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Abstract

In this thesis, we are concerned with the stochastic gradient descent (SGD) algorithm,
which has been widely used in machine learning due to its computational efficiency
and favorable generalization properties. Specifically, we perform theoretical and em-
pirical analysis of the behavior of the stochastic gradient noise (GN) in deep neural
networks, which is defined as the difference between the true gradient and the stochas-
tic gradient. Based on these results, we bring an alternative perspective to the existing
approaches for investigating SGD. The GN in SGD is often considered to be Gaus-
sian for mathematical convenience. This assumption enables SGD to be studied as a
stochastic differential equation (SDE) driven by a Brownian motion. We argue that the
Gaussianity assumption might fail to hold in deep learning settings and hence render
the Brownian motion-based analyses inappropriate. Inspired by non-Gaussian natural
phenomena, we consider the GN in a more general context that suggests that the GN is
better approximated by a heavy-tailed a-stable random vector, where tail-index o de-
cides the heavy-tailedness of the distribution. Accordingly, we propose to analyze SGD
as a discretization of an SDE driven by a Lévy motion. Firstly, to justify the a-stable
assumption, we conduct experiments on common deep learning scenarios and show that
in all settings, the GN is highly non-Gaussian and exhibits heavy-tails. We investigate
the tail behavior in various network architectures and sizes, loss functions, and datasets.
Secondly, under the heavy-tailed GN assumption, we provide a non-asymptotic analysis
for the discrete-time dynamics to converge to the global minimum in terms of subopti-
mality. This finite-time guarantee is then extended to application in posterior sampling.
Finally, we investigate the metastability nature of the SDE driven by Lévy motion that
can then be exploited for clarifying the behavior of SGD, especially in terms of ‘pre-
ferring wide minima’. More precisely, we provide formal theoretical analysis where we
derive explicit conditions for the step-size such that the metastability behavior of SGD,
viewed as a discrete-time SDE, is similar to its continuous-time limit. We show that
the behaviors of the two systems are indeed similar for small step-sizes and we describe
how the error depends on the algorithm and problem parameters. We illustrate our
metastability results with simulations on a synthetic model and neural networks. Our
results open up a different perspective and shed more light on the view that SGD prefers

wide minima.






Résumé

Dans cette these, nous nous intéressons a I'algorithme du gradient stochastique (SGD),
qui est largement utilisé en apprentissage automatique en raison de son efficacité de
calcul et de ses propriétés de généralisation. SGD est applicable a un large ensemble
de problemes d’optimisation convexe et non convexe survenant dans l'apprentissage au-
tomatique, y compris I’apprentissage profond ou ils sont particulierement réussis. Dans
cette étude, nous effectuons une analyse théorique et empirique du comportement du
bruit de gradient stochastique (GN), qui est défini comme la différence entre le gradient
réel et le gradient stochastique, dans les réseaux de neurones profonds. Sur la base
de ces résultats, nous apportons une perspective alternative aux approches existantes
pour étudier SGD. Le bruit de gradient stochastique dans SGD est souvent considéré
comme gaussien dans le régime des données volumineuses en supposant que le théoreme
limite central classique (CLT) entre en jeu. Cette hypotheése est souvent faite pour
des raisons de commodité mathématique, car elle permet d’étudier SGD comme une
équation différentielle stochastique (SDE) pilotée par un mouvement brownien. Nous
soutenons que ’hypothese de la gaussianité pourrait ne pas tenir dans les contextes
d’apprentissage profond et donc rendre inappropriées les analyses basées sur le mouve-
ment brownien. Inspiré de phénomenes naturels non gaussiens, nous considérons le bruit
de gradient stochastique dans un contexte plus général et invoquons le théoreme limite
central généralisé, qui suggere que le bruit de gradient stochastique est mieux approché
par un vecteur aléatoire a queue lourde a-stable, ou l'indice de queue a décide de la
lourdeur de la distribution. En conséquence, nous proposons d’analyser SGD comme une
discrétisation d’une équation différentielle stochastique pilotée par un mouvement Lévy.
Cette équation différentielle stochastique peut subir des ”sauts”, qui obligent ’équation
différentielle stochastique et son transition de discrétisation de minima étroits vers des
minima plus larges, comme le prouve la théorie existante de la métastabilité.

Premierement, pour justifier 'hypothese a-stable, nous menons des expériences sur
des scénarios communs d’apprentissage en profondeur et montrons que dans tous les
contextes, le bruit de gradient stochastique est hautement non gaussien et présente des
queues lourdes. Nous étudions le comportement de la queue dans diverses architectures
et tailles de réseau, fonctions de perte et ensembles de données.

Deuxiemement, sous ’hypotheése du bruit de gradient stochastique a queue lourde,
nous fournissons une analyse non asymptotique pour que la dynamique en temps discret
SGD converge vers le minimum global en termes de sous-optimalité. Nos résultats
montrent que l'erreur faible sous notre hypothese augmente plus rapidement que sous
I’hypothese du bruit gaussien, ce qui suggere d’utiliser des tailles de pas plus petits dans
notre cas. Cette garantie a temps fini est ensuite étendue a I’application en postérieur
échantillonnage.

Enfin, nous étudions la nature de métastabilité de I’équation différentielle stochas-

tique pilotée par le mouvement de Lévy qui peut ensuite étre exploitée pour clarifier le



comportement de SGD, notamment en termes de ”préférence de larges minima”. Bien
que notre approche apporte une nouvelle perspective pour 'analyse de SGD, elle est
limitée en ce sens qu’en raison de la discrétisation temporelle, SGD peut admettre un
comportement sensiblement différent de sa limite de temps continu. Dans ce sujet,
nous fournissons une analyse théorique formelle ou nous dérivons des conditions ex-
plicites pour la taille de pas de sorte que le comportement de métastabilité de SGD,
considéré comme une équation différentielle stochastique en temps discret, est similaire
a sa limite de temps continu. Nous montrons que les comportements des deux systemes
sont en effet similaires pour les petits tailles de pas et nous décrivons comment ’erreur
dépend de l’algorithme et des parametres du probléme. Nous illustrons nos résultats
de métastabilité par des simulations sur un modele synthétique et des réseaux de neu-
rones. Nos résultats ouvrent une perspective différente et éclairent davantage 1’idée selon

laquelle SGD préfere les minima larges.
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Chapter 1

Introduction

Machine learning is the study of computer algorithms that instruct a system how to im-
prove from experience. The primary goal is to allow the system to learn automatically
to perform predictions, decisions or classifications without being explicitly programmed.
In order to carry out these assigned tasks, machine learning algorithms construct math-
ematical models using sample data. The more complex the tasks are, the more data is
needed for a good performance of the learning process. With the accessibility of large
amounts of data (images, speech, video) in recent years, the interest in machine learning
has been increasing rapidly. Another even more important reason that makes machine
learning successful nowadays is the availability of modern technologies such as parallel-
processing power, high-performance graphics processing units, which can be combined
in clusters to significantly reduce the training time for a learning model.

Machine learning systems are present all around us. They are exploited in a broad

variety of applications, for example: computer vision Khan and Al-Habsi| [2020], audio
recognition Purwins et al. [2019], |(Cunningham et al. [2020], speech recognition
[manabhan and Johnson Premkumar| [2015], natural language processing |Shetty| [2018],

machine translation [Popel et al. [2020], bioinformatics Larranaga et al.| [2006], material

inspection |Sacco et al.|[2020], medical image analysis|Lundervold and Lundervold| [2019),

drug design [Vamathevan et al.|[2019] or board game programs [Xenou et al.| [2018]. In

some cases, they have achieved outcomes as good as and in some circumstances surpass-
ing human expert performance.

Deep learning is a machine learning technique that employs neural networks with a
large number of layers for training, using huge amounts of data. Deep neural networks
have revolutionized machine learning and have ubiquitous use in many application do-
mains [LeCun et al. 2015, Krizhevsky et al., 2012, Hinton et al) 2012a]. There are

different types of neural networks that are suitable for different tasks: convolutional

neural networks (CNNs) are appropriate for image recognition, while recurrent neural

networks (RNNs) are suited for language processing and speech recognition due to their
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better capabilities to model time series. The architecture of neural networks is also
developing through time: researchers design a more efficient type of RNN model called
long short-term memory (LSTM), making it run fast enough to be applied in on-demand
applications like Google Translate.

In full generality, many key tasks in deep learning reduce to solving the following

optimization problem:

n
w* = argmin{f(w) al Zf(i) (W)} (1.1)
weERd n--
where w € R? denotes the weights of the neural network, f : R — R denotes the
loss function that is typically non-convex in w, each f() denotes the (instantaneous)
loss function that is contributed by the data point i € {1,...,n}, and n denotes the
total number of data points. Stochastic gradient descent (SGD) is one the most popular
approaches for attacking this problem in practice and is based on the following iterative

updates:
whtl = wh — ¥V fi.(wh) (1.2)

where k € {1,..., K} denotes the iteration number, 7 is the step-size (or the learning

rate), and V fk denotes the stochastic gradient at iteration k, that is defined as follows:

_ _ 1 .
Vfi(w) £ Vo, (w) £ 5 > VIO (w). (13)
1€Qg
Here, Q C {1,...,n} is a random subset that is drawn with or without replacement at

iteration k, and b = |Q;| denotes the number of elements in €.
SGD is widely used in deep learning with a great success in its computational effi-
ciency |Bottou, 2010, Bottou and Bousquet}, 2008, Daneshmand et all 2018]. Beyond

efficiency, understanding how SGD performs better than its full batch counterpart in

terms of test accuracy remains a major challenge. Even though SGD seems to find
perfect training performance at (near-) zero loss solutions on the training landscape (at
least in certain regimes [Zhang et al. 2017a, Sagun et all [2015| [Keskar et al. 2016,
|Geiger et all [2018]), it appears that the algorithm finds solutions with different proper-
ties depending on how it is tuned [Sutskever et al., |2013| Keskar et al.| 2016, [Jastrzebski
let al.l [2017, [Hoffer et all 2017, [Masters and Luschil [2018, [Smith et al| [2017]. Despite
the fact that the impact of SGD on generalization has been studied [Advani and Saxe,
[2017, [Wu et al., 2018, Neyshabur et al. 2017], a satisfactory theory that can explain its

success in a way that encompasses such peculiar empirical properties is still lacking.

A popular approach for investigating the behavior of SGD is based on considering

SGD as a discretization of a continuous-time process [Mandt et al., 2016, |Jastrzebski|
let al., 2017, |Li et al. 2017, Hu et al., [2017, |Zhu et al 2018, Chaudhari and Soattol |201§].

This approach models the stochastic gradient noise, i.e., V. fx(w)— V f(w) as a Gaussian

12



distribution. From this perspective, the SGD recursion can be seen as a first-order Euler-

Maruyama discretization of the Langevin dynamics |Li et all, [2017] [Jastrzebski et al.l

2017, [Hu et al.,|2017], which is often referred to as the Unadjusted Langevin Algorithm

(ULA) [Roberts and Stramer), 2002, Lamberton and Pages, 2003, Durmus and Moulines,

2015, Durmus et al., 2016]. Based on this observation, [Jastrzebski et al.| [2017] focus

on the relation between this invariant measure and the algorithm parameters, namely

the step-size 17 and minibatch size. They conclude that the ratio of step-size divided by
the batch size is the control parameter that determines the width of the minima found
by SGD. Furthermore, they revisit the famous wide minima folklore |[Hochreiter and

Schmidhuber} [1997]: Among the minima found by SGD, the wider it is, the better it

performs on the test set.

However, we will identify several fundamental issues with this approach [Simsekli et al.
[2019], which show that the gradient noise in SGD can be highly non-Gaussian. Inspired
by non-Gaussian natural phenomena, our main approach will be to model the gradient
noise by using a more general family of heavy-tailed distributions, which contains the
Gaussian distribution as a special case.

This thesis aims to investigate the behavior of SGD by inheriting the idea of stochas-
tic differential equations (SDE). Our general approach can be summarized by the fol-
lowing points:

e By assuming the gradient noise to be Gaussian, SGD is often studied as an approx-
imation of an SDE driven by a Brownian motion. However, by providing empirical
evidence on deep learning settings, we show that the gradient noise is highly non-
Gaussian. Also according to these experiments, we come up with a better-suited
hypothesis for the gradient noise - the a-stable noise. This noise assumption will
enable us to use a Lévy-driven SDE as a proxy to SGD.

e Next, we investigate the global convergence of SGD by using our new hypothesis. In
particular, by using heavy-tailed assumption, we establish a non-asymptotic guarantee
for SGD to converge to the global optimum.

e We conclude the thesis by studying the metastable behavior of SGD, which is of-
ten considered as an aspect for explaining its generalization property in deep learn-
ing settings. Especially, we derive explicit conditions for the step-size such that the

metastability of discrete-time SGD is similar to its continuous-time limit.

1.1 Summary of the thesis

The main contributions of this thesis are twofold: (i) we perform theoretical and em-
pirical analysis of the tail-index of the stochastic gradient noise in deep neural networks
and (ii) based on these results, we bring an alternative perspective to the existing ap-
proaches for analyzing SGD and shed more light on the folklore that SGD prefers wide

minima by establishing a bridge between SGD and the related theoretical results from
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statistical physics and stochastic analysis.

The thesis is organized as follows. In Chapter [2] we provide the technical background
for Brownian motions, the a-stable distributions as well as the Lévy motions. We briefly
introduce the notion of stochastic differential equations (SDEs) and the basic tools such
as Wasserstein distance and total variation, which are needed for the theoretical analysis
of Fractional Langevin Monte Carlo methods and the metastability analysis.

In Chapter [3] we present the related work that concerns some important aspects in
deep learning and diffusion-based Markov chain Monte Carlo.

In Chapter {4] we first formalize the framework in which we analyze SGD by using
such SDEs as a proxy. We then describe in Section [£.4] the metastability and first exit
time properties of such SDEs and their discretization, and discuss their connection with
the wide minima phenomenon. In Section [4.5| we describe our experimental method-
ology. In Section {4.6] we provide our empirical results which validate our theory. We
conduct experiments on the most common deep learning architectures. In particular,
we investigate the tail behavior under fully-connected and convolutional models using
negative log likelihood (NLL) and linear hinge loss functions on MNIST, CIFAR10, and
CIFAR100 datasets. For each configuration, we scale the size of the network and batch
size used in SGD and monitor the effect of each of these settings on the tail index a.
In particular, we present results on stability tests (Section , finer-grained layer-
wise tail-index estimation (sections and , and an investigation of the relation
between the tail-index and the generalization properties of the network .

In Chapter [5] we investigate the global convergence property of SGD for non-convex
optimization via a stochastic process, which can be seen as a perturbed version of the
gradient descent algorithm with heavy-tailed a-stable noise. In Section [5.2] we state the
assumptions that imply the main result presented in Theorem [7] which provides a finite-
time guarantee for the discrete-time dynamics of SGD, in terms of suboptimality with
respect to the global minimum, as a function of the step-size and the scale parameter. We
then describe in Section [5.3] the proof strategy of Theorem[7} Finally in Section [5.5] we
extend our results to the case where exact gradients are replaced by stochastic gradients
and show that similar results hold in this setting as well. All the proofs of the results
in the chapter are given in appendix.

In Chapter [6] we derive explicit conditions for the step-size such that the discrete-
time SGD (6.3)) can inherit the metastability behavior of its continuous-time limit .
In sections|6.2|and we in turn present the main theorem of the chapter and describe
the proof overview of the theorem. Our theoretical result is illustrated by numerical
experiments on a synthetic model and neural networks in Section [6.4]

Our experiments in Chapter [4] reveal several remarkable results:

e In all our configurations, the stochastic gradient noise turns out to be highly non-
Gaussian and possesses a heavy-tailed behavior.

e There is a strong interaction between the network architecture, network size, dataset,

14



and the tail-index, which ultimately determine the dynamics of SGD on the training
surface. This observation supports the view that, the geometry of the problem and
the dynamics induced by the algorithm cannot be separated from each other.

e In almost all configurations, we observe two distinct phases of SGD throughout iter-
ations. During the first phase, the tail-index rapidly decreases and SGD possesses a
clear jump when the tail-index is at its lowest value and causes a sudden jump in the
accuracy. This behavior strengthens the view that SGD crosses barriers at the very
initial phase.

Our approach also opens up several interesting future directions and open questions,

as we discuss in Chapter [7]

1.2 List of publications

In this section, we present the list of works that have been realized during this PhD
thesis. First, we specify the publications associated directly to the central topic of this
document:

e Simgekli, U., Giirbiizbalaban, M., Nguyen, T. H., Richard, G., & Sagun, L. On the
Heavy-Tailed Theory of Stochastic Gradient Descent for Deep Neural Networks. Sub-
mitted to Journal of Machine Learning Research, 2019. Under revision.

This work is mainly presented in Chapter (4] of this document.

e Nguyen, T. H., Simsekli, U., & Richard, G. Non-Asymptotic Analysis of Fractional
Langevin Monte Carlo for Non-Convexr Optimization. International Conference on
Machine Learning, 2019.

This work is mainly presented in Chapter [5| of this document.

e Nguyen, T. H., Simsekli, U., Giirblizbalaban, M., & Richard, G. First Ezit Time
Analysis of Stochastic Gradient Descent Under Heavy-Tailed Gradient Noise. Neural
Information Processing Systems, 2019.

This work is mainly presented in Chapter [6] of this document.

Some other problems have also been dealt with within the time frame of the PhD how-
ever they are not included in this document in order to maintain a coherent manuscript.
These works are listed below.

e Nguyen, T. H., Simsekli, U., Richard, G., & Cemgil, A. T. Efficient Bayesian Model
Selection in PARAFAC via Stochastic Thermodynamic Integration. IEEE Signal Pro-
cessing Letters, 2018.

In this work, we develop a novel parallel and distributed Bayesian model selection
technique for rank estimation in a large-scale tensor factorization model, called the
Parallel factor analysis (PARAFAC). The proposed approach integrates ideas from
stochastic gradient MCMC, statistical physics, and distributed stochastic optimiza-
tion. Our method has a clear mathematical interpretation, and has significantly lower

computational requirements, thanks to data sub-sampling and parallelization.
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e Simgekli, U., Yildiz, C., Nguyen, T. H., Richard, G., & Cemgil, A. T. Asynchronous

Stochastic Quasi-Newton MCMC' for Non-Convexr Optimization. International Con-
ference on Machine Learning, 2018.
In this work, we develop an asynchronous-parallel stochastic L-BFGS algorithm for
non-convex optimization. The proposed algorithm is suitable for both distributed
and shared-memory settings. We provide formal theoretical analysis and show that
the proposed algorithm provides a significant speedup over the recently proposed
synchronous distributed L-BFGS algorithm.
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Chapter 2

Elements of notations and

definitions

In this chapter, we introduce basic notations and the definitions of the Wasserstein
distance and the total variation. Then, we provide some technical backgrounds for
stochastic differential equations driven by Brownian motions as well as by the Lévy

motions.

2.1 Basic notations

For z > 0, we denote I'(z) as the gamma function at z:

For any Borel probability measures p and v with domain Q, their total variation (TV)

distance is defined as follows:

I = vliTv £ 2supsepq) [1(A) — v(A)],

where B(2) denotes the Borel subsets of €.

We use < -,- > to denote the inner product between two vectors, | - || denotes the
Euclidean norm, E,[-] denotes the expectation with respect to the random variable w,
and E[-] denotes the expectation with respect to all the random sources. We will use

the Wasserstein metric to quantify the distance between two probability measures.

Definition 1 (Wasserstein distance). Let p and v be two probability measures. For

A > 1, we define the \-Wasserstein distance between p and v as follows:
Wi, v) & (i{E[V = W[V~ p, W~ w2,

where the infimum is taken over all the couplings of u and v (i.e. the joint probability

distributions whose marginal distributions are p and v).
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Notational convenience: In this thesis, depending on certain circumstances, we use
f(t) (variable t is in parentheses) as well as f; (variable ¢ is a subscript) to denote a

function of t. Accordingly, we use Z(t) as well as Z; to denote a stochastic process.

2.2 Stochastic differential equations

Stochastic differential equations (SDEs) play an important role in modeling various
phenomena in physics, biology and finance, such as thermal fluctuations, fluid flow or
stock prices. An SDE is a differential equation in which one or more coefficients are

stochastic processes or stochastic functions of stochastic processes.

2.2.1 SDEs driven by Brownian motions

Consider a (real) differential equation of the form:

Suppose that a(t) is a stochastic function and is given as:

a(t) = f(t) + h(t)Z (1),

where f(t) and h(t) are some deterministic functions and Z(¢) denotes some stochastic
process. Then, equation (2.1)) can be written as follows:

da(t) = f(t)z(t)dt + h(t)z(t)Z(t)dL.

If we further assume that Z(¢)dt is in fact the differential form of a Brownian motion,

then we obtain the following stochastic differential equation:
da(t) = f(t)x(t)dt + h(t)z(t)dB(t),
where B(t) denotes the Brownian motion (or Wiener process), which is defined as:

Definition 2 (Brownian motion). A Brownian motion B(t) is a stochastic process sat-

isfying the following properties:

(i)  B(0)=0.

(i)  Independent increments: for every t > 0,8 > 0,u > 0 with s < t, the random
variables B(t +u) — B(t), B(s) are independent.

(ii) Gaussian increments: for all 0 < u <t, the random variable B(t +u) — B(t) has
the same distribution as Gaussian random variable N'(0,u).

(iv)  Continuous paths: B(t) is continuous in t.

Notational convenience: In this thesis, we also use B; to denote the Brownian motion.

More generally, an SDE is given as:

AX(t) = f(t, X(t))dt + h(t, X(£))dB(t). (2.2)
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Figure 2.1: Illustration of Sas (a), LY (b). As « gets smaller, SaS becomes heavier-

tailed and consequently, L*(t) incurs larger jumps.

In the following, we consider examples of SDEs driven by Brownian motions.
Examples:
1. Ornstein—Uhlenbeck process. It is defined by the following SDE:

dX(t) = —0X (£)dt + odB(t),

where 6,0 > 0. The solution of this SDE can be written as follows.

¢
X(t) = X(0) exp(—6t) + / oexp(—0(t — s))dB(s).
0
2. Langevin equation. The Langevin diffusion is described by the following SDE:
AdX (t) = —Vf(X(t))dt + V2dB(t),

where f is a smooth function. The above Langevin diffusion possesses an invariant
measure 7, whose density is proportional to exp(—f(x)).

In order to illustrate the random behaviors of different phenomena, it is possible to
use other types of stochastic processes, such as jump processes like Lévy process, instead
of Brownian motion. In the next section, we introduce the notion of stable distributions

and the SDEs driven by Lévy motions.

2.2.2 Stable distributions and Lévy motions

The central limit theorem (CLT) states that the sum of i.i.d. random variables with
a finite second moment converges to a normal distribution if the number of summands
grows. However, if the variables have heavy-tails, the second moment may not exist. For
instance, if their density p(z) has a power-law tail decreasing as 1/|x|*T! (Figure
where 0 < a < 2; only r-th moment exists with » < «. In this case, the generalized
central limit theorem (GCLT) says that the sum of such variables will converge to a
distribution called the a-stable distribution instead as the number of summands grows
(see e.g. |Fischer, 2010]). In this work, we focus on the centered symmetric a-stable
(Sa8) distribution, which is a special case of a-stable distributions that are symmetric
around the origin.

We can view the SasS distribution as a heavy-tailed generalization of a centered

Gaussian distribution. The SaS distributions are defined through their characteristic
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function:

Definition 3 (Symmetric a-stable random variables). The a-stable distribution appears
as the limiting distribution in the generalized CLT |Samorodnitsky and Taqqu| [1994]. A
scalar random variable X € R is called symmetric a-stable if its characteristic function

has the following form:
E[e™*] = exp(~0lw|*)
where a € (0,2] and o > 0. We denote X ~ SaS(0).

Even though their probability density function does not admit a closed-form formula
in general except in special cases, their density decays with a power law tail like 1/|z|**!
where a € (0, 2] is called the tail-index which determines the behavior of the distribution:
as « gets smaller, the distribution has a heavier tail. In fact, the parameter « also
determines the moments: when o < 2, E[|X|"] < oo if and only if r < «; implying X
has infinite variance when « # 2. The parameter ¢ € R4 is the scale parameter and
controls the spread of X around 0. We recover the Gaussian distribution A(0,20?) as
a special case when a = 2 and the Cauchy distribution when o = 1.

For the scalar case, a-stable Lévy motion is defined as follows for « € (0,2] (Duan
[2015]):

Definition 4 (Symmetric a-stable Lévy motion). A scalar symmetric a-stable Lévy

motion L*(t), with 0 < o < 2, is a stochastic process satisfying the following properties:

(i)  L*(0) =0, almost surely.

