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Résumé

Formation de singularités en temps fini pour les équations auxr dérivées

partielles non symétriques ou non variationnelles

Dans le cadre de cette these, nous nous intéresserons a la formation de singularités
en temps fini pour les équations d’évolution de type parabolique. En particulier, nous
nous concentrons sur ’étude des deux phénomenes principaux suivants :  [’ezxplosion et
lextinction en temps fini. Dans cette these, nous considérons les équations suivantes :

ou = Au+[uffuln®*2+u?),p>1l,acRetu: (z,t) eRY x[0,7) =R, (1)

ou = Au+uP p>letu:(zt)cRY x[0,T)—C, (2)

Ou = Au+ A 5 u: (r,t) € Q2 x[0,7)— [0,1), (3)

(1— )2 (1+7/Qliudm)

oll 2 est un domaine borné de classe C? dans RY et \,~ sont positifs.

Ces modeles se rapportent a plusieurs phénomenes naturels. En particulier, ’équation
modélise un systeme micro électro-mécanique (MEMS).

Dans ce travail, nous avons construit des solutions explosives (pour et des (2)) et
des solutions avec extinction pour . En plus de ¢a, nous décrivons le comportement
asymptotique des solutions autour du point singulier.

Comme cadre pour notre travail, nous utilisions celui des wvariables auto-similaires
qui a été introduit par Giga et Kohn dans CPAM 1985. Nous obtenons les résultats en
utilisant une réduction en dimension finie du probléeme et un argument topologique qui a
été notamment introduit par Bressan, Bricmont et Kupiainen ainsi que par Merle et Zaag.

Clairement, notre travail n’est pas une simple adaptation des travaux cités ci-haut.
En effet, nos modeles, par leur proximité avec les applications, sortent du cadre idéal
considéré dans les travaux pionniers. En particulier, '’équation (1)) n’est pas invariante par
changement d’échelle, alors que n’admet pas de structure variationelle. Quant a , la
présence du terme intégral (donc non-local) nous oblige & une manipulation plus délicate.
En fait, nous avons atteint nos objectifs grace a quelques nouvelles idées. Plus précisément,
pour (12)), nous effectuons un controle délicat de la solution afin qu’elle reste dans un domaine
ol la nonlinéarité est défine sans ambiguité. Pour , nous controlons 'oscillation du terme
non-local afin qu’il reste assez petit et nous en d’éduisons sa convergence.

Mots clés: équation de type parabolique, équation des MEMS, explosion en temps fini,
extinction en temps fini, profil a 'explosion, explosion de type I, comportement asympto-
tique.






Abstract

Finite time singularity formation for non symmetric or non variational

partial differential equations

In the context of this thesis, we are interested in finite time singularity formation for non
symmetric or non variational partial differential equations of parabolic type. In particular,
we mainly focus on the following two phenomena: blowup and quenching (touch-down) in
finite time. In this thesis, we aim at studying the following equations:

ou = Au+[uffuln®*2+u?),p>1l,acRetu: (z,t) eRY x[0,T) =R, (4)
ou = Au+uP p>letu:(rt)cRY x[0,T)—C, (5)
A

(1 —u)? (1+7/ﬂliudx)2’

where  is a C? bounded domain in RY and \, v are positive constants.

ou = Au-+

w: (z,8) € Q% [0,T)— [0,1), (6)

These models are closely related to many common phenomena in nature. In particular,
equation (6] is a model for Micro Electro Mechanical Systems (MEMS).

In this work, we construct blowup solutions to and and solutions with extinction
to @ In addition to that, we describe the asymptotic behavior of these solutions around
the singular point.

We use in this thesis the framework of similarity variables, introduced by Giga and
Kohn in CPAM 1985. We finally derive the results by using a reduction to a finite dimen-
sional problem and a topological argument which was introduced in particular by Bressan,
Bricmont and Kupiainen, and also Merle and Zaag.

Clearly, our work is not a simple adaptation of the works cited above. Indeed, our
models, by their proximity to applications, are outside the ideal framework considered in
pioneering works. In particular, equation is not scaling-invariant, whereas does not
admit variational structure. As for (6]), the presence of the integral term (non-local term)
requires us to treat this term more delicately. In fact, we have achieved our goals thanks
to some new ideas. More precisely, for , we carry out a delicate control of the solution
so that it always stays in the domain where the nonlinearity is defined with no ambiguity.
For @, we control the oscillation of the non-local term to keep it small enough, and this
allows us to deduce its convergence.

Keywords: Parabolic equation, MEMS model, finite time blowup, touch-down phenomenon,
blowup profile, type I blowup, asymptotic behavior.
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Introduction

Science is a differential equation and religion is a boundary condition

Alan Turing

I. Modeling nature by parabolic PDE

In the age of science and technology, mathematics strongly shows us its influence in our
life. Particularly, there is a wide variety of phenomena which have been mathematically
modeled by partial differential equations (PDE) such as: heat transfer, propagation of
waves, electrodynamics, fluid dynamics, elasticity, quantum mechanics and so on. The more
we understand these equations, the better we know about the corresponding phenomena.

More specifically, the class of parabolic PDE is important in modeling nature. As many
authors did earlier, we are interested in this thesis in reaction-diffusion systems of the
following type

du = D-Au+ F(u,Vu, [g(u)dz)in  Qx[0,T),
v = 0 on 00 x[0,7T), (7)
u(.,0) = o in  Q,

where u : (z,t) € Q x [0,T) — KM; uy : 2 € Q — KM; K is R or C; Q is an open set of

RY; g : KM — K is continuous and F' : D C K¥ — KM is continuous on its domain. In

addition to that, we note that Vu = (0,,u, ..., 0, u), Au = Ejvzl 9%u and D = (D; ;)i j<n
J

is a diagonal matrix of diffusion coefficients. Note that when = R”, there is no boundary
condition in (7).

Reaction-diffusion systems are mathematical models which correspond to many physi-
cal, chemical and biological phenomena. For more details about the applications of these
models, we kindly address the readers to some representative works:

- The combustion phenomenon: We have Bebernes and Eberly [3]; Bebernes and Kassoy
[4]; Galaktionov and Vazquez [30]; Kapila [49]; Kassoy and Poland [51]; [52]; Williams [85];
Zel’dovich, Barenblatt and Librovich in [87] and their references.

- Superconductivity phenomenon: This is described by a mathematical physical theory,
often called Ginzburg-Landau theory, named after Ginzburg and Landau, see the works
by Ginzburg and Landau [38]; Aranson and Kramer in [I]; Popp et al [74]; Cross and
Hohenberg [15].

- Fluid mechanics and optics derived from Ginzburg-Landau theory, see Levermore and
Oliver [54].

- Theory of Micro-electro-mechanical systems (MEMS) devices: We would like to adress
to Guo and Kavallaris [42]; Pelesko and Bernstein [48]; Kavallaris and Suzuki [53]; Pelesko
and Triolo [73] and references therein.



- The physical mechanism of vortex stretching, turbulent flows: These theories have
a relation to the Constantin-Lax-Majda equation, as in the works of Constantin, Lax and
Majda [14]; Guo, Ninomiya, Shimojo and Yanagida [40]; Murthy [66] and references therein.

There are many other phenomena which are not presented in this text, because of lack
of time and space.

I1. Defining finite time singularity

In this section, we are interested in introducing the notion of finite time singularity
formation in parabolic PDE. Then, we aim at considering some illustrating examples.

I1.1. Mathematical treatment

When facing any submodel included in (7)), we first address the issue of existence and
uniqueness of solutions, or the “Cauchy problem”. As a matter of fact, some of the submod-
els can be solved in a lot of classes of functional spaces such as: LP(Q),p € [1, 00|, Sobolev
spaces W1P(Q) and so on. For more details on the Cauchy problem, we kindly refer the
readers to Friedman [24]; Henry [44]; Pazy [72]; Ladyzenskaja, Solonnikov and Ural’ceva
[70]; Souplet and Quittner [75]. In this thesis, we mainly focus on L>*(Q2). Indeed, thanks
to the regularity of the semi-group e’ (see its definition and its properties in [70] and
[75]), parabolic regularity and a fixed-point argument, the Cauchy problem is well-posed in
L>=(Q) (also in W*(Q)) under some reasonable conditions on F and g in (7). Roughly
speaking, we may define 7},,, > 0 as the maximal existence time of the solution. Then,
one of the following statements holds:

(a) Either T}, = +o0, which implies that the solution is global.
(b) Or Tpaz < +00, which implies that

()o@ — 400 (or ule, B)|lwreo) — 00)  ast— T.

We call the second case finite time blowup phenomenon and 7' is called the blowup time
of u. We may also introduce the definition of a Blowup point. Note that these notations
follow the introduction of Friedman and McLeod [25]:

Definition 0.1 (Blowup point). Let us consider u, a function on Q2 x [0,T),T > 0 which
blows up at time T'. A point a € Q) is called a blowup point of u, if and only if there exist
{(xn,tn) }n>1 C Q2 x[0,T), converging to (a,T) as n — 400, such that the following holds

|u(xp, t,)| = +00 as n — +oo.
If we work in L>°(2) with © bounded, then we can prove that there exists at least a blowup
point. Following this, two interesting issues arise:

a) FEzistence: Does a blow up solution for system exist?

b) Asymptotic behavior: Can we describe the asymptotic behavior of the solution near
the blowup point?

Thus, we aim in this thesis at studying the following two main issues:



1) Construct blowup solutions to system for some explicit cases.

2) Describe the asymptotic behavior of the constructed solutions near the blowup point.
11.2. Blowup examples in ODE and PDE

As we mentioned at the head of this section, we would like to take the following examples:

- Example 1: Let us consider (p,ag) € R?* ag > 0,p > 1 and the following Ordinary
Differential Equation (ODE)

u'(t) = wP(t),t >0,
u(0) = ao.
Then, the solution is
1
u(t) = k(T —t) 71,
where kK = (p — 1)_10%1 and Ty = W > (0. We observe more closely that the existence
Dal

time interval of that solution cannot cross Tj, because of the following fact
u(t) — +oo, as t — 1.

We say that u(t) blows up at time Tj.

- Example 2 (Osgood’s condition): More generally, we consider the following
ODE:

{U’(t) = [fu(®)),t >0,
u(0) = ag>0.

If f is a positive and continuous function which satisfies

*® dx
— < 400,

o [f(z)

then, the solution cannot be globally extended to infinity. This result was established in
[71] by Osgood, as the necessary and sufficient condition so that the solution of the above
equation blows up for any positive initial data.

- Example 3: We next consider the following PDE:

u(0) = wup(z).

If ug € HY(Q),up Z 0,ug > 0,9 is bounded and uq satisfies the following condition:

{ O = Au+uP, (z,t) € Qx[0,7),

1 1
Elup] <0  where FElu| = 5/ |Vu|*dx — m/UHld% (9)
0 0

then, u blows up in finite time. This result was proved in [55] by Levine (see also Ball [2]).

The above-mentioned examples show us an important thing: Under some conditions and
even for a small and smooth initial data, the solution to some PDE may develop singularities



in some finite time 7' > 0. In particular, they may become large in the functional spaces
where the PDE is considered: we say that they develop singularities in finite time. This
phenomenon occurs in a variety of PDEs, including those modeling the real world. For
more information on singularities phemomena, we kindly refer the readers to Horstmann
[47]; Martel, Merle and Raphaél [57], Galaktionov and Vézquez [30]; Aranson and Kramer
[1]; Bebernes and Eberly [3]; Bressan [6]; Constantin, Lax and Majda [14]; Cross and
Hohenberg [15]; Flores, Mercado, Pelesko and Smyth [23]; Ginzburg and Landau [38]; Guo
[41]; Guo and Kavallaris [42]; Pelesko and Bernstein [49]; Vazquez [77] and the references
therein.

I1.3. Notion of “structure” in PDE

As illustrated in Example 3 above, many blowup results take advantage of the “struc-
ture” of the PDE. Indeed, we say for example that equation has a variational structure,
which results in the existence of the Lyapunov functional Efu] defined as in (9)), crucial in
deriving the above-mentioned blowup criterion.

It happens that other elements of “structure” are important in the literature, when it
comes to study PDE, in particular in the context of singularity formation.

Let us introduce in the following the definitions of symmetric and variational structures
in PDE, in the context of this thesis.

(1)  Symmetric structure: A PDE is symmetric if for any solution u we have that u(t +
to, ), u(t,x + x¢) or e?u(t, r) are also solutions.

(17) Variational structure: Let us consider the following parabolic equation

Ou=Au+ F (u), (10)

where u : (z,t) € Q x [0,T) — RM. Then, problem is variational if there exists
a function

G :RM — R such that F = VG.
In this case, equation has the energy functional which is decreasing in time:

E[u] :i/%m—/e(u)dw.

=g Q
We say that E[u] is a Lyapunov functional for equation (10]).
Note that the notion of “Symmetric structure” and “Variational structure” holds also

for other types of PDE, in particular, hyperbolic PDE. However, we don’t consider
them in this thesis.

11.4. Relevant questions for blowup

As in many mathematical areas, two major questions arise when we consider a given
PDE. The study of blowup is no exception to that.



These are the questions one may ask when studying blowup for some given PDE:

- Classification of general solutions: Given a general blowup solution, can we give
a full classification of all possible asymptotic behaviors at blowup?

- Construction of examples of solutions: Can we find some examples of solutions
showing some specific blowup behaviors?

These two questions are related, in the sense that the “construction” may provide ex-
amples confirming some type of behavior available in the “classification”.

Sometimes, as this is the case in this thesis, the “classification” may be too hard to
obtain, because of the lack of structure in the PDE. In that case, the “construction” may
be of great help, in the sense that its products will be the only examples available.

In this thesis, we precisely consider PDE lacking “structure”, making the classification
question out of reach. Accordingly, we will only focus on the “construction” issue, providing
important examples of blowup solutions, presenting novel and unprecedented types
of behaviors.

I11. Specific difficulties in this thesis: non symmetric or non variational PDE

As we mentioned before, we treated in this thesis models with non symmetric or non
variational structure. Let us explain in the following why we focus on such models in
our works. It happens in fact that most of the mathematical analysis of singularities was
done for “idealized” situations, where the models were simplified in order to be easily track
able in mathematical tools. Indeed, having a variational structure, satisfying a maximum
principle property, or enjoying a scaling invariance property do help a lot in understanding
finite time singularity occurrance in PDE.

However, when simplifying some model, we may loose essential physical features, making
the PDE behavior very far from reality. Therefore, this motivates us to study models that
are close to the realty and are either non-symmetric or non-variational or both. As a
matter of fact, we consider in this thesis some real-world situations which are far from the
“idealized” situations described earlier, and we try to built new tools on order to better
understand finite-time singularity formation via this modest dissertation.

As we pointed out earlier, the “classification” question is largely out of reach in this
thesis, because of the lack of structure. As a consequence, we focus on the question of
“construction” here.

For the sake of completeness, we will address in the following the two questions:

- The classification in the literature, for some ideal standard case
- The construction in the literature and in our work.

IV. The classification question in the literature for some ideal standard case

In this section, we address the “classification” question in the literature, for some ideal
standard case of system @, studied by many authors:

Ou = Au + |uP~tu, (11)



where u : (z,t) € Q x [0,T) — R,Q is a open set of RY and p is assumed to satisfy the
following subcritical condition

N +2
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if N > 3. (12)
)

As one may think, this is an idealized case which is out of the scope of the thesis.
Nevertheless, we choose to include information on it for the sake of historical completeness.
Indeed, equation is the simplest parabolic PDE showing blowup, and it has attracted
a lot of attention in the last 50 years.

IV.1. The existence of the finite time blowup phenomenon

In this part, we aim at introducing some results related to the existence of finite time
blowup and blowup points in particularlly. In fact, these problems have been studied by
many authors such as Ball [2]; Fujita [27] and [28]; Kaplan [50]; Levine [55]; Weissler [82].
For example, Levine [55] and Ball [2] have obtained an existence by using the following
Lyapunov functional defined as in @D:

1 1
Elu] = 5/ \Vul|? dz — ?/ |u|Pda.
Q p Q

More precisely, this is the statement (see for example Theorem 3.2 in [2]):

Let us consider Q a bounded open subset of RN with smooth boundary 0. If uy €
H}(Q),ug # 0 and Elug) < 0, then there exists Tmar(uo) € (0,+00) such that u €
C([0, Thnaz), Hy(Q)) and the following holds

||U(t)||Lp+1(Q) — 400 ast = Thue-
In this case, we say that v blows up in finite time.

Next, we would like to mention some results related to the existence of blowup points.
In order to get more information, we kindly refer the reader to Caffarelli and Friedman [I1];
Chen and Suzuki [13]; Chen and Matano [12]; Friedman [26]; Friedman and McLeod [25];
Fujita and Chen [29] and so on. In particular, Giga and Kohn have established in [35] a
criterion which allows us to conclude whether a given point is singular or not. In fact, they
mainly used the following local energy functional:

1 1 v—al?
Euu] = tpfl—é”l/g (ywy? —mmy“l) e dy (13)

! ”El_g/Q( : 1)|UI26‘$1?'2dx7
Q4\P—

where a € Q and ¢ > 0. The following is their result (see Corollary 3.6 in [35]):

Let us consider Q a domain which is strictly star-shaped about a € Q). Then, there exists
€(2,p) > 0 such that the following holds: If u is a solution of which blows up at time
T satisfying Eq,r(uo) < €, then a cannot be a blowup point.



In addition to that, these authors have also proved in Corollary 4.3 in [35], another
important criterion which implies whether a given point is a blowup point or not.

Let us consider Q a convexr domain in R? with C? boundary. Then, a € € is a blowup
point if and only if the following holds:

lim (T — t)p%lu(a +yVT —t,t) = £k, where k = (p — 1)_17171, (14)

t—T

uniformly for y in compact sets.

In particular, in the case where €2 is bounded, the Dirichlet condition implies that
u(.,t)]oq = 0, for all t < T. Then, this rises the question whether u blows up at 92 or not.
As a matter of fact, we don’t have the answer in the general case. However, the answer is
negative for some special cases. More precisely, we have the following result (see Theorem

5.3 in [35]):

We consider Q a C*® domain which is strictly star-shaped about a, where a € ).
Then, a cannot be a blowup point.

Furthermore, we have the situation where the solution blows up at many points in €.
In that case, the blowup set is an interesting object to study. For example, in Theorem 5.1
of [35], the authors proved the following:

If ug € Hi(R™) and u blows up in finite time, the blowup set is then compact.

On the other hand, there were also many authors who have constructed special initial
data wug so that the blowup set is explicit. For example, Merle in [60] gave a construction
with k£ exactly given blowup points. Another example for dimension N > 2: Giga and
Kohn gave the existence of a positive, radially symmetric initial data for which the blowup
set is some (N — 1)-dimensional sphere (see Corollary 5.7 in [35]).

Allowing the solution to be independent of some coordinate, we may obtain examples
where the blowup set is some infinite cylinder, or parallel hyperplanes or even concentric
spheres, which all come from the case of k given points or a sphere we have just mentioned
above.

Apart from these two cases, no other example of blowup sets in known. For example, the
question of constructing a solution for blowing up on a ellipse in a 2 space dimensional
remains largely open.

IV.2. Blowup asymptotic behavior and blowup profile

In this paragraph, we aim at mentioning some results about the aysmptotic behavior of
the solution of equation ([11)) when the blowup phenomenon occurs. In order to study the
asymptotic behavior, we have many ways to approach this problem. One of them is to use
the so-called self-similar variables (note that this notation was initially used in the work
of Giga and Kohn [33]):

T —a
VI—1

With this transformation, the study of the blowup behavior of u reduces to the study of
the asymptotic behavior of w, as s — +oc.

wa(y,s) = (T — t)Tilu(x,t), y = and s=—In(T—1). (15)



From equation , we easily write the equation satisfied by w(y, s) as follows:

1 a
Osw, = Aw, — J¥- Vw, — ]% + |wa [P w,. (16)

Note that w is defined on {(y,s) € Qs = €2(Q —a) x [~ InT, +00)}.
From comparison techniques, we may show (at least when 2 = RY) that
(s Dllimiey > R(T — )75, € [0,7),
(see Weissler [83], Friedman and McLeod [25], Giga and Kohn [35]). Following this fact,

two situations which identified in the literature named by Matano and Merle [59]:

The blowup solution u is of type I if there exists C' > 0 such that
e t) 1oy < Ch{E), ¥t € [0,T),

where h(t) is the positive solution of the ODE, connected to . Namely, we can explicitly
write the formula of h(t):

h(t) = (T —t) 1.
Otherwise, the solution w is called of type II.
In the context of this thesis, we only focus on type I blowup (of course, for other
equations different from (11])). In other words, we are interested in the case where we may

find the lower and upper bounds for u. This means there exist C' > 0 such that the following
holds

1 _1 1
T =777 < Ju(®)|p=@ < CT —t) 7% (17)
This leads the following estimates:
1
o < llwal s)llz=@,.) < C. (18)

In fact, we call the above bounds the blowup rates. The upper bound in has been
discovered by Mueller and Weissler [65], Weissler [82] and [84] under some conditions. In
particular, Giga and Kohn have established in [34] (see also [35]) the bounds of in the
case where €2 is a bounded convex domain with the assumption that one of the following
conditions holds:

- Fither initial data ug is nonnegative or p satisfies furthermore the following condition

3N +8
"3N —4

p>1ifN:1andp€<1 )iszz. (19)
Later, Giga, Matsui and Sasayama have removed condition (see [30] for the case
Q) = RY, and then, [37] for a more general smooth convex domain (2), extending the result
to all Sobolev subcritical exponent p > 1 as in . In order to overcome the challenges, the
authors used the arguments on the following Lyapunov functional associated to equation
(T0):

1

o) = [ |3Vl g = b s 0



where . ,
y|

ply) = e T4, 21

W= s 1)

Finally, they have obtained the key integral estimate in the sense that for all ¢ > 2 and
a € (), there exists Ry (N, p,q,) > 0, independent of a such that the following estimate
holds

| /\

s+1
(p+1)q A
sup / a N pomds < € (22)

s>—InT Js

where C' depends only on N, p, ¢, and a bound on &w,y](0) as well as some norms of w?,
where w? is initial data of w,. We kindly refer the reader to page 1774 in [35] for more

detalils.

On the other hand, Merle and Zaag obtained in [64] (see also [62]) the following optimal
blowup rates:

Let us consider Q a convex bounded C*® domain in RN and u a solution which blows
up at time T > 0. We assume furthermore that ug € H*()). Then, the following limits
hold:

[wa (s )l (@) = £ = (p=1)7777, (23)

and
[Vwa(., 8) || (@a,0) + [Awa(., 8) || (@) = 0,

as s — +o0o and for any a € €.

As a matter of fact, studying blowup rates is a fundamental step towards the study of
the asymptotic behavior of solutions to problem as we will mention below.

We now assume that u blows up at time 7" and at some point a € 2. Firstly, we derive
from the asymptotic behavior of w, on every compact set: for each K > 0

sup |wy(y,s) — k*| — 0, as s — +o0, (24)
ly|<K

where k* € {—k,k} and & is defined in (14). Note that x, —x,0 are constant solutions of
. In particular, in the case where Q = R, they are the only stationnary solutions
under condition ((12)) (see Giga and Kohn [33]). Concerning the blowup behavior, we kindly
refer the readers to Filippas and Kohn [21]; Filippas and Liu [22]; Herrero and Veldzquez
[45] and [46]; and Velazquez [78] and [81].

More precisely, Giga and Kohn used in [33] some analysis in Sobolev spaces with the
Gaussian weight p defined in to derive (24), see also [21]; [22]; [33]; [45]; [46]; [78]
and [81]. More importantly, Veldzquez established in [79] a classification of the asymptotic
behavior of solutions to problem (16| (although some of the above-mentioned authors may
have considered the nonlinearity u? instead of |u[P~!u, all their results hold also for |ul[P~1u
with the same proof). More precisely, this is the result in [79]:

There exist an orthogonal matriz O of order N and an integer number k € {0, ..., N—1}
such that one of the following statements holds (up to replacing u by —u if necessary):
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a)- Exponential decay: There exists v > 0 such that for all K > 0, we have

sup |we(y,s) — k| < C(K)e ™ Vs > —InT. (25)
ly|<K

b)-Non exponential decay: There exists 1 > 1 such that for all K > 0, we have

waly, ) — {5 b {(N . lyTMkyH ’ ~0 (Sl#> L ass— 400, (26)

;EI;)( 2ps 2
where
10 0
0 1 0
M, =071 ) 0 0 O, with N —k of 1's digits. (27)
00 ... 1
0 0

In this thesis, we are interested in case b), non exponential decay, of course, for other
equations more general than . Note that using , we have the behavior of w in the
set |y| < K, for any K > 0. This fact is equivalent to the behavior of w in a small ball
v —a| < KT —t — 0 ast — T. The more ¢ approaches the blowup time, the less
we know about the behavior of w,. In fact, both for v and w,, we see that the solution
becomes flat approaching a constant, and no shape arises. This is disappointing from a
physical point of view.

Later, Herrero and Veldzquez [45] (in the one dimensional case), Liu [56] (in the multi-
dimensional case) have dealt with this challenge. More precisely, they improved the estimate
in by finding another expansion valid in larger domains of the form {|y| < K/s} for
any K > 0. In addition to that, Merle and Zaag [63] have obtained later the same result
with a different proof based on some compacness properties of w,, uniformly with respect
to a € RY. Note that this uniform property on a € RY was not proven before. This result
helped Merle and Zaag to establish in [63] the following blowup profile with respect to the

variable
)

ﬁ?

which may be called the blowup variable. The following is their result:

z =

(28)

There exist k € {0,1,....., N} and an orthogonal matriz O such that for all K > 0, the
following holds:

sup |we(2v/s, s) — fu(2)| = 0 as s = +o0, (29)
|2|<K
where X
—1)2 Tp1
fulz) = (p— 14 " ) zTMkz) , (30)

with My, defined as in (27). Note that when k = N in case b) mentioned aboved, this is
a degenerate case with My = 0, and in fact, we are in case a). Note also that the profile
is referred to as the “intermediate” blowup profile of w, since it is close to the solution
for s € [sg, +o0) for some sq (or t € [T — e~*,T)) by (15)). In fact, we will introduce later
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a notion of “final” blowup profile. In the case where £ = 0, we would like to mention that
(29) was first found numerically by Berger and Kohn in [5].

Let us now introduce the notion of final profile where &£ = 0 in . In fact, Herrero and
Veldquez [45] (see also [78] and [80]) derived a final profile for the blowup solution. More
precisely, there exists u*(x) such that u(x,t) — u*(x) as t — T, for any = # a. Moreover,
we have the following

1

8p |z —a)|]7
(p—17 Jz—aP

u*(z) ~ , a8 T — a. (31)

V. The construction of Type [ blowup solutions

In this section, we address the question of “construction” of examples of blowup solutions
for some PDE.

In fact, we rely here on some general method which we could adapt in our work to
various situations, after many nontrivial adaptations.

This method was introduced by various authors, and goes back to the works of Bressan
[6] and [7]; Bricmont and Kupiainen [§] and [9]; Merle and Zaag [61].

It relies on some two parts:
- The derivation of approzimate solution, through a formal approach;

- The construction of an exact solution close to the approximate solution, through
a perturbative rigorous argument. This part relies on a good knowledge of the special
properties of the linearized operator around the approximate solution. It consists in 2
steps:

Step 1
Reduction to a finite dimensional problem, to control the negative directions of the
operator

Step 2
Topological argument based on index theory, to control the nonnegative directions of the
spectrum,

In the context of this thesis, we call it the finite reduction method. As a matter of fact, this
method was introduced in Merle and Zaag [61] by improving of the proof given in Bricmont
and Kupiainen [9]. In particular, the finite reduction method can be resumed by two steps:

In some specific situations, the construction method provides the stability of the blowup
profile under perturbations of initial data by using the interpretation of the parameters of
the finite-dimensional problem in terms of the blowup time and the blowup point. In fact,
the construction in [61] corresponds to case where k£ = 0.

To be more specific, we will present in the following the “construction” method as it is
available in the literature for the ideal case of equation .

The construction result is due to Bricmont and Kupiainen [8] who have constructed
a nonnegative blowup solution u(zx,t) to (see also Bricmont and Kupiainen [9], and
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Bricmont, Kupiainen and Lin [I0]), satisfying the following L>-estimate, after the change

of variables :
' wnls) = fo (2)

1
p—17% o\ 7t
ho) = (p-1+ ET ) (33
Estimate yields in fact the following

— 0 as s = 400, (32)
Lo (RN)

where

— 0, (34)
Lo°(RN)

T—£)|1n(T—t)y>

where wu is the constructed solution of equation , blowing up at time 7" and only at a.

T — ﬁu., — Jo
(T = t)r=Tul., 1) f(\/(

V.1. A formal approach to derive an approximate solution (i.e the blowup
profile)

We aim at explaining in this part how the blowup profile arises formally. In order
to get a simple situation, we suggest to take N = 1, and {2 = R and in the nonnegative
case.

In fact, in order to get a blowup solution to ((11)), we will in fact construct a bounded
solution to . Since (|16)) is of parabolic type, it is reasonable to work with the “blowup
variable”

= %’
as mentioned by Tayachi and Zaag in [70]. Following these authors and adpting an original
idea by Berger and Kohn in [5], we may try to find a solution w with the following form

wa(yvs) = Z wj(

5
J=0

2 (35)

where functions wj, 7 > 0 are assumed to be smooth and bounded. In particular, wy > 0
because of the assumption that w is nonnegative.

Using equation , and gathering terms of order ﬁ, j = 0,1, we derive the following
equations

1
_éz.wg(z) — —ZO—(Zl) +wh(z) =0,

and . ) /

wy(z _ Z.aw

—§z.w’1(z) — — + pwj 1w1(z) + wq (2) + > 0 _ .
Following for example the justification in Berger and Kohn [5] and Duong [17], we get
1

wo(z) = (p—1+b2%) 77, (36)

and
—1 p —1 _p
wy(z) = (p )(p —14b2%) 771 — Y >z2 In(p—1+0b2") (p—140b2%) 77,
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where )
(p—1)
4p

Thus, from (36)), we can formally derive f, as the blowup profile in our construction. More
precisely, we can see that for all |y| < Ky+/s for some Ky > 0, we have

Wa(y, 8) ~ ¢1(y,s) as s — +00, (37)
where )
w K .
©01(y, 8) = wo(2) + 13 = fo (%) + s and fy defined in (33)). (38)
Note that for N > 2, our profile will be the following
_p () N
en(y,s) = fo (\/g) T s (39)

V.2. The rigorous proof

In this paragraph, we present the perturbative rigorous method which provides the
existence of a solution to equation in RY satisfying

Hwa<.78) - SON<'7 S)HLOO(RN) —0ass— +00, (40)

where @y is defined as in (39)).

Introducing
q(y,s) = waly,s) — on(y; ),
we transform the PDE ([11]) into the following equation satisfied by ¢:

9sq = [£ + V(y,s)lg + B(q,y,s) + R(y, s), (41)
where
L o= A—%V-y—l—ld, (42)
Vips) = p|d 009 - | (43)
B(g,s) = lg+enx" (g+en) — o — ek 'a, (44)
Rp.s) = Dex(ys) = 5Ven(y.s) -y - X0 (45)

+ Ry, s) — Oson(y, s).

As a matter of fact, our problem is reduced to the construction of a solution for equation

satisfying

lq(., 8)|| oomevy — 0 as s — 4-o00. (46)

We first note the following fact
1
[ R(5) || ooy S S
Moreover, once ¢ is small enough in L, the term B is then formally “quadratic”. This
leads to the smallness of B. It remains to understand the effects of £ and V.
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(4)

Operator £: 1t is self-adjoint in D(L) C L2, where

2 Ny 0o N 2 . :
LI(RY) = {f € Lj;.(R™) such that/ |f()|°p(y)dy < 400} with p defined as in (21)).

loc
RN
On the other hand, we have

SpecL:{l—g nEN},
Note that the largest eigenvalue is 1, and for every eigenvalue 1 — 3, we have the
associated eigenspace

N
|| :Zai =nand a = (g, ..., an) GNN>,

i=1

En = <Ha(y) = Doy (Y1) Py (Y)

where function h,,(y;) is the rescaled Hermite polynomial of order «; (see [19] and

i

[61] for more details). In addition to that, the following set
B = {Ha(y) |a € N},
makes a basis of L.

Potential V': In fact, the value of V' depends on the time variable s and also on the

reduced variable y

Vs

rather than on y itself. For that reason, its behavior will dramatically depend on the
size of z. More specifically, inside the blowup region {|y| < K+/s} for some K > 0,
we have the following estimate

z =

V(s) = 0in Li(RN) as s — +00,

which shows that the effect of V' will be a perturbation of the effect of £, except may
be on the null modes of £, on the one hand.

On the other hand, V significantly changes the effect of £ outside the blowup region,
namely in the set {|y| > K+/s}. Indeed, for each ¢ > 0, there exist K. > 0 and s, > 0
such that

V(y,S) + L S €.

sup —

> Keys>se

Since —-F= < —1 and bearing in mind that 1 is the largest eigenvalue of £, we can

see that £ + V behaves as an operator with a fully negative spectrum.

From the above information about £ and V', the behavior of £ 4+ V inside and outside
the blowup region is different. Hence, this motivates us to consider the dynamics of the
solution first on {|y| < K+/s}, then on {|y| > K+/s}. As the authors in [9] and [61] did,
we introduce the following cut-off function

X(¥: 8) = Xo (K@/E) :
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where xo € C§°[0, +00), ||xo0l/z~ < 1 and

(z) = 1 for z <1,
X =90 for x> 2.

Then, we decompose ¢ as the following
q=xq+(1—=x)q=aq+ g

Note that supp(q) C B(0,2K+/s) and supp(q.) C RY \ B(0, K\/s). Moreover, if ¢ €
L>(RY), then we have the fact that g,,q. € L®(R") C LZ(RY). Accordingly, we may
expand ¢ on the eigenfunctions of £ as follows:

B=d+q - y+y -q-y—2Tr(gp)+q,

(Hq, Qb>Lg -
m == Trr 11 \ 7m — *
TN\ B )

Note that qg is in R, ¢ is a vector in R and ¢, is a square matrix of order N.

where

Finally, we write

I=®+q%=q+q y+y @ y—2Tr(g)+q- +g. (47)

As a conclusion to this paragraph, we recall that our goal is to construct a solution g
to equation satisfying , where ¢ is decomposed as in (47)), a decomposition well
adapted to the properties of £ + V, the linearized operator of .

The control of ¢ towards 0 in (46|) will follow from the control of its components
qo, q1, G2, q— and g, shown in , two of them being infinite dimensional (¢_ and ¢.).

V.2.1 . Reduction to a finite dimensional problem

In this part, we show that the control of ¢ towards 0 in reduces in fact to the
control of gy and ¢;. From the fact that (qo,q1)(s) € RV, this makes a reduction to a
finite dimensional problem.

Indeed, from the definitions of ¢_ and ¢, in (47)), we get the following facts:

- For ¢_: This part corresponds to the eigenvectors H, where |a| > 3. Then, we may
derive from the properties of operator L4V that ¢_ is associated to the negative eigenvalues
of £+ V. Hence, it is easily controllable to 0.

- For g.: We have supp(q.) C {|y| > K+/s}, a region where £L+V has a strictly negative
spectrum. Hence, ¢, is easily controllable to 0.

After this reduction, when ¢ is small, we project equation on &,,, m=0,1 and 2,
then we obtain the following system:

ao(s) ~ aols), (48)
¢i(s) ~ %%(3)7 (49)
2
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as s — +o00. From and introducing 7 = In(s), we can write

0rqa(T) ~ —2¢2(T) as T — +00,
where we still note g2(7) = g2(s(7)), This yields that ¢o(7) is associated to a strictly negative
eigenvalue. Then, ¢o(7) can be controlled to 0 and g»(s) too.

The problem remains to control two components: ¢y and ¢;. As a matter of fact, we see
from and that these components are associated to strictly positive eigenvalues. So,
we cannot do as we did with the others components. Finally, we have reduced problem ({46
to a finite one on ¢y and ¢; for which we will find initial data (qo, ¢1)(s¢) where sg = —InT
such that

(o, q1)(s) = 0 as s — +o0.

V.2.2. A topological argument

In order to give a flavor of our argument, we will consider the following two-dimensional
model problem:

&% = G+ + 3,
{ ’ e (51)

Qi = %Q1 — qor — S%,

fitted with initial data
(QO7 Ch)(SO) = (doﬁ dl) € R27

where sy will be taken large enough.
As mentioned in the previous part, we aim at constructing initial data (dy, d;) such that

(q0,q1)(s) — 0 as s — +o0.

More precisely, we prove that there exists (do, d;) € V(so) such that

A
lgm(s)| < ot Vm = 0,1 and Vs > s, (52)
where )
A A
v =|-5.5]

and A will be taken large enough.

Indeed, by a contradiction, we assume for all (dy,d;) € V(so) that fails at time s,
for some s € [sg, +00). In that case, there exists s, = s.(dp, d;) such that

A
lgm(s)] < = Vs € [so, s«] and Vm € {0, 1},

and

A A
(sl = 25 or o) = 5.

*
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From the ODE system (51), we derive that the flow of |g,,(s)] is transverse outgoing on
the curve

s =,
52
at the crossing time s = s,. This implies that
(d07 dl) — S*<d07 dl)

1S continuous.

Making the change of variables

A
(do,dl) = ?(Vo,yl) where (Vo,l/l) S [—1, ”2,
0

we can construct the following mapping
[:[-1,1* = 9[-1,1]%,
82
(y07yl) = j‘(%a%)(s*)a

where s, = s.(dy,dq) and (dy,dy) = %(1/0, V).
From the previous analysis, we derive that I" has the following properties:
(¢) T is continuous
(#7) The restriction I' |gy, is equal to the identity.

Using a consequence of Brouwer’s lemma, I' cannot exist. Thus, there is (dy,d;) €
2
[—%, %} such that
S0 %o

Vs > s, Vm € {0, 1}, we have [g,(s)] < 2

This was the solution for the model (51]). In the PDE that we consider in this thesis,
we will handle other system similar to (51)). We will use the same contradiction argument
and construct a similar mapping I' which will be continuous but not necessarily equal to
the identity on the boundary. However, that property will be replaced by the following

deg (T'[p-1,02) # 0

(in one dimension), which will lead to a contradiction from the degree theory.
IV.3. Construction of blowup solutions to other problems

In this paragraph, we would like to mention some constructions of blowup solutions, de-
rived by the above-mentioned construction method. In particular, we consider the following
parabolic equation

Oru = Au+ F(u).

First, we mention the work of Bressan [6] (see also [7]) with the nonlinearity F'(u) = e*.
Then, we also have the paper by Bricmont and Kupiainen [9] with the nonlinearity F'(u) =
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uP,u € RT. Later, we have the construction of Merle and Zaag [61] with the nonlinearity
F(u) = |u[P~ .

Next, we also mention the paper by Nguyen and Zaag [67], with a quasi-critical double
source

1

F(u) = |ufftu+ ———r
(u) = [ul YR

|ulP"'u,a > 1 and pu € R.

In addition to that, we also mention the cases where the nonlinearity contains gradient
terms such as in the work of Ebde and Zaag [20] with

2
F(u, Vu) = p|Vul? + |ul’" u, where 0 < ¢ < g = pl and p > 1.

Later, Tayachi and Zaag have treated in [76] the critical case of the above problem where
q = qer; and p > 3. In addition to that, we also mention the work of Ghoul, Nguyen and
Zaag [32] with F(u,Vu) = o|Vul|*> +e*,a > —1.

Moreover, Ghoul, Nguyen and Zaag have considered some vector cases (i.e parabolic
systems). For example, there is the work by Ghoul, Nguyen and Zaag [31] who treated the

case of g .
ur\ [ |u2P ug
P ()= () =

Next, we would like to mention some cases where the solution takes complex values such
as the Complex Ginzburg-Landau (CGL) equation

ou=(1+iB)Au+ (1+id)|ul’'u, §3€R.

There were some cases of CGL which have been considered earlier such as: Zaag [86] for
the case where f =0 and § € (—d, dg) for some small §p > 0; Masmoudi and Zaag [58] for
the following subcritical condition

p—(p+1)d8 —6%> 0.

Later, Nouaili and Zaag treated in [69] a critical case of the above-mentioned relation,
where = 0 and 0 = £p. This leaves unanswered the case where

p—(p+1)65—6*=0and 5 #0.

We also mention the following complex heat equation, where

F(u) =u",p>1.

In fact, this model has an important role in the literature. More precisely, where p = 2, it
has been studied by many authors in the world (see [23], [39], [42] and their references). In
particular, Nouaili and Zaag have constructed a blowup solution in the case where p = 2.
Moreover, Harada obtained in [43] the same result by using another method. However,
they leaved the unanswered question for the general case where p > 1.

VI. Our main results in this thesis
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In this section, we aim at introducing the main results in this thesis. In fact, our results
focus on the construction blowup solutions for a non-homogeneous PDE, a complex valued
equation, and a MEMS model of parabolic type.

VI.1. Existence of a stable blowup solution with a prescribed behavior for a
non-scaling invariant semilinear heat equation

We consider here the problem of the construction of a blowup solution to the following
semilinear heat equation:

Ou = Au+ [ulf"luln®(2 + u?),
( (53)
u

0,7) = wug(r) € L®(RY),

where v : (x,t) € RNV x [0,T) =+ R, p > 1 and a € R. In particular, we aim at constructing
a blowup solution which blows up in finite time 7', only at one blowup point a € RY. From
the invariance of equation under translations in space, a is always assumed to be the
origin. The following results follow [19] (this work is an collaboration with V. T. Nguyen
and H. Zaag):

Theorem 0.1 (See Theorem 1.1 in [19], page 16). There exist initial data uy € L®(RY)
such that the corresponding solution to equation , blows up in finite time T = T'(ug) > 0,
only at the origin. Moreover, we have

(1) For allt € [0,T), there exists a positive constant Cy such that

_ : Co
v (., t) — f < 54
H = h (wT “O(T t>|> BT = S
where (t) is the unique positive solution of the following ODE
Y1) = (W WA (0) +2), m () = +oo, (55)

and the profile fy is defined by

o) = (14 @fp”w)_”ll. (56)

(ii) There exits u*(x) € C*(RM\{0}) such that u(z,t) — u*(x) ast — T uniformly on
compact sets of RN \ {0}, where

@

S p-1
| In |x||) as x — 0, (57)

— 1] 4
UW@N[@ Hﬂ] (

8p| In || p—1
Remark 0.2. We derive from (i) that u(0,t) ~ ¥(t) — +oo as t — T, which yields that
our solution blows up in finite time T at x = 0. In addition to that, (ii) gives us the fact
that the solution blows up only at the origin.
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Remark 0.3. When a =0, is the same as the standard power-like case treated in [9]
and [61)]. It is different if o # 0. More precisely, the final profile u* has a difference coming
from the extra multiplication of the size by |In|z||"7-1, which shows that the nonlinear
source in equation has a strong effect on the dynamics of the solution in comparison
with the standard case o = 0.

Remark 0.4. Using the parabolic reqularity, we can show that if the initial data uy €
W2(R"), then we have fori=0,1,2,

C

< - -
e VT =0

Hw-%w —1)3Viu(.,t) — (T — )2 Vi fo (

V(T = 1)[In(T - t)\)
where fo is defined by .

Using the techniques given by Merle in [60], we can construct a blowup solution with
arbitrarily given points. We would like to refer the readers to Corollary 1.6 in [19].

Next, we use the techniques of the interpretation of the parameters of the finite dimen-
sional problem in terms of the blowup time and blowup point given in [61] to derive the
stability of the solution constructed in Theorem 1.

Theorem 0.5 (See Theorem 1.7 in [19]). Consider @ the solution constructed in Theorem
and denote by T its blowup time. Then, there exists Uy C L>®(RY) a neighborhood of
0(0) such that for all ug € Uy, equation with initial data ug has a unique solution u(t)
blowing up in finite time T(ug) at a single point a(ug). Moreover, the statements (i) and

(7i) in Theorem are satisfied by u(x — a(ug),t), and

(T'(up), a(ug)) = (T,0) as |Jug — to|| poomny — 0. (58)

VI1.2. Existence of a profile for the imaginary part of a blowup solution to a
complex-valued semilinear heat equation

Let us consider here the following complex heat equation

ou = Au—+uP,
(59)

u(z,0) = up(z) € L~ (RN,C),

where u : (z,t) € RV x [0,T) — C and p > 1.

Our goal is to construct a blowup solution to equation , and to describe its asymp-
totic behavior as we did with .

a) Integer case for p

Inspired by the works of Nouaili and Zaag in [68] (N dimensions) and Harada in [43] (1
dimension) who treated the case p = 2, we extended in [I7] the results of [68] to arbitrary
p > 1 which takes an integer value. Moreover, we obtained a better result than the one in
[68], in the sense that we derived the profile of the imaginary part. More precisely, we have
the following result:
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Theorem 0.6 (See Theorem 1.1, page 6 in [I7]). For each p > 2,p € N and p; € (0,1),
there exists Ty(p,p1) > 0 such that for all T < Ty, there exist initial data u° = ul + u),
such that equation has a unique solution on [0,T), satisfying the following:

i) The solution u blows up in finite time T only at the origin. Moreover, it satisfies the
following estimates

1 . C
T — ) tu(,t) — <~ (60
ooy °<¢@—w1MT—w>LWM) Vg
and
<T—ﬂAHMT—Mu<w—g< ' ) 2

S P\VT T 1) | ey (T =0 F
(61)

where fqy is defined in (56|) and go(z) is defined as follows

2

q(z) = 4 (62

7 -
_1)2 p—
(p _ 1 + (p4;) ’Z|2) 1

ii) There exists a complex function u*(z) € C*(RN\{0}) such that u(t) — u* = uj + iu}
ast — T uniformly on compact sets of RN\{0} and we have the following asymptotic
exTPansions:

(p —1)*z?

8p| In |||

() ~ [ ] Casz 0, (63)

and

2p {@—1ﬂﬂ1‘51 1

us(x) ~ , asx — 0. 64
O~ BT el | Tmpal (64

Remark 0.7. We easily derive from that w blows up only at 0 . Note that both the
real and the imaginary parts of u blow up. We also show that the singularity of ug is softer

than uy because of the quantity m
n|z

Remark 0.8. From the case where p = 2 treated by Nouaili and Zaag [68], we suspect the
behavior in Theorem to be unstable. This is due to the number of parameters in initial
data. More precisely, the number of parameters used in the proof is higher than N +1 which
is contributed from N for the blowup point and 1 for the blowup time.

Let us mention that Theorem naturally leaves a question: can we extend the result
to the general case where p > 17 This question will be treated in the next section.

b) General case for p

In this part, we handle the case where p is not an integer number in . It took a
long time to fine-tune and develop our method such that the result holds in general. The
following is our main result (this is in fact the same statement as Theorem if one
replaces “For any integer p > 2”7 by “For any p > 17; of course, the proof is much harder
in the second case):
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Theorem 0.9 (See Theorem 1.1, page 3 in [16]). For each p > 1 and p; € (0,1), there
exists Ty(p, p1) > 0 such that for all T < T, there exist initial data u® = u® +u3, such that
equation has a unique solution u on [0,T) satisfying the following:

i) The solution u blows up in finite time T only at the origin. Moreover, it satisfies the
following estimates

1 . C_
T —1t)rTu(.,t) — fo = ’ 05
(T =) Tul.,t) = f <\/(T—t)\1n(T—t)]> LOO(RN)<\/!1n(T—t)| (95)

and

1 ° —C
T— p—1 ln T— U2\ -, — Jo =~ P19
( £)7= | In( Dlua(1) = g <\/(T—t)]1n(T—t)|> Lm(RN)< [In(T —t)| =
(66)

where fo and gg are defined in and , respectively.

ii) There exists a complex function u*(z) € C*(RN\{0}) such that u(t) — u* = u} + iu}
as t — T uniformly on compact sets of RN\{0} and we have the following asymptotic

expansions:
(= 1))
* ~ | — 0. 67
u*(z) [ Spln ] , as T — (67)
and
Us(x) ~ as x .
2 (p—1)2% | 8p|ln|z|| | In [z]|’

VI1.3. Profile of touch-down solution to a nonlocal MEMS model

In this part, we are interested in the quenching phenomenon with MEMS models. More
precisely, we consider the following equation

A
ou = Au+ xreQt>0,

(1 u)? <1+7/Qliuda:>2’ (69)

) = 0,z €00,t>0,
u(z,0) = wup(x),x € Q.

We construct a solution to equation such that u touches down in finite time 7" only
at one point a € Q (in the sense u(a,t) — 1 as t — T'). In addition to that, we also
aim at showing its asymptotic behavior in some neighborhood of the quenching point. The
following are our main statements:

Theorem 0.10 (Existence of a genching solution, see Theorem 1.1 in [I8]). Consider
A> 0,7 >0 and Q a C? bounded domain in RN containing the origin. Then, there exist
initial data ug € C™(§2) such that the solution of quenches in finite time T' = T (uy) > 0
only at the origin. In particular, the following holds:
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(1) The intermediate profile: For all t € [0,T)

[ R OO T oL
1—u(.,t) 9<3+8\/(T—t)|1n(T—t)]> . S«/|ln(T—)!’ (70)

(©)
for some 0* = 0*(\,~v,Q,T) > 0.

(ii) The final profile: There exists u* € C?(2) N C(Q) such that u uniformly converges to
u* ast— T, and

—} 3 as x — 0. (71)

In addition to that, we also proved the stability of the constructed quenching solution
in Theorem under perturbations of initial data:

Theorem 0.11 (Stability of the constructed solution, see Theorem 1.12 in [I§] ). Let us
consider u, the solution which we constructed in Theorem and we also define T' as the
quenching time of the solution and 0% as the coefficient in front of the profiles (70) and
(71). Then, there exists a open subset Uy in Coo(Q), containing @(0) such that for all
wnatial data ug € ﬂg, equation has a unique solution u quenching in finite time T (ug)
at only one quenching point a(ug). Moreover, the asymptotic behaviors of and
hold by replacing u(x — a(uo),t), and 0* by some 6*(ug) and

(a(uo), T(uo), 0" (uo)) — (0,T,0), as |lug — tio||cqy — 0.
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Chapter 1

Construction of a stable blowup
solution with a prescribed behavior
for a non-scaling invariant semilinear
heat equation”

G. K. Duong, V. T. Nguyen and H. Zaag

Abstract: We consider the semilinear heat equation
Ou = Au + |ulP~tuln®(u® + 2),

in the whole space RN, where p > 1 and o € R. Unlike the standard case o = 0, this
equation is not scaling invariant. We construct for this equation a solution which blows up
in finite time T only at one blowup point a, according to the following asymptotic dynamics:

(p— D]z —af?
Ap(T —t)| In(T — t)|

u(x,t) ~ () (1+ >pl ast — T,

where Y(t) is the unique positive solution of the ODE
Y =PI (9? +2),  lim(t) = +oo.
t—=T

The construction relies on the reduction of the problem to a finite dimensional one and a
topological argument based on the index theory to get the conclusion. By the interpretation
of the parameters of the finite dimensional problem in terms of the blowup time and the
blowup point, we show the stability of the constructed solution with respect to perturbations
i nitial data. To our knowledge, this is the first successful construction for a genuinely
non-scale invariant PDE of a stable blowup solution with the derivation of the blowup profile.
From this point of view, we consider our result as a breakthrough.

Mathematics Subject Classification: 35K50, 35B40 (Primary); 35K55, 35K57
(Secondary).

Keywords: Blowup solution, Blowup profile, Stability, Semilinear heat equation, non-
scaling invariant heat equation.

I This work was published in Tunisian J. Math, vol. 1, no. 1, pp 13-45, 2019.
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1.1 Introduction.

We are interested in the semilinear heat equation

Ou = Au+ F(u),
{u(O) = wuy € L®(RY), (1.1)

where u(t) : RY — R, A stands for the Laplacian in RY and
F(u) = [uf"uln®(u®+2), p>1 a€R. (1.2)

By standard results, the model is well-posed in L*(RY) thanks to a fixed-point
argument. More precisely, there is a unique maximal solution on [0,7"), with T' < 4oc0. If
T < +00, then the solution of may develop singularities in finite time 7', in the sense
that

(., t)|| ooy — +00 as t — T.

In this case, T is called the blowup time of u. A given point a € RY, we say that a is
a blowup point of w if and only if there exists (a;,t;) — (a,T) as j — o0 such that
lu(aj;,t;)| = +oo0 as j — +o0.

In the special case where a = 0, equation ([1.1)) becomes the standard semilinear heat
equation
O = Au + |ulP~tu. (1.3)

As a matter of fact, equation (|1.3)) is invariant under the following scaling transformation
u > up(z,t) = /\P%lu()\x, N2t). (1.4)

An extensive literature is devoted to equation (|1.3)) and no review can be exhaustive.
Given our interest in the construction question with a prescribed blowup behavior, we only
mention previous work in this direction.

In [2], Bricmont and Kupiainen showed the existence of a solution of ([1.3]) such that

|7~ )7 ua+ T = OIT — O~ o) =+ 0, st 5T, (L5)

where )

o(2) = (p —1+ %22)?1 |

(note that Herrero and Veldzquez [9] proved the same result with a different method; note
also that Bressan [I] made a similar construction in the case of an exponential nonlinearity).

Later, Merle and Zaag [I3] (see also the note [12]) simplified the proof of [2] and proved
the stability of the constructed solution verifying the behavior ([1.5). Their method relies
on the linearization of the similarity variables version around the expected profile. In that
setting, the linearized operator has two positive eigenvalues, then a non-negative spectrum.
In fact, they proceed in two steps:

- Reduction of an infinite dimensional problem to finite dimensional one: they show
that controlling the similarity variable version around the profile reduces to the control
of the components corresponding to the two positive eigenvalues.
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- Then, they solve the finite dimensional problem thanks to a topological argument
based on index theory.

The method of Merle and Zaag [13] has been proved to be successful in various situations.
This was the case of the complex Ginzgburg-Landau equation by Masmoudi and Zaag [10]
(see also Zaag [19] for an ealier work) and also for the case of a complex semilinear heat
equation with no variational structure by Nouaili and Zaag [16]. We also mention the
work of Tayachi and Zaag [18] (see also [17]) and the work of Ghoul, Nguyen and Zaag
[6] dealing with a nonlinear heat equation with a double source depending on the solution
and its gradient in a critical way. In [5], Ghoul, Nguyen and Zaag successfully adapted
the method to construct a stable blowup solution for a non variational semilinear parabolic
system.

In other words, the method of [I3] was proved to be efficient even for the case of systems
with non variational structure. However, all the previous examples enjoy a common scaling
invariant property like , which seemed at first to be a strong requirement for the
method. In fact, this was proved to be untrue.

In addition to that, Ebde and Zaag [3] were able to adapt the method to construct
blowup solutions for the following non scaling invariant equation

Ou = Au+ |ulP'u + f(u, Vu), (1.6)

where

, 2
7, V)| < O+ [ul? +[Vul), with ¢ < p,q < 2.
p
These conditions ensure that the perturbation f(u, Vu) turns out to exponentially small
coefficients in the similarity variables. Later, Nguyen and Zaag [15] did a more spectacular
achievement by addressing the case of stronger perturbation of (|1.3)), namely

plufP~tu
In*(2 + u?)’
where 1 € R and a > 0. When moving to the similarity variables, the perturbation turns

out to have a polynomial decay. Hence, when a > 0 is small, we are almost in the case of
a critical perturbation.

O = Au + |ulP~tu + (1.7)

In both cases addressed in [3] and [15], the equations are indeed non-scaling invariant,
which shows the robustness of the method. However, since both papers proceed by per-
turbations around the standard case ((1.3)), it is as if we are still in the scaling invariant
case.

In this paper, we aim at trying the approach on a genuinely non-scaling invariant case,
namely equation (1.1). The following is our main result.

