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Introduction

Introduction to sensitivity analysis

Mathematical models are useful tools to the understanding of complex phenom-
ena. A large number of data-driven models have been proposed, ranging from
linear models to more and more complicated models, such as random forests and
neural networks. The increase of the size of training data and the performance
of computers enable the handling of black-box models, that require the tuning of
many parameters. These kinds of models are widely used in modern engineering
and their precision is confirmed in data science challenges. Since important deci-
sions are increasingly delegated to mathematical models (such as driving different
means of transport), the question of the reliability of these models arises naturally
[RSG16]. Tt turns out that, the more a model is complex, the less it is inherently
easy to interpret, and so to trust.

@ linear regressions
@ decision trees

@ /-nearest neighbours
@ random forests

@ support vector machines
@ ncural networks

Interpretability

Accuracy

To increase the reliability of mathematical models, [Sam41] suggests: ”In or-
der for the analysis to be useful it must provide information concerning the way
in which our equilibrium quantities will change as a result of changes in the pa-
rameters”. Andrea Saltelli defines in [Sal02b] sensitivity analysis as ” the study
of how uncertainty in the output of a model (numerical or otherwise) can be ap-
portioned to different sources of uncertainty in the model input”. A sensitivity
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analysis enables to distinguish the input variables that have a large impact on the
output uncertainty, and the less impacting input variables.

Sensitivity analysis is also an important tool for the use of computer codes, that
simulate a physical quantity of interest. Since the inputs of the computer codes
are uncertain physical quantities, sensitivity analysis explain how the uncertainties
of the inputs impact the output of the computer code. This knowledge improves
the understanding of the physical phenomenon and helps to prioritize efforts on
the accuracy of the inputs.

Sensitivity analysis methods can be divided into two groups: local and global.

Local methods consist in the study of the impact of small variations of the
inputs around one (of several) nominal value(s) of interest. They are the first
sensitivity analysis methods suggested in the literature and rely on the partial
derivatives of the model [Har90, Hel93]. Different methods are discussed in [BP16].
However, local sensitivity analysis is no longer relevant for non linear models when
considering "large variations” of the inputs, or when the model input is uncertain.

To overcome the disadvantages of the local approach, global sensitivity analysis
considers the variation of the inputs on their whole set of definition (see [IL15] for
a review of this topic). Global sensitivity analysis improves the interpretability of
the model in the following ways:

e We know if the variation of a specific input variable can lead to an important
variation of the output or not.

e The non-influential input variables can be fixed to a nominal value to simplify
the model.

We can gather global sensitivity methods in two classes: the screening methods
and the probabilistic sensitivity methods.

Screening methods use a design of experiments to give a qualitative importance
of the inputs. These techniques are particularly used for models with a large
number of inputs since they are computationally very cheap. The first aim is
to identify the least important inputs to reduce the dimension. For example, in
Morris screening method [Mor91], we compute the mean of the squared variations
of the model changing only one parameter at a time (this method is also called
”One-at-a-time”).

Finally, in probabilistic sensitivity analysis, the inputs are assumed to be ran-
dom variables. For example, the input distribution can model the uncertainty on
the inputs. That makes the output a random variable, with some output distribu-
tion representing its uncertainty. Hence, the variations of the inputs are not chosen
arbitrarily as in local sensitivity analysis, but are defined by the input distribution.
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The probabilistic sensitivity analysis methods are more accurate, and most of
them aim to associate to each input variable (or each group of input variables) an
index that quantify its impact on the output. These indices are called ”sensitivity
indices”.

The first suggested sensitivity indices are defined for linear regression [SM90,
Hel93]. Then, several researchers [Sob93, TH90, Wag95] defined similar sensitivity
indices almost simultaneously but in different fields. These sensitivity indices are
now called ”Sobol indices”. They are based on the analysis of variance. Although
they remain very popular, other sensitivity indices have been proposed in the
literature since then (see for example [PBS13, Bor07, Chal3, FKR16, LSAT15]),
and we can find in [BHP16] a general framework for defining sensitivity indices
based on variances, on densities, or on distributions. These sensitivity indices
are very useful in many applications, for example in physics or in the industry.
However, many of them suffer from a lack of interpretation when the input variables
are dependent.

Recently, Owen defined new sensitivity indices in [Owel4] called ”Shapley ef-
fects” that have beneficial properties and that are easy to interpret, even in the
dependent case. The main advantages of these sensitivity indices compared to the
Sobol indices (and their variants) are: they remain positive, their sum is equal to
one and there is exactly one index for each input (there are no indices for groups
of variables). The Shapley effects are based on the notion of ”Shapley value”, that
originates from game theory in [Sha53]. The Shapley value has been widely studied
([CBSV16], [FWJ08]) and applied in different fields (see for example [MvLGT08]
or [HI03]). However, only few articles focus on the Shapley effects in sensitivity
analysis (see [Owel4, SNS16, OP17, IP19, BEDC19]). Song et al. suggested an
algorithm to estimate the Shapley effects in [SNS16] that is implemented in the R
package "sensitivity”. However, this algorithm requires to be able to generate
with the conditional distribution of the input vector.

In this context, the estimation of the Shapley effects has not been enough
developed to enable a broad framework of application in the industry. The aim
this thesis is to expand this estimation to make the Shapley effects easier to use
in the industry and in particular for the ”Commissariat a ’énergie atomique et
aux énergies alternatives” (CEA). The example of data from CEA in the field of
nuclear safety will be treated.

Contributions of the thesis

For real data, the independence assumption of the input variables is not realistic,
and so we focus on the computation of the Shapley effects. The contribution is

3
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twofold.

First, we focus in the general setting. We suggest new estimators of the Shapley
effects in the same framework as the one suggested in [SNS16] with lower variances.
Then we extend these estimators to the case where we only observe an i.i.d. sample
on the inputs and we obtain rates of convergence for them.

Secondly, we focus on the Shapley effects in the linear Gaussian framework.
We suggest an algorithm to compute them when the parameters (input covariance
matrix and regression coefficients) are known. Then, we improve the efficiency of
the algorithm in high dimension when the covariance matrix is block-diagonal. We
give another algorithm to estimate the Shapley effects when the parameters are
unknown, particularly in high dimension. We also give guaranties when using the
Gaussian linear framework while the model is not linear but the covariance matrix
converges to 0.

During the PhD, we also worked on a different topic, namely on kernels defined
on the symmetric group. Illustrated by numerical applications, our work on kernels
on the symmetric group and on partial ranking enables to handle complex data.

We provide families of kernels and we prove their positive definiteness to use
them as covariance functions for Gaussian processes. Based on the works of
[Bacl4], we prove asymptotic results on the maximum likelihood estimator. We
also implemented our kernels to solve optimization problems defined on the sym-
metric group using the expected improvement strategy. We provide an application
to the search of the best Latin Hypercube Design.

We also extend our kernels on partial ranking, with numerical simplifications in
some cases. We compare these kernels with a state-of-the-art algorithm on numer-
ical applications, which reveals that our suggested kernels seem to be significantly
more efficient.

Organization of the manuscript

The manuscript is organized into three parts.

Part I, contains Chapter 1 on the state-of-the-art of sensitivity analysis and
the Shapley effects. First, we define the Sobol indices for independent inputs and
we give some estimators. We then give a generalisation of the Sobol indices when
the inputs are dependent with a list of other sensitivity indices. Finally, we give
the definition of the Shapley effects and the already existing algorithm to estimate
them.
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Part II, containing Chapter 2, is dedicated to the improvement of the estima-
tion of the Shapley effects in the general case. It is based on [BBD20]. We reduce
the variance of the estimates of the Shapley effects and extend them when we only
observe an i.i.d. sample of the inputs.

Part III focuses on the Shapley effects in the linear Gaussian framework.

In Chapter 3, we provide an algorithm to compute the Shapley effects using
the covariance matrix and the vector of the linear model. It comes from a part of
[BBDM19].

Chapter 4 highlights the problem of computing the Shapley effects in the Gaus-
sian linear framework when the number of input variables is large. We give the-
oretical results on sensitivity indices in a general setting, when the inputs form
independent groups of variables. Then we derive an algorithm that computes the
Shapley effects in the high-dimensional Gaussian linear framework with a block-
diagonal covariance matrix. Chapter 4 is based on the rest of [BBDM19].

In Chapter 5, from [BBCM20], we estimate the Shapley effects in the Gaussian
linear setting with a block-diagonal covariance matrix when the parameters are
unknown, with a focus on the high-dimensional framework.

In Chapter 6, we aim to approximate a general setting by a Gaussian linear
model, when the uncertainties are small, to estimate the Shapley effects using our
previous algorithm. Firstly, we focus on the linear approximation of the function
and the corresponding Shapley effects, under the Gaussian assumption. Secondly,
we study the asymptotic behaviour of the empirical mean of the non Gaussian
inputs to approximate it by a Gaussian vector with a covariance matrix that goes
to 0. This chapter is based on [BBDM20).

The proofs are given in the appendix. Chapter V in the appendix contains our
independent work from [BBGL20] on kernels defined on the symmetric group.
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State of the art






Chapter 1

Sensitivity analysis and Shapley
effects

Let (22, A,P) be a probability space, X = [['_; &; be endowed by the product
o-algebra &€ = @ |&; and X be a random variable from 2 to X with distribution
Py.

If uc[l:p] = {1,2,---,p}, we define x, := (2;)icu, Xy = [[;c, &i and |u| the
cardinality of u.

To simplify the notation, let L? := L?(X,R,Px) be the Hilbert space of the
set of squared integrable functions. For orthogonal linear subspaces Vi and Vs, we
will write V; L V5. If V is a subspace of L?, let V+ be the orthogonal complement

1
of V. We will use the symbol ”@)” for the direct sum in L?* and ”@” for the
orthogonal direct sum in L2

Finally, let f € L? and Y = f(X). We call X the "input variables” and Y the
“output variable”. In practice, the random vector X correspond to the uncertain
inputs, the function f to the model and the random variable Y to the uncertain
output. This setting will be valid throughout the entire manuscript (except for
Chapter V in the appendix).

The aim of the sensitivity indices is to quantify the impact of a variable X; (or
of a group of variables X,) on the output variable Y.

A Sobol indices for independent inputs

In Section A, we assume that the random variables (Xi>ie[1:p] are independent.

9



CHAPTER 1. SENSITIVITY ANALYSIS AND SHAPLEY EFFECTS

A.1 Definition of the Sobol indices

When the input variables are independent, the variance decomposition into Sobol
indices comes from the unique writing of the function f into f(x) = Zuc[l:p} fulzy)
where the f, are not correlated and satisfy further technical conditions. A way to
describe this decomposition is defining the subspaces (HY)ucp) of L* on which we
will project the function f onto. Here, we begin to define the subspaces H, (which
are easy to interpret) and the related closed Sobol indices. Then we deduce the
more complicated subspaces H? of the Hoeffding decomposition and the related
Sobol indices.

A.1.i) Closed Sobol indices

If u is a subset of [1 : p], the first way to assess the impact of the group of variable
X, on f(X) is to project find the closest function of X, from f(X). Let o(X,) be
the o-algebra generated by X,,. If a random variable Z is measurable with respect
to 0(X,), we will write Z € o(X,).

Definition 1. For all u C [1 : p|, let H, be the closed linear subset of L* defined

by:
Hy, :=1{h, € L* | hy(X) € 0(X,)}.

The space H, is the set of function h, such that h,(X) is a function of X,.
Hence, the projection of f on H, gives the best approximation (in L?) of f which is
a function a X,. This projection is z — E(Y| X, = x,). Now, taking the variance
and dividing by Var(Y’), we obtain some sensitivity index called the closed Sobol
index (see [IP19]).

Definition 2 (Closed Sobol indices). For all u C [1 : p], the quantity S¢, defined

by
Var(E(Y|X,))

Var(Y) (1.1)

is called the "closed Sobol index” of the group of variables X, where we write, by
convention E(Y|Xy) = E(Y).

cl . __
St =

We remark the S§' = 0, S[Cll:p] =1 and, for allu C [1 : p], S¢ € [0,1]. The Sobol
index S¢ can easily be interpreted as the part of the impact of X, on the variance
of Y. However, the sum over u C [1 : p] of the closed Sobol indices is not equal to
1 in general, which is an issue for interpretation. In order to define indices which
sum is one, we now introduce new linear subspaces of L? on which we will project

onto.

10
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A.l.ii) Hoeffding decomposition

Definition 3. Let Hg be the space of functions that are constant Px almost ev-
erywhere.
For allu C [1:p|, u# 0, we write:

H? :={h, € H,, Yo G u, E(h,(X,)|X,) =0} (1.2)

Abusing notation, for h, € H,, we write indifferently h,(X,) or h,(X).

These linear subspace have interesting immediate properties.

Lemma 1. For all u C [1 : pl|, the linear subspaces H, and H? are closed in L?,
and

Yu #v, H L HY. (1.3)

The closeness of H? comes from the fact that it is the kernel of a continuous
linear map. Thus, we can define the orthogonal projection Pyo on H?. The next
proposition now gives an explicit formula of this projection, and shows that L? is
actually the orthogonal direct sum of the linear subspaces H?, for u C [1 : p).

Proposition 1. For all g € L? and for all u C [1: p],

Pyy(9)(X) = Y (=) PE(g(X)1X,). (1.4)

vCu

Moreover,
1
VuC [L:p], H, =P H. (1.5)
vCu
In particular,

L= H. (1.6)

uC[1:p]

We can find the proof of Proposition 1 in [Vaa98]. This proposition ensures
that there exists an unique decomposition f = ZUC[lzp] fu, called "the Hoeffding

decomposition of f” such that f, € H? for all u C [1 : p], where

fulX) =Y (F)MME(£(X)1X,), (1.7)

vCu

11
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A.1.iii) Sobol indices

Since the functions (f,)ucp:y of the Hoeffding decomposition are orthogonal, we
have

Var(£(X) = 37 Var(fu(X.).

uC[1:p]
Hence, the decomposition of the function f matches with a decomposition of the
variance of f(X). Now, dividing the previous equation by Var(Y’), we obtain

Var(f,(Xu)) _
O T

uC[1:p]

So, the quantity Var(f,(X,))/Var(Y') can be interpreted as the part of the variance
of f(X) from the interaction of the group of variable X,.

Definition 4 (Sobol indices, independent case). For all u C [1 : pl|, the quantity
Sy defined by
o Var(fu(X.)

“ Var(Y)

15 called the 7Sobol index” of the group of variables X,.

Since the sum of the Sobol indices is equal to one and they are in [0, 1], we
interpret them as the following:

o if u = {i}, S; := Sy quantifies the impact of the input variable Xj;

o if u = {iy, -+ ,ix}, S, quantifies the impact of the interaction between the
input variables X ,---, X

i

A.l1.iv) Comparison of the closed Sobol indices with the Sobol indices

By Equation (1.5), we can easily write the closed Sobol indices using Sobol indices.

Proposition 2. For all u C [1 : p|, we have

S=3%"85,

vCu

Thus,

Su=8¢=> "5,

veu

12
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Proposition 2 strengthens the idea that the closed Sobol index S¢ represents
the whole impact of the group of variable X, and that the Sobol index S, only
represents the impact of the interactions between the variables (X;);e, that are
not expressed by subsets of variables (X;);e, for v C u.

Example 1. If Xy, -, X, are zero-mean independent variables with variance 1,

and if

uC|[1:p] icu

then, for all 0 & u C [1: p]

) > a

a I dGvCu
I R TS
> a; > a
DGvC[1:p] PCvC[1:p]

Conversely, we can write the Sobol indices with the closed Sobol indices (sim-
ilarly than the projection of f on the (H)),cpy with the projection of f on the
(Hy)ucpp), see Equation (1.7)).

Proposition 3. For all u C [1 : p], we have

Su= Y (=Dlige, (1.8)

vCu

A.1.v) First order Sobol indices and total Sobol indices

When u = {i}, S; = S¢ is called the i-th Sobol index of order one. It measures
the influence of X; on Y without its interactions with other variables. In some
cases, the i-th Sobol index is not sufficient to assess the impact of X; on Y (see
Section B.1.iii)). In order to measure the impact of X; with all its interactions,

[HS96] introduced the total Sobol indices, defined, for all i € [1 : p] by:

ST, = Y S,

u€[l:p],
S

and one can easily see that

E(Var(Y[X_;))

P — — d.:
STi=1-55 Var(Y)

where we write —i = [1 : p| \ {i}.

13



CHAPTER 1. SENSITIVITY ANALYSIS AND SHAPLEY EFFECTS

Remark 1. The sum of the Sobol indices of order one can be strictly less than 1,
since we do not take into account all the Sobol indices of higher order. The sum
of the total Sobol indices can be strictly larger than 1, since the Sobol indices of
higher order are counted several times. Indeed,

iSTi:i D Su= > JulSu= ) S.=1 (1.10)

=1 uell:p], uC[1:p] uC|[1:p]
IS

A.2 Estimation of the Sobol indices

The estimation of the sensitivity indices is an important subject in global sensi-
tivity analysis. The estimation of the Sobol indices has been studied in different
frameworks:

e We only observe a sample (X(”), f(X(”)))ne[LN];

e We observe a sample (X (™), <.y and we have the computer code of f (that
is to say, we are able to compute f(z) for any input z);

e We know the distributions of the inputs and we have the computer code of
f.

Moreover, some estimators require a large number of evaluations of f and so a
computationally cheap computer code of f, whereas some researches focus on the
estimation with a costly computer code of f.

A.2.j) Pick-and-Freeze estimators of the Sobol indices

The quantities the most difficult to estimate in the Sobol indices and the closed
Sobol indices are the Var(E(Y'|X,,)), for u C [1 : p], and in particular E(E(Y|X,,)?).
In general, the estimation of the function z, — E(Y|X, = z,) is a difficult non-
parametric problem. Hence, to estimate the quantity E(E(Y|X,)?) easily, the
”Pick-and-Freeze” estimators have been introduced in [HS96]. Since then, they
have been widely used and studied by mathematicians. The idea of the Pick-and-
Freeze estimator is based on the following proposition, that arises from Fubini

Theorem. For () 2® € X and for § ¢ u & [1 : p], we let (xq(}), )) be the

element v € X such that v, = 23 and v_, = ) and we let f(z\,2%) = f(v).

—u’
We use this notation throughout the manuscript.

Proposition 4 ([HS96], [JKLR"14]). For § G u & [1 : p|, let X and X' be
independent with distribution Px. Let X" := (X,, X" ,). Then :

E(E(Y[X.)?) = E(f(X)f(X")). (1.11)

14
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This proposition enables us to write a double expectation as a single expec-
tation, that we can estimation by Monte-Carlo. If we observe an i.i.d. sample
(X("))neu;mv] of X, we can create an i.i.d. sample (X(”),qun),X(_TN))ne[l:N] of

(X, X"). Then, we can estimate E(f(X)f(X")) by

LS () px Ny o u
T 2 AR X 2 E0SC0)

Based on this idea, many different versions of Pick-and-Freeze estimators have
been suggested. We can find a list of such estimators in the R package sensitivity
[IAP20] and in [BBD"16]. For example, in [BBD"16], Martinez estimator enables
to write the Sobol index S¢ as the correlation coefficient p(f(X), f(X*)) and to
obtain asymptotic confidence intervals using Fisher transformation. There also ex-
ist many theoretical results on concentration inequalities, asymptotic distribution,
and efficiency of Pick-and-Freeze estimators (see for example [GJKT16, GJKL14,

JKLR*14]).

To estimate a Sobol index S,, we have to estimate the 2/*l — 1 closed Sobol
indices (S¢)pcucy and to use Equation (1.8). Remark that the estimation of the
total Sobol index ST; only requires the estimation of S¢,, using Equation (1.9).

_7:7

Remark 2. Notice that the Pick-and-Freeze estimators require to have the com-
puter of code of f. If the computer code of f is not available, or if it is too costly,
one can use a metamodel of f (for example using Gaussian process [SWNW03]).
Then, the estimation error of the Pick-and-Freeze estimators comes from the meta-
model error and the sampling error, as it is detailed in [JNP1}].

To conclude, Pick-and-Freeze estimators are consistent estimators of the Sobol
indices and easy to compute. Many versions are already implemented and their
efficiency have been proven theoretically. Moreover, they can be used in any
general framework and they only require a sample of X and the computer code of
f (or a metamodel).

A.2.ii) Other estimators of the Sobol indices

When the input distribution is known, one can estimate the Sobol indices by dif-
ferent estimators that can be more efficient than the Pick-and-Freeze estimators.
Many estimators use an orthonormal basis of L? that matches with the subspaces
HY? defined in Section A.1.ii). Then, it is easy to write the Hoeffding decomposition
of f (and thus the Sobol indices) with the coordinates of f into this orthonormal
basis. To estimate the Sobol indices, the sums over the infinite orthonormal basis
are remplaced by sums over the first elements of the orthonormal basis, and each
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coordinate of f is estimated.

The polynomial chaos estimators (see [BS10b, CLMMO09]) are based on a poly-
nomial orthonormal basis of L?. These estimators are implemented in the Scilab
package NISP [BM10]. For all i €€ [1 : p], we define (¢'),en a polynomial or-
thonormal basis of L?(R, R, Px,). Hence, a polynomial orthonormal basis of L? is
given by (¥, ... n,)ny- mpene, where ¥, - () := oy, (21) - 9% (2,). From this
orthonormal basis, one can easily extract an orthonormal basis of H, and thus of
HY.

The FAST estimators [CEST73] are based of the Fourier orthonormal basis
of L?. They are implemented in the R package sensitivity. To estimate the
coordinates of f in the Fourier Basis, the multidimensional integrals are estimated
by one-dimensional integrals using the function z* : R — [—1, 1] defined for all
i €[1:p| by
z;(s) = G;(sin(w;s)),

)

where (G)icnp are particular functions and (w;)iepi;y) is a set of incommensurate
frequencies (see [CFST73, STC99] for details).

There exists a large number of other estimators of the Sobol indices and many
of them have similarities with the FAST algorithm. One can cite for example the
extended FAST [STC99], random balance designs [TGMO6], the works of [Sal02al,
of [TGKMO7] and of [P1il0]. Note that the estimator suggested is [Plil0] only
requires a sample of the inputs-outputs.

B Sensitivity indices for dependent inputs

B.1 Sobol indices for dependent inputs
B.1.i) Closed Sobol indices and Sobol indices

When the input variables are dependent, the Hoeffding decomposition of f does
not hold. Hence, we can not define the Sobol indices by Definition 4 anymore.
However, Definition 2 of the closed Sobol indices does not require the independence
of the inputs. Moreover, we have seen in Proposition 3 how to compute the Sobol
indices from the closed Sobol indices in the independent case. Thus, we can extend
the definition of the Sobol indices in the dependent case as the following;:

Definition 5 (Sobol indices, dependent case). For all u C [1 : p], let

Su= Y (1Ml (1.12)

vCu

16



CHAPTER 1. SENSITIVITY ANALYSIS AND SHAPLEY EFFECTS

be the Sobol index of X,.

The advantage of the Sobol indices compared to the closed Sobol indices is
that their sum is equal to one (because it is equal to S[Cll:p}). However, as the
Hoeffding decomposition does not hold, the Sobol indices S, are no longer equal
to a ratio of variances, that guarantees the non-negativity of the Sobol indices in
the independent case. Thus, when |u| > 2, we can get negative Sobol indices.

Example 2. Let X, and X5 be standard normal random variables with correlation
p>0,andletY = X; + Xy. We have Var(Y) = 2(1 + p). Then,

E(Y|X1) = X1 + le,

and ( ¢
1+p 1+p
S =5, = = .
TP T 200+ ) 2

Now,
5{1,2}21—51—52:—,0<0.

To conclude, when the inputs are dependent, the closed Sobol indices are still
available but their sum is not equal to one (as in the independent case). We also
can extend the Sobol indices but they are no longer non-negative for order larger
than 2. In both cases, there are thus interpretation issues with these indices.

B.1.ii) Estimation

When the inputs are dependent, Proposition 4 does not hold and the Pick-and-
Freeze estimators given in Section A.2.i) do not converge to the Sobol indices.
Hence, different articles focus on the estimation of Sobol indices with dependent
inputs.

[GDA16] suggests estimators of the Sobol indices for dependent inputs based
on the Pick-and-Freeze estimators. The idea is to transform the inputs variables
into two independent groups of variables to use Proposition 4. However, this input
transformation requires the conditional cumulative functions of the inputs (which
is rarely available), and [GDA16] does not provide convergence results.

The authors of [VG13] suggest a consistent estimator, with rates of conver-
gence, of the first-order Sobol indices for continuous inputs variables, when we
only observe an i.i.d. sample and when the input variables can be dependent.

The idea is to write Var(E(Y|X;)) as a function T'(fx, y) of the density fx,y

of (X;,Y). Then, they estimate fx,y by fAXZ.’y (for example, in their numerical
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application, they use a kernel density estimator). Finally, using a Taylor expansion

of
F:u—T (ufxi,y +(1— U)in,Y>

they compute the bias of T(thy). This bias is decomposed into two parts: a lin-

ear function of the density (which is estimated replacing fx,y by ]?th and using
a Monte-Carlo estimation) and a more complicated term, denoted . They give an
efficient estimator of  to deduce an efficient estimator of T'(fx, y) = Var(E(Y']X;)).
However, one of the limitation of the method suggested in [VG13] is that the es-
timator requires an estimator of the density fx,y.

B.1.iii) Limits of the Sobol indices

When the input variables are dependent, the Sobol indices can be defined as in
Section B.1.i). However, the interpretation of high-order indices is difficult since
they can take negative values.

A first idea is to focus only on the first-order Sobol indices, which remain in
[0, 1]. However, these first-order indices do not always allow to know the influence
of the inputs. For example, in many cases, some of these indices 5; are equal to
0 even if the output Y depends on the input X;. [PBS13] gives a setting when
first-order Sobol indices are equal to 0.

Proposition 5 ([PBS13]). If there exists ig € [1:p], I C[1:p|, J C[L:p] such
that

1. [1:p]=1UJ Ui},
2. f(z) = a(zr)g(zi) + b(z)),
3. Xy, X1 and X; are independent,
4. E(9(X;)) =0,
thenVi e I, S; = 0.
This proposition generalizes the case of the Ishigami model, defined by
f(z1, 29, 23) = sin(x1) + asin®(zy) + b w3 sin(x;) = (1 + b 3) sin(z;) + asin’(zy),

with the inputs variables (X;);cq1:5 are i.i.d. with distribution ([—,7]). In this
example, we obtain S3 = 0 whereas [PBS13] shows that the probability density
function of Y is different from the probability density function of Y conditionally

18



CHAPTER 1. SENSITIVITY ANALYSIS AND SHAPLEY EFFECTS

to X3 = x3. Hence, the first order Sobol index S3 does not give enough information
on the impact of X3 on Y, and one could use the total Sobol index ST3 which is
strictly positive.

Another way to deal with dependent inputs is to group together the inputs
variables into independent groups, and to consider each group as an input variable
[JLDO06]). However, this method only provides information of the groups of vari-
ables, without detail on the impact of each variable.

Hence, with dependent inputs, one needs to define new sensitivity indices, as
it will be done in the rest of Section B.

B.2 Generalized Sobol indices
B.2.i) Definition of the generalized Sobol indices

The generalized Sobol indices are introduced in [Chal3] and are based on the works
of [Sto92]. A generalized Hoeffding decomposition is suggested, from which one
can deduce the generalized Sobol indices.

For all i« € [1 : p|, let p; be a o-finite measure on (A;,&;) and we define
= Q?%_, ;. Assume that Px is absolutely continuous with respect to p and let
px be its density. If u C [1: p], we define p, = @),, 1t and px, be the marginal
density of X, with respect to p,. Moreover, we make the following assumption:

Assumption 1. We have
M €]0,1[, Yu C [1: p|, px > Mpx,px_.,- (1.13)

Remark 3. In order that Assumption 1 holds, it suffices that AM; > 0, My > 0
such that My < px < M.

Let us now define the linear subspaces on which we will project onto. For all
u C [1:p], let:

H) = {hy € Hy, (hu,hy) =0, Yo G u, Vh, € H} = H,N [ | Hy (1.14)
vGu

Remark 4. These subspaces are closed. Indeed, H? is closed as the intersection
of H, (which is closed) with an intersection of orthogonal complements.

Remark 5. The definition of H? defined in Equation (1.14) generalizes the defi-
nition given in Equation (1.2) for independent input variables.
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Remark 6. In [Chal3], the subspace H, is defined by H,N(,c, (I 9+, However,
i order to prove Theorem 1, it seems that one needs to deﬁne H? by Equation
(1.14).

We now give the central theorem of [Chal3] to define the generalized Hoeffding
decomposition.

Theorem 1 ([Chal3]). Under Assumption 1, for all g € L?, there exists an unique
decomposition
9= (1.15)

such that Vu C [1 : p|, g, € HL. In other words:

= P H. (1.16)

uC[1:p]

As in the independent case, the linear space L? is the direct sum of the linear
subspaces H?, for u C [1 : p]. However, these subspaces are no longer orthog-
onal with dependent inputs. Moreover, we do not have explicit formula for the
projection of a function g € L? onto these subspaces.

Definition 6. Let (fu)ucpy be the component of f on HY defined by Equation

(1.14). That is,
f= Z Jus

uC[1:p]

where f, € HY for all uw C [1 : p|. In the particular case where the inputs are
independent, f, is defined by Equation (1.7).

Remark 7. Theorem 1 requires Assumption 1. However, it is mentioned in [OP17]
that this assumption is strong. Actually, if there exists u C [1 : p] and (R,, R_,) €
Eu X E_y such that Px(R, x R_,) =0, Px,(R,) > 0 and Px_,(R_,) > 0, then
Assumption 1 does not hold (for ezample, when X has the uniform distribution on
the triangle {(x1,x2) € [0,1], z1 < x2} or the distribution pd ) + (1 — p)do))-

Remark 8. Usz’ng Theorem 1, we now can prove that, for all u C [1 : p|, H? =
Hy N (Ve (H 0L as defined by [Chal3)].

As in the independent case, we derive the generalized Sobol indices from the
generalized Hoeffding decomposition.

Definition 7 ([Chal3]). Under Assumption 1, for all w C [1: p|, we define SI°",
the generalized Sobol index of X, by:

Var(f,(X,)) + Z cov( fu(Xu), fo(Xy))

ggen . — v,s.t. uNv¢{u,v}

9 e (1.17)
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Definition 7 of the generalized Sobol indices SJ°" is another extension of the
Sobol indices for dependent inputs, different from the one given in Definition 5.
Indeed, when the inputs are independent, we have Yu # v, cov(fu(X.), fo(X,)) =
0.

Chal3] suggests to decompose the sensitivity index S9¢" into two terms:
[ gg p y g

e Var(f.(X,))/Var(Y) € [0,1] corresponding to the direct contribution of X,
on the variance of Y,

o Z cov(fu(Xy), fo(Xy))/Var(Y) corresponding to the contribution
v,s.t. uNvg{u,v}
of Y from the dependence of X; on the other variables.

Even in the dependent case, we have the following proposition:

Proposition 6 ([Chal3]). We have:

s =1, (1.18)

uC[1:p]

Example 3. Let X| and X5 be standard normal random variables with correlation
p>0,andlet Y = X; + Xy. We have Var(Y') = 2(1 + p). Remark that fy =
0, fi(X1) = Xy, fa(Xs) = X, fr121(X) = 0 is the unique generalized Hoeffding
decomposition of f. Indeed, we have in this case, fy € Hy, f; € HY, f?1,2} € H?1,2}
and f = fo + fi + fa+ fri2y. Then, we have

Sf — Var(X1)+cov(X1,X2) — 1
Var(Y 2
Sg o Var(XQ)‘iC(OV()Xl,XQ) _ 1
2~ Var(Y) 2
g _
Sty =0,

which seems more intuitive than the Sobol indices given in Section B.1.i) (see Ex-
ample 2).

Example 4. Now assume thatY = X+ X5 and X has the distribution N (0, (2 ?)) )

Then, for all a €] — /2, —1[, we have Var(Xs) 4 cov(X1, X») < 0 and Sy < 0.

To conclude, the generalized Sobol indices given in [Chal3] can have advantages
on the generalization of the Sobol indices for dependent inputs defined in Section
B.1.), as it is highlighted in Example 3. However, the interpretation of these
Sobol indices is still problematic because they can take negative values, including
the first order generalized Sobol indices (see Example 4).
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B.2.ii) Estimation of the generalized Sobol indices

An estimator of the generalized Sobol indices has been suggested in [Chal3] and
[CCGP15].

The main problem to estimate these sensitivity indices comes from the fact
that they rely on an unknown decomposition (fy)ucpp of f. Moreover, to sim-
plify computations, we assume that, for |u| > d, we have f, = 0, and we choose
for example d = 2 (but this can be generalized for any d € [3 : p|]). The idea is
to approximate the subspaces (HY)|, <2 by finite dimensional subspaces (Ho") ) <2.

For all i € [1: p], let (¢})ien an orthonormal basis of L*(X;, &;, Px,) such that
Yo(x;) = 1 for all z; € X;. Then for all (4,7) € [1 : p], (¢} @ V) qryenz is an
orthonormal basis of

LZ(‘X‘M 817 ]P)Xl) X LZ(X]7 5]7 PX]) = L2(Xz X ‘X,]? 51 X g]a PXZ X PXJ>
Moreover, thanks to Assumption 1, we have
LY x X, E @&, Py, ) C L x X, & © €, Px, @ Py,).

Hence, any element of Hy; jy = L*(E; x Ej, & ® &, Px,, ) is the limit (in L*(X; x
X;, & @ E;, Py, @ Py,)) of linear combinations of (¢} ® 1)) i ene-

Then, for a fixed L € N*, we approximate Hy; j; by H{LZ.J} the linear span of
(6% @ V1) wiryeo.r)z and H; by HE the linear span of (¥ )icjo.r), and we let HY = H,
be the subset of the constant functions. Thanks to Assumption 1, (¢]®v7}))1.1e(o,12
is linearly independent in L*(X; x X, & ® &, Px,, ).

Then, for all |u| < 2, to approximate H?, we define
HEY .= {h, € HY, Vv G u, Yh, € H>", (hy, h,) = 0}.

We need to define an orthonormal basis (¢}")cr, of the finite spaces (H")j <2 in
LA x X, & @ &, Px, ;). Foru=0,let Ly = {0} and ¢j = 1. For u = {i}, let
Ly =[1: Lland foralll € [1: L], let ¢} = ¢j. Foru = {i, j}, let L, = [1 : L]* and
remark that (¢, ®7,) . 1;)ep:r)2 is orthonormal in L(&; x X, &;®&;, Py, ® Py, ) but
is not orthonormal in L*(X; x &}, & ® &, Px,, ;). Thus, for any (1;,1;) € [1: L]?,
we define

L L
Ly — %l l; kil Yk kil Yk liyl;
k=1 k=1

for some constants ()\Z’lhlj,)\i’li,lj,Cli,lj)(li7lj,k)€[1:L]3 that make (¢Z{lj)(li,lj)e[o:L]2 or-
thonormal (see [Chal3] for more details on these constants). These constants
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are estimated using the empirical distribution of Px., with an ii.d. sample

(X(l))qu:nl]- We obtain estimates (QSZ{lj)(l,-,lj)e[O:L]? of (¢Zj,lj)(li,lj)e[0:L]2~ One can

find in [CCGP15] theoretical results on the rate of convergence of these estimates.
Then, if (X®,Y®)1c(1.ny) is a new i.i.d. sample of (X,Y’), we estimate f by

f = Z Z Bli(bzum’
|u|<2 €Ly
with

n2

—~ 1 —~
(Bl ug, = argmin— Y " (VI = 3" N grgr (XO) | 4 Apen ((85)u,) |

u n
(Blu)uJu 2 =1 |u\§d lueLu

and where \J ((ﬁiu)ulu) is a penalisation term. An algorithm has been suggested
in [CCGP15] to estimate these (" )., with theoretical results.

Now that the generalized Hoeffding decomposition is estimated, the gener-
alized Sobol indices are estimated by Monte-Carlo in the following way. Let
(XD, YD)1e(1.,) be another ii.d. sample of (X,Y) and let

@(Y) = ng_lz(y(l)_?)%
=1
VA00) = 3 ROP, 1<l <2
=1
OV (fu(Xu), Fo(X)) = n3ﬂ12ﬁ<x<’>>ﬁ<x<l>>, u# v, 1< Jul, o] <2
=1

Then, we use Definition 7 to obtain estimates of the generalized Sobol indices.
These estimators of the generalized Sobol indices have been implemented in
[CCGP15] with numerical experiments.

B.3 The /-indices

The J-indices have been introduced in [Bor07] and quantify the impact of the
observation of an input variable on the density function of the output.

Definition 8 (First-order d-indices [Bor07]). Assume that, for all i C [1 : p],
the distribution of Y conditionally to X; exists and is absolutely continuous with
respect to the Lebesque measure on R. Let

5= 55 ([ 1570 = oy (1.19)
2
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be the "moment independent sensitivity indicator of parameter X; with respect to
output Y 7.

Remark that the coefficient 1/2 enables to bound §; by 1.

[PBS13] noticed that d; depends on the total variation distance between Py
and Py |x,. Thus, one can extend the definition of the d-indices to the case where
the distribution of Y conditionally to X; exists and to groups of variables X,.

