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Résumé

Cette thèse vise á étudier deux aspects liés á la modélisation des Réseaux de Réactions Biochim-
iques.

Dans un premier temps, nous montrons comment la séparation des échelles de temps et
de concentration dans les systèmes biologiques peut être utilisée pour la réduction de modèles.
Nous proposons l’utilisation des modèles par régles de réécriture pour le prototypage de cir-
cuits génétiques, puis nous exploitons le caractère multi-échelle de tels systèmes pour construire
une méthode générale d’approximation de modèles. La réduction est effectuée via une anal-
yse statique du système de règles. Notre heuristique de réduction repose sur des justifications
physiques solides. Cependant, tout comme pour d’autres techniques de réduction de modèles
exploitant la séparation des échelles, on note la manque de méthodes précises pour quantifier
l’erreur d’approximation, tout en évitant de résoudre le modèle original.

C’est pourquoi nous proposons ensuite une méthode d’approximation dans laquelle les
garanties de réduction représentent l’exigence majeure. Cette seconde méthode combine ab-
straction et approximation numérique, et vise á fournir une meilleure compréhension des méth-
odes de réduction de modèles basées sur une séparation des échelles de temps et de concentration.

Dans la deuxième partie du manuscrit, nous proposons une nouvelle technique de reparamétri-
sation pour les modèles d’équations différentielles des réseaux biochimiques, afin d’étudier l’effet
des stratégies de stockage de ressources intracellulaires sur la croissance, dans des modèles mé-
canistiques d’auto-réplication cellulaire. Enfin, nous posons des bases pour la caractérisation de
la croissance cellulaire en tant que propriété émergeante d’une nouvelle sémantique des réseaux
de Petri modélisant des réseaux de réactions biochimiques.
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Abstract

This thesis aims at studying two aspects related to the modelling of Biochemical Reaction Net-
works, in the context of Systems Biology.

In the first part, we analyse how scale-separation in biological systems can be exploited
for model reduction. We first argue for the use of rule-based models for prototyping genetic
circuits, and then show how the inherent multi-scaleness of such systems can be used to devise
a general model approximation method for rule-based models of genetic regulatory networks.
The reduction proceeds via static analysis of the rule system.

Our method relies on solid physical justifications, however not unlike other scale-separation
reduction techniques, it lacks precise methods for quantifying the approximation error, while
avoiding to solve the original model. Consequently, we next propose an approximation method
for deterministic models of biochemical networks, in which reduction guarantees represent the
major requirement. This second method combines abstraction and numerical approximation,
and aims at providing a better understanding of model reduction methods that are based on
time- and concentration- scale separation.

In the second part of the thesis, we introduce a new re-parametrisation technique for
differential equation models of biochemical networks, in order to study the effect of intracellular
resource storage strategies on growth, in self-replicating mechanistic models. Finally, we aim
towards the characterisation of cellular growth as an emergent property of a novel Petri Net
model semantics of Biochemical Reaction Networks.
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Introduction

Computer Science and Systems Biology

When delving into the history of Computer Science, one finds that the first design for a
modern computer is widely accepted to be the Analytical Engine: a programmable mechanical
calculator invented in 1837, by Charles Babbage. Its invention date considerably pre-dates that
of the modern digital computer, and hints at the initial goal of the field of study: creating
mechanical devices that automate mathematical calculations. The validity of this objective is
reinforced by the consensus that the earliest foundations of Computer Science can be found
in ancient mechanical computation tools such as the abacus, the Antikythera mechanism, or
the mechanical analog computer devices of the medieval Islamic world. However, in the last
century, Computer Science has evolved from its initial calculation-related task of translating
a mathematical language model into a computer program simulating it, to become a central
component of both a vast range of scientific areas and of mundane existence.

It can be argued that the main reason for which the field has become ubiquitous to modern
life lays in its evolution from being primarily a “science of calculation”, to also becoming a
“science of models”. In this sense, one notes the recurring development of new domain-specific
programming languages that are able to directly model a vast range of processes.

An indicator of the growing relevance of Computer Science in the area of scientific mod-
elling is the emergence of interdisciplinary fields such as Systems Biology, computational biology,
bioinformatics, computational linguistics, artificial intelligence, cognitive science, or computa-
tional social science, to name a few.

The work presented in this thesis aims at developing new modeling and model analysis
tools for Systems Biology, in order to tackle two of the challenges specific to the field. The
first such issue deals with model reduction techniques and their guarantees, while the second
one addresses the mathematical modeling and analysis of specific biological behaviors such as
describing cellular growth as an emergent system property, as well as how it is impacted by
cellular resource storage strategies.

As the science that studies living systems, biology is concerned with their constituents at
all scales: molecule, cell, tissue, organ, individual, organism, and ecosystem. As illustrated
by existing biological classifications and taxonomies, the main activities of the discipline tra-
ditionally had a prominent qualitative component. However, the advent of novel experimental
techniques that allowed researchers to simultaneously observe the behaviours of large numbers

1
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of distinct molecular species, in the beginning of the 21st century, has triggered a shift toward
the quantitative side [36], and with it has seen the emergence of new approach to biology, in
which Computer Science plays a key role. The resulting interdisciplinary research field, Systems
Biology, aims at building an integrated physiology of systems and a predictive understanding
of the whole, by focusing on the data-centric quantitative modeling of biological processes and
systems [173]. In other words, intracellular processes are investigated as dynamic systems. This
new outlook on biology is made possible by recent technological advances that enable both
molecular observations on far more inclusive scales than previously achievable, but also allow
for computational analysis of such observations.

Indeed, the last two decades have seen biological research become a data intensive science,
due to the ever-increasing flow of data resulting from the ability to make comprehensive mea-
surements on DNA sequence, gene expression profiles, or protein-protein interactions (to name
a few). This, in turn, increases the role of computers and computer science in biology.

On the one hand, the considerable amount of vast information generated by new experimen-
tal techniques such as DNA microarrays and genome sequencers1, as well as other large-scale
technologies, exceeds human analysis capacity, and thus requires computation power for storing,
processing, analyzing and understanding the data [98].

On the other hand, the rapidly growing amount of biological data in the public domain
reinforces the importance of mathematical and computational models (as well as analysis tech-
niques) of biological systems: measurements alone do not explain the underlying complex molec-
ular mechanisms, therefore appropriate mechanistic theories are needed in order to understand
them. In other words, inferring physical or structural interactions in the system from func-
tional data alone is impossible, meaning that dynamical modeling becomes a part of biological
reasoning.

As such, the central philosophy of Systems Biology is that the traditional approach to bi-
ological research, which consists in mapping out the physical components (and their individual
interactions) of a biological system, is unsatisfactory for the understanding of emergent proper-
ties of a complex biological system, as the latter may be the result of the interplay of simpler,
integrated parts of the network. Indeed, even though reductionism has been highly successful
in explaining macroscopic phenomena, purely in terms of the constituent parts, the underlying
assumptions (that there were few parts that interacted with each other in a simple manner,
or that there were many parts but whose interactions could be neglected) are simply not true
for many systems of present interest. What’s more, the advent of computational techniques
has revelead that even relatively small systems of interacting parts (e.g., the Lorenz system)
could exhibit very complex behaviour. Biological systems, which are inherently complex, must
thus be modeled and studied using the prediction-control-understanding framework offered by
executable mathematical models, which are also dubbed dynamical models.

Indeed, dynamical models prove to be a crucial component of the modern biologist’s tool-
box, as via their simulation and predictive powers, they enable biological investigation in a
number of ways [99]:

1microarrays permit interrogation of more than one million single-nucleotide polymorphisms (SNPs) at the
same time
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1. Constructing such models demands a critical consideration of the underlying biological
mechanisms, and can thus reveal inconsistencies or previously unnoticed gaps in knowl-
edge.

2. They serve both as a recapitulation of system behavior, as well as a transparent, unequivocally-
communicable description of the system.

3. They represent “working hypotheses”, which can be used to unambiguously investigate
system behavior under conditions that are unachievable in a laboratory: model simulations
can be carried out quickly and with no real cost, with every aspect of model behavior being
observable at all time points.

4. Model analysis yields insights into why a system behaves the way it does, thus providing
links between network structure and behavior.

5. Through simulation, dynamical models allow for hypothesis generation and testing, en-
abling one to rapidly analyze the effects of manipulating experimental conditions in silico.
This iterative process leads to a continually improving understanding of the system, in
what has been called a “virtuous cycle”.

6. Model-based design is also a central component of synthetic biology, as models of cellular
networks are useful for guiding the choice of components and suggesting the most effective
experiments for testing system performance.

7. Other advantages of dynamical modeling include being able to model quantities that are
experimentally hidden, and being able to stretch or compress timescales.

What’s more, the very complexity of the living matter implies that biologists reason on
models rather than on the objects themselves [36]. A “good” dynamical model should con-
comitantly reflect known behavior of the studied system, contain hypotheses that need to be
verified, and be able to predict the system’s behaviour in a precise, input-dependent manner.

All in all, Systems Biology aims at a system-level understanding and analysis of biological
systems, under the assumption that “the whole is greater than the sum of the parts”. As stated
in [108], a system-level understanding “requires a set of principles and methodologies that
links the behaviors of molecules to system characteristics and functions” and ultimately aims
at describing and understanding living entities “at the system level grounded on a consistent
framework of knowledge that is underpinned by the basic principles of physics”.

One of the recurring terms of the field is that of “network of networks”. It is a term
that provides meaningful insight into how the Systems Biology approach is different from, and
more predictive than, the traditional approach to biology, as it implies that biological systems
(i.e., the bigger networks) are composed of many (smaller) networks that are integrated at
and communicating on multiple scales. Under this “network of networks” framework, Systems
Biology seeks to formulate hypotheses for biological functions, as well as to provide spatial and
temporal insights into biological dynamics, by analyzing the component networks across scales
and by integrating their behavior at different levels[100].
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Indeed, by focusing on the study of single biomolecules and of the interactions between
specific pairs of proteins, the traditional reductionistic approach to molecular biology operates
on a single scale, thus imparting a limited understanding of the system[100]. By contrast,
instead of merely identifying individual genes, proteins and cells, and studying their specific
functions, Systems Biology investigates the behavior and relationships of all of the elements in
a particular biological system while it is functioning[98].

Consequently, when compared to the traditional reductionistic approach, a systems ap-
proach towards biology enables the modeling of global biological mechanisms such as the cir-
cadian clock, for example, that are a result of complex interactions between various agents
acting on heterogeneous time- and concentration- scales: genes, mRNAs, protein complexes,
metabolites, tissues, organs, signalling networks, etc....

The philosophy of Systems Biology thus lays in the multiscale exploitation of the huge
amount of data yielded by the traditional approach, in order to study how the function of a bio-
logical system arises from dynamic interactions between its parts (i.e., how low-level biological
data translates into functioning cells, tissues and organisms). In this way, it aims at creating
a consistent system of knowledge - and an understanding of biology at a system level- that is
grounded in the molecular level [108]. By integrating models at different scales and allowing
flow of information between them, multiscale models describe a system in its entirety, and as
such, are intrinsic to the principles of Systems Biology[100].

The central tasks of Systems Biology can be divided into: [98] (a) comprehensively gath-
ering information from each of the distinct levels of individual biological systems and (b) inte-
grating the data to generate predictive mathematical models of the system.

According to [108], task (b) can be further partitioned into the following objectives:

1. System structure identification: identifying the system’s components, as well as the
interactions between them (i.e., the system topology) and the interaction parameters;

2. System behavior analysis: once the model’s structure is decided upon, its behavior
needs to be understood, either by identifying the temporal evolution of the components’
quantities (through simulation), or by using various analysis techniques to determine
behaviours (e.g., analyze the system’s sensitivity against external perturbations, and how
quickly it returns to its normal state after the stimuli [108]);

3. System control: aims at applying the insights obtained by structure identification and
system behavior analysis towards establishing a method to control the state of biological
systems, in order to address questions with immediate therapeutical benefits, such as:
how to transform malfunctioning cells into functional ones, or how to drive cancer cells to
apoptosis2, or how to control the differentiation status of a specific cell into a stem cell,
and then control it to differentiate into the desired cell type;

4. System design/Synthetic Biology: ultimately design biological systems ab initio, that
exhibit a certain desired functionality.

2programmed cellular death
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As such, Systems Biology is a hypothesis-driven research field, which is characterized by a
synergistic combination of experimentation, theory and computation. The idealized process of
Systems Biology research, as presented in [109] and illustrated in Fig.1, consists in a cycle that
begins by selecting the contradictory issues of biological significance, and continues with the
manual or automatic creation of a model representing the phenomenon. This model represents
a computable set of assumptions and hypotheses that are to be tested experimentally, after
having previously been revelead as adequate through simulation. The in silico experiments
play a key role in the research cycle: when provided with inadequate models, simulation reveals
inconsistencies with established experimental facts, thus informing the researcher that the model
needs to be either modified or rejected. Models that pass this test are then subjected to thorough
system analysis, where a number of predictions can be made. Among these, a set of predictions
that are able to distinguish a correct model among competing models are selected for “wet”
experiments - succesful experiments eliminate inadequate models. Models that survive this
cycle are deemed to be consistent with existing experimental evidence, and can therefore be
used in Steps 3 and 4 mentioned above.

Figure 1: The idealized Systems Biology research cycle, according to [109]

In this manuscript, we address theoretical and computational issues in cellular modelling.
More specifically, our contributions are in the areas of behavior analysis, model reduction, and
the computational modeling of specific biological behaviours of interest.

Our work consequently relates to the computation and analysis branches of the Systems
Biology research cycle of Figure 1, which aim at formulating data- and hypothesis-driven mod-
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els of and theories for biological mechanisms, as well as developing efficient algorithms, data
structures, visualization, data-analytical and communication tools for predictive computer mod-
eling - a significant task of systems and mathematical biology. It involves the use of computer
simulations of biological systems to both analyze and visualize the complex connections of the
underlying cellular processes, and its ultimate goal is to create accurate real-time models of a
system’s response to environmental and internal stimuli: e.g., a model of a cancer cell in order
to find weaknesses in its signalling pathways.

Notable previous efforts in Computational Systems Biology include helping sequence the
human genome, and creating accurate models of the human brain [95].

Challenges

All in all, with Systems Biology, a paradigm shift occurs in biology, away from a descriptive
science, and toward a predictive one. Experimental observations cover a wide range of biolog-
ical processes, that span from simple isolated enzymatic reactions, to complex systems such
as patterns of gene expression and regulation. As even simple dynamic systems can exhibit a
range of complex behavior, which cannot be intuitively predicted from experiences, the systems
approach requires quantitative mathematical and statistical modelling of biological system dy-
namics [101]. Thus, modelling becomes a part of biological reasoning, however it turns out to
be a particularly challenging task.

The first challenge arising in model construction is that dynamical models need to address
the specificities of biological systems, which are as follows [36]:

• Biological systems integrate multiple scales, both with respect to time, and with
respect to their constituent components. For example, chemical processes governing net-
work dynamics span over many well separated timescales: while protein complex formation
occurs on the seconds scale, post-translational protein modification takes minutes, and
changing gene expression can take hours, or even days. As for the system components,
multiscaleness applies both to the abundance of various species in biochemical networks
(e.g., the DNA molecule has one to a few copies, while mRNA copy numbers can vary
from a few to tens of thousands), and to the scale of the components themselves, which
can range from molecule and cell, to tissue, organ, individual, organism, and ecosystem.

• Biological systems are governed by a mix of deterministic and probabilistic
behaviors: their behavior at the finest timescale is inherently stochastic, thus requiring
probabilistic models, while integrating across scales typically yields deterministic behav-
iors.

• The complexity of biological systems warrants phenomenological models. Bio-
logical systems have evolved under the dual mechanism of mutation and selection. Conse-
quently, they have selected for robustness, which is often translated by the presence of re-
dundant features. For example, consider the existence of alternative competing metabolic
pathways that are related to the same function; indeed, such a redundant feature can be
interpreted as a backup strategy that renders the system robust to fluctuations in the
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environment. The presence of redundancy in biological systems sheds doubt on the exis-
tence of simple laws governing the behavior of complex systems, which in turn partially
explains the apparent duality of biological modeling: one the one hand, models are de-
rived from first principles, but on the other hand, the development of phenomenological
models is based parameter correlation investigation, thus calling for machine learning and
inferential modeling methods.

• The variability of biological systems calls for statistical assessments: thus, there
is a need for generic models that accommodate individual-specific variations, as well as
for a statistical assessment of the parameters used to single out specific properties.

Dynamical model construction also raises several central problems from a knowledge per-
spective:

• finding an appropriate level of abstraction for a given analytic problem;

• finding a common basis to relate knowledge gained using different experimental techniques
on the same system, or conversely to relate knowledge gained from the same experiment
on different model systems;

• incorporating knowledge incrementally as new data is analyzed.

Finally, any mathematical or algorithmic development for biological sciences requires ac-
knowledging the existence of a number of specificities of the latter, that are not common practice
in mathematics and computer science. Model and technique design should thus require recon-
ciling these somewhat different perspectives. These specificities are [36]:

• an inherently system-centric development: while mathematics and computer science
aim at exhibiting general properties and algorithms (which can be instantiated in a number
of settings), biology is often a system-centric activity that focuses on a specific cell, organ,
or pathology.

• an interest towards ill-posed problems: while mathematics and computer science
have traditionally been concerned with well-posed problems, modeling in biology is as
concerned with designing models that serve to identify ill-posed problems, as it is with
solving well-posed ones.

• a need for validation: every biological model should eventually be evaluated against
experimental results, in order to be confirmed or invalidated.

• models for complex biological systems are often multidisciplinary:

– biological knowledge/data serve as the starting point of the model, as well as pro-
viding its semantics, by embedding it in a biological context

– mathematics enables the compromise between biological accuracy and conceptual
simplicity, by allowing information to be abstracted at different levels.
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– physics and chemistry are used to endow the abstract model with mechanical or
electrical properties

– computer science allows for automatizing tasks, performing analyses, and, most-
importantly, running model simulations, that serve as numerical experiments from
which properties of the system can be inferred

• the dual contribution of mathematics and computer science in biology: firstly,
the robustness and efficiency of existing methodological development can be improved by
developments in the two fields (e.g., by mastering the numerics of floating-point calcula-
tions, improving the convergence properties of algorithms for optimization purposes, and
designing algorithms with enhanced asymptotic properties, that scale better); secondly,
concepts and algorithms from mathematics and computer science are used to lay the
groundwork for more advanced, more accurate models (e.g., stochastic modeling, inverse
problem solving, machine learning, statistical inference).

As mentioned above, the first question that arises when trying to construct models of bio-
chemical networks deals with the level of abstraction to be employed. Dynamical models of
biochemical networks, like all models, are abstractions of reality, which focus on certain aspects
of the subject, and abstract away other aspects. A wide variety of modelling techniques have
been proposed, each of different complexity and abstraction, ranging from models representing
regulatory relations between genes as simplified discrete circuits (e.g. gene regulatory networks),
through models containing a detailed description of the low-level mechanistic interactions be-
tween molecules (e.g. rule-based models), to models of spatio-temporal dynamics of processes
considered at an individual particle level (e.g. stochastic models in which the diffusion, interac-
tion with surfaces and participation in chemical reactions of each point-like particle is tracked
individually [6],[17]). In the absence of a universal modelling framework, each approach ab-
stracts the biological processes being considered in a specific way, thus bringing along its own
set of assumptions as well as its own niche of validity. The overall challenge is related with the
understanding of cellular processes and their modeling within the adequate level of abstraction.

After having settled on one of the available modelling frameworks, two issues await the
modeler. The first challenge deals with identifying the structure of the system, a necessary step
towards the understanding of the biological system. The difficulty is that a biochemical network
cannot be inferred automatically from experimental data based on universal rules of principles,
because biological systems evolve through stochastic processes and are not necessarily optimal
[108]. What’s more, one must identify the true network, among multiple candidates that exhibit
similar behavior to the desired one.

Once the structure of the system has been fixed, the modeler needs to identify the set of
corresponding parameters (i.e., binding constant, transcription rate, translation rate, chemical
reaction rate, degradation rate, diffusion rate, etc...), as all computational results have to be
matched and tested against actual experimental data. What’s more, simulation is needed in or-
der to carry out a quantitative analysis of the system’s response and behavioral profile. Except
for certain well-studied cases, these constants are not readily available. Ideally, comprehensive
measurements of major parameters should be carried out through wet-lab experiments, how-
ever, rate constants often vary drastically in vivo[108]. Consequently, various in silico parameter
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optimization techniques can be used to find a set of parameters leading to simulation results
consistent with experimental data (e.g., brute force exhaustive search, genetic algorithms, sim-
ulated annealing), however most of them are computationally expensive.

Computational cost turns out to be a bottleneck of Systems Biology: returning to the
challenge of choosing the modeling framework with the most adequate level of abstraction, one
might think that an increased level of details is desirable for model comprehensiveness. This,
however, is not always true, as it can lead to a model whose complexity becomes prohibitive.
For models of biological systems, the term “complexity” refers not only to non-linearity and
emergent behavior, but also to (i) their inherent multiscaleness ( biochemical processes gov-
erning network dynamics typically span over many well separated timescales, and abundance
of various chemical species can span over many well separated concentration scales) and to (ii)
to the sheer size of the model (as measured by the number of components and the pattern of
interactions among them). These complexity-inducing features make constructing an analytical
perspective w.r.t. biological models a challenging task. Moreover, as computational modeling
continues to make significant progress, the issue of scalability of techniques to models of realis-
tic size remains a major challenge, as the growth in complexity is often exponential and arises
independently of the representation [165].

For example, in models of biochemical networks, the number of possible chemical species is
often subject to combinatorial explosion, due to the large number of species that may arise as
a result of protein bindings and post-translational modifications [94]. As a consequence, mech-
anistic models of signaling pathways easily become very combinatorial. What’s more, even
if compact ways of describing models prone to combinatorial explosion exist (i.e., rule-based
models), the curse of dimensionality once again rises when trying to compute the system be-
havior. A strategy to cope with such complexity is model reduction, in which certain properties
of biochemical models are exploited in order to obtain simpler versions of the original complex
model; these simpler models should preserve the important behavioral aspects of the initial sys-
tem. The major challenge with respect to model reduction techniques lies in providing explicit
bounds on the accumulated reduction errors, or in other words, providing guarantees as to how
the solution of the reduced model relates to that of the original model, while avoiding to solve
the original model (whose size is often prohibitive).

Finally, the need for modeling biological systems, instead of biological mechanisms in iso-
lation, has begotten the development of “whole-cell” computational models, which have been
described both as “the ultimate goal” of Systems Biology, and as “a grand challenge for the 21st
century” ([35],[177]). These models aim to predict cellular phenotypes from genotype, by an
exhaustive representation of the cellular machinery: all of the chemical reactions in a cell, all of
the physical processes that influence their rates, the entire genome, the structure and concentra-
tion of each molecular species, and the extracellular environment [105]. Given their potential of
unifying the understanding of cell biology and of enabling in silico experiments to be performed
with complete control, scope and detail ([143],[35],[177]), they are poised to have a dramatic
impact on Systems Biology, bioengineering and medicine [105]. The reasons for this lay in their
potential to guide experiments in molecular biology, as well as enable computer-aided design
and simulation in synthetic biology, and inform personalized treatment in medicine [122]. To
date, the most complete computational cell model is a mechanistic whole-cell model for the bac-
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terium Mycoplasma genitalium [104], in which diverse mathematical techniques from multiple
fields are combined, in order to enable mechanistic modeling at multiple levels of abstraction 3,
in an integrated simulation. [35]

Despite having being hailed as a future transformative force of Systems Biology, several
challenges (still) prevent the wide-scale conception of whole-cell models. These challenges are
related, among others, to incomplete and disparate biological knowledge, to the integration
of multiple scales from genotype to phenotype, to the exhaustive description of each molecule
and each interaction, and to the scalability of computational tools and methods. In [122], the
authors of the Mycoplasma genitalium model identified 7 areas containing the main challenges
to building whole-cell models: experimental interrogation, data curation, model building and
integration, accelerated computation, analysis and visualization, model validation, and col-
laboration and community development. However, Systems Biologists are leveraging recent
progress in measurement technology, bioinformatics, data sharing, rulebased modeling, and
multi-algorithmic simulation in order to construct whole-cell models, and it is anticipated that
ongoing efforts towards developing whole-cell modeling tools “will enable dramatically more
comprehensive and more accurate models, including models of human cells”[143]. Beyond the
experimental and computational progress that is making whole-cell modeling possible, there
is nonetheless a need for several technological advances, that would help accelerate the frame-
work, in the areas of: metabolome-wide and proteome-wide measurement technologies, kinetic
parameter measurement technologies, data aggregation tools, tools for collaboratively building
large models directly from experimental data and for identifying gaps and inconsistencies in
models, rule-based modelling languages that would support all of the biological processes that
must be represented, scalable multi-algorithmic simulation, calibration and verification tools,
and simulation analysis tools [143].

With all the challenges raised by whole-cell models that aim at exhaustively describing the
entirety of the cell machinery, one can turn to a simpler class of models, dubbed “self-replicator”
cellular models. Instead of accounting for all annotated gene functions of a cell, the “self-
replicator” paradigm depicts minimal mechanistic models (i.e., that contain just a few classes
of proteins, grouped according to their function) of the molecular regulatory mechanisms inside
the cell, and that are able to reproduce well-known experimental microbial growth laws. The
strength of such models specifically lays in their ability to reproduce experimentally observed
behaviors, with a minimalistic, coarse-grained modelling approach. The most well-known such
model is presented in [130], where the authors construct a minimal model of a self-replicating
bacterial cell. The model consists of only 4 enzymes and a membrane, and is optimized for
growth rate, under the assumption of competition for a limited amount of ribosomes. The
results of such optimization display regulation of properties (like the ribosomal content and the
surface/volume ratio) similar to those observed in real cells.

In this manuscript, we will tackle such mechanistic self-replicator models (more specifically,
the one presented in [182]), instead of whole-cell models in the classical sense, in order to address
the issue of modelling intracellular resource storage strategies.

We note that by modeling an exhaustive range of cellular processes - albeit in a simplified

3thousands of heterogeneous experimental parameters are simultaneously included in the model, which cap-
tures a wide range of cellular behaviors
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fashion-, from extracellular nutrient import and metabolization, to transcription, translation
and degradation, such mechanistic models are indeed constructed in the spirit of Systems Biol-
ogy.

Outline and Contributions of the Thesis

The works carried out during this thesis were precisely motivated by the challenges men-
tioned previously. This manuscript is composed of four independent - but complementary -
projects, each one tackling one of the existing challenges in Systems and Computational Biol-
ogy. The four works can be grouped in two orthogonal groups: the first group tackles model
reduction heuristics and model reduction error estimation techniques that exploit the inherent
multiscaleness of biological systems, while in the second one, we study the formal modelling
of relevant biological behaviours (i.e., intracellular resource storage and growth) in the deter-
ministic modelling framework (i.e., through ordinary differential equations). We note that our
contributions span both modelling frameworks: deterministic and stochastic. Furthermore, our
case studies range from classical, well-understood and exhaustively-studied examples, such as
the E.coli’s λ-phage switch, to more recent models that fall under Systems’ Biology goal of
working toward a system-level understanding of biological systems.As such, in Chapter 7, our
case study builds upon a recent mechanistic cellular growth model that respects the universal
trade-offs that arise in cells due to resource limitations, and which quantitatively recovers the
typical behavior of both an individual growing cell, and of a population of cells.

The structure of the manuscript is the following.
In Part I, Chapter 1, we introduce the notion of biochemical reaction network (BRN),

and present the state of the art with respect to its mathematical and computational modelling.
As commonly done for programming languages, we differentiate between syntax and semantics.
The former, presented in Chapter 2, is represented by a network structure that models the
biological system as set of species undergoing a series of chemical reactions. As for the semantics,
we present the two major approaches to modeling the dynamics of a reaction network - the
deterministic and the stochastic dynamics - , as well as their respective associated simulation
and analysis tools, in Chapter 3. Also in Chapter 3, we show how the deterministic and
stochastic models are related via a scaling limit. In Chapter 4, we present two computational
models of Biochemical Reaction Networks, that will be addressed in this thesis: Petri Nets, in
Section 4.1, and the the rule-based modeling language Kappa, in Section 4.2.

Part II of the manuscript is composed of two projects dealing with model reduction
techniques and reduction error estimate heuristics.

The first contribution, presented in Chapter 5, deals with the stochastic modelling of
genetic circuits, in which the evolution dynamics of a BRN is modeled as a Continuous Time
Markov Chain (CTMC). Herein, we argue for the use of rule-based models in prototyping
genetic circuits, and tackle the issue of multiscaleness-based model reduction in the context of
Kappa, one of the existing rule-based modeling languages. As it will be explained in Part I,
rule-based models allow, on the one hand, to circumvent the combinatorial explosion in the
size of the models, by using a set of rules to indirectly specify a mathematical model. On the
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other hand, rule-based modeling languages are designed to capture the mechanistic details of
the protein-centric biological interactions, thus leading to transparent, modulable, extensible
and easily understandable models of biological networks. This latter aspect will be the focus of
our study; the complexity-reducing properties of using rules instead of reactions will a priori
not be exploited in this manuscript.

When designing genetic circuits, the typical primitives used in major existing modelling
formalisms are gene interaction graphs. This framework operates on a high level of abstraction,
by modelling the circuit as a graph whose nodes denote genes and whose edges denote activation
or inhibition relations between genes. Gene interaction graphs contain no information with
respect to lower-level mechanistic details as to how such regulation relations are implemented.
However, when designing experiments, it is important to be precise about this kind of details.

Fortunately, such protein-protein mechanistic interaction details can be modeled using
Kappa - a rule-based language for modeling systems of interacting agents, which allows to
unambiguously specify mechanistic details such as DNA binding sites, dimerisation of tran-
scription factors, or co-operative interactions. Nonetheless, such a detailed description comes
with complexity, as well as computationally costly executions. Consequently, we propose a gen-
eral reduction method of rule-based models of genetic circuits, in which each rule is a reaction,
based on eliminating intermediate species and adjusting the rate constants accordingly.

Our method is an adaptation of an existing algorithm, which was designed for reducing
reaction-based programs[112]; our version of the algorithm scans the rule-based Kappa model in
search for those interaction patterns known to be amenable to equilibrium approximations (e.g.
Michaelis-Menten scheme, as well as a number of other stoichiometry-simplifying techniques).
Additional checks are then performed in order to verify if the reduction is meaningful in the
context of the full model. The reduced model is efficiently obtained by static inspection over
the rule-set. We test our tool on a detailed rule-based model of a λ-phage switch, which lists
92 rules and 13 agents. The reduced model has 11 rules and 5 agents, and provides a dramatic
reduction in simulation time of several orders of magnitude.

The Michaelis-Menten model of enzyme kinetics, which constitutes the basis of our re-
duction algorithm, is arguably the best known example of an approximation that exploits the
multiscaleness property of biochemical networks, with respect to both time-scales and species
abundance. It is commonly used to represent enzyme-catalysed reactions in biochemical mod-
els, and has been thoroughly studied in the context of traditional differential equation models
[164]. Classically, ordinary differential equations represent an adequate approach to modelling
biochemical systems in which species appear in abundance. However, the presence of small-
concentration species in biochemical systems encourages the conversion of the Michaelis-Menten
mechanism to a stochastic representation. It has been recently shown that this approximation
is also applicable in discrete stochastic models, and that furthermore, its validity conditions
are the same as in the deterministic case [164]. More specifically, in the deterministic case,
its derivation is based on the equilibrium approximation, which is valid if the substrate species
reaches equilibrium on a much faster time-scale than product formation, or alternatively on the
quasi steady-state approximation, which requires that enzyme concentration be much less than
the substrate concentration.

Our method is an illustration of the fact that in general, the multi-scaleness of biochemical
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reaction networks represents a feature that can be exploited for model reduction purposes:
it allows to approximate the complete mechanistic description with simpler rate expressions,
retaining the essential features of the full problem on the time scale or in the concentration
range of interest.

Nonetheless, providing guarantees as to how the solution of the reduced model relates to the
original one remains a challenge. To the best of our knowledge, there exist no precise methods
to quantify the error induced by time-scale separation approximations for biochemical reaction
networks, while avoiding to solve the original model. The bottleneck lays in the complexity of
the original system, whose behavior can be computationally costly to analyze - often times, its
size is prohibitive enough to allow even running a single simulation trace.

The correctness of our approach relies on the fact that the approximate model is equal to
the original one, in the artificial limit where certain reactions happen at a sufficiently larger
time-scale than others, and they are seemingly equilibrated shortly upon the reactions initi-
ation. However, not unlike other scale-separation reduction methods, our method relies on a
solid physical justification, yet the numerical approximations lack both explicit bounds on the
accumulated errors, and proof of soundness.

This is the reason for which, in Chapter 6, we propose an approximation method for
deterministic models of biochemical networks, in which reduction guarantees represent the ma-
jor requirement. Our method combines abstraction and numerical approximation, and aims
at providing a better evalutation of model reduction methods that are based on time- and
concentration- scale separation. The reduction guarantees of our method are a consequence
of a carefully designed symbolic propagation of dominance constraints: given an ODE model
of a BRN that exhibits time- and concentration- scale separation, we abstract the solution of
the original system by a “box” that over-approximates the state of the original system and
provides lower and upper bounds for the value of each variable of the system in its current
state. The simpler equations (which we call tropicalized) that define the hyperfaces of the box
are obtained by combining the dominance concept borrowed from tropical analysis [119] with
symbolic bounds propagation. Mass invariants of the initial system of ODEs are used to refine
the computed bounds, thus improving the accuracy of the method. The resulting (simplified)
system provides a posteriori time-dependent lower and upper bounds for the concentrations of
the initial model’s species, and thus bounds on numerical errors stemming from tropicalization.
This means that no information on the original system’s trajectory is needed - the most im-
portant advantage of our approach. By contrast, the main difficulty of applying the classical
QSS and QE reductions to biochemical models is that QE reactions and QSS species need to
be specified a priori, which implies that some knowledge about the initial system’s behavior is
necessary. This, in turn, means that significantly high-dimensional, non-linear systems cannot
benefit from these reductions, as their analysis can be prohibitive in practice.

Depending on the chosen granularity of mass-invariant-derived bounds, we show that our
method can either be used to reduce models of biochemical networks, or to quantify the ap-
proximation error of tropicalization reduction methods that do not involve guarantees. As such,
the guarantees of our method are obtained by formalizing the soundness relation between the
original system of equations and the abstract system of ordinary differential equations operating
on the coordinates of the hyper-faces of the box. The solution of a sound abstraction of an
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original system of differential equations, starting from a box that contains the initial state of
the original system, defines a sound abstraction of the solution(s) of the original system. We
apply our method to several case studies (a simple DNA model constructed as an extension
of the classical Michaelis-Menten reaction scheme, and to the minimal cell cycle proposed by
Tyson [178], and finish by comparing it to existing interval numerical methods for enclosing the
solution of an initial value problem (IVP) between rigorous bounds.

The works presented in Part III deal with issues regarding the mathematical modeling of
biological behaviors of particular interest, in the deterministic modelling framework. Namely, we
address the modelling of intracellular resource storage strategies in self-replicating mechanistic
models, as well as cellular growth as an emergent property of Petri Net model semantics of
BRNs.

As such, in Chapter 7 we address the issue of storage. Cells grow by fueling internal
processes with resources taken from the outside. Depending on the responsiveness of these
biosynthetic processes with respect to the availability of intracellular resources, cells can build
up different levels of resource storage. In this scenario, the questions we investigate are: how
does storing resources impact cell growth? Namely, how much of these resources should a cell
pile up internally, given the opportunity? And how does storage depend on resource availability
and on other species competing for the same pool of resources?

To answer these questions, we introduce a new reparametrisation technique of ODE models,
intended to model intracellular resource storage strategies. Our technique consists in defining
a generic scaling transformation of BRNs that allows one to tune the concentration of certain
chemical species, while preserving the network’s behaviour at steady state. Consequently, it
enables one to symbolically navigate natural lines of iso-cost in parameter space, provided cost
functions only depend on steady-state constraints (and only on a subset of the model variables).
In our specific case, this means that we can guarantee by construction that various storage
strategies preserve approximatively goodness-of-fit to the original growth data, and therefore
correctly match growth conditions to sectorial resource allocations.

We acknowledge that storage has a concrete maintenance cost, because idle resources are
diluted by growth, but also that higher storage levels improve the dynamics of reallocation of
resources among the various sectors of production (transporters, metabolism, translation) when
sugar levels change sharply in the environment. This fundamental trade-off is best investigated
using a mechanistic model of cellular growth, where costs are emergent and reflect architectural
traits of the growth machinery. Consequently, we apply our method on such a recent “self-
replicator” mathematical model of the coarse-grained mechanisms that drive cellular growth
(i.e., the Weisse model [182]), in order to investigate the effects of cellular resource storage on
growth. We carry out our analysis not only for a single-cell model, but also in a competitive
context.

At the single cell level, we start by comparing storage strategies against different patterns
of environmental changes. We investigate the impact of scaling (that we identify as storage) on
cellular growth during shifts of the sugar yield, and are able to make a number of observations:
(i) storage capacity can be modulated over several orders of magnitude without significantly
affecting growth rate, (ii) in constant environments, excessive storage of the protein precursor
is detrimental to growth rate, (iii) the cost of storage, in terms of reduced growth, is condition-
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dependent, and higher in rich growth conditions, (iv) storage results in smoother physiological
transitions during environmental up-shifts and increases biomass during such transitions, as re-
source allocation is dependent on protein precursor concentration, and (v) evolutionary benefits
of storage increase with the frequency and magnitude of environmental fluctuations.

Our results thus suggest that there is a cost associated with high levels of storage, which
results from the loss of stored resources through dilution. On the other hand, high levels of
storage can benefit cells in variable environments, by increasing biomass production during
transitions from one medium to another. A potential explanation for this behavior is that a
suitable amount of storage can decrease the cost of resource reallocation caused by changes in
growth conditions, as reflected by the Weisse model. Our results thus suggest that cells may
face trade-offs in their maintenance of resource storage based on the frequency of environmental
change.

We continue by adopting an ecological perspective, in which we compare storage strategies
in competitive situations (i.e., in which species contend for the same resources). To do so, we test
populations of low- and high-storage strategies against each other, in a variety of environments
parametrized by the frequency of two superimposed probabilistic trains of high and low pulses of
sugar. Our experiments demonstrate the existence of a convex boundary separating a domain
of “bursty” regimes, characterized by high and infrequent sugar pulses, from the rest. In
this domain, the low-storage strategy, which is faster growing, wins. A surprising result is
that outside of this domain, the fast growers are driven to extinction by the high-storage, slow
growers; lasting co-existence of the two storage strategies can only be observed on the boundary.

All in all, with our model in place, we are able to observe a rich interplay of storage levels,
growth rates, growth yield (i.e., the amount of biomass produced per unit of growth medium),
and resource variability. Our results indicate that the specificities of environmental changes play
a decisive role in deciding which storage strategy is deemed the most beneficial (with respect
to accumulating biomass over time). This is even more so the case when species content for the
same resource: the combined effect of storage strategies and competition lead to extracting less
biomass out of the same amount of resources.

The last matter we address in this thesis deals with the modeling of cellular growth. In
Chapter 8, we work towards a characterization of cellular growth as an emergent property
of a novel Petri net execution semantics. Consequently, we aim to substitute to a “growth”
biochemical reaction network (BRN) (i.e., for which an exponential stationary phase exists)
a piecewise-synchronous approximation of the deterministic dynamics. To achieve this, we
propose to model a BRN using a resource-allocation-centered Petri Net, with parallel maximal-
step execution semantics. We argue that this semantics is better-suited for modeling biochemical
reaction networks, when compared to the classical interleaving semantics, as it takes into account
the inherently concurrent nature of biological processes. In the case of unimolecular chemical
reactions, we prove the correctness of our method and show that it can be used either as an
approximation of the dynamics, or as a method of constraining the reaction rate constants (an
alternative to flux balance analysis, using an emergent formally defined notion of “growth rate”
as the objective function), or a technique of refuting models.
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Chapter 1
Context and Motivation

1.1 Features of Dynamical Models in Systems
Biology

We have previously detailed the crucial role that quantitative mathematical (or dynamical)
models plays in modern biological reasoning. Herein, we elaborate on their required components.

The primary components of a dynamical mathematical model of a biological system corre-
spond to the molecular species present in the system.The abundance of each species is assigned
to a state variable of the model, the collection of which represents the system state. The system
state provides a complete description of the system’s condition at any given time, via its time
course, as given by the model’s dynamic behavior.

Besides state variables, models of biological systems also include parameters, which charac-
terize environmental effects and interactions among system components, and whose values are
fixed - meaning that the distinction between model parameters and state variables is clear-cut.
Example of common parameters include association constants, maximal expression rates, and
degradation rates. As a change in the value of a model parameter corresponds to a change in
the environmental conditions or in the system itself, model parameters are typically held con-
stant during a simulation. Varying parameter values between rounds of simulation allows one
to explore system behavior under perturbations of the experimental conditions, or in altered
environments.

As the main feature of a dynamical model of a biological system is its ability to describe
the temporal evolution of the system components’ quantities, building a model then involves
two important choices: (i) how to represent the model structure (i.e., determine its species,
parameters, and molecular interactions), which is akin to defining its syntax, and (ii) how to
’interpret’, or execute, the model, which is akin to defining its semantics. These two steps
are indicative of a distinction that is commonly made when dealing with systems modeling:
the qualitative approach, respectively the quantitative approach. While the latter essentially
relies on mathematical equations describing the performance of the system for a large set of
input functions and initial states, the former requires no such formal mathematical formulation,
instead relying on visual representations (e.g., diagrams) of the relationships between the system
components, that is, it relies on the structural model.
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20 Network models of biological systems

For a large class of biological systems, what one usually seeks to model are the interactions
between individual molecules which are only distinguishable by the class of species they belong
to. Consequently, population models prove to be a well-suited, and popular, mathematical
modelling framework for biological phenomena. Any population model can be described as a set
of reactions operating on a set of biochemical species: this is what we will refer to as Biochemical
Reaction Networks; they will represent the modeling framework of choice throughout this thesis.
Below, we motivate our choice.

1.2 Network models of biological systems

While using mathematical models in the natural sciences (particularly in physics) is not a
new idea1, the novelty lays in the use of such models in life sciences, most notably in biology and
biomedicine. As such, quantitative mathematical models have lain outside mainstream research
approaches during the last decades of the purposely reductionist qualitative era of molecular
biology, which instead heavily employed qualitative models. Indeed, biologists have long used
these type of models as abstractions of reality, be it in the familiar form of the ball-and-stick
model of chemical structure, or more generally in the form of diagrams that illustrate a set of
components and their interactions, and which play a central role in representing our knowledge
of cellular processes [99].

Figure 1.1: An interaction diagram, inspired from [99]. Species A and B bind reversibly,
forming a complex that inhibits the rate at which species C is transformed into species D. The
graphical conventions used are that the blunt arrows denote inhibition, normal arrows denote
activation, while dashed lines denote regulatory interactions, i.e. the species is not consumed
by the reaction.

Such interaction maps, also called networks, formalize the complex interactions between
heterogeneous entities (within and between cells), which characterize biological systems. For
example, Figure 1.1 shows molecular species A and B binding reversibly, to form a complex
that inhibits the rate at which species C is transformed into species D.

Generally speaking, such network-based modeling approaches help structure and formalize
existing knowledge, as well as predict system behaviour, and have been widely used for describ-
ing cellular regulation and metabolism [16]. Consequently, it makes sense that a quantitative

1 Instead, it can be traced back to ancient Greek scholars, if not even further in the past



Context and Motivation 21

modeling framework be developed using this widely-employed qualitative description of biologi-
cal systems: enter Biochemical Reaction Networks (BRNs). The central argument that justifies
adding quantitative/mathematical information to simple interaction maps, in order to obtain
quantitative BRN models, is that simple interaction diagrams leave ambiguities with respect to
the system’s behaviour: we know what components of the system interact with each other, but
not necessarily how. By employing a mathematical description of the system, this uncertainty
can be eliminated, at the cost of demanding a quantitative characterization of every interaction
depicted in the diagram [99].

For example, in order to quantify the interaction between molecular species A and B, in
Figure 1.1, a numerical description of the process must be provided, under the form of the bind-
ing and unbinding reaction rate constants. For cellular processes of which only a qualitative
understanding of the underlying molecular interactions is available, such a quantitative descrip-
tion is not possible. However, for an important number of well-studied mechanisms, sufficient
data have been collected as to allow a quantitative characterization [99], that, when coupled
with the interaction diagram, can be used to formulate a mathematical model of the network’s
dynamics, which typically involves the physical and chemical laws governing the mechanisms
that drive the observed behaviour (such models are dubbed mechanistic). Whenever the quan-
titative information regarding molecular interactions is available, the result is a collection of
biochemical reactions involving the system’s species. A species is a system entity that is quan-
tifiable, and whose quantity is susceptible of evolving over time. A reaction is an elementary
action of the system that consists of consuming (respectively producing) a finite and integer
quantity of a finite subset of species, called reactants(respectively products).

For example, the reversible binding reaction between species A and B of the interaction
diagram in Figure 1.1 writes as:

A+B
κ1−−⇀↽−−
κ−1

A.B, (1.1)

where A.B denotes the resulting complex.
We note that, at this level of modeling, the notation A.B for the complex species is simply

a name, and should not be considered as indicative of the reaction’s mechanistic details (i.e., A
binds B). In this sense, one could choose any other name for the complex species: e.g., reaction
1.1 could be equivalently written as A+B

κ1−−⇀↽−−
κ−1

C.

The model parameters are the binding, respectively unbinding, reaction constants κ1 and
κ−1. As we will see in this chapter, both the interpretation of the reaction constants and the
representation of the system state will depend on the chemical kinetics assumed to govern the
dynamics of the system.

Example 1.2.1
A more biologically relevant example is the Michaelis-Menten mechanism, which consists of an
enzyme, denoted E, that reversibly binds a substrate, S, to form a complex, E : S. The complex
then releases a product P , while preserving the enzyme. The associated reaction network writes
as:

E + S κ1−−⇀↽−−
κ−1

E : S κ2−→ E + P (1.2)
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Biochemical Reaction Networks will be the modeling framework of choice throughout this
thesis. Consequently, in the next sections of this chapter we formally define both their syn-
tax, as well as the two major applicable semantics: classical (deterministic) chemical kinetics,
respectively stochastic chemical kinetics.

Before moving forward with the definition of BRNs, we note that a disadvantage of network
models is that as the number of components and interactions in a biological system grows, it
becomes increasingly difficult to maintain an intuitive understanding of the overall behaviour
[99]. Thus, different levels of information abstraction can be employed when constructing
network models, according to the size of the system, the available data, and the research question
under consideration. In their simplest form, the interaction maps only depict the possibility of
interaction between genes or proteins (Figure 1.2, top) - and can therefore cover larger systems -,
while at the other end of the scale one finds detailed models based on mathematical descriptions
(Figure 1.2, bottom), which provide significantly more detailed insight into the dynamics, but
are usually only used to describe small, well-studied subsystems. Figure 1.2 shows a hierarchy
of different, widely-employed, network models, each one abstracting information on a different
level, and thus requiring different amounts of detail.

Figure 1.2: A hierarchy of network models for biological systems [16]. Existing net-
work models of biological systems abstract information on different levels, depending on the
available data and the biological questions under consideration. Top-down: depicted model
types are ranked in increasing detail level and data demand, and decreasing coverage power.
Less detailed models cover larger systems (in number of genes/biomolecules), but do not allow
for true simulation of network dynamics - simulation is possible only for the most detailed cat-
egory of models, dubbed “quantitative models”, that are labeled with kinetic rate constants.
Intermediary models, i.e. causal and logical networks, allow at most for simulation of the event
sequence or gene activation order, but quantifying the speed of reactions is impossible under
these simplified frameworks.



Chapter 2
Biochemical Reaction Networks: Syntax

Models of cellular phenomena often take the form of interaction diagrams, as in Fig.1.1. For
biochemical and genetic networks, interaction diagrams depict the molecular species in the
system - which could be ions, small molecules, macromolecules, or molecular complexes - as
nodes, and the interactions between them as arrows. The arrows can represent a range of
processes: chemical binding or unbinding, reaction catalysis, or regulation of activity. The
processes result in the production, inter-conversion, transport, or consumption of the species
within the network.

A set of reactions constitutes a biochemical reaction network. The manner in which the
biochemical species interact is referred to as the network topology, and its organization is ap-
parent if one rearranges the reactions in the form of an interaction graph. For example, the
interaction graph of the Michaelis-Menten mechanism of Ex.1.2.1 is shown in Fig.2.1.

In order to obtain a quantitative description, one needs to know the rates at which the
reactions occur. In vivo, the rate of a reaction depends on its kinetic constant, on the con-
centration of the reactants, and on physico-chemical conditions, such as temperature and pH.
However, for in silico models, the physico-chemical conditions are fixed, such that rate laws can
be described solely in terms of reactant concentrations and the kinetic rate constants.

All in all, a biochemical reaction network can be defined as:

Definition 2.1
(Biochemical Reaction Network) A biochemical reaction network (BRN) is a pair (S,R,α,β),

Figure 2.1: Interaction graph of the Michaelis-Menten enzymatic mechanism
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such that:

(i) S = {S1, S2, . . . ,Sn} is a finite set of chemical species,

(ii) R = {r1, r2, . . . , rm} is a finite set of reactions. Each reaction is a triple rj ≡ (αj ,βj , κj) ∈
Nn × Nn × R≥0, that writes as:

rj : αj1S1 + αj2S2 + . . .+ αjnSn
κj−→ βj1S1 + βj2S2 + . . .+ βjnSn,

with vectors αj and βj being commonly referred to as the consumption, respectively the
production vectors of reaction rj, and κj denoting the kinetic constant of rj,

(iii) α,β ∈ Rm×n denote the network’s consumption, respectively production, matrices; each
element αji, respectively βji, denotes the quantity of species Si begin consumed, respectively
produced, by reaction rj.

Remark 2.1. The reaction network can be written compactly in matrix-vector form, as
αS κ−→ βS, with S the species column vector, and κ the rates column vector.

Remark 2.2. The laws of thermodynamics state that all chemical reactions are re-
versible. Nevertheless, under certain environmental conditions (temperature, pressure,
the availability of an enzyme), the reverse reaction proceeds at a negligible rate: nearly
all of the reaction’s reactants are used to form products, which makes it very difficult,
even under extreme conditions, to reverse the reaction. In this case, it is reasonable
to describe the reaction as being irreversible: this is why, in Definition 2.1, we assume
elementary reactions to be irreversible. Reversible reactions will simply be represented
by the couple of direct (forward) and reverse (backward) reactions, which we will note,
for convenience, as:

αj1S1 + αj2S2 + . . .+ αjnSn
k+
j−−⇀↽−−
k−j

βjiS1 + βj2S2 + . . .+ βjnSn.

Definition 2.2
(Reactants, products, modifiers) In a reaction rj, a species Si is said to be:

• a reactant, if αji > 0

• a product, if βji > 0.

Additionally, species Si is usually considered to be a modifier in rj if it participates in
the reaction both as a reactant and as a product, but is neither produced nor consumed by it:
αji = βji > 0.
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Definition 2.3
(Stoichiometry matrix) The stoichiometric matrix of a BRN (S,R,α,β) is formed by the
stoichiometric coefficients of the reactions that constitute the network, and is defined as the
m× n matrix ∇ = β −α.