Theorem 1.1 (Blowup solution for equation (|1.1)) with a prescribed behavior). There exist
initial data ug € L®(RY) such that the corresponding solution to equation (L.1)) blows up
in finite time T = T(ug) > 0, only at the origin. Moreover, we have

(i) For allt €[0,T), there exists a positive constant Cy such that

Co

S e,
pory VT =)

||¢1(t)U(-;t) —fo ( (1.8)

\/(T—t)lln(T—t)!>
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where Y(t) is the unique positive solution of the following ODE

Y1) = () I () +2), m(r) = +oo, (19)

(see Lemma for the existence and uniqueness of 1), and profile fy is defined by
IPT—

fo(z) = (1 + %W) : (1.10)

(ii) There exits u*(z) € C*(RM\{0}) such that u(x,t) — u*(x) ast — T uniformly on
compact sets of RN \ {0}, where

w(z) ~ [Ml_pll (4| mw)_pil as x — 0, (1.11)

8p| In ||| p—1

Remark 1.2. From (i), we see that u(0,t) ~ ¢ (t) — 400 as t — T, which means that the
solution blows up in finite time T at x = 0. From (i1), we deduce that the solution blows
up only at the origin.

Remark 1.3. Note that the behavior in 15 almost the same as the standard case o = 0
treated in [2] and [13]. However, the final profile u* has a difference coming from the extra
multiplication of the size |In|z||"77, which shows that the nonlinear source in equation
has a strong effect to the dynamic of the solution in comparison with the standard
case o = 0.

Remark 1.4. [tem (ii) is in fact a consequence of (1.8) and Lemma . Therefore, the
main goal of this paper is to construct for equation (1.1f) a solution blowing up in finite time

and verifying the behavior (1.8]).

Remark 1.5. By the parabolic reqularity, one can show that if initial data ug € W3 (RY),
then we have fori=10,1,2,

C

S
Loo(RN) \% | lIl(T - t)|

wa(T — 1)5Viu(.,t) — (T — )3V fo (

VT — lt)lhfl(T—f)l)
where fo is defined by (1.10]).

From the technique of Merle [I1], we can prove the following result.

Corollary 1.6. For arbitrary given set of m points 1, ..., ,,. There exists initial data ug
such that the solution u of with wnitial data ug blows up exactly at m points xy, ..., Tp,.
Moreover, the local behavior at each blowup point x; is also given as in by replacing x
by x — z; and L= (RY) by L>=(|Jz — z;| < €;) for some €; > 0 small enough.

As a consequence of our technique, we prove the stability of the solution constructed in
Theorem under the perturbations of initial data. In particular, we have the following
result.
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Theorem 1.7 (Stability of the solution constructed in Theorem [L.1). Consider @ the so-
lution constructed in Theorem and denote by T its blowup time. Then there exists
Uo C L=(RY) a neighborhood of 4(0) such that for all ug € Uy, equation (1.1)) with initial
data ug has a unique solution u(t) blowing up in finite time T (ug) at a single point a(uy).
Moreover, the statements (i) and (ii) in Theorem [1.1] are satisfied by u(z — a(up),t), and

(T(uo), aluo)) — (T, 0) as |lug — to| oo @ry — 0. (1.12)

Remark 1.8. We will not give the proof of Theorem[1.7] because the stability result follows
from the reduction to a finite-dimensional case as in [13] with the same proof. Here we only
prove the ezistence and refer to [13] for the stability.

1.2 Formulation of the problem.

In this section, we first use the matched asymptotic technique to formally derive the be-
havior ((1.8). Then, we give the formulation of the problem in order to justify the formal
result.

1.2.1 A formal approach.

In this part, we follow the approach of Tayachi and Zaag [I§] to formally explain how to
derive the asymptotic behavior (1.8)). In fact, we introduce the following self-similarity

variables
T

T—t
where () is the unique positive solution of equation (1.9)) and ¢(¢) — +oo ast — T. Then,
we see from ([1.1)) that w(y, s) solves the following equation: for all (y,s) € RY x[—InT, +00)

u(z,t) =y (t)wly,s), y= s=—In(T —1), (1.13)

Y

1 o 2,,,2
Ow = Aw — %y.Vw — h(s)w + h(s)\wv’lw%, (1.14)
where
h(s) = e ™" () In* (47 (s) + 2), (1.15)
and
Ui(s) =o(T —e). (1.16)

Note that h(s) admits the following asymptotic behavior as s — +o00,

1 a o’lns 1
— 1— = — - 1.1
=2 (1-2- ) o (7). (117)

(see item ii) in Lemma for the proof of (1.17)). From (1.13), we see that the study
of the asymptotic behavior of u(z,t) as t — T is equivalent to the study of the long time
behavior of w(y,s) as s — 400. In other words, the construction of the solution wu(z,t),
which blows up in finite time 7" and verifies the behavior , reduces to the construction
of a global solution w(y, s) for equation satisfying

1
0 < € < limsup [|w(s)||peeeyy < —  for some €5 > 0, (1.18)
€o

S——+00
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and

@—_W>*’”

wlps) - (142

—0 ass— +oo. (1.19)
Loo(RN)

In the following, we will formally explain how to derive the behavior ((1.19)).

Inner expansion

We remark that 0, +1 are the trivial constant solutions to equation ({1.14)). Since we are
looking for a non zero solution, let us consider the case when w — 1 as s — 400 (up to
replacing w by —w if necessary). We now introduce

w=1+w, (1.20)
then from equation ((1.14]), we see that w satisfies

Osw = L(w) + N(w, s), (1.21)
where .
L=A— §y.V + Id, (1.22)
and

In® (3 (w + 1)% + 2)

N(@, 5) = h(s)| + 1P (@ + 1) == crass

— h(s)(w+1) —w, (1.23)

with 11 (s) and h(s) are defined in ((1.16)) and (1.15)), respectively. Note that N admits the
following asymptotic behavior (see Lemma for the proof of this one):

N(w,s) = pu + 0 (|U7| IHS) + O (@) +O(lw]*) as (w,s) — (0,4+00). (1.24)

2 52

Since w(s) — 0 as s — +oo and N is formally “quadratic” in w, we see from equation
that the linear part will play the main role in the analysis of our solution. Let us
recall some properties of £. In fact, £ is self-adjoint in D(L) € L2(RY), where L2(R"Y) is
the weighted space associated with the weight p defined by

and

More precisely, we have
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e When N =1, all the eigenvalues of £ are simple and the eigenfunction corresponding
to the eigenvalue 1 — 2 is the Hermite polynomial defined by

[ ] —1Vmly™m—2
hinly) = (jﬁ(fn—_'yz]), (1.25)

1\3‘3

Jj=0

In particular, we have the following orthogonality
/ hlhjpd’y = 2'21(5%3, V(Z,]) S Nz.
R

m

e When N > 2, the eigenspace corresponding to the eigenvalue 1 — % is defined as

follows
Em={hg=hg - hgy, forall Be NV |8l =m,|B| =B +---+Bn). (1.26)

Since the eigenfunctions of £ is a basic of Li, we can expand w in this basic as follows
w(y,s) = Y ws(s)hs(y).
BENN

For simplicity, let us assume that w is radially symmetric in y. Since hg with |5 > 3
corresponds to negative eigenvalues of £, we may consider the solution w taking the form

W = wo + ws(s)(Jy|* — 2N), (1.27)

where |wy(s)| and |w2(s)| go to 0 as s — +o00. Injecting ([1.27) and (1.24) into (1.21)), then
projecting equation ([1.21]) on the eigenspace &, with m =0 and m = 2,

( I va]) 1
W) = Wy + g (@2 + 8nwd) + O (1o +8’;UQ|> ns)

- |2 - |2
+0 (MDY 40 (auf + ).
(|w0|+|w2|)1ﬂ3)
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(1.28)

wh = Apws + pgwa + O

Wol? + |ws?
+0 (—’ 0 8' 2 )+O(|wo|3+|w2|3),

\
as s — +o0o. In addition to that, we now assume that |wg(s)| < |wa(s)| as s — +o00, then
(1.29) becomes the following

i = o + O|sf?) + O (122322,
) as s — +oo. (1.29)
= 4} + of|mof?) + O (122422

Let us consider the following cases:

- Case 1: Either || = O (122) or || < 2 as s — +o0, then the second equation in

(1.29) becomes




40

which yields
Ins

In|ws| = O (—) as s — 400,
$

this contradicts the assumption that wy(s) — 0 as s — +00.

- Case 2: [wo] > 2 as s — +o0, then (1.29) becomes
{ wy = wy + O(|wa]?),

wh = 4pw3 + o |[we|?),

as s — +o0.

This yields

as s — +o00. (1.30)

50=0(%).
Wy = _ﬁ + 0(%)7

Substituting ((1.30]) into ((1.29)) yields
wy =0 ()
as s — +oo,
wy = dpw; + O (%) ,

from which we improve the error for w, as follows

1
m=0(3)

) 2 s as s — +o00. (1.31)
P .
b 4ps * ( s2 ) ’
Thus, from (|1.20)), (1.27) and (1.31)), we derive
2 N In® s
w(y, ) :1—43/%—1—2]75—#0( = ) in L/ZJ(RN), (1.32)

as s — +o00o. Note that the asymptotic expansion ([1.32)) also holds for all |y| < K for some
K > 0.

Outer expansion

The asymptotic behavior of ((1.32)) suggests that the blowup profile may be depend on
the following variable

= %,
From ([1.32)), let us try to search a regular solution of equation ((1.14)) of the form

N 1
w(y, s) = ¢o(z) + Sy +o (—) in L7 (RY) as s — 4o0, (1.33)
pS s

where ¢ is a bounded, smooth function to be determined. From (|1.32)), we impose the
following condition

¢0(0) =1 and ¢o(z) = 0. (1.34)
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Since w(y, s) is supposed to be bounded, we obtain from Lemma that

In® 2,,,2 2 p—1
h(s)|w|p_1w n (¢1w + ) _ ‘w‘ w‘ S g

In® (4 +2) p—1 s’
Note also from (|1.33)) that
Hw\p_lw — [@o(2) P do(2)| = (—) in Ly (RY) as s — +o0

Injecting (|1.33) into equation ([1.14)) and comparing terms of order O (1), we derive the
following equation

1 do(2) 190" d0() N
— =z. = R™. 1.
5% Vo(z) — - 1 P 0, Vze (1.35)
Solving ([1.35)) with condition (1.34]), we obtain
L
do(z) = (1 +col2?) 77, (1.36)

for some constant cq > 0 (since we want ¢y to be bounded for all z € RY). From (1.33),
(1.36) and a Taylor expansion, we obtain

2
coyY N 1
S L I S Viy| < K as s — +
w(y, ) =15 2ps 0 (5) . Vy| as s 00,

from which and the asymptotic behavior ([1.32)), we find that

C _p_l
0o— — .
4p

In conclusion, we have just derived the following asymptotic profile

w(y,s) ~ ¢(y,s) as s— +oo, (1.37)
where )
(p—1Dy*\ = N
— (1L . 1.
©(y, s) ( + Tps + 23 (1.38)

1.2.2 Formulation of the problem.

In this subsection, we set up the problem in order to justify the formal approach presented
in the Section In particular, we give a formulation to prove item (i) of Theorem
. We aim at constructing for equation a solution blowing up in finite time 7" only
at the origin and verifying the behavior . In comparison with , our problem is
reduced to the construction of a solution w(y, s) for equation defined for all (y,s) €
RY x [sg, +0), so = — InT and satisfying (L.19). The formal approach given in Subsection
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1.2.1] (see (1.37)), we are interested in the linearization w around profile ¢, defined by
(1.38)). Let us introduce

Q<y7 8) - ’Uj(y, S) - go(y, S)? (139>
where ¢ is defined in ((1.38)). From (1.14]), we see that ¢ satisfies the following equation
dsq = Lq+Vq+ Blq) + R(y,s) + D(q,s), (1.40)
where £ is the linear operator defined in ([1.22)), and
p -1
V = — | -1 1.41
p— 1 [80 ] ) ( )
a+elPHate) —¢" —pp’lq
Blg) = el @9 , (1.42)
p—1
R(y,s) = Ap—yVo— 2+ % 5 (1.43)
5) = — = - — 050, .
v, T A e e

and D is defined as follows

D(gq,s) = (q+ ) ((h(S) - ﬁ)(lq + [P = 1)+h(s)|g + ¢P g+ ©)L(g + o, s)> ,
(1.44)

where

_ 2007 SEPTS Y RV,
S @22 1)+1n“<w%+2)/1 ' (u) (0 = u)du, (1.45)

and h, 11 (s) and ¢ being defined by ((1.15)), (1.16)) and (1.38]) respectively, and
f(z) =In*(?2* +2),2z € R,

L(v,s)

Thus, problem ([1.8) is reduced to construct for equation ([1.40)) a solution ¢ such that

q(., 8)||Leo @y — 0 as s — 4-o00.

Since we construct for equation ((1.40]) a solution ¢ verifying ||g(s)||r~ — 0 as s — +o0,
and the fact that

» | Q

1B(g)] < Cla™*”, [[R(s) ||y + [1D(g, 8) | 1oy <

Y

(see Lemmas [1.24] [1.25| and [1.26| for these estimates), we see that the linear part of equation
(1.40) will play an important role in the analysis of the solution. The property of the linear
operator £ has been studied in previous section (see page , and the potential V' has the
following properties:

i) Perturbation of effect of £ inside the blowup region {|y| < K+/s}:

[V(s)llzz =0 as s — +oc.

i1) For each € > 0, there exist K. > 0 and s. > 0 such that

sup
>Ke,s>sc

Viy,s) + —— ‘SE-
. p—1
NG
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Since 1 is the biggest eigenvalue of £, the operator £ 4+ V behaves as one with a fully
negative spectrum outside blowup region {|y| > K./s}, which makes the control of the
solution in this region easily.

Since the behavior of the potential V' inside and outside the blowup region is different,
we will consider the dynamics of the solution for |y| < 2K+/s and for |y| > K+/s separately
for some K to be fixed large. We introduce the following function

|y
= 1.46
) XO(K\/E : (1.46)
where xo € C3°[0, +00), || Xo|| e (rryy) < 1 and
(z) = 1 forx <1,
XoW) =Y 0 forz > 2,

and K is a positive constant to be fixed large later. We now decompose ¢ by

¢g=xq+ (1 —=X)q=q + g (1.47)

(Note that supp(q,) C {|y| < 2K+/s} and supp(q.) C {|y| > K+/s}). Since the eigenfunc-
tions of £ span the whole space LZ(RN ), let us write

w(y.5) = qo(s) + a1(s) -y +y" - @2(s) -y — 2Te(qa2(s)) + q—(y, ), (1.48)

where ¢,,(s) = (q5(8>)BeNN,|5\:m and

~ ~ h
VBNV, ga(s) = / 0oy, Vs (y)pdy, g = 0 (1.49)
o el
and
a-(,s) = D qs(s)hs(y). (1.50)
BeENN |B>3

In particular, we denote ¢1 = (¢1.i)1<i<n and ¢a(s) is a N x N symmetric matrix defined
explicitly by

¢@(s) = /QbM(y)de = (i j)1<ij<n, (1.51)
with
1 5
M(y) = QY — : (1.52)
1<ij<N

Thus, by (1.47)) and ((1.48)), we can write
q(y,s) = qo(s) + q1(s) -y +y" - @2(s) -y — 2Tr(qa(s)) + q-(y, 5) + qe(y, s). (1.53)

Note that g, (m = 0,1,2) and ¢_ are the components of ¢, and not those of q.
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1.3 Proof of the existence assuming some technical
results

In this section, we shall describe the main argument behind the proof of Theorem 1.1} In
order to avoid winding up with details, we shall postpone most of the technicalities involved
to the next section.

According to transformations (|1.13) and (1.39), the proof of item (i) of Theorem
is equivalent to showing that there exists initial data ¢o(y) at the time sy such that the
corresponding solution ¢ of equation ((1.40)) satisfies

lg(8)|| Loe @y — 0 as s — +00.

In particular, we consider the following function

Vit () = Zy (do + ) X(20, 50) (1.54)
0

as initial data for equation ([1.40]), where (dy,d;) € R are the parameters to be deter-
mined, sg > 1 and A > 1 are constants to be fixed large enough, and x is the function

defined by ((1.46)).

We aim at proving that there exists (do,d;) € R x RY such that the solution ¢(y, s) =
Qdo.d, (Y, ) of (1.40) with initial data g, q, (y) satisfies

quo,dl(S)HLw(RN) — 0 as s = +oo.

More precisely, we will show that there exists (do, d;) € R xR such that solution g4, 4, (v, s)
belongs to the shrinking set S, defined as follows:

Definition 1.1 (A shrinking set to zero). For all A > 1,5 > 1 we define Sa(s) being the
set of all functions ¢ € L=®(RY) such that

A%2In®s o
|q0] < 2 q1i| < 2 |g2,i.5] < 2 V1<i,j <N,
) A A2
<= Nae@lremy) < —=,
H1+ |y| Loo(RN) 2 ) \/E

where qo, ¢ = (qLi)lging G2 = (quivj)lgz‘,jgN’ q— and q. are defined as in ({1.53]).

We also denote by S4(s) being the set
Remark 1.9. For each A > 1,s > 1, we have the following estimates for all q(s) € Sa(s):

CA?In’s
lay, )] < ——Z—0+yf), VyeR”, (1.55)
CA
1q(8) | Loe(qly<2rc sy < ﬁ’ (1.56)
C A?

AN

lg(s)|lzo@ry < /5 (1.57)
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In fact, we aim at proving the following central proposition which implies Theorem [I.1}

Proposition 1.10 (Existence of a solution trapped in S4(s)). There exists A1 > 1 such
that for all A > Ay, there exists s1(A) > 1 such that for all 30 > sl(A), there exists
(do,dy) € R™N such that the solution q(y,s) = qay.a,(y,5) of with initial data
q(y, s0) = Yay.a, (y) defined in (1.54), satisfies

q(s) € Sa(s), Vs € [sg,+0).

From (1.57)), we see that once Proposition is proved, item (i) of Theorem
directly follows. In the following, we shall give all the main arguments for the proof of this
proposition assuming some technical results which are left to the next section.

As for initial data at time so defined as in ([1.54]), we have the following properties:

Proposition 1.11 (Properties of initial data (1.54))). For each A > 1, there ezists so(A) > 1
such that for all so > so(A) we have the following properties:

i) There exists Da g, C [—2;2] X [=2; 2] such that the mapping

. 1+N 1+N
P, : R —~ RV,

(do,dr) (¢, ¢n)
is linear, one to one from D, 5, onto gA(so). Moreover, we have
Oy (ODas,) C Sa(s0),

where S (s) is defined as follows:

A A A A AN
it) For all (do,dy) € Dag,, we have Vg, q, € Sa(so) with strict inequalities in the sense
that
A A Aln®s .
‘w0’§_2 |w11‘< 2 |w22j| 0, V1§Z,j§N,
S0 S0 S5
_ A
H w 3 < - % =0.
LH[YP ey 50

where X (y, so) is defined in (1.46), to, (¥1:)1<i<n, (V2,05)1<ij<n, ¥, Ve are the components
Of wdo,ch deﬁned as in ‘) ¢d0,d1 is deﬁned by "

Proof. See Propositon 4.5 in Tayachi and Zaag [1§] for a similar proof to this proposition.
]

From now on, we denote by C' as the universal constant which only depends on K,
where K is introduced in ((1.46)). Let us now give the proof of Proposition to complete
the proof of item (i) of Theorem



46

Proof of Proposition [1.10. We proceed into two steps to prove Proposition [I.10}

- In the first step, we reduce the problem of controlling ¢(s) in S4(s) to the control of
(g0, q1)(s) in Sa(s), where o and ¢; are the component of ¢ corresponding to the positive

modes defined as in ([1.53) and S is defined by (1.58)). This means that we reduce the
problem to a finite dimensional one.

- In the second step, we argue by contradiction to solve the finite dimensional problem
thanks to a topological argument.

Step 1: Reduction to a finite dimensional problem

In this step, we show through a priori estimate that the control of ¢(s) in Sa(s) reduces
to the control of (go, ¢1)(s) in S4(s). This mainly follows from a good understanding of the
properties of the linear part £ + V' of equation . In particular, we claim the following
which is the heart of our analysis.

Proposition 1.12 (Control of ¢(s) in Sa(s) by (g0, ¢1)(s) in Sa(s)). There exists Az > 1
such that for all A > As, there exists s3(A) > 1 such that for all sy > s3(A), the following
holds: If q(y,s) is the solution of equation (1.40) with initial data at time so, given by
with (do,d1) € Das,, and q(s) € Sa(s) for all s € [so,s1] for some s; > sy and
q(s1) € 0S4(s1), then:

(i
(

i) (Reduction to a finite dimensional problem): We have (qo,q1)(s1) € dSa(s1).
it) (Transverse outgoing crossing): There exists g > 0 such that

Vo € (0,00), (qo,q1)(s1+96) ¢ SA(SI +9).

Hence, q(s1 + 0) & Sa(s1 + 0), where Sya is defined in (1.59) and D4, is introduced in
Proposition |1.11).

Let us suppose for the moment that Proposition holds. Then, we can take advantage
of a topological argument quite similar to that already used in Merle and Zaag [13].

Step 2: A basic topological argument

From Proposition we claim that there exists (dy,d;) € D4, such that equation
(1.40) with initial data given as in (1.54]), has a solution

Qdo,dl(s) € SA(S>’ Vs € [307 —|—OO>,

for suitable choice of the parameters A, K and sy. Since, the argument is analogous as in
[13], we only give the main ideas.

In fact, let us consider K, A and sy such that Propositions and hold. From
Proposition [1.11] we have

V(do,di) € Dasos  Qdodr (Y5 50) = Yag,a, € Salso),



47

where 14, 4, is defined by (1.54). As a matter of fact, ¢g, 4, € L®°(RY) for all (dy,d;) €
D4, we then deduce from the local existence theory in L®(R") that we can define for
each (dy,d;) € Dy g, a maximum time s,(dg, d1) € [so, +00) such that

ddo,d1 (S) € SA(S)a Vs € [SOa 3*(d07d1))-

If s.(dy, dy) = +o0 for some (do, dy) € Dy s, then we have the conclusion of Proposition

10

Otherwise, we argue by contradiction and assume that s, (dy,d;) < 4oo for all (dy, d;) €
D4s,- By continuity and the definition of s,, we deduce that g, 4, (s«) is on the boundary
of Sa(s«). Using item (i) in Proposition |1.12 we derive the following

(g0, q1)(5+) € OSa(s4).

Hence, we may define the rescaled function

I': Dy, = 0([—1,1]7Y)

82

(do,dy) — Z*(QO, 01)(8x)-

From item (i) of Proposition we see that if (dy,d;) € 0Dy 4,, then

q(s0) € Sa(s0),  (90,q1)(50) € ASa(s0)-

From item (ii) of Proposition , we see that ¢(s) must leave Sa(s) at s = s, this yields
that s.(do,d;) = so. Therefore, the restriction of I' to 0D, 4, is homeomorphic to the
identity mapping, which is impossible thanks to index theorem, and the contradiction is
obtained. This concludes the proof of Proposition as well as item (i) of Theorem
assuming that Proposition holds. O

The proof of Theorem

As we mentioned in the above, item (i) of Theorem follows from Proposition [1.10]
and the proof of item (i) is the following:

Proof of item (ii) of Theorem[I.1. The existence of u* € C*(RY \ {0}) follows from the
technique of Merle [4]. Here, we want to find an equivalent formation for u* near the
blowup point x = 0. The case a = 0 was treated in [19]. When a # 0, we follow the
method of [19], and no new idea is needed. Therefore, we just sketch the main steps for
the sake of completeness.

We consider Ky > 0, a constant to be fixed large enough, and |zg| # 0 small enough.
Then, we introduce the following function

v(wo, &,7) = ¥ (to(x0))u(z, 1), (1.59)

where (&,7) € RY x [—%,1), and

(.CE, t) = (.230 + f\/ T — to(wo), to(ﬂ?o) + T(T — to(ﬂfg))), (160)
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with ¢y(zo) being uniquely determined by

|zo| = Ko\/(T—to(xo))|ln(T—t0(:v0))|. (1.61)

From (|1.8)), (1.59), (1.60) and (1.61f), we derive that

C
sup [v(0,&,0) — wo(Ko)| < —0 aszy—0,

1
€| <2| In(T—to(z0))| 4 L+ (| In(T" = to(z0))|4)

1
where @g(x) = <1 + (p4—_pl)|:c|2) "' As in [19], we use the continuity with respect to initial
data for equation (1.1)) associated to a space-localization in the ball B(0,|¢| < |In(T —
to(z0))|1) to derive

sup |v(x0,&,7) — Vo (T)] < €(xg) = 0, as xg — 0, (1.62)
jel<Itn(T—to(w0)| T re[0,1)

1
3 — 2\ ~p—1
where o () = ((1—7) + &=22) 7

From (1.60) and (1.62), we deduce
) ) — 1)\ #»1
u*(zo) = lim u(zo, t) = ¥ (to(zo)) lim v(xg, 0,7) ~ ¥ (to(z0)) (p_) . (1.63)
t—=T T—1

Using the relation (1.61)), we find that

|9170|2

T —t ~
(o) 2Ko|In [zo)|

and In(7T — to(xg)) ~ 2In(|zo|), aszg— 0, (1.64)

The formula (1.11]) then follows from Lemma [1.17, (1.63) and (1.64). This concludes
the proof of Theorem [I.1] assuming that Proposition holds. O]

1.4 Proof of Proposition [1.12]

This section is devoted to the proof of Proposition [I.12] which is the heart of our analysis.
We proceed into two parts. In the first part, we derive a priori estimates on q(s) in Sa(s).
In the second part, we show that the new bounds are better than those defined in Sy4(s),
except for the first two components (qo,q;). This means that the problem is reduced to
the control of a finite dimensional function (qo, ¢1), which is the conclusion of item (i) of
Proposition Item (ii) of Proposition is just direct consequence of the dynamics
of qo and ¢;. Let us start the first part.
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1.4.1 A priori estimates on ¢(s) in Sy(s).

In this part we derive the a priori estimates on the components ¢s, ¢_, g. which implies the
conclusion of Proposition m Firstly, let us give some dynamics of qo, ¢1 = (¢1)1<i<ny and
¢2 = (¢2.ij)1<ij<n- More precisely, we claim the following.

Proposition 1.13 (Dynamics of equation ([1.40))). There ezxists Ay > 1, such that VA > Ay
there exists s4(A) > 1, such that the following holds for all so > s4(A): Assume that for all
s € [sg, s1] for some s1 > sg, q(s) € Sa(s), then, we have for all s € [so, $1]:

(1) (ODE satisfied by the positive and null modes)

, m C
0u(9) = (1= %) an(s)| < 5, ¥m=0.1, (1.65)
and
, 2 Clns
B(s) + —a2(s)| < — (1.66)
s s
(13) (Control of the negative and outer parts)
Q—(ya 8) ¢ -2 —(s—0)? g2
< — — 2 .
H1+|y|3 Lw_$2<(s o)+e 2 A+e A>, (1.67)
lgo(5)]l = < % ((s o) + A% 4 Ae™0). (1.68)

Proof. We proceed in two steps:
- In the first step we project equation ((1.40)) to write ODEs satisfied by ¢, for m = 0, 1, 2.

- In the second step we use the integral form of equation (|1.40) and the dynamics of the
linear operator £ + V to derive a priori estimates on ¢_ and ¢,.

Part 1: ODEs satisfying by the positive and null modes

We give the proof of (1.65) and ([1.66) in this step. However, we only deal with the
proof of ([1.66]) because the other one is the same the proof (|1.65)).

In fact, by formula ((1.51)) and equation (1.40]), we write for each 1 <1,j < N,

/ 19 52 —s
Gy ;(5) — / [Lq+Va+ B(g) + R(y, s) + D(q. )] x (—ySyJ - TJ) pdy' < Ce*. (1.69)
RN

Using the assumption ¢(s) € Sa(s) for all s € [sg, s1], we derive the following estimates

for all s € [s, s1]:
YiYi iy c
‘/L(Q)X (?] - f) de‘ < =



20

On the other hand, from Lemmas [T.24] [T.25| and [T.26] we have

yiyj 51‘7]' 2 CA
" A — .. < —
’/ qu< S 1 >pdy+ 892,1,1(5) < :

g3

yzy] 6@',]‘ C
AL S A1 B NP < =
\/ ( 4)py < &
(- < &
s
i 0 Clns
oot =)o < S
s

Gathering all these above estimates to ((1.69) yields

IA

IN

, 2 Clns
Qa5+ ;92,1',3' .

<
=73

This concludes the proof of (1.66]).
Part 2: Control of the negative and outer parts

We give the proof of (1.67)) and (1.68]) in this part. In fact, the control of ¢_ and g,
mainly bases on the dynamics of the linear operator £ + V. In particular, we use the
following integral form of equation (1.40)): for each s > o > sy,

q(s) = / K(s,7)[B(q)(T) + R(T) + D(q,7)] dT = Zﬂi(s,a), (1.70)
where {K(s,0)}s>o is defined by

{ 0.K(s,0) = (L +V)XK(s,0), s>o0, (1.71)

K(o,0) = Id,

and

As a matter of fact, in ([1.70)), it is clear to see the strong influence of the kernel K. Tt is
therefore convenient to recall the following result which the dynamics of the linear operator
K=L+V.

Lemme 1.14 (A priori estimates of the linearized operator in the decomposition in (1.53))).
For all p* > 0, there exists s5(p*) > 1, such that the following holds: If o > s5(p*) and
v e L2(RY) satisfying

2

(-
> ol + |
L+ yPll,

m=0

+ [[vel| oo rvy < 00, (1.72)
(RN)
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then, Vs € [0, 0 + p*|, the function §(s) = K(s,o)v satisfies

e$~((s—0)?
oG < 92U (o] + o] + y/5eal)
+ly| LOO(RN) - s ( ., (173)
+Ce 2 TP L) + C¢ 3 H’UEHLOO(RN),
and
2 v
. 1 3 - _s—¢o
10c(y, )| Loo vy < Ce? 282|Uz| + 52 1 3 +Ce™ 7 ||Jve| ooy (1.74)
= 1P oo ey

Proof. The proof of this result was given by Bricmont and Kupiainen [2] in one dimensional
case. It was then extended in higher dimensional case in Nguyen and Zaag [14]. We kindly
refer interested readers to Lemma 2.9 in [I4] for a detail of the proof. O]

In view of formula , we see that Lemma m plays an important role in deriving
the new bounds on the components ¢_ and ¢.. Indeed, given bounds on the components
of ¢, B(q), D(q) and R, we directly apply Lemma with K (s, o) replaced by K(s, 1)
and then integrating over 7 to obtain estimates on ¢_ and ¢.. In particular, we claim the

following which immediately follows (1.67) and (1.68]) by addition.

Lemme 1.15. For all A > 1,A > 1,p* > 0, there exists s¢(A, p*) > 1 such that Vsy >
se(A, p*) and q(s) € Sa(s),Vs € [o,0 + p*] where o > sy, we have the following properties:

a) Case o > so: for all s € [o,0 + p*],

i) The linear term ¥1(s, o)

. (1 +e T A+ e*(S*UVA?)

H (V1(s,0))-

1+ |y|3 L>o(RN) B 52 ’
A2 + Aes
1(01(s,0))ellLe@y)y < C T
S2
1) The quadratic term U5(s, o)
(Va(s,0))- C(s—o) C(s—o)
— _— Va(8,0))el oo <
H 1_|_’y|3 Lo () g2+e H( 2( )) HL (RNV) S%_’_e
where € = ¢(p) > 0.
iii) The correction term Vs(s, o)
(V3(s,0))- C(s—o) C(s—o)
— < — V3(s,0))e|l Lo < :
[ ey = S5 10 < S5

iv) The nonlinear term 04(s, o)

(9a(s,0))- C(s — o)
BEETEVEE < —— ’19 ell Lo (RN <
H 1+ Jy|3 Lo @) = 52 o 1(Wa(s,0))ellz (RN) = S
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b) Case o = sg, we assume in addition

A Aln? So
gm(so)| < =, a2(so)| £ —5—,
S0 S0
Q—<y7 80) "Zl A
B < 5 Nae(so)llpe@y) < —.
H L+ [y |l oo oy s3 =0 VS0

Then, for all s € [sg, so + p*] we have a) and the following properties:

A CA(L+e)
< 20 [(W1(5, 50))ell Loy < Vs ‘

H (91(s,50))—
14yl

Lo (RN)

Proof. The proof simply follows from the definition of Sy and Lemma

In fact, from the fact that ¢ € Sa(s), we derive that Lemmas [1.24], [1.25 and [1.26 hold.
Then, we obtain the following:

2
¢ |Bla-() c .
B(q)m(s)| < =, H— < . 1B(@)e(8)]; o <
o B S TR, S e 1P <
and
2
¢ R_(s) C C
mENT, [m|=0 5 Yl poo vy s772 s
and
2
D(g)_(5) Clus .
Z |D(q)m(s)] + HTP < 8 ID(@)e(5)]] oogny < 5
meN” |m|=0 Y Loo(RN) si

where € = €(p) > 0.

We simply inject these bounds to the a priori estimates given in Lemma to obtain
the bounds on (ﬁm), and (19m)e for m = 2,3,4.

On the other hand, the estimates on v, directly follow from Lemma and the fact
that ¢(s) € Sa(s).

Thus, we get the conclusion the proof of Lemma [1.15] O

Bearing in mind that we are in the proof of Proposition [1.13] Indded, from formula

(1.70) and Lemma [1.15] estimates in (1.67]) and (1.68)) simply follow by addition. Thus,
conclusion of Proposition follows. m



93

1.4.2 Conclusion of Proposition [1.12

In this part, we give the proof of Proposition [1.12| which is considered as a consequence of
the dynamics of equation (|1.40)) given in Proposition [1.13| Indeed, item (i) of Proposition
directly follows from the following result:

Proposition 1.16 (Control of ¢(s) by (qo, q1)(s) in Sa(s)). There exists A7 > 1 such that
VA > Az, there exists s7(A) > 1 such that for all sy > s7(A), the following holds: If we
have

a) q(so) = wdo,d1 (y)7 where (d07 dl) € DA,507
b) For all s € [so, s1], q(s) € Sa(s).
Then, for all s € [sg, s1], we have

A?In’s

Vi g e{l- Nh aag(s)l < —5—, (1.75)
q_(y,s) A A?

<2 ()| ooy < 1.76

H 1+ |y|3 Loo(®Y) = 942 ”q ( )HL (RN) \/5 ( )

where D 4 5, is introduced in Proposition and Y4, a4, 15 defined as in ((1.54)).

Proof. Since the proof of ([1.76)) is similar to the one written in [I3], we only deal with the
proof of (1.75) and refer the readers to Proposition 3.7 in [13] for the proof of (1.76]). We
argue by contradiction to prove (|1.75)).

Indeed, let i,7 € {1,---, N} and assume that there is s, € [so, s1] such that

A?1n?(s)

52

_ A?In’(s,)

Vs € [s0,84),  |q2.ij(s)| < and  [qei(s)| =

s3
In addition to that, we assume that ¢o; j(s.) > 0 (the negative case is the same), then,
we have on the one hand

d (A2 In? s) B 2A2Ins, 2A?2In’s,

/
Q2,i,j(8*) > % B Si’ 8‘:’

S

On the other hand, we have from ((1.66)),

2A4%2In%s, Clns,
B 3 + 3
S* S*

q;,z‘,j(s*) <
The contradiction then follows if 242 > C'. This concludes the proof of Proposition|1.16, [

We now come back to the proof of item (z) of Proposition[1.12| Indeed, from Proposition
1.16} we see that if ¢(s) € 0Sa(s1), then, the first two components (qo, ¢1)(s1) must be in
0S4(s1), which is the conclusion of item (7).
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The proof of item (i7): Indeed, it is easy to deduce from ([1.65]) the following property:

A
If go(s1) = €9— for some gy € {—1,1}, then, the sign of d—qo (s1) is opposite to the sign of
2 s

d 50A ( )
—(—= ) (s
ds \ s? !
Moreover, g, ; has the same property as qo, for all i € {1, ..., N}.

Hence, (o, ¢1)(s) will actually leave S4(s) at s, > s for sy large enough. Thus concludes
the proof of Proposition [1.12]

1.5 Some elementary lemmas.

In this appendix, we state and prove several technical and and straightforward results need
in our paper.

Lemme 1.17. For each T > 0, there exists only one positive solution of equation (|1.9)).
Moreover, the solution i satisfies the following asymptotic:

U(t) ~ k(T — ) 71| In(T — )| 771, ast — T, (1.77)
where ko = (p— 1)1 (55177
Proof. Let us consider the following ODE
Y =yPIn*(* +2), ¥(0) > 0. (1.78)

In fact, the uniqueness and local existence are derived by the Cauchy-Lipschitz property.

Let Thn0z, Tinin be the maximum and minimum time of the existence of the positive
solution, i.e. (t) exists for all ¢t € (Thuin, Tinaz). We now prove that T, < +oo and
Tonin = —00. By contradiction, we suppose that the solution exists on [0, +00), we have

t1
li dt = i dt =
t1%HJrrloo/ wp In® ’QD2 + 2) t1ﬁ1141r100 0

However, we can prove that fo wpla—dt is bounded by using the fact that

P2+2
+o00 1
/0 mdt<—l—oo, for all « € R and p > 1.

The contradiction then follows. In particular, we can prove T,,;, = —oo by using a similar
argument.

Thus, we have proved that for every solution 1 of ((1.78)), there exists a maximal time
Tnaz € (0,+00) such that v exists on (—o00, Tue:) and

Y(t) = 400 as t = Thae-
In addition to that, if 11, a solution of (1.78]) which blows up at 7}, then,

W(t+ Ty — Ty) blows up at 7.
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Then, we can derive that for every T' > 0, there exists ¥7 a solution of ([1.78)) such that
Yr(t) = oo ast — T.

We now aim at proving the uniqueness. Indeed, we suppose that 1, 15 satisfy equation
(1.78) and blow up a the same time 7" > 0. If there exists t, < T such that

V1(te) # Pa(t).

By using the following fact

+oo
T—t= / _de (1.79)
»(t) upb lno‘(u2 + 2)

we deduce that
"/}2(t*) du
———— = 0.
/Tl)l(t*) upb lna(u2 + 2)
This is impossible and we obtain the uniqueness.

Let us now prove (1.77)). Using (|1.79)), we deduce that for all 6 € (0,p — 1), there exists
ts such that for all t € (¢5,7), we have

/+oo du <7 t</+°° du
vy w0 T " Jypw w0

This follows for all t € (t5,T):

(p— 1+ 8) 755 (T — 1) 5% < (1) < (p— 1= 6) 755 (T — 1) 723,

from which we have

1
1111(T—t) as t—T.

So, we have

Hence, we obtain .
Y (t) = PP (t) In®*(Y2(L) + 2) ~ YP {—p — In(T — t)] ) as t— T, (1.80)
which yields
Z’—;N (%)a\ln(T—t)P as t—T.

This implies

11—pNLaTn_vaUNLa_n—°‘aS
Lo~ (G2 [T ordes (S2) @0l -oF s oo

which concludes the proof of ((1.77)). O
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Lemme 1.18. Let us consider o € (0,1),0 > 0 and 0 < h < 1. Then, the following integral

I(h) = /h 1(3 —h)" s "ds

satisfies:

i) if a+60 > 1, then

I(h)g< L 1 )hlae.

l—-a a+0-1

it) If a+6 =1, then
1
I(h) < 1—+|lnh|.
-«

i) If a+6 <1, then

Proof. See Lemma 2.2 of Giga and Kohn [§]. O

Lemme 1.19 (A version of Gronwall Lemma). If y(t),r(t) and q(t) are continuous func-
tions defined on [tg,t1] such that

y(t) < yo —I—/ y(s)r(s)ds + —I—/ h(s)ds,Vt € [to, t1].

to to

Then,
t s
/ r(s)ds t —/ r(7)dr
y(t) < elto Yo +/ h(s)e “to ds
to
Proof. See Lemma 2.3 of Giga and Kohn [§]. O

Lemme 1.20. For each Ty < T,0 > 0. There exists € = (T, T5,0,n,p) > 0 such that for
each v(z,t) satisfying

|0 — Av| < ClofPIn*(v* +2), Vx| <6, te(Ty,T),0 >0, (1.81)

and
lo(z,t)| < ep(t), Vx| <9, te(TyT), (1.82)

where Y(t) is the unique positive solution of (1.9). Then, v(x,t) does not blow up at (0,T).

Proof. Since the argument is almost the same as in [§] treated for the case o = 0, we only
sketch the main step for the sake of completeness. Let ¢ € C®(RY), ¢ = 1 if |z| < g, ¢ =
0 if |x| > §, and consider w = ¢v satisfying

Ow —Aw = fo+g, (1.83)
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where

f=0v—Av and g¢g=vA¢p—2V.(vV).
By using the Duhamel’s formula, we write

t

w(t) = e(t_TZ)A(w(Tg)) + / (e(t_T)A(qbf) + e(t_T)A(g)) dr,vt € [Ty, T), (1.84)

T

where e'® is the heat semigroup satisfying the following properties: for all h € L,
1
H@tAhHLoo(RN) S HhHLoo(RN) and HetAVh”Loo(RN) S Ct 2 ”h”Loo(RN),vt > 0.

The formula ((1.84)) then yields

t

lo@ll=@n <C+C | o () [ oe oy 01~ I (0% + 2)(7) | o (1<)
2

t
+C [ (6= 1 MO lmacodr (1.9

Ts
for some constant C' = C'(n,p, ¢, T,T5,0) > 0.
From (1.81)), (1.82)) and Lemma ((1.17)), we find that for all |x| < §, and 7 € [T, T),
()P~ In®(v?(7) +2) < CYP7H (1) In*(¥*(1) +2) < C(T — 1),

and )
lo(T)| < C(T —7) 71| In(T —7)| 7 1.

The estimate ([1.85]) becomes

t

Jo®llm < €+ €t [ (@ = r) alr)limqudr

Ts

[ SIS

—i—C’e/ (t—7)"2(T — 1)~ 71| In(T — 7)| 7 1dr. (1.86)

T

In particular, we now consider 0 < A\ < % fixed, then we have:

(T — 1) 71 | In(T — 7)| 777 < O, )T — 1)~ (1) wr e (T, 7).

Hence, we rewrite (|1.86|) as follows

t

[w(t)|| e @ry < C + CeP™! / (T — 1)~ Hlw()|| o ey dr

T

NG

+Ce /t(t—T) (T — 7~ F ) ar, (1.87)

Ty

where C'(n, p, ¢, a, €, A, p). Beside that, by changing variables s =T — 7,h = T — t we have

t T—T5 1
[ e=ni@—ntevar = [ s - by ) s (1.5
h

Ty
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where 0(p, \) = <p% + )\).

Case 1: If 6(p, \) < i, by using iii) of Lemma | we deduce from and ([L.8§)

that
¢

JoOllm < €+ Ct [ (1= 5) ulo) e ds,

Ty
Therefore, by Lemma [1.19]

()| oy < O(T = 1), (1.89)
Choosing € small enough such that Ce?~! < 57— Then, we conclude from (1.89 - ) that
1 1
lv(z,t)] < C(T —t) -1, for |z| < 5,75 <T. (1.90)

By using parabolic regularity theory and the same argument as in Lemma 3.3 of [7], we
can prove that ((1.90) actually prevents blowup.

Case 2: 0(\,p) = —, it is similar to the first case, by using i7) of Lemma u (L-87)

and ((1.88)) we yield

t
Jo(®llm < O+ (T = ) + O [ (T = 57 o) gy

P

However, we derive from Lemma that
lw(t)]| ey < C(T — )5, (1.91)

where C' = C(n,p, ¢, T, Ts,5). We now take € is small enough such that Ce?! <

which follows ([1.90)).
Case 3: 0(\,p) > 3, by using Lemmas and arguments similar to obtain

2(p 1)’

l(z,t)| < C(T — t)27®N | v|z| <6, t € [T, T).

Repeating the step in finite steps would end up with (1.90)). This concludes the proof of
Lemma [1.201 ]

The following lemma gives the asymptotic behaviors of h(s) ans v (s) defined in ([1.15)
and ((1.16)), respectively.

Lemme 1.21. Let h(s) and 11(s) be defined as in (1.15) and (1.16)), respectively. Then

we have
i)
1 p—1  alp—1)ls 1
B 2 . 1.92
Wiy - - w O\g) et (192

2
h(s):# [1_2_04 lns} +O(31_2)’ as s — +oo. (1.93)
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Proof. i) Consider 1 (t) the unique positive solution of (1.9)). We have

+o0
T—t:/‘ B (1.94)
W(t) xP lna<ﬂ§'2 + 2)

An integration by parts yields

T—t=

1 1 20 1
wp%ﬂm%¢%ﬂ+2)bl@1VMWW0+2)+O<®fWWﬂ+2Q?l

5)
Let us write ¥(t) = ¢4 (s) where s = —log(T — t), then we have

S «

1 = - In (1 O (1 1.96
() = 5~ I M) +O (1), asa o400, (196)
from which, we deduce that
1
In(¢r(s)) = pi T apli(? +0(1), ass— +oo, (1.97)
which is the conclusion of item 7).
i1) From (|1.15)) and (1.95)), we have
1 2a 1
h(s) = - +0 (—) . 1.98
B R T DR RN ) )
Using ([1.92)) we conclude the proof of (1.93]) as well as Lemma (|1.21)). O

Lemme 1.22. Let N be defined as in (1.23]), we have

-2

N(@,s) =22 10 ('“" 1“3) +0 (@) YOo(aP) as  (@,5) — (0,400). (1.99)

2 52

Proof. From the definition of N, let us write
N(w,s) = Ny(w, s) + Na(w, s),
where
Ni(w,s) = h(s) (jw+ 1P~ (@ +1) — (w+1)) — o,

hﬂw3w+1f+2y_0
In®(¢)3 + 2) ’

Nalw.s) = his)fo -+ 11w+ 1)
From ((1.93) and a Taylor expansion, we find that
Ni(w,s) = Z% - % +0 (Ms#) +0 (%) +O(lw]*)  as (w,s) = (0, +00).

We now claim the following

Nmm@z%?+o(mmw)+o<@ﬁ) as (1, ) — (0, 4-00), (1.100)

52 S
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then, the proof of ((1.99)) simply follows by addition.
Let us now give the proof of ({1.100) to complete the proof of Lemma m . We set

1
f(@) = ($i(@ +1)° +2), || < 5.
We apply Taylor expansion to f(w) at w = 0 to find that
2 "(@
@) = (0 +2) + 2007 (0 1 2) =+ L e
Pi+2 2

where 6 is between 0 and w, and

2(0 + 1)1? >2

20+ 1)2 + 2

(41 — 201(0 4 1)?)
(Y0 +1)2+2)2

f7(0) = a(a — 1) In* (20 + 1)* + 2) (

+aln® (Y04 1)* +2)
Since || < 3, one can show that

[f(0)] < O (i +2), Vo] <

DN | —

Thus, we have

f(w) — lna(i/)% +2) + 2 lna_1<¢%+2)w+0 (|w|21na—1(¢% + 2)) +O (’U_)| lnail(w% —+ 2)) ,

i

as s — 4o0o0. This yields

In*(Yf(w+1)> +2) 20 |w|? ||
(2 1 2) _1+Mﬁ+%+O(MW+%>+OQMM+%M)

as (w, s) — (0, 4+00), from which and (1.92)) we derive

2@ +1)2+2)  ap-lw In s|w| |wf
In® (47 (s) + 2) b= P ( 52 ) o < 5 ) ' S

From the definition of Ny, (1.93)), (1.101)) and the fact that

0+ 1P (w+1) =1+pw+O(lw]*) asw— 0,

we conclude the proof of (1.100) as well as Lemma m O
Lemme 1.23. For all |z| < K, then there exists C(K,) such that ¥s > 1, we have

In® (1322 + 2) B |z[P~12 < C(Ky)
(i +2)  p—1]|" s

where h(s) and 11(s) are defined in (1.15)) and (1.16|), respectively.

h(s)|z|P~ 2 , (1.102)
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Proof. We consider f(z) = In®(¢%2% + 2),Vz € R, then we write
|2l
In® (322 +2) = In®(¢? +2) + f'(v)do.

1

Recall from (1.17)) that h(s) = ]ﬁ + O(1), we have then

In“(322+2) |21z C|z|P 12 C|z|P
h(s)|z[P~" : — / '(v)|dv + ——. 1.103
O A s o1 | S ety ), MOl (L10)
From item ¢) of Lemma |1.21| that shows m < g Hence, it is sufficient to prove

the following

’Z|p /IZI )
A = — dv < C(K Viz| < K
where Yo
(o) = o In® L (20?4 2)—2P¥1
(o) = ol (W +2)

For 1 < |z| < K, it is trivial to see that |A(z)| < C(K;). For |z| < 1, we consider two
cases:
-Case 1: a—1>0, then

1
A(z) < 2|0z||z|p/ 1alv < C(Ky).
v

||

- Case 2: a—1 <0, then

a—1 2.9 1
A(2) < 2lal|op W= +2)/ Lo
In (¢1 +2) B v

+ If 4122 > 1 then

In' (v} +2)

Az) < 2|a|m

'
|z|p/ Lav < o().

B

it
+ If 9p12% < 1 then |z| < v <4, ? we deduce that

%lnl_a(w% +2) 1
|A(2)] < 2|aly, W’Z’ ’ < CO(Ky).

This concludes the proof of Lemma [1.23] O]

Lemme 1.24 (Control of the nonlinear term D in Sa(s)). For all A > 1, there exists
o3(A) > 1 such that for all s > o3(A),q(s) € Sa(s) implies

Ins(1+ |y|)*
g3

Vly| < 2K+v/5,  |D(q,s)] < O(K) , (1.104)

and .
1D(q, 8)|| Loy < < (1.105)
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Proof. From the definition ([1.44)) of D, let us decompose
D(qa 3) = Dl(qa 3) + DQ(Q? S)a
where

Di(q,s) = (h(S) - ]%) (lg+ e a+¢)—(a+)),

Ds(q,s) = h(s)|g+ P (¢ + @) L(g + ¢, 9),

and h(s) admits the asymptotic behavior (1.93)), L is defined in ((1.45]). The proof of ({1.104))
will follow once the following is proved: for all |y| < 2K/s

a(ly* =2N) «a (1+JyY)Ins
D— | ———— L _ gl <0o—1—= 1.1
- (A 2| < B, (1.106)
and
2 4
D, o (U =2N) e N o (+y[)ns (1.107)
4dps? s s3

Let us give a proof of (1.106)). From the definition of S4(s), we note that if ¢(s) € Sa(s),
then

A%1n? 5(1 3
vy € RN, Jq(y,5) < S0 Zg vl (1.108)
C A
lq(s)] Loy < 7 (1.109)

From the definition ([1.38)) of ¢ and ((1.109)), we see that for all |y| < 2K /s, there exists a
positive constant C(K) such that

1
0< ——< < C(K). 1.110
< & < (@ Ps) < CO) (1110
Using Taylor expansion and the asymptotic (1.93)), we write
« Ins
Di(q,s) = (_(p “ s +0 (?>) (" —@+ (pp" ' =1)q) + O (¢°) . (1.111)

Using again the definition of ¢ and a Taylor expansion, we derive

=1 WE=2N) (1+ |y|4>

4s 52
2_9N 1 4
o1 W )+O( +2|y|>,
4ps S
—1 2_9N 1 4
Wp_l_lzp_l_(p )y )+O + lyl ’
4ps 52

as s — +oo. Inserting ((1.108)) and these estimates into ((1.111)) yields (1.106]).
We now turn to the proof of (1.107)). Recall from ([1.45)) the definition of L,

2013
In(yF +2)(¥F +2)

1 g+
L(g+p,s) = (Q+¢—1)+m/l (W) (g + ¢ —v)dt,
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where f(v) = In*(¢#v? +2),v € R. From (1.110)) and a direct computation, we estimate

112
<o) rte 1t

S

1 g+ "
m/l [ () (g + ¢ —v)dv

which yields
20003 (q+ ¢ — 1)
Lig+ o, s) —
‘ (@08~ e 2T 1 2)

From ((1.92) and ([1.112)), we then have

a(p—l)(Q+so—1)‘ < O(K) (Iqﬂo—ll2 +1n3|CI+90—1|)
s - S s2 ’

g+ — 1
e

’ < O(K) (1.112)

‘L(quso,S)—

and beside that we have C(1+] |2
+ |y
late-1ls ="

imply that
alp—1(g+e—1)
S

Ins(1+[yl*)
s3

'L(q+<p, s) — ‘g C(K) , (1.113)

Moreover, from definition of Dy and (1.113]) we deduce that

@ - 1+ yY)Ins
‘DQ(Q’ )=~ (@ =+ P+ 1)¢" —pe? 1)q)‘ < oLt lyl)ns

Y

g3

and

22N 1 4
SR (] )+O< +|y|>7as’
4ps

2_9N 1+ |yt
(p+1)s0”—p90”1=1_(|y|2—s)+0< ! ) o

as s — +oo which yield ((1.107)).
We now give a proof to ({1.105)). From (|1.93]) and the boundedness of ¢ and ¢, we have

C
|D1(q7 S)| < g

In fact, it is sufficient to prove that for all y € R,

Da(a) < “,

Using the definition of L in ({1.45]), we deduce that

In* (1222 + 2)
In®(¢? + 2)

Using Lemma [1.23], we obtain the following

Da(q,5) = h(s)lg+ o[" (g + ¢) — h(s)|lg+ ¢l Mg+ o).

C(K)

‘DQ((LS)l S S

This completes the proof of Lemma [1.24 O]
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Lemme 1.25. When s large enough, then we have for all y € RV :

i) Estimates on V:

and

- - 1 4
>+V with V:O( J;‘y’),vlyISK\/E.

i1) Estimates on R
C
|R(y7 S)| < §7vy € an
and

. . - 1+ |yt
Rlps) =%+ filps) witn R=0 (5 00) vyl < s

Proof. The proof simply follows from Taylor expansion. We refer to Lemmas B.1 and B.5
in [19] for a similar proof. O

Lemme 1.26 (Estimates on B(q)). For all A > 0 there exists o5(A) > 0 such that for all
s> o05(A),q(s) € Sa(s) implies

[B(g)| < Clgl*V|y| < 2K /5, (1.114)

and )
1B(q) ||y < Clal?, (1.115)

with p = min(p, 2).

Proof. See Lemma 3.6 in [13] for a same proof of this lemma. O
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Chapter 2

Profile for the imaginary part of a
blowup solution for a complex valued
semilinear heat equation”

G. K. Duong

Abstract: In this paper, we consider the following complex-valued semilinear heat
equation

Ou = Au+uf,u e C,

in the whole space RY, where p € N,p > 2. We aim at constructing for this equation a
complex solution u = uy +ius, which blows up in finite time T and only at one blowup point
a, with the following asymptotic behaviors

0 PN [ et Vi el
u\x
’ 8p|In |z — a| ’
2 [(p=1e—af] 7 1
P p— L)z —al"| !
T) ~ — Q.
we?) ~ o2 S mt] e e

Note that the imaginary part is non-zero and that it blows up also at point a. Our method
relies on two main arguments: the reduction of the problem to a finite dimensional one and
a topological argument based on the index theory to get the conclusion.

Mathematics Subject Classification: 35K55, 35K57 35K50, 35B44 (Primary);
35K50, 35B40 (Secondary).

Keywords: Blowup solution, Blowup profile, Semilinear complex heat equation, non
variation heat equation.
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2.1 Introduction

In this work, we are interested in the following complex-valued semilinear heat equation

{ ou = Au+ F(u),t€[0,7),

u(0) = wup e L™, 21)

where F(u) = P, and u(t) : RN — C, L*® := L>°(RY,C) and p > 1. Though our results
hold only when p € N (see Theorem below), we keep p € R in the introduction, in order
to broaden the discussion.

In particular, when p = 2, model (2.1)) evidently becomes

{ ou = Au+u*tel0,T), (22)

u(O) = wug € L*™.
We remark that equation ([2.2)) is rigidly related to the viscous Constantin-Lax-Majda equa-
tion with a viscosity term, which is a one dimensional model for the vorticity equation in
fluids. The readers can see more in some of the typical works: Constantin, Lax, Majda [2];

Guo, Ninomiya, Shimojo and Yanagida [7]; Okamoto, Sakajo and Wunsch [20]; Sakajo [21]
and [22]; Schochet [23] and their references.

