des autres, car il s’interesse non pas aux valeurs propres de la ma-
trice de cohérence spectrale estimée, mais plutét au comportement de ses entrées individuelles.
Plus précisement, nous considérons M séries temporelles gaussiennes complexes stationnaires
(yl,n)nez e (me)nez et pour tout 4, j € {1,..., M}, nous notons s;; et ¢;; la densité spectrale et
la cohérence spectrale entre (i), .z €t (Yjn),cz données respectivement par s;;(v) = (S(v)); et
cij(v) = (C(v))i; ou S(v) et C(v) sont respectivement les matrices de densité/cohérence spectrales
définies en (11) et (12). Ce chapitre est lui aussi motivé par le probleme du test d’indépendance
d’un grand nombre de séries temporelles gaussiennes:

Ho : 2 =0
0:, Sgg%Myrg[gﬁ]lsm(V)l :

ou de maniere équivalente

Ho: max max |c;;(v)[* =0,
1<i<j<M vel0,1]
Ceci suggere de calculer un estimateur consistant de ces quantités, et de tester s’ils sont
suffissamment proches de zéro. Etant donné N observations pour chaque série temporelle
<y17n)n:1,..., N,...,(me)n:lW’ > hous considérons l'estimateur issu du périodogramme moyenné
¢n,ij de ¢;; donné par (14). Sous I'hypothese

Ho : (Y1.n)nez, - - - (Ynn)nez sont mutuellement décorrélés,

et quelques hypotheses techniques supplémentaires sur les densités spectrales des M séries tem-
porelles, nous montrons que dans le régime des grandes dimensions décrit en (15),

M(M - 1)> N—+4o00 e_e—t
2

N
P ((B +1) max |éni(v)|* <t+log Bil + log (20)

(i1j7V)EIN

ol
In :={(,j,v): 1,5 € [M]tel quei<j, vegny}

avec [M]={1,..., M} et ou

B+1 N
= _ <k <
Gn {k N keN,O_k_B+1}

est I’ensemble inclut dans celui des fréquences de Fourier

k
VN::{N:kEN,OSng—l}

dont les éléments sont séparés d'une distance (B + 1)/N (au lieu de 1/N dans le cas de Fu).
Ainsi, (20) annonce que max; j ,yez |én,ij(v)[?, apres un recentrage et une renormalisation adaptée,
converge en distribution vers une distribution des valeurs extrémes de type I, aussi connue sous le
nom de distribution de Gumbel. Il apparaitra alors clair au cours de la preuve que le terme en
log %_1) est lié au fait de prendre le maximum sur (4,5) € [M]? avec i # j, tandis que le terme
en log BLH est une conséquence du maximum sur v € Gy. Les étapes essentielles de la preuve sont

les suivantes. Nous écrivons la représentation linéaire causale

Ymmnm = Z Qm k€mn—k
k>0



o7

ol (€1 %)kez,---,(€mk)kez sont des séquences mutuellement indépendantes de variables aléatoires
Nc(0,1) iid, et (a1 k)kens - - (@rrk)ken € £2(N). On note aussi

“+o00
V) — § :am,ke_kaV
k=0

tel que |hm(V)]? = sm(v). 1l est montré dans [94] (et étendu sous des hypotheses plus faibles dans
[67] et [19]) que les transformées de Fourier {yy,, () se comportent comme A, (V)En.,, (V) au sens
suivant: pour tout x > 0:

P 16401, 0) — i (D)o ()] ] =0 @1

N

Ceci suggere de définir 5y (), une approximation de 5x;(v) := (Sn(v));j ou Sn(v) est défini par
(13), comme:

B/2 N N~
SNZJ( Z hi <V+ )hj (V+N>£N,ei <V+N> £N,€j <U+N>
=—B/2
L’équation (21) est ensuite clé pour prouver que (B + 1) sup; ; , |éN,ij(l/)|2 a la méme distribution
limite que (B + 1) sup; ;,, len.i ()2 ot én i (v) = % avec
B/2
st £ oo Beler

Cette décomposition permet de découpler 'action du filtre des innovations, afin qu’il ne reste qu’a
gérer des transformées de Fourier de séquences i.i.d. de variables aléatoires notées €, ,,. Afin de
montrer que sup;, ;, [én,q;(v)|? suit asymptotiquement une loi Gumbel, nous utilisons un théoréme
d’approximation Poisson issu de [3] basé sur la méthode de Chen-Stein. Cette méthode a été
utilisée dans [45] afin d’étudier le comportement de la plus grande entrée hors-diagonale de matrice
de corrélation construite a partir d’entrées i.i.d. Cette méthode nécessite de prouver le résultat de
déviation modérée suivant : il existe une constante 1 > 0 telle que pour tout C' > 0,

P((B+1)|N”(V)2 )e 1

2 () —0 (22)

N—oo

max max
te0,0B"] (i j.v) €T

et

2 2
max max P (B+1)| 5N.j (V)] >t2, (B—i—l)‘ NZJ(”)‘
t,s€[0,CB] (&-7,v)ET Nz] (V) UN i’y (V)
(3" V) €L (i jw)

2, .2
st 1 —— 0.
N—oo

X e

Ceci permet de terminer la preuve de (20).
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0.10 Perspectives

Nous cléturons cette Introduction en énongant quelques directions possibles qui permettraient de
prolonger les travaux présentés dans ce manuscrit.

e Tout d’abord, tel que mentionné dans le paragraphe exposant les contributions du Chapitre
1, plus d’information sur la distribution limite de

1 Mo (v) :
Ty = sup MtrfCN /fd;tmp,cN 72 o <Dn, [ >vNn

velo,1] =1 sm(v)

est necessaire pour controler l'erreur de type-I d’'une statistique de test basée dessus (tel
que par exemple 1(Tx > k) pour un certain seuil k). Cependant, nous pensons qu’il sera
difficile d’obtenir ce résultat. Une approche plus raisonnable serait la suivante : a partir de
la représentation linéaire causale, tel que fait dans le Chapitre 5, ¥, = Zkez A k€m,n—k OU
(€1.n)nez, - - - » (€rn)nez sont des sequences mutuellement indépendantes de variables N¢(0,1)
iid, et (a1x)kezs---, (amp)rez € (2(N). Definissons hp,(v) = >z ampe 2™, H(v) =

dg(h1(v), ..., ha(v)), et En (V) = (Ene, (V). - €N, (). En utilisant I'approximation
Eny (V) ® H)EN (), qui a déja été utilisé dans le Chapitre 5, il fait sens de considérer

Sn(v), une approximation de S ~(v), définie par
B/2

Sn () B—I—lZH<V+b>£N,e<V+]€7>€N,e(V+]€7> H(u+]€7)

—B/2

et Cy(v), une approximation de C ~n(v) définie par
Cn(v) = dg(Cn () 2Cn (v)dg(Cn (v)) 2.

Pour v # 1y € Gy = {kB]jf'l EeNO0O<Ek< B]YH} €N e(v1) est indépendant de &y (v2),

et il est donc clair que 2-tr f(Cn (1)) est aussi independent de Ltr f(Cn(12)). Ceci devrait
permettre d’obtenir la distribution asymptotique de T define par

y 1 1 &L ¢ (v) ’
TN = sup Mtr /fd,ump’CN — M E Sm(y) < DN, f > UN
m=1""

vegn

Il resterait & controler le terme d’erreur entre Cp(v) et Cy(r) pour sassurer que
Htr f(Cn(v)) et Ltr f(Cn(v)) suivent asymptotiquement la méme distribution. Ceci
représenterait une amélioration de notre résultat présenté en Chapitre 1 et Chapitre 2, car cela
permettrait de controler I'erreur de type-I de la statistique de test 1(sup,cg, |Tn (V)| > &).
Cependent, la maniére de gérer le supremum sur l'interval continu de fréquences [0,1] a la
place de la grille discrete Gy reste peu claire.

e Dans le Chapitre 1 nous nous sommes concentrés sur sup,, |Tn(v)|, mais il aurait aussi pu étre
intéressant d’étudier des statistiques intégrées sur les fréquences, tel que cela a été fait dans
[25], ol Pauteur s’est intéressé a des statistiques de la forme fue[o 1 T (v)|? dv.

e Une fois la distribution asymptotique de T sous Hy obtenu, il serait naturel d’étudier la
puissance de test sous une certaine classe d’alternative ou la densité spectrale S(v) n’est pas
diagonale pour tout v, en utilisant des outils similaire & ceux utilisés dans [15] par exemple.

e L’hypothese de gaussianité des séries temporelles est cruciale dans tous les chapitres de ce
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manuscrit, et il pourrait étre intéressant d’étendre nos résultats dans le cas de séries tem-
porelles non-gaussiennes. Par exemple, dans le Chapitre 1, 'hypothese de gaussianité était
nécessaire pour approximer Cy(v) par %HXN(V)X N ()" ou Xy (v) est une matrice de taille
M x (B +1) a entrées i.i.d. Sans ’hypothése gaussienne, les entrées de notre matrice X ()
ne serait plus i.i.d. (mais seulement de covariance nulle), ce qui empécherait de poursuivre
la stratégie de preuve utilisée dans le Chapitre 1. Cependant, nous remarquons aussi que
I’approche utilisée dans le Chapitre 2 semble plus adaptée & manipuler le cas non-gaussien,
car le modele correspondant a été historiquement étudié dans [92] sous une hypothese de
moment-fini d’ordre huit. Cependant, la majorité du travail restant serait de controler les
nouveaux termes d’erreurs qui apparaitraient du a cette condition plus faible.

e Il devrait étre possible d’obtenir des résultats concernant le comportement local du spectre de
Sn(v) et Cn(v). Concernant les applications en détection de signal, il serait utile de prouver
un comportement de type Tracy-Widom pour la plus grande valeur propre de la matrice de
densité/cohérence spectrale.

e Enfin, nous soulevons le fait que nous avons systematiquement approximé C ~(v) par C N() =
dg(S(l/))_%SN(Z/)dg(S(Z/))_%, puis étudié Cx (v) au lieu de Cy(v). L’avantage de Cy(v) sur
Cn(v) est que la renormalisation en dg(S(l/))_% n’est plus aléatoire. Néanmoins, ceci necessite
maintenant que dg(S(v)) ne s’annule plus, ce qui impose donc la condition technique suivante
inf,¢c(o,1) infm>1 8m(v) > 0. Il pourrait étre interesant de trouver une approche alternative
pour ne pas avoir besoin de cette hypothese.

0.11 Papiers de Journal/Conférence associés a ce manuscrit

e Le Chapitre 1 a été accepté a Electronic Journal of Statistics, et sera prochainement publié.

e Le Chapitre 3 a été d’abord publié a la conférence ICASSP : Alexis Rosuel et al. “On the
frequency domain detection of high dimensional time series”. In: ICASSP 2020-2020 IEEFE
International Conference on Acoustics, Speech and Signal Processing (ICASSP). IEEE. 2020,
pp. 8782-8786, et plus tard republié sous une version étendue dans IEEE Transactions on
Signal Processing: A. Rosuel et al. “On the Detection of Low-Rank Signal in the Presence
of Spatially Uncorrelated Noise: A Frequency Domain Approach”. In: IEEE Transactions
on Signal Processing 69 (2021), pp. 4458-4473. por: 10.1109/TSP.2021.3099644. Nous
présentons dans ce manuscrit au Chapitre 3 uniquement la version acceptée a IEEE TSP.

e Le Chapitre 5 est en ce moment en review a Journal of Multivariate Analysis.

0.12 Notations

e Nous supposons que M := M(N) et B = B(N) sont des fonctions a valeur entiéres de N, et que

M(N),B(N) N0, 1o tel que cy = BLH satisfait 0 < infy>1cy < supys; ey < +oo et

CN Nodoo, ¢ (0, +00). De plus, nous supposons qu’il existe % < a<1tel que B=O(N%).

Ceci implique en particulier que % NZH00, ) et % NZH20 ). La notation N — 400 fera

reférence a ce regime dans toute la suite.

e Les quantités introduites et étudiées au cours de ce manuscrit vont généralement dépendre de
N et v, mais nous choisirons, quand le contexte le permettra, de supprimer la dépendance ex-
plicite afin de simplifier les notations. Par exemple, S pourra étre utilisé pour représenter
SN(V), Pestimateur de la matrice de densité spectrale a la fréquence v obtenue a partir
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des observations yi,...,yn. De maniere similaire, Cy(v),énij(v),En(V), ... pourront étre
représentés par C,¢;;,§, .. ..

R et R_ représentent respectivement I’ensemble des réels positifs et négatifs, et nous notons
R* =R\ {0}, R% =Ry \ {0} et RZ =R_\ {0}. Nous définissons C; = {z € C: Im(z) > 0}.

Par "nice constant”, nous désignerons une constante déterministe positive qui ne dépend ni
M
des parametres M, B et N, ni de la variable complexe z. Dans la suite, C' représentera une
b ) )
constante générique donc la valeur exacte n’a pas d’importance et qui pourra changer d’une
ligne & I’autre. Un ”nice polynomial” P est un polynéme dont le degré et les coefficients sont
des "nice constants”.

Pour une matrice A, les notations ||A|| et ||A|/ représentent respectivement la norme spec-
trale et la norme de Frobenius. La transposée et la transconjugué de A sont respectivement
noté AT et A*. Pour une matrice B de la méme taille que A, A > B indique que A — B est
définie positive. Si de plus A est une matrice carré, Im(A) désigne la matrice Hermitienne

définie par Im(A) = A_21A*.

C.(R,R) représente ’ensemble des fonctions a valeur réelle a support compact définie sur R.
C*)(R,R) représente I'ensemble des fonctions k-differentiables & valeur réelle définies sur R.

Si ¢ est une variable aléatoire, nous noterons (° la variable aléatoire centrée définie par (° =

¢ — EC.

La distribution gaussienne complexe circulaire de variance o2 sera notée Ng(0,02) et un
vecteur aléatoire x dans C™ suivra la distribution Ngn (0, R) si b*x ~ N (0, b*Rb) pour tout
vecteur colonne déterministe b et une matrice R de taille n x n définie positive.
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Chapter 1

Approach based on the approximation
of the estimated coherency matrix by
a Wishart matrix

1.1 Introduction

1.1.1 The addressed problem and the results

We consider an M-variate zero-mean complex Gaussian stationary time series ! (y,)nez and as-
sume that the samples y1,...,yxn are available. We introduce the traditional frequency smoothed
periodogram estimate S(v) of the spectral density of y at frequency v defined by

B/2

S() = Bl+1 Y g, <1/+ ﬁ;) ¢, (w Jf,) (1.1)

b=—B/2

where B is an even integer, which represents the smoothing span, and

N
&) = \/% > ype T (1.2)
n=1

is the renormalized Fourier transform of (y,)n=1..n. The corresponding estimated spectral co-
herency matrix is defined as:

S(v)dg (S(u)) : (1.3)

[N

C) = dg (S(V))

where dg(S(v)) = S(v) ® Iy, with ® denoting the Hadamard product (ie. entrywise product)
and Ips is the M—dimensional identity matrix. Under the hypothesis Hg that the M components
(Y1,n)nezs - - -, (Yrn)nez of y are mutually uncorrelated, we evaluate the behaviour of certain Linear
Spectral Statistics (LSS) of the eigenvalues of C(V) in asymptotic regimes where N — +oo and
both M = M(N) and B = B(N) converge towards +oo in such a way that M (N) = O(N%) for
a € (1/2,1) and ey = % — ¢ where ¢ € (0,1). We denote by Mg\?}? the Marcenko-Pastur
distribution with parameter ¢ < 1 defined by

o) = YOO

Liepong N dA, A= (1++0)?

Lany finite linear combination z of the components of (yy)nez is a complex Gaussian random variable, i.e. Re(x)
and Im(z) are independent zero-mean Gaussian random variables having the same variance
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and define the sequences (un)n>1 and (vn)n>1 by

1 VB [(B\®
and 52
1 b\?
WS 2 (N) (15)
b=—B/2
We notice that
1 VB B\?

and UN:O((%)Z) as well as %X —>01fa>2/3 and “N — +oo if @ < 2/3. Then, if (Sm)m=1,...m

represent the spectral dens1t1es of the scalar time serles ((Ymn)nez)m=1,..,m, for each functlon f
defined on RT and C* in a neighbourhood of the support [A_;A;] of MS\?}P’ it holds that for each
€ > 0, there exist a y(¢) := v > 0 such that for each N large enough:

P [ sup %Tr <f(é(y))> / fd,uMp —rn(v) on(f) vn losoy3

ve(o,1]

> NEUN]
<exp—N7 (1.7)

where ry(v) is defined by

1 Lo (v) ’

== m 1.8

TN(V) (M Z Sm(V)> ( )
m=1

and where ¢n(f) is a deterministic O(1) term which coincides with the action of func-

tion f on a certain compactly supported distribution Dy (to be made precised later)

depending on the Marcenko-Pastur distribution ug\cﬁj) In other words, under Hgy, uni-

formly w.r.t. the frequency v, ﬁTr (f(é(y))) behaves as fRfd,u(CN If « < 2/3, with
high probability, the order of magnitude of the correspondmg error is not larger than
uy = § = O(5=). If o > 2/3, &Tr (f(C ) fRfdu ) behaves as the deterministic

(9(%)2 term Ty (v) on(f) vN, and the rate of convergence towards 0 of the corrected statistics
+Tr (f(C ) Jr+ fduMP —rn(v) ¢n(f) vN 145273 appears to be uy which satisfies 72 — 0.

Our approach is based on the observation that in the above asymptotic regime, S(l/) can be
interpreted as the sample covariance matrix of the large vectors (&, (v + %))b:_ B/2,..,B/2- Classical
time series analysis results suggest that the vectors (&, (v+ %))b:_B/QW’B/Q appear as "nearly” i.i.d.
zero mean complex random vectors with covariance matrix S(v) where S(v) = dg (s1(v), ..., spm(v)).
C(y) can be interpreted as the sample autocorrelation matrix of the above vectors. As it is well-
known that the empirical eigenvalue distribution of the sample autocorrelation matrix of i.i.d.
large random vectors converges towards the Marcenko- Pastur distribution (see e.g. [46]), it is not

surprising that ﬁTr ( f (C( ))) behaves as [54 f du . Our main results are thus obtained using

tools borrowed from large random matrix theory (see e.g. [70], [5]) and from frequency domain time
series analysis techniques (see e.g. [13]).
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1.1.2 Motivation

This chapter is motivated by the problem of testing whether the components of y are uncorrelated
or not when the dimension M of y is large and the number of observations NV is significantly larger
than M. For this, a possible way would be to estimate the spectral coherency matrix, equal to Ips
at each frequency v under H, by the standard estimate C(v) defined by (1.3) for a relevant choice
of B, and to compare, for example, the supremum over v of the spectral norm ||C(v) — If|| to a
threshold. To understand the conditions under which such an approach should provide satisfying
results, we mention that under some mild extra assumptions, it can be shown that

sup [[S(v) — S(v)[| —>— 0

as well as
sup | €(v) — Tngl| =2 0
v N—~oc0

in asymptotic regimes where N, B, M converge towards +oco in such a way that % — 0 and % — 0.

Therefore, C(V) is likely to be close to Is for each v if both % and % are small enough. However,

if M is large and the number of available samples N is not arbitrarily large w.r.t. M, it may be
impossible to choose the smoothing span B in such a way that % < 1and % < 1. In such a context,
the predictions provided by the asymptotic regime % — 0 and % — 0 will not be accurate, and
any test comparing C(V) to I for each v will provide poor results. To solve this issue, we propose
to choose B of the same order of magnitude as M. In this case, C(V) has of course no reason to be
close to I, for each v. If %, or equivalently if % is small enough, the asymptotic regime where both
M and B converge towards +oo at the same rate appears relevant to understand the behaviour of
C(v). We mention in particular that the condition a > 1/2 implies that the rate of convergence of
% towards 0 is moderate, which is in accordance with practical situations in which the sample size
is not arbitrarily large. Our asymptotic results thus suggest that if % is small enough and if B is
chosen of the same order of magnitude as M, then it seems reasonable to test that the components
of y are uncorrelated by comparing

— sup
UN vel0,1]

270 (1) = [ 7audiy) = i) o (1) o Tasarg

to a well chosen threshold, where 7y () represents an estimate of rxy(v) accurate enough to keep
equal to uy the convergence rate towards 0 of the modified statistics. We notice that our results just
characterize the order of magnitude of the above statistics under Hg, and that we do not provide
asymptotic approximation of its distribution. While the derivation of such an approximation would
be quite useful to design a well defined statistical test and to study and compare its performance
with existing approaches, our results represent a first necessary step that has its own interest. We
notice that we consider the supremum on the whole frequency interval [0, 1] because, compared to
a solution where the maximum is over a low number of fixed frequencies, this allows to increase the
power of the test in contexts of alternatives for which, under 1,

v | (WD) = [ £auiy = intw) on(h) ox Loy (19)

exhibits narrow peaks that would not be visible on a low density frequency grid. We also mention
that other statistics could also be considered, e.g. the integral on the frequency domain of function
(1.9) or of the square of this function.

We finally remark that the most usual asymptotic regime considered in the context of large
random matrices is M — +o0o, N — 400 in such a way that % converges towards a non zero



66

constant. In this regime, it is still possible to develop large random matrix-based approaches testing
that the components of y are uncorrelated or not, see e.g. the contribution [69] to be presented
below which, under the extra assumption that the components of y share the same spectral density,
is based on a Gaussian approximation of linear spectral statistics of the empirical covariance matrix
Ry defined by

. 1 X
o= Yoo (10)

under Hg. However, when the ratio % is small enough, the asymptotic regime considered in the

present chapter seems more relevant than the standard large random matrix regime M — +oo, N —
+00, and test statistics that depend on the estimated spectral coherency matrix C(v) should provide
better performance than functionals of the matrix Ry .

1.1.3 On the literature

The problem of testing whether various jointly stationary and jointly Gaussian time series are
uncorrelated is an important problem that was extensively addressed in the past. Apart from a few
works that will be discussed later, almost all the previous contributions addressed the case where
the number M of available time series remains finite as the sample size increases. Two classes of
methods were mainly studied. The first class uses lag domain approaches based on the observation
that M jointly stationary time series (Y15 )nez, - - -, (YM,n)nez are mutually uncorrelated if and only

if for each integer L, the covariance matrix of the M L dimensional vector y,g,L) defined by

L T
nyz ) = (yl,n7 e Yl L—1s- - s YMmy - - yM,n—i-L—l)

is block diagonal. The lag domain approach was in particular used in [38] for M = 2, and extended
and developed in [51], [55], [40], [42], [22] and [41].

The second approach is based on the observation that the M jointly stationary time se-
ries (Y1n)nez;---, (YMn)nez are uncorrelated if and only the spectral density matrix S(v) of
Yn = Yin,- .- ,me)T is diagonal for each frequency v, or equivalently, if its spectral coherence
matrix C(v) is reduced to Ins for each v. [93] is one of the first related contribution. This work
was followed by [24], [88], as well as [25].

We now review the existing works devoted to the case where the number M of time series
converges towards +oo. The particular context where the observations yi,...,yy are i.i.d. and
where the ratio % converges towards a constant d € (0,1) is the most popular. In contrast to the
asymptotic regime considered in the present chapter, M and N are of the same order of magnitude.
This is because, in this context, the time series are mutually uncorrelated if and only the covariance
matrix Ey,y}] is diagonal. Therefore, it is reasonable to consider test statistics that are functionals
of the sample covariance matrix Ry defined by (1.10). In particular, when the observations are
Gaussian random vectors, the generalized likelihood ratio test (GLRT) consists in comparing
the test statistics log det(c ~N) to a threshold, where Cn represents the saIAnple autocorrelation

matrix. [46] proved that under Hg, the empirical eigenvalue distribution of Cy converges almost

surely towards the Marcenko-Pastur distribution ,LLS\C?P and therefore, that ﬁTr ( f (C N)) converges

towards [ fdug\‘/j[)P for each bounded continuous function f. In the Gaussian case, [47] also
established a central limit theorem (CLT) for logdet(Cy) under Ho using the moment method.

. \N/2
In the real Gaussian case, [21] remarked that (detC N> is the product of independent beta

distributed random variables. Therefore, log det (C ~N) appears as the sum of independent rapdom
variables, thus deducing the CLT. More recently, in [64] is established a CLT on LSS of Cy in
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the Gaussian case using large random matrix techniques when the covariance matrix Ely,y}] is
not necessarily diagonal. This allows studying the asymptotic performance of the GLRT under a
certain class of alternatives. We also mention that [45] studied the behaviour of max; ; |(Cn )il
under Ho, and established that max; ](C N)ij|, after recentering and appropriate normalization,
converges in distribution towards a Gumbel distribution, which, of course, allows to test the
hypothesis Ho. This first contribution was extended later in several works, in particular in [17] who
considered the case where the samples yi,...,yn have some specific correlation pattern. Still, in
the asymptotic regime % — d, [69] proposed to test hypothesis ¢ when the components of y share
the same spectral density. In this case, the rows of the M x N matrix (yi,...,yn~) are independent
and identically distributed under Hy. [69] established a central limit theorem for linear spectral
statistics of the empirical covariance matrix Ry defined by (1.10), and used this test statistics to
check whether H( holds or not. We notice that the results of [69] are valid in the non-Gaussian case.

In our knowledge, no existing work studied the behaviour of linear spectral statistics of the
matrix C(u) in the asymptotic regime defined in the present chapter. However, we mention that
this regime was considered in [11] to solve a completely different problem, i.e. the use of shrinkage
in the frequency domain in order to enhance the performance of the spectral density estimate (1.1)
when the components of y are not uncorrelated. We notice that %/2 is supposed to converge
towards 0 in [11]. When B = O(N%), this condition is equivalent to o < 2/3, while we rather
study situations where a > 1/2. We finally mention that our works [77] and [76] also consider the
present asymptotic regime and study respectively the behaviour of sup;.; g, |Cz](1/)| (Gn is the
set {kBH k=0,..., BLH}) and the largest eigenvalues of C(v) in the presence of an extra signal,
independent from y, and having a low-rank spectral density matrix.

1.1.4 General approach

To simplify the notations, we denote by 1x(f, ) the statistics defined by

1 ~ C
Unlfiv) = =T (FEW)) - /R PR = N () On(f) on Lasays. (1.11)
To be able to study the behaviour of sup,, [¢)n(f, V)|, we establish exponential concentration inequali-
ties that allow to evaluate P(|n (f,v)| > N uy) for each v as well as P(sup, ¢y, [V~ (f,v)| > Nuy)
for some relevant finite discrete grid Vy of the interval [0,1]. (1.7) is then obtained by using
Lipschitz properties of function v — ¥ (f,v).

To evaluate P(|¢n(f,v)| > Ny) for each v, we use the following approach:

o We first study the behaviour of the modified sample spectral coherency matrix C(V) defined
by

= 1 1
C(v) = dg(S(v)) 2 S(v)dg (S(v)) 2. (1.12)
We notice that C(v) is obtained from C(v) by replacing the estimated diagonal matrix
dg (S(V)) by its true value dg (S(v)). Using classical results of [13], we establish that for

each v, C(v) can be represented as

XW)X*(v) | A

Clv) = BTl +A(v) (1.13)

where X (1) is an M x (B+1) random matrix with N (0,1) i.i.d. entries, and A(v) is another
matrix such that, for any ¢ > 0, there exists v > 0, independent from v, such that for each
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large enough N € N:
~ B
PlIIAW)| > Neﬁ <exp—N".

We deduce from (1.13) that C(v) can be written as

X(@)X*(v)

Cv) = Bl

+A(v) (1.14)

where A(v) satisfies the concentration inequality

pl1aw> v (=4 2] om0

for each € > 0, where v does not depend on v. Using (1.13) and (1.14), we establish that the

eigenvalues of C(v) and C(V) are localized with high probability in a neighbourhood of the

support of the Marcenko-Pastur distribution MS\?P'

C(v) appears as a useful intermediate matrix because the study of +Tr ( f(é(l/))) -

fR+ f dug\ff}g is based on the evaluation of each term of the following decomposition:

a0 (1) = [ rauly) = 577 (7€) - 377 (1©w)) +

AT (7€) €| gm (f(é@)))] ¥
E[]\Z (F(E0)) —%T (fXBH )]+
E[J\ZTI‘(( (;)H” )] / £ dulen) (1.15)

Using the above-mentioned results related to the localization of the eigenvalues of C(v) and
C(v), we also argue that it is sufficient to do so when f is compactly supported.

The term - Tr (f(é(y))) — &Tr (f(é(u))) is studied using the Helffer-Sjostrand formula

which allows, in a certain sense, to be back to the study of ﬁTr (Q(z) — Q(z)) for z € CT,

where Q(z) and Q(z) represent the resolvents of matrices C(v) and C(v) (see below for a
formal definition). Using (1.13) and (1.14), we express - Tr (Q(z) - Q(z)) in terms of the

resolvent Q(z) of the matrix %ﬁ("). As the matrix X(v) is Gaussian, it is possible to use

standard Gaussian tools (Poincaré-Nash inequality and the integration by parts formula) to
have a good understanding of the behaviour of Q(z), and to prove that for each € > 0, there
exists v independent from v such that

P (|71 (r€om) - gy (1€wn) -
M

(25\4 mZ::l zigj;) ON(f) vn Lasays

where q;N( f) is a deterministic term defined as the action of f on a compactly supported
(c N)

> N€’U,N> <exp—N7

distribution Dy depending on Y

Using a standard Gaussian concentration inequality as well as the structure of the matrix
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C(v), we obtain that for each € > 0, there exists v independent from v such that
P (|1 (7(C0) ~E [ (F(E0D) || > N5 | < exp N7 (1.16)
M M B| —
for each N large enough.
ce s ~ X(v)X* (v .
e We then analyse the deterministic term E [ﬁTr (f(C(u))) — ﬁTr (f(%))} using the

Helffer-Sjostrand formula. We first show that for each z € C*, E [ﬁTr(Q(z) - Q(z))} is a

O(£)? term, a non obvious result because the relation (1.13) just leads to the conclusion that
the above term is O(%). Moreover, using long and very tedious Gaussian calculations, we
obtain that if « > %, it holds that

M "
S TQE) - Q)| = (1 m“”) P (z) ot

1 L (v) ’ B\?*
m
il o=
(A{Ejﬁdw) pv(z) oy + <N>
m=1
where py and py are the Stieltjes transforms of the compactly supported distributions Dy
and Dy introduced previously. This immediately implies that if a < %, then

e |4 (r(€0n) - gy (/P )| <o (ﬁ) ~ () =otuw
while if a > Z, then,
e |4 (r(€0n) - 3y (s | -

(S0 Gy e (LS ) Y, (f) ox + Olun)
2Mm:1 o N N M N N N

because (£)% < uy if 2/3 < o < 4/5 and (£)3 is equivalent to uy if a > 4/5.

e Finally, classical results imply that

(i ()] [ i) oo

Gathering the above approximations and using the Lipschitz properties of function v — ¥ (f,v),
we finally obtain (1.7).

We also indicate how the use of lag window estimators of the spectral densities (Sy,)m=1,... .M
allows to design an estimator 7y (v) of rn(v) defined by (1.8) for which the rate of convergence
towards 0 of the statistics ¢n(f,v) obtained by replacing ry(v) by 7#n(v) in Eq. (1.11) is still uy.
In particular, we establish that for each ¢ > 0, P (sup,/ ]1[11\7( fLiv)| >N EUN) converges towards 0
exponentially.
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1.1.5 Assumptions and general notations

Assumption 1.1. For each m > 1, (Ymn)nez i a zero mean stationary complex Gaussian time
series, ie.

1. E[ymn] =0 for any m > 1 and anyn € Z

2. every finite linear combination x of the random variables (Ym.n)nez is a Nc(0,0?) distributed
random variable for some o2, i.e. Re(w) and Im(x) are independent and N(0,02%/2) dis-
tributed.

Assumption 1.2. If m; # ma, then the scalar time series (Ym, n)nez nd (Ymyn)nez are indepen-
dent.

We now formulate the following assumptions on the growth rate of the quantities N, M, B:
Assumption 1.3.

1
B,M = O(N®) where§<oz<1, cn, ey —c€(0,1).

B+1 - N—+o00
As M = M(N) converges towards +oo, we assume that an infinite sequence
(Y1,n)nezs Y2,n)nezs - - - s (Ykn)nez, - - . of mutually independent zero mean complex Gaussian time

series is given.

We denote by (sm,)m>1 the corresponding sequence of spectral densities (i.e. sy, coincides with
the spectral density of the times series (ymn)nez). For each m > 1, we denote by ry, = (rm.u)ucz
the autocovariance sequence of (Ym.n)nez, i-. Tmu = E[Yymmntul, ). We formulate the following
assumptions on (s, )m>1 and (ry)m>1:

Assumption 1.4. The time series ((Ym,n)nez)m>1 are such that:

inf inf |s,, >0 1.17
Jufdnf lsm (V) (1.17)
and
sup > (1+[u])" |ru| < 400 (1.18)
mZluez

where 79 > 3. Assumption (1.18) of course implies that the spectral densities (sy,)m>1 are C3
and that

sup sup |s)(v)] < +oo
m>1ve[0,1]

fori=0,1,2,3 (sﬁﬁ? represents the derivative of order ¢ of s,,). We notice that (1.18) holds as soon
as we have

C

sup ‘Tm,u’ < W

m>1
for each u # 0 as well as sup,,> |m,0| < oo (C > 0 and 0 > 0 represent constants). If z represents
the backward shift operator, a simple example of time series satisfying Assumption 1.4 is to consider
an ARMA time series generated as

Ymmn = [hm (2)} €m,n

where ((€.n)nez)m>1 are mutually independent i.i.d. Nc(0,1) sequences, and where h,,(z) = Z’;E’g,

a,, and b, being 2 polynomials having no pole or zero in the closed unit disk D. Moreover,
SUPpm>1 max(deg(am)’deg(bm)) < Ho0, and if (Zk‘,m)kzl,...,deg(bm) and (pk,m)kzl,.,.,deg(am) are the
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zeros of b, and a,,, then we should have

inf inf dist D inf inf dist D
Jnf inf dis (2k,m, D) >0, [nf infdis (Pk,m>D) >0

SUp SUP |2g,m| < 400, sup sup |pgm| < +oo.
m>1 k m>1 k

It is easy to check that (1.18) holds for each 9 > 0, and that (1.17) is verified as well.

Notations. A zero mean complex valued random vector y is said to be Nc(0,X) distributed if
E(yy*) = X and if each linear combination x of the entries of y is a complex Gaussian random vari-
able, i.e. Re(x) and Im(x) are independent Gaussian random variables sharing the same variance.
If = is a random variable, we denote by z° the random variable defined by

z° =x — E[z]. (1.19)

If Ais a Px @ matrix, ||A| and ||A|r denote its spectral norm and Frobenius norm
respectively. If P = @ and A is Hermitian, \;(A) > ... > Ap(A) are the eigenvalues of A. The
spectrum of A, which is here the set of its eigenvalues (A;(A))g=1,. p, is denoted by o(A). For A
and B square Hermitian matrices, if all the eigenvalues of A — B are non negative, we write A > B.
We define Re A = (A + A*)/2 and Im A = (A — A*)/2 where A* is the conjugate transpose of the
matrix A.

CP represents the set of all real-valued functions defined on R whose first p derivatives exist and
are continuous, and C? is the set of all compactly supported functions of CP.

We recall that S(v) represents the M x M diagonal matrix S(v) = dg(si1(v),...,sp(v)). We
notice that S depends on M, thus on N (through M := M(N)), but we often omit to mention the
corresponding dependency in order to simplify the notations. In the following, we will denote by
¥m the N-dimensional vector y, = (Ym,1,- - - ,ymN)T.

A nice constant is a positive a constant that does not depend on the frequency v, the time series
index m, the complex variable z of the various resolvents and Stieltjes transforms used throughout
the chapter, as well as on the dimensions B, M and N. A nice polynomial is a polynomial whose
degree and coefficients are nice constants. If z € C* and if P; and P are two nice polynomials,
terms such as Pi(z)P»(522) play an important role in the following. C and C(z) will represent a

generic notation for respectively a nice constant and a term P;(z)P(L;), and the values of C and
C(#) may change from one line to the other.

If (any)n>1 and (by)n>1 are two sequences of positive real numbers, we write ay << by if
Z—g—>0whenN—>+oo.

We also recall how a function can be applied to Hermitian matrices. For an M x M Her-
mitian matrix A with spectral decomposition UAU* where A = dg(A,,m = 1,..., M) and the
(Am)m=1,...m are the real eigenvalues of A, then for any function f defined on R, we define f(A)

as: f()\l)
f(A)=1U U-
f(Aw)

CT is the upper half-plane of C, i.e. the set of all complex numbers z for which Im z > 0.
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For ;1 a probability measure, its Stieltjes transform s, is the function defined on C\ Suppp as

dp(N)
su(z) = . (1.20)
We recall that 1
< 1.21
su()] < 1 (121)
for each z € CT. Moreover, if i is carried by R, then for any a > 0, the function —m is

also the Stieltjes transform of a probability distribution carried by RT, a property which implies
that

1 ]
1.22
‘1 +asu(z)| ~ Imz (1:22)
for each z € CT (see [35], Proposition 5-1, item 4).
If A1,..., Aps denote the eigenvalues of a Hermitian matrix A and if y := ﬁ Zf\i 1 0y, denotes
the empirical eigenvalue distribution of A, then we have the following relation:
(:) = 4t Qa(2)
su(z) = —tr z
2 M A
where QA (z) represents the resolvent of A defined by
Qa(z) = (A —2Iy) " (1.23)

We finally mention the following useful control for the norm Qa. For each z € C*, we have

1Qall < L (1.24)

~Imz’

1.1.6 Overview of the chapter

We first recall in Section 1.2 useful technical tools: in Paragraph 1.2.1, the concept of stochastic
domination adapted from [27] which allows to considerably simplify the exposition of the following
results, in Paragraph 1.2.2 some useful properties of the extreme eigenvalues and of the resolvent
of large Wishart matrices, two well-known Gaussian concentration inequalities expressed using the
stochastic domination framework in Paragraphs 1.2.3 and 1.2.4, and the Helffer-Sjostrand formula
in Paragraph 1.2.5. We establish in Section 1.3 the stochastic representations (1.13) and (1.14) of
C(v) and C(v). In Section 1.4, we prove for each v the concentration of [¢x (f, )| defined by (1.11),
and indicate how it is possible to estimate the term rx(v) in order to keep equal to uy the rate of
convergence of the statistics 1y (f, ) obtained by replacing rn(v) by #x(v) in (1.11). In Section
1.5, we establish Lipschitz properties for the functions v — ¥y (f,v) and v — @@N( f,v) that allow
to establish the concentration of sup,, |¢n(f, )| and sup,, [ (f,v)|. We finally provide in Section
1.6 some numerical simulations that support our results.

1.2 Useful technical tools

1.2.1 Stochastic domination

We now present the concept of stochastic domination introduced in [27]. A nice introduction to
this tool can also be found in the lecture notes [8].
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Definition 1.1. Stochastic Domination. Let
X=XM@w):NeNueUM), v=rMw:NeNueUM)

be two families of nonnegative random variables, where UN) is a set that may possibly depend on
N. We say that X is stochastically dominated by Y if for all (small) € > 0, there exists some v > 0
(which of course depends on €) such that:

P [X(N) () > NY®™) (u)] < exp— N7

for each u € UN) and for each large enough N > Ny(e), where Ny(e) is independent of u, or
equivalently
sup P [X(N)(u) > NGY(N)(’LL)} <exp—N". (1.25)
ueUW)
for each large enough N > Ny(e). If X is stochastically dominated by Y we use the notation
XM () < YN (w). To simplify the notations, we will very often denote X(N) < Y(N) or X <Y
when the context will be clear enough. Moreover, if for some complex valued family X we have
| X| <Y we also write X = O<(Y).

Finally, we say that a family of events = = ZW)(u) holds with exponentially high (small)
probability if there exist No and v > 0 such that for N > Ny, P[En(u)] > 1 — exp—N"
(PIEn(u)] < exp —N7) for each u € UM,

Remark 1.1. Suppose (Xn)nen is a sequence of positive random variables, satisfying Xy < anyN°€
for any € > 0 for some positive real numbers sequence (an)nen. It turns out that this precisely
means that Xy < ay. Indeed, consider an arbitrary € > 0. By the stochastic domination property
of Xy, one can take € such that 0 < e < €' and write

P|Xy>ay xNY| <P |Xy>ay x N x N | <P[Xy>ayx N
>1

which goes to zero exponentially since Xy < anyN€ for the € chosen. This argument will be used in
the proof of Lemma 1.7.

Lemma 1.1. Take four families of non negative random variables X1, Xo,Y1 and Yo defined as in
Definition 1.1. Then the following holds:

Xi<Yiand Xo <Yy = X1+ Xo <Y1 4+Ys and X;Xo < V1Yo,
We omit the proof of this lemma.

Remark 1.2. Note that Definition 1.1 is slightly different from the original one [27] which states
that the left hand side of (1.25) should be bounded by a quantity of order NP for any finite D > 0.
In the present chapter, all the random variables are Gaussian, and exponential concentration rates
can be achieved.

1.2.2 Properties of the eigenvalues and of the resolvent of large Wishart matri-
ces

In this chapter we will at multiple occasion use properties of the eigenvalues of matrices ng_(lN

where X is an M x (B+1) complex Gaussian matrix with i.i.d. Nc(0,1) entries when M = M (N)
and B = B(N) follow Assumption 1.3.
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Concentration of the largest and the smallest eigenvalues

We first recall concentration results of the largest and smallest eigenvalue of ng{’ﬁv due to [34]. We

have for any ¢ > 0

P [AM <)§3fo) <(1-ve? - e] < (B+1)exp—C(B + 1)é (1.26)
P |:)\1 <};fo> > (14++e)” + e] < (B4 1)exp—C(B + 1) (1.27)

for some nice constant C.

Consider for € > 0, the e—expansion of the support of the Marchenko-Pastur distribution Mg\?P:

Suppplp + € = [(1 = Ve)? — ¢, (1 + )% + ¢

and the event:

Xy XA c
Ane= {a ( B f) C Suppug\/}P + e} . (1.28)

It is clear that using (1.26) and (1.27), Ay, holds with exponentially high probability for any
€ > 0. This will be of high importance in the following since it will enable us to work on events
of exponentially high probability where the norm of % and the norm of its inverse are bounded.