(i)  Independent increments: for 0 < t; < ... < ty, the random variables L*(t2) —
L(t1),..., L*(tp) — L*(tn—1) are independent.

(#i3) Stationary increments: for all 0 < s < t, the random variables L*(t) — L*(s) and
L%(t — s) have the same distribution as SaS((t — s)'/®).

(iv)  Continuity in probability: for any 6 > 0 and s > 0, P(|L*(s) — L*(t)| > 6) — 0,

ast — s.

Notational convenience: In this thesis, we also use L; to denote the Lévy motion.
By using this definition, one can define the Lévy-driven SDEs by replacing the Brow-
nian motion in SDE (2.2]) by a Lévy motion:

AX(t) = f(t, X (£))dt + h(t, X (£))dL(2). (2.3)

To conclude this chapter, let us define the notion of invariant measure for equa-
tion (2.3).

Definition 5. Let q(X,t) be the probability density function of X(t). Then q(X,t) is
called invariant measure for (2.3) if Owq(X,t) = 0.

In the next chapter, we will give an example of Lévy-driven SDE, which is called the

Fractional Langevin Monte Carlo, along with its invariant measure.
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Chapter 3

Related work

In this chapter, we present some lines of works and contributions that have connections
with our work: Important aspects of deep learning theory and diffusion-based Markov

Chain Monte Carlo algorithms.

3.1 Deep learning theory

Despite the success of deep neural networks in many important machine learning ap-
plications [Carleo et al|[2019], Barbier et al.|[2019], Decelle et al.| [2011], a satisfactory
theory of deep learning is still lacking. The theoretical understanding of deep learn-
ing includes the following areas [Poggio et al.| [2019]: 1) representation power of deep
networks, 2) optimization of the empirical risk, 3) generalization properties of gradient

descent techniques.

3.1.1 Representation power of deep networks

We start with the representation power of deep networks. Even though both deep
and shallow networks have a universal property Poggio et al. [2019], that is, they can
approximate any continuous function of finite variables on a compact domain, using
deep networks for approximation can achieve much better performance than using shal-
low networks. In contrast to shallow networks, deep networks can avoid the curse of
dimensionality on certain classes of problems. For instance, with the same degree of
approximation, one can represent compositional functions with much smaller number
of parameters for the deep networks than for the shallow networks [Poggio et al.| [2019].
That is to say, the expressive power of deep neural networks can be considered from the
view of the depth of a network. Recent works |Cohen et al. [2016], [Telgarsky| [2016] show
the depth-efficiency of deep neural networks by proving that there exist classes of deep
networks that cannot be approximated by any shallow network whose width is smaller

than or equal to an exponential bound. In |Lu et al|[2017], the authors deal with the
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dual problem on the width-efficiency of neural networks. By using width-bounded ReLU
(rectified linear unit) networks, they show that there exist classes of wide networks that
cannot be represented by any narrow network whose depth is smaller than or equal to
an polynomial bound. These results suggest that increasing the depth may be more
effective than the width for increasing expressive power of neural networks.

Recently, several new approaches are proposed to understand the representation
power of deep neural networks. In Raghu et al.| [2017], the authors introduce a set
of measures of expressivity, which determines how the output of a network changes as
the input moves along an one-dimensional trajectory. By using these measures, they
prove that the complexity of the computed function grows exponentially with depth.
Furthermore, they find that the weights of trained networks are not equal in the sense
that the networks tend to be more sensitive to the weights in initial layers. This result
suggests that optimizing these weights is particularly important. Another approach to
investigate the representation problem is based on the mathematical theory of quiver
representation |Armenta and Jodoin|[2020], which is used for exploring the combinatorial
and algebraic nature of neural networks. In |Armenta and Jodoin| [2020], the authors
establish an explicit connection between neural networks and quiver representations and
show that quiver representations are able to adapt common concepts of neural networks
such as fully-connected layers, convolution operations, residual connections, batch nor-
malization and pooling operations. The quiver representations also help understand how
neural networks create representations from the data. The representation power alters
when dealing with different types of neural networks. In Dehmamy et al.| [2019], the
authors study the expressiveness of graph convolutional networks (GCNs), which are
capable of distinguishing graphs from different graph generation models. They conclude
that GCNs with different propagation rules could improve the representation power

significantly.

3.1.2 Optimization techniques

Deep neural networks have proven successful in a wide variety of applications. However,
as neural networks grow deeper and datasets become bigger, training these networks
becomes more difficult. Therefore, a large number of optimization techniques have
been developed over the past years to improve the training performance of these net-
works.

Although traditional gradient-based methods using a full-gradient approach may
be effective for small-scale learning problems, stochastic-gradient-based methods (SG),
first proposed by [Robbins and Monro| [1951], are the dominant techniques for large-scale
learning problems. Stochastic gradient methods gain a great success in the study of
perceptual tasks such as speech or image recognition Bottou et al. [2018], in which,
due to the use of deep neural networks, highly nonlinear and non-convex problems are

involved. Over the years, a large variety of stochastic-gradient-based algorithms have
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been proposed. These algorithms can be classified into two categories: noise reduction
methods and second-order methods.
In optimization problems, methods with noise reduction capabilities have been devel-

oped to improve the accuracy of the outcomes as well as the convergence performance.

The first type of noise reduction is dynamic sampling [Bottou et al.| [2018], in which one

attempts to reduce the stochastic gradient noise by gradually increasing the mini-batch
size, thus improving the accuracy of the gradient estimates as the algorithm proceeds.
On the other hand, gradient aggregation methods, such as stochastic variance reduced
gradient (SVRG), stochastic average gradient (SAG) and SAGA (Defazio et al.|[2014]),

achieve the noise reduction by improving the quality of the search directions using the

information from computed gradient estimates in previous iterations Bottou et al. [201§].

These noise reduction techniques allow the optimization process to attain a linear con-

vergence rate to the optimal value using constant step-size Bottou et al.|[2018].

Another important family of stochastic-gradient-based methods, known as second-
order methods, consists of algorithms that aim at addressing the negative effects of high

non-linearity and ill-conditioning of the objective function with the help of second-order

information Bottou et al.|[2018] such as second derivative, Hessian matrix, second-order

Taylor series, Fisher information matrix, etc. Popular representatives of these meth-
ods are inexact Newton and quasi-Newton methods, (generalized) Gauss-Newton meth-
ods Bertsekas| [1996], |Schraudolph| [2002], the natural gradient method [1998],
and scaled gradient iterations Duchi et al.| [2011], |Tieleman and Hinton| [2017].

Some other well-known adaptive SG methods are not well classified within the two

categories: noise reduction and second-order methods, yet show great potential in the-
oretical and/or practical problems. We start with SG methods with momentum, which
aim at improving learning performance by solving the problem of poor conditioning

on the Hessian matrix and the variance in stochastic gradient [2020]. The
idea is to take a moving average between the stochastic gradient of the current and

previous iterations according to a momentum parameter |Alpaydin| [2020]. A variant of
the standard momentum is Nesterov momentum Sutskever et al|[2013], in which the

gradient of the objective function is measured slightly ahead of the current update, in
the direction of the momentum. Next, we move to AdaGrad [Duchi et al.| [2011], which

is an optimization algorithm that adapts the learning rates of the model parameters,
namely, at each iteration the parameters with larger (smaller) partial derivative are as-
signed with larger (smaller) learning rates. The learning rates are computed using all
the squared values of the gradient from the previous iteration. One drawback of Ada-
Grad is that the continual decay of learning rates may cause the algorithm to stop too
early when training neural networks, as the learning rates may become infinitesimally
small. Therefore, AdaDelta is proposed to address this issue. By using the
window of fixed size w of past gradients instead of the full-gradients, AdaDelta is able

to continue running even after many iterations have been progressed. Another modified
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version of AdaGrad is root mean square propagation (RMSProp) Hinton et al.| [2012b],

which is designed to perform better in non-convex setting. In RMSProp, the gradient
accumulation is replaced by an exponentially weighted moving average, which removes

the excessive decay of learning rates of AdaGrad and makes the algorithm converge

quickly after finding a convex bowl |Goodfellow et al. [2016]. One of the most popular

optimization algorithm in deep learning is Adam, which incorporate the advantages of
AdaGrad and RMSProp Kingma and Bal [2014]. The algorithm adapts learning rates

for model parameters from the information of the first and second moments of the gradi-

ents [2020]. Besides computational efficiency and small-memory requirement,
Adam is known to be suitable for non-stationary objectives and systems with highly

noisy and sparse gradients Kingma and Ba] [2014]. Some well-known modified /improved

algorithm based on Adam are AdaMax, Nadam [2016] and AMSGrad |Reddi et al.

[2019], which are proposed to improve the speed of convergence while maintaining the

benefits of Adam. While having great advantages in terms of computation efficiency

and convergence speed, Adam and its modified algorithms have been found to gener-

alize poorly compared to SGD Keskar and Socher| [2017], that suggests using a hybrid
strategy that combines an adaptive method and SGD [Keskar and Socher| [2017].

3.1.3 Generalization and SGD

Besides representation and optimization problems of neural networks, understanding
generalization in deep learning becomes more and more important. Despite training
a complex, non-convex objective function, simple methods such as stochastic gradient

descent (SGD) are capable of finding solutions that have good generalization property,

even when the model is over-parameterized Neyshabur et al.| [2014], Zhang et al.|[2017a].

In such non-convex setting, the objective function may have multiple local minima,
however not all of them are able to generalize well: bad local minima can lead to poor
generalization performance. Different algorithms such as SGD, Adam, and different

parameter settings such as initialization, learning rate, batch-size, may lead to local

minima with different generalization performance Chaudhari et al.|[2016], Keskar et al.|
[2016], Neyshabur et al.| [2015].

In recent years, a considerable number of approaches have been suggested to explain

why deep learning can generalize well and how to improve generalization behavior. Even

though over-parameterized neural networks can perfectly fit data labels without gener-

alizing [Zhang et al|[2017a], the improvement in generalization error as the number of
hidden units increases cannot be explained in terms of number of parameters
[2014]. On the other hand, generalization behavior can be controlled by dif-

ferent norms of network parameters Bartlett et al|[2017], which are independent of

number of parameters. In terms of various norms such as square norm and spectral

norm, Neyshabur et al| [2017] provide the bounds for the number of data samples re-

quired to ensure generalization. In another line of work, Keskar et al. [2016] introduce
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the notion of ‘sharpness’ of local minima to investigate the generalization behavior,
based on a well-known hypothesis Keskar et al|[2016], (Chaudhari et al|[2016] that flat

minima tend to generalize better than sharp minima. Later, [Neyshabur et al.| [2017] im-

prove this approach by viewing the notion of sharpness in the context of PAC-Bayesian
framework. In different aspects, Xiao et al.| provide necessary conditions for general-
ization of neural networks by analyzing the spectrum of neural tangent kernel and
advance the understanding of the relations between the compressibility
and generalization of neural networks by using tensor analysis. Remarkably, [Simsekli
study generalization properties of SGD via stochastic differential equations
(SDEs). The authors show that the generalization error can be estimated by a peculiar

characteristic of SDEs under heavy-tailed gradient noise - the Hausdorff dimension.

3.2 Diffusion-based Markov Chain Monte Carlo

Diffusion-based Markov Chain Monte Carlo (MCMC) algorithms aim at generating sam-
ples from a distribution that is only accessible by its unnormalized density function.
Recently, they have become increasingly popular due to their nice scalability properties
and theoretical guarantees Ma et al| [2015], |Chen et al. [2015], |Simsekli et al| [2016],

Durmus et al.| [2016]. In addition to their success in Bayesian machine learning, they

have also been used for analyzing large-scale non-convex optimization algorithms
lginsky et al| [2017], [Xu et al| [2018], [Simsekli et al.| [2018], Birdal et al| [2018|, [Birdal
land Simsekli [2019] and understanding the behavior of stochastic gradient descent in
deep learning settings |Jastrzebski et al.| [2017], [Simsekli et al|[2019)].

One of the most popular approaches in this field is based on the so-called Langevin

diffusion, which is described by the following stochastic differential equation (SDE):

th = —Vf(wt)dt + vV 2/6 dBt7 t > O, (31)

where w, € R?, f is a smooth function which is often non-convex, 5 € R is called the
‘inverse temperature’ parameter, and By is the standard Brownian motion in R<.
Under some regularity conditions on f, one can show that the Markov process

(Wi)i>0, i.e. the solution of the SDE (3.1)), is ergodic with its unique invariant mea-

sure 7, whose density is proportional to exp(—3f(w)) Roberts and Stramer| [2002]. An

important feature of this measure is that, when 8 goes to infinity, its density concen-

trates around the global minimum w* £ arg min,, g f(w) Hwang [1980], |Gelfand and
weR

[1991]. This property implies that, if we could simulate (3.1]) for large enough 3

and t, the simulated state x; would be close to w*.

This connection between diffusions and optimization, motivates simulating (3.1]) in
discrete-time in order to obtain ‘almost global optimizers’. If we use a first-order Euler-

Maruyama discretization, we obtain a ‘tempered’ version of the well-known Unadjusted
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Langevin Algorithm (ULA) [Roberts and Stramer| [2002]:

/21
Wi = Wi — 1V A(WhLa) + EZkJrlv (3.2)

where k € N denotes the iterations, 7 denotes the step-size, and (Z,,),, is a sequence
of independent and identically-distributed (i.i.d.) standard Gaussian random variables.
When 8 = 1, we obtain the classical ULA, which is mainly used for Bayesian posterior
sampling. Theoretical properties of the classical ULA have been extensively studied
[Roberts and Stramer| [2002], Lamberton and Pages| [2003], [Durmus and Moulines| 2015,
[2016], Dalalyan| [2017D).

When 8 > 1, the algorithm is called tempered and becomes more suitable for opti-

mization. Indeed, one can observe that the noise term Zj, in becomes less dominant,
and the overall algorithm can be seen as a ‘perturbed’ version of the gradient descent
(GD) algorithm. The connection between ULA and GD has been recently established
in Dalalyan| [2017a] for strongly convex f. Moreover, Raginsky et al. [2017] and
proved non-asymptotic guarantees for this perturbed schemeﬂ Their results

showed that, even in non-convex settings, the algorithm is guaranteed to escape from

local minima and converge near the global minimizer. These results were extended in
[Zhang et al.| [2017b] and [Tzen et al.|[2018], which showed that the iterates converge near

a local minimum in polynomial time and stay there for an exponential time. Recently,

the guarantees for ULA were further extended to second-order Langevin dynamics

et al] [2018bi).

Fractional Langevin Monte Carlo

Another line of research has extended Langevin Monte Carlo by replacing the Brownian
motion with a motion which can incur ‘jumps’ (i.e. discontinuities), such as the a-
stable Lévy Motion (see Figure [Simgekli| [2017], [Ye and Zhu| [2018]. Coined under
the name of Fractional Langevin Monte Carlo (FLMC) methods, these approaches are

motivated by the statistical physics origins of the Langevin equation . In such a
context, the Langevin equation aims to model the position of a small particle that is
under the influence of a force, which has a deterministic and a stochastic part. If we
assume that the stochastic part of this force is a sum of many i.i.d. random variables
with finite variance, then by the central limit theorem (CLT), we can assume that their
sum follows a Gaussian distribution, which justifies the Brownian motion in (3.1)).

The main idea in FLMC is to relax the finite variance assumption and allow the
random pulses to have infinite variance. In such a case, the classical CLT will not hold;
however, the extended CLT will still be valid: the law of the sum of the

pulses converges to an a-stable distribution, a family of ‘heavy-tailed’ distributions that

1 The results given in |Raginsky et al|[2017] are more general in the sense that they are proved
for the Stochastic Gradient Langevin Dynamics (SGLD) algorithm |[Welling and Teh| [2011], which is
obtained by replacing the gradients in (3.2) with stochastic gradients.
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contains the Gaussian distribution as a special case. Then, by using a similar argument

to the previous case, we can replace the Brownian motion with the a-stable Lévy Motion

[Yanovsky et al. [2000], whose increments are a-stable distributed.

Based on an SDE driven by an a-stable Lévy Motion, [Simsekli| [2017] proposed the
following iterative scheme that is referred to as Fractional Langevin Algorithm (FLA):

Wi = whia —nea ¥ (whia) + () S, (3.3)

where o € (1,2] is called the characteristic index, ¢, is a known constant, and {Sk }xen,

is a sequence of a-stable distributed random variables. Recently, Ye and Zhu [2018]
extended FLA to Hamiltonian dynamics. The experimental results in
and [Ye and Zhul [2018] showed that the use of the heavy-tailed increments can provide
advantages in multi-modal settings, robustness to algorithm parameters.
further illustrated that in an optimization context their algorithm achieves better
generalization in deep neural networks.

The FLA algorithm is based on a Lévy-driven SDE, that is defined as follows:

dwy = U(w,_,a)dt + (1/8)/*dLY (3.4)

where w;_ denotes the left limit of the process at time ¢ and L denotes the d-
dimensional Lévy motion whose components are independent a-stable Lévy motions
in R.

We have the following result for FLMC:

Theorem 1 (Simsgekli [2017]). Consider the SDE (3.4)) in the case d =1, § =1, and
€ (1,2], where the drift U is defined as follows:

L, Do)
U(r,a)= — . 3.5
(2,0) o (35)
where ¢(x) £ exp(—Bf(x)) and D denotes the fractional Riesz derivative and is defined

as follows for a function u:

Dru(x) & FH|w[ i(w)}.

Here, F denotes the Fourier transform and @ £ F(u).
Let 7 be a random measure whose density is ¢p(x) (up to a multiplicative factor).

Then, m is an invariant measure of the Markov process (W)i>o that is a solution of the

SDE given by (3.4).

This theorem states that if the drift (3.5) can be computed, then the sample paths
of (3.4) can be considered as samples drawn from w. However, computing (3.5)) is in

general not tractable, therefore one needs to approximate it for computational purposes.
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If we use the alternative definition of the Riesz derivative given by [Ortigueiral [2006], we
can approximate the drift as follows [Simsekli| [2017], [Ye and Zhu| [2018§]:

D2 (6@ ) ppe)
T e

where ¢, = I'(a — 1)/T'(/2)? and T denotes the Gamma function. With this choice
of approximation, in the d-dimensional case we obtain FLA, as given in (3.3). We can
observe that, when a = 2, (3.4]) becomes the Langevin equation (3.1)) and FLA becomes
ULA.
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Chapter 4

Heavy-tailed behavior in

stochastic gradient descent

The gradient noise in SGD is often considered to be Gaussian for mathematical conve-
nience. This assumption enables SGD to be studied as a stochastic differential equation
(SDE) driven by a Brownian motion. However, the Gaussianity assumption might fail to
hold in deep learning settings and hence render the Brownian motion-based analyses in-
appropriate. Inspired by non-Gaussian natural phenomena, we consider a better-suited
hypothesis for the stochastic gradient noise that has more pertinent theoretical implica-
tions for the phenomena associated with SGD. Accordingly, we propose to analyze SGD
as a discretization of an SDE driven by a Lévy motion.
This chapter is based on the article [Simsekli et all, 2019].

4.1 Overview

A popular approach for investigating the behavior of SGD is based on considering SGD
as a discretization of a continuous-time process [Mandt et al., [2016} [Jastrzebski et al.,
2017, |Li et al,|2017), Hu et al., {2017, (Zhu et al., 2018} |Chaudhari and Soattol [2018]. This
approach models the stochastic gradient noise as a Gaussian distribution, i.e. Uy(w) £
V fr(w) — Vf(w) satisfies

Up(w) ~ N(0,0°T), (4.1)

where A denotes the multivariate (Gaussian) normal distribution and I denotes the
identity matrix of appropriate sizeE] The rationale behind this assumption is that, if the

size of the minibatch b is large enough, then we can invoke the Central Limit Theorem

1'We note that more sophisticated assumptions than (&.1)) have been made in terms of the covari-
ance matrix of the Gaussian distribution (e.g. state dependent, anisotropic). However, in all these

cases, the resulting distribution is still a Gaussian, therefore the same criticism holds.
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(CLT) and assume that the distribution of Uy is approximately Gaussian. Then, under
this assumption, SGD (1.2)) can be written as follows:

whtl = wh — an(Wk) + nvno?Zy, (4.2)

where Zj, denotes a standard normal random vector in R?. If we further assume that 7,
is small enough, then the continuous-time analogue of the discrete-time process (4.2) is

the following stochastic differential equation (SDE):

th = —Vf(Wt)dt + vV ’I’]O’2d]3t7 (43)

where B; denotes the standard Brownian motion. This SDE is a variant of the well-
known Langevin diffusion and under mild regularity assumptions on f, one can show

that the Markov process (w¢);>o is ergodic with its unique invariant measure, whose

density is proportional to exp(—f(w)/(no?)) for any n > 0 [Roberts and Stramer} 2002)].
From this perspective, the SGD recursion in can be seen as a first-order Euler-
Maruyama discretization of the Langevin dynamics (see also [Li et al., 2017} |Jastrzebski|
let all [2017, [Hu et al. [2017]), which is often referred to as the Unadjusted Langevin
Algorithm (ULA) [Roberts and Stramer} 2002, [Lamberton and Pages| [2003, [Durmus|
land Moulines, [2015| |Durmus et al., 2016].

*lmy|ne—— my ——

mye

Figure 4.1: A function with a narrow minimum of width m; and a wide minimum of

Based on this observation, [Jastrzebski et al.| [2017] focused on the relation between

this invariant measure and the algorithm parameters, namely the step-size 1 and mini-
batch size, as a function of ¢2. They concluded that the ratio of step-size divided by
the batch size is the control parameter that determines the width of the minima found
by SGD. Furthermore, they revisit the famous wide minima folklore
[Schmidhuber] [1997]: Among the minima found by SGD, the wider it is, the better it

performs on the test set. This is visualized in Figure where the local minimum

on the right lies on a wider valley with width my compared to the local minimum on
the left with width m; lying in a sharp valley of depth H. However, there are several

fundamental issues with this approach, which we will explain below.
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Figure 4.2: A mismatch between the Gaussianity assumption and the empirical be-
havior of the stochastic gradient noise. (a) and (b) The histogram of the norms of
the gradient noises after the first and the last iterations, respectively (computed with
AlexNet on CIFAR10). (c) and (d) the histograms of the norms of (scaled) Gaussian

and a-stable random vectors, respectively.

We first illustrate a typical mismatch between the Gaussianity assumption and the
empirical behavior of the stochastic gradient noise in terms of the long term behavior.
In Figure we plot the histogram of the norms of the stochastic gradient noise at
the first and the last iterations that are computed using a convolutional neural network
(AlexNet) in an image classification problem on the CIFAR10 dataset and compare it
to the histogram of the norms of Gaussian random vectors. It can be clearly observed
that, even though the shape of the histogram corresponding to gradients resembles the
one of the Gaussian vectors at the first iteration, throughout training, it drifts apart
from the Gaussian and exhibits a heavy-tailed behavior.

In addition to the empirical observations, the Gaussianity assumption also yields
some theoretical issues. The first issue with this assumption is that the current SDE
analyses of SGD are based on the invariant measure of the SDE, which implicitly as-
sumes that sufficiently many iterations have been taken to converge to that measure.
Recent results on ULA [Raginsky et all, 2017, Xu et al., [2018] have shown that, the re-

quired number of iterations to achieve the invariant measure often grows exponentially

with the dimension d. This result contradicts with the current practice: considering

the large size of the neural networks and limited computational budget, only a limited
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number of iterations — which is much smaller than exp(O(d)) — can be taken. This
conflict becomes clearer in the light of the recent works that studied the local behavior
of ULA [Tzen et al.,[2018, [Zhang et al., 2017b]. These studies showed that ULA will get
close to the nearest local optimum in polynomial time; however, the required amount of
time for escaping from that local optimum increases exponentially with the dimension.
Therefore, the phenomenon that SGD prefers wide minima within a considerably small
number of iterations cannot be explained using the asymptotic distribution of the SDE
given in .

The second issue is related to the local behavior of the process and becomes clear
when we consider the metastability analysis of Brownian motion-driven SDEs. These
studies |Freidlin and Wentzell, |1998, Bovier et al., 2004} Imkeller et al., |2010b] consider
the case where wy is initialized in a quadratic basin and then analyze the minimum
time ¢ such that w; is outside that basin. They show that this so-called first exit time
depends exponentially on the height of the basin; however, this dependency is only
polynomial with the width of the basin. These theoretical results directly contradict
with the wide minima phenomenon: even if the height of a basin is slightly larger,
the exit-time from this basin will be dominated by its height, which implies that the
process would stay longer in (or in other words, ‘prefer’) deeper minima as opposed to
wider minima. The reason why the exit-time is dominated by the height is due to the
continuity of the Brownian motion, which is in fact a direct consequence of the Gaussian
noise assumption.