Definition 2.4 (State-change vector)
Let (S,R,α,β) be a biochemical reaction network. The jth line of the stoichiometry matrix ∇ is
called the state-change vector of reaction rj ∈ R: νj ≡ (∇j1,∇j2, . . . ,∇jn). The state-change
vector denotes the change in the molecular population caused by one occurence of reaction rj,
i.e., if the system is in state x and one reaction rj occurs, the system immediately jumps to
state x+ νj.

Remark 2.3. We note that the process of converting a reaction network into a stoi-
chiometry matrix is lossy. Otherwise said, a reaction scheme is not uniquely defined by
its stoichiometry matrix, which means it is not always possible to recover the original
reaction scheme from a stoichiometry matrix. For example, while the reaction systems
X → ∅ and 2X → X have the same associated matrix, their dynamical behavior is clearly
different.

Example 2.1
Consider once again the Michaelis-Menten system:E + S κ1−−⇀↽−−

κ−1
E : S

E : S κ2−→ E + P

Then S = {S,E,E : S, P}, R = {r+
1 , r
−
1 , r2}, with

r+
1 ≡ (

(
1 1 0 0

)
,
(
0 0 1 0

)
, κ1)

r−1 ≡ (
(
0 0 1 0

)
,
(
1 1 0 0

)
, κ−1)

r2 ≡ (
(
0 0 1 0

)
,
(
0 1 0 1

)
, κ2),

meaning that α =

1 1 0 0
0 0 1 0
0 0 1 0

, β =

0 0 1 0
1 1 0 0
0 1 0 1

, and ∇ := β −α =

−1 −1 1 0
1 1 −1 0
0 1 −1 1


Biochemical reaction networks represent a quantitative description of the system, which

can be used to construct dynamical mathematical models. The dynamic behavior (kinetics) of
a biochemical reaction network describes the changes in system states over time. A system state
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is described by a set of variables at a given point in time. One state should contain enough
information to predict all possible future behaviours. A state can be represented in different
ways, and each model defines the contents of the system state, as well as the underlying process
type governing the system’s dynamics.

Generally speaking, the dynamics of a population model can be:

(i) either discrete, or continuous depending on whether the population quantity is modeled as
discrete or continuous variable; discrete time is favored when the quantities of the model
variables change only when specific events occur, while continuous time is favored when
model variables are in constant flux;

(ii) either deterministic, if the output trajectory is fully determined by the initial state of
the system, or stochastic, if starting from a given initial state, different trajectories can
emerge, each trajectory having an associated probability of happening.

The notion of determinism, which is akin to model behavior reproducibility, is a foundation
for much of scientific investigation. A model is called deterministic if its behavior is exactly
reproducible. Although the behavior of a model depends on a specified set of conditions, no
other factors influence it, so that repeated simulations under the same conditions are always in
perfect agreement (i.e., they are perfect replicates).

In contrast, stochastic models allow for randomness in the model behavior, which is in-
fluenced both by specified conditions and by unpredictable forces/noise. Consequently, each
repetition of a stochastic simulation, under identical environmental conditions, will yield a
distinct sample of system behavior.

As an illustrative example, consider the simple monomolecular reaction:

A
κ−→ B (2.1)

The process underlying this reaction can be assumed to be either deterministic, or stochas-
tic. According to both the level of abstraction and to the hypothesized nature of change in the
system state in time, one further distinguishes between discrete and continuous deterministic
models.

Deterministic processes with a discrete change of system state can be represented using
Boolean models, which approximate the dynamics of biological networks by considering each
molecule (e.g., gene or protein) in the network as either active/expressed (1) or inactive/not
expressed (0). Under this representation, the questions that can asked about the system are of
a qualitative nature: for example, instead of inquiring about the exact quantities of the chemical
species present in the network, one is interested in their presence or absence. Despite their sim-
plified underlying view of biological networks, and the fact that they introduce a coarse approx-
imation by neglecting intermediate states, Boolean approaches give a meaningful insight into
biological knowledge, having proven useful in analyzing system dynamics and reasoning about
the stability and robustness of biological systems. For example, Boolean approaches enable
the detection of singleton attractors (i.e., fixed points), where the system is stable. Morevoer,
Boolean networks have been successfully applied [180] in modeling gene regulatory and signal-
ing networks in a variety of biological systems ([2],[73],[118],[133],[162],[163],[166],[181]), at both
cellular and population levels ([27],[116]).
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However, in this thesis, we will not address discrete deterministic models such as Boolean
networks. Instead, we will focus on continuous deterministic models.

For deterministic models with continuous change in time, the state of the system no longer
tracks the activation state of species, but rather their concentrations. Each species in the
diagram is assigned a single state variable, [Si](t), denoting its concentration at time t. The
collection of values of all single state variables, {[S1](t), [S2](t), [S3](t), . . .}, at any point in time
t, constitutes the state of the system. Then, to each molecular species, corresponds an ordinary
differential equation (ODE) that describes how its concentration changes over time, due to
interactions with other species in the network. A reaction can have one of several effects on
the molecular species partaking in it: besides the obvious phenomena of species consumption
and production, there are also reactions that have a modifying effect on its reactants, such
as autocatalytic production, (de)phosphorylation, or (un)binding. All of these reaction are
thought of as elementary: they are reactions with a single mechanistic step. A general rule for
constructing the differential equation of a species S, with respect to the type of reactions it
participates in, is [43]:

d[S]
dt

= synthesis− degradation− phosphorylation

+ dephosphorylation− binding + release, etc...
(2.2)

Equation 2.2 indicates that each reaction in which species S is consumed or structurally
changed (e.g., phosphorylated, or bound to another species) contributes negatively to the evolu-
tion of its concentration, while the reactions that either produce S, or revert structural changes,
contribute positively to its evolution.

The rate of each reaction must be represented by a kinetic rate law, which will have one or
more kinetic rate constants associated with it. In the deterministic case, these rate constants
denote the speed of the reaction: how frequently the reaction is expected to occur. As we will
see in the next section, biochemical reactions are assumed to operate under the law of mass
action, which states that the rate of a chemical reaction is directly proportional to the product
of the activities or concentrations of the reactants.

For example, under the law of mass action, the changes in concentration for species A and
B in Example 2.1, in the time interval dt, are given by the following system of ODEs:{

d[A]
dt = −κ[A]
d[B]
dt = κ[A]

which states that species B is produced at the same rate at which species A is consumed, and
that that rate is proportional to both the concentration of the reaction’s reactant A, and to its
kinetic rate constant κ.

The third modeling choice assumes that the underlying process is non-deterministic, i.e.,
that it exhibits a random component. Then, one can employ stochastic models, in which the
state system is given by a vector of species’ molecule count (xS1(t), xS2(t), . . .) ∈ N≥0, instead
of concentrations, and whose dynamics is governed by the probability of a reaction occurring
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in a small time interval (t, t + δt]. In this case, the rate constant of a reaction rj is no longer
interpreted as the reaction’s speed, but rather as an indicator of the probability that a tu-
ple of molecules corresponding to rj ’s reactant species will react according to rj in the next
infinitesimal time dt.

Then, the rate of reaction A
κ−→ B denotes the probability of a molecule A transforming

into a molecule B in a time interval dt:

P(xa(t+ dt) = xa(t)− 1, xb(t+ dt) = xb(t) + 1) = κxa(t),

with (xa(t), xb(t)) denoting the number of molecules of type A, respectively of type B, present
in the system at time t.

As the latter two frameworks constitute the modelling approaches used in this manuscript
(i.e., we do not tackle Boolean models), we next formally elaborate on the concepts of stochastic
and deterministic semantics of BRNs.



Chapter 3
Biochemical Reaction Networks: Semantics

3.1 Classical chemical kinetics

Conventional chemical kinetics operate under a continuous deterministic modelling frame-
work, which involves no randomness in the development of states. That is, if a deterministic
system is known at one time, then it is known at all subsequent times. It serves as the traditional
way of representing the systems dynamic of complex biological systems that involve the interac-
tion of many components: starting in the late 1970s, researchers began modeling cell physiology
primarily using the continuous deterministic ODE approach, and creating increasingly detailed
models over the next three decades.

Under this framework, the biochemical reaction network is modeled as a continuous system
with continuous time dynamics. For a given BRN (S,R,α,β), the system state is represented
by a n-vector (x1(t), x2(t), . . . , xn(t)) of continuous variables that keep track of reactant con-
centrations, i.e., xi(t) denotes the concentration of species Si in the system at time t. The
chemical reactions/interactions are also represented by continuous processes, i.e., it is assumed
that reactions occur continuously and simultaneously.

Each process rj has an associated deterministic rate constants kj - whose value is identical
to that of the dimensionless constant κj introduced in Definition 2.1. It gives a measure of
how frequently each type of reaction is expected to occur. The velocity of each reaction is
specified using a rate equation. Deterministic reaction rates are described under the following
assumptions:

(i) stochastic fluctuations in the system are negligible;

(ii) molecules are considered to be point-like entities;

(iii) the reaction volume border, as well as the resulting frontier effects, are neglected;

(iv) spatial homogeneity: the reaction volume is well stirred, i.e., the reactants are equally
distributed throughout the volume, meaning that the rate of each reaction is independent
of the reactant position in space; the reaction rate can then be unambiguously referred to
in the volume;

29
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(v) the continuum hypothesis: each species is present in the system in a large amount - molec-
ular abundance can be then described in terms of their continuously varying concentration,
as opposed to an integer-valued molecule count.

Then, in a fixed volume, and under the negligible stochastic fluctuation, spatial homo-
geneity and continuum hypothesis, the reaction rate equations typically assume mass-action
kinetics - or an enzyme kinetic law based on mass-action, such as the Michaelis-Menten or Hill
kinetics. The law of mass-action states that the rate of a chemical reaction is proportional to
the product of the reactants’ concentration.

Under these conditions, the dynamic evolution of the system state (represented as an ar-
ray of species’ concentrations) can be described mathematically by a set of coupled ordinary
differential equations, called the reaction-rate equation (RRE):

Definition 3.1.1 (Continuous deterministic model (RRE))
Let (S,R,α,β) be a biochemical reaction system and x0 = (x1, x2, . . . , xn) ∈ Rn≥0 an initial
state of the system. Then, the continuous deterministic model is the solution of the set of
n coupled differential equations given by1:

dx(t)
dt

= ∇T f(x(t)), (t ∈ R≥0) (3.1)

and satisfying the initial condition x0. The function f : Rn≥0 7→ Rm≥0 denotes the flux of each
reaction, in a given state. The flux fj of a reaction rj depends only on the concentrations of
rj’s reactants. Assuming mass-action kinetics, f is given by:

fj(x) ≡ κj
n∏
i=1

x
αji
i , (j ∈ R) (3.2)

which in turn means that dx
dt is a multivariate polynomial of the species’ concentrations.

Example 3.1.1
For the Michaelis-Menten mechanism, the mass-action reaction fluxes write as


fr1+ = κ1[E][S]
fr1− = κ−1[E : S]
fr2 = κ2[E : S]

and the ODE system describing the evolution of species’ concentrations is given by

1∇T denotes the transpose of the stoichiometry matrix ∇
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dx

dt
=


−1 1 0
−1 1 1
1 −1 −1
0 0 1


 κ1[E][S]
κ−1[E : S]
κ2[E : S]

 =

=


−κ1[E][S] + κ−1[E : S]

−κ1[E][S] + κ−1[E : S] + κ2[E : S]
κ1[E][S]− κ−1[E : S]− κ2[E : S]

κ2[E : S]


or, component-wise: 

d[S]
dt = κ−1[E : S]− κ1[E][S]
d[E]
dt = κ−1[E : S] + κ2[E : S]− κ1[E][S]
d[E:S]
dt = κ1[E][S]− κ−1[E : S]− κ2[E : S]

d[P ]
dt = κ2[E : S]

(3.3)

Remark 3.1.1. As stated in Def.3.1.1, the deterministic model is the solution of the
initial value problem (IVP) of 6.5, which is guaranteed to uniquely exist under very weak
constraints regarding the smoothness of the reaction rate laws - constraints that are usu-
ally satisfied by realistic models of reaction networks. However, finding the mathematical
expression of this solution is not always easy. As very few nonlinear systems of ODEs
can be solved explicitly, the analytically solvable class of ODE systems is reduced to
linear systems of equations, which unfortunately show very limited interesting dynam-
ical behaviors, and cannot model complex reaction networks of interest (they can only
model unimolecular reactions). This means that only certain simple, but usually not bi-
ologically realistic, systems of equations can be solved analytically, in order to obtain an
explicit formula describing the time course trajectory. In more complicated scenarios, the
common practice is to solve a well-posed IVP numerically, using numerical integration
methods (e.g., Euler, Runge-Kutta, etc. . .) that provide approximations of the solution
of the IVP [26].
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Challenges

Despite it being the traditional approach to biological modelling, continuous deterministic
models fail to capture several important details of biological processes and their related exper-
imental data. Besides the ubiquitous model scalability issue that stems from kinetic parameter
estimation difficulties, the hypotheses needed for the continuous deterministic chemical kinetics
can prove to be too constraining for biochemical systems.

For example, the spatial homogeneity assumption typically holds in stirred laboratory
reaction vessels, and can be a good approximation in the cell, where the rapid diffusion process
enables the mixing of molecular components. However, biological systems in general can contain
a significant amount of spatial structure, meaning that in many cases the assumption of spatial
homogeneity does not hold.

As for the continuum hypothesis, it serves towards allowing discrete changes in molecule
number to be approximated by continuous changes in concentration, as individual reaction
events cause infinitesimal changes in abundance. This assumption is valid when molar quantities
of reactants are involved (recall that the number of Avogadro is 6.02 × 1023), and is thus
appropriate for cellular species with molecular counts of at least thousands. However, if the
system is small enough that the molecular populations of at least some of the reactants do not
exceed a unitary order of magnitude, discreteness and stochasticity may play important roles, in
which case Eq.6.5 does not accurately describe the system’s true behavior. As it turns out, it is
often the case that reactants are not abundant: a number of cellular processes are governed by
small populations of molecules numbering dozens or even less. For example, many genes, RNAs
and proteins are typically present in low copy numbers. Consequently, deterministic modeling
can prove to be inappropriate, as in some cases changes in molecule abundance should be treated
as discrete steps in population size.

What’s more, numerous wet-lab experiments enabled by recent advances in experimental
methods have shown that stochastic effects generate phenotypic heterogeneity in cell behavior,
and that even more important, cells can functionally exploit variability for increased fitness.
They also demonstrate that the dynamics at the single cell (or even single molecule) level
are intrinsically stochastic, or “noisy”, and that that noise can have large implications for the
qualitative dynamics - meaning that stochastic fluctuations are not negligible: biology seems to
be inherently stochastic.

Therefore, we next introduce the stochastic model of biochemical reaction networks, as an
alternative to continuous deterministic models.
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3.2 Stochastic chemical kinetics

In the previous section, we argue that numerous experiments have revealed the inherently
stochastic nature of biological phenomena, which is explained by the fact that molecules exhibit
a certain degree of randomness in their dynamical behavior. Indeed, deterministic models of
biochemical systems ignore the physical aspect involved in the dynamic behavior of biological
systems, by assuming that reactions occur continuously. However, in a typical biological system,
reaction events do not occur at regular intervals, which is why, for example, molecular motion
can be represented as Brownian motion, even in a “well-mixed” solution. In the same way, bi-
molecular reactions result from collisions of individual reactant molecules that approach closely
enough (and in the correct orientation). What’s more, most molecular collisions do not cause
reactions. All these factors mean that the timing of reaction events is stochastic rather than
deterministic: on a molecular scale, reactions are rare, hard-to-predict events. In many cellular
processes, this randomness is averaged out over large numbers of reaction events, resulting in
predictable system behavior. Deterministic models take advantage of exactly this averaging
phenomenon: a reaction network that comprises significant amounts of reactant molecules will
involve many simultaneous reaction events, in which case the network behavior corresponds
to the average over these events and will be accurately described by deterministic differential
equation models. However, models of processes that involve low-copy molecular species, such
as gene expression, should account for this random variance/stochasticity.

Stochastic chemical kinetics applies to models centred on individual reaction events, and
aims to describe the time evolution of a well-stirred chemically reacting system in a way that
incorporates the system’s discreteness and stochasticity [79]. In a stochastic model of a BRN,
the additional random element that determines the development of subsequent processes lies
precisely in the random manner in which collisions in a system of molecules take place - this in
turn leads to a probability distribution of system states.

In the stochastic framework, for a given BRN (S,R,α,β) that is assumed to be confined
to a constant volume Ω and in thermal equilibrium, the abundance of each chemical species will
be described by the number of molecules in the reaction volume at time t, instead of using their
concentrations. Thus, the system state is represented by a n-vector (X1(t), X2(t), . . . , Xn(t)) of
discrete variables that keep track of molecular count, i.e., Xi(t) denotes the number of molecules
of species Si in the system at time t. Chemical reactions are also assumed to occur discretely,
instantaneously and at separate times.

Once again, changes in species populations are a consequence of the chemical reactions
of the network. Each reaction rj is mathematically characterized by two quantities: its state-
change vector, as presented in Definition 2.4 and its propensity function.

The definition of the propensity function is regarded as the fundamental premise of stochas-
tic chemical kinetics [79], as all the subsequent developments in stochastic chemical kinetics
theory follow from it, via the laws of probability (a review of the basic definitions and concepts
of probability theory needed for definining the stochastic model can be found in Appendix A).
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Definition 3.2.1 (Propensity function)
Let (S,R,α,β) be a biochemical reaction network modeling a well-stirred, constant-temperature
reaction system, which is considered in a finite volume Ω. The propensity of a reaction rj ∈ R,
denoted aj, is defined such that:

aj(x)dt ≡ the probability that, given the state of the system
at time t, X(t) = x, one reaction rj occurs inside
Ω in the next infinitesimal time interval [t, t+ dt).

(3.4)

From a formal point of view, the dynamic hypothesis behind the propensity function is
that the system trajectories are realizations of a continuous-time Markov chain (CTMC), which
leads us to the definition of the stochastic model of a biochemical reaction network:

Definition 3.2.2 (Stochastic model)
Let (S,R,α,β) be a biochemical reaction network, and x0 = (X1, . . . , Xn) ∈ Nn an initial
state of the system. Then, the discrete, stochastic model is a continuous-time Markov chain
{X(t)} with Markov graph (S,w, p0), such that:

(i) S = {x | is reachable from x0 in R},

(ii) p0(x0) = 1,

(iii) w(x,y) =
∑
{aj(x)1y=x+νj | j = 1, . . . ,m}.

Equivalently, the stochastic semantics of the network is the homogeneous CTMC that is defined
by its transition laws:

∀t ≥ 0,
∀x ∈ Nn,
∀1 ≤ j ≤ m s.t. x+ νj ∈ Rn

⇒
{

P(X(t+ dt) = x+ νj |X(t) = x) = aj(ν)dt,
P(X(t+ dt) = x |X(t) = x) = 1− aj(ν)dt

Propensity functions are assumed to be of mass-action type: aj(x) = cj
n∏
i=1

(Xi
αji

)
, where

cj is the stochastic kinetic rate constant - the existence of which is guaranteed by kinetic the-
ory arguments and the well-stirred system hypothesis, and which is such that cjdt denotes the
probability that a random tuple of molecules of the reactant species will react according to rj
in the next infinitesimal time dt. The binomial coefficient

(Xi
αji

)
indicates the total number of

possible tuples of reactant molecules, with the needed stoichiometry αji for each Si, amongst the
Xi available ones at time t.



Biochemical Reaction Networks: Semantics 35

Remark 3.2.1. According to [79], even if the mathematical forms of the propensity
functions are mass-action, like in the deterministic case, this should not be interpreted
to imply that propensities are heuristic extrapolations of the reactions rates of deter-
ministic chemical kinetics. Instead, the propensity functions are grounded in molecular
physics, and it is rather the deterministic chemical kinetics formulas that are approximate
consequences of the stochastic ones, than the other way around.

The probabilistic nature of the Equation 3.4 rules out making an exact prediction of a
stochastic model’s trajectory X(t). Instead, the usual stochastic approach focuses on the grand
probability function, i.e., the probability of the system being in a certain state x ∈ Nn at a time
t x ∈ Nn, and its moments.

Definition 3.2.3 (Grand probability function (GPF))
For a stochastic BRN (S,R,α,β) with underlying CTMC {X(t)}. For any possible system
state x = (X1, X2, . . . , Xn) ∈ Nn, the grand probability function is defined as:

P(x, t) ≡ P(X(t) = x), (3.5)

i.e., the function denoting the probability that at time t the system will containt X1 molecules
of S1, X2 molecules of S2, . . . and Xn molecules of Sn.

Definition 3.2.4 (Moments of the GPF)
The kth-order moment of a GPF P(x, t) is defined as:

x
(k)
i ≡

∑
x∈Nn

P(x, t)xki . (3.6)

Remark 3.2.2. x(k)
i (t) denotes “the average (number)k of Si molecules in the system

at time t”, taken over many repeated runs starting in the same initial state. As the
system is stochastic, the number Xi(t) of Si molecules at time t will vary between re-
alizations, but the average of their kth powers will approach x(k)

i (t) in the limit of in-
finitely many runs[77]. Moments of order k = 1 and k = 2 are of particular interest:
x

(1)
i (t) denotes the average number of Si molecules in the system at time t, while the

quantity ∆i(t) ≡ (x(2)
i (t)− [x(1)

i (t)]2)1/2 denotes the magnitude of the root-mean-square
fluctuation magnitude about this average. That is to say, one can reasonably expect
Xi(t) ∈ [x(1)

i (t)−∆i(t),x(1)
i (t) + ∆i(t)].

Applying the laws of probability to the fundamental premise of Def. 3.2.1 results in the
chemical master equation (CME) [126], that gives the time evolution of the grand probability
function P(x, t). The CME encodes a continuous time discrete state Markov process, and acts
as the probabilistic counterpart of the mass-action principle:



36 Stochastic chemical kinetics

Definition 3.2.5 (The Chemical Master Equation)
The probability law of the Markov chain {X(t)} of a biochemical reaction network
(S,R,α,β) satisfies the equation:

∂P(x, t)
∂t

=
m∑
j=1

[
aj(x− νj)P(x− νj , t)− aj(x)P(x, t)

]
. (3.7)

As it completely determines the function P(x, t), solving the CME means obtaining the
probability law of the system’s trajectory, as well as analytical formulas describing their first
and second order moments. However, the CME consists of a set of ODEs that has one equation
for every possible combination of reactant molecules. Consequently, analytical solutions of the
CME for the probability density function of X(t) can only be obtained for a very few very
simple systems (e.g., for linear systems [102], or for systems consisting of one (irreversible or
reversible) nonlinear reaction [114]). What’s more, even numerical solutions can prove to be
prohibitively difficult in some cases [79].

As both the CME and the GPF moments prove to be virtually intractable, both analytically
and numerically, the common practice is to construct numerical realizations of X(t) instead,
i.e. to simulate the master equations’ stochastic realizations of the evolution of the state (its
“paths”) via elementary reactions that occur with probabilities according to the CME. The
resulting method employs rigurously derived Monte Carlo techniques to numerically simulate
the very Markov process that the master equation describes analytically, meaning the simulation
algorithm is fully equivalent to the CME, even if the latter is never explicitly used [77].

In order to do so, instead of using the grand probability function P(x, t), a new function
is defined, called the reaction probability density:

p(τ, j | x, t)dτ ≡ the probability, given X(t) = x, that the next
reaction in the system to occur will be rj , and
that it will occur in the infinitesimal time interval
[t+ τ, t+ τ + dt),

(3.8)

that describes the joint probability density function of two random variables: (i) the time to
the next reaction, τ , and (ii) the index of the next reaction, j.

The intuition behind employing these two random variables lies in the fact that changes in
the state of the underlying CTMC of a stochastic model occur at time instants 0 = t0 < t1 < . . .,
where each ti corresponds to a reaction rj taking place.

Then, the a trajectory of the CTMC is entirely determined by the two quantities mentioned
above:

• the time elapsed between two consecutive reaction events, τk ≡ tk+1 − tk, for k ∈ N,

• the index (jk)k ∈ N∗ of the reaction taking place at time tk).
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These two random variables enable the construction of a system trajectory, via the equation:

∀k ∈ N, X(tk+1) = X(tk) +∇ejk , (3.9)

with ei = (0, . . . , 0, 1(i), 0, . . . , 0)T the basis vectors of Rn.

By once again applying the laws of probability to the fundamental premise of 3.2.1, one
can derive 2 an exact formula for the reaction probability density function p(τ, j | x, t):

Theorem 3.2.1
Given a stochastic model of a BRN (S,R,α,β), its reaction probability density function writes
as:

p(τ, j | x, t) = aj(x)exp(−a0(x)τ), (3.10)

with
a0(x) ≡

m∑
j=1

aj(x),

which, as expected from a physical point of view, indicates that the probability of a par-
ticular reaction occurring in the next time step is proportional to its propensity.

The reaction probability density function of 3.10 and Equation 3.9 are then used to con-
struct a rigorous algorithm for simulating the temporal development of the stochastic chemical
system. Indeed, Equation 3.10 is the mathematical basis of the stochastic simulation, as it
implies that τ is an exponential random variable with mean and standard deviation 1

a0(x) , and
that j is a statistically independent integer random variable with point probabilities aj(x)

a0(x) [79].
Samples of τ and j according to these distributions can be generated using Monte Carlo meth-
ods, and then plugged into Equation 3.9 in order to generate an individual stochastic trajectory
of the system.

The simplest method of generating samples of τ and j is dubbed the direct method, in which
two random numbers n1 and n2 are drawn from the uniform distribution in the unit interval,
and then used to construct [79] τ and j[79], as follows:

τ = 1
a0(x) ln

1
n1

j = the smallest integer satisfying
j∑

k=1
ak(x) > n2a0(x).

(3.11)

Such a generating method (or a mathematically equivalent one) is then used in Gillespie’s
stochastic simulation algorithm (SSA), in order to construct an exact numerical realization of
the process X(t). The outline of the SSA algorithm is as follows. First, a maximal simulation
time tmax is set, and the initial state of the system is fixed. In Step 1, the algorithm proceeds by
drawing the reaction probabilities and the next reaction time from their respective distributions,
after which the reaction to implement is chosen according to the fractional rates of 3.11. In Step

2for the exact derivation, the reader is refered to the original Gillespie paper [77]
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2, the time and system state are updated according to Equation 3.9. If the maximal simulation
time has been exceeded, the algorithm stops, otherwise it returns to Step 1.

Below is an implementation of the SSA algorithm, as described in ([79], [77]). The function
draw_uniform is used to generate a random number from the uniform distribution in the unit
interval, and genτ (a0, n1) and genj(a, a0, n2) generate values for τ and j according to Equation
3.11.

Algorithm 1: Gillespie’s SSA algorithm, direct version
Input: A BRN (S,R,α,β), with initial state x0, and a maximal simulation time tmax
Output: An exact numerical realization (X(tk), tk)k∈N∗
/* Step 0: initialize the time and the system state */

1 k ← 0;
2 tk ← 0;
3 X(tk)← x0;

/* Step 1: while the maximal simulation time has not been exceeded,
simulate the trajectory one reaction at a time */

4 while tk < tmax do
/* evaluate the propensity functions in the current state */

5 for j = 1 to m do
6 aj ← cj

n∏
i=1

(Xi(tk)
αji

)
;

7 end
/* evaluate a0 in the current state */

8 a0 ←
m∑
j=1

aj ;

/* draw n1 and n2 */
9 n1 ← draw_uniform(0, 1);

10 n2 ← draw_uniform(0, 1);
/* generate value for τ */

11 τk ← genτ (a0, n1);
/* generate value for j */

12 jk ← genj(a, a0, n2);
/* effect the next reaction by updating the time and the system state

according to Equation 3.9 */
13 tk+1 ← tk + τk;

/* go back to Step 1 or finish simulation */
14 k ← k + 1;
15 end
16 return (X(tk), tk)
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Challenges

The validity of the hypotheses needed for continuous deterministic models remains an issue
even for discrete stochastic models. Indeed, in the stochastic modeling framework for BRNs one
continues to operate under the spatial homogeneity and fixed volume hypotheses, as they allow
the system state to be described by specifiying only the molecular populations, while ignoring
the positions and velocities of the individual molecules, because the system is assumed to be
well-stirred.

When compared to the deterministic approach, stochastic models are often less tractable:
the number of states of the underlying Markov chain can be prohibitively large (even infinite)
when compared to the size of the network, which in turn makes solving the CME analytically
(and even numerically) virtually impossible, save for a few simple cases. The Monte-Carlo
approach, that is used in Gillespie’s algorithm, somewhat aleviates this issue, by generating
system trajectories that are correct w.r.t. the system’s stochastic semantics, and subsequently
allowing to estimate its moments, by averaging a significant number of such trajectories. How-
ever, difficulties also arise with respect to Gillespie’s algorithm. As the CME and SSA are
both derived exactly from the fundamental premise of Equation 3.4, they are equivalent to each
other. This means that the SSA imposes no approximations on the stochastic formulation of
chemical kinetics, thus taking full account of the inherent fluctuations ignored by the deter-
ministic formulation. The SSA’s main advantage lays in its being a simple and compact way
of simulating exact trajectories for systems with an intractable CME. It can also be argued
that the construction of the SSA exploits the fundamental premise (3.4) in a more direct way
than the CME. Indeed, Equation 3.4 describes the probability of the system being in a state
x′′ at time t′′, knowing that it was in state x′ at time t′. While this step-like description of
the dynamics is inherent to the SSA by construction, it cannot be expressed using the CME
(unless one re-initializes time at each step, in order to consider (x′, t′) to be the initial state,
i.e., (x0, 0)←− (x′, t′)).

However, the SSA is not without its flaws, the main one being that it is often slow, as it
relies on simulating every individual reaction event. This means that for realistic cellular system,
which contain large quantities of molecular species, or for significant simulation durations, its
slowness becomes prohibitive. Consequently, a number of refinements of the SSA have been
proposed, aiming at reducing the simulation computational requirements. These refinements
can be split into two categories: exact variations and approximate methods.

Exact variations of SSA are essentially later elaborations on the most expensive computa-
tion step of the original algorithm of ([77],[79]): locating the next reaction to fire, cf. Equation
3.11. The classical SSA employed a linear search on the cumulative array of reaction propen-
sities, in order to determine the next reaction event. Consequently, the first improvements to
the original algorithm included replacing the linear search by a binary-tree search ([117]), and
sorting the cumulative array (either using a pre-simulation step [31], or on-the-fly [124]).

Other exact variation methods aimed at reducing the average number of operations required
to obtain the index of the next reaction event, employed modifications such as reusing the
unused reaction times computed during one SSA step [74], or using factored-out, partial reaction
propensities [156].
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Exact variation methods significantly increase the SSA’s speed for large networks (both in
terms of species and reactions), albeit they prove to be limited improvements of the original
SSA, as they still simulate reaction events one at a time.

On the other hand, approximate simulation strategies aim at finding a trade-off between
the exactness of SSA and simulation speed. Among these methods, we mention:

• The τ -leaping approximation algorithm ([76],[29],[30],[4],[39],[132]), which instead of tak-
ing incremental steps in time, approximates the number of reaction events taking place
in an interval of length τ , and performs all the reactions in that interval before updating
the propensity functions. The value of τ is assumed to be small enough that there is
no significant change in the value of the transition rates along during the time interval
[t, t+ τ ];

• The conditional difference method [171], which approximates reversible processes by their
corresponding effective net reactions, before simulating the newly obtained system using
existing stochastic procedures (such as the SSA).

Finally, we note that for stiff systems - evolving on both fast and slow timescales, with the
fastes modes being stable -, because accuracy requires τ to be small on the fastest timescales,
even the τ -leaping performs poorly in terms of speed. Consequently, accelerations procedures
have been developed for stiff systems: implicit τ -leaping ([159],[32]), which mirrors the implicit
Euler method for systems of ODEs, and the slow-scale SSA (ssSSA) ([34],[33]), that directly
simulates the slow reactions (using specially modified propensity functions), while ignoring fast
reactions.
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3.3 Stochastic vs deterministic models

When comparing the deterministic and stochastic formulations of chemical kinetics, it is
common practice to view the former as describing the average behavior of the latter, i.e., to
interpret the solution of the RRE as the mean of the species population size over a large number
of stochastic simulations. Consequently, one would expect equality between the solution of the
RRE, χ and the expectation 3 of the GPF, E[X(t)]. However, in this section we will show that
this equality holds only in one of two cases: in the thermodynamical limit ([80],[111]), or if all
reactions in the network are unimolecular [126].

To do so, we derive the expectation of the marginal distribution of {X(t)}, using the CME:

d

dt
E[X(t)] = ∂

∂t

∑
x

xP(x, t)

=
∑
x

m∑
j=1

[
aj(x− νj)P(x− νj , t)x− aj(x)P(x, t)x

]
=
∑
x

m∑
j=1

[
aj(x− νj)P(x− νj , t)(x− νj)+

aj(x− νj)P(x− νj , t)νj−
aj(x)P(x, t)x

]
=

m∑
j=1

∑
x

[
aj(x− νj)P(x− νj , t)(x− νj)+

aj(x− νj)P(x− νj , t)νj−
aj(x)P(x, t)x

]
=

m∑
j=1

[
E[aj(x)]x+ E[aj(x)]νj − E[aj(x)]x

]

, (3.12)

that is, one obtains that:
dE[X(t)]

dt
=

m∑
j=1

E[aj(X(t))]νj . (3.13)

In order to compare dE[X(t)]
dt to the corresponding deterministic expression for dχ

dt , we recall
that the relation between χ, the molecular concentration vector, and X, the molecular copy
number vector writes as χ ≡ X

Ω , where Ω denotes the volume.

Deterministic and stochastic rate constants

At this point, it is worth examining the relation between stochastic and deterministic reaction
constants. As previously mentioned, in the deterministic formulation of chemical kinetics, a

3For readability purposes, we will hereafter denote the first-order moment using the classical probability
notation for expectation, E[X(t)], instead of x(1).
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reaction constant kj is viewed as reaction rate/speed, whereas in the stochastic formulation,
the constant cj is indicative of the reaction’s probability per unit of time [77]. Consequently,
when switching between the stochastic and deterministic models, a conversion of rates must be
performed. Intuitively, this transformation is justified by the stochastic rate’s dependency on
the volume and the arity of the underlying reaction.

The recipe for this scaling procedure lies in the physical rationale of Definition 3.2.1, stating
that the propensity aj(x)dt, which in itself is a function of the stochastic kinetic rate cj , denotes
the probability of reaction rj taking place.

To start with, assume a unimolecular reaction

rj : S1 → . . . (3.14)

It denotes the spontaneous conversion of a molecule S1, and implies no molecular collision:
consequently, its reaction rate is independent of the system volume Ω. This means that for
unimolecular reactions, the stochastic kinetic constant cj is numerically equal to the reaction-
rate constant kj of conventional deterministic chemical kinetics:

cj = kj (3.15)

On the other hand, for a bimolecular reaction

S1 + S2 → . . . , (3.16)

the stochastic rate cj will be inversely proportional to Ω, reflecting the fact that two reactant
molecules will have a harder time finding each other inside a larger volume. Indeed, if there are
x1 molecules of S1 and x2 molecules of S2 inside a volume Ω, then there will be x1x2 distinct
combinations of reactant molecules in Ω, meaning that the probability that reaction rj will
occur somewhere inside Ω in the next infinitesimal time interval dt is given by x1x2cjdt. From
this, the average rate at which rj occurs inside Ω writes as

〈x1x2〉cj , (3.17)

where 〈〉 denotes the average taken over an ensemble of stochastically identical systems. Then,
dividing by Ω, one obtains the average reaction rate per unit volume:

〈x1x2〉cj
Ω , (3.18)

or, in terms of molecular concentrations, χi ≡ xi
Ω :

〈χ1χ2〉 · Ω · cj (3.19)

The deterministic reaction constant kj is conventionally [77] defined as the average reaction
rate per unit volume divided by the product of the average densities of the reactants:

kj = 〈χ1χ2〉 · Ω · cj
〈χ1〉〈χ2〉

. (3.20)
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However, in the deterministic formulation no distinction is made between the average of
a product and the product of the average, i.e., 〈χ1χ2〉 = 〈χ1〉〈χ2〉, which in turn leads to the
simplified expression relating the stochastic and deterministic reaction rate constants:

cj = kj
Ω . (3.21)

Similarly, for a tri-molecular reaction, one would have the transformation:

cj = kj
Ω2 . (3.22)

In general, for a reaction rj of arity p, in which all the reactants have stoichiometry one,
the conversion rule is given by:

cj = kj
Ωp−1 . (3.23)

However, we note that for a bimolecular reaction involving the same species, S1 +S1 → . . .,
the number of distinct possible reactant pairs would have been x1(x1−1)

2 ≈ x2
1, and we would

have obtained the relation:

cj = 2kj
Ω (3.24)

instead of the expression of Equation 3.21.
As it turns out, the conversion rule for any chemical reaction, no matter the reactant

stoichiometry, is given by:

kj

Ω

n∑
i=1

αji−1
= cj

n∏
i=1

αji!
(3.25)

Equation 3.25 is justified by the fact that in general, the conversion between the stochastic
and deterministic rate constants is such that for any reaction rj , its stochastic rate function
applied in a state X and the deterministic law of its conversion to a volume unit will relate
through [78]:

fj(χ) = aj(X)
Ω (3.26)

However, the quantities Ωfj(χ) and aj(X) write as:

Ωfj(χ) = Ω · kj ·
n∏
i=1

χ
αji
i = kj · Ω

1−
n∑
i=1

αji
·
n∏
i=1

X
αji
i

aj(X) = cj ·
n∏
i=1

(
Xi

αji

) (3.27)
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When all species in the system are abundant, i.e., if Xi →∞, the propensity function can
be approximated by:

aj(X) ≈ cj
n∏
i=1

αji!
·
n∏
i=1

X
αji
i (3.28)

By combining Equations 3.28 and 3.27, and applying the constraint of Equation 3.26, one
indeed obtains the general conversion rule of Equation 3.25.

The thermodynamic limit

When deriving the conversion rule of Equation 3.25, we hypothesized that all species are
abundant, i.e., Xi →∞. It turns out that this hypothesis is linked to the first scenario in which
the deterministic law of mass-action is valid w.r.t. to stochastic dynamics: the thermodynamic
limit [5].

The thermodynamic limit is defined as the limit in which both the species populations Xi,
and the system volume Ω approach infinity, but in such a way that the species concentrations XiΩ
remain constant. Under this idealized state that provides a convenient approximation to macro-
scopic systems, it was shown that the deterministic model represents a correct approximation
of the stochastic one. Below, we sketch the proof presented in the original paper [5].

For a reaction rj , denote by Rj(t) the number of times rj occurs until time t. The value of
Rj is a random variable described by the counting process satisfying:

Rj(t) = Yj(
t∫

0

aj(X(s))ds), (3.29)

with Yj being independent unit Poisson processes.
Then, the evolution of the state of the system satisfies:

X(t) = X(0) +
m∑
j=1

Rj(t)νj

= X(0) +
m∑
j=1

Yj(
t∫

0

aj(X(s))ds)νj

(3.30)

If Ω denotes the size of the volume in which the reactions take place, one can introduce
the scaled quantity denoting molecular concentration χ(t) ≡ X(t)

Ω . Using the scaling constraint
fj(χ) = aj(X)

Ω of Equation 3.26, and the centered Poisson process Ỹj(t) = Yj(t) − t, one has
that:

χ(t) = χ(0) +
m∑
j=1

Ω−1Yj(Ω
t∫

0

fj(χ(s))ds)νj

= χ(0) +
m∑
j=1

Ω−1Ỹj(Ω
t∫

0

fj(χ(s))ds)νj +
m∑
j=1
νj

t∫
0

fj(χ(s))ds

(3.31)
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However, the law of large numbers for the Poisson process implies that Ω−1Ỹj(Ωu) ≈ 0,
such that:

χ(t) ≈ χ(0) +
m∑
j=1
νj

t∫
0

fj(χ(s))ds), (3.32)

which, in the limit Ω → ∞, means that χ follows the classical deterministic law of mass
action of Definition 3.1.1:

dχ(t)
dt

=
m∑
j=1
νjfj(χ(t)). (3.33)

Linear reaction networks

The second scenario in which classical chemical kinetics accurately describes the mean
population sizes is when the underlying reaction system is linear, i.e., when all of its reactions
have arity 0 (reactions of type ∅ → . . .) or 1 (unimolecular reactions).

Proposition 3.3.1
Let (S,R,α,β) be a linear BRN. In its corresponding stochastic model, let X(t) be the stochas-
tic process described by the CME, for an initial condition denoted by X0. Let χ(t) be the
deterministic time-evolution of species’ concentration described by the corresponding RRE, and
starting in initial state χ0 = X0

Ω . Then, for every time instant t, E[X(t)] = χ(t)Ω.

Proof. ([148]) The propensity of a 0-ary reaction is a constant, while the propensity of a unary
reaction is a linear function, meaning that E[aj(X)] = aj(E[X]). What’s more, according to
Equation 3.25, stochastic and deterministic constants of linear reactions are identical, meaning
that aj = fj . Then, according to Equation 3.12, for every time point t, one has that:

d

dt
E[X(t)/Ω] =

m∑
j=1

E[aj(X(t)/Ω)]νj

=
m∑
j=1

fj(E[X(t)/Ω])νj
, (3.34)

i.e., the expectation of X(t)/Ω evolves according to a differential equation that assumes the
RRE law of mass action. �

Examples

To illustrate the above-mentioned relation between stochastic and deterministic models, we
proceed with the analysis of some simple reaction networks.

First, assume a linear reaction network, comprised of a single reversible reaction:
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Figure 3.1: Markov graph for the linear reaction network of (3.35), with initial condition x0 =
(2, 0)

A
k1


k−1

B, (3.35)

with initial condition x0 = (2, 0), i.e., there are initially 2 molecules of species A present in the
system.

Its deterministic model is given by the ODE system:

{
d[A]
dt = −k1[A] + k−1[B]
d[B]
dt = k1[A]− k−1[B]

(3.36)

.
This system can be solved analytically; its solution is:A(t) = 2k−1+2k1e

−t(k1+k−1)

k1+k−1

B(t) = 2k1−2k1e
−t(k1+k−1)

k1+k−1

(3.37)

The stochastic model of (3.35) is a CTMC {X(t)} with a Markov graph (S, ω, p0), such
that:

• p0(x0) = 1;

• S = {x0,x1,x2}, with x1 = (1, 1), x2 = (0, 2);

• transition weights as depicted in Figure 3.1.

Using the notation P(x, t) ≡ P(X(t) = x) of Definition 3.2.3, the CME is represented by
the following system of equations:

dP(x0,t)
dt = −2c1P(x0, t) + c−1P(x1, t)

dP(x1,t)
dt = 2c1P(x0, t) + 2c−1P(x2, t)− c1P(x1, t)− c−1P(x1, 0)

dP(x2,t)
dt = −2c−1P(x2, t) + c1P(x1, t)

(3.38)

with initial condition (x0,x1,x2) = (1, 0, 0).
Applying the reaction rate scaling formula of Equation 3.25 for unimolecular reactions

means that the stochastic and deterministic constants have the same values: c1 = k1 and
c−1 = k−1.
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Figure 3.2: The deterministic solution and the stochastic mean population for species A in
the linear reaction network (3.35) coincide. The parameter values used for simulation are
c1 = k1 = 1, c−1 = k−1 = 2.

The ODE system of Equation 3.38 contains only linear equations, meaning it can be solved
analytically. The solution writes as:



P(x0, t) = c2
−1+c2

1e
−2t(c1+c−1)+2c1c−1e

−t(c1+c−1)

(c1+c−1)2

P(x1, t) = 2c1c−1−2c2
1e
−2t(c1+c−1)+2c1e

−t(c1+c−1)(c1−c−1)
(c1+c−1)2

P(x2, t) = c2
1+2c2

1e
−t(c1+c−1)+c2

1e
−2t(c1+c−1)

(c1+c−1)2

(3.39)

Then, the stochastic mean population of species A is indeed equal to the solution (3.37) of
the deterministic model (3.36):

E[XA(t)] = 2 · P(x0, t) + 1 · P(x1, t) + 0 · P(x2, t)

= 2c−1 + 2c1e
−t(c1+c−1)

c1 + c−1

= A(t)

(3.40)

In Figure 3.2 one can see that, as expected from Proposition 3.3.1, the stochastic mean
population of A coincides with the deterministic trajectory of its concentration, as obtained by
numerically simulating the mass-action equations of 3.36.
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Now consider the bimolecular reversible reaction:

A+B
k1


k−1

C, (3.41)

with initial state x0 = (1, 3, 0), ODE system:
d[A]
dt = −k1[A][B] + k−1[C]
d[B]
dt = −k1[A][B] + k−1[C]
d[C]
dt = k1[A][B]− k−1[C]

(3.42)

and underlying CTMC as in Figure 3.3.

Figure 3.3: Markov graph for the bimolecular reaction network (3.41)

The resulting CME is given by the system of equations:{
dP(x0,t)

dt = −3c1P(x0, t) + c−1P(x1, t)
dP(x1,t)

dt = 3c−1P(x0, t)− c−1P(x1, t)
(3.43)

with initial condition (x0,x1) = (1, 0). Its solution is given by:


P(x0, t) = c−1

3c1+c−1
+ 3c1e

−t(3c1+c−1)

3c1+c−1

P(x1, t) = 3c1
3c1+c−1

− 3c1e
−t(3c1+c−1)

3c1+c−1

(3.44)

Consequently, the stochastic mean population of species A is given by:

E[XA(t)] = 1 · P(x0, t) + 0 · P(x1, t) (3.45)

We note that, as the forward reaction in 3.41 is bimolecular, the rate constants need to
be scaled according to the rules c1 = k1

Ω , c−1 = k−1. In order to compare the deterministic
and stochastic models, the volume Ω is assumed to scale with the total molecule number. We
assume that one volume unit v corresponds to 4 molecules. Therefore, for an initial state of the
stochastic model x0 = (1, 3, 0), the volume Ω = 4 would be equivalent one unit, while for an
initial state of x0 = (10, 30, 0), the volume Ω = 40 would take 10 units, i.e., Ω = 10v, and both
the bimolecular reaction rate constant and the trajectory of a resulting stochastic simulation
will be scaled by a factor of 10: c1 = k1

10 ,
X(t)
10 .

The results of Figure 3.4 confirm that for bimolecular reactions, the mean population size
does not coincide with the deterministic solution. However, as shown in Figure 3.5, as the
system approaches the thermodynamical limit, the deterministic solution indeed approximates
the mean population size.
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Figure 3.4: As species A is a reactant of the bimolecular reaction (3.41), its mean population
size does not coincide with its deterministic solution.

Conclusion

To summarize, in this chapter we have outlined the two fundamental formalisms for mod-
eling biochemical reaction network dynamics: the classical framework, which is based on a
deterministic chemical kinetics, and the stochastic framework, based on stochastic chemical ki-
netics. The underlying assumptions and formalisms of the stochastic and deterministic models
are listed for comparison in Table 3.1.

From a physical point of view, the stochastic formulation is superior to the deterministic
one, as it captures and exploits the variability inherent to biological processes. The stochastic
models are valid whenever the deterministic formulation is, but also when it is not.

However, from a mathematical point of view, the differential equations employed by the
deterministic formulation are far more tractable than its stochastic counterpart, the chemical
master equation. Nonetheless, when the modeled system involves large quantities of chemi-
cal species and numerous reactions, neither formulation is tractable purely through analytical
methods; instead, one resorts to numerical simulation methods in order to “solve” the model.

Finally, we have seen that, despite the fact that the deterministic formulation is considered
to model the average behavior of molecular populations, classical chemical kinetics faithfully
describes this mean in only one of two cases: when all reactions are unimolecular, or when the
system is in the thermodynamical limit.
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(a) Ω = 10v (b) Ω = 20v

(c) Ω = 200v (d) Ω = 2000v

Figure 3.5: Deterministic and stochastic models for Example 3.41, for different volume values
Ω. For each value of Ω = λv, we plot the solution χ(t) of the deterministic model with initial
condition χ0 = (1, 3, 0), and the scaled mean population corresponding to the mean of 10
scaled trajectories X(t)

λ of a stochastic simulation, for initial state X0 = (λ, 3λ, 0). Rate values
are set to k1 = 1, k−1 = 2, c1 = k1

λ , c−1 = k−1. One notices that as the value of the scale
factor λ increases, the system approaches the theoretical thermodynamical limit, in which the
deterministic solution and the mean population size coincide.
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Table 3.1: Comparison between deterministic and stochastic modelling of Biochemical Reaction
Networks
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Chapter 4
Executable Biology: Computational models
of Biochemical Reaction Networks

As previously stated, in order to benefit from the computational power and analysis tech-
niques originating in Computer Science, Biochemical Reaction Networks need to be represented
using computational, or executable, models. The dichotomies between mathematical and com-
putational models have recently been subject to debate ([64], [10]). Therein, the authors argue
that the differences between the two types of models stem from their primary semantics. Conse-
quently, the primary semantics of mathematical models (such as ordinary differential equations)
is considered to be denotational: such models describe the relationships between quantities of
the system’s components in terms of equations, but these equations do not determine an algo-
rithm for solving them; in general, there may be different solution algorithms. In contrast, the
primary semantics of computational models is operational: the model prescribes a sequence of
instructions that can be executed on an abstract state machine, that can be implemented on
a computer. Thus, they can be directly executed, as well as formally analyzed (e.g., by model-
checking). Another advantage of computational models resides in their ability of offering both
a quantitative and a qualitative modeling of biological systems. For comparison, mathematical
models generally represent quantitative relationships between entities.

For example, Boolean Networks are considered to be computational models, rather than
mathematical ones. Other examples include process algebras [128], interacting state machines
[89], hybrid systems [3], spatio-temporal models (which can be compartment-based [160], agent-
based [161], or lattice-based [141]), Petri nets [147], and rule-based systems ([18],[52], [53], [50]).
The authors of [64] dub the approach of constructing computational models of biological systems
“executable biology”.

In this sense, we next present two of these computational modeling approaches applicable
to Biochemical Reaction Networks, which we will use throughout this manuscript: Petri nets,
and the rule-based modeling language Kappa.

53
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4.1 Petri Nets

4.1.1 Motivation

By their very nature, Biochemical Reaction Networks have three distinctive characteristics [92]:

1. they have a bipartite structure: they consists of two different types of entities, species and
their interactions

2. they are concurrent: several interactions can happen at the same time, independently;

3. they are stochastic: the timing behavior of the interactions is governed by stochastic laws.

Bipartiteness and concurrency are inherent characteristics of Petri Nets - a modeling
methodology especially tailored for representing and simulating concurrent dynamic systems,
and as such stochastic Petri nets represent a natural choice for the modeling of biochemical reac-
tion systems. Nonetheless, due to computational efforts required to analyse stochastic models,
two other Petri net abstractions are more popular: qualitative models, and continuous models.
While the choice of the latter abstraction is justified by the fact that continuous models are
commonly used to approximate stochastic behavior by a deterministic one, the former has the
advantage of abstracting away from any time dependencies.

