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Abstract

This thesis is mainly devoted to the modeling and multi-scale analysis of bidomain and trido-
main electro-cardiology systems. Cardiac electro-physiology describes and models the chemical
and electrical phenomena that occur in cardiac tissue.

At the microscopic level, cardiac tissue is very complex and it is therefore very difficult to un-
derstand and predict its behavior at the macroscopic (observable) scale. Thus, to each (bidomain
or tridomain) system we associate a microscopic model (of elliptic type), coupled to a nonlinear
ODE system and another macroscopic one (of reaction-diffusion type).

Based on Ohm'’s law of electrical conduction and conservation of electrical charge, we obtain
the microscopic model that gives a detailed description of the electrical activity in the cells re-
sponsible for cardiac contraction. Then, using homogenization techniques, we obtain the macro-
scopic model which, in turn, allows us to describe the propagation of electrical waves in the
entire heart.

This thesis is composed of two main parts. First, we give a formal and rigorous mathemati-
cal justification of the periodic homogenization process that leads to the macroscopic bidomain
model. The formal method is a kind of asymptotic development at three scales that we apply to
our meso- and microscopic bidomain model. Moreover, the rigorous method is based on unfold-
ing operators which not only derive the homogenized equation but also prove the convergence of
the solution sequence of the microscopic bidomain problem to the solution of the macroscopic
problem. Because of nonlinear terms, the boundary unfolding operator and a Kolmogorov type
argument for the phenomenological ionic models are used. Then, we work on the mathematical
analysis of a new model that describes the electrical activity of cardiac cells in the presence of
junctions. This model is the "tridomain" model. We show the existence and uniqueness of the
weak solution of the tridomain microscopic model using the Faedo-Galerkin constructive tech-
nique and a compactness argument in L. Finally, while using the two previous homogenization
methods, we develop the macroscopic tridomain model which corresponds to an approximation

of our microscopic model.

Keywords: Bidomain, Tridomain, Homogenization, Three-scale asymptotic analysis, Peri-

odic unfolding method, Gap junctions, Electro-cardiology.






Résumé

Cette these est principalement consacrée a la modélisation et a 1’analyse multi-échelle de
systemes d’électrocardiologie bidomaine et tridomaine. L’ électrophysiologie cardiaque décrit et
modélise les phénomenes chimiques et électriques qui se produisent dans le tissu cardiaque.

Au niveau microscopique, le tissu cardiaque est tres complexe et il est donc tres difficile de
comprendre et de prévoir son comportement a 1’échelle macroscopique (observable). Ainsi, a
chaque systeme (bidomaine ou tridomaine) on associe un modele microscopique (de type ellip-
tique), couplé a un systeme d’EDO non-linéaire et un autre macroscopique (de type réaction-
diffusion).

En se basant sur la loi de la conduction électrique d’Ohm et la conservation de la charge
électrique, on obtient le modele microscopique qui donne une description détaillée de 1’activité
électrique dans les cellules responsables de la contraction cardiaque. Ensuite, en utilisant des
techniques d’homogénéisation, on obtient le modele macroscopique qui, a son tour, permet de
décrire la propagation des ondes électriques dans le coeur entier.

Cette these est composée en deux grandes parties. D’abord, on donne une justification math-
ématique formelle et rigoureuse du processus d’homogénéisation périodique qui conduit au
modele macroscopique bidomaine. La méthode formelle est un développement asymptotique
a trois échelles appliqué au modele bidomaine méso- et microscopique. En outre, la justification
mathématique rigoureuse est basée sur des opérateurs d’éclatement qui non seulement dérivent
I’équation homogénéisée mais aussi prouvent la convergence de la suite de solutions du prob-
léme bidomaine microscopique vers la solution du probleme macroscopique. Pour traiter les
modeles ioniques non linéaires, I’opérateur d’éclatement sur la surface et un argument de type
Kolmogorov sont utilisés pour assurer la compacité. Ensuite, on travaille sur 1I’analyse mathéma-
tique d’un nouveau modele décrivant I’ activité électrique des cellules cardiaques en présence de
jonctions communicantes est proposé. Il s’agit notamment du modele "tridomaine". On montre
I’existence et I’unicité de la solution faible du modele microscopique tridomaine en utilisant la
méthode constructive de Faedo-Galerkin. Finalement, 1’obtention du modele tridomaine macro-
scopique (homogénéisé) est justifiée d’une part par la méthode de développement asymptotique
et d’autre part par I’analyse de convergence du modele microscopique en s’appuyant sur la méth-

ode d’éclatement périodique.

Mots clés : Bidomaine, Tridomaine, Homogénéisation, Analyse asymptotique a trois échelles,

Méthode d’éclatement périodique, Gap junctions, Electro-cardiologie.
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Introduction

Context of the thesis

The heart study started since more than two millennia back. This organ, about the size of its
owner’s clenched fist, contracts rhythmically to circulate blood throughout the body, while other
organs like the brain and lungs, were thought to exist to cool the blood. Until this day the heart
keeps the position of one of the most important and the most studied organs in the human body.
Especially, cardiovascular disease (CVD) leading to heart attack, is the top cause of death in
the worldwide as announced by the "World Health Organization" in 2019. Additionally, an esti-
mated 8.9 million people died from CVDs in 2019, representing 16% of all global deaths. Most
cardiovascular diseases can be prevented by addressing behavioral risk factors such as tobacco
use, unhealthy diet and obesity, physical inactivity, and harmful use of alcohol using population-
wide strategies. While the doctors are looking into the causes and correlations between CVDs
and diet, physical activity and a lifestyle, we are on the quest to provide them with new and in-
novative techniques that can help them establish diagnostics (non-invasive, adapted specifically
to patients, in real-time, ...) and plan the corresponding therapies (operations, treatments, ...).

The goal of this thesis is to develop powerful mathematical tools to improve the modeling of

electrochemical phenomena occurring in the human heart.

Synopsis of the thesis

This thesis is mainly devoted to the modeling and multi-scale analysis of bidomain and trido-
main electro-cardiology systems. Such cardiac models describes the chemical and electrical phe-

nomena that occur in cardiac tissue. The thesis is structured in the following fashion:

Chapter 1

Chapter 1 has several parts. The first one is a brief review of the basic anatomy and func-
tionality of the heart at the macroscopic and microscopic levels. The heart is a muscular organ,

which is composed of two main pumps (see Figure 1): the left and right heart separated by a
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Introduction

muscular wall (the septum). Each pump contains an atrium and a ventricle.

Figure 1 — Electrical conduction system of the heart: 1-Sinoatrial node, 2-Atrioventricular node, 3-Bundle of
His, 4-Left bundle branch, 5-Left posterior fascicle, 6-Left anterior fascicle, 7-Left ventricle, 8-Ventricular septum,
9-Right ventricle, 10-Right bundle branch.

https://commons.wikimedia.org/w/index.php?curid=1734607

On the macroscopic level, the contraction of heart muscle is initiated by electrical impulses
known as action potentials (AP). A propagation of the AP in the whole heart generates the

rhythmical heart beat that follows the following schematic path (see Figure 1):

e initiation in the sinoatrial node (SA node),

propagation in the atria,

passing through the atrioventricular node (AV node),

diverging and conducting through the left and right His bundle to the respective Purkinje

fibers on each side of the heart,
e propagation in the ventricles.

On the microscopic level, the cardiac muscle cells or cardiomyocytes are the contracting
cells that allow the heart to pump. These cells are surrounded by a lipid cell membrane called
sarcolemma, which separates the intracellular part of the cells (the cytoplasm) from the extracel-
lular environment (the fluid outside the cells). Typically, the sarcolemma connects the basement
membrane which surrounds all connective tissues and allows the penetration of inorganic ions

(sodium, potassium, calcium,...) and proteins. As shown in Figure 2, the cytoplasm contains :

12
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Capillary Intercalated discs Desmosome

Gap junction

Sarcolemma

Nucleus Cardiac
muscle fiber

Endoplasmic

reticulum

Figure 2 — Cardiac muscle at microscopic level.
https://en.wikipedia.org/wiki/Cardiac_muscle#/media/File:1020_Cardiac_
Muscle. jpg

e one or more nuclei,

e Mitochondria store and supply the energy essential to the cell. They contain their own
A.D.N,

e the endoplasmic reticulum play an important role in cellular metabolism, in protein syn-

thesis and in calcium regulation,
e in addition to various organelles, allowing the cell to perform its functions.

Cardiomyocytes are attached to each other at plasma membrane junctions: the intercalated discs.

At these junctions, we find :
e Gap junctions are essential for chemical and electrical coupling of neighboring cells,
e Desmosomes prevent cells from separating during muscle contraction.

Moreover, we are interested at cellular scale in the action potential which corresponds to the
evolution in time of the transmembrane potential, that is the difference between the extracellular
and intracellular potentials in the cell. A typical action potential for a ventricular muscle cell is

divided in to five phases as outlined below, and depicted in Figure 3:

Phase 4 (resting potential) The value of the transmembrane potential in the resting state is around
—90 mV in the human heart, which is closest to the reversal potential of potassium. It is

polarized, excitable and responsive to stimuli.

13
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Figure 3 — Action potential of a ventricular muscle cell.
https://www.researchgate.net/figure/Myocardial-action-potential-Shown-is-the-action-pot
fig3_ 40022512

Phase 0 (depolarization) A small super-threshold electrical stimulus causes a deviation from the
resting potential, and causes rapid opening of sodium (Na*) channels. This permits a large

influx of Na™ ions, which depolarizes the cell.

Phase 1 (early repolarization) The inactivation of Na™ channels, combined with the opening of
the potassium (K*) channel causing K™ ions to flow out of the sarcolemma, begins the

repolarization of the cell.

Phase 2 (plateau) The opening of L-type slow calcium (Ca?*) channels (influx of Ca®* ions) bal-
ances with the efflux of K ions, which slows down the repolarization process and gives

rise to a plateau phase at around 0 mV.

Phase 3 (repolarization) The closure of L-type Ca?* channels disturbs the potential balance from
the plateau phase, and creates a net outward current of the membrane which results in a
drop in transmembrane potential. The K channels close after the transmembrane poten-

tial is restored to resting state.

Knowing that the cardiac tissue contains a large number of cardiac cells, we find that these

cells contain different organelles (mitochondria, ...) and are connected to neighboring cells by

14
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gap junctions. Such discrete modeling would be mathematically very challenging and numeri-
cally extremely expensive. Thus, the last part of this chapter aims to answer the following ques-

tion

Mathematically, how will we present the geometry of cardiac tissue via

the microscopic and macroscopic scales?

In view of their complex structure, two different simplified geometries of cardiac tissue are

presented using the literature:

(G.1) Three-scale geometry of cardiac tissue due to the presence of a large number of mi-
tochondria.

We assume that the cardiac tissue 2 is open bounded set in R? with a Lipschitz bound-
ary 0S). Following the standard approach of the homogenization theory, their structure is
featured by two parameters /™ and /™ characterizing, respectively, the mesoscopic and
microscopic length of a cell in meso- or microscopic domain. Under the two-level scaling,
the characteristic lengths /™ and /™ are related to a given macroscopic length L (of the
cardiac fibers), such that the two scaling parameters are introduced by ¢ = ﬂ;s and d = ngc
with M << gmes,

, 8
Q" | g Q\; e - 1/ed

) -z
denZ

(A) (B) (€)

Figure 4 — (A) Periodic heterogeneous domain €2, (B) Reference cell Y at e-structural level and (B) Reference
cell Z at §-structural level.
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At mesoscale, the domain €2 is composed of two open connected regions, called
intracellular Qf"s and extracellular €2 medium. These two regions are separated by

the surface membrane I'. = 89?’5 N OS2 assuming that the membrane is regular.

d

Let Y := T[]0, ™[ be the mesoscopic reference cell, which is divided into two
n=1

parts: intracellular Y; and extracellular Y., separated by a common boundary 'Y =

aY; N Y,.

At e-structural level, the intracellular and extracellular domains are e-dilations of

reference lattice Y; for j = i, e extended periodically and defined by: for k& € Z4
Yj'fs =TF +eY;={e€: £ €k + Y},

and their common boundary

TF = TF 4 eV = {e¢: € € ky + TV},

with TF := ek and kg := (k 05, . .. ka07).

Hence, the intracellular and extracellular domains at mesoscale can be simply ob-

tained by taking the intersection of {2 with Y}"; for j = 1, e (see Figure 4)

GC=on JYL L=an YL T.=Qn YTIL
kezd kezd kezd

Similarly,
r.=qn [Jrk

kezd

At microscale, the cytoplasm contains far more mitochondria described as "the pow-
erhouse of the myocardium" surrounded by another membrane I's. Similarly, we only
assume that the intracellular medium Qf"s can also be viewed as a periodic perforated
domain.

Let Z := fl[ 10, £™<[ be the microscopic reference cell, which is divided into two
parts: mito?:ﬂé)ndria part Z,, and the complementary part Z, := Z \ Z,,, separated

by a common boundary I'* = 07, N 0Z..

At d-structural level, we can write the intracellular domain at microscale Qf’5 as

16
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follows: for k' € Z¢

o -any (vn U )

kezd k'ezd

where Z¥; is defined by:

Similarly,
I;=Qn |JI¥,
k'ezd

where T¥ .= TF + 6T = {6¢ : ¢ € kj, +T'?}.

(G.2) Two-scale geometry of cardiac tissue where the gap junctions are considered as con-
nection between cardiomyocytes.
We consider that the cardiac tissue £ C R¢ is bounded open set with a Lipschitz boundary
O9. Their structure is featured by ¢™¢ characterizing the microscopic length of a cell.
Under the one-level scaling, the characteristic length /™ is related to a given macroscopic

gmic

-

length L (of the cardiac fibers), such that the scaling parameter introduced by ¢ =
Physiologically, the cardiac cells are connected by many gap junctions. Therefore, geo-
metrically, the domain 2 consists of two intracellular media Qﬁg for k = 1,2, that are
connected by gap junctions I'l* = 9Q; . N 997, and extracellular medium €2, .. Each in-
tracellular medium ijg and the extracellular one are separated by the surface membrane
I% = 0QF, N 9., with k = 1,2, while the exterior boundary is denoted by O {2 (see
Figure 5).

The domain (2 is a periodic medium, i.e. it is divided into the small cells identical to
each other. These small cells are identical up to a translation and rescaling by ¢ to the
microscopic reference cell Y. Furthermore, this reference cell is decomposed into three
disjoint connected parts: two intracellular parts Y;* for k = 1, 2, that are connected by gap
junction I'? = 9Y;! N 9Y;? and extracellular part Y,. Each intracellular parts Y}* and the
extracellular one are separated by a common membrane I'* = Y} N Y, for k = 1,2.
The intracellular and extracellular domains are respectively e-dilations of reference lattice
Y} for k = 1,2 and Y, extended periodically and defined by: for h € Z4

Yf&h = Tsh +eYf={et:Echy +Yik},Ye,€,h = Tsh +eY,={e£: £ € h,+ Y.},

17
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Figure 5 — (Left) Periodic heterogeneous domain 2. (Right) Unit cell Y at e-structural level.

and their corresponding boundaries
TF = TF 4 el¥ = {e€: € € ky + TV},

with by == (hy 0, ... hgl¥€) and T := T, T2 T2,
Hence, the intracellular and extracellular domains at microscale can be described as the

intersection of ) with Yf& pfork =1,2 and Y. ., respectively (see Figure 5)

Qf,s =Qn U Yvifgs,hv Qe,s =Qn U }/;,s,h'

heZd hezd

Similarly, the corresponding boundaries are represented by

MF=on JTIt,and T =Qn |J T

hezd heZd

Many questions still remain in terms of modeling the electrical properties of the biological
tissues and especially on the cardiac tissue. There are two modeling scales in cardiac electro-
physiology: (a) the microscopic model aims at producing a detailed description of the origin of

the electric wave in the cells and (b) the macroscopic one describes the propagation of the elec-

18
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trical wave in the heart. A homogenization procedure derives the macroscopic (homogenized)
model, which is an approximation of the microscopic bidomain one and consists of equations

formulated on the macroscopic scale.

We also are interested to present two mathematical model in cardiac electro-physiology:

e Microscopic and Macroscopic Bidomain Model.

e Microscopic and Macroscopic Tridomain Model.

The bidomain model is one of the most popular mathematical model in cardiac electrophysi-
ology. It is based upon the assumption that the cardiac muscle is segmented into the intra- and
extracellular domains and connected by the membrane (cf (G.1)), hence its name. While the
tridomain model describes the electrical phenomena of myocytes cells in the presence of gap
junctions. Comparing to the bidomain model, the cardiomycytes are not only electrically cou-
pled by the cell membrane which are resistively connected to the extracellular space but are also
connected to each other by many gap junctions (cf (G.2)). The tridomain model thus allows for a
more detailed analysis of the properties of cardiac conduction than the classical bidomain model.
Then, we present a detailed description of the bidomain and tridomain model at the microscopic
and macroscopic level based on the literature. Furthermore, we illustrate with examples of both
phenomenological and physiological ionic models in order to complete the microscopic models.
In addition, we give a short explanation about the monodomain and eikonal models which are

simplifications of the macroscopic bidomain model.

Chapter 2

Chapter 2 is mainly devoted to the modeling and multi-scale analysis of "bidomain" elec-
trocardiology system coupled with the FitzHugh-Nagumo ionic model. The structure of cardiac
tissue studied in this chapter, is characterized at three different scales defined in (G.1). We first
perform a scaling of the microscopic bidomain equations given in Chapter 1. These equations
therefore involve two small scaling parameters € and o which are respectively the ratio between

the microscopic and mesoscopic scales and the macroscopic scale. The microscopic bidomain
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model is represented in the following form (see [Ben+19]):

~V - (M V) =0 in Q7% = (0,7) x 9, (1)

—V - (MEVEE) = 0 in QF 7 == (0,T) x Q, (1b)

€ (0pve + Lion (v, We) — Lappe) = L onI'.r:=(0,7) x I, (1c)
~MOVuE? -y = MEVAE - n, = T, onT. 7, (1d)
Oywe — H(ve,w:) =0 onl; r, (le)

MOV - n, =0 onTsp := (0,T) x Ts. (1f)

Note that each equation corresponds to the following sense: (1a) Intra quasi-stationary con-
duction, (1b) Extra quasi-stationary conduction, (1c) Reaction surface condition, (1d) Meso-

continuity equation, (1e) Dynamic coupling, (1f) Micro-boundary condition.

Thus, the electrical properties of the cardiac tissue are described by the intracellular uf’6 and
extracellular u potentials respectively with the associated conductivities Mf’6 and M:. Their
difference, v, = (uf"s — ui) r. is the transmembrane potential which satisfies the dynamic

equation (le) on I'; involving the gating variable w..

The system (1) is completed with no-flux boundary conditions:
(Mf’(SVuf’&) n=(MVu)) - n=0 on (0,7) X Dex; 2, ()

where n is the outward unit normal to the exterior boundary of 2, n; = —n. to I'; and n, to
I's. We also appropriate the initial Cauchy conditions for transmembrane potential v. and gating

variable w, as follows:

0:(0,2) = vg () and w:(0, ) = wo(x). 3)

Keeping in min the three-scale configuration of cardiac tissue (cf (G.1)), the assumptions

about the system are given by:

(A.1) The conductivity of the tissue is represented by continuous tensors M (z) := M; (2, x /¢, 2/26)
and M:(z) = M, (x,x/e) satisfying the following elliptic and periodicity conditions:
there exist constants o, 3 € R, such that 0 < av < S and forall A € R? :
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MA- A > oA,
’MJ)‘| <p |)‘| , forj =1i,e,
M; y- and z-periodic, M, y-periodic.

(A.2) The ionic current Z;,, (v, w) can be decomposed into Iy ;,,(v) : R — R and Iy, (w) :
R — R, where Z;,, (v, w) = Ij jon(v) + I2ion(w). Furthermore, I; ;,, is considered as a
C* function, I ,, and H : R* — R are linear functions. Also, we assume that there exists

r € (2,+00) and constants oy, s, a3, Ay, a5, C' > 0 and 31, S5 > 0 such that:

- .
— ol < Mion(0)] < e (o ™" +1) s [Tzion (w)] < az(jw] + 1),
1

|H (v, w)| < as(|v] + |w| + 1), and Iy jon (w)v — g H (v, w)w > as |wl]?

L,wn 2+ Iy jon(2) + B12 + Bo is strictly increasing with liII(l) L,ion(z)/z =0,
z—

. - 1 -
Va1, 2 € R, (Tuion(21) = Tiion(22) (21 = 22) 2 5 (L [aa] + [al) 72 = 2"

(A.3) There exists a constant C' > 0 independent of ¢ such that the source term Z,,,, . satisfies
the following estimation:
H 27

app,e

<C.

L2(FE,T) -

(A.4) The initial conditions v, . and wy . satisfy the following estimation:

Hsl/%g,g + H»&?l/%()’E

<,

L2(Te) —

1/2
+ H€ / Wo,e

Lr(Te) L3(Tc)

for some constant C' independent of . Moreover, v . and wy . are assumed to be traces of

uniformly bounded sequences in C'* ().

(A.5) We end by imposing the following normalization condition:
/ ul(t,x)dx =0, forae.t € (0,7).
Q¢

It is important to notice that the microscopic model is unusable for the whole heart. At the
macroscopic scale, the heart appears as a continuous material with a fiber-based structure. At

this scale, the intracellular and extracellular media are indistinguishable and we consider that the
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cardiac volume is "() = Q?"S = 2". Thus, this chapter aims to address the following question,

How to connect information from the micro-scale to the macro-scale
(e.g. via cell boundary, micro-macro conditions, ...) and how to derive
the macroscopic behavior of cardiac tissues taking into account their

complex structure?

The homogenization procedure has helped to answer this question to link the microscopic and
macroscopic behaviors and leads to the equations of the macroscopic bidomain model presented
in the following theorem:

Theorem 0.1 (Macroscopic Bidomain Model). Assume that the conditions (A.1)-(A.5) hold. A

€,0

sequence of solutions ((ul )ess (Uee)e, (w5)8> of the microscopic bidomain model (1)-(3) con-

verges (as €,0 — 0) to a weak solution (u;, ue, w) with v = u; — U, u;, u. € L*(0,T; H(Q)),
v e L*0,T; HY(Q)NL" (Qr), O € L2(0,T; (HY(Q2)))NL/=(Qr) andw € C(0,T; L*(R)),
of the following reaction-diffusion system:

fmOyv + V- (I\N/IeVu6> + i Zion (v, W) = pZLapy  in Qr,

Mmatv -V (ﬁzvuz> + /'LmIion(U7 w) = Mmz_app in QT7 “4)

Ow — H(v,w) =0 on Qr,
completed with no-flux boundary conditions on u;, ue 0n OuyS) :
(MeVue) ‘n = (ﬁZVu,> n=0 on Xp:=(0,T) X 02,
and initial conditions for the transmembrane potential v and the gating variable w :
v(0,z) = vo(z) and w(0, ) = wp(x), 5
where (i, = |I'Y| / |Y'| is the ration between the surface membrane and the volume of the ref-

erence cell. Moreover, n is the outward unit normal to the exterior boundary of €). Herein, the

~pq

first-level homogenized conductivity matrices IT/Ij = (m] >1< - for j = 1, e and the second-
<pa<

level one f/[z = (ﬁf q) 1<pacd UTE respectively defined by:
N 1 ox? __ 1< 0001
mr = / (mﬁq + m’;’“6> dy, mit = / mi" +mi 5= | dz, (6a)
‘Y‘ ]; o Gyk |Z’ [z:; 7Z aZg
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. G % N
MZ/( et

o 8yk

(o ) e o)

k=1

(6b)

IYI 12|

Herein, the components x4 of x. and X} of x; are respectively the corrector functions, solutions

of the c-cell problems:

—Vy - (Mevyxg> =Vy- (Meeq) inYe,
x? y-periodic, (7a)
McVyx? - ne = —(Meey) - ne on 'Y,

-V, (Mivyxg) =V, (Mieq) inY;,
XL y-periodic, (7b)
M,V x{ - n; = — (I\N/Iieq) “n;onTY,

and the component 0} of 0; is the corrector function, solution of the §-cell problem:

V.- (M;V.0]) =V, (Me,) in Z,
0! y- and z-periodic, ()
M;V.0] - n, = —(M;e,) -n, onI'?

foreq, q=1,...,d, the standard canonical basis in R¢.

Here, we propose two different homogenization methods that leads from the microscopic
model (1) to the macroscopic bidomain model (4):

e Three-scale asymptotic expansion method.

e Three-scale unfolding method.

The first one is based on a power series expansion to formally obtain this macroscopic model.
First, we use the two-scale asymptotic expansion to homogenize the extracellular problem. Next,
we apply a new three-scale asymptotic expansion in the intracellular problem to obtain its ho-
mogenized equation at two levels. The first level upscaling of the intracellular structure yields

the mesoscopic equation and the second one leads to the intracellular homogenized equation.
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Finally, we obtain the macroscopic bidomain model independent on ¢ and ¢ describing the elec-
trical behavior of the whole heart.

The second one is based on unfolding operators which not only derive the homogenized
equations but also prove the convergence and rigorously justify the mathematical writing of the
preceding formal method. Moreover, due to the nonlinear ionic terms on the membrane, we use

the boundary unfolding operator and a Kolmogorov-type compactness argument.

Chapter 3

In Chapter 3, we are interested in "tridomain" system that is used for modeling the electrical
activity of the heart in the presence of gap junctions. It is based upon the assumption that the
cardiac tissue consists of two intracellular media that are connected by gap junctions and one
extracellular medium (cf (G.2)), hence its name. Each intracellular medium and the extracellular
one are separated by a cellular membrane (the sarcolemma). First, we formulate the tridomain
equations at cellular level that are satisfied by the intracellular u . for k = 1,2 and extracellular
u. potentials respectively with the associated conductivities Mf and M:. More precisely, we

consider the following microscopic tridomain model:

~V- (MiVuf.) =0 in QF_ .= (0,T) x QF., ()

=V (MVuee) =0 inQeer = (0,T) x Qee,  (9b)

U — Uee = vk onT%, :=(0,T) x r’“ (9c)

—M:Vauf, - nf = MV, - ne = IF, onTt,,  (9d)

e (0 + Tign (vf,wk) — T8, ) =I5, onTh . ()
Ot — H (vF,wl) =0 onT ., (9f)

uj, —ul=s. on Fi% = (0,T) x T2?, %g)

—M5Vu), -nf = MiVu;, -n =T, onI'y7,  (h)

£ (0yse + Tyap (52)) = Th o on .7, (9i)

with £ = 1, 2 and each equation corresponds to the following sense: (9a) Intra quasi-stationary

conduction, (9b) Extra quasi-stationary conduction, (9¢) Transmembrane potential, (9d) Conti-
nuity equation at cell membrane, (9¢) Reaction condition at the corresponding cell membrane,
(9f) Dynamic coupling, (9g) Gap junction potential, (9h) Continuity equation at gap junction,
(9e) Reaction condition at gap junction.
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The system (9) is completed with no-flux boundary conditions on JuS2:
(vauﬁs) n=(MVu) -n=0 on (0,T) X exfl, (10)

where k& = 1, 2 and n is the outward unit normal to the exterior boundary of €. Also, we impose
initial conditions on transmembrane potential v*, gap junction potential s. and gating variable

w” as follows:

o (0,2) = of (), wh(0,2) = wf.(2) ac.onThy,

(1)

and s.(0,z) = sp(x) a.6. on Fiff’

with £ =1, 2.
Keeping in mind the two-scale geometry of cardiac tissue (cf (G.2)), the assumptions about

the system are given by:

(A.1) The conductivity matrices are represented by continuous tensors M (z) := M; (35, f) for
J =1, e, satisfying the following elliptic and periodicity conditions: there exist constants
a,B € R, suchthat 0 < o < 3 and for all A € R? :

MM A > oA,
IMAl < BAl
M; y-periodic, for j = i,e.

(A.2) Theionic currentZ;,, (v*, w") ateach cell membrane I'* can be decomposed into I, o, (vk )
and I} ;,, (wk) , where Z,,,, (vk, wk> = Taiion (vk) + Thion (w’“) with k& = 1, 2. Further-
more, the nonlinear function I, ;,, : R — R is considered as a C' ! function and the func-
tions I jon, : R — Rand H : R? — R are considered as linear functions. Also, we assume
that there exists € (2, 400) and constants «, as, a3, oy, a5, C > 0 and 51 > 0,55 > 0

such that:

L .
— o™ < aon ()] < 0 (o™ +1)  Thion (w)] < az(jw] + 1),
1
|H(v,w)| < as(|v| + |w| + 1), and Ty o, (w) v — agH (v, w)w > as |w]*
Tw-on 10 > Ly ion (V) + B1v + P is strictly increasing with hi% ia7,~0n(v) /v =0,

~ 1 _
Vo, v € R, (Ia,ion(v) — Iayion(v’)> (v—1") > - (1+ o] + [o')" 2 o =o',

with (v, w) := (vk,wk) fork =1,2.
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(A.3) There exists a constant C' independent of ¢ such that the source term prpﬁ satisfies the

following estimation for £ = 1, 2:

1/27k
app,e

<C.

€
H L2(rk ) —

(A.4) The initial condition v(’is, S0, and w’&s satisfy the following estimation:

= .

k=1,2

1/2
+ H€ / S0,e

1/2, k
LQ(Fi’Q) + Z HE w075

<
L2(Tk) — ¢,
k=1,2

Lr(TE)
for some constant C' independent of €. Moreover, vg,s, 50, and w’gﬁ are assumed to be
traces of uniformly bounded sequences in C*(2) with k = 1, 2.

(A.5) We end by imposing the following normalization condition:

/ Uee(t,x)dr =0, forae. t € (0,7).
Qe,e

Then, we prove the existence and uniqueness of weak solutions of the problem (9) in the

following sense

Definition 0.1 (Weak formulation of microscopic system). A weak solution to problem (9)-(11)

is a collection (u} _,u?_, u. ., w!, w?) of functions satisfying the following conditions:

1,7 i€

(A) (Algebraic relation).

of = (uf, — ueyg)]FsT a.e.onTtp, fork=1,2,

a.e. on Fi%
(B) (Regularity).

uf, € L2 (0,75 H (9F.)), e e L2(0,T; H' () |

/ Uee(t,x) de =0, fora.e. t € (0,T),

Qe,s

b e 12 (0,1 B (TE)) n L (Thy),

see L (TH7), whe l’(Thy), k=12,

owt, ol € L*(T% ) fork = 1,2, Ops. € L*(T27).
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(C) (Initial conditions).

ve(0,2) = v (2), wi (0, 2) = w(v) ae onliy,

and s5.(0,z) = so.(x) a.e. on Fiz%’

(D) (Variational equations).

3 // O doydt + // 0,5 dogdt + 3 / MEVuw Vb dudt

k=1,2 k=1,2
+ 3 / / Tion (v, k) 0 doydt + / / Ty (52) W dodt
k=1,2 Ior
-y / / T U} do
k=1,2
(12)
Z // 58tvkwk do,dt — / M:Vu, . - Vi, dxdt
k=1 2 Qe e, T
(13)
+ Y / / Tiom (oF,wl) 0 dodt = 3 / / gzjjppgw’f dodi
k=1,2 k=1,2

// 8twkek do,dt = // e dodt (14)

for all ¥ € L? (O,T; H! (Qfé_)) e € L2(0,T; HY(Qe.)) with
o W=t =k (=) I, € L2 (0.7 B (TE)) L7 (Thy) for k= 1.2
o U=0] -0} :=(p} —¢]) |z € LX(T27),
o f e L2(Th,) fork =1,2.

We also state the first theorem proved in this chapter

Theorem 0.2 (Microscopic Tridomain Model). Assume that the conditions (A.1)-(A.5) hold.

Then, the microscopic tridomain problem (9)-(11) possesses a unique weak solution in the sense
of Definition 0.1 for every fixed € > 0.

Notice that the proof of Theorem 0.2 is constructive, based on the Faedo-Galerkin technique

on approximate systems followed by compactness in L2. Thus, this chapter aims to address the
following question,
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How to link information from the micro-scale to the macro-scale (e.g.
via cell boundary, micro-macro conditions, ...) and how to derive the
macroscopic behavior of cardiomyocytes that are connected by many

gap junctions?

The homogenization procedure has helped to answer this question to connect the microscopic
and macroscopic behaviors and leads to the equations of the macroscopic tridomain model
presented in the following theorem:

Theorem 0.3 (Macroscopic Tridomain Model). A sequence of solutions <u U2, Ue e, W), wf)

2,7 T1,E)
of the microscopic tridomain model (9)-(11) (obtained in Theorem (0.2) converges as ¢ — 0 to

a weak solution (u%,uf,ue,wl,wQ) such that uf,u, € L*(0,T; HY(Q)), v* = uf —u, €
L*0,T; H(Q) N L"(Q), s = u} —u? € L*0,T; HY(Q)), 0% € L*(0,T;(HY(Q))) N
L0=0(Qr), wk € C(0,T; L*(Q)) and 0;s € L*(Qr) satisfy the following reaction-diffusion

system:

Z ROt + V- (M Vue) + Z 1k Lion( ok WP Z 1L, app in Qrp,

k=12 k=1,2 k=1,2
100" + 11,08 — V- (1\N/IZVull> + 11 Zion (01, W) + 1T gap(s) = leipp in Qrp, (15)
UaOv? — fgOrs — V- (1\7[1Vu22) + poTion (v, wz) — pgLyap(s) = uQijp in Qrp,

dw* — H(w* wh) =0 on Qr,

completed with no-flux boundary conditions on u;, U, on O, :
(McVue) -n = (M;Vuf) -n =0 on Sy :=(0,T) X Oeu,

and initial conditions for the transmembrane potential v*, the gap potential s and the gating
variable w" :

v*(0,2) = vf(x), s(0,2) = so(z) and w* (0, x) = wl(x),

where pj, = ‘Fk’ Y|, k = 1,2, (resp. pu, = |TY?|/|Y]) is the ratio between the surface
membrane (resp. the gap junction) and the volume of the reference cell. Furthermore, n represent

the outward unit normal to the boundary of §). Herein, the homogenized conductivity matrices
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M, = (ﬁ?q) 1§p,quforj = 1, e are respectively defined by:
_ ox!?
mP? — pq pLZAL ) g 16
i mZ/ ( P ) v, (162)
mP? - — 1zd:/ ( P mpfaxe> dy, (16b)
e . |}/|Z:1 Ye e a

where the components X? of x; for j = i, e are respectively the corrector functions, solutions of

the e-cell problems:

=V, - (McVyxi) =V, - (Meey) in Y,
X! y-periodic, (17a)
M.V, x?-n. = —(Meey) -n.on % k=1,2

=V, - (MiVyxi) =V, - (Mseg) in v,
x? y-periodic,

(17b)
M,V x?-nk = —(Me,) -nfonTk k=12
M,V x?-nl = —(Me,) - n¥ on T2,
fore, q=1,...,d, the standard canonical basis in R?.

The proof of Theorem 0.3 is proved using two different homogenization methods:
e two-scale asymptotic expansion.
e Unfolding homogenization method.

As explained before, the first method is a formal and intuitive method based on a two-scale
asymptotic expansion method. While, the second one based on unfolding operators which not
only derive the homogenized equation but also prove the convergence and rigorously justify
the mathematical writing of the preceding formal method. Furthermore, the uniqueness of the
solutions to the macroscopic model can be proved similar as that of the microscopic model with a

small change. This implies that all the convergence results remain valid for the whole sequence.
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To conclude this introduction, a review of the articles that illustrate the work produced in

this thesis in their order of appearance is proposed.
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enization method applied to the bidomain model, Acta Applicandae Mathematicae,
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This paper presents the results obtained in the second part of Chapter 2.
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This paper presents the results obtained in the first part of Chapter 3.
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the macroscopic tridomain model by homogenization methods, Submitted.

This paper presents the results obtained in the second part of Chapter 3.
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Cardiac Electro-physiological Models

Before we dive into details about the mathematical modeling of the cardiac electro-physiology,
let us give a motivation to study the heart into details. This chapter is organized as follows. In
Section 1.1, we briefly review the basic physiology and the functionality of the heart. In Sec-
tion 1.2, we present the macro- and microscopic description of the cardiac bioelectrical activity.
In Section 1.3, we specify the multi-scale representation of the heart tissue we have in mind.

Finally, Section 1.4 contains the mathematical models of the cardiac tissue.

1.1 Heart anatomy and electrocardiology

The heart is a hollow muscle whose role is to pump blood to the body’s organ through blood
vessels. It is located near the center of the thoracic cavity between the right and left lungs. It
is a muscular organ can be viewed as double pump consisting of four chambers: upper left and
right atria, separated by the inter-atrial septum and lower left and right ventricles, separated by
the inter-ventricular septum. Atria and ventricles are separated by the atrioventricular valves,
which contains the tricuspid valve in the right heart and the mitral valve in the left heart. The
right ventricle is connected to the pulmonary artery via the pulmonary valve and the left one is
connected to the aorta via the aortic valve, see Figure 1.1 for a schematic view and [Kat10] for
more details.

The left ventricular wall is about three times thicker than the right one, while the atrial walls
are considerably thinner. The right heart receives blood low in oxygen from the systemic circu-
lation, which enters the right atrium from the superior and inferior vena cava and passes to the
right ventricle. From here it is functioned as a pump driving blood through the pulmonary cir-
culation, to the lungs where it receives oxygen and gives off carbon dioxide. Oxygenated blood

then returns to the left atrium, passes through the left ventricle and the left heart functions as
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another pump driving this oxygenated blood through the systemic circulation, to every other part
of the body. This is why the left ventricle is larger and more powerful than the right, as it has to
pump blood over greater distances. This is also why left ventricular pressure is higher than right

ventricular pressure.

Brachiocephalic artery Left common carotid artery

- S
- Sk

Superior vena cava

Left subclavian artery

Aorta

. Pulmeon; rler
Pulmonary veins. by iy arery
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Inferior muscle

vena cava
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Pulmonary valve
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Trabeculae carneae Intraventricular septum

Figure 1.1 — Schematic diagram of the heart anatomy.
https://thoracickey.com/cardiac-anatomy-and-electrophysiology/

1.2 Physiological background

In order to pump the blood, the atria and the ventricles contract at each cardiac cycle. An
electrical signal is at the origin of the contraction. Indeed, at each cardiac beat, an electrical

signal crosses the heart and depolarizes the cardiac cells thus triggering their contraction.

1.2.1 Macroscopic description

The heart is essentially a muscle that contracts and pumps blood. Its four cavities are sur-
rounded by a cardiac tissue (myocardium) that is organized into muscle fibers (see Figure 1.2).
These fibers consists of specialized muscle cells called "cardiac myocytes".

