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Résumé (FR)

Les systeémes de chalnes d’oscillateurs permettent de modéliser microscopiquement un solide,
dans le but d’étudier le transport d’énergie et de retrouver la loi de Fourier. Dans cette these,
nous introduisons des nouveaux modeles de chaines d’oscillateurs avec interaction mécanique
de type champ moyen local et collisions stochastiques préservant ’énergie totale du systéme. Le
premier modele est un modele avec échanges stochastiques de vitesses de type modele de Kac.
Le second est un modele avec retournement de vitesses, ol les vitesses sont changées en leurs
opposées a des temps aléatoires.

Contrairement a la théorie classique des modeles de champ moyen, les particules du systéme ne
sont pas indistinguables, et le caractére conservatif des échanges stochastiques pour le premier
modele représente une difficulté supplémentaire dans la preuve d’une limite de Vlasov. Nous
prouvons dans un premier temps une limite quantitative de champ moyen, que nous utilisons
ensuite pour prouver que I’énergie évolue diffusivement a une échelle de temps donnée pour le
modele avec échanges a longue portée pour une classe restreinte de potentiels anharmoniques.
A cette méme échelle de temps, nous prouvons également que I'énergie n’évolue pas pour le
modele avec retournement de vitesses.

Dans le cas d’interactions harmoniques, nous calculons ensuite la conductivité thermique via
la formule de Green-Kubo pour ces deux modeles, afin de mettre en évidence que 1’échelle de
temps a laquelle I’énergie évolue pour le modele avec retournements de vitesses est plus longue
et donc que les mécanismes en jeu dans le transport d’énergie sont différents.

Abstract (EN)

Chains of oscillator systems enable to model microscopically a solid, in order to study energy
transport and prove Fourier’s law. In this thesis, we introduce two new models of chains of
oscillators with local mean field mechanical interaction and stochastic collisions that preserve
the system’s total energy. The first model is a model with stochastic velocity exchanges of Kac
type. The second one is a model with random flips of velocities, where the sign of the particles’
velocities is changed at random times.

As we consider local mean field models, particles are not indistinguishable, and the conservative
stochastic exchanges in our first model are an additional difficulty for the proof of a Vlasov limit.
We first derive a quantitative mean field limit, that we then use to prove that energy evolves
diffusively at a given timescale for the model with long-range exchanges and for a restricted
class of anharmonic potentials. At the same timescale, we also prove that there is no evolution
of energy for the model with flips of velocities.

For harmonic interactions, we then compute thermal conductivity via Green-Kubo formula for
both models, to highlight that the timescale at which energy evolves for the model with velocity
flips is longer and therefore that the mechanisms at play for energy transport are different.
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Chapitre 1

Introduction

Considérons un matériau dans un domaine Q C R? et soit e(t,r) la densité d’énergie en
r €  a linstant t. Si le systéme est isolé, ’énergie totale est conservée et on peut définir la
densité de flux thermique j(t,r) € R? par I’équation de continuité

de+V-j=0. (1.1)

La loi de Fourier est une loi empirique qui exprime la densité de flux thermique j en fonction
de la température 7' dans un domaine Q € R? par la relation

j=—-k(T)VT, (1.2)

ou k > 0 est la conductivité thermique du matériau, que 'on suppose isotrope. En notant
¢ = 0e/0T la capacité thermique du matériau, et en combinant (1.1) et (1.2), on arrive [20] &
I’équation de diffusion :

de =V - (’Zw) — V. (DVe), (1.3)

ou D = k/c est la diffusivité thermique du matériau. S’il n’y a aucun doute sur la validité
de la loi de Fourier, il n’existe a ce jour aucune preuve de sa dérivation a partir d’'un modele
microscopique et cela reste a ce jour un des problemes ouverts majeur en physique statistique,
comme indiqué par Lebowitz et al. [13].

Une des difficultés essentielles réside dans le fait que les quantités thermodynamiques comme
la température peuvent étre définies dans des systémes microscopiques a 1’équilibre, tandis que
la loi de Fourier décrit une situation hors équilibre. La loi de Fourier suppose donc ’existence
d’un équilibre thermique local, c’est-a-dire un état pour lequel un petit volume macroscopique
autour de r €  contenant un nombre suffisamment grand de particules puisse étre considéré
a I’équilibre thermique a la température T'(¢,7), mais que néanmoins ce parametre puisse va-
rier contintiment a I’échelle macroscopique. En particulier, prouver un équilibre local pour un
systeme de particules microscopiques revient a prouver que le systéme possede des propriétés
ergodiques suffisantes pour atteindre localement 1’équilibre en temps court, tandis que la tem-
pérature et les autres quantités conservées évoluent a des échelles de temps plus longues, dites
macroscopiques.

Pour modéliser microscopiquement un solide cristallin, on utilise le modele des chaines d’os-
cillateurs. Dans cette thése, nous introduisons et étudions un nouveau modele de chaines d’oscil-
lateurs avec des interactions de type champ moyen local et des collisions stochastiques. Avant de
présenter les contributions de la these, nous allons donc tout d’abord décrire le modele classique
des chaines d’oscillateurs et les principaux résultats associés, puis introduire le modele avec des
interactions de type champ moyen local. Nous présenterons ensuite les limites de champ moyen
pour divers systemes de particules et analyserons les difficultés que nous avons dii résoudre dans
notre contexte. Nous insisterons particulierement sur des résultats récents concernant le modele
de Kac que nous avons adaptés dans la these.
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1.1 Les chaines d’oscillateurs

1.1.1 Modeéle

Si dans un solide conducteur, 1’énergie est transmise par les porteurs de charges, dans un
solide cristallin isolant ce sont les vibrations des atomes ou des molécules sur le réseau qui
transmettent I’énergie. Pour étudier ce phénomene, on modélise microscopiquement un solide d-
dimensionnel par un systéme (X*, V%), zq, ot X i € R? représente le déplacement de la particule i
par rapport & sa position d’équilibre et V¢ € R? le moment associé, les particules étant supposées
de méme masse unitaire. Habituellement, on suppose que seules les particules voisines dans le
réseau interagissent entre elles et on associe a ce systéme 1’hamiltonien

1o 1 , . .
= — — X' —-X XY . 1.4
M= 3 (VI + 5 W X9) + U(X) (1.4)
i€Z4 I~
Le potentiel W est un potentiel d’interaction, U est un potentiel extérieur d’accrochage, et on

note j ~ i si j et i sont voisins sur le réseau Z%. Les coordonnées des particules (X7, V) ieza
évoluent donc selon les équations de Newton

Xi=V
i iy i (1.5)
Vi = _iji VW(Xt - Xt) - VU(Xt)-
On peut alors définir I’énergie associée a la particule ¢ a I'instant ¢ par
1 1 , . A
b= SV 5 WX - X) + U (X)), (16)
jri

A partir des équations de Newton, on peut alors exprimer le courant entre deux particules. Pour
simplifier les notations, supposons que les particules sont désormais indexées par Z uniquement,
tout en gardant des déplacements X* dans R?. Le courant d’énergie j***! entre les particules i
et i + 1 est alors défini par I’équivalent microscopique de (1.1) :

d . it
Dans cette équation, Vf(i) = f(i + 1) — f(i) désigne le gradient microscopique d’une fonction
f définie sur Z et

i = SV VI W] - X,

1.1.2 Lien avec la loi de Fourier

Il y a au moins trois cadres conceptuels différents pour lesquels on s’attend a ce que la
loi de Fourier soit vérifiée pour le modele microscopique. Nous allons présenter des arguments
heuristiques déja connus pour faire le lien entre les différents aspects qui seront étudiés dans
cette these.

1. Le premier est purement et simplement la preuve d’une limite hydrodynamique, c’est-
a-dire de la convergence de ’énergie microscopique vers la solution de (1.3) dans une limite
d’échelle appropriée. Ce type de preuve requiert des propriétés ergodiques extrémement fortes
qui puissent permettre de prouver l’existence d’un équilibre local. Ces propriétés ergodiques ont
été démontrées pour des systemes hamiltoniens munis d’échanges stochastiques pour la premiere
fois par Olla, Varadhan et Yau [57] afin de prouver une limite eulérienne (voir également [30]
pour des modeles sur réseau). Il n’existe a ce jour aucune preuve d’une telle limite directe pour
des modeles purement hamiltoniens.
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En physique statistique, une autre approche en deux temps permet de justifier de telles
limites, au moins heuristiquement. Il s’agit de prouver d’abord une limite cinétique, c’est-a-dire
la convergence des statistiques du modele microscopique vers celles des solutions d’une équation
cinétique, comme 1’équation de Boltzmann pour les gaz par exemple. Puis ensuite de dériver
la limite hydrodynamique & partir de ’équation cinétique dans une certaine limite d’échelle,
en fonction d’'un parametre cinétique. Dans le cadre des solides cristallins, une telle équation
cinétique pour les phonons a été établie par Peierls. Elle est aujourd’hui notamment utilisée
pour prédire la conductivité thermique d’un solide. Nous renvoyons a l’article de Spohn [63]
pour la dérivation formelle d’une telle équation pour les phonons.

2. Le second cadre dans lequel on s’attend a observer la loi de Fourier est celui d’un forcage
hors équilibre d’une chaine de longueur N. On restreint les équations (1.5) aux particules 1 <
i < N et on rajoute deux thermostats a températures 17, et Tr aux extrémités de la chaine. La
modélisation se fait généralement via des thermostats dits de Langevin, c’est-a-dire en modifiant
les équations des particules 1 et N par 'ajout des termes stochastiques suivants :

dX} = Vidt
{ AV} = — (VW (X} — XP) + VIW(X} — X?) + —VU(X})) dt — A\V,} + V2ATdW},

oll \ est un parameétre de friction laissé libre, X© est une nouvelle variable permettant de fixer
les conditions au bord (on prendra X° = 0) et W! est un processus de Wiener. On modifie
de méme Iéquation au site N & l'aide d’un processus de Wiener W indépendant de W?'. Si
Ty, =Tgr =T, alors la mesure de Gibbs a température T' est 'unique mesure d’équilibre. Si les
deux températures sont différentes, on s’attend alors & ce qu’un état stationnaire hors équilibre
s’établisse. La preuve de l'existence et de 1'unicité d’une mesure stationnaire réguliere, ainsi
que de la convergence vers cette mesure a été faite pour la premiere fois par Eckmann et al.
[23, 24] pour des potentiels quadratiques a l'infini, puis pour des potentiels plus généraux par
Eckmann et Hairer [22]. La convergence exponentielle vers cette mesure stationnaire a ensuite
été prouvée par Rey-Bellet et Thomas [59]. Dans ces différents travaux, les thermostats ne sont
pas des thermostats de Langevin, mais sont modélisés par des interactions hamiltoniennnes. La
convergence exponentielle vers I'unique mesure invariante pour des potentiels de Langevin a
ensuite été prouvée par Carmona [15]. La loi de Fourier se traduit alors par la convergence de

lim N <" >q = f(Tp, Tr)

N—oo
ou < - >, T, désigne I'espérance sous cette mesure stationnaire. En particulier, si les tempé-
ratures des thermostats sont proches T, =T + 0T et T =T — 6T, on s’attend alors a ce que
le flux moyen soit proportionnel au gradient de température :

lim N < j%* >p po= —k6T + O(T), (1.8)

N—oo

ou ~ est la conductivité thermique. Aucune preuve d’une telle limite n’existe a ce jour.

3. Enfin, le dernier cadre se concentre sur la diffusion de I’énergie a 1’équilibre. Définissons
la mesure de Gibbs a température inverse 5 de la chaine de longueur N par

N
1 o
—exp (—FH dxXtdv®
ZN Xp( 6 N)Zl;[l y
ou Hy est donné par la formule (1.4) avec une somme restreinte & 1 < i < N et des termes de
bord nuls X? = XN+ = 0. En présence d’un potentiel d’accorchage, on peut définir la limite en
volume infini de cette mesure de Gibbs, et nous noterons < - >3 I'espérance sous cette mesure.
Notons alors .

S(i,t) =< efe) >3 — < e >3
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la corrélation spatio-temporelle de ’énergie (1.6). Par conservation de l’énergie totale de la
chaine, la quantité
x=>_S(i,t) (1.9)
1€EZ
est constante en temps et appelée susceptibilité thermique. Si I'on pense que 'énergie e} doit
étre proche d’une solution de I’équation de diffusion (1.3), S(i,t¢) doit I'étre aussi et on peut
donc conjecturer [20, 62] que S(i,t) devrait se comporter comme

1 i
exp| ——— ],
X\/ 4w Dt 4Dt
ou le préfacteur y provient de (1.9). En particulier, on pourrait alors accéder a la diffusivité
thermique D par les moments spatiaux d’ordre 2 en calculant la variance

En utilisant ensuite I’équation de conservation sur les courants (1.7) et l'invariance en temps

et en espace par rapport a la mesure < - >3, on aboutit par un calcul formel a la formule de

Green-Kubo )

o0 ..

D(B) = 7/ Aty < il s (1.10)
XJ0 ez

Ces calculs seront détaillés au Chapitre 3. La difficulté mathématique de la preuve de la conver-

gence d’'une telle formule réside dans le fait qu’il faut réussir & démontrer que les corrélations

du courant décroissent suffisamment vite en temps et en espace.

Pour conclure, remarquons qu’il existe un lien formel entre ce cadre a I’équilibre et celui hors

équilibre par la théorie de la réponse linéaire (c.f. le cours de Derrida [18] pour une introduction).
En reprenant 'argument d’Olla [56], définissons la mesure de Gibbs inhomogene formelle
e =1 exp (—(6 + z’e)ei) AXidv?,

i€Z Zp+ie

présentant un petit gradient de température inverse €. Par un développement limité en e formel,
on peut exprimer la moyenne du courant hors équilibre par

<t >pe= Ki(B)e + O(e), (1.11)
ou K; est une quantité définie par les corrélations a [’équilibre

Ky(B) ==Y i <j) ' (eh— < e} >p) >p, (1.12)
iE€EZ

et < - >g=< - >3 représente des moyennes a l’équilibre. La relation (1.11) est similaire & (1.8)
au sens ou elle exprime la moyenne du courant en fonction d’un gradient de température. En
supposant que les coefficients de proportionnalité sont les mémes dans les deux cas, on peut
donc heuristiquement établir un lien entre les quantités D et y définies a I’équilibre et la conduc-
tivité thermique k définie hors équilibre par 'argument suivant. En utilisant successivement un
argument de retournement du temps, puis le fait que < jg’l >p=0et < jg’leé >3= 0, on peut
exprimer le coefficient (1.12) par

o1, . 01,4 .
K(p) = Zz <o (ef— < ey >p) >p= Zz <Jo (et —ep) >z .
icZ €T
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De plus, par ’équation de conservation (1.7), puis une sommation par parties, on obtient

¢ t
. 0,1 +4,i+1 o -0,1 4,041
Ki(B) = —/ Zz < jo Vjut >5—/ Z <jo vttt >p.
0 jez 0 iez
Il s’agit toujours bien str d’un calcul formel, la convergence de ces sommes n’étant pas démon-
trée. En prenant la limite ¢ — oo dans cette derniére expression et en utilisant la formule de
Green-Kubo (1.10), on obtient

Jim K, (8) = xD(5).

En remarquant qu’'un petit gradient de température inverse € autour de 5 = 1/T" doit étre relié

au gradient de température 071" par
oT

—
puis en comparant (1.11) et (1.8), on aboutit ainsi & la relation d’Einstein

€

K= %D =cD,
en utilisant que la capacité thermique vérifie ¢ = /T2 (c.f. [20]).

Pour les modeles étudiés dans cette these, nous nous intéresserons aux limites hydrodyna-
miques via une limite de champ moyen, ainsi qu’au calcul de la conductivité thermique via la
formule de Green-Kubo, mais n’aborderont pas le cas d’une chaine entre deux thermostats a
températures différentes.

1.1.3 Quantités conservées et chaine harmonique

Méme si pour des choix de potentiels génériques U et W, les seules quantités conservées
par le systéme (1.5) semblent étre I'énergie et 1’élongation 3, (X! — X?) lorsque le potentiel
d’accrochage est nul U = 0, le moment total 3, V* est également conservé. Dans ce cas, ces
trois quantités interagissent de maniére non triviale a diverses échelles de temps sous une forme
non élucidée a ce jour. Il a été montré numériquement que le transport d’énergie peut étre dans
ce cas superdiffusif [50], c’est-a-dire que le courant dans (1.8) est en fait de 1’ordre de N—*+e
sans qu’il n’y ait de consensus [20] sur la valeur de @ > 0 (c.f. [6] pour une prédiction).

Physiquement, le choix des potentiels U et W qui semblerait le plus naturel est celui de
potentiels harmoniques, c’est-a-dire W (z) = U(x) = |z|?/2, car ce sont les potentiels les plus
simples modélisant une oscillation autour d’une position d’équilibre. De plus ces potentiels
présentent 'avantage de fournir des équations d’évolution (1.5) linéaires. Néanmoins, on sait
depuis les travaux de Rieder et al. [60] que le courant hors équilibre pour la chaine entre deux
thermostats ne vérifie pas (1.8), mais

Jim < Y >y = f(T1, Th).

On parle alors de transport ballistique. La non-ergodicité des chaines harmoniques était un
résultat connu bien avant les travaux de [60] car ces chaines ont un grand nombre de quantités
conservées. En effet, considérons la chaine (1.5) sur un domaine périodique Ty = Z/NZ. Les
transformées de Fourier discrétes associées & (X*);er, et (Vi);er, vérifient alors

. . 2
Xi(6) = Vi), V() = —w (f) X,(6),

w(w) = (1 +sin? (ru)) " (1.13)
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est la relation de dispersion de la chaine et la transformée de Fourier discréte de f est définie

A . 27tn€
par f(§) = > ,eTy fn€ M . On obtient donc N systémes découplés (un pour chaque mode) et
en particulier ’énergie associée au mode &

f0 = e+ Lo (§) 1%er
2 2 \N
est une quantité conservée. On a longtemps pensé que I’ajout d’un terme anharmonique faible
permettrait d’obtenir suffisamment de propriétés ergodiques pour obtenir une équipartition
d’énergie entre ces différents modes, mais la fameuse expérience numérique de Fermi-Pasta-
Ulam-Tsingou a prouvé le contraire, ouvrant la voie au développement de la théorie KAM pour
expliquer le manque d’ergodicité dans des systémes intégrables perturbés [32, 418].

1.1.4 Chaines d’oscillateurs avec collisions stochastiques

Si I’étude du transport de I’énergie dans des chaines anharmoniques reste a ce jour un
probléme non résolu, I’étude des chaines avec des collisions stochastiques a été extrémement
fructueuse ces derniéres années (c.f. [I] pour une synthese récente sur cette approche). L’idée
est de modéliser l'effet des anharmonicités ou des défauts du cristal par ’ajout de collisions
aléatoires conservatives, donnant alors au systéme de bonnes propriétés ergodiques [9, 30)].

Le premier modele de la sorte a été étudié par Bernardin et Olla [7]. Entre chaque paire de
particules voisines, une diffusion sur la surface formée par ’énergie cinétique des deux parti-
cules est rajoutée, permettant ainsi des échanges continus de vitesse. Cet échange stochastique
conserve ’énergie totale du systéme, mais il ne conserve pas le moment. La relation (1.8), ainsi
que le profil linéaire de I’énergie ont alors été prouvés dans ce cadre. De plus, la convergence
des champs de fluctuations & 1’équilibre des deux quantités conservées (énergie et élongation)
ont été prouvées par Fritz et al. [31], et la limite hydrodynamique a été prouvée par Bernardin
[6] dans le cas ou les équations limites sont linéaires.

Par la suite, un modele avec échanges stochastiques avec plusieurs quantités conservées a été
considéré par Basile, Bernardin et Olla [2]. Tl s’agit cette fois d’une diffusion sur I'intersection
des surfaces formées par I’énergie cinétique et le moment de particules voisines. Ces échanges
conservent donc le moment en plus de I’énergie. Le calcul de la conductivité thermique par la
formule de Green-Kubo (1.10) pour cette dynamique a permis de mettre en évidence la diffusion
anormale pour des systémes avec plusieurs quantités conservées en dimension d < 2, ce qui est
en accord avec les simulations numériques pour de telles dynamiques purement hamiltoniennes
[50]. De plus, la diffusion des corrélations de 1’énergie a 1’équilibre a été prouvée par Basile et
Olla [1] en dimension d > 3 dans le cas sans potentiel d’accrochage et pour toute dimension si
un potentiel d’accrochage est présent.

Pour expliquer cette diffusion anormale, une réponse par une approche cinétique a été ap-
portée par Basile et al. [5], ol une équation de Boltzmann pour les phonons a été prouvée pour
un bruit faible dans une échelle cinétique appropriée. A partir de cette équation cinétique, il
a été ensuite prouvé que les solutions de cette équation convergeaient vers les solutions d’une
équation de diffusion fractionnaire [3, 35].

Ces dernieres années, une avancée a également été faite sur l'identification des conditions
pour que la chaine ait un comportement diffusif ou non [I]. S’il a longtemps été conjecturé
que la conservation du moment impliquait un comportement diffusif, certaines théories ont mis
en avant l'importance de la présence d’une vitesse du son non nul dans le solide [6]. Ainsi,
Komorowski et Olla [15] ont prouvé que I’énergie se propageait via une équation de diffusion
linéaire pour une chaine ou le moment est conservé, mais pour laquelle la vitesse du son est
nulle.

Enfin, mentionnons un dernier type de collisions stochastiques introduit par Bernardin et
Olla [%] que nous étudierons par la suite. Dans ce modele, la vitesse V? de la particule i est
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remplacée & des temps aléatoires par —V*, indépendamment des autres particules. Les collisions
portent donc individuellement sur chaque particule et n’induisent pas d’échange d’énergie. Elles
conservent I'énergie totale, mais pas le moment. La preuve de la relation (1.8) a été prouvée
dans un cas harmonique sans potentiel d’accrochage dans [-], et la limite hydrodynamique a été
prouvée rigoureusement par Komorowski et al. [ 1(].

1.1.5 Chaines d’oscillateurs avec potentiels de Kac

Dans cette thése, nous introduisons un nouveau modele de chaines d’oscillateurs. Dans ce
modele, chaque oscillateur peut interagir avec un grand nombre ¢y de particules voisines, ol
{n est un parameétre dépendant de la longueur de la chaine N. £y vérifie limy_ {n = o0,
mais la proportion de particules avec laquelle un certain oscillateur peut interagir est telle que
limy o €n /N = 0. Nous supposerons que les N oscillateurs sont indexés par T . L’hamiltonien
est donné par

(TR . | -
H=3 [5IVIP+5 X aWX —X*h)+U(x) |, (1.14)
i€T N k=—Ly

on ¢ est défini par

et ¢ est une fonction positive, symétrique, de classe C*° a support compact [—1/2,1/2] et telle
que

1/2
/ Su)du = 1. (1.16)
—1/2

La fonction ¢ est décroissante sur [0,1/2] et module donc I'intensité des interactions : plus des
particules ont un indice proche, plus elles interagissent. Etant donné qu'une particule interagit
avec un nombre £x > 1 de particules voisines, le systéme a localement une structure de champ
moyen. On parle alors de potentiels de Kac (¢.f. [/ pour une introduction aux potentiels de Kac
et une synthése de résultats concernant ces potentiels dans d’autres contextes). Les potentiels de
Kac ont déja été utilisés pour étudier le transport dans des dynamiques stochastiques dans [/,
1]. Pour la chaine d’oscillateurs, les équations d’évolution du systeme (X A Vi)z'e'u‘N s’écrivent
alors

A=V
{ g (1.17)

Vi=—Y0 . eVW(Xi - XitF) - vU(X}).

{n/N =€

|
Lﬁ i+l

s —

FIGURE 1.1 — Echelles du modele et forme de la fonction ¢
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Les potentiels de Kac font apparaitre une échelle mésoscopique intermédiaire et invitent
naturellement a une approche en deux temps pour I’étude du transport d’énergie. En effet,
posons £y = N, ou £ < 1 est un petit parametre et

N
1
N § :
t N 15]@7‘@";‘ (118)

1=

la mesure empirique associée au systeme sur T x R x R%. Alors on peut faire apparaitre plus
clairement la structure de champ moyen local en réécrivant (1.17) a I’aide de la mesure empirique

(1w

o N Z. i 1.19
Vi = — Jogga 26 (L557) VW (X] = 2)dpl¥ (', ') = VU (X)), (129)

On s’attend donc & ce que la mesure empirique p¥ converge vers la solution d'une équation de
Vlasov :

Orft+v-Vafi— </ %(b <r _g T,) VW (z — ') fe(r', 2" 0" )dr' da' d2' + VU(x)) Vo ft =0, (1.20)

comme nous le verrons plus en détail dans la section suivante. Notons toutefois que cette équa-
tion dépend du parametre £. Les équations de Vlasov ont la particularité d’étre des équations de
transport réversibles et de ne pas étre dissipatives. En effet, elles présentent de nombreuses quan-
tités conservées en plus de I'énergie. Nous verrons dans la section suivante qu’elles conservent
notamment toutes les intégrales non linéaires de la densité, c’est-a-dire les intégrales de la forme

/A(ft(r,x,v))drdxdv, (1.21)

ou A est une fonction quelconque. En particulier, I’entropie

/ft(?“, z,v)log fi(z, zv)drdzdv

est conservée. Pour pouvoir observer une diffusion, nous allons donc rajouter des collisions sto-
chastiques dissipatives comme celles décrites précédemment. Nous considérerons principalement
les deux échanges stochastiques suivants :

1. Echanges de vitesses a longue portée
Dans ce modele, les collisions stochastiques ont lieu entre des particules a une distance du méme
ordre que les interactions mécaniques. Entre chaque paire de particules (i,7 + k) avec |k| <y,
on place un processus de Poisson N%1k = Ni+ki Qintensité 47, ol

_ L (’“)

et 7 est une fonction ayant les mémes propriétés que ¢. A chaque saut du processus N,
les particules ¢ et i + k échangent leurs vitesses et v > 0 représente donc le taux d’échange
individuel de chaque particule. Ainsi, plus des particules sont proches, plus elles subissent de
collisions stochastiques. On peut interpréter ce modele comme une variante du modéle de Kac
pour des particules sur un réseau, ou les collisions sont modulées en fonction de la position
relative sur le réseau. Nous introduirons plus précisément le modele de Kac dans la section 1.3
et reviendrons sur les liens entre ce modele et le modele présent. Les équations (1.17) deviennent
alors

dX} = Vidt
Vi == (SR, VW (X = X[HR) 4+ VU (X)) dt (1.22)
+ g, (VIF = VANt
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Dans ce cas, ’équation de Vlasov associée est :

Oft +v-Vafi — (/ %qﬁ (T _6 Tl) VW (x — ) fi(r', 2, 0" )dr' da' d2’ + VU(;U)) -V ft

= ’?/ %'}/ <r _f r/) (ft(rlaxlvv)ft(’r?x’vl) - ft(’ra .’E,U)ft(T,, l‘/,’Ul)) d?"/d.’Eldvl, (123)

et possede donc un terme de collision rappelant ’équation de Boltzmann.

2. Retournement des vitesses
Le second modele est un modele avec collisions locales. Tout comme dans [3], on associe un
processus de Poisson N d’intensité ¥ & chaque particule, de telle sorte & ce que V? change sa
vitesse en —V* & des temps aléatoires donnés par N*. Les particules suivent alors les équations

dX} = Vidt
(1.24)

Vi = — (SR kYW (X] = X{HF) 4+ VU (X)) dt - 2V} dN,

et I’équation de Vlasov associée est

Oft +v-Vauft — (/ %¢ (T _g Tl) VW (z — ') fe(r', 2’ ") dr' da' d2' + VU(a:)) Vot
= 5 (o) — fulrz0)) . (1.25)

Un des buts de cette theése est de prouver la convergence de la mesure empirique (1.18)
vers une solution de I’équation de Vlasov dans ces différents cadres (sans collision (1.17), avec
échanges a longue portée (1.22) et avec retournement des vitesses (1.24)).

