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Résumé

L’équation d’Euler a surface libre décrit 1’évolution de l'interface séparant D’air
d’un fluide parfait irrotationnel. C’est un systeme de deux équations couplées :
I’équation d’Euler & l'intérieur du domaine et une équation cinématique qui décrit
les déformations du domaine. Les 4 travaux qui constituent le corps de cette these
peuvent étre divisés en trois sujets connectés au probleme de Cauchy du systeme
des water waves.

e Dans le prolongement des travaux de [3, 5, 6, 8], ou les auteurs ont montré
que le probleme de Cauchy pour le systeme des water waves est bien posé et
que le flot est continu sur des espaces de Sobolev suffisamment réguliers, nous
montrons:

— Dans [62] que le systeme des water waves avec ou sans tension de surface
est quasi-linéaire au sens le plus fort du terme, c’est-a-dire que le flot
n’est pas uniformément continu. De plus, dans le cas avec tension de
surface, nous montrons que pour avoir une estimation de Lipschitz sur
le flot, il faut au moins une perte de % dérivés. Plus généralement, pour
’équation de Burgers avec terme dispersif de la forme 9,|D|*!, o €]1, 2],
nous montrons qu’il faut au moins une perte de 2 — « dérivés pour assurer
un controle Lipschitz sur le flot.

— Dans [63], nous montrons que les résultats obtenus dans [62] sont effec-
tivement optimaux, c’est-a~dire que pour ’équation de Burgers avec un
terme dispersif 9,|D|*" 1, a €]1,2[ le flot est effectivement Lipschitz de
H® & H* 2+ pour des données initiales périodiques de moyenne nulle.
Pour le systeme des water waves avec tension de surface en deux dimen-
sions d’espace, nous montrons qu’apres re-normalisation, le flot est bien
Lipschitz au prix d’une perte de % dérivées.

e Afin de démontrer les résultats dans [63], nous avons développé une généralisation
para-différentielle d’une transformation de jauge complexe de type Cole-Hopf
introduite pour la premiere fois par T. Tao pour ’équation de Benjamin-Ono.
Dans [64], nous l'utilisons pour améliorer les résultats connus sur une con-
jecture numérique diie a Saut et Klein dans [47] sur I’équation de Burgers
dispersive. Ce qui, & la connaissance de 'auteur, est la premiere fois que la
transformation de jauge est mise en oeuvre a cette fin pour « €]1,2[.

e Afin de démontrer les différents résultats dans [62, 63, 64], nous avons étudié et
affiné différents résultats connus en calcul paradifférentiel. Plus précisément,



dans [61], nous améliorons certaines estimations sur I'opérateur de paracompo-
sition introduit par Alinhac, nous donnons une preuve du changement de vari-
ables dans le calcul paradifférentiel et enfin nous étudions comment le support
du cut-off fréquentiel varie apres la composition d’opérateurs para-différentiels.



Abstract

The Euler equation with free boundary, i.e the water waves system, describes the
evolution of the interface between air and a perfect irrotational fluid. It is a system
of two coupled equations: the Euler equation in the interior of the domain and a
kinematic equation describing the deformation of the domain. The 4 works that
constitute the body of this thesis can be divided into three connected subjects on
the Cauchy problem of the water waves system.

e In the continuation of the works in [3, 5, 6, 8] where the Cauchy problem for
the water waves system is shown to be well-posed and the flow map continuous
on sufficiently regular Sobolev spaces we show:

— In [62] that the water waves system with and without surface tension
is quasi-linear in the strongest sense, i.e the flow map is not uniformly
continuous. Moreover in the case with surface tension we show that in
order to have a Lipschitz estimate on the flow map at least a loss of %
derivative is needed. More generally for the Burgers equation augmented
by a dispersive term of the form 9, |[D|*™", a €]1,2[, we show that at
least a loss of 2 — « derivative is needed to ensure Lipschitz control on
the flow.

— In [63] we show that the results obtained in [62] are indeed optimal, that is
for the Burgers equation augmented with a dispersive term 9, \D[O‘_l , o €
]1,2[ the flow map is indeed Lipschitz from H* to H* 2+ for periodic
data with 0 mean value. For the water waves system with surface tension
in two space dimension we show that after suitable re-normalization that
the flow map is Lipschitz under % loss of derivative.

e In order to prove the results in [63] we developed a paradifferential generaliza-
tion of a complex Cole-Hopf type gauge transform first introduced by T. Tao
for the Benjamin-Ono equation. In [64] we use this to improve upon known
results on a numerical conjecture by Saut and Klein [47] on the dispersive
Burgers equation, which to the author’s knowledge is the first time the gauge
transform was implemented to that end for a €]1, 2.

e In order to prove the different results in [62, 63, 64] we needed to study and
refine different known results in paradifferential calculus. More precisely in
[61], we improve some estimates on the paracomposition operator introduced
by Alinhac, give a proof of the change of variables in paradifferential operators
and finally study the frequency cut-off after composition of paradifferential
operators.



Chapter 1

Introduction

(French version below)

Contents
1.1 Semi-linearity and quasi-linearity of evolution PDE . . . 12
1.2 A model problem: the dispersive Burgers equation . . . 12
1.2.1 The flow map regularity of the Dispersive Burgers equation 14
1.2.2 Improved energy estimates of the paradifferential Disper-
sive Burgers equation . . . ... ... Lo oo 16
1.3 The water waves system . . . . . . v v v v v v v v v v oo 20
1.3.1 Assumptions on the domain . . . . . ... ... ... .... 20
1.3.2 Theequations. . . . . . . .. ..o i e 21
1.3.3 Gravity water waves: Pressure and Taylor Coefficients . . . 22
1.3.4  Quasi-linearity of the water Wave system . . . ... .. .. 23
1.3.5  Exact regularity of the flow map of the 2d Gravity Capillary
equation . . . . ... Lo 25
1.4 Paradifferential calculus ... ... ... .......... 25
1.4.1 Pseudodifferential operators . . . . . . ... ... ... ... 25
1.4.2 Paradifferential operators . . . . .. .. ... .. ... .. 26
1.4.3  An application of the paracomposition operator . . . . . . . 32
1.5 Sketch of the different strategies on the model problem 34
1.5.1 Sketch of the proof of Theorem 1.2.1 . . . . . .. ... ... 34
1.5.2  Sketch of the proof of Theorem 1.2.2 . . . . . .. ... ... 37
1.5.3  Sketch of the proofs of Theorems 1.2.3 and 1.2.4 . . .. .. 39

At the core of this work is the study of the Cauchy problem of nonlinear evolution
partial differential equations (PDE) with a strong choice of PDE coming from fluid
mechanics. To situate the problem we consider a general evolution PDE of the form:

Ou = F((07u)jaj<k), u(0,-) = ug in a Sobolev space H*,s € R. (1.0.1)

Hadamard’s well posedness conditions for an evolution PDE can be interpreted
through the flow map:
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e There exists a time 7" > 0 and a Sobolev space s € R, such that for all
0 <t < T and up € H?, the flow map ug — wu(t,-) is well defined and
continuous from H*® to H”.

Several immediate questions follow this definition ) how to prove well posedness?
i1) is T = +o00? 4ii) What is the lowest possible s for the problem to be well posed?
iv) What is the flow map’s regularity?

To answer question i) one has several methods to tackle the problem and that are
usually guided by the "nature” of the PDE. We consider the following preliminary
general definitions commonly found in the literature that we will revisit in section
1.1.

e Equation (1.0.1) is said to be linear if F' is linear in all of its variables.

e It is quasi-linear if F is linear in the highest order derivatives of u, i.e the PDE
can be written as:

Ou = Z aa((agu)og\ﬂ\gk—ﬂaiu + ao(agu)ogmgk—y
|ae|=k

e And it is semi-linear if moreover (aq)q|—x does not depend on w.

For linear constant coefficient equations one looks to a Green function in order to
solve the Cauchy problem. For semi-linear equations a Picard iteration scheme is
expected to work and for quasi-linear equations more nonlinear techniques are used
such that compactness argument and an energy method. Unfortunately this broad
definition fails as shown in the next section and a revised definition through the flow
map is given. The starting point of this thesis was to show that the water waves
system with and without surface tension is quasi-linear.

Points i) and #i) are usually interconnected through conservation laws and form
some of the hardest and deepest questions in PDE today. To answer one of those two
questions, one usually has to understand the fine properties of the non linearity F'
in (1.0.1). One of the goals of this thesis is to show that one can extract information
on the nonlinearity by studying the regularity properties of the flow map, i.e the
study of point iv), in a simpler setting compared to i) and i) in the sense that we
can work with T' < +oco and s > 1+ %, which we did for the water waves system and
the dispersive Burgers equation. Moreover we show that the technique developed to
study question iv) for the dispersive Burgers equation, i.e a complex para-differential
generalization of the Cole-Hopf Gauge transform, can be used to give information
on questions ¢) and 7).

The main techniques used in this thesis are at the interface of microlocal analy-
sis, more specifically para-differential calculus, and fluid mechanics to try and give
answers to question 4),i7) and iv) for the water waves system and related models.
All of the results presented here come from the author’s works:

[61] A. R. Said: On Paracomposition and change of variables in Paradifferential
operators, arXiv preprint, arXiv:2002.02943.

[62] A. R. Said: A geometric proof of the Quasi-linearity of the Water-Waves
system and the incompressible Euler equations, arXiv preprint, arXiv:2002.02940.

[63] A. R. Said: Regularity results on the flow map of periodic dispersive Burgers
type equations and the Gravity-Capillary equations, arXiv preprint, arXiv:2103.03576.
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[64] A. R. Said: On the Cauchy problem of dispersive Burgers type equations,
arXiv preprint, arXiv:2103.03588.

1.1 Semi-linearity and quasi-linearity of evolution PDE

By the previous definitions of semi-linearity and quasi-linearity the following equa-
tions (KPI) and (KPII) are semi-linear by the count of the derivatives, indeed they
are given by:

(g + Uty + Upga) e + Uyy = 0, (KPI)
(u + Uy + Upga )z — Uyy = 0. (KPII)

Bourgain showed in [21] that (KPII) can be solved by an iteration scheme and
that the flow map is regular. But Molinet, Saut and Tzvetkov showed in [55] that
the flow map associated to (KPI) cannot be C? and that it cannot be solved by a
Picard iteration scheme. They introduce the following definitions to quasi-linearity
and semi-linearity [55]:

e A partial differential equation is said to be semi-linear if its flow map is regular
(at least C1).

e A partial differential equation is said to be quasi-linear if its flow map is not
Cch.

This definition is more attractive in the sense that a claim of the form ”equation
(1.0.1) is semi/quasi-linear” gives a concrete information on the Cauchy problem
and henceforth will be used.

A well known example of a quasi-linear equation is the Burgers equation:

O + u0,u = 0 on R,
where it is known that the flow map fails to be uniformly continuous, giving the
equation its quasi-linear nature, as for example shown in [65].
1.2 A model problem: the dispersive Burgers equation

An important class of equations that arises in the study of asymptotic models of the
water waves equations is Burgers type equation with a dispersive term, for example
the Benjamin-Ono equation:

Opu + udpu + HO*u = 0 on R, (BO)
and Korteweg-de Vries equation:
Opu + udyu + 03u = 0 on R. (KdV)

More generally, In [3] and [6], Alazard, Burq, and Zuily perform a paralineariza-
tion and symmetrization of the the water waves system that takes the form:

o + TV(U).VU +iTyu = f,

12



where « is an elliptic symbol of order % in the case with surface tension and % in the
case without, and 7. is the operation of para-multiplication that will be introduced
below. For s > 1+ % a good one dimensional ”toy” model is the dispersive Burgers
equation:

Ayu + udpu + 0, |D|* tu =0, a € RT, |D| = Op(|¢]). (1.2.1)

Remark 1.2.1. Notice that the (BO) equation and (KdV) equation are the special
cases for a =2 and o = 3 respectively.

It was shown in [49], that the flow map associated to the Benjamin-Ono equation
on H*(R),s > % fails to be uniformly continuous. The proof relies heavily on the
dimension, the structure of the equation and on some interactions between small
and high frequencies thus it does not generalize to the case of the torus T. More
generally in [65], it is shown that the flow map fails to be C? (thus the equations
are unsolvable by a Picard fixed point scheme) for equations of the form:

Oru + udyu + w(D)dyu = 0, with |w(§)] < €],y < 2.

Here the proof relies heavily on the Duhamel formula, on the explicit solvability of
the linear part using the Fourier transform and again on some interactions between
small and high frequencies thus it does not generalize to the case of T.

In [65], for the KAV equation, using Strichartz type dispersive estimates the
Cauchy problem is solved by a Picard fixed point scheme and thus the flow map is
regular, showing a change in nature for the problem. This shows that an interesting
phenomena happens where the dispersive term can dominate the nonlinearity. On
R, the previous examples show that this change of regime happens for a dispersive
term of order 3. Thus the result obtained in [65] is optimal in d = 1.

In this thesis we improve these results in several directions:

1. we prove the strongest result possible by proving that the flow is not uniformly
continuous,

2. for a € [0,2[ and € > 0 we prove that the flow cannot be C! from H*(D) to
CO([0,T), Hs~ 1+ @=D7+¢(D))), where D = T or R.

3. For those negative type results we give a robust geometric proof that will be
translated to the more complex water waves system with and without tension
and do so in any dimension.

4. For a €]1,2[ we show that the flow map is indeed Lipschitz from H{(T),s >
14222+ 1 to C0([0, T, Hy~*7*(T))), where H(T) is the Sobolev space of
function with 0 mean value.

Remark 1.2.2. Point 1 is enough to deduce the quasi-linearity of the system but
the drawback of this test of quasi-linearity is that it does not show the effect of the
dispersive term. The natural question was then to ask if one can see the effect of the
dispersive term by analyzing more precisely the regularity of the flow map.

For this we can start by noticing that independently of a the flow map is Lipschitz
from bounded sets of H*(D) to C°([0,T], H*~1(D)) and ask: can the space H*~ (D)
be replaced by H* H(D) with u < 1 depending on a? The answer to this question is
exactly the goal of points 2 and 3 where it is shown that the optimal p is 2 — «.

13



1.2.1 The flow map regularity of the Dispersive Burgers equation
Points 1 and 2 are given in the following Theorem from [62].

Theorem 1.2.1 (from [62]). Consider three real numbers o € [0,2[, s €]2+ 3, 400],
r >0 andug € H*(D). Then there exists Cs > 0 such that for0 < T < WM

and all vy in the ball B(ug,r) C H*(D) there exists a unique v € C([0,T], H*(D))
solving the Cauchy problem:

Gtv+v8mv+8x\D]a_IU:0 (12.2)
U(Oa ) = UU(')v o
where,
[D| = Op(¢).
Moreover, for all 6 > 0 and all of p € [0, s], we have:
vt € [0,7), o®)lluy < N0 Jug |y (1:23)

Taking vo € B(ug,r), and assuming moreover that ug € H5T1(D) then:

Yt € [O,T], ”(’LL o v)(t)HHS(]D)) S ecs(”az(va)HLl([O,t],LOO(D))+Cst||u0||HS+1(]D))) ”uo _ UOHHS(D) .
(1.2.4)
The lack of reqularity of the flow map is given by the following results on balls

centered at the origin for all R > 0, there exists a constant Cs > such that for
T < ﬁ, the flow map:

B(0, R) —»C([0,T], H*(D))
Vg —U

s mot uniformly continuous.
In addition, for all € > 0 the flow map:

B(0, R) —»C([0,T), H*~ 10T+ ()
Vg —U

is not C1.

Remark 1.2.3. We shall prove a stronger result (see Theorem J.2.1) showing that
for a dispersive perturbation of order o < 2, the non-linear transport term dominates
the flow’s evolution locally and this happens independently of the dimension. This
limited reqularity of the flow implies that the Cauchy problem cannot be solved by a
Picard fized point scheme and thus those equations are quasi-linear. Another example
of application is the Whitham equation on R:

Owu + ulpu — Lug = 0,
Lf(x) = [e™p(x, &) f(£)de.

We prove that the latter is quasi-linear for p € S a < 1 and such that Im(p) € S°
(See (3.2.1) for the definition of the symbol classes).

14



Looking to the literature to assess the optimality of the previous result, first
in [65] the equation (1.2.1) is actually shown to be quasi-linear for a € [0,3[ and
becomes semi-linear for a = 3, i.e the Korteweg-de Vries equation, when D = R
suggesting that our results are sub-optimal. Then when D = T, in [56], for the case
a = 2 and the Benjamin-Ono equation, the flow map is shown to be Lipschitz (and
even has analytic regularity) on bounded sets of H§ the (Sobolev spaces of functions
with mean value 0). Which suggests that our results could be optimal but with a
subtlety in the low frequencies.

The aim of the next theorem is to prove that the results obtained in [62] are
optimal on the torus while clarifying in all of those cases the effect brought on by
the low frequencies.

Remark 1.2.4. In Appendiz 6.2.3, we look to the problem on R and use the same
Gauge transform to show that the lack of reqularity obtained in [65] for o > 2 is
essentially due to the lack of control of the L' norm in Sobolev spaces.

Theorem 1.2.2 (from [63]). Consider three real numbers a € [1,+00[, s €]1 +
% + %,—i—oo[, r > 0 and ug € H{(T;R). Then the flow map associated to the
Cauchy problem (1.2.2):
Bluo, r) N H(T; R) —»C([0, T, HS 7 (T; R))
Vg —v
1s Lipschitz.
Several remarks are in order.

Remark 1.2.5. 1. As a corollary of Theorem 1.2.2 we prove in Section 6.1.2 the
following.

Corollary 1.2.1. Consider three real numbers o € [0,+00[, s €]1 + 2= +
3.+0ol, >0 and up € H*(T;R).
e Then the flow map associated to the Cauchy problem (1.2.2):
B(ug,r) =C([0,T], H*(T;R))
vp U
is continuous but not uniformly continuous.
e For all € > 0 the flow map:
B(ug, ) —=C([0,T], H*"'T(T; R))
vy U
is not C1.
2. The case a = % is closely related to the system obtained after reduction and
para-linearization of the periodic water Waves system in dimension 1 obtained

in [3] Proposition 3.3 by T. Alazard, N. Burq and C. Zuily, which we will treat
in the next section on the water waves system.

3. The case a = 2 is the Benjamin-Ono equation on the circle was obtained by
Molinet in [56]. Though Molinet’s result extends to the Cauchy problem on
L2(T). Also in [56] only the flow map reqularity for data with 0 mean value
was studied.

15



1.2.2 Improved energy estimates of the paradifferential Dispersive
Burgers equation

In order to prove Theorem 1.2.2 we developed a paradifferential generalization of a
complex Cole-Hopf gauge transform that was first introduced by T. Tao in [72] in
order to improve on the threshold of well-posedness for the Benjamin-Ono equation.
Thus it was natural to ask if this can also be done for the dispersive Burgers equation
with this new type of gauge of transform in hand. More precisely we will look at the
well-posedness of the paralinearised ”weak” dispersive perturbations of the Burgers
equation:

Ot + O[Tyu] — Toguu + O ID|* ' =0, up € H®, (1.2.5)

which is derived from the ”weak” dispersive perturbations of the Burgers equation:

Ayu + udpu + 0, |D|* "t u = 0, where o €]1,2] and |D| = Op(|¢]). (1.2.6)
For a« = 2 in (1.2.6), we have the usual Benjamin-Ono equation, for a = 3 we
have the KdV equation, for a = % and o = % respectively this equation is a toy

model for the system obtained by paralinearization and symetrization of water waves
system with and without surface tension [7, 1, 8, 3, 5].

The Cauchy problem associated to (1.2.6) has been extensively studied in the
literature. For a comprehensive and complete overview of those equations and their
links to other problems coming from mechanical fluids and dispersive non linear
equations in physics we refer to J-C. Saut’s [65, 66].

For a > 2 the Cauchy problem is now very well understood. A first approach
is to use smoothing effects and refined Strichartz estimates see [60, 48]. A second
approach is to use time dependent frequency localized spaces as in [42]. A third
approach, first introduced by Tao in [72] is to use a gauge transform to eliminate
the worst interaction terms, see also [23, 58] for the Benjamin-Ono equation and [33]
for a €]2, 3[, which to the author’s knowledge is the only time the gauge transform
was used to improve upon the local well-posedness of dispersive Burgers equation in
the fractional dispersion case.

Except for the first approach, in the words of [69], those techniques face serious
technical difficulties for a@ < 2. The goal of this section is to show that using the
gauge transform introduced in [63], the last approach can be still carried for 1 < a <

2 and it gives H*(D) under the estimates of H(l + |ull oo ) [Jwlly2—a.00 ‘Ll’ improving
t

upon the known hyperbolic factor ||0,ul| L1z - To the author’s best knowledge this
is the first time a gauge transform technique was carried out to improve upon the
local well-posedness of the weakly dispersive Burgers equation.

We will also show that for 2 < o < 3, this gauge transform can be efficiently used
to completely conjugate the paralinearized dispersive Burgers equation to the linear
dispersive equation modulo a regular, i.e C°°, remainder under control of ||u|| Lo
Again to the author’s best knowledge this is the first time such a transformation
is carried out outside the integrable cases, i.e @« = 2 and o = 3. For those cases,
i.e the Benjamin Ono and the KdV equations, suitable Birkhoff coordinates were
constructed to diagonalize the infinite dimension Hamiltonian, for this we refer to
the pioneering works of Gérard, Kappeler and Topalov [29, 30, 43].
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The following quantities are conserved by the flow associated to (1.2.2):

[u(®)l[g2 = lluollg2, and, (1.2.7)
H(u) = /R ‘D%u‘Q (t,x)dx + ;/Ru‘g(t,x)dx = H(up). (1.2.8)

By the the Sobolev embedding Hs — L3, H(u) is well defined for o > 1 + %
Moreover (1.2.6) is invariant under the scaling transformation:

uy = N (N M),

for any positive \. We have |lux(t,-)| ;. = AoFs=3 |u(A“t, )|l jys, thus the critical
index corresponding to (1.2.6) is s, = 5 — a.. In particular, (1.2.6) is L? critical for
=3

In the "low” dispersion case, i.e a < 2 a complete numerical study was carried

out by Klein and Saut in [47]. They conjectured among other things the following.

Conjecture 1.2.1. 1. For a < 1, sufficiently large solutions blow up in finite
time and do so through a wave breaking scenario, i.e tlir;l lu(t)]| o stays
_) *

bounded while ||0yu(t)]] joe — +00.
2. For a > 1 we have global in time existence for small initial data.

3. Forl < a< %, sufficiently large solutions blow up in finite time and do so

through a ”dispersive” blow up scenario, i.e ||u(t)| e — +00.

4. For a > %, solutions exist globally in time.

In [24] and [38] blow up is proven for < 1 and in [39, 40] it is shown that for
a < % the only possible blow up scenario is a wave breaking one, a simpler proof
can be found in [68].

In [52] using Strichartz estimate well posedness is proved for s > % — % and
«a > 1, proving that even for very low dispersion the threshold of well posedness can
be improved which again contrasts with the Burgers equation (o« = 1) where the
equation is shown to be ill-posed for s = 2 in [52].

This was improved in [59] using an adapted version of the I-method and refined
Strichartz estimates in co-normal Bourgain type spaces. They proved well posedness
for s > % — 5(a4_1) and a > 1, thus proving by the conservation of H(u) and scaling,
global well posedness for o > 1—{—% Which was the first result proving global existing
results for a < 2.

Finally for @ > 2 the Cauchy problem is much better understood. For the
Benjamin Ono equation on R, to the author’s knowledge the best known result is L?
global well-posedness derived in [42]. Recently Patrick Gerard, Thomas Kappeler
and Peter Topalov proved in [29] global well-posedness for the periodic Benjamin-
Ono equation all the way down to s > —% and ill-posedness for s < —% = S, the
critical Sobolev exponent. For a €]2,3[ on the real line, the best known local well
posedness result is for oo > %(2 — «) under a low frequency condition given in [32]
and in L? without the low frequency condition in [33]. For the KdV equation, for
both the periodic and real line cases the Cauchy problem is globally well posed on
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H~1(R) as shown in [43, 46], which is the best possible well posedness result, i.e the
KdV equation is ill-posed for s < —1 as shown in [57].

The remarkable well-posedness results for a = {2,3} uses the integrability of
the Benjamin-Ono equation and the KdV equation and the construction of Birkhoff
coordinates and thus cannot be extended to the case o # {2, 3}.

Remark 1.2.6. [t is interesting to compare (1.2.6) to the "fractal” Burgers equation,
i.e the Burgers equation with a dissipative term:

du + udpu+ (—A)2u =0, a > 0. (1.2.9)

For a =2, (1.2.9) is the usual Hopf equation. The local and global Cauchy problem
associated to (1.2.9) is very well understood, we refer to [45] for a complete solution
to the problem. For o < 1, sufficiently large solutions of (1.2.9) blow up in finite
time and that through a wave breaking mechanism. For a > 1 solutions exist globally
m time.

This contrasts with (1.2.6) in several directions:

e the change of local/global well posedness is conjectured to happen at o = 3 and

2
not 1,
e the conjectured existence of a new nonlinear blow up regime for a €]1, %],

e the drastic difference of the global Cauchy problem between (1.2.6) and (1.2.9)
fora=1.

In this section we will look more closely to the equation:

Ayu + Oy[Tyu] — Toguts + 0y |D|* =0, ug € H, (1.2.10)
2

where T is a paraproduct defined in section 1.4.2.1 below.

Remark 1.2.7. The modifications made to pass from (1.2.6) to (1.2.10) are the
following:

o We replaced the product “—22 by the paraproduct Tyu and added the term —To,wu
2

to ensure that ,[Tyu] — To,uu is skew symmetric for the L? scalar product.
2
e We dropped the remainder terms

Oz R(u,u) and Ty, u.

The motivations to study the paralinearised version of the equations are the following:

1. Equation (1.2.10) still contains the main "bad” term oy Ortnigh. As remarked
in [72] and [23] this is the main term obstructing straightforward estimates in

+ 1+
X3 fora=2.

2. Indeed looking through the literature [23] and [}2], the neglected terms can be
treated in localized Besov-Bourgain type spaces in our threshold of regularity.
By contrast the results on (1.2.10) are simpler to write because they can be
completely described in the usual Sobolev spaces.
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In this thesis we opted to study the problem in two steps, first in [64] we treated on
the paralinearised version of the equation (1.2.10), and do so in the simplest setting
of Sobolev spaces. In a second step we will then study the full equation (1.2.6) in
Bourgain type spaces in a future work.

Now we give the first theorem of this section.

Theorem 1.2.3. Consider two real numbers o €]1,2[, s €]1+ %, +oo[. Then for all
vo € H*(D) and all r > 0 there exists Cs > 0 such that for 0 < T < r-&-H&—cuCiM

and all ug in the ball B(vg,r) C H*(D) there exists a unique u € C([0,T], H*(D))
solving the Cauchy problem:

Oyu + z'TBE:jf,)H 5.+ D IDI* Y u =0, up € H*, b>0, (1.2.11)
Tué Tué

where B > 2 1is given by Theorem 7.1.1, B s a cutoff defining paradifferential
operators (cf Definition 3.2.9), a* is given by

1

a*(x, g) = % /]D) b e_iy.na(x - y7£ - n)dydnv
X

and B' > B is the cutoff corresponding to the left hand side that includes TP and
its a adjoint.
The flow map ug — u is continuous from B(vg,r) to C([0,T], H*(D)).
Moreover we have the estimate fort € [0,T:

el @l el 2o

lu(t)|lygs <e LD |ug| s, forl < a < 2. (1.2.12)

Remark 1.2.8. e The a priori estimate (1.2.12) is not enough to improve upon
the local well-posedness theory, indeed we meed an extra estimate on the dif-
ference of two solutions. A straightforward computation shows that taking the
difference of two solutions u — v we get:

O (u—v)+ T o1 (u=0) 40 [Tu(u — v)] = Topu (u = v) + O [Tu—vv] = Topu—vv = 0.

1) (2)

Term (1) can be treated using the gauge transform but term (2) is not a parad-
ifferential operator in the variable u — v and can not be treated in our current
restricted paradifferential-Sobolev space setting. Indeed term (2) has the same
structure as the residual terms we dropped to get equation (1.2.10) and has to
be treated in the Besov-Bourgain space type spaces which is not done here.

o The analogue of estimate (1.2.12) is still valid for a > 2. In the real line
case the standard Strichartz estimates give for a = 2, i.e the Benjamin-Ono
equation, the analogue of the well-posedness result of Burq and Planchon [23]
and for o € [2,3] the analogue of [32].

We turn to the conjugation theorem for o €]2, 3[.
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Theorem 1.2.4. Consider two real numbers o €]2,3[, s €]5 +2 — a, +oo[. Then
there exist T'> 0 and r > 0 such that for all ug in the ball B(0,r) C H*(D) there
exists a unique u € C([0,T], H*(D)) solving the Cauchy problem:

O+ 1T, u+ 0, [D|* " u =0, ug € H*, b>0, (1.2.13)

where B > 1 + % is given by Theorem 7.1.1. The flow map vo — v is continuous
from B(0,7) to C([0,T], H*(D)).

Moreover there exists a symbol p € Wr"°°([0, 7], CTY(D)), in the symbol classes
with limited regularity in the frequency variable defined in by (7.1.1), such that for

its hyperbolic flow map (A];-(T"))Tzl defined by (5.1.1) we have:
A (AP _yu+ 8, | D|*H (AP _u = Roo(u), (1.2.14)

and there ezists a non decreasing functions Cs, such that Ro(u) verifies for all
weR:
[ Roo(u)| g < CM(H“||Loo([o,T],cf—a(D)))-

Remark 1.2.9. o The method used here can be pushed to prove that p is in
C*TY(D)en for all k € N, with a smaller radius rj, > 0 in Theorem 1.2./ but
without a lower bound on 1. We chose to present the computation showing

p € C'TY(D), which is the minimal regularity required for the definition of AL

e For the KdV equation this gives local well-posedness in H_%(]D)) which is the
analogue of the result proven in [27] which is well below the optimal well-
posedness in H~1 (D), which on R was recently proved in [}6], and in [,3] for
the periodic case.

1.3 The water waves system

We now give the main results on the water waves system with and without surface
tension. We follow here the presentation in [3] and [6].

1.3.1 Assumptions on the domain

We consider a domain with free boundary, of the form:
{(t,x,y) e[0,T] xR xR : (z,9) € Qt},
where €); is the domain located between a free surface
Y = {(:z:,y) ERIXR:y= n(t,x)}

and a given (general) bottom denoted by I" = 0€; \ ¥;. More precisely we assume
that initially (¢ = 0) we have the hypothesis (H;) given by:

e The domain €); is the intersection of the half space, denoted by 2 ;, located
below the free surface 3,

O ={(@,y) e R xRy <(t,z)} (Hy)
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and an open set Qs C R such that s contains a fixed strip around 3,
which means that there exists h > 0 such that,

{@y) eRIxRin(t,2) ~ <y <n(t.a)} C Q. (Hy)

We shall assume that the domain 2y (and hence the domain €, = Q1 N Q)
is connected.

1.3.2 The equations

We consider an incompressible inviscid liquid, having unit density. The equations
of motion are given by the Euler system on the velocity field v:

{awﬂ'vva:gey in © (1.3.1)
L5 -9,

dive=0

where —ge, is the acceleration of gravity (¢ > 0) and where the pressure term P
can be recovered from the velocity by solving an elliptic equation. The problem is
then coupled with the boundary conditions:

v-n=>0 on T,
om=+1+|Vn?v-v on X, (1.3.2)
P =—kH(n) on X,

where n and v are the exterior normals to the bottom I' and the free surface ¥, &
is the surface tension and H(n) is the mean curvature of the free surface:

H(p) = div (ﬂf?‘?iwﬁ

We take x = 1 for the case with surface tension and x = 0 in the case of gravity
water waves (without surface tension). The first condition in (1.3.2) expresses the
fact that the particles in contact with the rigid bottom remain in contact with it.
As no hypothesis is made on the regularity of I', this condition is shown to make
sense in a weak variational meaning due to the hypothesis H;, for more details on
this we refer to Section 2 in [3] and Section 3 in [6].

The fluid motion is supposed to be irrotational and €2; is supposed to be simply
connected thus the velocity field v derives from some potential ¢ i.e v = V¢ and:

A¢p =0in Q,
On¢p=0o0nT.
The boundary condition on ¢ becomes:
an¢ =0 on I
om =0y —Vn-Vo on Y, (1.3.3)

O = —gn+KkH(n) — 1 |Vuyo> on 3.
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Following Zakharov [75] and Craig-Sulem [28] we reduce the analysis to a system
on the free surface ;. If ¥ is defined by

U(t, x) = o(t, z,n(t, x)),
then ¢ is the unique variational solution of
A¢=0in Q, Pjy—y =17, Op¢p=0o0nT.
Define the Dirichlet-Neumann operator by
(GY)(t x) = 1+ [Vnl*Ondyy—,
= (9y9)(t, z,n(t, ) — Vn(t, x) - (Vo)(t,z,n(t, x)).

For the case with rough bottom we refer to [9], [3] and [6] for the well posedness of
the variational problem and the Dirichlet-Neumann operator. Now (n,%) (see for
example [28]) solves:

O = G(n), (1.3.4)

_ 1. 9 1Vn-VY+Gn)y

1.3.3 Gravity water waves: Pressure and Taylor Coefficients

Here we give a quick review of the ideas in [5]. Recall that by definition for gravity
water waves we work with x = 0 and we define the Taylor coefficient

a(t,z) = —(0,P)(t,z,n(t, x)).

The stability of the waves is dictated by the Taylor sign condition, which is the
assumption that there exists a positive constant ¢ such that

a(t,z) > c¢> 0. (1.3.5)

In [6] this condition is needed in the proof of the well posedness of the Cauchy prob-
lem and it is shown to be locally propagated by the flow.

Now we will show how to define P from the Zakharov formulation. Let R be the
variational solution of

. 1 2
AR =01n Qt, R|y:77 =gn+ 5 ‘vz,y¢“y:n :
We define the pressure P in the domain €2 by
1
P(t.a,y) = Rt 2,y) = 9y — 5 [Vayo(t, o, I
In [5] Alazard, Burq, and Zuily show that to a solution:
(n.%) € ([0, T), H*" 2 (R) x H 3 (RY)),

for s > % + % of the Zakharov/Craig-Sulem system (1.3.4) corresponds a unique
solution v of the Euler system, in the case k = 0.
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1.3.4 Quasi-linearity of the water Wave system

In [3] and [6], Alazard, Burq, and Zuily perform a paralinearization and symmetriza-
tion of the the water waves system that takes the form:

O+ Ty . Vu+iTu = f,

where v is of order % in the case with surface tension and % in the case without. The
terms V and ~y verify the conditions required by Theorem 4.2.1 and thus the para-
linearization of the water-waves system are quasi-linear in the considered thresholds
of regularity. From this we will deduce the following two theorems.

First in the case of water waves with surface tension, i.e kK = 1, where the well-
posedness of the Cauchy problem is proved in [3] we complete it by the following.

Theorem 1.3.1. Fiz the dimensioln d > 1 and consider two real numbers r > 0,
s €2+ 4 4oo[ and (no,v0) € H* 2(RY) x H*(RY) such that

V(1 ¥h) € B((m0, o), ) © H*F3(RY) x H3(RY)

the assumption H;—q is satisfied. Then there exists T > 0 such that the Cauchy
problem (1.3.4) with initial data (), () € B((no,¢0),r) has a unique solution

(', ¢') € CO([0,T]; H**+3 (RY) x H*(R?))

and such that the assumption Hy is satisfied for t € [0,T].
Moreover VR > 0 the flow map:

B0, R) —C([0,T), H*"2(R%) x H*(RY))
(110> %0) (', ¢

18 not uniformly continuous.
We show that at least a loss of % derivative is necessary to have Lipschitz control
over the flow map, i.e for all € > 0 the flow map

B(0, R) =C([0,T), H** (R x H*~3+(R%))
(s ) == (')
is not C1.

Remark 1.3.1. It is worth noticing that a previous result was obtained on the
reqularity of the flow map for the two dimensional gravity-capillary water waves (i.e
with surface tension) in [26] its proved that the flow is not C3 with respect to initial
data (no, o) € H*V2 (R2) x H¥(R?) for s < 3.

This result is in contrast with our result which holds for s > 3 and this can
indeed be seen in the fact that in [26] the lack of regularity of the flow is shown to
be primarily due to the influence of surface tension. Though in our work the lack of
reqularity of the flow is shown to be due to the hydrodynamic term (the non-linear
transport term,).
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Now we turn to gravity water waves, i.e Kk = 0 where the well posedness of the
Cauchy problem is proved in [6]. It is well known that the vertical and horizon-
tal traces of the velocity on the free boundary play an important role in the well
posedness of the Cauchy problem and are given by:

ViV + G
B = (0,0)ymy = — : f'w;”)w, (1.3.6)

Theorem 1.3.2. Fiz the dimensiorzl d>1 and c?nsider two real numbers r > 0,
s €2+ %,—l—oo[1 and (0o, Yo) € H¥T2(R?) x H¥"2(R?) and consider

(1o %) € B((no, o), ) C H™ 2 (RY) x H*"2 (RY)
such that we have:
1. VJ € H*(RY), Bje H*R?),
2. Hy_q s satisfied,

3. there exists a positive constant ¢ such that, Yz € R al(z) > ¢ > 0 (see
(1.3.5)).

We denote the set of such (ny,() by I.. Then there exists T > 0 such that the
Cauchy problem (1.3.4) with initial data (n},,) has a unique solution

(o ') € CO0, T H* 2 (RY) x H* 2 ()
such that for t € [0,T] the assumption Hy is satisfied, Vz € RY, d'(t,z) > § and
(V',B') € C°([0,T]; H*(R?) x H*(RY)).
Moreover VR > 0, the flow map:

I, —»C([0,T), H* 2 (RY) x H*T3(RY))
(110> o) = (', 4"

s mot uniformly continuous.
Considering a weaker control norm we get: For all € > 0, the flow map:

I, —»C([0,T], H "2 (RY) x H* 27 (RY))
(6, 00) = (', ¢)
is not C1.

Remark 1.3.2. The previous results for the water waves on R?® extend to T?.

Here we are slightly above the threshold of well-posedness of 1 + % proved in [6].
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1.3.5 Exact regularity of the flow map of the 2d Gravity Capillary
equation

We consider the case when d = 1 and 7, ¥ are 27-periodic in the space variable x.
Then Theorem 1.3.1 is completed by the following:

Theorem 1.3.3. Consider two real numbers r > 0, s €]3 + 3, +oo[ and (no, o) €
HS"'%(T) x H*(T) such that,

(1, 04) € Bl(mo, o), ) C H*3(T) x H*(T)

the assumption Hy—q is satisfied. Define (n,v) and (n',4") as the solutions to the
Cauchy problem (1.3.4) on [0,T], T > 0. Define the following change of variables:

o= [ it <ain<t, R /0/2 [1 e 8””‘4 & (130
= [viE@a R - [ [y 0] VI G

and X' is defined analogously from (n',").
Then for r sufficiently small and t € [0,T] we have:

| =y e, .

< C(H(Tloa¢07776a¢6)HH5+%XH5) ‘(77071/]0)* - (776,7»06)*/

e de (138

where * and * are the paracomposition by x and ', which we recall it’s definition
m 3.4.

Remark 1.3.3. The time integral in the re-normalization 1.3.7 is to insure that the
mean value of the transport term vanishes. This re-normalization is needed here to
compensate the non-linearity in the dispersive term of order % here.

1.4 Paradifferential calculus

The paradifferential approach in microlocal analysis was introduced by Bony [15, 16,
18, 19], see also Meyer [54], Hérmander [36], Metivier [53], Alinhac [10, 11], Taylor
[73, 74], Bahouri, Chemin and Danchin [12].

1.4.1 Pseudodifferential operators

First let us introduce broadly speaking pseudodifferential operators, following the
symbolic approach (see for example Hormander [35, 36]), the goal is to mimic the
construction around regular differential operators:

a(,&) = Y aa()(if)%, aq € C5°.

la<m

Taking an operator T' on ./, it is said to be a pseudodifferential operator if the
there exists a regular function (i.e C*°) a, called the symbol of T', such that:

T(eimg) = a(a:,f)emg, Ya, 3,

0200a(w.€)| < Cap(L+ €)™ (141)
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To a symbol a the process that associates to it an operator Op(a) is called quantiza-
tion, there are several possible quantizations which are analogous to (1.4.1), as for
example for the Weil quantization, see for example [19] for more details on the possi-
ble choices of quantization. In this thesis we will only work with Bony’s quantization
(1.4.1).

Pseudodifferential calculus is the understanding of the different properties of
Op(a) such as products, adjoints, continuity on different functional spaces etc.

1.4.2 Paradifferential operators

The initial goal of paradifferential calculus was to study the propagation of sin-
gularities for nonlinear equations and thus one needed a more flexible notion than
pseudodifferential calculus that includes symbols with limited regularity in the space
variable.

1.4.2.1 Paraproducts

The key observation by Bony is the following, using the Fourier inversion formula
for the product of two functions:

1 .
f(x)g(x) = Wl//ww e EH8) Z(£)(£).F (g)(&2)dErdEs (1.4.2)
1 .
@ / /MM& HETEF ()(@)F () (@)derdes (14.3)
; i (&1+é2) 7 o
i (2m)2d //51+£2N|£1 F()(&)-F (9)(§2)dE1dE:

; eix'(§1+£2) a
+ (2m)2d //51|~£z| F(f)(&1)F (9)(§2)dE1dEs
=Trg+Tyf + R(f,9), (1.4.4)

Then Bony proved that for f € L°°, T} is continuous from H® to H® for all s € R
which for is not the case of fg indeed for ¢ € H® and s large for fg to be in H® it
is necessary that f € H®.

The operator T'tg is called the paraproduct of f and g and can be interpreted
as follows. Loosely speaking, the term Tyg takes into play high frequencies of g
compared to those of f and demands more regularity in ¢ € H® than f € L
thus the term Tyg bears the "singularities” brought on by g in the product fg.
Symmetrically Tj f bears the ”singularities” brought on by f in the product fg.
The second key observation by Bony is that the remainder R is a smoother function
(HQng) for s > 0.

A heuristic interpretation of Paraproduct

A very useful and instructive heuristic to the notion of paraproducts was given by
Shnirelman in [70]. For the sake of this discussion let us pretend that 0, is left-
invertible with a choice of 9;! that acts continuously from H* to H**1.

Another way to define the paraproduct of two functions f,g € H® with s suf-
ficiently large is: we differentiate fg k times, using the Leibniz formula, and then
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restore the function fg by the k-th power of 9, 1:

fg=0.%0k(fg)
= 0, (gOF f + kOugdF 1 f + - + kO, fOE g + gOF f)

where,
Tyf =0, (905 ), Tyg=0,%(f0%9),
and R is the sum of all remaining terms.

The key observation is that if s > % + k, then g — T'tg is a continuous operator
in H® for f € H*%. The remainder R is a continuous bilinear operator from H* to
HsTL

The operator T g is then called the paraproduct of g and f and can be interpreted
as follows. Again the term Tyg takes into play high frequencies of g compared to
those of f and demands more regularity in ¢ € H® than f € H** thus the term
T'tg bears the "singularities” brought on by g in the product fg. Symmetrically Ty f
bears the ”singularities” brought on by f in the product fg and the remainder R
is a smoother function (H**!) and does not contribute to the main singularities of
the product.

1.4.2.2 Cutoff functions

To formalize the computations above, we introduce a cut-off functions. Let i be
a regular function with support bounded away from (n,0) and (—n,7n) at infinity.
Then the terms in (1.4.3) and (1.4.4) can be formalized by writing:

o= <271r>d / /M (&, &) EFR).Z(1)(€) F (9) () dErdee,

Ty = gt [ [, e @) @02 () 6) o) €derde

R(f,9 (2n)d //Rded (€1, E2)—1(&2,6))e™ EHE) Z(£)(£).Z () (&) dE1dEs.

More generally, given a symbol a and a cut-off 1 we define the paradifferential
operator:
Ty = Op(oy), where F,oy(€,m) = ¥ (€,n) Fza(€,n),

and %, is the Fourier transform with respect to the spacial variable z. Para-
differential calculus is the understanding of the different properties of TY such as
products, adjoints, continuity on different functional spaces etc.

The main two types of regularization through cutoffs, (1/15) B>2 found in the
literature are defined by Hérmander in [36]:

Inl > B(I¢[ + 1),

B p—
] > Blln + €] + 1), 4 V108 = Lwhen 6] > (] +1)

(1.4.5)

¥ (n,€) = 0 when {

and (¢§;)e<1 defined by Métivier in [53]:
GH(,€) = 0 when |n] > e(|g|+1), and 5 (1,€) = 1 when || < S(§|+1). (1.46)
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The figures 1.1 and 1.2 illustrate the choice of cutoff functions in the plane (£,7
when d = 1.

_ Bt
=515

&= — :%71
b=0
— —BQ+n)
N
N\ ¢ B
§= 11’3
B

Figure 1.1: Hormander’s choice of cut-off function (¢37)p>2.

Figure 1.2: Métivier choice of cut-off function (9;)ec<1-

1.4.2.3 Cutoff of the composition of paradifferential operators

In [63] we study the Baker-Campbell-Hausdorff type formula for commutation and
conjugation of paradifferential operators by the flow map associated to a hyperbolic
paradifferential equation. For this we need to study what happens to the frequency
cutoff when composing two paradifferential operators.
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The effect of the composition on the support of cutoff is seen by the following:

B2
€ € 2e+e2 B B 2B+1
affMoa;pM:af{é e anda;bHoaffH:aHB .
oaM®o,M o H gV H
where J}f ® Uff is given by:
ol @ ol (z,€) = (2m) ¢ s Tl @ (2,m)0? @ (y, €)dydn.
X

Thus the composition of two paradifferential operators with cutoffs (111}31) B>2
B2

and (19;)e<1 are still paradifferential operators but with worse cutoffs (7,[);?) B>2
and w?\fﬁg. This is not a problem when considering a finite number of composi-
tion of paradifferential operators but it becomes crucial if one for example needs to
understand the limit of the series, for example % The k—th order term of
such a sum has the cutoffs with parameters ~ 2¥¢ and ~ 2% which are no longer
paradifferential operators when the conditions 2% > 2 and 2¥¢ > 1 are no longer
verified.

To remedy this we introduce a special class of cutoffs (’l,/JB’b) B>1,b>0, Which is
included in a modified version of the Hormader class of cutoffs:

WP(n,€) = 0 when [¢] < B|n| +b, and ¥"°(n,€) =1 when |¢] > Bln| +b+1.
(1.4.7)
In the plane (n,&), when d = 1, this is illustrated by the following figure:

Figure 1.3: The choice of cut-off function (1/}B’b)3>1,b>0, d=1.

We then prove the following sharp estimate on the support of those cutoffs:

2
B
¢B,b o O_,LpB,b o J¢2B_1
a a - »Bsb Bib*
Oq Roq

b
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Thus the composition of two paradifferential operators with this new class of cutoffs
B2
is still a paradifferential operator but with a slightly worse cutoff ¢)25-1 b The gain
from the following new cutoff family can be illustrated in the following, if
BQ
B)=——

then f composed k times with itself converges to 1 when k goes to +oo for B > 1.

§=-n+b E=-n+b+1 E=n+b+1 =n+b

Figure 1.4: The cut-off function (¢*) p~1 p=0-

The regularization by the cutoff U.wLb posses all of the same properties as (@Z)IE}) B>2
and (¢§;)e<1 except their action on functions whose spectrum is located outside a
ball:

supp 7, (f) C B(0, R) = supp Zo(ay" f) C B(0,2R —b),

supp Z(f) € {[¢] > R} = supp Z (00" f) € {I€] > 1}.

The paradifferential operators with this cutoff, Tg’ Lb, will be shown to verify all
of the standard calculus properties but their continuity will be reduced to spaces
HS,s > 0. Thus in comparison with the other cutoffs, (¢5)p=a, (¥§;)e<1 and
(B?)p=1p=0), we only lose the continuity for s < 0. An interesting application to
this new cutoff is following.

Corollary 1.4.1. Consider four real numbers § < 0, s >0, B > 1, b > 0, and

B,b

symbol a € Fg. Then TffB’b € L(H?®) which is a Banach algebra, thus I €
Z(H?) is well defined. Moreover there exists a symbol exp(a) € Fg such that:

B,b

T Pl
e = Id—TI +Texp(a)

b

in L(H).

1.4.2.4 Paracomposition

In [10] Alinhac constructed an operator, called the paracomposition operator such
that given a p > 0 and C'*7 diffeomorphism x : Q1 — 5 between two open subsets
of R?, then the paracomposition by y is an operator x* : ©’(Q3) — ©’(£;) having
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analogous properties to the usual composition v — uoy but with limited dependency
on the regularity of x as for classical paradifferential operators i.e the paraproduct
T, is well defined from H® — H?®, for all s for a merely in L*°.