At the heart scale, the contraction of cardiomyocytes is initiated by electrical signals, known

as action potentials, which are described by the following schematic path (see Figure 1.3):
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1.2. Physiological background

Atrial
musculature

Ventricular
musculature

Figure 1.2 — Spiral arrangement of muscle cells.
http://ressources.unisciel.fr/physiologie/co/4a_1.html

1. These impulses start at the sinoatrial (SA) node, from a small group of myocytes called
the "pacemaker” cells located on the top of the right atrium. Hence they constitute the
cardiac conduction system and control the electrical activity of the entire heart in normal
conditions. The pacemaker cells of SA node fire spontaneously, generating action poten-
tials that propagates throughout the right atrium and through Bachmann’s bundle to the

left atrium in order to stimulate the muscle contraction of both atria.

2. The signal travels to the atrioventricular (AV) node located between the atria and the ven-
tricles where the inter-atrial septum and inter-ventricular septum meet. In the AV node,

impulses are slowed down for a very short period.

3. After passing through the AV node, the electrical signal then continue down the conduc-
tion pathway via a common bundle (bundle of His) into the ventricles. The bundle of His
divides into right and left bundle branches and these branches are also subdivided into a
complex network of Purkinje fibers, causing the right and left ventricles to contract. Each

contraction of the ventricles represents one heartbeat.

1.2.2 Microscopic description

Cardiomyocytes, or myocardiocytes, are different from the other two main types of muscle
cells, skeletal and smooth muscles in a number of ways. Unlike other muscle cells in the body,

cardiomyocytes are highly resistant to fatigue and therefore always contracting and relaxing to
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Figure 1.3 — Propagation of cardiac action potential and relative action profile for each part of the heart.
http://www.brainkart.com/article/Cardiac-Action-Potentials_26936/

ensure proper circulation of blood around the body. However, in comparison with skeletal muscle
cells, cardiomyocytes are narrower and much shorter, being about 50-150 pm long and 10-20

pm in diameter.

They are enclosed by a lipid cell membrane called the sarcolemma, are connected by junc-
tions known as intercalated discs, and contain one or more nuclei, mitochondria in addition to
various organelles filling the cytoplasm (the contents of the cardiomyocytes) whose functions

are respectively described below:

The sarcolemma. The cell membrane consists of a phospholipid bilayer which provides
protection for a cardiomyocyte. It acts as a semi-permeable barrier between the cytoplasm (the
intracellular compartment) and the the fluid outside these cells (the extracellular compartment).
It has two primary functions: it keeps toxic substances out of the cell; and contains channels,
pumps and exchangers that allow the flow of specific ions (sodium Na™, potassium K* and cal-
cium Ca?") and some proteins, that maintains concentration differences of these ions involved in
the action potential. The difference of concentrations across the sarcolemma creates a transmem-
brane potential v, which is the difference in potential between the intracellular and extracellular

media. Hence, the cell membrane is modeled as a resistor-capacitor circuit (RC circuit) which
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1.2. Physiological background

is defined by using the current conservation law:

d
Cmdiz + Iion = Iappa (11)

where (), is the membrane capacitance, 1., and I,,, are respectively the ionic and applied
currents across the cell membrane. The structure of the total ionic current will be described
by the specific ionic membrane model adopted. These circuit models have been formulated in
Subsection 1.4.3 with several descriptions of ion channels.

Intercalated disks. They are part of the sarcolemma and contain two important structures
in cardiac muscle contraction: gap junctions and desmosomes. Gap junctions allows the move-
ment of not only inorganic ions but also organic ions such as sugars, amino acids and nucleotides
between two adjacent cells. It provide the pathways for intracellular current flow, enabling co-
ordinated action potential propagation. So, the difference of chemical through the gap junction
produces a gap potential s, which is the difference in potential between these two intracellular

media. So, the gap junction is also modeled as RC circuit which is given by:

ds

a — =1
P dt

Cy gap (1.2)
where Cy,, represents the capacity per unit area of the intercalated disc and I, represents the
corresponding resistive current.

Unlike gap junctions, desmosomes serve to anchor ends of cardiac muscle fibers together.
This prevents the cells of the cardiac muscles from pulling apart during contraction. Desmo-

somes are able to withstand mechanical stress which allows them to hold cells together.

Figure 1 Intercalated discs

Mitochondrion

Desmosomes

Figure 1.4 — Representation of the cardiomyocyte structure.
http://www.cardio-research.com/cardiomyocytes
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Mitochondria. They play numerous roles in the body, including energy production, reactive
oxygen species generation and signal transduction. Cardiac tissue contains far more mitochon-
dria than any other type of muscles because the constantly-beating heart works harder than any
other organ in the body. By comparison, the heart tissue has about 5,000 mitochondria per cell
while the tissue of the biceps muscle has about 200 mitochondria per cell. Mitochondria play
numerous roles in the body, including energy production, reactive oxygen species generation and

signal transduction. Hence, they are often described as the "energy powerhouses" of cardiomy-

ocytes.
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Figure 1.5 — Phases of the ventricular action potential.
http://www.pathophys.org/physiology-of-cardiac-conduction-and-contractility/

At the cellular scale, we are interested in the action potential which corresponds to the evolu-
tion in time of the transmembrane potential, that is the difference between the extracellular and
intracellular potentials, in the cell. The action potential can pass through the entire heart within
220 ms after initiation in the SA node. The ventricular action potential in typical cardiomyocytes
is composed of five phases (0-4), beginning and ending with phase 4 (see Figure 1.5):

Phase 4 (resting potential)

e The resting potential in a cardiomyocyte is —90 mV due to a constant outward leak
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of K through inward rectifier channels.
e Na' and Ca™2 channels are closed at resting potential.
Phase 0 (depolarization)

e An action potential triggered in a neighboring cardiomyocyte causes the transmem-

brane potential to rise above —90 mV.

e FastNa™ channels start to open one by one and Na+ leaks into the cell, further raising

the transmembrane potential.

e The large Na™ current rapidly depolarizes the transmembrane potential to 0 mV and
slightly above 0 mV for a transient period of time called the overshoot; fast Na™

channels close.

e L-type ("long-opening") Ca* channels open when the transmembrane potential is
greater than —40 mV and cause a small but steady influx of Ca*" down its concen-

tration gradient.
Phase 1 (early repolarization)
e Transmembrane potential is now slightly positive.

e Some K channels open briefly and an outward flow of K™ returns the TMP to ap-

proximately 0 mV.
Phase 2 (plateau)

e L-type Ca®>" channels are still open and there is a small, constant inward current of

Ca?*. This becomes significant in the excitation-contraction coupling process.
e K™ leaks out down its concentration gradient through delayed rectifier K* channels.

e These two counter-currents are electrically balanced, and the transmembrane poten-

tial is maintained at a plateau just below 0 mV throughout phase 2.
Phase 3 (repolarization)
e Ca®" channels are gradually inactivated.

e Persistent outflow of K+, now exceeding Ca®" inflow, brings transmembrane poten-
tial back towards resting potential of —90 mV to prepare the cell for a new cycle of

depolarization.

e Normal ionic concentration gradients are restored by returning Na®™ and Ca®* ions

to the extracellular environment, and K™ ions to the cell interior.
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It may be noted that the cardiac action potential is different from the surface electrocardiogram
(ECG) which represent the sum total of all electrical activity of the heart as recorded from the
body surface (see Figure 1.4). We refer the reader to [Rus89] for more details about the cardio-

vascular system.

1.3 Multi-scale representation of cardiac tissue

Myocytes volume and shape can be complex and variable, according to the tissue region,
species, developmental stage and disease processes. Here, we consider two simplified micro-
structure models that can be handled successfully: (i) Three-scale geometry of cardiac tissue,
and (ii) Two-scale geometry of cardiac tissue with gap junction connections. Case (i) concerned
the meso- and microscopic structure so that the heart tissue could be seen as a periodic double
arrangement of unit cells. While in case (ii), we describe the cardiac tissue on a microscopic
scale only as a periodic domain in the presence of connections (gap junctions) between the

cardiomyocytes.

1.3.1 Three-scale geometry of cardiac tissue

The cardiac tissue Q2 C R?is considered as a heterogeneous periodic domain with a Lipschitz
boundary 0f2. The structure of the tissue is periodic at meso- and microscopic scales related to
two small parameters ¢ and ¢, respectively, see Figure 1.6.

Following the standard approach of the homogenization theory, this structure is featured by
two parameters (™ and ™ characterizing, respectively, the mesoscopic and microscopic length
of a cell in meso- or microscopic domain. Under the two-level scaling, the characteristic lengths
¢™<s and (™ are related to a given macroscopic length L (of the cardiac fibers), such that the two
scaling parameters ¢ and 0 are introduced by:

gmes mic

and 6 =

7 7 with (M << gmes,

E =

The mesoscopic scale. The domain 2 is composed of two ohmic volumes, called intracellular
Qf"g and extracellular (2 medium (for more details see [PSFO5]). Geometrically, we find that

Q§’5 and (2¢ are two open connected regions such that:
J— J— 6 J— .
Q=070 with QN Qs =0.
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Figure 1.6 — (A) Periodic heterogeneous domain €2, (B) Unit cell Y at e-structural level and (B) Unit cell Z at
d-structural level.

These two regions are separated by the surface membrane I'. which is expressed by:
T, = 907" N osY,

assuming that the membrane is regular. We can observe that the domain Qf’5 as a perforated
domain obtained from {2 by removing the holes which correspond to the extracellular domain
(2.

d
At this e-structural level, we can divide €2 into N, small elementary cells Y. = ] |0, £,
n=1

with ¢7¢, ... /7 are positive numbers. These small cells are all equal, thanks to a translation
d
and scaling by ¢, to the same unit cell of periodicity called the reference cell Y = [T |0, £2].
n=1

Next, we denote by 7 a translation of ¢k with k& = (ky,...,k;) € Z<. Note that if the cell
considered Y* is located at the k™ position according to the direction n of space considered,

we can write:
VP =TF ey ={e€: €k +Y},

with k’g = (k,lgrlnes, R ’kdggles).
Therefore, for each macroscopic variable x that belongs to 2, we define the corresponding meso-
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scopic variable y ~  that belongs to Y with a translation. Indeed, we have:
€
x € Q= Jk € Z* such that $€Y;k:>I:€(/€g+y>:>y:£—kz€Y
€

Since, we will study in the extracellular medium )¢ the behavior of the functions u(x,y)

which are y-periodic, so by periodicity we have u (x, T ]Cg) =u (x, I) . By notation, we
€ €
say that y = l belongs to Y.
€

We are assuming that the cells are periodically organized as a regular network of intercon-
nected cylinders at the mesoscale. The mesoscopic unit cell Y is also divided into two parts:
intracellular Y; and extracellular Y,. These two parts are separated by a common boundary I'Y.
So, we have:

Y=Y, UuY.uUlY, IY=09Y,NoaY..

In a similar way, we can write the corresponding common periodic boundary as follows:
TE=TF 4 eT¥ = {e€ : € € ky + TV},

with T denote the same previous translation.

In summary, the intracellular and extracellular medium at mesoscale can be described as the
intersection of the cardiac tissue 2 with the cell Y]’“E forj=1i,e:

o =an JvL =0n UYL L.=0nUrt

kezd kezd kezd

with each cell defined by Y}, = T} + €Y/ for j = i, e.

The microscopic scale. The cytoplasm contains far more mitochondria described as "the pow-
erhouse of the myocardium" surrounded by another membrane I's. Then, we only assume that

the intracellular medium Qf"s can also be viewed as a periodic perforated domain.

At this d-structural level, we can divide this medium with the same strategy into small el-
d , , .
ementary cells Zs = Hl]O, § e[, with £ ... (7% are positive numbers. Using a similar
n—=

/ d :
translation (noted by 7%"), we return to the same unit cell noted by Z = ] ]0, ™[. Note that

n=1

if the cell considered Zé“/ is located at the k;ﬁéme position according to the direction n of space
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1.3. Multi-scale representation of cardiac tissue

considered, we can write:
Z¥ =TV 462 ={6C:Ce k) + 7},

with kj, := (Kj00, ... kLeme).
Therefore, for each macroscopic variable x that belongs to €2, we also define the corresponding
microscopic variable z ~ % ~ ;5 that belongs to Z with a translation 7.

The microscopic reference cell Z splits into two parts: mitochondria part Z,, and the com-
plementary part Z. := Z \ Z,,. These two parts are separated by a common boundary I'*. So,

we have:
Z=Z,JzZ,JI*, I*=02,.

By definition, we have 07, = 0o Z U 7.

. . . . . . )
More precisely, we can write the intracellular meso- and microscopic domain 25 as follows:

kezd k'ezd

0 =an | (YfE n U Zéﬁé)
with Zéf/& is defined by:
ZEs =TF +6Z. = {0¢C: C€ k) + Z.}.

In the intracellular medium Q’f’é, we will study the behavior of the functions u(x, y, z) which are

k
z-periodic, so by periodicity we have u (:p, v, % — Ke — k:@) =u (x, v, g;) . By notation, we
€ €
say that z = % belongs to Z.
€

The microscopic unit cell Z considered as a reference perforated periodicity cell. Further, we
denote by I'* the interface between the reference cell Z and the mitochondrion. By definition, we

have 07 = O 2 U I'*. Similarly, we describe the common boundary at microscale as follows:

T;=0n |JTI¥,

YA

where F’gl given by:
Y = TF 4 6T% = {0¢: ¢ € kjy +T°},

with T¥" denote the same previous translation. Some other examples of periodic heart tissue

approximations are studied at two scales e.g. in [HY(09; PSFO5; Ben+19] where the mitochondria
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Chapter 1 — Cardiac Electro-physiological Models

are ignored.

1.3.2 Two-scale geometry of cardiac tissue with gap junction connections

The cardiac tissue 2 C R? (d > 3) is considered as a heterogeneous periodic domain with
a Lipschitz boundary 0f). The structure of the tissue is periodic at microscopic scale related to
small parameter ¢, see Figure 1.7.

Figure 1.7 — (Left) Periodic heterogeneous domain €. (Right) Unit cell Y at e-structural level.

Following the standard approach of the homogenization theory, this structure is featured by
¢™¢ characterizing the microscopic length of a cell. Under the one-level scaling, the characteristic
length /™ is related to a given macroscopic length L (of the cardiac fibers), such that the scaling

parameter ¢ introduced by:
émic

7

Physiologically, the cardiac cells are connected by many gap junctions. Therefore, geomet-

E =

rically, the domain €2 consists of two intracellular media Qf . for k =1, 2, that are connected by
gap junctions I'}? = 9Q; . N 97, and extracellular medium Q. . (for more details see [Tve+17;

Jeg+19]). Each intracellular medium Qﬁe and the extracellular one €. . are separated by the
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1.3. Multi-scale representation of cardiac tissue

surface membrane I'* (the sarcolemma) which is expressed by:
Ih=00f. NOQ,.., withk = 1,2,

while the remaining (exterior) boundary is denoted by Oe (2. We can observe that the intracellular
domains as a perforated domain obtained from €2 by removing the holes which correspond to

the extracellular domain €2, ..
d

We can divide (2 into N. small elementary cells Y. = [] |0, e ™[, with ¢, ... /™ are
n=1
positive numbers. These small cells are all equal, thanks to a translation and scaling by ¢, to the
d .
same unit cell of periodicity called the reference cell Y = [T |0, £[. So, the e-dilation of the
n=1
reference cell Y is defined as the following shifted set Y 5, :
Yo =Th+eY ={e:£€h +Y}, (1.3)
where T\ represents the translation of eh with h = (hy, ..., hg) € Z%and hy := (h 07, . .. ha(™).

Therefore, for each macroscopic variable z that belongs to €2, we define the corresponding mi-

croscopic variable y ~ r that belongs to Y with a translation. Indeed, we have:
€
r€Q=3hecZ suchthat 2 €Y' =z =e(hy+y) > y=——hy €Y.
€

Since, we will study the behavior of the functions u(z, y) which are y-periodic, so by peri-
odicity we have u <x, - hg) =u (m, 5) . By notation, we say that y = . belongs to Y.

We are assuming that the cells are periodically organized as a regular network of intercon-
nected cylinders at the microscale. The microscopic unit cell Y is also divided into three disjoint
connected parts: two intracellular parts Y}* for k = 1,2, that are connected by an intercalated
disc (gap junction) I''2 and extracellular part Y, . Each intracellular parts Y;* and the extracellular

one are separated by a common boundary I'* for k = 1, 2. So, we have:
Y =Y, UY;UY., TI*:=0vFnoy, TI'?:=9Yy;}nay?

with £ = 1, 2. In a similar way, we can write the corresponding common periodic boundary as
follows:
Dop=T"+el ={e£: €€ hy+T}, (1.4)

with T denote the same previous translation, I'. j, := ¥, T17 and T := T, T2 for k = 1, 2.
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In summary, the intracellular and extracellular media can be described as follows:

Qi’is =Qn U Y;?ha Qe,e =QnN U Yve,s,hy

hezd hezd
k _ k 1,2 1,2
rr=an I, andI? =Qn (J Iy,
hezZd hezd

where Y}, Y, ., and I'}, '1? are respectively defined as (1.3)-(1.4) for k = 1,2.

Both sets Qf;e, k = 1,2 and €. . are assumed to be connected Lipschitz domains so that a
Poincaré-Wirtinger inequality is satisfied in both domains. The boundaries I'*, k = 1,2 and I'!,?
are smooth manifolds such that I'¥, k = 1,2 and I'}:? are smooth and connected. Note however

k
1,67

that it is impossible to have both €27 _, k = 1,2 and (2. . connected in a two-dimensional picture.

1.4 Mathematical Models of Cardiac Tissue

Cardiac electro-physiology models describes the electrical phenomena taking place in the
heart tissue. In this chapter, we present two different models in cardiac electro-physiology. The
microscopic model gives a detailed description of the electrical activity in the cells responsible
for the heart contraction. While the macroscopic model is deduced from the microscopic one,
using homogenization techniques, describes the propagation of this electrical wave in the heart.
This kind of models appears in a multitude of real-world applications and are therefore of great
importance mainly because they are able to connect the information from the micro-scale to the
macro-scale (e.g. via the boundary of the cell, micro-macro conditions, ...). They are usually
obtained in the homogenization limit as the scale of the inhomogeneity goes to zero. These
models provide a way to represent a continuous distribution of cells within a global reference
geometry.

One of the most commonly used approach for simulating cardiac activation is the so-called
"bidomain model" because it includes an explicit representation of intra- and extracellular spaces.
It was first proposed by Schmitt [Sch69] who formulated a macroscopic description of the car-
diac tissue from two inter-penetrating domains which are the intracellular and extracellular do-
mains at the microscopic scale, representing respectively the space inside the cardiac cells and
the region between them. The first mathematical formulation of this model was constructed by
Tung [Tun78] and it has been used in numerous studies [FS02; PSFO5; CFPS12], [HY09] and
others. This variant leads to two quasi-static whose unknowns are intra- and extracellular elec-

tric potentials coupled with non linear ordinary differential equations called ionic models at
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1.4. Mathematical Models of Cardiac Tissue

the membrane. They represent the transmembrane currents and other cellular ionic processes.
Here, our bidomain model are studied at three different (macro-meso-micro) scales while others
bidomain problems are treated only at micro-macro scales. Then, homogenization procedure al-
lows for the deduction of the macroscopic behaviors from the microscopic ones and leads to the
equations of the macroscopic bidomain model. Furthermore, we introduce other simplification
of the macroscopic bidomain model for the electrical propagation in myocardial tissue, known
as "monodomain" and "eikonal" models, where the bidomain model can be rewritten as a sin-
gle parabolic reaction-diffusion equation for the transmembrane potential (still coupled with the
same ODE system modeling cell membrane). The macroscopic bidomain model is quite popular
for its physiological foundation and relevance whereas the monodomain and eikonal models are a
heuristic approximation of the previous one, lacking this physiological foundation but providing

computational facilities.

Another model describes the electrical activity of myocytes cells in the presence of gap
junctions, known as "tridomain" model (see [Tve+17; Jeg+19] for more details). Comparing to
the bidomain model, the cells are not only electrically coupled by the cell membrane which are
resistively connected to the extracellular space but are also connected to each other by many
gap junctions. The tridomain model thus allows for a more detailed analysis of the properties of
cardiac conduction than the classical bidomain and monodomain models. From the mathematical
viewpoint, the microscopic tridomain model consists of three quasi-static equations, two for the
electrical potential in the intracellular medium and one for the extracellular medium, coupled
through a dynamic boundary equation at each cell membrane (the sarcolemma). Departing from
this microscopic tridomain model, we apply the homogenization theory (see in the next chapter)

to derive the macroscopic one.

We first consider the microscopic bidomain and tridomain models, respectively, in Section
1.4.1 and 1.4.2, coupled with various ionic membrane models. The first model is described at
three scales by considering the presence of mitochondria in the cells while the second one de-
scribed at two scales only taking into account that the cardiac cells are connected to each other by
gap junctions. Having as departure point a microscopic model, we want to derive in the following
chapters, by means of homogenization techniques, the corresponding macroscopic, monodomain
and eikonal models of reaction-diffusion type used in electro-cardiology to simulate spreading
of excitation potential waves in the myocardium, see Section 1.5 for more details. In the sequel,
the space-time set (0, 7") x O is denoted by Or in order to simplify the notation.
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1.4.1 The Meso-Microscopic Bidomain Model

The meso-microscopic bidomain equations modeling the propagation of cardiac action po-
tentials at the cellular level. Note that the cardiac tissue at meso-scale can be viewed as composed
by two ohmic volumes: the intracellular space €2; (inside the cells) and the extracellular space

Q2. (outside) separated by the active membrane ['Y (see Subsection 1.3.1).

Thus, the membrane I'Y is pierced by proteins whose role is to ensure ionic transport between
the two media (intracellular and extracellular) through this membrane. So, this transport creates

an electric current.

So by using Ohm’s law, the intracellular and extracellular electrical potentials u; : ;7 — R

are related to the current volume densities J; : ;7 +— R for j =i, e :
Jj = MjVUj, in ij = (O,T) X Qj,

with M; represent the corresponding conductivities of the tissue (given in mS/cm?).
In addition, the transmembrane potential v is known as the potential at the membrane I'Y which
is defined as follows:

v=(u; —ue)|rv : (0,T) x 'Y = R.

Moreover, we assume the intracellular and extracellular spaces are source-free and thus the

intracellular and extracellular potentials u; and u,. are solutions to the elliptic equations:

— diVJj = O, in Qj,T- (15)
According to the current conservation law, the surface current density Z,,, is now introduced:

T = —J; i = Jo - ne, on T4 := (0,T) x I, (1.6)

with n; denotes the unit exterior normal to the boundary I'Y from intracellular to extracellular

space and n, = —n,;.

The membrane has both a capacitive property schematized by a capacitor and a resistive
property schematized by a resistor (see Figure 1.8). On the one hand, the capacitive property de-
pends on the formation of the membrane which can be represented by a capacitor of capacitance
C,, (the capacity per unit area of the membrane is given in F/cm?). We recall that the quantity

of the charge of a capacitor is ¢ = C,,,v. Then, the capacitive current Z. is the amount of charge
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Membrane

Inside Qutside

— < —

Figure 1.8 — Electrical circuit model of the cellular membrane.
https://www.researchgate.net/figure/Electrical-circuit-model-of-the-cell-membrane_
figl 281167544

that flows per unit of time:
7. = 0yq = Cp,0p0.

On the other hand, the resistive property depends on the ionic transport between the intracellular
and extracellular media. Then, the resistive current Z, is defined by the ionic current Z;,,, mea-
sured from the intracellular to the extracellular medium which depends on the transmembrane
potential v and the gating variable w : ['Y — R. Since the electric current can be blocked by the
membrane or can be pass through the membrane with ionic current Z, — Z,,,. So, the charge

conservation states that the total transmembrane current Z,, (see [CFPS12]) is given as follows:
Zn=Z.+7Z —ZI,,onl",

where 7, is the applied current per unit area of the membrane surface (given in pA/cm?).
Consequently, the transmembrane potential v satisfies the following dynamic condition on I'Y

involving the gating variable w:

L = C0pv + Lign (v, w) — Loy, on I,

(1.7)
Ow — H(v,w) =0 on Y.

Herein, the functions H and Z;,, correspond to the ionic model of membrane dynamics.All

surface current densities Z,, and Z;,,, are given in A/cm?®. Moreover, time is given in ms and
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length is given in cm.

In addition, the cytoplasm at micro-scale contain far more mitochondria described as "the
powerhouse of the myocardium". So, we assume that the no-flux boundary condition at the in-

terface I'* of mitochondria is given by:
M;Vu; -n, =0 onl%:=(0,7) x I'*, (1.8)

with n, denotes the unit exterior normal to the boundary I'*.

1.4.2 The Microscopic Tridomain Model

The basic tridomain equations modeling the propagation of cardiac action potentials at cellu-
lar level in the presence of gap junctions which can be formulated as follows. First, we know that
the structure of the cardiac tissue can be viewed as composed by two intracellular spaces Q¥ for
k = 1,2, that are connected by gap junction I''? and the extracellular space €2.. The membrane
I'* is defined by the intersection between each intracellular domain 2¥ and the extracellular one
with k£ = 1, 2 (see Subsection 1.3.2).

Thus, the cellular membrane acts as a barrier to the free flow of ions between the two media
(intracellular and extracellular) and maintains concentration differences of these ions. So, this
transport creates an electric current.

Using Ohm’s law, the intracellular electrical potentials u¥ and extracellular one w, are respec-
tively related to the current volume densities JF and J, for k = 1,2:

JE =M,V in QF = (0,T) x QF, (1.92)

77

Jo = M.V, in Qer = (0,T) x Q, (1.9b)

where M} represents the corresponding conductivities of the tissue for j = 4, e (given in mS/cm?).
In addition, the concentration gradients produce a potential difference across the membrane I'¥,

the transmembrane potential v* which is defined as follows:

—u)|pe : (0,7) x % Rfork = 1,2.

i
Moreover, we assume the intracellular and extracellular spaces are source-free and thus the
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intracellular and extracellular potentials are solutions to the elliptic equations:

—divJF =0, in Qf, (1.10a)
—divJ, =0, in Q. 7, (1.10b)

with k = 1,2.

According to the current conservation law, the surface current density Ifn is now introduced:

TF = —JFnkf =, -ne, onT% = (0,T) x T'*, (1.11)

m K3

with nf denotes is the (outward) normal pointing out from Qﬁs for £k = 1, 2 and n, is the normal

pointing out from €2, ..

Since the cell membrane separates charges that accumulate at its intra- and extracellular
surfaces, it can be viewed as a capacitor. The capacitance C,, (given in uF/cm?) is defined as
the ratio between the charge ¢* across the capacitor and the voltage potential drop v* necessary

to hold the charge
k
C,, = q—k, fork =1,2.
v

Then, the capacitive current Z* for & = 1,2 is the amount of charge that flows per unit of time:
If = @qk = C’m('?tvk.

On the other hand, the resistive property depends on the ionic transport between the intracel-
lular and extracellular media. Then, the resistive current Z,. is defined by the ionic current Z¥ ,
measured from the intracellular to the extracellular medium which depends on the transmem-
brane potential v* and the gating variable w* : I'* — R with k& = 1,2. Moreover, the total
transmembrane current Z% (see [CFPS12]) is given by:

I =TIF+1IF -1 onl},

app

with Iclfpp is the applied current of the membrane surface for & = 1,2 (given in uA/cm?).

Consequently, due to the dynamics of the ionic fluxes through the cell membrane, its electrical
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potential v* satisfies the following dynamic condition on I'* involving the gating variable w*:

¥, = Cndt" + Liop (v",0*) — T on Tk, (1.12a)

app

ot — H (vk, wk) =0 on F'%. (1.12b)

Furthermore, the functions H and Z,,,, correspond to the ionic model of membrane dynamics.
All surface current densities Z,’; for k = 1,2 and Z;,, are given in uA/cm?. Moreover, time is
given in ms and length is given in cm.

In addition, we represent the gap junction between intra-neighboring cells by a passive model.
This model includes several state variables in addition to the gap junction potential s which is
defined as follows:

s=(u; —ui)|pe: (0,T) x I'? = R.

The ionic current Z; 5 through the gap junction I''? defined by:

Tio=—J' nl=J%n2 onTy” :=(0,T) x I'"2, (1.13)
Similarly, the ionic current Z; 5 at a gap junction I''? represents the sum of the capacitive and re-
sistive currents. Consequently, regarding the dynamic structure of the gap junction, its electrical

potential s satisfies the following dynamic condition on I''? :
Tio = C120i5 + Tyap (s) onTp’, (1.14)

where C , represents the capacity per unit area of the intercalated disc and Z,,, represents
the corresponding resistive current. In general, the value of C| 5 is set to C,,/2 because the
intercalated disc is assumed to be a membrane of thickness twice as large as the cell membrane,
and the specific capacitance of a capacitor C,, formed by two parallel plates separated by an

insulator may be assumed to be inversely proportional to the thickness of the insulator [Jeg+19].

1.4.3 Ionic Models

In order to complete the microscopic models, it is necessary to include the basic electri-
cal circuit model of the cellular membrane, where the transmembrane current, modeled as the
sum of the capacitive and ionic currents through the membrane, must balance the given applied
current. We look to modeling the membrane ion transport of three different ions: the sodium

Na™, the potassium K* and the calcium Ca®". These ionic models are then described by us-
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1.4. Mathematical Models of Cardiac Tissue

ing ion channel gating models, allowing us to build cardiac action potential models. We start
with the physiological models, in particular the celebrated Hodgkin-Huxley (H-H) model and
briefly review some of the historical ventricular models based on the H-H formalism, such as
the Beeler-Reuter, Luo-Rudy I and II models. Phenomenological models, such as the minimal

FitzZHugh-Nagumo model are also presented.

Physiological models

Hodgkin-Huxley Model. The first mathematical model that describes the action potential
waveform was proposed by Hodgkin and Huxley [HH52] and was developed specifically for
nerve fibers. The celebrated Hodgkin-Huxley (H-H) model consists of the following system,

coupling the circuit model with the equations of channel gating for three recovery variables

m,h,n
C atv + Izon( , ) = Iapp
dm _ meo(v )—
dt (v)
dh hao(0) b (1.15)
dt
dn  ne S )
dat 1, (v)

where the ionic current Z;,,, is sum of sodium, potassium and leakage currents
Lion = Ina + Ix + Ip.

Each of these currents has a linear current-voltage structure, with three equal activation and

one inactivation independent subunits for the sodium channel
Ina = Grnam®h(v — vna),
four equal activation independent subunits for the potassium channel
Ix = Gxn'*(v — vg),
and no units for the leakage current
IL = GL(v—wp).
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Here, G, and v, are the maximal conductances and the Nernst potentials of each channel type,
respectively for £ := Na, K, L. Furthermore, the coefficients of the recovery variables equations

are given by for w :=m, h,n
Qo

o= v 1.16
v Quy + P (110
with
0.1(25 — v) v
m = ) m — 4 o |
Gm = expl0.1(25 — v)] — 1 P = 4 exp ( )
Y 1
— 0.07exp | — -
o P ( 20 ) ’ = 00 — o] £ 10
0.01(10 — v)

—U
"= , = 0.125exp ().
= exp[0.1(10 — v)] — 1 b b ( 80 )

Beeler-Reuter Model

In 1977, the Beeler-Reuter model was proposed the first ventricular membrane model of
mammalian cardiac myocytes (see [BR77]) based on Hodgkin-Huxley formalism. The ionic

current Z;,,, is given by the sum of four currents (see Figure 1.9)
Iion - INa + Is + IKl + le-

The so-called fast inward sodium current Iy, is the main current responsible for the depolar-
ization of cardiac cells, while the other currents determine the configuration of the plateau and
re-polarization phases. The slow inward current I, carried by calcium ions (Ca?"), influences the
duration of the action potential. Furthermore, the time-dependent and time-independent outward

potassium currents I,; and Ik, are instead responsible for the re-polarization phase.

Herein, the sodium current Iy, is expressed by
INa == (éNamsh] + éNaC) (U - ENa) s

where Gy, is the maximal sodium conductance (0.04 mS/mm?), Gyac is the constant background
sodium conductance (3 - 10~° mS/mm?) and Ey, is the sodium equilibrium potential (50 mV).
In addition to the activation gate m and the inactivation gate h of the Hodgkin-Huxley model,
Beeler-Reuter added a slow inactivation gate j. All these recovery variables follow the dynamic
equation defined by:

Ow = H(v,w) = a(v)(l —w) — 5(v)w, (1.17)
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Figure 1.9 — The current flows across the cell membrane captured in the Beeler-Reuter model.

where w :=m, h,j and o, 5 > 0.

The slow inward current I is controlled by an activation gate d and inactivation gate f, both

following the dynamic equation (1.17). This current is given by
I, = Gydf (v — E),

where G is the maximal channel conductance (9-10~* mS/mm?) and E is the reversal potential

depends on the intracellular calcium concentration [Ca**];, precisely

E, = —82.3 — 13.0287log (0.001[Ca?"];) (1.18)

The time-dependent outward potassium current Iy, is controlled, as in the Hodgkin-Huxley

model, by a single gating variable z satisfying (1.17). The expression of this current is

I, =8 10" (exp[0.04(77+ V)] — 1)

exp[0.04(35 + v)]
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Finally, the magnitude of the time-independent outward potassium current Ik, is given by

4 .04 —1
I, — 0.0035< exp[0.04(85 + v)] >

exp[0.08(53 + v)] + exp[0.04(53 + v)]
0.2(23 + v)
1 — exp[—0.04(23 + v)])

+ 0.0035 (

Luo Rudy Model (LRI and LRII)

In 1991, Luo and Rudy [LLR91] developed the Beeler-Reuter model of a mammalian ventric-
ular muscle cell including additional potassium currents. The ionic current Z;,,, is given by the
sum of six currents

Lion = Ina + I + Ix + Ixy + Ixp + I,

two inwards (Ing, Is) and four outwards Ik, Ik, Ikp, Ip. The first three currents depend on six
gating variables and one ion (intracellular calcium) concentration, while the last three are time-
independent currents. For more details, we refer the reader to [LRI1].

In 1994, Luo and Rudy [[LR94a; [LR94b] developed a new model for the mammalian ven-
tricular action potential based mostly on the guinea pig ventricular cell. This second approach
consists of producing "phenomenological" models which takes into account both the intracellu-
lar mechanisms of calcium regulation and the effect of the three buffers: the troponin (directly
linked to muscle contraction), the calmodulin, and the sarcoplasmic reticulum (see Figure 1.10).

In this case, the ionic current Z;,,, is expressed by the sum of eleven currents

Lion = Ina + Icaw) + Ik + Iki + Ikp + Inaca + Inak + Insca + Ipca + Ivca + Iona-

Phenomenological models

Other non-physiological ionic models have been introduced as approximations of ion current
models. These models are unrealistic in that they cannot be interpreted in terms of biological
quantities. These unknowns of these reduced models are a normalized transmembrane potential

and a gating variable following the general kinetics where we neglect the applied current

d
l :Iion(vuw)

;fU (1.19)
- = H(v,w)
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Figure 1.10 — The current flows across the cell membrane captured in the Luo-Rudy model.

FitzHugh-Nagumo model [Fit61]:

Lion(v,w) = —kv(v — a)(v — 1) — w, H(v,w) = (v —~yw);

Roger-McCulloch model [RM94]:

Iion (U,

w) = —kv(v—a)(v—1) — vw, H(v,w) = (v —yw);

Aliev-Panfilov model [AP96]:

Iion(v’ w) =

—kv(v — a)(v—1) —vw, Hw,w)=p(yv(v—1—a)+w);

Mitchell-Schaeffer model [MS03]:

1—w .

—w v - if v < Vgate,
— vi(v—1) — , H(v,w) = “open :
Tin Tout if v > vgate.

Telose
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Here, 0 < a <1, k, B8, I, Tin, Tout, Topens Teloses 0 < Vgare < 1 are given constants.

1.5 The Macroscopic (Homogenized) Models

The macroscopic bidomain and tridomain representations of the cardiac tissue has been de-
rived respectively in Chapter 2 and 3 using two different homogenization techniques. Moreover,
we also present in this part two simplifications of the macroscopic bidomain model: the mon-
odomain and eikonal models. These heuristic approximations should be preferred to the bido-
main model to simulate patterns of excitation in the cardiac tissue taking advantage of its lightest

implementation and computational cost.

1.5.1 The Macroscopic Bidomain Model

At macroscopic level, the heart domain (denoted by €2) coincides with the intracellular and
extracellular ones, which are inter-penetrating and superimposed connected at each point by
the cardiac cellular membrane. The macroscopic bidomain model describes the current flow
through the myocardium in a volume averaged approach which is called the homogenized bido-

main model (Reaction-Diffusion system):

Um0 + V- (M Vue) + i Zion (v, W) = pimLapp inQr = (0,7) x Q, (1.20a)
pmOv — V- (MVw;) + i Zion (v, 0) = i Zapp in Qr, (1.20b)
oyw — H(v,w) =0 on Qr, (1.20¢)

completed with no-flux boundary conditions on u;, t, 0N Oex 2 :
(MVu,) -n=(M;Vuy;) - n=0 on Xr:=(0,7) X Oexf2, (1.21)
and initial conditions for the transmembrane potential v and the gating variable w :
v(0,2) = vp(x) and w(0, x) = wo(x), (1.22)

where pi,,, = [T'Y| /|Y'| is the ration between the surface membrane and the volume of the ref-
erence cell. Moreover, n is the outward unit normal to the exterior boundary of ). Herein, we

introduce the homogenized conductivity matrices M; related to the macroscopic arrangement
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of the cardiac myocytes in the fiber structure which are described by:

M; =oid, ® dy + 0d; ® dy + 07}d, ® dy,, for j =i,

where o = 0¥ (z), k € {{,t,n}, are the intra- and extracellular conductivity coefficients mea-

sured along the longitudinal, transversal and normal to the fiber x € (2.

Another formulation of the macroscopic bidomain equations is given by:

:umatv + V- (Mevue) + ,umIion (Ua ’LU) = “mIapp in QTa (12321)
—V - ((M; + M,) Vo) = V - (M;Vv) in Q7 (1.23b)
Ow — H(v,w) =0 on Qr, (1.23¢)

The two formulations (1.20)-(1.23) are equivalent. The second one can be obtained from the

first one by replacing u; by v+ u, in (1.20a) and subtracting the resulting equation from (1.20b).