A final remark on the issues of this approach is the observation that landscape is
flat at the bottom regardless of the batch size used in SGD [Sagun et al., 2017]. In
particular, the spectrum of the Hessian at a near critical point with close to zero loss
value has many near zero eigenvalues. Therefore, local curvature measures that are
used as a proxy for measuring the width of a basin can be misleading. Such measures
usually correlate with the magnitudes of large eigenvalues of the Hessian which are few
[Keskar et al., 2016, |Jastrzebski et al [2017]. Besides, during the dynamics of SGD it
has been observed that the algorithm does not cross barriers except perhaps at the very
initial phase [Xing et al.l [2018| Baity-Jesi et al., 2018|. Such dependence of width on an
essentially-flat landscape combined with the lack of explicit barrier crossing during the
SGD descent forces us to rethink the analysis of basin hopping under a noisy dynamics.

In this study, we aim at addressing these contradictions and come up with an ar-
guably better-suited hypothesis for the stochastic gradient noise that has more pertinent

theoretical implications for the phenomena associated with SGD.

4.2 Proposed framework

We go back to (1.3) and (4.1)) and reconsider the application of CLT. This classical
CLT assumes that Uy is a sum of many independent and identically distributed (i.i.d.)
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random vectors, whose covariance matrix exists and is invertible, and then it states
that the law of U converges to a Gaussian distribution, which then paves the way for
(4.2). Even though the finite-variance assumption seems natural and intuitive at the
first sight, it turns out that in many domains, such as turbulent motions
[1995]), oceanic fluid flows (Woyczynskil [2001]), finance (Mandelbrot| [2013]), biological
evolution (Jourdain et al.| [2012]), audio signals (Liutkus and Badeau| [2015], |Simgekli
let al|[2015], [Leglaive et al|[2017],[Simsekli et al.| [2018]), brain signals [2017)),
the assumption might fail to hold (see for more examples). In such cases,

the classical CLT along with the Gaussian approximation will no longer hold. While

this might seem daunting, fortunately, one can prove a generalized CLT and show that
the law of the sum of these i.i.d. variables with infinite variance still converges to a
family of heavy-tailed distributions that is called the a-stable distribution .
As we detailed in Section [2.2.2] these distributions are parametrized by their tail-index
a € (0,2] and they coincide with the Gaussian distribution when a = 2.

In this study, we relax the finite-variance assumption on the stochastic gradient noise
and by invoking the generalized CLT: we assume that Uy follows an a-stable distribu-
tion, as hinted in Figure By following a similar rationale to and , we
reformulate SGD with this new assumption and consider its continuous-time limit for
small step-sizes. Since the noise might not be Gaussian anymore (i.e. when a # 2),
the use of the Brownian motion would not be appropriate in this case and we need to

replace it with the a-stable Lévy motion, whose increments have an a-stable distribu-

tion (Yanovsky et al.|[2000]). Due to the heavy-tailed nature of a-stable distribution,

the Lévy motion might incur large discontinuous jumps and therefore exhibits a funda-
mentally different behavior than the Brownian motion, whose paths are on the contrary
almost surely continuous. The discontinuities also reflect in the metastability properties
of Lévy-driven SDEs, which indicate that, as soon as o < 2, the first exit time from a
basin does not depend on its height; on the contrary, it directly depends on its width and
the tail-index « Imkeller and Pavlyukevich! [2006], Imkeller et al.| [2010bla]. Informally,

this implies that the process will escape from narrow minima — no matter how deep

they are — and stay longer in wide minima. Besides, as a gets smaller, the probability
for the dynamic to jump into a wide basin will increase. Therefore, if the a-stable as-
sumption on the stochastic gradient noise holds, then the existing metastability results

automatically provide strong theoretical insights for illuminating the behavior of SGD.

4.3 SGD as a Lévy-driven SDEs

Following the above argument, a more general assumption on the stochastic gradient

noise (cf. (4.1])) can be given by:

[Up(w)]; ~ SaS;(oi(w)), Vi=1,...,n (4.4)
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where [v]; denotes the i’th component of a vector v, and SaS; distributed with «;(w).
Clearly, this assumption is way too general to offer reasonable theoretical treatment.
We will resort to several simplifications: (1) We assume that each coordinate of Uy is
Sas distributed with the same o which depends on the state w. Here, this dependency
is not crucial since we are mainly interested in the tail-index o, which can be estimated
independently from the scale parameter (Section . Therefore, we will simply de-
note o(w) as o for clarity. (2) We further assume that each coordinate of Uy is SaS
distributed with the same « independent of the state w. We will demonstrate the state
independence at later stages of SGD experimentally in Section however, imposing
the coordinate dependence is a much harder challenge which will be addressed in the
section devoted for open problems (Chapter [7)).

By using the assumption , we can rewrite the SGD recursion as follows [Simseklil
2017|:

whtl = wh — an<Wk) + nl/a (W%U)Sk, (4.5)

where S;, € R? is a random vector such that [S;]; ~ SaS(1). If the step-size 1 is small
enough, then we can consider the continuous-time limit of this discrete-time process,

which is expressed in the following SDE driven by an a-stable Lévy process:
dw; = —V f(wy)dt + nl@=V/eg dLe, (4.6)

where L{* denotes the d-dimensional a-stable Lévy motion with independent components.
In other words, each component of L is an independent a-stable Lévy motion in R.

It is easy to check that the noise term in is obtained by integrating dL{* from
kn to (k+ 1)n. When a = 2, LY coincides with a scaled version of Brownian motion,
V2B;. SaS and LY are illustrated in Figure

Stochastic processes based on Lévy motion such as (4.6) and their mathematical
properties have also been studied in the literature, we refer the reader to|Tankov| [2003)],
(Oksendal and Sulem| [2005] for details.

4.4 First exit time and metastability properties

Consider a basin in which a particle is initialized and undergoes fluctuations continually,
the particle persists in the basin for a long time before exiting it by the influence of fluc-
tuations. This relative instability phenomenon is described by the term ‘metastability’.
More formally, the metastability studies consider the case where wy is initialized in a
basin and analyze the minimum time ¢ such that w; exits that basin.

We start by reviewing known metastability properties of the a-stable Lévy process
from the literature. We will also focus on the first exit time which is, roughly
speaking, the average time it takes for the process to exit a neighborhood of a local
minima (a quantity we define formally later in )

34



For clarity of the presentation and notational simplicity we focus on the scalar case
and consider the SDE in R (i.e. d = 1). Multidimensional generalizations of the
metastability results presented in this work can be found in [Imkeller et all [2010a] and
will be summarized at the end of this section. We rewrite as follows:

dw; = —f'(w§)dt + edL$ (4.7)

for ¢t > 0, started from the initial point wy € R, where LY is the a-stable Lévy process,
€ > 0 is the noise level and f is a non-convex objective with » > 2 local minima.
We denote the derivative of f by f’. When ¢ = 0, we recover the gradient descent
dynamics in continuous time: dw{ = — f’(w!)d¢t, where the local minima are the stable
points of this differential equation. However, as soon as € > 0, these states become
‘metastable’, meaning that there is a positive probability for w§ to transition from one
basin to another. However, the time required for transitioning to another basin strongly
depends on the characteristics of the injected noise. The two most important cases are
a=2and a < 2. When o = 2, (i.e. the Gaussianity assumption) the process (w§);>o is
continuous, which requires it to ‘climb’ the basin all the way up, in order to be able to
transition to another basin. This fact makes the transition-time depend on the height
of the basin. On the contrary, when o < 2, the process can incur discontinuities and
does not need to cross the boundaries of the basin in order to transition to another one,
since it can directly jump. This property is called the ‘transition phenomenon’ [Duan
2015] and makes the transition-time mostly depend on the width of the basin. In the
rest of the section, we will formalize these explanations.

Gradient-like flows driven by Brownian motion and weak error for their discretization
are well studied from a theoretical standpoint (see e.g. [Li et al., 2017}, Mertikopoulos
and Staudigll 2018]), however their Lévy-driven analogue and the discrete-time
versions |Burghoff and Pavlyukevich| 2015] are relatively less studied. Under some
assumptions on the objective f, it is known that the process admits a stationary
density [Samorodnitsky and Grigoriul [2003]. For a general f, an explicit formula for the
equilibrium distribution is not known, however when the noise level ¢ is small enough,
finer characterizations of the structure of the equilibrium density in dimension one is
known. We next summarize known results in this area, which show that Lévy-driven
dynamics spend more time in ‘wide valleys’ in the sense of [Chaudhari et al.|, [2016] when
€ goes to zero.

Assume that f is smooth with r local minima {m;}]_; separated by r — 1 local
r—1
1=

maxima {s;};_;, L.e.

—00 =S <M1 <81 <+ < Sp1 <My < S 1= 00,

Furthermore, assume that the local minima and maxima are not degenerate, i.e. f”(m;) >
0 and f”(s;) < 0 for every i. We also assume the objective gradient has a growth con-

dition f/(w) > |w|**¢ for some constant ¢ > 0 and when |w| is large enough. Each local
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minima m; lies in the (interval) valley S; = (s;_1, s;) of (width) length L; = |s; — s;_1]-
Consider also a d-neighborhood B; := {|z — m;| < ¢} around the local minimum with
0 > 0 small enough so that the neighborhood is contained in the valley S; for every i.
We are interested in the first exit time from B; starting from a point wg € B; and the
transition time T}, (¢) := inf{t > 0 : w§ € U;;B;} to a neighborhood of another local
minimum, we will remove the dependency to wq of the transition time in our discussions
as it is clear from the context. The following result shows that the transition times are
asymptotically exponentially distributed in the limit of small noise and scales like 1/

with €.

Theorem 2 (Pavlyukevich| [2007]). For an initial point wy € B;, in the limit ¢ — 0,

the following statements hold regarding the transition time:

Puo(Whiy € B)) = aqiyq; ' if i#J,
ET(e) 5 El).
E[e“T"(e)] —

a

where € denotes the exponential distribution, 9. denotes convergence in distribution and

1 1 1

o= L _ i, 48

& aflsj—r —mgl®  [s; —mgl® A (48)

G = Z‘h’j' (4.9)
i

If the SDE (4.7) would be driven by the Brownian motion instead, then an analo-
gous theorem to Theorem [2| holds saying that the transition times are still exponentially

2H/e* where H is the maximal

distributed but the scaling £* needs to be replaced by e
depth of the basins to be traversed between the two local minima |[Day, [1983) [Bovier
et al. |2005]. This means that in the small noise limit, Brownian-motion driven gra-
dient descent dynamics need exponential time to transit to another minimum whereas
Lévy-driven gradient descent dynamics need only polynomial time. We also note from
Theorem [2] that the mean transition time between valleys for Lévy SDE does not depend
on the depth H of the valleys they reside in which is an advantage over Brownian motion
driven SDE in the existence of deep valleys. Informally, this difference is due to the fact
that Brownian motion driven SDE has to typically climb up a valley to exit it, whereas
Lévy-driven SDE could jump out.

The following theorem says that as € — 0, up to a normalization in time, the process
w; behaves like a finite state-space Markov process that has support over the set of
local minima {m;}]_; admitting a stationary density m = (m;)/_; with an infinitesimal
generator (). The process jumps between the valleys S;, spending time proportional to
probability 7; amount of time in each valley in the equilibrium where the probabilities

m = (m;)7_, are given by the solution to the linear system Qm = 0.
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Theorem 3 (Pavlyukevich| [2007]). Let wy € S;, for some 1 < i < r. Fort > 0,
Wi _o = Y, (t), as € = 0, in the sense of finite-dimensional distributions, where Y =

(Yy(t))i>0 is a continuous-time Markov chain on a state space {mq,mo,...,m,;} with

the infinitesimal generator Q = (qi;); j—; with

1 1 1
Qij = — ol ~, (4.10)
a|lsjo1 —mil® s —myl
qii = _ZQij- (4.11)
j#i

This process admits a density © satisfying Q7w = 0.

A consequence of this theorem is that equilibrium probabilities 7; are typically larger
for "wide valleys”. To see this consider the special case illustrated in Figure with
r = 2 local minima m; < s; = 0 < my separated by a local maximum at s; = 0. For
this example, mqo > |m1|, and the second local minimum lies in a wider valley. A simple

computation reveals

ma | |ma|®
o

™

T mafe+mgT T e+ [mafe

We see that w9 > 7y, that is in the equilibrium the process spends more time on the

T2

wider valley. In particular, the ratio n= (m2

[ma]

@
) grows with an exponent o when

the ratio ﬂf‘ of the width of the valleys grows. Consequently, if the gradient noise is

indeed a-stable distributed, these results directly provide theoretical evidence for the
wide-minima behavior of SGD assuming the loss landscape is not degenerate.

In addition to the transition time between the basins of attraction of two local
minima, understanding how long it takes for the continuous-time process w; given by
to exit a neighborhood of a local minimum @ (given that it is started in that

neighborhood) is also relevant. We formally define the first exit time of the stochastic

process (4.6]) as follows:
To(€) = inf{t > 0: |w, — w| & [0,a]}. (4.12)
The following result characterizes the first exit time in dimension one.

Theorem 4 (Imkeller and Pavlyukevich| [2006]). Consider the SDE in dimension
d =1 and assume that it has a unique strong solution. Assume further that the objective
f has a global minimum at zero, satisfying the conditions f'(x)x > 0 for every x € R,
f(0) =0, f'(z) =0 if and only if x = 0, and f”(0) > 0. Then, there exist positive
constants €q, v, 9, and C' > 0 such that for 0 < e < gg, the following holds:

e_“ga%(1+caé)(1 — Ce%) < P(1.(e) > u) < e_uga%(l_caé)(l + Ce%) (4.13)
for all initialization wo€ [—a +¢€7,a — &7] and u > 0, where § = a% Consequently,
aa® s
E[ra(e)] = 557(1 +0(€°%), forallwy € |—a+e",a—e"]. (4.14)
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Extension of Theorem E to R%. The exit behavior of the SDE (4.6 from an arbitrary

domain in R has also been studied in the literature. Tmkeller et al.[2010a] generalizes

Theorem [] from dimension d = 1 to arbitrary dimensions and shows that in the small
noise limit the exit time from a domain is exponentially distributed with a parameter
that depends on the tail-index «. In case the components of the Lévy motion in
is replaced by a process that consists of the sum of finitely many one-dimensional Lévy
processes with different tail-indices «;, it is also shown that the first exit time from a

domain is determined by the smallest a; when the noise level ¢ is small enough.

4.5 Experimental methodology

In this section, we describe our experimental methodology regarding how we estimate

the heavy-tailedness of the stochastic gradients. First, we discuss how we can compute

the tail-index a based on a recent estimator proposed in Mohammadi et al.| [2015].

Second, we describe the procedure proposed in [Breich et al., 2005] for testing whether

stochastic gradients follow a symmetric a-stable distribution. Our experimental results
will be presented in Section [£.6}

4.5.1 Tail index estimation

Estimating the tail-index of an extreme-value distribution is a long-standing topic. Some
of the well-known estimators for this task are [1975| [Pickands, [1975 [Dekkers|
let al., 1989, De Haan and Peng| [1998]. Despite their popularity, these methods are
not specifically developed for a-stable distributions and it has been shown that they

might fail for estimating the tail-index for a-stable distributions [Mittnik and Rachev}
[1996| [Paulauskas and Vaiciulis, 2011].

In this section, we use a relatively recent estimator proposed in [Mohammadi et al.)
for a-stable distributions. It is given in the following theorem.

Theorem 5 (Mohammadi et al[[2015]). Let {X;}X | be a collection of random variables
with X; ~ SaS(c) and K = K| x Ky. Define Y; = ZjK:ll Xiti—1K, forie [1,Ks].

Then, the estimator

1, 1 1 & 1 &
s — N loglvi| = =S lo X) 415
2 2o 2 o8 I¥il — 3 los X, (4.15)

converges to 1/a almost surely, as Ko — 00.

As shown in Theorem 2.3 of [Mohammadi et al.| 2015], this estimator admits a faster

convergence rate and smaller asymptotic variance than all the aforementioned methods.

In order to verify the accuracy of this estimator, we conduct a preliminary experi-
ment, where we first generate K = K; x K3 many SaS(1) distributed random variables
with K7 = 100, Ky = 1000 for 100 different values of a. Then, we estimate « by using
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Figure 4.3: Illustration of the tail-index estimator &.

a = (%\ )~1. We repeat this experiment 100 times for each . As shown in Figure
the estimator is very accurate for a large range of a. Due to its favorable theoretical
properties such as independence of the scale parameter o, combined with its empirical
stability, we choose this estimator in our experiments.

In order to estimate the tail-index « at iteration k, we first partition the set of data
points D £ {1,...,n} into many disjoint sets Q}C C D of size b, such that the union
of these subsets gives all the data points. Formally, for all 4,5 = 1,...,n/b, |QL| = b,
U = D, and Qf N Qgc = () for i # j. This approach is similar to sampling without
replacement. We then compute the full gradient V f(wy) and the stochastic gradients
\Y% ]ng (wy,) for each minibatch Qf. We finally compute the stochastic gradient noises
Ui(wy) = Vf% (wi) — V f(wg), vectorize each Uf (wy,) and concatenate them to obtain
a single vector, and compute the reciprocal of . In this case, we have K = dn/b
and we set K; to the divisor of K that is the closest to VK.

4.5.2 Stability test

Besides estimating the tail-index of a random process, it is also important to verify
whether the process is symmetric a-stable. In this section, we describe a procedure
(Brcich et al[[2005]) for obtaining a confidence level for the stability of a random process,

based on the following property:

Theorem 6 (Brcich et al|[2005]). A necessary and sufficient condition for a random

variable X to have an SaS distribution is

X1+ Xy~ O1 X (4.16)
X1+ X5+ X3 ~ CaX (4.17)

where C1,C > 0 and X1, Xo and X3 are independent copies of X.

Here we adopt the stability test presented in [Brcich et al., [2005]. To obtain a
statistical test from (4.16]), we first separate the observations into three equal-size subsets

X, X and X5, which are considered as independent copies of the observations. We then
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assign the first subset X to the right side of and estimate the tail index ax of
this subset using the idea of the previous section. For the left side of , we sum X4
and X5 term by term, and estimate a2 of the resulting sum. Similarly, by separating
the observations into four equal-size subsets X', X1, X} and X}, then repeating these
above steps, we get ax/ from X’ and aq93 from X| + X) + X/, for a statistical test of
. In the end, the process is considered to be a-stable if the tail indices estimated
from the left and the right sides of (as well as of (4.17)) are relatively close to
each other, i.e. if the ‘condition number’ cy; £ max{|ax — a1a|, |ax: — a123|} is smaller

than some threshold.

4.6 Numerical results

We investigate the tail behavior of the stochastic gradient noise in a variety of scenar-
ios. We first consider a fully-connected network (FCN) on the MNIST and CIFARI0
datasets. For this model, we vary the depth (i.e. the total number of layers) in the
set {2,3,...,10}, the width (i.e. the number of neurons per hidden layer) in the set
{2,4,8,...,1024}, and the minibatch size ranging from 1 to full batch.

We then consider a convolutional neural network (CNN) architecture (AlexNet) on
the CIFAR10 and CIFAR100 datasets. We scale the number of filters in each convolu-
tional layer in range {2,4,...,512}. We use the existing random split of the MNIST
dataset into train and test parts of sizes 60K and 10K, and CIFAR10 and CIFAR100
datasets into train and test parts of sizes 50K and 10K, respectively. The order of the
total number of parameters d range from several thousands to tens of millions.

For both FCN and CNN, we run each configuration with the negative-log-likelihood
(i.e. cross entropy) and with the linear hinge loss, and we repeat each experiment with
three different random seeds (see [Geiger et al., |2018] for details on the choice of the
hinge loss). The training algorithm is SGD with no explicit modification such as mo-
mentum or weight decay. The training runs for a fixed number of iterations unless it
hits 100% training accuracy first. At every 100th iteration, we log the full training
and test accuracies, and the tail estimate of the gradients that are sampled using the
corresponding minibatch size. The codebase is implemented in python using pytorch ﬂ

Below, we present the most relevant and representative results. We have observed
that, in all configurations, the three different initializations yielded no significant differ-
ence. Therefore, the effects of the randomness in initialization (under a given scheme)
do not appear to affect the gradient noise. Similarly, the choice of the loss function do
not yield different behaviors in terms of the tail index. Even though the heavy tailed
nature remains the same, the choice of the loss function results in a different way of
dependence to the hyperparameters of the system, which we discuss in Section [£.6.4 and

leave the investigation to a further study.

2The codebase can be found at https://github.com/umutsimsekli/sgd_tail_index.
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Figure 4.4: Stability confidence results for each layer as well as for whole network (in-
dicated by layer index at 0). From left to right: depth 3, depth 5, depth 7.

4.6.1 Stability test results

We first start by investigating the stability of the stochastic gradient noises under the
datasets that we use for our estimation experiments. We will first focus on the later
iterations of SGD, where the tail-index becomes stationary. Using an FCN on the
MNIST and CIFAR10 datasets, we estimate the condition number ¢, (as described in
Section at every 50th iteration of the training stage, then take its average over
the last 10K iterations to get the final result. Here, we consider c¢s; ~ 0.05 to be an
acceptable level for the test since it is a quite small number with respect to estimated
« in our experiments.

The results using the MNIST dataset are illustrated by Figure in which layer
index at 0 corresponds to the whole network while the indices 1,2,...,7 represent the
hidden layers of the network. Our experiments show that the condition number cg; for
the whole network are always smaller than the threshold 0.05, which means the gradient
noise of the network satisfies our required stability criterion, even when we change the
number of layers (depths) and the number of neurons per layer (widths). The same
conclusion on the stability test is true when we investigate each of the hidden layers of
the network.

Figureshows the results of the stability test for CIFAR10. As can be seen from
the figure, the condition cg; of the network fails to be smaller than our required criterion
in some cases. However, the gap from this number to the criterion is quite small that
we can consider that it does not violate the a-stable assumption on the gradient noise
of the network. Unlike the MNIST dataset, we observe that for the networks with 256
neurons per layer, even though the overall gradient noise strongly exhibits an a-stable
behavior, some of the hidden layers are very far from being a-stable, suggesting that the

characteristics of the first layer dominate the overall structure. In contrast, the gradient
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noise with respect to the parameters of the hidden layers becomes more a-stable with a
very high number (512) of neurons per layer.

By these experiments, we observe that the structure of the dataset has a strong
impact on the statistical properties of the gradient noise, especially for the layers with
smaller number of parameters. When this number of parameters is large (which is usually
the case in practice), the gradient noise corresponding to these parameters becomes more
a-stable. In short, this means increasing the size of the network (the number of the
network parameters) tends to make the gradient noise behave similarly to an a-stable

noise.

4.6.2 Effect of varying network size
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Figure 4.5: Estimation of a for varying widths and depths in FCN. The curves in the
left figures correspond to different depths, and the ones on the right figures correspond
to widths.

We measure the tail-index for varying the widths and depths for the FCN, and varying
widths (i.e. the number of filters) for the CNN. For very small sizes, the networks
perform poorly; therefore, we only illustrate sufficiently large network sizes, which yield
similar accuracies. For these experiments, we compute the average of the tail-index
measurements for the last 10K iterations (i.e. when & becomes stationary) to focus on
the late stage dynamics.

Figure shows the results for the FCN. The first striking observation is that in

all the cases, the estimated tail-index is far from 2, meaning that the distribution of
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the gradient noise is highly non-Gaussian. For the MNIST dataset, we observe that «
systematically decreases for increasing network size, where this behavior becomes more
prominent with the depth. This result shows that, for MNIST, increasing the dimension
of the network results in a gradient noise with heavier tails and therefore increases the
probability of ending up in a wider basin. For the CIFARI10 dataset, we still observe
that « is far from 2; however, in this case, increasing the network size does not have a

clear effect on . In all cases, we observe that « is in the range 1.1-1.2.
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Figure 4.6: Estimation of « for varying widths and depths in FCN, dataset MNIST.
From left to right: depth 3, depth 5, depth 7. Different lines correspond to different
widths.

In Figure [£.6] we plot estimated « for each layer of FCNs, using MNIST dataset
where the minibatch is of size 100. The resulting « is obtained by averaging « over the
last 10K iterations. The layer index ‘0’ corresponds to the estimated « of the whole
network. In this experiment, we observe that o becomes smaller (heavier-tailed) for the
deeper layers. In addition, the value of the tail-index for the whole network has a strong
connection with the first layers: the « for the whole network is closer to that of the first

layers than of the last layers.
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Figure 4.7: The accuracy and & of the CNN for varying widths.