Definition 9 (d-indices [PBS13]). Assume that, for allu C [1 : p|, the distribution
of Y conditionally to X, exists. Let B be the set of Borel sets of R. Let

3. = (sup [Py(5) ~ Py (5] (1.20)

be the d-index of the group of variable X,.

As the closed Sobol indices, the d-indices satisfy the following properties:
Properties 1 ([Bor07]). e Yu, 6, € [0,1];

e YV 1l X, = 6,=0;

e uC v = 0, <0y,

e 0y =0;

® Opy) = 1.

The authors of [PBS13] studied these global sensitivity indices and proved that,
0, = 0 if, and only if, Y is independent on X,,.

Moreover, they give an estimator of the first order indices ¢; in the case where
the inputs are continuous.

First, they divide the input space &; into a partition P = (Cy,)mepi:n- Thus,
they can approximate the expectation on X; in Equation (1.19) by

67 = ! %/ |fy(y) — frixiee. (Y)|dy P(X; € Cn)
' 2 m=1 R o

Secondly, they estimate fy and fy|x,ec,, With kernel-density estimators, with band-

widths a and «,, respectively. They obtain an estimator g@ that only requires an
i.i.d. sample (X® Y ®),c/1., and they give theoretical guaranties.
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B.4 Full Sobol indices and independent Sobol indices

The idea of the full Sobol indices and independent Sobol indices, introduced in
[MTAT15], is to transform the dependent input variables into independent input
variables and to compute the related Sobol indices. Moreover, [MTA15] suggests
different ways to transform the dependent input variables into independent input
variables. Each manner provides different Sobol indices, such as the full Sobol
indices and the independent Sobol indices.

Assume that X is a continuous random vector of R?. For alli € [1 : p], let U* be
the Rosenblatt transformation 7; [Ros52] of X* := (X;, Xip1, -+, Xp, X1, -+, Xi1),
which is uniformly distributed on [0, 1]7. That is, U} = Fx;(X}) = Fx,(X;) and,
for all k € [2: p],

Up = FX}JXE

1:k—1]

(X3),
where F' is the cumulative distribution function.
Now, let 77! : [0,1]7 — R defined by (7, '(u))1 = Fy/(u1) and, for all
1
kel2:pl
(T (u)e = Fol o (ur),

X;i\X[lek,l]:(Tfl(u))[1:k71]
where F'~! is the generalized inverse distribution function. Remark that, almost
everywhere, X* = T~1(U"). Thus, there exists g; : [0,1]? — R such that, almost
everywhere, Y = ¢;(U?). Now, Y is a function of the independent input variables
(Ut,---,U}), and thus we can define its Sobol indices (S})uci1y and the total
Sobol indices (ST})je15) as in Section A.1.
If we want to assess the impact of the variable X; with all its dependencies on
the other variables, we define the ”full Sobol indices” as:

sih =5, ST/ = 3Ty,

See [MTA15, BEDC19] for an interpretation of 57",

Remark 9. We have, Sf“” = S¢ = S; where the definitions of S& and S; are given
in Section B.1.i). Indeed, using that U} = Fx,(X;) and then that X; = F'(U}),
we have: Var(E(Y|X;)) > Var(E(Y|U3)) > Var(E(Y|X;)).

Now, if we want to asses the impact of the variable X; without its dependencies
on the other variables, we define the ”"independent Sobol indices” as:

ind .__ Qi+l ind .__ i+1
Sind i S+t gTind . Gt

See [BEDC19] for an estimation procedure of these indices.
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To conclude, [MTA15] defines two Sobol indices when the input variables are
dependent. The full Sobol indices take into account the dependencies on the other
variables. The independent Sobol indices do not take into account the depen-
dencies on the other variables. A particularity of these indices is that, for each
input variable, there exist 4 indices that measure different quantities. However,
these various choices of sensitivity indices can become a problem when we seek for
simplicity.

C Shapley effects

C.1 Definition and properties
C.1.i) Shapley value

The Shapley effects, which are suggested in [Owel4], are based on a concept derived
from game theory, called ”Shapley value” [Sha53]. The Shapley value enables to
asses, in a team game, the part of the winnings due to a particular player. This
concept will lead to define the part of the variance of Y due to a particular input
X;. We consider a set of p player, numbered from 1 to p, playing a game. Let
¢:P([1:p]) — R be such that ¢() = 0 and representing the score attained by
the subsets of players playing the game.

Definition 10 (Shapley value [Sha53]). The Shapley value of the player i with
respect to ¢ is defined by

o=2 3 (P!) fetwu iy - et (1.21)

where —i :=[1: p] \ {i}.

The Shapley value ¢; is a convex combination of (c(uU{i}) — ¢(u))yc—;. Thus,
it represents some average over u C —¢ of the incremental score of including player
i in set u. The coeflicients of the convex combination only depend on |u| and their
sum over the subsets of cardinal k is still equal to 1/p, for k =0,--- ,p— 1.

At the end of [Sha53], Shapley noticed that the Shapley value can be written
in the following way.

Let S, be the set of permutations of [1 : p|]. An element o € S, is a bijective
function from [1 : p] to [1 : p]. An element o € S, represents an order of the p
players, where o (i) is the rank of the player i. Then, let T;(c) be the set of players
preceding ¢ in the order o, that is

Ti(o) :=={jel:pl[o(i) € [1:0()—1]}.
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Example 5. If p = 5, o(1) = 3, 0(2) =
which can also be written as the cycle o0 = (1 ) or, writing players ranked
by preference (as in [FKS03] for example), o ;4;153;2), we have Ty(o) =
{5,4},Tx(0) = {5,4,1,3}, Ts(o) = {5,4,1}, Ti(o) = {5}, T5(0) = 0.

Then,

=4,0(4) = 2, o(b) = 1,

(3) =
25
(5

o= Z o) U{i}) = c(Ti(0)))- (1.22)

0ES)

Hence, the Shapley value ¢ can be computed by two different ways: using Equation
(1.21) or using Equation (1.22).
The Shapley values satisfy the following properties:

Properties 2. We have:
o > i1 ¢ =c((1:p]);
e c(uU{i}) = c(wU{j}) Vu C [1:p]\ {i,j} = ¢i= ¢
o c(uU{i}) =c(u) Vu C —i = ¢; =0;

o (¢i)icpp) 1s linear with respect to c.

C.1.ii) Shapley effects

In [Owel4], Owen suggests to use the Shapley value with the score function c¢(u) =
S to obtain sensitivity indices.

Definition 11 (Shapley effects [Oweld]). For all i € [1 : p|, we define n;, the
Shapley effect of X; as:

1 p—1\""
. - cl

p uC—1

Remark 10. In [Owel}], Owen uses the score function c¢(u) = Var(E(Y|X,)). In
Definition 11, we divide by the variance to normalize the Shapley values.

The Shapley effects are linear combinations of the closed Sobol indices (and
thus of the Sobol indices defined in Definition 5). An interesting particularity of
the Shapley effects is that there exists only one index per input variable, which
evaluates the impact of the variable taken alone and of all its interactions with the
other input variables on the output.

Remark that different convex combinations of (¢(u U {i}) — ¢(u))uyc—; in Def-
inition 10 can lead to the first Sobol index S; or the total Sobol index S7; when
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using the score function u :— S<.

[SNS16] noticed that, using the law of total variance, the score function u —
E(Var(Y|X_,)) also leads to the Shapley effects. Thus, for all u C [1 : p|, we
define:

V, := Var(E(Y|X,)) (1.23)

and
E, = EVar(Y|X_,)). (1.24)

We let by convention E(Y|Xy) = E(Y) and Var(Y'|Xy) = Var(Y). We define the
”conditional elements” (W, )ycpy as being either (Vi,)ucip) o (Eu)ucpip). Then,
for all i € [1 : p], the Shapley effect n; is equal to:

L (N
ni = pVar(Y) Z ( lul > (WuU{Z} W) (1.25)

uC—1

C.1.iii) Properties of the Shapley effects

The Shapley effects have interesting properties, derived from the properties of the
closed Sobol indices and the Shapley values.

Properties 3. We have:
o Vic[l:p], n; €[0,1];
o> mi=1
o X, (Y, X ;) =1 =0.

Thus, even when the inputs are dependent, all the Shapley effects are positive
and their sum is equal to one. Both properties are not satisfied with the sensitivity
indices given in the previous sections with dependent inputs.

Proposition 7 ([Owel4]). When the input variables are independent, we have,

foralli e [1:p],
uU{z
=2 oy luU{i}]

ueE—1

Hence, we have in this case
Si <my < ST;.
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The previous proposition shows that, in the independent case, the Shapley
effect 7; is between the Sobol index S; (which the sum over i is in general less
than 1) and ST; (which the sum over i is in general larger than 1). [IP19] provides
on numerical experiments the values of n;, S; and ST;. We can remark on these
experiments that, even for dependent cases, the Shapley effect 7; is still between
min(S;, ST;) and max(S;, ST;), even if ST; is smaller than S;. Hence the Shapley
effect n; appears to be a trade-off between the Sobol index .S; and the total Sobol
index ST;.

C.1.iv) Gaussian linear framework

Theorem 2 ([OP17]). If f : & +— Bo+5"z and if X ~ N (11, 2), with ¥ € S} (R)
(where ST (R) is the set of the symmetric positive definite matrices of size p X p),
then, for all i € [1: p|:

1 3 p—1\ " cov(Xi, XT, 8| X,)
ni = pVar(Y) = |u) Var(X;|X,) .

Thus, in the linear Gaussian framework, [OP17] gives another expression of
the Shapley effects. To prove this result, [OP17] uses Equation (1.25) where the
conditional elements are equal to (E,)ycp;). Then, for all subset u C [1: p], we
have

E, = Var(8] Xu|X_.) = B (Suu — Suu X S —uu) Bus (1.26)

where 5, = (Bi)icu and Xy, = (X;;)icujeo- These conditional variances are
constant so they are equal to their expectation.

As in [IP19], we can use Equation (1.26) to compute numerically the Shapley
effects in the linear Gaussian framework.

Remark 11. If the matriz X is not invertible, there exist subsets u such that ¥, ,
is mot invertible. However, Equation (1.26) still holds if we replace E;}L by the
generalized inverse (for symmetric matrices) of ¥y .

Remark 12. One can show a similar result than Equation (1.26) when X follows
an asymmetric Laplace distribution AL,(m,X). However, the conditional vari-
ances are not constant in this case and their expectations must be estimated, for
instance by Monte-Carlo.

Remark 13. Equation (1.26) can be used to compute closed Sobol indices or Sobol
dices, using that

Sio1_ E(V\igi?)lfu>)’ § - _ Z(_l)u—|v|E<V3;£§);”>>, (1.27)

vCu
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The value of the Shapley effects in the Gaussian linear framework are equal to
the LMG measures of variable importance (the first definition is given in [LMGS80]
but is also has been defined in [Bud93]). This measure of importance is the average
over all the subset of input variables of the improvement of the R? when adding
the variable X; to the multiple regression, divided by the variance of the whole
regression.

C.2 Estimation of the Shapley effects

An algorithm is suggested in [SNS16] to estimate the Shapley effects. This algo-
rithm uses the form given in Equation (1.22) for the Shapley values. We have

i p'ZET iy — Ere) = 'ZET(TI'_l)U{z — Ep(=1)),

oESy p: TES

where 771 is the inverse function of . Then, writing P;(o) := T;(¢™'), that is

Plo)={jel:pllo () el:o™() =1} ={o(j) [j€[1:07'() - 1]},
we have:

n; = ] Z Ep,o)utiy — Epyo))- (1.28)

oES)

Since the number of permutations is p!, the sum over o € S, is no longer tractable
for large values of p. Thus, on could estimate 7; by

M
- 1
Vi > (Epomotiy — Epom): (1.29)

where M € N* is a parameter and (0y,)mep:a are i.d.d. with distribution ¢(S,).

Remark 14. We have seen that, to compute the Shapley effects, one can use two
different ways: summing over the subsets (as in Equation (1.25)) or summing
over permutations (as in Equation (1.28) for example). The advantage of the sum
over the permutations is that the summands have the same coefficient, and it can
be estimated by Monte-Carlo as in Equation (1.29), generating permutations with
uniform distribution.

Hence, a first algorithm would be to make a loop over i € [1 : p|, a loop over
m € [1: M], and to estimate Ep,(o,,)uqip and Ep,,.).-

However, the authors of [SNS16] use a trick to divide the computation cost by
2. They notice that for 1 <14 < p, for any permutation o € §,, we have

Prtsin)(0) = Pagiy(0) U{a(i)}. (1.30)
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Remark 15. In [SNS106], the definition of P;(c) is not explicitly written, but the
authors of [SNS16] provide the interpretation of P;. They say that P;(o) is the set
of players that precede player i in o, which was in fact our interpretation of T;(o).
This is due to the interpretation of a permutation. In general (see for example
[Dia88, JV17, KB10]) and in this manuscript, i denotes a player (or an item) and
o(i) denotes his rank. In [SNS16], i denotes a rank and o(i) denotes the player
with rank .

We know that we give the same definition of Pi(c) as the authors of [SNS16]
because they use Equation (1.30) which is satisfied by P but not by T

Notice that T satisfies a similar equation as Equation (1.30): for 1 < i < p
and for any o € S,, we have

Td‘l(i)(a) U {071(2')} = Ta—l(i+1)(0)-
Hence, [SNS16] provides the following algorithm:

Algorithm 1 ([SNS16])

(1) Choose M, Ny, Ny and Ny;set m; =0 for i =1,2,--- ,p
(2) Forl=1,2,---,Ny
(
I

I) Sample X with distribution X
(II) Evaluate Y = f(X®)

(3) Calculate Y = N; 2 SN v and Var(Y) = (Ny — 1)t SN (v (D) —Y)2
(4) Form=1,--- M
I) Generate oy, uniformly on S
P
(IT) Set prevC =0
(III) For j =1,2,---,p
(A) fj=p, Ep,_ . (om)Ufom()} = Var(Y)
(B) Else
(i) For i =1,2,--- , Ny
(a) Sample X(j) Gy (@m) with distribution X_p
om (J e g
b) For h=1,2,--- , Nt
( Y Y )
(1) Sample x&h

Py 1) (0m)

mG+1)(om)

with distribution Xp
_ yx®

m(j+1)(<7m) - —Pgm(j+1)(om)

(2) Evaluate Y0 = f (X(l’h) x® )

Pom (4+1(0m)" 2" =Py (j+1)(0m)

G (@m) condition-

ally to X_p_
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(c) Calculate v® = NI_1 Zfl\zl y (Lh)

(d) Calculate Var (Y)X(—lz%m(jﬂ)(am)) = (N; — 1)1 Z}]:fzol(y(lyh) _
7(1))2

(ii) Calculate Epg = Ny! Zf\g Var (Y‘X(l) )

m(i+1)(om) —Pom (j+1)(om)

o~ ~

(C) Calculate A, jy=FE

Py 1) (0m) prevC

)
(D) Update 7,,,(j) = 7o (j) + 3zrm(j)
(E) Set prevC = Ep

om (1) (Tm)

(5) ;y =n;i/pfori=1,2,---|p

Algorithm 1 has been implemented in the R package sensitivity as the func-
tion ”"shapleyPermRand”.

The authors of [SNS16] suggest to take No = 1, Ny = 3 and M as large as
possible, with theoretical arguments. They also suggest, when p is small, to let the
complete sum over the permutations instead of estimate it by Monte-Carlo (that
is to say, using Equation (1.28) instead of Equation (1.29)). The corresponding R
function is called ”shapleyPermEx".

Notice that Algorithm 1 requires to be able to sample with the conditional dis-
tributions of the inputs in Step (4) (III) (B) (i) (b) (1), which is a very restrictive
condition. [IP19] provides numerical experiments when the inputs are Gaussian,
and when the parameters of the Gaussian distribution are known, which is almost
the only case where it is feasible to sample with the conditional distributions for
dependent input variables.

Remark that in Step (2) (II) and in Step (4) (III) (B) (i) (b) (2), Algorithm 1
needs to evaluate f at new points. When the computational code of f is expensive,
[I[P19] suggests to replace f by a metamodel (as in Section A.2.i)), and they make
numerical experiments with Gaussian processes.

[SNS16] provides an upper-bound to the variance of the estimates of the Shap-
ley effects provided by Algorithm 1if Ep_ . (o, in Step (4) (III) (ii) were known.
Finally, to get confidence intervals of this estimator, [[P19] suggests to use the Cen-
tral Limit Theorem and [BEDC19] suggest to use a bootstrap method.

To conclude, [SNS16] suggests an algorithm to estimate the Shapley effects.
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However, the setting of this algorithm is very restrictive since it requires to be
able to sample with the conditional distributions on the inputs. Moreover, no
theoretical result is provided on Algorithm 1 in [SNS16]. Algorithm 1 will be
studied in details in Chapter 2.
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Part 11

Estimation of the Shapley effects
in the general framework
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Chapter 2

General estimation of the Shapley
effects

A Introduction

In this chapter, we aim at extending the works of [SNS16] on the estimation of
the Shapley effects (see Algorithm 1 in Chapter 1). We divide this estimation
into two parts. The first part is the estimation of quantities that we call the
”conditional elements”, on which the Shapley effects depend. The second part
consists in aggregating the estimates of the conditional elements in order to obtain
estimates of the Shapley effects. We call this part the W-aggregation procedure.
We refer to Sections B and C for more details on these two parts.

First, we focus on the estimation of the conditional elements with two different
estimators: the double Monte-Carlo estimator (used in Algorithm 1 suggested by
[SNS16]) and the Pick-and-Freeze estimator (see Chapter 1 Section A.2.i) for the
independent case) that we extend to the case where the inputs are dependent.
We present the two estimators when it is possible to sample from the conditional
distributions of the input vector. Then we suggest a new W-aggregation procedure,
based on the subsets of [1 : p], to estimate all the Shapley effects (for all the input
variables) at the same time. We choose the best parameters to minimize the sum
of the variances of all the Shapley effects estimators. The algorithm of [SNS16]
uses a W-aggregation procedure based on permutations of [1 : p|. We study
this W-aggregation procedure and explain how it minimizes the variance of the
estimates of the Shapley effects. Our suggested W-aggregation procedure provides
an improved accuracy, compared to the W-aggregation procedure in [SNS16], using
all the estimates of the conditional elements for all the estimates of the Shapley
effects. The comparison between the two W-aggregation procedures is illustrated
with numerical experiments. These experiments also show that the double Monte-
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Carlo estimator provides better results than the Pick-and-Freeze estimator.

Then, we extend the estimators of the conditional elements (the double Monte-
Carlo estimator and the Pick-and-Freeze estimator) to the case where we only
observe an i.i.d. sample from the input variables. The extension relies on nearest-
neighbour techniques, which are widely used for many non-parametric estimation
problems [BS19, BSY19]. To the best of our knowledge, the estimators we suggest
are the first that do not require exact samples from the conditional distributions of
the input variables. One of our main results is the consistency of these estimators
under some mild assumptions, and their rate of convergence under additional reg-
ularity assumptions. We then give the consistency of the estimators of the Shapley
effects with the two W-aggregation procedures and using the double Monte-Carlo
estimator or the Pick-and-Freeze estimator. We observe, in numerical experiments,
that the estimators of the Shapley effects have a similar accuracy as when it is
possible to sample from the conditional distributions. We also apply one of these
estimators on meteorological data, more specifically on the output of three dif-
ferent metamodels predicting the ozone concentration in function of nine input
variables (with some categorical variables and some continuous variables). This
application enables to study the influence of the inputs variables on black-box
machine learning procedures.

This chapter is organized as follows. In the rest of Section A, we recall some
notation with two different ways to write the Shapley effects. In Section B, we
assume that the input distribution is known and we present the two methods to
estimate the conditional elements. In Section C, we suggest a new W-aggregation
procedure and we study the W-aggregation procedure used by the algorithm of
[SNS16]. In Section D, we summarize the four estimators of the Shapley effects,
give their consistency and we illustrate them with numerical applications. In Sec-
tion E, we assume that the input distribution is unknown and that we just observe
a sample of the input vector. We give consistent estimators of the conditional
elements and thus consistent estimators of the Shapley effects in this case, and
we illustrate this with numerical experiments. In Section F, we apply one of our
estimators to a real data set. We conclude in Section G.

Recall that X = (X3,..., X},) is the input random vector on the input domain
X = X, x ... x X, with distribution Py and Y = f(X), with f € L% Recall that
for all w C [1: p], we define:

V, = Var(E(Y] X)), (2.1)

E, =E(Var(Y|X_.)), (2.2)

and the conditional elements (W), are either (Vy,)ucpiy or (Ey)ucpy)- For all
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i € [1: p|, recall that the Shapley effect n; is defined by:

! P\ s
o et 2, ') Ot =0 >

Remark 16. The quantities Wy and Wy, are equal to 0 and Var(Y') respectively.
The variance of Y is easy to estimate, so we assume without loss of generality that
we know the theoretical value Var(Y').

We can notice that the Shapley effects are a sum over the subsets u C —i. We
have seen in Chapter 1 Section C.2 another classical way to compute the Shapley
effects, summing over the permutations of [1 : p|. Recall that, for i € [1 : p|] and
og€eS,, welet Pi(o):={c(j)|jel:0 () —1]}.

Proposition 8. [Equation (11) in [SNS16], Section 4.1] We have

1
i Wiy = Wrie))- 2.4
" p!Var(Y) UEZ;( Pi(o){i} Pi(e))) (2.4)

Our aim is to estimate the Shapley effects. We have seen two different ways to
compute the Shapley effects, given by Equation (2.3) (with a sum over the subsets)
and Equation (2.4) (with a sum over the permutations). These two equations will
correspond to two different W-aggregation procedures of the Shapley effects.

B Estimation of the conditional elements

We explain now how to estimate these (W, )gcucpip) in a restricted setting (recall
that Wy = 0 and Wy, = Var(Y) are known). The restricted setting is the
following: as in [SNS16], we will assume that for any ) G v & [1 : p] and z, € X,
it is feasible to generate an i.i.d. sample from the distribution of X _, conditionally
to X, = x,. Moreover, we assume that we have access to the computer code of f.

To estimate W,, we suggest two different estimators. The first one consists
in a double Monte-Carlo procedure to estimate FE,, and it is the estimator used
in the algorithm of [SNS16]. The other one is the well-known Pick-and-Freeze
estimator (see [HS96] for the first definition, [GJKL14, GJK*16] for theoretical
studies) for V,,, that we extend to the case where the input variables (X;);cp.y are
not independent.

Finally, we assume that each evaluation of f is costly, so we define the cost of
each estimator W, as the number of evaluations of f.
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B.1 Double Monte-Carlo

A first way to estimate £, = E(Var(Y|X_,)) is using double Monte-Carlo: a first
Monte-Carlo step of size N; for the conditional variance, another one of size N,
for the expectation. Thus, the estimator of E, suggested in [SNS16] is

u NI
Hknown 1 1 n n n 2
B = 5 2 g o (S X0) - rxE)) . (29)
% pn=1 k=1

where for n = 1,...,N,, f(X™) := Nyt £ xRy, (X(n))ne[LNu] is an

i.i.d. sample with the distribution of X_, and (qun’k))ke[l:NI] conditionally to X/
is i.i.d. with the distribution of X, conditionally to X_, = XE’L) In Equation
(2.5), the exponent "known” means that the distribution of X is known, that is,
we are able to sample with the conditional distribution.

For all n € [1: N, ], the computation of

1 & ——\ 2
g o (F X ) - pxt)
k=1

. We will take N; = 3, as suggested

—u’

requires the values of < f(X (n) qunvk))>
ke€[1:Ny]

in [SNS16]. Thus, the double Monte-Carlo estimator given in Equation (2.5) has
a cost (number of evaluations of f) of 3NN,.

Remark 17. The estimator of Equation (2.5) is an unbiased estimator of E, =
E(Var(Y|X_,)).

B.2 Pick-and-freeze

We now provide a second estimator of W,,: the Pick-and-Freeze estimator for V,.
We have
V., = Var(E(Y|X,)) = E(E(Y|X,)?) — E(Y)%

Remark that E(Y) is easy to estimate so we assume without loss of generality
that we know the value of E(Y') (for the numerical applications, we will take
the empirical mean). It remains to estimate E(E(Y|X,)?), which seems to be
complicated. We prove the following proposition that enables to simplify the
formulation of this quantity.

Proposition 9. Let X = (X, X_,) and X" = (X,, X" ,) of distribution Px such
that, a.s. P(X—u,X'_u)\Xu=fvu = PX—ulxu:xu X IP)X—u|Xu=CEu' We have

E(E(Y[X.)?) = E(f(X)f(X")). (2.6)
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Remark that Proposition 9 enables to write a double expectation as one single
expectation, that we estimate by a simple Monte-Carlo. Thus, we suggest the
Pick-and-Freeze estimator, for ) G u & [1 : p],

e 35 () (x)

where (qu"))ne[lzNu] is an ii.d. sample with the distribution of X, and where
X" and X" conditionally to X{™ are independent with the distribution of

u

X_, conditionally to X, = Xin). This estimator has a cost of 2NV,,.

C W-aggregation procedures

As we can see in Equation (2.3) or in Equation (2.4), the Shapley effects are
functions of the conditional elements (Wu)uc[lzp]- In Section B, we have seen how
to estimate these conditional elements when it is possible to sample from the
conditional distributions of the input vector. In this section, we assume that
we have estimators (Wy)ucpp. From Remark 16, we let Wy = Wy = 0 and
W\[LP] = Why = Var(Y). We also add the following assumption that will be
needed for the theoretical results that we will prove.

Assumptlon 2. Forall®) G u & [1:p], W is computed with a cost kKN, by W =
N ZN“ W where the (qun))ne[ 1:N,] are independent and identically distributed.

The (W Jucpip) @re independent. The integer k € N* is the number of evaluations
of the computer code f (i.e. the cost) for each W

Assumption 2 means that we estimate the (Wy)gcucnp by Monte-Carlo, inde-
pendently and with different costs (kNy)pcucii;p. The accuracy N, corresponds to

computing N, independent and identically distributed estimators Wél), ey WéN“)
that are averaged. We have seen in Section B two estimators that satisfy Assump-
tion 2: the double Monte-Carlo estimator (with x = 3) and the Pick-and-Freeze
estimator (with xk = 2).

We call ”W-aggregation procedure” an algorithm that estimates the Shapley
effects from the estimates (Wu)@gugp;p] and that selects the values of the accuracies
(Nu)ocuciip). We first suggest a new W-aggregation procedure. Then we obtain a
theoretical insight on the W-aggregation procedure of [SNS16].

C.1 The subset procedure

In this section, we suggest a new W-aggregation procedure for the Shapley effects.
This procedure consists in computing once for all the estimates W, for all u C [1 :
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p], and to store them. Then, we use these estimates to estimate all the Shapley
effects.

C.1.i) The W-aggregation procedure

We suggest to estimate the Shapley effects (7;)icnip by using the following W-
aggregation procedure:

Procedure (subset W-aggregation procedure)

1. For all u C [1 : p|, compute /Wu

2. For all i € [1 : p|, estimate 7; by

~ 1 p — ]_ -1 = —
e Waogsy — Wa). 2.8
= pVar(Y) UCZ( o > (Waniy ) (2.8)

We can note that each estimate /Wu is used for all the estimates (7;)icp1p)- It
remains to choose the values of the accuracies (Vy)pcucip)-

C.1.ii) Choice of the accuracy of each Wu

In this section, we explain how to choose the values of the accuracies (Nu)@gugu;p]-
In the following proposition, we give the best choice of the accuracies (N, )ocuc(i:p)
to minimize » 5, Var(7;) for a fixed total cost KD pcucip) Nu-

Proposition 10. Let a total cost Ny € N be fixed. Under Assumption 2, if the
Shapley effects are estimated with the subset W -aggregation procedure, the solu-
tion of the relaxed program (i.e. the problem without the constraint of letting the
(Nu)ocucpip) be integers)

min ZVar ) subject to kK Z N, = Ny (2.9)
(Nu)ogugnip) €(0+00) 2" —2 Oug[Lip]

is (N?)ocucpp) with for all ) G u & [1: p]

Nm V(o = ) fult(p — fu] = 1)!(Ju] — 1)Var(WSD)
" S oo V(B = ODURlp — o] = DI(Jo] — 1)Var(WLY)
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Usually, we do not know the values of Var(/l/%l)) for O & uw & [1: p], but we
need them to compute the value of N}. In practice, we will assume that these
values are equal in order to compute N;. Furthermore, the sum over the subsets
v such that ) ¢ v ¢ [1 : p] can be too costly to compute. Hence, we make the
following approximations in practice:

— _% -1 -1
@) () =)
" u ul —1 " u Nt \ U
. ) \Ju N W) N \ll)

_1 _L 1 1
py ° D 2 P kP
2 0cocial <|U‘) (‘U, — 1> 2 pcuciil (yv|>
(2.10)

Hence, when implementing the subset W-aggregation procedure, we will choose

N, as
-1
N := Round (Ntot/{_l (,%) (p— 1)_1> (2.11)

for 0 € w < [1 : p], where Round is the nearest integer function. In this way, for a
fixed total cost, we take the accuracies (Nu)@gugl:p} near the optimal choice that
minimizes » . | Var(7;). Hence, the parameter N, is now the only parameter
left to choose. In practice, this parameter is often imposed as a global budget
constraint.

NI

Remark 18. With the approximation discussed above, the real total cost Kk Z@gug[lzp] N,
can be different from the Ny, chosen (because of the approximations and the choice

of the closest integer). In this case, we suggest to adapt the value of Ny in order

to make the total cost ’fZ(/)gug[Lp] N take the desired value.

Remark 19. In order to compute the (N )pcucpp) in practice, we assume that

the values of Var(/qul)), for 0 G u < [1:pl|, are equal. We can see on unreported
numerical experiments that this choice of N, gives much better results than if we
choose the same value of N, for all ) G u & [1 : p]. However, it seems difficult
to obtain theoretical results on the values of Var(ﬁf\qgl)), as they depend on the
conditional distributions of X in a complicated way.

Hence, this assumption is more a convenient heuristic to compute the best
accuracies (N} )ocucpp than a real property satisfied in many cases. Proposition
10 and the heuristic in Equation (2.10) justify the choice of (N} )ocucnp given in
FEquation (2.11), and we make this choice even if the assumption of equal values
of the (Var(ﬁ/\él)))mgug[lzp] is not satisfied.

Remark 20. By Equation (2.11), if |u| is close to 0 or p and if |v| is close to p/2,
the value of N is larger than the value of N;. Hence, the estimate of W, is more
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accurate than the estimate of W,,. This is not surprising since, in the computation
of the Shapley effects given by Equation (2.3), the coefficient associated with the
quantity W, is larger than the one associated with W, (hence, the estimate of W,
does not need to be as accurate as the estimate of W, ).

C.1l.iii) Consistency

A straightforward consequence of the subset W-aggregation procedure and Equa-
tion (2.8) is that the consistency of (W, )ucp.p implies the consistency of (7;)ic[ip)
(Assumption 2 is not necessary).

Proposition 11. Assume that for all 0 & u & [1 : p], we have estimators W,
that converge to W, in probability (resp. almost surely) when N, goes to 400,
where kKN, s the cost of /Wu If we use the subset W -aggregation procedure with
the choice of (N} )pcuciiy given by Equation (2.11), the estimators of the Shapley
effects converge to the Shapley effects in probability (resp. almost surely) when Ny
goes to +00 (where Ny is the total cost of the subset W -aggregation procedure).

C.2 The random-permutation procedure

In this section, we present and study the "random-permutation W-aggregation
procedure” suggested in [SNS16].

C.2.i) The W-aggregation procedure

The W-aggregation procedure of the algorithm of [SNS16] is based on Equation
(2.4). Because of the equation, one could estimate 7; by

1 _ _
A= —— Wp (s i—W.o), 2.12
M= Nar(Y) Z( Pi(o)ufiy — Wrio) (2.12)

o€Sp

for i € [1: p|]. In Equation (2.12), informally, (Wu)(bgug[l:p] are estimators. How-
ever, as the number of permutations is p!, there are too many summands and
[SNS16] suggests to replace the sum over all the p! permutations by the sum
over M (M < p!) random uniformly distributed permutations. Thus, for a fixed
i € [1: p|, the estimator of n; suggested in [SNS16] is

~

M
i ! > (Wpi(am)u{i} (m) — /Wpi(am)(m» , (2.13)

~ MVar(Y) &

where (0 )mep:nm) are independent and uniformly distributed on S,. If m,m’ €
[1: M] with m # m' and P;(0,,) = P;(0) =: u, [SNS16] estimates twice the same
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W,. To formalize these different estimations, we write /Wu(m) the estimation of
W, at step m in Equation (2.13).

Finally, [SNS16] reduces the computation cost using the following idea. The
authors of [SNS16] notice that for 1 < i < p, for any permutation o € S, and
for i € [1 : p], we have P,;11)(0) = P(0) U {o(i)}. Thus, the algorithm of
[SNS16] uses every estimate /WP(,mm(am)U{om(i)}(m) for 7s,,(i) (as an estimator of
ngm(i)(am)u{gm(i)}) and for 7,41y (as an estimator of Wk, . +1)(Um)). With this
improvement, the number of estimations of W, (for @ & u & [1: p]) is divided by
two when estimating all the Shapley effects 1y, ..., ,.

Procedure (random-permutation W-aggregation procedure)

1. Let jy = ... =7, = 0.
2. Forallm=1,2,.... M

(a) Generate o, uniformly distributed on S,.
(b) Let prevC = 0.
(c) Foralli=1,2,...p

i. Let u= P, 5)(0m)-

ii. Compute Wuu{gm(i)}(m).

iii. Compute A= /Wuu{gm(i)}(m) — prevC.

iv. Update 7,.(5) = Non(s) + A.

v. Set prevC = Wpa

m(i+1)(‘7m)‘

3. Let §; = n;/(Var(Y)M) for all i =1, ..., p.

Remark 21. Recall that in the subset W -aggregation procedure, each estimation
of Wy was used for the estimation of all the (1;)icpy (and not only for two of
them). Thus the subset W -aggregation procedure seems to be more efficient.

Remark 22. When the number of inputs p is small, [SNS16] suggests to take
all the permutations of [1 : p| instead of choosing random permutations in Step
2a of the random-permutation W -aggregation procedure. However, this algorithm
requires small values of p and the total cost is a multiple of p! (so there are very re-
stricted possible values). Furthermore, this method still remains very costly due to
the computation of (p—1)! conditional variances. For example, in the linear Gaus-
sian framework with p = 10 (where the computation of the conditional elements is
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immediate) it spends more than ten minutes computing the Shapley effects. Hence,
the algorithm with all the permutations is not explicitly detailed in [SNS10].

C.2.ii) Choice of the accuracy of each W,

As in Section C.1.ii), we suggest a choice of the accuracies (Ny)ocucpp)-
In order to avoid a random total cost, we require for all ) & u G [1 : p] that

the accuracy N, of the (Wu(m)> depends only on |u|, and we write N, := N,,.

In this case, the total cost of themrandom—permutation W-aggregation procedure
is equal to N;oy = kM Zi: Ni. Moreover, we assume that the total cost Ny, =
kM Zi;i Ny, is proportional to (p—1), and thus can be written Ny, = KM No(p—
1) for some fixed No € N*. As the permutations (0, )mefi:a are random, we choose
to minimize E [>°7_, Var (7] (0 )mef1a1)] -

To compute the optimal values of (Ny,)ocucpip), We introduce the following
assumption.
Assumption 3. For all ) G u G [1:p] and allm € [1 : M], I//V\u(m) is computed

with a cost KN}y by W, (m) = ﬁ Nt Wi (m) where the (W™ (M))nep:n,) are

independent and identically distributed. The (W\u(m))@@g[l;pL me[1:M] @re indepen-
dent.

When it is possible to sample from the conditional distributions of the input

~

vector, we can generate i.i.d. double Monte-Carlo estimators (Ey arc(m))mep:m

~

or Pick-and-Freeze estimators (V;, pp(m))mep:a- Hence, they satisfy Assumption
3 by taking N, = Ny, for all 0 ¢ u & [1 : p].

Proposition 12. Assume that we estimate the Shapley effects with the random-
permutation W-aggregation procedure under Assumption 2 and that the variances
(Var(Wél)(l)))@guglzp] are equal. Then, the solution of the problem

P p—1
min E Var (1;| (o) men: subject to kM N, = kM Np(p—1
(Ni)ke[1:p—1)€(0,400)P~1 zzl (7] | ( ) €l M}) J ; k O( )

is (N} )kepp—1) with for all k € [1:p—1],
Ny* = No.

Hence, from now on, with the random permutation W-aggregation procedure,
we will choose the accuracy N, = Ny for all subset w.

Remark 23. As in Remark 19, we assume in Proposition 12 that the variances
(Var(Wél)(l)))@gug[l;p] are equal. This assumption is not easy to check, but is
required technically to prove Proposition 12.
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Remark 24. With the exact-permutation W -aggregation procedure (see Remark
22), Ni = Nop! is the solution of the problem S F_, Var (7;) subject to S0_1 Ny =
p!No(p —1).