The Monodomain Model

In order to reduce the (theoretical and numerical) difficulties of the macroscopic bidomain
model which are in the equation (1.23a) the differential operator V - (M.Vu,) is not given
explicitly from v but only implicitly by the elliptic problem (1.23b). In the particular case where
the intra- and extra-cellular media have the same anisotropy ratio, i.e. if there exits a constant
A > 0 such that

Ve € Q: M;(z) = A\M,(z),

this difficulty can be overcome and the bidomain model (1.20) can be rewritten as only one

equation depending on v as follows:

1
Nmatv - mv : (szv) + /'LmIion(U7 U}) = Mmz_app in QT: (124)

This simplification of the bidomain model is called the "linear anisotropic monodomain
model". This reduced formulation is adapted to the case where the heart is assumed to be elec-
trically isolated. Consequently, on the boundary of the heart, one can impose the following ho-

mogeneous Neumann boundary condition:
(M;Vv) - n=0 on X7 :=(0,7) X Oexf2. (1.25)
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We shall present another interesting approximation of the macroscopic bidomain model (see
[FPTO5a; FPTO5b]) without assuming that the two tensors are proportional and we will always
call it "monodomain model". This approximation consists of a single parabolic reaction-diffusion

equation for the transmembrane potential v coupled with the same gating system:

Um0t + V- (MV0) + i Zion (v, W) = fimLapp in Qrp, (1.26a)
Ow — H(v,w) =0 on Qr, (1.26b)
MVy-n=0 on X, (1.26¢)

with the conductivity tensor M = M, (M; + 1\/16)_1 M,.
From the knowledge of the distribution of v(t, z) the extracellular potential distribution w,

is derived by solving the elliptic boundary value problem

-V (M; +M,) Vu,) =V - (M;Vv) in Qr, (1.27a)
—(M; +M,)Vu, -n=M;Vov-n on Y. (1.27b)

Observe that the first equation in (1.26) uniquely determines v, while the potential w, is
defined only up to an additive time-dependent constant related to the reference potential, chosen
to be the average extracellular potential in the cardiac volume by imposing the normalization
condition [, u.dx = 0.

Furthermore, we remark that the macroscopic bidomain model are described by a system
of a parabolic equation coupled with an elliptic equation, but in the monodomain model the

evolution equation is fully uncoupled with the elliptic one in the case of an insulated domain.

The Eikonal Model

Another route to avoid high computational costs is based on a heuristic approximation of the
macroscopic bidomain model, known as "eikonal models," to describe the propagation of action
potential wavefronts in the myocardium. With these models the simulation of the activation
sequence in large volumes of cardiac tissue has become computationally practical but at the price
of aloss of fine details concerning the thin layer where the upstroke of the action potential occurs.
These numerical simulations are based on laws describing the macroscopic kinetic mechanism
of the spreading of the excitation wavefronts, and do not require a fine spatial and temporal

resolution.
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The authors in [Kee91] proposed this model in order to study the effects of fiber orientation
on propagation in the myocardial wall within the framework of the monodomain model. Fur-
thermore, we find in [FGT90; FGR90; FG93] a more general version of this analysis within the

framework of the bidomain model.

1.5.2 The Macroscopic Tridomain Model

At the macroscopic scale, the heart appears as a continuous material and the intracellular
and extracellular media are indistinguishable. The macroscopic tridomain model attempts to
describe the averaged electric potentials and current flows inside and outside the cardiac cells

which is represented by the following Reaction-Diffusion system:

> w0t + V- (MVue) + 37 i Zion (V0 = Y7 Iy, inQr,

k=12 k=12 k=12
ot + pgOs — V - (MZVull) + 1 TLion (V' w') + toZLgap(s) = mI;pp in Qp,
oOpv? — fgOps — V - (Mquf) + o Zion (v, w?) — fgLyap(s) = ,ugIgpp in Qrp,
ow® — H(w* wk) =0 on Qr,
(1.28)
completed with no-flux boundary conditions on u;, 1, ON Oex§?2 :
(M.Vu,) -n = (M;Vuf) -n=0 on L7 := (0,7) x deu, (1.29)

and initial conditions for the transmembrane potential v*, the gap potential s and the gating

variable w" :
VM0, 2) = v (2), s(0,7) = so(z) and w*(0, 2) = wi (), (1.30)

where p, = ‘I’k‘ /Y], k= 1,2, (resp. py, = |TH?| / |Y]) is the ratio between the surface mem-
brane (resp. the gap junction) and the volume of the reference cell. As before, the conductivity

tensors M; can be expressed by:

M, =oid, ®dy + ofd, ® dy + 07'd, @ d,,, for j = i€, (1.31)

k

where o} = o7} ®(z), k € {¢,t,n}, are the intra- and extracellular conductivity coefficients mea-

sured along the longitudinal, transversal and normal to the fiber x € (.
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Three-scale Homogenization Method
Applied To Meso-Microscopic Bidomain
Model

In this chapter, our attention is initially directed at the organization of cardiac muscle cells
within the heart. The structure of cardiac tissue studied in this chapter is characterized at three
different scales (see Figure 2.1). At mesoscopic scale, the cardiac tissue is divided into two me-
dia: one contains the contents of the cardiomyocytes, in particular the "cytoplasm" which is
called the "intracellular" medium, and the other is called extracellular and consists of the fluid
outside the cardiomyocytes cells. These two media are separated by a cellular membrane (the
sarcolemma) allowing the penetration of proteins, some of which play a passive role and others
play an active role powered by cellular metabolism. At microscopic scale, the cytoplasm com-
prises several organelles such as mitochondria. Mitochondria are often described as the "energy
powerhouses" of cardiomyocytes and are surrounded by another membrane. In our study, we
consider only that the intracellular medium can be viewed as a periodic structure composed
of other connected cells. While at the macroscopic scale, this domain is well considered as a
single domain (homogeneous). It should be noted that there is a difference between the chemi-
cal composition of the cytoplasm and that of the extracellular medium. This difference plays a
very important role in cardiac activity. In particular, the concentration of anions (negative ions)
in cardiomyocytes is higher than in the external environment. This difference of concentrations
creates a transmembrane potential, which is the difference in potential between these two media.
The model that describes the electrical activity of the heart, is called by "Bidomain model".

We start in this chapter from the meso-microscopic bidomain model given in Subsection

1.4.1, resolving the three-scale geometry of the domain, which consists of two quasi-static ap-
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Figure 2.1 — Representation of the cardiomyocyte structure.
http://www.cardio-research.com/cardiomyocytes

proximation of elliptic equations, one for the electrical potential in the intracellular medium
and one for the extracellular medium, coupled through a dynamical boundary equation at the
interface of the two regions (the sarcolemma). Then we upscale our meso-microscopic model
using two small scaling parameters ¢ and § whose are respectively the ratio of the microscopic
and mesoscopic scales from the macroscopic scale. Our goal in this chapter is to derive the
macroscopic (homogenized) bidomain model from the meso-microscopic one via two different
homogenization methods: the asymptotic expansion and unfolding methods. This macroscopic
model of the cardiac tissue is an approximation of the microscopic bidomain one and consists
of a system of reaction-diffusion equations with homogenized coefficients, approximating the
microscopic solution on the two connected components of the domain.

In general, the homogenization theory is the analysis of macroscopic behavior as for instance
of biological tissues by taking into account their complex microscopic structure. For an introduc-
tion to this theory, we cite [HP92], [CD99],[Tar09] and [BP12]. Applications of this technique
can also be found in modeling solids, fluids, solid-fluid interation, porous media, composite ma-
terials, cells and cancer invasion. This technique also has an interest in the field of numerical
analysis where various new computational techniques (finite difference, finite elements and fi-
nite volume methods) have been developed, we cite for instance [AE03],[BBHO7]. Several meth-
ods are related to this theory. Classically, homogenization has been done by the multiple-scale
method which was first introduced by A. Benssousan and al. [BLLP11] and by Sanchez-Palencia
[HP92] for linear and periodic operators. It is well adapted to the periodic structure and permits
to obtain an explicit form of the homogenized model based on asymptotic expansion [OSY09].
There are now different mathematical homogenization methods: the I'-convergence method in-
troduced by De Giorgi [DG75], the G-convergence method introduced by Spagnolo [Spa76] and

the H-convergence method introduced by L. Tartar [MT 18] for non-periodic case. The two-scale
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convergence method was introduced by G. Nugesteng [Ngu89] and developped by G. Allaire and
al. [Al192]. In addition, G. Allaire and M. Briane [AB96], Trucu and al. [TCMC12] was intro-
duced a further generalization of the previous method via a three-scale convergence approach
for distinct problems. After that the first results in stochastic homogenization method are due
to S. Kozlov [Ko0z79] and Papanicolaou and Varadhan [Pap79], essentially using compensated
compactness. Based on the previous work, A. Gloria and F. Otto [GO11; GO12] recently give
an optimal error estimate in stochastic homogenization of discrete elliptic equations. Recently,
the periodic unfolding method was introduced by D. Cioranescu, A. Damlamian and G. Griso
in [CDGO2] for the study of classical periodic homogenization in the case of fixed domains and
adapted to homogenization in domains with holes by D. Cioranescu and al. [CDZ06; Cio+12].
The unfolding reiterated homogenization method was studied first by N. Meunier and J. Van
Schaftingen [MVSO05] for nonlinear partial differential equations with oscillating coefficients
and multiscales. The unfolding method is essentially based on two operators: the first represents
the unfolding operator and the second operator consists to separate the microscopic and macro-
scopic scales. The idea of the unfolding operator was introduced firstly in [ADH90] under the
name "dilation" operator. The name "unfolding operator" was then introduced in [CDGO02] and
deeply studied in [CDZ06; CDGOS8; Cio+12]. The interest of this method comes from the fact
that we use standard weak or strong convergences in L spaces. On the other hand, the unfolding
operator maps functions defined on oscillating domains into functions defined on fixed domains.

Hence, the proof of homogenization results be comes quite simple.

Now, we mention some different homogenization methods that are applied to the micro-
scopic bidomain model to obtain the macroscopic bidomain model. C. Henriquez and W. Ying
applied the two-scale asymptoptic method to formally obtain this macroscopic model presented
in [HYO09]. Furthermore, M. Pennachio, G. Savaré and P. Franzone used the tools of the I'-
convergence method to obtain a rigorous mathematical form of this homogenized macroscopic
model which presented in [PSF05]. The authors in [CI18; GK19] used the theory of two-scale
convergence to derive the homogenized bidomain model where the cardiac domain was assumed
to be cube in R3. Recently, the authors in [Ben+19] proved the existence and uniqueness of so-
lution of the microscopic bidomain model based on Faedo-Galerkin method. Further, they used
the unfolding homogenization method at two scales to show that the solution of the microscopic

biodmain model converges to the solution of the macroscopic one.

However, in biological systems, it is very often the case that processes over three (or more)
distinct scales. Obviously, by higher-order correctors and upscaling techniques, the microscale

and mesoscale informations of electrical activity behaviors inside the cardiac tissue can be
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caught more effectively. In addition, the previous two-scale methods can be utilized to analyze
the effective coefficients from smallest scale to largest scale step by step, but cannot be directly
used to derive the homogenized model from the microscopic bidomain problem at three-scales.
Then, our models can serve as tool for biophysicists to analyze the complex mechanisms involved
in the cardiac tissue, justifying in a rigorous manner some biological points of view concerning

such process.

In this chapter, the homogenization method is done at two levels on the intracellular medium.
The first level homogenization of the microscopic intracellular structure yields the mesoscopic
model describing the electrical properties in its cells. The second level homogenization is per-
formed to obtain the intracellular homogenized equation. Together with the extracellular homog-
enized one, is called the macroscopic bidomain model. Moreover, the intracellular and extracel-
lular media are identical at the macroscopic scale and the cardiac tissue is considered as single

domain to be the superposition of these two media.

This chapter is organized as follows: In Section 2.1, we give a precise description of the
geometry of cardiac tissue and introduce the meso-microscopic bidomain model in the non-
dimensional form featured by two parameters, € and d, characterizing the meso- and microscopic
scales. Furthermore, some assumptions used for homogenization and the existence of a unique
weak solution for the microscopic problem are stated and a priori estimates for the microscopic
solutions are derived. Section 2.2 contains the main result obtained by the previous homoge-
nization methods. In Section 2.3, we apply three-scale asymptotic homogenization procedure
for extracellular and intracellular problems. Section 2.4 is devoted to unfolding homogenization
procedure. In Subsection 2.4.1, we recall the notion of the unfolding operator and the conver-
gence results used for unfolding homogenization. The three-scale unfolding method applied in
the intracellular problem is explained in Subsection 2.4.2. In Subsection 2.4.3, the homogenized
equation for the extracellular problem is obtained at two scales only using the standard unfolding
method. Finally, in Subsection in 2.4.4, the macroscopic bidomain model is recuperated from

the limit equations obtained in Subsection 2.4.2 and 2.4.3 and the cell problems are decoupled.

2.1 Geometry. Meso-Microscopic Bidomain Model

This section contains a brief discussion of the geometry of cardiac tissue and presents the

meso-microscopic bidomain equations posed in the heart.
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2.1.1 Three-scale representation of cardiac tissue

We refer the reader to Subsection 1.3.1 where the concept of meso- and micro-structure has

been introduced, also see Figure 2.2.

1/€d

(A) (B) (c)

Figure 2.2 — (A) Periodic heterogeneous domain €2, (B) Unit cell Y at e-structural level and (C) Unit cell Z at
d-structural level.

2.1.2 Meso-Microscopic Bidomain Model

Before applying homogenization method, we introduce the basic equations of the meso-
microscopic bidomain model given in Subsection 1.4.1 without using meso- and micro-scaling
parameters denoted respectively by € and . In the next section, a non-dimensionalization proce-
dure, based on these scaling parameters, turns out to be an essential ingredient of the asymptotic

analysis.

2.1.3 Non-dimensionalization procedure

In this part, we want to formulate the model equations given in Subsection 1.4.1 in dimen-
sionless form in the hope of better understanding the meaning of meso-micro-macro scales. In
the non-dimensionalization procedure, € and ¢ will appear in these equations due to the scaling
of the involved quantities.

Cardiac tissues have a number of important inhomogeneities, particularly those related to

intercellular communications. The dimensionless analysis done correctly makes the problem
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simpler and clearer. In the literature, few works in that direction have been carried out, although
we can cite [CFPS12; HY(09; RB13] for the nondimensionalization procedure of the ionic current
and [RC11; Whi20] for the non-dimensional analysis in the context of bidomain equations. So,

this analysis follows three steps.

First, we can define the dimensionless scale parameter:

fmes

R\

where 2, denotes the surface specific resistivity of the membrane I'V and A := \; + A, with );
represents the average eigenvalues of the corresponding conductivity M, for j = ¢, e, over the

cells” arrangement. Now, we perform the following scaling of the space and time variables :

. ~ 1
Tr = Za l= ;7
with the macroscopic units of length . = (™ /e = (™¢/§ and the time constant T associated

with charging the membrane by the transmembrane current is given by:
T = RmCrm

where I?,, is the surface specific resistivity of the membrane I'V.

We take ¥ to be the variable at the macroscale (slow variable),

~

z
y:=—and z :=
€

=

to be respectively the mesoscopic and microscopic space variable (fast variables) in the corre-

sponding unit cell.
Secondly, we scale all electrical potentials u;, v, currents and the gating variable w :
v=Av0, u; =Avu; and w = Aw,

where Av and Aw are convenient units to measure electric potentials and gating variable, re-
spectively, for j = 7, e. By the chain rule, we obtain:
LC,, L

- az*ﬁ + I’U (Iion - Iapp) = —szg@z ‘N = Mevgae * Ne.
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Recalling that 7 = R,,,C,, and normalizing the conductivities M; for j = 7, e using

—~ 1
we get
L L ~ =~ _
Rm)\agv + Aol (Zion — Lapp) = —M,; V210, - n; = M V2, - ne.

Regarding the ionic functions Z;,,,, /1, and the applied current Z,,,,, we nondimensionalize them
by using the following scales
- Ry ~

pa Rm TF /i~ o~
Lion(0,0) = 3= Zion (0, @), Lupp = = Lapp and H(D,%) = ﬁ]{(v, w).

Consequently, we have

L ~ ~ — —~

mes

Remark 2.1. Recalling that the dimensionless parameter ¢, given by € = TN is the ratio

between the mesoscopic cell length (™ and the macroscopic length L, i.e. ¢ = (™ /L and

solving for ¢, we obtain

L

Szm.

Finally, we can convert the above microscopic bidomain system (1.5)-(1.8) to the following

non-dimensional form:

~V; - (M*V;a7%) =0 in Q59 = (0,T) x O, (2.1a)

~V; - (MEV;EE) = 0 in Q= (0,T) x O, (2.1b)

i — s =1, onT.p:=(0,T) x I, (2.1¢)

& (002 + Zion (02, 02) — Zappe) = Im onT.r, (2.1d)
MOV g = MEVATE - ne = I, onT.r, (2.1e)
O, — H(0.,@.) = 0 onT. 7, (2.1f)

MOV - n, = 0 on s, 2.12)

with each equation correspond to the following sense: (2.1a) Intra quasi-stationary conduc-

tion, (2.1b) Extra quasi-stationary conduction, (2.1c) Transmembrane potential, (2.1d) Reac-
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tion onface condition, (2.1e) Meso-continuity equation, (2.1f) Dynamic coupling, (2.1g) Micro-

continuity equation.

For convenience, the superscript ~ of the dimensionless variables is omitted. Note that the
bidomain equations are invariant with respect to the scaling parameters ¢ and 4. Then, we define

the rescaled electrical potential as follows:

T (R B O R (RS B

&0

Analogously, we obtain the rescaled transmembrane potential v. = (u;

— ug)|r. , and gating
variable w,. In general, the functions v. and w. does not depend on §, we omit the index § when
non confusion arises. Next, we define also the following rescaled conductivity matrices:

ME0 () = M, (g; g 9“;5) and M:(z) := M, (x ”z) . (22)

€

We complete system (2.1) with no-flux boundary conditions:
(M;*Ves?) -n = (MEVug) -n =0 on (0,7) X Jex?,

where n is the outward unit normal to the exterior boundary of (2. We impose initial conditions

on the transmembrane potential and the gating variable:

v:(0,2) = vo(r) and w.(0,2) =wo.(x) ae.onl.. (2.3)

2.1.4 Assumptions on the Data

Keeping in mind the three-scale configuration of cardiac tissue (cf Subsection 1.3.1), we list
some assumptions on the conductivity matrices, the ionic functions, the source term and the
initial data:

Assumptions on the conductivity matrices. The rescaled intracellular and extracellular con-
ductivity tensors M (z) := M, (z, x/e, #/e0) and M= () := M, (z, x/¢) satisfying the elliptic

and periodicity conditions: there exist constants o, 5 € R, such that 0 < o < [ and for all
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AeRY:
MA-A > oA, (2.4a)
IM;A| < B, forj =1i,e, (2.4b)
M; y- and z-periodic, M, y-periodic. (2.4¢)

Assumptions on the ionic functions. The ionic current Z;,, (v, w) can be decomposed into

Liion(v) : R = Rand Iy jon(w); R = R, where Z;,, (v, w) = i jon(v) + L2 jon(w). Furthermore,
I ,ion is considered as a C" function, I3 ion and H : R? — R are linear functions. Also, we
assume that there exists € (2,+00) and constants o, g, vz, oy, a5, C' > 0 and Sy, f2 > 0
such that:

1 . .

— vl < Tion(v)] < (|U’ 4+ 1) » Mzjion(w)| < az(Jw] + 1), (2.5a)
1

|H (v, w)| < a(|v] + [w] + 1), and Iy jon (w)v — o H (v, w)w > a5 [w]?, (2.5b)

L,ion 2+ L ion(2) + P12 + B2 is strictly increasing with h_)rl% Lﬂ-on(z)/z =0, (2.5¢)

1 .
(14 |z1] +|22)) %z — 2>, (2.5d)

Va1, 22 € R, (il,ion<21) — Tl,ion(ZQ)) (21 — 29) > C

Remark 2.2. One can easily show that 1, ;0,(0) = — 2, 11 ;,,(0) = =1 and 1y jon(2) > =
forall z € R.

Remark 2.3. Physiological and phenomenological models to these functions are available in
Section 1.4.3. Here, we take the Fitzhugh-Nagumo model [Fit61; NAY62] which is defined as

Jollows

H(v,w) = av — bw, (2.6a)
Lion(v,w) = (Av(l —v)(v —0)) + (—Aw) := 11 ion(v) + Lo ion(w) (2.6b)

where a, b, \, 0 are given parameters with a,b > 0, A < 0and 0 < 6 < 1.

Assumptions on the source term. There exists a constant C' > 0 independent of € such that the
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source term Z,,, . satisfies the following estimation:

1/2
Hg PP L e

LQ(F&T) S C? (2'7)
where I'. 7 := (0,7") x I'.. Furthermore, Z,,, denote the weak limit of the sequence.
Assumptions on the initial data. The initial conditions v . and wy . satisfy the following esti-

mation:
Hgl/r

) + Hal/?v[L8

1/2
+ H5 / Wo,e

poy <G (2.8)

for some constant C' independent of €. Moreover, v, . and wy . are assumed to be traces of uni-

Yoell, T L2(T.)
formly bounded sequences in C(2).

Clearly, the equations in (2.1) are invariant under the simultaneous change of uf’5 and v into

uf’5 + k; uS + k, for any k£ € R. Hence, we may impose the following normalization condition:

/ wEt, z)dz = 0 forace. t € (0, 7). 2.9)
Then, the weak formulation of the microscopic bidomain model can be written as follows.

Definition 2.1 (Weak formulation). A weak solution of problem (2.1)-(2.3) is a four tuple (u &0 e we)

Z ) e’

such that v € L2 (O,T;H1 (Qf(S)), w € L2(0,T; HY(Q)), v. = (uf’ — u)|r., €

L2(0,T; HY*(T.)) NL"(Ter), r € (2,400), we € L*(Ter), Q. € L*0,T; HY2(T.))
+ LT 7)), Opw. € L*(T.r) and satisfying the followmg weak formulation for a.e. t €
0,7) :

// Do doydt + // M ()Yl - Vi dadt + // ME (2) Vil - Vi, dadt
Fer Q7 Q¢

+ // EZLion (Ve, we)p dodt = // ELapp P dodt,
FE,T FE,T
(2.10)

/ / Byw. doydt — / / (02, ) dodt = 0, 2.11)

forallg; € L* (0,T; H* (7)), @ € L2 (0,75 H (%)) with ¢ = (p; — @0 |r.. € L* (0, T; HY*(T',))
NL"(T.7) and ¢ € L*(T.r). Moreover, the weak formulation makes sense in view of the fol-

lowing initial conditions:

v:(0,2) = vo(x) and w.(0,2) =wo.(r) ae onl.. (2.12)
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The existence of the weak solution is given in the following theorem where the proof can be

found in [Ben+19] where the mesoscopic domain is ignored .

Theorem 2.1 (Microscopic Bidomain Model). Assume that the conditions (2.2)-(2.9) hold. Then
the microscopic bidomain problem (2.1)-(2.3) possesses a unique weak solution in the sense of
Definition 2.1 for every fixed £, ) > 0. Moreover, there exists a constant C' > 0 not depending

on € and 6 such that:

|vav

nt |vEw.

C, (2.13)

<
Lo (0,T;L2(Te Lo>o(0,T;L2(Ts)) —

€,0
A

|u

L2 (0.1 (05)) <O, uellr2 om0 < € (2.14)

Hsl/’“vg <C. (2.15)

<C and Hs(’"_l)/r I ion (V:)

L(Te,r) Lr/r=(T¢,r)

Furthermore, ifv., € H 1/ 2(T.)NL"(T.), there exists a constant C' > ( not depending on ¢ and
O such that:

H \/Eatve

) + H\/Eﬁtwg

<C. (2.16)

Lz(FE,T LQ(FE,T) -

The existence and uniqueness of weak solutions for the microscopic bidomain problem (2.1)
for every fixed ¢, 0 > 0 is standard, e.g., by using the Faedo-Galerkin method based on a priori
estimates (2.13)-(2.16). We notice that we get the same energy estimates as in [Ben+19], this
comes from the consideration of homogeneous Neumann type conditions on the microscopic

scale.

2.2 Main results

In this section, we highlight the main results obtained in our first work. Based on three-scale
asymptotic expansion in Subsection 2.3 and unfolding homogenization method in Subsection
2.4, we can pass to the limit in the microscopic equations and derive the following macroscopic
problem:

Theorem 2.2 (Macroscopic Bidomain Model). A sequence of solutions ((uf";)&g, (Uee)es (ws)g)

of the microscopic bidomain model (2.1)-(2.3) (obtained in Theorem 2.1) converges (asc,d — 0)
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to a weak solution (u;, ue, w) with u;,u, € L*(0,T; H'(Q)), v = u; — u. € L*(0,T; H(Q)) N
L™ (Qr), 0w € L20,T; H-H(Q)) + L/C=Y(Qr) and w € C(0,T; L*(R)), of the macroscopic

problem (Reaction-Diffusion system)

Mmaﬂ) +V- (mevue> + ﬂmIion(Uy w) = MmIapp in QT7
00 =V - (MiV0) 4 T (0.0) = pinTapy - in O, 2.17)

Ow — H(v,w) =0 on Qp,
completed with no-flux boundary conditions on u;, U, on O, :
(M.Vu,) - n = (ﬁiVui> n=0 on S = (0,T) x a2, (2.18)
and initial conditions for the transmembrane potential v and the gating variable w :
v(0,2) = vo(z) and  w(0,x) = wy(z) a.e. on (2, (2.19)

where vy, wy € L*(2). Here, ji,, = |TY| /|Y| is the ration between the surface membrane and

the volume of the reference cell. Moreover, n is the outward unit normal to the exterior boundary

of ). Herein, the first-level homogenized conductivity matrices l\N/_[j = (rﬁ?q) <roed forj=1i,e
-~ <p.a<
and the second-level one M; = (ﬁfq) are respectively defined by:
1<p,q<d
pq o OXE d mP? .= / pa e 00 dz,
= |y|2/< e ) S rzwz <m+ oz
(2.20a)

mz/ (0 0 )
Y

gaek 8)(;1 pgﬁﬁq
|Y||Z|ke 1/ / [( Hh 0z ayk(y)+ ‘ 0z dzdy.

Herein, the components x4 of x. and X} of x; are respectively the corrector functions, solutions

(2.20b)
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of the c-cell problems:

=V, - (M Vyxi) =V, - (Meey) in Y,
x¥ y-periodic, (2.21a)
McVyx? - ne = —(Meey) - ne on 'Y,

-V, - (IVINyX?) =V, (1\N/Iieq) iny;,
X{ y-periodic, (2.21b)
M,V ! ni = — (Mieq) ‘n;onTY,

and the component 0} of 0; is the corrector function, solution of the §-cell problem:

V.- (M;V,0]) =V, (Me,) in Z,
01 y- and z-periodic, (2.22)
M;V.0] - n, = —(M;e,) -n, onI'?

fore, q=1,...,d, the standard canonical basis in R®.

Theorem 2.2 is proved using two different methods: the first one given in Section 2.3 and
the other one in Section 2.4. The uniqueness of the solutions to the macroscopic model can be
proved by standard methods. This implies that all the convergence results remain valid for the
whole sequence. It is easy to verify that the macroscopic conductivity tensors of the intracellular

M, and extracellular M, spaces are symmetric and positive definite.

2.3 Three-scale Asymptotic Homogenization Method

In this section, we will introduce a homogenization method based on asymptotic expansion
using multi-scale variables (i.e. slow and fast variables). The aim is to show how to obtain a math-
ematical writing of the macroscopic model from the microscopic model. This method, among
others, is a formal and intuitive method for predicting the mathematical writing of a homoge-
nized solution that can eventually approach the solution of the initial problem (2.1).

For that, we start to treat the problem in the extracellular medium then we will solve the other

one in the intracellular medium using this method.
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2.3.1 Extracellular problem

The authors in [HY09] have applied and developed the two-scale asymptotic expansion
method established by Benssousan and Papanicolaou [BLLP11] on the bidomain model (for the
case of Laplace equations) defined at two scales to obtain the homogenized model. In our ap-
proach, we investigate the same two-scale technique used in [HY09] for the extracellular prob-
lem. Whereas for the intracellular domain, we develop a new three-scale approach applied to the
intracellular problem to handle with the two structural levels of this domain (see Figure 2.2). We

recall the following initial extracellular problem:

Aui =0 in QF 7,
Mivui "Ne =€ (atve + Iion(vaa wa) - Iapp,a) =17, on FE,T?

(2.23)

with A. = —V - (M:V), where the extracellular conductivity matrices M¢ defined by:
€ € d
Mi(z) =M. (—), a.e. on R%,
3

satisfying the following elliptic and periodic conditions given by (2.4).

The two-scale asymptotic expansion is assumed for the electrical potential u as follows:

Ui(t, ‘r) = Ue <t> z, x) = ue,O (tu x, x) + gue,l <t> z, x) + 82“6,2 (t> x, x) + - (224)
e e

€ €

with each v, (-, y) is y-periodic function dependent on time ¢ € (0,7"), slow (macroscopic) vari-
able = and the fast (mesoscopic) variable y. The slow and fast variables correspond respectively
to the global and local structure of the field. Similarly, the applied current Z,,, . has the same
two-scale asymptotic expansion.

So, the derivation with respect to x is defined as:

ou; Ou, T 1 Ju, T
(t,x):a<t,x,)+ <t,x,).

Oz, Zq 3 € Oy, €

Consequently, the full operator .A. in the initial problem (2.23) is represented as:
A () = [(£2 Ay + e Auy + 0 Ara it (t, ’ i) (2.25)
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with each operator is defined by:

d 0 o
A - a,, mlc?q a |
v Pv%l ayp <y> 8yq>
A —_ii pq()i_i pq()
W 10y, ety Oz, pa=10x, \ ¢ Y Ay, )’
A, = — Zd: i mP4( )i
0z, \C J oy )
Indeed, we have :
A (t,2) = — [V - (MEV)] (£, 2)
= — — [ mp Tle y 2T (t,x,)
L%l O ) Oz €y, €
1 i d a au 1 8U x
S i pq Ole 10U z
€ _p,qzzlgyp (me ) <a$q " € 8yq>>] (x7 5)

0

d ou x
=2 =Y — (mgq Yy e) (t,x, )
I Mzzlﬁyp ( )8yq €

a9 ( 8u> .9 < du x
+e =D — (mM(y)=— ) — Y — [m¥(y e> (t,x, >
pam1 My ( )3$q P 0%p ( >3yq €
9 Ju x
01_ . pg e i
e p,qz=16xp (me (y)a%>] (t,x, €

= [(e2 Ay, + e " Ay + %A )u] <t, T, :) :

Now, we substitute the asymptotic expansion (2.24) of u; in the developed operator (2.25)

to obtain

x
Al (z) = [e 2 Ayytten + 6 T Ayytie + " Ayt + -+ -] (t, z, 5)
x
+ [8_1Awyue7o + 80Amyu671 + -] (t, x, €>
0 x
+ [5 A:c:cue70 + - ] t,.fE, g
= [€*2Ayyue,o + 71 (Ayytie) + Agytie)

T
+ 80 (Ayyue,Z + A:EyueJ + Amxue’(])] (t, x, 5) + ..
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Similarly, we substitute the asymptotic expansion (2.24) of u¢ into the boundary condition
equation (2.23) on I'Y. Consequently, by equating the powers-like terms of £ to zero ({ =
—2, —1,0), we have to solve the following system of equations for the functions u. x (¢, z, y), k =
0,1,2:

Ayytieo =0in Y,
U0 y-periodic, (2.26)
M.Vyteo-ne =0on I,

Ayyue,l = _A:ryue,() in ifea
U1 y-periodic, (2.27)
(MVyueq1 + M Vaueg) - ne =0on I,

Ayyue,Q - _Axyue,l - Arxue,o in }/67
Ue,2 y-periodic, (2.28)
(Mevyue,Q + Mevxue,l) *Ne = atUO + IiOn(”O» wO) - Iapp,() on Fy7

The authors in [BLP11]-[CD99] have successively solved the three systems into Dirrichlet
boundary conditions (2.26)-(2.28). Herein, the functions ., u.1 and u.> in the asymptotic
expansion (2.24) for the extracellular potential u; satisfy the Neumann boundary value problems
(2.26)-(2.28) in the local portion Y, of a unit cell Y (see [FS02; HY09] for the case of Laplace
equations).

The resolution is described as follows:

o First step We begin with the first boundary value problem (2.26) whose variational formulation:

Find 4.9 € Wyer(Ye) such that
(2.29)
y, (ite,9, 0) = /a (MY, tte0 - 1e)v doy, Vi € Wyer(Ya),
Ye
with ay, (@, ) is given by:

iy, (i1, 0) = /Y M.V, uV,vdy, Yu € i, Yo € 0, Vi, Yo € Wy (Ys)  (230)

and W, (Y,) is given by Definition A.4.
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e Second step

We want to clarify the right-hand side of the variational formulation (2.29). By the defi-
nition of Y, := (O Y N 0Y,) U I'Y, we use Proposition A.1 and the y-periodicity of M;

by taking account the boundary condition on 'Y to say that :

/6Ye(MeVyu670 “ne)v doy,

= Jowvroy. (MeVytie - ne)v doy + ,/py(Mevae,o - Ne)v doy, = 0.

Using Theorem A.2, we can prove the existence and uniqueness of the solution 1. o. Then,

problem (2.26) has a unique solution u. o independent of y, so we deduce that:

Ueo(t, 2, Yy) = uep(t, x).

In the next section, we show that u; o does not depend on y (by the same strategy). Since
vy = (Ui — Uep))|rv then we also deduce that vy and wy not depend on the mesoscopic

variable .

Remark 2.4. In the asymptotic expansion (2.24), each element u. , is a priori an oscillat-
ing function, since it depends on the fast variable x /. Actually, u. o depends only on the
slow (macroscopic) variable x, so it does not oscillate "rapidly" with x /€. This is why we
now expect u. o to be the "solution homogenized". It remains to find if there is an equation

on (Q satisfied by . o, in which case we would have found "homogenized equation" too.

We now turn to the second boundary value problem (2.27). Since u. g is independent of

y, this equation can be rewritten as:

d 3m§q 8ue70 .

A Ue,1 = n Yvea
vytel p,§;1 Oy, Oz
Ue,1 y-periodic, (2.31)
(McVues +McViueg) -n. =0o0nTY,
Its variational formulation is:
Find t. 1 € W, (Ye) such that
(2.32)

ay, (Te1, 0) = (F1,0) Wper (V)Y Weer (V) YO € Wher(Ye),

79



Chapter 2 — Three-scale Homogenization Method Applied To Meso-Microscopic Bidomain Model

with ay, is given by (2.30) and F} is defined by:

aue
(Fl’ )(Wpe7(Y ) WpeT e 0/ 7dy7 VU € U VU € WPET( e)

= 1 Oz,
(2.33)
Using Theorem A.2, we obtain that the second system (2.31)-(2.33) has a unique weak
solution . 1 € W, (Y:) (defined by [BLP11] and [OSY09]). Thus, the linearity of terms
in the right hand side of equation (2.31) suggests to look for . ; under the following form:

Ue1(t, 2, y) er , ) in Wher (Ye), (2.34)

with the corrector function x? satisfies the following e-cell problem:

d ampq
Apxi = 2 inYe,
vy =1 ayp e
x¢ y-periodic, (2.35)
M.V X - ne = —(Meeg) - ne on I',
for e, ¢ = 1,...,d, the standard canonical basis in R?. Moreover, we can choose a rep-

resentative element x? of the class x? satisfying the following variational formulation:

Find x? € W, (Y.) such that
(2.36)
ay, (x&,v) = (F,0)wy (vo)y wive), Vv € Wa(Yo),
with ay, is given by (2.30) and F is defined by:

d
(FL0) (W (Vo)) W (ve) = Z/ mi’q(y)afdy,
p=1 e yp

where the space W (Y,) is given by the expression (A.3). Since F' belongs to (W, (Ye))’
then the condition of Theorem A.2 is imposed in order to guarantee existence and unique-
ness of the solution.

Thus, by the form of . ; given by (2.34), the solution u. ; of the second system (2.27) can
be represented by the following ansatz:

ue,l(t7 Z, y) = Xe(y) . vxue,O(ta ZE) + ae,l(tu l‘) with Ue,1 € ue,l» (237)
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e Last step

where 4. ; is a constant with respect to y (i.e @1 € 0 in Weer(Y)).

We now pass to the last boundary value problem (2.28). Taking into account the form of

Ue,0 and u, 1, we obtain

- Ascyue 1= A:crue ,0
au“) ( (51661 aueO))
1 : ‘
p%:1 Oy, ( Oz, p%:1 Oz, 0y, Oz,

Consequently, this system (2.28) have the following variational formulation:

Find .5 € W, (Ye) such that

(2.38)

aYe (ue 2,V ) (F27 )(Wper(Ye))’,Wper(Ye) Vo € Wper(%)a
with ay, is given by (2.30) and F5 is defined by:
(F27 )(Wper(yc)) Wper(Ye)
8ue 1 ov
= (McVyte s + MV u, ne v do / ———ay
/ ves 1) ! p;l Y Bcy Oy (2.39)

Bu&o

0z,

Ly

p,q=1

/ 8U61 I
. O, Yy

The problem (2.38)-(2.39) is well-posed according to Theorem A.2 under the compatibil-

)) vdy, Yv € 0, Y0 € W, (v).

ity condition:

(F27 1)(Wper(Ye))/:WP€T(Y€) = 0.
which equivalent to:

Oue1  Oueyp
_Z/8$p< <ayq+8$Q>>d

p,q=1
In addition, we replace u, ; by its form (2.37) in the above condition to obtain:

8)( Ouep  OUeyp
J (0 (S5 G+ G )

= Oyq Oy,
= ’Fy| (&wo + Iz’on(”Oa wO) - I&PP) :

= ’Fy’ (atUo + Iion(UOu wO) - Iapp) :

=

p,g=1
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By expanding the sum and permuting the index, we obtain

(3 k@ueo 8u60
_22/6833p< 6yq8mk> _Z/eaxp< 8:Bk>dy

p,q=1k=1

= ‘Fy‘ (at/UO + Iion(U07 wﬂ) - Iapp)

which equivalent to find u. o satisfying the following problem:

oxk 0?u,
|Y|Z/ (mpk mgq(y)ay> dy] Ep 6£k
q P
_
g

p,k=1

(aﬂ)g + Izon (U(b U)o) Iapp) ’

1
where Ty (1,4) = [, Zumol-v) do.