All in all, the advantages of employing the Petri net formalism for biochemical network
modeling are as follows [92]:

• they offer a formal modeling and analysis technique for systems that display behaviors
such as parallelism, concurrency, synchronization and resource sharing - all of which are
inherent to biological processes;

• they have an intuitive and executable modeling style;

• they dispose of both true concurrency (partial order) semantics, and interleaving semantics
- which allows to simplify analysis;

• they have an exact mathematical definition of their execution semantics, and dispose of
well-developed, mathematically founded qualitative and quantitative analysis techniques
based on formal semantics;

• theoretical results concerning them are plentiful, and their properties have been and still
are extensively studied; most notably, they allow for coverage of both structural and
behavioral properties, as well as their relations;

• last, but not least, they dispose of reliable tool support.
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4.1.2 Qualitative Petri Nets

Qualitative Petri nets abstract away timed information: they are stoichiometric, or purely
causal, and are based on a graph-theoretical description of the underlying system’s topology.
Consequently, the most abstract representation of a biochemical network is qualitative and is
minimally described by its topology: herein, network structure represents static knowledge
about interactions within a cell.

An ordinary Petri Net is a weighted directed bipartite graph, in which the nodes represent
either places or transitions. The distinction between places and transitions reflects the difference
between passive and active system components: while places are usually used to model passive
components such as conditions, transitions stand for active system components such as atomic
actions. In the case of biochemical reaction networks, conditions are represented by chemical
compounds (e.g. proteins, protein compounds) acting as precursors, products or enzymes, while
(atomic) actions denote chemical reactions, for example (dis)association, (de)phosphorylation,
or transforming precursors into products:

Definition 4.1.1 (Petri Net (QPN ), Syntax)
A Petri Net is a quadruple N = (P, T, f,m0), where:

• P and T are disjoint finite sets: P ∪T 6= ∅, P ∩T = ∅; the elements of P are called places,
and the elements of T are called transitions

• the function f : (P × T ) ∪ (T × P )→ N0 specifies the non-negative integer weights of the
arcs connecting places to transitions and vice-versa

• m0 : P → N0 denotes the initial marking of the net; m(p) specifies the number of tokens
in place p, for the marking m

The directed arcs connect precursors to reactions (incoming arcs), or reactions to prod-
ucts (outgoing arcs). Arc weights are read as the multiplicity of the arc, and reflect known
stoichiometries. Thus, the arc weight 0 marks the absence of an arc, while arc weight 1 is the
default value, and is usually omitted when drawing a Petri net.

To the original discrete Petri net model described in Def.4.1.1, David and Alla [55, 56]
added a continuous model (CPN ), in which both the marking of a place and the weight of
an arc are no longer integers, but real positive numbers: f : ((P × T )

⋃
(T × P )) → R+

0 ,
m0 : P → R+

0 .
By construction, in the case of Petri Nets modeling biochemical reaction networks, the

pre-places of a transitions correspond to the reaction’s precursors, and its post-places to the
reaction’s products. For example, in Figure 4.1, we show the Petri nets modeling the reactions
A→ B (left), respectively A↔ B (right).

The following notations are used to formalize the notion of pre- and post-places:

Definition 4.1.2 (Pre- and post- set)
For a node x ∈ P ∪ T :

• •x := {y ∈ P ∪ T | f(y, x) 6= 0} is the pre-set of x
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Figure 4.1: Qualitative Petri nets modeling a simple reaction A → B (Left) and a reversible
reaction A↔ B (Right)

• x• := {y ∈ P ∪ T | f(x, y) 6= 0} is the post-set of x

All in all, from the definition above, one can distinguish four types of sets:

• •t, the pre-places of a transition t, consisting in the underlying reaction’s precursors

• t•, the post-places of a transition t, consisting in the reaction’s products

• •p, the pre-transitions of a place p, consisting of all reactions producing this species

• p•, the post-transitions of a place p, consisting of all reactions consuming this species

In order to describe the dynamics of a Petri net, another object needs to be introduced -
the token, denoted by a solid dot (•) inside the circles representing places. Tokens that inhabit
the system at a given time t constitute the marking of the net at t, and describe the state of
the system at that time. In ordinary Petri nets, tokens are indistinguishable; their role is to
indicate the presence (or absence) of a condition, resource or signal. For Petri nets that model
biochemical systems, the quantity of tokens in a place may be interpreted according to the type
of net being used: in the case of a QPN , the integer number of tokens in a place is a proxy for
the discrete amount of the substance corresponding to that place, i.e. how many molecules of
the substance are present in the system at the current time.

The behavior/semantics of a Petri net is defined by a firing rule, which consists of two parts:
the precondition and the firing itself. The firing of a transition moves tokens from its pre-places
to its post-places, while possibly changing the number of tokens: it “consumes” tokens from
the pre-places, and “produces” tokens in its post-places, just as a chemical reaction consumes
reactants in order to create products.

In the case of qualitative Petri nets (QPN ), as presented in Def.4.1.1, the standard semantic
does not associate a time with neither transitions nor with the sojourn of tokens at places.

Definition 4.1.3 ((QPN , Firing rule))
Let N = (P, T, f,m0) be a Petri net. A transition t ∈ T is enabled in a marking m, written as
m[t〉, if ∀p ∈• t,m(p) ≥ f(p, t). A transition t may (but is not forced to) fire in marking m, if
it is enabled. This firing yields a new marking m′, with ∀p ∈ P,m′(p) = m(p)− f(p, t) + f(t, p).
For quantitative (untimed) Petri nets, the firing happens atomically/instantaneously: it does
not consume any time.
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If the firing of (the enabled) transition t in markingm changes the system state into marking
m′, it is common practice to write m t−→ m′. This notation is naturally extended to sequences
of transitions: one writes m t1t2...tn−−−−−→ m′ as an abbreviation of m t1−→ m1

t2−→ m2 . . .
tn−→ m′.

The repeated firing of transitions establishes the behavior of the net. In the interleaving
execution semantics, only one transition fires at a time: in each step, one of the enabled transi-
tions is selected non-deterministically, then fired. If there are no more enabled transitions, the
net deadlocks; otherwise, the procedure repeats. This semantics contains all possible interleav-
ings of transitions, and as such describes the totally asynchronous behavior of the net. The
interleaving semantics of Petri nets can be formally described a Kripke structure: a graph whose
nodes represent the reachable states of the system, whose edges represent state transitions, and
which is equipped with a labelling function mapping each node to a set of properties that hold
in the corresponding state.

Definition 4.1.4 (Transition system/Kripke structure)
A Kripke structure is a 6-tupleM = (S,Σ, T, I, AP, l), with:

• S a set of states (finite or infinite)

• Σ a set of actions

• T ⊆ S × Σ× S a set of transitions

• I ⊆ S a set of initial states

• AP a set of atomic propositions

• l : S → 2AP a labeling function

Definition 4.1.5 (Interleaving semantics)
Let N = (P, T, f,m0) be a Petri net. We associate with it a transition systemM = (S,Σ,∆, I, AP, l),where:

• S = {m | m : P → N0}

• Σ = T

• ∆ = {(m, t,m′) | ∀p ∈ P,m(p) ≥ f(p, t)
∧
m′(p) = m(p)− f(p, t) + f(t, p)}

• I = m0

• AP = P

• l(m) = {p ∈ P | m(p) > 0}

When (m, t,m′) ∈ ∆, transition t is enabled in marking m, and its firing produces the marking
m′. We also write m t−→ m′.
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The dynamic behavior of Petri nets can also be described (and completely analyzed) using
algebraic equations - a feature which enables analysis techniques based on linear algebra.

The main idea is to represent the net structure by its incidence matrix, and then derive
matrix equations that govern the dynamic behavior of concurrent systems modeled by Petri
nets. We note that the solvability of the incidence matrix equations remains somewhat limited,
partly because of the inherent non-deterministic nature of Petri nets, and partly because of the
non-negativity integer constraint imposed on the solutions.

Definition 4.1.6 (Incidence matrix)
The incidence matrix of a Petri net N = (P, T, f,m0), with n transitions (i.e., | T |= n) and
m places (i.e., | P |= m) is a m× n integer matrix ∇ : P × T → Z, whose entries are given by
∇ij = f(j, i)− f(i, j).

We note that the incidence matrix of a Petri net that models a Biochemical Reaction
Network is the same as the transpose of the stoichiometry matrix of the BRN.

Definition 4.1.7 (Parikh-vector of a sequence of transitions)
Let N = (P, T, f,m0) be a net and t = t1t2 . . . tn a sequence of transitions. The Parikh-vector
is given by the function σt : T → N, which associates to each transition ti ∈ T , its number of
occurences in t.

Definition 4.1.8 (State Equation)
Consider a Petri net N = (P, T, f,m0), for which a marking is written as a P -vector. Then,
the net marking/system state m obtained after firing an (enabled) transition sequence t =
(t1t2 . . . tn) writes as:

m = m0 +∇ · σt,

with σt the Parikh-vector of transition sequence t.

Qualitative Analysis

The main advantage of using Petri nets to model biochemical networks resides in their
support for the qualitative analysis of many properties and problems commonly associated
with concurrent systems. The available mathematically founded analysis techniques enable the
decision of an exhaustive range of properties, by relying (almost) exclusively on the topology
of the underlying net.

Such structural analysis enables identification of properties that are conserved during the
execution of the modeled system, such as:

1. Liveness: A Petri net is said to be live, if no matter what marking has been reached
from m0, it is possible to ultimately fire any transition of the net by firing some further
sequence. This means that a live Petri net is guaranteed to be deadlock-free, no matter
what firing sequence is chosen.

2. Boundedness: Checking there is no infinite accumulation of tokens in a place.
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3. P-invariants: Identifying an ensemble of places in which the total amount of tokens is
invariant.

4. T-invariants: Identifying a set of transitions that have to fire from some initial marking
m, to enable the Petri net to return to m.

5. Reachability: Deciding whether a certain marking is reachable from another marking.
Reachability can be used to determine whether certain outcomes are possible for a given
Petri net and a given initial marking.

Such structural properties can provide meaningful insight to biologists[146]. The most
immediate use of structural analysis is that it enables the identification of conflicting transitions
and concurrent processes. In addition, by checking for the structural properties listed above,
one can answer an array of relevant questions the modeled biological system:

1. Checking the liveness property can answer questions related to the causality of biological
reactions, e.g.,“Does inhibition of a reaction cause a state in which some other reactions
cannot be executed?” [146].

2. By definition, reachability analysis allows the biologist to decide on whether a certain state
of the system is reachable from the initial state. It can also help answers w.r.t. the effects
of inhibiting certain activities: does inhibiting a certain activity render certain states of
the system inaccessible, e.g., “If we block the immune system, can we still reach a state
where the parasite is cleared from the blood system?” [146].

3. Verifying the boundedness of Petri nets can inform the biologist about the accumulation
of metabolites at a toxic level.

4. Locating P-invariants can help identify parts of metabolic pathways, or sets of metabolites
that are likely to be affected by the inhibition of a reaction (by locating P-invariants
containing input/output places of the inhibited reaction).

5. Identifying T-invariants can help detect continuous operations and cycles in the BRN.

Since any real system behavior happens in time, qualitative Petri nets can be seen as a
supplementary intermediate step that allows for model validation, “at least from the viewpoint
of the biochemist accustomed to quantitative modeling only”[92]. Generally, qualitative models
provide a complementary approach to the analysis of the system, when compared to the quan-
titative ones: whereas the latter uses execution/simulation/“the token game” to experience and
establish confidence in (or dismiss) the model behavior, the former allows for formal exhaustive
analysis and validation of the network. For example, in [75], the authors propose a discrete
qualitative Petri net model of the influence of the Raf Kinase Inhibitor Protein (RKIP) on
the Extracellular signal Regulated Kinase (ERK) signalling pathway, the analysis of which is
then used to derive the sets of initial concentrations required by the corresponding continuous
ordinary differential equation model.

We note that it is common practice to distinguish quantitative and qualitative models (and
handle them separately). As such, qualitative models are employed when kinetic parameters
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are either deficient or unavailable, and are widely accepted as an intermediary step for larger
models. Conversely, quantitative models become prevalent as soon as a substantial fraction of
the necessary kinetic parameters is known - for example, kinetic reaction rate constants, species’
concentrations and equilibrium constants. The remaining kinetic parameters are then usually
either estimated, or, if available, taken from the taxonomically nearest neighbour species. The
quantitative approach seems to be the favorite choice: the vast majority of published biochemical
models are quantitative.

In [150], the authors address the issue of bridging the gap between qualitative and quan-
titative models, by demonstrating how to develop quantitative models of biochemical networks
in a systematic manner, starting from the underlying qualitative ones. To do so, they exploit
the well-established structural Petri net analysis technique of transition invariants, which may
be interpreted as a characterization of the system’s steady state behaviour.

4.1.3 Quantitative Petri nets

Having succesfully validated a qualitative Petri net model, its quantitative counterpart can be
derived, by adding timed information. This can be achieved in one of two ways: by assigning
either deterministic or exponentially distributed stochastic timings to the net’s transitions.

For biochemically interpreted continuous Petri nets, this amounts to assigning a firing rate
function to each transition:

v : T 7→ H, with H =
⋃
t∈T
{ht | ht : R|•t| 7→ R},

the set of all firing rate functions, and v(t) = ht,∀t ∈ T .
For biochemically interpreted stochastic Petri nets, H =

⋃
t∈T
{ht | ht : N|

•t|
0 7→ R+}, and the

functions ht are dubbed stochastic transition rates.
In both cases, the rate function of a transition depends on its underlying reaction’s rate

constant, and is defined according to mass-action kinetics:

• for continuous Petri nets: ht = kt
∏
p∈•t

m(p);

• for stochastic Petri nets: ht = ct
∏
p∈•t

(m(p)
f(p,t)

)
.

Then, the execution semantics of stochastic Petri nets follows the standard firing rule
of the interleaving semantics of qualitative Petri nets, while that of continuous Petri nets is
defined by the system of ODEs imposed on the net by the firing rate function (i.e., dm(p)

t =∑
t∈•p

f(t, p)v(t)−
∑
t∈p•

f(p, t)v(t)).

As such, these quantitative Petri nets are nothing more than a structured description of
either the ODE system or the CTMC that describes the time evolution of the species’ quantities.

In Chapter 8, we will aim at defining a general piecewise-synchronous execution of Petri
nets, in which the dynamic behaviour of a Biochemical Reaction Network is not simply imposed
on the net (as is the case above), but is rather recreated by the execution semantics.
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4.2 Rule-based modeling and the Kappa language

4.2.1 Rule-based modeling

A second class of executable representations of Biochemical Reaction Networks that we
will use in this manuscript is given by rule-based models, which were originally developed to
address the limitations of traditional approaches for modeling chemical kinetics in cell signaling
systems. Namely, that very large network models are needed in order to capture all possible
consequences of the multiple molecular interactions that occur in such systems. In rule-based
models, this issue is circumvented by representing protein-centric interactions in terms of local
rules.

Rule-based modeling languages borrow the concept of “rule” from chemistry: a rule rep-
resents the mechanism of an interaction, and as such emphasizes the distinction between the
transformation of a structure fragment and the reaction instance that results when that frag-
ment is transformed within the context of specific entities that contain it [149]. In other words,
rules are context-free: there is no need to describe the whole state of the entities participating
in a rule in order to apply it; instead, only the partial information needed to trigger the rule is
needed.

Consequently, an advantage of using rules to concisely capture the dynamics of molecular
interactions, is that it avoids having to exhaustively enumerate the reachable chemical species
of a system - a necessity in traditional modeling approaches.

As such, they enable reasoning on the behavior of systems that can suffer from a com-
binatorially explosive complexity, as is the case for models of biochemical reaction networks.
What’s more, their usefulness in biochemical modeling is accentuated by the fact that they are
a concise, transparent, and easily extensible modeling framework.

Remark 4.2.1. In this study, however, we choose to focus on the latter distinguishing
feature of rule-based models, instead of the former. In Chapter 5, we will argue for the use
of rule-based models for prototyping genetic circuits, not due to the context-free property
of rules, but rather due to the intuitive, chemical-like syntax of rule-based models, that
results from reasoning in terms of protein-protein interactions, and which leads to the
construction of transparent and easily understandable models of biochemical reaction
networks.
For example, consider once again the simple reaction of Example (1.1):

A+B
κ1−−⇀↽−−
κ−1

A.B,

We recall the observation made with respect to the notation of the complex species A.B,
namely that in the classical modeling frameworks (both deterministic and stochastic),
the notation A.B for the complex species is simply a name, and should not be considered
as indicative of the reaction’s mechanistic details (i.e., A binds B) - meaning that one
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could choose any other name for the complex species: e.g., A+B
κ1−−⇀↽−−
κ−1

C.

However, in Kappa (the rule-based modeling language we will use in this manuscript),
the same reaction writes as:

A(x), B(x) κ1−−⇀↽−−
κ−1

A(x[1]), B(x[1]),

where A and B are defined as two agents denoting their respective species, both contain-
ing a site x, on which binding can occur.

The syntax of Kappa models mirrors the well-known manner of writing chemical
reactions, with the added advantage of including the mechanistic details of the interaction
between proteins. Indeed, the Kappa notation for the product species is indicative of the
reaction’s binding mechanism: A(x[1]), B(x[1]) indicates that there is bond between site
x of protein A and site x of protein B, which is denoted by its identifier, 1.

What’s more, the rule-based representation does not introduce a supplementary name
for the product species, a feature which proves to be essential when dealing with very
large biological networks, which would otherwise demand the use of one notation per
occurring species, thus rendering the model opaque, non-intuitive and difficult to modify
or extend. By contrast, rule-based models of even large networks offer an intuitive
and easily understandable (and modifiable) representation of the underlying chemical
mechanisms.

The common feature of all rule-based modeling languages is that the structure of their
composing entities is represented as a graph, and that rules consist in graph-rewriting directives.
We next present the rule-based modeling language Kappa ([52],[53],[50]), which will be our rule-
based language of choice throughout Chapter 5. It is a graph-rewrite language for representing,
reasoning about, and simulating systems of interacting structured entities (graphs) [149], which
we will use to specify biochemical reaction networks, by explicitly describing chemical species
in form of site-graphs. Kappa was originally developed to reason about systems of protein-
protein interaction: the “structured entities” mentioned above were meant to denote complexes
of non-covalently bound proteins, as they arise in signaling and assembly processes.

However, in its most general definition, the Kappa language provides a versatile frame-
work for thinking about the statistical dynamics induced by the mass-action of interacting
heterogeneous agents, regardless of the chosen agent interpretation [149].
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4.2.2 The Kappa language: Syntax and Operational Semantics

At the heart of the Kappa language lies the conceptualization of proteins as agents with
an interface of sites representing distinct interaction capabilities, such as binding and post-
translational modifications. An agent can be thought of as an atomic entity: it can not be
decomposed into further agents. A complex is then a connected graph of agents. The analogy
between Kappa and chemistry then becomes clear: in chemistry, an atom would correspond to
a Kappa agent, and a molecule, to a Kappa complex.

Formally, Kappa agents connect into site graphs via their sites. A site graph can be either
fully specified, in terms of the interface and state of its agents, in which case it represents
a molecular species, or partially specified - in which case it is considered a pattern. A rule
r : E1 → E2 consists of two site graphs. The state of a system is given by a mixture: a
graph consisting of an ensemble of disconnected graph sites, each representing an instance of
a molecular species. A rule r is applied to a mixture by embedding its left-hand side, E1, into
the mixture, i.e., by finding a match in the mixture of all agent types, site names and states
(including binding states) mentioned in E1. Executing a rule r : E1 → E2 consists in replacing
the part of the mixture matched by E1 with E2.

We introduce the syntax and operational semantics of Kappa, in a process-like notation.
We assume a finite set of agent names A, representing different kinds of proteins; a finite set
of sites S, corresponding to protein domains; a finite set of internal states I, and Σι, Σβ two
signature maps from A to P(S), listing the domains of a protein which can bear an internal
state, respectively a binding state. We denote by Σ the signature map that associates to each
agent name A ∈ A the combined interface Σι(A) ∪ Σβ(A).

Definition 4.2.1 (Kappa agent)
A Kappa agent A(σ) is defined by its type A ∈ A and its interface σ. In A(σ), the interface

σ is a sequence of sites s in Σ(A), with internal states (as subscript) and binding states (as
superscript). The internal state of the site s may be written as sε, which means that either it
does not have internal states (when s ∈ Σ(A) \ Σι(A)), or that it is not specified. A site that
bears an internal state m ∈ I is written sm (in such a case s ∈ Σι(A)). The binding state of
a site s can be specified as sε, if it is free, otherwise it is bound (which is possible only when
s ∈ Σβ(A)). There are several levels of information about the binding partner: we use a binding
label i ∈ N when we know the binding partner, or a wildcard bond − when we only know that
the site is bound. The detailed description of the syntax of a Kappa agent is given by the
following grammar:

a ::= N(σ) (agent)
N ::= A ∈ A (agent name)
σ ::= ε | s, σ (interface)
s ::= nλι (site)
n ::= x ∈ S (site name)
ι ::= ε | m ∈ I (internal state)
λ ::= ε | − | i ∈ N (binding state)

The symbol ε is generally omitted.
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Definition 4.2.2 (Kappa expression)
A Kappa expression E is a set of agents A(σ) and fictitious agents ∅. Thus, the syntax of

a Kappa expression is defined as follows:

E ::= ε | a,E | ∅, E.

The structural equivalence ≡, defined as the smallest binary equivalence relation between
expressions that satisfies the rules:

E,A(σ, s, s′, σ′), E′ ≡ E,A(σ, s′, s, σ′), E′

E, a, a′, E′ ≡ E, a′, a, E′

E ≡ E, ∅

i, j ∈ N and i does not occur in E
E[i/j] ≡ E

i ∈ N and i occurs only once in E
E[ε/i] ≡ E

stipulates that neither the order of sites in interfaces, nor the order of agents in expressions
matters, that a fictitious agent might as well not be there, that binding labels can be injectively
renamed and that dangling bonds can be removed.

Definition 4.2.3 (Kappa pattern, mixture and species)
A Kappa pattern is a Kappa expression which satisfies the following five conditions: (i) no

site name occurs more than once in a given interface; (ii) each site name s in the interface of
the agent A occurs in Σ(A); (iii) each site s which occurs in the interface of the agent A with
a non empty internal state occurs in Σι(A); (iv) each site s which occurs in the interface of
the agent A with a non empty binding state occurs in Σλ(A), and (v) each binding label i ∈ N
occurs exactly twice if it does at all — there are no dangling bonds.

A mixture is a pattern that is fully specified, meaning that each agent A documents its full
interface Σ(A), that a site can only be free or tagged with a binding label i ∈ N, that a site in
Σι(A) bears an internal state in I, and that no fictitious agent occurs.

A species is a connected mixture: for each two agents A0 and A, there is a finite sequence
of agents A1, . . . , Ak s.t. there is a bond between a site of Ak and a site of A, and for each
i = 0, 1, . . . , k − 1, there is bond between a site of agent Ai and a site of agent Ai+1. The state
of the system can then be considered as a multiset of species.

Definition 4.2.4 (Species occurring in a pattern)
Given Kappa patterns Es and Ep, if Es defines a Kappa species, and Es is a substring of

Ep, we say that a species Es occurs in a pattern Ep.

Definition 4.2.5 (Kappa rule)
A Kappa rule r is defined by two Kappa site-graphs (i.e., patterns or species) El and Er,

and a rate k ∈ R≥0, and is written: r = El → Er@k.
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Given a Kappa rule r = El → Er@k, we may assume without any loss of generality that
both El and Er can be written as C1, . . . , Ck, respectively P1, . . . , Pj , where each Ci and each
Pi is a connected pattern. Then, a species E occurs in the pattern El (respectively Er) of a
rule r if there is a Ci (respectively a Pi) sucht that Ci = E (respectively Pi = E).

A rule r is well-defined, if the expression Er is obtained from El by finite application of
the following operations:

(i) creation: some fictitious agents ∅ are replaced with some fully defined agents of the form
A(σ); moreover, σ documents all the sites occurring in Σ(A), and each site in Σι(A) bears
an internal state in I;

(ii) unbinding: some occurrences of the wild card and binding labels are removed;

(iii) deletion: some agents, bearing only free sites, are replaced with the fictitious agent ∅;

(iv) modification: some non-empty internal states are replaced with some non-empty internal
states;

(v) binding: some free sites are bound pair-wise by using binding labels in N.

In order to apply a rule r = El → Er@k to a mixture E, the structural equivalence ≡ is
used in order to bring the participating agents to the front of E (with their sites in the same
order as in El), to rename binding labels if necessary, and to introduce a fictitious agent for
each agent that is created by r.

The result is an equivalent expression E′ that matches the left hand side term El. The
matching relation writes as E |= El, and is defined inductively as follows:

E |= ε

a |= al ∧ E |= El ⇒ a,E |= al, El

∅ |= ∅
σ |= σl ⇒ N(σ) |= N(σl)

σ |= ε

s |= sl ∧ σ |= σl ⇒ s, σ |= sl, σl

ι |= ιl ∧ λ |= λl ⇒ nλι |= nλlιl
ιl ∈ {ε, ι} ⇒ ι |= ιl

λl ∈ {−, λ} ∧ λ 6= ε⇒ λ |= λl
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E′ is then replaced by E′[Er], which is defined as follows:

E[ε] = E

(a,E)[ar, Er] = a[ar], E[Er]
∅[ar] = ar

ar[∅] = ∅
N(σ)[N(σr)] = N(σ[σr])

σ[ε] = σ

(s, σ)[sr, σr] = s[sr], σ[σr]

nλι [nλrιr ] = n
λ[λr]
ι[ιr]

ιr ∈ I⇒ ι[ιr] = ιr

λr ∈ N ∪ {ε} ⇒ λ[λr] = λr

λ[−] = λ

Definition 4.2.6 (Kappa system)
A Kappa system R = (x0,O, {r1, . . . , rn}) is given by an initial mixture x0, a set of Kappa

patterns O called observables, and a finite set of rules {r1, . . . , rn}.

We give below an equivalent definition of a Kappa system, that we will use to define the
stochastic semantics in the next section:

Definition 4.2.7 (Kappa system)
A Kappa system R = (πR0 , {r1, . . . , rn}) is given by a finite distribution over intial mixtures

πR0 : {M01, . . . ,M0k} 7→ [0, 1], and a finite set of rules {r1, . . . , rn}.

A simple example of a Kappa system is presented in Figure 4.2, while Figure 4.3 depicts a
rule being applied to a Kappa mixture. In the next section, we formally define the stochastic
semantics of Kappa.

Figure 4.2: An example of a rule-based model. The transcription factor T binds to the operator’s
site x via site a and, when bound, it initiates the production of protein P .
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Figure 4.3: In Kappa, rule application is akin to pattern rewriting: applying a certain rule is
carried out by finding an instance of the rule’s left-hand side pattern in the reaction mixture
(pattern searching) and then replacing it with the rule’s right-hand side species (rewriting),
according to the rule’s kinetic rate.

4.2.3 The Kappa language: Stochastic Semantics

We now present the stochastic semantics of a Kappa system, as given in [63]. This definition
involves observing the continuous time Markov chain (CTMC) generated by a weighted-labeled
transition system on a countable space. Intuitively, any rule-based system can be expanded
to an equivalent reaction system, albeit with potentially infinitely many species and reactions.
The stochastic semantics of a Kappa system is then the CTMC {Xt} assigned to that equivalent
reaction system. We note that even though the semantics of a Kappa system is defined as that
of the equivalent reaction system, in practice, using Kappa models can be advantageous for
several reasons: they are easy to read, write, edit or compose, they can compactly represent
potentially infinite sets of reactions or species, and, perhaps most importantly, they can be
symbolically executed.

4.2.3.1 Preliminaries

Definition 4.2.8 (Weighted-labeled transition system (WLTS))
A weighted-labeled transition system is a tuple (X,L,w, π0), with:

• X a countable set of states (the state space);

• L a set of labels;

• w : X × L × X 7→ R+
0 the weighing function, mapping two states and a label to a real

positive value;

• π0 : X 7→ [0, 1] an initial probability distribution
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The assumptions made in Definition 4.2.8 are as follows:

– a label fully defines a transition: ∀x ∈ X, l ∈ L, there is at most one x′ ∈ X such that
w(x, l, x′) > 0;

– the system is finitely branching: the sets {x ∈ X | π0 > 0} and Tx̂ = {(l, x′) ∈ L × X |
w(x̂, l, x′) > 0} are finite, ∀x̂ ∈ X.

Then, the activity of a state xi is defined as:

Definition 4.2.9 (State activity)
The activity of a state xi ∈ X, denoted a : X 7→ R+

0 , is the sum of all weights originating
at xi:

a(xi) ≡
∑

xj∈X,l∈L
w(xi, l, xj)

The WLTS definition implicitly defines a transition relation →⊆ X ×X, such that:

(xi, xj) ∈→ if and only if
∑
l∈L

w(xi, l, xj) > 0 (4.1)

One can differentiate the initial set of states I ⊆ X:

I = {x ∈ X | π0(x) > 0}

Definition 4.2.10 (Rate matrix of a WLTS)
Given a WLTS W = (X,L,w, π0), one can assign it a CTMC matrix, R : X × X 7→ R,

defined by:
R(xi, xj) ≡

∑
l∈L

w(xi, l, xj)

We can now refer to the generated stochastic Markov process, written as a continuous-time
random variable {Xt} over the countable state space X. If P(Xt = xi) denotes the probability
that the process takes the value xi at time t, then the following equalities hold:

P(X0 = xi) = π0(xi)
P(Xt+dt = xj | Xt = xi) = R(xi, xj)dt, when i 6= j

P(Xt+dt = xi | Xt = xi) = 1−
∑
j 6=i

R(xi, xj)dt

For an execution of a WLTS, a trace denotes an observation of the sequence of visited states,
of labels of the executed transitions, and of time points in which the transition happened:

Definition 4.2.11 (A trace of a WLTS)
Assume a WLTS W = (X,L,w, π0), its CTMC, and a number k ∈ N. A trace of length k

is defined as τ ∈ (X × L× R+
0 )k ×X,and writes as:

τ = x0
l1,t1−−→ x1 . . . xk−1

lk,t1+...+tk−−−−−−−→ xk

If a trace τ is such that π0(x0) > 0, and ∀0 ≤ i ≤ k − 1, w(xi, li, xi+1) > 0, then τ is said to
belong to the set of traces of W ( τ ∈ T (W )).
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As we are dealing with continuous random variables, the probability of any single trace is
0, meaning one cannot assign a probability distribution to the traces in T (W ). Consequently,
the notion of cylinder set of traces over intervals of time is introduced:

Definition 4.2.12 (Cylinder set of traces)
If IR is the set of all nonempty intervals in R+

0 , the cylinder set of traces τIR ∈ (X × L×
IR)k ×X, is defined such that

τIR = x0
l1,I1−−−→ x1 . . . xk−1

lk,Ik−−−→ xk (4.2)

denotes the set of all traces τ = x0
l1,t1−−→ x1 . . . xk−1

lk,t1+...+tk−−−−−−−→ xk, such that t i ∈ Ii, 1 ≤ i ≤ k.
If the cylinder of traces τIR is such that π0(x0) > 0, and ∀0 ≤ i ≤ k− 1, w(xi, li, xi+1) > 0,

then we say that τIR belongs to the cylinder set of traces of W (τIR ∈ TIR(W )).

With all this in place, we define a probability measure over Ω(TIR(W )), where Ω(TIR(W ))
is the smallest Borel σ-algebra that contains all the cylinder sets of traces in TIR(W ):

Definition 4.2.13 (Trace density semantics over a WLTS)
Given a WLTS W = (X,L,w, π0), and a number k ∈ N, the probability of the cylinder set

of traces τIR ∈ TIR(W ), specified as in (4.2), is given by:

π(τIR) = π(x0
l1,I1−−−→ x1 . . . xk−1

lk,Ik−−−→ xk)

= π0(x0)
k∏
i=1

w(xi−1, li, xi)
a(xi−1)

(
e−a(x−1·inf(Ii)) − e−a(xi−1)·sup(Ii)

)
We note that, since the probability density function of the residence time of xi−1 is equal to

a(xi−1)e−a(xi−1),
∫
Ii
a(xi−1)e−a(xi−1)·tdt = e−a(x−1·inf(Ii))−e−a(xi−1)·sup(Ii) denotes the probability

of exiting state xi−1 in a time interval Ii−1

4.2.3.2 Population-based stochastic semantics of Kappa

A correct definition of the system’s quantitative dynamics requires knowing the values of
reaction rate constants kj , but also a way of counting the number of times each rule can be
applied to a mixture - this is done using the notion of embedding between a mixture and an
expression:

Definition 4.2.14 (Embedding)
Let Z = a1, . . . , am and Zl = c1, . . . , cn be two patterns with no occurrence of the fictitious

agent, and such that there exists a pattern Z ′ = b1, . . . , bm that satisfies both Z ≡ Z ′ and
Z ′ |= Zl.

The agent permutations required while proving that Z ≡ Z ′ allow for the derivation of a
permutation p such that ap(i) ≡ bi. Then, the restriction φ of p to the integers between 1 and n
is called and embedding between Z and Zl, and writes as Zl /φ Z.
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Remark 4.2.2. Several embeddings may exist between Zl and Z, for the same Z ′. If such
is the case, the relative weight of the reaction in the stochastic semantics is influenced.
Let [Z,Z ′] denote the set of embeddings between Z and Z ′. The notion of embedding
can be extended to patterns with fictitious agents, by defining Zl /φ Z if and only if
(↓∅ Zl)/φ ↓∅ Z, where ↓∅ removes all occurrences of the fictitious agent in patterns.

We also note that if El is the left-hand-side term of a rule r = El → Er@k and Z is a
mixture such that El /φ Z, then the embedding φ between El and Z fully defines the action of
rule r on Z, up to structural equivalence. In order to define Kappa’s stochastic semantics we
note that computation steps have to occur over ≡-equivalent classes of mixtures. Consequently,
an equivalence relation ≡L is defined over triples (r, E, φ), with φ an embedding of the left-
hand-side of r into E:

(r1, φ1, E1) ≡L (r2, φ2, E2)⇔ r1 = r2 and ∃ an embedding Ψ ∈ [E1, E2] s.t. φ2 = Ψ ◦ φ1

The last notion needed in this section is that of the weight-labeled transition system asso-
ciated to a given Kappa system:

Definition 4.2.15 (WLTS of a Kappa system)
Let R = (πR0 , {r1, . . . , rn}) be a Kappa system. Then, its corresponding WLTSWR = (X,L,w, π0)
consists of:

(i) X, the set of all ≡-equivalent classes of mixtures;

(ii) L, the set of of all ≡L-equivalence classes of triples (r, E, φ) such that φ is an embedding
between the left-hand-side of r and E;

(iii) w(x, l, x′) = k
|[El,El]| , whenever there exists a rule r = El → Er@k, two mixtures E and E′,

and an embedding φ ∈ [El, E], such that x = [E]≡, l = [r, E, φ]≡L , and E′ is the result
(up to ≡) of the application of r along φ to the mixture E; otherwise, w(x, l, x′) = 0;

(iv) π0(x) =
∑

E′∈Dom(πR0 )∩x
πR0 (E′).

It is assumed that the system state is an “agent soup”, i.e. the order of agents in the
mixture is irrelevant, or otherwise said the states of the system are the class of ≡-mixture.
With all this in place, the stochastic semantics of a Kappa system R is defined as the trace
distribution semantics of its weighted-labeled transition system WR.
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Motivation

As mentioned in the introduction of this thesis, one of the main challenges when modelling
biochemical reaction networks is related to the complexity of the resulting models. In particular,
the number of possible chemical species of a model is often subject to combinatorial explosion,
due to the large number of species that may arise as a result of protein bindings and post-
translational modifications [94]. As a consequence, for example, mechanistic models of signaling
pathways easily become very combinatorial.

More generally, when considering deterministic models of BRNs, this species’ numbers’
combinatorial explosion caused by their rich pattern of interactions results in high-dimensional,
non-linear systems of ODEs describing the evolution of said species’ concentrations. The analy-
sis of such systems of equations is often computationally expensive and even prohibitive in prac-
tice. What’s more, as we have previously shown, deterministic models generally offer an approx-
imation of their stochastic counter-part [111]. Moreover, the differential equations themselves
do not transparently reflect the underlying mechanisms. Addressing these latter issues, for-
malisms allowing to write mechanistic hypothesis in form of discrete transition steps have been
proposed: Boolean networks[180], logical networks[185], Petri Nets[38], cellular automata[83],
and rule-based languages[49], to name the most common. Languages such as Kappa[49, 53]
and BNGL[18] provide compact ways of describing models prone to combinatorial explosion,
of simulating them [50], and even transforming them into ODEs [18]. However, the curse of
dimensionality once again rises when trying to compute the system behavior.

A strategy to cope with such complexity is model reduction, in which certain properties
of biochemical models are exploited in order to obtain simpler versions of the original complex
model; these simpler models should preserve the important behavioral aspects of the initial
system. An example of such a property is the multiscaleness of biochemical networks, with
respect to both time-scales and species’ abundance. In the case of the former, it is known that
biochemical processes governing network dynamics span over many well separated timescales:
while protein complex formation occurs on the seconds scale, post-translational protein modi-
fication takes minutes, and changing gene expression can take hours, or even days. As for the
latter, multiscaleness also applies to the abundance of various species in biochemical networks:
the DNA molecule has one to a few copies, while mRNA copy numbers can vary from a few to
tens of thousands. On the one hand, these widely different time- and concentration scales rep-
resent challenges for the estimation of rate constants, for the measurement of low-concentration
species, and even for numerical integration. On the other hand, they represent a feature that
can be exploited for model reduction purposes, allowing to approximate the complete mech-
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anistic description with simpler rate expressions, that retain the essential features of the full
problem on the time scale or in the concentration range of interest.

The Michaelis-Menten (MM) enzymatic model illustrates the idea of dominance can be
useful for model reduction of nonlinear models with multiple timescales.

As previously described in Example 1.2.1, the MM model consists of an enzyme that
reversibly binds a substrate to form a complex, which in turn releases a product, while preserving
the enzyme, E + S k1−−⇀↽−−

k−1
E : S k2−→ E + P.

Its ODE system writes as:

d[S]
dt = k−1[E : S]− k1[E][S]
d[E]
dt = k−1[E : S] + k2[E : S]− k1[E][S]
d[E:S]
dt = k1[E][S]− k−1[E : S]− k2[E : S]

d[P ]
dt = k2[E : S]

(4.3)

The Michaelis-Menten equation relates the rate of product formation to the substrate
concentration:

v = d[P ]
dt

= k2
[E]T [S]
KM + [S] , (4.4)

where [E]T = [E]+[E : S] is the total enzyme concentration, andKM = k2+k−1
k1

is the Michaelis-
Menten constant. Equation (4.4) can be interpreted as the reaction rate of a reduced reactive
system, equivalent to the original reaction system (1.2.1), in which the intermediary complex
[E : S] has been eliminated:

S
k2

[E]T
KM+[S]−−−−−−→ P (4.5)

The approximation of the original enzymatic reaction scheme (1.2.1) by (4.4) is generally
considered to be sufficiently good if the quasi steady-state (QSS) assumption holds, that is
if the total initial enzyme concentration is much lower than the total initial concentration of
substrate: [S]0 � ET , with ET = [E]0 + [E : S]0. In this case, the complex [E : S] is a low
concentration fast species, whose concentration is dominated by that of the substrate; the value
of [E : S] almost instantly relaxes to a value determined by [S]. Thus, one can set d[E:S]

dt = 0,
and exploit this relation to pool the two reactions of the initial system (4.3) into an unique
irreversible reaction (4.5).

The original MM analysis used the complementary quasi equilibrium (QE) approximation,
which considers the complex formation reaction to be fast and reversible: k−1 � k2. Thus, the
term k−1[E : S] can be considered to dominate the term k2[E : S] in Eq.(4.3), meaning the
latter can be discarded from the ODE system, allowing for pooling of species, and resulting
once again in a single step approximation that reads:

S
k2

[E]T
Kd+[S]−−−−−−→ P, (4.6)
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with Kd = k−1
k1

, if indeed [S] � ET . We note that if the QE assumption is indeed valid, then
KM ≈ Kd.

The authors of [168] provide a similar validity criterion of the deterministic Michaelis–
Menten approximation: [S]0 + KM � ET . Whenever this condition holds, it is shown that
a separation exists between a fast “pre-steady state” timescale and a slower “steady state”
timescale. The solution of the Michaelis-Menten approximation closely tracks the solution of
the initial enzymatic reaction system on the slow timescale.

This simple example illustrates how the dynamics of multiscale, large biochemical systems
can be reduced to those of simpler models, called dominant subsystems [138], which contain less
parameters and are easier to analyze. Dominant subsystems are chosen by comparing the time-
scales of the large system. For example, the classical quasi steady-state (QSS) [23] and quasi-
equilibrium (QE) approximations [127, 106] are conditions that lead to dominance, and represent
popular methods for the computation of “first approximations” to the slow invariant manifold.
Classical QSS is based on the small concentrations of highly reactive intermediate species (i.e.,
atoms, ions, enzymes and substrate-enzyme complexes)[41], while in the QE approximation the
reduction of the full mechanism is done based on the existence of fast and slow reactions.

The multiscaleness property of biochemical network is by definition closely linked to the
mathematical notion of dominance, captured in the framework of tropical analysis[9, 120].
Recently, a class of semi-formal methods for reducing and hybridizing models of biochemical
networks has been developed, based on ideas from tropical analysis [138, 139, 154, 155]. These
methods exploit the multiscaleness of biochemical networks, in order to deduce dominance
relations among parameters and/or reaction rates, which can then be used to obtain a system
of truncated ODEs (by eliminating the dominated terms). One of the advantages of using
dominance relations in multi-scale networks is that it helps cope with parameter uncertainty:
parameter values are replaced with their orders of magnitude, which are easier to determine.
However, providing guarantees as to how the solution of the reduced model relates to the original
one, while avoiding to solve the latter, remains a challenge.

Consequently, the works presented in this first part of the manuscript deal with model
reduction techniques that exploit the multiscaleness property of biochemical reaction networks.

In Chapter 5, we investigate how the multiscaleness property can be exploited in the context
of rule-based models of genetic circuits. We argue that, while typical primitives for modelling
such circuits are gene interaction networks, they fail to capture low-level mechanistic details of
genetic interactions, which are necessary when designing in vivo experiments.

Rule-based modeling languages such as Kappa allow, by their nature, to unambiguously
specify mechanistic details such as DNA binding sites, dimerisation of transcription factors, or
co-operative interactions. Nonetheless, such a detailed description comes with complexity and
computationally costly executions. In order to tackle this issue, we propose a reduction method
for rule-based programs, based on equilibrium approximations. Our algorithm is an adaptation
of an existing algorithm, which was designed for reducing reaction-based programs; our version
of the algorithm scans the rule-based Kappa model (in which each rule operates exclusively on
site-graphs whose interfaces are fully specified, i.e., they are species), in search of interaction
patterns which are amenable to equilibrium approximations, such as the Michaelis-Menten
scheme. Additional checks are then performed, as to verify if the reduction is meaningful in the
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context of the full model. The reduced model is efficiently obtained by static inspection over
the rule-set. Our tool is tested on a detailed rule-based model of a λ-phage switch, which lists
92 rules and 13 agents. The reduced model has 11 rules and 5 agents, and provides a dramatic
(several orders of magnitude) reduction in simulation time.

Our time-scale separation technique is justified by asymptotic convergence results; how-
ever, for any concrete parameter values, one cannot obtain any information on the accuracy of
the reduced model’s trajectories, without comparing them to those obtained by executing the
original model.

This is why, in Chapter 6, we design and test an approximation method for ODE models of
biochemical reaction systems, in which the guarantees are our major requirement. Borrowing
from tropical analysis techniques, we argue that the deterministic model of a multiscale BRN can
be simplified by exploiting the dominance relations among terms of each of its equations, in order
to determine the dominant subsystems that govern the evolution of each species’ concentration.
As the dominant terms can change during a dynamic execution of the system, depending on
which species dominate the others, several possible modes exist. Thus, simpler models consisting
of only the dominant subsystems can be assembled into hybrid, piecewise smooth models, which
approximate the behavior of the initial system. By combining the detection of dominated
terms with symbolic bounds propagation, we show how to approximate the original model
by an assembly of simpler models, consisting in ordinary differential equations that provide
time-dependent lower and upper bounds for the concentrations of the initial model’s species.

The utility of our method is twofold. On the one hand, by the nature of its design, it
provides sound interval bounds for each species’ concentration, and can hence serve to evaluate
the accuracy of tropicalization reduction heuristics for ODE models of biochemical reduction
systems.

On the other hand, our method also provides a reduction heuristics that performs without
any prior knowledge of the initial system’s behavior (i.e., no simulation of the initial system is
needed in order to reduce it).



Chapter 5
Prototyping genetic circuits using rule-based
models

This chapter is based on the work published in the proceedings of the 4th Hybrid
Systems Biology (HSB) workshop [13].

5.1 Motivation

As mentioned in the introductory section of this thesis, one of the goals of synthetic and
systems biology consists in the design and control of genetic circuits in an analogous way to how
electronic circuits are manipulated in human made computer systems. In this sense, one notes
previous successes in engineering simple genetic circuits that are encoded in DNA, and which
perform their function in the cellular environment [71], [87]. However, there remains a need
for rigorous quantitative characterization of such small circuits and their mutual compatibility
[113], and an important ingredient towards such a characterization is having an appropriate
modeling language: one that is able to capture model requirements, to prototype circuits, and
to predict their quantitative behavior before committing to time-intensive in vivo experiments.

As biomolecular systems are usually highly dimensional, stochastic, non-linear dynamical
systems, their quantitative modeling is particularly challenging. Consequently, a common mod-
eling practice consists in applying ad-hoc simplifications that neglect the mechanistic details
of the underlying biological processes, but which allow to predict the system’s behaviour as a
function of time.

For example, the fact that “protein A activates protein P” is often modeled immediately
in terms of a reaction A → A + P with the Hill kinetic coefficient (e.g. k[A]n

1+k[A]n ) - however,
the actual biological protein activation mechanism includes the formation of a macromolecular
complex and its binding to a molecular target.

While models that employ such simplifications are easier to execute, this type of simplifi-
cation makes models hard to edit or refine. For example, the fact that several mechanistic steps
are merged into a single kinetic rate means that a new experimental insight about an interaction
mechanism cannot be easily integrated into the model. Moreover, such abstract models do not
provide guidelines that are precise enough for circuit synthesis, and in some cases, only the
more detailed models are able to explain certain behaviours (e.g., in [57], it is shown that only
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when incorporating the mRNA, the model explains certain experimentally observed facts).
As detailed in Section 4.2, rule-based languages, such as Kappa [149] or BioNetGen [18],

are designed to naturally capture the protein-centric and concurrent nature of biochemical
signalling: in a rule-based model, the internal protein structure is maintained in form of a site-
graph, and interactions can occur by simply testing patterns, i.e., local contexts of molecular
species. We have also shown in Section 4.2 that the executions of rule-based models are traces
of a continuous-time Markov chain (CTMC), defined according to the principles of chemical
kinetics.

In general, rule-based models can be considered as an improvement of classical biochemical
reaction models for two major reasons. First, the explicit graphical representation of molecular
complexes makes models easy to read, write, edit or compose (by simply merging two collections
of rules).

For example, the dimerization reaction between two CI molecules of the λ-phage [151]
model is classically written as CI + CI→ CI2, where the convention is that CI represents a free
monomer, and CI2 represents a free dimer. On the other hand, the same reaction written in
Kappa amounts to:

where ci and or denote the binding sites of the protein CI, and CI(ci[1], or) indicates that the
identifier of the rule-based bond on the site ci, which accounts for the physical interaction
between the two CI monomers, is 1. The left-handside of the rule states that dimerization can
occur only between two CI monomers that are free (unbound) on both the cri and the or sites.

Secondly, a rule set can be both executed, and subjected to formal static analysis: for
example, it provides efficient simulations [50], [96], but also automated answers about the
reachability of a particular molecular complex [51], or about causal relations between rule
executions [49].

In this sense, in Section 5.2, we illustrate the advantages of using rule-based modeling
languages to prototype genetic circuits, by building a detailed Kappa model of the λ-phage
genetic switch. When compared to traditional ODE modeling, and even to reaction-based
modeling, using the chemically intuitive syntax/notations of Kappa results in a model that
captures the protein-centric mechanistic details of the underlying biochemical processes in a
way that can be easily understood and used by the biologist modeler, and which moreover is
concise, transparent, and easily extendable.

However, a downside to incorporating too many mechanistic details in the model is that
they lead to computationally costly execution. For this reason, in Section 5.3, we propose and
implement an efficient method for automatically detecting and applying equilibrium approx-
imations to the Kappa model. We note that in the specific Kappa models we build in this
chapter, the kinetic rate constants of the chemical interactions are highly dependent on the
full interface of the reactant patterns. The consequence of this parameter sensitivity is that
reactions operating on similar left-handside patterns cannot be subsumed into a single rule.
Hence, we assume that the left-handside of each rule is composed of patterns whose interface
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is fully specified, i.e., each pattern is a species, and as such our algorithm provides a sound
reduction of models in which each rule represents a reaction.

These approximations allow one to obtain a smaller model, in which some agents are
eliminated, and the kinetic rates are appropriately adjusted. In this way, the experimentalist
can choose to obtain predictions more efficiently but less accurately, however without losing
track of the underlying low-level mechanisms.

In related works [135] and [112], the authors propose an algorithm for reducing a reaction-
based model, by searching for interaction schemes amenable to equilibrium approximations. In
this paper, we adapt this algorithm to rule-based models of genetic circuits. We implement the
algorithm in OCaml, and test it on the detailed rule-based model of the λ-phage switch ([151],
[152]) we construct in Section 5.2.

The results of this approximation are presented in Section 5.4.1: while the complete chemi-
cal genetic circuit model contains 92 rules, 13 agents, and 61 species, the reduced model contains
only 11 rules and 5 agents, and is able to approximate the behavior of the original system. We
conclude this chapter by discussing the limitations of our reduction method, as well as future
work.

Related work. The principle of obtaining conclusions about system’s dynamics by
analysing their model description, originates from, and is exhaustively studied in the
field of formal program verification and model checking [45], [25], while it is recently
gaining recognition in the context of programs used for modeling biochemical networks.
An example is the related work of detecting fragments for reducing the deterministic
or stochastic rule-based models [62], [69], [63], detecting the information flow for ODE
models of biochemical signaling [91], [20], or the reaction network theory [46].

5.2 A Kappa model of the λ-phage decision circuit

We start by building a Kappa model of the λ-phage decision circuit, using the reaction-
based model presented in ([135], [112]). The λ-phage circuit is one of the most studied genetic
circuits in synthetic and systems biology. Over the years, much has been learned about this
simple genetic circuit, but even more than half a century after its discovery, new mechanisms
are being discovered about its functioning.

The phage λ ([151],[152]) is a virus that infects E.coli cells, and replicates using one of
two strategies: lysis or lysogeny. In the lysis strategy, phage λ uses the machinery of the
E.coli cell to replicate itself and then lyses the cell wall, killing the cell and allowing the newly
formed viruses to escape and infect other cells. On the other hand, in the lysogeny scenario,
the virus inserts its DNA into the host cell’s DNA and replicates through normal cell division,
remaining in a latent state in the host cell (it can always revert to the lysis strategy). This
switch mechanism is illustrated in Figure 5.1.