Figure [£.7 shows the results for the CNN. In this figure, we also depict the train and
test accuracy, as well as the tail-index that is estimated on the test set. These results
show that, for both CIFAR10 and CIFAR100, the tail-index is extremely low for the
under-parametrized regime (e.g. the case when the width is 2, 4, or 8 for CIFAR10). As
we increase the size of the network the value of « increases until the network performs

reasonably well and stabilizes in the range 1.0-1.1. We also observe that a behaves

similarly for both train and test setsEl

These results show that there is strong interplay between the network architecture,
dataset, and the algorithm dynamics: (i) we see that the size of the network can strongly
influence «, (ii) for the exact same network architecture, the choice of the dataset

has a significant impact on not only the landscape of the problem, but also the noise

characteristics, hence on the algorithm dynamics.

3We observed a similar behavior in under-parametrized FCN; however, did not plot those results

to avoid clutter.
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4.6.3 Tail behavior throughout the iterations
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Figure 4.8: The iteration-wise behavior of of a for the FCN.

So far, we have focused on the late stages of SGD, where « is in a rather stationary
regime. In this set of experiments, we shift our focus on the first iterations and report an
intriguing behavior that we observed in almost all our experiments. As a representative,
in Figure we show the temporal evolution of SGD for the FCN with 9 layers and
512 neurons/layer.

The results clearly show that there are two distinct phases of SGD (in this configu-
ration before and after iteration 1000). In the first phase, the loss decreases very slowly,
the accuracy slightly increases, and more interestingly « rapidly decreases. When «
reaches its lowest level, the process possesses a jump, which causes a sudden decrease
in the accuracy. After this point the process recovers again and we see a stationary

behavior in a and an increasing behavior in the accuracy.
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Figure 4.9: Estimation of a with an FCN on MNIST.

We also investigate this behavior for each layer of an FCN with depth 7 and width
512 in Figure The estimated tail-index for each layer has a clear phase change
at earlier iterations, where we observe that this jump is more prominent in the deeper
layers where the tail-index is smaller. On the other hand, unlike the whole network,
the tail-index of each layer undergoes a fluctuation period before becoming stationary
at the last 2000 iterations. However, this observation might be due to the measurement
error since the size of the sample that is used in the estimator gets smaller when
we make layer-wise measurements.

The fact that the process has a jump when « is at its smallest value provides a
strong support to our assumptions and the metastability theory that we discussed in
the previous section. Furthermore, these results also strengthen the view that SGD
crosses barriers at the very initial phase and continues searching until it reaches a “wide
and flat enough” region of a local optimum. On the other hand, our current analysis is
not able to determine whether the process jumps in a different basin or a ‘better’ part

of the same basin and we leave it as a future work.

4.6.4 A note on generalization

In this section, we investigate the connection between the tail-index and the general-
ization performance. In particular, we consider the relation between a and the ratio of

the step-size to the batch size /b which is proportional to the noise scale of SGD when

there is no momentum [Park et al., |2019]. It has been empirically demonstrated that

this ratio correlates with performance of the model |Jastrzebski et al., [2017], hence the

higher the noise scale, the better the generalization performance until a certain level.
Clearly, when the noise is too high, training may diverge, however, proper level of noise
leads to better solutions.

In this section, we will investigate how the tail index of the gradient noise is affected
for different noise scales. We reproduce and follow the initialization convention and

the hyper-parameter scale that is studied in [Park et al.) 2019, Appendix G]: A fully

connected model with 3 hidden layers, each hidden layer has 512 nodes. Weights are

initialized ~ A(0,1), bias terms are set to zero at the initial point. Each layer is then
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passed through ReLU non-linearity, and multiplied by the inverse of the width of the

previous layer. As usual, the network is trained with SGD without momentum; the
dataset is the standard MNIST. Minibatch size ranges in the set [24,48,96,192] and
step-size ranged from the set [0.9375,1.875,3.75, 7.5, 15]ﬁ
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Figure 4.10: Test error and tail-index in accordance with the change of 1/b ratio.

Figure[4.10(a)|and Figure|4.10(b)| visualize the results. The estimated o and the test

error are averaged among the candidates with the same /b, at the last iteration of the

training process. We ignore the particular values of test error but rather focus on the

way certain choices affect the trends in the system and the behavior of SGD dynamics.
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Figure 4.11: Test error, estimated « in accordance with the change of 7/b ratio.

In both choices of loss functions, hinge and NLL, the behavior of the test error with

respect to the noise scale is consistent with previous observations. Similarly, in both

4Note that this particular scaling is introduced in [Jacot-Guillarmod et al.| [2018] and it admits

slightly larger values of learning rates compared to standard initialization schemes
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cases, the estimated « remains within a narrow band of 1, indicating the heavy tail
behavior. However, the trends in estimated « are different depending on the choice of
the loss. Therefore, we cannot attribute the improvement in performance to lower a
when increasing the noise scale. To better emphasize this point, we plot the correlation
of estimated « and test error in Figure where the positive and negative correlations
are clearly visible depending on the choice of the loss function. This contrasting behavior
is another hint that there exists a connection between a and the test performance (since
they are correlated in both cases) and suggests us to examine this connection in order

to understand when exactly the dynamics falls into basins with better performance.
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Chapter 5

Global convergence analysis

In this chapter, we investigate the global convergence property of stochastic gradient
descent (SGD) for non-convex optimization by using a stochastic process driven by «-
stable distribution. Our results show that the weak-error by SGD analyzed by this
method increases faster than when analyzed using a stochastic process driven by Gaus-
sian distribution, which suggests using smaller step-sizes.

This chapter is based on the article [Nguyen et al., [2019Db].

5.1 Summary of the main result

So far, we have illustrated that stochastic processes driven by a-stable noise can be
used as a proxy for understanding the dynamics of stochastic gradient descent in deep
learning. Therefore, to understand the behaviors of SGD, we will provide an analysis of

the non-asymptotic behavior of the following algorithm for non-convex optimization:
1
whth = wh — e, VF(wh) + (%) Skt (5.1)

where a € (1,2], ¢, is a known constant, S € R, is called the ‘inverse temperature’
parameter and {Si}ren, is a sequence of a-stable distributed random variables.

Even though asymptotic convergence properties of were established for de-
creasing step-sizes in |Simsekli| [2017], [Panloup| [2008], these results do not explain the
behavior of SGD algorithm for finite number of iterations. Besides, in practice, using a
constant step-size often yields better performance Baker et al|[2017], a situation which
cannot be handled by the existing theory.

In particular, we analyze the expected suboptimality E[f(w*) — f*], where f* £
f(W*) = ming,cga f(w). As we will describe in detail in Section we decompose this
suboptimality into four different terms, and we bound each of those terms one by one.
Due to the choice of the a-stable Lévy motion, the standard tools for analyzing SDEs

driven by a Brownian motion are not available for our use, and therefore, we cannot use
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the proof strategies developed for ULA as they are (such as|Raginsky et al. [2017],
Xu et al.|[2018], Erdogdu et al.|[2018]). Instead, we follow an alternative path, where we
first relate the expected discrepancies to Wasserstein distance of fractional orders, and
then, inspired by |Gairing et al.| [2018], we prove a result that expresses the Wasserstein
distance (Definition [1)) between the laws of two SDEs (driven by a-stable Lévy motion)
in terms of their drift functions.

Informally, we show that the expected suboptimality E[f(w*) — f*] is bounded by a

sum of four terms, summarized as follows:
E[f(wF) — %] < A + Az + A3 + Ay,

where

— o pirmax{t+2 I )

plmax{g. v+ }

(
(),
(

2 =0
3=0 B+d) exp( )\;77)’
Ay :O<ﬁ+%log(ﬁ+l)>.

Here v € (0, 1) is the Holder exponent of the gradients of f, and ¢ € (1,a), A« > 0 are

some constants. This result has the following implications. For any € > 0,

1. If % > v+ % and k ~ e~ 1 and n < &2t then A; scales as Ce and Aj scales as
ePoly (8, d).

2. If % <~+ g and k~ ¢! and 7 < e2t779 then A; scales as Ce and Aj scales
as ePoly(8, d).

3. If we choose kn > + log( ) then Aj scales as ePoly (S, d).

where Poly(...) denotes a formal polynomial, i.e., an expression containing the real-
ordered exponents of the variables, coefficients, and only the operations of addition,
subtraction, and multiplication.

In Section we extend our results in two directions: (i) obtaining guarantees
for Bayesian posterior sampling and (ii) non-convex optimization where exact gradients
are replaced with stochastic gradients. Our results imply that, in the context of global
optimization, the error induced by has a worse dependency on k and 7, as compared
to ULA. This suggests that one should use smaller step-sizes in .

5.2 Assumptions and the main result

We start by defining three different stochastic processes x;(¢), x2(t), and x3(t), which
will be the main constructs in our analysis. We first informally define these processes

as follows: X is a continuous-time process that interpolates w* in time and it will let
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us avoid dealing with the discrete-time process w* directly. x; is the limiting process
of w* when the step-size goes to zero. Finally, x3 is a process whose law converges to
the Gibbs measure 7, whose density is exp(—8f(w)) (up to a multiplicative factor).

In our approach, we will first relate xo to its limiting process x;. Since it is more
challenging to relate x; to w*, we will then relate x; to x3, and x3 to m. By following
a similar approach to [Raginsky et al.| [2017], we will finally relate = to f*. Formally, we

decompose the expected suboptimality in the following manner:

Ef(w*) = £ = (B (xalkn) = Ef (1 (k) ) + (Ef Gea (k) — Ef (xs (k)
+ (Ef(xs (k) —Ef (%)) + (Ef (%) = f*), (5:2)

where x;(kn) with 4 = 1,2, 3 denotes the state reached by the three stochastic processes
at time k7, and w is a random variable drawn from 7. We will now formally define the
processes X1, Xz, and Xs.

The first SDE is the continuous-time limit of the algorithm given in and defined

as follows for t > 0:
dxy (t) = by(x1(t—), a)dt + g~/ *dLy, (5.3)
where the drift function has the following form:
bi(x,a) = —caVf(x).

The second SDE is a linearly interpolated version of the discrete-time process {w*}en .

defined as follows:
dxo(t) = by(xa, a)dt + B~/ *dLE, (5.4)

where x2 = {x2(f)}+>0 denotes the whole process and the drift function is chosen as

follows:

ba(X2,0) & —ca Y V(X2 (kn)) Ly (1)1 (1)-
k=0

Here, T denotes the indicator function, i.e. for any set A C R4 I4(x) = 1ifx € A
and [4(x) = 0 if x ¢ A. Tt is easy to verify that xs(kn) = wF for all k € N, |Dalalyan
[2017b], [Raginsky et al.| [2017].

The last SDE is designed in such a way that its solution has the Gibbs distribution

as the invariant distribution and is defined as follows:
dxs(t) = b(xs(t—), a)dt + S~/ *dLY, (5.5)

where the drift is a d-dimensional vector whose i-th component, i = 1,...,d, has the

following form:

D2 (6(x)0:/ (%))

(o) & 5

(5.6)
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Here, D; denotes the Riesz derivative (defined in Theorem along the direction %

[Ortigueira et al.|[2014] and J; denotes the derivative with respect to the i-th component.

With this definition for the drift, we have the following result for the invariant measure

of x3, which is an extension of Theorem [I] to general d and .

Lemma 1. The SDE (5.5)) with drift b defined by (5.6) admits m as an invariant dis-

tribution of its solution (x3(t))¢>0.

The process {x3(¢)}: will play an important role in our analysis, since it will enable us
to relate x* to the Gibbs measure 7, whose samples will be close to the global optimum
w* with high probability Pavlyukevich [2007].

We now state our assumptions that will be used to imply the main result of the

chapter.

A 1. There exists a constant B > 0 such that
calVF(0) < B.
A 2. The gradient of f is Holder continuous with constants M >0, 0 <~y < 1:
calV(x) = VI < Mlx -yl vx,y € R%.
A 3. For somem >0 and b >0, f is (m,b,~)-dissipative:
ca(x, VF(x)) > m|x|[*T7 — b, vx € R%.

The assumptions A[l}3]are mild and when v = 1, they become the standard Lipschitz
and dissipativity conditions that are often considered in diffusion-based non-convex op-
timization algorithms Raginsky et al| [2017], Xu et al|[2018], Erdogdu et al|[201§].

However, due to the choice of the a-stable Lévy motion with « € (1,2), we need to con-

sider a ‘fractional’ version of those assumptions and exclude the case where v = 1, which
makes weaker and more restrictive than the case where v = 1. Nevertheless,
can be weakened to local Holder continuity by using the localization techniques given
in the proof of Proposition 4.2.2 of . This approach requires rewriting all
the expressions which employ AP in our proofs, by using stopping-times in such a way
that we can adopt the local Holder continuity in the same manner of .

In our analysis, we will make a repeated use of the Holder and Minkowski inequalities,

which require the following condition to hold:

A 4. There exist positive real numbers p,q,p1,q1 such that

1 1 1 1
-+-=—+4+—=1, and
p 9 P Q1

¢g<a, w<l, yu<1l, (¢—Dp <L
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Even though this assumption looks rather technical, when combined with it
will in fact impose smoothness constraints on f and restrict v to be less than 1. We will
discuss this observation in more detail in Section 5.4l

Next, we require the drift b (presented in equation ) to be dissipative for large
distances and we assume a bounded moment condition, which will be used for estab-

lishing the ergodicity of x3.

A 5. 1) For allx,y € R? and for some constants ¥ € [0,1], lp > 0, K; > 0 and K3 > 0,
the following holds:

()~ bly).x —y) _ [Kalx=yI7, Ix=yl <.
e =l T —kalx -yl Ix—yl > o

2) For anyt >0, 4 € (0,a), and for any coupling P; of x3(t) and W ~ 7, we have:

/||X3(t) —w|dP, < C.,
for some constant C, > 0.

Remark The first part of assumption can be satisfied under a set of (rather non-

trivial) assumptions (see appendix for more details). ]

Proposition 1. Under assumptions and A@ the distribution of x3(t) exponen-
tially converges to its unique invariant distribution m in the Wasserstein metric, i.e.,

for any A > 0 such that \ < «, there exist constants C > 0 and C1 > 0 such that
Wi (piag, ) < Ce™ €1t (5.7)
where pge denotes the probability measure of x3(t).

In the rest of the paper, we will assume that the constants C' and C; behave similarly
to the case of the unadjusted Langevin algorithm (o = 2). In particular, we assume
that C is proportional to 8 and C; is proportional to 37!, so that we can rewrite (5.7))

as follows:
Wi (uzt, ) < Ce /8,

In the unadjusted Langevin algorithm, the constant A, turns out to be the uniform
spectral gap associated with the Gibbs measure 7 and it has shown to scale exponentially
with respect to the dimension d in the worst case Raginsky et al.| [2017]. We believe
that a similar property holds in our case as well.

Our next assumption is on the approximation quality of the function b by b;.
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A 6. There exists a constant L > 0 such that L < m and

sup [lca V(%) +b(x, )|l < L,

x€ER?

where the function b is defined in (5.6).

In Corollary 2 of [Simsekli [2017], it has been shown that A[f] holds if the tails of 7
vanish sufficiently quickly (cf. assumption H4 in |Simsekli| [2017]). On the other hand,
the gap between functions b and b; can be diminished even more if we consider a more so-
phisticated numerical approximation scheme, such as the one given in |Celik and Duman
[2012] (cf. Theorem 2 of [Simsekli| [2017]).

In our final condition, we assume that the fractional moments of 7 is uniformly
bounded.

A 7. There exists a constant C' > 0 such that
b+d

[ Ixlratan) < 2240
R4 m

forall0 <r <2.

Now, we are ready to state the main result of this chapter.

Theorem 7. Under conditions and for 0 < n < {fs, there exists a positive
constant C' independent of k and n such that the following bound holds:

) T RS R TRl C Ak
E[f(w")] - f SC{k” tortitne 4+ 5@_1”” S eXp(—%)
L M +llog(2e(b+%))%1“(%+1)ﬁd
prtl+q) B (dm)? '

More details on constant C' can be found in appendiz.

Theorem |7| provides finite-time guarantees for discrete-time dynamics in terms
of suboptimality with respect to the global minimum as a function of the step-size and
the scale parameter. In particular, it is shown that the heavy-tailed system has a worse
dependency on both K and 7 as compared to the Gaussian case. Besides, it is known
that if the scale parameter o gets smaller, the dynamics admits a stationary distribution
that will concentrate more and more on the global minimizer although reaching out to
stationary would require an exponential number of steps in the dimension in the worst
case. Similar to ULA |[Raginsky et al| [2017], our bound grows with the number of
iterations k. We note that this result sheds light on the explicit dependency of the

error with respect to the algorithm parameters (e.g. step-size) for a fixed number of
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iterations, rather than explaining the asymptotic behavior when k goes to infinity. In
the next sections, we will provide an overview of the proof of this theorem along with

some remarks and comparisons to ULA.

5.3 Proof overview

Our proof strategy consists of bounding each of the four terms in separately. Before
bounding these terms, we first start by relating the expected discrepancies to the Wasser-
stein distance between two random processes. The result is formally presented in the
following lemma and it extends the 2-Wasserstein continuity result given in [Polyanskiy

and Wul [2016] to Wasserstein distance with fractional orders.

Lemma 2. Let v and w be two random variables on R? which have p and v as the
probability measures and let g be a function in C1(R? R). Assume that for some c; >
0,co>0and 0 <~y <1,

Vg(x)|| < erl[x]|” + ez, vx € RY

1 1

and max { (IE||W||W) ;, (EHVHW) ;} < 0o. Then, the following bound holds:

‘/gdu— /ng‘ <CWy(p,v),
for some C > 0.

Lemma [2| lets us upperbound the first three terms of the right hand side of
by the Wasserstein distance between the appropriate stochastic processes, respectively
Wy (pae, tar), Wepae, pise), and Wy (s, ), where ;. denotes the law of x;(¢).

The term W, (use, m) is related to the ergodicity of the process and it has
been shown that this distance diminishes exponentially for a considerably large class
of Lévy diffusions Masudal [2007], | Xie and Zhang| [2017]. On the other hand, the term
Wy (e, p3¢) is related to the numerical approximation of the Riesz derivatives, which is
analyzed in |[Simsekli| [2017]. Therefore, in this study, we use the assumptions Aff|and Alf]
for dealing with these terms, and focus on the term W, (p1¢, f2¢), which is related to the
so-called ‘weak-error’ of the Euler scheme for the SDE (5.3). The existing estimates for
such weak-errors are typically of order Cn®, where a < 1 and C' is a constant that grows
exponentially with ¢ [Mikulevicius and Zhang| [2011]. The exponential growth with ¢ is
prohibitive in our case and one of our main technical contributions is that, in the sequel,
we will prove a bound that grows polynomially with ¢, which substantially improves over
the one with exponential growth.

We start by bounding W, (14, pror) and Wy (s, p3¢). In order to do so, we prove the

following lemma, which will be the key for our analysis.
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Lemma 3. For A € (1,00), 4,5 € {1,2,3} and i # j, we have the following identity:

t 1/
Wa(pits 150) = inf { (B / Al A (5)1P~2(Axi(5), Abig(s=))ds| )
0
where the infimum is taken over the couplings whose marginals are p;; and pj; and

AXij(S) = xi(s) — Xj(s)’

Abij(s—) = bi(xi(s—), a) = bj(x;(s—), ).

This result extends the recent study |Gairing et al| [2018] and lets us relate the
Wasserstein distance between the distributions of the random processes to their drift
functions.

By using Lemma [3] we start by bounding the Wasserstein distance between 11; and

po¢. The result is summarized in the following theorem.

Theorem 8. Assume that the following condition holds: 0 < n < 7. Then, we have

Wg (N’lt? /J'Qt) S Cq POIY(ka m, Bv d)a
for some C > 0.

The full statement of the proof and the explicit constants are provided in appendix.
By only considering the leading terms of the bound provided in Theorem [8, we obtain

the following corollary.

Corollary 1. Suppose that 0 < 1 < min {1, %} Then, the bound for the Wasserstein

distance between the laws of x1(t) and x2(t) can be written as follows:
Wi (pae, pat) <C(k*n + k2n1+'Y/aﬁ—(q—1)v/ad).

By combining Corollary [1| with Lemma [2] we obtain the following result, which
provides an upperbound for the first term of the right hand side of (5.2]).

Corollary 2. For 0 < n < 37z, there exists a constant C > 0 such that the following
bound holds:
[BL (er (k)] — ELf Gea ()] | < C (KM 4t + KM i3 5= 5 ).

Remark For any ¢ > 0, if we choose k ~ ¢~ 'Poly(f3,d) and n < £29*t1Poly(83,d), then
the bound in Corollary [2| scales as ePoly (S, d). O
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Next, by using a similar approach, we bound the distance between pi; and uss. In

the next theorem, we show that the error grows polynomially with the parameters.

Theorem 9. We have the following estimate:

Wg (Mlta /1'3t) SOqPOIY(k7 m, 57 d)

By considering the leading terms of the bound in Theorem [J] and combining it with

Lemma [2| we obtain the following corollaries.

Corollary 3. There exists a constant C > 0 such that the following bound holds:

g—1
Wi (e, pae) <C(k" 'y + kT35 d).

Corollary 4. There exists a constant C > 0 such that the following inequality holds:

yt+a 1

[ELS (x1 (k)] — ELf (xa(km)]| < € (W7 553 872+ k7453,

Remark For any € > 0, if we choose k ~ e 'Poly(83,d) and n < £29t79+t 7 Poly(3, d),
then the bound in Corollary |4| scales as ePoly(S, d). O

We now pass to the term Ef(x3(kn)) —Ef(W) of (5.2). Since we have that pg; expo-
nentially converges to m in Wasserstein distance (Proposition [1)), as a direct application

of Lemma [2] we obtain the following result.

Lemma 4. Let W be a random variable drawn from the invariant measure = < exp(—Sf)
of (5.5). There exists a constant C > 0 such that the following bound holds:

b3 +d
m

[Elf(xs()] = E[f(W)]| < C exp(=Af71).

Remark For any € > 0, if we take kn > )\ﬁ log<é>, then the bound in Lemma {f can
be scaled as ePoly(3, d).

We finally bound the term Ef(w) — f*, which is the expected suboptimality of a
sample from mw. By following a similar proof technique presented in |[Raginsky et al.

[2017], we obtain the following result.

Lemma 5. For g > 0, we have

(2e(b+ §)¥*T(§ + 1)5d) B M
(dm)d/2 1+~
Combining Corollary [2] Corollary [4] Lemma[4] and Lemma [f] proves Theorem [7}

E[f(%)] — f* <8~ log (
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5.4 Additional remarks

In this part, we first compare our global convergence result with those for Unadjusted
Langevin Algorithm presented in |[Raginsky et al. [2017]. Then, we discuss the feasibility

of the smoothness assumption Afland provide an explicit condition such that assumption

AM holds.

5.4.1 Comparison with ULA

Let us compare this result with those for ULA presented in |[Raginsky et al.|[2017], since
they use a similar decomposition (as opposed to|Xu et al.| [2018]). The last two terms of
the right hand side of the bound in Theorem [7] have less importance as they can be made
arbitrarily small by increasing 5. Besides, for § large enough, the first two terms in our

bound can be combined in a single term that scales in the order of k1+max{%’7+%}n%.

5/4, cf. Section 3.1 of Raginsky

The corresponding term for ULA is given as follows: kn
et al|[2017]. This observation shows that (5.1)) has a worse dependency both on & and
7, which is not surprising and indeed in-line with the existing literature [Mikulevicius

and Zhang| [2011].

5.4.2 Discussion on smoothness assumptions

In this section we will discuss assumption and provide a condition on ~ such that
holds. Let us recall the four constraints given in

(I/p+1/q)=A/pr+1/q1) =1
w<l, yu<1l, (¢—1)p1 <L

We will refer to these conditions as the first, second, third, and fourth conditions,
respectively. Our aim is to find a condition on + (more precisely, the maximum value of
) such that there exist p,q, p1,q1 > 0 satisfying these four conditions.

First, suppose that p > ¢;. Then, the maximum value of v is decided by the second
constraint. Since we want 7 to be as large as possible, it is natural to choose a smaller
p. We observe that, as we decrease p, due to the first and the fourth constraints, the
value of ¢; needs to be increased. If we continue decreasing p, then ¢; continues to
be increased and soon becomes strictly greater than p. At this moment, the maximum
value of 7 is decided by the third constraint, not by the second constraint anymore, and
from this point on, it is more plausible to decrease ¢;.