Consequently, we see that’s exactly the homogenized equation satisfied by u. o of the extracel-

lular problem can be rewritten as:

Bmzue,O = Um (atv(] + Iicm (U(]a wO) - Izzpp) on QT: (240)

where p,, = [['Y| /|Y'| . Herein, the homogenized operator B, is defined by :

Bio =~V (M.V,) = - Edj 9 (fﬁwa> (2.41)

€
M:l@xp 8£L'k

with the coefficients of the homogenized conductivity matrices M, = (fﬁgk) e e defined by:
_p7 —

Pt |Y|Z/ ( mP* 4 mPe X@) dy. (2.42)

Yq

2.3.2 Intracellular problem

Using the two-scale asymptotic expansion method, the extracellular problem is treated on two

scales. Our derivation bidomain model is based on a new three-scale approach. We apply three-

scale asymptotic expansion in the intracellular problem to obtain its homogenized equation.
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2.3. Three-scale Asymptotic Homogenization Method

Recall that uf"s the solution of the following initial intracellular problem:

A€5U€5:0 lnng’
—M;* Vi -y = & (e + Tion (ve, we) = Lappe) = L onTer, e
—M?&vu?é N, = 0 on Fé’T’

with A.; = -V - (Mf"SV) , where the intracellular conductivity matrices Mf’5 defined by:

M @) = M (25,

e el
satisfying the following elliptic and periodicity conditions given by (2.4).

In the intracellular problem, we consider three different scales: the slow variable x describes
x x
the macroscopic one, the fast variables — describes the mesoscopic one while - describes the
€ €
microscopic one.
To proceed with multi-scale formulation of the microscopic bidomain problem, a three-scale

asymptotic expansion is assumed for the intracellular potential u;’ * as follows:

“9(t,z) <t ’ x) (t ° x)—l—a (t ’ x>+56 (t ’ x)
U; T) = Uy sy =y = | = Uy y Ly = —¢ Uy y Ly =5 —¢ U y Ly = —¢
v e ed o ) o+ e ed 2 e’ ed

9 x x 9 T T
+5ui3 t?‘rv*)i +€5Ui4 t,l’,*,*
’ e €o ’ e’ €
T T
+5252u25<t:p )+
e’ ed
(2.44)
with each u; ,(-,y, ) is y- and z-periodic function dependent on time ¢ € (0, 7"), the macroscopic
variable x, the mesoscopic variable y, and the microscopic variable z.

Next, we use the chain rule to derive with respect to x

auacS(t o) = 8ui+18ui+i8ui (t T x)
oz, Ox, €0y, €00z |\ Te’ed)’

Remark 2.5. The authors in [RT+18] used the iterated three-scale homogenization methods to
study macroscopic performance of hierarchical composites in the context of mechanics where

the microscale and mesoscale are very well-separated, i.e.

u875($’ Y, Z) = Uo(ﬂf, Y, Z) + nguk(xa Y, < + Z(Skuk .T Y, 2
k=1
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withy = x/e and z = x/§ (§ << €). The approach proposed in the present work is exploited
the effective properties of cardiac tissue with multiple small-scale configurations. We note that

our present technique recovers the classical reiterated homogenization [BLP11] where § = .

Consequently, we can write the full operator A, s in the initial problem (2.43) as follows:

A i’ (tx) = — [V - (M]'Vu?)] (¢, 2)
.9 - ou; 10w, 1 Ouy T T
3 g (e (G 2 5 ) )| (6 2:55)
1| & 0 ( - <8ui 1 Ju; 1 5’uz>) T x
- o (1M (y,Z) + - + = (t,fﬂ,,)
€ L;l oYy Oz, €0y, €60z e gd (2.45)

1 d a pq 8uz laul 1 8uz €T X
_ = 9 ([ 1 1 LT
ed L;lazp <m2 (9:2) <(9:1:q N e Oy, * 8582))] ( o 65)
— (67202 A + 207 Ay + 2 0 A,

+ 5_2Ayy + 5_1./4;;3?; + 5050-/4%1:)“73] (ta z, gv ;;)

with each operator is defined by:

N T
"453 - p,%lasp (mz (y7 Z) 85q> )
0

Aap = — Ed: = | m{*(y Z)i - Zd: o m??(y z)i if s #£h
° pqulasp ! 7 8hq p,q=1 (3hq ¢ ’ 8Sp ’
for s, h :=x,y, 2.

Indeed, we have:
Acgui’(tx) = = [V (MP'Vu”)] (8, 2)
d 8 pq 811,1 1 8uz 1 auz r X
_ v : 1 a iz 2%
{p;laxp (mz (y, 2) (8% + = %% + Y 0zq>> ( , T, o 55)
1

9 - ou; 10u; 1 Ou; T x
e [Zay (o0 (G 25 250 )| (2 2:3)

9 - ou; 10u; 1 Ou; T x
% [Za (m (v:2) (axq oy T z—:582q>> (b3 5)
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2.3. Three-scale Asymptotic Homogenization Method

1 4 0z, =10y g €d
.9 ou T T
2 pq ? t -
N @,z)ayq)] 52
[ 0 < au‘> .9 ( 8u-> T T
+ 871 - mg)q ) 2 — | - a. qu ) 2 . (t7 [ )
I pgzjlﬁ » (y )8yq pg_:l@yp (v >8xq €d

L0 Ou; T x
050 | R - i Tz
e [ p%laxp (ml (y72)8$q>] (t’x’ 5’56)

= (672072 A, + e 267 Ay, + e 0 AL,

b2, et Ay + 0 AL <t, v g ;) .

Now, we substitute the asymptotic expansion (2.44) of uf’a into the operator developed (2.45) to
obtain :

Ae,gue";(t, x)

= [5_2(5—2./4,322%70 + 6_2(5_1./4yzui70 + 5_2Ayyui,0 + 6_15_2./43,3’&,‘71 + 5_2Azzui,3
+ 5_15_1 (Azzui,Z + Ayzui,l + szui,O) + 5_1 (AzzuiA + Ayzui,S + szui,l)
+ 5_1 (Ayzui,g + AyinJ + Amuw)

r X
+ 6050 (Azzui,S + AyzuiA + Ayyui,S + Azzui,Q + Azyui,l + A:pxuiﬂ)] <t7 z, ga Ef(S) +oeee
Similarly, we have the boundary condition:

MOVl - n = MV, 4 e MV u; + 5_15_1Mf’6vzui] "M, (2.46)

forn :=n;,n,.

Thus, we also substitute the asymptotic expansion (2.44) of uf’(s into the boundary condition
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equation (2.43)on I'Y and on I'* :

MOVus? = [€26°(M;V i 0) - n 4+ e(MiVaui1) - o+ eS(MiVau0) - n+ -+ -] (t, x, g, :{5>

+ [eTHM; Vyuip) - n 4 %6 (M Vyuig) - n+ 0(M; V) - n
+e(M;Vyu;3) -n+ed(MiVyuig) - n+ -+ -] (t, z, g, ;)
+ [T H M Vo) - n4+ 0T (M Vo) -+ %0 (MyV.uio) - n
+ &6 (M V. ui3) - n+ e(MiVouga) - n+e6(M;Vouis) -+ - - -] (t, x, g, ;)
= [e7' 0 (MiVauio) - n+ e H(MVyuio) - n+ 0 (M Viugg) - n
+ €% (M; Vi + MV + M Vo) -n+ e 107 (M Vaugs) - n
+e(M;Vouiq + M;Vyu; s+ M;Vau; 1) - n+ 6(M;Vyu;2) - n

+ 0 (M;V.ui5 + M;Vyu; 4 + M;Vau, o) - 0l <t7 x, g, x) +

€0
where n represents the outward unit normal on I'Y or on I'* (n := n;,n,). Consequently, by
equating the terms of the powers coefficients 0™ for the elliptic equations and of the powers
coefficients £*1§™*! for the boundary conditions (¢, m = —2, —1,0), we obtain the following
systems:

Azzui,O =0in Zc7
u; o z-periodic, (2.47)
Mivzuw ‘N, = 0 on FZ,

Ayyuip =0in Y;,
u;,0 y-periodic, (2.48)
Mivyui’o Ny = 0 on Fy,

Ao =0in Z,,

u;,0 y- and z-periodic,
M;Vyu;o-n; =0on IV,
M;V.uio-n,=0onI7,

(2.49)
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2.3. Three-scale Asymptotic Homogenization Method

Azzui,l =0in Zm
u;,1 z-periodic, (2.50)
MinUiJ Ny, = 0 on FZ,

-Azzui,Q - _Ayzui,l — .A;,;Zuip in an
u; 2 z2-periodic, (2.51)
(Mivzui’g + Miva@l + Mivxui’o) N, = 0 on Fz,

Azzui,?) =(0in an
w; 3 z-periodic, (2.52)
(Mivzui’g) ‘N, = 0 on FZ,

Azzui,4 = —Ayzui,:s - szui,l in Z,,

u;.4 Y- and z-periodic,

(MiVoui g+ MiVyu 3 + MiVauia) - ni = — (v + Zion(vo, wo) — Zapp) on T,
(M;V uia + M;Vyu; s + M;Vyu;q) -n, =0on 17,

(2.53)
Ayzui,Q = _Ayyui,l - Axyui,o in an
u; 2 Y- and z-periodic,
2V P (2.54)
(Mivzum + Mivyui,l + Mivxuw) cn; = 0 on Fy’
Mivyum Ny = 0 on FZ,
Azzui,5 = _Ayzui,ll - Ayyui,3 - szui,Q - A:vyui,l - Acc;tui,o in Zcu
u; 5 z-periodic, (2.55)

(MiVZuLg, + MivyuiA + Mivxum) N, = OonI.

These systems (2.47)-(2.55) have a particular structure in the sense that their unknowns will

be found iteratively.

We will solve these nine problems (2.47)-(2.55) successively to determine the homogenized
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problem (based on the work [CD99] and [BLP11]). The resolution is described as follows:

e Step 1 We begin with the first problem (2.47) whose the following variational formulation:

Find ;0 € We,(Z.) such that

(2.56)
a7, (1130, D) = /8 MV - n.) v do(2), Vi € Wi (Z0)
with az, given by:
az.(1,0) = M;V.uV.v dz, Yu € 4, Yv € 0, Vi, YO € Wyer(Ze) (2.57)

Ze
and

Woer(Ze) = Hpe,(Ze) /R

per

is given by Definition A.4. Similarly, we want to clarify the right hand side of the varia-
tional formulation (2.56). By the definition of 07, := 02 U I'*, we use Proposition A.1
and the z-periodicity of M; by taking account the boundary condition on I'* to say that :

/ (M;V.uip-n,)vdo(z)
0Z.

= (M;V,u;-n.)vdo+ (M;V.u;p-n,)vdo =0.
OextZ I

Using Theorem A.2, we obtain the existence and the uniqueness of solution ;o to the
problem (2.56). In addition, we have:

Hui,OHWpe,.(ZC) =0.
So, u; o is independent of the microscopic variable z. Thus, we deduce that:

uio(t, z,y, 2) = wip(t, z,y), Yo € o

e Step 2 We now solve the second boundary value problem (2.48) that is defined in Y;. Its varia-

tional formulation is:

Find @; 0 € W, (Y;) such that
(2.58)
in (ui,g, U) = /a Mivyuw cNn; v dU(y) V’U € WpeT(}/;;)a
Y
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2.3. Three-scale Asymptotic Homogenization Method

with ay, given by:
ay, (i1, ) = / MV, uVody, Yu € @, Yo € 0, Vi, Yo € Wyer (V) (2.59)
Y;

and W, (Y;) given by Definition A .4.

Similarly, we want to clarify first the right hand side in the variational formulation (2.58).
By the definition of 9Y; := (O Y N 9Y;) U T'Y, wwe use Proposition A.l and the y-

periodicity of M; by taking account the boundary condition on I'Y to say that:

/ M,V uio - ni(y)v do(y)
aY;

= M;V ;0 - nz(?/)” da(y) +/ M;Vu; 0 - ”z(y) dcr(y) = 0.
OextY NOY; Iy

Therefore, we can apply Theorem A.2 to prove the existence and uniqueness of solution
;0. In addition, we have:
= 0.

||ui70| Woer(Y3)

Thus, we deduce that u; ¢ is also independent of the mesoscopic variable y. Consequently,
the third boundary value problem (2.49) is satisfied automatically.
Next, we solve the fourth problem (2.50) by the same process of the first step. So, we

deduce that u; ; is independent of z. Finally, we have:
wio(t, 7, y, 2) = uio(t, ) and u; 1 (t, 2, y, 2) = w1 (t, 7, y).

Remark 2.6. Since u; is independent of y and z then it does not oscillate "rapidly".
This is why now expect u;g to be the "homogenized solution". To find the homogenized

equation, it is sufficient to find an equation in () satisfied by w; o independent on y and z.

e Step 3 We solve the fifth problem (2.51). Taking into account the form of wu; and u; ;, system

(2.51) can be rewritten as:

d om?? 8161 1 aul 0
Azzui = i ~ 4 : in an
? pgil 0z ( 9Yq O,

u; 2 z-periodic, (2.60)

(Mivzui,g + MZ-VyuZ-J + Mivxui,o) ‘n, = 0 on Fz,
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Its variational formulation is:

Find ;5 € W, (Z,) such that

(2.61)

aZc(ui,27 U) = (F27 /[))(WPET‘(ZC)),7W]76T(ZC) V’U e WPET(ZC)7

with az, given by (2.57) and F; defined by:

d
8ui 1 3ul 0 81}
Fy, 0 / = — E =4 —— / m?(t,y, z)—dz,
( 2 )(Wper(Ze)) 7WPET‘(ZC) p’q:1 ( 8yq 83311 > Zc ( y )azp

forall v € ¥ and 0 € Wper(Z.).

(2.62)

Note that F;, belongs to (W,.,(Z.))". Then, Theorem A.2 gives a unique solution ;5 €

Wer(Z.) of the problem (2.60)-(2.62).

Thus, the linearity of terms in the right of equation (2.60) suggests to look for ;o under

the following form:

7:%72 = (91<Z) . (Vyl'h"l + qui,o) in Wper(Zc),

(2.63)

with the corrector function 93 (i.e the components of the function Qi) satisfies the d-cell

problem:
. d ampq
A0 = *(y, z) in Z,,
p2::1 0z, (v, 2)
07 y- and z-periodic, (2.64)
M; V.07 -n, = —(Mse,) - . on %,
fore,, ¢ = 1,...,d, the standard canonical basis in R%. Moreover, we can choose a rep-

resentative element 67 of the class 9;1 which satisfy the following variational formulation:

Find 6] € W, (Z,) such that

(2.65)

d
az (0],0)=—3% m?(t,y, z)@ dz, Yv € Wi (Z,),
p=1J2, 0z

with W (Z,) given by the expression (2.91). The condition of Theorem A.2 is imposed to

guarantee the existence and uniqueness of the solution of the problem (2.64)-(2.65). Thus,

by the form 1, » given by the expression (2.63), the solution u; » can be represented by the
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2.3. Three-scale Asymptotic Homogenization Method

e Step 4

following ansatz:

wio(t, x,y,2) = 0;(2) - (Vywir(t,z,y) + Vauio(t, z)) + @ 2(t, x,y) with u; o € 1, 9,
(2.66)

and 4, » is a constant with respect to z (i.e U; 2 € 0 in Wau(Z,)).

Next, we pass to the sixth problem (2.52) by the same strategy of the first step. We obtain

that v, 5 is independent of z and we have:

Uz’,:s(t, z,Y, Z) = ui,3(t7 x,y).

We now solve the seventh boundary value problem (2.53). Taking into account the form

of u; 3 and u; 1, we can rewrite this problem as follows:

d om? (Ou;3  Ouyiy
Azz 1,4 — - 7 7 in Zc7
Ui p,%il 0z, ( 0y, + Oz,
u; 4 Y- and z-periodic, (2.67)
(MisziA + MiVyuLg + MivxuiJ) ‘n, = Oon I~
Its variational formulation is:
Find @; 4 € W, (Z.) such that
(2.68)

aZc (ui,‘l? U) = (F47 Il.])(wper(zc)),,Wper(Zc) vv e Wpﬂ"(ZC)?

with a2, given by (2.57) and F); defined by:

d
. aul 3 Guz 1) ov

F Y U er c / er c = - : + . / m?i?q t’ y? Z dz? (2'69)
(F4s 0) Wper (20)) Wrer (20) p%:l < o, " ow ) L (t,y,2) o)

forall v € v and 0 € W, (Z.).
The problem (2.67)-(2.69) is well-posed according to Theorem A.2 under the compatibil-
ity condition:

(4 1) Wyer (22)) Wher(22) = 0.

This implies that problem (2.53) has a unique periodic solution up to a constant. Thus, the

linearity of terms in the right hand side of equation (2.67) suggests to look for u; 4 under
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the following form:

wia(t,z,y,2) = 6;(2) - (Vywis(t,z,y) + Voui1(2)) + a(t, z,y) with u; 4 € U4,
(2.70)

where 4; 4 is a constant with respect to z and 0; satisfies problem (2.64).

e Step S We consider the eighth problem (2.54):

Ayzui,2 = —Ayyum - Axyui,() in Zc;

u; 2 z-periodic,

(M;V w0 + M;Vyui s + M;Vau0) -n; =0on IV,
M;Vyu;2-n, =0onI">.

Taking into account the form of w; ¢ and u; ;, we can rewrite the first equation as follows:

d 9 ( o, 1 4 9m?? Ou; o
A 2Ui 2 = a qu(yv Z) - ) + - (y> Z) . .
! ;%::1 Yy 9Yq p§::1 Yy O,

To find the explicit form of u; ;, we will follow the following steps: First, we integrate over

Z. the above equation as follows:

- Z /cayp< (y, 2 )?”) dz — Z /C%( z)a(;Zf) dz

pg=1 pq=1 ) pq ; @2.71)
-3 [ (wra ) + 3 [ B e e
p,q=1 ¢ 8yp p,q=1 8xq
We denote by F; with ¢ = 1, ..., 4 the terms of the previous equation which is rewritten

as follows (to respect the order):
E1+E2:E3+E4.

Next, we use the divergence formula for the second term £ together with Proposition A.1

and the boundary condition on I'* to obtain:

E, M,V u;o - n, do(z)

0Z.

=~ [ MVyuin. do(z / MV, i - . do(z) = 0.
8eth
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Now, we replace u; » by its expression (2.66) in the first term £ to obtain the following:

89"“‘ 8@611 8ui,0
o (e (532 (524 522))) =

p,g=1

By permuting the index in the right hand side of the equation (2.71), we obtain:

Z / 8yp ( Z)%ﬁ:)’

pkl

8UZ‘70

z
’ 8xk

E4 = dz.

Finally, we obtain an equation for the mesoscopic scale (independent of 2) satisfied by

00k ou,;
pk paZ7i b1
[/ZC (ml + my; 8zq> dz] e )

.9 JR 007 Juio
= — | — +m; d
,Zﬁyp (! \;V(m R ) ZD Oy

Ut

Similarly, we replace u; » by its form (2.66) in the boundary condition on I'¥ then we inte-
grate over Z, to obtain another condition satisfied by u; ;. Then, we obtain a mesoscopic
problem defined on the unit cell portion Y; and satisfied by u; ; as follows:

—~pk
8mi 8ui70 .
inY;,

d

Byyuin =
vy ti1 p,k‘Z:I 0yp al‘k
(2.72)

(nyui,l + Mivxui,o> -n; =0 on I'Y,

with the operator B,, (homogenized operator with respect to z) defined by:

By, = - i o (ﬁpk( a ) (2.73)

p,k=1 ayp ayk

where with the coefficients of the (homogenized with respect to z) conductivity matrices
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M, = (ﬁvlpk)lgp,kgd defined by:

7

~pk pk pqaek —
|Z\Z/ m; + my 92, dz, Vp,k=1,....d.

(2.74)

Note that the y-periodicity of function m? " comes from the fact that the coefficients of

conductivity matrix M; and of the function 6; are y-periodic.

Remark 2.7. The operator B, has the same properties of the homogenized operator

(2.41) for the extracellular problem. At this point, we deduce that this method is used to

homogenize the problem with respect to z and then with respect to y. We remark also that

allows to obtain the effective properties at d-structural level and which become the input

values in order to find the effective behavior of the cardiac tissue.

Now, we prove the existence and uniqueness of solution of the problem (2.72) defined in

Y;. Consider the variational formulation of problem (2.72):

Find ;1 € W, (Y;) such that
bY (uz 1’ ) (F17 )(Wpe'r( )) Wper V/U E Wpe”‘( 7/)

with by given by:
by, (1, 7) = / MLV, uV,vdy, Yu € 1, Yo € 0, Vi, Yo € Wher (V)
Y;

and F defined by:

ou;, _ ov U
(Fb )(Wper(y)) " Weer (Y3) Z s / mfk(?J)idya Vv ev, Vo e Wper(yi)‘
p, k=1 axk Y; 8yp

The linear form F; belongs to (W,..(Y;))". Thus, there exists a unique solution %;; €

Wper (Y;) of problem (2.75)-(2.77).

Finally, the linearity of terms in the right of the equation (2.72) suggests to look for 1i; o

under the following form:

uzl_ ( ) V uzolnwper( 1)

with each element of the corrector function y; = (Xf) 14 satisfies the following e-cell

Ly
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problem:
d omP*
B,xF=> ——inY;,
ysz p2::1 ayp
(2.79)
Mlvaf Nn; = — (Mzek) - n,; on Fy,
for ey, k = 1,...,d, the standard canonical basis in R?. Moreover, we can choose a repre-

sentative element x* of the class x¥ which satisfy the following variational formulation:

Find x* € Wx(Y;) such that

(2.80)

by, (x%, Z/ m? (y dy, Yw € Wy(Y)),

with in given by (2.76). Thus, we prove the existence and uniqueness of the solution *
of the problem (2.79) using Theorem A.2.
So, by the form of %;; given by (2.78), the solution u;; of the problem (2.72) can be

represented by the following ansatz:
wir(t,z,y) = xi(y) - Vauio(t, ) + @1 (¢, ) avec u;y € 11, (2.81)

where ;1 is a constant with respect to y, (i.e @;1 € 0 in W, (V7))

e Last step Our interest is the last boundary value problem (2.55). We have

_AyzuiA - Ayyuz’,ii - Azzui,Q - Axyui,l - Axacui,o

L0 pq Ouig  Ouzz  Ouyy
a Z((??Jz?(mz (y’2)<azq " Y, " ax@))

p,g=1

Ou; 4 Ou;
; Slca )
p;l ( dyq Oz,

Ou; o Ou; 1 3%‘0))
+ R I}
pqzl ( )<8zq dYq Oz,

Note that, the variational formulation of system (2.55) can be written as follows:

Find ;5 € Wy, (Z.) such that
(2.82)

aZC (uz 5,V ) (F57 )(Wper(Zc))/,Wper(Zc) Vo € Wper(Zc)7
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with az, given by (2.57) and [ defined by

(F57 b)(Wper(ZC))/vWPST(ZC)

= / [(Mivzuig, + MivyuM + Mivxum) . nz] v dO'(Z)
d 0 ( Ouja  Ou;z  Oug
+ / — | m?(y, 2 ( L )) vdz
pqzl . OYp (y:2) 0z, dy, Oz,

d Ou;q  Ouja\ Ov
. pq 1, 1, d
z; /le (y’z)<3yq * 8xq>82p

p,q=1
d 0 < Ouis  Ousy Ougg
+ — | m}(y, 2) ( i2 Oty | OUi, )) vdz, Yv € 0, Vi € Wher(Z).
,,;1/ . Oz, 0z, | 0y, | 0Oz, :
(2.83)

The aim is to find the homogenized equation in €. Firstly, we will homogenize the problem
(2.55) with respect to z. Next, we homogenize the last one with respect to y using the
explicit forms of previous solutions. Finally, we obtain the corresponding homogenized

model.

Firstly, the problem (2.82)-(2.83) defined in Z. is well-posed if and only if F5 belongs to
Wper(Ze))', 1€,
(F55 1) Wyper (Z2) Wper(2e) = 0

which equivalent to:

8Ui4 3ui3 auz’l
2 : ’ d
|Z|Z/08yp( )<82q+8yq+8xq>>z

p,q=1

Ou; 2 O0u; 1 O0u,
: : 9 g,
|Z|Z/C@xp< Z)<@zq+(3yq+8:vq>>z

p,q=1

In addition, we replace u; 4 by its expression (2.70) into the above condition and into the
boundary condition equation on I'Y satisfied by u; 4. Then, we obtain that u;, 3 satisfies the

following problem defined in Y;

Byyui,?) = _B:L‘yui,l - Bxxui,o in Y;7
(2.84)
(Mivyui,g -+ Mivxuivl) n; = — (@vo + Iion(”O, UJO) — Iapp) on Fy,
with B, := =V, - (M;V,) =V, - (M;V,,).
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2.3. Three-scale Asymptotic Homogenization Method

Consequently, system (2.84) have the following variational formulation:

Find u; 3 € W, (Y;) such that

(2.85)
by: (i3, 1) = (Fs, ) Wyer (Vi) Wiper (v) Y0 € Woer(Yi),
with j)yi given by (2.76) and Fj defined by:
(B35 ) Wper () Wper (V)
- (1\7I.V ;3 + MV, ) n;w do(y Z / grk I Ow
- i VylUi3 i Valil m; al’k ayp (286)

ou; ou;
—~pk i1 1,0
+ Z / aCL’p < s <8yk * 8xk )) wdy,

forall w € w, W € Wy, (Y).

Observe that problem (2.84)-(2.86) is well-posed if and only if F3 belongs to (W,e,Y))',

which means

(£3, 1) Wyer 03)) Wyer(vi) = 0

which gives:

ou; ou;
_ —~—pk 7,1 4,0 — v ' B
Z / 81‘17 < m; ( + axk )) dy |F | (atUO + Izon(UO, w()) Iapp) .

Oy,

Next, we replace u;; by its form (2.81) in the above condition. Then, we obtain:

— 8)( 8u,~0 8ui0
_ Pk i ) ,
Z / 81:p ( ( 1Oy ) Oz, * oz, )) dy

— || (Orvo + Zion (vo, wo) — Lapp)

By expanding the sum and permuting the index, we obtain
0 M
pk Xl —~Ppq %,0
o m; Yy + m; ~ dy
p%zl/ Oz, K Y oy ) ) 81}11
- |Fy| (atvo + Iz'on(vo, wo) — Iapp) .
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Then, the function u; ( satisfies the following problem:

N ax _ 0%,
pk ZXd mP | d Y00
p,q=1 [‘Y‘Ilef < i ay ) y] al'pal'q

1Y

Yl

(atUO + Ium (U07 wO) Iapp)

Finally, we deduce the homogenized equation satisfied by u; o for the intracellular problem:
Bzzui,ﬂ = —Hm (atUO + Iion (Uo, wO) - Iapp) on QT; (287)

where yi,, = [['Y] / |Y'|. Here, the homogenized operator 5., (with respect to y and 2) is defined
by:
d
S 0 (=pq O
2 <mZ a%>

p,g=1 axf"

with the coefficients of the homogenized conductivity matrix M, = (ﬁpq) e oed defined by:
>p,q

N o OX; .
pq pk ) pq
= d
= m§/<’@ ) an
00\ 0! 2000}
pt OU; Xi Pq
Ly [ Km * laz) ayk<y>+< 2 )] dzdy

k=1

(2.88)

!Y! 12|

with the coefficients of the conductivity matrix M, = (ﬁp ¥

: )lgp,kgd defined by (2.74).

Remark 2.8. The authors in [HY09] treated the initial problem with the coefficients mgq de-
pending only on the variable y for j = i, e. Using the same two-scale technique, we found three
systems to solve and then obtained its homogenized model with respect to y which is well defined
in Section 2.3.1. But in the intracellular problem, the coefficients m?? depend on two variables
y and z. Using a new three-scale expansion method, we obtain nine systems to solve in order
to find the homogenized model (2.87) of the initial problem (2.43). Obtaining this homogenized
problem is described in six steps. First, the first five steps help to find the explicit forms of the
associated solutions. Second, the last step describes the two-level homogenization whose the co-
efficients ﬁlfq of the homogenized conductivity matrix 1\7Z are integrated with respect to z and

then with respect to y. Finally, we obtain the homogenized model defined on ).
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2.4. Three-scale Unfolding Homogenization Method

2.4 Three-scale Unfolding Homogenization Method

In this section, we will introduce a rigorous homogenization method based on the unfolding
operator for extra- and intracellular domains and on the boundary unfolding operator defined
in Subsection 2.4.1. The aim is to show how to obtain the macroscopic model from the meso-
microscopic bidomain model. First, the weak formulation of the meso-microscopic problem is
written by another one, called "unfolded" formulation in Subsection 2.4.2 and 2.4.3, based on
unfolding operators. Then, we can pass to the limit as € — 0 in the unfolded formulation using
some a priori estimates and compactness argument to obtain finally the macroscopic bidomain
model (see Subsection 2.4.4).

2.4.1 Unfolding operator and some basic properties

In this part, we give the definitions for the concepts of unfolding operator defined on the
domain Q7 := (0,7) x 2 and on the membrane I'Y, := (0,7") x I'Y. Further, we recall some
properties and results related to these concepts used in our paper. For the reader’s convenience,
we recall the notion of the unfolding operator. The following results can be found in [CDZ07;
CDG18].

In order to define an unfolding operator, we first introduce the following sets in R (see Figure
2.3)

o =. ={keZ elky+Y) CQ}, where kp := (k 07, ... kal5),
o =5 =1{k €Z% §(kj, + Z) C Q}, where ki, = (kjmic ... kLemic),

o () = interior { U (¢ +Y)},

£€8e

. Qj =interior { U (£ +Y))}, 7 =1,e,

[3S=

o (% —interior { U (¢ + Y, Y’ = interior { U 0(C + Z)},
EEE, CEEs

o I.={yelv:yec O}

o AT =0\ Qe
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o Q5. =(0,7) x O,
¢ 00 =(0,7)x %, Qs =(0,T) x €,

o A5 =1(0,T) x A®.

Ais,a
- Q
EA:_

Created in BioRender.com bio

Figure 2.3 — The sets Q5°, 2, A% and A:.

Forallw € R? let [w]y be the unique integer combination of the periods such that w—[w]y €

Y. We may write w = [w]y + {w}y for all w € RY, so that for all ¢ > 0, we get the unique

xzs({f] —|—{£} ),foralle]Rd.
Ely ey

Based on this decomposition, we define the unfolding operator in extra- and intracellular

decomposition:

domains. Note that the meso-microscopic bidomain model contains a dynamical boundary sys-
tem at the interface of these two regions. We need also to define the unfolding operator on the
boundary I'., which has been developed in [CDZ06; Cio+12]. To do that, we suppose that I'Y
has a Lipschitz boundary.

Definition 2.2 (Domain and boundary unfolding operator).
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2.4. Three-scale Unfolding Homogenization Method

1. Forany function ¢ Lebesgue-measurable on §); 1 := (0, T') x ) (the intracellular medium

at mesoscale), the unfolding operator T is defined as follows:

T (2.89)

where -] denotes the Gau3-bracket. Similarly, we define the unfolding operator T on the
domain S 1 := (0,T) x QF. We readily have that:

Vo € RY Ti(¢) <t, x, {i}y) = ¢(t, x).

2. For any function @ Lebesgue-measurable onI'. p := (0,T") x I, the boundary unfolding

operator T2 is defined as follows:

© (t,a [ﬂ + 5y> a.e. for (t,x,y) € Q5 x I'Y,
(P)(t,z,y) = ely
0 a.e. for (t,x,y) € A7 x IT'V.

T2 (2.90)

The following results summarizes some basic properties of the unfolding operator and we
refer the reader to [CDZ06; Cio+12] for more details.

Proposition 2.1 (Some properties of the unfolding operator).

1. The operators T? : LP (QjT) — LP(Qr x Y;) and T2 : LP(T.p) — LP(Qr x I'Y) are

linear and continuous for p € [1,4+00) and j = i, e.

2. Forevery u,u’ € LP (QjT

N——

and v,w € LP (I'. r) it holds that
T2 (u) = T2 (w)T2 (W) and T2 (vw) = T2 () T2 (w),

withp € (1,400) and j = i, e.

3. Foreveryu € L* (QjT) , the following integration formula holds for j = i, e

1
m Qxy; u(t, z) dv —/ u(t, z) d.

A

T (w)(t,,y) dedy = | / ult,2) do= |

e e
J J

101



Chapter 2 — Three-scale Homogenization Method Applied To Meso-Microscopic Bidomain Model

4. Foreveryu € LP (Q;T) ,p € [1,400), we have for j = i,e

5. Foreveryv € L'(T'. 1), we have the following integration formula:

72 (u)

= |y
)

1
ulg] Sl
J J

LP(QxY;

Lr(05)

1
m QxTIY 7?(1))(15, T y) dIdO'y - /fg U(t; x) do,.

6. Foreveryv € LP(T'. ) withp € (1,400), one has:

7. Foru € LP (O, T; Whe (Qj)) , with p € [1,+00), it holds that

= Y ol < YT o

T2 (v)

LP(QxTY) HLP(fE) ||LP(I‘€) :

vy,]:*j (u) (t7 Z, y) = 57? (vzu> (ta z, y)
with j =1, e.

8 Let ¢° € LP(0,T; WP (Q)) with p € [1,400) and j = i,e. If ¢° — ¢ strongly in
LP (0, T; WP (Q)) as € tends to zero. Then, one has

7;j(¢6) v ¢ strongly in LP(Qr x Yj),
E—>

7;b(¢a) j; @|rv strongly in LP(Qp x TY).

9. Forevery ¢ € D(Qp x TY) and v € W11(0,T; LY(T.)), the following integration by
parts holds:

T . ) T . )
/0 /Qxl“y 7:: (8t'¢>7; (QO) d$d0ydt - _/0 /ery 7; (¢)7; (atgp> d&ldaydt.

Remark 2.9. Note that the last property (which is not listed in [CDZ06; Cio+12]) is a direct
consequence of the integration by parts formula and the integration formula in property (5) of

Proposition 2.1.
Remark 2.10. [fu; € L? (0, T, Wl’p(Qi))forp € (1,+00), T2 (u;) is the trace on 1Y of T (u;)
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2.4. Three-scale Unfolding Homogenization Method

with j = i, e. In particular, by the standard trace theorem in Y}, there is a constant C' such that

72000 < €
P(QpxT'v)

From the properties of T2 (+) in Proposition 2.1, it follows that

This inequality can be found as Remark 4.2 in [Cio+12].

T2 (uy)|[]

LP(QrxY;)

7?(%‘)

+ ||V T2 ()

p
Lr(QrxY;) )

7?(%‘)

p P P P
Lo(@rxry) = ¢ (”uJHL"(Q?,T) T Hvu]”“’(ﬂix)) '

Remark 2.11. Fixj € {i,e}. Suppose that u;; € L* (O, T; H' (Qj)) satisﬁes’
C. Let

£
Uillie o (0g)) =

g5 = uslr. € L*(Te),

be the trace of u$ on I'.. Then, there exists u; € L?(0,T; HY(Q)) (cf. Theorem 2.3) such that,
up to a subsequence, the following hold when ¢ — 0 :

T2(g5) — u; weakly in L* (Qp x I'Y) .

We can prove this remark by following Remark 2.13-(a).
In the sequel, we will define W#p the periodic Sobolev space as follows

Definition 2.3. Let O be a reference cell and p € [1,+00). Then, we define
W#p(O) = {u € W"P(O) such that u periodic with Mo(u) = 0}, (2.91)

1
where Mo (u) = @ /o u dy. Its duality bracket is defined by:

F(u) = (F,u) w10y wieo) = (Fyw)wiso)ywino), Yu € WP (0).

Furthermore, by the Poincaré-Wirtinger’s inequality, the Banach space W#p has the following
norm:

lullyrn o) = 1Vl ooy Yu € W"(O).
L7 (0)
Notation: We denote W;Q((’)) by Hj,(O) forp = 2.

Now we state two important results which are needed to get the convergence for the corre-

sponding unfolding operator, see for e.g Proposition 2.8 and Theorem 3.12 in [Cio+12].
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Theorem 2.3. Let p € (1,4+00) and j = i, e.

L. Suppose that u5 € L” (O, T; Whe (Qj)) satisfies
|u

Then, there exists u; € LP (0, T; W'P(Q)) and u; € L? (O, T; LP (Q, W#p(Yi)» , such
that, up to a subsequence, the following hold when ¢ — 0 :

3
: <C.

p(omwie(es)) =

ﬁj(uj) — u; weakly in L? (O,T; L» (Q, W“’(Y}))) ,
T2 (Vus) = Vu; + Vi weakly in LP(Qg x Y;),

with the space W ,* defined by (2.91).

2. Suppose that v. € LP(I'. 1) satisfies
glf? ||Ue||Lp(FE,T) <C.

Then, there exist v € LP (Qp x I'Y) such that, up to a subsequence, the following convergence
hold when ¢ — 0 :
T2 (v.) — v weakly in LP (Qp x T'Y).

Composition of unfolding operators

In the intracellular problem, since the electrical potential uf"s depends on the mesoscopic
variable y and the microscopic one z so we will define a composition of two unfolding operators.
In this section, we compose unfolding operators with the following convention:

Any unfolding operator acts on the two last variables of a function. Herein, we will state the result
for a composition of two unfolding operators (see [MVS05]). Let Y and Z be two reference cells
(see Figure 2.2). For £, > 0, with § < ¢, the unfolding operators 7' and 7 are respectively

associated to Y; and Z.. The unfolding operator 7 is defined on {25 x Y; as follows:

y ~
Y (t,x,é {} + 52) ae. for (t,z,y,z) € Q5 xY; X Z,,
()t 2, y,2) = 01z

0 ae. for (t,z,y,2) € A5 xY; x Z,,

Ts (2.92)
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2.4. Three-scale Unfolding Homogenization Method

for any function 1) Lebesgue-measurable on (0,77) x Qf’6 x Y.

First, we define the composition of the unfolding operators associated to Y; and Z, as follows:

z Y

, olt,e|—| +ed|=

T (T0) (t2.y.2) = (el2], veol3),

0 ae. for (t,x,y,2) € AT xY; x Z,,
(2.93)

+ 652) a.e. for (t,z,y,z) € QET xY; x Z,,

for any function ¢ Lebesgue-measurable on (0,7) X Qf’a.
We see immediately that for all € 2 and for any ¢ Lebesgue-measurable on (0,7") x Qf"s,

we have:

X

T () [t {2} Q — o(t,).

z
Next, we also have some properties for this composition of unfolding operators (see [MVS05]

for more details).