The decision between lysis and lysogeny is known to be influenced by environmental pa-
rameters, as well as the multiplicity of infection and variations in the average phage input [8].
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Figure 5.1: Phage λ developmental model (Figure taken from [135])

The key element controlling this decision process is the OR operator (shown in Figure (5.2)),
which is composed of three operator sites (OR1, OR2, OR3) to which transcription factors can
bind, in order to activate or repress the two promoters (PRM and PR) overlapping the operator
sites. When RNA polymerase (RNAP ) binds to PRM , it initiates transcription to the left, to
produce mRNA transcripts from the cI gene; RNAP bound to the PR promoter, on the other
hand, initiates transcription to the right, producing transcripts from the cro gene. The two
promoters form a genetic switch, since transcripts can only be produced in one direction at a
time. This production mechanism is illustrated in Figure 5.2.

The cI gene codes for the CI protein, also known as the λ repressor : in its dimer form, it
is attracted the the OR operator sites in the phage’s DNA, repressing the PR promoter from

(a) CI monomers are produced from the cI
gene. Two CI monomers can bind together,
and form a dimer that can in turn bind to one
of the OR operator sites.

(b) Cro monomers are produced from the cro
gene. Two Cro mononers can form a dimer,
which can bind to one of the OR operator sites.

Figure 5.2: λ-phage switch: production of CI and Cro proteins. (Figure taken from [135])
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which Cro production is initiated, and further activating CI production. Similarly, the cro gene
codes for the Cro protein, which also dimerizes in order to bind to the OR operator sites and
prevent production from PRM and its own production.

While CI2 and Cro2 can bind to any of the three operator sites at any time, they have
a different affinity to each site. The CI2 has its strongest affinity to the OR1 operator site,
next to the OR2 site, and finally to the OR3 site (in other words, CI2 first turns off PR , then
activates PRM , and finally, represses its own production), while Cro2 has the reverse affinity
(it first turns off CI production, then turns off its own production).

The effects of CI and Cro dimers binding to the operator sites are illustrated in Figure 5.3.

Figure 5.3: The effects of CI and Cro dimers binding to the operator sites. (Top row) A CI
dimer bound to the site OR1 turns off the PR promoter. (Second row) A CI dimer bound to the
site OR2 activates the PRM promoter. (Third row) A CI dimer bound to the site OR3 turns off
the PRM promoter completely, while PR is activated.(Fourth row) When all operator sites are
free, promoter PR is active. (Fifth row) A Cro dimer bound to OR3 turns off PRM completely.
(Bottom row) An additional binding of Cro dimers to OR1 and OR2 turns PR off completely.
(Figure taken from [135])
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Remark 5.2.1. The specificities of the interactions described above, as illustrated in
Figure 5.3, imply that the decision to execute a specific reaction in the model is taken
by considering the full interface of the operator pattern OR: consider for example how
in the fourth panel, PR is activated when all sites of OR are free. Similarly, in the last
panel, PR is completely repressed when all sites of OR are bound to a Cro dimer.

This particularity of the λ-phage mechanism translates in the model by a high sen-
sitivity of a reaction’s kinetic constant on its reactants’ full interface, e.g., each possible
configuration of the operator has a different binding affinity to the same given protein.
The dependency of specific molecular interactions on the full reactant pattern interface
thus prevents the aggregation of different reactions describing similar mechanisms oper-
ating on the same reactant species (e.g., the same protein binding some site of the same
operator) into a single rule.

This restriction is perpetuated throughout the λ-phage model, which means that the
major advantage of rule-based modeling w.r.t. reaction based models (“a rule subsumes
many possible reactions”) could remain unexploited when constructing models of genetic
circuits. This feature motivates the “each-rule-is-a-reaction” constraint we will assume
for our reduction algorithm: we assume that a rule-based model is such that all left-
handside and right-handside represent fully specified site-graphs (i.e., species), instead
of “don’t care, don’t write patterns”.

However, we argue that even under the above-mentioned restriction, rule-based
models are better suited for prototyping genetic circuits, when compared to reaction-
based models. Indeed, the former benefit from an intuitive chemical syntax that the
latter lack, i.e., they enable the explicit representation of protein-protein interactions,
which in itself is a strong enough reason to prefer rule-based models to reaction-based
models, when prototyping genetic circuits. All in all, we stress that in this chapter,
we choose to employ rule-based models due to the chemical expressivity of their syntax,
instead of their ability of avoiding combinatorially large model representations.

The feedback through the binding of the products as transcription factors coupled with the
affinities described makes the OR operator behave as a genetic bistable switch. In one state,
the production of the Cro protein inhibits the production of CI. In this state, the cell follows
the lysis pathway, since genes downstream of Cro produce the proteins necessary to construct
new viruses and lyse the cell. In the other state, the production of CI prevents production of
Cro, and the cell follows the lysogeny pathway, since proteins necessary to produce new viruses
are not produced. Instead, the cell proceeds with the production of proteins that are used to
insert the DNA of the phage into the host cell.

We note that in the lysogeny state, the cell develops an immunity to further infection: the
cro genes found on the DNA inserted by further infections of the virus are also shut off by
CI2 molecules that are produced by the first virus to commit to lysogeny. Once a cell commits
to lysogeny, it becomes very stable and does not easily change over to the lysis pathway. An
induction event is necessary to cause the transition from lysogeny to lysis. For example, lysogens
(i.e., cells with phage DNA integrated within their own DNA) that are exposed to UV light end
up following the lysis pathway.
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5.2.1 Example: Kappa model of CI and CII production

To exemplify the advantages of rule-based models, consider the following sub-network of
the λ-phage circuit, which describes a simplified mechanism for the production of CI from PRE ,
and for the production of CII from PR.

Figure 5.4: CI and CII production from PR and PRE .(Figure taken from [135])

CII production is initiated from the PR promoter. Initially, CI production from promoter
PRE proceeds at a low basal rate. As CII builds up, it binds to the OE operator site, activating
the production of CI molecules from PRE . The CI molecules dimerize and bind to the OR
operator sites, further repressing production of CII. Over time CII degrades, reducing the
production rate of CI. Finally, after CI degrades, the system returns to the initial state

For readability purposes, assume for the time being that we want to create a model for the
network of Figure 5.4, in which we abstract away the details regarding CI and CII binding to
the operators OE and OR, and focus solely on the regulatory effects of the interaction between
the proteins CI and CII and the promoters PR and PRE . More specifically, we want to create a
model in which protein CII activates CI production through the promoter PRE, and protein CI
represses CII production through the promoter PR.

We create a Kappa model for this regulatory circuit, by assuming that proteins CI and
CII can bind directly to their respective promoters PR and PRE . Among the different ways
of modeling genetic regulatory networks, we use a systematic procedure that produces a fairly
reasonable model, and which can represent a guideline for prototyping genetic circuits in Kappa:

• create agents for RNAP (the RNA-polymerase), as well as for every protein and pro-
moter/operator of the network under consideration;

• model the open complex formation for a promoter by a pair of rules: a reversible rule, in
which the RNAP binds to the promoter, and an irreversible rule in which the resulting
RNAP-promoter complex acts as a modifier for the production of the protein the promoter
encodes for;

• model the repression of a promoter P by a repressor R through a reversible rule, in which
R binds to P , preventing the subsequent binding of P ’s activators;

• model the activation of a promoter P by an activator A by a pair of rules: a reversible
rule, in which A and RNAP both bind to P , followed by an irreversible reaction in which



84 A Kappa model of the λ-phage decision circuit

the A−RNAP − P complex acts as a modifier for the production of P ’s protein;

• add rule for modeling the remaining chemical behavior: protein degradation, dimerisation,
etc...

Using these guidelines, the resulting Kappa model for the mechanism of Figure 5.4 writes
as:

(i) degradation of CI and CII proteins, at the same rate kd:

(ii) basal-rate production of CI and CII:

(iii) CI dimerization:

(iv) CI dimers repress the activity of promoter PR, by binding to it:

(v) CII monomers activate the promoter PRE , by binding to it:

One notes that, when compared to the equivalent reaction-based model, the Kappa model
represents a significant improvement: no supplementary names need to be introduced for the
complex species, which are instead denoted in an intuitive chemical style, that is indicative
of the underlying biological mechanisms. The result is a model that is more concise, more
transparent, easily readable, and easily extendible. The CI-CII Kappa model represents just an
example of the ease with which the Kappa language can be used to model biological interactions
not only on a protein-protein level, but also at the genetic level - a feature that results in detailed
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stochastic models that naturally account for transcriptional and translational resource usage
[184]. What’s more, the existing visual representations of Kappa models mirror the intuitively
modular nature of the modeling processes involved.

We also implement the full λ-phage circuit model, in which we include interactions with
the OR and OE operators, as well as the remaining reactions of the λ-phage circuit, the detailed
description of the which can be found in [135].

The full Kappa model contains 96 rules, 16 proteins and 61 species. This model will serve
as a case study for our reduction algorithm. Using available tools [149], we generate the model’s
contact map, which we present in Figure 5.5.

Figure 5.5: The contact map of the full λ-phage model. The model consists of 96 rules, 16
proteins and 61 species.

5.3 Model Approximation using Michaelis-Menten-like reaction
schemes

In this section, we present the approximation algorithm, which comprises three reduc-
tion schemes: competitive enzymatic reduction, operator-site reduction, and fast dimerization
reduction.

As all three schemes are based on the Michaelis-Menten (MM) enzymatic model, we start
by providing some mathematical background for justifying the validity of the MM reduction
scheme in the case of stochastic models.

We continue by detailing the three reductions, and conclude by presenting the top-level
algorithm that employs them.

5.3.1 Validity of the Michaelis-Menten enzymatic reduction in stochastic
models

As we will see in the next sections, our reduction algorithm will scan a Kappa model in
search for reaction patterns similar to the original Michaelis-Menten enzymatic mechanism
(E + S ↔ E : S → P ), and then reduce them using MM-like approximations. We have
previously seen that this approximation is generally considered to be sufficiently good under
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different assumptions, such as, for example, that the rate of dissociation of the complex to the
substrate is much faster than its dissociation to the product (i.e. k1 � k2), (the equilibrium
approximation). Even if the equilibrium condition is not satisfied, it can be compensated in a
situation where the total amount of substrates is significantly larger than the enzyme quantity:
[S]0 +Km � ET (quasi-steady state assumption, or QSSA).

The informal terminology of being “significantly faster”, motivated the rigorous study of the
limitations of the approximations based on separating time scales. The enzymatic (Michaelis-
Menten) approximation has been first introduced and subsequently studied in the context of
deterministic models (e.g. [134]), and it had not been given much consideration in the context of
stochastic models, until relatively recently. However, this has changed, due to the computational
demands of the stochastic simulation algorithm (SSA), which not only requires a potentially
large number of runs in order reasonably 1 estimate the system behavior, but more importantly,
also requires every single reaction event to be simulated one at a time. In this sense, the QSSA
approximation not only reduces the dimensionality of the system, but it can also substantially
reduce simulation time, by removing fast reactions such as complex formation and complex
dissociation, which are commonly found in enzymatic models. Indeed, the propensities of such
very fast reactions can be significantly larger than those of other reactions, and thus tend
to dominate (and slow down) stochastic simulations. As a result, in order to facilitate more
efficient temporal behavior analysis, extended MM approximations, and more generally time-
scale separation techniques, have recently started to be investigated in the stochastic context
([157], [90], [47], [93], [164], [81]).

Moreover, mathematical justifications for the application of the QSSA within the stochastic
chemical kinetic framework have been investigated to establish a theoretical basis to illustrate
how the QSSA can be applied to stochastic simulation algorithms.

Notably, the following result from [54] (also shown as a special case of the multi scale
stochastic analysis from [103]), shows that, under an appropriate scaling of species’ abundance
and reaction rates, the original model and the approximate model converge to the same process.

Theorem 5.3.1 ((Darden [54], Kang [103]))
Consider the usual MM reaction network:

E + S k1−−⇀↽−−
k−1

E : S k2−→ E + P, (5.1)

and let XS(t), XE(t), XE:S(t) and XP (t) denote the respective species’ copy numbers, due to
the random-time change model (3.30). Write ET = XE:S(t) +XE(t) to denote the total enzyme
quantity, and let VE(t) =

∫ t
0 N

−1XE(s)ds.
Assuming that the amount of substrate is much larger than that of enzyme, the system

volume can be expressed as N = O(XS).
Finally, let γ−1, γ1, γ2 be parameters of order 1.
Then, under the scaling k−1 → γ−1, k1 → Nγ1, k2 → Nγ2, N → ∞, and XS(0)

N → xS(0),
one has that:

1i.e., at a reasonable degree of statistical confidence



Prototyping genetic circuits using rule-based models 87

(
XS(t)
N

,VE(t)
)
−→ (xS(t), vE(t)) ,

with: 
d
dtvE(t) = ET

1+K̂xE(t)

d
dtxS(t) = −ET γ2K̂xS(t)

1+K̂xS(t)

and K̂ = γ−1
γ1+γ2

.

The assumptions listed in the theorem capture the following: (i) XS and XP are scaled to
concentrations, while XE and XE:S remain in copy numbers; (ii) the stochastic reaction rate
k−1 is an order of magnitude smaller than the rates k1 and k2.

A complete proof is provided in [103]. Herein, we outline the general idea.
Let N > 0 be a natural number, and let ZS(t) = XS(t)/N , ZE(t) = XE(t), ZS:E(t) =

XS:E(t), ZP (t) = XP (t)/N . Writing out the scaled random time-change model for the substrate
gives:

ZS(t) = ZS(0)−N−1ξ1(N
∫ t

0
γ−1ZS(s)ZE(s)ds)

+N−1ξ2(N
∫ t

0
γ1ZS:E(s)ds),

Similarly, the scaled random time-change model for the complex E : S writes as:

ZE:S(t) = ZE:S(0) + ξ1(N
∫ t

0
γ−1ZS(s)ZE(s)ds)

− ξ2(N
∫ t

0
γ1ZS:E(s)ds)

− ξ3(N
∫ t

0
γ2ZS:E(s)ds).

After dividing the latter equation with N , and applying the law of large numbers, we obtain
the balance equations analogous to assuming that the complex is at equilibrium. This equation
implies the expression for d

dtvE(t).
The equation for d

dtxS(t) follows from the model of ZS(t): we first use the conservation law
ZS:E(s) = N−1ET − ZE(t) and then substitute the obtained value of d

dtvE(s).
In order to confirm that the reduction is appropriate, our goal is now to show that the scaled

versions of the original enzymatic model (5.1) and the reduced model (4.5) are equivalent in
the limit when N →∞.
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Let ZP (t) := N−1XP (t) be the scaled random time change for the product in the original
model, and let ẐP (t) := N−1X̂P (t), in the reduced model.

Notice that, from the balance equations, xPdt = −xS
dt .

According to the reduced Michaelis-Meten system, the random time change for the product
is given by

ẐP (t) = ẐP (0) +N−1ξ(
∫ t

0

k2ETK

1 +KNẐS(s)
NẐS(s)ds)

= ẐP (0) +N−1ξ(
∫ t

0
N

γ2ET K̂

1 + K̂ẐS(s)
ẐS(s)ds).

Passing to the limit, we obtain the desired relation: ẑP (t)
dt = zP (t)

dt .
We note that Theorem (5.3.1) should not be interpreted as providing the means of com-

puting the approximation error, or even as an algorithm which suggests which difference in
time-scales is good enough for an approximation to perform well.

Rather, this result shows that the enzymatic approximation is justified in the limit when
the assumptions about the reaction rates and species’ abundance are met. In other words, when
N →∞, the scaled versions of the original and reduced models – e.g. ZP (t) = N−1XP (t) and
ẐP = N−1X̂P – both converge to at the same, well-behaved process. This provides confidence
that the actual process X̂P is a good approximation of the process XP .

The observation that the enzymatic approximation is justified in the limit is in line with
recent works that study the robustness of classical enzyme kinetics in the context of cellular
biochemistry, i.e. in the in vivo context of small intracellular environments, where the large
volume, large species abundance, and negligible fluctuations assumptions do not hold. For ex-
ample, in [85], the author shows that for a microscopic stochastic model of enzyme kinetics in a
small subcellular compartment, the intrinsic noise induces a breakdown of the Michaelis-Menten
equation, even if steady-state metabolic conditions are enforced, and that the deterministic
rate equations can severely under-estimate steady-state intracellular substrate concentrations.
Moreover, a formula is given for quantifying the deviations from the MM equations - the de-
viations are substantial for small values of KM ; in this case, the bottleneck of the catalytic
process (which resides in the decay of a complex, rather than the enzyme-substrate combina-
tion) leads to correlations between successive binding events. The limitations of the stochastic
quasi-steady-state approximation are also studied in [176], where a simple formula for the rel-
ative error between the predictions of the two CMEs (original and reduced) for the simplest
biochemical circuit embedding the MM mechanism (i.e., the MM reaction plus a substrate input
reaction) is obtained. This formula predicts that the reduced approach can overestimate the
variance of the substrate fluctuations by as much as 30%, when the enzyme is half saturated
with substrate, i.e., when xS = KM . However, for substrate concentrations much smaller or
larger than KM , this error becomes negligible. Other works from the same research group deal
with corrections to the classical enzyme kinetics models: in [175], the authors compute the
finite-volume/finite copy number corrections to the solutions of the rate equations of a system
composed of arbitrarily many enzyme-catalyzed reactions inside a small sub-cellular compart-
ment, while in [84] the results of [85] are further explored, in order to derive novel stochastic
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mesoscopic rate equations, replacing the conventional macroscopic deterministic equations, in
the case of subcellular (i.e., at micron and submicron scales) enzyme reaction networks; these
mesoscopic equations take into account the simultaneous influence of both intrinsic noise and
substrate transport mode. Finally, in [86], the CME is used in order to obtain expressions for
the instantaneous and time averaged rate of product formation in an enzymatic MM scheme in
which the conventional substrate abundance assumption is not imposed on the system. Notably,
the authors show that (i) the relationship between the average rate of product formation and
the substrate concentration for a MM reaction with one enzyme molecule is (approximatively)
given by a logarithmically corrected MM form, and that (ii) the relationship between the initial
average product formation rate and the initial substrate concentration for an MM reaction with
no reversible reaction and with any number of enzyme and substrate molecules is a sum of MM
equations.

Several other analyses of the Michaelis-Menten reaction mechanism in the single-molecule
context have been carried out. For example, for the case of only one enzyme molecule reacting
with one substrate molecule, differences of 20 − 30% between the average substrate concen-
trations as given by the reduced ODE model and the stochastic CME model have been found
[7]. In the case of a Michaelis-Menten reaction mechanism with substrate inflow catalysed by
one enzyme molecule, it was shown [172] that the relationship between the mean steady-state
rate of product formation is given not by the MM equation, but by a more complex expression,
which nonetheless reduces to the usual MM equation in the limit KmΩ � 1, with Ω denoting
the volume.

We argue for the relative accuracy of our method, as the conditions under which the MM
approximation is shown to be inaccurate in the above-mentioned studies do not hold for our
λ-phage stochastic model: the substrate abundant, KM � 1, and the enzymes do not operate
near saturation.

Example 5.3.1
To illustrate the meaning of Theorem 5.3.1, we compare the stochastic trajectories of the

product species P in the original and the reduced model, for different values of N .
We start by plotting the mean protein level for the original and for the reduced model, for

a value of N = 1 (i.e., without scaling).
Then, we scale up the parameters k1 and k2, as well as the initial concentration of substrate

T , in order to mimic the effect of choosing a larger N in 5.3.1.
Figure 5.6 shows that, as expected, the distance between the original and reduced model

decreases in the scaled system (large N). This observation is consistent with those of [164],
which state that the Michaelis–Menten approximation is applicable in discrete stochastic models,
and that its validity conditions are the same as in the deterministic regime, as given in [168].
Otherwise said, that a stochastic simulation of the reduced mechanism S → P with effective
propensity function VmaxS

Km+S will closely approximate the solution of the full stochastic model of
the Michaelis-Menten reaction set whenever S0 +Km � ET . Indeed, scaling the MM system as
in 5.3.1 widens the gap between these two quantities, as it implies increasing the values of both
S0 and Km (as Km = k1+k2

k−1
), while keeping enzyme levels ET constant.
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Figure 5.6: (Top) We plot the mean protein expression for the MM enzymatic scheme, for
one hundred sampled traces, before and after the enzymatic catalysis reduction. (Top Left)
No scaling applied (N=1), initial species abundance given by xS(0) = 50, xE(0) = 1, and
parameters k−1 = 1, k1 = 10, k2 = 10 b) Parameters k2, k3, and the initial number of substrates
S are scaled up by a factor of 10 (N = 10). (Bottom) We consider the reduction error to be
given by the difference in mean protein copy numbers between the original and reduced model.
As such, the reduction error is significantly smaller for the scaled models, cf. what is expected
from Theoerem 5.3.1
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5.3.2 Generalized competitive enzymatic reduction

Generalized competitive enzymatic reduction

The Michaelis-Menten enzymatic approximation can be generalized to a situation in which
several substrates compete for binding to the same enzyme E. We will call such patterns of
rules competitive enzymatic rules.

Assume the multiple alternative substrate scheme, in which the same enzyme E can re-
versibly bind one of n possible substrates Si, and in doing so, lead to production of Pi:

E + Si
k−i−−⇀↽−−
k+
i

E : Si
ki−→ E + Pi, i = 1 . . . n (5.2)

If the alternative substrate system i is taken as the leading substrate, the system contains
n− 1 competitors. Under the assumption of a generalized quasi-steady state condition stating
that each complex E : Si reaches equilibrium fast enough, (i.e., dE:Si

dt ≈ 0), and taking into
account the conservation laws w.r.t. both the enzyme and the substrate amounts:

xE(t) +
n∑
i=1

xE:Si(t) = xE(0)

xSi(t) + xE:Si(t) + xPi(t) = xSi(0)

each such enzymatic scheme can be approximated by the following irreversible rule:

Si

kiKiET
Z−−−−−→ Pi, (5.3)

meaning that Pi is produced at rate kiKixSiET
Z , where

Z = 1 +
∑

i∈{1,...,n}
KixSi

ET = xE +
∑

i∈{1,...,p}
xE:Si

If the complex E : Si dissociates into E and Si much faster it is converted into the product
Pi, i.e. if k−i � ki, the rapid equilibrium approximation can be applied, meaning that we can
set Ki ≡

k−i
k+
i

, instead of the usual MM constant k−i +ki
k−i

. The rapid equilibrium approximation
provides a more aggressive reduction than the quasi-steady state approximation w.r.t. reducing
the complexity of the kinetic law, and, as such, whenever a model contains patterns that match
the conditions for both methods, the rapid equilibrium approximation will have precedence in
order to reduce the complexity of the rule rate laws.

We adapt the algorithms of [112] to perform the reduction of Kappa models containing
patterns of multiple alternative substrate systems.
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In this sense, we adapt the following nomenclature:

Definition 5.3.1 (Kappa reactant, modifier, product)
Given a rule (El, Er, k), a Kappa species s is called

• a reactant, if it is a species occuring in El (cf. Definition 4.2.4), but it is not a species
occuring in Er ,

• a modifier, if it occurs in both El and Er, and if the number of its occurrences in El equals
the number of its occurrences in Er ,

• a product, if it does not occur in El, and it occurs in Er.

For the top-level competitive enzymatic reduction, Algorithm 2 scans the entire species set,
in search for potential enzymes. For each such detected enzyme E, the system is transformed
according to Eq. (5.3), and E is eliminated from the model.

Algorithm 2: Competitive enzymatic reduction
Input : A Kappa model M over a set of species S and observables O
Output: The reduced Kappa model M ′ over a set of species S ′ and observables O

1 M ′ ←−M ;
2 for s ∈ S do
3 C ←− RapidEqCondition(M, s);
4 if C 6= ∅ then
5 M ′ ←− RapidEqTransform(M ′, s, C)
6 end
7 end
8 return M ′

Checking if E is an enzyme is done via procedure RapidEqCondition, which ensures that2:

(i) E is not an observable in the Kappa model M ;

(ii) E is a reactant (cf. Definition 5.3.1) in at least one rule r : (El, Er, k) of M ;

(iii) each rule r : (El, Er, k) in which E is a reactant is a reversible rule, in which El contains
only two species, E and S, and in which Er is obtained by applying a binding transfor-
mation on El, between species E and S;

(iv) for each such rule r, the right-handside species, which we denote E : Si for readability, is
not an observable, has an initial abundance 0, occurs as a reactant or product in exactly
one rule, and never occurs as a modifier;

(v) there exists an irreversible rule r2 : (El2 , Er2 , k2), with El2 = E : Si, and such that Er2

contains only the enzyme species E and a product species P : such a reaction converts
E : Si into a product and releases the enzyme;

2These tests are equivalent to those shown in [135] and [112].
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(vi) either the quasi-steady state or the rapid equilibrium assumptions are verified, i.e., either
Si(0) + k−i +ki

k+
i

� ET , or k−i � ki.

Procedure RapidEqCondition(M,E)
Input : A Kappa model M over a set of species S and observables O, and a species E

from its S
Output: Checks if E is an enzyme, and if so, returns the set of configurations

corresponding to all substrates E binds to
1 C ←− ∅ ;
2 if E ∈ O or E isn’t a reactant in any rule of M then
3 return ∅;
4 end
5 for every rule r1 in which E is a reactant do
6 if r1 6= E,Si ↔ E : Si@k+

i , k
−
i then

7 return ∅;
8 end
9 if xE:Si(0) 6= 0 or E : Si ∈ O then

10 return ∅;
11 end
12 if E : Si is a reactant in more than one rule, or a modifier in any rule, or a product

in any other rule than r then
13 return ∅;
14 end
15 if @r2 = E : Si → E,Pi@ki then
16 return ∅;
17 else
18 if ki

k−i
> threshold then

19 if ET
xSi (0)+(k−i +ki)/k+

i

>threshold then
20 return ∅;
21 else
22 C ←− C ∪ {(Si, E : Si,

k+
i

k−i +ki
, ki, r, r2)};

23 end
24 C ←− C ∪ {(Si, E : Si,

k+
i

k−i
, ki, r, r2)};

25 end
26 end
27 end
28 return C;



94 Model Approximation using Michaelis-Menten-like reaction schemes

If species E satisfies these conditions, a set of configurations is formed; each configuration
includes a substrate Si to which the enzyme binds, the complex E : Si it forms by binding to
Si, the equilibrium constant knew of the binding rule and the rate ki of the production rule
containing E : Si as a reactant, as well as the names of the two rules.

This configuration set is then used by procedure RapidEqTransform to reduce the model:

(i) for an enzyme E, it loops through the set of configurations, to form Z - the expression
used in the denominator of each new rate law;

(ii) for each configuration (Si, E : Si, knew, ki, r1, r2), it makes the substrate Si a reactant for
r2, and changes the rate constant of r2 accordingly;

(iii) finally E, E : Si and r1 are removed from the model.

Procedure RapidEqTransform(M,S,C)
Input : A Kappa model M over a set of species S and observables O, an enzyme E and

its corresponding configuration set given by the RapidEqCondition procedure
Output: The model M , from which the enzyme E has been abstracted
/* compute the new kinetic law expression */

1 Z ←− 1 +
∑

(Si,E:Si,knew,r,r2)∈C
knew ∗ xSi ;

2 for (Si, E : Si, knew, ki, r, r2) ∈ C do
3 add Si as a reactant in r2;
4 rateconstant(r2) = k2∗xE(0)∗knew

Z ;
5 remove E : Si from M ;
6 remove rule r from M ;
7 end
8 remove E from M ;
9 return M ;
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5.3.3 Operator site reduction

Models of genetic circuits generally include multiple operator sites which can be occupied
by transcription factors. Moreover, it is generally the case that the rates at which transcrip-
tion factors reversibly bind operator sites are rapid with respect to the rate of transcription
initiation, i.e., the rate of open complex formation. The number of operator sites is also typ-
ically considerably smaller than that of RNA polymerase (RNAP) and of transcription factor
molecules. Consequently, a method similar to the enzymatic catalysis reduction scheme can be
used to systematically merge rules and remove operator sites and their complexes from rule-
based models of genetic circuits. Intuitively, in this context, the operator site takes the role of
the enzyme, and the transcription factor(s) act as the substrate.

Assume an operator S, that can bind transcription factors and RNAP, in N + 1 possible
configurations, let So be the operator in free form (unbound), and let Ci ≡ (Si, Ki,Xi), with
1 ≤ i ≤ N denote each possible configuration, where Si is the ith bound complex of S, Ki is
its equilibrium constant (i.e., the ration between the forward and backward rate constants),
and Xi is the product of the states of the substrates for each component of the complex in this
configuration.

Then, assuming rapid equilibrium, the probability of S being in each configuration is given
by:

Pr(Ci) =
{ 1
Z , if i = 0
KiXi
Z , otherwise

, (5.4)

with Z = 1 +
N∑
i=1

KiXi.

Assuming that ST = xS0(0), the fraction of operators in the ith configuration is given by:

xSi = Pr(Ci) · ST . (5.5)

Then, Eq. (5.5) can be used for operator site reduction of a Kappa model, in a similar
fashion to the competitive enzymatic reduction. The operator site reduction for a Kappa model
M consists in Algorithm 3 checking each species S, using procedure OpSiteCondition. If S
satisfies the operator conditions, a set of configurations C corresponding to the transcription
factors that compete to bind to s is formed, and then used in the reduction performed by
procedure OpSiteTransform.

Assuming that an operator is a species S that is small in copy number, and which can
neither be produced, nor degraded, procedure OpSiteCondition checks that S is an operator,
using the following conditions:
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Algorithm 3: Operator-site reduction
Input : A Kappa model M over a set of species S and observables O
Output: The reduced Kappa model M ′ over a set of species S ′ and observables O

1 M ′ ←−M ;
2 for s ∈ S do
3 C ←− OpSiteCondition(M, s);
4 if C 6= ∅ then
5 M ′ ←− OpSiteTransform(M ′, s, C)
6 end
7 end
8 returnM ′

(i) S’s initial copy number is not higher than a threshold;

(ii) S is not an observable, and is a reactant in at least one reversible rule, r : (El, Er, k),
which in turn is a reversible complex formation rule: Er must be obtained by applying
the binding operation between the species of El ;

(iii) the operator complex Er mentioned above is not an observable, it is uniquely produced
by r and it is never a reactant in any rule of M ;

(iv) each rule r′ in which Er appears as a modifier is irreversible, has no reactants, no other
modifiers, and only one product;

(v) for each such rule r, a configuration (Er, xTi ,Ki, r) is created, with Er the product species
S : T1 : . . . : Tj , Xi = k+

k−
·
∏

1≤k≤j
xTk the product of copy numbers for reactants of r, except

S, Ki = k+/k−, the ratio between the forward and backward rates of r, and r the rule
name;

(vi) finally, if all the above conditions are met, the set of all such configurations for S is
returned.

Procedure OpSiteTransform is then used to apply the reduction:

(i) for an operator S, it loops through the set of corresponding configurations to form Z, the
expression used in the denominator of each new rate;

(ii) it then considers every configuration (S : T1 : . . . : Tj ,K,r) of the set, and for every rule r′
in which S : T1 : . . . : Tj appears as a modifier, it changes its rate constant accordingly,
and adds T1, . . . , Tj as modifiers;

(iii) finally, S, sc, and r are removed.
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Procedure OpSiteCondition(M,s)
Input : A Kappa model M over a set of species S and observables O, and a species S

from its S
Output: Checks if S is an operator site, and if so, returns the set of configurations

corresponding to transcription factors bound to S
1 C ←− ∅ ;
2 if xS(0) > threshold then
3 return ∅;
4 end
5 if S ∈ O or S is being produced by any rule of M then
6 return ∅;
7 end
8 for every rule r in which S is a reactant do
9 if r 6= S, T1, . . . , Tj ↔ S : T1 : . . . : Tj@k+, k− then

10 return ∅;
11 else
12 if S : T1 : . . . : Tj ∈ O, is produced by any other rule of M except r, or appears as

a reactant in any rule of M then
13 return ∅;
14 end
15 for every rule r′ in which S : T1 : . . . : Ti appears as a modifier do
16 if r′ 6= S : T1 : . . . : Tj → S : T1 : . . . : Tj , P@k2 then
17 return ∅;
18 end
19 Ki ←− k+

k−
;

20 Xi ←− k+
k−

∏
1≤k≤j

xTk ;

21 C ←− C ∪ {(S : T1 : . . . : Tj , Xi,Ki, r)};
22 end
23 end
24 end
25 return C;
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Procedure OpSiteTransform(M,S,C)
Input : A Kappa model M over a set of species S and observables O, an operator site

S and its corresponding configuration set given by the OpSiteCondition
procedure

Output: The model M , from which the operator site S has been abstracted
/* compute the new kinetic law expression */

1 Z ←− 1 +
∑

(S:T1:...:Tj ,Xi,Ki,r)∈C
Xi;

2 for (S : T1 : . . . : Tj , Xi,Ki, r) ∈ C do
3 for every rule r2 = S : T1 : . . . : Tj → S : T1 : . . . : Tj , P@k2 do
4 add T1, . . . , Tj as modifiers in rule r2;
5 rateconstant(r2)←− k2·Ki·xS(0)

Z

6 end
7 remove S : T1 : . . . : Tj from M ;
8 remove r from M ;
9 end

10 remove S from M ;
11 return M ;

Example 5.3.2
We illustrate the operator-site transformation on a small subnetwork of the λ-phage model.
The four rules presented below model the binding of the agent RNAP to the operator site of
the agent PRE and subsequent production of protein CI. Agent PRE binds either only RNAP
(at rate k1+ and k1−), or simultaneously with CII (at rate k2+ and k2−). The protein can be
produced whenever PRE and PRE are bound, but the rates will be different depending on
whether only RNAP is bound to the operator (rate ka), or, in addition, CII is bound to the
operator (rate kb):

PRE(cii[.], rnap[.]),RNAP(p1[.],p2[.])↔
PRE(cii[.], rnap[1]),RNAP(p1[1], p2[.])@k1+, k1−

PRE(cii[.], rnap[.]),CII(pre[.]),RNAP(p1[.],p2[.])
↔ PRE(cii[1], rnap[2]),CII(pre[1]),RNAP(p1[2],p2[.])@k2+, k2−

PRE(cii[.], rnap[1]),RNAP(p1[1],p2[.])
→ PRE(cii[.], rnap[1]),RNAP(p1[1],p2[.]), 10CI(ci[.], or[.])@ka

PRE(cii[1], rnap[2]),CII(pre[1]),RNAP(p1[2], p2[.])
→ PRE(cii[1], rnap[2]),CII(pre[1]),RNAP(p1[2],p2[.]), 10CI(ci[.], or[.])@kb
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After the operator site reduction, the operator PRE is eliminated from each of the two
competing enzymatic catalysis patterns. Consequently, the production of CI is modeled only
as a function of RNAP and CII:

RNAP(p1[.],p2[.])→ RNAP(p1[.],p2[.]), 10CI(pr[.], ci[.])@ knew1

RNAP(p1[.],p2[.]),CII(pre[.])→ RNAP(p1[.],p2[.]),CII(pre[.]), 10CI(pr[.], ci[.])@ knew2,

where the rate constants are appropriately modified:

knew1 =
ka ·

k+
1
k−1
· PRE0

Z

knew2 =
kb ·

k+
2
k−2
· PRE0

Z

Z = 1 + k+
1
k−1
· xRNAP + k+

2
k−2
· xRNAP · xCII

5.3.4 Fast dimerization reduction

Finally, a similar reduction reasoning can be applied to fast dimerization rules:

M +M
k−−−⇀↽−−
k
M2

Under the assumption that both rates k and k− are fast compared to other rules involving M
or M2, it is common to also assume that the rule is equilibrated, that is:

kx2
M − k−xM2 = 0,

where xM and xM2 denote the copy number (at time t, but for notation ease, we omit the
time in the notation), of monomers and dimers respectively. Such an assumption allows for a
reduction in which dimerization rules are removed, and the number of dimers is expressed in
terms of the total number of monomer molecules M .

The respective monomer and dimer copy numbers can be expressed as fractions of the total
quantity:

xM = 1
4K

(√
8KMT (t) + 1− 1

)
,

xM2 = MT (t)
2 − 1

2xM ,
(5.6)

where K = k
k− and MT (t) = xM + 2xM2 .

Our algorithm searches for such dimerization rules. Suppose that a pair of reversible
rules M,M ↔ M2 is detected, in which M2 is obtained by binding the two M reactants.
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Before proceeding to the reduction, we check whether an M dimer is produced elsewhere,
or if the monomer is a modifier elsewhere. These checks are necessary because they prevent
from deviating from the assumed equilibrium. If all checks passed, the dimerization rule can be
eliminated. Instead, a new species denoting the total quantity of momonmersMT is introduced.
It used to replace both the monomer M or dimer M2 species in rules that previously involved
them (the rates are adapted according to (5.6)).

Consequently, the dimerization reduction of a Kappa model M is done by looping through
M ’s rule set and reducing the dimerization rules as described above.

Algorithm 4 checks every rule r ∈M using procedure DimerCondition. If the dimerization
conditions are satisfied, a record Q of the monomer species, dimer species, and equilibrium
constant is created, and then used to perform the reduction using procedure DimerTransform.

Algorithm 4: Fast dimerization reduction
Input : A Kappa model M over a set of species S and observables O, containing a set

of rules R
Output: The reduced Kappa model M ′ over a set of species S ′ and observables O

1 M ′ ←−M ;
2 for r ∈ R do
3 Q←− DimerCondition(M, r);
4 if Q 6= ∅ then
5 M ′ ←− DimerTransform(M ′, r, Q)
6 end
7 end
8 return M ′

Cf. procedure DimerCondition, a rule r : (El, Er, k) is a dimerization rule that can be
reduced, if it satisfies:

(i) r is a reversible rule;

(ii) El = M,M , i.e. the rule’s left-handside is comprised of two occurences of the same species
M , and Er is obtained by adding a bond (or more) between the two Ms;

(iii) the monomer form (M) does not appear as a modifier in any rule;

(iv) the dimer form (Er) does not appear as a product in any other rule other than the
dimerization rule r.

When a dimerization rule r is found, the model is abstracted as follows (cf. proce-
dure DimerTransform):

(i) a new species, Mt, accounting for the total amount of speciesM is introduced, with initial
abundance xAt(0) = xA(0) + 2xA2(0);
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Procedure DimerCondition(M,r)
Input : A Kappa rule r
Output: Checks if r is a dimerization rule

1 if r = A,A↔ A2@k+, k− then
2 if A is never used as a modifier and A2 is only produced by rule r then
3 Sm ←− A;
4 Sd ←− A2;
5 return < Sm, Sd, k+/k− >;
6 else
7 return ∅;
8 end
9 else

10 return ∅
11 end

(ii) in all rules containing the monomer as a reactant, the monomer is replaced by Mt, and
the rates are updated accordingly;

(iii) for all rules containing the dimer as a modifier, the rates are adapted accordingly;

(iv) in all rules containing the dimer as a reactant, the dimer is replaced with by Mt, and the
rates are adapted accordingly ;

(v) in all rules containing the monomer as a product, the monomer is replaced by Mt;

(vi) the dimerization rule, the momoner and the dimer patterns are removed from the model.
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Procedure DimerTransform(M ′, r, < Sm, Sd,Ke >)
Input : A dimerization rule r in a Kappa model M, alongside its record

< Sm, Sd, k+/k− >
Output: The model M, from which the dimerization rule r has been reduced

1 add a new species, St to M;
2 set xSt(0) = 2 ∗ xSd(0) + xSm(0);
3 for every rule r′ in which Sm appears as a reactant do
4 replace Sm with St in r′;
5 replace xSm with 1

4 k+
k−

(
√

8k+
k−
xSt + 1− 1) in rate(r);

6 end
7 for every rule r′ in which Sd appears as a reactant do
8 replace Sd with 2St in r′;
9 replace xSd with xSt

2 −
1

8 k+
k−

(
√

8k+
k−
xSt + 1− 1)) in rate(r′)

10 end
11 for every rule r′ in which Sd appears as a modifier do
12 replace xSd with xSt

2 −
1

8 k+
k−

(
√

8k+
k−
xSt + 1− 1)) in rate(r′)

13 end
14 for every rule r in which Sm appears as a product do
15 replace Sm with St in r
16 end
17 remove Sm, Sd, and r from M;
18 return M;

5.3.5 Top-level reduction algorithm

Our top-level reduction algorithm is equivalent to that shown in [135] and [112], except
for the adaptations resulting from the fact that the data structure used to represent species
in rule-based models are site-graphs, which are different from vectors of species’ multiplicities
used in reaction-based models. Also, unlike in the original algorithm, there is no need to check
the form of the reaction rate function, as in Kappa rule-based models one implicitly assumes
chemical kinetics to follow the mass-action rule.

As mentioned previously, for reasons explained in Note 5.2.1, when designing the reduction
algorithm we assume that the rule-based model is such that all left-handside and right-handside
of a rule represent mixtures, that is, each rule is equivalent to one reaction. Hence, in our static
inspection of rules, we test species, i.e., fully defined connected mixtures). The extension to the
case where this assumption does not hold is subject to future work, and is discussed in more
detail in Section 5.4.2.

Our reduction of a Kappa system R = (x0,O, {r1, . . . , rn}) is performed by static analysis
over the rule-set R, in search for one of the interaction patterns which are consequences of the
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theory previously presented.
A run of a complete reduction step starts by applying a modifier elimination procedure,

aimed at reducing complexity without losing accuracy. The modifier elimination abstraction
can be applied when a species only appears as a modifier throughout a model; such a species
will never change its copy number throughout the dynamics, and therefore, its quantity will be
constant. In this case, the species can be eliminated from the reactions and each corresponding
rate law will be multiplied by the initial copy number of this species.

We follow by sequentially applying the competitive enzymatic, operator site and fast dimer-
ization reductions. The last operation consists in a similar reaction composition procedure,
aimed at combining the structurally similar reactions that are often generated by the opera-
tor model abstraction. In similar reaction composition, reactions that have the same reactants,
modifiers and products are combined into a single reaction, by summing their rate laws. We note
that both modifier elimination and similar reaction composition are exact reductions: applying
them does not change the semantics of the rule-based system.

The abstraction methods are applied in a loop, until they generate no more changes in the
model, as presented in the top-level algorithm shown in Alg. 5.

Algorithm 5: Top-level approximation algorithm.
Input : A Kappa systemM = (x0,O, {r1, . . . , rn}) over a set of species S and

observables O.
Output: A Kappa modelM′ over a set of species S ′ and observables O.

1 repeat
2 M′ ←−M
3 M←− Modifier elimination(M)
4 M ←− Competitive enzymatic reduction(M)
5 M ←− Operator-site reduction(M)
6 M ←− Fast dimerization reduction(M)
7 M ←− Similar reaction composition(M)
8 until M ′ = M ;
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5.4 Results and Discussion

5.4.1 Results: reduction of the λ-phage decision circuit

We test our reduction algorithm on the Kappa model of the λ-phage, as presented in
Section 5.2.

Simulations were carried out on the complete chemical reaction genetic circuit model which
contains 92 rules, 13 proteins and 61 species (the contact map of the original system is shown
in Figure 5.5). After applying the reduction, the Kappa model is reduced to 11 rules and 5
proteins.

In Figure 5.7, we plot the mean for the CI copy number obtained from 100 runs of the
original and of the reduced model, and the graphs show agreement.

Figure 5.7: Average trace of 100 simulations of the original full λ-phage model (solid) and the
reduced model (thin) after the reduction, for initially 10 λ phage cells (multiplicities of infection
– MOI’s). The simulation time for one simulation trace of the original model is ≈ 40 minutes of
CPU time, and of the reduced model is 5 seconds of CPU time. The initial number of proteins
CI, Cro, CII and CIII and N is set to 100.

In Figure 5.8, we compare the probability of lysogeny before and after the reduction of
the model (lysogeny profile is detected if there are 328 molecules of CI before there are 133
molecules of Cro). The graphs show overall agreement in predicting the lysogeny profile. More
precisely, for a value of MOI (multiplicity of infection) of at most 2, the probability of lysogeny
is almost negligible. For an MOI of 3, both graphs show that lysogeny and lysis are equally
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probable (the reduced model reports slightly larger probability), and for an MOI greater than
4, both graphs show that lysogeny is highly probable. We note the considerable speedup in
simulation: while one simulation of the original model takes about 40 mins, one simulation of
the abstracted model takes about 5 seconds. A prototype of the tool is available for download
[14].

Figure 5.8: Comparison of the probability of lysogeny before and after the reduction of the full
λ-phage model (lysogeny profile is detected if there are 328 molecules of CI before there are 133
molecules of Cro). The profile was obtained by running 1000 simulations of the model for one
cell cycle (2100 time units), for MOIs ranging from 1 to 10.
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5.4.2 Conclusion and future work

In this chapter, we argue for the use of rule-based modeling language in prototying genetic
circuits, and show how the multi-scaleness of biological systems can be exploited for model
reduction in the stochastic case. As such, we construct a detailed rule-based Kappa model of
the λ-phage decision circuit, and subsequently propose an model approximation method based
on variations of the Michaelis-Menten enzymatic scheme. Our method can be seen as a first
step towards a systematic time-scale separation of stochastic rule-based models. As such, it can
be extended in several directions.

From species to “don’t care, don’t write” patterns

When constructing our reduction method, besides the “every rule is a reaction” assumption, we
also assume the following:

(i) operator sites have no internal states;

(ii) the definition of dimer assumes binding between two identical monomers. This means
that given a species M with a site that has two possible internal states M(x˜u˜p) (u for
unphosphorylated, and p for phosphorylated), we consider that the reaction :

M(x˜u),M(x˜p)↔M(x˜u[1]),M(x˜p[1]),

in which an unphosphorylated M reversibly binds a phosphorylated M is not a dimeriza-
tion reaction;

(iii) similarly, asymmetric dimerization (i.e., through binding on different sites of a monomer
species) is not taken into consideration by our reduction method, as it can lead to polymer
species; consequently, out method only searches for strict dimers, obtained via symmetric
dimerization (i.e., binding on the same site);

We note that assumptions (iii) and (iv) amount to prohibiting hetero-dimers. Moreover,
assumption (iii) ensures that no infinite species - such as polymers - occur in the model.

We argue that on the one hand that these restrictions are respected by models of genetic
regulatory networks, and that on the other hand, they allow for sound model reduction, in line
with the original method presented in [112]. What’s more, we have seen that the specificities of
the interaction mechanisms of the λ-phage decision circuit result in the creation of a rule-based
model in which all left-hand-side and all right-hand-side terms represent mixtures, i.e., each
rule is equivalent to one reaction. Consequently, our reduction algorithm is guaranteed to work
when testing for species, i.e., fully defined connected mixtures.

However, our algorithm can be extended in order to guarantee a sound reduction of rules
containing “don’t care, don’t write” patterns. Such an extension can be carried out by simply
modifying the way in which reduction conditions are tested.

More specifically, consider testing the condition on line 2 of procedure DimerCondition:

“the dimer A2 is produced only by rule r.” (5.7)
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In the original algorithm of [112], A2 denotes the dimer species, so checking condition (5.7)
amounts to searching for occurences of species A2 in the right-handside (rhs) (i.e., among the
products) of other reactions.

However, in rule-based models, a rule generally subsumes many possible reactions, and a
pattern subsumes many possible species. If A2 is a “don’t care, don’t write” pattern (i.e., it
contain agents with partially specified interfaces), condition (5.7) is verified only if none of the
species S that match the pattern A2 can be produced by any rule other than r, i.e., if none of the
species that match A2 also match a pattern that appears in the rhs of any rule of the Kappa
modelM, except r:

∀r, r′ ∈M,

{
r = (El, Er, k)
r′ = (E′l, E′r, k′)

⇒ @ species A2 s.t.
{
A2 |= Er

A2 |= E′r

This latter condition can be checked using the notion of pattern compatibility. We now
think about a pattern Z1 in terms of its extension Z�1 , i.e., the set of species that match Z1, in
order to account for the ways in which any such species can match Z1.

Then, two patterns Z1 and Z2 are said to be compatible if the intersection of their extensions
is non-empty:

Z1 and Z2 are compatible ⇔ Z�1 ∩ Z�2 6= ∅

The fast dimerization reduction can then proceed if and only if pattern A2 is not compatible
with any pattern that appears in the rhs of any other rule r′:

∀r′ : El′ → Er′ ∈M, r′ 6= r ⇒ @Pi ∈ Er′ s.t. A2 and Pi are compatible.

For example, consider a species A(x, y) with two sites, x and y, and two dimerization rules:

r1 : A(x[.]), A(x[.])↔ A(x[1]), A(x[1]) @ k1

r2 : A(y[.]), A(y[.])↔ A(y[1]), A(y[1]) @ k2

Denote A(x[1]), A(x[1]) with P1, and A(y[1]), A(y[1]) with P2.
As the dimer species A(x[1], y[2]), A(x[1], y[2]) belongs to both P �1 and to P �2 , P1 and P2

are compatible, i.e., condition (5.7) is not satisfied, and thus the fast dimerization reduction
cannot proceed.

Under the assumption of “no infinite species”, checking for pattern compatibility can be
achieved, for example, by using the tool KaDe[28], which compiles Kappa models into reaction
networks, in order to generate ODE models. As such, one of the features of KaDe deals with
enumerating chemical species of the Kappa model, and one can consequently exploit this feature
to check if the same species can be modeled by two different patterns, i.e., if two patterns are
compatible.

These extensions, as well as similar ones regarding operator site and fast enzymatic reduc-
tions are currently under implementation.
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Future directions

Other future directions worth exploring include investigating how the algorithm presented herein
can exploit the specificities of rule-based models to result in more efficient pattern recognition,
as well as testing the applicability of the reduction algorithm on other case studies.

For example, one might consider how the set of approximation patterns can be extended
as to obtain good reductions for complex models of signaling pathways. More precisely, while
our tool is applicable to any rule-based model, the chosen set of approximation patterns are
tailored for genetic regulatory networks, and may thus not provide significant reductions when
applied to signaling pathways. To illustrate this, we analyze an EGF/insulin crosstalk model,
and we observe that, unlike the λ-phage example, the number of dimerisation events does not
represent a significant portion of the system’s total events (see Figure 5.9).
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Figure 5.9: a) The ratio of dimerisation events vs. total events in lambda phage model. The
number of dimerisation events takes roughly half of the total events over the whole cell cycle.
b) The ratio of dimerisation events vs. total events in EGFR/insulin model. The number of
dimerisation events takes only a small fraction of the total events over the whole cell cycle.

To this end, more patterns could be included in our approximation, for the purpose of
reducing models of signaling pathways (e.g., approximating multiple phosphorylation events).

Finally, we note that the major issue of model reduction techniques is related to the quan-
tification of the approximation error, without simulating the original system. In this sense, in
the next chapter we propose an approximation method of biochemical reaction networks that
exploits the multiscaleness of biochemical systems (a property also exploited by the Michaelis-
Menten reduction scheme), in which the reduction guarantees are the major requirements.



Chapter 6
Tropical Abstraction of Biochemical Reac-
tion networks with guarantees

The work presented in this chapter has been presented at and accepted for publication
in the proceedings of the Static Analysis in Systems Biology (SASB) 2018 workshop
(to appear) [12].