Alinhac’s construction was motivated by questions that arose from the study of
non linear PDEs for example: the study of the transport of a distribution’s wave
front by a diffeomorphism with low regularity as in the works of E. Leichtnam in
[51], the study of the singularities of solutions to semi-linear hyperbolic evolution
problems and the characteristic surfaces of the associated operators (here having low
regularity), the main reference being Bony’s work on the subject ([16],[15],[17],[18]).
More recently in [3] and [6], the Paracomposition appears naturally as the ”good
variable”? after a low regularity change of variable in treating the Cauchy problem
for the Water Waves system with rough data. It will also appear in our proof of the
quasi-linearity of the Water Waves system [62].

Finally the construction of x* gives a complete linearization formula to the com-
position of two functions (with one being a diffeomorphism) generalizing the classic
para-linearization Theorem by Bony [16] in a low regularity case.

Bony showed that for u € C*° and x € H}} ., s > g (without the diffeomorphism
hypothesis):

uwox =Ty X + remainder,

and Alinhac showed for u € C? o > 1 and x € C'*?, p > 0 a diffeomorphism:

loc?

uox =x"u+ Tu’(x)X + remainder. (1.4.8)

Another fundamental result obtained by Alinhac is that the operator x* benefits
from symbolic calculus properties, that is, it conjugates paradifferential operators.
Given T}, a paradifferential operator, Alinhac proved a result in the form:

X*Thu = Tp+x"u + remainder,
where h* is the pulled back symbol in the case of diffeomorphisms.

The main result in this thesis on paracomposition generalizes Bony’s and Alin-
hac’s work by:

e dropping the diffeomorphism hypothesis with a new operator x* : ®'(Q3) —
D'(Q1). x* will coincide with Alinhac’s operator x* modulo a regular remain-
der in the case of diffeomorphisms.

e Giving estimates in global spaces instead of local spaces.

We will then show that x* benefits of symbolic calculus properties, for that we will
start by discussing the pull-back of pseudodifferential and paradifferential operators
by x which then become Fourier integral operators. In this discussion we show that
those Fourier Integral Operators obtained by pull-back are pseudodifferential or
paradifferential operators if and only if they are pulled-back by a diffeomorphism i.e
a change of variable. We also give a proof to the change of variables in paradifferential
operators as we could not find a reference in the literature.

2The so called good unknown of Alinhac.
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A heuristic interpretation of Paracomposition

We again work with f € H® and g € C® with s large and consider the composition
of two functions f o g which bears the singularities of both f and g, and our goal is
to separate them. We proceed as before by differentiating f o g k times, using the
Fad di Bruno’s formula, and then restore the function fg by the k-th power of 9, !:

fog=0,"0(fog)
=9, ((0kfog) (0ug)f+ -+ (0ufoyg) Okg)
= g*f + Tawfogg + R,

where,
gf= 8;k((8£f og)- (8xg)k) is the paracomposition of f by g

and R is the sum of all remaining terms.

Again the key observation is that if s > % + k, then f — ¢*f is a continuous
operator in H® for g € C*~*. Thus this term bears essentially the singularities of
fin fog. As before Ty, roqg bears essentially the singularities of g in f o g. The
remainder R is a continuous bilinear operator from H*® to H**!'. Thus we have
separated the singularities of the composition f o g.

A heuristic interpretation of change of variable in Paradifferential oper-
ators

From what we have seen previously it seems likely that the adequate change of
variables for paradifferential operators is one that comes from commuting with the
paracomposition by a diffeomorphism. We carry on the previous computation with
the trivial paradifferential operator 9, ~ Tj¢ and we suppose moreover that g is a
diffeomorphism.

g 0uf = 0,7 (05" fog) - (0:9)")
= 0, " (k[0 (05T f o g) - (029)" ] - (029) ")
~To,9-1Ticg" f,

and we notice that (0,9) 1i¢ = (0,)* is the usual pull-back formula for pseudod-
ifferential symbols by a diffeomorphism ¢, giving us the desired symbolic calculus
rules.

1.4.3 An application of the paracomposition operator

Now that we have global spaces estimates on the paracomposition operator and the
paralinearization formula (1.4.8), let us give some examples of applications to the
study of composition in Sobolev spaces with limited regularity. The literature on
this problem is rich and we focus on two recent articles treating this subject [13] and
[41], in which the authors study composition in Sobolev spaces and the geometry
of diffeomorphisms groups on manifolds. We will limit the discussion here to the
Euclidean space in which the tools presented here significantly improve upon the
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results from [13] and [41]. First in [41] the composition estimates are proven on
H™(RY) x D¥(R?) with n € N, s > 1 + ¢ an integer and

D3 (R?) = {w —id € H*(RY), 4 is a diffeomorphism} .

Here we generalize this to n, s real number and from the paralinearization formula
(1.4.8) it is justified to work in the class D*(RY) which appears naturally but it ad-
mits several generalization. The simplest one is for example using Zygmund spaces.
We also clarify the need of the diffeomorphism hypothesis. More precisely we have
the following,

Corollary 1.4.2. Consider two real numbers s € R, p € Ry \ N, and take ¢ €
H*(RY) and consider x € T/Vlijp’oo(Rd) a diffeomorphism such that Dy € WP (R9).
Then ¢ o x € H™"(sP)(RY).

The result we have is even stronger indeed it’s a Kato-Ponce like decomposition
of the different terms that appear in the H® estimates of composition, for example
keeping the notations of the previous Corollary and taking ¢ € D*(R%) we can have
estimates of the form:

160 Yllgrs < NDYll oo 19l s + 1D oo 190 = Tdl| g7 -

So if we were only working with Sobolev spaces more sophisticated versions of the
previous inequality give,
Corollary 1.4.3. Consider a real number s > 1+ g, and take ¢ € H*(RY) and

consider x € VVZL—CFS RY) a diffeomorphism such that Dy € WH°(R?) and
D?x € H*"2(RY). Then ¢ox € H*(RY).

_%,OO(

Secondly in [13] to prove the well posedness of EPDIFF equation the authors
treat the case of change of variables in pseudodifferential operator with a diffeo-
morphism with limited regularity. The results obtained were restricted to skew-
symmetric operators with compact support and a diffeomorphism in the class D* (Rd).
Our analysis of such a change of variable shows that the correct category in which
the pull back of a pseudodifferential operator by a diffeomorphism with limited
regularity is that of paradifferential operators. Thus here the more general case
of symbols with limited regularity is treated, the pseudodifferential symbols being
the the case where the symbols are regular, the ellipticity and symmetry hypothe-
sis dropped and the need of diffeomorphisms when making the change of variable
justified. More precisely we have

_d o
Corollary 1.4.4. Consider a real numberr, A € S"(R¥xR?) and x € I/Vliis 27 (RY)
a diffeomorphism such that Dx € WH(R?) and D*y € H*"2(R%). Then the pull
back A* of A by x defined as

ue S Au=[A(uox) ox!,

is extended to a linear bounded operator from H*(R?) to H*"(R%).
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1.5 Sketch of the different strategies on the model prob-
lem

In this section we will give the sketch of the proofs for the main Theorems 1.2.1,
1.2.2, 1.2.3 and 1.2.4 on the dispersive Burgers equation.

1.5.1 Sketch of the proof of Theorem 1.2.1

The point of start is to adapt the classic proof of the quasi-linearity of the Burgers
equation, presented to me in a personal note of C. Zuily [76], that we will recall
here.

1.5.1.1 Quasi-linearity of the Burgers equation

The result of quasi-linearity of the Burgers equation is that the flow map taken
point-wise in time fails to be uniformly continuous. Such a result is obtained by
constructing two families of solutions u and v from some initial data u®and v°
depending on parameters A and e such that

=0and [[(u—v)(t, )|y >c>0, witht>0.

lim Huo — ”OHHS

A——+o00
e—0

To show how to construct such families we start by recalling the usual geometric
construction of the graph of a function u(t,-) solution to the Burgers equation with
initial data u®. Put

x(t, ) =z + tu’(2)
the characteristic flow associated to the problem, which is a diffeomorphism in the
x variable. Then,
u(t,) = u o x 7t x).

The action of x~! on the graph of u® is given by the Figure 1.5 below that also

shows the shock formation phenomena.
Then u° and v° are chosen as a high frequency compactly supported ansatz depend-
ing on (A, €):

ud(z) = A%_sw()\x), v0(x) = u(x) + ew(z), with w e C§°,
where € represents a change in the initial speed of transport, and (e, \) verify:

e ¢ — 0 insuring that the difference in the H® norm of the sequences of initial
data goes to 0.

e )\ — 400 is the usual ansatz parameter hypothesis.

e ¢A — +oo insuring that the change of transport speed is enough to have

disjoint supports at positive time.
Now if we put y and ¥ to be the characteristic flows associated to the solutions u"

and v° then:

(u—v)(t,z) =



Figure 1.5: The lines (1) and (2) are the characteristic curves from Q{* and Pi". T
is the time of formation of the shock wave.

Figure 1.6: Graph of the ansatz.

Then using the compactly supported property of u® and the change of speed we
prove that u®(x~!(t,z)) and u®(¥~!(¢, z)) have disjoint supports which is illustrated
by Figure 1.7. We then prove that |[u®(x~'(t,x))||,;, > ¢ > 0 which finishes the
proof of the non uniform continuity of the flow map. For the control in a weaker
norm, that is the flow map cannot be C1(H*(D),C°([0,T], H*~1T¢(D))), we get it
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e A S e
t \\\\\\ T-a
Figure 1.7: Transport of the ansatz.
from the estimate HUO(X(t7$)_1)HHS_u > cATH
1.5.1.2 Quasi-linearity of problem (1.2.2)
Now if we adapt the proof to our current problem (1.2.2) we get:
(u—v)(t,2) = f(t,x(t,z)"") = g(t, x(t,2)™")
= f(ta X(tv $>71) - f(t7 X(ta x)il) + OHS (6 + t2€)\a)7
where f and g are solutions to
Oif + (0. |D|* N f =0 (1.5.1)
8+ (0:|DI*") g=0 (1.5.2)

and (-)* and ()* are the change of variables by the characteristic flows defined for a
symbol a by

Op(a)*(uox) = (Op(a)u) o x i.e Op(a)*(u) = (Op(a)[uox~"])ox,

and analogously for ()* The pulled back equations (1.5.1) and (1.5.2) are shown
to be well posed in Appendix 4.5.

The first immediate problem we face is the extra term t2eA® which diverges. To
remedy this problem, we give up wanting to control of the low map punctually with
a fixed time ¢ and use a conveniently chosen sequence of small time (7) to control
T2eN:

7 — 0 and Aer — 4-o00.

The second, deeper problem we face is that we lose control over the support
of the solution. Indeed (1.5.1) and (1.5.2) are obtained by pull-back of the linear
equation

dyw + 0, |D|* w =0 (1.5.3)
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which is a non local-dispersive equation that is expected to disperse the support of
the solution and the L° norm. This phenomena is thus expected to oppose the
phenomena illustrated by the previous Figures (1.5) and (1.6) and indeed does so
for the KdV equation on R.

To remedy this, the idea is not to use u” and v as initial data but by profiting
of the time reversibility ® of the equations use the backward in time solutions u'
and v! defined by:

w solution of (1.5.3), w’ solution of (1.5.3),
(/J(’T, ) = u07 wl(7_7 ) = an
W(O, ) — ul) W’(O, ) = vl'

This gives us:
(u—v)(r,z) =u’(x 1 (t,2))) — (X (t, 3)) + Ops (€ + 72X + 72N 1),

We then prove that this gives the desired result, in the threshold a € [0,2[, by
proving analogously to the Burgers equation: Huo(xfl(t, w))HHs > ¢ > 0 and then
using the compactly supported property of u’ and the change of speed we prove
that u®(x~1(t,z))) and u®(¥~1(t,z)) have disjoint supports.

1.5.2 Sketch of the proof of Theorem 1.2.2

For Theorem 1.2.2, we first work on H{ and the main idea is to conjugate (1.2.2) to
a semi-linear dispersive equation of the form:

dyw + |D|* " d,w = Ru,

where R is continuous from H? to itself. For the viscous Burgers equation such a
result is obtained by the Cole-Hopf transformation that reduces the problem to a
one dimensional heat equation. In [72], Tao used a complex version of the Cole-
Hopf transformation to reduce the problem on the Benjamin-Ono equation to a one
dimensional Schrodinger type equation, this idea was extensively used to lower the
regularity needed for the well-posedness of the Cauchy problem as in Molinet’s work
in [56]. A generalized pseudodifferential form of this transformation was used in [7]
to reduce the one dimensional water waves system to a a one dimensional semi-linear
Schrédinger type system.

Formally if we follow the same lines of those previous papers, the transformation
we will have to use is a pseudodifferential transformation of the form:

{w = Op(aju, (1.5.4)

1—
0= el U,

where U is a real valued periodic primitive of u (that is 9,U = u), that exists because
u has mean value 0.

3This idea fundamentally depends on the local reversibility in time of the linearised equations
and thus fails for the fractional Burgers equation.
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The main problem is that such an operator belongs to a Hormander symbol class
of the form S271,27a’ which for o = 3 becomes S9 ; which is a "bad” symbol class

with no general symbolic calculus rules. Thus we 2h?awe to treat this transformation
with care.

The idea here is inspired by the particular form of the formal computation,
we express the desired operator as the time one of a flow map associated to a
hyperbolic equation, i.e a = Ay where (A;)rcr is defined as the group generated by
the paradifferential operator 7}, where p is a real valued symbol of order smaller
than 1. This is inspired by previous results of Alazard, Baldi and P.Gérard [2].

Take a different operator T,. The main new idea is to apply a Baker-Campbell-
Hausdorff formula. Formally this allows one to express A,TpA_, as a series of
successive Lie derivatives [iT}, - -, [iT},,Tp] - - -]. The same kind of computations go
for [A;,Tp]. The convergence of such a series is a non trivial problem, equivalent
to solving a linear ODE in the Fréchet space of paradifferential symbol classes """
defined in Appendix 3.2.3. Such an ODE is not generally well posed and to solve
such a problem one usually has to look at a Nash-Moser type scheme. Though in our
case we have an explicit ODE that can be solved locally with loss of derivative thus
inspired by Hérmander’s [37] and Beals in [14], we prove the existence of a symbol b™
such that A;TpA_, = Ty, moreover b” is shown to have the asymptotic expansion
given by the Baker-Campbell-Hausdorff formula. The use of paradifferential oper-
ators is key here, as in Hérmander’s [37], because the continuity of paradifferential
operators given by Theorem 3.2.3 insures that we do not need to control an infinite
number of semi-norms as would have been the case for pseudodifferential operators.

Finally the transformation defined in this way helps us to reduce the transport
term of order 1 to a term of order 2 — o which is enough for our problem.

Passing from H{ to H® we use the following gauge transform:

it z) :u(t,x—t][uo)—][uo, where %‘/T:][,

which we prove is continuous on H* but not uniformly continuous and C' only from
HS to H 1.

For the Gravity-Capillary equation the problem is more delicate. Indeed the
model problems we studied are for the system after paralinearization and sym-
metrization. First the change of variable from the original system to the para-
linearized and symmetrized one is known to be Lipschitz on H® for s > 2+ % Thus
the problem is indeed reduced to the study of the flow map regularity of an equation
of the form

Owu + Ty Oyu +iTyu = f.
In the same spirit as [7, 1] we perform a para-change of variable, i.e we para-compose

with x defined by (1.3.7), to get:

O[u*] + Tw o, u™ + iTm%u* = f, with / W = 0.
T

We then proceed exactly as for Equation (1.2.2) (with the 0 mean value hypothesis
insured by the choice of ).

Remark 1.5.1. e Transformation (1.5.4), in which we use a primitive of the
solution is called a gauge transform in the literature.
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e As for the Cole-Hopf transformation, this gauge transform (1.5.4) is one di-

mensional and no suitable generalization exists for water waves system in
higher dimension.

e The same type of transformation can be iterated and get at the step of order k
a remainder of order k + 1 — ka which is acceptable for k sufficiently large as
a > 1 but the price to pay is that we have to assume that s > 1+ %

1.5.3 Sketch of the proofs of Theorems 1.2.3 and 1.2.4

The starting point is to prove the key a priori estimate (1.2.12). Let us explain
how to do so on the L? level first, passing from this to the H* estimates adds a
(significantly) more technical step to the proof.

To get the L? estimate, we are looking for an operator A such that:

atu + EfTuu - T%Ju + Ti£|£|a—1u = 0 = atu + Ailz‘;glﬂa—IAu == R2—a + ROO7

where A is a unitary operator modulo, at least, an a-regularizing operator, Ro_, is
of order 2 — o with Re(Ra_,) of order 0.

To find A we follow our construction in section 5.1 and define A = A?, where A?
is the flow of a hyperbolic paradifferential equation of the form:

0r APhy — iT,APhg = 0, ABhg = hy.

Using our result on the Baker-Campbell-Hausdorff formula for this type of flow
proved in section 5.1 we are looking for p such that:
(AL T,

@U, where U is a primitive of u, was
enough to have R as an o — 1 regularizing operator when s > % which gave us
the desired result on the flow map regularity at this threshold. At our threshold of
regularity where we only control the L2([0,T], W2~%) norm of u this would give R
as an operator of order 1, that is there is no apparent gain that comes from this
transformation.

To remedy this the idea is to construct p implicitly. Indeed using the stability of

paradifferential operators by commutation with A} proved in section 5.1, we write:

In the previous section, choosing p =

AL T,

’L£|£‘a71] — Allec

i°[glel* Y

It is here where the two cases a < 2 and a > 2 have to be treated differently. Indeed,
on one hand by Proposition 5.1.3, i°[¢ |§]a71]11” belongs to a symbol class of the form
L3 Shin(a—1,1),2—«- And on the other hand ud, + 83” el = LS 0, thus for a < 2
there is no hope to solve:

Oz

i€ |§\a_1]113 = udy + TR

and for o > 2 it seems possible through a local implicit function type theorem.
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The case a < 2: We solve the problem approximately, using the ellipticity of
33 |O‘_1, we show that we can fully solve the first term in the Baker-Campbell-
Hausdorff expansion of i°[¢ |¢|*]?, i.e we solve:

[ip, i€ €171 = ud, + a’;’“.

This amounts to right inverting a linear operator in the Fréchet space of parad-
ifferential operators. The problem is first reduced to a standard linear inversion
in the scale of Banach spaces defining the Fréchet space of paradifferential opera-
tors. Then using an explicit approximate parametrix, given by the usual Cole-Hopf
choice of gauge transformation, a careful choice of cut-off functions studied in [61]
and symbolic calculus we show that a Neumann series can be carried out to correct
the right parametrix into a right inverse in one Banach space in the scale. We then
use a bootstrap argument to propagate the regularity to the hole scale of Banach
spaces and thus the Fréchet space of paradifferential operators.

Getting back to the equation,

e We carefully compute the cutoffs used in our paradifferential operators in order
to exactly control the remainder terms.

e We use the fact that ud, + 83“ and i€ || are L? skew-symmetric to ensure

that p can be chosen L? self-symmetric.

In doing so we construct an L? unitary operator A = A} such that:

1

1)
Crudely at our threshold of regularity using symbolic calculus (1) seems to be of
order 1 4+ 2 — o which seems worse that what we had before. The key cancellation
is that using the identity:
[B,C]" = [C", B,

we see that (1) is actually L? skew-adjoint, which gives the conservation of the L2
norm.

At our level of regularity s > 2 — a + % this key cancellation does not hold
for higher Sobolev estimates, except in the case of the Benjamin-Ono equation, i.e
«a = 2, indeed in that case:

Op(35)Psp(D
p(z,§) = p(p) QZb( Ju for £ >0,
and,
Eﬁl’b’ iTCﬁ;:ij (o B2ty =T, for £ >0,
ug u

this ”exceptional” algebraic cancellation in the commutator is due to the fact that
O¢p = 0 which does not occur for fractional o # 2. This difficulty was noted in
[33] and the proposed solution was to use a gauge transform with indeed d¢p = 0
to eliminate only the lowest frequency terms in udyu, i.e Po(D)ud,u, and treat the
remainder terms in some carefully modified Bourgain type spaces.

Inspired by this idea we will indeed use a choice of p such that d¢p = 0, which in
the paradifferential setting developed here will amount to a simple approximation
of the symbol p by step functions in the frequency variable &.
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The case o > 2: Using the ellipticity of & |£]a_1 and the paradifferential setting
constructed we show that:

p g

is indeed locally surjective around 0, which is the key technical result we prove in
Theorem 7.1.2. This is a non trivial problem, equivalent to solving a nonlinear ODE
in the Fréchet space of paradifferential symbols. Such an ODE is not generally well
posed and to solve such a problem one usually has to look at a Nash-Moser type
scheme®. In our case the choice of paradifferential setting, inspired by by Hérman-
der’s [37], is shown to be stable by the gauge transformation in Proposition 5.1.4.
Thus we show that the problem can be reduced to a standard implicit function theo-
rem combined with bootstrap argument in order to insure propagation of regularity.
The bootstrap trick is the analogue of the one used in the Picard fixed point theorem
depending on a parameter.
Thus we get,
AL Oy + TigmaﬂAIfu = Ro.

We would like to fully conjugate the quasi-linear equation (1.2.10) to a semi-linear
equation, i.e:

a1 = 0= &gflu—i—Ti a1 Au = R,

£lel

Thus compared to first gauge transform we have to treat the term 0;A. At our
threshold of regularity ;A is still of order 1 thus we don’t have a gain on the order
of the operator. The key idea is to iterate the gauge transform to eliminate those
time derivatives, i.e construct (A]™) that eliminate the terms (9, A7 ") at each step.
We then use Theorem 5.1.1 and the geometric decrease in the norms at each step to
prove the convergence:

Remark 1.5.2. The continuity of operators of type T,irp on Zygmund space with
loss of derivatives were studied by E. Stein [71] and by G. Bourdaud in [20]. In
section 5.1 we need explicit estimates taking into play the exact symbol semi-norms.
For this we give a complete study the continuity of paradifferential operators defined
by symbols in these type of “exotic” symbol classes in Appendiz 5.2. Our proofs
follow the same lines and methods presented in [71, 74, 53].

4Such a scheme can indeed be carried out here thanks to the tame estimates in Remark 5.1.4
but we show that this can be avoided here.
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Le coeur de ce travail est 1’étude du probléeme de Cauchy des équations aux
dérivées partielles (EDP) d’évolution non linéaires, avec un fort accent sur les EDP
provenant de la mécanique des fluides. Pour situer le probleme, nous considérons

une EDP d’évolution générale de la forme :

Ou = F((05u)|a)<k), u(0,-) = uo dans un espace de Sobolev H”, s € R.

Pour une EDP d’évolution les conditions pour que le probleme soit bien posé au

sens d’Hadamard peuvent étre interprétées par le flot:
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e Il existe un temps 7" > 0 et un espace de Sobolev s € R, tel que pour tout
0<t<Tetuyec H? le flot uy — u(t,-) est bien défini et continu de H* dans
Hs.

Plusieurs questions immédiates découlent de cette définition : i) comment démontrer
le caractére bien posé d'une EDP? ii) Est-ce que T' = 400 ? iii) Quel est le plus
petit s possible pour que le probléme soit bien posé ? iv) Quelle est la régularité du
flot 7

Pour répondre a la question ¢), on dispose de plusieurs méthodes pour abor-
der le probleme et qui sont généralement guidées par la "nature” de 'EDP. Nous
considérons les définitions générales préliminaires suivantes, communément trouvées
dans la littérature, que nous revisiterons dans la section 2.1.

e L’équation (2.0.1) est dite linéaire si F' est linéaire dans toutes ses variables.

e Elle est quasi-linéaire si F' est linéaire dans les dérivées d’ordre supérieur de
u, c’est-a-dire que 'EDP peut étre écrite comme :

O = Z aa((05u)o<|g1<k—1)00u + ao(05u)o<|p<k1-
|a|=k

e Et elle est semi-linéaire si de plus (aq)|q|=x ne dépend pas de u.

Pour les équations linéaires a coefficients constants, on se tourne vers une fonction
de Green afin de résoudre le probleme de Cauchy. Pour les équations semi-linéaires,
on s’attend a ce qu’un schéma d’itération de Picard fonctionne et pour les équations
quasi-linéaires, on utilise des techniques plus non linéaires telles que l'argument
de compacité et une méthode énergétique. Malheureusement, cette définition large
échoue comme le montre la section suivante et une définition révisée a travers la carte
de flux est donnée. Le point de départ de cette these était de montrer que le systéme
des vagues a la surface de ’eau avec et sans tension de surface est quasi-linéaire.

Les points ) et i) sont généralement interconnectés par des lois de conservation
et constituent certaines des questions les plus difficiles et les plus profondes en EDP
aujourd’hui. Pour répondre a 'une de ces deux questions, il faut généralement
comprendre les propriétés fines de la non-linéarité F' dans (2.0.1). Un des objectifs
de cette these est de montrer que 'on peut extraire des informations sur la non-
linéarité en étudiant les propriétés de régularité du flot, c’est-a-dire I’étude du point
iv), dans un cadre plus simple comparé & i) et ii) dans le sens ou I'on peut travailler
avec T' < 400 et s > 1+ %, ce que nous avons fait pour le systéme des water
waves et ’équation de Burgers dispersive. De plus, nous montrons que la technique
développée pour étudier la question iv) pour I’équation de Burgers dispersive, c’est-
a-dire une généralisation para-différentielle complexe de la transformée de jauge de
Cole-Hopf, peut étre utilisée pour donner des informations sur les questions 7) et 7).

Les principales techniques utilisées dans cette these se situent a 'interface de
I’analyse microlocale, plus précisément du calcul para-différentiel, et de la mécanique
des fluides pour tenter de donner des réponses aux questions i),ii) et iv) pour le
systeme des water waves et les modeles associés. Tous les résultats présentés ici sont
issus des travaux de 'auteur :

[61] A. R. Said: On Paracomposition and change of variables in Paradifferential
operators, arXiv preprint, arXiv:2002.02943.
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[62] A. R. Said: A geometric proof of the Quasi-linearity of the Water-Waves
system and the incompressible Euler equations, arXiv preprint, arXiv:2002.02940.

[63] A. R. Said: Regularity results on the flow map of periodic dispersive Burgers
type equations and the Gravity-Capillary equations, arXiv preprint, arXiv:2103.03576.

[64] A. R. Said: On the Cauchy problem of dispersive Burgers type equations,
arXiv preprint, arXiv:2103.03588.

2.1 Semi-linéarité and quasi-linéarité des EDP d’évolution

Par les définitions précédentes de la semi-linéarité et de la quasi-linéarité, les équations
suivantes : (KPI) et (KPII) sont semi-linéaires par le compte des dérivées, elles sont
en effet données par :

(u + uty + Upga ) + Uyy =0, (KPI)
(g + Uty + Upga )z — Uyy = 0. (KPII)
Bourgain a montré dans [21] que (KKPII) peut étre résolue par un schéma d’itération
et que le flot est régulier. Mais Molinet, Saut et Tzvetkov ont montré dans [55] que
le flot associé & (KPI) ne peut pas étre C? et qu’elle ne peut pas étre résolue par un

schéma d’itération de Picard. Ils introduisent les définitions suivantes de la quasi-
linéarité et de la semi-linéarité [55] :

e Une équation aux dérivées partielles est dite semi-linéaire si son flot est régulier
(au moins C1).

e Une équation aux dérivées partielles est dite quasi-linéaire si son flot n’est pas
cl.

Cette définition est plus intéressante dans le sens ou une affirmation de la forme
"I’équation (2.0.1) est semi/quasi-linéaire” donne une information concréte sur le
probléme de Cauchy et sera dorénavant utilisée.

Un exemple bien connu d’équation quasi-linéaire est ’équation de Burgers :

O + u0yu = 0 on R,
ou 'on sait que le flot n’est pas uniformément continu, ce qui confere a I’équation

sa nature quasi-linéaire, comme le montre par exemple larticle [65].

2.2 Un probleme modele: I’équation de Burgers disper-
sive

Une classe importante d’équations qui apparat dans 1’étude des modeles asympto-
tiques des équations des water waves sont les équations de type Burgers avec un
terme dispersif, par exemple I’équation de Benjamin-Ono :

Oru + udpu + HO*u = 0 on R, (BO)
et I’équation de Korteweg-de Vries:

Opu + udzu + d3u = 0 on R. (KdV)
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Plus généralement, dans [3] et [6], Alazard, Burq, et Zuily effectuent une par-
alinéarisation et une symétrisation du systéme des water waves qui prend la forme:

ou + Tv(u).Vu + Z'T,y’u, = f,

ol v est un symbole elliptique d’ordre % dans le cas avec tension de surface et % dans
le cas sans et T. est ’opération de para-multiplication qui sera introduite ci-dessous.
Pour s > 1+ %, un bon modele unidimensionnel simplifié est I’équation de Burgers
dispersive:

du+ udpu+ 0, |D|* P u =0, a« € RY, |D| = Op([¢]). (2.2.1)

Remark 2.2.1. L’équation (BO) et I’équation (KdV) sont les cas particuliers pour
a =2 et a = 3 respectivement.

Il a été démontré dans [49], que le flot associée a I’équation de Benjamin-Ono
sur H*(R),s > % n’est pas uniformément continue. La preuve repose fortement sur
la dimension, la structure de I’équation et sur certaines interactions entre les petites
et les hautes fréquences ; elle ne se généralise donc pas au cas du tore T. Plus
généralement, dans [65], ils ont démontré que le flot ne peut pas étre C? (les équations
sont donc insolubles par un schéma de Picard & point fixe) pour les équations de la
forme :

Oru + udyu + w(D)dyu = 0, avec |w(&)| < €7,y < 2.

Ici, la preuve s’appuie fortement sur la formule de Duhamel, sur la solvabilité ex-
plicite de la partie linéaire a I'aide de la transformée de Fourier et encore une fois
sur certaines interactions entre les petites et hautes fréquences ; elle ne se généralise
donc pas au cas de T.

Dans [65], pour I"équation de KdV, en utilisant des estimations dispersives de
type Strichartz, le probleme de Cauchy est résolu par un schéma a point fixe de
type Picard et donc le flot est régulier, montrant un changement dans la nature du
probléeme. Cela montre qu’un phénomene intéressant se produit ou le terme dis-
persif peut dominer la non-linéarité. Sur R, les exemples précédents montrent que
ce changement de régime se produit pour un terme dispersif d’ordre 3. Ainsi, le
résultat obtenu dans [65] est optimal en d = 1.

Dans cette these, nous améliorons ces résultats dans plusieurs directions :

1. nous démontrons le résultat le plus fort possible en démontrant que le flux
n’est pas uniformément continu,

2. pour a € [0,2[ et € > 0 nous démontrons que le flux ne peut pas étre C! de
H5(D) dans CO([0,T], Hs~ 1 (e=D"+¢(D)), ot D = T ou R.

3. Pour ces résultats de type négatif, nous donnons une preuve géométrique ro-
buste qui sera transposée au systeme plus complexe des water waves avec et
sans tension de surface et ce, dans n’importe quelle dimension.

4. Pour a €]1, 2] nous montrons que le flot est effectivement Lipschitz de H§(T), s >
1+2=24 15 090, T, H™27(T)), ott H§(T) est I'espace de Sobolev des fonc-
tions & valeur moyenne de 0.
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Remark 2.2.2. Le point 1 est suffisant pour déduire la quasi-linéarité du systéme
mais l'inconvénient de ce test de quasi-linéarité est qu’il ne montre pas leffet du
terme dispersif. La question naturelle était alors de demander si on peut voir effet
du terme dispersif en analysant plus précisément la régularité du flot.

Pour cela, nous pouvons commencer par remarquer qu’indépendamment de «, le
flot est Lipschitz d’ensembles bornés de H*(D) dans C°([0,T], H*~1(D)) et demander
: Uespace H¥~1(D) peut-il étre remplacé par H*~*(D) avec p < 1 dépendant de o ?
La réponse a cette question est exactement le but des points 2 et 3 ou l’on montre
que le p optimal est 2 — .

2.2.1 La régularité du flot de ’équation de Burgers dispersive

Les points 1 et 2 sont donnés dans le théoreme suivant de [62].

Theorem 2.2.1 (d’apres [62]). Soient trois réels a € [0,2[, s €]2+ 3, +oo[, r > 0
et ug € H*(D). Alors il existe Cs > 0 tel que pour 0 < T < Wm
dans la boule B(ug,r) C H*(D) il existe un unique v € C([0,T], H*(D)) solution du
probleme de Cauchy:

et tous vy

atv+vaxv+8x|D|a_lv =0 (2.2.2)
U(O, ) = UO(')? -
o,
|D| = Op(&).
De plus, pour tous § > 0 et tous p € [0, s], nous avons:
vt € [0,T], [[o(t)]l grumy < CnllOzvll L1 (0,7, o0 (o) 1voll grup - (2.2.3)

En prenant vg € B(ug,), et en supposant de plus que ug € H*T1(D) alors :

Vt c [O,T], ||(U _ ’U)(t)”Hs(D) S eCs(Haac(’UqU)HLl([O,t],LOO(D))+Cst||u0||Hs+1(]D))) ||U0 - UOHHS(]D)) :
(2.2.4)

Le manque de régularité du flot est donné par les résultats suivants sur les boules
centrées a l'origine pour tout R > 0, il existe une constante Cs > telle que pour
T< ﬁ, le flot :

B(0,R) —C([0,T], H*(D))

Vo U

n’est pas uniformément continu.
De plus, pour tous € > 0 le flot:

B(0, R) —»C([0, T], H*~ 107+ ()
Vg —U

n’est pas C".
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Remark 2.2.3. Nous démontrons un résultat plus fort (voir le Théoréme /.2.1)
montrant que pour une perturbation dispersive d’ordre o < 2, le terme de transport
non linéaire domine localement [’évolution et ceci indépendamment de la dimension.
Ce manque de régularité du flot implique que le probleme de Cauchy ne peut pas
étre résolu par un schéma de point fize de type Picard et donc que ces équations
sont quasi-linéaires. Un autre exemple d’application est l’équation de Whitham sur
R :
{c%u 4+ uOyu — Lug = 0,

Lf(x) = [ & p(x,€)f (€)de.
Nous démontrons que cette derniére est quasi-linéaire pour p € S a < 1 et telle
que Im(p) € S° (Voir (3.2.1) pour la définition des classes de symboles).

En examinant la littérature pour évaluer 'optimalité du résultat précédent, tout
d’abord dans [65] I’équation (2.2.1) s’avere en fait quasi-linéaire pour a € [0, 3]
et devient semi-linéaire pour o = 3, i.e ’équation de Korteweg-de Vries, lorsque
D = R suggérant que nos résultats sont sous-optimaux. Puis lorsque D = T, dans
[56], pour le cas a = 2 et ’équation de Benjamin-Ono, il est démontré que le flot
est Lipschitz (et a méme une régularité analytique) sur les ensembles bornés de H§
(Pespaces de Sobolev des fonctions avec une valeur moyenne nulle). Ce ci suggere
que nos résultats pourraient étre optimaux mais avec une subtilité provenant des
basses fréquences.

Le but du prochain théoréme est de démontrer que les résultats obtenus dans
[62] sont optimaux sur le tore tout en clarifiant dans tous ces cas 'effet apporté par
les basses fréquences.

Remark 2.2.4. Dans l’annexe 6.2.3, nous nous penchons sur le probleme sur R et
utilisons la méme transformation de jauge pour montrer que le manque de régularité
obtenu dans [65] pour oo > 2 est essentiellement d au manque de contrle de la norme
L' dans les espaces de Sobolev.

Theorem 2.2.2 (d’apres [63]). Soient trois réels a € [1,+00[, s €]1+2=2+1 4o0],
r >0 et uyg € HJ(T;R). Alors le flot associé au probléme de Cauchy (2.2.2):

Bluo, ) NV HG(T; R) »C((0,7], Hy ™" (T R))
vy U
est Lipschitz.
Plusieurs remarques s’imposent.
Remark 2.2.5. 1. Comme corollaire du Théoréme 2.2.2 nous démontrons dans

la Section 6.1.2 le résultat suivant.

Corollary 2.2.1. Soient trois réels o € [0, +00], s €]1+2=2 + 1 4oo[, r >0
and ug € H*(T; R).

o Alors le flot associé au probléme de Cauchy (2.2.2):

B(u07 T) _>C([07 T]? HS(T; R))
Vo U

est continu mais non uniformément continu.
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e Pour tous € > 0 le flot:

B(ug,r) —=C([0,T], H*~'*<(T; R))
Vg —U
n'est pas C1.
2. Le cas a = % est étroitement lié au systéeme obtenu apres réduction et para-
linéarisation du systéme périodique des water waves en dimension 1 obtenu

dans la [3] Proposition 3.3 par T. Alazard, N. Burq et C. Zuily, que nous
traiterons dans la section sutvante sur le systéme des water waves.

3. Le cas a = 2 est l’'équation de Benjamin-Ono sur le cercle a été obtenu par
Molinet dans [56]. Bien que le résultat de Molinet s’étende au probléme de
Cauchy sur L*(T). De plus, dans [56], seule la régularité du flot pour des
données avec une valeur moyenne de 0 a été étudiée.

2.2.2 Estimations d’énergie améliorée de I’équation de Burgers dis-
persive paradifférentielle

Afin de démontrer le théoreme 2.2.2 nous avons développé une généralisation parad-
ifférentielle d’une transformation de jauge complexe de type Cole-Hopf qui a été
introduite pour la premiere fois par T. Tao dans [72] afin d’améliorer la théorie de
Cauchy pour pour I’équation de Benjamin-Ono & I’espace d’énergie H'. 11 était donc
naturel de se demander si cela pouvait également étre fait pour ’équation de Burgers
dispersive avec ce nouveau type de transformée de jauge en main. Plus précisément,
nous examinerons le probléeme de Cauchy pour des perturbations faiblement disper-
sives de I’équation de Burgers paralinéarisées:

Ayu + Oy[Tyu] — Toguts + 0y |D|* =0, ug € H®, (2.2.5)
2
qui est dérivé des perturbations faiblement dispersives de I’équation de Burgers:
Ayu + udpu + 0, |D|* =0, ot a €]1,2] et |D| = Op(|¢]). (2.2.6)

Pour o = 2 dans (2.2.6), nous avons 1’équation habituelle de Benjamin-Ono,
pour o = 3 nous avons ’équation de KdV, pour a = % et a = % respectivement
cette équation est un modele unidimensionnel simplifié pour le systéeme obtenu par
paralinéarisation et symétrisation du systeme des water waves avec et sans tension
de surface [7, 1, 8, 3, 5].

Le probleme de Cauchy associé a (2.2.6) a été largement étudié dans la littérature.
Pour un aperu complet et exhaustif de ces équations et de leurs liens avec d’autres
problemes issus de la mécanique des fluides et des équations non linéaires dispersives
en physique, nous nous référons a 'ouvrage de J-C. Saut [65, 66].

Pour a > 2 le probleme de Cauchy est maintenant tres bien compris. Une
premiere approche consiste a utiliser des effets de regularisation et des estimations
de Strichartz adaptées, voir [60, 48]. Une deuxieme approche consiste & utiliser
des espaces dont la localisation en fréquence dépend du temps comme dans [42].
Une troisieme approche, introduite pour la premiere fois par Tao dans [72], con-
siste a utiliser une transformation de jauge pour éliminer les termes avec le pires
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d’interaction, voir également [23, 58] pour I’équation de Benjamin-Ono et [33] pour
a €]2,3[, ce qui, a la connaissance de 1'auteur, est la seule fois ol la transformation
de jauge a été utilisée pour améliorer la théorie de Cauchy local de I’équation de
Burgers dispersive dans le cas d’une dispersion fractionnaire.

A TVexception de la premiere approche, selon les termes de [69], ces approches
rencontrent de sérieuses difficultés techniques pour « < 2. Le but de cette section est
de montrer qu’en utilisant la transformation de jauge introduite dans [63], la derniere
approche peut encore étre réalisée pour 1 < a < 2 et elle donne des estimations

dans H*(D) sous le contrle de

’(1 + [ull o) Hunﬁw,mHL%, améliorant le facteur

hyperbolique bien connu |0, ul| LiLge- &la connaissance de 'auteur, c’est la premicre
fois qu'une technique de transformation de jauge a été utilisée pour améliorer la
théorie de Cauchy local de ’équation de Burgers faiblement dispersive.

Nous montrerons également que pour 2 < a < 3, cette transformation de jauge
peut étre utilisée efficacement pour conjuguer completement 1’équation dispersive
paralinéaire de Burgers a ’équation dispersive linéaire modulo un reste régulier,
c’est-a-dire C'*°, sous le contrle de ||ul] Leoc2a a la connaissance de 'auteur, c’est la
premiere fois qu’'une telle transformation est effectuée en dehors des cas intégrables,
c’est-a-dire @« = 2 et o = 3. Pour ces cas, c’est-a-dire les équations de Benjamin
Ono et de KdV, des coordonnées de Birkhoff appropriées ont été construites pour
diagonaliser ’hamiltonien de dimension infinie, pour cela nous nous référons aux
travaux pionniers de Gérard, Kappeler et Topalov [29, 30, 43].

Les quantités suivantes sont conservées par le flot associé a (2.2.2):

[u(®)llg2 = l[uoll2 » and, (2.2.7)
H(u) = /R D] (t,x)dx—l—;/Ru?’(t,x)dx — H(u). (2.2.8)

Par I'injection de Sobolev Hs < L3, H(u) est bien définie pour o > 1 + % De
plus (2.2.6) est invariant par la transformation d’échelle:

uy = A Tu(\, Ax),

pour tous X positif. Nous avons [|ux(t,-)|| ;7. = A3 [lu(A*
critique correspondant a (2.2.6) est s. = 3 — . En particulier,
pour o = %
Dans le cas ”faiblement” dispersif, c’est-a-dire @ < 2, une étude numérique
complete a été réalisée par Klein et Saut dans [47]. Ils ont notamment conjecturé ce

qui suit.

|| 775> donc I'index

t,-)
(2.2.6) est L? critique

Conjecture 2.2.1. 1. Pour a < 1, les solutions partant de donmées initiales
suffisamment grandes explosent en temps fini et le font par un scénario de
brisure de vague, i.e 111%1 |u(t)|| p Teste borné tant que ||Opu(t)| oo — +00.

t—T*

2. Pour a > 1, nous avons une existence globale dans le temps pour de petites
données initiales.

3. Pourl<a< %, les solutions suffisamment grandes explosent en temps fini et
le font par le biais d’un scénario d’explosion "dispersif”, i.e. ||u(t)] ;o — +00.
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4. Pour a > %, les solutions existent globalement dans le temps.

Dans [24] et [38], 'explosion est démontrée pour o < 1 et dans [39, 40], il est
démontré que pour a < %, le seul scénario d’explosion possible est un scénario de
brisure de vague, une preuve plus simple peut étre trouvée dans [68].

Dans [52], l'utilisation de l'estimation de Strichartz permet de démontrer que
I’équation est bien posée pour s > % — 3(ag Dot a> 1, démontrant que méme pour
une dispersion tres faible, la théorie de Cauchy peut étre amélioré, ce qui contraste
a nouveau avec 1'équation de Burgers (o = 1) pour laquelle I’équation s’avere mal
posée pour s = 3 dans [52].

Ceci a été amélioré dans [59] en utilisant une version adaptée de la ”I-method”
et des estimations de Strichartz adaptées dans des espaces de type Bourgain. Ils ont
démontré que I’équation est bien posé pour s > %— 5(a47 Dot a > 1, démontrant ainsi
par la conservation de H(u) et le changement d’échelle, I’équation est globalement
bien posée pour o > 1 + g. Ceci était le premier résultat deémontrant un résultat
d’existence globale pour o < 2.

Enfin, pour a > 2, le probleme de Cauchy est beaucoup mieux compris. Pour
I’équation de Benjamin Ono sur R, & la connaissance de 'auteur, le meilleure résultat
actuel est que le probleest globalement dans L? démontré dans [42]. Récemment,
Patrick Gérard, Thomas Kappeler et Peter Topalov ont démontré dans [29] que
I’équation de Benjamin-Ono périodique est globalement bien posée jusqu'a s > —%
et mal posée pour s < % = S., ’exposant critique dans les espaces de Sobolev. Pour
a €]2,3[ sur R le meillieur reésultat actuel est que le probleéme de Cauchy est bien
posé pour « > %(2 — «) sous une condition sur les basses fréquences donnée dans
[32] et dans L? sans condition sur les basses fréquences dans [33]. Pour I’équation
de KdV, dans les deux cas, sur T et R, le probleme de Cauchy est globalement bien
posé sur H~1(R) comme le montre [43, 46], ce qui est le meilleur résultat possible,
i.e ’équation de KAV est mal posée pour s < —1 comme le montre [57].

Les résultats remarquables sur le probleme de Cauchy pour a = {2,3} utilisent
Iintégrabilité de 1’équation de Benjamin-Ono et de 1’équation de KdV et la con-
struction des coordonnées de Birkhoff et ne peuvent donc pas étre étendus au cas

a#{2,3}.

Remark 2.2.6. I est intéressant de comparer (2.2.6) a l’équation de Burgers "frac-
tale”, i.e. ’équation de Burgers avec un terme dissipatif :

Au+ udpu + (—A)2u =0, a>0. (2.2.9)

Pour a = 2, (2.2.9) est l’équation de Hopf habituelle. Le probleme de Cauchy local et
global associé a (2.2.9) est trés bien compris, nous référons a [45] pour une solution
compléte du probléme. Pour o < 1, les solutions suffisamment grandes de (2.2.9)
explosent en temps fini et cela par un mécanisme de brisure de vague. Pour a > 1
les solutions existent globalement en temps.

Cela contraste avec (2.2.6) dans plusieurs directions :

e le changement du caractére bien posé local/global est supposé se produire a
a= % et non a1,

o ['existence conjecturée d’un nouveau régime d’explosion non linéaire pour o €

11,31,
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e la différence drastique du probléme de Cauchy global entre (2.2.6) et (2.2.9)
pour o = 1.

Dans cette section, nous allons étudier de plus pres 1’équation:
Oy + 0, [Tyu) — To,uu + 0y |D|* ' u =0, ug € H?, (2.2.10)
2

ou 1 est I'opérateur de paraproduit défini dans la section 2.4.2.1 ci-dessous.

Remark 2.2.7. Les modifications apportées pour passer de (2.2.6) a (2.2.10) sont
les suivantes:

e Nous avons remplacé le produit % par le paraproduit Ty,u et on a ajouté le
terme —To,uu pour garantir que Oy[Tyu| — To,uu est anti-symétrique pour le
2 2

produit scalaire L?.

o Nous avons omis les termes de reste

O R(u,u) et Ty, u.

Les motivations pour étudier la version paralinéarisée des équations sont les suiv-
antes:

1. L’équation (2.2.10) contient toujours le principal "mauvais” terme o OrUnigh-
Comme a été remarqué dans [72] et [23], c’est le principal terme qui empéche

. . . + 1+
les estimations directes dans X° 2 pour a = 2.

2. En effet en parcourant la littérature [25] et [}2], les termes négligés peuvent étre
traités dans des espaces de type Besov-Bourgain a notre niveau de régularité.
En revanche, les résultats sur (2.2.10) sont plus simples a écrire car ils peuvent
étre completement décrits dans les espaces de Sobolev habituels.

Dans cette thése, nous avons choisi d’é¢tudier le probléeme en deux étapes. Tout
d’abord dans [6/] nous avons traité de la version paralinéarisée de l’équation (2.2.10),
et ce dans le cadre le plus simple des espaces de Sobolev. Nous étudierons [’équation
compleéte (2.2.6) dans des espaces de type Bourgain dans un travail futur.

Nous donnons maintenant le premier Théoreme de la section.

Theorem 2.2.3. Soient deux réels o €]1,2[, s €]1 + 3, +oo[. Alors pour tout
vo dansH®(D) et tout r > 0 il existe Cs > 0 tel que pour 0 < T < WM

et tout ug dans la boule B(vg,r) C H*(D) il existe un unique v € C([0,T], H*(D))
solution du probleme de Cauchy:
Byu + z'TBE:jSH 5.0+ D DI u =0, up € H*, b>0, (2.2.11)
T T
ou B > 2 est donné par le théoreme 7.1.1, B est un cutoff définissant les opérateurs
paradifférentiels (cf. Définition 3.2.9), a* est donné par

1

(@8 = 5 [ (o= y.¢ iy
X
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et B’ > B est le cutoff correspondant au cté gauche de l'équation qui inclut TBY et
son adjoint.

Le flot ug — u est continue de B(vg,r) dans C([0,T], H*(D)).

De plus nous avons lestimation pour t € [0,T):

(Ll ol 2o

|
lut)] gs <e LY J|ug|| s » pour 1 < o < 2. (2.2.12)

Remark 2.2.8. e L’estimation a priori (2.2.12) n’est pas suffisante pour améliorer
le probleme de Cauchy local, en effet nous avons besoin d’une estimation
supplémentaire sur la différence de deuz solutions. Un calcul simple montre
qu’en prenant la différence de deuz solutions u — v nous obtenons :

Oy (u=v)+ T 01 (u—0)+0 [Tu(u — v)] — Ta%u (u—v) + 0z [Ty—yv] — Taxg—v'v =0.