Nous n’étudierons pas de modeéles de collisions impliquant uniquement les plus proches
voisins. En effet, dans la limite de champ moyen, ces modeéles ont une structure locale finalement
similaire au flip de vitesses. Mais les équations qui les régissent ne rentrent pas directement dans
un formalisme & champ moyen, ce qui rend la preuve de convergence de la mesure empirique plus
délicate. Pour un modeéle avec échanges de vitesses entre plus proches voisins, on peut néanmoins
conjecturer que la mesure empirique converge dans ce cas vers une solution de ’équation de
Vlasov suivante

Oufy +v-Vaf, — </ e <T - 7"/) VW (x — 2V fi(r', 2’ W )dr' d' dz' + w@)) Vofs

14 {
= ;Y/Rd (fo(r, z, o) fe(r, 2, 0) = fi(r,z,0") fo(r, ,0)) dv’. (1.26)

Enfin, mentionnons également qu’un modeéle différent avec interactions a longue portée a
été récemment étudié par Tamaki et Saito [68] et Suda [65]. Dans ces modeles, ¢ est une
fonction & décroissance polynomiale en k : ¢ = |k|~?. Les collisions stochastiques sont des
collisions aux plus proches voisins. La convergence de la formule de Green-Kubo en fonction
du parametre 0 a été étudiée dans [68], et la propagation de 1’énergie suivant une équation de
diffusion fractionnaire pour des interactions harmoniques a été prouvée dans [65]. Ces modéles
ne présentent pas de structure de champ moyen local comme ceux que nous étudions dans cette
thése, et les méthodes employées dans [65] sont en fait similaires & [5, 38, 39].

1.2 Limites de champ moyen

Comme expliqué précédemment, nous souhaitons prouver une limite de champ moyen, c’est-
a-dire prouver que la mesure empirique (1.18) converge vers la solution d’une équation de Vlasov.
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Les limites de champ moyen dans le cadre de dynamiques de gaz ont été étudiées rigoureusement
a partir des années 70, notamment par Braun et Hepp [I4], Dobrushin [21] et Neunzert et
Wick [55]. Nous présentons ici la preuve classique d’'une telle limite dans un cadre général en
s’inspirant des références [33, (7, 72] et verrons quelles difficultés présente le modele de chaines
d’oscillateurs avec potentiels de Kac.

1.2.1 Preuve dans un cadre classique

Commengons par un cadre sans terme stochastique : N particules de coordonnées (Y}')1<i<n
dans un espace euclidien &£, interagissent suivant

ZKYt, )= KO @) (1.27)

ou K:EXE —E et
1 N
=1

est la mesure empirique associée au systeme (Y}')1<;<n. En particulier, en choisissant ’espace
E =T x R? x R?, en prenant pour y les trois coordonnées y = (r,x,v), en choisissant le noyau

d’interaction
r

<K@wQ:<vaé¢( ;ﬂ>qum—ﬂ)—VU@0, (1.28)

et en prenant pour coordonnée initiale 7§ = i/N, on retombe sur (1.17). On suppose que K est
une fonction lipschitzienne en ses deux coordonnées. La preuve de la limite de champ moyen
repose alors sur deux ingrédients.

1. Le premier est 'introduction de I’équation caractéristique non linéaire associée a la me-
sure initiale g € MY(E), on M!(E) est I'ensemble des mesures de probabilités sur €. Cette
équation nous fournit le comportement typique d'une particule dans la limite o ud — po et
est obtenue formellement en remplagant la mesure empirique uév par sa limite u; dans (1.27).
Plus rigoureusement, elle s’écrit :

Y = [o K(Ye,y)dpe(y')
e = Tiapo (1.29)
Yo=wo

ou Ty, po est la mesure image de py par T; et Ty : € — £ est le flot associé a (1.29), c’est-a-dire
l'application telle que Y; = Ti(yo). Si la condition de moment [; |y|duo est satisfaite, alors il
existe une unique solution a (1.29) (c.f. Théoreme 1.3.2 dans [33]). En fait, cette équation ne fait
pas qu’encoder le comportement limite d’une particule, mais elle encode également les équations
du systéme de particules (1.27)! En effet, si 'on prend comme mesure initiale ;' dans (1.29),
alors la mesure empirique & U'instant ¢ vérifie ¥ = Tj,ud’, et on retrouve alors (1.27).

2. Le second ingrédient est appelé estimation de Dobrushin [33]. Il s’agit d’un résultat de
contraction entre les mesures images issues de (1.29). Soient pg, fio € M*(E) et notons T; et Ty
les flots des équations caractéristiques respectivement associées a ug et fig. De méme, notons
e = Tiepio et iy = ﬁ*ﬁo. Alors, en utilisant 1’équation caractéristique (1.29), on peut borner
pour tous yo, Yo € € :

T3 (yo) — T2 (3o)| </ ds

B @), Tl Ndpoly)) = [ K (TuGio). Tei)diio(@) | (1:30)
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ou | - | désigne ici la norme euclidienne sur €. Soit my un couplage quelconque des données

initiales po et fip. On peut alors introduire le terme croisé [ K (Ts(5o0), Ts(y'))dpo(y') dans le
membre de droite, ainsi que le couplage g et utiliser le fait que K soit Lipschitz pour obtenir

) = Tl < € [ s [Toun) = Tulio)| + € [ ds [ 11.6/) = Tl oy, 7

ou C est une constante positive. Enfin, en intégrant a gauche et a droite le couple (yo, yo) par
rapport a 7y, on obtient alors

L 00) ~ T@lanot/ ) <20 [*ds [ 11.6) = @) ldmo(a', ),
R 0 &2

Par le lemme de Gronwall, on obtient donc

L 16 = T@)dro(w', 7)< [ 1y = 7 ldmo(s/, ) (1.31)

pour tout couplage mg de g et de fig. Enfin, on introduit la distance de Wasserstein entre deux
mesures y, v € M1(€) ayant un moment d’ordre un par

Wilu) = nt [ ly—y/lan(y.v). (132
mell(p,v) J&

ou II(u,v) désigne I'ensemble des couplages de u et de v. L'existence d’un couplage optimal,
c’est-a-dire d’un couplage qui réalise 'infimum dans (2.9) est garantie par un argument simple
d’analyse variationnelle (Théoréme 4.1 dans [73]). On choisit donc 7y dans (1.31) comme un
couplage optimal de ug et fip. La mesure image de my par T; ® T, étant elle-méme un couplage
de u; et de iz, on peut borner inférieurement le membre de gauche de (1.31) par Wi (pu, fir)
pour arriver a I'estimation de Dobrushin :

Wi (e, Fie) < Wi (o, i) €2°* . (1.33)

On peut désormais conclure sur la limite de champ moyen. En appliquant I’estimation de
Dobrushin (1.33) & udY et po, on obtient

Wi (il ) < Wh(ud, o) €21 (1.34)

Par conséquent, si uév converge vers une mesure fig, alors, & un temps ¢ fixé, ¥ converge vers ju;.
C’est par exemple le cas si les données initiales ()ﬁ)lgig ~ sont indépendantes et identiquement
distribuées, et on peut méme obtenir des taux de convergence précis de E)W; (o, 1)) en N~*
par les résultats de Fournier et Guillin [26], ou k dépend de la dimension et d’hypotheses de
moments sur f.

1.2.2 Propriétés et premiere application

1. L’équation (1.29) est en fait I’équation caractéristique associée a I’équation de transport
(de Vlasov) suivante

Orput + /5 K(y,y")dpe(y') - Vype = 0. (1.35)

On peut ainsi prouver l'unicité des solutions faibles pour cette équation [33]. De plus, si 19 a une
densité fy, et que T} préserve la mesure de Lebesgue (ce qui est le cas pour un flot hamiltonien
par exemple), on peut alors exprimer la densité f; de u; par

fe(y) = fo(T-(y)),
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ou 1, est linverse du flot T;. On déduit alors directement de cette équation la conservation
des intégrales non linéaires (1.21), comme annoncé précédemment.

2. Une des conséquences immédiates de cette preuve est qu’il est possible de déduire une
limite de champ moyen pour la chaine d’oscillateurs sans terme stochastique (1.17) dans le cas
ou la force VW est bornée. En effet, dans ce cas, 'application (r,z) — 1/Lp(r/¢)VW (x) est
lipschitzienne de constante de Lipschitz C¢~2 pour un certain C' > 0. Il en va donc de méme
pour K dans (1.28) et on obtient

-2
Wl (MiV, 'ut) < Wl (IU’(J)V7 MO) QQCM .

Néanmoins, cette preuve ne fonctionne pas si I’on suppose VW non borné, ce qui est précisément
ce que nous voulons étudier puisque nous souhaitons prouver une limite de champ moyen pour
des potentiels W proches d’un potentiel harmonique.

Plus généralement, prouver des limites de champ moyen pour des interactions non uniformé-

ment Lipschitz est un probléme difficile. On peut citer [! 1] pour un exemple de preuve dans un
cas seulement localement Lipschitz. En particulier le cas ou le potentiel présente une singularité
est un des challenges principaux du domaine (c.f. [37] pour un compte rendu récent sur les

dernieres avancées).

Dans notre cas, cette difficulté reflete une propriété essentielle qui différencie la chaine d’os-
cillateurs avec potentiels de Kac des modeles a champ moyen pour des fluides. En effet, pour
modéliser des situations hors équilibre dans la chaine, les propriétés statistiques des particules
doivent dépendre de leurs positions dans la chaine : on ne peut pas supposer que les données
initiales (Xé, Voi)lgig ~ sont égales en loi, ni avoir par conséquent la propriété d’échangeabilité
des variables (X}, V{)1<i<n, qui est habituellement obtenue dans des modeles de fluides. Le
comportement des coordonnées (X7, V') est intrinséquement lié & la position que la particule i
occupe dans la chaine et il faut alors adapter la preuve de 'estimation de Dobrushin pour en
tenir compte.

1.2.3 Limite de champ moyen pour la chaine avec potentiels de Kac sans
collisions

Nous présentons ici 'idée de la preuve de la limite de champ moyen pour le modele de la
chalne avec potentiels de Kac et sans collisions stochastiques (1.17), pour des forces VW non
bornées. La preuve repose sur le role particulier joué par la variable  dont nous ne tenions pas
compte dans les deux section précédentes.

Commencons par adapter 1’estimation de Dobrushin (1.33) au cas de deux mesures de pro-
babilité g et fig sur T x R? x R? dont la marginale sur T est la mesure de Lebesgue. Etant
donné le role particulier joué par la variable 7, les mesures transportées a l'instant ¢, us et i,
ont également pour marginale sur T la mesure de Lebesgue. Par désintégration de la mesure
wy (resp. fig), on introduit alors la mesure uj (resp. fij) correspondant & la loi du couple (z,v)
conditionnée & r. Pour simplifier, nous noterons dorénavant £ = R? x R? et z = (x,v). Nous
allons prouver ’estimation de Dobrushin pour la nouvelle distance de Wasserstein suivante :

SWi(gns i) = [ AW i), (1.36)

ou W désigne ici une distance de Wasserstein sur E. Nous allons reprendre la borne (1.30) en
prenant cette fois le noyau de la chaine (1.28), et ce pour des données initiales yo = (7, zp) et
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Jo = (r, 20) ayant le méme indice r. En utilisant le fait que VU soit Lipschitz, on a alors

Ty, 20) — Tilr, 70)| / 1T (vo) S(ﬁo)ds+0/0t Ty () — Tu(F0)ds
+/ ds /TxEZ (“/) VW (Ty(wo) — Ty(a')) dr i ()

- /M % ( 7 ) VIV (Tu(@0) - Tu(@)) dr'djiy (7)),

en utilisant I’abus de notation T;(xo) pour la coordonnée en x de T;(yo) et similairement pour
T;(vp). En regroupant les deux premiers termes, puis en regroupant les deux intégrales suivant
r’ dans le troisiéme terme, on obtient

17, 20) = Tt 20)| < € [/ 17.(00) - ToGo)lds

—l—/otds/Tdr’zqﬁ (T T/)

/E VW (TS($0) - T5<x/)> po (2')

!

- /E VW (T.(@0) - To(@)) diiy ()|

/

Enfin, comme precedemment on introduit le terme croisé [ VW( s(To) — Ts (2! )) dug (2'),

ainsi qu’'un couplage 7r0 des données initiales No et Mo , pour aboutir a :

- t ~
Tutr,20) = T 20)| < € [T 20) = Talr ) s

t L, (r—1 /
+/ ds/ dr’qﬁ( )/ Ts(r', z) — Ts(r', 2)| g (2, 2).
0 T ! B2

La fin de 'estimation est ensuite similaire & ce que nous avions établi précédemment. On
integre alors a gauche et a droite le couple (zp, Zp) par rapport a la mesure 7(), puis on integre
r par rapport a la mesure de Lebesgue et on utilise que ¢ vérifie (1.16) pour obtenir

t
/dr/ drt (2, %) go/ ds/dr/ T
T E2 0 T E2

Puis, par le lemme de Gronwall, on obtient de méme

/dr/ Ty(r,2') — Tt(rz)‘dwozz Ct/dr/ |2 = 2| dmi (2, 7).
E2 E2

Enfin on choisit mf, comme couplage optimal de (ug, fiy) et on minore le terme de gauche par
SWi (put, fir) pour obtenir la nouvelle estimation & la Dobrushin :

SWi (put, ir) < SWi (o, i) <" (1.37)

Le probleme est que I'estimation que nous venons d’établir ne permet pas de conclure quant
a la limite de champ moyen du systéme (1.17)! En effet, la mesure empirique u} est atomique
et on ne peut pas définir la distance SW (ui¥, ji;) par la formule (1.36). L’idée que nous allons
développer au chapitre 2 de cette these dans un cadre plus général est donc la suivante. Nous
allons introduire des boites mésoscopiques de taille ey, ou 1/N < ey < 1. On subdivise ainsi
T en efvl boites (B;), <j<er! et on mene le calcul précédent en remplacant la distance SW; par

Ty(r,2') — Ty(r,7) r2) = Ty(r,2)| dnf (2, 7).

. Nj j . e N
ot p1; 7 et pj sont respectivement les mesures pf¥ et y; conditionnées a la boite B;.
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1.2.4 Modeles de fluides avec interactions stochastiques locales

Revenons désormais & un cas de particules échangeables interagissant suivant 1’équation
(1.27), mais ou chaque particule subit désormais en plus des forces stochastiques, indépendam-
ment des autres particules. Par exemple, on peut citer le cas de diffusions de McKean-Vlasov

N
1 o .
Ay = — Y K(Y!,Y/)dt+dw;, 1.38
= KO+ aw (139)
ott les (W?)1<;<n sont des processus de Wiener indépendants. On peut également considérer le
cas de collisions aléatoires locales a des temps exponentiels. On modélise alors ce systeme par
les équation différentielles stochastiques

1 N o : .
Ay} = > K, Y] )dt + F(Y))dN;, (1.39)
j=1

ot (N%)1<;<n sont des processus de Poisson indépendants de méme intensité et F une fonction
lipschitzienne. Le cas de la chaine d’oscillateurs avec retournement des vitesses (1.24) pouvant
étre retrouvé a partir de ce modele général en prenant F'(r, z,v) = —2v, nous nous concentrerons
sur le cas (1.39) par la suite.

Pour prouver la convergence de la mesure empirique ,ufv , on peut alors procéder comme
dans la section 1.2.1 et introduire tout d’abord une équation différentielle non linéaire similaire
a (1.29) qui modélise le comportement limite attendu pour les particules du systéme. Cette
équation est cette fois une équation différentielle stochastique, donnée par

qy, = /5 K (Y, ¢)du(y') + F()dN,, (1.40)

ou p est cette fois la loi du processus Y; et N a la méme intensité que les (N i)lgig N. Par un
résultat de contraction pour une distance de Wasserstein appropriée, on prouve alors que cette

équation est bien posée (c.f le cours de Sznitman [67] pour la preuve dans le cas des équations de
McKean-Vlasov (1.38) et I'article de Graham [34] dans un cadre plus général avec des processus
de sauts).

N’ayant pas a notre disposition les flots déterministes construits dans (1.29), on adapte
largument de Dobrushin en introduisant un nouveau systéme (?i)lgigN de processus non
linéaires solutions de (1.40), couplé au systéme (Y*);<;<n en choisissant le méme processus de
Poisson N* dans (1.39) et dans (1.40) :

4V = [ K79yt + F(T)an;. (1.41)

En particulier, par indépendance des mesures de Poisson (N i)lgig N, si les conditions initiales
(Y§)1<i<n sont indépendantes, alors les processus (Y?)1<;<n sont indépendants. Dans le cas de
dynamiques de fluides ou plus généralement de particules identiques ayant les mémes propriétés
statistiques, il est naturel de supposer que les distributions initiales Y{ sont de méme loi zg. On
couple alors a I'instant 0 les systémes (Y?)1<;<n et (?i)lgig N~ en imposant les mémes conditions
initiales Yoi = 17(}. Ainsi, toutes les variables ()N/ti)lgig ~ ont la méme loi p;. En notant

1 N
~N _ L -
W‘N;%

la mesure empirique associée au systéme (Y;')1<;<n, on peut alors borner

E Wil )| < E Wi, 5] +E Wi )] (1.42)
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par inégalité triangulaire. En considérant le couplage des mesures atomiques uf et ¥ qui
associe Y a Y}’ pour tout 1 <4 < N, on peut borner

N
Wil i) < % IV - T
i=1
Les couples (Y}, Y}))1<i<n ont tous la méme loi, donc
E [1 S ?] —E[v} -7, (1.43)
N =
et on peut donc finalement borner le membre de droite dans (1.42) et obtenir

E {W1(Mivaﬂt)] <E {‘Yil - f/tl’] +E [Wl(ﬁivaﬂt)} : (1.44)

Les mémes calculs que pour l'estimation de Dobrushin peuvent étre maintenant répétés pour
borner le premier terme dans (1.44) par

B[ - 7] <€ [ B WG p)] ¢ ds < sup B [WAG )] o' (145)

0<s<t

Pour conclure, il faut donc controler E[Wi(fil, us)], c’est-a-dire prouver une loi des grands
nombres quantitative, ce qui est possible par indépendance des (Y, )i<i<n et les résultats de

[26] -

EWi (i), ps)] < CsN ™", (1.46)
ou Cs et kg sont des termes dépendant du temps s. Si de plus, u; a des moments conservés,
alors par [26] on peut trouver des constantes Cs et ks indépendantes du temps et conclure :

E (Wi, m)| < Cec". (1.47)

1.2.5 Commentaires généraux et cas de la chaine avec collisions

Il est & noter que les bornes (1.34) et (1.47) ne permettent de prouver la limite de champ
moyen que pour des temps inférieurs a log N. Comme remarqué dans [37], le cadre ot 'on peut
espérer obtenir des bornes uniformes en temps est celui ou la solution de 1’équation de type
Vlasov py converge exponentiellement vite vers un unique équilibre. Ainsi, ces bornes uniformes
ont par exemple été prouvées pour des systémes liés aux équations de milieu granulaire [51]
ou aux équations de Vlasov-Fokker-Planck [12]. Ces systémes ont en commun de posséder un
terme de dissipation modélisant un équilibre thermique global, qui rameéne donc rapidement
tout le systéme a 1’équilibre. Pour nos différents modeles de chaines d’oscillateurs (1.17), (1.22)
et (1.24), il n’y a donc pas de raison de penser que 'on puisse obtenir une limite de champ
moyen avec une borne qui ne dépende pas du temps pour des conditions initiales hors équilibre.
Dans 'optique d’une limite hydrodynamique a partir des équations de Vlasov avec collision, cela
peut donc étre potentiellement problématique si les échelles de temps permettant d’observer les
équations hydrodynamiques sont trop longues.

Par ailleurs, on ne peut pas appliquer directement les résultats de la section 1.2.4 a la chaine
avec potentiels de Kac et retournement des vitesses (1.24), car la propriété d’échangeabilité des
variables (Xg, Vti)lgig ~ qui est habituellement obtenue pour des modeles de champ moyen pour
un fluide n’est plus vraie. En particulier, I’égalité (1.43) ne peut plus étre utilisée dans ce cadre.
On ne peut plus choisir une particule représentative du systéme et controler I'écart E[|Y; —Y;!|],
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mais on doit désormais considérer le systéme (Y?);<ny = (i/N, X¢, V?)1<;<n dans son ensemble
et borner directement

1N
E [NZ Y — Ytﬂ :
i=1
De plus, une difficulté majeure apparait dans I'application de la loi des grands nombres a
EW(idY, u1)]- En effet, les particules (Y?);<;<ny n’ont cette fois pas la méme loi. On s’attend

néanmoins a ce que des particules proches dans la chaine aient des lois proches a 'instant ¢, et
I’on pourrait alors appliquer localement des résultats de type loi des grands nombres.

Une difficulté supplémentaire se pose dans le cas du modele avec échanges de vitesses (1.22),
qui ne rentre pas dans le cadre que l'on vient de décrire. En effet, dans ce modele les processus
de Poisson induisent des échanges conservatifs et on retrouve ainsi plusieurs fois les mémes pro-
cessus dans les équations régissant le comportement de plusieurs particules distinctes. Comme
nous le verrons, introduire pour ce modeéle un systeme de processus non linéaires similaire a
(1.41) induit que celui-ci sera forcément corrélé, et 'application de la loi des grands nombres
sera donc impossible en 1’état. Résoudre ce probleme, également présent dans le modele de Kac,
représente le coeur de la these.

1.3 Modele de Kac

Comme mentionné précédemment, le modele avec échanges de vitesses a longue portée (1.22)
présente une parenté forte avec le modele de Kac, a la différence que les échanges de vitesses
dans (1.22) se font désormais localement, avec une intensité modulée en fonction de la distance
dans le cristal. Dans cette section, nous présentons une version simple du modele de Kac. Les
techniques de convergence d’un systeme de particules de Kac ont connu récemment des avancées
importantes et nous allons voir comment adapter lesdites techniques pour prouver la limite de
champ moyen dans la chaine avec échanges a longue portée (1.22).

Le modeéle de Kac est un modele probabiliste introduit pour étudier I’équation de Boltzmann
spatialement homogene

O fr = / U(lv =" Db(O) (fe(v') i (") = fe(v) fo(v")) dv™db), (1.48)
R % [0,m]

oil f; est une densité de probabilité sur R?, (v/, ") sont des vitesses déterminées explicitement
en fonction de (v,v*, ), 6 I'angle de déviation entre v — v* et v/ — v™*, et ¢(-)b(-) un noyau de
collision dont la forme dépend des interactions physiques considérées. Cette équation modélise
la distribution des vitesses d’un gaz raréfié spatialement homogene. La preuve de cette équation
a partir d’'une dynamique newtonienne modélisant les particules du gaz étant complexe, Kac [10]
a introduit un systeme stochastique de IV particules échangeables et sans positions spatiales,
dont I'état est caractérisé uniquement par leurs vitesses (V}')1<;<n. A des temps exponentiels
déterminés a partir de la fonction 1, la vitesse de chaque paire de particules (Vi V;j ) est changée
par la transformation (V;', V) = (V', V']), olt § est un angle aléatoire dont la loi est obtenue
a partir de b. 1l existe toute une variété de modeles différents en fonction des comportements
de 9 et b. Notre but étant de comparer le modele (1.22) au modele de Kac, nous prendrons
par la suite ©» = 1 pour simplifier (molécules Maxweliennes) et n’aborderons pas la question
de I'intégrabilité de b (modeles avec ou sans cutoff) en supposant dorénavant que [ b(0)df < occ.

Le modele de Kac faisant également partie de la classe des modeles de champ moyen, il peut
aussi étre analysé en introduisant un processus de Markov non linéaire analogue aux solutions
de (1.40). Plus précisément, on peut introduire 1’équation différentielle stochastique

v, / a(, Vi, 0)dN(6,v), (1.49)
R



1.3. MODELE DE KAC 23

ou la fonction a est définie par a(v,v’,0) = v' — v, Ny est une mesure de Poisson inhomogeéne
d’intensité b(6)dlfi(v')dv' et fi est la densité de la variable V;. Cette fois, la non linéarité
se retrouve dans l'intensité de la mesure de Poisson. Notons qu’originellement, Tanaka [(9,

| a plutdt introduit le processus de Markov V' comme solution de 1’équation différentielle
stochastique

W= [ W) Ve 0N (0.,
[0,7] x '

ou cette fois V est un processus défini sur l'espace de probabilité (Q, P') ayant la méme loi
que le processus V sous P’ et N; est une mesure de Poisson homogene cette fois, d’intensité
b(0)dfdP'(w'). Sznitman [66] a lui introduit le processus de Markov V' par le biais d’un pro-
bléme de martingales pour un modele plus général. Dans le cas ou [ b(0)df < oo, I'intensité
des processus de Poisson susmentionnés est alors finie et on peut prouver par des résultats de
représentation de martingales [25, 19] que ces trois points de vue sont en fait équivalents. Ce
type de représentation de probleme de martingales par des solutions d’équations différentielles
stochastiques a également été étendu a des cas sans cutoff [19, 28, 67, 70, 71].

Comme pour les modeéles de la section 1.2.4, I'idée est désormais de coupler le systéme
de Kac (V?)1<;<n & un systéme de processus non linéaires (V?);<i<n solutions de (1.49). La
difficulté réside dans le fait que si deux particules V* et V7 subissent une collision dans le systéme
original, le couplage naturel consiste a effectuer la méme collision dans le systeme (Vi)lgig N-
Cela va donc induire des corrélations fortes entre les particules (Vi)lgig ~ et on ne peut donc
pas appliquer de loi des grands nombres quantitative comme (1.46).

Un premier résultat de convergence d’un tel systéme a été prouvé par Graham et Méléard

[36] par une analyse détaillée de I’historique des collisions (c.f. [19, 28] pour des extensions dans
des cas sans cutoff et non Maxwelliens). Plus récemment, Cortez et Fontbona ont introduit une
nouvelle approche pour prouver la convergence d’un systéme de Kac [16]. Cette approche se base

sur un certain formalisme pour représenter les échanges dans le systéeme et sur l'introduction
d’un systeme de particules (f/i)lgig ~ supplémentaire, ol les V? sont également des solutions de
(1.49), mais sont cette fois indépendants. Ce formalisme de représentation des échanges permet
a la fois une construction fine des processus non linéaires corrélés (Vi)lgig ~ de telle sorte a ce
que 'on puisse controéler leur écart avec le systeme original (Vi)lgig N, mais aussi de construire
les processus non linéaires indépendants (Vi)lgig ~ de telle sorte a ce qu’ils soient proches du
systéme corrélé (‘N/i)lgig ~. En reprenant I’équation (1.42) et en rajoutant la mesure empirique
i =1/NY 5-; du systéme de processus non linéaires indépendants (Vi)lgig ~ a linstant ¢,
on obtient :

E Wil m)| < E Wi, )] + E Wi m)] + E Wi )] (150)

Le premier terme de (1.50) se controle comme précédemment dans (1.45), ce qui nous rameéne
finalement & prouver des estimations sur les deux termes suivants dans (1.50). Le second terme
de (1.50) est borné par

E Wi(@ )| <E

1 o - _
NZMHW@AWW—WW

en utilisant ’échangeabilité de (17;1, ‘zl)lgig ~- Ce terme est ainsi contrdlé par le couplage de

[16]. Enfin, les particules du systéme (V?);<;<n étant cette fois indépendantes et de méme loi
¢, on peut controler le troisieme terme de (1.50) par une loi des grands nombres.

Enfin, si la convergence prouvée dans [16] pour le modele de Kac est dépendante du temps,
notons que Cortez et Fontbona ont par la suite développé leur méthode dans [17] pour prou-
ver une convergence uniforme en temps. Par ailleurs, Fournier et Guillin ont également prouvé
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la convergence d'un systéme de particules avec échanges de vitesses continus dans [27] par
I'introduction d’un nouveau systéme de particules indépendantes, I’équation limite étant alors
I’équation de Landau.

Nous allons adapter 'approche de Cortez et Fontbona introduite dans [16] dans le chapitre 2
pour prouver la limite de champ moyen pour la chaine avec échanges a longue portée (1.22). A la
différence du modele de Kac, les particules ne sont plus échangeables et la structure d’échanges
est cette fois localisée : plus les particules sont proches dans la chalne, et plus l'intensité des
collisions stochastiques est forte. Nous verrons que le formalisme de [16] pour modéliser les
échanges s’adapte néanmoins naturellement & notre cadre.

1.4 Contributions et perspectives

1.4.1 Chapitre 2

Dans le chapitre 2, nous prouvons le théoréme 2.1 qui établit que la mesure empirique i’
associée a la chaine d’oscillateurs avec échanges & longue portée (1.22) converge vers une solution
faible iy de ’équation de Vlasov (1.23) pour des forces VU et VIW uniformément Lipschitz et
non bornées. La mesure p; est définie a partir d’un probléme de martingale dont nous prouvons
également ’existence et 'unicité par la proposition 2.1. Le résultat de convergence de la mesure
empirique ,ufv est quantitatif : sous des hypotheéses que nous préciserons au chapitre 2, on prouve
le théoreme suivant.