There are now two parameters to choose: the number of permutations M and
the accuracy No of the estimations of the (W, )ocucpy- Typically, their product
M Ng is imposed by budget constraints.

C.2.iii) Choice of Ny

We have seen that for all § & u & [1 : p], we choose N, = N3 = No. In this
section, we explain why we should choose Np = 1 under Assumption 2 and M as
large as possible.

Proposition 13 generalizes the result given in [SNS16], Appendix B. Its proof

is given in the supplementary material, which is much simpler than the arguments
in [SNS16].

Assumption 4. Assumption 3 holds and for all 0 G w & [1 : p], we have
E(WN (1)) = W,.

Assumption 4 ensures that the estimators have a zero bias. Recall that the
double Monte-Carlo estimator and the Pick-and-Freeze estimator have a zero bias.
Hence, they satisfy Assumption 4 by generating ii.d. (W,(m))mep.a and by
taking N, = Ny, for all 0 ¢ u & [1: p].

Proposition 13. Let ¢ € [1 : p| be fized. Under Assumption 4, in order to
minimize, over No and M, the variance of m; with a fived cost kM No X (p—1) =
kC x (p—1) (for some C € N*), we have to choose No =1 and M = C.

From now on, we assume that N, = Np = 1 when we use the random-
permutation W-aggregation procedure and we will let M, the number of random
permutations, go to infinity. Then, the total cost Ny of the random-permutation
W-aggregation procedure is equal to Ny, = kM (p—1), for estimating the p Shapley
effects ny, ..., n,. Hence, under Assumption 3 or Assumption 4, ﬁ/\u(m) W (m)
and has now a cost .

C.2.iv) Consistency

We give here two sufficient conditions for the consistency of the estimators of the
Shapley effects given by the random-permutation W-aggregation procedure. We
introduce a general assumption.
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Assumption 5. For all u such that 0 & u & [1: p], (Wu(m)) s have a cost
me(l:

K (since we chose N, = 1) and are identically distributed with a distribution that
depends on an integer N such that E <Wu(1)> N W.. Moreover, for all u such
—+00

that 0 G u & [1: p], we have

% i cov (Wu<m>7/m7’u<m/)) — 0.

N,M—+oco
m,m’=1
Assumption 5 is more general than Assumption 4. Indeed, it enables the esti-
mators to have a bias and a covariance which go to zero. This assumption will be

useful to prove the consistency results in Section E.2. Remark that in Assump-

tion 5, for all ) & u & [1 : p], each estimate </V[7u(m)) s has a cost k, as in
me[l:M

Assumption 4 since we fixed N, = No = 1.

Proposition 14. Assume that we estimate the Shapley effects using the random-
permutation W -aggregation procedure. Let Ny = kM (p — 1) be the total cost of
the random-permutation W -aggregation procedure.

1. Under Assumption 4, the estimates of the Shapley effects converge to the
Shapley effects in probability when Ny, goes to +00.

2. Under Assumption 5, the estimates of the Shapley effects converge to the
Shapley effects in probability when Ny and N go to +oo.

D Estimators of the Shapley effects

D.1 Four consistent estimators of the Shapley effects

Recall that in Section B, we have seen two estimators of the (Wu)mgugu;p]i double
Monte-Carlo (used in the algorithm of [SNS16]) and Pick-and-Freeze. In Sec-
tion C, we have studied two W-aggregation procedures for the Shapley effects
using estimators of the (W, )pcucpi;p): the subset W-aggregation procedure and the
random-permutation W-aggregation procedure (used in the algorithm of [SNS16]).
To sum up, four estimators of the Shapley effects are available:

e subset W-aggregation procedure with double Monte-Carlo;
e subset W-aggregation procedure with Pick-and-Freeze;

e random-permutation W-aggregation procedure with double Monte-Carlo,
which is the already existing algorithm of [SNS16];
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e random-permutation W-aggregation procedure with Pick-and-Freeze.

With the random-permutation W-aggregation procedure, we have seen that we
need different estimators (W, (m))mep.a of the same W,,. In this case, we choose
i.i.d. realizations of the estimator of W,,. Moreover, we have seen in Section C.2.iii)
that when we use the random-permutation W-aggregation procedure, we choose
N, = No = 1.

By Propositions 11 and 14, all these four estimators are consistent when the
global budget N, goes to +oo. Indeed, by Proposition 11, the consistency of
the (Wy)gpcugpiy is sufficient for the consistency with the subset procedure and by

Proposition 14, unbiased and i.i.d. estimators (ﬁ/\u(m))me[LM] forall 0 G u & [1:
p| provide the consistency with the random-permutation procedure.

D.2 Numerical comparison of the different algorithms

In this section, we carry out numerical experiments on the different algorithms in
the restricted framework (where the exact conditional samples are available).

To compare these estimators, we use the linear Gaussian framework: X = R?,
X ~N(p,X)and Y = 7 5X,. In this case, the theoretical values are easily
computable (see [OP17, P19, BBDM19]). We choose p = 10, ; = 1 for all
i €[l:p and ¥ = ATA where A is a p x p matrix which components are
realisations of p? i.i.d. Gaussian variables with zero mean and unit variance. To
compare these different estimators, we fix a total cost (number of evaluations of
f) of Ny = 54000. We compute 1000 realizations of each estimator.

In Figure 2.1, we plot the theoretical values of the Shapley effects together with
the boxplots of the 1000 realizations of each estimator.

In Figure 2.2, we plot the sum over i € [1 : p] of the quadratic risks: Y7 E ((m; — 7;)?)

i=1
(estimated with 1000 realizations) of each estimator.

We can see that the subset W-aggregation procedure gives better results than
the random-permutation W-aggregation procedure, and that the double Monte-
Carlo estimator is better than the Pick-and-Freeze estimator.

Remark 25. It appears that double Monte-Carlo is numerically more efficient
than Pick-and-Freeze for estimating the Shapley effects. Indeed, if we focus only
on the estimation of one W, for a fized O G u & [1 : p], we can see numerically
that the Pick-and-Freeze estimator has a larger variance than the double Monte-
Carlo estimator. This finding appears to be difficult to confirm theoretically in
the general case. Nevertheless, we can obtain such a theoretical confirmation in
a simple, specific example. Let X ~ N(0,15), Y = X; + X,5. Remark that, in
this example, the variances of /V[Zsl), Qg; u G [1:p|, are equal. In this case, and

~

Jor w = {1}, we can easily get Var(Vppm) = LVar(EFger) for the same cost
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Figure 2.1: Estimation of the Shapley effects in the linear Gaussian framework. In
black (s*) we show the theoretical values, in red (ss_MC) the estimates from the
subset W-aggregation procedure with the double Monte-Carlo estimator, in green
(ss_PF) the estimates from the subset W-aggregation procedure with the Pick-and-
Freeze estimator, in blue (spr-MC) the estimates from the random-permutation
W-aggregation procedure with the double Monte-Carlo estimator and in yellow
(spr_PF) the estimates from the random-permutation W-aggregation procedure
with the Pick-and-Freeze estimator.

(number of evaluations of f), and choosing Ny = 3 for the double Monte-Carlo
estimator. This could be surprising since [JKLR" 1/] proved that some Pick-and-
Freeze estimator is asymptotically efficient in the independent case. However,
this result and our finding are not contradictory for two reasons: the authors of
[JKLR" 1}] estimate the variance of Y so their result does not apply here and the
double Monte-Carlo estimator is based on different observations from the Pick-
and-Freeze estimator.

To conclude, we improved the already existing algorithm of [SNS16] (random-
permutation W-aggregation procedure with double Monte-Carlo) by the estimator
given by the subset W-aggregation procedure with double Monte-Carlo.
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Figure 2.2: Sum over i € [1 : p| of the estimated quadratic risks of the four
estimators of the Shapley effects in the linear Gaussian framework.

E Extension when we observe an i.i.d. sample

In Section D, we have considered a restricted framework: we assumed that for
all 0 ¢ w & [1: p] and all z, € X,, we could generate an i.i.d. sample from
the distribution of X_, conditionally to X, = x,. However, in many cases, we
can not generate this sample, as we only observe an i.i.d. sample of X. In this
section, we assume that we only observe an i.i.d. sample (X ("))nm[l: ~n) of X and
that we have access to the computer code f. We extend the double Monte-Carlo
and Pick-and-Freeze estimators in this general case and show their consistency
and rates of convergence. We then give the consistency of the implied estima-
tors of the Shapley effects (obtained from the W-aggregation procedures studied
previously). To the best of our knowledge, these suggested estimators are the
first estimators of Shapley effects in this general framework. We conclude giving
numerical experiments.

We choose a very general framework to prove the consistency of the estimators.
This framework is given in the following assumption.

Assumption 6. For all i € [1 : p|, (X;,d;) is a Polish space with metric d; and
X = (X1,...,X,) has a density fx with respect to a finite measure pp = Q¥_, pi;
which is bounded and Px-almost everywhere continuous.

This assumption is really general. Actually, it enables to have some continuous
variables (with the Euclidean distance), some categorical variables in countable
ordered or unordered sets and some variables in separable Hilbert spaces (for
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example L*(RY), for some d € N*). The fact that X has a continuous density
fx with respect to a finite measure p = @) p; means that the distribution of X
is smooth. Assumption 6 is satisfied in many realistic cases. The assumption of a
bounded density which is Px-almost everywhere continuous may be less realistic
in some cases but is needed in the proofs. It would be interesting to alleviate it in
a future work.

To prove rates of convergence, we will need the following stronger assumption.

Assumption 7. The function f is C', X is compact in R?, X has a density fx
with respect to the Lebesque measure A\, on X such that A\,-a.s. on X, we have
0 < Cins < fx < Csyp < +00. Furthermore, fx is Lipschitz continuous on X.

Assumption 7 is more restrictive than Assumption 6. It requires all the input
variables to be continuous and real-valued. Moreover, their values are restricted to
a compact set where the density is lower-bounded. Assumption 7 will be satisfied
in some realistic cases (for instance with uniform or truncated Gaussian input
random variables). Nevertheless, there also exist realistic cases where the input
density is not lower-bounded (for instance with triangular input random variables).
We remark that the assumption of a lower-bounded density is common in the field
of non-parametric statistics [GhoO1]. Here, it enables us to control the order of
magnitude of conditional densities.

E.1 Estimators of the conditional elements

As far as we know, only [VG13] suggests a consistent estimator of W, when we
only observe an i.i.d. sample and when the input variables can be dependent, but
only for V,, with |u| = 1. The estimator suggested in [VG13] is asymptotically
efficient but the fact that u has to be a singleton prevents us to use this estimator
for the Shapley effects (because we have to estimate W, for all ) ¢ u & [1 : p]). We
can find another estimator of the (V,,)ucpi;p) in [P1il0] (but no theoretical results
on the convergence are given). Finally, note that [PBS13] provides an estimator
of different sensitivity indices, with convergence proofs.

In this section we introduce two consistent estimators of (W, )gcucnp) when
we observe only an i.i.d. sample of X, and which are easy to implement. These
two estimators follow the principle of the double Monte-Carlo and Pick-and-Freeze
estimators, but replacing exact samples from the conditional distributions
by approximate ones based on nearest-neighbours methods.

To that end, we have to introduce some additional notation. Let N € N and
(X™),cp1.n) be an iid. sample of X. If @ & v C [1: p], let us write k% (I,n) for

the index such that X~
XMieqeny, and such that (k% (1, 7))nepiny) are two by two distinct.
[L:NV] 2 [1:N,]

) is the (or one of the) n-th closest element to X in
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The index k% (I,n) could be not uniquely defined if there exist different ob-
servations X" at equal distance from XY, In this case, we will choose kX (I, n)
uniformly over the indices of these observations, with the following independence

assumption.

Assumption 8. Conditionally to (qu"))ne[lzm, k3 (1,4) is randomly and uniformly
chosen over the indices of all the i-th nearest neighbours of Xél) m (qun))ne[lzN]
and the (k3,(1,7))in:n, are two by two distinct.  Furthermore, conditionally to
(qun))neu;zv], for all 1 € [1 : NJ, the random wvector (kn(l,17))icp:n, %5 indepen-
dent on all the other random variables.

To summarize the idea of Assumption 8, we can say that the nearest neighbours
of XV are chosen uniformly among the possible choices and independently on the
other variables. Assumption 8 actually only formalizes the random choice of the
nearest neighbours where there can be equalities of the distances and this choice
is easy to implement in practice.

When X, is absolutely continuous with respect to the Lebesgue measure, dis-
tance equalities can not happen and k%(I,n) is uniquely defined. Thus, Assump-
tion 8 trivially holds in this case. Assumption 8 is thus specific to the case where
some input variables are not continuous.

E.1.i) Double Monte-Carlo

We write (s(1))iep:n,] @ sample of uniformly distributed integers in [1 : N] (with or
without replacement) independent of the other random variables. Then, we define
two slightly different versions of the double Monte-Carlo estimator by

Brto =+ Z e MG (214)

and
EI%ZO = Z 52?1) MC» (2.15)

with

L (ky - o]
mix s(l Eyt( i s(1)) ~(s(h),h
u,s(l),MC — — Z f (X(—é ))7Xu ) Z (X( D) )
NI 1 =1 h

(2.16)

and

1 NI 1 N] 2

E\kn _ (X(k;]“(s(l),i))> L (X(’f?v“(s(l)’h))) (217
s(),MC = NI_IZZ;[f Nj;f (2.17)
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The double Monte-Carlo estimator has two sums: one of size N; for the condi-
tional variance, one other of size N, for the expectation. The integer Ny is also the
number of nearest neighbours and it is a fixed parameter to choose. For example,
we can choose Ny = 3 (as in the case where the conditional samples are available).

Remark 26. If we observe the sample (X™),c1.n7 and if the values of (f(X™))nep.ng

have to be assessed, the cost of the estimators Au’ o and El’f’ﬁc remains the num-
ber of evaluations of f (which is NN, ). If we observe the sample (X ™), f(X(")))ne[lzN],

the estimator E’J’}(}C does not require evaluations of f but the cost remains pro-

portional to N, (for the search of the nearest neighbours and for the elementary
operations).

Remark 27. The integer N is the size of the sample of X (that enables us to esti-
mate implicitly its conditional distributions through the nearest neighbours) and the
integer N, is the accuracy of the estimator E%MC from the estimated distribution
of X. Of course, it would be intuitive to take Ny, = N and (s(1))icp:ny = (Diep:n,
but this framework would not be general enough for the subset W -aggregation pro-
cedure (in which the accuracy N, of E,yc depends on w) and for the proof of
the consistency when using the random-permutation W -aggregation procedure in
Section E.2. Furthermore, we may typically have to take N, smaller than N.

Remark that we give two versions of the double Monte-Carlo estimator. The
"mix” version seems more accurate but requires to call the computer code of f
at new inputs. For the "knn” version, it is sufficient to have an i.i.d. sample
(X0, X)) neqiavy-

Now that we defined these two versions of the double Monte-Carlo estimator
for an unknown input distribution, we give the consistency of these estimators in
Theorem 3. We let E, pc be given by Equation (2.14) or Equation (2.15). In the
asymptotic results below, N is fixed and N and N, go to infinity.

Theorem 3. Assume that Assumption 6 holds and Assumption 8 holds for v =
—u. If f is bounded, then E, yc converges to I, in probability when N and N,
go to +00.

Furthermore, with additional regularity assumptions, we can give the rate of
convergence of these estimators in Theorem 4 and Corollaryl.

Theorem 4. Under Assumption 7, for alle > 0, ¢ > 0, there exist fixed constants
Cs(&%(til ) and C{Y such that
1 ([ o) | ol
>e) <5 o(€) | Cow ) (2.18)
e \ No=ra1 ¢ N
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Corollary 1. Under Assumption 7, choosing N, > CNY®=1) for some fized
0 < C < 400, we have for all 6 > 0,
()
N /)

We remark that for |u| = p — 1, we nearly obtain a parametric rate of con-
vergence N 2. The rate of convergence decreases when |u| decreases which can be
interpreted by the fact that we estimate non-parametrically the function x_, —
Var(f(X)|X_., = z_,). The estimation problem is higher-dimensional when |u|
decreases.

‘EU,MC - Eu

E.1.ii) Pick-and-Freeze

We now give similar results for the Pick-and-Freeze estimators. The number N;
of nearest neighbours that we need for the Pick-and-Freeze estimators is equal to
2. Assume that E(Y') is known and let (s(l))icni.n,) be as in Section E.1.i). Then,
we define two slightly different versions of the Pick-and-Freeze estimator by

?um;?‘ - N, Z me ,PFs (2.19)

and
Vukg}? = ]\1[u Z ann ,PF (2.20)

with
Ve o= £ ((XERCOD) £ ( x RO Xﬁ’qu’W”) —E(Y)? (2.21)

and

Vit pe = FXOREO) (X ERCO2)) By} (222

As for the double Monte-Carlo estimators, we give the consistency of the Pick-
and-Freeze estimators in Theorem 5 and the rate of convergence in Theorem 6 and
in Corollary2. We let V,, pr be given by Equation (2.19) or Equation (2.20).

Theorem 5. Assume that Assumption 6 holds and Assumption 8 holds for v = u
and Ny = 2. If f is bounded, then V, pr converges to V, in probability when N
and N, go to +o0.

Theorem 6. Under Assumption 7, if |u| =1, for alle >0, ¢’ > 0,

1 Cs(il)p(e’) Cs(ﬁl))
P( >§—<N1€ ) (2.23)

~

Vu,PF -
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and if |u] > 1, for all e > 0,

. c® /1 1
P(Vu V| > )< Sup — ), 2.24
,PF el < = (Nﬁ + Nu) ( )

with fized constants C’s(lllr))(e’) < +00, C’S%)g < 400 and C’s(i)) < +00.

Corollary 2. Under Assumption 7, choosing N, > CNY for some fized 0 <
C < +o0, we have

1. for all u such that |u| =1, for all § > 0,

B 1

—Op m .

=0 (#)
N 2[ul

The interpretation of the rates of convergence is the same as for the double
Monte-Carlo estimators.

-~

‘/;L,PF - Vu

2. for all u such that |u| > 1,

A~

Vu,PF - Vu

E.2 Consistency of the Shapley effect estimators

Now that we have constructed estimators of W, with an unknown input distribu-
tion, we can obtain estimators of the Shapley effects using the subset and random-
permutation IV-aggregation procedures. Note that for each W-aggregation pro-
cedure, we need to choose the accuracy N, of the (W,)ocucny- Although As-
sumption 2 does not hold with the estimators Eu mc and Vu pr (the summands
of these estimators are not independent), we keep choosing N, = Np = 1 for
the random-permutation W-aggregation procedure and N, as the closest integer

-1
to Nygek ™! (|5 |) (p — 1)~! with the subset W-aggregation procedure. To unify

notation, let N; = 2 when the estimators of the conditional elements (Wu)@gugu;p}
are the Pick-and-freeze estimators (in this way, N; is the number of nearest neigh-
bours). With the double Monte-Carlo estimators, let N; be a fixed integer (for
example Ny = 3).

Finally, recall that for the random-permutation W-aggregation procedure, we
need different estimators (W, (m))mep.nm) = (Wu(m)(l))me[LM} of W,,, with the no-
tation of Assumption 3. In this case, we choose i.i.d. realizations of /Wu condition-
ally to (X(”))ne[lzm. That is (Wu(m))me[le] = (W\u,s(m)) , where /Ww(m) is

me[l:M]
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defined by either Equation (2.16), Equation (2.17), Equation (2.21) or Equation
(2.22), and (s(m))mep:m are independent and uniformly distributed on [1 : NJ.
This enables to have different estimators with a small covariance using the same
sample (X (”))ne[LN]. Indeed, to prove the consistency in Proposition 15 of the
Shapley effects estimator with the random-permutation procedure, we show that
Assumption 5 is satisfied.

Proposition 15. Assume that Assumption 6 holds and Assumption 8 holds for
all subset u, 0 G w & [1:p|l. If f is bounded, then the estimators of the Shapley
effects defined by the random-permutation W -aggregation procedure or the subset
W -aggregation procedure combined with W,, = E,, pc (resp. Wy, = Vi, pr) converge
to the Shapley effects in probability when N and Ny go to 4o00.

Remark 28. The Sobol indices are functions of the (Wy,)ucpy). Indeed, we can de-
fine the Sobol index of a group of variables X, by either S, as in [Chal3, BBDM19]
or S¢ as in [IP19], where

1 v,
S, 1= Cqylllly gV
Var(Y') ;;} ) ’ v Var(Y)’

and where we note that V,, = Var(Y') — E_, by the law of total variance. Thus, we
get consistent estimators of the Sobol indices in the general setting of Assumption
6. Note that the sum over u C [1 : p| of the Sobol indices S is not equal to 1, and
when the inputs are dependent, the Sobol index S, can take negatives values.

E.3 Numerical experiments

In this section, we compute numerically the estimators of the Shapley effects with
an unknown input distribution. As in Section D.2; we choose the linear Gaussian
framework to compute the theoretical values of the Shapley effects.

We now have 8 consistent estimators given by:

e 2 different W-aggregation procedures: subset or random-permutation;
e 2 different estimators of W,: double Monte-Carlo or Pick-and-Freeze;

e 2 slightly different versions of the estimators of W,: "mix” or "knn”.

We take the same parameters as in Section D.2. The size N of the observed
sample (X ("))HE[L ~1 is 10000. In Figure 2.3, we plot the theoretical values of the
Shapley effects, together with the boxplots of the 200 realizations of each estimator,
and with a total cost N;,; = 54000 (we assume here that f is a costly computer
code and that for all estimators, the cost is the number of evaluations of f). With
these parameters, each realization requires around 6 minutes and 30 seconds to be
computed on a personal computer.
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Figure 2.3: Estimation of the Shapley effects in the linear Gaussian framework
when we only observe a sample of X. In black (s*) we show the theoretical re-
sults, in red the estimates from the subset W-aggregation procedure with the dou-
ble Monte-Carlo estimator (ss-MC_mix and ss-MC_knn), in green the estimates
from the subset W-aggregation procedure with the Pick-and-Freeze estimator
(ss_.PF_mix and ss_PF knn), in blue the estimates from the random-permutation
W-aggregation procedure with the double Monte-Carlo estimator (spr-MC_mix
and spr-MC_knn) and in yellow the estimates from the random-permutation
W-aggregation procedure with the Pick-and-Freeze estimator (spr_PF_mix and
spr-PF knn).

Remark 29. In the linear Gaussian framework, the function f is not bounded
and the assumptions of Proposition 15 do not hold. We can thus not guarantee
the consistency of the Shapley effects estimators. However, this framework enables
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Figure 2.4: Sum over 7 of the estimated quadratic risks of the eight estimators

of the Shapley effects in the linear Gaussian framework when we only observe a
sample of X.

to compute the theoretical Shapley effects and we can see numerically that the
estimators seem to be consistent.

We show the sums over i € [1 : p] of their quadratic risks (estimated with 200
realizations) in Figure 2.4. As in Section D.2; the subset W-aggregation proce-
dure is better than the random-permutation W-aggregation procedure and double
Monte-Carlo is better than Pick-and-Freeze. Furthermore, there are no signifi-
cant differences between the version "mix” and the version "knn”. Recall that,
in order to compute the estimators with the "mix” version, we need to call the
computer code of f at new inputs whereas "knn” only needs an i.i.d. sample

(X(n)a f(X(n)))nG[lzN}-

We now compare the sums over i € [1 : p| of the estimated quadratic risks
of the estimators from the subset W-aggregation procedure with double Monte-
Carlo when we know the distribution of X (results of Section D.2) and when we
just observe a sample of size 10000 (previous results of this section). These values
are equal to 5.9 1072 when we know the distribution of X, to 6.6 1073 when we only
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mix

observe the sample with Eu o and to 7.4 107 when we only observe the sample

with E{j’}@c Thus, in this linear Gaussian example in dimension 10, replacing the
knowledge of X by a sample of size 10000 does not seem to deteriorate significantly
our estimates of the Shapley effects.

F Application to real data

In this section, we apply the estimator of the Shapley effects given by the subset W-
aggregation procedure and the double Monte-Carlo estimator E’qj%c in Equation
(2.15) to a real data set. We use the "depSeuil.dat” data, available at
http://www.math.univ-toulouse.fr/ besse/Wikistat/data from [BMM™07].
This data set contains 10 variables with 1041 sample observations. The variables
are:

e JOUR: type of day (holiday: 1, no holiday: 0);

e O3obs: observed ozone concentration;

e MOCAGE: ozone concentration predicted by a fluid mechanics model;

e TEMPE: temperature predicted by the official meteorology service of France;
e RMH20O: humidity ratio;

e NO2: nitrogen dioxide concentration;

e NO: nitrogen oxide concentration;

e STATION: site of observation (5 different sites);

e VentMOD: wind force;

e VentANG: wind direction.

Here, we focus on the ozone concentration O3obs in function of the nine other
variables. Hence, let Y be the random variable of the ozone concentration and
let X' be the random vector containing the nine other random variables. Using
the estimator Eé”ﬂc of Ey = E(Var(Y|X)) given by Equation (2.15), with N; = 3
and Ny = 1000, we estimate the value of Var(E(Y|X))/Var(Y) to 0.57, whereas
it would be equal to 1 if Y was a function of X. Thus, it seems that the ozone
concentration is not a function of the nine other random variables.

The theory and methodology of this article holds when Y is a deterministic
function of X. Hence, we create metamodels of the ozone concentration in function
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of X, and we write Y the output of the metamodel. In this case, Y is indeed a
deterministic function of X and we can compute the Shapley effects, which now
quantify the impact of the inputs on the metamodel prediction. In practice, we
replace the output column by the fitted values given by the metamodel.

To study the impact of the metamodel on the Shapley effects, we estimate the
Shapley effects corresponding to three metamodels:

e XGBoost, from the R package xgboost, with optimized parameter by cross-
validation;

e generalized linear model (GLM);

e Random Forest, from the R package randomForest, which optimizes auto-
matically the parameters by out-of-bag.

Remark 30. We estimate the value of Var(E(Y|X))/Var(Y) to 0.90, 0.93 and
0.90 (see Table 2.1) where Y denotes the output of each of the three metamod-
els XGBoost, GLM and Random Forest respectively. In contrast, the estimated
value of Var(E(Y|X))/Var(Y) is 0.57 when Y denotes the original observed ozone
concentrations. This shows that the predicted values are different from the initial
values of the ozone concentration. Moreover, this shows that the metamodels do
not overfit the data, since the estimated values of Var(E(Y|X))/Var(Y) are close
to 1. Indeed, that means that the fitted values of the ozone concentration are much

more explained by X and have been smoothed by the metamodels. The values of
Var(E(Y|X))/Var(Y) = 1 —E(Var(Y|X))/Var(Y) are estimated using the estima-

o~

tor Eﬁ}}c defined by FEquations (2.15) and (2.17) with w = 0 (that is, the nearest

neighbours are chosen with all inputs). Remark that Eg”M”C 1s essentially a sum of

square differences between the images of nearest neighbours through the metamodel.
This estimator converges to 0 when the number of observations N goes to +oo but
it s strictly positive for fivzed N when there are continuous inputs. However, if
Eé”ﬂc > 0 significantly, then there exist nearest neighbours such that their images
through the metamodel are far from each other, and thus the metamodel is not
smooth. Hence, if there is overfitting with the metamodel, the metamodel function
will not be smooth, and this can be detected by high values of Eé”ﬁo and thus by
estimated values of Var(E(Y'|X))/Var(Y) significantly smaller than one.

In order to assess the quality of the three metamodels, we also give on Table 2.1
the values of the coefficient of determination R? and the estimate of Var(E(Y|Y))/
Var(E(Y|X)). Remark that, if Y = f*(X) 4 ¢, with ¢ 1L X and with E(g) = 0,
and if the metamodel is equal to f*, then BE(Y|X = z) = E(f*(z) + ¢) is equal
to E(Y/|Y = f*(x)). Thus, composing by X and taking the variance, we have
Var(E(Y|Y))/Var(E(Y|X)) = 1. This shows that values of Var(E(Y|Y))/Var(E(Y|X))
close to one indicate that the metamodel function is close to f* and thus indicate
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XGBoost | GLM | Random Forest
Var(E(Y|X))/Var(Y) 0.90 0.93 0.90
Var(E(Y|Y))/Var(E(Y|X)) | 1.23 0.99 1.05
R? 0.69 0.54 0.62

Table 2.1: Estimates of three features for the three metamodels.

06 - Shapley effects
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Figure 2.5: Estimation of the Shapley effects for three metamodels: XGBoost,
GLM and Random Forest.

a high quality of the metamodel. Hence, one may expect that since the estimated
values of Var(E(Y'|Y))/Var(E(Y'|X)) are close to one for the three metamodels in
our case (see Table 2.1), then these metamodels are of high quality.

For each metamodel, we estimate the Shapley effects with the subset V-
aggregation procedure and the double Monte-Carlo estimator E{ff}@c, with Ny =3
and N;,; = 50000 (but the real cost is actually 40176, see Remark 18). For each
metamodel, the computation time of all the Shapley effects on a personal computer
is around 5 minutes. The results are presented in Figure 2.5.

We remark that the three metamodels yield similar Shapley effects. This is
reassuring, since observing different behaviours of the metamodels would be a sign
of inaccuracy for some of them. Only two variables have a significant impact on
the ozone concentration: the predicted ozone concentration (MOCAGE) and the
predicted temperature (TEMPE). This comforts the results of [BMM™*07] as they
use regression trees whose two most important variables are the predicted ozone
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concentration and the predicted temperature. All the other variables have a much
smaller impact. The Shapley effect of the predicted temperature is larger than the
one of the predicted ozone concentration. It could be from the better accuracy of
the predicted temperature (given by the official meteorology service of France) than
the predicted ozone concentration (given by a fluid mechanics model). Finally, we
remark that the type of the day (holiday or not) has no impact on the ozone
concentration. The corresponding Shapley effect is even estimated by a slightly
negative value for the GLM, which stems from the small error estimation.

To conclude, the Shapley effect estimator given by the subset 1W-aggregation
procedure and the double Monte-Carlo estimator E!t. enables us to estimate
the Shapley effects on real data. The estimator only requires a data frame of the
inputs-output and handles heterogeneous data, with some categorical inputs and
some continuous inputs. Here, the estimator was applied to a metamodel output.
This illustrates the interest of the Shapley effects (and of sensitivity analysis) to
understand and interpret the predictions of complex black-box machine learning
procedures [RSG16, BGLR18].

This estimator has been implemented in the R package sensitivity as the
function ”shapleySubsetMc”.

G Conclusion

In this chapter, we focused on the estimation of the Shapley effects. We ex-
plained that this estimation is divided into two parts: the estimation of the condi-
tional elements (W, )gpcucpp and the W-aggregation procedure. We suggested the
new subset IW-aggregation procedure and we explained how the already existing
random-permutation W-aggregation procedure of [SNS16] minimizes the variance.
However, the subset W-aggregation procedure is more efficient by using all the
estimates of the conditional elements for each Shapley effect estimation. We high-
lighted this efficiency by numerical experiments. In a second part, we suggested
various estimators of (W, )pcucii:p) when the input distribution is unknown and
when we only observe an i.i.d. sample of the input variables. We proved their con-
sistency and gave the rates of convergence. Then, we used these new estimators
to estimate the Shapley effects with consistency. We illustrated the efficiency of
these estimators with numerical experiments and we tested one estimator on real
heterogeneous data.
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The Shapley effects using the
Gaussian linear framework
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Chapter 3

The Shapley effects in the
(Gaussian linear framework

In this chapter, we focus on the computation of the Shapley effects in the Gaussian
linear framework for two reasons.

Firstly, [OP17] and [IP19] show that the Shapley effects can be explicitly com-
puted in this framework. It is very convenient when we know the difficulties to
estimate the Shapley effects in the general framework (see Chapter 2). Indeed,
in Chapter 2 Section E.3, with 10 input variables, we needed around 6.5 minutes
to provide quite accurate estimates of the Shapley effects using a sample of size
10000. We will see that, in the Gaussian linear framework with 10 inputs variables,
the computation of the Shapley effects is instantaneous.

Secondly, the Gaussian linear framework is widely used to model physical phe-
nomena (see for example [KHFT06, HT11, Ros04]). Indeed, uncertainties are often
modelled as Gaussian variables and an unknown function is commonly estimated
by its linear approximation. Our collaboration with CEA/DES/ISAS/DM2S, and
in particular with Pietro Mosca and Laura Clouvel, helped us to be aware about
some needs in research on nuclear safety. Moreover, as explained in Section 4
of [BBCM20], sensitivity analysis is an important tool in the field of calculation
codes, e.g. in nuclear safety, evaluating the impact of the input uncertainties to
the uncertainty on the output of a computer code, in order to prioritize efforts for
uncertainty reduction. Since the international libraries [McL05, JEF13, JEN11] on
real data from the field of nuclear safety provide the average and covariance matrix
of the input variables, it is natural to model them with the Gaussian distribution.
Moreover, [Clo19] highlights linear relations between some physical quantities.

In Section A, we suggest an algorithm to compute the Shapley effects in the

Gaussian linear framework. In Section B, we give numerical experiments with
an industrial application showed in [MCL*17]. Finally, in Section C, we give a
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conclusion with an introduction to the rest of Part III. Remark that, in this short
chapter, no theoretical result is provide, and it can be seen as an introduction to
Part III.

In this chapter, we assume that X ~ N(u,X), with ¥ € SI*(R), and that
f:ax+— By + flx, for a fixed By € R and a fixed vector 3 € RP. We can assume
without loss of generality that ¢ = 0 and By = 0, since the Shapley effects do not
depend on these parameters.

A Algorithm

Recall that, in the Gaussian linear framework, the Shapley effects can be computed
using

| (p - 1) _ (Ewogiy — Eu) - (3.1)

1
T Var(Y) > 1yl

uC—

and that, for all subset u C [1 : p|, we have
Eu = Var(ﬁgXu|X—u) = Bg(zu,u - Zu,—ug:i7_u2—u,u)6uy (32)

One issue remains though, namely computing numerically the sum in Equation
(3.1). Indeed, we have to sum over all the subsets of [1 : p| which do not contain
i. We also have to group the subsets v and u U {i}. For this purpose, we suggest
to use the following bijective map:

P(1:p])) — [0:2°—1]

h: .
U — D e 2i—1,

We remark that:
9i—1

uC —i = V(“)J = 0 mod 2.

Finally, we can see that if u C —i, then h(u U {i}) = h(u) + h({i}).

Based on this map and Equations (3.1) and (3.2), we suggest an algorithm that
we call "LG-Indices” (for Linear Gaussian). This algorithm computes the Shapley
effects in the linear Gaussian framework.
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Algorithm 2 (LG-Indices)
Inputs: 5, X.

1. Let Var(Y) = 8753 and let Var(Y]X) = 0.

2. (Compute the conditional variances) For j = 0,---,27 — 1, do the
following:
(a) Compute u = h=1(j).
(b) Compute E, := Var(Y|X_,) using Equation (3.2).

3. (Compute the Shapley effects) For ¢ = 1,--- | p, do the following:
(a) Initialize n = (0,---,0) € R? .
(b) For k =0,...,2° — 1, do the following:

i If | £ ] =0mod 2, let w=h"'(k) and wU {i} = h™'(k +
2i=1). Then update :

-1
p—1
ni =1 + ( | > (Euu{i} - Eu) . (3.3)

(c) Let m; =n;/(pVar(Y)).

Outputs 7.

This algorithm has been implemented in the URANIE platform of CEA DEN
and we will see in Section C.1 that an improvement of this algorithm has been
implemented in the R package sensitivity.

B Numerical experiments

B.1 Application on generated data

To position our work with respect to the state of art, we compare the algorithm
"LG-Indices” with the existing algorithms designed to compute the Shapley ef-
fects for global sensitivity analysis suggested in [SNS16]. However, as we focus
on the linear Gaussian framework, for a fair comparison, we adapt the algorithm
suggested in [SNS16] to this particular framework replacing the estimations of
(E(Var(Y|X_u)))ucpp) by their theoretical values given by Equation (3.2). Hence,
using the terms of Chapter 2, we compare the algorithm ”LG-Indices” with the
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random-permutation W-aggregation procedure (see Section C.2 of Chapter 2) and
with the exact-permutation W-aggregation procedure (see Remark 22 in Section
C.2 of Chapter 2) where the conditional elements are computed by Equation
(3.2). We call these two algorithms ”random-permutation Algorithm” and ”exact-
permutation Algorithm”.

Let us consider a simulated toy example. We generate by a N'(0, I,,) random
variable and ¥ by writing ¥ = AAT, where the coefficients of A are generated
independently with a standard normal distribution.

First, we compare ”LG-Indices” with exact-permutations Algorithm. Both
provide the exact Shapley values but with different computational times. Table
3.1 provides the computation times in seconds for different values of p, the number
of input variables.

p=6|p=T7|p=8|p=9|p=10
exact-permutations | 0.11 | 0.8 | 7.31 | 77.6 925
LG-Indices 0.004 | 0.008 | 0.018 | 0.039 | 0.086

Table 3.1: Computational time (in seconds) for exact-permutations Algorithm and
LG-Indices for different values of p.

We remark that ”LG-indices” is much faster than exact-permutations Algo-
rithm.

