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Résumé

Les travaux de cette thése portent sur le développement et 1’analyse de méthodes
de discrétisation Hybrides d’Ordre Elevé (HHO : Hybrid High-Order, en anglais) pour
des problemes complexes en mécanique des fluides. Les méthodes HHO sont une nou-
velle classe de méthodes de discrétisation des EDPs, capable de gérer des maillages
polytopiques généraux. Nous nous intéressons aux problemes faisant intervenir des
fluides non-newtoniens, plus précisément dans un cadre non-hilbertien. L’'objectif est
de généraliser des théoremes d’analyse fonctionnelle discrete au cas non-hilbertien afin
d’établir des résultats de bonne position, de convergence par compacité, et des estima-
tions d’erreur pour les méthodes HHO. Trois problémes principaux sont étudiés pour
lesquels nous développons, analysons et illustrons numériquement une méthode HHO.
Le premier porte sur les équations de Stokes généralisées aux fluides non-newtoniens,
pouvant considérer des fluides caractérisés par des lois en puissance ou de Carreau—
Yasuda. Dans I’analyse, nous introduisons la notion de fonction encadrée permettant de
gérer la non-linéarité du probleme. De plus, nous généralisons au cadre non-hilbertien
une inégalité de Korn discrete afin d’obtenir la bonne position du probléme, ainsi qu’ une
estimation d’erreur. Le second probleme concerne les problemes de Leray—Lions, dont
un exemple classique est celui du p-Laplacien. Dans le cas ou p < 2, des dégénéres-
cences locales peuvent apparaitre lorsque le gradient de la solution s’annule ou explose.
Dans ce travail, nous établissons de nouvelles estimations d’erreur offrant des ordres de
convergence allant de (k + 1)(p — 1) a k + 1 selon la dégénérescence du probleme, ol
k correspond au degré polynomial de la méthode. Le troisiéme probléme porte sur les
équations de Navier-Stokes, généralisées aux fluides non-newtoniens incompressibles,
dont leur convection peut suivre une loi en puissance. Nous introduisons deux exposants
de Sobolev caractérisant le comportement de loi en puissance des lois de viscosité et
de convection du fluide. Dans ce travail, une analyse du probléme continu permet de
faire apparaitre des relations entre ces exposants de Sobolev qui se répercutent au niveau
discret. Nous établissons ainsi des résultats de convergence sous 1I’hypothese de régular-
ité minimale, ainsi qu’une estimation d’erreur pour les fluides pseudoplastiques. Enfin,
nous appliquons la méthode sur le probleme de la cavité entrainée, permettant d’illustrer
les phénomenes engendrés par 1’introduction des lois en puissances dans les termes de
visqueux et convectif.

Mots-clés : méthodes Hybrides d’Ordre Elevé, fluides non-newtoniens, loi en puis-
sance, loi de Carreau—Yasuda, fonctions encadrées, équations de Stokes généralisées,
problemes de Leray—Lions, équations de Navier—Stokes généralisées, convection régit
par une loi en puissance, estimations d’erreur, convergence par compacité, probleme de
la cavité entrainée



Abstract

The work of this thesis focuses on the development and analysis of Hybrid High-
Order (HHO) discretization methods for complex problems in fluid mechanics. HHO
methods are a new class of PDEs discretization methods, capable of handling general
polytopic meshes. We are interested in problems involving non-Newtonian fluids, more
precisely in a non-Hilbertian structure. The objective is to generalize discrete func-
tional analysis theorems to the non-Hilbertian case in order to establish results of good
position, convergence by compactness, and error estimates for HHO methods. Three
main problems are studied for which we develop, analyze and numerically illustrate a
HHO method. The first concerns the Stokes equations generalized to non-Newtonian
fluids, which can consider fluids characterized by power-laws or Carreau—Yasuda laws.
In this analysis, we introduce the notion of power-framed function, making it possible
to handle the non-linearity of the problem. In addition, we generalize a discrete Korn
inequality to the non-Hilbertian case in order to obtain the good position of the problem,
as well as an error estimate. The second problem concerns the Leray—Lions problems,
a classic example of which is that of the p-Laplacian. In the case of p < 2, local
degenerations can appear when the gradient of the solution vanishes or explodes. In
this work, we establish new error estimates offering orders of convergence ranging from
(k+1)(p—1)to k+1 depending on the degeneration of the problem, where k corresponds
to the polynomial degree of the method. The third problem concerns the Navier—Stokes
equations, generalized to incompressible non-Newtonian fluids, whose convection may
follow a power-law. We introduce two Sobolev exponents characterizing the power-law
behavior of the viscosity and convection laws of the fluid. In this work, an analysis
of the continuous problem leads to relations between these Sobolev exponents which
have repercussions at the discrete level. We thus establish convergence results under
minimal regularity assumptions, as well as an error estimate for pseudoplastic fluids. Fi-
nally, we apply this method to the lid-driven cavity problem, illustrating the phenomena
engendered by the introduction of the power-laws in the viscous and convective terms.

Keywords: Hybrid High-Order methods, non-Newtonian fluids, power-law, Carreau—
Yasuda law, framed functions, generalized Stokes equations, Leray—Lions problems,
generalized Navier—Stokes equations, power-like convective behaviour, error estimates,
convergence by compactness, lid-driven cavity problem
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Introduction

Dans ce manuscrit de theése, nous développons, analysons, et implémentons des méthodes
de discrétisation Hybrides d’Ordre Elevé (HHO : Hybrid High-Order, en anglais) dans
le cadre de problemes généralisés aux fluides non-newtoniens. Par la suite, nous allons
présenter 1’état de I’art de la méthode HHO, ainsi qu’une introduction a sa construction
et ses outils. Puis, nous décrirons le contenu et les contributions principales de chacun
des chapitres de ce manuscrit.

1 Méthodes Hybrid High-Order

Les méthodes HHO, dont la construction est détaillée dans [50], sont une nouvelle
famille de méthodes de discrétisation pour les Equations aux Dérivées Partielles (EDPs)
ayant récemment fait leur apparition.

1.1 Etat de Part

Le terme Hybrid fait référence au fait que la méthode posseéde deux types d’inconnues
de polyndmes localisé€es sur les éléments et sur les faces du maillage. Le terme High-
Order indique la possibilité de choisir un ordre d’approximation élevé, c’est-a-dire des
inconnues de polyndmes de haut degré, afin d’augmenter la précision du schéma. Les
deux éléments clés des méthodes HHO sont :

(i) des opérateurs différentiels discrets, définis de maniere implicite a travers une
intégration par parties discretes faisant intervenir les inconnues sur les éléments
et les faces;

(ii) des fonctions de stabilisation, obtenues par pénalisation de résidus d’ordre élevé,
et assurant la stabilité du schéma.

Cette construction offre de nombreux avantages qui les distinguent des méthodes clas-
siques comme les Eléments Finis et les Volumes Finis, les plus remarquables étant :

(i) la possibilité de traiter des maillages polytopiques généraux;
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(ii) la possibilité d’utiliser un ordre d’approximation arbitraire;
(iii) une stabilité de la forme inf-sup pour les problémes mixtes;
(iv) la fidélité a la physique;

(v) un cofit de calcul réduit grace a I’hybridation, la condensation statique et leur
stencil compact;

(vi) une implémentation intuitive et indépendante de la dimension.

Les méthodes HHO ont connu une expansion remarquable et, depuis leurs débuts, cf.
[55], de nombreux problemes faisant intervenir des EDPs furent étudiés. Nous pouvons
citer les applications traitant des écoulements incompressibles de fluides newtoniens
gouvernés par les équations d’Oseen [2], de Stokes [1, 23] et de Navier—Stokes [28, 50,
62], possiblement dirigé par des forces volumétriques irrotationnelles élevées [34, 60].

Nous retrouvons également des études portant sur le probleme de Brinkman [25], les
équations d’advection-diffusion-réaction [51], les problemes d’élasticité linéaire quasi-
incompressible [55, 57] et non-linéaire [30], les problemes de poroélasticité linéaire
[20] et non-linéaire [29], 1a magnétostatique [39, 40], le probleme de fracture en milieu
poreux [37, 38], le probleme de Cahn-Hilliard [41, 42], I’électrostatique [61, 63], les
problémes elliptiques aux interfaces [31] ou hautement oscillant [43], I’approximation
spectrale d’opérateurs elliptiques [32].

Les méthodes HHO s’étendent aussi vers de nouveaux horizons avec une suite
polynomiale exacte de de Rham [49, 54], des maillages courbés [24], ou encore une
version hp pour diffusion variable [3].

Enfin, I’analyse de convergence du probleme non-linéaire de Leray—Lions [48], ainsi
que son estimation d’erreur établie dans [47], ont offert de nombreux outils aux travaux
réalisés durant cette these.

1.2 Définitions et propriétés

Soit d € N, d > 2. Pour tout X ¢ R?, nous notons hy son diamétre, X sa frontiere,
et X sa fermeture. Pour lever toute ambiguité, nous définissons un polytope comme
Iintérieur d’une union finie de fermetures de simplexes de R?. Dans la suite, nous
considérons un polytope Q de RY.

1.2.1 Suite de maillage réguliere

Définition 1 (Maillage polytopal). Un maillage polytopal de Q est un couple M, =
(Th, Fn) o :
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(i) L'ensemble des éléments Tj, est une famille finie de polytopes non vides, disjoints
deux a deux, vérifiant
h = max hr, Q= U T.
TeT T

(ii) L’ensemble des faces du maillage ¥, est une famille finie de sous-ensembles non
vides d’hyperplans de R?, ouverts, disjoints deux a deux, tel que

| Jor=|JF.

TeT;, FeF,

De plus, nous distinguerons les faces en définissant les deux sous-ensembles suivants de

Fn -
* L'ensemble des faces de bord F,” = {F € F, | F C 0Q};

* L’ensemble des faces intérieures 7:]11 = 7—7,\7—;}’.
Nous définissons aussi les sous-ensembles suivants de 75, et F, :
* L’ensemble des éléments 77 = {T € 7, | F € 0T} de toute face F € Fy;

* L’ensemble des faces 7 := {F € ¥, | F C 0T} de tout élément T € 7j,.
Enfin nous noterons nyr le vecteur normal unitaire de F pointant vers I’extérieur de 7'.

La taille d’un maillage polytopal M, est donc caractérisée par le réel h € |0, +oo[.
On définit alors I’ensemble des tailles de maillage H c R}, dénombrable et ayant O
comme unique point d’accumulation, et on considére une suite de maillages (Mj)peqr =
(Tn> Fn)nert- Nous supposerons dans la suite que la suite (Mp)yeqr est réguliére au
sens de [50, Définition 1.9]. Cela implique, qu’il existe un paramétre de régularité du
maillage p € 10, 1[ permettant de borner uniformément par rapport a 4 le nombre de
faces de chaque élément du maillage, ainsi que le rapport entre son diametre et celui de
chacune de ses faces. Dans la suite, on fixera un certain & € H.

1.2.2 Projecteurs orthogonaux

Pour tout élément ou face X € 7, U F;, et € N, on note I’espace polynomial local P! (X)
(resp. P/ (X)?, P! (X)?4) comme I’espace engendré par la restriction 2 X des polynomes
a d variables, a valeur dans R (resp. R4, R4*d ), et de degré total inférieur a /.

Définition 2 (Projecteur L?-orthogonal local). On définit le projecteur L?-orthogonal
local ml, : L'(X) — P!(X) tel que, pour tout v € L' (X),

/(n&v -v)w=0 Yw e P/ (X). (1)
X
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On utilisera la notation en gras pour définir coordonnée par coordonnée le projecteur
L?-orthogonal local né( sur les espaces polynomiaux P/ (X)? et P{(X)4x.

Pour éviter ’accumulation de constantes génériques, nous noterons dans la suite,
a < b (resp., a > b) pour signifier a < Cb (resp., a > Cb) ou C > 0 est un réel
indépendant de &, et de tout élément ou face intervenant dans le cas d’une inégalité
locale. On notera aussi a =~ b lorsque a < b < a.

Proposition 3 (Propriétés d’approximation du projecteur L2-orthogonal). Soit T € Ty,
p € [l,+0[, n € [0,l+ 1], et m € [0,n]. On a la propriété d’approximation de 7rlT
suivante : Pour tout v € WP (T),

v — ﬂlTv|Wm,p(T) < by " lwnr (7). (2a)

Si de plus, n > 1, on a la propriété d’approximation de trace de ﬂlT suivante : Pour tout
v e WHP(T),

nel
lv = wgvlleeory S hy " [Viwnr ). (2b)
A I’échelle globale, on définit, pour tout / € N, I’espace polynomial brisé
P (Th) = {ve L' (Q) | v, e P{(T) VT € T3},

ainsi que le projecteur L*-orthogonal global 712 : LY(Q) — P(75) tel que, pour tout
velL'(Q)ettout T € Ty,

i 1
(m, V) = vy,

A nouveau, on notera en gras le projecteur L>-orthogonal global ”2 appliqué sur des
champs vectoriels de L' (Q)¢ dans P!(75,)?, ou des champs tensoriels de L' (Q)?*¢ dans
P! (75)%*¢, et obtenu en appliquant nil coordonnée par coordonnée.

1.2.3 Espaces de Sobolev brisés

Pour tout n € [0, +o0] et p € [1,+o0], on définit [’espace de Sobolev brisé

WP (Tp) = {v € LP(Q) : v, € W"(T) VT € T}, (3)

1
et on le munit de la semi-norme définie par |v|yn.r(7;) = (ZTE‘E, |v|5vn,p (T))I’ pour
tout v € WP (7;). De méme, on note respectivement, W2 (7;,)¢ et WP (T;,)44, les
espaces de Sobolev brisés vectoriel et tensoriel, munis de leur semi-norme |'|Wn,p(7;’)d et
|' |Wn,p(7md><d .
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2 Une méthode HHO pour des fluides non-newtoniens
rampants

Cette section est un résumé du Chapitre 1, portant sur une méthode HHO pour des
fluides non-newtoniens vérifiant les équations de Stokes. Les travaux de ce chapitre
sont consacrés a I’étude des équations de Stokes pour des fluides non-newtoniens, dans
un cadre non-hilbertien. Cette analyse généralise les travaux existants pour le cas
newtonien et hilbertien. Dans le contexte de cette étude, de nouveaux résultats d’analyse
fonctionnelle discrete furent démontrés afin d’analyser la méthode HHO, notamment la
bonne position du probleme discret et la convergence du schéma. Ces résultats couvrent
la généralisation au cas non-hilbertien de 1’inégalité de Korn discrete [28, Lemme 1],
ainsi que des propriétés d’opérateur de Fortin et de stabilité inf-sup, qui jusqu’a présent
ne s’appliquaient qu’au cas hilbertien. Ces outils nous permirent ainsi d’établir une
estimation d’erreur a priori entre les solutions continue et discrete, offrant des ordres de
convergence coincidant avec ceux de [47] pour la vélocité. De plus, en introduisant les
notions de fonction encadrée et d’exposant singulier, nous pouvons fusionner 1’analyse
des deux catégories de fluides non-newtonien, i.e. les fluides pseudo-plastiques et
dilatants.

La suite de cette section sera d’abord consacrée a présenter les fluides non-newtoniens
et la notion de fonction encadrée, puis nous résumerons le Chapitre 1. Nous com-
mencerons par une présentation du probleme continu, puis la construction de la méthode
HHO en introduisant les opérateurs et fonctions discrets. Puis, nous analysons cette
méthode, a ’aide de I’inégalité de Korn discrete, cf. Lemme 13. La bonne position du
probleme discret sera donnée dans le Théoreme 2, et nous énongons I’ estimation d’erreur
dans le Théoreme 3. Nous avons illustré cette étude avec des simulations numériques au
Chapitre 1, afin de valider les résultats théoriques.

Ces travaux ont donné lieu a un article complet paru dans la revue internationale
ESAIM: Mathematical Modelling and Numerical Analysis, cf. [27].

2.1 Fluides newtoniens et non-newtoniens

La rhéologie d’un fluide peut se caractériser en fonction de sa viscosité. Lorsque la
viscosité est indépendante des forces appliquées, on dit que le fluide est newtonien.
L’eau et I’air sont des fluides newtoniens par exemple. Les fluides non-newtoniens se
définissent donc par une viscosité qui varie selon la force extérieure appliquée pour
devenir "plus liquides" ou "plus solides". On discerne ainsi deux catégories de fluides
non-newtoniens : les fluides dits pseudoplastiques, dont la viscosité diminue avec une
contrainte accrue, et les fluides appelés dilatants, dont la viscosité augmente avec une
contrainte accrue. Le sang et le ketchup se liquéfient lorsqu’ils sont agités, ce sont donc
des fluides pseudoplastiques. A I’inverse, le miel et I’oobleck (composé d’amidon de
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mais et d’eau) se solidifient face aux forces externes et sont donc des fluides dilatants.

Les rhéologies non-linéaires sont notamment rencontrées dans de nombreux do-
maines comme la dynamique des glaces et la modélisation des glaciers [4, 78], la
convection mantellique [101], le génie chimique [80] ou encore les fluides biologiques
[69, 85].

2.1.1 Tenseur des contraintes

On note (R%*“,:) I’ensemble des matrices carrées symétriques de taille d X d munit
du produit scalaire de Frobenius défini tel que, pour tout T = (7;;)1<; j<a €t tout n =
(mijh1<i,j<a dans R 1 :q = Zf{jzl 7;1ij» avec la norme correspondante définie par
|[Tlaxa = NT: 7.

Le mouvement d’un fluide occupant un ensemble Q est défini et quantifié par une loi
o : QxR — R*4 que 1'on appelle tenseur des contraintes. Un fluide newtonien se
caractérise par le fait que son tenseur des contraintes est linéaire en son second argument,
i.e., pour presque toutx € Q et tout T € RfXd,

o(x,7) = p(x)T, (4)

ou u : Q — ]0,+400[ correspond a la viscosité locale du fluide. Les fluides non-
newtoniens possédent, en revanche, un tenseur des contraintes non-linéaire. Un exemple
classique est la loi en puissance.

Exemple 4 (Loi en puissance). Un fluide décrit par une loi en puissance (aussi appelée
loi d’Ostwald—de Waele) est défini tel que, pour presque tout x € Q et tout T € R9*?,

o(x,7) = px)|t)) T, (5)

ou p € |1,+o0[ est l'indice d’écoulement et u : Q — [u_,us] C ]0,+oc0[ est une
fonction mesurable correspondant a [’indice local de consistance du flux.
La valeur de p permet de quantifier la nature du fluide :

(i) Si p > 2, le fluide est dilatant;
(ii) Si p < 2 le fluide est pseudoplastique;
(iii) Si p = 2, le fluide est newtonien, et on retrouve (4).
Il existe des lois permettant de caractériser un fluide non-newtonien avec plus de
précision.
Exemple 5 (Carreau—Yasuda). Un fluide de Carreau—Yasuda, introduit dans [105] et

généralisé dans [76, Eq. (1.2)], est défini tel que, pour presque tout x € Q et tout

TE Rgx",
p-2

o (x,7) = u(x) (56" + [rl4) T (©)

ou p et u ont le méme rodle que dans I’Exemple 4 et ou
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(i) a:Q — [a-,a+] C]0,+co[ est une fonction mesurable correspondant a I’indice
de transition d’écoulement local,

(i) 6 : Q — [0, +oo[ est le paramétre de dégénérescence.

La loi de Carreau—Yasuda est une généralisation de la loi de Carreau (correspondant a
a. = 2) qui permet de prendre en compte les différents niveaux locaux de I’écoulement
du fluide. Le cas dégénéré ¢ = 0 correspond a la loi en puissance (5).

2.1.2 Fonction (p, §)-encadrée

On considere une partie mesurable U de R”, n € N*, et (W, (-, -)w) un espace préhilber-
tien avec pour norme induite ||-||w.

Définition 6 (Fonction (p, d)-encadrée). Soit p € |1,+o0[ et § : U — [0, +oco[ une
fonction mesurable. On dit qu’une fonction mesurable o0 : U X W — W est (p,0)-
encadrée s’il existe ote, Ohm € |0, +0o[ tel que, pour tout (7,7;) € W2 avec T # n et
presque tout x € U, la fonction o vérifie les propriétés de continuité holderienne

p=2
P

lo(x,7) — o (x, Pllw < one (5(x)7 +I7lliy + lImllyy) 7 llv = nllw, (7a)

et de monotonicité holderienne

p=2
(0(x,7) = (x, ), 7 =y = o (5C) + 7l +Inlly) 7 lle =7l (7b)

Afin de pouvoir vérifier que le tenseur des contraintes d’un fluide newtonien est
(p, 6)-encadré, le théoréme suivant permet de se ramener a la démonstration de deux
inégalités dans R.

Théoreme 1 (Fonction (p, §)-encadrée). Soit o : UXW — W. On suppose qu’il existe
une fonction de Carathéodory ¢ : U X [0, +00) — R tel que, pour tout T € W et presque
toutx € U,

O-(x’T) = g(x’ ”T”W)T (83)

On suppose aussi que §(x, -) est dérivable sur |0, +oo[ pour presque tout x € U, et qu’il
existe She, Shm € |0, +oo[ et 6 : U — [0, +0o| mesurable tel que, pour tout a € |0, +oo[
et presque tout x € U,

: _ 0(as(x,)

Shm(3(x)7 +a") T < SEEEE < G (57 rah)'7 . (8b)

Alors, o est (p,0)-encadrée.

Preuve 1. Voir Section 1.A.
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Corollaire 7 (Lois en puissance et de Carreau—Yasuda). Le tenseur des contraintes du
(u,9,a, p)-fluide de Carreau—Yasuda défini dans I’Exemple 5 est (p,d)-encadré. Par
conséquent, la loi en puissance de I’Exemple 4 est (p,0)-encadrée.

Preuve 2. Voir Section 1.A.

L’exposant p d’une fonction (p, 6)-encadrée deviendra naturellement 1’exposant de
Sobolev de I’espace ou vit la vélocité du fluide. Remarquons que dans les deux exemples
de lois citées dans le Corollaire 7, le cas hilbertien p = 2 correspond aux fluides
newtoniens. Cependant, il est possible de considérer des lois de fluides non-newtoniens
vivant dans un cadre hilbertien comme dans I’exemple ci-dessous.

Exemple 8 (Yeleswarapu). Un fluide de Yeleswarapu, introduit dans [106], est défini tel
que, pour presque tout x € Q et tout T € RfXd ,

1 +ln(1 +/l|T|d><d)
1+ A|7|axa

o (T) = | oo + (0 — f1o) T, ©)

ou g, A € ]0,+00[ et ue € [0, uo[. On peut montrer grace au Théoreme 1 que la
fonction o est (2, 0)-encadrée, bien qu’elle ne soit pas linéaire.

2.1.3 Fonction singulierement (p, §)-encadrée

La formulation faible des futurs problemes considérés faisant intervenir le tenseur des
contraintes dans des intégrales, les propriétés des fonctions (p, d)-encadrées doivent
parfois €tre allégées afin de pouvoir appliquer des inégalités de Holder. Pour cela, on
introduit I’exposant singulier de p défini par

p =min(p,2) €]1,2]. (10)

Définition 9 (Fonction singulierement (p, §)-encadrée). Soit p € |1,+c0[ et : U —
[0, +oo[ une fonction mesurable. On dit qu'une fonction mesurable o : U X W — W
est singulierement (p, 6)-encadrée s’il existe opc, opm € |0, +0o[ tel que, pour tout
(t,n) € W? et presque tout x € U, la fonction o vérifie les propriétés de continuité
holderienne singuliere

p=p

e 51
llo(x,7) = o (x,llw < ome (6C6)7 + Il + lImllyy) 7 llT =il (11a)
et de monotonicité holderienne singuliére

2p -
(0 7) = o @), 7 -y (6@ + Il +1712) 7 = owmlle—nll> 7. (11b)
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Nous précisons que la terminologie définie dans la Définition 9 n’est pas celle
employée dans [27, 35, 52] mais est plus appropriée pour différencier les propriétés
holderiennes et holderiennes singulieres.

Une inégalité triangulaire permet de montrer qu'une fonction (p, )-encadrée est
aussi singulierement (p, §)-encadrée. De plus on a les €galités suivantes :

-p p-1 2-p
P P + P = 1, p — + p — =
p p p+2-p p+2-p
ou chaque fraction est positive quelle que soit la valeur de p € |1, +oco[. On peut donc
appliquer des inégalités de Holder pour obtenir des inégalités analogues a (11) apres

intégration.

1, (12)

2.2 Probleme de Stokes généralisé

Soit Q ¢ RY, d € {2,3}, un polyédre ouvert connexe a frontiére lipschitzienne 9Q.
On considere un fluide possiblement non-newtonien occupant et soumis a une force
volumétrique f : @ — R?. Son écoulement est régi par le probléme de Stokes généralisé,
qui consiste 2 trouver la vélocité u : @ — R et la pression p : @ — R tel que

-V-o(-,Viu)+Vp=f in Q, (13a)
Vu=0 in Q, (13b)
u=90 on 09, (13¢)
/P(X)dx =0, (13d)
Q

oll o : Q x R — RI*d egt e tenseur des contraintes du fluide, V- est I'opérateur de
divergence appliqué aux champs vectoriels et tensoriels, V est la partie symétrique de
I’opérateur gradient V appliqué aux champs vectoriels, et on notera aussi Vg la partie
anti-symétrique de V.

2.2.1 Hypotheses sur le tenseur des contraintes

Pour tout m € [1, oo], on définit [’exposant conjugué de m par

~5 sim € (1,00)
m’ = { oo sim=1 € [1,00]. (14)
1 sim = o0

Hypothese 1 (Tenseur des contraintes). Soit r € |1, +oo[ un réel fixé. On suppose que

o(-,0)e L (Q, RfXd) pour presque tout x € Q, (15a)

o QxR 5 R4 et singulierement (r, §)-encadrée, (15b)
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avec 0 € [0, +oo[ et oll O, Ohm € |0, +0o[ sont les constantes respectives de continuité
et monotonicité holderiennes singulieres.

On pose o constant dans I’Hypothese 1 pour alléger la lecture mais il est possible de
considérer 6 € L"(Q, [0,+c0[). Sous cette hypotheése de régularité, la loi de Carreau—
Yasuda (6) vérifie I’'Hypothese 1, cf. Corollaire 7.

2.2.2 Formulation faible

Dans la suite, on omettra les variables d’intégration et mesures des intégrales afin
d’alléger la lecture, et on posera |Q2|; = 1, la mesure de Q.

On définit les espaces discrets de la vélocité et la pression prenant en compte les
conditions aux bords et de moyenne nulle respectivement :

U= {v e W (@) 1w, = 0}, pi= {q eL’(Q : fq= o}. (16)

En supposant f € L’ (Q)?, 1a formulation faible continue du probleme (13) consiste 2 :
Trouver (u, p) € U X P tel que

a(u,v)+b(v,p) = / f-v Vv eU, (17a)
Q
-b(u,q)=0 Vq € P, (17b)

ot la fonction a : U x U — R et la forme bilinéaire b : U x L” (Q) — R sont telles que,
pour tout v,w € Uettout g € L' (Q),

a(w,v) = '[20(~,sz) : Vg, b(v,q) = —-/Q(Vv)q. (18)

2.2.3 Inégalité de Korn et bonne position du probléeme continu

Grace aux propriétés de continuité et monotonicité holderiennes singulicres (11) de o,
et en rappelant (12), on obtient des propriétés analogues pour a.

Proposition 10 (Continuité et monotonicité holderiennes singulieres de a). Sous [’Hypothése
1, pour toutu,v,w € U, on a

la(u,v) —a(w,v)|

r—r

< e (64 1951l gyea + IVsW Il i) IV = W) gy (19)

2-7

7

(a(u,u =w) = a(w,u=w)) (8 + 1Vl g o + VW g0

> | Vs = W7 e (20)
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Preuve 3. La preuve s’obtient avec le méme raisonnement qu’en Section 1.7.2.1.

Au niveau continu, 1’inégalité de Korn (cf. [72, Théoréeme 1]) affirme qu’il existe
Cxk . € ]0,+00[, dépendant uniquement de Q et r, tel que, pour tout v € U,

19l < Crr IVl (i Q1)

Ainsi, sous I’Hypothese 1, la formulation faible continue (17) admet une unique solution
(u,p) € U X P (cf. [76, Section 2.4]). De plus, elle vérifie la majoration suivante :

1

1
- r-1 —F = r+l1-7
w1yt < Crel ((ahnlln f||L,/(Q)d) 4 (52 | f||L,,(Q)d) ) (22a)

ou Cye > 0 dépend uniquement de Q et r.

2.3 Méthode Hybrid High-Order

On considere une suite de maillages réguliere (Mp)neqy définie comme dans le para-
graphe 1.2.1.

2.3.1 Espaces et normes discrets

On fixe un entier k > 1 correspondant au degré de la méthode et on définit I’espace
discret de la vélocité contenant les inconnues discretes par

vr € PK(T)¢ VT € T, } . 23)

Ut = {gh = (Onren, VPren) | | ¢ P(F)d VF e F,

On définit l'opérateur d’interpolation It : W1 (Q)? — U} renvoyant une fonction de
v € Wh(Q)? sur le vecteur d’inconnues discrétes I ﬁv défini par :
ky . k k
!hv = ((ﬂ-Tv|T)T€771, (n-Fv|F)F€'7'—h)' (24)

Pour tout T € 7, on note Q§ etl ;, les restrictions de U ﬁ et/ ’;l sur 7', respectivement.
De plus, pour touty, € Q];u onnote v, = (vr, (VF)rer;) € Q? le vecteur contenant les
inconnues liées 4 T et ses faces, et v, € PX(7;)¢ le champ polynomial brisé obtenu en
accolant les inconnues d’éléments, i.e.,

Vny =vr YT € 7},. (25)

On définit sur Q]Z la W' (Q)“-semi-norme ||-|,.» telle que, pour tout v, € Q’;l,

1

1Vl = (Z ||zT||;,r,T) , (26a)

TeT,
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ou pour tout 7 € 7,

1
=

pllerr = {1V Tl gy + Y B W0 E=v7ll}, oa| - (26b)
FeFr

Pour tout 7' € 7y, et tout v € W7 (T)4,

|5 |lerr < Crlvlwir (ryds (27)

ou C1 > 0 est indépendant de T et h.
On définit, enfin, les espaces des vélocités et pressions discrétes qui prennent en
compte les conditions de bord et de moyenne nulle, respectivement :

Ut ={v,eUl :vi=0 VFeF’}, PL =BT nP. (28)

2.3.2 Opérateurs discrets

Soit ®, le produit tensoriel tel que, pour tout x = (x;)1<i<q €ty = (yi)1<i<a dans R?,
X ®y = (xy)i<ij<a € R

Pour tout T € 75, on définit la reconstruction locale du gradient G'} : Qi —
P*(T)?* telle que, pour tout v, € Q; et T € PK(T)%4,

/G;ETZT:/VVTZT+ Z /(VF—VT)'(THTF). (29)
T T F

FeFr
Cet opérateur est construit de telle sorte que, pour tout v € Wh1(T)4,
Gr(I}v) = 73(Vv), (30)

et possede ainsi des propriétés d’approximation provenant de (2). De plus, on définit
les reconstructions locales du gradient symétrique Gé‘T : Q§ — PK(T,R%*) et de la

divergence D;ﬂ : Q’} — PX(T) telles que,

1
Gly =3 (Gh+(GHT). D =(Gh), (31)

On obtient les reconstructions globales du gradient G’;l U z — P*(73,)%“ et du gradient

symétrique Gg‘ U Z — P*(7;,, R%*) en accolant les contributions locales :

(Gh)y, =G, (GE)), =Gl VI ed,. (32)
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Enfin, pour tout 7 € 7}, nous définissons le résidu de bord AST : Q’; — L’((?T)d tel
que, pour tout v, € Q?,
k+1 k+1

1
(ASTKT)|F = h_T (”?(PT Yr— VE) = ﬂl}(l‘T Vr— vT)) VF € Fr,

avec reconstruction de la vélocité rk*! : Uk — PH1(T)4 telle que

/(vsr§+1gT -Gl :Vaw=0  vweP"(D),
T

1
/I';HKT = /VT et /Vssr§+lzT = 2 Z /(VF ®nrr = nrp @ VE).
T T r F

FeFr

2.3.3 Terme visqueux discret

Dans la suite, on utilisera la notation |-| pour la valeur absolue ainsi que pour la norme
euclidienne des vecteurs de RY.
La version discrete de la fonction visqueuse a est donnée par aj : U i xU i — Ret
P k
définie telle que, pour touty,,w, € U, ,

. k . ok
yr) = [ TCGEw,) Gl by Y srupry), (33)
Q TeT,
ol Y € [Ohm, Ohe] €St un parameétre de stabilisation et ou les fonctions de stabilisation
locales st - Q§ X Q; — R, T € 7y, peuvent €tre définies telle que, pour touty,,w, € U z,

sT(Wp, V7)) = /0 ) AR w | 2AS W AL (34)

Remarquons qu’en (34) se trouve la fonction singulierement (7, 0)-encadrée R > x
|x|"~2x € R?. On obtient ainsi des propriétés analogues aux continuité et monotonicité
holderiennes singulieres de a pour les fonctions de stabilisation locales, et donc pour ay.

Lemme 11 (Continuité et monotonicité holderiennes singulieres de aj). Sous [’Hypothése
1, pour toutu,,v,,w, € Qﬁ, ona

|ah(£h9 Kh) - ah(mh’ Kh)|

i
" i1
< Ohe (5r + ”Eh”.};,r,h + ”ﬂhllg,r,h) ”Eh - Kh”:;,r’hllzhlla,r,ha (35a)

27

P
(ah(zh’ u, — Kh) - ah(mh’ u,- mh)) (51’ + ”Eh”z};,r,h + ”mh”;,r,h)
i
2 Ohmllu, - ﬁhHZr,hr- (35b)

Preuve 4. Voir Section 1.7.2.1.
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2.3.4 Couplage pression-vélocité discret

Le couplage pression-vélocité discret est donné par la forme bilinéaire b, : U i X
P*(75,) — R telle que, pour tout (v),-qn) € Q’;l x PX(T3),

(e == ) [ Dy ar (36)

T,
oll g7 = (gn)}, pour tout T € 7;,. On obtient pour by, la propriété inf-sup suivante.

Lemme 12 (Propriété inf-sup de by). Pour tout qj, € PX, on a

lgnllr (@) < sup bn (¥, qn)- (37)

k
Yu EQh,(y “Kh lle,r,n=1

Preuve 5. Voir Section 1.7.2.2.

2.4 Probleme discret et résultats principaux

Le probleme discret est défini par : Trouver (u,, pp) € U fz,o X Pi tel que

ah(ﬁh,ﬁh)"‘bh(ﬁhaph):'/Qf"’h Vzhey’,ﬁ,o, (38a)

~by(w,, qn) =0 Vg € P5. (38b)

2.4.1 Inégalité de Korn discrete et bonne position du probleme discret

Dualement a (21), on reproduit une inégalité de Korn discrete pour la semi-norme
|||le.r.n» qui devient alors une norme sur U Z o

Lemme 13. (Inégalité de Korn discréte) Pour tout v, € U ﬁ pona
||vh||2r(g)d + |vh|€V1”(7Z,)d < ||Kh”::,r,h' (39)
Preuve 6. Voir Section 1.6.

On obtient ainsi la bonne position du probleme discret.

Théoréme 2 (Bonne position). /I existe une unique solution (u,, p;) € Qﬁ,o X P’; au
probléme discret (38). De plus, elle vérifie les majorations suivantes :

1 1
r+l-7

_ =1 5
e (Gl Nl ya) ™ + (62Tl Nl pa) ™ (40a)

-1
— _ = _ r+l-r
Ipallp @) S The (ahnﬁllf v @ya + 6720 (adl f||L,f(Q)d) ) (40b)

Preuve 7. Voir Section 1.7.2.3.