Théoreme 1.1. [l existe deux constantes positives Ky et Ko indépendantes des paramétres N,
¢ et ~y, telles que, pour tout 1/N < en < £,

1/2

-, € Y € _
B [Wl(uivvut)} < K ((NeN) W@ 4 TN 4 1176?/2) K2 (147)t

Cette preuve s’appuie en partie sur la méthode de couplage de Cortez et Fontbona [16] pré-
cédemment évoquée pour traiter les problemes induits par le caractere conservatif des échanges
stochastiques. De plus, pour prendre en compte les problémes liés a la non-échangeabilité du
systéme de particules, nous introduirons des couplages par boites mésoscopiques, comme décrits
en section 1.2.1. Cette preuve par boites mésoscopiques peut étre adaptée pour étudier directe-
ment la convergence des modeles sans collisions (1.17) et avec retournement des vitesses (1.24)
dans des cas ou les forces VU et VW ne sont pas bornées.

A partir de cette limite de champ moyen, nous étudions ensuite la convergence de I’énergie
dans le systeme (1.22). Méme si les interactions hamiltoniennes et les collisions stochastiques
semblent avoir la méme portée dans ce cadre, on remarque que si le potentiel d’interaction W
est harmonique (W (z) = |x|?/2) et que les solutions p; de (1.23) vérifient [zdu; = 0, alors
Péquation de Vlasov (1.23) se découple et devient

Ocft +v-Vufy — (2 +VU(2)) - Vufy

- 7}// %7 (T _g - ) (ft(T'/,(IZI,U)ft(T,{L',U’) - ft(rﬂ x,’l))ft(T,, x/7 UI)) dr'dx’dv'. (1.51)

Cette équation décrit le comportement de particules confinées par un potentiel |z|?/2 + U(z),
indexées par un parametre r, qui n’interagissent pas mécaniquement mais dont les vitesses
sont échangées a des temps exponentiels avec des particules de parameétre r’ proche de r. Elle
rappelle ainsi le modele de chaine d’oscillateurs de Kipnis et al. [13], dans lequel les échanges
sont purement stochastiques également et pour lequel la loi de Fourier est prouvée. La différence
essentielle est que la partie hamiltonienne est totalement enlevée dans [13] et le mécanisme
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d’échange est plus simple : la somme des énergies de deux particules voisines est uniformément
redistribuée entre ces deux particules a des temps exponentiels.
On peut introduire ’énergie locale en r associée a une solution de (1.51) :

_ 1 2 1 1 7“—7“/ / A A r g g
5t<r>—Aded<2rv| +2/WXW¢( ; )W(x—x)fm,x,v)drdmdv+U<x>

fi(r,z,v)dzdv. (1.52)

En calculant la dérivée temporelle de I’énergie & partir de (1.51), & I’échelle /=2, on trouve
formellement (en supposant que f est régulier en sa coordonnée r et par un développement de
Taylor de fenr) :

1

OrEyp—2 (’I”) = :)/C’\/arr (/ |’U|2ftéf2 (T) x, ’U)dﬂ?dl]) + O(f), (153)
RIxRd 2

1 rl/2 9
Cy = — uy(u)du.
y 2/1/2 7 (u)

Si 'on arrive a remplacer ’énergie cinétique locale [ga, ga %|’U|2fw—2 (r,z,v) par I'énergie locale
Ey—2(r), on peut alors fermer cette équation et prouver que I’énergie suit une équation de
diffusion & I’échelle t/=2. C’est cette approche que nous abordons en section 2.4 du chapitre 2,
en prouvant un résultat d’équipartition d’énergie pour une classe de potentiels anharmoniques
U. Par le résultat de convergence de la mesure empirique ¥ du théoréme 1.2, on prouve ensuite
que Pénergie microscopique converge vers I’énergie associée a une solution faible de (1.53). On
prouve alors :

Proposition 1.1. Si le potentiel d’interaction W est harmonique et le potentiel d’accrochage
U vérifie U(x) = |z|*¥(z/|z]), ot € C*(S¥1,R%), alors l'énergie associée au systéme micro-
scopique % Zfil €jp—20;/Nn converge vers la solution de l’équation de diffusion

8t€t = :y%”agxet
eo(r) = [ (%|v|2 +U(z) + %|l’|2) dpg(r, z,v),

]_o_

—-1/2

au sens o, pour tout g € C*(T) et tout T > 0,

o 1 & i
p g [ 5o () - [

En particulier, nous verrons que l'on peut choisir £ = ¢(N) = c¢(log N)
tout g € CH(T) et tout T > 0,
] 0

Les résultats du chapitre précédent nous ont permis d’identifier que le transport d’énergie
avait lieu & I’échelle de temps /=2 pour le modele avec échanges de vitesses & longue portée
(1.22). En appliquant la méme méthode pour le modeéle avec retournement des vitesses (1.24),
on constate néanmoins que 1’énergie n’évolue pas a cette échelle de temps. En effet, I’énergie
était uniquement transportée par les collisions stochastiques a longue portée dans le modele
(1.22) et ce mécanisme n’est plus présent pour le modele avec retournement des vitesses. Pour

et avoir pour

. 1 &, i
lim supE HN;EM(N)29 (N> —/Tet(r)g(r)dr

N—oo t<T

1.4.2 Chapitre 3
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déterminer 1’échelle de temps caractéristique du modele avec retournement des vitesses, nous
avons calculé la limite d’échelle de la conductivité thermique associée a la chaine (1.24) avec
potentiels harmoniques par la formule de Green-Kubo, en adaptant les résultats prouvés par
Basile, Bernardin et Olla [2] pour des modéles avec interactions aux plus proches voisins. Nous
verrons au chapitre 3 que la conductivité thermique du modeéle microscopique peut-étre définie

comime
2

1

T)=———FE Bk (0, t
KN( ) 2T2tNN T ZGZ]T: g:l J O N]) I

ou Er désigne une espérance par rapport a la mesure de Gibbs a température 7', ¢y désigne un
temps dépendant de la taille NV du systéme qui sera défini plus précisément au chapitre 3, tout
comme J"*([0, ¢x]), qui désigne I'intégrale temporelle du courant d’énergie entre les particules
des sites 7 et i + k, entre les temps 0 et . Nous prouvons alors le résultat suivant.

Théoréme 1.2. Supposons que les coefficients (¢r)—ry<k<ey Sont constants en k et valent
or = 1/ln. Alors, pour toute portée d’interaction €y telle que N—> oo et fy = o(N5/7), la
—00

conductivité thermique associée a la chaine (1.24) avec retournement des vitesses et potentiels
harmoniques vérifie -
K

KN (T —

N( ) N—)oo fN

ot K est une constante explicite.

Nous confirmons par ailleurs les résultats du chapitre 2, en prouvant également le résultat
suivant.

Théoréme 1.3. Supposons que les coefficients (¢r)—¢y<k<ty Sont constants en k et valent
or = 1/Un. Alors la conductivité thermique associée d la chaine (1.22) avec échanges de vitesses
a longue portée, avec potentiel d’accrochage non nul et potentiels harmoniques vérifie

d
A (T) 22 ey,
ot 12
1 2
Cy = — w)u“du
7T g 1 ’7( )

Nous conjecturons que ces résultats sont valides pour des coefficients (¢y)_¢y<k<e, définis
par (1.15) pour une fonction ¢ de classe C* & support compact. Nous conjecturons également
que les résultats du théoréme 1.3 sont valables pour des potentiels d’accrochage anharmoniques,
uniformément convexes et donnons une ébauche de preuve pour sa résolution.

1.4.3 Perspectives
1. Equation de diffusion pour des potentiels anharmoniques plus généraux

Pour le modeéle avec échanges de vitesses a longue portée (1.22), le résultat de la proposi-
tion 1.1 nous montre que ’énergie suit une équation de diffusion pour une classe restreinte de
potentiels d’accrochage anharmoniques pour lesquels on peut prouver un résultat d’équiparti-
tion d’énergie. Le théoreme 1.3 et la conjecture associée nous suggerent que ce résultat reste
vrai pour des potentiels anharmoniques plus généraux. Il serait donc intéressant d’étudier ce
probléme & partir de 'équation de Vlasov (1.51).

L’approche la plus naturelle consiste a comparer les solutions de (1.51) avec des mesures de
Gibbs locales de la forme

1
Be(r)

or(r,x,v) =

exp (~1(r) (1o + U @) + 31of) ).
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olt f¢(r) est la température inverse en r a I'instant ¢ et Zg,(,y est une constante de normalisation,
puis de trouver I’équation que devrait alors satisfaire 5;(r) a partir de (1.51). On peut prouver
que les seules mesures de Gibbs locales solutions de (1.51) sont en fait des mesures de Gibbs a
Péquilibre global, c’est-a-dire des mesures ot la température B;(r) est constante en temps et en
espace.

Puisque les mesures de Gibbs locales avec température variable ne peuvent étre solution de
(1.51), il faut donc prouver que les solutions f; de (1.51) convergent vers des mesures de Gibbs
¢ locales lorsque ¢ — 0 en un certain sens, par exemple en prouvant que I’entropie relative de
f+ par rapport a ¢; tend vers 0. Comme cela a été indiqué dans les articles [0, 57], la difficulté
majeure pour appliquer la méthode d’entropie relative dans ce type de modeles réside dans le
fait que les vitesses ne sont pas bornées.

2. Fluctuations autour de I’équation de Vlasov

Tandis qu’en appliquant les méthodes du chapitre 2, on ne voit pas d’évolution d’énergie
pour le modele avec retournement de vitesses (1.24) dans la limite de champ moyen a 1’échelle
temporelle 072, le théoréme 1.2 suggere que le transport d’énergie s’effectue & une échelle de
temps plus longue. Il serait alors intéressant d’étudier les fluctuations autour de ’équation de
Vlasov (1.25) hors équilibre, comme cela a pu étre fait dans [17] dans un cadre plus classique
sans terme stochastique, et de voir dans quelle mesure ces fluctuations contribuent au transport
d’énergie.

3. Cas sans potentiel d’accrochage

Le moment est conservé par les échanges a longue portée. Si le potentiel d’accrochage est
absent, la dynamique (1.22) préserve donc le moment en plus de ’énergie. Au vu des calculs
présentés au chapitre 3 et des résultats de [2], on peut s’attendre & une conductivité ther-
mique plus élevée si le potentiel d’accrochage est nul, ce qui représente une piste de recherche
supplémentaire.
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Chapter 2

Vlasov limit for a chain of oscillators
with Kac potentials

Abstract

We consider a chain of anharmonic oscillators with local mean field interaction and long-range
stochastic exchanges of velocity. We prove the convergence of the empirical measure associated
with this chain to a solution of a Vlasov-type equation. We use this convergence to prove energy
diffusion for a class of anharmonic potentials.
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2.1 Model and results

2.1.1 Introduction

The study of chains of interacting oscillators has drawn a lot of attention over the past few
years. Deriving Fourier’s law from an anharmonic chain is a major open problem in statistical
mechanics [13]. Mathematically, the model consists in a system of N oscillators, whose dis-
placement and momentum are denoted by X? € R? and V? € R? respectively for 1 < i < N.
Particles interact via a Hamiltonian dynamics, with Hamiltonian given by

N
H= ; (;IVZ'I2 + ;ijmW(X” — X+ U(Xi)> :

where generally (¢ )kez is such that ¢, = 0 when |k| > K for some integer value K, i.e. the
interaction is only between oscillators with close lattice index. W is a pair potential modelling

29
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the interaction between particles and U is a pinning potential. It is known since [60] that for
nearest neighbor harmonic interaction (i.e K = 1, W(x) = 2%, U(x) = z?) the transport of
energy is ballistic and therefore Fourier’s law is not valid. The study of the anharmonic chain
seems nevertheless out of reach for the moment. However, the model has drawn attention over
the past few years with on the one hand the proof of existence of stationary measures for the
anharmonic chain coupled to two heat baths with different temperatures (see e.g. [22] and [15]),
and on the other hand the study of the harmonic chain with additional conservative stochastic
collisions that enable to derive hydrodynamic limits (see [!] for a review). In fact, stochastic
collisions give enough ergodicity to derive such limits, but for long time scales, calculations rely
heavily on the harmonic structure of the interactions.

In this paper, we consider a chain with so-called Kac potentials (see [58] for a detailed
introduction), i.e. we define the coefficients ¢y, by
1 k
— — 4 2.1
P = o ( 7 N) ; (2.1)

for |k| < ¢N, where ¢ is a small parameter and ¢ is a smooth even function, with support

included in [—1/2,1/2] and normalized so that f_1{32 (r)dr = 1. Therefore, the model has a
local mean field structure at macroscopic distance £. In addition to the Hamiltonian dynamics,
we also add stochastic exchanges of velocity between neighbors at distance of order /N. To do
so, we introduce a smooth function v with the same properties as ¢, modulating the intensity

of the stochastic exchanges and define for |k| < /N

1 T
=5 /[“/2 rons 7 (z) dr. (2.2)
N ' N

We exchange the velocities of two neighbors at distance k at rate 4vx, where 7 is a positive
parameter that gives the global rate at which a particle undergoes an exchange of velocity.
The stochastic exchanges conserve the total energy of the system. We use the local mean field
structure of the problem to prove the convergence of the empirical measure associated with
the particle system to a Vlasov-type equation, and prove diffusion of the energy for a class of
anharmonic pinning potentials.

We also mention that another model of chain of oscillators with long-range interaction has
also been studied in [68] and [65]. In this model, the stochastic collisions are short-range and
there is no local mean field structure in the mechanical interactions. The techniques used are
then different from this paper and are similar to the short-range case [2, 39].

2.1.2 Model and notations

In our setting, particles are indexed by the discrete periodic lattice Z/NZ. For every 1 <
i < N, we set ' = i/N. More generally, in what follows, the letter r will refer to a position in
the periodic domain T = R/Z and z = (z,v) stands for the phase space coordinates of a single
particle in the set £ := R% x RY. The dynamics followed by (X}, V), for 1 <i < N, is

dX} = Vidt
AV = = (frp D' =) VW (X[ = 2)dpul (07, 2') + VU (X])) dt (2:3)
+ fpa (v = VE)ANE (1, 0).

In the system (2.3), we wrote the Hamiltonian contribution by introducing the empirical measure
plV associated with the system of particles:

N
1
N
1=
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NEYT s a point process on Ry x R? that directly selects the new velocity of V? at rate ¥
among its neighbors’ velocity. More precisely, it is given by

N i
NM s = E 6Ti.n!vi.n,
T

where (T"),>0 is the set of jump times of a Poisson process with intensity ¥ and, for any n > 0,
V4™ is a random variable whose law given T%" is

p(vin—vith| i) =,

for all —¢N < k < {¢N. In (2.3), we also used the notation

)| U
2w =76 (7). (2.5)
and we define similarly
1 U
rw) = 37 (3)-
l
I | | | I
I ' i LN
0 N N 1

Figure 2.1 — Different scales of the model and shape of the functions ®; and Iy

To properly define the dynamics for the whole system, we should specify the correlations
between the point processes N\ “N""t, which is essentially that the jumps between two different
pairs are independent. The detailed definition of those measures is left to Section 2.2. The
equation (2.3) is thus a mean field type equation and we expect that the empirical measure p;"
converges to a weak solution of the following Vlasov-type equation

8ifi +v-Vafi— (/[er Q(r—r"\VW(z — ') fi(r', 2')dr'ds’ + VU(m)) ~Vufi
= ;}_( Fg(‘a‘"-"f") (fg(‘?',x,v’)ft(?",,&?’,?}) - ft(T,Z)ft(f”,Z’)) d’r'dz". (26)

TxE

We will actually prove this statement by introducing the following nonlinear martingale problem.
For any measure v € M!(T x E), the space of probability measures on T x E, define the operator
L[v] by

Livly = Alv]y +3S[v]y, (2.7)
for all ¥ € C}(T x E), the space of bounded continuously differentiable real functions of T x E.
Alv] is a drift operator given by

Alvjv(r,z,v) = v-Vap(r,z,v)— ([ﬂ‘xE Oy(r — " )\VW(z —2")dv(r, 2") + VU(:B)) Vptb(r, z,v),
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and

S[vjv(r,z,v) = / ((r,x,v") —p(r,x,0))o(r — r)dv(r’, ')

TxXE

is a pure jump operator that exchanges velocities. Denote by D = D(R4, T x E) the set of right
continuous functions with left limits on R4 with values in T x F, by F the product o-field on
D, and let (F;)i>0 be the filtration generated by the canonical process Y = (r, Z) = (r, X, V) on
(D, F,p). Then the probability measure u € M*(D) is said to solve the nonlinear martingale
problem starting at vy € MY(T x E) if po = 1 and, for any ¢ € CH(T x E),

M = 0(30) — ()~ [ Llplu(v)ds ©3)

is a martingale under u, ps denoting the time marginal of y at time s. In particular, r; = r¢
for any ¢t > 0, and we will indifferently use either the notation 7, rg or r to refer to the spatial
coordinate of (Y;);>0 in T. Taking expectations in (2.8), it is then straightforward to check that
the flow of time-marginals (u¢):>0 associated with a solution p to the martingale problem is a
weak solution to the Vlasov-type equation (2.6) in the sense of distributions.

2.1.3 Results

We will always assume that the following hypotheses hold

(H1) W,U € C*(R%R), the set of twice differentiable functions of R? taking values in R.
Moreover VW and VU are uniformly Lipschitz and satisfy VW (0) = VU (0) = 0. There
exists a positive constant ¢ such that for all z € R,

|z < cU(x)
VW (z)|> < W ().

(H2) ¢,7 € C(R), the set of infinitely differentiable functions of R with compact support,
and in particular, their support is included in [—1/2,1/2]. Moreover ¢ and 7 are non-

negative, even functions that are non-increasing on [0,1/2] and such that f_IﬁQ o(r)dr =
1/2
f_{/Q ~(r)dr = 1.

(H3) oy (310 + 5 e ®olr = )W (= 2')dpio(r', ) + U (=) ) dpao(r, ) < oc.

(H4) o € MY(T x E) has a density fo with respect to the Lebesgue measure and its r-marginal
is the uniform measure on T. In particular, for any r» € T, fy(r,-) is a probability density
on E.
Moreover, there exist a probability density h on E with finite first moment [ |z|h(2)dz <
oo and a constant C' > 0 such that for any 7,7/ € T and z € E,

|fo(r,2) = folr', 2)| < Clr = r'|h(2).

The Lipschitz assumption in (H1) is classical in mean field theory. The two inequalities on
U and W are technical assumptions that hold for harmonic potentials. Hypothesis (H3) is a
moment assumption which, by conservation of energy, is crucial. (H4) is the minimal regularity
hypothesis on the r variable at time 0 that we will need to prove the mean field limit. It holds
for local Gibbs measures, for which the temperature is a regular function of the r variable for
instance. Under these hypotheses, we then have the following proposition.

Proposition 2.1. There is a unique solution to the nonlinear martingale problem (2.8) starting
at -
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In particular, Proposition 2.1 implies existence of weak solutions to (2.6). Denote by W,

the Wasserstein distance associated with the Euclidean norm |-| on T x E
Wilur) = it [ Jy—y/ldn(u.y), 29)
m€ll(pu,v) JTxE

where TI(u,v) is the set of couplings of the probability measures p,v € MY(T x E), and we
used the shortened notation y := (r,2) = (r,z,v). We are now able to state the mean field
convergence result.

Theorem 2.1. Let p be the solution of the nonlinear martingale problem (2.8) starting at po.
Assume that the initial coordinates (Z8)i<n, with Zi = (X&,V3), are independent and with
respective density distribution fo(i/N,z) for all 1 < i < N. Then there exist two positive
constants Ky and Ky such that for any 1/N < ey < £,

12
1 € € -
E [Wl(ui\f,m)} < Ky <(N6N) @D 4 2\7 + 1]_’_}/[]1\;2> o2 (1)t

The constants K1 and K5 in the theorem do not depend on the three parameters N, £ and 7,
but only on the potentials W and U, on the functions ¢ and v, and the initial measure pg. €y is

a coarse-graining parameter that naturally appears in the proof of Theorem 2.1 and is precisely
2d+2 1
defined in Section 2.2. In particular, for fixed 4, choosing ey = £24+3 N~ 24+3  we deduce that

there exist positive constants K and K’ such that for any ¢ > 1/N,
1 ’
E (Wi, )| < K (EN) 77075 Kt

One of the main features of the particle system we consider is that, contrary to classical
mean field theory for gases, the sequence (Zf);<x is not exchangeable. The behavior of Z; is
intrinsically tied with the position 7% in the chain. In particular, one cannot prove the mean
field limit by comparing the law of one typical oscillator Z} at time t to py, as usually done
in the mean field theory (see [21, 33, 67]). Instead, the whole system (r,Z});<n has to be
compared to y; in its entirety.

Another difficulty comes from the fact that, even if VW is uniformly Lipschitz over R?, the
map (r,x) — ®¢(r)VW (z) is not uniformly Lipschitz over T x R? in general. Consequently,
classical mean field limit proofs do not readily work in this situation, and even the proof of
Proposition 2.1 is not straightforward. We bypass this difficulty for Proposition 2.1 by proving
a contraction estimate for a well-suited distance, the sliced Wasserstein distance (see Definition
2.1). Its proof is postponed to Section 2.3.

Theorem 2.1 is proved in Section 2.2. The proof is based on a coupling of the particle
system (Y?);<n := (17, Z')i<n to a new system (Y);<y, whose law is based on the solution
to the nonlinear martingale problem (2.8), and which are driven by the same Poisson measures
as the original particle system. We use an original coupling over mesoscopic boxes in T, and
control directly the averages 1/N S.E[[Y? — Y]] to circumvent the aforementioned difficulties
arising in this mean field limit. Moreover, contrary to classical McKean-Vlasov theory (see [(7]
for instance), since the stochastic terms contribute via conservative exchanges, the new system
(7, ZZ)ZS ~ is heavily correlated. We will therefore introduce a third system of independent
processes, based on the techniques developed in [16] for the Kac model (see also [27] in the case
of Brownian exchanges).

Finally, in Section 2.4, we study transport of energy in appropriate scales for the system by
using this mean field limit. We will consider the following additional moment and symmetry
hypothesis on the initial distribution fy:

(H5) for any (r,2) € T x E, fo(r,z) = fo(r, —z).
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(H6) [1. x5 (|v[2+2b + ]x|2+2b) dpo(r, z,v) < oo for some b > 0.

We prove in Lemma 2.7 that the symmetry (H5) is preserved at any later time ¢ for the
solution of the nonlinear martingale problem. Therefore, for a harmonic interaction potential
W(z) = |z|?/2, p is a weak solution to the simpler equation

8tft +v- Vﬂcft - (:E + VU($)> : vvft

— ;y/ Lo(r—r") (filr,z, o) fr(r 2’ 0) = fulr, 2) fi(r!, 2')) dr'd2’, (2.10)
TxE

and the term coming from the interaction potential is therefore reduced to an additional pinning

term (associated with a harmonic potential). Therefore, energy is only transmitted by the noise
in the mean field limit. Define the energy of particle ¢ at time ¢ by
1 W ‘

& = *\V} PHUX)+- D ol Xi = X[, (2.11)

4 k=—(N

we prove that & evolves diffusively for a class of anharmonic pining potentials U.

Proposition 2.2. Suppose W is harmonic and U(x) = |22 (x/|x|), where ¢ € C?(S71RY).
% Zfil Ely—20i/n converges to the solution of

8tet 82
eo(r) = Jip (310 + U (@) + 3lal?) dpso(r,,0),

where ¢, = 5 flﬁ2 u?y(u)du, in the sense that for any g € C*(T) and any T > 0,

[0

The potentials U in Proposition 2.2 are exactly C? homogeneous functions of degree 2,
which satisfy (H1) and for which one can prove an equipartition theorem to close the diffusion
equation for the energy. In particular, we will see that one can construct a function £ = ¢(N) =
c(log N)~1/2 for some constant ¢ > 0, such that

1, i
lim supE HN ;5%(1\/)729 <N) —/Tet(r)g(r)dr

lim lim supE H Z - 29< >—/T€t(7")9(7‘)dr

=0 N—oo¢<T

N—oo t<T

] = 0. (2.12)

2.2 Mean field limit

To define fully define the system (2.3) with the correlation structure of the different Poisson
random measures, we use a construction similar to [16] for the Kac model. Instead of considering
a collection of Poisson random measure on R, x R? that select velocities as in (2.3), we first
define a global Poisson random measure A" on R x T? that selects the pairs of particles which
exchange velocities. A selects points in the periodic square T? with intensity

N LN
1
’yN E ’)/0]1 (rr")EAI XA —|— = E 7k]1(rr NG dthd?“ (2.13)
=1 k%;eN
0

where A’ = [(i —1/2)/N, (i+1/2)/N] for —N < i < N. Note that we identify A’ with A" for
any 1 <14 < N as we work in the torus. The velocity exchanges between two different particles
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with indices i and i + k only happen when the Poisson random measure hits either A? x A™F
or A™* x A’ which happens at rate 3.

We associate to the particle indexed by i a Poisson random measure N on Ry x T that
only selects the velocity exchanges between this particle and one of its neighbours:

Ni(dt, dr) = N (dt, A%, dr) + N(dt,dr, A") — N'(dt, A’, AY). (2.14)
N has thus intensity
IN
AN > lepirdtdr. (2.15)
k=—{N

—t

I8
0 T iy 1
N N

Figure 2.2 — The colors indicate the intensity of the Poisson random measure N over the line
T x A’ and the column A* x T, from which we construct the Poisson random measure N*. In
this figure, the random measure hits the square A? x A2, which thus produces an exchange of
velocity between particles ¢ and 7 + 2.

With these notations, the evolution of the coordinates (X}, V}') for any 1 < i < N is given
by:

dX; =Vidt

L aim (S o VWX - Xi) + VU (XD de + o VN - Vi yani, ). 10
We denote by the brackets in [N7’] the rounded value to the nearest integer of N7/, which might
be bigger or smaller than N7/, and with any arbitrary convention for half-integers. The time
intensity of A" being bounded by ¥, this evolution is well defined for any N under hypothesis
(H1) and (H2) on the potentials. Adapting the construction from [1(], we now define a family
of processes (Y?);<y = (7%, X*, V)< coupled to the original system (Y?);<n = (%, X", Vi);<n,
by

dXi = Vidt
4V} = — (fr 207 — r)VW(X] — 2')puy') + VU(XF)) dt (2.17)
# f']l‘(Hif(rF) - V:— )sz (tr Tf)!

where p is the solution of the nonlinear martingale problem (2.8). Y% and Y are thus driven
by the same Poisson random measure N for any i < N. II? is a measurable mapping that will
be precisely defined in Lemma 2.1, in such a way that when N7 selects a neighbor, the update
of velocity for Y and Y? is close enough. ITi(r") should be actually also written as a function
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I (', 7, Vi ) of 7 and of the vector Vi := (V%) _,nyop<pn, but we omit this dependence
for notational convenience. Also, notice that the spatial parameters r* and 7 are constant and
equal to their initial values r{ and 7, and we will often write r* to refer to §. We call (171)15 N
the nonlinear processes.

It just remains to choose the initial distribution of (17@)15 ~. Let us first comment on the
proof strategy before defining (}70’)15 ~. By triangular inequality,

E (Wi’ )| < B Wil 5]+ E W@ )] (2.18)

where iy = 1/N Y 5Yti is the empirical measure associated with the nonlinear processes. The
first term on the right-hand side can be controlled by the coupling, while we need to prove an
instance of law of large numbers for empirical measures to control the second term. To prove
a law of large numbers result, we face two major issues. First, the system (f”)zg N is strongly
correlated since the Poisson random measures (N*);<y share atoms. Following [16], we will
define a new system of nonlinear independent processes (Y?);<y from (Y?);<y and compare
both systems. In particular, we will take the initial conditions f’oi and )70’ to be equal almost
surely for any i < N. This boils down to prove now that the empirical measure ¥ associated
with the system of independent nonlinear processes converges to fi;.

Secondly, to prove a law of large numbers type result for /1{5\7 , we need the variables }_/tl to
have a similar enough distribution. But, even if we have some regularity on the r-parameter
for the initial distribution pg by (H3), we do not know any regularity property at time ¢. In
particular, we dot not know to what extent two nonlinear processes Y and Y7 with close spatial
parameters 7 and 7/ have a similar distribution.

Therefore, it is easier to deal with truly identically distributed random variables. To do
so, we first introduce mesoscopic boxes. Let exy be a parameter representing the macroscopic
size of the aforementioned boxes such that 1/N < ey < ¢, and assume ey goes to 0 with NV
at a rate to be defined later on. Assume for simplicity that the parameter ey is such that 6&1
is an integer. We subdivide T in exactly €' boxes (Bj)lﬁjﬁef\,l’ where B; =|jen, (j + 1)en],

for 1 < j < e]vl. We add the extra technical assumption that the integer ej\,l divides N, so
that each box contains exactly Ney particles of the original system. Denote by N B; the set of
indices of the particles in the box Bj:

NBj={jNenx +1,jNex +2,...,(j + 1)Nen}.