The local Cauchy problem for model can be well solved (locally in time) in L>(RY)
in the case where p is integer, by using a fixed-point argument. However, when p is not
integer, the local Cauchy problem has not been sloven yet, up to our knowledge. This
probably comes from the discontinuity of F(u) on {u € R* }.

In addition to that, let us remark that equation ([2.1)) has the following family of space
independent solutions:

1

ug(t) = kel o1 (T'—t) 71, for any k € Z, (2.3)
where kK = (p — 1)_9%1. In particular, we have two situations:
+ If p € Q, this makes then a finite number of solutions.
+ If p ¢ Q, then, the following set

{uk(t)w ke Z} , (2.4)

K

is countable and dense in the unit circle of C.

This latter case (p ¢ Q), is somehow intermediate between the case (p € Q) and the case
of the twin PDE
Ou = Au + |ulP~tu, (2.5)

which admits the following family of space independent solutions
i0 -4
ug(t) = ke (T —t) 71,

for any # € R, which turns to be infinite and covers all the unit circle, after rescaling as in

(2.4). In fact, equation ({2.5)) is certainly much easier than equation (2.1). As a mater of
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fact, it reduces to the scalar case thanks to a modulation technique, as Filippas and Merle
did in [5].

Since the Cauchy problem for equation (2.1)) is already hard when p ¢ N, and given that
we are more interested in the asymptotic blowup behavior, rather than the well-posedness
issue, we will focus in our paper on the case p € N. In this case, from the Cauchy theory,
the solution of equation either exists globally or blows up in finite time. Let us recall
that the solution w(t) = wy(t) + iuz(t) blows up in finite time 7" < +oo if and only if it
exists for all ¢t € [0,T") and

it sup s (1) e ) + [a2(0)] e v} = o
—

If % blows up in finite time 7, a point a € RY is called a blowup point if and only if there
exists a sequence {(a;,t;)} — (a,T’) as j — 400 such that

lur(aj, )| + luz(aj, t;)| — +o00 as j — +oo.

The blowup phenomena occur for evolution equations in general, and in semilinear
heat equations in particular. Accordingly, an interesting question is to construct for those
equations a solution which blows up in finite time and to describe its blowup behavior.
These questions are being studied by many authors in the world. Let us recall some blowup
results connected to our equation:

(7) The real case: Bricmont and Kupiainen [I] constructed a real positive solution to
(2.1) for all p > 1, which blows up in finite time 7', only at the origin and they also gave
the profile of the solution such that

C

< :
Lo () 1+ +/|In(T —t)|

(T — )7 Tu(., 1) — fo (

\/(T—t)lln(T—t)|>

where the profile fj is defined as follows

folz) = (p— 1+ %w)_“. (2.6)

In addition to that, with a different method, Herrero and Veldzquez in [12] obtained the
same result. Later, in [I5] Merle and Zaag simplified the proof of [I] and proposed the
following two-step method (see also the note [14]):

- Reduction of the infinite dimensional problem to a finite dimensional one.

- Solution of the finite dimensional problem thanks to a topological argument based on
Index theory.

We would like to mention that this method has been successful in various situations such
as the work of Tayachi and Zaag [24], and also the works of Ghoul, Nguyen and Zaag in [9],
[10] and [§]. In those papers, the considered equations were scale invariant; this property
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was believed to be essential for the construction. Fortunately, with the work of Ebde and
Zaag [4] for the following equation

Ou = Au+ |ulP'u + f(u, Vu),

where

/ 2
7 (0, V)| < CQU ful? + [Vl with g < p.q/ < =,
p

that belief was proved to be wrong.

Going on the same direction as [4], Nguyen and Zaag in [I8], have achieved the construction
with a stronger perturbation

ulP~u
O = A+ |ulP~tu + lrii|(2|——|—u2)’
where 4 € R,a > 0. Though the results of [4] and [I8] show that the invariance under
dilations of the equation in not necessary in the construction method, we might think that
the construction of [4] and [I8] works because the authors adopt a perturbative method
around the pure power case F'(u) = |u[P~ u. If this is true with [4], it is not the case for [I8§].
In order to totally prove that the construction does not need the invariance by dilation,
Duong, Nguyen and Zaag considered in [3], the following equation

O = Au+ |ulP~'uIn®(2 + u?),

for some where a € R and p > 1, where we have no invariance under dilation, not even for
the main term on the nonlinearity. They were successful in constructing a stable blowup
solution for that equation. Following the above mentioned discussion, that work has to be
considered as a breakthrough.

Let us mention that a classification of the blowup behavior of was made available
by many authors such as Herrero and Veldzquez in [12] and Veldzquez in [25], [26], [27]
(see also Zaag in [30] for some refinement). More precisely and just to stay in one space
dimension for simplicity, it is proven in [I2] that if u a real solution of , which blows
up in finite time 7" and a is a given blowup point, then:

A. Either

r—a

V(T =) In(T —1)]

sup
le—al<K+/(T—O)|n(T—0)|

(T—t);lu(%t)—fo( >|—>0ast—>T,

for any K > 0 where fy(2) is defined in ([2.6]).

B. Or, there exist m > 2,m € N and C,, > 0 such that

Con(z — a)

sup
(T —t)2n

1
|z—a|<K(T—t)2m

(T—t)Pllu(:c,t)—fm< )i—>0ast—>T,

for any K > 0, where f,(z) = (p— 1+ \z|2m)’p%1
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(77) The complex case: The blowup question for the complex-valued parabolic equa-
tions has been studied intensively by many authors, in particular for the Complex Ginzburg
Landau (CGL) equation

O = (1 +iB)Au+ (1 +id)|ul’'u. (2.7)

This were some ealier works treated to CGL such as: Zaag [28] for the case where § = 0
and § small enough; Masmoudi and Zaag [16] and Nouaili and Zaag [19]. More precisely,
the authors in [16], generalized the result of [28] and constructed a blowup solution for ([2.7))
with p — 02 — 36 — Bdp > 0 such that the solution satisfies the following

1+46

1+if —ip bsu ||2 o
(T —t)»=1|In(T — )| *ul(., t) — (p— 1+ (T_t)|lbn(T—t)|>

Loo
< C
T 144/ |In(T —t)|
where )
-1
bsup = (p ) > 0.

4(p — 92 — B0 — Bép)

Then, Nouaili and Zaag in [19] has constructed for (2.7)) (in case the critical where 5 =0
and p = §?) a blowup solution satisfying

1446

1tio —i —is Deri - o
(T — )71 |In(T — t)|"*u(.,t) — k p—1+ i
(T — )| In(T —t)|2

Lo (RN)

C
< T
1+ |In(T —t)|s

)

with
(p—1)? 0

beri = oL

— L =
8v/p(p +1) 8b

As for equation (2.2)), there are many works done in dimension one, such as the work
of Guo, Ninomiya, Shimojo and Yanagida, who proved in [7] the following results (see
Theorems 1.2, 1.3 and 1.5 in that work):

(i) (A Fourier- based blowup criterion). We assume that the Fourier transform of
initial data of (2.2)) is real and positive, then the solution blows up in finite time.

(ii) (A simultaneous blowup criterion in dimension one) If the initial data u® = u?+iu,
satisfies
ul is even ,u3 is odd with u§ > 0 for x > 0.

Then, the fact that the blowup set is compact implies that u®,u3 blow up simultaneously.

(iii) Assume that ug = ul + iud satisfy

ul,uy € C*RM), 0 < < M, ub # M,0 <u) <L,
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lim u)(x) =M and lim wuy=0,
|x| =400 |z| =400
for some constant L, M. Then, the solution v = uy + ius of (2.2)), with initial data u°,
blows up at time T'(M ), with us(t) #Z 0. Moreover, the real part ui(t) blows up only at space
infinity and us(t) remains bounded.

Still for equation ([2.2)), Nouaili and Zaag constructed in [I7] a complex solution u = wu; +ius,
which blows up in finite time 7" only at the origin. Moreover, the solution satisfies the
following asymptotic behavior

—0ast—T,
Lo (RN)

(T —t)u(.,t)— f (

V(T =) In(T — t)l)
where f(z) = ﬁ and the imaginary part satisfies the following estimate for all K > 0

2

(T = un(,t) — — > (L - 2) ‘ < G gy

sup

el <K VT (T - 0P r—t ~ (T =)~

for some (C;); # (0,...,0) and 2 < o < 2 + 7,7 small enough. Note that the real and the
imaginary parts blow up simultaneously at the origin. Note also that [I7] leaves unanswered
the question of the derivation of the profile of the imaginary part, and this is precisely our
aim in this paper, not only for equation , but also for equation ([2.1) with p € N,p > 2.

Before stating our result (see Theorem below), we would like to mention some classi-
fication results by Harada for blowup solutions of . As a matter of fact, in [I1], he
classified all blowup solutions of in dimension one, under some reasonable assumption
(see (2.9), (2.10)), as follows (see Theorems 1.4, 1.5 and 1.6 in that work):

Consider u = uy + ius a blowup solution of (2.2)) in one dimension space with blowup time
T and blowup point & which satisfies

sup (T —t)||u(t)|| Lo (m) < +00. (2.9)
0<t<T

Assume in addition that
()] sz = 0,z # 0, 210

where p is defined as follows

[V

Y

e 4

ply) = i

and wy is defined by the following change of variables (also called similarity variables):

(2.11)

wi(y,s) = (T — t)uy (€ + e 2y, t) and wo(y, s) = (T — t)uy(E + e 3y, t), wheret =T —e™%.
Then, one of the following cases occurs
w, = 1— %Ohg + O(T-;) mn L?)(R),

<Cl) m— S m— s
wy = 023’7”6*(422) hy, + O (s*(mﬂ)e*( = n s> mn Li(R),m > 2.

_(2k—-1)s

u = 1-— Clef(kfl)shy€ + 0(6 p) ) m LZ(R)’

(Cy)

_(m=2)s (m—1)s

v o= cge 2 hm+0(€_ 2 >mL%(R),k>2,m>2k.
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where ¢y = %, c1 > 0,c0 # 0 and p(y) is defined in (2.11)) and h;(y) is a rescaled version of
the Hermite polynomial of order m'™ defined as follows:

2] (—=1)Imlym=2

— gl(m — 2j)!

=

w[3

hon(y) = (2.12)

Besides that, Harada has also given a profile to the solutions in similarity variables:

There exist k,0,c > 0 such that

_m
m (m=2)s 28”2 hyy,
+(sze 2 v— TRV
(1 + coshe)

1
“ 14 CoSith
for |yl < s(1+o),

(1) =

<cs ", (2.13)

(k—=1)ms
1 (m—2k)s 026_ 2k m
(C) u 1+ cre——Dshy, + e v (1+ cre-—Dshy)2 |’ (2.14)

(k—1+40)s

for y| <e o

Furthermore, he also gave the final blowup profiles The blowup profile of u = uy + tug is
given by

o w(e,T) = 2 (2 1+ o)),
C) =
\ ug(x, T) = 2m—32(c0)2 <|1nﬁz|\m—2> (1+0(1)),
(e, T) = (o),
() = ifm = 2k,
2
ui(z, T) = (c1)'272*(140(1)) and ua(z,T) = (;ﬁxm*‘”"(l +0o(1)),
L ifm > 2k.

Then, from the work of Nouaili and Zaag in [17] and Harada in [I1] for equation (2.2)),
we derive that the imaginary part us also blows up under some conditions, however, none
of them was able to give a global profile (i.e. valid uniformly on R and not just on an
expanding ball as in and ) for the imaginary part. For that reason, our main
motivation in this work is to give a sharp description for the profile of the imaginary part.
Our work is considered as an improvement of Nouaili and Zaag in [I7] in dimension NV,
which is valid not only for p = 2, but also for any p > 3,p € N. In particular, this is the
first time we give the profile for the imaginary part when the solution blows up. Without
loss of generality, we assume that the blowup point, a = 0 and the following Theorem is
our result:

Theorem 2.1 (Existence of a blowup solution for and a sharp discription of its
profile). For each p > 2,p € N and p; € (0,1), there exists T1(p,p1) > 0 such that for all
T < Ty, there exist initial data u® = u® +1iu, such that equation has a unique solution
u on [0,T), satisfying the following:
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i) The solution u blows up in finite time T only at the origin. Moreover, it satisfies the
following estimates

! . C
T —t)rTu(.,t) — < — 2.15
et ﬁ(¢a’tMMTw>mmM Vo P
and
! : C
T —t)yr—1|In(T —t Ht) — < —
( )71 [ In( )ua(.. ) = go <\/(T—t)]ln(T—t)\> . (T — )%
(2.16)
where fo is defined in and go(z) is defined as follows
o2
go(z) = il (2.17)

—.
(p 1+ (prI)Q |z|2> p-l

ii) There exists a complex function u*(z) € C*(RN\{0}) such that u(t) — u* = uj + iu}
as t — T uniformly on compact sets of RN\{0} and we have the following asymptotic
eTpansions:

* (p_ ].)2|.T|2 ol
~ | — 0. 2.18
u*(z) [ SpTn ] , as T — ( )

and

) 2p [@—1mﬂ1‘51 1
Usn(X) ~ , as x — 0. 2.19
O~ G el | [mal (2.19)

Remark 2.2. The initial data u° is given exactly as follows
u® = ul +iuy,

where

s S\ N
W = T_M{(p—l—i——(p >|x|> b

4pT|InT| 2p| InT'|

A 2z
dio+dis - )\t
T (o T i v)xo <K TylnT|>}

W& = el B e DR 2Ne
T|In T2 ApT|InT)| (p— | T]?

A? A% In(] In(T)|)
[W (doo +doy - y) + T

14 2z
—y” v doo -y — Tr(d A .
(29 22°Y ( 2,2))] X0 (K T|1nT]>}

with k = (p— 1)_5, K, A are positive constants fized large enough, dV) = (dy,dy1), d
(da0,da,1, da2) are parameters we fine tune in our proof, and xo € C§°[0, +00), ||Xol| zee(rr) <
1, supp xo C [0,2].

+

2) _
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Remark 2.3. We see below in that the equation satisfied by of us is almost ‘linear’ in
uy. Accordingly, we may change a little our proof to construct a solution ue,(t) = uy ¢ +itac
with t € [0,T),co # 0, which blows up in finite time T only at the origin such that
and hold and the following holds

1 . C
(T — )71 | In(T — t)|ug,ey (-, t) — cogo ( > < —,
’ VT =0T =01 |, (T =)
(2.20)
and )
* 2pC0 (p_ 1)2|$‘2 R 1
~ 0 2.21
e~ Ty { el | Tl ©° 0 (2.21)

Remark 2.4. We deduce from (ii) that u blows up only at 0. In particular, note that both

uy and ug blow up. However, the blowup speed of us is softer than uy because of the quantity
1
[In []] *

Remark 2.5. Nouaili and Zaag constructed a blowup solution of with a less explicit
behavior for the imaginary part (see ) Here, we do better and we obtain the profile
for the imaginary part in and we also describe the asymptotics of the solution in
the neighborhood of the blowup point in . In fact, this refined behavior comes from
a more involved formal approach (see Section below), and more parameters to be fine
tuned in initial data (see Deﬁm’tion where we need more parameters than in Nouaili and
Zaag [17], namely dy € ]RNQ). Note also that our profile estimates in and are
better than the estimates and by Harada (m = 2), in the sense that we have
a uniform estimate for whole space RY, and not just for all |y| < s'* for some o > 0.
Another point: our result hold in N space dimensions, unlike the work of Harada in [11]],
which holds only in one space dimension.

Remark 2.6. As in the case p = 2 treated by Nouaili and Zaag [17], we suspect this behavior
in Theorem [2.1] to be unstable. This is due to the fact that the number of parameters in the
initial data we consider below in Definition 1s higher than the dimension of the blowup
parameters which is N + 1 (N for the blowup points and 1 for the blowup time).

Besides that, we can use the technique of Merle [13] to construct a solution which blows
up at arbitrary given points. More precisely, we have the following Corollary:

Corollary 2.7 (Blowing up at k distinct points). For any given points, xi,..., T, there
exists a solution of which blows up exactly at x1,...,xr. Moreover, the local behavior
at each blowup point x; is also given by (2.15)), (2.16]), (2.18), (2.19) by replacing x by x —x;
and L= (RN) by L*>°(|x — z;] < €), for some ¢y > 0.

This paper is organized as follows:

- In Section 2.2} we adopt a formal approach to show how the profiles we have in Theorem
2.1 appear naturally.

- In Section [2.3] we give the rigorous proof for Theorem [2.1] assuming some technical
estimates.

- In Section 2.4 we prove the techical estimates assumed in Section [2.3]
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2.2 Derivation of the profile (formal approach)

In this section, we aim at giving a formal approach to our problem which helps us to
explain how we derive the profiles of solution of (2.1]), given in Theorem ([2.1]), as well the
asymptotic behaviors of our solution.

2.2.1 Modeling the problem

In this part, we will give some important definitions and special symbols in our work and
explain then how functions fy ans gy arise as blowup profiles for equation ([2.1)) as stated

in (2.15) and (2.16). Our aim in this section is to give solid (though formal) hints for the
existence of a solution u(t) = uy(t) + iua(t) to equation (2.1)) such that

tim [Ju(t) | ) = oo, (2.22)

and u obeys the profiles in (2.15)) and (2.16)), for some 7" > 0. By using equation ([2.1)), we
deduce that u; and wuy satisfy the following

{@Ul = Auy + Fi(ug, ug), (2.23)
&qu = AU2+F2(U1,U2).
where
Fi(unus) = Rel(un+iug)?] = YD O (—1)ul 0 o
Fauus) = Im{(un i) = 555 ) €9 (-1, |

with Re[z] and Im[z] being respectively the real and the imaginary part of z and CJ* =
|
m, for all m < p.
Let us introduce the similarity-variables:

X

VI —t

Thanks to (2.23)), we derive the system satisfied by (wy, wy), for all y € RY and s > —InT
as follows:

w(y,s) = (T — t)P%lu(x,t), Yy = ,s=—In(T —t) and w = wy + fws. (2.25)

{ dqwy = Awy—3y-Vwy — S+ Fi(wr, wa), (2.26)

Oswy = AwQ—%y-ng—]%jLFg(wl,wg).

Then note that studying the asymptotic of u as t — T is equivalent to studying the
asymptotic of w in long time. In particular, we are first interested in the set of constant

solutions of ([2.26]) (2.26)), denoted by
2k 2k 1
S:{(0,0)}U{(KZCOS (p Wl),fﬁsin( 7T1>) Where/i:(p—l)_P—l,k:O,...,p—l}.

p_

From transformation (2.25)), we slightly precise our goal in (2.22)) by requiring in addition
that
(wy,wy) = (k,0) as s — +o0.
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Introducing wy = k + Wy, our goal is to get
(w1, wy) — (0,0) as s = +00.

From (2.26)), we deduce that w,, wy satisfy the following system

,EU_Jl -+ 51(11_)1, ’UJQ),

0501
2.2
{ aswz = Lw2+BQ(11_)1,w2), ( 7)
where
1
L= A-y-V+Id (2.28)
Bl(wl,wg) = Fl(ﬁ+w1,w2)—/fp—pglw1, (229)
Bg(u_)l, ’wz) = FQ(HZ -+ 7I)1, 'U}Q) — Wa, (230)

p—1
and the definitions of F} and F5, are given in ([2.24)).

It is important to study the linear operator £ and the asymptotic behaviors of By, By
as (wy,wy) — (0,0) which will appear as “quadratic” terms.

e The properties of L:

We observe that operator £ plays an important role in our analysis. In fact, £ is self-
adjoint in D C L%(RN ), where Li is the weighted space associated with the weight p defined
by

i N lyyl?
e 4 e 4
p(y) = = = | | pi(y;), with p;(y;) = T (2.31)
(47)% ]1]1: (4m)2

and the spectrum set of £ is given as follows
Spec(L) = {1 — %,m € N} :

Moreover, we can find eigenfunctions which correspond to each eigenvalue 1 — 3, m € N:

- The one space dimensional case: the eigenfunction corresponding to the eigenvalue
1 — % is Ry, the rescaled Hermite polynomial given in (2.12). In particular, we have
the following orthogonality property:

/ hjzh]pdy = 2'2151,], V(l,j) S Nz.
R

- The higher dimensional case: N > 2, the eigenspace &,,, corresponding to the eigen-

value 1 — % is defined as follows:

Em = <hﬁ(y) = h (y1)---hgy (yn)

N
8= Bi=mand 8= (8, ..., B) ENN>.
=1

(2.32)
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As a matter of fact, so we can represent an arbitrary function r € Lf) as follows

ro= > rshs(y),

B,BeN™

where 75 is the projection of r on hg for any 8 € NV which is defined as follows:

rg = Ps(r) = /rkrgpdy,‘v’ﬁ e N, (2.33)
with "
ko) = 1o (2.34)
H BHLg
o The asymptotic behaviors of By (w1, wy), By(w1,ws): The following hold:
B, wy) = -+ O(an] + |wsf?), (2.35)
By(wy, wy) = §w1w2+o(\w112\w21) + O (lwsf) (2.36)

as (wy,wy) — (0,0) (see Lemma below).

2.2.2 Inner expansion

In this part, we study the asymptotic behavior of the solution in LZ(RN ). Moreover, for
simplicity we suppose that N = 1, and we recall that we aim at constructing a solution
of such that (w;,ws) — (0,0). Note first that the spectrum of £ contains two
positive eigenvalues 1, %, a neutral eigenvalue 0 and all the other ones are strictly negative.
So, in the representation of the solution in LZ(R), it is reasonable to think that the part
corresponding to the negative spectrum is easily controlled. Imposing a symmetry condition

on the solution with respect of y, it is reasonable to look for a solution w;, ws of the forms:

wy = Wipho + Wi 2ho,

Wy = w2,0h0+w2,2h2.

From the assumption that (w;,ws) — (0,0), we see that wy g, W12, W, wes — 0 as s —
+00. We see also that we can understand the asymptotic behaviors of w; and ws in Lf)
from the study of the asymptotic behaviors of w10, W1 2, Wa,0 and wy2. We now project

equations (2.27) on hy and hy. Using behaviors of By, Bs, given in (2.35) and (2.36)), we get

the fOHOWiDg ODEs for ’(I)l,(), U_)LQ, W20, W22 -

_ _ P ,_ _ _ _
0Sw170 = wl,O + ﬁ (wio + 8wf72) + O(|w170]3 + \w172\3) + O(\w270\2 + |w2,2]2), (237)

_ D ,_ _ _ _ _
0519 = - (w1012 + 410%,2) + O(Jw10]* + |w12*) + O(Jwaol* + |wa2]?), (2.38)
Dy = wao+ g (@1 0ws,o + 8T aws2] + O((J@10f2 + |@12]2) ([wao| + [wssl)) (2.39)
+ O(Jwao]? + Jws]?),
P _ _ _ _
Oswao = - [W1 pwa,9 + W1 2wa0 + 8W1 2wa 2] + O((|w1 0 2+ |w1,2\2)(’w2,0’ + w2 2((9.40)

+ O(|lwapl® + [waz]?).
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Assuming that
W10, W20, Wa 2 K W2 as § — +00, (2.41)

we may simplify the ODE system as follows:
o The asymptotic behavior of W 2:
We deduce from (2.38) and (2.41]) that
4

_ D _
Ogliy 9 ~ — 02, as § — +00
> K 1,2 )

which yields

1
Wy = BT (—) , s § — +00. (2.42)
4dps S
Assuming futher that
1
W10, Wa 0, W2 S 2 (2.43)
we see that |
ba=—" 10 (_) as s - foo. (2.44)
4dps s

e The asymptotic behavior of W :
By using (2.37), (2.41)) and the asymptotic behaviors of w; o in (2.44), we see that
_ 1
wy o= 0 (—) as s — +oo. (2.45)

s2

o The asymptotics of wao and wsy: Bisides that, we derive from (2.39), (2.40) and

(2.43) that
2 1 1
8sw2,2 = (—; +0 (g)) W22 +o (?) , (246)

1
Oswag = wao+ O (—3) ;
S
which yields
Ins
W22 = O ? 3
1
w270 = O (;), (247)

as s — +oo. This also yields a new ODE for ws 5 :

2 In? s
Oswas = ——Wap + 0 |
s

which implies
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Using again (2.46|), we derive a new ODE for ws -

2 Ins
Oswa o = —gwm +0 <—) )

4

which yields

C |
Woo = “i0 (E) , for some ¢y € R*. (2.48)

52 53

Noting that our finding (2.44]), (2.45)), (2.47) and (2.48)) are consistent with our hypotheses
in (2.41) and ([2.43)), we get the asymptotics of the solution w; and ws as follows:

K 1
G Ins

in Lf)(]R) for some ¢y in R*. Using parabolic regularity, we note that the asymptotic behav-
iors (2.49) and ([2.50]) also hold for all |y| < K, where K is an arbitrary positive constant.

2.2.3 Outer expansion

As Subsection m above, we assume that N = 1. We see that asymptotics and
(2.50)) can not give us a shape, since they hold uniformly on compact sets, and not in larger
sets. Fortunately, we observe from and that the profile may be based on the
following variable:

=7 (2.51)

This motivates us to look for solutions of the form:

o

Rii(z
wl(ya 8) = Z lgj( )7
7=0
=Ry .i(z
w2(y7 8) = Z 2§j< )
7j=1

Using system ([2.26)) and gathering terms of order S% for j =0, ...,2, we obtain
1 _ Rl,O(Z)

0 = _§R/1,0(Z) z o + RY o(2), (2.52)
0 = —%zR’Ll — % + prf;)lRl,l + R+ %/1’0, (2.53)
0 = —%R’m(z) r— pR_Q’ll + PRV Ry, (2.54)
0 = —%R'zz(z).z — pRj’Ql +pR%IR2,2 + Ry, + Ry (2.55)

1 _
+ 53’271 2+ plp— V)R Ry i Ry



We now solve the above equations:
o The solution Ry : It is easy to solve (2.52)

__1

Rig(z) = (p—1+b2°)"7 71,

where b is an unknown constant that will be selected accordingly to our purpose.

o The solution Ry 1: We rewrite (2.53]) under the following form:

1 — 1) — b2?
—2.R(2) = ( (b—1) ) Ry + Fia(2),

2 (p—1)(p—1+0b22)
where
Fial) = ——2p—tbety st A gy gy
’ p—1 (p—1)?
bz? s

p_l(p—1+bz2) P,

Thanks to the variation of constant method, we see that

Rii=H\(2) ( / gH(z)Fm(z)dz 4 cl) ,

where

(p—1+ sz)ﬁ
5 .

H(z) =

z
Besides that, we have:

o 4b 8pb? 1 2%
—Fkh, = - + -
z 7 (p—1)2%  (p—1)2 \z(p — 1+ b2?) (p—1)z

W +1_2b+8pb2
- (p-1B 2\ p—1 (p—1)3

+ (p—1+b2%)7" (—%) .

81

(2.56)

(2.57)

We can see that if the coefficient of % is non zero, then we will have a “Inz” term in
the formula of R;; and this makes the fact that R;; would not be analytic, creating a

singularity in the solution. In order to avoid this singularity, we impose that

(2.58)

2b Spb?
- —0,
p—1 (p-1)
which yields
o (P17
4p
Besides that, for simplicity, we assume that C; = 0. Using ([2.57)), we see that
- 1 p - 1 P
Ry = (p2 )(p — 14 b2%) 71 — p4 2Z2In(p — 1+ b2 (p — 1 4 bz?) 771, (2.59)
D D
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o The solution Ry: It is easy to solve (2.54) as follows:

2

2
Roi(2) = . 2.60
)= o (2.60)
o The solution Ry5: We rewrite (12.55)) as follows
1 (p—1)% — b2?
2% Ré,z(z) = ((p —1D)(p—1+b2?) Ron(2) + Foa(2),
where
1 _
Fop(2) = Roy+ Raa+ SRy -2+ p(p — DRy R Raa
— 2p—1+0bz%) 1
10 b 2 2p—1 P — 1 2 3p—2
- p]izl (p—1+02%)" 771 +22°(p— 1+ b2%) 71 + U 2 ! 2p—1+b2) "7
4p(2p — 1)b?24 a2 pbzt _2pa
Ly (p—1+b2%) >t —p_l(p—1+bz2)
— 1 2 p—2
- %zzl In(p—1+bz*)(p—1+ sz)_?)P*l :

By using the variation of constant method, we have

22 2p — 14 bz2) 51
Ryolz) = ([ e a) ey
(p—1+bz2) 1 z
where
2p — 14 bz2) 751 4 20pb 11 2 20pb 2pb
F. = — - - —b—- ——
23 22(2) 23 (p—1)2] 2 + p—1+b22 |[(p—1)2 p—1
8p(2p — 1)b? z
i S S V4 [ S
" { (p—1)? b=1p (p— 14 b22)
—1)?
— %zln(p -1+ bz2)(p -1+ sz)_Q.
We observe that - ( 1)2
p —
5 — = (0, because b = )
(p—1)2 4p

So, from (2.61)) and assuming that Cy = 0, we have

Roa(2) = —2(p — 14 b2%) 771 + Hys(2), (2.62)

__Pp_

Hyn(z) = Chy(p)22(p— 14022757 + Cos(p)22In(p — 1+ b22)(p — 1+ b2?) 5
_2p—1

+ Cos(p)z®In(p — 1+ b2)(p— 1 +b2%) 1.
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Matching asymptotic

Since the outer expansion has to match the inner expansion, we will fix several constants
and derive the following profiles for w; and ws:

{0y = o 2o

where

(p—1)%y|? 71 Nk
d = - 14+ —= + — 2.64
l(yu S) (p 4p 3 2]?8’ ( )
lyl® (p— 1) |yl 7 2Nk
[0)) — —1 - < =z — 2.65
2(:% S) 52 p + 4p s (p — 1)$2a ( )

for all (y,s) € RY x (0, +00).

2.3 Existence of a blowup solution in Theorem 2.1

In Section we adopted a formal approach on order to justify how the profiles fy, go arise
as blowup profiles for equation ([2.1)). In this section, we give a rigorous proof to justify the
existence of a solution approaching those profiles.

2.3.1 Formulation of the problem

In this section, we aim at formulating our problem in order to justify the formal approach
which is given in the previous section. Introducing

w = ¢ +q,
2.66
{ Wy = (PQ + g2, ( )

where ®;, &y are defined in (2.64) and (2.65) respectively, then using (2.26)), we see that
(g1, g2) satisfy

()= (537 L0 () () (1) () (1) (e ). o

where linear operator £ is defined in (2.28)) and:
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- Potential functions V, Vi1, Vi, Va1, Voo are defined as follows

_ 1

Vi) = oot -1, (2.68)

Viily,s) = Y Gl (=1)(p—2j)0 7 @7, (2.69)
j=1

Vialy,s) = D Col(=1).(2)@f Y5’ (2.70)
§=0
2] |

Vauly,s) = 2023“ (p—2j — )BT 2057, (2.71)
- - -

Vaaly.s) = Y. CHP(=1Y(2) + )&, 'Y, (2.72)
j=1

- Quadratic terms Bj(q1,g2) and By(qy, q2) are defined as follows:

w‘d

Bi(qi,¢2) = Fi(®1+q1, P2+ qo) — F1(P1, P2) 202] Hp—2j)07 101 (2.73)

—
[MS]

— D CP(=1).(2) @V 05 g,
By(q1,q2) = Fo(®1+qu, ®a+ o) — Fa(®1,80) — > CHFH (1) (p— 2 — 1)@ 20 g
j=0

- Z CHFH(—1)7 (25 + D} 710 go. (2.74)

- Rest terms R;(y, s), Ra(y, s) are defined as follows:

1

Rl(y, S) = A(I)l - §y . V(I)l — ((I)l, (1)2) — 8s®1, (275)
1

Rg(y, S) == Aq)g — éy . V<I>2 - (‘131, (I)Q) — (95(1)2, (276)

where F, Fy are defined in ([2.24)).

By the linearization around &, ®,, our problem is reduced to constructing a solution

(¢1.¢2) of system (Z67), satisfying

1| oo @) + [|G2]| poo @y — 0 as s — +oo.
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Concerning equation (2.67)), we recall that we already know some main properties of linear
operator £ (see page . As for potential functions Vj;, where j, &k € {1,2}, they admit
the following asymptotic behaviors

C
> Vikly,s) < = Yy RN, s > 1,
S

Jk<2

(see Lemma [2.18]). Regarding the terms By, By, Ry, Ro, we see that whenever |¢|+]|q2| < 2,
we have

|Bl(q17QQ)| S C(Q%—i_qg)a

2
q
Bl < (204l + o).
c
1B (s $)lpoomy < —,
c
[Ra(., 8)|[Loomry < 2

(see Lemmas and [2.20)).

In fact, the dynamics of equation (2.67) will mainly depend on the main linear operator

L+V 0
0 L+V)’
and the effects of the other terms will be less important. For that reason, we need to un-

derstand the dynamics of £+ V. Since the spectral properties of £ were already introduced
in Section [2.2.1 we will focus here on the effect of V.

i) Effect of V inside the blowup region {|y| < K+/s} with K > 0 arbitrary, we have
V —=0in Li(|y| < Kv/s) as s — +00,

which means that the effect of V' will be negligible with respect of the effect of £, except
perhaps on the null mode of £ (see item (iz) of Proposition below)

i1) Effect of V' outside the blowup region: for each ¢ > 0, there exist K. > 0 and s, > 0

such that
p
V - —— < €.

Since 1 is the biggest eigenvalue of £, the operator £ + V behaves as one with with a fully
negative spectrum outside blowup region {|y| > K./s}, which makes the control of the
solution in this region easily.

sup

%EKQSZ&

Since the behavior of the potential V' inside and outside the blowup region is different,
we will consider the dynamics of the solution for |y| < 2K+/s and for |y| > K /s separately
for some K to be fixed large. For that purpose, we introduce the following cut-off function

X(¥, s) = Xo (Khil/g) : (2.77)
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where xo € C§°[0, +00), ||xol|z®r) < 1 and

(z) = 1 forxz <1,
X =90 forz > 2,

and K is a positive constant to be fixed large later. Hence, it is reasonable to consider
separately the solution in the blowup region {|y|] < 2K./s} and in the regular region
{ly| > K+/s}. More precisely, let us define the following notation for all functions ¢ in
L®(RY):

q = qp + ¢ with ¢, = xq and ¢. = (1 — x)q, (2.78)
Note in particular that supp(g,) C B(0,2K+/s) and supp(q.) C RY \ B(0, K/s).

In addition to that, we also expand ¢, in Li, according to the spectrum of £ (see Section
2.2.1| above):

1
wy)=q+q-y+ 5317 g2y — Tr(g) +q-(y), (2.79)

where

Qo = / wp(y)dy,
RN

1
n o= 5 / wyp(y)dy,
]RN

1 1
@ = (/ v (Zyjyk - §5j,k) p(y)dy) ,
RN 1<j4,k<N

and Tr (go) is the trace of the matrix ¢gz. The reader should keep in mind that g, q1, ¢2
are just coordinates of ¢, not for q. Note that g, is the projection of g, as the eigenspace
of £ corresponding to the eigenvalue A = 1 — 7. Accordingly, ¢_ is the projection of ¢, on

the negative part of the spectrum of £. As a consequence of ([2.78]) and ([2.79)), we see that
every q € L>(RY) can be decomposed into 5 components as follows:

1
q2(]b+§le:QO+Q1'y+§yT'QQ'y_Tr(Q2>+Q—+Qe- (2.80)

2.3.2 The shrinking set

In this part, we will construct a shrinking set, such that the control of (¢, ¢2) — 0, will be
a consequence of the control of (¢, o) in this set, where (g1, ¢2) is the solution of (2.67)).
The following is our definition:

Definition 2.1 (Shrinking set). For all A > 1,p; € (0,1) and s > 1, we introduce V,, a.(s),
denoted for simplicity by Va(s), as the set of all (g1, q2) € (L®(RN))? satisfying the following
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conditions:
2
lq10] < o) and |ga0| < PEOETE
A2
lq1,5] < = and |qo 4] < 5, V1 <j <N,
A?lns A5 Ins
|15k and  |qa k] < g VLS4 kSN,
q1,— é and qa2,— A?
1 + |y|3 oo 82 - 8?12-4-5 ’
A2 A3
[q1ellLoe < 7 and  [|ga.el|r < =R

where the above components are of qip and qap, respectively, decomposed as in ([2.80)).

In the following Lemma, we show that belonging to V4(s) implies the convergence to 0.
In fact, we have a more precise statement in the following:

Lemme 2.8. For all A > 1,s > 1, if we have (q1,q2) € Va(s), then the following estimates
hold:

3

(i) Estimates in L®(RN): [|q1| poo @y < Cj‘; and ||ga|| peo (rrvy < %.

(1) For ally € RY, we have

CA%Ins C A? CA%Ins
lq16(y)] < 8—(1+| y*), lae)| < ——-(1+1yP°) and |¢| < T(H\y!g),

and
cA3 cA3 C’A
o) < 5= (L + 1P, 2] < 51+ Y1) and |go] < == (1+ [yl).
S 2 S 2 S 2

where C' will henceforth be an universal constant in our proof which depends only on
K, N and p;.

Proof. We only prove the estimates of ¢,. Since, the other ones for ¢; will similarly follow
and have already been proved in previous papers (see for intance Proposition 4.7 in [24]).

Let us consider A > 1,5 > 1 and (q1,q2) € Va(s) and y € RY. We also recall from

[E:30) that
G2 = Qop + Q2,¢,

where supp(go) C B(0,2K/s) and supp(ga.) C RY \ B(0, K'/5).
(7) From (2.79), we have

1
b = G20 +q21 -y + 53/7 @22y — Tr(ge2) + q2 -

Therefore,

q2,—
L+ yf3

(14 |y|*§2.81)
Lo (RN)

2s(y)] <

1<y,

x, sl (-4 o) |
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Then, recalling that supp(gz;) C B(0,2K+/s) and using Definition , we see that

CA3
g2(y)| < Spl?

On the other hand, we also have
3

|g2.e| < TR
S 2

So, we end-up with the following
C A3

g2l oo vy < lla2pll oo @yy + @2l ooy < =57
S 2

Thus, this yields the conclusion.

(#7) Using (2.81]) and Definition we derive that

CA3
|26 (U)| < <5 (1 + [yf). (2.82)
S 2

We claim that ¢, . satisfies a similar estimate:

CA3
’@h,e(fg)’ S p1+5 (1 + |y|3) (283>

S 2

Indeed, since supp(gz.) C RY \ B(0, K/s), we may assume that

byl

K=

Hence, from Definition [2.1], we write

A3 A3 |y|3 CA3
|q2,e(y)| S p1+2 ]‘ S p1+2 3 3 S P1+5 (]‘ + |y|3>’
S 2 S 2 K S2 S 2

and ([2.83)) follows. Using (12.82)) and ([2.83)), we see that

3

CA
q2] < qop| + |g2e] < -5 (14 ly[?).
s 2

2.3.3 Initial data

In this paragraph, we suggest a class of initial data, depending on some parameters to be
fine-tuned in order to get a good solution for our problem. This is initial data:

Definition 2.2 (Initial data). For each A > 1,89 > 1,dy = (d10,d11) € R x RN dy =
(dao, da1,d22) € R x RN x RY? | we introduce

A
D1 4dr.50Y) = 2 (dio+di1-y)x(2y,so),
0

A2 Adlnsy (1
P2, Adzs0(Y) = (W (doo + dog - y) + Sp1—+20 (597 dap -y — Tr(dz,z))) X(2y, 50)-
0 0
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Remark: Note that d; o and da are scalars, d; ; and da; are vectors, dy 2 is a square
matrix of order N. For simplicity, we may drop down the parameters expect s and write

$1(y; s0) and da(y, So)-
We next claim that we can find a domain for (d;,ds) so that initial data belongs to
Va(so) :

Lemme 2.9 (Control of initial data to be in V4(so)). There exists A1 > 1 such that for all
A > Ay, there exists s1(A) > 1 such that for all so > s1(A), if (q1,92)(s0) = (P1,¢2) (S0)
where (¢1, ¢2)(s0) are defined in Definition [2.9, then, the following properties hold:

N?H42N+2 b ihat the mapping

i) There exists a set Dy 4, C [—2,2]
0, RN2+2N+2 N RN2+2N+2
(dh d2) — ((h,o, (QLj)lngNa 42,0, (QQ,j>1§j§N7 (CIQ,j,k)lSj,ng)(SO)

is linear, one to one from D45, to Va(so), where

o) = [ A [ ] [y AT oy
s s sp1t+27 gpit2 P12 7 gpit2
Moreover, )
U1 (0D as,) C OValso) and deg (V4 ’3%730) £ 0. (2.85)
it) In particular, we have (q1,q2)(s0) € Va(so), and
A?lns »
’qu,k(So)! < TO,W <j k<N,
80
(. A N 22
‘Lg) <A ’qQ,(,s§> <A
L+ [yl |l peory ~ 253 TP limey 257

Qre(5) =0 and qae(.,50) =0.

Proof. The proof is straightforword and a bit length. For that reason, the proof is omitted,
and we friendly refer the reader to Proposition 4.5 in [24] for a quite similar case. ]

Now, we give a key-proposition for our argument. More precisely, in the following
proposition, we prove an existence of a solution of equation ([2.67)) trapped in the shrinking
set:

Proposition 2.10 (Existence of a solution trapped in V4(s)). There exists Ay > 1 such
that for all A > As there exists sa(A) > 1 such that for all sy > sa2(A), there exists
(dy1,ds) € RN*F2N+2 g ch that the solution (q1,q2) of equation (2.67) with initial data at the

time so, given by (q1,q2)(S0) = (¢1, P2)(50), where (p1,¢2)(so) depends on (di,ds) and is
defined in Definition we have then

(q1,q2) € Va(s), Vs € [sg,+00).

The proof is divided into 2 steps:
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e The first step: In this step, we reduce our problem to a finite dimensional one. In
other words, we aim at proving that the control of (g, ¢2)(s) in the shrinking set
Va(s) reduces to the control of the following components:

(QI,Oa (q1,j)1§j§N> 42,0, (Q2,j)1§j§Na (QZ,j,k)lngcgN)(S)

in Va(s), defined as in (2.84).

e The second step: We get the conclusion of Proposition by using a topological
argument in finite dimension.

Proof. We here give proof of Proposition [2.10;

- Step 1: Reduction to a finite dimensional problem: Using a priori estimates, our
problem will be reduced to the control of a finite number of components.

Proposition 2.11 (Reduction to a finite dimensional problem). There exists Az > 1 such
that for all A > As, there exists s3(A) > 1 such that for all sq > s3(A), the following holds:
If the two following are satisfied:

(a) If (q1,42)(s) a solution of equation (2.67) with initial data (g1,¢2)(s0) = (¢1, ¢2)(s0),
defined as in Definition for some (dy,ds) € Dy, introduced in Lemma

(b) If we furthemore assume that (qi,q2)(s) € Va(s) for all s € [sg, s1] for some s1 > sg
and (g1, q2)(s1) € OVa(s1).

Then, we have the following conclusions:

(1) (Reduction to finite dimensions): We have
((h,o, (%,j)lgjgN; 42,0, <Q2,j)1§j§N; (Q2,j,k>1§j,k§N)(51) € 3VA(81)
(17) (Transverse outgoing crossing): There exists 6o > 0 such that

V6 € (0,00), (q1,05 (q1,5)1<i<N+ 42,05 (Q2,5)1<j<ns (@256 )1<jk<n ) (51 +0) & VA(Sl + ),
(2.86)
which implies that (q1,q2)(s1 + 0) & Va(s1 + ) for all § € (0, 0dp).

This proposition makes the heart of the paper and needs many steps to be proved. For
that reason, we dedicate a whole section to its proof (Section below). Let us admit it
here, and get to the conclusion of Proposition [2.10|in the second step.

- Step 2: Conclusion of Proposition by a topological argument. In this step, we
finish the proof of Proposition 2.10] In fact, we aim at proving the existence of parame-
ters (di,ds) € D4, such that the solution (g1, g2)(s) of equation with initial data
(q1,q2)(s0) = (@1, P2)(S0), exists globally for all s € [sq, +00) and satisfies

(q1,92)(s) € Va(s),

where initial data (¢1, ¢2)(s) is introduced in Definition [2.2]

In fact, our argument is analogous to the argument of Merle and Zaag [15]. For that
reason, we only give a brief proof. Let us fix K, A and sy such that Lemma [2.9] and
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Proposition hold. We first consider (¢1, ¢2)d4, 4,(5), s > So a solution of equation ([2.67))
with initial data (g1, ¢2)(so) which depends on (di, ds) as follows

<q17q2)d1,d2(80) = (¢1,¢2)(30)-
From Lemma and by construction of Dy 5, we know that

(@1,92)(s0) € Va(so)- (2.87)

By contradiction, we assume that for all (dy,dy) € Da,, there exists s; € [sg, +00)
such that

(91, G2)dy a5 (51) & Va(si).

Then, for each (di,ds) € D4 4,, we can define

$x(dy, d2) = inf{s; > so such that (q1,2)a,.4,(51) & Va(s1)}-

From the fact that (g1, ¢2)(s1) ¢ Va(s1), we deduce that s.(dy,dy) < +oo for all (dy,dy) €
D 4.5,- Besides that, using , and the minimality of s.(d;, ds), the continuity of (g1, ¢2)
in s and the closeness of Vj4(s) we derive that (q1,q2)(8«(d1,d2)) € OVa(s«(dy,ds)) and for
all s € [so, s«(dy, da)],

(01,82)(5) € Va(s).

Therefore, from item (7) of Proposition we see that
((h,o, (Q1,j>1§j§N7 42,0, (Q2,j)1§j§N7 (QZ,j,k)lgj,k§N>(5*(d17 dz)) S VA(S*(Ch, d2))~

This means that following mapping I" is well-defined:

T:Day — a<[—1,1]N2+2N+2>
(di,dy) = T(di,dy),

where

(

where s, = s.(dq,ds). Moreover, it satisfies the two following properties:

S£1+2 S£1+2
(41,0, (Q1ih1<52n)(82), =5 (qmo,(Clz,y‘)lngN)(S*)am(qz,j,k)lsj,kgfv(s*))a

SR

(i) T is continuous from D4 4, to I ([—1, 1]N2+2N+2) . This is a consequence of item (i7)
in Proposition (2.11]).

(ii) The degree of the restriction I'|,;, s non zero. Indeed, again by item (ii) in
S0

Proposition [2.11] we have
S*(dla d?) = S0,

in this case. Applying ([2.85]), we get the conclusion.

In fact, such a mapping I" can not exist by Index theorem, this is a contradiction. Thus,
Proposition follows, assuming that Proposition (see Section for the proof of
latter) O
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2.3.4 The proof of Theorem [2.1

In this section, we aim at giving the proof of Theorem [2.1]

Proof. Proof of Theorem assuming that Proposition |2.11

+ The proof of item (i) of Theorem : Using Proposition , there exist initial data
(91, 42)dr.a5(50) = (¢1, P2)(s0) such that the solution of equation (2.67)), exists globally on
[s0, +00) and satisfies:

(q1,92)(s) € Va(s),Vs € [sg, +00).

Thanks to similarity variables (2.25)), and item (7) in Lemma we conclude that
there exist initial data u° of the form given in Remark [2.2| with (d, ds) given in Proposition
such that the solution wu(t) of equation ({2.1)) exists on [0,7), where T' = e~* and
satisfies (2.15)) and (2.16)). Using these two estimates, we see that

u(0,t) ~ k(T — t)_ril ast — T,

which means that v blows up at time 7" and the origin is a blowup point. It remains to
prove that for all # # 0, x is not a blowup point of u. The following Lemma allows us to
conclude.

Lemme 2.12 (No blow up under some threshold). For all Cy > 0,0 <T) <T and o >0
small enough, there ezists €o(Cy, T, o) > 0 such that the following holds: If u(&,T) satisfies
the following estimates for all || < o,7 € [T1,T):

|0;u — Au| < Colul?,

and )
[u(&,7)] < €o(1—71) 7T,

then, u does not blow up at £ = 0,7 ="1T.

Proof. The proof of this Lemma is processed similarly to Theorem 2.1 in [6]. Although the
proof of [6] was given in the real case, it extends naturally to the complex valued case. [J

We next use Lemma to conclude that u does not blow up at z¢ # 0. Indeed, if z¢ # 0
we use (2.15)) to deduce the following:

|zo]
2

fo +#%0, ast — T.
(\/(T—f)lln(T—t)\>‘ | In(T" — 1)

(2.88)
Applying Lemma to u(z — xg,t), with some o small enough such that o < @, and T}
close enough to T, we see that u(x — x¢,t) does not blow up at time T" and = = 0. Hence
o is not a blow-up point of u. This concludes the proof of item (i) in Theorem [2.1]

+ The proof of item (ii) of Theorem[2.1]: Here, we use the argument of Merle in [13] to
deduce the existence of u* = u} + iu} such that u(t) — u* as t — T uniformly on compact
sets of RV\{0}. In addition to that, we use the techniques in Zaag [29], Masmoudi and

Zaag [16], Tayachi and Zaag [24] for the proofs of (2.18)) and (2.19).

sup (T —1)7 1 |u(a, )] <

je—wo|< 2l
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Indeed, for all zy € RY and zy # 0, we deduce from (2.15)), (2.16) that not only ([2.88))
holds but also the following is satisfied:

1 3|$0|2 @
sup (' —=t)r—1|In(T —t)||ue(z,t)| < 1o
o o=l 01 < o —p =01\ T —pima
Lﬂ — 0, ast —T. (2.89)
| In(T" —t)|=

We now consider xy such that |zg| is small enough, and K, to be fixed later. We define
to(o) by

20| = Kon/T — to(20)| In(T — to(wo))]. (2.90)

Note that to(xg) is unique when |zg| is small enough and to(xg) — T as zg — 0. We
introduce the rescaled functions U(xg, &, 7) and Va(zg, &, 7) as follows:

Ulzo, €,7) = (T — to(0))7 7 ula, t). (2.91)

and
Va(20,&,7) = |In(T" — to(w0))|Usz(20, &, 7), (2.92)

where Us(xg, &, 7) is defined by
U(zo,&,7) = Ur(wo, &, 7) + iUs(20, &, 7),

and

(2,t) = (20 +&V/T — tolwo), to(0) + 7(T —to(0))), and (&,7) € RY x {_TtO(%) 5 1) .

— to(wo)’
(2.93)
We can see that with these notations, we derive from item (¢) in Theorem [2.1| the following
estimates for initial data at 7 =0 of U and V;

sup |U(20,€,0) — fo(Ko)| < ¢ — 0 as z9 — 0,(2.94)

€</ In(T—to(zo))| 4 L+ (| In(T" —to(20))[*)

C
sup [Va(0,&,0) — go(Ko)| <
€] < I n(T—to (o)) 4 L+ ([ In(T" = to(wo)) ™)

where fy and gy are defined as in (2.6) and (2.17)) respectively and 7; = min (%,%).
Moreover, using equations ([2.23]), we derive the following equations for U, V,: for all

EeRY 7€]0,1)

— 0 as g — 0.(2.95)

0.U =AU+ U?, (2.96)
0 Vo = AV + VoGo(Un, Uy), (2.97)

where G is defined by
G(Ul,UQ)UQ :FQ(Ul,UQ), (298)

and F; is defined in (2.24)). We note that Go, Fy are polynomials of Uy, Us.
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Besides that, from ([2 and (|2.96} -, we can apply Lemma“to U when || < |In(T —
to(zo))|* to get the followmg

sup U (0,8, 7)| < C. (2.99)
I€1< 3 n(T—to (20)) | 4 ,7€[0,1)

We aim at now proving the following

sup V(. €, 7)| < C. (2.100)

€] 35 In(T—to (x0)) | .7€[0,1)
+ The proof for (2.100): We first use (2.99) to derive the following rough estimate:

sup [Va(zo, &, 7)| < Ol In(T — to(xp))|- (2.101)

I€1< 2 In(T—to(w0))| 4 ,7€[0,1)

We first introduce v € CP(RY),0 < o < 1, supp(v) € B(0,1),% =1 on B(0, %) We also
define

28
1(&) = - | and Vo 1(20,&,7) = ¥1(§)Va(xo, &, 7). 2.102
0i(€) w<|1n(T_tO(%)>|4) (50,6,7) = hi(EValoo & 7). (2102

Then, we deduce from (2.97) an equation satisfied by V5
(9TV2,1 = Ag‘fg,l - 2 le(‘/val) + ‘/2A¢1 + ‘/2’1G1(U1, UQ) (2103)
Hence, we can write V5 ; with a integral equation as follows

Vou(1) = €27 (V1(0)) + / TR (22 div (VaVahy) + VoA + Vo 1 G(Uy, Us) (7)) dr'.
0
(2.104)

Besides that, using (2.99)) and (2.101)) and the fact that

C C
7|A¢1| <

~ |In(T — to(wo)) 2

V| < :
A TRZ T

)

we deduce that

/e<ff’>A(—2div(v2wl))dr’ < /lW?Wl”L"" )dT’gC\ln(T_to(xo))ﬁ,
0

VT =71

[ e qaamar| < ¢ [ vsl(r)ar < Ol - )]
0 0

/B(T_TI)A(%¢1G<U1,U2)(T,))d7', < (J/ Va1 Go(Uy, Us)|| oo (7).
0 0

Note that Go(Uy, Us) in the last line is bounded on |¢] < |In(T — t0)|1, 7 € [0,1) because it
is a polynomial in Uy, Uy and (2.99)) holds, then, we derive

IV21Go(Ur, Uzl e (7') < ClIVaa o= (7).
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Hence, from (2.104)) and the above estimates, we derive
Va1 (7)llz < ClIn(T — to(o))|* + C/ Vo (7)) || edr”.
0

Thanks to Gronwall Lemma, we deduce that
[Var (7|l zoe < ClI(T — to(o))|7, V7 € [0, 1),

which yields

lw

sup |Va(z0,&,7)| < ClIn(T — to(xo))] 4. (2.105)

1€1< L In(T—to(20))| 4 ,7€[0,1)

We apply iteratively for

48
‘/22 Lo, G, T) = Yo ‘/2$0, , T where 2 = T .
2(@0,€,7) = Ya(§)Valzo, € 7) where u(8) w(HH(T_to(xomj

Similarly, we deduce that

sup Va(zo, &, 7)| < C|In(T — to(x0))]2.

1€1< L [ 1n(T—to (w0))| & ,7€[0,1)

We apply this process a finite number of steps to obtain (2.100). We now come back to our
problem, and aim at proving that:

- C
sup )U(a:o, §,7)— Uk, (T)‘ < . (2.106)
€< & In(T—to (w0))| ¥ ,7€[0,1) L+ | In(T" — to(xo)) |2
. C
sup (VQ(:UO, §,71) = Vax, (T)‘ < (2.107)

_ 3’
€< & | In(T—to (o)) | €[0,1) L+ In(T — to(xo))

where 75,3 are positive small enough and (Ug,, Va.x,)(7) is the solution of the following
system:

.Uk, = Uk, (2.108)
0-Vax, = pUR, Va. (2.109)
with initial data at 7 =0

Uk, (0) = fo(Ko),
‘/2,K0(0) = QO(KO)-

given by
o) = (e 1 =) P D)
Uk,(T) = ((p D —7)+ 5 ) : (2.110)
; e VN (Rl Vi AN
Varo(T) = K ((p D1 —7)+ 5 ) . (2.111)
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for all 7 € [0,1). The proof of (2.106) is cited to Section 5 of Tayachi and Zaag [24] and the
proof of (2.107)) is similar. For the reader’s convenience, we give it here. Let us consider

Vo = Vy — Vai, (7). (2.112)

Then, V, satisfies
sup Va] < C. (2.113)

€< L In(T—to(z0))| T 7€[0.1)

We use (2.97)) to derive an equation on V, as follows:
0-Vy = AV, + pUk Vo + p(UF ™ = UR " )WVa + Ga(w0, €, 7), (2.114)

where
Sa(z0, &, 7) = Va[Ga(Uy, Us) — pUY ™.

Note that, from definition of G5 and (2.99)) we deduce that

sup |Ga(Uy, Uy) — pUT™!| < C|Uy).