Finally, the following (weaker) statement is a simple consequence of the equations (1.26) and

(1.27), which will sometimes be enough in the following:

XNX*N> 1
1( s < L. (1.29)
B+l AM( g+1N)

We finally notice that if we consider a family Xy (u) € CM*(B+D) with ii.d. Nc(0,1) entries,
u € UN), where UN) is a certain set possibly depending on N, then (1.26) and (1.27) hold for
each u € UN) because the constant C' in (1.26) and (1.27) is universal. This implies that the
stochastic domination (1.29) is still satisfied by the family Xy (u), u € UN). Moreover, the family
of events Ay (u) defined by (1.28) when Xy is replaced by Xy (u) still holds with exponentially
high probability.

XN X%
B11

Asymptotic behaviour of the resolvent of

We next review known results related to the asymptotic behaviour of the resolvent Qu(z) of matrix
nglN that can be deduced from standard Gaussian tools. The Poincaré-Nash inequality (see e.g.
[70, Proposition 2.1.6] in the Gaussian real case and Eq. (18) in [36] in the complex Gaussian case)

implies immediately that the following Lemma holds.

Lemma 1.2. Consider deterministic M x M and (B + 1) x (B + 1) matrices A and A. Then, it
holds that

1 i C(z) 1 .
Vathr AQN(Z) S M2 Mtr AA (130)
1 XAX* Cz) 1 -
_ 7 < * .
Vathr ( Bl QN(Z)> S 92 Br 1tr AA (1.31)

fori=1,2
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We recall that C(z) represents a generic notation for Pi(z)Ps(52;) where Py and P, are nice

polynomials.

The integration by parts formula states that if A(X, X*) is a C! function of the entries of X and
X* with polynomially bounded first derivatives, then, it holds that

E(X;h(X,X%)) = E|X,;|°E [ai?‘(x, X*)] : (1.32)

1

(1.32), in conjunction with the Poincaré-Nash inequality, allows to evaluate easily the asymptotic
behaviour of the entries of E(Qn(2)) (see e.g. [70]). We first notice that properties of the distribution
of the matrix X immediately imply that E(Qn(z)) is reduced to Sy (2)Iar where Sx(z) coincides
with E(Qm,m(z)) for each m. Then, it holds that

BN (2) =tn(2) + en(2) (1.33)
where the error term ey(z) satifies |en(z)| < %’Z) and where txy(z) is the Stieltjes transform of

the Marcenko-Pastur distribution ug\(jﬁg). In other words, ty(z) is the unique Stieltjes transform

satisfying the equation
1

tn(z) = . 1.34
N( ) —Z+ 1+CN1tN(z) ( )
It is also convenient to define #y(z) by
- 1
t = — 1.
NE) = T entn(2)) (1.35)
so that tn(z) is also given by
1
tn(z) = (1.36)

(1 +in(2)
It is well-known that fx(z) is the Stieltjes transform of the probability distribution
en il + (1= en)do.

We finally mention that E(Qy(2)) = E(Q%(2)) = By (2)Iax (where ’ stands for the derivative
w.r.t. z), and that €y (z) = By (2) — thy(2) still satisfies

e (2)] < C;\;?. (1.37)

1.2.3 Concentration of functionals of Gaussian entries

It is well-known (see e.g. [89, Th. 2.1.12]) that for any 1-Lipschitz real valued function f defined
on RY and any N-dimensional random variable X ~ A(0,Iy), there exists a universal constant C
such that:

P[lf(X) —Ef(X)| > t] < Cexp —Ct> (1.38)

This inequality is still valid when X ~ Ng(0,Iy): in this context, f(X) is replaced by a
real-valued function f(X,X*) depending on the entries of X and X*. f(X,X*) can of course
be written as f(X,X*) = f(v/2Re(X),v2Im(X)) for some function f defined on R*N. As
(v2Re(X),v2Im(X)) is N(0,Ioy) distributed, the concentration inequality is still valid for
fX,X*) = f(\ﬁRe(X),\/iIm(X)). We just finally mention that f, considered as a function

of (X,X*), and f have Lipschitz constants that are of the same order of magnitude. More precisely,
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if we define the differential operators % and % by

o 0 0 0 _0 0
0z O0x 0Oy 0z 0Ox Oy

we can verify immediately that

N of
> (|4

i=1

I?

oX;

2
—_ 2 = f
) = || (Vf)(x,x*) 17 = 4] (vf>(\/§Re(X),\/§Im(X))

Within the stochastic domination framework, the concentration inequality (1.38) implies that
for a family Xy (u) ~ N(0,Iy) for u € UN):

|f(Xn(u)) = Ef(Xn(u))| <1
The proof is immediate: consider € > 0 and obtain that
P[lf(Xn(u)) — Ef(Xn(u))| > N < Cexp —CN*

for each u as expected. This result can easily be extended in the complex case, ie. when Xy (u) ~

Nc(0,Iy).

1.2.4 Hanson-Wright inequality

The Hanson-Wright inequality [79] is useful to control deviations of a quadratic form from its
expectation. While it is proved in the real case in [79], it can easily be understood that it can be
extended in the complex case as follows: let X ~ Nc(0,Iy) and A € CV*N. Then

¢ t
PIX*AX — EX*AX]| > ] < 2exp —C'min ( ,) . (1.39)
A7 Al
We now write (1.39) in the stochastic domination framework. Consider a family of independent
Nc(0, 1) random variables (X, (u))n=1,.. n where u € U®) and a sequence of N x N matrices An(u)
that possibly depend on u. Take € > 0 and ¢t = N¢||An(u)| r. Since ||[Anx(u)|| > 0, ||An(u)||F > 0,
and [[An(u)|| < [[An(u)]|F:

o BN AN o AN
(HAN<u>H’HAN<u>||%>‘ <N Tan() Y HAN<u>|%)

> min(N¢, N%¢) = N°.

Denote Xy (u) = (X1(u), ..., Xy(uw)T. For any u € UN) | it holds that:
PIXN(u)An(u)Xy(u) — EXN(u)An(u)Xn(u)| > NJAn(u)||r] < 2exp —CN°. (1.40)
We can therefore rewrite (1.40) as the following stochastic domination:
X () Ay (u) Xy (1) — EXy (u) Ay (u) Xy (u)| < [[An (u)] 7 (1.41)

1.2.5 Helffer-Sjostrand formula

If 1 is a probability measure, the Helffer-Sjostrand formula can be seen as an alternative to the
Stieltjes inversion formula that allows to express [ fdu in terms of the Stieltjes transform s,(z) of
o (see (1.20)) when f is a regular enough compactly supported function. In order to introduce this
tool, we consider a class C¥*! compactly supported function f for a certain integer k, and denote
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by ®;(f) : C — C the function defined on C by

o

Or(f)(z+iy) =

p(y)
=0

where p : R — RT is smooth, compactly supported, with value 1 in a neighbourhood of 0. Function
®y(f) coincides with f on the real line and extends it to the complex plane. Let 0 = 9, + i0,. It
is well-known that

Nk
01 (f) (o + i) = "LE f0 (1.42)

(a proof of this result can be found in [23] or [39]) if y belongs to the neighbourhood of 0 in which
p is equal to 1. The Helffer-Sjostrand formula can be written as

/ Fdu= %Re /C 00(/)(2)s(2) dady. (1.43)

In order to understand why the integral at the right hand side of (1.43) is well defined, we take, to
fix the ideas, p € C* such that p(y) =1 for |y| < 1 and p(y) = 0 for |y| > 2, and denote by [a1, as]
an interval containing the support of f. Then, it appears that the integral on CT is in fact over the
compact set D = {z + iy : « € [a1,a2],y € [0,2]}. Moreover, as |s,(z)| < % if z € D (see (1.21)),
(1.42) for k =1 leads to the conclusion that

|00 (f)(2)su(2) < C

for z € {x + iy € D,y < 1}. Therefore, the right hand side of (1.43) is well defined.

We finally mention that the Helffer-Sjostrand formula continues to remain valid for any com-
pactly supported distribution D (see e.g. [59], section 9). The Stieltjes transform of D, de-
noted by sp(z), is defined for each 2 € C* as the action of the function A — )\iz on D, i.e.
sp(z) =< D, 1= >, and satisfies

|sp(2)] < C (1 + (hnlz)n>

for each z € C* where ng is related to the order of the distribution. We refer the reader to [16]
(Theorem 4.3) and the references therein for more details on Stieltjes transforms of distributions.
Then, if f is a C* function supported by [ai,as], < D, f > is given by

<D, f>= iRe/D 0%1(f)(2)sp(z)dz dy (1.44)

for kK > ng. We also recall that an alternative expression for < D, f > is given by the Stieltjes
inversion formula, also valid for distributions, i.e.

<D, f>=— hm/ FAN) Imsp (A + dy) dA. (1.45)

T y—0

1.3 Stochastic representations of C() and C(v)

The first step is to show that C(v) and C(u) can be approximated by the sample covariance matrix
of a sequence of i.i.d. Gaussian random vectors, and to control the order of magnitude of the
corresponding errors. This is the objective of the following result.

Theorem 1.1. Under Assumptions 1.1, 1.2, 1.3 and 1.4, for any v € [0,1], there exists an M X
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(B + 1) random matriz Xy (v) with Nc(0,1) i.i.d. entries, and two matrices (An(v), An(v)) such
that:

vt = TVUENO L A, JAvwl< 2 (1.46)
Ont) = TNUEND) | Av) HAN(V)H;E+§. (1.47)

Remark 1.3. Therefore, up to small additive perturbations, Cn(v) and CN(V) appear as empirical
covariance matrices of i.i.d. Nc(0,Iy) random vectors. We thus expect that Cn(v) and Cy(v) will
satisfy a number of useful properties of empirical covariance matrices of i.i.d. Nc(0,Ip) random
vectors.

In particular, Theorem 1.1 allows to make precise the location of the eigenvalues of C ~(v) and
Cn(v). In order to formulate the corresponding result, we define some notations. We introduce the

events A%’E(V) and A%@(V) defined by

A%,E(V) = {J(CN(V)) C Suppps\f}P + €} (1.48)
A (v) = {o(Cn(»)) C Suppu'lp + €} (1.49)

Then, we establish in the following the Corollary:

Corollary 1.1. For each € > 0, the family of events Ag’e(y),N > 1,v € [0,1] and Ag’e(l/),N >
1,v € [0,1] hold with exponential high probability.

Remark 1.4. In the following, we will often omit to_mention that the various matrices under
consideration depend on N and v. Matrices Cn(v),Cn(v), Xn(v), An(v),... will therefore be
denoted by C(l/), C(V),X(V), A(v),... or C,C, X, A,.... We will also denote Ag’ﬁ(u) and A%G(V)

by A?(V) or AS: and A?(u) or A?.

The proof of Theorem 1.1 will proceed in three steps: first we provide the result for matrix C(v),

then control the deviations between dg(S(y))fé and dg(g(y))fé, and finally extend the stochastic
representation of C(v) to C(v).

1.3.1 Step 1: Stochastic representation of C

In order to establish (1.46), we prove the following Proposition.

Proposition 1.1. Under Assumptions 1.1, 1.2, 1.3 and 1./, for any v € [0,1], there exist an
M x (B + 1) random matriz Xy (v) with Nc(0,1) i.i.d. entries, and another matriz T n(v) such

that:
~ Xyv)+IT'n(w)(Xy(v)+ITn(v))*
() = B+ TR Kn) + ) (150
where the family of random variables %, v € [0,1] satisfies
B+1 N2° ’

Proof. Denote by ¥ the M x (B + 1) random matrix defined by

5 - (gy(y_jv),...,gy(wiv)) (1.52)
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where we recall that the normalized Fourier transform &, is defined in (1.2), so that S defined in
(1.1) is equal to £¥*/(B + 1). Denote by w,, the m-th row of 3. In other words, w,, coincides
with the (B + 1)-dimensional Gaussian complex row vector defined by:

om = (6000 = o4 50 )

The covariance matrix E[w},w,,] of w is given by:

Elu ] = E [{gymm Mt ) ]

b1,bo=—B/2

By Lemma 1.12 in Appendix, we have for b and by # bo:

o (e 2)f] oo 1) 0 (1)
e |6+ 360+ 2] =0 ()

where the error is uniform over m > 1 and v € [0,1]. Therefore one can claim that there exists
some Hermitian matrix Y, () and some nice constant C' such that:

Elw’ wm] = dg <sm <u+ ;) b= —B/2,.. .,B/2> +Y

where Y, satisfies

=1l

sup <

(),
m>1,b1,ba

Moreover, the regularity of the mapping v — s,,(v) specified in Assumption 1.4 implies that
there exists quantities €, such that:

b
Sm(V + N) =

where:

B 3
sup  sup  |em(v+ )| <C ( )
m>1 —B/2<b<B/2 N

for some nice constant C. Therefore, it holds that

d (sm(u—i— %) b= —B/2,...,B/2>
— o) Tt + sl () de <ZZ b=—B/2,... ,B/2> 4

5 s (v) d <(]’\’[)2 b=-BJ2,... ,B/2> +

If we define matrix ®,,, as:

®, - - [rm 4 dg (sm(u—i- %) (V) b= —B/2,...,B/2)}

Sm
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then the following relations hold:

* C CB
Elwy,wm] = sm (Ip+1 + Pm) sup  [( )by ol < 0 sup [(Pr)op| < (1.53)
m>1,b1#bs N > N
as well as 5
1 18l (v) B 1
tr ®,, = -2 @) — — 1.54
Bril O T o, )N T ~) W (1.54)

where we recall that vy is defined by (1.5). The spectral norm of ®,, can be roughly bounded by
the following inequality:

B/2 B
sup H@m” < sup sup Z (@), | < CN'
m>1-B/2<bi<B/2,, T

Moreover, it is easily checked that the Frobenius norm of %fl satisfies

<C {VE = O(uy). (1.55)

57l

Using the Gaussianity of the vector w,, and the expression (1.53), we obtain that w,, can be
represented as

Wi = /SmXm I+ P )1/2 Xm ~ Nc(0,Ip41) (1.56)

where x,,, and x,,, are independent for m; # mg. This comes from the mutual independence of
the time series ((Ym,n)nez)m=1,.,m. It is clear that (I + <I>m)1/2 can be written as

I+ @) =1+w,, (1.57)

where the matrix W¥,,, satisfies
B
sup W] < C 2 (1.58)
m N

Therefore, it holds that:

Wi = VSmXm T+ ¥0) = V/Sm (X + X o)

We denote by X and I' the M x (B + 1) matrices with rows (xp,)m=1,...m, and (Xm‘I’m)mzl,...,M
respectively. Then, it holds that

Y=dg(v/sm,m=1,...,M)(X+T) (1.59)
where we recall that ¥ is defined by (1.52). We recall the definition of the matrix C given by

C = dg(/smm=1,...,.M )—1/2Sdg( Sm,ym=1,..., M)~/ (1.60)

B+1dg( S, M = 1,...,M)_1/2.

= dg(v/sm,m=1,..., M)~

The representation (1.59) implies that C can also be written as

=~ (X+T)(X+I)
C= B+1
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Equivalently, for each mi, mso, the entry (C)mth is given by

1

X, (T4 @, )2 (1 + ®,,,) /2% 1.61
B—|-1X1(+ ) I+ Py (1.61)

m2

(é)mhmz =

This completes the proof of (1.50). It remains to show (1.51). We denote by Z the M x M
matrix Z = B+1IT* As || Z|| satisfies

1Z]| < |Z - EZ|| + |[EZ]|
it is enough to prove the two following facts:

BZ
IBZ] < C (1.62)

B2
12 - B2 < 5. (1.63)

We start with (1.62). The definition of T' leads to

so that it is clear that E[Z] is the diagonal matrix with diagonal entries (g +1tr W, W )=, M-

By the estimation in equation (1.58), we easily have (1.62).

It remains to prove (1.63). We use the observation that ||Z —E[Z]|| = max|y|—; |h*(Z — E[Z])h],
and use a classical e-net argument that allows to deduce the behaviour of ||Z — E[Z]|| from the
behaviour of any recentered quadratic form g*Zg — Eg*Zg where g € CM is a deterministic unit
norm vector. We thus first concentrate g*Zg — Eg*Zg using the Hanson-Wright inequality (1.41).
For this, we need to express g*Zg as a quadratic form of a certain complex Gaussian random vector

. .. . s . _ I'"(v)g
with i.i.d. entries. We denote by z the M—dimensional random vector z = Bt

Its covariance

matrix G = G(v) is equal to

g (2 (1)) L (v).

Q
S
I
ﬂ
Mz

m=1

Therefore, z can be written as z = G'/2w for some w ~ N¢(0,I);) random vector. As a conse-
quence, the quadratic form g*Zg — Eg*Zg can be written as

g'Zg — Eg'Zg = w'Gw — Ew'Gw.
The Hanson-Wright inequality (1.41) can now be applied:
lw'Gw — Ew*'Gw| < |G| F. (1.64)

Since En]\ff L lgm|? = 1, it is clear that |G| < B}H sup,,—1.. 1 |[®m(v)||>. Therefore, (1.58) and
the rough bound ||G||% < (B + 1)||G|? leads to

1 (B)? 1 (B\*
cl=opi(v) - Iekog(3) (163

The substitution of (1.65) in equation (1.64) gives the following control of g*Zg — Eg*Zg:

. . 1 (B\?
lg"Zg — Eg*Zg| < 75 \& (1.66)
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Consider € > 0, and an e-net N, of CM | that is a set of CM unit norm vectors {hy : k =1,...,K}
such that for each unit norm vector u € CM | there exists a vector h € N, for which |[u—h| <e. It

is well known that the cardinality of N, is bounded by Cj (%)QM where (Y is a universal constant.
Then, denote g5 a (random) unit norm vector such that |g¥Zgs — EglZg,| = ||Z — EZ||, and define
h, € N, as the closest vector from gs. Therefore, we have

|Z — EZ|| = |g;(Z — EZ)gs|
= |<g: - h: + h:)(z - EZ)(gs - hs + hs)’
< |(gi —h})(Z —EZ)(gs — hy)| + |(gF — h})(Z — EZ)h,|
+ [h5(Z — EZ)(gs — hy)| + |h(Z — EZ)h,|.
It is clear that:
(gi —h%)(Z —EZ)(gs — h,)| < €|Z —EZ|, |[(gi—h})(Z—EZ)h,| < ¢€||Z—EZ|
and
|Z — EZ| < |hi(Z — EZ)hy| + eQHZ — EZ|| + 2¢||Z — EZ||

which leads to
(1—2¢—€)|Z —EZ| < |hi(Z — EZ)h,|.

This implies that for each ¢ > 0,
{l|Z —EZ|| >t} C UpenA{|h*(Z — EZ)h| > Cit}
where C; = (1 — 2¢ — €2). Using the union bound, we obtain that

P|Z—-EZ|>1#< > P[h*(Z—EZ)h| > Cyt]. (1.67)
heN,

Here, we would like to use equation (1.66). By the definition of <, (1.66) is valid uniformly on any
set of vector with cardinality polynomial in N. Here, the cardinality of the set N, is a O(e~2M)
term and therefore exponential in M. As a consequence, we have to accept to lose some speed
when going from the stochastic domination of |g*(Z — EZ)g| for a fixed g to the same stochastic
domination but uniformly over N..

More specifically, write again (1.66) but here without the notation < in order to understand
precisely how a change in speed affects the probability. Take ¢ a sequence of positive numbers such
that ty > B?/N?2. Using the estimates (1.65) of |G| and ||G||%, and the fact that min(ay,az) >
min (b1, by) when a1 > by and ag > by, we obtain that there exist some nice constant C' > 0 such

that: )
min | ——, >CBmin |ty =) ,|tn| = =CBty .
(IIGII IGIZ B B B

The Hanson-Wright inequality (1.39) provides:

P Hg* [Z — EZ)] g| > CltN] < 2exp {_CBwf/f;fv)Q}
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for some nice constant C' that depends on (. Finally, the union bound on N, gives:

PllZ -E(Z)| > tn] < Z P[|h*(Z — EZ)h| > City]
heN,

tn 1
< — — - 0. .
_ZCgexp{ CB(B/N)2+2M10g6} (1.68)

If we take ty = N¢(B?/N?), then, there exists v > 0 such that

tN 1
exp {_CBW + 20M10g6} S exp —N’Y

holds for each NNV large enough. (1.67) thus implies (1.63). This completes the proof of (1.50). O

Corollary 1.2 is a rewriting of Proposition 1.1 in a more concise way. Define:

X +rx +rr»

A= 1.
B+1 (1.69)
Corollary 1.2. For any v € [0,1], C(v) can be written as
sy XXE() A
where the family of random variable || A(v)||, v € [0,1] satisfies
~ B
Al < - (1.71)

N

Proof. Let v € [0,1]. By equation (1.51) from Theorem 1.1 and equation (1.29) from Paragraph
1.2.2, we have the two following estimates:

B X,
VB+1 N VB+1
The result is immediate using decomposition A from (1.69): O

We now take benefit of Corollary 1.2 to establish the first part of Corollary 1.1 and to analyse
the location of the eigenvalues of matrices S. We denote by D and D the matrices D = D(v) :=

dg(S(y))% and D = D(v) := dg(s(u))% Denote by s and s the quantities such that:

s:= inf inf s,(v), §:=sup sup sn(v
m>1ve(0,1] m( ) m>1v€[0,1] m( )

which are by Assumption 1.4 in (0,400). We consider the event:
Sy & (o) 5
AS(v) = {o(S(v)) < Suppp(7p x [s,5] + ¢ (1.72)

where the notation Suppug\f[)P x [s, 8] stands for [(1 — v/¢)%s, (1 + /¢)?5]. Note that in our settings,
ce (0,1) so Suppuﬁp is bounded and away from zero. In conjunction with Assumption 1.4, the
same holds for Suppug&)}; x [s,5]. We also note that AS(v) of course depends on N.

Corollary 1.3. For any € > 0, the families of events A?(y), v € [0,1] and A?(V), v € [0,1] hold
with exponentially high probability.
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Proof. Equation (1.70) implies that

— ALy < C <
By IAlw=Cs 5=

+ | ALy

Therefore, the event {A;(C) > (1 + 1/c)? + €} is included in {Al(éﬁ) +|A] > (14 )2 + €},
which is itself included in

{m;‘f} S (14 V@) +e/2} U{IA] > e2).

Therefore,

XX*
B+1

P [M(C) > (1+ ve)? +e} <P [)\1( ) > (1 +ﬁ)2+e/z] +P [”AH > 6/2] .

Equations (1.27) and (1.71) imply that P [)\1((3) > (14++/c) + e] converges towards 0 exponen-
tially. A similar evaluation of P [)\ w(C) < (1—+e)?— e} leads to the same conclusion. This, in
turn, establishes that A?(V), v € [0, 1] holds with exponential high probability.

In order to establish that the same property holds for A?(V), v € [0,1], we just need to write
(1.12) as S = DY/2CD'/2. Therefore, for each k = 1,..., M, the eigenvalues of S satisfy

s A (C) < Ae(S) < 5M,(C).

This, of course, implies that A?(V), v € [0,1] holds with exponential high probability (indeed, one

can change € to € such that (Suppug&)P +6) x[s,8] C Supp,us\?P X [s, 8] + €.

O

Remark 1.5. Corollary 1.3 implies the following weaker property, which will be useful:

IS()|| < 1. (1.73)

Before ending the section and proving Theorem 1.1, we need some stochastic control on the
diagonal elements of S in order to evaluate ® defined by

©=C-C. (1.74)
Using the definition of C from (1.3) and C from (1.12), © can be written as
© =D 2D V)SD /2 4+ D /2§(D"/2 - D" 1/?), (1.75)

Since we proved that ||S|| < 1, it remains to show that |[D~Y/2| and |[D~1/2 — D~Y2|| can also be
stochastically dominated by some relevant quantity in order to control ||®||. Define

4m(V) == Spm(v) (1.76)

the diagonal elements of S(V) spectral density estimator (note that they coincide with the traditional
smoothed periodogram estimator of the spectral density s,,). The aim of the following Paragraph
1.3.2 is to establish stochastic domination results for §,,, |[D~/?|| and |[D~'/2 — D~/2|.
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1.3.2 Step 2: Estimates for s,,(v)

We write sp,(v) = sm, D(v) := D, in order to simplify the notations. Define as in (1.72) the
following quantity A
AP (v) = {o(D(v)) C [s,5] +¢}. (1.77)

Lemma 1.3. Let € > 0. The family of events AP(V),V € [0,1] holds with exponentially high
probability.

Proof. See Appendix 1.B. O

Roughly speaking, this ensures that with exponentially high probability, §,, stays bounded and
away from zero. This result implies the following (weaker) statement, but will still be enough for
some proofs and reduces the complexity of the arguments.

Lemma 1.4. The family of random variables (|8, (v)| + m)mzlv---% v € [0,1], satisfies

1
|8m| + 77— | < L.
|8:m]

Proof. Immediate from Lemma 1.3. O
Lemma 1.5. The set of random wvariable (]§m(1/)*1/2 — sm(u)*1/2\)m:1,m7M and (| Z:gz) —
)m=1,..m, v € [0,1], satisfies
1 B? s 1 B?
U2 g2 g GULR | R 1.78
s s < i |l < (1.7
Proof. See Appendix 1.C O

1.3.3 Step 3: Stochastic representation of C

We are now in a position to prove the result concerning C of Theorem 1.1 and of Corollary 1.1.

Proof. We have first to control the operator norm of:

. XX* L
A=C-— —C-C+C-
B+1 *

XX* -
=0 +A. 1.
B+1 * (1.79)

The operator norm of |A| has already been proved in Corollary 1.2 to satisfy [|Al < (£).

Moreover, recall that @ can be written as a function of D~1/2 — D~1/2 in (1.75), so that one can
use Lemma 1.4 and Lemma 1.5 to dominate each term and get:

1 B?
) - 1.80
Summing the estimate of ® and the one of A, one gets:
1 B
Al < —=+ —=
which is the desired result. O

As a consequence, we state here Corollary 1.4 about the localization of the eigenvalues of C(V)
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Corollary 1.4. For each € > 0, we define AEC(V) as the event
A?(I/) = {U(C(V)) C Suppug\?}) + 6}. (1.81)

Then, the family of events A?(l/), v € [0, 1] holds with exponentially high probability.

Proof. We simply write:

XX* - XX*
—|A| Ty £ C < AT
S ALy £ < 2 ALy
and use the same arguments as in the proof of Corollary 1.3. O

1.4 Stochastic domination of the family ¢y (f,v),N > 1,v € [0,1]

We have first to define the distribution Dy introduced in the definition (1.11) of ¥n(f, ). For this,
we consider the function py(z) defined by

en (2tn (2 )QV(Z))
Iy

1—c(ztn(2)tn(2))

where we recall that ¢y and  are defined by (1.34) and (1.35). Then (see Lemma 9.2 in [59]), py is
the Stieltjes transform of a distribution whose support is contained in the support Supp,ug\/[ P) =[(1-

Vven)?, (1++/ex)? of the Marcenko-Pastur distribution NS\J P). This distribution is Dy introduced
in (1.11). In the following, we consider LSS for function f satisfying the following assumptions.

pw(z) = - (1.82)

Assumption 1.5. f is defined on Ry and there exists some € > 0 such that its restriction on
(c) : 00
Supp,,/p + € is C*=.

We now state the main result of this section.

Theorem 1.2. Let f be a function satisfying the conditions of Assumption 1.5. Then, under
Assumptions 1.1, 1.2, 1.8 and 1./, the family |¢Yn(f,v)|, N > 1,v € [0,1] satisfies

[N (f,v)] < un. (1.83)

Before starting the proof of Theorem 1.2, we first mention that it is sufficient to establish (1.83)
when f is compactly supported by a neighbourhood of Supp,ug\f}P. To justify this claim, we consider

k > 0 and define y : R = R as a C* function such that:

M (1.84)

() = 1 if A\ e Supp,ug\cjp + K
X 0 if X ¢ Suppu,,/p + 2k.

We consider the function f given by f = f x x. Then, as ¢y — ¢, for N large enough, Suppug\/f}) is

contained in Supp,ugw)P + k. Therefore, f = f on Supp,u( N) for N large enough, and it holds that <

Dy, f >=< Dy, f > and ffdyg\(j[’\'P = ffd,u . For each € > 0, we express P(|Yn(f,v)| > Nuy)
as

P(l¥n(f,v)| > Neun) = P(1en (f,v)] > Neuw, AS (1)) + P(|eow (f, )] > Neun, (AS (1))°)
< P(Yw(f,»)] > Nouy, AS()) + P (ASw))°)
<P (o) > Nuy) + P (AS (1))
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where the last inequality follows from the observation that Ftr f(C) = Ltr f(C) on Ag(u).
Moreover, the family of events Ag(u) holds with exponential high probability, which implies
that P ((Ag(u))c> converges towards 0 exponentially fast. Therefore, [¢n(f,v)| < uy implies
(1.83) as expected. From now on, we thus assume that the function f is supported by Suppug\?p+2n

In order to establish (1.83), we evaluate the four terms of the righhandside of (1.15).

B+1

1.4.1 Step 1: Evaluation of E [ﬁTr (f(w )} Jar fdu

We evaluate this term using the Helffer-Sjostrand formula. We keep the notations of paragraphs
1.2.5 and 1.2.2: we assume that the support of f is included in [a1, as] with a; = (1 — \/cy)? — 2k

and as = (1++/cy)? 4+ 2K. Moreover, the resolvent of the matrix ng_(l}kv is denoted Qn(2) (we omit
to mention that the matrices depend on v), and By(z) represents E((Qn(2))mm) for each m. We
also denote by en(z) the error term defined by (1.33) which satisfies |en(z)| < 2P1(|2'])P2(
on C* for some nice polynomials P; and P,. Then, for k& > deg(P), it holds that

e |4t ()] - [ rai) = Ire [ amun))on() - () dady

where D is defined as in paragraph 1.2.5. [, }éék ‘Pl E)) Pg( ~)dxdy is finite, and by
(1.33), the following bound holds:

el ()] - i

Imz )

1 = 1 C
— Dy ( )| Pi(]z]) P < =
M2 /D ‘8 k(S ‘ 1(12]) 2(1 )drdy < B2
for some nice constant C'. We have therefore established the following result.

Lemma 1.6. There exists a nice constant C' such that, for each v,
1 X(v)
E|—T d
‘ [M r<f( B+1 >] / /

1.4.2 Step 2: Evaluation of %Tr (f(é(u))) —E [ﬁTr (f(é(y)))}

(1.85)

In order to evaluate the above term, we use the Gaussian concentration inequality introduced
in Paragraph 1.2.3. We recall that C can be interpreted as a function of (X, X*) (see (1.61))).

Therefore, -7 Tr ( f (C(V))) can be written as g(X, X*) for some real valued function g. We establish
in the following that g is O( %)fLipschitz7 which in turn, will imply that

T (r€wn) | g (rewn) || < (1.56)
For this, we cvaluate

dg
6Xl"j

IVe(X, XM=

1,J

(1.87)

'8)(” 8X i
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Using classic identities for the derivation of Hermitian matrices, we obtain that

1 9tr f(C) 1 , = 0C
Moox;  M” (f (C)ax,-j)

Straightforward calculations lead to

M
;’ai{; B+1 22( J(X+T)(I+2)(X+T)f(0))

Using sup; ||[I + ®;|| < C for some nice constant C' as well as C = %H(X +TI')(X +T)*, we obtain
immediately that

As f € C* and is compactly supported, the function A — X f"2(\) is bounded by some constant,
and there exists a nice constant C such that

C

IVg(X, X)* < 5.

This proves that g is O()-Lipschitz. Paragraph 1.2.3 thus leads to (1.86).

1.4.3 Step 3: Evaluation of +;Tr (f(é(ﬂ)) — = Tr (f(é(y))>
The goal of this paragraph is to establish the following Proposition.

Proposition 1.2. Let Dy the distribution supported by Supp(ug\ZNP)) with Stieltjes transform

(2tn(2) In (2))?

P (2) = (2t (2)" = 1—c(ztn(2)tn(2))?

(1.88)
Then, if we denote < Dy, f > by &N(f), we have

1 . 1 X 1 & s (v)
Mﬁﬁwwﬂ—Mﬁﬁwwﬁ—@MX%Mw>

Remark 1.6. (1.89) implies that ’ LTy (f(C(Z/)) — LT (f(é(u)))‘ <+ ifa<2/3. Ifa>
2/3, the dominant term of +;Tr (f(C(I/))) — 4 Tr (f(é(l/)) is the deterministic O (%)2 term
(M Zm 1 SZEZ > on(f) vn, and its substraction from +Tr (f(C(I/))) - LTr (f(é(u))) allows to

retrieve a term stochastically dominated by uy .

-

N(f) UN 1a>2/3 < UpN- (189)

Remark 1.7. We notice that (1.80) leads immediately to

1

'tr - Mtr f(C)(v)

B 1
<=4 —= 1.90
N /B (1.90)

an approximation which is considerably more pessimistic than (1.89). As seen below, the derivation
of (1.89) is rather demanding, and is based on subtle effects. In order to understand why (1.90) can
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be improved, we consider the simple case f(\) =logA. We thus have

1 M

1 N ~
271 F(C)w) = 1tr f(C)(v) =

1

7 3 (1ogsm(y)—log§m(’/))

1
which depends only on the estimators (5, (V))m=1,...m. We just provide a brief analysis of the above
term. For this, we first remark that it is possible to study 37 Z%zl (log s (V) — log 8, (v)) on the

event AP(V) defined by (1.77). For each m, we expand around s,, the logarithm up to the second
order, and obtain that

1 MU 1 I 1 1 X1 /5, — s\ 2
(1 —1 = —— — — (2 om 1.91
mzzzl Ogsm Ogsm Mzzl +Mmz::12< 9m ) ( )

where for each m, 0, is located between s,, and $,,. Lemma 1.16 allows to conclude that the second

term of the right hand side of (1.91) is dominated by % + (%)4 = O(un) term. In order to evaluate

the first term of the r.h.s. of (1.91), we note that (1.159) leads to

M M 3
1 1 1 s B 1
— (E(ém—sm)):ZmUN—i-O(() —|—>.
M = Sm 2 = sm N N
As z—z = % we finally remark that

can be interpreted as a recentered quadratic form of the M(B + 1)-dimensional vector x =

(xT, ..., xT)T. The stochastic domination relation
M . .
i Z Sm — E(Sm) < l
M — S, B

then follows from the Hanson-Wright inequality. Putting all the pieces together, and using that
£+0 <(%)3 + %) = O(un) and that vy = o(un) if o < 2/3, we obtain that

M 1 M s (v)
A m
mz (log sm(v) —log §,(v)) + BYYi 2 s (V) UN Loso/3| < UN-

Comparing this result with (1.89), we deduce that < Dy, f >= —1. We just check this formula
directly. For this, we notice that function z — log z is holomorphic inside a neighbourhood of the
interval (a1, as]. We consider the expression (1.45) of < Dy, f > and remark that if (OR.)_ denotes
the negatively oriented contour

(ORe)_ ={\tie, X € [ar,a2]} U{a1 +iy,y € [—€,€¢]} U{as +iy,y € [e, —€]}

then, by (1.45), < Dy, f > can also be written as the contour integral

1
< Dy, f >=lim / log zpn(2) dz.
(OR.)—

e—0 291
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But, the above contour integral does not depend on €, so that for each €, we have
1 -
<Dy, f>=— log z pn(2) dz.
20m (ORe)—

Using the expression of pny(z) and the integration by parts trick, we get that

1
<Dy, f>=——— tn(z)dz.
2im Jior,)_

Taking the limit € — 0, and using the Stieltjes inversion formula for the Marcenko-Pastur distribu-

tion ug\?}), we finally obtain that

az

< DN,f >= —— hm Im(tN()\ +i€)) d\ = —ME\ZNP)([CL]_,CLQ]) =1

T e—0

which is the expected result.

Proof. We now establish (1.89). In order to simplify the notations, we put

1 sh(v)
r = — me -, 1.92
TN(V) 2M7n2213m(7/) ( 9 )
The Helffer-Sjostrand formula implies that

70 f(C) = Srtr F(8) — (1) DN () o Lasags =

ere/Ddxdyc“M)k(f)(z) [J\Z(tr Q(2) — tr Q(2)) — in(v) (=) vy 1a>2/3].

Reduction to the study of [, dzdy0®,(f)(2)+; Z%:l(ZQ);nm (llzrilllg _ 1)

We define

(= / dz dy 0P (f

HMi

1% 13
1 1.93
U (55 - 1.99
where we recall that the row vectors (xm)mzl,m, M are the rows of the i.i.d. matrix X. We establish
in this paragraph that

[ araydonne) (70 @ Q= i) in) o Tasags) ~¢ <. (100

It turns out that by Lemma 1.7 and Lemma 1.9 in Paragraph 1.4.3 below, ( satisfies the key

properties:
1
61 < 1¢ — E¢| + [ECI < .

(1.89) will then follow directly from (1.94).
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Plugging in the integral expression of ¢, and using the expression (1.88), we get:

/Décbk(f)(z) (Al/[tl" {Q-Q} - #n(v) P (2) vy 1a>2/3> dzdy - C‘

::L[;dxdy3¢k(fxz)x

itT{Q—Q}—f (2tn(2)) vy 1 _1§:(2Q)/ w—l
M N \ZlN N Lto>2/3 7 37 mm \ B 11 .

m=1

We recall the definition of ® := C — C from (1.74). We will proceed in three steps, which, in
turn, will imply (1.94):

1.
I/D dz dy 3, (f)(2) (Alftr Q-Q}+ %tr {Q2®}) ‘ <y (1.95)
2.
3 1 oty XX G2p-tepe
‘/Ddxdy8<1>k(f)(z) (M tr {Q*®} 2 tr B+1Q2(D 1/2pl/2 I))’
< UunN (1.96)
3.
mewwww
<2 %tr ;(f*lQQ(I — f)_l/QDl/Q) — TN (ZtN(Z))/ UN 1a>2/3—
Ry S
/ Xml2

Step 1. Using the well-known identity A~! — B~! = B~}(B — A)A~!, we express Q- Q as:
Q-Q=-Qeq. (1.98)
We claim that it is possible to approximate tr Q@Q by tr QO®Q. Indeed, we have

ltr QOQ — tr QOQ)|
= [tr QOQ —tr QOQ + tr QOQ — tr QOQ + tr QOQ — tr QOQ)|
< tr QOQ — tr QOQ| + |tr QOQ — tr QOQ| + |tr QOQ — tr QOQ)
=11+ 15 + T5.

The following rough bounds are enough to control T} (we used (1.24) to control the norm of the
resolvents):

1

M||®|3.
e 1O

Ty = |tr QO(Q - Q)| = [tr QEQEQ| < M|QI*|Q]llI®]* <
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Concerning T, and T3, we write similarly that Q — Q = —QAQ, and obtain that

T, = |tr QOQ

T; = [tr QOQ — tr QOQ| < M|Q[|Ql*|A]e] < e MHAIIH@H

Plugging these estimations into the left hand side of (1.95), we obtain that

/Ddaf dy 0®(f)(2) <A14tr {Q — Q} - %tr {Q2@}> '
< /Ddxdy|8<1>k(f)(z)]]\14 (Ty + Ty + T3)
<c(|el’ +2|Ale]).

Moreover, the concentration results (1.80) for ||®]| and (1.71) for ||A|| from Proposition 1.1, imply
that

1 1 B B\?
oI + 20 lIAI < 5+ =5 + () =ux

This finally establishes (1.95).

Step 2. We claim that:

R XX*  XX* R
(O Y2p2 =2 L 22 pY2pl2 g . 1.
lo-(« s )| < (1.99)

We recall that S can be written using the definition (1.12) of C, and use the decomposition (1.70)
of C from Corollary 1.2. Using these results, we get that

S = DY2CDY2 = D/2 &JFA D'/2.
B+1

Plugging this expression of S into (1.75), we obtain easily that

XX
B+1

© =(D~1/2DY2 _ 1) ( i A) DY/2pH-1/2

XX* A 1/27y-1/2
!
(2 a) o

=0 + Os.

As A is a negligible quantity, one should expect that the leading quantity in ©; and O is
respectively (D~1/2D1/2 — I))jé—)f{Dl/QD_l/2 and )é—fﬁ(Dl/QD_l/2 —1I). To prove it, write:

XX*

H®1 _ (15—1/2[)1/2 _ I)B D/2pH-1/2

_ H D-1/2pl/2 _ I)AD1/2]5—1/2H
< |D~'?D'2 — 1| A|||D'/*D 2. (1.100)
A is controlled by (1.71) from Corollary 1.2, and D~'/2D'/2 — I is controlled by (1.78) from

Lemma 1.5 (it is a diagonal matrix which elements are stochastically dominated by Lemma 1.5).
Moreover, from Lemma 1.5, it holds that [|[DY/?D~'/2|| < 1. Combining these estimates into (1.100),
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one gets:

XX*

(D -1/2 1/2_ 1/24—1/2
H@1 (D/*DY2 - 1) == DD

2
(\/1? + fﬂ) % — O(uy). (1.101)

Using that |[D~1/2D'/2—1|| < %—1—% as well as (1.29) from Paragraph 1.2.2 to control the norm
of XX*/(B + 1), one can further approximate (D~1/2D'/2 — I))é—?SDl/Q]f)_l/2 by (D~1/2D1/2 —

I)%. In particular, it is easy to check that
- XX*
@, — (D7V/?DY/2 1) : 1.102
‘ 1= ( )B 1 <un (1.102)
Similarly for @3, one would obtain:
XX*
e DY/2D~1/2 - : 1.103
o D < ux (1.103

Combining (1.102) and (1.103), we obtain (1.99). To finish the proof of Step 2, it remains to
consider tr Q2@ and prove (1.96). Remark that XX*/(B + 1) and its resolvent Q commutes.

R XX* XX*
2 D—l/2D1/2 | D1/2D 1/2
rQ <( S Br1t B+ D
_ XX* 2 B-1/2191/2
=2t 2o QYD AD ) (1.104)

Therefore, using (1.104):

1 XX* A
’tr Q*© -2 rtr o= -Q*(D™/?DY/? 1)‘
—‘trQ(-) —tr Q ((D D I)B+1+—B+1(D D )
- XX* XX* -
2 _ —1/21/2 1/2y-1/2
) ((D DY -T) =+ - (DD I))H (1.105)

so that the left hand side of (1.99) is recognised in the right hand side of (1.105). We can finally
prove (1.96) by following the same idea as in Step 1:

3 i 2 _ XX* 2 (1A —1/2 1/2 _
/Ddxdy(?(l)k(f)(z) - <tr (@) -2 2 QDD 1))‘

< H@ — <(15—1/2D1/2 — I)gfl + ?fl(DI/zﬁ_l/2 - I)> H

/ |0®(f da:dy.