3. Amélioration des estimations d’erreur pour des
méthodes HHO sur les problémes de Leray—Lions 15

2.4.2 Estimation d’erreur

Sous I’hypothese de régularité supplémentaire sur la solution du probleme continu, on
peut établir une estimation d’erreur a priori de la méthode.

Théoréme 3 (Estimation d’erreur). Soit (u,p) € U X P et (u,,py) € Qio X P’Z les
solutions respectives des problemes (17) et (38). On suppose que

(i) w e W2 (7)4,
(ii) o (-, Vsu) € W' (Q, Ry n wkHDT=Dr" (g Rdxdy
(iii) p € W' (Q) n wkHrD=Dr’ (g,

Alors, sous I’Hypothese 1, on a
X (k+1) (F=1)
”Eh - !hu“&r,h < Nyh 1= (41a)

(k+1)(7=1)2

Ipn = 75l ) S Nah$DD 4 Agh ™7 (41b)

ou N1, N2, N3 € [0, +oo[ dépendent uniquement de r, 0he, Ohm, 0 et des normes |u |W1,r(9)d,
|t |yrszr ( gy, 10y Vst lyeen G- (g yaxds |Plwaen - @y | f | (@ya-

Preuve 8. Voir Section 1.7.3.3.

On en déduit les ordres de convergence respectifs suivants pour la vélocité et la
pression :

o L GEDE=D ke DE=1)

vel ™ 1= F pret gyl -7

Remarquons que, suite a la présence de termes d’ordres plus élevés dans I’estimation

d’erreur (41), on pourrait observer des taux de convergence plus élevés avant d’atteindre

les ordres de convergence asymptotiques. De plus, les ordres de convergence obtenus

pour la vélocité coincident avec ceux démontrés dans [47, Théoréme 3.2] pour des

discrétisations HHO sur des problemes scalaires de Leray—Lions. Une panoplie de tests
démontre la stabilité et la précision de la méthode.

(42)

3 Amélioration des estimations d’erreur pour des
méthodes HHO sur les problémes de Leray-Lions

Cette section résume le Chapitre 2, ol nous construisons et analysons une méthode
HHO pour les problemes de Leray-Lions. Lobjectif de ces travaux est d’apporter
une amélioration des estimations d’erreur démontrées dans [47], pour les problemes de
Leray-Lions dans W'? dans le cas p < 2. Une des nouveautés repose sur I’introduction
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de la notion de dégénérescence. En effet, de par la nature du probléme, des puissances
négatives de la norme du gradient de la solution peuvent apparaitre dans le flux. Cela
peut avoir pour conséquence de créer des dégénérescences locales du probleme. Les
autres contributions incluent 1’adoption d’hypothéses plus large sur la fonction flux,
qui permettent notamment de considérer des flux de type Carreau—Yasuda, en faisant
intervenir la notion de fonction encadrée. Des hypotheses analogues sont supposées
pour la fonction de stabilisation, dans le but de traiter en parallele avec la fonction flux,
I’analyse du schéma. Ces nouveautés permettent de démontrer des estimations d’erreur
qui prennent en compte I’influence de la dégénérescence du probleme sur les taux de
convergence. L’analyse dépend de la nature de la fonction flux et traite simultanément
les deux cas de dégénérescence, selon si la norme du gradient de la solution s’annule ou
explose.

Apres avoir présenté le probleme de Leray—Lions, avec les nouvelles hypotheses
de fonction encadrée sur la fonction flux, nous construisons la méthode HHO avec
la nouvelle fonction de stabilisation. Nous énoncons ensuite dans le Théoréme 4,
I’estimation d’erreur; en posant k, le degré polynomial de la méthode, on obtient
des taux de convergence entre k + 1, pour le cas globalement non-dégénéré, et (k +
1)(p — 1), pour le cas globalement dégénéré, ce qui coincide avec I’estimation d’erreur
originellement prouvée dans [47, Théoreme 3.2]. Pour y parvenir, nous utilisons a la
fois les propriétés holderiennes et holderiennes singulieres que possedent les fonctions
flux et de stabilisation, cf. Hypotheses 2 et 3. Des tests numériques furent effectués
pour confirmer ces estimations d’erreur.

Ces travaux ont donné lieu a un article complet paru dans la revue internationale
Calcolo, cf. [52].

3.1 Probleme de Leray-Lions

Soit Q ¢ R? un polytope borné connexe 2 frontiére lipschitzienne Q. Le probléme de
Leray-Lions consiste a : Trouver u : Q — R tel que

Vo,V =f  inQ (43a)
u=>0 on 0%, (43b)

oil f : Q — R représente une force volumétrique, tandis que o : Q x RY — RY est
la fonction flux qui peut dépendre de la variable d’espace et qui intervient a travers le
gradient du potentiel u : Q — R.

Hypothese 2 (Fonction flux). Soit p € |1, 2] un réel fixé. On suppose que

o (-,0) € L? (Q)¢ pour presque tout x € Q, (442)
o QxRY - RY est (p, §)-encadrée, (44b)
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avec 0 € LP(Q, [0, +o0[) et ol on note o, ohm € |0, +0o[ les constantes respectives de
continuité et monotonicité holderiennes.

Exemple 14 (Carreau—Yasuda). Un exemple de fonction flux vérifiant I’Hypothese 2 est
la fonction de Carreau—Yasuda définie pour presque tout x € Q et tout T € R? par

p-2

o (x,7) = u(x) (5(x)“<x> + |r|‘l<x>)m T, (45)

correspondant a la version vectorielle de (6), ou u : Q — [u_,us] € ]0,+00[ et
a:Q — [a_,ay] C ]0,+oo[ sont des fonctions mesurables et 6 € LP(Q, [0, +oo]).

Remarquons que lorsque 6 = 0 et u = 1, (43) devient le probleme du p-laplacien
—V-(|Vul|P~2Vu) = f.

On définit I’espace du potentiel incluant les conditions aux limites par :
U:={veWw”Q)|v,, =0}

En suppose maintenant que f € L' (Q), la formulation faible du probleme (43) est
définie par : Trouver u € U tel que

a(u,v) = / fv Vv e U, (46)
Q

ou la fonction de diffusion a : U x U — R est définie telle que, pour tout v,w € U,

a(w,v) = /0’(-,VW) - V. (47)
Q

Proposition 15 (Bonne position et majoration). Sous I’Hypothése 2, la formulation
faible (46) admet une unique solution u € U. De plus, elle vérifie I’inégalité suivante :

1

2=p 1 -1
||VM||Lp(Q)d < (2 r CPO'hm”f”LP'(Q)) (48)

. 2P o
+-min(18]1z0(@)32 7 Cooiphl18113, ey £ 10 ) -

ou Cp > 0 dépend seulement de Q et p, et provient de I’'inégalité de Poincaré telle que,
pour toutv € U, |[v||Lr @) < Cp|IVV||Lr(q)a-

Preuve 9. Voir Section 2.2.2.

3.2 Méthode Hybrid High-Order

On considére une suite de maillages réguliere (Mp)neqq de Q définie comme dans le
paragraphe 1.2.1.
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3.2.1 Espace hybride et semi-norme

Posons k € N, le degré de la méthode. On définit I’espace hybride

vr € PX(T) VT € 7, } 49)

Q’Z = {Kh = ((vDre7;,, VF)Fes,) | v € PY(F) YF € F,

Cet espace est la version scalaire de celui défini par (23). On introduit I’opérateur
d’interpolation I§ : W!(Q) — U¥ qui projette une fonction v € W'!(Q) sur le vecteur
d’inconnues discretes [ ’;lv tel que :

k., . k k
!hv = ((ﬂ'TV|T)Te77,, (ﬂFVIF)Feﬂ)-

Au niveau local, pour tout 7 € 7, on note Q§ et !? les restrictions de U fl et [ ﬁ sur
T, respectivement. De plus, pour tout v, € QII;, on note v, = (vr, (Vr)rer;) € Q’; le
vecteur collectant les inconnues discréetes rattachées a I’élément T et ses faces. Enfin,
pour touty, € U ﬁ, on définit le polyndme brisé v;, € PX(7}) par :

(Vh)|T =vr YT € 7y,
Pour tout g € (1, +00), on définit sur U fl la semi-norme ||-||1,4,5 telle que, pour tout

k
v, egh,

lylings = [ Y ||vT||1qT) , (50a)
T,
ou, pour tout 7' € 75,
1
. q
leplhgr = {197l + thnvF—anzq(F)) . (50b)
Fefr

On définit a présent 1’espace du potentiel discret comme le sous-espace de U ];1 incluant
les conditions aux bords :

Uno={v, €U, : vi=0 VFeF}.

On a I’inégalité de Poincaré discrete suivante, cf. [48, Proposition 5.4] : Pour tout

k
n € UhO’

WallLa) < vy, llhg.n- (51)

ST k
Cette inégalité implique que ||-]|1,4,, est une norme sur U 10
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3.2.2 Opérateurs discrets

Pour tout T € 7, on définit le gradient discret local G§ : Q§ — PX(T)? tel que, pour
tout v, € Qi,

/G;KT-T:‘/VVT-T+ Z /(VF—VT) (t-nrp) VTEPk(T)d. (52)
T T Feg IF
De plus, nous définissons ['opérateur de bord résiduel AST : Q; — LP(0T) tel que,

k
pour tout v,. € Uy,

1
(A v :=h—T[n’é(ri“zT—m—ni(ri“zT—m] VF e Fr,  (53)

ou on a introduit le potentiel discret local r?l U i — P*1(T) définit tel que, pour tout

k
Yr € QT’

/ (Ve§*lv, = Ghy,) - Vw=0  vw e P**Y(T), (54)
T

/ - / vr. (55)
T T

3.2.3 Fonctions de diffusion discreéte et de stabilisations locales

On peut a présent définir la fonction de diffusion discréte a; : U ﬁ x U ﬁ — R telle que,
pour touty,,w, € Q;‘l,

a(wy,v,) = ) ( / o (-,Gwy) - Gryy + by /a Sr(, Myrwp)Asrvr ], (56)
TeT; r

ou pour tout T € 75, Sr est une fonction de stabilisation locale pour laquelle nous
émettrons des hypotheses analogues a I'Hypothese 2 de la fonction flux . Tout d”abord,
nous définissons le squelette du maillage O M, := Jpeg;, F et posons

LP(OMy) ={u : OM >R : yr € LP(F) YF € T},

1
Y (57)
Mo omn = D e Y el | Vi€ LP(OM).
TeT, FeFr
Hypothese 3 (Fonction de stabilisation locale). Pour tout 7' € 7y,
S7(x,0) = 0 pour presque tout x € €, (58a)
S7: 0T XR — Rest (£, p)-encadrée, (58b)

avec £ € LP(OMy; [0, +0o[) et ou les constantes respectives de continuité et monotonic-
ité holderiennes singulieres sont 0}, €t o
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Le caractere de fonction encadrée n’avait jusqu’a présent, jamais été appliqué aux
fonctions de stabilisation. Il permet de considérer une classe plus large de fonctions
de stabilisation, notamment grace a I’introduction de la fonction de dégénérescence (.
De plus, des résultats analogues entre les fonctions de stabilisation et le tenseur des
contraintes peuvent étre établis.

Exemple 16 (Fonction de stabilisation). Une fonction de stabilisation locale vérifiant
I’Hypothese 3 peut étre obtenue en posant, pour tout 7 € 7y, tout w € R, et tout x € 07,

P2
Sr(x,w) = B (£(x)P + [w|P) 7 w. (59)
On obtient ainsi une monotonicité holderienne pour a;, analogue a (35b) pour p < 2.

Lemme 17 (Monotonicité holderienne de aj). Sous les Hypothéses 2 et 3, pour tout
Vs W, € Qﬁ, ona

2-p
p p p
Tl =, I S (160 NN o+ 2l 9,0 7 60

X (ah(lh»ﬁh - Eh) - ah(mh’lh - Eh)) .

Preuve 10. Voir Section 2.5.1.

3.3 Probleme discret et résultat principaux

Nous définissons la version discrete de la formulation faible (46) par : Trouver u,, € Uk
tel que

—h,0
ah(ﬂh,zh) = / AL Vvh € Uk (61)
Q

3.3.1 Bonne position du probleme discret

On énonce I’existence et unicité d’une solution au probleme (61).

Proposition 18 (Bonne position et majoration). Sous les Hypotheses 2 et 3, la formu-
lation faible discrete (61) admet une unique solution u, € U ];l o De plus, elle vérifie
I’inégalité suivante :

iyl < CuLEIE g + Comin(I615 e + €127y Tl ) (62
ou C1, C; € [0, +oo[ dépendent uniguement de p, oom, 10||2r(75) et |l (omy,)-

Preuve 11. Voir Section 58.
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3.3.2 Estimation d’erreur adaptée a la dégénérescence
On énonce finalement I’estimation d’erreur ci-dessous.
Théoréme 4 (Estimation d’erreur). Soit u € U et u, € Qﬁo les solutions des for-
mulations faibles (46) et (61), respectivement. On suppose [’hypothése de régularité
supplémentaire u € WP (T;) et o (-, Vu) € WP (Q)4 n WKLP' (7,)4. Alors, sous
les Hypothéses 2 et 3, on a

lay, = Lyl pon < LRS!+ N mim (i 1)*77 D7D, (63)
ou l'on définit le paramétre de dégénérescence du flux

D = ( inf (6 + |Vul) ; ‘f), 64
4 = min essgm( |Vu|) eg?vlélf (64)

que l’on introduit dans le nombre sans dimension

1 _ .
! maxres (177 |u|Wk+z,p(T))Dhl si Dp # 0 # |ulyrer (g
ny = +00 si Dp=04# |M|Wk+2,p(7;,) (65)
0 si Dp=0= |ulwk+2,p(771)

et oit Ni, N» € [0, +co[ dépendent uniquement de p, one, Ohm, |16llLr(@)» 1<1ILrom,)s
”f”Lp/(Q), |0'(, Vu)lwkﬂ,p’((];l)d et |M|Wk+2,p(7;[).

Preuve 12. Voir Section 2.5.2.

Le parametre D;, permet de mesurer localement la dégénérescence du flux et de la
fonction de stabilisation : plus il est proche de zéro, plus le modele est dégénéré. Le
nombre sans dimension 77;, permet, quant a lui, de déterminer le taux de convergence de
la méthode :

(i) Siny > 1, onest dans le cas globalement dégénéré avec pour taux de convergence
(k+1)(p—-1);

(ii) Sin, < h*H! |lulwisp (75, 1-€. Dp > 1, onestdans le cas globalement non-dégénéré
avec pour taux de convergence k + 1;

(iii) Le cas n;, € |h*+! |ulwrs2.p (75, 1[ correspond a des taux de convergence intermé-
diaires entre (k + 1)(p — 1) et k + 1.

Dans le chapitre 2, nous énongons une version locale du Théoreme 4. Une série de
résultats numériques permettent de confirmer les prédictions du théoreme.
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4 Méthode HHO pour des fluides non-newtoniens
avec convection suivant une loi en puissance

Dans le Chapitre 3, nous étendons les travaux du Chapitre 1, qui portent sur I’écoulement
de fluides non-newtoniens gouverné par les équations de Stokes, aux équations de
Navier—Stokes. La différence entre ces deux problemes réside dans I’introduction d’un
terme convectif. Dans la littérature, le terme convectif du probleme de Navier—Stokes a
connu peu d’évolution a I’instar du terme visqueux. Récemment, une variante du terme
convectif trilinéaire classique fut considérée dans [86], en relation avec le calcul de la
distance de Wasserstein dans le contexte de 1’application au transport optimal. Pour
aller plus loin, nous avons développé une nouvelle facon de définir le terme convectif
en introduisant la notion de loi de convection. Des lors, il est possible de considérer
des termes convectifs différents du cas classique. Par exemple, on peut choisir un
terme convectif suivant une loi en puissance, et dans ce cas, on retrouve celui décrit
dans [86]. De plus, cette nouvelle loi satisfait des relations de non-dissipativité et une
propriété de continuité holderienne singuliére, et a pour atout de faciliter 1’étude du
probleme continu ainsi que I’analyse de la méthode HHO. Ainsi dans ces travaux, nous
construisons et étudions une méthode HHO appliquée au probleme de Navier—Stokes
stationnaire, généralisé aux fluides non-newtoniens incompressibles. Ces travaux ont
également 1’avantage d’inclure une généralisation du terme convectif.

Dans la suite de cette section, nous résumons les travaux réalisés dans le Chapitre 3.
Premierement, nous énoncons le probléme continu de Navier-Stokes stationnaire pour
des fluides incompressibles avec les hypotheéses susmentionnées sur le terme convectif,
cf. Hypothese 5, admettant un comportement de loi en puissance, tout comme le terme
visqueux, cf. Hypothese 4. Les comportements de loi en puissance des termes visqueux
et convectifs sont caractérisés par des exposants de Sobolev r € |1,00[ et s € |1, 00],
possiblement distincts. Ensuite, nous énoncons dans le Théoreme 5, la bonne position
du probléme continu afin de mettre en exergue des relations entre ces exposants, qui
déterminent I’existence et 1’unicité de la solution. Nous construisons ensuite la méthode
HHO qui nécessite en outre le développement d’une fonction convective discrete. La
bonne position du probleme discret fut également établie dans le Théoreme 6. Puis,
nous énoncgons dans le Théoreme 7 des résultats de convergence sous I’hypothese de
régularités minimales des solutions par un argument de compacité. Enfin, nous donnons
dans le Théoréme 8, une estimation d’erreur pour des fluides pseudoplastiques impliquant
différents ordres de convergence selon la dégénérescence du probléme dans le méme
esprit que la Section 3, i.e. entre (k + 1)(r — 1) et k + 1 pour la vélocité et entre
(k+1)(r = 1)?> et (k + 1)(r — 1) pour la pression, ol k est le degré polynomial de la
méthode. Plusieurs simulations numériques figurent dans le Chapitre 3, dont le probleme
de la cavité entrainée, dans le but de valider les résultats théoriques.

Ces travaux ont été soumis pour publication, cf. [35].
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4.1 Probleme de Navier-Stokes généralisé

SoitQ c R4, d e {2, 3}, un polyedre ouvert connexe a frontiere lipschitzienne dQ2. On
considere un fluide incompressible possiblement non-newtonien occupant et soumis
A une force volumétrique f : @ — R?. Son écoulement est régi par le probléme de
Navier-Stokes généralisé, qui consiste a trouver la vélocité u : Q — R? et la pression
p:Q — Rtel que

-Vo(-,Vau)+(u-V)x(,u)+Vp=f in Q, (66a)
Vu=0 in Q, (66b)
u=90 on 0Q), (66¢)
/P =0, (66d)
Q

oll o : QxR — RI* et 1a loi de viscosité et y : Q x RY — R? est la loi de
convection.

4.1.1 Hypotheses sur les lois de viscosité et de convection

Hypothese 4 (Loi de viscosité). Soit r € |1, +oo[ un réel fixé. On suppose que
o (-,0) € L (Q,R>) pour presque tout x € Q, (67a)
o:Qx fo‘l — fo‘l est (r, 9)-encadrée, (67b)

avec 6 € [0,+oo[ et ol on note O}, 0hm € ]0,400[ les constantes respectives de
continuité et monotonicité holderiennes.

Contrairement a I’Hypothese 1 établie pour le probleme de Stokes, ou on suppose
que o n’est que singulierement encadrée, on suppose ici I’hypotheése plus large de
fonction encadrée afin d’obtenir une meilleure estimation d’erreur dans le cas des fluides
pseudoplastiques, de maniere analogue a celle développée dans I’analyse de Leray—
Lions du Chapitre 2. Comme pour le probleme de Stokes en Section 2.2.1, la loi de
Carreau—Yasuda (6) vérifie I’Hypothese 4.

Hypothese 5 (Loi de convection). Soit s € |1, co[ fixé. On suppose que

X QX RY — RY est mesurable, (68a)
X (x,0) = 0 pour presque tout x € Q. (68b)

On suppose aussi les relations de non-dissipativité suivantes : pour tout w € R¢,

W -V x(w) = (x(.w) - Vw + (s = 2)w[[(x . w) - VI)w - w]w, (68¢)
wox(,w)=x(,w)ew. (68d)
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De plus, il existe yhe € ]0, oo[ tel que, pour tout v, w € R? et presque tout x € Q, on a
la propriété de continuité holderienne singuliere

(e, w) = x (2, 9)] < e (W] + v]9) 5w — [T (68e)

Exemple 19 (Loi de convection de Laplace). Un exemple de loi de convection vérifiant
I’Hypothese 5 est la fonction de Laplace considérée dans [86] dans le contexte de
I’application au transport optimal et définie telle que, pour presque tout x € Q et tout
w e RY,

X (x,w) = v(x)|wl*w, (69)
ou s € |1, +oo] est ’indice de convectionetv : Q — [0, v,] C [0, +oo[ est une fonction

mesurable correspondant a [’indice local de convection du flux.

On peut choisir la loi de convection standard en posant s = 2 et v = 1. Remarquons
aussi que poser v = 0 nous ramene au probleme de Stokes (13).

4.1.2 Formulation faible continue

On considere les mémes espaces U et P de vélocité et pression définis pour le probleme
de Stokes généralisé en Section 2.2.

En supposant f € L™ (€)9, on définit la formulation faible du probléme continu (66)
par : Trouver (u, p) € U X P tel que

a(u,v)+c(u,v)+b(v,p) = / f-v Vv e U, (70a)
Q
-b(u,q) =0 Vg € P, (70b)

ota:UxU — Retb:UxL"(Q) — R sont définies comme dans la formulation
faible du probleme de Stokes (18), et ou la fonction convective ¢ : U XU — R est définie
telle que, pour tout v, w € U,

c(w,v) ::%/Q(,\/(-,w)-V)w-v—%/gz(,\/(-,w)~V)v-w (71)

s—2 V-w

P R (xG,w)-Vyw -w.

Sous I’Hypothese 5, on a par construction la propriété de non-dissipativité suivante :
Pour toutw € U,

c(w,w)=0. (72)
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4.1.3 Inégalité de Sobolev et bonne position du probleme continu

Avec la seule Hypothese 4, I’unicité de la solution du probléme (70) n’est pas garantie
pour toute valeur de r et s, et en particulier lorsque » > 2 dans le cas dégénéré ¢ = 0.
Le cas non-dégénéré peut néanmoins €tre trait€é a 1’aide de la continuité holderienne
singuliere de a suivante.

Lemme 20 (Continuité holderienne singulicre de a). Sous [’Hypothése 4, pour tout
m e {F,r}ettoutu,w € U, ona

a(u,u—-—w)—alw,u—w)

r

~

é‘r—mlu —w m+2—7 (73)

> Cy0m (0 +u| (i

at |w|€V1,r(Q)d)

-
whr (Q)
ou Cy > 0 dépend uniquement de r et Q.
Preuve 13. Voir Section 3.2.3.

Pour tout m € [1, +o0], on définit [’exposant de Sobolev de m par

dm :
. - ifm<d
m* = dm 1 " € [m, +o0]. (74)
+oo0  iftm>d
De plus, on rappelle I’inégalité de Sobolev continue suivante : Pour tout m € [1,+co[
telque m < r*ettoutv € U,

IVllm@ya < CsmlvIwir(q)ds (75)

ou Cs,, > 0 dépend uniquement de m, r, d et Q. Cette inégalité est a I'origine des
hypotheses sur s pour la continuité holderienne singuliere suivante de cj,.

Lemme 21 (Continuité holderienne singuliere de c). Sous [’Hypothése 5, pour tout
m € [1,r] tel que s < 7, et toutu,v,w € U, ona

lc(u,v) —c(w,v)]

s+1-§

< Cc,m)(hc (lula/lr(g)d + |w|{;yl,r(g)d) ' lu —w 51/_1%m(9)d|v|whm(g)d, (76)
ou C., > 0 dépend uniquement de m, r, s, d et Q.
Preuve 14. Voir Section 3.2.3.

Le lemme précédent est un résultat essentiel dans I’étude de la bonne position du
probléme continu de Navier—Stokes ou le terme convectif suit un comportement de loi en
puissance, cf. Théoreme 5. En effet, puisque ¢ n’est pas la fonction trilinéaire classique,
nous avons besoin d’établir ce nouvel outil. Un résultat analogue est énoncé dans le
cadre discret, cf. Lemme 23.
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Théoréme 5 (Bonne position). Sous les Hypothéses 4 et 5, il existe une solution (u, p) €
U X P a la formulation faible (70), et toute solution satisfait

1
. v . |7
b e <G| (Gl Nl ) + min (5r;(52 ol @) )] (77)

ok

avec Cy > 0 dépendant uniquement de Q, d et r. De plus, siona 2 < s < % ainsi que
I’hypothése de petites données suivante :

’

r bl r r -1 — — r—r ﬁ
0 + (O-hn11||f”Lr'(Q)d) < (1 +2Cv) (Cc,;)(hcl CaO'hm(S ) 1 ’ (78)
alors la solution de (70) est unique.
Preuve 15. Voir Section 3.2.3.

L'unicité de la solution n’est pas garantie pour tout r,s € |1,+oco[. En effet, en

plus de I’hypothese s < % provenant de la continuité holderienne singuliere (76), des
problémes surgissent lorsque s < 2 our > 2. Toutefois, dans le cas non-dégénéré ¢ # 0,

I’unicité de la solution peut €tre étendue au cas r > 2.

4.2 Méthode Hybrid High-Order

On considere une suite de maillages réguliere (Mp),eqy définie comme dans le para-
graphe 1.2.1. On fixe un degré k > 1 pour la méthode et on utilisera les espaces et
normes discrets définis pour le probleme de Stokes en Section 2.3.1.

4.2.1 Terme visqueux et couplage pression-vitesse discrets

En rappelant les définitions des opérateurs discrets en Section 2.3.2, on redéfinit la
fonction visqueuse discrete a; : U ’;l xU ’;l — R telle que, pour touty,,w, € U ’;l,

ap(w,,v,) = /a-(.,G’S‘,hmh) : Gf’hgh + Z hT/ ST("ASTKT) 'ASTKT’ (79)
Q = oT

ou pour tout 7 € 7, Sy : Q X RY — R est une fonction de stabilisation locale
(r, 6)-encadrée par les mémes constantes holderiennes o, et oy, de 0. Le choix des
fonctions de stabilisation dans la définition de la fonction a; est inspiré du Chapitre 2,
concernant les problemes de Leray—Lions. Ce choix marque 1’unique changement avec
la fonction visqueuse discrete (33), apparaissant dans le Chapitre 1. Comme pour I’étude
du probleme de Leray—Lions, on peut considérer pour Sy une fonction de dégénérescence
différente de 6. On conservera le choix ¢ pour alléger la lecture.

On obtient la propriété holderienne singuliere (35a) pour a;. De plus, dualement a
a, on a la monotonicité holderienne singuliere suivante.
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Lemme 22 (Monotonicité holderienne singuliere de aj). Sous I’Hypothése 4, pour tout
m € {F,r}ettoutu,, w, € Ql;l, ona

ah(ﬂh’ﬂh - mh) - ah(ﬂhﬁﬂh - mh)
o

7

~

5r—m||£h _ mh”m+2—}7 (80)

em,h °

> Caam (6" + 1, 5, + 11,1
ou Cgy > 0 est indépendant de h.
Preuve 16. Voir Section 3.4.4.

On considere le couplage pression-vélocité discret by, : U fl x P*(7;) — R défini en
(36).

4.2.2 Terme convectif discret

On définit la fonction convective discreéte cj, : Q,’; X Qfl — R telle que, pour tout
k k
(W), v,) €U, XU,

1 1
e =3 [ xConn) - Ghw, v [ GeCown) -G, 6D

s—2 vy w
2 [T o) Gl
s Ja |wil

Cette expression s’obtient en remplagant le gradient continu par sa version discrete et les

fonctions par leur version polynomiale bris€ée. De méme que pour ¢, on a par construction
la propriét€ de non-dissipativité suivante : Pour toutw, € U /;l,

ch(wy,w,) =0. (82)
De plus, on a la continuité holderienne singuliere de cj, suivante.

Lemme 23 (Continuité holderienne singuliere de cj). Sous [’Hypothése 5, pour tout
m* k
m € [1,r] tel que s < 75, et toutu,,v,.w, €U, , ona

|Ch(£h’ Kh) - Ch(ﬁh’ Kh)|

5-1
< Caeanthe (115, + 1w, 05,0) 7 Mty = w12y llosmns (83)

ou Cyc.m > 0 est indépendant de h.
Preuve 17. Voir Section 3.4.3.

De maniere analogue au Lemme 21, le lemme précédent est un résultat essentiel
dans 1’étude de la méthode HHO. Tout comme le cas continu, la fonction convective
discrete cj, n’est pas la fonction trilinéaire classique, donc un outil supplémentaire a di
étre développé. Ce lemme intervient de maniere significative dans la démonstration de
’unicité de la solution du probleme discret, cf. Théoreme 6, ainsi que dans 1’estimation
d’erreur pour la pression, cf. Théoreme 8.
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4.2.3 Inégalité de Sobolev discrete

On rappelle I'inégalité de Sobolev discrete (cf. [48, Proposition 5.4]): Pour tout m €

[1,00][ tel que m < r*, et tout v, € QZ,O,

vallem@a < 1 pllern- (84)

4.3 Probleme discret et résultats principaux

Le probleme discret est défini par : Trouver (u,, py) € U ];L,o X P’,; tel que

ah(gh,zh)ﬂh(zh,zh)+bh(zh,ph)=/f-vh ¥y, €Uy, (85a)
Q

~by(u,, qn) =0 Vg € Py. (85b)

4.3.1 Bonne position du probléeme discret

On établit I’existence d’une solution pour le probleme discret (85) avec des propriétés de
majoration. Sous I’hypothese de petites données, on peut établir ’unicité de la solution
selon la valeur de I’exposant convectif s.

Théoreme 6 (Bonne position). Sous les Hypothéses 4 et 5, il existe une solution
(), pn) € Q];L,o X P’;l au probleme discret (85). De plus, elle vérifie les majorations
suivantes :

1
ey llo.rn < Cav [N +min (5’; (52-fo)’+“f)] : (862)

||Ph||Lr/(g) < Ohe

~ =1
Nf + 6|r—2|(r—1)Nfr+1—i:| , (86b)

avec Ny = O'h_nl]||f||Lw(Q)d et ou Cqy > 0 est indépendant de h. De plus, si on a

2<s<%

=, ainsi que I’hypothése de petites données suivante :

&+ Ny < (1+2C5) ™ (Cal ol Caarime™) ™ (87)

dc,7
alors la solution de (85) est unique.

Preuve 18. Voir Section 3.2.3.
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4.3.2 Convergence avec régularité minimale
On énonce des résultats de convergence sous 1I’hypotheése de régularité minimale des
solutions du probléme continu (70).

Théoréeme 7 (Convergence avec régularit€¢ minimale). On suppose s < =. Soit

((w,, Pr))nep une suite de (Q];Z’O X Pﬁ)heﬂ telle que, pour tout h € H, (u,,pp) est
solution du probleme (85). Alors, sous les Hypothéses 4 et 5, il existe une solution
(u,p) € U X P de (70) telle que, a une sous-suite pres :

*up h—0> u fortement dans L") (Q)?;

. Gf’hgh = Vu fortement dans L" (Q)%4;

¢ |£h |r,h h——>0) 0,

N p fortement dans L” (Q).

Si de plus, la solution de (70) est unique, la convergence s’étend a la suite entiére.
Preuve 19. Voir Section 3.6.2.

4.3.3 Estimation d’erreur a priori

On énonce I’estimation d’erreur suivante pour les fluides pseudoplastiques sous I’ hypothese
d’unicité, de régularité supplémentaire, et de petites données de la solution du probleme
continu (70).

Théoréme 8 (Estimation d’erreur). On supposer <2 < s < i— Soit (u,p) e U X P et
(w,,pn) €U 2,0 X P’g les solutions respectives des problemes (70) et (85). On suppose
qu’il y a unicité des solutions, ainsi que I’hypothése de régularité supplémentaire suivante

(i) w e W2 (T 0 WL ()¢,
(ii) o(-,Vsu) € Wl’r/(Q)dXd N Wk”’r,((rh)d)(d,
(iii) p € W' (Q) n WL (7).

On suppose aussi I’hypothése de petites données suivante :

- r’ - Cda0hm Wi
5’+( Il ) <(1+Cr+crch) [ =dadm ) 88
O'hm||f||L Q)4 ( v I dv) 2Cier Xhe (88)
Alors, sous les Hypothéses 4 et 5, on a
llue, — lzu”a‘,r,h S M (h(k+1)(r_l) min (& (u); 1)>" + hk”) , (89a)
Ipn = 7Pl @) S N2 (h“‘*”("“ min (&, (w); 1) + hk”) (89b)

r—1
+ N3 (h(k“)(r_l) min (£, (u); 1)2—r + hk”) ,
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_1 ) . .
avec {p(w) = 6! maxreq; (177 |Wlwk+2,r(T)d)hk+l si 6 #0, {p(w) := oo sinon, et ou
N1, No, N3 € [0, +00[ dépendent seulement des constantes r, s, Ohe, Ohm» O, Xhe €t de
normes globales de u, o, p et f.

Preuve 20. Voir Section 3.6.3.

On en déduit des intervalles pour les ordres de convergence asymptotiques de la
vélocité et de la pression qui sont respectivement

OF e [(k+1)(r=1),k+1], Ofe[(k+1)(r-D*(k+1)(r-D].  (90)

pre

Leur position dans I’intervalle dépend du nombre sans dimension j(u).

Le théoreme précédent ne permet pas de connaitre les ordres de convergence pour
r > 2ous < 2. En effet, I’estimation d’erreur nécessite 1’unicité des solutions continue
et discrete. Or, les théoremes de bonne position 5 et 6 assurent ’unicité que lorsque
r <2 < s (avec parfois r > 2, dans le cas non-dégénéré). L’analyse des cas r > 2 ou
s < 2 nécessite des résultats supplémentaires, ce qui pourrait faire I’objet d’une future
étude.

Cependant, la consistance de c;, suivante permet de supposer que les ordres de
convergence deviennent plus bas lorsque s < 2 puisqu’un terme en 2 **D(=1 apparait.

Lemme 24 (Consistance de cj,). Sous [’Hypothése 5, si s < ’—, alors pour tout w €

U N W2 (78 n WKL (7334 tel que V- w = 0, on a

/ W - V) x (o w) v — ca(low.v,)

VheU "0 ”Vh”s r.h=

< N]l’lk+l + Nzh(k+l)(§—l)’ 91)

ou N1, N; € [0, +oo[ dépendent uniquement des réels r, s, xnc et des normes |u|y1.- g4,
|l (gpyas [l @yas (@l (754

Preuve 21. Voir Section 3.6.1.

Des résultats numériques permettent de confirmer les résultats de la méthode. On
considérera aussi le probleme de la cavité entrainée pour mettre en évidence 1’influence
des lois en puissances choisies pour les lois de viscosité et de convection.

S Conclusion et perspectives

Ce travail de these a porté sur le développement et 1’analyse de nouveaux schémas
Hybrid High-Order pour des problémes complexes en mécanique des fluides. Les
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méthodes HHO sont une nouvelle classe de méthodes de discrétisation des EDPs qui
surmonte les obstacles que peuvent rencontrer les méthodes classiques telles que les
Volumes Finis et les Eléments Finis.

Lobjectif de cette these fut de s’appuyer sur la littérature de HHO pour étudier
des problemes faisant intervenir des fluides non-newtoniens. Dans ce contexte, des
résultats d’analyse fonctionnelle discrete furent généralisés au cas non-hilbertien afin de
pouvoir fournir des résultats de bonne position, des estimations d’erreur et des résultats
de convergence par compacité.