I€1< | n(T—to(20)) | 4 ,7€[0,1)

Hence, using (2.92)) and (2.100) and we derive

C
(T —to(wo))|

sup G2(20,&,7)| < T (2.115)

I€1< 2L | In(T—t0(0))| % ,r€[0,1)

We also define
VZ = ¢* (€>V2a

B 16¢
vy <|1n<T— to<xo>>|i> |

and 1) is the cut-off function which has been introduced above. We also note that V., A,
satisfy the following estimates

where

¢ C
[Veu|[ 1 < - and [|Agth||pe < -
| (T = to(20)) 4 [ In(T" = to(20))|2

(2.116)

In particular, V, satisfies

0,V = AVy+pUL " (7)Vy =2 div (VoVeh) + Volih, +p(UY ™ = UL ), Vo +0.Gs, (2.117)
By Duhamel principal, we derive the following integral equation
Vo(1) = e™(Va(7)) + /0 " (r=ra {pﬁggl% — 2 div (V,Ve,) (2.118)

VA (U = O Ve + .50 ()7 (2.119)
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Besides that, we use (2.106)), (2.110)), (2.113)), (2.116)), (2.115) to derive the following esti-
mates: for all 7 € [0,1)

Un,(1)] < C, .
V37l () < = T
VoA () S
H(Uffl_ﬁf;) L PR |1n(T—Z(xO))|72’
C

1S20ulle~e) < o ol

where 75 given in ([2.106)). Hence, we derive from the above estimates that: for all 7 € [0, 1)
[TTRPUR Ve ()] < OV,

! 1 1
A (div(Vy Vi, < C i
| (div(V2Ve,))| VT =7 |In(T — to(@o))[F
C

TR (Vo Ap,)| <

I

| In(T" — to(x0))|2
< C
= In(T —to(20)) 2’

/ C
TR, Go) ()] < '
RGN €

TR (U = U, Vo) ()

Plugging into (2.118]), we obtain

“ +
(T — to(zo)) |2

v o <
Vo) ||z~ < n

c / 19o(+) |,
0

where v3 = min(z—ll, 72). Then, thanks to Gronwall inequality, we get

B C
Vol < '
IValloe < T =g

Hence, (2.107) follows . Finally, we easily find the asymptotics of u* and uj as follows,
thanks to the definition of U and V5 and to estimates ([2.106) and ([2.107)):

(p - 1)2K2 et
4p o) >
(2.120)

u*(z0) = th_{l%u(l"o,t) — (T —to(wp)) 7T lim U(x0,0,7) ~ (T—to(0)) 77 <

and

. (T —to(w)) 7
uplwo) = limualeo, t) = Ty sy i Va(eo, 0, 7)

(T — to(x0)) 77 ((p— 12\ 77 N
sy () (2.121)
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Using the relation (2.90)), we find that

|zo|?
Plugging (2.122) into (2.120) and (2.121]), we get the conclusion of item (i) of Theorem 2.1}
This concludes the proof of Theorem [2.1] assuming that Proposition holds. Naturally,

we need to prove this proposition on order to finish the argument. This will be done in the
next section. [

T —to(xg) ~ and In(7 — to(zo)) ~ 2In(|xo]), as zo — 0. (2.122)

2.4 The proof of Proposition 2.11

This section is devoted to the proof of Proposition [2.11} which is the heart of our analysis.
We proceed into two parts. In the first part, we derive a priori estimates on ¢(s) in
Va(s). In the second part, we show that the new bounds are better than those defined in

Va(s), except for the first components (q10, (q1,5)1<j<N> 2,0, (G2,5)1<j<N; (@2,5.6)1<j.k<N) (5)-
This means that the problem is reduced to the control of these components, which is the
conclusion of item (i) of Proposition Item (ii) of Proposition is just a direct

consequence of the dynamics of these modes. Let us start the first part.

2.4.1 A priori estimates on (g1, ) in Vy(s).

In this subsection, we aim at proving the following proposition:

Proposition 2.13. There exists Ay > 1, such that for all A > Ay there exists sq4(A) > 1
such that for all so > s4(A) the following holds: If we assume that for all s € [0, s1], (q1,q2)(8) €
Va(s) for some s1 > sg, then, for all s € [sg, s1]:

(1) (ODE satisfied by the positive modes) For all j € {1,...7N}, we have

1 C ,
’qi,o(s) - Q1,0(3)’ + q/1,j(=5‘) - §Q1,j(8) < ¥7V1 <j3<N, (2.123)
/ / 1 C :
|@5.0(8) = 20(5)| + |a(5) = 54(5)| € 55, V1 << N, (2.124)
(17) (ODE satisfied by the null modes) For all j, k € {1, ..., N}, we have
2 CA
G jn(s) + gql,j,k(S) S (2.125)
2 CA?Ins
/
Go,k(8) + S a2gn(s)| < — 25— (2.126)
(7ii) (Control the negative part)
q,-(.,8) _sr g (,7) em(5=7)? C(l+s—r)
ERINE) <Ce > ——Ty + C el oo + - 5
Ly ff = L+ [y)? || o g el il 52
(2.127)
¢,—(., 5) Csr | qa (., 7) e~ (5=7)° Cl+s—71)
2o < e |2 4o (s T)|lzoe + ———
L[yl | L+ [y || = g el JRZES)

(2.128)
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(v) (Outer part)

- s|lq-(.,7) C(l+s—rT)es "

ql,e '78 oo S Ce , oo +C€ S2 - ~ ' 7 + ,

lg.e(s9)ll, ()l T | \/g( |

2.129

= |-, 7) C(l+s—rT)es "

el S w < Ce T w+Ce* T2 || =——= + ]
et Al N P =

(2.130)

Proof. The proof of this Proposition is given in two steps:

+ Step 1:  We will give a proof to items (i) and (i) by using the projection the
equations which are satisfied by ¢; and ¢s.

+ Step 2:  We will control the other components by studying the dynamics of the
linear operator £ + V.

a) Step 1: We observe that the techniques of the proofs for (2.123)), (2.124]), (2.125)) and
are the same. So, we only deal with the proof of . For each j, k € {1,..., N}
by using the equation in and the definition of ¢ ;; we deduce that

yiy; 0 —s

i)~ [ Tt Vit B ) + ) 9) (12 = 22 ) | < €.
(2.131)
if K is large enough. In addition to that, using the fact (q1,q2) € Va(s) and Lemma

Lemma [2.18] Lemma [2.19, Lemma that

YiYi _ Oy < ¢
‘/L(Q)X(4 2) dy| < =,
0; CA
’/Vql (yTi/J 7”) pdy + ~auis(s)| < —
Yily; 51, c
‘/31(1117(]2))(( 4J — #) pdy| < 3
YiYj _5z_j < g
'/&(%S)X( 1 5 >pdy < &

provided that s > s4(A). Then, (2.125)) is derived by adding all the above estimates.

Step 2: In this part, we will concentrate on the proofs of items (éi7) and (iv). We now
rewrite (2.67)) in its integral form: for each s > 7

n(s) = Z( 7)q 1ET J)rf K(s,0) [(Viig)(0) + (Vie@2)(0) + Bi(ar, ¢2)(0) + Ri(0)] do
= i 11911 S
ax(s) = K(s,7)ax(r) + [ K(s,0) [(Vaaar)(0) + (Vare) (0) + Balar, 42)(0) + Ra(0)] do
= 3y Pails 7,
(2.132)

where {K (s, T)}s>- is the fundamental solution associated to £ + V' and defined by

{ 0,K(s,7) = (L +V)XK(s,7), Vs>, (2.133)

K(r,7)=Id.
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Let us now introduce some notations:
D1a(5:7) = Ko )r(0). Dhalonr) = [ Kls.)(Viaar)o)do,
Diafo7) = [ Ks.)Viaw)(o)do, dralsr) = [ Kls.o)(Brlar,a)) o) o
V15(s,7) = /S K(s,0)(Ri(.,0))do,

and

aa(s.7) = K5, )ar)), Dol ) = [ %Ko )(Vasar) o)
Daslsr) = [ Koo Vaoa) 0o, Daals.) = [ (s 0)(Balan, ) (o)
Vos(s,7) = /S K(s,0)(Ra(.,0))do.

From , we can see the strong influence of K. For that reason, we will study the

dynamics of that operator:

Lemme 2.14 (A priori estimates of the linearized operator). For all p* > 0, there exists
s5(p*) > 1 such that o > s5(p*) the following holds: If we have v € L2(RY), satisfying

2

v_
D lal + |
1+ Jyl

m=0

+ [[ve|| oo mvy < 00, (2.134)
L>o(RN)

where the above components are introduced in (2.80)), then, for all s € [0, o+ p*], the function
0(s) = K(s,o)v satisfies

0_(y,s) CeS"’((s—U)Z—&—l)
H P {] foo mv) = = (lvol + [v1] + V/s[v2]) 13
C _(s=9) vV 067(570)2 ’
_'_ € 1+|y‘3 L"O(RN) + s% HUEHLOO(RN)’
and
2 (%
s—0o L 3 — _s=¢g
Hee(yas)HLm(RN) S Ce 282”0[|+82 Hﬁ +C€ P HUBHLOO(]RN)-
=0 1Y o )

(2.136)

Proof. The proof of this result was given by Bricmont and Kupiainen [I] in the one dimen-
sional case. Later, it was extended to the higher dimensional case by Nguyen and Zaag
[18]. We kindly refer interested readers to Lemma 2.9 in [I§] for details of the proof. [

We now use Lemmas [2.14] 2.8] [2.18] 2.19 and [2.20] to deduce the following Lemma which
implies Proposition [2.13]

Lemme 2.15. For all A > 1,p* > 0, there exists s¢(A, p*) > 1 such that Vsy > sg(A, p*)
and q(s) € Sa(s),Vs € [1, 7+ p*] where T > so. Then, we have the following properties: for
all s € [T, 7+ p*],
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i) (The linear term ¥11(s,7) and V31(s, 7))

(D11(s,7) - (.7 Ce (5= C
s ) Db D) O )i+
1+ |y| Lo L+ [yl I, 53 5
[@Gra(s P ellie < CeF ()l + st | Dbl L C
1+ ‘?J’ oo \/E
(92,1(s5, 7)) e | (T)|| Gt C
st I < (C i S - . o+ —,
e M e R e (R
|(W21(8,7))ellre <Ce” ()| L + Ce’~ s> g2.—(,7) + C+2 ,
7 ’ 1+ [y[? s
where L = L>®°(RY).
it) The quadratic term Yy 2(s, ) and ¥25(s,T)
(V12(s,7))— C(s—1) C(s—1)
- < - M1.2(8,7))ell o0 < ,
CEOE Ny = 2 el hdemen =755
Woa(s,7T))_ C(s—r7 C(s—T1
Waals. 1)) < oD Waats iy < SO,
1T+ ‘y’ Loo(RN) s 2z s 7
i1i) The correction terms ¥y 3(s,7) and U23(s, T)
(V13(8,7))_ C(s—1) C(s—1)
- - 77 < —_—, ¥ S, el|| Lo S )
1+ ‘913 Lo (RN) B 52 H( 173( T>) HL () s%
(Fa3(s,7))— C(s—1) C(s—1)
—_— < —7 /19 877— e Sl S —2
L+ [y Loo(RN) s7 (0205, el oe ey s
iv) The correction terms U1 4(s,T) and Vo4(s, T)
WH13(s,7))_ C(s—rT C(s—T1
Orals.7)- < LD (s el < S0
1 + ‘y’ LOO(RN) S S2
Vo3(s,7))_ C(s—r C(s—T1
Baale,T)) < oD Waas el < LB
1+ |y| Loo(RN) S 2 s 2
v) The correction terms V1 5(s,7) and Va5(s,T)
Y13(s,7))_ C(s—r C(s—r
Orals.7))- < LoD gl el < S8,
1+ |y| Loo(RN) S S2
Vo3(s,7))_ C(s— C(s—r
Baals, 7)) < oD Waats el < LB,
L+ y| L= (RN) s 2 sz

Proof. The result is implied from the definition of the shrinking set V4(s) and Lemma
and the bounds for V,V;, By, By, Ry, Ry with j, k € {1,2} which are shown in Lemmas
2.18] [2.19/and [2.20] For details in a quite similar case, see Lemma 4.20 in Tayachi and Zaag

[24]. 0

We now come back to the proof of Proposition (2.13)): In fact, the conclusion of (iii) and

(1v) of Proposition follows by using formula (2.132)) and Lemma (2.15]). This concludes
the proof of Proposition [2.13| m
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2.4.2  Conclusion of the proof of Proposition 2.11

In this subsection, we will give prove a Proposition which implies Proposition directly.
More precisely, this is our statement:

Proposition 2.16. There exists A7 > 1 such that for all A > Az, there exists s7(A) > 1
such that for all sg > s7(A), we have the following properties: If the following conditions
hold:

a) (q1,92)(s0) = (@1, P2) with (dy,dy) € Dag,,
b) For all s € [so, s1] we have (q1,q2)(s) € Va(s).

Then, for all s € [sg, s1], we have

i, A%Ins
Vi,je{l,--- N}, Jqiji(s)] < o (2137)

q1 _(y, S) A 2

THE S 22 elS)lL=@y) < 5=, 2.138
‘ 1+ |y|3 Loo(RN) - 9252’ HQI, (S)HL ®RN) < 2\/5 ( )
0.—(y,s) A2 e

2., 5) < —— ee®) ey £ —.  (2.139)
‘ L+loP Loo(RY) 2572 e 2575

Note that D 4 s, is introduced in Lemma[2.9 and (¢1, ¢2) is defined as in Definition (2.2).

Proof. The proof relies on Propostion and is quiet similar to Proposition 4.7 in Merle
and Zaag [15]. For that reason, we only give a short proof to (2.137)).

We use ([2.125]) to deduce that
| st

S0

< CA(In(s) — In(so)),Vj, k € {1,..., N},

this yields

A?]
lq1ix(s)] < CAs2Ins < =22,
s
if A > Az large enough and s > s7(A). Then, (2.137)) follows. This also finishes the proof
of Proposition [2.16] O

Conclusion of the proof of Proposition [2.11

Proof. From Proposition [2.16] if (q1,¢2)(s1) € 0Va(s1) then:

(qr0: (q13)1<5n, @205 (G2)1<j<n, (G2 1<inen) (51) € OVa(sy). (2.140)
This concludes item (i) of Proposition [2.11]

The proof of item (ii) of Proposition |2.11}: In fact, thanks to (2.140]), we derive the two
following situations:

+ The first situation: Either there exists g € {—1,1} such that g;0(s1) = €g%; or there
1
exist jo € {1,..., N} and € € {—1, 1} such that ¢ j, = €g%; or exists ¢ € {—1, 1} such that
1

(o0 = 60%12; or there exist jo € {1,..., N} and €y € {—1, 1} such that g2 ,(s1) = 60—;1112.
S s

1
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Without loss of generality, we can suppose that ¢ = 608% (the other cases are quiet
1

similar). Then, by using (2.123)), we can prove that the sign of ¢ y(s1) is oppsite to the
!/

sign of <608%> . In other words,
1

A /
€0 (qLo - 60;) (s1) > 0.

+ The second situation: There exist jo, ko, €0 € —1,1 and ¢ € {—1,1} such that
Q2,0 ko (1) = 60%, by using (2.126)), we can prove that
S1

Alns\’
€0 (QQJ‘OJCO(S) — 60@) (81) > 0.

From two situations in the above, we deduce that there exists 0o > 0 such that for all
6 € (0,0p)

(q1,0, (C]1,j)1§j§N, q2,0, (QZ,j)lgjgNa <Q2,j,k)1§j,k§N) (s14+6) ¢ VA(Sl +9).

provided that A > A3 and sg > s3(A). Then, the item (iz) of Proposition follows. Thus,
we derive the conclusion of Proposition 2.11] O

2.5 Appendix

In this appendix, we state and prove several technical and and straightforward results need
in our paper.

We first give a Taylor expansion of the quadratic terms defined in (2.29)) and (2.30)).

Lemme 2.17 (Asymptotics of By and Bs). Let us consider By(wi,wsy) and By(wy,w;),
defined in (2.29)) and (2.30), respectively. Then, the following holds

— -~ p -~ Y
Bi(w,ws) = o 2 O(Jw P + |wel?), (2.141)

Bo(r, ws) = §w1w2+o(|w1|2|w2|) +0 (Jual?), (2.142)
as (w1, we) — (0,0).

Proof. In fact, bearing in mind that p € N. Then, by using the Newton binomial formula,
we derive the following:

(w1 + K+ dwy)P = (w01 + k)P + ip(wy + K£)P " wy + p(p — 1) (w1 + K)P2w] + G(wy, ws),

where
|G, w2)| < Clws|®,  V|wy| + Jws] < 1.

This gives us

Re (01 + K +iws)?) = (W + k)P +p(p— 1) (w1 + &)’ 2ws + Re (G), (2.143)
Im ((w; + K +iwy)?) = p(wy + k)P 'wy + Im (G). (2.144)
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Moreover, we apply again the Newton binomial formula to (k + @;)?, (k + w1)?~! and we
get

(st = WL + g+ Oa), (2.145)
1 1

0’ = —— 4 =y + O(Jm ). 2.146

(k + ) s ) (2.146)

Thus, (2.141) follows by (2.143|) and ([2.145)). Moreover, (2.142) follows by (2.144)) and
£119). 0

Now, we give an expansion of the potentials defined in (2.68) and (2.69) - (2.72). The

following is our statement:

Lemme 2.18 (The potential functions V and V; ;, with j. k € {1,2}). We consider V, Vi 1,Vi2, Va1

and Va9 as defined in (2.68) and (2.69) - (2.72). Then, the following holds:
(1) For all s > 1 and y € RY, we have |V (y,s)| < C,

@1 2
V(y,s)| < Eithalli ), (2.147)
s
and 2 oy
Vi) = -2y ), (2148)
where V satisfies
V(y,s)| < C(1+—|y|4> Vs > 1, |yl <2K+/s (2.149)
Y — 52 9 - bl — . .
(i4) For all s > 1 and y € RY, the potential functions V; with j, k € {1,2} satisfy
C+ |y
Vil )]+ Waolys)) < SO
C(1+ |y|?
Vool 9]+ Vasys)) < SO
In particular, we have
C
Visllzoe @) + Vol e@yy <,
C
Vi2llzoowy + IVl zoo@yy < —

Proof. We see that item (i7) is derived directly from the defintions of Vjy, j, k € {1,2}. In
addition to that, the proof of (i) is quite similar to Lemma B.1, page 1270 in [I§]. O

Now, we give some Taylor expansions of B; and Bs, introduced in (2.73) and (2.74)),
respectively.

Lemme 2.19 (The quadratic terms By (q1, ¢2) and Ba(q1, q2)). Let us consider Bi(q1, q2) and

Bs(q1,2), defined in (2.73|) and (2.74) respectively. For all A > 1, there exists sg(A) > 1
such that for all s > sg(A), if (q1,q2)(s) € Va(s), then

1Bi(g1,02)] < C (|l + lgof?) (2.150)

2
|Ba2(q1:¢2)] < C<%+|Q1-Q2|+|QQ|2>. (2.151)
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Proof. Let us recall the two functions Fj(uq,uz) and Fy(ug,us) which are defined in ([2.24)).
As a matter of fact, they belong to C°°(R?). Then, by using Taylor expansion, we obtain

1 . .
Fi(®1+qu, P+ ) = ) Tk,afjkol(q’b C2)q1 4,
e VAL 1%2
jk<p
1 . .
Fo(Q14+q1, P24+ @) = Z W%T:SFz(q)l, (I)Q)Q{qg-
]Jggp Jdu. 1

Thus, (2.150) and (2.151)) follow by definitions of By, By and the definition of V4(s). O
In the following lemma, we give various estimates involving rest terms R; and Rs,

defined in (2.75)) and (2.76)), respectively.

Lemme 2.20 (Rest terms Ry, Ry). For all s > 1, let us consider Ry, Ry defined in ([2.75))
and (2.76). Then,

(i) For all s > 1 and y € RY

Clp

R1<y73) = 52 +R1(y7$>7
C ~
R2<y75) = % +R2(y78)7

where ¢ yand co,, are constants depended on p and Ry, Ry satisfy: for all ly| < 2K+/s

R < SR

Ry < COEID),
(1) Moreover, we have for all s > 1

IRa )y <

IRoC ) lmry <

Proof. The proofs for R; and Ry are quite similar. For that reason, we only give the proof
of the estimates on R,. This means that we need to prove the following estimates:

N(N+4)k -
Ry(y,s) = ETESIER + Ra(y, ), (2.152)
where ;
. 1+
| Ra(y, s)| < o Slyl ),VI | < 2K+/s,
and

(2.153)
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We recall the definition of Ry(y, s) in (2.76)) as follows

1 )
RQ(y; 5) = Ad,; — §y Vo, — 2

o Fo(®1, ) — 0,8,

Then, we can rewrite Ry

1 )
Ry(y,s) = Ady — Sy Vb, — —>

T+ p@y '@y — O0,®5 + R3(y, ),

where
Ri(y, s) = Fy(®y, Dy) — pd2~ ',

Using the definition of F, in (2.24)), and the defintions of ®;, @, in (2.64) and (2.65)), we
derive that

C+yl)

By ) < P Yyl < 2KV,

and
. C
| R5(., )| poerry < 2

In addition to that, we introduce Ry by

_ 1 O B
Ry(y,s) = Ay — Sy - Vby — Zﬁ + p® D, — O,P,.

Then, we may obtain the conclusion if the following two estimates hold:

_ N(N + 4)k CO(1+ |yl¢
‘Ra(y,s) + (](9——1)32% (TH) (2.154)
_ C
[ R2(., )| poemry < = (2.155)

+ The proof of (2.154]): We first aim at expanding A®, in a polynomial in y of order less
than 4 via the Taylor expansion. Indeed, A®, is given by

p 2p—1
2N —1 2112\ "1 —1 2 -1 2 2\ ~ -1
AD, — _2(p_1+(p )\y!) (@ 3)\y! <p_1+(p )M)
S 4dps S 4p S
_2p—
(N +2)(p - Dly|? (p—12yl\
253 4p s
3p—2
29— 1)(p — 1)|y|* C12 g2\
L Er=De =yl p_H(p )* lyl*
4dpst 4p s

(p—1)2 ﬁ)”ﬂ

Besides that, we use Taylor expansion in the variable z = % to function (p -1+ o s

in the domain where |z| < 2K and this yields the following;:

__p_
(-4 QDY x e b
p

2 CAlyY
4ps -1 4(p-1) s

— 82 )

Viy| < 2K+/s.
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which yields

C(+ lyl)

g4

<

Y

N =P 2Nk NalyP
b Aps (p—1)s%2 2(p—1)s?

52

for all |y| < 2K/s.

It is similar to estimate the other terms in the formula of A®,, defined in the above.
Therefore, we finally obtain

2Nk Nk|y|? Lo k|y|?
(p—1)s* (p—1)s  (p—1)s3

C(1+yl°)

)
54

‘A% — < Viy| < 2K+/s.  (2.156)

As we did for A®,, we estimate similarly the other terms in formula of Ry, for all |y| <

2K/s:
1 Kyl Kyl Kyl C(1+ |y
TRU Ve - - < 70 (2157
‘ 2y 2+ (p — 1)32 4(p — 1)83 4(p _ 1)83 — 54 ’ ( )
) 2 4 IN C(1 6
ST N <N e
p—1 (p — 1)232 4(p — 1)233 (p _ 1)252 o4
- C+1yl°
p®) 0y + Ty, s)| < S (2159)
26y’ ANk C(L+ Jyl")
—0:®2 — , (2160
‘ ? (p—1)s3 + (p—1)s3| = o4 ( )
where
’ 2p— Drlyl*  Nrly]? 2pN N?
T(gos) = —PE Qo= Delylt | NulyP | 2N :

(p—1)2s*  Alp—-1)0s*  (p—1s* (p—1)3*s (p—1)s°

Thus, by an addition (2.156)), (2.157), (2.158)), (2.159) and (2.160)), we obtain the following

. NN +4)| _ CA+yl°)

R Viyl < 2K
2(y7 8) + (p . 1)83 — 84 ) |y| — \/Ev

this concludes ([2.154)).
+ The proof (2.155)): We rewrite ®;, @5 as follows

Nk 1 2Nk Y
Py1(y,s) = Rip(2) + s and ®y(y, s) = ERQ,l(Z) T where z = /5
where Ry and Ry, are defined in (2.56) and (2.60), respectively. In addition to that, we
rewrite Ry in terms of Ry and Ry;, and we note that Ry and Ry satisfy (2.52) and
(2.54]). Then, it follows that
_ C
|R2<y,8)| < ?avy € RN'

Hence, (2.155) follows. This concludes the proof of this Lemma. O]
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Chapter 3

A blowup solution of a complex
semilinear heat equation with an non
integer power"

G. K. Duong

Abstract: In this paper, we consider the following semi-linear complex heat equation
Ou=Au+uP,ueC

in RN, with an arbitrary power p, p > 1. We construct for this equation a complex solution
u = uy + tuz, which blows up in finite time T and only at one blowup point a. Moreover,
we also describe the asymptotic behaviors of the solution by the following final profiles:

(p—1)2|z — a2] 7
p— r—a p—1
T ~

ule, 1) [Spunr:c—au} ’

us(x, T) ~

1
2 — 12|z —al?] 7T 1
L {(p Vlz &|} >0, as z — a.

(p—1)% [ 8p/ln|z — al | In | — al

In addition to that, since we also have uy(0,t) — 400 and uz(0,t) — —o0 ast — T,
the blowup in the imaginary part shows a new phenomenon unknown for the standard heat
equation in the real case: a non constant sign near the singularity, with the existence of
a vanishing surface for the imaginary part, shrinking to the origin. In our work, we have
succeeded to extend for any power p where the non linear term uP is not continuous if p is
wrrational. In particular, the solution which we have constructed has a positive real part.
We study our equation as a system of the real part and the imaginary part uy and us. Our
work relies on two main arqguments: the reduction of the problem to a finite dimensional
one and a topological argument based on the index theory to get the conclusion.

Mathematics Subject Classification: 35K55, 35K57 35K50, 35B44 (Primary);
35K50, 35B40 (Secondary).

Keywords: Blowup solution, Blowup profile, Semilinear complex heat equation, non
variation heat equation.
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113



114

3.1 Introduction

3.1.1 Earlier work

In this work, we are interested in the following complex-valued semilinear heat equation

Owu = Au+ F(u),t €[0,7), 3.1)
u(0) = wug € L¥(RY), '
where F(u) = uP, and u(t) : RY — C, L(R"Y) := L>°(R",C) and p > 1.
Typically, when p = 2, model ({3.1)) becomes the following
ou = Au+u*tel0,T),
(3.2)
u(0) = wuy € L=®(RY).

This model is connected to the viscous Constantin-Lax-Majda equation with a viscosity
term, which is a one dimensional model for the vorticity equation in fluids. For more
details, the readers are addressed to the following works: Constantin, Lax, Majda [2]; Guo,
Ninomiya, Shimojo and Yanagida [§]; Okamoto, Sakajo and Wunsch [24]; Sakajo [25] and
[26]; Schochet [27].

The local Cauchy problem for model can be solved in L>®(RY) when p is integer,
thanks to a fixed-point argument. However, if p is an irrational number, then, the local
Cauchy problem has not been solved yet, up to our knowledge. In my point of view, this
probably comes from the discontinuity of F'(u) on {u € R* } and this challenge is also one
of the main difficulties of the paper. As a matter of fact, we solve the Cauchy problem in
Appendix for data ug € L®(RY), with Re(ug) > A, for some A > 0. Accordingly, a
maximal solution may be global in time or may exist only for ¢ € [0,T), for some T > 0.
In that case, we have to options:

(i) Either [|u(.,t)| @y — +o0ast — T.
(77) Or min,cpy Re(u(x,t)) — 0ast — T.

In this paper, we are interested in case (i) which is referred to as finite-time blow-up in
the sequel.

In addition to that, a blowup solution w is called Type I if

: 1
lim sup(T" — )71 ||u(., )| poo (mvy < +00.
=T

Otherwise, the solution u is called Type II.

In addition to that, T is called the blowup time of u and a point a € RY is called a
blowup point if and only if there exist sequences {(a;,t;)} — (a,T) as j — +o0 such that

|u1(aj,tj)| + ’UJQ(CLj,tj)‘ — 400 as j — +o00.

In our work, we are interested in constructing a blowup solution of (3.1)) which is of Type I.
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Let us quickly mention some typical works for this situation (for more details, the readers
can see the introduction in Duong [5] where has treated for the integer case).

(1) For the real case: We first mention to Bricmont and Kupiainen [I], the authors
have constructed a real positive solution to the following equation

O = Au+ |ulP~ u,p > 1, (3.3)

which blows up in finite time 7', only at the origin and they have also derived the profile of
the solution such that

C

< ——,
LOO(]RN) 1+ ‘hl(T_ >|

(T — )7 Tu(.,t) — fo (

V(T =) In(T - t)!)
where fj is defined by 1
folz) = (p 1+ %W) " (3.4)

In addition to that, Herrero and Veldzquez derived in [13], the same result with a different
method. Particularly, Merle and Zaag gave in [17], a proof which is simpler than the one
in [I] and proposed the following two-step method (see also the note [15]):

- Reduction of the infinite dimensional problem to a finite dimensional one.

- Solution of the finite dimensional problem thanks to a topological argument based on
Index theory.

Moreover, they also proved the stability of the blowup profile for (3.3). In addition to
that, we would like to mention that this method has been successful in various situations
such as: Ebde and Zaag [0]; Tayachi and Zaag [28] and Ghoul; Nguyen and Zaag [9]; [10]
(with a gradient term) and [I1]. We would like to mention Nguyen and Zaag [21] who have
considered the following quasi-critical double source equation

- plufP " u
O = Au+ [ulPlu +
! [ In*(2 + u?)

Besides that, we have Duong, Nguyen and Zaag [4], the authors have considered the fol-
lowing non scale invariant equation

O = Au+ |ulP~tuIn®(2 + u?).

(17) For the complex case: The blowup problem for the complex-valued parabolic
equations has been studied intensively by many authors, in particular for the Complex
Ginzburg Landau equation (CGL)

O = (1 +iB)Au+ (1 +i0)|ulP u. (3.5)

This is the case of an ealier work of Zaag in [29] for equation (3.5)) when $ = 0 and ¢ small
enough. Later, Masmoudi and Zaag generalized in [18] the result of [29] and constructed a
blowup solution for (3.5)) with a super critical condition p — §% — 8§ — 3dp > 0.
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Recently, Nouaili and Zaag in [23] have constructed a blowup solution for equation (3.5,
for a critical case where 8 = 0 and p = 62

In addtiion to that, there are many works for equation , in particular for equation
. We mention Nouaili and Zaag [22], these authors have constructed for equation (3.2)),
a complex solution u = u; + tuy which blows up in finite time T only at the origin. Note
that the real and the imaginary parts blow up simultaneously. In particular, [22] leaves
unanswered the question of the derivation of the profile of the imaginary part, and this is
precisely our aim in this paper, not only for equation , but also for equation for
all p > 1.

Besides that, we would like to mention also some classification results, proven by Harada in
[12], for blowup solutions of which satisfy some reasonable assumptions. In particular,
in that works, we are able to derive a sharp blowup profile for the imaginary part of the
solution. However, [12] is limited with p = 2.

Recently, we mention Duong [5], the author has treated for the cases where p takes an
arbitrary integer value.

3.1.2 Statement of the result

As we mentioned in the previous section, we only have treated in [5] the case where p €
N,p > 2 which the handling of the nonlinear term is much easier. In this work, we do
better and give a proof which holds also for the cases where p ¢ N. We believe we made an
important achievement, we acknowledge that we left unanswered the case where p > 1 and
p ¢ N. From the limitation of the mentioned works in the previous section, it motivates us
to study model in general even for an irrational number. More precisely, the following
theorem is our main result:

Theorem 3.1 (Existence of a blowup solution for (3.1) and a sharp discription of its

profile). For each p > 1 and p; € (O,min (’%1, %)), there exists Ty (p,p1) > 0 such that for

all T < Ty, there exist initial data w(0) = uy(0) 4 iuz(0) such that equation (3.1) has a
unique solution u on RY x [0,T) satisfying the following:

i) The solution u blows up in finite time T only at the origin and Re(u) > 0 on RY x
[0,T). Moreover, it satisfies the following

1 . C
T —t)r1u(.,t) — < , (3.6
oo = <¢<T—t>\1n<T—t>|> ey S Try @y Y
and
(T — )75 In(T — 1) sl ) — g ( ‘ ) (3.7)
VT =T =) |,
C
< P19
1+ | In(T—-1t)|=
where fo is defined in and go 1s defined as follows
=) = = (39

—-
(p 14+ (p;;)2|2|2> p—1
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ii) There exists a complex function u* in C*(RN\{0}) such that u(t) — u* = u} + iu} as
t — T, uniformly on compact sets of R¥\{0}, and we have the following asymptotic

behaviors:
. (p— 1)?a]?] 71
u (ZZ’) ~ [W , as ™ — O, (39)
and )
2p  [(p—=1)7xP] > 1
* ~ ) 1
i)~ 20 | et T (310)

Remark 3.2. We remark that the condition on the parameter p; < min (7%1, %) comes
from the definition of the set Va(s) (see in item (i) of Definition , Proposition
and Lemma[3.26. Indeed, this condition ensures that the projections of the quadratic term
Bs(q2,q2) on the negative and outer parts are smaller than the conditions in Va(s). Then,

we can conclude (3.132) and (3.134)) by using Lemma and definition of V4(s).

Remark 3.3. We can show that the constructed solution in the above Theorem satisfies
the following asymptotic behaviors:

w(0,t) ~ K(T—1t)757, (3.11)

2Nk (T—t) 77
w00~ T @ - op 12

ast — T, (see (3.91)) and (3.92))). Therefore, we deduce that w blows up at time T only

at 0. Note that, the real and imaginary parts simultaneously blow up. Moreover, from item
(ii) of Theorem the blowup speed of uy is softer than ui because of the quantity ———

|In |z]|
(see (B9) and (B10)).

Remark 3.4 (A strong singularity of the imaginary part). We observe from and
that there is a strong sigularity at the neighborhood of a as t — T'; when x close to
0, we have us(x,t) which becomes large and positive as t — T, however, we always have
u2(0,t) — —o0 ast — T. Thus the imaginary part has no constant sign near the singularity.
In particular, if t is near T, there exists b(t) > 0 in RY and b(t) — 0 as t — T such that
at time t, us(.,t) vanishes on some surface close to the sphere of center 0 and radius b(t).
Therefore, we don’t have |us(x,t)| — +o00 as (x,t) — (0,T). This non constant property for
the imaginary part is very surprising to us. In the frame work of semilinear heat equation,
such a property can be encountered for phase invariant complexr equations, such as the
Complex Ginzburg-Landau (CGL) equation (see Zaag in [29], Masmoudi and Zaag in [18],
Nouaili-Zaag [23]). As for complex parabolic equation with no phase invariance, this is the
first time such a sign change in available, up to our knowledge. We would like to mention
that such a sign change near the singularity was already observed for the semilinear wave

equation non characteristic blowup point (see Merle and Zaag in [19], [20] and Céte and
Zaag in [3]).

Remark 3.5. For each a € RY, by using the translation u,(.,t) = u(. — a,t), we can prove
that u, also satisfies equation (3.1) and the solution blows up at time T only at the point
a. We can derive that u, satisfies all estimates (3.6]) - (3.10) by replacing z by v — a.
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Remark 3.6. In Theorem (3.1)), the initial data u(0) is given exactly as follows
u(0) = u1(0) + uz(0),

where

1
1 (p— 1)z T Nk
0) = T 71 (p—1+-LL
(e, 0) {(p T InT) 2p| In T

A (d d i) 16|x| < |z )
T\ T ) O Koyt ) [\ VT T
|z )>
@) (1= [ ) ) 1,
0 (1= (7
. |z |z[* (p — 1)z 7T 2Nk
== T p—1 _1 - -
u2($70> X0 (\/T| lnT|) {T| 111T|2 p + 4pT| lnT| p— 1)|lnT|2

(
A2 v\ () (127 .
" {W (d270 + dZ’l . ﬁ) * |lnT‘P1+2 (§ﬁ ' d2,2 : ﬁ — Tr(d272))1

P

2|z
Xo (KO,/T| lnT|> } '
where Kk = (p — 1)717%1, Ky and A are positive constants fized large enough; dy = (dy1o,d11)
and dy = (da,0, d2.1,d22) are parameters which we fine tune in our proof; and xo € C§°[0, +00)
satisfies || Xol|pomny < 1, suppxo C [0,2] and xo(x) =1 for all |z| < 1 and U* is given in
(13.86) which is related to the final profile, given in ({3.9)).

Note that when p € N, we took in [5] a simpler expression for initial data, not in involving
the final profile U*, nor the (+1) term in uy(0). In particular, adding this (+1) term in our
idea to ensure that the real part of the solution straps positive.

Remark 3.7. We see in (3.17)) that the equation satisfied by of us is almost “linear” in us.
Hence, given an arbitrary co # 0, we can change a little in our proof to construct a solution
Uey = Uty + U2 nt € [0,T), which blows up in finite time T only at the origin such that

(13.6) and (3.9)) hold and the following holds

1 . c
(T—t)PjUD(T—t)’UZC (.,t)—ng[)( ) S P>
’ VT DT 1) |, (=)
3.13)
and )
o ope [—1P]RT 1
- 14
u3(7) <p—1>2{8p|1n|as|| Mfy “* 70 (3.14)

Remark 3.8. As in the case p = 2 treated by Nouaili and Zaag [22], and we also mentioned
we suspect the behavior in Theorem[3.1) to be unstable. This is due to the fact that the number
of parameters in the initial data we consider below in Definition (see also Remark
above) is higher than the dimension of the blowup parameters which is N + 1 (N for the
blowup points and 1 for the blowup time).
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Besides that, we can use the technique of Merle [14] to construct a solution which blows
up at arbitrary given points. More precisely, we have the following Corollary:

Corollary 3.9 (Blowing up at k distinct points). For any given points, xi,..., Ty, there
exists a solution of (3.1) which blows up ezxactly at x4, ...,x. Moreover, the local behavior

at each blowup point x; is also given by (3.6), (3.7), (3.9), (3.10) by replacing x by x — x;

and L= (RY) by L>(|x — z;] < &), for some €y > 0.

3.1.3 The strategy of the proof

From the singularity of the nonlinear term F'(u) = u? when p is irrational, we can not apply
the techniques we used in [5] where p € N (also used in [17], [?], ...). We need to modify this
method. We see that, although our nonlinear term in not continuous in C, it is continuous
in the following half plane

{z € C |Re(z) > 0}.

Relying on this property, our problem will be derived by using the techniques which were
used in [5] and the fine control of the positivity of the real part. In fact, the control of
the positivity follows from ideas given in Merle and Zaag [16] (see also Ghoul, Nguyen and
Zaag in [10] where inherited ideas from [16]) which helps us to construct initial data.

In addition to that, we also define a shrinking set S(t) (see in Definition which allows
a very fine control of the positivity of the real part. More precisely, it is proceed to control
our solution on three regions P;(t), Py(t) and P3(t) which are given in subsection and
which we recall here:

- Py(t), called the blowup region, i.e |z| < Ko\/(T —t)|In(T —t)|: We control our
solution as a perturbation of the intermediate blowup profiles (for ¢t € [0,T)) fo and go
given in and , respectively.

- Py(t), called the intermediate region, i.e £2,/(T —¢)|In(T —t)| < |z| < € In this
region, we will control our solution by control the rescaled function U of u (see more
(374)) to approach Uy, (1) (see in (3-79)), by using a classical parabolic estimates. Roughly
speaking, we control our solution as a perturbation of the final profiles for ¢ = T given in

and (3.10).

- P3(t), called the regular region, i.e |x| > ¢: In this region, we control the solution as a
perturbation of initial data (¢t = 0). Indeed, T" will be chosen small by the end of the proof.

Fixing some constants involved in the definition S(t), we can prove that our problem
will be solved by the control of the solution in S(¢). Moreover, we prove via a priori
estimates in the different regions P;, P, P3 that the control is reduced to the control of a
finite dimensional components of the solution. Finally, we may apply the techniques in [5]
to get our conclusion.

We will organize our paper as follows:

- In Section 3.2} We give a formal approach to explain how the profiles given in Theorem
3.1 appear naturally. Moreover, we also approach our problem through two independent
directions: Inner expansion and Quter expansion, in order to show that our profiles are
reasonable.
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- In Section [3.3} We give a formulation for our problem (see equation (3.56)) and, step
by step we give the rigorous proof for Theorem [3.1] assuming some technical estimates.

- In Section [3.4] we prove the techical estimates assumed in Section [3.3

3.2 Derivation of the profile (formal approach)

In this section, we would like to give a formal approach to our problem which explains
how we derive the profiles for the solution of equation (3.1)), given in Theorem , as
well the asymptotic behaviors of the solution. In particular, we would like to mention that
the main difference between the case p € N and p ¢ N resides in the way we handle the
nonlinear term uP. For that reason, we will give a lot of care for the estimates involving
the nonlinear term, and go quickly while giving estimates related to other terms, kindly
refering the reader to [5] where the case p € N was treated.

3.2.1 Modeling the problem

In this part, we will give definitions and special symbols important for our work and explain
how fy and gq arise as the blowup profiles for the solution of equation as stated in
and (B.7). Our aim in this section is to give solid (though formal) hints for the existence of
a solution u(t) = uy(t) + ius(t) to equation such that

lim fJu(., )| oo vy = 00, (3.15)

and u obeys the profiles in (3.6 and (3.7)), for some T' > 0. As we have pointed out in the

introduction, we are interested in the case where

p ¢ N,

noting that in this case, we already have a difficulty to properly define the nonlinear term
uP as a continuous term. In order to overcome this difficulty, we will restrict ourselves to
the case where

Re(u) > 0. (3.16)
Our main challenge in this work will be to show that (3.16] is propagated by the flow, at
least for the initial data we are suggesting (see Definition below). Therefore, under the
condition (3.16), by using equation (3.1]), we deduce that u;, us solve:

dur = Auy + Fi(ur, ug),
{ 8tu2 = AUQ + FQ(U17UQ). (317)
where F1(0,0) = F»(0,0) = 0 and for all (u1,us) # 0 we have
Fi(u,ug) = Re[(u + tug)?] = |ulP cos [p Arg (u1,us)], (3.18)
Fy(ui,up) = Im(ug + dug)?] = |ulPsin [p Arg (u1,us)], '
with |u| = (42 + u2)z and Arg(uy, up), uy > 0 is defined as follows:
Arg(uy,us) = arcsin T (3.19)
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Note that, in the case where p € N, we had the following simple expressions for F}, F;

Fi(unus) = Rel(u+iug)?] = S C2 (—1)ul 50, o)

Fy(unus) = Tm[(un+ iug)?] = S5 ) C20 (“ 1)l 12,

Of course, both expressions (3.18)) and (3.20)) coincide when p € N. In fact, we will follow
our strategy in [5] for p € N and focus mainly on how we handle the nonlinear terms, since
we have a different expression when p ¢ N.

Let us introduce the similarity-variables for u = uy + tuy as follows:
x

VI —t

Then, w; and wy are real functions. Moreover, by using ([3.17]), we obtain a system satisfied
by (wy,wy), for all y € RY and s > —InT as follows:

w(y,s) = (T — )7 Tu(z,t),y =

,s=—In(T —t) and w = wy + iws. (3.21)

{8Sw1 = Awl—%y-le—Z%—l—Fl(wl,wg), (322)

aSUJQ = sz—%y-ng—l%—l—Fg(wl,wg).

Then note that studying the asymptotic behavior of u; + tuy as t — T is equivalent to
studying the asymptotic behavior of w; 4 1w, in long time. We are first interested in the

set of constant solutions of (3.22)), denoted by
2k 2k 1
§={(0,0)}uU {/4: (cos (p _7?1) ,sin ( 7T1>) where k = (p— 1) 71, and k € N} .

p_

We remark that § is infinity if p is irrational. However, from the transformation (3.21)), we
slightly precise our goal in (3.15]) by requiring in addition that

(w1, ws) — (k,0) as s = +o0.
Introducing w, = k + w;, our goal because to get
(U_)l,wg) — (0,0) as s — +00.

From (3.22), we deduce that w;, w,y satisfy the following system

{ o 329
where
L o= A—%y-VJrId, (3.24)
By, wy) = Fl(/f+w1,w2)—/fp—p£1w1, (3.25)
By(w1,wy) = Fy(k + Wy, wy) — W. (3.26)

p—1

It is important to study the linear operator £ and the asymptotic behaviors of By and
By as (wy,wy) — (0,0) which will appear as “quadratic” terms.
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e The properties of L:

In fact, £ plays an important role in our analysis. It is easy to find an analysis space such
that operator is self-adjoint. Indeed, £ is self-adjoint in D(L) C L2(RY), where L2(RY) is
the weighted space associated to the weight p defined by

,|y\2 _le?
e e 4
y) = = y;), with p(& T 3.27
p(y) 4= J |1p j p(&) = (4} (3.27)
and the spectrum set of £
spec(L) = {1—%,m€N}. (3.28)

Moreover, we can find eigenfunctions which correspond to each eigenvalue 1 — 5, m € N:

- The one space dimensional case: the eigenfunction corresponding to the eigenvalue
1 — % is hy, the rescaled Hermite polynomial given as follows

hn (y) = ; W—_'g;] (3.29)

In particular, we have the following orthogonality property:
/ hzh]pdy = 2'21(27], \V/(’L,j) S NQ.
R

- The higher dimensional case: N > 2, the eigenspace &,,, corresponding to the eigen-

value 1 — % is defined as follows:

Em = <h5(y) = hg, (1)--hay (yn) [18] = Zﬁz mand 8= (Bi,.... By) € NN> .

(3.30)
Accordingly, we can represent an arbitrary function r € Li(]RN ) as follows:
r(y) = Y rehs(y),
B,8eNN
where 75 is the projection of r on hg for any 8 € NV which is defined as follows:
rg = Pg(r) = /Tkﬁpdy,vﬂ € N", (3.31)
with y
ko(y) = 7 (3.32)
175172
o The asymptotic behaviors of B (w1, ws), By (w1, wg) The following holds:
B (0, ws) = %u—)f + OB P + |ws]?), (3.33)
By(y,wy) = %’wlwz + O (l]*lws]) + O (Jws?) (3.34)

as (w1, w2) — (0,0). Note that although we have here the expressions of nonlinear terms
I} and F5 which are different from the case p € N (see and (| , the expressions

coincide, since we have w ~ k= (p — 1) #- 77 in all case (see Lemma 3 24 below



123

3.2.2 Inner expansion

In this part, we study the asymptotic behaviors of the solution in L2(R™). Moreover, for
simplicity we suppose that N = 1, and we recall that we aim at constructing a solution
of such that (w;,ws) — (0,0). Note first that the spectrum of £ contains two
positive eigenvalues 1, %, a neutral eigenvalue 0 and all the other ones are strictly negative.
So, in the representation of the solution in L%(R), it is reasonable to think that the part
corresponding to the negative spectrum is easily controlled. Imposing a symmetry condition

on the solution with respect of y, it is reasonable to look for a solution w;, ws of the form:

wy = wygho + wi2hs,
Wy = w270h0 + w2,2h2.
From the assumption that (w;,ws) — (0,0), we see that w; o, Wy 2, wa, weo — 0 as s —

+00. We see also that we can understand the asymptotic behaviors of w; and wy in Li(]RN )
from the study of the asymptotic behaviors of Wy o, W1 2, w2 and ws .

We now project equation (3.23) on hy and hy. Using the asymptotic behaviors of B; and
By in (3.33)) and (3.34), we get the following ODEs for w0y o, Wy 2, wa o and ws 2

Oy = Wi+ 2% (w3, + 8w} ,) (3.35)
+ O(Jwrof’ + |w12]*) + OJwag|* + [waa]?),

sty = g (w1,0101,2 + 407 ,) (3.36)
+ Ol + |@12]*) + OJwag|* + [wa2]?),

Doy = wag+ g (1,020 + 811 2w5.2] (3.37)
+ FO(([wr0f* + w1 (Jwaol + [waal])) + O(lwaof® + [wa ),

Oswao = g (W1 gw2,2 + W1 2Wa,0 + 8101 2Ws 2] (3.38)

+ O((Jwyof + [w12]°) (Jwao| + [waz])) + O(lwae]” + |wae]?).

Assuming that
W10, W0, Wa o K W12, (3.39)
and

W1,0, Wa0, W22 S 2 (3.40)

as s — +00.
Similarly in Duong [5] where the author have treated for p € N, we also obtain the
following asymptotic behaviors of W o, W1 2, we o and ws o

1
Wiy = O(?>7

) K Ins
Wy = ——— 2
1,2 1ps 2 )
1
o = 0(5)
1
Woy = % +0 <g) for some cy5 € R,
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as s — oo under the assumptions in (3.39)) and (3.40)).

Thus, we have

S

1
wy = %(y )+O(1;$), (3.42)

w = K 4; (12 —2)+0(12), (3.41)

in L%(]R) for some c95 in R. Note that, by using parabolic regularity, we can derive that the
asymptotic behaviors (3.41)) and (3.42) also hold for all |y| < K, where K is an arbitrary

positive constant.

3.2.3 Outer expansion

As for the inner expansion, we here also assume that N = 1. We see that asymptotic
behaviors (3.41)) and (3.42)) can not give us a shape, since they hold uniformly on compact
sets (where we only see the constant solution (k,0)) and not in larger sets. Fortunately, we
observe from (3.41)) and that the profile may be based on the following variable:

z=—"=. (3.43)

wilys) = S Hal2)

i
2. Ry (2

wy(y,s) = Z QZj( )
=1

Note that, our purpose is to construct a solution where the real part is positive. So, it is
reasonable to assume that w; > 0 and it follows that Ry o(z) > 0 for all z € R. Besides

that, we also assume that R; ;, Ry ; are smooth and have bounded derivatives. From the
definitions of F} and F3, given in (3.18]), we have the following

P (Z Fuale »Z RZ’ > _ R (z) - P (ZS) uiRIO) Cs(f )
(510 5 )
_% (pRII)’Bl (Z)RQ,Q + p(p — 1)R11)762(Z)R1,1 (Z)Rg’l (Z)) ‘ S C(Z)
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Thus, for each z € R, by using system (3.22)), taking s — +o00, we obtain the following
system:

_1 s RLQ(Z)

0 = §R/1,0(Z) p— + RY o(2), (3.44)
0 = —5eRi(E) = S+ PRGN R + Rigl) + BB (3a5)
0 = —%R’Zl(z) 2 plel (2) + pRIG (2) Raa (2), (3.46)
0 = —%R’sz(z).z — };2%(? + prBl(z)Rg,g(z) + Ry, (2) + R (2) (3.47)

1 _
+ 53'2,1(2) 2+ plp — V)R (2)Ria(2)Roy (2).

This system is quite similar to [5] (where p € N), and we can find the formulas of
Rip, Ri1,Ra1 and Ry as follows:

Rig(z) = (p—1+bJz) 71, (3.48)
Rii(2) = %@ —14b2?) 51 (3.49)
B 122 In(p— 1 +b2%)(p— 1 +b2?) 751,
p p
Ryi(2) = -1+ sz)%7 (3.50)
Ryo(2) = —2(p—1+b2%) 751 4 Hyo(2), (3.51)
where b = % and

Hon(2) = Con(p)22(p—1+b22) 57 + Con(p)22In(p — 1+ b22)(p — 1+ be?) 51

+ Cy3(p)2®In(p —1+02%)(p— 14+ b2*) "> 1,

for some 0271, 0272 and 0273 in R.

3.2.4 Matching asymptotic behaviors

By comparing the inner expansion and the outer expansions and fixing several constants,
we then have the following profiles for w; and ws

w1( ,S) ~ (I)1< 73)’
{wz(z,s) ~ %(3,3), (3.52)

where
(p— 12y 7 N
p—1)"y v K
P — N DV VAN LA - 3.53
1(y, s) (p + s ) + 25’ (3.53)
ly|? (p—12[y?\ 77  2Nw
P = ULy P o 3.54
2(y7 8) 52 p + 4p s (p _ 1)827 ( )

for all (y,s) € RY x (0,+00). In the next section, we will give a rigorous proof for the
existence of a solution (wy,ws) of equation (3.22)) satisfying (3.52)).



126

3.3 Existence of a blowup solution in Theorem (3.1

In Section we adopted a formal approach in order to justify how profiles fy and gq arise
as blowup profiles for the solution of equation (3.1)), given in Theorem In this section,
we give a rigorous proof to justify the existence of a solution approaching those profiles.

3.3.1 Formulation of the problem

In this subsection, we aim at giving a complete formulation of our problem in order to
justify the formal approach which is given in the previous section. We introduce

wy = P+ q,
3.55
{ wy = Py + qo, (3.55)

where @1, @, are defined in (3.53) and (3.54)), respectively. Then, by using (3.22), we derive
the following system, satisfied by (g1, ¢2)

Q1 L+V 0 ) (%) (‘/1 1 Vi 2) <CI1) (BI(Qh Q2)) (R1>
8, - YRR INE + + (3.56
(612) ( 0 L+V q2 V271 VZ? q2 Bz(Ch’ Q2) Ry ( )
where linear operator £ is defined in ([3.24) and:

- Potential functions V, Vi1, Vi9, Vo1 and Vs 5 are defined as follows

Viy.s) = p<<1>’f‘ —#), (3.57)

Via(y, s) Oy F1 (U1, U2) |y jug)=(01,0) — pdPt (3.58)
Via(y,s) = OuF1(u1, u2)|(u; us)=(@1,82) (3.59)
Vor1(y,8) = Ouw Fo(unr, 2)| (w1 us)=(1,85) (3.60)
Vao(y,8) = OuyFo(tn, t2)|(uy up)—(@1,0) — DPY . (3.61)

- Quadratic terms B (g1, ¢2) and By(qi, ¢2) are defined as follows:

B1(Q1, Q2) = I (<D1 +q1, P2 + QQ) - F1(q>1, @2) - a’LLlFl (Ul, u2>’(u1,u2)=(‘1>1,q)2)q1<3'62>
- 8ugF’l (ula u2)|(u1,u2):(<1>1,¢2)q27
By(q1,q2) = Fo (P14 qr1, P2+ q2) — Fo(Pr, o) — Oy Folun, Ua) | (uy us)=(@1,02) N1
8u2F2<u17 u2)’(u1,u2):(<1>1,<192)q2- (363>

- Rest terms R;(y, s) and Rs(y, s) are defined as follows:

1 ®

Ri(y.s) = A®y =gy Ve — _11 + Fy(By, Dy) — 9,Py, (3.64)
1 ®

Ry(y,s) = APz =gy V&~ ’ _21 + F5(P1, @2) — 05Po, (3.65)

where Fy, F5 are defined in ((3.18]).
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By the linearization around @, ®,, our problem is reduced to constructing a solution

(q1,q2) of system (3.56), satisfying
llar(., 8) |l oo mny + [lg2(., 8)[| Loe mrvy — 0 as s — +-o00.

Looking at system (3.56|), we already know some of the main properties of £ (see page|121]).
As for potentials V;; where j, k € {1,2}, they admit the following asymptotic behaviors:

C
Vii(s 8)lnoe@ny + |[Va2(.s 8)|[ Loy < 2

C
Vi, 8)||pee@ny + Vo (s 8)|[poomyy < ?VS > 1,

(see Lemma below).

Regarding B; and B, which are considered as “quadratic” terms, we have in fact the
following estimates

CA*
1B1(q1; @)l L@y < —imys
s 2
CA?
B 5 oo S T o1 1\
1B2(q1: g2)|| oo () lrmin(251, 1)

provided that ¢; and ¢y are small in some senses (see Lemma below).

In addition to that, we also mention R; and R, which are considered as rest terms, satisfying
in fact the following asymptotic behaviors

[R1(. 8)[[Loemryy <

IA
Qe Q

[ Ra(., 8)| oo )
(see Lemma below).