<400

This proves (1.96) and ends Step 2.

Step 3. By definition of the resolvent, the following identity holds (B—+1 —zI M) Q(z) = Iy,
which leads to the so-called resolvent identity:

XX*

5 iQ=Tn+:Q (1.106)
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Using (1.106) as well the identity Q'(z) = Q?(z) one can write:

1 ; 1
—tr
M B

Q2( ~-D'?’D7?) = —tr (1+2Q)Q(I-D'’D~'/?)

i Q). (1— zm> (1.107)

-1 m

E\H E\

To handle 1—, /% we use the following Taylor expansion: define the function h by h(u) = 1—

\/>7
with h/(u) = %ug}/Q and b/ (u) = _%usl/r A Taylor expansion to the second order of h around 1
provides:
§ § 1(3 2
h|=—=]=nr(1 L —1)r( ——1) B (O
(32) =n+ (32 1) way+ g (22 - 1) W
1 1A (0p) , . 9
:E(Sm )—|—§ 52 (8m — Sm)

where 6, is some random quantity between §,, and s,,. Therefore (1.107) becomes

i ((:Q/@ - DD )

- % tr <(zQ)’dg <‘§m2_ smo LW Om)Gm = 5m)® g ,M}>> .

Sm 2 s2,

Lemma 1.3 implies that the set AP(V) defined by (1.77) holds with exponentially high probability.
Therefore, it is sufficient to study the term +; tr (2Q)’(I — D'/2D~1/2) on the event AP(v). If

A?(y) holds, 6, belongs to [s, 5] 4 € for each m € {1,..., M}, and sup,,> |h"(0;,)] is bounded
by a nice constant. Moreover, as inf, inf,,>1 s,,(v) is bounded away from zero, there exists a nice
constant C' for which the inequality

b (e (=T )

1 M
C(HQH"‘Z”Q” Z _Sm Z _Sm

m=1

E

3

holds on A?(l/), where we recall that C(z) can be written as Py(|z|)P>(2;) for some nice polyno-
mials P} and P». Following again the same argument as in Step 1, we obtam that

_ 1 ) .
] [ arasow(7)) {5 (Qa- DD

1 , Sm — Sm

M

on A?(V) provided k > Deg(P,) . Lemma 1.16 in Appendix implies that

<

1 1 B*
< E—Fm —O(UN).

3
i
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We have thus shown that

_ 1
/Dda; dyo®(f)(2) {Mtr (2Q)"(I — 1/2D1/2)

~

—% tr (2Q)dg <3’”2;jm:me {1,...,M}>}'

< UpN-

We denote by ny(z) the term defined by

M

Sm — Sm Xm 2 ~ /
(@) =g 3 Qo (2 = (Bl 1)) ry e ot 0208

and define dy as

6N—/Ddxdy8<13k(f)(z)77]v(z).

In order to establish (1.97), it is sufficient to prove that |dx| < uy. For this, we first remark that

Sy = sm%, so that ny(z) can also be written as

M
1 Xm P -
=37 2 (@ “ T =t () vl (1.109)

We express nn(2) as ny(z) = m n(2) + n2,8(2) + n3,.5(2) where (1; n)i=123 are defined by

_ 1 , X P X, B 1
1 Y 1
M (2) = 37 2 ElQu] gt B — A (ein(2) vnLasys

1< 1
N3N (2 Z (2Q)0 ) Ttr P,

m:l

and denote by (J; v)i=1,2,3 the contributions of (7; n)i=1,2,3 to dn. We recall the definition (1.19) of
((2Q)hm)°- In order to evaluate d1 n, we note that |[(2Q)h,| = |Qmm + 2Q2,,,,| < C(2) and that

X, P x 1
2)| < C(z su -
Im,n(2)] < O )m:LP’M B+1 B+1

tr @m‘.

Therefore, for k large enough, 6, n satisfies |61, x| < Csup,,—1 )Xmgrlx Biltr ®,,|. The

Hanson-Wright inequality as well as the bound (1.55) of the Frobenlus norm of ®,, imply that
](51, ~| < un. We now evaluate d2 . For this, we notice that the results reviewed in Paragraph

1.2.2 imply that E(2Q)",,,., = (28n5(2))" = (2tn(2)) + (zen(2)) where |(zen(2))] < % Therefore,
using (1.54), we obtain that

2N (2 (M Z > 2ty (2)) vn +en(2) — T (2N (2)) vn 1as2)3

=N (ZtN(Z)) oN la<oss + €18 (2)

where €1 y(2) satisfies |e; y(2)] < C(z)uny. We then deduce that |ny n(z)| < C(z)un because if
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a <2/3, vy < uy. This implies that [d2 | = O(upn). In order to address d3 n, we interpret d3 n
as a function g of (X,X*), and use the Gaussian concentration inequality presented in Paragraph
1.2.3. In particular, we satisfy that

M@HSCQ%<ﬁ>2:dW¢

As E(63,n) = 0, this leads immediately to |93 x| < un. We just check that

2 4
1 /B
<C <N> . (1.110)
For this, we express (2Q)},,, as (2Q)hm = Qmm + 2Q?2,,,, and notice that

= Qmi ( Q) '
jm

dg
8Xij

0X,; B+1
0Qz, . B 9 X* X*
8Xij __(Q )mz B—l—lQ jm_sz THQ jm-
Using the Jensen inequality, we obtain that
dg 2 zQ 1 2
D ( Jimm D, | .
laXij /dxdy|8 k( B+1tr

Summing over i,j leads to the expected evaluation of (1.110) and to |03 x| < uxn. This, in turn,
completes the proof of (1.97) and of (1.94).
Up to the Lemma 1.7 and Lemma 1.9, Theorem 1.2 is proved. O

Proof of Lemma 1.7 and Lemma 1.9

We now establish Lemma 1.7 and Lemma 1.9.

Lemma 1.7. The family of random variables ((v)—E((v), v € [0, 1] satisfies the following property:

€) — EC)| < (L111)

Proof. ¢ defined by (1.93) can be written as
_ 3 Z ||2
¢= dzdy 8(1)143 Qmm —1)+
D

X
@ (L2218 1)

= (1 + Co.

In the following, we omit to evaluate |1 () —E((1(v))|, and just establish that |2 (v) —E(((v))] < &
using the Gaussian concentration inequality from Paragraph 1.2.3.
Recall that ||x,,]3 is a X%( p+1) random variable. Therefore it is clear that:

N
75

<o 15
B+1

-1/ <
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Knowing this, the idea is to show that, conditioned on the event where the random variables

2
(”21'{2 — 1) . are localized, which holds with exponentially high probability, (s is a O( Bl )
m= K b

Lipschitz function of the entries of the matrix X for any e > 0. Let 0 < e < 5, and define the family
of events Ay, ((v), m=1,..., M, v € [0,1] given by

Ape(v) = {W € [1 ? 1+ \BFH (1.112)

as well as A.(v) = NM_| A, (v). Tt is clear that the family of events A, (v), m = 1,..., M,
v € [0,1] holds with exponentially high probability, and that the same property holds for the family
A (v),v €[0,1]. We claim that there exists a family of C* functions (gp)p>1 satisfying

_ i B*
9B.e(t) = {g ! l: ) [1 2‘/;6 11+ \gj]g
ift ¢ VB’ + \/g]
and .
su (<0 , suplgp. ()] <C 1.113
1195 () < C . supldl () (1113

for each B, where C is a nice constant. Indeed consider h € C* such that it satisfies |h(t)| < 2|¢|

for each ¢t and
{t ift e[~1,1]

"D=V0 g 22

Then, it is easy to check that the family (g5 )p>1 defined by

%szj%h<é?@—n)

satisfies the requirements (1.113).

We define 52,5 by

M
: 5 1 %]
€ — @ 2 mm € 2
G2, /Dd:vdyé? k(f Z 2Q7)mm 9B, <B+1

=1
and notice that (2 and 52’6 coincide on the exponentially high probability event A (v). We claim that
if [Co,c — E(Coie)| < 5i=, then [{ — E((2)] < ﬁ. Since € is arbitrary and B¢ = O(N“), Remark
1.1 will imply that |[( — E((2)| < 5. To justify this, we evaluate P (\52,5 —E(Co)| > B11—€N6> for
each § > 0. It holds that

e+ oe+6
P (I —E@l > T ) <P (e - E@I > 255 4 + P,

As P(AS) converges towards zero exponentially, we have just to consider

et-0
P (1a - el > Y5 a.)
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and write, since (2 and ¢y ¢ coincide on A,

- ae+6
’Ae> =P <‘€2,6 - E(C2)| > ]VBvAE>

e+

P (e~ ol >

ae+4d
B

< P <K:2,e - E(E2,e)| > - ’E(CQ - 52,6)’7‘/46) .

We now prove that [E(C2 — (a.c)| converges towards 0 exponentially. For this, we notice that as
¢2 and (o ¢ coincide on A, then

/
ﬁlawﬁwﬂ.

E(G = Gl = [E(G = Golae)

2\ 1/2 _
) leads to (E ’42 ~ e

2\ 1/2 .
) (P(AE))1/2, and thus |E((2 — (2,¢)|, converge towards 0 exponentially.

< (E )CQ — Coe

B o\ 1/2
A rough evaluation of (E ’Cg — (2, ) < C for some nice constant C'.

Therefore, <E ’<2 - 52,6

For each N large enough, we thus have

ae+d

- - B B 5 Nae+6/2
P (’C2,E - E(C2,E)‘ > B - ’E(CQ - CQ,E)‘7 Ae> S P <‘C2,e - E(CQ,&)‘ > Ta Ae)

5 5 Noetd/2
<P <‘C2,e —E(G,)| > B) :

We have therefore established that

ae+4d

ae+d/2
P(@—a@n>N'7 N >

Ae) S P <|<~2,5 - E(E2,e)| > T

which finally justifies that if [(oc — E(Co,e)| < Z5, then |G — E(G2)| < &

Therefore, it remains to prove that |Co. — E(Ca)| < %. This is true by Lemma 1.8 below.
The stochastic domination relation |[¢; — E¢i| < % is proved similarly. This completes the proof of
Lemma 1.7. 0

Lemma 1.8. .

Coe —E(G2d)l < 5

Proof. In the following, we evaluate the norm square of the gradient of 6276 w.r.t. the variables
2 2
. 92, 9(2,c
X j, X} ; and just compute E” ‘agéj because Z” ‘agi*j
We recall that

is of the same order of magnitude.

ok __< B M4 Bl 2 > (1.114)

Moreover it is clear that

0 %13 Xm,j %3
=i Lg) 2 1.115
0X,; <ng€ <B+1 mp 1198\ B11 (1.115)
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Collecting the derivatives (1.114) and (1.115) we get after some algebra that

0 (<&, nl3\Y Xy o (Ixil3Y e
0X,; (Z(Q JmmB.c <B+1> T B 1B (B+1> Q)i

m=1
M
_mz 1>< Bri T Bal ) (1.116)

2
. 9.

It remains to control ), j ‘ agf-[

P iJ

. From the integral representation of 5276, the derivative with

respect to X;; is applied only on the integrand as follows:

0o _ 1 - 0 (S~ 02 N
T =37 [ eI 5 (Zz(Q hmane (15212 ).

m=1

Plugging in the derivative computed in (1.116) we get:

85276 . i = Xiz,] / ||XzHg 2\ .
e = /Ddxdy@(I)/rg(f)(z)Z{B+19376 Bl (Q%)ii

M
”Xm||2 (QQ)mz(X*Q) jm sz(X*QQ) jm
_ZgB’€<B+12)< Bl T Bii >}

m=1

Using the bounds of gp . and g . from inequalities (1.113), the observation that gjp () = 0 if

|t —1| > QBBE, and that |z| is bounded on D, one can write:

¢ Xy (Il
< [t EnnE |5 (502 ) @

S5 o (enlf) (@K Qi QX ) 2

’ 2

~ 2
aCZ,e
8Xij

_l’_

B+1 B+1 B+1

2
< < 13 2B€>
1{|— -1 < —=
B+1 VB
M

€ 2 2 . * . 2
+A§;/dxdy\8¢>k(f)(z)\2(3 ) > @ )mg‘fi Rl

m=1

C = B6 2 M mi X 2 m
0 [ (B 3 0 e

m=1

iJ 2y .
B+1(Q

v

C
<7 [ dedypRHE)

S

—_

m=

_ O ) 2 3)
':W(Tij + 177 + T557)
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It remains to sum over 4, j.

M
S

ij=1
M 2
— 5 2 J a2 Bk 2B¢
—/Ddﬂfdy|8¢’k(f)(2)| ”231 B+31(Q) ]1<B+1 —1‘ < \@)
2 i3 BN L Xy [
3 2\ |2 ill2
< [asnperal @ (|95 1)< 22) |5
__C 5 oy eIl (]Il 2B
_B+1/Ddxdy\aq>k(f)( )| ;!(Q id B+l <B+1—1‘§\/§>
C 2B¢ — R
< gyl g [ be e @
Since y
3 1@l < M|QlI*
=1
it can be written that:
M
) M = 24
Y1 < Cgy [P IQl

Inspecting Tl-(jz)7 one can see that by Jensen’s inequality

2

M
<MD Q)i (X Q) jml”

m=1

M
> Q)i (X7 Q)jim]
m=1

so summing over ¢ and j provides:

M 2e M
S 1< (BB+]\14)3/ dz dy |90, (f) Z <Z} (Q¥)mi ) (Z(X*Q)M) :
ij=1 m=1

j=1
Notice that since Zf\il ‘( )mif is the square euclidean norm of line m of Q2:

M
S Q)| < 1Q22 < Q1"
i=1
Moreover,
Z (Z X*Q) jim ) = tr X*QQ*X
m=1

= (B+tr (I+2Q) Q") < M(B+1)(lQll + |-/I1Ql*)
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therefore

M \? -
S 1 <5 (i) [ aeaBenel Qi+ e

and similarly for Ti(f) one gets:

M M \? = 2
S <5 (G [ arnPodn @l 1Q0QP + iRl

ij=1

). 7® and T( ). and since M/(B+1) = O(1) by Assumption 1.3, we

Collecting the terms in T(J Py

can write:

C

Coc =
2, Bze/ dz dy !8<I>k(f)(:<v)!2 Ql* + 1%+ 1211Q°I)

0Xj

2.

2%

M2

As [|Q[I* + |Q°|| + |2]||Q®|| < C(z), we obtain that for k large enough,
BZe
o] - (%)

7]
as expected. O

~ 2
aCQ €
0X;

It remains to study E[(], and establish the following Lemma.

ECl=0 (;)

Proof. As in the proof of Lemma 1.7, we only consider

Lemma 1.9.

M

ei6) = [ o)y 3 (@ (20 1))

as E[(1] is shown to be also O(4) with the same argument. As E [% - 1} = 0, we have

e (@ (5202 1) | [ (@)~ E1@1) (22 - 1))

Apply now the Cauchy-Schwartz inequality:

M

[E[¢]| S/dxdy[@@k Z Z\\/Vaf(Q2)mm\/E

m:

2

I
1

(1.117)

2
As it is clear that E ”21‘1‘2 1‘ = O (%), it remains to control Var(Q?),,, = Var(tr Q%enel))

where (em,)m=1, . is the canonical basis of CM. A direct application of (1.30) for i = 2 leads
immediately to

Var(Q?)mm < Cl(;) (1.118)
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for some nice constant C. Using (1.118) in (1.117), we get that for k large enough:

G| < 5 [ dedy 00472V

;/Ddxdym(pk( )1+ O ))<C%'

IN

This completes the proof of Lemma 1.9. O

Remark 1.8. We notice that, instead of wusing (1.15), an alternative approach to study
Ltr f(C)) — I fduyp () could have been based on the decomposition

3T (re / Fausiy) = e (F(6W)) - E[lﬂ(f<c@)>):+
“ [ (e ] = |3 (o) |+
Eu (F(EW)) — 4T fXB+1 >+

)

EL\Z%(( (;H” )} / Fauly (1.119)

The first term of the r.h.s. of (1.119) can be addressed using the Gaussian concentration inequal-

ity. However, the calculations are more complicated than the evaluation of ;Tr (f(é(u))) -
E [ﬁTr (f(é(y)))} because, considered as a function of (X,X*), & Tr (f(é(l/))) is not a Lip-

schitz function. Using techniques similar to those developed to evaluate { — E(() (see Lemma 1.7),
it could however be shown that

‘]\ZT& (few)) —E Uﬂr (f(é(u)))H < %. (1.120)

In order to evaluate the second term of the r.h.s. of (1.119), one should prove that
_ 1 o B B
e | [ avay (0m(1)) e Q- Q= i) pv(e) v Taags ) —¢| = Oluw)  (1121)
D

and E(¢) = O(%). The proof of (1.121) does not appear simpler than the proof of (1.94): the
3 steps that allowed to establish (1.94) should still be used, except that the stochastic domination
properties should be replaced by properties of the mathematical expectation of the various terms.
Howewver, proving stochastic domination appears simpler than showing the desired properties of the
above mathematical expectations. In sum, while the use of decomposition (1.119) allows to avoid
Lemma 1.7, the justification of (1.120) needs to develop tools that are similar to those of Lemma
1.7, and the proof of (1.121) tends to be more complicated than the proof of (1.94). This explains
why we have chosen to use decomposition (1.15) rather than (1.119).
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1.4.4 Step 4: evaluation of E [ﬁTr <f(é(1/))> — ﬁTr (f(%i(y))ﬂ

The Helffer-Sjostrand formula implies that

e [5m (rewn) - me (X5
= The [ awaydn e [ 1o @y - antan)].

Therefore, we are back to evaluate E [ﬁtr (Qn(2) — QN(z))}

In order to simplify the exposition of the results of this paragraph, we introduce the following
notation. If (hn(z))n>1 is a sequence of complex-valued functions defined on C* and if (wn)nN>1
is a sequence of positive real numbers, the notation hy(z) = O,(wy) means that there exists two

nice polynomials P and P, such that |hy(z)| < wyPi(|z])P2(rL;) for each z € CT.

In this paragraph, we establish the following Proposition.

Proposition 1.3. E [ﬁtr (Qn(z2) — QN(z))} can be written as

1 ~ 1 My ’
E [Mtf (Qn(2) —QN(Z))} = <M > Sm> pN(2) oN—
Mo, 3
(2]1\/[ Z im> pn(2)on + O, <(]€> + ]17) - (1.122)
m=1"T

The Helffer-Sjostrand formula thus leads to the following Corollary:

Corollary 1.5. E [ (f(é( ))) +Tr <f(%§l(”)))} is given by
E [ ™ (f(© ( w)ﬂ _
( % ;”> JUN — (23\4 f: ?) on(f)oy + O ((ﬁ)g + ;) . (1.123)
m=1°m m=1 """

Corollary 1.5 first implies that E [ﬁTr (f(é(u))) — 4 Tr <f(%i(l(y)))} is O (%)2, a result
which is not a priori obvious. In particular, the stochastic representation (1.46) of the matrix
C can be shown to provide the more pessimistic O(B ) rate of convergence. The comparison of
(1.123) with (1.89) also leads to the conclusion that if & > 2/3, the dominant O (£ ) deterministic
term of 7tr (f(C(v)) — f(C(v)) is cancelled by the second term of the righthandside of (1. 123)

thus explalmng the structure of the O (%)2 deterministic correction of ﬁtr (f(C)) — J fduyp (en).
In particular, establishing (1.122) (and thus (1.123)) will complete the proof of Theorem 1.2.

\_/

Proof. The proof of (1.122) is based on the Gaussian tools reviewed in Paragraph 1.2.2, and needs
long and very tedious calculations. Therefore, we just provide a sketch of proof. In particular, we

justify that E [ﬁtr (Qn(2) — QN(z))] isa O, (%)2 term, but do not establish its expression (1.122).
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The starting point of the proof is to express Q — Q as
Q-Q=-QAQ=-QAQ+QAQAQ-Q AQAQAQ.

Therefore, E [ﬁtr (Qn(z) — QN(Z>)] can be written as

E []\Zt Q- Q)] - U/_,tr (Q2A>] +E []\14“ <Q2AQA>]
~E []\14‘51" (QAQAQA)|. (1.124)

It is clear that the moduli of the second and third terms of the right hand side of (1.124) are con-
trolled by C(2)E(||A||?) and C(2)E(]|A||?) respectively. We now state the following useful Lemma,

proved in the Appendix, which implies that these terms are O, (%)2 and O, (%)3 respectively.

Lemma 1.10. For each k > 1, there exist a nice constant C' depending on k such that E <||AH]“> <
B\k
¢ (%)

In order to prove that E {—Alﬂr (QN(z) — QN(z))} =0, (%)2, we thus have to check that
1 B\?
- 2 A — J—
E [Mtr Q A} 0, (N) . (1.125)

For this, we first express E [ﬁtr Q2A} as

z [Alfr QQA] - <1tr QiX ) tE (1tr QX > +E (1tr QL ) .

M B+1 M B+1 M B+1

The third term of the right hand side is clearly OZ((%)Q). We thus need to check that the first
two terms are also Oz((%)Q). We just verify this property for the first term. For this, we evaluate

E (ﬁtr Qg—)ﬁ) using the Gaussian tools, and take the derivative w.r.t. z to obtain the expression

of E (ftr Q25%;).

In order to simplify the notations, we denote by W the matrix W = \/%, and denote by
wy = \/%H’ C W = \/% its M rows. In particular, the row m of the matrix \/%H coincides
with w,,, ¥, where we recall that matrix ¥,, is defined by (1.57). If (ey,..., e, ) represents the

canonical basis of CM | E (ﬁtr Q%) can be written as

M
1 TX* 1 .

We now state the following Lemma whose proof is given in Appendix. We recall that Sy (z) =
E((Qn(2))mm for each m.
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Lemma 1.11. If A represents a (B + 1) x (B + 1) matriz, the following equality holds

B 1
E(w,,AW*Qe,,) = 1—i—ﬁcB—|—1trA—E[<B+
Be

1 N\ 1 ]
1—|—ﬂcE [<B+1tr WAW Q) B+1trQ]. (1.126)

Using (1.22) in the case s,,(2) = B(z) as well as (1.33), we easily obtain that 1+Bﬁc = 1+ct+61( )
1

—2t(2)t(2)+€1(2) where €1(z) = O.(5z). Moreover, it follows from (1.37) that €} (z) is also a O, (3z).
We now use (1.126) for A = ¥,,, and differentiate (1.126) for A = ¥,,, w.r.t. z. Using the Schwart
inequality the inequalities (1.30) and (1.31), and (1.58), we obtain immediately that

b WAW*Q) Q;,m} +

E (WU W Qep) = — (2£(2)i(2))’ 5 i Tt ¥ + O <f,>3 + 0. (\/L—13N>

and that
M
1 rx* -1 1
E( —tr Q2 = — (2t(2)t tr | — v,
(MrQB+1> (2t()1(2)) B+1r<Mmz::1 )
B\?* 1
+Oz NT +Oz
(%) +o- ()
It is easily checked that
1/2 1 1o | -
v, =10+,) —I:§<I>m—§<1>m+:.m

N2
where ||B,,|| < C (%)3. It is easily seen that gigtr @7, = (%) on +O((£)3+ %). Using (1.54),
we thus obtain that

* M s s )2
E <]\14tr QQ;}_& 1) = —(ztn(2)in(2)) (1\14 ;(2;:1 - 8((5,1))2)) UN

+ Oz(u]\[)

because

0. <ﬁ>3+02<\ﬁN>+0 <]1V>:oz(uN).

We have thus established that E( tr Q2L B +1) is a O, (%)2 term, and have evaluated the cor-
responding principal term. Using similar calculations, we can obtain easily the expression of the
0, (%)2 term of E (ﬁtr QQA). In order to establish (1.123), it is necessary to evaluate the O, (%)2

term of E (ﬁtr QAQAQ). This step needs very long calculations that are omitted. ]

1.4.5 Estimation of ry(v)

The term sup, [¢n(f,v)| depends on the unknown true spectral densities (sy,)m=1,. m through
the term ry(v) defined by (1.8). In order to be able to use Theorem 1.2 in practice, it appears
necessary to estimate rn(r) by an accurate enough estimate 7x(v), and to replace ¥n(f,v) by
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YN (f,v) defined by

dnf) = 370 (FCWD) = [ Fau) = in) on(F) on Lasas (1220)

7n(v) has to be chosen in such a way that [¢x(f,v)| < uy, a condition that will be verified if
PN (V) —ry(v)| < FEif a > 2. A natural choice for 7x(r) would be to replace the true spectral
densities (S )m=1,...m by their frequency smoothed estimates (5, )m=1,.. n defined by (1.76), and
the derivatives (s),)m=1,..m by (8,)m=1,..m. However, § is not an accurate estimate of s/, so
that the corresponding estimate of 7y () does not satisfy |Fn(v) —ry(v)[ < 3% if o > 2 IfL<N
is an integer, we introduce the lag window estimator s, 1, of s,, defined by

1 L
Sm.L(v) :/0 Ey ()P (v —p)du =Y #ge ™ (1.128)
l=—L

—2imly

where wr, (v) = ElL: _Le is the Fourier transform of the rectangular window and #,, ; represents

the biased estimate of the autocovariance coefficient r,, ; of y,, at lag [ defined by

N-I
. 1 X
m, = N Z Ymn+lYmmn (1'129)
n=1
and 7, _; = f;kn,l for [ > 0. Then, the following result holds.

1
Proposition 1.4. Assume that L = L(N) = O(N 20+1), where v9 > 3 is defined by (1.18). Then,
the estimate 7n(v) defined by
2
s (v
m.r{ )> (1.130)

m=1 §m,L(V)
satisfies
R 1
Pn(v) =) < NG/ @0 tD) (1.131)
. un .
Fn(v) —ry(w)| < % ifa>2 (1.132)
as well as R
[on (f,v)] < un. (1.133)

Proof. We denote by dy(v) the N-dimensional vector defined by dy(v) =
(1,e"2imv e_Qi”(N_l)”)T. We recall that y,, is the N-dimensional vector y,, = (Ym,1,-- -, ymN)T
which can be written as y,, = R},{sz where Ry, = E(yny},) and z,, is Nc(0,Iy) distributed. It

is clear that §,, () can be written as
$mr(v) = 25, RY2Q(v)RY %2,

with .
Qv) = N/dN(u)dN(u)*wL(V — p)dp
while 8], ;(v) is equal to
81 (v) = 2, R ()R P2,
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with

. L
—2im A
/ _ * —2iml(v—p)
V() = — [ dv(mdn () (l_ZLZe g ) d
It is easy to check that | (v)|F = O(]I\*;//Q) and therefore that HR1/2Q’( ) 1/2”F (9(51//22) The
Hanson-Wright inequality leads immediately to |3}, ; (v) — E(5], ()] < Moreover, it is easy
to check that (1.18) implies that

N1/2

R c
E(57,. () — s (v)] < Tho 1

1
where C'is a nice constant. For L = L(N) in such a way that (’)(jfi/2 ie. L =0O(N%ot1),

1
/2) = Tho-1»
we obtain that
1
|8, 0(v) = s (V)] < N1/ @otD) "
Moreover, a similar analysis leads to

1

1$m,L (V) = sm(v)| < N0/ @rot1)

from which we deduce that the estimate 7x(v) defined by (1.130) satisfies (1.131). It is then easily
checked that if vy > 3, then (1.132) holds, which implies that |¢n(f,v)| < uy holds. O

1.5 Use of Lipschitz properties of the functions v — ¥n(f,v) and
vV — ¢N(f7 V)

In this section, we establish Lipschitz properties of v — ¥ (f,v) and v — dA)N(f, v), and deduce
that the stochastic domination properties (1.83) and (1.133) are still valid for sup,cp 1] [¥n(f, V)]

and sup,c ] [N (f,v)| where ¥ (f,v) is defined by (1.127, 1.130).

1.5.1 Lipschitz properties
The goal of this paragraph is to prove the following Proposition.
Proposition 1.5. Functions v — ¢Yn(f,v) and v — 1&1\7(f7 v) satisfy

||¢N(f7’/)_¢]\f(f7y+5)’|

sup sup < MN3/? (1.134)
540 ve[0,1] |4
sup sup H¢N(f> V) _¢N(f7y+5)H =< MN3/2 (1135)
540 ve[0,1] |6

In the following, we just establish (1.135). For this, we evaluate separately the Lipschitz con-
stants of v — Zrtr f(C(v)) and of v — Fn(v).
Lipschitz constant of v — -t f(Cw))

To show that v — ﬁtr f (C(y)) is M N3/2_Lipschitz with overwhelming probability, we need to
establish a number of intermediate properties.

Proposition 1.6. It holds that

wp sup 180 =Sw )] _

MN?3/2. (1.136)
540 ve(0,1] 6]
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Proof. Let 6 € R and v € [0,1]. As the random variables (Ymn)m=1,.. Mn=1,. N are complex
Gaussian and that sup,,>; Elymn|* < +o0, the family (Ym.n)m=1 Mpn=1,. N satisfies |ymn| < 1.
Therefore, it holds that

-----

N
1
—— " [ymal < VN. (1.137)
N n=1

For the same reasons, the family &, (v),m =1,..., M, v € [0,1] satisfies
&y (V)] < 1. (1.138)
We also claim that
sup &y, (V)] < 1. (1.139)
vel0,1]

In order to verify (1.139), we first observe that for any n > 1, we have the following control:

—2itny 672i7rn(1/+6)’ < 2’

le sin mnd| < 2wn|d|.

(1.137) implies that

sup sup gym (Z/) - gym (1/ + 5) ‘
540 ve0,1] 0
e~ 2imny _ e—2i7rn(1/+5)

)

= sup sup

< 27TN7 Z ‘ym n|
~ N3/2. (1.140)

We consider a frequency v, € [0,1] (depending on m) where [§,, (v)| is maximum, and have thus to
establish that for each ¢ > 0, there exists v > 0 depending only on € such that

P(’fym(y*)‘ > N€> < exp — N7

for each N larger than a certain integer No(e). We introduce the discrete set

Vv = {;p k €10, - 1}} (1.141)

whose cardinality is |VX| = NP. We notice that (1.138) in conjunction with the union bound implies
that sup,, cyr &y, ()| < 1. We denote by v, p the element of VX, for which |v, — vp| is minimum,

and notice that |vx — v4 | < §5. Then, we have the following inequality

P(I€y., (4)| > N°)

<P (160 00) = o)l > 5 ) 4P (I > )
P (16 (02) = €l > ) +P (i&‘? o ()] > @) (1.142)

As sup,, cyr |€y. (Vp)| < 1, the second term of the right hand side of (1.142) converges exponentially
towards 0. In order to evaluate the first term of the r.h.s. of (1.142), we use (1.140), and obtain
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that
N€ €
P <‘§ym(V*) - é-ym(y*vp)’ > 2) S < \/> Z ‘ymn| - 2|V* - V*p|N >

(WZW’”"' 2 GNP 1)'

We choose p so that p — 1 > 3/2, and use (1.137) to conclude that P (|, (vx) — &y, (Ve p)| > %)
converges towards 0 exponentially. This establishes (1.139).

| /\

N

In order to complete the proof of Proposition 1.6, we consider an individual entry 5;;(v) of S(v)
for 7,7 < M, and write

185 (v) — 8ij(v +0)|
B/2

— > §,<y+

Jo(vex)

b=—B/2
b b
§<V+5+N> <V+5+N>
3/2 b b
a(vry) (6w

B/2
b b
J(efer ) aforsn)

Using the estimations (1.139) and (1.140), we get:

2|«

_gj (l/+5+]l\)[> )

§j<V+(S+]Z;,> .

supsup sup
i,j 870 vel0,1]

5 .

and deduce (1.136) from the rough bound

sup [|S(v) = S(v+0)|| < sup supz 155 (V) — 835 (v + 9)|
ve(0,1] vel0,1] ¢

< M sup sup|8;;(v) — ;v +4)|.
vel01] 4y

O]

Combining the eigenvalue localisation result from Corollary 1.3 and the Lipschitz behaviour of
S from Proposition 1.6, the following statement holds.

Corollary 1.6. (v uniform version of Corollary 1.5.) Denote for e > 0:

AS = {VV €[0,1]: o(S(v)) C Suppuﬁp X [s,8] + e}
AD = {vu € [0,1]: o(DW)) C [s, 3] +e}.

Then, AS and Af) hold with exponentially high probability.

Proof As the proof for AD is strictly similar to the one of A67 we will only write the arguments

for Af’. For any fixed v € [0,1], Corollary 1.3 ensures that AS( ) holds with exponentially high
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probability. For p > 1, we still consider the set VX, defined by (1.141) and denote by Asp the event
defined by

Asp = {Vyp eV a(S(r,)) C Supp,ug\f[)P X [s, 5] + e}

which is A§ but where v runs only on the finite grid V§;. It is immediate (by the union bound) that
Agp holds with exponentially high probability for any fixed p € N. Moreover, it is clear from the
definitions of AS and Agp that AS C Agp. We now show the following inclusion:

(45) < (430)

U {au € [0,1] : |S(v) — S(1)|| > €/2 where v} € argmin |v — Vp|} . (1.144)

vpeVR,

Suppose that (As)C is realized, and denote by v* € [0,1] a frequency such that o(S)(v*) ¢

€
Suppg\fl)P x [s,5] + ¢ Denote also v € argmin,, cyr |1p — v

A (S(v*)) > 5(1++/¢)? +¢, since in the case where Ay (S(v*)) < s(1—+/€)? — ¢, the proof is similar.
Then, either:

*|. We just consider the case where

1. HS(V;) — S(v*)|| < €/2, which implies the following estimation for the location of )\1(3(1/;)):

Q% € Q. % Q. % €
M(S(7) = 5 = M(S(p)) = M(S0) + 5
and in particular, )\1(@(1/;)) > 3(1 + +/c)? + ¢/2. This means that (A§/2 p)c holds.
2. Hg(y;) — S| > €/2, which exactly means that

{EIV €0,1]: |S(v) — S(V;)H > €/2 where v} € argmin, cyr |V — yp\} is realized

(1.144) is now proved.

We already showed that (AS

C
; /27p> holds with exponentially small probability, and establish now
that the set

v el0,1]: ||S(y;) —S(v)|| > €/2 where v, € argmin [v — yp|}

vpeVR,

has the same property. To justify this claim, we note that Proposition 1.6 implies that for each
k > 0, the probability

P [{Elu, v e [0,1], 18() =8I > N"’"MN3/2}]

v —v|
converges to 0 exponentially fast. As the following inclusion

IS() =80,

\1/—1/;,‘

3/2 :
, > NFMN3/2, where v, € argmin |v — yp]}

vpeVY,

{EII/ € [0,1],

IS() =S

v —v|

C {31/, v e [0,1], > N"‘MN3/2}

holds, we get that

P [{au € [0,1], [8() =S| > |v — y;,NnMngH o



111

< we obtain that

exponentially fast. Moreover, as for each v, [v — v| w7

] [{3 € 0,11, [8(v) - S5l > ]jpmmw}] -0

exponentially fast as well. For p large enough, N “ﬁM N3/2 will finally become smaller than e /2.
This proves that

v € [0,1], S) — S(w)|| > €/2 where v € argmin [v — 1
vpeVR,

holds with exponentially small probability.

The same argument can be used to control A?. This completes the proof of Corollary 1.6. [

We deduce immediately from Corollary 1.6 the following result that can be seen as a refinement
of (1.73) and of Lemma 1.3.

Corollary 1.7. It holds that

sup [D(v)""2| <1, sup |[S(v)| <1.
vel0,1] ve[0,1]

A useful consequence of this is the following Corollary, which states that the Lipschitz result
holds for C(v).

Corollary 1.8. It holds that

~

C(v) — C(v+96)
5

sup sup < MN3/? (1.145)

0#0 v€(0,1]

Proof. For more clarity in the following argument, denote v1 = v and v» = v + . Recall that
D = dgS. Using the definition of C from equation (1.3), we write:

N

C(ro) — C(11) = D™2(10)S(12)D 2 (v) — D™2(11)S(11)D 2 (1)
= (D 2(1n) =D 2(11))S(12) D~ (1)
+ D2 (S()D V2 (1) — S(1)D V2 (1y)).

Moreover, we write

S(v2)D ™2 (vy) — S(11)D 2 (1)
= (S(v2) — S(1))D2(1n) + S(v1)(DV2(1n) — D2 (1)),

Therefore, applying the operator norm, we get by the triangle inequality:

+[D2@0)]1S(v2) = S(a)l[D~2 ()]

IC(v2) = C)|| < D72 (v2) = D™V2()|[[S(v2) [ ID ™2 (1) |
S(v
+ D) [ISe)ID ™2 (r2) = D™2(m)|

It is easy to check that

D_1/2(1/2) _ f)_1/2(7/1)

sup sup
0#0 |ve—v1|=48

‘<N3/2
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holds. Therefore, Proposition 1.6 and Corollary 1.7 immediately imply (1.145). O
Finally, we can write for the spectrum of C the same kind of result as in Corollary 1.6.

Corollary 1.9. For each € > 0, we define A? as the event
ASj = {Vl/ € 0,1 : o(C(v)) C Supp,u(c) + e} :

Then, A? holds with exponentially high probability.
Proof. The proof is similar to the proof of Corollary 1.6 and is thus omitted. O

We finally use the above results to prove that v — artr f —[f d,u ) is MN3/ 2_Lipschitz
with overwhelming probability. For this, we establish the followmg Proposmon

Proposition 1.7. It holds that

sup sup 't FEW) — Ltr f(C(u—i—é))‘ < MNY2, (1.146)
540 v€[0,1] |5\ M

Proof. By Corollary 1.9, the event A? holds with exponentially high probability. Therefore, it is
sufficient to establish that

1,¢ sup sup

€ 60 ve[01] 1]

‘tr F(EW+4)) — %n f(C(V))‘ < MN¥?

We express 27tr f(Cv+9)) - Ltr f(C(v)) as
1 1 1 & .
37t f(CWw +0)) = 37tr f(C(v > (€ +6) = FOm(CE)).

As f is C* on a neighborhood of Supp!® , on the set AC, there exist some random quantities
g PPyrp €

(Am)1<m<ar between A, (C(v)) and A, (C(v 4 0)) such that

Cv+9)) — fFAm(C))

Mz

Using the following eigenvalue inequality for Hermitian matrices:
(G +8) = An(CW))| < €W +6) — W)

in conjunction with the fact that sup;<,,<s |f’ (A is bounded by some nice constant C' on the

event A?, we obtain that

Zf (C( +6)) = An(C())| > [S|N*MN3/2, AC

P |sup sup
5#0 VE[O,l]

<P lsup sup C[|C(v +0) — Cw)|| > |6 NMN3/2, AC
6#0 v€(0,1]
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(1.145) finally leads to (1.146).

O
Lipschitz constant of v — 7n(v).
The function v — 7 (v) satisfies the following property:
Proposition 1.8.
sup sup in (v + 8) — Fn(v)| < N3/ (20t (1.147)
0#0 v€(0,1] ’5‘

We just pr0v1de the main steps the proof, and leave the details to the reader. We first prove
that sup,¢( 1] Zm - ( y < 1 by verifying that the event {vwel0,1,Ym=1,...,M,3,(v) €

s, 5] + €} holds with exponentially high probability. Then, we establish that v — Sm,r(v) and
v — & (v) are N¥/(20F) Lipschitz and N3/(20+1) Lipschitz with overwhelming probability. This
leads immediately to (1.147).

As vy N3/(20+1) « MN3/2 Propositions 1.7 and 1.8 lead to (1.135). This completes the proof
of Proposition 1.5.

1.5.2 Stochastic domination of sup,cj ) [¥n(f,7)| and sup,c lon (f,v)]

We are now in a position to establish the main result of this chapter.

Theorem 1.3. sup,cp 1) |¥n(f, V)| and sup,¢( 1 [N (f,v)| satisfy the following stochastic domi-
nation property:

sup [Yn(f,v)] < un (1.148)
velo,1]
sup [Un(f,v)] < un. (1.149)
vel0,1]

Proof. We just establish (1.149). We consider € > 0 and evaluate
sup ‘sz f,v) ’ > Nun| .
ve(0,1]

We denote by v* € [0,1] an element where the supremum is achieved, and consider v, the closest
element of V§; to v*, where we recall that V% is defined by (1.141). Therefore, one can write:

P [ sup ¢ (f, V)‘ > NEUN] <P U@N(fv V") — dn(f, V;))‘ > ;NGUN} +

ve(0,1]

P |lintsos)

1

(1.133) implies that P H@N(f, V)
to study P quA)N(f, v*) — 1/3N(f, V;))’ > %N%N] For this, we of course use (1.135), Corollary 1.8,

> %N €ug\/} converges exponentially towards 0. It thus remains
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and write

P |lintr) = )| > Ju]

—p [ o) onth ) 1 NEUN]
vy — vy 2|V*—1/;;|

* g%
1% l/p

=) ”&N(f7y*)_1&N(f7V;))

1
> 2NPNEUN] .