() @)

Le terme (1) peut étre traité en utilisant la transformation de jauge mais le
terme (2) n’est pas un opérateur paradifférentiel en la variable u—v et ne peut
pas étre traité dans notre cadre actuel paradifférentiel restreint aux espaces de
Sobolev. En effet, le terme (2) a la méme structure que les termes résiduels
que nous avons abandonnés pour obtenir I’équation (2.2.10) et doit étre traité
dans les espaces de type Besov-Bourgain, ce qui n’est pas fait ici.

e L’analogue de l'estimation (2.2.12) est toujours valide pour o > 2. Sur R, les
estimations standard de Strichartz donnent pour a = 2, c¢’est-a-dire l’équation
de Benjamin-Ono, l'analogue du résultat de Burg et Planchon [23] et pour
a € [2,3] Uanalogue de [32].

Nous nous tournons vers le théoréme de conjugaison pour « €]2, 3[.
Theorem 2.2.4. Soient deuz réels o €]2,3[, s €]3 +2 — a,+oc[. Alors il eziste

T >0 etr >0 tels que pour tout ug dans la boule B(0,7) C H*(D) il existe un
unique u € C([0,T], H*(D)) solution du probléeme de Cauchy:

Oyu + iT:é’bu + 0, |D|* tu=0, up € H*, b>0, (2.2.13)
ou B>1+ % est donné par le théoréme 7.1.1. Le flot vg — v est continu de B(0,r)
dans C([0,T], H*(D)).

De plus, il existe un symbole p € W7>([0,7], CT(D)), dans les classes de
symboles a régqularité limitée dans la variable de fréquence définie par (7.1.1), telle

que pour son flot hyperbolique (A];(T"))T:I défini par (5.1.1) nous avons :
A (AP _yu+ 8, | D|*H (AP _ju = Roo(u), (2.2.14)
et il existe une fonction croissante Cs, telle que Roo(u) vérifie pour tout p € R :

[ Roo (u) |l e < Crullltell oo 10, 77,02-2(my))-

Remark 2.2.9. e La méthode utilisée ici peut étre poussée pour démontrer que
p est dans CkI‘(f(]D))keN pour tout k € N, avec un rayon plus petit v, > 0
dans le théoréeme 2.2.4 mais sans limite inférieure sur ry. Nous avons choisi
de présenter le calcul montrant p € CIT{(D), qui est la régularité minimale
requise pour la définition de AY.
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e Pour l’équatioln de KdV, cela montre que le probleme est localement bien
posé dans H™2(D) qui est l'analogue du résultat démontré dans [27] qui est
bien inférieur au caractére bien posé optimal dans H—*(D), qui sur R a été
récemment démontré dans [}6], et dans [/3] pour le cas périodique.

2.3 Le systeme des water waves

Nous donnons maintenant les principaux résultats sur le systeme des water waves
avec et sans tension de surface. Nous suivons ici la présentation dans [3] et [6].
2.3.1 Hypotheses sur le domaine

Nous considérons un domaine a frontiere libre, de la forme :
{(t,x,y) €0, 7] xR xR : (z,9) € Qt},
ou €2; est le domaine situé entre une surface libre
Y = {(m,y) ERIXR:y= n(t,x)}
et un fond (général) donné, noté I' = 0 \ ¥;. Plus précisément, nous supposons
qu’initialement (¢ = 0) nous avons I’hypothese (??) donnée par :

e Le domaine ) est I'intersection du demi-espace, noté {1y , situé sous la surface
libre 3,

Q= {(@,y) e R xRy < it z)} (Hy)

et un ensemble ouvert Qs C R tel que Q5 contient une bande fixe autour
de X, ce qui signifie qu’il existe h > 0 tel que,

{(a:,y)ERde:n(t,x)—hgygn(t,x)}CQZ. (Hy)

Nous supposerons que le domaine 2 (et donc le domaine Q; = Q¢+ N Q) est
simplement connexe.

2.3.2 Les équations

Nous considérons un liquide incompressible inviscide, ayant une densité unitaire.
Les équations du mouvement sont données par le systeme d’Euler sur le champ de
vitesse v :

dans €, (2.3.1)

Ow+wv-Vu+ VP = —ge,
divv =0

ol —ge, est 'accélération de la gravité (g > 0) et ou le terme de pression P peut
étre récupéré a partir de la vitesse en résolvant une équation elliptique. Le probleme
est ensuite couplé avec les conditions aux limites :

v-n=>0 sur I,
o =+1+|VnPv-v sur X, (2.3.2)
P =—kH(n) sur X,
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ol n et v sont les normales extérieures au fond I' et a la surface libre ¥, x est la
tension de surface et H(n) est la courbure moyenne de la surface libre :

H(p) = div (w?ﬁiw)

Nous prenons £ = 1 pour le cas avec tension de surface et k = 0 dans le cas
des ondes de gravités (sans tension de surface). La premieére condition dans (2.3.2)
exprime le fait que les particules en contact avec le fond rigide restent en contact
avec celui-ci. Comme aucune hypothese n’est faite sur la régularité de I', on mon-
tre que cette condition a un sens variationnel grce a I’hypothése Hy, pour plus de
détails sur ce point nous nous référons a la section 2 dans [3] et a la section 3 dans [6].

Le mouvement du fluide est supposé étre irrotationnel et €; est supposé étre
simplement connexe donc le champ de vitesse v dérive d’un certain potentiel ¢ c’est-
a~dire v =V¢ et :

A¢ =0 in Q,
Ond=0onT.
Les conditions aux limites sur ¢ devient :
Ot =0 sur I,
Om = 0yp —Vn-Vo sur Y, (2.3.3)

O = —gn+ kH(n) — % |Vx,y¢]2 sur Y.

Suivant Zakharov [75] et Craig-Sulem [28] nous réduisons ’analyse & un systéme
sur la surface libre ¥;. Si ) est défini par

U(t, x) = o(t, z,n(t, x)),
alors ¢ est 'unique solution du probleme variationnelle
A¢ =0 dans Q, ¢jy—y =1, On¢ =0sur I'.
Définissons 'opérateur Dirichlet-Neumann par
(GMY)(t, x) = 1+ |VnPOndpy—y
= (0y9)(t, x,n(t, ) = Vn(t, x) - (Vo)(t, z,n(t, x)).

Pour le cas avec fond irrégulier, nous référons a [9], [3] et [6] pour le caractere bien
posé du probleme variationnel et de l'opérateur Dirichlet-Neumann. Maintenant
(n,%) (voir par exemple [28]) résout :

O = G(n)y, (2.3.4)

o 1. o 1Vn-VY+Gn)y
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2.3.3 Ondes de gravitées de surfaces: pression et coefficient de Tay-
lor

Nous donnons ici un résumé rapide des idées de [5]. Rappelons que par définition,

pour les ondes gravitationnelles, nous travaillons avec kK = 0 et nous définissons le
coefficient de Taylor
alt,x) = —(9,P)(t, z,n(t, 2)).

La stabilité des ondes de gravitées de surfaces est dictée par le signe du coeflicient
Taylor, qui est 'hypothese qu’il existe une constante positive c telle que

a(t,z) > c>0. (2.3.5)

Dans [6], cette condition est nécessaire dans la preuve du caractére bien posé du
probleme de Cauchy ot il est démontré qu’elle est localement propagée par le flot.

Nous allons maintenant montrer comment définir P & partir de la formulation
de Zakharov. Soit R la solution variationnelle de

] 1
AR =0 in , R|y:77 =gn+ 2 ‘vz,y¢‘\2y:n'

Nous définissons la pression P dans le domaine {2 par

1
P(t,:c,y) = R(t,x,y) — 9y — 5 |v$,y¢(tax7y)‘2 :

Dans [5] Alazard, Burq et Zuily montrent qu’a une solution :

1

(n,9) € C([0,T], H**3 (RY) x H**3(RY)),

pour s > %—I—% du systeéme de Zakharov/Craig-Sulem (2.3.4) correspond une unique
solution v du systeme d’Euler, dans le cas x = 0.

2.3.4 Quasi-linéarité du systéeme des water waves

Dans [3] et [6], Alazard, Burq, et Zuily effectuent une paralinéarisation et une
symétrisation du systeme des water waves qui prend la forme :

O+ Ty . Vu+iTyu = f,

ou v est d’ordre % dans le cas avec tension de surface et % dans le cas sans. Les

termes V et v vérifient les conditions requises par le théoreme 4.2.1 et donc la
paralinéarisation du systéeme des water waves sont quasi-linéaires dans les seuils de
régularité considérés. Nous en déduirons les deux théoremes suivants.

D’abord dans le cas des water waves avec tension de surface, c’est-a-dire k = 1,
ou le caractére bien posé du probleme de Cauchy est démontré dans [3] nous le
complétons par ce qui suit.

Theorem 2.3.1. On fize la (iiﬂ"Lension1 d > 1 et considérons deur nombres réels
r>0,s€2+ g,—i—oo[ et (o, o) € H*T2(RY) x H*(RY) tel que

V(1 ¥h) € B((m0, o), ) C H*F3(RY) x H3(RY)
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Uhypothése Hi—qg est satisfaite. Alors il existe T > 0 tel que le probleme de Cauchy
(2.3.4) avec des données initiales (nj), V) € B((no, o), ) a une solution unique

(', ") € CO([0, T); H**2 (RY) x H*(RY))

et telle que l’hypothése Hy est satisfaite pour t € [0,T].
De plus VR > 0 le flot :

B0, R) —»C([0,T), H*"2(R%) x H*(R%))
(110> %0) = (', 9"

est continue mais non uniformément continue.
Nous montrons qu’il faut au moins une perte d’une demi dérivée pour avoir un
contrle Lipschitz sur la carte de fluz, i.e pour tout € > 0 le flot

B(0, R) —C([0,T], H* < (R%) x H*~2+ (R7))
(10, ¥0) = (', 9")

n'est pas C1.

Remark 2.3.1. Il est intéressant de noter qu’un résultat antérieur a €été obtenu
sur la régularité du flot pour les ondes de gravitées/capillaritées bidimensionnelles
(c’est-a-dire avec tension de surface), dans [26] Il est démontré que le flot n’est pas
C3 par rapport aux données initiales (no,g) € HS+%(R2) x H*(R?) pour s < 3.

Ce résultat est en contraste avec notre résultat qui est valable pour s > 3 et cela
peut étre vu dans le fait que dans [26] le manque de régularité du flot est montré
comme étant principalement d a l'influence de la tension de surface. Alors que dans
notre travail, le manque de régularité du flot est d au terme hydrodynamique (le
terme de transport non linéaire).

Nous nous tournons maintenant vers les ondes de surface de gravitées, c’est-a-
dire k = 0, ol le caracteére bien posé du probléeme de Cauchy est démontré dans [6].
Il est bien connu que les traces verticales et horizontales de la vitesse sur la frontiere
libre jouent un rle important dans le caractere bien posé du probleme de Cauchy et
sont données par :

Vn -V G

Theorem 2.3.2. On fize la dimension 1al > 1 et coqsz’démns deuxr nombres réels
r>0,s €242, +oo[! et (1o,h0) € H2(RY) x H*T2(R?) et on considére

(1, 8) € B((no, o), 7) C H¥ 3 (RY) x H**3(RY)
tel que nous avons :

1. Vj € H¥(RY), B} € H*(RY),

'l s’agit ici d’un indice légerement supérieur & 1 + g ol le probléeme de Cauchy est démontrée
dans [6].
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2. H;—q est satisfaite,

3. il existe une constante positive c¢ telle que, Vx € ]Rd,ag(z) > ¢ > 0 (voir

(2.3.5)).

Nous désignons l'ensemble de ces (), ) par I,. Alors il existe T > 0 tel que le
probléeme de Cauchy (2.3.4) avec les données initiales (1), ¥}) a une solution unique

(') € CO0. T); H**2 (RY) x H**2 (RY)
telle que pour t € [0, T] Ihypothése Hy est satisfaite, Vo € RY, d'(t,x) > S et
(V',B') € C°([0, T); H*(R?) x H*(RY)).
De plus VR > 0, le flot:
I, —»C([0,T), H 2 (R?) x H*"2(R%))
(no, o) — (', ¥)

est continue mais non uniformément continue.
Considering a weaker control norm we get: For all € > 0, the flow map:

I, »C([0,T], H 2t (RY) x Hs 2 (RY))
(0, 10) (', %)
n’est pas C*.
Remark 2.3.2. Les résultats précédents pour les water waves sur R¢ s’étendent d

T,

2.3.5 Régularité exacte dy flot de ’équation des ondes de surface
de type gravitées-capillaritées en deux dimension de ’espace

nous considérons le cas ou d = 1 et 7, ¥ sont 2w-périodiques dans la variable d’espace
x. Alors le théoreme 2.3.1 est complété par le résultat suivant :

Theorem 2.3.3. Considérons deuz nombres réelsr > 0, s €3+, +00] et (1, 1) €
H*v3(T) x H5(T) tels que,

V(. w4) € Bl(mo, o), ) C H*3(T) x H*(T)

Uhypothése Hi—q est satisfaite. Définissons (n,1) et (n/,¢') comme les solutions
du probléme de Cauchy (2.3.4) sur [0,T], T > 0. Définissons les changements de
variables suivant:

/ V1+ (0t y)) / / [ @1t 9)) +8z¢}d2 (2.3.7)
:/0 V1+ (Ban(t, y))zdy_/o /0% [1+(axn(t7y))2 +8x¢} V14 (8,n)2dy,

et de méme on défenit x' a partir de (n',').
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Alors pour r suffisamment petit et t € [0,T] nous avons :
[CROMECURTOMC
< C(||(mo, vo, mp, vp) ||

HHSXHS*%

(00" — (b ) . (239

1
H*V2 XHs) HsxH*%

ou * et ¥ sont les opérateurs de paracomposition par x et X', dont on rappelle la

définition dans 3.4.

Remark 2.3.3. L’intégrale de temps dans la re-normalisation 2.3.7 est pour assurer
que la valeur moyenne du terme de transport est nulle. Cette re-normalisation est
nécessaire ici pour compenser la non-linéarité du terme dispersif d’ordre %

2.4 Le calcul paradifférentiel

L’approche paradifférentielle en analyse microlocale a été introduite par Bony [15, 16,
18, 19], voir également Meyer [54], Hormander [36], Métivier [53], Alinhac [10, 11],
Taylor [73, 74], Bahouri, Chemin et Danchin [12].

2.4.1 Opérateur pseudodifférentiel

Introduisons tout d’abord les opérateurs pseudodifférentiels au sens large, en suivant
I’approche symbolique (voir par exemple Hérmander [35, 36]), le but est de baser la
construction autour des opérateurs différentiels réguliers :

a(@,8) = Y aa()(i6)%, aq € C5°.

laf<m

Prenant un opérateur T sur ., on dit qu’il est un opérateur pseudodifférentiel si il
existe une fonction réguliere (i.e C°) a, appelée le symbole de T', telle que :

T(eimf) = a(:v,&)ei”‘f, Ya, S,

0207 alw,€)| < Cup(1+1€])" . (2.4.1)

a un symbole a le processus qui lui associe un opérateur Op(a) est appelé quan-
tification, il existe plusieurs quantifications possibles qui sont analogues & (2.4.1),
comme par exemple pour la quantification de Weil, voir par exemple [19] pour plus
de détails sur les choix possibles de quantification. Dans cette these nous ne tra-
vaillerons qu’avec la quantification de Bony (2.4.1).

Le calcul pseudodifférentiel est la compréhension des différentes propriétés de
Op(a) telles que les produits, les adjoints, la continuité sur différents espaces fonc-
tionnels, etc.

2.4.2 Opérateur paradifférentiel

Le but initial du calcul paradifférentiel était d’étudier la propagation des singularités
pour les équations non linéaires et il fallait donc une notion plus flexible que le calcul
pseudodifférentiel qui inclut des symboles avec une régularité limitée dans la variable
spatiale.
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2.4.2.1 Paraproduit

L’observation clé de Bony est la suivante, en utilisant la formule d’inversion de
Fourier pour le produit de deux fonctions:

1 .
f(@)g(z) = Wl//RdXRd e (GH8) Z(£)(£).F (g)(&2)dErdEs (2.4.2)
1 A
= Gy / /|s 1%2‘%2‘em.<sl+gg>y<f)<51)9*(g>(52>d51d52 (2.4.3)
1 civ(&1+82) g o
=20 ) F(£)(€0) 7 (9)(€2)d61ds

1 o (61+62) 7
v [ [ ORI F @) e
=Trg+Tyf + R(f,9), (2.4.4)

Ensuite Bony a démontré que pour f € L™, Ty est continu de H® dans H® pour
tout s € R ce qui pour n’est pas le cas de fg ; en effet pour g € H® et s grand pour
que fg soit dans H* il faut que f € H®.

L’opérateur Trg est appelé le paraproduit de g par f et peut étre interprété
comme suit. Grossierement, le terme T'rg contient des termes de plus hautes fréquences
de g par rapport a celles de f et exige plus de régularité sur ¢ € H® que f € L™
; ainsi le terme Tyg porte les "singularités” apportées par g dans le produit fg.
Symétriquement T}, f porte les "singularités” apportées par f dans le produit fg. La
deuxiéme observation clé de Bony est que le reste R est une fonction plus réguliere

(H%_%) pour s > 0.

2.4.2.2 Une interprétation heuristique du paraproduit

Une heuristique tres utile et instructive de la notion de paraproduits a été donnée
par Shnirelman dans [70]. Pour les besoins de cette discussion, supposons que 0,
est inversible & gauche avec un choix de 9, ! qui agit de manieére continue de H® &
H5FL

Une autre fagon de définir le paraproduit de deux fonctions f,g € H?® avec s
suffisamment grand est : on différencie fg k fois, en utilisant la formule de Leibniz,
puis on rétablit la fonction fg par la k-iéme puissance de 9, !

fg=08;"95(f9)
=0, " (900 f + kOugOy ™' f + - + kO fO, g + 9Oy f)
= Tgf + Tf g+ R,
ou,
—k k —k k
et R est la somme de tous les termes restants.

L’observation clé est que si s > % + k, alors g — T'tg est un opérateur continu
sur H® pour f € H*%. Le reste R est un opérateur bilinéaire continu de H* dans
HsH,

L’opérateur T g est alors appelé le paraproduit de g par f et peut étre interprété
comme suit. Encore une fois, le terme Tg prend en compte les hates fréquences
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de g par rapport a celles de f et exige plus de régularité de g € H® que f € H**
; ainsi le terme Trg porte les "singularités” apportées par g dans le produit fg.
Symétriquement Tj f porte les ”singularités” apportées par f dans le produit fg et
le reste R est une fonction plus réguliere (H**!) et ne contribue pas aux singularités
principales du produit.

2.4.2.3 Fonctions de cutoff

Pour rendre rigoureux les calculs ci-dessus, nous introduisons une fonction de coupure.
Soit 1) une fonction réguliere dont le support est borné en loins de (n,0) et (—n,7n) a
I'infini. Alors les termes dans (2.4.3) et (2.4.4) peuvent écrit rigoureusement comme:

/ / B(Er, £2)e™ EHE) F(£)(60)F (g) (E2)dérdesr,
R4 xR4

T,f / / (Ea, £0)eEHE) F()(61) F (g) (62)dé1d,
27'(' RA xRd

R(f,g @) //Rdx]Rd (€1, &)~ (€a, €1))e™ E1HE) Z(£)(&1).7 (9)(&2)dErdEo.

Plus généralement, étant donné un symbole a et un cutoff ¢, nous définissons
I'opérateur paradifférentiel:

TY = Op(ay), where Zooy (&,m) = ¥(&,n)Fza(é,n),

et %, est la transformation de Fourier par rapport & la variable spatiale z. Le calcul
para-différentiel est la compréhension des différentes propriétés de TY telles que les
produits, les adjoints, la continuité sur différents espaces fonctionnels, etc.

Les deux principaux types de régularisation par cutoff trouvés dans la littérature
sont, (Y5) =2 qui ont été définis par Hérmander dans [36] :

Il > B([¢] + 1),

d $17(1,€) = 1 quand B(|n|+1),
€l > Blln + ¢ + 1, 24 ¥r(n.8) = L auand [} > B(lnl+1)

(2.4.5)

¥ (n,€) =0 quand {

et (¢5;)e<1 défini par Métivier dans [53]:
G (,€) = 0 when |n] > e(|¢|+1), and ¢ (1,€) = 1 when || < S(g|+1). (2.4.6)

Les figures 2.1 et 2.2 illustrent le choix des fonctions de cutoff dans le plan (£,7)
lorsque d = 1.

2.4.2.4 Le cutoff aprés composition des opérateurs paradifferentiels

Dans [63], nous étudions la formule de type Baker-Campbell-Hausdorff pour la com-

mutation et la conjugaison des opérateurs paradifférentiels par le flot associée a une

équation paradifférentielle hyperbolique. Pour cela, nous devons étudier ce qui arrive

au cutoff fréquenciel lors de la composition de deux opérateurs paradifférentiels.
L’effet de la composition sur le support du cutoff est vu par ce qui suit:

32
2£+5 2BF1
O’Z}M o affM = Uwf ve and 0¢H o aZfJH = ad)w oB
M gt oVH g,V H
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Le terme d’ordre k d’une telle somme a un cutoff avec les parametres ~ 2¥e et ~ 2%
qui ne sont plus des opérateurs paradifférentiels lorsque les conditions 2% > 2 et
2F¢ > 1 ne sont plus vérifiées.

Pour remédier a cela, nous introduisons une classe spéciale de cutoff (@/)B ) B>1,b>0,

qui est incluse dans une version modifiée de la classe de cutoff de Hormader:

¥P(n,€) = 0 quand [¢] < B n| + b, and ¥"*(n,€) =1 quand [¢| > B |n| +b+ 1.
(2.4.7)
Dans le plan (n,§), lorsque d = 1, ceci est illustré par la figure 2.3.

§=—-Bn+b €=—Bn+b+1 €=Bn+b+1

Figure 2.3: Le choix cutoff (v/2*)p=1 450, d = 1.

Nous démontrons ensuite ’estimation précise suivante sur le support de ces cut-
offs:
32
¢B,b ’L/JB’b o qr/)QB—l’
Ua © Ja =0 d,B,b d,B,b .
Oq Roq

b

Ainsi, la composition de deux opérateurs paradifférentiels avec cette nouvelle classe

de cutoffs est toujours un opérateur paradifférentiel mais avec un cutoff légerement
B2
moins bon %17, Le gain de la nouvelle famille de cutoff peut étre illustré de la

maniere suivante, si
BQ
F(B) = s

alors f composé k fois avec elle-méme converge vers 1 lorsque k tend vers +oo pour
B> 1.

Tla régularisation par le cutoff a.wl’b possede toutes les mémes propriétés que
(VB)psa et (15,)e<1 sauf leur action sur les fonctions dont le spectre est situé en
dehors d’une boule:

supp Z.(f) C B(0, R) = supp Fo(0? " f) € B(0,2R — b),

supp . Z,(f) C {|¢] > R} = supp Z (0¥ f) c {|¢] > 1}.
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Figure 2.4: Le choix de fonctions de cutoff (¢1’b)B>1,b>0.

On montrera que les opérateurs paradifférentiels avec ce cutoff, T lyb, vérifient
toutes les propriétés standard du calcul symbolique mais leur continuité sera réduite
aux espaces H® s > 0. Ainsi, par rapport aux autres cutoffs, (v5)psa, (¥§;)e<1
et (¥vP?)p=14>0), nous ne perdons la continuité que pour s < 0. Une application
intéressante de ce noveau choix de coupure est la suivante.

Corollary 2.4.1. Considérons quatre nombres réels 5 < 0, s >0, B> 1, b > 0,
B,b
et un symbole a € I‘g. Alors T;b € Z(H?®) qui est une algébre de Banach, donc

s

I e ZL(H?) est bien défini. De plus, il existe un symbole exp(a) dansfg tel

que:
B,b

b 1,
et =Td-Ti+ T

b

in L (H").

2.4.2.5 Paracomposition

Dans [10] Alinhac a construit un opérateur, appelé opérateur de paracomposition,
tel que, étant donné un p > 0 et un difféomorphisme dans C1+* y : Q; — Qy entre
deux sous ensembles ouverts de RY, alors la paracomposition par y est un opérateur
X" D(Q2) — D'(Q) ayant des propriétés analogues & la composition habituelle
u — u o x mais avec une dépendance limitée sur la régularité de x comme pour
les opérateurs paradifférentiels classiques, c¢’est-a-dire que le paraproduit T, est bien
défini a partir de H®* — H?, pour tous les s pour a juste dans L°°.

La construction d’Alinhac a été motivée par des questions issues de ’étude des
EDP non linéaires par exemple : ’étude du transport du front d’onde d’une distri-
bution par un difféomorphisme de faible régularité comme dans les travaux de E.
Leichtnam dans [51], ’étude des singularités des solutions de problemes d’évolution
hyperbolique semi-linéaire et des surfaces caractéristiques des opérateurs associés
(ici de faible régularité), la référence principale étant les travaux de Bony sur le
sujet ([16],[15],[17],[18]). Plus récemment dans [3] et [6], la paracomposition ap-
parat naturellement comme la ”bonne variable””? apreés un changement de variable
de faible régularité dans le traitement du probleme de Cauchy pour le systeme des

2La soi-disant bonne inconnue d’Alinhac.
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water waves avec des données peu régulieres. Elle apparatra également dans notre
preuve de la quasi-linéarité du systeme des water waves [62].

Enfin, la construction de x* donne une formule de linéarisation complete de la
composition de deux fonctions (dont I'une est un difféomorphisme) généralisant le
théoreme classique de para-linéarisation de Bony [16] dans le cas d’une régularité
faible.

Bony a montré que pour u € C® et x € Hj ,s > % (sans I’hypothese de
difféomorphisme):

uox =Ty (X + reste,

et Alinhac a montré pour u € C7,0 > let x € C'**, p > 0 un difféomorphisme:

uox = X u+Ty)X + reste. (2.4.8)

Un autre résultat fondamental obtenu par Alinhac est que 'opérateur x* bénéficie
des propriétés du calcul symbolique, c’est-a-dire qu’il conjugue les opérateurs parad-
ifférentiels. étant donné T} un opérateur paradifférentiel, Alinhac a démontré un
résultat de la forme:

X Thu = T« x*u + reste,

ol h* est le symbole du tiret en arriere dans le cas des difféomorphismes.

Le résultat principal de cette theése sur la paracomposition généralise le travail
de Bony et d’Alinhac par:

e ’abandon de I'hypothese de difféomorphisme avec un nouvel opérateur y* :
D'(Q2) — D'(21). x* concidera avec l'opérateur d’Alinhac x* modulo un
reste régulier dans le cas des difféomorphismes.

e Donner des estimations globales sur I’operateur de paracomposition généralsant
les estimations locales d’Alinhac.

Nous montrerons ensuite que x* bénéficie des propriétés du calcul symbolique, pour
cela nous commencerons par discuter du tiré en arriere des opérateurs pseudod-
ifférentiels et paradifférentiels par xy qui deviennent alors des opérateurs intégraux
de Fourier. Dans cette discussion, nous montrons que les opérateurs intégraux de
Fourier obtenus par rétraction sont des opérateurs pseudodifférentiels ou parad-
ifférentiels si et seulement s’ils sont tirés en arriere par un difféomorphisme, c’est-
a-dire un changement de variable. Nous donnons également une preuve du change-
ment de variable dans les opérateurs paradifférentiels car nous n’avons pas trouvé
de référence dans la littérature.

2.4.2.6 Une interprétation heuristique de la paracomposition

Nous travaillons a nouveau avec f € H® et g € C® avec s grand et considérons la
composition de deux fonctions f o g qui porte les singularités de f et g, et notre but
est de les séparer. Nous procédons comme précédemment en différentiant f o g k
fois, en utilisant la formule de Faa di Bruno, puis nous rétablissons la fonction fog
par la kieéme puissance de 9, ! :

fog=0."0%(fog)
=0, ((0kfog) (0ug)f+ -+ (0ufoyg)-Okg)
= g*f + Tazfogg + R,
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N

o,
gf= 8;k((8’;f 0g) - ((%g)k) est la paracomposition de f par g

et R est la somme de tous les termes restants.

Encore une fois, 'observation clé est que si s > % + k, alors f — g*f est un
opérateur continu sur H® pour ¢ € C*F. Ainsi ce terme porte essentiellement les
singularités de f dans f og. Comme précédemment Ty, ro,9 porte essentiellement
les singularités de g dans fog. Le reste R est un opérateur bilinéaire continu de H*
a H*T!. On a donc séparé les singularités de la composition f o g.

2.4.2.7 Une interprétation heuristique du changement de variable des
opérateurs paradifférentiels

D’apres ce que nous avons vu précédemment, il semble probable que le changement
de variables adéquat pour les opérateurs paradifférentiels est celui qui provient de la
commutation avec la paracomposition par un difféomorphisme. Nous poursuivons le
calcul précédent avec l'opérateur paradifférentiel trivial d, ~ Tj¢ et nous supposons
de plus que g est un difféomorphisme.

g 0uf =0, (05 fog) - (9xg)")
= 0,7 (k[0 (0h f o g) - (029)F ] - (029)7Y)
~To,9-1Ticg" f,

et nous remarquons que (9,g) "¢ = (9,)* est la formule habituelle du tiret en arriere
des symboles pseudodifférentiels par un difféomorphisme g, nous avons obtenues les
regles de calcul symbolique souhaitées.

2.4.3 Une application de ’opérateur de paracomposition

Maintenant que nous avons des estimations dans des espaces globaux sur 'opérateur
de paracomposition et la formule de paralinéarisation (2.4.8), donnons quelques
exemples d’applications a I’étude de la composition dans les espaces de Sobolev avec
régularité limitée. La littérature sur ce probleme est riche et nous nous concentrons
sur deux articles récents traitant de ce sujet : [13] et [41], dans lesquels les auteurs
étudient la composition dans les espaces de Sobolev et la géométrie des groupes
de difféomorphismes sur les variétés. Nous limiterons ici la discussion a l’espace
euclidien dans lequel les outils présentés ici améliorent considérablement les résultats
de [13] et [41]. Tout d’abord, dans [41], les estimations sur la composition sont
démontrées sur H"(RY) x D*(R?) avec n € N, s > 1+ 4 un entier et

D*(RY) = {w —id e H*(RY), 4 is a diffeomorphism} .

Ici, nous généralisons ceci aux nombres réels n, s et a partir de la formule de par-
alinéarisation (2.4.8) on a une justification de 1'utilisation de la classe D*(R%) qui
apparat naturellement mais elle admet également plusieurs généralisations. La plus
simple est par exemple d’utiliser les espaces de Zygmund. Nous clarifions également
la nécessité de 'hypothese de difféomorphisme. Plus précisément, nous avons ce qui
suit.
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Corollary 2.4.2. Considérons deur nombres réels s € R, p € R} \ N, et prenons
¢ € H*(RY) et considérons x € W,oTP°(RY) un difféomorphisme tel que Dy €

WPo(RY), alors ¢ oy € H™™:)(RY),

Le résultat que nous avons est encore plus fort ; en effet, ¢’est une décomposition
de type Kato-Ponce des différents termes qui apparaissent dans les estimations de
composition dans H?, par exemple en gardant les notations du Corollaire précédent
et en prenant 1) € D*(R?) on peut écrire des estimations de la forme :

160 Pllgs < IDYl oo 191l ars + 1Dl oo (14 = L[ s -

Ansi si nous ne travaillons qu’avec des espaces de Sobolev, des versions plus sophis-
tiquées de l'inégalité précédente sont données par

Corollary 2.4.3. Considérons un nombre réel s > 1+ %, et prenons ¢ € H*(RY)

et considérons x € VVlloJch RY) un difféomorphisme tel que Dy € W1 (R?) et
D?x € H*2(R%), alors ¢ o x € H*(R?).

_%700(

Deuxiemement, dans [13], pour démontrer le caractére bien posé de I’équation
EPDIFF, les auteurs traitent le cas du changement de variables d’un opérateur
pseudodifférentiel avec un difféomorphisme a faible régularité. Les résultats obtenus
ont été restreints aux opérateurs antisymétriques avec un support compact et un
difféomorphisme dans la classe D*(R%). Notre analyse d’un tel changement de vari-
able montre que la catégorie correcte dans laquelle s’inscrit le tirer en arriere d’un
opérateur pseudodifférentiel par un difféomorphisme a faible régularité est celle des
opérateurs paradifférentiels. Ainsi, nous traitons ici le cas plus général des sym-
boles a régularité finis, les symboles pseudodifférentiels étant le cas ou les symboles
sont réguliers, ’hypothese d’ellipticité et de symétrie est abandonnée et le besoin
de difféomorphismes lors du changement de variable est justifié. Plus précisément,
nous avons.

_d
Corollary 2.4.4. Considérons un nombre réelr, A € S"(RIxRY) et y € T/Vlirs 2% (RY)
un difféomorphisme tel que Dy € WH(R?) et D>y € H*2(RY). Alors le tiret en
arriere A* de A par x défini par

ue S Au=[Aluox) ox !,

est prolongé en un opérateur linéaire borné de H*(R?) ¢ H*~"(RY).

2.5 Esquisse des différentes stratégies sur le probleme
modele

Dans cette section, nous donnons un apercu des preuves des principaux théoremes.
2.2.1,2.2.2, 2.2.3 et 2.2.4 sur I’équation de Burgers dispersive.
2.5.1 Esquisse de la preuve du théoreme 2.2.1

Le point de départ est d’adapter une preuve classique de la quasi-linéarité de ’équation
de Burgers, qui m’a été présentée dans une note personnelle de C. Zuily [76], que
nous rappellerons ici.
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2.5.1.1 Quasi-linéarité de I’équation de Burgers

Le résultat de la quasi-linéarité de 1’équation de Burgers est que le flot évalué
ponctuellement dans le temps n’est pas uniformément continue. Un tel résultat
est obtenu en construisant deux familles de solutions u et v a partir de certaines
données initiales u’et v dépendant des parametres \ et e tels que

0

lim |lu —UOHHS =0et ||(w—v)(t)|lys =>c>0, avec t > 0.

A—400

e—0
Pour montrer comment construire de telles familles, nous commenons par rap-
peler la construction géométrique habituelle du graphe d’une fonction u(¢, -) solution

de I’équation de Burgers avec une donnée initiale u°. On pose
x(t,z) =z + tu’(x)

le flot caractéristique associé au probleme, qui est un difféomorphisme dans la vari-
able x. Alors,
U’(t? ) = uo ° X_l(ta 1‘)

L’action de x ! sur le graphe de u° est donnée par la figure 2.5 ci-dessous qui montre

également les phénomenes de formation de chocs.
Ensuite, u® et v? sont choisis comme des ansatz haute s fréquences & supports
compacts dépendant de (A, e€) :

u'(z) = Aéfsw(/\x), 00(x) = ul(z) + ew(z), avec w € C§°,

ou € représente un changement dans la vitesse initiale de transport, et (e, \) vérifient

e ¢ — 0 assurant que la différence des norme H?® des séquences de données
initiales tend vers 0.

e )\ — 400 est I’hypothese habituelle sur le parametre d’e I’ansatz.

e c)\ — +00 assure que le changement de vitesse de transport est suffisant pour
avoir des supports disjoints pour ¢ > 0.

Maintenant si nous définissons x et xy comme les flots caractéristiques associés aux
données initiales u° et v° alors :

Ensuite, en utilisant le fait que u° est & support compact et le changement de
vitesse initiale, nous démontrons que u’(x~1(t,z)) et u®(x~!(¢,7)) ont des sup-
ports disjoints ce qui est illustré par la figure 2.7. Nous démontrons ensuite que
|u®(x (¢, 2)) || g = ¢ > 0 ce qui termine la preuve de la non uniforme continuité
du flot. Pour le contrle dans une norme plus faible, c¢’est-a-dire que le flot ne peut
pas étre C1(H*(D), C%([0, T], H*~17¢(D))), nous l'obtenons & partir de l'estimation
Huo(x(t,x)_l)HHs_u > cATH
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Figure 2.5: Les droites (1) et (2) sont les courbes caractéristiques partant de Q§* et
Pg”. T est le temps de formation du choc.

Figure 2.6: Graphe de des ansatz.
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Figure 2.7: Transport de ’ansatz.

2.5.1.2 Quasi-linéarité du probléme (2.2.2)

Maintenant si nous adaptons la preuve au probleme (2.2.2) on obtient:

(u—v)(t,2) = f(t,x(t,2)"") — g(t, x(t,2) ")

= f(ta X(t,x)_l) - f(t’X(t’ x)_l) + OHS (6 + t2€)\a)a

ou f et g sont les solutions a

Of + (02 D) f =0

8+ (8:|D|1*") g=0

(2.5.1)

(2.5.2)

*
et (1)* et () sont les changements de variables par les flots caractéristiques définis

pour un symbole a par

Op(a)*(uo x) = (Op(a)u) o x i.e Op(a)*(u) = (Op(a)luo x']) o x,

~ %

et de méme pour () . Les équations tirées en arriere (2.

posés comme on le démontre dans ’appendice 4.5.

le premier probleme immédiat auquel nous sommes confrontés est le terme supplémentaire

1) and (2.5.2) sont bien

t2eA® qui diverge. Pour remédier & ce probléme, nous renoncons & vouloir contrler
le flot ponctuellement en un temps fixe ¢ et utilisons une séquence judicieusement

choisie de petits temps (7) pour contrler T72e\® :

7 — 0 et et — +00.

Le deuxiéme probleme, plus profond, auquel nous sommes confrontés est que

nous perdons le contrle du support de la solution. En effet, (2.

obtenus par tiret en arriere de ’équation linéaire

Orw + Oy |D[O“_1 w=0
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qui est une équation dispersive non locale qui disperse le support de la solution et
la norme L*°. Ce phénomene est donc censé s’opposer aux phénomenes illustrés par
les figures précédentes (2.5) and (2.6) et le fait effectivement pour I’équation de KdV
sur R.

Pour y remédier, I'idée n’est pas d’utiliser u et v comme données initiales
mais en profitant de la réversibilité en temps * des équations et utiliser les solutions
envoyées dans le passé u' et v' définies par :

w solution de (2.5.3), w’ solution de (2.5.3),
W(Ta ) = UO’ w,(7_7 ) = an
W(O, ) - ula w,(07 ) = Ul'

Cela donne :
(u—v)(r,2) = u’ (X' (t,2))) = u(X " (t, ) + Ops (€ + T2A™ + 72271,

Nous démontrons ensuite que cela donne le résultat souhaité, pour « € [0, 2[, en
démontrant de maniere analogue & ’équation de Burgers : Huo(x_l(t, x)) H s 2 C>
0 et ensuite en utilisant le support compact de u” et le changement de vitesse initiale
nous démontrons que u®(x~1(t,z))) et u®(Y~1(¢,7)) ont des supports disjoints.

2.5.2 Esquisse de la preuve du théoreme 2.2.2

Pour le théoreme 2.2.2, nous travaillons d’abord sur H et 'idée principale est de
conjuguer (2.2.2) a une équation dispersive semi-linéaire de la forme:

dw + |D|* 1 d,w = Ru,

oll R est continu de H® a lui-méme. Pour ’équation de Hopf, un tel résultat est
obtenu par la transformation de Cole-Hopf qui réduit le probleme a une équation
de la chaleur unidimensionnelle. Dans [72], Tao a utilisé une version complexe de la
transformation de Cole-Hopf pour réduire le probleme sur I’équation de Benjamin-
Ono a une équation unidimensionnelle de type Schrodinger. Cette idée a été large-
ment utilisée pour améliorer la régularité nécessaire pour que le probleme de Cauchy
soit bien posé pour 'equation de Benjamin-Ono comme dans les travaux de Mo-
linet dans [56]. Une forme pseudodifférentielle généralisée de cette transformation a
été utilisée dans [7] pour réduire le systéeme unidimensionnel des water waves a un
systeme unidimensionnel semi-linéaire de type Schrédinger.

Formellement, si nous suivons les mémes lignes que celles de ces articles précédents,
la transformation que nous devrons utiliser est une transformation pseudodifférentielle

de la forme :
{w = Op(a)u,

—a 2.54
o= chel U (254)

ou U est la primitive périodique a valeur réelle et de moyenne nulle de u (c¢’est-a-dire
0,U = u), qui existe parce que u a une valeur moyenne de 0.

3Cette idée dépend fondamentalement de la réversibilité en temps des équations linéarisées et
échoue donc pour ’équation de Burgers fractionnaire.
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Le probleme principal est qu’un tel opérateur appartient a une classe de symboles
de Hormander de la forme 58717270[, qui pour @ = 3 devient S9 , qui est une

"mauvaise” classe de symboles sans regles générales de calcul syn21b20hque. Nous
devons donc traiter cette transformation avec précaution.

L’idée ici est inspirée par la forme particuliere du calcul formel, nous exprimons
lopérateur désiré comme le temps d’une carte de flux associée a une équation hy-
perbolique, c’est-a-dire a = A; ou (A;);er est défini comme le groupe généré par
I'opérateur paradifférentiel 77}, ot p est un symbole a valeur réelle d’ordre inférieur
a 1. Cette définition s’inspire de résultats antérieurs d’Alazard, Baldi et Gérard [2].

Prenons un opérateur différent 7j. L’idée est d’appliquer une formule de type
Baker-Campbell-Hausdorff. Formellement, cela permet d’exprimer AT, A_, comme
une série de dérivées de Lie successives [iT), - - , [iTp, Tp] - - -|. Le méme type de cal-
culs tient pour [A;, Tp]. La convergence d’une telle série est un probléme non trivial,
équivalent a la résolution d’'une ODE linéaire dans ’espace de Fréchet des classes
de symboles paradifférentiels I, défini dans la section 3.2.3. Une telle EDO n’est
généralement pas bien posée et pour résoudre un tel probleme, il faut généralement
se tourner vers un schéma de type Nash-Moser. Dans notre cas, nous ayons une
EDO explicite qui peut étre résolue localement avec perte de dérivée ; ainsi, inspirés
par la [37] de Hormander et Beals dans [14], on démontre I’existence d’un symbole
b” tel que A, TyA_; = Tyr, de plus on démontre que b” a I’expansion asymptotique
donnée par la formule de Baker-Campbell-Hausdorff. L’utilisation des opérateurs
paradifférentiels est essentielle ici, comme dans l'article [37] de Hérmander, car la
continuité des opérateurs paradifférentiels donnée par le théoreme 3.2.3 assure que
nous n’avons pas besoin de contrler un nombre infini de semi-normes comme cela
aurait été le cas pour les opérateurs pseudodifférentiels.

Enfin la transformation ainsi définie nous permet de réduire le terme de transport
d’ordre 1 & un terme d’ordre 2 — a qui est suffisant pour résoudre notre probleme.

Pour passer de H§ a H® nous utilisons la transformation de jauge suivante :

it 7) —u(t,a:—t][uo)—][uo, where ,}‘/T—][,

dont nous démontrons qu’elle est continue sur H® mais non uniformément continue
et C! seulement de H* dans H~ '

Pour I'équation des ondes de surface de type gravitées-capillaritées, le probleme
est plus délicat. En effet, les problemes modeles que nous avons étudiés concer-
nent le systeme apres paralinéarisation et symétrisation. Tout d’abord, on sait que
le changement de variable entre le systeme original et le systéme paralinéarisé et
symétrisé est Lipschitz sur H® pour s > 2 + % Le probleme se réduit donc bien a
I’étude de la régularité du flot d’une équation de la forme

O + Ty Oyu + iTyu = f.

Dans le méme esprit que [7, 1] nous effectuons un para-changement de variable,
c’est-a-dire que nous paracomposons avec y défini par (2.3.7), pour obtenir:

O[u*] + Two,u™ + iTm%u* = f, with / W =0.
T

Nous procédons alors exactement comme pour I'équation (2.2.2) (avec ’hypothese
de la valeur moyenne nulle assurée par le choix de ).
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Remark 2.5.1. e La transformation (2.5.4), dans laquelle on utilise une prim-
itive de la solution est appelée une transformation de jauge dans la littérature.

o Comme pour la transformation de Cole-Hopf, cette transformation de jauge
(2.5.4) est unidimensionnelle et aucune généralisation pertinente n’existe pour
le systéme des water waves en dimension supérieure.

o On peut itérer le méme type de transformation et obtenir au pas d’ordre k un
reste d’ordre k+1—ka ce qui est acceptable pour k suffisamment grand comme
a > 1 mais le priz a payer est qu’il faut supposer que s > 1+ %

2.5.3 Esquisse des preuves des théoremes 2.2.3 et 2.2.4

The starting point is to prove the key a priori estimate (2.2.12). Expliquons d’abord
comment le faire au niveau L?, passer de ce niveau aux estimations sur H® ajoute
une étape (significativement) plus technique a la preuve.

Pour obtenir I'estimation L?, nous cherchons un opérateur A tel que:

atu + EfTuu - TBEJU + Ti£|£|a—1u == 0 = atu + AilTZ{l&'a—1Au == RZ—a + ROO7

ol A est un opérateur unitaire modulo, au moins, un opérateur régularisant d’ordre
a, Ry_, est d’ordre 2 — o avec Re(R2—_,) d’ordre 0.

Pour trouver A, nous suivons notre construction dans la section 5.1 et définissons
A = AF, ot A est le flot d’une équation paradifférentielle hyperbolique de la forme:

0;APhg — iT,APhg = 0, ABhg = hy.
En utilisant notre résultat sur la formule de Baker-Campbell-Hausdorff pour ce type
de flot démontré dans la section 5.1, nous cherchons p tel que:

(AT, Tigpgpo—1] = AV (TigTy — To ) + R.

Dans la section précédente, il suffisait de choisir p = %U, ou U est une primitive
de u, pour avoir R comme un opérateur d’ordre o — 1 lorsque s > % ce qui nous
a donné le résultat souhaité sur la régularité du flot & ce niveau de régularité. A
notre niveau de régularité ot nous ne contrlons que la norme L2([0, T], W2~2) de u
cela donnerait R comme un opérateur d’ordre 1, c’est-a-dire qu’il n’y a pas de gain
apparent qui provient de cette transformation.

Pour remédier a cela, I'idée est de construire p implicitement. En effet, en utilisant la
stabilité des opérateurs paradifférentiels par commutation avec A} démontrée dans
la section 5.1, on écrit:

e Elelo-

C’est ici que les deux cas o < 2 et o > 2 doivent étre traités différemment. En effet,
d’une part, par la proposition 5.1.3, i¢[£ |£ |a71]119 appartient a une classe de symboles
de la forme L3°Shin(a—1,1),2—a- Et d’autre part u0, + 8“2”“ € I} = LSy, thus for
a < 2 there is no hope to solve:

Oru
2 )

et pour o > 2 cela semble possible grce a un théoreme de type fonction implicite
locale.

1€ = ud, +
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Le cas a < 2: Nous résolvons le probleme de maniere approximative, en util-
isant Uellipticité de & | |a_1, nous montrons que nous pouvons résoudre entierement
le premier terme du développement de Baker-Campbell-Hausdorff de i¢[¢ |£ |a_1]11) ,
c’est-a-dire que nous résolvons:

o o Oz
[ip, i€ ] 1} = udy; + 5

Cela revient a inverser a droite un opérateur linéaire dans ’espace de Fréchet des
opérateurs paradifférentiels. Le probleme est d’abord réduit a une inversion linéaire
standard dans I’échelle des espaces de Banach définissant 1’espace de Fréchet des
opérateurs paradifférentiels. Ensuite, en utilisant l’inverse a droite approximative
explicite, donnée par le choix habituel de Cole-Hopf de la transformation de jauge,
un choix judicieux des fonctions de cutoff étudiées dans [61] et le calcul symbolique,
nous montrons qu'une série de Neumann peut étre effectuée pour corriger 'inverse
a droite approximative droite en un inverse droit exacte dans un espace de Banach
de I’échelle. Nous utilisons ensuite un argument de type bootstrap pour propager la
régularité a toute ’échelle des espaces de Banach et donc a ’espace de Fréchet des
opérateurs paradifférentiels.

Pour en revenir a ’équation,

e Nous calculons soigneusement les cutoffs utilisés dans nos opérateurs parad-
ifférentiels afin de contrler exactement les termes de restes.

e Nous utilisons le fait que ud, + ag” et i |£]a_1 sont L? anti-symétrique pour

assurer que p peut étre choisi L? auto-adjoint.

Ce faisant, nous construisons un opérateur unitaire sur L? A = A} tel que :

U

1
[Azlo7Ti§|f\D"l] = A7 (TiéTu - TBZT“) + /0 Al [T, T, az+%]f4$—1d7”-

(1)

Grossierement, a notre niveau de régularité en utilisant le calcul symbolique (1)
semble étre d’ordre 1+ 2 — « ce qui semble pire que ce que nous avions auparavant.
L’annulation clé est qu’en utilisant 1’identité :

[B’C]* = [C*,B*],

on voit que (1) est en fait L? anti-adjoint, ce qui donne la conservation de la norme
L2

A notre niveau de régularité s > 2—a+% cette annulation clé ne tient pas pour les
estimations de Sobolev supérieures, sauf dans le cas de ’équation de Benjamin-Ono,
c’est-a-dire a = 2, effectivement dans ce cas :

Op(L)Psy(D
p(z, &) = p(D);b( ) pour & > 0,
et,
B'b .Bb
Tp DT Eb, (). | = Tz poUr £ 20,
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cette annulation algébrique ”exceptionnelle” dans le commutateur est due au fait
que O¢p = 0, ce qui ne se produit pas pour les o # 2 fractionnaires. Cette difficulté
a été notée dans [33] et la solution proposée était d’utiliser une transformation de
jauge avec effectivement J¢p = 0 pour éliminer uniquement les termes de plus basse
fréquence dans ud,u, c’est-a-dire Py(D)ud,u, et de traiter les termes restants dans
certains espaces de type Bourgain soigneusement choisis.