As a matter of fact, the dynamic of equation ([3.56|) will mainly depends on the main linear

operator
L+V 0
0 L+V)’

and the effects of the other terms will be less important except on the zero mode of this
equation. For that reason, we need to understand the dynamics of £+ V. Since the spectral
properties of £ were already introduced in Section [3.2.1], we will focus here on the effect of
V.
i) Effect of V inside the blowup region {|y| < Kyy/s} with Ky > 0 : It satisfies the
following estimate:
V — 0in Li(Jy| < Kov/s) as s — +o0,

which means that the effect of V' will be negligible with respect of the effect of £, except
perhaps on the null mode of £ (see item (i7) of Proposition below).

i1) Effect of V outside the blowup region: For each ¢ > 0, there exist K. > 0 and s, > 0

such that
p
V ) —— < e.
) ( p—l)‘_e

sup
>Ke,s>sc

Y
Vs
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Since 1 is the biggest eigenvalue of £ (see (3.28)), the operator £ + V' behaves as one
with with a fully negative spectrum outside blowup region {|y| > K./s}, which makes the
control of the solution in this region easy.

Since the asymptotic behavior of potential V' inside and outside the blowup region is
different, we will consider the dynamics of the solution for |y| < 2Ky4/s and for |y| > Ky+/s
separately for some Ky to be fixed large. For that purpose, we introduce the following
cut-off function

X(¥,$) = Xo ([Jf\l/g) : (3.66)

where Y is defined as a cut-off function

o 1 forz <1,
XO ~ CO [0,+OO),X0(.I') = { O fOI‘ T > 2 and HXOHLOO(RN) S 1 (367)

Hence, it is reasonable to consider separately the solution in the blowup region {|y| <
2Ko4/s} and in the regular region {|y| > Ky+/s}. More precisely, let us define the following
notation for all functions r in L>(R¥Y) as follows

r=ry+re. with r, = xr and r, = (1 — x)r. (3.68)
Note in particular that supp(r,) C B(0,2Ko+/s) and supp(r.) C RV \B(0, Ko+/s). Besides
that, we also expand r, in L2(R") according to the spectrum of £ (see Section above):

1
Tb(y):T0+7’1'y+§yT'7“2'y— Tr (ro) +1r_(y), (3.69)

where 7 is a scalar, 71 is a vector in RY and 7, is a N x N matrix defined by

ro = / TP (y)dy,
RN

o= / 2 p(y)dy,
RN 2

1 1
ry = < / Ty (;lyjyk—§5j,k> p(y)dy) ,
RN 1<j,k<N

with Tr(ry) being the trace of matrix ro. The reader should keep in mind that rg, ry, o are
only the coordinates of 75, not for r. Note that 7, is the projection of r, on the eigenspace
of £ corresponding to the eigenvalue A = 1 — 7. Accordingly, r_ is the projection of 7;, on

the negative part of the spectrum of £. As a consequence of (3.68]) and ([3.69)), we see that
every 7 € L*(RY) can be decomposed into 5 components as follows:

1
rz?“b+7"e:7”0+7“1'y+§yg‘7”2'?/—TT(TQ)+T—+T6' (3.70)

3.3.2 The shrinking set

According to (3.21) and (3.55)), our goal is to construct a solution (gi, g2) of system ([3.56))
such that they satisfy the following estimates:

llar(-, 8) || oo mny + [lg2(.s 8)[| Loo mrvy — 0 as s — +o00. (3.71)
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Here, we aim at constructing a shrinking set to 0. Then, the control of (¢1,¢2) — 0,
will be a consequence of the control of (¢;,¢s) in this shrinking set. In addition to that, we
have to control the solution ¢; so that

wy = ¢ + O > 0, (3.72)

(this is equivalent to have u; > 0) and it is one of the main difficults in our analysis. As
a matter of fact, the shrinking sets which were constructed in [17] by Merle and Zaag or
even in [5], are not sharp enough to ensure . In other words, our set has to shrink to
0 as s — 400 and ensure that the real part of the solution to is always positive. In
fact, the positivity is the first thing to be solved. For the control of the positivity of the
real part, we rely on the ideas, given by Merle and Zaag [16] for the control of the solution
of the following equation:

2
V|

Ou = Au —n + [uP~ u, u € R, (3.73)
In [16], the authors needed a sharp control of u and |Vu| near zero, in order to bound
the term & Here, we will use their ideas in order to control u; near zero and ensure

its p081t1V1ty As in [16], we will control the solution differently in 3 overlapping regions
defined as follows:

For Ky > 0,09 > 0,60 > 0, € [0,T) and s = —In(T — t), we introduce a cover of RY as
follows
RY < Py(t) U Py(t) U Py(t),

Pt) = {2 o] < Koo/ T O 01} = {al Jy] < Kov/s} = {a] || < Kol
Pyt) = {x| By —t>|<|xr<eo} {m\ %ﬁswlyoe?}

€0 6065 €0 s
P = {ol 1z $h={al W=l bz S

with

YT f VT — DT — 0]

In the following, let us explain how we derive the positivity condition from the various
estimate we impose on the solution in the 3 regions. Then

a) In Pi(t), the blowup region: In this region, we control the positivity of u; by controlling
the positivity of w; (see the similarity variables given in ) More precisely, as
we mentioned in Subsection [3.1.3] w will be controlled as a pertubation of the profiles
Oy, Oy ((3.53) and (3.54))). By using the positivity of ®; and a good estimate of the
distance of w; to these profiles, we may deduce the positivity of w;, which leads to
the positivity of u;.
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b) In Ps(t), the intermediate region: In this region, we control u via a rescaled function
U of u as follows:

Ulx,&1)= (T — t(:v))_p%lu(:v +&/T —t(z), t(x) + (T — t(x))), (3.74)

where £(x) is uniquely defined for |z| small enough by

|z = %\/(T — () In(T" = t(2))|. (3.75)

We also introduce

O(x) =T — t(x). (3.76)

We see that, on the domain (£,7) € RY x [— T'i(f()x), 1), U satisfies the following

equation:

0.U = AU + U, (3.77)

By using classical parabolic estimates on U, we can prove the following the rescaled U
at time 7(z,t), has a behavior similar to Uk, (7(z,1)), for all || < agy/|In(T — t(x)]

where
t—t(x)

T(Q?,t) = T——t<x)7

and Ug, () is unique solution of the following ODE

o = R0 1 (3.78)
Uny(0) = (p— 14 5s) 7T |

64p

In particular, we can solve (3.78)) with an explicit solution:

(p—1)°K}

an ) V7 e0,1). (3.79)

UMuw:Qp—nm—T%%

Then, by using the positivity of U K, we derive that u; > 0, in this region.

c¢) In Ps(t), the regular region: We control the solution in this region as a perturbation of
initial data, thanks to the well-posedness property of the Cauchy problem for equation
, to derive that our solution is close to initial data, (in fact, 7" will be taken small
enough). Therefore, if initial data is strictly larger than some constant, we will derive
the positivity of u;.

The above strategy makes the real part of our solution becomes positive. Therefore, it
remains to control the solution in order to get

g1 (s $)l| 2o @y + [lgz(-s )| 2o @y — o0,

(see (3.55))). This part is in fact quite similar to the integer case, done in [5].

From the above arguments, we give in the following our definition of the shrinking set.
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Definition 3.1 (A shrinking set to 0). For all T > 0, Ky > 0,09 > 0,¢9 > 0, A > 0,59 >
0,70 > 0,p; € (0, min (’%1, 1)) andt € [0,T), we define the set S(T', Ko, a, €9, A, 6o, 10, t) C
C([0,t], L>(RN)) (or S(t) for short) as follows: u = uy + iuy € S(t) if the following condi-
tion hold:

(i) Control in the blowup region Pi(t): We have (q1,q2)(s) € Vi, k,,a(s) where s =
—In(T —t), (q1,q2) is defined as in (3.55) and V,, k, a(s) = Va(s) € (L=(RN))? is
the set of all function (q1,q2) € (L®(RN))? such that the following holds:

A A?
aro(s)l = & and apo(s)l < =5,
A A? ,
) €2 and (o) € S V1< <N,
A%In s A’lns ,
|q1,51(5)] < > and [g2 ;1 (s)] < ISk <N,
‘ ¢,-(y,5) < é and ¢, (Y, 5) A?
L+ [y @y — 8 L[yl ey — 5™
A? A3
HQI,e('as)HLW(RN) < % and ||Q2,e('73>||L°°(RN) < Sm?»

where the coordinates of q1 and qs are introduced in (3.70) with r = q or r = qs.

(17) Control in the intermediate region Py(t): For all |x| € [@\/(T — )| In(T — t)|,eo] :

4
T(x,t) = ;:t—t((i)) and |§] < agy/|In(T = t(x))|, we have
U, & 7(,0) = U (72, 1)] < 6,

where Uy, defined in (3.79).

iii Control in the reqular region Ps(t): For all |z| > <,

lu(z,t) — u(z,0)] < no,Vi=0,1.

Finally, we also define the set S*(T, Ky, ag, €0, A, 69,m0) C C([0,T), L*(RY)) as the set of
allw € C([0,T), L=(RY) such that

u € S(T, Ko,Oéo,Go,A, (50,?70,15),Vt € [O,T)

The following lemma, we show the estimates of the fuction being in V4(s) and this
lemma is given in [5]:

Lemme 3.10. For all A > 1,s > 1, if we have (q1,q2) € Va(s), then the following estimates
hold:

(i) We have
CA? CA3
and gzl @y < <57
s 2

1q1]| oo vy <
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(i) For ally € RY, we have

CA%Ins CA? CA%Ins
010(®)| < —— A+ ), are@)l < —-(L+[yl) and o] < —5—(1+]yl),
and

CA C A3 O A3
[G26(y)| < 5 (1 + W), lg2e(y)] < —s (1 + yl?) and |go| < —s (1 + lyl?).
s 2 s 2 S 2
and
where C" will henceforth be an constant which depends only on K.
Proof. See Lemma 3.2, given in [5]. H

As matter of fact, if u € S(t) then, from item (i) of Lemma3.10| the similarity variables
(3.21)) and (3.55]), we derive the following

1 . C A2
T —t)rTu(.,t) — fo < ,(3.80
(T =0l 1) f<¢@—mmULwQ[MM) Lhﬁm@—wﬁ )
and
A (T — D)l B . CA?
(=872 In(T = E)jeal 1) g0<\/(T—t)|ln(T—t)|> Lm(R§)1+|1n(T—t)|”;(3'81)

We see in the definition of S(¢) that there are many parameters, so the dependence of
the constants on them is very important in our analysis. We would like to mention that,
we use the notation C for these constants which depend at most on K. Otherwise, if the
constant depends on Ky, Ay, As, ... we will write C'(Ay, A, ...).

We now prove in the following lemma the positivity of Re(u) at time ¢ if u belongs to
S(t) (this is a crucial estimate in our argument):

Lemme 3.11 (The positivity of the real part of functions trapped in S(t)). For all Ko, A >

1 ag > 0,0 < @,770 < %, there exists €1(Kg) > 0 such that for all €g < € there exists
T1(A, Ko, €0) such that for all T < Ty the following holds: if u € S(T, Ky, v, €0, A, 0o, Mo, t)
for all t € [0,t1] for some t; € [0,T), and Re(u(0)) > 1 for all |x| > ¢, then

Re(u(, ) > %,V(x,t) ERYx € [0,4].

Proof. We write that u = u; +1ius, with Re(u) = u;. Then, we estimate u; on the 3 regions
Pl(t), PQ(f) and P3<t)
+ The estimate in P;(t): We use the fact that (q1,q2) € Va(s) together with item (7)

in Lemma and the definition (3.55) of ¢; and the definition of ®; given in (3.53)), to
derive the following: for all |y| < Kg/s,
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Using the definition (3.53)) of @1, we write for all |y| < 2Ky/s
CA?
wlne) = o) - S5

NG NG
1
(- 12\ 7T CA
> LRI Y °e _
- <p + 4p 0 \/g )
By definition (3.21]) of the similarity variables, we implies that
1
a1 (p—1)? 2) e CA?
T—t)rtuy(z,t)> (p—1+ K i —
7 -0t = (p-1+ Pk e
for all || < Ko/(T — t)|In(T — 1)|.
Therefore,
o (p—1)2 2) T CA? 1
w (e, ) > (T —t) 71 | [p—1+ K, S
(1) > (T — 1) [(p i |23

provided that T’ < T1’1<K0, A)
+ The estimate in Py(t): Since we have u € S(t), using item (éi) in the Definition
we derive that: for all z € [@ V(T —t)|In(T - 1)], 60]

’U(x,O,T(:U,t)) _ 0K0(7(x,t))\ < b,

t—t(z)

Ti(s)- 10 particular, by using the definition of t(z) given in (3.75)) and the

where 7(z,t) =
fact that

|~”U|>—\/ — )| I(T 1),
we have 7(x,t) € [0, 1). Therefore,

Up(x,0,7(x,t) > Ug,(m(z,t)) — b
> UKO(O)_50

1
1. 1 p— 1) K2\ 71
_UKO(O) 3 (p— 1+ %1—&0 ;

v

provided that dy < %UKO(O). By definition (3.74)) of U, this implies that

= 1 (p—1)* K§
(T —t(z))rTuy(z,t) = Uy(x,0,7(x,t)) > 3 (p —1+ % 1_6)

Using the definition of ¢(x) in (3.75) we write

8 _|af?

T — t(z) ~ —5
@)~ R el

as |z| — 0.

Therefore, there exists €1 1(Ky) > 0 such that for all ¢y < €1, and for all |z| < ¢, we have

1
12 K2\ T
1)* K§ I >}
4 16

T~ t(a) Py (p-1+ 2 >1
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Then, we conclude that for all |z| € [% V(T —t)|In(T — t)], €0 , we have

w(at) >

provided that T' < Ty (€g, Ko).

+ The estimate in P3(t): It is very easy to control our solution in this region. Indeed,
item (7i7) of Definition , we have for all |z| > ¢

1 1
uy(z,t) > Re(u)(x,0) —ng > 1— 5= 5
provided that 7y < % This concludes the proof of Lemma m 0

Thanks to Lemma [3.11] we can handle the singularity of the nonlinear term u? when
our solution is in S(7T', A, ag, €9, A, 09, 10)- In addition to that, from item (7) of Lemma m,

(3-80) and (3.81)) our problem is reduced to finding parameters T, Ky, ag, €9, A, dg, 10, and
constructing initial data u(0) € L>®°(RY) such that the solution u of equation (3.1]), exists

on [0,7) and satisfies
u e S*(T, Ko,Oé(),E(),A,(S(),ﬁo). (382)

3.3.3 Preparing initial data and the existence of a solution trapped
in S(t)

In this subsection, we would like to define initial data «(0), which depend on some param-
eters to be fine-tuned in order to get a good solution. The following is our definition:

Definition 3.2 (Preparing of initial data). For each A > 1,T > 0, dy = (d1,d11) €
R! x RN and dy = (dag,da1,d21) € R x RY x RN we introduce the following functions
defined at so = —InT :

A 16
o) = (ot dia ) (K\'yf‘)

A2 ASlnsy (1 16]y|
¢2,K0,A,d2(y750) = ( 81+2 (dgo + d2 1 y) + sgl+2 (53/ . d2,2 Y Tr <d272)>) <K0\/_O> .

We also define initial data ug, a4, 4,(0) = U1 Ky 4.4, (0) + iUz i, 4.4,(0) for equation (3.1)) as
follows:

U1 Ko, Ady (T, 0) = T {¢1,KO,A,d1 (%, —lnT> + d <%, - lnT) } X1 ()3.83)
+ U*(z)(1—xa(x)) +1,

T {¢2K0Ad2( lnT) + @, <— —lnT)} (2)(3.84)

where ®1 and ®y are defined in , and x1(x) is defined as follows

U2 Ko, Ady (2, 0)

_ ||
xi(z) = ( VT T (3.85)
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with xo defined in (3.67)), and U* € C*(RN\{0},R) is defined for all x € RNz # 0

1
(p—1)2|z|? | »-1 ;
[ gpl T a]| } if x| < C7,

U*(x) = 1ngg|2 if |7 > 1, (3.86)

U*(z) >0 for all x # 0,

where C* is a fized constant strictly less than 1 enough, and U* satisfies the following
property: for each ey < % we have

U*(x) < U*(e), for all |z| > €. (3.87)

Remark 3.12. Roughly speaking, the critical data we done here are superposition of two
items:

- T {¢1+ @1} in P1(0)

The first form is well-known in previous construction problems. As for the second, we
borrowed it from Merle and Zaag in [16]. Note that U* is the candidate for the final profile
of the real part, as we can see from own main result in Theorem [3.1. More crucially,
we draw your attention to the fact that in comparision with [16], we add here +1 to the
eTPTression in , and this term will allow us to have the initial condition

Re(u(0)) = 1,

which is essential to make the nonlinear term u? well-defined, and the Cauchy problem
solvable (see Appendix . This is an important idea of ours.

From the above definition, we show in the following lemma some rough properties of
the initial data.

Lemme 3.13. For all Ky > 1,A > 1, |di|<2,|ds| < 2, and for all ¢y < % (where C* is
introduced in (3.87)), there exists Ty(eo, Ko, A) > 0 such that for all T < Ty, if u(0) =
Uy, A,d1,d5(0) is defined as in Definition [3.9, then the following holds:

(i) The initial data belongs to L>=(RY) and satisfies the following

(P — 1)2\60!2)”1

. 0 (x| >€ S 1
[[ul., 0] oo o2 e0) +< 8p|n o]

(17) The real part of the initial data, Re(u(0)) is positive. In particular,

Re(u(z,0)) > 1,Vz € RV,

Proof.
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(i) It is obvious to see that the initial data belongs to L= (R") with the assumptions in this

Lemma. It remains to prove the estimate in item (7). We now take ey < %, and we use

definition of x; in (3.85) to deduce that supp(x1) C {|#| < 2v/T|InT|}. Moreover, we have
VT|InT| — 0 as T — 0.

Then, we have
VT|InT| < 1—0,

provided that 7' < T5;(€p). Hence,

€
supp(x1) € {Jz] < 2},
Hence, it follows the definition of w(0) that: for all |z| > ¢, we have
u(z,0) =U"(x) + 1,

Using ((3.87)), our result follows.

(11) We see in the definition of u(0) that we have supp(¢1,x,,4,4,) C {Jyl < £2+/50} and we

have the following
CA

InT|z

T
|1, 10,40, (ﬁ’ —th) || oo (m) <

In addition to that, in the region {|z| < £0\/T[InT[}, the function ®; <\/LT’ —1nT> is
bounded from below by a positive constant which depends only on K. Therefore, there
exists Tho(A, Koy) > 0 such that for all T' < Ty, for all |z| < %\/T] InT| we have

S1, Ko, A (% —1nT> + Py <% —lnT) > 0.
Therefore: for all |z| < £24/T|In T, we have

Re(u(z,0)) > 1.

Now, if |z| > £0\/T|InT|, then we have ¢1 k. a4, (y,5) = 0. Since ®(y, o) > 0 from
(3.53) and U*(z) > 0 from (3.87)), we directly see from the definition (3.83) for Re(u(0))
that

Re(u(z,0)) > 1.

This concludes the proof of Lemma [3.13] O

Following the above lemma, we will prove that there exists a domain Dy, 4 5,, With
sp = —InT such that for all (dy,ds) € Dg, a4, the initial ug, 4.4,.4,(0) is trapped in

S(T, KO: Qp, €0, A7 507 Mo, 0) - S(O>

In particular, we show that the initial data strictly satisfies almost the conditions of S(0)
except a few of the conditions in item (7) of Definition . More precisely, these conditions
concern the following modes

(CI1,07 (Ch,j)lgjgm 42,0, (Q2,j)1§j§Na <QZ,j,k)1§j,k§N)(50)-

The following is our lemma:
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Lemme 3.14 (Control of initial data). There exists K3 > 1 such that for all each Ky >
K3, A > 1 and 6 > 0, there exists az(Kg,01) such that for all ag < «g, there exists
e3(Ko, g, 01) > 0 such that for all eg < €3,m9 > 0, there exists Tz3( Ky, o, €1, A, d1,m0) > 0
such that for all T < T3 and so = —InT, there exists D, a5, C [—2, 2]N2+2N+2 such that
the following holds: if w(0) = ugy a9.a,,4,(0) (see Definition[3.3), then

(I) For all (dy,ds) € Dy a5y, we have u(0) € S(T, Ky, o, €0, A, 61,70, 0). In particular, we
have:

(1) FEstimates in Py(0): We have (q1,q2)(s0) € Va(so) where (q1,q2)(so) are defined in
(13.21) and (3.55). Moreover, we have also the following strictly estimates:

A?Ins _
lqujk(s0)] < Tomo V1< k<N
2s;
S A _(.,s A2
‘ ug) <2 and g2, ( g) < 2
L+ Jy? || ey — 283 L+ [5P ey ~ 9525
A? 43

q1,e (-5 50) || oo vy < and ||lga,e(.; S0)|[Loomrv) < ETESR
2

2y/50 25,

(17) Estimates in P5(0): For all |x| € [%\/T] lnT\,eO] ,To(x) = _9'2%) with 0(x) = T —t(x)
and |&] < apy/| In(T — t(x))|, we have
U, &, 70()) = Uy (1o())| < 61,
where Uz, €, 7) is defined in (3.74) and U, (1) is defined in ([3.79).
(I1) There exists a mapping V1 such that
0, RN2+2N+2 N RN2+2N+2
(di,d2) = Wi(dy,dy),

where
\1’1(d1, d2) = (611,07 (q1,j)1j§N7 42,0, (QQ,j)lgjgN; (QQ,j,k)lgj,ng)(SO)a

and Uy is linear, one to one from Dk, a5, to Va(so), where

. A AN A2 A2 7Y T ASns ASIns)Y
Vals) = {—8—2;} x [—mm} x {— e sz} - (388)
Moreover, we have R
\Ifl(a'DK(),A,SO) C aVA(So),
and
deg (V1] ay) 70 (3.89)

Proof. If we forget about the terms involving U* and the +1 term in our definition
- of initial data, then we are exactly in the framework of the integer case, treated
in Duong [5] (see Lemma 3.4 in [5]). Therefore, when p is not integer, we only need to
understand the effect of U* and the +1 term in order to complete the proof. The argument
is only technical. For that reason, we leave it to Appendix [3.7] O
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Now, we give a key-proposition for our argument. More precisely, in the following
proposition, we prove the existence of a solution of equation (3.56|) trapped in the shrinking
set:

Proposition 3.15 (Existence of a solution trapped in S*(T', Ko, ag, €9, A4, 60, 1m0)). We can
chose the parameters T, Ko, o, €9, A, 0o and ng such that there exists (dy,ds) € RV +2N+2
such that the solution u of equation with nitial data given in Definition erists on
[0,T) and satisfies

u € S*,

where S* = S*(T', Ky, av, €9, A, do,M0) 1s defined in Definition .
Proof. The proof of this Proposition is given 2 steps:

e The first step: We reduce our problem to a finite dimensional one. In other words,
we aim at proving that the control of w(t) in the shrinking set S(¢) reduces to the
control of the components

(qLo, (Q1,j)1§j§N7 d2,0, (%,j)lgjgzv, (Q2,j,k)1§j,k§N)(3)
in Va(s), defined in (3.88).

e The second step: We get the conclusion of Proposition by using a topological
argument in finite dimension.

- Step 1: Reduction to a finite dimensional problem: Using a priori estimates, our
problem will be reduced to the control of a finite number of components.

Proposition 3.16 (Reduction to a finite dimensional problem). There exist parameters
Ky, ag, €0, A, 00,m0 and T > 0 such that the following holds:

(a) Assume that initial data u(0) = Uk, a,a,.4,(0) s given in Definition[3.4 with (dy,dy) €
DK@,A,SO

(b) Assume furthermore that the solution u of equation satisfies:
u € S(T, Ky, ao, €9, A, do, 10, 1),
for all t € [0,t.], for some t. € [0,T) and
u € 0S(T, Ky, o, €0, A, 0o, Mo, ).
Then, we have:
(1) (Reduction to finite dimensions): It holds that

(q1,07 <QI,j)1§j§N7 q2,0, (Q2,j)1§j§1v, (QQ,j,k)lgj,kSN)(s*) € aVA(S*)7

where the above components are of (q1,q2)(s), defined in (3.21), and (B.55), Va(s) is
defined as in (3.88) and s, = —In(T — t.).
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(17) (Transverse outgoing crossing): There exists vy > 0 such that

(91,00 (@1.7) 152N+ @2.05 (@2.5) 152 (@2, ) 1<ipen) (S + V) & Va(s, +v), (3.90)

for allv € (0,vy). This implies that there exists vy > 0 such that u exists on [0, t.+11)
and for all v € (0,14)

U(t* + V) ¢ S(TJ Ko,Oéo,Go,A, 6077707t* + V)‘

The proof of this Lemma uses techniques given in [16] which were developed from [1]
and [I7] in the real case. However, it is true that our shrinking set involves more conditions
than the shrinking set used in [I], [5], [I6] and [I7]. In fact, the additional conditions
are useful to ensure that our solution always stays positive. In particular, the set Vi(s)
plays an important role. Indeed, as for the integer case in [5], only the nonnegative modes
(910, (q1.)1<5<N5 42,0, (q2,5)1<j<N, (@256 )1<j k<N ) (8+) may touch the boundary of Va(s.) and
leave in short time later. However, the control of the solution with the positive real part
is also our highlight and of course it is the main difficulty in our work. This proposition
makes the heart of the paper and needs many steps to be proved. For that reason, we
dedicate a whole section to its proof (Section below). Let us admit it here, and get to
the conclusion of Proposition [3.15|in the second step.

- Step 2: Conclusion of Proposition by a topological argument. In this step, we
give the proof of Proposition [3.15| assuming that Proposition holds. In fact, we aim at
proving the existence of a parameter (dy, d2) € Dk, 45, such that the solution u of equation
(3.1) with initial data g, 4.4, .4,(0) (given in Definition [3.2]), exists on [0,7") and satisfies

ue SYT, Ko, ag, €0, A, 80, 10),

where the parameters will be suitably chosen. Our argument is analogous to the argu-
ment of Merle and Zaag [I7]. For that reason, we only give a brief proof. Let us fix
T, Ky, 09, g, €9, A, ag, no such that Lemma [3.14] Proposition [3.16] and Lemma hold.
Then, for all (dy,d2) € Dk, a5, and from Lemma we have the initial data

UKy, A,dy,d2 (O) € S(Ta KO) Qp, €0, Aa 507 Mo, O)

Thanks to Lemmas[3.11)and [3.14] for each (dy, d2) € Dy a,5, we can define t,(d, dy) € [0,T)
as the maximum time such that the solution w4, 4, of equation (3.1), with initial data
UKy, Adi.dy(0) trapped in S(T', Ko, o, €0, A, 8o, 1m0, t) for all t € [0,¢.(dy,d2)). We have the
two following cases:

+ Case 1: If there exists (dy, dy) such that ¢.(dy,d2) = T then our problem is solved

+ Case 2: For all (dy,ds) € Dk, a.5,, We have

[ (dl, dg) <T.

By contradiction, we can prove that the second case can not occur. Indeed, if it is true, by
using the continuity of the solution u in time and the definition of ¢, = t.(d;, ds), we can
deduce that u € 9S(t.). Using item (i) of Proposition |3.16, we derive

(C_Il,o, (QI,j)1§j§N7 42,0, <QQ,j)1§j§N7 (Q2,j,k)1§j,k§N)(3*) S aVA(S*)>
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where s, = —In(T" — t,). Then, the following mapping I is well-defined

FZ@KQ,A,SO — 8([—1,1]N2+2N+2>
(dl,dl) — F(dl,dg),

where

g2 gh1t+2 gh1+2
F(dh d2) = <Z*(Q1,o, (QLj)lgjgN)(S*); 2—2(Q2,0, (QZ,j)lgjgN)(5*>a m(%,j,khgj,kgjv(s*)) )

and s, = s.(d1,ds) = —In(T — t.(dy, ds)).

Moreover, it satisfies the two following properties:

N2+2N+2>

(i) T' is continuous from Dy, 45, to O ([—1, 1] . This is a consequence of item

(74) in Proposition ((3.16]).

(ii) The degree of the restriction I'| D scg.1.0g 18 TION ZETO, Indeed, again by item (iz) in
Proposition [3.16] we have
5.(dy, dz) = so,
in this case. Applying , we get the conclusion.

In fact, such a mapping I' can not exist by Index theorem and this is a contradiction. Thus,
Proposition follows, assuming that Proposition holds (see Section [3.4] for the proof
of latter). O

3.3.4 The proof of Theorem 3.1
In this section, we aim at giving the proof of Theorem [3.1] by using Proposition [3.15]

The proof of Theorem 3.1} Except for the treatment of the nonlinear term, this part
is quite similar to what we did in [5] when p is integer. Nevertheless, for the reader’s
convenience, we give the proof here, insisting on the way we handle the nonlinear term.

+ The proof of item (i) of Theorem [3.1: Using Proposition [3.15] there exists (di,ds) €
RN*+2N+2 guch that the solution u of equation (3.1)) with initial data g, 4.4,.4,(0) (given
in Definition [3.2)), exists on [0,T) and satisfies:

u € S*(Tv KOv Qp, €0, Aa 507 770)

Thanks to item (i) in Definition 3.1} item (¢) of Lemma [3.10} and definitions (3.21)) and
(3.55]) of (w1, ws) and (g1, g2), respectively, we conclude (3.6)) and (3.7]). In addition to that,

we have Re(u) > 0. Moreover, we use again the definition of V4(s) to conclude the following
asymptotic behaviors:

w(0,8) ~ K(T—t)777, (3.91)

2Nk (T — t)fp%l
(=D [In(T—1)]>’
as t — T, which means that u blows up at time 7" and the origin is a blowup point.

Moreover, the real and imaginary parts simultaneously blow up . It remains to prove that
for all = # 0, z is not a blowup point of u. The following Lemma allows us to conclude.

UQ(O, t)

(3.92)
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Lemme 3.17 (No blow-up under some threshold; Giga and Kohn [7]). For all Cy > 0,0 <
Ty < T and o > 0 small enough, there exists ¢g(Co, T, o) > 0 such that if uw(&, ) satisfies
the following estimates for all || < 0,7 € [T1,T):

|0;u — Au| < Colul?,

and
1

u(§, 7)] < €l —7) 1.
Then, u does not blow up at £ = 0,7 =1T.

Proof. See Theorem 2.1 in Giga and Kohn [7]. Although the proof of [7] was given in the
real case, it extends naturally to the complex valued case. O

We next use Lemma to conclude that u does not blow up at zy # 0. Indeed, let us
consider xg # 0. Then, we use (3.6) to deduce the following:

&8 C
’ 2 ————— 0, (3.93
f (\/(T_t)|ln(T_t>|>|+ T o (3.93)

as t — T. Applying Lemma to u(z — xg,t), with some ¢ small enough such that
o < @, and T; close enough to T, we see that u(x — xo,t) does not blow up at time 7'
and z = 0. Hence, z is not a blow-up point of u. This concludes the proof of item (i) in

Theorem [B.11

+ The proof of item (ii) of Theorem[3.1: Here, we use the argument of Merle in [14] to
deduce the existence of u* = uj 4 iuj such that u(t) — u* as t — T uniformly on compact
sets of R¥\{0}. In addition to that, we use the techniques in Zaag [30], Masmoudi and
Zaag [18], Tayachi and Zaag [28] for the proofs of and (3.10).

Indeed, for all zyp € RY, 29 # 0, we deduce from (3.6)), (3.7) that not only (3.93)) holds but
also the following is satisfied

sup (T — t)y%l|u(x,t)| <

\xfxo\g‘z—é)l

] _ 9|x0|2 p @
x_fﬁﬁgm(T_” (T = Djual.B)] - < 4(T—L‘)|1n(T—t)\f0<\/(T—t)]1n(T—t)\>|
C

— 50, ast—T. (3.94)
(T — 1) %

We now consider x such that |zg| is small enough, and K to be fixed later. We define
to(zo) by

|LL’0| = K\/ - to .CL’Q | 11’1( - to(l’o))‘ (395)
Note that to(zo) is unique when |zg| is small enough and to(x¢) — T as xy — 0.

We introduce rescaled functions U(xg, &, 7) and Va(xg, &, 7) as follows:
U(zo,&,7) = (T — to(zo)) P ul(x, 1). (3.96)

and

‘/2(5130,5,7') = |ln(T—tO(Z’Q)NUQ(Z’Q,g,T), (397)
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where Us(xg, &, 7) is defined by
U<x0a 57 T) = U1<I'0, 57 T) + iUQ(I()? 57 T)7

and

(,8) = (20 + /T — folao), tolao) + (T — to(x0)))., and (€,7) € RY x [_—T foleo) 1) |

— to (Q?o) ’
(3.98)

We can see that with these notations, we derive from item (7) in Theorem [3.1| the following
estimates for initial data at 7 = 0 of U and V5

sup U0, £,0) — fo(Ko)| < ¢ 50, (3.99)

1
€< n(T—to (o)) ¥ L+ ([ In(T — to(z0))| %)

C
sup |‘/2(I07§70) _90(K0>| S :
1€]<] In(T—to (o)) | ¥ L+ (| In(T" — to(z0)) )

—0, (3.100)

as o — 0 and note that f, and go are defined as in (3.4) and (3.8) respectively, and
= min (3, 2).

Moreover, using equations (3.17)), we derive the following equations for U, V;: for all £ €
RY 7€ [0,1)

0.U = AU +UP, (3.101)
87-‘/2 = Ag‘/g—i— ‘IH(T—to(Z'Q))’FQ(Ul,UQ), (3102)

where F; is defined in (3.18]).
Besides that, from (3.93)) and (3.101]), we can apply Lemma to U when [¢| < |In(T —

to(zo))|* and obtain:

sup \U(z0,&,7)] < C. (3.103)

61< 41 In(T—t0 (o)) |4 r€[0,1)
Then, we aim at proving for Va(z, &, 7) that

sup |Va(xo, &, 1) < C. (3.104)

€< 15| In(T—to (o)) trefo)

+ The proof for (3.104]): We first use (3.103)) to derive the following rough estimate:

sup |Va(zo, &, 7)| < CIn(T — to(xp))|- (3.105)

I€1< 2 | In(T—to(20))| ¥ ,7€[0,1)

We first introduce v a cut-off function ¢ € C§°(RY),0 < ¢ < 1, supp(v)) € B(0,1),¢ =1
on B(0, ). Introducing

2§
1 - T and ‘/271 To,C,T) = U1 ‘/2330, ,T). 3.106
0(©) w<“n(T_to(xo))|4> (@0,6,7) = 01(OValan. & 7). (3.100)
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0 Va1 = AeVoy — 2 div(VaVahy) + VaAihy + | In(T — to(o)) |01 Fo(Us, Us). (3.107)

Hence, we can write V5; with an integral equation as follows

Var(r) = €27 (Va1(0)) + / Te“‘“m{—z div (VaVihy) + VaAgy (3.108)
0

+ [In(T" — to(wo)) W1 Fo(Un, Uz)) (')} dr’.

Besides that, using (3.103) and (3.105)) and the fact that

| < ¢ and  |Ayy] < ¢
| In(T" — to(0))]

Vi > 1
v S Tt

)

W=

we deduce that

< C/T VoV || oo RN)( ')

VT =1

/ TR (=2 div (VaViby)) dr’
0

IN

/ " e=A (V) Addy) dr

0

and

/0 "l (| In(T — tolo) | Ea(Ur, Ua) () d”

< C/!WMT—M%MMRQE%MwmmWMﬂ
0

C/H%Nmuﬁwfﬁﬂm@—m@mﬁ
0

dr' < C|In(T — to(x0))|1,

Since the last term in (3.108]) involves the nonlinear term Fy(Uy, Us), we need to handle it
differently from the case where p is integer: using the definition (3.18) of F», and (3.103))
and the fact that U; is positive, we write from for all |¢| < 1|In(T — to(20))|3,7 €[0,1) we

have

[y In(T — to(0)) Fo(Uy, Us) (1) < C(UF + Uzz)% |1 In(T" — to(20))Ua(7)|
< C|Vau (1) oo @y

Hence, from ((3.108)) and the above estimates, we derive
Vs (7)) < CIIn(T = tafaa)l + € [ [Vaar)mqun
0

Thanks to Gronwall Lemma, we deduce that
Vo (1)l n) < C1I(T = to(o))|1, ¥r € [0, 1),

which yields

NS

sup [Va(wo, &, 7)| < ClIn(T — to(x0))]2.

1€1< L In(T—to(20))| 4 ,7€[0,1)

(3.109)
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We apply iteratively for

48
‘/221‘07 y T) = Y2 ‘/2'T07 y T where 2 = 1 .
o50,€,7) = Ua(E)Valro, &, 7) where (e @w(‘ln(T_tO(%))P)

Similarly, we deduce that

sup Va(zo, &, 7)| < C|In(T — to(x0))]2.

lgl<il In(T—to(z0))|1,7€[0,1)

We apply this process a finite number of steps to obtain (3.104). We now come back to our
problem, and aim at proving that:

. C
sup )U(Io,f,T)—UKO(T)‘ < — - (3.110)
l€1< & In(T—to (o))} ref0,1) L+ [In(T = to(wo) )7
- C
- < 111
sup Valeo &) = Ve | < T oy 1D

I€1< L | In(T—to(20))| F,7€[0,1)

where 7,3 are positive small enough and ([7 Ko Vg K,)(7) is the solution of the following
system:

0.Ux, = U, (3.112)
O Vary = PUL Vare. (3.113)

with initial data at 7 =10

Us(0) = oK),
Voo (0) = go(KDo).

given by
. _ 0y . P 1)PKG o
) = (=D -+ =) T (3.114)
; = (i P PR T
Voro (1) = Kj ((p 1)(1 )+ 1 > ) (3.115)

for all 7 € [0, 1). The proof of is cited to Section 5 of Tayachi and Zaag [28] and here we will
use (3.110]) to prove (3.111)). For the reader’s convenience, we give it here. Let us consider

Vy = Vo — Vo o (7). (3.116)
Using ([3.104)), we deduce the following
sup Vo] < C. (3.117)

[61< 5 [ In(T—to (o)) 1 ,7€[0,1)
In addition to that, from (3.102]) we write an equation on Vs, as follows:

0-Vy = AV, + pUs Vo + p(UP ™ — Ul ")Va + Ga(0, €, 7), (3.118)
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where

o (20, &, 7) = |In(T — to(0))| (Fa(Us, Uz) — pUP™'Us) .

As for the last term in (3.118)), we need here to carefully handle this expression, sine it
involves a nonlinear term, which needs a treatment different from the case where p is
integer. From the definition (3.18)) of F3, we have

B0, U2) = U 0| < ot (07 + 09)"" — 07

p . . Us pUs
U? 4+ U2)2 { sin arcsin | —— - 3.
) { (p (¢U?+U§>) \/U%+U§H

And we deduce from (3.104) and (3.110) with ¢y > 0 small enough that

+

|Fo(Ur, Us) — pUT 0| < C|URJ2,
Plugging the above estimate and using (3.97) and (3.104]), we have the following

C
(T — to(zo))|*

- [8a(r0, &7 < (3.119)

1
If‘gﬁl 111(,1—‘_7:())‘Z 77—6[071)

Introducing
Vy = 1.(§) Ve,

where

- 16¢
vy <|ln<T—to<xo>>|i> |

and 1) is the cut-off function which has been introduced above. We also note that V., Ay,
satisfy the following estimates

C C
Ve oo mry < rand [[Ag| ooy < - (3.120)
S (T =t (o)) [ (T = to(wo)) 2

In particular, V, satisfies

0,V = AVy+pULH (7)Vs =2 div (Vo Vi) + Volip, +p(UY ' — UL . Vo +10,Gs, (3.121)

By Duhamel principal, we derive the following integral equation

Vo(1) = ™2 (Vo(7)) + / e(r=A {pU;gl\?g — 2. div (VoV,) + VoAe, (3.122)
0

+ (U = UR Ve 9.8 } (7)dr

Besides that, we use (3.110)), (3.114])), (3.117)), (3.120), (3.119) to derive the following esti-
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mates: for all 7 € [0,1)

|UK0<T)| S C?
WAA (1) < -
2 *|| Lo (RN - i
(RY) | In(T — to(o))| 4
C
V22l ey (7)< X
(R™) | In(T — to(x0))|2
A C
p—1 _ rrp-1 <
H(Ul Uk >¢* L2o(RN) () < | In(T" — to(x0)) 2’
C

1920l = o o

where 7, given in (3.110]). Hence, we derive from the above estimates that: for all 0 < 7/ <
T<1

eTTApUR V(7)) < O Va7,
! 1 1
(=2 (div (V4 Vi < C
e v * — i
| (div(VaVe,))] VT =7 | In(T — to(wo))|3
TRV AY,)| < ¢ '

| In(T" — to(x0))|2
C
| In(T" — to(xo))|72’
C
| In(T" — to(zo))|

TR (p(UY = UL Vo) (7)<

TR (1, G0) ()] <

Plugging into (|3.122)), we obtain

) < ¢
| In(T" — to(xo))[

1V2(7) | e v e /0 19 (7 | oe g

where 3 = min(%,72). Then, thanks to Gronwall inequality, we get

C
— to(wo))

Hence, (3.111)) follows. Finally, we easily find the asymptotics of v* and u} as follows,
thanks to the definition of U and V5 and to estimates (3.110) and (3.111)):

Vo oo mry <
|| 2HL (RN) > |ln(T

) 1, 1 —1)? “p
u*(zg) = tll_{ITlU(ﬂSo,t) = (T'—to(xo)) 71 llg% U(xo,0,7) ~ (T'—to(x0)) 71 (MK(?)

4p
(3.123)
w* (o) = limu(zo, 1) = (T —to(wo)) 77 lim U(ao,0,7)
1 —1)? 71’%1
v o) (PTER) T e
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and
i) = ) = (T bt
Tl 2 (Y gy et ()
Using the relation , we find that
T — to(zg) ~ #ﬂlﬁxoﬂ and In(T" — to(xg)) ~ 2In(|xo|), as xg— 0. (3.126)

Plugging (3.126]) into (3.123]) and (3.125]), we get the conclusion of item (i) of Theorem
B.11

This concludes the proof of Theorem assuming that Proposition holds. Natu-
rally, we need to prove this proposition on order to finish the argument. This will be done
in the next section.

3.4 The proof of Proposition |3.16

This section is devoted to the proof of Proposition [3.16, which is considered as central in
our analysis. We would like to proceed into two parts:

+ In the first part, we derive a priori estimates on u in every component P;(t) where
Jj=120r 3.

+ In the second part, we use a priori estimates to derive new bounds which improve all
the bounds in Definition [3.1], except for the non-negative modes

(Q1,07 (Qh,jhgjgN, 42,0, (QQ,j)1§j§N, (QZ,j,k)1§j,k§N)~

This means that the problem is reduced to the control of these components, which is the
conclusion of item (i) of Proposition As for item (iz) of Proposition is just a
direct consequence of the dynamics of these modes.

3.4.1 A priori estimates in Pi(t), P»(t) and Ps(t)

In this section, we aim at giving a priori estimates to the solution u(t) on P;(t), Py(t) and
P3(t) which are important to get the conclusion of Proposition [3.16}

+ A priori estimates in Py(t): Here we give in the following proposition some estimates
relevant to the region P;(t) :

Proposition 3.18. For all A, Ky > 1 and ¢g > 0,a9 > 0,09 > 0,719 > 0, there exists
Ty(Ko, A, €q) such that for all T < Ty, if u is a solution of equation (3.1) on [0,t1] for some
t1 € [0,T) and uw € S(T, Ky, v, €9, A, do, Mo, t) for all t € [0,t1], then, the following holds:
for all so <7 < s < s with sy =In(T —t1), we have:

(1) (ODE satisfied by the positive modes) For all j € {1,..., N}, we have

1

05(s) = 501(5)

C
<—VI<j<N 12
5 < FZVlsjish, (3.127)

"11,0(5) - qLo(SM +
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and
1 C .
|dh0(s) = q20(s)| + |db(s) — §Q2,j<3)‘ < W’W <j<N. (3.128)

(i1) (ODE satisfied by the null modes) For all 1 < j, k < N, we have

2 CA
dhoas) + 29| < 2 (3.12
and 2 CA?%1
ns
G (8) + ng,j,k(S) S s (3.130)
(731) (Control of the negative part) We have the following estimates
‘ a-(.5) < e | 2bn) (3.131)
1 + ’y| LOO(RN) 1 + ‘yl LOO(RN)
e C(l+s-7)
e S—T
+ C———lqe(, P llze@yy + ————,
S2 s
and
‘ CL)) < cor |2t (3.132)
1 + ’y| LOO(RN) 1 + |y| LOO(RN)
e C(l+s—7)
e S—T
+ C———|lgee(s DllLoc@yy + ——55—-
S2 S 2
(v) (Control of the outer part) We have the following estimates
_(577)
||QLe(~a3)||Loo(RN) < Ce » HQLe(-:T)”LOO(RN) (3~133)
+ Ces—TS% ql,—(”:)) +C(1+S—T)€7 7
1+ Jy| Loo(RN) Vs
and
_(577')
g2.e( )l ey < Cem 7 [lqael, )l oo o) (3.134)
(. (1 —T)es T
+ Ce* s 2-\T) ( ’73) + (1+ Spﬁ;)e .
1+ |y| Loo(RN) s 2z

Proof. By using the fact that u(t) € S(T, Ko, o, €0, A, 0o, Mo, t) for all t € [0,¢;], we derive
that (q1,q2)(s) € Va(s) for all s € [sp, s1] and (g1, g2)(s) satisfies equation (3.56)). In addition

to that, we deduce also the fact that ¢;(s) + ®1(s) > ¢ ;j for all s € [sg, s1] (see Lemma
B.11). Although potential terms Vg, j, k € {1,2}, quadratic terms By, B, and rest terms
Ry, Ry (see equation ([3.56))) are different from the case where p is integer, they behavior
as in that case (see Lemmas [3.25] [3.26] [3.27 below). Thus, the result is derived from the
projection of equation and the dynamics of the operator £ 4+ V. For that reason, we
kindly refer the the reader to the proof of Lemma 4.2 given in [5] for the case where p is

integer. O
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+ A priori estimates in Py(t):
In this step, we aim at proving the following lemma which gives a priori estimates on u
in Py(t). The following is our main result:

Lemme 3.19. For all Ky > 1,01 € (0,1),& > 1,A5 > 0,5 > 0, the following holds: If
U(&,7) a solution of equation (3.101)), for all & and T € [11, 2] with 0 < 11 < 19 < 1, such
that for all T € [T, 73] and for all £ € [—2&y, 2&], we have

U, 7)| < As and Re(U(E,7)) > A5 and ‘U(f,ﬁ) — Uk, ()| < 61, (3.135)

then, there ezists € = €(Ko, A5, A5, 01,&0) such that for all § € [—&o, &) and for all T € [Ty, 2]
we have

() - 00| <«

where Ug, (1) is given [3.79). In particular, we have e(Ko, As, A5, 61,&0) — 0 as (61, &) —
(0, +00).

Proof. We introduce 9 as a cut-off function in C§°(R) which satisfies the following:
Y(z) =01if |z| > 2, |¢(z)| <1 for all z and (z) =1 for all |z| <1,

and we also define v; as follows

)

Then, we have 11 € C$°(RY), and supp(¢);) C {|¢] such that |¢] < 2&} and ¢, (§) = 1 for
all |£] < &. In addition to that, we let

$i(6) = (@) |

Vi(,m) = 0n(6) (U6 7) = Uo(7) 97 € [, ], € € R,
Thanks to equation , we derive that V; satisfies the following equation:

0. Vi = Ay — 2 div (UVy) + UAY, + ¢4 (€) (Up - UP) . (3.136)
Therefore, we can write V; (£, 7) under the following integral equation

Vi(7) = A V(7)) + / Celra (=2 div (UV) + UAG; + 4 (U7 = 07)) ()7,

T1
(3.137)
In addition to that, we have the following fact from (3.135)) (in particular the estimate
Re(U(&,7)) > A5 in (3.135) is crucial for the 4™ term in (3.137)): for all 7 € [y, 2]

IN

o1,
CAs)
S
C(As)
&
C (Ko, A5, As)[[Vi || oo vy (7),

”Vl(Tl)HLOO(RN)
1TV ]| poo vy (7)<

IN

||UA¢1||L00(RN) (1)

iU = U) (7)

IN

Loo(RN)
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which yields when 71 <7/ <7 < 79,

e AVi(m))|| < 6,
AL ClAs) 1
(r—7)A / <
€ (div (UVe1)(7)) Le®N) — & =1
. C(As)
(r—7")A / <
€ (UAy()) -
He“—f’)A(%(UP—Up)(f’)) e, S C(Ko, As, A5)[[Val] poe ey (7).

Plugging into (3.137)), we have for all 7 € [1y, 7]

1 T
VA ) < CCn s (80 &) + €l Do) [ TG oy
T1

Thanks to Gronwall lemma, we obtain the following

1
IVI(7T)[| oo mvy < C(Ko, As, As) (51 + 5—0) VT € [T, ).

Since Vi(7) = U(r) — U(7) for all € € [—&, &) and for all 7 € [ry, 7], this concludes our
lemma. O

+ A proiori estimates in P3(t): We aim at proving the following lemma which gives a
priori estimates on w in Ps(t).

Lemme 3.20 (A priori estimates in P3(t)). For all Ko > 1,A>1,7>0,¢¢ > 0,0 > 1 and
|di| + |da| < 2, there exists Ts(Ko, A, €9,m,0) > 0, such that for all T < Tg the following
holds: If u is a solution of equation for all t € [0,t,] for some t, € [0,T) with initial
data u(0) = uky,a,4,,4,(0) (see Definition|3.9) and

lu(z, )] < o,V|z] € [%0 +00) .t € [0,t.], (3.138)

then,
[ue,t) = ux, 0)] < nVia| > 2.t € [0,.].

Proof. We introduce 1, a cut-off function in C*°(R) defined as follows
1
P(r)=0if |r] < 3 Y(r)=1for all |r| > 1 and |[¢(r)] <1 for all r,

and we also introduce 1., € C*°(R") as follows

Yeal) = (ﬂ) |

Then, ¢, € C®(RY), and 1), (z) = 1 for all |z| > <L and 1), = 0 for all [z] < L. We define
as well

UV = P u.
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Thanks to equation (3.1]), we derive an equation satisfied by v
O = Av — 2 div(uVihe, ) + ulAihe, + e, uf = Av — 2div (uVih,) + G(u), (3.139)

where

G(u) = ulthe, + e, uP.
Using (3.138]), we get
HG(ta u@))“L‘”(H@’) < O(U, 60)7 vt € [07 t*]
By Duhamel formula, we derive

v(t) = e (v(0)) —l—/o et =I2 (G (s, u(s)))ds, (3.140)
which yields
v(t) —v(0) = e (v(0)) — v(0) + /0 e =92 (G (s, u(s)))ds.

Thus,

/0 e =92 (G (s, u(s)))ds

[0(t) = 0(0)]| ooy < (€2 (0(0)) = v(0)]| ooy +

Lo (RN) .

In addition to that, if 7" < Tg1(eo), we have x(x) = 0, for all |z| > <, where x; defined
in (3.87) is involved in Definition of initial data u(O) As a matter of fact, from the
definition of u(0), we deduce from this fact that

v(0) = 1, (U™ +1).
Since Av(0) € L>®(RY), it follows that
[€2(0(0) — ()] gny = 0 a5 £ 0.

Besides that, we have also

¢

‘/ eI (G (s, u(s)))ds
0

Therefore, for all ¢ € [tg,t.] we have

[o(t) = v(0) || zoemavy < 1,
provided that T' < Tg2(Ky, A, €9,71,0). This concludes our lemma. O

—0ast—0.
Loo(RN)

Finally, we need the following Lemma to get the conclusion of our proof:

Lemme 3.21. There exists K7 > 1 such that for all Ky > K7, A > 1, and 6; > 0, there
exists a7(Ko, A,01) > 0 such that for all ag < a7, there exists e7(Ko, ag, A,01) > 0 such
that for all eg < €7 there exist d7(d1) > 0, T7(Ko, €9, A, 01) > 0, n7(Ko, €0, A) > 0 such that
for all 69 < 67,m0 < m7 and for all T < T7 if u € S(T, Ky, o, €0, A, 09, Mo, t) for allt € [0, 1],
for some t, € [0,T), then the following holds:

whenever |z| € 0\/ T —t.)|In(T — t.)], €
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(1) For all |&]| < 2ap/|In(T — t(z))| and for all
—t(x) t. —t(x)
re e (07 2505) o |
if U(x,&,7) satisfies equation (3.101)), then
U(x,€,7)| < C7(p) and Re(U(&, 7)) = C77 (Ko, p),

where U(&, 1) is defined as in (3.74)), t(x) is defined in (3.75)), and CZ depends only
on the parameter p and C3*(Ky,p) depends on parameters Ky and p.

(17) For all [€| < 2ap+/|In(T — t(x))], if we define
7o(z) = max (0, T__t—%> : (3.141)

then, we have

|U($7€7TO) - UKO(TO)’ S (51.

Proof. The idea of the proof relies on the argument in Lemma 2.6, given in [16].
+ The proof of item (i): We aim at proving that for all |z| € [ o\ /(T —t.)| In(T — t.)], 60] :
€] < 2ap4/|In(T —t(x))| and ¢ € [max(0,t(z)),t.], we have

U(z,& 7(x,1))| < CF, (3.142)

and
Re(U(&, 7)) > CF7, (3.143)

where 7(x,t) = % and C7,C3* > 0. Let us introduce a parameter § > 0 to be fixed

later in our proof, small enough (note that § has nothing to do with the parameters dy, d; in
the statement of our lemma). We observe that if we have ay < o 7(Ky, 0) for some g 7 > 0
and small enough, then for all || < 2ag+/|In(T — t(x))|, we have

(1=0)z| < |z +&V/T — t(x)] < (1406)]a]. (3.144)
We also recall the definition of rescaled function U(z, £, 7(x, 1)) as follows
U(z,&,7) = (T — t(2))7 T u(z + /T — H(x), t(x) + (T — t(z))).
Introducing X =z + &/T — t(z), we write
Uz, &, 7(x,t) = (T — t(x)) 7 Tu(X, 1).

We here consider 3 cases:
+ Case 1: We consider the case where

1X| < \/ — )| In(T — t)].
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Using the fact that u € S(¢), in particular item (i) of Definition we see that Lemma
13.10] and ((3.80]) hold, hence

N X CA3
-0t i (=g )| < vt

Then, we derive the following

CA?
U(z,& 7(x,1))] < fo(0) + ¢1+|ln(T—t)\>

)
TT_—_t(i_))_p_l <H+\/1+ﬁi;_t)‘>, (3.145)
)

CA3
ﬁ«D_vﬂ+HMT—ﬂ0

Tt \ 7t C A
T — t(x)) (H_ VI+ \1n(T—t)|> ' (3.146)

Besides that, we deduce the following from (|3.144]) and the following fact

Re(U(z,&, 7(x,t))) >

|X|<—\/ —0)|In(T" - 1)},

that K
T VT O =)

In addition to that, we have that the function 7" — ¢(z) is an increasing function if |z| small
enough. Therefore,

2] <

K
T—t(x)<T—t O _ /(T —t)|In(T —1)| ). (3.147)
4(1-9)
As a matter of fact, we have the following asymptotic behavior of 0(z) =T — t(x)
Inf(x) ~ 2In x| and 6(z) iﬁ as |z| = 0 (3.148)
K3 [Infz|] ' '

Plugging ((3.148)) in (3.147)), we obtain the following

X SKA(T — (T~ (T—1
T —t(a) <7t (5 VT = O =] ) ~ RK316(L— 0L (T — 0]  (1-0)°

In particular, from ¢ € [max(0,t(x)), t.], we have the following

T—tx)>T—t.