Proposition 2.2. For p € [1,+00), the operator Ts (T2(+)) is linear and continuous from
Lp (Qf%) to LP(Qp X Y; x Z). Moreover, the following formula holds:

1. For every u,u’ € LP (Qf%) , it holds that Ty (T (uu')) = Ts (T2(u)) Ts (TZ(W)) with
p € (1,400).
2. Forevery ¢ € L' (er_‘;) , the following integration formula holds

i M T 2 s = [ 00,0

i

3. Foreveryu € LP (Qf;) , we have

|75 (T (w)

1 1
= Y]z

1 1
u]lﬁ?a < ‘Y‘ /r ‘Z‘ /e HUHLP(Q?‘S) :

LP(QXY; X Z. Lp(ﬂg,é)
4. Foru e L7 (0,T; W' (95°)) with p € [1,+00), it holds that

VT (T (w) = 0T5 (V, T2 (w)) = 20T (T2 (Vo))
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5. Letp™° € LP (Qp) withp € [1,+00). If =° - @ strongly in LP (Qr) , then T (7?(905’5)>
e—
¥ strongly in LP(Qr X Y; X Z.).
E—

Finally, we end by stating the main convergence result which proved as Theorem 4.1 and
Theorem 6.1 in [MVSO05] (see also Theorem 5.17 in [Cio+12]):

Theorem 2.4. Let {u°} be sequence in LP (0, T; Wte (Qf‘s)) forp € (1,400), satisfies
u

Then, there exist u; € LP (0,T; W'?(Q)),u; € L? (O,T; Ly (Q, W;p(yg))) and
u; € L (O, T;L? (Q x Y;, W;;p (ZC))) , such that, up to a subsequence, the following conver-

gences hold as € goes to zero:

£,0
7

<C.

Le(0,T;wie(Q50)) —

1. 75 (ﬁ’(ufé)) — u; weakly in L? (0,T; LP (2 x Y; x Z.)),
2. Ts (ﬁ’(Vuf‘s)) — Vu; + V,u; + V.u; weakly in LP(Qr X Y; X Z.),

with the space W#p is given by the expression (2.91).

2.4.2 Intracellular problem

Our derivation bidomain model is based on a new three-scale approach. We apply the com-
position of unfolding operator 75(7.(-)) in the intracellular problem to obtain its homogenized

equation. Recall that uf"; the solution of the following initial intracellular problem:

=~V (MV) =

0
_M?évuia "Ny =¢& (atvs + Iion<Us> ws) - Iapp,z—:) =7, on Fz—:,Ta (2.94)
Ow. — H(v.,w.) =0  onT'.rp, .
0

»6 76

where the intracellular conductivity matrices M° = (m?

(3

)1<p,q<a defined by:

M) = M (2,2

> , a.e.on RY,
)

satisfying the elliptic and periodic conditions (2.4).
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The problem (2.94) satisfies the weak formulation (2.10). Since Z;,,, (ve, we) = Ij jon(ve) +

I3 ion(we), we can rewrite the formulation (2.10) as follows:

// g0 p; doydt + // S MV - Vi, dadt
FEVT Qf,’T

[ Mionlv)pn dosdt + [ elaion(w.)i dorsdt (2.95)
FE,T Fe,T
- / / Ty doadt.
FE,T
We denote by F; with ¢ = 1, ..., 5 the terms of the previous equation which is rewritten as

follows (to respect the order):

E1+E2+E3—|—E4:E5.

""Unfolded" formulation of the intracellular problem

The unfolding operator is used below to unfold the oscillating functions such that they are
expressed in terms of global and local variables describing positions at the upper and lower
heterogeneity scales, respectively. Using the properties of the unfolding operator, we rewrite the
weak formulation (2.95) in the "unfolded" form.

Using the property (5) of Proposition 2.1, then the first term is rewritten as follows:
E, = //A 0. p; do.dt + // €0 p; dodt
1—‘s,T FEYTI'_‘IA%

1 ) ,
Y| ///QTXW T2 (000:)Te (pu) dudoydt + Ie rNAS, SOwepido

= J 1 + Rl.
Similarly, we rewrite the second term using the property (2) of Proposition 2.2:
5= ] TN T(T (Vi DT (T2 (Vi) dadydzdt
|Y| |Z| QT><Y><ZC
+ / / MUV - Vi dadt
Aot
= JQ + R2
Due to the form of Ij ;,,, we use the properties (2) and (5) of Proposition 2.1 to obtain
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T2 (Teion () = Tkion (7;”()) for k = 1,2 and we arrive to:

1
Feo= — /// b I ion (Ve i dxdo,dt // I jion\Ue )5 d xdt
; |Y| QTXFy‘zs (It ion (ve)) 76 (i) dedo,dt + Fpons ely ion(ve)p; do

|Y| ///Q T Il ,ton )) Eb((pi) dxdo'ydt + //1" S 811’1-0”(1)5)901- dUIdt
T e, T T
= J3 + Rg

1
E4 vl /// 7:3b(12 ion(wf))tb(gpi) dxdo—ydt + // é?12 ion(we)gpi dO’mdt
|Y| Qp xT'Y ’ T, 7NAS, )

,zon b 7 d d dt // I on € ) d mdt
\Y\ ///QTxl"y 2 )> = (i) dudoydt + 1“5,TmA€T5 2,ion (W) pi do
= J4 + R4

bs = |Y| ///QTxFy appE 7; ((‘0‘) dxdaydt + //E - EIapp cp; dogdt

= J5+ Rs

Collecting the previous estimates, we readily obtain from (2.95) the following "unfolded"

formulation:
V] ///QTW (Opv:) T2 (5) ddordt
IYI |Z] ////QTXszC T (M) (T (Vi) T T2 (Vi) dadydzd
|Y| / / /Q oy Lo T (v.)) T (1) dwdo, dt (2.96)

|Y| //L xTY L, ston w’f)) Tb(gpz) dﬂ?daydt
= m ///Q o 7;”(Iapp,s)7;b(gpi) drdo,dt + Rs — Ry — R — Ry — Ry
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Similarly, the "unfolded" formulation of (2.11) is given by:

Illfl / / /Q oy PO TH6) dudodi

- ’;, JI L HOT2 0, T ) T26) dedaydt

= —¢ // Oyw.¢ do,dt + ¢ // H (v, we)¢ do,dt
FgﬁTﬁA% ngTﬂA%

= R6+R7

(2.97)

The intracellular homogenized model has been derived using the unfolding homogenization
method at two-levels. The first level homogenization concerns the asymptotic analysis 6 — 0
related to the electrical activity behavior in the micro-porous structure situated in Qf’é. At the
second level homogenization, the asymptotic analysis € — 0 is related to the electrical activity
behavior in the mesoscopic structure situated in Qf"s. Since § < e, we pass to the limit directly

in the unfolded formulation when € — 0.

Convergence of the '"Unfolded'' formulation

In this part, we establish the passage to the limit in (2.96)-(2.97). First, we prove that:
Rl)"' aR7—>Oa
e—0

by making use of estimates (2.13)-(2.16). So, we prove that R — 0 when ¢ — 0 and the proof

for the other terms is similar. First, by Cauchy-Schwarz inequality, one has

1/2
2
Lz(Qf;) <//Af§ Vil dxdt) ‘

— 0and Vg, € LQ(Q?‘S). Consequently, by Lebesgue domi-

Ry = //A(; ME (2) Vs - Vi, dadt < “Mf’5Vu§’5
i,T

€,0
Ai

nated convergence theorem, one gets

In addition, we observe that

//AM IVei|> =0, ase — 0.

Finally, by using Holder inequality, the result follows by using estimate (2.14) and assumption
(2.4).

Let us now elaborate the convergence results of .J;, - - - , J5. First, we choose a special form
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of test functions to capture the mesoscopic and microscopic informations at each structural level.

Then, we consider that the test functions have the following form:
o0 = Wy (t, @) + Uy (¢, 2) D5 () + 6 Wy (L, ) D5(2)0% (2), (2.98)
with functions ®5 and ©° defined by:

x T
Di(z) =Dy (=), fork=1,2 &0 (g) = <>
() k<€), ork=1,2and ©°°(x) = © =)

where W;, Wy, are in D(Qr), $y in Hy(Y;) for k= 1,2 and © in H}(Z.). We have:
Ve = V0, 4+ UV, 5 + U,05V,0%° + eV, 0,85 4 20V, Uy 05070 + §T,V, 0507,

Due to the regularity of test functions together with property (8) of Proposition 2.1 and property
(5) of Proposition 2.2, there holds:

Ts (T’( ;,5)) — W, strongly in L? (Qp x Y; x Z,),
T (U, 95) ) — Wy (t, 2)®,(y) strongly in L? (Qr x Y; X Z,),
P50) ) — Wy(t, 2)Po(y)O(2) strongly in L? (Qr x Y; x Z,),

\I/
Ts (T2 ( )) — VU, + UV, @) + UydyV, 0 strongly in L (Qr x V; x Z,),
T2(o5°) — W, strongly in L?(Qp x T'Y).

Next, we want to use the a priori estimates (2.13)-(2.16) to verify that the remaining terms
of the equations are weakly convergent in the unfolded formulation (2.96)-(2.97). Using es-
timation (2.14), we deduce from Theorem 2.4 that there exist u; € L?(0,T; H*(Q)), 4; €
L2 (o, T; L2 (Q H#(Y,-))) and i; € L2 (o, T; L2 (Q x Y, H;#(Zc))) such that, up to a subse-
quence, the following convergences hold as € goes to zero:

Ts (T2 (u2%)) — u; weakly in L2 (0, T; L* (Q x Y x Z)).

£

Ts ( ;(Vug";)) — Vu; + V,i; + V. u,; weakly in L*(Qr x Y; X Z,),
with the space H# is given by (2.91). Thus, since 7T (7;“ (Mf‘s)) — M; a.ein 2 xY; X Z., one
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obtains:

11
Ty — / / / / M; [Vau; + Vs + Vi) [Vo i + U1V, 8 + Uy®,V. 0] dedydzdt.
‘Y‘ |Z| QTXY;ZXZC

Remark 2.12. Since u; is independent of y and z then it does not oscillate "rapidly". This is
why now expect u; to be the "homogenized solution". To find the homogenized equation, it is

sufficient to find an equation in ) satisfied by u; independent on y and =.

Furthermore, we need to establish the weak convergence of the unfolded sequences that cor-
responds to v, w. and Z,,, .. In order to establish the convergence of 7;1’(8,51)5), we use estimation
(2.16) to get

1/2 1/2
| sty < €IV 10y < C.

So there exists V' € L?(Q7 x T'Y) such that 7°(9,v.) — V weakly in L?(Q7 x T'V). By a classical
integration argument, one can show that IV = 9,v. Therefore, we deduce from Theorem 2.3 that

7?((9151)5)

T2(dv.) — O,v weakly in L*(Qp x T'Y).

Thus, we obtain

71 b b 1
N e)Te (i) dwdoydt 7/// U, dado,dt.
Ji |Y| ///QTXIW 7; (8tv )7; (90 ) TA0,al —» ‘Y‘ S OV xdoy,

Remark 2.13. (a) We observe that the limit v coincides with u; — u.. Indeed, it follows that,
by using property (5) of Proposition 2.1,

€ // Ve dogdt = ¢ //A Ve dogdt 4 € // Ve dodt
Ter Ter b FE,TQA%’

1 b b
_ b ] ddo, dt // - dodt
T e T T) dudoyt + [ o
= J€+R€7

for all p € C*(Qr). We can similarly prove that R. — 0 as in the proof for the terms
Ry, ..., R; when ¢ goes to zero. Then, it sufficient to prove the convergence results of .J.
when &€ — 0. On the one hand, to establish the convergence of T2 (v.), we use estimation
(2.15) to get

172 (v2)

1/2
L2(QpxT'v) < gl |Y| / HUaHLQ(FE’T) <C.
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So, we deduce from Theorem 2.3 that there exists v € L*(Qp x T'Y) such that
T2 (v.) — v weakly in L*(Qp x T'Y).

Therefore, we obtain

9= 77 o Tttt = g I vt

On the other hand, since v. = (u — u) |r. . and due to the fact that T?(uS) is the trace

on TV of T7(u5) for j = i, e (consult Remark 2.10), we can rewrite J. as follows

o= 57 [, PRI o
= |;| / / /QTW T ((u§ = uf) |r.., ) T2 () dado,dt
- Dl/\ ///QTXF_U (7? (uj) =7 (Ui)> lorxrs T2 () dado,dt.

Now, by using Theorem 2.3, there exist u; € L*(0,T; H'(Q)) such that T? (u5) — u
weakly in L* (0, T; L* (Q, H(Y}))) , for j = i, e. Thus, we deduce

I = m///wry o) lapxrve dedo,dt.

Herein, we used the integration formula of the operator T? in the first step and exploited

that v is independent of y and v coincides with u; — u. in the last step. This prove Remark
2.11 for ve = (u§ — ul)|r..

(b) Moreover, since we have assumed that the initial data v ., Wy . in (2.3), are also uniformly
bounded in the adequate norm (see assumption (2.8)). Therefore, in the same way as the
previous proof (a), using again the integration formula (3) of the operator T2, we know

that there exist vy, w)y € L*(Qr x T'V) such that, up to a subsequence,

6//1“5 V@ dog — ]Y]| / V¢ dzx,

e/rg Wy ¢ doy, — |Y|| / wo¢ dz,
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1 1
forall p € C=(Q), where vy = ]Fy]/ru vy doy, and wy = \Fy\/ry wy doy,.

(c) Finally, one can pass to the limit in the normalization condition defined by (2.9) to recover
a condition on the average of u. (the limit of T*(u%)) and we get the following equation,
forall p € C°([0,T)),

O:/OT </qu2d93>g0dt:‘Yl‘/OT(/Qxyeﬁe(u@dxdy>tpdt+/f </Aguidx>gpdt

Y,| (T
— 0= ||Y|| A (/Q uedx> @ dt,

where the second term in the previous equality goes to zero as the proof for the terms

Ry, ..., R; when ¢ — 0. This implies that we have, for almost all t € [0,T],

(t,2)dz = 0.

Now, making use of estimate (2.13) with property (6) of Proposition 2.1, one has

Then, up to a subsequence,

T2 (we)

1/2 1/2
L2(QT><Fy) S € |Y| HwEHLQ(FE’T) < C

T2 (w,.) — w weakly in L*(Qp x I'Y).

So, by linearity of Iy ;,,,, we have:

1 1
= Lyion (T2(w.)) T2 (;) dxd dt—>—/// Ly ion (W) V; dado,dt.
J4 |Y| ~///QT><FU 2, ( 5 (’UJ )) e (SO ) Taoy |jr| p xT® 2, (U)) Taoy

Similarly, we can prove the convergence of T(Z,,, ), by using assumption (2.7), to get

So we can conclude from Theorem 2.3 that there exists Z,,,0 € L*(27 x T'?) such that

7;b (Iflpp75)

1/2 1/2
L2(Qr xTY) < e Y] / ||Iapp’€||L2(Fs,T) =C

T2 (Zappe) — Lappo Weakly in L2 (Qp x TY).
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Thus, we obtain the following convergence:
Js = 1/// T2 (Zappe) T2 (03) dadorydt — |Fy|// T, U; dvdt
|Y| Qp xI € app,e) ’e ? Yy |Y| Qr app =1 )

where Z,,, = ‘Fly‘ [, Zumwo oy,

It remains to obtain the limit of .J5 containing the ionic function I, ;,,,. By the regularity of ;,
it sufficient to show the weak convergence of I ;,,, (7;”(1)6)) t0 Iy jon (v) in L*(Q7 x V). Due to
the non-linearity of I, ;,,, the weak convergence will not be enough. Therefore, we need also the
strong convergence of 72 (v.) to v in L?(Qr x ') by using Kolmogorov-Riesz type compactness
criterion B.1. Next, we prove by Vitali’s Theorem the strong convergence of I ;,, (7?’(1;5)) to
Iy ion(v) in LY(Qr x TY), Yg € [1,r/(r — 1)) with r € (2, 400).

To cope with this, we derive the convergence of the nonlinear term I, ;,,, in the following theo-

rem:

Theorem 2.5. The following convergence holds:
T2 (v.) — v strongly in L*(Qp x TY), (2.99)
as € — 0. Moreover, we have:
L1 ion (7?’(2}5)) — Iy ion(v) strongly in LY(Qp x I'Y), Vg € [1,7/(r — 1)), (2.100)

as s — 0.

Proof. In the case of elliptic problems where no time variable is involved, this compactness
result will be closely related to Theorem 5.2 in [CD12] in which the nonlinear function I ;,,
satisfies the same conditions of the nonlinear term A (see also Theorem 6.1 in [CDZ07]). In our
case (when the time variable is present), we follow the same idea to the proof of Lemma 5.3
in [Ben+19]. The proof of first convergence (2.99) is based on the Kolmogorov compactness
criterion, which is recalled for the convenience of the reader in Proposition B.1. It is carried out
in three conditions:

(i) Let A C €2 a measurable set. We define the sequence {v5 }.~0 as follows:
v5(ty) = / T2(v.)(t,z,y) do, forae.t € (0,T), y € I'V.
A

It remains to show that the sequence v € L? (O, T; H'/? (Fy)) is relatively compact in the space
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L?(0,T; L*(TY)) . Since the embedding H'/?(T"¥) — L?(T"¥) is compact, we have to show first
that the sequence v, is bounded in L2 (0, T; HY/2(T')) \ H* (0,T; L*(I)) .

We first observe that

2
doy

o8lnsn = [, |, 0t y) do

2
T2t 2, y1) = T2t 2, 10)|
+ / / | dxdoy, doy,
Tvxtv /A Y1 — vl

2 2
= Vallza oy + 104l 20

With Fubini and Cauchy-Schwarz inequality and the a priori estimate (2.13), one has

T
Ally <€, L
loiliap <€ [ [

< c|veu

T2 (0.)(tx,y)| do,dadt

<C.

L? (FE,T) o

/

/2 . : : -
Next, we need now to bound the H,’“ semi-norm. Since v. = (ui — uZ) |I'., we use again Fubini

and Jensen inequality together with the trace inequality in Remark 2.10 to obtain

7?(?)5)

2
13/(rw) dwdt}

+ &? HVuf";

e 112
<
ol < €| [

Hence, integrating over (0,7") and using the a priori estimates (2.14), we have showed that the
sequence v5 is bounded in L2 (O, T; H1/2(Fy)> :

2
L2(Q°

<C

us,é 2
7 .2 (Qf,d)

2 2
. gl 2 ey + €2 IVUEl 208 | -

By a similar argument and making use of the estimate (2.16) on £'/20,v., we can also show
that
||8tvf4||L2(F§ﬁ) <C

Finally, we deduce that the sequence v is bounded in L? (0, T; Hl/Z(Fy)) NH (0, T; L*(TY))
and due to the Aubin-Lions Lemma the sequence is relatively compact in L? (0, T; L*(T')) .

(ii) Due to the decomposition of the domain (defined in Subsection 2.4.1), €2 can always be
represented by a union of scaled and translated reference cells. Fix ¢ > 0 and let £ € =, be an

index set such that

O = U e(ke+Y), with kp := (k1 07, ... kalg®).

kEE:
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Note thatz € e(k,+Y) & [ﬂ = ky. For every fixed k € =, we subdivide the cell e(k, +Y)
€ly
into subsets ¢ (k, + Y)? with o € {0,1}¢, defined as follows

)
THeq s
elke+Y) :=Cx€elky+Y):¢ % =elke+o)yp,

Y
foragivenh € R4 Ttholdse(k,+Y)= U e(k +Y)°.
OG{U,I}d

We use the same notation as in Proposition B.1. Now, we compute

2

|7 T2 (0e) = T2 (ve)

= [T ) = T

L2((0,T)x 0k xT) L2((o, T)X(QhﬂQE)xFy)

+ T2 we) — T2

L2((0,T)x(Q}\Q=)xI'v)

= E'. + E},

Proceeding in a similar way to [Dob15; NRJO7], we first estimate Efg using the above decom-

position of the domain as follows:

o= ' z+h B T
N A A s A R G E )
h
= ve | T, k+a+[] )—i—ey)—vg(t,gk + ey)
kg G%}d/ /ke-i-Y ( (‘5 el, ¢
h
Z Z / /kg—‘rY) /FU Ve <t75 <k€+0'+ [8‘|Y> +5y> — V¢ (t’5k£+€y>
h 2
T”&<t$+€<0+[ ] ),y>—7?’va(t,x,y)

k€Ee 5e{0,1}¢
do,dxdt,
which by using the integration formula (6) (for p = 2) of Proposition 2.1 is equal to

> Lk
|Y|/ / %(twe(ﬁm ))—Ug(t,x)

oe{0,1}¢
o0, 1}d
For a given small v > 0, we can choose an ¢ small enough such that

2
do,dxdt

2

doydxdt

2

do,dudt

IN

IN

2

do,dt.

< 7.

[h
Eo+¢e|—
€

Y
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h

This amounts to saying that in order to estimate £} _,

(€7 |el] < vof

it is sufficient to obtain estimates for given

|ve (t, x + eb) — v, (t, x)uiz((oﬁT)XF&K) : (2.101)

where I'. x = I'. N K with K C 2 an open set.

In order to estimate the norm (2.101), we test the variational equation (2.10) for 7,uS — u
with ¢; = n? (ngu?(; - uf5) and ¢, = n? (Tou — uS) , where n € D(K) is a cut-off function
with0 < n < 1,7 = 1in K and zero outside a small neighborhood K’ of K. Proceeding exactly
as Lemma 5.2 in [Ben+19], Gronwall’s inequality and the assumptions on the initial data give

the following result:

e e (8,24 ) = v (6 D) oiryer ) < C2 1

XFE,K

where C'is a positive constant. Then, we obtain by using the previous estimate
El.<C (b +e¢). (2.102)

Hence, we can deduce that Efe — 0 as h — O uniformly in €, as in [GNRK16]. Indeed, to prove
that
Vp > 0,3p > 0 such that Ve > 0, Vh, |h| < p = E. < p, (2.103)

one identifies two cases:

P

(a) For0<5<%:takeu:20

for |h| < p.

, then, from (2.102), we get that condition (2.103) holds

1
(b) For P < 2 < 1: we consider sequences ¢ of the form ¢, = —, k € N, there are

2C
finitely many elements ¢, in the interval (3%, 1) and for each e, I = p(ex) such that
Vh, |h| < g, condition (2.103) holds, due to the continuity of translations in the mean of

L?-functions. Thus choosing ;1 = min{ £, yu,}, property (2.103) is proved.

It easy to check that

2
L2((0,7)x (2\Q#) T

2

hoo_ b
Fae = HT’ﬂ; (ve) L2((0,T)x (23\Q)xT'w) *

) = [T )
Hence, we can deduce that EQE — 0 as h — 0 uniformly in ¢. Indeed, to prove that

Vp > 0,3p > 0 such that Ve > 0, Vh, |h| < p = E}. < p, (2.104)
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one identifies two cases:

(a) For e small enough, say ¢ < &g, 2, C Q¢ then Egﬁg =0.

(b) For g < ¢ < 1 : we consider sequences ¢ of the form ¢, = l, k € N, there are
finitely many elements ¢, in the interval (£¢, 1) and for each €, Ju = p(ex) such that
Vh, |h| < g, condition (2.104) holds, due to the continuity of translations in the mean of
L?-functions. Thus choosing 1 = min{ }, property (2.104) is proved.

This ends the proof of the condition (ii) in Proposition B.1.

(iii) The last condition follows from the a priori estimate (2.15). Indeed, we have:

T
b o,

The conditions (i)-(iii) imply that the Kolmogorov criterion for 7°(v.) holds true in L?(Q7 x T'¥).
This gives (2.99).

Next, we want to prove the second convergence. Note that from the structure of I ;,,, given

2
rdxdt>r <O\,

7? (v2) 7? (ve)

2 r—2
drdt < |0\ Q|7 (/
Qr

by (2.6) and using property (2) of Proposition 2.1, we have
T2 (Twion(ve)) = Twion (T2 (ve))

Due to the strong convergence of 7 (v.) in L?(Qr x T'Y), we can extract a subsequence, such

that 72(v.) — v a.e. in Qp x T'Y. Since I} ;,, is continuous, we have
Il,ion (tb(ve)) — Il,ion(v) a.e. in QT x Y,

Further, we use estimate (2.15) with property (6) of Proposition (2.1) to obtain

Hence, using a classical result (see Lemma 1.3 in [Lio69]):

<C.

LD r) =

T2 (I ion(ve))

8(T_l)/rll,ion (Ue)

(r=1)/r
Lr/(rfl)(QTXFy) S |Y|
Tion (T2(ve)) = Ty ion (v) weakly in L7/ D(Q x T¥).

Moreover, we use Vitali’s Theorem to obtain the strong convergence of I ;,, (7?’ (vg)) to Iy jon(v)
in LY(Qp x TY), Vg € [1,r/(r — 1)). O

Finally, collecting all the convergence results of Jy, ..., J; obtained above, we pass to the
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limit when € — 0 in the unfolded formulation (2.96) to obtain the following limiting problem:

Yy
\|1;/|\ OyoV,; dxdt
Qr
+ ——//// [vm VY, Vo] Vel + UV, 0+ Ua®,V,0] dedydzdt
|Y| ‘Z‘ QrxXY;XZe
|F |

I ion (0) 0 dedi + 2 / Ty jon (w) W, dadt
|Y| // |Y|

||
=5 // ToppVs ddt

(2.105)
Similarly, we can prove also that the limit of (2.97) as ¢ tends to zero, is given by:
T e dudt // )6 ddt = 0, (2.106)
— we drdt — (v, w)¢ dxdt = .
Y] Jor ™ IYI

2.4.3 Extracellular problem

The authors in [Ben+19] have applied and developed the two-scale unfolding method estab-
lished by Cioranescu et al. [CDZ06] on a problem defined at two scales to obtain the homoge-
nized model (see also [CDGO8; Cio+12]). Whereas for the intracellular domain, we develop a
three-scale approach applied to the intracellular problem to handle with the two structural levels

of this domain (see Subsection 2.4.2). We recall the following initial extracellular problem:

e __ s 13
Aui =0 in QF 7,

(2.107)
MEVUE - ne = € (040 + Lion (ve, we) — Lappe) =L, onlerp,

with A. = —V - (M:V), where the extracellular conductivity matrices M2 = (mP9);<, 4<q
defined by:
M:(z) = M, <$> , a.e.on RY,
£

satisfying the elliptic and periodic conditions (2.4).

In our approach, we investigate the same technique used in [Ben+19] for problem (2.107).

So, we unfold the weak formulation (2.10) of the extracellular problem using only the unfolding
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operators 7.¢ and 7 to obtain:

[Y] ///me (0w) T (pe) daedodt
" 17| //Qma 7 (M) T (V) T (Vepe) dardydt

|Y| ///flTxl“y I1 Jion b(Ue)) Th(@e) de‘dO'ydt (2108)

’Y' //A xTv 220” b(w5)> 7?(@6) d-TdO_ydt
= m ///QTxFy ﬁb(zapp,s)’];b(goe) dxdoy,dt + R.—R,—R,— R, - R,

with R}, ..., Ry are similarly defined as R, ..., R in the previous section.
Proceeding similarly for the extracellular problem by taking into account that the test func-

tions have the following form:

0 =V (t,2) + Uy (t, )] (), (2.109)

¥i(r) = & (£)),

where V., ¥, are in D(Qr) and @4 in H;E(Ye). Then, we can prove that the limit of (2.108), as

¢ tends zero, is given by:

with function ®7 defined by:

TY
‘|}/|‘ 0 atU\I[ dxdt + m ///Q Y vue +V Ue} [V\IJ + \II V o ] dIdydt
T TXYe

\Fy\//
Ty son (w) U, dadt + / L1 jon (0) 0, dadt 2.110)
T Y|

]__‘y
||y|| / / Tupp Ve dadt.

2.4.4 Derivation of the macroscopic bidomain model

The convergence results of the previous section allow us to pass to the limit in the microscopic
equations (2.10)-(2.11) and to obtain the homogenized model formulated in Theorem 2.2.

We first derive the macroscopic (homogenized) equation for the intracellular problem. To
this end, we will find the expression of #; and u; in terms of the homogenized solution w;. Then,

we derive the cell problem from the homogenized equation (2.105). Finally, we obtain the weak
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formulation of the corresponding macroscopic equation.

We first take ¥, equal to zero, to get:

1 1

|Y||Z|////9Txyixzc [Vui + Vyii; + V. ] [11V, 01 + Wa®y | dxdydz

(2.111)
Next, to determine the explicit form of wu; so we take ¥, equal to zero. Since u; and u; are inde-
pendent of the microscopic variable z, then the formulation (2.111) corresponds to the following

microscopic problem:

d omP? (0u; Ou,
_vz : szz~z - ‘ . . i an
( W) pgil 0z, (a?/q " axq) "

(Mlvzﬁl + Mlvyﬁl + Mlvxul) N, = 0 on Fz,

(2.112)
u; z-periodic.

Hence, by the z-periodicity of M; and the comptability condition, it is not difficult to establish
the existence of a unique periodic solution up to an additive constant of the problem (2.112) (see
for instance the work of [Bad+21a]).

Thus, the linearity of terms in the right of the equation (2.112) suggests to look for u; under the

following form in terms of u; and 4, :

where 7 ; is a constant with respect to z and each element 6 of 0; satisfies the J-cell problem:

d OmP?
V. MV = > Ty, 2) in Ze.
p=1 8zp
07 y- and z-periodic, (2.114)
M;V.0! - n, = —(M;e,) -n, onI'?
for ¢ = 1,...,d. Moreover, the existence and uniqueness of solution 6 € H 7L(Zc) to problem

(2.114) are automatically satisfied with H} (Z.) is given by (2.91).

Furthermore, we take W, equal to zero to find the form of @; (note that ¢); is now chosen

different from zero). So, we replace u; by its form (2.113) on the formulation (2.111). Then, we
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obtain a mesoscopic problem defined on the unit cell portion Y; and satisfied by u; as follows:

(2.115)

(szyﬁl + szxul) Ny = 0 on Fy,

(mf"

where the coefficients of the first-level homogenized conductivity matrix I\N/Ii = (M )1<pr<d

defined by:

k
P (y |Z\Z/ <m +m? ge ) dz. (2.116)

Remark 2.14. Note that the y-periodicity of M, comes from the fact that the coefficients of
conductivity matrix M; and of the function 0; are y-periodic. Following [BLP11; CD99], it is
easy to verify that the homogenized conductivity tensors of the intracellular M, and extracellular

M. spaces are symmetric and positive definite.

Thus, we prove the existence and uniqueness by using same arguments from Lax-Milgram
theorem (see [Bad+21a] for more details).
Hence, the linearity of terms in the right of the equation (2.115) suggests to look for u; under

the following form in terms of u;:
Uitz y) = Xi(y) - Vaus + to,4(t, ), (2.117)

where 7 ; a constant with respect to y and each element ¥ of y; satisfies the following e-cell

problem:
— d om?*
—V, - (M;V,x* 3 inY;,
Yy ( ) ) fru| 8yp
(2.118)
Mivyxf N, = — (Miek) -n;onI"Y
forey, k = 1,...,d, the standard canonical basis in R?. Since the matrix M, is positive definite,

so we can prove the existence and uniqueness of the solution x¥ € H #(Y;) to problem (2.118).

Finally, inserting the form (2.113)-(2.117) of @; and u; into (2.105) and setting ¥, ¥, equals

to zero, one obtains the weak formulation of the homogenized equation for the intracellular

122



2.4. Three-scale Unfolding Homogenization Method

problem:

. / / O ; dadi + / / MV, - VU; dedt + i, / Lion (0) U, dvdt
Qr Qp Qr

2.119)
+ Lim // L5 ion (W)W, dxdt = py, // LoppV; dadt
Qp

with p,, = |T'Y| / |Y'| and the coefficients of the second-level homogenized conductivity matrix

St [=Ppq .
M; = (m; >1gp,qu defined by:

~ __ ax . )

pq. pk i pq

z = z +mz dy
|Y|k21/ (w5

00F\ Oy? 007
k p@ i Xi pq pl 3
|Y||Z|k£ 1/ /C l( i (925) ayk<y)+ (ml I (925)] dedy

with the coefficients of the conductivity matrix M, = (rTl’-’ k) e red defined by (2.116).
SP,R>

(2.120)

Remark 2.15. Ar this point, we deduce that this method is used to homogenize the problem
with respect to z and then with respect to y. We remark also that allows to obtain the effective
properties at 0-structural level and which become the input values in order to find the effective

behavior of the cardiac tissue.

Similarly, we obtain the second homogenized equation for the extracellular problem:

o / / BV, drdt + / M.V, - VU, dedt + i, / Ty son (w) W, didi

o aor o (2.121)

+ Mm/ Il,ion(”)\lle drdt = ,um/ Iapp\P dxdt
Qp

with p,, = |T¥|/|Y| and the coefficients of the homogenized conductivity matrices M, =
(fﬁpk) defined by:
1<p,k<d

e

k
mPt = ‘Y‘Z/ ( migqay:> dy. (2.122)
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each element y* € H. #(YE) of x. satisfies the following e-cell problem:

d_OmP*
kE\ e
V- (M) = 3 "

in Y.,
(2.123)

M.V, x*-ne. = — (M.e;) -n.on 'Y,

forey, k =1,...,d, the standard canonical basis in R.

Remark 2.16. The authors in [Ben+19] treated the initial problem with the coefficients m?q
depending only on the variable y for j = i,e. Comparing to [Ben+19], in our work the micro-
scopic conductivity matrix M; of the intracellular space depends on two variables y and z. Using
a three-scale unfolding method, we derive a new approach of the homogenized model (2.17) from
the microscopic problem (2.1). Our homogenized problem is described in three steps. First, we
unfold the weak formulation of the initial problem and prove the convergence results of the cor-
responding terms using the properties of the unfolding operators. Next, we pass to the limit in the
unfolded formulation and we find the explicit forms of the associated solutions. Finally, the last
step describes the two-level homogenization whose the homogenized (macroscopic) conductivity

matrix M of the intracellular space are integrated with respect to z and then with respect to y.
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Microscopic Tridomain Model

The structure of cardiac tissue (myocarde) studied in this chapter is characterized at two dif-
ferent scales (see Figure 3.1). At microscopic scale, the cardiac tissue consists of two intracellular
media which contains the contents of the cardiomyocytes (the cytoplasm) that are connected by
gap junctions and the other is called extracellular and consists of the fluid outside the cardiomy-
ocytes cells. Each intracellular medium and the extracellular one are separated by a cellular
membrane (the sarcolemma). While at the macroscopic scale, this domain is well considered as

a single domain (homogeneous).

Capillary Intercalated discs

Desmosome

Mitochondria

Gap junction

Gap junction

Sarcolemma
Endoplasmic

Nucleus Cardiac reticulum

muscle fiber

Figure 3.1 — Cardiac muscle at microscopic level.
https://en.wikipedia.org/wiki/Cardiac_muscle#/media/File:1020_Cardiac_
Muscle. jpg

It should be noted that there is a difference between the chemical composition of the cyto-

plasm and that of the extracellular medium. This difference plays a very important role in car-
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diac activity. On the one hand, the sarcolemma allows the penetration of inorganic ions (sodium,
potassium, calcium,...) and proteins, some of which play a passive role and others play an active
role powered by cellular metabolism. In particular, the concentration of anions (negative ions) in
cardiomyocytes is higher than in the external environment. This difference of concentrations cre-
ates a transmembrane potential, which is the difference in potential at the sarcolemma between
each intracellular medium and the extracellular one. On the other hand, gap junctions allows
the movement of not only inorganic ions but also organic ions such as sugars, amino acids and
nucleotides between two adjacent cells. It provide the pathways for intracellular current flow, en-
abling coordinated action potential propagation. So, the difference of chemical through the gap
junction creates a gap potential, which is the difference in potential between these two intracel-
lular media. This model that describes the electrical activity of the heart, is called by "tridomain
model". The microscopic tridomain model consists of three quasi-static equations, two for the
electrical potential in the intracellular medium and one for the extracellular medium, coupled
through a dynamic boundary equation at each membrane (the sarcolemma). These equations
depend on scaling parameter € whose is the ratio of the microscopic scale from the macroscopic

one. The tridomain model was proposed three years ago [Tve+17; Jaeg+19].

The goal of the present chapter is to investigate existence and uniqueness of solutions of the
triidomain equations, commonly used for modeling the electrical activity of the heart at a cel-
lular level. Furthermore, we will derive, using a formal and unfolding homogenization method,
the macroscopic (homogenized) tridomain model of the cardiac tissue from the microscopic

tridomain problem.

We mention some different homogenization methods that are applied on the microscopic
bidomain model where the gap junction is ignored. First, M. Pennachio and al. [PSFO5] used the
tools of the I'-convergence method to obtain a rigorous mathematical form of its homogenized
model. Furthermore, C. Henriquez and W. Ying applied the two-scale asymptoptic method to
formally obtain the macroscopic model which presented in [HY09]. In [CI18; GK19], the authors
used the theory of two-scale convergence method to derive the homogenized bidomain model.
Moreover, the authors in [Ben+19] proved the existence and uniqueness of solution of the mi-
croscopic bidomain model by using the Faedo-Galerkin method and they applied the unfolding
homogenization method at two scales. Recently, we are developed the microscopic bidomain
model by taking account three different scales and derived a new approach of its macroscopic
model using two different homogenization methods. The first method [Bad+21a] is a formal and
intuitive method based on a new three-scale asymptotic expansion method applied to our meso-

and microscopic model. The second one [Bad+21b] based on unfolding operators which not
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only derive the homogenized equation but also prove the convergence and rigorously justify the

mathematical writing of the preceding formal method.

The main of contribution of the present chapter: The cardiac tissue structure studied at micro-
macro scales. We start by proving the well-posedness of the microscopic tridomain problem by
using Faedo-Galerkin method and L?-compactness argument on the membrane surface. Further,
we will derive the homogenized tridomain model of cardiac electro-physiology from the micro-
scopic one using two different methods. We will apply first a formal approach on the microscopic
tridomain model to obtain its homogenized model based on asymptotic expansion method. Next,
we will derive, using unfolding method, the macroscopic tridomain model from the microscopic
one. The latter method not only makes it possible to develop the homogenized equation but also
to prove the convergence and to rigorously justify the mathematical writing of the preceding
formal method. The homogenization method proposed to investigate the effective properties of
the cardiac tissue at each structural level, namely, micro-macro scales. Moreover, to treat the
tridomain problem in this work, the multi-scale technique is needed to be established in time

domain directly.