Denote by ,u{ the distribution p; conditioned on the fact that the coordinate r belongs to
Bj:
pi(r,2) = ex' Loep; e (r, 2).- (2.19)

Forany 1 < j < ef\,l, the variables (f/ol)ze ~NB; (and therefore (f’&)ie ~NB; as well) are then taken
independent and with distribution ,ué. In particular, 7 is a uniformly distributed over B; for
any ¢ € NB;.

Notice that, in a given box Bj, the spatial parameters (7)ie NB; are not ordered as their
respective indices i € NBj in general. Yet, with this construction, we can always localize 7
and get the uniform estimate

li/N — 7| < en. (2.20)

This estimate, together with energy bounds involving VW, will help compensating the fact we
do not have the uniform Lipschitz property for ®,(r)VW (x). The idea of doing couplings over
mesoscopic boxes (Bj), <j<est will appear several times during the proof due to the local mean

N
field structure of our problem.
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EN

Figure 2.3 — Boxes B; of size ey. For i € NB;, *Fé is a uniform random variable in B;

Before turning to the proof of Theorem 2.1, let us state a series of lemmas that we will
use and whose proofs are postponed to the end of the section. In the whole proof and in the
lemmas, K, K’ are constants that change from one line to another that depend on U, W, ¢,
v, but not on N, £, 7 since we want to track the dependence of our convergence rates on these
terms. Define for any 1 < i < N the probability density on T

LN

() =N > Yleenitr, (2.21)
k=—EN

from which N selects a neighbor of particle i to exchange velocities with, see (2.15). Define
also the weighted distribution

whtTo (') = f e —r)dp(r', ', v), (2:22)
TxR

which is the velocity marginal of u;, modulated by the function I'y around the axial parameter
74. This is the distribution we expect for the updates of velocity of the nonlinear processes
with axial parameter 7. In the following lemma, adapted from [1(], we construct the map IT'
introduced in (2.17).

Lemma 2.1. Let 1 < j < ER(I and i € NBj. Then for any N, there exists a measurable

mapping ‘
I : Ry x T x Bj x (RY)#N+1 , Y,

such that, for any ¥ € B; and any v € (RH)Z*N+1 if r is drawn from (2.21), then ILi(r,7,v)

has distribution wht" (see (2.22)). Moreover, for any coupling m; of u¥ and g, the following
bounds hold

L< Nr 00 S XY [
‘j_\'r_ ;]E [A‘ |‘/£[ ] == II:(T', T01V£)|O' (T)d‘f‘:l S KIE l-/(.TXE)Q |'U’ = Uﬁld?rt(y;,yﬁ)]

K " ! " roo Key

and also
1 t}_\,l . ; 2 : 61{‘2
=¥ EU n;(r,ff;},v;)‘gz(r)dr] gK%. (2.24)
N j=14€NB; Bj ¢

From (2.23), we can control the difference of the velocities’ updates between the original
system and the nonlinear processes. (2.24) is a useful bound that we will need. The next lemma
shows the marginal distribution at time ¢ of the nonlinear process Y for i € N B; defined in
(2.17) is indeed 2}, where i is defined in (2.19).
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Lemma 2.2. Let 1 < j < e and i € NB;. The process (Y )t>0 satisfying (2.17) and such
that Yo has distribution :“0 is well defined and has distribution j] .

The next lemma shows that we can choose a good coupling of the initial conditions of the
original system Y; and of the nonlinear processes Y(j.

Lemma 2.3. There exists a coupling of (Y{)i<n and (Y{)i<n such that, for any 1 <i < N,
E DYoi - f’oﬂ < Ken,
for some constant K.

This last lemma gives uniform in time moment bounds by conservation type arguments.

Lemma 2.4. The solution u of the nonlinear martingale problem (2.8) satisfies

Sup/ |22 (r, 2) < 0.
t>0 JTXE

For the particle system, the following bound holds

o o ] <

2.2.1 Proof of Theorem 2.1
Proof. Recall that in (2.18), we got

E (Wi, )] < Bl )] + B W, )]
by triangular inequality. It suffices to prove the convergence of the two terms on the right-
hand side to conclude. Following the terminology in [16], we will call the first step that con-
sists in bounding E[W; (1Y, il¥)] the coupling and the second step that consists in bounding
EW1 (i, pit)] the decoupling.
Step 1: Coupling
First, as the two measures ' and fil¥ are atomic, it is easy to bound

N
~ 1 S~
W (Y, i) < NZ ) =Y/,
=1

and we are led to bound the expectation of the term on the right-hand side. By the evolution
equations (2.16) for (Y?¢);<;<y and (2.17) for (Y?)1<;<n, we can bound:

1 al ) Ve 1 al i i t 1 N i ~i
N;E[M—KI]SN;E[M—Y(}@JF/O N;E[m_ys@ds
t 1 N
+/()dSN;El

/ @y < —r ) VW(XE =2 Ydu® (', %))
TxE N

_ (I)g(?"é _ T”)VW()NQ - LU//)CZMS(T”, Z”)
TxE

|

v gm [ [ -y - (v -7 v n] . e

t1 N ) .
+/0 N ;E VU (X)) — VU (X3)]] ds
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The difference of the force terms |VU (X!) — VU(X?)] is easy to bound by K|X! — X!| by the
Lipschitz property for VU. As for the force term involving VW in (2.25), if we denote by 75 a
coupling between Y and p,, we can bound it by:

1 N

ER et /

N; [(TXE)Q
<1§:EU o <i— ’)‘VW(Xi— N - VWX 2)
_Ni:1 TxE 4 N r s x s T

N

®, ( —r ) VW (X! —2') — ®p(7s — ") VIV (X — 2"

drs(y/, y")]

duiv(y’)]

1 al | i / v / e " i
B[ () [FWOE e - 9w R )

1 N B : 1 ~.
e[ ) s
=1 L
1 X T i : :
+ 5 2 E /(’]1‘><E)2 . (N - r”) — Dy — )| VW (XL — ) dus(y")l
=1 L

< A+ Ay + Az + Ay,

by introducing the four cross terms in the second line and denoting by Ay the term numbered
1 <k <4 at the last line. By the Lipschitz property for VW, the first term is bounded by

A <K~ i ) <I>z< >EHX§—5(§

i=1 k=
since Y, ®¢(k/N) is bounded. Similarly, the second term is bounded by

1 XN .
! (2 3
]gKN;EHXS—XS], (2.26)
Ay < K'E [/ |z" — 2" dﬂs(y’,y”)] . (2.27)
(Tx E)2

It remains to choose a good coupling to bound this term. The fourth term is also relatively easy
to bound by the Lipschitz property for ®,, which has Lipschitz constant equal to Lip(¢)¢~2 by

(2.5):
K1 ZN (A i 1" "
4 2N - 1 [/TXE 2| N "o ]1";8_7,//|<g/2 IVW(XS — )] dps(y7)
KGN 1 Vi " "
S szlEerE)ﬂrfar“<e/2‘VW<Xs‘x )| dps(y")
K’
< ;N. (2.28)

We used at the first line that ®, has support included in [—¢/2,¢/2] to introduce the indicator
function, and we used at second line the uniform bound (2.20). For the last line, we used the
following lemma.

Lemma 2.5. Under hypothesis (H1) on W, the following uniform in time bound holds

N
1 1
sup sup sup — E JE[/T f]lw //‘<g/2‘VW —2")
1

dut(y”)} < oo.
0<f<1 N>1 >0 R4

The proof of Lemma 2.5 is postponed to the end of the section. Using the same arguments,
the third term is bounded by

N
AS < ELZ}E / |T/*T//’]].~i 1" IVW(Xl*ZC//)
— 2N gt (TxE)2 |ry—r""|<£/2 s

drs(y, y")] . (2.29)
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It just remains to choose an appropriate coupling s of p¥ and s to bound (2.27) and
(2.29), keeping in mind that we will need to apply Gronwall’s lemma at some point. A first
option would be to take ms to be the optimal coupling, which would give the best bound for
(2.27), but this gives no information on the term (2.29) since VW is unbounded.

Contrary to the Kac model, the local mean field structure of the system we consider leads us
to introduce again a coupling over mesoscopic boxes, which immediately give uniform bounds
over the term |r' —”| in (2.29). More precisely, recall from (2.19) that for all 1 < j < €5}, we
denoted by pg = ejvl Lyen; s the measure us conditioned on the fact that » € B;. We similarly
define the empirical probability measure on the box Bj:

pi = — E Oy
NeN
1ENB;

Then, denoting by mJ the optimal coupling between 1N and p? for Wi, it is easy to see that

-1
€N )

Mg 1= € 277]

S - N S
j=1

is a coupling of xY and p,. In words, this coupling consists in choosing a box B; uniformly at

random over (B;), <j<er! and then, given that the coordinates r’, 7" € Bj, select the optimal

coupling 7/. With this approach, the term (2.27) can then be bounded by

-1
N

Ay < K'E [/ |JZ‘/ _ LU”| dﬂ-s(y/’y”)‘| < KIEN ZE |:W1(/’L§V7J7/’L‘;):| )
(TxE)? j=1

and the term (2.29) is bounded by
€N 1 ZG Z]E /
Kew. N] T
1
(T

<K'
— e Y

by Lemma 2.5. All in all, assembling the last two inequalities and the bounds (2.26) and (2.28),
the force terms involving VW and VU in (2.25) are bounded by

r —'r’”|<€/2 IVW(X; - :C//)

du?;(y”)]

xE)?

1 ’Viir//‘<e/2 ‘VW(X; — .Z'//)

dpus (y”)l

><E

] + eNEZIE [Wl ,us)} + %N ds. (2.30)

K/ ZE [|xi-xi

Finally, it remains to control the terms coming from the exchanges of velocities. Recall that A/
has intensity yo'(r)drdt, with o" defined in (2.21). Since (¢,7) — II}(r) is measurable, one can
bound

B = ;fﬁ:lﬂ«: Uot [VINT I () — (v;'_ — f/;_) \d/\/i(s,r)]
! tds/ ’V[N’“l I (r )\ dr] + Y= ZE[
S”/otzlviE[/T(V[N”_Hi( )| ()dr]d8+7/ ZE[

ds VZ

V] ds.

do'(r )dr}
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By (2.23) in Lemma 2.1, the first term is bounded by:

t
K5 / dsE [ / ’U/—U”‘dﬂs(y/:y”)]
0 (TxE)?
+ ?) ds,

' 1
+K/0 (E U@rxm V15 L=<y I = " dms(y's ")
-1

for any coupling s of Y and us. Once again we choose the coupling 75 = en Z;ﬁl 7J inside
the boxes (B;) —1 that enabled us to control (2.27) and (2.29), and therefore get the bound:

1<]<
—1

t [ o 1 1
K~ E Ny 7/ "dus + = | ds.
dew [ | B + 7 [ leldne | ds

J=1

Using Lemma 2.4 to bound [g, 5 [v”|dps by a constant, we finally can bound the terms coming
from the exchanges of velocity in (2.25) by

1

—Vi } + ENZE [W1 g J,MS)} + 7 ds. (2.31)

B<K7/ ZE[

Combining the bound on the force terms (2.30) and the bound on the terms coming from
the exchanges of velocities (2.31), we obtain

N
L] < 3 el
=1 i=1

} +eNZE [Wl s ’J,us)} + N s,

Yl
14

A ZE[

0

To be able to combine this inequality with (2.18), we have to introduce the empirical measure
associated with the nonlinear processes (Y7)ien B; iIn Wi (uNo3) p?). Define

i == D 034

ZENB

the obvious analogue of N for the system of nonlinear processes (Y} )zeNB We can apply the
triangular inequality and a straightforward choice of coupling between p¥~ and i) to bound

> V=YW ).
’LGNBJ‘

Wl(ﬂé\]’jaﬂg) < Wl(lu’iv’jaﬁ J) + Wl(:u‘s 7J?:u’s) Nen

We see that summing these inequalities over j, we will obtain the mean value 1/N YN | |Vi -V
for the first term on the right-hand side. Inserting it in (2.32), we get

1 o 1 & o
5 L E[IY -] < & Y E[¥d - 5] (2:33)
=1 =1
71

} +ENZE[W1 T ’],/.LS)} _{_7 ds.

Y’L
14

+K(1+7y)/ Z]E[
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Step 2: Decoupling

Observing (2.18) and (2.33), and since

—1
N

E Wi, )] < en DB Wi, )]
j=1

we can see that it suffices to control the right-hand side term

to conclude the proof. As noted earlier, the sequence of variables (f/t’)lg N is correlated since
particles with close indices 4,4’ are driven by two Poisson A* and N i that share some atoms.
In particular, when an atom (r,7') lies in A? x A? or A” x A, the updates of the two velocities
are correlated by the definition of (IT*);< . Following [16], we introduce a new system (Y?);<y
of nonlinear processes by replacing those shared atoms. In particular, we take advantage of our

box structure (B;), <t to only require independence of (Y;');enp, on each block.

The construction of the nonlinear processes (Y}!)1<;<n is the following. Recall that N was
defined from a macroscopic Poisson random measure AN by the formula

Ni(dt,dr) = N(dt, A*,dr) + N (dt,dr,A") — N'(dt, A", A").

We define a Poisson random measure M is on Ry x T?, independent of N/, with same intensity
given by (2.13). For 1 < j < ej\,l and i € NBj, M’ is defined by

M (dt, dr) = N(dt, N',dr) + N (dt, dr, A') L, g, + M(dt,dr, A')1,cp\ni-

By their definitions, the Poisson random measures Mi_and M do not share any atom if 7,4’
are in the same set NB; for some j. The processes (Y;)i<i<n are now defined by the same
equations (2.17) as (Y} )1<Z< ~, but replacing N by M?, and with initial values Y§ = Y{.

Lemma 2.6. For any 1 < j < 51_\/ , the processes (YZ)iGNBj, defined by

dX} = Vidt
AV = = (frp @elFs = ) VW (X = )dpuu(y') + VU (X)) (234)
+ Jp(I(r') = VE)dM (¢t 1)

YOi = YOZ"
are independent.

Denoting by ,U,iv J the empirical measure associated with (Y}!);en B, the triangular inequality
gives

Nj Nj -Nj NG
E Wi, )] < B WG, i) + B Wi )] (2.35)

and it suffices to control EW; ([liv 7 [Liv 7] to conclude, the other term being controlled by the
law of large numbers result in Appendix 2.A. The bound

Wi, i) < — > Y, (2.36)
’LGNB
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is easily obtained for all 1 < 5 < e]_vl, and, as we are ultimately interested in founding a bound
for the expectation and mean over j of Wi (fi7, ii} ), we are finally led to bound

1

N
N;ED” V| / ds—ZE Vi — Vi)
—i—/o dsN ;E [/TXE@g (7"“’6 — 7"') ‘VW()?; — ') = VW (X!~ x’)‘ dus(r’,z’)}

)

R 7i
+/ dsNz;E[(VU(XS) — VU(X)

1 a t 7 7 7
NE:l [ O/T<HS(7') ) AN (s,7) - // T ) aMis, )}. (2.37)
Notice that we used that 7““"6 = Fé for the term at the second line. A bound
t 1 N ~
K | ds— E|Y!-Y! 2.
[ don B [i7 - v (2.38)

is easily obtained for the first three terms. The last term in (2.37) can be bounded by splitting
it in the three following terms:

-V

*ZZE

j=1i€eNB;

dN(s, A7) + dN (s, Ai)]lr¢3j) }

INALCE

(57 Ty Al) ]lTEBj\Ai]

+ — ZZE

] 1:eNB;

+a z S E / [ e (5.7 A L
] 1ieNB;
=C1 +Cy+ Cs,

where the first term C; corresponds to the simultaneous jumps of Vi and V%, i.e. the shared
atoms of N* and M’ for 1 < i < N, and the two other terms Cy and C3 respectively correspond
to the jumps of Y alone and to the jumps of Y7 alone. The term coming from the simultaneous
jumps is equal to

1Y
Ci =72 Z / dsE [ Vi < v/ ds— } . (2.39)
N 4 0
Jj=1ieNB; k: +k§éNB
As for the term Oy coming from the jumps of N alone, one immediately gets:
—1 _
1Y ! i i) i
G <> > E /Ods/B_(\Hs(r) + |V )a(r)dr]
j=1ieNB; L i
1 6;]1 Z ot ‘ . ‘ ' Nen }
<F= E / ds / 11| o' (| e
Nj:lz’ENBJ /0 B;
1 [t R v [t &
S’WZ.Z E /OdS/B_)Hs(T)\U(T)d + K7 NZ |Vil]ds,  (2.40)
Jj=li€eNB; L J =1
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where we used the symmetry and monotonic properties (H2) of v to bound the integral over
Bj by the sum ZNENNE vk at the second line, and then bounded this sum by Key /¢ by the
deﬁmtlon (2.2) of . The sum appearing in the second term of (2.40) is equal to

1N
— ’Uds:/ vldps < oo,
Ng Z/ oldps = [ Joldp

which is finite by Lemma 2.4. By the bound (2.24) of Lemma 2.1, we can bound the first term
in (2.40) and finally get the following bound for Cj:

1/2 1/2
— / —_
Cy < Kty <£1/2 + ) K'ty 61/2, (2.41)

for N large enough. The same bound can be obtained for the term C3 coming from the jumps

of M? alone. Combining the bound on the force terms (2.38), the bound on the simultaneous
jumps (2.39) and the bounds on the asynchronous jumps (2.41) in (2.37), we get

T o ¢ 1/2
N;E[M—Ytﬂgf{/o ((1 ZE“W i)+ _61/2>d5

By Gronwall’s lemma and (2.36), we finally get

N 4 5 /2 _
eNzlE G, )] < ﬁ% (eF M —1). (2.42)
J

Since by Lemma 2.4, the measure u; admits a moment of order 2 for all ¢ > 0, we can apply
the results of Appendix 2.A and get

1
EN ) ) 1
en 2B PG, )] < K/ (New) T o+ Ke.
j=1

Combining this result with (2.42) in (2.35) finally gives

1
N o = 1/2 1
ENZE [W1(ﬁiv’j,uj)} < 117611\;2 KN L KN (Nen) T 0 + Key. (2.43)
j=1

Conclusion of the proof of Theorem 2.1

Combining (2.33) and (2.43), and applying Gronwall’s lemma, we get the bound:

fZE[IYt ]S—ZE[IYO Y]] et

_1)2
[V @D TN KO+
+ K (6 + (Nen) +€N+1+ "o e .

By Lemma 2.3, we can bound E[|Y§ — Y{[] by ex for all i. Since ey is smaller than ey //, we
finally get

1/2

YN\ K149t
fZE[‘Y% }<K/<€+(N€N) d+1>+1+7£1/2>e (47t
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Finally, combining this bound together with (2.43) in (2.18), gives

_ 12 i
E [Wl(/liv,ut)} <K' <62V + (Nen) ™ @D LT N )eK(Hv)ﬁ

1+761/2
O
2.2.2 Proof of the intermediate lemmas
Proof of Lemma 2.1. 1. Construction of II*
The construction of I’ is based on Lemma 3 in [16]. Let 1 < j < e5' and 4 € NB;. Fix

7 € Bj and v = (v'*) _ynep<on € (RY)ZNHL Recall from (2.22) the notation for the weighted
measure around 7, from which we select a new velocity for particle Y

wi )= [ ToF (o),

where the integration is only on the r and x variables. Denote also w”' the weighted measure
on R? corresponding to the update of velocity of Y in the original particle system:

IN
Z 7k5vi+k.

k=—(N

From a random variable r with distribution o (see (2.21)), we want to construct a couple
of variables (v[N") IIi(r, 7, v')) with respective distributions w"' and w**" for all (¢,7,v*). In
addition, we want the distance between those variables to be small in the sense that

/ N T, 7, v o (r)dr = W (', whe ). (2.44)
T

It is straightforward to see that vVl has indeed distribution w"' in that case. The construction
of a function IT’(r) with distribution w**" such that (2.44) holds principally amounts to the
construction of a random variable with given law from a uniform random variable.

In fact, let piivi (v,0) be the optimal coupling of wY' and w"". For a couple of random
variables (V, f/) with distribution pi = yi» define PZ fvi to be the conditional law of YN/, given that
V =Vitk je.:

. . . . 1 . .
ke k k d k
Pl i(B) = bl () B0 xR = —pl () < B), - (249)

t,r,v*

for any Borel subset B of RY. The second equality comes from the fact that p! ., ({v"™"} xR?) =
w”' ({v"T*}) = 3. Then there exists a function

Gyt AT RY (2.46)

such that, if r is uniformly distributed on A***, quvz( ) has distribution Pti’:vi. Defining IT*
by bR

HZ (r, 7, V Z qtrvl 1,cpivh, (2.47)
k=—¢N
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the pair (v!V"] II¢(r, 7, v*)) has indeed distribution pi . i if 7 has distribution ¢’ (r)dr. Indeed,
P (U[Nﬂ S VAR | V= B) —P (r e ATTE T ¢ B)
=P (r € AF) P (IT} € Blr € ')
ik

=P ¢k ,.(r) € B)

= pi,f,vi({‘/ti—i_k} x B).
(2.44) is now obvious from the fact (V;[NT},Ht(r)) has distribution p! when r is distributed
by oi(r)dr. To ensure that the construction of II* detailed above can be done with the de-
sired measurability properties, we follow [16]. Since the mapping (t,7,v?) ~— (w"',w"t") is

measurable, then we know from Corollary 5.22 in [73] that there exists a measurable mapping
(t, 7, V") — Py ;i such that py ., (v,?) is an optimal coupling between those two measures.

Ptifvi defined in (2.45) is a kernel from Ry x B; x (RY)ZN*! t0 R 50 by Lemma 2.22 in [11],
qz:f i i (2.46) can be defined as a mesurable function of (¢, 7, 7, v*). Finally the definition (2.47)

ensures that II* is a mesurable function of (¢, r, 7, v?).
2. Proof of (2.23)

By (2.44), we can directly bound W (w V', wh ’?é) to obtain a bound on (2.23). By Kantorovich-

Rubinstein duality formula (see [73]), this term can be rewritten:
_ _ N ‘
WiVhuw ) = sup |3 eVt - [T - el e, )| (249
Lip(p)<1 | p—_yN TxE
¢(0)=0

By the definition (2.2) of 7k, we have
K K’

w= e (3)| = | [ (rew -re(5)) ar| < 5 [ ilar <

using the Lipschitz property for I'y for the first inequality. As a consequence, we can introduce
the empirical measure p)¥ in (2.48) by replacing 7 and get the bound:

Wl (wvé R w“t’%)

< sup
Lip(p)<1
©(0)=0

i ~i
[ et (5 =) dud ) = [ o — o dgas” ")
TxE TxE

K

tye S / ') Lgji/N—r duN (v, 2).

NE pLip(p)<i TXE‘ PO L gja/N—rri<e/oydpe ( )
©(0)=0

Therefore, bounding ¢(v") < |v/| in the last term on the one hand, and taking expectations and
the mean over 1 < ¢ < N on the other hand, we get:

et (5 =) a0,

= [ el Tu(# = (")
TxE

1 vi _ 1

=N "E (W (wVe, whero)| < — El sup
Ni:zl { } Zl Lip(p)<1
©(0)=0

1=

|

NEQNZ Z E [|V;iH]. (2.49)

k=—{(N
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The sum 1/N 3, E[|V{|] is bounded by Lemma 2.4, therefore the last term in (2.49) is bounded
by

N@NZ Z E (V] < = (2.50)

k=—(N

We can now focus on the first term of (2.49). Let m; be a coupling between ¥ and .
Introducing cross terms, we bound the supremum term in the expectation:
Lip(p)<1

! ~i
/11‘ E P ()T (N a 'r’) dug' (1", 2') - /ﬂ, p Q" Ly(7h — 1" )dpe (", 2")
X X
©(0)=0

< s [ fel) — eI (- ) dmly'sy)
(Tx E)? N

sup

Lip(p)<1
©(0)=0
Z’ .
+ su / " F( ) F<—T‘)d7'r !yl
Lip(apl))gl (TxE)? LSOl N N (v, y")
©(0)=0
+sup / (") ‘FE <Z - T”) —T(7) — r”)‘ dug(r” 2"
Lip(p)<1J(TxE)? N
©(0)=0
= / |U/ — U”‘FZ i —r')dn (yl y”) + K/ |v//m _ {T‘I B 7“//‘ e (y/ y”)
>~ (’]]‘XE)2 N t ’ 62 (TXE)2 {‘Téfr”|<£/2} t ,
KEN
e /(TXE)Q L -/ 0" 1dpe (", 2), (2.51)

where we used that |¢(v”)] < |v”| and the Lipschitz property for T'y at the last line, as well as
the fact that i/N, 7} € B; for some j and therefore their difference is smaller than ey for the
last term (see (2.20)). Using Lemma 2.4, we can bound [r, ;- [v”|dp; by a constant. Combining
(2.50) and (2.51) in (2.49), and taking into account the expectation and the mean over i, we
finally get the bound

1 & i ~i
— > E (Wi (wVe, w0 gKIE/
N; aw¥E, ) l(

o = o dm(y/, o)
TXE)?2

K " / " ;o Ken K
tet Umw)z [ <oy I = Ay )|+ =+

for all coupling 7¢ of 1Y and ji;. As ey > 1/N, (2.23) follows.

3. Proof of (2.24)

Using the definition (2.47) of IT?, and then the definition of ¢"* we get

% =i % )
R CE A I SRR VR CI T
H—kENB
= ]1 itk dp! v 0"
H—k’ENB

= /RdXRd‘ |]l{’l) e{vk kENB }}d t?"07 (,0171}/1)7
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where the summation on the first two lines was on indices k satisfying both —¢N < k < /N
and i + k € NB;. By Cauchy-Schwarz inequality,

; 1/2 ~ 1/2
R N Vi 2 T
/B]- ‘Ht(r, ro,Vt)‘a (r)dr < (/Rd ﬂ{v’e{vk,keNBj}}dw t(U/)) (/Rd 0" 2wt 0(’0”))
1/2
(N
< T, (7 — " 10"12d " //>
S| X | (L me G ) wra
i+kEN B,

61/2 1
N i 2 "on
SKM (1+2/T><EF€ (’FO*’I“) lv|“dps (r”, = )),

1/2

using at the last line that the coefficients 74 are bounded by K/¢ and using the standard
inequality (1 + x)Y/2 < 1+ 2/2 to bound the square root. Summing this last inequality over
i,j, taking expectations and using that 79 is uniform random variable on Bj we get:

—1
= i i 611\{2 1 2
N Z Z E l/B ’Ht(r)‘ o (T)d?" S KW <1 + 5 /TXE |’U//| dﬂt(r//,zl/)> ]

j=1ieNB; j

Applying Lemma 2.4 gives finally (2.24).
0

Proof of Lemma 2.2. Fix 1 < j < ejvl and 7 € NB;. First, by the construction of II’ in Lemma
2.1, (t,w,r) = T (r, 7 (w), Vi (w)) is measurable with respect to the product of the predictable
sigma field in (t,w) and the Borel sigma field of T. Therefore the integral with respect to the
Poisson random measure in (2.17) is well-defined. Using the terminology of the next section,
we are first going to check that the law of the process Y solves the linear martingale problem
(2.57) associated with p and starting at u, and finish with a uniqueness argument to prove that
its law is in fact p/.
For any ¢ € C}(T x E), by a direct computation from (2.17), we have

~. ~ . t_. ~ .
V() = v + [ V- Ta()ds
- / s ( Oy (7L — ) VW (X] — ) dps (', 2') + w(ic;‘)) Vo (V)
0 TxE
t o~ DU .
4 [ ds [ (0 RLTEE) = 07 XL VD) o)’ + M, (2:52)

where M; is the compensated martingale associated with the Poisson integral. By the definition
of IT" in Lemma 2.1, the last integral can be written

/T (¢(%,X§7Hi(r’)) _ w(?ﬁ,xé,f/;)) ot ()’
I (w(ﬁa)?zav’) — 1/;(}7;)) dw“s’?é(v')
R

= [ (i =) (L XL0) = o (V) dus(r, ', 0),
TxE

and we can therefore rewrite (2.52) as

VT = 0T + [ Ll (s + M



2.2. MEAN FIELD LIMIT 49

Hence the law of Y solves the linear martingale problem associated with 4 and starting at /J%.
We are now left with the task of proving that this property is sufficient to characterize the law

N‘z (7’7 Z) = Gj_Vll]-T‘EBj,u’t(Ta Z)'

To do so, we construct 6&1 processes (Y7) whose respective laws solve the linear

1<j<eyt
martingale problem associated with u and starting at uf. Let U be a uniform Fy-measurable
random variable on T, independent of any Y7. Now define the process Y on T x E by

6_1
N

j=1

We can check that the law of Y solves the linear martingale problem associated with p and
starting at ug. This suffices to deduce that Y has law p by uniqueness of the solutions to the
linear martingale problem. In fact, it is easy to see that Yy has distribution pg and, for any
¢ € C}(T x E), one has

—1

EN ] '
1) =Y () lyes, = < (Y9) +/ Lps]Yp d8+M¢”) Lyes,
=1
= 9(Yo) +/ [0 (Ys)ds + M,

where MY are martingales and MY =S M%7 1 B; is therefore a martingale.