Plugging into (3.145)) and ([3.146)), we obtain
‘U(Qf, 67 7—)‘ S Ci?(p> 5)7
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and

Re(U(z, &, 7(2,1))) = CT7(p, d),
provided that ¢ is small enough, Ky > K; 7(d) which is large enough and T' < T} 7( Ky, A).
Note that Cf,(p,d) and C3*(p,d) depend on § and p, in particular, C},(d,p) is bounded

when § — 0.
+ The second case: We consider the case where

X e | VTl

By using the definition of U(x, &, 7(x,t)), we deduce that

Uz, &, 7(x,t) = (g__—%) o U(X,0,7(X,1t)).

However, using the fact that v € S(t), in particular item (iz) of Definition [3.1} we have
In addition to that, we use (3.144]), the definition of ¢(x) and the fact that

X1 > —= \/ — 0| In(T = 1)

to derive the following

T —t(x)

1< — <2

—T—tX) "

provided that 6 > 0, small enough. Therefore, we have

1 - 1
UG, & (o, )] < 277 (8 4+ Ui (1)) < 5,
and )

Re(U (. &, 7(,1))) > Uk (0) = 6o > Uk (0),

provided that dy < %UKO(O) and Ky > Ky 7.
+ The third case: We consider the case where | X| > €. Using the fact that u € S(t),
in particular item (i) of Definition [3.1, we have

Uz, &7, 1) = (T —t(@)7 Ju(X, )] < (T — ()7 (Ju(X,0)] + ).
Re (U(x,€,7(x,1))) = (T —t(x))77 Re(u(X, 1)) > (T — t(z))7 7 (Re(u(X,0)) — ).
Using the definition (3.83)), we have for all | X| > ¢
w(X,0)=U"(X)+1,
provided that T' < T5 7(€p). In addition to that, we have the following fact

16]z|?
T —¢t _
S IEE

@—U%ﬁ}ﬁl

uw(X,0) ~ U(X)= l 8p| In |||
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as (X,z) — (0,0), and in particular, from (3.144)), we have
(1 =0d)|z] < [X| < (1+0)]xl].
Therefore, we have

|U($,€,T($,t))’ S 05,7(5)7
Re(U([E,f,T(:L‘,t))) Z O;’*?(Ko,(”,

provided that Ky > K37,1m0 < 117(d) and ¢ is small. We conclude item (7).
The proof of item (ii): We aim at proving that for all €| < 2ap4/|Iné(z)| and m(x) =

max (O, —%) , we have

‘U(:v,f’, 70(2)) — Uk, (To<x))( <. (3.149)

Considering 2 cases for the proof of (3.149)):
+ Case 1: We consider the case where

K
2] < S0/ T ],

then, we deduce from the definition of ¢(x) given by (3.75|) that ¢(z) < 0. Thus, by definition
(13.141)), we have

Therefore, (3.149)) directly follows item (ii) of Lemma with Ko > Ky7,00 < az7,€6p <
€37 (see in Lemma [3.14)

+ Case 2: We consider the case where

K
o> 0Ty,
which yields ¢(x) > 0. Thus, by definition (3.141)), we have
To(x) = 0.

We let X = 2 + £,/8(z). According to the definitions of U, Uy, which are given by (3.74)
and (3.79), we write

(p—1)? KS)’“

U(2,6,0) = U, (0)] = L

07 () (X, t(x)) — (<p T

077 (2)u (X, t(x)) ((p -+ 2 ;pl) 9(56)|\)1i1|‘5’(95)|)_p_1

e ) - (<p— 1) +MK§)51

4p  0(z)|[In6(z)] p 16
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where 0(x) =T — t(x), and

s it (o gy @D XP TP
0 = e - (- 0+ B ) T
- -1 |XP T (po12KR\ T
un = (“’ D+ 9<X>|1ne<x>|> ((p D+ 16> ‘
Since

X1 < @+ o)l < R T TG — @) < Koy (T~ K@) (T — i)

Using item (i) of Definition 3.1} taking ¢ = ¢(z), we write

C(Ky) A? C(K)A? 5,
D= T - T 2

provided that T' < Ty 7(Ky, A, 01). Besides that, from ({3.144)) we have

o K X2
0 e P
16 = 0(X) [In6(X)|

K2
1— < (1+96)*=2.
(1-9) < (140
This yields

o1
< =
(1) < <

provided that ¢ is small enough. Then, (3.149)) follows. Finally, we fix 6 > 0 small enough
and we conclude our lemma. O

3.4.2 The conclusion of Proposition [3.16

It this subsection, we would like to conclude the proof of Proposition[3.16] As we mentioned
earlier, in the analysis of the shrinking set S(t), the heart is the set V4(s) (see item (i) of
Definition of S(t)). So, let us first give an important argument related the analysis
of V4(s); the reduction to finite dimensions. More precisely, we prove that if the solution

(q1,q2) of equation (3.56|) satisfies (q1,q2)(s) € Va(s) for all s € [sg, s.] and (q1,q2)(sx) €
0Va(s,) for some s, € [sg, +00) with so = —InT), then, we can directly derive that

(qLo, <QI,j)j§m 42,0, (Q2,j)j§m (Q2,j,k)j,k§n>(3*) € éVA(S*)a

where Vj(s,) is defined in (3-88). After that, we will use the dynamic of these modes to
derive that they will leave V, after that. The following is our statement

Proposition 3.22 (A reduction to finite dimensional problem). There exists Ag > 1, Kg >
1 such that for all A > Ag, Ky > Ky, there exists ss(A, Ko) > 1 such that for all sq >
ss(A, Ky), we have the following properties: If the following conditions hold:

a) We take the initial data (g1, q2)(so) are defined by wa ky.dy,d4,(0) with s = —InT (see

Definition (3.4, (.21)) and (3.55)) and (do,d) € Dky,a.5, (see in Lemma (3.14)).
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b) For all s € [sg, s1], the solution (q1,q2) of equation (3.56) satisfies: (q1,q2)(s) € Va(s)
and q1(s) + P1(s) > 2e 1,

Then, for all s € [sg, s1], we have

- A?Ins
Vi, j € {17 T 7n}7 |Q1,i,j(3)‘ < 942 (3150)
q1 _(.,S) A A2
TrB < 53 e(8)]| oy < ==, 3.151
‘ 1+ |y‘3 Loo(RN) - 282’ qu, <S)HL (RY) = 2\/5 ( )
G2, (- 5) A2 A3
’ < = Ned®)lixey) < —5%. (3.152)
1+ |y|3 Lo ®M) 2817% RN) 28%

Proof. The proof is quite similar to Proposition 4.4 in [5]. Indeed, the proof is a consequence
of Proposition [3.18] exactly as in [5]. Thus, we omit the proof and refer the reader to [5]. [

Here, we give the conclusion of the proof of Proposition |3.16

Conclusion of the proof of Proposition[3.16; We first choose the parameters Ky, A, ay, €,
00,01, M0, n and T" > 0 such that all the above Lemmas and Propositions which are necessary
to the proof, are satisfied. In particular, we also note that the parameters d;and n which are
introduced in Lemma and Lemma will be small enough ( §; < §y and n < n).
Finally, we fix the constant 7" small enough, depending on all the above parameters, then
we conclude our Proposition. We now assume the solution u of equation (3.1)) with initial
data ug, A4,,4,(0), defined in Definition 3.2} satisfies the following

(VS S(T, KO; Qp, €0, A7 507 To, t) = S(t)7
for all t € [0, t,] for some t, € [0,7T) and
u € 0S(ty).

We aim at proving that
(q1,G2)(s4) € OVa(S4), (3.153)

where s, = In(T — t,). Indeed, by contradiction, we suppose that (3.153) is not true, then,
by using Definition of S(t), we derive the following:
(I) Either, there exist z,, &, which satisfy

lz,| € W — )| In(T — t,)], €0 ,

€] < a0/ In(T — t(a.))].

and

U (e, & 7(@, 81)) = U(r (20, 72))| = b0
(II) Or, there exists 2* such that |2*| > € and
lu(z™, te) — u(z*,0)| = no.
We would like to prove that (I) and (II) can not occur. Indeed, if the first case occurs,
then, letting 7o(z.) = max( t( ),0>, it follows from Lemma |3.21| that: For all || <
2004/ In(T — t(.))|, we have

]U(:ﬁ*,s,mm)) — U(no(.))| < o1,
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and for all 7 € [max <—Ti(f(’;)*), tT::éz)) )] , we have

U(2s, & 7(24))

* C;;
Re(U(x., €, 7(2.))

| <
) = O,
where C%, C7* are given in Lemma |3.21

Then, we apply Lemma [3.19, with & = ag\/|In(T — t(z.))], 71 = To(24), 72 = Z’i::((;c:)) A5 =
Cs* and A5 = CZ, to derive that: for all £ € [—&p, &

’U(x*,é,r(x*,t*)) — U(T(x*,t*))’ < CO(Ko, As)s, 61, ),

where C(Ko, As, A5, 01,&) — 0 as (d1,&) — (0, +00). Taking (d1,&) — (0, 4+00) and note
that &g — 400 as ¢g — 0, we write

A 0
‘U(xﬁw 5*7 T([E*7 t*)) - U(T<~T*7 t*))’ S 50,
this is a contradiction.
If (IT) occurs, we have for all |z] € [2, +00)

|U([E,t>| S 0(607"4760’770)7Vt € [Oat*]

Indeed, we consider the two following cases:
+ The case where |z| > <, using item (iiz) if the definition of S(t), we derive the
following
lu(z,t)] < |u(z,0)| +n < C(A, ), Vt € [0,,].

+ The case where |z| € [©, <] | using item (i7) in the definition of S(t), we have

e, t)] < C(60) (T — t(x)) 71 < Cleo, do), VE € [0, 1.].

Then, we apply Lemma with n <2 and o = C(ey, A, dg, 10), to derive the following
fu(e” ) — u(a”,0)] < 2.

Therefore, (I1) can not occurs. Thus, (3.153) follows. In addition to that, from (3.153)),

Proposition and Lemma [3.22] we conclude the proof of item (i) of Proposition [3.16]

Since, item (7i) follows from item (i) (see for instance the proof of Proposition 3.6, given in
[5]). This concludes the proof of Proposition [3.16]

3.5 Cauchy problem for equation (3.1

In this section, we give a proof to a local Cauchy problem in time.
Lemme 3.23 (A local Cauchy problem for a complex heat equation). Let ug be any function
in L=(RY) (RN, C) such that

Re(ug(z)) > \,Vz € RY, (3.154)

for some constant X\ > 0. Then, there exists Ty > 0 such that equation (3.1)) with initial
data ug, has a unique solution on (0,T;]. Moreover, u € C ((0,T1], L>*(R")) and

A

Re(u(t)) > §,V(t,x) € [0,Ty] x RY.
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Proof. The proof relies on a fixed-point argument. Indeed, we consider the space
X =C((0,71], L= (RY)(RY, C)) .
It is easy to check that X is an Banach space with the following norm

lullx = sup [Ju(t)l| o), Yu = (u(t))ieomn) € X.
tE(O,Tl]

We also introduce the closed set By (0,2|uo|~@®v)) C X defined as follows
By (0,2[|ug||pwryy) = {u€ X such that |lul|x < 2||uol| gy}

N {u € X|Vt € (0,71], Re(u(t,z)) > % a. e}.

Let Y be the following mapping
‘H : B; (O, 2HUOHL°°(RN)) — X,

where Y(u) = (Y(u)(t))tc(o,r) is defined by
Y(u)(t) = e (ug) —i—/o =R (uP (s5))ds. (3.155)

Note that, when u € By (0,2||ug||p®ny) , uP is well defined as in (3.18) and (3.19). We
claim that there exists 7% = T"(||ug||oo@®n), A) > 0 such that for all 0 < Ty < T, the
following assertion hold:

(i) The mapping is reflexive on By (0, 2[|ug]| = ®~)) , meaning that

9 : B;\_ (O, 2||U0||L00(RN)) — B;\_ (O,QHUOHLoo(RN)) .

(44) The mapping Y is a contraction mapping on By (O, ZHUOHLOO(RN)) :

1
19(u1) = Y(u2)lx < Sllur — uallx,

for all U, U € B;\r (072HUOHL°°(]RN))-

The proof for (i): By observe that, by using the regular property of operator e!2, we
conclude that Y(u) € C ((0,T71], L=(RY)(RY,C) N C(RY,C)) . Besides that, for all u €
By (0, 2]Jug]| oo (mny) we derive from (B.155)) that for all ¢ € (0, T3]

1Y@ O, = || (o) + / 093 (4P (5))ds

Loo(RN)

IN

e ) ey + | [ €200

< ol ooy + 127t v

Loo(RN)
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Hence, if we take T} < % then we have
2ol e
[9(u)llx = sup [[9(w)||zoo@ry < 2[Juol| oo m)-
te(0,T1]

Now, let us note from (|3.154) that
Re (€"*(ug)) = " (Re(ug)) > €' (A) = A.
Therefore, from (3.155)) for all (t,z) € (0,71] x RY

Re(Y(u)(t,z)) > X — ‘ /0 e(t_T)A(up)(T)dT

‘ /O DA () () dr

So, if Ty < 5————, then for all t € (0,T}] x RN

2p+1”“0”L00(RN)

Lo (RN) ‘

Note that,

< 127 o v

L (RN) 4

B | >

Re(Y(u)(t, 2)) =

Therefore,
H(u) € B;\i_ (O,QHU()HLoo(RN)) .
The proof of (ii): We first recall that the function G(u) = v?,u € C is analytic on

{u € C such that Re(u) > g} :

Then, there exists Co(||uol| ®n), A) > 0 such that

t
19(u) — Y(u)lx = sup / 95 (4 ) (5)ds

t€(0,11] Loo(RN)
S Tng sup H’LLl — UQHLOO(RN).
te(0,T1]
Then, if we impose
1
T < —
1 = 2027
(11) follows.
* : 1 A 1 * 1
We now choose 7% = min Tl Lo Pl oy 202>. Then, for all 773 < T™, item

(7) and (éi) hold. Thanks to a Banach fixed-point argument, there exists a unique u €
B} (0,2]uo|| oo rny) such that

Y(u)(t) = u(t),Vt € (0,T1],
and we easily check that u(t) satisfies equation ({3.1)) for all (0, 73] with u(0) = ug. Moreover,

from the definition of By (0,2 uo|| e (r~)) We have

Re(u)(t,x) >

DO >

This concludes the proof of Lemma, [3.23] O
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3.6 Some Taylor expansions

In this section appendix, we state and prove several technical and straightforward results
needed in our paper.

Lemme 3.24 (Asymptotics of By, By). We consider By (wy, ws) as in (3.25)), (3.26). Then,
the following holds:

B (0, ws) = %w1+0(\w1|3+\w2]) (3.156)
Bo(r, ws) = gwlwz +0 (Jw)?|wal) + O (Jwsf?) . (3.157)

as (w1, ws) — (0,0).

Proof. The proof of (3.156) is quite the same as the proof of (3.157). So, we only prove
(3.157)), hoping the reader will have no problem to check (3.156|) if necessary. Since, K =

1 . _ . ) _
(p—1)"»71 > 0, we derive kK + w; > 0 when w; is near 0, so we can write By(w;,ws) as
follows

By (w1, ws) = ((k +w1)” + wg)% sin | p arcsin 2
V(K4 @)% + w}

as w; — 0. Thus,

2 pws p
\/(/1—{—101 2+ul P—

p arcsin
V(K5 +wp)? + w?
p—1

= ((k+w)*+w3) * pws —

BQ(U_}17w2) = ((Ii + U_J1>2 + wg)

Wa

b
+ ((k+w1)* +w3)? < sin bk -
/-@+w1) + w;

p—1w2

+ ((ﬁ+w1)2+w§)g{sin [parcsin<\/(Fé+w1 —|—w)
= (I)+(I1).

W2
n+w1) +w§}

In addition to that, we have the fact

sin(pz) — pr = O(|z]*),

Wa
= O(|ws|),
Y CEET T

as ¢ — 0 and (wy,wy) — (0,0). Plugging these estimates in (1), we obtain
(11) = O(|un|?).

as (wy,wy) — (0,0). For (I), we use a Taylor expansion for ((x + w;)? + w3), around
(wl,w2) = (0,0) :
2\2 1 (p—1)

J— 7 5.2 2
= Tt oy ) + Ol
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Plugging this in (/), we derive the following:
(1) = 2wy + O(|n[Pws) + Ol ),

as (wy,wy) — (0,0). From the estimates of (I) and (II), we conclude the Lemma. O

In the following lemma, we aim at giving some bounds and expansions of V' and
Vij g,k € {1,2}

Lemme 3.25 (The potential functions V and V; , with j, k € {1,n}). We considerV, Vi 1,V 2,

Va1 and Vs defined in (3.57) and (3.58) - (3.61). Then, the following holds:
(i) For all s > 1 and y € RY, we have |V (y,s)| < C,

V(y,s)| < M, (3.158)

S

and
Viy,s) = —%‘SQM +V(y,s), (3.159)

where V satisfies

L+ [yl

V(y,s)| < ol Vs > 1, Jy| < 2Ko/s. (3.160)

52
(1) Potential functions V;j with j, k € {1,2} satisfy the following estimates

C
?7
C

[Viallzoemny + [[Vaullpemyy < 3

IVillzoemny + [[Vaol Lo myy <

and

C(1+ |yl
Via(y, 8)] + Vas(y, )] < CEF10

|‘/1,2<y78)| + |VY2,1(ya S)| S

for all s > 1 and y € RV,

Proof. We note that the proof of (i) was given in Lemma B.1, page 1270 in [2I]. So, it
remains to prove item (ii). Moreover, the technique for these estimates is the same, so we
only give the proof to the following estimates:

(3.161)

[Viilleemyy + [[Va2llpoomry < 2

C(1+ Jy[*)

o (3.162)

|‘/171(ya 8)| + |‘/272(y7 S)| <
+ The proof of (3.161)): We recall the expressions of V;; and Va5 :

‘/1,1 - aulFl(U1, u2)|(u1,u2):(<1>1,<1>2) - pq)€717
V2,2 = @uFQ(Ul,U2)|(u1,u2)=(<1>1,q>2) _pqﬂl’—l’
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where @y, @, are given by (3.58]) and (3.61). Hence, we can rewrite V;; and V55 as follows

. i ) ] ®
Viin = p(u? + ug)T2 U1 COS |parcsin . + ug sin | p arcsin S
] VO + 03 )| VAT

- _ _ _
_ @ @
Voo = p(uf+ uQ)TZ Uy COs |parcsin % + ug sin | p arcsin %
L vV @1+ P i YA & ]
—

We first estimate to V1, from the above equalities, we decompose Vi ; into the following
Viin=Viga+Vige+Vig, (3.163)
where

=2 _
Viig = p(®2+03) 7 & —pdt !,

)
_ 2 2\ 5% . 2
Vite = (<I> + o ) b, (cos [parcsm (—q)% = CD%)

)
Viig = p(®F+ <I>2) 2 <I>2 sin [p arcsin (—2>

D7 + D3

As matter of fact, from the definitions of ®1, ®,, we have the following

_1),

CDZ( -9) < ¢ (3.164)

( ’5) Lo°(R S
[[@1(- 75)HL°° rvy < C, (3.165)

C
192 $)lpoery < — (3.166)

for all s > 1 and

|cos(parcsinz) — 1| < C|z|?, (3.167)
|sin(p arcsin ) — pr| < Clx|?, (3.168)

for all |z| < 1. By using (3.164)), (3.165)), (3.166), (3.167) and (3.168]), we get the following
bound for V; ;9 and V; ;3

C
V11,20 8)l oo @my + V1130 )| ooy < =l

For Vi 11, using (3.164]), we derive

2\ T
p@y (1 + —2) ~1

(3.169)

Vil =




164

This gives the following
C
1Via (., 8) || e @ry < 2

We can apply the technique to V22 to get a similar estimate as follows

C
[Va,2(.s 8)[| oo vy < 2
Then, (3.161)) follows.

+ The proof of (3.162)): We can see that on the domain {|y| > Ky+/s}, we have the
following fact

4
L+l C
st T g2’
and in particular, (3.161]) holds. Thus, for all |y| > Ky+/s, we have
Clyl*+1)

Vii(y, s)| + |Vaz(y, s)| <

s4

Therefore, it is sufficient to give the estimate on the domain {|y| < 2Ky+/s}. In fact, on
this domain there exists C'(Ky) > 0 such that

l < Py(y,s) < C.

C
In addition to that, using the definition of ®, given by (3.53)), we derive the following
2
1
Dy (y, s SC’M,VMS e RY x [1,+00). 3.170
52
Then, from (3.163) we have
1+ |y|*
Vol s)| < [aty, o) < o)
(1+Jy*)
Viasl o)l < [@afy,s)f* < O,

We now estimate Vi 11, thanks to a Taylor expansion of (2 + ®2)"z", around ®,

(2 4 82)"7 — 72| < Oy

This directly yields

L+ |yl
Vin(v. )] < O < TP
So,
1+ |y|*
ity 9 < D vy e
Moreover, we can proceed similarly for V54, and get
1 4
Vol ) < L) vy e

g4

Thus, (3.162)) follows. O]
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Now, we give some estimates on quadratic terms Bj(q1, ¢2) and Bz(q1, g2)

Lemme 3.26 (The terms B;(q1, ¢2) and Bs(q1, q2)). Let us consider Bi(q1, q2) and Ba(q1, o),
defined in (3.62) and , respectively. For all A > 1, there exists so(A) > 1 such that
for all sg > so(A), if (q1,q2)(s) € Va(s) and qi(s) +P1(s) > %efﬁ for all s € [so, s1], then,
the following holds: for all s € [so, s1],

Xy, $)Bi(ar, @2)| < C(lauf* + |a2f) (3.171)
2
q
o) Balan ] < € (15 4 ol + ). (3.172)
CA4
1B1(q1,2) || oo rrvy < inp) (3.173)
2
CA?
[ B2(q1, 2) || oo rrvy < (3.174)

where x(y, s) is defined as in (3.66)).

Proof. We first would like to note that the condition ¢ (s) + ®(s) > %e_pil is to ensure
that the real part w; = ¢i(s) + ®1(s) > 0. Then, holds and functions F; and Fy
which are involved in the definitions of B; and Bs are well-defined (see (3.18])). For the
proof of Lemma [3.26] we only prove for (3.172) and (3.174), because the other ones follow
similarly.

+ The proof for (3.172)): Using the fact that the support of x(y, s) is {|y| < 2Ky+/s}, it

is enough to prove (3.172)) for all {|y| < 2Ky+/s}. Since we have (q1,q2) € Va(s), we derive
from item (i7) of Lemma and the definition of @, ®, that

1 C
— <1+ <C, g2+ Do < —.
C s

and

CA CA?
a1 < Nk |go| < —3, VY| < 2KoV/s. (3.175)
s 2

In addition to that, we write By(qq, ¢2) as follows:

By(q1,q2) = Fo(P1+ q1,Po+ q2) — Fo(Py, Po) — Oy, Fo(qr + P1, q2 + Po)n
— OuFo(q1 + D1, q2 + P2)go.

where

. 2 L . . U2
Fg(’ul, 'LLQ) = (U’l + Uz) 2 8in lp arcsin (m)
1 2

Using a Taylor expansion for the function Fy(q; + ®1, g2 + ®2) at (¢1,92) = (0,0), we derive
the following

1 .
— I Ey(qr 4 Dy, g + D)) |(gr.0)=(0.0) 4105 +

Fy(qr + @12 + @2) = Z Uk alds

J+k<4
+ > Girlar, a2)alds,

j+k=5
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where

5 1
GM(ql, QQ) = W/D (1 — t)43q5{q§ (Fg(q)l -+ tql, (I)Q + tQQ))dt.

In particular, we have
|Gjx(q1, )| < O,Vj + k= 5.

As a matter of fact, we have
35;}2(5(% + @1, g2+ P2)) |(gr,00)=(0,0) = 8igr:§F2(u1, U2) | (w1 u2)=(0.0) (3.176)

Therefore, from (|3.175]), we have

1 . .
F2(Q1 + q)h qs + q)Q) - Z T]daijko2(ub U’2) ‘(ul,uz):(q)hq)g) Q{QS
j+k§5j' - 12

5 2
< oY lad < 0 (15 s ol )

5=0
In addition to that, we have the following fact,

078 Fo(ut1, 2) f(unumy—cor.om) | < OV + k< 4,

and for all 1 < j <4, we have

| Q

(u1,u2)=(P1,P2) S

81’4 FQ(Ul, Ug)

This concludes (3.172]).
The proof of (3.174): We rewrite Bs(q1, ¢2) explicitly as follows:

Ba(qr. 0) — ((Ch I @1)2 +(go + @2)2)5 sin [p arcsin (\/(ql n gf):_fqu T @2)2>]

p D,
— (@7 + ®3)2sin |parcsin | ———=

2 . [ . 0, ] i . Oy ]

— p(®2+d2) 2 | Pysin |parcsin [ ———— | | — ®»cos |parcsin [ ———x= q
(@1 +2) i 3+ 03 ) | i o+ @3 /|
2 . [ . ®, ] [ . P ]

— p(®2+d2) 2 | Pysin |parcsin [ ——— | | + ®; cos |parcsin | ————= Q2.
(91 +2)) i 3+ 03 ) | i o+ @3 /|

Then, we decompose Bs(q1, ¢2) as follows:

By(q1,q2) = Baa(q1,q2) + Ba2(q1, @2) + Bas(q1, q2) + Baa(q1, 2) + Bas(q1, q2) + Bas(qu, ¢2),
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where
Bon(qiig2) = plaa+ @) (1 + )2+ (g + D2)?) T — p(@F + 327 @, (3.177)
p—2
— p(PT+D3) = Dign,
P . . q2 + (I)g
Boo(q1,¢2) = ((q1 +®1)* + (g2 + ®2)%)2 { sin |parcsin
V(g + 1)+ (g2 + P2)?
)
- plg: + 2o) , (3.178)
V(g + 1) + (g2 + ®2)?

3 P d
Bys(qi,q2) = (CD% + CD%) 2 (p—2 — sin [p arcsin (—2>

) , (3.179)

@7 + D2 / P? + D3
p— o
Bou(q1,q2) = p(®F + @%)TQ(IM 1 — cos |parcsin | ————— g2, (3.180)
B 5( ) = p(PT+ @2)% ®, cos | parcsin _
2,5(41, G2 p (%7 2 2 p N
D, si i 2, (3.181)
— sin |parcsin | ———— , .
1 p \/m q1
Bag( ) = —p(®?+ 025 “®, sin | parcsin _ % (3.182)
2,6141, 42 2 b \/W q2. .
we prove that: for all y € RV:
CA? ,
| Baj(q1,q2)| < Vi=1,..,6.

1+m1n(%,%)
We now aim at an estimate on B 1(q1, ¢2): We first need to prove the following:
(@ + ) + (@ +2)) T — (@ +08)F| < 0|25, (3.183)

where
1Z| = 2. P + 2¢2P2 + ¢} + G5

Note that Z is bounded. On the other hand, we have (1 + ¢1)2 + (Ps + q2)2) 2 = (2 +
®2 + Z)*= . Then, if -1 > 1, using a Taylor expansion of the function (®% + @2 + Z)pz1
around Zy = 0 (note that ®? + @2 is uniformly bounded), we obtain the following:

‘((@1+q1) + (P2 +q2)?) T (@ 4 92

which yields (3.183] m If 5= L <1, then, we have

‘((CI)I @)+ (@ )?) T — (@24 DY

(@tem) T jas g% 1)
where
Z

= o ar
7 + @3
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In particular, we have & > —1. In addition to that, we have the following fact: for all
§>-—1
‘(1+§ —1‘ <clel= (3.184)

Therefore, (|3.184)) gives the following

p—1

L71 p—1 L71 L*l
\((®1+q1>2+(¢2+q2>2) : —(@%+¢%)T\ < C (97 + @) ® <Cl|Z|>

T 4 @3

Then, (3.183) follows. Using (q1,¢2)(s) € Va(s) and Z = 2®,q; + 2Pqs + ¢7 + ¢35, we write

2

<CA
=

HZHL‘X’(RN) VS Z 1.

So, we deduce from (3.183) that
CA?

sl—i—min(%,%) ’

Ip®2 (@1 + @) + (2 + @) ) = p@o(®} + )% |1y <

Using (13.183]), we have the following

-1

[ (@ + a2+ (@ +0)) 7 - (@ + )T e,

Indeed, we have

(®1+ @) + (@2 + 2)2) T — (02 + 32T D,

(@1 + @) + By + 32)2) T — (02 + 02T

IN

+ (@24 DY) — (D24 D) T D,

IN

Then, (3.186) holds.

On the other hand, using (3.186|) and the following

3

CA
lg2(-, 8)[| oo @y < —z P11 > 0,
S 2

we conclude that

CA?
<—— (3187
Loo(RN) 81+mm(T,§)

-1

pas (@1 + 01 + (@2 0)?) T — (074 93)"% 0,

provided that s > s19(A). From (3.185)) and (3.187), we have

CA?

81+min(1’%1,%) )

1 B2,1(q1, g2) || oo vy < (3.188)
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We next give a bound to By (g1, ¢2) : Using the following fact
|sin(p arcsinz) — pz| < Clz|?,V|z| < 1,

we derive the following

sin [p arcsin ( g2 + P )] B (g2 + Do)
Vi@ +®1)° + (g2 + ©2)° V(g + ®1)% + (g2 + Po)?
(g2 + ®2)/?
(g1 + @1)? + (g2 + ©2)?)

Plugging the above estimate into By(q1, ¢2), we deduce the following

3 -
2

p—3

|Bao(q1,q2)| < C ((Ql + @)% + (D + Q2)2) 2 g + ol
which yields
|Bao(q1, q2)| < Clga + By 03

Using (q1,q2) € Va(s), it gives the following
C

lga + o] < —,
s

provided that s > s99(A). Then,

C
| B2,2(q1, G2) || Lo vy < Sn(pd) (3.189)
It is similar to estimate to Bs3(q1, g2)
C
1B2.3(a1, a2l e ey < 5. (3.190)
We estimate to By 4(q1, ¢2), using the following
|1 — cos(parcsinz)| < Clx|, V|z| < 1,
we write ) ,
P CA
Buana < €| 32l < 55
1 Loo(RN)
Then, we derive that
CA3
1B2a(qr; g2) | by <~ (3.191)
We also estimate to By, Bog as follows:
CA?
| B25(q15 g2) | Lo mvy < —5—, (3.192)
S2
CA3
| Ba,6(q1, q2) || Loo vy < 2 (3.193)

Thus, from (3.188), (3.189), (3.190), (3.191)), (3.192)) and (3.193)), we conlude (3.174)), pro-
vided that s > s39(A). O
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In the following Lemma, we aim at giving estimates to the rest terms R, Ry :

Lemme 3.27 (The rest terms Ry, Ry). For all s > 1, let us consider Ry and Ry , defined
in (3.64)) and (3.65)), respectively. Then,

(i) For all s > 1 and y € RN, we have

C ~
Rl(y75> = g + Rl(y7 8)7

Is ~
RQ(y7S) = % + RQ(ya 8)7

where ¢, yand ¢y, are constants depended on p and Ry, Ry satisfy

- C(1+ |y
Ry o)) < CEERD
- C(1+y°
oy < SO,

for all ly| < 2Kg/s.

(17) Moreover, we have for all s > 1

[Ri(. 8)|[oemyy <

[ R2(s )|l Loemyy <

mw‘ch’WQ

Proof. The proof for R; is quite the same as the proof for R,. For that reason, we only
give the proof of the estimates on R,. This means that, we need to prove the following
estimates:

Ry(y, s) = —% + Ra(y, 5), (3.194)
with
| Ra(y, 5)| < 0(1:—4@’6),‘v’|y| < 2Kg/s.
and

C
=. (3.195)

[ B2, )| poe vy < .
We recall the definition of Ry(y, s):

1 )
RQ(Z/, 3) = Ad, — Qy -V, — 2

1 + FQ(q)la (1)2) - 83(1)27

Then, we can rewrite Ry as follows

1 )
RZ(yv 3) = Ad, — §y VP, — 2

1 —i—p(I)]f*l(I)g — 0s®y + R3(y, s),

where

g d
R;(y; S) = (@% + CIDS) 2 sin [p arcsin (—2) _pqﬂf—l@z

VP? + D3
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Using the defintions of &1, &5 given in (3.53)) and (3.54)), we obtain the following:

p (DQ
®? + ®2)2 { sin |parcsin | ———
o109 i)

+|pea((@3+ 23 — ).

[R5y, s)| <

D,
p\/q)%—f-@%

It is similar to the proofs of estimations given in the proof of Lemma [3.26, we can prove
the following

@1 6
s < D vy <ok
and
. C
[R5 $) e myy < 2

In addition to that, we introduce Rj as follows:

_ 1 0]
R2(3/7 5) = Ad,y — 53/ -Vdy — 2

1 +p(I>11)71(I)2 — (9SCI>2.

Then, we aim at proving the following;:

. N(N +4)k C(1+1yl%
v - 7'/ < .
‘Rg(y, s) + D5 - , for all |y| < 2Kov/s, (3.196)
_ C
||R2(., S)HLOO(RN) < ; (3197)

+ The proof of (3.196]): We first aim at expanding A®, in a polynomial in y of order less
than 4 via the Taylor expansion. Indeed, A®, is given by

P 2p—1
2N — 12yl T —1y|? —1)2|yl*\ T
oy = V() oW oD (L -1l
52 4ps s3 4p s
N +2)(p— )yl )2y e
( )(p =1y p_1+(p ) lyl*
253 4p s
3p—2
2 — 1)(p — 1)2[y* EEICIENE =,
P i P i
4dps 4p s

__pb_
Besides that, we make a Taylor expansion in the variable z = % for (p -1+ %%) v

when |z| < 2K, and we get

(p— Dyl 7w v P ca
o - Pl < /= Wy < 2KV
(p T s p—1 Ap-1 s |° & vl < 2KV
which yields
2N (p— 1P\ 77 2Nk Nelyl* | _ C(1+]yl%)
=\l - V]y| < 2K+/s.
52 (p + 4p3 (p _ 1)82 + 2(p _ 1)83 = 84 ) |y| =~ \/g
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It is similar to estimate the other termes in A®, as the above. Finally, we obtain

C(1+yl%
s4 ’

2Nk N&ly[? kly/*
(p—1)s* (p—1)s*  (p—1)s3

As we did for A®,, we estimate similarly the other terms in Ry: for all |y| < 2K /s

‘Acbg — < Viy| < 2K+/s. (3.198)

L wlyl® Klyl* Klyl* C(1+ [yl
Ty Ve - - < 7 (3199
‘ 2?/ 2+ <p — 1)82 4(p — 1)33 4(p _ 1)83 —= 54 ’ ( )
) 2 4 IN (1 6
_ % lyl> Ryt K (1+yl )7 (3.200)
p—1 -1 A1 o1 S st
- C(1+yl°
PO 0 + T(y)| < ———F,  (3:201)
2y/? ANk C(1+ |y
—0:®2 — —_, 3.202
‘ ? (p - 1>53 * (p - 1)83 s4 ( )
where
prlyl® (2p — D)x|y|* B Nk|y|? 2pNk N2k

T(y) = — 122 4p—12s*  (p—1Ds* | (p—1)2s2 + (p—1)s®

Thus, we use (3.198)), (3.199)), (3.200)), (3.201)) and (3.202) to deduce the following

_ N(N +4)s| _ C(1+ |yl
R < Vy| < 2K
Q(ya S) + (p — 1)83 = 54 ) |y| = \/§7
and ((3.196]) follows
+ The proof (3.197): We rewrite &, 5 as follows
Nk& 1 2Nk
q)l(y, S) = RLO(Z) + % and (I)2<y, S) = ERQJ(Z) — m Where z = %,

where R and Ry are defined in (3.48) and (3.50)), respectively. In addition to that, we
rewrite Ry in terms of Ry and Rs;, and we note that Ry and Ry satisfy (3.44]) and
(3.46). Then, it follows that

_ C

[Ra(y, s)| < 5, Vy € RY.

Hence, (3.197)) follows. This concludes the proof of this Lemma. O]

3.7 Preparation of initial data

Here, we here give the proof of Lemma . We can see that part (I7) directly follows from
item (7) of part (7). The techniques of the proof are given in [16] and [28]. Although those
papers are written in the real-valued case, unlike ours, where we handle the complex-valued
case, we reduce in fact to the real case, for the real and the imaginary parts. In addition to
that, the set Dy, 4.5, is the product of two parts, the first one depends only on d;, and the
other one depends only on dy. Moreover, the real part is almost the same as initial data in
the Vortex model, treated in [16], except for the new term 1, but this term is very small
after changing to similarity variables: e 71, In fact, handling the imaginary part is easier
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than handling the real part. For those reasons, we kindly refer the reader to Lemma 2.4 in
[16] and Proposition 4.5 in [28] for the proof of item (i) of (I) and (I1). So, we only prove
that our initial data satisfies item (i) in definition of S(0) (item (i7i) is obvious).

Let us consider T' > 0, Ky, ag, € and 9; which will be suitably chosen later. In fact, we aim
at proving the following: For all |x| € [ o\ /T|InT], 60} and [£| < 2a9+/| In(T — t(z))| and

To(x) = —Tt_(f()z), we have

‘U(x,&,m(x)) - U(To(x))] <6, (3.203)

We now introduce some necessary notations for our proof,

K 1 p
=2/6o|1In(6y)| and R(0) = 62 |1n 6|2 . (3.204)

Then, we have the following asymptotic behaviors:

16 64

0(r(0)) ~ 6y, 0 (R(0)) ~ F%' In6y|, 60(2R(0)) ~ ﬁ00| In6o|P~t,  (3.205)
Inf(r(0)) ~ InbO(R0)) ~Ind(2R(T)). (3.206)

In addition to that, if g < If—g and ¢g < 2C*, where C* is introduced in (.87)), then,

from the definition (3.75) and |z| € [r(0), €], and for all |£] < 2ap+/|In6(z)|, with §(z) =

T —t(x), we have
60| < 5ol

which yields

2]

0 _ Il 5 Sl V()] < glxl < geo < (3.207)

2 — 2

Hence, using (3.74), (3.2) and the definition of y; and the fact that || < 2ap+/|In6(x)|,

we can write
U(Z’7 §7 TO) = Ul (xa 57 7—0) + iUQ(x7 57 7—0)7

where
Ui(z,&10) = (Dxa(z+&v/0( (I1)(1 — x1(z + &£/ 6( (I11),
(1) = (@)p_l@l (% VTQ@,\IH(T)O,

0o

(L)

(O@)71 U (2 + €/0(@))

(1) = (6(x)7

)P 1,
Up(z,7.7) — (%))’”% <% V_et(o'x),|1n(T—t0)|).
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Then, the conclusion of the proof of (3.203]) will follow from the 4 following estimates:

. 2
‘(1) —U(TO)‘ < % for all |z] € {T(O),%R(O)] and €] < 2a0+/[In0(2)](3.208)
](n) —U(TO)\ < % for all |z] € [r(0), 0] and [¢] < 2a0y/[I0()], (3.209)
[(I1)] < %, for all |z| € [r(0), €] and €] < 209/| InO(x)], (3.210)
|Us(z, &, m0)] < %, for all |z| € [T(O),%R(O)} and |¢] < 2a9+/|In6(2)|(3.211)

In fact, it is very easy to estimate for (3.210]) for ¢y small enough.
We now estimate (3.211]): We rewrite Us(z, &, 79) by using ([3.84)) as follows:

Us(a,€,m0)| = Us (Nﬂ)

T —t(x)
- (&)pll ot /Bl ( 14 x+§\/%l2>”pl 1
0(x) Tt \” T/In T In 7|
. a0 (= 1)? a4 &V -4
= | InT| ((p 1>9(a:)+ 4p 9($)|1n(90)]) .

In addition to that, for all [z € [r(0), 22 R(0)] and |¢| < 2a9+/|In6(z)], we have

v+ &Vt 1
0(x)|In(6o)| — CKE’

which yields
_2
CKy™!
| InT|

provided that 7" < T} 5(Ko, 01, ap) and for all |z] € [r(0), 22 R(0)].

 Estimate of (3.208): We derive from the definition of ®; in (3.53) and the definition of
U(r) in (3.113) that

)
’UQ(xagaTOH S S Zla

’(I)—U(—t(@)‘ N | (090))+(p_1)2‘x+5\/m)2 =

0(x) 4p 0(x)|In G|

o0l )

In addition to that, from ([3.75)), we have

2
2 KG | In 6()] ‘x—l—é\/@(x)’ 2 G [ In O ()|
< < (14 2a0) )
16 |In 6y 6(z)| In Oo| 16 | In 6|

(1 —2ayp)

(3.212)
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for all |£] < 2ap+/|Iné(z)|.

Using the monotonicity of #(z), we have the fact that for all |z] € [r(0), 22 R(0)]

lar(0)] _ [mo(@)| _ [InR(0)
|1H90| - |1H90| - Hneo‘ ’

Thanks to (3.205)), we derive

———~lasT —0. (3.213)
This yields
2+ & I@P K2

0(z)|1n 0| 16

-0 (G| <o

uniformly for all |z| € [r(0),22R(0)], |¢| < 2a¢+/|In6(x)| as ag — 0 and T — 0. Hence,
there exists aq 3(Ko,01) and T 3(Ky, d1) such that

‘(1) 0 <_t(‘”))‘ < %,vm e [r(O), %R(O)} and [¢] < 200/ 0(z)],

0(x)
provided that oy < ap 3 and T° < T3 3. This concludes the proof of (3.208]).

Estimate (3.209): Let |z| € [ R(0), €] . We use the definition of U* to rewrite (I1) as
follows

_1
-1

o |rreE@) ) o 12 [T+ o

I = =
(£1) S0 0(z)|In(z + Ev/0@))] 8 |In(z +&4/6(x))
e R GIE A N
64 8p ln(z+&/0()] 8 ’
Then,
ot |(mvmg - (VI )
‘(”) U( o) )‘ - 61 % | Imerevaa) 8
(p— 1)*K§ b \ 7
_( G4p “p‘l)%) ‘
< C(Ko)((II) + (112)),
where

2
K /Mnf@)] +¢| g

(Ul) = o |

|In(z +&/0(x))] 8

(I1) = (p—l)@-
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Let us give a bound to (/1;): Because || < 24/ |In6(z)|, we have

5 TR0 + 200000 g2
[ In |z + 2a0+/0(x)| In ()| i

Inf(x K 2 K2
|In |z + =52

I(I1)] <

Using the fact that
Inf(x) =In(T — t(x)) ~ 2In |z,

and
K
[in((z + 200y/B0) O] = Inz + =Ll ~ [1n o],

as |x| — 0, we derive that, there exists as3(Ky,01) such that for all oy < as3, there
exists €3 3(Ky, ap, d1) such that for all ¢y < €33, for all z € [ﬂR(O),eo] and for all |¢| <

100
2a4/| InO(x)|, we obtain

o
() < 2

It remains to give a bound for (/15). From (3.205), the fact that |z| > 5 R(0) and the
monotonicity of 6(x), we have

0(0)
0 (166 R(0))

provided that 7" < T}y 5( Ko, 61). This gives (3.203)), and concludes the proof of Lemma m

5
[(I12)| < < O h(0)|~*~Y < 51
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Chapter 4

Profile of a touch-down solution to a
nonlocal MEMS Model"

G. K. Duong and H. Zaag

Abstract: In this paper, we are interested in the mathematical model of MEMS devices
which is presented by the following equation on (0,T) x € :

A
Oou = Au + 5 and 0 <u <1,

(1 — u)? <1+7/@1iudm>

where § is a C? bounded domain in RN and X\, > 0. In this work, we have succeeded to
construct a solution which quenches in finite time T only at one interior point a € . In
particular, we give a description of the quenching behavior according to the following final

profile

|z — af?

3
1—u(x,T)~9*[ } for some 0* >0 as ,x — a.

|In|z — al|
The construction relies on some connection between the quenching phemonenon and the
blowup phenomenon. More precisely, we change our problem to the construction of a blowup
solution for a related PDE and describe its asymptotic behaviors. The method is inspired by
the work of Merle and Zaag [14] with a suitable modification. In addition to that, the proof
relies on two main steps: A reduction to a finite dimensional problem and a topological
argument based on Index theory. The main difficulty and novelty of this work is that we
handle the nonlocal integral term in the above equation. The interpretation of the finite
dimensional parameters in terms of the blowup point and the blowup time allows to derive
the stability of the constructed solution with respect to initial data.

Mathematics Subject Classification: 35K50, 35B40 (Primary); 35K55, 35K57
(Secondary).

Keywords: Blowup solution, Blowup profile, MEMS model, touch-down phenomenon,
asymptotic behavior.

!This work was accepted for publication in Math. Models Methods Appl. Sci (2019).
Doi: 10.1142/S0218202519500222
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4.1 Introduction.

We are interested in the motion of some elastic membranes which is usually found in Micro-
Electro Mechanical Systems (MEMS) devices, which are available in a variety of electronic
devices such as: microphones: transducers; sensors; actuators and so on. Described briefly,
MEMS devices contain an elastic membrane which is hanged above a rigid ground plate
connected in series with a fixed voltage source and a fixed capacitor. For more details on
the physical background and possible applications, we refer the reader to [4], [10], [18] and
[19].

For a MEMS device (in [9] and [10]), the distance between the rigid ground plate and
the elastic membrane changes with time. It is referred to as the deflection of the membrane.
Here, we assume that this distance is very small compared to the device. In fact, we can
fully describe the behavior of the deflection by the following hyperbolic equation

M (z,t)

(1 —wu)? <1+'y/91iudyc>27

u(z,t) = 0,2 € 0Q,t>0,

)
20uu+O0u = Au+ €N t>0,

(4.1)

\ u(z,0) = wup(x),r € Q.

where 2 is considered as the domain of the rigid plate, u is the deflection of the membrane
to the plate, A > 0,7 > 0 and f is continuous. Here, the distance between the rest position
of the membrane and the rigid plate is normalized to 1. When the device is under voltage,
w will vary in the interval [0,1). In addition to that, the parameter A represents the ratio
of the reference electrostatic force to the reference elastic force and ¢ is the ratio of the
interaction of the inertial and damping terms in our model. Moreover, the function f
represents the varying dielectric properties of the membrane, see [7] for more details.

In fact, we are interested in a simpler case of (4.1]) considered in the following parabolic
equation:

A
xet>0,

(1—u)? <1+7/91iudw>27 (4.2)

u(z,t) = 0,2€ 00, t>0,
u(z,0) = wup(z),z € Q.

ou = Au-+

Moreover, we are also interested in the following generalization of problem (4.2)):

A
r e t>0,

1 e
1—up(1 d
(1—u) ( +7/ﬂ1—u fﬂ) (4.3)
u(z,t) = 0,2 € 0Q,t >0,

u(z,0) = wup(z),r €,

3tu = AU +

where p, ¢ > 0. Introducing
Qr = (0,T) x Q, where T > 0, (4.4)
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we say that u is a classical solution of (4.2) (in the sense of Proposition 1.2.2 page 13 in
Kavallaris and Suzuki [I1]) if u is a function in C*'(Q7) N C(Qr) that satisfies ([£.2)) at
every point in ()7 as well as the boundary and initial conditions, with

u(z,t) €[0,1),Ve € Q,t € (0,7).

According to the above mentioned reference in [11], the local Cauchy problem of (4.2) is
solved. Then, either our solution is global in time or there exists 7" > 0 such that

lim inf {mln{l —uf(t, :c)}} = 0. (4.5)
t—T xe)

We can see that if the above condition occurs, the right-hand side of may become
singular. This phenomenon is referred to as touch-down in finite time 7" in reference to
the physical phenomenon, where the membrane “touches” the rigid ground plate which is
placed below. In fact, in our setting, we follow the literature and place the regid plate at

u = 1, above the membrane which is located at u(x,t). Note that in case of touch-down,
the MEMS device breaks down.

Mathematically, we may refer to the behavior in as finite-time quenching. More-
over, a € ) is a quenching point if and only if there exist sequences (a,,t,) € Q x (0,7T)
such that

w(an, t,) — 1, as n — +o0.

The touch-down phenomenon has been strongly studied in recent decades. In one space
dimension, we would like to mention the paper by Guo, Hu and Wang in [6] who gave a
sufficient condition for quenching, and also a lower bound on the quenching final profile (see
Remark [4.5/ below). There is also the paper by Guo and Hu in [5] who find a constant limit
for the similarity variables version valid only on compact sets, and yielding the quenching
rate.

In higher dimensions, let us for example mention the following result by Guo and Kaval-
laris [7]:

Consider 2 such that || < % Then, for all A > 0 fixed and v > 0, there exist initial
data with a small energy such that problem (4.2) has a solution which quenches in finite
time.

In our paper, we are interested in proving a general quenching result with no restriction
on any A > 0,7 > 0 and C? bounded domain . In fact, we do much better than [5] and [6],
and give a sharp description of the asymptotic behavior of the solution near the quenching
region. The following is the main result:

Theorem 4.1 (Existence of a touch-down solution). Let us consider A > 0,7 >0 and Q a
C? bounded domain in RY | containing the origin. Then, there exist initial data uy € C*°(€2)
such that the solution of quenches in finite time T = T (ug) > 0 only at the origin. In
particular, the following holds:

(1) The intermediate profile: For all t € [0,T)

(T -1} 2 E c
1—u(,t) 9<3+§¢ T —)[In(T t)|> = (T — t)| (4.6)

Lo ()

for some 0* = 0*(\,~v,Q,T) > 0.
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(i1) The final profile: There exists u* € C%(Q) N C(Q) such that u uniformly converges to
u* ast— 1T, and

9 |xf?

16 | In |||

1 — u(2) Ne*{ } as © — 0. (4.7)

Remark 4.2. Note that when v = 0, our problem coincides with the work of Filippas and
Guo [3] and also Merle and Zaag [14)]. Our paper is then meaningful when v # 0, and the
whole issue is how to control the non local term. Note that [3] derived the final quench-
ing profile, however, only in one space dimension, whereas [14] constructed a quenching
solution in higher dimensions, proved its stability with respect to initial data, and gave its
intermediate and final profiles.

Remark 4.3. For simplicity, we choose to write our result when the solution quenches at
the origin. Of course, we can make it quenches at any arbitrary a € 2, simply replace x by
x — a in the statement.

Remark 4.4. In Theorem we can describe the evolution of our solution at x = 0 as

follows:
V3

1—u(0,t) ~ F(T—t)%, ast — T,

Remark 4.5. From (4.7), we see that the final profile u* has a cusp at the origin which is
equivalent to

Colz|

|In |z||5
This description is in fact much better than the result of Guo, Hu and Wang in [6] who gave
some sufficient conditions for quenching in one space dimension, and proved the existence

of a cusp at the quenching point bounded from below by C(B)|z|? for any 3 € (%, 1), which
is less accurate than our estimate (4.7)).

Remark 4.6. Note that we can explicitly write the formula of the initial data

_u(z,0)
where é( )
_ ~0(0 .
U(ZL‘,O)— )\% U( 70)7
with

32|z|
Ko

U(2,0) = T4 |o(—, —In T) + (do + ds - =) xo (

= )] xa(e) + (1= xi (@) H'(2),

X

VT InT|’

x1(z) = Xo (%) ,
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and 6(0) is the unique positive solution of the following equation

8(0) = ( \;Xe(m /Q U(O)d:v)g,

and note that xo, v and H* are defined in (4.28)), (4.33)) and (4.62)), respectively. Here, T' is

small enough and parameters dy and dy are fine-tuned in order to get the desired behavior.

Remark 4.7 (An open question). How big can 0* be? This question is related to the work

of Merle and Zaag in [14] (see the Theorem on page 1499), which corresponds to the case

where v = 0. For that case, the answer is 0* = 3%\ It is very interesting to answer the

question in the general case. By a glance to (4.18)), (4.86) and (4.87)), we know that 6* is

strictly greater than Uiz\/l& Let us define

(1+19))3
Tmaz = —7—|—OO ’
( VA

and
T = {0" € R such that (4.6) holds with u a positive solution to (4.2), for some T > 0}.

Then, by a fine modification in the proof, we can construct a solution such that 0* arbitrarily
takes large values in Tpa. In particular, we can prove that T is a dense subset of Tpuaz.
We would like to make the following conjecture

T = Thaz-

Now, we would like to mention that our proof of Theorem [4.1 holds in a more general
setting. More precisely, if we consider problem (4.3)) in the following regime

2
N——1>0,andq>0andN21, (4.9)

p+
then, Theorem [.1] changes as follows:
Theorem 4.8 (Existence of a touch-down solution to (4.3))). Consider A,y > 0, and §2
a C? bounded domain in RN and condition (4.9) holds. Then, there exist initial data 1

in C%(Q) such that the solution of equation (4.3)) touches down in finite time only at the
origin. In particular, the following holds:

(1) The intermediate profile, for allt € [0,T")

-t (p+1)° |2 o ¢
1-ul.t) 0<p+1+ 4p \/(T—t)|1n(T—t)|> = —0

for some 6*(\,7,9,p,q) > 0.
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(i) The exists 4* € C2(Q) N C(Q) such that u uniformly converges to 4* ast — T, and

(p+1)? |z
8 [Infz|

~

l—zl*(x)w@*l

p+1
] as x — 0. (4.11)

Remark 4.9. We don't give the proof of Theorem [{.8 here because the techniques are the
same as for Theorem[{.1]. In fact, for simplicity, we will only give the proof for the MEMS
case

pP=q=2,

considered in equation (4.2) and Theorem . Of course, all our estimates can be carried
on for the general case.

In addition to that, we can apply the techniques of Merle in [12] to create a solution
which quenches at arbitrary given points.

Corollary 4.10. For any k points aq, as, ...., ax in ), there exist initial data such that
has a solution which quenches exactly at aq, ...,a;. Moreover, the local behavior at each a;
is also given by ([4.10)), by replacing x by x — a; and L>®(Q) by L¥(|z — a;| < wo),
for some wy > 0, small enough.

As a consequence of our techniques, we can derive the stability of the quenching solution
which we constructed in Theorem under the perturbations of initial data.

Theorem 4.11 (Stability of the constructed solution). Let us consider i, the solution which
we constructed in Theorem@ and we also define T as the quenching time of the solution
and 0% as the coefficient in front of the profiles and . Then, there exists an
open subset Uy in Co+(Q), containing 0(0) such that for all initial data uy € Uo, equation
has a unique solution u quenching in finite time T'(ug) at only one quenching point

a(ug). Moreover, the asymptotic behaviors (4.10) and (4.11)) hold by replacing i(z,t) by
u(z — alug),t), and 0* by some 6*(ug) . Note that, we have

(a(uo), T(uo), 0 (uo)) — (0,7, 0), as |lug — tio||cqy — 0.

Let us now comment on the organization of the paper. As we have stated earlier,
Theorem [4.1]is a special case of Theorem [4.8] For simplicity in the notations, we only prove
Theorem [4.1 The interested reader may derive the general case by inspection. Moreover,
we don’t prove Corollary and Theorem [4.11] since the former follows from Theorem
and the techniques of Merle in [12], and the latter follows also from Theorem {4.8| by the
method of Merle and Zaag in [15]. In conclusion, we only prove Theorem |4.1{in this paper.

The paper is organized as follows:

- In Section 2, we give a different formulation of the problem, and show how the profile
in arises naturally.

- In Section 3, we give the proof without technical details.

- In Section 4, we prove the technical details.

Some appendices are added at the end.
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4.2  Setting of the problem

4.2.1 Our main idea

We aim in this subsection at explaining our key idea in this paper. The rigorous proof will
be given later. Introducing

at) = (4.12)

we rewrite (4.2)) as the following

a(t)

8tu: Au—i— m

(4.13)

Under this general form, we see our equation (4.2)) as a step by step generalization, starting
from a much simpler context:

- Problem 1: Case where «(t) = «y. This case was considered by Merle and Zaag
in [I4] where, the authors constructed a solution u,, satisfying

Ugo (2, t) = 1 as (z,t) — (z0,7T),

for some T' > 0, and z( € (). In particular, they gave a sharp description for the quenching
profile. Technically, the authors in that work introduced

1 U
1 = —1:
R 1—u’

and constructed a blowup solution for the following equation derived from (4.13):

[Val?

Ou = Au — 2 + apti*, with a(t) = ay, (4.14)

(see equation (III), page 1500 in [14] for more details).