Trois problemes furent étudiés pour lesquels une méthode HHO fut développée,
implémentée et illustrée par des résultats numériques. Le premier porte sur les équations
de Stokes généralisées aux fluides non-newtoniens. Les fluides caractérisés par les lois
en puissance ou de Carreau—Yasuda font partie du champ d’application de cette étude.
Afin d’analyser la bonne position et la convergence de la méthode, on introduit la
notion de fonction encadrée. De plus, la généralisation au cadre non-hilbertien d’une
inégalité de Korn discréte permit de démontrer la bonne position du probléme ainsi
qu’une estimation d’erreur.

La deuxieme étude vise a développer une nouvelle estimation d’erreur dans le cadre
des problémes de Leray-Lions, relatifs au p-Laplacien. Dans le cas p € |1,2], des
dégénérescences locales peuvent apparaitre. Dans cette nouvelle estimation d’erreur, on
en déduit des ordres de convergence variant de (k + 1)(p — 1) pour le cas globalement
dégénéré, a k + 1 pour le cas globalement non-dégénéré, ou k correspond au degré
polynomial de la méthode. L’ordre de convergence optimal k + 1, correspondant au cas
linéaire hilbertien p = 2, peut donc €tre atteint pour des problémes non-linéaires vivant
dans des espaces de Sobolev d’exposant variable p € |1,2].

La troisieme étude est consacrée au développement et I’analyse d’une méthode
HHO pour des équations de Navier—Stokes généralisées aux fluides incompressibles
non-newtoniens dont le comportement convectif peut suivre une loi en puissance. Deux
exposants de Sobolev furent introduits pour caractériser les lois de viscosité et de
convection du fluide. Des relations de non-dissipativité permettent de considérer des
lois de convection suivant une loi en puissance. Ces dernieres ont permis d’écrire
une formulation faible du probléme continu ainsi qu’une étude sur la bonne position
du probleme faisant apparaitre des relations entre les exposants de Sobolev des lois de
viscosité et de convection. A partir de ces résultats, une méthode HHO fut développée
pour obtenir des résultats de convergence sous 1’hypothese de régularité minimale. On
énonga aussi une estimation d’erreur pour les fluides pseudoplastiques. Une application
sur le probleme de la cavité entrainée permit d’illustrer les phénomenes provenant des
lois en puissance introduites dans les lois de viscosité et de convection.

5.1 Perspectives

Suite a ces travaux, plusieurs perspectives peuvent €tre envisagées.
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5.1.1 Amélioration des estimations d’erreur

Tres récemment, une estimation d’erreur pour les problemes de Leray—Lions dans le
cas p < 2, impliquant des taux de convergence de %, fut démontrée dans [33] pour
une méthode Hybrid High-Order sur des maillages simpliciaux standards, basé sur
un gradient stable inspiré de [53]. Une prochaine étape serait d’obtenir ces taux de
convergence pour la méthode HHO concernant le probleme de Leray—Lions, mais aussi
pour I’estimation d’erreur de la vélocité dans I’étude des équations de Stokes et Navier—
Stokes généralisées. De plus, dans le cadre du probleme de Navier—Stokes, nous pouvons
envisager de généraliser les estimations aux cas ou les exposants des lois de viscosité et

de convection vérifient respectivement r < 2 et s > 2.

5.1.2 Adaptivité de maillage pour les problémes de Leray-lions

Pour chaque méthode HHO développée dans cette thése, une estimation d’erreur fut
démontrée pour des solutions suffisamment régulieres. Une prochaine étape pourrait
étre de faire de I’adaptation de maillage basée sur des estimateurs a posteriori, per-
mettant d’exploiter la montée en ordre méme pour des solutions peu régulicres. Une
adaptation de maillage fut développée dans [36] pour le probleme de Stokes, utilisant
des algorithmes itératifs appliqués sur une discrétisation par Eléments Finis. Une esti-
mation d’erreur a posteriori fut démontrée, faisant intervenir différentes composantes de
I’erreur. Une étude analogue pourrait étre envisagée dans le contexte du Chapitre 1, pour
la discrétisation HHO du probleme de Stokes, afin d’obtenir une estimation d’erreur a
posteriori. Aussi, cette approche pourrait étre appliquée dans le cadre du probleme de
Leray-Lions et des équations de Navier—Stokes.

5.1.3 Equations de Navier-Stokes instationnaires généralisées

Dans ce manuscrit, nous avons étudi€ le probleme stationnaire de Navier—Stokes général-
isé aux fluides non-newtoniens, avec convection suivant une loi en puissance. Un
prolongement naturel de cette étude serait de considérer ce probleme dans le cas in-
stationnaire. Outre 1’ajout de la dérivée en temps de la vélocité dans les équations de
Navier-Stokes, les modifications peuvent concerner la dépendance en temps des lois de
viscosité et de convection. Ceci permettrait de considérer d’autres catégories de fluides
tels que, les fluides thixotropes, dont la viscosité diminue avec la durée de la contrainte,
et rhéopectiques, ou la viscosité augmente avec la durée de la contrainte. Des exemples
de fluides thixotropes incluent la peinture [7], le yaourt [100], et les gels de pectine [88].
D’autre part, le liquide synovial [102], et la majorité des encres d’imprimante [108] sont
des fluides rhéopectiques.
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5.1.4 Equations de Navier-Stokes étendues aux fluides viscoélastiques et viscoplas-
tiques

D’autres types de fluide non-newtonien, qui peuvent faire I’objet d’une étude dans le
cadre du probleme de Stokes ou encore de Navier—Stokes, sont les fluides dits viscoélas-
tiques. Associés souvent aux polymeres, ces fluides possedent un comportement a la
fois visqueux et élastique sous I’effet d’une déformation. Certains fluides biologiques
sont de nature viscoélastique, cf. [99]. Inversement, nous pouvons aussi considérer les
fluides viscoplastiques, qui présentent un comportement de solide au repos et un com-
portement liquide lorsque la déformation dépasse un certain seuil. Comme exemples,
nous pouvons citer les mousses, les pates et les huiles, cf. [95].

5.1.5 Application des équations de Navier—Stokes généralisées au transport opti-
mal

Les travaux de [86] soulignent le lien étroit entre les équations de Navier—Stokes pour
les fluides non-newtoniens et le transport optimal associé aux distances de Wasserstein.
Pour ce faire, le moment de la vélocité est décrit par une loi en puissance. Ainsi, une
possible application de la discrétisation HHO du Chapitre 3 portant sur le probleme de
Navier—Stokes pour les fluides non-newtoniens avec un terme convectif généralisé serait
dans une étude du transport optimal faisant intervenir les distances de Wasserstein. De
plus, nous proposons une généralisation du terme convectif qui, dans [86], est défini
par une loi en puissance. Cette généralisation permettrait de définir d’autres types de
moments liés a la vélocité.

5.1.6 Formulation tourbillon-vitesse-pression du probléme de Stokes

Dans [5], une formulation variationnelle fut proposée pour le probleme de Stokes,
capable d’intégrer a la fois des variables de tourbillon, de vitesse et de pression. Cette
formulation triple permet en outre de prendre naturellement en compte les différents
types de conditions limites. Une méthode de discrétisation fut développée et a nécessité
I’introduction d’un terme de stabilisation, ce qui laisse penser qu’une approximation
par méthode HHO serait prometteuse. Nous pouvons ainsi envisager de construire
une méthode HHO pour le probléme de tourbillon-vitesse-pression de Stokes, avec une
généralisation possible aux fluides non-newtoniens.



34

Introduction




Chapter 1

A HHO method for creeping flows of
non-Newtonian fluids

This chapter has been published in the following international journal (see [27]):

ESAIM: Mathematical Modelling and Numerical Analysis, 2021.
Volume 55, Issue 5, Pages 2045-2073.

Abstract

In this paper, we design and analyze a Hybrid High-Order discretization method for
the steady motion of non-Newtonian, incompressible fluids in the Stokes approx-
imation of small velocities. The proposed method has several appealing features
including the support of general meshes and high-order, unconditional inf-sup sta-
bility, and orders of convergence that match those obtained for scalar Leray—Lions
problems. A complete well-posedness and convergence analysis of the method is
carried out under new, general assumptions on the strain rate-shear stress law, which
encompass several common examples such as the power-law and Carreau—Yasuda
models. Numerical examples complete the exposition.

1.1 Introduction

In this paper, we design and analyze a Hybrid High-Order (HHO) discretization method
for the steady motion of a non-Newtonian, incompressible fluid in the Stokes approxi-
mation of small velocities. Notable applications include ice sheet dynamics [78], mantle
convection [101], chemical engineering [80], and biological fluids rheology [69, 85].
We focus on fluids with shear-rate-dependent viscosity, whose behavior is characterized
by a nonlinear strain rate-shear stress function. Physical interpretations and discussions
of non-Newtonian fluid models can be found, e.g., in [19, 93]. Typical examples that are
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frequently used in the applications include the power-law and Carreau—Yasuda model,
covered by the present analysis.

The earliest investigations of fluids with shear-dependent viscosity date back to the
pioneering work of Ladyzhenskaya [84]. For a detailed mathematical study of the well-
posedness and regularity of the continuous problem, see also [13, 18, 64, 92, 96] and
references therein. Early results on the numerical analysis of non-Newtonian fluid flow
problems were given in [9, 75, 98]. Later, these results were improved in [16] and
[76] by proving error estimates that are optimal for fluids with shear thinning behavior
(described by a power-law exponent r < 2). In [16], the authors considered a conforming
inf-sup stable finite element discretization, while in [76] a low-order scheme with local
projection stabilization was proposed. In both works, the use of Orlicz functions is
instrumental to unify the treatment of the shear thinning and shear thickening cases (also
called pseudoplastic and dilatant, respectively; cf. Example 28). More recently, a finite
element method based on a four-field formulation of the nonlinear Stokes equations has
been analyzed in [97]. Other notable contributions on the numerical approximation of
generalized Stokes problems include [65, 78, 81, 82].

The main issues to be accounted for in the numerical solution of non-Newtonian
fluid flow problems are the presence of local features emerging from the nonlinear
strain rate-shear stress relation, the incompressibility condition leading to indefinite
systems, the roughly varying model coefficients, and, possibly, complex geometries
requiring unstructured and highly-adapted meshes. The HHO method provides several
advantages to deal with the complex nature of the problem, such as the support of general
polygonal or polyhedral meshes, the possibility to select the approximation order, and
unconditional inf-sup stability. Moreover, HHO schemes can be efficiently implemented
thanks to the possibility of statically condensing a large subset of the unknowns for
linearized versions of the problem encountered, e.g., when solving the nonlinear system
by the Newton method. Hybrid High-Order methods have been successfully applied to
the simulation of incompressible flows of Newtonian fluids governed by the Stokes [1]
and Navier-Stokes equations [28, 62], possibly driven by large irrotational volumetric
forces [34, 60]. Works related to the problem of creeping flows of non-Newtonian fluids
are [30] and [47, 48], respectively dealing with nonlinear elasticity and Leray—Lions
problems. Going from nonlinear coercive elliptic equations to the nonlinear Stokes
system involves additional difficulties arising from the pressure and the divergence
constraint. Finally, we mention that HHO methods are members of a wider family
of polytopal methods that also includes, e.g., Virtual Element methods (cf., e.g., [14,
15] for their application to Newtonian incompressible flows) and can fit within general
frameworks for the approximation of nonlinear problems such as the one provided by
the Gradient Discretisation Method (see [53, 66]).

The HHO discretization presented in this paper hinges on discontinuous polynomial
unknowns on the mesh and on its skeleton, from which discrete differential operators are
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reconstructed. These operators are used to formulate discrete counterparts of the viscous
and pressure-velocity coupling terms. For the former, stability is ensured by a cleverly
designed stabilization contribution involving the penalization of boundary differences.
We carry out a complete analysis of the proposed method. In particular, under general
assumptions on the strain rate-shear stress function, we derive error estimates for the
velocity and pressure approximations. The energy-norm error estimate for the velocity
given in Theorem 36 yields the same convergence orders established in [47, Theorem
3.2] for the scalar Leray—Lions elliptic problem. A key tool in our analysis is provided
by Lemma 39, in which we prove a generalization of the discrete Korn inequality of
[28, Lemma 1] to the non-Hilbertian case. The other main contributions are a novel
formulation of the requirements on the strain rate-shear stress function allowing a unified
treatment of pseudoplastic and dilatant fluids and the identification of a set of general
assumptions on the nonlinear stabilization function ensuring the desired consistency
properties along with the well-posedness of the discrete problem.

The rest of the paper is organized as follows. In Section 1.2 we introduce the strong
and weak formulations of the nonlinear Stokes problem and present the assumptions on
the strain rate-shear stress function. The discrete setting is established in Section 1.3,
including the definition of the discrete spaces for the velocity and the pressure. The
HHO scheme along with the main theoretical results are stated in Section 1.4, and a
numerical validation is provided in Section 1.5. In Section 1.6 we prove the discrete
counterpart of the Korn inequality needed in the analysis of the method. Section 1.7
contains the proof of the main results (well-posedness and error estimates). Finally, in
Appendix 1.A we provide a sufficient condition for the strain rate-shear stress law to
fulfil the assumptions presented in Section 1.2. The paper is structured so as to offer
two levels of reading. In particular, the reader mainly interested in the formulation of
the method and its numerical performance can focus on Section 1.2—-1.5. The remaining
sections cover technical aspects of the analysis, and can be skipped at first reading.

1.2 Continuous setting

LetQc R de {2, 3}, denote a bounded, connected, polyhedral open set with Lipschitz
boundary 9€Q2. We consider a possibly non-Newtonian fluid occupying €2 and subjected
to a volumetric force field f : @ — R?. Its flow is governed by the generalized Stokes
problem, which consists in finding the velocity field u : Q — R and the pressure field
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p :  — R such that

-V-o(-,Viu)+Vp=f in Q, (1.1a)
Vu=0 in Q, (1.1b)
u=90 on 0Q, (1.1¢)
/p(x)dx =0, (1.1d)
Q

where V- denotes the divergence operator applied to vector or tensor fields, V is the
symmetric part of the gradient operator V applied to vector fields, and, denoting by
fo‘l the set of square, symmetric, real-valued d X d matrices, o : Q X Rg’Xd — Rg’x‘l
is the strain rate-shear stress law. In what follows, we formulate assumptions on o that
encompass common models for non-Newtonian fluids and state a weak formulation for
problem (1.1) that will be used as a starting point for its discretization.

1.2.1 Strain rate-shear stress law

We define the Frobenius inner product such that, for all 7 = (7;;)i<ij<q and =

. . . d . "
(Mijh<i,j<a in RAxd . n = Zi,j:l 7;1ij, and we denote by |T|4sxq = V7 : 7 the
corresponding norm.

Assumption 1 (Strain rate-shear stress law). Let a real number r € (1, o) be fixed,

denote by r’ := -5 € (1,00) the conjugate exponent of r, and define the singular
exponent of r by

7 = min(r,2) € (1,2]. (1.2)

The strain rate-shear stress law satisfies

o(x,0) = 0 for almost every x € Q, (1.3a)

o QxR 5 R4 5 measurable. (1.3b)

Moreover, there exist real numbers ¢ € [0, c) and ope, ohm € (0, 00) such that, for all
7,7 € R¥4 and almost every x € Q, we have the Holder continuity property
006, 7) = 0D g < One (67 + [Tl + Mlig) ™ = mlihe (130)
and the Holder monotonicity property
H

(@, 1) =0 @,m) : (r=m) (6" +I7lgy + Mleq) 7

> ohm|T — 57, (1.3d)

Some remarks are in order.
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Remark 25 (Residual shear stress). Assumption (1.3a) can be relaxed by taking o (-, 0) €
L (Q, R9*d)  This modification requires only minor changes in the analysis, not detailed
for the sake of conciseness.

Remark 26 (Singular exponent). Inequalities (1.3c)—(1.3d) can be proved starting from
the following assumptions, which correspond to the conditions (1.78) below character-
izing an (r, §)-power-framed function: For all T, € R%“ with  # 5 and almost every
x € Q,

ﬂ
lo (%, 7) = 0 (%, axa < The (6" + Tlpy + Myg) ™ 17 = Mlaxas
r=2
(O-(x,T) - O-(xa ’])) : (T - ’7) 2 Ohm (67’ + |T|:1><d + |']|:{><d) " |T - nlﬁxd'

These relations are reminiscent of the ones used in [47] in the context of scalar Leray—
Lions problems. The advantage of assumptions (1.3c)-(1.3d), expressed in terms of the
singular index 7, is that they enable a unified treatment of the cases r < 2 and r > 2 in
the proofs of Lemma 42, Theorem 35, Lemma 44, and Theorem 36 below.

Remark 27 (Relations between the Holder and monotonicity constants). Inequalities
(1.3c) and (1.3d) give
Ohm < Ohe. (1.4)

Indeed, let T € RfXd be such that |T|sxs > 0. Using the Holder monotonicity (1.3d)
(with = 0), the Cauchy—Schwarz inequality, and the Holder continuity (1.3c) (again
with = 0), we infer that

P2 .
Ohm (5” + |T|2Xd) g |T|:l-:<2d " < 0-("7) T < |0-("T)|d><d|T|dXd

r—F
< Ohe (5" + |T|:1><d) ' |T|Zl><d
[r=2]

Thm < T T
Ohe — |T|Z[Xd

almost everywhere in Q. Hence, . Letting |7|4xq — oo gives (1.4).
Example 28 (Carreau—Yasuda fluids). (u, 9, a, r)-Carreau—Yasuda fluids, introduced in
[105] and later generalized in [76, Eq. (1.2)], are fluids for which it holds, for almost
every x € Q and all T € R4,

r=2
o(x,7) = u(x) (6“(x) + |T|Z>(<’;))a(x) T, (1.5)
where y : Q — [u_, us] is a measurable function with u_, uy € (0, o) corresponding
to the local flow consistency index, 6 € [0, o0) is the degeneracy parameter, a : Q —
[a_,a4] is a measurable function with a_, a, € (0, o) expressing the local transition
flow behavior index, and r € (1, o) is the flow behavior index. The Carreau—Yasuda
law is a generalization of the Carreau law (corresponding to a_ = a; = 2) that takes
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into account the different local levels of flow behavior in the fluid. The degenerate
case 0 = 0 corresponds to the power-law model. Non-Newtonian fluids described by
constitutive laws with a (u, d, a, r)-structure exhibit a different behavior according to
the value of r. If r > 2, then the fluid shows shear thickening behavior and is called
dilatant. Examples of dilatant fluids are wet sand and oobleck. The case r < 2, on the
other hand, corresponds to pseudoplastic fluids having shear thinning behavior, such as
blood. Finally, if r = 2, then the fluid is Newtonian and (1.1) becomes the classical
(linear) Stokes problem. We show in Appendix 1.A that the strain rate-shear stress law
(1.5) is an (r, 6)-power-framed function with,

(L2 9_1](r_z>+;
_ %2[ ( ’ ) ifr <2,
Ohec =" L
(e (r — nolEt) o2 e s
and o
11\
,,t_(r—l)z(a— D e <o
Ohm = [ 1 1 o 1]
~\a—7) “H=2-1
£2 ( ) ifr > 2,
where £% = max(0,¢) and £° = —min(0, &) denote, respectively, the positive and

negative parts of a real number £. As a consequence, it matches Assumption 1.

1.2.2 Weak formulation

From this point on, we omit both the integration variable and the measure from integrals,
as they can be in all cases inferred from the context. We define the following velocity
and pressure spaces embedding, respectively, the homogeneous boundary condition and
the zero-average constraint:

U= {reW" @ :v,=0}, P=Lj(@:={qel"@ : [q=0}.

Assuming f € L" (Q)¢, the weak formulation of problem (1.1) reads: Find (u, p) €
U x P such that

a(u,v)+b(v,p) = / f-v Vv eU, (1.6a)
Q
-b(u,q) =0 Vq € P, (1.6b)

where the function a : UxU — R and the bilinear form b : Ux L" (Q) — R are defined
such that, for all v,w € U and all g € L"(Q),

a(w,v) = /QO'(',VSW) : Vg, b(v,q) = —/Q(Vv)q. (1.7)
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Remark 29 (Mass equation). The test space in (1.6b) can be extended to L' () since,
forallv € U, the divergence theorem and the fact that v, = 0 yield b(v,1)=- fQ V=

- fag v - ngo = 0, with nyg denoting the unit vector normal to 92 and pointing out of

Remark 30 (Well-posedness and a priori estimates). It can be checked that, under As-
sumption 1, the continuous problem (1.6) admits a unique solution (u, p) € U X P; see,
e.g., [76, Section 2.4], where slightly stronger assumptions are considered. For future
use, we also note the following a priori bound on the velocity:

1
2-7 _ =1
e @y < (27 ComdlFll oy

1
r+l-r

27 EL of -
+ (2 Ck|Ql 5 ’ahr}lllfllu/(g)d , (1.8)

where Cx > 0 comes from the Korn inequality given at (1.34) below. To prove (1.8), use
the Holder monotonicity (1.3d) of o, sum (1.6a) written for v = u to (1.6b) written for
q = p, and use the Holder inequality together with the Korn inequality (1.34) to write

F=2

) IVl < atu,u)

T (1Q1a6" + |V, Tt <

r(Q)dxd
- /Q S 1 < Ckllf oI Vtllyr o, (1.9)

where |Q|; is the measure of Q, that is,

)

No= (1906 + 1Vl o)~ IVl g < Crkoablf Il - (110)
\ 27
Observing that ||VSu||2t}§_2;d><d < 2% max(||VSu||£,(Q)dxd,|Q|d6’) " N, we obtain,

enumerating the cases for the maximum and summing the corresponding bounds,

-7 B\
| Vsullpr(@yaxa < (ZZTN)ﬁ + (227 Q[ 62'FN) o Combining this inequality with
(1.10) gives (1.8).

1.3 Discrete setting

1.3.1 Mesh and notation for inequalities up to a multiplicative con-
stant

We define a mesh as a couple M, := (75, F1), where 7}, is a finite collection of polyhedral
elements T such that & = maxreq; hr with hAr denoting the diameter of 7', while ¥, is
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a finite collection of planar faces F' with diameter Ar. Notice that, here and in what
follows, we use the three-dimensional nomenclature also when d = 2, i.e., we speak
of polyhedra and faces rather than polygons and edges. It is assumed henceforth that
the mesh M, matches the geometrical requirements detailed in [50, Definition 1.7].
In order to have the boundedness property (1.15) for the interpolator, we additionally
assume that the mesh elements are star-shaped with respect to every point of a ball of
radius uniformly comparable to the element diameter; see [50, Lemma 7.12] for the
Hilbertian case. Boundary faces lying on dQ and internal faces contained in Q are
collected in the sets Tb and 7—”‘ respectively. For every mesh element T € 7j,, we denote
by ¥r the subset of ﬁ contamlng the faces that lie on the boundary 07 of T. For every
face F € ¥, we denote by 7F the subset of 7}, containing the one (if F' € 7—'hb) or two
(if F € F,) elements on whose boundary F lies. Finally, for each mesh element 7' € 7
and face F € F7, nrr denotes the (constant) unit vector normal to F pointing out of 7.

Our focus is on the h-convergence analysis, so we consider a sequence of refined
meshes that is regular in the sense of [50, Definition 1.9] with regularity parameter uni-
formly bounded away from zero. The mesh regularity assumption implies, in particular,
that the diameter of a mesh element and those of its faces are comparable uniformly in &
and that the number of faces of one element is bounded above by an integer independent
of h.

To avoid the proliferation of generic constants, we write henceforth a < b (resp.,
a 2 b) for the inequality a < Cb (resp., a > Cb) with real number C > 0 independent
of h, of the constants 9, 0y, ohm in Assumption 1, and, for local inequalities, of the mesh
element or face on which the inequality holds. We also write a ~ b to mean a < b and
b < a. The dependencies of the hidden constants are further specified when needed.

1.3.2 Projectors and broken spaces

Given X € 7, U, and I € N, we denote by P/ (X) the space spanned by the restriction to
X of scalar-valued, d-variate polynomials of total degree < I. The local L?-orthogonal
projector 7%, : L' (X) — P!(X) is defined such that, for all v € L'(X),

/(ﬂé(v—v)w =0 VweP(X). (1.11)
X

When applied to vector-valued fields in L' (X)? (resp., tensor-valued fields in L' (X)4*%),
the L?-orthogonal projector mapping on P! (X)? (resp., P!(X)4*?) acts component-wise
and is denoted in boldface font. Let 7T € 7, n € [0,/+ 1] and m € [0, n]. The following

(n, r, m)-approximation properties of 7TIT hold: For any v € W' (T),
|V - F;V|Wm,r(T) < h’;w_m|V|Wn,r(T). (1.1221)

The above property will also be used in what follows with r replaced by its conjugate
exponent r’. If, additionally, n > 1, we have the following (n, r’)-trace approximation



1.3. Discrete setting 43

property: 1
v = 7hvllr ory S by 7 I hynr (1 (1.12b)

The hidden constants in (1.12) are independent of 4 and 7', but possibly depend on d, the
mesh regularity parameter, /, n, and r. The approximation properties (1.12) are proved
for integer n and m in [48, Appendix A.2] (see also [50, Theorem 1.45]), and can be
extended to non-integer values using standard interpolation techniques (see, e.g., [89,
Theorem 5.1]).

At the global level, for a given integer [ > 0, we define the broken polynomial space
P! (7;,) spanned by functions in L'(Q) whose restriction to each mesh element T € 7j,
lies in P/(T'), and we define the global L?-orthogonal projector 71'2 : LY(Q) — PI(Tp)
such that, for all v € LI(Q) andallT € 75,

(nﬁlv)h = 7TITV|T.
Broken polynomial spaces are subspaces of the broken Sobolev spaces
W™ (Tp) = {v € L"(Q) : v, e W"(T) VT € T;}.

We define the broken gradient operator V;, : Wh1(7;) — L'(Q)? such that, for all
ve Wol(7;) and all T € T;, (Vpv) i = Vvi.. We define similarly the broken
gradient acting on vector fields along with its symmetric part Vj 5, as well as the broken
divergence operator V- acting on tensor fields. The global L?-orthogonal projector

71'2 mapping vector-valued fields in L' (Q)¢ (resp., tensor-valued fields in L' (€)9*?) on

P (T5)? (resp., PL(75)9%?) is obtained applying ﬂﬁl component-wise.
1.3.3 Discrete spaces and norms
Let an integer k > 1 be fixed. The HHO space of discrete velocity unknowns is

vr € PK(T)¢ VT € T,
v ePYE)Y YFeF, |-

U = {zh = ((vr)res;> (VF)res,)

The interpolation operator I} : W!(Q)¢ — UX maps a function v € W!!(Q)¢ on the
vector of discrete unknowns 1 iv defined as follows:

koo k k
Ly = ((7pv), e, (REv)Fes,)-

For all T € 73, we denote by Q? and 1 éﬂ the restrictions of U fl and / ﬁ to T, respectively
and, forally, € Q’;l, we letv, == (v, (VF)rer;) € Q’; denote the vector collecting the
discrete unknowns attached to 7" and its faces. Furthermore, for all vy n € U ﬁ we define
the broken polynomial field v;, € P¥(7;,)¢ obtained patching element unknowns, that is,

(Vh)|T =vr YT € 7;,. (1.13)
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We define on UX the W' (Q)9-like strain seminorm ||- |, » such that, forall v, € U%,

1
v, llern = (Z IIKTllg,,,T) (1.14a)

TeTh
with for all T € 7y,

”KTHS,r,T =

”VSvT”rr(T)dxd + Z h}ﬁ‘_r”vF_vT||2r(F)d) . (114b)
Fefr

The following boundedness property for 1 § can be proved adapting the arguments of
[50, Proposition 6.24] and requires the star-shaped assumption on the mesh elements:
Forall T € 7; and all v € W (T)4,

L5V llorr < IVl (ryas (1.15)

where the hidden constant depends only on d, the mesh regularity parameter, r, and k.

The discrete velocity and pressure are sought in the following spaces, which embed,
respectively, the homogeneous boundary condition for the velocity and the zero-average
constraint for the pressure:

Uyo = {2y = (ODres. Wp)rer) €Uy, ve =0 VF € 7},

Pt =PX(T7) N P.

By the discrete Korn inequality proved in Lemma 39 below, |||, is @ norm on U Z,O
(the proof is obtained reasoning as in [50, Corollary 2.16]).

1.4 HHO scheme

In this section, after introducing the discrete counterparts of the viscous and pressure-
velocity coupling terms, we state the discrete problem along with the main results.

1.4.1 Viscous term
1.4.1.1 Local symmetric gradient reconstruction

For all T € 7j, we define the local symmetric gradient reconstruction Gf’T : Q§ —
P*(T, R¢*4) such that, for all v,, € UK, and all T € PK(T,R%*?),

/GI;,TKT -T= /VSVT TH Z /(VF_VT) (tnrF). (1.16)
T T F

FeFr
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This symmetric gradient reconstruction, originally introduced in [30, Section 4.2], is
designed so that the following relation holds (see, e.g., [29, Proposition 5] or [50, Section
7.2.5]): Forally e Wh-I(T)¢4,

GL(Ifw) = nf(Vev). (1.17)

The global symmetric gradient reconstruction G¥, : U% — P*(7,, R¢*?) is obtained
patching the local contributions, that is, for all y n € U i, we set

(GE )y =Glv, VT e (1.18)

1.4.1.2 Discrete viscous function

The discrete counterpart of the function a defined by (1.7) is a5 : U ﬁ xU ﬁ — R such
that, forally,,w, € QZ,

ap(w,,v,) = / T (G w,) Gy, +ysn(w,.v,). (1.19)
Q
In the above definition, recalling (1.4), y is a stabilization parameter such that

Y € [Ohms Ohel, (1.20)

while the stabilization function s, : U ’;l xU 2 — Riis such that, forally,,w, € U fl,

sn(wyovy) = D sT(wp,vy), (1.21)
TeTh

where the local contributions are assumed to satisfy the following assumption.

Assumption 2 (Local stabilization function). For all T € 7}, the local stabilization
function sz : Q§ X Q; — R is linear in its second argument and satisfies the following
properties, with hidden constants independent of both 4 and 7'

1. Stability and boundedness. Recalling the definition (1.14b) of the local ||-||¢ -
seminorm, for all v, € Q;ﬂ it holds:

k
IGs 7271 Lr (pyaxa + 5T Vp ¥7) = V7 llg 7 (1.22)

2. Polynomial consistency. For all w € P¥*1(T)¢ and all v, € Qi,

sp(Iyw,vy) = 0. (1.23)
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. . k- . o
3. Holder continuity. For all u,,v,,w, € Uy, it holds, setting e, = u, — w,,

|ST (Up,vy) = st(wy, KT)l

r=f =) 1
< (sr(up,up) +sr(wp,wy)) 7 sr(ep,ep) 7 sp(vy,v)r. (1.24)

.. . . k- . . W
4. Holder monotonicity. For all u,, w, € Uy , it holds, setting again e, = u; —w,,

(57(y €)= sty €)) (s7(tptty) + 570wy w))

R ST(eT, eT)

r+2 7

(1.25)

Remark 31 (Comparison with the linear case). If r = 2, sy can be any symmetric bilinear
form satisfying (1.22)—(1.23). Indeed, property (1.24) coincides in this case with the
Cauchy—Schwarz inequality, while, by linearity of sr, property (1.25) holds with the
equal sign.

1.4.1.3 An example of viscous stabilization function

Taking inspiration from the scalar case (cf., e.g., [48, Eq. (4.11¢)]), a local stabilization
function that matches Assumption 2 can be obtained setting, for all v, w,. € U: ;,

sT(Wp, V) = / |A§TKT|F2A§TKT ) A(I;TKTa (1.26)
oT

where, denoting by P*(#7)? the space of vector-valued broken polynomials of total
degree < k on ¥, the boundary residual operator AST : Q; — P*(F7)4 is such that, for
ally, € U%,

L
7

(AaT"T)IF =h, (n’}(r?lvT —vrp) — n?(r?lvT - vT)) VF € fr,

with velocity reconstruction r'}“ : Q; — P+ (T)4 such that
1 d
/(V ré‘f'lvT G’S‘TKT) :Vew =0 vw e PKI(T)4,
/r?“vT /vT, and/ gr]}“vT = Z /(VF ® NTE — NTF ® VE).
Fe?—'

Above, Vg denotes the skew-symmetric part of the gradient operator V applied to vector
fields and ® is the tensor product such that, for all x = (x;)1<i<q and y = (y;)1<i<q in R?,
x®y = (xyj)sij<d € R
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Lemma 32 (Stabilization function (1.26)). The local stabilization function defined by
(1.26) satisfies Assumption 2.

Proof. The proof of (1.22) for r = 2 is given in [30, Eq. (25)]. The result can be
generalized to r # 2 using the same arguments of [48, Lemma 5.2]. Property (1.23) is
an immediate consequence of the fact that A5 (I+w) = 0 for any w € P**!(T)9, which
can be proved reasoning as in [50, Proposition 2.6].

Let us prove (1.24). First, we remark that, since the function @ — « verifies
the conditions in (1.77b) below, we can apply Theorem 46 to infer that the function
RY 5 x > |x|""2x satisfies for all x,y € RY,

r—2

[l "2x = [y 2y| < (Ix|” + 1y] ’) -yl (1.27a)

(Il 2x = Iy["2y) - (e =) (el +1yl") T 2 Jx = y|™*2 . (1.27b)

Recalling (1.26), we can write

k 2 k 2 k
ety ) =srtepzpl < [ ISl 8y - 85 eIy

k k 1
< [ (18by 8k ) 7 18 6y

= (ST(uT, T) +ST(wT’ T)) " ST(L’T, eT) " ST(VT’ T)_

where we have used (1.27a) to pass to the second line and the (1; -- ——F» ;T’ r)-Holder
inequality to conclude.
Moving to (1.25), (1.27b) and the (1; 22, “2-7)_Hélder inequality yield

9 2 =
k
sr(er, er) = / |A3T” —Agrwol
21
k r+l2-r
/ (|A5T”T|r+|AaTﬂT|r)

r=2 Ak r-2 Ak K, |
[(|A0T"| Aorlr — |A6Tw| AaTﬁT)'AaTET]

< (sr(agtey) + 51007 0)) 77 (s7(atys ) = 57wy €))7 .

1.4.2 Pressure-velocity coupling

For all T € 7, we define the local divergence reconstruction D§ : Q; — PX(T) by
setting, for all v, € Q;, D;KT = tr(Gf’ rv7). We have the following characterization of
Di: Forally, € Uk,

[tera= [@vna+ Y, [or-vn mra vaer@. a2

Fefr
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as can be checked writing (1.16) for T = gl;. Taking the trace of (1.17), it is inferred
that, for all T € 75, and all v € WhI(T)4, D;(lﬁv) = néﬁ(V-v). The pressure-velocity
coupling is realized by the bilinear form by : Qﬁ x PK(7;) — R such that, for all
(v),-qn) € Q’;l x PK(7), setting g7 = (qn)), forall T € 7y,

ba(v, qn) == Y / Div. gr. (1.29)
T

TeT,

1.4.3 Discrete problem and main results

The discrete problem reads: Find (u,, py) € U ﬁ 0 X Pﬁ such that

Q

~by(w,, qn) =0 Vqn € Pk (1.30b)

Remark 33 (Discrete mass equation). The space of test functions in (1.30b) can be
extended to P¥(7},) since, for all v » €U ﬁ o» the divergence theorem together with the

fact that vy = 0 forall F € ?'hb and X rers. fF vip-nrp =0forall F € ?—'}j, yield

bh(Kh,l):—Z Z /FVF'nTF=—Z Z/FVF'HTF=0-

TeT, FEFr Fef, T€Tr

Remark 34 (Efficient implementation). When solving the system of nonlinear algebraic
equations corresponding to (1.30) by, e.g., the Newton algorithm, all element-based
velocity unknowns and all but one pressure unknown per element can be locally elim-
inated at each iteration by static condensation. As all the computations are local, this
procedure is an embarrassingly parallel task which can fully benefit from multi-thread
and multi-processor architectures. This implementation strategy has been described for
the linear Stokes problem in [60, Section 6.2]. After further eliminating the boundary
unknowns by strongly enforcing the boundary condition (1.1c), we end up solving, at
each iteration of the nonlinear solver, a linear system of size dcard(?’,j) (k 2‘_111) +card(7y).
Concerning the interplay between the static condensation strategy and the performance
of p-multilevel linear solvers, we refer to [23].