It now remains to check that Y7 has distribution 1. For any measurable function ¢ and
forany 1 <j < e]_\,l, by independence of U and Y7,

E |¢(Y)Lren,| = E [¢(¥)lues, | = enE [o(¥)] -
Therefore Y7 has distribution 1/ as expected, since

lﬂwﬁﬂ—%%[<>me=A iy

xE

and this concludes the proof.

Proof of Lemma 2.5. Recall that r{ is uniformly distributed over Bj, where j is such that
i € NBj. We therefore already have the uniform bound

Recall that Zj has distribution fo(i/N, z)dz and Z} has distribution €y N f B, f(r,z)drdz, where

the integral is only over r, i.e. the distribution of Zo is the marignal of x), on the z coordinates.
Therefore, we can choose (Z}, ZO) to be distributed as the optimal coupling between those two
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measures and get, by Kantorovich-Rubinstein duality:

EUZ@— = sup /«p ) fo dz—e]_vl/ ©(z) fo(r, z)drdz
sz <1 B;jxE

N AR I (1 R
Lip(p)<1/BjxE

©(0)=0

<ey sup / ©(z) Ly h(z)drdz
Lip(¢)<1 JB;xE N
©(0)=0

<6_1/ ! dr/ z|h(z)dz

< [ |y ol [

< Key

using hypothesis (H4) at the third line. Hence
E ||Y] - Vil < Ken.
U

Proof of Lemma 2.4. Let Y; be the canonical process associated with the solution to the non-
linear martingale problem (2.8) starting at po. Defining the energy

1 1
Elul(Yi) = 5V + 5 [ @ulro =)W (X =) + UKD, (259)
X
we can see that its expectation is constant, i.e.

B ()] = [ W) = [ Eluolw)duolo).

which is finite by assumption (H3). In particular, by assumption (H1) on U, we get the mo-
ment bound we expected.

A similar argument holds for the particle system defined by (2.16), which clearly conserves
energy in the sense that:

i=1 k—ffN

N
/ XEg[uiV](y)duiV(y)ZZ( Vi Y e X;'*’f)w(x,f))

— Eld () dpd ()

TxE

almost surely for all ¢t > 0. O

Proof of Lemma 2.5. The proof of this lemma is similar to that of Lemma 2.4 and is again
based on conservation of energy. Since the law of Yt is given by u] if i € NBj, one has:

1 vi
Nzl {/T Bl HES “|<E/2WW(Xt_x”)d/it(r”,z”)}

EN 1
=D [ e VWG = a2, ")
7j=1

N /aer)z 7Li—rn<ep2 VW (2" = a")dpe(r', 2)dpue (r", 2).
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By Jensen’s inequality and assumption (H1) on W, we get

1
ZE[/T EE 7 T”|<£/2|VW( — 2" |dpe (", 2"

=1
1/2
< (c/ ]1|T oW (@ — 2" dp (r', 2 ) dpg (", 2 )) .
(TxE)2 ¢

It just remains to show that this last term is bounded by a constant that does not depend
on £. This fact is true if we replace £ 1,1, <¢/2 by ®@¢(r' — "), by conservation of energy,
following the proof of Lemma 2.4. However, ®,(r) is not necessarily bigger than E‘lllmd /2, i
particular for r close to £/2 or —¢/2. Instead, we are going to take advantage of the integration
over 1’ and r” to properly achieve this bound.

Let a be the only real number in [0, 1/2] such that ¢(a) = ¢(—a) = ||¢]|co/2. Adding several
times the function ¢ shifted, we can upper bound the indicator function. More precisely, there
exists a finite integer m such that

H¢HOO]1\ 1<1/2 < Z o(r + ka).
k=—m
From this, we deduce that
1 2
Oy(r + ka).
r|</ 2 = Z
ghirist2 = g k_Z_m

Inserting this in the integral term, it now suffices to bound it by

1
/(’]I‘XE)2 EHV <o W (" — 2" )dpe (1!, 2" )d g (v, 2")
22m+1)

= 6l

by translation invariance of the Lebesgue measure on T.

/(T e <I>g(7“, _ T,/)W(CE, _ xﬂ)dﬂt(T/, z')d,ut(r", Z”),
X

O

Proof of Lemma 2.6. Denote by M? the point process on T x R? with atoms given by (¢, II;(r))
for any atom (t,7) of M*. Since the initial positions (Y)ienp, are independent, by the equation
(2.34), independence of the processes (Y*)ienB, will follow from the independence of (M%)ienB,-

The independence of the point processes (M');enp; is straightforward from the fact they
do not share atoms, but by the definition of II* in Lemma 2.1, this argument alone does not
guarantee the independence of (M?);¢ ~NB;- Let g1,..., g, be n nonnegative compactly supported
functions defined on R? and i1, ..., 4, be n indices in N Bj. Let

Gy = kz:/ot ds /Rd gr(v)dM* (s,v) = kz:/ot ds/Tgk(Hi’“(r))dMi’“(s,r),

by definition of M. Since (M );<x<, do not share atoms almost surely, then with probability
one,

Gt 14 kg / s [ (ex0 (<6 = au(11()) = exp (<G )) dMP (5,7).

Taking expectations, we get

afro] < 1o [lanle] (3 [ () rtn),



52 CHAPTER 2. VLASOV LIMIT

which gives
_ i ¢ —au(v' S,Fik
]:E |:e Gt:| — kglexp (/0 dS Ad (e gk( ) _1) dw,u 0 (U,)) ,

and this concludes the independence of (M?);cn B;-

2.3 The nonlinear martingale problem

This section is devoted to the proof of Proposition 2.1. Recall the formalism of (2.3) with
a random point process that selects directly the neighbours’ velocities. We expect that, as N
goes to infinity, the typical trajectories of the particles in the system (2.16) should be close to
the solution of the nonlinear stochastic differential equation

dX, = Vidt
Vi = = (Jpem @elro = 7)VW (X, = 2)dpu (1, 2') + VU(Xy)) dt (2.54)
+ fRd (U/ - V;*)dN”’TO (tv 1)/),

where N#7 is a Poisson random measure on R, x R?, independent of (Xo, Vo) given rg, with
intensity
Fdtdwt ™ (v, (2.55)

given rg. w0 is the velocity marginal of u:, weighted by the function I'y around rg, as defined
in (2.22) (replacing obviously 7 by 7o in this formula). Moreover, we set r; = 7o for all time
t > 0. Formally, (2.54) is given by taking the limit p of xV in (2.3).

The nonlinear martingale problem (2.8) and the equation (2.54) are nonlinear in the sense
that they are both defined using the marginals (u¢):>0, which are themselves only defined as
a byproduct of the solutions to these problems. Several existence and uniqueness results exist
for the solutions of SDEs and nonlinear martingale problems with similar Poisson exchanges in
the case of the Kac model (see for instance [19, 28], and also [35] for a model with additional
mean field interaction). Since (r,x) — ®;(r)VIW (x) is generally not Lipschitz continuous, those
results cannot be applied straightforwardly in our setting and we have to study it from scratch.

To deal with the nonlinear problems, we first study the well-posedness of the associated
linear problems. Let Q € M!(D) be a fixed probability measure. The linear mean field SDE
associated with @ is

dXy = Vidt
Vi = = (Jpm @elro = 7)VW (X, = 2)dQu(r', 2') + VU (X,) ) dt (2.56)
+ Jpa (V) = Vi )AN @0 (2, 0')
and N9 is associated with the same measure (2.55) (with @ instead of u). Similarly we

say that u is a solution to the linear martingale problem associated with () and starting at
vp € MYT x E) if uo = v and

M = u () - p(%0) - [ £IQUY.)ds (2.57)

is a martingale under p for any 1 € C}(T x E), where L is the operator defined by (2.7).
Proposition 2.3. Let vy € MY (T x E) satisfy (H4), let Yy be random variable with law vy
and let QQ € D such that for all T >0

sup/ (lz] + |v]) dQ¢(r, 2) < 0. (2.58)
t<T JTXE
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There is a unique solution to the stochastic differential equation (2.56), both pathwise and in
law. Its law p is the unique solution to the linear martingale problem (2.57) associated with Q
starting at vy. Moreover, for any T > 0, p satisfies

sup [ (Jol + fol) dp(r,2) < oo, (259)
t<T
and for any t > 0, and any measurable p : T — R

/ o(r)du(r,z) = / o(r)dvy(r, z). (2.60)
TxE TxXE

The proof of this proposition relies on classical techniques and there is no particular difficulty
in deriving it. We therefore postpone it to the Appendix 2.B. With this result, we are now able
to prove Proposition 2.1. The proof is inspired by [35] and relies on a contraction estimate in
the space M!(Dr) for some T > 0, where D := D([0,T], T x E) is the set of right-continuous
functions with left-limits defined on the time interval [0, 7] with values in T x E. To take into
account the particular role of the parameter r, we will use a new appropriate Wasserstein-type
distance. Let us first introduce the more classical distance that we will use throughout the
proof. From the uniform distance

" =y lloo,r := sup |y; — y{| (2.61)
t<T
between y!,y? € Dr and from the Skorokhod distance ||-||o 7 that makes the space D a complete
space [10], we can consider the associated Wasserstein distances between Q', Q? € M (Dr):
1 2
W@ @) = _int [ Iy =1/ lrdn(y.v),
W, L Q? inf / d
0,r(Q,Q%) = reTI(OL,Q2) ly —y ||0T m(y,y')-

In particular
Wor(Q', Q%) < War(Q',Q%), (2.62)

holds for any measures Q' and Q? by comparison of the two distances || - ||co.7 and ||+ [lo,r. From
the completeness property for (Dr, || - [lo.r), we immediately get that Wy 7 makes M'(Dr) a
complete metric space (see [73]).

We will also use Wasserstein distances on the spaces of probability measures on T x E, F
and R?. We will always use the notation W for each of them, and the space which it refers to
will be clear from the context. We will also always denote by Wy, v the Wasserstein distances
between probability measures on the spaces of trajectories on T x E, E and R,

We will only deal with measures Q', Q? € M!(D) satisfying the following properties
(h1) supycp [ (|z| + |v]) dQ}(r,z,v) < oo for i = 1,2 and for all T' > 0.

(h2) Q! and Q? only charge trajectories (r¢, s, v¢);>0 With constant r, = ro. Moreover, the
r-marginal of Q} and Q3 is the Lebesgue measure on T.

Under (h2), define the probability measures Q%" and Q*" on D(R,, E) to be the conditional
distributions of Q' and Q2 on the z-trajectories given 7.

Definition 2.1 (Sliced Wasserstein distance). The sliced Wasserstein distance between two
measures Q', Q* € MY (Dr) satisfying (h2) is the distance

SWaor(Q1,Q /erwT QY Q>"). (2.63)
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Such a terminology has been used in a different context (see Chapter 5.5.4 in [01]), although
the ideas behind both definitions are close. Therefore we will stick to this terminology. We
will actually prove the contraction estimate for sliced Wasserstein distance by constructing
an explicit coupling of the solutions of the linear martingale problem associated with @' and
Q?. This distance enables us to deal with the particular structure we are considering and in
particular to control the difference of the terms coming from the interaction potential and from
the exchange of velocity. Moreover, the bound

Woor (@', Q%) € SWao r(Q1, Q7).

follows directly by considering the coupling (r, Z,7, Z') € (Dr)? of Q' and Q?, where r is a
uniform random variable on T and (Z, Z’) has distribution given by the optimal coupling of
Q'™ and Q%". Combined with (2.62), we get

Wor(Q', Q%) < SWar(Q", Q%). (2.64)

Proof of Proposition 2.1. In the whole proof, K and K’ are positive constants that change from
one line to another and depend on the parameters of the problem W, U, ¢ ~ but also ¢ and 7,
since we do not need to keep track of these elements anymore.

1. Contraction estimate on a short time interval

Let Q' and Q? be two elements of M!(D) satisfying (h1) and (h2). We are going to
construct two coupled solutions Y! = (r!,; Z1) and Y? = (r%, Z?2) of the linear SDE (2.56)
associated with Q' and @Q? respectively and with initial distribution 1. By this coupling, our
goal is to control the distance SWao (11}, ?) by SWao r(Q1, Q?), where p! and p? are the law
of Y1 and Y? respectively.

We first couple their initial positions by setting r§ = r2 = 7o, where r is a uniform random
variable on T, and we set Z& = 72, with Z& distributed with the probability measure v/,°. In
particular, the conditional law of Z* given rqy is p»™ for i = 1,2. We straightforwardly get

SWoor(ph, 1?) SE[[1 2" = 2o - (2.65)

We then construct the point processes N Ql’ro, N@ro that drive the two processes. By
(h2), the time intensities of the processes N QLm0 and N'QT0 are equal (to 7), thus we can take
the same jump times (7},),>0 for both. We will take V%n and ngn, which are the new values of
V1 and V? after the jump, to be distributed as the optimal coupling of W@ ™ and w o
that is to say:

E [[V4, = V2 lIro, T = W(w®m ™, w5 ). (2.66)
We have a good control on (2.66) with the sliced distance by the following argument. Let

" € I(QM, Q>") be the optimal coupling between Q%" and Q%" for Weo T, for r € T. Using
Kantorovich-Rubinstein duality formula and hypothesis (h2), we can bound W (w@:-"0, w@%:70)
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for all t > 0:
Wy (thl,To 7 wQ?ﬂ"o)

= sup / oW \To(ro — r)dQ; (r', 2') —/ o(W"Te(ro — r"YdQ3(r", 2")
Lip(o)<1 |JTxXE TxE

= sup | [drTutro 1) [ (o) ~ ol dmi (/")
Lip(p)<1 1T B2

§/dr1“g(r0—r)/ |v) — " |dr] (7, 2")
T E2

< [T — Wa (@, Q*")
T
< KSWao 1(Q1, Q%), (2.67)

where 7} is the time marginal of 7" at time ¢. A similar control by Wy, 1 instead of SWy 7 is
much more difficult to get. As a consequence we control what happens at jump times. For the
rest of the proof, we will adapt the proof techniques of [35]. We will only be concerned by the
jump times before T, so set S, = T'AT;,. The quantity d, := || Z} — Z?||w,s,, is clearly bounded
by

dy < sup |Z} — Z{| + |2, — Z3, |-
t<Shp

The last term can be bounded in expectation as follows: by continuity of X and continuity
of V when there is no jump,

E|[|z, — 73| <E[Ix§,_— X3 _|+|Vd -V
<KE[|ZY, - 23, || +E WP w?n)]

< KE lsup 2} — Zt2|‘| + KSWaer(Q, Q°),
t<Sh
using (2.67) at the last line. Combining this with the previous inequality gives:

E[dn] < K/E[dn—l] + K'E [ sSup ‘Ztl - Zt2’
Sn_1<t<Sp

+ K'SWaor(Q', Q7). (2.68)

It just remains to control properly the second term of (2.68) to get a recursive inequality
on E[d,]. This second term corresponds to a deterministic evolution between two jump times,
so we need in particular to control the difference between the force terms at time ¢. By the
Lipschitz property for VW, we have

Dy(ro — T/)VW(th — x')dQ%(r’, 2 — /T . Dy(rg — r”)VVV(Xt2 — x")de(r”, 2"
X

TxE
dmy (2, 2")

< / dr®,(ro — T‘)/2 ‘VW(th —2') - VW (X? - 2")
T E
< K[X}! = X2+ KSWeor(Q, Q%)

introducing cross terms at the last line. This is the second place where we needed the sliced
distance SWao, 1 to bypass the difficulties coming from the r-parameter. The contribution of
the difference between the pinning terms VU gives an extra K|X} — X?| term. Hence, we get
for S,,_1 <t< S,

t
2 - 2\ <125, — 28, | + K/S 12, = Z1ds + KTSWoo.r(Q', Q%)
n—1

<d, 1+ KT sup |Z]—Z|+ KTSWer(Q, Q).
Sn—1<S<Sn
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Taking the supremum for S,,_; <t < S, on the left-hand side and choosing T" sufficiently
small so that KT < 1, we get the following bound:

1 KT
sup |z} — 72| < Tttt SWaor(Q, Q7). (2.69)

Sp_1<t<Sn KT 1-KT

We can now combine this bound (2.69) for the deterministic dynamic evolution to (2.68) to
get that:

2— KT K
E[dn] = Kl _ KTE[dn—l] + 1— KTSWOQT(Q :Q )

< arBldy, 1] + brSWao r(Q", @),
where we denoted for simplicity

29— KT K
1-KT' TT1-KT

ar = K

By recursion and using the initial condition dy = 0, we get

n

E[d,] < 2L

ar

b SWar(Q', Q7). (2.70)

Now that we control the trajectories until time .S,, we can extend this control up to time
T. Let Np be the number of jumps during the interval of time [0,7]. Then

E |2 - Z%|ccr| < Eldn,] +E

sup |2z} — th\] . (2.71)
TNT<t§T

As there is no jump between times T, and 7', we can apply the same estimates that lead
to (2.69) to the second term on the right-hand side of (2.71):

1 KT
1 21| < 8L 1 2
E lTleiI;ST’Zt Z; |] <7o KTE[dNT} + 1 KTSWoo,T(Q Q%)
ar bT
< (K - 1) E[dNT] + (K - 1) SWOQT(Qla QQ)a

in terms of ay and bp. All in all, combining this last inequality with (2.70) and (2.71) leads to

B (12} - 28] < GEBldn) + (5 — 1) SWar(@', Q)
(lTbT Nr bT 1 2
< (K(aT—l) (E[CLT } — 1) + ? — 1) SWOQT(Q ,Q ) (2.72)

As Nr has a Poisson distribution with parameter 3T, the coefficient multiplying SWe 7(Q*1, Q?)
can be computed explicitly:

aTbT N bT
= ——— (ElaT]| -1 — -1
er Klar — 1) ( [a7"] ) T
. CLTbT _ bT
= Kar —1) (exp (YT (ar — 1)) — 1)+ i 1.

Since by = K, it is easy to see that cg = 0. As cpr is a continuous function of 7', we can
choose T" small enough so that ¢y < 1. Combining (2.72) with (2.65) finally gives the following
contraction estimate for a short time 7" > 0:

SWoor (i, 12) < crSWao 1(Q1, Q). (2.73)



2.4. ENERGY TRANSPORT o7

2. Eristence and uniqueness in M*(Dr)

The existence part follows from a classical iteration method. Start from a measure u° €
MY(D) such that uf = vy for all ¢ > 0. Then define iteratively (u™),>1 as solution to the
linear martingale problem (2.57) associated with p"~! starting at 1. This is possible since, by
(2.59) in Proposition 2.3, the solution u™ to the linear martingale problem associated with p" 1
satisfies

sup [ (Jal + o] di (. 2) < o,

t<T JTxE
which enables us to define such an iteration by Proposition 2.3. Moreover, by (2.59) and (2.60)
in Proposition 2.3, we know that for any n > 0, u™ and p"*! satisfy the hypotheses (h1) and
(h2). We can thus apply the recursion estimate (2.73) recursively and get

SWaor (", 1) < (e1)* SWoo (1, 1°)

and the sequence is thus Cauchy for SW., 1 and therefore for Wy 1 by (2.64). By completeness
of MY(Dr) equipped with the distance Wo T, the sequence converges in this space. Uniqueness
is also immediate by the contraction estimate.

3. Ezistence and uniqueness in M*(D)

Let 1 be the solution to the nonlinear martingale problem starting at vy on M!(Dr) and let

Q' and Q? be two measures on M*(D) such that Qf = Q7 = y; for t < T. Define u! and p? to

be the solutions of the linear martingale problem associated with Q! and Q2 on M*!(Dyr). Thus

pt = p2 by uniqueness of the linear martingale problem on M!(Dr) and the same contraction

estimate as (2.73) hold for the interval [T, 27] between !, u? and Q', Q. Thus existence and
uniqueness extends to M!(Dyr) and by immediate recurrence to M(D).

O

The same Picard iteration used in the previous proof enables to prove the following Propo-
sition.

Proposition 2.4. There is existence and uniqueness in law of solutions to the SDE (2.54).

2.4 Energy transport

We finish by studying the transport of energy in our model for a class of pinning potentials
U and proving Proposition 2.2. The proof is in two parts. In the first one, we prove a diffusion
equation for the energy associated with the limit measure ji; at the timescale t/=2. In the second
part, we prove that the energy of the particle system converges to the energy associated with
¢ in that timescale.

2.4.1 Diffusion equation for the limit measure

First, let us start by proving that the symmetry (H5) is preserved at any time ¢ > 0 for
symmetric potentials.

Lemma 2.7. Under (H5), if U and W are symmetric, then the symmetry u(r,z) = p(r, —z)
for any (r,z) € T x E is preserved at any later time t > 0.
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Proof. Let (Yi)i>0 = (¢, Xt, Vi)i>0 be the canonical process associated with the solution p to
the nonlinear martingale problem (2.8). Define p*(r,z) = u(r,—z), ¥*(r,z) = ¥(r,—z) and
Y, = (ry, —Z;) for simplicity. Then, we can rewrite

Alps] ()
- Vs : VM/)(YS) - <VU(X5) + (I)Z(Ts - T/)VW(XS - x/)d:us(T/v Zl)) : Vxll)(Ys)

TxE
= VeV )+ (VU + [ @l = VWX + )l (0, ) - V' ()
— A (YY),

using antisymmetry of VU and VW at the last line. Similarly,

Slusw () = [ Telr=r!) (6" (res =Xot!) = (V) i3, 2) = ST} (1)

TxE

As a consequence, for any ¢ € Cbl (T x E),

U — Ut 05+ [ Ll (s = 60) — 030 + [ LlpJuvds
= MZ’Z),

where Mtw is a martingale. Since Y* has distribution p*, p* is also solution to the nonlinear
martingale problem (2.8) starting at puj = po. By uniqueness, p* = p, which implies the
property we were looking for. O

As a consequence of this symmetry property, the integral [pa ’dp(r’, 2’) is null. In partic-
ular, if the interaction potential is harmonic W (z) = |x|?/2, then the Vlasov equation (2.6) is
reduced to the simplified version (2.10). We will always consider harmonic interaction potentials
from now on. Let Y be a solution to the nonlinear SDE (2.54) with spatial parameter r € T
and recall the notation from (2.53):

(V) = Vil + 5 [ @lr = WX~ )l ) + U(X)
SVP PP+ [ @l = Pl ) + U, (274)

since the term $X; - [1, x ®o(r —r')a’dp,(r',2') = 0 by Lemma 2.7. Define also the local energy
associated with the distribution y of Y, given rq = r, by

Eilr) = E[Elum] (Yo)lro = 7]
= [E (;Ivl2 + ;/TE Oy(r — 1" )W(a — 2)dp (1, 2') + U(m)) dpu(r, z,v)
= [(GhP+ g [ @l = e P, ) + ol + Ulw) ) dputrz,). (275)

When W is harmonic, the contribution of the neighboring parts near the axial position r
in (2.75) is only given by the integral [r, » ®s(r — ')|2’|*dp(r', 2’), which does not involve
the variable z. Let us investigate in more detail the evolution of &(r). By a straightforward
calculation from (2.54), we get that for any g € C?(T),

| Eusrigmyar = [ &yglryar

= E[E[ue-2) (Yie2)g(r >] —E[e[uom (ro)]
/ “ s / JrrTHadedy — 5 / s / Jrrtsdrdu,  (2.76)
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where

1
]g rtusa 5 / 2(?) + ’U,) . VW(x _ x/)dus(r + u, z/)dus(T; Z)
E

1 1
= f/ U'ZL’d,uS(’I“,Z)—*/ v dps(r 4+ u, 2')
2 JE 2JE

is the mechanical contribution to the energy current and

1 1
G tus :/ §|v]2dus(r,z)—/ §|U|2du5(r+u,z’).
E E

is the stochastic contribution to the energy current. Rearranging terms by a summation by
parts in (2.76), since r € T and ®, and I'y are symmetric, we get

[ &usmigtriar = [ &(rig(riar

[ [ Lot / Do) (900 + ) — (1) du
e [ s [ SRty [ Tu(w) (o4 ) o)

t 1
- C¢/ d‘g/ §U ’ mg/,(T)dMsé—Q (Tv Z)
0 TxE
—1—707/ ds/ 2]v|2 "(r)dpge-2(r, 2) + O(tl), (2.77)
TxE

where the error term comes from a Taylor expansion of g at the last line and we usied the
uniform in time moment bound of Lemma 2.4. The constant cy is equal to

1/2
T2 / 1/2
and similarly for c,. Notice that, even if we have the symmetry property given by Lemma

2.7, this is not sufficient to prove that the Hamiltonian contribution [z - vdu(r, z) in (2.77)
vanishes. However, it is easy to prove from (2.54) that

[ aPg 02~ [ Jalg" () d(r.2)
TxE TxE
t
:672/ ds/ lx-vg"(r)duskz(r,z), (2.78)
0 TxE 2

and consequently, applying uniform in time moment bound of Lemma 2.4 to the left-hand side
of (2.78), we get an estimate of the right-hand side of (2.78):

t 1
/ ds/ —z-vg" (r)dpg—2(r, 2) = O(tl?). (2.79)
0 TxE 2

To prove that &,-2(r) evolves diffusively, it remains to close the equation (2.77) by replacing
the kinetic energy integral [j 1|v|2dug—2(r, ), by the energy E;y-2(r). To do so, we prove a
result of equipartition of energy in Lemma 2.8. This result states that long time integrals of
kinetic energy can be actually replaced by a fraction of time integrals of the total energy. We
prove it only for specific pinning potentials for which the identity

x-VU(x) =2U(x)

holds. For a positive continuously differentiable function U, it is well known that satisfying
this identity is equivalent to be homogeneous of degree 2. In particular, U is such that U(x) =
|22 (x/|x|), where ¢ € C?(S4"1,R*). It is straightforward to check that U satisfies (H1) in
this setting. We furthermore require ¢ to be symmetric for Lemma 2.7 to hold.
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Lemma 2.8. Let U(z) = |z|?¢(z/|z|), where » € C*(ST"L,RY) is a symmetric function. For
any G € C%(T), we have the following time equipartition of energy.

/ ds/TXE 02G(r)dpyg2(r, ) / ds/gsz (PG dr + O(1+3)t2).  (2.80)

Proof. Let (Ys)s>0 = (ro, Xs, Vs)s>0 be a solution to the nonlinear SDE (2.54). We compute for
any 7' > 0:

Xr-Vr —Xo- Wy
T T T
:/ \Vs|2ds—/ XS-(VU(XS)+X5)ds+/ /dXS-(v/—VS_)dN“’TO(s,U’).
0 0 0 R

Using that = - VU (z) = 2U(x), we can introduce the potential U at the last line. Then, using
(2.74), we can introduce &[us](Ys) and get

Xr-Vr—Xo-W

—4/ 7|V\2ds—2/ Elps](Ye ds+/ ds( / Oy(rg — |2 Pdps(r', 2') — |XS|2)

+/ X5+ (v = Vs ) dN#T™(s,0").
0 Jrd
Multiplying by G(rg) on both sides for G € C%(T) and taking expectations gives:

/ x - vG(r)dur(r,z) — / x - vG(r)duo(r, z)

TxE TxE

—4/ds/ ]v\G d,u,srz—Q/ds/S

62%/ ds/ f]:v\zG”(r)dus(r, z) + EQ:ch/ ds/ z - vG" (r)dps(r, 2) + o(T1?),
0 TxE 2 0 TxE

where we used a Taylor expansion for the two terms at the last line. Applying this result for
= t/=2, and rearranging terms, we get:

t t
/ ds/ 1\v|2G(r)alusg_2(7“, z) — 1/ ds/ Egp—2(r)G(r)dr
0 TxE 2 2 Jo T

= 521 (/ x - vG(r)dpy—2(r, z) — / x - vG(r)dpuo(r, z))
4 \JTxE TxE
t t
+ 62%/ ds/ }’JZ“QGH(T‘)d/LSg—Q(T’, z) + 52’?0—7/ ds/ x - vG" (r)dpg—2(r, 2) + o(tl?).
4 0 TxE 2 4 0 TxE

Applying the uniform moment bound in Lemma 2.4, we deduce that the right-hand side is a
O((1 +#)¢?) and this concludes the proof. O

Combining the equipartition result (2.80) and the control on the Hamiltonian current (2.79)
n (2.77), we finally get that £,-2(r) evolves diffusively:

/T Epp-2(r)g(r)dr — /T So(r)g(r)dr:f?% /0 ' ds /T E.yr(r)g" (F)dr + O(tL + t30%),  (2.81)

for any g € C4(T).
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2.4.2 Convergence of the particle system’s energy

We deduce Proposition 2.2 from the convergence of the microscopic energy to & (r) proven
in the next lemma. Let us fix ¥ and let ¢(N, /¢, t) denote the constant appearing in Theorem
2.1, i.e

1/2
__1 €
¢(N,0,t) = K, ((NGN) D 4 E%) efet

Recall from (2.11) the definition of the microscopic energy
& = (Y

1 . 1 ; . ,
— Wi+ [ e (jv - ) X — P () + U (X)),

Lemma 2.9. Let G € CY(T). Under hypothesis (H6), there exist positive constants K, K' such
that for any time T' > 0 and a constant M > 0 large enough

d

In this result, b is the constant appearing in the moment hypothesis (H6). Taking T = t£~2,
d
M = ¢(N,¢,T)"'/3 and ey = (5053 N 5278 gives the result stated in Proposition 2.2. In
particular, one can find a constant ¢ > 0 and choose £ = £(N) = c(log N)~'/2 so that (2.12)
holds.

