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CHAPTER 1

INTRODUCTION

The theory of Backward Stochastic Differential Equations (BSDEs in short) is much studied
from the beginning of 1990. Motivated by the connection with different stochastic mathemati-
cal problems like mathematical finance problems, optimal control problems, differential games
problems, PDEs, etc, the interest of BSDEs studies has broadly increased. BSDEs with a linear
driver is firstly introduced by Bismut in 1973 [3] in studying the adjoint equations of stochastic
optimal control problems. Later, in 1990, Pardoux and Peng [52] considered more general BS-

DEs where the driver verifies mainly a non-linear Lipschitz condition.

BSDEs may also arise in combined financial and insurance applications. For example, El
Karoui et al. [24] introduced the connection between BSDEs and the theory of contingent claim
valuation in a complete market. Dos Reis [21] studied the insurance related derivatives on the
financial markets, which can be represented in terms of solutions of FBSDEs with quadratic
growth. Delong [16] represented the linear BSDEs arising in life insurance and non-life insur-

ance payment processes under systematic and unsystematic claims risk.

1.1 An overview of general results of BSDEs

Let T > 0 be a fixed real constant. Let (2, 7,IP) be a complete probability space which
carries a d-dimensional Brownian motion B = (B;);c[o,r] Whose natural filtration is FO o=
0{Bs,s < t}o<i<r- We denote by F = (F})o<¢<t the completed filtration of (F?)o<< with the
P-null sets of F, then it satisfies the usual conditions, i.e., it is complete and right continuous.
On the other hand, we define P as the o-algebra on [0, T] x Q) of the IF-progressively measurable
sets. Next, we define the following spaces:

e [? = {Fr-measurable random variable ¢ s.t. E(|¢|?) < oo};
¢ §? = {P-measurable continuous processes ¢ = (¢t )e[o,1] S-t- E(sup;cpo1) |p1]?) < o0};

e A% = { Non-decreasing, continuous, P-measurable processes K = (K;);<7 s.t. Ko = 0
and ]E[K%] < oo };
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o Fork > 1, H** = {P-measurable, R*-valued processes ¢ = (¢;);c(o,1| S-t. ]E(fOT |pe[2dt) <
co}.
1.1.1 Classical results on standard BSDEs
Given an Fr-measurable random variable ¢ valued in IR? and a driver or generator f (t,w, vy, z) :
[0,T] x Q x RP x RP*¥ — RP, P @ B(RPP*4) / B(IRP)-measurable. A solution of the BSDE as-
sociated with (f, §) is a pair (Y, Z;)i<T of P—measurable processes valued in RPP*4 guch that:
T T
VE<ST, Y, = §+/ F(5,Ys, Zs)ds —/ Z.,dBs. (1.1)
t t
Next let us consider the following assumptions.
Assumption 1.1.1.
1. (f(t,w,0,0));<T € H>P and & is square integrable;

2. The generator f satisfies the Lipschitz condition, i.e. there exists a constant C such that for any
t € [0,T] and (y1,21), (y2,22) € RPFP*4 we have,

P —as., [f(t,y1,21) — f(t,y2,22)| < C(ly1 — ya| + |21 — 22]). (1.2)

We then have the following result related to existence and uniqueness of the pair (Y, Z).

Theorem 1.1.2 (Pardoux-Peng [52]). Under Assumption 1.1.1, the p-dimensional BSDE (1.1) has a
unique solution (Yi, Z;)i<t such that:

T
E | sup \Ytlz—i—/o 1Zi*| < oo. (1.3)

0<t<T

Another useful result for solving different BSDEs with more general drivers is the compar-
ison theorem. Indeed, one can compare the solutions of two BSDEs by comparing the drivers
and the terminal conditions. This result is firstly introduced in one-dimensional case by El
Karoui et al. [24].

Theorem 1.1.3 (El Karoui-Peng-Quenez [24]). Assume p = 1. Let (Y!,Z1), (Y?,Z2) be two solu-
tions of BSDEs associated respectively with (f1,1) and (fa, &) which satisfy Assumption 1.1.1. We
also assume that for any t € [0, T),

1. ¢4 < ¢, P—as,;

2. f1(t, Y2, Z2) < folt, Y2, Z2),dP x dt — as.
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Then P-a.s., forany t € [0, T], Y} < Y2.

Later, several works extend the classical results by relaxing the assumptions on the coef-
ficients of BSDEs. By the construction of monotonic convergent sequences, the existence and
eventually the uniqueness of the solution of BSDE are guaranteed:

* The coefficient f is locally Lipschitz and the terminal condition is bounded, Hamadene

[26] proved the existence of the solution of one-dimensional BSDEs;

e f is of linear growth, continuous in (y,z) and the terminal condition is square inte-
grable, Lepeltier and San Martin [47] proved the existence of a minimal solution of one-
dimensional BSDEs;

e fis continuous in (y,z) and has a quadratic growth in Z and the terminal condition is
also bounded, Kobylanski [44] proved the comparison result, as well as the existence and
a stability results for one-dimensional BSDEs.

1.1.2 BSDEs in the markovian framework

One of the important settings of BSDEs is constructed under the markovian framework, i.e.,
the randomness of the coefficient and the terminal value of the BSDE comes from a diffusion

process (X1¥) se[t,r) Which is the solution of a standard SDE:

axi* = b(s, Xé’x)ds +o(s, Xé’x)dBS, selt,T);
- (1.4)
X =x.
Next let the processes (Y'*, Z*) solution of the following BSDE:
T T
Vs < T, YI¥ = h(XE) + / Flr, X0%, Y05, 255 dr — / 744, (1.5)
S S

The solution of (1.5) can be represented by a deterministic function u(t, x) and is called the
markovian solution. We now provide sufficient conditions on the data b, o, f and & for which

this markovian representation holds:
Assumption 1.1.4.

1. The functions b and o are continuous and uniformly Lipschitz with respect to x, i.e. there exists a
constant C that for any (t,x,x') € [0, T] x RF*,

lo(t,x) —o(t,x)| +|b(t,x) —b(t,x")| < C|x — x|
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As a result b and o are of linear growth with respect to (w.r.t. for short) x, i.e.

[b(t, x)| + |o(t, x)| < C(1 4 [x]).

2. fis an RP —valued continuous function defined by:

£:0,T] x RF x RP x RP*4 — RP
(t,x,y,2) = f(t,x,y,2).

Moreover it is uniformly Lipschitz in (y,z), i.e., there exists a constant C such that
[f (&2 y1,21) = f(E%,y2,22)| < Clya = 2| + |21 = 22]);

3. f(t,x,0,0) and h are of polynomial growth, i.e. there exist constants c and p such that

[f(£x,0,0)| + [1(x)] < e(1 + [x[F).

Theorem 1.1.5 (El Karoui et al.[24]). Under Assumption 1.1.4, for any (t,x) € [0, T] x R* there

exists two measurable deterministic functions u(t, x) and d(t, x) such that

P—as,Vs€[t,T), Yi*=u(s,Xt), 2z =o(s,X\%)"d(s, XI).

In addition, if the coefficients b, o, f, h are globally Lipschitz w.r.t (x,y, z), uniformly in ¢ to
f, then u is locally Lipschitz in x and 1/2—Holder continuous in t. Moreover if b, 0, f, h are
continuous differentiable with respect to (x, y, z) with bounded derivatives, then V0 < t < s <
T,x €k, 7 = o(s, X)) Tayu(s, X&) dIP x ds a.s. (see Corollary 4.1 in [24] for more details).

Now let us focus on the following quasilinear parabolic partial differential equation (PDE
in short): V(t,x) € [0, T] x Rk,

{ oxu(t,x) + Lu(t,x)+ f(t,x,u(t,x),o(t, x)ou(t,x)) =0; (1.6)

u(T,x) = h(x)
where L is the second order differential operator defined by

L= 1 i (O'U'T)"782 +3) 9
T2 = Yoxiox; = ox;’

The link between the solution of one-dimensional BSDE in the markovian framework (1.5) and
the solution of the PDE (1.6) is the following:
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Proposition 1.1.6 (El Karoui et al. [24]). Under assumption 1.1.4, suppose that u € C'2 is the
solution of the PDE (1.6), then the following representation holds true:

Vs € [t, T], u(s, X'%) = Y%, 0(s, X)) To,u(s, X4 = z8%,

where (Y'*, Z) is the unique solution of BSDE (1.5).

The solution of the one-dimensional BSDE in the markovian framework (1.5) is also related
to the solution of the PDE (1.6) in viscosity sense which we recall the definition in the following.

Definition 1.1.7. Let p = 1. Suppose that u € C([0, T] x R¥) with u(T,x) = h(x),x € R*. The
function u is called a viscosity subsolution (resp. supersolution) of PDE 1.6 if for any (t,x) € [0,T) X
R? and ¢ € CY2([0,T] x R¥) such that ¢(t,x) = u(t,x) and u(t,x) is a local maximum (resp.
minimum) of u — ¢,

d9¢

T Lo(t,x) + f(t,x,u(t,x),o(t,x) 9:¢(t,x)) <0 (resp. > 0).

Moreover, u is called a viscosity solution of PDE(1.6) if it is both a viscosity subsolution and a viscosity
supersolution of (1.6).

Theorem 1.1.8 (Pardoux-Peng [53]). Assume Assumption 1.1.4 fulfilled. Then u(t,x) := Y{* is
continuous and of polynomial growth, i.e.

V(t,x) € [0,T] x R¥, |u(t,x)| < C(1+|x|F),
where C and p are two constants. Moreover it is the unique solution of PDE (1.6) in the viscosity sense.

1.1.3 BSDEs and zero-sum stochastic differential games

BSDE:s are also connected to control and game problems. The solution of BSDEs associated to
optimal control problems is firstly introduced by Bismut in 1973, then generalized by Pardoux
and Peng [52]. Later on, the BSDEs theory was well developed in various directions. Hamadeéene
and Lepeltier [32] introduced the connection of BSDEs with zero-sum stochastic differential

games.
Definition 1.1.9.

1. x := C([0, T];RP) the set of continuous functions from [0, T] into R? and P the Wiener measure

on x;

2. We define U, V two sets of progressive measurable processes with values in compact sets U and V
respectively; u is called an admissible control if u € U; the same for v € V;

10
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3. For1<i,j<p,0;:(tx) €[0,T] x x = 0y(t,x) € Ris progressively measurable; we denote
by o := (03)ij=1,p and by a := oo . We assume that ¢ is: (i) Lipschitz in x and of linear growth;
(ii) is invertible and its inverse is bounded. Next let (x;);<T be the solution of the following SDE:

t
Xt = X0 +/ o(s,x)dBs, t < Tand xg € R?,
0

where (Bs)s<t is a Brownian motion on (x,P).
4. f(t,x,i,0) (resp. c(t,x,i1,7)) is a measurable bounded function with values in R (resp. R);

5. Foranyu € U,v € V,P"" is a probability defined on (x, Fr) by:

apwe T 1 T
= exp{/ (T’l(s,x)f(s, X, Us, Vs )dBs — f/ |U’1(s,x)f(s, X, us,vs)]2ds}.
dP 0 2 Jo

Then the process (x;)i<T is, under P"*, a weak solution of dx; = f(t, x,us, v;)dt + o (t, x)dW;"°
where (W,"" )<t is a Brownian motion under P**;

6. Let (ut)i<t, (vt)i<T be two admissible controls. The payoff between two players, a minimizer
(resp. maximizer) that acts with u (resp. v) is given by

T
J(u,v) = E*° [C+/O c(s, us,vs)ds] i

where E" is the expectation w.r.t.P*°.

Next for any (t,x,p,4,0) € [0, T] x x x R? x U x V, we define the Hamiltonian of the game
by H(t,x,p,4,0) := po'(t,x)f(t,x,1,0) + c(t,x,i,0) and assume that the Isaacs condition is
satisfied, i.e., forany (¢, x,p) € [0, T] x x x R?,

maxmin H(t, x, p,%,7) = minmax H(t, x, p, i1, D).
oeV acl el eV

Then, by Benes selection Theorem (see [2]), there exists two P ® B(IR?)-measurable functions
u* [0, T] x x x R? = Uand v* : [0, T] X x Xx R? = V, such that forany t,x,ii € U,5 € V,

(H) H(t,x,p,u*(t,x,p),0"(t,x,p)) < H(t x,p, i, (tx,p)),
H(t,x,p,u*(t,x,p), 0" (t,x,p)) > H(t,x, p,u*(t,x,p),0).

Note that, conversely, (H) implies the Isaacs condition and then we have

H(t,x,p,u*(t,x,p),v"(t,x,p)) = maxmin H(t, x, p, 1, 7).
oeV ael

11
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Theorem 1.1.10 (Hamadene-Lepeltier [32]). Assume that (H) is satisfied. Then the game has a saddle
point (u*,v*) e U XV, i.e.,

YueU,veV,J(u,v) <Jw o) <J(uo").
Moreover, Yy = J(u*,v*), where (Y, z) is the unique solution of the following BSDE:

—dYy = H(t, x,zt,u*(t,x,2¢),0" (¢, x,2¢))dt — Z;dBy, t < T;
Yr=2¢

and (u*,v*) = (u*(t,x,2¢),0*(t, X, 2¢) 1<

The zero-sum stochastic differential game problems and the associated BSDEs have been
well documented in several works, see for example [14, 19, 30, 32, 33, 35, 41].

1.2 RBSDEs and DRBSDEs with interconnected barriers

In this section we recall some results on Reflected BSDEs (RBSDEs in short) and Doubly
Reflected BSDEs (DRBSDEs in short), as well as the associated applications (see e.g.[11, 14, 18,
19, 20, 23,27, 31, 37, 40, 41, 65]).

1.2.1 General results for reflected BSDEs in one-dimension
One-dimensional Reflected BSDE

Firstly let us recall some results of BSDEs with a reflecting obstacle. El karoui et al. [23]
studied the reflected solution of BSDEs with a random lower obstacle. More precisely let § &
L2, f is the generator defined from [0, T] x R x R? into R and L a continuous, progressively
measurable process satisfying IE [sup0 <t ST(L?)Z} < co. Then the triple (Y, Z, K) of processes is
called a solution of the reflected BSDE associated with (f,¢, L) if:

Y € 82,7 € H, K € A%

Y, :§+/Tf(s,Y5,Zs)ds—/TstBs+KT—Kt, te0,T];
Y; > Ly, tte[O,T]; t

/OT(Yt—Lf)thzo.

(1.7)

Assumption 1.2.1.

1. ¢ € L%

12
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2. £(.,0,0) € H*', moreover there exists a constant C such that ¥Vt € [0,T),y,y' € R,z,z' € RY,
f(ty,z) = f(ty,2) < Cly—y'| + 1z —2]);

3. E {supte[olﬂ([j)z} < oo;
4. Lt <¢.
Theorem 1.2.2 (El Karoui et al. [23]). Under Assumption 1.2.1, the following results hold true:

1. The RBSDE (1.7) associated with (f,¢, L) has a unique solution (Y, Z,K) = (Yi, Z;, Ki)i<t in
S? x H> x A2

2. The following representation holds true: For any t € [0, T],

T
Y; = ess suplE |:§1(TT) —|—/ f(S, Ys, Zs)dS + LT1(7<T)
TeT; t

]:t] ’ (18)
where T is the set of stopping time dominated by T, and Ty :={t € T, t <t <T};

3. E <sup Y2+/ | Z4| 2dt+K2> < CE <§2+f0 f%(t,0,0)dt + sup (Lj)2>;

te[0,T] t€[0,T]

4. Comparison result: Let (Y,Z,K) and (Y',Z',K") be two solutions of (1.7) respectively asso-
ciated with (¢, f,L) and (&, f', L") which satisfy Assumptions (1.2.1). If { < & ,V(y,z) €
R x RY, f(t,y,z) < f'(t,y,z) dP x dt and Vt € [0,T),L; < L} a.. then we have Y; <
Y/, Vt €[0,T] as.;

One-dimensional DRBSDE and related Dynkin games

Consider now two reflecting processes (Lt);c(o,r] and (Ui);ejor) under which the BSDE
changes the direction once the solution fouches either obstacle. This DRBSDE:s is connected with
the so-called zero-sum Dynkin game [14]. To be more precise, the game involves two players
with antagonistic goals (one wishes to maximize his profit while another wishes to minimize
his lost). Before the end of the game, each of whom implements a strategy and the first who
decides to stop pays or earns a certain amount. When the game finishes, two players share the
same payoff. The main objective of this game problem is to find an optimal strategy (if it exists),
i.e., a strategy such that this game is fair for both players.

Definition 1.2.3. We say that (Y,Z,K*,K™) is a solution of Doubly Reflected BSDE associated with
two reflected obstacles L and U, terminal condition ¢ and the generator f if the following system holds

13
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true:
(Y € 8?%,7Z e H¥, KT, K™ € A%
T T
Y; = C+/ f(s,Ys, Zs)ds —/ ZsdBs + Kf — K — (K7 —K;); Vt € [0, T);
: t 19
Ly <Yy < Uy (1.9)
T T
/ (Y; — L) dK;" = 0 and / (Y; — Uy) dK; = 0.
0 0
Assumption 1.2.4.

1. ¢ € L?and (f(t,w,0,0));<T € H*Y;

2. There exists a constant C such that ¥Vt € [0, T],y,y' € R,z,z' € RY,
f(ty,z) = by, 2N < Clly—y'|+1z—2|);

3. LUeS&2Vte|0,T|,Li <Ujand Lt < & < Uy;

4. (Mokobokzki’s condition) Let Lf = Lelery + 8l=1), LIE := Ul (s<1) + ¢1(4=1). There exists
h and 6 two continuous non-negative F —supermartingales satisfying ]E[supte[oﬂ h?] < oo and
E[sup,cpo 1 02] < oo such that: Vt < T,

Lf < he— 6 + E[¢| Fi) < UF.
Theorem 1.2.5 (Cvitanic-Karatzas [14]). Suppose that Assumption 1.2.4 holds true, then the DRB-
SDE (1.9) has a unique solution (Y, Z,K*,K~) € §? x H2 % A% x A2

Next let us consider the connection between the solution (Y, Z, K*,K~) and the stochas-
tic Dykin game. We denote by M, the class of [F—stopping time, for o, T in class M;r, we
consider the following payoft:

OAT

Ri(o,T) = t (r)dr + ¢l gar=1) + Lel(retrco) + Ul (ger)- (1.10)

Proposition 1.2.6 (Cvitanic-Karatzas [14]). Under Assumption (1.2.4), the stochastic Dynkin game
has a value, noted V;, given by the unique solution of DRBSDEs (1.9), i.e.

V; = esssupessinf E[R; (0, T)| F;] = essinfesssup E[R;(0, T)| Fi] = Y;.
TEMt,T UeMt/T UeMtrT TEM[/T

Moreover there exists a saddle point of the game (t*,0*) € (M, 1)? given by:

c*:=inf{s € [t,T|;Ys = Us} A T;

14



1.2. RBSDES AND DRBSDES WITH INTERCONNECTED BARRIERS

T :=inf{s € [t,T];Ys = Ls} A T.

Note that the Mokobodzki condition plays a crucial role when proving the unique solution
of DRBSDEs. Since it is difficult to check the existence of a difference of non-negative super-
martingales between the two barriers ([14, 30]), Cvitanic and Karatzas [14] provided another
regularity condition on both of the obstacle processes which insures the existence and unique-
ness of the solution of (1.9). Later Lepeltier, Hamadeéne and Matoussi [31] relaxed this latter

condition by assuming it only on one of the obstacles:

Theorem 1.2.7 (Lepeltier et al. [31]). Assume that Assumptions 1.2.4-(1-3) are satisfied. If there exists
a sequence of process (Uy)n>0 such that forany t < T,n >0,

1. Ur > U and lim, e Ul = U;, P — a.s;

2.up =uf + fot uy(s)ds + fot Un(5)dBs, where uy, v, are Fy—adapted processes such that
SUP,,~q o7 |Uf| < C* and IE{fOT |0,(s)[2ds]'/?} < oo, where C* is a constant.

Then DRBSDE (1.9) has a unique solution.

Hamadeéene and Hassani [27] showed existence and uniqueness of the solution of the DRB-
SDEs (1.9) by only assuming that the two obstacles are totally separated, i.e., L < U. However
the processes K and Z are not necessarily integrable. Actually under this latter condition it is
only shown that IP-a.s. K1(w) < oo and fOT |Zs(w)|?ds < oo.

1.2.2 Multidimensional RBSDEs with interconnected obstacle or oblique reflection

In recent years, the RBSDEs problems are also studied in higher dimensions. In connec-
tion with the switching problem, Hamadene and Jeanblanc [29] introduced those RBSDEs in
dimension 2. Later, Hu and Tang [40] considered the multi-dimensional framework where the
existence of the solution is obtained by penalization method, and the uniqueness of the solu-
tion derives from a verification theorem of the associated optimal switching problem. In the
same year Hamadene and Zhang [37] studied a similar system of RBSDEs where the com-
ponents of the driver depend on the solution. They showed that the unique solution of the
multi-dimensional RBSDE:s is also related to the value of an optimal switching problem. In this
paper the monotonicity condition of the generator plays a key role while authors prove the

existence of the solution by the penalization approach.

So let us introduce the following conditions:
Assumption 1.2.8. Form > 2,i=1,..,m,

1 E[fy [f(t,w,0,0)2dt + &) < o;
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2. fi(t,i,z) == fi(t,y',y?, ..., y™, z) is uniformly Lipschitz continuous in (y',z) and is continuous
inyl forj #iandfori,j=1,..,mandj # i, hi(t,y) is continuous in (t,y);

3. Let A; = {1,..,.m} — {i}, fi(t,¥,z) is increasing in y/ for j # i, W (t,y) is increasing in y for
j € A;

4. Fori € Aj, hﬁ(t,y) < y, moreover there does not exist a sequence j, € Aj, o jk € Aj 1 € Aj
such that yl = hjljz(t/ yz)/ yZ = hfzj3(t/y3)/"'/yk = hjkj1(t/y1);

5. Fori=1,..,m,¢& > maxjea, 1 (T, §).

Theorem 1.2.9 (Hamadene-Zhang [37]). If Assumption 1.2.8 is fulfilled, then the following system
of m-dimensional RBSDEs

Yie 82,7 e H2 K e A2

' ' T . . . T | . .
Yi =g +/ fi(s,Ys, Z)ds — / ZdBs + K — Kj; (1.11)
t T t .
Y/ > maxhil(t, Yt]);/ [YZ — maxh(t, Yt])} dKi = 0,
JEA; 0 jGAi

has a solution.

Uniqueness of the solution to the system of RBSDEs (1.11) is proved when for any i =
1,...,m, f Tis Lipschitz w.r.t. (¥, z). Later this existence and uniqueness result is generalized by
Chassagneux et al. [11] to the framework where f' is no longer monotonic but only Lipschitz
w.r.t. its components (, z).

Besides, in the markovian framework, one can find the connection between the system of
multi-dimensional RBSDEs and a specific system of PDEs. Indeed, let (X¢¥) se[t,7) be the diffu-
sion process satisfying (1.4) and let us introduce the following items:

Let I := {1,2,...,m} the set of available switching modes;

Vi,j € T,i #j,8ij: (t,x) € [0,T] x RF > g;i(t,x) € R" represents the switching cost

function from mode i to mode j;

VieT,hi:x e R — Ki(x) €R represents the terminal condition function;

o (t,x,,2) €0, T] x RF™H y £i(t x,y!,..,y", z) € R is the generator of the system
of RBSDEs.

We denote by I'# :=T — {i}.
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1.2. RBSDES AND DRBSDES WITH INTERCONNECTED BARRIERS

Definition 1.2.10. Let i € T,t € [0, T]. The following triples (Y'**, Zit*, KitX) € R? x H>* x A?,
i =1,...,m,are called solution of the m-dimensional RBSDEs with interconnected obstacles associated
with (f, 1, (8ij)jer—i) if: Foranyi=1,...,m,Vs € [t,T],

. , T . oy . )
YO = B (XE) + / f! (r, X, Y, LY, z;?ffx) dr — / Z"*dB, + Ki™* — K&
S S

Ysi;t,x > max [Ys];t,x _ gij(5, X;x)] :
jer-i

T( | N ,
/ {Y;;t'x — max [Ys]’t’x — gl-]-(s, Xé’x)} } dK;?t'x =0.
t jer—
(1.12)
Assumption 1.2.11.

1. b, o are jointly continuous in (t,x) and Lipschitz w.r.t. x, i.e. there exists a constant C > 0 such
that for any t € [0, T], x,x" € Rk,

lo(t,x) —o(t,x")| 4+ |[b(t,x) = b(t,x")| < Clx — x|
As a result b and o are of linear growth, i.e.

[b(t,x)| + | (t, x)| < C(1+ |x]).

2. Foranyi € T, fi(t,x,¥,z) is continuous in (t, x) uniformly w.r.t. (if, z) and Lipschitz continuous
w.r.t. (,z), i.e. for some C > 0,Y(t,x) € [0, T] x R, ¥, ];’ e Rl 2,2/ € RY,

F Oy 2) = Fxy ey 2 < C (I =y |+ " =y + 12— 211)

3. Monotonicity: Vj € T,y € R — fi(t,x,) is non-decreasing whenever the other components
(t,x,yt, ..,y =L yitL, ., y™) are fixed;

4. gij is jointly continuous in (t,x) and ¥(t,x) € [0, T] x R, 8ij(t,x) > 0 and is of polynomial
growth;

5. The non-free loop property: For any (t,x) € [0,T] x R¥ and any sequence i, ..., ip such that
iy # ip, 11 = ip and card{iy, ..., iy} = p — 1, we have

Qivin (1, X) + Giiy (1, X) + .. + gi,_,i, (£,x) > 0,Y(t,x) € [0, T] x R,

By convention we set g;; = 0,Vi € T;
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6. Vi € T, h(x) is of polynomial growth and satisfies the consistency condition, i.e., Vx € RE,

H(x) = max (W(x) - g4(T,x)) .

Theorem 1.2.12 (Hamadene-Morlais [34]). Under Assumption 1.2.11, the system (1.12) has a unique
solution (Y#~, Zi* Kit*),cr. Moreover, there exists deterministic continuous functions (v'(t, x))icr
of polynomial growth such that

VieT,s e[t T], Yit™ = vi(s, XiX).

Moreover (v'(t, x))icr are the unique solution in viscosity sense of the following system of PDEs with
interconnected obstacles: Vi € T, t € [0, T]

min{v;(t, x) — max(v/(t, x) — gij(t,x)); —910' (t,x) — LV'(t,x)
jer-i

—Fi(t, x, 0L (£, %), ., 0" (1 %), 0 (t, x) T D40 (£, %))} = O; (1.13)
v'(T,x) = hi(x).

The multi-dimensional RBSDEs are connected to the multi-modes switching problems.
In applications, the study of the optimal strategy related to the investment of multi-portfolio
(e.g.[64, 34]), or even to find the optimal control in the natural resource industry (e.g.[20, 29]),
one can apply the multidimensional RBSDEs model where its unique solution is nothing but
the value function of the problem.

The stochastic switching problems

In accordance to the connection between multi-dimensional RBSDEs and the stochastic
switching problems, Hamadéne and Jeanblanc [29] introduced the two-mode switching prob-
lem by investigating into the real options problem, called reversible investment problem. By means
of Snell envelop method, they showed that such a problem has an optimal strategy, under
which the value of the problem is related to the 2-dimensional RBSDEs. Later this problem
has been extended by a lot of researchers, for example, Hamadene and Hdhiri [28] studied the
two-mode switching problem when the corresponding processes are driven by both a general
Brownian filtration and an independent Poisson process; Porchet, Touzi and Warin [60] studied
this problem by assuming that the payoff function is given by an exponential utility function.

Later the multiple switching problems are also studied. Djehiche, Hamadéne and Popier
[20] considered a real switching problem of a power plant. They show the existence of the
optimal strategy and the link with the unique solution of the system of RBSDEs. In this work
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1.2. RBSDES AND DRBSDES WITH INTERCONNECTED BARRIERS

the driver f is path-independent.

Some more general cases of f, for example, the driver and the obstacle are interconnected
to the solution of the RBSDEs, are also studied under different conditions (e.g.[40, 37, 34, 19]).
Now we introduce some results on the multiple stochastic switching problems for later use. We
stick to the markovian framework as the extension to the general one is immedjiate.

Definition 1.2.13.

We define a strategy (5,&) := ((Tn)n>0, (En)n>0) as

1. (Tw)u>1 is a non-decreasing sequence of IF—stopping times; we set 19 = 0;

2. (&n)n>0 the T—valued and Fr,—measurable random variable, and &y represents the initial
state of the switching problem.

we say that (6,&) := ((Tu)n>0, (Cn)n>0) is admissible if P[t, < T,Vn > 0] = 0;

(at )<t the indicator process defined by

vt e [0/ T]r by = 1[0,71)(t) + 2 Cﬂl[rn_l,rn)(t);

n>1

(AY)s<T the cumulative cost function given by

Vs < T’ Ag = Z gén—1/§n<Tn’ X'tl’,:c)lrnSS/ A% = 151% A?;
S

n>1

Dl = {a = ((tu)u>0, (En)n>0) € D, &0 = i, 70 = s, and E[A%] < oo} the set of admissible
strategies.

Theorem 1.2.14 (Hamadene-Morlais [34]). Assume that Assumption 1.2.11-(1-2,4-6) is satisfied,
then:

(i) the switching problem has an optimal strateQy, denoted a* = (6*,¢*), i.e.,

sup J* = J*,

a€D)
where x = (6,&) and J* = ]E[fOTf"‘S(s, Xe)ds — A%).

(ii) Foranyi € T,s € [0, T]
Y! = esssup(P* — A%),

seDi
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where P* is the solution of the following BSDE of non-standard type:

P* RCLL and E[sup,_; |P¥|?] < o0, Q% € H*4;
T — T

Pr = 1 (XE) + / F(r, X5, 5, Q) dr — / QUdB, — (A% — AY), Vs < T.
S S

Note that similar results are also shown in Hu and Tang [40].

1.3 Systems of reflected BSDEs with interconnected bilateral obsta-

cles: Existence, uniqueness and applications

Chapter 2 is a published co-work with Hamadene (ref.[35]).

1.3.1 Motivation

The main objective of this work is to study the system of multidimensional DRBSDEs with
doubly interconnected barriers, then we connect the unique solution of DRBSDE:s to the sys-
tem of PDEs with doubly interconnected obstacles. The novelties of this work are: (i) firstly we
obtain the existence of the solution via the penalization method in the general framework and
not only the markovian one; (ii) secondly by relaxing the assumption of monotonicity on the
driver '/ and applying the results of the first part and the connection with switching game as
well, we obtain the existence and the uniqueness of the solution of the system of DRBSDEs; (iii)
thirdly we apply the unique solution of DRBSDE:s in the second part to show the existence and
the uniqueness of the system of PDEs in the viscosity sense.

Preliminaries

Let T'!,T? be the finite sets of the whole switching modes available for the controllers or
players. Let I' := I'! x I’ and we denote by A its cardinal, i.e.,, A := |T| = || x |T?|. On the
other hand for (i,j) € T! x I'?, we define (T')~ :=T! — {i} and (T?) 7/ := I — {j}.

A function ¥ : (t,x) € [0,T] x R + ¥(t,x) € R’ is called of polynomial growth if there

exists two non-negative real constants C and +y such that V(t,x) € [0, T] x R¥,
(¥ (t,x)|e < C(1+ |x[).

Hereafter this class of functions is denoted by IT,.
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Next let us denote by i the generic element (y'/) (i,j)er Of R” and let us introduce the follow-
ing items: for any i,k € I'' and j, € T?,

i) fi: (t,w,7,2z) €[0,T) x A x RA x RY — fii(t,w,¥,z) € R;
. . + .
i) g,: (tw) €[0,T] x Qg (tw) €ERT;
iii) gj: (t, w) €0, T] x Q> gﬂ(t,w) € RY;
iv) & isarv. valued in R and Fr-measurable.
Finally let us introduce the following assumptions on f/, g, and 8 fori,k € T'and j,I € T2
Assumption 1.3.1.
1. Forany (i,j) € T! x T?,

a) There exists a positive constant C and a non negative P-measurable process (1)<t which
satisfies E[sup, 1 115|*] < oo such that: P-a.s, ¥(§,z) € R, t € [0,T],

7 F,2)] < C(L+ e+ 171),

where |ij| refers to the standard Euclidean norm of ij in R™ (the same for |z| below). Note
that this implies that E[ [, |f(t,0,0)[2dt] < oo;

b) fi is Lipschitz continuous with respect to (w.r.t for short) (V,z) uniformly in (t,w), ie.
P-a.s., forany t € [0, T], (}ﬁ, z1) and (y_2>, zy) elements ofRA+d, we have

Pt i1, 20) = FI(8 73, 22)| < CUFE = 3] + |z — zl),
where C is a fixed constant.
2. Forany (i,j) €T,
@) E(E0?) < co;
b) &', as the terminal condition at time T, satisfies the following consistency condition: IP-a.s.,

K _ i in (&' 43
Jhax, (C gik(T)> <¢ Slg{}l})‘_j (é +8]1(T>)-

3. Forall iy, iy € T (resp. j1,jo € T?) and t € [0, T}, the process 8,.1,(resp- Zj.1,),

(i) is non-negative and continuous;
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(ii) Foranyk € T! (resp. £ € T?) such that |{i1,i2,k}| = 3 (resp. |{j1, j2, €}| = 3), it holds:

P—Mvwgﬂ&m@<gww+&4ﬂ(mp@ﬂﬂ<$%ﬂ+@dw;
(1.14)

4. Forany (i,j), (k,¢) €T, gik(resp. g].f) is an It0 process, i.e.,

{g%ﬂ&ﬁ@+£%ﬂﬂ%+£%ﬁ@ﬂ%t<ﬂ

with o € H* and by, P-measurable and Efsup, 7 [ (s) ?] < co.

(mp{&N)SMWfKW@%+KQNM&t<R )

with 7j; € H>* and bj;, P-measurable and E[sup,_; |bj¢(s)[?] < co.

5. Monotonicity:
For any (i,j) € T and (k,1) € T := T — {(i,§)}, the mapping y*' — fi(t,7,z) is non-
decreasing when the other components (yP7) , o) +(x.1) and z are fixed.

Definition 1.3.2. A family (Y, Z, K+, Kii-~ )(i,j)er 18 said to be a solution of the system of reflected
BSDEs with doubly interconnected barriers associated with ((f”) (i,jers (&' ]) (ij)eT” (gik)i,kerl, (g Z)]-,gerz),
if it satisfies the followings: V(i,j) € T,

( Yij GSZ Zi E?—[Zd K+ € .AZ;
=54 J) (0,0, O e crs, 2 s~

ST zdaB + KT - KT = (KT —K)7), vt < T (1.15)
zﬂ<W<uﬂw6mﬂ
Sy —Lhakl* =0 and [ (U —v;)dK]" =0,

where L] = ké?rz}x {Y g, (1)} and U;] = rglzn NG +8u(} Vi< T.

1.3.2 Main results of this paper
Existence of solution under monotonicity condition

In the first place we prove the existence of a solution of (1.15) under Assumption 1.3.1. For
this purpose we penalize both barriers in the following way: Vm,n € N, (i,j) € T
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Yij,m,n c SZ, Zij,m,n c Hz,d;
(1.16)

. . T y T .
Y i [ (s () g e, 20 ds = [ 2P B < T,

where

ke(T)-i

) A y »
i (b, ) perrer z) = £7(4,5,2) +n {y? - max [y} —g,(0)] }
_|_
_ j_ [ il | & }
m min + g (t ,
{yt in ve -+ 8(t) }
(x* =xV0and x~ = (—x) V0, x € R).

Forall (i,j) € T, the sequence (Y"""), - increasingly converges to a process in S2, denoted
(Yi"™),,>0. As the terminal condition of this sequence stays the same, the monotonic result
is obtained by simply comparing the generators (f7"*),~o. On the other hand, the process
(Zij"”'”)nzo oo ZUM in H2A  the penalized part of the lower obstacle also converges in & 2

we denote by

g t y , -
oimA . ijmn kj,m,n . <
K; = nh_r)go | {YS II{I;?ES[YS gik(s)]} ds, t <T,
thus the triple (Y™, Ziim, Kiim) (i,j)er is the unique solution of RBSDEs associated with (¢, fiim,

(gik)kerl)(i,j)er where

+
Fm(s, () yer 2) = F(s, () ger ) = m (yff = i [y 4 8‘ﬂ<5>1> -

The following step is to prove that the sequence (Y/) ; cr convergences to Y/ in §2,¥(i, j) €
I'. Here the difficulty derives from the continuity of this limit process. In another word, if we

can prove the uniform convergence of (Yij'm)( Jer in 82, then Y/ holds the continuity. How-

ij
+
ever the penalized term m (yif - r(nzr)l v + g (s)]) is a little bit troublesome when making
le(T2)~/
calculus. Then we introduce the equivalent RBSDEs (Y, Ziim, Kif'm)(
the following:

i jjer Where the driver is

Fm e §,2) = fI( ) e, z) —m (]/ij - L +g—jl(t>]) '

le(r2)-i
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The equivalence (if one converges, the other one does so to the same limit) between (Yij'm, Ziim,

Kiim )(i,j)er and (Yim, ziim, Kif"m)(ilj)er is proved by the comparison theorem.