By this intuition, it is reasonable to choose p to be equal to g1, which implies that
p1 = q. Accordingly, the fourth constraint becomes: (¢ —1)g < 1. By noting that ¢ > 1,
solving this constraint gives 1 < ¢ < (1 ++/5)/2. Then by the first constraint, we have
p > (3++/5)/2, and the second constraint gives v < 1/p < (3 —/5)/2.
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This upper bound for v is a number between 0.38 and 0.39 and tells us that there
exist p, q, p1,q1 satisfying the four constraints if and only if 0 < v < (3 —/5)/2.

Let us take a closer look at Theorem |7} Since v(¢+1) < (3 —/5)(3++/5)/4 =1,
we have v +v/q¢ =v(qg+1)/q < 1/q. Hence,

1+ max{1/q,y+7/q} =1+ 1/q.

Let £1 and &5 be positive numbers such that
1/g—e1=2/(1+V5) = (V5-1)/2,
Y+ eEg = (3 — \/5)/2
then, if ¢ = p; is approximately equal to (1 4+ v/5)/2 and « is approximately equal to
(3 —/5)/2, we imply that £; and €5 become very small and
/g~ (V5-1)/2,
1/q+7/(aq) = (V5 =1)/2+ (V5 - 2)/a,
(g —1)7/(qa) = (7T - 3V5)/(2a).
For example, the values « = 1.65,7 =0.38,p = ¢1 =2.63,¢=p1 = q/(¢—1) =~ 1.613

satisfy assumption Al Hence, the bound in Theorem [7] can be expressed as follows:

Corollary 5. Under conditions for a=1.65,7 = 0.38,p = q1 = 2.63,q =p; =
q/(q—1) = 1.613 and for 0 < n < {f=, there exists a positive constant C independent
of k and n such that the following bound holds:

k1.62n0‘75d Bb+d Ak Me-1
k * 1.62, 0.61 * a
E[f(w™)] = f Sc{k et 30-0875 T exp(— B it 1.3841:38

1 (2e(b+9)Er(g+1)p
+ = log . .
B (dm)2

Proof. The result is a direct consequence of Theorem [7} O

As a final remark on this smoothness condition, we note that similar constraints are
imposed on Lévy-driven SDEs in other studies as well [Panloup| [2008], [Simseklil [2017].
This is due to the fact that such SDEs often require better-behaved drifts in order to

be able to compensate the jumps incurred by the Lévy motion.

5.5 Extensions

In this section, we discuss the implications of our results in the classical Monte Carlo
sampling context. Then, we provide a similar global convergence result for the case

where the gradient is replaced by a stochastic gradient.
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5.5.1 Guarantees for posterior sampling

If our aim is only to draw samples from the distribution 7, then, for a fixed k, we can
bound the Wasserstein distance between the law of w* and 7. The result is stated as

follows:

Corollary 6. For 0 <n < 175, the following bound holds:

max{2,g+v} 1 max{2,g+~} y(g—1)

Wq(mt,?r)SC(k T TR T dq+6e”"ﬂ)

As a typical use case, we can consider Bayesian posterior sampling, where we choose
B8 =1 and

f(X)=—(logP(Y|X) +1logP(X)).

Here, Y denotes a dataset, P(Y|X) is the likelihood, P(X) denotes the prior density,
and the target distribution 7 becomes the posterior distribution with density P(X|Y").

5.5.2 Extension to stochastic gradients

In many machine learning problems, the function f to be minimized has the following

form:

2 LN oy
—n;f (%)

where ¢ denotes different data points and n is the total number of data points. In
large-scale applications, n can be very large, which renders the gradient computation
infeasible. Therefore, at iteration k, we often approximate V f by its stochastic version
that is defined as follows:
V fr(x Z VO (x
S ey
where §, is a random subset of {1,...,n} with |Qx| = ns < n. The quantity V fx(x) is
often referred to as the ‘stochastic gradient’. If the stochastic gradients satisfy a moment

condition, then we have the following results:

Theorem 10. Assume that for each i, the function x — f)(x) satisfies the conditions
. Let us replace Vf by Vfi in (5.1). If, in addition, there exists 6 € [0,1) for any
k, such that

Eq, [lca(Vf(x) = Vfie(x))[|7 <6% M% ||,
for x € R, then we have the following bound:

W, pae) <C(1+ 8)(kPn + k*nt /e grla=D/ag),
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Similar to our previous bounds, we can use Theorem for obtaining a bound for

the expected discrepancy, given as follows:

Corollary 7. Under the same assumptions as in Theorem [I0, we have the following
bound:

[ELS (1 (k)] — ELS (xa(k))]| < C1L+0) (KMot 4 k3430 g~ 457 ).

These results show that the guarantees for (|5.1)) still hold even under the presence
of stochastic gradients.
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Chapter 6

First exit time analysis

While approximating SGD as a continuous-time SDE brings a new perspective for ana-
lyzing SGD, this approach might not be accurate for any step-size 77, and some theoretical
concerns have already been raised for the validity of such approximations [Yaida] [2019].
Intuitively, one can expect that the metastable behavior of SGD would be similar to
the behavior of its continuous-time limit only when the discretization step-size is small
enough. Even though some theoretical results have been recently established for the
discretizations of SDEs driven by Brownian motion Tzen et al. [2018], it is not clear
that how the discretized Lévy SDEs behave in terms of metastability. In this chapter,
we provide a formal theoretical analysis where we derive explicit conditions for the step-
size such that the metastability behavior of the discrete-time system is guaranteed to
be close to its continuous-time limit.

This chapter is based on the article [Nguyen et al.l |2019a].

6.1 First exit times of continuous-time Lévy stable
SDEs

Due to the discontinuities of the Lévy-driven SDEs, their metastability behaviors also
differ significantly from their Brownian counterparts. In this section, we will briefly
remind some important theoretical results, that we already mentioned in Section
about the following SDE:

For simplicity, let us consider this SDE in dimension one, i.e. d = 1. In a relatively
recent study Imkeller and Pavlyukevich| [2006], the authors considered this SDE, where
the potential function f is required to have a non-degenerate global minimum at the
origin. Their result (Theorem indicates that the first exit time of w; needs only

polynomial time with respect to the width of the basin and it does not depend on the
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depth of the basin, whereas Brownian systems need exponential time in the height of
the basin in order to exit from the basin Bovier et al.| [2004], Imkeller et al.| [2010Db].

This difference is mainly due to the discontinuities of the Lévy motion, which enables

it to ‘jump out’ of the basin, whereas the Brownian SDEs need to ‘climb’ the basin due
to their continuity. Consequently, given that the gradient noise exhibits similar heavy-
tailed behavior to an a-stable distributed random variable, this result can be considered
as a proxy to understand the wide-minima behavior of SGD.

Let us remind that (see Section this result has already been extended to R¢ in

Imkeller et al. [2010a]. Extension to state dependent noise has also been obtained in

[Pavlyukevich| [2011]. We also note that the metastability phenomenon is closely related

to the spectral gap of the forward operator corresponding to the SDE dynamics (see e.g.
Bovier et al.[[2004]) and it is known that this quantity scales like O(e®) for € small which
determines the dependency to ¢ in the first term of the exit time due to Kramer’s
Law [Berglund| [2011], [Burghoff and Pavlyukevich| [2015]. Burghoff and Pavlyukevich|
showed that similar scaling in € for the spectral gap would hold if we were to

restrict the SDE dynamics to a discrete grid with a small enough grid size.

6.2 The main result

In this chapter, we consider a stochastic differential equation with both a Brownian term
and a Lévy term, and its Euler discretization as follows [2015):

dw; = —V f(w;)dt + eodB; + edL (6.2)
whtl = wk — V f(w") + 60’771/2Zk+1 + Eﬁl/a5k+17 (6.3)

with independent and identically distributed (i.i.d.) variables Z ~ N (0, ) where I is
the identity matrix, the components of Sy are i.i.d with SaS(1) distribution, and ¢ is
the amplitude of the noise. Here, we choose ¢ as a scalar for convenience. We also note
that the participation of the Brownian term in enables the use of a Girsanov-like
change of measures, that is convenient for our analysis.

We formally define the first exit times, respectively for w; and w* as follows:

Tea(e) 2 inf{t > 0: [|wy — W| & [0,a + €]}, (6.4)
Tea(e) 2inf{k € N @ ||wh —w| ¢ [0,a + €]} (6.5)

where W is some local minimum and the processes are initialized at wo = w° such that
wo — wl| € [0,a].

Understanding the metastability behavior of SGD modeled by these dynamics re-
quires understanding the first exit times for the continuous-time process w; given by
and its discretization w* . Similar to , we will study the first exit times
defined by and (6.5]). Note that in the special case £ = 0, we recover T 4 (€) = 74(¢)
introduced previously in .
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Our main goal is to obtain an explicit condition on the step-size, such that the first
exit time of the continuous-time process 7¢ 4(€) would be similar to the first exit
time of its Euler discretization 7¢ 4(¢) (6.5). In equations and (6.3), o is chosen
as a scalar for convenience; however, we believe that this analysis can be extended to
the case where o is a function of w;.

Let us now state the assumptions which will imply our result.

A 8. The SDE (6.2) admits a unique strong solution.

A 9. Consider the process dw; = g(W)dt + codB; + edLy, where W = {W; }+>0 denotes
the whole process and the drift g is defined as followﬂ:

g(W) £ ="V F (Wi Mg, (1)) (£)-
k=0
Here, 1 denotes the indicator function, i.e. Ig(z) =1 ifx € S and Ig(x) =0 if z ¢ S.
Then, the process ¢y = 7% satisfies: Eexp (% fOT ¢fdt> < 00.

A 10. The gradient of f is y-Hdolder continuous: There exists a constant M > 0 such
that

IVf(z) =Vl <Mz —yl]",  Vz,yeR™
A 11. The gradient of f satisfies the following assumption: ||V f(0)|| < B.

A 12. For somem >0 and b >0, f is (m,b,~)-dissipative:
(0, V1)) = mle] b, o e R

We note that, as opposed to the theory of SDEs driven by Brownian motion, the
theory of Lévy-driven SDEs is still an active research field where even the existence of
solutions with general drift functions is not well-established and the main contributions
have appeared in the last decade [Priola et al.| [2012], [Kulik| [2019]. For this reason,
has been a common assumption in stochastic analysis, e.g. Imkeller and Pavlyukevich|
[2006], Imkeller et al.| [2010aj, Liang and Wang [2018]. Nevertheless, existence and
uniqueness results have been very recently established in for SDEs with
bounded Hélder drifts. Therefore and A[] directly hold for bounded gradients and
extending this result to Holder and dissipative drifts is out of the scope of this study.
On the other hand, the assumptions are standard conditions, which are often
considered in non-convex optimization algorithms that are based on discretization of
diffusions [Raginsky et al.| [2017], Xu et al.| [2018], [Erdogdu et al. [2018], |Gao et al.
[2018blfa], [Simsekli et al| [2018], [Liutkus et al.| [2019].

The next assumption identifies an explicit condition for the step-size, which is re-

quired to make sure that the discrete process well-approximates the continuous one.

11t is easy to verify that Wiy = wP for all k € Ni lRaginsky et al.L |2017'.
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A 13. For a given 6 > 0, t = Kn, and for some C > 0, the step-size satisfies the

following condition:

o<n<min {115 (sm) T o) o) o))
min _— —_— —_—
= "M \2K, 2 or,2) \aka2) \oK2) I

where ¢ is as in (6.3), the constants m, M,b are defined by A@» A@ and

K, = (9((152“7272)7 Ky = 0(672), Ky = O(d27627—2)’ Ky = O(d2752772),

More explicit forms of the constants are provided in appendix.
The main result of this chapter is presented in the following theorem, its proof can

be found in appendix.

Theorem 11. Under assumptions A& the following inequality holds:
P[T_&a({:‘) > K?]] — CK»W»EJLE -6 < P[’T_'oya({i) > K] < ]P)[Tg’a(ff) > K’I]] + CK,r]’g)d’f + 5,

where,

M
Ckome.de 2 C1(K(de + 12 +1)7eTMn (1 - Cde*iQe_?M"(60)_2/(16dn))K

K
F1- (1 — CadHa/Qne“M"s“f_a) ,

for some constants C1,Cy and C that does not depend on n or e; M is given by AI(

and € is as in (6.2)—(6.3).

Remark Our result (Theorem shows that with sufficiently small discretization step
7 (as in assumption , the probability to exit a given neighborhood of the local opti-
mum at a fixed time ¢ of the discretization process approximates that of the continuous
process. This result also provides an explicit condition for the step-size, which explains
certain impacts of the other parameters of the problem, such as dimension d, noise
amplitude ¢, variance of Gaussian noise o, towards the similarity of the discretization
and continuous processes. Theorem [11]| enables the use of the metastability results for

Lévy-driven SDEs for their discretized counterpart. O

Exit time versus problem parameters. In Theorem if we let n go to zero
for any ¢ fixed, the constant Ck . a4, Will also go to zero, and since ¢ can be chosen
arbitrarily small, this implies that the probability of the first exit time for the discrete
process and the continuous process will approach each other when the step-size gets
smaller, as expected. If instead, we decrease d or €, the quantity Ck ;¢ 4,¢ also decreases
monotonically, but it does not go to zero due to the first term in the expression of

CKonede-

Exit time versus width of local minima. Popular activation functions used in deep

learning such as ReLU functions are almost everywhere differentiable and therefore the
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cost function has a well-defined Hessian almost everywhere (see e.g. [Li and Yuan|[2017]).
The eigenvalues of the Hessian of the objective near local minima have also been studied
in the literature (see e.g. |Sagun et al.|[2016], Papyan| [2018]). If the Hessian around a
local minimum is positive definite, the conditions for the multi-dimensional version of
Theorem [4] in Imkeller et al. [2010a]) are satisfied locally around a local minimum. For
local minima lying in wider valleys, the parameter a can be taken to be larger; in which
case the expected exit time Erg,(¢) ~ O(a®) will be larger by the formula (4.14)). In
other words, the SDE spends more time to exit wider valleys. Theorem [11| shows
that SGD modeled by the discretization of this SDE will also inherit a similar behavior
if the step-size satisfies the conditions we provide (A[L3]).

6.3 Proof overview

Relating the first exit times for w; (6.2)) and w* (6.3)) often requires obtaining bounds
on the distance between wy, and w¥. For this purpose, for any given local minimum w
of f and a > 0, we define the following set

AL (wh . wE)eRY x ... xR max ||[wh —w| < af, (6.6)
k<K

which contains the sets of K points in R?, each point at a distance of at most a from

the local minimum w. We also define the following set
N, 2 {w eRY: w—w| < a}. (6.7)

If [[w® — Wy, is small with high probability, then we expect that their first exit
times from the set N, will be close to each other as well with high probability. For
objective functions with bounded gradients, in order to relate 7¢ 4(g) to 7¢ (), one can
attempt to use the strong convergence of the Euler scheme (cf. Mikulevicius and Xu
[2018] Proposition 1): lim, o E[|w* — wy,|| = 0. By using Markov’s inequality, this
result implies convergence in probability: for any 6 > 0 and € > 0, there exists 1 such
that P(||w® — wg,|| > &) < 6/2. Then, if wg, € N, one of the following events must
happen:

1. wkeN,,

2. wh & N, and ||w" — wy,|| > € (with probability less than §/2),

3. wk ¢ N, and distance from w* to N, is at most ¢ (with probability less than §/2).
By using this observation, we obtain: P[wg, € N,] < Plw* € N,] + §. Even though we
could use this result in order to relate 7¢ o(¢) to 7¢ o(¢), this approach would not yield
a meaningful condition for n since the bounds for the strong error E[|w* — wy, || often

grows exponentially in general with k, which means 7 should be chosen exponentially
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small for a given k. Therefore, in our strategy, we choose a different path where we do
not use the strong convergence of the Euler scheme.

Our proof strategy is inspired by the recent study [Tzen et al. [2018], where the
authors analyze the empirical metastability of the Langevin equation which is driven
by a Brownian motion. However, unlike the Brownian case that [Tzen et al.| [2018] was
based on, some of the tools for analyzing Brownian SDEs do not exist for Lévy-driven
SDEs, which increases the difficulty of our task.

We first define a linearly interpolated version of the discrete-time process {w*}ren o

which will be useful in our analysis, given as follows:
dw; = b(W)dt + ecdB(t) + edLy, (6.8)

where W = {W;};>0 denotes the whole process and the drift function b(w) is chosen as

follows:

b(W) £ =V (Wi, (k1)) (8)-

k=0

Here, I denotes the indicator function, i.e. Ig(z) =1if z € S and Ig(x) =0ifx ¢ S. It
is easy to verify that W, = w* for all k € N Dalalyan| [2017b], [Raginsky et al.| [2017].

In our approach, we start by developing a Girsanov-like change of measures [Tankov
[2003] to express the Kullback-Leibler (KL) divergence between p; and fi;, which is
defined as follows:

N A dig .
KL(fut, 1) = /log dT[jtdut,

where p; denotes the law of {w}sejo,4, fir denotes the law of {W}ejo,4, and due/dji
is the Radon-Nikodym derivative of y; with respect to ji;. Here, we require A for the
existence of a Girsanov transform between [, and p, and for establishing an explicit
formula for the transform. In appendix, we show that the KL divergence between g

and [i; can be written as:

KL (e, 1) = 53 —5E [ [ 1) + 9w as). (6.9)

While this result has been known for SDEs driven by Brownian motion |(@ksendal and
Sulem| [2005], none of the references we are aware of expressed the KL divergence as
in . We also note that one of the key reasons that allows us to obtain is
the presence of the Brownian motion in , i.e. 0 > 0. For 0 = 0 such a measure
transformation cannot be performed Debussche and Fournier| [2013].

In the next result, we show that if the step-size is chosen sufficiently small, the KL

divergence between p; and ji; is bounded.

Theorem 12. Assume that the conditions A§-A[I3 hold. Then the following inequality
holds:

KL(ﬂt, ILLt) S 262
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The proof technique is similar to the approach of Dalalyan| [2017b], [Raginsky et al.
[2017]: the idea is to divide the integral in into smaller pieces and bounding each
piece separately. Once we obtain a bound on KL, by using an optimal coupling argument,
the data processing inequality, and Pinsker’s inequality, we obtain a bound for the total

variation (TV) distance between p; and fi; as follows:

. . . 1 . 3
Pal(Was - Wicn) 7# (W Wieq)] < lpascy = fircallry < (GKL e o))

where M denotes the optimal coupling between {w}sc(0,x and {Ws}sepo0,x7); i-€., the
joint probability measure of {w}c(0,xy and {Ws}seo0,xy), Which satisfies the following
identity [Lindvall| [2002]:

Prm{wstsepo, i # {Wstseo,xm] = llnkn = iyl -
Combined with Theorem [I2] this inequality implies the following useful result:
Pl(wy, ..., Wky) € A] =6 < P[Tpq(e) > K] <P[(wy,...,Wky) € A]+ 6 (6.10)

where we used the fact that the event (W(n),..., W(Kn)) € A is equivalent to the event
(To,a(e) > K). The remaining task is to relate the probability P{(w,, ..., Wk,) € A]
to Plre,q(e) > Kn]. The event (wy),...,Wg,) € A ensures that the process w; does
not leave the set N, when ¢t =7, ..., Kn; however, it does not indicate that the process
remains in N, when ¢ € (kn, (k+1)n). In order to have a control over the whole process,

we introduce the following event:

B2 { max sup Wi — Wiy || < f},
0<kSK =1 sefpn, (k41)n) !
such that the event [(w,,..., Wgk,) € A] N B ensures that the process stays close to N,

for the whole time. By using this event, we can obtain the following inequalities:

P{(wy,...,Wky) € A] <P[(Wy,...,Wky) € ANB]+P[(wy,...,Wky) € B
:P[Tg’a(&') > K?]] + P[(Wn, ce 7WK,7) < Bc}
By using the same approach, we can obtain a lower bound on P[(w,,...,Wgk,) € A] as
well. Hence, our final task reduces to bounding the term P[(w,, ..., Wgy) € B¢], which

we perform by using the weak reflection principles of Lévy processes |Bayraktar et al.
[2015]. This finally yields Theorem

6.4 Numerical illustration

To illustrate our results, we perform the experiments on a synthetic setting and the
experiments on real data: a multi-layer fully connected neural network with ReLu acti-
vations on the MNIST dataset.
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Figure 6.1: Synthetic experiments. The vertical axis is the quantity |7o.q — 70,a]-

6.4.1 Synthetic data

We first conduct experiments on a synthetic problem, where the cost function is set to
f(z) = $|lz||%. This corresponds to an Ornstein-Uhlenbeck-type process, which is com-
monly considered in metastability analyses . This process locally satisfies
the conditions AR A2l

Since we cannot directly simulate the continuous-time process, we consider the
stochastic process sampled from with sufficiently small step-size as an approxi-
mation of the continuous scheme. Thus, we organize the experiments as follows. We
first choose a very small step-size, i.e. n = 107'°. Starting from an initial point w?°
satisfying |w®|| < a, we iterate until we find the first K such that ||[wX| > a. We
repeat this experiment 100 times, then we take the average Kn as the ‘ground-truth’
first exit time. We continue the experiments by calculating the first exit times for larger
step-sizes (each repeated 100 times), and compute their distances to the ground truth.
The detailed settings of the parameters for this experiment (Figure can be found
in appendix.

By Theorem the distance between the first exit times of the discretization and

the continuous processes depends on two terms Ck ¢4z and 6, which are used for
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explaining our experimental results.

We observe from Figure a) that the error to the ground-truth first exit time is
an increasing function of n, which directly matches our theoretical result. Figure b)
shows that, with small noise limit (e.g., in our settings, ¢ < 1 versus n ~ 10~%), the error
decreases with the parameter €. By with increased e, we have the term § to be
reduced. On the other hand, Ck ;¢ 4,¢ increases with €. However, at small noise limit,
this effect is dominated by the decrease of §, that makes the error decrease overall. The
decreasing speed then decelerates with larger ¢, since, the product en becomes so large
that the increase of C'k y ¢ a,¢ starts to dominate the decrease of 6. Thus, it suggests
that for a large e, a very small step-size 7 would be required for reducing the distance
between the first exit times of the processes. In Figure ¢), the error decreases when
the variance o increases. The reason for the performance is the same as in (b), and
can be explained by considering the expression of § and Ck .4, in the conclusion of
Theorem [l

In Figure [6.1(d), for small dimension, with the same exit time interval, when we
increase d, both processes escape the interval earlier, with smaller exit times. Hence,
the distance between their exit times becomes smaller. With larger d, the increasing
effect of § and Ck . 4 starts to dominate the above ‘early-escape’ effect, thus, the
decreasing speed of the error diminish. We observe that the error even slightly increases

when o = 1.2 and d grows from 70 to 100.

6.4.2 Neural networks
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Figure 6.2: Results of the neural network experiments.

In our second set of experiments, we consider the real data setting used in
[2019]: a multi-layer fully connected neural network with ReLu activations on the
MNIST dataset. We adapted the code provided in [Simsekli et al.| [2019] and we provide

our version in https://github.com/umutsimsekli/sgd_first_exit_time. For this

model, we followed a similar methodology: we monitored the first exit time by varying

the 7, the number of layers (depth), and the number of neurons per layer (width). Since
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a local minimum is not analytically available, we first trained the networks with SGD
until a vicinity of a local minimum is reached with at least 90% accuracy, then we
measured the first exit times with ¢ = 1 and € = 0.1. In order to have a prominent
level of gradient noise, we set the minibatch size b = 10 and we did not add explicit
Gaussian or Lévy noise. The result is given in Figure We observe that, even with
pure gradient noise, the error in the exit time behaves very similarly to the one that we
observed in Figure [6.1](a), hence supporting our theory. We further observe that, the
error has a better dependency when the width and depth are relatively small, whereas
the slope of the error increases for larger width and depth. This result shows that,
to inherit the metastability properties of the continuous-time SDE, we need to use a
smaller 77 as we increase the size of the network. Note that this result does not conflict
with Figure (d), since changing the width and depth does not simply change d, it

also changes the landscape of the problem.
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Chapter 7

Conclusion and future work

In this thesis, we investigated the tail behavior of the gradient noise in deep neural
networks and empirically showed that the gradient noise is highly non-Gaussian. We
analyzed the global convergence property of SGD for non-convex optimization via a
stochastic process, which can be seen as a perturbed version of the gradient descent
algorithm with heavy-tailed a-stable noise, for non-convex optimization and proved
finite-time bounds for its expected suboptimality. Our results agreed with the existing
related work, and showed that the weak-error of this algorithm increases faster than
unadjusted Langevin algorithm (ULA), which suggests using smaller step-sizes.