6.1 Introduction

The work presented in this chapter tackles the design of an approximation method for
ODE models of biochemical networks, in which reduction guarantees are the major require-
ment. Our method combines abstraction and numerical approximation, and aims at providing
a better understanding of tropical reduction methods. We abstract the solution of the original
system of ODEs by a “box” that over-approximates the state of the original system, providing
lower and upper bounds for the value of each variable of the system in its current state. The
simpler equations (which we call tropicalized) that define the hyperfaces of the box are obtained
by combining the dominance concept, borrowed from tropical analysis, with symbolic bounds
propagation. Mass invariants of the initial system of ODEs are used to refine the computed
bounds, thus improving the accuracy of the method. The resulting (simplified) system provides
a posteriori time-dependent lower and upper bounds for the concentrations of the initial model’s
species, and thus bounds on numerical errors stemming from tropicalization. This means that
no information on the original system’s trajectory is needed - the most important advantage
of our approach. By contrast, the main difficulty of applying the classical QSS and QE reduc-
tions to biochemical models is that QE reactions and QSS species need to be specified a priori,
which implies that some knowledge about the initial system’s behavior is necessary. This, in
turn, means that significantly high-dimensional, non-linear systems cannot benefit from these
reductions, as their analysis can be prohibitive in practice. An approach similar with respect to
providing a posteriori time-dependent lower and upper bounds has been proposed in [37], where
the differential semantics of rule-based models with non-contracting dynamics and unbounded
sets of variables are treated. Rather than using dominance relations between ODE terms, a
finite set of patterns is used in order to bound the number of occurrences of each pattern.
Further related works, similar in the sense that they provide automatizible reduction methods
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with strong reduction guarantees are described in [62, 63]. However, both of these works are de-
signed specifically for rule-based models, where they exploit the site-graph encoding of species’
structure, rather than the dominance regions.

Depending on the chosen granularity of mass-invariant-derived bounds, the method pre-
sented in this paper can be used either to reduce models of biochemical networks, or to quantify
the approximation error of tropicalization-based reduction methods that do not involve guaran-
tees. The guarantees of our method are obtained by formalizing the soundness relation between
the original system of equations and the abstract system of ordinary differential equations op-
erating on the coordinates of the hyper-faces of the box. The solution of a sound abstraction of
an original system of differential equations, starting from a box that contains the initial state
of the original system, defines a sound abstraction of the solution(s) of the original system. We
apply our method to several case studies.

The rest of this chapter is organized as follows. In Section 6.2 we define the setting and
concepts used in our approach, as well as introduce motivating examples. We then formally
present and justify the method for deriving the system of reduced ODEs over the lower and upper
bounds of species’ concentrations in Section 6.3. In Section 6.4, we show that our method can
be used to quantify the approximation error of tropicalization-based reduction heuristics, while
in Section 6.5 we show that our approach outperforms (in terms of accuracy) several existing
interval numerical methods for the initial value problem (IVP). We discuss and conclude in
Section 6.6.

6.2 Definitions and Motivating Examples

6.2.1 General Setting and Definitions

Herein, we focus on the deterministic model semantics of biochemical reaction networks,
as presented in Definition 3.1.1 of Chapter 1. That is, the mass-action dynamics of a reaction
system of the form:

rj :
∑
i

αjixi
kj−→
∑
i

βjixi, (6.1)

over a set of species S = {x1, . . . , xs} is described by a system of ODEs:

dx(t)
dt

= ∇T f(x(t)), (6.2)

with

fj(x) = kj

n∏
i=1

x
αji
i (6.3)

Then, the mass-action kinetics equation of the i-th species xi reads as a sum of monomials:

dxi
dt

=
m∑
j=1

(βji − αji)fj(x), (6.4)
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which can be split into production and consumption terms, according to the sign that precedes
their occurence in the equation:

dxi
dt

= P+
i (x)− P−i (x), (6.5)

with P+/−
i (x) Laurent polynomials with positive coefficients:

P+
i (x) =

∑
1≤j≤m

βji−αji>0

(βji − αji)fj(x)

P−i (x) =
∑

1≤j≤m
βji−αji<0

(αji − βji)fj(x)
(6.6)

For convenience purposes, we will denote P+/−
i (x) =

∑
j
M

+/−
i,j (x), where M+/−

i,j (x) repre-

sent the production, respectively the consumption, monomials.
The reduction heuristics that use ideas from tropical analysis exploit the concept of dom-

inance, which we borrow for our method. Let M1(x) = c1x
α1 and M2(x) = c2x

α2 be two
(positive) monomials. We define ε-dominance as the following partial order relation on the set
of multivariate monomials defined on subsets of Rn+:
Definition 6.2.1
(ε-dominance) For an ε ∈ [0, 1], we say that M1 dominates M2 at a time point t, denoted by
M1 �ε M2, if ε ·M1(x(t)) ≥M2(x(t)).

In multiscale biochemical systems, the various monomials that compose the polynomials
P

+/−
i have different magnitude orders, such that at any given time there is only one or a few

dominating monomials.
Definition 6.2.2
(Dominant monomial of a polynomial) For a given ε ∈ [0, 1], the dominant monomial of
a polynomial Pi(x) =

n∑
j=1

Mi,j(x) is defined as Dom(Pi) = {Mi,j | ∀1 ≤ k ≤ n, j 6= k,Mi,j �ε

Mi,k}.

By using the max-plus algebra idea that the sum of positive, well separated terms, can be
replaced by the maximum term, each of the two polynomials of (6.5) can be replaced by their
dominant monomials. The result is a reduced model, consisting of a piecewise smooth function.
As the dominant monomials of the P+/−

i can change from one concentration domain to another,
the reduced model is a piecewise-smooth hybrid model.
Definition 6.2.3
(Two-term tropicalization of the smooth ODE system) We call two-term tropicalization
of the smooth ODE system (4) the following piecewise-smooth system:

dxi
dt

= Dom(P+
i (x))−Dom(P−i (x)) (6.7)
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We note that a one-term tropicalization of the smooth ODE system, Dom(dxidt ), is also
possible, but choosing only one dominant momomial instead of the production-consumption
pair of dominant monomials leads to a less precise model reduction (as more information is
discarded in the one-term tropicalization). Thus, in this paper, we choose to deal with the
two-term method.

6.2.2 Motivating example: Michaelis-Menten

Previously, we mentioned that the classical QSS[23] and QE[106, 127] approximations rep-
resent popular methods for the simplification of biochemical networks that operate on different
time and concentration scales - that the Michaelis-Menten enzymatic reaction scheme being the
most well-known example of such a simplification.

One of the main difficulties of applying the QSS and QE approximations to biochemical
models is that both the QE reactions and the QSS species need to be specified a priori. Thus,
simulation of the original model is usually 1 needed in order to detect dominated species, which
are either QSS species, or participate in QE reactions [138]. For high-dimensional non-linear
systems, this requirement can represent an obstacle towards model reduction.

The issue regarding simulation of the initial system also arises when trying to quantify
the efficiency of model reduction methods: ideally, the approximation errors resulting from the
reduction should be computed without executing the original system.

Thus, herein we propose an approximation method for biochemical networks, in which
no prior knowledge about the original system’s behavior is required. Our method combines
the dominance concept with mass invariants of the original ODE system in order to compute
inequality constraints on the species’ concentrations. These constraints are then combined with
the original system of equations, in order to obtain a reduced system of ODEs that provides
time-dependent lower and upper bounds on the species’ concentrations. Depending on the
coarseness of detail we choose to incorporate in the mass invariant-generated inequalities, our
approach can serve either as a reduction method, or to quantify the approximation errors of
tropicalization reduction heuristics.

To achieve this, we abstract the original system by a box, the hyper-faces of which provide
lower and upper bounds for the concentrations of the species. The two equations of the hyper-
faces of a species represent simplified versions of the original differential equation of the species,
in which only the dominant positive and negative monomials are considered. We refer to
these equations as being tropicalized. Then, instead of interpreting the differential equations
over the state of the original system, we will lift this interpretation conservatively over each
hyper-face of the box. To do this, we will bound, for every hyper-face, the derivative of the
corresponding coordinate in the solution of the original differential equation over the whole
hyper-face. Our method should allow for formal evaluation of tropicalization approaches, and
as such the bounds are derived using the dominance relations between monomials of the original

1In [139], a formal method for the identification of QSS species and QE conditions is proposed, which follows
from the calculation of the tropicalized system, and which does not require simulation of trajectories. Instead,
QE reactions and QSS species are detected by checking a sliding mode condition on the tropical manifold. The
sliding mode condition is given in Theorem 2.5.1 in the original text [139].
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ODE. Mass invariants of the original system will then be used to refine the bounds, and thus
increase the accuracy of our method. By construction, the maximal solutions of the original,
respectively tropicalized (i.e., abstracted) equations are related by the following soundness
criterion: when both defined at time t, the state of the original system is within the hyper-box
of the abstract system.
Example 6.2.1
Let us consider the equations 4.3 of the Michaelis-Menten mechanism, under the assumption
that k2 � k−1, i.e. ε · k−2 ≥ k−1 ≥ 0, for an ε ∈ [0, 1]. From (6.2.1), it follows that one can
write (by extension): k2 �ε k−1. Then, we can deduce the following lower and upper bounds
(that we call tropicalized) on the concentration of x2:

k−1[E : S]− k1[E][S] ≤ d[S]
dt ≤ k−1[E : S]− k1[E][S]

k2[E : S]− k1[E][S] ≤ d[E]
dt ≤ (1 + ε)k2[E : S]− k1[E][S]

k1[E][S]− (1 + ε)k2[E : S] ≤ d[E:S]
dt ≤ k1[E][S]− k2[E : S]

k2[E : S] ≤ d[P ]
dt ≤ k2[E : S]

(6.8)

For convenience purposes, we will use the notation x1, x2, x3, x4 for the species’ concentrations,
[S], [E], [E : S], [P ]. We propose to approximate the state of the system by a box of R4. A box
of R4 is a set of the form {(x1, x2, x3, x4) | xi ≤ xi ≤ xi, ∀1 ≤ i ≤ 4}, where (xi, xi) are pairs of
numbers satisfying xi ≤ xi, ∀1 ≤ i ≤ 4. Intuitively, the real number xi provides a lower bound
to the value of the variable xi, and denotes the hyper-face {(x1, x2, x3, x4) ∈ R4 | xi = xi, xj ≤
xj ≤ xj ,∀1 ≤ j ≤ 4, i 6= j}. We will denote this hyper-face as Fxi(x1, x1, x2, x2, x3, x3, x4, x4).
The other hyper-faces are defined in the same way, and the same reasoning applies to xi, which
provides an upper bound to the same variable. For ease of notation, we shall use (x,x) to
denote the vector (x1, x1, x2, x2, x3, x3, x4, x4) .

Next, let us consider the following functions:

F#
x1(x,x) = k−1x3 − k1x2x1

F#
x1

(x,x) = k−1x3 − k1x2x1

F#
x2(x,x) = k2x3 − k1x2x1

F#
x2

(x,x) = (1 + ε)k2x3 − k1x2x1

F#
x3(x,x) = k1x1x2 − (1 + ε)k2x3

F#
x3

(x,x) = k1x1x2 − k2x3

F#
x4(x,x) = k2x3

F#
x4

(x,x) = k2x3

(6.9)

The abstraction of the concrete system of equations is then defined as:
dxi
dt = F#

xi (x,x)
dxi
dt = F#

xi
(x,x)

, ∀1 ≤ i ≤ 4.

If we fix the same initial conditions for both the concrete and the abstracted system, xi(0) =
xi(0) = xi(0),∀1 ≤ i ≤ 4, we can relate the solution of the abstract system to that of the original
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Figure 6.1: Bounds on the species’ concentration with respect to simulation time, with ε =
5 · 10−3, rate constants k1 = 0.017, k−1 = 0.0017, k2 = 0.3, and initial concentrations [S] =
80, [E] = 0.2, [E : S] = 0, [P ] = 0 that satisfy the QSS assumption. For each of the 4 species, [·]
and [·] denote the lower, respectively upper bounds on its concentration. The depicted results
were obtained without using the mass invariants of the original system to constrain the bounds,
and are consequently sub-optimal.

one. For every 1 ≤ i ≤ 4, the real number F#
xi (x,x) provides a lower bound to the value of the

function dxi
dt over the hyper-face Fxi, whereas the real number F#

xi
(x,x) provides an upper bound

to the value of the function dxi
dt over the hyper-face Fxi. That is to say, we have dxi

dt ≤
dxi
dt ,

for every pair (x1, x2, x3, x4) ∈ Fxi, and dxi
dt ≤

dxi
dt , for every pair (x1, x2, x3, x4) ∈ Fxi. Then,

using the results of [107], we can conclude that, for every time point t, and ∀1 ≤ i ≤ 4, the
bounds:

xi(t) ≤ xi(t) ≤ xi(t) (6.10)

are satisfied. Thus, the solution of the abstract system of equations provides lower and upper
bounds for the value of the variables of the original system of equations.



Tropical Abstraction of Biochemical Reaction networks with guarantees 115

Remark 6.2.1. In the above example, in order to obtain safe lower/upper bounds on
xi’s concentration, we make the variables range over the hyper-faces. One notices that
the variable xi is treated specifically in the derivatives of the variables xi, xi - any of its
occurences is replaced by the variable corresponding to the hyper-face we want to bound.
By contrast, the other variables, xj , are replaced according to the sign of their occurence:

• in dxi
dt , xj is replaced with

{
xj , if xj occurs negatively,
xj , if xj occurs positively.

• in dxi
dt , xj is replaced with

{
xj , if xj occurs positively,
xj , if xj occurs negatively.

This comes from the fact that the derivative on xi is evaluated on the corresponding
hyper-face, which allows for greatly reducing the loss of precision. For a formal proof of
the soundness of this approach, the reader is referred to [107]. Intuitively, it is justified
by the intermediate value theorem: given a family of functions {fi} over the real field, if
one function fi does not take the highest value at time t, whereas it is the case at time
t′′ > t, then necessarily, there exists a time t′ such that t < t′ ≤ t′′ in which fi takes the
highest value while crossing another function of the family.

In Fig.6.1, we show the time-evolution of the bounds on the concentration of the 4 species in
the Michaelis-Menten system, for an arbitrarily chosen set of reaction rate constants and initial
concentrations that satisfy the QSS condition (i.e., k2 �ε k−1, and [S] �ε [E] + [E : S] at time
t = 0). Nonetheless, our model reduction is sound no matter the value of initial concentrations
and reaction rate constants. The equations have been integrated using the solver ode15s of
Matlab[123]. Strictly speaking, numerical errors stemming from numerical integration may
accumulate throughout the simulation, but herein we choose to ignore them.

In Fig.6.1, we notice that the bounds diverge at a fast rate from the original trajectory,
despite the restriction of the derivative’s evaluation on the hyper-face of the box (as explained in
Remark 6.2.1). A way to improve bound accuracy is to take into account the original system’s
mass invariants, when computing the bounds.

In general, a biochemical system can have several conservation laws/mass invariants, which
are linear functions b1(x), . . . , bm(x) of the concentrations, and are constant in time. These
equality constraints can be used to refine the bounds on the initial system’s species’ concentra-
tions, by (safely) restricting the evaluation of the derivative of each coordinate to the intersection
of the corresponding hyperface with the subspace delimited by the conservation laws containing
the variable itself. Because a variable can appear in more than one mass invariant, we choose
to keep the most optimistic bound that can be computed by intersecting the hyper-face with
the mass invariant subspace: the greatest lower bound, respectively the smallest upper bound.
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Example 6.2.2
In the Michaelis-Menten system, the total number of enzymes is constant, and so is the overall
number of substrates and product. The two conservation laws can be written as:

{
x2(t) + x3(t) = e0

x1(t) + x3(t) + x4(t) = s0

with e0 = x2(0) + x3(0), and s0 = x1(0) + x3(0) + x4(0).
Assuming once more that k2 � k−1, by substituting x3 by e0 − x2 or s0 − x1 − x4 into 6.8,

three equivalent tropicalized upper bounds on the concentration of x2 are obtained:


dx2
dt ≤ (1 + ε)k2x3 − k1x2x1
dx2
dt ≤ (1 + ε)k2(e0 − x2)− k1x2x1
dx2
dt ≤ (1 + ε)k2(s0 − x1 − x4)− k1x2x1 ≤ (1 + ε)k2(s0 − x1)− k1x2x1

(6.11)

Lifting the interpretation of the differential equations over the hyper-face corresponding
to x2 results in three different expressions for the upper bound on dx2

dt , of possibly different
accuracies:


dx2,1
dt = (1 + ε)k2x3 − k1x2x1

dx2,2
dt = (1 + ε)k2(e0 − x2)− k1x2x1

dx2,3
dt = (1 + ε)k2(s0 − x1)− k1x2x1

(6.12)

The most accurate sound upper bound on dx2
dt then writes as:

min(dx2,1
dt

,
dx2,2
dt

,
dx2,3
dt

) = (1 + ε) · k2 ·min(x3, e0 − x2, s0 − x1)− k1x2x1 (6.13)
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Remark 6.2.2. The choice to introduce min and max operations in the expressions of
the computed bounds is accounted for by our initial motivation: because existing tropical-
ization reduction heuristics are not justified by rigourous estimates, we aim to provide a
method for quantifying errors stemming from such tropicalization reduction approaches,
at the same time creating a tropicalization approach with guarantees.We nonetheless
stress that our goal is not to correct the faults of existing tropicalization-inspired re-
duction methods, but rather quantify them by proposing a more rigorous tropicalization
approach, in which the dominated monomials are bounded, rather than discarded from
the ODEs. Consequently, we aim at computing error bounds that are as precise as possi-
ble, hence the choice of using min and max operations for bound refinement, albeit with
the disadvantage of using functions that are not C1, thus introducing non-smooth vector
fields. The trade-off between smoothness and precision can be tuned according to the
desired goal: less precise bounds can be obtained by choosing to use smooth functions.
Moreover, smoothness of vector fields is generally not guaranteed during the numerical
simulation of biochemical models: as the model variables represent biochemical species’
concentrations, a good practice is to call the numerical solvers used to approximate the
system’s behavior using with the ’Non-Negative’ option, which amounts to introducing
a max operation into the equations (i.e., max(0, xi)), in order to prevent negative values
of variables.

The same reasoning can be applied to all variables appearing in the expression of dx2
dt , in

order to obtain the most accurate upper bound:

dx2
dt

= (1 + ε) · k2 ·min(x3, e0 − x2, s0 − x1)− k1 ·max(x1, 0) ·max(x2, e0 − x3) (6.14)

Remark 6.2.3. In (6.11), when computing the third bound, instead of substituting x3
by its conservation law expression, s0 − x1 − x4, we choose to bound its value by an
expression not containing x4. We do so in order to avoid introducing supplementary
variables w.r.t. those present in the tropicalized original bound (i.e., x1, x2 and x3).
This method, in which mass invariant partial refinement is introduced after the tropical-
ized bounds have been computed, can be considered as a per se model reduction method,
as no supplementary information/complexity is introduced by incorporating the conser-
vation laws. By contrast, the approach in which all the information contained by the
conservation laws is exploited in order to derive the most accurate bounds can constitute
a method of error-estimation for tropicalization based reduction heuristics. We present
the two different methods formally in Section 3.

The issue of specifying QSS species and QE reactions a priori, when performing model
reductions, is circumvented by our method. Instead, the notion of region is used in order to
eliminate monomials from the species’ ODEs. Our method uses static inspection of each ODE,
in order to partition the state space into different regions according to which production, respec-
tively consumption terms dominate the others. Using this partitioning, simplified expressions
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Figure 6.2: Top: bounds on the concentration of P, obtained by simulating the ODE system in
Example6.2.4, for different values of ε. Rate constants and initial concentration as in Fig.6.1:
k1 = 0.017, k−1 = 0.0017, k2 = 0.3, [S] = 80, [E] = 0.2, [E : S] = 0, [P ] = 0. Bottom: For
different values of ε, the accuracy of the resulting bounds is computed as the difference between
the upper and the lower bound.
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bounding the species concentrations are derived for each region of the state space, allowing
symbolic simplification and limiting numerical approximations.

Example 6.2.3
In the case of the Michaelis-Menten mechanism, there are three possible dominance regions for
dx2
dt leading to three possible pairs of lower and upper bounds:

1. Region 1, if k−1 dominates k2:

εk−1 ≥ k2 ⇒ k−1x3 − k1x2x1 ≤ dx2
dt ≤ (1 + ε)k−1x3 − k1x2x1

2. Region 2, if k2 dominates k−1:

εk2 ≥ k−1 ⇒ k2x3 − k1x2x1 ≤ dx2
dt ≤ (1 + ε)k2x3 − k1x2x1

3. Region 3, if there is no dominant rate (i.e., k−1 and k2 are of comparable magnitude):{
εk−1 ≤ k2

εk2 ≤ k−1
⇒ (k−1 + k2)x3 − k1x2x1 ≤ dx2

dt ≤ (k−1 + k2)x3 − k1x2x1

The complete system of equations obtained using mass invariants refinement of bounds, for
all the possible dominance regions, can be found in Example 6.2.4. The improvement of bound
accuracy via mass invariants can be observed in Fig. 6.2. As expected, one can also observe in
Fig.6.2 that results become more precise as the value of ε increases, i.e. as k−1 and k2 become
more separated.

Example 6.2.4
For convenience purposes, denote the species concentrations, [S], [E], [E : S], [P ], using x1, x2, x3, x4.
Then, the derivatives of the lower and upper bounds of the original system’s species’ concentra-
tions write as:

dx1
dt

= k−1 ·max(x3, e0 − x2)− k1 ·min(x1, s0 − x3) ·min(x2, e0 − x3)

dx1
dt

= k−1 ·min(x3, e0 − x2, s0 − x1)− k1 ·min(x1, s0 − x3) ·max(x2, e0 − x3)

dx2
dt

= c+ ·max(x3, e0 − x2)− k1 ·min(x1, s0 − x3) ·min(x2, e0 − x3),

with c+ =


k−1, if εk−1 ≥ k2

k2, if εk2 ≥ k−1

(k−1 + k2), otherwise



120 Definitions and Motivating Examples

dx2
dt

= c+ ·min(x3, e0 − x2, s0 − x1)−k1 ·max(x1, 0) ·max(x2, e0 − x3),

with c+ =


(1 + ε)k−1, if εk−1 ≥ k2

(1 + ε)k2, if εk2 ≥ k−1

(k−1 + k2), otherwise

dx3
dt

= k1 ·max(x1, 0) ·max(x2, e0 − x3)− c− ·min(x3, e0 − x2, s0 − x1),

with c− =


(1 + ε)k−1, if εk−1 ≥ k2

(1 + ε)k2, if εk2 ≥ k−1

(k−1 + k2), otherwise

dx3
dt

= k1 ·min(x1, s0 − x3) ·min(x2, e0 − x3)− c− ·max(x3, e0 − x2),

with c− =


k−1, if εk−1 ≥ k2

k2, if εk2 ≥ k−1

(k−1 + k2), otherwise

dx4
dt

= k2 ·max(x3, 0)

dx4
dt

= k2 ·min(x3, s0 − x4)

The Michaelis-Menten system represents a particular, simple case study: the choice of
reaction rate constants fixes the dominance region in which the system evolves. In general, the
state of a biochemical network can traverse multiple such regions, as the dominant monomials
can change from one concentration domain to another. Thus, we next introduce a case study
in which the dominant monomials are concentration-dependent, which in turn means that the
dominance region is no longer fixed. Our method is designed with this more general situation in
mind: having computed the most accurate bounds for each region of the state space partitioning,
and having no information regarding the region in which the original system evolves at a given
time t, our approach chooses the least accurate local bound, in order to ensure global soundness.
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6.2.3 Motivating example: A DNA model

We construct a simple extension of the Michaelis-Menten system, in which the product formation
reaction is catalazyed by a dimer of an enzyme M . The reaction system is given by:

M +M
k1


k−1

M2

M2 +DNA
k2


k−2

M2.DNA

M2.DNA
k3−→ DNA+ P

and its ODE system2 writes as:

dx1
dt = −2k1x

2
1 + 2k−1x2

dx2
dt = −k−1x2 − k2x2x3 + k−2x4 + k1x

2
1

dx3
dt = −k2x2x3 + k−2x4 + k3x4
dx4
dt = −k−2x4 − k3x4 + k2x2x3
dx5
dt = k3x4

(6.15)

The mass invariants are given by:{
x1 + 2x2 + 2x4 + 2x5 = M0

x3 + x4 = DNA0
(6.16)

Dominance regions become concentration dependent: for example, the dominant positive
monomial in dx2

dt is determined by the dominance relations between both the concentrations of
x1 and x4, and between reaction rate constants k1 and k−2.

This DNA example will serve as a case study for the remainder of this chapter.

6.3 Model reduction using conservative numerical approxima-
tions

The guarantees of our method are a consequence of a carefully designed symbolic propagation
of inequality constraints on the species’ concentrations. Thus, symbolic transformations have
to be applied on numerical expressions, of which we introduce a syntax and semantics. We also
introduce an alternative definition of a biochemical model to that presented in Sect. 2, which
is then used to define and justify our approximation method.

2once again, we denote the species M,M2, DNA,M2.DNA,P by x1, x2, x3, x4, x5
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Definition 6.3.1
(Syntax of expressions) Let S be a set of variables. We define an S-expression inductively,
as follows3:

1. each positive real number k ∈ R+ is an S-expression;

2. each variable x ∈ S is an S-expression;

3. if e is an S-expression, then (−̇e) is an S-expression;

4. if e1 and e2 are S-expressions, then (e1+̇e2), (e1 ·̇e2), ṁin(e1, e2), ˙max(e1, e2) are all S-
expressions;

The set of S-expressions is denoted as ExprS . Given an S-expression e, we define its support,
denoted supp(e), as the set of variables it contains.

Definition 6.3.2
(Semantics of expressions) Let S be a set of variables and e be an S-expression. The
semantics of the expression e is the function JeKS : RS → R, defined inductively as follows:

1. ∀c ∈ R, JcKS(ρ) = c

2. ∀x ∈ S, JxKS(ρ) = ρ(x)

3. ∀e ∈ ExprS , J−̇eKS(ρ) = −JeKS(ρ)

4. ∀e1, e2 ∈ ExprS , Je1+̇e2KS(ρ) = Je1KS(ρ) + Je2KS(ρ)

5. ∀e1, e2 ∈ ExprS , Je1 ·̇e2KS(ρ) = Je1KS(ρ)Je2KS(ρ)

6. ∀e1, e2 ∈ ExprS , Jṁin(e1, e2)KS(ρ) = min(Je1KS(ρ)Je2KS(ρ))

7. ∀e1, e2 ∈ ExprS , J ˙max(e1, e2)KS(ρ) = max(Je1KS(ρ)Je2KS(ρ))

for every environment ρ ∈ RS .

We use Defs. 6.3.1 and 6.3.2 to define the notion of system of symbolic differential equations
and symbolic equality constraints derived from conservation laws.

Definition 6.3.3
(Symbolic ODE system)

A system of symbolic ordinary differential equations and equality constraints modeling a
biochemical network is a tuple (S, I,F, (Eb)), where:

• S = {x1, . . . , xs} is a set of variables, denoting species’ concentrations,

• I : S → R+ is a non-negative function, mapping each species to its initial concentration,
3the syntactic operators are written using a superscript dot, in order to distinguish them from their associated

mathematical functions



Tropical Abstraction of Biochemical Reaction networks with guarantees 123

• F : S → ExprS is a function describing the evolution of species’ concentrations, as de-
scribed in Eq.(6.5):

∀xi ∈ S,F(xi) = P+
i (x)− P−i (x),

with P+/−
i ∈ ExprS , Laurent polynomials with positive coefficients,

• {Eb}4 is a family of functions from the set S into the set ExprS , denoting equality con-
straints derived from conservation laws, such that ∀f : S → RR+ satisfying{

f(xi)(0) = I(0), ∀xi ∈ S
df(xi)
dt (t) = JF(xi)KS[xi 7→f(xi)(t)], ∀xi ∈ S and t ∈ R+

the constraint
f(xi)(t) = JEb(xi)KS[xi 7→f(xi)(t)]

is satisfied for every function Eb of the family {Eb}, ∀xi ∈ S, and for every time t ∈ R+.

Example 6.3.1
(A DNA example) In our running example, S = {x1, x2, x3, x4}, F is defined by the equations
of (6.15), and the equality constraints derived from the conservation laws of (6.16) write:

E1(x1) = M0 − 2x2 − 2x4 − 2x5; E2(x1) = M0 − 2DNA0 − 2x2 + 2x4 − 2x5

E1(x2) = M0−x1
2 − x4 − x5; E2(x2) = M0−x1

2 −DNA0 + x3 − x5

E1(x3) = DNA0 − x4; E2(x3) = DNA0 − M0−x1
2 + x2 + x5;

E1(x4) = DNA0 − x3; E2(x4) = M0−x1
2 − x2 − x5

E1(x5) = M0−x1
2 − x2 − x4; E2(x5) = M0−x1

2 −DNA0 + x3 − x2

(6.17)

We partition the state space of each ODE into regions, each one defined by the correspond-
ing pair of dominant monomials, (Dom(P+

i (x)), Dom(P−i (x))). At any given time t, several
monomials can be dominant, which can lead to an exponential number of possible regions. To
circumvent this issue and obtain a linear number of regions, we choose to replace each region
that has more than one dominant term with the unique region in which no term is dominant: if
|Dom(P±i (x))| > 1, we choose to keep P±i (x) in the reduced ODE, instead of replacing it with
Dom(P±i (x)). The following definition formalizes these concepts.

Definition 6.3.4
(State partitioning of a symbolic ODE) Let (S, I,F, {Eb)} be a symbolic ODE system,
and ε ∈ [0, 1] a scale separation constant. Then, for every variable xi ∈ S, if P+

i =
p∑
j=1

M+
j

and P−i =
n∑
j=1

M−j , its state space can be partitioned into (p + 1) × (n + 1) regions, each one

determined by the corresponding pair of dominant monomials
4the number b indexes the different ways of expressing a species xi, by using the mass invariants in which it

appears
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rk,li :=


(M+

k ,M
−
l ), if k ≤ p, l ≤ n,Dom(P+

i ) = M+
k , Dom(P−i ) = M−l ,

(P+
i ,M

−
l ), if k = p+ 1, l ≤ n,Dom(P−i ) = M−l

(M+
k , P

−
i ), if k ≤ p, l = n+ 1, Dom(P+

i ) = M+
k

(P+
i , P

−
i ), if k = p+ 1, l = n+ 1

(6.18)

Example 6.3.2
(A DNA example) In Eq.(6.15), the state space of x2 can be partitioned in 9 regions, as its
ODE contains 2 positive terms and 2 negative terms:

r1,1
2 = (k1x

2
1, k−1x2);

r2,1
2 = (k−2x4, k−1x2);
r3,1

2 = (k1x
2
1 + k−2x4, k−1x2);

r1,2
2 = (k1x

2
1, k2x2x3);

r2,2
2 = (k−2x4, k2x2x3);
r3,2

2 = (k1x
2
1 + k−2x4, k2x2x3);

r1,3
2 = (k1x

2
1, k−1x2 + k2x2x3);

r2,3
2 = (k−2x4, k−1x2 + k2x2x3);
r3,3

2 = (k1x
2
1 + k−2x4, k−1x2 + k2x2x3)

We next use the dominance relations that define each region, in order to obtain region-
specific lower and upper bounds on the ODE being considered. The next definition formalizes
this procedure:

Definition 6.3.5
(Region-specific tropicalized bounds) Given a symbolic ODE system (S, I,F, (Eb)), and the
set of regions rk,li for each species xi, the dominance definition 6.2.1 can be used to define the
following functions, for every region rk,li :

Fk,l↓ (xi) :=


M+
k −̇(1+̇(n−̇1)·̇ε)·̇M−l , if k ≤ p, l ≤ n,Dom(P+

i ) = M+
k , Dom(P−i ) = M−l

P+
i −̇(1+̇(n−̇1)·̇ε)·̇M−l , if k = p+ 1, l ≤ n,Dom(P−i ) = M−l
M+
k −̇P

−
i , if k ≤ p, l = n+ 1, Dom(P+

i ) = M+
k

P+
i −̇Pi−, if k = p+ 1, l = n+ 1

Fk,l↑ (xi) :=


(1+̇(p−̇1)·̇ε)·̇M+

k −̇M
−
l , if k ≤ p, l ≤ n,Dom(P+

i ) = M+
k , Dom(P−i ) = M−l

P+
i −̇M

−
l , if k = p+ 1, l ≤ n,Dom(P−i ) = M−l

(1+̇(p−̇1)·̇ε)·̇M+
k −̇P

−
i , if k ≤ p, l = n+ 1, Dom(P+

i ) = M+
k

P+
i −̇Pi−, if k = p+ 1, l = n+ 1
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Functions Fk,l↓ and Fk,l↑ provide symbolic tropicalized lower, resp. upper bounds for F(xi)
on region rk,li .

Example 6.3.3
(A DNA example) In our running example, in region r2,1

2 = (k−2x4, k−1x2), the dominant
positive (production) monomial is k−2x4, and the dominant negative (consumption) monomial
is k−1x2. Formally, this writes as ε · k−2x4 ≥ k1x

2
1 ≥ 0, and ε · k−1x2 ≥ k2x2x3 ≥ 0.

Thus, the r2,1
2 specific tropicalized bounds write as:

{
F2,1
↓ (x2) = k−2x4 − (1 + ε)k−1x2

F2,1
↑ (x2) = (1 + ε)k−2x4 − k−1x2

,

which by construction satisfy F2,1
↓ (x2) ≤ dx2

dt ≤ F
2,1
↑ (x2).

The bounds of Def. 6.3.5 can further be refined by using the mass invariants given by the
family of functions {Eb}, as follows:

Definition 6.3.6
(Region-specific refined tropicalized bounds) Given a symbolic ODE system (S, I,F, (Eb)),
the set of regions rk,li and the symbolic tropicalized bounds Fk,l↓ (xi), Fk,l↑ (xi) for each species xi,
we define the following bounds:

∀rk,li ,∀xj ∈ V,


Lk,li,b(xj) :=

{
Eb(xj), if V = Vb
0, otherwise

Uk,li,b(xj) :=

Eb(xj), if V = Vb
JEb(xj)KVb\V[xj 7→bk,li (xj)]

, otherwise

with V = supp(Fk,l↓ (xi)) = supp(Fk,l↑ (xi)), Vb = supp(Eb(xj)), for each function Eb of the family
(Eb) that applies to the variable xj, and bk,li (xj) ∈ ExprV is either 0, or a bound generated by
the dominating monomial inequality constraints.

Remark 6.3.1. The recipe of Definition 6.3.6 for defining bounds on the concentration
of a species xi is associated to the use of our method as a model reduction technique.

Consequently, when considering the refinement of bounds via mass invariants, we
are careful as to not introduce supplementary variables w.r.t. those found in the sup-
port of the dominant monomials - this explains why we choose to introduce a refining
bound Eb(xj) in its entirety, only if its support is identical to that of the corresponding
tropicalized bound, i.e., if V = Vb.
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Otherwise, we approximate the bound Eb by an expression that does not intro-
duce supplementary variables: 0 for lower bounds, and an over-approximation E′b > Eb
that satisfies V ′b = V for upper bounds. This latter over-approximation is obtained by
replacing variables xj ∈ Vb \ V with either 0 (as variables xj appear in mass-invariant-
derived constraints with negative polarity, replacing xj by 0 will yield an upper bound
greater than Eb), or with one of its bounds derived from dominating monomial inequality
constraints.

In Section 6.4, however, one will be interested in using our method for estimating the
approximation error of tropicalization reduction techniques. Thus, we will trade model
size for precision, and allow for introduction of supplementary variables. The definition
of region-specific tropicalized bounds will then simply be:

∀rk,li ,∀xj ∈ V,
{
Lk,li,b(xj) := Eb(xj),
Uk,li,b(xj) := Eb(xj)

Example 6.3.4
(A DNA example)

When dealing with the tropicalized bounds of Ex.(6.3.3), one needs to refine the bounds
of the variables in their support: V = {x2, x4}. We do so by using their respective equality
constraints from (6.17): E1(x2),E2(x2),E1(x4), and E2(x4).

What’s more, the second dominance inequality of region r2,1
2 in Ex.(6.3.3)can be rewritten

as x3 ≤ εk−1
k2

. This allows for a new upper bound on variable x3: b2,12 (x3) = εk−1
k2
∈ ExprV .

Using Def.6.3.6, the r2,1
2 -specific bounds on x2 and x4 write as:

L2,1
2,1(x2) = 0;

L2,1
2,2(x2) = 0;

L2,1
2,1(x4) = DNA0 − ε

k−1
k2

;

L2,1
2,2(x4) = 0

U2,1
2,1(x2) = M0

2 − x4;

U2,1
2,2(x2) = M0

2 −DNA0 + ε
k−1
k2

;

U2,1
2,1(x4) = DNA0;

U2,1
2,2(x4) = M0

2 − x2

Using mass invariants to compute the most optimistic bound is done inductively over the
S expressions of the candidate bounds, by applying usual formulae of interval arithmetics 5 to

5the more complicated case is that of multiplication, in which every combination of lower/upper bounds
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propagate the ṁin and ˙max operators. The resulting evaluation functions, which we call fṁin
and f ˙max respectively, are defined by mutual induction over the syntax of the S-expressions
denoting monomials:

1. ∀e1, e2, . . . , ek ∈ ExprS ,

• fṁin(e1, e2, . . . , ek) ≡ ṁin(e1, e2, . . . , ek)
• f ˙max(e1, e2, . . . , ek) ≡ ˙max(e1, e2, . . . , ek)

2. ∀e1, e2 ∈ ExprS ,

• fṁin(−̇e1, −̇e2) ≡ −̇(f ˙max(e1, e2))
• f ˙max(−̇e1, −̇e2) ≡ −̇(fṁin(e1, e2))

3. ∀e1, e2 ∈ ExprS ,∀c ∈ R,

• fṁin(c·̇e1, c·̇e2) ≡
{
c·̇fṁin(e1, e2), if c ≥ 0
c·̇f ˙max(e1, e2), if c < 0

• f ˙max(c·̇e1, c·̇e2) ≡
{
c·̇f ˙max(e1, e2), if c ≥ 0
c·̇fṁin(e1, e2), if c < 0

4. ∀e, e1, e2 ∈ ExprS ,

• fṁin(e1±̇e, e2±̇e) ≡ fṁin(e1, e2)±̇e
• f ˙max(e1±̇e, e2±̇e) ≡ f ˙max(e1, e2)±̇e

5. ∀e, e1, e2 ∈ ExprS ,

• fṁin(e−̇e1, e−̇e2) ≡ e−̇f ˙max(e1, e2)
• f ˙max(e−̇e1, e−̇e2) ≡ e−̇fṁin(e1, e2)

may provide the lower or the upper bound of the multiplication result; in our case, this issue is nonetheless
circumvented, since variables denote concentrations, which are always positive



128 Model reduction using conservative numerical approximations

With all this in place, we can proceed to the definition of the reduced system.

Definition 6.3.7
(Reduced system) Let A = (S, I,F, (Eb)) be a system of ordinary equations with equality
constraints. The reduction of the system A is defined as the triple (S#, I#,F#), with:

1. S# = {xi | xi ∈ S} ∪ {xi | xi ∈ S}

2. I# : S# → R+ is defined by I#(xi) = I#(xi) = I(xi), ∀xi ∈ S h

3. F# : S# → ExprS#, defined as:F
#(xi) = fṁin([[F1,1

↓ (xi)]ρ↓1 ]
ρ↓2
, . . . , [[Fp+1,n+1

↓ (xi)]ρ↓1 ]
ρ↓2

)
F#(xi) = f ˙max([[F1,1

↑ (xi)]ρ↑1 ]
ρ↑2
, . . . , [[Fp+1,n+1

↑ (xi)]ρ↑1 ]
ρ↑2

)

for every variable xi ∈ S ′, where:

• ρ↓1 =

xj 7→ ˙max(xj , ˙max
b

(Lk,li,b(xj))), if xj ∈ tk,l,i↓,+
xj 7→ ṁin(xj , ṁin

b
(Uk,li,b(xj))), if xj ∈ tk,l,i↓,−

• ρ↓2 =


xj 7→ xj , if xi = xj

xj 7→ xj , if xi 6= xj , for positive polarity/sign occurences of xj
xj 7→ xj , if xi 6= xj , for negative polarity/sign occurences of xj

• ρ↑1 =

xj 7→ ṁin(xj , ṁin
b

(Uk,li,b(xj))), if xj ∈ tk,l,i↑,+
xj 7→ ˙max(xj , ˙max

b
(Lk,li,b(xj))), if xj ∈ tk,l,i↑,−

• ρ↑2 =


xj 7→ xj , if xi = xj

xj 7→ xj , if xi 6= xj , for positive polarity/sign occurences of xj
xj 7→ xj , if xi 6= xj , for negative polarity/sign occurences of xj

Intuitively, for each region (k, l) of species xi, the reduction method first replaces F(xi)
by the pair of tropicalized lower and upper bounds, Fk,l↓ (xi) and Fk,l↑ (xi), that result directly
from the dominance inequalities that characterize the region. Then, Fk,l↓ (xi) and Fk,l↑ (xi) are
refined, using the bounds on variables that can be deduced from the conservation laws of the
original system. For example, replacing any occurence of a variable xj in Fk,l↓ (xi) with one of
its expressions Eb(xj) (or with its appropriate bound derived from Eb(xj)6) results in another
safe upper bound for F(xi). By choosing the minimum such candidate bound, one obtains the
most accurate, locally safe upper bound. The same reasoning applies to the computation of
lower bounds, but the min operation is replaced with max.

In order to obtain safe (i.e., correct) global bounds, the least precise local bounds are
chosen: the miminal lower, resp. the maximal upper bounds.

6Lk,li,b(xj) for the positive occurences of xj , and Uk,li,b(xj) for its negative occurences
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Finally, the interpretation of the variables is lifted over the hyper-faces. Any occurence of
xi is replaced with its analogue corresponding to the hyperface we want to bound, while the
others are replaced to their analogue given by the polarity of their occurence, as explained in
Note 6.2.1.

Theorem 6.3.1
Let A = (S, I,F, (Eb)) be a system of ordinary equations with equality constraints. Let (S#, I#,F#)
be a reduction of the system A.

Let f be a function from the set S into the set RR+ s.t. for every variable xi ∈ S, we have:{
f(xi)(0) = I(xi)
df(xi)
dt (t) = F[xi 7→ f(xi)(t)]

and f# be a function from the set S# into the set RR+ s.t. for every abstract variable
x#
i ∈ S#, we have: f(x#

i )(0) = I#(x#
i )

df#(x#
i )

dt (t) = F#[x#
i 7→ f#(x#

i )(t)]

Under these assumptions, we have that for every variable xi ∈ S and every time t ∈ R+:

f#(xi)(t)) ≤ f(xi)(t) ≤ f#(xi)(t),

i.e., the reduced system provides sound lower and upper bounds for the concentration of the
original system’s species.

Proof. The proof of this theorem essentially lays in the following result of [125].
Assume the initial value problem: {

dx
dt = F(t,x)
x(a) = xa

(6.19)

and x,x the solutions of the system of differential inequalities:{
dx
dt ≤ F(t,x,x)
dx
dt ≥ F(t,x,x)

(6.20)

with F and F defined as:
Fi(t,x,x) = inf

θ
Fi(t, θ), when θi = xi, and xj ≥ θj ≤ xj ,∀j 6= i

Fi(t,x,x) = sup
θ

Fi(t, θ), when θi = xi, and xj ≥ θj ≤ xj , ∀j 6= i
(6.21)

Then, if
x(a) ≤ x(a) ≤ x(a), (6.22)
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the solutions of (6.20) provide lower and upper bounds on the solution of the initial value
problem of (6.19) on the interval (a, b):

x(t) ≤ x(t) ≤ x(t),∀t ∈ (a, b). (6.23)

With this result in place (its detailed proof can be found in [125]), our proof is immediate.
Indeed, it can be easily seen that the functions F# that define the reduced system of

Definition 6.3.7 verify conditions (6.20) and (6.21) by construction (remember that F#(xi) ≡
fṁin(. . .),F#(xi) ≡ f ˙max(. . .)), which in turn means that the inequalities of (6.23) hold for all
times, i.e., the reduced system provides sound lower and upper bounds for the concentration of
the original system’s species.

�

Example 6.3.5
We apply our method on the DNA example constructed in Sect.6.2.3, for different values of the
scale separating constant ε, and for arbitrarily chosen reaction rate constants k1 = k2 = k3 =
0.1, k−1 = 0.01, k−2 = 0.00001 and initial concentrations [M ]0 = 1, [DNA]0 = 0.05. We show
in Fig.6.3 the time evolution of the bounds on the concentration of the product species P , i.e.
the variable x5. We notice once again that the results become more precise as ε decreases, i.e.
as the monomials become more separated. As an example, in Appendix B we detail the equation
for the lower bound on the concentration of species M2 (i.e., x2).

Figure 6.3: Bounds on the concentration of P, in the DNA example, obtained by simulating the
ODE of tropicalized bounds for different values of the scale separation constant ε, rate constants
k1 = k2 = k3 = 0.1, k−1 = 0.01, k−2 = 0.00001 and initial concentrations [M ]0 = 1, [DNA]0 =
0.05.
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6.4 Error estimates of tropicalized systems using conservative
numerical approximations

Our approach also serves as a heuristics for quantifying errors of tropicalization approaches for
biochemical model reduction, provided a slight modification is applied to Def.6.3.6. Instead of
computing bounds using only variables from the support of the tropicalized bounds, one can use
the equality constraints {Eb}, to refine the accuracy of bounds, cf. Remark 6.3.1. The resulting
model presents a trade-off: it introduces new variables w.r.t. the support of the tropicalized
bounds, albeit exclusively in the form of conservation laws which are always linear functions,
but gains in bound accuracy. Then, the approximation error/accuracy of a given reduction
method can be assessed by checking if the reduced trajectory lies between the lower and upper
bounds computed by our method.

Example 6.4.1
It is well known that the Michaelis-Menten reduction is valid only under the QSS or QE as-
sumptions. In Fig.6.4, we simulate the reduced Michaelis-Menten system (4.5), as well as our
modified reduced system, as presented above, for a set of initial conditions that no longer satisfy
neither the QSS, nor the QE assumptions, i.e. the total enzyme concentration is comparable to
the initial substrate concentration, and the complex dissociation reaction is significantly slower
than product formation. As expected, the reduced Michaelis-Menten system no longer represents
a good approximation of the initial enzymatic system (1.2.1); this is reflected by the fact that
the trajectory of the reduced model does not lie between the lower and upper bounds computed
by our approach.

6.4.1 Tyson’s Cell Cycle Model

The tropicalization heuristics can be difficult to justify by rigourous estimates, although this is
possible in some cases[138]. For example, the existence of tropical varieties - the set of points
x ∈ Rn where at least two monomials of P−/+ are equal- can lead to sliding modes, which
in turn represent challenges in providing accuracy justifications for hybrid models obtained
using tropical ideas. Sliding modes are well known phenomena in ODEs with discontinuous
vector fields, in which the dynamics can follow discontinuity hyper-surfaces where the vector
field is not defined; what’s more, the conditions for the existence of sliding modes are usually
intricate. As noted in [139], sliding modes can have a nefarious effect on the behavior of
the tropicalized system: tropical varieties (i.e. tropical curves) decompose the state space into
sectors corresponding to the smooth modes of the hybrid tropicalized system, which passes from
one type of smooth dynamics to another intrinsically, when the trajectory attains the tropical
curve. However, if certain conditions w.r.t. the sliding modes are fulfilled, the trajectory
can continue along some tropical curve instead of changing sector, which further deviates the
reduced system’s trajectory from the original one (see Figure 1 in [139], for an example).

In [139], such phenomena become apparent when tropicalization is applied to the minimal
cell cycle model proposed by Tyson[178], in order to obtain a reduced hybrid model. The
Tyson model describes the interplay between cyclin and cyclin dependent kinase cdc2 during
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Figure 6.4: Estimating the accuracy of the Michaelis-Menten approximation: bounds on the
concentration of [P], with respect to simulation time, for ε = 5 · 10−4, rate constants k1 =
0.017, k−1 = 0.0017, k2 = 0.3, and initial concentrations that do not satisfy the QSS condition:
[S] = 80, [E] = 40, [E : S] = 0, [P ] = 0. (left) Whereas the original system’s trajectory lies
between the lower and upper bound given by our method, this is not the case for the classical
Michaelis-Menten approximation. Thus, as expected, one can conclude that if neither the QSS
nor the QE conditions are met, the Michaelis-Menten approximation is inaccurate. (right)
Zoomed in version, showing the enclosed original trajectory (in blue)

the progression of the cell cycle, and demonstrates the existence of three possible regimes, that
can be associated to different phases in the cell life: the biochemical system can either function
as an oscillator, converge to a steady state, or behave as an excitable switch. The three possible
behaviours can be associated to early embryos rapid division, arrest of unfertilised eggs and
growth controlled division of somatic cells, respectively.

The dynamics of this non-linear model with rational reaction rates contains 6 species and
9 reactions, and is described by the following system of polynomial differential equations:



dy1
dt = k6y4 − k8y1 + k9y2
dy2
dt = −k3y2y5 + k8y1 − k9y2
dy3
dt = k3y2y5 − k′4y3 − k4y

2
4y3

dy4
dt = k′4y3 + k4y

2
4y3 − k6y4

dy5
dt = k1 − k3y2y5
dy6
dt = k6y4 − k7y6

, (6.24)

and has the conservation law y1(t) + y2(t) + y3(t) + y4(t) = 1, where the value 1 denoting the
total initial concentration of kinase cdc2 (i.e. y1(0) + y2(0) + y3(0) + y4(0)) was chosen by
convenience. The values of the reaction rates constants are fixed as to have the model display
the oscillatory behavior: k1 = 0.015, k3 = 200, k4 = 180, k′4 = 0.018, k6 = 1, k8 = 103, k9 = 106.
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The corresponding two-term tropicalized system writes as:



dy1
dt = Dom(k6y4, k9y2)− k8y1
dy2
dt = k8y1 −Dom(k3y2y5, k9y2)
dy3
dt = k3y2y5 −Dom(k′4y3, k4y

2
4y3)

dy4
dt = Dom(k′4y3, k4y

2
4y3)− k6y4

dy5
dt = k1 − k3y2y5
dy6
dt = k6y4 − k7y6

, (6.25)

In [138, 139], a hybrid model of the Tyson cell cycle is obtained by detecting and elimi-
nating QSS species of the original model, pruning dominated monomials, and then ultimately
tropicalizing the reduced-size model. The resulting model is a one-term tropicalization, de-
scribed by the following two-variable ODE system (the remaining 4 species can be retrieved
using mass invariants and quasi-steady state equations):

{
dy3
dt = Dom(−k′4y3,−k4y3y

2
4, k1)

dy4
dt = Dom(k′4y3, k4y3y

2
4,−k6y4)

(6.26)

Figure 6.5 depicts the trajectories of the three ODE systems for the concentration of species
y4, as well as the tropicalization approximation error, computed as the difference between the
original trajectory and each of the reduced models.