In the following we need to prove the convergence of (Yif'm)(il]-)er. For this purpose we rely
on the link with switching problems and introduce the following definitions:

* (0y)n>0: increasing sequence of stopping times s.t. P[o, < T,Vn > 0] = 0;

3, : ' —valued and F,, —measurable random variable;

® U := (0, 0n)n>0 an admissible switching strategy;

Af = Y51 86,16, (0n) 1 (5, <4y the cumulative switching cost and A% := lim; 1 A};

a; = 501(00) (t) + anl 5,1,11(0”71,%] (t);

i:= {u = (0y,0n)n>0 admissible strategy such that op = t,5) = i and E[(A%)?] < co}

Thus there exists (U%™,V9™),Va € Al j € T?, the unique solution of a non-standard type
BSDE associated with (&*/, fim A%):

Ui is rcll, B [supKT ]Ufj’m\z} < coand V4" € H24,

‘ , T , 4 T .
u" =g+ /t Lsza €7 (5, (V™) e, VI ) ds = /t V" dBs + Af — A,

where

£ (s, (Y™ eper z) = Y (E {f”” (YE™) o pyer, 2)

n>1 qerl
(1.17)
., L B
—m Z (" =Y =2y () s, =g | Lo r<s<an)-
le(T2)~
Then we have:
Y™ = esssup {Uf]'m — A?} :
acAl
Afterwards by It0’s calculus, we obtain the following estimate:
Proposition 1.3.3. Forany(i,j) € [,t < T,
mE | L {0 =Yg () }2] <C (1.18)
ler?—{j}
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This estimate implies that the discontinuity points of Y := limy,_ e Y7™ stem from the
discontinuities of lim,,_,c K. But by the uniqueness of the solution (Yij'm, Zim K"f"”)(i,j)er
of the system of RBSDEs associated with
(&, fiim, (gl,k) kert)(ij)er, the estimates on f (Assumption 1.3.1, 1.a)) and the regularity of the
switching costs, as in Proposition 1.3.3, we show that K™+ has a density w.r.t. dt which uni-
formly bounded in H*!. Therefore lim,,_, K/ is a continuous non-decreasing process. It
implies that Y/ is a continuous process and the convergence of (Y™, Zii™, Kij'm)(i,j)er and
(Yiim, Zim, Rim) ;e to (Y, ZU, KA+, KU~ ; o in the appropriate spaces holds (especially
the convergence of (Y/™),, to Y/ in §?). Finally we obtain:

Theorem 1.3.4. Under Assumption 1.3.1, the process (Y'I, Z1, Kif'+,K"7'*)(l~,j)€r is a solution of the
system of reflected BSDEs (1.15).

Existence and Uniqueness without monotonicity

The results of this subsection are based on the existence of the value function of a zero-sum

stochastic differential game whose payoff is given by:

J/ (v(w,0)) = E

-1

T
T4 /t f(s)ds — ngl (g%(f) O (on) — ?75127)]%(12) (Pn)) ‘ ft] , (1.19)
where y(u,v) is the coupling of (u,v). The construction of the model is well detailed in [33]
where the authors relate the solution Y% of the system of DRBSDEs (1.15) to this zero-sum
stochastic switching game, when the generators f/ do not depend neither on y nor on z. They
show that the value of the game is nothing but Y%, solution of the DRBSDEs, when the con-

trolled system under the switchings of the two players starts from (i, j).

For this purpose we introduce the following assumptions:

Assumption 1.3.5.

1. The processes (g, )ikerr and (8 ;) ecr= verify the non free loop property, that is to say, if (ix, ji)k=12,..,N
isaloopinT,ie., (in,jn) = (i1,]1), card { (i, jx)k=12,., N} = N—1andforanyk =1,2,..,N —
1, either iy1 = iy (resp. jx11 = ji), we have:

N-1
P—as, VE<T, Y Gy(t)#0, (1.20)
k=1

whereVk =1,..N — 1, Gikjk(t) =g,
—tklk+1
sure that any instantaneous loop in the switching mode set T' x T2, of the players (or deci-

()12, + gjkjk(t)lfk#jm' This assumption makes
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sion makers), is not free i.e. one of the controllers needs to pay something when the system is
switched and comes back instantaneously to the initial mode. Note that (1.20) also implies: for any

(i1, ...,in) € (TY)N such that iy = iy and card{iy, i3, ...,in} = N — 1,

N-1
P|Y gikikﬂ(t) = o] =0, Vt<T,

k=1

and for any (j1, ..., jn) € (T2)N such that jy = jy and card{j1, j2, ...,jn} = N —1,

Z ]k]k+1 - 0] =0, vt<T.

2. Forany (i,j) € T, the function ' does not depend on z.

Theorem 1.3.6. Assume that Assumption 1.3.1-(1.)-(4.) and Assumption 1.3.5 are fulfilled. Then sys-
tem of reflected BSDEs (1.15) has a solution (Y', Z, KU+, KU~ ; ey, ie., for any (i,j) € T and
t<T,

(Y e 82, 71 e?—l” KilE e A2
Z] = gl] +/ fZJ 5, ( s )(k,l)el"lxl"2> ds — /t Z;]st + K¥/+ - K?'+ — (Kl%'i - K?’i);
Ll <yl <ul;

,+ 7~
/0 (Y~ ) dx"* = 0 and /0 (uf =) axf~ =0
(121)

I Lij = ij . ¢ d uij — . Yﬂ 5. (1 M i . i th
where kén(re}j( { S ( )} and U, ler(r}gr)lj{ f —l—gﬂ( )} oreover it is unique in the

following sense: zf(Y VAR <A < *)(i,jert xr2 18 another solution of (1.21), then for any (i,j) € T

Y =vi, 77 = zi, K" K = kit - K

The sketch of the proof is the following: We firstly define a mapping @ from H>** to itself
by ®(¢) := (Yl )(ijjer- Then we consider two different solutions (Y#4); »cr and (Y¥/) ; iyer
of the systems of DRBSDEs (the existence of the solution is proved in the previous subsection).
When calculating the difference between (Y‘P'ij)( jer and (Y¥ii )(i,j)er, We relate to the corre-
sponding values of the games whose payoffs are J*#/ and J¥¥ to get rid of the switching cost.
Next using stantard It6’s calculus we prove that @ is a contraction mapping from H>* into
itself under an appropriate norm, then the solutin of the DRBSDE:s is the unique fixed point of
D.

26



1.3. SYSTEMS OF REFLECTED BSDES WITH INTERCONNECTED BILATERAL
OBSTACLES: EXISTENCE, UNIQUENESS AND APPLICATIONS

Connection with system of PDEs with bilateral interconnected obstacles

We are now going to decline Assumptions 1.3.1 and 1.3.5 in the markovian framework of
randomness. Let us introduce deterministic functions f¥(t,x,), h'(x), gik(t,x) and g;(t, x),
i,k €T, j,l €T?andt,x,ijin [0, T], R and R" respectively.

Assumption 1.3.7.
1. Forany (i,j) €T,

i) There exists non negative constants C and vy such that
(2 §)] < CO+ x|+ 17 ).

ii) fU is Lipschitz continuous w.r.t. i uniformly in (t,x), i.e. there exists a constant C such
that for any i1, 7> € RA,

£t 2, 50) = It %, 72)| < Cli = 7.

2. Forany (i,j) € T, the function h'l, which stands for the terminal condition, is continuous w.r.t.
x, belongs to class I, and satisfies the following consistency condition: ¥(i,j) € T and x € R,

ki ij il -
kén(re}))(—f(h (x) =g, (T,x)) <h'(x) < ler(r;ﬂlz?ij(h (x) +8;(T, x)). (1.22)

3. Forall iy, iy € T (resp. j1,jo € T?), the function 8,..,(7esp- 8, )

i) is non-negative, continuous and belong to I ;

ii) For any k € T! (resp. { € T?) such that |{i1,ip,k}| = 3 (resp. |{j1, /2, £}| = 3) it holds:
V(t,x) € [0,T] x R,

g . (tx) < 5i1k(t’x) —|—§ki2(t,x) (resp. gjljz(t,x) < gjlé(t,x) —|—§lj2(t,x)) ; (1.23)

Siyip

iii) The functions (g, )ikerr and () er2 verify the non free loop property, that is to say, if

(ixs j)k=12,..N isaloop in T, ie., (in,jN) = (i1, j1), card {(ix, ji)k=12,.,N} = N — 1 and
foranyk =1,2,.., N — 1, either i1 = iy 07 jx41 = Jk, we have:

VE<T, Y Gyjl(tx)#0, (1.24)

where Vk = 1,..N — 1, Gz-kjk(t,x) = —g

kg1

(t, x)l(ik#ikﬂ) + gjkjk (£, x)l(jk#jk+1)' This
assumption makes sure that any instantaneous loop in the switching mode set T' x T'? is not

27



CHAPTER 1. INTRODUCTION

free, i.e. one of the controllers needs to pay something when the system is switched and comes
back instantaneously to the initial mode.

Note that (1.24) also implies: for any (i1, ...,in) € (T1)N such that iy = iy and card{i1, 1y, ...,in} =

N -1,
N-1

Y. 8

. (t,x) >0,Y(t,x) €0, T] xR,
=1 =llk+1
and for any (j1, ..., jn) € (T2)N such that jN = jy and card{j1, j2,...,jn} = N —1,

N-1
Y. 8, (b%) >0, ¥(tx) € [0,T] x R
k=1

4. Forany i,k € T (resp. j,1 € T?),g_(resp. ;) is C'? and Dyg,, D38, (resp. Dxgj, D3,8y)
belong to Il,. Thus by Itd’s formula we have:

S
8. (s, X¢") =g, (tx) —I—/t LX(g. ) (r, X1 )dr
+ fts ngl,k(r, XYo(r, XE¥)dB,, s € [t, T);
8, (s X = 8, (s,x),s <t

S
Zuls: X:7) = 8j(t x) +/t LX@]'I)(T’/ Xy*)dr

rep. + fts ngjl (7’, Xﬁ’x)a(r, X,é’x)dBr, = [t, T],’
g]'l(sl Xélx) == gjl(s’ x), S S f.

In this subsection, we study the existence of the unique solution of the following system of
PDE:s in the viscosity sense: for any (i,j) € T, t € [0, T],

min {Uif(t,x) — maxge (1) [0 (£, x) — g (£, x)];max |0 (£, x) — minye g2 [0" (£, x) + g (£, x)];
—00l(t,x) — LX (o) (£, %) — f(t,x, (X (6, %)) gpyer) | } = 0

o (T, x) = hi(x).

(1.25)
The infinitesimal generator £X is given by: for any (t,x) € [0, T] x RF,¢ € C1? ((.) " is the
transpose),
X 1§ T 2 :
Li(t,x): =5 ”le (%)) 0%, P (t, X) + ;bi(t,x)axidj(t,x)- (1.26)
ij= i=

Before proving the existence of the unique solution of (1.25), we firstly show the connection
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between the unique solution (Yij?t'x)( jer of DRBSDEs and a deterministic function (vl )(i,j)er

L]
the so-called Feynman-Kac formula:

Proposition 1.3.8. For any (i,j) € T,(t,x) € [0,T] x Rk, there exists deterministic continuous
functions (v"); yyer such that

P—as. Vst T], Y = oli(s, Xt") (1.27)

where Y;j;t’x is the unique solution of the following system of DRBSDEs with doubly interconnected
obstacles:
Yij;t,x c 82 Zij;t,x c fHZ,l Kij,:i:;t,x c AZ .
ij;tx ij t,x T ij tx kL:t,x r if;t,x ij,+;t,x ij,+;t,x
Y9 =X+ | X (Y Y wner ) dr — | Z777dBr + Ky — K
S S
ij,—t,x ij,—;t,x
- (Kl]]" — K )}
LI <" < ul'

T ij;t,x ij;t,x ij,4;t,x T if;t,x if;t,x ij,—;t,x
/0 (YS]” _LS]// )dKS]r e :0and/0 <Ys]” _us]r/ )dKS]/ e

(1.28)

ifitx kjstx tx ifitx . iLtx | = tx
where Ly 1= kem(ragai [Ys 8, (s, X )} and Uy"" = lergll"lz?*f [YS +8(s, X )} ,s €[0,T].

The proof is composed of two steps. Firstly we assume that the coefficients £/ (t,x,0,0) and
hi (x) are bounded. By constructing a Picard iterations process (Y//"4¥) (ijyer = D( (Yiim=1tx) (i,j)er)s
we prove the uniform convergence of (Y7"%), -, in 8% and Vs € [t, T), Y — ol (s, XEY)
with 9" a continuous function. Then we show the uniform convergence of v/ to v'/ which
implies that v/ is continuous. In the second place, we relax the boundedness condition of
f(t,x,0,0) and h'/(x), i.e. they are of polynomial growth. By applying It6’s formula with
Y = Y;j; t’x(l + | XE*|2)=7, we fall in the previous framework. Therefore we deduce that Y/

has the previous representation (1.27) with v/ continuous and of polynomial growth.

Then we prove the existence of the unique viscosity solution of (1.25).

Theorem 1.3.9. Assume that Assumptions 1.3.5-(2.) and 1.3.7 are fulfilled. Then the A-tuple of con-
tinuous functions (v'/ )(i,j)er of (1.27) is a viscosity solution of (1.25). Moreover it is unique in the class
of continuous functions which belong to Il,.

The proof is divided into two steps. Firstly thanks to Proposition (1.3.8) we show that
(v') (i,j)er 18 a viscosity solution of (1.25) . Secondly we prove the uniqueness of this solution by
using the uniqueness of the solution (Y"/¥) (i,jjer Of the system (1.28).
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1.4 Zero-sum Switching Game, Systems of Reflected Backward SDEs

and Parabolic PDEs with bilateral interconnected obstacles

Chapter 3 is a preprint joint work with Hamadene (ref.[36]). In this work we study a specific
zero-sum switching game and its verification theorems expressed in terms of either a system
of RBSDEs with bilateral interconnected obstacles or a system of parabolic PDEs with bilateral
interconnected obstacles as well. The framework is markovian. We show that each one of the
systems has a unique solution. Then we show that the game has a value.

1.4.1 Framework setting

First let us additionally denote by:

- Ajye: the set of P-measurable continuous non-decreasing processes K = (K;);<t with
Ko = 0 such that P —a.s., Ky(w) < oo;

- H*'(d > 1) : the set of P-measurable R%-valued processes ¢ = (¢t)icpo,) such that

loc

P —as., fOT |pr|2dt < o0;

Next we define T := {1,2,...,p} and foranyi € T,letusset ' := T — {i}. Forij := (/);cr € R?
and 7 € R, we denote by (y’_i, 77) the element of R obtained in replacing the i-th component
of i with 7.
We now introduce the following deterministic functions: for any i € I',

- fii(t,x,7,2) € 0, T] x RFPH s fi(t,x,7,2) € R,

“ 8 (t,x) € [0,T] x RF s gi/iﬂ(t,x) € R,

- G (KX) €[0, T xRF = 3,4 (1 x) €R,

- hix € RF e Hi(x) € R

Next let us consider the following assumptions which, sometimes, we use only partly.

Assumption 1.4.1.
(H1) Forany i € T, f* does not depend on (i, z), is continuous in (t,x) and
belongs to class I, ;

(H2) For any i € T, the function h', which stands for the terminal payoff, is continuous w.r.t. x, belongs
to class I1q and satisfies the following consistency condition: Vi € T,Vx € R¥,

B (x) — gi,i+1(T’x> < H(x) < (x) +3;,,4(T, x). (1.29)
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(H3) a) For all i € T and (t,x) € [0,T] x R¥, the functions 81 and g, ;| are continuous, non-
negative, belong to Iy and verify:

8iit1 (t,x)+ 8iit1 (t,x) > 0.
b) They satisfy the non-free loop property, i.e., forany j € T and (t,x) € [0, T] x R,

q)j,jﬂ(t,x) + .+ ¢p_1,p(t,x) + ¢p,1(t,x) 4.+ (pj,llj(t,x) #0, (1.30)

where @g41(t, x) is either —g, é+1<t’ x) or g, s, 1(t, x). Let us notice that (3.14) also implies:

gt xX)+.+8, 1, (LX) +3,,(Lx) +..+8;_1;(tx) >0, (1.31)

and

5j,j+1<t’x) + .. +gp_1,p(t,x) +gp’1(t,x) + .. +§j_1’],(t,x) > 0. (1.32)

(H5) Foranyi €T,

a) f'is Lipschitz in (i, z) uniformly in (t,x) i.e. for any if1,yj» € RP, z1,z0 € R¥and t € [0, T),
f1(t %, u,20) = £ 3,52, 22)| < C(I71 = ol + |21 — z);

b) Vj € T, the mapping y/ — fi(t,x,1,z) is non-decreasing when the other components (y*)cr-i,
t, x,z are fixed.

¢) fis continuous in (t,x) uniformly in (§,z) and f'(t,x,0,0) belongs to I1,.

1.4.2 Motivation

This paper is related to zero-sum switching games, systems of reflected backward differential
equations (RBSDEs) with bilateral interconnected obstacles and systems of variational inequal-
ities of min-max type with interconnected obstacles, namely the Hamilton-Jacobi-Bellman (HJB
for short) system associated with the game.

First let us describe the zero-sum switching game which we will consider in this paper. Let I’
be the set {1, ..., p}. Assume we have a system which has p working modes indexed by T. This
system can be switched from one working mode to another one, e.g. due to economic, financial,
ecological reasons, etc, by two players or decision makers C; and C,. The main feature of the
switching actions is that when the system is in mode i € I', and one of the players decides to

switch it, then it is switched to mode i 4+ 1 (hereafter i + 1is 1 if i = p). It means that the decision
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makers do not have their proper modes to which they can switch the system when they decide
to switch (see e.g. [33] for more details on this model). Therefore a switching strategy for the
players are sequences of stopping times u = (0y,),>0 for C; and v = (7)o for Cz such that
0y < 0pq1 and 7, < T4 for any n > 0. On the other hand, the switching actions are not free
and generate expenditures for the players. Loosely speaking at time t < T, they amount to A}
(resp. BY) given by:

=) 8. §n+1(a”) (resp. BY = Y 6,6,+1(Tn))-

o<t T, <t

The process 8 (s) (resp. Sii+1(s)) is the switching cost payed by C; (resp. Cy) is she makes
the decision to switch the system from mode i to mode i + 1 at time s while (, (resp. 0,) is
the mode in which the system is at time ¢y, (resp. 7). Next when the system is run under the
control u (resp. v) for C; (resp. C2), there is a payoff J(u, v) which is a profit (resp. cost) for C;
(resp. C3) given by:

J(u,0) = E[ [ f5(s)ds — A% + BY + {°1].

where § := (J5)s<r is the process valued in I which indicates the working modes of the system
along with time. If at time s the system is in mode iy, then d; = iy. It is bind to the controls u
and v implemented by both players. On the other hand, for i € T, the process f' is the utility of
the system in mode i and finally {°7 is the terminal payoff or bequest.

The problem we are interested in is to know whether or not the game has a value, i.e,,

roughly speaking, if the following equality holds:

infsup J(u,v) = supinf J(u,v).
v u v
In case of equality we say that the game has a value. Finally we say that the game has a saddle-

point (u*,v*) if, for any u and v, controls of C; and C, respectively, we have:

J(u,0%) < J(w*,v") < J(u*,0).

Note that in such a case, the game has a value.

From the probabilistic point of view, this zero-sum switching game problem turns into looking
for a solution of its associated system of reflected BSDEs with interconnected bilateral obstacles.
A solution for such a system are adapted processes (Y?, Z, K"*);cr such that for any i € T and
s<T,

Yi and K+ Continuous, K'* increasing; (Z!(w);) i< is dt — square integrable;
=&+ [T firar — [ ZiaB, + Kit — Kt — (Kb~ — K,

le <vi< u1< )

Jy (Y= Li(Y)s)dKE" =0and [ (Y] - U'(Y)s)dK:™ =0,

(1.33)
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where: a) B := (By);<r is a Brownian motion; b) Y := (Y?);cr; ¢) LI(Y)s = Yit! — 8
U (Y)s = Y 4 g4 (s).
Actually the solution of the previous system provides the value of the zero-sum switching

(s) and

game which is equal to Y} if the starting mode of the system is i. Roughly speaking, system
(1.33) is the verification theorem for the zero-sum switching game problem. Usually it is shown
that the value functions of the game is the unique solution of (1.33).

In the Markovian framework, i.e., when randomness stems from a diffusion process X"*
((t,x) € [0, T] x R¥) which satifies:

dXY* = b(s, X )ds + (s, X*)dBs, s € [t,, T] and X* = x, fors <t, (1.34)

and the data of the game are deterministic functions of (s, Xﬁ’x), the Hamilon-Jacobi-Bellman
system associated with this switching game is the following system of partial differential equa-
tions (PDEs in short) with a bilateral interconnected obstacles: Vi € T, ¥(t,x) € [0,T] x Rk,

min{o’ (t,x) — L'(3)(t, x); max [v'(t,x) — U'(7)(t,x); —0w0'(t,x) — LX(0))(t,x) — fi(t,x)]} = 0;

v'(T,x) = hi(x).
(1.35)

where: a) ¥ = (v)icr; b) Li(3)(t,x) := 0/ Tl(t, x) —giiﬂ(t,x),ui(ﬁ)(t,x) = oitl(t,x) +
St x);0) LX is the infinitesimal generator of X.

This work is originated by an article by N.Yamada [68] where the author deals with the
system of PDEs (1.35) in the case when the switching costs are constant and for bounded do-
mains Q). By penalization method, the author proved existence and uniqueness of the solution
of (1.35) in a weak sense (actually in a Sobolev space). Then he gives an interpretation of the so-
lution of this system as a value function of the zero-sum switching game described previously.
A saddle-point of the game is also given. However neither this interpretation nor the existence
of the saddle-point are clear because the question of admissiblity of the controls which are
supposed to realize the saddle-point property is not addressed. In zero-sum switching games
this issue of admissibility of those controls, defined implicitely through (Y?);cr, is crucial (see
e.g. [33]). Note also that there is another paper by N.Yamada [67] where the solution of sys-
tem (1.35) is considered in viscosity sense. Once more by penalization, he shows existence and

uniqueness of the solution on bounded domains Q).
Therefore the main objective of this paper is to show that:

i) the system of reflected BSDEs with interconnected obstacles (1.33) has a unique solution in
the Markovian framework.
ii) the zero-sum switching game described above has a value in different settings.
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iii) The system of PDEs (3.3) has a unique solution.

1.4.3 Main results

Actually under Assumptions 1.4.1, (H2), (H3) and (H5) we show that the following system has

a unique solution in the class Ilg:

min{v'(t,x) — L'(7)(t, x); max [v'(t, x) — U'(T)(t, x);
—0,v'(t,x) — LX(V)(t,x) — fi(t, x, (0! (t,x))ier, o(t, x) T D0 ()]} = 0; (1.36)
o'(T,x) = hi(x),

where for any i € T, L/(3)(t,x) = o'"l(t,x) — gii+1(t,x) and U (7)(t,x) = o't x) +
8:i41(t, x). This system generalizes system (1.35).

The proof is based on Perron’s method and the construction of this solution (more or less
the same as in [19]) proceeds as follows: a) we first introduce the processes (Yim, zim KEimy,
m > 1, solution of the system of reflected BSDEs with interconnected lower barriers associated
with
{1 X%, 4,2") = m(y' =y = Giia (r, X2")) 5 0 (XF), 8, (7 X0%) bier (see (3.57)). Itis a de-
creasing penalization scheme. As the framework is Markovian then there exist deterministic
functions continuous and of polynomial growth (v"™);cr such that the following Feynman-Kac
representation holds: Foranyi € I',m > 1and s € [t, T|,

Yim = ol (s, X0,

Asforanyi € T, m > 1, Y > Y+ then we have also v > v""+1. Now if we define v' =
lim,, v, then (v');cr is a subsolution of (3.3) and for any fixed my, (v""™);cr is a supersolution
of (3.3). Next it is enough to use Perron’s method to show that (3.3) has a unique solution since
comparison principle holds. Finally, by uniqueness this solution does not depend on m( and is
(0')ier. Additionally for any i € T, ¢’ is of polynomial growth and continuous.

Next for (t,x) € [0,T] x R¥,i € T and s € [t, T], let us set:

Yir = o (s, XEY).

With the help of the previous result, mainly continuity of (v');cr, we show the following theo-
rem:

Theorem 1.4.2. Assume that assumptions 1.4.1-(H2), (H3) and (H5) are fulfilled and that for any
i € T, f' does not depend on z. Then for any (t,x) € [0, T] x R, there exists adapted processes K=~
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and Z"** valued respectively in R* and R? such that, in combination with Y+, verify: Foranyi € T,
i) K4 are continuous non decreasing and P-a.s. fOT | ZH%|2ds < oo ;
i) Vs € [t, T,

(Yi=H(XE) + [T (X, (Y)er)dr — [T Zi**dB,
+Ki,+,t,x _ Ki,+,t,x _ (Ki,—,t,x _ Ki,—,t,X)_
T ] T S 7

(1.37)
Li((Y")er) < YI < UL((Y)ier);

STV = L((Y)1er))dKE = 0and [ (Y — UL((Y)ier))dKY™ =0,

where fors € t < T, Li((Y)ier) := Y — g, (5, X¢™) and U((Y)ier) := YE + G (5, X).

i1

The existence of the solution of (1.37) is proved by the penalization method combined with
the continuous solution of (1.36). Indeed, we introduce the following processes (Yim Ym>o0: Vi €
L,

" "e 82,77 e H2 R € A2
= WX+ [T, X, (Y™ e )dr — [T ZE" B, + K -
Ys > LI((Y")ter),s < T

SO = LI (V" er) R =0,

-1, m,+

K
s 8= 1 (138

where 7" (s, X0%, 7) = f(s, XI,7) = m(y’ = [y + 814 (5, X))
Then we have: For any i € T and m > 0, the processes Y*""** have the following represen-
tation (see e.g. A4 in [18] for more details): For any s € [t, T,
ONAT

Yt = esssup essinf E[h' (X{*)1(g—ret) + Fir, XU%, (YmAx), Dy dr
o>s T8 s (1.39)

+ Ly (Y7 ) 1er) Lar) + LU (Y )ier) V Y™ 3 r e ey | F).

Moreover there exist deterministic continuous functions (z?i'm )ier such that foranym > 0,i € T
and s € [t, T] we have:
Yi,m,t,x _ Z)i,m (S Xt,x)
s - 7 4xg ).

But for any i € T, o™ \, ¢’ which, by Dini’s Theorem, implies that this convergence holds
uniformly on compact subsets of [0, T| x RF. Take now the limit w.r.t. m in (1.39) and use the
facts that X* has moments of any order and that "™ and v’ have uniform polynomial growth
to obtain that:
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. X ONAT .
Y = esssup essinf E[h' (X%x)l(U:T:T) + Filr, X%, (YY) cp)dr
S

o>s T8

(1.40)
+ L (Y 1er) Liowr) + UL (Y )1er) L (ro ey | ).

But we have also the following inequalities: For any s € [t,T] and i € T,
u;((yl)ler) > Ysi > Lé((Yl)ler)~
On the other hand by Assumption (H3)-a),
U er) = LA ier) = a5, X5%) + g, (5, X0%) > 0,

which means that the obstacles U'((Y"*¥),cr) and Li((Y"*¥),cr), for any i € T, are completely
separated. Therefore by Theorem 3.7 in [27], there exist progressively measurable processes
Yihx KiEbY and Z4* valued respectively in R, R* and R? such that:

i) Y+ € S2([t, T]), K44 are continuous non decreasing and K/ % = 0 ; P-a.s. ftT | ZE%)2ds <
0 ;

ii) The processes (Y"'"*, KiA4x, 7itx) verify: Vs € [t, T],
i = W(XE) + [ X0, (G er)dr — [ 27 dB,

i,4+,t,x i,+,t,x i,—t,x i,—txy.
+KT — K; — (KT — K ),

(1.41)
LE((Y")jer) < Y& < UH(Y")jer);
ST QU — LE((YH),0))AKES = 0 and [T (X4 — (YY) p))dKE 5 = 0.
Moreover Y% has the following representation: Vs € [t, T],
. . OAT |
Y = esssup essinf E[1' (X%x)l(U:T:T) + Fi(r, X%, (YD) er)dr
oos T2 ; (1.42)

+ Lo (Y Yier) L geny + U (Y 1er) L (rcg ooy | F)-

Thus for any s € [t,T], Y"'* = Y""* and then by (1.41), (Y"*, Ki*Hbx, Zibx) verifies (1.37)
for fixed i. Finally as i is arbitrary then (Y"**, Ki*4x, Zit¥). 1 is a solution for the system of
reflected BSDEs with double obstacles (1.37). The proof of existence is then stated.

In the case when f 1 ieT,donot depend on ¥, the link with a specific zero-sum switching
game is the following;:
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Theorem 1.4.3. Assume Assumption 1.4.1-(H1)-(H3). Then for any i = 1, ...,m, then as previously
one can show that for any (t,x) and s € [t, T],

Y = essinfesssup ]I (0(u,0))s = esssup essinf [/ (0(u,v))s,
veB! e ueAV) oeB

where
17 (8(1,0))s = EAROWOT (XY 4 [[1 FO00) (r, X))y — C5 | F},

and Agl) (resp. Bt(l) ) is the set of admissible integrable controls which start from i at t, and finally 6 (u,v)
is the coupling of (u,v). O

This theorem tells us also that the solution of (1.37) is unique when f iieT,donot depend
on ij. Next to show that the solution is unique in the general framework of Theorem 1.4.2 it is
enough to consider the mapping ® from H2? into itself by ®(¢) := (Y?);cr. Then we consider
two different solutions (Y?4);cr and (Y¥4);cr of the systems of DRBSDEs (the existence of the
solution is already proved). When calculating the difference between (Y%);cr and (Y¥/);cr,
we relate to the relations of Theorem 1.4.3 to get rid of the switching cost. Next using standard
[td’s calculus we prove that @ is a contraction mapping from H2? into itself, then the solution
of the DRBSDEs (1.37) is unique. O

1.5 Mean-field Doubly Reflected backward stochastic differential equa-

tions

Chapter 4 is a preprint joint work with Chen and Hamadene (ref.[12]). In this work we
investigate into a Doubly reflected BSDE of Mean-field type (MF-DRBSDE in short). In two
different frameworks, we show the existence and uniqueness of the MF-DRBSDE where the
two barriers are interconnected to the solution .

1.5.1 Overview of Mean-field theories
Mean-field games and MF-BSDEs

Motivated by classical mean-field approaches in Statistical Mechanics and Physics, in par-
ticular the study of systems composed of a very large number of particles, Lasry and Lions
[45] introduced the so-called mean-field model. Later the mean-field game has attracted a sig-
nificant attentions in the last decades, in particular motivated by the linear McKean-Vlasov
PDE, Buckdahn et al. [7, 6, 5] introduced a new class of BSDEs of Mean-field type with the
driver f := f(«',w,t,y,2,y,z) : Q"F1 x [0, T] x R!*1 x R — R satisfying the following
conditions:
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Assumption 1.5.1.

1. Foranyt € [0,T],y1,¥2, Y1, V5 € R,z1,22,2], 2} € RY, there exists a constant C such that
|f(t v 21,y1,21) = f(EYa, 20, 92,22)] < C(lyp — ol + |24 — 20| + [y1 — ya| + |21 — 22])

2. £(.,0,0,0,0) € H%, - (0, T;R)

Theorem 1.5.2. [Buckdahn et al. [6], [7]] Under Assumptions 1.5.1 the following MF-BSDE has a
unique adapted solution: for any t € [0, T),

{ g e 12O, F,P),Y € S2(0,T;R), Z € HX(0, T; RY);
(1.43)

T T
Yi=¢ +/ ]E/[f(s, Ys// Zé,YS,Zs)]dS — / ZsdBs
t t

where ' is an operator defined by E'(y(., w)) := [ 7(«', w)P(dw'),Vy € LY(Q, F@ F,P®
p).

They also provided the corresponding comparison result and the converse comparison re-
sult for MF-BSDE, as well as the research to McKean-Vlasov PDE and related Dynamic Pro-
gramming Principle (DPP in short).

In this context, Li [50] introduced a class of MF-Reflected BSDEs which makes the con-
nection between the results of classical RBSDEs (e.g. [23]) and those of MF-FBSDEs (e.g. [7,
6]). Later after that, Djehiche, Elie and Hamadéne [17] deepened the MF-RFBSDEs results by
adding the dependence on the distribution of the Y-component of the solution in the barrier.

The motivation comes from insurance problems. So let us consider the following system of
reflected MF-BSDEs:

Definition 1.5.3. [Djehiche et al. [17]]

The triple of progressively measurable processes (Yi, Zt, Kt)te[o,T] is called a solution of the MF-reflected
BSDE associated with (f,, h) if:

(1) When p > 1,

(Y € SP,Z e HP  and K € S!;
T T
Y, = g+/ f(s,YS,IE[YS])ds-I-KT—Kt—/ Z.dB, 0<t<T:
t t
(1.44)
Y, > h(t, Y, E[Y)]), Vte[o,T];

/OT(yt ~ h(t, Y, E[Y:]))dK; = 0.
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(2) When p =1,

(Y €D,Z € UpoyMland K € S;
T T
Y, = g+/ f(s,Ys,IE[Ys])ds-l-KT—Kt—/ Z.dB, 0<t<T;
t t
(1.45)
Y, > h(t, Y, E[Y;]), Vte[o,T];

/OT(Yt —h(t, Y, E[Y]))dK; = 0,

where D is the class of adapted continuous of class [D] processes and M1 is the set of P-
measurable processes (z;);<7 such that ]E[(fOT |zs|?ds)1/?] < oo,

Next let us recall the following necessary conditions:

Assumption 1.5.4. [Djehiche et al. [17]]
The coefficients f,h and ¢ satisfy:

1. f:= f(ty,z) : [0,T] x R™ — R such that (f(t,0,0)),e01] is P-measurable and belongs

to HPY, in addition f is Lipschitz continuous w.r.t (y,y') uniformly in (t,w), i.e. there exists a
positive constant C such that

Vi€ [0, Ty, ¥ y2,y2 € R |f(ty1,y1) — f(ty2,v2)| < Clyr — val + y1 — val);

2. The mapping h := h(y,y’) : R — R is Lipschitz continuous w.r.t. (y,y'), i.e. there exists two
positive constants 1 and 7y, such that

Vx,y, X,y € R, |h(x,x") —h(y, y")| < mlx =yl + 722" —y'];

3. ¢ is Fr—measurable and R—uvalued random variable such that E[CF] < oo and & > h(,E[{]).
Theorem 1.5.5. [Djehiche et al. [17]] Suppose that Assumptions 1.5.4 is fulfilled,

1. for p > 1, the mean-field reflected BSDE (1.44) has a unique solution if the following condition
holds true:

p—1 1
p _P P 1.
(71 +72) (p_1)71+72 <L
2. for p =1, the mean-field reflected BSDEs (1.45) has a unique solution if 1 + 2 < 1.

Based on the results of [17], we investigate into the mean-field doubly reflected BSDEs.
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1.5.2 Motivation and problem setting
Motivation

In this work we are concerned with the problem of existence and uniqueness of a solution
of the doubly reflected BSDE associated with the quadruple (f,¢, h, g):

T T
Y, = g+/ F(s, Yo, E[Ya])ds + K — K — Ki + K; —/ 7B, 0<t<T;
t t
h(Yt,IE[Yt]) <Y < g(Yt,IE[Yt]), YVt € [0, T], (146)

T ) T B
/0 (Ys — h(Y., E[Y,)))dKS = 0,/0 (Ys — ¢(Ys, E[Y]))dK: = 0.

Those BSDEs are of mean-field type because the generator f and the barriers depend on the
law of Y; through its expectation.

There have been several papers on mean-field BSDEs including ([7, 6, 4, 17, 50]). Those
equations are connected with several motivations of which the representation of a utility of an
agent inside an economy ([7, 6, 50]), the assesment of the risk of a financial position ([4]), the
representation of set of portfolios in life-insurance ([17]), etc.

As previously mentioned, in [17], the authors consider the case of one reflecting barrier of
(1.46). They prove existence and uniqueness of a solution via the fixed point method and the
penalization one as well. Those methods do not allow for the same framework. For example,
the fixed point method does not allow generators which depend on z while the penalization
does at the price of some additional regularity properties which are not required by the use of
the first method.

Notations

Let T be a fixed positive constant. Let (Q), F,IP) denote a complete probability space with B =
(Bt)te[o,1] @ d-dimensional Brownian motion whose natural filtration is (F2:=0{Bs,s < t})o<i<T-
We denote by F = (F)o<i<T the completed filtration of (F?)o<¢< with the IP-null sets of F,
then it satisfies the usual conditions. On the other hand, let P be the o-algebra on [0, T| x Q) of

the F-progressively measurable sets.
Forp > 1and 0 < sy < typ < T, we define the following spaces:

e [P :={¢: Fr — measurable radom variable s.t. E[|{|/] < o0};

o Hjh. = {(2t)e)o,r) : P — measurable process and R" — valued s.t. P —a.s. fOT |zs(w)|?ds <

co};

* 87 :={(yt)teo,) : continuous and P-measurable process s.t. E[sup, o 7 [y:[F] < eo};
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o A:= {(kt)icjor : continuous, P-measurable and non-decreasing process s.t. ko = 0};
e T; := {1, F — stopping time s.t. P — a.s.T > t};

* D:={(¢)te)o,r) : F —adapted, R —valued continuous process s.t. [|¢||1 = sup_ .1 E[|y-|] <
co}. Note that the normed space (D, ||.||1) is complete.

We introduce the following assumptions on (f, ¢, 1, g):

Assumption 1.5.6.
(i) The coefficients f, h, g and ¢ satisfy:
(a) the process (f(t,0,0))¢<T is P- measurable and such that fOT |f(t,0,0)|dt € LP(dPP);

(b) f is Lipschitz w.r.t (y,y') uniformly in(t, w), i.e., there exists a positive constant Cs such that
P-a.s. forall t € [0,T], y1,y}, y2 and y, elements of R,

f(tw,y,y1) — fEw,y2,v2)| < Cr(lyr — Vil + ly2 — val). (1.47)

(ii) h and g are mappings from R? into R which satisfy:
(a) h and g are Lipschitz w.r.t. (y,y') i.e., there exist pairs of positive constants (vy1,7%2), (B1, B2)
such that for any x,x',y and y' € R,

h(x,x") = h(y, ¥ )| < mlx—yl+ 12l =y,

/ , o (1.48)
8(x,x") =gy, y')| < Brlx —y| + Balx" = ]

(b) h(x,x") < g(x,x"), for any x, x" € R;
(iii) ¢ is an Fr- measurable, R-valued r.v., IE[ZP] < oo and satisfies h(&,E[¢]) < & < (&, E[Z]).