If we choose p large enough, MN3/2 satisfies MN3/2 < NPup, and

P wN(f’VZ)*__lﬁg(f’V; ) > %NPN ‘uny| converges towards 0 exponentially as expected. This
completes the proof of (1.149). O

1.6 Numerical simulations

In this section we examine the impact of the correction quantity rn(v)on(f)vy when a > % and

see how it improves the estimation of the LSS Ztr f (C(v)). More precisely, we start by examining
the behaviour of the LSS

‘tr AE0) = [ randiy
that we abbreviate by LSS(f,v), and the impact of the correction term
2 B/2 9
1 & sk (V) 1 b
(M Zl Sm(y)> ov(O | 537 > (N) =rn()on(flon
m= b=—DB/2
. 2 B/2 9
LS~ $(@) 1 b A
(Mmz::l §m<y>> O\ BT, 2 (%) | =rx@ontron

under Hy. We recall that ¢ (f) is the deterministic term defined as the action of f on the compactly
supported distribution Dy, whose Stieltjes transform is:

CN(ZtN(Z)fN(Z))S
1 —en(ztn(2)En(2))2

Motivated by [64], we consider f(A) = (A — 1) where it can be verified with a bit of algebra and

residue calculus that
/R FO) A ) =

and ¢n(f) = cy. Take y,, generated by the following simple model:

pN(2) = —

Vi1 = Ay, + €, (1.150)

where (€,)nez is an independent sequence of Ng(0,1,) distributed random vectors, and where A
is the diagonal matrix defined by A = 61, for § € C such that |#] < 1. Under (1.150), each time
series is independent AR(1) processes. In Figure 1.1 is represented on the left the values of the
LSS associated to f(A) = (A — 1)? for each v € (0,1) when (N, B, M, L) = (10119, 1600, 800, 21)
(so @ = 0.8 and ¢ = 1/2) and € = 0.4, where we recall that L represent the lag window size in
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0.04

—— LSS(f,v) sl T LSS(f, v)
v (V) V(N Wn(f, v)
— wn(fv)

0031 —— ry(V)vndn(f)

0.02
0.01

0.00

0.00
—-0.01

-0.4 -0.2 0.0 0.2 0.4 -0.4 -0.2 0.0 0.2 0.4

Figure 1.1: Linear Spectral Statistics vs the correction term. f(\) = (A — 1)?, (N, B, M, L) =
(10119, 1600, 800, 21), and 6 = 0.4.

the estimation of 7#x(v). We see that the correction term captures the majority of the deviation of
the LSS from zero. Moreover, the correction where the spectral densities s, and s, are estimated
still provide a good approximation of the C’)(%)2 term. On the right side is represented the LSS
against ¥y (f,v) and KZJN( f,v). We again observe that the majority of the deviation from zero of
the LSS is corrected by the (’)(%)2 terms. Around v = =%0.1, the corrections’ precision seems to
have degraded. This can be understood since v = 0.1 corresponds to peaks in s/, which leads to
greater estimation errors for §, at this frequency than for the other ones.
We now recall that we proved in Theorem 1.3 that

sup |—tr f(C(v)) — dpyp |l =0 | = ) 11 /9<q +0|—=) 1,
VE[OI?” Vi f(Cv)) /Rf Harp B 1/2<a<2/3 N >2/3
and that the right hand-side is minimal when the rates % and (%)2 coincides, ie. when a = % In

order to support these statements, we represent in Figure 1.2 the value of

ﬁtr f(é(y)) - f fdﬂmp,c

sup
f f d,ump,c

ve(0,1]

which is the relative error between ﬁtr f (C(y)) and its corresponding asymptotic limit as a function
of a € (0.5,0.9) for different values of N, and averaged (using the square root of the mean squared
error) over 102 realizations. The corresponding values of M and B are computed as B = N,
M = B x c and taking the floor function. These numerical results tend to confirm the fact that the
error between the considered statistic and its asymptotic deterministic approximation tends to be
dominated by two different phenomena depending on whether M < O(N?/3) or M > O(N?/3). In
the first case, the main contribution to the error corresponds to the % terms arising from multiple

terms in the decomposition of L-tr f (C(v)) while in the second case, the deterministic error term
B/2

1 < s (V) ’ 1 b\?
(Mmzsm(u)> N 5T 2 <N>

=1 b=—B/2

of order (9(%)2 is dominant. We also observe that the optimum choice of o appears to be close to
% (which corresponds to the case where the two error rates coincide) even for relatively small values

of N, M and B.
In Figure 1.3, we represent the same quantities for fixed (N, M, B) but for various values of v.
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107!

Relative error
-
e
Relative error

1072

Figure 1.2: Evolution of the error of f;tr f (C(v)) with respect to the Marcenko-Pastur limit
(¢ =0.5) as a function of « for v = 0.1, averaged over 100 realizations of the statistic. Small values
of N on the left and larger values of N on the right.

Relative error
-
5
Relative error

Figure 1.3: Evolution of the error of f;tr f (C(v)) with respect to the Marcenko-Pastur limit
(¢ = 0.5) as a function of a averaged over 100 realizations of the statistic. N = 1000 on the left

and N = 10000 on the right.

We notice that the behaviour for v = 0 is different than for v = 0.1,0.2, as the transition seems to

appear near o = % instead of o = % This can be understood by recalling that

e in our context, s}, is null for v = 0 but not for » = 0.1 and v = 0.2
e the O(%V correction term is proportional to s/, (v),

Therefore, in the case v = 0, the (9(%)2 correction term is exactly equal to 0, and as a consequence,
we should directly obtain the convergence of f;tr f (C(v)) towards [ f ditmp,cy at the stronger rate

% if o € (2,2) and (£)3 if o € (2,1). However, our theoretical results would also implies that

the transition would happen for o = % instead of the observed % in Figure 1.3. Since a = % is the

minimum rate achieved by % + (%)3, we conjecture that for v = 0, the error term proportional to
% in fact vanishes so that it remains only:

1 . 1 (B\’

2 SCW) = [ fdumpey =O0< | 5+
for v = 0.

We now present another way to check that the derived speed of convergence towards zero in
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o — max LSSV || —— Mmax |LSS(f, v)|
ma f,
- ax |w(f, v)| s | g’_jmex [w(f, v)|
—— max |g(f, V)] .
0.20 ” T g—jm‘?x tr, vl ~——

~~

0 200 400 600 800 1000 1200 1400 0 200 400 600 800 1000 1200 1400

M M

Figure 1.4: sup,cy, |37 Ltr f(C -/ fdu (en) against sup,cy, ¥Yn(f,v) and sup,cy,; On(f,v) as
functions of M. On the right the quantltles are rescaled by (¥)2. a =0.8,c=1/2,0=04

Theorem 1.3 hold true:
sup

1 / en)
—tr f fdu ad
ve(0,1] M
N

sup [(f,v)] = O(un)

ve(0,1]

1 B\?
(B) Ly /9<a<2/3+ O (N) 14>2/3

In the following we take ¢ = BLH = 1 and a = 4/5. In this case we recall that uy = O(£)3. On the

left of Figure 1.4 is represented for M € {20, 30, ..., 1500} the value of sup, (o 1 [LSS(f, V)| against

sup,cpo] [¥(f, V)] and sup,cpo 1) lb(f,v)|. On the right of Figure 1.4 we rescale all quantities by
(%)? and observe, in accordance with Theorem 1.2 that LSS(f,v) remains O(1) while the corrected

quantities are o(1). Finally, in Figure 1.5 are represented sup,c( 1 [¥(f, )| and sup,c( 1 [ (f,v)]

rescaled by (%)3, and observe that these quantities are now O(1), again in accordance with Theorem
1.2.

In Figure 1.6 is represented 20000 realisations of the LSS sup,cy,, |77 Ltr f —[r d,u(cN ‘

against its improved estimations sup,cy, [¥n(f, V)| and sup,cy,, lon (f,v)]. We see that the oracle
corrected statistics ¢ (f, ) is more concentrated around 0, and that its estimated counterpart 1&( fv)
is close to 9 (f, ) but exhibits more spread due to the additional estimation step of §,,(v).
Overall, we have seen in this section of numerical simulation that the behaviour of 5tr f (C(v))
is appropriately described by the statement of Theorem 1.3. The approximation of ﬁtr f (C(V)) by
its Marcenko-Pastur equivalent holds for moderate values of N, M and B since the approximation
error is of order O(5) = O(w=) for a € (3,3) which is a quite fast rate, and otherwise of order

(9(%)2 = O(m) which is also a fast rate while « is not close to 1. Typically, we saw in Figure

1.2 and Figure 1.3 that for (N, a,c) = (500, 3, 3) (so (B, M) = (22,11)) is enough to observe a good
fit between - tr F(C()) and [ f dpimp.ey as the relative error is about 10%. However, in order to
observe in practice the improvement expected by considering the O (%)2 correction term, N, M and
B have to be chosen much larger. This can be explained by considering the ratio of the rates in the
case of the corrected statistics versus the non-corrected statistics. It is at best equal to
VB | (B)3

wp

ae(%,l) (

+

) N®

2w

which grows very slowly with N. This is why in the simulation in Figure 1.4 it was necessary to
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. —— Lmax §(f, v)]
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M

Figure 1.5: sup,cy, ¥n(f,v) and sup,cy,, Un(f,v) rescaled by ()3 as functions of M. « = 0.8,
c=1/2,0=0.4.

250 [0 sup |LSS(f, v)|
v
sup [gn(f, )]
200 v
W sup lwn(f, v)|
150 A
100 A

50 -

0.01 0.02 0.03 0.04 0.05

Figure 1.6: sup,cy, |77tr FCWw) — [ fdug\fINP)| against sup,cy, [¥n(f,v)| and sup,cy, lbn (f, ).
(N, B, M, L) = (4254, 800, 400, 16), 6 = 0.4.
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increase M to approximately M = 200 when (o, c¢) = (0.8,0.5) (so (N, B) = (1788,400)) to observe
a noticeable improvement in the estimation error of :tr f(C(v)).
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Appendix

1.A Proof of Lemma 1.12

Lemma 1.12 is a slight variation of Theorem 4.3.2 [13].

Lemma 1.12. For any vy and vy in [0,1], such that there exists k € {0,1,...,N — 1} satisfying
vy — vy = k/N, the following bound holds:

5D E €5, (1) 02)'] = (1) B112n] = O <]1V> | (1151)

Proof.

E [y, (V1)Ey, (12)7]
1 X A A
— N Z E[ymm,l y;7n2]e—22ﬂ(n1—1)ul eZZﬂ'(nz—l)VQ
ni,na=1

N
—2i7r(n1 —1)1/1 +2i7r(n2—1)1/2
"mmni—no€

ni,na2=1

2=

(N-1)
_ 1 —2imn1v1+2imnavs
= N 'I"m7u (&

u=—(N—-1),n1,n2€0,...,N—1 ni—n2=u

Splitting this expression for v = 0,4 > 0 and u < 0 provides

N-1
* 1 —2imnq (v2—v
E[éym(’jl)fym@Q) ] = NT’m70 Z e 2 1(v2—v1)

n1=0
1 (N-1) N—1-u
+ = o Z 672i77(u+n2)1/162iﬂ'n21/2
N u=1 no=0
1 —1 N-—1
+N Z P Z 672i7r(u+n2)1/162i7rn21/2. (1152)
u=—(N-1) ng=—u

The first term of the right hand side of (1.152) can be computed in the case v1 = va:

1 N-1
—2imny (va—v
'm0 Y errmmlaT) —

n1=0

121
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and in the case v1 # v9,

1 N-1 .
—2imn] ~
N%oE:e TN =0

n1=0

Therefore, the first term of the right hand side of (1.152) is equal to 7, 00y, =vs-

Consider now the second term of (1.152) (where u > 0):

1 N-1 N—1—u
2 : —2im(u+na)v1 217rn21/2
- e
N
= no=0
1 N-1 N—-1—u
—2iTur —2imno(ve—v
=N E Trn,u€ 1 E e 2(va=w),
u=1 no=0

The right hand side of (1.153) can also be explicitly written in the case v; = vy :
N—-1-u
N Z T— —217ru1/1 Z 6—27,71'712 vo—u1)
no=0
1 Nl
= > e (Y )
u=1
N-1
— T ue—2i7ru1/1 N U
’ N
u=1
N-1 N-1
_ Tm,uef%ﬂ'uyl N Z u Tm7u6217ru1/1
u=1 u=1
By Assumption 1.4, sup,,>1 > ,cz < 400, so we have:
m>1 N N
Therefore:
N—1-u

sup N § :,rmue—?muul § : e—217rn2(l/2 V) § :,rmyue—eruul

mz1 no=0 u=1

o(3)

In the case where v; # 19, note that vy — vy = k/N with k # 0, therefore:

N-1 N-1 .
672i7rn2(1/271/1) _ § : e 2imn2 s 0

2=0 no=0

3

(1.153)

(1.154)

(1.155)
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Using (1.155), one can rewrite the right hand side of (1.153) as

1 N-1 N—-1—u
—2imur —2imn2(v2—v
NE Tmou€ 1 § e 2(ve2—r1)
u=1 no=0
1 N-—1 N
§ :Tm’ue—QMruul E : €—2z7rn2(1/2—yl)
u:l nog=N—u
-1
1
N |ul[rm,ul
u=1

which, again by Assumption 1.4, provides the bound:

1 N—-1 N—-1-u 1

L —2imur, —2imnz(ve—11) | — ) () 1.156
su Tmu€ € ) ’
mzpl N ; e ng:o N ( )

Combining (1.154) and (1.156), the second term of the right hand side of (1.152) can be estimated
as follow:

(N-1) N—-1-u N—1
1 —2imur, —2imng(va—r1) 5 —2iTury
sup N Tmue e — Opy =y Tm,u€
m21 u=1 no=0 u=1

o(3)

The term for u < 0 in equation (1.152) is similar. Gathering the three terms of equation (1.152)
leads to

N-1
. iy 1
sup |E[€y, (1) €y, (12)*] = O0y= > rmae ™| =0 <> . (1.157)
m>1 N
u=—(N-1)
Finally, using again Assumption 1.4 we have:
S e @] < 2 S )] =0 (= ).
- N N
|u|>N |u|>N
Inserting this into equation (1.157), we obtain equation (1.151) O
1.B  Proof of Lemma 1.3
Proof. Consider the complement of the event A?(V) and notice that:
AP c{Bme{l,....M}:én>5+etU{Bme{l,..., M}: 5, <s—e} (1.158)

We start by proving that the first set of the right hand side of (1.158) holds with exponentially
small probability, ie. for any € > 0, there exist v > 0 such that:

PEme{l,....M}:5, >5+¢ <exp—N".

By Lemma 1.13 (see below), |E3,, — sm| = O(B?/N?) so for N large enough, this bias term will
be smaller than €/2. Moreover, for any m € {1,..., M}, s, — § < 0. Therefore, one can write for
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large enough N:

PlEme{l,... , M} :3,>s5+¢

=P sup  (8m — ESp + B8y — S+ Sm — 8) > €
me{l,...,M}

<P sup |8, — ESp| > €/2
me{l,...,M}

which holds with exponentially high probability by Lemma 1.14 (see below). The proof for the
lower bound is similar. O

It remains to prove Lemma 1.13 and Lemma 1.14. Concerning the proof of Lemma 1.13, we
follow the same approach as the one used in Theorem 5.4.2 in [13].

Lemma 1.13. For any v € [0, 1], the following results hold:

"y 3
E(8m(v)) — sm(v) = st( ) oy 4+ O ((ﬁ) + ;7) (1.159)

and A B2
m:bll,lp,M |ESm (V) — sm(v)| = O <N> . (1.160)

Proof. Tt is clear that 8,,(v) = Sy () = 8 (¥)Conm(v) can be written as

T (T4 @)y,

Sm(v) = sm(v) Br1 (1.161)

Therefore, E(8,,(v)) = sm(v)(1+ %Htr ®,,). (1.159) thus follows immediately from (1.54). (1.160)
is an immediate consequence of (1.159). O

Lemma 1.14. The family of random variables sup,,_y  rr |3m(v) — E[3m(v)]], v € [0, 1] satisfies

1
sup |Sm — ElSm]| < —. 1.162
nSAP g o~ Bl = (1-162)
Proof. (1.161) implies that §,, — E[$,] can be written as 3§, — E[$,] =
Sm (%—%ﬂTr(IqL@m)). It is clear that supm||(I;${”) lp < & for some nice
constant C. Therefore, (1.162) leads immediately to (1.41) . O

1.C Proof of Lemma 1.5

Proof. These estimates can be proved in a compact way by using the calculus rules available in
the stochastic domination framework introduced in Definition 1.1 and proved in Lemma 1.1. Using
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Lemma 1.4 and Lemma 1.15 (see below):

-

R

1 1
S‘\/sm—\/ém)x \/—| X ‘
N , Sm Sm
1 B2
O<(75+32) O<(1) 0<(1)
1 B?
< —= 4+ —=.

The second inequality is similar to prove:

Sm 1 ‘/sm \/sm
Sm

1
< |8, — & X
= M m(w/ismjugm)’
O-<(\/*+ ) O.<(1)
1 B?
< ==+ —.

Lemma 1.15. The family of random variables (sup,,—y s |8m (V) — sm(V)]), v € [0,1] satisfies

B2
sup |8, — sml| <

m=1,....M \/7 N2

Proof. 1t is sufficient to check that the family of random variables (|3, — sm|)m=1,. 1,7 € [0,1]
satisfies |$y, — spm| < \F + N2 Using Lemma 1.13 and Lemma 1.14, we obtain as expected that

. R R R . . R 1 B?
18m — Sm| = |$m — E8m + ESp — 8| < |$m — ESm| + |[ESm — Sm| < ﬁ + Ne
o(E3) O<(75)

1.D Proof of Lemma 1.16

Lemma 1.16. The set of random variable (S-M_ |5, (v) — sm(v)|?), v € [0,1] satisfies
BS
Z |5m_8m‘2<1+7

Proof. Using Lemma 1.15, we have

1 BY
‘Sm—sm’2-<§+ﬁ
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and summing over m = 1... M, one immediately get:

M

. B°
Z:l|sm—sm\2<1+N4.
m=

1.E Proof of Lemma 1.10

A A rx-
We express A as A = B +1 + 50T B +1 Therefore, we have

K r

vB+1

AlF<cC -
N (H o

VBT1

k)
Using the Schwartz inequality, we obtain that
1/2 1/2
B+1 B+1
It is well-known that E <H jeami H > < C for some nice constant depending on k. Therefore, we

k 2k
B
< -
<C <N>

a property which will imply that EHAH’“ <C (%)k For this, we put Z = g—l_:_*l. As (1.62) holds,
it remains to verify that E(||Z — E(Z)||F) = O (%)2]{. For this, we use the concentration inequality
(1.68). We choose ty = wl/k(%)2, and obtain that

XX* k

B+1

E|A|* < C <E‘

establish that

rr-
B+1

p [IIZ(—BE)<2Z>H > wl/k] < 2Cexp —CB(w"/* —wy'™) (1.163)
N

1Z—E(Z)]|

k
()2 > , we have to establish
N

for some wg > 0. If we denote by zn the random variable zy = <
that E(zy) = O(1). For this, we express E(zy) as
+o0 wo +oo
E(zn) = / Plzny > w)dw = / P(zny > w)dw —|—/ P(zy > w) dw.
0 0

wo

As P(zy > w) = P(zy HLEN w'/%), (1.163) immediately implies that E(zy) = O(1).

1.F Proof of Lemma 1.11

We denote by 7y, the term of interest, i.e. 7, = E(w,, AW*Qe,,). It can be written as

Thm = Z Z E(Wm,ngwm/,nl Qm’,m)AnQ,nl

ni na,m’
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The integration by parts formula (1.32) leads to

E(Wm,n2 Wm’,nl Qm’ ,m) =

1 1

nlfngBi_‘_lE(Qm,m) -——E [Wm’,n1 (Qw)m’,nng,m] .

Om—m/0 B+l

Therefore, we obtain that

Z E(Wm,ngwm/,nl Qm’,m)An2,”1

ng,m’

1 1

= 7E(Qm,m)An1,n1 - TH

B + 1 E [(W*QWA)nl,nl Qm,m]

and that

N = E[Qmjm];tr A-E [(

tr W*QWA ) Q...
B+1 rwWiQ >Q}

B+1
L W*QWA) —E K

=5 B+1

tr A—fSE < tr VV*QWA)O Q. } . (1.164)

m,m

B+1 B+1

In order to evaluate E (%ﬂtr W*QWA), we note that

1
B+1

tr A — BcE (J\l/[tr W*QWA> -

1 * ° 1 o]
EKBHtrW QWA) MtrQ]

1 1 M
E<MtrW QWA) =Mmzzjlnm=6

from which we deduce that

1 51

E(—tr WQWA )= "~ + A
(Mtr Q ) T+ BcBr1”

L (-1 wqwa N Q°

1+8c [\B+r1" M|

Plugging this relation into (1.164) leads immediately to (1.126).
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Chapter 2

Approach based on large random
matrix models with independent rows

2.1 Introduction

In Chapter 1, to estimate ﬁtr F(CW)) — J f dptmp.cy > we used the following decomposition:

<A14tr f(C(u))—%tr f(Cv ))) (tr f(Cv ))—Eitr f(C(v))>
(e e (S5247))

+<t () - [ £ )

where for each v, X(v) is an M x (B + 1) matrix with 11d Ne(0, 1) entries The goal of this chapter
is to provide an alternative approach for the study of E- artr f(C( — [ f dptmp,cy » which will turn
out to provide more easily the O( )2 correction terms than with the method developed in Chapter

1. More precisely, we will show that the quantity of interest Eitr f (C(y)) can be approximated

by a deterministic quantity [ f dpT®) which satisfies, under the assumption of independence of the
M time series,

[ 10T~ [ ey == < By > in)oy
3
+ <Dy, f>rnw)oy +0O (]]\3,) (2.1)

where O(-) is uniform in v € [0, 1], and where < Dy, f >, < Dy, f >, Fx(v), rn(v), vy and cy are
defined as in Chapter 1. Moreover, using Proposition 3 from [48], it will be possible to prove that

L TW)
1

uniformly over v € [0,1]. To obtain (2. 2) we show that p N( ¥) is defined as the spectral measure
associated with the Stieltjes transform L tr T(v, z), with T(v,2) defined as the solution of the

satisfies

129
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following coupled system of equations

~ _ 1 _
T(V,Z)—dg (m7m—1,,M>

. —1
T(v,z) = (—ZIBH — ﬁ Z%:l cZTmm (v, z)@Nm(Z/))

where

1 —
5m(7/, Z) = ﬁtr @]\Lm(V)T(l/, Z)

and Oy ,,(v) are the deterministic sequence of matrices defined by

(ONm)oy(v) =E [5’” (v~ 5%) & (v - 2%)] . (2.3)
’ VomW)  V/sm(v)

To show (2.1), we use the fact that under the joint independence assumption of the M time
series, the matrices @ n ,,, () are all close to Ip1; as N — +o00. This allows to extract the dominant

terms from the expression of [ f duT(V) — [ fdpmp.cy -

2.1.1 Comparison with [60]

This work can be compared with [60] since they share similarities in their goals and the tools used.
Concerning the goals, both are motivated by the test of independence of multidimensional time
series. The approach proposed by the authors in [60] relies on the lag domain. They consider the
column vector gathering L consecutive observations of the m—th time series, namely

yfn,n = [ym,n7 B 7ym,n+L—l]T

and from this built an M L—dimensional column vector

Denoting by Ry the ML x ML spatio-temporal covariance matrix of this random vector, i.e.
R = E[y%(y%)*], the M Gaussian time series are independent if and only if Ry, is block-diagnoal,
or equivalently if Reopr,z, = Insz, where

Rcorr,L = le/zRLle/Q
with
BL = Bdiag(RL).

To test if Reorr. 1 is equal to Insr, the authors from [60] studied the behaviour of LSS of ﬁcom L, an
estimator of Reorr 1, defined by

~

N

A 1/9. 4 A - 1 "

7zcorr,L = BL1/2RLBL 1/27 Rp = N E y?%(Yﬁ) :
n=1

The authors considered the setting where % ‘= cN Noteo, e (0,4+00), the M—time series are

jointly independent, and they satisfy the following short memory assumption:

there exists a constant 79 > 0 such that sup Z(l + k) rm (k)| < 400
m>1
=" keZz
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where (rm(k))kez is the autocovariance sequence associated with the m-th component of the time
series y. Denote (Ap, Jme[nr) the eigenvalues of Ry, and

| ML
fin(I) = MLmz::ll()\m €l)

The authors then followed the same approach as in this chapter, and showed that the spectral
measure [y can be approximated by a deterministic measure py, which allows to prove the following
approximation:

1 1 1 1 1
[0 O) = [ 60 s () < s+ 2+ 2=+ 1+ 1

vyhere ¢ is a suitable function and djiy is the empirical eigenvalue distribution associated with
Rcorr,L~

We now compare this result (concerning the behaviour of the eigenvalues of the lag autoco-
variance matrix) with the one developed in this chapter (about the behaviour of the eigenvalues
of the spectral coherency matrix). First, we consider only the case where vy > 2 since this is the
assumption made in Chapter 1. In this case, the result from [60] can be simplified:

[ o din ) = [ 60 dmpen ) < 57 + 13-

Moreover, we see that the parameter % plays the role of the quantity & ~ in this work. Indeed, if we
denote a < 1 such that M = O(N?), we see that the condition 4% — ¢ implies that + = O(N1~).
In this chapter, M and B are both O(N%), so £ = O(N'~2). Slnce we show that

/éb()\) ditn,y () — /gf)()\) Aoy () < % . <]£\;[>2

one can see that up to the identification % > %, the eigenvalues of Ry, and C(V) converges towards
the Marcenko-Pastur distribution at the same rate. However, in this chapter we could obtain the
explicit expression of the second order term (which is O (%)2), while it has not been done in [60].

2.1.2 Notations

In the rest of the chapter we will often use the simpler notation ©@,, instead of @, y(v) (it will
be clear from the context that the values of N and v have been fixed). Moreover, note that
C(v) can be written as the empirical covariance matrix of the normalized Fourier transform matrix

dg(S(v)) 2 B(v): :
C(v) = (dg(8)#2()) (de(8() *2(v))

where
G(v—3x) G (vt3x)
1 \s1(v) s1(v)
dg (S(1) 2 S(v) = -
B+1
v (v—3%) v (v+ax)
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We define Q(v, z) (respectively Q(v, z)) as the resolvent (respectively co-resolvent) of C(v):

Q. 2) = (de (Sw)) " D)D) dg (S() * — 2Ly)
Q.2) = (20)"de (S0)) ' B0) ~ 2Ip)

The spectral radius of a matrix M is denoted p(M), and is defined by:

p(M) = max{|\;|, \; eigenvalue of M}.

while the /1 norm of M is defined by ||[M|l1 = supye(as 3o ieiar [Mia|- The spectral norm is denoted

IM]| := /A1 (MM*) where \; (MM*) is the largest eigenvalue of MM*. We also recall the resolvent
identity: if Q = (XX* — zI), then

I+:Q = QXX* = XX*Q.
Finally we denote [M] = {1,..., M}.

2.1.3 Some results on the Stieltjes transform

As the Stieltjes transform will be a central tool in this chapter, we recall some basic useful facts.
We begin with

Definition 2.1. Let pu be a finite positive measure carried by Ry.. The Stieltjes transform of u is
the function s defined for z € C\ Ry by

_ [ du()
s(z)/R+ P

In the following, the class of Stieltjes transform of finite positive measures carried by Ry is denoted
S(Ry).

We now state some properties of the elements of S(R4).

Lemma 2.1. Let s € S(Ry) and p its associated measure. Then we have the following results:

1. s is analytic on C4,
2. Ims(z) > 0 if Imz > 0, and Ims(z) <0 if Imz <0,
3. Im(zs(z)) > 0 if Imz > 0, and Im(zs(z)) < 0 if Imz < 0,
4. 1s(z)] < dlzg,?Fg)’ where d(z,R4) is the euclidean distance from z to Ry,
5. p(Ry) = limy o0 —iys(iy).
Proof. All the stated properties are standard materials, see e.g. Appendix of [53]. O

Conversely, we have the following lemma.

Lemma 2.2. Let f be an analytic function over C4 such that f(z) € C4 and zf(z) € C4 if z € C.
If limy 4 oo —iy f(iy) = 1, then f is the Stieltjes transform of a probability measure p carried by

Ry, and f is given by
p(dA)
f(z :/ .
(2) Az

Moreover, f has an analytic continuation on C\ Ry.
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Proof. See Appendix of [53]. O

In this chapter, we will need to extend the concept of Stietljes transform to matrix-valued
functions, as it was done in [35] for instance. Therefore, we recall here Proposition 2.2 from [35].

Lemma 2.3. Let F' be an N x N matriz-valued function over C; such that
1. the function F is analytic,

2. the matrices ImF(z) and ImzF(z) satisfy

ImF(z) >0 and Im(zF(z))>0 forzeCy,

3. For any € > 0, sup,> ||iyF (iy)|| < +oo.

Then there exists a positive N X N matriz-valued measure p carried over Ry such that

F(z):/i(i}\z)

Moreover, the total mass of the measure u is equal to
p(Ry) = — lim iyF(iy).

Proof. See Appendix A of [35]. O

The most important Stieltjes transform in this chapter will be denoted ¢y and represents the
Stieltjes transform of the Marcenko-Pastur distribution. For a parameter cy > 0, ¢ty is defined as
the solution in the set of Stieltjes transforms of

zenta(2) + (2 +env — Diy(2) +1=0.

From this equation, it is clear that ¢y satisfies the following useful relation:

in(z) = L (2.4)

—z+ 1+CNEN(Z)

Finally, we define ty(z) as:
_ ~ 1-c
in(z) = entn(z) — —

z
so that (fnx(z),fn(2)) can be written as the solution in the set of the Stieltjes transform of the
following coupled equations:

- -1 _ -1

tn(z) = 0 +in(2) tv(z) = z(1+ entn(2))

Note that we do not use the more traditional notation z + y(z) since we will show later that
T ~ tyIy. In the rest of the chapter, we will also use the notation ¢ty and fy instead of ty and
tn. We end this section with a useful preliminary result.

2.2 Statement of the results

Throughout this chapter we rely on the same assumptions as those from Chapter 1. Proposition 2.1
states that the expectation of the resolvent of C(v) written EQ(v, z) and the expectation of the co-
resolvent of C(v) denoted EQ(v, z) are asymptotically close to deterministic quantities. Before that,
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we need to introduce them and show that they are well-defined. For this, we first need Appendix
I-B from [92] that we rewrite here.

Lemma 2.4. Let (@) penr) be a sequence of (B+1) x (B+1) Hermitian positive definite matrices

such that sup,,ca [|Om| < +o0o. There exists a unique solution (01,...,60) in S(Ry), the set of
Stieltjes transform carried by Ry, satisfying the following equations:

1 ® o
_ c i
= B IR . M. 2.
o B 1tr ( Api+ 47 2. 5i> C] m € [M] (2.5)

Moreover, if we denote T, the measure associated with d,,, we have

1

m(Ry) = tr O,

Proof. See Appendix I-B from [92] for the existence and unicity in the set S(R4.) of the functions
dm. Lastly, it can be checked that lim, o —iydm(iy) = %Htr O,,. O

Let the deterministic matrices T(z) and T(z) be defined by

~ _ 1 _
T(V,Z) —dg <m,m— 1,,M>

_ e . _1 (2.6)
T(v,2) = <—zIB+1 — 27 2omet ZLmm (v, z)@m(u)>

where the matrices ©,,(v) are defined by (2.3). It can be checked that under Assumption 1.4,
SUP,c(0,1] SUPN>1 SUPpmeu] |©Om (V)| < +00. Note that the matrices T(v,2) and T(v,z2) are fully
deterministic.

Remark 2.1. Note that §,,(v, 2) is equivalently defined by:

Om(v, 2)

=5y 1tr T(v,2)On(v).

Moreover, the following important properties for T and T hold. The statement of these prop-
erties and the proofs are very similar to Proposition 5.1 from [35], but we detail them for the sake
of completeness.

Lemma 2.5. Let T and T defined by (2.6). The following properties hold:
1. For each v € [0,1], z + T(v,2) and z — T(v,z) are holomorphic on C,

2. For each v € [0,1], if z € C,, then ImT(v,2z) > 0, Im(2T(v,2)) > 0,ImT(v,2) > 0 and
Imng(V, z)) > 0. Moreover, there exists a positive M x M matriz-valued measure MT(”) =

(ME(V))ij and a positive (B + 1) x (B + 1) matriz-valued measure ™) = (,u;rj(y))ij such that
pTORY) =Ty, pT(R) =15
T(%Z) - / M7 T(v, 2) = / M
R A—2 R A—2
for z € Cy,

3. For each v € |0, 1], the following inequalities hold true:

— — I
5 and T(v,2)T(v,2)" < Bgl,

Vz e Cyq, 'i‘(l/, z)'i‘(u, 2)" <
m“z Im“z
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4. The sequence of measures (ﬁtr MT(V))N21 and (%HMT(V))Nzl are tight.

In particular, ﬁtr T and %Htr T are Stieltjes transforms of probability measures.

Proof. We fix a v € [0,1] and omit the dependence in v for T and T in the rest of the proof. We
start by proving items 1 to 3 for the matrix T. Since it is shown in Lemma 2.4 that the mappings
2+ O (2) are Stieltjes transform carried by Ry, by [35, Proposition 5-1, item 4] z + (—z(146,,)) !
for any m > 1 is also a Stieltjes transform carried by R;. Moreover, by Lemma 2.2, it remains to
prove that limy_, 4 zmim(zy) = —1. We write

. ~1 ~1

and since d,, are Stieltjes transforms of measures with total mass %Htr ®,, < 400, we have that
limy 400 iygm(iy) is finite, which proves that lim,_, inmm(iy) = —1 for each m. This implies
that limy_, 4 99T (iy) = —Ip, and ends the proof of items 1 to 3 for T.

We now prove item 1 for the matrix T. Since we proved before that z — Tpm(2) is a Stieltjes
transform, we only have to show that T(z)~! does not vanishes on C,. This is immediate since for
any z € C,, using the fact that T,,,, is a Stieltjes transform,

ImT(2)™! = —ImzIp, — iIlrn(szm(z))@m < 0.

M
Concerning item 2, we have
M
ImT = (Imz)ﬁ* + % kZ:l Im(szk)T@kT*

which is positive. Similarly,

M
Im:T = ]z\Qﬁ* (]\64 Z @mImem>
m=1

which is also positive. Lastly,

Yy—r—+00
m=

M 1
. N . . . c ~ .
lim iyT(iy) = lim iy (—zyIBH —a7 2 Tmm(zy)®m> = —Ipp
1

since | Thm (iy)]| Y20 and SUPN>1 SUPme[m] |Om| < +o0o.  Therefore, it is clear that

sup, . iy(T(iy))|| < +oo. By Lemma 2.3, there exists a matrix valued measure pT®) carried
over Ry such that
T
= p (dA)
T(2) =
()= [ 21

with MT(”)(RJr) = —limy, 400 1yT(iy) = Ip4+1 as announced. To prove item 3, we shall prove the
two following inequalities

T-T Iy T-T
- < -
Vz e Cy, 5 = s and 5




136

The first one is shown by writing:

T-T T (d I I
=ImT = Im/ 7(1)\) :Imz/ g /d T(v) — B—H.
2i -z A — 2\2 Im z

Now,
T-T
2i

M
= (Im2)TT" + ﬁ 3" Im(:T) TOWT” > (Im2)TT
k=1

since ﬁ Zgil Im(szk)TGkT:2 0.
We now prove item 4 for uT. By Markov’s inequality, it is sufficient to check that

sup / )\,uf(d)\) < +o0.
N>1JR

By [35, Lemma C.1],

/R AuT(dA) = lim Re {—iy <iy]\14tr T(iy) + 1) } . (2.7)

Yy——+00

By the definition of T, the following equality holds

c & S
T(y) | —iylppr+— » ———— | =1
(Z/)( YlB+1 le+5 (zy)) B+1
which by taking the normalized trace implies that

M
_ ——tr T(iy)O,,

1+ —
M~ 1435,(iy) M

1
B+1

Plugging (2.8) into (2.7), we get:

T ¢ o~ Onliy) {—iydm(iy)}
AuT(dN) = lim Re! —iy— _mVd .
JAw @ = { WM 2155, (z’y>} wooMZl 14 om(in)?

Since it has been recalled in Lemma 2.4 that §,, are Stieltjes transforms of finite measures, it holds
that

sup sup lim |6, =0
wp sup T (o )

and that for each m, limy_, 4~ —iy5 (1y) = BHtr @ < +oco uniformly in m € [M] and N > 1.
This ends the proof of item 4 for uT. The proof for uT is similar. O

We can now state the following important result, which states that EQ(Z/, z) behaves asymptot-
ically as T(v, z).

Proposition 2.1. Let T defined by (2.6). Under Assumption 1.1 to Assumption 1./, for each

PAS C+,
1 - 1 - 1
Vil[ﬁ] —tr EQ(v, 2) — Mtr T(v,z)| = O, 5
_ — 1
tr E - tr T =0,(—=]).
S Et Q. 2) — gt T(»,2) (BQ>
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Proof. Using Gaussian tools (Gaussian integration by part and Nash-Poincaré inequality), Propo-
sition 3 from [48] proves that for each v,

— 1 — 1
E . T(v,2) = O, [ =
B+1tr Q(v, 2) B+1tr (v,2) =0, <BQ>

and it is easy to check that the bound is uniform in v € [0, 1], since it has been proved in Chapter
1 that

sup sup sup [|O, y(V)|| < +oo.
N>1ve€0,1] me[M]

Denote X := dg(S(y))_%E(u). Since XQX* = 2Q + I, to obtain the result on EQ, it is sufficient
to study EXQX* using the same Gaussian tools. We omit this part. O

As a direct consequence of the Helffer-Sjostrand formula (the proof is very similar to the proof
of 1.3), the following corollary holds.

Corollary 2.1. Under Assumption 1.1, to Assumption 1.5,

sup [Etr £(€(0) = [ £au™

velo,1]

o(3)

We now use the fact that for v # v/ such that v — v/ = % for some integer k£ and each m,
the Fourier transforms of ¥, 1,...,ym ~ at these frequencies have a covariance close to zero, which
leads to the fact that the family of matrices ©,,(v) for m € [M] and v € [0, 1] are all close to the
identity matrix. We already proved in Chapter 1 that ©,, y(v) satisfies

B
©ux(¥) =Lt + Bpy(v), s s ()] =0 (5 ).
me[M] vel0,1]

and that the following lemma holds:

Lemma 2.6. Under Assumption 1.2 to Assumption 1./, the covariance matrices ©,,(v) satisfies
the following estimates:

B
sup sup [|On n(v) —Ippi]| =0 (N> (2.9)
me[M] vel0,1]

sup sup

tr (@, n(v)—1 — T NW)| =
me[M] ve[0,1] B+1 ( 7N( ) B+1) N( )

where Yoy N (V) i the (9(%)2 term equal to

Informally, the matrices ©,, n(v) are uniformly close to the identity. Since we know that in the
white noise case (@, n(v) = Ip4q for each N > 1, m > 1 and each v € [0, 1]), the limiting spectral
distribution is the Marcenko-Pastur distribution, it is reasonable to expect that the limiting spectral
distribution of T is close to the Marcenko-Pastur distribution. We now state the second important
result of this chapter, which states that the deterministic matrices T(v, z) are close to fy(2)I.
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Proposition 2.2. Recall that we defined

M s (v M st (v ’
) i

and

—cn (2N (2)In(2))°
1 —en(ztn(2)En(2))2

pn(2) = (2in(2)),  pn(2) = (2.12)

Under Assumption 1.4, for each z € C,, the matriz T is close to the Stieltjes transform of the
Marcenko-Pastur distribution in the following way:

3
21[1017)1] itr T(v,2) — in(2) + b (2)Fn (V)N — pN(Z)’I”N(I/)UN‘ =0, (ff) . (2.13)

Remark 2.2. One could also approzimate 57t T(v,2) by tn(2), but the estimation error rate
would be worse, of order O.(£)? instead of O.(£)3.

The proof is deferred to Section 2.3. As for Proposition 2.1, the Helffer-Sjostrand formula implies
directly the following corollary.

Corollary 2.2. Under Assumption 1.1 to Assumption 1.5,

B\3
sup /fdMT(V) _ / [ dpmpen+ < DN,f >ry(V)on— < Dn, f >rn(v )UN‘ @) <N> .
vel0,1]
Proof. Immediate following the same steps as in the proof of Corollary 2.1. O
Combining Corollary 2.1 and Corollary 2.2, we obtain the following final result.
Theorem 2.1. Under Assumption 1.1 to Assumption 1.5,
B\3
sup 7Etrf( /fdﬂmch+<DNaf>TN( )UN <DN7f>rN( )UN’ O() .
ve(0,1] M N

This allows to recover exactly the statement of Theorem 1.2 from Chapter 1.
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2.3 Proof of Proposition 2.2

Proof. By a succession of approximation of T z}nd T by tyIy and tnIgi1, we show that the
following system of equations between € := %tr T — ity and € := =T — Zx holds:

B+1
_ = -9 _
EN _CNZtN 0 EN

2
27 1 M 1 27332 1 1 M
ZUNIN 37 2ome1 BT P+ N2 NN p bT { (M > =1 ‘ﬁm) }
2

i M 73 M
ex By Ty ghrtn @+ R Bt { (4 SH ) )

( ZfNENEN >
+ - _ .
CNZLNENEN

N (Oz (§)3> , (2.14)

0. (%)’

Before proving the validity of this equation, we show that (2.14) implies that €y and €x are both
O.(£)?%. the first component of (2.14) can be written

1 &1 1 1 I ’
- _ < 72
EN = zt?vezv + zt?VtNM Z B 1tr b, + chzfi,)’vtNB n 1tr (M Z <I>m>
m=1 m=1
S B\?
+ ztyeneny + O, <N)
while the second component provides
1 & 1 1 < ’
—_ 72 ~ ~ -3
EN = CNZtNEN + chth?VM Z B ltr P, + c?\,z%?vt]vB n ltr (M Z ¢m>
m=1 m=1
_ B\’
+ enztyeneny + O, (N) .
Combining both results, we can write:
1L 1 1 & i
- F T oN2 2 ) 2 272 73
en(1—cn(zintn)?) = 213 CNZtNtNMmZ:I Bt ®mt A i gt (Mmz:l(bm)
3

- B
+ ztnenen + O, (N) . (2.15)

The following Lemma 2.7 proves that éy and €y are O,( %) Its proof is deferred to Appendix 2.A.

Lemma 2.7.

S . B
It - ixtull = 0. () (2.16)
. B
IT—itnIpt] = O, <N> . (2.17)

Lemma 2.7 implies that ey and €y are (’)Z(%) S0 consequently eyéy = Oz(%)Q. We recall that



140

2
by Lemma 2.6, Z%Zl %Htr ®,, = 0.(£)? and %Htr (ﬁ Zn]\le <I>m> = 0.(%£)% Lastly, by

Lemma 1.1 from [59], 1 — ey |ztntn|? > ﬁ, where \_ = (1 — ,/cn)%. We conclude by (2.15)

that ey = Oz(%)Q. Showing that ey = O, %)2 is proved similarly. Therefore, €yén = (’)Z(%)?’,

and (2.14) becomes:

o7 73 52
[ ) —zf%v] (€N> AR NG Somy Bt @+ en 2 R EN gt {

72 —_
—cnzty 1 N en 2Nt M g tr @+ c?\,fo?Vf?’VB%rltr { & S ‘I’m> }

B\3
0: (%)
. . 1 —2t%] o
By Lemma 1.1 from [59], the inverse of the matrix 9 exists and is given by:
—cnzty 1
2
1 - 172 2ty
1-— CN(thtN)2 cnzty 1
so (én,€n) can be expressed as:
) [
€N 1-— CN(ZtNtN)2
242,T M 1 en 228, T 1 M 2
[ 1 zf?v] AT 2m=1 BTt P+ gt {(M > om=1 q’m) (Oz (]1\3[)3>
72 ;o -3 2 + B\3 |
t 1 TN T2 2,223 ¢ B
NFN NN St @+ DN N { Ly <I>m) } - (¥)
This provides:
1~ . 231 Bin 1 w1
ST oy = NN ONTINIY LD
M 1—cn(ztnty)? M~ B+1
m=1
273 72 2,374 73 M 2 3
cN it t c 2oty 1 1 B
LN NN+~7 NiN tr 72(1,7” ro.(2)
1—CN<ZtNtN)2 B+1 Mm:l N
Note that it is easily verified that:
Zf?vf]v + CNZ2£‘;’VE?V ~ , N
=—— = (ztn(2)) = z
SN = (i) = (o)
chzf‘?Vf?V + 02237?]1@?\; —cn(ztytn)?
= =pn(2).