In what follows, we state the main results for the HHO scheme (1.30). The proofs
are postponed to Section 1.7.
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Theorem 35 (Well-posedness). There exists a unique solution (u,, pj) € Ql;l,o X P’,; to
the discrete problem (1.30). Additionally, the following a priori bounds hold:

1 1
- =T T
Iy llern < (oamll fllir e )™ + (87 ol Fllr (e : (1.31a)
()

-1

_ 2|(F— _ -7
Iprll @) S The (ahnillf L (e + 6721070 (ahnﬂn f||Uf(Q)d) ) (1.31b)
Proof. See Section 1.7.2. m|

Theorem 36 (Error estimate). Let (u,p) € U X P and (u,, p,) € Q];z,o X Pﬁ solve

(1.6) and (1.30), respectively. Assume the additional regularity u € W' (7;)%,
0-( V. u) e Wl r’ (Q RdXd) N W(k+1)(r 1),r ((]~ RdXd) and
p € WH(Q) n WEDGE=Dr" (Y - Then, under Assumptions 1 and 2,

(k+1) (F=1) (

1
lu, — Lullg,p < h 7 {nﬁNf‘rNcr,u,p)”H, (1.32a)

”ph - ﬂ.hp”Lr’(Q) < h(k+1)(r_1)N0',u,p

(k+1) (7F-1)2

+ 1A N0 (ah—nl]/\/(,,,,,,,)m ., (1.32b)

where we have set, for the sake of brevity,

r—-r 7

Noap = one (& + lul;

Wl,r(Q)d) |u

Wk+2 r(q’)d

+ 10 (-, Vstt) lyeen 0.7 (g yaxa + Pl teen .07 (77
1 1
_ =) P 7
Ny = 6+ (0l gya) ™+ (ol ge) ™ -
Proof. See Section 1.7.3. m|

Remark 37 (Orders of convergence). From (1.32), neglecting higher-order terms, we infer

_ (ktD)(F-1) (k+1D) (F=1)?

asymptotic convergence rates of O fel for the velocity and Opre =

r+1-r r+l1-7
for the pressure, that is,
ok — (k+1D)(r-1) ifr<2,
vel | kil ifr > 2,
(1.33)
v Jk+D)(r-1)?% ifr<2,
Opre = kel if r > 2.

Notice that, owing to the presence of higher-order terms in the right-hand sides of
(1.32), higher convergence rates may be observed before attaining the asymptotic ones;
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see Section 1.5. The asymptotic order of convergence for the velocity coincides with
the one proved in [47, Theorem 3.2] for HHO discretizations of scalar Leray—Lions
problems. We refer to [52] for recent improvements on these estimates depending on the
degeneracy of the problem.

1.5 Numerical examples

In this section, we evaluate the numerical performance of the HHO method on a complete
panel of numerical test cases. We focus on the (u, 0, 1, r)-Carreau—Yasuda law (1.5)
(corresponding to the power-law model) with values of the exponent r ranging from 1.25
to 2.75. Our implementation relies on the SpaFEDTe library (cf. https://spafedte.
github.io).

1.5.1 Trigonometric solution

We begin by considering a manufactured solution to problem (1.1) in order to assess the
convergence of the method. We take Q = (0, 1)? and exact velocity u and pressure p
given by, respectively,

u(xy,x2) = (sin (§x1) cos (§x2) , —cos (5x1) sin (5x2)) ,

p(x1,x2) = sin (§x1) sin (§x2) — 5.

The volumetric load f and the Dirichlet boundary condition are inferred from the exact
solution. Considering ¢ = 1 and r € {1.5,1.75,...,2.75}, this solution matches the
assumptions required in Theorem 36 for k = 1, except the case r = 1.5 for which
o(-, V) ¢ WH'(Q, R%*4). We consider the HHO scheme for k = 1 on three mesh
families, namely Cartesian orthogonal, distorted triangular, and distorted Cartesian; see
Figure 1.1. Overall, the results are in agreement with the theoretical predictions, and in
some cases the expected asymptotic orders of convergence are exceeded. Specifically,
for r # 2, the convergence rates computed on the last refinement surpass in some
cases the theoretical ones. As noticed in Remark 37, this suggests that the asymptotic
order is still not attained. A similar phenomenon has been observed on certain meshes
for the p-Laplace problem; see [47, Section 3.5.2] and [53, Section 3.7]. In some
cases, we observe a better convergence for the velocity on distorted triangular meshes
than on Cartesian meshes. This phenomenon possibly results from the combination
of two factors: on one hand, the improved robustness of HHO methods with respect
to elongated elements when compared to classical discretization methods; on the other
hand, the fact that unstructured triangular meshes have more elements than Cartesian
meshes for a given meshsize and lack privileged directions, which reduces mesh bias.
Further investigation is postponed to a future work.
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Figure 1.1: Coarsest Cartesian, distorted triangular, and distorted Cartesian meshes used
in Section 1.5.

1.5.2 Lid-driven cavity flow

We next consider the lid-driven cavity flow, a well-known problem in fluid mechanics.
The domain is the unit square Q = (0, 1)2, and we enforce a unit tangential velocity
u = (1,0) on the top edge (of equation x, = 1) and wall boundary conditions on the
other edges. This boundary condition is incompatible with the formulation (1.6), even
generalized to non-homogeneous boundary conditions, since u ¢ W' (Q)¢. However,
this is a very classical test that demonstrates the quality of the method. We consider
a low Reynolds number Re := 2 -1, Forr e {1.25,2,2.75}, we solve the discrete
problem on Cartesian and distorted triangular meshes (cf. Figure 1.1) of approximate
size 128 x 128 for k = 1, and 16 x 16 for k = 5. This choice is meant to compare the
low-order version of the method on a fine mesh with the high-order version on a very
coarse one. The corresponding total number of degrees of freedom is: 130048 for the
fine Cartesian mesh with k = 1; 5760 for the coarse Cartesian mesh with k = 5; 298676
for the fine triangular mesh with k£ = 1; and 14196 for the coarse triangular mesh with
k = 5. In Figure 1.4 we display the velocity magnitude, while in Figure 1.5 we plot
the horizontal component u of the velocity along the vertical centreline x; = % (resp.,
vertical component u; along the horizontal centreline x, = %). The lines corresponding
to k = 1 on the fine mesh and to k = 5 on the coarse mesh are perfectly superimposed,
regardless of the mesh family and of the value of r. This shows that, despite the lack
of regularity of the exact solution, high-order versions of the scheme on very coarse
meshes deliver similar results as low-order versions on very fine grids. Furthermore,
we observe significant differences in the behavior of the flow according to r, coherent
with the expected physical behavior. In particular, the viscous effects increase with r, as
reflected by the size of the central vortex.

1.6 Discrete Korn inequality

We prove in this section a discrete counterpart of the following Korn inequality (see [72,
Theorem 1]) that will be needed in the analysis: There is Cx > 0 depending only on €
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Figure 1.2: Numerical results for the test case of Section 1.5.1 when r < 2. The slopes indicate the order of convergence
expected from Theorem 36, i.e. Q,WQ =2(r—1)and Qma =2(r — 1)%forr € {1.5,1.75,2}.

1075 ¢

1072 E

1072 ¢
1073 E

1074

1073
1074}
1075 |

1076}

L |
1072

Cartesian

< r=15=r=175+r=2

1072

E ‘Sm
1]
g i
kel Ll L 1l
1073 1072 107!
: = 3
| -\-\- 91 |
in
E 1 E
|l L Lol L 1l
1073 1072 107!

Distorted triangular

1073

1075 ¢

1072 ¢

1073 E

1076 ¢

1074 E

1073 E

Distorted Cartesian




53

1.6. Discrete Korn inequality

L2t =20 = o o1 ‘9¢ weroay, woy parvadxe
(0]

Q0UATISAUOD JO JOPIO Y} dedIpul sadofs Y], ‘7 < . UayM [°G'] UOIDIAS JO 3SeD 1S9 Y} J0J SINSAI [eoLIWNN €' 9InS1

UeISa}Ie)) POIOISI(T TenSuern pojIoISIq uersejre)
201 ' 101 201
o1 [ 1 ]
¢ E 4¢-01
] HN: 1 —
E 50T Es/6 E »-01 ..u.a
] [ 1 I
E E - 3
E E =
E .01 =
01 ¢ ~
Tl ;B
L E
_|O~ mlOH
F AR ™ T
] E ! 4,01
1 4-01 k B
] E s
El 9 ¢-01 _uz
1¢-01 1 I
1 E I~
1 B =
101 e 2
& ] s
1 by
] ()
1,01 1!
1y

LT =d=GCT=d=CTT= x+7




Chapter 1. A HHO method for creeping flows of non-Newtonian fluids

54

r=1.25 r=2.175

Figure 1.4: Numerical results for the test case of Section 1.5.2: lid-driven cavity flow. Velocity magnitude contours (15
equispaced values in the range [0, 1]). Computations on a Cartesian mesh of size 128 x 128 with k = 5.
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and r such that forall v € U,
||V||Wl,r(g)d < CK”VSV”Lr(Q)dxd. (134)

We start by recalling the following preliminary result concerning the node-averaging
interpolator (sometimes called Oswald interpolator). Let ¥, be a matching simplicial
submesh of M, in the sense of [50, Definition 1.8]. The node-averaging operator
I P5(T)4 — PR(TY N W (Q)? is such that, for all v, € P*(7;)? and all

av,h

Lagrange node V of I}, denoting by Ty the set of simplices sharing V,

cardl(zv) 2rexy, Vu (V) if Ve Q,

%
(L v (V) = {0 if VeoQ.

For all F € ﬁi, denote by T1, T, € 7}, the elements sharing F', taken in an arbitrary but
fixed order. We define the jump operator such that, for any function v € WH!(7;)4,
[vlF == (vj,)ir = (Vjp,))- This definition is extended to boundary faces F' € F> by
setting [v]F = v|,.
Proposition 38 (Boundedness of the node-averaging operator). For all v, € P*(7;,)¢, it
holds

v =18 o nliyis e O i NWAlEI, - (1.35)

FeF,

Proof. Combining [50, Eq. (4.13)] (which corresponds to (1.35) for r = 2) with the
local Lebesgue embeddings of [50, Lemma 1.25] (see also [48, Lemma 5.1]) gives, for
any T € 7j,
”Vh _I];V,hvhHZr(T)d S Z hF”[vh]FHZr(F)da (136)
F€'7:q/’7'

where F 7 collects the faces whose closure has non-empty intersection with T. Using
the local inverse inequality of [50, Lemma 1.28] (see also [48, Eq. (A.1)]), we can write

k
i =T, il e D 10w = T alll
T,

<D D0 R NAEN,

TeT, F€'7'—ry T

< DL DL mTINREN,

Ferp, TeTy F

< max card(7y ) Z h}v_r”[vh]FHZ’(F)d’
FeFh FeFy

where we have used the fact that 7" < hy along with inequality (1.36) to pass to the
second line, and we have exchanged the sums after setting 7y g = {T €Th:FNT # (Z)}
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for all F' € #}, to pass to the third line. Observing that maxgeg;, card(7,r) < 1 (since,
for any F € 7, card(7+ ) is bounded by the left-hand side of [50, Eq. (4.23)] written
for any T € 73, to which F belongs), (1.35) follows. |

The following inequalities between sums of powers will be often used in what follows
without necessarily recalling this fact explicitly each time. Let an integer n > 1 and a
real number m € (0, co) be given. Then, for all ay,...,a, € (0, ), we have

n n n n
e g (Z a,-) <nmD® Y g (1.37)

=1 i=1 i=1

If m =1, then (1.37) holds with the equal sign. If m < 1, [103, Egs. (5) and (3)] with
a=1and B =mgive n" ' 31 a" < (X5, a;)" < XL, a" If, on the other hand,
m > 1, [103, Egs. (3) and (5)] with @ = m and B = 1 give X a" < (X1, a)" <
n"1 2 a". Gathering the above cases yields (1.37).

Lemma 39. (Discrete Korn inequality) We have, forally, € U ’;l o recalling the notation
(1.13),

||vh||]’:r(9)d + |vh ;Vl,r(t];l)d < ”Kh”:),r,h' (138)

Proof. Lety, €U 2,0' Using a triangle inequality followed by (1.37), we can write

k k
|vh|;[/1,r(7;’)d < |Iav7hvh|‘}:y1,r(7;l)d + |Vh - Iav,hvh|;[/1-r(‘7;l)d
k k
< ”VS(IaV’hv/’l)Hrr(Q)dxd + |Vh - Iav’hvhlgyl,r(ﬁ)d

d+|Vh_Ik

S IVsvall av’hth:Vl,r((E)d

r
LT (Q)dx

1-—
S MVsanvally, qyaxa + Z he "N rlENr eyas
FeFy

where we have used the continuous Korn inequality (1.34) to pass to the second line,
we have inserted +V ;v into the first norm and used a triangle inequality followed
by (1.37) to pass to the third line, and we have invoked the bound (1.35) to conclude.
Observing that, for any ' € 7, |[vi]r| £ Xreq. [VF — v7| by a triangle inequality, and
using (1.37), we can continue writing

1—
aliyrr e S IVsmilll, qpaa + D D b IWE =vally, o = 12400
FeF, TeTr

where we have exchanged the sums over faces and elements and recalled definition
(1.14a) to conclude. This proves the bound for the second term in the left-hand side
of (1.38). Combining this result with the global discrete Sobolev embeddings of [48,
Proposition 5.4] yields the bound for the first term in (1.38). O
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1.7 Well-posedness and convergence analysis

In this section, after studying the stabilization function s;,, we prove the main results
stated in Section 1.4.3.

1.7.1 Properties of the stabilization function

Lemma 40 (Consistency of sy). For any T € T), and any st satisfying Assumption 2, it
holds, for all w € W2 (T4 and all v € U%,

k+1) (71 ~_
Isr(Liw, vl < KDVl Wl a2l (1.39)
where the hidden constant is independent of h, T, and w.

Proof. The proof adapts the arguments of [50, Propositon 2.14]. Using the polynomial
consistency property (1.23), we can write

Is7(Liw, vl = Isr(Low, v,) — sp(Le(xk*w), v,
< sp(Low, Low) 7 sy (L5 (w — 7k w), L (w — 2 w)) T sp (v vp)

k+1
< MEwll Iy (w — =gt w)'ng”vT”srT

k+1
< wlj, wls r(T)dlw - 7TT+ wll Wl ;—(T)d”KT”s,r,T

k+1 1
h( * )(r )l Wlr(T)d|w|Wk+2r(T)d||vT||s’r’T’

where we have used the Holder contlnulty (1.24) and observed that, by the consistency
property (1.23), sT(I (7rk+'w) Ik (ﬂ'k”w)) = 0 to pass to the second line, we have used
the boundedness property (1.22) to pass to the third line, the boundedness (1.15) of I k
to pass to the fourth line, and the (k + 2, r, 1)-approximation property (1.12a) of 71';‘3'1 to

conclude. O

In what follows, we will need generalized versions of the continuous and discrete
Holder inequalities, recalled hereafter for the sake of convenience. Let X C R? be mea-
surable, n € N*, and let ¢, py, ..., p, € (0, oo] be such that Z;f‘zl pi,- = % The continuous
(t;p1, ..., pn)-Holder inequality reads: For any (fi,..., fu) € X}, LP{(X),

[17

i=1

< | [1Ar x)- (1.40)
L'(X) i=1
Let m € N*. Forall f : {l,...,m} — R and all ¢ € [1,00), setting || fll; =

1
(X2, 1 @)7)4, and || flleo = maxi<j<m | f(i)], the discrete (¢; p1,. .., py)-Holder in-
equality reads: For any fi,..., f, : {l,...,m} > R,

n
[ [] =
i=1 |l

[ T, (1.41)
i=1
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Proposition 41 (Properties of sj). Let s, be given by (1.21) with, for all T € Ty, st
satisfying Assumption 2. Then it holds, for all v, € U i,

UGS 2l qyaa + 51 2,) = 2,117, (1.42)
Furthermore, for alluw,,y,,w, € Q’;l it holds, setting e, = u, —w,,
lsn(uyv,) = sn(w,,v,)|
< (Sh(ﬁhaﬂh) + Sh(ﬁhaﬁh))r';'i Sh(ﬂhaﬂh)%sh(zh’lh)%’ (1.43)

z__r
(sn(u,.e,) —sp(w,.e,)) (sn(m,,u,) +sp(w,,w,)) "
r+2—7

2 sn(ey.e,) 7 . (1.44)
Finally, for any w € U N\ W27 ()% it holds

k k+1)(7—1 _F 71
Sllp Sh(!hwa Kh) S h( " )(r )|w|‘r,‘/1}:r(g)d|w|;vk+2,r(7;l)d' (145)
v, €UN oul12 lle,r,n=1

Above, the hidden constants are independent of h and of the arguments of sy,.

Proof. For the sake of conciseness, we only sketch the proof and leave the details to the
reader. Summing (1.22) over T € 7;, immediately yields (1.42). The Holder continuity
property (1.43) follows applying to the quantity in the left-hand side triangle inequalities,

using (1.24), and concluding with a discrete (1; -=, ==, r)-Holder inequality. Moving

to (1.44), starting from [s; (e, €,)|, we use (1.25) and apply a discrete (1; %, @ -
Holder inequality to conclude. Finally, to prove (1.45) we start from sy, (1 ﬁw ,¥,),expand
this quantity according to (1.21), use, for all T € 7, the local consistency property (1.39)
together with hy < h, invoke the discrete (1; ﬁ, ffl ,r)-Holder inequality, and pass to
the supremum to conclude. m|

1.7.2 Well-posedness

In this section, after proving Holder continuity and Holder monotonicity properties for
the discrete viscous function a; and the inf-sup stability of the pressure-velocity coupling
bilinear form bj,, we prove Theorem 35.

1.7.2.1 Holder continuity and Holder monotonicity of the viscous function

Lemma 42 (Holder continuity and Holder monotonicity of a,). Forallu,,v,,w, € U ﬁ
setting e, ‘= u, —w,, it holds

la (@, v,) — an(w,,v,)|

r—r

o -1
< e (O + gl + 1,15, ) ™ g7l s (1:46)
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27
r

(w0 ) = 20w €)) (6 + a1, + 1,

2 Otmlle,llp55" (147)

Proof. (i) Holder continuity. Using a Cauchy—Schwarz inequality followed by the Holder
continuity (1.3c) of o, we can write

/Q(U'( Gshu) o, Gshwh)) shvh

k k k 1k
< UhC/Q (5r+ Gty laxa + |Gs,hﬂh|fzxd) |G heh|d><d|Gs,hKh|d><d

et (1.48)
< e (19006” + 16,28, g0 + 1GE 9,417 )

k '“_
X NG el iqyaral Coptyllir@ina

r-—r 7

< e (8 + 7+ 10,15, ) ™ ey 01l

where we have used the (1;;%, 755, 7)-Holder inequality (1.40) in the second bound
and the global seminorm equlvalence (1.42) together with the fact that |Q|; < 1 (since
€ is bounded) to conclude. For the stabilization term, combining the Holder continuity
(1.43) of s, and the seminorm equivalence (1.42) readily gives

|sn(u,,v,) —sn(w,.v,)|

r-r

< (67 + Ny g+ w07 ) eI Ml (1.49)

where we have additionally noticed that 6" > 0O to add this term to the quantity inside
parentheses. Using the definition (1.19) of a;, a triangle inequality followed by (1.48)
and (1.49), and recalling that y < oy (cf. (1.20)), (1.46) follows.

r+2—7F r+2— r)
b

(ii) Holder monotonicity. Using the Holder monotonicity (1.3d) of o and the (1; 5=




1.7. Well-posedness and convergence analysis 61

Holder inequality (1.40), we get

2-F

k k k r+2-7
'” m NG el qaxa < / (5r +1Gg 1, lixg + |Gs,hﬁh|2xd)
Q

k k .k e

X ((0’(, GS,hEh) - 0-(" Gs’hﬁh)) . Gs,hgh)
2-7
X k 27

< (5r + ”Gs,hEhHrr(Q)dxd + ”Gs,hmh“IrJ(Q)dXd)

S (1.50)
X (‘/Q (0(',Gl;,h£h) — 0'(',G§,hﬁh)) G h)

2-F
T
< (67 + Naglly 0+ w1, 0)

r+2—-7

><(‘/£‘2 (0’( Gshuh) o, Gshwh)) Sheh) ,

where the conclusion follows from the global seminorm equivalence (1.42). Addition-
ally, using the Holder monotonicity (1.44) of sj together with the fact that oy, < v (cf.

(1.20)) and invoking again the seminorm equivalence (1.42), we readily obtain

O-hrr;z_f Sh (gh’ gh)
2
r+2-7 —r
< (6’+|Ighll ,h+||wh||8,h) (vsn(uy.e,) —ysu(w,.e,)) ™7 . (1.51)

Finally, combining again the norm equivalence (1.42) with (1.50) and (1.51), and using
(1.37) yields

27
r+2-7 —L—
UHZ "lleyllen S (6r +llwyllg,p+ iz h) (an(uy. ;) —an(w,, e,)) ™ .
r=2—-7
Raising this inequality to the power —— yields (1.47). O

1.7.2.2 Stability of the pressure-velocity coupling
Lemma 43 (Inf-sup stability of by,). It holds, for all q;, € P¥,

gnllr (@) S sup br(v,,, qn)s (1.52)

KhEQi,O,lm;l”s,r,h:l
with hidden constant depending only on d, k, r, Q, and the mesh regularity parameter.

Proof. The proof follows the classical Fortin argument (cf., e.g., [21, Section 8.4]),
adapted here to the non-Hilbertian setting.
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(i) Fortin operator. We need to prove that the following properties hold for any v €
whr(Q):

”I Vlern S |V|W1’(Q)d (1.53a)
bu(Lyv.qn) =b(v.qn)  Yqn € PX(Tp). (1.53b)

Property (1.53a) is obtained by raising both sides of (1.15) to the power r, summing
over T € Ty, then taking the rth root of the resulting inequality. The proof of (1.53b) is
given, e.g., in [50, Lemma 8.12].

(ii) Inf-sup condition on by,. Let g, € Pﬁ and set ¢j, = fQ lgnl” 2

and Holder inequalities, we get

qn- Using the triangle

1
gl 2an = callr@ < lanll}! @ T lenll€,

< (1+1910) lanlly 7ty < lanll7ly), (1:54)

where we have used the fact that |¢;,| < IIthI’ 1 |Q|d along with 1 -+ - = 1in the

second bound and the fact that |Q|; < 1 to conclude Thus, using the surJect1V1ty of the
continuous divergence operator V- : U — L{(€) = {q e L"(Q): fQ q= O}, (c.f. [67]
and also [22, Theorem 1]), we infer that there exists v,, € U such that

= Vg, =lgnl" Pan—cn and vyl < llgnl” 2qn = cullr@-  (1.55)

Denote by $ the supremum in (1.52). Using the fact that g has zero mean value over
€, the equality in (1.55) together with the definition (1.7) of b, and the second Fortin
property (1.53b), we have

Il = [ ol s = en)as = brue a0
where, to conclude, we have used (1.53a) followed by (1.55) and (1.54). Simplifying
yields (1.52). O

1.7.2.3 Proof of Theorem 35

Proof of Theorem 35. (i) Existence. Denote by Plh"* the dual space of P’; and let B, :

k k% k
Qh,O — P, be such that, for ally, € Uh 0

(Bry,. qn) = =bu(v,,qn) Vqn € P}.
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Here and in what follows, (-, -) denotes the appropriate duality pairing as inferred from
its arguments. Define the following subspace of U ﬁ o Spanned by vectors of discrete
unknowns with zero discrete divergence:

W = Ker(B),) = {gh €Uy bu(vyqn) =0 Ve € P’,;} , (1.56)

and consider the following problem: Find u, € E’}‘l such that

ah(gh,gh):/f-vh Vy, € W, (1.57)
Q

Existence of a solution to this problem for a fixed / can be proved adapting the arguments
of [48, Theorem 4.5]. Specifically, equip W Wk with an inner product (-, -)w., (Which need
not be further specified), denote by ||-|lw » the induced norm, and let @, : Wk — Wk be
such that, forall w, € Eh, (®r(w,), v, )wn=ap(w,,v,) forally, € Ek. The Holder
monotonicity (1.47) of aj, yields, for any v, € E’}‘l such that ||y, |le.r.n 2 6,

.
(®@r(v,), v, w2 oam(6" + v, Il rh) ||Vh| oh

2 O'hm”Kh”grh > C" O'hm”vhllwh,

where C denotes the constant (possibly depending on £) in the equivalence of the norms
Ille.r.n and ||-|lw.» (which holds since Eﬁ is finite-dimensional). This shows that @,
is coercive hence, by [46, Theorem 3.3], surjective. Let now w, € EZ be such that
(W V)W = /Q Svpforally, € Efl By the surjectivity of @, there exists u, € Efl
such that ®,(u,) = w, which, by definition of w, and ®,, is a solution to the discrete
problem (1.57).

The proof of existence now continues as in the linear case; see, e.g., [21, Theorem
4.2.1]. Denote by U’ ko o the dual space of U n.o and consider the linear mapping £, € U Z;

such that, for all v, c Uh 0’

hr,) = /Q Fova—an(u,v)).

Thanks to (1.57), £, vanishes identically for every y, € Wk that is to say, €5 lies in
the polar space of Wk which, denoting by B} : Pk - U, ko o the adjoint operator of By,
coincides in our case w1th Im(B7) (see, e.g., [21 Theorem 4 14]). Hence, ¢, € Im(B)),
and there exists therefore a p, € Pk such that B, p, = €,. This means that, for all

k
eUhO,

bu(v,. pi) = (BLpn,) = (Grnv,) = /Q Fovh—an(u, ).
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i.e., the (u,, pp) satisfies the discrete momentum equation (1.30a). On the other hand,
since u, € Eﬁ, we also have, by the definition (1.56) of W¥, by(u,,qy) = 0 for all
gn € P*, which shows that the discrete mass equation (1.30b) is also verified. In
conclusion, (u,, p;) € QZO X P’h‘ solves (1.30).

(ii) Uniqueness. We start by proving uniqueness for the velocity. Let (u,,, pr), (w), p),) €
U, k 1o X Pk be two solutions of (1.30). Makingv, = u, u in (1.30a) written first for
(uh, Ph) then for (u),, p}), then taking the difference and observmg thatby, (u,~u), pn) =
bu(u, —u,,p),) = 0 by (1.30b), we infer that

ah(!h’ !h - E;z) - ah(ﬂ;l’ Eh - 2;1) = O
Thus, the Holder monotonicity (1.47) of a; yields ||u;, — ) |le.-,» = 0, which implies

u, = u since |||l is a norm on U ﬁ o- Moreover, using the inf-sup stability (1.52) of
by, and (1.30a) written first for u,, then for u), we get

lon =Pl @) S sup bu(v,, Pn = P})
Khegﬁ,()s”b,”s,r,h:]
= sup (an(u),v,) —an(u,,v,)) =

v, EUR oullvylls,rn=1
hence p;, = pj.

(iii) A priori estimates. Using the Holder monotonicity (1.47) of a, (with w, = 0),
equation (1.30a) together with (1.30b), and the Holder inequality together with the
discrete Korn inequality (1.38), we obtain

=2
== 2_~
O (6" + Ny Iz, ) 7 Ny lI55" < an(uy, u,) = /Qf up S Nl el lle.rn-

(1.58)
We then conclude as in the continuous case to infer (1.31a) (see Remark 30). To prove
the bound (1.31b) on the pressure, we use the inf-sup stability (1.52) of b, to write

||Ph||Lr’(Q) S sup b (v, P)

KheUk 7,0 vplle.r.n=1

: ([ o=t
thUI 0’ ”vh“erh 1

11l e + one (6" + lluy Iy . h)_ llayll7
71
_ (e _ e
< Ohe (O_hnl]“f”LV'(Q)d + 6120 (O—hnllllf”Lr’(Q)d) ) ’

where we have used the discrete momentum equation (1.30a) to pass to the second line,
the Holder and discrete Korn (1.38) inequalities together with the Holder continuity
(1.46) of a; to pass to the third line, and the a priori bound (1.31a) on the velocity
together with % > 1 (see (1.4)) to conclude. O

A
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1.7.3 Error estimate

In this section, after studying the consistency of the viscous and pressure-velocity
coupling terms, we prove Theorem 36.

1.7.3.1 Consistency of the viscous function

Lemma 44 (Consistency of a,). Let w € U N W27 (7;)¢ be such that o (-, Vsw) €
whr'(Q, Rgx‘l) N WD =D (. Rgx‘l). Define the viscous consistency error linear
form E, p(ws-) - Q’;l — R such that, for all y, € Q];l

Ean(w;y,) = /Q(Vﬂ'(-,sz)) . vh+ah(l],;w,gh). (1.59)

Then, under Assumptions 1 and 2, we have

r—=i
r

sup Sa,h(w§2h) < A [O'hc (6’ + |w|;V1,r(Q)d)

Khle,,(),“Kh”s,r,hzl
-1

X |w|€Vk+2,r(771)d + |0-(’ sz)lw(k+l)(fl),r’(r];,)dxd] . (160)

Proof. Letw, =1 ’;lw andy, € Q’;l o- Expanding a;, according to its definition (1.19)

in the expression (1.59) of &, ), inserting ifg o(-,Vyw) : thgh J_er ﬂﬁa'(-, Viw) :
Gf »¥,» and rearranging, we obtain

Euntwir) = (Vo T vt [ aboC.Vow) s Gy,

Gy, (1.61)

)

—_

‘T("Gf,hﬁh) -o(, sz)) 3 Gf,hKh +ysu(W,,v,),

T2 7

where have used the definition (1.11) of ﬂ’; together with the fact that Gf’hg n €

PX (75, R94) in the cancellation. We proceed to estimate the terms in the right-hand
side. For the first term, we start by noticing that

Z Z /FVF (o(-,Vsw)nrp) =0 (1.62)

TeT, FEFr
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as a consequence of the continuity of the normal trace of o (-, Vyw) together with the
single-valuedness of vr across each interface F € 7",11 and of the fact that vy = 0 for
every boundary face F' € F. b Using an element by element integration by parts on the
first term of 77 along with the definitions (1.18) of G* Sk and (1.16) of GS 7> WE can write

ﬂ:/(n’,;a(-,Vw = Vsw) | : Vg vy

+ Z (/(VF—VT) (myo (-, sz))nTF+/FVT (o(-,Vsw)nrr)

TeT, FEFr

_Z Z /("F“’T) mpo (- Vow) — o (-, VW))an,

TeT, FeFr

where we have used the definition (1.11) of ﬂ’;l together with the fact that Vv, €
PE=1(T, R>*D) < PX(T;,, R9*9) to cancel the term in the first line, and we have inserted
(1.62) and rearranged to conclude. Therefore, applying the Holder inequality together

with the bound hr < hr, we infer
1

|7T| < (Z hT”(T(',VSW) _ﬂJY('O-(" VSW)“Zr’(aT)dxd)
TeT,

x(}ﬂ DT e = el

)% (1.63)
TeT, FEFr

< BTG (VW) ke -0 (g yasa 12, s

where the conclusion follows using the ((k+1)(7—1), ’)-trace approximation properties
(1.12b) of n’; along with A7 < h for the first factor and the definition (1.14) of the ||-||¢ - -
norm for the second.

For the second term, using the Holder inequality and again (1.42), we get

|7E| < ”0-(, Gshﬁh) - 0-(‘, VSW)HLV/(Q)dXd”Kh”b‘,l‘,h' (164)

We estimate the first factor as follows:

lor (- GE, ) = 0, Vow) o gy

A

k A
c (5r +1Gg P luxa + |sz|:1xd) |Gs W AT @)
,

r—-r 7

k & k A
< Ohe (6 +1GE 2,17, s + VW11 gana) ™ NG, = VW 7l
~ rr;r k F—1
< e (8 + 108,15+ Wi )~ 1T (Tow) = Vw77l

r—r 7

Wl,r(Q)d) |W|

A

h(k+1)(i’ 1) (6r+ |W| Wk+2r(7;l)d’
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where we have used the Holder continuity (1.3c) of o~ in the first bound, the (r'; .=, =5)-

Holder inequality (1.40) in the second, the boundedness of Q along with (1. 42) and the
commutation property (1.17) of G* s, in the third, and we have concluded invoking the

(k + 1,r,0)-approximation property (1.12a) of 71' . Plugging this estimate into (1.64),
we get

r-r 7

lw|’, (1.65)

|72] < h(k+1)(r 1) (5r + |w| Wk+2 r(r;z)d”Kh”s,r,h-

Wl,r(Q)d)

Finally, using the fact that y < o7, together with the consistency (1.45) of s, and the
norm equivalence (1.42), we obtain for the third term

|T| < h(k+1)(r 1)O-hc|w wl r(Q)dlwlwk+2r((]')d”vhlls,r,/’l' (166)

Plug the bounds (1.63), (1.65), and (1.66) into (1.61) and pass to the supremum to
conclude. O

1.7.3.2 Consistency of the pressure-velocity coupling bilinear form

Lemma 45 (Consistency of by). Let g € W' (Q) n WKV oy - Lot &, 1(q ) -
U ’;l — R be the pressure consistency error linear form such that, for ally, € U ];l

Ennlai,) = [ Vaev-by(e,.mho) (1.67)
Q
Then, we have that

sup Ebn(g:v,) < h VNGl e g (1.68)

k
Yy Egh,o’ “Kh lle,r,n=1

Proof. Lety, e U ’;l o- Integrating by parts element by element, we can reformulate the
first term in the right-hand side of (1.67) as follows:

/QVQ'VhZ—Z / (VVT)+Z/ (ve—vr)- nTF), (1.69)

TeT FeFr

where the introduction of v in the boundary term is justified by the fact that the jumps of
g vanish across interfaces by the assumed regularity and that v = 0 on every boundary
face F € ﬁb. On the other hand, expanding, for each T € 7y, D; according to its
definition (1.28), we get

—bu(v,. 7hq) = Z (/TFTCI (Vovr) + Z /an (Vve—vr)- nTF) (1.70)

T, Fefr
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Summing (1.69) and (1.70) and observing that the first terms in parentheses cancel out
by the definition (1.11) of 7r§ since V-vy € PK<"I(T) ¢ PX(T) forall T € 7y, we can write

Eonlq;v,) = Z ( (n} V) + Z /F(ﬂ;q -q)(vF—vr) - nTF)

T, Fefr
1 1
< hrll7kq - qll”, T ve —vrll
= TITrq — 4 r/(aT) F IIWWF— VT L' (F)d
T€Tn T€T, FeFr

< h(k+1)(r_l)|q|W(k+1)(f—1),r’(‘771)”Kh”gvr’h’

the second line and the ((k + 1)(7 — 1), r’)-trace approximation property (1.12b) of 7r§
together with the bound #r < h and the definition (1.14) of the ||-||¢ - ,-norm to conclude.
Passing to the supremum yields (1.68). O

where we have used the Holder inequality along with hr > hy whenever F € ¥7 in

1.7.3.3 Proof of Theorem 36

Proof of Theorem 36. Let (e, €p) = (w;,—8,, pp—Pn) € QﬁoxP’Z where él, = !’];u €

U}, and p, = iy p € Py.