Inspirés par cette idée, nous utiliserons en effet un choix de p tel que O¢p = 0, ce
qui dans le cadre paradifférentiel développé ici reviendra a une simple approximation
du symbole p par des fonctions en escalier dans la variable de fréquence &.

Le cas a > 2: En utilisant Dellipticité de & |§]a71 et le cadre paradifférentiel con-
struit, nous montrons que :

p g

est en effet localement surjectif autour de 0, ce qui est le résultat technique clé
que nous démontrons dans le théoreme 7.1.2. 1l s’agit d’un probleme non trivial,
équivalent a la résolution d’une ODE non linéaire dans I’espace de Fréchet des sym-
boles paradifférentiels. Une telle EDO n’est généralement pas bien posée et pour
résoudre un tel probleme, on doit généralement envisager un schéma de type Nash-
Moser. Un tel schéma peut en effet étre réalisé ici grce aux estimations de la Remark
5.1.4 mais nous montrons que cela peut étre évité ici. Dans notre cas, le choix du
cadre paradifférentiel, inspiré par article [37] de Hormander, se révele étre stable
par la transformation de jauge dans la Proposition 5.1.4. Nous montrons ainsi que le
probleme peut étre réduit & un théoreme des fonctions implicites standard combiné
a un argument de bootstrap afin d’assurer la propagation de la régularité dans toute
I’échelle des espaces de Banach et donc a ’espace de Fréchet des opérateurs parad-
ifférentiels. L’argument bootstrap est I’analogue de celui utilisé dans le théoréeme du
point fixe de Picard dépendant d’'un parametre.
On obtient donc,
AL Ou + j—ZLf‘fla_lAIl)u = R.

Nous souhaitons conjuguer entierement 1’équation quasi-linéaire (2.2.10) & une équation
semi-linéaire, & savoir

Ainsi par rapport a la premiere transformation de jauge nous devons traiter le terme
0:A. A notre niveau de régularité, 0; A est toujours d’ordre 1 donc nous n’avons pas
de gain sur 'ordre de 'opérateur. L’idée clé est d’itérer la transformée de jauge pour
éliminer ces dérivées temporelles, c’est-a-dire construire (AY") qui élimine les termes
(0 AY" ") & chaque étape. Nous utilisons ensuite le théoreme 5.1.1 et la décroissance
géométrique des normes a chaque étape pour démontrer la convergence :

n
lim AP = AP = A,
n—-+oo
k=1
Remark 2.5.2. La continuité des opérateurs de type 1 i-p sur 'espace de Zygmund
avec perte des dérivées a été étudiée par E. Stein [71] et par G. Bourdaud dans [20].
Dans la section 5.1 nous avons besoin d’estimations explicites prenant en compte les
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semi-normes exactes des symboles. Pour cela nous donnons une étude compléte de
la continuité des opérateurs paradifférentiels définis par des symboles dans ce type
de classes de symboles "exotiques” dans I’Appendice 5.2. Nos preuves suivent les
mémes lignes et méthodes présentées dans [71, 74, 53].
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Chapter 3

On paracomposition and
paradifferential operators

This chapter reviews basic ideas from microlocal analysis, which can be found in
[35], [36], [73], [11] and [53], fixes the notations for latter chapters and contains the
main results on para-differential calculus from article [61].

Contents
3.1 Notations and functional analysis . . . .. ... ... ... 76
3.2 Notions of microlocal analysis . . . ... ... ....... 80
3.2.1 Pseudodifferential Calculus . . ... ... ... ... .... 80
3.2.2  Fourier Integral Operators . . . . . ... ... .. ... ... 84
3.2.3 Paradifferential Calculus . . . . . . ... ... ... ..... 87
3.3 Pull-back of pseudo and para- differential operators .. 96
3.4 Paracomposition . . . .. .. 0000000 e e e . 100
3.4.1 Main results for paracomposition on R? . . . . . ... ... 100
3.4.2 Proofs . . . .. ... e 104
3.4.3 Main results for paracomposition on open subsets. . . . . . 108
3.4.4 Proof . . ... 111

3.1 Notations and functional analysis

We present the definitions of the functional spaces that will be used.

We will use the usual definitions and standard notations for the regular functions
Ck, Cé“ for those with compact support, the distribution space 2’,&" for those with
compact support, 2%, &% for distributions of order k, Lebesgue spaces (L), Sobolev
spaces (H*, WP) and the Schwartz class . and it’s dual .. All of those spaces are
equipped with their standard topologies. We also use the Landau notation O) (X).

Notation 3.1.1. We will use D to denote T or R and D to denote their duals that
is 7 in the case of T and R in the case of R. For concision an integral on on Z°

i.e / should be understood as Z A function a is said to be in C®°(T? x Z%) if
zd Z
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for every € € Z a(-,&) € C®(TY). For & € Z¢ and i € {1,--- ,d}, 9, should be
understood as the partial forward difference operator, i.e

8&@(&&,"‘ 7§i7’ te 7£d) = a(é-lf” 7§i + 17 7€d) - a(éla"’ 7§i7’ o 7€d)7 é € Zd‘
We recall the following simple identities for the Fourier transform on the Torus:
{%(8@7)(5) = & Fra(f)(©),€ € 2,
Fra((e7™ = 1)*f)(€) = £ Fra(f)(€),€ € Z¢, x € T

Remark 3.1.1. Henceforth in order to have compact statements including both

cases of functions defined on T and R, we will use the following abuse of notation
(DY) = Z(RY), when D =R and .7 (D) = C=°(T?), when D =T).

Definition 3.1.1 (Littlewood-Paley decomposition). Pick Py € C§°(R%) so that,
Py(&) =1 for || <1 and O for [¢] > 2.
We define a dyadic decomposition of unity by:
for k> 1, Pey(§) = ®(27%¢), Pr(€) = P<i(§) — P (€).
Thus, .
Pep(€) = Y Pi(€) and 1= P;(8).
§=0

0<j<k

Introduce the operator acting on .#'(R9):
Pepu = F~H(Peg(€)u) and up = F~H(Pe(§)u).

k

Finally put {k > 1,Cy = supp Py} the set of rings associated to this decomposition.

Thus,

Remark 3.1.2. An interesting property of the Littlewood-Paley decomposition is
that even if the decomposed function is merely a distribution the terms of the de-
composition are reqular, indeed they all have compact spectrum and thus are entire
functions. On classical functions spaces this reqularization effect can be "measured”
by the following inequalities due to Bernstein.

Proposition 3.1.1 (Bernstein’s inequalities). Suppose that a € LP(R?) has its
spectrum contained in the ball {|¢| < A}. Then a € C* and for all « € N and
1 <p<q<+oo, there is Cypq (independent of A) such that

d

d_
l0%all g < Copg N7 74 llall s -
In particular,

102 all o < CaNlall p, and forp=2, p= oo

a
lall oo < CA> lal| 2 -

If moreover a has it’s spectrum is in {0 < p < |§| < A} then:

Cagl® llall e < 1020l < Cag Jlall -
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Proposition 3.1.2. For all p > 0, there is a constant C such that for all A > 0
and for all a € WH with spectrum contained in {|{| > A}. one has the following
estimate:

lallpee < CATH ||y -

Definition 3.1.2 (Singular support). f € ./ (R%) is said to be C* in a neighbor-
hood of z, if there exists a neighborhood w of x such that for all ¢ € C§°(w) we have
Uf € Cx(RY).

The singular support of a distribution f, sing supp f, is defined as the complementary
of such points and is clearly closed.

Definition 3.1.3 (Zygmund spaces on R%). For r € R we define the space:
CrRY € SR, by CLRY = {u€ SR, Jul, = sup2 g, < oo
q

equipped with its canonical topology giving it a Banach space structure.

It’s a classical result that for r ¢ N, CT(R?) = W">®(R?) the classic Hélder spaces.
We define the local spaces:

Lioe(RY) = {u € (R, v € CF(RY), yu € CLRY }.

*,loc

Proposition 3.1.3. Let B be a ball with center 0. There exists a constant C such
that for all v > 0 and for all (ug)sen € 7' (RY) verifying:

Vgq,supp iy C 29B and (27" |lug|| . )qen is bounded

C

d

then, u = Zuq € C;(RY) and |ul|, < @Supququ l|ugll ., -
q

For the definition of spaces in open subsets of R¢ we follow the presentation of
[25]. Let © be an open subset of RY,

Definition 3.1.4 (Zygmund spaces on §2). For r € R we define the space:
CL(Q) C 2'(Q), by CL(Q) = {u € 2'(Q),u=Ugq for some U € CI(Rd)}

equipped with its canonical topology i.e

Iz =, inf, 10
Ug=u

Cr(R%)

giving it a Banach space structure.
We define the local spaces:

L 10e() = {u € Z'(Q), V¢ € C§°(Q),Yu € CL(Q)} .
Definition 3.1.5 (Sobolev spaces on Rd). It is also a classical result that for s € R

HS(Rd) _ {u c Y’(Rd), |u|S — <Z22‘15Hu‘1”L22>2 < OO}

q
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with the right hand side equipped with its canonical topology giving it a Hilbert space
structure and | |, is equivalent to the usual norm on || ||ys -
We define the local spaces:

Hj,o(RY) = {u € #'(RY), 0 € C(RY), pu € H'RY) }.

Proposition 3.1.4. Let B be a ball with center 0. There exists a constant C such
that for all s > 0 and for all (ug)en € ' (R?) verifying:

Vg, supp iy C 298 and (2% |Jug||2)qen s in L*(N)

1
C 2
then,u = Zuq e H*(RY) and lul, < 1o <222q5||uq||L22> .
q q

Remark 3.1.3. The previous definition and properties of the Littlewood-Paley de-
composition, Zygmund spaces and Sobolev spaces carries out naturally to T¢.

Definition 3.1.6 (Sobolev spaces on Q). For s € R we define the space
H*(Q) Cc 2'(Q), by H(Q) = {u € 2'(Q),u = U for some U € HS(Rd)},
equipped with its canonical topology i.e,
|| gsion = inf Ullys ,
el =, im0
U‘Q:u

giving it a Hilbert space structure’.
We define the local spaces:

H; () ={ue 2'(Q),V € C®(Q),vue H ()} .

Remark 3.1.4. This definition of the functions in an open subset might not seem
as the most natural, in fact there are different ways(intrinsically, extrinsically, by
interpolation etc...) to define H%(S) and when no regularity assumption is put on
Q and they don’t necessarily match. In [25] they show that when Q has Lipschitz
reqularity all the different definitions of H*(Q2) coincide.

We recall the usual nonlinear estimates in Sobolev spaces:
o If u; € H%(R?),j =1,2, and s + s2 > 0 then ujuz € H*(R?) and if

d

SOSsjaj:172and30§81+82_§7

then [luiuz|l gso < K |lutll s Juzll gss 5

where the last inequality is strict if s; or so or —sg is equal to %.

'This is not immediate from the definition but is a consequence of the fact that H*(Q) can be
seen as a quotient of H*(R?) by a closed subset, for a full presentation see [25].
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e For all C* function F vanishing at the origin, if u € H*(R?) with s > %, then,

IE ()l s < CUlull g,
for some non decreasing function C depending only on F.
Finally we present a classic result for operator estimates by Y.Meyer [54]:

Lemma 3.1.1 (Meyer multipliers). Let 6 € R, and suppose we have a sequence:
my € C™, VEEN, Y [0%myll,, < Cp2P+o).

|a|=k

The mapping M : w — Y muu, = Mu maps H® to H*=% and CT to CI=° for all
s, > 0, with operators norms depending only on the Cy for k < E(s—9)+ 1 or
k<E(r—90)+1.

Here we recall the usual Kato-Ponce [44] commutator estimates:

Proposition 3.1.5. Consider s >0 and f,g € H® then

KDY, Aallpe < CUF oo 19l pre=s + 11z 191l zoe)-

3.2 Notions of microlocal analysis

In this paragraph we start by reviewing classic notations and results about pseudodif-
ferential calculus, Fourier integral operators and paradifferential calculus, which can
be found in [35], [36], [73], [11] and [53] as an accessible presentation to the theories
and from which we follow the presentation. Moreover we complete this by our study
of the support of the composition of two paradifferential operators.

3.2.1 Pseudodifferential Calculus

We introduce here the basic definitions and symbolic calculus results. We first
introduce the classes of regular symbols.

Definition 3.2.}. Givenm e R0 < p <1 andAO < o <1 we denote the symbol
class SZ?U(Dd x DY) the set of all a € C®(D? x DY) such that for all multi-orders
a, B we have the estimate:

00 a(, €)] < Cop(1 4] 7400

Sg}U(ID)d X ]f))d) is a Fréchet space with the topology defined by the family of semi-
norms:

0Ll a(x, €)(1 + [¢))Pr et

m _
Tya)= sup  sup
i<a,j<B pdxHd

Set ) R
S™(D? x DY) = ST (DY x D),
S x DY) = ﬂ S™(D? x DY) and ST(D? x DY) = U S™(D4 x DY)
meR meR
equipped with their canonically induced topology.
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Given a symbol a € S™(D? x ]f))d), we define the pseudodifferential operator:

Op(a)u(x) = a(z, D)u(z) = (2r) ™ / e Sa(z, €)a(E)dt.

D

For u € .7 (D?%) we have
Op(ajula) = (2r)* [ e*eate.)ae)ds
= n) [ da@) [ e reulpye

:/@ ((27r)_" /Dd 6“9”‘9)'5@(3:,§)d§>u(y)dy,

Thus giving us the following Proposition.
Proposition 3.2.1. For a € S™(D? x D), Op(a) has a kernel K defined by

K(z,y) = (277)_d/]f» @)Lz, £)de = (2m) " Fea(x,y — x). (3.2.1)

Which can be inverted to give:

o@,6) = FyoeK (i —9) = [ VK @~ y)dy
Da
= (—1)dem'£/ YK () dy. (3.2.2)
D4

Definition 3.2.2. Let m € R, an operator T is said to be of order m if, and only
if, for all p € R, it is bounded from H* (DY) to H*~™(D?).
Theorem 3.2.1. If a € S™(D? x DY), then a(x,D) is an operator of order m.
Moreover we have the norm estimate:

la(z, D)HHMHHH—"L < CM;Tm+d/2+1(a)-

We will now present the main results in symbolic calculus associated to pseu-
dodifferential operators.

Theorem 3.2.2. Let m,m’ € R?, a € S™(D% x D) and b € S™ (D¢ x D).

e Composition: Then Op(a) o Op(b) is a pseudodifferential operator of order
m + m’ with symbol a ® b defined by:

a®b(w,&) = (2m) / T E g, n)b(y, &) dydn.
D4 xDd
Moreover,

Op(a)oOp(b)(x,£)—Op( >

la|<k

(9ga(x,£))(070(x,))) is of order m +m' —k

ilelal
for all k € N.
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o Adjoint: The adjoint operator of Op(a), that will note Op(a)! to avoid con-
fusion with the pullback operator defined in this work, is a pseudodifferential
operator of order m with symbol a' defined by:

a'(x,§) = (27T)_d/ e WNa(e —y, & — n)dydn
D4 xDd

Moreover,

b

ilela)

Op(a")(z,€) — Op( >

la|<k

(0¢0za(z,£))) is of order m —k

for all k € N.
Definition 3.2.3. Let (a;) € S™ (D¢ x D) be a series of symbols with (m;) € RY
decreasing to —oo. We say that a € S™0 (D% x Iﬁ)d) is the asymptotic sum of (a;) if

k
Vk€N,a— Y aj € S™+1(D).
§=0

We denote a ~ )" a;

Remark 3.2.1. We can now write simply:

a@bn Y o (0Fa(e,€)(05b(,)

laf

and

1 _
at~ m@?@?a(w, £))-

lal

Proposition 3.2.2 (Pseudo-local property). Let a € S™(D? x D) and let K be its
kernel. Then K is C* for x # y. In particular, for allu € .':

sing supp a(x, D)u C sing supp u

Proof. Let z # y, 1,0 € C3°(R%),pp = 1 near z, § = 1 near y and supp 1»Nsupp 6 = §.
Then K (z,y) = ¢ (z)K (x, y)0(y) is the kernel of the operator 1af. By Theorem 3.2.2
, af ~ 0 thus is of order —oo which finishes the proof.

O

Let © be an open subset of R?. We will now define the notion of local symbols
and operators in an open set.

Definition 3.2.4 (Local operators and symbols). We define S™(Q x R?) to be the
set of a € C™(Q x R?) such that for all multi-orders a., B we have the estimate:

o00a(x,€)] < Cop1 + fe)m P00,

S™(Q4xRY) is a Fréchet space with the topology defined by the family of semi-norms:

Zjﬁ(a)z sup  sup 6;82a(x,§)(1+|5,)pj—m—ai ‘

i<a,j<B QxR
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We define the local spaces:
S (Q x RY) = {a € C(Q x RY), Vo € C5°(Q), ba € S™(Q x Rd)},

equipped with its canonical topology giving it a Fréchet space structure.

If a € S™(Q x RY) or S

loc

(2 x RY), the usual formula

Au(a) = alar, Dyula) = (2) " | e*af. )a(€)d
R4
defines an operator respectively from .7 (R%),£'(Q2) to 2'(£2), which can be restricted
to an operator &’(Q2) — 2'(Q) and C§°(Q2) — C*(Q).
The link between such operators and the operators obtained by cut-off from global
operators is given by the following Proposition:

Proposition 3.2.3. Let A: v — C®(Q) be a continuous linear operator such that
for all 1,0 € C*(Q), YA € Op(S™). Then there exists a' € S™(Q x R?) with
A=a’(x,D)+R, where R is an operator with kernel in C*°(2 x Q).

Proof. Let (1j) € C§°(€2) be a partition of unity locally finite over . Put ¢;Ayy, =
Aji, € Op(S™) then

Au = Z%Albk = Z Aji + Z Ajik.

J.k g,k Jik
supp v Nepy, 7D supp ;Mg =0
Then
d= > ApeSTQxRY
J.k
supp ¥; My, 7D

because for Vi) € C§°(Q2), 1d is a finite sum by definition of a partition of unity
locally finite.
The remainder has a kernel:

> @)Kz, y)er(y) € C(Q x Q)
SUPP"Z;‘%dJk:@

by the pseudo-local property, Proposition 3.2.2 . O

We see from the previous definition that there is subtlety with the support of the
functions if one want for example to define A’. The following class of local operators
clarifies that problem:

Definition 3.2.5 (Properly supported operators). A continuous linear operator
A CR(Q) — C®(Q) is said to be properly supported if, for any compact subset
K C Q, there exists a compact subset K' C Q with:

suppu C K = suppAu C K’ andu =0 on K' = Au=0 on K

We see that such an operator maps C§° to Cg° and for example Al can be ex-
tended in a standard way to an operator from 2'(Q) to itself.
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Proposition 3.2.4. Let A = a(x, D) where a € S (2 x RY). There exists an

loc

operator R with kernel in C*°(Q x Q) such that A+R is properly supported.

Proof. This is the same proof as Proposition 3.2.3 because

> A
j7k7
supp ¢ op, =0

is properly supported. ]

Remark 3.2.2. The previous Proposition tells us that for local regularity consid-
erations we can essentially work with properly supported operators for local symbols
(modulo a C* kernel) and by Proposition 3.2.3 we can do the same for operators
obtained by cut-off.

3.2.2 Fourier Integral Operators

Here we will give basic definitions and results as presented in part 1 of Héormander’s
[35].
We wish to define operators of the form :

Asu(z) = / eSS a(, €)a(¢)dg (3:2:3)
_ / S SEO=1 0z, €)uly)dy
_ / @8 gz, ) u(y)dyde

where w is a regular function, a is a symbol and w is a given function defining the
operator A. We can clearly see that for example w = 0 the integral in not defined
for symbols with m > —d, we thus start by the following definition of suitable phase
functions:

Definition 3.2.6. Let w(x,y,£) be a C®(Q x Q x RY) map which is positively
homogeneous of degree one with respect to £. Put:

R, = {(m,y) € Qx Q,VE € R\ {0}, w(z,y,€) has no critical poz’nt} 2

and its compliment C,,, which is the projection on 2 x ) of the conic set (with respect
to £ of:
C = {(z,5.6) € 2 x @ x R\ {0}, Due(,,€) = 0}

e Then w is called a phase function on R, x R%.

e w is called a non-degenerate phase function if at any point in C, the differentials
D(g—g’_),j =1,...,d, are linearly independent.
J

e w is called an operator phase function on R, x R if for each fized x (or y) it
has no critical point (y,&) (or(x,§)) with & # 0.

2R., is clearly open.
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e For U C Q define C,U = {z,(x,y) € C, for someyecU}.

The main example here are pseudodifferential operators with w(x,y,§) = (x —
y).£, in that case C,, is equal to the diagonal {(z,z),z € Q}, and we see that all of
the previous definitions naturally apply in this case.

The following Proposition will give a definition to the weak form of (3.2.3) :

< Ayu, v >=< opy(a)u,v >= /eiw(x’y’f)a(m, y, u(y)v(z)dzdyd, u,v € CF°(Q).

(3.2.4)

Proposition 3.2.5. Take a symbol a € S}, (2 x Q x R%),p > 0,0 < 1, and a phase
function w on Q x Q x R? (i.e R, = Q x Q). Then:

1.

The oscillatory integral (3.2.4) ezists and is a continuous bilinear form for the
Ck topologies on u,v if

m—kp<—-N, m—Fk(l—o)<-—N.

Thus we obtain a continuous linear map A from CE(Q) to 2'8(Q) which has
a distribution kernel K, € 9'F(Q x Q) given by the oscillatory integral

Ko(w) = [ €= a(a,y, Oulo.y)dodyds, u e C(2 x 9).

If w has no critical point (y,§) for each fized x, then (3.2.3) is defined as an
oscillatory integral and we obtain a continuous map A : C¥(Q) — C(). By
differentiation under the integral sign it follows that A is also continuous map

from CE(Q) to CI(Q) if

m—kp<—-N—-—j, m—k(l—0)<—-N—j.

If w has no critical point (z,€) for each fized y, then the adjoint of A is defined
and has the properties listed in point 2, so A is a continuous map of &7 (Q)
into P'%(Q). In particular A defines a continuous map from &' (Q) into 2'(Q).

The oscillatory integral:
K,(x,y) = /eiw(x’y’g)a(x,g)df defines a C*(Q x Q = R,,) map,

it follows that A is an integral operator with C°° kernel, so A is a continuous

map of &'() to C*(Q).

5. We have the generalization of the pseudo-local property:

sing supp opy(a)u = C,, sing supp u.

When w is an operator phase function it verifies all the previous properties.
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Proposition 3.2.6. Let w(x,y,£) be a C°(Q x Q x RY) map which is positively
homogeneous of degree one with respect to & and a be a symbol in S, (2 xQ xR%),p >
o and that either w is linear or that p + o = 1. Suppose that a vanishes of infinite
order on C then we have the same results as in the previous Proposition with m
replaced by m — p+ o.

If a just vanishes on C then we can find b € S,TU_M’)(Q x Q x R?Y) such that we have
the formal equality op,,(a)u = op,(b)u.

As Hormander summed up, when w is non degenerate the singularities of the
distribution u — op,(a)u only depend on the Taylor expansion of a on the set C.

The following Proposition, taken from part 2 of [35], gives the natural link be-
tween pseudodifferential operators and Fourier Integral operators defined by the
phase function w(zx,y,&) = (z —y).£.

Proposition 3.2.7. Consider a real number m and a symbol ¢ € S™(Q x Q x RY),
then:

a(z,§) = /Q y c(z,y,n)e! @V dydn € S™(Q x RY)
X

and we have:

V€ CFF (@) 01— elchu = Oplayu = ()" [ e afa.)ie)as.
Moreover the asymptotic expansion of a is given by:

1 _
VN € Na(x,§) — > magagc(x,y,g)w:x e SN x RY).
la|<N )

Remark 3.2.3. In the previous setting c is often called an amplitude.

We will not give the proof of these Propositions here but we will present the
fundamental Lemma behind those results and the idea behind it. The main problem
is to define oscillatory integrals of the form:

[ e 9ate, u(e)dade, w e G5 ()

We start by remarking that the integral is absolutely convergent if a is of order
m < —N.

Lemma 3.2.1. Ifw has no critical point (z,&) with & # 0, then one can find a first
order differential operator

o - 0
7 & Lj

with hj € S°(Q x RY) and hj,c € S7HQ x RY) such that L'e™ = .
L is a continuous map from Sp%, (Q x Q x RY) to She (S x Q% RY) where
e =min(p,1 — o).
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Taking a symbol a of order m we compute:

[ = 9ate. ute)dade = [ 9 La(a,€)u(w)deds
_ / @) LRa(a, €yu()drdg,

under the hypothesis p > 0 and 0 < 1 we have ¢ > 0 and L*a € SJ5 % (Q x Q x R?),
taking m — ke < —N and applying the previous remark we see that the integral is
then well defined.

3.2.3 Paradifferential Calculus

We start by the definition of symbols with limited spatial regularity. Let # C .’
be a Banach space.

Definition 3.2.7. Given p > 0 and m € R, F”W”‘(]D)d) denotes the space of locally
bounded functions a(x,€) on DY x (@d \ 0), which are C* with respect to & for & #0

and such that, for all « € N® and for all € # 0, the function x — ﬁga(:n,ﬁ) belongs
to W and there exists a constant C,, such that for all € > 0:

Vgl > € [|0gal, )], < Cae(1+ gm0, (3.2.5)

The spaces F%(]D)d) are equipped with their natural Fréchet topology induced by the
semi-norms defined by the best constants in (3.2.5) .
We will essentially work with #" = W and write Iy, = T'".

For quantitative estimates we introduce as in [53]:

Definition 3.2.8. For m € R and a € I'}}(D), we set

My} (a;n) = sup sup
lal<n |¢g]>3

(1 +[ehmogat. € . formeN.

For W =WP> p >0, we write:
d

Moreover we introduce the following spaces equipped with their natural Fréchet space
structure:

Cpo (D) = NpxoW”, T (D) = Npxol (D), T'j>(D) = Nperl’y' (D) and,
F;OOO(]D)) = MNp>0 MNimeRr FZL(D)

As presented in [36, 53] the idea to define paradifferential operators is to regular-
ize the symbols by a cutoff 1, for a paradifferential symbol a € F;”/ (DY) we will then
associate a symbol ol € STy (D4 x ]D)d) All of the results presented above were for
the class ST, C ST and don’t generalize to ST, even the L? continuity. Looking
more closely to a € ST in [36], Hormander shows that the essential problems that
occur are localized in the frequency regions (1,0) and (—n,n) of .#;(a). Thus the
idea in paradifferential calculus is regularization by a cutoff in the frequency domain
with support bounded away from (7,0) and (—n,n) at infinity. Then o¥ will have
this extra spectral localization property that will give them the desired properties
as in 7.
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Definition-Proposition 3.2.1. Take m € R, Z’;(Dd) denotes the subclass of sym-
bols o € FT’/}(]D)d) which satisfy the following spectral condition:

B >1,b>0, Zz0(n,&) =0 for |§| < B|n|+b. (3.2.6)

“mEl}]/(]D)d) denotes the subclass of symbols o € F;’}(]D)d) which satisfy the following
spectral condition:

b >0, Fro(n, &) =0 for || < |n|+ 0. (3.2.7)
When # = W">=(D?) we write £ (DY) = £™(D?) and "My (D) = imym (D).
w c L*(D%Y) = Iy (DY) c TYD?), 72D ¢ =r(dd), mym(Dd) ¢ imym(d?).
Moreover, by the Bernstein inequalities (3.1.1):
S (D), (DY) ST (DY)
More generally, the spectral condition implies that symbols in E;Z(ID)d), timyym (D)
are smooth in x too.

Remark 3.2.4. The interesting fact now is Egl(]]])d) is shown to still enjoy all of
the symbolic calculus and continuity properties announced above for S{’?O(Dd). For

limEB”(]D)d) it will still enjoy the symbolic calculus but it’s continuity properties will
be restricted to H*,s > 0 and C%,p > 0.

Definition-Proposition 3.2.2. Consider four strictly positive real numbers b, (B;)1<i<3

verifying:
B1B3 > 1 and B3By > By + Bs. (3.2.8)

Consider 1p a C* function such that:

1.
(0, &) = 0 when |n| > By [¢] +b or [§] > Bz |n+ & +b,

and (n,€) =1 when |§| > Bz [n| +b,

2. for all (o, B) € N% x N9, there is Cag, with Coo < 1, such that:

V(&) :

DROR(E, )| < Cap1+ ) IeH1AL (3.2.9)

Such a v is called an admissible cut-off function for any positive b, (Bi)ie{172,3}
verifying (3.2.8) .
The cutoffs defined in the introduction (with the extra gross hypothesis (3.2.9)),

(VB)p=a by (1.4.5), (¥§,) by (1.4.6) and (WPP)p=1p=0 by (1.4.7) are all admissible
cutoff functions. (Y1)yso will be called limit cutoff functions.

Figure (3.2.3) illustrate the condition of admissible cutoff functions in the plane
(&,m) when d = 1.
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Definition-Proposition 3.2.3. (Regularization of a symbol) Take m € R, a € T},
Y an admissible cut-off function and a limit cutoff function ™. Define o? and

ot
1,b
Fuoy (&) = (&) Fpa(é,n) and Fyof " (&) = vH0(E 1) Foal€,n).
Then of € S2(DY) and 0¥ € limsym (DY),
When # = W>(Q) we have the following properties:

1. This association is bounded:
M™(o¥) < CM™(a) and MI™(o?™") < CM]™(a).
’ll)l’b
e I'T", moreover:

2. Wehavea—afef‘glanda—aa 0

M (0¥ —a) < CM™(a) and Mgnfr(affl’b —a) < CM"(a).

In particular, if Y1 and o are two admissible cut-off functions then the dif-
L 6% belongs to 0" and:

Mg* " (0" — oi?) < OM™(a).

ference oq

1,b 1,b .
Respectively we have ot g belongs to hng‘*r and:

M (0 — gV < CM™a).

Figure 3.1: Admissible cut-off functions.

Now we list a couple of important calculus properties to the association a +— ol

17b . o, . . . .
and a — of . For the following Proposition we fix a choice of an admissible cutoff

function ¢ and ¥1°.
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Proposition 3.2.8. e Form € R,r >0,a € N of length || <r and a € TT:

1,b 1,b li
ol = O'g%a exr, 0%V =gl elimum,

0%a

o Form € R,r >0 and o € N of length |a| > 7 the mappings a c')fjaff and
a — 8gafl’b are bounded from I'" to Zqonﬂa‘ﬂ‘ and “mEnga‘*T respectively,
more precisely:

M (9agY 92evt"y < M (a).

Trrarrrra

e FormcR,r>0,8eN andacI'™

B W m—|B|-r B _yptt bt limm—|Bl—r
O o4 JagaGEO , Ogog aa?a SRR

From [53] we give an approximation of symbols in ¥7*(D?) and ™% (D9) by
symbols in the Schwartz class.

Lemma 3.2.2. For alAl oeXf(oc¢e hmES” respectively), there is a sequence of
symbols o, € .7 (D x D) such that

1. the family {0y} is bounded in ST,

2. the oy, satisfy the spectral condition (3.2.6) ((3.2.7) respectively) for some
B > 1,b> 0 independent of n,

3. 0, — 0 on compact subsets of D% x DA,

The main difference between X" and “mZgl is captured in their actions on the
spectrum of functions. First we give a general result for symbols in ST from [53].

Proposition 3.2.9. Consider a real number m, p € ST (D4 x lﬁ)d) and u € . (D?)
then the spectrum of Op(p)u is contained in the closure of the set:

{& +n,& € supp Fu, (n,§) € supp Fup} .

This implies the following property for operators verifying the spectral conditions
(3.2.6) and (3.2.7) .

Lemma 3.2.3. Consider a real number m, p € £0(D%), ¢ € "™ ¥r(DY) with param-
eter B>1,b> 0 and u € .7 (D?).

e For R>>b, if supp Zu C {|¢| < R}, then:

supp.Z Op(p)u C {|§| <1+ %)R _ g} , (3.2.10)
and supp Z Op(q)u C {|§| <2R — g} . (3.2.11)
o For R>>b, if supp.Zu C {|¢| > R}, then:
supp.Z Op(p)u C {|§| > (1 %)R + Jg} , (3.2.12)
and supp Z Op(q)u C {|£] > g} . (3.2.13)
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Remark 3.2.5. [t is exactly the lack of lower control (3.2.13) that reduces the
continuity properties of " (D?) to H®, s > 0.

The key new result on the control of spectrum of composition of paradifferential
is illustrated in the following.

Proposition 3.2.10. Fiz a real number m.

1. If p,q € I0(RY) N .7 (D x ]ﬁ)d) with parameters B > 1,b > 0 then

p®f1(x,§)=(27r)_d/ @M (2 m)g(y, £)dydn,
Dd x D4

verifies the spectral condition(3.2.19) with parameters % >1,0>0.

2. If p,q € "y (RY) N .2 (D4 x DY) with parameter b > 0 then

p®q(x,§)—(27r)_d/ T (2 g (y, £)dydn,
Dd x D4

verifies the spectral condition(3.2.7) with parameter b > 0.

Proof. We compute:
Fo(p® q)(n,€) = (2m) / e/ & = (0 1 )q (y, €) dydim d

= (2m)~* / ey Emm)gmivngtea v . (p) (112, 1) Fo () (13, €) drdydm dnadns

=0 g Te@)0 =06 = 0)F(0) (7, §)di,

Bln—j|+b<|€—7|

where we used %, (e¥¢)(n) = (27)%(n — £).
The goal is to investigate if one can find 1 and 7 such that:

Blnl+b>¢ (3.2.14)
Bl +b < [¢] (3.2.15)
Bln -l +b< (& -1 (3.2.16)

and in that case find an upper bound on |n|. In order to have the largest || possible
by (3.2.16) and the triangle inequality, 77 needs to be on the straight line (n,¢).
Thus the problem is reduced to d = 1. The strategy is to investigate what
happens in the different regions of the plane (n,¢).
First for n,& > 0, we have:

Il
fl

. o
B|ﬁ!+b§|§!<B|n|+b:>{|n| ¢ ;»{:5 ’7

f—
11l <n n— n

=]l
Al

Thus by (3.2.16):

Bn—Bi+b<{—f=Bn—-&+b< (B-1)7,
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if B=1 we get

n+b<¢,
which is the desired result. If not, B > 1, we have:
B 13 b -
B-1'" B-1 B-1°-"
thus by (3.2.15):
BB—21"_ B€15+b3€1 st-b= BB—21”er211j3}>3—_11 = 215—_115’

which give the desired upper bound:
2
2B -1

n+b<¢E.
For n <0,& > 0 we see that:

Fz(p®q)(n,§) = F2(Re(p @ q))(—n,§) +iF(Im(p @ ¢))(—n,§)
= Zz(Re(p) @ Re(q))(—n,§) — Fx(Im(p) ® Im(q))(—n, &)
+ 17 (Im(p) ® Re(Q))(—n,é) + 7 (Re(p) ® Im(q))(—n, ),

where,

p(z,§) = Re(p)(z,§) +ilm(p)(z,§), q(z,§) = Re(q)(z,§) +ilm(q)(z,§).

By linearity Re(p), Im(p), Re(q) and Im(q) verify the spectral condition with param-
eters B, b, thus we deduce from the previous case:

2 2
b <
551108 = 35

In| +b<E.

For n,& < 0 we have:

L
B\ﬁ|+b§\§|<Bn\+b:>{‘7~7|< ¢ é{;é
-n

=

Thus by (3.2.16):
Bij—Bn+b<n—&§=-Bn+{+b<—(B-1),

if B=1 we get:

-n+b<=E,
which is the desired result. If not, B > 1, we have:
B 13 b -
Bt T
thus by (3.2.15):
_11313—21774r ij 1’5+b3€ [SEb= _BB—21’7+I’QJ§—_11 = _25—_115’
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which give the desired upper bound:
2

2B -1

n+b< =&

For n > 0,& < 0 the result is again deduced from the identity:

Fz(p® q)(n,§) = F2(Re(p ® q))(—n,§) + iF(Im(p ® q))(—n, ).
O

Remark 3.2.6. The proof verbatim generalizes to the case where we would have
taken p, q verifying the spectral condition (3.2.7) with two different parameters B, B’
and b, we would have found that p ® q verifies the spectral condition with parameter
% and b.

Corollary 3.2.1. Take m,m’ € R, and p > 0, a € F;”(]Dd) and b € F;”/(Dd).
Consider an admissible cut-off function B with B > 1,b > defined by (1.4.7) and
a limit cut-off function ™. Then we have:

L
Op (64"} 0 Op (7" = Op (w )
o, KXo

) )b b
Op (o) 0 Op (o) = Op (Uf;z%az“”’)'

Definition 3.2.9. Consider a real numbers m € R, a symbol a € I, and an
admissible cutoff function v define the paradifferential operator T, by:

—

Tou(e) = (2m)~" [ (6 = nm)ats — m.itmin,

where a(n,&) = [ e ®Na(z,&)dx is the Fourier transform of a with respect to the
first variable. For a limit cut-off ¥'* we define:

—

TEmu(©) = (2m) [ 6 (€ = nmale = nn)idn)dn
The connection between two different choices of cut-offs is the following:

a

Ya € I, (B, B,b,b') € [1, +0o[2x]0, +oo%, o¥™" — " " eTy ™. (3.2.17)

The first main features of paradifferential operators is their continuity given by
the following Theorems.

Theorem 3.2.3. Take m € R. If a € T{(DY), then T, is of order m. Moreover,
for all i € R there exists a constant K such that:

HTaHHuHHu—m < KMé"(a), and,
[ Tallyyrseo0 s yprimmce < KM (a), i ¢ N.

By Theorem 4.3.1 of [53] and Bernstein inequalities we get.
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Theorem 3.2.4. Take m € R and a € TJ(D?), then for all > 0 there exists a
constant K such that: ‘

]

The symbolic calculus for paradifferential operators is their continuity given by
the following Theorem from [53].

lim
T! ‘

< KMy (a).

Hi—s Hr=m

< KM (a),p ¢ N,

W 500 s i/ h—m,00

Theorem 3.2.5. Take m,m' € R, and p >0, a € T} (D) and b € I“Zl/(]D)d).

e Composition: Then T,Ty is a paradifferential operator of order m + m' and
T, Ty — Topp is of order m +m' — p where a#b is defined by:

atth= 5 —o2ad0h

ilelal

Moreover, for all i € R there exists a constant K such that

ITaTy = Taggb |l gy pru—m—mrso < K (M (@) Mp™ (b) + M, (a) Mg® (b))-

o Adjoint: The adjoint operator of T,, that we will note T! to again avoid con-
fusion with the pull back operator defined in this work, is a paradifferential
operator of order m with symbol a' defined by:

1
t _ 0o =
at=>" T oeona (3.2.18)
lee|<p
Moreover, for all p € R there exists a constant K such that:

|Te - < KM](a).

Ty HH#—>Hu*m+P

Combining Theorem 3.2.5 with Corollary 3.2.1 we get the following more precise
Theorem on composition of paradifferential operators.
Theorem 3.2.6. Take m,m' € R, and p > 0, a € F;”(]D)d)and be FZZI (DY). Then
there exists r € Fg”m/_p (DY) such that:

M () < K (M (a) M (b) + M (a) MG (b)),

and we have
wB,b wB,b w%’b ¢21§i1v
Ty 1T, — Ta#b =17

limrplim lim __ rplim
Ta Tb - a#b_Tr :

b

Y

If a = a(x) is a function of x only, the paradifferential operator T, is called a
para-product. With a good choice of (B, b) in the definition of the cut-off function
with respect to our choice of the dyadic decomposition of unity in the Littlewood-
Paley decomposition we get that when a = a(x), T}, takes the usual form:

(o]
T.u= Z ®p._1auy.
k=1

It follows from Theorem 3.2.5 and the Sobolev embeddings that:
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o If a € H*(DY) and b € H(D?) with a, 3 > ¢, then

T, Ty, — Typ is of order — (mm {a, B} — g)

o If a € H*(DY) with o > ¢, then

T! — T, is of order — (a — ;l)

An important feature of para-products is that they are well defined for function
a = a(x) which are not L> but merely in some Sobolev spaces H" with r < g.

Proposition 3.2.11. Take m > 0. Ifa € H%_m(Dd) and v € H*(D?) then,

Tou€ H™(DY), and | Toul e < K llall g ull o

A main feature of para-products is the existence of para-linearization Theorems
which allow us to replace nonlinear expressions by paradifferential expressions, at
the price of error terms which are smoother than the main terms.

Theorem 3.2.7. Let a, 3 € R be such that o, 8 > %, then
e Bony’s Linearization Theorem: for all C*® function F, if a € H*(D?) then

a
2

F(a) — F(0) — Tpi(qya € H* 2(D?).

o Ifac H*(DY and b € H?(D?), then ab—T,b—Tya € HO‘+5_%(]D)”Z). Moreover
there exists a positive constant K independent of a and b such that:

lab —Tab = Thal| | < K la]l g (10l s -

a+67%
3.2.3.1 Link between Fourier Integral Operators and paradifferential op-
erators

In order to give the link between Paradifferential operators and Fourier Integral
Operators we start by defining the space of amplitudes for Paradifferential operators.

Definition-Proposition 3.2.4. Take m € R, A%(Rd) denotes the subclass of sym-
bols c € T™(W x W x RY) which satisfy the following spectral condition

dB > 1,b >0, %, 4¢(§,¢,n) =0 for Bl —(|+b>|n| or B|¢|+b>|n|. (3.2.19)

When # = W">(Q) we write AL (R?) = A™(R?).
By the Bernstein inequalities (3.1.1), AT'(R?) C S{?I(Rd). More generally, the spec-
tral condition implies that symbols in A’;(Rd) are smooth in x,y too.

Proposition 3.2.12. Consider two real numbers m € R, r € Ry and an amplitude
c € AT(RY), then:

o(z,§) = /Q y c(x,y,n)e' @O dydn € TM(R?)
X
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and we have:

V€ G (@), 0y elchu = Op(a)u = (2:) | c*So(a, ()i

Moreover the asymptotic expansion of a is given by:

1 —N

o(z,§) — Z mﬁé’@?c(ﬂc,y,é)w:x e Xy (RY).
la|<N

Proof. First by Lemma 3.2.2 we can work with an amplitude c in .. As . C 57}

by Proposition 3.2.7 we have

oz, €) = /Rd y c(z,y,n)e' @V dydn € 7.
X

Moreover writing

Zoo08) = [ | Fuyelé-+n il — &),

we see that if ¢ verifies the spectral condition with parameters B,b then so does
o with parameter B — 1,b thus o € E,’,”(Rd). The asymptotic expansion comes
from the one given in Proposition 3.2.7 combined by the symbolic calculus rules in
Proposition 3.2.8. ]

3.3 Pull-back of pseudo and para- differential operators

Let ©, Q' be two open subsets of R?. Henceforth we will note all variables in €’
with a ’ for clarity in the computations. Let x : Q@ — Q' be a C* map, x gives rise
naturally to the pull back operation for functions and kernels:

C®(Q) = C®(Q) O x ) — C®(Q x Q)
v voyx =" K(z',y") = K(x(z),x(y))| det Dx(y)| = K*(z,y).

This Pull back has the property:

K*v* 2/K(x(fﬂ)?x(y))v(x(y))ldeth(y)ldy
@ (3.3.1)
- | K

=/, (x(@), ¥ W@ )#x " (W)dy' = (K(v#x )"

Where #x 7! : ' — N is the function counting the number of pre-images and
v € C3P(). We note that the the change of variables is well defined if and only
if one of the two integrals is defined. If x is a diffeomorphism we have the usual
fonctorial property K*v* = (Kv)* which permits the definition of operators with
kernels on manifolds.
The classic result on the change of variables in pseudo-differential operators is that
for A € S (€Y x RY) properly supported with kernel K then the operator defined
by K* is a pseudo-differential operator A* of order m on Q which is also properly
supported. Thus it can be seen as the stability of this sub-class of operators of
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kernels under the pull back by diffeomorphisms (modulo a C*° kernel as in Remark
3.2.2 ) and thus are well defined on manifolds by the same process. Before we start
by presenting those classic results we will discuss why they are essentially optimal.

We start by computing for a pseudo-differential operator defined by a € S™(Q' x
RY) with kernel K and x :  — Q' a C™ map:

K*u = / K (x(x), x(y))u(y)| det Dx(y)|dy
Q
- /Q )N ol o). u(y)] det Dx(y) dyd

thus

K* = OP(x(z)—x(y)).€ (a(X('r)v §)| det DX(y) D
with

a(x(z),&)| det Dx(y)| € S™(2 x Q x RY),

because and all the derivatives of x are bounded. Put
OJX(.'L', Y, 5) = (X(l‘) - X(y))ga

by the definitions on Fourier integral operators we have:

Cuy = {(z,y) € Q*, x(2) = x(»)} -

We also see that w, is non degenerate on €2 x € if and only if x is a local diffeomor-
phism. To sum up:

Proposition 3.3.1. Take a € S™(Y x R?%) and x € C=(Q,'). Then the pull-back
of Op(a) under x is a Fourier Integral Operator with phase function wy, and symbol
a(x(x),€)|det Dx(y)| € S™(Q x Q x RY). We have:

Cu, = {(z,9) € Q% x(2) = x(v)} -
Moreover, w,, is non-degenerate if and only of x is a local diffeomorphism.

Now we ask the question if there exists a symbol a* such that:

opu, (a(x(x), §)| det Dx(y)|) = Op(a”).

The classic result is that this is true if y is a diffeomorphism. Now we precise that
it’s essentially optimal as it could be seen by the following two examples:

e The necessity of the injectivity of £&: we take y = | | which is a local diffeo-
morphism from R\ 0 in to R}. We compute for A = Id i.e a = 1:

oPuy (a(x(2), &)l det Dx(y)[)u = u(x) + u(-=),

and the part u(.) — u(—.) is not a pseudo-differential operator.
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e The necessity of the local diffeomorphism hypothesis: we take y = 2 which is
a local diffeomorphism from R\ 0 in to R. We compute for A = % i.ea=1&:
u'(z)

BRI

Py (a(x (), )| det Dx(y)[)u =

which is a pseudo-differential operator on R\ 0 but cannot be extended to one
on R with a regular symbol in 0. *

Now we present the classic results of change of variables in pseudo and para-
differential operators under the hypothesis that x is a diffeomorphism as they can
be found in [10],[11] and [35].

Theorem 3.3.1. Let x : © — Q' be a C*™ diffeomorphism and A = a(x,D) €
S (Y x RY) a properly supported pseudo-differential operator with kernel K.

loc

Then the operator A* defined by K* i.e:

Vu € C3°(Q), AT = /Q K (x(), x(9))u(y)] det Dx(y)|dy

s a properly supported pseudo-differential operator with symbol

a*(z,€) = (—l)de_m’g/Q y a(x(z),n)e!X@=XWD1+W-E) det Dy (y)|dydn € S (QXRY).
X

An expansion of a* is given by:

@ (0,6 ~ Y0 Loalx(e), DX (K@) OPx(@). 6, (332)

«

where,
Po(a,€) = D;,(ei(xfl(y’)—xfl(x’)—Dx”(I’)(y’—x’))-f)

ly'=='

and P, is polynomial in & of degree < g—‘, with Py =1, P = 0.

Remark 3.3.1. This a classic result found commonly in the literature, And as in
the Remark 3.2.4 an analogous result still holds in the class X" as will be shown in
the proof of the next Theorem.

For para-differential operators we have:

Theorem 3.3.2. Let x : Q@ — Q' be a VV;;CFP’OO diffeomorphism with Dy € W™
and p > 0. Consider a € T (R?) a properly supported paradifferential operator.
Then there exists a property supported a* € T'™ (RY) defined by:

min(r,p)
(Taw) o x = To(uo x) + (Rx)u,

where R € I‘,’T‘(Rd) and Ry is a term depending essentially on x and it’s explicit
formula is given in (3.4.4).

3In fact it can be treated in the more general frame of operators with singular symbols but this
goes beyond the scope of this work.

98



Moreover a* has the local expansion:

a*(z,&)~ Y iaaa(x(v’ﬂ)»Dx_l(x(ﬂﬂ))té)Pa(X(ﬂf),f), (3.3.3)

|l < min(r,p)]

where,
P (', &) = D;l,(ei(x‘l(y’)*x‘l(:v’)*Dx‘l(w’)(y’*x/))f)

ly'=a’

and P, is polynomial in & of degree < |;‘—‘, with Py =1,P, =0.

An analogous result still holds for para-differential operators modeled on the

spaces a € CT,r > 0 and y € C+ 7.