K /
KT LO(2).

< MQC(N,E,T)—F W

Zbg&}e (;) - /TST(T)G(r)dr

Proof. First, let us simplify the problem. In the definition (2.75) of the energy Er(r), we expect
that the approximation

1 1
f/ y(r — )2 Pdpr (v, 2) = = |z)?
4 Jr 4

is true when ¢ is small. We can actually make this approximation rigorous when we integrate

Er(r)G(r):
[eriG@mar= [ (Gl + 3P + U@)) 60 + 11of? [ @G0+ w)du) dur(r. 2
= [ (P + 5lef + U@) Goldur () + OE),

by a Taylor expansion of G. By the same procedure for the microscopic system, we have

Y566 () - L, (b bt -0 Gt

1
- - x -2 Gr)dud (r, 2)dpy (', 2') + 6,
2 J(TxE)?
where dy is such that E[|0,]] = O(¢?) by conservation of energy. Notice that we have a non-

vanishing extra term for the microscopic version. We introduce
Lo 1o
H(z,v) = o + 5ll* + U (@)

for notational convenience. The proof of the lemma now boils down to bound the following two

d

terms

. H(x, U)G(r)d,ug(r, z) — o H(z,v)G(r)dup(r, z)

} (2.82)
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and

E H/ z -2’ G(r)dpd (r, 2)dpd (v, 2) —/ z -2’ G(r)dpd (r, 2)dpr (', ) ] . (2.83)
(Tx E)? (TxE)2

since the second integral in (2.83) is null by Lemma 2.7.

For that, we are going to use Theorem 2.1. However, since the Wasserstein W), distance
only enables to control differences of integrals with respect to Lipschitz functions with Lipschitz
constant less than 1, we have to cut the large values of H and z - z’. To control (2.82), we
therefore introduce a sequence of functions H™ depending on a parameter M such that HM
approximates H:

V(@) = HE e+ M (2= e (1= ) ) 10

With this choice, it is easy to check that H™ /M? is a Lipschitz continuous function such that
R 2 , 1 v 1
i< Lip (5711") < 5

In particular,
, T v . |y |y .
Lip WH G ) < Lip WH 1Glloe + WH N Lip(G)

1 2
< — |Gl + — Lip(G),
< 3Gl + = Lip(G)

which is less than one for M large enough. Introducing cross terms in (2.82), we now bound it
by

d

H(2)G(r)dpf (r, z) — H(2)G(r)dpr(r, 2)
TxE TxE

<IGIE| [ |HE - HYG)|did 2]
Gl [ 1) = Y ()] dur(r.2)

[ @emad )~ [ 6,

+M2E{

} . (2.84)

We can now bound the last term by M2E[W(ul, u¢)] and get

d
It just remains to control the first two terms in (2.84) which correspond to the cut parts. The
first term in (2.84) can be bounded by

HY (2)G(r)duy (r,2) — HY (2)G(r)dpr (r, 2)
TxE TxE

} < M2(N,0,T).  (2.85)

B[ [He - 1|4l o] <B| [ HELwzidd )]

TxE

1 1 y 7 i\14+b
<k lN ;H(XTa Ve (2.86)

by a Markov inequality, with the view of using the moment hypothesis (H6). We now derive
a moment type bound at time 7. Using the dynamics (2.16), and the fact that V,H = v and
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V.H =z + VU (x), we compute the last term:

1 & iy 1 & i v/
E NZH(X%VT)HI)] —E [NZH(XOJ/O)HIJ]

i=1 i=1
T |1 NN o -
:(1+b)/ E NZ S Vi XTRH(XE V)
0 i=1 k=—(N
+/TE ii\’: %V: (H(Xi itk I+ _ (X Vi)1+b) ds, (2.87)
s Ni:lk:féNrYk T T i '

the first term being the hamiltonian contribution and the second one the stochastic contribution,
as usual. We then bound the product

vitknr vt vive o (Lioip o L LV
VXTIV < (VIR 4 gIXTR ) VY
< H(XL V) + HXHE VR (O, V)
< KH(XE, Vit o |/ (X itk yithyltb,

where K and K’ are two constants. We bounded directly the two terms by H at the second
line, and then used Young’s inequality at the third line. Summing this inequality over ¢ and k,
we obtain that the first term in the right-hand side of (2.87) is thus bounded by

T 1N S - T 1 N < rivith
E|— Ve XYPH(XE V! <K/ E|— H X’,VSZ , 2.88
/0 N;g_jmm (xLvir| <k [ [NZ (X1, Vi) (2.88)

for some constant K. The same bound can be obtained for the second term in the right-hand
side of (2.87). All in all, By Gronwall’s inequality and (H6), we get:

N
1 o ,
E [N ;H(XZT, Vja)1+b] < Kel'T

Eventually, the term (2.86) corresponding to the large energies is bounded by

E [/TXE‘H(Z) —HM(Z)’d,ug(r,z)} < %eK/T.

The same bound can be obtained for the second term in (2.84). Combining both bounds together
with (2.85) in (2.84) gives the bound we wanted for the convergence of H in (2.82):

d

To conclude the proof, it just remains to control (2.83) in the same spirit. Introducing an
indicator function to cut large values of x, we have:

/ a'dpq (1, 2") — / a'dpr(r', 2")
TxE

TxE
< M|GllE Wr (i, or)]

HIGIE | [ ol o) B[ [ Pand ", 2)].
TxE TxE

H(2)G(r)duy' (r,z) - H(2)G(r)dpr(r, 2)
TxE TxE

K
] < Mzc(N,E,T)ereKT.

E H [ e aCmde a0 )~ [ aa Gl (2 (7, )
(Tx E)2 (Tx E)2

< NGB | [ lalLeadad (7, 2)
TxE

|

+E

‘ /( rep ¥ Hal>a Gt (1, 2)dug (1, )
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by Cauchy-Schwarz inequality at the last line. We then use the moment bounds of Lemma 2.4
and a Markov inequality to get

which gives the desired result since |z|> < H(z,v). O

E H/ €T $/G<T)d/L¥(T, Z)d:u’g(r/a Z/) - / € x,G(T)dﬂg(T’ Z)d/'LT<T/7 Z/)
(TxE)? (Tx E)2

K
< KMC(N,&T) + 5 E |:/ |x‘2(1+b)d:u’1]\[(7‘7 Z):| )
M2 | Jrxe
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2.A Convergence of some empirical measure for the Wasser-
stein distance

For any 1 < j < e](,l, let (Y?)e ~nB; be a family of independent random variables on B; x
RY x R? with law pf(r,z) = e]_vlu(r, z)1,ep;, and Y = (7, X*, V?). In this section, we prove
that the empirical measure g’/ = 1/(Ney) S dy, satisfies a law of large numbers in some sense.
More precisely, we prove that

Proposition 2.5. If u has a finite moment of order 2 in the sense that [y, |z[*du(r, z) < cc.
Then there exists some positive constant K such that

-1
Y

EN ZE [Wl(ﬂN’j,Mj)} < K(NEN)i‘*(lefl) + Kep.
=1

Notice that more refined versions of law of large numbers for empirical measures in the
Wasserstein distance exist (see [20] for instance). But the proposition we prove here has an
easy proof and is well suited for our problem.

Proof. Let M > 0. For any 1 < j < 6]7\71, using Kantorovich-Rubinstein duality formula, we can
bound:

E[Wl(ﬁN’j,/ﬂ)} <E| sup / (1, 2) Lz j<anyd(@™7 — 1)
Lip(p)<1/BjxE
©(0)=0

+E | sup / o(r, 2) s d(@™7 — p?) | . (2.89)
Lip(p)<17/BjxE
©(0)=0

The second term in (2.89) can be bounded using Markov inequality type arguments. First, we
bound it by

E[ sup / SO(T,Z)]I{|Z|>M}d(MN’j—Mj)]
Lip(¢)<1V/BjxE
©(0)=0

<E [/ (r+ |2]) Loy d(@™7 + Mj)]
Bj xE

S26]_V1/B-><E 1{\z|>M}dM (T,Z)+2€]_\,1/B XE|Z‘11{|Z‘>M}d/1(T‘,Z).
J

J

Taking the mean over j and then applying Markov inequality in the last expression gives:

N
€ E|l su / r,z) 1y, d(agNd —
Ny [Lip(cp?ﬁl TxESO( )1z d(i Iz )1
©(0)=0

< 2/ ]1{|z\>M}d,u (7", Z) + 2/ |z’1{|z\>M}du(T7 Z)
TxE TxE

< K (2.90)

— M’ N
for some constant K. To bound the first term in (2.89), let us subdivide [—M, M]?? in n2?
disjoint cubes (Ck)i<g<p24, for some integer n > 1. More precisely, each cube Cy, is of the form
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[i1M/n, (i1 + )M /n] x ... X [iggM /n, (ioqg + 1) M /n] for —n < iy, ...,099 < n — 1. Let z € Cy
be a point in the cube Cy, let us say the center of C} to fix ideas. Then for any ¢ such that
Lip(p) <1 and ¢(0) = 0, one has

/ o(r, 2) Lz <anyd(i™7 — )
BjxE

/ )d(i™N 7 — )
B ><Ck

\\f’j:

IN

||[Vj T TM%

o(jen, zi)d(E™7 — i)

+/ lo(r, 2) — p(jen, zx)| d(E +Mj)>
B XCk Bka

IN

M\ / . .
( 1+ [2k)) d’# — p ’*l- <6N+ ) (MN’](BJ‘ x Ck) + 1/ (Bj x Ck)))
B ><Ck
M
<(1+M) Z\M J(Bj x Cy) — 1 (B; ka)‘+2;+2eN, (2.91)

where we used at the third line that ¢(jen, zk) < r + |z;| for the first term, and the Lipschitz
property for the second term. Then we used that |zx| < M at the last line. For any k < n2?
and any 1 < j < ejvl, by independence of the (Y*);enp; we get

N , 2 1
E [(M ](Bj X Ck) _M](Bj X Ck)) :| = (NeN)2 ‘ 'GZNB E []lZiECkﬂZi'ECk}
> P(Z' € Cp)p? (B; x Ci) + 1! (B x Cy)?
]VENzeNB
1 . )
= e (B x C) (1= 1 (B x )
< J(B; . )
< vt (Bj x Cy) (2.92)

Taking the mean over j in (2.91) and using (2.92) gives, by Cauchy-Schwarz inequality

N
exy E| sup /B XESO(?“’Z)E{\ZEM}d(ﬂN’j*M”)

Lip(¢)<1
©(0)=0
-1
% n2d ' ' M
< (1+M)€NZZE H/ZNJ(BJ» X Ck) —/ﬂ(Bj X Ck)H —|—2? + 2en
j—lk—l
2Men . 7t
New 1/221;*/ (B; x Cy) —|—2—+26N,
= 1

for M > 1. Applying Cauchy-Schwarz inequality to the two sums at the last line and using that
forany 1 <j < e]_vl, we have Z};‘Z i (Bj x Cy) < 1, we get

2Mn

M
< 7(]\7 172 + 2W + 2ep. (2.93)
EN

N
ey y E| sup / o(r,z)1y, d(aNd —
jz—:l Lip()<1J Bjx E 2 iy )
©(0)=0
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Combining (2.90) and (2.93) into (2.89) finally gives
N’ d

o Mn M 1
SEWi(EN )| < K| 5+ — —
ENj:1 [ V(™ )} = ((NEN)l/z + - ten+ M)u

1
which choosing M = (Ney)* @D and n = | M?] yields the desired result.
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2.B Linear Martingale problem and SDE

This appendix is devoted to the proof of Proposition 2.3, which is divided as follows. We first
prove existence of a solution to the SDE (2.56) by an iteration procedure, then prove pathwise
uniqueness. To conclude on the uniqueness of the martingale problem, we then use classical
representation theorems. We finish by proving (2.59) and (2.60).

Proof of Proposition 2.35.

We are not interested in keeping track of the influence of the parameters ¢ and 4 yet, so
here and in the rest of the section, K and K’ denote constants depending on W, U, ¢, v, ¥ and
¢ that may change from one calculation to another.

1. Existence of solutions to (2.56)

Let us fix some filtered space (2, F, (F)i>0,P) satisfying the usual conditions. Let Yy =
(10, X0, Vo) be a random variable with law vy and N'@" an (F;)-adapted Poisson point process,
which is independent of (Xg, V) given 9. We are going to prove existence of a solution of
(2.56) by a fix point procedure. Define by iteration the processes (Y™),>0 in D. Y is set to be
constant equal to Yy and for any n > 1, Y™ is the solution of

dX{Th = Vdt
Vi = = (e @l — )V (XP = 2)dQiy) + VU(XP)) dt

2.94
+ fpa (v = V2)AN D70 (t,0) 220

}/On+l — }/0
Notice that, for any n > 0, rj =: ¢ is constant. The processes (Y,)n>0 are well defined
since the intensity of N'970 is finite for the velocity and locally finite in time. Then for any

t > 0 and n > 1, since the updates of velocities are the same for every process Y,, we get

R e N R A

t
</
0

Ve = Vet ds

VW (X! —a) - VW (X —2)

dQs(r', )

t
+/ ds Dy(rg — 1)
0 TxE
t
+ [as [ oo - o)
0 TxE
t
!
0 JRd
t t
gK/ xgn—n"—l(dw/ /
0 0 JRd

using the Lipschitz property for U and W. We deduce that for any T' > 0

T
< K’/ E lsup
0 s<t

using finiteness of N9 (s, R%) at the last line. By immediate recursion, we get

v - v;z—l\ ANQ (5, 0)

Y YR AN (s, ),

E [sup Y-y dt, (2.95)

t<T

e

(K'T)™
n!

E|[Y™" — Yoz < E|[Y" - Yoo, (2.96)
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where || - ||oo, 7 denotes the uniform norm on Dr, see (2.61). Bounding

E [sup ’Y}l - Y;O‘ <Cr,.

t<T

for some constant Cr is again straightforward using the hypotheses (H1) on the potentials,
(H4) on vy and (2.58) on Q. Combining this with (2.96) proves that

DAY =Y oo < o0,
n>0

almost surely for all 7" > 0. Hence, for any 7" > 0, (Y, )n>0 is a Cauchy sequence in the space
Dr for the uniform norm. Thus, it is also a Cauchy sequence for the Skorokhod distance, which
makes Dr a complete space [10]. As a consequence, the sequence converges almost surely to
a process Y = (r,X,V) € Dr, and it remains to show that Y solves (2.56). This is straight-
forward by first deducing that the r-coordinate r; of Y is constant in time almost surely from
the fact that ||Y"” — Y|lcor — 0. Then it easy and left to the reader to prove that the time
integrals in (2.94) converge to those where Y™ is replaced by Y. As T was arbitrary, we finally
get existence of a solution in D.

2. Pathwise uniqueness

Let Y1 and Y2 be two solutions of (2.56) on some filtered space (€2, F, (F;)i>0,P) with
the same initial condition Yy = Y, driven by the same Poisson random measure N'970(s,v").
Then, by the same arguments leading to (2.95), we get

Ja

T
<K’ / E |sup
0 s<t
By Gronwall’s inequality and the initial conditions, we deduce that Y; and Y5 are indistinguish-
able. Moreover the law of the solution of (2.56) constructed by Picard iteration does not depend

on the probability space, but only on the marginals (Q¢):>0, so by classical results [19] we also
deduce uniqueness in law.

E lsup ‘Yf _ Yﬂ Ysl _ Y52

t<T

3. Uniqueness for the Martingale Problem

It is easy to see that if Y is the solution to the stochastic differential equation (2.56), then
its law solves the linear martingale problem (2.57). To prove that it is the only one, we follow
[19, 28] and adapt the classical representation arguments from [25], [19] or [70] by proving that
the canonical process associated with a solution to the martingale problem can be represented
as a solution to stochastic differential equation (2.56) on an enlarged probability space. For the
sake of brevity, we will only give the principal steps in this proof and refer to those classical
references for details.

Let 1 € M1 (D) be a solution to the nonlinear martingale problem (2.57). Adapting Theorem
10 in [49] and Theorem 2 in [70], we have that for any measurable positive ¢ defined on R x E?
such that ¢(.,y,.) < v, with y = (r, z,v),

t
Zg@(s,}{;,}{gi)ﬂAys#o — / ds/d o (s, (rs, Xs,0"),Ys) deS:To(v/) (2.97)
0 R

s<t

is a local martingale under p. In particular, we deduce that

t
n=m+/Q@m@+M,
0
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where M, is the vectorial martingale compensated sum of jumps of Y (see Theorem 12 in [19]).
By Ito’s formula applied to (Y; - 6)2, where § = (6,,0,,0,) € T x E, and comparison to the
martingale problem (2.57), we get that 6 - M; has predictable quadratic variation

3 [s [0 = V),

We therefore have a description of the compensator of AY, whose associated Levy measure is
dtdw? (v'). By the representation theorem in [25] (see also part II in [19] or section 4 in [70]),
on an enlarged probability space €, there exists a Poisson random measure N/@70 on R, x R?
with intensity dsdw®@70(v'), such that

dX; = Vidt
Vi = = (fsp ®elro = ") VW (Xy = 2')dpua (17, 2') + VU (X)) dt + fa(v) = Vim)ANQ0 (1,07)

By uniqueness in law of solutions to (2.56), we get uniqueness of solutions to the martingale
problem.

4. Proof of (2.59) and (2.60)

If Y is the solution to the stochastic differential equation (2.56) on some filtered space
(Q, F, (Ft)e>0,P), then

t
E (1] + Vill < E[|Xo| + Vol + | E{Villds
+/ ds/ E [®¢(ro — r')|[VW (X, — 2')|] dQs(1, 2")
/E|VU ds+E[// W — VAN @ (5, o)
B(Xol + Vol + K [ EIX+Vilds + K [(ds [ (] + 1) d@ut, ),
0 0 TxE
where K is some positive constant and we used the Lipschitz property for VW and VU. Ap-
plying Gronwall’s inequality and using the hypotheses (H4) on 1y and (2.58) on @ yield (2.59).

(2.60) comes directly from the structure of the linear SDE (2.56).
O



Chapter 3

Thermal Conductivity for a chain of
oscillators with Kac potentials

Abstract

In this chapter, we compute the finite-size scaling for the thermal conductivity by using Green-
Kubo formula for the chain with Kac potentials and two different stochastic collisions. This
allows us to derive then precise asymptotics for the conductivity with respect to NV and #y.
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In this chapter, we compute the thermal conductivity for different chains of oscillators with
Kac harmonic potentials, based on calculations initially introduced by Basile, Bernardin and
Olla in [2]. In the previous chapter, we identified that the timescale at which the diffusion of
energy occurs for the chain with Kac harmonic potentials and long-range exchanges of velocity
is /=2, where £ = £y/N, N is the size of the chain and ¢y the range of the interaction (i.e the
number of particles directly interacting with a single particle). Even if the range of interaction
of the mechanical part and the collisions was the same, the energy was only transported by the
stochastic collisions. In fact, the averaging effects of the local mean field interaction destroyed
the contribution of the mechanical part in the energy transport. Notice that, applying the
method of Chapter 2 for the chain with random flips of velocity instead of stochastic long-range
exchanges of velocity, we can conclude that there is no evolution of energy at this timescale.
Consequently, a different timescale has to be considered.

Therefore, an exact computation of the thermal conductivity for a harmonic chain with Kac
potentials and random flip of velocities by Green-Kubo formula will help us prove that energy

71
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is transported at a longer timescale for this model. This is the main goal of this chapter. We
also compute the thermal conductivity for a harmonic pinned chain with long-range exchanges
of velocity to confirm the results in the previous chapter.

Before defining the finite-size thermal conductivity, recall that we consider the dynamics

v
M . Z. 3.1
{ Vi -, gl VW(XE - XIH) - YU (XD, (3:1)

for i € Ty, where Ty is the finite periodic domain Z/NZ. The coefficients ¢ are obtained
from a function ¢ defined on [~1/2,1/2] by ¢, = 1/¢n¢(k/€y), and the coordinates X*, V* are
in R x R?. The canonical Gibbs measure at temperature T

1 . S
—— ][] exp (ng) dX'dv?, (3.2)

is an invariant measure for this dynamics. In (3.2), £ stands for the energy associated with
particle i:

]VZ|2 + - Z oW (XP — X L U(XY), (3.3)
k——gN

and Zy r is a normalization constant. We denote by Er[-] the expectation with respect to the
trajectories ((X}, Vji)i>0)ieTy With initial distribution given by the Gibbs measure at tempera-
ture T. Let J»*#(]0,t]) be the time-integral of the energy current between particles i and i + k,
between time 0 and time ¢, which satisfies the conservation equation

5%

& —&h==> (J(0,4) = IR ([0.1])). (3.4)

k=1

Following [2], we define a finite-size conductivity for the periodic chain of length N by the
formula

2

rn(T) = T21NN (zgr: kz:l © ([0, tN])) : (3.5)
where ¢y is a time depending on the size of the chain that is equal to

ty =TN/ln, (3.6)

where 7 is a constant. We will give a justification of the formulas (3.5) and (3.6) in Section 3.1.

We first consider the harmonic chain with random flip of velocities as studied in [5]. Recall

that this dynamics is obtained by adding to (3.1) independent Poisson processes N* with in-

tensity 7 to every particle, so that the velocity V* of particle i is changed into —V? at random
times given by N’. Therefore (3.1) becomes

dX} = Vidt
dVi In i itk i i i (3.7)
Vi == (S, enVWI(X] = X[Mh) 4+ VU(X))) dt - 2V N,
with harmonic interactions
2 2
U(x) = l/ﬂ, W(x) = aﬂ, (3.8)
2 2
where v > 0 and a > 0. We adapt the calculations in [2] to compute the finite-size conductivity
(3.5) (see also [68] for the current correlations in a long-range interaction model) and prove the

following result.
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Theorem 3.1. Suppose the coefficients (¢r)—ry<k<ey are constant in k and equal to ¢, = 1/ly.
Then, for every range of interaction £y such that fn N—> oo and by = 0(N5/7), and for both
— 00

pinned and unpinned chains (v > 0),

K
AN(T) o~ (3.9)
where
24 [oo (fl usin(27ruv)du)2
=20 g (3.10)

v — .
7 Jo v+ 4o [ sin?(ruv)du

In Section 3.3, we consider the harmonic chain (3.1) with long-range exchanges of velocity.
Recall that this chain is obtained by associating independent Poisson processes N*t¥ to every
pair (i,i+ k) with i € T and k < £, with respective intensity 77;. The dynamics is given by

dX} = Vidt
Vi = — (SR oy o6 VW(X] = XY 4 VU (X)) ) dt + S8, (Vi = Vi )an
(3.11)
with the natural convention N/ = NJ%. We prove in that case that the thermal conductivity
as defined in (3.5) converges when the chain is pinned.

Theorem 3.2. Suppose the coefficients (¢r)—ey<k<ey are constant in k and equal to ¢ =
1/0n. For the pinned harmonic chain (v > 0) with long-range stochastic velocity exchanges, the
thermal conductivity as defined in (3.5) satisfies

kn(T) —— 37y
where
1 rl/2 5
Cy = f/ ~y(uw)udu. (3.12)
2J-1/2

We conjecture that this result also holds when the pinning potential is anharmonic and
convex and will give some ideas on how to prove it. As we have seen in the previous chapter,
only the stochastic collisions contribute to energy transport in that case.

The plan of this chapter is the following. In Section 3.1, we give a justification of the
definition (3.5) for the finite-size thermal conductivity. In Section 3.2, we study the thermal
conductivity for the chain with flips of velocity and we prove Theorem 3.1. In Section 3.3, we
analyze the thermal conductivity for the chain with long-range exchanges. We prove Theorem
3.2 for the harmonic pinned chain and give ideas on how to prove it for anharmonic pinning.
We then give a heuristic justification of the asymptotic behavior of the conductivity in Theorem
3.2 by analogy with random walks.

3.1 Definition of the finite-size conductivity

3.1.1 Formal derivation

To justify the definition (3.5) for the finite-size thermal conductivity, we first formally derive
a Green-Kubo type formula, as introduced in 1.10 in the introduction. In 1.10, we wrote the
Green-Kubo formula for nearest neighbor interaction, but we can actually derive it for arbitrary
range of interaction.

Notice that this formula is only computed for infinite chains. But as the range of interaction
¢ depends on the length of the chain N in our finite volume model (3.1), it is not clear how to
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define the infinite chain associated with (3.1). As a consequence, in this section, we will fix the
range of interaction £) independently of any value N but keep the notation ¢y for convenience.

For the pinned chain, we can define the infinite volume Gibbs measure at temperature T
from the finite volume Gibbs measures (3.2) with a limiting procedure. In this section, Ep][]
will refer to the expectation with respect to the infinite Gibbs measure at temperature 7.