- Problem 2: Case where 0 < a; < a(t) < ay for all ¢t > 0 for some 0 < a; < as.
This case is indeed a reasonable generalization which follows with no difficulty from the
stategy of [14] for Problem 1.

- Problem 3: Equation (4.2). Our idea here is to see (4.2)) as a coupled system
between Problem 2 and (4.12)):

3tu = Au + (101(2))2,

_ A
alt) = (147 [y tiada)”

A simple idea would be to try a kind of fixed-point argument starting from some solution
to Problem 1, then defining a(t) according to (4.12)) defined with this solution, then solving
Problem 2 with this a(t), then defining a new «(t) with the new solution, and so forth.
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In order to make this method to work, one has to check whether the iterated «(t) stay
away from 0 and +o00, as requested in the context of Problem 2. We checked whether this
holds when u solves Problem 1. Fortunately, this was the case, and this gave us a serious
hint to treat our equation as a perturbation of Problem 1.

In fact, our proof uses no interation, and we diredly apply the stategy of Merle and
Zaag in [I4] to control the various terms (including the nonlocal term), in order to find a
solution which stays near the desired behavior.

4.2.2 Formulation of the problem

In this section, we aim at setting the mathematical framework of our problem. The rigorous
proof will be given later. Our aim is to construct a solution for equation (4.2)), defined for
all (z,t) € Q x [0,T), for some T' > 0 with 0 < u(x,t) < 1, and

u(z,t) — 1 as (x,t) = (29, T),

for some zy € 2. Without loss of generality, we assume that

o = 0 € Q.
Introducing,
1 U
U = —1= 0 4.15
R — 1_u€[,+oo), (4.15)
we derive from (4.2 the following equation on «
( . M+ 1)
ga = Au—2T (@+1) x>0,

(14~ +7/uda¢)2
Q

u(x,t) = 0,z € 90Q,t >0,

u(z,0) = dp(r), €.

(4.16)

\

Our aim becomes then to construct a blowup solution for equation (4.16]) such that
u(0,t) — +oo as t — T.

In order to see our equation as a (not so small) perturbation of the standard case in (4.14]),
we suggest to make one more scaling by introducing

1

U(z,t) = Wz)u(gc,t), Ulz,t) >0, Y(z,t)€Qx[0,T), (4.17)

with 2
0(t) = (1+ny] —l—’y/gu(t)d:z:)3. (4.18)

Then, thanks to equation (4.16]), we deduce the following equation to be satisfied by U:

1\4 -

U = AU-2 i (U4 23) — G0z e >0,
U+%

Uz, t) = 0,2 €0Q,t>0, (4.19)

U(z,0) = U(x),x €.
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Note that in the blowup regime, which is our focus, U is large and equation (4.19)) appears

indeed as a perturbation of equation (4.14]).
Introducing the following notation

Alt) = /Q U(t)dz, (4.20)

we may rewrite (4.18]) as the following equation

2

_ _ 3
o(0) = (142190 + o) (a.21)
3
This implies that 6(t) solves the following cubic equation

03(t) = (1 + 919 + %Q(t)u(t)) = (A+ B(t)0(t))? = A% + 2AB(t)0(t) + B*(1)6*(t),

(4.22)

where

A=1++]Q and B(t) = ;—lg(t).
3

Since it happens that 0(t) is the unique positive solution of (4.22)), we may solve (4.22)) and

express 6(t) in terms of fi(t) as follows

{2142 + 393\ /2TAE T AAB(E) + 18AB() + 2B%(t) B3y

0(t) 55 =3 (4.23)
N V2(6AB(t) + BY(t))

{2142 1 3Y/3\/2TAT T AASB(E) + 18ABY(t) + 2B%(1)

Particularly, we show here the equivalence between equation (4.16|) and (4.19)).

Lemme 4.12 (Equivalence between (4.16) and (4.19)). Consider A\ > 0,7 > 0 and Q2 a
bounded domain in RN. Then, the following holds:
(1) We consider u a solution of equation (4.16)) on [0,T), for some T > 0 and introduce

where 0(t) = (1+~|Q + 7 [, a(t)dm)%. Then, U is a solution of equation (4.19) on [0,T).
(ii) Otherwise, we consider U a solution of equation (4.19) on [0,T), for some T > 0
and introduce _
. 0(t)
ut) =T U®) v e0.T),

3

where 0(t) is defined as in relation ([&.21)), then @ is the solution of equation (&.16)) on [0,T).
In particular, the uniqueness of the solution is preserved.

Proof. The proof is easily deduced from the definition in this lemma. We kindly ask the
reader to self-check. O
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Remark 4.13. From settings and and the local well-posedness of equation
in the sense of classical solutions (see Proposition 1.2.2 at page 12 in Kavallaris
and Suzuki [11]), we can derive the local existence and uniqueness of classical solutions of
equations (4.16) and . Since the nonnegativity is preserved for these equations, we
will assume that u and U are nonegative.

Thanks to Lemma [4.12] our problem is reduced to constructing a nonnegative solution
to (4.19)), which blows up in finite time only at the origin. We also aim at describing its
asymptotic behaviors at the singularity.

Since we defined U in on purpose so that appears as a perturbation of equation
for U large, it is reasonable to make the following hypotheses:

(i) 1< 0(t) < Cy for some Cy > 0. Note that from (4.21]), we have 0(t) > 1.

(i3) |0'(t)| < U?(t) when U large.

It is then reasonable to expect for equation (4.19) the same profile as the one constructed
in [14] for equation (4.14]). So, it is natural to follow that work by introducing the following
Similarity- Variables:

X

W(y,s):(T—t)%U(x,t), and s = —In(T' —t) and y = :
VI —t

(4.24)

Using equation (4.19)), we write the equation of W in (y, s) as follows

1 _s\4 f
oW = AW — Ly vw - % o W (g 2eh) - g
3

W+A§9¢(a; 0(s) 6(s)
W(y,s) = 0,y € 0Q,s>—InT,
W(y7 —th) = WO(y)ay € QS:

(4.25)

where ) )
6(s) =0(t(s)) = 0(T —e™°), (4.26)

and

Q, = e39), (4.27)

with 0 satisfies (4.21)) and (4.23).

We observe in equation that s changes as s — +oo. This is a major difficulty
in comparison with the situation where Q = R¥. In order to overcome this difficulty, we
intend to introduce some cut-off of the solution, so that we reduce to the case Q2 = RY. Of
course, there is a price to pay, in the sense that we will need to handle some cut-off terms.
Our model for this will be the work made by Mahmoudi, Nouaili and Zaag in [13] for the
construction of a blowup solution to the semilinear heat equation defined on a certain circle.
Let us note that the situation with © bounded was already mentioned in [I4]. However,
the authors in that work avoided the problem by giving the proof only in the case where
) = R". In this work, we are happy to handle the case with a bounded €2, following the
ideas of Mahmoudi, Nouaili and Zaag in [I3]. Let us mention that Velazquez was also
faced in [22] by the question of reducing a problem defined on a bounded interval to a
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problem considered on the whole real line. He made the reduction thanks to the extension
of the solution defined on a interval to another solution defined on the whole line, thanks
to some truly 1-d techniques. In our case, given that we work in higher dimensions, we
use a different method, based on the localization of the equation, thanks to some cut-off
functions.

More precisely, we introduce the following cut-off function xo € C5°([0, +00)), satisfying
supp(xo) C [0,2], 0 < xo(x) <1,Vx and xo(z) = 1,Vz € [0, 1]. (4.28)
Then, we define the following function

U (Y, $) = Xo (Moye_g) , for some My > 0. (4.29)
Let us introduce

(4.30)

W(ya S),lvbMo (y> S) if Yy € Qs7
w(y>s =
0 otherwise.

We remark that w is defined on RY and s > —InT and w = 0 whenever ly| > Mloe%. Note
that M, will be fixed large enough together with others parameters at the end of our proof.

Using equation (4.25)), we derive from (4.21)) the equation satisfied by w as follows

1 S 4
1 1 2 ] /
Gsw:Aw——y-Vw——w—2’V—wl‘s+ w+)\36 i —ww—i—F(w,W), (4.31)
2 3 w + /\ﬁ(e—)fi 0(s) 0(s)
0(s

where F'(w, W) encapsulates the cut-off terms and is defined as follows

;

44 [asto - AQ/JMO + %y ’ vao] - 2VwMO VW

2 1 _s\4 1 _s\4
Fw,W) = ) W25
ify € Qez,

0 otherwise.

(4.32)
We remark that F' = 0 on the region {y € RY | |y| < Mioeg or ly| > Mioeg} and that we

have from the conditions (i) and (ii) on (t) on page m that
1 <0(s) < Cy, and |0 (s)] < W3(y, s).
Making the further assumption that
0'(s) — 0,

we see that equation (4.35)) is almost the same as equation (15) at page 1502 in [14] at least

when |y| < eﬁi . Hence, it is reasonable to expect for equation (4.31]) the same profile as
the authors found in [14] for equation (15) in that work, namely

Oy T (3)EN
=3+ - 4.33
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(note that, this profile was also defined in [I4] for a general p > 2, and that here we need

to take p = 4 and a = 2, hence x = (3)73). In particular, we would like to construct w as
a perturbation of ¢. So, we introduce the following function

g=w— . (4.34)
Using equation (4.25)), we easily write the equation of ¢
0sq=(L+V)qg+T(q)+ Blq) + N(q) + R(y, s) + F(w, W), (4.35)
where
1
L= A-yV+Id (4.36)
1
Viy,s) = 4 (@3(% s) — 5) : (4.37)
2 2
T(q,0(s) = —21veF Yf”'s 2 'Vf| . (4.38)
3e 3 373
ITeT T 9T T
Ase™3 ! 4 3
Blg) = |a+e+ — " =4y, (4.39)
0(s)
1 % Vl|?
R(y,s) = — 590+A<P—§3/'V90—§+<P4—2%7 (4.40)
LAO)
0'(s
N(g) = - ( )(q+s0), (4.41)

0(s)
with 0(s) defined in (4.26)) and F(w, W) given in (4.32)).

In particular, we assume that U and ¢ have good conditions such that Lemmas [4.30]

[4.37, [4.38], [£.39] and [£.40| hold. Then, it is easy to see that all terms in the right-hand side
of become very small, except for (£ 4+ V')q. As a matter of fact, this term plays the
most important role in our analysis. Therefore, we show here some main properties on the
linear operator £ and the potential V' (see more details in [1], [2]):

- Operator £: This operator is self-adjoint in D(£) C L2(RY), where L2(R") is defined

as follows
I2(RY) = {feLloc @)1 [ 11t dy<+oo}
and
_lyl?
e i
ply) = s

This is the spectrum set of operator £
Spec(L):{l—%M‘neN}.
The eigenspace which corresponds to A, =1 — 7 is given by
Em = (P (Y1)-Puna (Y2)-- Py (yn) | a1 + . iy =m)

where h,,, is the (rescaled ) Hermite polynomial in one dimension.

- Potential V: It has two important properties:
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(1) The potential V(.,s) = 0 in L2(R") as s — +oo: In particular, in the region |y| <
Ko+/s ( the singular domain), V" has some weak perturbations on the effect of operator
L.

(i1) V(y,s) is almost a constant on the region |y| > Ky4/s: For all € > 0, there exists

G, > 0 and s, such that
4
Vy,s) — (—§>‘ <e.

Note that —% < —1 and that the largest eigenvalue of £ is 1. Hence, roughly speaking,
we may assume that £ + V' admits a strictly negative spectrum. Thus, we can easily
control our solution in the region {|y| > Ky/s} with K, large enough.

sup
s>s., ll>e.

From these properties, it appears that the behavior of £ 4V is not the same inside and
outside of the singular domain {|y| < Ky+/s}. Therefore, it is natural to decompose every
r € L(RY) as follows:

r(y) = mp(y) +1e(y) = x(y, s)r(y) + (1= x(y, 8))r(y), (4.42)

where x(y, s) is defined as follows

X(¥; $) = Xo ( K|f\|/§) : (4.43)

and xq is given in (4.28)). From the above decomposition, we immediately have the following:

Supp (1) C {ly| < 2KoV/s},
Supp (r.) € {lyl > Kov/s}.

In addition to that, we are interested in expanding 7, in L2 (RY) according to the basis
which is created by the eigenfunctions of operator L:

T’b(y) = r0+7’1-y+yT-T2-y—2Tr(rg)—i-r_(y),
or
n(y) = rot+riy+ri(y),
where
T, = (P/B(rb))BENN,lﬂlzi ,Vi > 0, (444)

with Ps(r) being the projection of r, on the eigenfunction hs defined as follows:

h
Ps(r) = / ry—t——pdy, V3 € NV, (4.45)
ry o [hllz @)
and
ri=Pi(r)= Y hgPs(r), (4.46)

BENN |5]>2
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and

ro= > hgPs(n). (4.47)

BERN |5]>3

In other words, r is the part of r, which is orthogonal to the eigenfunctions corresponding to
eigenvalues 0 and 1 and r_ is orthogonal to the eigenfunctions corresponding to eigenvalues
1,% and 0. We should note that rq is a scalar, r; is a vector and rs is a square matrix of
order n and that they are the components of r, not r. Finally, we write r as follows

r(y) = ro+ri-y+yl reoy—2Te(r) +r-(y) +re(y), (4.48)

rly) = rotri-y+ri(y) +re(y) (4.49)

A summary of our problem: Even though we created many extra functions from

U to q, we always concentrate on solution U to equation . More precisely, we aim at

constructing U blowing up in finite time. Then, we will use equation as a crucial

formulation in our proof. Indeed, in order to control U blowing up in finite time, it is

enough to control the transform function g of U (see definitions , and )
satisfying

lg(; $)|| oo (ry = 0, as s = +oo. (4.50)

4.3 The proof of the existence result assuming tech-
nical details

In this section, we aim at giving a proof without technical details to Theorem [4.1] We
would like to summarize the structure of this section as follows:

- Construction of a shrinking set: We rely here on the ideas of the Merle and Zaag’s
work in [I4] to introduce a shrinking set that will guarantee the convergence to zero for
q defined in . This set will constrain our solution as we want. Once our solution
is trapped in, we may show the main asymptotic behavior of our solution. In particular,
holds and our result follows.

- Preparation of initial data: We introduce a family of initial data to equation de-
pending on some finite set parameters. As a matter of fact, we will choose these parameters
such that our solution belongs to the shrinking set for all ¢ € [0, 7).

- The existence of a trapped solution: Using a reduction to a finite dimensional problem
(corresponding to the finite parameters introduced in our initial data) and a topological
argument, we can derive the existence of a blowup solution in finite time, trapped in the
shrinking set. More precisely, we show in this part that there exist initial data in that
family of initial data such that our solution is completely confined in the shrinking set.

- The conclusion of Theorem[{.1]: Finally, we rely on the existence of a blowup solution,
trapped in the shrinking set to get the conclusion of Theorem [4.1]

4.3.1 Shrinking set

In order to control the solution U blowing up in finite time and satisfying (4.50)), we adopt
the general ideas given by Merle and Zaag in [14]. For each Ky > 0,¢9 > 0,9 > 0 and
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t €[0,7) with T'> 0, we define

Pi(t) = {x e R | |z| < Ko\/(T — ¢)[In(T — t)|} , (4.51)
P(t) = {x e RV %\/@ “HI(T — 1) < |2| < 60} , (4.52)
Py(t) = {x eRY | |z| > %’} (4.53)

As a matter of fact, we have
Q CRY = Py(t) UPy(t) U Py(t), for all t € [0,T).

We aim at controlling our problem on P (t), Py(t) and Ps(t) as follows:

- On region P (t)(blowup region): We control w (see (1.24))) instead of U. More precisely,
we show that w is a perturbation of the profile ¢ (the blowup profile, introduced in (4.33))).
Then, (4.50) will follow from the control of w.

- On region Ps(t)(intermidiate region): We control a rescaled function U instead of U.
More precisely, U is defined as follows: For all z € Py(t),€ € (T — t(z))"2(Q — z) and

TE [—Ti(—f()x), 1) , we define

U(w,&,7) = (T = @) U (2 + &/T — @), (T = ta))r + t(x)),  (454)
where t(z) is defined as the solution of the following equation

K
lz] = IO\/(T —t(x))|In(T — t(x))| and t(x) < T. (4.55)
We remark that if €y is small enough, then #(x) is well defined for all z in P(t). In addition

to that, using (4.55)), we have the following asymptotic

t(z) > T, asx — 0.

For convenience, we introduce

o(r) =T —t(x). (4.56)

Then, the following holds
o(r) > 0asx— 0.

As a matter of fact, using (£.19), we write the equation satisfied by U in (¢,7) € 072 (z)(Q—

x) X [—%, 1) as follows:
2 11 4 4
O = AU — QNA—?l() + (u L2 ég( ()x)> = %T((T))u, (4.57)
03 (z T T
U+=0-
where . B
O(t) = 0(To(x) + t(z)), (4.58)

with 6(¢) defined in (4.56)). We now consider the following domain

I€] < apy/|In(o(x))| and 7 € [—%,1) .
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When 7 = 0, we are in region P;(t(z)), in fact (note that Py (¢(z)) and P(t(x)) have some
overlapping by definition). From our constraints in P;(¢(x)), we derive that U(z, £, 0) is flat
in the sense that

Our idea is to show that this flatness will be conserved for all 7 € [0,1) (that is for all
t € [t(x),T)), in the sense that the solution will not depend that much on space. In one
word, U is regarded as a perturbation of U(7), where U(7) is defined as follows

87—11(7') = ﬂ4(7—)7

1
. 0 K2\ "8 (4.59)
uo) = (3+=-=-2) .
(0) < * 8 16>
Note that, we can give an explicit formula to the solution of equation (4.59))
1
- 9K2\ 3
= (31— —— . 4.
U(r) (3( T)+ 3 16) (4.60)

- On region P3(t)(regular region): Thanks to the well-posedness property of the Cauchy
problem for equation (4.35]), we control the solution U as a perturbation of initial data
U(0). Indeed, the blowup time 7" will be chosen small in our analysis.

Relying on those ideas, we give in the following the definition of our shrinking set:

Definition 4.1 (Definition of S(t)). Let us consider T > 0, Ky > 0,¢9 > 0,009 > 0, A >
0,00 >0,Cq > 0,19 >0 and t € [0,T). Then, we introduce the following set

S(T, Ky, €0, g, A, 80, Co, 1m0, 1) (S(t) for short),

as a subset of C*1 (2 x (0,t)) N C(Q x [0,t]), containing all functions U satisfying the
following conditions:
(i) Estimates in Pi(t): We have q(s) € Vi, a(s), where q(s) is introduced in (4.34),
s =—In(T —t) and Vi, a(s) is a subset of all function r in L>=(RY), satisfying the
following estimates:

A A?]
52(6=0,1), and Jro| < =5,

ri| <
A? A?
_ < —(1 3 d ||re|| Lo < =
-l = A+, and [|rell e @y) < 7
A
(Vi) < S0 +1y), vy e RY,
where the definitions of r;,r—, (Vr), are given in (4.44), (4.46) and (4.47), respec-

tively.

t—t(x)
2@) and

(ii) Estimates in Py(t): For all |z| € [%\/(T ) [I(T — t)\,eo] () =
1€] < ap/|Ino(x)|, we have the following

Ul &, 7(e,1) = U@, )| < &,
Co

IVel(z, &, 7(x,1))| m

)
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where U, U and o(z) are given (4.54), (4.56) and (4.60)), respectively.
(iit) Estimates in Ps(t): For all x € {|z| > 2} NQ, we have
VU (z,t) — Ve'2U(z,0)|

Mo,

<
< To-

In addition to that, we would like to introduce the set S*(Ky, €g, g, A, do, Co, 1m0, T) as
follows:

Definition 4.2. For all' T > 0,Ky > 0,¢p > 0,09 > 0,4 > 0,09 > 0,Cy > 0, and ny > 0,
we introduce S*(T, Ky, €9, g, A, 8o, Co,m0) (S*(T) for short) as the subset of all functions
U in C*HQ x (0,T)) N C(Q x [0,T)), satisfying the following: for all t € [0,T), we have

Ue S(Ta K07 €o, O, A7 507 CO: Mo, t)

Remark 4.14. The shrinking set S(t) is inspired by the work of Merle and Zaag in (1.
However, we’ve made two magjor changes:

- A simplification, by removing an unnecessary condition on the second derivative in
space in region Ps(t).

- A smart change in region P3(t), by replacing VU by Ve!2U(0). This change is crucial
since we are working on a bounded domain 2.

Remark 4.15. The conditions in P and Ps; in Definition are designed to make our
solution more reqular and these conditions help us to control U in Py and q(s) € Vi, a(s).
Finally, the main purpose is to satisfy (4.50). In other words, the control U in Py is the
main 1ssue.

Remark 4.16. In our paper, we use a lot of parameters to control our solution. However,
they will be fized at the end of the proof. In addition to that, we would like to give some
conventions on the universal constant in our paper: We use C for universal constants which
depend only N,Q, v, XA and we write C(Ko, €, ...) for constants which depend Ky, ¢, ...,
respectively.

As we mentioned in Remark [4.15, we would like to show here some estimates of the
sizes of ¢ and Vg, where ¢ is the transformed function of U when U € S(t).

Lemme 4.17 (Sizes of ¢ and Vq). Let us consider Ko > 1 and €9 > 0. Then, there exist
Ti (Ko, €0) and mi(eo) such that for all ag > 0, A > 0,80 < U(0) (see [{.60)), Co > 0,1 <
m, T <Ty andt €[0,T): if U € S(Ko, €y, o, A, o, Co, Mo, t), then, the following holds:

(i) The estimates on q: For ally € RN and s = —In(T —t), we have

C(Ky)A? C(Ky)A%Ins
ol 9] < S and gty o) < R )

(ii) The estimates on Vq: For all y € RN, we have

C/(Ky, Cp) A2

Vq(y,s)| < N

Vq(y,s)| <

and
(1= x(y,5))Va(y,s)| <
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Proof. The conclusion directly follows from the definition of the shrinking set S(¢) and
Vi,.4(s). In addition to that, these definitions are almost the same as in [14]. Therefore,
we kindly refer the reader to see Lemma B.1 at page 1537 in [14]. O

4.3.2 Initial data

In this subsection, we will concentrate on introducing our initial data to equation (4.19)
so that it is trapped in S(0). In order to do that, we first introduce the following cut-off
function:

@ = xo (%) | (4.61)

where X is given in (4.28)). In addition to that, we introduce H* as a function in C§°(RY \
{0}) satisfying

9 fa* 777 (L 1
,  V|z| < min (4d(0,8Q),2) ,x #£ 0,
H*(z) = (4.62)
0, Vel > 1d(0,09),

1
2

and for all x € RY, x # 0, the following condition holds

1
0 |2 17}
0O< H* < | — .
< (x)—{wunrxH]

We now give the definition of our initial data corresponding to equation (4.19)): For all

(do,dy) € RN we define

1

Udo,dl (:c, 0) = T3

P <%7 —In 50> + (do + di - 2) X0 (%)] xi(z)  (4.63)
+ H*(z)(1—xi(z)),

where z = ———— and note that ©, X0, X1 and H* are defined as in (4.33)), (4.28]), (4.61)

VT | InT]
and (4.62)), respectively.

From (4.63), we would like to give the definition of initial data corresponding to equation

(4.35), qdy.a, (S0) With sp = —In T

qdo,dy (ya 30) = e_s?oUd(),Ch <y€—%0’ 0> ¢M0 <y7 SO) - ‘p(% 30)7 (464)

where and ¢y, ¢ and Uy, 4, are introduced in (4.29), (4.33)) and (4.63)), respectively.
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Remark 4.18. We would like to explain in brief how our initial data Uy, 4, has naturally
the form shown in . As we mentiond at the beginning of this section, our purpose is
to control initial data in S(0). More precisely, our inital data have to satisfy items (i) and
(7i) in Definition . As a matter of fact, when T is small enough, the second term in the
right hand side of is zero on Pi(0). Then, our initial data has only the first term
and we adopt the idea given in [15] (see also [1])], [§]), we use dy,dy in order to control
q(s0) in Vicg,a(s0). In addition to that, we would like to mention that Proposition [4.24) below
states that when q is trapped in Vi, a(s), it has only two components (g, q1)(s) which may
attain their upper bound, the others being strictly less than their upper bound specified in
the definition of Vi, a(s). This is indeed the reason to use (do, dy) in our initial data. More
precisely, these 1 4+ n parameters allows us to a reduction to a finite dimensional problem.
We now mention the control in Py. In that region, |x| is small enough and we may consider

that U is near the final profile
9 |eP 170
16 |1In |z|| '

As a matter of fact, it is reasonable to introduce H* as the main asymptotic of our initial
data in Py(0). Using some priori estimates, we can derive good estimates in Py(0). More
precisely, the following proposition is our statement:

Proposition 4.19 (Preparation of initial data). There exists Ko > 0 such that for all
Ko > Ky and §y > 0, there exist ao(Ko,d2) > 0 and Cy(Ky) > 0 such that for every
ap € (0, an], there exists e3(Ky, 09, ag) > 0 such that for every ey € (0, €] and A > 1, there
exists To(Ko, 02, €9, A,C) > 0 such that for all T < Ty and sg = —InT. The following
holds:

(I) We can find a set Dy C [—2,2]x[=2, 2]V such that if we define the following mapping

I''RxRY — RxRY
(do,dr) — (qo,q1) (S0),

then, T is affine, one to one from D4 to Va(so), where Va(s) is defined as follows

. A AN
Moreover, we have
I |5@A C aVA(SO),
and
deg (T |4p,) # 0, (4.66)

where qo,q1 are defined as in (4.48), considered as the components of qq, 4, (S0), which is a
transform function of Uy, 4,(0), given in (4.34)).
(II) We now consider (do,dy) € Da. Then, initial data Uy, 4,(0) belongs to
S(KO7 €0, @0, A7 627 CQa O) 0) = 5(0)7

where S(0) is defined in Definition . Moreover, the following estimates hold
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(1) Estimates in Py(0) : We have qa,.4,(S0) € Viy,a(S0) and

A A lns
[a0(s0)l = 5 larj(s0)l = 5 lazas(s0)l < =~ S Vi j € {1,.., N},
50 0 S8
1 3 4 1 3 4 N
-y, s0)l < Syl + 1), [Vau(y,so)l < 5 (lyl* + 1), vy € RY,
50 50
and
e =0,
where the components of qay a4, (So) are defined in (4.46]).
(i1) Estimates in Py(0): For every |z| € [%\/T“HT‘,EO] ,To(x) = —% and & <
|In o(z)|, we have
. C
U, € 70(2)) = Ulro(w))| < 8 and [Vell(z, €, 70(2))| £ — e
| In o()]

where U, U, and o(x) are defined as in (4.54), (4.60) and (4.56)), respectively.

Proof. The proof of Proposition will be given in Appendix [£.5] We now assume that
this proposition holds and continue to get to the conclusion of Theorem O

4.3.3 Existence of a solution trapped in S*(7T)

In this subsection, we would like to derive the existence of a blowup solution U to equation
([£.19), trapped in S*(T'). As we said earlier, our proof will be a (non trivial) adaptation of
the proof designed by Merle and Zaag in [14] for the more standard case . However,
in comparision with , we observe in equation a new feature, the nonlocal term
involving 0(t). As a matter of fact, it is important to study this term and it derivative. In
particular, in the works which we used to make the main idea for our work (such as [14],
[15], [8]), the authors only studied for constant coefficients parabolic equations. Hence, it
makes a main highlight in our work. For that reason, we show here some estimates on 6(t)
(also on fi(t)). The following is our statement:

Proposition 4.20 (Some estimates of 0(t) and fi(t)). Let us consider A > 0,7 > 0 and
a C? bounded domain. Then, there exists K5 > 0 such that for all Ky > Kz, 0y > 0, there
exist az(Kg, dg) > 0 such that for all ag < as, there exists e3(Ko, do, ) > 0 such that for all
€0 < e and A>1,Cqy> 0,19 > 0, there exists T3 > 0 such that for all T < 'Tj the following
holds: Assuming U is a non negative solution of equation on [0,t1], for somet; < T,
U € S(T, Ko, €, g, A, 60, Co,mo, t) = S(t) for all t € [0,t;] and U(0) = Ugy.a,(0), given in
([4.63) with some (dy,d;) € R*™N satisfied that |do|+|dy| < 2, the following statements hold:

(i) For allt € [0,t1], ji(t) and O(t) are positive and these estimates hold
0<pt) < C, (4.67)
1<) < C. (4.68)

Moreover, for all t € (0,t1), we have
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(it) In particular, if U € S(t) for all t € [0,T), then j(t) and 0(t) converge respectively
to jir and O € R ast — T.

Remark 4.21. Although we know from item (ii) that 0(t) converges to O, we don’t know
how big is Or. In particular, the dependence of these constants on v, \,€2 and T, e, ..., 1S
not clear yet.

Proof. We can see that item (i7) is a direct consequence of (7). So, we give only the proof
of item (7). Using (4.20)) and the fact that U(t) > 0 for all ¢, we derive the following

mwzlkmuxzo

In addition to that, we write
u@g/U@mg/ U@m+/ U@m+/ U(t)dz, (4.71)
Q Pi(t) Py(t) Ps(t)
where Py(t), Py(t), P5(t) are given in (4.51)), (4.52) and (4.53)), respectively. Remembering

o(x), defined in (4.56]), we see that the following holds

8 |zf?
o(z) ~ —5
K§ | In |z]|

In particular, using Definition 4.1, we get the following estimates: for all ¢ € [0, ¢;]

CA?
| In(T — )|

as x — 0.

On P (t),|U(z,t)] < (T —1t)3 + (0, —In(T —t))|| <C(T —t)" 3,

W=

On Py(t),|U(z,t)] < Q_%(x) [ﬂ(T(:ﬁ,t)) —G—%} <C [“‘nﬂ';‘]_ ;

On P(2), [U(z,t)] < [U(z,0)] +no < |U(x,0)| +1,

provided that Ky > K31 6y < 1 and 1y < 1. Integrating U on each P;(t),i = 1,2,3, we
obtain the following

Utyde < C(Ko)(T —1)
Pi(t)

|z[*
Ult)de < C
Py(t) |lz|<eo | In [z]

|
(/ Uty < /) (H +1)do
Ps(t) %Og\ﬂ,mEQ

where H* is defined in (4.62)). Using (4.71) and the above estimates, it is easy to obtain
the following estimate

Y

u(t) < O, for all ¢ € [0, 4],

provided that Ko > K32(A,7),€0 < €31(A7):m0 < m31(A, ) and T < T3 (Ko, A, ). This
yields (4.67) and (4.68) also follows by using (4.21)) and (4.67). We now give a proof to
(4.69). Integrating two sides of equation (4.19)), we get the following ODE

e, ( A ) VU ())?
() + )= [ AU®t)dx + Uty + — | —2 X200 Vg a72)
/Q /Q 0(t) Ut)+ 5

=i
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We aim at proving the following estimate

ol

/ (U(t) + L) _p VUOF ), < C(T =) | In(T — t)|™. (4.73)
0 0(t) U(t) + 35

In order to do so, we first prove that

/ Utyde < C(T —t)"s |In(T — )|V, (4.74)
/ de < C(T-4)" | In(T —t)". (4.75)
QU(t) + 2

o(t)

The techniques of proofs (4.74)) and (4.75)) are the same. Therefore, we only give here the
proof of (4.75)). Let us consider
VU (z, 1))
I, 1) = VY@L
A3
U (I y t) + 5@

Then,
/](x,t)dxg/ I(m,t)dx—I—/ ](x,t)dx—l—/ I(x,t)dx.
Q P (t) Pg(t) Ps (t)

Now we claim the following lemma:

Lemme 4.22. Under the hypothesis in Proposition for all t € (0,t], the following
estimates hold:

On Py(t): I(z,t) < C(Ko)(T —1t)3, (4.76)
On Py(t) : I(,1) < C(Ko)g_é(x)gC(Ko)Llf“x” - (4.77)
On Py(t) : I(z,t) < C(|VU(x,0))* +n3) = C(|VH"(z)| +13). (4.78)

Proof. From the definition of S(t), we easily derive (4.78)). So, we only give here the proofs

of (4.76) and (4.77). We now start with (4.76|). Let us consider x € P;(t) and we use the
condition of U in P;(t) to get the following

1
C(Ko)

wl=

(T —1)"3 <U(x,t) < C(K)(T —t)"5. (4.79)

In addition to that, thanks to item (éi) in Lemma [4.17} we get

T C(K())A2
V¥ (- - 0) 1< e
which yields .
VU (x,t)| < C(Ko)(T —t)7s. (4.80)

Then, (4.76) follows by (4.79)) and (4.80)).
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We now consider z € Pa(t). Tt is easy to derive from item (i) in Definition [4.1] that

1
C(Ko)
VU(z,t)] < Co s(x),

wl—=
=

e¢(x) < Ulx,t) < C(Ko)e(x),

provided that dy < 31 and €y < e32. This gives (4.77) and concludes the proof of Lemma
4. 22 ]

We now continue the proof of Proposition [4.20l Considering ¢ € (0,¢;) and taking the
integral on two sides of (4.76)), we write

/ (2, D)|de < C’(KO)/ (T — ) dz
Pi(t) el < Ko /(T D (70|
N_ 4 N
< CENT— 1)} (T —p)¥

Integrating the two sides of (4.77)) and using the following fact

8 |zf

o(z) ~ —
K§ | In |||

as x — 0,

we obtain the following

/ 1, 1) < C(K) e meolt = (T = )] In(T — )5 In((T — 1) (T = 1) )]
Pa(t)
In addition to that, from (4.78)), we have
/ |(x,t)|dx < C.
Ps(t)

Hence, (4.75]) holds.
In addition to that, using (4.163]), we can derive that

/ AU(H)dz < o0, ¥t € (0,1).
Q
Therefore, we have

lim Ade:/AU(t)dm.
Q

=0 J oy d(z,00)>v}

Moreover, for all v > 0 small enough and from item (éii) of Definition (4.1)), we have

' / AUdx
{z,d(z,00)>v}

This implies that

/ v(x) - VU(:t:,t)dS‘ < C. (4.81)
O{z,d(x,00)>v}

/ AU(t)dz < C. (4.82)
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Hence, from (4.72)), (4.73) and (4.82)), we derive the following
o)
0(t)

3N—-8

,a(t)’ <C(T—t) s |In(T—1t)|". (4.83)

i’ (t) +

In addition to that, from the relation between ji and 6 in ([4.21]), we write

-1

_ 2y - _1

o' (¢ 2 —;M(t) _ 3

AUN | (1+0r+ Zowam ) .

6(t) 33 vz ) A3

(14191 + @)
We also have the fact that
0(t) > (),
A3
which yields that
-1
2_7_
1<|1-— ”%M(t) < 3.

Hence, §(t) and ji'(t) have the same sign and we can use (4.83)) to conclude that

7] < (T =) (T — )|, (4:84)
This yields (4.69) and (4.70). Thus, we get the conclusion of the proof of Proposition
.20 O

Proposition 4.23 (Existence of a solution to equation (4.19), confined in S*). We can
find parameters T > 0, Ky > 0,¢9g > 0,0 > 0, A > 0,59 > 0,Cy > 0,19 > 0 such that there
exist (do, di) € Rx RN such that with initial data Uy, q, (0) (given in ([4.63)), the solution U
of equation exists on Q x [0,T) and

U e S*(T),
where S*(T') = S*(T, Ko, €9, g, A, b0, Co, o), given in (4.2)).

Proof. As a matter of fact, this Proposition plays a central role in our problem. In other
words, it will imply Theorem 4.1| (see subsection below). The proof of this Proposition
will be presented in two steps:

- First step: We use a reduction of our problem to a finite dimensional one. More
precisely, we prove that the control U in S(t) for all ¢ € [0,7") is reduced to the control of
(g0, q1)(s) in Va(s) (see Proposition below).

- Second step: In this step, we aim at proving that there exist (doy,d;) € R such
that U € S*(T, Ky, €9, g, A, 5o, Co, 1m0, T') with suitable parameters. Then, the conclusion
follows from a topological argument based on Index theory.

We now give two main steps with more technical details:

a) Reduction to a finite dimensional problem: In this step, we derive that the control of
U € S(t) with t € [0,T) is reduced to the control of the transform function ¢(s) such that
two first components (go, ¢1)(s) are trapped in V4(s) (see [{.68)), where s = — In(T — ¢).
More precisely, the following proposition is our statement:
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Proposition 4.24 (Reduction to a finite dimensional problem). There ezist T > 0, Ko >
0,60 > 0,00 > 0,A> 0,90 > 0,Cy >0 and ny > 0 such that the following holds: We con-
sider U a solution of equation that exists on [0,t1], for some t; < T, with initial data
Usg,a,(0) given in (4.63), for some (dy,d1) € Da. We also assume that we have U € S(t) for
all Vt € [0,t1] and U € 0S(t1) (see the definition of S(t) = S(T, Ko, €y, v, A, 0, Co, 1o, t)
in Deﬁnitz’on and the set D 4 given in Proposition . Then, the following statements
hold:

(i) We have (go,q1)(s1) € dVa(s1), where (qo,q1)(s) are components of q(s) given in
(4.48)) and q(s) is the transform function of U defined in (4.34]) and s; = In(T — ty).

(i1) There exists vy > 0 such that for all v € (0,1y), we have

(o, q1)(s1 + 1) & V(s + v).
Consequently, there exists v; > 0 such that

Ué¢S(t+v),Vve (0,um).

The idea of the proof is inspired (in a non trivial way) by the ideas given by Merle and
Zaag in [14]. Since the proof is long and technical, we leave it to Section . Therefore, we
assume here that Proposition holds and go forward to the conclusion of Proposition
423

b) Topological argument and the conclusion of Proposition .' In this step, by using
Proposition[4.24]and a topological argument based on Index theory, we conclude Proposition
. More precisely, we prove that there exist T', Ko, €9, o, A, do, Co, Mo and (doy,dy) € Da
such that with initial data Ug,q, (0) (defined in (4.63))), the solution of equation
exists on [0,7") and belongs to S*(T") where S*(7T') is defined in Definition Indeed, let
us consider parameters T > 0, Ky > 0,¢g > 0,9 > 0, A > 0,69 > 0,Cy and 719 > 0 such
that Propositions and hold. Using Proposition [.19] we have the following

V(do,dl) € ®A, Udg,dl (0) € S(O)

In particular, it follows from Proposition 1.2.2 page 12 in Kavallaris and Suzuki [I1] together
with Lemma that equation is locally in time well-posed in C%1(Q2 x (0,Ty)) C
C(Q x [0,Ty]), for some Ty > 0 . Therefore, for every (do,d;) € D4, we define t*(dy,d;) €
[0,7") as the maximum time, satisfying

Udo,d1 S S(t>7Vt € [O,t*<d0, dl))a

where Uy, 4, is the solution of corresponding to initial data Uy, 4,(0), introduced in
(4.63). Then, we have two possible cases:
a) Either t*(dy, d;) = T for some (dy, d;) € D, then, we get the conclusion of the proof.
b) Or t*(dy,d1) < T, for all (dy,dy) € D4. This case in fact never occurs, as we will
show in the following.

Indeed, assuming by contradiction that case b) hold and using the continuity of the
solution in time and the definition of the maximal time t*(dy, d;), we have

Udo,dl (t*(do, dl)) € 8S(t* (do, dl))
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Thanks to the finite dimensional reduction property given in item (i) of Proposition m,
we derive the following

(qO: QI) (3*(d17 dQ)) € af?A(‘S* (d07 dl))?

where ¢, ¢; are defined in (4.48)) as the components of g4, 4,, which is a transformed function
of Ugy.a, (see (4.34))) and s,(dp, dy) = —In(T'—t*(dp, d1)). Then, we may define the following
mapping

A:Dy — ([-1,1] x [-1,1]7)

s2(dy, dy)

(dg,dl) — A

(90, q1) (84(do, dy)) -

From the definition of ¢*(dy, dz), the components (qo, ¢1) and the transversal crossing prop-
erty given in item (i¢) in Proposition 4.24] we see that A is continuous on D 4. In addition
to that, from item (i) of Proposition [4.19, we can derive that for all (dy,d;) € 0D

(g0, q1) (s0) € OVals0), so=—1InT.

However, using item (i7) of Proposition again and the definition of t*(dy, d;) we deduce
that
t*<d0, dl) — 0,
which yields
2

S
S*(do, d1> = S0 and A(do, dl) = ZOF(d(], dl),

where T is defined in item (/) of Proposition [4.19] Hence, thanks to (4.66), we conclude

deg (A |®A) # 0.

In fact, such a mapping A can not exist by using Index theory. Hence, case b) doesn’t occur
only case a) occurs. Thus, the conclusion of Proposition follows. O

4.3.4 The conclusion of Theorem [4.1]

In this subsection, we would like to give a complete proof of Theorem [4.1, We now consider
the solution U which has been constructed in Proposition 4.23] Then, U exists on [0,7")
and

U(t) € S(t),vt € [0,T).

Using item (i) in Definition [4.1 we have the following

C
q exists on [~ InT, +o00) and ||q(., s)||pee@yy < —=, Vs € [~ InT, +00), (4.85)
s

\/_
for some constant C' > 0. Thanks to (4.15)), (4.17)), (4.24]) and (4.30)), we have

C

< —.
Lo (Q) V | hl(T - t>|

(4.86)

(T—pirt 9 e =5
01— (1)) <3+8<T—t>|1n<T—t>r>
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Using (4.68) and (4.70]), we can derive that 6(t) converges to 7 > 0 with
|6(t) — 0r| < C(T — )12, %t € [0,T).

This implies that (4.6 hold with

O

0" = —. 4.87

A3 (4.87)
Thus, item (z) of Theorem {4.1| follows.
We now prove that u quenches only at 0. Indeed, from the above estimate, we can derive
that 0 is a quenching point of u. Now, we aim at proving that = € Q\ {0} are not quenching
points of u. In fact, relying on relations (4.15)) and (4.17)), it is enough to prove the following

Lemma:
Proposition 4.25. The solution U satisfies the following statements:
(1) For all x € Q\ {0}, there exits v(x) > 0 such that

limsup sup U(2',t) < +o0. (4.88)

t—=T |2/ —z|<v(z)

(i1) For all x € Q\{0}, lim;_,r U(x,t) exists. In particular, if we define for all x € Q\{0}

U*(xz) = lim U(z,t),

t—T

then u* € C(Q\ {0}), and U(t) uniformly converges to u* on every compact subset of
Q\{0}. In particular, we have the following asymptotic behavior

9 |xf?
32 |In|z||

U*(z) ~ { } as x — 0. (4.89)

Proof. We consider U the solution constructed in Proposition [£.23] The proof will be given
in two parts:

- The proof of item (i): The proof follows from the definition of shrinking set S(¢). Let
us consider two cases: |z| > L,z € Q and |v| < ¢, 2 € Q.
+ The case where |z| > 9,2 € Q: Using item (iii) of Definition 4.1, we conclude that
for all t € [0,7),
Uz, t) <U(x,0)+no < +o0.

Then, (4.88) follows.

+ The case where |z| < @,z € Q: For every x in that region, we can find ¢, close

to T such that |z| € [%\/(T— tx)|ln(T—tx)\,eo]. Moreover, if we have t € [t,,T), we

derive then |z| € [% V(T =) In(T - 1)), 60:|. Considering t € [t,,T) and using item (i7)

in Definition [4.1], we derive the following

Ule+€v/e(@),t) < 075 (@) [W(r(w, 1) + b0, VI¢] < a0 /T ()]

This estimate directly implies (4.88|).
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- The proof of item (i1): By using parabolic regularity and the technique given by Merle
in [12], item (i) and Lemma[4.42] we may derive that there exists a function U* € C(Q\{0})
such that U(x,t) — U*(x), ast —> T, for all z € Q,z # 0. Moreover, one can prove that the
convergence is uniform on every compact subset of Q\{O} It remains to give asymptotic
behavior (4.89). We consider zq € 2 such that |z is small enough. We first introduce the
following functions: U(xo, &, 7) is defined in and

v(x07€77—> = V§u(f£0,£,7’)7 (490>
where £ € 073 (20)(Q—z0) CRN and 7 € [ Q((ZO)) 1) where t(x¢) and o(z) are defined as
in (4.55) and (4.56)), respectively. We aim at proving the following estimates:
. C
wp [t < —C o
7€[0,1), €1 <|n(e(w0)) & [ In(e(o))]
C
sup IV(z0,&,7)| < T (4.92)
7€[0.1).¢[<2| In(o(xo)) 1 | In(o(o))l1
and
sup |0;U(zo, &, 7)| < C(xo), (4.93)

r€lmo,1),J€1< 3| n(o(zo)) F

for some 7 € (0,1), fixed, and we also recall that U(7) is introduced in (4.60).

We see that (4.92)) follows from the fact that U € S(t),Vt € [0,7") and item (i7) of Definition
[1.1] Thus, we only need to give the proofs of (£.91)) and ([£.93).

- The proof of (4.91): We write here the equation of U from (4.59))

11 4 0’
8, U = AU — 2|v£—u’() + (u + )\353@0)) - Q(T)u, (4.94)

1
A3 g?
u+—9()

where 6(7) = 0(ro(zo) + t(z0)) is given in ([.58). From ([@.86) with t = t(x), we derive
that

wp [l £,0) - U0)| <

¢ (4.95)
61<6/ Ino(z0))! | In(o(o))

In addition to that, from item (ii) of Definition , we have for all |¢| < 6]1n o(z0)|7 and
7€ [0,1):

U(wo,€,7) > SU(0), (4.96)
U(zo, &, 7) < SU(L), (4.97)
provided that 6 < %ﬂ(O) We now consider U(, 7) as follows

U(E,7) = U(o, &, 7) — U(7), where € € 073 () (Q — 2) and 7 € [0, 1).



209

We then derive an equation satisfied by U

0, U =AU+ Gy + Gy, (4.98)
where GG, Gy are defined as follows
2 0/
aen) = 2 -2
303 (o T
U+ 5
Motzo)\ -
Gole,7) = U+ 2220 ().
o(7)

Next, we derive from the definition of 5(7’), Proposition and the fact that for all
€ (0,1),

11

0'(7)| < Cotr(ao)(1 —7)7H,

and

1<6(r)<C.
Hence, from (#.92), [.96) and ([.97)), we deduce that for all 7 € [0,1),]¢] < 2|In o(zo)|
[VU(z0, &, 7) [ 0'(7)

Gi& )] = |2 T 7 W@ &)
1 U(wo, €, ) + 2225 o)

Ll <(1 —T)_% + 1) .
| In o(x0) %
In addition to that, we derive from that
¢
| I g(o)| 7
We now recall the cut-off function yg, defined as in , then, we introduce

i
¢1 5 = X0l /1]~
o (\ln<g<xo>>\4)

As a matter of fact, we have some rough estimates on ¢,

C C
and ||A£¢1||L°°(RN) <

| In(o(wo)) "~ In(o(ao))|

Let us define Uy (&, 7) = ¢1()U(E, 7), for all £ € RY and 7 € [0,1). Then, U; satisfies the
following equation

’G2(£77-)‘ < C’U(x()?é-aT)‘ +

[Vedi | oo @mny < (4.99)

[NIE

0U; = AU, —2V¢, - VU — Ap U + ¢1G1(§,7) + 01G2(€, 7).

Using Duhamel principal, we write an integral equation satisfied by U,

Ui (7) = e™0, (0) + / 201 VU = AU+ 61Gr + 6uGal (7)o
0
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This implies that for all 7 € [0,1), we have

[UL( 7)] Lo vy < 1+0/ UL (., 0) || oo vy do

~ |In(o(

Thanks to Granwall inequality, we get the following

C
1UL( 7)oy £ —————,V7 €[0,1),
| In(e(o))[*

which yields (4.91)).

Using (4.93)), we can derive that the limit lim,_,; U(zo, 0, 7) exists. In addition to that,
we derive from (4.91)) that

U (o) = lim S0 0T) <§%9( ))

W=
Wl

9 |zo* 17
~ | = — 0.
{16|1n|x0|| as 1o

This is the conclusion of (4.89). So, we get the proof in Proposition and we also get
the complete conclusion of Theorem [4.1] O

4.4 Reduction to a finite dimensional problem

This section plays a central role in our analysis. In fact, it is devoted to the proof of
Proposition [£.24 More precisely, this section has two parts:

- In the first subsection, we prove a priori estimates on U in Py(t), Py(t) and Ps(t)
when U is trapped in S(t).

- The second subsection is devoted to the conclusion of Proposition |4.24] In fact, we use
the first subsection to derive that U satisfies almost all the conditions in S(t) with strict
bounds, except for the bounds on ¢o(s) and ¢;(s), with s = —In(7"—t). This means that in
order to control U in S(t), we need to control only (o, ¢1)(s) in Va(s), defined in ([4.65). In
addition to that, we also prove the outgoing transversal crossing property. It means that if
the solution U touches the boundary of S(t) for some ¢; € (0,7), then, U will be outside
S(t) for all t € (t1,t, +v) with v small enough. In one word, this is the reduction to a finite
dimensional problem: the control of two components (¢o, ¢1)(s) in Va(s).

4.4.1 A priori estimates

We proceed in 3 steps: a,b and c¢), respectively devoted to parts Py (t), P»(t) and Ps(t).

a) We aim in the following Proposition at proving a priori estimates for U in P (t):

Lemme 4.26. There exists K, > 0, Ay > 0 such that for all Ky > K4, A > Ay and [I* > 0
there exists Ty(Ko, A, 1*) such that for all eg > 0,09 > 0,99 > 0,19 > 0,Co > 0,7 < Ty and
for all 1 € [0,1*], the following holds: Assume that we have the following conditions:

- We consider initial data U(0) = U, a,(0), given in (4.63) and (do,d1) € Da, given
in Proposition 4.1g such that (qo, q1)(s0) belongs to Va(so), where so = —InT, V 4(s)
is defined in (4.65) and qo, q1 are components of qay.4, (So0), @ transform function of U,

defined in (4.34)).
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- We have U € S(T, Ko, €, g, A, 8o, Co, mo, ) for allt € [T —e=7, T —e~ D], for some
o> sgandl € [0,07].

Then, the following estimates hold:

(i) For all s € [0,0 + 1], we have

1 c .
la0(5) = ao(s)| + |d1,:(5) = Sarals)| <z, Vi € {1,.... N}, (4.100)
and ) oA
qém(s) + qui,j(S) < ?,VZ,] € {1, cee N}, (4101)

where ¢1 = (q1,j)1<i<N; @2 = (@2 j)1<ij<n and qi, qa are defined in (4.44)).
(ii) Control of q_(s): For all s € [o0,0 +1] and y € RY, we have the two following cases:

- The case where o > sg :

s—o 2 1+ 3
lg-(y,8)| < C (Ae‘T + A% (7 4 (5 — a)) (S# (4.102)

- The case where o = sg

(1+ [y]*)
s2

lg-(y,5)] < C(1 + (s — 0)) (4.103)

(iii) Control of the gradient term of q: For all s € [o,0 + ],y € RY, we have the two
following cases:

- The case where o > sg :
s—o 2 1 + 3
(Va)(.9)] < € (A5 4 e 4 (s 0) 4 va=o) LD (4100

- The case where o = sy

(V) (y,8)| <C(1+(s—0)+Vs—o0) m. (4.105)

52
(1ii) Control of the outside part q.: For all s € [0,0 + A|, we have the two following cases:

- The case where o > sg :

1. (s )| gy < C (A%—% At 114 (s — 0)) (4.106)

1
\/57
- The case where o = sy

(- 8) ooy < C (14 (s — o)) —=. (4.107)

S -
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Proof. The proof of this proposition relies completely on techniques given by Merle and
Zaag in [14]. As a matter of fact, the equation (4.35)) is quite the same as in that paper
if we ignore some perturbations which will be very small in our analysis. More precisely,

thanks to Lemmas [£.35], [£.36], [£.37] [4.38] [4.39 and [£.40, we assert that the techniques in
[14] hold in our case. Hence, we kindly refer the reader to Lemma 3.2 at page 1523 in [14]

for more details. O

This implies a priori estimates in Py (t) as follows:

Proposition 4.27 (A priori estimates in P;(t)). There exist K5 > 1 and As > 1 such
that for all Ky > K5, A > As,eqg > 0,a9 > 0,y < %ﬂ(O),Ca > 0,m9 > 0, there ewists
T5(Ko, €0, g, A, 8o, Co,mo) such that for all T < Ty, the following holds: If U a nonnegative
solution of equation satisfying U € S(T, Ky, €9, g, A, 09, Co, Mo, t) for all t € [0, 5]
for some ts € [0,T), and initial data U(0) = Ugya, given in for some dy,dy € Dy
given in Proposition[{.19, then, for all s € [~ InT, —In(T — t5)], we have the following:

.. A?lns
VZ,j € {17 e 7”}7 |q2,’i,j(s>’ S 282 5
q-(.,s A Vq(.,s))L A2
et 2o [N < Lt e <
L+ [y ] oo ravy 2s L[yl |l peeny — 28 2V/s

where q is a transformed function of U given in (4.34]).

Proof. The proof is a consequence of Lemma [4.26| In particular, the proof is the same as
in the work of Merle and Zaag in [I5]. Hence, we refer the reader to Proposition 3.7, page
157 in that work. O]

b) We now show a priori estimates on U in Py(t). We start with the following lemma:

Lemme 4.28 (A priori estimates in the intermediate region). There exists K¢ and Ag > 0,
such that for all Ky > K¢, A > Ag, 06 > 0, there ezists ag(Ko,ds) > 0,Cs(Ko, A) > 0
such that for all ag < ag,Cy > 0, there exists eg(ag, A, dg, Co) such that for all ey < €,
there exists Tg(€g, A, d, Co) and ng(€o, A, dg, Co) > 0 such that for all T < Tg,no < 16,00 <

1

% (3 + gK—(%)ii the following holds: if U € S(T, Ky, €, g, A, 09, Co, Mo, t) for all t € [0,t.],

8 16

for some t, € [0,T), then, for all |z| € [%\/(T — )| In(T — t*)|,eo} , we have:

(1) For all || < ZZO‘O |Ino(x)| and 7 € [max <0, —%) ,%], the transformed func-

tion UW(x, &, 1) defined in (4.54)) satisfies the following:

IVell(z, &, 7)| < (4.108)
| In o(z)]

U &7) > 3(3%?—63)_3, (4.100)

Uz, &,7)] < 4 (4.110)
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(1) For all |€] < 2ap+/|In o(x)| and 19 = max (0, —@> : we have

o(z)
~ 06
\U(:ﬁ,i,fo) - U(m)‘ < ¢ and |VU(x, &, 1) < ——mae.
V1 o(z)|
Proof. We leave the proof to Appendix [4.6] u

Using the above lemma, we now give a priori estimates in P,(t). The following is our
statement:

Proposition 4.29 (A priori estimates in Py(t)). There exists Ky > 0 and A7 > 0 such
that for all Ko > K7, A > Ay, there exists 07 < %ﬂ(O) and C7(Ky, A) such that for all 6y <
d7,Co > C there exists az(Ko, &) such that for all ag < o, there exist e7(Ko, 6, Co) > 0
such that for all €g < €7, there exists Tr(€y, A, do, Co) > 0 such that for all T < T the
following holds: We assume that we have U € S(T, Ky, €y, g, A, 6o, Co, t) for all t € [0, t7]

for some t; € [0,T), then, for all |z| € [@\/(T —t,)| In(T — i*)|,€0i| €] < agy/|1Ino(z)|

4

and T € [max (—@, 0) , t77t(x)} , we have
o(x) o(x)

< % and |VU(z, &, 7)| < G

~ 2y/[Ing(a)]

‘U(I’, f, 7—*) - ﬁ(a:a 57 T*)

where o(x) =T — t(z).
Proof. We leave the proof to Appendix [4.7] O

Remark 4.30. Unlike what Merle and Zaag did in [T])], we don’t require any condition in
V2U in Py(t) (see Definition , as we have aldready stated in Remark . Accordingly,
our a priori estimates in Py(t) will be simpler than those of [1])], as one may see from the
proof given in Appendiz C.