As we couldn’t find a clear reference to this result in the literature, it is eluded to
in [10]*, we give a simple proof of this Theorem.

Proof. Taking 1 a cut-off function with parameters B > 1,b > 0, and take u €
C5°(€2) compute
(Ta(uo x™1)) 0 X = 0p(y(a)—xw).£ (08 (x(2), &) [det Dx(y)|)u
= [ OO (0),€) [det Dx(y)] u(y)dyde
QxRd
As we remarked above the main contribution in this integral will come from (z,y, &) €

Cu, where we recall wy (z,y,&) = (x(z) — x(y)) - §. To show this insert the smooth
cut-off function #(x,y) supported in a small neighborhood of the diagonal (z, x).

(Tufwox ™ Nox= [ NG (x(a),) [det D) ulu)dyds

- / DX €Y (1, )0 (y(x), €) [det Dy ()] uly)dyde
QxRd

+ / SODXWE(] o, )0 (x (), €) |det Dy ()| u(y)dyde
QxRd

Now w, has no critical points on the support of (1 — 6(x,y)) and by integration by
parts we have:

(Tu(wo x 1)) o x = / DX €Y, 4)o¥ (x (@), €) det Dx(y)| uly)dyde + Ru.
QxR4

with R € Fgl_min(r’p ). We now analyze when y is close to x. By the mean value
Theorem, for y sufficiently close to x, there exists a invertible linear mapping L , €

WP° guch that
X(®) = x(y) = Lay - (x —y)
L:L‘,x - DX(:L‘)

4part 3.3 point h, which can be found in pages 114-115.
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Thus we get,

(Ta(uox™))ox

_ /Q . D XD € 1o (). €) [det Dy(y)| uly)dyde + Ru
X
i(z—y)- -1 _
= [ o (xla) L, ) et D) [det L} | u(y)dyde + R
X
We get an operator with an amplitude

c(x,y,€) = 0(x, )0 (x(x), L, ~€) |det Dx(y)| |det L, }| € T7(RY).

In the frequency domain this amplitude depends on terms coming from o (x (), th’ng )s

|det Dx(y)| and |det L_llj}. Putting all of the high frequency terms depending on x

€T,
and x ! in a term Ry by defining 1 as the cut-off function in both of the variables
(x — y,y) with parameters:

¢ = min(1,sup Dx !, sup D), B = ¢B, b="b.
Thus by Proposition 3.2.3:

E(l‘, Y, g) = QZJ(Da ')C € me(r?p) (Rd)a
with,
c=C¢+Rx+R
—mi ( ) )
and R € an menine)
The result then follows from Proposition 3.2.12. O

3.4 Paracomposition

3.4.1 Main results for paracomposition on R?

We start by a formal computation, as in [73], using the Littlewood-Paley decompo-
sition and two functions u and x:

wox =Y w(®p1x) = u(®Prx) = Y uj(Prr1x) — u (Drx)

k>0 jik

= S @) (@) + S (@) (@) (341)
J<k Jjzk

=3 O qu(®rx) — Pporu(Pro1x) + Y ur(Prx) -
k>1 k>0

1 2

Remark 3.4.1. Heuristically the term 1 has frequencies of uw smaller than that of x
and as in classical paradifferential results will depend mainly on the regularity of x.
This is indeed the main term in Bony’s para-linearization Theorem modulo a more
regular remainder:
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1
/ Bp_yol (rpx + (1 — r)cbk_l)xdf) .

=3

k>1 ~70
=> O 1 (v o X)(drx) (3.4.2)
k>1
T/OXX
=3 ( / B/ (B + (1= 7)Be1) — Bia(u' 0 )ir ).
k>1
Fo

Same as term 1, heuristically term 2 will essentially depend on the reqularity of u,
with a remainder depending on x and u that is more reqular when it’s well defined.
Thus (2) will naturally give rise to the paracomposition operator. To better under-
stand it, let us suppose just for the next computation that x is linear and invertible:

Z/ br(&)a(€ Z<I>kX 5d§
—Z / O (@px €D Bpx 1) Dy (€) €

Thus we essentially have to look at how ®,x~" modifies the frequencies and thus how

it modifies the rings in the Littlewood-Paley decomposition.
Put {k‘ > 1,C;, = supp qﬁk(@kx_t.)}, we have:

/N
g~ | a,
k—N'<I<k+N

where N and N’ are such that 2V > supy,ga |PpX| and 2N > SUPy, Rd 1@/
and the natural para-composition operator in this case is obtained by cutting the
frequencies according to C), this is exactly the “lemme de recoupe” in Alinhac’s
work.

Now we define IV as in the previous remark and compute:

=3 > @uD)(urox) (3.4.3)

E>0 >0
I<k+N

X*u

+Z Z (bl(D)[uko(I)kx—ukox]—l—Z(Id— q)kJrN)(D)ukOq)kX
k>0 >0 k
I<k+N

R>

Rq
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Theorem 3.4.1. Let x : R — R be a ot map with Dx € Cf and p > 0°. Then

*,loc
for all o,s € R the following maps are continuous:

C£<Rd) - Cg(Rd> g,loc(Rd) — C:-,loc(Rd)
ue =Y Y (D)uyox e xXu=Y " Y $i(D)ugox.
k>0 1>0 k>0 >0
I<k+N I<k+N

If moreover x is a diffeomorphism then we have the Sobolev estimates:

H*(R?) — H*(R") Hj,(RY) = Hj,o(RY)
uHx*u:Z Z d1(D)ug o x uHx*u:Z Z o1(D)ug o x.
k>0 >0 k>0 1>0
I<k+N I<k+N

Taking X : R? — R? q crr map with Dy € C? and p > 0, then the previous

*,loc
operation has the natural fonctorial property:

Yu e CT(RYH UCT,, (RY), x*V'u = (x o X)*u+ Ru.

*,loc

with R, R:C%(RY) — cIrmmed(rdy g.co, (RY) — 7 Fmned)(rd),

*,loc *,loc

and if x and X are diffeomorphisms:

R: H*(RY) — HoHmneA(RY), R Hp (RY) — Hy™ 0P (RY).

loc

Remark 3.4.2. It’s natural that the Sobolev estimates only hold when x is a diffeo-
morphism because for example even the usual composition operation u +— uox is not
necessarily continuous on LP spaces, p < 0o. An extra hypothesis that appears in
the literature is x is a local diffeomorphism with all of it’s local inverses uniformly
bounded in Who°.

Theorem 3.4.2. Let u be a WH*(R?) map and x be a Cijopc map with Dy € Cf
and p >0 . Then:

uox(z) = x"u(x) + Twoyx(x) + Ro(x) + Ri(z) + Ra(x)
where the paracomposition given in the previous Theorem verifies the estimates:

Vo >0, |Ix*u(2)ll, < C(|Dxlls) [lu(@)]

o
W oy € F?,Vo,oo(Rd)(Rd) for uw Lipchitz,
and the remainders verify the estimates:

e In Zygmund Spaces, for o > 0:

||R0||1+p+min(1+p70') <C ||DX||p Hu||1+0'

for i€ {1,2},|[Rilliy 10 < CUIDXIo0) 1P, [l -

®Clearly when there is no diffeomorphism hypothesis on x we can choose x : R — R with
d # d and have the same results but for clarity we chose to present the same dimensions in this
presentation.
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e In Sobolev Spaces, for s > % we get the following estimates
— without the diffeomorphism hypothesis:

|| Roll < CNIDxl, llull gra+s

H1+p+min(1+p,87%) —

IRl grreots < CUDXN o) 1DX, el ass -

— Suppose moreover that x is a diffeomorphism:
[ B2l g1+p+s < CUIDX| o »

The same estimates hold in the local spaces.

DX ) 10X Il s -

As Alinhac remarked in [10], a particular case of the previous Theorem is Bony
para-linearization Theorem but with the extra hypothesis of diffeomorphism, here
it’s is a full generalization because we dropped the diffeomorphism hypothesis. We
find Bony’s para-linearization Theorem when o = 400, in this case only the term
TwoyX(x) appears and x*u(z) is a part of the remainder. If on the other hand,
x € C*, the term Tyyoyx(x) becomes a part of the remainder and the paracompo-
sition x*u(x) coincides with the usual composition modulo a regularizing operator.
Thus Theorem 3.4.2 appears as a linearization Theorem of u o xy as the sum of two
terms, one depending mainly on the regularity of u (and ”less” of x) and the other
depending mainly on the regularity of x (and "less” of w).

Remark 3.4.3. The simplest example for the paracomposition operator is when
x(x) = Ax is a linear operator and in that case we see that if N is chosen sufficiently
large in the definition:

u(Azr) = (Az)*u, and Tyap Az = 0.

Remark 3.4.4. The proof of Theorem 3.4.2 tell us that the if in the sum defining
X* we choose a different N' > N then the operator is modified by a p regularizing
operator.

Theorem 3.4.3. Consider a € I’gl(Rd), with 8> 0, y: RE = RY o CTP map with

*,loc
Dx e€Cl, p>0and 1+ p¢&N. Then there exists q € F?_B(Rd) such that we have
the following formal symbolic calculus rule:

[ et DXL w0 (o (). €)1 GEE DX
#x‘l(x(y))>x " p“"( aX( )’f)#x‘l(x(y))>

To join Alinhac’s work, the following Proposition makes the link between his
definition of the paracomposition operator in the case of a diffeomorphism and the
one given here.

Theorem 3.4.4. Let v be W (R?) map and x be a CHP diffeomorphism with

*,loc

X Tou = 0Py, (Ua(X(x)a £)

Dy € Cf and p > 0. Consider N such that 2V > SUPy, pd @] and 2N >
supy ra |PrX'|. Put Alinhac’s paracomposition operator:

Xu=> Y ¢(Dugox

k>1 1>0
I—k|<N

then: x*u = x*u + Rs,

Where the remainder verifies:
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e In Zygmund Spaces, for o > 0:

1IR3l 14 ps0 < CUDX| s 1D o) 1DX el

e In Sobolev Spaces, for s > %:

R3[| rrsoss < CUIDXT| oo s 1DX N o0) 1D luall s -

The same estimates hold in the local spaces.
Take a € F%”(Rd) and q as in Theorem 3.4.3 then:
X Tou = Toe X u+ Tye X u
X Touw = To=x u+ Ty x"u with ¢ € F?_B(Rd).

Remark 3.4.5. As in remark 3.4.4, the proof of Theorem 3.4.J tell us that the if
in the sum defining x* we choose a different N' > N then the operator is modified
by a p regularizing operator.

Remark 3.4.6. As a corollary of Theorem 3.4./ we get that in Theorem 3.3.2:
RX = T(Tau)’oxx - Ta*Tu’oXx- (3.4.4)

Remark 3.4.7. All of the result of this section extend naturally to the functions
and operators defined on the Torus.

3.4.2 Proofs

We will give the proof for the estimates in global spaces, for local spaces it is sufficient
to see that the given estimates hold under the hypothesis that all the functions
used have a compact support and to pass to local spaces estimates it is sufficient
to multiply by functions in C§° which don’t modify the estimates given (we don’t
make any boundary estimates).

Proof of Theorem 3.4.1 and 3.4.2

Take x : R? = R? be a C+ ™ map with p > 0 put B = B(0, N + 1).
We start by the Zygmund spaces estimates (thus we don’t suppose that x is a
diffeomorphism):

—k
[Phr Ntk © Xl £ Cllugllog <277 [Jull,

and supp ®pyug o x C 2FB.

Thus by Proposition 3.1.3, for o > 0:

C(N)
1—-2-¢

X'u e C7(RY) and ||x*ul, < [l -

For Sobolev estimates we suppose that y is a diffeomorphism and by the change of
variables formula we have for s > 0:

1@ v o Xl 2 < CUDXT| ) Nkl 2 < CUDXTH )27 Ml e
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and supp @ yug o x C 2FB.
Thus by Proposition 3.1.3, for ¢ > 0:

OV, [[Dx )
el

viue H(RY and [x*ul . <

Now we compute the estimates on the remainders in the linearization formula.

1
R() = Z </0 (I)kflu/(T‘I’kX + (1 — T)q)k,lx) — (I)k,l(ul o X)d’i‘) gbkx = ngxk
k

k>1

1
"= / By (r0px + (1 — 7)Bp_1X) — Dt (0 Y)d

/ / Op_ 1" (t7(Ppx — Pr_1X)

+t(Pr_1x — x) = X)At[T(Prx — x) + (1 = 7)(Pp_1x — x)]dT.
Thus if o # 1:
[72]], < C2H7=P)
o0
Andif o =1:
[l < Ck2M1mP) < c2h,

Which sums up in Hr%”oo < ¢2—min(l+p0)k - By the same computations we have
analogous estimates on H(‘)O‘TQH and clearly 7’,2 € C*° which gives the desired es-
timates on Ry by Lemma 3.1.1 and the fact that r8 = 0, both in the Sobolev et
Zygmund cases without the diffeomorphism hypothesis.

Ri=)  érsn(D)lu o Prx — up o x]

k>0

=Y (D / (60 + (1 — D)) (Brx — )]
k>0

= Gern(D)ri(®ex — ).
k>0

We have:
7kl < C27%

combining this with Propositions 3.1.3, 3.1.4 and the fact that 7} = 0 we get the
desired estimates again in both in the Sobolev et Zygmund cases without the diffeo-
morphism hypothesis.

The proof of the estimates on Ry relies on oscillatory integral techniques that come
from Lemma 3.2.1 . For the sake of completion we will give the explicit computa-
tions without directly using the Lemma.

Ro(z) =Y _(Id — ®pyn)(D)ug o Bpx(a).
k
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We will prove that for j > k+ N 4+ 1,v > p > 0, we have:
165 (D)ur © Brx|l o < Coll[Dx]l,)2777 25 ] (3.4.5)

which will be sufficient to give the Zygmund estimates on Ry because we will have:

lg;(D)Rall, < > lléj(D)ug o Prxll
k>0

E<N—j+1

< Y GIDx )2 2R ) |
k>0
E<N—j+1
> Cu(IDx|l)2 7 2P ug o
k>0
E<N—j+1
> Cu(IDx| )2 2R Yl

k>0
E<N—j+1

IN

IN

Taking v > 1 + p + 0 we dominate the last expression by:
Cu(IIDx|l,)277 Y [l .,

which gives the desired Zygmund estimate.

For the Sobolev estimates we will prove that:
65 (D)ur, © Brxlly < CullDxl,)2777 252 g 0 Dl (3.4.6)
which then necessitates the diffeomorphism hypothesis on x to have:
@5 (D)ur o @exlly, < Cu(lDxl,

And the desired estimates follow exactly as in the Zygmund case.
Now we prove (3.4.5) and (3.4.6),to make the desired estimates we will put in a test
function f € C}° as it’s usually done with oscillatory integral estimates:

DX 27925 g

¢;(D) fug o Bx(z) = / LG ()i (n) f (y)in ()XW dndyde  (3.4.7)

Set,
wr(y,1,€) = Prx(y).n — y.&,
o)t —y€
P00 = g ) — €

Y-
Given the definition of N we have:

|@rx' ()" — y:£| > C(Inl + [€]) on supp ¢;(&)dr(n),

Thus Ly, is well defined and regular, moreover Lje™* = e™*. Integrating by parts
in (3.4.6):

¢;(D) fuy, o Px(x) = / 25 (€)dr ik (n)e"™* (L) f (y)dndyde.
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Note that (L)”f is homogeneous with degree —v in (7,£), and smooth on the
support of ¢;(§)ox(n). Also

(L F )] < CUIFIL > 1Dx],)2° 7 on €7+ |n* = 1. (3.4.8)
Next on a box containing supp ¢;(£)¢x(n), write
(L)Itc)uf(y) = Z akuaﬁ(y>eia'€+iﬁ.n = 27]‘1/ Z akl/aﬁ(y)ei27ja.£+i27jﬁ'n7
(a,B)eA (a,B)eA

where A is an appropriate lattice and

S llawasllee < CCUS, L 1DxI,)27 . (3.4.9)
(a,B)eA
So (3.4.7) becomes for j > 1:

¢j(D) fuy o Prpx(x) (3.4.10)

=27 Y / €56, (€) dr ()i ()€™ A (y)e’ €2 B0y dg
(a,8)eA

=27 ) /ei(x_y)'g@‘(g)uk(@k)((y) + 277 B)arvas(y)e™ > dyde
(a,B)EA

— 9 Z /ei(x_y)fQj”qu(Zj(x — ) + a)ur(Pex(y) + 277 B)aras (v)dy.
(@,B)€A

=279 3" (thvop - uk(Prx + 277 B)) % ga(x), (3.4.11)
(a,8)EA

Where go(z) = 20"¢1 (272 + a) thus

9allr = 2jn/ ’51(2jx+a)‘ dr =

b1 (3.4.12)

L
For j = 0 we have an analog inequality.

Using the classic Young and Hoélder inequalities combined with (3.4.9), (3.4.12) and
taking f — 1 gives us (3.4.5) and (3.4.6). This concludes the proof.

Proof of Theorem 3.4.3

Take a € Fg‘(Rd), with 8 > 0 and y : R? — R? a C+* map with p > 0. We
compute:

X Tou = Z QN [(Toau)g o X], (3.4.13)
k>0

Note that (Tou), can been as Ty, T,u and seeing this a modification of the cut-off
function by Proposition 3.2.3 we get:

(Tow)r, = Ty, Tou = ToTs,u+ Tpu, with ¢& € T 7 (RY).
Put ¢ = 3" ¢" then (3.4.13) becomes:

X Taw =Y Ppyn[(Tawr) o X+ Y Pryn[(Tyrur) o .
£>0 £>0

And the formal discussion and computations in part 3.3 give the desired result.
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Proof of Theorem 3.4.4

The only thing left to prove is the estimate on Rs.

R3 = Z D, m(D)ug o @px(z) +on(D)ug o x
k ~

1

dN(D)ugox is C™ so we only have to the estimate to the first term on the left hand
side. Estimating 1 is exactly as (3.4.7) but with ¢; substituted by ®, . The core
of the estimation relies on the fact that Lj; should be well defined and regular on
supp @, _ 5 (§)¢r(n) which is the case give our choice of N and the fact & > 1. We
also have the estimate:

12X ()" — y.&| = Cl|n| + I€]) on supp @, _ 5 (£)¢r(n).

The proof than exactly follows as for Rs.

3.4.3 Main results for paracomposition on open subsets

The previous definition of the operator x* on functions defined on R? relied heavily
on the Littelwood-Paley theory which doesn’t make it immediately extendable to
the open domain case. In [10], Alinhac was able to define such an operator profiting
from the continuity of x* on the local function spaces and a partition of unity on
the open domains. More precisely consider (V;, ©;) a partition of unity locally finite
of ' then:

UOX:Z@iUOX
i

where O;u is seen as a function of R™ with the natural extension by 0. In order to
have the same natural extension for y,

X' (supp ;)

needs to be compact we thus have to suppose that y is a proper map®. Under this
hypothesis consider ¢; € C§°(£2) such that ¢; = 1 on x ! (supp ©;):

wox =Y (Ouody, (3.4.14)

where (;x is seen as a function of R” with the natural extension by 0.

Theorem 3.4.5. Let x : Q@ — Q' be a clre proper map with Dy € C¥ and p >

*,loc

0. Consider (V;,0;) a partition of unity locally finite of ' and (; the associated
functions as previously. Then for all o,s € RY the following maps are continuous:

Cf(Q/) — Cf(Q) :-,ZOC(Q/) - Cg,loc(ﬂ)
we e =Y G (Gx) O we Xu=Y G (Gx) O,

SNote that this extra hypothesis is needed for the methods used to work and is not intrinsic to
the problem. Also this hypothesis is immediately verified in the diffeomorphism case treated by
Alinhac.

108



if moreover x is a diffeomorphism then we have the Sobolev estimates:
H () — H*(Q) Hipo() — Hipe()
u— X' = Z Gi - (Gix)"Oiu U= X u = Z Gi - (Gix)"Oju,

where ©Ozu and (;x are treated as functions on R, And in the sum defining each
(Gix)* a choice

N;, 2V > sup ¥/
supp ©;

is made by the definition in section 3.4.1, but by remark 3.4.4 in order to simplify
the computations we can take the same

N > N, 2" > sup )/
Q

uniformly for all the operators and this modifies the definition by a p regularizing
operator.
Making a different choice (V/, 05, (!), which gives a different operator xi then

Vu € C7(RY U C?,,.(RY), x*u = xfu + R'u.

*,loc

with R'u € C*°.

Consider ¥ : ¥ — Q" a a C*TP proper map with DY € CP with p > 0, then the

*,loc
previous operation has the natural fonctorial property:

Vu € CI(Q") U CT 1o (), X% = (x 0 0)*u + R

with R, R:C7(Q") — cIt™men) ) R.co, (") — coimmed)q),

*,loc *,loc

and if x and x are diffeomorphisms:

R:H(Q") — Hmned)(Q), R: Hy, Q") — Hy "7,

loc

Theorem 3.4.6. Let u be a WH>°(Q) map and x be a be a C’ijopc proper map with
Dx € Cf and p > 0. Then:

uox(z) = x"u(x) + Twoyx(x) + Ro(z) + Ri(z) + Ra(x)
where the paracomposition given in the previous Theorem wverifies the estimates:

Vo >0, [[x*u(2)], < C(I|Dxll) llu(z)

||o’ Y
u oy € I‘?/VO,OO(Q) (RY) for u Lipchitz.
The remainders are given by:

1
Ry = ZZCZ</0 <I>k_1@iu’(7'<1>k§ix+(1—7')(I>k_1gx)—q)k_l(@iu’ogx)ah') oLGiX,

i k>1

Ry = § E E Gi(1(D)[Ou, o Prlix — Ozuy o Gix]),
i k>0 120
I1<htN

Ry = Z Z Gi((Id = PrynN)(D)Osuy o Pr(ix),
PR

and the remainders verify the estimates:
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e In Zygmund Spaces, for o > 0:

HROH1+p+min(1+p,U) <C ”DX”,; HuH1+O‘
for i € {1, 2}, [|Rill iy py0 < CUIDXIo0) 10X, el 16 -
e In Sobolev Spaces, for s > % we get the following estimates
— without the diffeomorphism hypothesis:

|| Roll gy < ClDxll, 1l grres

gltetmin(l4p,s—

IRl rvors < CUDX o) 10X, llutll ras -

— Suppose moreover that x is a diffeomorphism:

1Rl 140+ < CUIDX o »

DX | ) 1D, el s -
The same estimates hold in the local spaces.

Theorem 3.4.7. Consider a € F%”(Rd), with >0 and x: Q@ — Q' a clte proper

*,loc

map with Dx € C£, p >0 and 1+ p ¢ N. Then there exists q € anfﬂ(]Rd) such that
we have the following formal symbolic calculus rule:

| det Dx(y)|
#x(x(y))

Again to join Alinhac’s work:

)x*u + 0pw, <Uq(X($)> €)|detDX(y)> X u.

X Tou = op., <Ga(X(ﬂf)a £) #x 1 (x(y))

Theorem 3.4.8. Let u be W1 (Q) map and x be a W1 diffeomorphism, a clte

*,loc
proper map with Dy € CY and p > 0. Again, consider (V;,©;) a partition of
unity locally finite of Q' and ¢; the associated functions as previously. Put Alinhac’s
paracomposition operator:

X'u="Y" Gi(Gx) Oiu then:

X'u = x"u+ R,
Where the remainder verifies:

o In Zygmund Spaces, for o > 0:

1IR3 114 pio < CUDXT| o5 1DX ) 1DX1, el 14

e In Sobolev Spaces, for s > %:

1Rsl| 10+ < CUDXTH| s DX o) 1D ] s -

The same estimates hold in the local spaces.
Consider a € F?(Rd) and q as in Theorem 3.4.53 then:

X Tou = Toe X u+ Tye X u
X Tou = Tor X u + Ty x u with ¢ € Fgl_ﬂ(]Rd).
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Again we have the same "independence” of the definition of the operator x* (modulo
a more regqular term) with respect to the arbitrary choices made, more precisely,
making a different choice (V/,©%,(l) which gives a different operator x7 then

Yu € C7(RY) U C? lOC(Rd),X*u = xju + Ru.
with R'u € C*°.

3.4.4 Proof

All of the estimates given come directly for the Theorems of section 3.4.1. The
linearization formulas come from Equation (3.4.14) and the linearization Theorems
in section 3.4.1. The only thing left to prove is the independency result with respect
to the choice of (V;,0;,(;). We start by the following Lemma:

Lemma 3.4.1. Let (0,(,() € C5 () be such that ¢ =1 on x ™! (supp O) and { =1
on supp ¢ then:

D (P (D)[(Ou)i 0 (x] = (Ppyn(D)[(Ou)p o Cx] + F, F € C™

k>0 k>0
Proof. Take © € C§°(') such that ©'oy = 0 on supp ¢ and ©’oy = 1 on supp ¢ —¢

and compute:

D (Ppyn(D)[(Ou)y 0 (X]

k>0

= (@ (D)[(Ou)i 0 {x] + D (¢ = )Py n(D)[(Ou) 0 (]
k>0 k>0

= (PN (D)(Ou)r 0 Cx] + D (¢ — O)Pryn(D)[(O'(Ou)r) 0 {x] -
k>0 k>0

F
And we have by integration by parts, VI € N:
/ L EETYE —k
O'(Ou); =271 [ ' ()l (2 ulw)dud

thus, )il < G270 and F e ™.

O]

Given (i,j) such that supp©; Nsupp ©; # () we define (ij € C8°() such that
g:m = 1 on supp {; U supp CJ’~.

Xu= Z G- (Gx)*Oiu =Y > G n(D)[(0:O]u)y, 0 Gix]

k>0 4,5
_ZZQ@HN )[(©:0u) 0 Gijx] + F, FeC™
k>0 4,5
=3 PN (D)[(0Ofu) 0 (x| + F + F', F' € C™
k>0 4,5
=xju+F+F,

which gives the desired result and ends the proof.
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Chapter 4

On the quasi-linearity of the
Water Waves System

In this section we give the proofs of Theorems 1.2.1, 1.3.1 and 1.3.2, which are the
main the results from [62].

Contents

4.1 Study of the model equation. . . . ... ... ....... 112
4.1.1 Prerequisites on the Cauchy Problems . . . ... ... ... 112
4.1.2 Proof of Theorem 1.2.1 . . . . .. ... .. ... ... ... 114
4.2 A technical generalization . ... .............. 121
4.2.1 Prerequisites on the Cauchy problem . . . . . . ... .. .. 123
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4.4.2 Proof of Theorem 1.3.2 . . . ... ... ... ... ..... 138

4.5 Appendix: Energy estimates and well-posedness of some
pulled back hyperbolic equations . . . ... ........ 140

4.1 Study of the model equation

In this section we give a full proof of Theorem 1.2.1.

4.1.1 Prerequisites on the Cauchy Problems
For a real number a € [0, 2[, we consider the Cauchy problem®:

{dgu + udpu + 0, |[D|* Tu =0

u(0,-) = up(-) € H¥(D), s > %, (4.1.1)

'Recall that D = Op(|¢]).
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It is well known that the problem is well posed in Sobolev spaces, this can be
summarized in the following Theorem:

Theorem 4.1.1. Consider two real numbers, s €]3,+oo[ and r > 0. Fiz ug €
H5(D). Then there exists Cs > 0 such that for 0 < T < WM
B(ug,r) € H*(D), the problem (4.1.1) with initial data vo has a unique solution v €
C°([0,T], H*(D)), the map vo — v is continuous from B(uo,r) to C°([0,T], H*(D))
and maps real functions into real functions. Moreover we have the estimates for all
d >0 and all of p €0, s], we have:

and all vy €

vt € [0, T, [0l gy < 1Ot w0mzm |fug|| 1 - (4.1.2)
Taking vo € B(ug,r), and assuming moreover that ug € H*1 (D) then:

Vi € [O,T], ||(U _ U)(t)HHS(]D)) S eCs(”ax(U,U)HLl([o,t],LOO(D))+Cst||U0||Hs+1(D)) ||U0 _ /UOHHS(]D)) .
(4.1.3)

We will also need to remark that fizing the initial data at 0 is an arbitrary choice,
that is all of the previous conclusions hold for the Cauchy problem defined forty <T':

{&tv + 00,V + O, ]D|a*1 v=0 (4.1.4)

v(to, ") = vo(-) € H¥(D), s> 3.

Remark 4.1.1. Note that the previous Theorem holds for the Cauchy problem as-
sociated to the Burgers equation:

10) Oyu=0
it O , (4.1.5)
U(O, ) = UO() € HS(]D)a s> bR
Though we have some extra estimates in Holder type spaces:
1
VO<k<s-— > [w() [ wr.comy < Ck lwollpr.co(py » (4.1.6)

Taking two different solution u,v, assuming moreover ug € H*1(D) then we have:
1 Cy [P ormd
VIS k<521 = o)) lopy < o = tollypimpy oo,
Remark 4.1.2. We compute the change of scale for the evolution PDE (4.1.1):
ug — A ug(\z)

gives the solution
XTIy (N, A).

Thus giving the critical scaling in Sobolev spaces: s. = 1 + % — «a, thus we prove
quasi-linearity in the subcritical regime of the problem.

Notation 4.1.1. In order not to be confused with the pull-back symbol, henceforth

the conjugate of a symbol a will be written as a' .
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As the linearized equation is a hyperbolic pseudo-differential equation we recall
the result on the Cauchy problem associated to this type of equations:

Theorem 4.1.2. Consider (a;)icr a family of symbols in SP(D?),B € R, such that

T
t + ay is continuous and bounded from R to SP(D?) and such that Re(a;) = at—;at
is bounded in S°(DY), and take T > 0. Then for all s € R, ug € H*(D?) and
f € Co%0,T]; H*(D)) the Cauchy problem:

{atu + Op(a)u = f (4.1.7)

Vo € D4 u(0, ) = ugp(x)

has a unique solution u € C°([0,T]; H*(DY)) N C1([0, T]; H*~2 (D)) which verifies
the estimates:

t
Hu(t)HHS(]D)d) < e ”UOHHs(]Dd) + 2/0 =) Hf(t/)HHs(Dd) dt’,

where C depends on a finite symbol semi-norm of Re(a;). We will also need to remark
that fixzing the initial data at 0 is an arbitrary choice. More precisely, YO < to < T
and all data ug € H*(D?) the Cauchy problem:

{@u + Op(a)u = f

Vo € DY, u(ty, x) = up(x) (4.18)

has a unique solution uw € C°([0,T]; H*(DY)) N C1([0, T]; H*=2 (D)) which verifies
the estimate:

t
Hu(t>||HS(]D>d) < el HUOHHs(ID)d) +2 ’/t et Hf(t,)HHs(]D)d) dt'| .
0

4.1.2 Proof of Theorem 1.2.1

To prove the theorem we will show that there exists a positive constant C' and two
sequences (u,) and (v2,) solutions of (1.2.2) on [0, 1] such that for every ¢ € [0, 1],

€

sup uéT +‘ e)\’r S C7
Aer 117 Lo ([0,1],H 2 (D)) Tl Leo([0,1),He (D))
(ug\T) and (véT) satisfy initially
1- ) 0’ _ A O7 H g 0’
)\41)1}*100 ue’T( ) UE’T( ) Hs (D)
e,7—0
but,
)}g-}l-lgo UG,T Ue,T LOO([O,ILHS(]D))) > c>
e,7—0

Considering a weaker control norm we want to get, for all § > 0,

i = vy
e (0. = 020
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4.1.2.1 Definition of the Ansatz
e For D =R, take w € CF°(R),w(z) = 1 if |z| < J,w(z) = 0if |z > 1.

e For D =T, we see functions on T = R/27Z as 27 periodic function on R and
we take w € C3°(T) as the periodic extension of the function defined above.

Let (A, €) be two positive real sequences such that
A — 400, € >0, Ae = +o0. (4.1.9)

Put

e for D =R, 1
uW(z) = A2 %w(hz), 0%(z) = u0(z) + ew(z),

o for D =T, u® and v° as the periodic extensions of the functions defined above.

Take to > 0 smaller than a harmless constant which will be fixed later, and (7),0 <
7T <tpand 7 — 0.
Now let [,1’ be the solutions to the Cauchy problem on [0, to]:

ol +8,|D* '1=0, [ol'+0,|D* =0,
I(r,) =u°, ' (r,-) ="
Put u!(x) = 1(0,z) and define analogously v*(z) = I'(0, z).

Define u and v as the solution given by Theorem 4.1.1with initial data u' and
vl on the intervals [0,7] and [0,7"]. Taking 0 < 6 < s — 3, u® and v° are uniformly
bounded in H%J”S(D) when A\ — +o00 and thus by Theorem 4.1.2, u! and v! are also
uniformly bounded in H %”(]D)) and thus by the Sobolev injection Theorem they are
bounded in WLOO(ID). Thus we can take a uniform 0 < 7" on which all the solutions
are well defined and we take 0 < to < T 2.

4.1.2.2 Change of variables by transport
Put

{‘:litX(tv 87‘73) = u(t’ X(t’ 3,:13))
X(s;8,x) =

and define analogously y from v.

We recall that from the Cauchy-Lipschitz Theorem we have as u” and v" are
H1>°(D) functions, then u!, v! are HT>°(D) and u and v are H°°(ID) with respect
to the z variable thus x, ¥ € C1([0,7]2,C*°). And they are both diffeomorphisms
in the x variable.

?Heuristically, if the existence time of the solution with initial data w is [0, 7] then the existence
time of the solution with initial data wug is ~ TA*~% which tends to infinity with A, thus we are
”dilating” the time scale of the problem with initial data w and ”zooming” for short time and in
the H® (D) norm. In this part of the evolution, we prove that the Burgers transport term is more
important and gives this quasi-linear character to the PDE.
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By the estimate (4.1.2) u and v are uniformly bounded in 1> (ID) because their
Sobolev norms are dominated by those of u! and v! thus by those of u® and v° by
Theorem 4.1.2. By classic manipulations of ODEs we get the estimates:

/ < -1 < / <
{ac > 0,9, t < to, Yz, ™ < |Opx(t, 1, 2)] < C (4.1.10)

V2<k<|[s—1], |05 x(t, ', 2)]| oo < C llullyproe -

Analogous estimates hold for y using v.
The classic transport computation reads:

O (u(t, x(£,0,2))) = (Gpu)(t, x(¢,0,2)) + O (x(¢,0,2))(Ou)(t, x(¢,0, 7))
= =02 [DI* ) (t, x(¢, 0, 2))
= _(am ’D‘a_l)*(u(t7 X(t’ 0, $))),

u(0,x(0,0,2)) = u(0,2) = u'(x).

where (-)* is the change of variables by x(¢,0, x) as presented in Theorem 3.3.1.
Thus if we put f the solution to the following Cauchy problem, which is well posed
by Appendix 4.5:

O f + (8, |DI* ) f=0
tf + (0 DI ) “’; (4.1.11)
Ve eD, f(0,z) =u (z)
we get:
u(t, x(t,0,x)) = f(t,x) < u(t,z) = f(t, x(0,t,z)). (4.1.12)
Analogously, if we put g the solution to the well posed Cauchy problem,
Org + (0y |D’a_1) g=0 (4.1.13)
Vz €D, g(0,z) = v'(x)
where 6* is the change of variables by x(¢,0,x), we get
o(t,@) = g(t, X(0,£,2)) < v(t, X(£,0,2)) = g(t, ). (4.1.14)

Returning to the ODEs defining y and x, for a generic initial time 0 < ¢’ < tq
we get:

x(t.t',x) =x+ [} f(s,x)ds, (41.15)
X(t,t,2) =z + [} g(s,x)ds, o

Proposition 4.1.1. There exists C > 0 independent of (T,€,\) such that:
Vh € H*(D),V(t,t") < to,

CH |l ge < |hox(t,t, )]

Hs < C ”hHHS )

CH |kl ge < |hox(t, ¢, 2)]

e S Ol -
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Proof. We will start by proving the upper bound for the estimate on the composition
with x. As u is bounded in (7,¢,\) on C([0,T], H*(D)) then there exists a unique
solution H € C([0,T], H*(D)) to

O:H +ud,H =0,
H(t,z) = h(x),

and H is bounded in (7,¢,A) on C([0,T], H*(D)). The desired bound come from the
fact that we have the explicit formula for H:

H(t' z)=hox(t,t, z).
Now to get the lower bound it suffices to write by the upper bound computations:
Rl e = [|hox(t,#,2) 0 x (¥, £, 2)]| o

< C||hox(t,t, )| . -

We get analogously the estimates on the composition with x. O

4.1.2.3 Key Lemma and proof of the Theorem

Lemma 4.1.1. Take € > 0 sufficiently small, as 0 < a < 2 we can find a sequence
(1,€,\) such that:

rA=DT 5,

=0, eI lHe-DTe Ly o

e—0, ’ (4.1.16)
AT — 400,

A — 400, 9
A% 1% — 0.

Then there exists ¢ > 0 such that:

1. Forv >0 and V(7,€,\), Huo o x(0,7,z) —u® o x(0, 7, > cATV.

g
2. Forv>0
U(Ta .’L‘) - ’U(T, .CC) = uO © X(Ov T, $) - uO © )Z(Ov T, x)
+ Ops—v (e + (AT 4 pae—(=)) v 4 T2 T). (4.1.17)

We will now show that this Lemma implies the Theorem 1.2.1. We have by
combining the estimates (1) and (2) for v = s:

V(e \), lu(r,@) = o(r, @) g > 5 > 0 thus sup [lu(r, @) = o(r,2) | 4. > 5 > 0.

T, €,
Also by Theorem 4.1.2:
iC >0,

ul(z) — vl(x)HHS < Ce, thus [ju'(z) — vl(:c)HHs — 0,
which gives the non uniform continuity in the desired norms.
Now for the control in a weaker norm we write:
[u(r,2) = o(7, @) gomrs @yt 4o
Ju (z) — o' (@) s

which gives the desired result.

_ _ _1)*+
> ce A1) +e'_>+oo7
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4.1.2.4 Proof of point 1 of Lemma 4.1.1

We first prove that there exists ¢ > 0 such that Huo ox(0,7,x > cA7Y, indeed

by Proposition 4.1.1 and change of variable:

Mz

> C7 1 |u > O |l e - (4.1.18)

|u® 0 x(0,7, 2 [

M ge—s

Now we will show that u’ o x(0,7,2) and u® o ¥(0, 7, z) have disjoint supports which
will suffice to conclude given (4.1.18). Put y = x(0, 7, ), thus x = x(7,0,y). On
the support of u® o x(0,7,z) we have:

e IfD =R, A\y| <1
o IfD=T,Vke N2k —1< Ayl <27k + 1.
We compute by the Taylor formula, since x = x(7,0,y):
X(0,7,2) = x(0,7,X(7,0,y)) (4.1.19)
1
+(1(70) = X(7.0) [ 0,0, 7rx(r0.9) + (1 = IR( 0. )
1
=Y + (X(Tv 07 y) - X(T7 07 y)) /0 8@/}2(07 T, TX(Ta 07 y) + (1 - T))Z(T7 O’ y))dT
First by (4.1.15),
9yX(0,7,rx(7,0,y) + (1 = r)X(7,0,9))
=1 [ olaltrx(r0.0) + (1= (0l
Thus by estimates of Theorem 4.5.1, taking 0 < § < s — %3:

9yX(0, 7, rx(7,0,9) + (1 = 1)X(7.0,9)) = 1+ Opee ([L+ [[0*|| g5 + [[u']| 5451
=1+ Ope=(7),

Which gives
1
/ Ay X (0,7,7x(7,0,9) + (1 = 7)X(7,0,y))dr = 1+ Ore (7). (4.1.20)
0
Now we estimate x(7,0,y) — x(7,0,y), by (4.1.15) :
€ 0.9) = 5(7.0) = [ flt) = gt ). (4.1.21)

Taking 0 < § < s — %, by estimates of Theorem 4.5.1:

t
F(ty) = £0,) + /0 Ouf(r,y)dr = u(y) + 10 ([u] 1 uss)

= ul(y) + Ope (te).

3Recall the notation Oy in 3.1.
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Analogously we get:
g(t.y) = v'(y) + Or=(te).
Consider p the solution to the Cauchy problem:

Vy € D, u(r,y) = w(y).

By definition:

0
(o)~ o'(y) = —en(0,) = ~wly) + < [ At
= —ew(y) + Ope (7).
Thus,
X(7,0,9) — X(7,0,9) = —eTw(y) + O (7-26)a
and finally we get in (4.1.19),
X(1,0,z) —y = —etw(y) + Op (T26).
We get for 2 € supp u’ o x(0,7,-):

e For D=R:
AMX(0,7,2)| > TeX — 1 + opee (TeN) > 2,

by hypothesis 7e A — 400, which gives the desired result.
e For D =T given an adequate choice of 7, ¢ and A:
2nm 4+ 1 < Ax(0,7,2)| <2(n+ 1)m —1,

which again gives the desired result.

4.1.2.5 Proof of point 2 of Lemma 4.1.1

We start by writing:

Term (1) resembles the main term in the usual transport estimates we used in point
1 of the Lemma * but with a main difference of f being some dispersed data and
not compactly supported. The main trick here was to construct from u?,v° the
defocused data in the past u',v! and use this as the initial data for f and g.

u(t,x) —v(r,z) = u® o x(0,7,2) — u® 0 X(0, 7, 2)
+ (f - uo)(Ta X(Oa 7’,.7})) - (f - uo)(Tv X(Ovtaw)) + (f - 9)(772(077—7 J}))

4Like the ones used in proving the quasi-linearity of the Burgers equation.
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The idea is then to see that by definition of I: (7, z) = u®(z) and we get:

u(r,z) —v(r,z) = u’ o x(0,7,2) — u® o X(0, 7, )
=+ (f - l)(Tv X(Ov 7',1‘)) - (f - l)(7_7>~<(07t? .%')) + (f - g)(7_7>~<(077_7 iL‘)) .
1) 2

We start by estimating (1), by Proposition 4.1.1:

I =D x (0,7 2) [ s < CH = D)l -

Now f — [ solves:

(4.1.23)

O(f —1)+ 0q ‘D|Oé_1 (f=1)= (0 ‘D|O‘_1 9, ‘D|a—1*)f
VreD,(f—1)(0,z) =0.

Thus we have the estimates:

1 =1, v < C | @0 1DI"™ = 021D f]

Li([0,7],HY)

<Cr H(é’x |D|I*! =0, ‘D|a_1*)fHLoo([o,r],H“>

By Theorem 3.3.1 and the Kato-Ponce commutator estimates (3.1.5),
If =1, ) ge < CT[[(Td = Dx(0,¢,x(t,0,2))) | oo [ 1l oo (j0,7), 11040

+ O [[Id = Dx(0, 2, x(t, 0, 2))| oo 0,7, w00y 1 | Lo 0,77, 10
+C1 HId - DX<07 t, X(tv 0, x))HLOO([O,T],WLOO) HfHLOO([O,T],H“"""_I) :

Using Theorem 4.5.3 and applying the Sobolev embedding Theorem with § > 0 and
§<s—a—1i weget:

9
If = 1(r, Y ge < CEAOTDT 4 rpemvy s, (4.1.24)
Thus we get
I1(f = (7, x(0,7,2)) [l < CFACTDT 4 xe7) s,
Analogously we get
1 = DO 7 @) < CEAETIT 4 X )\,

which gives
1)l e < CEAODT fppa=v)\v=s, (4.1.25)

Now we estimate (2) in the same manner, by Proposition 4.1.1:

I =) (7 X0, 7, 2) | e < (= 9) (73 ) |

f — g solve:

0T —9) + HO DI (7~ g) + (@ 1D 01D g =0 (4o
Vo € D, (f — 9)(0,2) = (u! - v})(a).
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By Theorem 3.3.1 and the Kato-Ponce commutator estimates (3.1.5),

1f = 9(7, )l v

< C|lur — vl v

+ C7[[(DX(0,2, X(¢,0,2)) — Dx(0,¢,x(t,0,2))) | oo |9l oo ((0,7], 4o

+ C7[|[Dx(0,¢, x(t,0,2)) — Dx(0,t, X(£,0,2)) | oo (0,71, w00 19l Loo (0,71, E1)

+ C7[|[DX(0,¢, x(t,0,2)) — Dx(0, 2, X(£,0,2)) | oo 10,71, w1.00) 19l Loo (0,7, v +0-1) -

Using Theorem 4.5.3 and taking 0 < § < s — a — %:

F =g, ) gv < Cle+ 12NN "5 + er + A=)t \r—s ,
| H
which gives
12) ]| < Cle+ 72N N5 4 er + 7AODT \v=9), (4.1.27)

finishing the proof of Lemma 4.1.1 and Theorem 1.2.1.

4.2 A technical generalization

The techniques used in the previous proof will be generalized but with some care
in the estimates due to the non linearity we add to the dispersive term. This extra
”complication” is crucial for our application to the Water Waves system.

Theorem 4.2.1. Consider five real numbers o € [0,2], s €]2 + %, 4+00[ and T > 0
and (B, k) € RT wverifying:

k=1, p<a,
B<(k+1)a—2k+1.

Consider a elliptic skew symmetric> C* symbol a : [0, T] x H*(D?) — T¢(D?),

at—i—atT

i.e such that Re(a;) = is bounded in T'9(D),

1
3C > 0,9(tu,z) € [0, 7] x H* (D) x D, VE, [¢] > 5, |alt, u, 2, €)| > C [¢]"
Moreover we suppose the following bounds on the nonlinearity in a:

V€ R,Yg € H*(DY), | Tp,ag + Thyad| e < MG (Dut + Dya) gl grurs - (4:2.1)

V(t,u), M{(a) < C(1+ [|ullyr) , My (Dua+ Dyalu, ) < Cllufj=t.  (4.2.2)

Consider a C* function V (t,z,u) : [0, T] xD¢x H*(D?) — H* (D% R%) and a function
F e L>=([0,T), Whee(H* (DY), H*(DY))).

®Recall the notation a' for the adjoint of an operator a.
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Suppose that the following hypothesis H1 is verified, there exists w € C°(D?)
supported in B(0,1) such that

t
V(t,z) € [0,T] x suppw, C; 't < / D,V (s,z,0)[w(x)]ds| < Cyt. (H1)
0

for a constant Cy, > 0 when w(x) # 0.
Fiz ug € H*(D?) and take r > 0, then there exists a constant Cs > 0 such that

for

Cs

T < —
T 4 Mg ((a,D2a)(0,u0))+ME (Du+Dua(0, o))+ (V;Da,u V) (0,10 | 1 oo +[|8zuo || 1 o

(4.2.3)

and T' < T then for all vy in the ball B(ug,r) C H*(D?) the Cauchy problem:

{Otv + Ty (ta0) - VU + Tov = F(t,0) (4.2.4)

v(0,) = vo(-),
has a unique solution v € C([0,T"], H*(DY)). Moreover VR > 0, the flow map:

B(0, R) —C([0,Tg], H* (D))
Vo —U

s not uniformly continuous, where Tr is chosen sufficiently small for the flow map
to be defined on C([0, Tg], H*(D?) uniformly on B(0, R).
Considering a weaker control norm we get, for all ¢ > 0 the flow map:

B(0, R) —»C([0, Tg), H*~ 10T +e(pd))
Vg —U

is not C*.

In the proof of quasi-linearity of the water waves systems we will need the fol-
lowing slight generalization to systems given by the following corollary.

Corollary 4.2.1. Consider a positive integer n > 1 and five real numbers a € [0, 2],
s €2+ %,—{—oo[, T >0 and (B, k) € RT verifying:

k>1, p<a,
B<(k+1)a—2k+1.

Consider a C' skew symmetric elliptic symbol a : [0, T]x H*(D% R") — I'Y(D?; M, (R)).
Moreover we suppose the following bounds on the nonlinearity in a:

Ve R, Vg e Hu(Dd)v HTDuag + TDuagHHu = M(?(Dua + Dya) llgll guvs - (4.2.5)

V(t,w), M (a) < C(L+ [|ullyre) , MY (Dua + Dyalu, ) < Cllullf<" . (4.2.6)

Consider a C' function V (t,z,u) : [0,T] x D¢ x H¥(D%;C") — H*(D%R™) and
a function F € L ([0, T], Wi (H*(D% R™), HS(D4 R™))).
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Suppose that the following hypothesis H1 is verified, there exists w € C°(D% R™)
supported in B(0,1) such that

t
W(t,z) € [0,T] x suppew, O < / DoV (s,z,0)w(x)lds| < Cot,  (H1)
0

for a constant C,, > 0 when w(zx) # 0.

Fiz ug € H*(DYR™) and take r > 0, then there exists T' > 0 verifying analogous
conditions as in Theorem 4.2.2 such that for all vy in the ball B(ug,r) C H*(D% R™)
the Cauchy problem.:

Vi€ [l,..,n], 0w +V(t,z,v) Vi + (Typv)i = Fi(t,v),
U(Oa ) = UO(')?
has a unique solution v € C([0,T'], H*(D% R")). Moreover YR > 0, the flow map:

B(0, R) =C([0, Tg], H* (D% R™))
Vo U

18 not uniformly continuous, where Tgr is chosen sufficiently small for the flow map
to be defined on C([0,Tg], H*(DY) uniformly on B(0, R).