Step 1. Consistency error. Let &), : U i o — R be the consistency error linear form such

k
that, forally, € U 10’

Ely,) = /Q £ Vi —an(dyv,) — ba(v, pr)- 171)

Using in the above expression the fact that f = —V-o (-, Vu )+ Vp almost everywhere in
Q to write E,(v,) = Ean(u;v,) + Evi(p;vy,), and invoking the consistency properties
(1.60) of a;, and (1.68) of by, we obtain

$ = sup En(y,) s RN . (1.72)

k —
Y GQh,oalllh lle,r,n=1

Step 2. Error estimate for the velocity. Using the Holder monotonicity (1.47) of aj, we
get

-
leullorr
2-f

r

< b (07 + My 7, + 18,0, 0) © (@n(wyoey) —an(dyoe))  (173)

S NG (e e,) —an(dy e)))
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where we have used the a priori bound (1.31a) on the discrete solution along with
the boundedness (1.53a) of the global interpolator and the a priori bound (1.8) on the
continuous solution to conclude. Using then the discrete mass equation (1.30b) along
with (1.53b) (written for v = u) and the continuous mass equation (1.6b) to write
bh(l’;lu, qn) = b(u,qn) =0, we get by(e,,qn) = 0forall g, € Pfl. Hence, combining
this result with (1.71) and the discrete momentum equation (1.30a) (withy, = e,), we
obtain

ap(u,.e,) —ap(d,.e,) = /Qf cep—ay(l,, e,) —bylesspn) = Enle,).  (1.74)

Plugging (1.74) into (1.73), we get
”gh”;tz;_,; < O-}:rIIINJ%_f$||£h||8,r,h-

Simplifying, using (1.72), and taking the (r + 1 — 7)th root of the resulting inequality
yields (1.32a).

Step 3. Error estimate for the pressure. Using the Holder continuity (1.46) of aj;, we

k
have, forally, € U, i,

lan(@,,v,) —an(u,.v,)|

r;f
~ r F—1
< v (14115, + gl ) 7 eIl (L79)

< TNy lley I 12 e s

where the first factor is estimated as in (1.73). Thus, using the inf-sup condition (1.52),
we can write

||€h||Lr’(Q) S sup bu(v,,, €n)
Khegﬁ,o’||£h||a,r,h=l
= sup (En(y,) +an(@,,v,) —an(u,,v,))
Kheglz,()’”Kh”s,r,h:l (176)
< $+ome Ny e, I

e,r,h

< h(k+1)(f—1)N0_’u,p + h(k+1)(;_1)2UhCN}r—2|(r—1) (O_h_nllNa’u,p)m_r ’

where we have used the definition (1.71) of the consistency error together with equation
(1.30a) to pass to the second line, (1.75) to pass to the third line (recall that $ denotes
here the supremum in the left-hand side of (1.72)), and the bounds (1.72) and (1.32a)
(proved in Step 2) to conclude. O
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1.A Power-framed functions

In the following theorem, we introduce the notion of power-framed function and discuss
sufficient conditions for this property to hold.

Theorem 46 (Power-framed function). Let U be a measurable subset of R withn > 1,
(W, (-, )w) an inner product space, and o : U X W — W. Assume that there exists a
Carathéodory function ¢ : U X [0, 00) — R such that, for all T € W and almost every
x eU,

o(x,7)=¢(x,|tlw)T, (1.77a)

where ||-|lw is the norm induced by (-, -)w. Additionally assume that for almost every
x € U, ¢(x,-) is differentiable on (0, ) and there exist r € (1,00), § € [0, ), and
Shms She € (0, 00) independent of x such that, for all a € (0, o),

2 _ d(ag(x,a)) r=2

Shm (0" +a) 7 5 < Ghe(6" +a") 7. (1.77b)
a

Then, o is an (r,d)-power-framed function, i.e., for all (t,n) € W? with Tt # 1 and
almost every x € U, the function o verifies the Holder continuity property

d
llo(x,7) = o (e, llw < one (6" + lITllyy + Inlly) ™ I = nllw, (1.78a)

and the Holder monotonicity property

r=2
(0. 7) — (x0T =Dy = onn (5" + Il +0lly) T e —nllf.  (1.78b)

With ope = 2Pl [2-7] (7= 1)V ¢he, and o = 2777 [ r=P)] (r+1—=7)"Ychm, where
7 is given by (1.2) and [-] is the ceiling function.

Remark 47 (Notation). The boldface notation for the elements of W is reminiscent of
the fact that Theorem 46 is used with W = R% in Corollary 48 to characterize the
Carreau—Yasuda law as an (7, §)-power-framed function and in Lemma 32 with W = R¢
to study the local stabilization function s7.

Proof of Theorem 46. Letx € U be such that (1.77) holds, and 7,7 € W. By symmetry
of inequalities (1.78) and the fact that o is continuous, we can assume, without loss of
generality, that ||T|lw > ||g|lw > O.

(i) Holder monotonicity. Let B € (0,00) and let g : [8,0) — R be such that, for all
@ € [B, ),

r=2 F-r
g(@) = ag(x,a) = Bs(x,B) = Coun(6" + 0" +B")7 (@ =), With Chm = ;3755 Shm-
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Differentiating g and using the first inequality in (1.77b), we obtain, for all a € [, o),

0 r=2
a—g(“) > ¢pm(6" +a") 7
a

~ Cim ((r _)(§ +a + ) Fa— B + (5 +a +ﬁr)¥)
> chn(8" +0")F = (r+ 1= F)Cum (6" + 2’ +B)'T
> G2 (8 + 0" + )T~ (r+1=F)Cm(6 +a” + )T =0,
where, to pass to the second line, we have removed negative contributions if » < 2 and
used the fact that (o —B)a’~! < 6" +a" +p" if r > 2, to pass to the third line we have used
the fact that # — 72 is non-increasing if r < 2, and the fact that § < « otherwise, while

the conclusion follows from the definition of Cy,. This shows that g is non-decreasing.
Hence, for all a € [B, ), g(a) > g(B) =0, i.e.

a5 (x,@) - Bs(x.B) = Com(6" + " + )T (a - ). (1.79)

Moreover, for all @, € (0, ), using (1.79) (with 8 = 0) along with the fact that
t — t"72 is decreasing if » < 2 and inequality (1.37) if » > 2, we infer that

§(x,0) + (X, B) = Com (6" +0") T + (& +)'7)
2 Chmzl_l—r’;i-| ((5r +a +ﬁr)rT_2. (1.80)

We conclude that o verifies (1.78b) by using (1.79) and (1.80) with @ = ||7||w and
B = |Inllw as follows:

(o(x,7) —o(x,n), 7 - Mw
= (rs(x, lITlw) — nsCe. linllw), T — mw
= lIrllis (e iwlw) + Il s Ce Inlw) = (o, mw [s e lizllw) + s Ces llllw)]
= [lIrllws Ge, lITllw) = llapllws Ce, lapllw) ] (i llw = linllw)
+ [¢(x, lITllw) + s Ce. lInlw)] AIliwlinllw = (7. )w)

r—r r=2
> Coun2 71 (67 + 2l + mlly) ™

x [(lellw = lgllw)? + 217w llnllw = (7, m)w)]

= G2 [F (6 + 1Tl + i) ™ N =7l

(ii) Holder continuity. Now, setting Cy,c = Fg_‘“l and reasoning in a similar way as for the

proof of (1.79) to leverage the second inequality in (1.77b), we have, for all @ € [, o),

ag(x,a) = Bs(x.B) < Cue (8" +a” + )T (a - p). (1.81)
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First, let » > 2. Using (1.81) (with 8 = 0) and the fact that # — #"~2 is non-decreasing,
we have, for all @, B € (0, o),

=2 2
s(x,@)s(x,B) < CL (6" +a") 7 (" +p")7
212 (1.82)

< |Cpe (" +a"+8) 7| .

Thus, using inequalities (1.81) and (1.82) with @ = ||7||w and 8 = ||p||w, we infer

llor (e, 7) = o e, i)y
= (s (x, lItllw) — ns (e, lInllw), 7¢ (x, lITllw) — s Ce, llnllw))w
= [lIrlws e lITlw) = lInllws (x, Igllw)]?
+2¢(x, [I7lw)s Ce, lImllw) LliTllwllnllw — (7. m)w]

r=212
< [Che (87 + Izl + lmlly) 7 |
X [lellw = i) + 2w il = (x.mw)]

o2 2
= Cue (67 + 1Tl + i) 7 i = milw |

(1.83)

hence o verifies (1.78a) for r > 2. Assume now r < 2. Using a triangle inequality

followed by (1.81) and the left inequality in (1.37), it is inferred that

lore, ) = o mllw < s eIl + 5 e, Inllw) il
r oyt r Fy =L
< Coe (6" + 117 l) 7 + (& + lImlly) 7
1 r r N =
< 2/ Che(28" + Iy + lmlly) 7
1 r r ry =2 r r royd
= 2FChe(28" + [Tl + Inlly) 7 (287 + Il + Il )7
1 r=2
< 27 Ce(d” + 1Tl + i) = (26 + Il + i),

where the last line follows from the fact that ¢ — 1"~2 is decreasing and again (1.37).
If 26 + ||ITllw + lIgllw < 227"||T = nllw, from the previous bound we directly get the
conclusion, i.e. (1.78a) with opc = 227" +%Chc. Otherwise, using (1.37) and a triangle

inequality yields
1o ryt -2
(& + 1Tl (& + i)t = 277 (8 + [1llw) (8 + [[nllw)
(L
= 272670 [26 + |7 lhw + I llw)* = (il = Illw)?]
1
> 272740 (268 + el + Il = ll7 = mlF} (184
> 272G (1= 472) (26 + I|llw + lImllw)?

22 r r 7
> 27 2 (6" + |Itlly + mlly)
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where we concluded with (1.37) together with the fact that 2-2(7+D) (1 - 4"2) >

2<r-22>r_2. Finally, raising both sides of (1.84) to the power r — 2, we get a relation
analogous to (1.82). Hence, proceeding as in (1.83), we infer (1.78a). O

Corollary 48 (Carreau—Yasuda). The strain rate-shear stress law of the (u,d,a,r)-
Carreau—Yasuda fluid defined in Example 28 is an (r, §)-power-framed function.

Proof. Letx € Qand g : (0,0) — R be such that, for all & € (0, ),
0 r=2
gla) = — [Oz,u(x) (5a(x) " aa(x))am]
oa

ra
= u(x) (5a(x) " aa(x))"(") 1 (6a(x) +(r— l)a,a(x)) .

We have for all & € (0, o),

r—2 r=2
a(

(= 1) (89 +.090) ™ < gla) < i+ 1= 7) (800 +@9®)

and we conclude using (1.37) together with Theorem 46. O
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Chapter 2

Improved error estimates for HHO
discretizations of Leray—Lions
problems

This chapter has been published in the following international journal (see [52]):

Calcolo, 2021.
Volume 58, Issue 19.

Abstract

We derive novel error estimates for Hybrid High-Order (HHO) discretizations of
Leray-Lions problems set in W'-» with p € (1,2]. Specifically, we prove that,
depending on the degeneracy of the problem, the convergence rate may vary between
(k+1)(p — 1) and (k + 1), with k denoting the degree of the HHO approximation.
These regime-dependent error estimates are illustrated by a complete panel of
numerical experiments.

2.1 Introduction

We consider Hybrid High-Order (HHO) approximations of Leray—Lions problems set
in W7 with p € (1,2]. For this class of problems, negative powers of the gradient of
the solution can appear in the flux. Depending on the expression of the latter, this can
lead to a (local) degeneracy of the problem when the gradient of the solution vanishes
or becomes large.

In this work, we prove novel error estimates that highlight the dependence of the
convergence rate on the two possible cases of degeneracy simultaneously, and we do
not differentiate these two degeneracies any longer. Specifically, we show that, for the

75
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globally non-degenerate case, the energy-norm of the error converges as !, with
denoting the mesh size and k the degree of the HHO approximation. In the globally
degenerate case, on the other hand, the energy-norm of the error converges as i **D (=1,
coherently with the estimate originally proved in [47, Theorem 3.2]. We additionally
introduce, for each mesh element 7" of diameter A7, a dimensionless number 77 that
captures the local degeneracy of the model in 7 and identifies the contribution of
the element to the global error: from the fully degenerate regime, corresponding to
a contribution in O(h(Tk+1)(p _1)), to the non-degenerate regime, corresponding to a
contribution in O(h?l), through all intermediate regimes. Estimates depending on
local regimes have been established in linear settings (see, e.g., [53, 59] for advection—
diffusion—reaction models and [26] for the Brinkman problem). Such work has also been
done for the Leray—Lions problems with Adaptative Finite Element methods in [17]; to
the best of our knowledge, their extension to HHO methods is entirely new.

Error estimates for the lowest-order conforming finite element approximation of the
pure p-Laplacian have been known for quite some time; see, e.g., the founding work [74],
in which O(h!'/3=P)) error estimates are obtained in the case p < 2 considered here.
These estimates were later improved in [10] to O(h), for solutions of high (and global)
regularity — in the space W>!(Q) N C>(-P)/P(Q). The above results have been extended
to non-conforming finite elements in [90]. A glaciology model is considered in [75],
corresponding to a non-degenerate p-Laplace equation (with flux satisfying (2.2) below
with 6 = 1), and error estimates for the conforming finite element approximation have
been obtained: O(h) if the solution is in H>(Q), and O (h?/?) if it belongs to W>P (). A
common feature of all these studies, in which sharp error estimates are derived (which do
not degrade too much as p gets far from 2), is that they only consider low-order schemes
on 2D triangular meshes and with continuity properties — either all along the edges for
the conforming method, or at the edges midpoints for the non-conforming method. To
our knowledge, for higher-order methods that may involve fully discontinuous functions
and are applicable to generic polytopal meshes, such as HHO, no sharp error estimates
are known and only convergence in A**1(P~1) has been established so far. This paper
therefore bridges a gap between the results available for the low-order finite element
methods and HHO methods. Notice that, very recently, O (h%+1/(3=P)Y error estimates
have been obtained in [33] for an HHO method on standard simplicial meshes based on a
stable gradient inspired by [53]. In passing, even though we focus on the HHO method,
our approach could in all likelihood be extended to other polytopal methods such as,
e.g., the Mimetic Finite Difference method [6] or the Virtual Element method [104]; see
the preface of [50] for an up-to-date literature review on this subject.

The rest of the paper is organized as follows. In Section 2.2 we establish the
continuous setting, including novel assumptions on the flux function weaker than the
ones considered in [47, Section 3.1]. In Section 2.3 we briefly recall the discrete setting
upon which rests the HHO scheme described in Section 2.4. The main result of this paper
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is contained Section 2.5. Finally, Section 2.6 contains a complete panel of numerical
tests illustrating the effect of local degeneracy on the convergence rate.

2.2 Continuous setting

2.2.1 Flux function

Let Q c R? d € N*, denote a bounded, connected, polytopal open set with Lipschitz
boundary 0Q2. We consider the Leray—Lions problem, which consist in finding u : Q —
R such that

-V.o(-,Vu)=f in Q, (2.1a)
u=20 on 092, (2.1b)

where f : Q — R represents a volumetric force term, while o : @ x R? — R is the flux
function. The flux function is possibly variable in space and depends on the potential
u : Q — R only through its gradient. The following assumptions characterize o .

Assumption 3 (Flux function). Let a real number p € (1, 2] be fixed and denote by

pi= T e [2.)

the conjugate exponent of p. The flux function satisfies

o (x,0) = 0 for almost every x € Q, (2.2a)
o(-,€):Q— R is measurable for all £ eRe. (2.2b)

Moreover, there exist a degeneracy function 6 € LP(Q, [0, 0)) and two real numbers
Ohes Ohm € (0, 00) such that, for all T, € R4 and almost every x € Q, we have the
continuity property

p=2
o (x,7) = o (e, ] < one (6(x)7 + |77 +[9l”) 7~ |7 —7l, (2.2¢)

and the Holder monotonicity property

(o(x,7) —o(x,m) - (T —1) 2 oom (6(x)” + 7|7 + Illl”)%2 T —nl*. (2.2d)

Some remarks are in order.

Remark 49 (Flux at rest). Assumption (2.2a) expresses the fact that the flux at rest is
zero, and can be relaxed taking o (-,0) € L”’ (Q)?. This modification requires only
minor changes in the analysis, not detailed for the sake of conciseness.
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Remark 50 (Relations between the continuity and monotonicity constants). Inequalities
(2.2c) and (2.2d) give
Ohm < Ohe- (2.3)

Indeed, let 7 € RY be such that |7| > 0. Using the Holder monotonicity (2.2d) (with
n = 0) along with (2.2a), the Cauchy—Schwarz inequality, and the continuity (2.2c)
(again with = 0) and (2.2a), we infer that

-2 -2
T (87 +171") 7 [T < 0 (1) 7 < o (D)l IT] < One (87 +[7|) 7 |72
almost everywhere in Q, hence (2.3).

Remark 51 (Degenerate case). We note the following inequality: For all x,y € R",
n € N*, and all a € [0, ),

(a+ x|+ [y))P2x — y| < Jx —yP7" (2.4)

To prove (2.4), notice that, if @ + |x| + |y| > 0, using a triangle inequality to write
|x| + |y| > |x — y| together with the fact that R > ¢ — t”~2 € R is non-increasing (since
p < 2)and @ > 0, we infer that (a + |x| + |y])’ > < |x — y|P~2, which, multiplying
by |x — y|, gives (2.4). Since (2.4) is valid when « + |x| + |y| > 0, we can extend the
left-hand side by continuity (with value 0) in the singular case a + |x| + |y| = 0 and this
estimate remains valid.

Inequality (2.29) below together with (2.4) ensures that properties (2.2¢)—(2.2d) are
well-formulated by extension also when 6(x)? +|7|” + |n|” vanishes. As a consequence,
o(x,-) : RY — R4 is continuous for a.e. x € Q. The relation (2.4) will also play a key
role in the proof of Theorem 59 below.

Remark 52 (Non-degenerate case). In [47], an error estimate is given for broader versions
of inequalities (2.2¢)—(2.2d). The novelty here lies in the introduction of the degeneracy
function d, since it directly affects the convergence rate of the method. The crux of its
intervention is located in the proof of Theorem 59, and more precisely at (2.44) where
it prevents singularities. See Remark 60 for more details, see also Figure 2.1 for a set of
numerical results illustrating this phenomenon.

Example 53 (p-Laplace flux function). A typical example of flux function is o (x, T) =
|7|P~27, for which (2.1) is the p-Laplace equation —V-(|Vu|?"2Vu) = f. This flux
function satisfies Assumption 3 with degeneracy function 6 = 0, see e.g. [50, Lemma
6.26].

Example 54 (Carreau—Yasuda flux function). Another example of function o which
satisfies Assumption 3, inspired by the rheology of Carreau—Yosida fluids, is obtained
setting, for almost every x € Q and all T € R4,

p-2

o(x,7)=u(x) (6(x)a(x) + |‘r|“(’c))m T, (2.5)
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where u : Q — [u_, u4] is a measurable function with u_, uy € (0, o) corresponding
to the local flow consistency index, 6 € LP(Q,[0,)) is the degeneracy parameter,
a: Q — [a_,a4] is a measurable function with a_,a; € (0, o) expressing the local
transition flow behavior index, and p € (1, 2] is the flow behavior index. It was proved
in [27, Appendix A] that o is an (p, §)-power-framed function (with a straightforward
analogy to generalize the degeneracy constant ¢ to a function) with

e |a) |00

(1) -2
and opm = pu—_(p—1)2\- » ,

Ohe =

where &9 = max(0;¢) and £€° := —min(0; &) denote, respectively, the positive and
negative parts of a real number £. As a consequence, the flux function (2.5) matches
Assumption 3.

2.2.2 Weak formulation

We define the following space for the potential embedding the homogeneous boundary
condition:

b
U = W0 (Q).

Assuming f € L?'(Q), the weak formulation of problem (2.1) reads: Find u € U such
that

a(u,v) = / fv Vv e U, (2.6)
Q

where the diffusion function a : U X U — R is defined such that, for all v,w € U,
a(w,v) = /0’(-,VW) - V. (2.7)
Q

Proposition 55 (Well-posedness and a priori estimate). Under Assumption 3, the con-
tinuous problem (2.6) admits a unique solution u € U that satisfies the following a priori

bound:

1

2-p _ p-1
1Vulln @ < (27 Coopll Flriey)’

. 2-p _ 2
+min|1811zo@: 2 7 Coopa 18177y 1/l ) - (2:8)

where the real number Cp > 0, only depending on Q and on p, is such that, for all
v E Wé’p (L), the Poincaré inequality ||v||Lr (@) < CplIVV||Lr(q)e holds.
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Proof. For the existence and uniqueness of a solution to (2.6) see, e.g., [76, Section 2.4].
To prove the a priori bound (2.8), use the Holder monotonicity (2.2d) of o, (2.6) written
for v = u, and invoke the Holder and Poincaré inequalities to write

p—2
P

p p 2
Tn (1617, gy + 1Vl g0 ) 7 V012, g0 < @t w)
= [ fu < Coll @1Vl

that is,

p-2

N = (1817 0y + 1901, ) 7 IVullnaye < Cooidlf oy 29)

2-p -
Observing that || Vull »qe < 277 max (| Vullp» gy ||<5||Lp(g))2 PN, we obtain, enu-
merating the cases for the maximum and summing the corresponding bounds,

2p 1 2-p _
Vil oy < (277 N)PT +27 [|6][7 0 N (2.10)
=)
On the other hand, we have N > 25 ||Vu||f;(lﬂ)d if [[Vullppqya = [16]|lLr (). Thus we

have, for any value of ||Vu||»q)a,

2zp L
IVl e < (277 NPT + 16 ]lLr (- (2.11)

Combining (2.9) with the minimum of inequalities (2.10) and (2.11) gives (2.8). O

2.3 Discrete setting

2.3.1 Mesh

For any set X c R¢, denote by hy its diameter. A polytopal mesh is defined as a
couple My, = (7, Fn), where 7}, is a finite collection of polytopal elements T € 7j,
such that 4 = maxreq; hr, while ¥ is a finite collection of hyperplanar faces. It is
assumed henceforth that the mesh M), matches the geometrical requirements detailed
in [50, Definition 1.7]. Boundary faces lying on 02 and internal faces contained in Q
are collected in the sets Thb and ﬁ” respectively. For every mesh element T € 7, we
denote by 77 the subset of 7, collecting the faces that lie on the boundary 0T of T. For
every face F € Fn, we denote by 7 the subset of 7), containing the one (if F € 7—;}’) or
two (if F € Thl) elements on whose boundary F lies. For each mesh element 7' € 7;, and
face F € Fr, nyp denotes the (constant) unit vector normal to F pointing out of 7'.
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Our focus is on the h-convergence analysis, so we consider a sequence of refined
meshes that is regular in the sense of [50, Definition 1.9], with regularity parameter uni-
formly bounded away from zero. The mesh regularity assumption implies, in particular,
that the diameter of a mesh element and those of its faces are comparable uniformly in A,
and that the number of faces of one element is bounded above by an integer independent
of h.

2.3.2 Notation for inequalities up to a multiplicative constant

To avoid the proliferation of generic constants, we write henceforth a < b (resp., a > b)
for the inequality a < Cb (resp., a > Cb) with real number C > 0 independent of #,
of the parameters 0, o, ohm in Assumption 3, and, for local inequalities, of the mesh
element or face on which the inequality holds. We also write a ~ b to mean a < b and
b < a. The dependencies of the hidden constants are further specified when needed.

2.3.3 Projectors and broken spaces

Given X € 7, UF, and [ € N, we denote by P!(X) the space spanned by the restriction to
X of scalar-valued, d-variate polynomials of total degree < I. The local L?-orthogonal
projector ﬂ'é( : L' (X) — P!(X) is defined such that, for all v € L'(X),

/(n;v —vw=0  VweP(X). (2.12)
X

When applied to vector-valued functions in L' (X)?, the L?-orthogonal projector map-
ping on P/ (X)? acts component-wise and is denoted in boldface font as 7r1X. LetT € 7,
n € [0,/ + 1], and m € [0,n]. The following (n, p, m)-approximation properties of ﬂlT
hold: For any v € W"P(T),

v — ﬂévlwm,p(T) b /’l;_m|v|wn,p(T). (2.13a)

The above property will also be used in what follows with p replaced by its conjugate
exponent p’. If, additionally, n > 1, we have the following (n, p’)-trace approximation

property:

1
n—-s
llv - ﬂé"VHLP'(aT) S hT ? |Vlwn,p’(T)- (2.13b)

The hidden constants in (2.13) are independent of # and 7', but possibly depend on d, the
mesh regularity parameter, /, n, and p. The approximation properties (2.13) are proved
for integer n and m in [48, Appendix A.2] (see also [50, Theorem 1.45]), and can be
extended to non-integer values using standard interpolation techniques (see, e.g., [89,
Theorem 5.1]).
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The additional regularity on the exact solution in the error estimates will be expressed
in terms of the broken Sobolev spaces

WP (Tp) = {v € LP(Q) : v, € W"’(T) VT € T} .

=

The corresponding seminorm is such that [vlynr(7) = (Xres |v|";m,p (T)) for all

v e WP (Ty).

2.4 HHO discretization

2.4.1 Hybrid space and norms

Let an integer k > 0 be fixed. The HHO space is, with usual notation,

. _ vr € PK(T) VT € 7,
Qh = {Kh = ((VT)TE‘E,’(VF)FEﬂ) | VF € Pk(F) VF c ﬁ .

The interpolation operator 1% : W!(Q) — U* maps a function v € W!!(Q) on the
vector of discrete unknowns / ’;lv defined as follows:
L = ((xpvp resis (Tpvipres)-

For all T € 75, we denote by U. ’; and / ’; the restrictions of U ’;l and / ’;l to T, respectively,
and, forall y, € U ’;l, we let v, == (vr, (VF)rer) € U ’; denote the vector collecting the
discrete unknowns attached to 7" and its faces. Furthermore, for ally, € U ﬁ, we define
the broken polynomial field v, € P¥(7}) obtained patching element unknowns, that is,

(Vh)|T =vr VT € 7;,

For all ¢ € (1,0), we define on UY the W!(Q)-like seminorm ||-[|,q,» such that,
forally, € Qz,

1
q
vyl = (Z IIXTIIi’,q,T) , (2.14a)

TeT
with for all T € 75,
7
lpllgr = {197l o+ . h;“fnvF—anzq(F)) SR
Fefr

The following boundedness property for /. § is proved in [50, Proposition 6.24]: For all
T € T, and all v € WP (T),

ILEvIlpr S I lwo s (2.15)
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where the hidden constant depends only on d, the mesh regularity parameter, p, and k.
The discrete potential is sought in the subspace of U ’;l embedding the homogeneous
boundary condition:

QIZ,O = {v, = ((vr)rezi» (VF)res;) €US : vi=0 VF e FP}.

The following discrete Poincaré inequality descends from [48, Proposition 5.4] (cf.
Remark 5.5 therein): Forall v, € U*

=h,0°
Willer @ < v, llp.n- (2.16)
By virtue of this inequality, ||-||1 .5 is a norm on U ’;L o (reason as in [50, Corollary 2.16]).

2.4.2 Reconstructions

For all T € 7, we define the local gradient reconstruction G? : Q§ — PX(T)4 such
that, for all v, € Q;, and all T € P¥ (T)d,

/GI;KT-TZ/VVT'T+ Z /(VF—VT) (T'nTF). (217)
T T F

FeFr
By design, the following relation holds (see [50, Section 7.2.5]): For all v € w1 (T),
GE(I5v) = nk(Vv). (2.18)
The local potential reconstruction ti! : Uk — P¥*1(T) is such that, for all v,. € U%,

/(Vr?lzT - G;KT) -Vw=0 Yw e PFI(T),
z (2.19)

Composed with the local interpolator, this reconstruction commutes with the elliptic
projector; see [50, Sections 1.3 and 2.1.1-2.1.3].

2.4.3 Discrete diffusion function

The discrete diffusion function aj : U i x U ’,2 — R, discretizing the function a defined
by (2.7), is such that, for all y,, w, € QZ,

(), vy) = ) ( / o (. Grwy) - Gryy +sr(wp.vyp) |- (2.20)
TeTh
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Above, for all T € Ty, sy : U% x UX — R is a local stabilization function. To state the
assumptions on this function, we introduce the mesh skeleton M}, = e, F and set

LP(OMy) ={u : OMy >R : wp € LP(F) VYF € Fp},

P
lillie o) = (Z hr ) nwn{pm) :

TeTh FeFr

(2.21)
Assumption 4 (Local stabilization functions). There exists £ € LP (0 Mj; [0, 00)) such
that, for all 7 € 7, and all v, w,. € Q’},

srpuy) = hr [ SrC.8kpw) by, (222)
oT

where Sy : 9T X R — R is a measurable function satisfying, for all v, w € R and almost
every x € 0T,

ISr(e.w) = Sr( )] € ohe (LG + wl? + VD) T [w =], (2.23a)
(S, w) = ST, ) (W = ¥) 2 0 (CE)” + wl? + [P T |w = v (223D)
Sr(x,0) =0, (2.23¢)

while the boundary residual operator A% : U — L?(9T) is such that, for all y, € U,
1
(A(I;TZT)|F = nr [”];‘(r?IKT —VF) - ”i(r?lKT —vr)] VF €91 (2.24)

with potential reconstruction r?’l defined by (2.19).

Example 56 (Stabilization function). Local stabilization functions that match Assump-
tion 4 can be obtained setting, for all 7 € 7;,, all w € R, and all x € 9T,

Sr(x,w) = yr (LX) + w|P)' T w, (2.25)

with y7 € [0hm, 0ne] (see (2.3)). It can be checked that Sy is a non-degenerate (p, {)-
power-framed function satisfying (2.23); see [27, Appendix A] for a proof.

Leveraging the results in [47], and additionally using hr ~ hr for all F € ¥, it can
be checked that, for all g € (1, ),

1GTYA Ny gy + RNV W oy = Mgl Vop €U (226)

Additionally, A% is polynomially consistent, i.e.,

As (w) =0 Yw e P**Y(T). (2.27)
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2.4.4 Discrete problem

The discrete problem reads: Find 4, € U ﬁ o such that

a (y, vy) = / fon Vv, €Uy, (2.28)
Q

2.5 Error analysis

In this section, after establishing a stability result for the discrete function a;, we prove
the error estimate that constitutes the main result of this paper.

2.5.1 Holder monotonicity of the discrete diffusion function

We recall the following inequality between sums of power (see [27, Eq. (15)]): Let an
integer n > 1 and a real number m € (0, o) be given. Then, for all ay, ..., a, € (0, ),

we have m
n n n
0 S g < (Z ) a0 S 229)

i=1 i=1 i=1

Lemma 57 (Holder monotonicity of a,). Forallv,,w, € Qz, setting e, ‘= v, —w,, it
holds

2-p
2
enl < it (1617, o+ U1 opgyy + Al T lF ) 7 2.30)
X (an(vy. €,) —an(w,. ;) -
Proof. LetT € 7). Using the Holder monotonicity (2.2d) of o and the (L, %)—Hélder

2-p
inequality, we get

2-p
L =
ol |G} eT”LP(T)d < /(61’ +|Gry, 1P + |G§ET|p)

[N]ps)

x| (. Ghvy) - o, Ghwy)) - Ghey

(S}

—P

2
(||5||Lp<r) +11Gy rYrllzp e+ 1G WT”LP(T)d)

/T (‘7(" G?KT) —o(, GimT)) : G?ﬁ]

2-p
2

(2.31)

[N1ps}

X

< (1812 ) + gl 7 + ] )

P
2

/T (o, Ghvp) = o (- Ghwp)) - G’;QT] ,

X
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where the conclusion follows from the seminorm equivalence (2.26). Similarly, the
Holder monotonicity (2.23b) of Sy followed by the same reasoning as above yields,

2-p

P 2
v P ’
o-hzthHA eTllL,,((FT) < (hTH{”L[J(aT) + ”KTH rt ||WTHI P’T) (2.32)

X (ST(KTvQT) - ST(KT’QT))j-

Combining the norm equivalence (2.26) with (2.31) and (2.32) and using (2.29) yields

2-p
5 =
Gnllerlr < (1817, + BrllNE oy + Nogll 7+ w7, )
p
2
X (ar(zT,gT) - ar(mT,gT)) :

Summing over T € 7}, applying the discrete (2 = p) -Holder inequality, and raising to

the power 1—7 yields (2.30). O

Remark 58 (Well-posedness and a priori estimate). Using standard techniques (cf. [48,
Theorem 4.5], see also [27, Theorem 17]), it can be proved that there exists a unique
solution u, € U 2,0 to the discrete problem (2.28). Additionally, it can be shown in a
similar way as for the continuous case (cf. Proposition 55) that the following a priori
bound holds:

-1 I
latgll o < (Gl )

1 2p
+m{@mmmﬁwmmMQ ﬂmmwmgﬁMMwwﬂpWMm@y

(2.33)

2.5.2 Error estimate

Theorem 59 (Error estimate). Let u € U and u;, € U ﬁ o solve (2.6) and (2.28), respec-

tively. Assume u € WP (T;) and o (-, Vu) € WhP' (Q)4 n WL (7). Then, under
Assumptions 3 and 4,

k k+1
lay, = Lullyp i < N o (Vi) ypeerr gy

L
P’

p/
Z (min (77T§1)2 ph(k+l)(p 1)| |Wk+2I’(T)) ] , (234
T€T

+ NfO'hc
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where, for all T € Ty, defining
Dr = min [essinf (§(x) + |Vu(x)|) ;essinf £ (x) |, (2.35)
xeT xedT
we have set

_ ]’l];v+1 |I/l|Wk+2,p (T)

nr = T
IT|»Dr

(2.36)

with the convention that nr = oo if Dy = 0 < |ulyrepr), and nr = 0 if Dy =
|M|Wk+2,p(T) =0, and where

1 12-p
Ny = ot HI6lLr @) + 1 lLromy) + (ffh_nll||f||m’(g))p_1 ]
Remark 60 (Convergence rates). For any T € 7}, the local flux degeneracy parameter
D7 defined in (2.35) is a measure of the local degeneracy of the flux and the stabilization
function: the closer it is to zero, the more degenerate the model is. The dimensionless
number 77 defined in (2.36) determines the convergence rate of the contribution to the
approximation error stemming from 7. If nr > 1 (locally degenerate case), then the ele-

_ _1
ment 7" contributes to the error with a term in h(TkH)(” DI nr < h?l lulwrszp ()| T| 7,
i.e. Or > 1 (locally non-degenerate case), the contribution to the error is in hé‘f'l. The

1
case ny € (h;+1 lulwis2.p )| T| 7, 1) corresponds to intermediate rates of convergence.
At the global level, defining the number 1, := maxreg; 17, the bound hr < h together
with the error estimate (2.34) yields

lu, = Lhullipn s N B o (e V) oo (g7
(2.37)

- - - -1
+ e min (3 1?77 RO ).

As a consequence, if 17, > 1 (globally degenerate case), then the convergence rate is
(k+1)(p=1). If g, < B! |ulyre2.p ;) (globally non-degenerate case), the convergence
rate is k + 1. Finally, the case 1, € (h**! |ulwrs2.p (75, 1) corresponds to intermediate
rates of convergence. This is the finest global estimate that can be obtained from the
local one. However, for practical purposes, if u € W**>%(7},) then we can replace 7, in

(2.37) by the larger number

_ |M|Wk+2,oo(t77l)hk+l B |M|Wk+2,oo(t77l)hk+l

e = , 2.38
T minyey;, Dr min (ess infg (6 + |Vu|) ;essinfyr, £) (238)
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with the same convention as above regarding fractions C/0 and 0/0. The convergence
rate will result from the position of 77, with respect to l’lk+llu|Wk+2,oo(77L) and 1, and

nn < hk+llulwk+2,oo(7;l) (non-degenerate case) is equivalent to
min (essinf (0+|Vu|);essinf | > 1,
Q oMy,

which is consistent with the local requirement stated above.