The equations for the lower and upper bounds on the concentration of y4 are:


dy3
dt = fṁin(t1,1↓ , t2,1↓ , t3,1↓ )
dy4
dt = f ˙max(t1,1↑ , t2,1↑ , t3,1↑ )

(6.27)

with

• t1,1↓ = k′4 ·max(x3, 1− x1 − x2 − x4)− k6 ·min(x4, 1− x1 − x2 − x3)

• t2,1↓ = k4 ·max(x4, 1−x1−x2−x3)2 ·max(x3, 1−x1−x2−x4)−k6 ·min(x4, 1−x1−x2−x3)

• t3,1↓ = k′4 ·max(x3, 1 − x1 − x2 − x4) + k4 ·max(x4, 1 − x1 − x2 − x3)2 ·max(x3, 1 − x1 −
x2 − x4)− k6 ·min(x4, 1− x1 − x2 − x3)

• t1,1↑ = (1 + ε) · k′4 ·min(x3, 1− x1 − x2 − x4)− k6 ·max(x4, 1− x1 − x2 − x3)

• t2,1↑ = (1+ε) ·k4 ·min(x4, 1−x1−x2−x3)2 ·min(x3, 1−x1−x2−x4)/(12)−k6 ·max(x4, 1−
x1 − x2 − x3)

• t3,1↑ = k′4 ·min(x3, 1−x1−x2−x4) + k4 ·min(x4, 1−x1−x2−x3)2 ·min(x3, 1−x1−x2−
x4)− k6 ·max(x4, 1− x1 − x2 − x3)
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Figure 6.5: Comparison of the original Tyson model with its tropicalized versions, for species
y4. The two-term tropicalization of Definition 6.2.3 is dubbed “two-term tropicalization”, while
the reduced model of [138] will be referred to as the “one-term tropicalized system”. (Top)
Comparison of system trajectories. All three systems display oscillatory behavior, however of
different periods and amplitudes. (Bottom) We plot the approximation errors of the two-term
tropicalization (left) and the one-term tropicalization (right), as the difference in concentration
between the original system and the reduced one. As expected, the two-term tropicalization is
more a accurate approximation of the original system, however neither approximation is able
to faithfully recreate the original oscillatory behavior, from a quantitative point of view -
they only do so qualitatively. An explanation for this can be given by the existence of sliding
modes in the tropical manifold [138].
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Besides having the inconvenient of analyzing trajectories of the original model in order to
detect QSS species, the reduced model of [138] - which we dub the “one-term” sytems in the
figure captions - suffers from the sliding mode-related issues mentioned above: although both the
smooth (original) and the reduced system exhibit oscillating behavior and have stable periodic
trajectory (i.e. limit cycle), the period of the tropicalized limit cycle is different with respect to
that of the smooth cycle, due to the tropicalized trajectory sliding along the tropical manifolds
instead of changing sectors. Having different oscillation periods means in turn that assessing
the accuracy of the tropicalized reduced model is not a trivial question, as the distance between
original and tropicalized trajectories is variable from cycle to cycle (as can be seen in Figure6.6).
What’s more, it can also provide an indication of the poor performance of tropicalization based
reduction methods when dealing with more complex systems, such oscillating systems.

Indeed, by applying our method to the original Tyson model, we are able to effectively
provide guarantees on the reduced model, albeit not very strong ones: this could be interpreted
as an indication of the poor accuracy of the tropicalized Tyson model. In Figure 6.6, we plot
the bounds for the concentration of species y4 obtained using our method, in order to compare
the trajectory of the original model to the one of the hybrid one that can be found in [138].
The lack of oscillating behavior in the computed bounds could intuitively be explained by the
difference in period of the original and reduced systems, that causes a shift at every cycle
in the tropicalized trajectory w.r.t. the original behavior. Nonetheless, the obtained bounds
accurately capture the amplitude of the tropicalized model. One also notes that the time points
where the upper bound, respectively the tropicalized system, begin to diverge w.r.t. the original
trajectory coincide.

Figure 6.6: Estimating the accuracy of the tropicalized Tyson model of [138]: bounds on the
concentration of [y4], with respect to simulation time, for ε = 10−3.
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From a more practical point of view, we note that while simulation of the tropicalized Tyson
model proposed in [139] was performed in 354.87 seconds, on a 2.2 GHz Intel Core i7 processor
simulating the model obtained via our method was carried out in 9.77 seconds using the same
numerical integration method (i.e. Matlab’s ode15s), thus providing a significant improvement
in computation time.

We note that an alternative reduced model is obtained in [138], using tropical equilibra-
tion, that circumvents the need to simulate the original system. We plan to include tropical
equilibration techniques in future work.

6.5 Comparison with existing methods

Wementioned previously that numerical errors stemming from numerical integration are ignored
herein. Indeed, numerical integration methods, while heavily used, only provide approximations
of the solution of the initial value problem (IVP) of ODE systems. Even when using variable-
step size methods, there are no guarantees that the approximate solution computed by the
chosen method is close to the actual solution. In order to solve the drawbacks associated to
traditional ODE solvers/numerical solutions of IVP, interval numerical methods for IVP are
used for computing validated enclosures of the solution of an IVP for an ODE. For example,
the VNODE-LP[136] C++ solver proves that a unique solution to a problem exists, and then
computes rigorous bounds that are guaranteed to contain it. Such bounds can then be used
to help prove theoretical results, check if a solution satisfied a condition in a safety-critical
calculation, or simply to verify the results produced by a traditional ODE solver. Another
example of such software is the CAPD library [1]. Both represent well-established software for
computing enclosures of generic ODE systems, and are integrated in various SMT solvers (e.g.,
iSAT[68], dReal[70]). For a more comprehensive state of the art on such methods, the reader
is refered to [137].

Interval methods for IVPs for ordinary differential equations are typically based on Taylor
series expansions, which require the computation of Taylor coefficients up to some order k.
Given a final time point, the aim is to compute interval vectors that are guaranteed to contain
the solution to a given IVP, at all intermediary points. In order to compute such interval
vectors, interval propagation methods are used to enclose roundoff and truncation errors in the
computed bounds, and thus obtain rigorous bounds on the true solution of the ODE.

In our approach, instead of interpreting the differential equations over the state of the sys-
tem, the interpretation is lifted conservatively over each hyper-face of the hyper-box abstracting
the system state (i.e., we over-approximate the derivatives only on the hyper-faces). When com-
pared to our method, interval propagation methods over-approximate the partial derivatives of
the function over the whole enclosing hyper-box, instead of doing so only on the hyper-faces.
This in turn means that our approach computes tighter bounds than those computed by interval
methods for IVPs.

We demonstrate our claim with the following example:
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Example 6.5.1
Let us consider the following initial value problem :

dx
dt = y · (2− cos(y))− x · (2− sin(y))
dy
dt = x · (2− cos(y))− y · (2− sin(y))
x(0) = y(0) = 1

As presented in Section 3, our framework can be decomposed in two independents parts:
the first part consists in synthesizing bounds on the derivatives of the original system, and the
second part deals with the propagation of said bounds, in order to obtain the enclosing system.

As our goal is to better understand and evaluate tropicalization approaches for biochemical
model reduction, so far we chose to focus on bounds obtained by using dominance relations
between monomials. The second part of our method simply represents an improved alternative
to existing ODE enclosure methods, as explained above, and as such can be used in such methods
in order to get better enclosure results.

For example, in order to compare the performance of our method to that of VNODE-LP and
CAPD, instead of using dominance relations to derive inequality constraints on species’ con-
centrations, we now use the Taylor Series expansion with k terms (k will serve as a parameter)
for the functions sin and cos, in order to derive bounds on dx

dt and dy
dt :

sin(x) ≈ x− x3

3! + x5

5! −
x7

7! + x9

9! − . . . =
k−1∑
n=0

(−1)n x2n+1

(2n+1)!

cos(x) ≈ 1− x2

2! + x4

4! −
x6

6! + x8

8! − . . . =
k−1∑
n=0

(−1)n x2n

(2n)!

Then, for a fixed order k and an ε, instead of using dominance-related inequalities with our
method, one can use the following inequalities:

k−1∑
n=0

(−1)n x2n+1

(2n+ 1)! − ε ≤ sin(x) ≤
k−1∑
n=0

(−1)n x2n+1

(2n+ 1)! + ε

k−1∑
n=0

(−1)n x2n

(2n)! − ε ≤ cos(x) ≤
k(−1∑
n=0
−1)n x2n

(2n)! + ε

,

where ε = (−1)2k+1 x2k+1

(2k+1)! cos(cx) for cx ∈ [0, x] is the residual for the Taylor expansion,

and can be bound by ε ≤ |x|2k+1

(2k+1)! , which in turn is ≤ (2k + 1)!−1 for x ∈ [−1, 1].
Our method then proceeds as usual to the computation of ODEs for bounds on the concen-

trations of x and y.
In Fig.6.7, we compare the accuracy of our method to that of VNODE-LP and CAPD, for

different values of the order k. The accuracy is given by the tightness of bounds, which can be
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evaluated by computing the difference between the upper and lower bounds, during a simulation.
The results indicate that, when compared to existing enclosure interval methods, our approach
represents a consistent improvement of several orders of magnitude, across different values of
k.

6.6 Conclusion and outlook

In this section, we present an approximation method for biochemical networks, which can also
serve as a technique for evaluating the accuracy of existing tropicalization reduction methods
that do not involve guarantees. Our approach relies on the multiscaleness property of biochemi-
cal systems. Tropical geometry offers a natural framework for studying such networks. Tropical
approaches [154, 155] can guide model reduction of ODE systems, by using time- and concen-
tration scales separation to identify and neglect equation terms whose values are significantly
smaller than those of other terms of the same equation. This leads to partitioning the state
space into different regions, according to which term dominates the others. A similar approach
is employed in our method, but instead of neglecting the dominated terms, we propose to con-
servatively bound their value using an amortizing scale separation constant and the value of
the dominant terms. These bounds can be further refined by incorporating the conservation
laws of the initial system. The resulting approximated model is composed of two-term ODEs
(which we call tropicalized), which by construction provide time-dependent lower and upper
bounds for the concentration of the initial system’s species. As such, our approach can also
serve to test the accuracy of other given reduction methods, while circumventing the execution
of the original system: the suitability of a reduction will be confirmed if the reduced model’s
trajectory lies between the bounds provided by our abstraction.

We have tested our approach on the classical Michaelis-Menten system, a simple extension
of it, and Tyson’s cell cycle model. Our method can be easily automatized, either using static
analysis, or existing symbolic math tools7 ; as such, Definitions 3.1-3.11 are written in an
operational-semantics style, as to describe the different procedures composing the algorithm that
implements our method. Further work includes expanding the case studies to larger networks,
possibly with no conservation laws.

7for example, Matlab’s Symbolic Math Toolbox
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Figure 6.7: Comparison of our method - which we denote by "T.A.G."- with existing ODE
enclosure methods CAPD and VNODE-LP. For different values of the Taylor expansion order k,
used to derive bounds on the system in Example 5.1, our method ultimately out-performs both
CAPD and VNODE-LP, in terms of accuracy; for k = 6, our method is initially outperformed
by VNODE-LP on the studied example, but ultimately proves to be more efficient, for the time
frame t > 4. The exponent on the y-axis is an indicator of the decimal precision of the methods
(i.e. a value of 10−15 means that the first 15 decimals of the computed lower and upper bounds
are identical). We also note that both CAPD and VNODE-LP only allow values of k > 4.
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Modelling storage and growth
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Chapter 7
Effects of cellular resource storage on growth

This chapter is based on a joint work with Guillaume Terradot, parts of which were
subject to a publication in [174].

7.1 Introduction

Growing cells have to perform concurrent tasks, each carried out by different groups of proteins.
Said proteins, and their tasks, can be roughly classified into:

• enzymes, which take up extra-cellular resources and convert them into biosynthetic pre-
cursors;

• biosynthetic proteins, the most important of which are ribosomes, which are responsible
for protein production;

• and other housekeeping proteins.

In order to perform these task well, cells need to balance the uptake of extracellular re-
sources with the intracellular demands of biosynthetic processes ([130],[167],[182]). Depending
on how they coordinate uptake and consumption, cells can adjust the buildup, or storage, of
intracellular resources. Cellular storage allows nutrients to be consumed some time after they
have been internalized by a living cell [60]. By storing the gains of favourable environmental
periods to survive unfavourable ones ([60],[158]), the “storage effect” has been proposed as an
evolutionary tunable strategy of coping with variable environments. What’s more, it is said
to provide an explanation to behavioural diversity [40]: under the assumption that no single
strategy can perform best in all environmental conditions, the storage effect explains the coex-
istence of diverse responses in fluctuating environments, countering the competitive exclusion
principle which states that two species exploiting the same set of resources cannot coexist in a
closed environment [88].

The careful exercise of balancing, allocating, and storing cellular resources will depend on
the growth conditions (growth media, competitors, antibiotics, etc...). Indeed, bacterial cells are
known to allocate their resources in a context-sensitive manner ([58],[97]). For example, one con-
crete regulation by which this adaptation happens in bacteria is the ppGpp-dependent stringent
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response, which senses starvations in amino acids, i.e., protein precursors, and down-regulates
the synthesis of catalysts of biosynthetic processes. What’s more, recent modeling work [82]
seems to reinforce the idea that near-optimal control strategies w.r.t. cellular resource reallo-
cation are triggered by sensing the concentration of immediate precursors to protein synthesis.
Consequently, even if any internalized nutrient can a priori be considered an energy storage
molecule1, the study of cellular storage presented in this chapter focuses on resources that are
immediate precursors to protein synthesis.

We base our analysis on a recent model [182] that determines growth in terms of coarse-
grained cellular mechanisms, and which reflects the adaptive behaviour previously mentioned,
i.e., in which allocation of resources is modulated by the amount of protein precursors available
in the media. The mechanisms considered in the Weisse model comprise resource uptake and
conversion into cellular precursors, as well as how the latter fuels protein biosynthesis, and thus
growth. Most importantly, in the Weisse model the growth rate is emergent from the model
dynamics, instead of being obtained by optimization - this is different from the other models
we have mentioned, such as [130] and [82], in which mechanisms for resource allocation are left
implicit and the growth rate is maximized.This aspect will be key to our investigation, as in the
second part of our investigation, we study the ability of the model in [182] to efficiently allocate
its resources when the availability of the growth substrate changes stochastically, as well as
study the impact of various storage strategies on the efficiency of such dynamic reallocations.
As successful negotiation of changes in substrate availability is clearly the key to evolutionary
success of bacteria, finding out what the model of [182] can teach us about the most efficient
resource storage strategies seems to be a worthwhile pursuit.

Our study of storage strategies is composed of two parts. In the preliminary sections, we
include a brief review of the model, and introduce several modifications that aim at clarifying
some underlying assumptions w.r.t. the definition of mass and growth (Section 7.2). We
continue by defining a generic scaling transformation of BRNs that acts as a proxy for the
storage phenomenon (Section 7.3), which we then apply to the growth model (Sections 7.3
and 7.4). The first part of our storage strategy investigation is presented in Section 7.5, in
which we use a single-cell model to investigate the impact of such strategies on cellular growth
during shifts of the sugar yield. The results of the numerical experiments enable a number of
observations, that we summarize below:

• storage capacity can be modulated over several orders of magnitude, without significantly
affecting the growth rate,

• however, excessive storage (i.e., of an order of magnitude that depasses those of the
previous point) of protein precursor is detrimental to growth,

• the cost of storage, in terms of reduced growth, is condition-dependent, and proves to be
higher in rich growth conditions,

• storage results in smoother physiological transitions during environmental up-shifts and
increases biomass during such transitions, as resource allocation is dependent on protein

1by considering that the decision to use their contained energy has not yet been made, i.e. they can subse-
quently be invested in building ribosomes, or transporters, or any other functions
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precursor concentration,

• the evolutionary benefits of storage increase with the frequency and magnitude of envi-
ronmental fluctuations.

In Section 7.6 we perform a complementary series of experiments, in order to study how
storage strategies fare in a competitive context. To do so, we test populations of low- and high-
storage strategies against each other, in a variety of environments parametrized by the frequency
of two superimposed probabilistic trains of high and low pulses of sugar. Our results suggest
that faster growing, low-storage cells perform better in environments with high infrequent sugar
pulses, whereas outside this regime they are driven to extinction by the high-storage, slow
growers.

Other observations enabled by this second series of numerical experiments are as follows:

• the results of the competition depends on the way an amount of sugar is delivered,

• “fat” cells are better at allocating their resources than “thin” cells,

• the amount of transporters of a cell seems to predict the outcome of the competition,

• during periods of nutrience abundance, fat cells are not the fittest.

7.2 Review of the Weisse cell model

7.2.1 Overview

In the spirit of Molenaar’s model of a self-replicating cell [130], the model introduced in [182] -
and which will subsequently be referred to as the Weisse model, is a coarse-grained mechanistic
cellular model built around the three universal2 cellular trade-offs that arise due to finite levels
of (i) cellular energy, (ii) ribosomes, and (iii) proteome/cell mass. These trade-offs prove to
be expressive enough as to recover the laws of microbial growth, as well as to enable the study
of evolutionary benefits of gene regulation, and to explain phenomena such as gene dosage
compensation or host effects on the performance of synthetic circuits [182].

The Weisse model describes the allocation of cellular resources to different functions in
different growth media, and implements the trade-offs mentioned above by considering two core
biochemical processes: nutrient import and metabolism, and gene expression. Consequently,
the model combines nutrient import and conversion to cellular energy with the biosynthetic
processes of transcription and translation. It includes 14 variables, expressed as concentrations
(number of molecules per a constant volume of 108 units3 of proteic mass), and accounting for
four classes of genes:

• ribosomes, r, which represent the only proteins capable of protein production, and are
thus necessary in order to replicate the mass;

2In the sense that they are experienced by all living cells.
3One unit of proteic mass corresponds to one amino-acid polymerized within a protein.
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• transporter enzymes, et, for importing external sugar into the cell;

• metabolic enzymes, em, for processing the internalized sugar into protein precursors;

• non-ribosomal housekeeping proteins, q, the function of which is not represented in the
model, but which account for roughly half of the cell’s proteic mass across different growth
conditions [167].

Each of the four classes of genes has an associated messenger RNA (mRNA), that conveys
genetic information from DNA to the ribosomes. mRNAs can appear either free (mx, x ∈
{r, q, em, et}) or bound to a ribosome (cx, x ∈ {r, q, em, et}).

We note that, besides the finite energy, finite ribosomes and finite proteome trade-offs, the
following assumptions were used in elaborating the model:

1. Intracellular species are subject to first-order dilution, at a rate proportional to the growth
rate;

2. There is no degradation of proteins, however mRNAs are subject to first-order degrada-
tion;

3. The binding-unbinding reactions for mRNAs and free ribosomes are assumed to follow
mass-action kinetics;

4. Energy consumption from transcription is neglected; instead, energy consumption within
the cell is assumed to stem from translation only.

The schematic of the biochemical processes contained in the model is shown in Fig. 7.1.
The model consists in a deterministic system of ODEs, which reads:

dsi
dt

= νimp(et)− νcat(em)− λsi, (7.1)

da

dt
= ns · νcat(em)−

∑
x∈{em,et,r,q}

nxνx − λa, (7.2)

dr

dt
= νr − λr +

∑
x∈{em,et,r,q}

(νx − kbrmx + kucx), (7.3)

det
dt

= νet − λet, (7.4)

dem
dt

= νem − λem, (7.5)

dq

dt
= νq − λq, (7.6)

dmx

dt
= ωx(a)− (λ+ dm)mx + νx − kbrmx + kucx, (7.7)

dcx
dt

= −λcx + kbrmx − kucx − νx, ∀x ∈ {r, em, et, q} (7.8)
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Below, we detail the different reactions of the cell model, as well as their associated rate
functions.

7.2.2 Nutrient Uptake and Metabolism

The transporter enzymes et import extracellular nutrients s into the cell. The metabolic en-
zymes em transform the imported nutrients si into a metabolite a, with a stoichiometry ns. The
underlying reactions are assumed to be enzymatically catalyzed, and saturable. Consequently,
they follow the Michaelis-Menten kinetics with maximal rates vt and vm:

s
νimp(et)−−−−−→ si, (r1)

si
νcat(em)−−−−−→ ns · a, (r2)

with maximal rates given by

νimp = et ·
vt s

Kt + s
, (f1)

νcat = em ·
vm si
Km + si

. (f2)

The nutrient efficiency parameter ns represents the quality of the medium, i.e., the yield
of a from si. A biological interpretation of ns is that it is a measure of how many metabolic
steps or anabolic effort are/is needed by a cell to turn the nutrients present in the environment
into protein precursors: the higher ns, the less metabolic work is needed. This translates in the
model into a higher yield of a from si for the same metabolic enzyme number.

7.2.3 Transcription

Transcription of mRNA has been estimated to cost ≈ 20 times less ATP (the main energy
currency for most cellular processes) than translation [121]. What’s more, in E.coli, the mass
fraction of RNA polymerases - which are the proteins responsible for transcription- is ten times
smaller than that of ribosomes [22]. Consequently, it is assumed in the model that in comparison
to translation, the cost of transcription is negligible, both in terms of proteic and energetic costs:
(i) no proteins are needed to produce mRNA, and (ii) mRNA production does not consume
the metabolite a. However, transcription is assumed to be an energy-dependent4 process with
effective rates as follows:

ωx(a) = wx
θx
a

+ 1
, ∀x ∈ {t,m, r}, (f3)

ωq(a) = wq
θq
a

+ 1
· I(q), with I(q) = 1(

q

Kq

)αq
+ 1

. (f4)

4transcription ceases when the cell runs out of energy
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Figure 7.1: Schematic of the Weisse cellular growth model (adapted from Ref. [182]). Four types
of proteins are considered: transporter enzymes (et), metabolic enzymes (em), ribosomes (r),
and house-keeping proteins (q). External sugar s is imported into the cell by the transporter
enzymes et (blue), after which the internalised sugar si is processed into protein precursor a by
the metabolic enzymes em (dark green) - see reactions (r1),(r2) for a quantitative description
of nutrient import and metabolism reactions. Messenger RNAs (mRNAs) are then produced
through transcription, as described in reactions (r3),(r4)). Dashed arrows indicate that tran-
scription rates depend on the concentration of metabolites a, but do not consume it. mRNAs
mx compete for the same pool of ribosomes and reversibly bind them to form mRNA-Ribosome
complexes cx (see reaction (r5)). mRNA-Ribosome complexes then incorporate a to produce
the protein x (see reaction (r6)). Finally, the growth rate is defined as the rate at which cells
reproduce their own proteic mass (see reaction (r7)).
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We note the existence of a separate effective rate for the transcription of housekeeping
proteins q; this is the case because q-proteins are assumed to be auto-regulated in order to
sustain stable protein levels accross different growth conditions. What’s more, ribosomes and
non-ribosomal genes are assumed to have different transcriptional thresholds, θr 6= θnr, with
θx = θnr,∀x ∈ {em, et, q}. In order to fit the experiments measuring the ribosomal mass fraction
and the growth-rate in different growth-conditions from [167], the transcriptional threshold of
the ribosomes θr must be such that θr � θx, ∀x ∈ {et, em, r}. Consequently, for high values of
the protein precursor a, the composition of the transcriptome shifts to one that accommodates
more ribosomal mRNAs. This regulation mechanism ensures the balance between production
and consumption of a. Indeed, it promotes the consuming processes (ribosome-dependent) when
quantities of a a are high, and the production processes (metabolic/transporter-dependent)
when quantities of a are low.

With all this in place, and assuming that mRNA degradation happens at a rate d, produc-
tion and consumption of mRNA are described by the following reactions:

∅ ωx−→ mx (r3)

mx
d−→ ∅ (r4)

7.2.4 Competitive Binding

Including the trade-off that results from the finite pool of intracellular ribosomes is achieved by
explicitly modeling the competition between mRNAs for binding free ribosomes. The different
types of mRNAs mx compete for the same pool of free ribosomes r, in order to form the mRNA-
ribosome complex cx. We assume that the different mRNAs mx have the same binding constant
for the ribosomes, kb, and that cx have the same dissociation constant, ku:

r +mx
kb←→
ku

cx (r5)

7.2.5 Translation

A simplified mechanism of translation is assumed: first, the mRNA-ribosome complex cx re-
versibly binds the “energy” metabolite a (the precursor for synthesizing new proteins), after
which the nascent peptide chain elongates by one amino acid, while consuming energy. The
two steps are repeated nx times, where nx is the length in amino acids of protein x. Finally,
the ribosome, the mRNA and the newly synthesised protein are released, and the translation
terminates.

This mechanism can be simply denoted by an irreversible reaction in which the mRNA-
ribosome complex cx consumes a to produce the corresponding protein x, after which it disso-
ciates into mx and r:

cx + nx · a
νx−→ r + x+mx. (r6)



150 Review of the Weisse cell model

As previously mentioned, nx denotes the amount of a required to produce one protein x.
The effective translation rate νx writes as:

νx = cx ·
γ(a)
nx

, with γ(a) = γmax
Kγ

a
+ 1

, (f6)

where γ(a) is the rate of elongation per translating ribosome (a incorporated per unit of time
per cx complex). We note that the trade-off resulting from the finite levels of cellular energy is
implemented through the energy dependence of Eq. (r6), and through the sum in Eq.(7.2).

For a more detailed derivation of reaction f6, the reader is referred to the original paper
[182].

7.2.6 Growth and cellular mass

The growth-rate λ is defined as the time derivative of the mass5, relative to the current
considered mass:

λ = dM

dt
· 1
M

(7.9)

At stationary state, the original paper [182] gives the following definition for mass:

M =
∑
x

nx · x+ nr ·
∑
x

cx, (7.10)

i.e., the mass of the cell equals that of the proteic mass. As nx denotes the number of a per
protein x, this means that mass is counted in numbers of a, i.e., in number of amino-acids,
meaning that the mass contribution of the two nutrients, si and a, is neglected. Indeed, in the
original model, the number of a and si do not exceed 150 a units, whereas the parametrized
proteic mass is taken to be 108 a.

At exponential growth, i.e., when intracellular variables are at steady state, the growth
rate in the original model is proportional to the rate of protein synthesis, which agrees with
other definitions of growth rate in the literature:

λ = γ(a)Rt
M

, (f8)

with Rt :=
∑
x cx denoting the number of translating ribosomes.

Equation f8 implements the finite proteome trade-off through its enforcement of Eq. 7.10,
by specifying a value for M at steady-state: M = Ms, where Ms is approximately 108 amino-
acids for E. coli.It is important to emphasize that the underlying assumption for fixing the
valueM = Ms in the original model is not that the cell mass is fixed, but rather that the model
describes the composition of a volume unit of a cell and that this volume unit, independently
on the growth conditions, always contains an identical mass M = Ms = 108. Otherwise said,
one should not understand it as a constant mass per cell, but rather as a fixed size of the
cell volume we decide to observe. This volume may be set arbitrarily to any value, under the

5Or equivalently of the volume, under the assumption of constant density
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assumptions that: (i) the density (mass per volume) in a cell is constant (or invariant with the
growth conditions, as it seems to be the case for protein per volume unit in several microbes
[129]) and that (ii) the vector field describing the system’s dynamic is 1-homogeneous, as we
will later show.

However, in our analysis, we will employ a more general definition of the mass than the
one given in Eq. 7.10, which includes the contributions of internal nutrients:

M = msi

ma
· si + a+

∑
x

nx · x+ nr ·
∑
x

cx, (7.11)

where msi and ma are respectively the mass (in mass units this time) of si and a, such that
msi/ma is the mass of si counted in a equivalents. In this manuscript, the number of protein
precursors a per cell at stationary state will be scaled over several order of magnitudes, such
that its contribution to the mass cannot be neglected anymore. However, this will not be the
case for si, whose numbers won’t exceed 150 per cell. Neglecting si’s contribution to the mass
may therefore be an option; we nevertheless choose to include it. The total mass of the the cell
model is once again set arbitrarily to M = 108, as in [182].

Substituting the new definition of mass in Eq. (7.9), one obtains:

M · λ = ns ·
dsi
dt

+ da

dt
+
∑
x

nx ·
dx

dt
+ nr ·

∑
x

dcx
dt

(7.12)

where x denotes the amount of protein of type x in the cell, and ns is the mass of si, counted
in amino-acids a. Substituting their respective time derivatives with the expressions of Eqs.
(7.1)-(7.8), one obtains:

M · λ = ns · νimp = ns · et ·
vt · si
Kt + si

(7.13)

which is equivalent to the Monod equation [131] for λmax = ns · et · vt.
As we will see in Section 7.4, the growth rate λ is crucial for connecting cellular processes

and growth. More specifically, all intracellular species xi get diluted due to growth, at a rate λ:

xi
λ−→ ∅. (r7)

which denotes a redistribution of cellular content between mother and daughter cells, and
ensures that the cell model, a 1-homogeneous vector field, reaches the steady state parametrized
mass. Indeed, when the mass defined in Eq. (7.11) has reached the parametrized value (in this
case 108), the dilution pseudo-reactions will remove from the model exactly the same amount
of mass that is being produced.
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7.2.7 Model parameters

In our experiments, original parameter values from [182] are used, unless otherwise stated. These
values are given in Table 7.1. Parameters that have ? left of their name have been obtained in
[182] by fitting the model to data from [167]. We denote by aa the protein precursors, Amino
acids, or a in the growth model.

Parameter name Description Default value Unit
s Amount of external nutrient 104 [molecules]
dm mRNA-degradation rate 0.1 [min−1]
ns Nutrient efficiency 0.5 none
nr Ribosome length 7459 [aa/protein]
nx, x ∈ {t,m, q} Length of non-ribosomal proteins 300 [aa/protein]
γmax max. Translation elongation rate 1260 [molecules/min]
Kγ Translation elongation threshold 7 [molecules]
vt Max. nutrient import rate 726 [molecules/min]
Kt Nutrient import threshold 1000 [molecules]
vm Max. enzymatic rate 5800 [molecules/min]
Km Enzymatic threshold 1000 [molecules]
wr ? Max. ribosome transcription rate 930 [molecules/min]
we = wt = wm ? Max. enzyme transcription rate 4.14 [molecules/min]
wq ? Max. q-transcription rate 948.93 [molecules/min]
θr Ribosome transcription threshold 426.87 [molecules]
θnr ? Non-ribosomal transcription threshold 4.38 [molecules]
Kq ? q-autoinhibition threshold 152219 [molecules]
hq q-autoinhibition Hill coefficient 4 none
kb mRNA-ribosome binding rate 1 [molecules−1/min]
ku mRNA-ribosome unbinding rate 1 [min−1]
M Total steady-state cell mass 108 [aa]
kcm ? Chloramphenicol-binding rate 0.00599 [µM−1/min]

Table 7.1: Parameter values for the Weisse model
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7.3 A scaling procedure for modelling nutrient storage in the
cell

7.3.1 Motivation

A key element of the Weisse model is the way the cell allocates its resources: what fraction
of the mass is allocated for ribosomes vs for transporters and for metabolic enzymes. The
main feature of the regulation phenomenon - an example of the previously-mentioned fact
that bacterial resource allocation strategies occur as a result of sensing protein precursors’
concentration- that is needed to understand our investigation is that the amount of protein
precursors a is positively correlated to the mass fraction of ribosomes, and negatively correlated
to that of transporter and metabolic enzymes. This prompts us to define the storage capacity
in the Weisse model as a scaling factor of the protein precursor amount a at stationary state6.
To do so, we define a generic scaling transformation of Biochemical Reaction Networks (BRNs)
that allows us to tune the concentrations of certain chemical species, while preserving the BRN
behavior at steady state. In our specific case, this means that we can guarantee by construction
that various storage strategies preserve approximatively goodness-of-fit to the original growth
data, and therefore correctly match growth conditions to sectorial resource allocations.

In this section, we proceed to define this scaling/reparametrisation procedure, and show
how to apply it to reactions with different types of kinetic rate functions: mass-action, Michaelis-
Menten or Hill. We also elaborate on how the scaling is (partially) applied to the modifiedWeisse
model, in order to modulate the concentration of protein precursors.

7.3.2 Definition

Assume a biochemical reaction system A = (S,R,α,β), with a set of rate functions f =
{f1, . . . , fm} that describe the deterministic chemical kinetics of its reactions. Each such func-
tion fj is parametrized by κj , the set of reaction rate constants associated with reaction rj .
That is, ∀rj ∈ R, we write fj(x;κj) to denote the kinetic law of reaction rj in state x ∈ Rn≥0
(e.g., mass action, Michaelis-Menten, Hill, etc...)

We will write the deterministic dynamics of species Si in BRN A in state x as:

(
dASi
dt
| x
)

=
m∑
j=1
∇ijfj(x;κj) (7.14)

Definition 7.3.1 (Scalability)
Let (A, f) be a BRN with reaction rate functions f , and Si ∈ S a species we want to scale.

Define dα,i : Rn≥0 → Rn≥0, the state expansion of species Si, as:

dα,i(x1, . . . , xi, . . . , xn) = (x1, . . . , αxi, . . . , xn).

Then (A, f) is said to be scalable along species Si, if the reaction kinetics allows rescaling,
that is to say if for any rescaling factor α in R>0, and for any reaction rj in R, there exists κ′j

6We further elaborate on this choice in Section 7.3.4
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such that:
fj(x;κj) = fj(dα,i(x);κ′j).

We will denote a scalable couple (A, f), where A = (S,R,α,β), by using the tuple A ≡
(S,R, f, κ).

The scalability condition ensures that the initial reaction fluxes can be retrieved through
the scaling of the rates of reactions containing the species of interest (Si). Evidently, if Si is
not a reactant species of rj , there is no need for scaling, and one can simply take κ′j = κj .

We note that the scaling is parametrized by reactions, rather than reaction rates. In models
where a reaction rate name κ appears in several reactions, what is scaled is κ’s value in a certain
reaction rj , rather than a scaling of its value across every reaction it appears in. In terms of
model variables, it can be interpreted as every κj being defined locally in reaction rj , rather
than globally (i.e., across the whole model).

Definition 7.3.2 (Scaling of A along species Si)
Let A = (S,R, f, κ) be a BRN that is scalable along species Si ∈ S. We define the scaling of A
along species Si by a factor of α as follows:

(A, f) = (S,R, f, κ) α,Si−−→ (S,R, f, κ′) = B,

where each κ′j satisfies the condition of Def. 8.2.1.

A multi-species scaling of a CRN can be achieved by sequentially applying the transforma-
tion described above, along different species.

Theorem 7.3.1
Let A = (S,R, f, κ) be a CRN scalable along Si ∈ S, and let B be its scaling according to the
transformation of Def. 7.3.2: A α,Si−−→ B. Then:

∀x = (x1, . . . , xn) ∈ Rn≥0, ∀Si ∈ S :
(
dASi
dt
| x
)

=
(
dBSi
dt
| dα,i(x)

)
(7.15)

Proof of Theorem 7.3.1 is obtained directly via the definition of the network dynamics in
Def.1, and the scalability condition.

Corollary 7.3.1
If A is scalable along Si, A

α,Si−−→ B, and x is a steady state of A, then dα,i(x) is a steady state
of B.

We note that neither Theorem 7.3.1, nor its corollary should be interpreted as meaning
trajectory homothety, but rather as steady state equivalence, as can be observed in Fig. 7.2.
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Figure 7.2: Simulation of a simple BRN (A 1∗[A]−−−→ ∅;B 2∗[B]−−−→ ∅) and its scaling along species A,
by a factor of 2. As stated by our theorem, the dynamics of species B remains unchanged. The
trajectory of the scaled species is not homothetic to the original trajectory (homothety plotted
in red, for comparison), but rather the two models (original and scaled) exhibit steady state
equivalence.

7.3.3 Examples

We now show how to apply the scaling transformation to common kinetic laws:

• if reaction rj has mass action kinetics:

fj(x;κj) = κj ·
∏
k

x
αkj
k ,

the reaction rate scales to κ′j = κj
ααij

, s.t. the reaction dynamics remains unchanged after
the scaling: fj(x;κj) = fj(dα,i(x);κ′j)

• if reaction rj has Michaelis-Menten kinetics: fj(xi; vmax,KM ) = vmax·xi
KM+xi , the reaction rates

scale to v′max = vmax and K ′M = αKM , s.t. the reaction dynamics remains unchanged
after the scaling: fj(xi; vmax,KM ) = fj(αxi; v′max,K ′M )

• if reaction rj has Hill kinetics: fj(xi; vmax, n,Kh) = vmax·xni
Kn
h

+xni
, the reaction rates scale to

n′ = n, v′max = vmax and K ′h = αKh, s.t. fj(xi; vmax, n,Kh) = fj(αxi; v′max, n′,K ′h). A
concrete example of the results of scaling such a rate function is given in Fig. 7.3.

Example 7.3.1 (Mass-action kinetics)
Consistent with the notations used in Theorem 7.3.1, consider a CRN

A = ({A∗, B}, {r1, r2}, {f1, f2}, {k1, k2} >
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with reactions:

r1 : ∅ f1(k1)−−−−→ A∗

r2 : A∗ f2(A∗;k2)−−−−−−→ B

and mass-action kinetics:

f1(k1) = k1

f2(A∗; k2) = k2 · [A∗]

meaning that: 
(
dAA

∗

dt | (A
∗, B)

)
= f1 − f2 = k1 − k2 · [A∗](

dAB
dt | (A

∗, B)
)

= f2 = k2 · [A∗]

Construct A α,A∗−−−→ B =< {A∗, B}, {r1, r2}, {f1, f2}, {k′1, k′2} > with:

r1 : ∅
f1(k′1)
−−−−→ A∗

r′2 : A∗
f2(αA∗;k′2)
−−−−−−−→ B

and mass-action kinetics.
Then we can scale reaction rates as k′1 = k1, k′2 = k2

α , which satisfies Eq. (7.15) of Theorem
7.3.1.

Example 7.3.2 (Michaelis-Menten kinetics)
Consider the same two reactions as above, but where reaction r2 follows Michaelis-Menten
kinetics:

f2(A∗; v,KM ) = v · [A∗]
KM + [A∗]

Again, one can easily verify that scaling the reaction rates using K ′M = αKM and v′ = v,
satisfies Eq. (7.15) of Theorem 7.3.1.

Example 7.3.3 (Hill kinetics)
To illustrate how our scaling procedure applies to Hill kinetics, we apply it to a model of the
toggle-switch, based on the model first published in [71].

Proteins A and B are produced at rates fA and fB:

B
fA−→ A+B (r1)

A
fB−−→ B +A (r2)
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The rates of proteins A and B production write:

fA = αA · HB = αA ·
1(

KB

[B]

)βB
+ 1

fB = αB · HA = αB ·
1(

KA

[A]

)βA
+ 1

where αA and αB are the maximal production rates of proteins A and B. The production rate
of each protein is modulated by HA and HB. They are Hill functions that model the repressions
exerted by:

1. protein A on protein B expression

2. protein B on protein A expression

Proteins A and B are degraded at rates dA and dB:

A
dA−→ ∅ (r3)

B
dB−−→ ∅ (r4)

We set the initial conditions to [A](t = 0) = 0 and [B](t = 0) = 20. The parameters we used
for the simulations of the non rescaled model are: dA = 1; dB = 1; KA = 1; KB = 1; αA = 15.6;
αB = 3.12; βA = 2.5; βB = 1. In order to rescale by 3 the stationary state concentration of
the protein A, we rescale the parameters dA and KA such that: dA = 1/3 and KA = 3. The
relation between the original and scaled toggle switch can be observed in Figure 7.3

7.3.4 Storage capacity in the Weisse model

In living cells, adenosine triphosphate (ATP) represents one of the main energy currencies, and
as such, it can represent a possible storage location for living organisms. However, because of
the elevated rates of ATP-dependent processes, it would quickly be depleted in the absence of
ATP synthesis processes such as glycolysis or respiration [19]. This makes ATP a short sighted
form of energy storage; indeed, living cells -which include bacteria- store energy under other
chemical forms, such as polyglucoses or lipids, that are not directly substrates of biosynthetic
processes [183].

In the model from [182], the chemical species that perform catalytic functions are the pro-
teins: ribosomes, transporters, metabolic enzymes, and housekeeping proteins (whose functions
are not described, but they are nonetheless assumed to be essential). The two nutrients, si
and a, are biomass precursors, and, as such, can be considered as molecules that store energy.
As we are interested in observing the interplay between storage and resource allocation, and
seeing that allocation to different proteic sectors depends on the levels of protein precursors a,
we choose a, rather than si, as the main molecule under which storage takes place.
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Figure 7.3: An example of scaling a Hill-kinetic rate function: simulation of the toggle switch
(model adapted from [71]) before and after scaling species A by a factor of 3. The genetic toggle
switch is a synthetic, bistable gene-regulatory network, composed of two repressors: proteins
A and B, and two constitutive promoters. Each promoter is inhibited by the repressor which
mRNA is transcribed from the opposing promoter. The concentrations of proteins A and B
are denoted by [A] and [B]. The plotted ratio is the concentration of a protein in the rescaled
model divided by the concentration of the same protein in the non rescaled model. As expected,
the rescaling preserves the stationary state value of [B] (ratio is equal to 1) while rescaling by
3 the stationary state value of [A]. Note that even though the stationary state values for [A]
and [B] are preserved, respectively rescaled by a factor of 3 (as predicted by Theorem 1), this
is not necessarily the case for the transition regime.

Consequently, we define the storage capacity of a cell as the scaling factor α of the steady
state amount of protein/biomass precursor a. This definition will allow us to modulate the size
of the a pool at stationary state by tuning the storage capacity α: increasing the cell’s storage
capacity by a factor of α is achieved by scaling the model along species a by the same factor.

In principle, applying our scaling methodology to the the pool of a in the model will not
affect the steady state fluxes of the model. This in turn would allow the study of transient
responses to environmental fluctuations, in cell models that behave identically at stationary
state. The parameters of the original paper [182] being fitted on stationary state data of E.coli
growing on different substrates [167], such a rescaling does not impact the quality of the fitting
- at least in a certain regime, that we present in this section. Without dynamic data that could
discriminate between models, said parameters are consequently equally apt at describing the
stationary behavior of E.coli.

Rescaling the amount of protein precursor a at steady state according to the procedure
described previously implies rescaling the parameters of all reaction fluxes that are functions of
a, so that they become invariant by modulation of the storage capacity α. In the Weisse cell
model, three reaction rates are functions (in the mathematical sense) of a:

• γ(a), the rate at which translation occurs,
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• ωx(a), the transcription rates of each mRNA,

• λ(a), the dilution rate of a via growth7.

For convenience, when adjusting the stationary state concentration of a, we denote with ∗
the reference parameters and concentrations, i.e., their values when α = 1.

7.3.4.1 Translation

For γ(a), we note that consumption of a through translation follows Michaelis-Menten kinetics,
see rate (f6). According to Example r1, we scale the affinity of the ribosome for a∗ when
translating proteins by a factor of α:

Kγ = α ·K∗γ (7.16)

We can check that this scaling of γ preserves the fluxes of all species’ concentrations, save
for a.

In other words, we verify that the consumption rate of the protein precursor a via transla-
tion is independent of the storage capacity α.

If we denote the total amount of mRNA-Ribosome complexes by Rt =
∑
x cx, then the

consumption rate of a by translation is equal to Rt · γ(a; γmax,Kγ), where γ(a; γmax,Kγ) =
γmax
Kγ

a
+ 1

is the rate of elongation per translating ribosome.

It then follows that:

∀α ∈ Rn≥0, Rt · γ(a∗; γ∗max,K∗γ) = Rt · γ(αa∗; γ∗max, α ·K∗γ) = Rt ·
γ∗max
K∗γ
a∗

+ 1
(7.17)

7.3.4.2 Transcription

In a similar fashion, the transcriptional rate ωx(a) also follows Michaelis-Menten kinetics, see
rate (f4). Therefore, we scale the transcriptional thresholds by α:

θx = α · θ∗x (7.18)

Once again, we check that this scaling of θ preserves the fluxes of all species’ concentrations,
save for a, or that the mRNA production rate for each gene x at exponential growth (i.e.,

7We note that in order to be coherent with the notations in the Definitions 8.2.1-7.3.2, the reaction fluxes
need to be written as a function of both the species concentrations and the parameters they depend on (i.e.
write γ(a; γmax,Kγ) instead of simply γ(a)), but for concision purposes, the shorter notation is preferred in the
manuscript, unless formal proofs using the definition notations are involved.
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ωx(a) = wx
θx
a

+ 1
) is invariant to the storage capacity α:

∀α ∈ Rn≥0, ωx(a∗;w∗x, θ∗x) = ωx(αa∗;w∗x, α · θ∗x) = w∗x
θ∗x
a∗

+ 1
(7.19)

7.3.4.3 A discussion on dilution and growth

In order to scale the model according to the method of Definition 7.3.2, the dilution rate of
a by growth, i.e. λ(a) · a, should be scaled as well. Then Theorem 7.3.1 would ensure the
preservation of the scaled model’s behavior at steady state.

However, the scaling of the dilution reaction will result in either the coexistence of two
different growth rates (which contradicts the intuition behind the concept of growth rate itself,
which is a unique property of the cell), or in a modified growth rate that would no longer
preserve the reaction fluxes.

The reason for the emergence of this contradictory behavior is that in order to scale the
dilution reaction (i.e., a λ−→ ∅) by a factor of α, one would need to scale down λ∗ such that the
rescaled growth rate becomes λ(α) = λ∗

α . Indeed, at first glance, such a rescaling would keep
the rate of a dilution invariant with the rescaling, as λ∗

α · α · a
∗ = λ∗ · a∗, where a = α · a∗.

However, since the growth rate is a unique property of the cell (a cell cannot have two growth
rates simultaneously), rescaling the dilution reaction for a would also change the dilution rate
of every other chemical species in the model, thereby breaking the preservation of the fluxes by
the rescaling of every chemical species other than a.

This interdiction to scale the dilution reactions stems from the observation that said dilution
reactions are nothing more than a practicality that allows the description of the growing cell
model, whilst keeping its mass constant, and are thus artificial pseudo-reactions that are added
to the actual biological model. More specifically, when the model has reached the parametrized
mass (in this case 108), for each unit of total mass added by growth, the dilution reaction removes
as much mass as was created, ensuring that the mass remains constant. The contribution of
each chemical species to the mass may still vary, as the composition of the mass added by
growth is not necessarily the same than the composition of the mass that is removed by the
dilution pseudo-reaction (such is the case, if the model is not at stationary state).

Indeed, the growth rate and its associated dilution pseudo-reactions can be formally shown
to be an emergent property of the growth model, instead of being sensu stricto chemical reac-
tions (for the derivation, see Section 7.4), which justifies their unscalability.

However, this “partial” model scaling is sufficient to preserve the steady state model be-
havior over a large range of values of the scaling parameter/storage capacity α. Indeed, we
have seen above that the scaling of γ and θ by definition preserve the fluxes of all species’ con-
centrations, save for a. What’s more, we can numerically show that for a wide range of values
of α, the dynamics of species a in the Weisse model remains virtually unchanged, despite the
fact that we choose not to apply the scaling to its dilution reaction (which means that Theorem
7.3.1 does not apply to a). For this, Figure 7.4 proves that, for values of α in the interval
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[1,≈ 105], the contribution of the dilution pseudo-reaction to the depletion of a is negligible
when compared to that from its consumption by translation:

Rt · γ(a) ≈ Rt · γ(a) + λ · a; (7.20)
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Figure 7.4: For values of the scaling parameter α ∈ [1,≈ 105], the contribution of the dilution
pseudo-reaction to the depletion of a is negligible when compared the consumption of a by
translation.

For example, at α = 105, the dilution accounts for less than 0.3% of the total consumption
of a. Therefore, for α ∈ [1,≈ 105], the time derivative of a can neglect the contribution of
dilution:

da

dt
= ns · νcat −Rt · γ(a)− λ · a ≈ ns · νcat −Rt · γ(a), (7.21)

which means its dynamics remains unchanged in the partially scaled model: da∗

dt = dαa∗

dt .
This concludes the proof for the preservation of steady state behavior for all species involved

in the WS model, for small enough values of α. This statement will be reinforced by one of the
numerical observations of Section 7.5, namely that the growth rate does not change for α < 104,
and only decreases by a few percents as long as α < 106.
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7.4 The Growth Rate λ is an emergent property of the model

In the Weisse model, cell division is modeled implicitly, by keeping the mass M at a constant
value, and diluting all intracellular species at a rate λ (i.e., the growth rate, which connects
cellular processes and growth). In this section, we show that the use of λ as a dilution term can
be explained by using the 1-homogeneity property of vector fields. More specifically, we show
that the growth rate λ, with the associated pseudo-reactions of dilution, are emergent behaviors
when switching from an extensive, volume-independent description of a chemical system, to an
intensive, volume-dependent one (i.e., when switching from describing the system using a vector
of species’ copy numbers to a description that uses species’ concentrations).

Let F : Rn 7→ Rn be a vector field.
We say that F is 1-homogeneous, if:

∀α,X ∈ R, F (αX) = αF (X). (7.22)

In the case of chemical reaction networks, we suppose a 1-homogeneous vector field F : Rn 7→
Rn describing the system’s dynamics.

We write X |= F , if X is a solution of F , and ϕFt (X0) to denote the value at t of X, the
unique solution of the Initial Value Problem:{

∀t, dX(t)
dt = F (X(t))

X(0) = X0
(7.23)

The intuition behind choosing the vectors X are that they denote vectors of species’ copy
numbers. In order to switch to an intensive, concentration-based description of the system, let
v ∈ Rn be a vector of the same dimension as the vectors X, that denotes the volume occupancy
of each species.

Then define:
x

def= X

〈v,X〉
(7.24)

to be the description in terms of vectors of species concentrations, where 〈, 〉 denotes the scalar
product of two vectors. This is the case, as 〈v,X〉 denotes the total mass of the system.

One can then compute the intensive form dynamics of the system:

dx

dt
= d

dt

(
X

〈v,X〉

)
= (7.25)

= dX

dt
· 1
〈v,X〉

− X

〈v,X〉2
· d〈v,X〉

dt
= (7.26)

= F (X) · 1
〈v,X〉

− X

〈v,X〉2
· 〈v, dX

dt
〉 = (7.27)

= F ( X

〈v,X〉
)− X

〈v,X〉
· 〈v, F (X)〉
〈v,X〉

= (7.28)

= F (x)− 〈v, F (x)〉 · x (7.29)
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By defining λ(x) def= 〈v, F (x)〉, one observes that in the differential equation we obtain for
x (i.e., dxdt = F (x)−x ·λ(x)), the species’ consumption (or "dilution") term is indeed denoted by
λ. Thus, the dilution term (with its associated dilution pseudo-reactions) is indeed an emergent
property of the intensive form, which is insensitive to division, through scaling by a constant v.

We remind the reader that in the general case, v is an arbitrary linear form, which we
suppose to be non-null along the trajectories (this is indeed the case if the vector field is given
by a mass action reaction network). For our purpose, the following interpretation of variables
holds: v denotes the volume occupancy of each species, X is the species’ copy number vector,
〈v,X〉 (which we can note as V ) is the total volume of the system (or mass, if the density is
constant), and x = X

V - the species’ concentration vector. Using this interpretation, we have
shown that growth rate is an emergent property of the intensive vector field representation of
the system.