Considering a weaker control norm we get, for all € > 0 the flow map:

B(0, R) —C([0, Tg], H*~ =D+ (pd; gmy)
Vo U

is not C*.

4.2.1 Prerequisites on the Cauchy problem
We consider the Cauchy problem associated to Theorem 4.2.1:

{8tu + Ty (t,pu) - Vu+ Tou = F(t, u) (42.7)

u(0,:) = ug(-) € HS(ID)d), s>1+ %,

Theorem 4.2.2. Consider 0 < a < 2, T > 0, an elliptic C' symbol a : [0,T] x
H*(D?Y) — T¢(DY) skew symmetric

at—i-atT

i.e such that Re(a;) = is bounded in T9(D?).

Moreover we suppose the following bounds on the nonlinearity in a:

Vp € R,Yg € H*(DY), | Tp,ag + Thyad| e < MG (Dut + Dya) gl gurs - (4.2.8)

Consider a O function V(t,z,u) : [0,T] x D¢ x H*(D?) — H*(D%RY) and a
function F € L ([0, T], W (H*(DY), H*(D?))).
d
Consider s > 1+ 3 > 0 and vy € H*(D?) such that for all vo € Blug,r),

and T" verifying (4.2.3), the problem (4.2.7) with initial data vy has a unique so-
lution v € C°([0,T'], H*(DY)) and the map vy — v is continuous from B(ug,r) to
Co([0, "], H* (D). Moreover we have the estimates:

YO < p< sVt e [O,T’], ||U(t)||H#(]]])d) < ecll«(ayv)||8zv||L1([0,T/]7LOO(]D)d>) ||'UO”HM(]D)d) )
(4.2.9)
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where Cy(a, V') verifies:

Cu(a, V) < Cu (MG ((a, Dya)(0, -, ug)) + ME (Do + Dya(0, -, ug))
+[[(V, Dz,uv)(oa ',UOHLoo + HaﬂEUOHLw )

Taking two different solutions v,v', assuming moreover vg € H*#(D?) then we have
fort e [0,T"]:
[(v = ")(t)]

Cs(aav)(”az(vrv,)”Ll 0.7']. Lo (D +t||vo||Hs+5 Dd
Heoy ([0,77), L5 (0)) @)

oo — ]

Hs (D)
(4.2.10)

We will also work with linear hyperbolic paradifferential equations and we sum-
marize the properties needed in the following Theorem:

Theorem 4.2.3. Consider (a;)icr a family of symbols in F’f(Dd) with B € R, such
that t — ay is continuous and bounded from R to F?(]D)d) and such that Re(a;) =

# is bounded in T9(D?), and take T > 0. Then for all initial data ug € H*(D),
and f € C°([0,T]; H*(D)) the Cauchy problem:

{at“+T““ =/ (4.2.11)

Vo € D4 u(0, ) = ugp(x)

has a unique solution u € C°([0,T]; H*(DY)) N C1([0, T]; H*~2 (D)) which verifies
the estimates:

dt’,

()]

t
o) ey < € ol +2 | e |0 e

where C depends on a finite symbol semi-norm M} (Re(ay)).

Remark 4.2.1. We will also need to remark that fixing the initial data at 0 is an
arbitrary choice. More precisely, V0 < to < T and all data ug € H*(D?) the Cauchy
problem:

{atu tlau=f (4.2.12)

Vo € DY, u(ty, x) = up(x)

has a unique solution u € C°([0,T]; H*(DY)) N C1([0, T]; H*=P(D?)) which verifies

the estimate:

dt'| .

()]

t
()] s (ay < eClt=tol l[woll grs(pay + 2 ‘/to =t H*(D4)

4.2.2 Proof of Theorem 4.2.1

As for Theorem 1.2.1, for the proof we will show that there exists a positive constant
C and two sequences (u,) and (v?,) solutions of (4.2.4) on [0, 1] such that for every
te0,1],

A

A
Ue 7

€,T

sup
A\E,T

Y

<
Lo ([0,1],H#(D)) Lee([0,1],Hs (D))
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(ug‘T) and (v),) satisfy initially

wle(0,) = v, (0| =,

lim ‘
Hs#(D4)

A—+00
e,7—0

but,
A

€,T

>c>0.

lim inf ||u, — >
A—+00 )
e,7—0

Le<([0,1], H# (D?))

Considering a weaker control norm we want to get, for all € > 0,

Hui\’r - ,UEATH oo s—14+(a—1)t+e’ (md

lim inf — T ([0,1], Ho~ =D (D))
A—+o00 Hu)\ (0, ) — A (0’ )H P
€,7—0 T &7 Hs(D%)

= 4-00.

4.2.2.1 Definition of the Ansatz

Let (A, €) be two positive real sequences such that
A — 400, € > 0, Ae = +o00, (4.2.13)

and put

e on R%,
ul(z) = )\g_sw()\x), 0(2) = u®(2) + ew(z),

e on T¢ 0 and v° as the periodic extensions of the functions defined above.

Take tg > 0 smaller than a harmless constant which will be fixed later, and (7),
0< 1<ty
Now let I be the solutions to the Cauchy problem on [0, ¢o]:

{atz + Tyl = F(t,1) (42,10

Vo € D4 I(7, x) = u®(z).

Put u!(x) = 1(0, ) and define I to be the solutions to the Cauchy problem on [0, ¢g]:

Ol + Tyl = F(t,1
{ i+ Tyl = F(t,1) (4.2.15)

Vo € D4 I(7, ) = v0().
and put v! = [(0, x).

Remark 4.2.2. It’s important to notice that we use the same term Ty gy in (4.2.14)
and (4.2.15) and thus (1,1') have Lipschitz dependence on the data (u®,v°).

Define u and v as the solution given by Theorem 4.2.2 with initial data wu!
and v! on the intervals [0,7], [0,7"]. Taking 0 < § < s — 1 — %, u® and v° are
uniformly bounded in H 1J“g*‘s(]D)d) and thus by Theorem 4.2.3, u! and v' are also
uniformly bounded in H 1+g+5(Dd) and thus by the Sobolev injection Theorems
they are bounded in W1>°(D?). Thus we can take a uniform 0 < 7' on which all the

solutions are well defined and we take 0 < tog < T.
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4.2.2.2 Change of variables by transport

Put

%X(ta S, .CL') = V(ta X(tv S $), U(t, X(ta S, CL'))),

X(Sa S, .’L‘) =,
and define analogously x from v. We recall that from the Cauchy-Lipschitz Theo-
rem as u’ and v° are H**°(D?) functions, then u!, v! are H** and u and v are

HT°°(D?) with respect to the z variable thus x, ¥ € C*([0,7]%,C>(D?)). And they
are both diffeomorphisms in the x variable.

By the estimate (4.1.2) u and v are uniformly bounded in W1°(D9) say by
M > 0 and their Sobolev norms are dominated by those of u! and v! thus by
those of u? and v° by Theorem 4.2.3. By classic manipulations of ODEs we get the
estimates:

/ d o1 < ! <
{30 > 0,Y(t',t) € [0,t], Vo € D4, C™! < [Dx(t,t,2)] < C (4.2.16)

V2 <k < [s— 2, [|D*x(tt,2)|| e < Cllullyro

Analogous estimates hold for y using v.
Now we compute the analogue of the classic transport computation but with the
paracomposition operator which reads:

(x(t,0,2) u(t,z)) = x(t,0,2)" 0w + T, (,0.2) - X(t, 0, 2)"Vu(t, z) + R(t,u)
= —x(t,0,2)" (Toquyuw) (t, ©) + x(t,0,2) F(t,u) + R(t,u)
= Tt X (8, 0, ) u(t, ©) + x(¢,0,2) F(t,u) + R(t,u) + R'(t,u),
x(0,0, 2)*u(0, z) = u(0, z) = u'(z).

where (-)* is the change of variables by x(¢,0, z) as presented in Theorem 3.4.2. We
can assemble the terms R, R’ and F in a new term F” verifying the same hypothesis
as F, thus without loss of generality henceforth we will keep the generic notation F
for all the terms verifying the same hypothesis.

Thus if we put f the solution to the Cauchy problem, which is well posed by Ap-
pendix 4.5:

o f+ Ta(t,u)*f = X(ta 0, .%')*F(t, U) (4 2 17)
Vo € DY, £(0, ) = ul () -
we get:
x(t,0,z) u(t,x) = f(t,x). (4.2.18)

Analogously, if we put g the solution to the well posed Cauchy problem,

(t) (4.2.19)

8tg =+ T;v*g = )N((t,o,l')*F(t,’U)
vz € D9, g(0,z) = v'(x)

~ %

where (-) is the change of variables by x(¢,0,x), we get

X(t,0,2)*v(t,x) = g(t, x). (4.2.20)
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Returning to the ODEs defining y and x we get:

{X(t,t’,x) =2+ [y V(s.x(s,1',2), f(5,7)))ds, (4.2.21)

Xt x) =x+ [, V(s,X(s,t,x), g(s,2))ds.

Proposition 4.2.1. There exists C > 0 independent of (1,€,\) such that:
Vh € H*(DY),V(t,t') < to,

CH Al e < |[hox(t,t,2)|| o < Cllbll g

e

C e < || o X(t.

< Wge < C g

Proof. We will start by proving the upper bound for the estimate on the composition
with x. As u is bounded in (7,¢,A) on C([0,T], H*(D?)) then there exists a unique
solution H € C([0,T], H*(D)) to

{851{(3, z)+V(s,z,u)- VH(s,z) =0
H(t,z) = h(x)

and H is bounded in (7,¢,\) on C([0,T], H*(D%)). The desired bounds come from
the fact that we have the explicit formula for H:

H(t' z)=hox(t,t, z).
Now to get the lower bound it suffices to write by the upper bound computations:

||h”H5 = Hh © X(tvt/>$) © X(t/7ta :E)||Hb

< C||hox(t,t, )| 4. -

We get analogously the estimates on the composition with x. O

4.2.2.3 Key Lemma and proof of the Theorem

Lemma 4.2.1. As0 < a < 2 we can find a sequence (7,€, \) such that for all € >0
sufficiently small:

T — 0, T2eN* = 0
=AM fora>1, e a0 (4.2.22)
Tef NP — 0, TAE — +00.

Then there exists ¢ > 0 such that:

1. Y(1,e,\,v), > cA7V.

uO o X(Ou 7-7:1:) - uO o )2(077—7'T)HH5—U

2. For o suchthat0<(5<s—1—%:

u(t, z)—v(r,z) = uCox (0, 7, ) —u’ox (0, 7, 2) +Opa-v (e—i—[TQ/\a*l—i-Tze/\a—i—Tek)\ﬁ]/\*V).
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We will now show that this Lemma implies the Theorem. We have by combining
the estimates (1) and (2) for v = s:

V(1 e, A), |lu(T, ) — v(T, 2)|| = > % > 0 thus sup |lu(7,z) — v(7, 2)|| = > g >0

T,€,A
Also by Theorem 4.2.3 and Remark 4.2.2:
aC > 0, Hul(x) - Ul(x)HHS < Ce thus Hul(:n) - vl(x)HHs — 0,

which gives the non uniform continuity in the desired norms. Now for the control
in a weaker norm we write:

HZL(T, $) - U(Tv JE) HHs71+(a71)+7e’
Ju' (z) = v! (@) s

which gives the desired result.

1 (a—1)F—
> eIz L o

4.2.2.4 Proof of point 1 of Lemma 4.2.1
We first prove that 3¢ > 0 such that
Huo o x(0, T, a:)HHS >cA7Y,
indeed by Proposition 4.2.1 and change of variable:
[ x(0.7.2)]

>C7|u > O I W]l o - (4.2.23)

0
e s

Now we will show that u° o x(0,7,2) and u® o ¥(0, 7, z) have disjoint supports which
will suffice to conclude given (4.2.23). Put y = x(0,7, ), thus z = x(7,0,y). On
the support of u” o (0, 7,2) we have:

o IfDY=R% Ay < 1.

o IfD?=TI Vk € N, 21k — 1 < Ay| < 27k + 1.
We then compute by the Taylor formula:
X(0,7,z) = x(0,7,X(7,0,9))

1
+ /0 Dy>~<(07 T, TX(Tv 07 y) + (1 - T)X(Ta Oa y))d’l"[X(T, Oa y) - X(Ta Oa y)]
(4.2.24)

1
=y+ /0 Dyx(0,7,7x(7,0,9) + (1 = r)x(7,0,y))dr[x(7,0,y) — X(7,0,y)].
First,

Dyi(ov T, TX(7_7 07 y) + (1 - T))Z(Ta Oa y))

= Id+/OT Dy[V(t,)Z(O,T, TX(T,O,y)—f—(l—T))Z(T,O,y)),g(t, TX(Ta 07y)+(1_7‘)>~<(7-70’y)))]dt‘
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Thus by estimates of Theorem 4.5.1taking 0 < § < s — % —1:
DZJ)Z(OJ—? TX(7_7 073/) + (1 - T)X(Tv Ovy)) =1Id+ Ope (T(Hvl||H1+%+6 + “ul“H1+%+6))
=1Id+ OLOO (7'),

which gives

1
/O Dyx(0,7,7x(7,0,9) + (1 = 7)X(7,0,y))dr = Id+ O (7). (4.2.25)

Now we estimate x(7,0,y) — x(7,0,y), by (4.2.21) :

X(7,0,y) — x(7,0,y) = /OT V(t,x(t,0,y), f(t,y) — V(t,x(¢,0,y),9(t,y))dt
(4.2.26)

T rl
- /0 /o DV (t, x(t,0,9), rf(t,y) + (1 = r)g(t, ) [f (£, y) — g(t, y)|dtdr
T rl
* / / va(t’ TX(t7O’y) + (1 - T)X(taoay%g(ta y))[X(ta()?y) - X(t,O,y)]dtdr.
0 0

Taking 0 < d < s —a — g, by estimates of Theorem 4.5.1:

f(ty) = F(0,9) + /0 O f (r, y)dr
= u () + O (t([u ] g.0us)) = 0 (9) + Ope (te).

Analogously we get:
g(t,y) = v'(y) + Or=(te).
Now (u! —v1)(y) = (I —1')(0,y) is the evaluation of the solution of the following
Cauchy problem at ¢ = 0:

{at(z )+ Tyupy (L = 1) = F(t,1) — F(t,1')

Yy € Dd, (l — l/)(']" y) = —ew(y;. (4227)

Thus by estimates of Theorem 4.5.1:

W) — oM () = (1 - 1)(0, ) = —ewly /atz—z (t,y)d
= —cly) + Oum (o1 g + HulHHW»
— —ew(y) + Ops(re).
Thus,
x(7,0,y) = x(7,0,9)

T 1
= / / DLV (£, X(t,0,9), 7 F(t,) + (1 — 1)g(t, ))dtdr][w(y)] + Opee (%)
0 0
T 1
+/ / D,V (t,rx(t,0,y) + (1 —r)x(t,0,9), 9(t,y))dr[x(t,0,y) — x(t,0,y)]dt.
0 0

*
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Iterating the computation in (*):
x(7,0,y) = X(7,0,y)
= [ [ DV A10.0 01 0) + (1= ) o) + O %)
— ] /0 "DV, 0)dt][w(y)] + Opee (7% + €27).
and finally we get in (4.2.24),
X(1,0,2) —y
=~ [ DuV(t.y0)dtlo(w)] + Ore (et 1)
We get for 2 € supp u o x(0,7,-):
e For D¢ = R%:
AX(0,7,2)]

T 1
> e\ / / DoV (t 3, 0)drdifw(y)]| — 1+ ope (7Ae)
0 0

>2

which gives the desired result.
e For D¢ = T given an adequate choice of 7, e and A we get:
2nm 4+ 1 < Ax(0,7,2)| <2(n+ 1)m —1,

which again gives the desired result.

4.2.2.5 Proof of point 2 of Lemma 4.2.1

We start by writing:

where R is a regularizing operator of order 2,
u(t,z) —v(t, ) = x(0,¢,2)" f(t,z) = x(0,¢,2)" f (¢, x)

(1)
+X(0,8,2)°(f = 9)(t, x) + R(f) — R(g)-

Term (1) resembles the main term in the usual transport estimates we used in point
1 of the Lemma ° but with a main difference is f being some dispersed data and
not compactly supported and the use of the paracomposition operator. Again, the

SLike the ones used in proving the quasi-linearity of the Burgers equation.
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main trick here was to construct from u°,1° the defocused data in the past u!,v?

and use this as the initial data for f and g.

u(t,z) —o(r,z) = u® o x(0,7,2) — u® o (0, 7, )
T(uo)/ox((] r2)X(0, 7, 2) — T(0)03(0,7,2)X (0, 7, )
X(0,7,2)"(f = u®)(r, ) = X(0,¢,2)*(f — u°) (7, )
X(0,7,2)"(f — g)(m,2) + R(f) — R(9)-
0oX(O m,2) —u’ o x(0,7,2)
+X(077a$) (f =D(r,2) = x(0,t,2)*(f = )(7,2)
1
+ X0, 7, 2)"(f — g)(7,2) +R(f) — R(g)
(2)
+ T(u0)y ox(0,,2) X (0s 75 ) — T(0)y05(0,7,2) X (0, T, @),

~~

3)

where [ is defined by (4.2.14) and R was modified to contain other regularizing
operators of order 2 that appear by symbolic calculus rules. The easiest part to
estimate is the remainder one because of the gain of derivatives and Theorem (4.2.2):

|R(f) — R(g)|| s < Ce.

We turn to estimating (1), by Theorem 3.4.2:

10,7, 2)*(f = D7 @) gs < CN = DT ) s -

Now f — [ solves:

at(f - l) + Ta(t,l)(f l) ( a(tl) — a(t,u)*)f - F(tv l) + X(ta 0, :L‘)*F(t, U)F(tv f)
Vo e D4 (f —1)(0,2) =
(4.2.28)
Writing
x(t,0,2) F(t,u) — F(t,1) = G1(f — )
where (7 is a continuous linear operator on H® we get the estimates by Theorem
4.5.1:

1f =1 ) o
< C[H(Ta(r,l) - Ta(tvl)*)fHLl([O,T],H”) + ”(Ta(T,Z)* - Ta(T,u)*)fHLl([O’T]’HV)]
< Clr? [[1d = Dx7Y| oo 1Nl gt + 7l = Ul oo [1F 1| el
Ass>2+ %l,
1f = U )l < CIP2ATE 4 22T,

which gives
(0, 7,2)*(f = D) (7, 2) || o < CTACTIN,

and
%0, 7, 2)*(f = D)(1,2)| o < CTA* TIN5,
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Thus we finally get
(D) < CTA NS, (4.2.29)

Now we estimate (2) and (3) in the same manner, by Theorem 3.4.2:
X0, 7,2)"(f = 9)(7: ) | g < CHI(f = )T ) v
And as s > 2+ % and by (4.2.21):
HT(UO)’ox(O,T,m)X(Oa T, 33) - T(uo)’o)Z(O,T,x)f((Oa T, .I‘)H <C ||(f - g)(Ta )HHV :

Now f — g solve:

O(f = 9) + Towuy(f — 9) — (Tog,v)- T/(?v/)*)g

—x(t,0,2)*F(t,u) + X(t,0,2)*F(t,v) = (Tytuy — Tagt0)*)9 (4.2.30)
Vo € DY, (f — 9)(0,2) = (u! —v')(2).

Here will need to be more careful as the nonlinearity in the dispersive term can be
more "harmful” than the transport term when « > 1, which was not there in the
treatment of the model problem. More precisely we write:

X(t707$)*F(tau) - F(tvl) - G2<f - g):

where (G5 is a continuous linear operator on H® and we get by Theorem 4.2.2:
If = g9(7 ) gv
<C |: H (Ta(t,v)* -

— ~_ k
< Clr|DX™" = DX oo Mgl gose + 7 1F = gll o ICF )70 gl oo + €]
< O[T2eX N5 4 7 NPV =5 4 ¢],

Ta(tm)*)g’ LL([07],H) + H(Ta(t,u)* - Ta(t,v)*)gHLl([O,T],HV) Te

which gives
12) |70 < C(T2EAXN 5 4 7P NN 75 1), (4.2.31)

and
1(3)l e < C(T2AN"5 + 7NNV =5 1 ¢), (4.2.32)

finishing the proof of Lemma 4.2.1 and Theorem 4.2.1.

Remark 4.2.3. For the application to the water waves system we need to remark
that the restriction on 8 comes from the Ty )« — Toew)+g- Nawely estimating this
term we see that in the case of water waves with surface tension we are working in
the limit case B8 = a = % and k = 2 which is barely missed by Theorem 4.2.1. We
will will show that this can be avoided in the special case of water waves system by
carefully choosing the ansatz. For this we notice that one slightly modify the last two
estimates and we write:
1@l < OV 4+ 72NN 4 €4 || (Taguoy = Tataany )9 s o )
(4.2.33)
and

H( )HHV = (7_26)\04)\1/ ST Gk)\’B)\V "+e+ H a(t,up)* Ta(t,vo)*)g‘}Ll([O,T]’HV))'

(4.2.34)

132



4.3 Quasi-linearity of the Water-Waves system with sur-
face tension

In this section we always have k = 1.

4.3.1 Prerequisites from the Cauchy problem

We start by recalling the apriori estimates given by Proposition 5.2 of [3]. We keep
the notations of Theorem 1.3.1.

Proposition 4.3.1. (From [3]) Let d > 1 be the dimension and consider a real
number s > 2 + g. Then there exists a non decreasing function C such that, for all
T €]0,1] and all solution (n,v) of (1.3.4) such that

(n,v) € CO([O,T];HSJ“%(]Rd) x H*(RY)) and H; is verified fort € [0,T),
we have
gy < CC80) ey ) TCUON ey

The proof will rely on the para-linearised and symmetrized version of (1.3.4)
given by Proposition 4.8 and corollary 4.9 of [3]. Before we recall this, for clarity as
in [3] we introduce a special class of operators ¥ C I'(" given by:

Definition 4.3.1. (From [3]) Given m € R, ¥™ denotes the class of symbols a of
the form

a=a™ a1
with
D = 37 Ga(Vi(t, ), ©)0k(t, @),
|k|=2
such that

1. T, maps real valued functions to real-valued functions;

2. Fis of class C™ real valued function of (¢,€) € R% x (R%\ 0), homogeneous of
order m in &; and such that there exists a continuous function K = K({) >0
such that

F(¢,8) > K(Q) 1€I™,
for all (¢,€) € R4 x (R%\ 0);

3. Gq is a C® complex valued function of (¢,€) € R x (R4\ 0), homogeneous of
order m — 1 in &.

3™ enjoys all the usual symbolic calculus properties modulo acceptable remain-
ders that we define by the following:
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Definition-Notation 4.3.1. (From [3]) Let m € R and consider two families of
operators of order m,

{A(t):t€[0,T]}, {B(t):te0,T]}.

We shall say that A ~ B if A — B is of order m — % and satisfies the following
estimate: for all p € R, there exists a continuous function C such that for all
te[0,7],

|A() = B 3 < CUn@I ory)-

Hr—sHF—™T2 —
In the next Proposition we recall the different symbols that appear in the para-
linearisation and symmetrization of the equations.

Proposition 4.3.2. (From [3])We work under the hypothesis of Proposition 4.5.1.

Put
A=D1 X0 =) D) g,

AL — \/(1 +|Vn2) 1€ = (V- €)2,

A = LT {dw <a(1)v77) +i0e A 'W(”} : (4.3.1)
W= —L__(AD ivy-¢).
v "
B _1 2 (V)2
1) = (1+|Vy*)~> <\5| - 1+77vn|2)’ (4.3.2)

1D = —£(0, - 9)I2.

Now let g€ X% p € E%,Py €53 be defined by

l\)»—l

q=(1+[Vn[*) 2
p=(1+VnP) ’3\/ M) 4 pl=3),
12 ReA©®
AD 22

1 1 1 . 3 1
p(—é) _ (3) {ql( ) _ ( )p(g) +23§7(2) . axp(Q)}-
2

v =VIAND) 4 (Oe - 0,) VI,

Then
T, Ty ~ Ty Ty, T, Ty ~ T,T,, T ~ (T,)".

Now we can write the para-linearization and symmetrization of the equations
(1.3.4) after a change of variable:

Corollary 4.3.1. (From [3])Under the hypothesis of Proposition 4.3.1, introduce
the unknowns

U= —Tgn", & =Ty and &2 = T,U,

_ VG
{B ( y¢)ly n = n1+|vn\g) )
V = (V:9)y=n = Vb — BVn.

U is commonly called the ”good” unknown of Alinhac.

where we recall,
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Then ®1, &5 € C°([0,T); H*(R%)) and

{5t@1+TV'V‘I>1—T7‘I)2:f17 (4.3.3)

0;Po + Ty - VO + T, 01 = fo,
with f1, fo € L=(0,T; H*(RY)), and f1, f» have C' dependence on (U, ) verifying:

[(f1, f2) ||L°°(0,T;HS(R(1)) < C([l(n, ¥) ”LOO(O,T;HS"“% xHS(]Rd)))'

4.3.2 Proof of Theorem 1.3.1

Corollary 4.3.1 shows that the para-linearization and symmetrization of the equa-
tions (1.3.4) are of the form of the equations treated in Theorem 4.2.1. The goal of
the proof is thus to mainly show that the previous change of unknowns preserves the
quasi-linear structure of the equations. This we will be proved but with a slightly
different change of unknowns that will satisfy the same type of equations.

4.3.2.1 Reducing the problem around 0

Fix T' > 0, » > 0 as in the proof of Theorem 4.2.1, given the local nature of the
result we see that we can work on balls with radius r small. Henceforth we will be
working on B(0,7)  C°([0,T); HSJF%(]Rd) x H*(R%)) and without loss of generality
we suppose that H; is always verified on [0,7] on that set.

4.3.2.2 New change of unknowns

Lemma 4.3.1. Under the hypothesis of Proposition 4.5.1, fix € > 0 and introduce
the unknowns

U= —Tgn, & =T, + eI —T1)]n and &3 = [T, + e(I — T1)]U.
Then &1, ®y € C°([0, T]; H*(RY)) and

{8@1 + Ty - V(i)l — T,y(i)g = fl, (4 3 4)

O @2+ Ty - VO + T, 81 = fo,
with f1, fo € L>=(0,T; H*(RY)), and f1, fo have C* dependence on (U, 0) verifying:

[oma] SO e g g ey

Lo°(0,T;H*(R4)

Proof. The Lemma simply follows from the fact that I—1T] is a regularizing operator.
O

4.3.2.3 The new change of unknowns locally preserves the structure of
the equations:

To apply Theorem 4.2.1 we simply note that DV(0,0)(h,k) = Vh. Thus proof
of Theorem 1.3.1 in the threshold s > 2 + g will then follow from Theorem 4.2.1
combined with Lemma 4.3.1 and the following Lemma.

135



Lemma 4.3.2. Letd > 1 and s > 2+ %l. There exists r,e > 0 such that:

& : B(0,r) — C°([0, T]; H*(R%))
(n,0) = (D1, D2)

is a C* diffeomorphism upon it’s image and CTD(O):O.

B, 1) = (Tp“i{‘” Tq+€8_T1)> (-é}, ?> (Z)

-~

1) (2)

Proof.

(2) being clearly a diffeomorphism we will concentrate on (1).
First we see that for r small enough Tj,+¢(I—11) is a perturbation of the T +€(1—T7),
indeed by symbolic calculus rules:
[Ty +e(I =Th) =Ty — (] — Tl)”g(Hs) = T4 - TIH[;(Hs)
< Mg(q—1)
< Cllnllwree) Inllwr.oe
< C(lnllgs) 0l zrs

which gives the desired result.
Now we turn to T, + (I — 17). First notice that for ¢ > 0:

T i +ell = Tr): (0.7} Het3(RY) = C°([0, T); H* (RY))

Nl

is a C*° diffeomorphism. And now we see that T}, + €(I — T7) is a perturbation of

T| e + (I — T7) indeed by symbolic calculus rules:

< Clnllwroo) Inllw.o

< C(lnllgs) llnll g

T, —T
H P g

L(H HY)

O

Now to conclude the proof of Theorem 1.3.1, we want to apply Corollary 4.2.1
but as remarked previously we find ourselves in the limit case § = a = % and k=2
which is not apriori covered by the Corollary. The key observation is that we have:

V(n,¢) =V — BVn, v=~(n),

and that V'(0,1) and |§|% = 7(0) do verify the hypothesis of Corollary 4.2.1 which is
sufficient in order to apply the Corollary by Remark 4.2.3. Thus by Lemma 4.3.2, the
equations (4.3.4) verify the hypothesis of Corollary 4.2.1 in the threshold s > 2 + %l
with the choice ng = 0 thus we have two sequences:

3(89,89) € CO([0, TT; H*(R?)) solution of (4.3.4),
3(®1, ®1) € CO([0, T]; H*(RY)) solution of (4.3.4),
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such that dc > 0,

(8,89)(0,) — (@1, 850, =] ©.8)0.) - 0,80, o
50 H0) _ (B! Hl
(89, 89) — (31, }) \MO’TLHS)
Now putting (n°,4%) = &~ 1(®9,89) and (n*,y!) = &~ 1(d}, dI) we get from

Lemmas 4.3.1 and 4.3.2:

(n°,40) € CO([0, T); H*T2 (RY) x H*(RY)) is a solution of (1.3.4),
(nt,yt) € CO([O,T];H5+%(Rd) x H*(R%)) is a solution of (1.3.4),

such that
H(T]O,wo)((), )= 0 eh, ')HHS*'%st = “(O’¢O)(O7 ) — (0,91)(0, ')“Hs+%XHs — 0,
16, 0%) = ) e oo by > ©

thus giving us the desired result. As the change of unknowns is a diffeomorphism
(thus is Lipschitz) we get analogously the result on the control in weaker norms.

4.4 Quasi-Linearity of the Gravity Water Waves

In this section we always have x = 0. The proof will follow as in the previous section
but with some extra care, taking into account the lower regularity framework.

4.4.1 Prerequisites from the Cauchy problem

We start by recalling the apriori estimates given by Proposition 4.1 of [6], we keep
the notations of Theorem 1.3.2.

Proposition 4.4.1. (From [6]) Let d > 1 be the dimension and consider a real
number s > 1+ g Then there exists a non decreasing function C such that, for all
T €]0,1] and all solution (n,%) of (1.3.4) such that:

(n,%) € CO([0, T]; H**2(R?) x H*2(R7)),
H; is verified for t € [0,T],
deg > 0,Vt € [0, T, a(t,x) > co,

we have ®

||(77¢w7 ) )HLOO [OT H9+2><H9+2><HSXHS)
S C(H(n[)aw(]vaaBO)H

+TC([(n, 9, V, B)|

8Recall B and V are defined by (1.3.6).

HS+%xHS+%xH5st)

Lo (0,T; H 3 xH*+S ><HS><H5))'
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The proof will rely on the para-linearised and symmetrized version of (1.3.4)
given by Proposition 4.8 and 4.10 of [6]. Given the low regularity threshold, n and
thus € are in W%’OO(]Rd) for the gravity water waves by contrast to Wg’oo(Rd)
frame work for the case with surface tension, the para-linearisation of (1.3.4) is
done with the variables V and B. This will only add a technical level to our proof
of quasi-linearity.

Proposition 4.4.2. (From [6])Under the hypothesis of Proposition j.4.1, suppose
moreover that ||(Vo, Bo)|| gsy pys < +00 thus by Proposition (4.4.1)this regularity is
propagated on [0,T]. Now introduce the unknowns

_ _ Vn-Vy+Gn)d
{C =V, where, {B (Oy@)py=n = LH[Vn2
U:V+TCB’ :( x¢)|y=n—vw_Bv"7‘

Now define the symbols:

A=+ 902 g — (V- €02,

Y= \/aa

q= /%
Set 0 = T,C. Then 0,U € C°([0,T); H*(R%)) and

{8tU+TV VU+T79: f17

(4.4.1)
00 + Ty - VO —T,U = fo,

with f1, fo € L>(0,T; H*(RY)), and f1, f> have C' dependence on (U, ) verifying:

s i oirrny < CUB VB o mgerd et g

4.4.2 Proof of Theorem 1.3.2

As in the proof of Theorem 1.3.1, Proposition 4.4.2 shows that the para-linearisation
and symmetrisation of the Equations (1.3.4) are of the form of the equations treated
in Theorem 4.2.1. Thus again, the goal of the proof is thus to mainly show that the
previous change of unknowns preserves the quasi-linear structure of the equations.
This we will be proved but with a slightly different change of unknowns that will
satisfy the same type of equations but where we take into account the low frequencies.
For concision we will omit the (R?) when writing the functional spaces.

4.4.2.1 Reducing the problem around 0

Fix T > 0, r > 0 as in the proof of Theorem 4.2.1 and 1.3.1, given the local nature
of the result we see that first we can work on balls centered at 0 with radius r small.
Put

Isr = {(77 ¥) € C°([0,T7; Ht2 x H** 2 2),(V,B) € C°([0,T]; H* x H®),3¢ > 0,a > c},
Is,OZ{(n07¢0)€HS+% x H*V2 (V, , (Vo O)EHSXHS,EIC>0,(120},
)

henceforth we will be working on B(0,7) C Is 7 and without loss of generality we
suppose that H; is always verified on [0, 7], on that set.
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4.4.2.2 New change of unknowns

Lemma 4.4.1. Consider ¢ > 0 and w € C§°(RY) such that w = 1 on B(0,1) and
w =0 on R\ B(0,2). Under the hypothesis of Proposition (4.4.2), introduce the
unknowns

¢=(1-w(D))Vn,

U= (1-w(D)(V+TB). Mme{Bzwmmwzmﬁﬁﬁwx
auzy = w(D)y, "V = (Vad)jyey = Vi — BV
auxe = w(D)n,

and set 0 =T,C +e(I —T1), where q is defined in Proposition (4.4.2).
Then 0,U, auzry, auxy € C°([0,T]; H®) and

U+ Ty -VU +T,0 = fl, (4.4.2)
0+ Ty - VO —T,U = fj, o
with f], f5 € L>(0,T; H), and f], f} have C' dependence on (U, 0) verifying:
[ ) s grarey < OV, B)]

Proof. Again the lemma simply follows from the fact that I — 77 and w(D) are
regularizing operators. O

1 1
Lo(0,T;H V2 xH 2 ><HS><HS))

4.4.2.3 Decomposing the change of variable:
Set
®: I, — C0,T); H) Ol H*
(n,1) — (U, 0, auzy, auxy) (n,9) — (U, 0, auzy, auxy)

The goal is to prove that ® is locally invertible and then the proof will follow from
Theorem 4.2.1.
We write & = &1 o &y with

Oy I,p — CO[0,T); HS x H*™2 x H® x H)
(n, ) — (U, C, auzy, auxs)
and,
Dy : CO([0,T]; H® x H 2 x H* x HY) — C°([0,T]; H)
(U, ¢, auzxy,aury) (ﬁ,é, auxy, aursy)
We define ®1 and ®, analogously when @ is defined on I .
Lemma 4.4.2. There exists r,r1,€ > 0 such that:
Oy : B(0,r) N Ir — CO([0,T); H® x H* "2 x H® x H*)
is a C*° diffeomorphism upon it’s image.
Oy : B(0,71) N CO([0,T); HS x H*™2 x H® x H*) — C°([0, T); H)
is a C'°° diffeomorphism upon it’s image.

Analogous results hold when ® is defined on I .
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The proof of Theorem 1.3.2 follows as in the previous section from Corollary
4.2.1 and the previous Lemma combined with the fact that ®;(0) = 0 thus we have

B(0,r1)NCO([0,T]; HY*x HY®x H**x H*>) C & (B(o,r)mco([o,T];HS+éxHS+%)>.
Also ®5(0) = 0 thus there exists ra:
B(0,72) N C°([0,T]; HT™) C &y <B(0,r1) NCO[0,T); HT™® x HT> x H® x H)

We now turn to the proof of the lemma.

Proof. As all of the estimates used are pointwise in time thus the proof is the same
for IS:T and I and we only write the one for I, 7. We start by ®1, first the part
n +— ((, auxs) is invertible with inverse

Z1041(6)

i, + w(§)F lauxs)].

F10;' (G aua](©) = 5 301 - w(€))

By the same argument 1 — ((1 —w(D))Vt,w(D)y) is invertible and we see that
(U, auzy) is a perturbation of that map indeed:

| (@ = (D) Vv, w(D)) = (O, aury)| (S OBy gc) Il ery

<UD oep) Il ey

L(H* 3 Hs

thus for r small enough we get the desired result.

Now we turn to ®». This operator is the identity on U, auxy, auzs thus we only
have to work on . Put ag as the Taylor coefficient associated to the solution of the
problem (0,0). Now notice that for € > 0:

_ .0 L Irs—2 0 . I7Ss
T oy el =T €0, T} ) = OO0, T )

is a C*° diffeomorphism. And now we see that T, + €(I — 1) is a perturbation of

T\/mgr% + €(I —T1) indeed by symbolic calculus rules:
T, —T <0 . .
’ B (lll ) 1
which gives the result by taking r small. =

4.5 Appendix: Energy estimates and well-posedness of
some pulled back hyperbolic equations

Theorem 4.5.1. Let T > 0, x € WH°([0, T, W,5>°(D%)) with Dyx € L>°([0,T], L>(D%))
and consider (a;)icr @ family of symbols in F’f(Dd) with B € R, such that t — a; is
continuous and bounded from R to I‘f(]D)d) and such that Re(a:) = % is bounded
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in TY(DY). Suppose moreover that x(t,-) is a diffeomorphism between open sets of
D? and that we have the bounds:

3C > 0,Vt < T,Vx, C~1 < |Dyx(t,z)| < C. (4.5.1)

Put (-)* is the change of variables by x as presented in Theorem 5./J.2.
Then for all initial data ug € H*(D?) and f € C°([0,T]; H¥(D?)) the Cauchy prob-
lem:

{atu tTeu=f (4.5.2)

Vo € D4 u(0,2) = up(x)

has a unique solution u € C°([0,T]; H*(DY)) N CL([0, T]; H*=P (D)) which verifies
the estimates:

-1 O(Re(a
(®)]| 7o < eCUPX w00 [1DXT ] oo oo MIREC@DE 1y (4.5.3)

49 / " LCUIDaX oo oo || Do | oo MO (Re( ) (1) £ .t
0

Again fizing the initial data at 0 is an arbitrary choice. More precisely, YO0 < to < T
and all data
ug € H*(D?) the Cauchy problem:
TCL* =
Oru + ot / (4.5.4)
Vo € D% u(ty, z) = up(x)

has a unique solution u € C°([0,T]; H*(DY)) N C1([0, T]; H*=P (D)) which verifies
the estimate:

Ol s < cCUDzxll oo poo || Daex ™| oo oo - MS (Re(a)))

t
/ CUIDax| oo oo
to

Proof. The existence of a solution follows from standard compacities arguments
after regularization given the apriori estimates (4.5.3). Also, the equation being
linear those estimates give the uniqueness immediately. Thus we will only show the
desired apriori estimates.

Put T's = (D)*, we will compute %(Fs*u, L's™u) 12(Dd | D, y(t,2)]dz) 11 tWO different ways.

=000 || 17

£ 28|

I

| Dax~ MG (Re(a))) (t—t)

1
Lo Lo

+2

e Method 1. First notice that by Theorem 3.4.2

Dy*(x,€) ~ ([Dx 7t x(t,2)]'€)° + R

where R is of order s — 1.
Thus using the lower and upper bound on |Dx(t,z)| combined with upper
bound on % |Dx(t, z)| we have:

_ d
C(||Dax 1HLOQLOO)@[(FS% Lsu) 2] = C(IDaxll oo poo ) IITsullZe
d

< 2 (07w, ™) p2( Dy (t.0) o) -
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e Method 2. Now we use the PDE,

d . .
%(Fs u, I's™ ) 2(| Dy x (1) der)

= QRG((atFS*u, Fs*u))L2(‘DX(t,x)|d$)) —|— (FS*U’ FS*U)LQ(%|DX(t,m)Id$)
= —2Re((T's™ Toru, T's™w) 21Dy (t,0) de)) T 2Re((Us™ f, s ™)) L2 (1D (1) dar)
+ 2Re(([01s™Ju, T's™) 2 Dty ) + (U™, Ts™0) p2 4 1,91

by change of variables,

d .. .
%(Fs u, L's™ ) 2(| Dy x(t,2) | der)

= —QRG((FS*TUL*’LL o X_l, I's*uo X_I)LQ) + 2R€((Fs*f, FS*U))LQ(\Dx(t,xﬂdz)
+ 2R€(<[6trs*]u, Fs*u)L2(|DX(t,$)‘diB)> + (Fs*u, FS*U)LQ(%|DX(t7JJ)|dZ')'

Now notice that,

-1 -1
fe (/TD[FS*Ta*qu*U]OX‘lx da:) - /TD[FsTRe(aWFsu]OxlX dz + R,

where R verifies by Theorem 3.4.2:

B < C(| DX M| oo o) sl 2 (4.5.5)

Thus by Theorem 3.4.2:
d * *
%(Fs w, Us™ W) 121 Dyx(t,2) | de) (4.5.6)

= 2Tl T g+ Re ([ T oo ) + R
+ 2Re((Ts™ f,Ts™u) 12 Dy(t,2)dz)) + 2Re(([0:T 5™ 1w, Ts™ ) p2(| Dy (1) d))

+ (Fs*u, FS*U)LQ(%|DX(t,I)‘dI)’

= —2(TsTre(a [(x ) ], Ts[(x ) ul) 2 + /TD[FSTRC(E>uM]OX—1X_1dx +R

+ 2Re((Us™ f,T's™u) 12| Dy(t,2))dz)) + 2Re(([0:s™ 1w, T's™w) L2 (| Dy (t,2) | da))

+ (T's™u, Fs*u)LQ(%|Dx(t,m)\d:v)'

Now we have

_ — 2
[ otttz o) < CUDX o) Tl (@50

By the upper bound on ‘Dxfl(t, x)‘

(CsTre(@y[(x ) ], Ts[(x ™) ) p2(pe)
< M (Re(a))C (|| Dax || oo poo) ITst]|72 - (4.5.8)

Now by the upper bound on % |Dx(t,z)| and % | Dx~'(t, $)| we have:

("0 T5™) 2 Dty < CUDwxX oo oe) [T 12
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Now using the upper bound on |Dx (¢, x)|:

* * — 2
(Ps"u, s U)L2($|Dx(t7$)\dx) < O(IDaxll oo e+ | Pax 1HL<>OL°°) IPsullz2 -
(4.5.9)
Analogously we get:

(Cs* £, Ts*t) L2 Dyt lda) < CUIDaxl oo poomay » DX ™| oo poo) ITstll 2 [T £l 22 5

(4.5.10)

Dax | e poo) ITsllZ2
(4.5.11)

([0 s™Ju, Us™u) 2 (| Dy () day < C U1 Daxl poo oo

Thus finally we get by combining (4.5.6), (4.5.5), (4.5.7), (4.5.8), (4.5.9),
(4.5.10) and (4.5.11):

(CsTre(a) [(x ) "ul, Ts[(x ) ul) 2oy < CUIDaX oo oo

To conclude we combine the computations from both methods and get:

d _
%[(Tsuafsum] < C(IDaX|l oo oo » | DX ™| oo oo » MO (Re(@))) [T 5172
+ C(I1DaX I oo oo » || DaX || poo oo ) ITswll 2 ITs £ 2 -
The result then follows from the Gronwall Lemma. O

We see that the proof depends essentially on symbolic calculus rules and those
still clearly hold in the case of pseudodifferential operators as presented in section
3.2.

Theorem 4.5.2. Let T > 0, x € W1°°([0,T],C°>°(D)) such that D,x € C°(D?)
and consider (a;)ier a family of symbols in SB(DY) with B € R, such that t — a; is

continuous and bounded from R to S#(DY) and such that Re(a;) = # is bounded
in SO(DY). Suppose moreover that x(t,-) is a diffeomorphism between open sets of
D? and that we have the bounds:

3C > 0,Vt < T,Va, O~ < |Dyx(t,z)| < C. (4.5.13)

Put (-)* is the change of variables by x as presented in Theorem 3.3.1.
Then for all initial data ug € H*(D?) and f € C°([0,T); H*(D?)) the Cauchy prob-
lem:

{at“ +Op(a’)u =1 (4.5.14)

Vo € D4 u(0,2) = ug(x)

has a unique solution u € C°([0,T]; H*(DY)) N C1([0, T]; H*=P (D)) which verifies
the estimates:

[u(t)] o < eC(HDIXHLOOLoovnDIX_l||L°°L°°)t l|uol| g (4.5.15)
t
+2 / €PN oo oo lPex | oo o =80 || £(47)| it

0
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where C depends also on a finite symbol semi-norm of Re(ay). Again fixing the initial
data at 0 is an arbitrary choice. More precisely, VO < tg < T and all data
ug € H3(D?) the Cauchy problem:

{atu +Op(a*)u = f (4.5.16)

Vo € DY, u(to, x

uo ()

has a unique solution u € C°([0,T]; H*(DY)) N C1([0, T]; H*=P (D)) which verifies
the estimate:

Hu(t)HHb < eC(HDxXHLOOL‘X”HD?”X_l||LooLoo)|t_t0| HUUHHS

+2

t
/ CUPNoo oo [ DX oo 1o =80 | £ |

to

We finally show a general regularizing effect due to integration in time.

Theorem 4.5.3. Consider (at)icr a family of symbols in SP (DY) with B € R, such
that t — ay is continuous and bounded from R to S(D%) and such that Re(a;) =

% is bounded in S°(DY), and take T > 0. Then for all initial data ug € H*(D?),

and f € C°([0,T]; H*(D?)) the Cauchy problem:

{&tu +op(a)u=f

Va € ]Dd7 U(O, .’E) _ Uo(SU) (4517)

has a unique solution uw € C°([0,T]; H*(DY)) N C1([0, T]; H*~2 (D)) which verifies
the estimates:

t
)ty < € ol sy +2 /0 S| £ | oo

Hs(D4)

where C depends on a finite symbol semi-norm M (Re(az)).
Suppose moreover that a is elliptic that is:

V(z,€) € R* Ja(z,€)| > C(€)°.
Then Vt € [0,T):

‘ /Otu(s, Yds

Proof. We start by writing:
dyu+ Op(a)u = f

< C(lluoll gs—1 + lluoll grs—s + 11f | Lo oy, 151 + 1 oo 0,77, 115-5))-
HS

we then apply Op(a™1):
Op(a™")du+u = Op(a™')f + Ru
with R € S~1(D%),

0
9; Op(a™u+u = Op(a™')f + Ru+ Op(dya ")u = Op(a™)f + Ru + Op(%)u.

the proof then follows by integration in time and the usual elliptic estimates. O
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Chapter 5

On the
Baker-Campbell-Hausdorft
formula for hyperbolic
paradifferential flows

In this section we give a complete symbolic calculus study of the flow of
para-differential hyperbolic equations and their conjugation and commutation with
para-differential operators. The results presented here are a combination of results
obtained in [63] and [64].

Contents

5.1 Baker-Campbell-Hausdorff formula: composition and
commutator estimates. . . . .. ... 00000000, 145

5.2 Appendix: Continuity of limited regularity paradiffer-
ential exotic symbols on P spaces . . ... ... ..... 163

5.1 Baker-Campbell-Hausdorff formula: composition and
commutator estimates

We will start by giving the propositions defining the operators used in the gauge
transforms and the symbolic calculus associated to them.

Notation 5.1.1. We will essentially compute the conjugation and commutation
of operators with a flow map which naturally bring into play Lie derivatives i.e
commutators, thus we introduce the following notation for commutation between
operators:

e =b, Lb=a,b] =aob—boa, £2b=[a,[a,b]], Lb=[a,[---,[a,b]---].
—_———
k times
In the following propositions the variable t € [0,T) is the generic time variable
that appears in all throughout this thesis and a new variable T € R will be used and
they should not be confused.
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We also need to recall the definition of the adjoint of a paradifferential symbol p
that we write p* and is given by:

* 1 —1 —
p*(x,§) = 27r/m> e Yip(x — y,& —n)dydn
X

We start with the proposition defining the Flow map and its standard properties.

Proposition 5.1.1. Consider two real numbers § < 1, s € R and a symbolp € T'(D)
such that: .
Tm(p) = ;.p e TY(D), with 6 <0,
i

[<D>5,U;f] e TY(D), for all s € R, with :

(D)*, 0] = (D)° @0y — ¥ © (D)’
— (2m)¢ DM [ 50% (0 €) — 0¥ (. 1) E) dudn.
)t [ )l (5.€) = o (o) (€

The following linear hyperbolic equation is well posed on R:

O-h —iT,h =0,
(5.1.1)
h(0,-) = ho(-) € H".
For 7 € R, define A% as the flow map associated to (5.1.1) i.e,
AP :H*(D) — H*(D)
ho — h(T,"). (5.1.2)
Then for T € R we have,
1. A € Z(H*(D)) and,
A o pge < CITI (M (Im(p))+M ([(D)* o))
2.
iT, o0 AL = AL 0T, Aiﬁ_, = AgAi,.
3. AP is invertible and,
(An) = AP,
Moreover the L? adjoint of AY verifies:
(Ap) = A" = 4”1 R,
where R is a & reqularizing operator and ASTP " is the flow generated by the
Cauchy problem.:
Orh —i(T,)*h =0,
i) (5.1.3)
h(0,-) = ho(-) € H3(D).
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4. Taking a different symbol p verifying the same hypothesis as p we have:
[1AZ = Aol .