In terms of metastability, we derived explicit conditions for the step-size such that the
discrete-time SGD can inherit the metastability behavior of its continuous-time limit.

These outcomes enabled us to analyze SGD as a stochastic differential equation
(SDE) driven by a Lévy motion and establish a bridge between SGD and existing theo-
retical results, which provides more insights on the behavior of SGD, especially in terms

of choosing wide minima.

Future directions

Our study also brings up the following questions:

1. We observe that the tail-index might depend on the current state w*, which suggests
analyzing SGD as a ‘stable-like process’ where the tail-index can depend on time
[Bass|, 1988]. However, the metastability behavior of these processes are not clear
at the moment and its theory is still in an early phase [Kuhwald and Pavlyukevich),
2016].

2. At the initial point, in the over-parametrized regime with large batch sizes, the noise
can in fact be of Gaussian nature (Figure . However, this property is destroyed
quickly (see [Neal [1996], Der and Lee| [2006], [Lee et al.| [2018] for a discussion on the

infinite width networks, and [Panigrahi et al. [2019] for a discussion on the early phases
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and large batches). We note that such Gaussianity heavily depends on the structure
of the data, initialization scheme, and the size of the network in a sensitive way
and may hold in only certain regimes or in specific cases. We think that identifying
the crossover between the Gaussian and non-Gaussian regimes depending on the

architecture and data is an important open problem.

. Even though the general heavy-tailed behavior remains unchanged with the choice
of the loss function, we still observe different behaviors in terms of relation to gen-
eralization (see Figure [L.1I). We note that our results are related to the findings
of [Martin and Mahoney, |2019], which modeled the weight matrices as heavy-tailed
random matrices and investigated the density of the singular values of those matrices.
Their empirical results on various different types of neural networks show that when
the batch size gets smaller, the training process is able to catch finer-scale correla-
tions from the data, leading to more strongly-correlated models between the layers
of the network and that the entries of the weight matrices and the density of its
singular values have heavier tails. Our results in Section are partially consistent
with the findings of [Martin and Mahoney| [2019]. Their results combined with ours
would shed more light into the heavy-tailedness of the SGD iterates and generaliza-
tion properties of SGD algorithms. In the future, we would like to investigate the
underlying deeper connections between the heavy-tailed behavior and generalization

further from both a mathematical and experimental perspectives.

. We have empirically observed a heavy-tailed behavior in the stochastic gradient noise;
however, it is still not (rigorously) clear what the underlying mechanism that drives
this heavy-tailed behavior is. One possible idea is to consider a deep network with
I layers f(w) 2 wWa(wl=Vo (. wPay(wa;)...)) where we look for optimal
weights w by minimizing the associated loss function using SGD algorithm, and then
relate the stochastic gradient noise to a self-similar process which has a close connec-
tion with Lévy-driven SDE and a-stable distribution Pipiras and Taqqu|[2017]. Addi-
tionally, there have been nice theoretical guarantees established for those self-similar
processes |[Pipiras and Taqqu| [2017] which could be useful for building a theoreti-
cal analysis of the heavy-tailed behavior of the stochastic gradient noise. Therefore,

investigating this underlying mechanism would be a promising future direction.

. Another interesting research direction concerns the multifractality, which is one of the
important aspects of stochastic processes such as fractional Brownian motion, Lévy
motion, etc. These processes are used for modeling phenomena in nature Bobrov et al.
[2005], |[Pavlov et al.| [2018], |Teotia and Kumar|[2011], which are often very irregular.
Multifractal analysis consists of studying the set of the irregular points, characterized
by the Holder exponent [Yang et al.| [2018], of a function f. Motivated by the first
exit time problem from local minima, it is also intriguing to study the connection
between FLA and the (ir)regularity of function f by using multifractality: The
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probability that w* in (3.3]) resides in a set of low regularity points of f and the role
of index a towards this probability.

. Besides first exit time and metastability, studying the minimal time needed for a
stochastic optimization algorithm (e.g. equation ) to enter a region containing
a local minimum is important as well. Such minimal time is called hitting time
and has been studied in recent years [Zhang et al.| [2017Db], [Chen et al.| [2020] for
Stochastic Gradient Langevin Dynamics, which is obtained by replacing the gradient
in ULA by stochastic gradient. Thus, extending these results for FLA is

a natural research direction and would provide a better understanding of the heavy-

tailed behavior in the stochastic gradient noise.
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Appendix

Supplementary materials for Chapter

Proof of Lemma

Proof. Let q(x,t) be the probability density of x(¢). By Proposition 1 in|Schertzer et al.
[2001] (see also Section 7 of the same study), the fractional Fokker-Planck equation
associated with (5.5)) is given as follows:

dq(x,t) = —Z&[(b( a))ig(x,1)] = 7 ZDO“ x,1).

Using Definition (5.6) of b, we have

“1DY2(_ B (x)0; f(x d
3tq X t Za B Dz ((é(ﬁ)j;( )azf( ))Q(X7t)] _ 5_1 ZD?Q(X,t)
L —1

rBIDAE (—Br(x)0; f(x d
:_Zai I M et L ))q(xvt)] — B Dig(x,t)
L B =1

(%)

d cR—1mya—2 r(x d
=y o[ TP 0T o ] 5 S Draen),
=1 =1

(%)

Here, we used 7(x) x)/ [ ¢(x)dx in the second equality and —39; f(x) = 0; log 7(x) =

6;72)(:)‘) in the third equahty. Next, by replacing g by 7 on the right hand side of the

above equality, we have:
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>0 [6—19?*2(@#@))”(& t)} P de Do t) =

:_Za{ D2 (0im(x))] - B 1Z'DO¢ (x.1)
- S )] -5 12@‘1 x1)
=§;D? (B~ r(x)] - 87 ; DOr(x,t)

=0.

Here, we used Proposition 1 in |Simsekli| [2017], D?*u(z) = —a%zu(x), and the semi-
group property of the Riesz derivation D*Dbu(z) = D Pu(z). This proves that 7 is an

invariant measure of the Markov process (x(t));>o. O
Proof of Proposition

Proof. By Corollary 1.3 in |Liang and Wang| [2018|, the assumptions imply that there
exist constants C' > 0 and C; > 0 such that Wy (uss, 7) < C’ﬁe*élt

Let P3; be the coupling of pg; and 7 that such that Wi (use, ) = [ [|x3(¢) — W||dPs;.
For 0 < A < 1, by Hélder inequality,

W3 (st ) < / s (t) — W[ *dPs,
A
<( [ sty — waru)
:Wf(%t’ﬂ)

Fora>\A>1,

W3 (st ) < / Ixs(t) — W|*dPy,

1-6

<( [ 1ty = warn)” ([ lxate) - w-/0-ap, )

1-6
W e, ) [ xalt) = O 0-0apy)

where we used Holder’s inequality for § < 1 such that (A—0)/(1—4) < «, and [ ||x3(¢) —
w||A=9/(0=9dPy; is bounded by a constant, by assumption
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Finally, we have
Wi (e, ) <CBe” 1,

for some constants C,C7 > 0 and for 0 < A < «. This completes the proof.
O

Remark Let us consider the case where the dimension d is equal to 1 (the exten-
sion for d > 1 is similar). The first part of assumption can be satisfied un-
der the following (rather non-trivial) assumptions. Assume that there exist constants
P,Cy,C5,C5,C4,Cs,Cg > 0 such that:

f(z)>0if 2> P, (7.1)
[ per@d:=c>o (7.2)
[z|<P
[ e@Ir @I s = o> 0 (7.3)
z<—P
o(2)f'(2)|z]*"*dz = C5 > 0, (7.4)
z>P
. . 1 |
if 2] < P ’d)(x)lx T | <Cule—y| VayeR, (7.5)
3 . 1 _ 1 _ 11—«
ifz<—P: ’¢(m)|x e ey Y P ’ < Cslz — yl|2| Va,y € R, (7.6)
. 1 1 .
ifz>P: (¢(x)|:17 T = z|“*1) < Cslz|' "y — ) Yo,y ER st x>y,
(7.7)
C1Cy + CrC5 < C3Cs. (78)

By definition of Riesz potential, we have:

/¢ lx*zlal /¢ |y—z|a1
= 407 G ~ )

/ 1 1
_/ZSP(b(Z)f (Z)( (x)|:cfz“"*1 - ¢(y)|y72|a71)dz

! 1 1
+ / O (T s )¢

, 1 1
* Lo ¥ O G s )

By these assumptions, we estimate the first term on the right hand side in the above
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expression of b(z) — b(y), for x > y, as follows:

: 1 )
[ e == ~ =) <
1 1
<

< /|z|<p o N 2T ~ )y — 2
< /WP 16()1"()|Calz — ylda

dz

:CHCZM-—M
:CHCH<$——y)

For the remaining terms, we have:

) 1 1
‘/K_p O (S~ sy e
1 1
<

—/Kp'd’(z)f O s@e =T~ sy =211
< / B2 (2)|C5 212 — |z
z2<—P

=CCs|z — y|
=CoCs(z — ),
and
| et (s g )
2>P )|z — 2| oY)y — 2|

< o (2)f'(2)Cslz'~*(y — x)d=
=C3C6(y — )
=—C3Cs(x — y).

By combining these estimates, we get, for > y:
b(z) — bly) < (C1C4 + C205 — C3C6)(x — y).

Thus, (b(z) — b(y))(z — y) < (C1Cy + C2C5 — C3C6)(z — y)%. Since €10y + C2C5 —
C3Cg < 0, this inequality for drift b makes the first part of assumption hold. O

Proof of Lemma [2| In this section, we precise the statement of Lemma |2| and provide

the proof.

Lemma 6. Let v and w be two random variables on R? which have p and v as the
probability measures and let g be a function in C'(R? R). Assume that for some c; >
0,c0>0and 0 <y <1,

[Vg(w)|| < eiflw|]” + ca, Y € RY
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then the following bound holds:

’/gdu—/gdu‘ < (cl (E||w||7p>% +a (EHVH’YI))% +02)Wq(,u,1/).

Proof. We have
1
o) = glw) = [ (w= 0. 9g((1 ~ o+ tu)s
0
1
< / lw —o||||Vg((1 = t)v + tw)||dt (by Cauchy-Schwarz)
0

1

< / lw —v||(cr (1 =) ||Jv|l + t|lw|])” + c2)dt  (by the assumption on Vg)
0

< Jjw = vl (vl + lwl)” + )

< lw =wli(erflvl” + erljw]]” + c2). (by Lemma [16)

Now let P be a joint probability distribution of u and v that achieves Wy (u, v), that
is, P = L((w,v)) with p = £(w) and v = L(v). We have

/gdu /ng—]EP w) —g(v)]
< [Ep(ci|w]? +c1||v||” +62>p1%mp”w — |9

< (e (Bellwl™)” +er (BolvI™)” +ca)Wytu ),

where we have used Holder’s inequality and Minkowski’s inequality. O

Proof of Lemma [3]

Proof. We define a real function F) as follows:

Fx(y) = lyll*- (7.9)

It is clear that F) is a C! function. Let y(t) = x1(t) — x2(t). By the chain rule,

dRA(y (1)) = (VEA(y (1)), br(x1(t=), @) = ba(xa(t—), ))dt

= A[x1(t) = x2()) M (x1.(£) = xa(t), br (x1.(t=), @) = ba(xa(t =), @))dt.
(7.10)

By integrating both sides of (7.10]) with respect to ¢, we arrive at

Fx(y(t)) =FA(y(0)) + /0 MPer(t) = xa (8)) 172 (x1(8) — x2(t), br(x1(t), @) — ba(xa(t—), @))ds

=/ Al () = 32 ()12 (1 () = xa2(8), bi (31 (t-), @) = ba(x2(t =), ))ds.

0
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By definition of Wasserstein distance, we have

Wi (e, nae) = it {(E[Fx(y()])/*},
which is the desired result. O
Proof of Theorem (8] In this section, we first precise the statement of Theorem |8 and
then provide the corresponding proof.

Theorem 13. Let E[|[L¥(1)||* £ lq,na < 00. We also define the following quantities:
d \\rr 1 @1 a1 _
Pu(n) 2 (en( 57 ) )™+ (en)? + @n(o o4 m)) “7 4275 ()Y
n (¢=1)
P -1 -1
+<B) iy T MO ((2n(b+m))
@=D~y 4
n o« P
+(g) laiq—l)pmd)’
d ﬁ 1 ol ol n % qi
Po(n) & M ((en( 57 ) )™ + (e + @n(o+m)T +22B) + (F) 10, ):
Quln) £ 77 + (E[xa(0)407) 7 + 7= (M7 (Ellxa (0)]| 4~77) 77 + BO—V)

(g—1)y (g—1)y
pl

+92 2 (nB)(q—l)v

g—1 4
M\ o ;57
+(E) la,l(qfl)pud’

Q2 2 M(E|jxo(0)[ ") + Mo
Under additional assumption on the step-size: 0 < n < {7z, we have

Wi(pat, pat) < q77</€2p1(77)P2(77) + KPP () Q2 + KT Py(n)Q1 () + le(U)Qz)

Proof. From Lemma [3] we have

Wi (e, pat) =

/O ¢ l[x1(s) = x2() |77 (x1(s) — xa(s), ba(x1(s—), ) — ba(x2(s5-), a)>d8}

I
=

(j4+1)n
D3] / g1 () = x2(5))I1*~2 31 (5) = x2(5), br (5 (5-), @) — ba (xa(5-), )} s

7=0
k-1 (G+1)n
<SE[ [ alals) - xa(o) | el VG (5) - ¥t ]
7=0 an
k=1 r(i+D)n
=03 [ E[lals) = xe()|" el VA Gxals) = Vi xa(im) | ds
7=0 Jn
k=l r(i+1)n

- / []E||X1(S) - x2(s)||(q—1)p1} g {E”Ca(Vf(m(s)) - Vf(xz(jn)))uql} ids,
ovIan
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where we have used Cauchy-Schwarz inequality in the third line and Holder’s inequality

in the last line.
Since (¢ — 1)p; < 1 by assumption using Lemma [16| twice, we have:

1

(Bllx1(s) = x2 ()10 ) ™ < (Bl (5)]) 907 + Eflxa(s) @) ™

<[E(Ix @1 7) ] + [E(Ixas) 507 )] ™
Then, by applying Lemma [0] and Lemma [T2] for s € [jn, (j + 1)n), we obtain:
(EHxl(S)*xQ(s)“(‘1*1)}71)ﬁ -
<(e(s (51/ +1)+1 ))‘HJr [Elbealo) 7+ (200 -+ m))
2 e () )

(a—=D)p1v
+ (s — jn)eDm (M(q—l)m (]E||xz(0)\|(q_1)p” i j((277(b + m))ilz L

(a=1)py~v

I 2(q712)131“/ (nB)(qfl)pl'y + (%)

5—Jn
+(")
B
Next, using Lemma the inequalities j < j+1 and s—jn <n for s € [jn, (j+1)n),
we get

la,(q—l)pl'y,d)) + B(qil)m)
(a=1)py 1

P1
la,(q—l)pl,d:| .

(Bl (o)t ) <
<( ( (51/ + 1) + 1))‘1—1 + (]E||x2(0)|‘(q71)pl)ﬁ Gt 1)% ((zn(b . -

(a=1) 4
_ n o o1 _ _ _ 1 1
(nB) + (E) la,l(q—l)pl,d) o 1(Mq 1((E||X2(0)||(q DPvy

a1y 4

H G+ (@04 m) P 125 @By 1 ()T 1))
) () e

We note that s < (j+1)nand ¢ — 1 < p% (from the assumptions). Hence,
(e(s (61/ +1) + 1))‘1_1 <(e(G+ 1)77(% +1)+ 1))ﬁ

<G+ 17 (en (ﬁl/a “))ﬁ + e,

where the last inequality is an application of Lemma By replacing this inequality

(g=1)
2

+2
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into the previous one and rearranging the terms, we have

1
(E”Xl (s) — Xg(s)H(q—l)Pl) P1
Scﬁ + (EHXz(O)H(Q—l)pl)ﬁ + 1 (Mq—l(E||x2(0)||(q—1)pw)ﬁ 4 B(q_l))

azd 1 (a—1)

£ (3) g 00 (i 1))+ a4

(a=1)
< (a=D)vy

—1) — Ui o p — .
= (nB) ”+(B) e + 1T M (204 m))

(¢=1)y 4

(a=1)vy 1 n o
+2"%7 (nB) >7+(B) g vpina) )

e+ (Elxa(0)]1 D7) 4 1=t (M7 (E|lxa(0)| 47V ) 5 4 Bl

(q

q—1 1
1 (g=1)

ANEINTY . R d L o
i (E) laa—vpra T T DT ((CU(W» C ()P + (20(b+m)) e
(@=1) 4
(a—1) _ 77 (e P _ _ (4—1)
2B+ (F) T Wt M (04 m))

+

(a=1~y 4

)y (nB)(q—l)W + (%) ; lzl(qfl)l)l%d))

—Qi(n) + (j + 1)1 Pu(n).

Here, we have used Lemmall6|in the last inequality. Now, consider the following quantity

[Ellea (V£ (x1(5)) = ¥ f(xa(im))|1 = [E(Mlxa(s) = xa(im)7) "] .
<[E(Mix + M)
< {]E(Mq1||x1(s)||wh)ﬁ + [E(M‘“Ilm(jn)\l”‘“)ﬁa

where we have used assumption Lemma [16] and Minkowski’s inequality.
By Lemma [0 and Lemma[I2] we have

1

[EHcNf(xl(s))—cﬁf(m(jn»nql] "<

<M (e(s(5 +1) +1)) + M0 @l

+ (@0 +m))E + 27 By + (%) “loqaa)| "

By using Lemma [16] and the inequality j < 7 + 1, we have

1

[Ellca¥161()) — caVSGalim) 2] <

<M (e(s (51/ +1) +1)) + MEx)")7

+ MG+ 1)H ((277(b—|— m))% +22(nB)" + (Z) qu'yql d)
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We note that s < (j + 1)n and v < qil (from the assumptions). Hence,

(oo (i +1) + 1)) =G+ (g +1) +1)) "
<(j + 1)*(077(#% + 1))é +c%,

where the last inequality is an application of Lemma By replacing this inequality

into the previous one and rearranging the terms, we have

1

[ElleaV £(x1(5)) = caV f (oG] ™ <

S ME )% + ek 1 MG+ 1% (en( o +1))

Y aotmBy 4+ (M)
@+ m)E 22 mB) 4 (F) 1,)
<M(E|lxa(0)")7 + M + M(j +1)7

x
2

(
+en)® o+ @ao+m)) +2Eap) + (1), )
=Q2+ (j +1)7 Pa(n).

Here, we used Lemma [16|in the last inequality. By combining the above inequalities,

we get
E| / 11 () = xa(3)) 7721 (5) = xa(5), by (x1(5-), @) = ba(xa(s—), @) ds] <
<> an((G+ DR + G+ 17 Pn)Qa + (G + 1) Po(m)Qi () + Q1 (n)Q2)

< qn(k*Py(n)Pa(n) + kY21 PL (1) Qa + KTV Py(n) Q1 (n) + le(ﬁ)Qz)-

The final conclusion follows from this inequality. O

Proof of Corollary

Proof. In order to get the results from the bound obtained by Theorem we take the
max power of k£ and the min power of 17 among the terms containing k£ and n but not
containing . For the terms containing 3, we take the max power of k, min power of 7,

min power of 1/8 and max power of d. We get
Wi (e, pae) SC (K + k2t tmintea=il/ag=(a=ba/ag),
Since v < 1/p=(¢—1)/q < ¢ — 1, we finally obtain

W (i, par) <C(k*n + k2t tr/ep=a=b/eg),
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Proof of Corollary [2]

Proof. The proof starts from the bound established in Corollary [§] then, follows the same
lines of the proof of Corollary O

Proof of Theorem

Proof. We have the decomposition:

E[f(w")] = f* =E[f(xa(kn))] - f*
=(E[f (x2(kn))] — E[f (x1(kn))]) + (E[f (x1(kn))] — E[f (xs(kn))])
+ (E[f (x3(kn))] — E[f(W))]) + (E[f(W))] — f7).
By Corollary [2| Corollary @] Lemma [4] and Lemma [5 there exists a constant C’
independent of k, n and g such that

1 1 (g—1)v

E[f(wh)] — £ <C' (K47 + kMgt S g a4 k1 Tt g

L bt d/B B Mc!
1+~

exp(—)\*ﬁ_lt)> +

(2e(b+d/B))"?T(d/2 +1)B"
(dm)d/2 )

m

+B_110g<

Here, we note that kn = t. then by taking the largest power of k, smallest powers of n
and 8~! among the terms containing all of three parameters k, n and /3, there exist a

constant C satisfying the following inequality:

E[f(wk)] — §C<k1+max{%,v+%}né +k1+max{%,7+g}n%+%qﬁf%d
b+d/p . B Myt
+ A exp(-Af kn))+ Ty
o (2e(b+ d/B)YP0(d/2 + 1)8
+67 o ( (dm)/? ):

O

Proof of Theorem [9] In this section, we precise the statement of Theorem [J] and

provide the full proof.

Theorem 14. We have the following estimate:

d
ﬂl/a

+L( cg_1)<t(ﬁld/a + 1) + 1)'171),

)qflJrW

Wil i) Sat (M1 +f e+ ) (1 i +1) +1

where ¢ and ¢y, are constants defined in Lemma[9 and Lemma[10
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Proof. From Lemma B we have

Wi i) <] [ al306) x4 xa(5) = 60,1 (5. ) b (s-), ) s
[ al6) = X215 60,1 -, ) — b))
<8 [ [ allas) = s~ eaV T o o)) + (5. s

_q[TEMxmgJQ@MWI(%Vf@a@>+de®*”@dS

1

§thFWq®)—xA$H“*”ﬂ%[Emavﬂxm$)+wxﬁ@¢UWﬂ“d&

where we have used Cauchy-Schwarz inequality in the third line and Holder’s inequality
in the last line.

Since (¢ — 1)p1 < 1 by assumption using Lemma [L6| twice, we have:
1
(Bllxa(5) — xa(s) [ )* <(Bfca ()57 + Ellxa ()] -7 )

<[E(Ix (1) ™ + [E(IxaCo1em)] ™

Then, by applying Lemma 0] and Lemma [I0] we obtain:

(Bl a9 ™ < (s (57 +1) +1)) "+ (s (5 +1) +1)) "

Now, consider the following quantity

1

[Ellea V£ (x1(s)) + bxa(s), @)™ <

< E HCan X1 —Can(Xg(S))” + ||Can(X3(S)) +b(X3(S),Oé)H)q1:|H

< [E(Mlx1(5) = xs(s) " + £)" |

(
(M
< [B(Mba P + Mool + 2)"]F

<[E(uo (e P)] " + [E(2 o) )]+ L

where we have used assumption AP] assumption A[f] Lemma [I6] and Minkowski’s in-
equality. By Lemma[9] and Lemma [0} we have

1

[Ellca V' (x1(5)) + b(xs(s), )| | <

SM(c<s(ﬁld/a + 1) n 1))v +M(cb(s(ﬁ% n 1) n 1))7 i
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By combining the above inequalities, we get

B [ al0s) 62 xa(5) = 69,157 ) bl -), )] <

o [ ((c(o(arm+ 1)+ )) = (oo =)+ 1)) (e (elo i
#1)+1)) (oo i 1) 1)) )

o e o 1) ) et

+1) + 1>q_1>ds

- d a—1+v _ d
§qt(M(cq_1 + N+ cZ)(t(W + 1) + 1) F L Y (t(m + 1)+
q—1
+ 1) )
The final conclusion follows from this inequality. O

Proof of Corollary

Proof. First, we replace t by kn. Then, by following the same lines of the proof of
Corollary [1], we get

Wi (e, par) <C (kT + k97 (R

By assumption q—1<1/p; and vy < 1/q;. Tt implies that d9— 147 < gt/Pr+1/an =

d. Hence, we have

W (e, pae) <C(kIH 77+ k179875 d).