We can also compare "LG-Indices” with random-permutations Algorithm. For
the latter, we choose M, the number of permutations generated in random-permutations
Algorithm, so that the computational time is the same as LG-Indices. Yet, while
our algorithm gives the exact Shapley effects, the random-permutations Algorithm
provides an estimation of them. Hence, the performance of the latter algorithm is
evaluated by computing the coefficients of variation in %, for different values of p.
We give in Table 3.2 the average of the p coefficients of variations. We recall that
the coefficient of variation corresponds to the ratio of the standard deviation over
the mean value. We see that the random-permutation Algorithm has quite large
coefficients of variation when we choose M so that the computational time is the
same as our algorithm. However, this variation decreases with the number of in-
puts p. We can explain that by saying that the computational time of LG-Indices
is exponential with p. So, we can see that the precision of random-permutations
Algorithm increases with M.
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p=3|p=4|p=5|p=6|p=T7
M chosen 10 12 18 30 50
mean of coefficients of variation | 31% | 26% | 22% | 18% | 13%

Table 3.2: Mean of the coefficients of variation of Shapley effects estimated by
random-permutations Algorithm for the same computational time as LG-Indices.

B.2 Application on nuclear data

We present here an industrial application related to safety studies of pressurized
water reactors (PWR) detailed in [Clo19] (Chapter V, Section 3.2.2). Here, the
quantity of interest Y is the neutron fluence in a hot spot used to monitor the
effects of irradiation on the vessel of a PWR. The quality of radiation damage
prediction depends in part on the fast neutron flux. The objective is to identify
the parameters which could, with a better knowledge, reduce the uncertainty of
the fast neutron flux.

Here, we focus on the propagation of the uncertainty of the released power
of 2%U from 24 different locations in the PWR (see Figure V.17 of [Clo19] for
the names of the different locations). As mentioned above, the Gaussian linear
framework is a favorable setting.

We present in Figure 3.1 the Shapley effects computed by Algorithm 2 on a
linear model of the neutron fluence in function of the released power of 23°U from
24 different locations. As pointed out by [Clo19], the peripheral locations (A9,
A8) that are closest to the hot spot, are those with the highest Shapley effects.
Here, the Shapley effects in dimension 24 have been computed in 8 hours.

C Conclusion and preamble to the other chap-
ters of Part III

We have seen that the Gaussian linear framework is very convenient to compute
the Shapley effects. We gave an algorithm that compute the exact values of the
Shapley effects. Hence, in the rest of Part III, we develop these works on the
Gaussian linear framework.

Chapter 4 deals with the computation cost when the number of input variables
p is larger than 30, using block-diagonal structures of the covariance matrix. The
setting of Chapter 4 is wider than the Gaussian linear framework with block-
diagonal covariances but concludes by giving Algorithm 3, with an improvement
of Algorithm 2 in this particular setting. We give an industrial application on real
data from the field of nuclear safety that can only be treated by Algorithm 3.
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SHAPLEY EFFECTS
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Figure 3.1: Shapley effects of the neutron fluence in the hot spot in function of

the released power of 23°U from 24 different locations in the PWR.

Chapter 5 extends the framework of Algorithm 3 to the case where the pa-
rameters of the Gaussian distribution and of the linear model are unknown and
we only observe an i.i.d. sample of the inputs-output, with a focus on the high

dimension.

Finally, Chapter 6 aims to understand the impact on the Shapley effects of
estimating a general setting by the Gaussian linear framework, since it is more

convenient for the Shapley effects computation.
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Chapter 4

Shapley effects and Sobol indices
for independent groups of
variables

A A high-dimensional problem

Despite the analytical formula from Equation (1.26), the computational cost of
the Shapley effects in the Gaussian linear framework remains an issue when the
number of input variables p is too large. Based on an implementation in the
R software, Algorithm 2 provides almost instantaneous results for p < 15, but
becomes impracticable for p > 30. Indeed, we have to compute and to store 2P
values, namely the (E,)ycpp), and this can be a significant issue.

Fortunately, when p is large, it can frequently be the case that there are inde-
pendent groups of random variables. That is, after a permutation of the variables,
the covariance matrix X is a block-diagonal matrix. We show that, in this case,
this high dimensional computational problem boils down to a collection of lower
dimensional problems.

In the following, we give theoretical results in the general case, and not only
for Gaussian linear models. Then, we focus on these results in the particular case
of the Gaussian linear models.

73



CHAPTER 4. SHAPLEY EFFECTS AND SOBOL INDICES FOR
INDEPENDENT GROUPS OF VARIABLES

B Sensitivity indices with independent groups of
variables

B.1 Notations for the independent groups for general mod-
els

Let B = {By,..., Bk} be a partition of [1 : p| such that the groups of random
variables (Xp;);en:x) are independent. Let A; := Xp, . Let us write

Y = f(Xl, ...,Xp) = g(Ab 7AK)
Is w C [1: K], we define
Vg = Var(E(Y|Ay)).

As the inputs (Ay, ... Ak ) are independent, the Hoeffding decomposition (see Propo-
sition 1 of Chapter 1) of g is given by:

g(A) = Y gul(Aw). (4.1)
wC[1:K]
Similarly to Definition 4 and Equation (1.8) in Chapter 1, the Sobol indices of g

are given by

g Var(gw(Ay)) 1 wl—l#1 g
S = Var(Y)  Var(Y) Z(_l)l vy

zCw

(4.2)

Remark 31. As the inputs (A, ..., Ax) are independent, the Sobol index S9 of
g 1s the variance of g, divided by Var(Y') and so is non-negative. Moreover, we
can estimate it without trouble because the quantities (V7),c. are easy to estimate
(using the Pick-and-Freeze estimators for example).

We also define
VI = Var(E(gy(Aw)| Xu))-

Writing B, := U;¢,, Bj, we have V" = Vg o If u C By, let S be the Sobol
index of X, on g,:

1
SIw = -1 IUI—\U\VLQM_
Var(gn (A 2=V

vCu

Equivalently, if i € B, let /™" be the Shapley effect of X; on g,:

—1
w 1 |B’w| -1 w
o = ) ( ) (Vitw = Vi) (43)
‘ By, w Aw . v
BuVar(gu(A), 2=\ Ju

Finally, for all ¢ € [1: p], let j(i) € [1: K] be the index such that i € B;.
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B.2 Main results for general models

We will study the Sobol indices and the Shapley effects in the case of block-
independent variables. First, we show a proposition about the (V,)ucip-

Proposition 16. For all u C [1: p|, we have:
Vi = Z Vjﬂ%w (4-4>
wC[1:K]

Dividing by the variance of Y, we can deduce directly an identical decomposi-
tion for the closed Sobol indices defined by Equation (1.1).
We then provide a consequence of Proposition 16 on Sobol indices:

Proposition 17. For all u C [1: p|, we have:

Su= Y Sus0v. (4.5)
wC[1:K],
s.t. uCBw

Proposition 17 improves the interpretation of the Sobol indices. It states that
the Sobol indices for the output Y are linear combinations of the Sobol indices
when considering the outputs ¢,,(A,) and that the weighting coefficients are the
S9.

This proposition can be beneficial for the estimation of the Sobol indices. We
could estimate the coefficients SJ by Pick-and-Freeze. If many of them are close
to 0, the corresponding Sobol indices SJ* are irrelevant for the total output Y,
and it is unnecessary to estimate them.

We also provide a consequence of Proposition 16 on Shapley effects:

Proposition 18. For alli € [1 : p|, we have

= ) s (4.6)

wC[1:K],
s.t. j(i)ew

As for the Sobol indices, Proposition 18 provides the computation of the Shap-
ley effects for the output Y by summing the Shapley effects when considering the
outputs g, (A,) and multiplying them by the coefficient S9.

B.3 Main results for block-additive models
B.3.i) Theoretical results

In the following, we detail the consequences of Propositions 17 and 18 to the
particular case of a block-additive model:

Y = Zgj(Aj), (4.7)
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i.e. when the functions (gw)wc[l: k] of the Hoeffding decomposition are equal to 0
except for w equal to a singleton.

Corollary 3. If the model is block-additive, for all w such that u ¢ B; for all j,
we have S, = 0.

This corollary states that the majority of Sobol indices for block additive mod-
els a equal to zero. It remains only Z]KZI 2Bi — 1 unknown non-zero Sobol indices
instead of 27 — 1.

Corollary 4. For block-additive models, we have
U S;C-’(Z-)Uf’j(i)- (4.8)

For example, if we apply this corollary in the case where X; is the only variable
in its group, then we have n; = 5;.
To compute the Shapley effect 7; in block additive models, the previous corollary
reduces the sum from all the subsets of [1 : p] \ {i} to all the subset of Bj; \ {i}.
Then, the computational gain is the same as in Corollary 3.

C Linear (Gaussian framework with independent
groups of variables

C.1 Algorithm ”LG-GroupsIndices”

As we explained in Section A, the computation of the Shapley effects in the Gaus-
sian linear framework appears impracticable when the dimension p is large. How-
ever, when there are independent groups of variables, Corollaries 3 and 4 show
that this high dimensional computational problem boils down to a collection of
lower dimensional problems.

In this framework, we have seen in Corollaries 3 and 4 that we only have to
calculate the Z§:1 21Bil values {Var(Y|X,), v C Bj, j € [1 : K]} instead of all
the 27 values {Var(Y|X,), v C [1 : p]}. We detail this idea in the algorithm
"LG-GroupsIndices”.

Algorithm 3 (LG-GroupsIndices)
Inputs: 3, X.

1. By Breath-First-Search (BFS), let By, ..., Bx be the independent
groups of variables.
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2. Let n be a vector of size p.
3. For j =1, ..., K, do the following:

(a) Let 7 € RIPil be the output of the algorithm LG-Indices with
the inputs BB]. and YB;.B;-

(b) Let
BB, %B,,5,08, _

NB; = BTY BT

Ouputs: 7.

This algorithm has been implemented in the R package sensitivity as the
function ”ShapleyLinearGaussian”.

The complexity of the computation of the Shapley effects is O(K2™), where K
denotes the number of groups and m denotes the size of the maximal group. Note
that the complexity of BFS is O(pm?).

To find the independent groups of variables by BES (see for example [Ski98], section
5.7.1), one can for example use the function ”graph_from_adjacency matrix” of the
R package igraph[CNO06].

C.2 Numerical experiments

With independent groups of inputs, to the best of our knowledge, LG-GroupsIndices
is the only algorithm which can compute the exact Shapley effects for large values
of p (the number of inputs). Indeed, random-permutations Algorithm can han-
dle large values of p but always computes estimations of Shapley effects. On the
other hand, LG-Indices computes exact Shapley effects but becomes too costly for
p > 20 (the computation time is exponential in p).

First, we compare the computation time of LG-Indices and LG-GroupsIndices
for low values of p on a toy simulated example as in Section B of Chapter 3. We
generate K independent groups of m variables (with the same size). We give these
results in Table 4.1.

Now, we compare LG-GroupsIndices with random-permutations Algorithm as
in Section B of Chapter 3: we choose M so that the computational time is the same
and we give the average c of the p coefficients of variation of random-permutations
Algorithm in Table 4.2.

Here, the mean of the coefficients of variation remains quite large (around 35%)
when we chose K = m. However, when we choose K larger (resp. lower) than m,
this variation increases (resp. decreases).
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K=3|K=4 K=4|K=5
m=3|m=3|m= m =4
LG-Indices 0.04 0.47 8.45 | 168.03
LG-GroupsIndices | 0.002 | 0.003 | 0.004 | 0.007

Table 4.1: Computation time (in seconds) for LG-Indices and LG-GroupsIndices
for different values of K and m.

K=3|K=4|K=5|K=6|K=10| K=5
m=3 | m=4|m=5|m=6| m=5 | m=10
M chosen 7 8 9 10 ) 98

c 34% 38% 34% 36% 40% 12%

Table 4.2: Mean of the coefficients of variation ¢ of Shapley effects estimated
by random-permutations Algorithm for the same computational time as LG-
GroupsIndices.

C.3 Application on nuclear data

We could apply Algorithm 3 to nuclear data thanks to our collaboration with
Laura Clouvel, from CEA/DES/ISAS/DM2S/SERMA.

In this application, the output is the neutron flux Y which is a quantity of
interest in safety nuclear reactor studies. For example, it can be calculated to
evaluate the vessel neutron irradiation which is in fact one of the limiting factors
for pressurized water reactor (PWR) lifetime (see Chapter 3 Section B.2).

As in the previous nuclear application, the cross sections are the inputs X of
our model. The values of the cross sections and their uncertainties are provided
by international libraries as the American Library ENDF /B-VII [McL05], the Eu-
ropean library JEFF-3 [JEF13], and the Japan Library JENDL-4 [JEN11]. Using
the standardized format, each cross section is defined for an isotope iso of the
target nuclei, an energy level E of the target nuclei and a reaction number mt (see
[McL05] for more information on mt numbers).

We assume that if (iso, mt) # (iso’, mt’), then, X isome,5) LL X(isor,me,pry for any
E, E’. Thus, the covariance X is block-diagonal, where each block corresponds to
a value of (iso,mt). Here, we have 292 input variables divided in 50 groups of
size between 2 and 18. Using reference data, [Clo19] has shown that the pertur-
bation of the cross sections of the *Fe, 'H, 160 isotopes are linearly related to the
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Figure 4.1: Shapley effects of all the cross sections.

perturbation of the flux:

Y= > BiX; (4.9)

je{(iso,mt,E)}

Thus, the Shapley effects are easily computable using Algorithm 3. We show the
values of the Shapley effects in Figure 4.1.

We can remark that almost all the Shapley effects are close to 0. Now, we plot
all the Shapley effects that are larger than 1% on Figure 4.2 with the names of
the corresponding cross sections. For example, ”Feb6_S4_950050” means the cross
section for the isotope %6 Fe, the reaction scattering 4 and a level of energy larger
than 950050eV" (and smaller than 1353400eV).

We remark than only 23 cross sections have a Shapley effect larger than 1%.
The latter are associated with the lower energies (around 1 to 6 MeV'). Moreover,
they all come from three different groups of (iso, mt): (*°Fe, scattering 4), (*Fe,
scattering 2) and (*H, scattering 2).

We can notice that all the Shapley effects of the cross sections from (*H, scatter-
ing 2) are close, and that comes from the fact that the correlations between these
different levels of energy are close to 1 in this group. We can find in [BBCM20] a
physical interpretation of these Shapley effects which is insightful and consistent
with the available expert knowledge.
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Figure 4.2: Shapley effects larger than 1%.

D Conclusion

In Chapter 4, we gave new theoretical results about the variance-based sensitiv-
ity indices for independent groups of inputs. These results drastically reduce the
computational cost of these indices when the model is block-additive. Then, we
applied these results to the linear Gaussian framework and we suggested an algo-
rithm that computes efficiently the Shapley effects for a block diagonal covariance
matrix. Numerical experiments on Shapley effects computations highlight this
efficiency and the benefit compared to existing methods.
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Chapter 5

Estimation of the Shapley effects
in the Gaussian linear framework
with unknown parameters

A Introduction

In Chapter 4, we have seen Algorithm 3 which computes the Shapley effects in the
Gaussian linear framework for large values of p when the block-diagonal covariance
matrix > and the linear model § are available. However, in many cases, these
parameters are unknown, and we only observe a sample of the inputs-output. In
this setting, the Shapley effects need to be estimated, replacing the true vector § by
its estimation and the theoretical covariance matrix Y by an estimated covariance
matrix.

There exists a fair amount of work on high-dimensional covariance matrix es-
timation. Many researchers took an interest in the empirical covariance matrix in
high dimension [MP67, Wac78, Sil85, BS10a]. For particular covariance matrices,
different estimators than the empirical covariance matrix can be preferred. For
some well-conditioned families of covariance matrices, [BLO8] suggests a banded
version of the empirical covariance matrix, and several works address the problem
of estimating a sparse covariance matrix [HLPL06, LF09, EK08].

However, in general, given a high-dimensional covariance matrix, we have seen
that the computation cost of the corresponding Shapley effects using Algorithm 2
or Algorithm 3 grows exponentially with the dimension. The only setting where
a procedure to compute the Shapley effects with a non-exponential cost is the
setting of block-diagonal matrices, using Algorithm 3. Hence, in high dimension,
block-diagonal covariance matrices are a very favorable setting for the estimation
of the Shapley effects. Thus, we focus on the estimation of high-dimensional block-
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diagonal covariance matrices. In contrast, we remark that the above methods are
not relevant for the estimation of the Shapley effects, since they do not provide
block-diagonal matrices.

In our framework, we assume that the true covariance matrix is block-diagonal
and we want to estimate this matrix with a similar structure to compute the
deduced Shapley effects. Some works address the block-diagonal estimation of
covariance matrices. [PDLL18] gives a numerical procedure to estimate such co-
variance matrices and [HSNP15] suggests a test to verify the independence of the
blocks. A block-diagonal estimator of the covariance matrix is proposed in [DG18].
The authors of [DG18] choose a more general framework, without assuming that
the true covariance matrix is block-diagonal. They obtain the estimated block-
diagonal structure by thresholding the empirical correlation matrix. They also
give theoretical guaranties by bounding the average of the squared Hellinger dis-
tance between the estimated probability density function and the true one. This
bound depends on the dimension p and the sample size n. When p/n converges
to some constant y €]0, 1[, this bound is larger than 1 and is no longer relevant as
the Hellinger distance is always smaller than 1.

Here, we focus on the high dimension setting, when p/n converges to some
constant y €]0, 1], and when the true covariance matrix is assumed to be block-
diagonal. We give different estimators of the block-diagonal structure and we
show that their complexity is small. Then, we provide new asymptotic results
for these estimators. Under mild conditions, we show that the estimators of the
block structure are equal to the true block structure, with probability converging to
one. Furthermore, the square Frobenius distance between the estimated covariance
matrices and the true one, normalized by p, converges to zero at rate 1/n. Thus,
our work complements the one of [DG18]. We also study the fixed-dimensional
setting, where we show that one of our suggested estimators is asymptotically
efficient.

From the estimated block-diagonal covariance matrices, we deduce estimators
of the Shapley effects in the high dimensional linear Gaussian framework, with
reduced computational cost. We recall that in high dimension, the computation
of the Shapley effects requires that the corresponding covariance matrix be block-
diagonal. We show that the relative estimation error of these estimators goes to
zero at the parametric rate 1/n'/2 up to a logarithm factor, even if the linear
model is estimated from noisy observations.

Our convergence results are confirmed by numerical experiments. We also apply
our algorithm to semi-generated data from nuclear applications.
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B Estimation of block-diagonal covariance ma-
trices

B.1 Problem and notation

We assume that we observe (X(l))le[lm}, an i.i.d. sample with distribution N (u, ),
where p € R? and X are not known. We assume that ¥ = (045)jeny € S,y (R)
and has a block-diagonal decomposition. To be more precise on this block-diagonal
decomposition, we need to introduce some notation.

Let us write P, the set of all the partitions of [1 : p]. We endow the set
P, with the following partial order. If B, B" € P,, we say that B is finer than
B', and we write B < B', if for all A € B’, there exists A;,...,4; € B such
that A = |_|;.:1 A;. We also compare the elements of a partition B € P, with
their smallest element; that enables us to talk about "the k-th element” of B. If
B € P, and ay, ...,a; € [1: p|, we write (ay, ...,q;) € B if there exists A € B such
that {ay,...,a;} C A (in other words, if ay, ..., a; are in the same group of B). If
I'e S;_+(R) with I' = (f)/ij)i,jé[l:p] and if B € Ppa we define FB by

vy if (i,5) € B
I'p)ii =
(e)ig { 0  otherwise.

Let us define
S;J“(R, B):={l' € S;JF(R) |T'=Tp, and VB' < B, T # '/},

where we define B’ < Bif B’ < Bandif B' # B. Thus Sy *(R) = | |pcp, Sy (R, B)
and for all ' € Sf*(R), we can define an unique B(I') € P, such that I' €
SyH(R, B(I')). Here, we assume that ¥ € Sy (R, B*), i.e. B* is the finest decom-

position of X, i.e. B(X) = B*. We say that X has a block-diagonal decomposition
B*.

We also write
X, ==Y x0,
n
=1

and

which are the empirical estimators of p and X. To simplify notation, we write
X for X,, and S for S, (the dependency on n is implicit). We know that, for
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all ' € SF(R), X maximizes the likelihood Lp,, (XM, ..., X®™) over the mean
parameter m, where

=1

1 1 <
Lrm(XD, XM = ————exp | == > (XO —m)'THXD —m) |,
rm( ) TEHGE pl—52.( ) T )

and |I'| is the determinant of I'. Thus, for all I' € S *(R), we define

2 n
Ir = —=log (Lp (XM, ., X™)) — , log(27) =

5 (log IT| + Tx(I7'9)) .

e~

As we assume that the true covariance matrix is block-diagonal, we consider a
block-diagonal promoting penalization of the form

pen(T") := pen(B(T)) := Zpi,

if B(I') ={By, ..., Bk} and |Bg| = p for all k € [1 : K]. We consider the penalized
log-likelihood criterion

5. SIH(R) — R

r — Ir + sk pen(D),
where xk > 0. In this work, we suggest to estimate ¥ by the minimizer of ¢, for
some choice of penalisation k. First, we show in Proposition 19 that a minimizer
of ® can only be a block-diagonal decomposition of S.

Proposition 19. If I' is a minimizer of ®, then, there exvists B € P, such that
I'=_5;g.

Hence, the minimization problem on S (R) becomes a minimization problem
on the finite set {Sp, B € P,}. So, we define ¥(B) := ®(Sp) and we suggest to
estimate B* by

By = arg minV(B), (5.1)
BeP,

as the minimum structure of the penalized log-likelihood. In Section B, we study
theoretically this estimator of B*. However, it is unimplementable in high dimen-
sion since the number of partitions B € P, is too large. Hence, we will also define
other estimators less costly, and study them theoretically.
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B.2 Convergence in high dimension

B.2.i) Assumptions

In Section B.2, we assume that p and n go to infinity. The true covariance matrix
Y is not constant and depends on n (or p). Nevertheless, to simplify notation, we
do not write the dependency on n. In all Section B.2, we choose a penalisation
coefficient k = z# for a fixed 6 €]1/2,1].

We also add the following assumptions on X along Section B.2.

Condition 1. p/n — y €]0, 1].

Condition 2. There exist Aips > 0 and Agyp < 400 such that, for all n, the
eigenvalues of ¥ are in [Aing, Asup) -

Condition 3. There exists m € N* such that for all n, all the blocks of ¥ are
smaller than m, i.e. VA € B*, we have |A] < m.

For a ¢ x ¢ matrix M = (my;) . )ei:q2, We let || M |lmax = max( jep.q2 [mij.

Condition 4. There exists a > 0 such that for all n and for all B < B*, we have
125 — 2lmax > an~1/4,

These four mild assumptions are discussed in Section B.2.iv). However, we also
focus on the case when Condition 4 does not hold. We will provide similar results,
both when assuming Conditions 1 to 4, and when only Conditions 1, 2 and 3 hold.

B.2.ii) Convergence of LA?tot and reduction of the cost

Now that we have defined our estimator ]§tot of the true decomposition B* in
Equation (5. 1) and we have added assumptions in Section B.2. i), we give the con-
vergence of Btot in Proposition 20. Although Btot is not computable in practice, its
convergence remains interesting to strengthen the choice of the penalized likelihood
criterion and will be useful to prove the convergence of more practical estimators.
In Section B.2, all the limits statements are given as n,p — +o0.

Proposition 20. Under Conditions 1 to 4 and for a fized 6 €]1/2,1], we have
IP) <§tot - B*> — 1

Hence, under Conditions 1 to 4, the estimator Emt is equal to the true de-
composition B* with probability which goes to one. When Condition 4 does not
hold, we can not state such a convergence result but we get a weaker result in
Proposition 21. In this case, we need to define B(«) as the partition given by
thresholding ¥ by n~®. In other words, B(«) is the smallest (or finest) partition
B such that ||Xp — X|max < n7°

85



CHAPTER 5. ESTIMATION OF THE SHAPLEY EFFECTS IN THE
GAUSSIAN LINEAR FRAMEWORK WITH UNKNOWN PARAMETERS

Proposition 21. Under Conditions 1, 2 and 3, for all ay < §/2 and as > 0/2,
we have

P <B(a1) % B < B(ag)) 1,

where B(ay) # Etot means “the partition B(ay) is not strictly greater (in the sense
given in Section B.1) than By, ”.

Thus, we defined a consistent estimator of B* that theoretically solves our
problem of the lack of knowledge of the true decomposition B*. However, com-
puting By, is very costly in practice. Indeed, the number of partitions of [1 : p]
(the Bell number) is exponential in p. As in [DG18], we suggest to restrict our
estimates of B* to the partitions given by thresholding the empirical correlation
matrix C : (C’”)”E[lp] where Cm 1= 8y/\/SiS55, With S = (si)@ ez I
A €0, 1] let B,\ be the finest partition of the thresholded emplrlcal correlation
matrix C’,\ = (Cl]]lw |>A)Z]<p In other words, B, := B(C,\) For some value
A € [0,1], By can be found by ”Breath-First-Search” (BFS) [Lee61]. Furthermore,
we do not need to compute B, for all A € [0, 1] and we suggest in the following
three different choices of grids for .

First, we suggest the grid Az := {|@j| | 1 < i< j < p}and we define the
estimator E@ := argminV(B). This grid is the finest one because that gives
By | AeAg
all the partitions {B)| A €]0,1[}. Almost surely, the coefficients (aij)z‘<j are all
different. Thus, when we increase the threshold to the next value of Az, we only
remove two symmetric coefficients from the empirical correlation matrix.

Proposition 22. The computational complexity of é@ is O(p*).

Using the rate of convergence of the estimated covariances and by Condition
4, we then suggest the estimator B, := B, 13, the partition of the empirical
correlation matrix thresholded by n~'/3. With this threshold, we can not find
all the partitions given by thresholded correlation matrix, but we only have to
threshold by only one value.

Proposition 23. The computational complexity of E,\ is O(p?).

One can see that reducing the grid of thresholds to one value reduces the
complexity of the estimator of B*. Finally, we suggest a third grid, in the case
where the maximal size of the groups m is known.

Let A, :={s/p,(s+1)/p,...,(p—1)/p, 1}, where s is the smallest integer such
that all the groups of B/, have a cardinal smaller than m. The deduced estimator
is B, := argmin¥(B). So, this grid is the set {I/p | { € [1 : p|} restricted to the

By | A€As
thresholds that give fine enough partition (with groups of size smaller than m).
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Proposition 24. The computational complexity of Es is O(p?).

One can see that the complexity of this estimator is as small as the complexity
of the previous estimator B). Furthermore, it ensures that the estimated blocks
are not too large, which was not the case with the previous estimator. However,
the computation of B requires the knowledge of m while the other estimators do
not.

Now that we have defined new estimators of B*, we give their convergence in
the following proposition.

Proposition 25. Let B be either Etot, E@, B,\ or ES indifferently. Under Con-
ditions 1 to 4 and for a fived § €]1/2,1[, we have

IP><§:B*)—>1.

When Condition 4 is not satisfied, we do not study the convergence of the
previous estimators. In this case, we suggest to estimate B* by B, s/2, which is
the partition given by the empirical correlation matrix thresholded by n=%2. The
complexity of this estimator is O(p?), as for the previous estimator By = B, —1/.
We show the convergence of this estimator in Proposition 26.

Proposition 26. Under Conditions 1, 2 and 3, if a1 < /2 and ag > §/2,
]P)(B(lel) < ané/z < B(Oég)) — 1.

As Condition 4 is not satisfied, the true partition B* is again not reached by
this estimator. Nevertheless, we get stronger results for the practical estimator
B, s> than for the theoretical estimator B;,; when Condition 4 is not verified.
Indeed, the condition "to be larger or equal than” is stronger that "not to be
smaller than”.

B.2.iii) Convergence of the estimator of the covariance matrix

We have seen in Propositions 25 and 26 how to estimate the decomposition B*
by B. Now to estimate the covariance matrix ¥, it suffices to impose the block-
diagonal decomposition B to the empirical covariance matrix Sz. We show in
Proposition 27 that the resulting block-diagonal matrix estimator Sz reaches the
optimal rate of convergence under Conditions 1 to 4.
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Proposition 27. Let || - [|r be the Frobenius norm defined by |T||% := >0 . 73

Let B be either Etot, Ea,ﬁ,\ or ES. Under Conditions 1 to 4 and for a fized
d €]1/2,1], we have

1
}_)HSB* — 3 = 0y(1/n)

and

1
EHSE — 3|5 = Oy(1/n).

Moreover, it is the best rate that we can have because
1 2
]—JIISB* — [ # op(1/n).

Thus, we see that the quantity %HS 5 — 3|7 decreases to 0 in probability with
rate 1/n, which is the same rate as Sp- if we know the true decomposition B*.
Thus, the lack of knowledge of B* does not deteriorate the convergence of our
estimator.

Now that we have given the rate of convergence of our estimator Sz, we com-
pare it with that of the empirical estimator S in the next proposition.

Proposition 28. Under Conditions 1 and 2, the rate of the empirical covariance
18

1
];IIS — S5 = Op(p/n).

and we have

1 A2.p
El(:= -y 2 > inf )
(G5 - 51 ) > 2t

So, we know that %HS — 3|4 is lower-bounded in average and is bounded in
probability. Thus, the rate of convergence of our suggested estimator Sz is better
than the empirical covariance matrix S.

If Condition 4 does not hold, the rate of convergence is given in the following
proposition.

Proposition 29. Under Conditions 1, 2 and 3, for all § €]0,1[ and for all e > 0,
we have

1 1
]—QHSBH,(;/z 3|7 =0, (F) :

We remark that, for ¢ close to 1, this rate of convergence almost reaches the
optimal rate of Sp«, whereas the partition estimator B,,—s/» does not reach the true
decomposition B*. That comes from the fact that the elements o;; of ¥ such that
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the indices (7,j) are not in the estimated partition B,,-s» are small (with high
probability). Hence, estimating these values by 0 does not increase so much the
error %HSBWM - X%,

Theoretical guaranties for a block-diagonal estimator of the covariance matrix
are also provided in [DG18]. Their framework is more general, with a true co-
variance matrix which is not necessarily block-diagonal. They bound the average
of the square Hellinger distance between the true normal density and the density
with the block-diagonal estimated covariance matrix. However, when p/n does
not go to 0, their theoretical results becom uninformative. Indeed, they give an
upper-bound which is larger than one, while the square Hellinger distance remains
always smaller than 1.

B.2.iv) Discussion about the assumptions

For the previous results, we needed to make four assumptions on ¥ (Conditions 1
to 4, given in Section B.2.i)).

Condition 1 provides a standard setting for high-dimensional problems, in par-
ticular for estimation of covariance matrices [MP67, Sil85]. Studying an higher
dimensional setting where p/n — 400 would be interesting in future work.

Condition 2 is needed to bound the operator norm of 3 and ¥~! and the eigen-
values of the empirical covariance matrix (with high probability). It also enables
to bound the diagonal terms of 3, which allow to derive the rate of convergence of
each component of the empirical covariance matrix (using in particular Bernstein’s
inequality, see the proofs for more details).

Condition 3 states that the blocks of the true decomposition have a maximal
size. It implies that the number of non-zero terms of ¥ is O(p).

Condition 4 requires that a finer block decomposition g is not too close to
the true ¥. This condition is needed to not confuse B* with a finer decomposition.
However, Condition 4 seems to be less mild than the others. That is why we also
focus on the case when Condition 4 is not satisfied.

Nevertheless, even Condition 4 is not so restrictive. Indeed, we suggest in
Proposition 30 a reasonable example where X is randomly generated and where a
condition similar to Condition 4 holds.

Proposition 30. Let L € N and € > 0. Assume that for all p, > is generated in
the following way:

o Let B* be a partition of [1 : p| such that all its elements have a cardinal
between 10 and m > 10. Let K be the number of groups (the cardinal of B*).
For all k € [1: K], let py, be the cardinal of the “k-th element” of B*.
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e Forallk € [1: K], let (UM)ictipy. 1ep:n be ivi.d. with distribution U([—1,1]).

Let U € My, (R) such that the coefficient (1,7) is Ui(l). Let Xpr = UTU +
ely,, where X is the sub-matriz of ¥ indexed by the elements of Bj.

o Let 0;; =0 for all (i,5) ¢ B*.

Then, Conditions 2 and 3 are verified and the following slightly modified version
of Condition 4 is satisfied for all a > 0:

P (aB < B, 195 — 2flmax < an*i) 0.

Thus, if p/n — y €]0, 1|, the conclusions of Propositions 20, 25 and 27 remain
true when the probabilities are defined with respect to ¥ and X which distribution
conditionally to ¥ is N'(u, X).

B.2.v) Numerical applications

We present here numerical applications of the previous results with simulated data.
We generate a covariance matrix > as in Proposition 30 with blocks of random
size distributed uniformly on [10 : 15], with L = 5 and ¢ = 0.2. We assume here
that we know that the maximal size of the block is m = 15, so we can use the
estimator B = B, given in Proposition 25 to reduce the complexity to O(p?) and
to prevent the blocks from being too large.

We plot in Figure 5.1 the Frobenius norm of the error of the empirical covariance
matrix S and the Frobenius norm of the error of the suggested estimator Sz, with
n = N p for different values of N. We can remark that the error of S is in VK
(where K is the number of groups) whereas the error of Sz stays bounded as in
Proposition 27. For K = 100, the Frobenius error of Sz on Figure 5.1 is about 10
times smaller than the one of S.

B.3 Convergence and efficiency in fixed dimension

In this section, p and X are fixed and n goes to +o0o. We choose a different
penalisation x = 1# with § €]0,1/2[ (instead of § €]1/2, 1] in the previous setting).
This framework enables to study the efficiency of estimators of 3. Contrary to the
high-dimensional setting of Section B.2, we do not assume particular condition in
addition to the ones given in Section B.1.

We first give the convergence of By, defined in Equation (5.1) in the next
proposition.

Proposition 31. We have

IP) <§t0t - B*> — 1
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Figure 5.1: Frobenius error of the empirical covariance matrix S in red and the
suggested estimator Sz in green, in function of the number of groups K. The scale

of the x-axis is in Vv K.

Corollary 5. Let By := argmin U(B), where Ag = {|(/Z\’U| |1<i<j<p}asin
By | /\EA@
Proposition 25. Then

ED(Ea::B*>——%1.

In the rest of Section B.3, we write B for B\tot or B\é The aim of this framework
is to show that the suggested estimator Sz is asymptotically efficient as if the true
decomposition B* were known.

As the parameter ¥ is in the set S (R) or even S+ (R, B*), which are not

open subsets of RPQ, the classical Cramér-Rao bound is no longer a lower-bound for
the estimation error. Furthermore, as B* is not known, the number of parameters
of Sz is not constant. That is why the classical Cramér-Rao bound is not relevant
in our setting. We remark that applying this classical Cramér-Rao bound to a
subset of the matrix estimator does not solve this problem.

A specific Cramér-Rao bound is suggested in [SN98] for parameters and es-
timators which satisfy continuously differentiable constraints. We shall consider
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linear constraints here. We let # € R? be the parameter, that is assumed to be
restricted to a linear subspace V of dimension ¢ in R?. In this case, if U € My,(R)
is a matrix whose columns are the elements of an orthonormal basis of V' and if
J is the Fisher Information Matrix (FIM) of  in the non-constraint case, [SN9§]

states that for unbiased estimator 8 € V', we have
E|@6-0)6- e)T] > UUTJU)" 0T, (5.2)

where < is the partial order on the symmetric positive semi-definite matrices.

In our setting, remark that S;r T(R) is an open subset of the linear subspace
Sp(R) of symmetric matrices and S;r (R, B*) is an open subset of the linear sub-
space S,(R, B*) := {I' € S,(R), I'p« = I'}. We let vec(X) be the column vec-
torization of ¥. Hence, the parameter is vec(X) and there are p(p — 1)/2 linear
constraints arising from the symmetry and p(p — 1)/2 — S0, pr(px — 1)/2 linear
constraints arising from the block structure B*.

So, the Cramér-Rao bound of Equation (5.2) is adapted to our framework, by
considering the parameter vec(X) € RPQ, and we say that an estimator is efficient
if it reaches the Cramér-Rao bound (5.2) (meaning that there is an equality in this
equation), where the constraints (symmetry only or symmetry and block structure)
will be stated explicitly.

Proposition 32 states that, in general, the empirical covariance matrix is ef-
ficient with this Cramér-Rao bound. This supports this choice of Cramér-Rao
Bound, since in fixed dimension, one would expect that the empirical matrix is
the most appropriate estimator.

If the empirical covariance matrix did not reach the Cramér-Rao Bound, we
could not hope that Sz would be efficient in the model where B* was known, and
this Cramér-Rao bound would not be well tuned to our problem.

Proposition 32. If u is known, the empirical estimator S is an efficient estimator
of ¥ in the model {N(p, %), ¥ € S+ (R)}.

Remark 32. In Proposition 32, we assume that u is known to reach the Cramér-
Rao bound for fized n (and not only asymptotically). This will be the same in
Proposition 33.

Now, we deduce the efficiency of Sg« when B* is known.

Proposition 33. If u and B* are known, Sp+ is an efficient estimator of X in the
model {N(0,%), ¥ € S/ (R, B*)}.