Definition 1.5.7. We say that the quaternary of P-measurable processes (Y, Zt, K;", K, )< is a solu-
tion of the mean-field reflected BSDE associated with (f, &, h, g) if :

Case: p > 1

YeSF, Ze Hfoc and K7, K~ € A;
T T
Y, = §+/ F(s, Yo, E[Ys])ds + Kf — K — Ky + K- —/ ZdB, 0<t<T;
t t
(1.49)
WY, E[Y)]) < Yi < (Y, E[Y:]), Vte[0,T];

T T
/ (Y, — h(Y,, E[Y:]))dK+ =0, / (Y, — g(Ys, E[Y]))dKS = 0.
0 0
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Case: p =1,

(Y € D, ZE’H?OC and KT, K~ € A;
T T
m:g+/‘ﬂxnmwm¢+K;—mh4q+K;—/’Aﬂg 0<t<T,
t t
(1.50)
hY, E[Y)]) < Yi < g(Y, E[Y:]), Vte[0,T];

T T
/(n—ho;mnpmmh:q/(n—gaumnnwsza
0 0

1.5.3 Main results of this paper

This work is devoted to studying the solvability of MF-DRBSDE for the case p > 1 (1.49) and
for the case p = 1 (1.50). By means of the associated zero-sum stochastic switching games and
the Snell envelope argument, we prove the existence of the local fixed point Y over t € [T —
J, T| where ¢ is a parameter independent to the terminal condition §. Next by concatenating

T
of all small intervals [T —i6, T — (i — 1)6],Vi = 1, ..., 5 we then obtain the global fixed point
Y on [0, T|. However some supplementary conditions on Lipschitz constants 1, vz, B1, B2 are

required.

Theorem 1.5.8. Assume that Assumption 1.5.6 holds for some p > 1. If v and 7y, satisfy

1 r \* G
(M +72+p1+pB2)7 [(p—l> (Mm+p)+(r2t+tp)| <1 (1.51)
then the mean-field doubly reflected BSDE (4.2) has a unique solution (Y, Z,K*,K™).
Theorem 1.5.9. Let f,h, g and ¢ satisfy Assumption 1.5.6 for p = 1 and suppose that
TM+r2+tph+B <L (1.52)

Then, there exists 6 > 0 only depending on C 71,71 B and By such that (1.50) has a unique solution
(Y,Z, K", K7) € Dx Hi x Ax A. O

loc
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CHAPTER 2

PAPER 1: SYSTEM OF REFLECTED
BSDES WITH INTERCONNECTED
BILATERAL OBSTACLES: EXISTENCE,
UNIQUENESS AND APPLICATIONS

This chapter is a published joint work with Hamadene (ref.[35]).

2.1 Introduction

This paper is related to the study of systems of reflected backward stochastic differential equa-
tions (BSDEs in short) with interconnected bilateral obstacles. A solution for such a system is a
family of adapted processes (Y, Z', Kif"*,K"f'*)(i/]-)Er such that: For any (i,j) € Tand t < T,

T < ij T i kit _ axiie
Y/ =i [ (s, () perr e, 20) ds = [ Za+ [ (@I —akd7);

L) <y’ <u/; (2.1)

T .. .. . T . .. ..
/ (Y7 — LNaKki* =0 and / W — Yhak~ = o,
0 0

where:
a)l =Ty xTy={1,...,m} x{1,... m};

i k ii ) 1 - )
b) L/ := kerg}%}{lfﬂ —g,(t)} and Uy := lerrrgir}j}{Yt’ +8u()};

o) fil, & o and 7., are given data of the problem which are described precisely later;
ik &8 g p p y
d) K'/* are non-decreasing processes such that K|/ + =0,
This system introduced first in [41] is related to the zero-sum stochastic switching game, as
y g8

shown later in some papers including [19, 33]. On the other hand, note that the above BSDEs

have two reflecting barriers which depend on the solution (Y?) (i,j)eT-
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A stochastic optimal switching control problem of a system (which can be a portfolio in
market, a power plant, etc.) is a discrete stochastic optimal control where a strategy ¢ is pair
of sequences ((Ty)n>0, ({n)n>0) such that for any n > 0, T, is a stopping time such that 7, <
Ta+1 and {, are random variables valued in the set of modes under which the system is run.
Roughly speaking at time 7, the controller decides to switch the system from its current mode
to the new one denoted by (,. The switching actions are not free and generate expenditures.
When a strategy ¢ is implemented, it induces a payoff which is equal to J(¢) and then the
problem is to find a strategy o* which realizes sup,, J(¢). This problem is related to systems of
reflected backward stochastic differential equations (RBSDEs in short) with interconnected one
lower obstacles to which reduces (2.1) in the case when g;; = 4-c0. There are several papers on
this topic including [11, 10, 20, 34, 29, 37, 40, 64, 66, 69, 43] (see also the references therein) in
connection with energy, finance, etc.

Next, one has a zero-sum switching game if there are two decision makers 771 and 71, which
intervene on the system by both choosing its joint working mode (7,j) € T (71 and 71, choose
i € T'and j € TI? respectively). The interests of the decision makers are antagonistic, that
is to say, when 711 (resp. 712) implements the strategy o7 (resp. 02) there is in-between a payoff
J(01,02) which is a profit (resp. cost) for 711 (resp. 712). The zero-sum switching game (especially
issues of existence of the value, a saddle point, etc.) is connected with the solutions of systems
of reflected BSDEs of types (2.1) (see e.g. [19, 33]). This is the main motivation to study this
system (2.1).

There are only very few papers which deal with the problem of existence of a solution for
system (2.1). The question of uniqueness is even less studied. According to our best knowl-
edge, system (2.1) is studied in two papers only which are [41] and [19]. In [41], the authors
have shown existence of a solution for this system (2.1) when the switching costs ¢, and g, are
constant. The question of uniqueness is not addressed and remained open. On the other hand,
in [19], Djehiche et al. have considered system (2.1) in the markovian framework of random-
ness. By using tools which combine results on partial differential equations (PDEs for short)
with results on BSDEs, the authors have shown existence and uniqueness of the solution of
system (2.1). The switching costs g, and g, are not constant.

Therefore the main objective of this work is to complete the existing literature on the prob-
lem of existence and uniqueness of a solution for the system of RBSDEs with bilateral intercon-
nected obstacles (2.1) and to provide an application in the field of PDEs. Actually the novelties
of this paper are the following:

i) We show that system (2.1) has a solution in the case when the processes 8. and gj are of
Itd type and under the monotonicity assumption of the functions f (see [H5] below) ;

ii) We show that system (2.1) has a unique solution in the case when the processes g, and g,
are Itd processes and the functions f” do no depend on z. We do not require the monotonicity
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assumption on these latter functions ;
iii) When randomness is Markovian and comes from a diffusion process Xt* we show

that the Feynman-Kac representation formula holds for (Y’ )(i,jjer, the first component of the

irf)
solution of system (2.1), i.e., there exist deterministic continuous functions (") ; ;)cr such that
forany (i,j) € T,s € [t,T], Y¢" ¥ — vii(s, X*). Moreover the functions (o' )(i,j)

solution of the following system of PDEs with bilateral interconnected obstacles: V(i,j) € T,

cr are the unique

min{o¥ (t, x) — kerg}ziﬁi}[ka(t,x) - &k(t,x)];max[vif(t,x) - lerrrzli_r}j}[vil(t,x) +3;(t,x)];

~0p0i(t,x) — LX) (t,) — £t %, (0¥ (t,2)) gyer) | } = 0
o (T, x) = hii(x).
(2.2)
The monotonicity assumption of the functions (/) (i,j)er 18 no longer required as in [18, 19, 42,
68], etc. This result on PDEs improves also substantially the existing literature in this domain
(see the previous references). System (2.2) can be seen as the Hamilton-Jacobi-Bellman-Isaacs
system associated with the zero-sum switching game when utilities are implicit or depend on

the values.

The chapter is organized as follows: In Section 2.2, we give some statements and assumptions.
In Section 2.3 we introduce and analyse, under the monotonicity assumption on the func-
tions (f'/ )(i,jjer, the approximating schemes of (2.1) obtained by penalization. We show that
the penalization terms are bounded in appropriate space. We then show that the penalization
schemes converge and their limits provide solutions for (2.1). In Section 2.4, by the zero-sum
stochastic representation, we show that, the system (2.1) has a unique solution when (%) (i,j)er
does not depend on z. Finally in Section 2.5, we deal with application of the result of Section
2.4 in the field of PDEs. We first show that the processes (Y’ )(i,)er enjoy the Feynman-Kac
representation through deterministic continuous with polynomial growth functions (v") ; jjer-

Moreover the functions (v'/ )(i,j)er are the unique solution in viscosity of system of PDEs with

i,])
obstacles (2.2) of min-max type. They are also the unique solution of the dual system to (2.2)

which is of max-min type.

2.2 Statements, assumptions and preliminaries

Let T > 0be a fixed real constant. Let (Q), F,P) be a complete probability space which carries a
d-dimensional Brownian motion B = (B)c[o,r) whose natural filtration is FP:=0{Bs,s < t}ocyer-
We denote by F = (F})o<;<T the completed filtration of (F?)o<;<T with the P-null sets of F,
then it satisfies the usual conditions, i.e., it is complete and right continuous. On the other
hand, we define P as the c-algebra on [0, T] x Q) of the F-progressively measurable sets. Next,

we denote by:
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- §?: the set of P-measurable continuous processes ¢ = (¢;)c[o, 7] such that IE (Sup;epo, 7y [t ?) <
0,

- AZ: the subset of S? of non-decreasing processes K = (K;);<t such that Ky = 0;

- H¥*(k > 1): the set of P-measurable, RF-valued processes ¢ = (¢t)icpo,1) such that
T
E(J) |guf3t) < e

To proceed, let I'! T2 be the finite sets of the whole switching modes available for the con-
trollers or players. As mentioned previously T := I'' x I'? and denote by A its cardinal, i.e.,
A = |T| = |T!| x |T?|. On the other hand for (i,]) € T! x I'?2, we define (')~ := T'! — {i} and
(%) =12 = {j}.

Next let us denote by i/ the generic element (y'/) (i,jjer Of R and let us introduce the follow-
ing items: For any i,k I'' and jle 2,

i) fi: (t,w,i,z) €[0,T] x A x RM x R? v fii(t,w,¥,z) €R;
i) g (t, w) €0, T] x Q> gik(t,w) € R*";
iii) gy (t,w) e[0T x Q> gﬂ(t,w) € RT.
iv) ¢ is ar.v. valued in R and Fr-measurable.
Finally let us introduce the following assumptions on 7,5, and L fori,k € T'andj,I € T
[H1] For any (i,j) € ' x I'?,

a) There exists a positive constant C and a non negative P-measurable process (7)<t
which satisfies E[sup,_r |15]?] < co and such that: P-a.s, V(,z) € R**, t € [0, T],

It F,2)] < CO+ e+ 171),

where |7]| refers to the standard Euclidean norm of 7 in R* (the same for |z| below).
Note that this implies that E| fOT |£i7(t,0,0)|%dt] < oo;

b) fiis Lipschitz continuous with respect to (w.r.t for short) (7, z) uniformlyin (¢, w),
i.e.P-as., forany t € [0, T], (ﬁ,zl) and (y_z), zp) elements of RA*%, we have

FIt 1, 2) = F1(4, 93, 22)| < C(WE — B3| + |21 — 22])

where C is a fixed constant.

[H2] Forany (i,j) €T,
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a) E(|g7]?) < oo
b) &7, as the terminal condition at time T of system (2.1), satisfies the following consis-

tency condition: IP-a.s.,

ki if ]
(hax, (C 84T )) s¢'s min (C +8(T ))

[H3] a) For all i1,ip € T'! (resp. ji,j» € T?) and t € [0, T], the process gi]iz(resp. g, ]-2),

(i) is non-negative and continuous;

(ii) For any k € T'! (resp. £ € I'?) such that |{iy,ip, k}| = 3 (resp. |{j1, jo, £}| = 3) it holds:
y P P- 1U1/]

P—as, V1 <T,g (1) <g, ()+g, (1 <resp. 8 (B) <Zj (D) + g%(t)) ;
(2.3)

iii) By convention we set V(i,j) € T, 8, = 0and g;; = 0. Note that this convention
implies the so-called non loop free property (see (2.39) and (2.40)).

[H4] Forany (i, j), (k,£) € I, g, (resp. g,) is an It6 process, i.e.,

{ () =g, (0) + /Otbik(s)ds + /Ot(fik(s)st, t<T,

with ¢ € H** and by, P-measurable and E[sup, 1 |by (s)]?] < co.

(resp.{ 8je(t) = 8;(0) + /(;tbjg(s)ds +/0ta]~g(s)dBS, t<T, ) |

with 7, € > and bjy, P-measurable and Elsup,. 1 |bje(s)[?] < oo.

[H5] Monotonicity:

For any (i,j) € T and (k,I) € T~ := T — {(i,j)}, the mapping y* > f(t, ?,z) is
non-decreasing when the other components (y77);, )4 (x,1) and z are fixed.

Definition 2.2.1. A family (Y, Z1, K+, Kii-— )(i,j)er 18 said to be a solution of the system of reflected

BSDEs with doubly interconnected barriers associated with

() i jyers (E7) i jyers (8, )ikerts (§7"); ¢er2), if it satisfies the followings: (i, j) € T,

Yif' € 8%, 70 e H*>,Ki* € A%;
=&t f) f” 8,0, (YE) (o) eri r;/Z;j)dS“— )
ft ZUdB + KT — KT — (KT — KV, vt < T; (2.4)
Ll < y” <uy,vtelo,T); )
LS —Lhdk T =0 and [ (U —Y7)ak]T =0,
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ij._ ki _ o i il | =
where L] := kéI(ﬁ))(_f{Yt g, (O} and U := ler(r}gr)lij{Yt +8u(H)}Vt<T.

2.3 Existence under the monotonicity condition [H5]

In this part we prove the existence of a solution for the system of reflected BSDEs (2.4) under
Assumptions [H1]-[H5]. For this we first introduce penalization schemes which we analyse
and show properties of the penalizing terms. Then by using the monotonicity assumption of
the generator f(s,,z), namely [H5], and comparison of the solutions we prove that the ap-
proximating schemes converge and their limits provide solutions of the system of reflected
BSDEs with bilateral interconnected obstacles (2.4).

So let us consider the following sequence of BSDEs : Vi, n € N, (i,j) € T,

Yij,m,n c Sz’zij,m,n c Hz’d;
|

g . T . T
Y g 7 (s, (V) e, ZI) ds = [ ZIM B £ T,

where

ke(r1)—i

y — . »
i (b, () yerarz) = £ (4,5,2) +n {y? - max [y} —g, ()] }
+
ij . il =
— - (1
m {yt in v+ }

(x" =xVO0and x~ = (—x) V0, Vx € R).

Since (2.5) is a standard BSDE without obstacles, thanks to the results by Pardoux-Peng [52],

the solution exists and is unique. Moreover we have the following comparison result based on

a paper by Hu-Peng [39] related to comparison of solutions of multi-dimensional BSDEs.

Proposition 2.3.1 ([18], pp.143). Forany (i,j) € T, f' satisfies [H1] and [H5], &'/ satisfies [H2] and
(&k)i,kerl, (&1)1cr2 satisfy [H3]-a), then for m,n > 0, we have

P —as. YU < ylmn < yljmntd, (2.6)

Next we are interested in discussing the limit of Y/ in §? when n goes to +oo for fixed 1.
Some similar results are already discussed in [37], [34], [18], [40], etc. Here we apply the same
method as in Hamadene et al. [18] to prove the convergence of Yimn in §? as n — oo and then

we have:
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Lemma 2.3.2. a) Forany (i,j) € T! x T?, the sequence (Y'I"", Ziim™"), o converges, as n tends to
infinity, to (Y™, Ziim) in 8% x H*4 ;

b) Forany (i,j) € T' x T2 and m > 0, let K" be the following limit in S? (which exists, one can
see [18] for more details):

; ) ‘ _
vVt < T, Kl]er = lim ; n {Yé]’m’” — max [Ysk]’m’n —gik(s)}} ds

n—oo ke(r1)—t

Then the triples (Y™, ZI™, K™+ ; o cr is the unique solution of the following system of RBSDEs
with lower interconnected obstacles: For any (i,j) € Tandt < T,

Y™ e st 7" e HL KM e A%
z]m Cz;_}_/ fz]m klm)(k,l)erlzij, / Zz]mst+K1]m+ K1]m+’

S

ij (2.7)

J.m .
e sﬂxfﬂ ,

T ~ljm ~kj,m ij,m,+
T = max W g (R <o

Y

B +
where £ (s, (4!) pyer 2) = £ (s, <)k%pa—m<W—xquﬂ+&wﬂ).

le(I?)

c¢) Foranym > 0and (i,j) €T, yim sy,
, -
Let us just point out that the function (t,w, (y) jpyer) — —m {yll — min¢ 2 iy + S (t)]}

enjoys the same properties as 7/ w.r.t ij, hence ? o keeps the same monotonicity properties
as f displayed in [H1] and [H5]. Therefore to prove that (Y] "z g s
unique solution of the RBSDEs (2.7) can be performed in the same way as in Hamadéne and

(i,j)€F1XF2 is the

Zhang [37], we then omit the proof. O

Next, we introduce another equivalent approximating scheme defined as follows : for m >
0, let (Yij'm, Zim, Kij,m,+)(i/j)€r be the unique solution of the following system of RBSDEs with

lower interconnected obstacle: V(i,j) € T,

( yijm 632 7ijm EfHZ Kiim+ EAZ
)" = C’“r/ £ (s, (™) e pyer, 2 ds_/ Z"aB + KT KT b < T

v = ke (Yt — 8t >> b T

T .. . ..
ijm kjm m,+
/0 [Yt kgrq;gi(Yt gik(t))] dK;""" =0

(2.8)
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where fi(t, Y, z) i= f1(t, F,2) = m Tye o) (7 =y = Z4(1) "

To proceed we are going to analyse the properties of this scheme (2.8) and its relationship with
system (2.7) as well.

First note that for any (i,j) € T, the sequence (f/™),,> is non decreasing w.r.t. m, since for
allm >0,

fime gz~ g = T (v-y'-5,0) 20
le(r2)-i

Therefore by applying comparison theorem of systems of reflected BSDEs (see [34]) we obtain

Vm >0, (i,j) € Tt x T2, yim > yim+l (2.9)

i.e. (YU™),,>0 is a non increasing sequence. Besides the following inequalities hold:

+
i, [T |m ij ij . T iim — i
7 :ff<t,?,z>—\r2\m{yf— min [yl+gﬂ<t>]} < fim < "

le(r2)-i

where |T?| is the cardinal of I'2. Therefore once more by the comparison result of solutions of

systems we have
o o
Vi >0, (i,j) € Tt x 12, YU < yiim <y (2.10)

Consequently, as the sequences (Y"™),,~o and (Y”"),,>0 are decreasing then if one of them
converges then is so the other one to the same limit.

Finally we have the following estimate of the penalization term in (2.8). This estimate plays
a crucial role in the proof of existence of the solution of (2.4).

Proposition 2.3.3. Forany (i,j) € I, Vt < T,

m?E
ler?2—{j}

R gﬂ<t>>+}2] <c 1)
where the constant C is independent of m.

Proof. First let us show that there exists a constant C independent of m such that for any (i, j) €
L,

E

sup \Yﬁ'm\zl <C. (2.12)

s<T

Actually taking into account of (2.10), it is enough to show that Y’/ satisfies the same estimate.
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But from (2.6) we have
P—as. YU <YimO < yimn (2.13)

and the sequences (Y%"),,~, (i,j) € T, converge in S? respectively to Y/ (one can see [18],
Prop.3.3, pp.149, for more details) where (Y, Zi, K'J )(i,j)er is the unique solution of the system
of reflected BSDEs wih interconnected upper obstacles associated with

<(fij) (j)ers (89) i jers (gﬂ)jllerz) . Now the claim follows since Y lim,, Y™ and Y"1 <
Yum,

Next in order to prove the boundedness of the penalized part of (2.8), we rely on the link
between solutions of systems of reflected BSDEs with lower interconnected obstacles and op-
timal stochastic switching, which is well studied in the literature (see e.g. [11, 29, 34, 37, 40]
etc). For this purpose, we set u := (03,0, )n>0 an admissible strategy of switching, i.e., (0,)n>0
is an increasing sequence of stopping times such that P[o,, < T,Vn > 0] = 0, 6, is I''—valued
and F,, —measurable random variable. Next when u is implemented, we set the cumulative

switching cost A} := nZ:>1 85 s (o) L(g,<p) fort < T and A} := }1_1)1% A{. On the other hand, for

t < T,weseta;:=dly(t) + ) 0n-11(g, 0, (t) which stands for the indicator of the mode
n>1

in which the system under switching is at time ¢. Note that a is in bijection with the strategy u.

Finally denote by A} (t € [0, T] and i € T) the following set:

i = {u = (0, 6n)n>0 admissible strategy such that op = t,dy = i and E [(A”%)z] < oo}

Next for j € T? and a € A, let (U%™, V%™) be the unique solution of the following BSDE
which is not of standard form since A% is only rcll: V¢ < T,

Uusim is rcll, E [supKT |Ufj’m|2} < oo and V4" € H24,

(2.14)
. , T , , T
uf],m ="+ /t IL(sZtm)ia],m (S, (Yskl'm)(krl)er’ VSH],m) ds — /t Ve dB; + AT — Af.
where for any s < T, 9" is defined by:
£, (™) e 2) = 1 | 8 {0 08 per 2)
n>1 qerl (2 15)
. Im
—m Z Yq]m _ oy _ g]'l<t>)+}l{5nlq}) 1{%719@”}
1e(T2)~
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ie. (s, (YH ™) kner,z) = fUM(s, (Yskl””)(k,l)er,z) if at time s, a(s) = ¢. Let us notice that
the arguments of f7"" are s,w and z since (Y¥ ™)k yer is already fixed. Then the following
representation holds true (see e.g.[34]): Vt € [0, T,

Y™ = esssup ( = A”) (2.16)
ac Al

since, mainly, the switching costs verify the non free loop property (2.39).
Indeed let (Y™, 1™, Kij'm)(i,j)er be the unique solution of the following system:

YZ]MGSZ z]meer 1]m+€A2

vim =iy [ {fff(s,<Y§lrm><k,l>er,;?'m>m by @éf'myé’fmgﬂ(s))*}ds

le(I2)-i
T .. .. ..
- /t ZMaBs + KI™MT — KM, < T (2.17)
ij,m k],m . .
Y}z max (0 -g, () 1< T

T , y

ijm kjm im+
1 et = (e gyt =0
Therefore (see e.g.[34]): Vt € [0, T],

X?’m = ess sqp(Ufj’m — A7). (2.18)
ac A}

But (Y™, Ziim, K ™) (i,j)er is also solution of (2.17), then by uniqueness of the solution of sys-
tem (2.17) we have Y = Y which combined with (2.18) implies (2.16).
Next as a consequence of (2.16) we have: Forany t € [0,T],i € [' and j,I € T?,

ij,m ilm —= m alm  — +
(Yt]’ —yihm g].,(t)> < esssup (Ll et gt )) : (2.19)
ac Al

Now for t < T, let us set W/ := U™ — s — i (t), Wb — P — g — gu(H)*
and let 6 be a real constant which will be chosen appropriately later. Then applying Itd-Tanaka’s
formula with e~ W;” bk yields (note that Wy’ bt — by [H2]): Vt < T,

, T
- 1 1 _
e O ,m,++7/ e 05dLY
2 )t
T 0 a,jl,m,+
:9/ e W ds

+/ 1 aﬂm>0) _95 {fa]( (Yklm)(kl)el"/ Va m) fal( (Yklm)(kl)e ’V )+b]]( )} d
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T .
- ‘/t\ l(wg,jl,n1>o)e_es <‘/sﬁ],m - ‘/sal'm - F]l (S)) st

T .
—m / 1(Wa,ﬂ,m>0)e95{ Yy Wkt Yy wgflkfmf+}ds (2.20)
t S

ke(12)—i ke (12)-!

where LY is the local time of W%+ at 0 and f%/(s, (Yskl’m)(k,l)er,z) = U0, (Yskl’m)(k,l)er,z)
(see (2.15)). Next let us focus on the last term of the right side of (2.20): V¢t < T

ke(T2)~J ker2—{1}

T .
- Jk,m,
— m/t ]l(wf’ﬂ”">0)e fs { E : Ws’l] m4+ } : W;le,m,—O—} ds

(2.21)

T . . .
_ a,ljm,+ a,jl,m,+ Jjkm,+
—m / N L S L B L (A R D
t ker2—{ji}

Note that ]l(wg,,-z,m>0)W§’lj’m’+ = 0 since {Ws”’jl’m >0} N {Wf’lj’m >0} = Das g > 0. Next by

applying the inequality a™ — b" < (a — b)" we have: Vs < T

Jkm, - i) - +
1 Wbt — W +) = IL(W"'”'"’>0) Z ugt™ — S (s) — U™ +gjk<s)> ’

(W >0) ‘ .
ker2—{j]}

ker2—{j,I1}

Using the fact that g (s) + g (s) > gj(s), by Assumption [H3]-(a),(ii), we deduce that
il i, — _
WP < U™ — U™ 4 gy (s) — 8 (s)
and then

0= T pypmimsg Y (U —gy(s) - U +8p(s)”
ker2—{j1}

I e~ i, —
S X T g g gues0 U~ 8r() — U 4 gu(s)
kerz—{ji} ]

=0.
Now going back to (2.21) we obtain: Vt < T,
T .
—m/ I[(V\/s""ll"">0)e_as Z Wsa,]k,m,+ — Z wadkm g
t ke ()~ ke(T2)-!

T .
S —m A I[(wsa,jl,m>0)e_eswgl]l,m,+ds (2.22)
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and consequently from (2.20) we have: Vt < T,

—Otyasajlm,+ T —Osyarajlm,+ 1 T —0s 37w
e "W +m 1 (Wi e Wy ds + > e °dL
t s t

>0)

. T .
— t 1 a,jl,m>0)€705(‘/sa],m — Vsal,m —0ji (s))dBs + 9/ ]l(Vvsu,jl,m>O)3765W:’]l,m,+ds

+/ L it Oefgs{f”j(sf(Yskl’ )y Ve — £ (s, (YK e, VL )+b]z()}d5-
(2.23)

Next by taking § = m, recall that [H1] implies the boundedness of (f(t,, z)) (i jjer by |¥] and
[H4] represents (gj1) jicr as 1t process, hence by taking the conditional expectation we deduce:

vt <T,
7|

. T

Jlm, - - aj a
W < | [ eI, () g, V) = (s, () g, V) 4 5
ﬂ]
ﬂl

{1+sup!175\+ X SUPIYklm!+SuP|b]z( )!}

s<T (k1)eT s<T

<E

T
C{l—l—sup|175|—|— E sup\Yklm|+sup\b],( )|}/ e MGt g
t

s<T (kl)er s<T

1
_ (1 _ ,—m(T—t)
=—(1—c¢ )E

C{1+sup|175|+ ) SUP|Yklm’+SuP|b]l( )|}

s<T (k1)eT s<T

Now by (2.19), we get

VE< T, m(Y)" — il —g;(t)" <CE

.

and then squaring, using conditional Jensen’s inequality and finally taking expectation to ob-
tain: Vi < T,

ik {07 - g0t )| < ce

L+sup s>+ Y sup Y&+ sup |bjl(5)|2]
s<T (kl)er s<T s<T

which implies the desired result since the processes 77 and Ejl are uniformly square integrable
and by estimate (2.12). O

Next we are going to show that K/ is absolutely continuous w.r.t time and its density
AR

( % )s<T belongs to H>! uniformly in m.

Proposition 2.3.4. For any m > 0 and (i,]) € T, there exists a P-measurable process (ocij’m)tST such
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that forany t < T,
K™ = [ ad™ds.

T
Moreover there exists a constant C independent of m such that IE [ / |ad™ \st} <C.
0

Proof. Let us consider the following system of BSDEs: for any (i,j) € T,
Yij,m,n c 82, Zi]',m,n c fHZ,d ;
» T . . —
N {f’] (5, () e 207 = m DO =V g 5) T 2y

7
+ 1 Yy (Y — yomn 4 &k<s))_} ds— [T Z"™"dB;, t < T.

For (i,j) € I,m > 0and s < T let us set:

DI (s) = Fil(s, (YEM) opyer, Z0T) = m (YO — Y~ g (s))
I

First note that by [H1], (2.11) and (2.12), there exists a constant C independent of m such that
T .
E [ / i () |2ds] <c. (2.25)
0

On the other hand the sequences (Yij'm'”, ZIM 1 [o e (r)-i (Y;j’m’n — yamn 8,(s)” }ds) o
(i,j) € T, converge when n goes to +oc0 in §? x H> x 8% to (Yiim, ziim, Kilm+, (i,j) € T, re-
spectively. Moreover (Yij'm, Zim Izij'm*)(i,j)er (see e.g. [18] for more details) is solution of the

following system: Vt < T,

. . T . y T .. . e
Y =g [ (s, (4 g er, Z0Mds — [ 20" dB 4 R RIS

cij,m > ckj,m . .

> e (7 1,0) 2
/ Y- max (797 g (1))] agim = 0

o L't ket S S

As the solution of this latter is unique and by (2.8), (Y™, Ziim, Kij'm'+)(
then, Yim = Yiim, Ziim — ziim and R+ = K"+ for any (i,]) € T.

Next fors < T,i,k € T! and j € I'Z2, let us set

ij)er is also a solution

pikj,m,n — (Ysijzm,n _ Yskj’m’" + &k(s))_'

Note that by Assumption [H2], piﬁj’m’” = 0. Now if (X;)s<T is a continuous semimartingale
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then by the use of Itd-Tanaka formula (see e.g. [61], pp.231) we have that: Vt < T,
2 ! 2 T
6P+ [ LxcqdX)s = ()P +2 [ Xax.
Therefore for any t < T,
ikj,m,ny\2 T ij,mmn =kjmn 2
(pi’ ) + /; ]];{Ysij,m,ninj,m,n+g ( <0} (Z - Z +Qlk(5)> dS

T
ikim, . .
e —Z/t ]].{Ysij,m,n_Ysl<j,m,n+&k(s)<0}p; Jmn {q)l]zm(s) — @k]/m (S) — bik(s)} ds

T K (i 2.27)
B ) ikj,mmn ijmmn —kj,mn (
+ Z/t :H.{Ysl],m/n_Yf],nl/i1+§ik(s)<o}ps (ZS Z + Qlk(S)) st
2 ! 1 . ikj,mn ilj,mn klj,mmn d
— [y g e (s)<0}Ps D D S
t Sik le(rl)—i lE(rl)_k

We now focus on the last term of (2.27).

T . L. .
- _ ikj,mn ilj,mn klj,m,n
— 21’[ /; ]]_{Y/Sz/,m,n_fiq,m,n_‘_gik (S) <0}P5 { l Z . ps - Z Ps dS
- €

(rl)fl le(rl)fk

T o T o ..
[ iy . ikj,m,n\2 - ) ikjmmn kijmn
- 2n /t 1{}751//"!,"_?5]/7"/" +§fk(5)<0} (Ps ) dS + 2n /t 1{Y;/,1n,n_1~/sk],m,n +gik(s)<0} Ps Ps /ds
=0

T o .
kjm,n iljmn klj,mmn
+ 21’1 / ]]. ~i]',m,n7 okjmmn p; s E ( psj ps J ) dS
RS Yo" +g, (s)<0} Jeri (i)}
(2.28)

since by positivenessof g _and g, (yimn _ ykimn 8,(s) <0}n {ylmn _yimn 8,.(s) <
0} = @. Next by applying the inequality a~ — b~ < (a —b)~ we have

ikj,mn klj,m,n iljmn
Os Z (Ps — Ps

lert—{ik}
ikj ki, lj B O A -
=l Ly () (T g (6))7)
lert—{ik}
'k‘, ) "k', 5 ~", , B
SP;]mn Z YS]mn_Y;]mn_i_gkl(s)—gﬂ(s))
leT—{ik}

ikj,m, okjm,
ﬂ{?ﬂ/’”’"—ifi‘j/”""+g, (5)<0}'0; j,m,n Z YS] mn Yl] ,m,n + gkl( ) &l (S)) =0
) ik lert—{ik}

since by Assumption [H3]-(a),(ii), forany I € T — {i,k}, 1 (g (s )<0}(ij gl
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gkl(s) -8 (s))~ = 0. We then deduce from (2.27) that, after taking expectation,

T iki T ..
y ) ikj,mmy2 _ ikj,m,ny2
2nlE |;/t ]l{Ysl/,m'n*ijlm'n+gik(s)<0} (PS ) dS:| = 2nlE |:/t (ps ) d5:|

T ., . . X
< 2E [ [ o i ) — @kn(s) bik<s>\ds}
t

T .. T .. ,
< | [ ] 4 B | [ 007 0 buo)Pas| @29
t t
which implies that
) T ikjmn\o Ty i 2 ki 2 2
2B | [ (s < | [T {1006 + @@ o) fas|. 230
t t

Then by (2.25) and Assumption [H4] on b;, we obtain:

T ikj,m,n
/ (Zps]’ , )st
0

kA

<C

T
n’E {/ (p;k]’m’”)zds] < Cand n*E
0

for some constant C independent of n, m. It implies that for any (i, j) € I, the sequence (a0 =

nY keri—{i} pékj’m’n)ng)nzo is bounded in #?!. Thus one can extract a subsequence (still de-
noted by n) such that for any (i,j) € T, ((ad™")s<T)u>0 converges weakly in H>! to some
P-measurable process (zx? ™)< which moreover satisfy: For any (i,j) € 'and m > 0,

T ..
E [ / (a;f'm)zds] <cC (2.31)
0

Additionally for any (i,j) € I' and any stopping time 7 it holds:
ij,m,+ T
K" = / al™(s)ds. (2.32)
0
Actually this is due to the fact that the sequence ( OT o) "M ds) >0 is also weakly convergent in
L%{(Q, Fr,dP) and since, as pointed out previously, K+ & lim,, e fo (xéj’m’"ds.

Indeed let us show the weak convergence of ( OT (xéj’m’"ds)nzo. Let ¢ be a random variable of

L% (Q), Fr,dP). By the representation property there exists a P-measurable process (7;)¢<7 of
H?4 such that: ,
Vi < T, E[|F] = E[Z] + /0 77,dBs.

Next by Itd’s formula we have

T T . . )
B o ) atae| = w Bz [[obma] g | [ B
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since by Burkholder et al.’s mequahty ([62], pp-160) ( fo S "dr)fjsdBs);<T is a martingale
due to E| {fo Osrxl/ M dr)? ];75|2ds} ] < 0. As the sequence (((xs] ") s<T)n>0 converges weakly
in H?>! to a/"”" then

E [/0 E[Z| F;]a Z]m”ds] e E [/OT]E[Q]-“S] l]mds} —E [g/oragmds]

which is the claim. O
Proposition 2.3.5. There exist continuous adapted processes (Y])( jer and P-measurable processes
(ZY); jyer such that for (i,j) € T* x T

i) (YI™),~0 uniformly converges to Y in S2.

ii) (Z™) >0 converges to Z in H>.

Proof. First let us recall the process (Y"j'm)(i,]')er in (2.8). Next fix (i,j) € T and let Y be the
optional process such that
P-as, Vt<TY] hrnY;]m

m— 00

which exists since the sequence (Y™),,> is decreasing (see (2.9)). On the other hand for any
m > 0wehave: Vt < T,

T ..
z]m Cl]"f—/ fz]m (Ykl )(kleF/ dS+/ 1]m S_/t Z;]/mst'

Then using It6 formula with (Y"™)2 and taking into account of (2.25)-(2.31), one deduces the
existence of a constant C independent of m such that

IE[/OT

Next, let {m} be a sequence such that:

.. 2
z;f"”‘ ds} <C. (2.33)

(fl]( (YH ) ket zJ m))s§T> |, converges weakly in H?! to ® ;

ii) <m Yier—{j (Ysij’m —yim il (s))+> <T> converges weakly to 07 is H>! ;
5= m>0
iii) ("), converges weakly to a’l is H*! ;

iv) (Zij'm)mzo converges weakly to Z// is >

This sequence exists thanks to Assumption [H1] on f/ and (2.12), (2.11), (2.31) and finally (2.33).
Next let T be a stopping time. Then as in the proof of Proposition 2.3.4, the following weak
convergences in L2(dP), as m — oo, hold true:

) [ ) e, Z0Mas = [ @i(s)as,
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b)/O mo Y (Y;j’m—Ysil'm—g'jl(s))J“ds4/0 0 (s)ds,

ler?—{j}
T .. T ..
) / al™M(s)ds — / o'l (s)ds,
0 0
T iim T i
d) / Zimap, / ZiaB..
0 0
Therefore for any stopping time 7, we have:
i i T . T . T . T i
Y! =Y - / P (s)ds —|—/ 6 (s)ds — / a'l(s)ds — / ZJdB;.
0 0 0 0
As Y is an optional process and this equality holds for any stopping time then the processes
of the left and right-hand side are indistinguishable which means that P — a.s.,Vt < T,
i _ i [ il ' gii f i ' i
Y, =Yy — /0 P (s)ds —i—/o 6" (s)ds — /0 all(s)ds — /o Z4dBs (2.34)

and the process Y'/ is continuous. Thus by Dini’s Theorem the convergence of the sequence of

(Y™),50 to Y7 holds in 82 i.e. limy,; 00 [E [Supth ]Ytlj’m - Ytij|2} = 0.