We have also shown how, given the ODEs for the extensive form dX
dt = F (X) of a chemical

system, as well as v its volume occupancy, one can derive the ODEs for its intensive form:
dx
dt = F (x)− 〈v, F (x)〉 · x, which we will note as Fv(x).

The reverse transformation (from intensive vector field to extensive vector field) is also
possible. For that, suppose dx

dt = Fv(x), and fix X0 an initial species copy number vector,
v the volume occupancy vector, and V0 = 〈v,X0〉. Then, if one defines the growth rate as
λv = 〈v, F (x)〉, the volume as V (and note that its dynamics is described by the equation
dV
dt = λv · V ), and the extensive vector field as X = V · x, we show that:

dX

dt
= dx

dt
· V + x · dV

dt
= (7.30)

= F (x) · V − x · 〈v, F (x)〉 · V + x · 〈v, F (x)〉 · V = (7.31)
= F (V · x) = (7.32)
= F (X) (7.33)

which is exactly the initial ODE for the extensive form.
The above derivations show that, more generally, the following proposition (which relates

the solutions of the intensive and extensive forms of the system) holds.

Proposition 7.4.1
If F is a 1-homogeneous vector field, and v a vector in the support of F , then:

∀t,∀X0, ϕFvt

(
X0
〈v,X0〉

)
= ϕFt (X0)
〈v,ϕFt (X0)〉

The proof of Prop. (7.4.1) is immediate, by using the constructions defined above.
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7.5 The Single Cell model: Evolutionary Trade-offs in Cellular
Resource Storage

Our first series of experiments aims at studying the impact of resource storage strategies on
cellular growth, in the context of a single cell model. Consequently, in Section 7.5.1, we start by
investigating the effect of different storage capacity strategies on the growth of a cell evolving
in a fixed environment (i.e., with a constant value of the nutritional capacity ns). We repeat
this experiment for three environments of different nutritional capacities ns, and find that, on
the one hand, storage capacity can be modulated over several orders of magnitude without
significantly impacting growth, and that on the other hand, the negative impact of storage on
growth is directly proportional to the environment’s nutritional richness.

In 7.5.2, we extend the analysis to fluctuating environments that result in quasi-instantaneous
changes of the sugar yield, in order to study the impact of storage strategies on the cell’s ability
to adapt to such changes in the environment. The results suggest that growth during envi-
ronmental transitions is positively affected by an increased (up to a certain threshold) storage
capacity, and that low storage capacities come with high sensitivity of transcriptional regula-
tion, which in turn result in overshoot regulation during transitions. We finish this first series of
experiments by analyzing the trade-offs stemming from the two different types of experiments:
on the one hand, the fact that increased storage capacities enable smoother transitions during
environmental up-shifts, and on the other hand, the detrimental impact of significantly high
storage strategies on the exponential growth rate.

7.5.1 The effects of metabolite storage on exponential growth rate

We start by defining the notion of storage cost, in terms of the fraction of protein precursor
a that, instead of being employed for biomass production, is diluted via the increase of cell
volume:

Definition 7.5.1 (Storage cost)
Let AWeisse = (S,R, f, κ) denote the Weisse model as a scalable BRN along the protein precur-
sor species ′a′, and let α denote a fixed scaling factor. The term “α-storage cost” refers to
the cost of scaling AWeisse along species ′a′ by a factor of α, and is defined as:

η(α) ≡ λ · [a]
λ · [a] + γ ·Rt

(7.34)

≈ α · [a∗]
M + α · [a∗] (7.35)

where λ denotes the growth rate, Rt =
∑
x cx denotes the total number of translating ribo-

somes, and [a] (respectively [a∗]) denotes the concentration of protein precursor in the scaled
(respectively original) model.

We note that the approximation of (7.34) by (7.35) is justified by the steady-state equality
of (f8) and by Theorem 7.15.
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With all this in place, we can proceed with the numerical experiments in the single-cell
context, the results of which allow us to make a number of observations.

The cost of storage depends on the richness of the environment.

Equation (7.35) of Definition 7.5.1 suggests that high storage capacities - which translate into
higher a concentrations - come with significant storage costs. The cost of high storage strategies
can also be explained intuitively, provided that the notion of “cost” is interpreted as opposing
that of “contribution to growth”: if one molecule of protein precursor a is invested into biomass
production at time t0, its contribution to growth will be 1

M0
, where M0 denotes the amount of

protein precursors that have to be invested in order to replicate the entire cell. However, if the
same a molecule is to be invested at a later time, t1 > t0, and if the growth rate is positive -
i.e., the mass of cell at t1 is M1 > M0-, then its contribution to biomass growth will decrease:

1
M1

< 1
M0

. This suggests that the sooner after its production a molecule a is invested into mass
growth, the more it contributes to growth rate. As high storage capacities imply a longer time
time between the production and the consumption of protein precursors a, it becomes clear
that significant storage capacities have high costs.
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Figure 7.5: The model is simulated for increasing storage capacities α, for three different en-
vironments (ns = 0.08, 0.20 and 0.5). We denote by λ0 the growth rate obtained when the
storage capacity is α = 1, for any given ns. The relative growth rate λ/λ0 is defined as the
growth rate obtained for a given storage capacity α, relative to the growth rate when α = 1.
One observes that the relative growth rate decreases, as the storage capacity α increases. The
faster a cell grows, the more storage is detrimental to growth.

What’s more, according to the Weisse model [182], the richer the medium, parameterised in
the model by the nutrient quality ns, the higher the concentration of metabolites a available for
translation. This observation is experimentally validated, via an increase of tRNA concentration
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[59], that in turn results in an increase of the ribosomal translation rate [22, 48, 187, 145, 66].
Consequently, one expects that for cells evolving in nutrient-rich environments, high storage
capacities have a negative effect on cellular growth. The evolutionary pressure w.r.t. low storage
capacity in rich environments is confirmed by the numerical simulations of Fig. 7.5, in which
increasing storage capacities are tested in environments of different nutritional richness. Figure
7.5 also suggests that storage capacity can be modulated over several orders of magnitude
without significantly affecting the exponential growth rate of our cell model. Consequently,
cells may tune their storage capacity within that range, in order to maximize their biomass
production in fluctuating environments, without impairing their ability to produce biomass in
absence of these fluctuations.

We next show how variations in storage capacity affect cell biomass production upon envi-
ronmental fluctuations.

7.5.2 Metabolite storage and adaptation to environmental fluctuations

Cells adjust their resource allocation depending on which medium they grow in. In bacteria
for example, the ribosomal content increases as the medium gets more favourable to growth
[58]. These adjustments are necessary in order to adapt biomass production in different growth
conditions [167, 182]. However, the reallocation of cellular resources to different functions is
not instantaneous, as it is constrained by the cellular mechanisms that sense and regulate the
different processes; this has potential implications for biomass production during environmental
transitions [44, 24]. A common assumption is that, on evolutionary time scales, cells seek to
optimize their mean biomass production over time, which means that they also seek to optimize
the dynamics of the transition between different physiological states, such that the biomass
production over time is maximized.

Consequently, we analyze the behavior of growth rate during environmental transitions.
To do so, we consider environmental up-shifts, which we model using an instantaneous change
in ns, a parameter that is a proxy for the anabolic efficacy of the medium: i.e., how many
metabolic steps are necessary in order to convert the nutrients in the environment into protein
precursors. The biological interpretation of shifting the medium abruptly to a higher value of
ns is that nutrients that do not require a lot of metabolic processing before incorporation into
biomass (e.g., amino acids) are suddenly made available for the cell.

Storage capacity affects growth during environmental transitions

The results of our simulations, depicted in Fig. 7.6, show that higher storage capacities result
in smoother transitions from one physiological state to another.

To understand this behaviour we next look at the sensitivity of transcriptional regu-
lation to levels of the resource a, which we define as:

σx(a) = dωx
da

. (7.36)
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Figure 7.6: λ0 denotes the growth rate of a model with storage capacity α = 1 in a medium
quality ns = 0.12. Before t = 0, the model is growing steadily for a medium quality ns = 0.12.
At t = 0 the medium quality is shifted from 0.12 to ns = 0.5. Different lines correspond to cell
models with different storage capacities. The black line denotes the behaviour of a (theoretical
cell) adapting instantaneously its internal composition to the new growth condition. Different
dynamics of growth adaptations arise for different storage capacities: increasing the storage
capacity α results in smoother transition of the growth rate following an up-shift. For high
enough storage capacity, steady growth rate before the shift is severely impaired (red line), as
expected from figure 7.5.

Under the scaling assumption M � a, which implies that a ≈ α · a∗, one obtains:

σx ≈
wx · θ∗x

α · (θ∗x + a∗)2 , x ∈ {t,m, r}, (7.37)

σq ≈
wq · θ∗q

α ·
(
θ∗q + a∗

)2 · I(q). (7.38)

The sensitivity of transcriptional expression thus decreases with increasing storage capacity.
An intuitive explanation is that, although storage capacity impacts the steady state concentra-
tion of a, it does not affect its rate of production. Consequently, the rate of accumulation or
depletion of a relative to its current concentration is decreasing, therefore making transcriptional
regulation less sensitive to fluctuations in a.
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High sensitivity of transcriptional regulation results in overshoot regulation during
environmental up-shifts

With this in place, we analyze the reallocation dynamics of the Weisse model during an up-shift.
The results depicted in Figure 7.8 suggest that high sensitivity of transcriptional regulation
(achieved by low values of storage capacity α) results in a two-stage regulation:

1. Cellular resources are reallocated from metabolic enzymes to ribosomes.
An increase in ns causes the net production of a to augment( Fig. 7.8C). This is a conse-
quence of the linear increase of the production flux with nutrient quality, ns · νcat, while
consumption by ribosomal mRNA complexes is saturated, which in turn causes the con-
centration of a to increase (Fig. 7.8D). Consequently, reallocation of cellular resources
from metabolic enzymes to ribosomes occurs: see the increase of ribosomal concentration
and decrease of metabolic enzymes concentration depicted in Fig. 7.8A and 7.8B.

2. Cellular resources are reallocated from ribosomes to metabolic enzymes.
By the time the concentration of a decreases, ribosomal concentrations relative to those of
metabolic enzymes are already high enough to create an imbalance between the production
and the consumption of a. The concentration of a decreases significantly, which results in
a reallocation of resources from ribosomes to metabolic enzymes.

Thus, the transcriptional regulation of low-storage cells during an up-shift behaves like a
bang-bang control [170]: as described above, most of the available resources go to ribosomal
production (relative to that of the exponential growth), which then leads to an excess in ri-
bosomes, requiring to allocate most of the resources to metabolic enzymes. This behaviour is
made possible because:

• Reallocation of internal resources to different cellular functions is not instan-
taneous.
Indeed, allocation arises from competition for ribosomes, between different mRNAs. Since
mRNAs have non-zero lifetimes, rewiring mRNA production to one cellular function does
not result in a direct update of the mRNA repartitioning to different cellular functions.
Additionally, the transcriptional regulation-induced stabilization of mRNA production to
the new desired steady state levels takes time, as seen in Figure 7.7. Both arguments
motivate the use -in living systems- of post-transcriptional regulation mechanisms that
act directly at the translation level, instead of simply tuning transcription.

• Protein production is not instantaneous. The feedback coming from transcriptional
regulation of ribosomal or metabolic enzyme expression on a concentration also takes
time, and can thus cause the overshoot in regulation.

Finally, we analyze the trade-off caused by high storage strategies: on the one hand, the
smoother transitions during up-shift, and on the other hand, their detrimental impact on the
exponential growth rate.
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Figure 7.7: Before t = 0, the model is growing steadily for a medium quality ns = 0.12. At
t = 0, the medium quality is shifted from 0.12 to ns = 0.5. The plot shows the fractions
of transporter-and-metabolic (green) and of ribosomal (blue) mRNA being produced for two
different storage capacity: (Left) α = 1 and (Right) α = 105. As the genetic regulation takes
only place at the transcriptional level in the model, it shows the genetic regulation overshoot as
a result of fluctuations in a levels during the up shift, (see also figure 7.8. D.). This overshoot
is attenuated for higher storage capacity: high storage capacities and subsequent high steady
state levels of a, act as buffers for the genetic regulation.
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Figure 7.8: Before t = 0, the model is growing steadily for a medium quality ns = 0.12. At t = 0
the medium quality is shifted from 0.12 to ns = 0.5. Different lines correspond to cell models
with different storage capacities. (A) Ribosome concentration relative to its concentration
before the up-shift (B) Enzyme concentration relative to its concentration before the up-shift
(C) Flux of a concentration: da

dt (D) log10 of a concentration relative to its concentration before
the up-shift.
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Trade-offs between biomass production during transitions and during exponential
growth

For analysis purposes, let B(t0, T, α) denote the biomass production between two time points
t0 and T , for a storage capacity α, and let B0 denote the biomass at time t0.

Then:
B(t0, T, α) = B0 · e

∫ T
t0
λ(α)·dt

. (7.39)

The relative cumulative growth rate δ measures how much the mean growth rate with storage
capacity α deviates from the growth rate with the reference parameter (α = 1), between two
time points t0 and T . It is defined as:

δ = ln(B(t0, T, α))
ln(B(t0, T, 1)) =

∫ T
t0
λ(α) · dt∫ T

t0
λ(1) · dt

(7.40)

The biomass production and the relative cumulative growth rate are then related through:

B(t0, T, 1)δ = B(t0, T, α). (7.41)

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1
T = 100 minutes

T = 1000 minutes

In
cr

ea
sin

g S
to

ra
ge 

Cap
ac

ity

R
e
la

ti
ve

 C
u

m
u

la
ti

ve
 G

ro
w

th
 R

a
te

Relative Exponential Growth Rate

Figure 7.9: Diamonds correspond to different up-shift experiments from ns = 0.12 to ns = 0.5
for increasing the storage capacity α from 1 to 1010. The relative exponential growth rate
is the ratio of the growth rate of the cell model when ns = 0.5 for one given value of the
storage capacity α over the growth rate of the cell model when ns = 0.5 and α = 1. The
relative cumulative growth rate defined in Equation (7.40) is computed for t0 = −20 minutes
and T = 100 or T = 1000 minutes. Increasing the storage capacity α results in decrease of
the relative exponential growth rate. The benefits from a smoother transition coming from
an increased stock of metabolites result in a maximized relative cumulative growth rate at
intermediary storage capacities.
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Fig. 7.9 illustrates the trade-off between smoother transitions during an up-shift and the
detrimental impact of increased storage on the exponential growth rate (i.e., the growth rate
once the cell has reached the physiological state corresponding to the ns after the shift). As
long as M � a, the numerical results of Fig. 7.9 suggest that increasing the storage capacity in
order to maximize biomass production during the up-shifts is a convenient strategy. However,
when the storage capacity gets too high, the exponential growth rate starts decreasing sharply,
hence annihilating the gains coming from higher biomass production during the up-shift. Cells
may thus tune their storage capacity as a result of this trade-off.

7.5.3 Environmental dynamics and resource storage strategies

So far, we have only considered one up-shift intensity. For the last series of experiments in the
single-cell context, we will now consider several shift intensities: ns,1 − ns,0 where ns,0 and ns,1
are respectively the quality of the medium before and after the shift. The results of this type
of experiment are as follows.

High storage strategies are favoured by sharper environmental shifts

In Fig. 7.10 (Left), we see that an increase in up-shift intensity results in an increase of the
optimal storage capacity α.
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Figure 7.10: (Left) The cumulative growth rate for one given storage capacity α relative to
that of when α = 1 is maximized for greater storage capacities when the up-shifts are sharper.∫ T
t0
λ(α) · dt/

∫ T
t0
λ(1) · dt is evaluated for t0 = −20 and T = 300 minutes. The model is shifted

from ns = 0.12 to ns = 0.30, ns = 0.50 and ns = 0.80. (Right) The cumulative growth
rate for one given storage capacity α relative to that of when α = 1 is maximized for lower
storage capacities when the frequency τ of up-shift occurrences decreases. The more frequent
the up-shifts, the higher the optimal storage capacity that maximises biomass production.
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Frequent environmental fluctuations favor high storage

We now consider environments that fluctuate repeatedly, and define the frequency of an envi-
ronmental shift by τ = T−1. The results of Fig. 7.10 (Right) show that, for high frequencies,
growth during transitions becomes non-negligible when compared to exponential steady state
growth. Consequently, the optimal storage capacity, i.e., the one that maximizes cumulative
growth, thus increases with the frequency of environmental change.

The final observation of the single-cell experiment section justifies our modelling approach,
as it relates experimental data to the numerical predictions of our scaling method:

Experimentally observed E. coli ATP concentrations fall close to the predicted
storage capacity that maximizes biomass production

Living cells such as E. coli use ATP as their main energy currency. Because ATP is needed not
only for assembling molecules into amino acids (the main building block of proteins), but also
for protein elongation during translation, it is considered one of the main protein precursors -
as such, in the Weisse model, species a can be considered a proxy for ATP.

In a slow growing E. coli cell, which has a volume of approximatively 1 × 10−15 L [179],
the average ATP concentration is 1.54× 10−3 mol.L−1 [186], and the number of amino acids -
whether they are or not constitutive of proteins- is 5.6× 108 [22].

In the Weisse cell model, the mass (counted in amino acids) is 108 . Therefore, a slow
growing E. coli model cell contains (1.54×10−3 ·1×10−15 ·NA)/5.6 ≈ 1.7×105 ATP molecules
per cell model mass, where NA = 6.02× 1023 is the Avogadro constant.

It is known that in E. coli, the average ATP cost per amino acid is approximatively 25
ATP.aa−1 [121]. Therefore, the number of ATP per cell model mass, in amino acid cost equiv-
alent, is (1.7× 105)/25 ≈ 7× 103.

This number falls close to the range of protein precursor a = α·a∗ which maximizes biomass
production in fluctuating environments, as depicted by the results of Figure 7.10; therein, the
optimal range is given by 104 ·a∗ < α ·a∗ < 106 ·a∗, where a∗ ≈ 1 under slow growing conditions,
and a∗ is the quantity of the protein precursor when the storage capacity is α = 1.
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7.6 The Ecological perspective: Storage Strategies for Compet-
itive Growth

7.6.1 Motivation

The results of Section 7.5 allowed us to study the optimal storage strategy of a cell in different
environments, fluctuations of which are modeled as a quasi-instantaneous change in sugar yield
(denoted by ns). Thus, changing the environment “quality” is achieved by varying ns. More
precisely, higher values of ns are proxies for environments more propitious to growth, as a higher
value of ns means that for an equivalent amount of transporter/metabolic enzymes more protein
precursor will be produced per unit of time, which will in turn lead to an increased growth rate
in the model.

As one can notice in Table 7.1, the numerical experiments of 7.5 were performed under
the assumption of a fuel-rich environment, such that the idealized cell experienced no sugar
limitations: s� Kt, with s denoting the quantity of external nutrient (sugar), and Kt denoting
the half-saturate constant of transporters.

In this section, we perform a complementary series of experiments, in order to analyze how
storage strategies fare in a competitive context. Consequently, we will investigate the impact
of storage strategies on the long term growth rate of a population of cells in fluctuating envi-
ronments that (i) no longer dispose of unlimited amounts of external nutrient/sugar, and (ii)
have constant sugar yields, i.e., constant values of ns. Fluctuating environments will no longer
by modelled through a change in sugar yield, but will manifest as fluctuating sugar availability
in the medium. We parametrize the sugar availability via the frequency of two superimposed
probabilistic series of high and low nutrient/sugar pulses. We test populations of low- and high-
storage strategies against each other in such fluctuating environments. Our results indicate the
existence of a convex boundary separating a domain characterized by high infrequent pulses,in
which the faster growing, low-storage strategies win, from the rest of the considered environ-
ments, where the fast growers are driven to extinction by the slow growing, high-storage cells.
Suprisingly, this boundary is the only place where lasting co-existence between slow and fast
growers can be observed.

7.6.2 Experiment setup: a mixed population model in a fluctuating environ-
ment

In this second series of experiments, we model a closed environment in which two types of
competing cell populations co-exist:

• “thin” cells, which have low storage capacity: α = 1;

• “fat” cells, which have high storage capacity: α = 2× 105.

Each of the two population has an associated death rate. We assume an identical death
rate for both cell populations, and we set its value to dN = 0.01min−1, meaning that 1% of
each population is removed every minute.
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Remark 7.6.1. We stress the importance of constructing a mixed population experi-
mental framework, in which both types of cells are present simultaneously. If one were
to study each type of cell model in isolation, like in the previous section 7.5, the two cell
populations would have identical long-term growth rates: if thin and fat cells have the
same growth yield ns, as hypothesized above, and identical death rate, and what’s more,
if the amount of sugar being delivered in a time interval δt is limiting, both types of cell
will have identical average growth rate during δt, for an identical amount of consumed
sugar. However, in a mixed population setup, different amounts of sugar can be inter-
nalized by the two populations, leading to faster overall growth of the cell type that is
better at resource assimilation. All in all, it turns out that maximizing growth rate in
isolation does not necessarily translate to maximizing growth when more than one type
of cells are competing for the same resources [67].

If Ni, with i ∈ {1, 2}, denotes the population of thin, respectively fat cells, its growth is
given by the ODE:

dNi

dt
= Ni · (λi − di). (7.42)

The constant external sugar assumption of the initial Weisse model [182] is relaxed, in order
to assume that external sugar can be consumed proportionally to the size of the population and
its import activity:

ds

dt
= −

∑
i

Ni · νimp,i, (7.43)

where νimp,i denotes the amount of sugar imported per cell of type i per unit of time, and ds
dt is

the change in s quantities imputable to import by the cells.
As mentioned above, the competitions are modeled in a closed environment, whose only

interference with the exterior world is the addition of medium (sugar). To model the fluctuating
availability of sugar in the environment, we introduce two different random nutrient pulses:
Every dt = 1 minutes, there is a probability p1 of adding a quantity Q1 of sugar, and a
probability p2 of adding a quantity Q2 of sugar. We consider Q1 to be a rare pulse, that yields
a high amount of sugar, while Q2 is considered to be a more frequent, less sugar-rich pulse, that
yields I times less sugar than Q1: Q2 = Q1/I. Consequently, we refer to Q1 and Q2 as high
intensity, respectively low intensity pulses.

We fix the expected number of cells in the environment: Ntot =
∑
iNi. Assuming that all

the added sugar contributes to cell growth (M � α · a?), the average amount of cells produced
per unit of time in a fix environment writes as:(

dNTot

dt

)
P

=
(
d (
∑
iNi)
dt

)
P

=
∑
i

Ni · λi = ns · (p1 ·Q1 + p2 ·Q2)
M

(7.44)

At steady state, one has that:

dNtot

dt
=
(
dNTot

dt

)
P
−
∑
i

Ni · di = 0 (7.45)
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where (dNTot/dt)P is the growth term, and
∑
iNi · di is the death term.

Assuming identical death rates dN for every species i, we get that:∑
i

Ni = NTot = ns · (p1 ·Q1 + p2 ·Q2)
M · dN

(7.46)

For given values of the average number of cells in the environment (NTot), and of pulse
probabilities (p1, p2), the equation above constrains the choice of (Q1, Q2) to :

p1 ·Q1 + p2 ·Q2 = NTot ·M · dN
ns

(7.47)

By introducing the intensity ratio parameter constrain I = Q1/Q2 in Eq. (7.47), one
obtains the values of (Q1, Q2) required to get an average total number of cells NTot, for a fixed
intensity ratio between the two pulses I and the frequencies associated to those pulses (p1, p2):Q2 = NTot ·M · dN

ns · (p1 · I + p2)
Q1 = I ·Q2

(7.48)

For the numerical experiments, we take I = 100 and assume that the mean number of cells
that can be supported by the environment, i.e., its carrying capacity, is given by NTot = 100.
The choice of this last parameter is verified a posteriori in the in-silico experiments, as can
be observed in Figure 7.11. We consider a cell population to be extinct whenever its number
of cells is 10 times lower than that of its competitor. In experiments for which the extinction
condition was not fulfilled by any of the two populations, after an hour (real-time) of simulation,
the two populations were considered to co-exist, and the experiment was stopped.

7.6.3 Results

With all this in place, we carried out two types of experiments, which we detail below. In the
first experiment, we simulated competition between thin and fat cells, in two environments that
differ only in their probability of low-intensity pulses. By setting the probability of high-intensity
pulses to a low value, we are able to analyze how storage strategies fare during starvation
periods. In the second experiment, we carry out competitions in a range of environments that
differ through both high and low intensity pulse probability.

7.6.3.1 Experiment 1: Environments with different low-intensity pulse probabili-
ties

We start by carrying out competitions in two different environments, which have an identical
probability of type 1 pulses to occur (p1 = 10−3), and differ only by the probability of low
intensity pulses (p2 ≈ 0.11, respectively p2 ≈ 0.18).

From Eq. (7.48), it is apparent that each low intensity pulse with probability p2 ≈ 0.11
will deliver ≈ 9.5× 108 sugar units, whereas if p2 ≈ 0.18, each pulse delivers ≈ 7.1× 108 sugar
units. As parametrized, the high intensity pulses Q1 deliver I = 100 times that amount.
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Figure 7.11: Average of the total number of cells along the entire competition experiment. As
expected from the constraint we imposed, the average total number of cells sits around 100.
The high variability in the average number of cells that appears when decreasing p1 may be
due to the fact that the simulations didn’t last long enough so that the total number of cells
reaches wide sense stationarity. The time it takes to reach stationarity is indeed expected to
be longer as events that significantly impact the number of cells become rarer, as it is the case
when the probability of pulse 1 decreases.

Remark 7.6.2. In order to make sense of these numbers, one should compare them to
how many sugar units are needed to build a new cell. Since the yield is set to ns = 0.5
across all simulations, it means that 50% of the incorporated sugar will be converted
into cell mass. For a cell weighing 108 mass units, this means that a low intensity pulse
delivers enough sugar to build ≈ 4.7, respectively ≈ 3.5 new cells (again, a high intensity
pulse will build 100 times more cells).

Figure 7.12 depicts the results of this experiment. The first observation we were able to
make is that in absence of high-intensity pulses (what we refer to as the starvation period), the
nutrient influx provided by low-intensity pulses of is most often insufficient for cells to grow
faster than they die, hence the decrease in total number of cells. This decrease is particu-
larly prominent following a high-intensity pulse, during which the total number of cells grows
significantly: after the sugar is exhausted, the large number of resulting cells are left to feed
off the limited amount of sugar provided by low-intensity pulses. This behavior is illustrated
in Figure 7.12 (Middle Left) - where one can observe the total amount of cells, as well as in
Figure 7.12 (Middle Right), which depicts the concomitant dynamics of sugar content. Since
the death rate is linearly-dependent on the total number of cells, and since growth depends on
sugar availability, it then becomes evident that the more a population grows following a sugar
delivery, the faster it will become extinct when that supply is exhausted.
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The competition outcome depends on the frequency of low-intensity pulses

Our experiments indicate that for the time frame following a high-intensity pulse, survival of
cells that have a low storage capacity will be favored. Thus, in Fig. 7.12 (Top Right), one
observes an increase in the fraction of α = 1 cells that immediately follows high-intensity
pulses (which are visible in figure 7.12 (Middle Right) via the sugar spikes). The number of
transporters in the same time frame is shown for the two different cell populations, as well as for
the two different probabilities of low intensity pulses, in figure 7.12 (Bottom Left) and (Bottom
Right) (they correspond to p2 ≈ 0.11, respectively p2 ≈ 0.18). For the thin cells (low storage
capacity), the number of transporters fluctuates considerably less than it does for the fat ones,
and this holds for the two different probabilities of low intensity pulses. Also, whereas during
starvation periods (defined as time frames that do not follow a high intensity pulse, visible by
the sugar spikes in figure 7.12 (Middle Right)), fat cells have more transporters than thin ones,
the situation is reversed during periods of nutrient abundance (defined as the time frame that
follows a high intensity pulse).

Fat cells allocate their resources better than thin cells

Figure 7.13 shows the probability density plots of the number of transporters as a function of
the sugar in the environment for low (Left) and high (Right) storage capacity cells, as well as
for p2 ≈ 0.11 (Top) and p2 ≈ 0.18. Colors indicate the density of data points: red regions map
high probability density pairs of {Number of transporter, Amount of sugar in the environment},
whereas blue regions map low probability densities. In contrast with what is shown in figure
7.12, we now consider not only data from a selected time frame, but rather across the entire
competition (i.e., until one of the populations goes extinct).

There are three apparent regions. On the very left, one observes the time points at which
the sugar was completely depleted from the environment. The second region, further on the
right - around log10(sugar) = 9, corresponds to the data points that immediately follow the
addition of a low intensity pulse. The third region, even further on the right, consists of data
points that follow a high intensity pulse. There is a consistent pattern, mostly visible for the
fattest cell (see Fig. 7.13 (Right)), indicating that the amount of sugar in the environment
is inversely proportional to the amount of transporters. This is expected, since in nutrient-
abundant environments, cells upregulate their internal allocation to biosynthetic functions,
rather than to transport/metabolic functions [182, 167]. Nonetheless, this effect is hardly visible
for the thinnest cell - see figure 7.13 (Left)- for which the amount of transporters is relatively
constant with respect to variations in the amount of extracellular sugar.

Remark 7.6.3. The reason for which thin and fat cells allocate the resource differently
can be understood by conducting the following thought experiment.

Thin cells have low storage capacity, and the amount of protein precursors in poor
medium (low ns) can be as small as 1 per cell, whereas in rich medium (high ns), it can
reach values between 10 and 20.

Consequently, following any kind of sugar pulse (low or high intensity), a thin cell
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Figure 7.12: Modifying the way an equivalent amount of sugar is delivered in time can result
in the extinction of either the fattest or the thinnest cell models. (Top Left) Example of two
competitions ran for p1 = 10−3. In the case where p2 ≈ 0.11 (probability of low intensity
pulses), the fattest (α = 2 × 105) go extinct. When p2 ≈ 0.18, it is the opposite, and the
thinnest (α = 1) go extinct. For the rest of the figures, the timed axis is a zoom in on the time
interval [0, 2] days from the figure on the left. (Top Right) For this time interval, identically
to the left figure, the fraction of α = 1 cells is displayed as a function of time. (Middle Left)
Concomitant total number of cells as a function of time. (Middle Right) Corresponding amount
of sugar as a function of time. (Bottom) Number of transporters in the same time interval for
the fattest, in red, and the thinnest, in black, in environments where the probability of type 2
pulses is (Left) p2 ≈ 0.11 and (Right) p2 ≈ 0.18.
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will incorporate enough sugar for it to “sense” the environment as being abundant.
Indeed, consider a low intensity pulse of Q2 ≈ 7 × 108 sugar units (for p1 = 10−3

and p2 ≈ 0.18), that is distributed uniformly between all cells; then, for a population of
100 cells, each cell will get 7× 106 sugar units, and consequently build approximatively
3.5× 106 protein precursors (as ns = 0.5). Because transporters and metabolic enzymes
are already present in the cell models, prior to any kind of shift, the influx of a will be
fast, and, for the thin cells, will almost instantaneously reach the a > 10 cap that maps
to an allocation fit for rich environment, which in turn prioritizes biosynthetic processes
over transporter/metabolic enzyme production.

One could argue that during starvation periods, thin cells could still shift their
allocation to make more transporters, but the almost-null amount of sugar available
during this time, coupled with the cells’ lack of intracellular storage pools, makes this
virtually impossible.

Therefore, we argue that thin cells only produce proteins when nutrients are present
in the environment; in this case, they react as if the environment were resource-abundant,
and allocate a considerable amount of resources to biosynthetic processes over trans-
porters.

In contrast to their competitors, fat cells are able to adapt their number of trans-
porters to the amount of sugar present in the environment. By having a storage capacity
of α = 2 × 105, they typically require the amount of protein precursors per cell to be
greater than 106 (a considerably larger quantity than that demanded by thin cells), in
order to have an allocation status that prioritizes biosynthetic processes (e.g., production
of ribosomes).

Concretely, fat cells will pass through a continuum of allocation following a sugar
pulse, that can be decomposed in three distinct phases: (i) for simplicity purposes,
assume we start off an extracellular sugar amount equal to 0, as well as a null content
in protein precursors. A pulse occurs, and sugar is made available in the environment.
The fattest takes up the sugar, but contrary to the thinnest, it will, during the first
phase of protein precursor accumulation (as long as it is schematically lower than 106),
prioritize resource allocation towards transport/metabolic processes. (ii) If the supply
is large enough, the fattest may build up sufficient amount of protein precursors to
start allocating more resources to biosynthetic processes (schematically for amounts of
protein precursors greater than 106). (iii) Once the sugar in the medium is depleted,
the amount of protein precursors decreases, and when passing below 106, the fattest will
again prioritize synthesis of transporters/metabolic enzymes.

In environments in which the sugar supply varies, the fattest may therefore be able
to map its allocation status to a time average of the sugar supply, and avoid allocating
too much resources to biosynthetic processes in environments that frequently run dry of
nutrients.
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Figure 7.13: Fat cells have a larger dynamic range of their number of transporters. Colors indi-
cate the density of the data points (how frequent a certain number of transporters occurs during
the time interval the competition experiment lasts). All the figures correspond to competition
experiments during which the probability of type 1 pulse (high intensity pulses) is p1 = 10−3.
(Top) The probability of type 2 pulses is p2 ≈ 0.11; (Left) for the thinnest, α = 1, while (Right)
the fattest has α = 2× 105. (Bottom) The probability of type 2 pulses is p2 ≈ 0.18, (Left) for
the thinnest and (Right) for the fattest. The pairs of probabilities (p1, p2) correspond to those
used in Figure 7.12. Note that the region left of the plots seems to indicate that the extracel-
lular sugar content is equal to 1 = (log10(10))−1. This is actually around 0 in the simulations.
We set it to the arbitrary value of 1 for easier plotting, since log scale does not take as input
negative values (between −1 and 0), that arise from small numerical errors of the integrator.
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7.6.3.2 Experiment 2: Environments with different low- and high-intensity pulse
probabilities

So far, we have restricted our analysis to two environments, which differ only through their
low-intensity pulse probability. We now systematically observe the outcome of the competition
for a 10 × 10 parameter grid, in which each component corresponds to a different pair of high
and low intensity pulse probabilities (p1, p2).

A first observation is that thin cells have almost identical amounts of transporters in all
studied environments, see Fig. 7.15 (Bottom Left). On the contrary, fat cells have higher
amounts of transporters for either high probabilities of low intensity pulses or, more surprisingly,
for high probabilities of high intensity pulses, see Fig. 7.15 (Bottom Right).

However, by construction of pulse delivery, increasing the probability of high intensity
pulses p1 means decreasing the amount of sugar delivered per high intensity pulse Q1, see Eq.
(7.48) and Fig. 7.14. This reduces the amount of time during which extracellular sugar content
is enough for cells to grow without sugar limitation.

Indeed, if one fixes p1 = 0.1andp2 = 0.01, then by Eq. (7.48), the amount of sugar delivered
per high intensity pulse is Q1 ≈ 2 × 109, which is enough to build 10 new cells and is almost
comparable to a low intensity pulse when p1 = 10−3, p2 ≈ 0.11, where the amount of sugar
delivered per low intensity pulse is Q2 ≈ 9.5× 107.

Thus, for high p1, the distribution of sugar in time is similar to that of an environment
bearing low p1 and high p2 (albeit, without the long spawned abundance periods).
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Figure 7.14: Quantity of sugar added per pulse of type 1 as a function of (p1, p2), the two pulses’
probabilities, upon the constraints that: (i) the average amount of sugar provided per minute
is kin = 2× 108 and (ii) that Q1 = I ·Q2, with I = 100.
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Transporter abundance predicts the competition outcome

A surprising observation is that the mean number of transporters of the fat cells, as depicted
in Fig. 7.15 (Bottom Right), seems to entirely predict the outcome of the competition. This
can be observed in Fig. 7.15 (Top Right), for which the convention is as follows: in blue, the
fattest wins, in red the thinnest wins, in green, the numerical experiments were interrupted due
to excessive computation time, and the two populations are assumed to co-exist.

Indeed, the simple rule of thumb: "whichever type of cell synthesizes the most transporters
wins the competition in an environment where the nutrient supply is limiting", is verified em-
pirically.

Although this seems to hold mathematically and experimentally at steady state - see 7.6.4-,
it is not trivial to see why that should be the case in a fluctuating environment.

Remark 7.6.4. We note that the growth rate, as defined in Eq. (7.13), depends on the
yield factor ns, the amount of sugar s, the number of transporters et, and the kinetic
properties of the transporter (Kt and vt), at steady state.

Under the assumption that different types of cells, competing in the same environ-
ment, have the same yield ns and the same type of transporters (identical Kt and vt),
and given that the amount of sugar in the environment is the same for all cells, it then
follows that their growth rate is actually parametrized by the amount of transporters
they express at steady state.

This implies that at steady state, in a competition between two cell models having
negligible storage capacities, the one that allocates the most of its mass fraction to
transporters will win the competition, in accordance with [67, 182].

It is important to emphasize that this does not mean that a cell should only express
transporters, and not ribosomes. Indeed, if a cell were to do this, the sugar transported
inside the cell could not be consumed by biosynthetic processes (translation by ribosomes)
at a sufficient rate, which would lead to an accumulation of metabolites until steady state
is reached, i.e., a state in which the rates of transport and biosynthetic processes balance
out.

This could paradoxically lead to a lower amount of transporters per mass unit, since
a higher fraction of the mass would be occupied by metabolites.

The fattest is the fittest in nutrient poor environments

Perhaps a good explanation for why storers outcompete fast growers in some conditions
(i.e., nutrient poor environments) - see Figure 7.15 (Top Right), is that the latter run out of
resources suddenly and keep a frozen image (in their internal resource allocation) of an abundant
past which has ceased to exist - consequently expressing an insufficient amount of transporters.
Storers, on the other hand, have a much more sensible picture of the conditions which are
prevalent in their environment.

Considering two types of fluctuations of different intensities reveals an intricate competitive
landscape. Coexistence of the two species can be long, see figure 7.15 (Top Left), notably on
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the convex boundary, which is evocative of phenomena of critical slow downs near bifurcations
of dynamical systems. The result of the competition is quite different from what one would
expect by exclusively considering the growth of the two populations in isolation.

Indeed, for subtle reasons, the apparent competitive disadvantage of the fattest is com-
pensated by mechanisms that appear to be orthogonal to the ones explored in Section 7.5 (i.e.
higher growth rate during transitions from one growth medium to another), and sometimes lead
to extinction of the low-storage fast growers.

Again, it is interesting to emphasize that the trade-offs between storage and growth are
emergent properties that build up on well known biological mechanisms – which is different from
a game theoretical approach that would consist in implementing this trade-off in an exogenous
way.

For a more thorough numerical investigation, one would need to sample behaviors with a
finer grain, as well as explore other temporal patterns for nutrient delivery.
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Figure 7.15: The distributions of the low and high intensity pulses underly various differences
in the number of transporters between fat and thin cells. This difference in the number of
transporters predicts which of the fattest or the thinnest will win the competition. (Top Left)
Time until one of the two population goes extinct. (Top Right) The red area depicts that the
population of the fattest (high storage capacity) goes extinct, whereas the blue area means that
the thinnest (low storage capacity) goes extinct. The green area corresponds to environments
wherein, after 1 hour (real time) of simulations, no population was extinct. (Bottom) Number
of transporters across the different types of environments (characterized by the frequencies of
the pulses 1 and 2) for (Left) the thinnest and (Right) the fattest.
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7.7 Conclusion

In the work presented in this chapter, we investigated the impact of different resource storage
strategies on cellular growth, using a recent mathematical model (the Weisse model) of the
coarse-grained mechanisms that drive cellular growth, which we modify slightly in order to
clarify some assumptions relative to growth and cellular mass.

In order to model resource storage, we introduce a novel technique of reparametrization
of deterministic models of Biochemical Reaction Networks, which allows one to tune the con-
centration of certain chemical species, while preserving the network’s behavior at steady state.
This, in turn, allows one to symbolically navigate natural lines of iso-cost in parameter space,
provided cost functions only depend on steady-state constraints. When applied to the Weisse
model, the scaling method guarantees by construction that various storage strategies preserve
approximatively goodness-of-fit to the original data, and therefore correctly match growth con-
ditions to sectorial resource allocation.

In a first series of experiments, we analyze how the level of resource storage can impact
cellular growth, and thus impose fitness costs or benefits on cells, for a single cell model. We
first test different storage strategies in different environments, parametrized by their respective
nutritional efficiency coefficient ns, and find that there is a cost associated with high levels of
storage, resulting from the dilution-driven loss of stored resources. Our results also show that
there is large window of concentrations for the universal precursor (considered as a conflation
of all the various energy and carbon needs of the cell) in which the growth rate is essentially
unchanged at steady state. This first experiment suggests that constant environments favour
low levels of resource storage, as no additional fitness can be obtained by storing.

In order to extend our analysis to fluctuating environments, we implement shifts in the
sugar yield by modulating the nutritional coefficient parameter ns. We find that high levels
of storage can benefit cells in variable environments, by increasing biomass production during
transitions from one medium to another. Consequently, fluctuating environments appear to
favour high levels of resource storage, i.e., additional fitness can be obtained by storing, with
little detrimental effect on stationary growth.

These two results open up a significant possibility for selective pressure driving cells to
a judicious choice of storage level, in order to extract the benefits during shifts in nutrient
availability and quality.

We also find that the cost of storage appears to increase as environments become more
favourable to growth. This can justify the use of regulatory systems that tune the storage
capacity according to growth conditions: in the case of E.coli, it has been shown that proteins
involved in glycogen (the main E.coli storage molecule) synthesis are up-regulated in poor
growth conditions [61].

We follow up on the single cell model analysis by performing a series of complementary
experiments, aimed at investigating how storage strategies fare in a competitive context as well
as on how the operational impact of intermittent energy sources may be mitigated by storage of
immediate growth precursors. We argue that while most biologists focus on studying organisms
in environments where nutrient supply is virtually infinite, and thus steady (e.g., during the
exponential phase of a growth culture), these conditions do not reflect the environments most
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living systems actually experience.
In that sense, our rescaling technique allows us to generate a family of models that behave

differently when nutrient availability fluctuates - but which are nearly indistinguishable when
environmental conditions are steady. In this second series of experiments, fluctuations in the
availability of substrates fueling the biosynthetic process are entirely exogeneous to the cell, and
are parametrized by two superimposed probabilistic trains of high, respectively low, pulses of
sugar 8. We test populations of low- and high- storage strategies against each other in a variety
of such fluctuating environments. Our results suggest the existence of a convex boundary that
separates a domain of high and infrequent sugar pulses regimes - in which the fast growing, low
storage cells survive-, from the rest of the environmental landscape - in which the fast growers
are driven to extinction by the high-storage, slow growers.

Another, peculiarly interesting, yet completely unexpected behavior of the model is that
storage seems to allow cells to “measure” the amount of resources in the environment on longer
time scales. This behavior is reminiscent of the concept of memory and it provides a mechanistic
explanation of how storage could be used as a primitive source of information about the life
history of an organism: one could hypothesize that it may have provided an incentive for living
systems to evolve to greater size over evolutionary time scales.

All in all, our analysis suggests that cells may face trade-offs in their maintenance of
resource storage, based on the frequency of environmental change. Quantitative models such as
the one we considered here could be used to reverse-engineer the ecology of cellular species —
much of which we only know in laboratory conditions —, using existing data about metabolic
resource concentrations [15].

Finally, although our analysis was performed on a model for unicellular growth, the mech-
anisms described may be applicable to any system growing in an environment where resources
are fluctuating and scarce.

8as opposed to the first series of experiments, where environmental fluctuations were modeled as variations
in the sugar yield, herein we use constant mean amounts of sugar per time unit



Chapter 8
Abstractions for cellular growth: towards a
new Petri net semantics

The work presented in this chapter has been published in the proceedings of the 5th
Hybrid Systems Biology (HSB) workshop [11].

8.1 Motivation

The previous discussion of Chapter 7 with respect to the incorporation of cellular growth in
classical models of Biochemical Reaction Networks motivates a deeper analysis of the subject.
We are thus now interested in working towards a novel executable model of biochemical reaction
networks, in which cellular growth can be characterized as an emergent property of the execution
semantics, thus circumventing the need of adding artificial constructs such as dilution reactions
to a growth model.

As seen in Section 4.1, Biochemical Reaction Networks can be represented using Petri
Nets, in a straightforward manner: place denote species, while transitions denote reactions.
For general Petri nets, the execution of the net proceeds according to the usual interleaving
semantics: at each execution step, an enabled transition is selected non-deterministically, then
fired. The interleaving semantics describes totally asynchronous behavior, and consequently fails
to capture the inherently concurrent nature of cellular behavior, in which multiple reactions can
happen in parallel. What’s more, intracellular processes rarely work in isolation, but rather in
continuous interaction with the rest of the cell. The cell has finite resources, so committing
resources to one task reduces the amount of resources available to others. All cells experience
these trade-offs, which potentially modify all cellular processes, but are often overlooked.

We have also seen that in the case of “biochemically interpreted” Petri nets, the usual
chemical kinetics (be it stochastic or deterministic) is imposed as the execution semantics:
transitions in stochastic Petri nets are executed according to the standard firing rule of the
interleaving semantics, while continuous Petri nets execution proceeds according to the system
of ODEs imposed on the net by the firing rate function. However, one could argue that the
construction of these net dynamics demeans artificial, and limited in scope: with it in place,
Petri nets are nothing more than a structured description of the biochemical reaction networks
they model. In this case, the existing structural Petri net analysis methods can be harnessed for
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biological purposes, but no supplementary information (with respect to the usual deterministic
or stochastic model execution) about the biological system is gained via the execution semantics.

Consequently, in this chapter, we work towards defining a general Petri net execution
semantics that recreates the mass-action dynamics of deterministic BRNs models. More specif-
ically, our method consists in a piecewise synchronous approximation of the dynamics of a
“growth” 1 BRN: a resource-allocation-centered Petri net with maximal-step execution seman-
tics. With our method in place, the trade-offs caused by finite resource allocation between
reactions are put front stage, and the mass action run of the system can be rephrased as an
optimization problem: the inter-phase between synchronous runs defines an unknown, the re-
source split, that can be exploited in order to find the best split (e.g., the one which minimizes
parallel completion time, or maximizes growth rate).

For BRNs comprised exclusively of unimolecular reactions, we prove the correctness of
our method and show that it can be used either as an approximation of the dynamics, or as a
method of constraining the reaction rate constants or refuting models. Indeed, we show that for
unimolecular reaction networks, the proposed PN execution semantics enables the definition of a
formal notion of growth rate, which can serve as an improved “biomass objective function"[142]
for a constraint method similar to flux balance analysis (FBA)[142].

Related work. While most intracellular growth processes are well characterized, the
manner in which they are coordinated under the control of a scheduling policy is not well
understood. When fast replication is sought, a schedule that minimizes the completion time is
naturally desirable. But when resources are scarce, in the worst case it is computationally hard
to find such a schedule [72],[169]. The scheduling problem of a self-replicating bacterial cell is
studied in [153].

The concept of maximally parallel execution already appears in the literature on P-systems
[144], and in Levy’s family reductions [115], while in [110], the authors use it to develop a
Petri Net execution semantics that resembles biology. The scheduling policy of cells is also
tackled in [65], where the notion of bounded asynchrony is introduced. In [148], the author
introduces a constraint method that generalizes FBA to the stochastic case, allowing models to
be discriminated using second order moments.

This chapter is organised as follows. In the next section, we first define the max-parallel
execution of a PN, after which we introduce the piecewise synchronous execution semantics and
show it encompasses max-parallel execution. We then demonstrate that, at least in the case
of unimolecular reactions, our method recreates the usual ODE system dynamics, and that it
can be used either as an approximation of the dynamics, or as an alternative to flux balance
analysis. The final section concludes with a summary and outlook regarding further work on
the subject.

1 we associate growth with the existence of an exponential stationary phase
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8.2 Split-Burst: towards a piecewise-synchronous execution of
Biochemical Reaction Networks

From now on, assume a Petri net N = (P, T, f,m0) that models a given BRN A = (S,R,α,β)
with initial species abundance given by the vector x0, i.e. the components of N verify the
conditions:

(i) P = S;

(ii) T = R;

(iii) ∀(p, t) ∈ P × T, f(p, t) = αtp;

(iv) ∀(t, p) ∈ T × P, f(t, p) = βtp;

(v) m0 = x0.

The incidence matrix of N writes as:

∇ ≡ ∇+ −∇−,

with ∇+ ≡ βT , and ∇− ≡ αT .

8.2.1 Max-parallel execution semantics of Petri Nets

In [110], the authors introduce a Petri net execution semantics that accounts for the inherent
concurrency of biological systems, and as such, proves to be better suited for the modeling of
BRNs than the usual interleaving semantics: the max-parallel execution semantics, which can
be described informally as “execute greedily as many transitions as possible in one step"[110].

This description allows us to provide a formal definition of the max-parallel execution:

Definition 8.2.1 (Max-parallel execution step of a Petri net)
A max-parallel execution step of the Petri net N at state m is a positive T-vector v such that:

1. v is compatible with m (i.e., there are enough tokens to do everything, in any order):

0 ≤m−∇−v

2. v is exhaustive (i.e., no reaction is enabled after firing):

∀j ∈ T,m−∇−v � ∇−(:, j),

where ∇−(:, j) denotes the jth column of ∇−.

For example, Figure 8.1 depicts the Petri net of the BRN (we ignore the products):

3A+ 2B κ0−→ · · ·
5B + 3C κ1−→ · · ·

C
κ2−→ · · ·

with initial marking m0 = (9, 9, 9), and its possible max-parallel strategies.
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Split-Burst: towards a piecewise-synchronous execution of Biochemical Reaction

Networks

A B C

t0
3

2

t1
5

3

t2
1

Figure 8.1: A network with exactly 2 possible maximally parallel steps: {t0 × 3, t2 × 9} and
{t0 × 2, t1, t2 × 6}

8.2.2 Piecewise-synchronous execution semantics

In order to deal with cellular resource allocation, we construct a Petri net execution semantics
that is piecewise synchronous (and which includes the maximally parallel strategies): among
all traces of execution of a PN, we single out a subset of semi-synchronous ones.

Execution proceeds in an alternation of resource allocation (“split") and depletion (“burst").
Between the depletion step and the next allocation, we add a phase of collection of products.

Allocation of tokens to their possible transitions is done via a |T |×|P | matrix αsplit, where
αsplitij denotes the fraction of resource j being allocated to reaction i, meaning that:

∀j ∈ P,
∑
i∈T
αsplitij ≤ 1 (8.1)

The “burst" phase consists of the execution of all transitions in parallel, until the available
input are reduced to a small constant fraction of the initial amount (for reasons explained
below). This small constant remainder we impose on our semantics is both the reason for
the inequality sign in (8.1), and the reason our executions will be in the spirit of max-parallel
executions, rather than max-parallel in the strict sense: whereas the max-parallel execution
seeks to deplete all available resources, ours consumes them up to a fixed level (noted ε in the
following).

Resource allocation: relation to max-parallel execution

For a PN N , assume αsplit ∈ R|T |×|P |+ a resource allocation matrix defined as above,m ∈ R|P |×1

a marking of N (i.e., a resource array), and v ∈ R|T |×1 a (potentially max-parallel) reaction
vector. We note that zero-order reactions (∅ → . . .) are not taken into account, as the question
of resource allocation does not apply to them.