< O |r| OO Mm(p) ImE)+ MDY oF LUDY ) N8 (1 — ) ||| o -

(5.1.4)

Proof. Points (1),(2),(3) are simple consequences of the hyperbolicity and well
posedness of the Cauchy problem (5.1.1). Point (4) comes by writing:

O-[AP — AP|hg — iT,[AP — AP)hg = iT,_;APhy,
and making the usual energy estimate. O

Remark 5.1.1. In this proposition the hypothesis § < 1 is superfluous, for example
this proposition extends with no problem to the linear Schrédinger flow where § = 2.
We put it in the hypothesis because we wanted to put an emphasis on the type of
symbols we will use in the gauge transform. Indeed we will be working symbols
p € TY(D) with p real valued for which we have 6 < 8 —1 by symbolic calculus and
the inequality:

ME™ Y (Im(p), [(D)*, o¥]) < M1 (9:0,p), § < 0.
This can even be relaxed to the minimal hypothesis p € Fg.

Later on we will need to study the continuity of A? on Hélder/Zygmund spaces.
This a non trivial result, indeed hyperbolic flows are not in general continuous on
LP spaces for p # 2, as it is for example the case for the Schrédinger equation,
or equations of the form 9;h + i|D|*h = 0,a # 1 that are not continuous on
Zygmund spaces as shown in the Appendix of [8]. To study the continuity of A¥
on Hélder/Zygmund we start by studying its symbol. First we recall the following
Lemma we proved in [63] adapting the classical result by Beals on pseudodifferential
operators in [14] to the limited regularity setting.

Lemma 5.1.1. Consider an operator A continuous from 7 (D) to .7"(D) and let
a € (D x D) the unique symbol associated to A (cf [19] for the uniqueness), i.e,
let K be the kernel associated to A then:
u,v € (D), (Au,v) = K(u®v), a(z,§) = FyeK(z, 2 —y).
o If A is continuous from H™ to L?, with m € R, and [%%,A] s continuous
from H™0 to L? with § < 1, then (1 + |£]) ™a(x,€) € L3 (D x D) and we
have the estimate:

m 1d
[T+ 1D ™all poo < Con| 1Al gpm 2 + ||| 7525 A (5.1.5)
.6 i dxr

‘ ‘ Hm+6 512 }

e If A is continuous from H™ to L?, with m € R, and [iz, A] is continuous from
from H™ P to L? with p > 0, then (1 + |¢))"a(z,€) € L3 (D x D) and we
have the estimate:

[0 +16D 70l e, < Cnll Al + iz, Alllgrmposzel: - (5:16)

Proof. First without loss of generality through a standard mollification argument
we work with a € (D x D). We study the cases on T and R separately.
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Operators defined on T The first key observation is the following:
(2,6) € T X Z, e @A™ = a(z, £), (5.1.7)
which one can right as ¢ € L2(T). Thus taking L? norms in  we get:

eza:f

laC)lizz < NAllgmoyze [ < CnllAlgmoypa @+ IED™ (5.18)

Now to get the analogue of (5.1.8) but in the £ variable we observe that the continuity
hypothesis reads for (u,v) € .7:

[ et 90+ I F O u(a)dads] < [Algn oo 170 Il
X
which we rewrite as:

[#@@] [0 r1e)mate utods|de] < 1Al 170l s

Now we treat a as an operator with roles of (z,§) exchanged. Choosing,
u(z) = F (™),

we get analogously to (5.1.8):

1+ 1¢D ™™ o, )| ez < Com AN g2 (5.1.9)
The second key observation is:
; 1d - . .
e—zx‘f |:de,A:| eiTE Bxa(x,é), e—m{[ix’A]em.f - 85@(31‘,.5). (5110)

Iterating the previous computations we get:

Haxa(’g)HL% < Cm(l + |£’)m+§

1
[,d, A} H , (5.1.11)
1 dx Hm+6_ 2

and as p > 0:
19[(L +1eD ™", )]l o2 < Cunlll A2 + i Al sy pa]- (5:1.12)

By the Sobolev embedding (5.1.9) and (5.1.12) give the desired result (5.1.6) on
the torus.
To get (5.1.5) we introduce:

b(w, &, &) = a( (1+ |£o\>"£).

-
(1+160))*

As ¢ < 1 we have that (14 [£])° ~ (14 [&])° for [ — &| < e(1 + |&])° for some
fixed ¢ > 0. Considering b as a function of (z,£) on T x B(&, ¢), inequalities (5.1.8)
and (5.1.11) give uniform L2 and H! estimates thus by the Sobolev embedding we
get:

](1—1— 1EN™, (5.1.13)

1d
152, €) = < Com [ VAl + H [Z,dx,A] H
Hm+8 L2

which transferred back to a give the desired result (5.1.5) on the torus.
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Operators defined on R The main problem we face on R when adapting the
previous proof is we can no longer use €€ as a test function as it no longer belongs
to L?(R). One way to get over this was given by Beals in [?], we choose g in
< (R) such that g(0) = 1, F(g) is supported in {|¢{| < 1} and g(x) = g(—=x). Let
92(y) = g(y — =) and compute for u € .¥:

u() = u(z)ga(x) = /@ g uldyde = [ ey, puldyd.

We now compute an analogue of (5.1.7):
Au(z) = / e_iy'EA(emgy) (z)u(y)dydg
RxR
= [y uly)dyds
RxR

:/é“d&&%@@%,
R

where, A A
ag(,y,€) = e A (g, ) (x),
and,

a(z,€) = /R i @ =8 g0 (2, y, n)dndy.
X

Applying the same arguments as in the periodic case we get:

|a+ignapa| . < Cus [ 1Al sy 12 + H EZE,A}

z,y,§

],k eN
(5.1.14)

HHW+5—>L2

and,

|a+iehdkao| . < Conall A,z + lliw, All ool k €N (5.1.15)

L;?y,f
Thus to conclude the proof we need to transfer the information on the amplitude
ap to the symbol a which is a simple application of Oscillatory Integrals. Indeed it

suffices to write:

a(x, &) = /R i @ =8 g (2, y, n)dndy
X

1 .
= /R . (I — Ay)e' -8 qg (2, y, m)dndy
X

(€ —n)?
L iy (-9
= € (I —-A )*aO(xay777)d77dy )
/RXR (€ —m)? Y
which gives the desired result as ap(x,y,n) and all of it’s y derivatives are y inte-
grable. O

Remark 5.1.2. It is worth noting that if instead of Sobolev estimates we had Hélder
continuity estimates on A, then combined with (5.1.7) it gives directly the analogue
of estimates (5.1.5) and (5.1.6).
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We can now define the limited-regularity symbol classes to which A? belongs.

Definition 5.1.1. Consider s € Ry, for 0 < é,p <1, we say:
|DEp(,€)] < Crigm—

HDEP("@HWSM < O (&)m—Phtsd

pEW®SI(D) = ,(z,6) e DxD, k > 0.

(5.1.16)

The best constant in (5.1.16) defines a seminorm denoted by P2 M (-; k), k € N where

k is the number of derivatives we make on the frequency variable £, we also define
the seminorm PO M™ = POM™(-:1). We define analogously W* S (D" x D).
Motivated by Lemma 5.1.1 we introduce the following family of seminorms:

0
PO HI (p; k Z ‘ & p ’Hm_>ij ,
n k
1) il
p’Hgl(p?k):Z ‘%Sldp’ s neNn<p,
1=0 j=0 i dx Hm s HIP—

and if s ¢ N:

g el [p, D)p]'

% dz

)
neN Hm_yHip—18

k
POHT(p; k) = HIY (p; k) + sup 2"~ L) Z
=0
where P,(D) is applied to p in the x variable.
Then POH™(p; k)gen induces an equivalent Fréchet topology to PO M (- k)ren
on W=S57s.

In Stein’s [71], such symbols are called ”exotic”, their continuity on different
LP spaces is completely studied but only in the regular case and without explicit
estimates depending on the semi-norms. To make such estimates explicit we have
given a full proof of such continuity Theorems in Appendix 5.2.

Proposition 5.1.2. Consider two real numbers § < 1, p > 0 and a symbolp € Fi(]D))
such that:

Im(p) = PP Fg(D), with § <0,

[(D)*,0%] € T)(D), for all s € R.

Let AP 7 € R be the flow map defined by Proposition 5.1.1, then there exists a symbol
el € WreeSY o (D* x D) such that:

y
AP :Tegﬁ + AP(Id —T7). (5.1.17)
Moreover we have the identities:

Or [T“mho] iT, lef;,ho,

’LTp

lemho | —TlhO fOT hO € HS(D)736R. (5118)
’L‘Fp =0 .
.

Telg';, =T.irp + /0 A (TipTisp — Typeisp ) ds. (5.1.19)
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Proof. The idea is that morally 7" should be defined by the asymptotic series:

ZT])

'ka ik _k

; 2 1°T
Tl®7§§ ~> W(Tp)k = 5 Tép, (5.1.20)

k
where ®p is defined by Theorem 3.2.6. To make this series converge we introduce a
mollification with the Gaussian function ¢(D) with symbol:

1 &£
e 22.¢> 0. (5.1.21)
2

(Z)E(g) = .

Other than the standard properties of mollifiers, we have the following properties:
e For h € H*(D), ¢(D)h is real analytic.

e The moments of the Gaussian can be explicitly computed by, for k € n:

ok e
/ \§|k 2 21‘(%) k1) 1if & is even
NG V2 ik is odd

e From the moments of the Gaussian we deduce that, for h € H*(D) and k € n:

O5oD)h|| < Cue™ ]

and Oy, verifies for all K > 0, K*Cy, = o(k!).

Indeed this last control on C}, is what motivates the choice of Gaussian mollifiers as
we have the factor 7; in (5.1.20) which will essentially compensate for one the losses
in the mollification scheme.

By the symbolic calculus rules in Theorem 3.2.6 we then have that there exists
a symbol ‘el € C£S9_ 56D x D) such that:

R ikrk = ikrk .
> (T D) = Y T 6d(D) =TI, (5.1.22)
k=0 : k=0 . p ®
18,6 3 70 /e i = k ’T\k kS8 Nk
— 1T —
OMy(eg?) <y CFCr e MM (), (5.1.23)
k=0

where Cj, verifies for all K > 0, K*Cy, = o(k!).
Now in order to pass to the limit in € we need to get uniform estimates on
1=30gm(<elP; k)pen. To do so we see that:
0r [T”m ho] = T, T hy,

€ LTD ce ’LTp

for hg € H*(D), s € R. (5.1.24)
Tlfflho oo = Pe(D )Tlh(),

Thus a standard energy estimate combined with the commutation identities

zdx’A fO 1dci;?T ]A
liz, A) = [ AY_ lix, T;p) AT,
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and Lemma 5.1.1 we get:
108 0 (TP o) peny < eChnlmIMGAmE)+MIUD) ™" 0 D) ppd (1 o) (k) € N.

In order to get higher Zygmund estimates we see that by getting back to the sum
(5.1.22), we have:

DT o] = il o T
| P<r(D)[eg”] o] = ip, (Dyp) [Perpr (DG ¢ ho € H*(D),s € R
lim B | |

T[ng(D)egp]hO lr=0 = ¢5(D)h0 ( )

5.1.25

Again commuting with iz and %% and Proposition 3.1.3 we get:
100 0P o) peny < eChanl I MG AmEN+MIUD) ™20y n 8 (3 kY (K, m) € N.

Thus we can pass to the limit in when € — 0 and get the desired result.

Finally for identity (5.1.18) we pass to the limit in (5.1.24). Identity (5.1.19)
comes from the following computation. Fix an hg € H®, s € R, then [A} — T.i-p]ho
solves:

87_([147?2 - Teirp]h(]) - ZTp([A£ - Teifp]ho) - (EpTeiTp - Epeifp)h(), (5 1 26)
([AZ = T,irp]ho) (0, ) = (Id — T1)ho(-),
which by definition of A% gives (5.1.19). O

Combining the previous Proposition with Theorem 5.2.2 we get the following:

Corollary 5.1.1. Consider two real numbers § <1, p > 0 and a symbol p € Fg(]D))
such that:

P—p° _ :
Im(p) = =~ € (D), with é <0,

[<D>S,a;f] e IY(D), for all s € R.

_3 1_1
. ) . s 5—=)0
Then TU™ is continuous from C% to Ci 2 and from WetGmp)op 4o e for
e

®
s > 0. Moreover we have the estimate:

lim 1-6,6 370/ i7P.
‘Te”p s+(3=1yop =k Moleg™s 1), and,
@ w27 p)P Lyysp
lim 1-6,6 340/ %7D.
'Te”p .y <K Mg (eg”;1).
@ llc, "2 =cs

An improvement one could make on Proposition 5.1.2 is on the frequency local-
ization and limit cutoff.

Proposition 5.1.3. Consider two real numbers d < 1, p > 0 and a symbolp € Fi(]D))

such that: .
Im(p) = 2 ;,p e T8 (D), with § <0,
7

[(D)*,0%] € T)(D), for all s € R.
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Let A 7 € R be the flow map defined by Proposition 5.1.1 with the choice of
cutoff Tiﬁ’” with B > 2,b > 1 and eg” € FIS?_(S’J(]R* x R) the symbol given by
Proposition 5.1.2.

TP

AP =T + Reg, and, (5.1.27)
®
there exists a constant C such that R, verifies,
Vu € .7, supp.Z (Rsu) C B(0,0).

Proof. As B > 2, i(Tf ’b)* is still a paradifferential operator, thus there exists (egp )*
such that:

B,b\x . B,byx
() = AT =i, AT (1d - (1Y),

(eg”)
On the other hand conjugating (5.1.17) we have:
(A)* = (TU5)" + (AD)"(Id = (T7")").
®

Now if one calls a* the symbol of the adjoint of an operator Op(a), then we have
the following identify:

Fo(@)(n = &,8) = Fu(a)(€ —n,8). (5.1.28)
Thus writing;:
im Tf’b* ,b * im T1P7b* by %
Fa (T(legp)ﬁA(T " (1d—(x?) ))(n,ﬁ) =7, <T(legp)*+A(T " (1d— (T )>(77,g),

and applying identity (5.1.28) we get the desired result in the zones £ > 0,7 < 0
and £ < 0,n > 0. For the other two zones we see that:

Fa(a)(n,§) = Fu(a)(=n, %),
and applying the previous result to p we obtain the desired result by symmetry. [

The key commutation and conjugation result is given by the following proposi-
tion.

Proposition 5.1.4. Consider two real numbers d < 1, p > 0 and a symbolp € I‘z(]D))
such that: .
p—p
2i
[(D)*,0¥] € TY(D), for all s € R.

Let AL, 7 € R be the flow map defined by Proposition 5.1.1 and take a symbol b €
Fg(]D)),B € R then we have:

Tm(p) = € T9(D), with § < 0,

5. For p > 1, there exists VY € WP’OOSiB_M(ID)) such that:

AP oTyo A” = Ty™ (5.1.29)
Moreover we have the estimates:
' [p—1] Lk
™ — HQQ?TPTI, < C,MIb)M(p)1,  (5.1.30)
k=0

Hs—Hs=B=T[pld+p
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1-9,0 .
H (V25 k)

< ecp,kIT\(MS(Im(p))+M8([<D>_’““_5)+p‘570§’]))[Hg(b; k) + HS (b; k)HS (p; )], k €N,
(5.1.31)
where C, 1 is a constant depending only on p and k.
6. There exists by € Wp_l’ooslﬁ:?gl(]])) such that:
(A2, Ty) = APTER <= Thp =T, — Tp™ (5.1.32)
Moreover we have the estimates:
‘ [p—1] ok
) D G Ve Rl < C,MJ(b)M)(p)1,
k=1 Hs—sHs—B—[plo+p
(5.1.33)

_ 6—1
! 5’5H§j1 (075 k)

F1(MO(Im 0([(D)y—k(1=8)+p5 ¥
< CoklTI (Mg (Im(p)+Mg (I(D) ”, P]))[Hg(b; k) + Hpﬁ(b; k)Hg(p; k), k € N,
(5.1.34)

where C, 1, s a constant depending only on p and k.

The link between b2 and °bY is given by the following:

- T
Tclf,?: /0 APTe, v AP dr = /0 T(l!llzb)’r)dr’

where L;pb 1s the paradifferential symbol associated to L1, Ty by Theorem 35.2.6.
Moreover by Proposition 5.1.2 we have the following more precise frequency cut-off:

¢2*B*2,R

AT o =T + Ro, (5.1.35)

where AL is defined by the choice of cut-off T#B ’R,B’ <1, BxB = B+BTB',4 and,

R

2,R B,R B/, B’ R B,R 2,R
R =—T0 "T) AP (Id—T¢" ) - A(1d -1y )1y "1,

B',R

—A(d - TP YT AP (1d - TP,

Remark 5.1.3. e [t is important to notice that the main result of this propo-
sition is the factorization of the AL terms in (5.1.29) and (5.1.32) where the
right hand sides contain symbols in the usual classes modulo a more regular
remainder. This was not a priori the case of the left hand sides containing AL.
In other words we prove the stability of I'}" under the conjugation by AY.

This is crucial when studying the regularity of the flow map for:

2—oz+1
a—1 2

s>1+
Indeed if p depends on a parameter X\, DyAY o T, 0 AY _ is a priori an operator

of order B+ ¢ by (5.1.4), but DATé};m is shown in Proposition 5.1.6 to be an
operator of order 3.
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o In the language of pseudodifferential operators, Ty is the asymptotic sum of

the series (Tk—TSprTb) i.e the Baker-Campbell-Hausdorff formal series. Though
Ty is not necessarily equal to this sum, for this sum need not converge.

e By the right hand side we have the continuity of Té};m on H? for s € R and
not only s > 0 which is an improvement on (3.2.4).

Proof. The structure of the proof is as follows:
(I) We will give a proof of the estimate (5.1.30) assuming V% exists.

(IT) We will prove the existence of b% € WP’OOS{i 5.5(D) which is the subtle part of
the proof.

(ITI) Finally we will deduce point (6) from point (5).

Point (I) For point (5) we compute,
O [AL o Ty o AP | =Ty o0 AP 0o Tyo AP — AP o T} 0 iT) 0 AP
Using (2),
Or[AL 0o Tyo AP | = AP 0 iT, 0Ty o AP . — AP 0 T} 0iT, 0 AP |
= AP[iT,, Ty AP . (5.1.36)

As Ay = Id, integrating on [0, 7] we get:

-
Ag odyo AﬁT =T+ ; Ai’[iTp,Tb]Af,, dr.
—_—

Iterating the computation in * we get for n € N*,

n k T n
APoTyo AP =" %ngpr + /0 WAgsgngbA&dr. (5.1.37)
k! !

Now the key point is the continuity of paradifferential operators given by Theorem
3.2.3 and the symbolic calculus rules given by Theorem 3.2.6. By Lemma 5.1.2:

where [p] is the upper integer part of p.
Thus applying point (1) combined with (5.1.38) we get (5.1.30).

el

bHHMHkMMW C,MEBMI(p)7], for p € Ry, (5.1.38)

Point (/1) The constant C, in (5.1.38) is estimated ”brutally” by Lemma 5.1.2:
O(2° x [p]!), thus even though one has a ﬁ in (5.1.37) the convergence result is
non trivial. To get past this let us express explicitly the difficulty in the problem.
Rearranging the terms in (5.1.36) we see that:

O, [AP o Ty 0 AP | = AP[iT,, Ty) AP | = [iT,, ALT, A" ], (5.1.39)
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thus we have to solve the following the Cauchy problem in .Z(H*(D), H*~#(D)):
0-f(7) = iTy, f(7)] € Ty (D), (5.1.40)
IB . .
f(0) =T, e I'p(D).

This amounts to the non trivial problem of solving a linear ODE in the Fréchet
space Fioo (D), indeed such a problem need not have a solution in general, and even
if it does, it need not be unique. To solve such a problem one usually has to look at
a Nash-Moser type scheme, though in our case we have an explicit ODE that can
be solved with a series and a loss of derivative. Thus inspired by Hérmander’s [37],
we remark another key estimate given by the continuity of paradifferential operators
given by Theorem 3.2.3 and the symbolic calculus rules given by Theorem 3.2.6 (cf
Lemma 5.1.2):

|

This means that if we can compensate the loss of 3 + [p]|d derivatives with a
cost negligible in comparison to [p]!, we would have a convergent series in (5.1.37).
A first approach would be to interpolate (5.1.38) and (5.1.41) which gives:

sﬁﬁTbH < I MEO)ME(D)P), for p e R (5.1.41)

Hs—Hs—B-[p16 —

p—[p1d p—[pld p—[pld
|elelmy| =M ) M) (5.1.42)
[p]6 16 [p]6 [p]6 [p1d
x O ol TS [ o Mg () MB ()P

This indeed solves the cost [p]! of (5.1.38) but depends on M, norms of b and p.
An idea to control those norms in a cost negligible in comparison to [p]! would be
to mollify p and b using an analytic mollifier, this might work but we found it better
to mollify differently.

For this we introduce a mollification with the Gaussian function ¢.(D) with

symbol:
1 _% >0 (5.1.43)
= e 22 ¢ . 1.
eV 2w

Other than the standard properties of mollifiers, we have the following properties:

¢e(§)

e For h € H*(D), ¢(D)h is real analytic.

e The moments of the Gaussian can be explicitly computed by, for k € n:

1 2 9o ( kL 1if k is even
/ €[ e 5 de = 20 _ (k—1)!
Vo Jg NG V2 i ks odd

e From the moments of the Gaussian we deduce that, for h € H*(D) and k € n:

|

and C}, verifies for all K > 0, K¥C}, = o(k!).

k
2

O5oD)h|| < Cue™ ]
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Now by the symbolic calculus rules given by Theorem 3.2.6, for ¢ > 0, there
exists b € T'(D) such that:

+o00 Tk
k' ZTPTb¢€( ) ﬂll);nv Wlth7
k=0
0/e = k \T\k —k6—B 3 18 S/ \k
MY(W)y <> C Crpye MP (b) M (p)*. (5.1.44)

In order to pass to the limit in € we will express ‘6% differently, for all € > 0,

£szTb¢e D) converges in £ (H*(D)), thus by unicity of the limit:

kl
+oo k
AP 0Ty o AP _¢.(D Z k'ﬁszTbgbe D). (5.1.45)
Thus,
A2 oTyo0 A? ¢(D) =Thy". (5.1.46)

Now we estimate the °~ 1HB( k)ren norms of €b7. To do so we need, in the word
of Hérmander [36], a result which interpolates between information on the norm a
of an operator and bounds for the derivatives of it’s symbol. This was exactly the
goal of Lemma 5.1. 1

By commutmg and iz with (5.1.46) we get:

Ld _ym 1 d ., » 1d »
[zd Tﬁb’;]_[;j Af] o T} 0 A? (D )+AT°[;%7Tb]OA— ¢e(D)
FAZOT oA J6(D) + AL Tyo A7 [0 6,(D)].
1 aAx

and,

iz, Thp'] = liz, A2] 0 Ty 0 A" ¢e(D) + AL o [iz, Ty) o A” _¢c(D)
+ AP o Tyix, 0 AP |¢e(D) + AP o Ty 0 AP iz, ¢pc(D)].

To estimate [%%,AE] and [iz, A7] we get back to (5.1.1) and see that:

A 1 d T, AP
z dr’p fO Z dx> ] (5147)
iz, AY] = [ AV [ix ﬂp]A

Thus by iteration, the continuity of A? and Lemma 5.1.1 we get for (k,n) € N:
VOO (2 ) < OIS (e MIUDIHE 00 1 b ) b ) L (s )
Thus we can pass to the limit in € in (5.1.46), there exist b7 € WO"X’Slﬁ_(;O such that:

APoTyo AP =TH™ (5.1.48)
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Now to get 1 =% [ 5 (b2 k), p ¢ N estimates we will use the Littelwood Paley decom-
position. Indeed recalling (P<y) as the Littlewood Paley projectors defined in 3.1.1
we have by Lemma 3.2.3:

Tcllimpgk - P§k+1T(l;;2k+1(D)a)P§k’

where .7 (P<jy1(D)a) = P<g1(n)-F(a)(n,€). Thus going back to the sum (5.1.45)
we find:

Pejir (D P (D '
AlP<en (Dl TPy i1 (D) © A= Prp P§k+1T(l;Dn;k+1(D)b§P§k

thus we get by commuting with iz, %% and estimating as previously:

=08 1B P_yo 1 (D)W, 02 k) < CrlTIMEAmEN+ME DT D) o ()

1 dx

where (x) = HJ}(Peps1(D) 2 b k) + Hf (Peryr (D)LY, bi k) HI (£, pi k).

i dx i dx dx

Thus by Proposition 3.1.3 characterizing Zygmund spaces and Definition 5.1.1 we
get fpr (k,n) € N:

103 (b0 k)
r 0(Im 0 —k(1-6)+ 6Uw
< €Ckip7I (Mg (Im(p))+Mg ([(D) s P]))[Hg(b; k) + Hg(b; k)Hg(p; k).
which gives (5.1.31) for p ¢ N.
Point (I1I) For point (6) we compute:

O-[AP, Ty] = [iT}, o AP, Ty] = iT,[AP, Ty] + [iT}, Ty AP.

Thus by definition of A? as the flow map we get the following Duhamel formula,

(AP, T}] = / AP [T, Ty APdr,
0

— A, / AP (0T, Ty AP (u)dr
0

"
*

Applying point (5) to x we get:

n

k
AL Ty = A2y (~)F b T
k=1 ’

n AD T (T - T)n p n+1 p
+ (_1) AT o TA_TE,L-TP TbArd'r.
Again applying point (1) combined with (5.1.38) we get (5.1.33).

To get (5.1.32) we inject (5.1.29) in %, which concludes the proof. O

Lemma 5.1.2. Consider two real numbers 6,3, p > 0, and two symbols p € Fg(]D)
and b € F,’g(]D) then the exists a constant C > 0 such that:

< Ol B (B)MS (p) [P, for p e Ry, (5.1.49)

£[P1T H
H T, b Hs—Hs=B8—lplé+p —

Hs%’] TbH < PV ME)ME (D), for p € R, (5.1.50)

Hs—sHs—B—[pld —
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Proof. For (5.1.50), we notice that 2%1 T, contains 271 terms of the form:
Tpo...o Tb OOTp,ZE[O,Q[p—I],
position
Now by the continuity of paradifferential operators given in Theorem 3.2.3 we have:
1Tpo--0Tyo o Tyllyu_yyssras < KIPIMG(b)M (D)7,

which gives (5.1.50).
For (5.1.49), we start by the case kK € N* is a an integer. We first notice that
again by Theorem 3.2.3 we have:

+0-1
eh T e T
51
M (e T) < OM(6) MY ().
Thus iterating this formula we get:
5—
ek T, e TgHHH,

k
MRk 1) < o (0) [ [ ()
i>1

and C}, verifies:
Cr, = 2kCj_1 = Cy = C2FE),

Thus giving the result in the case k integer. For p > 0, it suffice to see that for p <1
again by Theorem 3.2.3 we have:

&L T, e TgH7,
MG (8 Ty) < OME (DM (),
which concludes the proof. O

Remark 5.1.4. We would like to note that in the special case 6 = 0 we have the
refined tame estimates for k € N:

ko J
0) < ZZ( )( )MO (07 @ €™ 0) My (9"t 0) Mg (9% @ e™'7;.0).
7=0 I=

(5.1.51)
We won’t explicitly use the tameness in our proof as we avoid using a Nash-Moser
type scheme but it’s worth noting that implicitly it is this condition that ensures that
the constructions in Section 7.1 converge, for more details on the necessity of this
condition we refer to the following complete and instructive article by Hamilton [31].

Proof. This is the consequences of the Leibniz formula combined with the compu-
tation of [ix, bY]:

[Z.CU, AgTbAZiT] = [Z.%', Ag]TbAI:T + Ag [Z.CE, Tb]AﬁT + AgTb[Zl‘, AI:T]

159



The different Gateaux derivatives of the operators defined above are given by
the following propositions.

Proposition 5.1.5. Consider two real numbers 6 < 1, p > 0, two symbols p,p’ €
Fi(D) such that,

* ~ / /%

Im(p) = 5

(I(D)*, 031, [(D)*, o7,]) € (D), for all s € R.

Let AE,AQI,T € R be the flow maps defined by Proposition 5.1.1, then for T € R we
have:

AP v = / AP T, AP dr. (5.1.52)
0

Another way to express this is with the Gateaux derivative of p — AL on the Fréchet
space Ff,(}D)) is given by:

D, AP(h) = / AP _ Ty APdr. (5.1.53)
0

Moreover consider an open interval I C R, and a symbols p € C*(1, Fi(ID))) such
that for all z € I:
I 2
(D), 0] € TH(D), for all s € R.

Let AL, 7 € R be the flow map defined by Proposition 5.1.1 then for T € R,z € I we
have:

0, AY = / AP Tip, pAldr. (5.1.54)
0
Proof. Fix hg € H®,s € R then:
0-[APho| — iT,[APhg] = 0 = 0-[0, AV ho] — iT[0. AP ho] — Tig,p[APho] = 0,

which gives (5.1.54) by the definition of A? and the Duhamel formula. The identities
(5.1.52) and (5.1.53) are obtained in the same way. O

Proposition 5.1.6. Consider two real numbers § < 1, p > 1, p ¢ N, and two
symbols p,p’ € I“;(]D)) verifying:

_p-7
2

([(D)s,a;f], [<D>870;p/]) e TY(D), for all s € R.

Tm(p) eTS(R),Im(p)) = 2L e T¥(R), § <0,

Let AI;,AIT’/,T € R be the flow maps defined by Proposition 5.1.1 and take a symbol
be Fg(R) then for T € R we have:

)
Tim — Tl = / A Ly TP dr (5.1.55)
T 0 T
T
_ ) lim
= [ L T, (5.1.56)
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Another way to express this is with the Gateaux derivative of p — T, é})m on the

Fréchet space F‘S(]R) is given by:
llm / lem l Dgzp f" Tllm dT‘lem' (5157)
Writing, Tclé? =T, — T;Zim, and, Tfég} =T, — Tlff}n we get:

-7

—T

Thy — sz;; - A L T“mAg? dr (5.1.58)
—T
= — Lortim Thm 5.1.59
0 T R ( )
—T
0 W T 0 h’iff
Proof. From (5.1.39) and (5.1.40) we have:
lim _ plim] _ ) lim _ plim ) lim
8T[Tbg bel ] D%Tp (Tbg Tb’;/ )+°%Tp7p’sz;’ ’ (5161)

T — T = 0.
0 b

Thus the Duhamel formula gives (5.1.55) and (5.1.56). For the Gateaux derivative
passing to the limit in (5.1.55) we have:

Thm( / A Lo, Ty AT dr,

which gives (5.1.57). O
We now study the composition of two different flows.

Theorem 5.1.1. Consider two real numbers § < 1, p > 0, two symbols p,p’ € Fg(]D))
such that,

* / /%
pP—p 5 P —p 5 <
Im(p) = 5 € TS(R), Im(p)) = 5 € T5(R), 6 <0,

((D)*,0¥], [(D)*, o)]) € T(D), for all s € R.
Then for T € R we have:

APAY = %,

i+ . lim
As is understood as the flow generated by i1}, + ZT(p) .

Remark 5.1.5. Strictly speaking we only presented flows that were generated by

where

operators independent of the T variable which is not the case of flﬁ“p/)e. We did so
to avoid burdening the presentation, one can see all the results of this section can
in verbatim be generalized to operators with Lipschitz dependence on T by the usual
Cauchy-Lipschitz theorem.

Moreover by Appendiz 3.2.3 T(lg’;g enjoys all of the same properties as a parad-
ifferential operator with the usual cut-off except the continuity for s < 0. We still
recover the continuity for s < 0 by the continuity of AY for s < 0. We can also
recover the continuity for s < 0 by Proposition 5.1.5.
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Proof. Fix hg € H®, s € R and compute:
O [ALAY hg] = —iTy[ AP AY ho] — i[AVTyy AY o),
thus by Proposition 5.1.4,

O [AZAY ho] = —i(T, + TV, )AL AY hy),

and AP AL ho(0,-) = ho(+) which gives the desired result. O

Control of the differential of the gauge transform in high Sobolev
regularity

Corollary 5.1.2. Consider three real numbers a > 1, B < « and s € R, two real

valued symbols a € Fg‘+1+5,a (D) and b € Fi_lw,a (D). Suppose that there ezists a
a1 Ta1

real valued symbol p € Ff—t}:;*“ (D) such that:
a—1
b = —0cpdza + Orpoea. (5.1.62)

Define A%(u) as the flow map generated by iT,, from Proposition 5.1.1. For T € R,
Let,

R, = TTib—i—/ AP [Ty, Tq) AVds, (5.1.63)
0
and,
R, = APRAP = 7 ALiT AP+ [AP, T; ] AP . (5.1.64)

Then Ry, R, € L (H*TF+H1=)" (D) H5(D)) and

|| < OMg, risa (@M, s ()M ().

Hs+(B+1—a)t _ s 2418

/

Moreover taking three different symbols a/,b' and p' and defining analogously R, R,
we have for h € H:

177 = BiI
< C’M;‘er;ﬁ%(a, a,a— a/)Mf+14;§%1(y(b7 v,b— b/)ng% (p,p.p— P,)
X Al stiss1—art s
and,
5.~
< C’M;;lzg%la(a,al,a— a’)Mf:_lyg%(b,b/,b— b’)ij%(p,p/,p—p/)

X ”h”Hs+(6+1—a)+ .
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Proof. First we notice that by definition R;, R, are of order 4 and that we can write

as p, a and b have a regularity of 2 + % and 1+ % respectively:

. . —1=B8)—
Rr = TZZ;L - T:zgilfa) + RO
~ . . ~ —1— -
Rr = TZ%) + Trl;—%Jrl*a) + Rga 7 )
where 7“5’8 ), 7“5’8 o) , r}(ﬁ), 7 (B+H1=2) are operators in the usual paradifferential classes
and thus there differential with respect to p do not generate the undesired loss of
1+ 8 — « derivative.
Now by Proposition 5.1.4:

lim lim
T =T = Tw + [Tip, Tial,

but the choice of p ensures by Theorem 3.2.6 that Ty, + [T}y, Tia] is of order f+1—a,
giving the desired result.
[

5.2 Appendix: Continuity of limited regularity parad-
ifferential exotic symbols on L? spaces

We start by giving the following analogue of Theorem 2.1.A of [74].

Theorem 5.2.1. Consider four real numbers r > 0,m € R and 0 < §,p < 1, then
for all a(z, &) € CLS such that a*(x,§) € CLSTs where:

1

@@= 5 [ (o= g€y
X

then,
1 1
Op(a) : Ws+m+(§—;)(1—P)7p - Ws,p7 w@thp c [27 +OO]

provided 0 < s < r. Furthermore, under these hypothesis,

11
Op(a) : C:+m+2(1 AN C;.

Moreover there exists a constant K such that:
m7T .
Hop(a)|’Ws+m+(%—%)(l—p),pﬁws7p S K *Mp,5 <a7 1)7 and,

||Op(a’)||cs+m+%(1—p) S K *MZL(S’T(U/, 1)

—Cs
Remark 5.2.1. In higher dimension the factor (3 — %)(1 — p) should be adapted
1

to d(3 — 5)(1 = p) and the semi norm of order 1 in the § variable in the estimates

should be adapted to %] + 1.

If moreover 6 < 1 then all of the previous results extend to L? continuity (i.e
s = 0), this results from an almost orthogonal decomposition combined with a TT*
argument as shown in Theorem 2, Section 2.5 of [71].

It’s a result by Hormander [36] that if § < p or § = p < 1 the hypothesis on a* is
automatically verified. This hypothesis is also shown to be necessary for p =9 = 1.
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Proof. We first notice that it suffices to make H?® and C? estimates as the LP are
obtained directly by interpolation.
The key estimate follows from the following adaptation of Lemma 4.3.2 of [53]:

Lemma 5.2.1. There are constants C and C' such that, for all A\ > 0 and q €
C>®(R? x RY) satisfying:

~ d
suppq C Rd % {’5‘ < )\}’ M = sup )\P|5| Haqu < 00, with d = {J + 1.
18|<d L 2

Suppose moreover that ¢ and it’s derivatives in & are uniformly continuous on R x
R?. Then the function,

Q) = [ ety ),
satisfies:

/(1 + P Q)2 dy < CXMP(1 4+ \20-0)), (5.2.1)

and, ]
1Ql L1 (ray < C'M(1+ Az(l_p))g- (5.2.2)

Proof of Lemma, 5.2.1. For |a| < d we have:

¥ Qly) = /6iy'5D2‘q(y,§)d£-

At this step we would like to apply Plancherel’s theorem to deduce:

/\y%‘\ 1Q(W)|? dy < CAI=2r2 012, (5.2.3)

which is the argument given in [53]. As the application of the Plancherel’s theorem
does not seem immediate to us we opted to expand upon it to make it’s application
more immediate. We first notice that it suffices to prove (5.2.3) for « = 0. To do so
we introduce the function:

Q) = [ €7 a(e, )i = Fealan),
in this setting we can apply Plancherel’s theorem to deduce:

HQHLgOLg < HQHLgOLg' (5.2.4)

2

, to do so we estimate

getting back to (5.2.3) we want to estimate HQ(Z/,?J)‘ L2 (Rd)
Yy

2

. For this we define the set:
LZ(C(yo,R))

uniformly on cubes the norms HQN(y, y)‘

K(y07R7 6) = {(way)7y € C(y07R)7 |CC] - y]| S evj S [17 T Jd]} .
Thus by the fundamental Theorem of calculus:

1

d
Ca€ K(y07R7E)

Q(ﬂs,y)‘2 dzdy — Qy,y)| dy

Q|
=0 JC(yo,R)
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2

<
L3 (C(yo.R))

2

|@w.u)| Cimo g Q)

L2(K(R€))

< Cr(re 191720 (c0.0) L2(C(O,R)) >

where the constant C(,, g ¢) can be chosen uniformly in yo by the uniform continuity
of q. Now to explicit the dependence of Ck (g, on the different parameters, by
Plancherel’s theorem we have:

2

R4 ; 1 ~ 2
/ Hsmc <2§ R> Woks q(z,&)| dxdé = — Q(a:,y)‘ dzxdy

et cac” Ji(re
~ 2
— ‘Q(y, y)‘ dy.
e—0 C(0,R)

Thus we cover the diagonal (y, y) in R x R? by compact sets (K (v, R;, €;))ien where
ys, R; and ¢; are chosen in a manner to ensure that the sum of the volume of the
different intersections between elements of this cover is summable.

Thus we have:

[l 1@ dy < oxt-ea.

Multiplying by A2l and summing in «, implies (5.2.1). Since d > %, the second
estimate (5.2.2) follows. O

Getting back to the proof of Theorem 5.2.1, we are working with d = d=1in
Lemma 5.2.1.
We start by making a Littlewood-Paley type decomposition by writing:

oo
a(z,€) = a(z, ) Po(€) + ) alx, ) Pr(€) xf+2ak:c£
k=1 k=1
The proof will be divided in two paragraphs where we do the Sobolev and Zyg-
mund estimates respectively.
Continuity in H*

Lemma 5.2.2. For k > 0, Op(ay) maps to L? to H®. Moreover for all o € N,
there is Cy, such that for all a € CISZ:”J, k>0 and all f € L?:

102 Op(ar)fll 2 < CaMy™(a; 1) [|f] 2 207 (5.2.5)

Proof of Lemma 5.2.2. Since ay, is compactly supported in £, one sees that Op(ag) f
is given by the convergent integral:

/Ak z,y)f(y)dy, (5.2.6)

where the kernel Ag(z,y) is given by the convergent integral:

1

Op(ar) = 5 [ € eay(a, ). (5.2.7)
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Moreover on the support of ay, 1 + |€| ~ 2¥. Therefore Lemma 5.2.1 can be
applied with A = 25%1_ implying that:

1+2% |z —y 2y | Ag T,y 2 dy < C2kmth+2(1—p)k p rm-0 a;1)2. 5.2.8
p,0

Hence for f € (D), Cauchy-Schwartz inequality implies that:

22km+k+2(1—p)k \f(y)\Q
(1+ 2% |z —y[*)

‘Op(ak>f(x)’2 S CQka+k+2(l_p)kM;tléO(a, 1)2/ dy (529)

The integral 28 [(1+2%% [ — y|*)~'dz = C" is finite and independent of k. Thus:

10p(ar) fll 2 < Cad (a: 1) || ] o 280000, (5.2.10)

In order to eliminate the extra factor 2#(1=2)) in (5.2.10), we use the fundamental
TT* trick, indeed writing (aj)* as the formal symbol of the operator (Op(ax))*, by

the frequency localization we see that (ax)* € CLS]5. Thus ag(ar)” € C:Sﬁfg

and applying the previous estimate, as it’s uniform in the choice of symbol, to
Op(ax)(Op(ak))* we get:
10p(ar) (Op(ar))* fll 2 < CaM)5 (a; 1)? || £ 2 272+, (5.2.11)
thus by the standard TT* lemma:
11
10P(@i) fll 2 < Cad (as 1) || ] 2 25030, (5.2.12)

Iterating this estimate we get (5.2.5) for @ = 0. The symbol 0% is (i +
Or)%ag(x,€), which gives the desired estimate for larger «. O

Now getting back to the continuity in H*® of Op(a) we write for f € .7(D) by
the support localization of ay:

Op(ax)f = Y Op(ax)Pif,

li—k|<3

Thus by Lemma 5.2.2,

”a;é Op(ak:)f”Lz < CQMZga(a; 1) Z HPJfHL2 2k(m+a),

li—k|<3
then by Definition 3.1.5,
197 Op(ax) fll 2 < Cal3 (@ )20 e, (521
with,
D ek <l gosm - (5.2.14)

k

Now to conclude we recall the following Proposition from [53]:
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Proposition 5.2.1 (Proposition 4.1.13 of [53]). Let 0 < s and let n be an integer,
n > s. There is a constant C such that, for all sequence (fi)r>0 € H™(D?) satisfying
for all a € N4, |a| < n:

10 fill 2 ay < 28041 ey, with (ex) € 17, (5.2.15)

the sum f =" fr belongs to H*(DY) and,

1137y < C D €f (5.2.16)
k=0

Applying Proposition 5.2.1 to Op(a)f we get the desired Sobolev continuity
and the desired estimate.

Continuity in Cf The proof follows the same lines as previously, indeed applying
(5.2.2) to (5.2.6) we get the following Lemma.

Lemma 5.2.3. For k > 0, Op(ax) maps to L to W°>°. Moreover for all « € N,
there is Cy, such that for all a € CIS;’?(;, k>0 and all f € L>:

m,o mr+o 1
10 Op(ar) fl e < Calyi™(as 1) | || oo 260 F0F2). (5.2.17)
Again we have:

19 Op(ak) fll oo < CaMys® (@ 12" 1] pimsy (5.2.18)

which gives the desired result and estimate. O

Theorem 5.2.2. Consider four real numbers r > 0,m € R and 0 < §,p < 1, then

for all a(x,&) € T° s

T, : W™t a0 0=0P L s yith p e [2,+00], s €R,

Tlm . wetmta=3)0-pp WP with p € [2,400], s> 0.
Furthermore, under these hypothesis,

1
T, .m0 L os s e R,

plim ot 070 os s,

Moreover there exists a constant K such that:

70 .
||Ta||Ws+m+(%—%)(1—p>,p_>WS’p <K M;Z; (a;1), and,

70 .
I Tal s+m+1(1-p) <K M 5 (a; 1),
C 2 Cs P

lim m.0
< V-
‘Ta st+m+(%—%)(1_p)7p_>ww <K Mp,& (a;1), and,
lim mo, .
‘ Ta ‘ Cj+m+%(1—p)_>cf S K Mp75 (a’ 1)’
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Proof. This simply follows from the spectral localization property of paradifferential
operators, indeed taking f € ., then Op(ogg)f is supported in a ring Cy where
€] ~ 2%, which is not necessarily the case for Op(az)f. The spectral localization
property also ensures that the adjoint operator verifies the hypothesis of Theorem
5.2.1. Thus rewriting estimates (5.2.13) and (5.2.18) with o = 0 then by definition
of Sobolev spaces and Zygmund spaces using the Littlewood-Paley decomposition
we get:

<K *MZZ&’S(JG;Q), and,

HTaHWS+m+(%*%)<1*P)7P_>WS,p -

ITall_oimeyan_, <K M (0a:2), sER,

which gives the desired result by the Bernstein inequalities.

The proof for T/ follows exactly the same lines with the sole difference being
that Op(cli™, ) f is supported in the ball B(0, C2*) and not a ring Cj, which explains
the restrictions to s > 0 by Propositions 3.1.3 and 3.1.4. 0
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Chapter 6

Exact flow map regularity of the
weakly dispersive Burgers type
equation and the Gravity
Capillary equation

In this section we give the proofs of Theorems 1.2.2 and 1.3.3 and Corollary 1.2.1,
which are the main the results from [63].

Contents

6.1 Study of the model problems . ... ............ 169
6.1.1 Proof of Theorem 1.2.2, the estimateson H; . .. ... .. 169
6.1.2  Proof of Corollary 1.2.1, the estimates on H® . . . . . . .. 172

6.2 Flow map regularity for the periodic Gravity Capillary
equation . . . . . ... oL e e e e e e e e 174
6.2.1 Prerequisites from the Cauchy problem . . ... ... ... 174
6.2.2 Proof of Theorem 1.3.3 . . . .. .. ... ... ....... 176
6.2.3 Appendix: Gauge transformonR . . ... ... ... ... 178

6.1 Study of the model problems

6.1.1 Proof of Theorem 1.2.2, the estimates on H
We keep the notations of Theorem 1.2.2, fixing ug € H§(T;R) and r > 0 and taking:
vo, wo € B(ug,r) C HF(T;R).

As the mean value is conserved by the flow of (1.2.2) we consider the solutions
u,v,w € CO([0, T); H§(T;R)) to (1.2.2) with initial data ug, vo, wp and on a uniform
small interval [0, 7).

The main goal of the proof is to show the following estimate:

[o(t,-) = w(t, | ga--arr < Cll(v0, wo) | grs) lvo = woll fa—2-ar+ (6.1.1)
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with the following tame control,

C(ll(vo, wo)ll =) < C"(ll(vo, wo)l gro—2-a+ )l (w0, wo)ll s + 1], (6.1.2)

where C' and C’ are non decreasing positive functions.

The final simplification we make in this paragraph is that given the well-posedness
of the Cauchy problem in H*, and the density of HT in H®, it suffice to prove
(6.1.1) for vg,wg € HT*, which henceforth we will suppose.

We start by applying the paralinearization Theorem 3.2.6 to the term u0d,v to
get:

{at’u —+ T’Ulfv + T‘i|§‘a_lfv - Rl (U)'U, (613)

U(O’ ) = UO(')’
where R, verifies as s > 1 + %:
[R1(0)]| go-e-art Ly pro——art < C[[v]lree) < O[]l ge),
[[R1(v) = Bi(w)]oll gs-e-art oot < Cllv = w0l yo—oay+ [0l s

where C verifies 6.1.2. Now we reduce H*~(2~®" estimates to L? ones by defin-

ing f1 = (D)Si(zf‘)‘)+ v. Commuting <D>57(27°‘)+ with (6.1.3), using the symbolic
calculus rules of Theorem 3.2.6, we get that:

{8tf1 +Toighi + Tyga-1efi = Ra(v) fu (6.1.4)

F1(0,) = (DY @7 g ),

where R; was modified to include terms verifying the same estimate i.e:

[B1(0)l[ 22 < Cl[0] ),
I[B1(v) = Bi(w)]fill 2 < Cllv = wll graomap+ 1f1ll gra—e+ -

We define analogously g1 = (D)S_@_O‘)Jr w and notice that by definition:

11 = g1llz2 = llv = wll greme—er

thus the problem is reduced to getting L? estimates on f; — ¢1.
Here we explain the scheme of the proof using estimates we proved in Section
5.1.

6.1.1.1 Gauge transform and Energy estimate

The goal of this section is to find an operator A, such that
at[Avfl] + Avﬂ|§|a*1§f1 + AvTvi§f1 + [Ava ,Ti|§|0¢*1§]f1 = (atAv)fl + Ale (fl)fla

and A, Tyi¢ + [As, E‘glaflg] is a hyperbolic operator of order (2 — a)™ < 1.