¢) We now give a priori estimates on U in Ps(t):

Proposition 4.31 (A priori estimates in Ps). Let us consider Ko > 0,¢9 > 0,a9 > 0, A >
0,4 € |0, %ﬂ(())], Co > 0,m9 > 0. Then, there exists Tg(ng) > 0 such that for all T < Ty, the
following holds: We assume that U is a nonnegative solution of on [0,ts] for some
ts < T, and U € S(Ky, €9, g, A, 09, Co,mo, t) for allt € [0,ts] and initial data U(0) = Uy, 4
giwen in (4.63) with |do|, |di| < 2. Then, for all |x| > $ and t € (0, 5],

U (2,t) — U(z,0)] < (4.111)

o

2 )
VU (2, 1) — Ve U (z,0)| < % (4.112)
Remark 4.32. As we have mentioned in Remark[4.1]], we draw the attention of the reader
to the change we have made with respect to the work of Merle and Zaag in [14)]: We compare
VU(t) to Ve!2U(0) and not to VU(0) in [T]] and this is crucial, since we are working on
a bounded domain.

Following the remark, we have just stated, we give in the following a crucial parabolic
estimate for the free Dirichlet heat semi-group in €2
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Lemme 4.33 (A parabolic regularity on the linear problem). Let us consider initial data
Udg.ay» gwen in (4.63)), for some |dy|, |di| < 2. If we define
L(t) = €tAUd0,d1,Tf € (0, T]
Then, L(t) € C(Q2 x [0,T]) N C=(Q x (0,T]). Moreover, the following holds
||VIL(t)||Loo(RN)(‘x|2€§0’$€Q) < C(e), V[0, T], (4.113)
where € introduced in the definition of Uy, 4, -

Proof. See Appendix O
The proof of Proposition[{.31. We rewrite the equation satisfied by U as follows

aU = AU + G(U),

where

We remark that in order to get the conclusion, it is enough to prove that for all x € Q, |z| >
% and t € (0,ts], we have the following estimates

Ui(z,t) = Ur(z,0)] < %;, (4.114)

]VUﬂny—VéA%ﬁumlgzg, (4.115)

where Uj(z,t) = exp (/t Qe_l(s)ds> U(z,t). Using the equation satisfied by U, we may
derive an equation satisﬁe?d bgfsgjl as follows:

o,Uy = AU + Gy, (4.116)

t 0’ 1\4
where G1(t) = exp (/ 9((8)) d8> [—2 VUL 4 (U + 5’%) ] In particular, from the fact
0 S

A3
Utia

that U € S(t) and Proposition [4.20, we can derive the following

(e[ 32)of =

Moreover, from item (ii7) of Definition |4.1] and Lemma [4.33| we derive the following;:

|Gy (2, 1) < C(Ko, €0, m0), V|| > %0 and V¢ € (0, ts].

In the following, we first prove (4.114]) then (4.115)).

+ The proof of (4.114): We consider a cut-off function x» € Ce°(€) such that y, =1
for all |z| > @,z € Q and x» = 0 for all [z] < ¢ and [Vxa| + [Ax2| < C(e). If we define
U = Uy xo, then U, satisfies the following

0,Uy = AUy + Go,
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where

GQ(U) = —2VU1 . VXQ — AXQUl — X2G1.
Using the estimate of (G; and the following fact

VUL (2, 8)] + |Us (2, £)| < C(Ko, €0, m0), V| > %0 and t € [0, ),

which is a consequence of the fact that U € S(t) (particularly items (¢) and (i77) in Definition
, we conclude the following

€
1G22, ) oy < C(Ko, €0, Co,mp), V| > go and YVt € [0, t].
We now use a Duhamel formula to write U, as follows

Us(t) = e U, (0) + /t A (Gy(U(7))) dr, (4.117)

where e/® stands for the Dirichlet heat semi-group on Q (see more in Appendix 4.9). In
particular, we have for all Uy € L (),

||€tAU0 HLOO(Q) < [[Uo| oo (-
Therefore,

|Us(t) = Us(0)]

IA

|Us(t) — €"2Us(0)| + |e"2U2(0) — U(0)|

¢

/ e =92Gy(s)ds
0

S O(K07 €0, OO? 770)T + HetA(U2<O)) - U2<O)HL°°(Q) :

IN

+ |€tAU2(O> — UQ(O)‘

In addition to that, because Uy(0) is smooth and has a compact support in €2, we can prove
that
tA
||e (U(0)) — UQ(O)HLOO(Q) —0ast—0,

which yields the fact that

7
[U2(t) = U2(0)]| oo ) < 50,

provided that T' < Tg 1 (K, €9, Co, 19). This concludes the proof of (4.114)).
+ The proof of (4.115)): We derive from (4.117)) the following fact:

t
VU, (t) = Ve Uy(0) + / Vel=AGy(1)dr.
0
This implies that

t
(VU (t) — Ve'2 UL (0)| < |Ve'2Us(0) — Ve U1 (0)| + / Ve=MAG, (1)dr| .
0

Using (4.146) and Lemma (4.41)) in the below, we derive that

dr < C(Ky, €9, Co, mo)VT.

. t
/ VQ(t_T)AGQ(T>dT < C(Ko,€0,007770)/
0 0

1
N
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In order to finish the proof, it is enough to prove that for all |z| > €, we have
|Ve'2U,(0) — Ve U, (0)] < == (4.118)

provided that T' < Tg,. Indeed, using Dirichlet heat semi-group and Lemma below,
we may write the following:

|Ve'2Us(0) — Ve'2Up (0)] =

/Q va(I7 Y, t7 0)<1 - X2(y))Ud0,d1 (y)dy’

exp <_ ‘I_tyl >
0/ —— g |Udo,a, (v)|dy
ly|<2

<
t 2
\fv—yP) (|x—yy)N+2 N
< C’/ exp(— Use s ()
|y|§%) t \/z ‘x_y‘N+2| do,d ( )|
< Clevt Uido.ts (4)1dy
ly|<2

< Cleo)Vt|Uipa 10y < Cleo)VT.

This yields (4.118), provided that 7' < Ty 3(e). In particular, from the definitions of U;
and U,, we can derive (4.115)). Finally, we get the conclusion of Proposition m O

4.4.2 The conclusion of the proof of Proposition 4.24
It this part, we aim at giving a complete proof to Proposition [4.24}

The proof of Proposition[{.24 . We first choose parameters Ko, ey > 0,9 > 0, A > 0,80 >
0,01 > 0,Cy > 0,19 > 0 and T > 0 such that Propositions [4.19] [£.27] [4.29] and [£.31] hold.
In particular, the constant 7" will be fixed small later. Then, the conclusion of the proof

follows as we will show in the following. We now consider U, a solution of equation (4.19)),
with initial data Uy, 4, (0), defined in Definition and satisfying the following:

U e S(T7 K07a07 EOaAa 507 OOa”Ovt) - S(t)7
for all t € [0, t,] for some t, € (0,7") and

u € 0S(ty).

(7) Using Propositions 4.27] 4.29| and 4.31}, we can derive that

(41, 42)(5:) € OVa(ss), (4.119)

where s, = In(T" — t,).

(77) Using item (i), we derive that either

A
lgo(s.)l = S5
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or there exists jo € {1, ..., N} such that
A
1,30 (8:)] = -

Then, without loss of generality, we can suppose that the first case occurs, because the

argument is the same for other cases. Hence, using (4.100) in Lemma we see that

ah(s) — ()] < 5

Therefore, we obtain that the sign of ¢ (s.) is opposite to the sign of

% (60?2) (54),

provided that A > 2C, where ¢y = £1 and ¢o(s,) = 605%. This means that the flow of ¢ is
transverse outgoing on the bounds of the shrinking set

A A

2 < %(5) < 2

It follows then that (qo, q1)(s) leaves V(s) at s,. Thus, we conclude item (ii). Finally, we
get the conclusion of Proposition O

4.5 Preparation of initial data

In this section, we give the proof of Proposition [4.19] More precisely, we aim at proving
the following lemma which directly implies Proposition [£.19}

Lemme 4.34. There exists Ko > 0 such that for all Ko > Ks, 6o > 0, there exist
as(Ky,02) > 0,Cy > 0 such that for all oy € (0, ] there exists ea(Ko, da, ag) > 0 such
that for all €y € (0,€3] and A > 1, there exists To(Ko, 2, €9, A,Cs) > 0 such that for all
T € (0, Ty], there exists a subset Dy C [—2,2]"*Y such that the following properties hold:
Asumme that initial data Uy, q4,(0) is given as in ([1.63)), then:

A) For all (dy,dy) € Da, we have initial data
U(O) = Udmdl (O) - S(T, K(), €0, O, A, (52, CQ, 0, 0)
In particular, we have the following:

(i) Estimates in Py(0): we have the transformed function q(so) of Ugy.a,(0), trapped in
Vio.a(S0), where so = —InT and we have also the following estimates:
Ad() Adl,j
2

QO(SO) - 3_3 52

+

¢1,5(s0) — < Ce ™™, forall j € {1,....,n},

Ins o
162,45 (s0)| < 70, foralli,j € {1,...,n},
0

|~
|~

050 £ (0 +IP), (V)1 50)| < (1+[gl?), for all y € RY,

oN
N

and
qe(s0) =0,
where the components of q are defined in (4.49)).
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(i1) FEstimates in Py(0): For all |z| € [%\/T“HTLEO} and and |£] < agy/|Ino(z)|, we

have

Ule & () — Ulrn(o)| < B, and [Vl &, m(o))] < ==

~ VIno(@)]

where 7o(z) = =22 and W, U, t(z), o(x) are given in [@.54), (A55), [@.56) and ([E.60).

o(z)

B) We have the following facts

~

(do, d1) € D4 if and only if (qo,q1)(s0) € Va(so)

and

(do.d1) € 0D 4 if and only if (qo,q1)(s0) € IVa(s0),
where V4(s) given in (4.65).

Proof. We see that part B) directly follows from item (i) of part A). In addition to that,
our definition is almost the same as in [21] (see also Ghoul, Nguyen and Zaag [8]; Merle and
Zaag [14] and [15]). So, we kindly refer the reader to see the proofs of the existence of the set
Dy, item i in A) and part B) in Proposition 4.5 in [21]. Here we only give the proof of item
(71) in part A). We now consider 7" > 0, Ky > 0,69 > 0,9 > 0,05 > 0,Cy > 0,10 > 0. We

aim at proving that if these constants are suitably chosen, then for all = € [%\/ T|InT|, 60]
and €| < 2ag+/| In o(z)|, where o(z) given in (4.55)), we have the following

Cy
}u(x,g, o)) — u@@;))‘ <6y, |Vel(w, &, ()| < T

~

We observe from the definition of #(x) given in (4.55) that if ag < agy and €y < €91, then,
for all = € [ﬁ TInT, eo} and |£] < 2ap+/|1n o(2)|, we have

4
x
evet| < 2.
which yields
ro _ |z| 3 . Ky
B < > < ‘x—i—{\/T(x)‘ < §|ac|7 with ro = T\/T|lnT|. (4.120)
Hence, for all x € [%«/T! 1nT|,eO] , we have

X (16(93 + &/ o(x))VT, - 1HT) xi(z + &/ o(x)) =0,

where y and x; are defined in (4.43) and (4.61)), respectively. Therefore, from (4.63])
and the definition of U in (4.54)), we may derive that for all = € [%«/ﬂ InT |,60] and

€] < 200/ T o),
U, € 70) = (D (2 +€v/e(@)) + (1) (1= xae +€V/el@))
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where

(n = <@)é (3+9|x+€\/@|2)§’

T 8  T|InT]
and
(II) = oi(2)H* (z+ &V o(2)),
with H*(z) given in (4.62). In addition to that, from the definition of g(x), given in (4.56),
we obtain the following asymptotics
8 |z|?

Ino(x) ~ 2In|z| and o(x) ~ 2Tl
0

as |z| — 0. (4.121)

Besides that, we introduce ¢ = % T|InT] and Ry = v/T|InT|. Then, the following holds

16 64
o(ro) ~ T, and o(Ry) ~ ﬁTl InT| and o(2Rg) ~ FT| InT|asT — 0. (4.122)
0 0
We aim in the following at giving some estimates on U(x, &, 70(x)) and V U(x, &, 1o(x)).
- Estimate on U: From the definition of the cut-off function y; given in (4.61)), it is
enough to prove that for all |z] € [ro, (24 155)Ro] and [¢] < 2a0+/]In o(z)], we have

—

(4.123)

L\:>|°"

I —Ulr)| < 2

on one hand and also that for all |z| € [{% Ry, €] and |¢] < 2a9+/|In o(x)], we have

100

. 5
I = U(m)| < 3. (4.124)

on the other hand. Indeed, let us start with the proof of (£.123): We consider |z| €
70, (24 155) Ro] and [¢] < 2am/|ln o(z)|. Then, we write the following:

9|x+£\/_|2> : (s ﬁﬁ?)‘;
0

Il_ﬂ(TO(x))‘ = <3Q( ) T8 o(@)|InT| (r) ' 816

) <3T 913 9 [|o+ /o) K(?D_s (5.1 9K3>‘§
B[P . 0 K3\ |

o(z) 816 o(x)|InT| 16 o(z) * 8 16

In addition to that, we have

v +&olx)P K§ ElS (1+2_\/— !f|2 )_ﬁg

o(z)|InT| 16 o(z)|InT| 16
K3 | o(z)| @) o(x)\ _ K§
16 |InT)| + W S 16°
Besides that, we also have the following:
< 40&0,
|§|2 5
W@(@ < 4ag.
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Moreover, for all |z| € [ro, (2 -+ L) RO}, we derive from (4.122)) that

100

| In o(z)]

~1 T — 0.
mr| "

So, the following holds

[z +&y/o(2)]? K

o(x)|InT| 16

— 0,

as (oo, T') — (0,0). From this fact, we can derive that if T < T5 1 (Ko, d2), ap < a22(Ko, d2),
we have

I = Um(@))| = <3QT +?$+ﬁ/@l2>é(3gi+9£g)é

() 8 o(z)|InT)| () 816
[z + VT (@))*  K§|_ &
s O T 16|52

This concludes the proof of (4.123]).
We now aim at proving (4.124). We consider |z| € [ Ro, €] and [€] < 2aq+/[In o(z)].

Using the definition of (I7), we write as follows

. RIK ‘J?Jré\/@(ﬂ?)‘Q E T 9K2\S
) =) = | oy evemn | (35516
9KZ 9 ‘%‘+£\/@(fv)‘ K2 h (9;(3 T >—é
= 2=+ = - 20 (222
$16 16 | oo)[nfe + /e 8 316 o00)

Besides that, the function g(x) is radial in z, and increasing in |x| when |z| is small enough.

Then, for all €y < €27 and |z| € [2% Ry, €], we have

T T B
‘Q(x) < ey < C(Ko)|InT|™' = 0as T — 0. (4.125)
In addition to that, we have
2
eVl g i :
-0 = + 2z - &/ o(z) + [¢]?
e TR Sl Ty e ] USSR C ORI
K
R
K | In o(z)| | In o(x)]
= 0 — 244
16 [|1n|x+5\ﬁg<x>|| e+ ev/e(0)
| In o(z)]|
+ 4a? .
%IlnlfCJrf\/_g(x)II]
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In particular, we have the following fact

Ino(z) ~ 2Inlz|, as|z| ~0,
1

1
[In |z +&v/e(@)] | In ]|

as ag — 0.

This yields

| K2

z)|ln|z +&{yola)l] 8
From (4.125)) and (4.126f), we derive that
2
‘x+€\/9(ﬂ?)’ K2 T 5

(1) = Wro(2)| < C(K) Che T

x)|In|z + £/ o(2)]| 8 o) | = 27

provided that o < ag3(Ko,d2),€0 < ag2(Ko,d2, ap) and T < Tp 5. Thus, (4.124) holds.
Finally, we get the conclusion that for all |z| € [ o /T|InT], 60] and |¢] < 2040 |In o(z)],

we have

— 0 as (e, ap) — (0,0). (4.126)

‘U(x, £,70(x)) — ﬂ(ro(x))’ <5y

- Estimate on O:U: From the definition of U(z, &, 70(x)) = U (:c,f, —%) given in
(4.54) and expression (4.63) of initial data, we decompose VU as follows

8&?,((1‘,5,7’0(1‘)) = Bl + BQ + B37

where
: =
|3 dw ol +£ve) Vo)
B, = —Zm(ﬂﬁ—Ff o(z)) 3+§ T/InT)| xi(z + &V o)),

By = Q% VH*x+£\/_ (1—X1 x+§\/_>

1

T 8 T|InT]

< V@V (z + /o).

It is enough to prove the following estimates:
- Estimate of By : For all |z] € [ro; (2 + 155)Ro| and [£] < 2aq+/|In o(z)| we have

Byl < — 0

S m (4.127)
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- Estimate of By : For all |z| € [£% Ry, €] and |€| < 2ap+/|In o(z)], we have

|B2| < C(KU)

~ V(@)

- Estimate of B : For all |z] € [22 Ry, (2 + 145)Ro] and [¢] < 2ap+/|In o(z)|, we have

(4.128)

100 100
K
|Bs| < _CGK) (4.129)
| In o(z)]

We now start the proof:
- Estimate of By: We have the fact that for all |z| > 1

9 \3
(3+§|z|2) < Clz| 3.
Then,

_ 06(z)  T3|InT|s
T T[T |+ &y/e(@)]E
Q%(%)HHT’%

&+ &/o(x)]3

Using (4.120]), we obtain the following;:

| By

5 1
6(x)|InT|3
B, < 2T

2

In addition to that, for all |z| € [ro, (2 + 145)Ro], we have

|Ino(z)| ~ |InT|, as T — 0.

Then, we have
B < C os(x)|InT| __¢C
11 < 7 < ;
K3 o8 (2)| o) ~ /I o()]
provided that Ko > Ky3,T < T 4. This yields (4.127)).
- Estimate of By: From the definition of H*(x), when |z| < €, €y small enough, we have

9 fa? 17
s

H(z) = | — .
(=) [16rlnrxu]

This implies
1 1
VH*(2)] < CM,

|5

Hence,

S(@)|Infz|ls _ ., [Infe]|s 1

Y
|B2| < C 5 = 1 )
EE [Ino(z)[5 /| Ino(z)]
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on one hand. On the other hand, we have the following
|Ino(z)| ~ 2|In|z||, as  — 0.

Thus, (4.128)) holds provided that ey < €34(Kp).
- Estimate of B3: We first use the definition of x; in (4.61) to write

A
VT|InT|

We now consider |z] € [2% Ry, (2 + 15)Ro] and [¢] < 2a+/|In o(z)]. We define

Vaxa(z)] <

1

By = <3T+9|x+§v |2> 3+ﬂ—H*(:U+€\/Q($)).

8  |InT] 8T3|InT)|

Then,

= B,o¢ (z)Vx1 <x+§\/_)

Estimates on By: Using the fact that |z| € [+ Ro, (24 155)Ro], €] < 2ap+/|In o(z)]
and (4.120)), we can derive that

2
éTUnT\ <l &Ve@F o,

1 2
ST < 2+ eVe@l oy

= [l +&y/e(x)]]

This implies that X
|By| < C(T|InT|)" 5.

Hence, we estimate Bs:

Bsl < CTIT) 0} (@) Vo (v +€V/e(o))

In addition to that, for all |z] € [2% Ry, (2 + 15)Ro], we use (£.122)) to deduce that
o(w)] < CT|In T,
and we also have the following fact
|Ino(z)] ~ |InT|, asT — 0.

So, we conclude that

B
[ In o(2)]

provided that Ky > Ka4, € < €25(Ko, ap) and T < T 5(Kp). Thus, we get the conclusion
of (4.129). Finally, the conclusion of Lemma follows. O

|Bs| <
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4.6 A priori estimates in the intermediate region

In this section, we aim at giving the proof of Lemma Because our definitions are
the same as in [14], estimates in this Proposition follow in the same way as in that work.
Hence, we kindly refer the reader to Lemma 2.6 in page 1515 in that work for the proof of
and item (77). It happens that, although the authors in [I4] gave a statement which
is similar to (4.109)), they did not gave the proof. For that reason, we give here the proof

of (4.109) and (4.110)).

- The proof of (4.109): Let us consider |z| € [%\/(T—t ) In(T — t,)|, e0,[¢] <
Tagy/|Ino(x)] and 7 € [max ( ,—m> , otle } As a matter of fact, there exists t € [0, ¢,]

o(x) 9(»’0)
such that
t—t(x)
T =
o(z)
Let us define
X =z +&o(x).

We aim at considering the three following cases:
+ The case where | X| < £o /(T — t)[In(T — t)|. We write
Uz, &,7) = 05 (2)U(X, 1).

We have the fact that X € Py(¢). Then, using item (i) in Definition together with item
(7) in Lemma we get

1 X
(T —t)"3U(X,t) = W(Y,s), where Y = \/ﬁ —In(T —t)
> (3+ lXP ok
- (T = 1) In(T" = 1)}

1
1/ 9K2\
> - 220
= 2<3+816) ’

provided that T' < Tg1 (Ko, A). This yields

o(x) 5 9KZ\ ®
U(m,{,T)z(T_t) 5(3+816) .

In addition to that, the function |z| — o(x) is increasing when |z| is small enough. This
implies that

[

o(0) < o (g oy VT~ OTIT 1)

From (4.55)), (4.56]) and (4.121)), we derive that
K2 2(T —t)| In(T — t)| (T —1t)

Ky 8
Q(4<1—ZaON(T‘”‘l“(T‘“')”Fglﬁu—zo@? MmT -0 (=Ta?

4 4

as T'— 0. Hence, we have
o(x)
T—t

<4,
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provided that ay < %, T < Tgzo. Finally, we get

+ The case where | X| € [%\/(T — )| In(T — )|, eo]. In other words, we have X € Ps(t).

We write as follows
U(z,&,7) = o(x)U(X,1).

In addition to that, using item (i) in the definition of S(t) (see Definition [4.1)), we get the
following;:

7 7
(1= Jao)la] < [X] < (1+ Jao)lal. (4.130)

(QQ((?))é > 5

provided that oy < az2(Kp) and || < e72(Kp, ap). This yields that

1 9 K2\ ¢
> -0 )
Uz, &, 1) > 1 (3—|— 3 16)

Then, we get

wl=

+ The case where | X| > ¢. This means X € P;(t). We first have the following fact

(
U(w,&7) = BH@)U(X,0) = 30 (D)U(X,0),
provided that ny < % and €y < €g3. We remark also that | X| < (1+£a0)\x| < (1—1—;1040)60 <
%eo. Then, 1
9 |X|2 13
%0 = [y

Moreover, using (4.121]) and (4.130f), we get

provided that Qp < Q6 4, €0 < €6,3-
As a matter of fact, we obtain the following
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This completely concludes the proof of (4.109)).

- The proof of (4.110]): The idea of the proof is similar to the first one. We also consider
three cases

+ The case where |X| < 0, /(T — ¢)|In(T — t)|. This implies that X € P;(t). We write
here

W(z,&,7) = 03 ()U (X, 1),

Using item () in the definition of S(t)(see Definition [4.1]), together with item (¢) in Lemma
4.17], we derive that

1
1 9 | X|? > 3 CA? 1
UX, )| <(T—t)73 |3+ = + | <2(T"—1) 3,
ool <@ =07 (3+ =g =g <20
provided that T' < Ty 5. In addition to that, from the following fact
K
0\/@ X)) o(X \—|X|<—O\/ T — )| In(T — 1),
this yields that
o(X)<T—t.
Then,
1
o(z) )3
x,6,17) <2 .
W& ) (@(X )
On the other hand, using (4.130]), we can derive
o(x)
<2, 4.131
o(X) (4131)

provided that ay < ag 4. This also yields that

WU(x, &, 1) < 4.

+ The case where | X| € [Kf V(T — )| In(T — t)], eo} . This means X € Py(t). We write

t—¢(X)
o(X)

Hence, we derive from item (ii) of Definition [4.1] the fact that U € S(¢) and (4.130]) that

Wz, &, 7) = 03 (x)0 3 (X)U(X, 0, ).

wLaﬂs(§§QSWX&ij%?»ga

provided that KO Z K6’2, (7)) S 046,4([(0)7 50 S 56,1-
+ The case where |X| > €. The result follows from item (iii) of Definition [4.1]
Hence, (4.110) follows. Finally, we get the conclusion of Lemma m
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4.7 A priori estimate on Ps(t)

In this section, we aim at giving the proof of Proposition

The proof of Proposition[{.29 . We first choose parameters Ky, €y, g, 4, dg, Co, 1o, 06 such
that Lemma holds. Then, items (i) and (77) in that Lemma hold. We would like to
prove that: for all

2] € [@m— t7>rln<T—t7>\,eo] 1€ < a0/ T (@],

4

TE [max (0, —t(m)> : - t@)} = [70, 77],

o(z) o(z)

and

the following holds

‘U(az,ﬁ,T)—ﬂ(T)‘ < %, (4.132)

IVell(z, &, 7)| (4.133)

We first recall equation (4.57))

2 11 4 0/
aTuzAgu—2’v—1f’l+ Wy e @ e,
u+ )\393(9;) 0

o(r)
- The proof of (4.132]): We first introduce the following function
2(6,m) = U, &,7) — U(r).

Using (4.57)), we write the following equation

=

x “’”) — () + 667,

0,2 = AZ + <u+9(T—

where
.

U4 Xoei@  6(r)

o()
Using Proposition and the definition of 6(7) in ([£.58)), we derive that

Gler) = VUL _ %0y

11

é'(T)‘ < Cpts(z)(1 — 1) 1. (4.134)

Hence, from Lemma , we derive the following: for all |¢] < fagy/|Inp(z)| and 7 €
[7_077—7]7
(1— 7)1+ 1) ,

G , T S—l
G i
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provided that |z| < e72(Ko,d). In particular,

<u+w> —U(7) go(|zy+g%(x)).

=

We here define x1(£) = xo ( “'5' : )) , where xo € C3°(R), xo(z) = 1,V]z| < §,x0(z) =
n o(x

0,V|z| > %, and 0 < xo < 1. As a matter of fact, we have the following estimates

C C
Vil € o and |V2x] € s (4.135)

|In o(z)] (@)
Introducing
Z’l (57 7—) - XQ(f)Z’(fv T)a
we then write an equation satisfied by Z;
a7'2’1 = AZ’1 + Gl(é-v T)?
where G satisfies the following: for all |£| < Tagy/|In o(z)|
1 11
Gi(2,&7)| < C(|Za] + ———5 ((L—7)" 2+ 1),
[ In o(x)|2 ( )

Using Duhamel’s principal, we derive the following
C T
1Z1(T) [po@ry < S+ ———5 | +C [ [121(5)|| noo(eryds
| In ()2 ™

< 256—|—C/ Hzl(S)HLoo(RN)dS.
0

Using Gronwall’s inequality, we get the following
121 ]| oo vy (RY) < 2C8.

In particular, if we choose Cy > 4C'dg, then follows.

- The proof of : We rely on the idea as for the proof of . We consider
Zo(&, 1) = xall(z, &, 7) exp (f; 6;((;)) ds), where x; given in the proof of (4.132)). Then, we
can derive an equation satisfied by Z, as follows

4 ’ 5,(3)
0; 29 = AZy + 1 U exp (/TO é(s) ds) + Ga(&,7), (4.136)

where G5 defined by

T 2
Gol6,7) = exp / ) 45 ) |—2vi, - v - agr - alVHE
T0 0(8) u+ >\§~93(CIE)

0(7)

1 1 4
A3 03
. (M 0 <x>) .y
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In particular, from (4.134)), we can get the following fact

T é/(s)
exp (:I: /TO é(s) ds)

as |z| < egy. Then, using the results in Lemma [4.28 we can deduce the following

S Q,VT < [TQ,T7], (4137)

C
Gof. o@N) < ———,V
H 2( 77—)”]4 (RN) = |lng(x)|’ TE [7-077-7]7

provided that |z| < ega(Kp). We write Z, in the following integral equation

T s
Zo(7) = TR Z, (1) + / T2 |y U (o) exp / 9~<0) do | +Go(s)| ds. (4.138)
70 n 0(0)
We now aim at proving the following estimates:
Ce+C
Vel A2, ()] o < (4.139)
H HL (RN) |1HQ([E)|

Velr—9A <X1u4(s) exp (/OS 95/((5)) da))

Loo(RN)

C

T e

+  The proof of [#.139): We write e""™)A2,(7y) as follows

I = [ fr e € ) e </ 7 da) o

This yields

I i
v e 4(r—s)

Ve ™22, () (€, 7)| = / (47(7—5))"X1<£) (2,&, 70 eXP( 80/0 > dg¢’'

706’0

vgle( w5) 89’ o ,
= /RNWXl(f) ngOexp<7090 )f

( ) e g 59’ (0) ,
/ (4r(r — 5))% ex1(§)U(, €', 7o) exp 90 dg

IN

( ) 59’0
+ / (47r(7—s))%X1( NWell(z, &', exp( : 8 )
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Thus, using the above estimate, the result of item (77) in Lemma and (4.135)), we can
conclude (4.139).

+ The proof of (4.140)):

e(Tfs)A 4 s) ex Sé(o-) o s
\Y <X1u<> p<70 é(U)d ))(57 )

vﬁe(_ ‘45(7&_/5) I\ (4 / ° él(‘T) /
= / —%Xl(g )u ($, ’7_) exp (/ d(f) df

u4<x7 5,7

[\
)
~
RS
Q)
RS
e
~—
I3
<
m
=<
—
—~
Iy
D
>
ko)
A
CIJ
q

\ . )
Q o
\_/

e(if(_il‘j) ,
+ /]RN w)ﬁ(ﬁ AW (2, €', T) Ve U(z, €, 5) exp (

In particular, we have the following fact

vé’(z’2)<§l7 s) = Ve (Xl(f/)u(x,fl, S) exp (/S 90: ((: ))

_ VgX(f/)u(x,fl, 8) exp (/S Qé’((;-)) d0-> I X(g’)vglu@:,g’ 3) exp (/S «99:((:)) do’) .

Then, using (4.110)), (4.135]) and the definition of Zs(s), we get the following

p(T—9)A 4(6) ex Sé/(a) o s
\% (Xlu() p(/TO é(o‘)d)>(§7)

which yields (4.140)).
We now come back to the proof of (4.133)). We use (4.138)), (4.139) and (4.140)) to obtain

the following

IS
| In o()]

< ClIVZa(5) || poo (mry +

9

Ce+C
[V Zo ()| poe (mvy < 0

~ VIIno(z)]

Thanks to Gronwall’s inequality, we derive the following
C(Cs)
[Ino(z)|
In addition to that, from the definition of Zy, we deduce that for all |{] < ag+/|In o(z)],

Zo(&,7) = U(x, &, 7) exp (/T eé/((;)da) .

+C/ HVZQ(S)HLOO(]RN)'
70

|V Zo ()| poo (mry <
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This implies that
2C(Cs)

VIno(@)]

[Vell(z, &, 7)| <

Finally, if we take Cy > 4C(Cp), then

Co

IVel(z, €, 7)] < 2/ o(2)]

I

which implies (4.133)).

4.8 Some bounds on terms in equation (4.35

In this section, we give essential ingredients for the proof of Lemma [4.26, More precisely,
we will estimate some functions involved in equation : V,J,B,R, N and F. In fact, as
we explained in the proof Section right after Lemma .26, we choose not to prove Lemma
, in order to avoid lenghy estimates aldready mentioned by Merle and Zaag in [14]. The
interested reader may use our estimates in this section and follow the proof of Lemma 3.2
on page 1523 in [I4] in order to check the argument.

Let us first give some estimates on V(y, s):

Lemme 4.35 (Expansion and bounds on the potential V). We consider V' defined in
[4.37). Then, the following holds: V is bounded on RN x [1,+00) and for all s > 1

V(y,s)| <C

1 2
S

and )
(Jy]* =2N) | =

V(y7 S) = 4s +V(y7 8)7

where V satisfies the following

(1+yl")

“7(%8) < C(KO)T,WA < Kgv/s.

Proof. The proof is easily derived from the explicit formula of V. We kindly refer the
readers to self-chek or see Lemma B.1, page 1270 in [16] with p = 4. ]

We now give a bound on the quadratic term B(q).

Lemme 4.36 (A bound on B(q)). Let us consider B(q) defined in (4.39). If 6(s) > 1, for
all s and |q| < 1, then, the following holds

1B(q)| < C(Ko) (lg]* +e73).

Proof. By using Newton binomial formula, the conclusion directly follows. n

Next, we aim at giving some bounds on J(g,6(s)). The following is our statement:
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Lemme 4.37 (Bound on J(q,6(s))). For all Ky > 0,A > 1 and €y > 0, there exist n9(€o)
and Ty(Ky, €0, A) such that for all ag > 0,Cy > 0 and T < Ty, g < U( ) and ny < 1o,
the following holds: If U € S(T, Ky, €9, g, A, 3o, Co, 1m0, t) for some t € [O T), then, for all
lyl < 2Kov/s, s = —In(T —t), we have the following estimates:

VeV 2
T(0.06) +4~ 2 | < 0t ) (Lhial + 57 + 1942 (4100
LAE)
lal | V4|
< — .
T(q.0(s))| < C(Ko,A)<s 5 ) (4.142)

where q is a transformed function of U given in (4.34) and T'(q,0(s)) is defined in (4.38]).

In particular, for all y € RN, we have

(1= (5 $)Ta. <>>r<c<z<o,co>mm( ,'y'g). (4.143)

5

S g2
Proof. The techniques of the proof of estimates , and are the same.
Although, function J(q,#) is our work has some differences from the work of Merle and
Zaag in [14], we assert that the proof still holds with our model. In order to show this
argument, we kindly ask to refer the reader to check Lemma B.4 in that work. For that
reason, we only give the proof of (4.141)) and (4.142) here, and we leave the proof of
for the reader to be done similarly as for comparison Lemma B.4 in [14]. We now consider

ly| < 2Kpy/s, and introduce G(h) = —2 [VerhVal® | o |W’| —he [0,1]. Then, we have

‘P"‘Age(es) +hq p+2 9(3)
the following:
2 hVq|? Vq(Veo +h
G (h) = q|Ve +hVq| 4 a(Ve + hvq)
<¢+A3€3+hq> <,0+)‘283+hq
hVq|? h 2

s s

3 3 3 2 le,ﬁ .
(Wr”“’ +hq) (Wr”“’ +hq) P+ 2505 +ha

Using a Taylor expansion of G(h) on [0, 1], at h = 0, we get the following:

an:mm+a@+/h—MWMWL

Using the following facts

we write the following

2 2 4V p - 1
T(q.6(s) = Vel Ve Va1 waihydn.
)\36 § 2 +)\3673 0 h
(90+ T0(s) > LRI

From the definition of ¢ given in (4.33), we can derive that for all s > 1 and y € RY, we

have )
Veo(y, s)|

|y!2 _1
< C= and |Vop(y,s)| < Csz.
©*(y, s) s Ve(y, s)]
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In addition to that, using Lemma |4.17, we can prove that there exists sg(A, Ky) such that
for all s > sg > s, h € [0,1] and |y| < 2K+/s, we have the following

[E (M) (y, s)] < C(A4, Ko) (@ + |VC.I|2) < O(A, Ko) (@ + %) .

Thus, (4.141)) and (4.142)) follow. O]

We now aim at giving some estimates on R. The following is our statement:

Lemme 4.38 (Bounds on R). Let us consider R defined in (4.40). We assume that 6(s) >
1, for all s > 1. Then, for all s > 1 and y € RN, the following holds:

‘R(y, s) — % < vl 2ly|3>,
and
V(. )| < LD,
In particular,
C

IR, $) || ooy < 5

Proof. The function R, in our work is different from the definiton in [14] (up to a very small
difference). Hence, the proof of [I4] holds in our case with minor adaptation. Accordingly,
we kindly refer the reader to check Lemma B.5 page 1541 in that work. O

We now give some estimates on N. The control of this term is a new contributation of
our study. In addition to that, it is a direct consequence of Proposition [4.20on the control
0(t). The following is our statement:

Lemme 4.39 (Bound on N(q,0(s))). There exists K19 > 0 such that for all Ko > K19, A >

0 and 6y < % (3 + %f—g) ° there exist a10(Ko, 09) > 0 and Cio(Ko) > 0 such that for every
ag € (0, agp] we can find e19(Ko, do, g) > 0 such that for every ag € (0, €10],m0 < 1, there
exists Tio(Ko) > 0 such that all for all T < Ty, the following holds: Assume that U is
a nonnegative solution of equation on [0,t10] for some tig < Typ, and initial data
U(0) = Ugya, given in for some (dy,d;) € R x RN satisfying |do|,|di| < 2, and
U € S(T, Ko, €y, 2, A, b0, Co,no, t) for all t € [0,t19]. Then, for all s = —In(T — t) with
t € [0,t10], the following estimate holds:

1
IV (g, 9<S))||L°°(RN) < 2019

where N(q,0(s)) is defined in (4.41)).

Proof. Using the fact that U is in S(t), item (¢) in Definition and item (7) of Lemma
[4.17] we derive that
(g +¢)(; 8) |l L@y < C.
Hence, it is enough to find a bound on the following quanlity
0'(s)
0(s)
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(see in definition (4.41))). As a matter of fact, using Proposition [4.20} it is clear to have the
following

0'(s)| _|9'Q) ’

(s)

dt

ds

[§

0

8_3N_68|SN|

Hence, there exists sjg large enough such that for all s > sy > s19, we can write

[N (g, 0(s) ey < Ce 83| < 5.,

which yields the conclusion of the proof. m

Finally, we give a bound on F'(w, W). As a matter of fact, this is an important bridge
that connects the problems in R" and in a bounded domain. In other words, it is created
by the localization around blowup region. Fortunately, this term is controled as a small
perturbation in our analysis. More precisely, the following is our statement:

Lemme 4.40 (Bound on F(w,W)). Let us consider F(w, W), defiend in (4.32)). Then,
there exists €11 > 0 such that Ky > 0,¢9 < €11,09 > 0,A > 0,00 > 0,Cy > 0,79 > 0,
there exists T11 > 0 such that for all T < Ty, the following holds: Assuming that U €
S(T, Ky, €0, g, A, 8o, Co, 1o, 1), for all t € [0,t11], for some t11 € [0,T), then, we have

1
HF<waW)HL°°(RN) < 420197

where s = —In(T — ).

Proof. From the definition of F it is enough to consider |y| € [%65, %] We now take
€ < ﬁ, then, this domain corresponds to the region Ps(t) where our solution U is regared
as a perturbation of initial data. Using the fac that U is in S(t), then, we can derive from

item (7i7) in Definition [4.1| that

W (y,s)|
IV, W (y, s)|

IA A

In addition to that, from definition (4.30)), we deduce that

lw(y, s)|
[Vw(y, s)|

On the other hand, using the definition of 1y, given in (4.29), we get the following
1
asto - AwMo + 5:{/ . V'QDMO < C(MO)

In fact, using the above estimate, we can get the conclusion if s > so(Kp). O
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4.9 The Dirichlet heat semi-group on ()

In this section, we aim at giving some main properties of the Dirichlet heat semi-group
(em) 10 (see more details in [20] or chapter 16 in [I7]). In particular, we prove the parabolic
regularity estimate of Lemma |4.33. We consider the following equation

U —-AU = 0in Qx (0,7),
U = 0in o9 x (0,T), (4.144)
U(x,0) = Up(x) in Q.

In particular, one can prove that there exists G(z,y,t,7),t > 7 nonnegative, symemtric in
z,y, i.e G(z,y,t,7) = G(y,z,t,7) and defined in Q x Q x (0,7T) x [0,T) with the following

condition
(0 — A)G(x,y,t,7) = 0(x—1y)o(t—71), (4.145)
G(z,y,7,7) = 0and G(z,y,t,7) =0 if z € 9. :

Moreover, for all f € L>(Q2), we have

(e f)(x /G z,y,t,0) f(y)dy. (4.146)

Hence, we can write the solution of equation (4.144) as follows
U(t) = e(Uy).
We now consider furthermore the following non-homogeneous equation

QU —AU = FinQx (0,T),
U = 0indQx(0,7), (4.147)
U(z,0) = Up(z) in Q.

If FeC(Qx(0,T)),u € C(R) and Q is C?, bounded domain in RY. Then, we can prove
that there locally exists a classical solution of problem (4.147)). Then, by using Duhamel
principal, the solution satisfies the following integral equation

U(t) = e(Uy) + /Ot e=IAF (s)ds.

Sometimes, we also call G(x,y,t,7) the Green function. Let us give in the following the
main properties of the Green function:

Lemme 4.41. Let us consider the Green function called G(x,y,t,7) above. Then, the
following holds: for all (xz,y,t,7) € Q@ x Q x (0,T) x [0,T) and integer numbers r,s, we
have

ras _ N+42r+s ]x—yP
s _on Gl y,t,7)| S C= 1) F  exp () .

t—T
Proof. We kindly refer the reader to see Theorem 16.3, page 413 in [I7]. O]

We now prove in the following Lemma [4.33
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The proof of Lemma[/.33. From the defintion of the semigroup €2, it is easy to derive that
L(t) € C(Q x [0,T]) N C>=(Q2 x (0,T]). Hence, it is enough to give the proof of ([£.113).
Indeed, we first derive the support of Uy, q, = {|z| < 3d(0,09)}. We now consider two
following regions:

0 = {2 < el < L0,00)),
0, = {|x|>§d(0,6§2)}ﬂ9.

In addition to that, we can write L;(t) as follows

L(:L‘,t) = / G<x>yat70)Udo,d1 (y)dy = / GQ<x>yat70)Udo,d1 (y)dyv (4148)
Q {lyl<5d(0,00)}

which yields
VL(z,t) :/ V.G (x,y,t,0)Ugy.a, (y)dy. (4.149)
{lyl<5d(0,00)}

- We consider the case where x € €y : Thanks to Lemma [4.41{ and (4.149)), we have

WMamfz/' VoG (2, .1, 0)| [ Uy ()| dy
{ly|<$d(0,00)}
|2

Cexp (_CQ |x:y )
< / N+1 |Udo,d1(y)’dy
{ly|<3d(0,00)} t 2

—_ |2 . IN+1 U
< C / exp (—m|x Y ) 2 =™ Baanlwl
{ly|<1d(0,09)} t ta v —yl

S C/ ’Udo,dl(y)‘dy
{lyI<

d(0,690)} |z — y| N+

1
2

Because x € ()5, we have the following fact

1
oy =

This yields the following

WM%MSC/ Usonts (4)] dy.
{ly|<1d(0,09)}

In addition to that, using (4.63)), we have the following

/ umamw:/ umamw+/ Uy ()| dy
ly1<2d(0,00) y|<2VT|In 7| 2VT| In T|<|y| <L d(0,00)

_ / T
ly|<2VT|In T

_|_ /
2v/T| In T|<|y|< 1d(0,0Q)

Wl

x1(y)dy

y y ||
——,—Insq | + (dy + dj -
S(J(\/T 0) (do + \/T|lnT])XO<\/T]1nT%>

(1= xa(y)H"(y)ldy < C,
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which yields

|VL(z,t)] < C, for all in Qy, (4.150)
It is similar to prove the following estimate
|V2L(z,t)| < C, for all in Q. (4.151)

- We consider the case where z € (y: Let us define ¢(z) as a function in Cg° (RY) and
satisfying the following conditions

o) = 0iff] 2 $d(0,00),

b)) = 1if ] < Ld(0,00)
Then, we also introduce the following function
Ly(z,t) = ¢(x)VL(z,t).
We now write an equation satisfied by L

(9tL1 — ALl = —2V¢ : VQL — A¢VL in  x (0, T),
Ly = 0indQx (0,7T), . (4.152)
Li(z,0) = ¢VL(0) = ¢VUgq, in S

Using Duhamel’s formula, we get

Ly(t) = "™ L1 (0) + / t 192 [—2V¢ - V2L — A¢VL] (s)ds. (4.153)
We now aim at proving the followin(g); fact
2 (AGVL) ()o@ < ClLa(s) @) + C, (4.154)
=2V - V2L)(5) | 1) < C"Lﬁw(m +C <1 + %) L. (4.155)
- The proof of : We have the following fact
[AGVL] = [L{n<za0,00y DOV L] + [ La15740,00 APV L]

Then, by using the monotonicity of the operator e*=*)2 we derive directly ([4.154]).
- The proof of (&.155): From the definition of operator e~®2 we can write the
following

< Cl¢VL|+C = C|Ly| + C.

95V V2 L(s)) = /Q Gyt 5)V(y) - V2 Lly, s)dy.

We consider j € {1,...,n}, and integrate by part, we get the following
/Q i G(z,y,t, s)ﬁyiqb(y)@;yj[,dy
i=1
_ _/Q(VyG(x,y,t, s)- Vo + G(z,y,t,8)Ad)0,, Ly, s)dy
_ /Q V,G(z,y.t,5) - Véd, L(y, 5)dy

— / G(z,y,t,8)Ap0,, L(y, s)dy.
Q
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Using the defintion of ¢ in the above and (4.150)), we have the following fact:

VL] = |I{\x|ggd(o,ag)}VL|+|I{|x\>§d(o,aﬂ)}VL|

= H{ai<1a000y@(@) VL + 11415 14000 VL]
< |L|+C.

Then,

/Q S Gyt )0, 02, Ly)dy| < <||L1<s>|rmm+0>] / vyG<x,y,t,s>~v¢dy'
=1

+ (L)l ooy + C)

/ G(r,y,t, S)Acbdy)
Q

C
< (|IL wo(q) + C +CJ,
< ()limm +€) | =+ €]
which implies (4.155). We now use (4.153)), (4.154)) and (4.155)) to deduce the following
ILi@)|[=@) < ClVUagallLie) (4.156)

+ /Ot {C<1+\/tl—_s> ||L1(s)||Loo(Q)+c<1+ﬁl__sﬂds.

Using Gronwall’s lemma, we obtain the following estimate

[L1() |2 (2) < ClIVUigarll L2 (0)-
We admit the following fact which we will be proved at the end:

IVUsy s |1 () < CT 2 + Clep). (4.157)
This estimate gives a rough estimation on L; as follows

|1 (®)ll (@) < CT % + Ce). (4.158)

Let us improve this estimate. We come back to identity (4.153)) and consider the set of all
r € € such that |z| > 2. By using the definition of Uy, 4, in (4.63), we first prove the
following fact

HetA (VUdmdl) HL°°(|:1:\2%0,$€Q) < 0(60)' (4'159>
Indeed, we write €' (VUy, 4,) as follows
e's (VUdoydl) = / G(.CL', Y, 1, O>vado,d1 (y)dy = / G(IL’, (R O)VyUd07d1 (y>dy
Q ly|<$d(0,09)
- / G(‘ray?t?O)vado,Ch (y)dy + / G<xvy7t70)vado,d1 (y)dy
ly|<7% 9 <Jy|<1d(0,00)

= Il +[2

+ Bound on I;: Using integration by parts, we get the following:

_<0
‘y|_ﬁ

Il == / vyG($a Y, 1, O)Udo,dl (y)dy + / G(Qf, y,t, O)Ud07d1 (?J)U(y)ds
ly|< 3%
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From Lemma [£.41] we derive that

exp (—CQ—lx;y‘z
L(e,1)] < / o e )|y + Cleo)
ly| <32 2

k2 —y|2) |z — y|VH 1
= P e U dy + C(e
- /y|g;g p< 4T JE R _y,NH\ do.d: (¥)|dy + C (€o)

< C(eo)|Ugyar 1) + Cleo) < Ci(eo).

+ Bound on I,: It is easy to prove that
||VUdo,d1(-)||Loo(j%g\y|g§d(o,aﬂ)) < C().
This yields directly that

Ly(z, 8)] < Cleo) / Gla,y.t,0)dy < Cleo).

20 <|y|<1d(0,00)

Hence, we get the conclusion the proof of (4.159)). Using (4.156), (4.158]) and (4.159)), we

get the following: for all |z| > 2,2 € Q

1Ly (z,1)] < Cleo) + C/Ot (1 + ) T 2ds < C(e),

1
Vi—s
provided that T" < 1. This yields that for all x € €

IVL(z, 1) < Cleo). (4.160)

Finally, (4.113) follows from (4.150) and (4.160)), which will conclude the proof of Lemma
4.33 However, in order to finish the proof we need to prove (4.157)): Indeed, from the

definition of Uy, 4, given in (4.63)), we write
VolUigai (2) = I(z) + L(x) + I3(2) + La(x),

where

_4
3

x dy z
_'_
) T|InT)| T|lnT|XO< T|lnT|>
N dy-x x x ( || )
STt \ VTt ) |yt | \VT |t/

9 3 dl'l'
34 o) 4 | dot = —
( 8T|1nT|> (0 \/T|lnT|)XO<\/T|lnT|)
(o)
X\ VT T]) oV In 1|
X
I = (1=vol—"ou))VH )
’ ( XO(ﬁllnT!)) )

xr X
I, = —xl H*(x).
! Xo (\/:ﬂ lnT\) BN
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As a matter of fact, we have the following

IVUaall < [ 1te)ide+ [ |L@lds+ [ @l + [ (@)
Q Q Q Q
In particular, we have

{Jo| <2vT|InT1},

{(VT|InT| < |z| <2VT|InT|},
(VT T| < [o] < 5d(0,00)),
{(VT|InT| < |z| < 2VT|InT|}.

Supp(l;) C
Supp(l2) C
Supp(l3) C
Supp(ls) C

By some simple upper bounds on I; and I5, we can derive that
/ I(z)|dz < CT~2 + C and / I(z)|de < CT"2 + C.
Q Q

We now aim at estimating /5 and I,.
+ Estimate on I3: We write as follows

/|13|(:c)d:c _ / \Ig(x)|d:c+/ Iy (2)|da
Q VT|InT|<|z|<min(},4d(0,00)) min( 3,%d(0,09))<|z[<1d(0,00)

1 1
1 2

< / |I3(x)|dx + C.
VT|InT|<|z|<min( },4d(0,00))
In addition to that,
/ I3(z)|dz < c/ || 3| In |2||3da
VT|InT|<|e|<min( },1d(0,00)) VT In T|<|z|<min( },3d(0,002))
< CT:+C.

This implies that
/ |I;(2)|dz < CT 2 + C.
Q

+ Estimate on I,: We have

Iz In |z||?|z| " Fde < CT 2.

C
/ (wldr < ——— |
VT In T|<|2|<2v/T| In T| VT|InT| JyT|mT|<|e|<2vT|InT|

From the above estimates, we can conclude (4.157). We also finish the proof of Lemma
.33l ]
4.10 Some Parabolic estimates

In this section, we aim at giving some estimates on U, VU and V2U. More precisely, the
following is our statement:
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Lemme 4.42 (Parabolic estimates on U). We consider U a solution to equation (4.19) and
U € S(T, Ky, €9, g, A, 09, Co, o, t), for all t € [0,t1] for some t; < T. Then, the following
estimates follows: for all t € [0,;)

U ()] < C(Ko, AYT — 1) 3, (4.161)
(T —t)7%

IVUC D[ < O(KO,A)—UD(T_M%, (4.162)

IV2U (8l oy < C(Ko, AT — )7, (4.163)

for some constant ¢ = ¢(Ky, A) > 0.

In particular, we have the following local convergence: We assume furthermore that

U € S(t), forallt < T. Then, for all x € Q there exist R, > 0,t, € [0,T) such that the
following holds

10U (., )| Lo (B, Ry < C(Ko, A, T, ),V € [t,,T). (4.164)

Remark 4.43. We would like to remark that from (4.164)) and the definition of the shrink-
ing set S(t) (see Definition [{.1)), we ensure for all xo € Q\{0}, U(zo,t) is convergent as
t—T.

Proof. We see that estimates (4.161)) and (4.162) directly follow from the definition of the
shrinking set and Lemma[£.17 For that reason, we only give here the proofs of (4.163)) and
[@-164).

- The proof of (4.163)): From (4.15]), (4.17)), we consider u defined as follows:

1
w(@t)=1— —5 (4.165)
1+ )\SU((;v t)

Then, u satisfies (¢.2) and u(0) is in C§°(2). We now derive an equation satisfied by V2u
as follows:

OV*u = A(V?u) + H\Vu + Ho, (4.166)
where H, = ég—ﬁwﬁ and Hy = (Ha; j)1<ij<n 18 a square matrix with
O, 10, U
Hy;j5 = 6——".
2T (1 = )

Using the definition of u, (4.68) and two estimates (4.161]) and (4.162)), we can derive the

following fact: for all ¢ € [0, T),
1L ()| o) < C(Fo, AT — 1),
|Ho(t)||mg) < C(Ko, AT —1)73

We write V2u under the integral equation following
t
Viu(t) = ' (V*u(0)) —|—/ eI [Hy(s)V2u + Ha(s)] (s)ds.
0
This implies that

t 1 s
9200 ey < (20Ol +CK A) [ (VP06 iy + (7 )75 ) .
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Besides that, we can prove that there exists ¢; > 0 such that
¢ (V2u(0))l| =@ < C(T — 1)
Thanks to Growall’s lemma, we get the following
| V2ul| () < C(Ko, A)(T —t)~, with some constant ¢y > 0.

Finally, from the relation between v and U, we can get the conclusion of (4.163)).
- The proof of (4.164): By using the definitions (4.52)) and (4.52)) of Py(t) and Ps(t),

respectively, if we consider an arbitrary x € Q \ {0}, then, there exist t,,r, such that
the ball of radius r,, centred x B(x,r,) € Pa(t) U P3(t),Vt € [t,,T).

Then, using the definition of the shrinking set S(t), given in Definition [4.1| and the fact that
u € S(t) for all t € [t,,T), we derive that there exists C'(Ky,x) such that for all t € [t,,T),
we have

N1UC, ) llpe @y (B < C(Ko, ). (4.167)

In addition to that, we derive from Proposition [4.20], we have

3n—8 1

1<0(t) < C, and |0'(t)] < C(T — )" |In(T — )" < (T — t) "=, (4.168)

‘ —

M

for all ¢ € [t,, T).
We recall u, defined in (4.165). We now derive an equation satisfied by d;u

where
2\ 1
H(t) = ————
1() 63<t) (1_u)37
3N 0t

(1—u)?04(t)
We then introduce the following cut-off function : ¢ € C5°(RY) which satisfying
o(z)=11if |z — 2| < %C, and ¢(z) =0if |z — x| > ZT‘T and 0 < ¢(z) < 1,Vz € R,
Particularly, we also define
v(z,t) = ¢(2)0u(z,t) for all z € RY.
Using , we can derive an equation satisfied by v(t) as follows
O = Av — 2div(Veou) + Apdyu + Hyv(t), (4.170)

Using (4.163)), (4.165]) (4.167) and the fact that U is nonnegative solution, we can deduce
that

IV 60u(t) || pqry < C (Ko, A, 2)(T — 1),
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and
|A00u(t) | ) < C(Ko, A, a)(T — 1),

Moreover, we canderive from (4.167) and (4.168) that
||I{|Z_$|§7"1}H1(t> ||L°°(RN) < O(K07 A7 'T)a
and .
[ Hs ()| oo vy < C(Ko, x)(T — )72
We now deduce from (4.170) that v satisfies the following integral equation
t
v(t) = et 2y (t,) + / =92 [2div(Voyu) + Addyu + Hyv(s)] ds,
t

where €' stands for the heat semigroup on RY. Then, we get the following

0(t)| < C(Ko, A, z)(1 + (T — ) +2

t
/ DA div(Vou)ds| .
te

In particular, we have

C T—1t)¢
\/m”v¢atu”L°°(RN) < C<K0’x>(tf)8

2 div(Voyu)| <
This implies that

lo(t)| < C(Ko, A, 2)(1 4 (T — )~ + C(KO,A,x)/ —(t )1
t. (t—5)2
+ If —c+ }1 > 0. This give us that
|?}<t>| < C(KO’A7 $),

which yields the conclusion of our proof.
+ Otherwise, we use the above estimate to derive that

()] < C(Ko, A, T, 2)(T — t,) 4.

We can see that by using a parabolic estimate as we have done. We can improve our
estimate on |v(t)| from C(Ko, A, z)(T — t)~¢ to C(Ky, A,z)(T — t)~°*i. Hence, we can
repeat with a finite steps to get the conclusion of the proof. We kindly refer the reader to
check this argument.

O
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