This chapter is organized as follows: In Section 3.1, we give a precise description of the ge-
ometry of cardiac tissue and introduce the microscopic tridomain model in the non-dimensional
form featured by scaling parameter ¢ characterizing the microscopic scale. Furthermore, some
assumptions used for homogenization and the existence of a unique weak solution for the micro-
scopic problem are stated and a priori estimates for the microscopic solutions are derived. Section
3.2 contains the main result obtained by the previous homogenization methods. In Section 3.4,
we apply three-scale asymptotic homogenization procedure for extracellular and intracellular
problems. Section 3.5 is devoted to unfolding homogenization procedure. In Section 3.5.1, we
recall the notion of the unfolding operator and the convergence results used for unfolding homog-
enization. The unfolding method applied in the microscopic tridomain problem is explained in
Subsection 3.5.2. Finally, in Subsection 3.5.3, the macroscopic tridomain model is recuperated

from the limit equations obtained in Subsection 3.5.2 and the cell problems are decoupled.

3.1 Geometry. Microscopic Tridomain Model

The aim of this section is to describe the geometry of cardiac tissue and to present the mi-

croscopic tridomain model of the heart.
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3.1.1 Two-scale geometry of cardiac tissue with gap junction connections

We refer the reader to Subsection 1.3.2 where the concept of micro-structure and gap junction

connections has been introduced, also see Figure 3.2.

1 2 Q 1 2
Qje Of¢ Qe Qe —

Figure 3.2 — (Left) Periodic heterogeneous domain 2. (Right) Unit cell Y at e-structural level.

3.1.2 Microscopic Tridomain Model

Before applying homogenization method, we introduce the basic equations of the micro-
scopic tridomain model given in Subsection 1.4.2 without using micro-scaling parameter de-
noted by €. In the next section, a non-dimensionalization analysis, based on this scaling parame-
ter, turns out to be an essential ingredient of the asymptotic analysis. In the non-dimensionalization
procedure, € will appear also in each boundary condition due to the scaling of the involved quan-
tities (see [HY09; CFPS12] for the bidomain case).

3.1.3 Non-dimensionalization procedure

As a natural assumption for homogenization, we want to formulate the tridomain equations
(cf. Subsection 1.4.2) in dimensionless form with the hope to get more insight in the meaning of

the parameter €. We define the dimensionless parameter ¢ as the ratio between the microscopic
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3.1. Geometry. Microscopic Tridomain Model

length /™" and the macroscopic length L, i.e.

gmic
E=——.
L

Using all fundamental material constants, several additional time and length constants can be for-
mulated. For convenience, the macroscopic length is defined as L = VR, Mmic the membrane
time constant 7, is given by:

Tm = RpnCin,

where R,, is the resistance of the passive membrane and \ is a normalization of the conductivity
matrix M, for j =i, e.
After that, we can convert the microscopic tridomain problem into a non-dimensional form by

scaling space and time with the constants, such as,

~

xr=Lxandt = 7,,t.
- , , T : .
We take 7 to be the variable at the macroscale (slow variable), y := — to be the microscopic
€

space variable (fast variable) in the unit cell Y. We also scale the electric potentials for £ = 1, 2:

k ~k ~
u; = 0v Uy, Ue = OV U,

and w* = Sw @F

where dv, dw are respectively the convenient units to measure the electric potentials and the

gating variable. Furthermore, we normalize the conductivities matrices as follows

— 1
Mj = XMJ, forj = 7:,6,

and we nondimensionalize the ionic functions Z;,,, H, the applied current prp, k=1,2, and

the gap current Z,,, by using the following scales:

T (3, 04) = 220, (o4 ), B (0%0°) = 720 (o),

F=auf -1, fork=1,2and s = — a2

i J—

where 0
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mic
Remark 3.1. Recalling that the dimensionless parameter <, given by ¢ := v is the ratio

between the microscopic cell length (™ and the macroscopic length L, i.e. ¢ = {™€/L and
solving for ¢, we obtain ¢ = ——.

R, A

Remark 3.2. Using all scaling parameters, we obtain the dimensionless of gap boundary con-
dition (1.14) as follows

501’2
Crm

(05 + Zyup (3)) = Tup on T

As previously stated, we can consider Cy 5 = C,,, /2 so we rewrite the above equation as follows
£ R ~ R ~
5 (8;5 + Zyap (s)) =75 on Fi%

Cardiac tissue exhibits a number of significant inhomogeneities in particular those related
to cell-to-cell communications. Rescaling the equations (1.10)-(1.14) in the intracellular and
extracellular media and omitting the superscript = of the dimensionless variables, we obtain the

following non-dimensional form:

~V- (MiVuf.) =0 in QF_ 7= (0,T) x QF, (3.1a)

—V - (MiVu.) =0 inQecr = (0,T) x Qe., (3.1b)

U — Uee = 0F onT% = (0,T) x I'%, (3.1c)

—M;Vuf, - nf = MiVue, - n. = I}, onT?t (3.1d)

e (0 + Tign (vF,wk) - 75, ) = I&, onT* ., (3.1e)
ot — H (vF,wl) =0 onT* ., (3.1f)

Ui — Ui =s. on Fi?p = (0,T) x T}?, (3.1g)

—M5Vu,, - nf = MiVu?, -nf =T, on 7, (3.1h)

g (Or52 + Tyap (52)) = L1z onTh2, (3.1i)

with £ = 1, 2 and each equation corresponds to the following sense: (3.1a) Intra quasi-stationary
conduction, (3.1b) Extra quasi-stationary conduction, (3.1c) Transmembrane potential, (3.1d)
Continuity equation at cell membrane, (3.1e) Reaction condition at the corresponding cell mem-
brane, (3.1f) Dynamic coupling, (3.1g) Gap junction potential, (3.1h) Continuity equation at gap
junction, (3.1e) Reaction condition at gap junction.
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Observe that the tridomain equations (3.1a)-(3.1b) are invariant with respect to the above

scaling. We define now the rescaled electrical potential as follows:
x x
uf_(t,x) = uf <t,x, ) , Uee(t, ) == Ue (t,a:, ) ,fork =1,2.
’ € €

Analogously, we obtain the rescaled transmembrane potential v¥, the rescaled gap junction po-
tential s, and the corresponding gating variable w” for & = 1,2. Furthermore, the conductivity

tensors are considered dependent both on the slow and fast variables, i.e. for j = ¢, e, we have

X

M:(z) == M; (:c, 6) : (3.2)

satisfying the elliptic and periodicity conditions defined by (3.4). We complete system (3.1) with

no-flux boundary conditions on Oy 2:
(MfVuf,) -n = (MiVuee) - n =0 on (0,7) x e,

where £ = 1, 2 and n is the outward unit normal to the exterior boundary of ¢2. We impose initial
conditions on transmembrane potential v*, gap junction potential s, and gating variable w” as

follows:

vf(O, x) = vg,s(a:), wf(O, x) = wﬁs(x) a.e.on F’;T, 3.3)
and s.(0,z) = so(x) a.e. on F;’%, .

with k = 1, 2.

3.1.4 Assumptions on the Data

Keeping in mind the two-scale geometry of cardiac tissue (cf Subsection 1.3.2), we list some
assumptions on the conductivity matrices, the ionic functions, the source term and the initial
data:

Assumptions on the conductivity matrices. The rescaled conductivity tensors M5(z) := M; (z, /)

satisfying the following elliptic and periodicity conditions: there exist constants o, 5 € R, such
that 0 < o < 3 and for all A € R¢ :

MA- A > a|A?, (3.4a)
IMGA| < BIAL, (3.4b)
M; y-periodic, for j =1, e. (3.4¢)
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Remark 3.3. Finally, we assume that each M; is symmetric: MJT = M;.

Assumptions on the ionic functions. The ionic current Iion(v , w’“ at each cell membrane

I'* can be decomposed into I, o, (v ) and I} ., ( ) where Z,,, ( ) = Tuion (vk) +
Ipion (wk> with k& = 1, 2. Furthermore, the nonlinear function I, ;,, : R — R is considered
as a C'!' function and the functions Ipion : R — Rand H : R? — R are considered as linear
functions. Also, we assume that there exists € (2, +00) and constants o, ag, a3, oy, a5, C' > 0
and (3, > 0, B2 > 0 such that:

1

— 1ol < Maon (0)] < 1 (Jo] ™" 1), aion (w)] < (] + 1), (3.52)
1
|H(v,w)| < as(|v] + |w| + 1), and Iy jon (w) v — asH (v, w)w > a5 |w|*, (3.5b)
Ta,i(m 10 > Ly ion(V) + B1v + P is strictly increasing with lir% Ta,i,m(v) Jv =0, (3.5¢)
v—
- ~ 1 _
Vo, v" € R, (Ia,ion(v) — Ia,ion(v')) (v—12") > c (L+ o]+ ') 2o =o', (3.5d)

with (v, w) := (vk,wk) fork =1,2.

Remark 3.4. One can easily show that 14,0, (0) = —B2, I}, ;,,(0) = —B1 and 1o ion(v) > —p1
forallv e R.

Remark 3.5. Physiological and phenomenological ionic models are available in Subsection
1.4.3. Here, we take the FitzHugh-Nagumo model [Fit61; NAY62] that satisfies assumptions
(3.5) which reads as

H (v,w) = ayv — byw, (3.6a)
Zion (v,w) = [pv(1 —v) (v —0)] — pw := Taion (V) + Ipion (W) (3.6b)

where a1, by, p, 0 are given parameters with a1,by > 0, p < 0 and 0 € (0, 1). According to this
model, the functions Z;,, and H are continuous and the non-linearity 1, ;o is of cubic growth at

infinity then the most appropriate value is r = 4. Using Young’s inequality, we have

2
[o]* 2 v
lv| < + 5, v < o=

2 o>
|'U|2 < |U‘
3 3

=~ 3 gv

(3.7
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and then assumption (3.5a) holds for r = 4 :

lason (0] = lpo(1 =) (0= 0)] = (50 50+0)) ol + (50 + 51 +0) + 1) [l of"

Tpion (w)| = |p| |w],
|H (v,w)| = |arv — byw| < aq |v] + by |w].

Now, we compute the function E(u,v) := Tyon (w)v — asH (v, w)w defined in R?. So, the

second assumption (3.5b) holds with ay = —— :

E(u,v) = ~w?. (3.8)

Moreover, the conditions (3.5¢)-(3.5d) are automatically satisfied by any cubic polynomial Z;,,
with positive leading coefficient. We end this remark by mentioning other reduced ionic models:
the Roger-McCulloch model [RM94] and the Aliev-Panfilov model [AP96], may consider more
general that the previous model but still rise some mathematical difficulties. Furthermore, the
Mitchell-Schaeffer model [MSO3 ] has been studied in [Bou+08; KM 3] and its regularized ver-
sion have a very specific structure. In particular, no proof of uniqueness of solutions for these

models exists in the literature.

Now, we represent the gap junction I'}* between intra-neighboring cells by a passive mem-
brane:
Zyap(s) = Gyaps, (3.9)

where G o, = is the conductance of the gap junctions. A discussion of the modeling of the

_1
Rgap
gap junctions is given in [HLR92].

Assumptions on the source term. There exists a constant ' independent of ¢ such that the

source term Iam, . satisfies the following estimation for k = 1, 2:

1/27k
app,e

<C. (3.10)

b >
L2(FS,T)

Assumptions on the initial data. The initial condition v{,, so. and w{, satisfy the following

estimation:

<C, (3.11)

Z H 1/7«ng - +H 1/2305 L2 + Z H 1/2w§s L2(rE) =

k=1,2 k=1,2
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for some constant C' independent of . Moreover, v} _, so . and wf _ are assumed to be traces of

uniformly bounded sequences in C*(Q) with & = 1, 2.

Finally, one can observe that Equations in (3.1) are invariant under the change of uﬁe, k =

1,2 and u. . into uﬁa + ¢, Uee + ¢, for any ¢ € R. Therefore, we may impose the following

normalization condition:

/ Ueo dz =0, forae. t € (0,T). (3.12)
Qe,s

3.2 Main results

In this part, we highlight our main results obtained in our paper. First, we define the weak
solutions of the microscopic tridomain model. Next, we find a priori estimates and we supply
our existence and uniqueness results by using Faedo-Galerkin method, compactness argument
and monotonicity.

We start by stating the weak formulation of the microscopic tridomain model as given in the

following definition.

Definition 3.1 (Weak formulation of microscopic system). A weak solution to problem (3.1)-

(3.3) is a collection (u} ., u?_, .., w!, w?) of functions satisfying the following conditions:

1,7 i,E)

(A) (Algebraic relation).

b= (uf;6 - Ue,a)|r’;,T a.e. on FQT, fork=1,2,
(] 2 1,2
se = (u;, — ui’5)|ri,§ a.e.onT 7.

(B) (Regularity).
uf, e L* (O,T; H' (Qﬁs)) . uS e L? (O,T; Hl(Qe,E)) ,
/Q Uee(t,z) dz =0, forae. t € (0,7T),
b e 12 (0,1 B2 (TE)) n L7 (Th7), € (2,400)
se€ L (TH7), whe L?(Thy),
ot € L2 (0,7 H-V2 (TE)) + L7070 (Th, )
Os. € L*(T0F),  Owt € L*(TF ) fork =1,2.
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(C) (Initial conditions).

o4(0,2) = (), wh(0,2) = wh.(x)  ae.onTh,

and s.(0,x) = so(x) ae onT!?.

(D) (Variational equations).

> / / cOpt* doydt + / / Oy U doydt

k=1,2
+ ) / M€Vum Vok dacdt+/ M:Vu, . - Vo, dxdt
k=t te (3.13)
£y / Tian (0, 0E) 0* doadt + 5 / / T pap(52)V dodt
k=1,2

- / / szjjppaw dodt

k=1,2
/ / ke doydt = / / ) ¢ dodt (3.14)

forall g € L2 (0,T; H' (Q4.)) , g € L?(0,T; HY(Q..)) with
o YF =yF — k= (gpf’ — goe) |F'§,T € L? (O,T; H'/? (F’g)) NnL" (FQT) fork =12,
i \I} = \Ijl \112 (‘Pz 9012) ’1"1’% S LZ(FiZ%>7
o b e L*(Th,) fork =1,2.

Remark 3.6. Due to Lions-Magenes theorem (see [BF12] p. 101), the following injection

V= {u € L? (O,T; H'/? (r’f)) NnL' (r’;,T) and dyu € L2 (o,T; H/? (Fk)) + L7/ (F’S,T) }
c C° ([0, T]; LA(T.)) , for k = 1,2
is continuous with r € (2,+00). Then, vf € C° ([O,T]; LQ(FIQ)) for k = 1,2. Therefore, the

initial data of v* for k = 1,2 in Definition 3.1 is well defined. In the same manner, the initial

condition on s. and on wk for k = 1,2 makes sense.

Theorem 3.1 (Microscopic Tridomain Model). Assume that the conditions (3.4)-(3.11) hold.
Then, System (3.1)-(3.3) possesses a unique weak solution in the sense of Definition 3.1 for

every fixed € > 0.
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Furthermore, this solution verifies the following energy estimates: there exists constants
C1, Cs, Cs, Cy, independent of € such that:

Z |veot|;

+H\/_85

<y (3.15)

L (0,T;L2(T%)) L°°(OTL2 L2 (0,T3L2(T:%))

2l

L2(0,1;H(QF,)) + ||L2(0TH1(QeE) Co, (3.16)

Z H 1/'r k Fk < 03 and Z H r— 1)/r1awn( k)

k=1,2 k=1,2

LT/(T—I)(FI;T) S 04 (317)

Moreover, if vk, € HY2(T®) N L"(T'%), k = 1,2, then there exists a constant C5 independent of
€ such that:

Z H\fat“ < Cs. (3.18)

+ Z H\/_atw

+ H\/_é?tsg

L2(rk L2(rk ) L2(rl})

The proof of Theorem 3.1 is treated in Section 3.3.

Finally, based on homogenization methods, we can derive the following homogenized prob-

lem:

Theorem 3.2 (Macroscopic Tridomain Model). A sequence of solutions <u U2 Ug e, W), w?)

187 ZE’

of the microscopic tridomain model (3.1)-(3.3) (obtained in Theorem 3.1) converges as ¢ — 0

L*0,T; HY(Q)) N L™(Q), s = u} —u? € L*(0,T; HY(Q)), oF € L*(0,T;(H'(2))) N
L=1D(Qr), wk € C(0,T; L*(Q)) and ;s € L*(Qr) satisfy the macroscopic problem (Reaction-
Diffusion system):

10 a weak solution (u u? ue,wl,w2> such that uf,u, € L*(0,T; H'(Q)), vF = uf —u, €

Z ROt + V- (M Vue) + Z i ZLion ( ok wk Z Mszpp in Qr,

k=1,2 k=1,2 k=1,2

10t + pgdis — V- (I\A//IZVull) + 1 Zion (V' w') + p1gZgap(s) = 1y, in Qp,

poOpv? — fgOps — V - (I\N/LVUZ2> + poTion (V?, w?) — fgLgap(s) = ,uglgpp in Qrp,
ow® — H(v* wh) =0 on Qr,

(3.19)
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completed with no-flux boundary conditions on u;, U, on O, :
(McVu) 0= (MiVuf) -n =0 on Sg = (0,7) X 0,

and initial conditions for the transmembrane potential v*, the gap potential s and the gating

variable w"

VM0, 2) = v (x), 5(0,7) = so(z) and w*(0, ) = wl(x),

where [, = ‘Fk’ Y], k = 1,2, (resp. p, = |TY2|/|Y|) is the ratio between the surface
membrane (resp. the gap junction) and the volume of the reference cell. Furthermore, n represent

the outward unit normal to the boundary of ). Herein, the homogenized conductivity matrices

M, = (ﬁ?q) L epacd for j = i, e are respectively defined by:
_ Oxi
mP? .— Pq plYAd 2
FP . ’Y’Z/ ( P ) dy, (3.20a)
— 1y / . (3.20b)
o = Dye

where the components X;I' of x; for j =i, e are respectively the corrector functions, solutions of

the e-cell problems:

=V, - (McVyxi) =V, - (Meey) in Y,
X¢ y-periodic, (3.21a)
M.V, X% n.=—(Mee,) - n.on % k=12

=V, - (MiVyx{) =V, - (Myey) in vE,
X7 y—periodic

(3.21b)
M;V,x? nf=—(Me,) - nFonTk k=12
M,V x? - nF = —(Mse,) - n¥ on T12,
foreq q=1,...,d, the standard canonical basis in R4,
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3.3 Existence and Uniqueness of solutions for the microscopic

tridomain model

This section is devoted to proving existence and uniqueness of solutions to the heterogeneu-
ous microscopic tridomain model presented in Section 3.1 for fixed ¢ > 0. The proof of Theorem
3.1 is based on the Faedo-Galerkin method and carried out in several steps:

e Construction of the basis on the intra- and extracellular domains.

e Construction and local existence of approximate solutions.

e Find some a priori estimates of the approximate solutions.

e Existence and uniqueness of solution to the microscopic tridomain model.

We refer the reader to the well-posedness results for weak solutions of the microscopic bidomain
model, established in [BCP09; Ben+19] by using a Faedo-Galerkin technique. See also [BK06;
Bou+08] for a similar approach, based on a parabolic regularization technique.

1

In this proof, we will remove the e-dependence in the solution ( Uj U L Ue e, UF, VZ, 52, W] wE )

for simplification of notation. The demonstration is described as follows:
Step 1: Construction of the basis

We first consider functions ¢, ¢ € C’O(Q .) and we let V{;; denote the completion of C’O(Qfs)
under the norm induced by the inner product (-, >V§ ~ which defined by

(©.6)y: ._/ o dm+/ ¢|F12¢|F12d0 fork = 1,2,

where © = ! (¢ ¢|F’g ¢|F§2) ) 6=" (Cg Q~5|F§ QE|F;2) :
Similarly, for functions ¢, ¢ € Cl(ﬁia) and we let V}; denote the completion of Cl(ﬁia)

under the norm induced by the inner product (-, -)sz ~which defined by

(©.0)y; ._/ MEV 6 - v¢da:+/ Slre s da—l—/ Vst Ve do

+ /1“1*2 ¢|F§’2¢|F;'2 do + /1“1’2 vri,?gf) . VF§‘2¢ do, fork =1,2

where Vr denotes the tangential gradient operator on T' (T' := ' T'1:2). We note that the fol-
lowing injections hold:
Vi, C L*(%,), and Vi, C H'(Qf)).
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3.3. Existence and Uniqueness of solutions for the microscopic tridomain model

Moreover, the injection from Vlf,z' to V’g’i is continuous and compact for £ = 1,2. We refer
the reader to [Gal08; RZ+03] for similar approaches. It follows from a well-known result (see
e.g. [Tem12] p. 54) that the bilinear form a(©,0) := (O, é>Vl1€,i defines a strictly positive self
adjoint unbounded operator B; : D(B}) = {© € V}, : Bf© € V},;} — V§ , such that, for any
O ¢ Vi, we have (B/©, é>V§,i = a(©,©). Thus, for n € N, we take a complete system of
eigenfunctions {©}, ="' ( b K \I/fn) }n of the problem

n \n

BiOf, = \0f,, in Vi, fork =12,
with {\, },, be a sequence such that 0 < A; < X\y,..., \, = 0o asn — oo,
and ©F, € D(BF), ¢, == ¢F [re and WF = ¢ﬁn|ri’2 where ¢, ¥, and U}, are regular
enough for k£ =1, 2.
Moreover, the eigenvectors {@ﬁn}n turn out to form an orthogonal basis in Vlf,z' and V’gﬂ-, and
they may be assumed to be normalized in the norm of V’gﬂ» for k = 1, 2. Since C"! (Qfs) C V’fﬂ- C
H'(2;.) and C’l(ﬁig) is dense in H'(Q}.) then V¥, is dense in H'(Q},) for the H'-norm.
Therefore, {O}, },, is a basis in H'(Q} ) for the H'-norm.

On the other hand, we consider a basis {¢*},,n € N that is orthonormal in L*(T*) and

orthogonal in H'(T'*) and we set the spaces
732-’?@ = span{@ﬁl, . ,@ﬁg}, Pfoo = UP&,
=1
Kﬁg = span{C},..., ¢}, ICﬁOO = UIC%
=1

where PF_ and K are respectively dense subspaces of V§; and H'(I'%) for k = 1, 2.

Remark 3.7. Analogously, we construct a basis on the extracellular domain. We let V,, . denote
the completion of C?(Q. ) under the norm induced by the inner product (-, -)v, . for ¢, o €
CP(Qe.), p = 0,1 which respectively defined by

(0,8, = [ obdr+ Y [ olsdlnsdo

k=1,2

and (6,6}, | ;:/ﬂ MV - Vo de+ 3 Vmgﬁ@@r? da+/rk Vr,gqs.vrgq;da],

k=1,2 e

where ©' =1 ((b Plr1 ¢|rg> O =t (a@ &\pé qg\pg) . Similarly, we take a complete basis
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which is orthogonal in V, . and orthonormal in V, . and we set the spaces
o0
,Pe,@ = span{@e,la ) @e,ﬁ}a Pe,oo = Upe,b
=1

where P,  is a dense subspace of V1 ..

Step 2: Construction and local existence of approximate solutions

Supplied with the basis introduced in the first step, we look for the approximate solutions as

sequences {u}, }ns1, {tcntns>1 and {wf 1, k = 1,2 defined for ¢ > 0 and z € Q by:

U,ﬁn ﬁg Ue,n ¢€,E
k - k
Ul = | b, [=20di0 | vl |0 Ue=| wl, | =2 dedlt) | 0L
=1 =1 (3.22)
ii,n ‘Pﬁe ﬂin g’g
n
and wf == 3" ()¢ (),
=1

with ¢ e = ¥F, ¢Flr1e = UF, and ¢ ¢lrs = ¢F, for k = 1, 2. To apply the Faedo-Galerkin
scheme, we first regularize the microscopic tridomain system (3.1)-(3.3) using specific approx-

imation as follows (recall that our system is degenerate)

(e +6,) [ Ot 0l doy — < [ Ol 0t dow+ 6, [ Ol 0t do
r I o,

+ +5n)/ 0, , V! do, — 5/ Oy, W} do,
2 rez 2 Jrer (3.23)
= 1 € <_Iion (YJ7117 wrlz) + I;pp@) ¢Zl dO‘x
1

2.Jrb

 ypl0) W} do, = [ MV, Vol da
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3.3. Existence and Uniqueness of solutions for the microscopic tridomain model

(e +0p) /8tumz/1 dax—a/ atuenw dom—l—(;/ 8tu2 2 dw

_ g » o,V do, + (§ +4,) s o, v? dam

- (3.24)
=/ ¢ ( Lion(v3,w2) + 12, 8) Y do,
2/ gap Sn \112 dO':g / MEVU VQZS? dx
—€ Z / atumlbk do, + (e + 0,) Z / @umw do, + o, / Ople n@e dx
e =L (3.25)
Z / ZO“ k) app e) 1/} d0'$ / Msvuen vﬁbe dz

/F Ot do, = /F H ok, uk) ¢* do, (3.26)

1

where the regularization parameter J,, = —, ©F =* (qﬁf pF \I/f) e Pr,.¢F ek fork=1,2,
n

and ©, = ' (¢, ! ¥?) € P.,. The regularization terms multiplied by d,, have been added to

overcome degeneracy in (3.13). Moreover, the resulting regularized problem is supplemented
with initial conditions:

uin<0’x) _UOZTL Zd

ﬂina)’x) _UOZn Zd

iina)ﬂ‘r) = igzn<x) = dee(o)‘l’fe( ), df,e(o) <UOZ7®z€>V’“ )
= (3.27)

ue,n(oyx) - uO,en Zdeé ¢e 2
=1

ﬂlz,n(ov l’) = HO,e,'ﬂ(x) = Z de,f(o)wsé(l‘)v d6,€<0) = <U0,67 @6,€>V0,e7
/=1

wi(0,2) = wp, =Yg (0)¢F(2),  ¢g(0) = (wg, ¢¢) ),

(=1

where Uf; := Uf(0,z), for k = 1,2 and Uy := U.(0, z).

Next, we prove in the following lemma the local existence of solutions for the previous reg-
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ularized problem:

Lemma 3.1 (Local existence of solutions for the regularized problems). Assume that the con-
ditions (3.4)-(3.11) hold. Then, there exits a positive time 0 < to < T such that System (3.23)-

(3.27) admit a unique solution over the time interval [0, ty].

Proof. The goal is to determine the coefficients d} = {df,}}_,, d. = {de,}}, and ¢* =
{cj}i, for k = 1,2. For this purpose, if n fixed, we choose ©F = O}, ., O, = O.,, and
¢F = ¢F for 1 < m < n and substitute the approximate solutions (3.22) into (3.23)-(3.26).
Then, the problem (3.23)-(3.26) is equivalent to the system of ordinary differential equations

(ODE) in the following compact form:

(¢ + 6 EL(dL) — <Bid, + 5, ALY + (5 +6,)E

—=1,2
i

Sdl) =SB (@) = Fl(hd] dd, ¢l )

)

] i

(5 + 571)&121((:112)/ - €Azed/e + (571.&222((112)/ - %Az (dzl)/ + (5 + 5H)Am(d22)/ - F?@? dzlv dz27 de’ C17 C2)
Z [_gﬁfe(df)/ + (5 + 5H)Xk d/} + 5”Ae€d,e = F6<t7 dzl’ d?v dea C1> CQ)

€ee €
k=1,2

GH(c*) = H'(t.d},d},d.,c',c?)
(3.28)
with the (¢, m) entry of matrix:

i Afz is < ?,b ¢§,m>L2(Qf’E) (resp. of Aee is <¢e,£7 ¢e,m>L2(Qe,5)> 5

-k, —k .
o Ay is Wf,za @bﬁm)m(r'g) (resp. of A, is f,ea ¢f,m>L2(F§)>,

—k .
i Aie 18 < i,@?wsm>lz2(1—‘§)7

o A is (Uk, Wk resp. of Ay, is (!, w2
i i00 ¥ im) L2(Tk) p- i i *im/L2(Th?) |
o GFis (¢/,Ch) 2,
for1 < ¢,m < mnand k = 1,2. Herein, the vectors F¥ [, and H* for k = 1,2 correspond to the

right hand sides of the equations given in (3.23)-(3.26).

Furthermore, the first three equations in ODE system (3.28) can be written as follows:

d)y]  |F
(d)| |
M| d |=|F|, (3.29)
(Cl)/ HL
(CQ), H2
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with M := M[; 4+ ¢M, and each matrix defined by:

On (Azlz + A + Azlz) 0 0 0 0
o , =2
0 on | Ay + A + A 0 0 0
M, = 0 0 o (Kie +AS 4 Aee) 0 0
0 0 0 G' 0
I 0 0 0 0 GZ_
(3.30)
and - =1 ) .
Kzlz + %Ku _%Ku’ Aze 00
VRS B+, AL 000
M, = | —t&] ‘A, AL +AZ 00 (3.31)
0 0 0 00
i 0 0 0 0 0]
In order to write _ i .
(d})’ F;
(d?) F?
d |=M"'|F,|,
<C1>/ Hl
(02), H2

one needs to prove that the matrix M is invertible. According to Lemma 3.2, given below, the
matrix M is symmetric positive definite, hence invertible. Consequently, we can write the ODE
system (3.28) in the form 2/(t) = F'(t, z(¢)). Finally, we prove the existence of a local solution
[0,%0) to this ODE system with ¢, € (0,7) (independent of the initial data). To this end, we
show that th entries of F¥ IF, and H* for k& = 1,2 are Caratheodory functions bounded by L'
functions using the assumptions (3.4)-(3.11) by following the same strategy in [BKO06]. ]

Lemma 3.2. For all n € N*, the matrix M is positive definite.

Proof. Since we have Ml = M, + M, with M; and M, defined respectively by (3.30)-(3.31).
_ =k
Note that by the orthonormality of the basis, the matrices AL Ak A A

11 TR0 FR FReer

A.. and G* are equal
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to the identity matrix I, for £ = 1, 2. So, the matrix

36, Lsxn O 0 0 0]
0 360 O 0
M, =| 0 0 360un O O
0 0 0  TLiw O
0 0 0 0 Tun

It suffices to show that the matrix M, is positive semi-definite. Let d = *(d} d? d. ¢! ¢?)
wheredf = (d¥, ... df,) € R", d, ="(des,...,de) ER"andc* = (ck,... ck) € R
for k = 1,2, we prove that ‘dM,d > 0.
Indeed, we have:
_ 1=1 __ 1=2 __ __
‘aad = 'd} (&} + 3B, ) d} ' (B] + SRy d? + 'd (AL +BL) d
—12 _ _
— 'dlA, d? - 2'd!A, d, - 2'd?A.d,
—tQALd! — 2td'ALd, + ‘d.ALd,

tdQA d2—2td2A de + tdA de

(7]

tdlA dl - A, 2+ tdQA &

(7] (2 K44 (2 (7]

I:E1+E2+E3

We complete by showing that E; > 0 and the proof of the other terms [E,, E3 is similar. Due the
form of matrices and the orthonormality of basis, we obtain:

E, —tdlA d1—2td1A .d. +tdA d.

11

Z [ o [, et = 20l [ 0Ll derde [ 0L ]dam

=1

2
[Zd @wzé e,éw;£‘| dO'x > 0.

Remark 3.8. The above proof of the matrix M points out the role of the regularization term
M. It allows to obtain a matrix M in (3.29) which is nonsingular, so that the resulting system

of ODE is non-degenerate.
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To prove global existence of the Faedo-Galerkin solutions on [0, T), we derive a priori es-
timates, independent of the regularization parameter n, bounding uﬁn, Ue vfw wa fork=1,2

and s, in the next step.

Step 3: Energy estimates

The Faedo-Galerkin solutions satisfy the following weak formulations:

(e + (5n)/ oy, b, do, — 5/ @Ue’nl/ziln do, + 5n/ o}, i, dx
Il ’ ’ Tl ’ QZ{E ’ ’

+ (g + 571,) /1 2 atﬁz{nlpg,n dO’x - atﬁinqjg’n de

S
2 re?
- Féz;(_zm( w)) + Loy ) Ul o

1
! €Zgap(5n)‘llz‘l,n do‘$ - /Ql vauzl,n ) Vgpil,n dx

(3.32)

_5 rl2

(e + 5n)/ oz, 2 do, — 5/ atﬂe,nl/zfn do, + 5n/ oz, o2 dx
2 ’ ’ T2 ’ Qg{g ’ ’

o g /1—\1,2 atiz{n\pzz,n do—l + (E + 5”) /1_‘1,2 8'5512771\1}12,71 dUI
: : (3.33)

= 5( Tion (02, w2) + 12, ) V3, do,

2/ Zoap(Sn) \I/ , Ao, — / M‘EVU Vgpin dx

—e ) / g Wk, doy + (e + 6,) / Ok Wk, doy + 5"/9 Oplie pPen AT
k=12 ce

k=1,2

k;l:z / Tion (ol wl) = TE,, ) 0, dor, - /Q MV, Vo, do
(3.34)

/ owkek do, —/ H (Uﬁ,w,’fb) ¥ do,, (3.35)
Tk

ot 2) = 3 aE ()6, (2), Gen(t,2) - zaef Voor(z), (b)) = S be(t)Eh (),
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for some given (absolutely continuous) coefficients af,(t), ac(t), bj(t) with £ = 1,... ,n and
k = 1,2. Moreover, we recall that 1/zfin (resp. 1/)’;”) is the trace of goi-fn (resp. of ¢..,) on T'* and
W¥, is the trace of o}, on I'l? for k = 1,2.

We find now the a priori estimates of the solution of approximate problem (3.32)-(3.35).

First, we sum the three equations (3.32)-(3.34) to obtain the following weak formulation:

Z / €8t'Uk¢k do-x‘{‘ Z / ) atuzn in dO‘z—{— Z / 0 atu e,n f,n do‘f‘

k=1,2 k=1,2 k=1,2

2/ Opsido, + Y [ 5,0, 0, do

k=1,2

k=1,2

(3.36)
+ Z/ MEVUE, - wmdx+/ MEV e, - Vipen di
k=12
+ Y / T (0F, wh) 0 do, + / Tyap (50) U,y doy
k=12 2
-y / eIk Wk do,,
k=12
/ owrek do, —/ H(Uﬁ,ﬂ)ﬁ) ek do,, (3.37)
Tk
where ¢F = — ¢, fork=12and ¥, = ¥} — 0?7 .

Next, we substitute gpﬁn = Uf ny Pen = Uen and e = 5a4w respectively, in (3.36)-(3.37)
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to get the following equality:

2
Z/ \/_v da$+ Z/ ‘ k do, en dUJ;
th L 127T% k=12
2/ daz—i— > /12 Onl; p, dax
k=12
2
+ Z/ ‘ Uiy d:c—i— Onlen
k=1,2 \F Qee \/7 (3.38)
n Z/ MEVuf - Vumdx—l—/ MEVe,, - Vg do
k=12
+ Z / 5Iwn v do, + 5 / ZLyap (Sn) Sn doy
k=12
=5 / eIt o do,,
k=1,2
a4d/ ? do :/ casH (vk wk) wk doy, fork =1,2 (3.39)
2 dt Jr N rk nny T e o '

Integrating (3.38)-(3.39) over (0,t) for t € (0,to] in each equation and then summing the
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resulting equations, we procure the following equality using the assumption (3.5) on Z;,,

[ H\/_v L2 Fk)+a4 Z H\/_w L2(Tk) 2 H\/_S” L2(TH?)
2
+ > \/7um Sk, L2Fk)+k21:2 \/7un

k=1,2 L2(TE)

L2(Qe,c) ]

\/ uzn H\/ Uen
k=1,2

+ 3 / / MEVUE, - Vub, dedr + / / MEVu,,, - Vit dedr

k=1,2

t ~
+ Z /0 /rk €laion (UZ) UZ dodr

+ 2.

k=12 e
1
= 2|: Z H\/_U[)n L2(TF) + oy Z H\/_won L2(T) 2 H\/_Son 12 F12)
2 2
+k212 \/>U0,17n 2(r%) qun L2k +kzl2 \/Z O,Z,n Lz(Féﬁ)
+k212 \/»Uo,z,n 12( H\/>U06n L2(90) ]
/ /12 gap (8n) Sy doydT + Z / / Ibwn )vﬁ—l—%H (vﬁ,wﬁ) wfl) do,dr
r k=12 re
+ D // 510 +52)U dogdr + > // sprpEv do,dT.
k=1,2
(3.40)

k=1,2

We denote by E, with ¢ = 1,...,9 the terms of the previous equation which is rewritten as

follows (to respect the order):

E1+E2+E3+E4:E5+EG+E7+E8+E9.

9 as follows:

Now, we estimate F, for{ =2, ...,

e Due the uniform ellipticity (3.4) of M for j = i, e, we have

t
dT—i—/O \|Vue7n||22(96’5) dT) > 0.

L2(Qk

E2+E3>a(Z/H

k=1,2

e Using the assumption (3.5d) on Ta,ion, we deduce that £, > 0.

148



3.3. Existence and Uniqueness of solutions for the microscopic tridomain model

e By the assumptions (3.11) on the initial data, we have F5 < C for some constant indepen-

dent of n and ¢.

e By the structure form of Z,,, defined in (3.9), we obtain

t 2
E6 S Ggap 0 H\/gsn L2(F12

e Using the assumption on I, ;,,, and H defined as (3.5b), then we obtain

t 2
E:<as ) / H\/sz
k=1,2"0

L*(T%)

e [t easy to estimate Fg as follows

E8<CZ/H\/_'U L2(Th) ’7',
k=1,2
with C'is constant independent of n and ¢.
e By Young’s inequality with the uniform L? boundedness (3.10) of Z app . there exist con-
stants C', Cy > 0 independent of n and ¢ such that
Ey<Ci+Cy Y / [VEeh]a s, @

k=1,2

Collecting all the estimates stated above, one obtains from (3.40) the following inequality
for all ¢t < 1,

Z |veok|;

- 3 et

—i—H\/_sn

L2(Tk) L2(Tk) L2(IL?)
<0(1+k212/ Y RECED i o Ve IR o N
3.41)

By an application of Gronwall’s lemma in the last inequality, one gets

Z |Vedk

<C.

2(ri? —

+ZH\/_w

+fo

L2(T L2(Tk)
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Hence, we conclude that

Z H\/_ HLOO 0,T;L2(T + Z H\/_w HLoo 0.T5L2(T +H\/_5nH <C.