1-— CN(ZtNNfN)Q N 1-— CN(ZENEN)z
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Finally, it remains to show that

1L B\*

M;B+1tr P, =)oy + 0O <N> (2.18)
1 1 ’ B\?

B 1tr (M mz::l <I>m) =ryv)oy +0O <N> . (2.19)

Recall that

B bs,(v) b shv) , B B B\* 1 T
Bm(v) = de (N Sm (V) + m%m(u)’b o2 2> +0 (N) Ipy1 +0O <N> 11

so (2.18) is clear. Concerning (2.19), it can be checked as follows:

1 1 & ’ 1 JR—
_— <M2¢m> R

mi,mo=1

M
= BT1I Z tr { @, By}

mi,ma=1

which means that
1 b (@, (1) B, (1)) = 1 Z Slml(l/) s;nz(y) 2 2+O E 3
Byl m\WEme )= Smy (V) Smy(v) ) \ N N)
Finally, summing over m; and mo provides:
M 2 M / / 3
1 1 1 sro (V) i (V) B
t — b, = — 1 2 o=
B+l <Mmzl > e Z, <8m1(V) sm@)) | TO\N
which can be written in the form
M 2 M 2 3
1 1 1 sk (v) B
— P, = — o — .
Bri” <Mmz1 ) N <M 2 sm(l/)> +O<N)

Modulo equation (2.14), Proposition 2.2 is proved.

Proof of (2.14). We start by expressing +tr T(v,z) — iy(2) in terms of Ztr T(v, 2) — tn(2).
Recall that

~ -1 _ -1

Y& = I G)
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SO we can write
T — ENIM = ZENng (gm — %N, m € [M])

where 4,,, can be decomposed as the following sum of two terms:

_ __ 1 __
= T — 4T é,T
Om B+1tr(®m ) = B—l—lt +B+1tr( m'T)
so that
T — inIy = 2i8T T &, T-1 M
tnly = 2ty dg(B—i—ltr +B+1tr m tN,mE[ ]>

. 5 o 1 _
= 2ztNeNT + 2t y'Tdg <B n 1tr (®,,T),m € [M]>

Take the normalized trace, and we obtain the following expression for ﬁtr T —in:

~ 1 ~ -1 ~ 1 —
EN = thENMtr T+ thMtr (ng (B n 1tr P, T,me [M])) . (2.20)
The first term of the rhs of (2.20) is clearly equal to
A T o
ZtNEN Mtr T —tny +tn = ZU\yEN + ZENENEN. (2.21)

Concerning the second term of the rhs of (2.20), we write T = iyIy + (’i‘ —tyIy) and T =
ENIBJFI + (T — ENIB+1), so that:

)

Ly ( ~vIadg ( 1t (®minIpi1),m e [M]>)

% < — inIy)dg (Biltr (®minlpir),m e [M]>>
M (tNIMdg( 1tr (@, (T —tyIpi1)),m € [M])>

N Mtr <( — ixIa)de (B i Ctr (®,,(T —tnIpy1),m € [M]>> .

By Lemma 2.6 and Lemma 2.7, it is clear that the second and fourth terms are of order (’)Z(%)3 .

The first one is equal to
M

-1 1
tNtN— E .
NNM B+1t1‘ (I)m (222)
m=1
while the third one is equal to:
11
tNM E B 1tI‘ (q)m(T - tNIB+1)). (2.23)

m=1



143

It remains to extract the dominant quantity from this term. Since sup,,c(p |®mll = O-(%), it is

sufficient to expand T — tyIp41 up to terms of spectral norm (’)Z(%)Q. Developing T — txIp1:

M
_ — - c ~ _
T — tNIB+1 =T (—Z(l + CNtN)IB—f—l + z (IB—H + N E Tmm@m>> tNIBJ,-l

=T+ 715 (224)

where

M
o 1 ~ - . -
= CNZt?VM g <(Tmm —tN +IN) (P +1p11) — tNIB+1>

m=1
M
_ _ 1 ~ - - -
Ty = cnztn(T — tNIB+1)M Z ((Tmm —tN +IN) (P +Ip41) — tNIB+1> :
m=1
Concerning 77, it is clear that
M | M
22 2 . -2 ~ -
T = CNZtNtNM Z b, + CNZtNENIBJrl + CNZtNM Z ((Tmm — tN)‘i’m) (2.25)
m=1 m=1
while for 75,
M 3
Ty = ex 2ty (T — inTpsn)en + exsinin (T —fpi)— 3 &+ 0. (= (2.26)
2 NZUN Nlpti1)en +cNZINTN B+1Mm_1m A\ N .

where the O.(-) means that the spectral norm of |7y — cnztn(T — tnIpi1)én — chi?V(T —
tIp1) 47 M@, = 0.(£)3. Combining (2.25) and (2.26) into (2.24) we get:

M M
— o~ 1 9 . o 1 - -
T_tNIB-&-l:CNZt?VtNM E ¢m+CNZt?V6NIB+1+CNZt?VM E ((Tmm—tN)fI)m)
m=1

m=1

M 3
- .= 1 B
+CNZtN(T—tNIB+1)€N+CNZtNtN(T—tIB+1)M E ¢m+(’)z (N) . (2.27)
m=1
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Inserting (2.27) in (2.23), we get the following expression for the dominant quantity:

1M 13 1 MU
~ —_— —_ ~ 72 ~
Az 2 gt @n(T = ivls)) =lvyp DL gt (q”" <CNZtNtNM 2 m))

m=1 m=1 m/=1

M
1 1 -2
+ NM Z B ltl" (‘I’m (CNZtNGNIB—f—l))

+
m=1
-1 M 1 o1 M ~
+ing; > F7t | B | eveing; S (T — ) @)
m=1 m/=1
1 L g
+ NMmle"‘ltr (@1 (en2tN (T — tnIpi1)en))
+~1§: L tr (®,, | enztntn (T — 11 1%{)
Nr B+l m | CNZINTIN B+1) m
m=1 m—1
M 3
o1 1 B
IN— tr (2,0; | =

M 3
_chtNtNB+1 ( Z ) <f[) (2.28)

where only the first term is O, (%)2. Combining (2.22) and (2.28), the second term of the rhs of
(2.20) is equal to

B 3

Combining the estimates (2.21) and (2.29) for the first and second term of the rhs of (2.20) we
finally get:

M:

EN —ZtNEN—‘thNENEN—i-ZtNtN tI‘ P,

| M 2 B\3
+ CNz2t tNB ( Z (I)m) (N) (230)
m=1

which is exactly the first component in the equation (2.14).

Expansion of j7tr T(v,z) — tn(2). We start with T —#yIp;1. This quantity has already been
computed up to order 0.(£)3 in spectral norm in (2.27), so taking the normalized trace we obtain
directly

M M
_ 25 1 1 22 - 2 1
EN = CNZtNtNM mg_l B 1tr P, + cnztyeEn + chtNM g (Thm tN)B n 1tr P,,)

m=1

M 3
= 1+ tr <(T—tIB+1)A1/[ 3 <1>m> Lo, (ﬁ) C(@231)

m=1

+ CNZngNgN + CszNEN
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The last term of the rhs needs more attention, so we develop again T — txyIpy1:
1 & 1 U
T —tnlpy = CNZENTM m§:1 (Tmm@m - tNIB+1> =cnyztnenT + CNZ%NTM mZ:l D, Tm

and get:

- . 1
cNthtNB 1

- . 1
= CNtNZtNB 1

t+
=
A/
o
=
&
=2
™
=z
S|
S
=
3
~__

m=1
1 1 M 1 M
+ CNthtNB m ltr ((chtNTM Z @m/Tm/m/) 7 Z ‘I’m)
m/=1 m=1
M 1 M
=cnNtn2tN tr ((CNZtNT Z ‘I’m’Tm’m’> M Z (I)m>
m/=1 m=1
B 3
Lo. (N)
1 Y ? B\?3
_ 2 27273

Plugging (2.32) into (2.31) we get (2.14) as expected.
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Appendix

2.A  Proof of Lemma 2.7

Proof. Recall that T = (—zIpy; — ﬁZ%:l 2Tmm®m) !, By approximating T by ixIy, we
introduce the intermediate quantities

M -1 M -1
—_ C ~ ~ C ~
Tmp = (-ZIB+1 — M Z ZtNG')m> = (-ZIB_;,.l — CZtNIBJ,_]_ — M Z ZtN(bm>
m=1 m=1

and

~ —1
Ty,=dg| ————— , me|M
P & <Z(1 + (Sm,mp) [ ]>

where 0y, mp is the Stieltjes transform defined by

_ 1 —
6m,mp = Tﬂtr Tmpgm

Similar to the quantities T and T, the following properties hold for ’i‘mp and T,
Lemma 2.8. The following properties hold:

1. For each v € [0,1], z — ’i‘mp(y, z) and z — Tpp(v, 2) are holomorphic on Cy,

2. For each v € [0,1], if z € C4, then Im’i‘mp(u, z) >0, Im(z’i‘mp(u, z)) > 0,ImT (v, 2) > 0
and Im(2T (v, 2)) > 0. Moreover, there exists a positive M x M matriz-valued measure

,uTmP(”) = (,u;l;mp(y))ij and a positive (B + 1) x (B + 1) matriz-valued measure pTmr®) =

(/,L?jmp(y))ij such that
,uTmp(V)(RJr) = I, MTmp(V)(R+) = IB+1

- B d,u’i‘mp(V) ()\) o B dufmp(u) (}\)
Tmp(V,Z)—AH, Tmp(V,Z)—/RH

for z € Cy,

3. For each v € [0,1], the following inequalities hold true:

T T * I T T *
VzeCyq, Top,2)Thp(v,2)" < i ]‘g ,and  Thp(v,2)Thp(v, 2)" <

m“z Im~“z

4. The sequence of measures (ﬁtr uTmP(”))Nzl and (%HMTWP(”))Nzl are tight.

1

BT T,y are Stieltjes transforms of probability measures.

In particular, ﬁtr Tmp and

Proof. Identical to the proof of Lemma 2.5. 0

147
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Denote A, = Tinp — InIpi1 so that

T - %NIB—l—l =T- Tmp + Amp-
We first show that [|A,| = 0.(£). Indeed,

Zmp = Tmp - ENIB—&—I

w1 ——1
= tNTmP(tN IB+1 - Tmp)

M
I - - Is -
= INTomp (—z(l +ein) + 21+ ciy + 5 > tN<I>m)>
m=1
| M
=7 Z 2t NENTp P
m=1
Lemma 2.6 implies that [|A,,,|| = O.(2). Similarly, we show that A, = Ty, — iy satisfies
1Ayl = O:(F):
Tonp — tnIns = EnTop(ty' — Tt

= ENTop(— (1+tN) 2(1+ Om,mp))

= tNTmpz( m,mp — tN)

Since G mp — tn = B}Htr (Typ©Om — tnIp+1), it is cleat that

— _ 1 — _ _ _ _ B
Ommp —IN = 5——=tr (Trmp — tnIp+1 + Tmpq)m) < HAmpH + HTmpH sup || @ =0, ( = |-
B+1 me[M]

We recap the two approximation results that we obtained:

- B _ B
HAmp” = OZ (N) ) HAWPH = OZ <N) . (233)

We now show that there exists matrices M; and My such that
31 - gl,mp gl - Sl,mp €1
= MMy : + 1 (2.34)
gM - gM,mp gM - gM,mp €M
where sup,,c(a |€m| = (’)Z(%). Consider T — Ty

—1. ==

— 1 —
(Tpp =T )T

I
Hl

T — Thp
c
(37 2
M
— cz Tkk —tN)TOLT .
1

2(Tiek — tN)©O1) Ty

I
- H
N

i

We now decompose Tkk — iy = Tkk — Tkk’mp + Tkk,mp — tx and obtain

M M

1 S e 1 . R -
T~ Ty = 57 > cx(Tik = Tikmp) TOR T + i > cx(Thkmp — tN) TOR T, (2.35)
k=1 k=1
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Denote é, = cz(Thkmp—1tn), Which by (2.33) satisfies SUPpea] |€m| = Oz(%). Moreover, developing
szk — szk,mp, we get:
2T = Tinamp) = 2° Tk Tirp (Tt mp — Tit) = 22Tkt Tk (O — Okmp)- (2.36)

Plugging (2.36) into (2.35), we get

M M

_ 1 L o o 1 o

T — Tmp = i E CZZTkkahmp((sk — 5lc,mp)T®kTmp + i E GkTG‘)kTmp.
k=1 k=1

Multiplying by ©,, and taking the normalized trace, we obtain

M M

- - 1 - - 1 1 g

6’m — 6m,mp = M E CZ2Tkkak,mp(5k — 5k’mp)THTekTmpem + M E €L B T 1tI‘ T@kTmpem
k=1 k=1

The quantity %Htr TO,T,,Oy is O.(1). Renaming é,, in €m%“tr TO,T,,;0,,, we proved that
the system of equation (2.34) involving the 8., — &, mp holds with

%Htr @1Tmp®1T . %ﬂtr ®1Tmp®MT
C
My = - f :
%Htr @MTmpng - %Htr @MTmpeMT
22T i1 mp 0
M, =
0 ZQTMMTMM,mp

The following Lemma 2.9 provides useful bounds for quantities related to MMs.

Lemma 2.9. For Ny € N large enough, there exist nice polynomials P and Ps such that for any z
in the set Sy defined by

B 1
SN == {Z S C+ . NP]_(|Z|)P2 <In’12> < ].}

the following inequalities hold:

1C4 Im?*z

;;1]1\)/0 p(Mi(2)Mz(2))) <1 - 20y 16(n% + 2 2)2 (2.37)
cup [ (T — M () Mo(2)) |, < 2 G2 180+ 2" (2.38)

N>No C, Im*z

where C1,Cy are nice constants.

The proof of Lemma 2.9 is deferred to Appendix 2.B. Denote Sy C C such that for any z € Sy,

the spectral radius of MMy satisfies p(M1My) < 1 — %%% so the linear equation (2.34)

can be inverted:

= (Iny — M; M) ™!

OM — 6 Mmp EM
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Moreover, Lemma 2.9 proves that on the subset Sy defined by

B 1

where P; and P, are nice polynomials, sup y y, H (I — My(2)Ma(z)) 7t Hl = 0,(1), so the following
holds:

L B
S — Ommnl ¥ < || (T — My M)~ éml = 0, | +
Jmax { mpl} < || (Tnr — M1 M) Hlmseu[%]k =0 (N)

For z € C;\ Sy, we have 1 < £ Py (|z|) P, (5;). Moreover, we recall that 6, and &y, mp are Stieltjes
transform of measures carried by R} with total mass equal to %Htr ®,,, so it is possible to write

2 1 1 B
mseu[g/[ } p} Imz B+ 1 mseu[%” 1Oy < C 1(|2]) Pe <I z> @) (N)

This ends the proof of Lemma 2.7. O

2.B Proof of Lemma 2.9

This proof follows closely the one from [48, Proposition 10].

Proof. My and My depend simultaneously on (T, T,,;) and (T, T,,,), which make their study
difficult. We first show how we can decouple these quantities. By the Cauchy-Schwartz inequality,

we have:
[tr ©4TyO/T| < \/tr OO/, tr ©TOT

‘ZQTkkak,mp‘ < \/’szk‘Q\/|ZTkk,mp|2-

The matrix with entries ((B+1tr 0T, 0, T )(BHtr 0,TO, T )k can be written as the
Hadamard product N1; ® Ny where

. B+1tr elep@1T ... B+1tr @1Tmp@MT
Ny = Vi : : (2.39)
B+1tr ®MTmp®1T ca %Htr GMTmp(-)MT:(np
. BHtr @1T@1 BHtr G)MT®1T
B+1t1" @1T@MT B+1t1" @MT@MT

Similarly the matrix with diagonal entries (‘ZTkk|2|ZTkk,mp|2)k6[M] can be written Ny; © Nay where

_|ZT11,mp]2 0

Ny = (2.41)
L 0 |ZTMMan|2
[|2T11)2 0

Ny = . (2.42)
| 0 |zTMM\2

By [43, Theorem 8.1.18], denoting |[M;Ms| the matrix with entries (|(M1Ms);;|)M_;, p(M;My) <

INE 1P
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p(|IM1Ms|), and using [44, Lemma 5.7.9], we have

p(IM1Ma]) < +/p(N11N2;)\/p(N12Noy). (2.43)

Therefore, it remains to bound the two following spectral radii: p(N11Ng1) and p(N12Ns2).

Bound for p(IN;2Ngg2). We will show that it is possible to obtain a linear system involving the
positive quantities (Im(z7},,,) and Imd,,) with the matrix N12Ns,. Moreover,

. T — 2T, . — 140, —1—0¢ . -
Im(zTu) |ZT11 |2 0 Imd; Imd;

: = : = Ny : (2.44)

where we recognized Nas. Moreover, since ®,, is Hermitian, Im(5,,) = 5 Htr ®,,ImT, and
ImT = T __T
21
1 c M c M
= ?ZT —2Ip41 — M Z 2T4Ok + 21p41 + M ZZTkk@k T
k=1 k=1
— c M ~ —
M

= (Imz)TT + — Zlm 2T1i) TO,T

so that
— Imz et C M ~ 1 —
() = o tr @, TT + 4 ;Im(szk)B ot {@mT@kT } .
This leads to:
Imgl B+1tr @1T@1T B+1tr @1T@MT Im(zfn)
- _c : :
ImgM B+1t1‘ ®MT®1T - B+1tr @MT@MT Im(zTMM)
Im(z) gistr ©, TT
+ :
Im(z) ghytr ©, TT

where we recognize Njo.

Im 6, Im(277;) Im(z )B+1 tr ©,,TT

=Ny 4 : . (2.45)

Im 6y, Im(zTyrr) Im(z )B}Htr 0, TT
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Combining (2.44) and (2.45), we get:

Imgl Imgl Ianrzl tr @1ﬁ*
: = N12Ng» : + :
Im &y, Imd éﬁzltr @Mﬁ*
Denote
u=(Imdy,...,Imdy)"

T
miUQMTﬁ>.

Im 2 — I
= tr ©TT ...
v <B+1r 1 ) 7B+

We say that a vector or a matrix is positive if each of its entries is positive. By Lemma 2.5, for each
m > 1 the mapping z +— 0,,(2) is a Stieltjes transform, so Imd,,(z) > 0 for z € C,. This implies
that u is a positive vector. It is also clear that the entries of v and Nay are positive. Concerning
the matrix N9, its entries can be written as

! ot (eiTel)
5t 1(@aTe; ) (enTe;

and since tr AA* > 0 for any matrix A, it is clear that N5 is a matrix with positive elements.
Write N1sNoou = u — v. It is clear that, since u; > 0 for each [, each entry of u — v is bounded as

follows: )
min v
0rwhrw@—”>§w@—“w’>
uj maXje[pg] W

By [43, Corollary 8.1.30], this implies the following bound on the spectral radius of N13Ngy: for

any z € C, .
minge [y vl

p(ngNgg) S 1-— (2.46)

maxe[m) W

1
max;epm] U

SUP e 1Om — It = O(£), it is clear that there exists Ny € N such that

It remains now to find lower bounds for min v and when z € C,. Since

1
0<Cy< inf inf inf tr ®,, < sup sup sup ——tr ©,, < Cy < +00
PO NENomepel ) BT " T NS Ny melueoy BEL

for some nice constants C; and Cy. This implies the following bounds:

- 1 — Cy
sup max (Imé,,) < sup su tr @, T < ——
Nz]l\)fo mE[M]( m) < NEJI\)TO me[%] B+1 } m | ~ Imz
SO o
sup maxw < —=>. (2.47)
N>N, l€[M] Imz

It remains to lower bound inf N> N, mine(ps) vi. It is clear that since © is Hermitian,

— 1 T
vy = Imz tr ©,TT > C’llm(z)B n 1tr TT (2.48)

+1
so it remains to lower bound wi~tr TT . By Lemma 12 from [48],

B+1
1 ? 1 =\
> Im < tr T(z)) .

B+1

tr T(2)

tr T(2)T(2)* > ‘B 1
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Rewrite 5ptr T(z) as [ % so that

Tm <B i r T(z)> ~Tm (/R “jf?) ~ Tm(2) (/R (;Tjdj'g) |

Since by Lemma 2.5 the measure MT is tight, there exists 7 > 0 (not depending on N) such that
pT([0,m]) > L for all N > Np. This implies that

T T
p(dA) /" Im(z)dp™(\) F Imz
Im(z / > [ 2 (o) > 2.49
( )< =22 ) = Sy 2 O 2 ey (249)
Plugging (2.49) into (2.48), we get:
Im3z
inf inf inf v > C1———.
ngNo ué?b,u lél[lM} U= 16(n2 + |2]2)?
This gives the desired bound for p(N12Nyy).
1 Im?*z

p(N12N22) § 1 (250)

- Ca 1602 + |22)*

Bound for p(N;1;Ny;). The proof for this bound is similar to the previous one, so we will omit
some details. Write ~ ~ _
10 (= mmp) = =T g 210 S

This provides the following equation:

Im(zTH,mp) ’ZTlepP 0 Im gl,mp

Im(ZTMM’mp) 0 ’ZTMM,mpP Im SM,mp

where we recognize Noj:
Im(leme) Im 51,mp

= Nog; . (2.51)
Im(zTMM’mp) Im gM’mp

Since ©,, is a Hermitian matrix, one can express Im d,, ) as:

= 1 _ 1 _

Im 6,,mp = B 1tr Im(©,,Typ) = TR 1tr ©,,ImT,,,
and write Im Tmp as:

_ T T,

Im Tmp _ mp 5 mp
zZ2—Z c M 2t 2t
T — N — RUN —
= Tmp % IB+1 + M Z 2Z®k> Tmp
k=1

M
— —k C ~ — =k
= Im(2)Tp Ty + ]?1 Im(288) Tynp©1 Ty
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Using EN = Tkkz,mp + fN — Tkk,mpv we get:

M

c a =1 —

Im Tmp = Im(z)Tmmep + M E Im(ZTk‘k,mp)TmekTmp
k=1

M
c - ~ —_— —k
+ M Z Im(Z(tN - Tkk,mp))TmpngmP
k=1

so left-multiplying by ©,, and taking the normalized trace we obtain

M
—x% C ~ 1 — —x
tr © Tmmep + i kg_l Im(szk,mp)iB n ltr O, TpOiT),, + €m

Imgm,mp Im ()B—i—l

where €, = 17 Z,]yzl Im(z(ty — Tkk,mp))%ﬂtr TmPGkT;pG)m is by (2.33) a O,(£) quantity. so
we obtain the following equations:

Tm 81, Ftr ®1Tmp(~)1T . Ftr © TmpG)MT T (2711,mp)
Imngmp %ﬂtr G)MTmp®1Tfnp . %ﬂtr GMTmpG)MT* Im(zTMM’mp)
Im(z )B—_Htr eleijnp + €

_|_

Im(z )B_Htr @MTmmep + enm
and we recover matrix INqp:
Imgl,mp Im(leme) Im( )B+1tr ®1TmpT:np + €1
: =Ny : + : : (2.52)

Imngp Im(zTMM,mp) Im(z )B+1tr G)MTmmep + ey
Combining (2.51) and (2.52), we get:

Imngp Imngp Im( )B+1tr G')lepT + €
= NN : + : : (2.53)

Im 6 af myp Im 0 p/ myp Im(z )BHtr (-)MTmmep +enm

This system of equations is similar to the one obtained previously, but it involves the additional
terms €y, ..., €ep. Denote u = (Imdq pp,. . .,IméM,mp)T and

Im(z) mistr ®1Tmmep + €

B+1

Im( )B+1tr ®MTmmep + €nm

The mappings z +— §,,.mp(2) for m > 1 are Stieltjes transforms, so their imaginary parts are positive.
This implies that u is a positive vector. By the same argument as before, N11N9; is also a positive
matrix. Moreover, the following bounds holds:

Cs

sup max u; < ——
N>N, l€[M] Imz
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Moreover, by (2.8) the measure associated with zi<tr T,y is a tight measure, so it is possible to

B+1
repeat the argument to bound Im(z)s—tr @,/ TT and obtain that Im(z)tr @MTmpT is

positive for each m, and satisfies:

B+1 B+1

Im3z
tr @lemep = Clm

iof i
N>N0 le[M] B +1

However, to show that v is a positive vector, more care is needed to handle the perturbations e,,.
Since the ¢, are small in the sense that there exist nice polynomials (the coefficients and degrees
do not depend on N and z) P and P such that sup,,ca[em| < L P (|2])Ps (1), it is possible
to write:

B 1
inf €, > — sup |en| > ——Pi(|z P2< >
== s fen| = PP (o
Denote by Sy the following subset of C

Im32

B 1 1 Im32
- cC.O—22% P pp(— ) > o
o {Ze i e~ D Q(Imz> g 20116(772+|Z|2)2}

so that on Sy,

S — 1 Im?
min v; = inf < tr @leijnp — 5m> > 701%

le[M] N>No le[M] B+1

It is clear that Sy is of the form

Sy = {z c€C: %Pl(yz\)g (Imlz> < 1} (2.54)

where P, and P, are nice polynomials, and v is a positive vector on Sy. It is now possible to use
[43, Corollary 8.1.30] and write the following bound on the spectral radius of N1;No;:

minge [z V1

p(N1;1Ng;) <1
maxXem) U

which proves that for z € Sy:

1C4 Im*z

Bound for p(M;M3z) Using (2.55) and (2.50) in (2.43), we obtain (2.37) as desired.

Bound for ||(Iy; —M;M3)~!|j;. We defined previously matrices N1, N12, No; and Nag such that
for each i, 5 € [M],

[(MiMz)ij] < \/! (N11N21)z‘,j\\/\ (N12N22)i 51 (2.56)
By Lemma 13 from [48], this implies that

[(Tar = MiMo) Yl < VI[(Tar — N1iiNap) L1/ [T — N1oNao) 1y

so it is enough to control and ||(Ip; —N11N21) 7|1 and [|(Ip; —N12Na2) 7|1, Since p(N12Nag) < 1,
the inverse (I —N12Na3) ! is well defined. Moreover, using (In; —N12Ngg) ! = ZkZO(ngNgg)k,
the entries of (In; — N12Nao)~! are all positive. Finally, (In; — Ni2Nao)™! satisfies (I —
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N12N22) 'u = v where we recall that

u=(Imdy,...,Imdy)"
B Imzt 0. TT" Im,zt 0. TT" T
v = B+1r 1 g 1r M .

This implies that

Iy — NioNoo) 7|5 <
1(Tas 12N22) 1 < ming v, — Ch Im?z

Moreover, we similarly have for ||(In; — N11Ng;)~!||; the following bound:

B maxj, u
|(Tnr — N Nop )My € ———F h Tk
ming vg

where for z € Sy defined in (2.54) gives

— C5 16 2 + |z 2)2
(Tar — N11Nap) My < 2—2(77—4|’)'
Ch Im*z

Combining (2.57) and (2.58) in (2.56), we get (2.38) as expected.

maxy Ug < @16(7]2 + ‘Z|2)2

(2.57)

(2.58)
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Chapter 3

Detection when all the signal to noise
ratio per sensor vanishes

3.1 Introduction

Detecting the presence of an unknown multivariate signal corrupted by noise is one of the funda-
mental problems in signal processing, which is found in many applications including array and radar
processing, wireless communications, radio-astronomy or seismology among others. In a statisti-
cal framework, this problem is usually formulated as the following binary hypothesis test, where
the objective is to discriminate between the null hypothesis Hg and the alternative hypothesis H;
defined as

HO : (yn)nEZ = (Vn)nEZ
Hi: (Yn)nez = (Un)nez + (Vn)nez (3.1)

where (y,)nez is the M-variate observed signal, and where (u,)nez and (v, )nez represent a non
observable signal of interest and the noise respectively, both modeled in this chapter as mutually
independent zero-mean complex Gaussian stationary time series.

Without further knowledge on the covariance function of (v,)n,ez and/or (uy)nez, or access
to “noise only” samples, the test problem (3.1) is ill-posed, even for temporally white time series
(Vn)nez and (u,)nez, and one needs to exploit additional information on the covariance structure of
the useful signal and noise. One common assumption, widely used in the context of array processing
and multi-antenna communications, is to consider that the noise (v;,)nez is spatially uncorrelated.
Moreover, when the receiver antennas are not calibrated, it is reasonable to assume that the spectral
densities of the components of the noise may not coincide, see e.g. [72], [82], [12], [54]. This will be
the context of the present chapter.

A first class of tests is based on the observation that the noise is spatially uncorrelated if and
only if the matrices Ry (¢) = E[v,Vv}_,] are diagonal for all £ € Z, whereas if the useful signal
(u,)nez is assumed spatially correlated, Ry (¢) = E[u,u}_,] is non-diagonal for some ¢ € Z. Under
this assumption, the problem in (3.1) can be formulated as the following correlation test:

(
(

where Ry () = Ely,y; _,| and dg (Ry(¢)) = Ry (¢) ® I, where ® is the element-wise (Hadamard)
product and I the M x M identity matrix. A number of previous works developed lag domains
tests that specifically tackle the above problem, see e.g. [38], [42], [55], [41], [73], [50]. Also relevant
are the approaches in [72] and [82], where the possible useful signal is supposed to be the output of
a filter driven by a low-dimensional white noise sequence.

Ho: Ry({) =
Hi:Ry(£) #

(¢)) forall ¢ € Z

dg (Ry
dg (Ry(¢)) for some { € Z (3.2)

159
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Our focus here is on another type of formulation, referred to as frequency domain approach,
which consists in rewriting problem (3.2) as

Ho : Sy(v) = dg (Sy(v)) for all v € [0, 1]
Hi1 : Sy (v) # dg (Sy(v)) for some v € [0, 1] (3.3)
where Sy (v) is the M x M spectral density matrix of (y,)ncz at frequency v, defined by
I/) — Z Ry(k)e—%m/k'
keZ

This problem is equivalent to testing whether the spectral coherence matriz (see for instance [13,
Chapter 7-6], [52, Chapter 5.5])

NG

Cy(v) = dg (Sy(1)) 2 Sy (1)dg (Sy (1))~

is equal to Iy, for all frequencies v € [0,1]. In this approach, usual test statistics are mostly based
on consistent sample estimates of Sy (v) or Cy(v) that are compared to a diagonal matrix or to
the identity Ins respectively. Previous works that developed this approach include [93], [88], [24],
[25]. In particular, [93] considered the following frequency smoothed-periodogram estimator Sy (v)
defined by

(3.4)

vl

: b 2%
Sy = O & <u+ >5y <u+ N) (3.5)
2

with fy( v) = \ﬁ Zn 0 Yne e~ 2™ the renormalized finite Fourier transform of (¥n)n=0,...N—1, B the

smoothing span, assumed to be an even number, and where &, (1/ + %)* is the conjugate transpose
of the vector &, (v + 2. [93] was devoted to the study of the limiting distribution of

P A M
log {Hdet (Sy(i)/ I1 gm,m(yi)}
i=1 m=1

for some properly defined subset of frequencies (v;)i=1,.. p, where 8,,,,(v) = (gy(y)> . When

m,m
M = 2, [24] considered a general kernel estimator of Sy (v):
N

- o (o (D)o o)

__ N
b=-%

where wy is a weight function satisfying some specific properties and a test statistic of the form

which is proven to be, after proper recentring and renormalization, asymptotically normally dis-
tributed. Finally, [88] and [25] considered the more general class of test statistics, defined by:

1/2 ~ 1/2 ~
/_I/QK((Sy)lg(u)) dv and /_qu/)(s 1 )H
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for some well-defined functions K and 1, and where || - || is the Euclidian norm. They proved that
these quantities asymptotically follow normal distributions. In the present chapter, we focus on the
natural estimator (see e.g. [13, Chapter 7-6], [52, Chapter 8-4]) of Cy, defined by

—
D=

Cy(v) = dg (Sy() *8,(v)dg (S,() (3.6)

where Sy(y) is the frequency-smoothed periodogram estimate defined by (3.5). Note that adding a
weight to the matrices £, (v + %)ﬁy(u + £)* leads to a more general class of estimators of Sy (v).
The study of this more general class of estimators involves different techniques and random matrix
models than the ones used here, and is therefore out of the scope of this chapter.

3.1.1 Low vs High-dimensional regime

The performance of the test statistics developed in the above mentioned previous works is usually
studied in the low-dimensional regime where N — oo and M is fixed. It is well known (see for
instance [13]) that gy(u) and Cy(l/) are consistent estimates if B — +o00 and £ — 0. Under mild
assumptions on the memory of the time series (y,)nez, Cy(y) is a consistent and asymptotically
normal estimate of Cy (v), which can in turn be used to study the asymptotic performance of the
various tests based on Cy(u). In practice, the above asymptotic regime allows to predict the actual

performance of the tests quite accurately, provided the ratio % is small enough. If this condition is

not met, test statistics based on Cy(y) may be of delicate use, as the choice of the smoothing span
B must meet the constraints % much larger than 1 (because B is supposed to converge towards
+00) as well as £ small enough (because £ is supposed to converge towards 0).

Nowadays, in many practical applications involving high-dimensional signals and/or moderate
sample size, the ratio % may not be small enough to be able to choose B to meet % much larger
than 1 and % small enough. Therefore, the results obtained in the low-dimensional regime may
fail to provide accurate predictions of the behaviour of the aforementioned test statistics. In this
situation, one may rely on the more relevant high-dimensional regime in which M, B, N converge
to infinity such that % converges to a positive constant while % converges to zero.

In comparison to the low-dimensional regime, the literature concerning correlation tests for the
frequency domain in the high-dimensional regime is quite scarce. Recent results obtained in [62]
show that under hypothesis Hg, the empirical eigenvalue distribution of the spectral coherence esti-
mate C(y) behaves in the high-dimensional regime as the well-known Marcenko-Pastur distribution
[63]. The result of [62] allows predicting the performance under #Hy of a large class of test statistics

based on
1 & 2
=3 (o)

where A\ (Cy(v)), ..., Ay (Cy (v)) are the eigenvalues of Cy (1), and ¢ belongs to a certain functional
class. Such family of statistics L, called linear spectral statistics (LSS) of Cy(l/), include in
particular the choice ¢(z) = log, i.e. Ly(v) = 45 log detCy (v) and the choice p(z) = (x —1)?, i.c.
L,(v)= ﬁ”é_y(u) — Iy ||%, where || - | represents the Frobenius norm.

In this chapter, we consider the study of the eigenvalues of Cy(y) in the high-dimensional
regime under the special alternative H; for which the useful signal (uy,)nez is modelled as the
output of a stable MIMO filter driven by a K—dimensional white complex Gaussian noise. In the
context where the intrinsic dimension K is fixed while M, N, B — oo, it is shown that the empirical
eigenvalue distribution of Cy(y) still converges to the Marcenko-Pastur distribution, showing that
the test statistic based on L, (v) is unable to discriminate between hypotheses Hy and #; in
the high-dimensional regime. Nevertheless, we also prove that, provided that the signal-to-noise
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ratio is large enough, the largest eigenvalue of Cy(y) asymptotically splits from the support of
the Marcenko-Pastur distribution. We can therefore exploit this result to design a new frequency
domain test statistic, which is shown to be consistent in the high-dimensional regime. This result
is connected to the widely studied spiked models in Random Matrix Theory, defined as low-rank
perturbations of large random matrices. These models were extensively studied in the context of
sample covariance matrices of independent identically distributed high-dimensional vectors, see e.g.
[7]. We however notice that papers addressing the behaviour of the corresponding sample correlation
matrices are quite scarce, see [65] when the low-rank perturbation affects only the first components
of the observations.

3.1.2 Related works

Although the asymptotic framework differs from the high-dimensional regime considered here, we
also mention the series of studies [32, 31] in the econometrics field, which consider a similar model
under H1. In these works, it is assumed that M, N — oo so the ratio % remains bounded, while the
K non-zero eigenvalues of the spectral density Sy (v) of (uy)nez are assumed to converge towards

+oo at rate M. This last assumption, which ensures that the Signal-to-Noise Ratio (SNR) EHEZH;
remains bounded away from 0 as M — oo, significantly facilitates the design of consistent detection
methods. Nevertheless, while relevant in the domain of econometrics, this assumption may be
unrealistic in several applications of array processing, where the challenge is to manage situations
in which the SNR converges towards 0 at rate ﬁ This situation is the one considered in this
chapter and, in that case, the results of [32, 31] cannot be used. We discuss this point further in

Section 3.2 below.

The rest of the chapter is organized as follows. In Section 3.2, we formally introduce the
model of signals used, as well as the required technical assumptions. In section 3.3, we introduce
informally the proposed test statistic and illustrate its behaviour to provide some intuition before
a more rigorous presentation. In section 3.4, we study some approximation results for the spectral
coherence Cy(u) which are useful to study the linear spectral statistics considered here. This study
is then used in Section 3.5 to introduce a new test statistic that is consistent in the high-dimensional
regime. Finally, Section 3.6 provides some simulations illustrating its performance and comparisons
against other relevant approaches.

Notations. For a complex matrix A, we denote by A* its conjugate transpose, and by ||All2 and
|A||F its spectral and Frobenius norms respectively. If A is a n X n complex matrix, we denote
by tr (A) its trace, and by A1(A),..., A\,(A) its eigenvalues; if moreover A is Hermitian, they are
sorted in decreasing order A;(A) > ... > A\,(A). The n x n identity matrix is denoted as I,,. The
expectation of a complex random variable Z is denoted by E[Z]. The complex circular Gaussian
distribution with variance o2 is denoted as Nc(0,02) and a random vector x of C" follows the
Ncn (0, R) distribution if b*x ~ N¢(0,b*Rb) for all deterministic (column) vector b and a fixed
n x n positive definite matrix R. Finally, C*(I) (resp. Cl(I)) represents the set of continuously
differentiable functions (resp. continuously differentiable functions with compact support) on an
open set I.

3.2 Model and assumptions
Let us consider an M-dimensional observed time series (y,,)ncz defined as
Yn = U, + v, (3.7)

where (u,)ncz represents a useful signal and where (v, ),cz represents an additive noise. The
useful signal is modeled as the output of an unknown stable MIMO filter (Hy)xez driven by a
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non-observable K—-dimensional complex Gaussian white noise (€, )nez with E[en€)] = Ik, i.e.

u, = 5 ern—k

kez

with probability one. We notice that K represents the number of sources in the context of array
processing. (vy,)nez is modeled as an M—dimensional stationary complex Gaussian time series such
that its component time series (v1,)nez, - - -, (Umn)nez are mutually independent.

For each m = 1,..., M, we denote by (7, (k))kez the covariance function of (v, pn)nez, i-e.
T'm(k) = E[Um nUmn—k|, which satifies the following memory assumption.

Assumption 3.1. The covariance coefficients decay sufficiently fast in the lag domain, in the sense
that

sup Z(l + kD2 |rm (k)| < oco. (3.8)
mzl, 7

In particular, Assumption 3.1 implies that the spectral density s, of (vymn)nez, given by
Sm(v) = Z Tm(k:)e_m””k
kez

satisfies

sup sup Sp(v) < oo.
m>1ve0,1]

Assumption 3.1 is in particular satisfied as soon as the condition

C

[rm (F)| < R

(3.9)

holds for each k € Z and each m > 1, where C' and § are positive constants. As the autocovariance
function of ARMA signals decreases exponentially towards 0, Assumption 3.1 thus holds if the
time series (Vy,)m>1 are ARMA signals, provided some extra purely technical conditions that allow
to manage the supremum over m in (3.8) are met. As the spectral coherence matrix of (vy)nez,
involves a renormalization by the inverse of the spectral densities s,,, we also need that s,, does
not vanish for each m.

Assumption 3.2. The spectral densities are uniformly bounded away from zero, that is

inf mi > 0.
3 o)

Assumptions 3.1 and 3.2 also imply that the total noise power satisfies
0< inf ~E|val} < sup - Ellva3 < (3.10)
]\l/[nZlM vn2_§4uZp1M vipllz < o0. .

The next assumption is related to the signal part (u,)nez. For each v € [0, 1], we denote by H(v)
the Fourier transform of (Hy)gez, i.e.

H(V) — Z erfi27wk
keZ

and by h'(v),...,h™(v) the rows of H(v).
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Assumption 3.3. The MIMO filter coefficient matrices are such that

sup » (1 + [k]) [Hgll, < oo (3.11)
Zlgez
and
lim max max |[h™(v)], =0. (3.12)

M—o0om=1,....M ve[0,1]

When K is fixed while M — oo, condition (3.11) in Assumption 3.3 implies that the total useful
signal power remains bounded, i.e.

Elluall; = ) IH7z = 0(1) (3.13)
keZ

so that, using (3.10), the SNR vanishes at rate ﬁ, ie.

EluZ (1
= — . .14
Elvalz ~ C\ (3.14)

Likewise, condition (3.12) in Assumption 3.3 implies that the SNR per time series vanishes, i.e.

11.m
Elumal” _ Ji I ()]30
E"Um,n’Q fol Sm(l/)dl/

= o(1) (3.15)

as M — oo. We finally notice that (3.11) is stronger than (3.13). While E |[u,||3 = O(1) is a rather
fundamental assumption that allows to control the behaviour of the signal to noise ratio, the extra
condition sup,,~q > |k| ||Hgl||, < oo is essentially motivated by technical reasons (it is needed to
establish Theorem 3.2). However, it is clearly not restrictive in practice.