Proof of Theorem 59. Define the consistency error as the linear form &, : U fl — R such
that, forall y, € Q’;l,

En(vy,) = /QV-O'(-, Vu) vy, + ah(llflu,gh). (2.39)

Let, for the sake of brevity, 4, = [ﬁu ande, '=u, — i, € Qlﬁ,o-

(i) Estimate of the consistency error. Expanding a; according to its definition (2.20) in
the expression (2.39) of &, inserting

Z (/n§a(.,vu).G§§T_/a(.,vu).G;€T) ~0
r T

T,

(the equality is a consequence of the definition of 71';), and rearranging, we obtain

ene) = [ VotV e+ Y, [ oty Gle,
Q

Te7, YT
T
. / [0, Ghity) = o (-, Vu)| - Ghep+ D sr(ig.ep) . (240)
Te7; YT TeT;

T2 73

We proceed to estimate the terms in the right-hand side.
For the first term, we start by noticing that

Z Z /ep (o(-,Vu) -nrp) =0 (2.41)
TeT, Fefr F

as a consequence of the continuity of the normal trace of o (-, Vu) together with the
single-valuedness of er across each interface F' € 7-'h1 and the fact that e = 0 for
every boundary face F € 7—‘}1" (see [50, Corollary 1.19]). Using an element by element
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integration by parts on the first term of 7] along with the definition (2.17) of GX, we can
write

T = ko, Vu) =
1 TZ/[”T‘T(

+ Z [/(EF —er)(n5o (-, Vu) - nyp) + /FeT (o (-, Vu) - nrr)

TeT, FeFr

—Z Z /(eF_eT) mho (-, Vu) — o (-, Vu)| - nr,

TeT, FEFr

where we have used the definition of ﬂ? together with the fact that Ver € P1(T)4 ¢
P*(T)“ to cancel the term in the first line, and we have inserted (2.41) and rearranged to
conclude. Holder inequalities give

»
751 5 | ) hrllor V) = whor (., VIl

TeTh

1-
X (Z Z hF p”eF - eT”ip(F)

TeT, Fefr

) » (2.42)

< WMo (-, Vu) |Wk+1»l’/(7;,)d llep Il p,ns

where we have used the (k + 1, p’)-trace approximation properties (2.13b) of 7r§ along
with A7 < h for the first factor, and the definition (2.14) of [|-||; 5 for the second.

We move on to the next term 7,. Let an element 7 € 7}, be fixed. If ny > 1, using
the (p’, p)-Holder inequality together with the equivalence (2.26), we obtain

‘ / [0 ( Ghity) — o (-, Vu)| - Ghe,
T
< Nlo(-, Gity) = o ( Vil ryalleg

-2
(5-+ Ik (V)| + V)" 2k () = V|, el

< O
he (2.43)

< O'hc“ﬂ'T(V”) - Vu”Lp(T)d”ET”Lp,T

k+1 1
< aeh VPV |Wk+2,,(T)||eT||1,,T

2- ph(k+1)(p l)l P~

= O-hC min (77T’ 1) Wk+2 p(T) ||eT||1,[J,T9

where we have used the continuity (2.2c) of o together with the commutation property
(2.18) of the discrete gradient and (2.29) in the second bound, inequality (2.4) with
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x = m5(Vu), y = Vu, and @ = § in the third bound, and the (k + 1, p, 0)-approximation
properties of 7r§ to conclude.

On the other hand, if 7 < 1 then, using the (p, p’)-Holder inequality together with
the boundedness (2.26), we infer

‘/T [o(-,G}iip)—0 (-, Vu)| - Ghe,
< o (-, Ghitp) =0 (-, Vi)l o ryalleg Il pr.r

-2 p=2
(57 b (V)| + V)2l (Vi) = V| 1TV el

< Ohe

(2.44)

< 0w DY TP 7 |l (V) - Vullrryallerllip.r

2 222 k]
S one D IT| P hk+ |u|Wk+2P(T)”eT”1p,T

p ph(k+1)(17 1)| |

= Ohe min (773 1) Wk+2 2 (T) ”eT”Lp,T,

where we passed to the third line as in (2.43) additionally using the bound ||e;||1,p/7 <

-2
|T|p7 lle |l p.r (see [48, Lemmas 5.1 and 5.2]), used in the fourth line the fact that R 3
x — xP~% € Risnon-increasing to infer that (6 + |75 (Vu)| + IVul)p_2 < (6+|Vu|)P?<
@;_2 almost everywhere in 7', and concluded as above.

Gathering the estimates (2.43) and (2.44) and using a discrete Holder inequality
yields

£

P’

. k1) (p-1 P’
Z (mln (nr; 1)2 ”h( +D(p= )| |Wk+2p(T)) ] lle,lltp.n- (2.45)
TeTn

|75| < Ohe

Let us finally consider 73. Let T € 7y, set iiy = I k (ﬂk”u) for the sake of breV1ty,
and observe that Sz (-, A% ii;) = 0 thanks to the polynomlal consistency (2.27) of A%
and the property (2.23c) of Sr.

If nr > 1, using the (p’, p)-Holder inequality together with the boundedness property
(2.26) (with g = p), we infer

|ST(“T"’T)|<h sz (-  Agriy) - ST("ASTET)”LP'(BT) llezllp.r

7 k k N
< O'hch} (é“ + |AaTZT| + |AaTZT|) AaT(ZT_ZT)

el p,r
LP'(8T)
Ak on (2.46)
< onehy 187 (i = )2y o ezl pr

k+1 1
< Oh h( D= )l |Wk+2p(T)”_T||1 . T

2— ph(k+1)(17 1)| |

= Ohc min (nTa 1) Wk+2, p(T)”eT”l,p,Ta
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where we have used the continuity (2.23a) of Sy together with (2.29) to pass to the
second line, inequality (2.4) with x = A(’;TQT , Y = A’(;TQT and @ = ( in the third line,
and the boundedness (2.26) of A’(;T and (2.15) of [; together with the (k + 1, p, 1)-

1
approximation properties of 7Tk+1 to conclude by writing hj ||A’(§T(QT —dp)lerar) <

115 (u = 75 )l pr < Ju = w5 ulwn oy < WEP ulyions (7.
Otherwise, 7 < 1 and using the (p, p’)- Holder inequality together with boundedness
property (2.26) (with g = p’), we infer as above that

1
|ST@T’€T)| S h; ”ST("AST@T) - ST("ASTET)”LP(M) ||€T||1,p’7T

v

el a4l i VA G| 1T e
4 oTUT oTUT or\Ur — Ur erlitp,r

Hen (2.47)

1
< O'hch;

1
-2 p-s = k ~ o
< O'hcgg 7| » h; “AaT(ZT - ET)“LP(aT)”fT”l,p,T

-2 p=2
S The DL T| P h"”|u|wk+zpm||eT||1,,,T

2— ph(k+1)(P 1)| |

= Ohe min (n7; 1) Wk+2 P (T) ”eT”Lp,T,

-2
where the second inequality follows as before from the bound ||e; |1,/ 7 < |T|p7
llesllipr (see [48, Lemmas 5.1 and 5.2]), the third inequality is a consequence of the

monotonicity of R 3 x - xP~% € R that yields (£ + |AY d,| + |A§TQT|)p_2 <P’ <
CD’T’_Z almost everywhere in 07, and the conclusion is obtained as in (2.46).
Following then the same reasoning that lead to (2.45), we obtain for the third term

L
7

P

. k1) (p—1 P’
Z (mln (7]T; 1)2 p /’l( *Dip= )l |Wk+2 p(T)) ] ||£h||1,p,h~ (2-48)
TeTh

Plugging the bounds (2.42), (2.45), and (2.48) into (2.40) yields

|7§| < Ohe

Ene)] s H o (Vi) e (yalle I p.i

L
7

P

p’
Z (mln (nT91)2 Ph(k+l)(l7 1)| |Wk+2P(T)) ] ||€h||1,p,h- (249)
TeT

+ o-hc

(ii) Error estimate. Using the Holder monotonicity (2.30) of a;, we get
2-p
el < it (1617 0y + 11 opgyy + Nl 4 I IE L) 7 (2:50)
X [ah(ﬂh»éh) - ah(ﬂh,éh)]
< Ny [an(uy. e,) — an(iy. e))] 2.51)
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where we have used the a priori bound (2.33) on the discrete solution along with the
boundedness (2.15) of the global interpolator, the a priori bound (2.8) on the continuous
solution, and (2.29) to conclude. Furthermore, using the equation (2.28) (withy, = ¢,),
and the fact that f = —V-0 (-, Vu) almost everywhere in Q, we see that

an(uy,,e,) —an(ly,, e,) = /Qfeh —ap(ly, e,) = —Enley,). (2.52)

Hence, plugging (2.52) into (2.51), recalling the bound (2.49) on the consistency error,
and simplifying, (2.34) follows. O

2.6 Numerical examples

In this section, we give some numerical results to confirm Theorem 59. We consider
the domain Q = (0, 1)? and define o as the Carreau—Yasuda law of Example 54 with
p €{1.25,1.5,1.75} and u = a = 1. The degeneracy parameter ¢ and the exact solution
u will depend on the considered case. The stabilization functions are defined by (2.25)
with ¢ such that the local flux degeneracy number D7 introduced in (2.36) is equal to the
first argument of its min for all 7 € 7, so that  does not influence the error estimates.
The function f and the Dirichlet boundary condition are inferred from the exact solution.
In all cases, except for the non-homogeneous boundary condition, these solutions match
the assumptions required in Theorem 59. We consider the HHO scheme for k € {1, 2, 3}
on a triangular mesh family.

2.6.1 Non-degenerate flux

We consider nonzero constant degeneracy parameters ¢ € {1, 0.1, 1072, 5- 107%}, and
the potential u is given by

u(xy,xp) = sin (7xy) sin (xp)  V(x1,x2) € Q.
Thus, the dimensionless number 77, defined in (2.38) satisfies

L kg k+l

= (o) = = (2.53)
Therefore, we should observe a (k +1)(p — 1) pre-asymptotic order of convergence until
the size of the mesh is small enough compared to ¢ so that the convergence rate switches

to k + 1 (see Remark 60).
Indeed, in Figure 2.1 and Table 2.1, we can see for k € {1,2} in the first row of
results (corresponding to the case 6 = 1) a constant convergence rate of k + 1, which is in
agreement with Remark 60 since 7j, < h**! |ulwrs2o(q;) € 6 = 1. From row to row, we
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Figure 2.1: Numerical results for the test case of Section 2.6.1. The steeper slope (in
black) indicates the k + 1 convergence rate expected from Theorem 59 when the number
¢ is large enough compared to the mesh size. Otherwise the other slopes indicate the
(k + 1)(p — 1) convergence rate according to p.
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Table 2.1: Convergence rates for the test case of Section 2.6.1. The bold numbers in
each column correspond to the (k + 1)(p — 1) ~ (k + 1) convergence rates.

N 125 15 175 | 125 1.5 175 | 125 1.5 175

3.07e-02 | 05~2 1~2 15~2|0.75~3 15~3 225~3|1~4 2~4 3-~4
1.54e-02 | 2.07 206 2.01 3.06 2.88 2.65 3.83 351 3.26
7.68e-03 | 198 201 1098 2.94 2.87 279 359 341 321
3.84e-03 | 197 199 1098 2.88 2.86 2.83 355 335 3.14
1.92e-03 | 197 198 199 2.94 2.90 2.85 354 333 3.3
9.60e-04 | 197 197 1.99 2.95 2.93 2.88 356 334 3.14

§=0.1
k| 1 2 3

N 125 15 175 | 125 1.5 175 | 125 1.5 175

3.07e-02 1 05~2 1~2 15~2|0.75~3 15~3 225~3|1~4 2~4 3-~4
1.54e-02 | 198 204 197 2.63 2.49 2.28 292 277 255
7.68e-03 | 201 199 197 3.14 2.70 2.48 3.67 3.10 279
3.84e-03 | 199 200 198 3.15 2.84 266 | 4.04 335 3.07
1.92e-03 | 199 2.00 1.98 2.92 2.93 2.80 347 354 326
9.60e-04 | 198 198 1.99 2.96 2.95 2.85 337 346 3.26

§=10"
k| 1 2 3

N 125 15 175 | 125 1.5 175 | 125 1.5 175

3.07e-02 1 05~2 1~2 15~2|0.75~3 15~3 225~3(1~4 2~4 3-~4
1.54e-02 | 157 191 1.96 1.48 1.93 2.04 1.53 1.89 2.10
7.68e-03 | 154 194 194 1.62 1.98 2.13 1.71 2.01 2.18
3.84e-03 | 1.77 199 195 1.95 221 2.25 209 232 237
1.92e-03 | 2.16 2.06 197 2.50 2.65 2.38 272 287 2.60
9.60e-04 | 2.69 207 197 3.42 3.23 2.50 373 3.63 2.80
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§=5-10""
k| 1 2 3

N 125 1.5 175 | 125 1.5 175 | 125 1.5 175

3.07e-02 {05~2 1~2 15~2]075~3 15~3 225~3|1~4 2~4 3-~4
1.54e-02 | 133 194 203 0.92 1.77 1.98 1.17 1.68 198
7.68e-03 | 058 1.84 194 1.17 1.67 2.00 1.71 1.61 194
3.84e-03 | 0.18 1.80 1.93 2.04 1.61 2.00 1.33 159 193
1.92e-03 | 158 174 194 1.46 1.61 1.99 134 1.61 1.93
9.60e-04 | 282 172 194 1.40 1.66 2.01 144 1.69 1098

can observe a lower pre-asymptotic convergence rate (still above (k+1)(p —1), but close
to it in certain cases) which becomes worse as ¢ decreases; this is expected since 7 is
proportional to 1/6. We note that, as k increases, the asymptotic rates are lower than the
expected A**!, which could be due to the asymptotic regime not being achieved yet for
these high-order schemes (due to the constants involving higher derivatives of u in (60)).
The saturation of convergence rate, for k = 2, 3, at a lower rate than (k+1)(p — 1) when
6 is very small could also be explained by the fact that the W**'»" norm of o (-, Vu)
explodes as 6 — 0.

2.6.2 Non-degenerate potential

We consider ¢ = 0 (the p-Laplacian case), and the potential u is given by
u(xy,xp) = sin (rxy) sin (mxp) + (7 + 1) (x; +x2)  V(x1,x2) € Q.

Since |Vu| > 1 on Q, 77, = (1) and we should observe a constant convergence rate of
k + 1, which is indeed the case (see Figure 2.2 and Table 2.2).

2.6.3 Non-degenerate flux-potential couple

The exact solution u is given by
u(xy,xp) =sin (zxy) sin (rx2)  V(x1,x2) € Q.

Since Vu vanishes at points (x;)1<;<5s = {(0,0), (1,0), (0, 1), (1,1),(0.5,0.5)}, we
consider a degeneracy parameter function ¢ as the sum of bump functions centered at
these points with % radius. Specifically, for all x € Q,

5 1 . 1
exp|1 - if |x —x;| < =,
5(x)= Y p( 1 - 25)x — x; 2 =il <5 (2.54)
i=1 0 otherwise.
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Figure 2.2: Numerical results for the test case of Section 2.6.2. The steeper slope (in
black) indicates the k + 1 convergence rate. The other slopes indicate the (k+1)(p — 1)
convergence rate according to p.

Table 2.2: Convergence rates for the test case of Section 2.6.2. The bold numbers in
each column correspond to the (k + 1)(p — 1) ~ (k + 1) convergence rates.

k 1 2 3

N 125 15 175 | 125 1.5 175 | 125 15 175
3.07¢-0205~2 1~2 15~2|075~3 1.5~3 225~3|1~4 2~4 3-~4
1.54e-02 | 2.04 204 198 | 298 297 293 |406 410 3.98
768¢-03| 200 199 196 | 305 306 296 |397 401 3.96
3.84e-03 | 201 201 198 | 299 302 298 |395 398 398
1.92e-03 | 200 201 198 | 297 298 298 |398 398 3.98
9.60e-04 | 199 199 199 | 298 298 299 |398 399 3.98
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ep=125=p=15+p=1.75]

Figure 2.3: Numerical results for the test case of Section 2.6.3. The steeper slope (in
black) indicates the k + 1 convergence rate. The other slopes indicate the (k+1)(p — 1)
convergence rate according to p.

Table 2.3: Convergence rates for the test case of Section 2.6.3. The bold numbers in
each column correspond to the (k + 1)(p — 1) ~ (k + 1) convergence rates.

k| 1 \ 2 \ 3

N 125 15 175 | 125 1.5 175 | 125 1.5 175

3.07e-02 1 05~2 1~2 15~2|075~3 15~3 225~3|1~4 2~4 3-~4
1.54e-02 | 170 1.84 1.95 3.12 2.87 274 343 339 332
7.68¢-03 | 1.89 197 2.00 2.87 2.50 2.30 458 4.14 381
3.84e-03 | 190 186 1.89 2.90 2.80 2.73 332 301 282
1.92e-03 | 2.00 2.00 1.99 2.90 2.83 2.79 3.80 3.64 3.52
9.60e-04 | 199 198 199 3.05 3.01 294 403 4.00 393

As a consequence, ¢ vanishes on about three quarters of Q, however, 77, = u;(1) and
we should observe a constant convergence rate of k + 1. This is confirmed by the results
presented in Figure 2.3 and Table 2.3.

2.6.4 Degenerate problem

We consider 6 = 0 (the p-Laplacian case), and the potential « is given such that,

1 + .
u(xy,xp) = l—oexp (—10 (|x1 - O.5|p+¥ + |xp — 0.5|p+¥)) V(x1,x2) € Q.

The particular choice of u, which changes with p and k, is driven by the need to ensure
that the function and its flux have the required regularity for the error estimate in Theorem
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Figure 2.4: Numerical results for the test case of Section 2.6.4. The steeper slope (in
black) indicates the k + 1 convergence rate. The other slopes indicate the (k+1)(p — 1)
convergence rate according to p.

59 to be valid (and thus to potentially avoid some of the issues observed in Section 2.6.1),
all the while not being too smooth or with a simple structure, which might artificially
generate a better convergence of the scheme. Since Vu vanishes on an entire region
of the domain and § = 0, we have, 77, = oo and we should observe (k + 1)(p — 1)
asymptotic convergence rates. The results for this test are presented in Figure 2.4 and
Table 2.4. In most cases, they do confirm that the asymptotic rate of convergence is
closer to (k + 1)(p — 1) than k + 1, with major exceptions for (p, k) = (1.25,1) and
(p, k) = (1.75,3), for which the observed rate is closer to k + 1 — probably because,
for the considered mesh sizes and parameter values, the first term in (2.34) might be
dominant due to a larger multiplicative constant. Another explanation could be that the
asymptotic regime is not reached yet for these tests, or, in view of the recent results in
[33], that the error estimate in Theorem 59, which is valid in a more general setting, is
actually sub-optimal for these particular test cases. In any case, these tests are outliers
in the results presented here, which otherwise support rather well the theoretical error
estimate.

2.7 Conclusion

We have presented and analysed a Hybrid High-Order scheme of arbitrary order &, for
a non-linear model that generalises the p-Laplace equation (with p € (1,2]) through
the addition of an offset in the flux, that potentially remove its singularity at 0. Our
error estimate highlights various convergence regimes for the scheme, depending on
its degeneracy or lack thereof (the latter occurring in presence of a non-zero offset, or
when the gradient of the continuous solution does not vanish); for a degenerate model we
recover the known rates of convergence in (k+1)(p —1), while an optimal rate of (k+1),
identical to the rate for linear models, is obtained when the model is not degenerate.
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Table 2.4: Convergence rates for the test case of Section 2.6.4. The bold numbers in
each column correspond to the (k + 1)(p — 1) ~ (k + 1) convergence rates.

k 1 2 3
N 125 15 175 | 125 1.5 175 | 125 15 175
3.07¢-02 |05~2 1~2 15~2|075~3 15~3 225~3|1~4 2~4 3-~4
1.54e-02| 1.06 194 186 | 142 224 270 | 149 291 3.98
768-03| 129 1.78 1.87 | 145 228 262 | 140 291 3.96
3.84e-03 | 128 1.67 191 | 146 193 252 | 139 279 3.98
1.92¢03 | 126 147 190 | 147 155 235 | 138 244 3.98
9.60e-04 | 125 129 1.89 | 150 139 214 | 138 201 3.98

These regimes are locally driven by a dimensionless number, and intermediate regimes
are also identified.
Several numerical tests have been provided, and show a good agreement with the
theoretical error estimate, except in a few cases where the convergence appears to be
faster than expected (which could be due to the asymptotic regime not yet being attained
in that case, or to the specifics of the particular degenerate test case considered here).
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Chapter 3

A HHO method for incompressible
flows of non-Newtonian fluids with
power-like convective behaviour

This chapter has been published in the following international journal (see [35]):

IMA Journal of Numerical Analysis, 2021.
Published online.

Abstract

In this work, we design and analyze a Hybrid High-Order (HHO) discretization
method for incompressible flows of non-Newtonian fluids with power-like convec-
tive behaviour. We work under general assumptions on the viscosity and convection
laws, that are associated with possibly different Sobolev exponents r € (1, o) and
s € (1,00). After providing a novel weak formulation of the continuous problem,
we study its well-posedness highlighting how a subtle interplay between the expo-
nents r and s determines the existence and uniqueness of a solution. We next design
an HHO scheme based on this weak formulation and perform a comprehensive
stability and convergence analysis, including convergence for general data and error
estimates for shear-thinning fluids and small data. The HHO scheme is validated
on a complete panel of model problems.

3.1 Introduction
In this paper, building on the results of [27], we design and analyze a Hybrid High-Order
(HHO) method for incompressible flows of non-Newtonian fluids governed by the gener-

alized Navier—Stokes equations. The formulation considered here encompasses general

101
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viscosity and convection laws, possibly corresponding to different Sobolev exponents.
The proposed numerical method aims at overcoming certain limitations of traditional
(e.g., finite element or finite volume) schemes, particularly concerning the supported
meshes and approximation orders. Notice, however, that the techniques introduced in
this work can, in principle, be applied also to more classical discretizations.

Nonlinear rheologies are encountered in several fields, including ice sheet dynamics
and glacier modelling [4, 78], mantle convection [101], chemical engineering [80], and
biological fluids [70, 85]. Their mathematical study was pioneered in the work of La-
dyzhenskaya [84]; detailed well-posedness and regularity analyses of the corresponding
system of equations have been carried out in [13, 18, 64, 92, 96]. Recently, a varia-
tion of the classical trilinear convective term has been considered in [86] in relation to
the computation of the Wasserstein distance for optimal transport applications (to the
best of our knowledge, such generalizations haven’t yet been considered in the context
of fluid-mechanics). In this work, we propose a further generalization of this model
encompassing power-like convective behaviours that satisfy non-dissipativity relations;
see Assumption 6 below. The power-law behaviours of the viscous and convective terms
are characterized by (possibly different) Sobolev exponents r € (1, c0) and s € (1, c0).
In Theorem 66 below, we carry out a well-posedness analysis for the continuous prob-
lem showing that a subtle interplay of these exponents determines the existence and
uniqueness of a solution (in the classical case s = 2, relevant in fluid mechanics, this
translates into constraints on the Sobolev index r). Such an interplay, which reverber-
ates at the discrete level, is required to leverage the Holder continuity of the convective
function that appears in the weak formulation of the problem. Notice that considering
a general exponent s € (1, o) involves only (relatively) minor changes in the analysis
with respect to the case s = 2, and has the advantage of making the proposed method
suitable for applications in promising fields such as optimal transport. Also, to the best
of our knowledge, both the analysis of this generalized Navier—Stokes problem and its
numerical approximation are entirely new.

While a large body of literature deals with the numerical approximation of the
Navier-Stokes equations, only a relatively small fraction of these works addresses non-
linear rheologies. Finite element methods for creeping (Stokes) flows of non-Newtonian
fluids have been considered in [9, 16, 76]. Non-Newtonian fluid flows with standard
convective behaviour have been considered in [44, 45]. This model is encountered
in several other works: see, e.g., [65, 82] for finite element methods with implicit
power-law-like rheologies; [80, 81] for generalized Newtonian fluids with space variable
and concentration-dependent power-law index; [83] for a local discontinuous Galerkin
method; [107] for a study of non-Newtonian polymer flows through porous media; [79]
for simulations of transient flows of non-Newtonian fluids; [8] for a finite element approx-
imation of non-Newtonian polymer aqueous solutions with fractional time-derivative.

Recent works have emphasized the importance of handling polytopal meshes in the
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context of numerical fluid mechanics; see, e.g., the introduction of [50] for a broad
discussion on this subject. General meshes, possibly combined with high order, can
be used in this context to: adapt the shape of the elements to the local features of
the flow, thus improving the resolution of boundary or internal layers; perform non-
conforming local mesh refinement, which naturally preserves the mesh quality; reduce
the computational cost while preserving the approximation of the domain geometry by
mesh coarsening [11, 12]. Among recent methods for incompressible flows that natively
support general polytopal meshes and arbitrary-order, we can cite discontinuous Galerkin
methods [56] (see also [58, Chapter 6]), Virtual Element methods [15, 71, 77, 91] (see
also [104]), and HHO methods [27, 28, 34, 62] (see also [50, Chapter 9]). While
discontinuous Galerkin methods are commonly considered the golden standard in fluid
mechanics, recent works have pointed out the potential of HHO methods in terms of
overall efficiency and precision for real-life problems [23]. The developments of the
present work show their ability to tackle complex, highly nonlinear physics.

In this paper, we extend the HHO method of [27] to the full generalized Navier—Stokes
equations with power-law viscous and convective behaviours. The discretization of the
convective term relies on the novel formulation devised at the continuous level, which
guarantees non-dissipativity at the discrete level and is obtained replacing the continuous
gradient by the classical HHO gradient reconstruction in full polynomial spaces; see [48,
Eq. (4.3)] for the scalar case. For this novel discrete convective function we prove the
key properties that intervene in the stability and consistency of the method. The former
consist, in addition to non-dissipativity, in a Holder continuity property expressed in
terms of a discrete W!"-(semi)norm. The latter include consistency for smooth functions
and sequential consistency. We perform complete stability and convergence analyses,
highlighting the interplay between the exponents r and s. Specifically, existence and
uniqueness of a discrete solution, established in Theorem 76, hold under the same
conditions on r and s as for the continuous problem and a data smallness assumption
where the constants of relevant continuous inequalities are replaced by their discrete
counterparts. We then establish, in Theorem 77, various convergence results under
minimal regularity of the solutions using compactness arguments. Finally, an error
estimate for shear-thinning fluids displaying different orders of convergence according
to the degeneracy of the problem in the spirit of [52] is proved in Theorem 78. When
polynomials of degree k > 1 are used, denoting by / the meshsize, the error estimates
give orders of convergence ranging from A<+ =1 to pk*1 for the velocity and from
RUD (=12 4o p(k+D(=D for the pressure, depending on the degeneracy of the problem.

The rest of the paper is organized as follows. In Section 3.2 we introduce the
strong and weak formulations of the generalized Navier—Stokes problem, discuss the
assumptions on the viscosity and convection laws, and study existence and uniqueness
of a weak solution. The construction of the HHO discretization is carried out in Section
3.3 by defining the discrete counterparts of the viscous, convective, and coupling terms.
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In Section 3.4, we formulate the discrete problem and state the main stability and
convergence results for the method. In Section 3.5, we investigate the performance of
the method on a complete set of model problems. Finally, Section 3.6 collects the proofs
of the consistency properties of the discrete convective function and of the main results.

3.2 Continuous setting

LetQ c RY, d € {2, 3}, denote a bounded, connected, polyhedral open set with Lipschitz
boundary 0€Q2. We consider the incompressible flow of a fluid occupying €2 and subjected
to a volumetric force field f : Q@ — RY, governed by the following generalized Navier—
Stokes problem: Find the velocity field u : Q — R and the pressure field p : Q@ — R
such that

-Vo(-,Vau)+(u-V)xy(,u)+Vp=f in Q, (3.1a)
Vu=0 in Q, (3.1b)
u=>0 on 0Q, (3.1¢)

/p =0, (3.1d)
Q

where V- denotes the divergence operator applied to tensor-valued or vector-valued fields,
V, is the symmetric part of the gradient operator V applied to vector fields, and, denoting
by Rg’x‘i the set of square, symmetric, real-valued d X d matrices, o : QX Rg’x‘l — Rg’x‘l
is the viscosity law and y : Q x R — R is the convection law. In what follows, we
formulate assumptions on o and y that encompass common models for non-Newtonian
fluids and state a weak formulation for problem (3.1) that will be used as a starting point
for its discretization.

3.2.1 Viscosity law

For all m € [1, o], we define the conjugate, Sobolev, and singular exponents of m by

L ifm e (1,00
, m=l (1, o) . ddTm itm <d
m =400 ifm=1 € [1,00], m* = mo € [m, o], (3.2)
) 00 ifm>d
1 if m=oco

m = min(m,?2) € [1,2].

For all T = (7j;)1<i,j<a and 7 = (1;;)1<i,j<a in R%4 we also define the Frobenius inner
product T : i == Zf =1 Tijij and the corresponding norm |T|sxg = VT : T.
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Assumption 5 (Viscosity law). Let a real number r € (1, o) be fixed. The viscosity
law satisfies

o QxR 5 R j5 measurable, (3.3)

o(x,0) € L (Q,R™9) for almost every x € Q. (3.4)

Moreover, there exist real numbers § € [0, o) and oy, ohm € (0, 00) such that, for

all T,p € RfXd and almost every x € Q, the following Holder continuity and Holder
monotonicity properties hold
i
|0-(x’ T) - O-(xa n)'dxd < Ohc (6” + |T|2xd + |’]|2’xd) " |T - 77|d><d, (35)
d
(O-(xa T) - O'(X, ’])) : (T - ']) Z Ohm (5” + |T|;xd + |n|;xd) " |T - ’I|§Xd' (36)

Remark 61 (Degeneracy function). The parameter 6 in Assumption 5 is related to the
degeneracy of the flux function when r < 2. Another possible choice, considered in
[52], consists in taking 6 € L"(Q, [0, c0)). This variation requires only minor changes
in the analysis, not detailed here for the sake of conciseness.

Example 62 (Carreau—Yasuda stress). An example of viscosity law satisfying Assump-
tion 5 is the (u, d, a, r)-Carreau—Yasuda law such that, for almost every x € Q and all
T € R4,

ﬁ
o(x,7) = u(x) (5a<x> + |T|§§j})“"‘> T, 3.7)

where u : Q — [u_,us] and a : Q — [a—, a,]| are measurable functions with u., a. €
(0,00), 6 € [0,00), and r € (1, 0). Notice that the case § = 0 corresponds to classical
power-law fluids. See [27, Example 4] for a proof of the fact that this law matches
Assumption 5 and also [52, Example 6] for the generalization of ¢ to a function.

Remark 63 (Traceless-stable assumption). Although we consider incompressible flows
(which are characterized by traceless strain rate fields), our analysis does not require that
tro-(x,7) = 0 for almost every x € Q and all 7 € R%*“ such that trr = 0. In practice,
however, this property holds for generalized Newtonian fluids, for which there exists a
scalar function v : Q x R4 — R such that o (x, T) = v(x, 7)1 for almost every x € Q
and all T € R¥; cf. Example 62.

3.2.2 Convection law

In what follows, |-| will denote both the absolute value of scalars and Euclidian norm
of vectors, while ® denotes the tensor product of two vectors such that, for all x =
(x)1<i<a €ER?andy = (yj)1<j<a € RE, x ® y = (xiy 1< j<a € R,
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Assumption 6 (Convection law). Let a real number s € (1, co) be fixed. The convection
law satisfies

X QX RY — R is measurable, (3.8a)
X (x,0) = 0 for almost every x € Q. (3.8b)

We also assume that, for all w € R?, the non-dissipativity relations hold:

W -V x(w) = (x(.w) - Vw+ (s =2)w[>[(x (. w) - V)w -wlw,  (3.8¢)
wex(G,w)=x(Gw)ew. (3.8d)

Moreover, there exists a real number ype € (0, o) such that, for all v, w € R? and almost
every x € Q, the following Holder continuity property holds:

(e, w) = x (x,9)] < xne (WS +v5)5 [w — w5 (3.8¢)

Example 64 (Standard convection law). The standard convection law is obtained taking
s =2 and y(-,w) = w. According to Theorem 77 below, with this choice we can
prove convergence provided that r € (% o) ifd=2andr € (%, o) if d = 3. Error
estimates stated by Theorem 78, on the other hand, also require r < 2, reducing the
above intervals to r € [%, 2] ifd=2andr € [%, 2] if d = 3; note that the additional

regularity assumption allows the left limit points.

Example 65 ((v, s)-Laplace convection law). Another example of convection law sat-
isfying Assumption 6 is the (v, s)-Laplace law considered in [86] in the context of
applications to optimal transport and such that, for almost every x € Q and all w € R?,

X (e, w) = v(x) w|" 7w, (3.9)

where v : Q — [0, v,] is a measurable function with v, € [0, o) corresponding to
the local flow convection index, while s € (1, ) is the convection behaviour index. It
can be proved as in [27, Example 4] that y is an (s, 0)-power-framed function, which
implies (3.8e).

3.2.3 Weak formulation

The starting point for the HHO discretization of problem (3.1) is the weak formulation
studied in this section. We define the following velocity and pressure spaces embedding,
respectively, the homogeneous boundary condition for the velocity and the zero-average
constraint for the pressure:
U= {v e Whr(@)? -

© Vo

=0}, P={qel’(Q) : [,q=0}
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Assuming f € L" (Q)4, the weak formulation of problem (3.1) reads: Find (u, p) €
U X P such that

a(u,v)+c(u,v)+b(v,p) = / f-v Vv e U, (3.10a)
Q
-b(u,q) =0 Vg € P, (3.10b)

where the function a : U x U — R, the bilinear form b : U X Lr/(Q) — R, and the
function ¢ : U X U — R are defined such that, for all v,w e U and all g € L" '(Q),

a(w,v) = /90'(-,sz) : Vg, b(v,q) = —/Q(V v)q, (3.11)
c(w,v) = %/Q(,\((-,w) -V)w v — é/g()((-,w) -V -w (3.12)

s=2 v'};()((-,w)-V)w-w.

s o |wl

In order to obtain the function ¢ in (3.12), we have used (3.8¢c)—(3.8d) as follows:
Denoting by nq the unit normal vector pointing out of dQ2 and observing that 1 = % + %,
for smooth enough functions v,w : Q — R4 such that V-w = 0 and Wi, = 0 we can

write

/Q(w~V>x<~,w>-v=1/Q(w~V>x<~,w>-v+§/g(w~\7>x<~,w>-v

s
v-w

=%(/Q(X(uW)-V)w-v+(s—2)/g—()((-,W)-V)w'W)

w?
(3.13)

5[ Lormmxtom s [t
Q

—/ (x (. W nag)),

where the second equality follows from an integration by parts along with (3.8c), while
the cancellations are a consequence of the assumptions on w. Using (3.8d) on the last
non-zero term of (3.13), we finally get the expression in the right-hand side of (3.12).
This version of ¢ satisfies, by construction, the following non-dissipativity property: For
allweU,

c(w,w)=0. (3.14)

We now recall the following Korn inequality (see [72, Theorem 1]): For all m €
(1, 00), there is Ck , € (0, o0) only depending on m, d, and Q such that, for all v € U,

IV llwrm@ye < Ckml|Vsvllpm(qyaxa- (3.15)
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Theorem 66 (Existence and uniqueness for problem (3.10)). Under Assumptions 5 and
6, there exists a solution (u, p) € U X P to the weak formulation (3.10), and any solution
satisfies

’

(ol )

|u |W1,r ()4 < CV

+ min (6’; (62‘fagnllllfllu'(g)d) o )] (3.16)

with Cy > 0 depending only on €, d, and r. Moreover, assuming 2 < s < ;:—t, ie.,

[2,4=D] ifd=2andr e [3,2) ord =3 andr € [2,2],
s€4[2,3] ifd=3andr € (2,3), (3.17)

[2, 00) ifd=2andr € [2,0) ord =3 andr € [3, ),

and that the following data smallness condition holds:

r - r ry—1 -1 - r—r ﬁ
5+ (ahnlln 1l L,/(Q)d) < (1+2¢7) (CC} Xid Cattm ) e (3.18)
the solution of (3.10) is unique.