Proof of Corollary

Proof. By Lemma[2] Lemma [J] and Lemma [I0] we have

calELF(x1(8))] — BLf (xa(0)] <
<(MEIx @) 7 + M(Elxs(0)[77) " + B)Wylpure, 1)

(0 (efege 1) 1))+ () +1)) Bt s

S
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Then by Theorem [0} we have
calE[f (x1(2))] — E[f (x3(2))]|
S(M( ( (Bl/ + 1) + 1))7 +M(cb(t(ﬁf% + 1) + 1))7+

+B) <qt(M<cq_l +e T + )t ( +1) + 1)(171+V

gi/e

+L(c! +cg*1)( (51d/a + 1) + 1)q_1)>

Applying Lemma [T6] twice, we get

E

calE[f (x1(1))] = E[f (x3(1))]| <

tYdY

/e

(a=14+7v)/q td (¢=1)/q
+t+1) + LY 1)1/‘1( +t+1) ))

<(Me + ) (S + 1 +1) + B) <<qt>1/q (/e 4 ™M 4 ) Ve

61/04

g+ 1) +5) (Ww (rt/aert e Ha(E + ) e

(¢—1+7v)/q
Bla—1+7)/(qe)

(7=
<(M(e +¢) ( o
G

+ gla=1+m/a | 1) + Ll/q(cqfl + Cgl)l/q(m +¢le=D/a 4 1))) )
Now, by replacing ¢ = kn we find that, among the terms containing [, the largest
power of d, the largest power of k and the smallest power of i are v + ‘H%, ¥+ VTW
and v+ %, respectively. For the smallest power of 571, we need to compare the following
quantities: y/a, (¢ — 1+ 7)/(qa) and (¢ — 1)/(qev).
It is obvious that (¢ —147)/(ga) > (¢—1)/(ga). Next, from the relation v < 1/p =
(¢ —1)/q, we have v/a < (¢ — 1)/(ga). Thus, the smallest power of 37! is v/a. Hence,

we have the following bound:

calELf(x1(1)] = ELf (s ()] SC (K50 573050 4 0503,
for some constant C' > 0. For the power of d, using that v < 1/p, ¢ — 1 < 1/p; and
v < 1/q1 we have

147

7+%§1/p+

1 1
/pl;r/(h_l/p_‘_l/q_l_

Finally, we have

y+a

calBLF (1 ()] — ELf (xa(0)]] <C (K5 4087 Rd + k7451,

Proof of Lemma [
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Proof. By Lemma 2] we have

1 . 1
calELF(xa(0)] — BLF()]| < (M (Ellxa()[7) + M(EII™)F + B)Wy(juze. ).
Assumption says that E|w|"? is bounded by a constant depending on b, m and

B. In addition, by Proposition |1} lim; oo Wyp(13s, ) = 0, and by Theorem 7.12 in

Villani| [2003], it follows that

Jim Ellxs(1) "7 = B[l

Thus, E||x3(¢)||"? is bounded by a constant independent of ¢. Finally, since ¢ < a,
by propostion |1| again, W, (us:, m) < CBe~*+t/8 . Hence, using the bound in assumption
Al7], there exists constant C' such that
b+d/g

m

[E[f(xs()] = E[f(W)]| < CB exp(—A ).

Proof of Lemma [l

Proof. The proof is adapted from |[Raginsky et al.|[2017], Section 3.5. First, we have the

decomposition:

dw

) = [ s e

Bf(
:l(f ep(—Af(w) . exp(=Bf(w))
B\ Jpa Jpaexp(=Bf(0)dv 7 [paexp(=Bf(v))dv

The first term in the parentheses is the differential entropy of the probability density

dw — log /]Rd exp(fﬁf(v))dv).

of w, which has a finite second moment (due to assumption A@ Hence, it is upper-

bounded by the differential entropy of a Gaussian density with the same second moment:

_ exp(=Bf(w) |\~ exp(=Bf(w) - _d  2we(b+d/B)
o o oxp(— )0 o exp(—pr ) = 2! s dm )

Here,  denotes the Archimedes’ constant. By Lemma [8] we have

“YMct xd/23—d
-t [ st 500 + £ s ().

Then, it implies that

2me(b+ d/pB)
dm

B Mgt
1+~

o BT IMe! -1 w254
)+ I+ vy 7 1°g<r(d/2+1))

(2e(b+d/B)**T(d/2 +1)p¢
(dm)dr2 )

El ()] <2 og

—f(w) +

+ 57 log (

which leads to desired result. ]

Proof of Corollary [6]
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Proof. By triangular inequality, we have

Wy (pae, ™) < Wypae, pae) + Wepae, pse) + Wo(use, ).
Then, using Corollary [T} Corollary []and Proposition [T} we get

WQ(lU’Qt’ 7T> <
SC((k27] + k2n1+'y/a/3*'v(q*1)/ad)1/q + (k"”’yn + kq+7nq57(q*1)/ad)1/q + ﬁeﬁwkn/ﬂ)

SC(k2/qn1/q + k2 apt/aty/ae) g=yla=D/ @) gl/a 4 pl+v/apl/a 4 pltv/apg=(a=1)/(ae) gl/q
+ Be*&kn/ﬂ)’

where, we used Lemma [I6] for the second inequality. Then, similar to the proof of
Corollary [1] we obtain

Wq(th’ﬂ-) S
Sc(kmaX{Zquv}/qnl/q + rax{2atyt/apt/aty/(ae) g=y(a=1)/(a0) gl/a 4 56*/\*kn/ﬂ>'

O

Proof of Theorem [10]

Proof. Since each function x +— f()(z) satisfies assumptions it is easy to check
that fi also satisfies these assumptions (with the same constants and the same param-
eters) for all k. Then by repeating exactly the same lines as in the proof of Lemma
we obtain the same estimates for the moments of x5. Now by following the same steps
as in the proof of Theorem we first have

Wi (e, prae) <

<q kz_:l/(jﬂ)n {EHxl(s) - X2(5)||(Q*1)p1:| o {E||Ca(vf(x1(s)) - ka(&(jﬁ)))”ql} Hds,

j=07Jn

then

(Elhaa(s) xa(s))0m) ™ <

<+ (Elxa(0)| 0777 4o (M7 E o (0)]| 075 + BOD)

g=1 4

AN o RN B -
" (E> laa—vpra T DT ((CU(W» L ()T A+ (2n(b+m)) 2
(a=1)
(g—1) _ n = L B B s
e (nB)(q U (E) layl(qfl)pud +nt M ((277(b +m)) 2

(g=D)y

(a—1)v 1 n o P1
+27 (nB)Y )“r(g) i)

—Q1(n) + (j + 1) 7 Pi(n),
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where P;(n) and Q1(n) are defined in Theorem Now, by Minkowski’s inequality, we
have

1

[Ellea (V£ (x1() =V S G| | =

=[Ellea(V f(x1(s)) = V f(xa(jm)) + V£ (x2(jn))

= Vi) ] "

1

< [Ellca( VS (xa(s) = VS Gea G2 ™ + [Ellca( VS (x2(jm))
= Vil (im)) ] ™
As in the proof of Theorem [I3] the following inequality holds:

Ellca V(1 (5)) —ea Vo) <

M) + e + 0+ ) ((en( )
+(en)® + (2n(b+m))? +23(nB) + ( LY )

—Q2+ (j + 1)@ Pa(n),

where Ps(n) and Q2 are defined in theorem Using the additional assumption
lemma [12] and lemma [I6] we get

1

[Ellca(V/Ge(im) -V fiGeaGim)lIn] ™ <

<s[E (v il )]

<8 M El|x2(0)") + M (206 +m)) F +27F (B

y4q1 1

ORI
<OM(E|xa(0)[7 )75 + 8M(j + 1)7 ((2n(b+m))F +

#(5) 1)

By combining the two above inequalities, we obtain

)

22 (nB)"

1

ElleaV S (01 (5)) ~eaV S (o () 2] <

g(l+(S)M(IEllxz(O)Il’““)ﬁ+Mcﬁ+Z‘4(j+1)i((c’7(5%))H
+(en) ™ + (1+8)(2n(b+m))? + (1 +06)23 (nB)

(1+
040 (2) 0 0)
=Q} + (j + 1) Py(n).
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Finally, we have

W (e, prae) < qn (k2P1 () Ps(n) + kTP Py () Q4 + KTV P () Qu () + le(n)Qé)

By considering the additional term §, we arrive at the following bound:

W (1, pae) < C(1 + 8) (kP + K2t/ g=ra=D/eg),

Proof of corollary [7]

Proof. By lemma 2]

Ca ELf (51 (k)] —E[f (x2(kn))] | <
< (M (Elpca(kn) 7" + M (Elxa(kn)]| )+ B) Wy e, ).

Then, by following the same proof as in corollary[§] corollary [I]and using theorem [I0}

we get

calBLF (1 (kn))] — ELf (o (kn))]| <C(1+6) (K505 + K ayi 3 g~ ).

Technical results

Corollary 8. Along with Pi(n), Ps(n),Q1(n), Q2 in Lemma[13, we define, in addition,

the following quantities:

Putn) & 2 ((en(5172))” + e+ anto+m)? + 23 By + (2)707 )

Qs 2 M(E|| X,(0)|"")# + Mc» + B.
For 0 <n < 1%, we have the following bound:
CaELF (1 (k)] = E[f (xa(km))]| <
<(an)® (K3 (P (n) Po(n) & Pa(n) + K7 (P ()Q2) * Pa() + k' 557 (Po()Qu (1)) Pa(n)
+ k(Q1(m)Q2)" Po(n) + k' (Pu(m)Pa(n)) 7 Qs + k1 &7 (PL(n)Q2) 1 Qs
k8 (Pa(n) Qi (1) Qa + K (Qa(1)Q2) Qs ).
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Proof. By Lemma

ca|ELf(x1(kn))] — E[f (x2(kn))]| <

<(M(Blxa (km)77) " + M (Elxa (kn)]7)” + B) Wy (s, r20)
Using Lemma [9] and Lemma [I3] we have

(a1 (Bl o)) 31 (Elaion) ) + B) <
M (e (557 + ) ))7+M[EHXQ<0>||W>

Y
By using Lemma [I6, we obtain
(M (Blxa (o) 77) "+ (Ellxa(kn)7) " + B) <

)
<M(c (k"(/sldxa 1) +1)) + MEx0)7)?

+ ME? ((2n(b+m))? + 2% (B) + (ﬂ) B .) +B.

a,yp,d

We note that v < %. Hence,

(i +1) +2))" <(e (i 1) +1))°
Sk% (cn(ﬂl;d/a + 1))5 —l—c%7

where the last inequality is an application of Lemma By replacing this inequality
into the previous one and rearranging the terms, we have

(81 (Bl G177+ M (Elpeathny7) + B) <

3=

M(E||x2(0)|"?)% + Mc# + B + Mk» ((cn(ﬁf% + 1))

@+ m)? +25mB) + () 1L ,0)

M (E|x2(0)["")% + Mc» + B+ Mk» ((C”<ﬁ1d/a));

[N/

1
+ (en)r + (2n(b+m))
=Qs + k» Py(n).
Here, we have used lemma[I6in the last inequality. Next, by Lemma[I3]and Lemma

Wilpares pae) <(an)¥ (K2 Pr(n) Pain) + K12 PL0)Qa + K Pon)Qi () + k Qi (n)Qz)

Pa(n
<(qn)* (K (Pu0)Pa ()7 + K357 (PU)Q2)7 + k17 70 (Pa(m)Qu(n)) T+

B Qi) Q2)7 ).
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By combining the above two inequalities, we get

caELf (1 (k)] — ELf (2 (k)] | <
<(q >%(Q3+k 31)) (15 (P Po(n) s + K377 (P n)Qa) & + k3 7 (Po(n)Qi (n)) s+
:<qn>( 3 (Pu(n) Pa()) ¥ Pa(n) + k' 5% (Pu()Qa) ¥ Pa(n) + k' 75 (Po(n)Q1 (n)) ¢ Po()
+ K(Qu(n)Q2)s Pa(n) + K (Pu(n) Pa()) ¥ Qs + k47 (Py(1)Q2) " Qat
k8 (Pa(n) Qi (1) Qa + K (Qa(1)Q2) 7 Qs ).

O

The following lemma is an extension of Lemma 1.2.3 in |Nesterov| [2013] to functions

with Holder continuous gradients.

Lemma 7. Under assumption A@ the following inequality holds for any x,y € R%:

calf(x) = f(y) = (Vf(y),x=y)| <

M
[ =y
I+~

PTOOf Let g(t) £ cof(y +t(x —y)). Then, ¢'(t) = co(Vf(y +t(x —y)),x —y) and
fo t)dt = g(1) — g(0) = ca(f(x) — f(y)). We have
cal I(%) = F(y) = (VF(y), x — )| = / ¢ (Ot — ca(VF(¥),x — )

| [ et s+t = y)x =yt = oV (). x - v)|

1
o] [ entTrty + 1= y) = V) x - y)ar]

By Cauchy-Schwarz inequality and assumption A2} we have

calf(x) = f(y) = (Vf(y),x —y)| S/O callVIy +tx—y)) = VI)lx - ylldt

1
< / M|x — y|[7}x — ylldt
0

M "
= X — ’Y.
1Jrvl\ yll

Lemma 8. The normalized factor of m is bounded below, i.e.,

5*’YMC;1 o ( 7z.d/Qﬂd )

log [ exp(=(w)dw > B f(w") — S ST

where 7 denotes the Archimedes’ constant.
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Proof. We start by writing:
log/ exp(—Bf(w))dw = — Bf(W*) + log/ exp (= B(f(w) — f(w*)))dw
Rd -
* BMec,t i
> = st o [ exp (= = w7 aw

Here, we used Lemma [7] with Vf(w*) = 0. For the second term on the right hand

side, we have

Mct Mct
/ exp(— BMc, ”w_w*HlJr'y)dw:/ exp(— u”leJﬂ/)dw
Re T+ lwli<B~1 L+

M —1
—l—/ exp ( — &Hwﬂu'y)dw
Jlw]|>B-1 L+~

M -1
2/ exp(f uﬂflfv)duﬂr()
lwll<p-1

1+~

—exp (- LMCJ) / Lduw
L4y llwl|<g—1

677MC;1 7Td/2ﬂ7d
147 >F(d/2+1)’

zexp(—

where, I' denotes the Gamma function and 7 denotes Archimedes’ constant (here, it is

not the invariant distribution). Hence,

—1

BMct 1 B~ 'Mec wd/2p—d
lo ex (— 2w —w* +7)dw>—7a+lo <7)
g/Rd G gl | =T 14, e\T@2+1)

By combining the above inequalities, we have the desired result. O

Lemma 9. For A € (0,1), there exists a constant ¢ depending on m, b, o, such that

1
X

Bl (0]1*)

gc(t(dﬁ—l/a+1)+1), VE>0,8>1,1<a<?2

Proof. We follow exactly the same proof as Lemma 7.1 in [Xie and Zhang| [2017], with

some modifications. Let h(z) £ (14 ||=||?)!/2. By It6’s formula, we have

dh(x1 (1)) = ((bl(xl(t)), Vh(x.(t))) + /Rd (h(Xl(t) + 7Y %x) — h(xa (1))

- Hmﬂw1/%7Vh<x1<t>>>)u<dx>>dt+dM<t>, (7.11)
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where M (t) is a local martingale. Noticing that d;h(x) = z;(1 + ||z||*)~'/2/2 and using
assumption we have

(b1(@), Vh(x)) =(ba(2), 2) (1 + [|lz[|*)7+/?/2
<(=mllz "7+ 0) (1 + ||z /2

=(=m([l]|"*7 + 1) +m +b)(1 + [|=]*)71/2/2.
Since (||z]|? + 1)H+/2 < (|27 + 1) by Lemma it follows that

(b1(z), Vh(z)) _m(||$H2 + 1)(1+7)/2 +m+b)(1+ ||g;||2)—1/2/2
(e + 1772 4 (m 4 B)(L+ al?)2) 2
—m(|lz]* +1)/2 + m +b)/2

—mh(z)” +m+b)/2.

<
<

On the other hand, observing that

|h(z +y) — h(z)] < Hyll/0 IVh(z + sy)llds < [|yl|/2,

and

h(z +y) = h(z) = {y, Vh(z)) < [lyl*/2,

we have

/R (n6ai(®) + @) = B () Ty ca @, h(x (1)) )v(da) <

1 / ) 1 /
<— z||“v(dx) + —— z||lv(dz
2575 Jyyen [z ]|*v (dz) 257 o || (dz)
d
<Cgia

where the last inequality is due to Lemma By integrating (7.11]) and combining the

above inequalities, we have

d
5
)derM(t).

h(xi (1) — h(x1(0)) < /0 ((=mh(r ()7 +m +8)/2 4+ C=C ) ds + M(1)
d
Bi/a

By Lemma 3.8 in Xie and Zhang [2017], for X € (0,1),

S/t ((m+b)/2+0
0

E( 521[10[,))5] h(x1 (3))>‘) < ¢y (Eh(xl (0)) 4+ ((m+b)/2+ Cﬁ%)t)?

This leads to the conclusion since h(z) > ||z||. O
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Lemma 10. For X\ € (0,1), there exists a constant ¢, depending on L, m,b, «, such that

1
E(Hx;;(t)H/\) Y < cb(t(dﬂ_l/“ +1)+ 1), VE>0,8>1,1<a<2
Proof. The proof is similar to the proof of Lemma [9} O

Lemma 11. Let X be a scalar symmetric a-stable distribution with o < 2, i.e. X ~
SaS(1) (see Definition @, then, for —1 < A < a,

C2T((14+0)/2)T(1 — N a)
E(XT") = L(1/2)C(1 —\/2)

Proof. The proof follows from Theorem 3 in [Shanbhag and Sreehari [1977] (see also
equation (13) in Matsui et al|[2016]). O

Corollary 9. The quantity lo x.a = E|L*(1)|* is finite for 0 < X\ < a. For details, we
have
(a) If 1 < X\ < «, then

22 T((1+\)/2)T(1 — /\/a))-

EIL () < o ( T(1/2)T(1 — \/2)

(b) If 0 < XA < 1, then

PT((1+ \)/2)0(1 — A/a))_

E[IL()[1* < d( T(1/2)0(1 - A/2)

Proof. Since L*(1), by definition, is a d-dimensional vector whose components are i.i.d

symmetric a-stable distributions L¥(1) for ¢ € {1,...,d}, we have

d
LW <> 1LE()]
i=1

(a) 1 < A < a.. By using Minkowski’s inequality and Lemma
a A1/ d a AT\ /A
@@ <(E[(X i) )
i=1

d
<D EBILE )MV

(2T X)/2T( - Ma) 1A
- ( I'(1/2)T(1— A/2) )
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Thus, we have
. 2 T((1+A)/2)T(1 — Ma)
E[L*(D)]* < dA( T(1/2)T(1 — \/2) )

(b) 0 < A < 1. By using Lemma [16] and Lemmal[T1],
d A
ELe () <E[ (318 )]) ]
i=1

d
<Y EILFmP
i=1

_d(zhr(a +A)/2)0(1 — )\/a))
B L(1/2)0(1 - \/2) '

Lemma 12. Let us denote the value E||L*(1)[|* by lo,xa < co. For 0 <n < 2% and

s € [jn, (4 + 1)n), we have the following estimates:
(a) If1 <A< aand 1l <y <a then

D=
+
[\}
[N
3
&
+
/N
™3
N———
Q=
—
S o
>
[s9
N———
N———
>

Elxa(nl < By 2 ((Elxe0)1) +5((20(b +m)

A 1 , 1 s—gnya,t \*
Ela(s)* < (B + (s = gm) (MBJ, + B) + (*57) "1ina) -

(b) If 0 < XA <1 then

Q>

Ela(n)l* < B 2 Bl +5(@n0 -+ m)? + 2208 + (5) “lana).

. A
D . = S — o
Ela()| < Byt (5 = ) (M Byoa + BY) + (57 “lana

(c) Ifl<A<aand0<~yA<1 then

Elx2(jm)* < Bja,
x < (X (MBS sy s
Ela()* < (Bja+ (s =i (MB,y + B) + (557) "Hina)

Proof. Starting from

x2((J + 1)n) = x2(jn) — nca V f(x2(jn)) + (g)

Q=

Le(1),

we have either (by Minkowski, if A > 1)

>
M=

() (B

(Bl G+ 1mI*)™ < (Blbalin) — neaVFem)IY) ™ + (5
(7.12)
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or (by Lemma ifo<A<1)

Q>

Ellxa(( + D)l < Ellxalin) — neaVSGoGm)I + (5) "L @Y. (7.13)
We have
lIx2(jn) — neaV f(x2(jm)[I* =
= [Ix2(im) — neaV f(x2(jm)) | (7.14)

>

2

= (IxeUmI2 = 2nca (xa(in), VS (xa(Gm)) + 0 eV S (x2(in)]I?)

[V

< (IxalmI2 = 2nmlicalin) 7 = b) + 2 @M o (i) 2+ 25%))
(7.15)
where we used assumption and Lemma For 0 < n < 47,

2pm (]| X2 ()" +1) = 20° M| X2 (jn)|*7. (since 1+ > 2y and nm > n*M?)

Using this inequality we have

Ia(im) = nea VA G2 < (Ic2Gm? + 20(6+m) + 272 B2)

< |lx2(jm)|* + (2n(b+m))* + 23 (nB)*. (by Lemmal[L6)
(7.16)

Consider the case where A > 1. By (7.12)) and (7.16)),
1
) X
(Blx2(G+ 1)) <

< (Blxa(im X + (20(b +m))

A
2

[N

@)+ (1) (e i)

1 1,
< (Blho(ml?) ™ + @2nb+m)¥ + 2298+ (F) 12,5, (by Lemma[9)
1 ) i 1 n é 1
< (Ble))" + G+ D (0o +m) +21nB+ (3)713,,).
For the case where 0 < A\ <1, by ([7.13)) and (7.16]),

Ellea(+ DI < Bllxa (Gl + @006+ m)? +22 0B + () lara

<Elxa(0)| + -+ 1) (@n -+ m)? + 23 B + (5)

+2

Q>

Q>

zaA,d).

Now, from the identification, for s € [jn, (j + 1)n),

xa(s) = i) + (5 — gmlea VT Geatin) + (252) * o),

we have

Ixe()] < xaliml + (s = dmeall V7 il + (“522) " L)

< Il + s = i) (MlxaGl” +B) + (“52) " I (),
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For A > 1,

(Blxas)) " < (Elxalml?)

For A <1,

>=

1
A

+ (=) (M (Elxan)” + ) + (*52) B

N
a

, , . s—Jn
Elpeas)|* < Bllxan)l + (s = ) (MO BlxG)l + BY) + (57) Tlaora

, we obtain the desired result.

By replacing the estimate of E||xz(jn)|*

Lemma 13. Under assumptions and A4 we have

ca| V()| < Mljw|” + B, Yw € RY.

Proof. By assumption we have
calVF(w) = VF(0)| < Mlw —0f".

Since ¢, ||V £(0)|| < B by assumption the conclusion follows. O

Lemma 14. For the function b defined in Lemma we have, for w € R?,
[b(w)[| < M|jw|[” + (B + L),
(w,b(w)) < (L —m)|w[|"™ + (b+ L).

Proof. From assumption A6} it implies that
[b(w)]| < callVf(w)]| + L.
Then, by Lemma
[b(w)|| < M|w[]” + (B + L).
Next, by Cauchy-Schwarz inequality and assumption Al we have
(w, b(w) + caV f(w)) <|lwl||L.
Then, by assumption
(w, b(w)) < — calw, Vf(w)) +[Jw||L
< = mfw[|"*7 4+ b+ [Jwl| L
< —mfw[|"*7 4+ b+ (Jwl7 + 1)L
=(L —m)[w|"*7 + (b + L).

Here, we have used the inequality |[w|| < [Jw|**Y + 1. O
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Lemma 15. Let v be the Lévy measure of a d-dimensional Lévy process L* whose
components are independent scalar symmetric a-stable Lévy processes LY, ..., L§. Then
there exists a constant C > 0 such that the following inequality holds with f > 1 and
2>a>1:

1 / 9 1 / d
— z||*v(dz) + ——— zl|lv(de) < C .
F2/a ||z\|<1” |"v(dz) B/ ||z\|21” [v(dz) B/

Proof. Using Lemma 4.1 in Kallsen and Tankov| [2006], we have

il (dz) / P
/||m|<1 Z s |<1 |21+
>t
o L~ 9 —
=1

2d
2—a’

Similarly, we have

z||v(dx) / T; dz;
/|x|>1 Il Z s |>1 | ||9C |1
_Za—l

2
a—1

Combining these two equalities, we have the desired conclusion. O

Lemma 16. For a,b >0 and 0 < v <1, we have the following inequality:

(a+b)" <a”+b".