Next once more by the use of It6’s formula with (Y7 — Y¥")2 and taking into account
of (2.25)-(2.31) one deduces that (Z"),,>q is a Cauchy sequence in H> and then (Z/"™),,>¢
converges strongly to Z7 is H?*. O

To proceed let us define for any (i,j) € I, t < T,
ij,— b ij+ Eij
K/ = /0 0;/ds and K;"" = /0 agds.
We then give the main result of this section:

Theorem 2.3.6. The process (Y", Z, K"t K"~ ; ycr is a solution of the system of reflected BSDEs
2.4).

Proof. First note that by (2.34) and since Y = &' then for any (i) € T,
i y T . T . T . T .
Y! =&+ / DY (s)ds — / 0" (s)ds + / al(s)ds — / ZJ dB;
T T T T
Now recall the definition of @’ and since the convergences of (Y/""),,>9 and (Z7"™),,>0 hold in

strong sense then
Yi(s) = f1 (Sr (Yskl)(k,l)el"rzéj> , ds @ dIP
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which implies that for any (i,j) € I', P-a.s. forany t < T,
i i T i ki ij i+ it i~ i T _ij
Y, =¢ +/t f (5/ (Ys)) eyers Zs ) ds+ (K7™ —K/") = (Ky —K{" ) - /t Z¢dBs.
Next from (2.8) we have
ij,m ij T ij,m kl.m ijm r ijm ij,m,+ if,m,+
Yt = C +/t f ’ (S/ (Ys ’ )(k,l)el"/Zs )ds_/t Zg""dBs +KT _Kt
which implies in taking expectation
T
)

=FE [—Yéf"” + &Y + /0 FI(s, (V&™) gepyer, 2™ )ds + K%””’*} : (2.35)

mE (Ysij,m _ Ysié,m . gjl(s))+]

ter—{i}

Then by Assumption [H1], (2.12),(2.31) and (2.32), there exists a constant C such that
T

|

0

which implies that, in taking the limit as m — oo, for any (i,j) € Tands < T, Ysij < Y4
gje(s) forany £ € T — {j}. Then

(6" =Y = giu(s)* | < ! (2:36)
Lerz—{j}

P—as.,Vs<T, Yij< min (Y + .,(s)).
<T Y < min (74 gi(s)

Next

JE[ /O ' (Y;"’— min (Yéug'jz(s)))dK?'} = -E

ferz—{j} éGFz—{]’}

/0 ' <Y;f — min (Y‘+ g]»g(s») ) a;fds]
(2.37)

= lim E

m—»00

T/ . -
Yl],m _ . Yw"” = > 1],md ~0
/O ( s Zeli_r;lrl{j}( s +g]1¥(5)) Xs ds
since (a/™),, is weakly convergent to a’ and (Y — minger,_j (Y™ + gj¢))m converges
StI‘Ol’lgly inS?to Y — mingerr{j} (YM + g]g))_ As fOT(YSZ] — 1‘1’1i1’15€1-2,{]-}(Y;'2 + g']-g(s)))dK;]’f <
0 then

T .. ..
P —as., / Y — min (Y¥+g; )dK’]’ = 0.
“5 )y < P i, O gule)) J Ak
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In the same way one can show that

T .. . ..
P—as., / Yi — Y9 _ o ) AKiIi* — 0.
as. | ( 5 kerg}ey?i}( s = 8,(9)) ) dKs

Thus the processes (Yij 7 Kt K~ ) (i,j)er is a solution of the system of reflected BSDEs (2.4).
OJ

Remark 2.3.7.
(i) The constant C such that for any (i,j) € T,
T .
E[ [ (a2 + 0 yis] <
0

depends only on (f i )(i,j)erf (Cij )(i,j)erf (gik)i,keﬂ and (g_jl)j,lerz-

(ii) In our construction of the solution of (2.4) through the penalization scheme (2.8), we have penalized
the upper barriers. Had we taken the dual scheme of (2.8) where, instead, the lower barriers are penalized,
we would have obtained another solution (Y, 71, Kij'i)(i,j)er of system (2.4). Additionally we have
Y < Y forany (i,j) € T.

(iii) The solutions of systems (2.4) which we have constructed are comparable. Actually let us consider

( f'l])(i,j)er/ ( gll] )(ij)er (gllk) i kert and ( g}l) jler? items which satisfy the same ass.ymptzj('ms ['I.ﬂ]-[Hé]
receptively as (f7) i jer, (&) i jyers (8ik)ikerr and (§j1)j - Let us denote by (Y141, ZV1, KA+ KV o o
the solution of system (2.4) associated with {(f L7y (i,j)ers (gl’ij )(i,j)er ( g}k)l‘,kerl ,( g‘}l) jler2 } (which ex-

ists by Theorem 2.3.6). Assume that for any:

a) (i,j) €T, fi < fVi and &I < g4 ;
bikeT!, g >gk;
0)j,l €T2, gy < gL.

Then we have: For any (i,j) € T,

P —as, YT <YW,

This is actually a direct consequence of the constructions of Y'I and YV since for any (i,j) € T,

Y7 = lim Y/ and Y = lim Y™
m—oo m—o0
where (Y1) (i,jyer are defined in the same way as (Yiim) (i,j)er i (2.7) but with the items {(f’ij) (i,)eTs (gl’ij) (i,j)€T
But by comparison ([34], pp.190 for more details) we have for any (i,j) € T, Y™ < YVim™ which im-
plies the result in taking the limit as m — oo. O
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2.4 Existence and uniqueness without monotonicity

In this section, we focus on the second main result of this paper. Actually we are going to
show that system of reflected BSDEs with inter-connected obstacles (2.4) has a unique solution
without assuming the monotonicity Assumption [H5] on the functions (% )(i,jer- Meanwhile

in this section we shall need the following assumptions:

[H3] b) The processes (g, )ixer: and (g ); ser2 verify the non free loop property, that is to say, if

(ix, jx)k=12,.. N isaloopinT,ie., (in,jn) = (i1, j1), card { (i, jx )k=12..N} = N — 1 and for
any k =1,2,..,N — 1, either iy 1 = iy (resp. jx+1 = jk), we have:

N—-1
P—as, Vt<T, Y Gjj(t)#0 (2.38)
k=1

where Vk = 1,.N — 1, G;; (t) = i,
makes sure that any instantaneous loop in the switching mode set I'' x I'?, of the players

(B)Liti,y T &y (B)Lji£ji,,- This assumption

(or decision makers), is not free i.e. one of the controllers needs to pay something when

the system is switched and comes back instantaneously to the initial mode. Note that

(2.38) also implies: For any (i1, ...,in) € (I'')N such that iy = i; and card{iy, i, ...,in} =
N -1,

¢ ()= 0] —0, VE<T, (2.39)
and for any (j1,...,jn) € ([?)N such that jy = j; and card{jy, jo,...,in} = N — 1,

P

N-1
Y 8, )= 0] =0, Vt <T. (2.40)
k=1

[H6] For any (i,j) € T, the function f"/ does not depend on z.

We highlight that in this section, the generator (f'/) (i,j)er 18 not monotonic any more, i.e. it does
not verify [H5].

First let us temporarily assume that for any (i,j) € T, the function f/ does not depend
on (i, z). Therefore by Theorem 2.3.6, there is a solution (Y", Z" ,Kij'i)(i,j)er of the following
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system: V(i,j) € T,

Xij c SZ/Zij c HZ,d’KZ']H- c AZ,KU'_ c AZ;
Y/ =g+ [ pids— [ Zla k) —KT - (KK, < T
L <Y) <0, vi e [0,T];
T .. .. .. T .. .. ..
,+ ,—
/0 (X? — Ly ) dK = 0 and /O (g’; - Y)) K™ =0.

(2.41)

i _ K i i <
where L/ : kér&a};(ii {Xt gik(t)} and Uy : ler(r}lzr)hj {Xt —|—g]l(t)} ,t<T.

As pointed out previously we are going to represent the process Y/ as the value function of
a zero-sum switching game which we describe briefly now.

Let us consider a system which has A = |T'! x I’?| working modes indexed by I'" x T2, It
means that a working mode is a pair (i, j) such that i € T'! and j € T2. This system is controlled
by two agents or players P1 and P2 by choosing their own appropriate working mode of the
system and switch to another one when they make the decision to do so (e.g. according to
profitability, etc.). The player P1 (resp. P2) chooses her modes in I'! (resp. I'?). The features of
the system is that when it works in mode (,j) from time ¢ to t + dt, it comes with a payoff
which amounts to f%(t)dt and which is a profit (resp. cost) for P1 (resp. P2). On the other hand
when the player P1 (resp. P2) makes the decision at time f to switch from mode i (resp. j) to
k € T' — {i} (resp. I € T'? — {j}), she pays an amount which equals to gik(t) (resp. gji(t)).
Therefore a switching control for P1 (resp. P2), denoted by u (resp. v) is a sequence of pairs
U = (On, On)n>0 (resp. v := (T, {n)n>0) such that: Vn > 0,

i) 0, is an [F-stopping time such that 0;, < 0,41 and 6, is a r.v. with values in I'! and Fo,-
measurable (resp. T, is an [F-stopping time such that 7, < 7,1 and {, is a r.v. with values in I'?
and F, -measurable) ;

ii) P[o, < T,Vn > 0] = 0 (resp. P[t, < T,Vn > 0] =0) ;

iii) Let us define the process A" (resp. BY) by

Af = ;&n,lén(%)l(”ﬂﬁ) fort < Tand AT := }gr% A}

(resp. Bf := ;génqén(&)l(@ﬁﬂ for t < T and BY := }gl} BY)
then E[|A%[?] < oo (resp. E[|B%|?] < o).
A control which satisfies the properties i)-iii) is called admissible.

Next let Alt' (resp. B{) be the set of admissible controls u := (0, 6, )n>0 (resp. v := (Tn, {n)n>0)
for P1 (resp. P2) satisfying 0p = t, 09 = i (resp. T0 = ¢, o = J).

To proceed let (u,v) € Al x B{ be a pair of switching controls of the players. We define
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the coupling of (u,v) by v(u,v) = (on, Tn)n>0 as the modes under which the system is run
along with time after f when P1 (resp. P2) implements u (resp. v). In our definition we give the
priority of switching to player P1 in the case when both players make the decision to switch at

the same time.
Precisely let:

i)ro=so=1,rp=sy=1and forn > 2,

rn = rnil + Il(g"n—l STsn—l), Sn - Snil + I[(Tsr/lfl<arn—1);

ii)
vn 2 OIPn = Urn A Tsn;

iii) (v, = ('y,(zl),'y,(lz)))nzo is a sequence of I'—valued random variables defined as follows:

Yo = (60,o) and foralln > 1,

(5rn/')’;(1221) ifo;, <t,and oy, < T;
Tn = (')/7(11_)1, gsn) if Ts, < Or,s
Yn—1 if, =0, =T.

We associate with y(u,v); the following process (7ts)sc;,r] which indicates in which pair of
modes the system is along with time: Vs € [t, T],

TCS = ’)’0]1[p0,p1] (S) + Z rynﬂ(Pnranrl] (S)

n>1

where (pu, pp+1] = D on {pn = pui1} ,
Finally when the player P1 (resp. P2) implements the control u € Al (resp. v € B]), the
payoff in-between, which is a reward for P1 and a cost for P2, is given by:

17 (v(u,0)) = E

T
g +/t f(s)ds — ) (87@ 7(1>(Pn) - gﬂzfﬁff) (pn)> ’ Ft] (2.42)

n>1 \ ‘nobin

where &7 = & if at time T, 7tr = (i,j) and f™(s) = fi/ if at time s, 71(s) = (i,j), forany s < T.
The following result is stated in [33]:

Theorem 2.4.1. ([33], Theorem 3.1) Forany t € [0, T] and (i,j) € T,

Y/ = esssupessinf J{ (7(1,v)) = essinfesssup J} (7(u,0)).
ueAi  veBj veBl  ucAl

As a by-product of this result we have the following one related to uniqueness of the solu-
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tion of system (2.41) which stems from the above characterization of the component Y% as the
value function of the zero-sum switching game.

Corollary 2.4.2. Let (Y lej ,K?’i)(i,j) cr be another solution of system (2.41), then for any (i,j) € T

Y=Y/, 2V = 2] and K" — K" = K" K"

Finally thanks to Theorems 2.3.6 and 2.4.1, we will prove the existence and uniqueness
of the solution for the system of reflected BSDEs with bilateral interconnected obstacles (2.4)

without assuming Assumption [H5] on monotonicity and we instead assume [H6].

Theorem 2.4.3. Assume that [H1]-[H4] and [H6] are fulfilled. Then system of reflected BSDEs (2.4)
has a solution (Y, Z1, Kif'+,Kiff_)(i,]-)er, ie., forany (i,j) € Tandt < T,

Y € 82,71 ¢ H” Kit ¢ A% ;
Y, = C”+/ 7 (5,0, () epyerrar) ds—/t ZJdBs + Ky — K" — (K¢~ —K/7);
l] < Yl] < ul]
T . T .. .. ..
+ -
/O (Y~ Lf) dx* = 0.and /0 (uf =) axj~ =0, "

iji._ ki i il = e
where L{ := kén(r&}))(—i {Yt gik(t)} and U, : ler{}lz?ij {Yt +g]l(t)} . Moreover it is unique in the

following sense: If (Yij VAR << " )(i,j)ert xr2 is another solution of (2.43), then for any (i,j) € T,

Yij = Yl] Zl] = Zl] Kij’Jr — Kij/i = Kij'+ — Kij'i.
Proof. First let us define the following operator:

O HMD - W
B e (¢ 7 0ij
§i= 0N aper = @) = () (2.44)

where (Y®l, Z#1, K9/ i)( jer 1s the solution of the following system (this solution exists and
is unique by Theorem 2.3.6 and Corollary 2.4.2): V(i,j) € T,

Y¥ii e 82,794 ¢ H2A KbiiE ¢ A2
W= [ s s — [ 2B I (K, s
LV <y <uft, v e [o, T);

\ /O ! (Yt‘”'ij — L9 ) Ak =0 and /0 ! (uf"ij B Y;P'ij) dKPI —

(2.45)
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where L7/ and U#¥ are defined as previously but with the processes (Y*); ycr. Let ¢ :=
(¥7) (i jyer be another element of #>* and let (Y¥/, Z¥/, K¥/I=); . be defined as in (2.45)
but where ¢ is replaced with .

Next let us introduce the following norm on H?*, denoted by || . ||2,, and defined by

1
" it a2
Iy llawi= [E( [ el ) |2
0

The space (H>", || . ||2,4) is of Banach type. If the map @ is a contraction on (H*%, || . ||2,.), then
it has a fixed point which is the unique solution of (2.43). So let us show that ® is a contraction.
By Theorem 2.4.1, the following representation holds true: V(i,j) € Tand t < T,

Y;P’ij = esssup essinf ];p’ij(’y(u,v)) = essinfesssup ];P’ij('y(u,v))
uc A veB] veB]  ucAl

where

) T .
P (y(u,0)) =E | & +/t S (s, (s))ds — Y (g <1317511>(Pn) — 8,0 ,0 (Pn))| ]:t] . (246)

n Zl *,Yn

Next let ¢ := (') (i,j)er be another element of #>*. Once again, for any (i,j) € Fand t < T,

Y;P’ij = esssup essinf ];P’ij(’y(u,v)) = essinfesssup ];p’ij(’y(u,v))
uc Al veB) veB, uc Al

where | ;p " is defined similarly as | ;P I but with ¢ instead of ¢. Therefore

Vi<T, |Yt4]’ij - Y;P’ij| < ess sup ess sup ‘]tw’ij('y(u,v)) — ;P’ij('y(u,v))‘ . (2.47)
ueA;  veB]

First, by the martingale representation theorem, there exists a predictable process AZ¥#7 ¢
H?4 (7t depends on (i, j)) which is adapted with respect to (F;);<7 such that: V¢ < T,

! r(wo)) = (r(w,0)) = B [ [ 65 - 7 s
T . . t . .
| [ (7B - s feas| ] - [ (7656 - s e
= crem e [ azPan — [ (7G5, (6)) - (s, (). (248
0 0

.

66



2.4. EXISTENCE AND UNIQUENESS WITHOUT MONOTONICITY

where C¥47 .= E [fOT(fn<S,¢<S)) - f”(s,cﬁ(s)))ds} .Thus vVt < T,

A7 (v (u,0)) = 17 (v(1,0))) = —(F7(4, (1)) — F7(5, $(1))dt + AZITdB.  (2.49)

Next by applying Itd’s formula, one has: Vt < T,

e (1t <1 tw0))| = e (17 rtwe) 0 0)

+2 (1, 0)) = 1P (r(w,0)) ) { = (F7(49(8) = F7 (8 (1)) dt + AZP B |
(2.50)

Now let t € [0, T] fixed. By integrating in (2.50) from ¢ to T we obtain:

oot ( wlij(ry(u,v)) - ¢'ij(’y(u,v))>2 + /tTe"‘S\AZ;p’(P'n]st S /tTE“S (];p'ij('Y(“rv» - éb/ij(’y(“’v)))za
+2/ o 4”] (1,0)) — f’”(v(u,v») (f™(s,(s)) = f7(s,4(s))) ds

—2/ s Il”] (v(u,0)) — f’ij('y(u,v))> AZQP"P’ﬂst. (2.51)
Now let us apply the inequality 2ab < aa® + 1%, Va > 0,4,b € R, then (2.51) yields

.. .. 2 T
et (1w, 0) = 1T (w,0))) + [ e (azE s

< LMo (77,56~ 86 ds 2 [ e (19 (y(u,0)) — 9w, 2))) AZE B,

& Jt

Then by Lipschitz condition of f we have

14

2 /t " s ];p’”('y(u,v))— f’ij(v(u,v)))AZf"P’"st
(2.52)

g - 2
e (189 0)) 1Py (2)) < SUL [ i) — o) s

where C(f) = Z( ier Cij with G is the Lipschitz constant w.r.t. /. Next
(fS e ( ll”] (u,v)) — (Pl]('y( 0)))AZ"™dB r)selt,7] i @ martingale. Then by taking the con-

dltlonal expectation on both sides of (2.52) we obtain

E [ (189 (o, 0) = 1 0| 7] < EDE [ 1500 - 0

.7-}] (2.53)
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Take now the limit as s — ¢ in (2.53) yields

e (1 rw,0) = 1o < L | [ o100 — o ar

o

.7-}} , VE<T. (2.54)
Let us recall now (2.47), then (2.54) implies that: Vt < T,

o () < g [ [T emigis) - o) pas

]—"t] (2.55)

Next take the expectation in both hand-sides of (2.56) (and replace ¢ with 0 in the right one) to
obtain:

y ) 2 T . -
E [e"‘t (=) } <Y DEf g [ / e[ (s) —4)(5)]2015] . (2.56)
0
Finally by integrating (2.55) from 0 to T and summing over (i,j) € T we get

/ ! Y e (Y;/"if - Yt“b’ij)zdt < CUTAE { /O Te“5|1ﬁ(s) - 43(s)|2ds] (2.57)

0 (i,j)eT a

. ) C2(f)TA o . .
Now if we take @ > C*(f)TA then — % < 1. This implies that ® is a contraction from

H2A into itself, and then it has a fixed point which is the unique solution of (2.43). The proof is
complete.
O

As a by-product of the above result we also have:

Corollary 2.4.4. The A-tuple of processes (Y'i )(i,j)er is the unique fixed point of the mapping & on
H2A,

Remark 2.4.5. Assume that for any (i,j) € T, the function fI does not depend on z and verify the
monotonicity Assumption [H5], then the solution constructed in Section 3, Theorem 2.3.6, is unique.

2.5 Connection with systems of PDEs with bilateral interconnected

obstacles

It is well-known that BSDEs, through the Feynman-Kac representation of solutions in the Marko-
vian framework of randomness, provide solutions for partial differential equations. Similarly,
in this section we are going to show that, in this very Markovian framework, the component
(Yif )i]-er of the solution of system (2.43), has a Feynman-Kac representation which, besides,
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provides a unique solution in viscosity sense of the following system of PDEs with bilateral
interconnected obstacles: For any (i,j) € T,

min {vif(t,x) — maxge (1) i[9 (£, x) — g (£, x)];max |0 (£, x) — minye g2 [0" (£ x) + g (t, x)];
—0,0" (¢, x) — LX(07) (£, %) — £ (t,x, (0" (t, %)) (i 1)er) } =0;
o'l(T,x) = hil(x).

(2.58)
So first let us fix the framework:

i) A function ¢ : (t,x) € [0,T] — o(t,x) € R™ (m > 1) has of polynomial growth if there exist
two non-negative real constants C and v such that V(t,x) € [0, T] x R¥,

lo(t, x)| < C(1 + [x[7).

Hereafter this class of functions is denoted by IT.

ii) Let C2([0, T] x RF)(or C'? for short) denote the set of real-valued functions defined on
[0, T] x R* which are respectively once and twice differentiable w.r.t. t and x, with continuous

derivatives.

iii) Let b(t, x) and ¢(t, x) be two functions from [0, T] x R into IR¥ jointly continuous and Lip-
schitz w.r.t x, i.e., for any (¢, x,x") € [0, T] x Rtk there exists a non-negative constant C such
that

lo(t,x) —o(t,x')| + |b(t,x) —b(t,x")| < Clx —«'|. (2.59)

Therefore b and ¢ are of linear growth w.r.t x, i.e.,
b(t,x)] + |o(t,x)| < C(1+ |x]). (2.60)

Under (2.59)-(2.60), for any (t,x) € [0, T] x R, there exists a unique process X"* solution of the
following standard SDE:

XY™ = b(s, X¢¥)ds + o(s, X0¥)dB,, s € [t T];

2.61
X =x, Vs <t. (2.61)
Besides, X! satisfies the following estimates: Vy > 1,
E |sup |[XL*|7| < C(1+ |x|7) (2.62)
s<T

and its infinitesimal generator £X is given by: for any (t,x) € [0, T] x R¥,¢ € C2 ((.)7 is the
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transpose),

k

k
Y (00T (4,%));,9%4, 4t x) + ) bilt, )9z p(t, x). (2.63)
ij=1

i=1

LXp(t,x) : = !

N

We are now going to decline the assumptions [H1]-[H4] of Section 2.2 in this markovian
framework of randomness. So let us introduce deterministic functions £/ (¢, x, i), h'/ (x), 8. (t,x)
and g‘ﬂ(t, x),i,k €Tl j,l €T?and t,x,7jin [0, T], R and RA respectively.

[H1b]: For any (i,j) € T,

i) There exist non negative constants C and -y such that
It x,§)] < CA+ [x" + [F ]

ii) f7 is Lipschitz continuous w.r.t. i uniformly in (t,x), i.e. there exists a constant C such
that for any i/, 7> € R%,

£t %, 51) = f(t %, 52)| < Cli = 1ol

[H2b]: For any (i, j) € T, the function K, which stands for the terminal condition, is continuous

w.r.t. x, belongs to class I1; and satisfies the following consistency condition: ¥(i,j) € T and
x € RK,

W (x) — ¢ (T,x)) < h(x) < min (K" 2., (T, x)). 2.64

ké?rqggi( (x) = 8, (T, x)) < H(x) < ,g{;z?,ﬁ (x) +8;(T,x)) (2.64)

[H3b]: For all iy,i, € T'! (resp. j1, )2 € I'?), the function 8. (resp. gjl jz)
—h 2
iii) is non-negative, continuous and belong to Il ;
iv) For any k € T! (resp. £ € T?) such that |{i1,ip,k}| = 3 (resp. |{j1,j2,¢}| = 3) it holds:

V(t,x) € [0, T] x RF,

g, (X)) <g (LX) +g, (L) (resp. g (4 %) <§jlg(t,x)+§gj2(t,x)); (2.65)

Sitiy

v) The functions (g, );xer and (gj;); e verify the non free loop property, that is to say, if

(ik/ jk)k=1,2..N isaloopinT,ie., (in,jn) = (i1, 1), card {(if, jx)k=12,..5} = N — 1 and for
any k =1,2,..,N — 1, either iy 1 = ik Or ji11 = jr, we have:

Vit < T, Z Gik]-k(t,x) 75 0 (266)
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where Vk = 1,.N -1, G, (t,x) = _&kik+l(t’x)]l(ik#ik+l) +§jkjk(t'x)ﬂ(jk#jk+1)' This as-
sumption makes sure that any instantaneous loop in the switching mode set I'' x T? is
not free, i.e. one of the controllers needs to pay something when the system is switched

and comes back instantaneously to the initial mode.

Note that (2.66) also implies: For any (i1, ...,in) € (I'')N such thatiy = i; and card{iy, iz, ..., in } =
N -1,

Zg ) >0, ¥(t,x) €[0,T] x RF

Sigikr1

and for any (jy, ..., jn) € (F?)N such that jy = j; and card{ji, j2, ..., N} = N — 1,

N-1
Z gjkjk+l(t’x) >0, V(t,x) € [0,T] x RE.
k=1

[H4b] For any i,k € T! (resp. j,I € T?), 8, (resp. g;) is C'? and Dig.. D%x&,k (resp. Dxgjy,s Dj%xgﬂ)
belong to I'l;. Thus by It6’s formula we have:

X tx t,x t,x
{ gik(s,X glk —|—/ LA(g. ) (r, Xy dr—i—/ Dxg, (1, Xy )o(r, X" )dB,, s € [t, T];
txy\ __
gik(s, X)) = gik(s, x),s <t

( {gﬂ<s,xé'X>gﬂ<t,x>+ | @0 Xidr [ Dagy(r, XiM)(r, Xi)dB, s € [t,ﬂ;)
resp. t t .
8

(s, X&) = gu(s,x), s <t.

Remark 2.5.1. Since Dxg., D%x&k (resp. Dxgjy, Dﬁxgﬂ) belong to 1, taking into account of assump-
tions (2.60) on linear growth of b and ¢ and finally estimate (2.62), one gets that sup, 1 |Dxg. (s, X&)
(resp. sup, . |Dxg(s, X)) belongs to L2(dP). O

To begin with we first give the following result which stems from Theorem 2.4.3 under
assumptions [H1b]-[H4b].

Proposition 2.5.2. Assume that Assumptions [H1b]-[H4b] are fulfilled. Then for any (t,x) € [0, T] x
IR¥, there exist processes (Y'I*, ZUAx, KAt Kimitx) o o unique solution of system of reflected
BSDEs with bilateral interconnected obstacles associated with (f,h", gy, §j1), i.e., for any (i,j) € T
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and s € [0, T],

Yij;t,x c 82, Zij;t,x c 7_[2,1,Kij,i;t,x c AZ ;
.. T T .. .. ..
i7;t,x ii t, i1 t, kl;t, iJ;t,x 1],45t,x 1],+5t,x
YSJ = hZJ(XTx) +/ fii (r, X4, (Y x)(k,l)ET) dr—/ Z/ dBr+K% _Ks]
s s
ij,—;t,x ij,—;t,xy .
— (K7 —t K );
ij;t i;t if;t,
LI < < Ul

T ij;t,x ij;t,x ij,4+;t,x T ij;t,x ij;t,x ij,—t,x
/ (Y i) gt :Oand/ (Y _ ity gyt —
0 0

(2.67)

itx kjtx tx } ijitx | _ . [ ity | 5 tx }
where Ly 1= kén(reg(*f |:Ys 8, (s X)) and U™ - ler(r}g?_j Yot +g(s, Xe") | s € [0, T].

We are now going to focus on the properties of (Y:* )(i,jer- For simplicity reasons the

ij)
quadruple of processes (Y'*, Ziitx Kil-+itx Kil:=it*) will be sometimes simply denoted by

(Y, Zii, Kii, Kii—).

Theorem 2.5.3. Assume that Assumptions [H1b]-[H4b] are fulfilled. Then there exist deterministic
continuous functions (0" ; i er of polynomial growth, defined on [0, T] x R such that for any (i, ) €
T, (t,x) € 0,T] x RK,

P —as,Vset,T], Y& =dl(s,X). (2.68)
Proof. The proof is given in several steps.
A) We first assume that V(i,j) € T, (t,x) € [0, T] x R, f(t,x,0,0) and h'/(x) are bounded.
We will prove that for any (i,j) € T, for a fixed ¢, there exists a bounded continuous deter-
ministic function v/ defined on [T — &1, T] x R such that for any (t,x) € [T — d1, T] x R* we
have:

P — as.foranys € [t T],Y! = o'l(s, X1).

Let us recall the system (2.67) and let (Y, Z) be the unique solution in S? x H?“ of the following
BSDE (it depends on t, x which we omit as there is no confusion):

- T — T —_
Ys = h(X%) +/ ‘Y(Yr)dr—/ Z,dB,, s < T,
S S

where h(x) = Y jyer |hi(x)| and ¥ (y) := A2CH(1 + |y|) where C* = max{C(f),C} with C is
a uniform constant of boundedness of |7 (t,x,0)|. It is well-known that there exists a bounded
deterministic continuous function @ such that P-a.s., Vs € [t,T], Ys = (s, xhx ) (see e.g. [24]).
Finally note that Y > 0 and then ¢ > 0.

Now for any (i,j) € T, we set (Y, Z,Kii+,Ki—) := (Y,Z,0,0). Therefore (Y, 7, Kii+,
K''=) is the unique solution of doubly reflected BSDEs associated with (i, ¥, (& ke (rt)-i»
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(8jt)ie(r2)-i) where ¥(y) := A2C*(1 + (y)*). This actually holds in taking into account of: i)
the backward equation satisfied by (Y, Z) ; ii) the fact that 8, and g are non-negative ; iii) the
factthat Y > 0 and then |Y| = Y. Lastly let us notice that by Theorem 2.4.3, the solution of this
system exists and is unique and then it is equal to (Y, Z,0, 0)(;j)er- Hence we also have IP-a.s.,
foranys € [t, T], Y¢ = (s, X/¥).

In the same way, setting (Y'/, Z4, Kt ,K''=) = (-Y,—Z,0,0) for any (i,j) € T, we obtain
that the family (Y%, Z1, IZU'*,KU'_)(L]')@ is the unique solution of reflected BSDEs associated
with (—h'l, %5, (&, )kerry-i» (&j1)ie(r2)-i) where ¥, (y) = —C*A%(1 + (y) 7). Next let us consider

the following Picard iterations: for any (i,j) € T, Y%~ = 0 and forall n > 1, (Yij'”;t'x)(i,j)er =
(YY) ; her), where @ is defined in (2.44). In other words the family (Y74, Zimtx, Kiin i,
Kiim—itx )(ijer (Which sometimes is simply denoted by (Yiin, ziim, Kint K= (ij)er as no
confusion is possible) is the unique solution of the following system of BSDEs: V(i,j) € I' and

s € [0,T],

. T T ..
ij,n;t,x ii (vt ij t, kln—1;t, ijn;t,x
Y = hl](XTx)+/ I, X%, (" x)(k,z)er)df—/ Z!"""dB,
S S
ijn,+;t,x ij,n,+;t,x ijn,—;t,x 1j,n,—;t,x
+K7 —K{ — (K{ —K{ );

7

max {Yf]’”"t’x — gik(s, X;x)} < Y;]’”;t’x < min [Ysil'”;t’x + 8 (s, ng)} ;

ke (r1)—i o le(T?) (2.69)
/T Yi]‘,n;t,x — max [ij,n;t,x — g (s Xt’x)} dKij,n,+;t,x — 0
B s ke(rl)*i S gik 7 Lg S ’
/ ! YN i [Y”’””’x +3,(s Xt'x)} AR —
o | ° re(r2)-i L° iR s ’ '
Then we have the following inequalities: for any n > 0, (i,j) € T,
—Yy <yYin<y (2.70)

Indeed when 1 = 0, (2.70) holds true since for any (i,j) € T, (t,x) € [0,T] x Rk, —=Y <0 < Y.
Next we assume that (2.70) holds for some n — 1, i.e. for any (i,j) € T, Yi=—y <yinl<
Y = Y. Then by [H1bl-ii), the boundedness of f%(t,x,0) and the induction hypothesis we
have:

Fs, XE5, (" D goner)) < CHL+ Y [YE ) < ¥ (V).
(k1)er

As hi(x) < h(x), then by the comparison result (Remark 2.3.7, iii)) between the solutions of
equations (Y?);; and (2.69), one deduces that for any (i,j) € T, Y/ < Y. Similarly by the
induction steps, one deduces that for any (i,j) € T, Yiin > Yi = —Y. The proof of the claim
(2.70) is complete.
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Next once more by induction, using the result by Djehiche et al. [19] there exist deterministic
continuous functions (v'/") ; yer, n > 0, such that V(i,j) € T, (t,x) € [0, T] x R we have

P —as., Vs € [t, T], Y™ = ofin(s, X0Y). (2.71)

Therefore from (2.70), we deduce that for any (¢, x) € [0, T] x RF, —5(t, x) < 0" (t,x) < 3(t,x),
for any (i,j) € I'. As a by-product the sequence (I (t, x) ) >0 is uniformly bounded since 7 is
so. Afterwards we just need to prove that ((v’/") (i,jer Jn>0 is a Cauchy sequence for the uniform

convergence norm.

Actually as shown in the proof of Theorem 2.4.3, the sequence ((Yij’”)(i,j)er)nzo converges in
”Hﬁ’]dﬂ to (Y )(i,jer since (Y )(i,j)er is the fixed point in H>™. On the other hand, for any ¢ €
[0, T] and x € R¥, by (2.55) we have:

g 3 2 T I N
e ol (t,x) — (x> < CDEf)E / Yoy a2 | (2.72)
t o
(i,j)er

But, as mentioned previously, the last term converges to 0 as 7, g go to infinite. It follows that
for any (i,j) € T, the sequence (v'/"),;>0 is of Cauchy type point-wise on [0, T] x R¥. Therefore
there exists a function v/ defined on [0, T] x R¥ such that for any (t,x) € [0, T] x Rk, v¥i(t,x) =
limy, 00 07" (£, x). Moreover, —3(t, x) < v'(t,x) < 0(t, x) which implies that the function v/ is

bounded. Finally we have
VY (i,j) €T, YI' = ii(s,X!™), ds @ dP on [t, T] x RX.

Next by the inequality (2.55) and taking expectation to obtain: For any (t,x) € [0, T] x R¥,
(i,j) eTand n,q > 1,

‘Z)ij’n(t x) _ vij,q(t x>‘2 < C2(f)IE /Teoc(st) Z ‘vij,nfl(s Xt,x) _vij,qfl(s Xt,x)‘ZdS
7 7 — ¢ [} -]

& (i,j)er
(2.73)
Recall (2.73), for any (i,j) € Tand t € [T — 61, T| we have
. . C2(A\A T .. ..
¥ i o), < SURT0) [T g ¥ it s, ) o 1 )
(ij)eT & T=a (i)€r
CZ( )A(eD‘Jl _1) T o
= CUAk Yl o2
(i,j)eT
(2.74)
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C2(f)A(e" — 1)
a? y
er is uniformly convergent on [T — &1, T] x R¥ which implies that (v); ;)cr

Choose now ¢ such that = 7 then, as a result, the sequence of continuous

functions (0'");
is continuous on [T — 61, T] x R¥.

Next by (2.55) and since Ytij " is deterministic then for anyt € [0,T — 1], x € R*, we have:

|07 (8, %) — 07 (t, )| = B[ = ¥,"?] (2.75)

2 T .. ..
< C if)]E /t ezx(s—t) E |Z)l]’n_1(s, X;,x) _ Z)l]’q_l(s, X;,x)‘ZdS

i (i,j)er
2 [ T—6 L. ..
< C (f)IE / ! ea(s—t) Z ‘Uz],n—l (S, X;,x) _ vz],q—l(sl Xst'x)Ist
a |t (i,j)er
3 T
+4(§%Wﬂ”1—WﬂW&m (276)
L])e

The last inequality is valid thanks to (2.74). Now let (¢, x) € [T — 251, T — 1] x RF. Taking the
supremum on (,x) in (2.73) and summing over (i,j) € T, yields:

S 3 S 3 il e
D CEARELEI R Sl (ARl AN Wl (A F
(i,j)er (i,j)er (i,j)er

But we know that Y ; jjer |0 — 0| 5, — 0 as n,q — oo, therefore we have also:

Z \]vij'” — vij'”’Hoo,Z(;l — 0, asn,g — oo.
(i,j)er

It follows that for any (i,j) € T, the sequence (v'/"), converges uniformly to v/ in [T — 241, T —
51] x R¥. Consequently v'/ is continuous in [T — 261, T — 1] x R¥ and then also on [T — 241, T] x
R* since we have already shown that it continuous on [T — d1, T] x R¥. Repeating now this
procedure as many times as necessary on [T — 36y, T — 251] x R¥, [T — 461, T — 361] x RF and
so on, we obtain that for any (i,j) € T, v/ is continuous on [0, T] x IRF and then the processes
(Ysij;t’x)se[olﬂ and (v/(s, X)) sefo,7] are indistinguishable, i.e.,

YV (i,j) €T, P —as.,Vs € [0, T], Y = ofi(s, Xt¥).

B) The general case: The functions f/(t, x,0) and h¥(x), (i,j) € T, are of polynomial growth.