It is straightforward to adapt the techniques in the lecture notes of Bernardin and Olla [9] to
prove that the infinite dynamics with finite range of interaction ¢ is well defined on an appro-
priate Banach space. The dynamics of ((X7,V{)¢>0)icz is stationary with respect the infinite
volume Gibbs measure. By time-stationarity of the infinite dynamics with initial distribution
given by Ep[-], this dynamics can be extended to negative times. Without risk of confusion, we
also denote by Er[-] the expectation with respect to the trajectories (X7, V})ier)icz-

We now follow the derivation of the Green-Kubo formula given in [62] (Part II, Section 2).
As we expect the energy & to evolve diffusively, we expect also a diffusive behavior for the
space-time energy-energy correlation function

S(i,t) = Er[£;£)] — Erl&g)”.
Notice that, by time-reversal symmetry,
S(i,t) = Ep[E,E3] — Bp[&0)? = S(i, —t). (3.13)

Then, by the argument presented in Subsection 1.1.2 of the introduction, the thermal conduc-
tivity should be accessible by computing the time-limit of the variance of S(i,t). Since the
interactions are of order £y, we naturally divide the distances by ¢y in the definition of the
thermal conductivity:

1 P s

As the energy is globally conserved by the dynamics, one can define the time-integral of the
energy current J>%([0,¢]) by (3.4), and J*+*([0,]) is given by

.. t
Jz,z—i-k([o’t]) — ¢k/0 j;’H_de,

where

ji,i—l—k _ % (Vi + Vi-i—k) YW (Xi . Xi-i—k) _

Our goal is now to express formally the conductivity (3.14) with the space correlations of the
current by introducing the conservation equation (3.4) in (3.14). Using (3.4) and then a discrete
summation by parts, we can express the variance

In
>i28(i,1) = > 283,00 = Y. > B [(JHHE(0,4) — JR((0,4])) 6]
1E€EZL 1€EZ €2 k=1
In
= 28(,0)+ > (i +k)? =) Br [T H4([0, )€ ]
i€Z i€Z k=1

N
= 28(,0) + > > (2 + k)kEr [JHE([0,)Ef) (3.15)

1E€EZL 1€Z k=1
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simplifying the squares at the last line. Similarly, we can compute the variance associated with

S, —t)

N
S8, —t) = > %8(5,0) = 3. (20 + k)kEr [JHE ([, 0)Ef)]
1EZL €L i€Z k=1
and by time stationarity get
>80, —t) = > i28(5,0) = > > (2 + k)kEr [ ([0,4)€P] . (3.16)
€L €L i€Z k=1

Summing the two expressions (3.15) and (3.16), and using the symmetry (3.13), we deduce

In
2)2S(0t) = 23" 25(,0) + Y0 (2 + k)kEq [ T4 (0, 1)) (€5 - €0)] -
€L €L i€Z k=1

Inserting the conservation equation (3.4) to replace the energy difference in this expression, we
get

2) " i?5(i,t) =2 i%5(i,0)
1€EZ 1€EZ
In LN

+ 300 > @i+ k)kEr [JHE(0,4) (O ([0,4) = T ([0,4)))]

i€Z k=1k'=1
By translation invariance, this is also equal to
23 i%S(i,t) =2 i*S(4,0)
icZ i€z

In N

+ 3000 D (20 + R)REr [(JHR((0,4]) — THE R ([0,4)) T ([0,4))]

i€Z k=1k'=1
And finally, by a discrete summation by parts on i € Z, we get

In IN

23 2S(0t) =23 286,00+ 230> S kKEr [JHR([0,4])7%F ([0, )] -

i€ 1€ 1€Z k=1k'=1

Hence the thermal conductivity (3.14) can be formally written

. 1 2 k/ / il k 2,1
K(T) :tlf&ﬁiezzET [(Z GJO”‘c ([O,t])) (Z ENJ’““([O,t]))] . (3.17)

k'=1 k=1

Once again, recall that in the formal calculations above, ¢ does not play a particular
role since it is not related to the size of the system as we dealt with the infinite dynamics.
Nevertheless, (3.17) gives us an appropriate way to define the finite size thermal conductivity
kN (T) for the finite chain in the periodic domaine Ty by the formula

IN 10 In
kN (T) = QtNlTQ > Er [(Z ENJO”“’GOJN])) (Z kJi’Hk([OvtN]))] : (3.18)

icTy k=1 k=1 N

which by translation invariance can be recasted into (3.5). Following [2], we avoid the limit in
time in (3.5) by introducing an appropriate time ¢y depending on the size N of the chain that
we define now.
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3.1.2 Dispersion relation

We want to define ¢y large enough in (3.18) to be consistent with (3.17), but not too much
so that we do not see the effect of the periodicity of Tx on the current correlations. As in [2],
we therefore choose ty to be the typical time it takes for the fastest energy modes to travel
across the system. To define it, we first have to define the dispersion relation of the chain. We
consider the case of harmonic potentials W (x) = a|z|?/2 and U(z) = v|z|?/2. The dynamics

(3.1) is then given by
%=V
L , ‘ 3.19
{ Vi— SN, GeAXi — X, (319)

where Apf(n) = f(n+k)+ f(n—k)—2f(n) is a discrete Laplacian at distance k. Transforming
(3.19) into Fourier space, we get N independent harmonic oscillator equations:

X(Q =V
V(&) = —wn (§) Xu(©),

for £ € T, where the discrete Fourier transform f of f is given by

= > f(n)exp (2in§n) : (3.20)

neTn

The function wy is the dispersion relation of the chain and is given by

N

1/2
wn(u) = (1/ +4a Z bp sin’ (wku)) . (3.21)

k=1

Notice that, due to the fact the range of interaction 5 depends on the length N of the chain,
the dispersion relation also depends on N. Deriving the dispersion relation (3.21), we get

2am Zk | T E_ ¢y, sin (2mku)

wn (u)

wi(u) =N

)

which is the group velocity of u-mode waves. This group velocity is therefore at most of order
¢n (obtained for modes u of order 1/¢x if v > 0 and for modes of order smaller than 1/¢y if
v = 0). Defining ty = N/(sup, wi(u)), tn represents the typical time it takes for the fastest
modes to cross the system, and we are led to take

ty = TN,

for some constant 7.

3.2 Random flip of velocity

In this section, we study the thermal conductivity for the harmonic chain with random flips
of velocity (3.7). We first prove the following explicit formula for the thermal conductivity.

Proposition 3.1. The finite-size thermal conductivity for the harmonic chain (3.7) is given by

2
o (T) a’d <1 N e 27N _1> N (EZN ¢kgi sin (QW@)) 5.2)
N - S T A=, .
2y 29tN NE 1u+4a2k | ¢k sin? ( k’f)




3.2. RANDOM FLIP OF VELOCITY 7

This proposition is proven in Subsection 3.2.1, following the computations of [2]. At first
glance at (3.22), having in mind that ¢ = 1/¢n¢(k/lN), one would expect that the nested
sums converge as Riemann sums and that therefore xx(7') is of order 1. Actually, we will see
that the contribution of the large values of £ vanish and we prove Theorem 3.1 in Subsection
3.2.2, i.e. that the thermal conductivity in (3.22) is of order 1/¢x. This theorem is only proven
for constant coefficients ¢, = 1/¢x and we conclude this section by showing in Subsection 3.2.3
numerical evidences of a convergence when ¢, = 1/¢n¢(k/ly) and ¢ is a smooth compactly
supported function.

3.2.1 Computation of thermal conductivity: proof of Proposition 3.1
Energy current correlations

We consider the dynamics with flips of velocity (3.7) and harmonic interaction (3.8). This
collision has the particularity to conserve energy, but not momentum. In particular, even in the
case when the chain is unpinned (U = 0), then the whole dynamics only conserves energy. We
denote by

L=A+A7S (3.23)

the generator of this dynamics on Qy = (R x RY)T~¥. A is the generator of the Hamiltonian
part and S is the generator of the flip. For any v € C}(Qn),

A (n) =— ) ( - Vaith (n (Z oW (2 m”k)wU(wi)) 'Vvﬂb(n)>,

i€Tn k=—tn

som =3 (v(0')-vm),

€T v

where n = (2%, v%);eT, and 7' is equal to 7 except for the ith velocity, which is equal to —v’.
Recall the definition (3.3) of the energy &/ of particle i at time t. One has

LN
E = &h==> (JH(0,4) - TR ([0,4])), (3.24)
k=1
where
Ji’i+k([0,t]) d)k/ AR s, (3‘25)

and the Hamiltonian current ji,; ., is the only contribution to the energy current and is given
by
o . . . .
GO = SV VIR - (X - X, (3.26)

Inserting it in the formula for the finite-size thermal conductivity (3.5), we get

2
/QN(T) 2T21 N (Z Z¢k / ]z Jitk; adS)

€Tn k=1

Using Fubini’s theorem, the conductivity can be rewritten
+k ! l+k.l
kn(T) = TQtNN/ dS/ dulEr (Z > b n Jél a) (Z Zqﬁk/g Ju* )]

i€Tn k=1 i/e€Tn k'=1
d dulE
T2tNN/ S/ whEr

(Z > on; Jé”’“‘) (Z ng e )]

€Ty k=1 €Ty k'=1
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By a time-stationarity and a change of variables,

kn(T) T2tNN/ ds/ duEr

Expanding the product and using translation invariance, we get

(2 Bt (5 i)

i€T N k=1 i'€TN k'=1

25 /
kk i i4+k;a -0,k ;a
wn (T T?tN/ ds/ dulezT: kgl ()2 o Br 7t
Finally, after integrating in time, xx(7') can be recasted
1 o0 S + N
wn(T) = /O 1-2) Vs, (3.27)
with
IN ’
kk
Z Z 2¢k‘¢k’]ET |: 1,0+k; a](()) K a:| ) (328)
€Ty k,k'= €

Laplace transform of CV

Following the method in [2], we compute the Laplace transform CV of CV:

:/ CN(s)e M ds
0

oo \ 125 ! ok 135 k "
:/O dse ¥ Ep Z a(ﬁkjo’ @ Z Z ¢ jm+ a

k'=1 i€Tn k= 1
Ny s &k
=FEr Z T¢kj0,k a Z Z (;ska Jitksa ’ (329)
k=1"N ieTy =1

where L is the generator defined in (3.23) for the dynamics (3.7). We therefore have to find a
solution uy y to the resolvent equation

Auan — Luxn = Y Z¢k jhithe, (3.30)
i€Tn k=1

Lemma 3.1. The solution of (3.30) is given by

(0] 3 . . v
UAN = 5 > gnw(—iV- X", (3.31)

i €TN

where g\ N is a function defined on T, given by

() === n 27 Z ¢>k —k — Ontk) (3.32)

On stands here for the Kronecker symbol equal to 1 if n =0 and equal to 0 else.

Proof. For notational convenience, we define uy y by the formula (3.31) in this proof and prove
that uy n solves (3.30). Extending g) y to a periodic function on Z, it is easy to see that gy n
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is antisymmetric. Thus, computing Auy y, we get

% i'ETN k=1 i, €TN

In
AU)\,N = Z g)\7N(i — il) (Oé Z (ZﬁkAkXZ — I/XZ> -XZI + « Z gA,N(i — i/)VZ . VZ/

—aQZm > aan(i—i) (A7) - X7,

= 3,0/ €T N
using antisymmetry of g) x to remove the sums -, et (=i )V V7 and YiireTy IAN(i—
)X’ . X%, Then, by summation by parts,

In

Auxy =Y dp Y Apgan(i—i)X- X" =0,

k=1 ii'eTy

by antisymmetry of Aggx n (7). It is straightforward to see that

SU)\7N = —2Su>\7N.
Thus,
« . . ; i
O Y. A2 ganli =iV - X!
iiIETN
zG']T k=1

Rewriting this expression as
Ie% Iy k ) . . .
My — Lian = = 53 g (VZ i V”k) (X — XRY,
2t v

and by the formula (3.26) for the energy current, we find (3.30) as expected.
O

Inserting (3.30) in the correlation (3.29), we can express the Laplace transform of CV as

2 LN /

(6 . . k ’ ’ i il

cV(\) = T ST oan—i) > gbk,aIET[(VOJrVk)-(XO—X’“)V X7,
ii'€Tn k'=1

Since under the Gibbs measure, the velocities are independent gaussian variables, independent
of the positions, we have

2 In 1
M) =L Y S Ebp (gw (i) + arn (K — ) Brl(X° — X*) - X7).
/€Ty k'= 1

Then, rearranging terms and by antisymmetry of gy n, we get

k ’ 1t i
cV — Z ganN (i Z:%'*IET[(X]~C Xy X7
#€Ty k=1
2T2
Z gaN (i (i), (3.33)
i'e€Tn
with
Z ¢k,7ET [(XF — X~ *y. xm. (3.34)

k:’l



80 CHAPTER 3. THERMAL CONDUCTIVITY

Lemma 3.2. I'y is the unique solution on Ty to the equation

{ (v = a3, @ndr) T (n) = A5 nif (i = Sn) (3.35)
ZnG’H‘N FN(n) =0.

Proof. Since

N
.AVn = — (V—aZgbkAk) Xn

we have

k=1 k’l

N
(V— az¢kAk) FN = —— Z (bk’iET { Xk” _X—k') Avn} )

By antisymmetry of A with respect to the Gibbs measure, this can be rewritten

k=1 k’l

(V -« Z ¢kAk) In(n Z ¢1<;'*]ET {(Vk/ VR V"}

—dZQbkf* n—k' — Ontk’),

k=1
by a direct calculation at the last line. O

Let us now compute the discrete Fourier transforms (3.20) of g\ y and I'y. From (3.32), we
get

2 & g ok
N — > ¢>ka sin (;Tf) , (3.36)

and similarly from (3.35), we get

(3.37)

Using Parseval’s formula in (3.33), one thus gets

22 .
OV = 2 3 @) (P ()

§€TN

w12 | (SR ek ()
£eTy V+4O‘Zk:1¢ksm (%kg)>w_2§ )

where the factor 1/N comes from the convention (3.20) used for the discrete Fourier transform.
For clarity, let us write these expressions with the dispersion relation of the chain (3.21):

T%d 1 £\2
cV(\) = y () |
Am2(\ + 27) N£3 %: NAN

As we will see, only modes £ of order less than IV EJ_\,I contribute to the thermal conductivity in
the limit N — oo, and it is clearer to introduce the rescaled dispersion relation

wn (u) = wn (u/lN), (3.38)
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so that finally
T%d 1 E0n\ 2
Am2(A+29) N CeT N
By injectivity of the Laplace transform, we find the following formula for CN
T?de 275 1 l
CN(s) = 76 ~N Z ) (5 N)
£€’]I‘

Inserting it in (3.27) gives finally after time integration

N1\ d 1 &N\
e _ N
kn(T) = <1+ = ) 27 N Z W <>
29tN 8T VNEETN N
_ o?d (1 n e 27tN _1> 1 (Z 4251% sin (27rk§>) (3.40)
2y 29tN N&TN v+ 4o Zk:l @p, sin ( Wg) ' .

And this concludes the proof of Proposition 3.1.

3.2.2 Asymptotic analysis of the thermal conductivity

Now that we have an exact expression (3.40) for the thermal conductivity ky(T), we are
interested in its convergence as N goes to infinity. As ty = 7V val, then
e 2N 1

1 > 1
+ 2’_}/tN Nooo

and one can focus on the convergence of

d 1 (€N \?

= Y Wy () : (3.41)
8wy N e N

where we used the notation wy defined in (3.38). We first mention the nearest neighbour inter-
action case for which /) = 1 and then prove Theorem 3.1 for the long-range interaction case.

1. Nearest neighbour interaction: /y =1

A first special case is the nearest neighbour interaction (/;y = 1 and ¢; = 1), for which one
has

2 (2
2d 1 Sln2 (%5) M/l Sin2(2ﬂ'u) "
27 N{e'ﬂ‘ v + 4asin? (’%) N—oo  2Y Jo v+ dasin®(mu)

by convergence of the Riemann sum, even in the unpinned case (v # 0). The diffusive behaviour
of this chain has in fact already been proven in [8].

2. Long range interaction: proof of Theorem 3.1

We now prove that

KNHN(T) M) K

for a coupling constant of the form ¢, = 1/¢n. We will see where we need ¢ to be constant,
but give all the detailed proofs for general compactly supported smooth ¢ whenever we have
been able to. Notice that, since for any 1 < k </fy and 1 < < N,

sin (27rk(]\2\7_€)) = —sin <27rl;\§> , sin? (ﬂl{:(]\z\f_f)> = sin? (ﬂ%) .
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We can rewrite the sum

by & [ (Siondsin (2075)) ") e & (ziilm%sin(%ﬁ))z co ()

Ngzl 1/+40sz | ¢ sin? ( ké) N =1 V+4ozz | ¢k sin? ( kf) N
(3.42)

the O(¢ny/N) term taking into account the error made when N is odd. The proof of the
convergence (3.10) in Theorem 3.1 ultimately relies on two arguments. The first one is that
the terms of order bigger than N/{y in (3.42) have a vanishing contribution as N — oo. The
second argument is that the smaller order terms converge as two nested Riemann sums. To see
that, let us fix a real number b < £y /2 such that bN Efvl is an integer. We split the sum

oy N2 (Zf;ll qﬁkﬁ sin (2%%))2

N =1 \V+ida Ziﬁl ¢y, sin? (71'%)

o' (Eada () ) G0 (Sod o ()
N =1 1/+4azk:1¢ksm (7‘(’%) Ng:szj‘VlJrl V—|—4azk | ¢k sin? ( ké)

We will prove the two following lemmas.

Lemma 3.3. For ¢ = 1/{y, there exists a constant C > 0 such that

N UVZ/QJ ( S, £ sin (2”’;\?)); §C<1 8 1) (3.4

+ N4
V+4O‘E ileln (ﬂ'%

“ b b
E=bNI +1

Lemma 3.4. Suppose ¢ € C'([—1,1]) is non-increasing over [0,1]. There exists a constant
C > 0 and a function € satisfying lim;_,g €(t) = 0, such that

v BN L (ZiNl qﬁkei sin (27r@)>2 - /b " (fol d(u)u sin(27r1w)alu)2
N (=0 \ V+da Zk | O sin ( kf) 0 v+l fol é(u) sin?(ruv)du

b2 b N

<C—+C—= +6<>. 3.44

IN N E_ N ( )

The proofs of Lemma, 3.4 and Lemma 3.3 are postponed to the end of the section. Notice

that Lemma 3.3 only holds for constant ¢y, since it is based on explicit trigonometric computa-
tions. We conjecture however that the result holds for general interactions.

We are now able to prove Theorem 3.1. Choose b = N? and £ = N?, where 0 < 3,6 < 1.
b and £ are supposed to be integers, so we should actually define them as the integers parts of
N? and N°, but for sake of clarity we keep this definition and let the reader check the detailed
proof. Combining the error terms of (3.43) and (3.44), 8 and ¢ must satisfy

26 < 54, 28 <9, B+6<1.

Therefore, the maximal value d,,4, We can get for § is obtained by achieving the equality in the
first and last inequalities, which gives d,,4, = 5/7. It suffices to choose then § < 5/7 and an
appropriate § to conclude. The value 0,4, = 5/7 is not optimal, and might be improved by a
more detailed analysis in Lemma 3.4.
We highlight that there is no minimal speed of convergence of ¢ to infinity for Theorem

3.1 to hold, since choosing b such that

BB

SN

ie. b= 6%7, all the error terms go to 0 whenever £y goes to co slower than N7/10,
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3. Proof of lemmas 3.3 and 3.4

To prove those lemmas, we will need a lower bound on the denominator of the integral

' 2
/Oood (fo ()us1n(27ruv)du) (3.45)

v+4da fo d(u) sin? (muv)du’

and of the sum in the finite-size thermal conductivity formula (3.22). These integrals can be
trivially lower bounded if v > 0, i.e. in the pinned case. To cover also the convergence of the
thermal conductivity in the unpinned case, we will need the following lemma.

Lemma 3.5. For a general non-increasing function ¢ on [0,1], there exists a constant ¢ > 0
such that for any v > 0

/01 ¢(u) sin? (ruv) du > emin(1,v?), (3.46)

and for any N > 1 and £ < |N/2]

Zm sin ( 5) > cmin (1 (i{f)j . (3.47)

The proof of Lemma 3.5 is left to the appendix, as well as the proof of the convergence of
the integral in (3.10). We are now ready to prove Lemma 3.3.

Proof of Lemma 3.5. By Lemma 3.11 in the appendix, we have

U cos ((%N + 1)%5) Fn (27 /N)

1% L ) kf B
kZ::I Sm( WN) o 281n<7r§) " sin (”5) 7

where Fly is a uniformly bounded function. As a consequence, we can bound for £ > bIN ER,I the
numerator in the left-hand side of (3.43) by:

2
In
! Zﬁsm (277165) < ¢ + ¢ (3.48)
In 1 In N 43 sin? (ﬂi) 0% sin* (Fé>

N N

for some constant C. Since we are dealing with modes £ > N K&l, we can use Lemma 3.5 to
bound the denominator in the left-hand side of (3.43) by a constant, even if v = 0. Using (3.48)
to bound the numerator, we get

(S ()

2
E=bNIR +1 ”"‘40‘@ SRY, sin ( W)

[N/2] 1 1 [v/2] 1
<C'—— +’
Nin 561%—\]1_’_1 sin? (W%) NE

For £ < N/2, using the inequality
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for a positive constant ¢, we finally get

LV/2] Z in 27Tk€
b R ()

Ng:bNeg,lJrl l/+4a€ Zk 1 sin ( W)

1 2 1 2
E=bNE +1 (N) N e—bNe 1 (N)

Finally, using that
£

LR,
V(g s

we can bound the sum appearing in the first term of (3.49) by an integral:

[V/2] 1

1 1 /21 1

— E — <

N el (g)z /bz—l u2d +O(N>
E=ONL+1 N

where the term O(1/N) takes into account the error made when N is odd. Therefore, the first
term in the right-hand side of (3.49) is bounded by

/2]
Jéw > (Sf'_b+O(N) (3.50)

E=bNIY +1

Similarly, for the the second term in (3.49), we get the bound

LIV/2] 1 2
1 3 1 1 21 1y _ &
NK N eopnes 1(%) by Joegt w N b N
Combining (3.50) and (3.51) in (3.49), we get the desired result. O

Proof of Lemma 3.J. Since the denominators in (3.44) are uniformly lower bounded in the
pinned case (v > 0), the proof is easier and left to the reader. We restrict ourselves to the
proof in the unpinned case (v = 0). We introduce for notational purpose the two functions

F(u,v) = ¢(u)usin(2ruv), G(u,v) = dag(u) sin? (Tuv),

defined on [0, 1] x Ry. Using that sin(z) < min(1, z), it is straightforward to prove the following
bounds on F, G and their partial derivatives: for any (u,v) € [0,1] x Ry,

|F(u,v)| < Cmin(1,v), (3.52)

|0uF (u,v)| < Cmin(1,v) + C'v, (3.53)
10,G(u,v)| < Cmin(1,v?) + C" min(1, v)v, (3.54)
|0, F (u,v)| < C, (3.55)

|0,G(u,v)| < C'min(1,v), (3.56)
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where C, C' are some positive constants.
The proof is now in two steps: we first control the difference between the expression with
double sums in (3.44) by a similar one in which the sum over k is replaced by integrals over u

a | (G (D) o3 (6 () )

S\ DL e (%7 aTN) Na\ ha ( 5ZN) du ||

and then control the difference between this new term and the one with double integrals

(3.57)

1 2
, In b%\, (fol F ( §€N> du) /bd (fol (u,v) du) (358)
= | — v .
NS\ he(n %) du 0 Jd G (u,v) du
1. We start by (3.57). First, for any £ < bN. EJ_Vl, we can bound the difference
N 1
) ()
— Fl— 27| - Flu >—|du
IN kZ::l (fN N 0 N
Iy k)t
< sup 8F< fﬁN)’/ " ﬁ—udu
fm1 W El(k=1)/Ew /0] N 1 te=1)/en 1N
l 14 1
< (Kmin (1 5NN> + kSN N) o (3.59)

and similarly for G:

In
1 k EKN) 1 Eln
LGk ) oo ),
L3o(E ) [lo(u
. §€N>2 ‘o ( §5N> v\ 1

< EheLl S M)A — .

< (Kmln (1, I + K'min ( 1, N )N s (3.60)
We can now introduce the cross term

N 1 k

o N (S F (A 5)
14

N =1 f(] ( £N>d

in (3.57) to bound

A<@be&1 1 W F( k §£N> i 1 _ 1 (3.61)
SN Z \nE N AT G (A ) e ()]
o V(0 F (i ) du) - (T r (5 5) , (3.62)

N & G (%)

To control the term (3.61), we use the upper bound (3.52) on F', the upper bound (3.60)
and the lower bounds of Lemma 3.5 to get:

1 2
@bNZN | I F( 1 §£N>
N Z \ivz N

1 1
AN G (A R) 8 () du
1bNe;v

<% ; (K+K’§J<§V). (3.63)
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For the term (3.62), the difference in the numerator can be bounded using both (3.52) and
(3.59), yielding

In

([ 5 (-5)a) - (L 5r(5%)

< min (1,%{?) <Kmin( 5]\];[) —|—K’§f\]fv> 2\7'

Combined with the lower bound of Lemma 3.5, this gives the control on (3.62):

1| gy 2 (1N ko en))? 1
ik i ) B
— < — max (1,—] ).
N &=1 fol G (’LL, aﬁ) du N £=1 N

(3.64)
All in all, inserting (3.63) in (3.61), and (3.64) in (3.62), we get
bNCY
1 J L
A<+ 3 <K+K’max (1%\?))
e=1
b2
< K'—, (3.65)
N

where we used that b > 1 to get the bound at the last line.

2. It now remains to control (3.58). Denote by H the function

(f01 F (u,v) du)2
fol G (u,v)du

Deriving H, we get

2
2 (fol F (u,v) du) (fol O F (u,v) du) (fol F (u,v) du) (fol OuG (u,v) du)
fol G (u,v) du (fo (u,v) du)2
Using the bounds (3.52) for F', (3.55) for its partial derivative and Lemma 3.5 of the first term,
and then (3.52), (3.56) and Lemma 3.5 for the second term, we get

1
min(1,v)

H'(v) =

H@w)<C

(3.66)

Since this bound blows up for small values of v, we are going to control differently the sum for
the first N/¢x terms and the rest.

H is continuous on R and therefore uniformly continuous on [0, 1]. Let € be its modulus
of continuity on [0, 1]. Then

levwl <5£N> /H )dv <e<i\7> (3.67)

3

and the right-hand side term goes to 0 with N. For the higher order terms, we use that the
derivative of H is bounded (3.66) to get

bNCY bNCY

In §ln In/N bl
~ 2 ()/Hdv<KZ/ vdv <K'=,

=Nl +1 =Nl +1
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for some constant K’. Combined with (3.67) gives

bln
N

155

B<
(%

J+N
The conclusion of the proof of the lemma follows from combining this with (3.65). O

3.2.3 Case of general ¢ € C°

In this part, we present some numerical evidences of the convergence of ¢xrky(T) for an
arbitrary function ¢ € C°. We compute numerically

RN:l;i]Vi (Z <Z5kg sm(27r ))2

kg
N
=1 1/—|—40sz 1qbks1n ( %)
1 k

¢(z) = exp (1_1362) Ljgj<1-

(3.68)

for ¢y, given by

where ¢ is the bump function

We compute (3.68) for different values of the parameter £y = | N?|. We then plot (3.68) as a
function of 0 < § < 1 for v =0 and a = 1/4. As we expect <y to converge towards

1 . 2
oo [ [y ¢(uw)usin(2ruv)
iy N0 9 (% ) — A 1,28,

0 fo ¢ (u) sin?(ruv)

we compare these results to the value of & = 1,28, that we computed numerically. The results
are displayed in Figure 3.2.3.

The constant parts for small § are finite size effects due to the fact that | N?] is equal to 1
(and then 2, 3,...) for a large number of small values of d, at least for the range of values N we
consider.

3.3 Long range exchanges of velocities

In this section, we study the thermal conductivity for the chain with long-range stochastic
exchanges of velocity and prove in particular Theorem 3.2. The section is organized as follows.
We prove in the Subsection 3.3.1 the following two formulas for the conductivity that we will
use throughout the whole section.

Proposition 3.2. In both the harmonic and anharmonic cases, the conductivity is given by

€T N k=1

tn & itk i vd N
kN (T) = T2tNN / > Zgﬁkg jortEds ||+ ey (3.69)
where
titkia

% (Vi Vi) vw (X7 - xR
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EN
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Figure 3.1 — &y as a function of §, where fy = N 3 for different values of N. &y seems to
converge to & for a large range of values of {.

is the mechanical contribution to the energy current and

Iy k2
= Y7 (3.70)
!
k=1 N
In the harmonic case, the correlations of the current can be explicitly computed and we get
_d 1 - (5€N)'~’ (5@) 7d n
HN(T) = Fﬁ Z Wy T aN N -+ ? ,], 5 (371)
£eTN
where 5
k
L (ENY oo (Bt sin (2r))
N V+40: }:k 1 Pk sin? ?T“Nﬁ)
and

—Fen(u)ty _q
- ) (3.73)

1
N = ) (1 iy

is the scattering term, with

=4 Z Yk sin (?’I’%U) (3.74)

We then prove Theorem 3.2 in Subsectlon 3.3.2, i.e. that the thermal conductivity (3.71)
converges for the pinned harmonic chain. In fact, the contribution of the hamiltonian currents
vanish and energy is transported by the stochastic exchanges. We conjecture that this result is
true it for an anharmonic uniformly convex pinning, and give a strategy to prove it in Subsection
3.3.3. We then analyse the result by analogy with a system of noninteracting random walks in
Subsection 3.3.4.
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3.3.1 Thermal conductivity computations: proof of Proposition 3.2

The calculations are similar to those of Section 3.2, and we only highlight the main differ-
ences.

1. Proof of (3.69) for any potential

The generator of the stochastic part of (3.11) is now

Sf = WZZ% n Ry — (),

i€Tn k=1
with n = (2%, v%);er,, and 7%** is equal to 7 except that v and v'T* are exchanged. We can
still define the current by (3.24), but this time, the collisions contribute to the energy current.

We get

JHER ([0, 1)) ¢>k/ jorte “ds+’m/ e ds + MPTE, (3.75)
and P12 012 i+k |2
gitkis |Vjs2‘ _ ‘VSZ‘ o ‘VZ ‘
Js ==V ( 9 > ) 2

4,0+ k;s ;

is the contribution of the stochastic part to the energy current. Since jg is a spatial gradient,

its contribution to (3.5) vanishes. M/"** is a martingale equal to
o t Vi+k 2 V7, 2 .
MR — _/0 <| > - ;' ) d (NFHE — yys). (3.76)

The thermal conductivity is thus equal to

tN ‘N N 2
rn(T) = T2tNN (/ ZZ¢ “*’”ds+ZZ M”M)

1€TN k=1 ZETkl

Expanding the square, the contribution of the product of the martingales with the energy

current is null by the same time reversal argument as presented in [2], leading to
2 2
i+F; i+k
rn(T) = 2T2tNN (/ > Z . w “ds) ( > Z M” ) . (3.77)
€Ty k=1 €T N k= 1

From (3.76), we compute the variance of the martingale MtZ itk using invariance of the Gibbs

= |8 [ (Vi - i) as)
-2 ] o).