We define the operation ? as:

Definition 8.2.2

(αsplit ?m)j ≡ min
i∈P

( αji
∇−ij
·mi)

Then Theorem 8.2.1 states that our execution semantics encompasses the max-parallel
strategy (each max-parallel strategy is associated with a resource allocation matrix αsplit:
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Theorem 8.2.1
For every reaction vector v that is compatible with a resource vector m (and potentially max-
parallel), there exists a resource allocation matrix αsplit such that:

v = αsplit ?m

Furthermore, if the BRN modeled by N , is unary, there is unicity of αsplit.

Proof. Given a resource arraym, the (potentially max-parallel) resource vector v is compatible
with m iff

∇−v ≤m (8.2)

Then we can construct αsplit ∈ R|T |×|P |+ :

αsplitji ≡
∇−ij · vj
mi

(8.3)

s.t.

(αsplit ?m)j = min
i∈P
{ αji
∇−ij
·mi}

= min{
∇−ij · vj
mi

· mi

∇−ij
| ∇−ij 6= 0}

= vj

Furthermore, cf. (8.2),∀j ∈ P :
∑
i∈T α

split
ij =

∑
i∈T ∇

−
ji·vi

mj
≤ 1, i.e. αsplit is indeed a

resource-allocation matrix.
If all reactions of the BRN are unimolecular, then :

∀j ∈ T, ∃!ij ∈ P s.t. ∇−ijj 6= 0 =⇒ ∀j ∈ T, (αsplit ?m)j =
αjij
∇−ijj

·mij (8.4)

hence the uniqueness of α. �

For bimolecular reactions, αsplit defined as above is no longer the unique solution of v =
αsplit?m; intuitively, for a bimolecular reaction rk : A+B → . . ., a different resource allocation
matrix α′ can be created by allocating to rk whatever amount of species A is not allocated in
αsplit. The use of min in Def. 8.2.2 ensures that v = α′ ? m.

Example 8.2.1

Reconsider the BRN of Figure 8.1: m =

9
9
9

 , ∇− =

3 0 0
2 5 0
0 3 1

 , and v =

2
1
6

, and one of the

2 possible maximally parallel steps: {t0 × 2, t1, t2 × 6}.
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Then, ∃αsplit =

6
9

4
9 0

0 5
9

3
9

0 0 6
9

, defined as in (8.3), s.t.

αsplit ?m =

6
9 · 9 ·

1
3 ∧

4
9 · 9 ·

1
2 ∧∞

∞∧ 5
9 · 9 ·

1
5 ∧

3
9 · 9 ·

1
3

∞∧∞∧ 6
9 · 9 ·

1
1

 =

2
1
6

 = v.

By re-allocating the excess of species A to the first reaction, we get α′ =

1 4
9 0

0 5
9

3
9

0 0 6
9

,
a resource-allocation matrix that also verifies

α′ ?m =

1 · 9 · 1
3 ∧

4
9 · 9 ·

1
2 ∧∞

∞∧ 5
9 · 9 ·

1
5 ∧

3
9 · 9 ·

1
3

∞∧∞∧ 6
9 · 9 ·

1
1

 =

2
1
6

 = v,

hence the non-uniqueness of αsplit in the bimolecular case.

8.3 Linear Reaction Networks

8.3.1 Growth rate as an emergent property

Consider a BRN comprised exclusively of unimolecular reactions. Then, form an initial mark-
ing, ∇ the composite change matrix, and αsplit a resource allocation matrix, the state of the
system after one execution with the αsplit split is given by the matrix
(I +∇ ·αsplit) ·m, with I the identity matrix.

More generally, after k iterations of the “split-burst” execution with the same split αsplit,
the state of the system is:

Dk
α ·m, with Dα = I +∇ ·αsplit (8.5)

Let λ1 > λ2 > · · · , the eigenvalues of Dα, and E(λi) the eigenspace associated to each λi.
If the initial marking vector can be decomposed as m =

∑
imi, with mi ∈ E(λi), then we can

rewrite:

Dk
α ·m = λk1 · [m1 +

∑
i≥2

(λi
λ1

)k ·mi] (8.6)

If λ1 < 1, given (8.6), the system will eventually go extinct. Also, if m1 ∈ E(λ1) is
not unique, one has redundancy of growth (i.e., growth on multiple species/sources). We thus
assume that λ1 > 1, alongside uniqueness of m1 and unidimensionality of eigenspaces.

Under these assumptions, as λi
λ1

< 1, for a big-enough k, the state of the system will
converge to λk1 ·m1, meaning that the growth rate of the system is given by λ1, the biggest
eigenvalue of Dα.
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8.3.2 Synchronous execution

Depletion time of unimolecular reactions

Consider the following unimolecular reaction:

Si → . . .@k,

for which the time evolution of the concentration of species Si is given by the ordinary differential
equation

d[Si]
dt

= −k · [Si]

Then, at time t, the concentration of species Si is:

[Si](t) = [Si](0) · e−kt

Equivalently, the mean time of depletion of the reaction (i.e., bringing the level of species
Si to a specified amount 0 < si ≤ [Si](0)) is given by:

τ = k−1 log
( [Si](0)

si

)
(8.7)

We note that si is a convention (the remainder of the reaction), or rather [Si](0)
si

is the
relative amount we consume off the input (e.g., si = 1%Si(0)); the point being that we cannot
deplete the whole amount of Si, as that would take time τ =∞. Herein lies the main difference
between our method and max-parallel execution.

Now suppose n unary reactions with the same input :

Si → . . .@kj , (8.8)

with j ∈ Ni, |Ni| = n.
We then allocate in parallel the available amount of species Si between the n reactions,

according to our execution semantics: ∀j ∈ Ni, reaction j receives αji · [Si](0) input, and has a
remainder of si,j .

Then, the depletion time of reaction j is given by:

τj = k−1
j · log

(
αji ·

[Si](0)
si,j

)
(8.9)

Isochronicity and iso-remainder assumptions

In order to have a synchronous execution, we fix the same depletion time, τ for all reactions of
the unary CRN.

Then, from (8.9):
αsplitji = βkj · εi,j , (8.10)
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where β = eτ and εi,j = si,j
[Si](0) .

In this notation, εi,j is the remaining percentage (relative amount) of the total amount of
Si available in the beginning of the split round (i.e., [Si](0)), after reaction j is executed.

Furthermore, if we assume the same relative amount, si, remains after executing all n
reactions, we have that:

∀j ∈ Ni, α
split
ji = εi · βkj , (8.11)

with εi = si
Si(0) .

Under these assumptions, the dynamics of the system in state m, for species Si, is given
by:

∆m(τ) ≡ ∇ · (αsplit_i − ε_i) ·m, (8.12)

where αsplit_i denotes the ith column of the resource allocation matrix αsplit:

∀j ∈ T, αji =
{
εi · βkj , if j ∈ Ni

0, otherwise
,

and

∀j ∈ T, εji =
{
εi, if j ∈ Ni

0, otherwise
.

Then, from (8.1) 2 and (8.11), we have that:

εi = 1∑
j∈Ni

1 + βkj
,

and we can define:

α̂Si(τ, k̂Si) ≡
[
α_i − ε_i

]
=
[ eτ ·kj − 1∑

j 1 + eτ ·kj

] (8.13)

with
[

eτ ·kj−1∑
j

1+eτ ·kj
]
denoting the T-vector that has 0 in the components representing reactions

j /∈ Ni.
Then, by injecting equation (8.13) into equation (8.12), and by using the fact that when

x → 0, ex ≈ 1 + x, one can easily observe that when τ → 0, ∆m(τ) recreates the usual ODE
dynamics for unimolecular BRNs:

2the inequality of (8.1) is here explicitly expressed via the remainder ε :
∑

i∈T αij ≤ 1 is the same as∑
i∈T (αij + εj) = 1
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∆m
τ
≈ ∇ · k̂ ·m (8.14)

8.4 Possible Applications

Based on formulae given in (8.6) and (8.14), our method can be interpreted either as an approx-
imation of the real system’s dynamics (and be used for simulation purposes), or in an abstract
way, as an alternative to flux balance analysis.

8.4.1 Approximation of system dynamics

As an approximation of the dynamics, under the unary/isochronous/iso-remainder assumptions,
ours is a temporised discrete execution dynamics, that, when τ → 0, recreates the usual ODE
dynamics. If we fix τ the execution time-step, and k̂ the reaction rate vector, we can determine
αsplit, the resource allocation matrix, and ε, the remainder percentage (cf. (8.13)).

We note that the “iso-” assumptions represent a way of decoupling production and con-
sumption in the biochemical network, in the spirit of Karr’s modular systems [104]; intuitively,
it can be interpreted as: “in a parallel execution of a reaction set, there is no waiting for the
slowest reaction to complete”.

As a simulation method, it can be viewed as a big-step approximation of an integrator,
resembling a deterministic τ -leaping [76].

8.4.2 Synchronous Balanced Analysis

Conversely, if the resource allocation matrix α is fixed, our execution semantics can be in-
terpreted as an alternative to Flux Balance Analysis (FBA)[142], in order to determine the
limitations of a metabolic system. This is a second possible utility of the “split-burst” Petri net
execution semantics, and arguably the most important application of our method.

Flux Balance Analysis is a widely used constraint-based mathematical approach for analyz-
ing the flow of metabolites through a metabolic network, thereby making it possible to predict
the growth rate of the system. The constraints lying at the heart of FBA come from two sources.
Firstly, the system is assumed to be at steady state, a condition which is translated into flux (or
mass) balance constraints imposed on the system by its stoichiometry matrix. Secondly, one as-
sumes inequalities that impose bounds on the system; these inequalities translate the possibility
of definining minimum and maximum allowable reaction fluxes. These two types of constraints
(balances and bounds) define the space of allowable flux distributions of a system, i.e., the rates
at which every metabolite/species is consumed or produce by each reaction [142]. In FBA,
this allowable space is then further reduced via optimization of the sytem phenotype. This is
achieved by defining a biological objective relevant to the system in question, and then translat-
ing it into a mathematical objective function that indicates how much each reaction contributes
to the phenotype, and which is to be maximized. Together, the mathematical representations
of the constraints and of the phenotype define a system of linear equations, which are solved
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in FBA using linear programming. In the case of predicting growth, the objective is biomass
production: the rate at which metabolic compounds are converted into biomass constituents.
For this, a biomass reaction is constructed by the modeler and then artificially introduced in the
metabolic reaction system. The biomass reaction drains precursor metabolites from the system
at their relative stoichiometries, in order to simulate biomass production [142]. This reaction is
then scaled such that its flux be equal to the exponential growth rate (λ) of the organism.

A mathematical presentation of FBA, taken from [142], is given below.

Flux Balance Analysis:
Assume a metabolic reaction network given by M = (S,R,α,β), with stoichiometry
matrix ∇ = β − α ∈ Rm×n, where | S |= n, | R |= m. As usually for BRNs, the flux
through all of the network’s reactions is represented by a vector f ∈ Rm, while the system
state is given by the vector of metabolite concentrations x ∈ Rn.
FBA assumes the system to be at steady state, which writes as:

dx

dt
= ∇Tf = 0 (8.15)

Supplementary constraints on the system can be introduced by defining minimum and
maximum allowable reaction fluxes:

fmin
i ≤ fi ≤ fmax

i , 1 ≤ i ≤ m (8.16)

The FBA objective function can be defined as any linear combination of fluxes:

Z = cTf , (8.17)

where c is a vector of weights that indicates how much each reaction contributes to the
objective function.
In the case of growth simulation, only the biomass reaction is desired for maximization,

i.e., c is a vector of zeros, except for the element corresponding to the biomass reaction,
which is set to a value of one.
Then, FBA proceeds by using linear programming techniques to identify a particular

flux distribution fFBA that maximizes the objective function of Equation (8.17), while
observing the constraints imposed by the flux balance equations of (8.15) and the reaction
bound equations of (8.16). Seeing how in the case of growth simulation, the objective
function is given by the biomass reaction (whose flux in turn is given by the exponential
growth rate), we see that FBA enables prediction (and maximization) of the growth rate
of an organism.
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Figure 8.2: Flux Balance Analysis versus “Synchronous Balanced Analysis”
(Right: Flux Balance Analysis) A workflow for FBA, as taken from [142]. When applied to
growth maximization, the biomass objective function is defined by adding an artifical “biomass”
reaction into the reaction network, the flux of which is set to be equal to the exponential
growth rate λ. Thus, growth optimization using FBA is achieved by maximizing the flux of this
“biomass reaction”. (Left:“Synchronous Balance Analysis”) For BRNs comprised exclusively of
unimolecular reactions, our Petri net execution semantics enables the mathematical character-
ization of the system’s growth rate, which in turn avoids any artificial addition to the model:
maximizing the growth rate becomes akin to finding the matrix Dα with the maximal biggest
eigenvalue. Our method can also be used to constrain reaction rates and/or refute models,
based on their parameter values.

The FBA method’s main advantage lies in the fact that it does not require kinetic param-
eters. Morevoer, it can be computed quickly even for large reaction networks.

However, its lack of information on kinetic parameters means that FBA is not able to
predict metabolite concentrations. Another important limitation consists in its ability of deter-
mining fluxes exclusively at at steady state.

We argue that our execution semantics can offer an alternative to FBA, that circumvents
these issues. Indeed, through our method, the emergent definition of the growth rate λ can
be used as an objective function. According to (8.6), maximizing λ is achieved by finding the
resource allocation matrix α with the biggest eigenvalue. Once this αsplit is fixed, Equation
(8.13) can be used in order to constrain the reaction rate constants k̂, as well as the time-step
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τ and the remainder ε. By constraining the reaction rate constants, our method could be used
as a technique of refuting models.

The advantages, when compared to FBA, are twofold. Firstly, our method can be applied
to growth systems: unlike FBA, the system is not considered to be at steady-state. This in
turn means that it accounts for the real system kinetcs. Secondly, our approach preserves the
ides of biomass maximization, but the artificial creation of an objective biomass function is no
longer needed. Instead, the growth rate emerges directly from our method. The downside of
our approach however lies in maximizing the biggest eigenvalue of matrix Dα.

8.5 Conclusion and future directions

In this chapter, we propose a piecewise synchronous approximation of the dynamics of a (growth)
chemical reaction network: a parallel execution semantics of Petri Nets, based on resource
allocation. For BRNs composed exclusively of unimolecular reactions, we show that our method
can be interpreted either as an approximation of the real system’s dynamics, or as a constraint
method similar to Flux Balance Analysis. The main advantage of our approach resides in
its ability of characterizing the behavior of a cell using only one construction: the resource
allocation matrix αsplit. Consequently, one can eliminate the mechanistic details that deal
with resource allocation, and replace them by an abstract vector (αsplit). Furthermore, when
compared to flux balance analysis, our method is applicable to growth systems.

Future work

Our method can be extended into several directions, the most important of which deals with
encompassing binary reactions into our execution semantics. Overcoming this obstacle will
allow for the construction of untrivial examples based on real-life BRNs, in order to investigate
how our method can be used to determine correlations between growth rate and different model
parameters (such as reaction rate constants). Once the issue of bi-molecular reactions solved,
the two possible interpretations of our approach, as presented in Section 8.4, imply that the
quality of our “split-burst” PN semantics could be assessed by comparing it to other existing
BRN simulation approaches, such as τ -leaping, or by comparing it to more biologically-inspired,
constraint-based heuristics, such as the allocation method proposed by Karr [104] (in which
regulation of metabolic protein is carried out via Flux Balance Analysis).

Consider a BRN that contains a bimolecular reaction:

r1 : A+B → C

and assume a resource allocation (via a matrix αsplit) that reserves 3 molecules of A and
2 molecules of B for consumption by r1. Naturally, the number of times a reaction can be
executed in a max-parallel execution step wil be constrained by the quantity of the least-
abundant reactant species, as given by the resource allocation. For example, for the allocation
given above, speciesA represents the “limiting species”: r1 can be executed at most min(2, 3) = 2
times in a max-parallel execution step. Thus, the evolution of the system state is no longer
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given by Equation 8.5. A similar equation for describing the evolution of a system containing
bimolecular reactions should incorporate the computation of the limiting species’ quantities,
using the min operator.

The solution to this problem could reside in the use of tropical mathematics, (more specif-
ically max-plus or min-plus algebras or semi-rings). Therein, matrix multiplication over the
ring of real numbers (R,+,×) is replaced with matrix multiplication over the idempotent semi-
ring (R∪ {−∞}∪ {∞},

⊕
,
⊗

), with
⊕

denoting either the max (for (max,+)) or the min (for
(min,+)) operation, and

⊗
denoting the usual addition. Much of the initial interest in (max,+),

(min,+) and other idempotent semiring structures was in connection with the modeling of dis-
crete event systems typically arising in areas involving allocation of resources, scheduling and
queuing theory [9]. The development of tropical analogues of several ideas from classical linear
algebra (e.g., spectral theory, linear independence) resulted in a wealth of results w.r.t. the
dynamics of discrete event systems, including descriptions of periodic regimes, and asymptotic
behaviors. The question arising in our case refers to how these results can be extended to the
case of models of BRNs.

Indeed, (timed) Petri nets represent a common tool to describe discrete event systems
(DES). It is known that conventional linear systems have “modes” related to their eigenstruc-
tures, which are reached asymptotically when said systems are stable. The (max,+) and
(min,+) approaches enable the definition of similar notions for a subclass of Petri nets: in
a nutshell, they enable a structural description of the net’s throughput λ, which is shown to
be equal to the largest average weight of a directed circuit of the net. The throughput λ is
associated with the cycle time of the underlying system: if such a λ exists, then each transition
of the network becomes active every λ units of time. Consequently, the notion of throughput
can be used as a proxy of the net’s growth rate.

The main issue with the tropical approach is related to the restrictions imposed on the net
structure: the class of timed Petri nets which can be described by linear max-plus or min-plus
equations is given by Timed Event Graphs (TEGs). TEGs enable modeling of synchronization,
but not of conflicts: in a TEG, each place has exactly one upstream transition, and exactly
one downstream transition. Whereas the latter restriction can be solved by splitting resources
according to the resource allocation matrix αsplit, the “exactly one upstream transition” con-
dition appears to be too restrictive for most models of BRNs (as it translates into “each species
can be produced by exactly one reaction”). Relaxing this restriction leads to weaker results [42]
w.r.t. the existence of the throughput (i.e. growth rate in our case). What’s more, the results
w.r.t. the throughput of a TEG assume the net to be autonomous and strongly connected.

Another issue is related to the timing aspect: in the case of Petri nets that model discrete
event systems, a constant “duration” is associated to each place, in order to denote the minimum
sojourn time of a token in a place. In order to apply the (min,+)-algebra analysis to models of
BRNs, the relation between chemical reaction rate constants and such sojourn times needs to
formally established.

Despite these restrictions, the tropical approach has proven to be useful in the analysis
of certain biological systems. For example, in [21], a (max,+) model for the dynamics of
mRNA translation is proposed, which allows one to predict protein production rates and codon
occupation densities. The results of [21] give an indication of how, under a suitable level of
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abstraction, the results obtained via (max,+)-algebra analysis can be harnessed for biological
purposes. This suitable level of abstraction seems to consist in modeling a BRN using a Petri
net in which each transition models a biological event in an abstract way, instead of the usual
direct transition-to-reaction correspondence between PNs and BRNs. For example, in [21], the
authors perform the (max,+) analysis on a TEG in which the firing of a transition models the
event consisting in “a ribosome moving from codon i to codon i+1”, without describing the
mechanistic details behind this event. Consequently, future work includes studying the trade-
off between the level of abstraction in DES models of BRNs and results obtained via tropical
mathematics analysis.

Another way to potentially relieve the issue of biomolecular reactions is by assuming that
no significant change in the concentration of one of the two reactants is being caused by any
other reaction during one execution step. In this sense, Michaelis-Menten like reduction schemes
could be considered.
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Chapter 9
Conclusion and future directions

9.1 Contributions

In this thesis, we propose several contributions related to the modeling and analysis of
Biochemical Reaction Networks. In the first part, we study how the inherent multi-scaleness
of biological systems can be exploited for both model reduction heuristics, and model reduc-
tion error estimation techniques. The first work deals with the use of rule-based modeling for
prototyping genetic regulatory networks: we argue that because of their capacity to unam-
biguously specify protein-protein interactions in general, and consequently mechanistic details
such as DNA binding sites, dimerisation of transcription factors, or co-operative interactions,
rule-based modeling languages are more appropriate for designing genetic circuits in a modular,
transparent and easily modifiable fashion than reaction based languages.

Nonetheless, such a detailed description comes with complexity, as well as computationally
costly executions. Consequently, we next propose a general reduction method for a subset
of rule-based models, aimed at modeling genetic circuits, which exploits concentration and
time-scale separation. The method is an adaptation of an existing algorithm [112], designed
for reaction based models. Our version of the algorithm proceeds by static inspection of the
rule-set: it scans the Kappa model in search for interaction patterns known to be amenable
to equilibrium approximations (e.g. Michaelis-Menten scheme, as well as a number of other
stoichiometry-simplifying techniques), and after performing additional checks in order to verify
if the reduction is meaningful in the context of the full model, it proceeds with the elimination
of intermediate species and with the adjustment of the rule rates. When tested on a detailed
rule-based model of a λ-phage switch, our tool provides a dramatic reduction in simulation time
of several orders of magnitude. Our method is an illustration of the fact that in general, the
multiscaleness of biochemical reaction networks represents a feature that can be exploited for
model reduction purposes.

The correctness of our approach relies on the fact that the approximate model is equal to the
original one, in the artificial limit where certain reactions happen at a sufficiently larger time-
scale than others, and they are seemingly equilibrated shortly upon the reactions’ initiation.
However, not unlike other scale-separation reduction methods, our method relies on a solid
physical justification, yet (to the best of our knowledge) there is no precise method to quantify
the error induced by time-scale separation approximations for biochemical reaction networks,
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while avoiding to solve the original model.
This is why, we next propose an approximation method in the deterministic modeling

framework that exploits the multiscaleness property, in which reduction guarantees represent
the major requirement. Our method combines abstraction and numerical approximation, and
aims at providing a better evaluation of model reduction methods that are based on time- and
concentration- scale separation. The reduction guarantees of our method are a consequence
of a carefully designed symbolic propagation of dominance constraints: given an ODE model
of a BRN that exhibits time- and concentration- scale separation, we abstract the solution of
the original system by a “box” that over-approximates the state of the original system and
provides lower and upper bounds for the value of each variable of the system in its current
state. The simpler equations (which we call tropicalized) that define the hyperfaces of the box
are obtained by combining the dominance concept borrowed from tropical analysis [119] with
symbolic bounds propagation. Mass invariants of the initial system of differential equations
are used to refine the computed bounds, thus improving the accuracy of the method. The
resulting (simplified) system provides a posteriori time- dependent lower and upper bounds for
the concentrations of the initial model’s species, and thus bounds on numerical errors stemming
from tropicalization. This means that no information on the original system’s trajectory is
needed - the most important advantage of our approach.

In the second part of this manuscript, we address the formal modelling of relevant biological
behaviours, such as intracellular resource storage and cellular growth, in the deterministic mod-
eling framework of biochemical reaction networks. We first introduce a new reparametrisation
technique of ordinary differential equations models, intended to model intracellular resource
storage strategies. Our technique consists in defining a generic scaling transformation of bio-
chemical reaction networks that allows one to tune the concentration of certain chemical species,
while preserving the network’s behaviour at steady state. We then employ this technique to
study the effect of different storage strategies on cellular growth. This fundamental trade-off is
best investigated using a mechanistic model of cellular growth, where costs are emergent and
reflect architectural traits of the growth machinery. Consequently, we apply our method on
such a recent “self-replicator” mathematical model [182] of the coarse-grained mechanisms that
drive cellular growth. Our analysis is carried out first for a single-cell model, and afterwards
in a competitive context. In the single-cell experiments, we compare storage strategies against
different patterns of environmental changes. Our results suggest that on the one hand there
is a cost associated with high levels of storage, which results from the loss of stored resources
through dilution, and that on the other hand, high levels of storage can benefit cells in variable
environments, by increasing biomass production during transitions from one medium to another.
In the competitive experiments, we test populations of low- and high-storage strategies against
each other, in a variety of environments parametrized by the frequency of two superimposed
probabilistic trains of high and low pulses of sugar. All in all, we are able to observe a rich inter-
play of storage levels, growth rates, growth yield, and resource variability. Our results indicate
that the specificities of environmental changes play a decisive role in deciding which storage
strategy is deemed the most beneficial (with respect to accumulating biomass over time). This
is even more so the case when species content for the same resource: the combined effect of
storage strategies and competition lead to extracting less biomass out of the same amount of
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resources.
In the final work of this manuscript, we work towards a characterization of cellular growth

as an emergent property of model execution semantics. In this sense, we work towards a novel
Petri net execution semantics representing a piecewise-synchronous approximation of the de-
terministic dynamics. To achieve this, we propose to model a biochemical reaction network
using a resource-allocation-centered Petri net, with parallel maximal-step execution semantics.
We argue that this semantics is better-suited for modeling biochemical reaction networks, when
compared to the classical interleaving semantics, as it takes into account the inherently con-
current nature of biological processes. In the case of unimolecular chemical reactions, we prove
the correctness of our method and show that it can be used either as an approximation of the
dynamics, as a technique of refuting models, or as a method of constraining the reaction rate
constants - consequently, as an alternative to flux balance analysis, using an emergent formally
defined notion of “growth rate” as the objective function.

9.2 Future works

The works presented in this manuscript can be extended in several directions. The detailed
description of each considered extension is contained in the chapters corresponding to each
project. We give a final brief summary of the planned extensions below.

• “Prototyping genetic circuits using rule-based models”:

– the reduction algorithm is currently being extended in order to ensure a sound re-
duction in the case of “don’t care don’t write” Kappa patterns;

– we also plan on studying how the set of approximation patterns can be extended in
order to obtain good reductions for complex models of signaling pathways.

• “Tropical Abstraction of BRNs with guarantees”: we plan on extending our
method as to take into account reaction networks with no mass conservation laws. In
this sense, we plan on looking into tropical equilibrations and the permanency concept
[140].

• “Abstractions for cellular growth”: we plan on analyzing how our piecewise-synchronous
Petri net execution semantics can be extended to bimolecular reaction networks, either
by using the (max,+)-algebra approach, or by using Michaelis-Menten like reduction
schemes. We also plan on comparing our method to the τ -leaping simulation method,
and to the allocation method propsed by Karr [104].
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Chapter A
Probability Theory

Herein, we review the basic definitions and concepts of elementary probability theory, which
are required for defining the stochastic model semantics of biochemical reaction networks.

The usual notations from set theory are used. For subsets A,Ak, B, . . . of some abstract
space Ω, the set union writes as A∪B or

⋃
k
Ak, intersection writes as A∩B or

⋂
k
Ak, complement

writes as AC , and difference writes as A \B = A∪BC . We denote by P(Ω) ≡ {A | A ∈ Ω} the
set of all subsets of Ω (i.e., the power-set), by |Ω| the number of elements in Ω, and by R(f)
the range of values taken by a function f : A 7→ B.

Basic notions of measure theory

We start by presenting the basic notions and results of measure theory, for which a simple
definition is that it is a theory about the distribution of mass over a set S. If the mass is
uniformly distributed and S is an Euclidean space Rk, it is the theory of Lebesgue measure on
Rk (i.e., length in R, area in R2, volume in R3, etc.). Probability theory is concerned with the
case when S is the sample space of a random experiment and the total mass equals one. Thus,
measure theory notions will be useful in defining concepts from probability theory.

Definition A.1 (σ-algebra)
Let Ω be a set. A collection of sets F ∈ P(Ω) is called a σ-algebra on Ω if it is nonempty and
closed under countable set operations:

(i) ∅ ∈ F ,

(ii) A ∈ F ⇒ AC ∈ F ,

(iii) An ∈ F for n ≥ 1⇒
⋂
n≥1

An ∈ F ,
⋃
n≥1

An ∈ F .

Example A.1
Let A be any class of subsets of a set Ω. The set of all subsets of Ω is a σ-algebra containing
A. The intersection of any collection of σ-algebras is again a σ-algebra. The collection of σ-
algebras containing A is therefore non-empty and its intersection is a σ-algebra σ〈A〉, which is
called the σ-algebra generated by A:
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σ〈A〉 =
⋂

F∈I(A)
F ,

where I(A) ≡ {F | A ⊂ F and F is a σ-algebra on Ω} is the collection of σ-algebras containing
A.

A particularly useful class of σ-algebras are those generated by open sets of a topological
space. These are called Borel σ-algebras. We recall that a topological space is a pair (S, T ),
where S is a nonempty set and T is a collection of subsets of S such that (i)S ∈ T , (ii)O1,O2 ∈
T ⇒ O1 ∩ O2 ∈ T , and (iii){Oα | α ∈ I} ⊂ T ⇒

⋃
α∈I
Oα ∈ T . Elements of T are called open

sets.
Similarly, a metric space is a pair (S, d), where S is a nonempty set and d is a function

d : S × S 7→ R+ satisfying (i) d(x, y) = d(y, x),∀x, y ∈ S, (ii) d(x, y) = 0 iff x = y, and (iii)
d(x, z) ≤ d(x, y) + d(y, z), ∀x, y, z ∈ S. The function d is called a metric on S.

Definition A.2 (Borel σ-algebra)
The Borel σ-algebra on a topological space S (in particular, on a metric space or an Euclidean
space) is defined as the σ-algebra generated by the collection of open sets in S.

A set function is an extended real valued function defined on a class of subsets of a set
Ω. Measures are nonnegative set functions that, intuitively speaking, measure the content of
a subset of Ω. Consequently, they have to satisfy certain natural requirements, such as “the
measure of the union of a countable collection of disjoint sets is the sum of the measures of the
individual sets”:

Definition A.3 (Measure space)
Let Ω be a nonempty set and F a σ-algebra on Ω. The pair (Ω,F) is called a measurable
space, and each A ∈ F is called a measurable set. A measure µ on (Ω,F) is a function
µ : F 7→ [0,∞) which satisfies the countable additivity property:

(i) µ(∅) = 0,

(ii) A1, A2, . . . ∈ F a sequence of disjoint sets ⇒ µ(
⋃
k≥1

Ak) =
∑
k≥1

µ(Ak).

The triple (Ω,F , µ) is called a measure space.

A measure µ is said to be finite if µ(Ω) < ∞, respectively infinite if µ(Ω) = ∞. A
finite measure with µ(Ω) = 1 is called a probability measure. A measure µ on a σ-algebra
F is called σ-finite if there exist a countable collection of sets A1, A2, . . . ∈ F such that (a)⋃
n≥1

An = Ω and (b) µ(An) <∞, ∀n ≥ 1.

Armed with the definition of a measure space, one can proceed to define a basic probability
space, a notion that provides the basic apparatus for modelling randomness:

Definition A.4 (Probability space)
A probability space is a measure space (Ω,F , P ), with P a probability measure (i.e., P (Ω) =
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1). A probability space provides a model for an experiment whose outcome is subject to chance.
In the probabilistic context, the interpretation of the underlying measure space components are
as follows:

(i) Ω is the set of possible outcomes of the experiment, called samples;

(ii) F is a set of observable sets of outcomes, and sets A ∈ F are called events;

(iii) and P (A) is called the probability of event A ∈ F .

Other useful examples of measures are:

Example A.2 (The counting measure)
When Ω is a finite countable set, the measure on (Ω,P(Ω)) that assigns to each measurable set
A the number of elements it contains, i.e. m(A) = |A|, is called the counting measure on Ω. If
Ω is not countable, one works instead with Borel sets.

Example A.3 (The Lebesgue measure)
Given a set Ω, the Borel σ-algebra of Ω (i.e., the σ-algebra generated by the set of open sets in
Ω) writes as B(Ω). The elements of B(Ω) are called Borel sets. If Ω = R, and A = {(a, b) |
a, b ∈ R, a < b}, then B denotes the Borel σ-algebra on R. It can be shown that there is a
unique measure µ on (R,B) such that:

µ(a, b) = a− b, ∀a, b.

This measure µ is called the Lebesgue measure.

Example A.4 (Discrete probability measures)
Let ω1, ω2, . . . ∈ Ω, and p1, p2, . . . ∈ [0, 1], such that

∑
i≥1

pi = 1. Define for any A ∈ Ω:

P(A) =
∑
i≥1

pi1A(ωi),

with 1A the indicator function of a set A, as defined in Example A.5. For any disjoint
collection of sets A1, A2, . . . ∈ P(Ω),

P(
⋃
i≥1

Ai) =
∑
j≥1

pjI⋃
i≥1

Ai
(ωj)

=
∑
j≥1

pj
(∑
i≥1

IAi(ωj)
)

=
∑
i≥1

(∑
j≥1

pjIAi(ωj)
)

=
∑
i≥1

P(Ai),

which shows that P is a probability measure on P(Ω).
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Oftentimes, when dealing with probabilities, one is not interested in the full details of a
measure space (Ω,F , µ), but only on certain functions defined on Ω: if Ω represents the outcome
of 10 tosses of a fair coin, one may only be interested in knowing the number of heads in the
10 tosses. As it turns out, in order to assign measures (probabilities) to sets (events) involving
such functions, one can only allow certain functions, called measurable functions:

Definition A.5 (〈F ,B〉-measurable function)
Let (Ω,F) be a measurable space. A function f : Ω 7→ R is said to be 〈F ,B〉-measurable, or
simply F-measurable, if for each a ∈ R:

f−1((−∞, a]) ≡ {ω | f(ω) ≤ a} ∈ F

This definition can be generalized to maps between any two measurable spaces:

Definition A.6 (Measurable function)
Let (Ω1,F1) and (Ω2,F2) be two measurable spaces. A function f : Ω1 7→ Ω2 is 〈F∞,F∈〉-
measurable if the inverse image of any A ∈ F2 lies in F1:

∀A ∈ F2, f
−1(A) ∈ F1, with f−1(A) := {a ∈ Ω1 | f(a) ∈ A}.

A measurable function is often called a measurement on (Ω1,A1). A measurable function
on a Borel σ-algebra is called a Borel function.

Example A.5
A measurement on (Ω,A) is the indicator function of the set A ∈ A, given by :

1A(a) =
{

1, if a ∈ A
0, otherwise

.

Then, a random variable on a probability space (Ω,F ,P) may be defined as an 〈F ,B〉-
measurable function on Ω, and is interpreted as reducing the probability space to the subset of
observations of interest:

Definition A.7 (Random variable)
Let (Ω,F ,P) be a probability space. Then a function X : Ω 7→ R is called a random variable,
if the event1

X−1((−∞, a]) ≡ {ω | X(ω) ≤ a} ∈ F

for each a ∈ R, i.e., a random variable is a real valued 〈F ,B〉-measurable function on a proba-
bility space (Ω,F ,P).

A random variable X can be either discrete, if R(X) is a countable set, or continuous,
otherwise.

Definition A.8
A random variable X is called:

1or equivalently if X−1(A) ∈ F , ∀A ∈ B(R)
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• discrete, if there exists a countable set A ∈ R such that P(X ∈ A) = 1,

• continuous, if P(X = x) = 0,∀x ∈ R.

If X is a random variable defined on a probability space (Ω,F ,P), then P governs the
probabilities assigned to events such as X−1([a, b]),−∞ < a < b < ∞. Since X takes values
in the real line, one would like to express such probabilities only as a function of the set [a, b].
Since X is 〈F ,B〉-measurable, X−1(A) ∈ F , ∀A ∈ B(R), and the function:

PX(A) ≡ P(X−1(A))

is a set function defined on B(R).

Proposition A.1
Let (Ω1,F1) and (Ω2,F2) be two measurable spaces, and let T : Ω1 7→ Ω2 be a 〈F∞,F2〉-
measurable function. Then, for any measure µ on (Ω1,F1), the set function µT−1, defined
by

µT−1(A) ≡ µ(T−1(A)), A ∈ F2

is a measure on F2.

Definition A.9
The measure µT−1 is called the measure induced by T (or the induced measure of T) on F2.

In particular, if µ(Ω1) = 1, then µT−1(Ω2) = 1.
The, PX turns out to be a probability measure on B(R), called the probability distribution

of X:

Definition A.10 (Probability distribution)
For a random variable X defined on a probability space (Ω,F ,P), the probability distribution
of X (or law of X) is given by the induced measure of X under P on R, i.e., PX ≡ PX−1.

We note that when defining probabilities of events like ‘X ∈ [a, b]‘, it is common practice
to use the probability mass function when dealing with discrete random variables and the
probability density function for continuous random variables. The measure-theoretic defi-
nition above allows one to treat both these cases, as well as the case of “mixed” distributions,
under a unified framework.

Definition A.11 (Cumulative distribution function)
The cumulative distribution function (or cdf in short) of a random variable X is defined as:

FX(x) ≡ PX((−∞, x])
≡ P({ω | X(ω) ≤ x}), x ∈ R.
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Integral of a measurable function

Let (Ω,F , µ) be a measure space and f : Ω 7→ R be an arbitrary measurable function. One
wants to define the integral of f with respect to the measure µ, which will be used to define the
expectancy of a random variable.

If (Ω,F) is a measurable space, denote by mF the set of measurable functions f : Ω 7→ R.
Then, mF is a vector space. Let mF+ denote the set of non-negative measurable functions
f : Ω 7→ [0,∞], where one takes on [0,∞] the σ-algebra generated by the open intervals (a, b).
Then, mF+ is a cone:

(f, g ∈ mF+, α, β ≥ 0)⇒ αf + βg ∈ mF+,

which is closed under countable suprema:

(fi ∈ mF+, i ∈ I)⇒ sup
i
fi ∈ mF+.

It follows that, for a sequence of functions fn ∈ mF+, both lim supn fn and lim infn fn
lie in mF+ (so does limn fn, when it exists). It can be shown that there is a unique map
µ̃ : mF+ 7→ [0,∞], such that:

(i) µ̃(1A) = µ(A),∀A ∈ F ;

(ii) µ̃(αf + βg) = αµ̃(f) + βµ̃(g), ∀f, g ∈ mF+, α, β ≥ 0;

(iii) (fn ∈ mF+, n ∈ N)⇒ µ̃(
∑
n
fn) =

∑
n
µ̃(fn).

For f ∈ mF , let f+ = max f, 0 and f− = max−f, 0. Then, f+, f− ∈ mF+, f = f+ − f−,
and |f | = f+ + f−. If µ̃(|f |) <∞, then f is to be integrable, and one can set:

µ̃(f) = µ(f+)− µ(f−).

We call µ̃(f) the integral of f , but by convention, this notation can be replaced by one
of the alternatives:

µ(f) =
∫

Ω fdµ =
∫
x∈Ω f(x)µ(dx).

In the case of the Lebesgue measure µ, one simply writes
∫
x∈R f(x)dx.

Definition A.12 (Expected value)
Let X be a random variable on a probability space (Ω,F ,P). The expected value (or mean),
or expectation of X, denoted by E[X], is defined as:

E[X] ≡
∫

ΩXdP,

Definition A.13 (Variance)
The variance of a random variable X is defined as:
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Var(X) ≡ E[(X − E[X])2].

Example A.6 (Bernoulli random variable)
The simplest example of a discrete random variable is the Bernoulli random variable,
Xp : Ω 7→ {0, 1}, which models an experiment with only two possible outcomes (denoted by 0
or 1), which occur with probabilities PXp(1) = p, and PXp(0) = 1− p. The mean of a Bernoulli
variable is E[Xp] = p, and its variance is Var(X + p) = p(1− p).

Example A.7 (Exponential, Poisson random variables)
The two most important random variables for constructing a continuous Markov chain are:

(i) the exponential random variable, Expλ : Ω 7→ [0,∞), with probability density function
fExpλ(x) = λe−λx, mean E[Expλ] = 1

λ , and variance Var(Expλ) = 1
λ2

(ii) the Poisson random variable, Poissonλ : Ω 7→ {0, 1, 2, . . .}, with probability mass func-
tion P(Poissonλ = k) = λke−k

k! , mean E[Poissonλ] = λ, and variance Var(Poissonλ) = λ.

Definition A.14 (Memoryless property)
For x, y ∈ R(X), X : Ω 7→ R is said to have the memoryless property, if

P{X >x+ y | X >x} = P{X >x}

.
The only continuous random variables to satisfy the memoryless property are exponential

random variables.

Markov chains

Definition A.15 (Stochastic process)
A stochastic process, or random process, with state space S and parameter set T is a
collection of random variables {Xt, t ∈ T}, defined on a common probability space (Ω,A,P).
The process is said to be “discrete” if T is countable, and “continuous”, otherwise.

Usually, t is to be interpreted as an indicator of time, in which case Xt represent the
state of the process at time t. For every fixed ω ∈ Ω, the mapping t 7→ Xt(ω) defines a
trace/trajectory/realization/sample path of the process.

In order to facilitate analysis, additional properties are assumed on a stochastic model:

Definition A.16 (Markov property, time-homogeneity)
For a given stochastic process {Xt} on a countable state space S, let HX(t) denote all the
information about the process until time t ∈ T . Then, the process {Xt} is said to satisfy the
Markov property, if the conditional (on both past and present states) probability distribution
of future states of the process depends only upon the present state, not on the sequence of events
that preceded it. That is, if for all states s, s′ ∈ S, and for all times t+ h > t, one has that:

P{Xt+h = s′ | HXt} = P{Xt+h = s′ | Xt}.
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The process is said to be time-homogeneous if the transition probability between any two state
values at two given times depends only on the difference between those state values:

P{Xt+h = s′ | Xt = s} = P{Xh = s′ | X0 = s}

.

Definition A.17 (Transition probability matrix)
For a stochastic process with a finite state space S, for some ordering of the elements of S,
the transition probability matrix for step t is defined as P(t), a S × S-matrix with entries
P(t)(s, s′) = P{Xt = s′ | X0 = s}.

Then, any Markov time-homogeneous process satisfies the Chapman-Kolmogorov equations:

P(t+h) = P(t)P(h),∀t, h ∈ T

.

Then, a discrete (respectively continuous) time Markov chain is defined as a discrete (re-
spectively continuous) time random process {Xn}n∈N (respectively {Xt}t∈R≥0 that satisfies the
Markov and time-homogeneity properties.

Another definition of Markov chains consists in assigning a Markov process to a Markov
graph:

Definition A.18 (Markov graph)
A Markov graph is a triple (S,w, p0), with:

(i) S a countable state space,

(ii) w : S × S 7→ R, the transition weight function

(iii) p0 : S 7→ [0, 1] such that
∑
si
p0(si) = 1.

Definition A.19 (Discrete-time Markov Chain (DTMC))
A discrete-time Markov graph M = (S,w, p0) is such that ∀s ∈ S,w(s, :) is a probability. Then,
a process {Xt} assigned to M is called a discrete-time Markov chain (DTMC), and is
such that ∀s, s′ ∈ S, the following conditions are satisfied:

(i) P(X0 = s) = p0(s),

(ii) P(X1 = s′ | X0 = s) = w(s, s′).

Reasoning about continuous-time Markov chains proves to be a bit more subtle: the pa-
rameter set T is uncountable, and one cannot assign a probability to an uncountable union of
marginal distributions. Instead, the probability of transitions will be defined in a small interval
[0, h). In this case, one talks about a restriction to right-continuous processes: ∀w ∈ Ω,∀t ≥
0, ∃ε > 0 such that Xs(w) = Xt(w), for s ∈ [t, t+ ε].
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Definition A.20 (Continuous-time Markov Chain (CTMC))
A continuous-time Markov graph M = (S,w, p0) is such that ∀s ∈ S, s 6= s′ ⇒ w(s, s′) ≥ 0,
where w is also called the rate function. For any state s ∈ S, the activity of state s can be defined
as a(s) =

∑
s′∈S

w(s, s′). Also, for each state s ∈ S, the rate function is set to w(s, s) = a(s). A

process {Xt} assigned to M is called a continuous-time Markov chain (CTMC), and is
such that ∀s, s′ ∈ S, and ∀t ≥ 0 the following conditions are satisfied:

(i) P(X0 = s) = p0(s),

(ii) P(Xt+h = s′ | Xt = s) =
{
w(s, s′)h+ o(h), if s 6= s′

1− a(s)h+ o(h), otherwise
, with f ∈ o(h) if lim

h→0
f(h)
h =

0.

Another definition of a CTMC, which can prove more useful for its simulation, can be given
by associating each right-continuous process with the random variables:

(i) ξ0, ξ1, . . . ∈ R≥0, the jump times of {Xt}, defined as the (absolute) time instances at which
jumps occur 2: {

ξ0 = 0
ξn+1 = inf{t > ξn | Xt 6= Xξn}

(ii) τ0, τ1, . . . ∈ R≥0, the waiting times relative to the last jump: τi = ξi+1 − ξi

(iii) Z0, Z1, . . . ∈ S the sequence of states visited by jumps (Zi = Xξi) which defines the
embedded discrete process.

Then, a CTMC {Xt} is such that:

(i) P(X0 = s) = p0(s),∀s ∈ S,

(ii) P(ξi < t | Z0 = s) = 1− e−a(s)t,∀s, s′ ∈ S,

(iii) P(Z1 = s′|Z0 = s) = w(s,s′)
a(s) ,∀s, s′ ∈ S.

2We are working under the assumption of non-explosive processes, i.e. in all finite intervals [0, t) only finitely
many jumps can occur. Stochastic models of BRNs are trivially non-explosive.
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Chapter B
A DNA model: equation for the derivative
of the lower bound on the concentration of
x2

According to Def.6.3.7, the derivative of the lower bound on the concentration of x2 is computed
by selecting the minimum region-dependent (i.e., local) lower bound, out of the 9 possible cases:

dx2
dt

= min(t1,1↓ , t1,2↓ , t1,3↓ , t2,1↓ , t2,2↓ , t2,3↓ , t3,1↓ , t3,2↓ , t3,3↓ )

with

t1,1↓ = max(k1x1
2, k−2(DNA0

ε
− k−1

k2
))−

(1 + ε)k−1 ·min(x2,
M0 − x1

2 ,
M0
2 −DNA0 −

x1
2 − ε

k−1
k2

);

t1,2↓ = max(k1x1
2, k−2

DNA0 − x3u

ε
)−

(1 + ε)k2 ·min(x2,
M0 − x1

2 ,
M0 − 2DNA0 − x1 + 2x3

2 )·

·min(x3, DNA0)

t1,3↓ = max(k1x1
2, (k−2

ε
(DNA0 −

k−1
εk2

), k−2
ε

(DNA0 − x3))−

min(x2,
M0 − x1

2 + min(x3 −DNA0,
k2
εk−1

−DNA0)))·

(k2 ·min(x3, DNA0) + k−1);
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t2,1↓ =k−2 ·max(x4, DNA0 −
εk−1
k2

)−

(1 + ε)k−1 ·min(x2,
M0
2 −max(x4, DNA0 − ε

k−1
k2

))

t2,2↓ =k−2 ·max(x4, DNA0 − x3)−

(1 + ε)k2 ·min(x2,
M0
2 − x4,

M0
2 −DNA0 + x3)·

min(x3, DNA0 − x4)

t2,3↓ =k−2 ·max(x4, DNA0 − x3, DNA0 −
k−1
εk2

))−

min(x2,
M0
2 −max(x4, DNA0 − x3, DNA0 −

k−1
εk2

))

(k−1 + k2 ·min(x3, DNA0 − x4));

t3,1↓ = max(εk−2x4, k1x1
2) + max(εk1x1

2, k−2 · (DNA0 − εk−1
x2
k2

))−

(1 + ε)k−1 ·min(x2,
M0 − x1

2 − εk1 · x1
2k−2);

t3,2↓ = max(k1x1
2, εk−2x4, εk−2(DNA0 − x3)) + k−2 ·max(x4, DNA0 − x3, εk1

x1
2

k−2
)

−(1 + ε)k2 ·min(x2,
M0 − x1

2 −max(x4, εk1
x1

2

k−2
, DNA0 − x3)))·

min(x3, DNA0 −max(x4, εk1
x1

2

k−2
));
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t3,3↓ =k1x1
2 + k−2 ·max(x4, DNA0 − x3)−

k2 ·min(x2,
M0 − x1

2 −max(x4, DNA0 − x3)) ·min(x3, DNA0 − x4)−

k−1 ·min(x2,
M0 − x1 − 2 · x4

2 );
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RÉSUMÉ

Cette thèse vise á étudier deux aspects liés á la modélisation des Réseaux de Réactions Biochimiques.

Dans un premier temps, nous montrons comment la séparation des échelles de temps et de concentration dans les
systèmes biologiques peut être utilisée pour la réduction de modèles. Nous proposons l’utilisation des modèles par
régles de réécriture pour le prototypage de circuits génétiques, puis nous exploitons le caractère multi-échelle de tels
systèmes pour construire une méthode générale d’approximation de modèles. La réduction est effectuée via une
analyse statique du système de règles. Notre heuristique de réduction repose sur des justifications physiques solides.
Cependant, tout comme pour d’autres techniques de réduction de modèles exploitant la séparation des échelles, on note
la manque de méthodes précises pour quantifier l’erreur d’approximation, tout en évitant de résoudre le modèle original.

C’est pourquoi nous proposons ensuite une méthode d’approximation dans laquelle les garanties de réduction représen-
tent l’exigence majeure. Cette seconde méthode combine abstraction et approximation numérique, et vise á fournir une
meilleure compréhension des méthodes de réduction de modèles basées sur une séparation des échelles de temps et
de concentration.

Dans la deuxième partie du manuscrit, nous proposons une nouvelle technique de reparamétrisation pour les modèles
d’équations différentielles des réseaux biochimiques, afin d’étudier l’effet des stratégies de stockage de ressources in-
tracellulaires sur la croissance, dans des modèles mécanistiques d’auto-réplication cellulaire. Enfin, nous posons des
bases pour la caractérisation de la croissance cellulaire en tant que propriété émergeante d’une nouvelle sémantique
des réseaux de Petri modélisant des réseaux de réactions biochimiques.

MOTS CLÉS

réseaux de réactions biochimiques, séparation des échelles temps et concentration, réduction de modèles,
croissance cellulaire, stockage de resources cellulaires, modèles mécanistiques de réplication cellulaire

ABSTRACT

This thesis aims at studying two aspects related to the modelling of Biochemical Reaction Networks, in the context of
Systems Biology.

In the first part, we analyse how scale-separation in biological systems can be exploited for model reduction. We first
argue for the use of rule-based models for prototyping genetic circuits, and then show how the inherent multi-scaleness of
such systems can be used to devise a general model approximation method for rule-based models of genetic regulatory
networks. The reduction proceeds via static analysis of the rule system.

Our method relies on solid physical justifications, however not unlike other scale-separation reduction techniques, it lacks
precise methods for quantifying the approximation error, while avoiding to solve the original model. Consequently, we
next propose an approximation method for deterministic models of biochemical networks, in which reduction guarantees
represent the major requirement. This second method combines abstraction and numerical approximation, and aims at
providing a better understanding of model reduction methods that are based on time- and concentration- scale separation.

In the second part of the thesis, we introduce a new re-parametrisation technique for differential equation models of
biochemical networks, in order to study the effect of intracellular resource storage strategies on growth, in self-replicating
mechanistic models. Finally, we aim towards the characterisation of cellular growth as an emergent property of a novel
Petri Net model semantics of Biochemical Reaction Networks.

KEYWORDS

Biochemical Reaction Networks, multiscaleness, model reduction, cellular growth, cellular resource storage,
mechanistic self-replicating cellular models
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