Finally, Proposition 34 states the asymptotic efficiency of our estimator Sy
(even for unknown p)
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Proposition 34.

Vn(vee(Sz) — vee(E)) nﬁ; N(0,CR(Z, BY)),

where CR(X, B*) is the Cramér-Rao bound of vec(X) in the model {N(0,X), X €
SR, B*)}.

The explicit expression of the p? x p? matrix CR(X, B*) can be found in the
appendix where Propositions 32, 33 and 34 are proved.

C Application to the estimation of the Shapley
effects

In this section, we apply the block-diagonal estimation of the covariance matrix >
to estimate the Shapley effects in high dimension and for Gaussian linear models.
In Section C.1, we address the problem of estimating the Shapley effects when the
covariance matrix Y and the vector § are estimated. We derive the convergence
of the estimators of the Shapley effects from the results of Section B.

C.1 Estimation of the Shapley effects with noisy observa-
tions

We assume that we just observe a sample (X, ?(l))le[lm} where YV = (i/(l))le[l:n}
are noisy observations:
FO — gy 4 BTXO 1 0

for I € [1 : n] where (e);c(1.n) are iid. with distribution N(0,02) and where
on < Cgyp 1s unknown, where Cy,;, is a fixed finite constant.

Remark that the computation of the Shapley effects requires the parameters 3
and ¥ (see Algorithm 3). Here, as we do not know the parameters § and 3, we will
estimate them and replace the true parameters by their estimation in Algorithm
3.

First, we estimate (8y 87)7 as usual by

(52) = (ATA)TATY
B

where A € M, ,+1(R) is defined by A; ;41 := Xi(l) and A;; = 1, and where n > p.
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C.2 Estimation of the Shapley effects in high-dimension

At first glance, we could estimate > by the empirical covariance matrix S and
replace it in Algorithm 3. However, B* is not known and we can not find it us-
ing BFS with the empirical covariance matrix S (which usually has the simple
structure {[1 : p|} with probability one). Thus, we can not use any particular
block-diagonal structure and Algorithm 3 would only apply Algorithm 2. How-
ever, as we have seen, the complexity of this computation would be exponential in
p and it would be no longer tractable for p > 30. Furthermore, in high dimension,
the Frobenius error between S and ¥ does not go to 0 (see Proposition 27). Thus,
using the empirical covariance matrix could yield estimators of the Shapley effects
that do not converge.

For that reason, to estimate 7 = (1;)icni,p), We suggest to estimate B* by B
(defined in Section B.2.ii)) and ¥ by Sz and to replace them in Algorithm 3. We
write 7 = (7i)icq1;p) the estimator of the Shapley effects obtained replacing ¥ by

-~

Sz and B by 8 in Algorithm 3. We use our previous results on the estimation of
the covariance matrix to obtain the convergence rate of 7.

We focus on the high dimensional case, when p and n go to +o0o. In this case,
f and ¥ are not fixed but depend on n (or p). As in Section B.2, we choose
K = ﬁ with § €]1/2, 1] to compute B. To prevent problematic cases, we also add
an assumption on the vector .

Condition 5. There exist Sins > 0 and Bsyp, < +00 such that for all n and for all
j g p, we have ﬁinf g ’B]‘ S Bsup~
Proposition 35. Under Conditions 1 to 5 and if § €|1/2,1][, then for all v > 1/2,

we have
& B =l = o log(n)”
2 = ()

Recall that > 7 n; = 1. Thus, to quantify the error estimation, the value of
> b 1M — mi| is a relative error. Proposition 35 states that this relative error goes
to zero at the parametric rate 1/n'/2, up to a logarithm factor.

We have seen in Section C.1 of Chapter 4 that, once we have the block-diagonal
covariance matrix, the computation of the Shapley effects has the complexity
O(K2™) which is equal to O(n) under Condition 3. In Section B.2, we gave
four different choices of B , with four different complexities, all larger than O(n).
Thus, the complexity of the whole estimation of the Shapley effects (including the
estimation of ¥) is the same as the complexity of B (see Section B.2.ii)).

When Condition 4 is not satisfied, we still have the convergence of the relative
error, with almost the same rate.
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Proposition 36. Under Conditions 1, 2, 3 and 5, for all 6 €]0,1[, choosing the
partition B, —s/2 and for all € > 0, we have

- 1
Zl|77i—77i| = 0p (m)

Remark 33. When the dimension p is fized, the rate of convergence is Oy(1/y/n),
as if we estimated ¥ by the empirical covariance matrix. Moreover, we have seen
in Proposition 34 that the computation of Sz enables to reach asymptotically the
Cramér-Rao bound of [SNIS] as if B* were known. We then deduce the asymptotic
efficiency of n. If B is known, we define g : ¥ — n(5,%), let CR(n,B*) =
Dg(X)CR(X, B*)Dg(X) be the Cramér-Rao bound of 1) in the model {N (u,X), X €
ST (R, B*)}. Thus,

Va(i—n) = N(0,CR(n, BY)).

n—-+o00

C.3 Numerical application

We have seen in Proposition 30 a way to generate Y which verifies Conditions 1
to 3 and some slightly modified version of Condition 4. So, with this choice of X,
we derive in Proposition 37 the convergence of the Shapley effects estimation.

Proposition 37. Under Condition 5, if 3 is generated as in Proposition 30, then,

for ally >1/2,
- i il = Op \/ﬁ s

where the probabilities are defined with respect to ¥ and X, which distribution
conditionally to 3 is N(u, ).

We now present a numerical application of Proposition 37. The matrix X
is generated by Proposition 30 as in Section B.2.v), with blocks of random size
distributed uniformly on [10,15], L = 5 and ¢ = 0.2. For all p, the vector
is generated with distribution U([1,2]?), so that Condition 5 is satisfied. As in
Section B.2.v), we assume that we know that the maximal size of the block is
m = 15, so we can use the estimator B = ES given in Proposition 25. As the
computation of the Shapley effects is exponential in the maximal block size, the
estimator B is preferred. The complexity of the estimation of the Shapley effects
is then in O(p?).

We plot in Figure 5.2 the sum of the Shapley effects estimation error Y 0, [7; — 1s,
with n = N p for different values of N. We can remark that the sum of the errors
seems to be of order 1/v/K, which is confirmed by Proposition 37.

95



CHAPTER 5. ESTIMATION OF THE SHAPLEY EFFECTS IN THE
GAUSSIAN LINEAR FRAMEWORK WITH UNKNOWN PARAMETERS

n=2p n=5p
[Te]
Al
o
— [ To]
g e = A
d o ©
> T >
9 o ) ,
Q. Q.
g 2 5
0 n n o
o o
© T T T T T T T T T T
4 16 36 64 10 4 16 36 64 10
number of groups number of groups
n=10p n=100p
<
S | o
- - - QN
e e 27
O o | o © |
> O > 10
3 S | 3 5 -
& s
%) . n .
QA 19}
o o
d T T T T T o L T T T T T
4 16 36 64 10 e 4 16 36 64 10
number of groups number of groups

Figure 5.2: Sum of errors of the Shapley effects estimations in function of the
number of groups K. The scale of the x-axis is in V K.

D Application on real data

In this section, we consider the same nuclear data as in Chapter 4 Section C.3.
Recall that the output Y models the neutron flux and the inputs are the cross-
sections. Here, there are 292 inputs divided into 50 groups of size between 2 and
18. The covariance matrix > and the vector § are available. However, in order to
assess the efficiency of our suggested estimation procedures of the Shapley effects,
we now assume that the true covariance matrix > is unknown and that we observe
an iid. sample (X®)cp., with distribution N (g, ) (with g unknown). We
assume that the maximal group size is known to be smaller or equal to 20 and
that the vector 5 is known. Then, we estimate the block-diagonal structure by the
block-diagonal structure B that maximizes the penalized likelihood ® among all
the block-diagonal structures obtained by thresholding the empirical correlation
matrix from its largest value to the smallest value such that the maximal size of the
blocks is smaller or equal to 20. Thus, our estimator B is a mix of the estimators
Bg and Bj detailed in Section B.2.ii).

We plot the Frobenius error of the estimated covariance matrix and the sum
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Figure 5.3: Errors of the estimated covariance matrix and the corresponding Shap-
ley effects for different values of %.

of the absolute values of the errors of the estimated Shapley effects for different
values of y = p/n in Figure 5.3, where p = 292.

We can remark that the errors decrease globally when the value of % increases.
The larger value of the sum of the errors of the estimated Shapley effects for n/
p = 50 is due to the randomness of the estimated Shapley effects. Note that, even
when n = 2p, the sum of the errors of the Shapley effects is less than 0.05 (recall
that, in comparison, the sum of the Shapley effects is 1). We plot in Figure 5.4
the estimated Shapley effects that are larger than 1% with n/p = 2. Remark that
these estimated values are similar to the true ones displayed in Figure 4.2 and the
physical interpretation is the same.

In conclusion, we implemented an estimator of the block-diagonal covariance
matrix originating from nuclear data when we only observe an i.i.d. sample of the
inputs. Then, the derived estimated Shapley effects are shown to be very close
to the true Shapley effects, that quantify the impact of the uncertainties of cross
sections on the uncertainty on the neutron flux. When the sample size n is equal
to 2p, the physical conclusions are the same as when the true covariance matrix is
known.
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Figure 5.4: Shapley effects that are larger that 1% estimated with n/p = 2.

E Conclusion

In this chapter, we suggested an estimator of a block-diagonal covariance matrix
for Gaussian data. We proved that in high dimension, this estimator converges to
the same block-diagonal structure with complexity in O(p?). For fixed dimension,
we also proved the asymptotic efficiency of this estimator, that performs asymp-
totically as well as as if the true block-diagonal structure were known. Then,
we deduced convergent estimators of the Shapley effects in high dimension for
Gaussian linear models. These estimators are still available for thousands input
variables, as long as the maximal block is not too large. Moreover, we proved the
convergence of the Shapley effects estimators when the observations of the output
are noisy and so the parameter (3 is estimated. Finally, we applied these estimator
on real nuclear data.

In future works, it would be interesting to treat the higher dimension setting
when p/n goes to +o0.
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Chapter 6

Linear Gaussian approximation
for the Shapley effects

We have seen in Chapter 3 that in the linear Gaussian framework, we can easily
compute the Shapley effects as long as the number of inputs is not too large using
Algorithm 2. Hence, one could legitimately wonder if the values of the Shapley
effects given by Algorithm 2 are relevant when we are close to the linear Gaussian
framework. The aim of this chapter is to use the values of the Shapley effects in
the linear Gaussian framework as estimates of the Shapley effects in more general
settings.

In Section A, we show how the approximation of the true model by a linear
function impacts the Shapley effects when the inputs form a Gaussian vector with
a covariance matrix converging to 0. In Section B, we prove that, when the inputs
are given by an empirical mean, if we want to compute the Shapley effects, we can
assume asymptotically that the input vector is a Gaussian vector with a covariance
matrix converging to 0. Hence using the results of Section A, the Shapley effects
of the Gaussian linear framework give a good estimate of the true ones.

If Z is a random vector in R? and g is a function from R? to R such that

E(g(Z)?*) < +o00 and Var(g(Z)) > 0, let n(Z, g) € R? be the vector containing all
the Shapley effects with input vector Z and model g.

A Approximation of a model by a linear model

A.1 Introduction and notation

To model uncertain physical values, it can be convenient to consider them as a
Gaussian vector. For example, the international libraries [McL.05, JEF13, JENT11]
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on real data from the field of nuclear safety provide the average and covariance
matrix of the input variables, so it is natural to model them with the Gaussian
distribution. Hence, to quantify the impact of the uncertainties of the physical
inputs of a model on a quantity of interest, it is commonly the case to estimate
the Shapley effects of Gaussian inputs. The model f is in general non-linear and
the estimation procedures dedicated to non-linear models [SNS16, BBD20] are
typically computationally costly, with an accuracy that can be sensitive to the
specific situation. Nevertheless, when the uncertainty on the inputs become small,
the input vector converges to its mean p, and a linear approximation of the model
at ¢ seems more and more appropriate.

To formalize this idea, let X" ~ N (ui"}, 2{}) be the input vector, with a
sequence of mean vectors (u1™) and a sequence of covariance matrices (3{"}). The
index n can represent for instance the number of measures of an uncertain input,
in which case the covariance matrix 3{" will decrease with n.

Assumption 9. The covariance matriz 3™ decreases to 0 such that the eigenval-
ues of al™ X1 are lower-bounded and upper-bounded in R%, with al™ — +oo.

n—-+00
Moreover, p{™ njoo 1, where p is a fixed vector.

In Assumption 1, the condition on the eigenvalues of a{™¥{"} means that the
correlation matrix obtained from X{™ can not get close to a singular matrix. This
condition is necessary in our proofs.

If j € Nand if f is C7 at pi™, we will write fJ{n}(x) = %Djf(,u{"})(x — plnh)
(where D’(pi™)(z) is the image of (2,z,---,z) € (RP)7 through the multilinear
function D7 f(u{™), which gathers all the partial derivatives of order j of f at
pinh) and R]{-n}(x) = f(z) - 3, l{n} () the remainder of the j-th order Taylor
approximation of f at u{™. In particular, fl{"}(x) = Df(pt")(z — p™), where
Df = D'f. We identify the linear function D f(u!™) with the corresponding
row gradient vector of size 1 x p and the bilinear function D?f(u{™) with the
corresponding Hessian matrix of size p x p. We also write fi(z) = Df(u)(z — p).

Finally, we assume that the function f is subpolynomial, that is, there exist
k € N and C > 0 such that,

Vo € R?, | f(2)] < C(1+||=]").

A.2 Theoretical results
A.2.i) First-order Taylor polynomial

First, we study the asymptotic difference between the Shapley effects given by the
true model f and the ones given by the first-order Taylor polynomial of f at p{".
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Remark that adding a constant to the function does not affect the values of the
Shapley effects. Thus, the Shapley effects n(X "}, f(u{}) + fl{n} ) given by the
first-order Taylor polynomial of f at ui™ are equal to n(X{", fl{n}) In the next
proposition, we show that approximating the true Shapley effects of the non-linear
f by the Shapley effects of the linear approximation f]:{n yields a vanishing error
of order 1/af™ as n — oo.

Proposition 38. Assume that X" ~ N(u{™, ${0Y) | Assumption 9 holds and f
is subpolynomial and C® on a neighbourhood of p and D f(u) # 0. Then,

HU(X{”},f)—n(X{”},fl{"})H—O( ! )

a{"}

We remark that, when f is a computer model, it can be the case that the gra-
dient vector is available. First, the computer model can already provide them, by
means of the Adjoint Sensitivity Method [Cac03]. Second, automatic differentia-
tion methods can be used on the source file of the code and yield a differentiated
code [HPO4].

Remark 34. The rate O(1/al™) is the best rate that we can reach under the as-
sumptions of Proposition 38. Indeed, letting X" = (Xi{n},Xz{n}) ~ N(0, %5 11)
and Y = f(X ) = x4 X3 e have g (X, £ = 1 and ny (X3, £

0. Moreover, n (X", f) = a{“n{—;}ﬁ and no( X1, f) = a{%}w Thus, the rate of the

difference between n(X ™, f) and n(X ", fl{"}) is exactly 1/a{™},

In Proposition 38, we bound the difference between the Shapley effects given
by f and the ones given by the first-order Taylor polynomial of f. Moreover, when
the matrix a{™ 21"} converges, Proposition 39 shows that the Shapley effects given
by the Taylor polynomial converge.

Proposition 39. Assume that X1 ~ N (p{™, S Assumption 9 holds, f is
C' on a neighbourhood of 1, Df(p) # 0 and at™Xi" — ¥ € SH(R). Then,

n—-+4oo
if X~ N(p, %),
In(x T, Iy —px*, £ = o(|ut™ = u)) + Ot =t —3))).

Proposition 38 shows that replacing f by its first-order Taylor polynomial fl{"}
does not impact significantly the Shapley effects when the input variances are
small. Thus, the knowledge of fl{"} would enable us to use the explicit expression
of the Gaussian linear case, and for instance the function ”ShapleyLinearGaus-
sian” of the package sensitivity, to estimate the true Shapley effects n(X{", f).
However, in practice, the first-order Taylor polynomial fl{n} is not always available,
except for instance in situations described above. Thus, one may be interested in
replacing the true first-order Taylor polynomial fl{n} by an approximation. We
will study two such approximations given by finite difference and linear regression.
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A.2.ii) Finite difference approximation

For h = (hy,--- ,hp) € (R%)? and writing (e;,--- ,e,) the canonical basis of R?,
let

Dy f(z) == (f @teh) - fle—ah) = fteh)—f@—eh)

2h, T 2h,, ’

(6.1)
be the approximation of the differential of f at = with the steps hy,--- , h,. If
(ni™}),, is a sequence of (R%)P converging to 0, let

F @) = 00, (@) = Dy F (™) (& — ")

be the approximation of the first-order Taylor polynomial of f — f(u{™) at p{™
with the steps hq,--- , h,. The next proposition ensures that the Shapley effects
computed from the true Taylor polynomial and the approximated one are close,
for small steps.

Proposition 40. Under the assumptions of Proposition 38, we have

(X3, £y — xted, F8E 0 =0 (IRH2) .

Then, the next corollary extends Propositions 38 and 39 to the approximated
Taylor polynomial based on finite differences.

Corollary 6. Under the assumptions of Proposition 38, and if ||hi™| <

Csup
Valr
(for example, choosing h;»{"} = \/Var(Xi{n}), the standard deviation of XZ-{n}), we

have

n n} Fin 1
In(x 1) = n(x ™ FiL)I = O(5).

Moreover, if at™ i — X3 then, letting X* ~ N (1, %),

n—-+00

rin * n n n 1
X, 850 = )l = O™ = ) + O(las 0 21+ 0 (1)

A.2.iii) Linear regression

Forn € Nand N € N*, let (X{”}(l))le[lzm be an i.i.d. sample of X"} of size N and
assume that we compute the image of f at each sample point, obtaining the vector
Y{"} Then, we can approximate f with a linear regression, by least squares. In
this case, we estimate the coefficients of the linear regression by the vector:

Sin}
<B§"}> = (AT AL T ATy )
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where At € My ,.1(R) is such that, for all j € [1 : NJ, the j-th line of A} is
(1 X{"¥)T) The function f is then approximated by

TG NG; ( R

lin
’l{n}(N )

Remark that the linear function is random and so, the deduced Shapley

effects n(X 1"}, /EZ}(N)) are random variables. The next proposition and corollary
correspond to Proposition 40 and Corollary 6, for the linear regression approxima-

tion of f.

Proposition 41. Under Assumptzon 9 if f is C? on a netghbourhood of p with
Df(u) # 0, there exist Cipy > 0, Csup < 400 and Csup < 400 such that, with

probability at least 1 — C’s(uz) exp(—CineIN), we have

1
X{n}’ {n}y X{n} HAn}(N) ‘
||77( fl ) ( lin )H — supm
Corollary 7. Under the assumptions of Proposition 38, there exist Ciyyy > 0,
Cg% < +00 and C;??D < +o00 such that, with probability at least 1—05%1)) exp(—CineN),
we have

1
Hn( 7f) ( lin )H — sup /_a{n}

Moreover, if al™¥{nt — %1 then, letting X* ~ N(u,%), there exists C’bup <

n—-+oo

+o00o such that, with probability at least 1 — Cs(&l)j exp(—Cint V),

1
Xt Ny x| < )| + [t ot — 3| + .
(X, ) = n(X*, )l < CS (1™ = pll + |l I T

A.3 Numerical experiments

In this section, we compute the Shapley effects of the true function f and the ones
obtained from the three previous linear approximations to illustrate the previous
theoretical results. Let p = 4 and

f(z) = cos(xy)xe + sin(za) + 2 cos(xg)z — sin(zy).
This function is 1-Lipschitz continuous and C* on R*. We choose L = #2
(that is, ai™ = n?), where ¥ is defined by:
-2 -1 0 1
2 =2 -1 0
1 2 -2 -1
0 1 2 =2

N=ATA, A=
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Figure 6.1: Shapley effects of the linear approximations
boxplots of estimates of the Shapley effects of the function f.

7in}(N) f1{n} ]E{n}

lin 1,hin} and

Let = (1,0,2,1) and pi™ = p+ 1(1,1,1,1).
On Figure 6.1, we plot, for different values of n, the vector n(X "} ﬁiz}(m)

(given by the linear regression), the vector n(X "}, fl{n}) (given by the true Taylor

polynomial), the vector n(Xt", f f?{n}

mation of the derivatives) and the boxplots of 200 estimates of n(X "} f) com-
puted by the R function "shapleyPermRand” from the R package sensitivity
(see [SNS16, TP19]), which is adapted to non-linear functions, with parameters
Ny =10°, m = 10% and N; = 3. To compute the linear regression, we observed a
sample of size N = 40. To compute the finite difference approximation, we took

h;-{n} = \/Var(Xi{n}).

The differences between the Shapley effects given by f and the ones given by
the linear approximations of f seem to converge to 0, as it is proved by Propositions
38, 40 and 41. Moreover, Figure 6.1 emphasizes that the Shapley effects obtained
from the linear regression get closer slower to the true ones than the ones given by
the other linear approximations.

We remark that we have here 21" = (I{%}Z and thus the assumptions of Propo-

) (given by the finite difference approxi-

104



CHAPTER 6. LINEAR GAUSSIAN APPROXIMATION FOR THE SHAPLEY
EFFECTS

sition 39 hold. Hence, the values of the true Shapley effects n(X{"}, f) converge,
as we can see on Figure 6.1.

The computation time for each estimate of the Shapley effects is around 5
seconds using "shapleyPermRand”, 1.9 x 1073 using the linear approximation fl{"}
or fl{ﬁn} and 2.4 x 1073 using the linear approximation /Z.Z}(N). Remark that this
time difference can become more accentuated if the function f is a costly computer
code.

B Approximation of the empirical mean by a
Gaussian vector

B.1 Theoretical results

Here, we extend the results of Section A to the case where the distribution of the
input (that we now write X ") is close to a Gaussian distribution X{". We focus
on the setting where the input vector is an empirical mean

g1 S o,
n
=1

where (U(l))le[lm] is an i.i.d. sample of a random vector U in RP such that
E(||U||?) < 400 and Var(U) # 0. Let u := E(U) and ¥ be the covariance matrix
of U. Remark that, as is Section A, the input vector X} is a random vector
converging to its mean, and its covariance matrix 2" is equal to %E.

Contrary to Section A, X"} is not Gaussian, but, thanks to the central limit
theorem, its distribution is close to N (i, %E) Hence, we would like to esti-
mate the Shapley effects (X"}, f) by n(X*, Df (1)), where X* ~ N(0, %), since
n(X*, Df(n)) can be computed using the explicit expression of the Gaussian lin-
ear case, and for instance the function ”ShapleyLinearGaussian” of the package
sensitivity.

Proposition 42. Assume that f is C® on a neighbourhood of . with D f(u) # 0
and that f is subpolynomial, that is there exist k € N* and C' > 0 such that for all
z € R?, we have | f(z)| < C(1+ ||z||F). IfE(|U||*) < +00 and if U has a bounded
probability density function, then

n(XU f) — n(X*, Df(u)).

n——+00

Proposition 42 justifies that n(X*, D f(u)) is a good approximation of 77()?{"}, f).
Furthermore, if p, 3 and D f(u) are unknown, the following corollary shows that
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they can be replaced by approximations. Let (U{l}/)le[lznq and (U{l}//)le[l:n"] be
independent of (U{);¢(1.,), composed of i.i.d. copies of U and with n’ = n’(n) and
n” = n"(n) such that n’,n"” — oo when n — co. We can estimate p (resp. X) by
the empirical mean XY of (Ut )icqiny (vesp. the empirical covariance matrix
S of (uthr )iciin), and we can estimate D f by a finite difference approxima-
tion. The next corollary guarantees that the error stemming from these additional
estimations goes to 0 as n — oo.

Corollary 8. Assume that the assumptions of Proposition 42 hold and that (h{™),cy
is a sequence of (R* )P converging to 0. Let X*" be a random vector with distribu-

tion N (u, i{"”}”) conditionally to """ Then

v{n} . xn  Fin} a.s,
Hn(X ’ f) (X fl ,hin} X{"/}’) njoo 0’
where f{ ) Ry 18 the linear approzimation of f at XY obtained from Equation

(6.1) by replacing u™ by Xy,

Remark 35. If u, ¥ or Df is known, the previous corollary holds replacing

X{”,}’ St ff?jn} o by p, > or Df(X{” ") respectively.

Remark 36. The notation n(X*", fl{T;L}{n} X{n’}/) is to be understood condition-
ally to S XY That is, conditionally to SV, X'V, the Shapley effects

n(X*m, fﬁ}in} X{n’}') are defined with the fixed linear functzon fl hln) ey and the
Gaussian distribution for X*™.

B.2 Application to the impact of individual estimation er-
rors

Let us show an example of application of the results of Section B.1. Let U be a
continuous random vector of RP, with a bounded density and with an unknown
mean p. Assume that we observe an i.i.d. sample (U(l))le[m] of U and that
we focus on the estimation of a parameter § = f(u), where f is C3. This pa-
rameter is estimated by f (X {n}) (which is asymptotically efficient by the delta-
method), where X X"} is the empirical mean of (U® )icim)- The estimation error
of each variable X;" i (fori =1,---,p) propagates through f. To quantify the
part of the estimation error of ¥ = f(X {"}) caused by the individual estima-
tion errors of each Xi{ nt (for i = 1,---,p), one can estimate the Shapley effects
(X f)y = n(X™ =, f(- + p) — f(i)) which assess the impact of individual
errors on the global error. To that end, Proposition 42 and Corollary 8 state that
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the Shapley effects can be estimated using a Gaussian linear approximation, with
an error that vanishes as n increases.

For example, let f = || -||> and p = 5. In this case, the derivative Df is known
and no finite difference approximation is required. To generate U with a bounded
density and with dependencies, we define A; ~ U([5,10]), Ay ~ N(0,4), A3 with
a symmetric triangular distribution 7'(—1,8), Ay ~ 5Beta(1,2) and A5 ~ Exp(1).
Then, we define

(U, = A, +24, 054,
Uy = Ay+2A; —0.54;5
¢ U3 = A3+2A5 —0.54;5
Uy =A4+2A; —0.5A,

U5 = A5 —|— 2A3 - 05A4

\

Since the mean p and the covariance matrix 3 are unknown, we need to estimate
them (as in Corollary 8). Using the notation of Section B.1, we choose n =
n' = n” and (U(l)’)le[lmr] = (U(l)/l)lé[l:n’] (that is, we estimate the empirical mean
and the empirical covariance matrix with the same sample). We estimate the
Shapley effects n(X ™, f) by n(X*, Df(X{"")), where X*" is a random vector
with distribution N (p, Si{n}r ) conditionally to S{n} By Corollary 8 and Remark
35, the difference between n()A({”}, f) and n(X*", Df()?{”}’)) converges to 0 almost
surely when n goes to +o0.

Here, we compute 1000 estimates of ;1 and ¥ and we compute the 1000 corre-
sponding Shapley effects of the Gaussian linear approximation n(X*", D f ()? {ndry).
To compare with these estimates, we also compute 1000 estimates given by the
function ”shapleySubsetMC” suggested in [BBD20], with parameters Ny, = 1000,
N; = 3 and with an i.i.d. sample of X" with size 1000. We plot the results on
Figure 6.2.

We observe that the estimates of the Shapley effects given by ”shapleySub-
setMC” and the Gaussian linear approximation are rather similar, even for n =
100. However, the variance of the estimates given by the Gaussian linear ap-
proximation is smaller than the one of the general estimates given by ”shapley-
SubsetMC”.  Moreover, each Gaussian linear estimation requires only a sample
of (Ui (to compute X" and £1™”) and takes around 0.007 second on
a personal computer, whereas each general estimation with ”shapleySubsetMC”
requires here 1000 samples of (U (l)/)le[hn} and takes around 11 seconds. Remark
that this time difference can become more accentuated if the function f is a costly
computer code. Finally, the estimator of the Shapley effects given by the linear
approximation converges almost surely when n goes to +o00, whereas the estimator
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Figure 6.2: Boxplots of the estimates of the Shapley effects given by the gen-
eral estimation function ”shapleySubsetMC” (in red) and by the Gaussian linear
approximation (in black).

of the Shapley effects given by ”shapleySubsetMC” is only shown to converge in
probability when the sample size and Ny, go to +00 (see [BBD20]).

To conclude, we have provided a framework where the theoretical results of
Section B.1 can be applied. We have illustrated this framework with numeri-
cal experiments on generated data. We have showed that, in this framework, to
estimate the Shapley effects, the Gaussian linear approximation provides an esti-
mator much faster and much more accurate than the general estimator given by
”shapleySubsetMC”.
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C Conclusion

In this chapter, we worked on the Gaussian linear framework approximation to
estimate the Shapley effects, in order to take advantage of the simplicity brought
by this framework. First, we focused on the case where the inputs are Gaussian
variables converging to their means. This setting is motivated, in particular, by
the case of uncertainties on physical quantities that are reduced by taking more
and more measurements. We showed that, to estimate the Shapley effects, one
can replace the true model f by three possible linear approximations: the exact
Taylor polynomial approximation, a finite difference approximation and a linear
regression. We gave the rate of convergence of the difference between the Shapley
effects of the linear approximations and the Shapley effects of the true model.
These results are illustrated by a simulated application that highlights the accuracy
of the approximations. Then, we focused on the case where the inputs are given by
an empirical mean. In this case, we proved that the instinctive idea to replace the
empirical mean by a Gaussian vector and the true model by a linear approximation
around the mean indeed gives good approximations of the Shapley effects. We
highlighted the benefits of these estimators on numerical experiments.

Several questions remain open to future work. In particular, it would be valu-
able to obtain more insight on the choice between the general estimator of the
Shapley effects for non-linear models and the estimators based on Gaussian linear
approximations. Quantitative criteria for this choice, based for instance on the
magnitude of the input uncertainties or on the number of input samples that are
available, would be beneficial. Regarding the results on the impact of individual
estimation errors in Section B.2; it would be interesting to obtain extensions to
estimators of quantities of interest that are not only empirical means, for instance
general M-estimators.
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Chapter 7

Conclusion and perspectives

In this thesis, we developed the tools of sensitivity analysis for real data. Since the
assumption of independent inputs rarely holds with industrial data, we focused on
the Shapley effects, that keep interesting properties with dependent inputs.

General estimation of the Shapley effects

First, we focused on the estimation of the conditional elements. In the dependent
case, [SNS16] estimated them by double Monte-Carlo, whereas in the indepen-
dent case, the Pick-and-Freeze estimator was the most widespread estimator in
the literature. Hence, we extended the Pick-and-Freeze estimator to the depen-
dent case and we compared it to the double Monte-Carlo estimator in numerical
experiments, to the latter’s advantage.

We also improved the already existing algorithm [SNS16] to estimate the Shap-
ley indices, suggesting to estimate once every conditional element for all the Shap-
ley effects. We also detailed which part of the total budget should be allocated to
the estimation of each conditional element in order to minimize the total variance.
We proved the convergence of our suggested estimator and of the one suggested in
[SNS16]. We emphasized the accuracy of our estimator with numerical experiments
on simulated data.

In order to make the estimation of the Shapley effects possible in more practi-
cal cases, we extended these estimators to the case where we only observe an i.i.d.
sample of the inputs, with either the computer code of f or the corresponding i.i.d.
sample of the output. We proved the convergence under some mild assumptions
that include heterogeneous data. We also provided rates of convergence of the esti-
mators of the conditional elements for real continuous inputs when the probability
density function of the inputs vector is upper-bounded and lower-bounded on its
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support. We implemented one of our suggested estimator of the Shapley effects
on the R package sensitivity.

Numerical experiments seem to indicate that, to estimate the conditional ele-
ments (that is, more or less the Sobol indices), the double Monte-Carlo estimator
is more accurate than the Pick-and-Freeze estimator. However, we could not prove
such results theoretically and a particular study on the comparison of these esti-
mators could be done is future works.

On the convergence result of the Shapley effects estimators where we only
observe and i.i.d. sample of the inputs, it could be interesting to alleviate the
assumption of the bound of the model f and of the density fx. However, the as-
sumption of the continuous density fx seems to be indispensable to prove Lemma 5
of Chapter I in the appendix. The alleviation of the assumption of the upper-bound
and the lower-bound of the density for the rate of convergence of the estimators of
the conditional elements could be the subject of future works. Finally, it could be
interesting to provide the optimal allocation of the total budget to the estimation
of the conditional elements to minimize the total variance of the Shapley effects
estimation when we only observe an i.i.d. sample of the real continuous inputs,
using the rates of convergence.

Study of the linear Gaussian framework

We implemented a function to compute the Shapley effects in the linear Gaussian
framework which has been integrated in the URANIE platform of CEA DES. We
suggested solutions to compute the Shapley effects for large values of p (the number
of inputs), when the covariance matrix is block-diagonal. That made possible
applications on nuclear safety where one frequently has a large number of inputs
but the physical measures enable to compute only covariances between variables
of the same group, and the different groups are thus assumed to be independent.

Then, we focused on the estimation of the Shapley effects when the parameters
of the block-diagonal linear Gaussian framework are unknown. When the number
of inputs p is fixed, we suggested an estimator which is asymptotically efficient
when the sample-size n goes to +00. To model cases with a large number of
inputs, we assumed that p goes to 4+oco at the same rate as n. We provided
different estimators of the Shapley effects which have a computational cost in
O(p*). We proved that, under some conditions, the relative error goes to 0 at
the parametric rate, up to a logarithm factor. We also bound the relative error
under milder assumptions. We applied one of these estimators to semi-generated
data. We remarked on this example that the values of the Shapley effects when the
parameters are estimated with n = 2p are almost the same as when the parameters
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are known.

Finally, we worked on estimation of the Shapley effects replacing a non linear
Gaussian setting by the linear Gaussian framework. We gave the rate of conver-
gence of the difference of the Shapley effects corresponding to the true model f and
a linear approximation of f when the input vector is Gaussian with a covariance
matrix converging to 0. This assumption enables to include physical applications
where the uncertain inputs are modeled by a Gaussian vector with a small covari-
ance matrix. In this case, the Shapley effects can be estimated by using the linear
Gaussian framework instead of a costly approximate algorithm. We also proved
the convergence of the estimation of the Shapley effects when the input vector
is an empirical mean by the Shapley effects corresponding to a Gaussian linear
framework.

In future works, it would be interesting to extend the works on the estimation of
the Shapley effects in the ”almost linear Gaussian framework”. In particular, one
could try to study the block-diagonal linear Gaussian approximation for general
frameworks in high dimension.
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Appendix 1

Proofs of Chapter 2

A Proofs for the double Monte-Carlo and Pick-
and-Freeze estimators: Theorems 3, 4, 5 and
6

To unify notation, let us write

| LM N 2
1 ]\71 1 M . 2
R = (U W
G (z), 2(2)) — f(f(l))f(x(ul),x(fi) —E(Y)?,

[\

opp s (2W,2®) e faV) f(2a®) - B(Y)%

Remark that all these four functions are bounded as f is bounded. When we do
not write the exponent miz or knn of ® or of the estimators, it means that we
refer to both of them (miz and knn). We write the proofs only for E, p;c. For the
estimators \A/u pr, it suffices to replace ® ;¢ by ®pr, —u by u (and vice-versa), E,,
by V,,, Var(Y|X_,) by E(Y|X,)?> —E(Y)? and N; by 2. Hence, we shall only write
the complete proofs for Theorems 3 and 4. To simplify notation, we will write Eu
for B, mc, By, for B, pe and @ for @p0. Ny is a fixed integer. We also write
kn(l,i) :== ky*(l,7), and the dependence on —u is implicit.
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A.1 Proof of consistency: Theorems 3 and 5

Recall that for all ¢ € [1 : p|, (X;,d;) is a Polish space. Then, for all v C [1 : p],
X, = Hie” X; is a Polish space for the distance d, := max;c, d;. We will write
By(xy,7) the open ball in X, of radius r and center x,. We also let 11, :== &), ¢, ti-
Recall that the choice of the N;-nearest neighbours could be not unique. In this
case, conditionally to (X(:L))nSN, the (kn(l,%))iep:n,icn:n,) are random variables
that we choose in the following way. Conditionally to (X Y;))ng ~, we choose ky(l,1)
uniformly over all the indices of the i-th nearest neighbours of X (_ZL, such that the
(kn(l,7))i<n, are two by two distinct and independent of all the other random
variables conditionally to (X (f;))ng N-

In particular, as we want to prove asymptotic results, we assume (without loss
of generality) that we have an infinite i.i.d. sample (X™),cy-, and we assume

that for all N € N*, conditionally to (X"),<w,

(kn(l,7))i<n, Lo ((Xq(fl))ngzv, (X)) s, (e (1, 8)) (v iy ), velliNg)) -

Hence, for all N € N* and [ € [1 : N|, conditionally to (X(n))neN, we have

—u

(kv (1,9))ieny Lo (XS ) e, (e (U 3) (vt (vy, e iang) ) -

To simplify notation, let us write ky(i) := ky(1,7) (the index of one i-th
neighbour of X(_ll)t) and K’y (i) := kn(2,4) (the index of one i-th neighbour of X%)).
Remark that X*¥@ does not depend on ky(i). Let k := (kn(7))i<n; nen and
ky := (kn(7))i<n,. We will use the letter h for the realizations of the variable k.