L (0,T;L2(Te%)) —

Then, we can deduce from this inequality that our approximate weak solution of the microscopic
tridomain problem is global on (0, 7).

Moreover, one can obtain by exploiting this last inequality along with (3.40) the following a

priori estimates for some constant C' > 0 not depending on n and ¢:
K12 Kll2 2
k§2 H\/EUTLHLOO@,T;LQ(F’;)) + kgl: H\/gw”HLoo (0.7;L2(TF)) + H\/gSnHLOO(O,T;LQ(F;’Z»
s |y/oat. |

t 2, lustorszats) 2 L=(015L2(0h) (3.42)
+,;1:2 \fu” L (0,15L2(TF)) =¢

EQHV inlla@r, )T IVtenlzaq,, < C; (3.43)

g%”dawn( v) v ’Ll(Fk y S C (3.44)

2 [vaut] SRR [vzul], Lt ) + Vs, a2y <6 (3.45)

for some constant C' > 0 not depending on n and ¢.

Furthermore, we deduce from (3.44) together with assumption (3.5d) on Ia,i(m the following

Z H 1/, k

k=1,2

estimation:

Lr(rk , =G (3.46)

for some constant C' > 0 not depending on n and . The second estimate (3.17) in Theorem 3.1
is a direct consequence of (3.46) and assumption (3.5a) on I, ;o

It remains to estimate on the L? norms of the intracellular and extracellular potentials which
are need to complete the proof of Estimate (3.16) on H*'. To do this end, we will use the next
lemma, which is a consequence of the uniform Poincaré-Wirtinger’s inequality and the trace

theorem for e-periodic surfaces.

Lemma 3.3. Let uf € H! (Qfa) fork = 1,2 and u, € H' (Q..). Set v* := (uf - ue) |
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for k = 1,2. Assume that the condition (3.12) holds, then there exists a positive constants C,
independent of €, such that

|

k|12

3 LQ(Qk

<o (|va;

+ HVU

+ \|vue||;(966)>  withk =1,2.  (3.47)

L2(Tk) L2(9F )

Proof. We follow the same idea to the proof of Lemma 3.7 in [GK19]. Due the normalization

condition (3.12), Poincaré-Wirtinger’s inequality implies that
2 2
||ue’n||L2(Qe"€) S C H vue,nHLZ (Qe,a) 9 (348)

for some constant C' independent on n and . Note that in the sequel C' is a generic constant
whose value can change from one line to another.

To estimate on the L? norms of ufn for k = 1,2, we write

k ~k
ui,n = U + U, n
1 . - .
where a}, ‘Qk ‘ /Qk uj,dx is constant in Q¥ _ and @, := uf, — ¥, has zero mean in QF _.
Clearly, we see that for k = 1,2
2 2 2
k _ ||k ~k
luiyn’ L2<Q'IZE) - ‘ ’iﬂl’ LQ(QIZE) + ’uiy’fL’ L2<Q,ﬁs> '
In view of Poincaré-Wirtinger’s inequality, one has
T 2
k| p(ar) SC |vaL,| pager ) = C |Vub n\ (o) PR =1,2 (3.49)
k
~L 2 ‘Qi,f ~k 2 —1 k
Let us bound now ‘u ‘ = ‘ for k = 1, 2. Since ‘F ’ and
M LQ(Q?@) |1"]Eq:| L2( )
‘Qﬁs , we deduce that
it |’ C S fork=1,2
’uiv”’m(ngs) e ‘LQ( I
It easy to check that
2 2 2
~k k ~k 2
Ui,n’ S C ( Ui,n - u&n‘ + ui,n’ ) .
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Finally, we obtain for k = 1,2

~k || ~k |2 2
‘ul" L2(ok.) = ( H £2(Tk) inllpz (k) +5||Ue,n||L2(F’§)>
< |
- CEHU” L2(T%)
2
+C | [k sy TE |, L2(k,)

+ C (”ue,n”LQ e + 82 ||vue,nHL2(Qeya))

<c (Ve

2
+ ||Vue,n “LQ(QE,E)) )

o+ Vel

LQ(Qk

where the second inequality is a direct consequence of the trace theorem and the final one is a
result of (3.48) and (3.49). This completes the proof of this lemma. ]

Now, Estimate (3.43) and (3.47) imply that

ltenll 2071 (0. < C (3.50)
for some constant C' independent on n and <. Furthermore, we have H\/_ v L) < C for
k =1, 2. Then Estimates (3.47), (3.43) and (3.50) ensure that for £ = 1, 2,

k
‘ Usn LQ(O,T;Hl(Qﬁe)) S C. (351)

This completes the proof of (3.15)-(3.17) in Theorem 3.1.

Now we turn to find some uniform estimates on the time derivatives by following [BK06]

which will be useful for the passage to the limit. We notice first for £ = 1, 2 that,

1 /T
[, vl v (0ud,) de = [ o ( |, Mivuk, - vk, dw) dt
Q ’ ’ 0 Qi!e ? )

i,e,T

1
=3 [ . MfVUfn(T, ) - Vufn(T7 ) dx — /k ]\/[Z‘?‘Vui?n(()7 - Vufn((), ) dx] ’
Qi,e ’ ’ Qi,a ’ ’
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and

// Laion (Uﬁ) &wi do,dt = / O </ / Loion dvkdax> dt

F’;YT Tk

_ / / In( ) dvtdo, — / / Luon (v5) dvfdor,.
rk Jo Ik

Next, we substitute ©f, = dyuf,, pern = Optic, and el = e Opw}, respectively, in (3.36)-

(3.37) then integrate in time to deduce using the previous equalities:

Z H\/_ﬁtv LTk, )—i_O‘4 Z H\/_atw L2(r* 1) ;H\/_&tsn L3(rh2)
tE fatum 2(Fk +k21:2 \/>atuen L2(T% 1) +kz1:2 \/>at

k=1,2

up>

k=1,2

\/76,5@61 n “fatue n

3| T [ M V(1) d [ NEVu (1) D (1) d

k=12 Qe,e

/F k / Tason (01) dvﬁdox]

1
5 [ Z Ak Msvuln ) ! VUﬁn(O, ) dx + szue,n(ou ) : Vue,n<0; ) dx
k=1,2

Qe,e

k vicz(Ta') k i
/rk/ Laion ) dv,do, + Z /k/ € (51% +52) dvydo,

k=1,2

L2(Qk ) L2(Qee,)

k12

k12

//1 9 gap Sn 8tSn daxdT + Z / Ib ion ) aﬂjﬁ + Oé4H (UZ, U)i) 8twﬁ) dO’xdT

k=1,2

+ Z / eZ* @vn dodT.

app,e
k=1,2

(3.52)
We denote by Ej with ¢ = 1,...,6 the terms of the previous equation which is rewritten as

follows (to respect the order):
E\+ Ey = Ey+ E, + EL + Ej,
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where
CE o) NC NSRS ol Ve X A | VX
+ > fatum + > f@uen + 3 fat
k=1,2 Q(F’“ k=1,2 L2TEp) k=12
R P L W
Now, we estimate F, for { = 2,... 6 as follows:

e Due the uniform ellipticity (3.4) of M for j = i, e, with the monotonicity (3.5d) on imon,

then we have

E,>a ( 3 Hvuf;n(T, )

k=1,2

+ Z / / azon S(T,>) dO’xd’Ufb 2 0.

k=1,2

2 2
L2(Q’? ) + ||Vue,n(T, ')||L2(Qe,s))

e Furthermore, using the a priori estimate (3.42) with the assumption on I, ;,, and on the

initial data, one gets

2
Ey<f ( > [Vl 0] e, IV 0. ->Hime,s>)
k=1,2 bE
+ o Z /erQva( ,)
Z/Fk T, ) d0$+B22/ )| do, < Cy

k=1,2 k=1,2

—i—‘ D do,

for some constant C'3 independent of n and €.

e By the structure form of Z,,, defined in (3.9), we obtain using Young’s inequality with
estimate (3.45)

/ gzzp
E4

\fsn

< 04 + - H\/_atsn

4 H\/_atsn

L2(T L2(rg)’

2 (Fl ,2 )
with C'y independent of n and ¢.
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e Similarly, using the assumption on I ;,, and H defined as (3.5a)-(3.5b), then we obtain

L2 rk)>

using Young’s inequality with the estimate (3.45)

El < C5+ Z (H\/_ﬁtv

+ H\/_ﬁtw

LTk 1)

with C independent of n and ¢.

e By Young’s inequality with the uniform L? boundedness (3.10) of Z there exist con-

app €’
stants C'1, Cy > 0 independent of n and ¢ such that

E; <C’6+ > H\/_ﬁtv

k12

L2(rk )7
with C independent of n and ¢.

Exploiting all this estimates along with (3.52), one obtains

3 Ve

+ oy Z H\/_E)tw

+ H\/_atsn

L2(Fk ) LQ(Fk L2 T)
o 0,01 oy,
+k§132 Voot vty +k2132 Jooat, | S +k2132 Voo sy 353
+ Z fﬁtuzn H\/>atuen < C
k=1,2 L2(Qe,e,T)

for some constant C' > 0 not depending on n and ¢.

The next steps is devoted to completing the proof of Theorem 3.1 and to passing to the limit
when n goes to infinity. Further, it treat the uniqueness of the weak solutions to System (3.1)-
(3.3)

Step 4: Passage to the limit and global existence of solutions

In view of (3.50)-(3.51), we can see that v, @}, are bounded in L? (0,T; H/*(I'*)) for
j = t,e and k = 1,2 using the standard trace lemma. Similarly, it easy to check that s,, and
ﬁfn are bounded in L? (O, T;HY 2(F;’2)) for k = 1, 2. Furthermore, we deduce from (3.53) the

uniform bound on &;v¥ in L*(T* ;) for k = 1,2 and the uniform bound on &;s, in L*(T'7).
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Recall that by the Aubin-Lions compactness criterion, the following injection
W= {ue L*(0,T; H/*(I.)) and dyu € L* (0,T; H/*(I.)) } € L*(Ter)

is compact with ', := ['* T'1:2 for k = 1, 2. Hence, we can assume there exist limit functions

1 1,2 ; k _ ok 7k k — — 7! 72
ie Uee, Uy Uz, Sy We With v = w7, —u; onl pfork =1,2and s. = u; . — ;.

2
Uu er Yeo

u ier on

Fifp, such that as n — oo ( for fixed € and up to an unlabeled subsequence)

vk — v¥ ae. inTE, strongly in L*(I'% ),

and weakly L2 (0, T; HY/2(IF)) for k = 1,2,
Sp, — sc a.e.in L12) strongly in L2(F;:%),
and weakly L? (0, T; H'/2(T1?)) , (3.54)
wh — wk weakly in L*(T% 1),

weakly in L? (O,T; Hl(Qﬁa)) fork = 1,2,

Ue — U weakly in L2 (0, T; H (Qe)) ,

Loion (vffb) — Toion (v?) a.e.in T'* weakly in LT/("_l)(F’;T),

k k
Us n - U; ¢

and
Ayl — 9k weakly in L*(I'% ),

dyw — dywk weakly in L*(T'% ) for k = 1,2, (3.55)
015y — Oy, weakly in L2(T17).

Moreover, using again estimate (3.53), we getfor j =i, eand k = 1,2,

V.0, = 0in D' (0,T; LA(TE)) for j =i, e,
V8,001, . — 0in D' (0,T; LA(TY?)) , v/5,00f, — 0in D' (0,75 L2(QF,)) (3.56)

and /6, 0;u.. — 0in D' (0,T; L*(Qe.c)) -

The last difficulty is to prove that the nonlinear term I, ;o (Uﬁ) converges weakly to the
term I 0, (vf) for k = 1,2. Since v} converges strongly to v¥ in L*(T'} ;,), we can extract a

n

subsequence, such that v* converges almost everywhere to v* in I'* for & = 1,2. Moreover,
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3.3. Existence and Uniqueness of solutions for the microscopic tridomain model

since I, ;o is continuous, we have

Toion (V) = Taon () ae.inT¥ for k =1,2. (3.57)

n

However, using a classical result (see Lemma 1.3 in [Lio69]):

L.ion (vk) — Taion (vk> , weakly in L"/=D(TF ) for k= 1,2. (3.58)

n

Remark 3.9. By our choice ofbasis it is clear that @, (0,2) — uf ;. in L*(TF) for k = 1,2
and j = i, e. Furthermore, we have u L(0,2) — qu in L2(TF) fork =1,2.

Keeping in mind (3.54)-(3.58), we obtain by letting n — oo in the weak formulation (3.36)-
(3.37)

Z/ €8tvkwk doy + 2/ e0s.V do,

k=1,2
+ Z/ MSVUZE Vgoz d:zc—i—/ M:Vu, . - Vo, dx
=L (3.59)
+ Z / 5Iwn )1/1 dO’x 2/ gap SE)\I/dO':B
k=12
— Z/ eprpawk dog,
k=1,2
/ 8twfek dax:/ H(vf,wf) ek doy, (3.60)
Jre Tk

for all ¥ € HY(QF), p. € H'(Qe.) with v* = ¢F — ¥ € HYX(T5) 0 L (TF) for k = 1,2,
U =U!-V? e [2(I'}?) and eF € L*(T'*) for k = 1, 2. Finally, it only remains to be proved that

v¥ wk for k = 1,2 and s, satisfy the initial conditions stated in Definition 3.1. Using the weak

formulation (3.32)-(3.34), we see that v*(0,z) = vg’e(x) a.e. on I";T, since, by construction,
ar,(0,2) = @, in L*(T%) for k = 1,2 and j = i, e. The same argument holds for w? for
k=1,2and s..

Step S: Uniqueness of solutions

This step prove that there there exists at most one weak solution of (3.59)-(3.60). We assume

1,0 24
thatugz(uf w:t ub wtt

io s wht w? f) ¢ e {l' 0"} are two weak solutions in the sense of Defini-

tion 3.1 w1th same initial data. Thus, this weak formulations hold respectively for uk £ uk 2

and wh* — wh*" for k = 1,2.
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, : [ Y / / Z
Firstly, we substitute ¢¥ = u;r — u;L , p. = ul, —u’_, and ¥ = ¢ (wfvg — wht ) :

k = 1,2, respectively in (3.59)-(3.60). Then, we add the resulting equations and integrate over
(0,t) for 0 <t < T to get

; [Z . (6 (e =) (1] + e (b =) 1, )] ) do

45 Ll (=) o o,

+ > //m MEV (b — ) -9 (= utt") dedr
. ey (ute —uie) v (ue = uil) dudr

+ > //Fk € (iwon (Uf’zl) — Ia,ion (vf’eu)) (vf’el ZH) do,dr
L%AGMf%ﬁ )

k0 k0
+5‘<w0€ _wo,s )

2
Z//
/ 805 S0 6) do,
2
2
el gkt
+ 51 Z // — v ) do.dr
k=1,2
" ! 1
= 3 [ oo () (o5 ) i
k=1,2
k! NN k0 k0
_Z//Fk " wk )—H(UE , Wy ))(ws —w; )daxdT
k=1,2

Z //172 €Lgap (sﬁ/ - sﬁ//) (Sﬁl - sﬁ//) dogdr
+ > / / Eprp, Uf’é”> do,dr.

k=1,2
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Due the uniform ellipticity (3.4) of M5 for j = 7, e, we have

> /Qk M? v ot kf) v (uff — ufj) dedr

k=1,2

+ /Qe,g,t sz (ue’E N uﬁ’e) "V (ue N U ) drdr
oS et ) NEL

Furthermore, thanks to the monotonicity assumption (3.5d) on Ta,wn, we deduce that

> / /Fk a,ion ~Tagon (V5)) (VB = 0B dopdr > 0.

k=1,2

2
L2(9QF_ )

[ ()

Moreover, by the linearity of I ;,,, H and Zy,,, we can deduce using Young’s inequality the

following estimation

LZ /rk ( vf’en) (t, )‘2 +e ‘(wf’gl — wfv”) (t, )‘2> do,+
12

5 s
a(zuv@%—@£> o)

k=1,2

2
S —s t,:)| doy

2
L2(QF_,

+Hv(u —ul)

S; kzl:g/rk (a\(v — ot )\ +e|(whs — whl")| ) do, (3.61)
2/12 —305 d%]
ez h A( O el - ) i
2/ s —sel dT]
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where C' > 0 is a constant independent of . Thus, we obtain by applying Gronwall’s inequality
’ 1 2 / /! 2
3 5, (i =yt ol ot i) )
k=1,2"T
/ e// 2
2/12 =) (&) do
N N k.l kO |2
Z/ ( Vo — UOE) —I—s’(woe —wof) ) do,
k=1,2
1 / 1/ 2
+ 5 /F;,2 € ’(sgva — 3675) daa;]

/ 1
for some constant C' > 0. Hence, we deduce that v = & w

! 1/
k8 = wk? for k = 1,2 and

!/ 1! . . .
sﬁ = sﬁ . Moreover, using Estimation (3.61), we conclude that
! /!
\ (Uﬁa —ug ) 0 a.e.on Qe .,
k¢ ke k
v(“z‘,e — U, )—0 a.e.on €,

which means that u!, = u” + cand u}" = uf"Y" + ¢ for k = 1,2. On the one hand, due to the
normalization condition (3.12), ¢ = 0 and u’_ = u’. On the other hand, the estimation (3.47)

holds for v** — u*" which ei
olds for uw; . — u,;, which gives

k7€/ k/,’é/l k} g/ k; K” / k,g// 2
’um el QF) (H\/_< ) L2(Tk) + HV ( ~ Yie ) L2(QF )
+ HV (uﬁle — ug;) L@ )), with k =1, 2.
k¢ k0" - ke ke _ o
In addition, we have v** = v*" so we obtain finally u;; = u,. for k = 1,2. This gives the

uniqueness proof of weak solutions.

3.4 'Two-scale Asymptotic Homogenization Method

The key idea of this method is to guess the solution of the microscopic model using the
asymptotic expansion (3.62) involving the time ¢, the macroscopic (slow) variable x and the

microscopic (fast) variable y = x/c. In this section, we study the asymptotic behavior of the
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3.4. Two-scale Asymptotic Homogenization Method

solutions to the microscopic tridomain model (3.1). This method, among others, is a formal and
intuitive method for predicting the mathematical writing of a homogenized solution that can

eventually approach the solution of the initial problem (3.1).

For that, we start to treat the problem in the intracellular medium then we can solve in similar

way the other one in the extracellular medium using this method.

The authors in [HY09] are applied the two-scale asymptotic expansion method on the mi-
croscopic bidomain model. In our approach, we investigate the same two-scale technique but
herein we have three different domains separated by two boundaries (membrane cellular and

gap junction, see Figure 3.2).

The two-scale asymptotic expansion is assumed for the intracellular electrical potential uﬁs

for k = 1, 2 as follows:
b (t) =k (b, D) =k (b D) ety (b0 2) 4 etuly (B0 D) 4o (62
’ g g ’ g g

with each function ufm(, y),m =1,2,... isy-periodic function dependent on time ¢t € (0,7),
slow (macroscopic) variable x and the fast (microscopic) variable y. The slow and fast variables
correspond respectively to the global and local structure of the field. Similarly, the extracellular
electrical potential v, ., the gating variable w” and the applied current prp . have the same two-
scale asymptotic expansion for £ = 1, 2.

We investigate the asymptotic behavior of the solution to the following problem posed in the

intracellular domain Qf_ for k = 1,2

Auf. =0 inQf ;= (0,T) x QF

1,7

~MEVul, - nf = (00F + Tion (0, wb) = T8, ) = T8 onT¥, :=(0,T) x T¥,
ufs — Uee = vf on FE T
—M;Vu!, - n; = M;Vu;_ € (048e + Lyap(s:)) =Trp  onTig = (0,T) x T'H?,
uz{e — uia = s, on Fifp,
(3.63)

with A. = =V - (M;V), where the intracellular conductivity matrices M5 defined by:

Mi() = M (2)),

satisfying the elliptic and periodicity conditions (3.4).
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So, the derivation with respect to = for k = 1,2 is defined as:

Oul Ouk x 1 Ou¥ x
=(t,x) = (t,x, > + - (t,x, > )
€ e Oy, €

Consequently, the full operator .A. in the initial problem (3.63) is represented as:
Acuf (t @) = (672 Ay + £ Ay + 0 Aua )ul] (t, z, i) , fork =1,2

with each operator is defined by:

d 0 0
Ay =— 35 L ()2
v PMIE:l Yy ) 8yq>

d 0 0 d 0 0
IR S PTICR B SR (R
Y P:gilayp (y)a q p%laxp < (y) ayq)
PR
e p,q:lal'p Y 3xq

(3.64)

Now, we substitute the asymptotic expansion (3.62) of u¥_, k = 1, 2 in the developed operator

1,69

(3.64) to obtain

Auf (z) = [5_2Ayyuﬁo +e Ay ufy + A b, + } (t, T, :)
+ [5_1Azyuﬁ0 + P Agyuly + - ] <t, z, z)
+ [SOAMUQO +-- } (t,x, j)
— {gZAyyuﬁU +e7! (Ayyuﬁl + Axyuﬁo)

Xz
+ 60 (Ayyui‘cg + Azyuf’l + Amuf’o) :| (t7 x, 8) + ...

Thus, we also substitute the asymptotic expansion (3.62) of uf’5 into the two boundary con-
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dition equations (3.63) on I'*, k = 1,2 and on I'*"% :

MVl - nf = 5(MVuZO) nf +e(M;Vyul,) - n’“r}(txx)
’ g

+ {5 (M; Vyuzo nf + SO(MiVyuﬁl) . nf + 5(Mivyuﬁ2) . nf + .- ] (t, x, z)

)

= [ (MiVuly) - nf + % (M Vyuly + MVl ) - nf
where n¥, k = 1,2 represents the (outward) normal pointing out from Q .for k =1,2andn,
is the normal pointing out from €2, ..

Hence, by equating the powers-like terms of ¢ to zero, we have to solve the following system

of equations for the functions u m(txy), m=0,1,2:

ko inVk
Ayyuio = 0in V¥,

ufo y-periodic,

(3.65)
M;Vyufy-nf =0onT"
M;Vyufy-nf =0onTh?,
Ayy“ﬁl = _-Axyuf,o in Yik7
u”, y-periodic,
%,1 Y-p (366)

(Mivyuﬁl + MinuﬁO) n¥ =0onT¥,
(MiVyufy + M;Vauly) - nf = 0on 112,

Ayyuﬁz = —Amyuﬁl — Amuﬁo in Y[,
uy, y-periodic,

_ (Mivyuﬁ2 + Mivxuﬁl) .
— (MiVyuly + M;Vul,) - n

= Ok + Zion (vg, wo) Iy poon ",

(M Vyuiy + MV, u; 1) n? = 0480 + Lyap(so) on T2,
(3.67)

The authors in [BLP11]-[CD99] have successively solved the three systems into Dirrichlet

k
n;
1 __
n;

boundary conditions (3.65)-(3.67). Herein, the functions uf, u}, and uf, in the asymptotic ex-
pansion (3.62) for the intracellular potential u} ., k = 1,2 satisfy the Neumann boundary value
problems (3.65)-(3.67) in the local portion Y;* of a unit cell Y (see [FS02; HY09] for the case
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of Laplace equations).

The resolution is described as follows:

e First step We begin with the first boundary value problem (3.65) whose variational formulation:

Find @ € Wher(Y}) such that
(yk (Uﬁo,i)) = / (Mivyuﬁo . nf)v do,, Y0 € WpeT(Yik),

oYk

(3.68)

with @y« (1w, v) is given by:
(i, 0) = / MV, uVudy, Yu € @, Yo € 6, Vi, Vo € W (V) (3.69)
o Y

and W, (V) is given by Definition A 4.

We want to clarify the right hand side of the variational formulation (3.68). By the defini-
tion of Y} := T'* U ', by taking account the boundary condition on I'*, k = 1,2 and
on I''2 to say that :

/ay.k(Mivyuf’o . nf)v do,

= /k(MiVyufo -nfv do + / Z(Mivyufo -n¥)v do = 0.
r ’ L ’

Using Theorem A.2, we can prove the existence and uniqueness of the solution uf o- Then,

the problem (3.65) has a unique solution uﬁo independent of y, so we deduce that:

uﬁo(@x?y) = uﬁo(t,x), for k = 172

Similarly, we show that u. does not depend on y (by the same strategy). Since v§ =
(ufy — tep))|px with k = 1,2. Then we also deduce that so and wg, k = 1,2 not depend

on the microscopic variable y.

Remark 3.10. In the asymptotic expansion (3.62), each element ufm is a priori an oscil-
lating function, since it depends on the fast variable x /<. Actually, uﬁo, k=1,2and u.o
depends only on the slow (macroscopic) variable x, so it does not oscillate "rapidly" with
x/e. This is why we now expect uf o and u. o to be the "solution homogenized". It remains
to find if there is three equations on ) satisfied by uﬁo, k = 1,2 and u.p, in which case

we would have found "homogenized equation" too.
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k

e Second step We now turn to the second boundary value problem (3.66). Since u; is independent of y,

this equation can be rewritten as:

d OmP duk,
Ayuf, = > ———=inY}F,
WL dyp Oz
uf, y-periodic, (3.70)

(Mivyuﬁl + Minuf’O) n¥ =0onT*
(MiVyuf, + M;Vuly) - nf = 0on 12,

Its variational formulation is:

Find @}, € Wher(Y}F) such that

(3.71)
ayr(Uf1,0) = (F1,0) oy, (vE)y Wyer (vE) 0 € Wher (VF),
with ay-+ is given by (3.69) and F] is defined by:
. d ﬁu i
(FbU)(Wper(ig’“))/,wpw(Y,- p) /k —dy, Yo € 0, YO € Wy, (Y]").
i = 1 xq Y
(3.72)

Using Theorem A.2, we obtain that the second system (3.70)-(3.72) has a unique weak
solution i}, € Wi, (Y*) (defined by [BLP11] and [OSY09]). Thus, the linearity of terms

in the right hand side of equation (3.70) suggests to look for uf ; under the following form:

k
Lt x,y) sz 835 O(t, x) in W (Y, (3.73)
q

with the corrector function x? satisfies the following -cell problem:

d ampq
Ay xi=>—"—inYF
vy =1 ayp
x? y-periodic, (3.74)
MV, x? nf=—(Me,)-nFonTk k=12
M,V x¥-nF = —(M;e,) - n¥ on T2,
fore,, g = 1,...,d, the standard canonical basis in R?. Moreover, we can choose a rep-

resentative element x{ of the class x{ satisfying the following variational formulation:
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Find x? € W4(Y}) such that
(3.75)
aYik(Xg,U) = (£, U)(W#(Yi’“))/,W#(Yiky Vv € W#(Yik)a
with ay« is given by (3.69) and F is defined by:

d
(FS0) vy we k) = Z/k qu(?/)ia dy,
! ’ p=1 Y; Yp

where the space W (Y;¥) is given by the expression (2.91) for k = 1, 2. Since F belongs to
(W4 (Y;¥))’ then the condition of Theorem A.2 is imposed in order to guarantee existence
and uniqueness of the solution.

Thus, by the form of uf 1 given by (3.73), the solution uf 1, k = 1,2 of the second system
(3.70) can be represented by the following ansatz:

uﬁl(t, z,y) = xi(y) - quﬁo(t,x) + ﬁﬁl(t, x) with Ufg € uﬁl, (3.76)

where @, is a constant with respect to y (i.e @f; € 0 in W, (V).

e Last step We now pass to the last boundary value problem (3.67). Taking into account the form of

u¥, and uf, for k = 1,2, we obtain
k K
- Awyui,l - Amui,o

d 0 pq (9uﬁl d 0 pq 8“21 8uf70
- Zay@' @)axq)* Zaxp@i “”(ayq ¥ axq»'

p,q=1"JP p,q=1

Consequently, this system (3.67) have the following variational formulation:

Find fy € We,(Y¥) such that
’ (3.77)

aYLk (aiz, ’U) - (Fg, v)(wper(nk))lywpe'r(y;k) V’U E Wp@r(Ek),
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with ay-+ is given by (3.69) and F5 is defined by:

(F27 @)(Wper(yik))/7wpf’ﬂ"(y;k)
= /rk (Mivyufg + Mivxuﬁl) “n; v do,

+/ (M Vi, + M V,) -l v do,

8 - (3.78)
uil v
_ 19V g
p;l /Yk 8xq Yy /
ouk,  ouk,
i, i, d . . ‘
+p§:1/ (93:]3 ( (y) < I, + D, )) vdy, Yv € v, Yo € Wper (y)

The problem (3.77)-(3.78) is well-posed according to Theorem A.2 under the compatibil-
ity condition for £ = 1, 2:

(25 1) Wy (V) Wier (v) = 0-

which equivalent to:

S b, (e (G4 52))
a1 £ Dz, oy,  Oxq Y
‘Fk’ (@vo + Zion (Uo,wo) i )

app

+ (=" 12| (@50 + Zyap(0))

1
where T (t,x) = ] oo T o(yy) doy fork =1,2

In addition, we replace uﬁl by its form (3.76) for k = 1, 2 in the above condition to obtain:

oxi oufy  ouk
- Z /Yk Oz, ( ) (Z 0y, O0zy * Oz, 4y

p,q=1 /=1

‘Fk‘ (atvo + ZLion (vo, wo) * )

app

+ (=) |12 (us0 + Zyap(s0)) -
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By expanding the sum and permuting the index, we obtain for k = 1, 2

£ Ou; 6u20
a ZZ/ 0$p< )?y(q 8:@) / axp< 8:v )dy

p,q=1¢=1
= — |T*| (840 + Zion (vh, wh) — I"" )+ 1)* |2 (D50 + Tyap(50))

app

which equivalent to find uﬁo for k = 1, 2 satisfying the following problem:

o O*uk,
p 1 1y
Y12 Z/ ( ) 8yq> dy] 0z,0x,

.l 1
Y] (9005 + Zion (5 08) — i)
1,2
# 0 @t T

Consequently, we see that’s exactly the homogenized equation satisfied by uf’o for k = 1,2 of

the intracellular problem can be rewritten as:

B;x Uz 0 = —Hk (atvo + Zion (UI()Cﬂ wO) Iclfpp)

(3.79)
+(=1)"t1g (Des0 + Zgap(s0)) on Q.
where p, = ’Fk‘ /Y], k=1,2and u, = |T'"?|/|Y|. Herein, the homogenized operator B,
is defined by :
B, =-V (ﬁv)—_i8 w0 (3.80)
e ; S i1 0%p b Oxy '

with the coefficients of the homogenized conductivity matrices M, = (rTlf E) < 1<d defined by:
SPAS

_ 1 0
my = llel/Y’“ ( ”Hquax’) dy. (3.81)
q= 7

Similarly, we can obtain the dimensionless averaged equations for the extracellular problem

B;xue,o Z Hk <atvo + Izcm (UO ) UJO) prp) on QT? (382)
k=1,2
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3.5. Two-scale Unfolding Homogenization Method

where p, = ’Fk‘ /Y], k = 1,2 and the homogenized operator B¢, is defined by :

B, = -V, (M.V,) = Z . (”5%?) (3.83)

plf=1

with the coeflicients of the homogenized conductivity matrices M, = (rTlé’Z) e e defined by:
_p7 —_

mt = ’Y’Z/ ( + Xe) dy. (3.84)

Yq

Herein, the corrector function x! satisfies the following e-cell problem:

A P d pé
= Y.
yyXe Zl ayp ln e
Xﬁ y-periodic, (3.85)
M. V,xE - ne = —(M;eg) -neonTF, k=1,2
for es, g = 1,...,¢, the standard canonical basis in R?. This completes the proof of Theorem

3.2 using formal asymptotic homogenization method.

3.5 Two-scale Unfolding Homogenization Method

We begin with introducing the unfolding operator and describe some of its properties. For
more properties and proofs, we refer to [Cio+12; CDG18]. First, we present the unfolding op-
erators defined for perforated domains on the domain (0,7") x €. Then we define boundary
unfolding operators one on the membrane (0,7) x I'*, k = 1,2 and the other on the gap junc-
tion (0,7") x T''2.

3.5.1 Unfolding operator and some basic properties

In order to define an unfolding operator, we first introduce the following sets in R (see Figure
3.3)

E.={eZ e(£+Y)CQ},

e Q. = interior { U 5(5—1—7)},

§€8e
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° Qeﬁ =interior { U ¢ (5 + 7@)}7

£€E8e

° Qf’e = interior { U ¢ (5 —|—Y_Z-’“)}, k=12,

§€E.
eh={yelt:.yeQ}, k=12,
e M2—{yel'?:.ye.}

o A°=0Q\
o O.r=(0,T) x

~

b Qﬁe,T = (O7T) X Qk k=12, Qe,e,T = (OaT) X Qe,e:

1,67

o N5 =(0,T) x A®.

. 6ki,g . Aki.E Q
. 6&,2 . AE»E

Created in BioRender.com bio

Figure 3.3 — The sets ﬁfa for k = 1,2 (in blue), Q< (in red), AF_ (in dark cyan) and A . (in green).
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3.5. Two-scale Unfolding Homogenization Method

Forall w € R?, let [w]y be the unique integer combination of the periods such that w—[w]y €

Y. We may write w = [w]y + {w}y for all w € RY, so that for all ¢ > 0, we get the unique

xze({x] +{x} ),forallxe]Rd.
ely cly

Based on this decomposition, we define the unfolding operator in intra- and extracellular

decomposition:

domains.

Definition 3.2 (Domain and boundary unfolding operator).

1. For any function ¢ Lebesgue-measurable on the intracellular medium Qf’&T = (0,T) x
Qﬁa for k = 1,2, the unfolding operator TF is defined as follows:

x ~

, ) (t,a {} + €y) a.e. for (t,x,y) € Q5 x Y},
T (6)(t,2,y) = ely !

0 a.e. for (t,z,y) € A5 x Y,

(3.86)

where -] denotes the Gau3-bracket. Similarly, we define the unfolding operator T on the
domain QO - := (0,T) x Q. We readily have that:

Vo € RY, T () (t, ., {I}

> = o(t, ), withk = 1,2.
€ly

2. Forany function ¢ Lebesgue-measurable on the membrane T* := (0, T) xT* fork = 1,2,

the boundary unfolding operator T>* is defined as follows:

x .
© (t,8 [} + ey) a.e. for (t,x,y) € Q5 x I'*,

T )tz y) = ely !
0 a.e. for (t,z,y) € A7 x T*.

(3.87)

Similarly, we define the boundary unfolding operator T>'? on the gap junction F;% =
(0,T) x TL2,
Properties of The unfolding operator

In the following proposition, we state some basic properties of the unfolding operator which

will be used frequently in the next sections.

Proposition 3.1 (Some properties of the unfolding operator).
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1. The operator T*F : LP (QfeT) — LP(Qp X Y*) and TP* - LP(T% ) — LP(Qp x T'F)
are linear and continuous for p € [1,+00) and k = 1,2. Similarly, we have the same

properties for the unfolding operator T and for the boundary unfolding operator T 2.

2. Foru,u’ € L? (QfET) and v,w € LP (F’;T) , it holds that T*(uu') = T2* (u) TH*(u')
and T2*(vw) = T2F(0) T2k (w), withp € (1, +00) and k = 1,2.

3. Foru e L? (Qf,E?T) ,D € [1,400), we have

T2 (u)

= |y
)

U]l”‘k
Qi,s,T

1/
Lo QXY < |y|/* ||u||LP<Qi?ET) .
k2 1S

LP<Q£€,6,T)

4. Forv e LP (F’;,T> ,withp € [1,4+00) and k = 1,2. Then we have

5. Let ¢. € LP (0, T; WP (Q)), withp € [1,+00) and k = 1,2. If . — ¢ strongly in
LP(0, T;WtP(Q)) as e — 0, then

T (0) = P Y ol ey < YT o

LP(QpxTk) HL?’(f'S,T) HLP(F’S,T) :

T2 (62) = 6 strongly in L7 (2 x YF),
T2M(¢2) = @lre strongly in LP(Qr x T*) as e — 0.

&€

6. Foru € LP (0, T, W (Qf€)> ,p € [1,+00), it holds that ¥V, T*(u) = eT*(V u) with
k=12

Remark 3.11. Ifu € L? (0, T; Wl’p(Qﬁs)) forp € (1,+00), T2*(u) is just the trace on T* of

T*(u). In particular, by the standard trace theorem in Y}, there is a constant C such that

| () S C <‘

From the properties of T."*(-) in Proposition 3.1, it follows that

p
LP(QTfo

T2 (u) T2 (u)

)t va,k(u) ip(QTXyik)> .

p

T} ey < € (Nlloy oy + 1V 0 )

Similarly, the trace theorem in'Y, holds for u € L? (0,T; W'?(Q..)) (which can be found as
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Remark 4.2 in [Cio+12]).
In the sequel, we will define W#p the periodic Sobolev space as follows

Definition 3.3. Let O be a reference cell and p € [1,+00). Then, we define

W#p((’)) = {u € W'P(O) such that u periodic with Mo (u) = 0}, (3.88)

1
where Mo (u) = @ /O w dy. Its duality bracket is defined by:

F(U) = (F, U)(W#p(o)),7wip(o) = (F, u)(Wl,p(O))/7W1,p(O), Yu € W;p<0)

Furthermore, by the Poincaré-Wirtinger’s inequality, the Banach space W#p has the following
norm:

lellyrr o) = IVl ooy . Vi € WP (O).
Notation: We denote W;*(O) by H4(O) for p = 2.

Now we state two important results which are needed to get the convergence for the corre-

sponding unfolding operator, see for e.g. Theorem 3.12 in [Cio+12].

Theorem 3.3. Let p € (1,4+00) and k = 1,2.
1. Foranyu. € LP <O7T; wtp (Qfe)) that satisfies ”UEHLp(o Twie () < C. Then, there
existu € LP (0, T;W'P(Q)) and u € L? (O,T; Lp (Q, W;’p(Y-k))) , such that, up to a

()

subsequence (still denoted u.), the following hold when ¢ — 0 :

ﬁlk(ue) — u weakly in LP (0, T;LP (97 WLP(Y;’{))) ’
T2H(Vuf) = Vu + Vi weakly in L (Qr x Y}).

with the space W#p is defined by (3.88) and k = 1, 2.