Remark 3.1. Conditions (3.11) and (3.12) in Assumption 3.3 are especially relevant in the context
of array processing, where M represents the number of sensors, which may be large [90, 91]. In
this context, (3.14) represents the SNR before matched filtering, while (3.15) represents the SNR
per sensor. The use of spatial filtering techniques, which combine the observations yin,...,Ymn
across the M sensors, allows to increase the SNR by a factor M when the second order statistics
of (¥n)nez are known, which leads to an SNR after matched filtering of the order of magnitude
O(1). Thus, despite the apparent low SNR, reliable information on the useful signal (uy)nez can
potentially still be extracted from the observed signal (Yn)nez-

Let Sy denote the spectral density of (y,)nez, given by
Sy(v) = H¥)H(v)" + Sy(v)

where Sy (v) = dg(si1(v),...,sm(v)). To estimate Sy, we consider in this chapter a frequency-

A

smoothed periodogram Sy, which we defined in (3.5). In the classical low-dimensional regime
where B, N — oo while M, K remain fixed, it is well-known [13] that

E[Sy(v)] = Sy(v) + O (f;)

and
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Thus, in this regime, Sy (v) is a consistent estimator of Sy(v) as long as B — oo and % —
0. Likewise, the sample Spectral Coherence Matrix (SCM, not to be confused with the sample
covariance matrix, which will not be used in this chapter) defined in (3.6) is a consistent estimator
of the true SCM Cy(v) defined in (3.4). When M — +o0 and & — 0, it can be shown that, under
some additional mild extra assumptions, the consistency of Sy (v) and Cy () in the spectral norm
sense still holds provided that B is chosen in such a way that % — 0 and % — 0. In practice,
for finite values of M and NV, the above asymptotic regime will allow to predict the performance of
various inference schemes in situations where it is possible to choose B in such a way that % and
% are both small enough. Nevertheless, when the dimension M is large and the sample size N is
not unlimited, or equivalently if % is not small enough, such a choice of B may be impossible. In
such a context, it seems more relevant to consider asymptotic regimes for which % — 0 and %
converging towards a positive constant. Below, we will consider the following asymptotic regime.

Assumption 3.4. N = N(M) and B = B(M) are both functions of M such that, for some
aec(0,1),

M
M = N« — 1
0( ) cmdB mce(o, )

while K is fized with respect to M .

As % does not converge towards 0, the consistency of Sy (v) and Cy(v) is lost. This can be
explained in a simple way when u,, = 0 for each n and the signals ((vmn)nez)m>1 are mutually
independent i.i.d. MN.(0,0?) distributed sequences. In this context, for each v, the renormalized
Fourier transform vectors (&, (v +b/N))y—_p/2,.. B/2 are mutually independent N¢/(0, o*I) random
vectors. The spectral density estimate Sy(y) defined by (3.5) thus coincides with the sample co-
variance matrix of these (B + 1) M—dimensional vectors. If B and M are of the same order of
magnitude, it cannot be expected that [|Sy () — E(Sy(v))|| converges towards 0 because the true
covariance matrix E(Sy(r)) to be estimated depends on O(M?) parameters, and that the number
M B of available scalar observations used to estimate E(Sy(u)) is also O(M?). Despite the loss
of the convergence of the estimators Sy (v) and Cy(r), we will see that one can still rely on the
high-dimensional structure of these matrices to design relevant test statistics.

3.3 Informal presentation of the proposed test statistic

Mathematical details will reveal later that for each v, C(y) behaves as a spike model covariance
matrix, whose eigenvalues are precisely described by [7]. More precisely, we will see that, in some
sense, the eigenvalues of C(v) that are due to the noise belong to the interval [A_,A;] where
A= (1—+/)?and Ay = (1+ /)2, and that in the presence of signal, some eigenvalues of C(v)
may be strictly greater than A4 if an SNR criteria is respected. For the remainder, we define

k
VN:{N:k::O,...,N—l} (3.16)

as the set of Fourier frequencies. A natural way to test for Hy against H; is to compute the largest
eigenvalue of C(v) over the frequencies of Vi, and compare it with Ay. This leads to the following
test statistic:

Te = Lt o) (52355 A (cy(y)>> . (3.17)

We will prove later that, under proper assumption on the SNR, this test statistic is consistent in the
present high-dimensional regime. Before describing the mathematical details leading to consider T,
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we now provide some numerical illustrations of its behaviour. The general settings are as follows.
The noise is generated as a Gaussian AR(1) process having spectral density

1
Sm(V) = |1 _ 96_127””27 (318)

forallm =1,..., M, with = 0.5, whereas for the useful signal, we also consider an AR(1) process

by choosing K =1 and
[C T
H,=4/-—p5°(1,...,1 1

with 8 = % and C being a positive constant used to adjust the SNR.

To understand how the test statistics T, discriminates between Hy and Hi, we show in Figure
3.3.1 the largest eigenvalue of Cy(y) for v € Vy in the presence of signal, and compare it to the
threshold A;. We see that for some frequencies v around 0, the largest eigenvalue of Cy(u) deviates
significantly from A;. As we will see later, it is possible to evaluate the asymptotic behaviour of
the largest eigenvalue of Cy (), and to establish that it converges towards ¢(SNR(v)) where ¢ is
a certain function, and where SN R(v) can be interpreted as a signal-to-noise ratio at frequency v.
?(SNR(v)) is also represented in Figure 3.3.1, and it is seen that it is close to the largest eigenvalue
of Cy(y). In Figure 3.3.2, we compare the empirical distribution of T, under Hy and H1 over 10000
repetitions. We see that the distribution of our test statistic 7 is able to discriminate the scenarios
where the data y, are generated under Hy or Hi, and that T, is typically over the threshold Ay
under H;.

— M(CW)
| —— B(SNR(v))
—— (1+V¢)?
3.01 y } ] } | , |
' H

-0.4 -0.2 0.0 0.2 0.4

Figure 3.3.1: Largest eigenvalue of Cy(v) for v € Vy vs the threshold A, = (1+ B%H)Q‘ M = 60,
c¢=0.5, N =6000, § = 0.5, C =0.05

3.4 Approximation results for Cy(y) in the high-dimensional
regime

In this section, we present the mathematical details which lead to the test statistic (3.17). More
specifically, we provide useful approximation results for Cy(v), which show that Cy(r) behaves
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Figure 3.3.2: Histogram of T, under Hy and H1, over 10000 repetitions. M = 40, ¢ = 0.5, N = 1000,
0 =0.5,C =0.05

as a certain Wishart matrix in the high-dimensional regime. These approximation results are the
keystone for the study of the behaviour of the eigenvalues of Cy (v) and the detection test proposed
in Section 3.5.

We first study separately the signal-free case (i.e. y, = v,) as well as the noise-free case (i.e.
Yn = un)-

3.4.1 Signal-free case
Let
| Nl _
€V V) = — Vnefﬂﬂ*un
¥) =7 HX:%

denote the discrete (time-limited) Fourier transform of (vy,)n=o,. n—1, and define the M x (B +1)
matrix Xy (v) as

So(v) = \/BLH [gv <V£V>,...,gv (vaﬂ.

The following result, derived in [62], reveals an interesting behaviour of the frequency-smoothed
periodogram of the noise.

Theorem 3.1. Under Assumptions 3.1, 3.2 and 3.4, for all v € Vy, there exists an M x (B + 1)
matriz Z(v) with i.i.d. Nc(0,1) entries such that

1
2 o S 1/22 a.s. .
b R Y, - LAt CORCCY) I vavad
Informally speaking, Theorem 3.1 shows that the random vectors
\/E%rlﬁv (v—=%).... ’\/Bli—&-lg" (v+ £) asymptotically behave as a family of iid. Nga(0,Sy(v))
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vectors, for all v € Vyy. Moreover, if

. TR b b\*
SV(I/) = 73 1 b__ZB/QEV <l/ + N> év <l/ + N>

denotes the frequency-smoothed periodogram of the noise observations (vy)nez, we deduce that
Sv(v) asymptotically behaves as a complex Gaussian Wishart matrix with covariance matrix Sy (v),
thanks to the following corollary.

Corollary 3.1. Under the assumptions of Theorem 3.1, it holds that

A Z(Z/)Z(V)* a.s.
Sv(v) — Sy () /2228 (v) /2 .
e |[Sv) = SV RSV R0 0
Proof. The proof is deferred to Appendix 3.D.1. O

It is worth noticing that Corollary 3.1 implies in particular

max ||d (S ) H

VGVﬁ H & V M—00

and consequently dg(S(v)) is a consistent estimator of the noise spectral density Sy(v) in the
operator norm sense, at each Fourier frequency v € V. This convergence may be directly obtained
using Lemma 3.1 in Appendix 3.A and we omit the details since this result is well-known.

3.4.2 Noise-free case

Let

and let ¥, (v) be the K x (B + 1) matrix defined as

mu) = g 6 (o) oo (v o) |

In the same way, we also denote by &, the normalized discrete (time-limited) Fourier transform of
(€n)n=0,....N—1, and consider the K x (B + 1) matrix 3¢(v) defined as X,(v). We then have the
following important approximation result.

Theorem 3.2. Under Assumptions 3.3 and 3./, it holds that

mas [[B(v) — H)Rew)]l, ~22 0.

veEVN
Proof. The proof is deferred to Appendix 3.B. O
As in Theorem 3.1, Theorem 3.2 shows that the random vectors &, (V — %) e €y (V + %)
asymptotically behave as the i.i.d. vectors H(v)¢, (v — ) ,..., Hw)¢, (v + £), for all v € V.

Remark 3.2. The type of approximation given in Theorem 3.2 is well-known in the low-dimensional
regime in which M, K, B are fivzed while N — co. Indeed, in that case, we have [13, Th. 4.5.2]

mis [B(v) - HOISo(0)l, = Or ( logva)> -

ve0,1]
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In the high-dimensional regime where M and B also converge to infinity as described in Assumption
3.4, the result of Theorem 3.2 cannot be obtained from [13, Th. 4.5.2] and thus requires a new study.

We also deduce the following approximation result on the frequency-smoothed periodogram of
the signal observations (uy)n=0,.. N—1 given by

. 1 & b b\*
Su(v) := B+1b§/25u <y + N) £y <u + N> :

Corollary 3.2. Under the assumptions of Theorem 3.2, it holds that

a.s.

Su(v) —H@)H(®v)* 0.
o [$u() — HOIHO)|, 2
Proof. The proof is deferred to Appendix 3.D.2. O

As a result of Corollary 3.2, we deduce that the frequency-smoothed periodogram Su(u) is a
consistent estimator of the spectral density Sy () = H(v)H(v)* of (u,)nez in the high-dimensional
regime, for each v € Vy.

Having characterized the pure noise and pure signal cases, we are now in a position to study
the high-dimensional behaviour of the spectral coherence matrix Cy(v).

3.4.3 The signal-plus-noise case

First, using Corollaries 3.1 and 3.2, we deduce the high-dimensional behaviour of the frequency
smoothed periodogram Sy(y). The following results show that, as it could be expected, the fre-
quency smoothed periodogram essentially behaves as a colored Wishart matrix in the large asymp-
totic regime.

Proposition 3.1. For all v € Vy, there exists an M x (B + 1) matriz X(v) with i.i.d. Nc(0,1)
entries such that

A 1 X(V)X(V)* 1 a.s.
grel%i Sy(V) — Sy(V)2 Bi—}-]_sy(y)Q , m 0. (320)
Proof. The proof is deferred to Appendix 3.D.3. O

We finally consider the study of the spectral coherence Cy (1) = dg(gy(u))_%Sy(y)dg(gy(y)_%.
From condition (3.12) in Assumption 3.3 on the SNR, it turns out that (cf. proof of Theorem 3.3
below where the result is shown) that

mac|ds (8y(1) = 8u (1), 1720 0 (3:21)

This approximation result regarding the normalization term dg(Sy(v)) in the SCM naturally leads
to the following theorem, which is the key result of this chapter.

Theorem 3.3. Under Assumptions 5.1, 3.2, 3.3 and 3./,

~ 1 X(]/)X(l/)* 1 a.s.
C,(v) - E): L= s,
max || Cy(v) - E(v)2 —p=— &) T 0

where
E(v) = Sv(v) TH()H(v) Sy ()% + I,

and X(v) is the matriz defined in Proposition 3.1.
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Proof. The proof is deferred to Appendix 3.C. O

Let us make a few important comments regarding the result of Theorem 3.3.
First, used in conjunction with Weyl’s inequalities [43, Th. 4.3.1], Theorem 3.3 implies in
particular that each eigenvalue of the SCM Cy () behaves as its counterpart of the Wishart matrix

X(v)X(v)*
W) =2 XX )
for v € Vy, that is
e max i (Cy(0) = An (W) 5720 (3:22)

Second, Theorem 3.3 has an important consequence regarding the behaviour of linear spectral
statistics of Cy(v), that is statistics of the type

L) = 2> ¢ (O (6 )) (3.23)

m=1
where ¢ belongs to a certain class of functions.

Corollary 3.3. Let ¢ € C' ((0,+00)). Under Assumptions 3.1, 5.2, 3.3 and 3./, we have

max
vEVN

L) - [ eNIMaA] 520

M—o0

where f is the density of the Marcenko-Pastur distribution given by

foy = YO 2;2&” SEOETRENNGY

with \E = (1 £ ,/¢)°.
Proof. The proof is deferred to Appendix 3.E. O

Therefore, Corollary 3.3 shows that linear spectral statistics of the SCM converge to the same
limit regardless of whether the observations contain only pure noise or signal-plus-noise contribu-
tions. This shows that any test statistic solely relying on linear spectral statistics of the SCM is
unable to distinguish between the absence or presence of a useful signal, and cannot be consistent
in the high-dimensional regime. Nevertheless, in the next section, we will see that we can exploit
Theorem 3.3 to build a new test statistic based on the largest eigenvalue of Cy(y), which is proved
to be consistent in the high-dimensional regime.

Remark 3.3. Corollary 3.1, Corollary 3.2 and Theorems 3.3 may be interpreted in the context
of array processing. Indeed, in the time model (3.7), usually referred to as “wideband”, the signal
contribution (up)nez modeled as a linear process, is in general not confined to a low-dimensional
subspace (i.e. with dimension less than M ). However, in the frequency domain, Corollary 3.1 and
Corollary 3.2 show that we can retrieve, in the high-dimensional regime, a “narrowband” model,
since the useful signal is confined to a K ~dimensional subspace of CM. Thus, standard narrowband
techniques used in array processing for detection may be used, see e.g. [95].

3.5 A new consistent test statistic

As we have seen in Theorem 3.3 and the related comments, the SCM Cy(y) behaves in the high-
dimensional regime as a Wishart matrix with scale E(v) = Sv(u)féH(V)H(V)*SV(V)*% + I/ being
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a fixed rank K perturbation of the identity matrix. The behaviour of the eigenvalues for each v
of such a matrix model is well-known since [7] (and other related works such as the well-known
BBP-phase-transition [6] or [9]), and the rest of this section is devoted to the application of the
results from [7] in our frequency-domain detection context. A crucial point is to choose the par-
ticular frequency at which the above mentioned results will be used to obtain information on the

N

behaviour of max,cy, A1 (Cy(y)>. For this, we have first to define some notations. We consider

the fundamental function ¢ which already appears in [7]:

w if & > C
dla)=4 . ° o> e
A if x <.\/c

where we recall that AT = (1 + /c)? (see Corollary 3.3). We notice that for all z > /c, ¢(x) >
#(y/c) = AT, Define as vy(v) the maximum eigenvalue of the finite rank perturbation for each v,
that is

N

() =\ (sv(y)—%H(y)H(y)*sv(y)— ) (3.24)

and let vy, € Vi such that

vy € argmaxy(v).
veEVN

We note that v(v},) may be interpreted as a certain SNR metric in the frequency domain. In the
following, we study the behaviour of the largest eigenvalue of Cy (v},), which requires the following
additional assumption on y(vy).

Assumption 3.5. There exists Yoo > 0 such that

YWN) —— Yoo
M—oo

Theorem 3.3 implies that the eigenvalues of Cy(u}'{,) have the same asymptotic behaviour as
the corresponding eigenvalues of the matrix E(V})%WE(V})% Under Assumption 3.5,
6], [7] or [9] immediately imply the following result. Note that since v}, is unknown in practice,
this proposition is an intermediate theoretical result that will justify the detection test statistic

introduced below.

Proposition 3.2. Under Assumptions 3.1, 3.2, 3.3, 3.4 and 3.5, we have

M (Cy(v}*v)) — o (1) (3.25)
while
Mcsr (Cy (i) =2 A (3.26)
and
Moreover, if 7o = 0,
i C <A as. :
hj\];njip max A1 (Cy(u)) <\ as (3.28)

Proof. Tt just remains to establish (3.28), see Appendix 3.F. O
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Since neither the intrinsic dimensionality K of the useful signal (u,,),ecz nor the frequency v}, are
known in practice, we use the largest eigenvalue of the SCM maximized over all Fourier frequencies
as a test statistic. This leads to the test statistic T, defined previously in (3.17) which we recall
here:

Te = Lt fe00) (m%X A1 (Cy(u)>> .

veVn

It turns out that this test statistic is consistent in the high-dimensional regime, as stated in the
following result.

Proposition 3.3. Under Assumptions 3.1, 3.2, 3.3, 3.4 and 3.5, and if under Hypothesis H1,

'700>\/E

then for all 0 < € < ¢(Vo0) — AT and i € {0,1},

Pi< lim Te:i> =1
M—o0
where P; is the underlying probability measure under Hypothesis H,;.

Proof. Under Hypothesis Hy, since 7o, = 0, we directly apply (3.28) in Proposition 3.2 to obtain
that for all € > 0, T, = 0 with probability one, for all large M. Under Hypothesis H1, we get

. . ~ > . ~ 3 —
fpind e (O5) 2 fim 21 (G0 = 900)
with probability one. Since by assumption, ¢(7s) > AT +¢, we deduce that T, = 1 with probability
one for all large M. m

3.6 Simulations

In this section, we provide some numerical illustrations of the approximation results of Section 3.4.
We will consider the case where the rank K of the signal is equal to one and then the case where
K is strictly greater than one.

3.6.1 Case K =1

As in the numerical simulation presented in Section 3.3, each component of the noise v,, is generated
as a Gaussian AR(1) process with § = 0.5. The expression of its spectral density s,, for all
m = 1,..., M is still given in (3.18). The useful signal is generated as an AR(1) process with
K =1, Hy, defined by (3.19) and = %. C is again a positive constant used to tune the SNR.
Note that, in this context, the SNR v(v) at frequency v defined in (3.24) takes the form

2

1— ee—i27ry
V() = '

1— Befi%w

Figures 3.6.1 and 3.6.2 illustrate the signal-free case C' = 0, and where (N, M, B) = (20000, 100, 200).
In Figure 3.6.1, we plot the histogram of the eigenvalues of Cy(u) for v = 0. As predicted by
Corollary 3.3 in the signal-free case, the empirical eigenvalue distribution of Cy(u) is well approx-
imated by the Marcenko-Pastur distribution with shape parameter ¢ = 0.5 ~ M /(B + 1). Figure
3.6.2 further illustrates this convergence, where the cumulative distribution function (cdf) of the
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Marchenko-Pastur, c=0.50
081 Eigenvalues of Cy(v)
o (1L+VC)?

0.6
0.4 1
0.2 1
0.0 1+ _ _ _ _ . [\ -

0.0 0.5 1.0 1.5 2.0 2.5 3.0

Figure 3.6.1: Eigenvalue distribution of Cy(()) vs the density of the Marcenko-Pastur distribution
with parameter ¢ = 1/2.

Marcenko-Pastur distribution is plotted against the two following quantities:

o1
Fan(t) = min o7 > 9y 60

veEVN £
Ai(Cv))<t
1
Faas0) = max 37 D Oygewy
Xi(C(v))<t

These two functions represent the maximum deviations (from above and below) over the frequencies
v € Vy of the empirical spectral distribution of C(u) against the Marcenko-Pastur distribution. As
suggested by the uniform convergence in the frequency domain in Corollary 3.3, the Marcenko-
Pastur approximation in the high-dimensional regime is reliable over the whole set of Fourier fre-
quencies. Note that the statement of Corollary 3.3 does not exactly match the setting used in Figure
3.6.2, as the test function used here is not in C*((0, +00)).

To illustrate the signal-plus-noise case and the results of Corollary 3.3 and Proposition 3.2, we
plot in Figure 3.6.3, the histogram of the eigenvalues of Cy(u) for v = 0, with v(0) = 2.9. We
see that the largest eigenvalue deviates from the right edge (1 + /c)? and is located around the
value ¢ ((0)) = 4.5, as predicted by Proposition 3.2, while all the other eigenvalues spread as the
Marcenko-Pastur distribution, as predicted by Corollary 3.3.

To compare the test statistic (3.17) with other frequency-domain methods based on the SCM,
we consider:

e the new test statistic (3.17), denoted as LE (for largest eigenvalue),

e two tests based on LSS of the SCM given by

vEVN

1! = Yoy (20— [ o000

where L, and density f are defined in (3.23) and Corollary 3.3 respectively, and with ¢(z) =
(x —1)? for the Frobenius norm test (denoted as LSS Frob.) and ¢(x) = log(z) for the logdet
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1.0 1
0.8 A
0.6 -
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2] F min
Fmax
00 ---- Marchenko-Pastur, c=0.50

0.0 0.5 1.0 15 2.0 2.5 3.0

Figure 3.6.2: Uniform convergence of the eigenvalue distribution of Cy(u) over v € Vy toward the
Marcenko-Pastur distribution with parameter ¢ = 1/2.

1.0 1
—— Marchenko-Pastur, c=0.50
os ) Eigenvalues of éy(v)
e (1+V<)?
0.6 1
0.4
0.2
0.0

Figure 3.6.3: Eigenvalue distribution of C(V) vs Marcenko-Pastur distribution with parameter
¢ =1/2 in the signal case.

test (denoted as LSS logdet),
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Table 3.6.1: Power comparison, K=1, y(vy) = 2 %, type I error = 5%
LSS Frob. LSS logdet MCC LE

N M B

400 20 40 0.09 0.07 0.06 0.15
1600 40 80 0.15 0.08 0.06 0.37
3600 60 120 0.19 0.08 0.06 0.68
6400 80 160 0.25 0.08 0.06 0.87
10000 100 200 0.26 0.07 0.06 0.96
14400 120 240 0.25 0.06 0.06 0.99
19600 140 280 0.28 0.06 0.06 1.00
25600 160 320 0.30 0.06 0.06 1.00
32400 180 360 0.31 0.06 0.06 1.00

e a test statistic based on the largest off-diagonal entry of the SCM:

[Cy ()i

1

T =1 max 1max

€ [400) | LEVN ij=1 M
1<j

denoted as MCC (for Maximum of Cross Coherence),

and where € > 0 is some threshold. In Table 3.6.1, we provide, via Monte-Carlo simulations (10000
draws), the power of each of the four tests, calibrated so that the empirical type I error is equal to
0.05. The results are provided for various values of (N, M, B) chosen so that M € {20,40,...,180},

N = M? and B = 2M. We set the SNR in the frequency domain as max,cy,, v(v) = 2\/% = 1.41.

The LE test presents the best detection performance among the four candidates, whereas the
MCC test does not seem to be adapted to the detection of this alternative. While it is proved in
Corollary 3.3 that the test statistics based on the LSS of C(V) cannot asymptotically distinguish
between Hy and H1, they remain sensible to a large variation of a single eigenvalue for finite values
of M. Consider for instance the Frobenius LSS test, where the test statistic is based on :

1 M

max |+ 3" (An(€() — 1) - /(/\ _12F(A)dA

veEVN

m=1

where an explicit computation shows that [(A — 1)2f(A\)d\ = c¢. An O(1) variation of M(C®)),
the largest eigenvalue of C(l/), will lead to a variation of order O(ﬁ) of the above term. Therefore,
the power of an LSS based test asymptotically converge towards zero, while having non-zero power
for finite values of M, as visible in the results of Table 3.6.1.

3.6.2 Case K >1

We finally consider a model which has the flexibility to consider a signal with an arbitrary value of
K > 1. We assume that the matrices (H;);>o satisfy H; = 0 if [ > L for a certain integer L, and
that the sequence of M x K matrices (H;)o<i<r, is defined by:

H, = (Ciw1,...,CxkWi k)

where the vectors ((Wy )i=0,.....)k=1,... k are generated as independent realisations of M ~dimensional
vectors uniformly distributed on the unit sphere of CM and where the C; > Cy > ... > Ck are
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positive constants used to tune the SNR of each of the K sources at the desired level. Moreover, as
the K columns of each matrix H; coincide with the realisations of mutually independent random
vectors, the columns of H(v) are easily seen to be nearly orthogonal and to nearly share the same
norm for each v if M is large enough. More precisely, for each v, it holds that H(v)*H(v) —
(L + 1) Diag(C1,...,Ck) when M — +oo. As the spectral densities of the components of the
noise all coincide with s(v) = m, the non-zero eigenvalues of SV(V)féH(V)H(V)*SV(V)fé
converge towards ((L +1)Cy/s(v)),—1 . x when M increases. Therefore, the signal obtained by
this model satisfies Assumption 3.3. Rather than just providing the performance of the test T,
based on the maximum of the largest eigenvalue of Cy(v) proposed in this chapter, we compare in
the following T, with Tk . defined by

K

1-'[(’6 = 1[K>\++e,oo) (max )\k <Cy(l/))>
vEVN

k=1

which depends on the K largest eigenvalues of Cy(u) rather than on the largest one. It is easy to

generalize Proposition 3.2 and Proposition 3.3 to study the asymptotic properties of Tk .. More

precisely, for each k = 1,..., K, we define v;(v) by
_1 . _1
(v) = M (Sv(v) FHE)H()"S, (v)7F) (3.29)

and denote v}, 5 one of the frequency such that max,cy, Zszl (V) = Zle Y& (Ve ) e(v) can
of course be seen as a generalization of v(v) defined by (3.24). Then, under the extra assumption
that for k =1,..., K, fyk(u}}’ n) converges towards a finite limit 4 o (a condition which holds in
the context of the present experiment because it is easily seen that v (vj n) — (L+1) (1+ 0)2Cy),

Ak (Cy(u}}N)) converges towards AT if 7,0 < /¢ and towards ¢(1geo) > AT if Yp oo > Ve

It is easy to check that if 7o = 711,00 > V¢, then the statistics Tk also leads to a consistent
test provided 0 < € < &(Yo0) — A+. While in practice the number of sources K is unknown,
it is interesting to evaluate the performance provided by Tk . which can be considered as an
ideal reference. Intuitively, Tk . could lead to a better performance than T, when 74 o > +/c for

k =1,...,K, because, in this context, if 7} 5 is a frequency that maximises Zle Ak (Cy(l/)>,

then liminfp; 400 Ak (Cy(y}‘(N)> > At. Therefore, the K largest eigenvalues of Cy (2 ») bring
useful information to the detection of the useful signal.

To evaluate numerically the compared performance of 7T, and Tk . when K is known, we first
consider the case K = 2, L = 3, and where (71 +72)(v5 5) = 3/c. Concerning the value of (C1, C2),
we consider the two following cases: % = 1 and % = 4. This corresponds respectively to the
case where both sources contribute exactly the same on each sensor, and where the first source
contributes much more than the second one. Tables 3.6.2, 3.6.3 report the power of the proposed
test (LE(1) represents T, and LE(2) represents T3 () against the LSS tests and the MCC test, with

a type I error fixed at 5%. When % = 4, it can be expected that the most powerful source is

dominant, and that vg(u;]\,) < y/c. Therefore, Ay (Cy(l/)> is likely to stay close to AT for each v,
so that the use of T3 . should not bring any extra performance. This intuition is confirmed by Table
3.6.2. When % =1, 71(v3 ) and 72(v3 y) should be both close to 3/c, thus suggesting that the two
largest eigenvalues of Cy at the maximizing frequency ﬁ; n should also nearly coincide, and should
escape from [A7, A*]. While the second eigenvalue brings here some information, Table 3.6.3 tends
to indicate that T, has better performance than T .. In the next experiment, (v1+72)(v3 ) = 2y/c.
For g—; = 4, the largest eigenvalue of Cy(y) is likely to be still dominant for each v, and Table 3.6.4
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Table 3.6.2: Power comparison, % =4, (m+1) vy =3 1, type I error = 5%
LSS Fr. LSS1d MCC LE(1) LE(2)

N M B

100 10 20 0.31 0.18 0.16 0.42 0.37
400 20 40 0.79 0.39 0.45 0.94 0.89
900 30 60 0.94 0.49 0.53 1.00 0.99
1600 40 80 0.98 0.50 0.55 1.00 1.00
2500 50 100 0.99 0.52 0.55 1.00 1.00
3600 60 120 1.00 0.51 0.43 1.00 1.00
4900 70 140 1.00 0.55 0.37 1.00 1.00
6400 80 160 1.00 0.54 0.28 1.00 1.00

Table 3.6.3: Power comparison, % =1 (m+7)Wy) =3 3. type I error = 5%
LSS Fr. LSS1d MCC LE(1) LE(2)

N M B

100 10 20 0.38 0.22 0.16 0.48 0.46
400 20 40 0.58 0.30 0.30 0.75 0.73
900 30 60 0.67 0.30 0.28 0.91 0.89
1600 40 80 0.74 0.29 0.18 0.96 0.97
2500 50 100 0.79 0.30 0.16 0.99 0.99
3600 60 120 0.79 0.24 0.13 1.00 1.00
4900 70 140 0.85 0.28 0.12 1.00 1.00

confirms the better performance of T,. When % =1, m(v3 ) and 72(v3 y) should be both close

to the detectability threshold /¢, and Table 3.6.5 this time shows that the use of T . leads to some
improvement. For comparison, we also report the results of T, for Co = 0 in Table 3.6.6.

This discussion tends to indicate that, even when K > 1 is assumed known, the use of the
maximum over Vy of the largest eigenvalue of Cy(y) does not introduce any significant loss of
performance.

3.7 Conclusion

In this chapter, we have studied the statistical behaviour of certain frequency-domain detection
test statistics, based on the eigenvalues of a sample estimate of the SCM, in the high-dimensional
regime in which both the dimension M of the underlying signals and the number of samples N
converge to infinity at certain rates. In particular, we have proved various approximation results
showing that the sample SCM asymptotically behaves as a Wishart matrix. These results have
been exploited to prove that test statistics based on LSS of the sample SCM are not consistent in
the high-dimensional regime. A new test statistic relying on the largest eigenvalue of the sample
SCM has also been proposed and proved to be consistent in the high-dimensional regime. Finally,
numerical results have demonstrated that this new test statistic provides reasonable performance
and outperforms other standard test statistics in situations where the dimension M and the number
of samples IV are large.
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Table 3.6.4: Power comparison, % =4, (m+7) (s y) =2 3. type I error = 5%

LSS Fr. LSS1d MCC LE(1) LE(2)

N M B

100 10 20 0.15 0.10 0.10 0.21 0.20
400 20 40 0.33 0.15 0.12 0.55 0.50
900 30 60 0.39 0.15 0.17  0.75 0.71
1600 40 80 0.52 0.16 0.14 094 0.90
2500 50 100 0.54 0.15 0.14  0.98 0.97
3600 60 120 0.56 0.13 0.13 1.00 0.99
4900 70 140 0.55 0.13 0.10 1.00 1.00
6400 80 160 0.62 0.11 0.10 1.00 1.00

Table 3.6.5: Power comparison, % =1, (n+ 72)(1/57]\[) =2 %, type I error = 5%

LSS Fr. LSS1d MCC LE(1) LE(2)

N M B

400 20 40 0.17 0.11 0.08 0.27 0.27
1600 40 80 0.18 0.10 0.08 0.45 0.48
3600 60 120 0.15 0.07 0.07  0.58 0.62
6400 80 160 0.16 0.07 0.08 0.69 0.75
10000 100 200 0.13 0.05 0.07  0.76 0.83
14400 120 240 0.10 0.03 0.07  0.82 0.86
19600 140 280 0.09 0.04 0.07  0.86 0.89
25600 160 320 0.10 0.03 0.06 0.89 0.93
32400 180 360 0.09 0.03 0.06 0.87 0.93

Table 3.6.6: Power comparison, Cy =0, y(vy) = 2 %, type I error = 5%
LSS Fr. LSS1d MCC LE(1) LE(2)

N M B

100 10 20 0.19 0.12 0.12 0.26 0.22
400 20 40 0.43 0.19 0.14  0.66 0.59
900 30 60 0.51 0.19 0.19 0.88 0.83
1600 40 80 0.62 0.20 0.15 0.97 0.95
2500 50 100 0.65 0.18 0.17  0.99 0.99
3600 60 120 0.68 0.16 0.12 1.00 1.00
4900 70 140 0.71 0.16 0.13 1.00 1.00
6400 80 160 0.75 0.17 0.12 1.00 1.00




Appendix

3.A Useful results

In this section, we recall some useful results which will be constantly used in the proofs developed
in the following sections.

The first result is based on a Chernoff bound for the x? distribution, and is also a special case of
the well-known Hanson-Wright inequality describing the concentration of sub-Gaussian quadratic
forms around their means (see [79]).

Lemma 3.1. Let z ~ Ncn(0,1,,) and E a deterministic n X n complex matriz. Then there exists a
constant k > 0 independent of n and E such that for allt > 0,

t? t
P(|z"Ez — E[z"Ez|| > t) <2 exp (—li min{ ) }) :

I=NE " (1=

The second result describes the behaviour of the largest and the smallest eigenvalues of a stan-
dard Wishart matrix.

[1]

Lemma 3.2 ([34, Proof of Lemma 7.3]). Let Z be an M x (B + 1) matriz with i.i.d. Nc (0,1)
entries. Then under Assumption 5.4, there exists a constant C' > 0 independent of M, B such that

for allt > 0,
77 M ?
- < _ 2
P /\1<B+1>><1+\/B+1> +t] <(B+1)exp (—C(B+ 1)t?)

2
P AM(BZJZF1><<1‘/BMH> —t] <(B+1)exp(—C(B+1)t?).

We will mainly use Lemma 3.2 as follows; let (Z(v)), ey, be a family of M x (B + 1) random
matrices such that Z(v) has i.i.d. Ng(0,1) (recall the definition of the index set Vv in (3.16)), then
from the union bound

o e (22 - 14 )
<Y P >\1<Z(1V3)i(1 ) ( \/T)

< exp(—C(B +1)t* 4 log(N )

and
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Using Assumption 3.4 and the Borel-Cantelli lemma, we deduce that

lim sup max A (Z(”)Z(”)> < (1++c)?

M—oo VEVN B+1

with probability one.

3.B Proof of Theorem 3.2

3.B.1 Reduction to K =1

First, note that we may assume K = 1 without loss of generality. Indeed, consider the decomposition

K
0= > ulf
/=1
where u,(f) = ;:“5 hg,kefﬁk and where hy; and eg) are the /-th column of Hy and the ¢-th entry

of €, respectively. Moreover, Assumption 3.3 implies that

sup > (14 [k[)|[hell2 < 0o
ez

From the fact that K is fixed with respect to N (Assumption 3.4) and

max || Xy (v) —H (¥) Ze (V)]; < Zmax 1Buw () =Ty (1) B (V)

veVyN

where 3 ) (), hy (), B, (v) are defined as 3y, (v), H (v), X¢ (v) respectively, Theorem 3.2 will
be proved if we can show that

max || Sy (v) —hy (v) B (V)]ly ——— 0

veEVN M—o0
for all £=1,..., K. Therefore, we assume for the remainder of the proof that
u, = Z hye, g,
keZ
where

o (hy)pez is a filter, with hy € CM and such that

sup » (1 + [k]) [y, < oc. (3.30)
—1keZ

o (€y)nez is a scalar standard complex Gaussian white noise.

3.B.2 Reduction to B=1
Let h(v) = Y, o, hge 2™F and

N-1
1 _
e 1/ 2 : 127rl/n
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From (3.30) and Assumption 3.4, a first-order Taylor expansion of b — h (1/ + %) at 0 leads to
b B

h(v) —h — =0|—=

ro-n(x)],-o(5)

1
=0 (]\[1&) :
Moreover, from Lemma 3.1 applied to the random vector

B B\\”
Z:(ge(V_QJV>’”'7§€<V+2]V)> NNCB+1(O7IB+1)

and matrix 2 = %*jrrll, there exists some constant x independent of M such that for all £ > 2,

sup max

velp,1]be{-%,...2

1 B/2 b 2 1 B/2 b 2
P — >t]| < NP| —— — >t
WX HT 2 ge(”ﬂv) = Bl 2 €E(N)
b=—B/2 b=—B/2
< Nexp(—kB)
and Borel-Cantelli lemma together with Assumption 3.4 imply
1 & b\ [
max —— Z & (1/ + ) =0(1)
vEVN B + 1 bsz/Z N

with probability one. Defining

as well as

2= L fo(v- ) e (v )

with ¢(v) = h(v)&(v), we therefore have the control

max ||h(v)X(v) — ®(v)||, < sup max
max [|h(v)2c(v) — 2(v)], e

1 B/2
X max ———— Z
vEVN B + 1 —y

]- a.s.

M —oc0

b
fe <V+N)

Finally, since the spectral norm of a matrix is bounded by its Frobenius norm,

. B/2 b b\ |2
_ < | N) N
max [Zu(v) — @), < Bl b_ZB/2 €u (1/+ N) ¢ <V + N> ,

IN

52%}]\(] ||£u (V) - ¢ (V)H2 :
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Theorem 3.2 is proven if we show that

max €, () — b (1) € V), 72 0.

3.B.3 Periodization

For all integer n, let [n] denotes the integer contained in {0,..., N — 1} such that [n] =

and define

u, = Z hye€p, g

kezZ

where (Qy)nez represents the circular convolution between (hy)rez and (€,)nez.

\/% SVl a,e7 2™ then the equality

£a(v) = h(v)&(v)

holds for all v € V. It is straightforward to check that

where
1 N—-1 k
o(v) = — Z hy, Z ey — €_p) e~ 2(H=D)
N k=1 =1
= p
+ L oo hk N-1 (6[ k} iy k) e_i27Tl/p
p— p—
\/N k=N p:O
and
1 N-1 k A
6(1/) :7]\[ h_; Z (€[N+p71] _ 6N+p—1) e_127W(N—1+p—k)
k=1 p=1
1 +00 N-1
+ — h—k (E[p—i-k;] _ Ep—‘rk) e—i27ryp
VN k=N p=0

Theorem 3.2 is proved if we can show that

max [|0(v)]|, LN
vEVN M—o00

and

max
vEVN

n (mod N)

If £&a(v) =

(3.31)

(3.32)
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In the remainder, we only prove (3.31) and omit the details for (3.32) whose treatment is similar.
To that end, we define

N-1 k
1 .
5(v) = h E e e—l?ﬂ'l/(k—p)
1( ) \/N ];:1: kp:1 (6[ p] — € p)
1 +oo N-1 '
62(v) = N = hy, < (€fp—r — €p—k) e TP,

3.B.4 Control of §;(v)

Forpe{l,...,N — 1}, let

zp(v) = (e[_p] —€_p) 2P = (en_p — €_p) 2P
Then z1(v),...,zy-1(v) are i.i.d. Nc(0,2) and by rearranging the sums in (), we have
N-1
01(v) = 2p(V)8p(V)
p=1
with
1 N-1
—i2mkv
) (v) = hye 2"
Therefore, §1(v) ~ Nem (0, G(v)) with
N-1
G(v) =2 Z gp(v)gp(v)*
p=1
Moreover,
9 N-1 [N-1
Elld1(n)]; =tr G(v) < el +2 > [l [yl
p=1 k=p p<k<k/'<N-1

and a straightforward rearrangement together with (3.30) leads to

2

N—
max E |61 (v ~ Z g || + N > VEVE b, e,
k=1

ve.1] 1<k<k/'<N-1
2
2 1
- ¥ (Z V%Hhk\?) ~0(y)-
1
where we used that k < VEVE for k' > k. Additionally,

1
max 1G], < max tr G() = 0 1)
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and

VM
< = —— .
Vrg[%f]llG( N < VM m[%ﬁ]llG( o O( N

Using Lemma 3.1, there exists a constant £ > 0 independent of M, (hy)rez such that for all ¢ > 0,

12 t
P max |[[01(v 2_E 01(v 2 >t) < 2N max exp | —x min , .
(g 16115 ~ E 103 013 mex GO TEWT,

Applying Assumption 3.4 and the Borel-Cantelli lemma, it follows that

()3~ E 61 () 3] 0.
max |84 ~ Ell81(0)[}3] 72 0
Finally, we deduce that
mave 18] < max E (1803 + mavx 18103 — E 61(+)1

— 0.
N—oo

3.B.5 Control of §,(v)

We first split d2(v) in the following two parts

62(1/) = 5271(1/) + 5272(1/)

where
+oo N—-1
5271 l/ Z h,, Z €l ]67127@”
Y p=
OO
52 2 h,, € 7ke—i27rp1/'
L
We note that 52,1(1/) only involves the N i.i.d. random variables g, ...,eny—_1 and that
N—1
2,1( Z ep8p(V
p=0

with g,(v) defined as

+oo
& 1 —i27v
gp(v) = ﬁ Z hye 2P
k=N

It is clear that

pm,a}fN Iél[%}i] lgp(¥)ll2 < Z byl < N3/2 Z k[l
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and from (3.30),

~ 1
s, g = (57 )

Thus 851 (v) ~ N (0, G(a)) with G(v) = "V &,(1)&,(v)* and

as M — oo. Using Lemma 3.1 as for the control of §;(v) in the previous section, we end up with

5 _%s ),
grelgﬁll 2,1(V)]ly T

We now consider the term &2 2(v), which involves the sequence of random variables (e_p)p>1. For
all k> N, set

N—-1
1 .
— 7hk € 7ke71271'p1/
Xk N p§0 P

and consider the sequence (Xp) k>nN- Using Assumption 3.3,

“+00 +oo 1 N—1
S lxelle < 30 Va1 3 6 ge 2
k=N k=N p=0
1 N—-1 +o0
< | sup |+ > epre PP V| byl
k>N — _
p=0 k=N
< +00 a.s.
since for any k, by the gaussianity of the €, g, sup,cy, ‘% Zév:_ol ep,ke_i%p” ‘ converges almost

surely towards 0 as N — +oo by the law of the large numbers, so it remains almost surely bounded
for any finite N. This implies that the family (x;)r>n is a.s. absolutely summable. Therefore, we
can rearrange the series defining 2 2(v) and write

+o0

52’2(1/) = Ze_pgp(lj)

p=1

with probability one, where this time gj,(v) is defined for all p > 1 as

g (I/) B \/1N Zz;é hk-l—N e—iQﬂ'(N-i—k—P)l/ lfp c {1? - ,N}
P o — N— —i27ky . .
\/lﬁz:kzolhp-&-k:e 2mk itp>N+1.