To begin with, let us recall two well-known results that we will use in the
following.

Lemma 2. Let A be a real random variable. If H is independent of o(c(A),G),
then
E(Alo(G,H)) = E(A[G).

Lemma 3. Let A, B be random variables. For all measurable ¢,
L(¢(A, B)|A = a) = L(¢(a, B)|A = a)
and if B is independent of A, then
L(¢(A, B)|A = a) = L(¢(a, B)).
Now, to prove Theorem 3, we need to prove several intermediate results.
Lemma 4. For alll € N*,

XN s ) (1.1)

N—+o00 -
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Proof. First, let us show that for all € > 0, ]P’(d,u(X(l) X(z)) < g) > 0. Indeed, as

—Uu? —Uu

X_, is a Polish space, its support has measure 1. Thus

]P(d_u (X(}u), X(jz) < E) = / ]ld,u(mfu,x’fu)<sd]PXfu ®Px_, ($_u, ZBI_U)
X2

Y

= / Px_ (B_y(z_y,€))dPx_, (x_,)

_ / Py (Bou(wu&))dPx . (z)
supp(X_v,)
-0,

because if x_,, € supp(X_,), then B_,(x_,, &) ¢ supp(X_,)¢ and Px_ (B_(z_y,€)) >
0.

Next, remark that

x k@) as o (1) xEn@)  as o (1)

—Uu

N—+o00 N—+co
and,
(ke (2)) ol _ () )y < L
P ({X_u X } ) =P (U () d-u(X"), X5) > k)
k>1n>2
1
< ]P) _ (”) (1) >
Z (ﬂ d U<X—u7X—u) ]{?
E>1 n>2

1 N
- lim {1 ~P (d_u(X(i{, x" < E)}

Lemma 5. There exists a version of
LX) X =) (Xy,dy) — (My(X,), T (weak))

which is continuous Px_ -a.e., where My(X,) is the set of probability measures on
X, and T (weak) is the topology of weak convergence.

117



APPENDIX I. PROOFS OF CHAPTER 2

Proof. We assumed that there exists a version of fx which is bounded and Px-a.e.
continuous. Let

fX_u(x—u) = N fX(xuax—u)dﬂu(mu)>

which is bounded by 1, (X,)||fx||c and is a Px_ -a.e. continuous (thanks to the
dominated converging Theorem) version of the density of X_, with respect to
py. Let z_, € X, such that fx_ (z_.) < ||fx_.|lee, fx_,(x—u) > 0 and such
that fx_, is continuous at z_,. We have that

o fX(xuv x—u)

 fxlu (o)

XX wma o (T0)

is a version of the density of X, conditionally to X_, = x_, (defined for almost
all x_,). Let (:c(_ng) be a sequence converging to x_,. There exists ny such that
for all n > ny, fX_u(x(_ng) > 0. Thus, by continuity of f which respect to z_, and
of fx_,, we have fx, |x_,=o_,(%4) = lim, 1o quIX_uzx(_"J (x,) for almost all x,,.

Then, using the dominated converging Theorem,

L(X | Xy = 2™)) B £(X, Xy = 7).

N—+o0

O

Remark 37. The assumption "X = (X,, X_,) has a bounded density fx with
respect to a finite measure p = Q%_, p;, which is continuous Px-a.e.” is only used
i the proof of Lemma 5. It would be interesting in future work to prove 5 with a
weaker assumption.

Remark 38. There exists a different proof of Lemma 5 if we assume that p is
reqular. Theorem 8.1 of [Tju7}] ensures that the conditional distribution in the
sense of Tjur is defined for all x_, such that fx_, > 0 (and not only for almost
all x_,,) and the continuity of fx, x_,=s_,(Tu) with respect to x_, comes from
Theorem 22.1 of [Tju74].

Remark 39. To avoid confusion, we can now define L(X,|X_, = x_,) as the
probability measure of density ffL‘q_)u), which is defined for all (and not ”almost

x_, (=
all”) x_y in {fx_, > 0}.
Proposition 43. If
LXu| Xy =) 1 (X, do) — (Mi(Xy), T (weak))
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is continuous (where T (weak) is the topology of weak convergence) almost every-

where, then, for almost all ((ﬁﬁ)n,h>, we have

E(Bua [(X%)0 = GU)nk=h) — Var(Y|X.,=al)) (12
and, R
B(Eu) B (13)

Proof. Let Z = (Zy,...,Zy,) : (Q, A) — (XN1 E9N1) measurable, where & is the

o-algebra on X, such that for almost all ((a:(_ng)n, h>, we have

—u

£ (2 = @)k =h) = QLK OIXE) = 21).

It suffices to show that, for almost all ((ng)n, h),

E n n
(X)) =) k=h

(XN, (1.4)

N—+o0
Indeed, if Equation (I.4) is true, then, using that ® is bounded,
E (Bua |(X")0 = @Dk = h)

= B[R (X)) (X0, = (@) k= h]

— B(®(2) (X)), = (2"), k =h)

N—+o0
= Var(Y|X_, = .:E(,li),

by definition of Z and of ®. Thus, we have Equation [.2. Furthermore, using

dominated convergence theorem, integrating on <(£L’(_n72)n, h), we obtain Equation

L.3.

Thus, it remains to show that conditionally to (X_Z))n = (x(_”g)n,k = h, the
random vector (X *~¥()),_y  converges in distribution to Z. We prove this con-
vergence step by step.

Lemma 6. For almost all (g;(fu))n,

LIXM) (X)), = (270)0) = R LXK Xy = 2).

n>1
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Proof. Let (XETL))” : Q0 — XN be an i.i.d. sequence of distribution £(X_,). Then,
we let (X{™), : © = XN be a sequence with conditional distribution

LUXM) X)) = (2"0)0) = Q) L(X Xy = 21).

n>1

We just have to prove that (X)), is an ii.d. sample of distribution £(X).
Each X™ has a distribution £(X) because for all bounded measurable ¢,

B($(X™)) = /Q H(X ) (w))dP(w)
N /X x G(2u; T)dP g, 3 (Tus T o)

_ /X ( 3 ¢(xu,x_u)dﬂ)xu|xu_xu($u)) dPx_,(1_.,)

_ /X o(x)dPx (x)

Moreover, (X' (), are independent because if n # m, then, for all bounded Borel
functions ¢, and ¢y, we have:

E(¢1(X™)ga(X ™))

= //"(2><X2 h1 (xgn), x(—nzZ)(m (xgm)a x(—n;))dp()?l(ﬁ)jﬁm),XYL),XS’Z)) (ajz(Ln)? xum)7 Q?(—ni, x(—nﬁ))

-/ ( D12, ) gy () )
2, \Jaz

dP(XL”>,xﬁm)>|<X<_*:2,fci’:;)) ety (7 2 )>dP s ety (2,2

—u? —u —u

=/ ( B (@), 2 gy (™, )
x2, \ Jaz

Py iy P (), um>>)dP?22u(xTJ,x(_?>

—Uu

— /XE ( N O1(20, ") dP X_u= (”)(x“n)))

([ ontale? a0 ) ) a2, (02,7
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([ ntale? D o)) s (a1
— E(6(X)E(ga(X™).

The above calculation can be extended to finite products of more than two terms.
That concludes the proof of Lemma 6. O

Lemma 7. For almost all ((xi’ﬁ)n, h>, we have:

£ (X D)an (X0 = @)k = h) = ®£(X Xy =aly D).

Proof. For all bounded Borel function ¢,

(<<X<kN<Z> [ > <<">n,k h)
= B (& (XS )ian)) | (XD = @, G () s = v (0)) ey v
= B (6 (X O)en)| (X <">>n,<k:N< Nien, = (x D)z, )
= B (6 (X ian,) (X S’Z)n),

using Lemmas 2 and 3 conditionally to (X(_’L))n = (x(_ng)n Then,

E (6 (XM )ian) [(X )0 = (a2)0)

= /XNI gb(xul), e x(uNI))dP XN (X)), (gyul)7 e ,Z'sLNI))

= /NI qb(l’ (1) s (NI) d®]P)Xu|X (hN( ))(ZEUI), ...,.’IZSJNI)).
Xy

That concludes the proof of Lemma 7. O]
Recall that X *v) T XYW P-a.c., thus, for almost all ((:c(_"g)n, h),
—+oo
OC)REN :1:(1)
U N—4o00

Thus, using the continuity of the conditional distribution given by Lemma 5, for
almost all ((:c(_”g)n, h), we have,

L(X,| X, = 2"y B 1 x, = 21)).

Teu Nﬁ+oo
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Thus, for almost all <(x(_"u))n, h),

Ny
Q) L(X| Xy = By ey ®,c (Xo|X_y = 20y = £(Z,| XY = 2.

N—H—oo )
So, using Lemma 7, for almost all ((x(_nl)b)n, h),

£<(X(kN(z‘)))Z<NI|( X0, = (™), & = h> weakly L(Zu XD = 20,

“ v N—+oc0

So, for almost all ((x(_"g)n, h),

i n n weakl n
£ (XD (XD = @Dk =) "8 £ (Z,)(X)0 = @)k = h).

U N—4o00

Using Slutsky lemma, for almost all ((fL‘(,nz)n, h),

£ (XM | (XD = (ke =) 25 £ (2K, = @)k = ).

N—+4o00
that concludes the proof of Proposition 43. O

Lemma 8. The value of Var(Eu,LMc) is bounded by 128|| f]|1. .

Proof. As f is bounded, ® is bounded by N,l—l Z,jfil(2||f||oo)2 = 5t 14||f||2
8]/ fl|% so Var(E, ;) is bounded by 2||®|% < 128||f]|L.. O

Proposition 44. We have

COV(EUJ, Eu,Q) N—)—+>oo 0.

Proof. We use the law of total covariance

~

cov(Ey1, Bys) = E <cov (Eu,l, Eoalx9, X£23>)+cov (E(Eu,ﬂXSj, X)) E(B,.|xY, XE%}))

(L.5)
We will show that both terms go to 0 as N goes to +o0o. Let us compute the
second term. Using Proposition 43,

—Uu? —u?

= B (BB X0, XCDE(B.al X0, X2)) — (B, )B(E..»)

cov (E(E,a| X" X O, B(E,.1x 1), X))
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— B (Var(Y]X -, = XO)Var(v]x_, = X)) - B2

N—+o00 u

= 0.

It remains to prove that E (cov (Eu 1, Eu2|X_u7 X(2)>> goes to 0. By dominated
1) (2))

convergence theorem, it suffices to show that for almost all (z1;, x2),
cov (E1 BoolxW =2 x® = xﬁ{) ) (L6)
N—+o0

From now on, we aim to proving Equation (I. 6)

First, we want to prove Equation (1.6) for 2 7& x_u Using dominated con-
vergence theorem and Proposmon 43, it Wlll sufﬁce to show that (conditionally to

xW 0 @ _ 0 ) for almost all (( )n>37h h'),

E (Eu,l, Buol (XY, = (29), k = h, k' = h/) — Var (Y\X_u _ ) Var <Y|X_u - x(2)) .

Let

A= {((x(n&)n,h, h’) ] x}lﬁ(]vl) — :)3( ) a:}i,N(Nl) — 32(22}.
N—+o0 N—+o00

The set A has probability 1 thanks to Lemma 4. Let ((a:(_@)n, h, h’) € A be such

that ') # 2 and let § := d,u(x(_li,x(fi)/z There exists N; such that for all
N Z N17

) '
d_u( o gzév(m))) <5 do <$(2> x(hN(Nm) <

N S

Thus, for all N > Ny,

= B ((X")icy,) @ (X5 ic, )| (X0 = 00k =h K = 1|
- Elo ((XkN(i))iSNz) ® ((Xk?v(l))zsz\h) (X)) = (@) ky = hy, Ky = h?v}
= B0 (X" 0)icn,) @ (XHO)icw, )| (X)) = (@) Ky = by
- E[o ((XhN(i))igNz) ® ((Xh“l))igNI) XU, = (fﬂ—"g)n}
= B|@ (@ iem, (X Oicn, ) @ (@5 )i, (K Dic, )| (XD = (@)
= B0 (@M icns (XY Dicy, ) | (XD = (200,
E[@ (5 icn, (XM icn, )| (X0 = 0]
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~

- B[&, ) (X0, = (@), 0 = 1

(X)), = (@™, k = h] E [EU,Q

s Var [Yy X_, = a;ﬂ{] Var [Yl X, = x(_ﬂ ,

N—+00
thanks to Proposition 43.

Assume now that X (_172 =X (_212 = x_,. We can assume without lost of generality
that P(X_, = 2_,) > 0 because if we write H := {z_,| P(X_, = z_,) = 0}, we

have ]P’(X(_lg —x% e H) = 0. We have to show that

B (B ol X0 = X8 = 20,) = Var(Y| X, =22, — 0.
—+00

Let € > 0.

Let My the number of observations which are equal to x_,,

My :=#{n <N : X(_T;) =T 4},
and let Hy be the number of nearest neighbours (up to N;-nearest) shared by ng
and X

—u?

Hy :=#[{kn() : i < Ny {ky(i) : i < Ni}.
If M, =m>2N;, XY =g, =x@

—Uu?

then the Nj-nearest neighbours ky of X (_13

and k'y of X E%} are independent and are samples of uniformly distributed variables
on the same set of cardinal m, without replacement. Thus,

P(Hy =0|My =m, XY = x® =)
m — N[
Ny
m
Ny

Thus, there exists m; such that

2) €

Oy = P(Hy =0\ My >my, X = X@ =g ) >1- SToTL (1.7)
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So,
E (Eu,lﬁu,ﬂx(}g =X = x_u)
- B (EMEMX(}Q = X® =, My < m1> P(My < my X% = X® = z_,)
+E (EUJEMXQ — X — g . My > ml) P(My > mi X% = x@ = z_,).
Let

By =E (Eu,lﬁu,ﬂx&lg =X =5, My< m1> P(My <m| XY = X% =2_)).

w —

Conditionally to X') = X® = 2_ . we know that My—2 ~ B (N —-2,P(X_, =2_,)),

—u

the binomial distribution. Thus, there exists N; such that for all N > Ny,

£
<
) Smax(1, [|®]]Z,)’

P <MN <mi| XV =x? =4, (1.8)

and so, for all N > Ny, By < ¢/5. Furthermore
B (BuiBual X0 = X8 =2y, My = m))
= B (BupBuolx!) = X&) =2, My > my, Hy = 0)
xP(Hy =0[X" = X@ =0, My >m)
+E (Eu,lﬁu,QlX(—lzz = ng =T _y, My > my, Hy > 1)
xP(Hy > 1|XW = X =2, My >my).

Let

v =P (MN > m1|X(_112 = ng = x_u> )
Moreover, conditionally to X(_lqz = X(_%z
E, .1 E, , thanks to Lemma 9.

Lemma 9. Conditionally to ng = X(j% =x_,,My > my, Hy = 0, the vec-

tor (XY, (XENO)), oy, is composed of 2Ny i.i.d. random variables of
distribution X conditionally to X_, = x_,.

= Z_y, My > mq, Hy = 0 implies that

Proof. We know that, conditionally to X = X® =2 My > mi, Hy = 0, the

—u

vector ((X(_kf(i)))igz\/,, (XE%V(Z')))KNI) is constant equal to (x_,);<an,. It suffices

to show that, conditionally to XSj = X(_? = x_y,My > my, Hy = 0, the

vector ((XikN(i)))iSNl, (Xz(tkg\’(i)))iSNJ is composed of 2N; i.i.d. random variables
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of distribution X conditionally to X_, = z_,. Let ((x("))n,hN,h’N) such that

X(_lg = ng =2_yu, My >my and Hy =0. As My > my > Ny, for all © < Ny, we

have 2"V — Ty = 2N g Hy = 0, then, for all = and j smaller than Ny,

—Uu —Uu

hn (i) # Wy (7). Thus, we have for any bounded Borel function ¢,
E (¢ (XU, (XY || (XD = (00 ke = B, Ky = h’zv)
¢ _(quhN(i)))ing (Xz(tk“i)))igv]_ (X", = (m(,”g)n, Ky = h’N>
)

[ 1 h/ 7 1 n n
o [(X0Y )y, (K D) ]| (XD, = (00, )

= E

= E

= E

N o/~ /—

¢ [(quhN(i)))iSNﬂ (Xz(ahk(i)))z‘SNz} (XU in, = (eoizns
(X" ) icn, = (CU—u)z‘SNI)
= E <¢ (XY ian,, (XTD)ian, || (X)) i<on, = (x—u)i§2N1> :
Thus,
E <¢ [(XﬁkN(i)))ing (Xz(tkgv(i)))igm] w=

N E{E(¢ [(XL(tkN(i)))i<N17 (Xi(tkg\’(i)))KNl] ’X(_llz = X(—sz =Ty,

Xilqz :X(,z) = ZL‘_WMN Z ml,HN = 0>

MN > my, HN = 07 (XY;))”, k? kl) }
= E {E <¢ (XD ieny, (XEVD)ian, || (XD icon, = (x—u)z‘smv[)}
= B <¢ [(XD)icnys (XD, ]| (XD icon, = ($—u)i§2Nz> a

that concludes the proof of Lemma 9. O
Thus

e 2
= B (Bl = X2 = oy My > i, Hy =)

and so, using Proposition 43, there exists N, such that for all N > N,

(E (EUJEU,ﬂX(}J = X =4y My >my, Hy = 0) CVar(Y| Xy = )2

< %
(1.9)
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Thus, for all N > max(Ny, Ns),

’E (Eu,lﬁu,ﬂXSj - x? = g;_u) ~Var(Y|X_, = x_u)Z‘

< |Bn|+

+ ‘”yNozmlE <Eu,1Eu,2|ng —x¥ = T uw, My >mq, Hy = O) —Var(Y|X_, = 2_,)%.

u —

’YNE (Eu,lﬁu,ﬂX(—lqz = X£2,3 = Ty, MN 2 mq, HN Z 1) (1 - aml)

The upper-bound is a sum of three terms. The first one is bounded by /5 using
Equation 1.8 and the second one is bounded by ¢/5 using Equation 1.7. For the
last one, we use that, for all C' € R,

YN, C = (Yvam, — 1)C + C.
Thus,

’E (Eu,lﬁu,ﬂxﬂi = x? = x_u> ~Var(Y] Xy = )2

3 €
-+ =+ lvom, — 125,

- 5 5
+ ‘E (-/E\u,l-/E\u,2|X(_13 = X% =, My >my, Hy = 0> — Var(Y|X_, = 2,)*
3

< §+(|7N—1|QN+ lay — 1)) [|®||2,  using Equation 1.9

< g

using Equation 1.8 and Equation [.7. Finally, we proved that

E (Eu71Eu,2|X£113 = X(jz = x_u> — Var(Y|X_, = z_,)? N—> 0.
—+00

Hence, Equation (1.6) is proved and the proof of Proposition 44 is concluded. [
Proposition 45. We have

E,—E (Eul) £ 0. (1.10)
N—+o0,
Ny——+oo

Proof. Let ¢ > 0. By Chebyshev’s inequality,
¢ (.5 (%)

If (s(1))i<n, is a sample of uniformly distributed variables on [1 : N] with replace-
ment, we remark that for all i # 7,

~

> g) < % (L11)

cov <E\u,s(z) ) Euzs(j) )

127



APPENDIX I. PROOFS OF CHAPTER 2

+E(Bu,s) Bus(y) s )
= [B(Bus Bustn () # 5(7)) = BIEw1)B(Euz) | P(s(0) # 5(7))
= [E(Eus@)@us(z)w = 5(j)) = B(Eu1)?| P(s(0) = 5())

+ [E(Eu Buals(i) = () = 1) = B(Bua)?| P(s6) = ()

— cov (E EM) P(s(i) # s(j)) + Var (El) P(s(i) = 5(7)),

thus
1
Var(E ) = m Z cov (Eu s(z)aEu 8(]))
U 4 i=1
Nu

= 5 2 cov (Bu, Bu) P(s(i) # 5())

U gtj=1
| M R 1 N
oy S Var (B ) B(s(0) = $0) + 55 3 Var (Buso)

1 & S~

< Nz cov (E%l, E, 2)‘
u i;éjzl

N?Z; Var( “l)zlv N?Zvar(ﬁ>
+Var (E, )(}V+NL)

S ‘COV <E\u,17 E\u,2)
If (s(1))i<n, is a sample of uniformly distributed variables on [1 : N] without
replacement, we have

Ny

~ 1 ~ ~
Var(Eu) = m Z COoVv <Eu75(i), Eu,s(j))
U g i=1
1 - 1 -
= m Z COVv (Eu,s(i)y E s(_])> + _2 Z Var <E’u S@))
Woitj=1 v =1
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No—1 (a = 1 -
= oy (Eu,l, E%Q) + oy Var (Eul) .

In both cases (with or without replacement), thanks to Proposition 44, we have
P ((E ~E(E,)

>€> — 0.
N—+o0,
Ny—+oco

]

Now, to prove Theorem 3, we only have to use Proposition 43 (which can be
applied thanks to Lemma 5) and Proposition 45.

A.2 Proof for rate of convergence: Theorems 4 and 6

We want to prove Theorems 4 and 6 about the rate of convergence of the double
Monte-Carlo and Pick-and-Freeze estimators. We have to add some notation. We
will write Cy,, for a generic non-negative finite constant (depending only on w,
f and the distribution of X). The actual value of Cy,, is of no interest and can
change in the same sequence of equations. Similarly, we will write Ci,s a generic
strictly positive constant. We will write Cyyp(€) for a generic non-negative finite
constant depending only on ¢, u, f and the distribution of X.

Recall that for all i, X is a compact subset of R and that f is C'. Moreover
recall that X has a probability density fx with respect to A, (the Lebesgue measure
on RP) such that Aj,-a.e., we have 0 < Cir < fx < Cyyp, and such that fx is
Lipschitz continuous.

Note that with these assumptions, ® is C' on the compact set X and so Lips-
chitz continuous. For all n, we will write d for the euclidean distance on R™ (for
any value of n) and B(z,r) for the open ball of radius r and center z in R". We
also let S(z,7) be the sphere of center x and radius 7.

Remark that
P <d(X(1) X®y = q(xV X(S))>

—Uu’ —u? —Uu

= [, B (a6 = d, X)) ar, o 22)
XQ

< Con [ A (S da52)) a2 (0,2
X2,
= 0,

because the Lebesgue measure of the sphere S (x(_li,d(x 2))) is zero. Thus,
almost everywhere, for all [ and all ¢ # j,

d (XE” X(f)) £d (XS” X@) .
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Thus, the indices of the nearest neighbours (ky(l,7)),; are constant random vari-

ables conditionally to (Xﬁ))n or to (XSZ)),LSN. In particular, for all N and I,
kn(l,1) = I. Thanks to Doob-Dynkin lemma, we can write, abusing notation,

en(LD)(w) = k(L)X (W)l = kn(l,)[(X"™ (w))nen]. To simplify nota-
tion, let us write ky(i) := ky(1,7) (the index of one i-th neighbour of X(_lg) and
k(i) :== kn(2,7) (the index of one i-th neighbour of XEQU)).

Remark 40. We can prove the rate of convergence in a more general framework
than the Euclidean space with the Lebesque measure. It suffices to have a compact
set X with a dominating finite measure p = Q) p; such that for p;-almost all
x; € X; and for all § > 0,

CVinfé S ,uz(B<xz7 6)) = /’LZ(E('xu 5)) S C1sup5-
We prove Theorems 4 and 6 step by step.

Lemma 10. Assume that (a;); and (b;); are sequences such that for alli, |a;] < M,
|b;| < M and |a; — b;| <e. Then, for all N € N*

< NMN e

Proof. By induction. m

Lemma 11. If for alli < N, d(z",,y"")) < e, then, for all (a” )Z<NI e XM

—u’

‘E [cb ((a%)isma (Xﬂsi))zsm)

(X9)icn, = (l’%)z’sm}

- B [q) <(a%)iSNn (Xﬁi))iéNJ (XD)ien, = (yﬂ)igm} < Capt-
Proof.
’E [‘I’ ( a®))i<n; (XS))KM) (X9)ien, = (I@u)ism}
—E [0 (@n (XPien ) | (X e, = 7)1 |
= o((a"))i<n,, (@)i<n,) <f () @ () i<n,)
N1 WS AT = (X)ian (X)), =@ )i, \\Tu SIS
-/ <x<f>>i<NI|<x“L>-<N,—< Oz I((fo))M)) A )izn)
< SUP/ fo 1X_u= ‘” (1)) fo X = y_u ) (@) d((@)i<n; )
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We know that,

’qu\X, = (@) = fxux_u=y- u(mu)}

fX<xU7 - ) fX(muaY—u)
S, Px(@lx)d(@,) [y, fx(@l, y-u)d(@),)

|fX($U7 ) fX(-Tu,y )l

IN

qu Ix (@), vy )d(x},)
1 1

S, fx (@, v )d(2),) a Ja, Ix (@), y-u)d(z),)

< Cuup [fx (@0 72) = Fx (@ Y=)| + Cop [ Fx (2 2) = Fx (2 y-)|

< Coupd(T—u, Y—u)-

+fX(:Bua Y—u)

Thus, for all i € [1: N;] and for all 2,

< Csupe-

Fisroma®, @) = F gt @)
Thus, using Lemma 10,
5@ ((@cm, (X))

—E [CI) ((agL)iSNU (XS))ZSNz)

(X)ien, = (fl?@i)iSNz}

(XD)ien, = (Y@)z‘sm} < Coupé-

Lemma 12. If for all i, d(z _u,y(_L) < g, then
‘E [CI’ <(ZEQL)¢§NU (Xii))zszvz) (X)izn, = (l’g)z‘sm}
= B[ (6 iew (X, )| (X )icn, = (7 )isn

Proof.

S Csupg-

E :‘I’ ((ﬁl)isma (Xui))ism) (XD i<, = (fﬂ@u)z‘SNI:
~B[& ((yDien, Xz, )| (X Dz, = (7 iz |
@ (@ )ienes (XD ien, )| (X i, = @i,
_E :<I> ((x@)igNn (x{ ) (XD)icn, = (y@u)ism:

i<
+ (5y)i<ng, (X, ) O ((yiu)ieny, (X )ien; ) (X W) isn, = (Y2u)i<ny
S Csupg_l'csupga

IN
&3]

using Lemma 11 and using that ® is Lipschitz continuous on X. O
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Lemma 13. There exists Csy, < +00 such that for all a > 0,
P (@ (X0, XD > 0| XO)) < CapNY (1= Cigad )™ (112)

Proof. Let K(a) := #{n € [2: N], d(x"), X(u) < a}. Conditionally to x9

K(a) ~ B(N — 1,p(a, X)), writing p(a, XU) = P(X%), X)) < a/x).
Thus,

d (ng, X “V”)) >q

B
=P (K(a) < Ny — 1|X£103>

x4)

Nr—1

- Z <Nk_ 1) p(a,Xflu))k(l —p(a7X£13))N—1—k

= M (;v__ll) (1= pla, XE))™
< Cap NV (1 = pla, XW))N-N1,
We know that
pa X = [ fe e
BxW o)
> Cint\|—y| <B(X(_2, ))
> Cipral ™.
Thus
P (d (ng,;du “Vf))) > a’ xa >) < Oy NVI(1 = Chea ™)M=Y (1.13)

]

Remark 41. For the estimators ‘A/u pr, we choose only one nearest neighbour dif-
ferent from XY in Vu 1,pF, which is X @), Thus, in the previous computation,
we do not have the N™. Remark that this is also true for E, yc taking N; = 2.

Lemma 14. For all € > 0, there ezists Csyp(€) such that
B (d (x1), x&0)) < Cuple) (1.14)
- T NFEmE
and for all :1:(_11)”
Csup(€)
Nl ¢

IN

B (x0), x Uy )‘ x4 =2%) (L15)
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Proof. Using Lemma 13, we have

E((N Ny Ed(Xl x () )‘X )

+oo
_ / P (V= NP e (X0, X800 s X0 at
0

+o0 1
< 1 +/ P <d (X(_lqz,X(kN(NI))) > t(N . NI)*W+€
1

—Uu

L (A O NN o oo S
= 1+ / st P (@ (X0, XU ) s s (N - )T
1

| _u| —Uu?

X(_l)) dt

X (_13> ds

1+

+o0
/ OsupNNI<1 — Oinf5<N — NI)l_u|€_1)N_NIdS7
1

| — ul
and

(1 — Cis(N — Np)lmHemh)yN=Nr - = exp [(N — Np) In (1 — Ciues(N — Np)! 7471
exp [(N — Np) (=Cings(N — Np)I7=71)]
exp(—Cinfs(N — N[)Iiu‘g).

IN

Thus,

B (V= Nyreed (x 0, XU x0))
+oo

< 1+ Cyyp NN exp(—Cines(N — Np)! 74 ds
1

—+00

< 1+ Cap | V¥ exp(=Cury (V= 3 ~0) | [ expl-Cury (= )
1

< 14 O ().

Indeed, the values N7 exp(—Cipe3 (N —N;) 74/ and fl exp(—Cint(N—N;)I7¥)ds
go to 0 when N do +oo. Thus

B (0 x| X0 < e < T

That concludes the proof of Lemma 14. n

Remark 42. For the estimators ‘//\:u’pF, we do not have the NV'. Thus, we can
choose € = 0 up to Proposition 46.

Proposition 46. For all € > 0, there exists Csyp(€) such that

B (5) - < 22

< 1
Nl ¢
133

(1.16)



APPENDIX I. PROOFS OF CHAPTER 2

and for almost all x(_li,

Cuanle)

B (B X1 = 2h) — Var(¥[x_, = 2| < S
NoTul €

(1.17)

Proof. For almost all (z ))n, using the definition of the random variable Z (in the
proof of Proposition 43) and using Lemma 7,

kn (D[(X),, ken () [(X ™), n n
o o et i e, )

( @)X =)
(")) (@) (i) (en ()" )n))
Jisng, (X )ieny || (X2 i<, = (22, )i<ng
( ( Wi<ngs ( ui))i§N1> (X)ien, = (%)KM)‘

u

(n)
< Cu d( (kn (ND)[(x u>n1>’x<_1)>’

thanks to Lemma 12. Thus, using Lemma 14, for all € > 0,

< CopB (d (XE” X (V) )’X (1))

< CSHPM.
Nor—lul ¢

(E (Eu,1|X£2 - g;(}l{) ~Var(Y[X_, = 2)

O

In the following, to simplify notation, we may write ” X (_11;2) = a:(_lf)” for 7 X (_13 =
and X (2) ”»

Lemma 15. For almost all ( x(_2)) and for all a > 0, we have

P (e, x5 00) > o X042 = 20P) <P (), x40 2 o xU) =)

—Uu’ —Uu

and thus, integrating a on R,

E (d (XE ~N(NT)) X( )) (1 2) _ (1 2)) <E (d (XEICNA(NI)) X(_l))

u u

0 _40).

Proof. Let gy (i) be the index of the i-th nearest neighbour ofX( (X(n nell:N]\{2}-
For almost all (z W x(Q)), we have

7’UJ

P (da, X450 3 of X2 = 502

u u
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P (d(x(_l) XEkN(NI))

u

P (d@"),2%) > d@l),

+P (), x

u

P(d(x“g, @y < gz

Moreover, conditionally to X

) > a‘ X0 =

) > a’ x®2

250 ), 2%) > d(a

) _ x<_15>)

= 202 g0 @

—u 7’LI,7 —Uu

X(172) — l.(172)> .

(1) X(QN(NI)))>

—u?

X(QN(NI)))

—u

X(1,2
) < d( 1) X(QN(NI))))

X(QN(NI)))

—Uu —Uu —Uu

(1 2) _ (1.2

—-u

if d(z%), 22 > d(z!), x9N then

the Nj-nearest neighbours of X Su do not change 1f we do not take into account

X (_23 Thus

P (d(x(l) X(kN(NI)))

P (d(a:(l) X(QN(NI)))

—Uu? —Uu

u) —u

P (d(m(_l) X(QN(NI))>

Similarly, conditionally to X

o)

XOD 502 g,

u —-u

XO02 _ 402

—Uu

xW =W d(x(_)

u —u? u?

Vv

a

22) > d(a), Xy y)
( ) > d( _u’X(gN(NI)))>

X(QN(NI)))> .

(x(_l)

v
e

2%) > d(z"

v

a

—u Y —u

G = a2 d(el), 2%) < d(@l, XU then

—u

is one of the Nj-nearest neighbours of X ,112. Thus

P <d(90(—liaX(_kf(N1))) >a| X5 = 202 d(z") 2P < d(x(_lz)“ngV(NI))))
< P(d(xﬂ” XNy > g X2 = 202 g0 @)y < (1) X<9N<Nf>>)>
_ P(d(aj(_l) XNy > ol x W O g0 @y < g0 X(_gN<NI)))>'
Finally,
P (d (M xlhw NI)) > a‘ x 12 _ x(,l’2)>
< P (d Y QN(NI) > CL‘ Xil) — (_1) d(&?(l) (2)) > d( v X(_QN(NI))))
P (da, %) > (), x4 X0 = 40)
+JP>(d( sg,xww >a‘X(1) 9 d@D 2?) < d(z <_U7X<_guN<N,>>)>
N 1 1
— P (d(x(_” Xi’“N*(NI”) > a| X0 =)
and we proved Lemma 15. O
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Proposition 47. For all € > 0, there exists Cyyp(€) such that

Csup (¢)

‘COV(EUJ,E\UQ) < pr—
p—|u

(1.18)

Proof. We use the law of total covariance,

cov(Ey, By) = E [cov (El, Eg‘ xW x (2))}+COV [ ( |X( x© )> ( |X( (Jﬂ
(I.19)

Part 1: First, we will bound the second term of Equation 1.19. Thanks to Lemma

12, we have

B (B X1 = 29, X2 = 2%) — Var (v]X_, = o))

u

< E{‘E [@ (X)) | X0 = 2, X2 = 22, (X17),120] — Var (V]X_, = 2) ’}
< CopE (d (XQU),X(_]ZV (VD) >‘X (1) X( ) = (21)L> using Lemma 12,
< CapE (d (ng, X(_kuN’l(NI))> ‘ X(_lg = SL’(_171> using Lemma 15,
Csu .
< p(€1> using Lemma 14,
(N —1)pTal ™
S Csuf)(g)
Np=Tl "¢
Similarly,
A CSu
b (Bual ) = o2, X = 22) —Var (v1, =22} < ConlE).
No—ul ¢

Thus, using that ® is bounded,
’E (Eu X® = 0 x@ x(_2)> E (Eu XV =20 x® x(f’)

—Var (Y|X, = 2! )) Var (Y|X, = x(2)))‘ < Gl

— —€
Np—lul

Moreover, using Proposition 46, we have

u

—Var <Y|X—u = x%}) Var <Y|X_u = xﬂ))‘

IN
=N
o
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Thus,
‘E (EU,I|X(_2 =20 x® = (2>) E (EU,Q|X<_2 =20 x@ _ x‘f))

B (Bt X" = o) B (B,0lX%) = o2)

u

Finally,

’cov[ < u1|X£ (,13
- Jefe (Bt x2)
o[ (B.x.x2)

Csup(g)
N#=r—¢

E (EU,Q\XEB, X‘jﬂ)] _E [E (@u,l\xgz) E (EU,Q\XQ)] ‘
E

(Bual X, x2) ~ B (Bt X)) B (Bual X))

IN

<

Remark 43. In this Part 1, we can choose € = 0 for the estimators ?u,pp or for
Eyvc if we take Ny = 2.

Part 2: Let ¢ > 0. We will bound the first term of Equation (I.19):
E [cov (El, EQ‘ X0, Xi%ﬁﬂ .

We want to prove that

/ B (BurBualxU? =al2) — BB X0 = o8P)B(EL XY = 2l)
Xfu

Cup(€)
Nl-e °

dP3? (2, 2)

—u’ u

<

Let us write

122 = min (e, %) 2, )
N
where § = ¢/(4| — u|), and

u

d(a? NNy g0 <2>)}‘

2™
G, %) = {<x<_’2>ne[3zm| d(al, YD) <@l 2 0),

Part 2.A: We prove the following lemmas.
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Lemma 16. For all € > 0, there exists Csup(€) such that,

(1) 5 (k-1 (ND) & W\ pez 0 @y o Caule)
LQUP<d(XU’X A ) ( Ly *U /2‘ x7u> d]P)X_ ( L _w fu) < Ni—e
(1.20)
Proof. We divide X%, inFy:={(x gi,x(QZ) e X?,, d(m&l&,x( )) (N—Nl—l)%}
and Fy == {(z\), z ))€X2 Az 2®) > (N = Ny — 1) T )
/ P (a(x), X80 > aal), 2) /2| X0) = 20)) aPR2 (o), 0%)
F -

IA

Cuap 2 (F)

< Csup/X A <B [x_u, (N — N; — 1)7%7]> dz_,

< csup/ (N = Np — )T =g,
S C’sup(]\/v - NI - 1)_1+€

< Csup .