Remark 67 (Uniqueness). Uniqueness of the solution of (3.10) is not guaranteed for
any value of r and s, and in particular when r > 2 in the degenerate case 6 = 0. The
assumptions on r and s ensuring the uniqueness of the continuous weak solution will
carry out to the discrete level, in both the well-posedness result of Theorem 76 and the
error estimate of Theorem 78, where r < 2 is additionally required.

Proof of Theorem 66. 1. Existence. Replacing the function a by the sum a + ¢ in [27,
Remark 6] and using the non-dissipativity (3.14) of the convective function c yields the
existence of a solution to the weak formulation (3.10) and the a priori estimate (3.16),
see also [52, Proposition 6] for the min-term.

2. Uniqueness. Let (u,p),(u’,p’) € U X P be two solutions of (3.10). Taking the
difference of (3.10a) written first for (u, p) and then for (u’, p’), we infer, for all v € U,

a(u,v) —a(u',v)+cu,v)—cu',v)+b(v,p-p’)=0. (3.19)

Ifu =u’, (3.19) yields b(v,p — p’) =0 for all v € U. This relation combined with the
inf-sup stability of b (c.f. [22, Theorem 1]) yields,

lp =Pl < Co sup b(v,p-p’)=0.

VEU,|V|W1,r(Q)d=1
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Hence, uniqueness of the solution is equivalent to uniqueness of the velocity.

Assume now 2 < s < = and (u, p) # (w, p’). Setting e := u — u’, the previous

i-’

reasoning yields u # u’, hence |e|y1.7 (g« > 0. Using the Holder continuity (3.26) of ¢
proved in Lemma 69 below with (u,w,v) = (u,u’, e) and m = 7, we infer

1-s
(1l gy + 18 T )~ (@) = (s )

1-s

2 -1, -1
|elwl,f(g)d 2 Ccf)(hc

= C_,il“)(l:cl ('u ‘er,r(Q)d + |u,|;[/l,"(g)d) ' (a(u,e) —a(u',e))

F-l-s
r

71,12
5}’ r|e|Wl,r‘(Q)d

F=l-s

I _
6" + (O-h_nllllf||Lr'(Q)d) ] 6r_r|e|a/l,i(9)d7

-1. -1 r r rr
> C¢ i Xpe CaOhm (5 + |ulwl,r(Q)d +|u |Wl,r(Q)d)

F=l-s

> Co 3 X Catn (1 +2C))

- C

where the equality in the second line is obtained using (3.19) with v = e together with the
fact that b(e, p — p’) = 0 thanks to (3.10b), the third line is obtained invoking the Holder
monotonicity (3.21) of a with m = 7, while the conclusion follows using the a priori
bound (3.16). Since |e|y1.7(q)a > 0, simplifying and raising to the power -—— < 0, we

infer the contrapositive of (3.18). O

We next prove the Holder monotonicity of a used in the proof of Theorem 3.2.3
above after recalling the following result. Let X ¢ R? be measurable, n € N*, and let
t,p1,-..,pn € (0,00] be such that 37 , p% = % The continuous (t; py, ..., p,)-Holder
inequality reads: For any (fi,..., f,) € XI_, LP/(X),

n

< [ Jifillerco- (3.20)

L' (X) i=1

fi
1

i=
Lemma 68 (Holder monotonicity of a). For m € {F,r} and allu,w € U, it holds

a(u,u—-—w)—alw,u—w)

)
r

S M — w2 (3.21)

> Catun (6 + 1l gy + W] e

r
Wl,r(Q)d)

Proof. The case m = r is obtained reasoning as in [27, Eq. (46)] and using the Korn
inequality (3.15). It remains to prove the case r > 2 withm =7 = 2. Lete .= u —w.
Using the Holder monotonicity (3.6) of o with (7,7) = (Vsu, Vyw) yields

2
12 (Q)dxd

< / (6" + |Vullyy + VWl y)
Q

< 52"(a(u, e)—a(w,e)),

Thm|| Vel

2-r

T (o (V) - (-, Vw)) : Ve  (3.22)
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where we used the monotonicity of R 3 x — x>~ € R since r > 2, together with the

definition (3.11) of a. Applying the Korn inequality (3.15) yields (3.21). O

We move to the Holder continuity of ¢ used in the proof of Theorem 3.2.3 above after
recalling some preliminary results. For any n € N*, the (s, 0)-power framed function
R" 3 x — |x|*"2x € R” enjoys the following properties (see [27, Appendix A]): There
exist Cpe, Chm € (0, o0) depending only on s, such that the following Holder continuity
and the Holder monotonicity properties hold for all x, y € R”,

X720 = [972y] < Cre(Jx[* + [y[) 5 [x =y, (3.23a)
- s= s 5y 2 S+2-§
(2 = [y1772y) - (x = ) = Com (IX]* + [p5) 5 |x = y[*275. (3.23b)

Finally, we recall the following Sobolev embeddings: For all m € [1, 00) such that
m<r*andally e U,

||V||Lm(£2)d < Cs,m|V|w1,r(Q)d, (3.24)

where Cs ,, > 0 is a real number depending only on m, r, d, and Q.

Lemma 69 (Holder continuity of ¢). Under Assumption 6, for all m € [1,r] such that

ta
IA
|3

) (3.25)

3

and allu,v,w € U,

e, ) = ¢, 9)] < Come ([@lig1, gy + Wl gpa) 1= WIilgal?hwtncaye
(3.26)

where C.,, > 0 depends only on m, r, s, d, and €.

Proof. Throughout the proof, a < b (resp. a 2 b) means a < Cb (resp. a > Cb) with
C > 0 having the same dependencies as Cg .

Using the definition (3.12) of ¢ and inserting i(% fQ(,\/(-, u)-Vyw-vy
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fg |u|2(X( u) V)w u+ = fg(,\/(,u) 'V)V-w),we get

c(u,v)—c(w,v)

:é(/Q(X("”)'V)("—W%V +/Q(()((~,u)—x(-,w))~V)w-v)

T T2

s—2
+ (/Q| S V)= w) -

N

7 (3.27)

+/(| SOt VW = T () - V- w))

T

—%(/ﬂ(,y(-,u)-V)v-(u—W) +/Q((,\/(-,u)—,\/(-,w))-v)v-w).

75 Ts

We start by writing

i1 +175] < /Q IV (1 = W) !

< Xhe / 1V (2 = w)laalv]
Q

-1
S XhCHu”zm/(Q)dlu - W|W1,m(g)d||V||Lsm/(Q)d (3-28)
-1 2-3§ §—1
< thlul‘s;yl,r(g)dlu - wlwl:gr(g)dlu - w|éy1,m(g)d|v|W1»m(Q)d
s+1-§

r

< e (1l o + Wl pe) T 1= WL galP e

where we have used the Holder continuity (3.8e) of y with (w,v) = (u,0) to pass
to the second line, the (1; 3 sm ,m, sm’)-Holder inequality (3.20) in the third line, the
Sobolev embeddlng (3.24) (Vahd since sm’ < m* by (3.25)andm <r = m* < r¥,
so that sm’ < r*) together with the (1; % i m) -Holder inequality (3.20) (Vahd since
m < r) in the fourth line, while the conclusion follows writing first |u|®

er(Q)d =
(lulwlr(g)d + |W|W1r(g)d)s by monotomclty of R 3 x —» x*! € R, then |u —
w|W1 @ S < (lulwira + Wy r(Q)d) ¥ by a triangle inequality, and, finally, noticing
that (x +y)" < x" +y" forall x,y € [0, 00) (see [27, Eq. (36)]). Similar arguments give
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for the fifth term

5] < xne / ot = W]V laxa
Q

< hellwl} o yalle = Wil o @ya ¥ lytm(ya (3.29)

s+1-§
r

5—1
|u -w |‘s)vl,m(Q)d |V |W1*”‘(Q)d'

S th (lu |€V1”(Q)d + |W |€V1,r(g)d)

We next estimate 7, which provides a paradigm for the remaining terms. Inserting

+(|u| 2w lu@w+|w[*2u|"'w ® u + |u|*u ® u), rearranging the terms, and using
a triangle inequality yields

~1},,1-2 -2
[w|® ||u| uu—|w| w®w|dxd

< ‘|w|_1 (luls_zu - |w|s_2w) ® w)d .
X

+(|u| 1(|u|s 20 — |wl* 2w) ®u‘ (3.30)
dxd
a7 (1122w = a2l ) (1wl w) @
dxd
s=2 s=2 s sy =2 |
< 4|l Pu - |wlw| < 4Ch (Jul* + w|*) 5 u—w|*,

where the last line is obtained using Cauchy-Schwarz and triangle inequalities along
with the Holder continuity property (3.23a). Thus, inserting iﬁ (x(C,w)-V)w-u and
using a triangle inequality leads to

73] < /Q (IxCow) = xCow)+ L Cow)l [l 2u @ u = 1wl 2w @ W,

X |VWlaxalv|

< (1 +4Chc))(hc/ (lul* + 1wl | = w| VW laxalv|
Q (3.31)

< (1 +4Chc))(hc (”u”ssm’(g)d + ”w”s»"”'(Q)d) S ”u B Wl i;’ll/(g)d

X AW |wrm(qya |Vl Lsm ()

s+1-§
r §—1

< et (180 o + Wl ) 1= WIS e

where we have used the Holder continuity property (3.8e) of y together with (3.30)
in the second inequality, the (1; <%, S m sm’)-Holder inequality (3.20) in the third

’S—§’§:T’
inequality, and the Sobolev embedding (3.24) (since, as showed above, sm’ < m* < r*)
together with the (1; -, -—)-Holder inequality (3.20) (since m < r) and the inequality

[27, Eq. (36)] to conclude. Similar arguments give for the second and sixth terms an
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analogous bound:

s+1-§
r

|7§| + |7€| < Xhe (|u|;yl,r(g)d + |w|;Vl,r(Q)d) |u - W|€;/_1%m(g)d|v|wl,mm)d- (332)

Plugging (3.28), (3.29), (3.31), and (3.32) into (3.27) gives (3.26). O

Remark 70 (Role of condition (3.25)). In the proof of Lemma 69, condition (3.25) is used
(along with m < r) to control L™ -norms of functions in U with W' -(semi)norms.

3.3 Discrete setting

In this section we establish the discrete setting.

3.3.1 Mesh and notation for inequalities up to a multiplicative con-
stant

Let H c (0, 00) be a countable set of meshsizes having 0 as its unique accumulation
point. Given a set X C R?, we denote by hx = SUP(y y)ex2 [* — y| its diameter. For all
h € H, we define a mesh as a couple M, := (7, ) where 7}, is a finite collection of
polyhedral elements such that 2 = maxreg; hr, while ¥, is a finite collection of planar
faces. Notice that, here and in what follows, we use the three-dimensional nomenclature
also when d = 2, i.e., we speak of polyhedra and faces rather than polygons and edges. It
is assumed henceforth that the mesh M} matches the geometrical requirements detailed
in [50, Definition 1.7]. In order to have the boundedness property (3.40) below for
the interpolator, we additionally assume that the mesh elements are star-shaped with
respect to every point of a ball of radius uniformly comparable to the element diameter.
Boundary faces lying on 02 and internal faces contained in € are collected in the sets
7’,}’ and 9‘2, respectively. For every mesh element T € 7, we denote by 7 the subset
of 5, containing the faces that lie on the boundary 07 of T. For every face F € 7,
we denote by 7r the subset of 7} containing the one (if F' € 7—”hb) or two (if F € 7—”}:)
elements on whose boundary F' lies. For each mesh element 7 € 7, and face F' € ¥7,
nrr denotes the (constant) unit vector normal to F pointing out of 7.

Our focus is on the h-convergence analysis, so we assume that the mesh sequence
(Mp)negy is regular in the sense of [50, Definition 1.9], with regularity parameter uni-
formly bounded away from zero. The mesh regularity assumption implies, in particular,
that the diameter of a mesh element and those of its faces are comparable uniformly in 4
and that the number of faces of one element is bounded above by an integer independent
of h.

To avoid the proliferation of generic constants, we write henceforth a < b (resp.,
a 2 b) for the inequality a < Cb (resp., a > Cb) with real number C > 0 independent
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of h, of the constants 9, 0¢, Ohm, Xhe in Assumptions 5 and 6, and, for local inequalities,
of the mesh element or face on which the inequality holds. We also write a ~ b to mean
a < b and b < a. The dependencies of the hidden constants are further specified when
needed.

3.3.2 Projectors and broken spaces

Given X € 7,UF;, and I € N, we denote by P/ (X) the space spanned by the restriction to
X of scalar-valued, d-variate polynomials of total degree < I. The local L?-orthogonal
projector 7’y : L' (X) — P'(X) is defined such that, for all v € L'(X),

/ (rlv-v)w=0  VweP/(X). (3.33)
X

When applied to vector-valued fields in L' (X)? (resp., tensor-valued fields in L' (X)4*%),
the L?-orthogonal projector mapping on P! (X)? (resp., P!(X)4*?) acts component-wise
and is denoted in boldface font. Let T € 7, m € [1,00],7 € [0, + 1], and j € [0, {].
The following (i, m, j)-approximation properties of ﬂlT hold: For any v € Wi (T),

|V - ﬂévVle,m(T) < h;?jl\/lwi,m(]‘). (3343)

If, additionally, i > j + 1, we have the following (7, m, j)-trace approximation property:

|V - ﬂ%Vle,m(aT) < ]’llT] " |V|Wi,m(T). (334b)

The hidden constants in (3.34) are independent of 4 and 7', but possibly depend on d, the
mesh regularity parameter, /, i, and m. The approximation properties (3.34) are proved
for integer i and j in [48, Appendix A.2] (see also [50, Theorem 1.45]), and can be
extended to non-integer values using standard interpolation techniques (see, e.g., [89,
Theorem 5.1]).

At the global level, we define the broken polynomial space P!(7;) spanned by
functions in L'(Q) whose restriction to each mesh element T € 7; lies in P!(T), and
we define the global L2-orthogonal projector 7Tél : L'(Q) — P!(73) such that, for all
velL'(Q)andall T € 75,

(T = vy

Broken polynomial spaces are subspaces of the broken Sobolev spaces
W™ (Tp) = {v € L"(Q) : v, € W (T) VT € Tp},

which we endow with the usual broken seminorm | - |ynm(q;); see, e.g., [58, Section
1.2.5] for further details. As a consequence of the (/ + 1, -, -)-approximation properties
(3.34a), for all ¢ € C°(Q),

7'(2(]5 0 ¢ strongly in WOIh112) (y, (3.35)
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We define the broken gradient operator V;, : Wh(7;) — L'(Q)? such that, for all
v e Wh(T,) and all T € 7, (V;v)), == Vv},. We define similarly the broken gradient
acting on vector fields along with its symmetric part Vj 5, as well as the broken divergence

. . 2 . 1
operator V- acting (row-wise) on tensor fields. The global L--orthogonal projector ),

mapping vector-valued fields in L!'(Q)? (resp., tensor-valued fields in L'(Q)?*?) on
PL(Tn)¢ (resp., PL(7,)%*) is obtained applying ﬂil component-wise.

3.4 Discrete problem and main results

3.4.1 Discrete spaces and norms
Let an integer k > 1 be fixed. The HHO space of discrete velocities is

vr € PK(T)¢ VT € T, }

Uj = {Kh = ((vDrez,, (VF)Fes,) yr e PK(F) VF € 7,

The interpolation operator I} : W!(Q)¢ — UX maps a function v € W!!(Q)¢ on the
vector of polynomials I ﬁv defined as follows:

k., . k k
!hv = ((”Tvlr)Te‘];la (”FVIF)FET;,)-

For all T € 73, we denote by Q? and 1 ; the restrictions of I ’;l and U ﬁ to T, respectively

and, for all y, € Qﬁ, we let v, = (vr, (VF)rer;) € Q§ denote the vector collecting
the polynomial components of v, attached to 7" and its faces. Furthermore, for all

v, €U z, we define the broken polynomial field v;, € P*(7,)¢ obtained patching element
unknowns, that is,

wy =vr VT €T (3.36)

For any m € (1, ), we define on Qﬁ the seminorms ||-||1 .» and ||-||g.m.» such that,
forally, € Qi,

L

18l = (2 ||zT||:'fm,T) Ve € {8}, (3.374)

T,

with, forall T € 7y,

1
. 1_
I allimr = (1971 e + hF”’|IvF—VTIIZ’m<F>d) ’
Fefr
| (3.37Db)
. 1_
||KT||s,m,T = ”VSVTHTm(T)dxd + Z hF "lve _VT“Z’"(F)d) ’
Fefr
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The difference between these seminorms lies in the fact that the symmetric part of the
gradient replaces the gradient in ||-||gm.7-

The discrete velocity and pressure are sought in the following spaces, which embed,
respectively, the homogeneous boundary condition for the velocity and the zero-average
constraint for the pressure:

Uty = {v, = (0Dren WP)rer,) €U - ve=0 VF e FP},
P =P*(T,) N P.
The following discrete Korn inequality was proved in [27, Lemma 15]:
||vh||z1m(g)d + |vh|;1yl,m(7;l)d S ||Khllz1,m,h Yy, € Ql;lo (3.38)

A first consequence of (3.38) is that ||-||s .5 i @ norm on U ’;l o- A second consequence
is the following equivalence uniform in A:

¥ llesmn = 10y llmn Vv, €UF,. (3.39)

The following boundedness property for ﬁ is proved in [50, Proposition 6.24] and
requires the star-shaped assumption on the mesh elements: For all T € 7, and all
vy e Wh(T)4,

Iyl 7 < Culvlyir (rya, (3.40)

where C1 > 1 depends only on d, the mesh regularity parameter, r, and k.
Finally, we recall the following discrete Sobolev embeddings (see [48, Proposition
5.4]): For all m € [1, 00) such that m < r*,

k
”vh”Lm(Q)d S ”Kh”l,r,h < ”Kh”a,r,h VK}, € Qh,O’ (3.41)

where the last inequality is a consequence of (3.39).

3.4.2 Local gradient reconstruction

For all T € 7}, we define the local gradient reconstruction G’; : Q’; — PX(T)%4 such
that, for all vy, € Q;, and for all T € P¥(T)9x4,

/G?gT T = /VVT T+ Z /(vF —vy) - (Thnrp). (3.42)
T T Ferr IF

A global gradient reconstruction Gi U ’;l — P*(75)?*? is obtained patching the local
contributions, that is, for ally, € U i, we set

(Giv,)y =Gy, VT €T, (3.43)



3.4. Discrete problem and main results 117

By construction, the following commutation property holds (see [62, Eq. (23)]): For all
T € 7; and all v € WHI(T)4,

Gh(Iky) = nk(Wv). (3.44)

Combined with the (k + 1, r, 0)-approximation properties (3.34) of n?, this gives, for all
v e Wk+2’r(T)d,

IGH(Lfv) = Vvl ryaxa + | ) hellGE(Ihw) = Vvl
FeFr

r(F)dxd
< W W lyezr (pya. (3.45)
As a consequence, for all ¢ € C=(Q)“,

G (I} 9) -7 V¢ strongly in L) (Q)%*4. (3.46)

Combining [62, Proposition 1.1] with the local Lebesgue embeddings of [50, Lemma
1.25] (see also [48, Lemma 5.1]) gives

IGsy e ryaxa < vpllisr Yoy € Uk (3.47)

3.4.3 Convective term

The convective term is discretized through the function ¢;, : U ﬁ xU i — R such that, for
all (w,.v,) € Uy xU},

1 1
o) =y [ OrCown) 6w, w5 [ rCown) -G, wn G4

s—2 Vv, W
2 [ o) Gl w
s Ja |wil

This expression is obtained replacing in (3.12) the continuous gradient by G’,‘Z and the
functions by their broken polynomial counterparts obtained according to (3.36).

Remark 71 (Comparison with [62]). For the standard convection law corresponding to
s =2and x(-,w) = w, the convective function (3.48) becomes

1 1
cn(wy,,v,) = > /Q(Wh Ghw, vy - 3 /Q(Wh - GHy, W

This expression differs from the one originally proposed in [62, Eq. (32)] in that a
gradient reconstruction of degree k instead of 2k (noted Gik therein and defined taking



Chapter 3. A HHO method for incompressible flows of
118 non-Newtonian fluids with power-like convective behaviour

P2k(T)9*4 instead of P*(T)® both as a codomain for G3* and as a test space in (3.42))
is used. The latter choice leads to a simpler expression in the standard case since, for
ally,,w, € Qfl and all ' € 7, the quantity vr ® x (-, wr) is a polynomial of degree
2k inside T, and G%k can thus be expanded according to its definition; cf. [62, Eq.
(33)]. This is no longer the case when considering general convection laws, for which
the quantity v7 ® x (-, wr) is possibly non-polynomial inside 7 (hence we cannot use
its degree to design a discrete gradient allowing to mimic the trick of [62, Eq. (33)]).
Additionally, the consistency property (3.45) of G; is not valid for GIT withl > k. Asa
matter of fact, it is shown in [62, Proposition 1] that one order of convergence is lost in
this case, which would result in a degradation of the error estimates if G%k were used in
place of G; in the expression of cr.

Lemma 72 (Properties of ¢;,). Under Assumption 6, the following properties for cj, hold:
1. Non-dissipativity. Forallw, € U ’;l

ch(w,,w,) =0. (3.49)

2. Holder continuity. For m and s as in Lemma 69 (i.e., m € [1,r] and s < ’;%) and all

k .
u,v,,w, €U, it holds

|Ch (Eh’ Kh) —Ch (mh’ Kh)l

s+1-§
r

51
< CdemXhe (”Eh”;rh + ”mh”;rh) ”Eh - Khl ;,m,hllﬁhns,m,h, (3.50)

where Cyc,m > 0 is independent of h.

3. Consistency. If
r*

s < —, (3.51)

r/
then, for all w € U N W2 (7,)4 0 WL (504 (so that, in particular, w €
WS (Q)4) such that V - w = 0, it holds

sup
L egﬁ’oauzh Hs,r,h:l

/Q w -V x(ow) v = ca(Tiw.v,)

k+1 K K s %
S h |w|Wk+1,sr’(7;l)d + (lwlwl,sr’(g)d"'lw|W1,r(Q)d) (352)

X (|W |Wk+l,sr’(7;l)d+|w |Wk+2,r(7;l)d):|

s+1-§
s 5-1

+ DS (e oWl o (i

s
Wl,sr’(Q) Wl,r(Q)d) |W|
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4. Sequential consistency. Let (v,)ner be a bounded sequence of (Ql;z,o’ I \le.r.n)ner
such that vy, m v € U strongly in L")(Q)?, and Gﬁgh m Vv weakly in
L™ () and assume

5 < ;—T (3.53)

Then, for all ¢ € C(Q,RY), it holds, up to a subsequence,

mmﬁmxgww» (3.54)

Proof. The non-dissipativity (3.49) of cj is an immediate consequence of its definition
(3.48). The proof of the Holder continuity (3.50) is analogous to that of the corresponding
property (3.26) for ¢, replacing the relevant continuous Sobolev embeddings (see Remark

70 on the role of the condition s < ﬁ—f) with their discrete counterpart (3.41), and

leveraging the norm equivalence (3.39). Properties (3.52) and (3.54) are proved in
Section 3.6.1 below. O

3.4.4 Viscous term
For all T € 7;,, we define the local symmetric gradient reconstruction Gl; 7 Q; -
PX(T, Rglx‘l) by setting, for all v, € Q;,

1
Girvy = 5 [Grrp + (Gryp)T] . (3.55)

Similarly, the global symmetric gradient reconstruction Gf U ﬁ — PX(T5, R%9) is
obtained setting, for ally, € U fl,

1
Gouvy =5 [Ghyy + (Gl '] (3.56)
The discrete counterpart of the function a defined in (3.11) is the function aj :
Uk xU* — R such that, for all y,, w, € U¥,

%@Mﬂ:éﬂﬂmm%%mﬁMM&) (3.57)

Taking inspiration from [27] and [52], we take the stabilization functions; : U ﬁ xU fl — R
such that

r=2

Ohe + 07 . AT
(W) = = Dy /6 ) (5 +|AS W] ) A w. Ak (3.58)
TeT
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where, for all T € 7}, the boundary residual operator AST : Q§ — L"(dT)? is such that,
for all v, € Q;,

1
(Asvp)ir = Ty [k (5 v, —vp) — b (x5 v, —vp)] VF € Fr,

with r?] : Q; — P**1(T)? velocity reconstruction consistent for polynomials of degree
< k + 1 (see [27, Section 4.1.3] for one possible definition). With this choice, it holds
(see, e.g., [27, Lemma 8]):

Ab(kv)y=0 vy e PMY(T)Y, (3.59)

We define the corresponding boundary residual seminorm [-|,.  such that, forally, € U ﬁ

7

ol = | D el Ayl o] (3.60)
TeTn

For future use, we note forall T € 7}, the following local uniform seminorm equivalence:
||G;€"KT||rr(T)dxd + hT”ASTKT”rr(aT)d = ||KT||:;J,T Vv, € Q;» (3.61)
which, summed over T € 7}, gives
IGHY I qpaca + 124l = vyllE, 0 Vo, €U (3.62)
Lemma 73 (Properties of s,). Under Assumption 5, we have the following properties
for sp:

1. Holder continuity. For all u, v, w,c Q’;l, it holds

|Sh(£h’2h) - Sh(ﬁh’ Kh)|

r—r

r -1
< Ohe (5r +luyl, + Imhlf,h) luy, —wpli 5 vyl (3.63)

2. Holder monotonicity. Forallu,,w, € U ﬁ it holds

27

7

(Sh(ﬂh,lh - Kh) - Sh(ﬁh’lh - Eh)) (6r + |Eh|:,h + |Kh|:,h)

2 Ohml|u,, _mhﬂjﬁ_F' (3.64)

3. Sequential consistency. Let (v, )he denote a bounded sequence of (U fl o> Ille.rmdne-
Then, for all ¢ € C(Q)7,

$n (v, L, $) — 0. (3.65)
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Proof. Properties (3.63)—(3.64) can be proved reasoning as in [27] and proceeding as in
[52] for the addition of ¢. It remains to prove (3.65). Using the Holder continuity (3.63)
of sy, with (&, v, w,,) = (v,,, I;¢,0), we infer

58 0 L) < e (67 + Iy l7+) 12,750 1L (3.66)

Recalling the definition (3.60) of the boundary residual seminorm, we get

0o, = D hrllAk (LD, e

TeT
= Z thlAgT[!§(¢ - 7rk+1¢)]||rr(37")d
TeT
< S @=L, 1 < 16 -7 Bl o
T,

where we have used the polynomial consistency (3.59) of the boundary residual to insert
71.1;+1 ¢ in the second line, the local seminorm equivalence (3.61) to pass to the third line,
and the boundedness (3.40) of 1 § to conclude. Plugging this bound into (3.66) and using
(3.35) along with the boundedness of (|, ll¢,r,n)rev (Which implies that of (|, | n)ner
by virtue of (3.62)) yields (3.65). O

Lemma 74 (Properties of aj;). Under Assumption 5, we have the following properties
for ap:

1. Holder continuity. Forallu,,v,,w, € U ];r it holds

lan(,,v,) —an(w,,v,)|

r-r

.
z -1
< Ohe (6r + ”Eh”;,r,h + Hmh“;rh) ”Eh - mh”;,r,hllﬁh”s,r,h (3.67)

2. Holder monotonicity. For m € {F,r} and all w,,w, € Q];l, it holds, with Cgy > 0
independent of h,

ah(ﬂh’ﬂh - mh) - ah(mhaﬂh - Eh)
a2

r

&My, — w I (3.68)

> CdaOhm (5r + ||£h||;,r,h + ||Eh”2,r,h) em,h

3. Consistency. Let w € U N W2 (7;)? be such that o (-, Vew) € W' (Q)%4 n
Wk+1,r’(7~)d><d Then

/(V o(-,Vsw)) - vh+ah(1 w,v,)

14 EUho ”vh”sr n=1

< hk+1 |0'(, VSW)|Wk+1,r’(77l)d><d (369)

r=7

|w

+ BT min (24(w): D> o (5r +wl, Wivss ()0

Wl,r(Q)d)
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where {p,(w) = 67! maxrer; (|T|_%|Wlwk+2,r(T)d)hk+l ifo # 0, {(w) = oo other-
wise.

Proof. Properties (3.67) is proved in [27] (with (3.63) replacing [27, Eq. (41b)]).
Similarly, (3.68) is shown replacing [27, Eq. (41c)] by (3.64) when r < 2, and the

proof of the case r > 2 is analogous to that of the corresponding property (3.21) for
a, replacing the continuous Korn inequality (3.15) by its discrete counterpart (3.38).
Finally, (3.69) is obtained modifying the reasoning of [27] according to [52, Theorem
10] in order to introduce the term involving £, (w). O

3.4.5 Pressure-velocity coupling

We define the global divergence reconstruction D’;l : Qi — P*(75) by setting for all
v, € Qz’
D}y, = tr(G}y,). (3.70)

The pressure-velocity coupling is realized by the bilinear form b, : U ]]; x PK(7;) = R
such that, for all (v, q,) € Qi x PX(Th),

bh(Kh’Qh) = _'/QDth qh- (3.71)

Lemma 75 (Properties of by). We have the following properties for by,:

1. Inf-sup stability. It holds, for all q;, € P¥,

lgnller @) < sup br(v,,, qn). (3.72)

Khegﬁ,0,||zh ”s,r,h:]

2. Fortin operator. For allv € W' (Q)? and all q;, € P*(T),
br Ly, qn) = b(v, qn). (3.73)

3. Consistency. For all g € Wh'(Q) n WKL (7)),

sup
Kh egﬁ,osuzh ”5,r,h=1

/qu “Vp— bh(zh’ HEQ) < hk+1|Q|Wk+1,r’(7;l). (374)

4. Sequential consistency/1. Let (qp)her € (Pf,)hefH be such that gy, ﬁ g eP
weakly in L (Q). Then, for all ¢ € C(Q)%, it holds

b (I} . qn) — b(¢.9). (3.75)
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5. Sequential consistency/2. Let (v,)hen € (gz,o)heﬁ be such that DI;,Kh Y Vo
weakly in L" (Q). Then, for all y € C° (L), it holds

b (v, ) ——2 b, ¥). (3.76)
Proof. Properties (3.72)—(3.74) are proved in [27]. Let us prove (3.75). Given ¢ €
CS ()4, (3.46) combined with the definition (3.70) of D¥ yields DX (1} ¢) — V¢
strongly in L'(Q). Hence, by(L;.91) = = J,D}(L;4) gh—> = [, (V-$) q =
b(¢,q). Let now ¢ € C (). Combining the fact that Dﬁghﬁ Vv weakly

in L"(Q) by assumption with (3.35), we obtain (3.76) by writing b (v, 7hy) =
= Jo Dy 1 —— = [o(V9) u = b(v.9). -

3.4.6 Discrete problem and main results

The discrete problem reads: Find (u,, py) € U ﬁ 0 X Pg such that

ap(uy,v,) +cp(u,,v,) +by(v,, pn) = / v Vv, € Q’,;,O, (3.77a)
Q
—bp(w,, gn) =0 Vg € PY. (3.77b)

The following theorem states the existence of a discrete solution to problem (3.77)
and provide conditions for uniqueness.

Theorem 76 (Existence and uniqueness for problem (3.77)). Under Assumptions 5 and
6, there exists a solution (u,, p,) € U ﬁ o X P’; to the discrete problem (3.77), and any
solution satisfies

’

leyllern < Cay [(Ugrﬂlllf IILw(Q)d) (3.78a)

b

1
' e = |

+ min ((5’; (52 rO'hnll||f||Lr/(Q)d) )
-1

_ (7= _ -7
1PallL @) S Ohe [ahr}lllfllu/(g)ﬁd" 2= (ah;ln f||L,,(Q)d) ] (3.78b)

where Cqy > 0 is independent of h. Moreover, assuming 2 < s < ;:—, (cf. (3.17)) and that
the following data smallness condition holds:

’ _r
s+1-7

& + (ol @) < (1+2€5) 7 (Cil it Canernnd™) ™7 3.79)

the solution of (3.77) is unique.
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Proof. Replacing a; by a;, + cj in the proof of [27, Theorem 11] and using the non-
dissipativity (3.49) of cj, yields the existence of a solution to problem (3.77) and the a
priori estimates (3.78), noticing that the Holder monotonicity (3.68) of a, with m = r
is the key property leveraged in the proof. Uniqueness of the solution under the above
assumptions on s and r and the data smallness condition (3.79) can be proved as its
continuous counterpart in Theorem 66 leveraging the inf-sup stability (3.72) of by, the
Holder monotonicity (3.68) of a, with m = 7, and the Holder continuity (3.50) of c;,. O

We next state convergence results and error estimates.

Theorem 77 (Convergence to minimal regularity solutions). Let ((&,, ps))hen be a
sequence of
(QZO X Pﬁ)he-}{ such that, for all h € H, (u,, pp) solves (3.77). Assume (3.53), namely

rtoo.
s< e,

. {(1, drD)y jfd=2andr e (1,2) ord =3andr € (1,3), (350

(1, 0) ifd=2andr € [2,0) ord =3 andr € [3, ).

Then, under Assumptions 5 and 6, there exists (u, p) € U X P solving (3.10) such that
up to a subsequence,
Sup——ou strongly in L") (Q)4;

* Gihﬁh Y Vu strongly in L (Q)4%4;

e |u —>0;
121 h—0

* PP strongly in L' (Q).

Moreover, if the solution to (3.10) is unique (cf. Theorem 66), the convergences extend
to the whole sequence.

Proof. See Section 3.6.2. O

rr
’

Theorem 78 (Error estimate). Assumer <2 < s < — so that, in particular, the fluid is

shear-thinning and

r 5°

2 D) ifd=2andre [3,2) ord=3andr € [2,2], G81)
s .
[2, 00) ifd=2andr =2.

Let (u,p) € UxPand (u,, p,) € Qﬁ’oxPz solve (3.10) and (3.77), respectively. Assume
the uniqueness of such solutions (which is verified, under (3.81), if the data smallness
conditions (3.18) and (3.79) hold), and the additional regularity u € W2 (7;)¢ n
Wk+Lsr' (4 (so that, in particular, u € W™ (Q)4), o (-, Veu) € W' (Q)¥4 n
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WKL (Y% and p € WH'(Q) N WKL (). Let, furthermore, the following data
smallness condition be verified:

r

a r’ _ Cdao-hm s+1-r
N ::5r+( HIFIL ) <(1+C +Crcr) " [=2Tm )7 (3.82)
1 Ohm ||f||L Q)4 ( v 1 dv) 2Cdc,r)(hc

Then, under Assumptions 5 and 6, it holds
Z;r
oty = Ll < oy (B0 min (2 ()3 127 Nowhb*ING) - (3.830)

_r o F 12 (- _
12 = wpll ) S Oheori Ny (REDED min (g (a); 1) 207D N7

m

s+l-r
+h(k+1)(r—1)N3r—1) + (1 +thgh-1/\/l r ) (3.83b)

X (A min (23 DT Ny + BN,

with {y, introduced in (3.69) and where we have set, for the sake of brevity,

. -1
Ny = O'hc|u|€Vk+2,r(7}~1)d’
Ns = |o(., Vsu)|Wk+1,r’(7;l)dxd + |p|W(k+1)(r—1),r/(7;l) + |u|€/vk+l,sr/(7;1)d

s=1

+ (lulévl,sr’(g)d + |u|i§/Vlr(Q)d) ) (lulwkﬂ,sr'(%)d + |u|Wk+2,r(771)d) .
Proof. See Section 3.6.3. O

Remark 79 (Orders of convergence). From (3.83), neglecting higher-order terms, we
infer asymptotic convergence rates of O\’;el € [(k+1)(r—1), k+ 1] for the velocity, and
O{)‘re € [(k+1)(r = 1), (k +1)(r — 1)] for the pressure, according to the dimensionless
number (). Notice that, owing to the presence of higher-order terms in the right-hand
sides of (3.83), higher convergence rates may be observed in practice before attaining
the asymptotic ones.