Let y be a positive constant such that for any (7,j) € T,

£t 2, 0)] + 117 (x)| + 18, (8, 2)] + [83;(t %) < C(1+ [x]").
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Let p(x) := (1+ |x|?)~7, x € R¥, and for any (i,j) € T,s € [t, T], set
YI = YIo(Xt). (2.77)
Then by 1t6’s formula we have: Vs € [t, T},

dY; = Y dp(XL*) + p(XE)dYd +d (Y, p(X"));
= [YWLp(XE*) = p(XE*) fi(s, X%, () oper) + Dap (X)or (s, X920 | ds (278)

+ [YIDap(X)or (s, X¥) + p(X¥) 2| B, — p(XE*)AKI™ + p(XE¥)dKY ™.
Next for (i,j) € T and s € [t, T], let us set:

7) 2 = YIDap (X")a (s, XU¥) + p(X04) ZY;

b) R = p(X\)dKI™" and dRY ™ = p(X*)dKI

) (s, X%, ) = p(XE) F(s, X%, (0 (XM gpper) — o (X Lp (X)
— Dep(X)a(s, X ) (XE%) (2 — yp~ (X)) Dap(XE¥)or(s, X))

d) 8,,(s, X) 1= p(X7)g, (s, X:) and Zij(s, Xi™) := p(X*)g;(s, X7);

o) WX = p(X )W (X5,
Then the family (Y7, Z, K'"t, K%~ ) ; o cr is the unique solution of the system of reflected BS-
DEs associated with ((fif)i]-, (fzif)i]-, (gik)i,kep, (gjl)j,lel"2)'
for any (i,j) € T, one can find continuous bounded functions ('/ )(i,jer defined on [0, T] x
RF such that Y = (s, X!¥), Vs € [t, T]. Therefore in setting, for (i,j) € T and (t,x) €
[0, T] x R¥, 0//(t,x) = p~!(x)5"(t, x) makes that (v (t, x))
of polynomial growth and verifies for any (i, ) € T, Yo" = vli(s, X!¥), Vs € [, T]. The proof is

Jer is continuous on [0, T] x R, is

now complete. O

We are now ready to give the main result of this section.

Theorem 2.5.4. Assume that Assumptions [H1b]-[H4b] and [H6] are fulfilled. Then the A-tuple of
continuous functions (v'l )(i,j)er 18 a viscosity solution (see Appendix for the definition) of the following
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system of variational inequalities with bilateral interconnected obstacles: For any (i,j) € T,
min{o"(t, x) — maxge 1y [0M (¢, x) — g, (t,x)];max {Uij(t,x) — Miny¢ (2 [0 (t, x) + 8t x)];

—9r0i(t,x) — £X(07)(t,x) = fU(t,x, (7 (t,2)) e pyer) |} = 0

o'l (T, x) = hil (x).
(2.79)
Moreover it is unique in the class of continuous functions which belong to I1,.

Proof. We first prove that (v'/ )(i,j)er is @ viscosity solution, then we prove the uniqueness.

if)
Step 1: (vl )(i,j)er 18 a viscosity solution of (2.79).
For convenience we recall the unique solution (Y, Z'7, Kii-+, Kii—) (i,jjer of (2.67): For any (i, j) €

lands < T,

(

. - T T . T g .
Y = W) + [ (X0, () pper ) dr = [ ZVaB,+ [ (DT — ki),

L) <v¥<uy; (2.80)

T, . g T, . y y
/ (YS” — L;f) dK?" = 0and / (Y;f - u;f) Ak~ =0,
0 0
By (2.68), the system (2.80) can be decoupled as follows: for any (i,j) € I'and s € [t,T],
i T . T LA i —
YS] = hll(X%x) +/ fl](i’, Xﬁ,x, (Ukl(r, Xilx))(k,l)er)dr - / erdBr + / d(KSJ' _ sz]/ );
S S S

kj txy t,x < ij < . il t,x 5. txy | .
Jhax, [v (8, X%) = 8, (s, X )} <YS < nin [v (s, X%) 4+ 8ju(s, X )},

T . . g
/ {Y;f = max [o(s, X5 — g, (5, X5)) } dK]" =0

le(T2)-i

T( . , L
/t {YSZ] — min [0 (s, X!) +3;(s, X } dK!™ =0.
(2.81)
Applying Theorem 6.2 in [27] (see also Theorem A.3 in [19]), for any arbitrary (i,]) in T, v is a
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viscosity solution of

min{o7(t, x) — maxee 1)+ [0M (£, x) — g, (£, x)];max {vij(t,x) — minye 2y [0 (%) + 8 (¢ %)];
—0p0l(t,x) — LX(01)(t, x) — fi(t, x, (Ukl(t/x))(k,l)er)}} =0
o'l(T,x) = hil(x).

As (i,j) is arbitrary then (o' )(i,j)er is @ viscosity solution of (2.79).
Step 2: Uniqueness

Firstly let us suppose the existence of another solution (9'/) (i,j)er Of system (2.79) which is con-
tinuous and of polynomial growth. Next let (i// )(i,j)er be the process of H>" such that for any
(i,j) eTands < T,

7 = o (s, xt) (2.82)

We can now define another process (Y )(i,)er Via the mapping ® of (2.44) as follows:

(Y i jper :== @ ((gij)(i,j)el"> (2.83)

By the definition of ®, (Y )( ijjer is the first component of the unique solution of following
doubly RBSDEs: For any (i,j) € Tand s < T,

vJ :hff(X;xH/ £ (e, X%, (09 (r, X)) (e pyer) dr—/ Z]dB, +/ RIT —RITY;

ki by | < ]< il txy ] .
Jmax [T - g, (s X <V < min [V g,(s, X0

T (_. ,
Vi vk _ tx i+t _ .
/0 {Ys rr(la};< [Ys gik(s, X )} } k™ =0;

T (. B L
/0 {Y;f— min [nggﬂ(s,ngX)}}dK;ﬂ —0.
\

le(r2)-i

As aresult, by Theorem 2.5.3, there exist deterministic functions of polynomial growth, denoted
(u") (; jer, such that for any (t,x) € [0, T] x R¥, (i,j) € Tand s € [t, T],

YU = (s, X1¥).

Moreover by the result of Step 1, (u'/ )(i,j)er is @ viscosity solution of the following system of
variational inequalities with bilateral interconnected obstacles: V(i,j) € T,

; kj j . -
min{u'/(t, x) — onax fu [y — g, (£, x); max[u' (t,x) — lerglzr)gj[uil +8(tx);

—0uul (t, x) — Lu' (t,x) — fI(t, x, (8% (t, %)) wpyer)]} = 0 (2.84)
ul(T, x) = h(x)
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since the generators fi/(t, x, (5" (t, x)) (1yer), (i,7) € I',donot depend on the solution (u'l) (ij)eT
But the solution of system (2.84) is unique in the class of continuous functions of I, (see The-
orem 3.2 in [18] for more details) and (¢// )(
(i,j) € T, u = ¢ and then

ijjer is a solution in this class. Therefore, for any

P —as.,Vs e[t T], 7 =Y/ v(,j) eT. (2.85)
Next by (2.83) we obtain on [t, T],

(?ij)(i,j)er =0 ((gij)(i,j)el")
However, by Corollary 2.4.4, (Y )(i,j)er is the only fixed point of ® in (Hi’%, ||.]|2)- Therefore
for any (i,j) € T, (t,x) € [0,T] x R, P —as., Vs € [t,T],

ai(s, X\%) = gl = Y = ol (s, X). (2.86)

Take now s = ¢, leads to ¢"/(t,x) = v'I(t,x) for any (i,j) € T which means that the solution is
unique. ]

Remark 2.5.5. The functions (v'l) (i,j)er are also the unique solution in the class of continuous functions
which belong to Tlg, of the following system which is of max-min type and dual to (2.79): V(i,j) € T,

max{v"(t,x) - k;{‘ﬁ’)‘,,-[”kj (t,x) — g, (t,x)];min[0" (£, x) — ler{}izr)gj[v”(t/X) +2a(tx)];

=00 (t, x) — LX(07) (8, x) = f1(t, x, (V¥ (¢, %) )uer)]} = 0;
o (T, x) = hi(x).
(2.87)
This can be shown in considering (=Y, —Z1, Kij'i)(i,]-)er which is the solution of the system of reflected
BSDEs with inter-connected bilateral obstacles associated with ((— " (t, x, =) (i jyer, (—h7(x)) i jyer,
(81 (t,x))jjer2, (8, (8, X)) kerr) and then use the result of the previous Theorem 2.5.4 with (—0") ; jer
which implies that (v") ; iycr is also he unique solution of (2.87).

2.6 Appendix

The definition of the viscosity solution of system (2.79) is the following:

Definition 2.6.1. Let @ := (v"); ;cr be a A-tuple of continuous functions on [0, T] x R¥,

A) We say that T is a viscosity supersolution (resp. subsolution) of (2.79) if for any fixed (io,jo) in T,
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v is a viscosity supersolution (resp. subsolution) of the following PDE with bilateral obstacles:

min{o0ho(t, x) — MaXy (r1)-io [okio(t, x) — giok(t,x)];max {viofo(t,x) — miny, 2o [Pl (¢, x) + gjol(t,x)];
—atvinO(t, x) _ EX(vinO)(t, x) _ injO(t, X, (Z)kl(t, x))(k,l)el“) }} =0;

ol (T, x) = h'oho(x),
(2.88)
that is to say:

i) 000 (T, x) > hiolo(x) (resp. v (T, x) < hioo(x));
ii) if (t,x) € [0,T) x RF and ¢ € CV2([0, T] x R¥) such that (t,x) is a local minimum (resp. maxi-
mum) point of v'ofo — ¢ then

min{vho(t, x) — mMaXxyc 1o [oRio(t, x) — &_Uk(t,x)];max {viOJO(t,x) — miny 2o [0"! (t,x) + it x));
—0rp(t, x) — LX(P) (£, x) — fo(t, x, (Ukl(frx)>(k,z)er)}} >0 (resp. <0).
(2.89)
B) We say that ¥ := (vif)( er s a viscosity solution of (2.79) if it is both a supersolution and subsolu-

tion of (2.79).

8))
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CHAPTER 3

PAPER 2: ZERO-SUM SWITCHING
GAME, SYSTEMS OF REFLECTED
BACKWARD SDES AND PARABOLIC
PDES WITH BILATERAL
INTERCONNECTED OBSTACLES

This chapter is a preprint joint work with Hamadene (ref.[36]).

3.1 Introduction

This paper is related to zero-sum switching games, systems of reflected backward differential
equations (RBSDEs) with bilateral interconnected obstacles and systems of variational inequal-
ities of min-max type with interconnected obstacles, namely the Hamilton-Jacobi-Bellman (HJB

for short) system associated with the game.

First let us describe the zero-sum switching game which we will consider in this paper. Let T’
be the set {1, ..., p}. Assume we have a system which has p working modes indexed by T'. This
system can be switched from one working mode to another one, e.g. due to economic, financial,
ecological reasons, etc, by two players or decision makers C; and C,. The main feature of the
switching actions is that when the system is in mode i € I', and one of the players decides to
switch it, then it is switched to mode i + 1 (hereafter i + 1is 1if i = p). It means that the decision
makers do not have their proper modes to which they can switch the system when they decide
to switch (see e.g. [33] for more details on this model). Therefore a switching strategy for the
players are sequences of stopping times u = (0y),>0 for C; and v = (7,),>0 for Cy such that
0y < 0pq1 and T, < T,41 for any n > 0. On the other hand, the switching actions are not free

and generate expenditures for the players. Loosely speaking at time t < T, they amount to A}
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(resp. BY) given by:

A=Y g, . (ou) (resp. BY = ) Zo,0,41(Ta)).

o <t T <t

The process g, . ,(8) (resp. gj;+1(s)) is the switching cost payed by C; (resp. ) is she makes
the decision to switch the system from mode i to mode i + 1 at time s while {, (resp. 0,) is
the mode in which the system is at time ¢}, (resp. 7,;). Next when the system is run under the
control u (resp. v) for C; (resp. Cy), there is a payoff J(u, v) which is a profit (resp. cost) for C;
(resp. Cp) given by:

J(,0) = E[ [ f5(s)ds — A%+ BY +¢°1].

where 6 := (d5)s<r is the process valued in I which indicates the working modes of the system
along with time. If at time s the system is in mode iy, then d; = iy. It is bind to the controls u
and v implemented by both players. On the other hand, for i € T, the process f' is the utility of
the system in mode i and finally {°T is the terminal payoff or bequest.

The problem we are interested in is to know whether or not the game has a value, i.e.,

roughly speaking, if the follwoing equality holds:
infsup J(u,v) = supinf J(u,v)
v u u v

In case of equality we say that the game has a value. Finally we say that the game has a saddle-
point (u*,v*) if, for any u and v, controls of C; and C, respectively, we have:

J(u,0") < J(u*,v*) < J(u*,0).
Note that in such a case, the game has a value.

From the probabilistic point of view, this zero-sum switching game problem turns into looking
for a solution of its associated system of reflected BSDEs with interconnected bilateral obstacles
(see e.g. [33] for the case of proper modes of players). A solution for such a system are adapted
processes (Y, Z!, Ki*) cr such that for any i € T, and s < T,

Y and K"* continuous; K"+ increasing; (Z'(w);)i<T is dt — square integrable;
Yi=g+ [T fi(rdr— [T ZidB, + K" — K+ — (Ki™ —KE7);

(Vs <Yy sU'(Y (3.1)
Li(Y), <Yi<U'(Y)s;
fUT(YSi o Li(l_/‘)s)dKé’Jr = 0and foT(Ysi - ui(Y)s)dKé'i =0

where: a) B := (By)s<7 is a Brownian motion; b) ¥ := (Y/)ier; o) L(Y)s = ¥/ =g, (s) and

&iit
U(Y)s = Yt 4 g, 04 (s).
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Actually the solution of the previous system provides the value of the zero-sum switching
game which is equal to Y{ if the starting mode of the system is i. Roughly speaking, system
(3.1) is the verification theorem for the zero-sum switching game problem.

In the Markovian framework, i.e.,, when randomness stems from a diffusion process XX
((t,x) € [0, T] x R¥) which satifies:

axi* = b(s, Xé’x)ds +o(s, Xﬁ’x)st, s € [t,,T] and XM = xfors <t (3.2)

and the data of the game are deterministic functions of (s, X*), the Hamilon-Jacobi-Bellman
system associated with this switching game is the following system of partial differential equa-
tions (PDEs in short) with a bilateral interconnected obstacles: Vi € T, ¥(t,x) € [0,T] x R,

min{v'(t,x) — L'(7)(t, x); max [v'(t, x) — U'(D)(t,x); —00'(t,x) — LX(0))(t,x) — fi(t,x)]} = 0;

v (T, x) = h'(x).
(3.3)
where: a) ¥ = (v');er; b) () (£, x) := v'F1(¢, x) —&,’Z,H(t,x), U'(9)(t, x) := o' (t, x) + 8, 4 (E x);
c) L%, the infinitesimal generator of X, is given by:

1
LXp(t,x) = 5Tr[ach(t,x)chxqb(t,x)] +b(t,x) " Dyop(t, x).
Usually it is shown that the value functions of the game is a unique solution of (3.3).

This work is originated by an article by N.Yamada [68] where the author deals with the
system of PDEs (3.3) in the case when the switching costs are constant and for bounded do-
mains (). By penalization method, the author proved existence and uniqueness of the solution
of (1.35) in a weak sense (actually in a Sobolev space). Then he gives an interpretation of the so-
lution of this system as a value function of the zero-sum switching game described previously.
A saddle-point of the game is also given. However neither this interpretation nor the existence
of the saddle-point are clear because the question of admissiblity of the controls which are sup-
posed to realize the saddle-point property is not addressed. In zero-sum switching games this
issue of admissibility of those controls, defined implicitely through (Y');cr, is crucial (see e.g.
[33]). Note also that there is another paper by N.Yamada [67] where the solution of system (3.3)
is considered in viscosity sense. Once more by penalization, he shows existence and uniqueness
of the solution on bounded domains Q.

Therefore the main objectif of this work is to show that:

i) the system of reflected BSDEs with interconnected obstacles (3.1) has a unique solution in the

Markovian framework.
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ii) the zero-sum switching game described above has a value.

iii) The system of PDEs (3.3) has a unique solution.

Actually in this paper we show that system of PDEs (3.3) has a unique continuous with
polynomial growth solution (v');cr in viscosity sense on [0, T] x R¥. Mainly this solution is
constructed by using Perron’s method in combination with systems of reflected BSDEs with
one lower interconnected obstacle and the Feynman-Kac representation of their solutions in
the Markovian framework. Then we show that the following system of RBSDEs with intercon-
nected bilateral obstacles has a unique solution: For any i € T,

Y! and K"+ are continuous; K"+ are increasing; (Zi(w)t)th is dt — square integrable;
Yi=n(XE) + [T fi(r, xt)dr — [ ZidB, + Kbt — Kt — (K —KE), s < T;
L'(Y)s <YI<U(Y)s;
J (Vi = Li(Y)s)dKi™ = 0and [} (Yi— Ui(Y)s)dKy™ =0

(3.
(s, X)) and UL (Y)s =

*

where X is the Markov process solution of (3.2), L'(Y)s = Yit! — 8
Y 4 g5 (s, XEY).

Finally we consider the zero-sum switching game and we show that when the processes Z/,
i €T, of (34)are:

a) dt ® dIP-square integrable then Yé is the value of the game under square integrable controls,
ie., E[(A%)? + (BY%)?] < co.

b) only w by w, dt-square integrable then Y{, is the value of the game under integrable controls,
ie., E[A% 4 BY] < co.

The paper is organized as follows:

In Section 2, we introduce the zero-sum switching game and especially the notion of cou-
pling which is already used in several papers including [33, 63]. In Section 3, we show that
the solution of (3.4) is the value of the zero-sum switching game over square integrable con-
trols when Z!, i € T, are dt ® dIP-square integrable. Without additional assumptions on the
data of the problem, this property is rather tough to check in practice because it depends on
the room between the barriers L)(Y) and U!(Y) which depend on the solution Y. For exam-
ple, it is not clear how to assume an hypothesis like Mokobodski’s one (see e.g. [14, 30]) since
the barriers depend on the solution and this latter is not explicit. However by localiztion, we
can show that in some cases, e.g. when the switching costs are constant, Y} is actually the
value function over square integrable controls even when we do not know that Zi i eT,
are dt ® dIP-square integrable. In the case when for any i € T and P-a.s. (Zi(w))s<r is dt-
square integrable only, which is the minimum condition to define the stochastic integral, Y}

is the value function of the zero-sum switching game over integrable controls. To show this
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property we proceed by localization. Section 4 is devoted to existence and uniqueness of the
solution of system of PDEs (3.3) in a more general form. The result is given in Theorem 3.4.3,
but the main steps of its proof are postponed to Appendix. This proof is based on Perron’s
method and the construction of this solution (more or less the same as in [19]) proceeds as
follows: a) we first introduce the processes (Yi'm, Zi'm,Ki'i'm)ier, m > 1, solution of the sys-

tem of reflected BSDEs with interconnected lower barriers associated with { f'(r, X\'*, ,z') —

m(y —y ™ = g (r, Xi)) T, hi(X%x)’gi,i—&-l

tion scheme. As the framework is Markovian then there exist deterministic functions continu-

r, X) Yicr (see (3.57)). It is a decreasing penaliza-
gpP

ous and of polynomial growth (v"");cr such that the following Feynman-Kac representation
holds: Foranyi € I',m > 1ands € [t,T],

Yim =y (s, X,

Asforanyi € T, m > 1, Y™ > Yl then we have also o' > 0"l Now if we define
v’ = lim,, 0", then (v');cr is a subsolution of (3.3) and for any fixed my, (v"""0);cr is a superso-
lution of (3.3). Next it is enough to use Perron’s method to show that (3.3) has a unique solution
since comparison principle holds. Finally, by uniqueness this solution does not depend on m;
and is (v');cr. Additionally for any i € T, v is of polynomial growth and continuous. In Sec-
tion 5, we show existence and uniqueness of the solution of system of RBSDEs (3.1) and give
some extensions. This proof is based on results on zero-sum Dynkin games and standard two
barriers reflected BSDEs. The component Y?, i € T, is just the limit of the processes (Y™),,.
We make use of the fact that, by Dini’s Theorem, (v"™),, converges to v' uniformly on compact
sets since v’ is continuous and then the sequence (Y"),, converges uniforly in L?(dP) to Y?,
i € I'. As mentionned previously, this latter property stems from the PDE part. Note also that
the following representation holds:

Vs € [t,T],Y! = o' (s, Xb9).

Here we should point out that since the switching of the system is made from i to i + 1 and
the players do not have their proper sets of switching modes, then the method used e.g. in [33]
cannot be applied in our framework. As a consequence of this fact, the question of a solution of
(3.1) outside the Markovian framework still open. At the end of the paper there is the Appendix.

O

3.2 Preliminaries. Setting of the stochastic switching game

Let T be a fixed positive constant. Let (Q), F,IP) denote a complete probability space, B =
(Bt)te(o,1] @ d-dimensional Brownian motion whose natural filtration is (F2:=0{Bs,s < t})o<i<r
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and we denote by F = (F;)o<;<T the completed filtration of (F?)y<;<7 with the P-null sets of
F. Then it satisfies the usual conditions. On the other hand, let P be the o-algebra on [0, T| x Q
of the [F-progressively measurable sets.

Next, we denote by:

- §2: the set of P-measurable continuous processes ¢ = (¢;)c[o 7] such that |E (sup;epo, 7y [t ?) <

00;

- A?: the subset of S? with all non-decreasing processes K = (K;);<1 with Ky = 0;

- Ajyc: the set of P-measurable continuous non-decreasing processes K = (K;);<t with
Ko = 0 such that P — a.s. Kr(w) < oo;

- H>(d > 1) : the set of P-measurable R%-valued processes ¥ = (it)e(o,7] such that

loc

P —a.s., fOT || 2dt < 0.
- H?“: the subset of Hféf(d > 1) of processes Y = (1) 7] such that ]E(fOT [ ]2dt) < oo.
- Fors < T, 7; is the set of stopping times v such that P-a.s.,s <v < T.

Now for any (¢, x) € [0, T] x R¥, let us consider the process (X:™) se[t,7) solution of the following

standard SDEs:
X4 = b(s, X\¥)ds + o(s, X¥*)dBs, s € [t, T;

(3.5)
X =x s<t

where, throughout this paper, b and ¢ satisfy the following conditions:

(HO) The functions b and ¢ are Lipschitz continuous w.r.t. x uniformly in ¢, i.e. for any (¢, x, x’) €

[0, T] x Rk, there exists a non-negative constant C such that
o (t,x) = o (t,x")| + [b(t,x) = b(t, )| < Clx — x']. (3.6)

Moreover we assume that they are jointly continuous in (f, x). The continuity of b and ¢
imply their linear growth w.r.t. x, i.e. there exists a constant C such that for any (t,x) €
[0, T] x RF,

|b(t, %) + | (t, x)| < C(1+ |x]). O (3.7)

Therefore under assumption (HO), the SDE (3.5) has a unique solution X"* which satisfies the
following estimates: Vy > 1,

Efsup |X*|"] < C(1+ |x|7). O (3.8)

s<T
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Next a function ® : (t,x) € [0,T] x RF — ®(t,x) € R is called of polynomial growth if
there exist two non-negative real constants C and -y such that

V(t,x) € [0, T] x R, |®(t,x)| < C(1+ |x|).

Hereafter this class of functions is denoted by Hg.

3.2.1 Description of the zero-sum stochastic switching game

LetT :={1,2,..,p}and fori € T,letusset " :=T — {i}. For i := (y')jer € R’ and § € R, we
denote by [i7_;, 7] or [(¥*)rer-i, 7], the element of R? obtained in replacing the i-th component
of i with 7.

We now introduce the following deterministic functions: for any i € T',
- fii(t,x,7,2) € 0, T] x REPH s fi(t,x,7,2) € R

ST (t,x) € [0,T] x R¥ — 5i,i+1(t’x) €R
- G (KX) €[0, T xRF 3,4 (tx) €R
- hix e RE = ki(x) € R

Next let us consider a system with p working modes indexed by the set I'. On the other hand,
there are two agents or controllers C; and C;, whose interests are antagonistic and who act
on this system, along with time, by switching its working mode from the current one, say io,
to the next one ip +1if ip < p —1 and 1 if iy = p, whatever which agent decides to switch
first. Therefore a switching control for C; (resp. C2) is u := (0y)n>0 (resp. v := (Tu)n>0) an
increasing sequence of stopping times which correspond to the successive times where C; (resp.
C,) decides to switch the system. The control u (resp. v) is called admissible if

Plo, < T,Vn > 0] =0 (resp. P[t, < T,¥n > 0] = 0). (3.9)

The set of admissible controls of C; (resp. C2) is denoted A (resp. B).
Now let u := (0y)u>0 (resp. v := (Tu)n>0) be an admissible control of C; (resp. C,). Let
(7n)n>0 and (s, )u>0 be the sequences defined by: rp =sp = 0,71 =s; = 1and forn > 2,

'n = Typ—1+ 1{%,,71 STsn—l} and Sn = Sn-1+ 1{T5n—1<0’n71}'

For n > 0, let us set p, = 0;, A Ts,. It is a stopping time and it stands for the time when the

n-th switching of the system, by one of the players, occurs. On the other hand, the piecewise
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process (8(u, v)s)s<T which indicates in which mode the system is at time s is given by: Vs < T,
9(1/[, U)s = 901[(’0471] (S) + Z Gnl(pn/anrl] <S)
n>1

where:

D) (on,pns1] = @ on {pn = puia};
ii) 6p = i if at t = 0, the system is in mode i ;
iii) Forn > 1,0, = 0,1+ 1if6, 1 <p—1land 6, =1if 6,1 = p.
The sequence O(u, v) := (pn, On)n>0, called the coupling of (1, v), indicates the successive times

and modes of switching of the system operated by the players.

When the players implement the pair of admissible controls (u,v), this incurs switching
costs which amount to A% and BY, for C; and C; respectively, and given by:

Vs < T’ Ag = Z gen_19n (Pn/ Xg;x)l{f)nzarngs} and AI% - !Ln% A?'

n>1
Vs < T,BY = ’;gal_len (o, Xp" )1,z <s} and Bf = lim B
The admissible control u (resp. v) of C; (resp. Cy) is called square integrable if
E[(A%)?] < oo (resp. E[(B%)?] < o).

The set of square integrable admissible controls of C; (resp. Cy) is denoted by A (resp. B).

The admissible control u (resp. v) of C; (resp. Cp) is called integrable if
E[A%] < oo (resp. E[B}] < o0).

The set of integrable admissible controls of C; (resp. Cy) is denoted by A (resp. B).

The coupling 6(u,v), of a pair (u,v) of admissible controls, is called square integrable (resp.
integrable) if
ci?) .= lim Cx° € L*(dP) (resp. € L'(dPP))

n—00

where for any N > 1,

(e, _
CN(M Vi ;Ngemen (p”’Xg;x)l{Pn:“‘"d} a ;Ngen—ﬁn (p"'Xg;x)l{pn:Tsn<T}'
n=1, n=4

Note that Cfo(”’v), defined as the pointwise limit of C?\,(”’v), exists since the controls u# and v are

admissible. On the other hand, the quantity C?\](u’v) is nothing but the switching costs associated

with the N first switching actions of both players.
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Next when Cj (resp. C;) implements u € A (resp. v € B), there is a payoff which a is reward
for C; and a cost for C; which is given by (we suppose that 6y = i):

T
Ji(0(u,v)) = E [he(”’””(X%’ﬂ + /0 o0 (7, X0%)dr — C4V) | (3.10)
It means that between C; and C; there is a game of zero-sum type. The main objective of this

section is to deal with the issue of existence of a value for this zero-sum switching game, i.e.,
whether or not it holds

inf sup J;(6(u,v)) = sup inf J;(6(u,v)) (3.11)
vEB e A ue A e
or
inf sup Ji(6(u,v)) = sup inf J;(0(u,0)). (3.12)
0eBW A ue A veBW

Remark 3.2.1. In our framework when the players decide to switch at the same time, we give priority
to the maximizer Cy. This appears through the definition of r, for n > 2. On the other hand, for the
well-posedness of J;(0(u,v)), it is enough that the coupling 6(u, v) is integrable.

To proceed we are going to define the notion of admissible square integrable and integrable
strategies.

Definition 3.2.2 (Non-anticipative switching strategies). Let s € [0, T| and v a stopping time such

that P-a.s. v > s. Two controls u' = (0})y>0 and u?> = (02) >0 in A are said to be equivalent, denoting

this by u' = u?, on [s,v] if we have P-a.s.,

1[(75,011](7’) + ; 1(0},0,1“](7/) = 1[05,012](7) + gl(aﬁ,vﬁﬂ](r)/ s<r<v.
n= n=>

A non-anticipative strategy for Cy is a mapping ®: B — A such that for any s € [0,T], v € T, and
ol,v? € B such that v' = v? on [s,v], we have &(v') = &(v?) on [s, v].

The non-anticipative strategy « for Cy is called square — integrable (resp. integrable) if for any v € B
we have &(v) € A (resp. for any v € B we have ®(v) € AW).

In a similar manner we define non-anticipative strategies, square integrable and integrable strategies for
Cy denote by B.

We denote by A and B (resp. A and BY) the set of non-anticipative square integrable (resp. inte-
grable) strategies for Cy and C, respectively. O
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3.3 Existence of a value of the zero-sum switching game. Link with
systems of reflected BSDEs

We are now going to deal with the issue of existence of a value for the zero-sum switching game
described previously. For that let us introduce the following assumptions on the functions f?,
K, 8iii1 and g;;, ;. Some assumptions will be only applied in the next sections.

Assumptions (H):

(H1) For any i € T, f' does not depend on (7, z), is continuous in (, x) and belongs to class I,

7

(H2) For any i € T, the function K, which stands for the terminal payoff, is continuous w.r.t. x,
belongs to class I'l; and satisfies the following consistency condition: Vi € I', Vx € R,

Wt (x) — 8., (Tx) < W(x) < h T (x) + 8541 (T, x). (3.13)

(H3) a) For all i € T and (t,x) € [0,T] x R, the functions 8 i1 and g;,,, are continuous,
non-negative, belong to I'ly and verify:

gi,iJrl(t’x) + 8 (tx) > 0.

b) They satisfy the non-free loop property, i.e., for any j € T and (,x) € [0, T] x Rk,
@ji+1(tx) + oo+ @po1p(t, X) + @pi(t, x) + .o+ @j_1j(t,x) #0 (3.14)

where @y 11 (t, x) is either -8, £+1(t’ x) or g, ,,1(t x). Let us notice that (3.14) also implies:

gj,jﬂ(t,x) o+ 81 (X) + 8,1 (5 X) + .+ (5 x) >0 (3.15)
and

5]-,]-+1(t'x) + .. +gp_1,p(t,x) +§p,1(t’x) +...+ gj_llj(t,x) > 0. (3.16)
(H4) For any i = 1,...,m, the processes (§;+1(s, X>™))s<T and (gi H_1(5, X2))s<T are non de-
creasing. 0

(H5) Foranyi c T,

a) f'is Lipschitz continuous in (i, z) uniformly in (t,x), i.e. for any i1, > € R?, 21,2, € RY,
(t,x) € [0, T] x R,

f1(t %, Guz) = f1(t 3, G2, 2)| < CI7 = ol + |21 — z2);
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b) Vj € I'", the mapping 7 — f(t,x,[(y*)rers, 7], 2) is non-decreasing when the other
components £, x, (y¥),.r—; and z are fixed.

c) f'is continuous in (¢, x) uniformly in (,z) and f'(t, x,0,0) belongs to I,.

In order to deal with the zero-sum switching game we rely on solutions of systems of re-
flected BSDEs with oblique reflection or inter-connected bilateral obstacles of type below. The
following result whose proof is given in Section 5 will allow us to show that the zero-sum
switching game has a value.

Theorem 3.3.1. Assume that assumptions (H1), (H2) and (H3) are fulfilled. Then there exist processes
(Y, Z!, K" ) jer such that: Foranyi € T and (t,x) € [0,T] x RK, ¥s < T,
Yi € SL K € Ay and Z1 € HY,
Yi= k(XY + [T fi(r, xVdr — [T Z,dB, + Kit — Ki — (Kl — Ki0);

(3.17)
Li(?)s < st < Ui(Y)s}

fOT(Ysi — LI(Y)5)dKi™ = 0 and fOT(Y; — U(Y)s)dK:™ = 0;

where forany s < T, Li(Y)s := Y+l — g

841 (5 XE¥) and UH(Y)s := Y + g0 (s, XEF).

Note that obviously the solution (Y, Z, Ki*) . of (3.17) depends also on (t, x) which we omit
as there is no possible confusion.

To proceed let (Y, Z!, Ki*) cr be the solution of (3.17) when t = 0. We then have (see e.g.
[32], for more details):

Proposition 3.3.2. Foralli € Tands < T,

()

Y} = essinfesssup J¢ (o, T) = esssupessinf Ji(c, T), (3.18)
€T geTy ceTy €T

where,

\751'(0,, T) =E [fsUATfi(rr Xg’x)dr + 1{T<(7} U_’;(Y) + 1{0'§T, U<T}LiU(Y) + hi(X%x)l{U:r:T} ‘ ]:s]~

(3.19)
(b) We have Y! = Ji (0%, tl) where ol € T; and T € T; are stopping times defined by,
ol =inf{s <t < T: Y] =Li(Y)} AT,
; inf{s <t < t t}( _‘)} (3.20)
T=inf{s <t<T:Y/=U;(Y)} AT,
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and we use the convention that inf @ = +oc0. Moreover, (asi, T;) is a saddle-point for the zero-sum
Dynkin game,
Ji(o, 1) < T, 7d) < Ti(ol, 1) Vo, Te€T O (3.21)

Remark 3.3.3. Foranys < Tandi € T, P[oci = 7. < T] = 0 due to assumption [H3]-a) on 8 i

and g; ;.-

3.3.1 Value of the zero-sum switching game on square integrable admissible con-
trols

We are now going to focus on the link between Y!, i € T, with the value function of the zero-
sum switching game over square integrable controls, namely the relation (3.11). For that we are
going to make another supplementary assumption on the solution (Y’, Z!, K**);cr of system
(3.17) which is related to integrability of Z, i € T. Later on we will show that we have also
the relation (3.11) without this latter assumption, but at the price of some additional regularity
properties of the switching costs 81 and g; ;11 (see (H4)).

To proceed, consider the following sequence (o, 0 )n>0 defined as following: pg = 0, 6y = i

and forn > 1,
1+ en—l if en—l < p— 1,

0,1 On—1
= . AT and 0, =
Pn = Op,_1 N\ Tpy4 " { 1if 0,1 = p;

n—1

2) .
n—1 .

and Tﬁ:j are defined using (3.20). Next let u) = (ugl))ng (resp. 1@ .= (ugz))ng)
(1)

be the piecewise process defined by: ug’ = 0 for s < p; and forn > 1,s € [y, Pnt1),

0
where Op

(1) e Bu1 Oy 0,
O { Lot oy, i Y™ =Yy ~ 30, 10, (on, Xp1'),
s

(1) .p O 0 0,x
upn— if YPn ' > YPn _genil,gn (p?’l/ Xpn )

(1 ()

where upn), is the left limit of u(1) at 0n (resp. us” = 0fors < pjand forn > 1,5 € [py, Prt1),

2) . 9)1— 9n = .
2) _ { T+ ”én)flf Yo, t= Yo, + 86, 1,6, (Pnrxgnx)/

s @) eyt yh 4 5 0,
upn— lf an ! < an + gen,l,gn (pn’ X,an)

where uéi)_ is the left limit of u(? at p,). Next let u* and v* be the following sequences of

stopping times: 0j = 77 = 0 and forn > 1,
o, =inf{s > U;,l,ugl) > ugl,)} AT and 7, = inf{s > T,j,l,ugz) > uﬁ)} AT.

We then have:
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Proposition 3.3.4. Assume that (H1), (H2), (H3) and (Z!);cr € H?>?. Then the following properties
of u* = (0, )n>0 and v* = (T, ) n>0 hold true:

1) u™ and v* are admissible ;

ii) the coupling 6(u*, v*) is square integrable ;

iii)

Proof. i) Let us show that u* is admissible. Assume that P[o;; < T,Vn > 0] > 0. As the 0;;’s are
defined through the pj;s, then there exists a loop {j,j+1,..,p —1,p,1,...,j — 1,j} such that

IP|w, 3 a subsequence (1y)>( such that an[ = Yg;:l + @i i+1(0n,, Xg;f;), cee,
=1 _ i 0,
an€+p—1 - anéer—l + go]‘*l,]‘ (pn€+p_l’xpnt+p—l)’v£ 2 0] > O

where ¢; ;1 is the same as in (3.14) and equal to either — 8, i1 OF 8ijiv1 depending on whether
C; or C; makes the decision to switch from the current state jj to the next one. Next let us set
v = limy_,« py,. Take the limit w.r.t  in the previous equalities to deduce that:

Pl@j,i1(7, X)) + o+ @p—1,p(7, X)) + @p1 (7, X0F) + o+ @j1,j(7, X)) = 0] > 0

which is contradictory with the non free loop property (3.14). By the same reasoning we obtain

the admissibility of v*.

ii) Let us recall the definition of the square integrability for 6(u*, v*). As u* and v* are proved
admissible in i), then the coupling 6(u*,v*) exists. Next we will prove that limy_,c Cl’i,*’v* €
L2(dP).

For this recall that i is fixed, pp = 0 and 6y = i. Next let us consider the equation satisfied
by Y on [0, p1]. We then have:

i i 0x i PLi 0x i I R L
Yi = ni(x% )1<p1:T)+Ym1(m<T)+/O i (r, X" )dr—/o Z,dBr-i—/O dK: —/0 dK’
. 0, . : 0, 1 _ [ 0,
= WX oy + (Y = 83,1 (08 X0) Lgpap Lgemy + (Vi + 81 (1 X0)) gy

o1 . P
+ / 1 £ (r, X0%) dr — / 1z;dBr
0 0
) = Fous (01, X001, ot | L)

— 1,60 (%0 0 0,
= h2 (X7 ) (o=1) + Yo! Lo <1) — [59091,(91'Xplx)1(p1:%
P p
n / " Fo (v, XO%) dr — / ' 7%4B, (3.22)
0 0
Next we deal with Ygll by considering the doubly RBSDEs (3.17) in the interval [p;, 2], i..