— lez-:

Furthermore, using Lemma 13, we have

1 kn—1(V, 1 2 1 1 1
AP@M%X%<”Uam%ﬁbMX%=ﬂDW%<%,%

IN

/ Coup(N = )N (1 = Cingd (), %) " NGPY (), 2)
P

<A (X)) 2 Cup (N — DN (1 — Cig(N — Ny — 1)%l—u\)N—1—N,
<Cup(N = DV (1 = Ciug (N — Ny — 1)~ o)M=

<CuplN 1) exp [(N — 1= Ny (1= GV — Ny~ 17149
<Cup(N — )N exp [~ Cine(N — Ny — 1)° + o( (N — N; — 1)°)]
<Gt

]

Remark 44. In Lemma 16, we need € > 0 even for the Pick-and-Freeze estima-
tors. That explains the rate of convergence when |u| = 1 for the Pick-and-Freeze
estimators.
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Lemma 17. For all € > 0, there exists Csyp(€) such that,

[ B G e arg (W) < S
X2

—u _u7 —u/ — NI—E
Proof. Using Lemma 13, we have
P (d(X 0O 50 > NTETXE)) < Clyp (V1) (1= Cige NN 1

SO

B (a(x D 40 > NP x0)) < Gl 1.22)
Thus, we have

/ P2 (G, 22)) P (2, 22)
X2

u u) u

< / P (X0, x> dal), 1) 2| X0 = 202) dr5E (2%, %))
+ /X E P (a(x ), XU Zd(:c‘_li,x?i)/2}X9§)=x9§))d19’3"£u<x93, %)
+ / P (X0, X O O) > NTE X0 = 0 B2 (), 4%)
X2
+ / P(d(x?g,x(_’“ng’”)2N*%ul”) —2!2) P2 (o), 2%)
X2
< / P ((d(xD, xEv1 D)y 5 g0 o /2\X —al)) P2 (o) 2%)
-

7’U,7 7’U,

X2

+/ ]P’(d(X(_l) X Un-a D)y 5 ul+a‘X() (1))01]}”@2 (2 2®)
X2

—u7 u

—U’ —u

JF/X2 P (d(XgZ,X( W (V0)y N*ﬁ+5‘X(_) (2)) P2 (2, o),

and we conclude the proof of Lemma 17 using Lemma 16 and Equation [.22. O

be the probability of B; and N; be the number of observations (X (n ))ne[g N in the
ball B;. Remark that

For i = 1,2, let B; be the ball of center 2% and of radius l( (2)) let p;

C(sup

Pi S sl

We have the two following lemmas.
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Lemma 18. Conditionally to X(1 2 = :c(l 2 , the random wvariable N; is binomial
B(N —2,p;).
Conditionally to Xilf) = at(_lf),Nj = n;, the random wvariable N; is binomial

B(N —2— nj,pi(l _pj>_1>’
n)

Proof. For the first assertion, we use that the (X(_u)n are i.i.d. For the second
assertion, we compute P(N; = nl\X 1.2 _ p2) N; = n;) with Bayes’ theorem. O

—’LL?

Lemma 19. If N; = nz, let X_Mi be the random wvector composed of the n; ob-

servations in B; of (X )>n6[3 Ny and M; € [3 : N|™ the vector containing the
corresponding indices. We have:

7’[147

L (X(M1)7X(M2)|X£1112) 212 N, =ny, Ny = n2>

- L (X(M1)|X£11;2) ( 2) Nl _ n1> QL (X(M2)|X(_1’2) — .I'(LZ) Ng _ n2> .

—u? u —-u

Proof. For any bounded Borel functions ¢y, ¢o, we have
<¢1( D)y (X M) X T, 02 =2 Ny =ny, Ny = ”2>

b <¢1(X(M1))¢2(X(M2))1N1=n1]1N2=n2|X£11;2) (_1u2)>
]P)(Nl = ny, N2 _ n2’X£1122) — x(1,2)) .

—Uu

Let
P([3:N|,ny) :=={(k1, - ,kn,) €[B:N|" : ki <kjfori,jel:m], i<j}

be the set of all possible two-by-two distinct elements in [3 : N|. To simplify
notation, we also consider an element of P([3 : N|,ny) with the subset of [3 : N]
that contains its indices. We have

X2 (1 2 — x(_1’2)>

E(¢1(X(M1))¢2<X( )>]1N1 n11N2 =ng U

- ) E (¢1<X(m1))¢2(X(m2)ﬂxi‘ﬂ“eB?l Lytmarepya
m; €P([3:N],n1) maeP([3:N]\mi,n2)

X H ]IX(” ) ¢B,UB;
1€[3: N\ (m1Umy)

—Uu —Uu

X2 _ x(m))

Now, using the independence of (X)), and summing over m; and my, we have,
for any value of my; € P([3: N],n;) and my € P([3 : N],ng),

E (01(X™)a(X M) X0 = 2l Ny = 1, Ny = o
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N -2 N—-2-—n 9 mi—n
- ( )( 1)(1—p1—p2)N2 T
s N9

£ <¢1<X(ml)) xtm)eph X0 = x(L?)) £ <¢2<X(m2))lx(_"‘2)

N —2 N—-2—n
( > ( 1) p?1p32<1 —p — p2>N—2—n1—n2
n N2

B (01 (XN imy s [X02 = 282 ) B (02( XN m | X0 = 202)
B '’ ps?
E ¢1 X(ml X(ml) Bl H ILXYI)L¢B X£11;2) — 1’“&”)
1€[3:N]\my

Pt (1 —py)™

1€[3:N]\ma

-
[

E ¢2 X(m2 X(m2)632 H ILX&)L¢B2 X(J{LQ) = 1‘(1&2))

py* (1 —p2)™
= B <¢1(X(Ml))‘X(—lll2) (—u )7 Nl - nl) <¢2 M2 ‘X(l 7 (—1u2)7 N2 = n?) '

That concludes the proof of Lemma 19. n
Part 2.B: We aim to proving that

/ B (BurBualxl? = al?) — BB X0 = o8P)B(EL XY = 2l2)
Xfu

Coup(©)

< .
— Nl—s

dP®2 (33(1) :L‘(Q) )

X_y\F—us L —y

To simplify notation, let X&) .= (X *xED)), v and X&N) .= (XEvD), . We
have
B (@(xX®)a(xX 00X 5P = 202)
N-2
= Y E(e® )N =n, XU = o8P B (@(X)|N; = o, X0 = 2lD)
ni,n2=0

X]P)(Nl =N, Ng = 7’LQ|X(,1112) = 1'972)).

u

On the other hand, we have

B(e(x)IXED =l B (a(x)IXG? = 207)

u u
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N—
- Z E (@(X0)INy =y, X0 = 207) B (@004 |Ny = ny, X4 = 242
n2=
xP(N; = ny| X5 = 28PN, = no| X 52 = 202,
Thus, using that ® is bounded and using Lemma 17, it suffices to show that
S et [PV =np, Ny = mp| XU = 27
CSH
PN, = | X5 = 2UD)P(N, = no XY = 20| < N+_(5)
Let Ky := [ N%], where a = ¢/3. We divide the previous sum into two sums:
AU, 2%y = S o [PV =, Ny =g XY = 20)
—P(Ny = | X507 = 28PN, = ng| XU = 27|
N—-2
B, 2%) = > IP(N; = 0, Np = g | X5 = 202)
ni,ne=Ny—1,
s.t.n1>Kpn or no>Kpn
]P)(Nl = n1|X(1 2) (_1u2))]P(N2 = 7’L2|X£11;2) = I(_lf)>‘
Let us bound these two terms.
First, we have
Al o) = Xy POV =m| X0 = 2l PNy = nalNy =y, X = 2l

IED(NQ :TLQ’X 172 = (_11;2))

1- .
]P)(NQ = n2|N1 = nle(l 2 = - xg{LQ))

X

Thus, it suffices to bound

P(NQ = n2|X 12 _ x

) Coup(€)
]P)(NQ = 7’LQ|N1 = nl,X(l 2) = [L'(l 2))

11— — Nl-e ~

Thus, it suffices to show

P(Ny = ng| X2 = 212 Coup(€)
log a2 _ 02 S N
]P)(NQ :7’LQ|N1 :nl,X, = T_ ) Ni=e

To simplify notation, let T'= N — 2. Thanks to Lemma 18, we have,

1 P(Nz—n2|X12)—x )
0og
]P)(NQ = 7’LQ|N1 = 7’L1,)((,1 2 — ZE(l 2))
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B 10g< T(T—1)..(T —ny +1) (1—p)T™(1 —pQ)Tnz)
(T —n)(T—ng—1)...(T—ng—ny+1) (1 —p; —pg)T—m—m2

~ log (1(1 - %)...( o 1)) ~log ((1 -2y -20 L= %”1—1))
(T"—nq)log(1 — p1) + (T —ng)log(l — pa) — (T"—ny — nz)log(1l — p1 — pa)

- _—nl(n;T— D +n O(;lz) + m(m —;;M i) + nlO(—<n1 ;2712) )
—(T' = na)ps + (T = n2)O(p3) — (T — na)p1 + (T' — n1)O(p3)
+(T —ny —n2)(pr + p2) + (T — n1 — n2)O((p1 + p2)?)
nins ns ni(ny + ng)?

= +O(T) +O(T

+HT = n2)0(pY) + (T = 1m1)O(p3) + (T — n1 — n2) O((p1 + p2)°).

) — NP1 — NP2

We know that
C’sup < C’sup

= N1-d—ul-a = Nl
So, for all n; < Ky and all ny < Ky,

12) o
]:P)(NQ :n2|N1 :nl,X, = T_ ) N

Ksz

Thus, we have shown that we have

Csu
A, 2%) < NT_pE
Now, let us bound B(z: @ (2)) Remark that {(n;,n2) € [Ny —1: N —2]| ny >

Ky or ng > Ky} 1sasubset of
([KN+1:N—=2|x[Nf—=1:N=2))U([Nf—1:N—=2]x[Ky+1:N-2]).

Thus, it suffices to bound

ZZ;QKNH 7]1\[2;21\/]_1 ‘P(Nl =ny, Ng = n2|X(1’2) = (ff))
—IP’(N1 _ n1|X£11;2) _ (1 2))]P>(N2 . n2|X (1,2) (1u2))|
N—2
— Z P(N; = my | X5 = 2%2)
ny=Kpy+1
N-2

Z IP(No = ng| Ny = ny, X052 = 20P) — P(Ng = no| X7

U
no=Nr—1
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Thus, it suffices to bound
N-2

Z ]P(Nl = TL1|X£1112) = IL‘(,LZ)).

u
ni=Kny+1

Let T := N — 2. We know that N; has a binomial distribution with parameters 7'
and p;. Thus,
E(Nl) = plT < C1sup]\[6|7u| < C(sup]\f%-

Thus, there exists N, such that for N > N., we have that, E(N;) < Kr+1. Thus,
for N large enough and for all n; > K¢ and, we have

PNy = mi | X520 = 2%2) < PNy = Kp 4+ 11X 00 = 202,

Thus, for N > N,,

S B = m X0 =t

ni=Ky+1
< (T = Kp)P(Ny = K +1|x57 = 2107)
T! %
= (T - K Tl _ T—Kp+1
( T)(T—KT—l)!(KT+1)Ip1 (1 =p1)
T! K
< T — K 7+1
< T)(T—KT—l)!(KT—i—l)!pl
Kp+1
i (T~ KnVET () (7S)
S su — —
’ V21 (Kp+1) (@)(KT#) V2rm(T — Kr — 1) (_T_IZT—l)(T Kp—1)
< (T — Kr)VTT"Cip!

CSH
p \/(KT T )T — Kr — 1)(Kp + 1)Kr+1(T — Kp — 1)T-Kr=170=8]~ul)(Kr-+1)
< Cuap(T = Kp)Kr 3 T (Kyp 4 1) Kr= 37T =50l (Kr )= Ky oKr 1,

sup
Using the Taylor expansion of z — log(1l — x) at 0, we can see that
(T — K7) 'T" < Cypp exp(Kp) < CKr.

sup *

Moreover, we have
(Kp + )T 0 > 755 = 7l

and so

T-K
(T — Kp)*" (Kg + 1) Frp- (=0l < exp (KT log [C —TD

sup T1+%

144



APPENDIX I. PROOFS OF CHAPTER 2

< Csup(g)e_KT.

Thus, we have

N-2

ST PV = m X5 =)

ni=Kny+1
Cuup(£)e™ T (T = Kop)2 (Kp +1) 72772017

IN

IN

IN

Finally, we have

C. Csup(€)
1 2 su 1 su
Al o) < 3% and - Bl a) < ===
Thus
N 1,2 1,2
SN ey PNy =ny, Ny =y X5P = 22
Coup(€)
1,2 1,2 1,2) 1,2 su
—P(N; = ny| X5 = 2EDP(N, = ng| X L2 Q)){gﬁ
So, we have proved Proposition 47. O

We conclude by the proof of Theorem 4.

Proof.
IP’( ) wl > 8)

< P(|B.-E(B)|>3) +P(|B(E) - B,

> )

5) -
Then, we use the proof of Proposition 45. If (s(1))i<n, is a sample of uniformly
distributed variables on [1 : N] with replacement, then for all £ > 0,

€ 4 R R ] |
> 5) < = (‘COV <Eu,17Eu,2>‘ + Var <E ) (N + F))

(O Can
- g2 Np%lul_gl Nu 7

P (‘Eu _E(E,)

for all & > 0, thanks to Proposition 47. If (s(l)),<n, is a sample of uniformly
distributed variables on [1 : N] without replacement, then for all € > 0,

15 4 (N, —1 ~ o~ 1 ~
> 5) < ? < N, cov (Eu717 E%g) + FV&I" <Eu71>)

u

P <)Eu _E(E,)
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1 CSU ! CSU
il ( ?(5 >, 4 p) 7
Np=Ta ¢ N,
for all & > 0, thanks to Proposition 47. Moreover, for all € > 0,
~ € 2 ~
P( W>3) < —)EEH ~ B,
2/ T € (Eu)
Coup(€')
eNw=m €

for all ¢ > 0, thanks to Proposition 46. Finally, for all ¢ > 0, ¢’ > 0, we have
o~ 1 su ! su
]P’( " — >€>§—(CP(€)+CP).

2 \ N Ny
That concludes the proof.

B Other proofs

Proof of Proposition 9

Proof.

%

f X'LM T )f(X”LU I'Lu)dIPXfﬂXu & IPXU|Xu(x—U7x,_u)>

( (X)f ( )
(E(f(X)f(X*)][X0))

_ E(
( .. f(Xu, 2 0)dPx u\Xu( T_y) N f( Xy, 20, )dPx u|Xu< —u))

= E(E(f(X)|X.)?).
That concludes the proof of Proposition 9.

Proof of Proposition 10

-1
—1
(P if i ¢ u
P [yl
Ai,u = -1
-1
(P if 1 € u.
P\ Jul =1
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Under Assumption 2, we have

Var(Y)2ZVar(@) = Z > A2 Var(W,

i=1 §CuC(1:p]
= Z Var(ﬁ/\u)ZAiu
PGuG[1:p] i=1
Var(T/ng1
-y VS
PGuG[1:p]
Moreover,
? 1 1\ 1 1\
7,U 2 2
i=1 iefup |U| 1€EU p ‘u| —1
1
= B ((p = fuD|ul®(p = u] = 1) + [u|(Ju| = 1) (p — [u)P?)
p — |u|)!|ul!
= =R g — 0t = 10+~ 1)
_ (= fulul! (p — |ul = 1)!(jul - 1)!
p! (p—1)!
= C(|ul,p).

Thus, we want to minimize

—~

Var(WS"
> ) p)
Dug(1:p]
subject to
Z N Ntot
0GuG[1:p]

Let U = (R%)* 2 If z € U, we index the components of = by the subsets
0 ¢ ud[l:p] and we write x = (a:u)@@gl:p]. Let h be the C! function on U
defined by 1(z) = Y gy, M let g be the C'! function on U defined
by g(z) = (Xpcucpp Tu) — Ntot//@' and let A = g7'({0}). Using the method of

Lagrange multipliers, if hj4 has a local minimum in a, there exists ¢ such that
Dh(a) = cDg(a), i.e. Vh(a) = Vg(a) i.e.

a= Niot (\/C(lu\,p)\/ar(ﬁ/\f,gl)))
—
5 Y ot VO] ) Var (W)
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Moreover, note that h is strictly convex and the set A is convex, thus h4 is strictly
convex. Thus a is the strict global minimum point of /4. O

Proof of Proposition 12

Proof. Let us write V := Var(W ) that does not depend on u by assumption. To
simplify notation, let Ny = N, = +o00. In this way, we have, for all u C [1 : p],

Var(W,(m)) = V/Ny.

We have
1 — — -
Var (7] (om)m<m) = QVar E e Z [Var (Wuu{i}(m)) + Var <Wu(m)>] L5, (o) =u
uC—1 m=1
M
1 1 1
= + — | 1p(,)=u
2\/&1" ) = M2 mzl [Nmu{m Nu} filem)
Thus,

BVar (3l Gnbnead] = ot 3>

=, [Nty Nu
M —1
1% 1 1{p-1 [ 1 1 }
= s Y 5 D) - +
p*Var(Y)? u; Zmzzlp< Jul ) Nwogip N
V 1
= 2 2 Z Ay )
p*Var(Y)? 2 7 Ny

where

-1
Remark that >0  a;, = 2 < p ) . Then,

Jul

P R P \% 1
E Z\/ar(m|(0m)mgM)] = ZPQVTW Z ai,uN_

i=1
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uC[1:p]
o &
p*Var(Y)? £~ N
We get the relaxed problem
2V =1
mn ———— )y —
(Nidrepp-1) P?Var(Y)? <= N
subject to M > "7_ = MNo(p—1). Let U = (R%)P~!. Let h be the C'" function
on U defined by h( ) = Z#V(Y)? Z:i Ilk, g be the C* function on U defined by

g(z) = MY P, — MNo(p — 1). Finally, let A = ¢g~({0}). Using the method
of Lagrange multipliers, if hj4 has a local minimum in a, there exists ¢ such that
Dh(a) = cDg(a), i.e. Vh(a) = Vg(a) i.e. Yu, —% = i.e. a, = . To sum up,
if hj4 has a local minimum, it is in a defined by h

= NoMpu.

Moreover, note that h is strictly convex and the set A is convex, thus hy4 is strictly
convex. Thus a is the strict global minimum point of h4. Thus, a is the global
minimum on the constraint problem (where the inputs are integers). ]

Proof of Proposition 13 This proof totally arises from the appendix of
[SNS16]. The computations are the same.

Proof. Under Assumption 4, we have

Var(m;) = m (Var (Wpi(gl)u{i}> + Var (Wpi(o-l)>>
1

= MVar(Y)? (VaY(E(WPi(ol)u{i}\Ul)) + E(Var(Wp, (o,)utiylo1))

+Var(E(Wp,o]01)) + E(Var (W, (o) ym)))

1
= C’\/T(}/)? (NOVar(Wpi(al)U{i}) + NOVar(WpL.(JI))

FEVBI(T S pglo0) + E(Var(T8), 1) ).
Thus, the minimum is with Np = 1. O]
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Proof of Proposition 14

Proof. We only prove the second item. The first one is easier and uses the same

idea. Let i € [1 : p]. Remark that
M —~
= MVar Z < (om)U{i } ) Wpi(crm)(m))

—1
e X () (o)

Il
=
g
5M

—

Waogiy(m),

with
W= (P12 Wam) and W= (77 L 3
’ jul ) M ’ jul ) M
m| Pi(om)=u m| P;(om)=u

where we sum over all the integers m € [1 : M] such that P;(0,,) = u. Thus, for
all u,

. 1

Wu,i b pNuzMWNuZM

u\ {i}]
where )
: 1 Nu,i, M /\
Wévu,i,lw — WUU{?),

and NmM = Nuu{ vam ~ B(M W) (the binomial distribution). Now,
remark that M goes to +0o when N, goes to +o0o (recall that Ny, = kM (p—1)).

Hence,

p—1 1Y) p: P
— Ny — 1.
<|u\{i}|> MM N e

It suffices to show that for all w C [1 : p|, the estimator w s Wy ") (w)
converges to W, in probability when N and N, go to +o0 and we could conclude

by

-1
~ B 1 p—1 ~ ~
UH = m Z ( 1| ) (Wuu{z‘},i - Wuz)

uC—1
-1
P 1 p—1
— (Wasgiy — W)
Negttoe pVar(Y) Z( [ul )

150



APPENDIX I. PROOFS OF CHAPTER 2

Let € > 0 and 6 > 0. Using the assumptions and Chebyshev’s inequality, we
have that (W O) No,N is consistent, thus there exists Np; and N; such that for all
No > Npp and all N > Ny,

) <

P(‘WJVO _

DO ™

Moreover,
P(N,m < Not) Mo 0.
Thus, there exists M; such that for all M > M;,
P(N, < Noy) < g
Thus, there exists Ny, such that for all Ny > Ny,
P(Nyr < Noy) < g

Finally, for all Nyo; > Ny and N > Ny, we have

IF) <‘/M7Nu,1\l _

W > 6) < P(\W&M W, > 8, Nuw > NO1> 4+ P(N, s < Noi)
< €

That proves that the estimator w — Wu it )( ) converges to W, in probability
when N and Ny go to +oo. O

Proof of Corollary 1 and Corollary 2
We do the proof for Corollary 1. The proof of Corollary 2 uses the same idea.

Proof. Let 0 > 0. Thanks to Theorem 4, with ¢’ = §, we have

Claup (5)N 7112
6) < 10 — 0.

_ 1 5|
P <N2<r>—lul> Eurrc — —
62]\]10_|u| N——+oc0

That concludes the proof of Corollary 1. O
Proof of Proposition 15

Proof. If we use the subset W-aggregation procedure, we just have to use the
consistency of W from Theorems 3 and 5 and to use Proposition 11.

If we use the subset W-aggregation procedure, the consistency of the estimators
of the Shapley effects comes from the second part of Proposition 14. We just have
to verify Assumption 5. Let W (m) of Proposition 14 be Eu,s(m ),MC OT Vw (m),PF
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defined in Section E.1, where (s(m)),, are independent and uniformly distributed

on [1: NJ. Then, following the end of the proof of Theorems 3 and 5, we obtain
R — —

— Z cov (Wu(m), Wu(m’)> — 0,

M?2 N,M—+00
m,m/=1

and, by Proposition 43, we have
E (Wu(n) —E (ingw) W
N—+o0

Thus, Assumption 5 holds. n
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Proofs of Chapter 4

Proof of Proposition 16:
We use the Hoeffding decomposition of g:

V, = Var(E(Y|X.))

= Var Z E(gw(Aw)| XunB,,)

wC[1:K]

— Z Var [E(gw(Aw)| Xuns, )]

wC[1:K]

— g,w
- § : VuﬂBw‘

wC[1:K]

Proof of Proposition 17:
We have

1
— 5 _1)lul=ll
S Val“(Y) vCu( 1> "

1 u v w
- Var(Y)% DI A

wC[1:K]
- |“|—|v\ 9w
B Var Z Z VB
C[1:K] vCu
1 . o
~ Var(Y) DD DR A N C Vi
wC[1: K] v1CuNBy v2C —Bu,

s.t.viUva Cu
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One can remark that, if v\ B, # 0,

v2 C*Bwa
s.t.wiUva Cu

Thus,

1 —|vi]|y/9,w
S = Yy 2o 2OV

wC[l:K], viCu
s.t. uCBy

Var(gv(Aw)) g
Z Var(Y) S

wC[1:K],
s.t. uC By

Proof of Proposition 18:

) Vaugiy — Vi)

= Var < ) (‘/(ZLIJL; NBy Vugr%%w)
p wC[1:K]
C[1:K
(

pVar

pVar

-1
b= 1 w ;W
Z ( |u| > (‘/(ZUz)ﬂB VfﬂBw)
uC—1

)

o uCBw\{i} _’UC—Bw i

—17
p—1
= VoY e
pva 21: Z <|UUU|) ( ulJg )
3

P& 1B\ (o1
= b Vi —
pVar ;K Z ( Jj ) |ul —|—j> (Vi

), wCBu\{i} | =0
j)ew

It remains to prove the following equation:

_ -1 1
1”23“" p— 1B\ (p=1) _ 1 (1Bd—1
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In the interest of simplifying notation, until the end of the proof, we will write
u (resp. c¢) instead of |u| (resp. |By|). We can verify that Equation (II.1) is
equivalent to the following equations:

c)! (u+j)!(p—1—u—j)! Lul(c—1—u)!
‘Z ey b-Dr T ol

- 2(“?) ()

We will show Equation (I1.2). Now, we can remark that we have:

xc il xc—u—l
= ) I1.3
(1 _ x)chl I(l _ l')qul (1 _ x)cfu ( )

Giving their power series, we have:

A K K’ K"\
$<kzzo<u>x)(,§<c—u_1>x> g(c)w L (114)
We have the equality of the coefficient of 7. Then:
() =2 OO 2 ) )
c ktki=p—1 \U c—u—1 \u) \c—u-1 2 I
_ §<U+J> <p—1—u—j>
=0 \ Y c—u—1

For the last equality, we remark that if j > p—c, thenp—1—u—j <c—u—1so
the last terms of the sum are equal to zero. We have proven Equation (I1.2). To
conclude, we have

p—|Bul -1
o pVar Z Z Z <p - ’-Bw’> (p - 1.) (Vaugiy = Va)

wC[lK uCBu\{i} | =0 J ul +
s.t. j(i)ew
1 Bol -1\
= 2 5 > ( " _> (Vs — v
woim, BulVar(gu(Aw)) 2=\ ful
s.t. j(i)eEw
= > s
wC[1:K],
s.t. j(i)ew
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Appendix III

Proofs of Chapter 5

Notation

We will write Cy,, for a generic non-negative finite constant (depending only
On Ainf, Asup and m in Conditions 2 and 3). The actual value of Cy,, is of no
interest and can change in the same sequence of equations. Similarly, we will write
Cine for a generic strictly positive constant.

If B,B" € P, and (i,7) € [1: p|?, we will write (i,5) € B\ B’ if (i,j) € B and
(1,7) ¢ B’, that is, if i and j are in the same group with the partition B and are
in different groups with the partition B’.

If B, B’ € P,, we define BN B’ as the maximal partition B” such that B” < B
and B” < B'.

If I € M,(R) (the set of the matrices of dimension p x p), and if u,v C [1 : p],
we define I, == (I'; j)icujev and 'y := Ty .

Recall that vec : M,(R) — R¥” is defined by (vec(M))p(j—1)+i == M; ;.

IfI' € S,(R) (the set of the symmetric positive definite matrices) and i € [1 : p|,
let ¢;(M) be the i-th largest eigenvalue of M. We also write Apax(M) (resp.
Amin(M)) for the largest (resp. smallest) eigenvalue of M.

We define 3 := LS (X0 _X)(XD-X)T = .S, the unbiased empirical
estimator of X. Let (7;;); j<, be the coefficients of S and (8i5)i5<p be the coeflicients
of S.

Recall that when Condition 4 does not hold, we need to define B(«) as the
partition given by thresholding ¥ by n=*. We also define K(«) := |B(«a)| and
write B(a) = {Bi(«), Ba(a), ... Br(a) (@) }.

Proof of Proposition 19

Proof. Let us write

SITR,B):== | | SST(R,B)={T €S/, I'=Tg},

B'<B
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which is the closure of SI*(R, B) in SF*(R).
First, let us show that, for all B, Sp is the minimum of I' — Ir on S (R, B).
IfI'p € SFH(R, B), we have

plr, —lsy) = —log(IT5') + Te(T'5'S) + log(|S5'|) — Tx(S5'S)
= —log (}FEISBD + Tr (F;SB) —p

= i {—log <¢l [F§1/2SBF§1/2]> + o <Fg1/2SBF;/2) _ 1} .

1=

The function f : R% — R defined by f(t) := —log(¢)+¢—1 has an unique minimum
at 1. Thus, the function g : S/ — R defined by g(M) := > | —log (¢ [M]) +
¢; (M) — 1 has an unique minimum at I,,. Thus I'z € SF+(R, B) = Ir, — Is, has
an unique minimum at 'z = Sp.

Now, the penalisation term is constant on each S;r (R, B). Thus ® has a global
minimum (not necessary unique) at Sp, for some B € P,,. O

Notation for Section B.2
Here and in all the proofs of Section B.2, we assume Conditions 1 to 3 of Section
B.2.i).
In the following, we introduce some notation.
We know that
D (X®_X)X® -X)" ~W(n - 1,5),

k=1

where W(n —1, %) is the Wishart distribution with parameter n—1 and ¥ [GN99].
Thus, if we write (M®), i.i.d. with distribution A(0, %), we have

n n—1
—~ 1 _ _
Y= X® XY x® X)) ~

n_1§ ( )( )

1
n—1
k=1 k=1

Lemma 20. For all Cyye > 0,
P (Amax () > Asup(1 + v/9)? + Cing) — 0,

P (Amax(s) < )\inf(l + \/@)2 - Cinf) — 07
P (Amin(s) < /\inf<1 — \/@)2 - Cinf) — 07

M) T

and
P (Amin(S) > Asup(1 — v/4)? + Cing) — 0.

Moreover, that holds also for S instead of S.
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Proof. Let (A®™),, iid. with distribution N(0,1,). Using the result in [Sil85)]
which states that

n—1
1 a.s.
e () 2 e

n—-+00
k=1
we have,
Amax(S) = L Z MO AT
max n _ Inax _ 1
< L ZA(’“ AWT
= n-1 sup max — 1
= (1 +v)* +0p( );
and

-1

n 1
)\max<S> Z 1/\inf)\max (m A(k)A(k)T> = lnf( + \/_> +0P( )

n —
k=1

3

Thus,
Aing (1 +\/_) +0p< ) < Amax(S) < )‘SUP<1+\/_) +0p( )-

The proof is the same for An. O

We also verify the assumptions of Bernstein’s inequality (see for example The-
orem 2.8.1 in [Verl8]). For all 7, j, k, let

v

The random—variables (Zl(]k));C are independent, mean zero, sub-exponential and

we have [|Z5 |y, < [Millyall M llys < Coupy/@i0; < Conp, where |||y, is the sub-
exponential norm (for example, see Definition 2.7.5 in [Verl8]). So, we can use

Bernstein’s inequality with (Z. @))k: there exists Ciy¢ such that, for all e > 0 and

ij
n €N,

max P

i,j€[1:p] P

Proof of Proposition 20

) > n5> < 2exp (—Cjnfn min(g,gz)) )

In this proof, we assume that Conditions 1 to 4 are satisfied. We first show
several Lemmas.
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Lemma 21. For all symmetric positive definite I' and for all B € P,, if we write
A =T —Tpg, we have:

e U= Amin(I'p + vA) decreases and so min,ep 1] Amin(I's + vA) = Amin(T).
o U= Amax(I'p + 0A) increases and so maxyejo1) Amax(I'p + vA) = Apax(I).

Proof. Let us show that v — Apax(I'p + vA) increases (the proof if the same for
)\min)'

For all v € [0,1], let T', = T'g + vA, A\, = Anax(T'y) and e, an unit eigenvector
of I, associated to A,. Let v,v" € [0,1], v <v'. Thus

Ay = max v (Tp+vA)u> el (Tg+v'Ae, =\, + (v —0)el Ae,.

u, [Jul|=1

If we show that el Ae, > 0, we proved that v — ), increases. First, assume that
v = 0. If we write By the group of the largest eigenvalue of I'g, then (eg); is equal
to zero for all i ¢ By, so (e] A); is equal to zero for all j € By, and so el Ae is
equal to zero.

Assume now that v > 0 and let us show that efAev > 0 by contradiction.
Assume that el Ae, < 0. Then

el (Tp +vA)e, < el Tpe, < el T pey.
Furthermore, we have seen that el Aey = 0. Thus, we have
el (Tp +vA)e, < e (T +vA)ey,
that is in contradiction with e, € argmax, = u’ (I'z +vA)u. O
In the following, let Ap g := Sp — Sp for all B, B’ € P,,.
Lemma 22. For all B € P,, we have

1 1

[ —lg, < ————||A o I11.2
Moreover, for all B < B*, we have
[ lg.. > L L |A IE (I11.3)
R 2Amax(SB+) P BrBlE '

Proof. First, we prove Equation (II1.2). Doing the Taylor expansion of

t — logodet (Spnp+ + tAp prp~)
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and using the integral form of the remainder (as Equation (9) of [RBLZ08] or in
[LF09]), we have

b (lSBﬂB* - lSB)
= log(|Spns+|) — log(|SE|)

1
= —Tr(Spnp-Ap.pnp:) + vec(Ap prp-)" / (Spnp+ + vAp prp:)
0

®(SBQB* —+ UAB,BHB*>_1(1 - U)dU V6C<AB’BQB*)7

where ® is the Kronecker product. The trace is equal to zero. Now,

p (ZSBHB* —lsz) < 1/2 01232(1 )\Iznax[(SBmB* + 'UAB,BQB*)il]” VeC(AB,BﬂB*)H2

vec(Ap pnp) 2

= 1/2 Jax M (SBrp + VAR Brp+)

1
= A . 9
2 min, (Amin(Spnp* + VAB pnp+))? | vec(Ap, Bnp+)
1
S w o AL

2)\min(SB

1
2 || vec(Ap BnB+) 2

D —
T 2in(S

using Lemma 21 for the two last steps.
Now, we prove Equation (III.3) similarly. We have, using Lemma 21,

)

1
p(lsB — lSB*> = —TI'(SBAB*’B) +VeC(AB*7B)T[/ (SB +UAB*,B)71
0

®(SB + UAB*’B)_I(]_ — U)dU VeC(AB*’B)

min

Z 1/20121121)\2 [(SB+UAB*,B)il]HVGC(AB*’B)||2

. . —2 2
= 1/2021”121)\ (Sp + vApg- )| vec(Ap~ )|

max

1
2max, (Amax(SB + vAp+ p))? Ivec(Ap- 5l
1
= —QHVGC(AB*B)HQ

2)\max(SB)

2 | vee(Ap-,B)

- 2
2)\maX(S H .
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Lemma 23.

P (max (BN B*) —

BZB*

Proof. Using Lemma 22, we have

®(B) > o) — 0.

P (jg%aB)i ®(BNB*) — ®(B) > o)

< P (g%aB}i |:ZSBmB* - lSB -

< P ! |A

> E%agi 2>\min(5)2 B,BNB*
<

P (Amm(s> < %Amf(l - ﬂ)Q)

+P (max
B« B*

For the second term, we have

=

inf

2_
F

1
(=g Vot~

We show that the two terms go to 0.

)2 |Ap, BB

—(pen(B) ~ pen(B 1" B*))} > 0)

L ten() ~ pen(m )| > 0)

;5 (pen(B) — pen(B N B*))} > 0) .

The first term goes to 0 with Lemma 20.

2
F

- X enm) — penm )] 2 0)

1
2
Sw‘m} 20

1 1
< P|(d(i,5) ¢ B 2 _ >0
2 1
< P[(3(:7) ¢ B* —A.Q.——>0
2 1
< max P(—— 52— — >0
= ¥ (i) ¢ B ((1_\/§)4)‘12nf Yoomt T )
2 1
< p* max P Lﬁr\iﬂ > —
(i.j)¢B* (1 - \/_)2)\inf nd/2
2
< max P \/g) VI N\ n' T2
(4,)¢B* \/§
< 2 exp (~Cugn %) —>0.

using Bernstein’s inequality, where Z
cludes the proof.

is defined in Equation (III.1). That con-
[
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Lemma 24.
P (max o(B*) —®(B) > 0) — 0.
B<B*

Proof. Using Lemma 22, we have

P (giaB% ®(B*) — ®(B) > o)

< P (Bxgl* {sz g — ]% (pen(B*) — pen(B))} < o)
< # (guin [ 551l — 5 en(B) —pen()] <0)
< P (Amaxwg) (! ﬂ )
& (. [mrmm sl = s (en(5") — pen )| <0).

The first term goes to 0 with Lemma 20. The second term is

I 1
P| 3B < B* § ?.—n—5]<0
’ 4 2 w —

IN

[ 1
P(3B<B", > —sij—n—é]<0

(i,j)eB=\p -~ inf

!
< P(3kel:KL0CBGCBL Y | g,_n_a]go
i€B1, jJEB;\B1 - inf
< p2™ max P Z 1 s =0t <0
a ke[1:K], ' ' A2 <
0¢B1& B}, i€B1, jEB;\B1
< p2™ max P Z 1 52 _n9l <o
- ke[1:K], ' . 22 7 =
0CB1¢B;; i€B1, jEB}\B1 1

Now, forall k € [1; K] and for all 0 & By & By, let (i*, j*) € arg MaX;ep, jep:\B, |0
(with an implicit dependence on k and Bj). Remark that

1 1
2 0**>mn — Z (2>\2 J?j—n_‘s) > 0.

inf i€B1, jEB}\B1 inf
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Thus,

1
P|3B<B, Y. [—s?.—n—5]§0

2 2,7
(ij)eB\B -~ inf

m 1 ~2 2, -0
2 g ¥ (ot <)

00 B1C B inf
= p2™ kg[lﬁ%] ]P’<|/a\i*j* < \/§Ainfmn75/2>

0CB1&B;,

IN

IN

p2m max P <|5i*j* — Ojxjx
ke[l:K],
0CB1&CB;

> o

- \/§>\infmn75/2>

>n [!Ui*j*

- \/§Ainfmn*5/2}
ke[l:K],

= p2™ max ]P’(
0931932

n—1
Z®),
2 2

n—1

Sz,

k=1

= p2"P

>n min [|ai*j* —\/§Ainfmn’5/z}
ke(l:K],

0&B1GB}

1/4

Now, by Condition 4, we know that min yep.x, |0+
0 B1GB;

> an~ /% so, for n large

enough,

min [|ai*j* — \/ﬁ)qnfmn_d/ﬂ > Oinf(n_1/4 — n_6/2) > Cinf(é)n_1/4.

ke[l:K],
0CB1GB;

Thus, by Bernstein’s inequality, for n large enough,
P|dB < B* E [;s?—n_‘S <0
) _ 232 i =

< p2™tlexp (—Cinf<5>n1/2) — 0.