If we define V = 9, v which is the periodic zero mean value primitive of v, then

V(0) =0 and V(¢) = “Z(? for £ € 7%,
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and we define analogously W from w. Then a formal computation shows that one
can choose Ay = T 1 i-ay € Sa_19_o(T X Z) which is a symbol class with no
era ’

general symbolic calculus rules. Here we will define A, differently .
A, is defined as the time one of the flow map generated by:

1 - -
po = ~EIE[TV €T3,

which is well defined by Proposition 5.1.1. We define analogously A,, and p,, from
w. Now introduce:

fo=Avf1, g2 = Auwar. (6.1.5)

The study of the symbolic calculus associated to this very specific form of symbols
is given by Proposition 5.1.1 and the change of variable (6.1.5) is Lipschitz from L2
to L2 but under H2 " control on (f2, g2). Indeed we write:

||f2 - g2||L2 = HAvfl - Aw91||L2
< [[Aulfi — qalll 2 + [[(Av — Aw)gall 2 -

Applying estimate (1) of Proposition 5.1.1 and estimate (5.1.4):

12 = g2l 2 < CUwll =) 11 = g1ll g2 + 11V = Wl oo llg2ll e+
< C(lollgs) 11 = g1ll 2 + llv = wll game-ar+ 192l ga-er+
< Cl(w w)ll o) 11 = 91l 2 5

where C verifies the estimate (6.1.2). As A,! and A,! are the time —1 generated
by the flow map p,, pw respectively which is well defined by Proposition 5.1.1. We
get by symmetry:

If1—g1llp2 < CU(v,w) | gs) 1f2 = g2ll 12
thus,

CH I )l ) 11 = 91l g2 < Mlfo = g2ll 2 < Ol w0) o) 11 = 91l 2

and the problem is reduced to getting L? estimates on fo — go.
To get the equations on fs and go we commute A, and A,, with (6.1.4), we make
the computations for fy, those for go are obtained by symmetry:

Avatfl + Ava’Efl + Av@‘gp*%fl = AUR1(U)f1, thus,

Oy (Avfl) + Tima—lgAvfl + (AvaE - [Timo‘—l@ Av])fl + [A’lhat]fl = ARy (U)fl‘
By definition of p, and Proposition 5.1.5 we have:

1
De(€ 1€ 1)0upy = vE and [Ay, )] = —A, / AP Tigp, AVdr.
0

!Similar ideas were used in Appendix C of [7] to get estimates on a change of variable operator
which are still in the usual symbol classes S77, the difficulty here being that we are no longer in
those symbol classes.
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Thus by Corollary 5.1.2 we have:
Ocfo + Tyjgjo1efo = Ra(v) fo + AuRi(0) A7 fo, (6.1.6)
where Ry and A, R1(v)A; ! verify:
IRe(Ra(0)l[ 22 < Cl[0ll o),
I[R2(v) = Ra(w)]gal 2 < Cllv = wll oo+ 192]] grez—cr »
[[AvR1(v) A" — Ay Ry (w) Ay g2 12 < Cllo = wll ooyt 1921l gra—art -
We get analogously on gs,
Org2 + Tjjgja—1,92 = Ra(w)ga + Ay Ry (w) Ay go. (6.1.7)
Taking the difference between (6.1.6) and (6.1.7) yields:

Ou(fa—g2)+ Tyepo1¢(fa—g2) = [Ra(w) — Ra(v) — A, Ry () Ay + Ay B (1) Ay g,
Thus the usual energy estimate combined with the Gronwall lemma on fo — go gives
for0<t<T:

172 = 2l < Ol 0, 0o 1229200 gamas) 12— 92)(0. o

< C([[(uo, vo)ll =) [1(f2 = 92)(0, )l 12
with C verifying (6.1.2), which concludes the proof.

6.1.2 Proof of Corollary 1.2.1, the estimates on H*

The starting point is noticing that the mean value is preserved by (1.2.2) and by
doing the change of unknowns:

{ﬂ(t, z) = u(t,x — tf uo) — f uo
o(t,x) = v(t,z —tf vo) — fvo

where f uy = % fT ug is the mean value, we can reduce the Cauchy problem for
general data to ones with 0 mean value by verifying that @, 0 € Hg still solve (1.2.2).
Thus the main goal is to prove that the change of variable (6.1.8) is not regular.
More precisely we will show that there exists a positive constant C' and two sequences
(u) and (v)) solutions of 1.2.2 in C°(]0, 1], H*(T)) such that for every ¢ < T', where
T is a uniform small time,

, (6.1.8)

A

sup ||u;

A€

U

Hs(T)(t,) * ‘ v (t ')HHS(T) =G
A

(u,) and (v?,) satisfy initially:

U?(O,) _Ue)\(oa)H :07

H>(T)

lim
A—400
e—0

but,
lim inf
A—~+00
e—0
Which proves the non uniform continuity. Considering a weaker control norm we
want to get, for all § > 0 and for ¢ > O:
. H“?(t’ ) = vt ')HH5—1+6(T)
lim inf X X =
Ak Tud(0,) — 020, M pegey

At — M . >
WMt ) — M, )HHS(T) >c> 0.
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6.1.2.1 Definition of the Ansatz
Take w € C§°(T) such that for = € [0, 27]:
w(w) = 1if |2] < % w(z) = 0 if |2] > 1.
Let (A, €) be two positive real sequences such that:
A — +o0, € = 0, e = +o0. (6.1.9)
Put for z € [0, 2],
ud(z) = )\%ﬂw()\x), v(2) = u0(x) + ew(w),

and extend u° and v" periodically. The main trick here will be to use the time
reversibility of equation (1.2.2) by defining 4,0 as the solution of (1.2.2) with data
fixed at time £ > 0 given by

S0t 3) = —

it z) =uo—fuo (6.1.10)
o(t,z) = vo — fvo

where t < ty is chosen small enough for the equations to be well-posed. Finally,

define u and v by (6.1.8).

6.1.2.2 Main estimates

First the estimates at time 0, for 0 < v < s:

(0, z) — (0, z) +][u0 _][UO

By the estimate (6.1.1), the tame control (6.1.2) and the Cauchy-Schwartz inequality,

u(0,2) — v(0, )| g» =

Hv

[u(0,2) = v(0,2)| v < C([ (w05 v0)[| o+ 2-ar+ ) 1uo = voll v
< O[L+ Ao+ e (6.1.11)

Now the estimates at a fixed time ¢ > 0, by construction:

uo(x + t][ ug) — vo(x + t][ vo)

lu(t, ) — v(t, )| v =

Hll

+ OHV (6)
Hv

uo(z + t][ o) — oz + t][ v0)

Now by hypothesis e — 400 and tf w > 0, thus ug(- + tf ug) and ug(- +tf vo) have
disjoint supports, thus

UQ(I‘ + t][ UO) + UO(.%' + t][ ’U(]) + OHV(E)
HY HY

= CN"™° + O (o). (6.1.12)

u(t,z) — v(t, )| v =

Now to conclude the proof we differentiate the cases:

e in the case of non uniform continuity we take € such that A=) 5 0 and
apply the previous estimates with v = s.

e In the case of non Lipschitz control we take e such that A=~ — 400 and
apply the previous estimates with v =s—1 4 4.
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6.2 Flow map regularity for the periodic Gravity Cap-
illary equation
6.2.1 Prerequisites from the Cauchy problem

We start by recalling the apriori estimates given by Proposition 5.2 of [3] combined
with the results of [8]. We keep the notations of Theorem 1.3.3.

Proposition 6.2.1. (From [3] and [8]) Consider a real number s > 2+ . Then
there exists a non decreasing function C such that, for all T €)0,1] and all solution
(n,v) of (1.3.4) such that:

(n,v) € CO([O,T};H”%(T) x H*(T)) and (Hy) is verified for t € [0,T],

we have:
10 g eggey < CC0 0D gy )+ TCUCLB, g presd )

The proof will rely on the para-linearised and symmetrized version of (1.3.4)
given by Proposition 4.8 and corollary 4.9 of [3] which are valid on T as shown in [8].
Before we recall this, for clarity as in [3], we introduce a special class of operators
XM C I'gt given by:

Definition 6.2.1. (From [3]) Given m € R, ¥™ denotes the class of symbols a of

the form
a=a™ 4 g(m-1)

with,

such that
1. T, maps real valued functions to real-valued functions;

2. F is of class C* real valued function of ((,&) € R x (Z\ 0), homogeneous of
order m in &; and such that there exists a continuous function K = K(¢) > 0
such that

F(¢€) = K(Q) l¢™,
for all (¢,§) € R x (Z\ 0);

3. Gq is a C* complex valued function of (¢,€) € R x (Z\ 0), homogeneous of
order m — 1 in &.

3™ enjoys all the usual symbolic calculus properties modulo acceptable remain-
ders that we define by the following:

Definition-Notation 6.2.1. (From [3]) Let m € R and consider two families of
operators of order m,

{A(t):t € [0,T)}, {B():tel0,T]}.
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We shall say that A ~ B if A — B is of order m — % and satisfies the following
estimate: for all p € R, there exists a continuous function C such that for all
t e 0,1,

JA® = BOI,, ey <CARON . y):

In the next Proposition we recall the different symbols that appear in the para-
linearization and symmetrization of the equations.

Proposition 6.2.2. (From [3])We work under the hypothesis of Proposition 6.2.1.

Put
A =20 L 2O =@ M) it

= [¢],
148 1 ;£ 1
A = Lol {8 (a( )81-77) + g daal )}7 (6.2.1)
1 — ]
a 1+|B ( €+ z@wi)-
(2) — 2
l(l) ( + 10zl )(;5 : (6.2.2)

Now let e X0, p e E%,v €3 be defined by

g=(1+ |azn12>—%

1

p=(1+0m) % ¢z +p)
2
= VIERD 4|1 R“ (9% - 9) V1A,
"}/ 2

Then
TqT\ ~ Ty 1g, TqT ~ 15Ty, Ty ~ (1),

where (Ty)* is the adjoint of T.

Now we can write the paralinearization and symmetrization of the equations
(1.3.4) after a change of variable:

Corollary 6.2.1. (From [3]) Under the hypothesis of Proposition 6.2.1, introduce

the unknowns?

U=y —Tgn, ®1 =T, and &2 =T,U,
where we recall,
o Oz Oz p+G ()
B = (9y¢)jy=n = anw)gn)’

2U is commonly called the ”good” unknown of Alinhac. Introduced by Alazard-Metivier in [9)],
following earlier works by Lannes in [50].
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Then ®1,®5 € C°([0,T]; H*(T)) and

{6@1 + Ty x 0p®y — T @y = fi,

(6.2.3)
0; P2 + Ty X 0, P2 + T, @1 = fo,

with f1, fa € L>(0,T; H*(T)), and f1, fo have C! dependence on (91, ®2) verifying:

11, £2) ey S CUCEN o g promy

6.2.2 Proof of Theorem 1.3.3

Corollary 6.2.1 shows that the paralinearization and symmetrization of the equations
(1.3.4) are of the form of the equations treated in Theorem 1.2.2, so the proof will
follow the same lines but with more care in treating the non linearity in the dispersive
term.

We keep the notations of Theorem 1.3.3, fixing (19, 10) € HS“‘%(T) x H*(T) and
r > 0. We begin by taking (7o, %0) € B((10,%0),7) C HSJF%(']I‘) x H*(T) and consider
the solutions (n,¥), (7, ¥) € CO([0, T7; HS+%(’]I‘) x H*(T)) to (1.3.4) with initial data

(10, %0), (M0, 10), on a uniform small interval [0, 7] where the hypothesis (H;) is also
supposed to be verified. Define the following change of variables:

0= [ = | [ -0
= [ @ateara - [ [y 0] VT G

(6.2.4)
and ¥ is defined analogously from (7, ).
The main goal of the proof is to show the following estimate:
) — (7. )(E. -
[CRONOBECARCR] -
< (fJmoonios i) oy ) o) = oo,y 629)

where * and * are the paracomposition operators defined by x and ¥ respectively.
We recall that the definition of the paracomposition operator is given in Section 3.4.

Put ® = (®1,P3) the unknowns obtained from (7,) after paralinearization
and symmetrization of the equations as in Corollary 6.2.1. Define analogously ® =
(¢1,d2) from (77,1&). Let us notice that, in order to prove (6.2.5), it suffice to get

estimates on ® — ®. Indeed by the ellipticity of the symbols p and ¢ combined with
the immediate L? estimates( as s > 2 + %) we have:

()" () = (0, 9)" (2, -)

H HHSXHS_%

< C( ’(770,1#07770,150) ‘HH%st) O*(t,-) — D*(¢, .)HHS’%XHS’% ; (6.2.6)
-8
< C( ’("70,%,"70,1;0) ‘Hé‘%xm) ’(n,w)*(t, ) = (7, )*(t, -)HHSXH#% (6.2.7)
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6.2.2.1 Gauge transform

Again, as s > 2+ % we have an immediate L? estimates on ® — ®, thus we only need
to get 53 x F*3 estimates. Let us start by by writing ® = &1 +i®5 in equation
(6.2.3):

0P+ Ty - 0,9 + 1T, P = R (P)P, (6.2.8)

Where R; verifies

IR oy ey < C( H(ﬁoﬂﬂo,ﬁoﬂﬂo)HHH%Xm >7

< o, ¥ o .
<o (femso ol g, ) o=l

H[R1(‘I’) — Ry(®)]® ‘HS*?

The next step is to perform the change of variable by x, by Theorem 3.4.2 we get:

0" + Ty - 0, + z:q£|%¢* = R} (®*)d*, (6.2.9)

where R; verifies

1 -

Ry (@) = Ry (&7)]8° s

< ~ 7 * _ H*
HSi% —C("(n07w07n07w0)"H5+%XH5> H(I) ¢
We get the same equation on ®* by symmetry.

Introduce the following gauge transform Ag as the time one of the flow map
defined by Proposition 5.1.1 with

2,1 —a
po = S1€]2 05 'W € T3(T),

and put,
0= Apd”. (6.2.10)

We define analogously Az and 6 from ®*. From Proposition 5.1.1 the change of
variable (6.2.10) is Lipschitz from H*"2 to H* 2 but under H*® control on (®, D)

which is equivalent by Theorem 3.2.6 to a control on H (10, %o, o, 1;0) H We

1 .
Ht 2 xHs
have:

H@*(t, N — (¢, )H , < C( H(??oﬂ/)oaﬁo,@o)HHﬁést) He(t, ) =0t ')HHS_% ;

o (6.2.11)
-0y <ot ) 00
(6.2.12)

To get the equations on 6 and § we commute Agp and Ag with (6.2.9), we make
the computations for 6, those for 8 are obtained by symmetry:

3
Ap0®* + AsTy - 0, D" + ’L'A<1>T|2 ¢ = A@R/l(q)*)q)*

3

3 3
O Aep®* + ZTE‘A@CI)* + (A@Twax — [iT2

2. Ag))®" — (0 A9) D" = Ag R (@7)0"
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By definition of ps and Proposition 5.1.5 we have:

1
(|§’ )0zpe = WE and 0;Ag = Aq,/o AP Tig, e APEdr.
thus by Corollary 5.1.2 we get:

3
09 + T2

20 = Ra2(0)0 + Ag Ry (D*)A 1 0%, (6.2.13)

where Ry and A<1>R1(<I>)A;1, as s > 3+ %, verify:

ROy sy < C(omevoiion i)y, ).

|Re0) - Ra@d] .-, < ©( omevoniosdo].y . ) 060 - e
and,

H ARy (®)Ag! — Ay Ry (®)AZ

1]

1
H®™2

) He(t,-) —é(t,-)H .

H°"2

< C’( H(no,ﬁbovﬁo,@/;o)H

1
HV2xHs

Thus we have succeeded to eliminate the term 7y - 95 of order 1 in (6.2.9) and
got a term of order % The result then follows with a standard energy estimate.

6.2.3 Appendix: Gauge transform on R

Closely inspecting the two problems in [65] and [56], we saw that the lack of regularity
obtained in [65] for a > 2 is essentially due to the lack of control of the L! norm in
Sobolev spaces. To show this we start give a simple, albeit an artificial example:

Theorem 6.2.1. Consider two real numbers s €]1+ 3, +oo[, r > 0 and ug € H*(R).
Then there exists T > 0 such that for all vo in the ball B(ug,r) C H*(R) there ezists
a unique v € C([0,T], H*(R)) solving the Cauchy problem:

O + Re(v)dyv + i0%v = 0, (6.2.14)
v(0,-) = vo(-), -
Moreover we have the estimates:
Y0 < 1 < s, o) gy < o ol ey (6.2.15)

Taking two different solutions u,v such that u —v € L'(R), then:

= 0)(8)| ey < Cllluo ] g7-gy) 120 = V0l g7y
+ C(HUOHHS(R))muO - UOHLl(R) + [[(u — U)(t)”Ll(R)]- (6.2.16)

Proof. This is the simplest theorem to prove as the transformation is straightforward
and the symbols used are in the usual Hormander symbol classes ST{. Given the
well posedness of the Cauchy problem in H*, and the density of . in H?, it suffice
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to prove the result for ugp, vy € - (R) which henceforth we suppose. Define u, v as
the solution to (6.2.14) with initial data ug,vg on [0, T].

The first step we reduce H* estimates to L? ones by defining f; = (D)®u. Com-
muting (D)* with (6.2.14), by the symbolic calculus rules in Appendix 3.2.3 we get
the PDE on fi:

{atfl +Re(u)df1 +102 fi = Ri(f1) fr, (6.2.17)

f1(0,) = (D) uo(+),

where R; verifies

1B (f)ll 2 r2 < Clull o) 195 Ba(F)ll oy o < Clllull ),

We define analogously g7 from v and notice that by definition:

11 = gullpz = llu = vl g -

thus the problem is reduced to getting L? estimates on fi — gi.
Then we introduce F(t,z) = [; Re(u)(t,y)dy € C°°(R) and make the following
change of variable:

fo=e2"fy.
Analogously define G and gy from v. As remarked in [72], F,G do not necessarily

decay at infinity but we still have e"27 e72¢ ¢ ST Indeed because 0, F' = Re(u) €
H**° and 9,G = Re(v) € H™>. Now to get Lipschitz control we have

H[@’_%G - 6_%F]f1‘

12 <G = Fllpee 11l 2 < llo =l g [ f2ll 2
ia iF
€3¢ = 571, <11G = Pl I fellge < 1o = ull 152 2

thus,
1f2 = g2l 2 < Clllfr = g1ll gz + llv = wll o £l 2],
/1 = g1ll2 < Clllfa = g2ll 2 + llv — wll o 1 f2ll 2],

and the problem is reduced to getting L? estimates on fy — go. Commuting e3! with
(6.2.17) yields:

02 ¢
Ocfa + Za*“ff; R2(Sf2)f2, (6.2.18)
f2(0,) = €27 (D)" uo(+),
where Ry verifies
[R2(f2)ll 22 < Clllull o), 105 Re(f2)ll 2y p2 < Cllull go)-
Analogously we get on go
0 10290 = R
tg2 + 1 xgiZG 2(892)92 (6.2.19)
92(0,-) = e27° (D)" vo ().

Now the usual energy estimate on fo — go combined the Gronwall lemma on fo — go
gives for 0 <t < T

12 = g2l < CUI(w, )l z+) 1(f2 = 92)(0, )| 22
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Ass>1+ %, by the Sobolev embedding Theorem:

12 = g2ll 2 < C(l[ (o, vo)| +)

< C(|[(uo, vo)ll grs)[lluo — voll s + lluo — voll 1],

e3 o (D)* ug — e3C0 (D)® Uo‘

L2

which concludes the proof.

180



Chapter 7

On the threshold of well
posedness of the weakly
dispersive Burgers type
equation

In this section we give the proofs of Theorems 1.2.3 and 1.2.4 which are the main
results from [64].

Contents
7.1 Implicit construction of symbols . .. ... ........ 181
7.2 Sobolev estimate on the weakly dispersive Burgers equa-
tion .« v L L e e e e e e e e 187
7.3 Complete gauge transform for the dispersive Burgers
equation . . . . . i vt i e e e e e e e e e e e e e e e e e e e 190

7.1 Implicit construction of symbols

In this section we give the different theorems permitting the construction of the
gauge transforms used in the subsequent sections. The following two Theorems
should be compared to Corollary 5.1.2. Indeed in both cases we are looking to solve

a problem of the form
AVT, A | =T, + R, (7.1.1)

where the symbols a and b are given, the unknown is the symbol p, A} is the time one
of the flow generated by p defined in Section 5.1 and R is an acceptable remainder
depending essentially on the threshold of regularity in which we are working.

In Corollary 5.1.2 an approximate solution to this problem (7.1.1) was given in
the high regularity setting which permitted immediate control on the remainder R.
The goal of this section is to improve upon on this by showing that we can control
efficiently the remainder, i.e with no extra regularity assumption than the minimal
ones required for the definition of a,b,p and A%, in two directions. First for the
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linearised version of (7.1.1), i.e
2,7 = T (7.1.2)

Second when solving the full problem (7.1.1) in the case where the linearised problem
(7.1.2) can be solved with p of negative in order.

Theorem 7.1.1. Consider two real numbers a > 1, 8 € R and a symbol a € F’g(]D)).
Then there exists B > 1 and a symbol p € F?H_O‘(]D)) such that,

®0€‘£|a 1~ 55?‘1 1 ® U of’b, (7.1.3)

where ® is the symbol product defined formally by:

Op(p) c Op(q) = Op(p ® q), where

1 e
p®q(x,€) = %/D Del(a‘" V-2, )q(y, €)dydn.
X

Moreover we have the estimates:

B Bb,
My (8,050:0) < My (o0 ’?) : (7.1.4)
Bl —-(1-5)]
MY (0ol
M (9¢0,02;0) < (G0 1’0) (7.1.5)
Bl1-(1 g)“]
(1+ ) - B+l-a B)b
M 0.0, 0).
ta 1—(1—§)a 0 ( or )

Remark 7.1.1. The choice of the same cut-off parameters in the right hand side and
left hand side of (7.1.3) is not immediate, indeed by the general rule of composition
of paradifferential operators given in Proposition 3.2.6, the cut-off on the left hand
side is given by Bx B = 2321 > B. But in the special case where one of the
operators is a Fourier multiplier we have this refined property where the cut-off on
the left hand side is indeed given by B.

Proof. First the case a = 1 has the immediate solution with the choice of p as the
primitive of Uf ' in the x variable. Henceforth we suppose « > 1.

We start by defining the scale of Banach spaces that define the Fréchet space of
Paradifferential operators.

Definition 7.1.1. Given m € R, k € N and # C %' a Banach space. Define
CkI";}(]D) x D \ B(0, R)) as the space of locally bounded functions a(x,§) defined on
D x D \ B(0, R), which are C* with respect to & and such that, for all j < k and for
all £ > R, the function © — 82‘(1(33,5) belongs to W and there exists a constant C}
such that:

Viel > R,j <k,

fa(8)| < Cult+ el (7.1.6)

The space C’kFZ}}’(}D} X D\ B(0, R)) is equipped with it’s natural Banach space topology
by the best constant Cy. When W = WP, the best constant is the seminorm
M} (-5 k).
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We define:
v (rpm) = {of e Tpm)}.

¢B7b<ckr;;(m> x D\ B(0, R))> = {aﬁb,p e CFT(D x D\ B(o,R))} ,

equipped with their natural Fréchet and Banach topologies induced by the continuity
of the map p — 0’5 b Now we reinterpret Theorem 7.1.1 by introducing the linear
operator:

L :CFTP (D x D\ B(0,b)) — P (C"T@(D x D\ B(0, b)))

Bb Bb

_ Bb
el T Tepeper @

pl—)U}f’b®a

The proof will then proceed in two steps, we first prove that L has a right inverse on
the Banach space Col"f Jrl70‘(IR\B(O, b)) and then we prove propagation of regularity
in the frequency variable £ for solutions of the equation (7.1.3).

To construct a right inverse for L the key idea here is simply that a right hand
parametrix is given by the standard Cole-Hopf gauge transform:

Eapproz :CFTH (D x D\ B(0, b)) — ¢ (ckrgﬂ—a(m) x D\ B(0, b))>

l1—a
e €) L2 op(L) P el ),

where,

D

which is well defined as Py(D) Op(%)[af’b(-7 €)] = 0 where Py(D) is the Littelwood-
Paley projector defined in Section 3.1. We then compute:

Fo(Op(= [0, ) () = ;7%@5"’@,5))(77),

Lo Eapp’roa: = O'.B’b(Id — 7’), where:

r O (D x D\ B(0, b)) — 450 <ckr§““(m x D\ B(0, b)))

ala—1) [ i(z—y)n B.b B B.b
a— 477/0 /Dxlf))e 0§|§|“’2(£+tn)w (77,f)aiawa‘gll,a(y,f)dydndt,

Let us remark that the remainder can also be written as:

. 1
@8 = 5 0n ([ ol tmu . e )0 1w.6),

(%)

where (x) is seen a Fourier multiplier in the = variable for £ fixed. Thus estimating
the semi-norms of r(a) using the continuity of Fourier multipliers combined with the
Bernstein inequalities we get we get by the frequency localization of Paradifferential
operators:

_ C _
My ™17 (r(0);0) < S Mg T (05 0).
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Thus for B sufficiently large L has a right inverse on 5 (COFf—H_a(R \ B(0, b)))
given by the Neumann series:

+o0

k
E =) Eapprost"
k=0

Thus we have constructed a p € COFfH_O‘(R \ B(0,b)) such that:

_ B Bb _ _Bb
P RO — Ol @0y =0t

Now we want to prove that p € C’kI‘fH_a(R \ B(0,0)) for all k. We start by the
following computation that comes from commuting with ix:

Bb . _Bb Bp Bp Bb
Toep © Teapomt — T © Ty = Tyl +0l0 1 @ 0 '@ ol (717)

Now to get the desired bound we use the following Lemma.

Lemma 7.1.1. let p € ' (D x ]f))) be a symbol such that for some cut-off parameters
B, b we have:

Bb B
Tp " O Tgjgfat = Tgjgpan

for some a € C'OFg(R\ B(0,b)) wit « >0 and B € R.
Then 8:,00;,9’17 € COFgH_a(R \ B(0,b)) and moreover we have the estimate:

B,b oBP B,
1 ® U Ja b?

My (03";0)
T B-(1-g))

Mﬁ‘Fl a(a Bb 0)

Proof of Lemma 7.1.1. Without loss of generality, we suppose p € . as the result
can be deduced by a standard density argument. We rewrite the identity verified by
p as follows:

1 ! 1(x— g
/ / G B (€t PP (0. €)og (v, )dydndt = —o
m DxD a

thus, . .
Op, ( / 0t (€ + ™, §>dt) oo)(@.6) =~

a

(%)

where (%) is an elliptic Fourier multiplier in the x variable for ¢ fixed with the bound:

B o t N e !
Sn-a- e = [ (1-g) wlar < [ ot e mut . o

which gives the desired result. O

Getting back to the proof of Theorem 7.1.1 and applying Lemma 7.1.1 to (7.1.7)
we get p € C'DPTI%(R \ B(0,b)) and iterating (7.1.7) we get p € CFTPT (R \
B(0,b)) for all k. O
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A corollary of Lemma 7.1.1 is the following uniqueness result.

Corollary 7.1.1. let p € .&/'(D x ]ﬁ)) be a symbol such that for some cut-off param-
eters B,b we have:

B ,b Bb
— P =0.
P’ Ogeget ~ Tgiges ©
Then 05 b is a Fourier multiplier, i.e there exits a Fourier multiplier m such that:

olb(x,€) = o8 (x, ) = pPP(0,£)m(€).

We now give the main Theorem that permits the construction of the gauge
transform.

Theorem 7.1.2. Consider two real numbers a > 1, f < a — 1 and a symbol
a € Fg(R). Then there exists e > 0, B > 3 such that for,

Moﬁ(a; 0) <e

there exists a symbol p such that p € F?H_O‘(R) and:

oBY 2,b B _ Bp
Tette=1 ~ Oain ® Tiin1 © ey = 00" (7.1.8)
Moreover we have the estimates:
1+ Ce

MJT = (0,080:0) < =My (a5 0), (7.1.9)

(e

MY 808", 0)

My (8e8,024;0) < (1 + CM (9e0 2, 0)) x [B[ Y 1’)a] (7.1.10)
1+ 45)t—1
+O[( + B) - Mg+l—a(amo_1;B,b;0):|.
1-(1-5)"

Remark 7.1.2. We note that 5+ 1 — a < 0 thus the hypothesis on Im(p) is auto-
matically verified.

Proof. The proof should in spirit amount to a Nash-Moser scheme as we are looking
to prove an implicit function type of result on the Fréchet space of paradifferential
symbols. In our case the problem is simpler due to the following key observation, for
k > 0 the underlining map is well defined on the Banach spaces in the scale defining
the Fréchet space of paradifferential operators:

F:CFT9 (D x D\ B(0,b)) — wé‘vb<ckr§(ﬂ) x D\ B(0, b))>

B,b 2.b
=0, a1 — O & o5 & a
P et ~ Ogein ® ot
b
F(p) =0 24 B.b .
07 7z'rp®[ ®Jf‘§‘a 1 §|§\a 1®0P ]®0‘®67”‘pd1"

The proof will again proceed in two steps, we first prove that F' has a right
inverse on the Banach space COFf =R\ B(0,b)) and then we prove propagation
of regularity in the frequency variable £ for solutions of the equation (7.1.3).
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Noticing that F'(0) = 0, the goal is thus to prove the local surjectivity of F
around the origin. Now that we reduced the problem to Banach spaces, by the
inverse function theorem it suffice to find a right inverse to the differential of F' at
0. Computing the differential at 0 we get:

_ _ B Bb _

Thus by Theorem 7.1.1 and the local inversion Theorem in Banach spaces we get
the desired local surjectivity.
Now we turn to propagation of regularity in the £ variable, we fix:

p e COTVM (R \ B(0,b)) and a € T5 (R \ B(0,b)).

To make all of the computations rigorous we suppose p € .¥ and the desired result
is obtained by a density argument. The computation behind the propagation of
regularity is the following analogue of (7.1.7). We start from:

B ,b B,b Bb B.,b
£|£‘a 1 U®eip ® o E‘gla 1 ® U =0,

commuting with ix we get:

Bb Bb _ Bb Bb
=0 -®[ b @izt o le®0

Y Bb
a‘£|a—1 8511 - ®eip ®ezp7 £|£|a 1

o ®efip7

where [a,b]g = a®b—b®a. Using the Duhamel formula combined with Proposition
5.1.2:

1
B b . B,b B,b Bb
Lip DIT® U@ew =1ixr+ /0 O ge—irp ® T9ep ® J®e”pdr
Thus,
Bb Bb Bb _ _Bb Bb Bb
Oge—iv @ Jalf\o‘ 1®0 ®e“j ~ Tajget T Teir @000 © Tgerv

1
_[/ iy @ Oy @ L dron ] (711
0

Xe~ irp elrp £|£‘a 1

Applying Lemma 7.1.1 we get that:

®6 irp Reltrp

1
aa,[/ iy @ Ty @O dr] e COTSHI=(R\ B(0,b)),
0

and by the frequency localization of paradifferential operators and the Bernstein
inequalities:

1
/ B ®08§p®03b dTECOFBH “(R\ B(0,b)).
0

®Xe—TP ®eirp

Getting back to the definition of ®e™"? as B+ 1 — o < 0:

limb _ o~ T Bb
T eirp :Z 7l ®
k=0
thus, '
ooy =14 Oupc.0)(€),
which gives:
ooy € COTTTIT R\ B(0,1)).

We get the desired result by iteration. O
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7.2 Sobolev estimate on the weakly dispersive Burgers
equation

The goal of this section is to prove Theorem 1.2.3. First it suffice to make the
estimate (1.2.12) for ug € C§° and deduce the general result by density. We take u
a solution to the Cauchy problem (1.2.11).
By Theorem 7.1.1 there exists p € T2 *(R) such that:
B'b B b __pB'b

[Tip ’Tzflﬁ\c“l] - ZTO’féb"r(O’féb)*’ (7.2.1)
where B’ > B is the cut-off corresponding to the left hand side that includes 75
and it’s a adjoint.

Now by Corollary 7.1.1 as (Til’g_l)* = Til’z_l and the left hand side being L?

skew-adjoint we get:

<Tf'7b> =75 in 12, (7.2.2)

Henceforth R (u) will designate a generic infinitely regularizing operator on on
Sobolev spaces, i.e Roo(u) : H* — H* for all u, ;/ € R with the estimate:

[ Roo (W] g i < Cu,u’,u”(Hu”Hu“),#” eR.

Consider (AP),cr defined by Proposition 5.1.1 with the choice of cutoff in the
paradifferential operator given by B’,b. Now by construction we have:

1
B’ b 1 B'b .Bb
A’f@tu + Tiaﬂa_lAIfu + 3 </0 A]f_r [Tip JTUfgb'i‘(Ufgb)*] Af_ldr> All)u = R®(u).
(7.2.3)

The key cancellation here is that even though [Tg’b, iTBL;jS | € Fg*a we
g

B.b
ué +(Uu§ )*
have:

1 * 1
B'b .-~B')b B'b .B'b
AP |\T2° Ty AP dr) = —/ AP T2 g5y AP dr.
</0 1—-r|Tip > Uféb+(aféb)* r—1 0 1—r|~ip > UfébJr(Uféb)* r—1

This gives conservation of the L? norm but it presents no concrete gain as the Cauchy
problem (1.2.11) conserves the L? norm by a straightforward computation but we
find it to be a good self check when making the computations.

At our level of regularity s > 2 — a + % this key cancellation does not hold for
higher Sobolev estimates (except in the ”exceptional” case of the Benjamin-Ono
equation as noted in the introduction). To remedy this, inspired by [33], we preform
an approximation of the symbol p given in (7.2.1) by step functions in the frequency
variable ¢ and a Littlewood-Paley decomposition in x.

To get higher Sobolev estimates the goal is estimate the L? norm of the k-th
dyadic frequency shell of u, for this we start by rewriting (1.2.11) using p defined by
(7.2.1):

Ay — [Y}fl’b,Ti]Z;’T’a,l]u + Tf‘/éi’a,lu = Reo, ug € H®, b> 0. (7.2.4)
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We consider C}, = [w12k,w22k] with w1 < 1 < ws the k-th dyadic shell, i.e the
support of Py(D). We fix the increasing sequence:

L1 (-ak . 5ok ;
aj =w 2" +j702 7= Ja_; = a; for 0 < j < |(wy — wi)T==2"] = jy,

and define the intervals:

{Ij — (et 2udai g (] < g,

Ijk = [jk7w22k},f_jk = [_w22k7 _]k]

For |j| < ji consider smooth functions ¢; : R — [0, 1] supported in I; and ¢; = 0
for j ¢ [—ji — 1, ji + 1] such that:

S 6 =1, [086;(€)] < Culél ™ mEN.

JEZ

We now set,

ph(z) = Pz(D)<u1j| /I p(az&)dﬁ), 1 < il < [wa2"] = Iy

We compose (7.2.4) by the following:

Z%HA 3t“‘Z¢JHApJ ip §|§|°‘ ) +Z¢JHA igleje=1 U = oo,

(%)

(7.2.5)
and we compute the commutator in (*):
Uk
B'b
[HA Liglee- 1}
p] pJ pJ 2 pé’
_ll_[A Z i} Tgae +HA Z/ AP Sy T e A
I 1-1 lk
+ZZHAPJS = mTfma IHAp’ (7.2.6)
=1 m=1n=l

Getting back to (7.2.5) we get:

Jk s o Jk Uk o
> 6 [T AV O+ T Y o [[AVu
=0 =1 =0 =1

) 2)

Uk

Ik l
B b pt p 5 o
a [14v v A% d
z¢] |:H (¢]I’ Zl 1P ) %€\£|°‘ 1 1 Z/ Szp] §‘£|a 1 A_aru

®3) (4)

g 1—1 I

- Z >3 | K ’3 T H AV ut R, (7.2.7)

7=0 =1 m=1n=l

(5)
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where czgj is a bump function with a slightly larger support than ¢;.

) ]
We now compute the L? scalar product of (7.2.7) with Z;‘k:o ¥ ﬁ’;l Alljju. Given
the complexity of equation (7.2.7) we will treat each term from (1) to (5) separately.

For term (1):
Jk lg .

Re (1), ¢; [T 47 w)z2)
j=0  I=1

Jk li ! lr ! Ik | Ik |
= "Re((¢; [ A7 0, &5 [] AV w)12) + 2Re ((¢5-1 [ [ AT 0w b [[ AV w)12)

=0 =1 =1 =1 =1
Jk Ui o L o

+2 Z Re ((¢j+1 H A1]+latua ¢j H Alj U)LQ)v
=0 =1 1=1

by the L? skew symmetry of p (7.2.2):

Jk Iy . Jk _ ~
Re (1), 65 [ Ay w)i2) =53 Re (601, dju)12) + Roo(u)

j=0 I=1 §=0

Jk Ui ] Ui ] Ui ! L |
+2) Re (g5 [[AY" + 651 [T A7 — 205 [ [ A 10w, 65 [ AV w) 12) -

j=0 =1 =1 =1 =1

Ri(u)
(7.2.8)

For R;(u) we see that the terms,
61:1(D)65 (D)1 (D) A% — 6;(D)AT)
61-1(D);(D)[pj—1(D) AP+ — 6;(D)AY’]

can be seen as residual terms coming from a change of cut-off in the definition of
Paradifferential operators. Thus by (3.2.17) and the choice of a; we get:

611 (D)65 (D)6 (D)A”+ — 65(D) A7
4

. v are of order 2 — 2a,
¢j-1(D)¢;(D)[pj-1(D)A"-1 — ¢;(D) A,
thus, crudely estimating the time derivative by 2¢* we get the estimate on Ry(u):

[Ri(u)] < cjzkieczl’pé”w 27 ||
j=0 1=0

~ 2
quuHL2 (7.2.9)

Lge

For term (2), we have immediately by skew symmetry:

Uy

Re ((2)’ Z ?;

!
AV u)2) =0, (7.2.10)
j=0 =1
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For term (3), (4) and (5) we have the estimates:

Re([T?" 75 < 0292~ || p_ (D[, . 7.2.11
H ([ i(¢>jp—2§ilp§) i€le| 1]) 12512 o ” S]( ) ”Lz ( )
2 pB'b j(2—a) 2

HRe(EipéTiﬂgla_l) e 1P (D)} o (7.2.12)

B
Re(£ A% € 5 Do)

L2—L2
l m
< Pl e ohe—a) y By DYl oo | P (DY e . (7.:213)

Finally combining estimates (7.2.9),(7.2.10),(7.2.11),(7.2.12) and (7.2.13) we get:

2

LD < O+ [Pey(Dpu|| j2tC ,

[P . [[Becom

L L2

where Py (D) is defined by a bump function with a slightly larger support than the
one defining Py (D). This gives the desired result by the Littlewood-Paley decom-
position, the Gronwall lemma and a standard frequency envelopes argument (see
[72]).

7.3 Complete gauge transform for the dispersive Burg-

ers equation

In contrast to the previous section in the first step to conjugating (1.2.13) we make
the choice, by Theorem 7.1.1, p; € TY(R) such that:

2b B.b B.b 26 _Bp
g © Ogiga=t ~ Tggat @ Tgemim = Ting (7.3.1)
1 p' - Pl* 0 0 0 1
tm(p) = 2P € T9(R), MY (Im(p) < CME(0,1)).
1+ Ce _
Mg (D' (t.):0) < — Mg~ (0,¢:0), (7.3.2)

M§—2(u; 0)

My (9:0:p"; 0) < (14 CME 2 (u;0)) x -

+ (@ = 1) Mg (9,p";0) |-
(7.3.3)
where we implicitly used the Bernstein inequalities to see the injection:
uweCr = ol ey,

K3

Define u! = Azflu and commute with (1.2.13) we get by Proposition 5.1.5:

B,b 1
Ot + Tt = T2t = Rl (0. = A o). (7:34)
0 t s
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Remark 7.3.1. For the proof of well-posedness we also need to see that for 2 dif-
ferent solutions u,v we have by the proof of Theorem 7.1.2:

Cltwollcz=e || g L

) Peglu = 1l(t,)

Mg ([p"(u) — p*(v)](t,-);1) <e

ot

Let us assess what we obtained from this first gauge transform we eliminated

the term:
ot € T (R)

which generates an operator of order oo — 1 and obtained ¢ fol (8tp1)§31 dr which under
mere 2~ control on u is still in T (R) which is still of order a — 1. Thus apriori
in the low regularity setting in which we are working, we do not have a gain on
the order of the remainder. The key idea is then to iterate this gauge transform,
prove that the remainder goes to 0 and that the successive application of this gauge
transform converges.

Applying successively Theorem 7.1.2 we construct a series of symbols p/ €
I'Y(R), j > 2 such that:

2,b G B o B _ b (7.3.5)

0 Q0 a1 — a1 @0 iy = i
®Qe'Pi &lE| ! f‘ﬂ ! Pj fol(atpj*1)£] 1dr’

P —p”

5 — €To(R), My(Im(p')) < CMy(0up"),

Im(p’) =
1+ CeCM@ ™ ()0 MO (,pP =1 €1~ (¢, -); 0)

(0]
CMEWH IO MY (D Je|' 7 (1, ); 0) (7.3.6)

Mg (907 (2,-);0) <

71(8§3xpj;0) <(1+C x (%) x [(Z)] +C(a— 1)€CM8(Pj_l(t,~);0)Mg(axpj;0)
where,

(*) _ eCMg(pj_l(t»‘)§0) [CM(())(atp]—l |§‘1fa (t, .); 0)]\40—1(85])]'*1(157 -); 0)
+ My (90’ €] (¢,);0)] (7.3.7)

From this we deduce that for |u||2-« <7 with r sufficiently small we have:

1+Cr

MO (2, ><o( )]uuu,-)HCEQ, (7.38)

1+ Cr

100 (1, ) ><c( >jHu(t7')Hc§a~ (7.3.9)

Consider Azfj defined by Proposition 5.1.1 with the choice of cutoff in the paradif-

ferential operator given by B,b and define v/ = AIfJ u/~!, by construction we have:

. 2,b . . P
O’ +T§\£|“ = T;ﬁfol(atpj)f;jdr = R, (0,-) = AYw/7N0,),  (7.3.10)
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where, A
RV =l 4 AV RITe0,

where rl is generated by the different cut-off errors generated by the difference of

J
AII) and T®

etpd -

k .
We now need to study H A]fj, for this we define for 7 € R:

j=1
pL(r.t,x) = pl(t,x), ph(r.t,x) = pFHi(E, o) + (pF (1 2))2" " (02, (7.3.11)
thus by Proposition 5.1.1:
k _
[[4Y = (a2t (7.3.12)
j=1

We then have the estimates:

e MO(pF+1(¢,-);0) < MY(p (8, -); 0) + eCMEE (1:):0) A MO (pF(t,);0), (7.3.13)

sup My ' (9epFHL(t,); 0) < My (Dep/ (¢, ); 0)
I71<1

+ CME®(6::0) sup My (Depk(t,); 0) + C My (9ep' (1, -); 0) sup M(pk(t,-); 0) |,

(7.3.14)

Thus (p*)ren converges for the seminorm nglMg(-, 1), the iteration of this

argument shows that (p#)gen converges for all of the seminorm VVﬁgM? (,1),m e
N*, thus there exits p such that:

p e WOR(=L1;C' (D)), W M (p(t,-) < Cllult, )l g2
p—p°
24
Thus passing to the limit in (7.3.10) we get:

Im(p) = € I')(D) and Mg (Im(p)) < C Mg (0.p)

B [(AZT)), ] + Tg;’;,l [(APT)),_ju] = R (u), (7.3.15)
where there exists a non decreasing functions Cs, such that R°°°(u) verifies for all
uweR:

IR ()| g < Cu(||U||Loo([o,T},cf—a(D)))a

which is the desired conjugation result.
Finally the proof of well-posedness follows from a standard energy estimate on
(7.3.15) combined with Proposition 5.1.1 and the Lipschtiz estimate:

Op( =) Pl — v](t, )

MO([p(u) — p)](¢,); 1) < Moz 1

ot
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Titre: Sur le flow de I’équation d’Euler a surface libre

Mots clés: Flot, équation d’Euler, regularité, équation dispersive, équation de Burgers, anal-
yse microlocale, paracomposition, calcul paradifferentiel, transformation de jauge de Cole-Hopf,
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Résumé: L’équation d’Euler a surface libre
décrit I’évolution de linterface séparant lair
d’un fluide parfait irrotationnel. C’est un sys-
téme de deux équations couplées : 1’équation
d’Euler a l'intérieur du domaine et une équa-
tion cinématique qui décrit les déformations du
domaine. Les 4 travaux qui constituent le corps
de cette thése peuvent étre divisés en trois sujets
connectés au probléme de Cauchy du systéme
des water waves.
e Dans le prolongement des travaux de [2,
4, 5, 7], ou les auteurs ont montré que le
probléme de Cauchy pour le systéme des
water waves est bien posé et que le flot est
continu sur des espaces de Sobolev suff-
isamment réguliers, nous montrons :

— Dans [60] que le systéme des water
waves avec ou sans tension de sur-
face est quasi-linéaire au sens le plus
fort du terme, c’est-a-dire que le flot
n’est pas uniformément continu. De
plus, dans le cas avec tension de sur-
face, nous montrons que pour avoir
une estimation de Lipschitz sur le
flot, il faut au moins une perte de
% dérivés. Plus généralement, pour
I’équation de Burgers avec terme
dispersif de la forme 9,|D|*" ! a €
|1,2[, nous montrons qu’il faut au
moins une perte de 2—a dérivés pour
assurer un controéle Lipschitz sur le
flot.

— Dans [61], nous montrons que les ré-
sultats obtenus dans [60] sont effec-
tivement optimaux, c’est-a-dire que
pour I’équation de Burgers avec un

terme dispersif 9,|D|* 1, a €]1,2]
le flot est effectivement Lipschitz de
H*® 4 H52T® pour des données ini-
tiales périodiques de moyenne nulle.
Pour le systéme des water waves
avec tension de surface en deux di-
mensions d’espace, nous montrons
qu’aprés re-normalisation, le flot est
bien Lipschitz au prix d’une perte de
% dérivées.

e Afin de démontrer les résultats dans

[61], nous avons développé une général-
isation para-différentielle d’une transfor-
mation de jauge complexe de type Cole-
Hopf introduite pour la premiére fois par
T. Tao pour ’équation de Benjamin-Ono.
Dans [62], nous 'utilisons pour améliorer
les résultats connus sur une conjecture
numérique die a Saut et Klein dans [45]
sur I’équation de Burgers dispersive. Ce
qui, a la connaissance de l'auteur, est
la premiére fois que la transformation de
jauge est mise en oeuvre a cette fin pour
a€]1,2].

Afin de démontrer les différents résultats
dans [60, 61, 62], nous avons étudié et
affiné différents résultats connus en cal-
cul paradifférentiel. Plus précisément,
dans [59], nous ameéliorons certaines es-
timations sur l'opérateur de paracompo-
sition introduit par Alinhac, nous don-
nons une preuve du changement de vari-
ables dans le calcul paradifférentiel et en-
fin nous étudions comment le support du
cut-off fréquentiel varie aprés la composi-
tion d’opérateurs para-différentiels.




Title:
Keywords:

On the flow map of the Euler equation with free boundary

flow map, Euler equation, regularity, dispersive equations, microlocal analysis,

paracomposition, paradifferential calculus, Cole-Hopf Gauge transform, Baker-Campbell-Hausdorff

formula

Abstract: The Euler equation with free
boundary, i.e the water waves system, describes
the evolution of the interface between air and a
perfect irrotational fluid. It is a system of two
coupled equations: the Euler equation in the in-
terior of the domain and a kinematic equation
describing the deformation of the domain. The
4 works that constitute the body of this thesis
can be divided into three connected subjects on
the Cauchy problem of the water waves system.
e In the continuation of the works in |2, 4,

5, 7] where the Cauchy problem for the
water waves system is shown to be well-
posed and the ow map continuous on suf-
ficiently regular Sobolev spaces we show:

— In [60] that the water waves sys-
tem with and without surface ten-
sion is quasi-linear in the strongest
sense, i.e the flow map is not uni-
formly continuous. Moreover in the
case with surface tension we show
that in order to have Lipschitz es-
timate on the flow map at least a
loss of % derivative. More gener-
ally for the Burgers equation aug-
mented by a dispersive term of the
form 9,|D|* ', a €]1,2[, we show
that at least a loss of 2—« derivative
is needed to ensure Lipschitz control
on the flow.

— In [61] we show that the results
obtained in [60] are indeed opti-

mal, that is for the Burgers equation
augmented with a dispersive term
0:|D|*~ 1, o €]1,2[ the flow map is
indeed Lipschitz from H® to H5~ 2+
for periodic data with 0 mean value.
For the water waves system with
surface tension in two space dimen-
sion we show that after suitable re-
normalization that the flow map is
Lipschitz under % loss of derivative.

In order to prove the results in [61] we de-
veloped a paradifferential generalization
of a complex Cole-Hopf type gauge trans-
form first introduced by T. Tao for the
Benjamin-Ono equation. In [62] we use
this to improve upon known results on a
numerical conjecture by Saut and Klein
[45] on the dispersive Burgers equation,
which to the author’s knowledge is the
first time the gauge transform was imple-
mented to that for « €]1,2[.

In order to prove the different results in
[60, 61, 62] we needed to study and re-
fine different know results in paradifferen-
tial calculus. More precisely in [59], we
improve some estimates on the paracom-
position operator introduced by Alinhac,
give a proof of the change of variables
in paradifferential operators and finally
study the frequency cut-off after compo-
sition of paradifferential operators.
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