01 _ i+l
Yo =y
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= W (XY gty + Y (o) — [89192 (02, Xg;x)l( — 30,0, (02, X )1(p2_Tﬁ11)] Lip,<1)

p o
+ [0 f0 (r, X0%) dr — / " 7448, (3.23)
01 01

pa)

By replacing Yg} in (3.22) with (3.23), then (3.22) yields

2 P2 * ok 0 o(u* v*
— Zhe"—l(X%x)l(pn:nl(pn_ld)+Y§221(p2<T)+/0 FO0 (7, XO¥) dr—/pl Z0 g,

n=1

- g_—gnflgn (Ion’ Xg;,x)l(

2
o } : /XO,X 1 0
=1 8, 0, 0n Xp.') ( Pn=Tp_1 P <T)

0,
Pn=0p, 1 Pn<T)

Following (3.24) we replace iteratively Yg;’ forn =1,2,..., N we deduce that

N
0 *, * ON - ,
= L B XYLy Ly m) + Yok Lpery = N [T 050, X

n=1

14 * ok
- / Y 70w (3.25)
0

From (3.25) we obtain: VN > 1,

: ON * ok
GO < 3 I R gy L)+ YTl 1561 [ £ 1, 507
n=1
4 * ok
+|/O Y 70y |
. S P
< max |/ (X¥) +2max sup |Yl|+/ | 002 (v, XO%Y |dr 4+ sup | zow e )’dBr]

ier I' sefo,1) sefo,r) /O

Finally by taking the supremum over N we obtain:

sup’C B (XY*)| 4+ 2max sup |Y|
N>1 Rer BeL se0,1] ’
S * *
+/ PO (r, XO%) |dr + sup | [ 280 “)raB, . (3.26)
sefo,1] L0 ,

MO)s

As (Z1)icr are dt ® dIP-square integrable, then

E[sup | MY*7) 2] < CE] / 171 2ds] < oo,
i=1,m

s<T

It implies that the right-hand side of (3.26) belongs to L?(dIP) and then limy_,« C%u*’v*) is
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square integrable and then 6(u*, v*) is square integrable.

Finally for iii), by directly taking the expectation on both sides of (3.25) we obtain

N
. 0 *, * PN - ,
Yo =E | Y H (XE 1)L, <) + YN pyer) — O /0 O (r, X)) dr

n=1

(3.27)

Now it is enough to take the limit w.r.t. N in (3.27) and to use the Lebesgue dominated conver-

gence theorem since limy_, pn = T and considering (3.26), to deduce that
; * ook T * ok * o*
Yo =E {h"(“ ) [, X0 — B = o, 0)
0
0(u*,0%) CG(u*,v*)

as limy 00 Cy = Ceo . O

Let i be the starting mode of the system which is fixed. Let ¢ = (03),>0 be an admissible
control of C; (which then belongs to A) and v*(0) =: (T,)n>0 be the optimal response strategy
of C; which we are going to define below. Indeed let (py, 6,)n>0 be the sequence defined as
follows: pp = 0,609 =iand forn > 1

1+0n—1 if Gn_lgp—l

3.28
1 if 9,1,1 =p ( )

Pn = 0%, N T, On = {
where
T, = T‘g::ll := inf {s > Py, Yo = Y0 4 36, 16, (s)} AT (according to (3.20))
and 7, is defined by 7o = 0,71 =1, forn > 2,
fn=Tn1+ e <z}
Next let ¥ be the piecewise process defined by: 0; = 0 for s < p; and forn > 1,s € [py, Pnt1),

140, -if pn = T4 < 07,

¢
v
Il

Tp,— if pun = 03, < Ty
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where Op,— = limg Jon Us. Now the stopping times T, n > 0, are defined as follows:
Tp=0andforn >1,T, =inf{s > T,_1, Us > Us_} AT (3.29)

where U5 = lim, »; .

Next we are going to define the notion of optimal responce u*(v) = (0, )n>0 of C; to an
admissible control v = (T,),>0 of the second player C,. Indeed let (o, 8, )n>0 be the sequence
defined as follows: pg = 0, 6y =i and forn > 1

po =0, 6p=1i, andforn >1,

1+6,1 if 6,1<p—1

3.30
1 if 9,1_1 =p ( )

On :&n/\rsfy,/ Gn = {
where

Gy = 0p/") 1= inf {5 > 01, YO = YO g, (s)} AT (according to (3.20))

1171971
and s, is defined by sy = 0,51 = 1, forn > 2,
Sy = 8,1+ 1{5”’1>T§n—1}.

Next let i be the piecewise process defined by: iy = 0 for s < p; and forn > 1,s € [pn, Pnt1),

]. + L\an_lf pn - 5—71 S Tgn

g =
L\Zp”_ ].f pn = Tgn < 5},
where 1y, = lim, », 1ls. Now the stopping times 7, n > 0, are defined as follows:
0o =0and forn > 1,0, =inf{s > 7,1, tls > 5_} AT (3.31)

where ii; = lim, », il,. We then have:

Proposition 3.3.5. Assume (H1), (H2), (H3) and (Z');er € H>". Then for any u € Aand v € B, we
have:

) u*(v) € A,0*(u) € B;

ii)

Ji (0(u,v*(u))) < Yé <Ji (6(u*(v),v)). (3.32)
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Proof. i) In order to show u*(v) € A, when v = (7,),>0 € B, we need to prove that u*(v) =
(G4 )n>0 is admissible and E [(A (v ))2} < oo,

Indeed if u*(v) = (F4)n>0 is not admissible then there would exist a loop {j,j+1,...,p —
1,p,1,..,j—1,j} which is visited infinitley many times, i.e.,
. j+1 . _ 0,x
= Y_ 7],,],“(0,15, X%), ceey

1J,((r,wp,l,xo" ), V¢ > 0] > 0.

Onp+p-1

IP[w, 3 a subsequence (1ny),>( such that YZ
-1 _ i _
5»1/-%—;1—1 - ‘_7né+p—l g]—

Next let us set # = lim/_,, 0. Take the limit in the previous equalities yield:

]P[g

i U1 Xy') + .+ gp_lrp(zy,Xg'x) +8,,01, X0') + .+ gj_llj(n,ngx) =0] > 0.

But this is contradictory with the non free loop property (3.16).

Next let us show that E [(A; ©) )2] < 0. Proceeding similarly as in the proof of Proposition
3.3.4, in the interval [0, p1] we have

Yg = (Xy)1 Y1 " Fit xonar— [ ziag, + [T axit — [" ki
0 ( T ) (p1=T) T Yoy (01<T) + 0 f (7", r ) r 0 rdbr + 0 r 0 r
(3.33)

Note that the minimizer C,’s control v = (T,),>0 is not necessarily optimal, then f PLgKi— >0
and we know that for any s € [0,T], Y! < Y + g;i11(s, X2%). On the other hand, since
p1 = 01 A\ Ty, then fp] dK+ = 0. It follows that:

Yi < W (XN gy + Y1) +/ ferO"dr—/ ZidB,
, [
< hl(XOT,x)l(m:T) +1(pl<T)(Y§11{p1:¢—,1} +Y§§11{p1:T§1}) +/ f’(r,X?”‘)dr—/ Z.dB,

< KON ) + Y50 L pyr) = |20, (01 X0 oy m) = 8o (01, X0y <1

P P
+ / "0 (r, XO%)dr — / ' 7%4B, (3.34)
0 0

Proceeding then iteratively for n = 1,2, ..., N to obtain

Mz

Y < Y BN X)L, <1 o= T YoN Lon<T) +/ fEE (X5 / Zea,

n=1

Mz

|:g9n 19,1 (pnl Xg;x)l(Pil:‘_Tn<T) - g9n719n (p"/ X‘g;lx)l(pn:Tgn<T):| . (335)

n
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Then we have

) N
APN( < Z K Xox)l(pn 1<Tou=T) T Yoh L(on<1) +/ OO, XD ) dr

n=1

/ O g, Y4 BY, (3.36)

Next as v € B and since (Z!);cr € H?4, taking the squares of each hand-side of the previous
inequality to deduce that:
E[(45,")] < C

for some real constant C. Finally to conclude it is enough to use Fatou’s Lemma since oy — T
as N — oo,

In the same way we show that v*(u) belongs to 5 when u belongs to A.

iii) Let v € B. Going back to (3.47), take expectation to obtain:

ON %
Y =E[Y] <E Zhen X)Ly <Toput) + Yo L (o, <1 +/ £ @, X0 ) gy — OO0
n=1

Asv € Band u*(v) € A, then for any N > 1, |C%“*(v)’v)| < AL}*(U) + BY € L2(dP). Take
now the limit w.r.t N in the right-hand side of the previous inequality and using dominated
convergence theorem to deduce that:

Yi < E[pfr0 @) (x0) + / FOW @) (7, X0¥) gy — CO D] = J(0(u* (), 0)), Vo € B.

The other inequality is shown in a similar fashion. O

As a by-product we obtain the following result:
Theorem 3.3.6. Assume (H1), (H2), (H3) and (Z!);jcr € H*. Then foranyi = 1,...,m

Y} = sup inf L( (u,v)) = 1nf sup]l( (u,v)).
uc AVEB Byea

Proof. By (3.32), we know that forany u € Aand v € B,
Ji (8(u, 0" (1)) < Y5 < Ji (8(u*(0),0)).
Therefore

sup J; (0,0 (1)) < Yh < inf J; (00" (2),0))

ueA
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Aswhen u € A (resp. v € B), v*(u) € B (resp. u*(v) € A) then

inf sup J; (6(u,0))) < sup J; (0(u,0"(u))) < Y§ < inf J; (6(u*(v),v)) < sup inf J; (0(1,0)))

vEB e ucA veB ue A VEB

which implies the desired result since the right-hand side is smaller that the left-hand one. [

Remark 3.3.7. Note that we have also the following equalities: For any i € T,

Yg = sup J; (8(u,v" (1)) = inf J; (0(u"(v),0))

ueA veB
zz}relIfBilelﬁfz( (u,0(u))) —325522’1( (u(v),0)).

Actually let us show the fourth equality. Let 1i(.) € A. Then

inf J; (6(i1(v), v)) < inf sup J; (6(u, v)) =Y = inf J; (0(u*(v),0))

veB eB ueAd veEB

which implies the fourth equality since u*(.) € A. The third one is proved similarly. O

As mentioned before, the bottleneck for proving the existence of a value for the zero-sum
switching game over square integrable controls is the square integrability of (Z!);cr. The point
now is whether or not it is possible to characterize Y’ as the value of the zero-sum switching
game without assuming the square integrability of (Z');cr. At least at the cost of adding some
supplementary conditions on the data of the game. The answer is affirmative if we require
assumption (H4) on the switching costs. Finally note that this assumption (H4) is satisfied if
Zii+1 and 8. i =1,...,p,do not depend on x and are non decreasing w.r.t ¢ (e.g. they are

Ji+17
constant).

We then have:

Theorem 3.3.8. Assume (H1), (H2) and (H3). Then for any i € T,

Y§ = sup inf J;(6(u,v)) = inf sup J;(8(u,v)).

uc A vEB vEB e g

Proof. First recall the processes (Yi, zi Ki'i)ier that satisty: Foranyi € 'and s < T,

Y € 8% K'* € Ajpe and ZF € HAY,

wzmﬁﬂ+lfwxww>lzm&+@t«y—m$—mn
()<W<WW)

S (Vi = L(T))aKE = 0and [7(Yi - U(F))dKE™ =0

(3.37)
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where fors < T, Li(Y), := Yit! — (s, XY and U (Y)s := Yt + g 41 (s, XO%).

Siiv1

Next for any k > 0, let us define the following stopping time:

—inf{s >0, / (Y |Zi[2}dr > k} AT (3.38)

i=1,m

First note that the sequence (¢ )r>1 is increasing, of stationnary type and converges to T. Next
we have fovk |Zi|?dr < k, which means that the processes (Zi1 {s<y})s<T belong to H?4. Let us
now define (Y?, Z!, K"*);cr as follows: Foralli € Tands < T,

Yi=Y!

SAYK’

Zi = z1{s<m,f<l K;A*7 and K~ —K;Mk (3.39)

Thus the family (Y', Z/, K"+, K"~),__ is the solution of the following system: Vi € T,

(1) Y€ 82,7 e H¥ Ki* € Aloc;
i) Y = Y +/ Ly [ (r, XY dr — /ZdBr +RET—RiT—(Ry —Ki),¥s < T;
iii) Y’“—gl +1( Xox)<Yl<Y’+1+g1,+1(sX ), Vs < T;
iv) [T ( Y))dK”“—Oand s (Y; ui(y ))dKZ =0
(3.40)

where U'(Y ) and Li(Y ) are defined as in (3.37). Let us amphazise that here we need the as-
sumption [H4] to show the inequalities in point iii) which actually hold true. Indeed for s < -,
the inequalities hold true by the definition of the processes (Yi, 71 Kit, Ki'_)i r and (3.37). If
s > vk, by (H4) we have,

Vit —g (s, X0%) =YiM —

<Y, =YY 4 g (s, X0F) = Vi 4 Giiga (s, X2).

Siiv1

On the other hand, by definition of K* and Y/, i € T, we have
Sy (Vi= 1Y) ) dRET = [ (vi = Li(¥)s)dkE" =0,
Similarly we have also fOT(Ysi — Ui(Y)s)dK~ = 0. Therefore the processes (Y, Z!, K"¥)cr
verify (3.40).
Now using the result of Theorem 3.3.6, we obtain: For any i € T,

Yy =Yg = sup inf J(0(u,0)) = inf sup J{(0(u,)).

uc AvEB B ecA
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with
k 0(u,0)r g 6 (u,v) 0,x 0(u,0)
T5(6(u,0)) = E [ Y2 +/O 1y fOUD (v, XO¥)dr — C&

where 6(u, v) is the coupling of the pair (1, v) of controls and

9(14,?]) 1 u,o
Co" = lim CY".

Next let
Y{ = sup inf J;(8(u,v)) and Y} = inf sup J;(0(u,v)).

uc A veEB veEB ucA

Therefore

Y5 — YoI—ISUmeL(( ))—SUPlnfL(( v))]

ueA? ue AvEB

< sup IEHY'Y u,v) he(u,v)T(XOT,x)|
(u,v)eAXB

T
+ / 1 fO0 (r, XO%)dr — 00 (1, XO) ]

E[ Y [V, B+ [ Y Fr, X0

i=1,m Tk i=1,m

But the right-hand side converges to 0 as k — co. Therefore

Yi =Y} = sup mf]l( (u,0)).

uc A e

In the same way we obtain also that

Yi=Y= 32;3811& Ji(0(u,0)).
ue

It follows that

YO = sup inf ],( (u,0)) = 1nf sup]l( (u,0)).
ue A VEB B uecq

Thus the zero-sum switching game has a value on square integrable controls which is equal to
Yi. O

3.3.2 Value of the zerosum switching game on integrable admissible controls

In this part, we are not going to assume the square integrability of (Z');cr neither (H4) and
show that the relation (3.12) holds true and this common value is equal to Y! where (Yi, Zi K+ )ier

is the solution of system (3.17). Actually we have the following result:
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Theorem 3.3.9. Assume (H1), (H2) and (H3). Then for any i € T,
Yi= inf sup J;(0(u,v)) = sup inf J;(6(u,0)). (3.41)

veBM A ue A veBW

Proof. Let u = (0)n>0 and v = (7)o be two admissible controls which belong to AM and
B respectively. Next recall the optimal responses u*(v) = (G )n>0 and v* (1) = ()0 de-
fined in (3.31) and (3.29) respectively. First note that, as shown in Proposition 3.3.5, the controls
u*(v) and v*(u) are admissible. Let us now show u*(v) belongs to A1), A similar procedure
will show that v* () belongs to B().

Indeed for k > 1, recall the stopping time 7 defined in (3.38) and the sequences (0,)n>0
and (6,),>0 defined in (3.3.5). Next for k > 1, let us define: Vn > 0,

o = Prl{p, <y} T T{p,>q,) and o, = Onlip, <} + Omlip,>m)

where n; = inf{n > 0,0, > 7} — 1. Note that p¥ is a stopping time and {p} < T} = {p, <
Yt} The sequences (p¥),>0 and (6X),>0 constitute the fact that we freeze the actions of the
controllers when 7y is reached. Next going back to the system of equations (3.17) satisfied by
the family (Y/, Z/, K", Ki'_)iEr and as in (3.45) we have:

S : ok . ok o
Yg = B XN gy + YiLpan + [ £ 0 X00ar = [ Zias, + [P axi - [T ak
h\?)—-/

4 L o
< WXV gy + YL gy + /0 Fi(r, X0%)dr — /O ZidB, (3.42)
But {p¥ < T} = {01 < 7 }. Therefore

Y;’{l(p’f<T) - Yfl’ll(P1<7k) = (Y‘;ll{Pl:‘_Tl} + Y%svll{PlzTgl})l(Pl<’Yk)

and then

S , , o o
Y(l) S hl(X%x)l(Plf:T) + (Y‘;l]'{.ﬂlszl} + Y%511{P1:T§]})1(P1<7k) +/O fl(r’ Xg,x)dr - /O Z;dBT
(3.43)

But forany s € [0, T], Y! < Yi*! + gii11(s, Xg'x) and

j i+1 — 0,
Yéll{P1:51}1(91<'7k) = (Y;TT ~ 81 (01’X(71x))1{P1:£71}1(P1<7k)'
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Plug now this in (3.43) to obtain:
j i (470, i+1
Yé S hl(XTx)]‘(pllf:T) + (YEJ'_ - gl i1 (Ul’X ))1{P1 0'1} (p1<ryk)

o
+(Y~i—sl +g11+1<TslzX ))1{p1 Tsl} (p1<7%) +/ f90 Xox)d _/0 ZdeBr. (344)

i+1 i+1 _
(Yo, Lpr=eny T Yéél 1{P1:T51})1(Pl<’m) - Y 1(p <)

and

- 0, = 0,
(_gi,i—i-l ((7']/ Xﬁlx)l{plzﬁl} + gii+1 (TSVU X’L’;f)l{p1:‘(§1})1(p1<’)/k)

_ 0, = 0,
= (=80 (1 X5 ) oty F S 0t (T X)Lk P <)

then from (3.45), we obtain:
Y < B (X)L gy + Y 1<p )+ (=800 (O Xa ) gimary + B (T Xe) gt — ) ) i)

ok
+ / "0 (1, X0 dr — / ' s, (3.45)
0 0

But we can do the same with Y 11( to obtain:

o5 <)

9}1( ok 0,x
Yo Lhamy S HHXT ) gh oy pk:T) +Y; 1<p <m) T

(— gekgk(UZ’ )1{pk—(72}+g9k9k(T52’ )1{p2452}) (P5<x)

k
+ / kz £O5 (r, X0 dr — / kz 7% 4B,. (3.46)
P P

Plug now (3.46) in (3.45) and repeat this procedure N times to obtain:

N
. 9k 0, pN 9 0, r
Yo < Z:lh "71(XTX)1( kL <Tpk=T) +YN1(p <7x) +/ fo (r, X;7) / z8w @ gp,
n=
S 0,
X
Z ng 0k pn/X )1(pn*0'"<"/k) g()" Gk(pn/ )1(p71TSn<’Yk):| (347)
n=1
uw*(v) _po
Ap’ﬁ, Bﬂ’;i,

where 0 < E;’k < sz , since C; has priority when the two players decide to switch at the same
N N
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time. Then take expectation in both hand-sides to obtain:

IE[APN( )] < — Y0+IE n;lhen 1( Xox)l( kL <Tpk— T)+YN1p <) _|_/ f9 u* (1, XOX)dY—FBv !

(3.48)

Asv € BW, then E [sz | < E[BY] and the right hand side of (3.47) is bounded. Then there exists
N
a constant C such that
E[4), "] < C+E[B]]

N

Finally by using twice Fatou’s Lemma (w.r.t k then N) we deduce that E [AL; (U)] < oo which is
the claim.

iii) Let v € B(1). Going back to (3.47), take expectation to obtain:

Y(Z) < ]E{Zlhgnil(x%x)l( k_ <Tpk=T) +Y Nl(p <7k) +/ fg v (7’ Xox)d
n=
3 k 0
X
- Z ggk 19k(Panpk )1(p’,§:¢‘7n<'yk) gGk 10k (pn/ )1(pn—rsn<'yk) } (3.49)
n=1 n-mn g

By taking the limit w.r.t k then N we obtain that
Yi < Ji(u*(v),0), Vo € BV,
In the same way as previously, for any u € A1), v*(u) belongs to B! and
Y5 > Ji(u, 0" (u).
It follows that for any u € AL and v € BW,
Ji(u,0* (1)) < Y§ < Ji(u* (v),0).
Therefore

sup Ji(u,0*(u)) < Y5 < inf Ji(w(v), ).
ue A veB)

As u* (v) (resp. v* (u)) belongs to A1) (resp. B) when v € B (resp. u € A1), then

inf sup Ji(u,v) < sup Ji(u,0*(u)) <Y, < inf ]Z( *(v),v) < sup inf ]z(u v)
veB) e A we A 0B uc AM ) veB

v+ %
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and the claim is proved since vVt >V, ]

Remark 3.3.10. a) As in Remark 3.3.7 we have also the following equalities: For any i € T,

Yl = mf sup J; (0(u,v(u))) = sup inf J; (6(u(v),v)).
veB(! ueA( ueA(l)UEB<])

b) Let (Yitx, Zi4% KiAEX), 1 be the measurable processes such that: For anyi € T,
i) Yitx € 82, Kib gre continuous non decreasing and P-a.s. ftT \Zé’t’x|2ds <00
ii)Vs € [t,T],

Y th + j‘ fz th d?" o fT Zfl,t,der + K%+,t,x o Ké,+,t,x o (K%’f’t’x o K;,f,t,X);

Li((YDer) < YE S UN((Yrer);

LI = L) 1er))dK = 0and [ (Vi — UL((Y!)jer))dKE™ = 0.

(3.50)
These processes exist by Theorem 3.3.1. Then as previously one can show that for any (t,x) and s €
[£,T],
Yi4* = essinfesssup ]| (6(u,v))s = esssup essinf ] (6(u,v))s

veB! e ueall veB!
where
Ji(0(0,0)) = BRI (XE) o [[1f000) X0 )dr = €2\ F)
and .A (resp. B ) is the set of admissible integrable controls which start from i at t. O

3.4 System of PDEs of min-max type with interconnected obstacles

We are going now to deal with the problem of existence and uniqueness of a solution in vis-

cosity sense for the following system of PDEs of min-max type with interconnected obstacles:

min{v'(t,x) — L'(7)(t, x); max [v'(t, x) — U'(T)(t, x);
—0,0'(t, x) — LX(V)(t,x) — fi(t,x, (0! (t,x))ier, o (t, x) T Do ()]} = 0; (3.51)
v'(T,x) = h'(x)

where for any i € T, L(%)(t,x) = o'Tl(t,x) — gii+1(t,X) and U (7)(t,x) := o'"(t,x) +
:i41(t x). Note that f " is more general w.r.t. the HJB system of (3.3) since it depends also on
and z'.

The result is given in Theorem 3.4.3 but its proof, based on Perron’s method, is postponed to
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Appendix. Nonetheless in this section we will introduce some notions which we need also in

Section 5 when we deal with system of RBSDEs (3.1) or more generally (3.5.2).

For any locally bounded deterministic function u : [0, T] x R¥ — R, we denote by u. (resp. u*)
the lower semi-continuous (Isc) (resp. upper semi-continuous (usc)) envelope of u as follows:
V(t,x) € [0,T] x R,

u(t,x) = liminf u(¥,x’)and u*(t,x) = limsup u(¥,x).
(' x" )= (tx) '<T (# )= () ' <T

Next for an Isc (resp. usc) function u we denote by [ u(t, x) (resp. [Tu(t, x)), the parabolic
limiting subjet (resp. superjet) of u at (¢, x) (see e.g. [13] for the definition and more details).

Definition 3.4.1. : Viscosity solution to (3.51)
Let 7 := (v')cr be a p-tuple of R-valued, locally bounded functions defined on [0, T] x R¥.

A) We say that U is a viscosity supersolution (resp. subsolution) of (3.51) if for any i € I':
(i) v\ (T, x) > hi(x) (resp. v™* (T, x) < hi(x)), for any x € RF;
(ii) For any (t,x) € [0, T) x R¥ and for any (p,q, M) € J~0L(t,x) (resp. J*0™*(t, x)), we have:

min{v (¢, x) — Li(ﬁ;)(t,x),l
max{—p — b{t, 1) — 2T{(00T) (0, 0M] — Fi(t, 5,002, 0T (1)) (3D
ol(tx) = U' (7)) (tx)}} >0
where U, = (Ui)ier (resp.
min{o™(t, x) — L( _;‘)(t,x),l
max{—p — b{t, 1) — STr{(00T) (0 0M] — Fi(t, 5, (12,07 (0)g); (B9

o™ (t,x) — U'(v*)(t,x)}} <0

where v* = (v™*);cr).

B) A locally bounded function G = (v');cr is called a viscosity solution of (3.51) if (v!.);cr and (v™*)er
are viscosity supersolution and viscosity subsolution of (3.51) respectively. O

Next (t, x) be fixed and let us consider the following sequence of BSDEs: Vm,n € N, Vi € T,
Yi,m,n c 82 Zi,m,n c fHZ,d.

Ysm = (XYY + [ o (r, X5, (Y 1 op, 2 dr — [T ZEaB,, s <T;  (3.54)
V¢ = hH(XF)
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where
j ; ; ; - . . +
£ (s, X G,2) = £ X G 2) 4 {y = =g 5 XN —m (= T g (s X

As (3.54) is a classical BSDE without obstacle, thanks to the results by Pardoux-Peng [24], the

solution exists and is unique. In addition there exist deterministic functions (vi'm'”) icr (see The-

orem 4.1. in [24]) such that:
Vs € [t, T], Y™™ = o™ (s, XI). (3.55)

On the other hand, we have the following properties which we collect in the following propo-
sition.

Proposition 3.4.2 (see [34],[18]). Assume that (H2), (H3) and (H5) are fulfilled. Then we have:

@) P —as.,Vs < T,YimHbn < yimn < yimntl i e T,n,m > 0, which also implies the same
property for (v™")cr, i.e. for any (t,x) € [0, T] x Rk, i € T,

Ui,m-l—l,n(t, x) < Ui,m,n(t, x) < Ui,m,n-i—l(t’ x). (3.56)

b) The sequence ((Y"™")jcr)n>0) (resp. ((Y"™")jcr)m>0) converges in (S2)F to (Y™ )icr (resp. (Y"")icr)
which verifies the following system of reflected RBSDEs:

Y e 82,7 e K™ e A2

V= W) + [T X0 (0 er 2 e — [ 2 dB + K R s < T
Y > L((Y")er),s < T;

Joh (" — LE((F™)ier)) AR = 0

where '
(s, X8, 9,2) = fi(s, X0, ,2) —m(y' — [y + 8 (s, XEO))) T
(resp.

Xi,n c SZIZi,n c HZ,Ki’n’_ c AZ;
Y = W(XE) + [ X, (Y er, Zi)dr — [ 2B, + KT — KT, s < T
YO < U (Y er), s < T;
Jo Q0 — Ui (Y5 er) AR =0
(3.58)
where

£(s, X0, 5,2 = Fi(s XU, g,2) 4y — T — g, (5 XE T
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c) There exist deterministic continuous functions (o"™);cr (resp. (v'"");cr) such that for any (t, x) €
[0,T] x R, s € [t, T], .
Y =5 (s, XE) (3.59)

(resp.
YY" =o'(s, X)) (3.60)

In addition the sequence (("™)m>0)icr (resp.((v"")ns0)icr) are decreasing w.r.t. m (resp. increasing

w.r.t. n).

d) (3"™);cr (resp. (v'")) belong to class I, and is the unique viscosity solution of following system

of variational inequalities with a reflected obstacle:

min {077 (t,x) — L{((0"")ier) (1, ) |
—0, 0" (¢, x) — LX(T™)(t, x) — fi(t, x, (D" (t,x))ier, o(t, x) T Do (£, %))} =0 (3.61)
7M(T, x) = hi(x).

(resp.

max{o"(t,x) — U'((@"")er) (t, x);
—0, 07 (t, x) — LX) (t,x) — fi(t, x, (0" (t, x))jer, o (t, x) TDy0"(t,x))} =0 (3.62)
o"(T, x) = (x)).

Proof. This proof can be found in [34] and [18] so we omit it. O

Next for any i € T'and (¢, x) € [0, T] X R*, we denote by

Ei(t,x) = lel_rgo 77i'm(t,x) and Qi(t,x) = r}i_{roloyi'”.

Then from (3.56) we deduce that for any (¢, x) € [0, T] x R*
vi(t,x) < T (L, x).

Note that since forany i € T,

vz,O S Ql 7 S z71,0

IN

then v’ and ¢’ belong to I1,. Additionnaly we have:
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Theorem 3.4.3. Assume (H2),(H3) and (H5). Then the p-tuple of functions (0')cr are continuous, of
polynomial growth and unique viscosity solution, in the class Ig, of the following systems: Vi € T and
(t,x) € [0, T] x R,

min{v'(t,x) — L'(7)(t, x); max [v'(t, x) — U'(T)(t, x);
—0;vi(t, x) — LX(0) (¢, x) — fi(t, x, (0 (¢, %))ier, o(t, x) " Dx0'(t, x)] } = 0; (3.63)
v (T, x) = h'(x).

Proof. 1t is rather long and then postponed to Appendix. O

As a consequence we have the following result for the increasing scheme:

Corollary 3.4.4. The p-tuple of functions (v');cr is also continuous and the unique viscosity solution,
in the class Ilg, of the following system of max-min type: Vi € T and (t,x) € [0, T] x R,

max{0'(t,x) — U'(7)(t, x); min [0'(t, x) — L'() (¢, x);
—0yv'(t,x) — LX) (t,x) — fi(t, x, (0! (t,x))ier, o (t, x) T Do (,x)] } = 0; (3.64)
v'(T,x) = h'(x).

To obtain the proof of this result it is enough to consider (—v');cr which becomes a decreas-
ing scheme associated with ((—fi(t,x, =i, —z))ier, (—h')icr, ($i)ier, (&.)ier), to use the previ-

ous theorem and finally a result by G.Barles ([1], pp.18). O

3.5 Systems of Reflected BSDEs with bilateral interconnected barri-

€ers

First recall the system of RBSDEs (Yi/tx, Zimtx Rim+1tx) in Proposition 3.4.2-b)-c) and the
representation (3.59). As the sequence ((7"")>¢)icr converges pointwise decreasingly to the
continuous functions (v');cr. Then, by Dini’s theorem, this convergence is uniform on compact
sets of [0, T] x IR¥. Next, the uniform polynomial growths of (v');cr and ((3"™)>¢);er combined

with estimate (3.8) of X' imply that forany i € T,

E( sup |Yimt* —yit¥|2)y &, 0 (3.65)
se(t, T

where we set: Forany s < Tandi €T,

Y =0l (s v t, X5, (3.66)
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Proposition 3.5.1. Forany (t,x) € [0,T] x RK,s € [t,T],i €T,

YE< U (YD)er) :=Y! g (s XE). (3.67)

Proof. According to (3.66), it is enough to show the following inequality: for any i € T, (¢,x) €
[0, T] x R¥,
o' (t,x) < 0L x) 4 i (£ X). (3.68)

Indeed, we assume by contradiction that there exists some (to, x0) € [0, T) x RF and a strictly
positive € > 0 such that

Z)i(t(), XO) — Z)i+1(t0, XO) — gi,i+1(to,xO) >e>0. (369)

By the uniform convergence of (7"™);cr to the functions (v');cr on compact subsets, we can
find some p > 0 and a ball defined by

B((to, x0),0) := {(t,x) € [0, T] x R, s.t. |t — to| < pand |x — x| < p}
and some m large enough such that for any m > my,

77" (t,x) — z7i+1'm(t,x) —Giiv1(t,x) > = >0, Y(t,x) € B((to, x0),p)- (3.70)

| ™

Next let us introduce the following stopping time

Tty xo; = INf{s > to, X* & B((to, x0),0)} A (to + p)
Notice that for any s € [to, Tty,x, ],

’Ysi,m,t(),Xg _ —1 m (S Xto xo)
—i+1,m to,X0 = t0,X0
>0 (s, X0*0) + 8ii+1 (s, X™)
> Z7l+1 rn(sl XéQ,XQ) o gi - (S, X;O’XO)

Cit1,m to, to,
=Y =g (5, X00)
Asaresultfors € [ty, Ty, x,], AKE™ 0% = 0 and then from (3.57) we deduce that: V s € [to, Ty, x,],

?i,m,to,xo _Yz ,1m,t0,X0 + / fz m 7, Xto X0 (Yilmlt(),xo)lel“r Z;,m,to,xo) (3.71)

Tto.xo

Tto,xg —;
=m0 [ g X)) Y [ 2 0a,

S

=i+1,m

Next as in [23], since g; ;, 1, 0" and © are of polynomial growth (uniformly for these latter)
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and by using (3.8) we deduce that:

Tt

toxg - . B
mPE[{ [ 7 (X 0N gy (5, X10%0)) ds))
0

it 5 Toxg ‘ 5 (3.72)
< CE[ sup \ﬂmw%yy+cmu/ Fi(s, X0 0,0)ds ).
to

se[tg,no,xo],iel"

for some cosntant C which is independant of m. Therefore using (3.70) we have

2 . Tigxg
m Pl < Ty < CE[ sup [T )4 CE[{ [ Fi(s, X1%,0,00as1). 373)
0

64 se[to,rto,xo],ier

which implies, in sending m to +oo, Pty < Tyx,] = 0, ie. Plty = Tix,] = 1. But this is
contradictory since p > 0 and then (fy, xo) satisfying (3.69) does not exists. The proof of the

claim is complete. O

We now give the main result of this section.

Theorem 3.5.2. Assume that the assumptions (H2),(H3) and (H5) are fulfilled and for any i € T, f'
does not depend on z'. Then for any (t,x) € [0, T| x R, there exist adapted processes K4 and 7'
valued respectively in R™ and R? such that, in combination with Y"*, verify: For any i € T,

i) Ki*+4% are continuous, non decreasing and K/ = 0 ; P-a.s. KiT’i’t’x < oo and ftT | ZH*|2ds <
S

ii) Vs € [, T),

Vi KR + 7 i, X (Y ey — [ 207,
+K§:+,t,x N Ké,Jr,t,x _ (Ké,f,t,x i Ké,f,t,x);

(3.74)
LE((Y"*)1er) < Y7 < UH((Y")1er);

ST = LAV RS = 0 and [T (V29 — (M) )K= 0

where for s € t < T, LL((Y"%)ep) i= YET* —
i1 (s, XEY).

Moreover if there exists another quadruple (Y'*, Zi4, RiF4X) which satisfies (i)-(ii), then for any
se[t,TlandieT, Yo = Y~ REFAX = KEEL qpd Zitx = 714 ds @ dIP on [t, T] x Q

i1 (s, Xéx) and UL((Y")jer) = AR

Proof. Existence
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Forany i € T and m > 0, the processes Y""'* have the following representation (see e.g. A4 in
[18] for more details): For any s € [t, T],
ONAT

YimA* — esssup essinfIE [hi(X%x)l((,:T:T) + fi(r, X%, (YImA), Y dr
S

o>s T8

(3.75)
+ Lla((Yl/mlt,x)lEl")l(a<T) + {u’lr((Yl/m)lel") \ Y%M/t/x}l(rga,T<T) ’FS]

Now the convergence of (Y"4%), to Yi#* in S%([t, T]) (by (3.65)) and the inequalities (3.67)
imply that, in taking the limits in both hand-sides of (3.75): Vs € [t, T],
OAT

Y = esssup ess inf E[h' (X%x)l(U:T:T) + Filr, X%, (YY) cp)dr
S

o>s T>s

(3.76)
+ Lé((yl’t’x)ler)1(0<‘r) + UZT<(Yl’t’x)lef)l(Tga,T<T) |~’r5]

Next the third inequality in (3.57) and (3.67) imply that: Forany s € [t, T] and i € T,
ué((yl)ler) > Ysi > Lé((Yl)ler)~
On the other hand by Assumption (H3)-a),
(Y )1er) = LY )1er) = gy (5, X) + g, (5, X17) > 0

which means that the obstacles U'((Y"*¥),cr) and Li((Y"*¥),cr), for any i € T, are completely
separated. Therefore by Theorem 3.7 in [27], there exist progressively measurable processes
YiAx KLY and Zi4* valued respectively in R, R* and R such that:

i) Y € S2([t, T]), K“4¥ are continuous non decreasing and K = 0; P-a.s. ftT |24 )2ds <
00

ii) The processes (Y%, KiA4*, 7it%) verify: Vs € [t, T],
YEr = (X + [T XE (00 er)dr — [T 21 dB,

_|_Ké,"+,t,x N Ké,-ﬁ-,t,x N (Ké’-_’t’x _ K;',—,t,x);
(3.77)
Lé((Yl’t'x)ler) < X;’t'x < u;((Yl't’x)ler)}

LI — LE(Y9%) 1)) dKE* = 0and [ (Y4 — UL (YY) 1er) )dKE A = 0.
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Moreover Y** has the following representation: Vs € [t, T],

. . OAT .
Y = esssup ess ianE[hz(X%x)l(U:T:T) + Fi(r, X85, (Y er)dr
S

o>s L=

(3.78)
+ Lé((yl’t’x)lel“)l(a<r) + uzr((Yl't’x)IGF)l(TSU,T<T) |]:S]

Thus for any s € [t, T], Y"'* = Y"** and by (3.77), (Y¥*, Kb, Zi4x) verify (3.74). Finally as
i is arbitrary then (Y*/¥, Ki4%, ZitX), 1 is a solution for the system of reflected BSDEs with

double obstacles (3.74). The proof of existence is then stated. It remains to show uniqueness.

Uniqueness: In this part we apply the fixed point argument over the value of the stochastic game
representation (Theorem 3.3.9), and the proof is similar to [35]. In the following proof, the de-
fined processes (Y94, 4, K®4%).r and (Y¥, Z¥4, K%+ ),cr depend on (t, x), but for simplicity

of notations we omit it as there is no confusion.