In the case s = 2, the error estimate given in [76, Theorem 3.1] for the approximation
of the p-Stokes equations with conforming finite elements (to be compared with the case
k = 0 in the present work) gives an order of convergence of the velocity coinciding with
our upper bound irrespectively of the degeneracy of the problem. This difference with
respect to conforming finite elements had already been observed in the context of the
p-Laplacian, cf. [47, Remark 3.3], with improvements on the original HHO estimate
recently made in [52]. On the other hand, the order of convergence for the pressure given
by [76, Theorem 3.1] seems higher than the one derived in the present work. This point
will make the object of future investigations.
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3.5 Numerical examples

The method (3.77) was implemented within the SpaFEDTe library (cf. https://
spafedte.github.io). We used a Picard method for the solution of the nonlinear
algebraic problem corresponding to the HHO discretization with a tolerance of 10710,
The linear systems at each iteration were solved using the sparse direct solver PardisoLU.
In this section we present a numerical validation including a verification of the conver-
gence rates in dimensions d = 2 and d = 3, as well as the more physical two-dimensional
lid-driven cavity problem.

3.5.1 Numerical verification of the convergence rates

We consider manufactured solutions of problem (3.1) with diffusion law corresponding
to the (1, 1, r, r)-Carreau—Yasuda model (3.7) and convection law given by the (1, s)-
Laplace formula (3.9). The corresponding Sobolev exponents are the couples (r, s) €
{ % %, 2, %, 3}2 that match the condition s < ;— The volumetric load f and the Dirichlet
boundary conditions are inferred from the exact solution. Polynomial degrees ranging
from 1 to 3 are considered. For each value of d € {2, 3}, weletQ = (0, 1)¢, and consider
the exact velocity u and pressure p such that, for all x = (x;)1<i<q € Q,

d d
u(x) = n sin (5x;) and p(x) = l—[ sin (5x;) — ﬁ—z (3.84)
J=Lj#i 1<i<d i=1

We consider the HHO scheme on distorted triangular (if d = 2) and cubic (if d = 3)
mesh families. For the case ;— =2,ie r = % ifd=2andr = % if d = 3, we display
detailed convergence results in Figures 3.1 and 3.2, respectively. Table 3.1 collects the
asymptotic convergence rates predicted by Theorem 78 with the interval for s in which the
assumptions of Theorem 78 hold; when the interval is empty, we display the asymptotic
convergence rates given by [27, Theorem 12] for the (generalized) Stokes problem,

i.e. the same convergence rates if r < 2 and O%, = 0% = &l otherwise. When

= re —
r < 2, the convergence rates are expected over an i\rlletlerval gependrin]g on the degeneracy
of the problem (cf. [52, Theorem 11]); since 6 = 1, the expected convergence rates
should correspond to the maximum of these intervals. In Tables 3.2 and 3.3 we provide
an overview of the experimental convergence rates obtained for d = 2 and d = 3,
respectively. Overall, the results are in agreement with the theoretical predictions. The
expected asymptotic orders of convergence of the pressure are exceeded for r < 2, where
the experimental convergence rates is closer to k + 1 (i.e., the same rate as the velocity).
One explanation could be the partial nature of the error estimate (3.83b) involving
only the L2-orthogonal projection of the continuous solution. Should this behaviour be

confirmed by further numerical evidence, it could suggest that the error estimate for the
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Table 3.1: Asymptotic convergence rates predicted by Theorem 78 (cf. Remark 79)
according to r and k. We also indicate, for the sake of completeness, the interval
for s in which the assumptions of Theorem 78 hold; when the interval is empty, the
asymptotic convergence rates correspond to the predictions of [27, Theorem 12] valid
for the corresponding generalized Stokes problem.

r : : : :
d=2 2 [2,8] [2, c0) 0

P d=3 0 2 [2,3] 0
k| Ol Ope | Ofq Ope | Oy Ope | Oy Ope | Ofy O
Co o Bl B2 B 2[4 $]1
2 [33] [Es]| (%3] (5% 3 32 23 3
3 [2,4] [L2] |[£.4] [.%]|4 4|8 & 12 2

pressure can be improved. When the assumption » < 2 < s of Theorem 78 is not met,
the convergence rates seem to coincide with the predictions of [27, Theorem 12] for the
corresponding Stokes problem with no convective terms when s > 2. However, in the
case s < 2, we notice that the presence of the convective term seems to influence the
convergence rates of the velocity and the pressure which are often lower than expected.
This could be explained by the consistency (3.52) of c;, which involves a term in
A*+DG=1) when s < 2. While the assumption » < 2 < s seems necessary to obtain
estimates of the convergence rates in the present setting, we do not exclude that it could
be lifted using different techniques (notice that convergence is guaranteed by Theorem
77 under significantly milder assumptions).

3.5.2 Lid-driven cavity flow

We next consider the lid-driven cavity flow, a well-known problem in fluid mechanics.
While this problem has been solved with a large variety of numerical methods for
Newtonian fluids with standard convection law, some of the combinations of general
viscosity and convection laws considered here appear to be entirely new. The domain is
the unit square Q = (0, 1)2, and we enforce a unit tangential velocity # = (1, 0) on the
top edge (of equation x, = 1) and wall boundary conditions on the other edges. This
boundary condition is incompatible with the formulation (3.10), even generalized to non-
homogeneous boundary conditions, since u ¢ U. However, this is a very classical test
that demonstrates the performance of the method in situations closer to real-life problems.
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Figure 3.1: 2D-Numerical results for the test cases of Section 3.5.1 where wl = 2. The slopes indicate the convergence rates

expected from Theorem 78 when s = 2, and [27, Theorem 12] otherwise.
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3.5. Numerical examples
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Table 3.2: Convergence rates of the numerical tests of Section 3.5.1 with d = 2 and
re{3.23)

N

k h u p u P u p u p u P
4.06e-02 | 2.06 1.95|2.07 199|209 206|214 2.19|2.18 2.17
2.03e-02 | 2.11 232|212 234|213 235|214 233|214 229
1.03e-02 | 206 1.99|2.05 197 |2.05 196|205 199 |2.04 2.04
5.11e-03 | 2.12 2.23 | 2.13 221|213 220|214 2.16]|2.15 2.16
4.06e-02 | 3.31 2.32|3.30 2.67|3.29 294|326 250|323 234

2 2.03e-02|3.20 236|321 2.65|3.22 3.13|3.22 247|323 2.38
1.03e-02 | 3.12 2.19 | 3.14 237 |3.14 3.22|3.14 226 |3.15 2.22
4.06e-02 | 450 6.13 | 477 642|474 642|464 629|449 6.07

3 2.03e-02 | 3.31 336|420 3.71 425 3.72 1429 3.76 | 432 3.83
1.03e-02 | 2.83 3.09 | 4.05 3.87 | 421 393|421 399|422 4.07

[\ [O8)

[S][o%
wio
\)
Dl
W

N

k h u p u P u p u p u )4
4.06e-02 | 1.95 1.72 1196 1.74 1197 1.79|2.04 190 |2.07 194
2.03e-02 | 2.01 2.09|2.01 210|201 2.11{2.01 213|200 2.10
1.03e-02 | 1.95 188|194 188|193 1.87|193 1.86|1.92 1.88
5.11e-03 | 2.01 2.03|2.01 2.02]201 201|201 198|201 1.97
4.06e-02 | 3.05 2.08 | 3.04 2.49|3.03 2.80|3.01 237|299 2.20

2 2.03e-02 299 2.11]3.00 2.37|3.00 2.82|3.00 224|301 2.16
1.03e-02 | 291 197|292 213293 299|293 2.04|293 2.00
4.06e-02 | 3.83 3.55|4.07 3.80|4.08 3.87|4.09 4.00|4.09 4.06

3 2.03e-02 | 3.11 3.15|3.86 390 |3.89 390|390 3.80|391 3.73
1.03e-02 | 2.66 2.63 |3.80 3.71 [3.92 392|390 3.96|3.88 3.98

We consider the diffusion law corresponding to the (u, 1, r, r)-Carreau—Yasuda model
(3.7) with a moderate Reynolds number Re := /% = 1000, and the convection law given
by the (1, s)-Laplace formula (3.9). In order to compare the flow behavior with respect
to both r and s, with (r, 5) in {%, 2, 3} x {2} and {%} X {%, 2, %}, we solve the discrete
problem on a Cartesian mesh of size 32 x 32 for k = 3, corresponding to 15872 degrees
of freedom. In Figure 3.3 we display the velocity magnitude, while in Figure 3.4 we
plot the horizontal component u; of the velocity along the vertical centreline x; = %

(resp., vertical component u; along the horizontal centreline x, = %). Whenr =5 =2,
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\:
I
\S1[9))

wio
(V)

Dl
W

[NS]1O8)

N

k h u P u p u p u p u p

4.06e-02 1.68 143|179 147 1.79|149 1.79 153 1.80 1.55
2.03e-02 1.64 158 |1.78 1.61 1.78|1.62 176 1.63 1.75 1.64
1.03e-02 1.50 1.59|1.67 1.60 1.66|159 1.65 157 1.64 1.55
5.11e-03 146 1.60|1.65 1.61 1.65|1.61 1.66 1.61 1.67 1.6l
4.06e-02 2.68 2.22|2.68 2.60 2.67|2.68 265 247 2.64 2.26
2 12.03e-02 2.64 183|264 228 264|254 2.64 207 2.64 1.89
1.03e-02 2.53 1.61 |2.55 1.86 255|239 255 1.71 255 1.63
4.06e-02 3.62 3.59|3.65 3.62 3.65|3.62 3.65 3.61 3.64 3.59
312.03e-02 297 278 |3.14 292 315|292 3.15 293 3.15 294
1.03e-02 2.62 248 |3.09 290 3.10|291 3.10 292 3.11 2093

reference solutions from the literature [68, 73] are also plotted for the sake of comparison.
We observe significant differences in the behavior of the flow according to the viscous
exponent r and the convective exponent s, coherent with the expected physical behavior.
In particular, the viscous effects increase with r, as reflected by the size of the central
vortex and the inclination of the centrelines. We observed the same phenomenon on the
Stokes problem, cf. [27, Sec. 5.2]. Moreover, the turbulent effects increase with s as
shown by the circular nature of the central vortex and the sharpness of the centrelines.

3.6 Proofs of the main results

In this section we first give the proof of the properties (3.52) and (3.54) of the discrete
convective function cj, then prove, in this order, Theorems 77 and 78.

3.6.1 Consistency of ¢,

Proof of (3.52) (Consistency). Let, for the sake of conciseness, w, = I ’;lw. Using the
single-valuedness of (w - nyp) x (-, w) across any interface F' € 7-;1‘ together with the fact
that v = 0 on any boundary face F € F°, we get

Z Z /F(W'"TF)X(',W)-vF:O.

TeT, Fefr
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Table 3.3: Convergence rates of the numerical tests of Section 3.5.1 with d = 3 and
re{2,3,3}

][N
wivo
o
Y8

W

N

k h u p u p u p u p u p
1.57e-01 | 1.87 1.52 | 1.85 156|184 1.58|1.81 1.64|1.76 1.71

1 7.87e-02 192 208|191 215|190 2.18|1.88 2.22|1.86 2.26
394e-02 | 195 233|195 246|195 249|194 248|193 245
1.57e-01 | 2.88 2.86 | 2.87 3.01 | 2.87 3.06 | 2.86 3.09 | 2.87 3.10
7.87e-02 | 291 277|292 3231292 334|292 3.04|292 274
1.57e-01 | 3.88 3.88 | 3.87 3.90 | 3.86 391 |3.85 3.94|3.83 4.00
7.87e-02 | 3.92 424|392 427|392 428|391 429|391 429

N

r =

Y[
wio
\]
Il
W

N

k h u p u p u p u p u p
1.57e-01 | 1.77 138|175 142 |1.74 143|172 147 |1.68 1.53

1 7.87e-02 | 188 1.78|1.87 195|186 199|183 2.03|180 2.06
394e-02 1192 190|191 221|190 229|188 2.17|1.85 2.04
1.57e-01 | 246 2.61 |2.46 271|246 2.73|246 270|246 2.65
7.87e-02 | 2.57 231|257 2.89 257 3.05|257 2.64|257 232
1.57e-01 | 3.08 3.21 | 3.08 3.22 |3.07 3.22|3.06 3.22|3.05 3.22
7.87e-02 | 3.32 351|332 352332 352|331 352|331 352

r=3

[S][o%
wio
\]
Nl

W

N

k h u p u )4 u p u p u p
1.57e-01 | 1.63 129 |1.62 131 |1.62 1.31|1.60 131|159 1.35
1 7.87e-02 173 161|172 182|172 1.88|1.71 190 |1.69 1.90
3.94e-02 | 1.17 1.56|1.18 1.89 |1.19 2.03|1.21 1.80|1.25 1.61
1.57e-01 | 2.16 242|216 245|216 245|216 243|216 2.39
7.87e-02 | 230 221|230 2.57 230 2.64|230 243|230 220
1.57e-01 | 2.76 2.84|2.76 284|275 283|275 283|275 283
7.87e-02 | 293 289|293 289|293 2.89 (293 289|292 2.89
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Figure 3.3: Numerical results for the test case of Section 3.5.2. Velocity magnitude
contours (10 equispaced values in the range [0, 1]).
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Proceeding as in (3.13) but with an element-by-element integration by parts, and using
the previous relation to insert v ¢ into the boundary term, we infer

[ Dxtamy wi=1 [ eCom)-Twemr 2 [ 2 ) D
Q S JQ s Jo |wl
1
- /Q (x(-,w>-vh>vh-w+kzmezﬁ /F <w-nTF>x<-,w>-<vF—vT>).

(3.85)

Using the definitions (3.33) of xk, (3.43) of G}, and (3.42) of G} (the latter with
T =7k (x (-, W) ® Wr)), we get

[0t Ghw,bi= Y, [ Ghyy b Geoin) @90

T€T,
= / Vor 7K (x (. 0r) @ r) (3.86)
T, T
+ Z Z / (7t§ (x(,wr) @ wr) nTF) -(VE—vr),
TeT, Fefr F

where the removal of 7r§ is justified by its definition after observing that Vvy €
P=1(T)9d ¢ PK(T)9%4. Plugging (3.86) into the definition (3.48) of c,, we obtain

. 1 . .
c(Bye2) = [ VG- GhE, v

§=2 [ vy -Wy R on
+ (X CowR) - GpW, - Wy
s Ja |wil? h=h

3.87
_l/(/(/\/(',wh)'vh)vh'wh 387
s Q

+ Z Z /F (ﬂ§ (x(,Wwr) ® Wr) nTF) “(VE - VT)) :

T€T, FeFr

Subtracting (3.87) from (3.85), then adding and subtracting to the right-hand side of the
resulting expression the quantity

2 VW

1 _
;/g;(,\/(',W)'Gi)ﬁh'Vh'i'ss Q |W|2 (X(’W)Gﬁ)ﬁhw
2| [oeom - Tm - PIP) [ [xmneinmmm - or -

+/F(WT -nrp) X (W) - (Vi — VT)) ]
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we obtain

1 s—=2
[0 0xCow) v = L) = (T + T 4 2 (T4 T
Q

1
— 5 (G+Te+ T+ T+%), (3.88)

with
Tr = /g (X Cow) - (V= G )w v,
7 = /Q (W) = x (o) - GEYB, v
7 [ ) (V- Gl o,
7= | (‘]’;’é’ Oeleow) -Gl - w = T ) - Gl ).

75 = /Q eaw) - V)vn - (w — o),
Te = /Q ((XCw) = x(aB1)) - Vi) - 9

Tim 30 3 [0 =) mrp xCow) - o =vr)

Ty Fedr

Tiim 0 [Obrnre) (e = xCon)) - (v = vr),
TeT, Ferp * F

Ty = Z Z / ((X(',WT) ® Wr — w5 (x (-, Wr) ® WT)) nTF) -(vE—v7).
TeT, FEFr F

We proceed to estimate these terms. For 77 and 73, using the (1;s’7’,r, sr’)-Holder
inequality (3.20) together with the Holder continuity (3.8e) of y, we get

711 + 1731 < xnellwlly,

ZSrl’(Q)dllvw = G (Lyw) |l @yaxallvallsr (e

k+1 -1
< B XhC|w|€V1,r(9)d|w|Wk+2”(‘7;,)d”Kh”s,r,h,

where we concluded with the consistency (3.45) of the gradient reconstruction together
with the continuous (3.24) and discrete (3.41) Sobolev embeddings (valid since sr’ < r*
by (3.51)) and the norm equivalence (3.39).

Moving to 7, and 74, using a Cauchy—Schwarz inequality together with the Holder
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continuity (3.8e) of y on 7; and the same reasoning as in (3.31) on 7; yields

72| + |74l <th/(IWIS+|wh|) w =5 G2 Laxal vl
S—S §

< XhC (”w”Lvr (Q)d + ||wh||Lvr (Q)d) ||w whllLsr (Q)d

X NGyl @yaxa [V all s (qya

< h(k+1)(§—1) s+1-§

th|w|W1,r(Q)d|w|Wk+1 sr (T)dll_hlls,r,m

where we have used the (1; 2= =3 1 r, sr’)-Holder inequality (3.20) in the second line,

while the conclusion follows from the continuous (3.24) and discrete (3.41) Sobolev

embeddings (again valid since sr’ < r* by (3.51)) along with the boundedness (3.47) of

Gfl and (3.40) of I ’i , and the (k + 1, s7’, 0)-approximation properties (3.34a) of 71'];[.
With a similar reasoning as for 7;, we get the following bounds for 75 and 7s:

k+1

151 5 B dnel Wl alW byt gy 19, s
k+1)(5-1 1-§

|78| < h( @ )thlwlé;l,r(sg)dlwlwkn sr (T)dll_hlls,r,h-

Moving to 7g, the Holder continuity (3.8¢) of x, the (1; s/, 3 s = 'f/]
(3.20), and the bound hfr < hr yield

1 s=§

] < e | hT||wT||zz,,(aT)d) (Z e (W17 0 + 19711 <aT>d))
TeT, TeTy
g 1
(Z hr|lw — WT”Lw (aT)d) (Z Z hi v - vT”Zr(F)d)
TeT, TeT, Fefr

s+1-§
s

s h(k+1)(§_1)XhC (lwléyl,sr'(g)d + ||w||29r'(Q)d + ||wh||zst’(g)d

§-1
X [w ;Vk+l,sr’(77l)d”2h”8,r,h

s+1-§
s

< p+DG-D)

Xhe (lwlf,yl,sr'(g)d + |w|€‘/l,r(g)d) |w|Wk+1 sr (T)d”_h”s,r,h,

where, to pass to the second line, we have used the discrete trace inequality [50, Eq.
(1.55)], the continuous trace inequality [50, Eq. (1.51)] together with the bound h7 < 1,
the (k + 1, sr’, 0)-trace approximation properties (3.34b) of 71';, and the definition (3.37)
of ||-||e.r.n, While the conclusion is obtained using the Sobolev embedding (3.24) (again
valid since sr’ < r* by (3.51)).
With a similar reasoning, we get the following bound for 77:
s-1

k+1 )
7] < B e (IWIW1 s (@yd T |W|€Vl,r(9)d) Wlyetor iy ll2ylle.r.n-
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Moving to 7y, the Holder inequality together with the bound hr < hr and the
definition (3.37) of ||-||¢.».» yield

r

r/
L (8T)dxd ”Kh ||8,r,h

Tl < | D hr |l Cowr) @ #r -k (x (- br) @ br)
T€T,

k+1 ~ k+1
< K Xhc |leswk+l,sr’(77L)d ”Kh”a,r,h < h Xhe |w|swk+1,sr’(r]7,)d ”Kh“&r,h’

where we passed to the second line using the (k+1, 7/, 0)-trace approximation properties
(3.34b) of 7r§ together with a triangle inequality and the Holder continuity (3.8e) of y
(with (v,w) = (0,%w7)), while the conclusion follows using a triangle inequality and
the (k + 1, sr’, k + 1)-approximation properties (3.34a) of 71'? to write [Wr|yistsr (gya <
|Wr — W|Wk+1,sr'(rrh)d + |Wlwk+l,sr’(7;l)d < |W|Wk+l,sr'(7;l)d.

Plugging the above bounds for 77, . . ., 75 into (3.88) and passing to the supremum,
(3.52) follows. O

Proof of (3.54) (Sequential consistency). Let ¢ € CZ(Q)? and set éh = !fl(b. Writing
the definition (3.48) of ¢, with (w,,v,) replaced by (v,, Qh), we have

R 1 x5 =2 [ vy
ch@p$) == [ (xC.ovw) - GHy, - d)+ 2 (x (o) - Ghyw, vy,
h s Jo s Ja |vil?

T

T
1 A
-5 [ -6, v

7
(3.89)
Inserting £[vi|2(vy @ vp) X (+,v), then using a triangle inequality, we get
Ival?@a @ v x Covw) = P12 @ @)X () o g
< I Covw) = x Gl @y
el (bl 2vs @ v -2 @) (3.90)

Ls’r’(Q)dXd
s=5
: : s 5-1
< Xhe (”vh”Zsr’(Q)d + ||v||2sr’(g)d) ||Vh - V”zw/(g)d’

where we have concluded proceeding as in (3.30) and using the Holder continuity (3.8¢)
of y and the (s'r'; 2, 2°)-Holder inequality (3.20). Thus, recalling that v, ——"

> s—5° §-1

strongly in L (Q)? (since sr’ < r* by (3.53)), which implies that ”vh”zsr’(g)d +
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||v ”L" @ is bounded uniformly in &, we infer from (3.90) that,

Pal 2 0n @ i) x (5 vi) ——2 I (r @ v) x (- v) strongly in (@), (391)
x(G,vp) Y (-, v) strongly in L*" (Q)“. (3.92)

Hence, observing that - 1 F+ L4 s, > = 1, the strong convergence (3.35) of (ffh in L' (Q)4
together with the fact that Gh_h ﬁ) Vv weakly in L"(©)9*? by assumption, along
with (3.91) for 77 and (3.92) for 7, yield

$-v

T2 =0 Jo P2 (x(,v)-V)y-v and ﬂm /Q(X("V)'V)V'(ﬁ- (3.93)

Moving to 73, the fact that v, ——" strongly in L (Q)¢ (since s’ < r* by (3.53))

together with the strong convergence (3.46) of Gf; éh in L (Q)% (notice that the weak
convergence would suffice to infer the result in (3.107) below) and (3.92) give

T3 — /(X(-,v) -V)o -v. (3.94)
h—0 Q

Hence passing to the limit in (3.89), using (3.93)—(3.94), and recalling the definition
(3.12) of ¢, we infer (3.54). O

3.6.2 Convergence

Proof of Theorem 77. Step 1. Existence of a limit. Since, for all h € H, (u,,pp) €
U, k ><Pk solves (3.77), the a priori bounds (3.78) implies that the sequences (||, ||&,r,n)nen
(hence also (lwl11,r,n)nes by (3.39)) and (|| pall. (q))nes are bounded uniformly in A.
Thus, invoking the discrete compactness result of [50, Theorem 9.29], we infer the
existence of (u, p) € U X P such that, up to a subsequence,

S up——ou strongly in LI (Q);

. Gk_h —— Vu weakly in L"(Q)9*4;

h—0

" PP weakly in L' (Q).

Step 2. Identification of the limit. The discrete mass equation (3.77b) along with the
sequential consistency (3.76) of b, yield, for all y € C°(2),

0 =by(u,, 7)) Y b(u,y) =

By density of C°(Q) in L” (Q), this shows that u satisfies the mass equation (3.10b).
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Let us show now that (u, p) satisfy the momentum equation (3.10a). Since the
sequence (|[u,|le,-n)ner is bounded uniformly in h, (3.62) along with the fact that
||Gihgh||Lr(Q)dxd < ||Gflgh||Lr(Q)dxd imply that the sequence (HGihEh”Lr(Q)dxd)heq-{ is
also bounded uniformly in 2. Combined with the Holder continuity (3.5) of o, this
result implies that the sequence (||o (-, GIS" W)l (@yaxd)nest is also bounded uniformly

in h. Therefore, (o(-,G*, u »))her weakly converges to some o € L7 (Q, R4 up to

S,h=
a subsequence. Furthermore, using the discrete momentum equation (3.77a) together

with the definition (3.57) of ay, for all ¢ € Cg"(Q)d, letting éh = l’;lgb, we get

/Q (.G u,): Gh g = /Q Fomld sty @) ~culw. 8,) ~bu(d,. pa). (3.95)

So, since Gf, hé Y V¢ strongly in L” (Q)?“ thanks to (3.46) and
o(-,Gru,) — 0 weakly in L (Q)%“, passing to the sub-limit equality (3.95)
yields

[ow:va= [ r-p-cap-b@p), (3.96)

where we used (3.35) together with the sequential consistencies (3.65) of s, (3.54) of
cn, and (3.75) of by in the right-hand side. By density, (3.96) is valid for ¢ € U. On
the other hand, using the definition (3.57) of a;, the fact that s, (u,u;) > 0, and (3.77)
together with the non-dissipativity (3.49) of c;, we infer

/(T(',Gf,hzh) : Gf,hzh =ap(up,up) —sp(up,up) < ap(up,up) = / S up. (3.97)
Q Q

Hence, using the Holder monotonicity (3.6) of o and inequality (3.97) we obtain, for all
A € L"(Q,R%9),

OS/Q(O'(-,Gf,hgh)—a'(-,A)) : (G’;hgh—A)
S/S;f'uh_‘/go-("(}f,hlh):A_La("A):(Gf,hlh_A) (3.98)
—h—_)—?/Qf-u—/gau:A—/QO'(-,A):(Vsu—A),

where the limit of the third term is justified by the fact that o-(-,A) € L™ (Q, R%*)
thanks to the Holder continuity (3.5) of o~ and the weak convergence of

Gf’ T Vu in L (Q)%“ (consequence of the analogous property for Gﬁg B It
follows from the classical Minty’s trick [87, 94] (see [48, Theorem 4.6] concerning its
application to HHO methods) that (u, p) satisfies (3.10a). Indeed, taking A = V u+rVgy
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with # > 0 and v € U into (3.98), and using (3.97) with ¢ = u + tv, we get

t/ o(Vsu £tVgw,A) : Vyy
Q

:t/f-v+M—tc(u,v)+M—tb(v,p), (3.99)
Q

where we have used the fact that u satisfies the mass equation (3.10b) (proved above) and
the non-dissipativity property (3.14) of ¢, respectively, in the cancellations. Dividing
(3.99) by ¢, letting t — 0, and using a dominated convergence argument made possible
by the Holder continuity (3.5) of o gives (3.10a).

Hence, (u, p) € U X P is a solution of the weak formulation (3.10).

Step 3. Strong convergence of the velocity gradient and convergence of the bound-
ary residual seminorm. Passing to the upper limit inequality (3.97), and using (3.96)
with ¢ replaced by u together with the mass equation (3.10b) and the non-dissipativity
property (3.14) of ¢ to cancel the two rightmost terms in the resulting equation, we
obtain

limsup/ 0'(-,Gf’hgh) : nyhgh < /f ‘U= / o, Vu. (3.100)
Q Q Q

h—0

Thus, the Holder monotonicity (3.6) of o together with the (r, —5—, - +E;f )-Holder
inequality (3.20) yields,

. =
111;1 Sélp (O'hm”GS nu - Vu| zt(ggdxd (5r + Hﬁhllg,r,h + ”Vsullrr(g)dxd) )
5

(3.101)

<11msup/(0'( Gshuh) o(-,Vsu)) : (Gkhu - Vu)
h—0

where we concluded by strategically separating the terms in order to use inequality
(3.100) along with the weak convergences of o (-, G¥, u,) —20u in L" (Q)%4 and

Gihu 0 Vo in L7 (Q)?*¢. Hence, since (Il lle,r,n)nes is bounded uniformly in

h
h
h, G shlp ﬂ V,u strongly in L"(Q)?x4 up to a subsequence. Now, using the Holder
continuity (3.5) of o together with the (r'; .=, =7)-Holder inequality, we get

lo (-, GY ) — (-, Vu) |l gyaa

k k F—1
< he (6 + 1GE 41, o + 1Vl Gy~ Vel

r(Q)dx r(Q)dxd)

— 0.
h—0
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)dxd

Thus, o (-, Gt u,) Y o (-, Vsu) strongly in L (Q up to a subsequence. In

particular, we have

P2
2—
Ohm (6r + |£hl:,h) |uh|r+ S Sh(ﬂh’ Eh)

:/f-uh—/o(-,thgh):thgh—m, (3.102)
Q Q ’ ’ h—0

thanks to the Holder monotonicity (3.64) of s, and the definition (3.57) of a;. Hence,
il 55 O

Step 4. Strong convergence of the pressure. Set pjpq = fg Ipnl” 2

[27, Eq. (50)], we infer the existence of v, € Wé’r(Q)d such that

phr. Reasoning as in

Vovp, = lpal” on-paa  and vyl < sl @ (3.103)

Furthermore, letting ﬁph =1 ’;lv »n» and using the boundedness (3.40) of 1 ’;l together with
(3.39), we get

12, e S 17pulirr e < lIpallyoh

Since (||pall»(q))ner is bounded uniformly in £, by [S0, Theorem 9.29] there exists
v, € Usuchthat¥,, el strongly in L") (Q)? and Gﬁﬁph Y Vv, weakly in

L™ (Q)%*4_ Therefore, recalling that o™ (-, Gf’hgh) T o (-, Vsu) strongly in L (€)9*4,
we get
/0‘( G!,u,) : Gt 1, =2 | o Va) 1 Vo, (3.104)
Q Q
Using the Holder continuity (3.63) of s, with w, = 0, we next infer

r—-r 7

518 9,)1 % e (67 + 1y ) Iy 7519

Byl ——0, (3.105)

since [, |, p 0 0 by (3.102) and noticing that the sequence (|v |r n)hes is bounded

uniformly in 4 by (3.62). Thus, recalling the definition (3.57) of a;, (3.104) and (3.105)
yields
an(wy, 2, ) ——>aw,vp). (3.106)

Furthermore, replacing ¢ by v, in the reasoning that gives (3.93)—(3.94) after recalling
that Gzﬁph — Vv, weakly in L"(Q)9%¢ and that 9, > strongly in L*" (Q)¢

h—0

(since sr’ < r* by (3.80)), we infer

ch(ty:8,,) — c(u,v,). (3.107)
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Moreover, since f € L (Q)? and $ . strongly in L7 (Q)4, we get

/f-ﬁph—>/f-vp. (3.108)
Q h—0 Jo

Hence, using the fact that pj; has zero mean value over Q together with the equality in
(3.103), the definition (3.11) of b, the Fortin property (3.73) of by, and equality (3.77a)
yields

Jap Zpmn = [ (001 = b0 = =01, 1)
Q Q

“ (. ,) rentuy.8,) < [ 105,
Q (3.109)

—>a(u,vp)+c(u,vp)—/f-vp
h—0 Q

=-b(v,,p) = L(V-Vp)P,

where we have used the discrete momentum equation (3.77a) in the second line, applied
the limits (3.106), (3.107), and (3.108) in the third line, used the continuous momentum
equation (3.10a) to pass to the fourth line, and invoked the mass equation (3.77b) to
conclude. Meanwhile, since (|| |ph|r,_2ph||Lr(Q))henj—{ = (llprllr (@))ner is bounded
uniformly in A, |ps|” ~2p, weakly converges to p, € L () up to a subsequence. In
particular, pj o m Dro = fg pr,» and we deduce that V-v,, —h:? pr — pr.o weakly
in L"(€2) and, by uniqueness of the limit in the distributional sense, that V-v,, = p, —p, .
Therefore, using (3.109) together with the fact that p has zero mean value over €, we
infer

/ (pnl" 2p)pn — / pep. (3.110)
Q h—0 Q

Moreover, using the Holder monotonicity property (3.23b) (with (n,x, y, s) = (1, py, p,1’))
together with the (7, #I_P, %)-Hélder inequality, and passing to the limit with
(3.110), we obtain

=2

F2—r

r’ r’
I = IR (1l g + 11 )

< /Q(|Ph|r/_zph —|pI"p) (1 - p) —> 0. (.111)

Hence, pj, ﬂ p strongly in L" () up to a subsequence. |
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3.6.3 Error estimate

Proof of Theorem 78. Let (e, €y) = (w;, —@,, pn — Pn) € Qﬁo X P;‘l where &1, = liu
and py, = Jr’;l p.

Step 1. Consistency error. Let &y : U ';l o — R be the consistency error linear form such

k
that, for all v, € Qh,o,

En(vy) = /Qf vp—ap(@,,v,) —cp(@,,v,) —bu(y,. Dn). (3.112)

Using in (3.112) the fact that f = —V-0 (-, Vsu) +(u - V) x (-, u) + V p almost everywhere
in Q together with the consistency properties (3.69) of a;, (3.74) of by, and (3.52) of c;,
(since 5 < ;—T), we obtain

$ = sup En(y,) s KV min (&,(u); 1) M+ F4 N5 (3.113)

k
Yn eghyo’ “Kh lle,r,n=1

Step 2. Error estimate for the velocity. Replacing aj, by a;, + ¢j, in the reasoning of [27,
Eq. (70)] yields,

Sh(gh) = ah(ﬁh’ ﬂh) - ah(ﬁh, Eh) + Ch(ﬂha Qh) - Ch(ﬁh’ Eh)

T

s+l-r
> (Cdao-hm - Cdc,r)(hc (6r+ ”E}z”::,r,h + ”Qh”;,r,h) )

r=2

A T 2
X7+ g+ Ny 15, 0) 7 Nes 2, (3.114)
s+l-r r=2 2
2 | CdaOhm — Cdc,thch " Nl " ||£h||g7r’h

SIPRE
2 O-thl ' ||£h||8,r,h,

where, noting that 7 = r and § = 2sincer < 2 < s, we have used the Holder monotonicity
(3.68) of a; together with the Holder continuity (3.50) of ¢j, (since s < :—T) in the second
line, the a priori bound (3.78a) on the discrete solution along with the boundedness
(3.40) of the global interpolator and the a priori bound (3.16) on the continuous solution
in the penultimate line, and the small data assumption (3.82) to conclude. Hence, the
fact that E4(e,) < $lle, |l together with (3.113) yields (3.83a).

Step 3. Error estimate for the pressure. Using the Holder continuity (3.50) of ¢, together

with the same raisoning giving the penultimate line of (3.114) we infer, forally, € U, ,,

s=1
lca (@, v,) = cn(uyv)| S xueN, ™ 1l llornllyylern- (3.115)



3.6. Proofs of the main results 145

Thus, replacing a;, with a; + ¢, in the reasoning of [27, Eq. (72)], we obtain

lenll o) = sup (Enlwy) +an(@,, v,) —an(wy,v,)
Kheg/];,o’“Kh“a,r,h:l

+en (@, v,) —cn(u,,v,)) (3.116)

s=1
<$+ O'hcllﬁh”;ih +thN1 ' ||£h||8,r,ha

where we have used the Holder continuity (3.67) of a;, together with (3.115) to conclude.
Finally, the bounds (3.113) and (3.83a) (proved in Step 2) give (3.83b). O
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