2. Foranyv. € LP(T¥ 1) that satisfies £'/7 ||v. | Lok ,y < C. Then, there exist a subsequence
of v. and v € LP (1) such that

T2 (v,) — v weakly in LP (QT X Fk) , k=1,2.
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3.5.2 Microscopic tridomain model

Our novel derivation tridomain model is based on a new approach describing not only the
electrical activity but also the effect of the cell membrane and gap junctions in the heart tissue.
We intend to pass to the unfolding homogenization limit. We do this by following a three-steps
procedure: In Step 1, the weak formulation of the microscopic tridomain model (3.1) is written
by another one, called "unfolded" formulation, based on the unfolding operators stated in the
previous part. As step 2, we can pass to the limit as ¢ — 0 in the unfolded formulation using
some a priori estimates and compactness argument to get the corresponding homogenization
equation. In step 3, we take a special form of test functions to obtain finally the macroscopic
tridomain model.

The problem (3.1) satisfies the weak formulation given by (3.13)-(3.14). By summing the
two first equations and since Z;,, (vF, wF) = Ty i0n(vF) + Tpion(wk), we can rewrite the weak

formulation as follows:

3 / Ok doydt + / 0,50 dodt

k=1,2
+ Y / vaum Vb dudt + / MV, - Vi, drdt
k=12 Heer (3.89)
+ Z / azon ¢k dedt+ Z / €Ibzon )¢k daxdt
k=1,2
+ /F 2 Ly (52) W dodt = kzl:z / ezfpp€¢ dodt,
/ 8twfek dodt :/ H (vk w )e do,dt. (3.90)
Tl Il

We denote by E; with 2 = 1,...,5 the terms of the equation (3.89) which is rewritten as
follows (to respect the order):

Ey+Ey+ FEs+ By + Es + Eg + By = Es.

""Unfolded" formulation of the microscopic tridomain model

The unfolding operator is defined which is employed below to unfold the oscillating func-
tions such that they are expressed in terms of global and local variables describing positions
at the upper and lower heterogeneity scales, respectively. Using the properties of the unfolding

operator, we rewrite the weak formulation (3.89)-(3.90) in the "unfolded" form.
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3.5. Two-scale Unfolding Homogenization Method

Using the property (3.1) of Proposition 3.1, then the first and second term of (3.89) is rewritten

as follows:
B=Y // O doydt + 3 // €8tvfwk doydt
k=1,2 k=1,2
// THH(OR) TP (%) dadoydt + 3 / / | cOatyt dovdt
|Y‘k 1,2 Qr xTk k=1,2
= Jl + R1~

E, = //A 05V do,dt + // e0ys. V¥ do,dt
Fi:? Fij%mAE,T

— 1 b,1,2 b,1,2
-7 / /Q s T O TPH(D) dardod + / /F 13y 0050 dol

= JQ + RQ.

Similarly, we rewrite the third and fourth term using the property (3.1) of Proposition 3.1:

b3 = v kE;Q///QTka M TRVl )T (V) dadydt
+ 3 // MEVuw Yok drdt

k=1,2
= Jg + Rg
1
Bi= o [ T TV ) T (Vo) dadyat
|Y| QrxYe
+ /A MV, - Vi, drdt

= J4+R4

Due to the form of I ;,,,, we use the property (3.1)-(3.1) of Proposition 3.1 to obtain T2 (I, jon(+)) =
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Lt ion (7;““()) for ¢ = a,band k = 1, 2. Thus, we arrive to:

1
Es = m k§2 //QTka 7;b,k (Lmon( )) (wk ) dxdo,dt + Z // azon(v§)¢k dodt

k=12 oA
1
_ Taion ( Tk (F) ddo,dt + / / Lo son (0F)0* dorydt
Y| k§2//ﬂmrk on (T2 )) ") Y ,;;2 mAET (ve)¥
= J5 + R5
E / / T Ly iom %) dado,dt + / / Ly som (W) doydt
o ’Yl =127/ QrxT* b ( )) (¢ Y k21:2 AT ” ( )w
N Thon (T2 (u ) dado,dt // Iy son (WY doydt
¥ 30 Sy T (PR T dndot+ 32 [ i) do
= J@ + RG

Similarly, we can rewrite the last two terms of (3.89) by taking account the form of Z,,, as

follows:

Er = |Y| //QTXF12 Jap Tb12(35)) Tbl2( )dxdaydt+//I‘120A5T€Igap(8€)qj do,dt

= J? + Ry
By= o S [ TN, )T W) dedoydt + S // T doat
|Y| k=12 QpxTk pp KTo PP,
= Jg + Rg

Collecting the previous estimates, we readily obtain from (3.89) the following "unfolded"
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3.5. Two-scale Unfolding Homogenization Method

formulation:

|y|k 5 [y @A ) oo+ [T ) dedo
\Y\ kZ ///QW T (M) T (Vuf )T (V) dadydt

\Y\ ///Qme T (M) TE (Ve ) T (Vepe) dadyd

m 5 12//QN Tason (T2H(0F)) THF(WF) dadordt

m kZ //Q Tyion (T2F(wh)) T2H (4% dador,d

b,1,2 b,1,2
\Y\ //QTXplz gap T (s s)) T20%(V) dedoy,dt

Z /‘/Q Fk app E)Tbk(wk) dxdo-ydt + RS - R’? - RG - R5 - R4 — R3 — R2 — Rl
T X

|Y| f—p
(3.91)

Similarly, the "unfolded" formulation of (3.90) is given by:
“( dzdo,dt
Y] //QTxrk 2RO ) T2 () dado,
kY bk () k\YTbk( K
’ ’ dzdo,dt
= i S HOTH ), T ) T2 () o,

= —¢ // dwker do,dt + ¢ // H (v wh)e* do,dt
F§7T0A5,T FI;’TQAE,T

= Rg + Rl()

(3.92)

Convergence of the '""Unfolded" formulation

In this part, we establish the passage to the limit in (3.91)-(3.92). First, we prove that:

Rh'" 7R10 —>07
e—0

by making use of estimates (3.15)-(3.18). So, we prove that R3 — 0 when ¢ — 0 and the proof

for the other terms is similar. First, by Cauchy-Schwarz inequality, one has

r2(0 (//Ak \Wz

/2
Ry= Y // M5Vum Vi dadt < > HMEVuz6 dxdt) .

k=1,2 k=1,2
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In addition, we observe that

k
Ai,a

nated convergence theorem, one gets for k = 1,2 :

Ih.

Finally, by using Holder inequality, the result follows by making use of estimate (3.16) and

— 0and Vy} € L*(QF,). Consequently, by Lebesgue domi-

L2
Vil —0,ase — 0.

assumption (3.4) on M;.

Let us now elaborate the convergence results of J1, - - - , Js. Using property (3.1) of Propo-
sition 3.1 and due to the regularity of test functions, we know that the following strong conver-

gence:

TEF(pF) — oF and T*(e¥) — €* strongly in L?(Q x T'%)
TOL2(W) — W strongly in L*(Qp x T'1?)

and

Tk (%) — F strongly in L*(Qp x Y/)
TE(pe) — @ strongly in L*(Q7 x Yy).

Next, we want to use the a priori estimates (3.15)-(3.18) to verify that the remaining terms of
the equations are weakly convergent in the unfolded formulation (3.91)-(3.92). Using estima-
tion (3.16), we deduce from Theorem 3.3 that there exist u¥,u. € L?(0,T; H*(Q)), u} €
L2 (0, T; L2 (Q H#(Yi’“))) for k= 1,2 and 4, € L? (0, T; L? (Q H}&(Ye))) such that, up to a
subsequence, the following convergences hold as € goes to zero:

Tk (uF ) — u; weakly in L? (O, T;L? (Q X Y;’“)) ,

2y

K (Vuf,) = Vui + V,af weakly in L*(Qr x %),

£

and

T (o) — u, weakly in L (O, T; L* (9 x Ye)) ,
“(Ve:) — Vu + Vi, weakly in L?(Qr x V),

£

with the space H, is given by (3.88). Thus, since 7°* (M;) — M; a.e in Q x Y}* for k = 1,2
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and 77 (MS) — M, a.e in 2 x Y., one obtains:

~k
> kzle//QTXy [V + v, 8] Yk dedydt,

J 7/// M, [Vu, + V, .| V. dedydt.
4_>|Y| oy [Vue + V.| V. dedy

Remark 3.12. Since u¥ and u. are independent of y then it does not oscillate "rapidly". This is
why now expect u¥ and u, to be the "homogenized solutions". To find the homogenized equations,
it is sufficient to find an equation in Q satisfied by u¥ and the other one satisfied by u, both

independent on y.

Furthermore, we need to establish the weak convergence of the unfolded sequences that cor-

responds to v*, w¥ s.and Z¥ _for k = 1, 2. In order to establish the convergence of 7>*(9,v%),

app,e
we use estimatlon (3.18)to getfor k = 1,2

2 (0r)

el/2|y |1/ Hatvf N C.

L2(QpxTk) —

So there exists V* € L? (Qr) such that T>#(9,0%) — V* weakly in L?(Qp x T*) with k = 1, 2.
By a classical integration argument, one can show that Vk = 9,0%. Therefore, we deduce from
Theorem 3.3 that

TEF(0wE) — Op* weakly in L*(Qp x T'F).

Thus, we obtain

J, = // K (@R YTO (%) dadoydt — — // ok ok dedo, dt.
1 — ’Y’ gt QTXFk E tU ) IS5 (w ) €z Uy — |Y| kz QTXFk tU w x O.y

By the same strategy for the convergence of J, there exits d;s € L? (Q7) such that
TY2(0,s.) — O,s weakly in L?(Qp x T'?).
Thus, one has
1 1
n=r | 20,5 ) T (W) dadoydt — - [ 05w dudaydt.
2 ‘Y‘ QT><FL27; ( tS )IE ( ) xz Uy |Y| QTXFLZ tS Z Uy
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Now, making use of estimate (3.15) with property (3.1) of Proposition 3.1, one has

1/2 ‘Y‘1/2

T (i) <C,

L2(Fk )y —

£1/2 |Y|1/2 HSEHLQ(F;;) < C.

L2(QTxrk) =

7?)’1’2(85)

L2(QpxI12) —

Then, up to a subsequences,

T2 (wk) — wk weakly in L*(Qgp x T*),
To12(s.) — s weakly in L?(Qp x TH?).

So, by linearity of I ;,,, and of Z,,, we have respectively:

1
Jo = — / / Lyion (T2*(wh)) TO* (%) dado,dt — — / / Ty ion (wF)0* didodt,
Y k=zl,2 QrxI* ( ) ! |Y| k=127 /O xT* !

1
= ¥ //Q . Ly (7;1”1’2(85)> TI2(V) dadoydt — v //Q — ZLyap(8)V dadoydt.

Similarly, using assumption (3.10) on Z*

app.c» W obtain the following convergence:

dado, dt // dzdodt.
Js = |Y| = 12//QT><rk € “ppe)T (1/}) raoyat = |Y| kz QrxTk “ppw ragy

It remains to obtain the limit of .J; containing the ionic function I, ;.,. By the regularity of
¥, it sufficient to show the weak convergence of 1, ;o (7?’“(1}?)) 10 Lo ion (V%) in L?(Qg x TF).
Due to the non-linearity of I, ;,,,, the weak convergence will not be enough. It is difficult to pass
to the limit of this term on the microscopic membrane surface. Therefore, we need the strong
convergence of 7F(v¥) to v* in L2(Qp x T*) for k = 1,2 by using Kolmogorov-Riesz type
compactness criterion B.1 that can be found as Corollary 2.5 in [GNR16]. Next, we prove by
Vitali’s Theorem the strong convergence of I, ;o (7?’“(1}5)) t0 Ly ion (V%) in LI(Qp x TF), Vg €
[1,7/(r —1)) with r € (2, +00).

To cope with this, in the following theorem, we derive the convergence of the nonlinear term

Ia,ion :

Theorem 3.4. The following convergence holds for k = 1, 2:
TIF(F) — oF strongly in L*(Qp x TF), (3.93)
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as € — 0. Moreover, we have for k = 1,2:

Laion (ﬁbk(vk)) — Imion(vk) strongly in LY(Qrp X Fk), Vg € [1,r/(r — 1)), (3.94)

13

as e — 0.

Proof. We follow the same idea to the proof of Lemma 5.3 in [Ben+19] for first convergence

(3.93) which is based on the Kolmogorov compactness criterion (cf. Theorem B.1).

Next, we want to prove second convergence (3.94). Note that from the structure of I, ;,,, given
by (3.6) and using property (3.1) in Proposition 3.1, we have

Tk (Ia,ion(vf)) = Ly ion (ﬁbk(vf))  fork=1,2.

Due to the strong convergence of 72*(v*) in L*(Qr x T'Y), we can extract a subsequence, such

that 7% (vF) — v* a.e. in Qr x I'* with k = 1, 2. Since L, ;,, is continuous, we have
Lajiom (ﬁbk(vf)) — Tion (V") ace. in Qp x TV,

Further, we use estimate (3.17) with property (3.1) of Proposition 3.1 to obtain for £ = 1,2

Hence, using a classical result (see Lemma 1.3 in [Lio69]):

g(ri 1)/TIa,ion (Uf)

7?)7]{ (Ia,ion <U§>)

| S ‘Y‘('r‘—l)/r

<
Lr/(r=1(Qp xT¥ Lr/tr=1)(T. ) —

Tosion (T2F(0)) = Ta son (%) weakly in L7/01(Qq x T%) with k = 1,2,

Moreover, we obtain, using Vitali’s Theorem, the strong convergence of I ;o (7?’“(21?)) to

Luion(v¥) in LY(Qr x %), Vg € [1,7/(r — 1)) and k = 1, 2. O

Finally, we pass to the limit when ¢ — 0 in the unfolded formulation (3.91) to obtain the
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following limiting problem:

ki k
|Y| ;1:2 / /Q o Oy dedoydt + |Y| Oy sV drdo,dt

QTXFI

>l [Vl + v, vk dedydt
k=127 /T xY}

|Y| ///Q Y e [Vue + V| Voo dedydt
TXYe

k k
wion dado, dt // won dado, dt
|Y| k= 12//QTX b ( )¢ Ty ‘Y‘ k21:2 QrxI' b )w o

|Y| //QT><F12 gap( )\D d.’EdO'ydt

¥ dxdo,dt,
|Y| kZ //QTm Tapy" devdo

Similarly, we can prove also that the limit of (3.92) for £ = 1, 2 as ¢ tends to zero, is given by:

1 1
— duwe® drdo,dt — — H (" wh)e* dedo,dt = 0. (3.96)
Y| k Y k !

QpxT’ QpxT

3.5.3 Derivation of the macroscopic tridomain model

IYI

(3.95)

The convergence results of the previous section allow us to pass to the limit in the microscopic
equations (3.13)-(3.14) and to obtain the homogenized model formulated in Theorem 3.2.
To this end, we choose a special form of test functions to capture the microscopic informa-

tions at each structural level. Then, we consider that the test functions have the following form:

()06,8 = ¢e(t7 x) + 596(15, .Z')@e7£(.?§'),
i = oi(t,x) + 0 (t, 2)OF (),

with functions ©. . and ©F_ for k = 1,2 defined by:

(3.97)

Occ(z) =06, (i) and O} _(z) = Of (Z) , fork=1,2

where ¢, ¢}, 0. and 0} are in D(Qy), O, in H(Y.) and ©F in Hj,(Y}) for k = 1,2. Then, we
have:
v@e,s = V:v(be + Evmee@e,s + eevy@e,sa

Vk. = V, 0k +eV,000F, + 0¢v,0F.
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3.5. Two-scale Unfolding Homogenization Method

Due to the regularity of test functions and using property (3.1) of Proposition 3.1, there holds
fork=1,2:

T (pl.) — of strongly in L7 (@ x V'),
ToH(0465.) — 05(t, 7)) (y) strongly in L7 (2 x V)
*(Vek.) = Vaof + 05,0}, strongly in L* (Qr x V'),

=

o

.
(0.0.:) — 0.(t,7)O.(y) strongly in L* (Q x Y,),
L (Veee) = Ve +0.V,0O, . strongly in L*(Qp xY,).

(¢ee) — ¢ strongly in L? (Qr x Y),

Since ¢ := (90” goe,g) e, fork =1,2and ¥, := ((p}@ — @fvg) |12, then it holds also:

7;b’k(¢f) — ¥ strongly in L?(Qp x %),
To12(W,) — W strongly in L*(Qp x T'?),

where ¢ := ((bk qbe) lopxre for k= 1,2 and ¥ := (¢} — ¢7) | xriz.

Collecting all the convergence results of .Ji, . . ., Js obtained in Section 3.5.2, we deduce the

following limiting problem:

12|

I ot dudt + | / 9,5V dadt
k = |Y| // Y| !
k k k
|Y| ,;1:2 / /Q - [Vl 4+ v,8t] [V, + 68,08 dedydt

G| ///Q . e Ve + Vyiic] [Vage + 0.V, O] dadydt
T X

Fk‘ // Ty ion (wW*)* dadt
|Y| QT ,2omn

\rk (3.98)

’ Iawn 1/)k dzdt +
= w1k, >

k=1,2
1’\12
’|Y|‘// ()0 ddt

I
v 1Y // Iy W dadt.

Similarly, we can prove also that the limit of coupled dynamic equation for £ = 1, 2 as ¢ tends
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Chapter 3 — Homogenization Method Applied To Microscopic Tridomain Model

to zero, which is given by:

||

!
v / dywe* drdt — Gl // H(w* wh)eF dadt = 0. (3.99)
QT QT

Now, we will find first the expression of '&f in terms of the homogenized solution uf for
k = 1,2. Then, we derive the cell problem from the homogenized equation (3.98). Finally, we

obtain the weak formulation of the corresponding macroscopic equation.

We first take ¢, 0. and ¢ for k = 1,2 are equal to zero, to get:
1
— M; [Vuf + Vv, af| |0FV,0F | dzdydt = 0. 3.100
31,2 Ly Mo 9+ Vit 09,01 anty 3.100)

Since u¥, k = 1,2 is independent on the microscopic variable y then the formulation (3.100)

corresponds to the following microscopic problem:
d OmP? ou?
-V, (M;V,alf) = > ———+
Y ( Y ) p,q=1 8yp 3xq
¥ y-periodic, (3.101)
(M;V,af + M;Vaub) - nf = 0on T,
(M; V@ + M;V,ul) - nf =0 on T2,

vk
inY/”,

Hence, by the y-periodcity of M; and the comptability condition, it is not difficult to establish
the existence of a unique periodic solution up to an additive constant of the problem (3.101) (see
Section 3.4).

Thus, the linearity of terms in the right of the equation (3.101) suggests to look for @* under the

following form in terms of u}:
i (t 2.y, 2) = xi(y) - Vauy + g, (t, 7, 9), (3.102)

where a’gvi, k = 1,2 is a constant with respect to y and each element x! of y; satisfies the
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3.5. Two-scale Unfolding Homogenization Method

following e-cell problem:

d Om??
Yy ( sz) pz—:l ayp
x? y-periodic, (3.103)
M,V x¥-nl = —(Me,) -nfonTk k=12
M;iVyxi - ni = —(Mieg) - nf on T2,
for ¢ = 1,...,d. Moreover, the comptability condition is imposed to guarantee the existence

and uniqueness of solution y! € H#(Ylk) to problem (3.103) with Hj# is given by (3.88).

Finally, inserting the form (3.102) of ﬂf’ into (3.98) and setting Qf, 0. ¢. to zero, one obtains

the weak formulation of the homogenized equation for the intracellular problem:

S / / O Ok dwdt + pig / Dys0! dudt

k=1,2

|Y| //Q XYkMVu Vg dadydt
k=1,2 T

+ Z Mk // Ia zon ¢k dﬂfdt+ Z luk/ Ibzon ¢k dzdt

(3.104)

k=1,2 k=1,2
+ / / Tyop(s)0) dadt = 3 pu / / Tk oF dud,
k=12
with pp = ‘Fk‘ /Y], k = 1,2, uy = |TH?|/|Y| and the coefficients of the homogenized
conductivity matrices M; = (m??), <pq<a defined by:
m - Ly [, (e nOX) (3.105)
) |Y|£:1 Ylk 7 a Y.

Similarly, we can decouple the cell problem in the extracellular domain and define the homog-
enized matrix M,. This completes the proof of Theorem 3.2 using unfolding homogenization
method.

Remark 3.13.

1. Since the conductivity matrices M; for j = i, e are symmetric then the homogenized con-

ductivity matrices l\N/Ij defined by (3.20a)-(3.20b) are also symmetric for j = i, e.
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2. We can rewrite the homogenized conductivity matrices M; = (m}?), <p.q<a 98 follows

_ 0 (Yq + X7) O (yp + X7)
m?? = m? ¢~ A P 20 dy. 3.106
‘Y‘ZZ /Y y (3.106)

o ' Oyy Yy

Indeed, we recall that x} is the solution of (3.103). Choosing X" as test function in (3.103),

one has
q 9y P d , P
O ) T RUEED ol BT
0=1 v ayel 5ye =1 v} ay 0,0=1 ayﬂ’ (9yz
Hence,
0 (yg + X7) OXF
AT A 2Ry = ). (3.107
’Y’ZZ’Z / Oyp  Oye )

On the other hand, since

/ m?? dy = Z/ M%%dy,

20=1 e ay[’ ay@
q
pf Xz d / 174 aXl ayp d
Z e Oy v MZ: e Oye Oyy v

formula (3.105) can be written as follows:

_ /0 (yg + x7) 9y
m? = mt T2y Npg=1,...,d. 3.108
rY!MZ /Y g oy P 0%

Summing (3.107) from (3.108) gives (3.106). Similarly, we can rewrite the other matrix

M. in terms of the corresponding corrector function ..

3. Since the conductivity matrices M; for j = 1, e satisfy the ellipticity conditions defined by
(3.4). Then there exits oy > 0 such that

M-\ > ag A, (3.109a)
’MjA\ < Bo|A|, forany X € R%. (3.109b)
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3.5. Two-scale Unfolding Homogenization Method

Indeed, let \ € RY and j = i. To prove (3.109a), then from (3.106) it follows that

d p q
Zﬁfq)\p)\q Z Z/ M’ p ?Jp+Xz>)\ 8(yq+Xz) dy.

Pg=1 |Y‘ Pq=16,0'=1 Ay T Oy
d 0 p
Setting (; = > )\p@g—'—m and using the ellipticity of M; defined by (3.4), we get
p=1 Ye
Z M > g / VG2 dy > 0, forany A € R% (3.110)
p,q=1

Let us show that this inequality implies that

d
> ml\ N, > 0, forany X € RY, X # 0.

p,g=1

If this were not true. In view of (3.110), one would have some \ # 0 such that
V(| =0.

This means that .
9 P
G = Z%M = constant.

Thus, one has
d d P
oy ox;
M=2 =Y N +C,
pzjl " Oy, ])2:1 " Oy

and this impossible since the right-hand side function is y-periodic by definition and \ #
0. To end the proof of ellipticity, let M be the Jollowing function:

d
= Z ﬁ]igqugq'

p,g=1

This function is continuous on the unit sphere S*=' which is a compact set of R®. Hence,
M achieves its minimum on S and, due to the previous result, this minimum is positive.

So, there exists ag > 0 such that

M(E,€) > ap, VE € STL
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Consequently,
b A A p
> ml" 2L > ap, forany A € RY, X\ #£ 0,
p,q=1 |>\‘ |)\|
. )\1 )\d d—1 . . .
since the vector W, cee W belongs to S*~". This ends the proof of inequality (3.109a)

and by the same way we obtain the second inequality.
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Conclusion and Outlook

Many cardiovascular pathologies are due to electro-physiological disorders that disturb the
cardiac rhythm. The mathematical problems that arise on this subject are diverse, which explains
why the literature is so abundant. In this thesis, we are concerned with the analysis of a bido-
main and, respectively, of a tridomain model describing the chemical and the electrical activity
of the complex structured cardiac tissue. We have proposed suitable homogenization methods,
both formal and rigorous, allowing the improvement of the existing models for analyzing the
electrochemical phenomena arising in the human heart. The main lessons and conclusions we
have drawn from this work are given in this last chapter. The innovative tools developed in this
thesis lead to new questions, and perspectives will be proposed. will be proposed. We start with
a list of conclusions and perspectives by chapter. The equations that are referenced refer to those

given in the introduction.

Chapter 2

% Conclusions: In Chapter 2, we have proposed a model that extends the standard mi-
croscopic bidomain model with the periodic inclusions. These inclusions represent non-
excitable regions in the intracellular medium, such as mitochondria, the powerhouse of
the myocardium. The scale of such inclusions is significantly smaller than the scale of the
extracellular and intracellular spaces, and then much smaller compared to the scale of the
tissue. In the first part of this chapter, we proposed a detailed study that consists in provid-
ing a non-dimensionalization to make appear three different scales (macro-meso-micro)

in microscopic equations, based on the literature.

From a computational point of view this microscopic model is very costly, as we need to
create very detailed meshes of the tissue with the sub-domains, and the mesh step would
depend directly on the size of the sub-domains and the periodic cell. To avoid this problem,
we have presented a complete mathematical analysis of the homogenization procedure that
leads to the macroscopic bidomain model based on two different methods: the asymptotic
and unfolding approaches. The macroscopic (homogenized) model is in fact the bidomain

model, where the effects of the micro-structure are observed within the modified intracel-
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lular and extracellular conductivity tensors. In the derivation of the modified conductivity

tensors, we see that both volume and shape of the inclusions play a role.

* Perspectives: To quantify these effects, we could perform numerical tests in 2D or 3D.
We could observe that the modified conductivity tensors, for different shapes, will ex-
press a different dependence on volume fractions. In addition, we could observe changes
in the anisotropy ratios for intracellular and extracellular conductivities. Tests on wave
propagation could show that the inclusions modify the velocity as well as the shape of the
wavefront.

In a second perspective, one could numerically confirm the convergence of the meso-

microscopic problem to the derived homogenized equations.

Chapter 3

* Conclusions: The gap junctions that electrically connect the cardiac cells together, play
an important role for signal propagation in cardiac tissue. They have a dynamical behav-
ior that is neglected in the current mathematical models such as the bidomain model. In
Chapter 3, we were interested in the construction of a novel model describing the electri-
cal activity in cardiac tissue with dynamical gap junctions. First, we established the global
existence and uniqueness of the weak solutions to our microscopic tridomain model. The
global existence of solution, which constitutes the main result of this paper, is proved
by means of an approximate non-degenerate system, the Faedo-Galerkin method, and an
appropriate compactness argument. Then, using the asymptotic and unfolding methods in
homogenization, we showed that the sequence of solutions constructed in this microscopic
model converges to the solution of the macroscopic tridomain model. Because of the non-
linear ionic function, the proof is based on the surface unfolding method and Kolmogorov

compactness argument.

* Perspectives: A first perspective would be to see if it is possible to add the other organelles
(mitochondria, endoplasmic reticulim, ...) inside cardiac cells in the tridomain model. We
would need a new analysis taking into account three different scales as described in the
previous chapter.

A second perspective of this work is the consideration of the monodomain model, which
will be a simplification of the tridomain model obtained in the particular case where the
intra- and extracellular domains have equal anisotropy ratios. Then we could numerically

illustrate the diffusion term of this problem.
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Finally, for the sake of mathematical "simplicity" we have assumed in our work the pe-
riodic structure of the tissue. This is not very realistic, and one might explore the non-

periodic structures and non-periodic homogenization techniques.
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Appendix A

A.1 Periodic Sobolev space

In this section, we give the properties which play an important role in the theory of ho-
mogenization (see [CD99]). For more details on functional analysis, the reader is referred to
the following references: [Rud73], [AF75], [Edw95], [BCL99], [Zeil3]. We denote by O the
interval in R defined by :

O =10,6] x -+ x10,4q4], (A.1)

where (1, ..., {, are given positive numbers. We will refer to O as the reference cell.

We define now the periodicity for functions which are defined almost everywhere.

Definition A.1. Let O the reference cell defined by (A.1) and f a function defined a.e on R?.
The function f is called y-periodic, if and only if,

fly +kte;) = f(y) p.p.onRE, VE € Z, Vi € {1,...,d},
where {e1, ..., eq} is the canonical basis of R%.

Definition A.2. Let o, 5 € R, such that 0 < o < 3. We denote by M («, 3, O) the set of the
d x d matrices M = (mP?),<;, ;<4 € L(O)*? such that :

(M(2)A,2) = a |,
IM(z)Al < BIA[,

(A.2)

for any \ € R and almost everywhere on O.
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In this part, we introduce a notion of periodicity for functions in the Sobolev space H!. In

the sequel, we take O an open bounded set in R

Definition A.3. Let C° (O) be the subset of C*°(R?) of periodic functions. We denote by

per

H,.,.(O) the closure of Cye,(O) for the H'-norm, namely,

per

H. (0)=Cx o),

per per
Proposition A.1. Ler u € H'  (O). Then u has the same trace on the opposite faces of O.

per

In the sequel, we will define the quotient space H!  (O)/R and introduce some properties

per

on this space.

Definition A.4. The quotient space W, (O) is defined by:

Wier (0) = HY, (O)/R.

per

It is defined as the space of equivalence classes with respect to the following relation:
u~v & u—visaconstant, Yu,v € H,,(O).

We denote by 1 the equivalence class represented by u.

Proposition A.2. The following quantity:

||u||Wper(O) = ||Vu||L2((’)) 7\V/U € uau € Wper(0>

defines a norm on Wy, (O).
Moreover, the dual space (W, (O))' can be identified with the set:

Wper(0)) = {F € (H,,,(0)) tel que F(c) =0, Vc € R},
with
F(u) = (F. %) Wper (0)) Wyer(0) = (Fy0) (11, (0)) 12, (0) YU € Ty 1t € Wier(O).

Remark A.1. In particular, we can choose a representative element u of the equivalence class

by fixing the constant. Then, we define a particular space of periodic functions with a null mean
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value as follows:
Weer (0) = {u € H,,,(O) such that Mo (u) = 0}. (A.3)

1
with Mo (u) = 9] / w dx. Its dual coincides with the dual space (W, (O))" and the duality
o
bracket is defined by:

F(u) = (F,u)wy)y,wy©) = (Fyu) @, ©o)y,m,,©0) Yu € Wg(O).

Furthermore, by the Poincaré-Wirtinger’s inequality, the Banach space W (QO) has the following
norm:

el 0 = IVl 20 - Y € Wi(O).

In the sequel, we will introduce some elliptic partial differential equations with different
boundary conditions: Neumann and periodic conditions. In these cases, to prove existence and
uniqueness, the Lax-Milgram theorem will be applied. Few works are available in the literature
about boundary value problems, we cite for instance [LM68], [Lio69]. In this part, we will treat

the following partial equation:

Au = fin O,
with the operator 4 is defined by:
A=-V.-(MV) (A4)

where the matrix M = (m??);<,, ,<q4 € M(a, 3, O) is given by Definition A.2 but with different
boundary conditions:

e Nonhomogenous Neumann condition:

MVu - n = g on 00.

¢ Periodic-Neumann condition: Let O, a portion of a reference cell O given by (A.1), with

a boundary I separate the two regions O; and O \ O;. So, we have :
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The boundary condition which plays an essential role in the homogenization of perforated
periodic media, namely,
u y-periodic,

MVu-n=gonl.

Theorem A.1. (Nonhomogenous Neumann condition)

We consider the following problem:

Au = fin O,
(A.S5)
MVu - n = g on 00.
with the operator A is defined by (A.4). Its variational formulation is:
Find uw € H'(O) such that
(A.6)

with ao is defined by:
ap(u,v) = / MVuVudz, Yu,v € H'(O).
o
We take V = H'(O). Suppose that f € L*(O) and g € H: (00) satisfy the following compat-
ibility condition:
(f: V1010 + (9 1)H*%(BO),H%(80) =0 (A7)
Then, the problem (A.5)-(A.6) has a unique solution u € H'(O). Moreover,

1
oy < o= (I lzzior + Ol oy )

where oy = min(1, ) and C., is the trace constant.

Theorem A.2. (Periodic-Newmann condition)

Let O; a portion of a unit cell O given by (A.1), with Lipschitz continuous boundary I' separate
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the two regions O; and O \ O;. Consider the following problem:

Au= finO;,
u y-periodic, (A.8)
MVu-n=gonl.

We take V = Wer(O;). Then, for any f € (W,er(O;)) and for any g € H2 (T), the variational
Sformulation of the problem (A.8) is:

Find @ € W, (O;) such that

(A.9)
0, (1, 0) = (F, 0)Wper (0,)) Wper(05) V0 € Woer (),
with ap, is given by:
o, (i1, D) = /O MVuTudy, Vi € i o € 5,
and F' is defined by:
(F,0) Woer (03)) Waer (O / M;Vu - nv do(y +/ fvdy, Yv € 0, Yo € W, (O;),

where n denotes the unit outward normal to T'.
Assume that M belongs to M («, 3, O) with y-periodic coefficients. Suppose that F' belongs
10 Wher(O;))" which equivalent to

(F7 1)(Wp67'(oj))lvaer(oj) = 0

Then problem (A.9) has a unique weak solution. Moreover, we have the following estimation:

il 00 < o (1120 + Co 9l )

where oy = min(1, ) and C., is the trace constant.

By the definition of W,,, the previous theorem shows that the problem (A.8) admits a so-
lution in H,, defined up to an additive constant. If we take the particular case V = Wy4(O)

per?

defined by (2.91), we obtain the same result.
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Appendix B

B.1 Compactness result for the space L7 (), B)

In this part, we give a characterization of relatively compact sets F' in LP(2, B) for p €

[1;4+00), © C R? open and bounded set and B a Banach space.

Proposition B.1 (Kolmogorov-Riesz type compactness result). Let 0 C R? be an open and
bounded set. Let F C L*(), B) for a Banach space B and p € [1;+00). For f € F and h € R?,
we define 1, f(x) := f(x + h). Then F is relatively compact in L? (), B) if and only if

(i) for every measurable set C' C ) the set { [ fdx : f € F} is relatively compact in B,
(i) forall A >0,h € Réand h; > 0,i=1,...,d, there holds

sup || f — f||Lp(Q;;7B) — 0, for h — 0,
feF

where Q% :={x € Qy:x+h e N}and Q) = {x € Q: dist(z,00) > \},
(1i) for A > 0, there holds sup [o\q, | f(x)[" dx — 0 for A — 0.
fer

Proof. The proof of the proposition can be found as Corollary 2.5 in [GNR16]. 0
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Résumé : Cette thése est principalement consacrée a la
modélisation et a I'analyse multi-échelle de systemes d’élec-
trocardiologie bidomaine et tridomaine. Lélectrophysiologie car-
diaque décrit et modélise les phénomenes chimiques et élec-
triqgues qui se produisent dans le tissu cardiaque.

Au niveau microscopique, le tissu cardiaque est trés complexe
et il est donc tres difficile de comprendre et de prévoir son
comportement a I'échelle macroscopique (observable). Ainsi,
a chaque systéme (bidomaine ou tridomaine) on associe un
modéle microscopique (de type elliptique), couplé a un sys-
teme d’EDO non-linéaire et un autre macroscopique (de type
réaction-diffusion).

En se basant sur la loi de la conduction électrique d’'Ohm et
la conservation de la charge électrique, on obtient le modéle
microscopique qui donne une description détaillée de I'activité
électrique dans les cellules responsables de la contraction car-
diaque. Ensuite, en utilisant des techniques d’homogénéisation,
on obtient le modeéle macroscopique qui, a son tour, permet de
décrire la propagation des ondes électriques dans le coeur en-
tier.

Cette thése est composée en deux grandes parties. D’abord,
on donne une justification mathématique formelle et rigoureuse

du processus d’homogénéisation périodique qui conduit au mo-
déle macroscopique bidomaine. La méthode formelle est un
développement asymptotique a trois échelles appliqué au mo-
déle bidomaine méso- et microscopique. En outre, la justifica-
tion mathématique rigoureuse est basée sur des opérateurs
d’éclatement qui non seulement dérivent I'équation homogénéi-
sée mais aussi prouvent la convergence de la suite de solutions
du probleme bidomaine microscopique vers la solution du pro-
bléme macroscopique. Pour traiter les modéles ioniques non li-
néaires, 'opérateur d’éclatement sur la surface et un argument
de type Kolmogorov sont utilisés pour assurer la compacité.
Ensuite, on travaille sur I'analyse mathématique d’'un nouveau
modele décrivant 'activité électrique des cellules cardiaques en
présence de jonctions communicantes est proposé. Il s’agit no-
tamment du modeéle "tridomaine”. On montre I'existence et I'uni-
cité de la solution faible du modéle microscopique tridomaine
en utilisant la méthode constructive de Faedo-Galerkin. Finale-
ment, I'obtention du modéle tridomaine macroscopique (homo-
généisé) est justifiée d’une part par la méthode de développe-
ment asymptotique et d’autre part par I'analyse de convergence
du modele microscopique en s’appuyant sur la méthode d’écla-
tement périodique.

Title: Multi-scale unfolding homogenization method applied to bidomain and tridomain electro-

cardiology models.
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Abstract: This thesis is mainly devoted to the modeling
and multi-scale analysis of bidomain and tridomain electro-
cardiology systems. Cardiac electro-physiology describes and
models the chemical and electrical phenomena that occur in
cardiac tissue.

At the microscopic level, cardiac tissue is very complex and it
is therefore very difficult to understand and predict its behavior
at the macroscopic (observable) scale. Thus, to each (bidomain
or tridomain) system we associate a microscopic model (of el-
liptical type), coupled to a nonlinear ODE system and another
macroscopic one (of reaction-diffusion type).

Based on Ohm’s law of electrical conduction and conservation
of electrical charge, we obtain the microscopic model that gives
a detailed description of the electrical activity in the cells re-
sponsible for cardiac contraction. Then, using homogenization
techniques, we obtain the macroscopic model which, in turn, al-
lows us to describe the propagation of electrical waves in the
entire heart.

This thesis is composed of two main parts. First, we give a for-
mal and rigorous mathematical justification of the periodic ho-

mogenization process that leads to the macroscopic bidomain
model. The formal method is a kind of asymptotic development
at three scales that we apply to our meso- and microscopic
bidomain model. Moreover, the rigorous method is based on un-
folding operators which not only derive the homogenized equa-
tion but also prove the convergence of the solution sequence of
the microscopic bidomain problem to the solution of the macro-
scopic problem. Because of nonlinear terms, the boundary un-
folding operator and a Kolmogorov type argument for the phe-
nomenological ionic models are used.

Then, we work on the mathematical analysis of a new model
that describes the electrical activity of cardiac cells in the pres-
ence of junctions. This model is the "tridomain" model. We show
the existence and uniqueness of the weak solution of the trido-
main microscopic model using the Faedo-Galerkin constructive
technique and a compactness argument in L2. Finally, while us-
ing the two previous homogenization methods, we develop the
macroscopic tridomain model which corresponds to an approx-
imation of our microscopic model.
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