Again,

1
G = — 3.33
sup s 1,0, = (N) (3.33)
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822(v) ~ Newm (0, G(v)), where
+oo
G) =) &)
p=1
and such that tr G(v) = o (%) Thus, using Lemma 3.1 also yields
e 022 (), =2 0

This concludes the proof of Theorem 3.2.

3.C Proof of Theorem 3.3

To prove Theorem 3.3, we need as a preliminary step to study the impact of the renormalization

~

by dg(Sy ()2 in the definition of the SCM.

Lemma 3.3. Under Assumptions 3.1, 3.3 and 3.4, we have

max Hdg (Sy(y)) - SV(V)H 2240

VEVN 2 M—oo
as well as
1
N Y 1
ag ($y(1)) - Suw)E| 0
max |\ dg y (V) v(v) , o

Proof. To prove (3.34), we establish successively

s [de (Sy()) — dg (Sy)), 520
as well as

max 1dg (Sy(»)) = Sv(¥)ll, ﬁ) 0

Using (3.20), we have the bound

veEVN
with
A1 = max [8y(1) — 8,9 XX g ()
yrawd
and

N

Ao = max max
veVy m=1,....M

syt (X2

max Hdg (Sy(y)) _dg (sy(y))H2 < Ap+ Ao,

B+1 _IM> Sy(v)

(3.34)

(3.35)

(3.36)

(3.37)

Denoting u,,(v) = Sy(y)%em, where e, is the m-th vector of the canonical basis of CM, as well as
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x1(v),...,xp41(v) the i.i.d. Nem(0,I) column vectors of X(v), we have for all ¢ > 0,
| Bl
P(A2>1)< ) Z ( 511 Y @) @) = lun@)]3| > 75) -
veVy m=1 b=1

From Assumption 3.1, Assumption 3.2 and condition (3.11) from Assumption 3.3, we have

0 < inf < < o0
o i an () < sup max i i @)]l; < oo

Using in the statement of Lemma 3.1
T
z=(xi(v)",...,xps1(1)")" ~ News+n (0, Lyvi(+1))
and E as the M (B + 1) x M (B + 1) block-diagonal matrix

Ip1 @ (um(¥)um(v))
B+1

—
—
— —

with ® denoting the Kronecker product, we obtain

Bt? Bt
P (A >t) < 2MN max exp (—C’min{ T 2})
vEVN [um ()3 lam(@)]l5

where C > 0 is a constant independent of M, which in turn implies that

A2 &) 0
M—o0

and that (3.36) holds. To check (3.37), we use Assumption 3.3 eq. (3.12) to get that

max [[dg (HH@)")[, = max  max (b ()]

M—o0

and from the fact that
we obtain (3.37) and, in turn, (3.34).

To prove (3.35), we write (using that |\/a — Vb| < /|a — b] for a,b > 0)

< max max \/|g sm(y)|‘

2 vEVN m= mm Sm(y)

N

max
veEVN

~Sy(v)?

dg (Sy(v))

From Assumption 3.2, there exists € > 0 such that

inf  min  min s,,(r) >€e>0.
M>1m=1,.,M vEVy

Using (3.34) and denoting

A = max Hdg (Sy(y)> — Sv(l/)H

VEVN 2
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we have that

VEVN 5\ e(e—A)

e (8,01) 7 - 8.0

with probability one for all large M, which proves (3.35).
We also need the following lemma on the boundedness of the matrix Sy(u).

Lemma 3.4. Under Assumptions 3.1, 3.3 and 3./, we have

lim sup max
M—oo VEVM

S‘V(V)Hz < 00

with probability one.
Proof. From (3.20), we have

X(v)X(v)*
B+1

lim sup max Hgy(u)Hg < limsup max [[Sy (v)||, max

M—00 veEVN M —o00 veEVN veEVN 2

From Assumptions 3.1 and 3.3, it is clear that

sup max ||Sy (v < 0.
sup o 1Sy ()],

Finally, from Lemma 3.2 and the remarks below this lemma, we have

X)X ()"

Br1 |,

2

lim sup max
M—so0 VEVN

with probability one, and Lemma 3.4 is proved.

Equipped with Lemmas 3.3 and 3.4, we are now in a position to prove Theorem 3.3. Define

N|=

A = max
VEVN

—S,(v)"2

dg (Sy(’/)) )

2

and recall the definition of the random matrix X(v) in (3.20). Let us write

- %X(V)X(V)*

Cy(v) ~EW)? =g B2 = i) + Ta(v)

where the two error terms are defined by:

W) = Su(v) 18,0080 (v) 4 =) X )
which satisfy:
max [ 1), < A max |8y 0| A+ 2
veEVN vEVN 2 \/minuevl\, )\M (SV(V))

and
A 1 v v * l
maXyeyy HSy(V) - Sy(V)EX(Ez??S ) Sy(v)2

minyeyN /\M(SV(V))

2
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From Assumption 3.2, we have

Jnf min Ay (Sv(v)) > 0.

Using Lemmas 3.3 and 3.4, we directly deduce that
\I] a.s. )
max | ¥1(v)lly =0
Likewise, using (3.20), we deduce that
ma || Wa(v) |, = 0,
vEVN M —oc0

which concludes the proof of Theorem 3.3.

3.D Proof of Corollary 3.1, Corollary 3.2 and Proposition 3.1

3.D.1 Proof of Corollary 3.1

Write Sy (v) = 2y (v)3y(v)*, and denote

1
vB+1

Using the fact that for any two matrices A, B of appropriate dimensions, we have

Sv()*Z(v)

Ay(v) = sz(y) -

2

AA*-BB*=(A-B)(A-B)"+(A-B)B*"+B(A - B)"
and
[AB2 < [[A[2]|B]l2

we see that

So(v) — Bl+1sv(y)l/QZ(u)z(y)*sv(y)l/2

< Avw) (Avw) +2 ‘ng)l”?mwu) .

Assumption 3.1 implies that

sup max ||Sy(v)]]2 < oo
M>1vE[0,1]

while from Lemma 3.2 of Appendix 3.A, since Z(v) has i.i.d. complex Gaussian entries,

Z
lim sup max 1Z()ll,

M—oco VEVN \/B+ 1

with probability one. This concludes the proof of Corollary 3.1.

< 00 (3.38)

3.D.2 Proof of Corollary 3.2

The proof of Corollary 3.2 is similar to that of Corollary 3.1. Denoting Ay(v) =
[Zu(v) — H(v)Xc(v)]|,, and noticing that sup,;~q max,co 1) [|[H(v)[|, < oo from Assumption 3.3
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eq. (3.11), we obtain that

max Su(v) — H()Be(v)Ze(v) H(v)* , < max Au(v) (Au(v) + 2[[H@) 5 1Ze@)]]2)
Ma:' 0-

Since K is fixed with respect to M from Assumption 3.4, we also have

max () E(0)" ~ Lully 722 0 (3.39)

using Lemma 3.1, which proves Corollary 3.2.

3.D.3 Proof of Proposition 3.1

To prove Proposition 3.1, let us write

Then, from (3.38) and (3.39), we have

lim sup max [[Y (v)]|, < 00
M—oo VEVN

with probability one, which implies the following convergence

Sy(r) = Y(r)Y (v)*

max < max (@) + Av()) (Au(v) + Av(v) +2 Y (0),)
veEVN 2 VEVN

—> 0.

M—oc0

Finally, since the columns of B + 1Y (v) are i.i.d. Ngam(0,Sy(v)) with Sy(v) = H(v)H(v)* +
Sv(v), it follows that

V() = 8y ()

for some M x (B + 1) matrix X(v) having i.i.d. N¢(0,1) entries and the proof of Proposition 3.1
is complete.

3.E Proof of Corollary 3.3

We first prove that all the eigenvalues of the SCM asymptotically concentrate in a compact set with

probability one for all large M. Indeed, considering

X(¥)X(v)*
B+1

N

E(v)

defined through Theorem 3.3 and using Lemma 3.2 in conjunction with Borel-Cantelli lemma, we
deduce that there exists constants C7, Cs such that

lim inf min Ay (W (v)) > C1(1 — V/c)?

M—oo vEVN
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and

lim sup max A\; (W(v)) < Ca(1 + v¢)? (3.40)

M—oo0 VEVN

with probability one, where C1, Cs satisfy, thanks to Assumption 3.3,

0<C; <1= inf min A\y (BE(v))
M>1vEVy

and

sup max Ay (BE(v)) < Oy < o0.
M>1 vEVN

Using (3.22), we obtain similarly

lim inf min Aps (Cy(y)> > C1(1 — ve)?

M—o0 veEVN
and

lim sup max A\; (Cy(y)) < Cy(1 + ve)?

M—so0 VEVN

with probability one. Let 0 < € < %(1 —y/©)? and h € C}(R) such that
B — 1 if A e [C1(1 —ve)? — €, Ca(l +/0)? + ¢
0 i AE [Ci(1—E)? — 26, Co(1 4 e)? +2¢]
Then it follows that

Ly(v)—L =25 0.
52%55’ o) = Lon(v)| ———0

Thus, without loss of generality, we may assume for the remainder of the proof that ¢ € C! ((0, +00)).
Using (3.22), we deduce that

a7 3 Jo (o (6509)) - o0 W 220

Next, consider the two functions

and

M N
- 1 1 [ da(\v)
m(2’7 V) - M Z <X(V)X(V)*) _ _/R )\ — 2
defined for all z € C* := {¢ € C: Im(¢) > 0}, and where for all Borel set A C R,

M
. 1
MAv) =+ D O (ww))(A)
m=1
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and

1 M
Z o, X<u>X(u>*)(A)

m:l B+1

denote the empirical eigenvalue distributions of the matrices W (v) and % respectively, and

0z is the Dirac measure at point z. Functions z — m(z,v) and z — m(z,v) coincide with the
Stieltjes transforms of the measures fi(.,v) and fi(., v) respectively (see [89] for a review of the main
properties of the Stieltjes transform). Since

x -1
m(z,v) —m(z,v) = %tr ((W(u) — 20t - (W — zI) )

and using the fact that A~! — B~! = A~1(B — A)B~! for non-singular matrices A, B, we have

A . 1 X(v)X(v)*
Mz, v) —m(z,v)| < WM IH(w)|3]|Sv(v “Bx1
it follows from Assumptions 3.2, 3.3, 3.4 and Lemma 3.2 that
~ a.s.
41
max | (z,v) —m(z,v)| FY 0 (3.41)

for all z € CT. In the following, we fix a realization in an event of probability one for which (3.41)
holds for all z € CT and consider

v* € argmax
veEVN

/ PN v) — / PN p)|.
R R

Then |m(z,v*) —m(z,v*)] = 0 as M — oo, for all 2 € C*. From the fact that the pointwise
convergence on C* of a sequence of Stieltjes transforms is equivalent to the weak convergence of
the related sequence of probability measures (see e.g. [89, Ex.2.4.10]), we deduce that

L i <¢(Am (W) - ¢ (Am (X(;)f(f)»)‘ )

/ PN ") — / SR, 1)
R R

max
vEVN
m=1
— 0.
M—o0

To conclude the proof of Corollary 3.3, it remains to prove that

M
1 X(v)X(v)*
mex MmZ:f(Am <B+1 /R@(W WA 7 0.
Consider the decomposition
M
1 X(v)X(v)*
- A (22D ANY L o0 F(NAA] < Ap + Ay,
e Mm190< ( Bl /R“O( AN < A+ A

where

% i(e@ <Am <X(;)f(f))> -E [SO (Am (W))D‘
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and

Ay =

1\14; : [so (Am (X@’j@))} - [etisoa.

=1

Using the concentration inequality of [33, Cor. 1.8(b)], it is straightforward to show that

Moreover, using again the properties of the Stieltjes transform, it can be deduced from e.g. [36]
that

Ay —— 0.
M—o0

This concludes the proof of Corollary 3.3.

3.F Proof of Proposition 3.2

Convergences (3.25), (3.26) and (3.27) are straightforward consequences of (3.22) and the results of
[7, Th. 1.1] on the behaviour of the largest eigenvalues for the so-called multiplicative spike model
random matrices. To prove (3.28), we use the bound

n W) < (FEE ) =)

Then, from the fact that 7o, = 0 and Lemma 3.2, we finally obtain

X(V)X(V)*>

lim sup max A; (W (v)) < limsup max Ay ( Bl

M—oo VEVN M—oo VEVN
< (1+0e)’.

The proof is concluded by invoking again convergence (3.22).
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Chapter 4

Extension to the case of non-vanishing
SNR per sensor

4.1 Introduction

In this short chapter, we show that it is possible to slightly weaken one of the assumptions used
in Chapter 3. However, we will see that the corresponding results in this chapter are less natural
to write and will still require other conditions. In particular, we are interested in Assumption 3.3
equation (3.12) that we recall here.

Assumption 3.3. The MIMO filter coefficient matrices are such that

sup Z(l + [k]) [[Hgll, < o0
Mz1ycz

and

lim max max |[[h™(v)], =0.
M—o00 m=1,...,.M ve[0,1]

Intuitively, we recall that |[hy,(v)[|2 = S35, [(H),.(v)|? can be represented as the total power
received by the sensor m from the K—dimensional signal at frequency v. Assumption 3.3 assumes
that the power received on each sensor from the signal is asymptotically zero, and no relevant
information about the signal can be extracted by each sensor. The detection becomes achievable
only when the observations from the M sensors are combined, as shown in the previous chapter.
Suppose now that for some reason, the signal power received at some sensors does not converge to
zero, so that some of the sensors can receive asymptotically a strictly positive total power, ie. for
some m > 1 and v € [0, 1]

lim |y, (v)]2 > 0. (4.1)

m—-+00

We modify Assumption 3.3 according to this more general context.
Assumption 3.3b. The MIMO filter coefficient matrices are such that

sup Z(l + |k]) [|Hgll, < oo
Zlhez

Moreover, for each v € [0,1] there exists a sequence (dy,com(V))m>1 such that

sup card {dy,com(v) # 0} < +00
velo,1]
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and

|dg(H()H(v)*) — dg(ducom (), m € [M])]| 2222 0

Assumption 3.3b means that Dy oo (V) := dg(du,co,m(v), m € [M]) has a finite number of non-zero
entries, so its rank remains finite when N — +oo. This is not the case of D, (v) := dg(H(v)H(v)*),
even though H(v)H(v)* is of finite rank K. Note that relying on Assumption 3.3b instead of

2
Assumption 3.3 is not in contradiction with (3.14) which states that the SNR Ellun

Ellvnl3

converges to

zero at speed ﬁ, as long as only a finite number of indices m satisfies (4.1).

4.2 Statement of the results under our new assumption

We start by showing that the conclusion of Theorem 3.3 from Chapter 3 is slightly modified under
the new Assumption 3.3b.

Theorem 4.1. Under Assumptions 3.1, 3.2, 3.3b and 3./, for each v € Vy, there exist an M X
(B + 1) random matriz X (v) with iid Nc(0,1) entries such that

X(v)X(v)*

Cy(v) ~B(): =g - EW)?

[
[

—0
N—+400

max
vEVN

where

ol

E(v) = Iyt + (Duo(v) + Sv (1) 2 (H)H(»)" — Duyoo(¥)) (Duoo (v) + Sy (¥))

Proof. For the entire proof, we fix v € Vy and omit the dependence in v for all the quantities (for
instance Cy represents Cy (v)). The true spectral coherency matrix Cy is equal to

N

dg(Sy) "2Sydg(Sy) "% = (Dy + Sy) 2 (HH" + S,)(Dy + Sy)~
Distributing the inner sum, and defining D = Dy + Sy, we get:
(Dy + Sy) 2 (HH* + Sy)(Dy + Sy) 2 = D 2HH*D 2 + Sy(Dy + Sy) ! (4.2)
Using the resolvent identity (A +B)~! =B~! — (A + B)"'AB~! we obtain that
(Du+8Sy) ' =8, =8, Dy(Dy +Sy) ™!
so denoting D = Dy + Sy and multiplying by Sy:
Sy(Dy+8Sy) =Ty -DD =1, -D :D,D2 (4.3)
Combining (4.2) and (4.3) we get:
dg(S) 2Sdg(S) "2 =D :HH'D 2 + Iy — D 2D,D 2
~Iy+D 2 (HH —D,)D 2

It remains to use the fact that sup,cp 1] [[Du() — Duoco(¥)[| — 0 and follow the same steps as in
the proof of Theorem 3.3 to end the proof. O

Remark 4.1. We see that imposing Assumption 3.3 implies that alll the entries of Dul converge
towards 0, s0 Dy oo(v) = 0, and E(v) becomes equal to Iny + Sy (v) 2H(v)H(v)*Sy(v) ™2 which is
exactly the matriz obtained in Theorem 35.3.
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With Theorem 4.1 at hand, we know that the behaviour of the eigenvalues of Cy(y) are governed
by the matrix Z(v), and in particular by the perturbation part that we denote as Q(v):

N|=
D=

Q) = Duo(¥) +Sv(¥) 2 (HE)H(¥)" = Dyco(v)) (Dueo(¥) + Sv(v))”

We will now state some sufficient conditions on the eigenvalues of the quantities involved in Q(v)
so that asymptotically, as in Chapter 3, some eigenvalues of Cy(v) escape the support of the
Marcenko-Pastur distribution, which makes the detection of the signal possible. Results on spike
models from [7] provide a sufficient condition to detect eigenvalues leaving the Marcenko-Pastur
distribution support as long as the perturbation matrix Q(r) rank remains finite. This is why it
was necessary to approximate Dy () by Dy oo(v) to ensure that Z(r) remains asymptotically a
finite rank perturbation of the identity. Denote A; > ... > Ajs the ordered eigenvalues of Q(v), and
define

Let V;\L,’* and 1/;,’* such that

+7* +
vy~ € argmaxy™ (v)
vEVN

vy € argminy” (v)
vEVN

We now make the following assumption.

Assumption 4.1. There exist constants v¥, and v, such that

)

+
Vn Yo

N—+o0

We motivate the definition of these two quantities. For each v, the matrix Q(v) perturbs the
Marcenko-Pastur behaviour of the eigenvalues of Cy(u) in two possible ways: the smallest (negative)
eigenvalue of ©2(v) will potentially create an eigenvalue leaving the support of the Marcenko-Pastur
distribution on the left, and symmetrically the largest (positive) eigenvalue of (v) will potentially
create an eigenvalue leaving the support of the Marcenko-Pastur distribution on the right. The
frequencies vy and VJJ([ represent the frequencies for which these perturbations are maximal. In
anticipation of the detection problem, these frequencies represent those where the signal is most
likely to be detected. We note that v+ (™) and v~ (vy™) can be interpreted as a certain SNR metric
in the frequency domain, as it was the case in Chapter 3, except that we now have two quantities,
one for the positive potential spikes and one for the negative potential spikes. In contrast to the
result from Chapter 3 it is now possible to observe spikes on both sides of the Marcenko-Pastur
distribution. A detection test should therefore monitor eigenvalues of Cy(u) leaving the bulk of
the distribution not only on the right-side but also on the left-side. Consider the following test
statistics:

T.=1 <sup M(Cy(r)) > AT +eor inf Ay (Cy(r)) <A™ — e)
vEVN veEVN

where [M] = {1,..., M}. The following proposition proves the consistency of T, under Hy and the
alternative Hq.
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Proposition 4.1. For any € > 0, under Assumption 3.3b and Assumption 4.1,

P, ( lim 7, :o) = 1.

N—o0
Moreover, under Hi, if v& and v, are such that v, > \/c or v, < —+/c, then for all 0 < € <
min(¢(7%) — AT, AT — d(v)):
P, < lim T, = 1> =1,

N—oo

We omit the proof of this proposition at it is the same as the proof of Proposition 3.3 from
Chapter 3. The condition v} > /¢ or 75 < —+/c ensures that the SNR is high enough in the
sense that the perturbation matrices (Q(V))Ve[(),l] have asymptotically, at least for one frequency
v, an eigenvalue greater in absolute value than the threshold y/c. Intuitively, under this condition,
we will observe a spike in the spectrum of Cy(u), which could be located on the right-side or the
left-side of the Marcenko-Pastur distribution. As in Chapter 3, the location of the spike is driven
by the values v{ and 7.

4.3 Numerical simulations

4.3.1 Definition of an alternative

We consider the same model as in Chapter 3 except that we now suppose that for exactly one
sensor, the SNR remains O(1) (instead of being O(47)). The noise (vy)nez is generated as a
Gaussian AR(1) process having the spectral density

1
W) = e
forallm =1,..., M, with || < 1. The useful signal (u),ez, is also modeled as a rank one (K = 1)
AR(1) process defined by:
1 1 \"
H, = C k<1> ccM
k=Cp 7 i

with |8] < 1 and C a constant which can be chosen to manually tune the SNR. This model is very
close to the one used in Chapter 3 except that the first component is O(1) instead of O(ﬁ) In

this case,
C? 1 N
Hy)H (V)= — yM
( ) ( ) |1 —66_2””/‘2 (\/1M]_M_1 ﬁlM_llﬂA

&Cf;wp, this implies that

where 17 = (1,...,1)T € RM. Denoting s,(v) = i

Ducel) =0 (o} o %t )

Op—1 Op—10%,

where 037 = (0,...,0)7 € RM. We write:

0 1t
H(v)H* (1) — Dyoo(v) = su(v) (11 IR ET >
VM M-1 Jr+tM-14+pr1q
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and Dy oo (v) + Sy(v) is the diagonal matrix equal to:

su(V) + sy (v)
Sy(v)

Dy (v) + Sv(v) =

sv(V)
Denote s(v) = s, (v) + sy(v). With this notation, it is clear that:
0 ) 14T
Qv) = o) so(v)s(v) VM ML

1 su(v) 1 T
s(u)sv(u)ﬁlM_l sv(u)MlM—llel

To find the eigenvalues of €2(v), we first need to write the following Lemma 4.1.

Lemma 4.1. For a,b # 0, the eigenvalues of A € RM*M defined by:

A:< 0 alﬁf/[_71 )
CL].M_l blM—llel

are O with multiplicity M — 2 while the largest and smallest eigenvalues are

(M —1)b 4a2
e <1i 1+ Or 1% 1)b2>

Proof. It can be checked that 0 is an eigenvalue with multiplicity M — 2, with eigenvectors
(0,-1,1,0,...,0),...,(0,—1,0,...,0,1). It remains to find the two remaining eigenvalues. By
symmetry of A, it is natural to consider the eigenvector x = (v, 1,...,1) where v # 0, and denote
A #£ 0 its associated eigenvalue. The identity Ax = Ax provides the following system of equations:

(M —1)a= v
va+ (M —1)b=\

va+ (M —1)b= A\

(M—-1)a
A

Using v = , we get:

(M—l)cf+(M—1)b:)\

SO
A — (M —1)bA — (M —1)a® =0

which gives two solutions:

M —1)b+ /(M —1)202+4(M — 1)a? M —1)b 4a?
Ay = M= 1bE T A - T)a”_ 2><1i H(M_W)

1 su(v)

Substituting a (respectively b) by —— = ) (respectively 77+ (V)), Lemma 4.1 applied to
14 v
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Q(v) provides:

4a? _s(v) M
(M —1)b2 s(v) (M —1)
(M—=1b (M —1)s,(v)

2 T2M s,(v)

so that the eigenvalues of Q(v) are 0 with multiplicity M — 2 and

(M —1) su(v) 14 144 sy(v) M
2M  sy(v) Su(V) + sp(v) (M —1)
Asymptotically, the two non-zero eigenvalues become the largest (strictly positive) and the smallest
(strictly negative) and converge towards:

() = ; Z“EZ) <1 + \/ G et (VS)“J(F”;U (V)>
1 su(v

su(v)
2 $p(V) < \/1 * 4su(u) + sv(u)>

Note that Ay (r) and A_(v) converges to finite non null constants. In the case where for some v we
have A\ (v) > y/c and A_(v) < —y/c we should see two spikes : one on the left associated with A_
and one on the right associated with A;. The other eigenvalues are O(ﬁ), so they will not create
additional spikes.

A_(v) =

4.3.2 Numerical results

In Figure 4.3.1 is represented for N = 20000, M = 200, B = 2000, § = 0.7 and 8 = % the eigenvalue

distribution of Cy(y) for v = 0. On the right graph of Figure 4.3.1, compared to the case under
Assumption 3.3, we indeed observe an additional spike on the left-side of the distribution.

12

—— Marchenko-Pastur, c=0.10

o B FEigenvalues of é‘y(v)
0.8
0.6

0.4

0.2

I 0.0

Figure 4.3.1: Eigenvalue distribution of Cy(v) (v = 0) vs the density of the Marcenko-Pastur
distribution with parameter ¢ = 0.1. C' = 0 (no signal) on the left, C' = 0.1 under Assumption 3.3
in the middle, C' = 0.1 under Assumption 3.3b on the right.

Lastly, in Figure 4.3.2 is represented under Assumption 3.3 and Assumption 3 3b the largest
and smallest eigenvalues of () as a function of v in the case where § = 0.7, § = 18, and M = 100.
Concerning the largest eigenvalue, we see that the maximum perturbation happens for v = 0 (which
justifies why we studied Cy(y) for this frequency in Figure 4.3.1) and that the results for Assumption
3.3 and Assumption 3.3b approximately coincide. However, we observe a significant difference in the
behaviour of the smallest eigenvalue: the smallest eigenvalue is strictly negative under Assumption
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3.0 A
2.5 1 /,/--\\.
e N,
- \.\.

200 .- \-\_\_ _______________

—— A1(Q(v)), settings 3.3
151 —— Am(Q(v)), settings 3.3
Lo. — A1(Q(v)), settings 3.3b

— Am(Q(v)), settings 3.3b
0.5 A
0‘0- e S S ———

_05-

-0.4 -0.2 0.0 0.2 0.4

Figure 4.3.2: Largest and smallest eigenvalues of Cy(l/) as a function of v in Assumption 3.3 and
Assumption 3.3b

3.3b while it is null under Assumption 3.3.
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Part 111

Maximum of the sample spectral
coherency estimator
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Chapter 5

On the asymptotic distribution of the
maximum sample spectral coherence
of Gaussian time series in the high
dimensional regime

5.1 Introduction

5.1.1 The addressed problem and the results

We consider M jointly stationary complex Gaussian time series (y1,n),cz ;- (YMn),cz and for
all 4,5 € {1,..., M}, we denote by s;; and ¢;; the spectral density and spectral coherence between

(yi,n)nez and (yj,n)nez given respectively by

sij(v) = ) rij(u)e ™

ue”Z
and
sii(v
cij(v) = )
sii(v)855(v)
for all v € [0,1], where 7ry(u) = E[yintuljnl- Assuming N  observations
(Y1,n)peq N,...,(me)n . are available for each time series, we consider the frequency
smoothed estimate 3;; of s;; given by
1 & b
S50 = 5o 23/25% <y+ >§yj < N), (5.1)

where B is an even integer representing the smoothing span, and where

—217r (n—1)v

Eui (v

HMZ
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denotes the normalized Fourier transform of (yix),_, - The corresponding sample estimate of
the spectral coherence is defined as

R G- (v
Gigl) = =2
8ii(v)855(v)
Under the hypothesis
Ho : (Y1.n)nez, - - - (Ymn)nez are mutually uncorrelated,

we evaluate the behaviour of the Maximum Sample Spectral Coherence (MSSC) defined by

| Jnax max |éij (V)]

where

B+1 N
=k——:keNO0O<Ek<
g { N eN,0< —B+1}

is the subset of the Fourier frequencies

k
=< —:keNO<L<E<<N-1

with elements spaced by a distance (B + 1)/N. Our study is conducted in the asymptotic regime
where M = M(N) and B = B(N) are both functions of N such that for some p € (0,1), M < N”
and B < N” as N — oo ! | while the ratio M/B converges to some constant ¢ € (0, +o0). It is

established that, under Ho and proper assumptions on the time series (y1,n)nez, - - -, (Ym,n)nez, for
any t € R:
N M(M — 1) ot
P((B+1 cii())? < t+1 ] e 5
(( +1) max [65W)]" < t4log pm +log = > Nt € (5.2)
where
Z:={(i,j,v):4,j € [M] such that i < j, v € G} (5.3)

with [M]={1,...,M}.
In other words, under proper normalization and centering, max ; ez |€;(v)|* follows asymp-
totically a Gumbel distribution (see [26] or [74] for a general theory of extreme value distributions).

5.1.2 Motivation

This chapter is motivated by the problem of testing the independence of a large number of Gaussian
time series. Since hypothesis Hg can be equivalently formulated as

2
: i =0
Ho 1S£I§;}S(M Vrg[%,}i] |SZ] (V)| ’
or by

Ho

2
: i =0
| IS M velo] leig (V)] ’

this suggests to compute consistent estimators of these quantities, and test their closeness to zero.

1For two sequences (Tn)n>1, (Yn)n>1, we denote by x, X< y, if there exists k1, k2 > 0 such that ki|y,| < |z,| <
k2|yn| for all large n.
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Our choice of the high-dimensional regime defined above is motivated as follows. Under mild
assumptions on the memory of the time series ((Ym,n)nez)m>1, in the low-dimensional regime where
N — 400 and M is fixed, it can be shown that the sample spectral coherence matrix

A~

Clw) = (i) jr,..m (5.4)

is a consistent estimate (in spectral norm for instance) of the spectral coherence matrix

Cv) = (Ci,j(V))i,jzl,...,M

as long as B — +o00 and B/N — 0 (up to some additional logarithmic terms). In practice, this
asymptotic regime and the underlying predictions are relevant as long as the ratio M/N is small
enough. If this condition is not met, test statistics based on C(V) may be of delicate use, as the choice
of the smoothing span B must meet the constraints B > M (because B is supposed to converge
towards +00) as well as B < N (because B/N is supposed to converge towards 0). Nowadays, for
many practical applications involving high dimensional signals and/or moderate sample size, the
ratio M /N may not be small enough to be able to choose B to meet B > M and B < N. In this
situation, one may rely on the more relevant high dimensional regime in which M, B, N converge
to infinity such that M /B converges to a positive constant while B/N converges to zero.

5.1.3 On the literature

Correlation tests using spectral approaches have been studied in several papers, see e.g. [93], [25]
and the references therein.

More recently, an approach similar to the one of this chapter has been explored in [97], where
the maximum of the sample spectral coherence, when using lag-window estimates of the spectral
density, is studied. In the low-dimensional regime where M is fixed and N — oo, it is proved that
the distribution of such statistic under Hg, after proper centering and normalization, converges to
the Gumbel distribution. We also mention other related papers exploring the asymptotic behaviour
of various spectral density estimates in the low-dimensional regime: [96], [81], [83], [56] and [58].

In the high-dimensional regime when M is a function of N such that M := M(N) — +oo,
few results on the behaviour of correlation test statistics in the spectral domain are known. [62]
proved that under Hy and mild assumptions on the underlying time series, the empirical eigenvalue
distribution of C(v) defined in (5.4) converges weakly almost surely towards the Marcenko-Pastur
distribution, which can be exploited to build test statistics based on linear spectral statistics of
C(v). In [78], a consistent test statistic based on the largest eigenvalue of C(v) was derived for the
problem of detecting the presence of a signal with a low-rank spectral density matrix within a noise
with uncorrelated components.

In the asymptotic regime where % — 7, [69] proposed to test hypothesis Hy when the compo-
nents of y share the same spectral density. In this case, the rows of the M x N matrix (yi,...,yn~)

are independent and identically distributed under Hg. [69] established a central limit theorem for
linear spectral statistics of the empirical covariance matrix, and deduced from this a test statistics
to check whether # holds or not. We notice that the results of [69] are valid in the non-Gaussian
case.

More results are available in the case where the time series (Yimn), 7z, m € [M], are temporally
white. To test the correlation of the M components, one can similarly consider sample estimates
of the correlation matrix, and test whether it is close to the identity matrix. Under the asymptotic
regime where % — v € (0,400), [45] showed that the maximum off-diagonal entry of the sample
correlation matrix after proper normalization is also asymptotically distributed as Gumbel. The
techniques used here for proving (5.2) are partly based on this paper. Other works such as [64]
studied the asymptotic distribution of linear spectral statistics of the correlation matrix, [21] focused

on the behaviour of the determinant of the correlation matrix, and [15] considered a U-statistic and
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obtained minimax results over some class of alternatives. Some other papers also explored various
classes of alternative H;, among which is [28], who showed a phase transition phenomena in the
behaviour of the largest off-diagonal entry of the correlation matrix driven by the magnitude of
the dependence parameter defined in the alternative class #H;. Lastly, [65] studied asymptotic first
and second-order behaviour of the largest eigenvalues and associated eigenvectors of the sample
correlation matrix under a specific alternative spiked model.

5.2 Main results

5.2.1 Assumptions
Throughout the chapter we rely on the following assumptions.

Assumption 5.1 (Time series). The time series (Ymn)nez, m > 1, are mutually independent,
stationary and zero-mean complexr Gaussian distributed °.

For each m > 1, we denote by 7, = (rm(u))ucz (instead of 7y, ) the covariance sequence of
(Ymn)nez, 1-e. rm(u) = E[Ym ntulUmon), and we formulate the following assumption on (ry,)m>1:

Assumption 5.2 (Memory). The covariance sequences (T )m>1 satisfy the uniform short memory
condition

sup Y (1 + [u])rm(u)] < +o0.
mzlueZ

We denote by sm(v) = Y,z 'm(u)e 2™ (instead of sy, (1)) the spectral density of (Ymn)nez
at frequency v € [0,1]. Assumption 5.2 of course implies that the function s,, is continously
differentiable and that

ds,

— )

W < 400. (5.5)

sup max Sy, (v) < 400, sup max
m>1v€[0,1] m>1veE[0,1]

Finally, as the sample spectral coherence of (;n)nez and (y;n)nez involves a renormalization by
the inverse of the estimates of the spectral densities s; and s;, we also need that s;, s; do not vanish.
This is the substance of the next assumption.

Assumption 5.3 (Non-vanishing spectrum). The spectral densities are uniformly bounded away

from zero, that is

inf i m > 0. 5.6
inf min sm(v) (5:6)

By Assumptions 5.2 and 5.3, there exist quantities spyin and spmax such that

0 < Smin < Inf min s, (v) < sup max s, (V) < spax < +00. (5.7)

mzl Z/G[O,l] le IIE[O,l]

We now formulate the following assumptions on the growth rate of the quantities N, M, B, which
describe the high-dimensional regime considered in this chapter.

Assumption 5.4 (Asymptotic regime). B and M are functions of N such that there exist positive
constants C1,Cs € (0,4+00) and p € (0,1) such that:

C1N? < B, M < O,N?

and
M
— i=cy — c € (0,400).
B N—+o00

2A complex random variable Z is zero-mean complex Gaussian distributed with variance o2, denoted as Z ~
Nc(0,02), if Re(Z) and Im(Z) are i.i.d. N(0, é) random variables.
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Notations Even if the subscript - is not always specified, almost all quantities should be remem-
bered to be dependent on N. Moreover, C represents a universal constant (i.e. a positive quantity
independent of N, M, B), whose precise value is irrelevant and which may change from one line to
another.

5.2.2 Statement of the result

The main result of this chapter, whose proof is deferred to Section 5.4, is given in the following
theorem.

Theorem 5.1. Under Assumptions 5.1 — 5.3, for any t € R:

M(M — 1) L
1 ‘.
+og 2 ) N—+o00 c

P((B+1 () <t +1
(B4 1) mox 60 < ¢+ tog

Thus, Theorem 5.1 states that max; ;,)ez |éi;(v)|?, atfer proper normalization and centering,
converges in distribution to a type I extreme value distribution, also known as Gumbel distribution.
As it will be clear in the proof, the term log % is related to the maximum over (i, j) while the
term log BLH is related to the maximum over v € G.

We now illustrate numerically the above asymptotic result. Consider M independent AR(1)
processes, driven by a standard Gaussian white noise, i.e.

Yin Yin—1 €1,n
i.1.d.
yvoi=| | =90 : +1 |, emn = N(0,1)

YMn YMn—1 EMn

with = 0.6, and (N, M) = (20000,500). The smoothed periodogram estimators are computed
using B = 1000. We independently draw 10000 samples of the time series (yn)nenv] and compute
the associated MSSC max; ; ,)ezy |ij(v)|2. On Figure 5.2.1 are represented the sample cumulative
distribution function (cdf) and the histogram of the MSSC against the Gumbel cdf and probability
density function (pdf). We indeed observe that the rescaled distribution of max; ; ez, i ()[? is
close to the Gumbel distribution.

1.0 ——- rescaled SupP|c;(v)|? —— Gumbel pdf
e == mmm rescaled SUP|c;(v)|?
Liv

—— Gumbel cdf 7

0.8 1

0.6

0.4 4

0.2 4

0.0 1

Figure 5.2.1: Sample cdf and histogram of the MSSC as defined in Theorem 5.1 vs Gumbel distri-
bution.
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5.3 Application to testing

5.3.1 New proposed test statistic

Theorem 5.1 can be used to design a new independence test statistic with a controlled asymptotic
level in the proposed high-dimensional regime.

Define ¢, the a—quantile of the Gumbel distribution: g, = F~!(a) where

F(z) = exp(— exp(—2)).

The test statistic T(MSSC) defined by
(M 1
(MSSC) o Qi—a+log 5 +log
T =1 i :

satisfies, as a direct consequence of Theorem 5.1, limpy— 400 P[T](VMSSC) = 1] = a under Hy.

5.3.2 Type I error

To test the independence of the signals ((Ym,n)nez)m=1,. M, we consider the statistic T( SSC)

defined in (5.8). On Table 5.3.1 are presented the sample type I errors of T' ](VMSSC) with different
combinations of sample sizes and dimensions (p = 0.7 and B 7 = 0.5), when the nominal significant
level for all the tests is set at @ = 0.05, and all statistics are computed from 30000 independent

(MSSC)

replications. One can see as expected that the type I error of T}, does indeed remain near 5%

as M increases.

Table 5.3.1: Sample type I error at 5%

T](VMSSC)
N B M
42 20 10 0.021
316 100 50 0.031
659 180 90 0.037
1044 260 130 0.037
1459 340 170 0.040
1901 420 210 0.042
5623 1000 500 0.048

13374 2000 1000 0.051

5.3.3 Power

We now compare the power of our new test statistic against other independence test statistics which
are designed to work in the high-dimensional regime. We define the Linear Spectral Statistic (LSS)
test from [62] for any € > 0 by

1 (CN
7(LSS) _ ¢ sup e f(c —Jrfdn ‘
N vel0,1] (B/N )

> Kl—qa (5.9)
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where ,ug\f[)P represents the Marcenko-Pastur distribution with parameter ¢ defined by

S

1
dllp(\) = (1 - ) So(dN) +
¢/ +
where Ay = (1£/¢)%, (*)4 := max(-,0), ey := B%H and f is some function defined on Ry satisfying
regularity assumptions (see more details in [62]). In practice, ¢ will be taken equal to 0.1. It is
proven in [62] that under H,, T](VLSS) — 0 almost surely in the high-dimensional regime but the exact

asymptotic distribution of the LSS test is unknown. Therefore, the detection threshold x1_,, for this

test is based on a sample quantile of TJ(\} 59) under Ho computed from Monte-Carlo simulation. For

T](VMSSC)

fairness comparison, we also use this procedure for the new test statistic . More precisely,

we compute the sample (1 — «)—quantile k1_,, of a test statistic T](\;“ ) from samples under Hg, and

T](VLSS)

then reject the null hypothesis under H; if > K1_q. It remains to choose a test function f,

and we again follow [62] by considering
e the Frobenius test T](\,FROB) when f(z) = (x —1)?

e the logdet test T](\}OG) when f(z) = logx

It remains to define the alternatives. For this, we consider the following multidimensional AR(1)
model:
Yn+1 = Ayn + € (510)

where (€,)nez is a sequence of independent Mg (0,I) distributed random vectors, and A is a bidi-
agonal matrix. Three choices of A (A(F0) A(H110c) - A(H1g100)) allows us to define two alternatives:

1. Hop: for |0] < 1:

6 0 0
0o @ 0o ... 0
0 O 0 0 0
A(Ho) —
0O ... ... 0 0 ¢
so the signals ((Ym,n)nez)m=1,..,m are mutually independent.
2. Hijoc: for [f] <1 and S €R:
6 0 0
8 0 0 ... 0
0 0 6 0 0
A(Hl,loc) —
0o ... ... 0 0 6

so the couple of time series (1,2) is the unique correlated pair of signals.
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3. Higlob: for |#| <1 and  €R:

g 0 0

8 6 0 ... 0

08 6 0 0
AHigiob) — )

0O ... ... 0 B 0

so all the signals are mutually correlated.

We now fix the value of the parameters involved under the three hypotheses. 6 will always be
taken equal to 0.5. Under H; joc, 8 = 0.1. Concerning the alternative H gon, more care is required
to choose . Indeed, one can define a measure of total dependence as:

_JISw) ~deS()[3dv _ Yuez IR(w) — dgR(w)]3
T TS0 > ez IR(u)[7

where R(u) := E[yn4uy}], S) = 3,z R(w)e ™2™ and dg denotes the diagonal part operator.
Clearly, r = 0 under Hy, and as r > 0 increases, the M—dimensional time series become correlated.
We also see that for any fixed value of 3, r is increasing with M. It is therefore more desirable
to tune B := (M) such that r remains constant as M increases. This will enable our tests to be
compared against an alternative which does not become asymptotically trivial.

The two alternatives Hjjoc and Hi glon are useful to measure the performance of the indepen-
dence tests under two different setups. Under H; oc, each pair of time series are independent
except the pair (yin)nez,(Y2,n)nez, Whereas under H; glo, each time series has a small correlation
with every other time series.

In Table 5.3.2 and Table 5.3.3 are presented the sample powers when the type I error is fixed
at 5% for the considered tests and the two alternatives. The asymptotic regime is the same as the
one considered for Table 5.3.1: p = 0.7 and BLH = 0.2. All statistics are computed from 30000
independent replications. We observe that under H g0, with 7 = 0.01, all the tests asymptotically
detect the alternative, however with different performances. The LSS test statistics show better

power which indicates that they may be more suited to detect alternatives under H1 gjo, than the

MSSC test statistics. Under Hj 1o the results are opposite: the power of TJ(VMSSC) rapidly increases

to 1 as M increases. These results are not surprising since the MSSC test statistic is designed to
detect peaks in the off-diagonal entries of C(l/) which is exactly the class of alternative considered
in M1 1oc. However, when the correlations are spread among all pairs of time series under Hi giop,
the test statistics based on the global behaviour of the eigenvalues of C(V) seem more relevant.