Proof. If a = b = 0, the inequality is trivial. Hence, let us assume that a > b > 0. We

have
by\7 b o .
(1 + 7) <14~v- (by Bernoulli’s inequality)
a a
b b
<14 - (since 0 <y <1and — >0)
a a
b7 . b
31+<J. (since 0 <y <land0< - <1)
a a
By multiplying both sides by a” > 0, we have the conclusion. O
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Supplementary materials for Chapter [6]

More details on assumption A
In this section, we provide the precise expressions of the constants given in Assump-
tion For a given 6 > 0, t = Kn, and for some C' > 0, the step-size satisfies the

following condition:

2 S 2 (L 2 bt 2 5
0<n< min{l,%7 (%ﬁ?) 72+27_17 (2[(;7) 27, (2[??) 27’ (%4752)7}’

where € is as in (6.3)), the constants m, M, b are defined by and

M?2+t273v
B 2T {@0+m)", 27 B de R, de*" Ry },
e2o
CM?*+273y 2
A 2 2772
Ko *W(E”WO” 7+ B*/M ),
% éM237527*2d27 (227I‘((1 +2v)/2)0(1 — 27/@))
3 202 L(1/2)0(1 —~) ’
M2 vy 2772d27 2 1
K, é?’e— (QWF(L)/\/E>’
202 2
with
2 (ETOO DD - 220)) o (o (B251) )
= = D 7T .
' L(1/2)0(1 = ~?) o 2
Proof of Theorem [11]
Proof. Note that (w!,..., wK) € Aisequivalent to 7 ,(¢) > K. Hence, from Lemma
the remaining task is to upper-bound P[(w,, ..., Wgy,) € Al:

P[(Wm R 7WK77) S A] gP[(Wm .. ’WKU) € AN B] + HD[(Wn7 e >WKn) € BC}

<Plre,u(e) > K] + Pl(wy, ..., Wky) € B,
and to lower-bound it:
Pl(wy,...,Wkyp) € A] 2P[1_¢ o(e) > Kn| — Pl(wy, ..., Wky) € B
By Lemma (17} the final result follows. O
Lemma 17. There exist constants C', C1 and C,, such that:

P{(wy, ..., Wky) €B°] <
M
SCl(Kn(ds + 12 + 1)76 TMn Tl (1 B Cd67£2e_2M"(EU)_z/qun))K
K
+1- (1 _ Cad1+°‘/2ne°‘M”aa£_a) :

103



Proof. We have for t € [kn, (k + 1)n],

Wi — Wiyl S/k IV (ws)llds +eo|[B(t) = B(kn)|| + e[|[L(¢) = L (kn)||

t

= IVf(Ws) =V (Win)llds +0l[V f(Wen)[| + eo|[B(£) — B(kn)||

+ l|[L*(t) — L*(kn)||
t
< | Mllws = wiy|7ds + n(M||wiy[|” + B) + o|[B(t) — B(kn)|
kn

+e|[L () = L (kn)|-

For v < 1, using that ||ws — wg,||7 < ||ws — Wi, || + 1, we get:

t

Wi = Wiy | S/ Mllws — Wip||ds +n(M|wiy||" + B + M)

kn
+eo sup  [IB(t) =B(kn)[[+e sup [[L7(t) = L(kn)l.
t€lkn,(k+1)n] telkn,(k+1)n]

Then the Gronwall Lemma gives:

sup [[wy = wiy|| <e™? [n(M|wiy|” + B+ M) +e0 sup [|B(t) - B(kn)]|
t€lkn,(k+1)n] telkn,(k+1)n]

+esup L) — LGkl
t€[kn, (k+1)7]

Hence,

~ — <eMn\n(M "+ B+ M
oggéa%—lte[k;?fﬂw”wt Wiy | <€ [n(M | max [[wiy||" + B + M)

+ &0 max sup B(t) — B(kn
B, s B Bl

+ e max sup Let) — L kn i|
0SMER~1 gty L (¢) (k)|

By Lemma 7.1 in [Xie and Zhang| [2017], Lemma |§| and Markov’s inequality, for any

u > 0, we have:

E _ v C1(Kn(d 1 1)
Pl max [wiy|? > u] < [maxo<k<k—1 [|Winl"] < 1(Kn(de +1) +1)
0<k<k—1 u u

)

where C1 is a constant independent of K,n,¢ and d. By Lemma we have:

K
P[ max sup  ||B(t) = B(kn)|| > u] <1— (1 _ Cde—u2/<dn>)
KE[0,--. K1) tekn, (k+1)n]
and
K
P[ max sup IL(t) —Lkn)|| > u) <1-— (1 - Cad1+o‘/2nu_o‘) .
kel0,....K=1] te[kn,(k+1)n]
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Finally, we get:

P{(wy, ..., Wky) €B°] <

<P[ max sup
OSk<K—1ielkn,(k+1)n)

<P[eMn v > Mn >
<Ple™M | max  |[wiy[" 2 §/4] + Ple™ (B + M) = £/4]

+Pe™"  max sup  [[B(t) — B(kn)|| = (e0)~'€/4]
ke[0,....K=1] te[kn,(k+1)n]

+PleM?  max sup L () — L (kn)|| > e7'¢/4]
ke[0,....K=1] tekn,(k+1)n]
Scl(K’I](dE + 12 + 1)’Y€M77M’I7 11— (1 _ Cde—52€72M"(80)72/(16d77))K

Wi = Wiyl > €]

K
+1— (1 _ Cad1+a/2neaMn€a£7a)

Now we prove the following lemma.

Lemma 18. For any u > 0, n > 0 and K € N*, there exist constants C' and Cy, such
that:

max P[ sup

B(t) — B(kn)| > u] < Cde*"/(dm.
k€0, . K—=1] tekn, (k+1)n] ” ( ) ( )H ]

max P[ sup

L(t) — L(kn)|| > u] < Cad1+a/277uia.
K€, K11 4 (k. (k1)) L (#) (kn)|l ]

Proof. To prove the results, we begin with the known results for Brownian motion and
a-stable Lévy motion:

PIBL)}] > u] < Ce™,
PILA (D] = u] < Cou™,

where C' and C,, are positive constants, [B(1)]; and [L*(1)]; denote the i-th component

of the motions respectively, for ¢ from 1 to d. By reflection principle for Brownian motion
and a-stable Lévy motion, we have

P sup |[B(t) = B(kn)li| > u] < 2P(|[B(n))i| > u] = 2P[|[B(1)}i] > u/n'/?],
te(kn,(k+1)n]
P[  sup

|[L*(t) = L (kn))s| > u] < 2P[|[L*(n)]] > u] = 2P[|[L*(1)]i| > u/n"/].
t€lkn,(k+1)n)

. d
Since SUpy iy, (k4 1)y IBE) — BEDI® < 3251 SUDyefty, (kg 1)y [B(E) — Bn)]if*, we
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have

Pl sup  |B(H) - Bkl >u =P[ sup  |[B(t) — B(kn)||? > ]
t€lkn,(k+1)n)] telkn,(k+1)n]

d
<SPl s B - Bl 2 v/

te[kn,(k+1)n]

< Z PlBD| > u/(dn)'/?

<Cde™® 2/(dn)

Similarly, we have
d
Pl sup  [LO(t) — Lo(kn)|| > u] <> Pl Wil > w/ (@20 )]
t€[kn, (k+1)n] =
Scad1+a/2nu,

The constants C' and C,, do not depend on k, hence we have the conclusion.
Lemma 19. The following estimates hold:

P max u B K
a sup t k >ul<1—(1-Cde ™ /(dn)
[ke[o,..i,K—l] te [k, (k+1)7] H ( ) ( 77)” ] ( )

K
P[ max sup IL(t) —Lkn)|| > u) <1-— (1 - Cad1+o‘/2nu_o‘) .
ke[0,....K=1] tekn,(k+1)n]

Proof. We have

Pl _ max sup  ||B(t) — B(kn)|| > u] =
@51y, 1B — Bl 2 1)
=1-P max sup Btinn <u
[k €0, ., K=1] tekn, (k+1)n ]H ®) (k) )
K-—1
=1— [[ Pl sup |B(t)~B(kn)ll <4
koo telkn,(k+1)]
K—-1
1= [T (1=P sw [B(®) - B = u])
k=0 te(kn,(k+1)n]
K-—1
<1- (1 _ Cdeﬂﬁ/(dn))
k=0

=1 (1- Cde*f/(d"))K
Similarly, we have

K
P[ max sup IL¥(t) = L(kn)|| > u] <1 — (1 - Cad1+°‘/277u_a) .
kE[0,.... K —1] ¢ [kn, (k+1)n]
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Lemma 20. Suppose that assumptions A[1( and hold. Then, for any § > 0, we

have:
P{(wy,...,Wky) € A] =6 <P[(Wy,...,Wky) € A] <Pl(Wy,...,Wky) € A] +0,
provided that

o<l () () ()" () )
min _— —_— —_—
= M2 \2K 2 ez \okgz) 0 \akez) O

Proof. By optimal coupling between two probability measure (Lindvall| [2002], Theorem

5.2), there exists a coupling M of (W,)o<s<iyn and (Ws)o<s<in such that

Pym[(Ws)o<s<ixn # (Ws)o<s<rn] = |y — itrqllTv,

where T'V denotes the total variation distance. By Pinsker’s inequality, we also have

N 1 .
||/”LK77 - /j‘KUH%V < iKL(MKnvuKn)

Then,

PM[(Wna s 7WK77) 7é (VAV’r]a R aVAVK’r])} SPM[(WS)OgngU 3& (ws)OSSSKn]
1 R 1/2
S(iKL(MKmMKn)) :
From the following inequalities

]P)M[(Wn;”-,WKn) S A] *PM[(Wm--wWKn) 7& (VAVW,...,VAVKH)] < PM[(VAVW,...,VAVKH) S A]

PM[(WU,. .. 7WK77) S A] < ]P)M[(Wn; L. ’WK”I) S A] +PM[(W777~ .. 7WKU) 75 (VAV»,,7 e ,\X/'Kn)],
we arrive at

Pl(wy, ..., Wky) € A] — §K

P
1/2
P[(Wy,... Wiy) € Al < P{(wy, ..., Wikp) € Al + ( KL(ﬂKn,uKn)) .

1
2
By Theorem [12] we have the desired inequalities. O

Proof of Theorem [12]
First, we derive a Girsanov-type change of measure (@ksendal and Sulem| [2005],
Tankov| [2003] for the SDE considered in (6.2)). Let P denote the law of w; and Q be an

equivalent measure defined by

T 1 T
S, = oxp (/0 $:dB; — 5/0 ¢fdt> , (7.17)

where Fr denotes the filtration up to time 7. Then the process B? defined by B?(t) =
B(t) — fg ¢sds is a Q-Brownian motion. With the choice of ¢; given in AEI7 we see that

dQ

dP
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w satisfies dw, = b(w)dt+e0dB?(t)+edL®(t). Since this equation has a unique solution
(constructed explicitly with the Euler scheme), we conclude that w has the same law

under Q as w under P.
We thus have:

dP 1 ¢
KL(fit, ) = KL(P;, Q) = EF [k)g d@‘ﬁ} = 25202EP [/O [b(W) + V f(W,)|*ds
(7.18)

By using the same steps of the proof of Raginsky et al.|[2017][Lemma 3.6], we obtain

k=1 c(+1)n
KL ) = 3 / BIVS(w.) - VAwGD) P (719)

252

M2 1)
/j " B[, — 0 |27 ds. (7.20)
26202 i In

Next, we prove the following theorem.
Theorem 15. Under assumptions A@ and we have, for 0 <n < min{l, {7z},

KL (fue, pe) <

M?237

2v, 2 A 1242
kan<CM n 7(IEHWOH K

22°D((1 4 29%)/2)0(1 — i)

+ E((277(b+m))7 +27 (B)? + ¥ % d( (/2T —7)

2

P25 92T((1+ 27)/2)T(1 — 2
292, 12 4 (97 B* /a2y 12 (1427)/2)T(1 — 2v/a)
tem d( NG )>+M2)+(5’7 )7 ( T(1/2)0(1—~) >
L)
+(€n1/2)2fyd2'y(2'y 2 )
NG
KRR Kok Y 4 Kskn't S 4 Kakn',
where
C’M“ZVBV 2 7227°T((1 4 242)/2)T(1 — 272
K 2 { (b+m)) 72 ,27 B2'y e27 d( (( F(l/’;)%/(l)_(vz) Y /O‘))’

G2

CM**237 B?
£ 29°
g (Bl + 37,
s M23e22d» (QZ‘YI‘((l +2v)/2)I(1 — 2’y/a))
202 [(1/2)(1 —7) ’
s M23727-2427 (27 T (27;1) )
202 NI
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Proof. Let us consider the term Wy — W;,, for s € [jn, (j + 1)n]:

Ws — Wi = —(s — jn)V (W) +e(Ls — Ljn) +e(Bs — Bjy)
AT 4T+ Ty

Using this equation and (|7.20]), we obtain:

M2 koG
KL(fit, ) < mz/ E(Ty + Ty + T5||*” ds
€°o j=0 Jn

M2 k 1 rG+Dn
= 25202 / (HTI + T2+ T )
M2 Do G+ ~
<X [ BT - Hm ) as
2/,

M23’y (G+1)n
= 92,2 Z/ ||T1||27 + | Tl + ||T3||27) ds

where (7.25)) is obtained from (a + b)” < a” + b" since v € (0,1) and a,b > 0.

Since 2 > 1, we have by Corollary [J]

E| T3> =Elle(s — jn)'/*L*(1) >
<(en"/*)EIIL*(1)[*

a2y g2y (27T((1+27)/2)0(1 = 2v/a)
<(en¥/*)1d ( T(1/2)0(1—7) )

and by Corollary

E|T5]* =Elle(s — jn)'/*B(1))|*?
<(en'*)E|B(1)*

T 2v+41
§(5n1/2)27d27 (27 (\/7% )) ,

By definition, we have

EITL = Bl(s - jn) V. (50) |7
< 7P V5 ) |7
< B[, |+ B)?

2y
Bl/’Y ¥
27,2 ~
< oMy vE<|wmz +(+777) )

2y
< CMQ”nz”E<IW;n1>
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Where we used the equivalence of £,-norms and W/, is the concatenation of W, and
We then obtain

Ml/v
[Ty < CM> > E|%' —;, 277 (7.32)
< CMP > E||W), 15 (7.33)
X B2
= CMQ’Y’I’]Q’YE(||WJ"’7||272 + W) (734)
< OM2027 (Ellv .. 1127 372 7
< n Wl ™ + 57 )- (7.35)

By combining the above inequalities and Lemma we obtain
KL(fi, pe) <

M23y B2l pG+Dn
<omos 2 [ E(ITIP + IRl +175]) s
i J

My (Ewol*”

+j((2n(b+m))72 +2w2(nB)2y n 2727727 d(2 Y F((lr-é-li’;)%/(i)F(izg 27y /a))

eyl T D) o i (o
P
+(5n1/2)27d27(27 \/7% )) ds

~ M?3Y

=5 gkn<0M2” 21 (1

d(WF((l +24%)/2)0(1 272/a>)
T(1/2)0(1—~?)
27241

> 2 LT3 2 1/a\2y 12 2 — 27/«
peval (f )))+ P CEL T (L)

(o +m))” 4 2 BT 4y

M?2
2v+1
+ (6771/2)2A/d27 <27F ( ’Y2+ )))

By defining the constants K7, K5, K3 and K4 as in the statement of the theorem, we
directly have the conclusion. O
The proof of Theorem [I2]is given bellow.

Proof. By Theorem [I5] we have

KL(fue, 1) <Kk 247 4 Kokn'™ 4+ Kakn't & + Kakn' ™7,
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1
. . 2 2 _ 2
We can easily check that, for example, if 0 < n < (2Ig1t2) I then Ky k2nlt2rty

%. By the same arguments, we finally have

52 82 52 82
KL( <L 422
(ut,m)_Q t5 gt

=242,

This finalizes the proof. O

Technical results
Lemma 21. Under assumptions A1 and we have
IV (w)ll < M|lw||” + B, Yw e R".
Proof. By assumption we have
IVf(w) =V O)| < Mllw—0].
Since ||V f(0)|| < B by assumption the conclusion follows. O
For the moments of the noise B(1), we have the following corollary.

Lemma 22. Let X be a scalar standard Gaussian random variable. Then, for A > —1,

we have

+

E(1X %) :WQM,

e

where I' denotes the Gamma function.
Proof. The result is a direct consequence of equation (17) in Winkelbauer| [2012]. O

Corollary 10. Let B(1) be a d-dimensional vector whose components are i.i.d standard
Gaussian random variable. The quantity E| B(1)||* is finite for X\ > —1. For details, we
have

(a) If 1 < X\ < «, then

res)

A A on2t o)
E[[ B[ <d (2 \/% )
(b) If 0 < XA < 1, then

A a2l (P5)
E[BL)[I* <d (2 7 )
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Proof. Since B(1), by definition, is a d-dimensional vector whose components are i.i.d

standard Gaussian random variable B;(1) for ¢ € {1,...,d}, we have

B(1) Ej:

(a) 1 < A < a. By using Minkowski’s inequality and Lemma

1/ d A+l /A
(BB < ([(ZIB D) R SCEINNE d<2mF(;>> |

Thus, we have

A NS (,\;1)
E|B(1)|* < d (2 =
(b)0< A< 1.
d r (A+1)
A 22 2
E||B(1)] <E[(; ) ] Z]E|B (2 v ) .

O

Lemma 23. For 0 <n < {7 and s € [jn, (j + 1)n), we have the following estimates:
(a) If 1 <X < « then

2AT((1 4+ N)/2)I'(1 — A/a))%

E||vvjn||*g<(E|wo|A)*+j(<2n<b+m>>5+2“73+ (T

ARy 1\
copa(eE )
(b) If 0 < XA <1 then

A A
2 2

A — N«
A77%61(2 L((1+A)/2)0(1 =)/ ))

2 T(1/2)0(1 - 7/2)

El[wjy|* <Ellwoll* +j ((2n(b +m)

+5Anéd(2k/2r(;§l))).

™

(nB)* +

Proof. Let us denote the value E|[L¥(1)||* by la.xa < oo and the value E||B(1)||* by
bx,q < oo. Starting from
1
(j+1)n UVf(Wm) +ene L (1) + 6772B(1)a

we have either, by Minkowski, for A > 1,
x 1 x

+en? (EIBOI)

(7.36)

(Elwia0l?) < (B0 — 09 Grnl) + en (BILo 1))
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or for 0 < A <1),
E[[W(js1)0]1* < El[Vejy = nV £ () |* + 0= BIL* ()| + 02 E[BO)[*. (7.37)
Consider the first term on the right side:
[¥oj =0V S (i)l = 19 = 0¥ f () [

= (W50l = 20(5j0, ¥ £ (W50) + 0219 F (W052)

>

2

o>

< (W02 = 2n(m[¥;, [+ = b) + (2022w, |7 +28%)) 7,
(7.38)
where we used assumption A[12|and Lemma For 0 <n < 7=,

2nm(|[ W |77 + 1) > 20 M| W, |27 (since 14 > 2y and nm > n>*M?)
Using this inequality we have

A
. . . 2
W = 1V f (W) | < <||an||2 +2n(b+m) + 2?7232)

2

< Wl + @n(b+m)) % + 25 (B)N. (7.39)

Consider the case where A > 1. By ([7.36]) and (7.39),

1

N x
(Blwgsnnl*)” <

< (Bl + (20(0 +m)

1 1
A Y Y
2

N[>

+22rB)) 4 ent (BILo(OIY) +ent (EIBO)I)

1

. A\ Y 1 1 1.1 1.1
< (E”an” ) +(2n(b+m))% +22nB +en=l} \ ,+en?b3,
< (BIwol*) " + (G + D00+ m)* +24B +end i}, +en¥d ).

For the case where 0 < A <1, by (7.37) and (7.39),

A
2

N ~ A A A
E[W (1)t < E[Wjnll* + (20(b+m))? +22(nB)* + e*n@lang + n2bra
A

<E[wol* + (G +1) ((277(5 +m))z + 2%(77]3)A + gAn%la,/\,d + 5>\77%b/\,d>~

By using Corollary [9] and Corollary [I0] we have the desired results.
O

Details of the simulations in Section [6.4]
The detailed settings of the parameters for the synthetic experiment (Figurel6.1)) are

as follows.

Figure a)d=10,a € {1.2,1.4,1.6,1.8}, e =0.1,0 =1, a =4 x 1074,

Figure [6.1(b) d = 10, a € {1.2,1.4,1.6,1.8}, ¢ € {1072,1072,1071,10}, ¢ = 1, a =
4 %1076,
Figure c) d
4 %1072,
Figure [6.1[d) d € {10,40,70,100}, o € {1.2,1.4,1.6,1.8}, e =0.1,0 =1, a =4 x 10~%.

10, a € {1.2,1.4,1.6,18}, ¢ = 0.1, o € {1072,1071,1,10}, a =
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lysis

Résumeé : Dans cette thése, nous nous intéressons
a l'algorithme du gradient stochastique (SGD). Plus
précisément, nous effectuons une analyse théorique
et empirique du comportement du bruit de gradient
stochastique (GN), qui est défini comme la différence
entre le gradient réel et le gradient stochastique, dans
les réseaux de neurones profonds. Sur la base de
ces résultats, nous apportons une perspective alter-
native aux approches existantes pour étudier SGD.
Le GN dans SGD est souvent considéré comme
gaussien pour des raisons mathématiques. Cette hy-
pothése permet d’étudier SGD comme une équation
différentielle stochastique (SDE) pilotée par un mou-
vement brownien. Nous soutenons que I'hypothése
de la gaussianité pourrait ne pas tenir dans les
contextes d’apprentissage profond et donc rendre in-
appropriées les analyses basées sur le mouvement
brownien. Inspiré de phénomenes naturels non gaus-
siens, nous considérons le GN dans un contexte
plus général qui suggere que le GN est mieux ap-
proché par un vecteur aléatoire a queue lourde o-
stable. En conséquence, nous proposons d’analyser
SGD comme une discrétisation d’'une SDE pilotée
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par un mouvement Lévy. Premiérement, pour justifier
I'hypothese «a-stable, nous menons des expériences
sur des scénarios communs d’apprentissage en pro-
fondeur et montrons que dans tous les contextes,
le GN est hautement non gaussien et présente des
queues lourdes. Deuxiemement, sous I'hypothése du
GN a queue lourde, nous fournissons une analyse
non asymptotique pour que la dynamique en temps
discret SGD converge vers le minimum global en
termes de sous-optimalité. Enfin, nous étudions la na-
ture de métastabilité de la SDE pilotée par le mouve-
ment de Lévy qui peut ensuite étre exploitée pour cla-
rifier le comportement de SGD, notamment en termes
de “préférence de larges minima”. Plus précisément,
nous fournissons une analyse théorique formelle ou
nous dérivons des conditions explicites pour la taille
de pas de sorte que le comportement de métastabilité
de SGD, considéré comme une SDE en temps dis-
cret, est similaire a sa limite de temps continu.
Nos résultats ouvrent une perspective différente et
éclairent davantage l'idée selon laquelle SGD préfere
les minima larges.

lysis

Abstract : In this thesis, we are concerned with the
Stochastic Gradient Descent (SGD) algorithm. Speci-
fically, we perform theoretical and empirical analysis
of the behavior of the stochastic gradient noise (GN),
which is defined as the difference between the true
gradient and the stochastic gradient, in deep neural
networks. Based on these results, we bring an alter-
native perspective to the existing approaches for in-
vestigating SGD. The GN in SGD is often conside-
red to be Gaussian for mathematical convenience.
This assumption enables SGD to be studied as a sto-
chastic differential equation (SDE) driven by a Brow-
nian motion. We argue that the Gaussianity assump-
tion might fail to hold in deep learning settings and
hence render the Brownian motion-based analyses in-
appropriate. Inspired by non-Gaussian natural pheno-
mena, we consider the GN in a more general context
that suggests that the GN is better approximated by
a heavy-tailed a-stable random vector. Accordingly,
we propose to analyze SGD as a discretization of
an SDE driven by a Lévy motion. Firstly, to justify
the a-stable assumption, we conduct experiments on
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common deep learning scenarios and show that in all
settings, the GN is highly non-Gaussian and exhibits
heavy-tails. Secondly, under the heavy-tailed GN as-
sumption, we provide a non-asymptotic analysis for
the discrete-time dynamics SGD to converge to the
global minimum in terms of suboptimality. Finally, we
investigate the metastability nature of the SDE driven
by Lévy motion that can then be exploited for clarifying
the behavior of SGD, especially in terms of ‘preferring
wide minima’. More precisely, we provide formal theo-
retical analysis where we derive explicit conditions for
the step-size such that the metastability behavior of
SGD, viewed as a discrete-time SDE, is similar to its
continuous-time limit. We show that the behaviors of
the two systems are indeed similar for small step-
sizes and we describe how the error depends on the
algorithm and problem parameters. We illustrate our
metastability results with simulations on a synthetic
model and neural networks. Our results open up a dif-
ferent perspective and shed more light on the view
that SGD prefers wide minima.
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