Firstly let us define the following operator:

D HPP — H>P
¢ = (¢")ier = P(P) :== (Y")jer

where (Y94, 791 K?4%) 1 is the unique solution of

YPi € S2([t,T)), P — as. [, |28 2ds < coand K" + K™ < oo (K" + K™ = 0);
i L - T i i+ i+ i~ i~
Ys('b' = hl(X%x) —|—/ fir, X, ¢(r))dr —/ Z;P’ dB, —{—K#" — Kf;p — (K# —K;P” E<s<T;
S, . S
Li((YP)ier) < Y& < UH((Y)1er),s € [, T

T . . . T . . -
/t (Y2~ LL(r*)ier) ) RS = 0 and /t (Y — Ui (" )er) ) P~ = 0,

(3.79)

In the similar way we define another element of H2? by ¢ := (') ;cr and let (v VALE ’i’i) se[t,T]
be a solution of (3.79) where its driver is replaced with f/(t, x, ¢ (t)),Vi € T.

Next we set the following norm, denoted by ||. ||, on H*?:

T
Iyl = (EL| ey sy’

The following calculus is dedicated to prove that @ is a contraction on (H??, ||.||,5) where the
appropriate value of f is determined in the following.

Let us recall Theorem 3.3.9 and Remark 3.3.10, for any (t,x) € [0, T] Rfandt < s < T,
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the following representation holds true:

Y = essinfess sup ]f(@(u,v))s = esssup ess inf ]f(@(u,v))s. (3.80)
veB 0 e veBd

T
where J?(©(u,0)); = E {hf?(urvh(x;'x) + / FOWR) (7, XE¥, G (r)) — CHM)
S

7.
In the same way Y%/ has also the stochastic game representation by replacing ¢ to ¢.
Now we study the difference of |[Y?# — Y¥/|. Indeed, Vi € T,t € [0, T],t <s < T,

]Y;P’i - Yslp’i\ < esssup ess sup U;P(@(M,U))s - ];p(@(“zv))S‘ (3.81)
ueAﬁl) vEBél)

Thanks to the martingale representation theorem, there exists an (F;)s;<r—adapted process
AP¥Om2) € 2424 such that

JH(O(, ), P (©(u,0)). = | [ 2051, X1, 1)) = S0, X% )

]-"5]
T
=E [/O f9(u,v)r(r, Xi'x/(ﬁ(r)) _f0(u,v)r(r’ Xﬁ’x,lﬁ(r))dr
_ /S ff)(u,v)r (7’, X;’x (_P'(r)) _fe(ll,v)r (1", XT{,X, lp(”))d}’
0
! S
=F [/ f9(u,v)r(1’, X (ﬁ(?’)) —f9(u,v)r(r, Xi’x,l/_)'(i’))dr] +/ A;/J,l/},()(u,v)dBr
’ 0

= [, X0 G 0) £, X0 )

d

Therefore we obtain the following differential form for the difference of the two value functions:

A (©(w,2)s = JF(©(u,0))5) = |70 (5, X%, §(5)) = F1 5, XU, §(5)) ] ds -+ ALY,

2
Next for any s € [t, T], we apply It&’s formula on ef* (EP(('D(M, v))s — ]f(@(u, U))s) yielding

2

d [eﬁs (@, 0))s - I} (@(u,v»s)z] = pe* [J (©(u,0))s ~ ! (©(u,0))]
+ 265 (J(©(,0))s = I} (O1,0))s ) | = (£ (s, X, §(s)) = f10 (s, X2, §(s)) ) AL,

2
+efs (A;’"“"e(“'v)) ds (3.82)

By integrating (3.82) over [s, T| we obtain

oPs (]f(@(u,v))s — ];P(@(u,v))s>2 + /T ePr (Af’w’e(u’v))zdr
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= [ & (O 0), ~ I ©(w,0),) dr
b2 [ (11O, 0)), — 1O, 0))r) (£ (r, X0, F(0) — FU0 (r, X%, 1)) )

S

~2 /T (1 @(u,0)), — I (@(u,0)), ) A2 dB, (3.83)

2

By applying the inequality 2ab < Ba* + bﬁ, (3.83) yields

ePs (]f(@( v))s ﬂ’( O(u,v) +/ eﬂr A¢1P9(uv)) r
< ;/STeﬁs (fe(u,v)y(r’ Xﬁ,x’(ﬁ’(r)) _fe(u,v),(r’ Xi'x,ﬁ(r))>2dr

T
_2/5 (]z(p(@(lxl, v))r - ];p(@(u, z)))r> A;Prlﬁ,e(u,v)dBr

T 2
By the Lipschitz condition on the driver f?(“?), and using the fact that / eP" (Af’lp’e(”’v)> dr >
S

0, we then obtain
o (ﬂ’(@(u 0))s — 1 (0(u,0));)’
/ B(r) — (r)|Pdr —2 / (FF@w,0), — I (©(,0)),) A" dB, (389

where C = Y ;.r C; with C; the Lipschitz constant w.r.t. f,¥i € T. On the other hand since
u
(2/ (];P(G)(u, v))r — ]Z’U(G)(u, v))r) Af’lp’e(”’v)dB,)ue[sﬂ is a martingale, then taking the condi-
S

tional expectation w.r.t. 75 on both sides of (3.84) we have
efs (]f(@(u,v))s — 1Y (©(u,0) ’ < 7113 { / 6(r) 2dr]}"s] (3.85)
Let us recall (3.81), then by taking the expectation on both sides of (3.85) we obtain: V's € [t, T],
E {eﬁs (Y‘i” — Y‘Pl } < 715 [ / 6(r) zdr] (3.86)

The last step is integrating (3.86) over s € [t, T] and then summing over all i € T to obtain:

/ Yo (v v ds] CTPy { / 13(r) ()|2dr] (3.87)

iel

Obviously it is enough to take g > C2TP (for example we can let 8 := 4C2TP) then the operator
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® is a contraction on H?? to itself. As a consequence, there exists a fixed point which is nothing
but the unique solution of (3.74).

Next we suppose that there exists another solution (Yi, 7t Ki'i)ier of (3.74), i.e.
Vi= (X5 + [T Fr, X0, (V) er)dr — [T 2i4dB,

+K§:+,t,x . Ké,Jr,t,x _ (Ké,j,t,x N Ké,f,t,x)’s c [t, T],‘
(3.88)
Li((Y)er) < YE < UL((Y)ier),s € [t, T);

LIV = Li((Y)er))dRAF = 0and [T (Vi — UL((Y!)1er))dRE™ =0

Thanks to the fixed point result (3.87) we have immediately Y/ = Y?,Vi € T. By applying the
equivalence of Y’ and Y’, we also have Z! = Z' since from the representation of (3.74) and
(3.88), their martingale parts should be equal, i.e. foranyi € I',s € [t, T|, fsT ZldBs = fST ZidB;.
Moreover by (3.74) and (3.88) we have Vs € [, T|,i € T, Kit — Kb~ = Rt — RV~ It remains us

now to prove the equivalence of the barriers processes.

Foranys € [t,T|,i € T we have
s X . . . s . . A~ A
| (Y= Lien)) (@Ke* —ai) = [ (Y= Li()ier) ) (IRE" —aRE)  (389)
On the other hand by the minimality conditions we have

vselThiel, [ (Y= Li((Mer) (@K —aki®) = = [ (Y = Li(Y)er)) dKE™

= — /ts (Ui((Yl)zer) - Li((ﬁ)mr)) dK:~ (3.90)

This last equality is due to the fact that Vr € [t,s],dKi~ # 0 only if Y’ touches the upper

obstacle.

In the same way we have also the following condition for Ki=:YieT,se [t,T],
s . ) " " ] ) ) N
| (Y= Li(ien)) @Re —aRet) = = [ (Y} = Li((Yi)ier) ) dRE™
s, , .
= — [ (W(Orer) = Li((i)ier) ) dRE (391)
Combining (3.89)-(3.91) and (H3)-a)(the two obstacles are totally separated), we finally obtain

VieT,sc|tT], K =K~
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since K;"— = K{’_ = 0. Finally the equality Kt — K™ =R — R, s € [t, T], implies K"+ =
K. The proof of uniqueness is now finished. O

We now go back to systems (3.63) and (3.64) and the question is whether or not they have
the same solution. We have the following result:

Proposition 3.5.3. Assume that the assumptions (H2),(H3) and (H5) are fulfilled and for any i € T, f
does not depend on z'. Then for any i € T, 9" = o',

Proof. : Actually (—2');cr is the unique solution of the following system of PDEs with obstacles:

min{v’(t,x) — L'(7)(t, x); max [v'(t, x) — U'(3) (¢, x);
=00 (t, x) — LX) (t,x) + fi(t, x, (0 (t,x))ier, —o(t,x) ' D0 (£, x)]} = 0;  (3.92)
o/(T,x) = —h'(x)

where L (7)(t, x) = v'(t,x) — gi;41(t, x) and U () (t, x) = v'(t, x) — g, Z,H(t,x). Therefore —v/,

has accordingly, the representation (3.76), i. e. for any (t,x) and i € T, setting Y"* = vi(s Vv
Xé\jct) for s € [t, T], we have:

. ONAT
—Y!* = esssup essinf E[—h'(XF*)1 (0==T) +/ (r, XE%, (=YY ) dr

o>s T8

+ Ll ((_Yl’t’x)lel")l(a<r) + ul ((_Yl,t’x)IGF)l(TSU,T<T) |-FS]

(3.93)

= essinfesssup E[— h’(X”‘)l(U r=1) + / (r, XE¥, (=YY o) dr

5 o>s
+ Lif(<_Xllt’x>l€l">1(a<T) + u'lr((_X],t’x)ler)l(rga,T<T) “FS]
since the barriers are completely separated (see e.g. [27]). Therefore
OAT

Y = esssup ess>1anE[h’(Xt Nig—rer) + Fir, XE%, (XM dr

o>s TS s (3.94)

+ L (Y Yier) gy + U ) 1er) L rg ey | FS]

Which means that ((Y"") se[t,1))ier verifes (3.74). As the solution of this latter is unique then
foranyi €T, Y¥* = Yit* which means that fori € T, 3 = o' O

3.6 Appendix: Proof of Theorem 3.4.3

In this section, we prove that the system of (3.51) has a unique continuous solution in viscosity

sense in the class I'l;. Indeed, we firstly provide a comparison result of subsolution and super-
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solution of (3.51) if they exist, then we show that (9)er is a solution by Perron’s method. We

recall once for all that the results in this section are constructed under (H2),(H3) and (H5).

3.6.1 A comparison result

Before investigating (3.51), we provide some a priori results and a comparison principle for
sub. and supersolutions of system (3.51). To begin with let us show the following;:

Lemma 3.6.1. Let il := (u');cr (resp.ii := (i1');cr) be an usc subsolution (resp. sci supersolution) of
(3.51). Forany (t,x) € [0, T] x R¥, let T'(t, x) be the following set:

f(t,x):={i eT,u'(t,x) —0'(t,x) = nlnearx(ul(t,x) —a'(t,x))}.

Then there exists ig € T'(t, x) such that

ulo(t,x) > ulot(t,x) — ¢

ip,ip+1 (t' x) and ﬁio (t’ x) < ﬁiO—H (tl x) + gio,io-l—l (t/ x)'

Proof. Let (t,x) € [0, T] x R¥ be fixed. As T is a finite set then I" is not empty. To proceed, we

assume, by contradiction that for any i € ['(t, x), either

Wt x) <u Mt x) —g, (£ %) (3.95)
or

a'(t,x) > a7 (4 x) + 844 (8 X) (3.96)

holds.

Assume first that (3.95) holds true i.e. u'(t, x) < uit1(t,x) — ¢

8 (t,x). As il is a supersolu-
tion of (3.51), we deduce that

ai(t,x) > a't(t,x) — g

8 i1 (t,x) (3.97)

By taking into account of (3.95) we have

At x) — ' (tx) < g (4x) < uTH(Ex) —ui(t x)

— 24,i+1

which implies
ul(t,x) —a'(t,x) < u Tt x) — a7t x).
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However as i € ['(t, x), then the previous inequality is an equality and then

ﬁi+1(t, x) _ ﬁi(t, x) — ui—i—l(t’ x) _ ui(t, x) = gi H—l(t' x) (3.98)

and
ul(t,x) — ai(t,x) = u (¢, x) — 2" TL(t, x).

As a result we deduce that (i + 1) € T'(t, x) and also the equality (3.98) holds.

Nextif u'(t, x) < u'T1(t, x) -8, i+1(t’x) does not hold, then u/(t, x) > u'*1(t, x) -8, i+1(t,x).
On the other hand, assume that (3.96) holds true, i.e., ' (¢, x) > @'*1(t, x) + Siit1 (t, x). Since u'
is a subsolution of (3.51), we have

' (tx) <u Tt x) 355t X)

which implies
(e x) = (4 x) < =Fyq (6 2) SuH(Ex) —u(Ex)

and then
ul(t,x) —a'(t,x) < u' Tt x) — a2t x).

However as i € ['(t, x), then the last inequality is an equality and (i + 1) € ['(t, x). Moreover
ut(t,x) —ul(t,x) = —8i i1 (tX) = (¢, x) — ai(t, x). (3.99)

It means that (3.95) or (3.96) imply that (i + 1) € I'(¢,x) and one of the equalities (3.98), (3.99).
Repeat now this reasonning as many times as necessary (actually p times) to find a loop such
that Y icr @ii1(t, x) = 0 (@it is defined in (3.14)) and which is contradictory to assumption
(H3). O

Next we give the comparison result.

Proposition 3.6.2. Let il := (u');cr be an usc subsolution (resp. @ := (w');cr be a Isc supersolution)
of the system (3.51) and for any i € T, both u' and w' belong to class Il i.e. there exists two constants
v and C such that

VieTl,(t,x)€[0,T] x RF, |ui(t,x)| + |wi(t,x)] < C(1+|x|7)
Then it holds true that

ul(t,x) < w'(t,x), Vi €T, (t,x) € [0,T] x R, (3.100)
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Proof. Let us show the result by contradiction, i.e. there exists ¢ > 0 and some (to,x0) €
[0, T) x R such that

marx(ui(to, x0) — w'(to, x0)) > €o (3.101)
1€

Next without loss of generality we assume that there exists R > 0 such that for t € [0, T],
|x| > Rwehave foranyi €T,
(u' —w')(t,x) <O0. (3.102)
Actually if (3.102) does not hold, it is enough to consider the following functions w"¥* defined
by
WM = wi(t,x) + e M(1 + |x|27+2), (t,x) € [0,T] x R

which still a supersolution of (3.51) for any 6 > 0and A > Ag (Ao is fixed). Then to show that
u' —w"" < 0 for any i € T and finally to take the limit as  — 0 to obtain (3.100). But for any
i € T, u' — w9 is negative uniformly in t when |x| is large enough since u’ belongs to I, with
polynomial exponent 7.
To proceed, let (3.101)-(3.102) be fulfilled. Then
(t,x)g[}%xmk %e}x{ul(t,x) —wilt} = (t,x)e[ng?;(B(O,R) n?earx{ul(t’x) —witx)}
= max(u' — w')(t*,x*) < e >0

iel

where B(0, R) is the ball centered in the origin with radius R. Note that +* < T since u' (T, x) <
hi(x) < w'(T,x).

Next the proof will be divided into two steps:

Step 1: To begin with, we introduce the following auxiliary condition: There exists A > (p —
1) maxicr Cpi such that for any i € T, (t,x,%,2) € [0,T] x R* x RP*%, and (v!,v?) € R? such
that v! > v? we have

filt,x, [, 0Y,2) — fit,x, [1,0%],2) < —A(0r —o?) (3.103)
and where C; is the Lipschitz constant of f fw.rt. 7.
So let ip be an element of f(t*, x*) such that

uio(t*,x*) > uioﬂ(t*,x*) —g

() (3.104)

and
W' (£, ) < WOt 1) + 8 o (H, ) (3.105)
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which exists by Lemma 3.6.1. Next we define the following function: For any n > 1,
Ot 2,y) = (u(t,x) = w(t,y)) — du(t, %), (Lx,y) € 0, T] x R

where
Bult,x,y) 1= nlx — YT 4+ [x — 2 P24 (1 — )2,

The function &2 (t,x,y) is usc, then we can find a triple (t,, xu, yx) € [0, T] x B(0, R)? such that

dio(t , Xn, = max o t,x,
i (b 2 ) (t,x,y)€[0,T| xB(O,R)? (b 2y)

(B(0, R) is the closure of B(0, R)). Then we have
Cfo(t*,x*,x*) < q)i?(tn,xn,yn).

From which we deduce that

®5’(l)<t*/x*/x*) = uio(t*, x*) — wio(t*, x*)
< DO (b, xp,
< P Tnr ). (3.106)
e ulo(tn, Xn) — wlo(tn,yn) — (Pn(tﬂl xn,yn)
< uio(tn/ xn) - wio(tmyn) <Cr

(Cr is a constant which may depend on R) since the sequences (t,)n, (xn)n and (y,), are
bounded and u® and w™ are of polynomial growth. As a result (x, — ¥x)n>0 converges to 0.
On the other hand, by boundedness of the sequences, we can find a subsequence, which we
still denote by (t,, X, yn )n, converging to a point denoted (£, £, £). By (3.108) it satisfies:

W (£, %) — w (#*,x*) < Hminf(u'® (£, %) — 0 (f, Y ))
n

< lim SUp(uio(tn/ xn) - wio(tn/ ]/n))

n

< limsup uio(tn,xn) — liminfwio(tn,yn)
n n

< ylo (£ %) — w' (£, %) (3.107)

since u™ (resp. w™) is usc (resp. Isc). As the maximum of u® — w on [0, T] x R¥ is reached
in (t*,x*), then u'o(f, %) — wo(f,£) = uo(+*,x*) — w(+*,x*) and consequently the sequence

(10 (ty, xn) — W (ty, yn))n converges to u(+*, x*) — w' (+*, x*). Next as we have

DO(t*, x*, x%) = uo(t*, x*) — w (+*, x*)

< DY (ty, Xu, Yn)
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= uio(tm xn) - wio(tn/ ]/n) - ¢n<tn/ xn/]/n) (3108)

then (¢, (tn, Xn, Yn))n converges to 0 as n — oo and then (t,),, (x4)n and (y,) converge respec-
tively to t*, x* and x*. Finally

liminf u'®(t,, x,) = u(t*, x*) — w (t*, x*) + liminf w" (t,,y,)
n n

> uio(t*,x*) > lim sup uio(tn,xn)
n
which implies that the sequence (u(t,,x,)), converges to u(t*,x*) and then also the se-

quence (w™(t,,y,)), converges to w™ (t*, x*).

Next, we recall the definition of iy € T'(#*, x*). By (3.104)-(3.105), for n large enough we can
find a subsequence (t,, x, ), such that

uio(tn, xn) > u10+1(tn, xn) - (tn, xn) (3.109)

gi0i0+1

and
WO (b, Yn) < WO (b, Yn) + Gy 41 (b Y- (3.110)

Next we apply Crandall-Ishii-Lions’s Lemma (see e.g. [25], pp.216) and then there exist (p, g1}, M}}) €
JH (i) (ty, xq) and (p2, g2, M2) € J~ (w)(ty, yn) such that

( P — P = 0tPu(tn, Xu, Yn) = 2(tn — t*),
qg = ax¢n(tn/ xn,yn),
0ty = —0y¢n(tn, Xn,yu) and (3.111)

M0 1
< Ap+ —A2
0 —mn) =

where A, = D,ch%(tn, xn,Yn)- Next by taking into account that (u');cr and (w');cr are respec-
tively subsolution and supersolution of (3.51) and the inequalities (3.109)-(3.110), we obtain

1 ‘
—Pu— b(tmxn)qu - ETV[(‘TUT(tnrxn))<tn1xn)Mm — f(tu, xn, (”l(tnrxn))lerrg(tm xn)TQZ) <0
(3.112)
and

1 .
—Pw— b(tnryn)Tq;l; - ETr[(UUT(tn/yn))(tnryn)MZ;] — f(tn, Yn, (wl(tnryn))lel"r”(tn/yn)nl%) > 0.
(3.113)
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By taking the difference of (3.112) and (3.113), one deduces that
1
—(pu — Pw) — (b(tmxn)TC/Z - b(tnryn)TCIZ;) - ETr[{UUT(tmxn)MZ - UUT(tnryn)MZ;}]
_{fio(tn/ Xns (”l(tnrxn))lerfg(tn/xn)qu) - fio(tnr]/nr (wl(tmyn))ler/U(tmyn)qu;)} <0.

Combining with (3.111), there exists some appropriate p, with limsup, p, < 0 such that the
last inequality yields the following one:

_{fio(tnrxnr (”l(tmxn))lel"ra(tnrxn)qu) - fio(tm Xns (wl(tnryn))lerrg(tnrxn)TCIZ)} < Pn

Next by linearising f© we obtain

)\(uio(tn, xn) - tn,yn Z @k tn, xn) - wk(tn,yn)) S pn (3.114)
keI~

where @F is the increment rate of f© w.r.t. y¥, which is uniformly bounded w.r.t. # and is non

negative by the monotonicity assumption of f*. Therefore (3.114) becomes

A (b, ) = @0 (b, yn)) <} O ( (b, ) = (b, y) +
ker—io
S Cin E (uk(tmxn) - wk(tnryn))+ +pn'
ker—io

Then by taking n — oo the inequality yields

A(uio(t*,x*) _ wio(t*, x*)) < lim sup Cf’o[ Z (Mk(tn, xn) - wk(tn/yn))+]

n ker—o
< Cfio[ Z (limsup(uk(tn,xn) - wk(tn,yn)))+]
ker—o n
< Cpi ) (uk (£, x%) — wh (", x*)]
ker—o

Next as ig € T'(t*, x*), we deduce that
Auo (¢, x*) — wo(t*,x%)) < Crig (p— 1) (u(t*, x*) — w(t*, x*)

which is contradictory with the definiton of A given in (3.103). As a consequence for any
iel,u <w.

Step 2: the general case
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For any arbitrary A € R, let us define
0 (t, x) == eMul(t,x) and @' (t, x) == eMw'(t, x).

Note that (4%);cr and (@');er is respectively the subsolution and the supersolution of the fol-
lowing system of PDEs: for any i € I’ and (t,x) € [0, T] x RF,

min{o (¢, x) — o' 1(t, x) + Mg,

7ill+l(t,x);max[vi(t, x) — ot x) — Mg (1 x);

— 00 (t,x) — LXV(t,x) + Avi(t,x) — M fi(t, x, (e Mo (t,%))ier, e Mo (£, x)Dyo'(t,x)]} = 0

and v'(T,x) = e*Th;(x). For A large enough, the condition (3.103) holds, then we go back to the
result in Step 1 and we obtain, for any i € T, 7t < @', which also yields ut < w'. The proof of

comparison is now complete. O

3.6.2 Existence and uniqueness of viscosity solution of (3.51)

Let us recall (¢');cr and (7)1 the functions defined in Proposition 3.4.2. We firstly prove that
(9")icr is a subsolution of (3.51), then we show that for a fixed my, (3""0);cr is a supersolution
of (3.51), finally by Perron’s method we show that (7)er is the unique solution of (3.51).

Proposition 3.6.3. The family (7');cr is a viscosity subsolution of (3.51).

Proof. We first recall that Vi € T, 0" := lim,,_, 0™, is usc function since the sequence (7""),;>0
is decreasing and (¢"™);cr is continuous. Then thanks to the definition we have * = @', hence
when t = T we have ¢ (T, x) = limy,_,eo 7" (T, x) = h'(x).
Next let us recall Definition 3.4.1, for any (t,x) € [0,T) x RY,i € T, (p,q, M) € J*o'(t, x), w
shall prove either o

7 (t,x) — L'(3)(t,x) <0 (3.115)

or

max[7(t, x) — U'(9)(t, x);

. 3.116
=T () — ST ) OM) — Flb 3, (e o () <0

To proceed, we first assume that there exists ¢y > 0 such that
o (t,x) > (t,x) — g',i+1(t’x) + €9

then we need to prove (3.116).
As for any i € T, (9"™),,>¢ decreasingly converges to @, then there exists g such that for any
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m > mp we have

By the continuity of (7"");cr and 8, ;. Wecan find a neighbourhood O, of (¢, x) such that

27i,m(t/, x/) 2 5i+1,m(t/, xl) —g

It €0 I
7z',i+1(t X + 1 V(' x") € Op. (3.117)

Next by Lemma 6.1 in [13] there exists a subsequence (tx, X )x>0 such that

(tr, Xk) —kmseo (£, ) and lim 7% (t, x;) = 7' (¢, x).
k—oo

In addition we can also find a sequence which we still denote by (px, qr, Mi) € JT " (t;, xi)
such that

im (py, qe, My) = (p, 9, M)
k—o0 - =
As the sequence (f, x;) can be chosen in the neighbourhood Oy, by applying the fact that

(6%);cr is the unique viscosity solution of the following system: For any i € T,
min{o""(t, x) — L'((8"")jer) (t, x);
— 00" (t,x) — b (t,x) Dy (t,x) — f"(t,x, (3" (t, %) )1er, o' (£, x) Dy (t,x))} = 0
™(T, x) = hi(x).
(3.118)

we obtain
1 .
—pr— b (t, i) — ETY(U‘TT(fk, X)) M) — 5t x, (0 (b, %) )ier, o (t, xk)gx) < 0 (3.119)

where fik(t, x, (v!(t, x))ier, 2) := fi(t, x, (V' (t, %))ier, z) — k(v'(t, x) — UL (D) (t, x))*.
Moreover as the sequence (t, Xx, Pk, Gk, Mi )k is bounded and (¢"");cr is uniformly of polyno-
mial growth, then we deduce from (3.119) that

€ 1= (5i'k(tk/ Xx) — ij‘H’k(i‘k, xk) — Giir1 (b xk)) T =k O

However for any fixed (¢, x) and ko, (z7i'k (t,X))k>k, is decreasing, then for k > ko,

K (b, x) < TR (b x0) + i (b, xi) + €k

< TR0 (b, xp) + Giier (B k) + €k
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As 7% is continuous, by taking k — oo we obtain that
klim K (b, x) = (8, x) < 3TV x) + §iiy1 (8 ).
—00
We then take kg — oo yielding
o' (t,x) <ot x) 4+ Giiva(t X). (3.120)

In the second place we consider a subsequence (k;) of (k) such that forany a € T, (0% (t,, xx,));
converges, then by taking I — oo in (3.119) we obtain

. 1
llgglo{_pkz - b(tkl’xkl)qkl - ETY(O’UT(tkﬂxkl)Mkl) f (tklkal’( (tk,/Xk,))ael"/ UT(tk!’xkl)'qkl)} <0

Then we deduce that

—_

—p—bT(t,x)g— ETr((rch(t,x)M)
< lim fl(tkl,xkl,( “ (b, x1,) Jacr, o (b, Xk, ),)
- f <t' Y }Lm( uk!(tkz’xkz»ﬂEr’ UT(t’ x)g>

< fi(t %, (0 (£, %))aer, 0 (8,)q).

(3.121)

The last inequality holds true by the monotonicity assumption (H5) of f' and the fact that for
any a € I, 9* verifies

o (t,x) =" (t,x) = limsup " (¢,x'), (t,x) € [0, T] x R
(#,x")—(t,x),m—ro0
Thus for any a € T~ we have
o*(t,x) > hmv” M (ty,, xh,)

and

7 (t,x) = llg]; ok (1, xx,)-

Thus (3.121) becomes

—p —bT(t,x)g— %TI’(O’O’ (t,x)M) < f'(t,x, (7 “(t,x))aer,aT(t,x).g). (3.122)

Hence under (3.120) and (3.122), (3.116) is satisfied, then (¢');cr is a viscosity subsolution of
(3.51). O

Proposition 3.6.4. Let us fix my € IN. Then the family ("™ );cr is a viscosity supersolution of (3.51).
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Proof. We first recall that the triple (Y0, Z Kimo+), 1 is the unique solution of the system

of RBSDEs associated with (f*, k!, 8 i1

)ier where
frm(s, X5, ,2) o= (s, XU, ,2) — mo(y' — v — Giia (s, XE9) T

In addition there exist unique deterministic continuous functions with polynomial growth
(9"™)cr such that for any i € T,s € [t, T},

Ysi,mo _ 51’,7110 (S, X;’x) ((t, x) c [0, T] X ]Rk is fixed).
Now let us define the following processes: Vi € T, s € [t, T],
Q™ = Y7 v (Y™ + 04 (s, XEY))

. S . .
Rimo~ = mg /0 (Yo = YE — gy (s, X0¥)) .

Then (Yo, Zimo Rimmo+ RimMo—). 1 solves the following doubly reflected BSDEs: for any i € T,
s e[t T,

0 = 1 (XE) 4 [T Fr, XES, (T e, Z)dr — [T Zi™ B,
—|—K§im0'+ - K;',mgﬁr o (Kz'r,mg,f _ Ké,mor*);

L;,mo S Yé,mo S U;,mo

JT(vmo — Lim)dRE™ " = 0 and [T (VE™ — TZ™)dRL™ ™ = 0.

Accordingly by the results of [14] and [32], Yi™ is also associated with a zero-sum Dynkin

game as follow: For any s € [, T],

Yim = esssup essinf E[f7\T f(r, XI*, (YI™M0),cr, Z1M0)dr

o>s T8

+ Lgm01(0<r) + a%mol(T§0<T) + hi(thx)l(T:U:T) ‘]:s]

Next following Theorem 3.7 and Theorem 6.2 in [27], 30 is the unique solution in viscosity
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sense of the following PDE with obstacle:

min{w(t, x) — U((ﬁl'mo)zer)(tIX);maXEW(t ,x) = U((@")er) (¢, x);
—dw(t,x) — b (t,x)Dyw(t, x) — ETr[( o) (t, x)D2w(t, x)]
= fi(t, %, (8"")er, o T (t,x) Dyw(t, x))]} = 0;

w(T,x) = h'(X%)

where U ((7"0),cr) (8, x) 1= o™ (¢, x) V (871" + & 101) (¢, x).
In other words, for any (¢, x) € [0, T) x RF and for any (p,q, M) € J~(3")(t, x), it still holds
that

o™ (t,x) > L((v"™)er) (t, x) (3.123)
and

max[3""(t, x) — U (3" )er) (t, x);

1 , (3.124)
—p—b"(t,x).q— ETr(aaT(t,x)M) — fi(t,x, (3" )1er, o T (t,x)q)] > 0.
Next apply the inequality a —a V b < a — b, then (3.124) yields
max|[d ””O(t x)— (viﬂ’mo + Giit1)(t, x);
—p b7 (43— 5 Tr(o0" (4, 1)M) — £t x, (@ )ier, o (1, x)q)] > 0
Hence, with (3.123), this implies that (o 50 cr is a viscosity supersolution of (3.51). O

We are now ready to use Perron’s method to provide a solution for (3.51). So let us consider

the following functions denoted by ("0v');cr and defined as: Let
um = {i = (ui)ier,ﬁ is a subsolution of (3.51) and for any i € T, 7 <u < z7i'm°}
Note that /™ is not empty since (7');cr € U™. Next fori € T, (t,x) € [0, T] x RF we set
Moy (t,x) := sup{u'(t,x), (u')icr € U™}
We then have:

Theorem 3.6.5. Assume (H2),(H3) and (H5) hold true, the functions (™v');cr is the unique viscosity
solution of (3.51). Moreover the solution does not depend on my. Finally for any i € T, ™' = .
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Proof. Tt is obvious that for any i € T, the function ™' belongs to class I, since (7')jer and
(0"0) ;er are functions of I1,.

To proceed, we divide the main proof into three steps. On the other hand, to simplify the nota-
tion, we replace ("00');cr with (v')cr as there is no possible confusion.

Step 1: (v')cr is a viscosity subsolution of (3.51).
Foranyi € T,v' € U™ and then it satisfies:

51‘ < Z)i < gim
The inequalities still valid for the upper semicontinuous envelops, i.e.,
g < ot < g
since 7 is usc and @ is continuous. Therefore we have
7 (T,x) = v"*(T,x) = 7™ (T, x) = h'(x).

It means that (v"*);cr verify the subsolution property of system (3.63) at time T.

Next let (6%)icr be an arbitrary element of U™ and let i € T be fixed. Since (7")icr is a
subsolution of (3.51), then for any (¢, x) € [0,T) x RF and (p,q, M) € J*5"*(t, x) we have

min{o"* (t,x) — L'((8"*)1er) (¢, x); max[8"* (¢, x) — U' (8" )er) (£, 2);

3.125
=T 00— ATr(o0T (LM — Flb 3, (7 (3 ien, o 0} <0

But for any k € T, ¢ < v, then &* < vk*. On the other hand, we notice that the opera-
tors (w')jer — 9 — Li((w')1er) and (w')jer +— 97 — U ((w')er) are decreasing, then by the
monotonicity of f ' (H5)) and (3.125) we have

min{(5"* — L'((0"* )rer)) (t, x);max[(6"* — U'((v"*)er)) (t, x);

. 3.126
=BT (000 = ST (L M) — F(t 3 [0 () 0L (gl <0, O

It means that ¢' is a subsolution of the following PDE:

min{ (w — Li((vl’*)felr))(f/x);max[(w — U'((0"* )ser)) (¢, x);
—p = b (t,x)q = STr(oo " (£x)M) = f1(t,x, [(07 (£, 0))ser s, w], 0" (£, X)9)]} = O
w(T,x) = hi(x)
(3.127)
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In addition, the following function is Isc:

(t,x,w,p,q, M) € [0, T] x REIH1+k 5 gk
= min{w — L((0")ser) (t, x); max{w — U((©" )rer) (¢, );

—p=b () — f(t,x, (0" (t,x))jer-1,w), 0" (1,x).9)]}.

As ' is the supremum of ¥, thanks to Lemma 4.2 in [13], v’ is a viscosity subsolution of (3.127).

But i is arbitrary, then (v');cr is a viscosity subsolution of system (3.51).

Step 2: (V') er is a viscosity supersolution of (3.51).

We first focus on the terminal condition. For any i € T, v.(T,x) = hi(x) from the inequality
v =0l <7 <ol <7 = g since v' is Isc and 7 is continuous.

Next by contradiction we assume that (v')er isnota supersolution of (3.51), i.e. there exists
at least one i € T and for some (tp, x9) € [0, T) x R* and (p,q, M) € J~(v})(t, x) we have
min{v’ (to, x0) — L'((0})1er) (fo, Xo); max[v} (fo, x0) — U' (01 )1er) (fo, X0);

. o | l . (3.128)
—p—"b'(to,x0)q — ETr((TU (to, x0)M) — f*(to, xo, (vi(to, X0) )ier, o' (to, x0)q)]} < O.

Next for any positive constants J,y and r let us define:

. 1
s (t,x) := v, (o, x0) + 0+ < q,x —x0 > +p(t —ty) + 5 < (M —279)(x — xp), (x — x9) >

and B, := {(t,x) € [0, T] x R¥ such that |t — to| + |x — xo| < r}.

(3.129)
By choosing J and -y small enough, we deduce from (3.128) that
min{v} (o, x0) — L'((0})1er) (fo, Xo) + &; max [} (to, x0) — U'((0)er) (o, x0) + 6;
1
—p—b"(ty,x0)q — ETr(UUT(tO, x0)(M — 27)) (3.130)

— f'(to, x0, [(vh (to, X0))jer-i, 04 (to, X0) + 8], 0 (to, x0)q)]} < O

Next let us define the following function:

O(t, x) :=min{us, (t,x) — L'((0})rer) (t, x); max[ug,, (¢, x) — U (0} )rer) (£, %);

—p—b"(tx).q— %Tr(aaT(t,x))(M —27)
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= f1(tx, [0 (6 2))ier-1, s (8 0)], 07 (8, 2)9)]}

According to (3.130) we have O(t, xg) < 0. On the other hand, ® is usc since the functions v,
i € T, are Isc, u;,, is continuous and f' is continuous and verifies the monotonicity property.
Therefore for any € > 0, there is some # > 0 such that for any (f,x) € B, we have

Ot x) < O(tg,x0) +€

Next as O(tg, xo) < 0, we can choose € small enough to obtain @(f,x) < 0 for any (t,x) € B,,.
Thus for any (t,x) € By, us,, is nothing but a viscosity subsolution of the following PDE(on

By):
min{aw(t, x) — L'((0))icr) (t v);max{o(t, ©) — U((o)ier) (,2);
— ot x) — b (£, x) Dyt (t, x) — %Tr(aaT(t,x)Dixw(t,x)) (3.131)

= f1(t, %[04t ) )er-i, w(t, x)], 0 (,0) Dy (t, x))]} = 0.
Asforanyi € T, v, < v"*, then u,, is also a viscosity subsolution of (3.131) by replacing (v, )er
with (Z)i’*)ier, i.e.

min{w(t, x) — L'((0"*)1er) (t, x); max[w(t, x) = U'(("*)ier) (£, %);

—d(t,x) ~ b (t,¥)Duav(t,x) — 5 Tr(ow” (1) D3yo(t, )

= fi(t 2, [(@" (8, %) )ier-1, w(t, 0)], T (£, %) Dyaw(t, )]} = 0.
On the other hand since (p,q, M) € ]~ (v.(to, x0)), by the definition of the subjet ([13]) we have:
VierT,

o' (t,x) > vi(t, x)
. 1
> o (to, x0) + p(t —to)+ < g,x — xp > +5 < M(x — xg), (x — xp) >

+o(|t — to]) +o(|x — xo]?).

Next let us set 6 = %’y and let us go back to the definition of u;, yielding

. . ;/'2 1
v'(t,x) > us,(t,x) = v\ (to, x0) + §'y+ < g,x—x0>+p(t—to) + 5 < M(x —xp), (x —x9) >

— < y(x—x0), (x —x0) >

when \% < |x — x| < r and r small enough.
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Next let us take r < 77 and let us define the function i’ by:

it x) = max(v'(t,x),us,(t,x)), if (t,x) € By;
T v'(t, x) otherwise.