In Figure 5.3.1 are represented the ROC for each test under both alternatives. We observe that

T](VFROB) and TJ(JJ O6) have similar performance and outperform T](VMSSC) for the alternative Hi giop,

while T’ ](VMSSC) has better performance for H joc.

5.4 Proof of Theorem 5.1

We will detail in this section the main steps to prove Theorem 5.1, while some details will be left
in the Appendix.
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probability of detection

0.01

Table 5.3.2: Power comparison under H; global, type I error = 5%

T](VFROB) T](VLOG) T](VMSSC)
N M B
42 10 20 0.050 0.049 0.052
316 50 100 0.036 0.042 0.067
659 90 180 0.067 0.065 0.086
1044 130 260 0.142 0.122 0.133
1459 170 340 0.339 0.255 0.214
1901 210 420 0.601 0.462 0.328
2364 250 500 0.836 0.682 0.503
2846 290 580 0.960 0.852 0.672

Table 5.3.3: Power comparison under #; local, type I error = 5%
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T](VFROB) T](VLOG) T](VMSSC)
N M B
42 10 20 0.049 0.049 0.061
316 50 100 0.038 0.044 0.352
659 90 180 0.038 0.041 0.881
1044 130 260 0.034 0.038 0.999
1459 170 340 0.034 0.038 1.000
1901 210 420 0.035 0.039 1.000
2364 250 500 0.031 0.039 1.000
2846 290 580 0.032 0.036 1.000
1.01
c
el
-IL-;O.B-
et
[}
T 0.6
s
Zoe
.}au
—_ T(MSSC) o
— TI(VFROB) 802
N Q
R TI(VLOG)

0.0

0.2 0.4 0.6

0.8 1.0

false alarm probability level

o
<)
|

TI(VMSSC)

TI(VFROB)

TI(VLOG)

0.0

0.2 0.4

0.6

0.8

false alarm probability level

1.0

Figure 5.3.1: ROC associated to each test under HgglOb) with r = 0.01 (left) and ’Hgloc) with = 0.1
(right) when (N, M, B) = (2846, 290, 580))

5.4.1 General approach

First, we notice that the frequency smoothed estimate 5; j(v) defined in (5.1) can be written as

$i5(v)

1

“B+1

&, ()€, (V)

(5.11)
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where

£, (v)= (Eyi <V— 5\[) sy by <y+£v>>T.

This is a sesquilinear form of the finite Fourier transform of the M time series samples
(i1, YiN )i To handle the statistical dependence between the components of £, (v), we
use the well-known Bartlett decomposition (see for instance [94]) whose procedure is described
hereafter.

From Assumptions 5.2 and 5.3, the spectral distribution of (Y, n)nez is absolutely continuous
with density s,, being uniformly bounded and bounded away from 0. Therefore, from Wold’s
Theorem [14, Th. 5.7.1, Th. 5.7.2], each time series (ymn)ncz admits a causal and causally
invertible linear representation in terms of its normalized innovation sequence:

+oo
Ymn = Z Am, k€mmn—k, (512)
k=0
where (€1 k)kez, - -, (€mk)kez are mutually independent sequences of N¢(0,1) i.i.d. random vari-
ables, and (a1 )keNs - - - (@rrk)ren € £2(N) such that if
+00 '
hm(v) = Z Ay & 2RV (5.13)
k=0

then |, (v)|> = sm(v) and hy,(v) coincides with the outer causal spectral factor of s,,(v). Define
now §;;(v), an approximation of §;;(v), as:
B/2 _— —_—
- 1 b b b b
5i;(v) = Brl Z h; <V+ N) h; (l/+ N)ge" (y—i- N> &e; (u—i— N)
b=—B/2
or equivalently
AL (v)
B+1

b b
Hij(V) =dg (hl <V + N) hj <I/ + N)) (515)
b=—B/2,....B/2

£ (v) = <g <,,_ £V> e <y+£v>>T.

Sij(v) =&, (v) €. (v) (5.14)

where

and

Instead of working directly with |¢;;(v)|* = élif)(;)gi), it turns out that it is more convenient to show
the limiting Gumbel distribution for % where
i
B/2 2 2
1 b b
2 _ . .
A0 =g 2 pe(vey)| (v y)
b=—B/2
B/2

1 b b
_7B—|—1 Z SZ'<V+N>SJ‘<V+N>
b=—DB/2
L tr Eij(V)
=g (5.16)
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and where

i(v) =115 (V)5 (v)

ij
2

o

This is the aim of Proposition 5.1 below.

b b
h; <I/+N> hj <l/+N>

Proposition 5.1 (Gumbel limit for max(; ; ez |5i;(v)[?). Under Assumptions 5.1 — 5.3, for any
t € R, we have

|5 U(z/)|2 M(M —1) ot
P B+1 <t+1 log ——= —_— ¢ . (518
<( max (B 15 St log g s 61
Once equipped with Proposition 5.1, it remains then to show that max; ;. ez |i%(€3)|2 is close
ij

enough to max; ; ez |¢;(¥)|* to prove that these quantities have the same limiting distribution.
This result is given by the following Proposition.

Proposition 5.2. Under Assumptions 5.1 — 5.3, as N — 00,
2

|513(V)|
max (B+1 — max (B+1)|¢ =op(1).
(i,j,V)EI( ) (l/) (3,5, V)EI( )| ]( )| ( )

As Theorem 5.1 is directly obtained by Proposition 5.1, Proposition 5.2 and an application of
Slutsky’s lemma, the two remaining subsections are devoted to the proofs of Proposition 5.1 and
Proposition 5.2.

5.4.2 Proof of Proposition 5.1

To prove Proposition 5.1, the main tool is Lemma A.4 from [45], which is a special case of Poisson
approximation from [3]. We rewrite it here for the sake of completeness.

Lemma 5.1. Let (Xo)aez be a finite collection of Bernoulli random variables, and for each o € T,
let I, C T such that o € Z,. Then,

P(;Xa:0>—exp( QZEIP )

A=Y > P(Xa=1)P(Xg=1)

<A+ Ag+ Ag

where

o€l BeL,

Ap=> Y PXa=1Xg=1)
a€l feTa\{a}

A= E }P (Xa — 1 (Xﬁ)ﬁema) CP(Xe=1)
o€l

In particular, if for each o € I, X, is independent of {Xg : B € T\ Ia}, then Az = 0.

Lemma 5.1 is the keystone for the proof of Proposition 5.1, and is a standard tool for analyzing
distributions of maxima of dependent random variables. We now prove Proposition 5.1.
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Proof. We start by proving (5.18). Define

MM -1 N
Iy = \/x+log(2) + log (5.19)

and for (i,j,v) € T (recall that Z is defined in (5.3), and that it depends on NN, but to avoid
cumbersome notations we do not recall this dependency) the Bernoulli random variables X;;(v) as

N 5;W)> _ o
Xij(v):=1((B+1)—2 >t% . (5.20)
Uz’j(”)
Define the set Z; ;)
Liijw) = {(,v):1<i<j <M,i=iorj=j}. (5.21)

From (5.14) and under Assumption 5.1, if (i', j/,1') € T\Z
5i;(v) since we have either

(1) @ #i,j #j, vV =
(2) i = iorj = j, and v/ # v (implying |v — /| > £ by assumption), in which case
<£6¢/<V/)’€€j'(’/)> is independent from (Eﬁi(v),égj(y))
From the definition of X;;(v) in (5.20),

i), then 8y5(v') is independent from

J

P ((B+1) max ‘5”2((”3)‘2 < t?\,> =P Y Xy =0
"

(’L’,j,l/)el- U-/L' ] Z,j,ll) T
which can be estimated by Lemma 5.1 as:

P Z XZ](V):O —e <A1+ Ay + Ag
(4,9,v)ET

where

5. ()2

(i.jv)eT (i,j,v)ET gl

and

A = Z Z P <(B + 1)"“30;((’;))|2 > tfv) P ((B + 1)'51";’(2’1/))|2 > t%) (5.22)

(i.3)ET (5" )E€L(i j 1) Titjr
5. ()]? S ()2

Ax= ), >, P ((B+1)W > 13, (B+1)W>t?v> (5.23)
(ia.jaV)GI (i,,j/,l/)el-(i’j’y) Glj(y) Ui’j’(l/)

(@,3")#(1.5)

P((B+1) 3 ()1 > %] (5uj (V)
o5 (v) NEAT (@.3" V) EINL (i j v)

A3:ZE

(i,j,v)€T

1345 (v) |
Uz'zj(’/)

_p ((B +1) > t?\,> ‘ . (5.24)
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We now have to control the four quantities A\, A1, Ay and Ag, which requires studying moderate

deviations results for
2
(W

as well as

E zJ( v)|? ’311( v)|? 2
Pl(B+1)—2 = >4, (B+1) >ty
O_z] (l/) z j (V)
for all (¢, j',v) € Z(ijv)- The following Proposition 5.3, proved in Appendix 5.C provides exactly
this.

Proposition 5.3. Under Assumptions 5.1 — 5.3, there exists a constant n > 0 such that for any
C > 0, we have

—0 (5.25)

N—oo

max ~ max P((B—l— )|”(V)2 >e -1

|
t€[0,C B (i,5,v)EL (V)

and

2 2
mex = IGX P(B+U|M”|>¥(B+UELLK>S2
Le€l0CET) | (g€l 20) 7y W)
(@"3" W)EL(; 5,0

x et 1| —— 0. (5.26)

N—oo

First, concerning exp(—A\), since ¢y as defined in (5.19) is O(log N), one can use Proposition
5.3 to get

exp (—A) = exp Z P<B+1|”(V))|2>t?v>

(4,,v)ET (V
= exp <_B]—\|7— 1 M(JWQ ), 7t2 N(14 0(1)))
s exp (~ exp(a)).

We now turn to the control of Aj, As, and As. Regarding Aj, since under Assumption 5.1 the
random variables §;;(v) and 8y (V') for (i',j',0') € I\Z j,) are independent, we clearly have
As = 0. Consider now (5.22) and (5.23). The aim is to show that A; = o(1) and Ay = o(1)
when ¢y is defined by (5.19). Using the moderate deviation result (5.25) from Proposition 5.3, and
recalling that C represents a universal constant independent of N whose value can change from one
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line to another, we get:

~ 2
Ay < I max [Z(;;,)| max P((B—Fl)w >t%\;>
T Ggwer P gwer 0ij(v)?
o MQ)_’_/
O(M)
N o2 15,.:(v) |2 2\’
< C=M3 ¢ N P(B+1)—L—L- > 13| v
TUBY o e B+ )Uz‘j(V)Q i
O(-L Bz
(3 32) —ro(l)

o(3)

Ay is handled similarly with equation (5.26) from Proposition 5.3:

3 S oop ((B+ 1)| ”(V))|2 > 12, (B + 1)7|~29 (V))P > t%)

1%
(i7j7V)EI (’L‘/,j/,l/)EI(i’j’y) (

<I|Z| max |Z;
(i,3,v)ET

—2t2
J» V)‘ e~

= (N2 N2
X max max P <(B + I)M >t (B + 1)M > t%\[) 2N
) iy

(i) €T (i 5 W) EL( o (v af/j,( )
=1+o(1)
1
-o(%).
The proof of (5.18) is complete. O

5.4.3 Proof of Proposition 5.2

|34 ()| Siy ()|
8i(v)8;(v) o7 (v)
enough in probability, we work separately on the numerator and the denominator. This constitutes
the statement of the two following propositions.

are close

To prove Proposition 5.2, ie. the fact that max; ;,)ez and max(; j ez |

Proposition 5.4 (Change of numerator). Under Assumptions 5.1 — 5.3, there exists § > 0 such
that as N — o0,

VB +1 max _185(v) = 5i;(v)] = Op(N7?). (5.27)

(i,4,v)€T

The proof is deferred to Appendix 5.B. A consequence of Proposition 5.4 and Proposition 5.1 is
that

VBT max |30

7]”

<vB+1 maX \sm( )H—\/B+1 max \Szg() 35 (V)]

(4,5,v (i,5,v

— Op <\/log N) . (5.28)

Proposition 5.5 (Change of denominator). Under Assumption 5.2, for any € > 0, as N — oo,

B N¢
; — g2 O ( ) 5.29
(?Va))éz‘s )8;(v) — oy (v)| = Op N = (5.29)
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Moreover,
0 < inf 2(y) < 2(v) < 5.30
im0 () < sup a0y (v) < +oo 5:30)
and 1
- —0p(1 Op(1). 5.31
R ey — O ) = e ) o

The proof is deferred to Appendix 5.A. We recall that for any sequences (a,) and (b,), the
following inequality holds:

sup a,, — sup b, | < sup |a, — by|.
n n n

Therefore, to show that Proposition 5.2 holds, it is enough to show that

max

iy () .
B+ 1)L (B4 1)|é(v
e (B 1) (B +1)ley(v)

This result could be proved by writing the following decomposition:

3 (V) > Bm)P

|
o (v)  &)3v)

=op(1).

(B+1) max

A < U3(Wy + Wy).
7-71/

where

~ ~

Uy o= (B4 1) max 1850 — 185 0)1] 01)8;(0)

(i,4,v)€Z
Uy = (B+1) A 155 (V) 213:(v)3 (v) — o35 (v)]
1

U3 := max - . :
(i,j,V)ET sz'(V)Sj(V)Usz(V)

It is clear by (5.18) that

B +1)|5 = Op (log N).
(g}a;éz( + 1[5 (v)? p (log N)

Combining this with Proposition 5.5 and equation (5.27) from Proposition 5.4, there exists 6 > 0
such that

(B+1) max_|[3;(v)]* —[5;()°] <

(4,4,V)ET
VB+1 max (]5;)| + |5:;(v)))
(4,5,v)ET
—0p(VIoEN)
\/TH(JJI}% 185 ()] = 1335 ()]
=0p(N—?)

which is Op(y/Tog NN~°%). Using (5.31), this implies that

U, = Op ( 1ogNN—5) .
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Similarly, using Proposition 5.5, for any € > 0,

oo o (§+35)
Uy = Op(1).

Combining the estimates of W1, ¥y and U3 we get that for any € > 0:

’zg(V)P 1345 (V)]
(B+1) max 17 20)  50)50)

NUB

This quantity is op(1) if \]/\% = o(1) which is satisfied by choosing € < & from Assumption (5.4).

Op <N \/logN—HogN(B N >>




Appendix

5.A Proof of Proposition 5.5

Before proving (5.29), the main result of Proposition 5.5, we focus first on proving (5.30) and (5.31).
Concerning (5.30), recall that U?j(u) defined in (5.16) is equal to:

B/2

1 b b
2
o;;(v) = 511 Z S; <l/ + N> sj (V + N> . (5.32)
b=—B/2
By Assumption 5.2, it is clear that (5.30) holds. We now focus on proving (5.31). Since by
Assumption 5.2 and Assumption 5.3 the true spectral densities s;(v) are far from 0 and 400, the

same result should also hold for the estimators $;(r). More precisely, we prove the following lemma.

Lemma 5.2. Under Assumption 5.2,

B
s €6 i) = 0 (7 (5.33)

Moreover, under Assumption 5.1 and Assumption 5.2, for any € > 0, there exist v > 0 and
No(e) € N such that:

P (max max |§;(v) — E[8;(v)]| > NEL

< —N7 .
e ma \/§> <exp(—N7) (5.34)

for N > Ny(e).

Proof. These results are close to those proved in Lemma A.2 and Lemma A.3 of [62]. We will
therefore closely follow their proofs. We start with the bias. By the definition (5.11) of §;(v):

“(rd)

B/2

. 1
ESi(v) — si(v)| = Br1l Z E
b=—B/2

2
— Sz‘(lj) .

Inserting s;(v + £), one can write:

1 22 b\ |2 b
E3;(v) — si(v)] < 5l > (E £y <V+N> —5i<l/+N>>
b=—DB/2
SR e ) e
Br1 Si 1/+N A4 .
b=—B/2

[62, Lemma A.1] provides the following control for the first term of the right-hand side under

221
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Assumption 5.2:

) B/2
E
r;fle%?'{ze[M] B+1 2/2 (

&y, <V+]€[) 2—5,. <v+]f,>> :OGI)' (5.35)

Moreover, by Assumption 5.2, a Taylor expansion of s; around v + %, provides the existence of a

quantity v such that:
b b
si\v+ ) = sil) + 5si)

where by Assumption 5.2, sup;sq sup,ejo ) [5;(¥)| < +oo. Therefore, uniformly in v € F and
i€ [M]:

T b
ms |y 2 (5(ve ) )
B/2
B 1 b, _ E
= max max B+lb__ZB/2N () _O<N>' (5:36)

Combining the estimates (5.35) and (5.36), one gets:

1 B B
Zlél[ax} max |ES;i(v) — si(v)| = O <N + N> =0 <N>
which is the desired result.

The second part of the lemma is an extension of a similar result also proved in [62, Lemma A.3]
(see also similar results in [10]). Under Assumption 5.1 and Assumption 5.2, they have shown that
for any v € [0, 1] and for any € > 0, there exists v > 0 such that:

. N°¢
p (g[ax 5:(0) — EL5:(0)]| > @) < exp—N"

for large enough N > Ny(e). It remains to extend this concentration result to handle the uniformity
over v € F. This is done easily by the union bound. O

We can now prove (5.31). For any A > 0, inserting E[$;(v)] and s;(v) we can write:

P <max max §;(v) > A)
i€[M] veF

=P (gﬁ/}f(} r,flea%]s v) —E[8;(v)] + E[3:(v)] — si(v) + s;(v)] > A)

<p (% mase [5:(v) — E[5:(+)])

> gg[%lglgsw) gg[%lglgl [8i(v)] S(V)\)

By Lemma 5.2 equation (5.33) and Assumption 5.2, for N large enough:

A— Inax max si(v) — Inax max [E[5:(v)] = si(v)] =

b
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The deviation result (5.34) from Lemma 5.3 finally provides:

P (max max §;(v) > A)
i€[M] veF

A
< 5:(v) — E[3 ~ ) ——o.
=P <irél[%4x] %gysz(y) Elsi@)]l > 2> N—+c0 0

The proof that max;cp;) max,er ﬁ = Op(1) is done similarly by considering

P mmcmaxAL >A).
ie[M] veF §;(v)

We now focus on (5.29), and consider the following decomposition:

5(1)5:(v) — 02 ()] < 5(1)8 () — 85(1)s
e [5(0)3,(0) — o5 (0)] < max [5()3(0) — )5, (0)] +

i [si()s() = o5 ).

The following two lemmas bound each term of the right hand side, and lead to (5.29).

Lemma 5.3. Under Assumption 5.2, for any € > 0, as N — oo,

R . B N¢€
s [5()5500) — 5:()5;0)| = O (N ¥ @> |

Proof. Write

max_[8:(v)3(v) — si(v)s; (v)|

(i.4,v)€ET
< max max |§;(v) — s;(v)| max max §;(v
_z‘e[]\}(] ue];-:(‘ i(v) i )‘je[]\}(] ue];-l( (V)
=Op({+ 3%) =0r(1)
+ e max si(v) Imax max 185(v) — s;(v)]
—o) —Op(B+ %)
for any € > 0, where each estimate comes from Lemma 5.2 and Assumption 5.2. 0
Lemma 5.4. Under Assumption 5.2, as N — oo,
B
2
ma; (V) —s;(v)si(v)| =0 = ).
e [030) = si0)si0)| =0 ()

Proof. By Assumption 5.2, the applications v + s;(1) are C*, so by Taylor expansion of s; around
v + &, there exist frequencies v;, € [v,v + b/N] such that:

8i (V + i,) =si(v) + %Sé(w,b)
where s;(v) and s(v; ) satisfies:

sup max s;(v) < 400, sup max |s,(v)| < +o0
i>1 velo,1] i>1 ve[0,1]
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Recall the expression (5.32) of a?j(y), and write:

|05 (v) = si(v)s;(v))|

1 b b
=511 Z <sl <V+N>Sl(l/)> 55 <1/+N>+
b=—B/2
—O(B/N) —0(1)
b
si(v) | sj v+ N s (v)
—0(1)
—O(B/N)
where each bound above is uniform over (i, j,v) € Z. O

5.B Proof of Proposition 5.4

To prove Proposition 5.4, we need the three following lemmas (Lemma 5.5, Lemma 5.6 and Lemma
5.7), which are exactly or slight modifications of results from [94]. We recall that according to
(5.14), 8;;(v) can be expressed as the following sesquilinear form

5() = 6,00 52 e ),

where the random variables (€j ) cqar are independent and indentically distributed as Nc(0,1).
ne[N]

For the remainder, we denote for all j € [M] by Iy, (v) the periodogram of (Ejvn)ne[ ) at frequency

v, i.e.

IN@ (V) = |€Ej (V)‘Q .

The two following lemmas provide controls for the maximum of Iy, (v) over v and j.

Lemma 5.5. It holds that

E []12% max IN@(V)] = O (logN +log M). (5.37)

Proof. By independence and Gaussianity of the observations from the time series €, it is well known
that the random variables (Iy;(v)) for v € F and j > 1 are independent exponential £(1) random
variables. Therefore, for any = > 0:

P Ine, (V) <z ) =(1—e )MV
(}2&}(}%&% N,ej(l/)_w) (1—e™)
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T

Using the change of variable y =1 — e™":

+oo
E | max max IN@(V)] = / P <max max Iy, (v) > x> dz
jE[M] veF 0 JE[M] veF :

+oo
/ (1—(1—e®)MN)dy
0
1

(
1 MN
1
Y gy
1

0
MN-1

r=0 r+1
= O (logM +1logN).
This proves (5.37). O

Under Assumption 5.4, (5.37) simply becomes:

B | max max e (v)| = O (log N) (5.38)

The following lemma is from [94, Lemma 1] that we rewrite here for the sake of completeness.
It allows to extend a control from max,ex In; (v) to max,¢(o 1) In.e; (V)-

Lemma 5.6. There exists a universal constant C such that:

]%1% Vlél[%?i] Ine;(v) < Clog Nj;g% max INe; (V). (5.39)

A direct consequence of Lemma 5.6 used in Lemma 5.5 is that

E | max max Iy, (v)| = O (log N(log N + log M)) . (5.40)
jeM]vefp,1]

The main argument in the proof of Proposition 5.4 is the following result.

Lemma 5.7. Define

Ry j(v) = |&,; (v) = hj(v)é, (V)] (5.41)

Under Assumptions 5.1-5.2, for any 0 < § < %,
Ry ;(v) = Op(N7°). 5.42
max max fv;(v) = Op(N77) (5.42)

Proof. We closely follow the proof of Theorem 2b from [94]. To prove (5.42), the Markov inequality
shows that it is sufficient to prove that for any § < 1/2,

Y
E[r}flea%]xg%]%]vd(y)] O(N™°).

We use the linear causal representation (5.12) of y; to write

—2im(n—1)v

1 N
gyj (V) = ﬁ Z Yjn€
n=1

1 N <+oo
_ . . —2im(n—1)v
=—=> aj,uej,n_u> e .
N n=1 0

U=
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Since almost surely, for all j € [M], n € [N], (aju€jn—u),>o € (*(N), we can switch the order of
summation and make the change of variable v = n — u to get

—Zzﬂ'uz/ —2im(v— 1)
fy] E aju€ g €€

v=1—u

Define

N—u N '
ZN,], ( Z )6]‘,1)62“1-(1)1)” (543)
v=1— 1

—Uu v=

so that Ry j(v) can be rewritten as:

(5.44)

RN] ‘fzajue 2imuv 7 ,]u( )

on which one can take the supremum over j € [M] and v € F on each side and arrive at the
following inequality:

+oo
1
max max Ry ;i(v) < — ma a maZ
je[l\/)[(} ax Nj(v) < \/NJE[J\/)I(]Z‘ ol X’ N (V)]
where the right hand side is also bounded by:
max max Ry ;(v) < max Z! Ajal  max [Zn (V)]

jE[M] veF 316 M] Jjo€[M]),veF

Note that for u = 0, max;,c(m]ver 2N, jpu(¥)| = 0, so the sum in fact can be written as starting
from 1. For any v < 1, the Cauchy-Schwarz inequality provides:

1
—— max a; max INiou(V
mﬁew};' Jl’“‘jze[M},uef| V)]

—&-oo1

maxZuVa Z— max Zn i u(1)]2.
J1 G[M] | h’“‘ = u2y jze[M],ue]—‘N’ N’jz’u( )

Taking the expectation (and an application of the Jensen inequality to exchange the expectation
and the square root), we get the following bound:

E | max max Ry ;(v )]
JE[M] veF

“+o00

1
< 2|q; |2, |E = A 2. (545
< jné?z\}}] E u?Y|aj, ul UE 1 2y sz[M] ue]-" N.ja,u(V)] (5.45)

Consider the first term in the right hand side of (5.45). We see that we need to transfer the uniform
summability property of the sequences (rj.)uen from Assumption 5.2 to a summability property
on the sequences (ajy)uen uniformly over the j > 1 times series. Fortunately, Lemma D.1 from
[60], a generalization of the Wiener-Lévy theorem, provides an answer that we rewrite here for sake
of completeness.

Lemma 5.8. (Lemma D.1, [60]) Consider a function F(z) holomorphic in a neighbourhood of the
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interval [Smin, Smax] Where Smin and Smax are defined by (5.7). Under Assumption 5.2, for each

v <1
supz 1+ |ul)?

1
/ (F o s;)(v)e*™" du| < +o0.
J>1u€Z 0

We now show how Lemma 5.8 can be used to find a summability property on the sequences
(@ju)uen uniformly in j >1. Take F(z) = logz, which is holomorphic on a neighborhood of
[Smin, Smax], so for any v < 1,

supz + |ul)7|¢ju] < 400 (5.46)
J>1u€Z

where .
Cj,u—/ log(s;(v))e*™* du.
0

It is well known (see [80, Theorem 17.17] and [60]) that the sequence c;,, satisfies

Ci = :
hj(v) = exp (;’0 + Z Cj,ue_zmyu> .
u=1

where we recall that h(v) = >, oy @jue” 2™ coincides with the outer spectral factor of s;(v) =

hi(v)|?. We therefore see that the sequence of coefficients (a;y)uen are related to (¢;y)uen, and it
J 7 S 7y S
can be shown (equation (D.11) in [60]) that for each v < 1,

sup (1 + [u])]ajl < supexp >+ ful) el

7zl >0 u>0

which by (5.46) provides for any v < 1:

sup » (1 + |u])Y|aju| < +oo. (5.47)
321 >0

Returning to (5.45), and using (5.47), we find

2

supz [u*"|aj.|* < sup Z lu"|ajul | < +oo.
izly=1 7z \ >0

Consider now the second term in (5.45). For each w € N, the quantity
u=% suijG[M]yyefN]ZN,j27u(y)|2 is positive so the monotone convergence theorem allows to
exchange the sum and the expectation.

E 7 2| E VA 2
[; w2 joeiMl, 1/€.7-"’ NozuV) ] z:u27 [jzebr\lj]i,l}ie]:‘ Nozu(V)] ]

u=1

so that equation (5.45) becomes

C X1
E Ry.(v)| < — E ZN ivu()]2 5.48
[J’rg[al\/)f(] veFy N’j<y)] ~ VN uz:lu27 LQE[M} ue]-" Nl ] (5.48)

for some universal constant C' < +00. To end the proof of Lemma 5.7, it remains to show that for
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any n > 07
+oo 1

—E VAND 2| — O(NT

uz:l u |:j2€[]r\r/[1]f,i3(€]:N| ijg,u(V)‘ :| ( )

which is equivalent to showing that for any n > 0:

+o00

1
—E Zn, 2| = O(NT). 5.49
S € [ x| = 00) (5.49)
We now see that the behaviour of E[max;cpgmax,ery Ry j(v)] is governed by
E[max,c(nvery |ZN j»u(V)]?], 50 it remains to study this quantity. By the triangle inequality:

0 o _—2im(v=1)v N o _—2im(v=1)v .
Zv:l—u 6]71)6 ( ) + Zv:N—u—l—l 6]71)6 ( ) if u <N

|2 ju(@)] < N—u —2ir(v—1) N 2in(v—1) :
2v:17u €j7U€ + Zv:l ejave if u Z N

and using the inequality |a + b? < 2(|a|? + |b]?):

|Znjuv)? <
. 2 . 2
2 ‘ZgZI—U 6j7U6_2Z7r(v_1)V + ‘ZUN:N—U—H €j7ve_2m(v_1)y > ifu<N
N ; 2 N . 2 (5.50)
2 ‘ZU:*IU_U €j7v€_2”r(v_1)y + ‘ZUZI 6]'71)6_2171—(7}_1)” ) ifu > N.

In the case u > N, the two sums can be recognized as N times the periodogram estimator which
we defined previously as Iy, (v). Using the estimates (5.38) from Lemma 5.5:

N—u 2

§ : —2im(v—1)v

v=1—u

E | max max
jeM) veF

= NE L;g{aj\zc} max In; (l/):|

=0O(NlogN). (5.51)

The other sum in the case © > N is similar.

For uw < N, the two sums have to be handled with more care for two reasons: the summation
is only across u terms (instead of N terms) and the frequency v is of the form % instead of the
required form % to use the bound from Lemma 5.5 (said differently v is no more a Fourier frequency
for a sample size u < N). Therefore, we have to estimate the order of magnitude of I, (v) for

v € [0,1] instead of v € F. Lemma 5.6 and especially equation (5.40) provides this.

0 2 0 2
E | max max ejpe” 2DV | < E | max max € e 2mvy
]E[M] veF ’U;u 7 - ]E[M] VG[O,I} ’U;u s
=E [max max qu’Ej(V):|
JE[M] ve[0,1]
= O (ulogu (logu +log M)) . (5.52)

The second sum in the case u < N is also similar, therefore, collecting (5.51) and (5.52) in (5.50),
we get:

E | max max ‘ZN,j,u(V)‘Q

] B { O (ulogulog(uM)) ifu< N
jE[M] veF

O(NlogN) if u> N.
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It remains to use these bounds in the left hand side of (5.49).

+oo 1 N—-1 1
——E ma Z ma Z 2
> | e ZnsuP] = X e | e 1Zs0f]
u=1 u=1
+ max | Zn ., u(V)|?
Z u27 LQE[M ue}" Nl
and using the estimates (5.53),
400 N-1 +o00
1 log ulog(uM) Nlog N
E ZNi 2l < — —
S i [ s sl £ X ERDE 5 N

It is clear that

NE_:I logulog(uM) o < log? N >

‘ w21 N2(—1)
u=
SERSES
< w2 T (N2
u=
so for any v < 1,
+o0 1
Z —E [ max |ZN7j2,u(I/)|2:| =0 (NQ(I_W) logZ N 4+ N2(1=7) Jog N) .
1 [ jo€[M]veF
This quantity is O(N") for any n > 0, which proves (5.49) and ends the proof. O

Proposition 5.4 can now be proved.

Proof. Write 8;;(v) — 3;5(v) as:

22 b b
5i5(v) — 85(v) = 511 bzg/z &y, (V + N> &y, <u + N)
— h; <V+ ]I\)[> €e; <I/+ ]l\)[> h; <I/+ ]Z)&j <V+ ]I\)[>
B/2

1 b b b —b
:Bi—kl Z (fyz‘(y'f_N)_hi<V+N>§ei<V+N>>§yj(V+N>
b=—B/2
() (o) (o () m (e e (o 0)

We recognize the quantities Ry ;(v) that have been bounded in Lemma 5.7. It is now clear that:

e [85(0) ~ 5| € _max R (v)

(L 160+ e 10)&0)]) - (55

i€[M],veF
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By Lemma 5.5:

max _[¢.(v)] = Op (Viog M +10g N ) = Op (VIog )

i€[M],veF
and in conjunction with Lemma 5.7, for any § < 1/2,

Imax max &y ()] < Imax max hi(V)Ee; V)| + Inax max |Rni(v)]

Op(vIoEN) Op(N=9)

which is Op (vIog N). Each quantity involved in (5.54) is now estimated, and provides, for any
d<1/2:

max_|5;;(v) — 5i;(v)| = Op(N°/log N) = Op(N™?)

(i,5,v)ET
for any &' < 1/2. By Assumption 5.4, p < 1, ie. /B + 1 = o(N'/?) therefore one can always take
§ = ”/2241/2 € (0,1/2) such that:

VBHT max_|4;(v) — 55(v)| = Op(N~")

(1/7]7,/)6

and we get (5.27). O

5.C Proof of Proposition 5.3: moderate deviations of 5;;(v)
First, we give two preliminary lemmas regarding the concentration of Gaussian sesquilinear forms.

Lemma 5.9. Let x,y independent Neum (0, 1) random vectors and A a non-zero M x M determin-
istic matriz. For any t > 0,

Moreover, if z ~ Ncam (0,1) is jointly independent from x and 'y, and B is another non zero M x M
deterministic matriz, for any t,s > 0,

t2 s2
P(|x*A t, |z*B =E — — . .
(Y| >t Byl >0 = o (G - )] (5.56)

The proof of Lemma 5.9 is straightforward and therefore omitted.
The next lemma is the Hanson-Wright inequality [79] in the special case of a sesquilinear form.

Lemma 5.10. Let x,y be independent Noum (0,I) random variables, and A a deterministic M x M
matriz. Then, for any t > 0:

t
P(|x*"Ay —E[x*Ay]| > t) < 2exp (—C min <, )>
LI A

where C' is a universal constant (independent of t and A ).

To prove Proposition 5.3, we recall from (5.14) that §;;(v) may be written as the Gaussian
sesquilinear form

IL;(v)
vB+1

Si5(v) = €ej (v)* £.(v)
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where £ (v),..., &, (v) are iid.  Ngs+1(0,1) distributed, and that we denote o (v) =
B}Htr 3 (v) with

3ij(v) = Il (v)IL;;(v)"

e (s (v s (vel).po B B
=dg | s; NS] N)it=g g )

Note also that thanks to Assumptions 5.2 and 5.3, there exist Smin, Smax > 0 such that:

0 < Smin < Inf min s, (v) < sup max s, (V) < spax < +00
m>1ve(0,1] m>1vE[0,1]

and consequently, the following inequality holds:

?nin < inf min  Amin (25()) < sup max_ Amax (2i5(v)) < s?nax < 400, (5.57)

N>1 (i,jv)eT N>1(4.5,v)ET

where Amin (2i5(v)), Amax (2ij(v)) are respectively the smallest and largest eigenvalue (or diagonal
entry) of X;;(v).

In the remainder, to lighten the presentation, we use the multi-index « instead of (i, j,v) as well
as the notation -, in place of -;;(v) so that, for example, 5;;(v), IT;;(v), 3;;(v) become 34, II, and
3. respectively.

From Lemma 5.9, the probabilities appearing in (5.25) and (5.26) in the statement of Proposition

5.3 can be rewritten as
2 Ea
p <(B pylfal® t2> _E [exp <_“t2)] (5.58)
o2

*
2 w*d,w

tI‘ Ea 2 tI‘ Ea/ 2
=E — t . (5.59
[exp ( <W*an * W*Ea/ws (5:59)
for some w ~ Ngr+1(0,1I). The next two lemmas are dedicated to the study of the concentration
of tr ¥, /w*¥,w around 1.

Lemma 5.11. There exists two universal constants C1,Cy such that for allt € (0,1),

tr X,

Proof. We have

max P <‘tr2a — l‘ > t)
a€l w*Y W

—t t ¢
= Igg%(P (W YW —tr X, € [mtr o, 1—_ttr Ea} )
< P tr X, € tt b3 tt b3 ‘

max — tr ——tr —tr
SmaxP(]w YW —tr Xo| > trZa).
ael
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Since w ~ N¢r+1(0,1), the Hanson-Wright inequality [79] provides that

t
P (]w*an —tr 3| > Etr Za>

tr E"‘t (tr Ea)2t2>)

< 2exp (—C min (

Sl =l
. [(tr B, (tr 3,)2
< 2exp (—C’t2 min < ,
1Zall” 1Zall

for some universal constant C, where ||X,]|| and ||3,||r denote the spectral norm and Frobenius
norm of ¥, respectively. From (5.57), we also have

tr 2 2
min % > (B+1) Sénm
acl ”EOLH Smax
min 7( r ¥a) (B+1) “min

g4

acl Hza”%" max

Consequently, we can find some universal constants C, Cy such that for all N > 1, (5.60) holds. [

Lemma 5.12. For any 8 € (0, %),

E {trz"‘] - 1‘ = O(B~") (5.61)

Proof. Define the event
tr X
Qo 1= {' - 1\ <r

W, W

where K is some sequence satisfying Ky — 0 as N — +oo and consider the decomposition

tr X, tr X, tr X,
— | -1 < —1 — ———1qe . .
e R R = R R =N A

For the first term of the right-hand side of (5.62), the following bound holds:

WX, W

tr B ]
‘E {rnﬂw - 1’ <k +P(QN)- (5.63)

Regarding the second term, Cauchy-Schwarz inequality implies that

2

tr X, tr 3,
E| ———1q¢ < —_— P (QC ) 5.64
] < \ e an (564
Using (5.57), we have
2
maxﬁ < (B—i—l)smax ! .
a€l W*E,w s2 o wl?

and since W is distributed as an inverse—y? random variable with 2(B 4 1) degrees of freedom,

we have from [75, Appendix A6| that
1 1
E|l —| =0 =
[HW\‘*] <32>
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which yields

tr X, 2

— < +00.
WY W

sup max E
N>1 a€l

Consequently, gathering (5.63) and (5.64) and using Lemma 5.11, we get

E [Wtr;;v} - 1‘ <nn+ 0y [P ()

< kn + C1 exp{—Cak3% B}

max
a€el

for some universal constants Cy, Cy. Choosing ky = B~” with 8 € (0,1/2) yields the desired result.
O

Before proving Proposition 5.3, we need one last result on the concentration of “figaw
[e%

its mean, which is a straightforward consequence of the previous Lemmas 5.11 and 5.12.

around

Lemma 5.13. Let 6 € (0, %) and (en)nN>1 some non-negative sequence converging towards 0 as
N — 0o and such that ey B® — +00. Then, there exist two universal constants C1,Cy such that

tr Ea tr Ea 2
_— — _ < — .
rgg%(P <‘ . E [ . } ' > €N> 1 exp( CQGNB)

Proof. Write:

tr X, tr X,
P <'W*an -E [W*an] ’ > €N>

tr X, tr X,
< —_— — 11— _— .
< (lesw > -e sl

From Lemma 5.12, there exists a universal constant C' such that

SEE

max —.
w*E, w ||~ BY

a€el

Moreover, by assumption on the rate of ey, we have % < & for all large N. Consequently,

> > tr 3
maXP<'ra—E[ra” >eN> §maxP<‘ra—l' >EN) (5.65)

acl W, W wWH*Y W acl W W 2

for all large N. Applying directly Lemma 5.11 to (5.65) allows to conclude the proof.
O

Endowed with Lemmas 5.11, 5.12 and 5.13, we are now in a position to complete the proof of
Proposition 5.3.

We first tackle (5.25) and show as a first step that there exists > 0 such that for any universal
constant C,

max max
te[0,CB"] a€l

P <(B + 1)@ > t2> exp <E [trzatQD - 1’ =o(1). (5.66)

2 w*3 W

Let 6 € (0, %) and (ex)n>1 some non-negative sequence converging to 0 and satisfying enB® — 400,

and define the event . .
tr 2, tr 2,
= —E .
Oa,n { W W [W*Zaw} ‘ < 6N} (5.67)




234
as in Lemma 5.13. Next, consider the decomposition
tr X, tr X, 9
E — —E t
[exp ( <W*ZaW [W*Zaw])
tr X, tr X, 9
=E | ———-E|——— 1
[exp ( (W*an [W*an]> t Oa.n
tr X, tr X, 9
E — —E t° ) 1ge
+ [exp < <W*an [W*an]> Oan

= ‘I/a,N(t) + Aa,N(t)- (568)

On the event O, n, we have

exp <_ ( 3 g [ tr D t2> & [exp (—ent?) ,exp (ent?)]

W*zaw o W*Zaw
which implies, that:
PN (t) = 1] < max <1 — P[O.n]e N PO n]eN — 1)

<

Nt 1‘ + (1 - e_ENt2) + (eN 4 e NP N -
Using Lemma 5.13, we further have

max |V, n(t) — 1]

acl

<

N 1|4 (1- ) (@ 4 N0y (5.60)

for some universal constants C1, Cy. Regarding A, n(t), we clearly have

Ban(0] <P (@) e (€| S| #).

W W

Using Lemmas 5.12 and 5.13, for any 3 € (0, %), there exists a universal constant C'5 such that

max |Aa,n(t)] < Crexp (—CQBG?V + <1 + ;) t2> . (5.70)

Combining (5.68), (5.69) and (5.70), one gets
tr X, tr X, 9
E - —=-—-E|———| |t -1
[exp < (W*Zaw [W*Zaw]>
< eENt2 _ 1‘ + <1 _ e—ENt2> + (eeNt2 + 6—6Nt2)Cle—CQE?VB

C
+ C1 exp <—CQB€?V + <1 + BZ) t2> .

max
a€el

Set ey = Bfg so that ey — 0 and eyB? — +00 as required, and let n = %. Then, recalling that
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0 € (O, %), we have

1
enBY = — ——— 0,
Bi1 N—+o00
€3 B = B0 — 5 450,
N—+o00

B*" 2n+6—1 551
Q—:B’”_ =B17" —— (.
eNB N—+00

Therefore, for any universal constant C,
tr X, tr X, 9
E — —E t -1 ——0

which, thanks to (5.58), implies (5.66). Finally, using Lemma 5.9, we deduce that
EN
max maxP ( (B+1) >t

tI‘ Ea 2 t2
e E|————|t° | —
t€[0,CBn) ael o2 P ( [W*an] ) c

«
z 2
tr X
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X max max
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t€[0,CB"] a€l W W
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— 0,
N—oo

max max
te|0,C0B"] acl

(5.71)

which, combined with (5.58), shows (5.25).

We now turn to (5.26). Since the proof is very similar to the one of (5.25), we only provide the
main steps. Using (5.59), we consider the following decomposition:

2

|3l N
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tI‘ ZO( 2 tl" 20/ 2
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and

Aa,a’,N(t7 S) =
tr X, tr X, 9
E - ——— —-E|—+
[exp ( (W*an [W*an}> '

> >
X exp (— <tra —E [M]) 32> ]1(@ng U @g,w)

WX W WH*X W

Using exactly the same arguments as for (5.69) and (5.70) and keeping the same requirements as
above regarding the behaviour of sequence (en)ny>1 and constant 1, we may show that

U t,s)—1] —— 0
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Consequently,
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As for (5.71), we also have using a similar bound,
5o/’ 52
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The two previous convergences combined together complete the proof of (5.26).
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