Since the coordinates of V¢ = (V%7);<;<4 are independent gaussians of variance 7' under the
Gibbs measure, we have

Br [[ViIY] = Br (ZWP)
T+ Y B VP B [V

d
> Er [V
j=1 1<5457<d

= 3dT? +d(d — 1)T?,

measure:

Er |:<Mti,i+k:) 2
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and )
Er [[VIP]" = a1,
which gives
ii4k) 2 - 2
Er [(Mt ) = 13y, dT2.

By independence of the martingales we can finally compute the martingale contribution to
(3.77):

1€Tn k=1 €Ty k=1

2
1 i,i+k Z’L k\2
TQtNN (ZZ M +) - thNNZZ [ +)}
Cqd &R
—72’%%

_ ’Ld
=3 (3.78)

where cZVV is given by (3.70). Inserting (3.78) in (3.77) we conclude that

2
tN N ~d
Z’l ;a F)/
kn(T) = thNN (/ E E ¢k +k; ds) + 70]7\[,

€Ty k=1

which is (3.69) as expected.

2. Proof of (3.71) for harmonic potentials

For harmonic potentials, we can compute explicitly the contribution of the mechanical cur-
rent correlations. The method is the same as in the first section. We start by solving explicitly
the resolvent equation

Auan — Luxn = Y Z ¢k€ jhithe, (3.79)
€Ty k=1

This time, u) x is obtained via the following lemma.

Lemma 3.6. uy y is given by

« i i
WN =5 ; (i -V XY, (3.80)

where this time g N is the unique solution on Ty to the equation

Agan (1) =7 S50 W BAkgaN () = 424 B (Gte = i) (3.81)
>oneTy IAN (1) = 0.
Proof. We define uy y by (3.80) and check again that it solves (3.79). Extending gy n to a

periodic function on Z, gy y is again an antisymmetric function. Therefore, the same argument
as in Lemma 3.1 applies to prove that Auy y = 0. We compute Suy y by summation by parts:

In

« . . . -/

Suan = 5 DD weani— ALV - X
i€ k=1
« In

) S Y AN — iV X
i €Ty k=1
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Using (3.81), we get

N
e o o —
Aurn = Lurn = 5 (AQA,N(Z =) =3 wApgan (i — Z')) Ve Xt
i, €T n

k=1

o i k , -

— 5 b ; Vz . (Xz—k _ Xz-l—k)
€Ty k=1 N
N

_ ii+k;a

S e

€Ty k=1

as expected. ]

The rest of the proof follows straightforwardly. From (3.69), we can rewrite the conductivity

as
Lo s\ " vd N
T)=— 1-— d — .82
(@) =5 [ (1= 1) cMods+ el (3.82)
where C™V(s) is the correlation function
N ki K
= > Z 2¢k¢kET[”+ “Jo’ a}

i€T N kk'= 1

As in (3.33), the Laplace transform of the correlation function can be written as

Z g N(n (n),

neTn

2T2
cV

'y being still the solution to the same equation (3.35), that we recall
{ (v = @SRy rAk) T (n) = S Gk (O — Onik)

It suffices now to compute the discrete Fourier transforms of the new function gy x from the
equation (3.81), the Fourier transform of Iy being still given by (3.37). We get

2i2 ¢ch sm(%ﬁg)
>\+472k 1 Yk Sin ( gk)

(&) = (3.83)

By Parseval’s formula one thus gets

012 o [ (S o sin (35)) |
£eTy I/—I—4O¢Zk:1¢)ksm (%))\4_472’? LYk sin (wgk)

cV(\) =

For clarity, we rewrite these expressions by introducing the dispersion relation of the chain
(3.38) and the scattering relation (3.74), so that

T2 1 o (5‘%)2

cV\) =——
4n? N ¢eTy A+ YN (géN)

By injectivity of the Laplace transform, we find the following formula for CV:
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Inserting it in (3.82) gives finally after time integration

*:W/}N<7Ef\fN)tN _
d 1 L [Ely 1 e 1 7d
kN(T) = 5~ Z w§V< ) 1+ + —c
AN ety N7 (% ) YN (T}V> tn 2
d 1 lx v\ Ad
=y X o N) o (5) + el

¢€TN
which is (3.71) as expected.
3.3.2 Convergence of the thermal conductivity for a pinned harmonic chain:
proof of Theorem 3.2

From (3.70), it is easy to see that

N N—oo
— Cy,

where ¢, is defined in (3.12). Moreover, the first term of (3.71) can be split as in (3.42) to get

‘N N

— géN 2
2N 2 O (oY) ow
e=1

As a consequence, proving that

i L3 () o (49 o o

N—oo =1

kn(T) =

suffices to conclude Theorem 3.2. To prove (3.84), we first give a bound on @}\2, and then on oy.

1. Recall that @;\2, is given by

(S o (S ok on (39))
wN<N> _Ky+4azk N, ¢ sin? ( )

for some constant K. Since the chain is unpinned (v > 0), the denominator is uniformly
lower bounded. For the numerator, we can use the inequality sin(x) < z for £ < N/{y. For
N/lny <& < N/2, by the same argument as in (3.48), we can use that ¢ is constant to obtain
the bound

2
kg K K
( Z v Sm (27T)> : (3 sin® (75) i ¢4, sin? (w%

N
K’ K’

S@) (%)

where the bound at the second line comes from the fact £/N < 1/2. All in all, we obtain

Loreeny? | K (%) g N
(%) < KE%§2+K(“§)4 if gzifg. (35)
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2. We now control the scattering part oy. Introduce the function

e -1

u

flu) =1+

Then it is easy to see that f is bounded. Recall from the definition (3.73) of oy, that

() sty (oo ()

N

oN (i{?’) < ” Eif\][v)

Adapting the proof of Lemma 3.5, it is straightforward to see that ¥ n({n/N) is lower bounded

by
Un (’SEN) > cmin (1, "ffVN)Q

for £ < | N/2|. Therefore, we obtain

yielding

v\
oN (gN) S E(R) <k (3.86)
N7 | K if ¢> /.
Combining (3.85) and (3.86) yields
N
& <£€N)2a <£€N) < r -2 4 i<y
NN NN K (S) K () i ex A
Therefore, we can finally bound
= Nv(2Y) < SEN el SEN
N7t N e NN N (e VN
K/l
= Ea

and this concludes the proof of (3.84) and thus of Theorem 3.2.

3.3.3 Conjecture and strategy for anharmonic pinning

In this subsection, we suppose that the interaction potential V is harmonic (V (z) = a|z|?/2)
and the pinning potential U is anharmonic, uniformly convex and with Hessian lower bounded
by v. To prove the convergence of the thermal conductivity with an anharmonic pinning, we
can follow the strategy of [2], in which bounds on the conductivity are obtained (in a nearest
neighbor interaction model). Here, the contribution of the mechanical term is smaller than
that of the stochastic collisions, so this type of bounds should be sufficient to conclude. As the
range of interaction £y is a function of the size N of the system, we can not apply directly the
strategy of [2] and we have to prove all the intermediate results. Unfortunately, one part of the
argument is missing and we will just give a conjecture.

We first sketch the strategy and state the needed lemmas, and postpone the proof of these
lemmas at the end of this subsection. By (3.69), the goal is to prove that

tN In 2
s | ([ £ S ofsea) (357

1€Tn k=1
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goes to 0 with N. Denote

JL;N Z Zd) k]zerka

i€Tn k=1

and let uy x be the solution of the resolvent equation
A =L)uyny =JV. (3.88)

By classical calculations for fluctuations of additive functionals of Markov processes (see [12]
Appendix 1, Section 6 or [11] for a more complete reference), we can prove the following bound:

Lemma 3.7.

15
2 : 2 : i,i+k;a N
2T2tNN€2 (/ oubds ds) : 2T2N€?VET [‘] “t;%N] ' (3.:89)

€Ty k=1

We can then compute the right-hand side of (3.89) thanks to the following lemma.
Lemma 3.8. Denoting uy = Ut N for simplicity, then uy is given by
uv =5 > gn(i-i)V'-X7, (3.90)
3,1’ €T N

where gn is the unique solution on Ty to the equation

Lgn(n) =¥ X AkgN (n) = S Gk (i — Ontk) (3.91)
ZnETN gN(TL) =0. .

Recall that the mechanical current is given by
jhithia . %(Vi yitky L (X xR

Using that velocities are independent gaussians under the Gibbs measure, we can compute the
right-hand side term of (3.89) and get

5 5a° & i i
T2Nly Er [Jyun] = W”;E kz:l(ﬁkk gN(Z—Z)—i—gN(Z—Z +k))Ep {X -(X —XJFk)}.

By translation invariance, this can be rewritten

2 In
Twa?VET [Jnun] = 43022 lezhkzlgbkk (gn (i) 4+ gy (i + k) Ep {X ) (XO _Xk)]
4T€ e%: gn (i Z¢k Ep [X7- (X7% - x*)]
4T€ ZEZT:NQN Z% Er (X7 - x'7F) . x°). (3.92)

By the following lemma, we can bound gy in (3.92).

Lemma 3.9. Suppose the coefficients (¢r)r<ey are constant and equal to 1/€y for all —ln <
k < /{n. Then there exists a constant C > 0 such that

Clog/
lgnlloo < ——BN
15
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Finally, if the correlations E7[X*- X°] decay fast enough with 4, we will be able to conclude.
Actually, we can prove the following lemma for harmonic pinning.

Lemma 3.10. There exists two constants K,c > 0, independent of the length of the chain N,
such that the correlations satisfy

o dist(3,0)

|Er [Xo - Xi]| < Ke = v, (3.93)
where dist(i,0) is the distance between i and 0 in the discrete torus Ty .

Combining Lemma 3.9 and (3.93) in (3.92) gives

5 Klog eN itk i—k 0
——Ep [Jyuny] < —=——2~ E E SuBr | (XTHF — X - X
T2Ne&, " & ST It )X

K'1 / [N/2] i In s
< M Z e ‘ Iy Z¢ke N
EN =0 k=1

log(¢n)

< K’
< In

Together with Lemma 3.7, this concludes the proof of

tN ZN +k 2
N TR N 2T2tNN / 2 2. ¢’“£ gt s | =0,

€T N k=1

for constant ¢. The only part where we used that the pinning is harmonic is Lemma 3.10.

Conjecture 3.1. We conjecture that Lemma 3.10 also holds for uniformly convex anharmonic
pinning.

Brascamp-Lieb type inequalities as proven in [52] should help us prove this conjecture, but
we have not proven it yet. We finish this subsection by proving Lemma 3.7, Lemma 3.9 and
Lemma 3.10. The proof of Lemma 3.8 being very similar to that of Lemma 3.1 and Lemma 3.6,
we leave it for the reader.

Bound on the fluctuations of an additive functional

Proof of Lemma 3.7. uy n being a function of a configuration (X, V%);ct,, let us write uy n(s)

for a function of the configuration (X, V{);cr, at time s. Then

t
UA,N(t) = U)\’N(O) +/0 £UA7N(S)dS + M;,

where M, is a martingale whose quadratic variation can be computed by stationarity (see [12],
Appendix 1, Section 5)

Er [Mtﬂ = 2tEp [U)\7N(—£)U)\7N] .

From (3.88), we can thus write

Ny N
: Jy'ds = )\/0 uy N(8)ds —ux N(tN) +urn(0) — My, .



96 CHAPTER 3. THERMAL CONDUCTIVITY

Computing the variance, we get the bound:

Er [(/Om J;Vdsﬂ
< 3\’Er l(/OtN u)\7N(s)ds>2

<3 (N +2) Er [4] v + 6tnEr [un v (—L)uan], (3.94)

+ 3Er [(U)\,N(tN) - UA,N(O))Z} + 3Er |:Mt2N:|

where the last line is obtained by Cauchy-Schwarz inequality and using that the Gibbs measure
is an invariant measure. From (3.88), multiplying by uy y and taking expectations, we deduce

AE7 [?ﬁN} + E7 [uyx n(—L)ux n] = E7 [ux vIN] .

Finally, using this last equality to bound the right-hand side terms in (3.94) gives

t 2 242
Er l(/NJSNds) ] < <3§+6+6t1\7> Er [uxnJv] -
0

Choosing \ = tj yields (3.89). O

Bound on gy

Proof of Lemma 3.9. The proof is very similar to the computations in Subsection 3.3.2. By
(3.91), the Fourier transform of gy is given by

2i ZEN ¢wi sin (27r 3

v

gn(§) =
+4’sz 1Yk sin? fk)
Therefore,
1
lgn(n)| < N > 1an(©)]
=1
¢ . (2nk
1 Y ‘Zklil ¢’ke]fv S (WTS)‘
<o
2N :

n (%5)] +0 (le) (3.95)

By the same arguments as in Subsection 3.3.2, if the coefficients (¢r)_¢y<k<r, are constant,
the numerator of the term in the right-hand side of (3.95) can be upper bounded by

: ZZl\fksin(%ﬂfg) < KQTN 1 2 res
B UV ) S k() ek (%) e

The denominator of the term in the right-hand side of (3.95) can be lower bounded using Lemma

3.5:
zwksm (744) Z{ K(%) i <

K if £€>

(3.96)

= 5=

(3.97)

e
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Combining (3.96) and (3.97) in (3.95), we get

N, _ N _
ol < K KIS (E)T K ST (6
=4y N N N N

§=|N/én] §=[N/tN]
K K los(tn)
— Iy In

Equilibrium correlations in the positions

At equilibrium, it is well-known that in the Gaussian case with nearest neighbor interaction,
the correlations in positions under the Gibbs measure decay exponentially if a pinning term is
present (see [29], Chapter 8). Since the range of interactions ¢y in our model depends on the
size of the system N, we adapt the calculations of [29] to our model.

Proof of Lemma 5.10. Following [29], Chapter 8, we define the discrete-time killed random walk
(Zn)n>0 on Ty x 1, where t is a graveyard point. Its probability transitions are given by

PN(i i+k)=Py(i+ki)=q5¢ if k<ly

( ) = 1—11/-1/
Py(1,1) =1
Pn(i,j) =0 otherwise

We suppose o« = 1 for notational convenience, but the proof can be easily adapted for a # 1
by defining a continuous time random walk and changing its rates of transition. We denote by
PJN and EJN the probability and the expectation with respect to this random walk starting at
j € Ty. Define for any ¢ € Ty x T

7i =min{n > 0: Z,, =i}.

Without modification, the proof of Theorem 8.26 in [29] can be adapted to obtain that, in the
Gaussian case

Er [X;- Xi] =

T — 1
Z 1 Zm] . (3.98)

Then, applying the strong Markov property at the stopping time 7;, we get

Er[Xo- X

Zp =1i,7; < T})
1 o0
:P({V(Ti<TT)7ZPiN(Zn:ivTi<TT)
l+v =
=P (r; <) Er [Xﬂ
<CP) (r<m), (3.99)

where C'is a constant independent of N. For any site ¢ such that dist(i,0) > ¢y, it takes to the
random walk at least [dist(i,0)/¢n] jumps to reach the site ¢ before going to the graveyard f.

Therefore ist(i
)dzst(z,o)/fN ( ,dist(i,0)>
= exp —CT )
N

PN (r < 7)< <1 -

for some positive constant ¢/. This concludes the proof.

1+v
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3.3.4 Analogy with noninteracting random walks

One can wonder if the definition of the finite-size thermal conductivity (3.5) is at the good
scale and if it is normal to find a conductivity of order 1 of the model with long-range exchanges.
It is actually not surprising to find a thermal conductivity of that order by analogy with non-
interacting random walks on Ty in continuous time, with jumps at rate 7, whose law is given
by (Yk)—ex<k<ey- In fact, consider the Markov process n: = (7¢);eT,,, where 7! is the number of
particles at site ¢ at time ¢. The conserved quantity in this model is the total of particles 3, 7’
and one can write

l

N In
i+k,i z Ji+k i+k,i z Ji+k 1, i—k 'L ki
Z Ny - = (Vi N Z (v ‘).

k=—LnN k=1

where N, HF i the number of times a particle jumped from ¢ to ¢ + & before time ¢. It is easy to
check that N*"** is an inhomogeneous Poisson process N** with rate yy;ni. The difference
NITRE_ NHFR §s the analogue of the integrated current J%([0,¢]), and can be decomposed
in a similar way as (3.75)

Nithi _ bk W:/ (et — Vs + METHE,

where M, LR s a martingale. For the process 7, also called the zero range process, the product
Poisson distributions with density parameter p on (Tx)Y form a family of invariant measures
(see [12]). We write E, for the expectation with respect to such a measure with parameter p.
By the gradient argument we used for the chains of oscillators, we can compute the analogue
quantity of (3.5)

2 27
1 y 1
E H—kz B Nz,z—l—k:) _ E Mz Ji+k
2p2Nt * IGZTNJX:I t p2Nt * ZEXT: kz:l
zz-‘,—k 2]
o 2 (o)
In k;
= ’_}’Z’Ykg
N—o00
— 27¢,,

and we find a conductivity of order 1 as expected.
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3.A Appendix: a trigonometric identity

In this appendix, we prove that

Lemma 3.11. There exists a sequence of functions (Fn)n>1, bounded uniformly in N, such
that, for 0 # 0,

Iy {ncos ((20n +1)¢ Fr (0

stin(k&) =— ( 2) + () .
=1 2sin (Q) sin? (g)

2

Proof. We start by computing

2 v 1 —¢l
- Z cos(kf) = —Re Z ¢ | = —Re (ew —
k=1 k=1 1-e

Differentiating with respect to 6, we get

1% . B ({n + 1) sin ((EN + 1)%) sin (ENg ) - £ cos ((EN + 1)%) cos (ENg)
kz::lk (k) = . (g) e (g)
(et
2sin? (g)

Then, using the identity

sin ((EN + l)g) sin (ENZ > — cos ((KN + 1)2) coS (ENZ) = — coS <(2€N + 1)2>

to combine the two first terms in the right-hand side of (3.100), we get

‘n ' B £ cos ((%N + 1)%)
kz::l ksin(kf) = — o (g)
N sin ((EN + 1)%) sin (ENg ) sin (%) + cos ((KN + 2)%) sin (ng) cos (g) ‘

2 sin? (g)

This completes the proof. ]
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3.B Appendix: proof of Lemma 3.5

This appendix is devoted to the proof of Lemma 3.5 and the convergence of the integral
(3.45). We start by proving the convergence of the integral.

Lemma 3.12. For a general function ¢ € C([~1,1]), non-increasing on [0, 1], the integral

o0 (fol o(u)u Sin(27ruv)du>2
/ dv i -
0 v+ 4a [y ¢(u) sin?(ruv)du

18 convergent.

Proof of Lemma 5.12. For v > 1, the integral in the numerator can be split into the following
terms

1
/ d(u)usin(2ruv)du
0
S RIS (k410
= Z / ¢ (u) usin(2muv)du + ¢ (u) usin(2muv)du
k=0 \’/Kk/v (k+1/2) /v
1
+ ¢ (u) usin(2muv)du
Lo] /v
[l (kt1/2) /0 1 1
= Z / <¢ (w)u—¢ (u + ) (u + >) sin(2muwv)du
= “Kk/v 2v 2v
1
+ / ¢ (u) usin(2muv)du,
Lv] /v
using that sin(2muv 4+ m) = —sin(27uv) at the last line. Hence, applying the mean value

inequality to the function u +— ¢(u)u in the first integral at the last line, we deduce that there
exists a constant C' such that, for v > 1,

1 2 1 2t kr1/2)/0 1 2
(/ o(u)u sin(27ruv)du> <C|- Z / | sin(2muv)|du +/ | sin(2muv)|du
0 U= Jk/v lv] /v

2
1 1
SC’(l/ ]sin(27ruv)\du+/ ]sin(27ruv)\du> .
v Jo lv]/v

Bounding the first integral in the last line by 1, and using that the integration interval of the
second integral is smaller than 1/v, we finally get that

1 2 1
(/ o(u)u sin(27ruv)du> <C—, (3.101)
0 v
for v > 1. Moreover, for any v > 0, the numerator in (3.45) can be bounded by

(/01 d(u)u sin(27ruv)du)2 < 4r?o? (/01 ¢(u)u2du)2 : (3.102)

Combining the bound (3.101) for v > 1 and (3.102), we finally get the following bound on the
numerator in (3.45) for all v > 0:

(/01 d(u)u sin(27ruv)du>2 < Cmin(v?,1/0%).



3.B. APPENDIX: PROOF OF LEMMA 3.5 101

This already proves the convergence of (3.45) in the pinned case. For the unpinned case,
we lower bound the denominator using (3.46) in Lemma 3.5, yielding

< —
v+ 4da [} (u)sin?(ruv)du —  cmin(l,v?) T ¢

2
(fol ¢(u)usin(27ruv)du) < Cmin(v?,1/v?) _C i (1 1 )
min s o |
which concludes the proof. O

We finally prove Lemma 3.5.

Proof of Lemma 3.5. 1. We start by (3.46). As the integrand is positive, we can lower bound
1 1/2
/ $(u) sin?(ruv)du > | é(u) sin? (ruv)du, (3.103)
0 0

and focus on the right-hand side term. We treat separately the case v > 1, for which we just
have to find a uniform lower bound, and v < 1, for which we have to find a lower bound
quadratic in v.

a. For v > 1, we use that ¢ is non-increasing and then an explicit integral calculation to get

/01 é(u) sin® (ruv)du > ¢ (;) /01/2 sin?(ruv)du

OG- e

It is then straightforward to check that there exists a constant 0 < ¢ < 1 such that for any
v > 1,

sin (mv) < emv,

which inserted in (3.104) yields

Yo > 1, /01 b(u) sin? (ruv)du > égf) (i) (1—e¢), (3.105)

b. For v < 1, using the inequality sin(z) > x(1 — 22/6), we have that for 0 < u < 1/2,
9\ 2
. 2 ™ 1,22
sin?(ruv) > (Tuw) (1 - > > duv?,
where ¢ is a positive constant. Therefore, inserting in (3.103), we have

Yo <1, / é(u) sin® (ruv)du > v / b(u)u?du,
Combining with (3.105), we therefore get (3.46).

2. For the discrete inequality (3.47), we use the same strategy, splitting into the case of
small and large values of £&. But for technical reasons we also have to consider an additional
case of intermediate values of £ separately. More precisely, we will first look at the large modes
€ > AN/ly, then the intermediate modes 0N/{y < & < AN/{y and finally the small modes
& <ON/ln, where § and A are two positive constants such that

24
1<é6*< (3.106)

As m (3.107)
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whose choice is motivated for technical reasons that will appear in the proof. We also start by
lower bounding

In [4n/2]
Lo o€ o €
X oo (rbyy) 2 3 o (k). (3:108)

and focus on the right-hand side term.
a. For the large modes £ > AN/{x, we lower bound (3.108) using that ¢ is decreasing:

N ) 5 ¢~ /2] ) é—
Z ¢, sin <7TkN> > Plon /2] Z sin (TrkN) .
k=1 k=1

We then compute the sum with the sines squared and get

cos ((LEN/2J + 1)7r%> sin (L&v/?ﬁrﬁ,))
& )
N

sin (7r

55
D> dpsin® <7rk15v) = %d’mm (VN/QJ -
k=1

Since /N < 2, we have
. f) 2 §
St ( N 24 | N’

and we can therefore use this to lower bound

In
Z b sin? (Wk]i) > %qﬁm\,/% en/2] (1 - ! Wz) ) :
k=1

v /2)m (1-5) %

Finally, since & > Aln /N, we get

55
5o () 2 Jomtenss (1t

1—6;\,1)7r(1—ﬂ

Since A is such that (3.106) holds, and (¢|¢, /2| /N /2])n>1 is a positive sequence that converges
to ¢(1/2), this suffices to conclude that there exists a constant ¢ > 0 such that

:z;v:lgbk sin? <7Tk‘]€r) >c

for any £ > ON/ly.

b. For the intermediate modes 0N/ln < & < AN/{y, we can first lower bound

[¢n/2] LLen /271

kZ::l ¢y sin? <7rk:]€f> > by >, sin? (m}i)

k=1
Since the function u — sin?(7u) is increasing on [0,1/2] and since k% < 1/2 for £ < AN/ly
and k < |[/n/2]A7!], we can lower bound

[en/2]A7]

LLen/21a7t) /ey
(f)LgN/QJ Z SiIl2 (W]C]i) > ¢L€N/2J€N/ Sin2 <7TUN£_1> du.

k=1 0 Iy

Lower bounding the term in £ in the integral, we finally get

€~ /2]

> fpsin® (ijff) > Loy /2)tN
k=1

sin? (mud) du.

/WN/QJAU/@N

0
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-1
As (@|¢y /2/¢N)N>1 Is a positive sequence converging to ¢(1/2) and fOWN/QJA /N g2 (rud) du
is also a positive converging sequence, we conclude that there exists a positive constant ¢ such
that for any 6N/ln < & < AN/ly,

LN /2] ¢
Z o, sin? (Wk) > c.
k=1 N

c. For the small modes £ < dN/ly, we use that for k < [{y/2] and £ < 0N/,

. f) § 627 k &l
= > = | > c—2>=
51n(7rk‘N *FkN 1 2 7C£NN’

where ¢ is a positive constant by (3.106). Therefore

In 2,2 Len/2] 2
. 3 &N k

E ¢y, sin’ (Wk> >c E Pk 5

= N N2 % EN

=1

and since the positive terms Z,g:Nl/QJ ¢pk? /03 converges as a Riemann sum to f01/2 o(u)udu,
there exists a constant ¢’ > 0 such that for small modes £ < IN/{y,

N 22
kzzzl Ok sin? (Wk]i) > c’gj\gv.

This concludes the proof.
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Résumé : Les systemes de chaines d'oscillateurs
permettent de modeéliser microscopiquement un so-
lide, dans le but d’étudier le transport d’énergie et de
retrouver la loi de Fourier. Dans cette thése, nous in-
troduisons des nouveaux modeles de chaines d'os-
cillateurs avec interaction mécanique de type champ
moyen local et collisions stochastiques préservant
I'énergie totale du systéeme. Le premier modéle est
un modéle avec échanges stochastiques de vitesses
de type modéle de Kac. Le second est un modéle
avec retournement de vitesses, ou les vitesses sont
changées en leurs opposées a des temps aléatoires.
Contrairement a la théorie classique des modeéles
de champ moyen, les particules du systeme ne
sont pas indistinguables, et le caractére conser-
vatif des échanges stochastiques pour le premier
modeéle représente une difficulté supplémentaire dans

la preuve d’'une limite de Vlasov. Nous prouvons dans
un premier temps une limite quantitative de champ
moyen, que nous utilisons ensuite pour prouver que
I'énergie évolue diffusivement a une échelle de temps
donnée pour le modéle avec échanges a longue
portée pour une classe restreinte de potentiels an-
harmoniques. A cette méme échelle de temps, nous
prouvons également que I'énergie n'évolue pas pour
le modéle avec retournement de vitesses.

Dans le cas d'interactions harmoniques, nous cal-
culons ensuite la conductivité thermique via la for-
mule de Green-Kubo pour ces deux modeles, afin
de mettre en évidence que I'échelle de temps a la-
quelie I'énergie évolue pour le modéle avec retourne-
ments de vitesses est plus longue et donc que les
mécanismes en jeu dans le transport d'énergie sont
différents.
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Abstract : Chains of oscillator systems enable to mo-
del microscopically a solid, in order to study energy
transport and prove Fourier’s law. In this thesis, we in-
troduce two new models of chains of oscillators with
local mean field mechanical interaction and stochas-
tic collisions that preserve the system’s total energy.
The first model is a model with stochastic velocity ex-
changes of Kac type. The second one is a model with
random flips of velocities, where the sign of the parti-
cles’ velocities is changed at random times.

As we consider local mean field models, particles are
not indistinguishable, and the conservative stochastic
exchanges in our first model are an additional diffi-

culty for the proof of a Vlasov limit. We first derive a
quantitative mean field limit, that we then use to prove
that energy evolves diffusively at a given timescale for
the model with long-range exchanges and for a res-
tricted class of anharmonic potentials. At the same ti-
mescale, we also prove that there is no evolution of
energy for the model with flips of velocities.

For harmonic interactions, we then compute thermal
conductivity via Green-Kubo formula for both models,
to highlight that the timescale at which energy evolves
for the model with velocity flips is longer and therefore
that the mechanisms at play for energy transport are
different.
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