Then according to (3.131) and Lemma 1.2 in [13], ii* is also a subsolution of the following PDE:
min{w(t,x) — Li((0"*)ier) (£, ) max[w(t, x) — U ((0"*)jer) (£ %);

—p—0b"(t,x)g— 3Tr(co " (t, x)M)

—fi(t, 2% [0 (&, %) )ier-s, w(t, X)), 0T (8, x)q)]} = 0

| w(T,x) = (x).

Once more by the monotonicity of f’ and the fact that ii' > o', [(v'),cr-i, i1'] is also a subsolution
of (3.51) which belongs to Hg. Then by comparison we obtain fhat [(v"),cr—i, 1] belongs to U™o.
Next by the definition of v, we can find a sequence (t,, X, V' (s, X)) n>1 Which converges to
(to, x0, 0% (to, x0)), then we have

gi_{{}o(ﬁi —0')(tn, xn) = r}i_{ro}o(”&v — %) (tn, Xn)

= Z)i(to, XO) +6— Ui(to, XO) >0

This result implies that we can find some points (t,, x,) such that @ (t,, x,) > v'(t,, x,,), which
is contradictory against the fact that [(v'),c—i, #I'] belongs to U™ and (v');cr is the supremum
element in the latter set. Hence (v');cr is a supersolution of (3.51).

Step 3: Continuity and uniqueness of (v');er.
Following the definition of usc envelop (v"*)cr (resp. Isc envelop (¢! )cr) and Remark 4.2.2
in [58], (v"*)icr (resp.(vl)icr) is a usc subsolution (resp. Isc supersolution) of (3.51), then by
Proposition 3.6.2 we obtain Vi € T,

v < ol

Meanwhile it holds true that vi. < v/ < v"* then v = v**, which implies the continuity of vl

Next we assume that there exists another solution (') ;cr of (3.51) which belongs to class I'1.
As (v')ier and (9')cr are both subsolutions and supersolutions, by the comparison result we
obtain both v < ¢! and v > ¢’ with ali € T, as a result the solution is unique. The uniqueness

of solution leads us directly to the fact that the solution (v');cr does not depend on . Finally
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for any i € I'and mg we have
7 <ol <o,

Just send m to 4o to obtain that for any i € T, 7 = ol
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CHAPTER 4

PAPER 3: MEAN-FIELD DOUBLY
REFLECTED BACKWARD STOCHASTIC
DIFFERENTIAL EQUATIONS

This chapter is a preprint joint work with Chen and Hamadene (ref.[12]).

4.1 Introduction

In this paper we are concerned with the problem of existence and uniqueness of a solution of
the doubly reflected BSDE of the following type:

T T

Y, = g+/ (s, Yo, E[Ys])ds + Ki — K — Ky + K- —/ ZdB, 0<t<T;
t t

n(Y,EY]) < Yi < ¢(Yi E[Y)]), Ve o,T);

/T(YS — h(Y;, E[Y:]))dKS = /T(YS — ¢(Ys, E[Ys]))dK; = 0 (K* are increasing processes ).

’ " (4.1)
It is said associated with the quadruple (f, ¢, &, ). Those BSDEs are of mean-field type because
the generator f and the barriers & and g depend on the law of Y; through its expectation. For
simplicity reasons we stick to this framework, however it can be generalized (see Remark 4.3.5).

Since the introduction by Lasry and Lions [45] of the general mathematical modeling ap-
proach for high-dimensional systems of evolution equations corresponding to a large number
of "agents" (the mean-field model), the interest to the mean-field models grows steadily in con-
nection with several applications. Later standard mean-field BSDEs have been introduced in
[6]. Since then, there have been several papers on mean-field BSDEs including ([7, 8,4, 17, 50, 9,
59, 51], etc) in relation with several fields and motivations in mathematics and economics, such
stochastic control, games, mathematical finance, utility of an agent inside an economy, PDEs,
actuaries, etc.

Mean-field one barrier reflected BSDEs have been considered first in the paper [50]. This
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latter generalizes the work in [7] to the reflected framework. Later Briand et al. [4] have consid-
ered another type of one barrier mean-field reflected BSDEs. Actually in [4], the reflection of the
component Y of the solution holds in expectation. They show existence and uniqueness of the
solution when the increasing process, which makes the constraint on Y satisfied, is determinis-
tic. Otherwise the solution is not necessarily unique. The main motivation is the assessment of
the risk of a position in a financial market.

In [17], Djehiche et al. consider the above problem (4.1) when there is only one reflecting
barrier (e.g. take ¢ = +o0). The authors show existence and uniqueness of the solution in
several contexts of integrability of the data (f,, /). The methods are the usual ones: Fixed
point and penalization. Those methods do not allow for the same framework. For example, the
fixed point method does not allow generators which depend on z while the penalization does
at the price of some additional regularity properties which are not required by the use of the
first method. The main motivation for considering such a problem comes from the assessment
of the prospective reserve of a representative contract in life-insurance.

In this paper we consider the extension of the framework of [17] to the case of two reflecting
barriers. We show existence and uniqueness of a solution of (4.1), by the fixed point method.
We deal with the case when the data of the problem are only integrable or p-integrable with
p > 1. Those cases are treated separalety because one cannot deduce one of them from the
other one.

The paper is organized as follows: In Section 2, we fix the notations and the frameworks. In

Section 3, we deal with the case when p > 1 and finally with the case p = 1.

4.2 Notations and formulation of the problems

4.2.1 Notations

Let T be a fixed positive constant. Let (), F,IP) denote a complete probability space with B =
(Bt)1epo,r] @ d-dimensional Brownian motion whose natural filtration is (F} := 0{Bs,s < t})o<t<T.
We denote by F = (F;)o<;<T the completed filtration of (F?)o<;<r with the P-null sets of F,
then it satisfies the usual conditions. On the other hand, let P be the o-algebra on [0, T] x Q) of
the IF-progressively measurable sets.

Forp > 1and 0 < sy < typ < T, we define the following spaces:
e [P :={Z: Fr — measurable radom variable s.t. E[|¢|P] < co};

* His. = {(2t)e)o,1) : P — measurable process and R" — valued s.t. P —a.s. fOT |zs(w)|?ds <

oo}; Z € Hih ([s0, to]) if Zr = 2,1 4, (1), dr @ dP-a.e. with z € HJ}

loc*
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* 87 := {(yt)tep) : continuous and P-measurable process s.t. E[sup, 7 [y:[F] < oo};
SP([so, to]) is the space S? reduced to the interval [so, fo]. If y € SP([so, to]), we denote by

||]/||sf([so,to]) := {E[sup, <, <, lyul P17

o A := {(ki)icor] : continuous, P-measurable and non-decreasing process s.t. ko = 0};
A([so, to]) is the space A reduced to the interval [sy, to] (with ks, = 0);

o 7; := {1, FF — stopping time s.t. P — a.s.T > t};

* D:={(¢)epo, : F —adapted, R —valued continuous process s.t. [|¢||1 = sup .1 E[[y<|] <
co}. Note that the normed space (D, ||.||1) is complete (e.g. [15], pp.90). We denote by
(D([so, to]), ||-]1), the restriction of D to the time interval [so, fo]. It is a complete metric
space when endowed with the norm ||.||; on [sg, to], i.e.,

X5 := sup B[ X¢|] <oco.

€70, so<T<to

4.2.2 The class of doubly reflected BSDEs

In this paper we aim at finding P-measurable processes (Y, Z, K*,K™) solution of the doubly
reflected BSDE of mean-field type associated with the generator f(t, w,y,y’), the terminal con-
dition ¢, the lower barrier h(y,y’), and the upper barrier ¢(y,’), in the cases p > land p =1
respectively. The two cases should be considered separately since one cannot deduce one case

from another one. So to begin with let us make precise the definitions:

Definition 4.2.1. We say that the quaternary of P-measurable processes (Y, Zt, K", K, )< is a solu-
tion of the mean-field reflected BSDE associated with (f,&,h, g) if :

Case: p > 1

YeS!, ZeH: and K", K €A

loc

T T
Y, = ¢+/ F(s,Ye, E[Ya])ds + Kf — K — K7 +K; — / ZdB, 0<t<T;
t t
4.2)
h(Yf,]E[Yt]) < Yt < g(Yt,]E[Yt]), Vt € [O, T],

T T
|06 = O EYD)AKS = [ (Y — g(%, EIY])dK; = 0.
\ JO 0
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Case:p =1,

YeD, ZeH: and K K € A;

loc

T T
Yt:(§+/ f(s,Ys,lE[YS])derK;—Kj—K;JrK;—/ Z.dB, 0<t<T:
t t

4.3)
h(Yt,IE[YtD <Y< g(Yt,]E[Yt]), Vt € [0, T],

T T
06 =m0 Elvais = [0 — g0 Bk =0,
\ JO 0

4.2.3 Assumptionson (f,¢, 1, g)

We now make precise the requirements on the items ( f, §, 11, §) which define the two reflecting
barriers backward stochastic differential equation of mean-field type.
Assumption (A1):

(i) The coefficients f, h, g and ¢ satisfy:
(a) the process (f(t,0,0)):<t is P- measurable and such that fOT |f(t,0,0)|dt € LP(dPP);

(b) f is Lipschitz w.r.t (y,y’) uniformly in(t,w), i.e., there exists a positive constant Cy
such that P- a.s. for all t € [0, T, y1,¥}, 2 and v} elements of R,

f(tw,y1,y1) — f(tw,y2,v2)| < Cr(lyr — il + ly2 — val). (4.4)

(ii) h and g are mappings from R? into R which satisfy:

(a) h and g are Lipschitz w.r.t. (y,1') i.e., there exist pairs of positive constants (71,72),
(B1, B2) such that for any x,x’,y and v’ € R,

h(x,x") = h(y,y")| < mlx—yl+ 72l =y,

/ / / / (4.5)
8(x,x") — gy, y)| < Brlx —yl + Ba|x" — ¥/|.

(b) h(x,x") < g(x,x), for any x,x" € R;

(iii) ¢ is an Fr- measurable, R-valued r.v., E[¢?] < oo and satisfies h({, E[Z]) < ¢ < g(&, E[Z]).
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4.3 Existence and Uniqueness of a Solution of the Doubly Reflected
BSDE of Mean-Field type

Let Y = (Y})i<T be an R-valued, P-measurable process and & the mapping that associates to
Y the following process (®(Y);)i<r: Vt < T,

AT
O(Y); : = esssup esas>itanE{ t f(s,Ys, E[Ys])ds + g(Yo, E[Yi]i=c ) L {rery

™>t

+ h(YT/ E [Yt]t:T)]]‘{TSU,T<T} + gﬂ{T:U:T} ’Ft}
For the well-posedness of ®(Y) one can see e.g. [49], Theorem 7.

The following result is related to some properties of ®(Y).

Lemma 4.3.1. Assume that assumptions (A1) are satisfied for p = 1 and Y € D. Then the process
®(Y) belongs to D. Moreover there exist processes (Z;)i<t and (A<t such that:
(ZeMp; A" e 4
Q(Y) =&+ [ (s, Y, E[Y))ds + Af —Af — A7 + Ay — [ ZdBs, t < T;
(4.6)
h(Yy, E[Yy]) < @(Y): < g(Y1, E[Y4]), t < T;

Jo (@(Y): — h(Yy, E[Y:))dAS = [}/ (@(Y); — g(Yi, E[Yi])dA; = 0.

Proof. Firstnote thatsince Y € D and g, h are Lipschitz then the processes (h(Y:, E[Y:]))i<T and
(¢(Y:, E[Y4]))i<T belong also to D. Next as h < g then, using a result by [38], Theorem 4.1 or
[65], Theorem 3.1, there exist P-measurable processes (Y;)<t, (Z;)t<T and (Ati)th such that:

YeD; Ze HI' ;AT € A4;

Xt = g—’_ftTf(S/YS/lE[Ys])dS +A'1—t _A?— _A; +At_ - ftTstBS/ t S T;

h(Yy, EV]) <Y, <g(Y, E[Yi]), t < T;

Jo (Y = h(Y, E[Y])AAS = [ (Y, — g(Yy, E[Yi])dA; = 0.

Let us point out that in [65], Theorem 3.1, the result is obtained in the discontinuous framework,
namely the obstacles are right continuous with left limits processes. However since in our sit-
uation the processes (h(Y;, E[Y:]))i<t and (g(Y:, E[Y:]))i<T are continuous then Y and A* are
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continuous, and the frameworks of [38] and [65] are the same (one can see e.g. [46], pp.60).
Finally the process Y has the following representation as the value of a zero-sum Dynkin game:
vt <T,
OAT
Y, : = esssup esUs>itanE{ t f(s,Ys, E[Ys])ds + g(Yo, E[Yi]t=c ) Ljocry

>t

4.7)
+h(Ye, E[Yii=c ) V<o ety + o=ty | Fi}-

Therefore Y = ®(Y) and the claim is proved. O

43.1 Thecasep >1

We will first show that @ is well defined from S7 to SP.
Lemma 4.3.2. Letf,h, g and ¢ satisfy Assumption (A1) for some p > 1. If Y € SP then ®(Y) € SP.

Proof. Let Y € SP. For o and T two stopping times, let us define:

TAC
'C(T/ ‘T) = /0 f(?’, Yy, IE[YV])dr + g(Ym E [Yt]f:U)1{0<T} + h(YTr E[Yf]f:T)ﬂ{TSU,T<T} + gﬂ{T:U:T}'

Then forany t < T,

t
DY) + / f(s,Ys, E[Y;])ds = esssupessinf E[L(T,0)|F;] = ess inft esssup E[L(t,0)|F].
0 o

>t o>t > >t
(4.8)
As pointed out previously when Y belongs to S with p > 1, then it belongs to D. There-
fore, under assumptions (A1), the process ®(Y) is continuous. On the other hand, the second

equality in (4.8) is valid since by (A1)-(ii), (a)-(b), 1 < g and the processes (h(Ys, E[Ys]))s<T and
(g(Ys, E[Ys]))s<T belongs to S? since Y belongs to S? (see e.g. [22] for more details).

Next let us define the martingale M := (M;)o<:<T as follows:
T
Mi:=F {/0 [1£(5,0,0)] + Co(Ye] + EIY,|)] ds + |(0,0)] + B sup Ye| + B2 sup B[V
. <
s<T s<T (49)
+[1(0,0)| + y1sup |Ys| + 2 sup E|Ys| + [¢] \Ft} :
<T

s<T s<

As Y belongs to S” and by (Al)-(1)(a), the term inside the conditional expectation belongs to
LP(dP). As the filtration FF is Brownian then M is continuous and by Doob’s inequality with
p > 1 one deduces that M belongs also to S”. Next as f, ¢ and h are Lipschitz, then by a
linearization proccedure of those functions one deduces that:

[E[L(7,0) | Fi]| < M;
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for any t < T and any stopping times ¢, T € 7;. Then we obtain

ViE<T, < M;.

t+/fsn£ 1)ds

Therefore,

T P
E{sup|¢<¥>trp}scp{lﬁ (f 1rts v Brx s +1E[sup|MtrP]}

t<T t<T

where C, is a positive constant that only depends on p and T. It holds that ®(Y) € S/ since
Y € S and f is Lipschitz. O

Next we have the following result.

Proposition 4.3.3. Let Assumption (A1) holds for some p > 1. If y1, 72, B1 and By satify

p-1 r \* ’
(r1+72+B1+B2) 7 Kr’—l) (r1+B1) +(r2+p2)| <1 (4.10)

then there exists 6 > 0 depending only on p,Cs,v1,Y2, f1 and By such that @ is a contraction on the
time interval [T — 6, T].

Proof. LetY,Y' € S?. Then, for any t < T, we have,
|P(Y); — P(Y')]

= |esssup essmf{IE [/ f(s,Ys, E[Ys])ds + (Yo, E[Yt]i=c )1 {rcr)

T™>t

Fh(Ye, E[Yt]i=o) Vr<grery + Elireoery | Fi] } — esssupessmf{IE [/ f(s, Y, E[Y])ds

+8(Yo, E[Y{i=o ) {gcry +h(Ye, B[V ]i=r)lr<oery +CH{T:U=T}‘ft]}’

< esssup E { 7R Y B ~ (s Y B lds + (Yo, DY)

T>t,0>t

—8(Yo, E[Y{]i=o) Nocry + [M(Ye, E[Yi]i=c) — (Y5, E[Y{]i=0) [Vr<o ety Fi }

_ﬂz{/f (5, Yo BIY.]) — (5, YY) Ids + (B +71) sup 'Ys‘yé"ft}

t<s<T

+ (B2 +72) sup E[[Ys — Y(].
t<s<T

(4.11)
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Fixnow § > 0 and let t € [T — J, T|. By the Lipschitz condition of f, (4.11) implies that
[ @(Y)r — @(Y')s|

<E

6Cr{ sup Yo=Y+ sup E[Ys =Y} +(B1+71) sup [Ys—Y]
T—-6<s<T T—-6<s<T T—6<s<T
/ (4.12)
+(B2+72) sup E[Ys —Y/[]|F
T—6<s<T

= (6Cr+m +B)E | sup |V —Y/||F

T—-0<s<T

+(6Cs+ 72+ B2) sup E{|Ys - Yi[}.
T—5<s<T

As p > 1, thanks to the convexity inequality (ax1 4+ bx2)?P < (a + b)P~(ax} + bx}) holding for
any non-negative real constants a, b, x; and x», (4.12) yields

DY) — P(Y)e|P < (26Cr + 71472+ B1+ B2)" ' {(6Cs + 71 + B1)

p P
(E[ sup |YS—YS/H]:t]> +(0Cr + 72+ B2) (TE[ sup IYs—Y£|]> }

T—6<s<T T—0<s<T
(4.13)

Next, by taking expectation of the supremum over t € [T — J,T| on the both hand-sides of
(4.13), we have

E| sup |®(Y)s—D(Y)sl?

T—6<s<T

p
<(26Cs+m+ 72+ B+ B) " {(6Cr+ 11+ B1) E[| sup SE[ sup |Y;—Y!||F] ]
T—6<t<T T—6<s<T

p
+(6Cs + 72+ B2) {]E[ sup \Ys—stH} }

T—6<s<T
(4.14)

By applying Doob’s inequality we have:

P
IE[( sup {E[ sup |Y5—Y;||ft]}) 1< CEVE

T—-0<t<T T—0<s<T

sup |Ys— Y| (4.15)
T—6<s<T

and by Jensen’s one we have also

14
E[ sup |Y.—Y/]p <E[ sup |Y—Y]]. (4.16)
T—6<s<T T—6<s<T
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Plug now (4.15) and (4.16) in (4.14) to obtain:
DY) = D(Y)lsp(r—s,1) < ACr 071,72, B B2) (Y = Y|l sv((r—sm))

where

p-1 P
A(Cr, P, 711,72, B1,B2)(8) = (26Cr + 11+ 712+ 1+ B2) 7 [(P—1> (6Cr + 71+ B1)

=

+(0Cs+ 12+ B2) |7 .

Note that (4.10) is just A(Cf, P, 71,72, B1,B2)(0) < 1. As
lims 0 A(Cr, p, 71,72, 1, B2)(6) = A(Cr,p, 71,72, B1,B2)(0) < 1. Then there exists 6 small
enough which depends only on Cy, p, 1, 72, f1, B2 and not on ¢ nor T such that A(Cf, P, 71,72, B1, B2)(6) <
1. It implies that ® is a contraction on SY ([T — 6, T]). Then there exists a process which belongs
to SY ([T — 5, T]) such that
Y, = ®(Y),, Ve [T —5,T).

O
We now show that the mean-field reflected BSDE (4.2) has a unique solution.
Theorem 4.3.4. Assume that Assumption (A1) holds for some p > 1. If y1 and 7y, satisfy
1
p-t r \’ G
(Mm+r2+B1+pB2) 7 p-1 (Mm+p)+(r2tp)| <1 (4.17)

then the mean-field doubly reflected BSDE (4.2) has a unique solution (Y, Z,K*,K™).

Proof. Let d be as in Proposition 4.3.3. Then there exists a process Y € SP([T — 4, T]), which is
the fixed point of @ in this latter space and verifies: For any ¢ € [T — 9§, T|,

OAT
Y; = esssupessinfE { f(s,Ys, E[Ys])ds + g(Yo, E[Yi]i=c) L {per)
t

>t 02t

+h(YT/]E[Yt]f:T)]l{Tgv,T<T} + gﬂ{T:U:T} |~’T:t} .

Next since ¢ € LP(dP), ]E[(fOT |f(s,w,Ys, E[Ys])|ds)P] < oo, the processes (h(Y:, E[Yi]))r—s<t<T
and (g(Y:, E[Yi]))r—s<t<T belong to SP([T — 6, T]) since Y is so, and finally since h < g, then
there exist processes Y € SP([T —6,T]), Z € He ([T — 4, T]) and K* € A([T — 5, T]) (see e.g.

loc
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[22] for more details) such that for any t € [T — ¢, T], it holds:

Y, = C+/st5,]E[ J)ds + Rf —Kf — K7 +K; /Zst,

h(Y, E[Y]) <Y < (Y4, E[Y]); (4.18)
T _ T _ _
/T_(S(YS (Y, E[Y:)))dR: =0, /T_(S(Ys ~ ¢(Y,, E[Y.)))dR = 0.

Therefore the process Y has the following representation: Vt € [T — 4§, T|,

Y, = esssupessmf]E {/ f(s,Ys, E[Ys])ds + g(Yo, E[Yi] =0 ) L rery

™t (4

4.19)
+h(Ye, E[Yi]i=t)lir<oramy + Cﬂ{r:a:T}‘ft}} .

It follows that for any t € [T — 4, T], Y; = Y;. Thus (Y, Z, K*) verifies (4.2) and (4.18) on [T —
5,T], ie, fort e [T —96,T|

T T
Y, = §+/ (5, Yo E[Ya))ds + K — K — Ry +K; — / 7.dB,;
t t
h(Y, E[Yi]) <Y < g(Yi, E[Yd]); (4.20)

T T
/ (Y — h(Ys, E[Y]))dKS = 0,/ (Y — g(Y,, E[Y:]))dK: = 0.
T-s T—6

But § of Proposition 4.3.3 does not depend on the terminal condition ¢ nor on T, therefore
there exists another process Y! which is a fixed point of ® in SP([T — 26, T — §]) with terminal
condition Yr_4, i.e., forany t € [T —24,T — 6],

Y! = esssup essinf E {/ f(s, YL, E[Y1])ds + g(Y} [Ytl]t:,,)ll{KT}

TE[i’T 5}(766[fT (5 (421)

+h(YTIIE[Ytl]t:T)]]‘{TSU',T<T75} + YT—(SIl{T:U:Tfé} |Ft}} :
Then as previously, there exist processes (Z!, K¥*) (KY* € A([T —25, T —6])) suh that (Y?, Z!, KV¥)
verify: Forany t € [T —26,T — /],

T-6 _ _ _ _ T—6 _
Y = Yy s+ £(s, YL B[YY)ds + R¥*, — R+ — R~ + R —/t Z1dB;

h(Yt,IE[Yt]) S Yt < g(Yt/ [Ytl])/ (4.22)

T—6 _ T—6 -
[ ot —nod mpiart <o, [ (vt - g(k B[R =0,

Concatenating now the solutions (Y, Z, K*) and (Y, Z!, K*) we obtain a solution of (4.2) on
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[T — 20, T|. Actually for t € [T — 26, T], let us set:

Vi = Yilir_sm) () + Y 1 r_as 75 (1),
Zy = Zir_5 1) (1) + Z{ L ir_as 7—) (1),

t - t _ _
/ K = / {Lir_577(s)dRI™ + 1pp_o5 74 (s)dKI* .
T—26 T—26

Then Y € SP([T—26,T), Z € Hi ([T —26,T)) and K* € A([T — 26, T)) and they verify: For
any t € [T —24,T],

Yt:§+/t f(s,Ys,IE[YS])ds+K1T—K;F—K;+Kt‘—/t 7.dB,;

h(Yt/]E[Yt]) S Yt S g(YtI]E[Yt])/ (423)
and ' (Ys - h<Ys/]E[Ys]>)dK: =0, ' (Ys - g(YS/IE[YS]))dKS_ =0.
T—-26 T—26

But we can do the same on [T — 35, T — 26|, [T — 46, T — 34], etc. and at the end, by concatenation
of those solutions, we obtain a solution (Y, Z, K*) which satisfy (4.2).

Let us now focus on uniqueness. Assume there is another solution (Y, Z, Ki) of (4.2). It
means that Y is a fixed point of ® on SP([T — 6, T]), therefore for any t € [T —6,T], Vi =
Y;. Next writing equation (4.2) for Y and Y on [T — 26, T — 4], using the link with zeros-
sum Dynkin games (see Lemma 4.3.1) and finally the uniqueness of the fixed point of ® on
SP([T — 26, T — 6]) to obtain that for any ¢t € [T —26, T — 4], Y; = Y;. By continuig this proce-
dure on [T — 35, T —26], [T — 46, T — 36], etc. we obtain that Y = Y. The equality between the
stochastic integrales imply that Z = Z. Finally as h < g and since Y = Y, then K™ = K* and

K™ =K (see e.g. [22]) for more details. Thus the solution is unique. The proof is complete. [

Remark 4.3.5. i) We have the same result if we replace the function h (resp. g) with h(t,w,y,y’) (resp.
g(t,w,y,y")) with (h(t,w,0,0));<t (resp. (g(t,w,0,0))<7) is a process of SP.

ii) There is no specific difficulty to consider the following more general framework of equations (4.2) and
(4.3).

T T

Y, = g+/ F(s,Ye, Py )ds + Ki — K} — Ky + K- —/ Z.dB, 0<t<T:
t t

h(YIf/]PYS) S Yf S g(Yt/IPYS)/ Vt S [O/ T]/

T T
and / (Ys — h(Ys, Py, ))dK =0, / (Ys — g(Ys, Py.))dK: =0
0 0

where the Lipschitz property of f, h and g w.r.t. Py, should be read as: for ¥ € {f, g, h} for any v,v'
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probabilities
[¥(v) =¥ ()| < Cdp(v,v)

where d, (., .) is the p-Wasserstein distance on the subset P,(IR) of probability measures with finite p-th
moment, formulated in terms of a coupling between two random variables X and Y defined on the same
probability space:

dy(p,v) == inf{(]E (X = Y|P, law(X) = u, law(Y) = 1/}. O

4.3.2 The case p=1

We proceed as we did in the case when p > 1. We have the following result.

Proposition 4.3.6. Let Assumptions (A1) hold for some p = 1. If 1,2, P1 and By satify
Tt+r+tphi+p<1 (4.24)

then there exists 6 > 0 depending only on Cg, 1,72, B1, B2 such that ® is a contraction on the space
D([T —4,T)).

Proof. Let J be a positive constant and 6 a stopping time which belongs to [T — 6, T]. Therefore

OAT
|®(Y)g — D(Y')g| = | esssup esgsmf{]E [ ; f(s,Ys, E[Ys])ds +g(Ya,]E[Yt]t:g)]l{U<T}

>0

+h(Ye, EY] =) lr<oraty + é]l{T:U:T}H}]} — esssup ess mf{]E [/ f(s, Y., E[Y!])ds

>0

+ 8(Y5, ElY{li=o) N jgary +h(YVe, B[V i=c)lir<orery + Elireory | Fo] }|

AT
< esssupesssup E {/ |f(s,Ys, BYs]) — f(s, Y, E[Y!])|ds + |g(Yo, E[Yi]i=0)
0

™0 >0

S B[V + Y EYie) — WY BN ) Lo ecry o)
T
<E{ [ 17(s Y BIY)) - fls, Y EDIdsI7 |

+ esssup E{|g(Yo, E[Yt]i=) — §(Yo, E[Y{]i=0) || Fo}

o>0

+esssup E{|h(Yy, E[Yi]i=r) — h(YL, E[Y{]i=1)|| Fo}-

™0
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Take now expectation in both hand-sides to obtain:

E[|®(Y)p — @(Y')ol] <20C; sup E[|Yr — Y] +sup E{|g(Yo, E[Vi]i=r) — g(Yo, E[V{]i=0) |}
T€[T-4,T) >0

+sup E{|1(Yr, E[Yi]i—r) — h(Yz, E[Y{]i=)[}
>0
<26C; sup E[|Yr — Y] +sup E{|g(Yo, E[Vi]i=r) — 8 (Yo, B[Y/]1=0) |}
T€[T-4,T] >0

+ sup E{ |1 (Yo, E[Yi]i=c) — h(Yz, E[Y{]i=0)[}.

>0

Then for any 6 a stopping time valued in [T — ¢, T], we have:

E[|®(Y)s — @(Y')gl] < (20Cs +B1+ B2+ 11 +72) sup E[[Yr—Yq[].
Te[T—5,T]

%(6)

Next since B1 + B2 + 71 + 72 < 1, then for ¢ small enough we have £(6) < 1 (¢ does not
depend neither on ¢ nor on T) and P is a contraction on the space D([T — ¢, T]). Therefore it
has a fixed point Y, which then verifies:

Y € D(T —5,T]) and V¢ € [T — 6, T,
ONAT
Y; = esssup ess>itnf{]E{ t f(s,Ys, E[Ys])ds + g(Yo, E[Yi]i=c ) Ljyer} (4.25)
>t o=z

+ h(le ]E[Yt]t:”r)ﬂ{rga,r<T} + 'g]l{r:tr:T} ’ft}}

O]

As a by-product we have the following result which stems from the link between the value

of a zero-sum Dynkin game and doubly reflected BSDE given in (4.6).

Corollary 4.3.7. Let Assumption (A1) hold for some p = 1. If y1, 2, B1 and By satisfy (4.24) then there
exists & > 0, depending only on C 71,72, B, B2 and ‘P-measurable processes 79 K% such that:

P —a.s., fTTf(S |Z0|2ds < o0; KOF € Aand K(%’f(s =0
Vo= f) f(s Yo BGDds + K" = KM = K™ K™ = [ Z0dBy, T-0<t<T)

h(YLE[Y:]) <Y <g(YLE[Yy]), T-6<t<T;

L ST — BV, EY))AKYT = [ (Y — g(Y, E[Y])dK™ = 0.
(4.26)
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We now give the main result of this subsection.

Theorem 4.3.8. Let f, h, g and ¢ satisfying Assumption (A1) for p = 1. Suppose that
Mt+rtph+ <Ll (4.27)

Then, there exist P-mesurable processes (Y, Z,K*) unique solution of the mean-field reflected BSDE
(4.3), i.e.,

(YeD, ZeH]. and KV K €A
Y=gt [ fls Yo ENDds +Kf K~ K 4K - [ 7B, 0<e<T,

(4.28)
WY, EY]) <Y: < gV, EY)]), Vte[o,T);

and/ -~ h(Y., E[Y, ]))dK+_o/ (Y — g(Ys, E[Y:]))dK: =

Proof. Let J be as in Proposition 4.3.6 and Y the fixed point of ® on D([T — §, T|) which exists
since (4.24) is satisfied. Next let Y! be the fixed point of ® on D([T — 26, T — 4]) with terminal
condition Yr_g4, i.e., forany t € [T —26,T — ¢],

OAT
Y! = esssup essinf ]E{ f(s, Y}, E[Y}])ds +g(Y;,lE[Yt1]t:(,)ll{g<T}
t

re[t,T—) T€E[LT =] (4.29)

+h(Ye, B i=) Ue<orar—o) + Y1 sl{r—o1—6} |ft}} :

The process Y! exists since condition (4.24) is satisfied and 6 does not depend neither on T nor
on the terminal condition. Once more the link between reflected backward equations and zero-
sum Dynkin games (see Lemma 4.3.1) implies the existence of P-measurable processes Z!, K-+
such that:

(P —as., ]Zl\zds<oo K"* € Aand Ky™,; = 0;
Y =Yr s+ [0 f(s, YL E[YY])ds + Kb, — KM — Ko, + K — [0 ZMdB,, t € [T — 25, T — 4);

h(YLEY]) <Y < (YL E[Y), te[T—26,T—0];

T-6 T—5 -
25(Yf1 N h(Yfl’]E[Ytl]))thl’Jr - T—z(s(Ytl - g(Ytl,]E[Y}]))dK}' =0.

(4.30)

Concatenating now the solutions (Y, Z%, K%F) of (4.26) and (Y, Z!, K"*) we obtain a solution
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of (4.3) on [T — 26, T]. Actually for t € [T — 25, T}, let us set:

Vi = Yilir_sq) () + Y 1 r_as 75 (1),
Zy = ZNr_s 1 (t) + Z{r_o57—5) (1),

t ~ t
/ K = / {17517 (s)AKI™ + 1pp_o5 74 (s)dKI* .
T—26 T—26

Then Y € D([T—26,T], Z € HY ([T —25,T]) and K* € A([T — 26, T]) and they verify: For
any t € [T —24,T],

Yt:§+/t f(s,ys,]E[Ys])ds+K;—Kj—K;+1<;—/t 7.dB,;

h(Yt/]E[Yt]) S Yt S g(YtI]E[Yt])/ (431)
and ' (Ys - h<Ys/]E[Ys]>)dK: =0, ' (Ys - g(YS/IE[YS]))dKS_ =0.
T-26 T—26

But we can do the same on [T — 35, T — 26|, [T — 46, T — 34], etc. and at the end, by concatenation
of those solutions, we obtain a solution (Y, Z, Ki) which satisfy (4.2).

Let us now focus on uniqueness. Assume there is another solution (Y, Z, Ki) of (4.2). It
means that Y is a fixed point of ® on D([T — J, T]), therefore for any t € [T —,T], Y; = Y.
Next writing equation (4.2) for Y and Y on [T — 25, T — 4], using the link with zeros-sum Dynkin
games (Lemma 4.3.1) and finally the uniqueness of the fixed point of ® on D([T — 25, T — é]) to
obtain that for any t € [T —26, T — ¢], Y; = Y;. By continuing this procedure on [T — 36, T — 24],
[T —46, T — 36|, etc. we obtain that Y = Y. The equality between the stochastic integrals imply
that Z = Z. Finally as h < g and since Y =Y, then KT = K" and K~ = K™ (see e.g. [22]) for

more details. Thus the solution is unique. The proof is complete. O

Finally let us notice that the same Remark 4.3.5 is valid for this case p = 1.
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Equations différentielles stochastiques rétrogrades et applications : switching optimal, jeux

stochastiques, EDP et mean-field

Mots clés : EDSRs, jeux stochastiques de somme nulle, EDSR réfléchie a deux obstacles
interconnectés, EDPs, Méthode de pénalisation, méthode de point-fixe, switching optimal

stochastique.

Résumé : Cette thése est relative aux Equations
Différentielles Stochastique Rétrogrades (EDSRS)
réfléchies avec deux obstacles et leurs applications
aux jeux de switching de somme nulle, aux
systemes d’équations aux dérivées partielles, aux
problémes de mean-field. Il y a deux parties dans
cette thése. La premiere partie porte sur le
switching optimal stochastique et est composée de
deux travaux. Dans le premier travail, nous
montrons l'existence de la solution d'un systéme
dEDSR réfléchies a obstacles bilatéraux
interconnectés dans le cadre probabiliste général.
Ce probléme est lié & un jeu de switching de somme
nulle. Ensuite nous abordons la question de l'unicité
de la solution. Et enfin nous appliquons les résultats
obtenus pour montrer que le systeme dEDP
associé a une unique solution au sens viscosité,
sans la condition de monotonie habituelle. Dans le
second travail, nous considérons aussi un systéme
dEDSRs réfléchies a obstacles bilatéraux
interconnectés dans

le cadre markovien. La différence avec le premier
travail réside dans le fait que le switching ne s’opére
pas de la méme maniére. Cette fois-ci quand le
switching est opéré, le systeme est mis dans I'état
suivant importe peu lequel des joueurs décide de
switcher. Cette différence est fondamentale et
complique singulierement le probléme de I'existence
de la solution du systtme. Néanmoins, dans le
cadre markovien nous montrons cette existence et
donnons un résultat dunicité en utilisant
principalement la méthode de Perron. Ensuite, le
lien avec un jeu de switching spécifique est établi
dans deux cadres.

Dans la seconde partie nous étudions les EDSR
réfléchies unidimensionnelles & deux obstacles de
type mean-field. Par la méthode du point fixe, nous
montrons I'existence et l'unicité de la solution dans
deux cadres, en fonction de [lintégrabilité des
données.

Backward Stochastic Differential Equations and applications: optimal switching, stochastic
games, partial differential equations and mean-field

Keywords : BSDEs, zero-sum stochastic games, DRBSDESs with doubly interconnected barriers,
PDEs, penalization method, fixed point method, stochastic optimal switching.

Abstract This thesis is related to Doubly
Reflected Backward  Stochastic  Differential
Equations (DRBSDEs) with two obstacles and their
applications in zero-sum stochastic switching
games, systems of partial differential equations,
mean-field problems. There are two parts in this
thesis. The first part deals with optimal stochastic
switching and is composed of two works. In the first
work we prove the existence of the solution of a
system of DRBSDEs with bilateral interconnected
obstacles in a probabilistic framework. This problem
is related to a zero-sum switching game. Then we
tackle the problem of the uniqueness of the solution.
Finally, we apply the obtained results and prove
that, without the usual monotonicity condition, the
associated PDE system has a unique solution in
viscosity sense. In the second work, we also
consider a system of DRBSDESs with bilateral

interconnected obstacles in the markovian
framework. The difference between this work and
the first one lies in the fact that switching does not
work in the same way. In this second framework,
when switching is operated, the system is put in the
following state regardless of which player decides to
switch. This difference is fundamental and largely
complicates the problem of the existence of the
solution of the system. Nevertheless, in the
Markovian framework we show this existence and
give a uniqueness result by the Perron’s method.
Later on, two particular switching games are
analyzed. In the second part we study a
onedimensional Reflected BSDE with two obstacles
of mean-field type. By the fixed point method, we
show the existence and uniqueness of the solution
in connection with the integrality of the data.
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