Now, we can prove Proposition 20.

Proof. We have

P (max ®(B*) — ®(B) > 0) < P (max ®(B*) — ®(B) > o)

B#B* - B<B*
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4P (max ®(B*) — &(B) > o)

B>B*
+P ( max ¢(B*) —P(B) > O) .
BZB*, B¥B*

The two first terms go to 0 tanks to Lemmas 23 and 24. For the last term, we
have

P < max  ®(B*) — &(B) > 0)
B¥B*, B¥B*

= P ( max  ®(B*) — ®(BN B*) + ®(BNB*) — ®(B) > 0)
B«B*, BfB*

< P < max ®(B*)—-d(BNB*)>0
B%B*, B¥B*
+P ( max $(BNB*)—d(B) > O)
B%B*, BB
<

P (max ®(B*) — ®(B') > 0)

B’'<B*

£B*

+P <g1ax ®(BN B*) — ®(B) > o) .

These two last terms go to 0 thanks to Lemmas 23 and 24.

O
Proofs of Proposition 21
In this proof, we assume that Conditions 1 to 3 hold.
Lemma 25. For all B € P,, we have
L5 — 155 < s | Ay s [ (TT1.4)
22 min(S) p
Moreover, for all B < B(as), we have
I~ niap > 35—5—— -1 Dptan sl (I1L5)
max (SB(az)) P
Proof. Same proof as Lemma 22 replacing B* by B(as). O

Lemma 26. If ay > §/2, then,

P (3213%2) ®(BN B(as)) — ®(B) > 0) —0.
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Proof. Following the proof of Lemma 23 (and using Lemma 25), it is enough to
prove that the following term goes to 0:

P ( {mmg st = = (pen() — pen(B 1 Blas))| 2 0)

1 o }
= max S — >0
(BgB (a2) EB\B(QQ) { 1=y, ¥ nd
1 1
3( B( — % - — >0
( 9B e )

~ 1
E' ¢B(O{2, )4)\2 22] EZO)

inf

IN
|

IN
)

2 1
< max [P Az2 pov I 0)
- z])¢B az) ( \/y)4A12nf ’ n’

V2 !
= z]?é%xaz g ( 1— 2/\1nf |0ij| - no/?

R 1 V2

- g > e
- z]?é%xaz ( 2/\111 |O-Zj UZJ’ - n6/2 (1 - \/g)ZAinfn )

S 2p eXp mfn
using again Bernstein’s inequality. That concludes the proof. O]

Lemma 27. If a; < §/2, then,

P < max ®(B(ay)) — ®(B) > o) — 0.

B<B(a1)

Proof. Following the proof of Lemma 24, it suffices to prove that

n—1
o |37 2% in [|oieje| = V22| | —0,
p Z 7] - k,e[fl}%&l)}’ \/_ fmn

k=1 0CB1G By ()

Now, by definition of B(c), we know that min rep:x (),
0% B1G B (1)

~1 g0, for n

large enough,

= V2\mn 2| > Cing(n™ — n_‘w) > Cin(aq,0)n ™%

min [
ke[l:K(a1)],
P& B1G By (a1)
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Thus, by Bernstein’s inequality, for n large enough,

1 ) s
P | 3B < B(ay), Z {Wsm -n <0
(i,j)€B(a1)\B inf

< p2™ 1 exp (—Cint(ar, 0)n' ") — 0.

We can now prove Proposition 21.

Proof. We have
P ({Ble1) # B < Blaw)})
<

=P ( min d(B) min <I>(B)>
B<B(a1) or BLB(a2) B¢ B(a1) and B<B(a2)

P( min ®(B) < min (a2)<I>(B))

B<B(ai) " B#B(a1) and B<B

IN

asz) s.t. BNB(a2)¢B(a1) " B#B(a1) and B<B

+P ( min ®(B) < min @(B))
BZB( (a2)

( min d(B) < min <I>(B)> :
BZLB(a2) s.t. BNB(a2)<B(a1) B« B(a1) and B<B(ag)

First,

IP’( min ®(B) < min (QQ)CD(B))
< P ( min ®(B) — ®(B(ay)) < O) — 0,
from Lemma 27. Secondly,

P ( min d(B) < min @(B))
BZB(a2) s.t. BNB(a2)£B(a1) B#£B(a1) and B<B(a2)

< ®(B) — (BN B(aw)) < o) — 0,

min
(BﬁB(az) s.t. BNB(a2)Z£B(a1)

from Lemma 26. Finally,

P ( min ®(B) < min (IJ(B))
BZB(az)

s.t. BNB(a2)<B(a1) " B¢B(a1) and B<B(az2)
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< min ¥(5) < o(Bla)
BﬁB(ag) s.t. BﬂB(a2)<B(O¢1)
< ]P’( min ®(B) — ®(B N Blag))
BZB(az2) s.t. BNB(a2)<B(a1)
+®(B N B(ag)) — P(B(ay) < 0)
< P < min ®(B) — ®(BN Blay)) < O)
B«LB(az2) s.t. BNB(a2)<B(a1)
P ( min ®(B N B(az)) — P(B(ay) < O)
BZB(az2) s.t. BNB(a2)<B(a1)
< P min ®(B)—-®(BNBlag)) <0
< (,min o(5)-o(50 Ba) <0)
P in ®(B)—®(B <0
+7 (min @(B) - #(B(e) <0)
— 0,
from Lemmas 26 and 27. O

Proofs of Propositions 22, 23 and 24

Proof. In the three cases, the computation of B requires carrying out the BFS
algorithm for By and the computation of a determinant for ¥(B,). Recall that if
G = (V, E) is a graph (where V is the set of vertices and E the set of edges), the
complexity of the BFS algorithm is O(|V| + | E|). Recall that, if M is a squared
matrix of size p, the complexity of det(M) is O(p?®) using the LU decomposition.
Now, we compute the complexity of the three estimators Eé? B 4 and Es.

e For all A € Ag, the complexity of By is O(p*), and the cardinal of Ag is
O(p?). Thus, the complexity of the computation of {By | A € Az} is O(p?).

Now, for all A € Ag, the complexity of W(B,) is O(p®) and the cardinal of
{Bx| A€ Az} is O(p) (because the function A — By decreases). Thus, the
complexity of the evaluations {¥(B), B € {B\ | A € Az}} is O(p?)

So the complexity of Bg is O(p*).

e For the threshold n='/3, the complexity of B, 15 is O(p?).

So the complexity of By is O(p?).
e One can divide the computation of ES into two steps.
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For the first step, as we do not know the value of s, we have to compute
By, from [ = p to | = s — 1, verifying each time if the maximal size of group
is smaller than m or not. First, for each value of [ from p decreasing to s,
the complexity of the BFS algorithm to By, is O(p x m?) = O(p), thus,
the complexity of all these partitions is O(p?). Then, for [ = s — 1, the
complexity of Bys_1), is O(p?). So, the complexity of this first step is O(p?).

In the second step, we have to evaluate W(B),) for all [ € [s : p|. The
complexity of each evaluation is O(pm3) = O(p), and the the number of
evaluations is O(p). Thus, the complexity of this second step is O(p?).

]

Proof of Proposition 25

To prove the convergence of B in the three cases, we need the three following
Lemmas.

Lemma 28. For all sequence (\,), such that for all n, \, € [n='/3 an~'/4/
3sup(1 + /¥)?] (we assume that n is large enough and that subset is not empty),
we have

P(By = B*) —> 1.

Proof. Step 1: By < B* with probability which goes to 1.

IN

IN

IN

<

P (B £ BY)
P(3(,5) ¢ B", ICyl 2 1)

At (1 — /7)? 1— /5)?

)\in 11— 2 = 1-— 2
p® max P (‘az‘j| = )‘M) +P ()\min(z) < )\infﬂ)

(4,4)¢B* 2
Ainr(1 = /7)?
2 max IP’(EZ-- >0 VI 73 401
? max P (1] > 220 )
2p° exp (_Cinfn1/3) +o(1) — 0,

using Lemma 20 and Bernstein’s inequality.
Step 2: By > B* with probability which goes to 1.

Forall k € [1: K], and all ) & By & Bj, let By := B; \ By and (i*,j*) =

arg max
Condition 4, we have |g;+;«| > an

€B,xB, |0ij|, where the dependency on k and B is implicit. Thanks to
~1/4

i,5)
. Then, using Lemma 20,

P (B, # B")
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:P(akeu;m,a@g&ng, max \@j\<A)

(i,j)EBl X B2

IN

P (ak €[1:K],30C B G B, max [5] <2 (1 + \/5)2)

(i,j)€B1 X Ba

+P (Ji < p, Gii > 2haup(1 + 7))

IN

2
P (Hk €[l:K],30¢ B, & B}, |5i-j+] < gan_1/4)

P (M) = 20p(1+v/5)?)

IN

1
> ganw‘) +o(1)

1
<P (El(i,j) € [1:p)? |5 — oy > gan1/4) +o(1)

IN

(4.4)
< 2p*exp (—C’infnl/Q) +o(1) — 0,

N 1
p* maxP <|0z'j — oy > gan_1/4) +o(1)

by Bernstein’s inequality. O

Lemma 29. Let ¢ > 0. Let A := {ag, ai,..., ay} such that ag =0, ap =1, 0 <
ay1 —ap < c/y/p for alll € [0: L —1]. Then,

IP’(B* e {BA, Aeil}) 1

Proof. Thanks to Lemma 28, it suffices to show that, for n large enough, there
exists [ € [0 : L] such that ¢; € [n™/3,an™"*/3\sp(1 + /7)?]. By contradiction,

let us assume that there does not exist such I. Let j € [0 : L] such that a; < n~/3
and a;,1 > an~4/3)\,,,. Thus, we have
an—1/4 )
— /3
aj41 —aj) > —n
\/]_9( j+1 ]) p (3/\5up(1 + \/g)2 )
Z Oinfn1/4 — +OO7

which is in contradiction with the definition of A.

O

Lemma 30. We have,
P(B* € {By, A€ A}) — 1.
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Proof. Let P,(m) be the set of the partitions of [1 : p| such that all their elements
have cardinal smaller than m. By assumption (Condition 3), B* € P,(m). Let
G :={l/p| 1 €[0,p]}. Thus G verifies the assumption of A in Lemma 29, so

P(B* € {Bx, A€ G}) — 1.

Thus
P(B* € {Bx, A€ G}NP,(m)) — 1.

To conclude, it suffices to prove that {By, A € Gs} NPy(m) = {By, A € As}.

We have immediately {By, A € As} C {B\, A € G}NP,(m). We have to prove
the other inclusion. Assume that B € {B), A € G} NP,(m). We know that there
exists A = [/p € G such that B = By. As By, € Pp(m), we know by definition of
s that [ > s and thus A € A. O]

Now, we prove Proposition 25.

Proof. e Using Lemma 28, Proposition 20, and the fact that {B) | A € Az} =
{By| A€ [0,1[}, we have P (Ea - B*) 1

e Using Lemma 28 and Proposition 20, we have [P (E,\ = B*) — 1.

e Using Lemma 30 and Proposition 20, we have P (ES = B*) — 1.

Proof of Proposition 26

Proof. We follow the proof of Lemma 28.
Step 1: B,,-s/2 < B(ag) with probability which goes to 1.

P (B,-s2 £ B(a))
= <3ZJ ¢ B(a )\@j\Zn“W)

Aint(1 — /7)? 1 — /)
P(Hw ¢ Blas). foul 2 w2 4 (30 < a0 )

IN

)\m 1— a 1- 2
S max P (|O'ZJ’ > n75/2 f< \/gj) ) + P <)\m1n(2) < )\lnf( \/y) >
(l J)¢B(az) 2 2
Aing(1 —
< max P (|Ef\” oij| > n —s/2 Ninf (L — /Y)" f( )
(4.7)¢B(a2)
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< 2p*exp (—C’inf(é, (1/2)711_6) +o(1) — 0,
using Lemma 20 and Bernstein’s inequality.

Step 2: B,,-s2 > B(ay) with probability which goes to 1.

For all k € [1 : K(aq)], and all ) & By & By(ay), let By := Bg(aq) \ By and
(¢%,j%) := argmax; jep, x5, |0i;|, Where the dependency on k and B is implicit.
Then, using Lemma 20,

P(B,,-s2 2 B(a))
= P <E|k' € [1 . K(al)], 3 (Z) g Bl g Bk(Oél), max |6'1J| < na1>

(i,j)EBl X Ba

< P(3ke[l:K(w), 30 C Bi & Bilan), |G+ < 2Aqup(1 4+ /y)*n ™)
+P (3i < p, G4 = 2Aup(1 + 1))
< P(3ke[l:K(a)], 30% By & Br(an), [0 < 2Aup(1+ 1/7)*n ")
P (Anax(E) = 20 (1 + v5)?)
< P(3ke(l:K], 3DG Bi & By, G — 0imje| > 17" — 20 (1 + /7)*n %) + 0(1)
< P(3(i.5) € [L:p)?, 33 — ou] > 07 = 200 (1 + v/9)*n™"/%) +0(1)
< P (5 — oyl > 17 — a1+ Vi) + o(1)
< 2p*exp (—Cinf<5, al)nk%‘l) +o(1) — 0,

by Bernstein’s inequality.

Proof of Proposition 27

Proof. First, we prove the results for 5 p~. We have, using again the notation
M ~ N(0,%),

n -~
E( -2 — 2| < nm? max E[(G;; —0;;)?
(pH B HF) - (i,5)eB* [< J J)]
2 ~
= nm” max Var (o;;
5. Vor (o)

< Var (M; M;
- n—1 (ig)eB- ar ( 5)
< 2m? max (aiiajj + 202-2]-)

(i,j)eB*
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< 6m2A2 .
By Markov’s inequality, that proves
1 ~
Z;HEB* — 2[F = 0p(1/n).
Now, we want to prove that
IS 2
]—)IIEB* — X[ # 0p(1/n).

First, we have

E (EHE\JB - ZH%) > nmin E [(8“- — O-ii)Q}
p

i€[1:p]

n min Var (o)
1€[1:p]

n Var(Mfi)

v

n—1

v

min 202
1€[1:p]

2)\2

inf"

v

Now, the variance is

K
Var (5‘123* — EHZF) = ZVar (5“232 - ZB;;HZF) < pkgﬁﬁ] Var (5“23; ~Yp
k=1 :

Now,

1 ~
Var (EHZBZ — EBI:

1 ~
%) = E\/ar Z (Oij — O'Z‘j)2

i,jeB;:

Remark that if Ay,..., A; are random variables, we have

Var <ZAZ> = Zcov(Ai,Aj)

< Z v/ Var(A;)/Var(4;)

)
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d
< d)_ Var(4).
=1

Thus

1, = 2 m4 -~ 2
Var _HZBZ — EBI: F S — max Var ((Uij — Uij) ) .
p

p? ijEB;
Let i, j € Bj for some k. We want to upper-bound Var ((o;; — 04;)?). Let us define
ay = XZ.(k)X](k) — 0;;. We know that

2
N 1 & 1 & 1
(@ — Uz‘j)Q = (E Zak) =z ap + ) Z R .
k=1

k=1 £k

So, using the independence of aq, ..., a,, we obtain

1 n n

~ 1
Var ((aij — o‘ij)2) = I Z cov (ail,aiz) + QE E cov (ail,akzaké)
k1,ka=1 k1 ,ka,kh=1,
Ko7k}

1 n
+ﬁ E cov (aklaka,ak{zaké)

AT
kik), katky

1 9 9 n—1 9
= ECOV (al, al) + 4TCOV (al, alag)
n J—
+2 = cov (ayaz, ajas) ,
where we observed that cov(ajag,ay,az) = 0. Now, by Isserlis” theorem and

using the fact that oy; is upper-bounded by g, we have cov (a?,a?) < Cqyp,
cov (a?, aras) < Cyyp and cov (ajaz, ajas) < Cyyp (and these bounds do not depend
on k,i,7). So

Var (31-2]-) < C;;p.
Thus,
Var <%H§B,’; — 2 %) < ;S;‘;,
and
Var GJHEB* - zn%) < gsn“g.
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Thus, by Chebyshev’s inequality

1 ~ A2
Pl =I5 *_22 inf
(51 - =i < 22t

< P(‘lui 5|2 E[IHE zu?] >A12nf)
>~ D B F D B F n
Var (%HEB* - E||%> n?
< N
inf
< %—m.
p

So, we proved that _[[Xp- — X% is not an o,(1/n).

Now, we show that the same results hold for Sg« proving that %HSB* — %% -
L|Sp. — B3 = 0,(1/n). We have

1 1 .~
Z_?HSB* - 2% - Z_9HEB* - 2%

1 1 2n —1
= — Z 2O'Z‘j/0'\ij— — /0_\22]77/—
p n

2
(3,5)eB*
< @ max (20,04 Eﬁz»
= n GpeBr| 7Y n Y
< m’ max (2[6y|[03; — 0y5| + [07;]/n)
~ n (ij)eB R w '

Yet, by Bernstein’s inequality,

o] = Op(1),

max
(i,j)eB*

nax, 045 — 01| = 0p(1),

and

~2
ma “ = (0,(1).
(ep Y (1)

That proves
1 s 1.a 9
I—)IISB* —XfF - Z;IIEB* — X7 = op(1/n).

Now, on the one hand, we have

1
];HSB* — X[ = Op(1/n),
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and by Proposition 25,
1
]—9H5§ — X% = 0p(1/n).

On the other hand,
1
];\ISB* — Z|[F # 0p(1/n).

O
Proof of Proposition 28
Proof. Tt suffices to prove that
A2 n
b < B (L1551 < Cu (111.6)
First,
n
E(=|S-2|? < n max E/[(s;; — ;)
(GIs-51) < n mac Bl - o))
o,
= n max Var(s;)+ —2
(1,4)€[l:p]? n
—1 O'ZZA
-z max _ Var (M;M;) + —2
n o (i,5)el:p)? n
o2
< max <0'ii0-jj+0'i2j+i>
(i.5)€[1:p)? n
2
< 3N
Secondly,
n
E(—=|S—-X|? > n min E[(s;; — 0;;)>
(ZIs-51) = n min By o))
> n min Var(s;;
Z T Ve (su)
n—1 ) 9
= min (00 + 05
n (i,j)eu:p]?( i+ )
1
> 5)\12nf
O

Proof of Proposition 29

176



APPENDIX III. PROOFS OF CHAPTER 5

Proof. We follow the proof of Proposition 27. Let 6 €]1/2,1[,e > 0, and oy := §/

2 —¢e/4.
We have
0—
max B <” [ z||§>
B(a1)<B<B* p
s_e K
_ C_g)2 2
ST 5l DR ICRPE N o
= z]EB 1,]€Bk,
h: (i,j)€B
< ndtm? ( max E(O‘U O-ij)2) +  max max ij)
(i) EB* Blon)<B<B* (i,j)e B*\B
1
< n’Fm? (O (—) —I—n_Qo‘l) — 0.
n
Thus,
5, - B
max  — — =0
B(a1)<B<B* P B L n‘5 €
and thus

1
e — =
I L )
<

We conclude using Proposition 26 and using that B(as)

Proof of Proposition 30

Proof. The eigenvalues of X are lower-bounded by ¢ and upper-bounded by mL,
so ¥ verifies Condition 2. Condition 3 is verified by construction. It remains to
prove the slightly modified Condition 4 given in Proposition 30. Let a > 0.

P (3B < B*, [|£5 — Zlmax < an” /%)

= P(Elk:, max |0ij|<an_1/4>

1,JEBY, i#]

< pP max UZ)U <an '),
=P (i,je[lzlo},i;ﬁg 21 |

using an union bound and the fact that all the blocks have a size larger that 10.
Then, by independence of (Zz 1 2I<: 1U2(Q> , we have

I 5
P (3B < B*, |25 — Zllmax < an~ /1) < pP <| S ulud) < an_1/4>

=1

177



APPENDIX III. PROOFS OF CHAPTER 5

Let U; = (U-(l))lgL € RE for i = 1,2. Then, U; and U, are independent and

)

uniformly distributed on [—1, 1]¥. Thus

L
P (| Y uuy| < n/> = E[P (|01, Us)] < an™ /1| U,)]

=1

Let uy € [—1,1]%\ {0}. The set {u; € [—1,1]%] |(u1, ug)| < an~'/4} is a subset of
{3 mies] —an 4 ug|| < @1 < anVjuy|l, |an| < VL V1Y where e; = up/|ug|
and (ey, ..., er,) is an orthonormal basis of R. The Lebesgue measure of this subset
is (2v/L)*'2an~"*|luy||. Furthermore, (conditionally to U, = uy) the probability
density function of U; on this set is either 0 or 277, So, for all uy € [—1, 1]\ {0},

P (U1, Uz)| < an™ /4| Us = up) < (2VL)*12an 4 ||uy 27" < VI  an VA,

Thus

L
I—
P (! E Ul(l)UQ(l)| < an1/4> <VL fan A,
=1

Then
P (3B < B*, |25 — Zllmax < an~4) < p(vVI"an 1Y — 0.

Hence, it remains to prove that the conclusion of Proposition 20 holds. That
will imply the same for Propositions 25 and 27. Let a > 0 and FE := {I' €
SIH(R,B*)| VB < B*, ||£5 — Ellmax = an™'/*}, where the generation of B* is
defined in Proposition 30. We have

P (Bt #B') < P(S¢E)+P(Bu#B|T€E)

< o(1)+/EIP’(§m7éB*|E=F) Py ().

Yet, for all X € £, P <§tot # B*| ¥ = F) — 0 thanks to Proposition 20 (even in

Condition 4 is not verified, the proof is still valid since the covariance matrix is in
E). We conclude by dominated convergence theorem. O

Notation for the proofs of Section B.3

For all 4,7 € [1: pl, let e; € RP be such that all coefficients are zero except the
i-th one which is equal to 1, and let e;; € M,(R) be such that all coefficients are
zero except the (7, j)-th one which is equal to 1. Let 7;; be the (4, j)-th coefficient
of ¥~!. Finally, as we use matrices M of size p? x p?, and vectors v of size p?, we
define v;; := v(j_1)p4i and Mij 1 = MG_1)pti,(1—1)p+k-
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Proof of Proposition 31
We see that, for all B € P, g, = log(|Sg|)/p + =1 converges almost surely
to log(|Xg])/p + 1. The following Lemma gives a central limit theorem for this
convergence.

Lemma 31. For all B € P,, we have
V(log S| —log[Bs]) = N(0,2Tx(S5'S85'S)/p),  (IIL7)
with 2 Tr(Y5'SX5'8) /p < 2p. In particular

V(log|S| —log ) = N(0,2).

Proof. Let Z®) = MW M®T  where M®*) = (Mi(k))igp € RP. We know that
E(Z) = > and COV(ZZ"J'7 ZkJ) = E(XZXJX]CXZ) — 040kl = 0450kl + Oik0ji + Oil0jk —
0ij0kl = 004 + 040k. Let T' € ./\/1102@27 be such that Fij,kl = 004 + 0405, =
cov(Z; j, Zy,;). Using the central limit Theorem,

Vn—1 (Vec(ig) — Vec(EB))) N N(0,Tp),

n—-+00

and by Slutsky Lemma,

Vi (vec(Sg) — vee(Sg)) —= N(0,Tp), (111.8)

n——+0o

where (I'g)iju = Liju if (4,5) € B and (k,1) € B and (I'p);j 1 = 0 otherwise.

Let us apply the Delta-method to (II1.8) with the function logo det o mat,
where mat = R” — M, (R) is the inverse function of vec. If we write L the
Jacobian matrix of log o det o mat, we have:

Vn(log|Ss| — log |S5]) nﬁm N(0, L(vee(Sp)TsL(vec(Ep)T).

Let us compute the linear map L(vec(Xg)) : R” — R, that we identify with its
matrix. Let us recall that, for the dot product (A, B) := Tr(A” B), the gradient
of logodet on Ais A~!. Thus, if v € RPQ, we have

L(vec(Xp))(v) = D(logodet)(mat(vec(Xp)) o Dmat(vec(Xg))(v)
= (V(logodet)(Xp), D mat(vec(X))(v)),
= <21§17 Z)
= Tr(X3' mat(v))

= vec(X5H) .
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So L(vec(Xp)) = vec(X5h)7, then
Vn(log|Sp| —log|Zp]) —> N (0, vee(35") T vee(E31)).
Now,
vec(X 5" ) T vec(X5h)
= Y (Zp)i) (oaoj + 0uoi) (Sh)i,

igkl
= Y Ep)ijoacu(Se) + > (Sp)i)oacik(Ss)r
1,9,k 1,5,k
= 2Tr(35'E85'Y)
_ 2Tr[<2 iyn 1)( iy )]
2

< 2Tr (2 5 )
= 2Tr(25'Y)?
= 2p%

S1 1
Indeed, as A := ¥52¥¥ 5% is symmetric positive definite, we have Tr(AA) <
Tr(A)2. O

Lemma 32. For allT" € S;*(R) and for all B € P, such that I" # I'p, we have
det(I'g) > det(T").

Proof. First, let us prove it for |B| = K = 2. We have B = {I, J}.
det(F) = det(F[,[) det(FJJ — FJ7[FZ}FI,J).

Now, det(I's) = det(I';;)det(I'; ;). Thus, it suffices to show that det(I'; ;) >
det(FJJ — FJ’IFZ}FI’J)' We then write Al = FJJ — FJJFZ}FI’J which is Sym-
metric positive definite (Schur’s complement), and As =T, IFZ}I’ 1,7 which is also
symmetric positive definite. Then, we have

det(A; + Ay) = det(Ay) det(I, + A, AQA )>det(A1),

because det (I, + A;%AQA;%) =TI, 1+ qbi(Al_EAgAl_%)).

Now, we prove the lemma for any value of |[B| = K. Let I' € Sy (R) and
B € P, such that I' # I'p. Let BY := {{J]_, B;,U;,,, Bi} forall j € [1: K —1].
We now define (I'V);c(; k) with the recurrence relation I'j11) = T gzj) and with
' =T, we then have I'y = I'. Thus

det(I's) = det(TH)) > det(TE-V) > .. > det(TW) = det(I).
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Furthermore, as I' # I'g, there exists j such that Fg2j> £ T, Thus, at least one
of the previous inequality is strict, and so det(I'g) > det(I"). O

Using Lemmas 31 and 32, we can prove Proposition 31.

Proof. Tt suffices to show that, for all B # B*,

P(Etot - B) — 0

n—-+o00

We split the proof into two steps: for B ? B* and for B > B*.

Step 1: B 2 B*.
Let h := min{log(|Xg|) —log(|X|)| B # B*} = min{log(|Xp|)—log(|X|), B < B*},
since X = Xpgnp+. Thanks to Lemma 32, we know that A > 0.

Let B 72 B*. Using the convergence in probability of /s, , we know that P(ls, <
log |[Xp|/p+1—h/3) e 0 and P(lg,. > log|X|/p+1+h/3) — 0.

n—-+o0o

Now, we know that for n > (3p/h)'/?, the term of penalisation satisfies x pen(B*) <
h/3. Thus,
P(Btot - B) — 0

n—-+oo
Step 2: B > B*.
Let B > B*. We know that

Vn (¥(B) — ¥(B"))
= Vn(ls, + rpen(B) — ls,. — kpen(B"))
= \/ﬁli(pen(B) - pen(B*)) + \/H(ZSB - ZEB) - \/H(ZSB* - lEB*)’

since Xp = X« for B > B*. Let a, be equal to /nk(pen(B) — pen(B*)) (which
converges to +00), b, to be equal to /n(ls, — Is,) (which converges to a zero
mean normal distribution) and ¢, to be equal to v/n(ls,. —Is,.) (which converges
to a zero mean normal distribution). We have

B [V (0(B) — W(B")) > 0

P(b, — ¢, < —ay)
P(b, < —a,/2 or ¢, > a,/2)
P(b, < —a,/2) +P(c, > a,/2) — 0.

n—-+00

IA A

Thus, P(By: = B) — 0. O

n——+oo

Proof of Proposition 32

181



APPENDIX III. PROOFS OF CHAPTER 5

Proof. We follow the notation of [SN98].

An othonormal basis of S,(R) is {\/ii(eij +ej)| i < j} U {ey| i < p} with
the following total order on {(i,7) € [1 : p|?| i < j}: we write (4,7) < (¢,7') if
j<jorifj=jandi <. Wedefine U € My ,41)/2(R) as the matrix which
columns are the vectorizations of the components of this basis of vec(S,(R)). Thus
Uijkt = 5L jy=e) + Liajy=), for all k < L and Ugjpr = Lii jy=(ep) -

Thus, U(UTJU)7*UT is the Cramér-Rao bound, where J is the standard Fisher
information matrix in the model {N(p, X), ¥ € M,(R)}. As the sample is i.i.d,
it suffices to prove if with n = 1. In the rest of the proof, we compute the Cramér-
Rao bound, and we show that this bound is equal to E ((S — £)(S — £)7). We
split the proof into several Lemmas.

Lemma 33. Recall that ' = (735)ij<p- Let A = (Apnmnt )m<nm<n’ € Mppr1)2(R)
defined by

%(IYmm”Ynn’ + ’Ymn”}/nm’) me <nandm <n

%Wmm”}/nn’ if either m =mn orm/ =n’

;) =

Amn,m’n

L ifm=mnandm' =n’,
Then, A=UTJU.

Proof. Deriving twice the log-likelihood with respect to o;; and oy (for ¢,7,k,1 €
[1:p]) and taking the expectation, we get

1
Jijw = ETr (E_leie;frE_lekelT)

1

= E’Ylﬁjk-

Thus, for all m < n, m’ <n’, we have

P
(UTTU) it = Z Usjmndij it Uktmne

,,k,[=1
p

1 1
= ﬁ(l(m)#m,n) + ]1<i,j>:<n,m)>=7z’j,kz%(ﬂw,l):(m',n') + Lk py=(n,m))
ik, l=1

(Jmn,m’n’ + Jmn,n’m’ + Jnm,m’n’ + Jnm,n’m’)

— DN =

- 5 (’Ymm”)/nn/ + /Ymn”ynm’)'

Now, if m’ < n/, we have

p
UTTU ) it = Z UijmmJij it Ukt mn?

i7j7kvl:1
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P
1
= Z i y=(mym) it —7= (L ey =(m ) + L y=(tsm))

1
= Jmm m'n T Jmm n'm’
\/5( , )

1
E Ymm! Ymn! -

If m < n, we have

p
T E
(U JU)mn,m’m/ = Uij,anij,klUkl,m’m’
j,k,l=1

%,J

Finally,

p
T
(U JU)mm,m’m’ - E Uij,mmJij,klUkl,m’m’
Z‘?j7k7l:1
p
= > Tag=tmm gL )=o)

1,7,k,l=1
Jmm,m’m’
1 2

2 ’ymm’ :

Lemma 34. Let B = (B mn')m<nm<n’ € Mpp+1)/2(R) defined by

2(Omm/ Onnt + Ot O ) if m < mand m' < n/
Bonanin' = & 2V 20yt O if eitherm =mn orm’ =n’

202, ifm=nandm' =n,
then, B = A~'. Moreover (UBU?");;1js = 0ip0ojy + 030 for alli,j,i', 5 € [1: p|.

183



APPENDIX III. PROOFS OF CHAPTER 5

Proof. We compute the product A B. First of all, let m < n and m’ < n’. We
have

(A B)mnmm = ZAmn,ijBij,m’n’

(5]
- E Amn,ijBij,m’n’+§ Amn,ijBij,m’n’
1<J =
E (YmiYng + Y Yni) (Tims Tjns + Oins O )
1<j
+2 E TYmiVnjOim!/ O jn/
=7
= Il + IQJ
with
I = E YmiVnjTim/ O jn/ + E Ymj YniTin! O jm/ + E YmiVYnj Tim! O jn/
1<j i<j =]
and

I, = E Ymj VniTim’ O jn! + E YmiVnjOin' O jm! + g Ymj VniTim! O jn -

1<j 1<j 1=j

We then have

-[1 = E TYmiVnjOim! O jn/ + § TYmiVnjOjn! Tim/ + E YimVinOim! O jn/

1<j j<i i=j
= E TYmiVnjOim!/ O jn/
2
= E TYmiOim/ E TnjOjn!
( J

=1 (m,n)=(m',n')-

Similarly,

I, = g ij%z‘Uz‘m/an'—i‘E ijWm‘an/Uim'—i‘E Ymj YniTim! O jn

1<j j<i i=j

- E Ymj VniOim! O jn’!

)]

Y o Y
i J

= ]l(n,m):(m’,n’)
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= 0.
Now, if m' <n/

(A B)mm,m/n’ = Z Amm,ijBij,m’n/

(]

- E Amm,ijBij,m’n’+ E Amm,ijBij,m’n’

1<j 1=j

- ﬂZsz’Ymg <O-im’0-jn’ + Uin’ajm’)

1<j

-+ \/5 Z /szer] Oim! an’
i=j
= \/5 Z YmiYmjOim’ O jn’
i3
= \/5 Z VYmiTim/ Z YmjO jn’
i J

- \/51 (m,m)=(m’,n’)
= 0.

If m < n, then

(A B>mn,m’m’ = Z Amn,ijBij,m’m’

(]

= E Amn,ijBij,m’m’+§ Amn,ijBij,m’m’

1<j =7

i<j

+\/§ Z YmiVnjTim! O jm/
i=j
== \/5 Z TYmiVnjTim! O jm/
.3
= \/5 Z YmiOim/ Z TnjOjn/
i J

\/5]1 (m,n)=(m/,m’)
= 0.
Finally,
(A B)mm,m’m’ = Z Amm,ijBij,m’m’

(]
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= E Amm,ijBij,m’m/ + E Amm,ijBij,m/m’
1<J =
= 2§ TYmiVmjiOim! O jm/
1<j
+ E TYmiVYmjOim! O jm/
=]
= E TYmiVYmjiOim! T jm/
1:7.7.

]lm:m’ .

We proved that B = A~'. Let us show that (UTBU);j .y = 0in0jy + 010 for
all 4,7,4',j'. First of all, assume ¢ # j and ¢’ # j'. Assume for example i < j and

i’ < j'. Then we have
T
(UBU" )ijirjr
= Z Uij,mann,m’n/ Ui’j’,m/n’

m<n,m’'<n’

1
2

m<n,m’<n’
1
- -B

15,45’
2 YR,

= 0404y + 0450 4! -

1
- _(]l m,n)=(i,j +1 m,n)=(j,i )an,m’n’_(]l m/ n')=(i,5' +1 m’ n')=(j' )
Z \/—()(J) (m,n)=(j7) \/5( )=(".5") ( )=(4"+i")

We apply the same method for i« < j and i’ > 5/, for ¢ > j and i’ < j', and for

i>jand ¢ > j'. Then, let i = j and i’ # j', for example ' < j'. We have
- Z Uii,mann,m’n’ U'L”j/,m’n’

m<n,m’<n’

- Z 1 (m.n)=(i,5) Brn,m'n

m<n,m’<n’

1
= —DBiiuy
vz

= 040 + 0405

(L mny=(ir.g7) + Ly =(r,i))

Sl -

The other cases are similar.
We thus have the component of the Cramér-Rao bound:
[UwrJu)"'uT]

iy — O 04y + Oijr Ojir.
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This matrix is equal to E ((vec(S) — vec(X))(vec(S) — vec(X))?) for n = 1 and
when the mean p is known. O

Proof of Proposition 33

Proof. An orthonormal basis of S,(R, B*) is {\/Li(eij +ej) i<y, (i,5) € B'} U
{ei;] i < p} with the following total order on {(4,7) € [1: p)*| i < j, (i,7) € B*}:
we write (¢,7) < (¢/,7') if j < j orif j = 7 and ¢ <. Thus, we define U as the
matrix which the columns are the vectorizations of the components of this basis of

SP<R, B*) We have Uij,k:l = \/L§<]l(i,j):(k,l) +]l(i,j):(l,k))a for all k£ < [ with (/{Z, l) € B*
and Uij,kk = ]l(i,j):(kk:)-
Thus, U(UTJU)"'UT is the Cramér-Rao bound. As the sample is i.i.d, it

suffices to prove the proposition with n = 1.

Lemma 35. L@t A = (Amn,m’n’)(m,n), (m! n')eB*, m<n, m/<n/ deﬁned by

%(fYTHM/fYnn’ + ’ymn’ﬁ)/nm/) me <n and m’ < TL/

DA — \%fymmrym/ if either m =n or m' =n/
L if m=n and m' =n/,

Then, A =UTJU.

Proof. The proof is similar to the proof of Lemma 33, except that the values of
m,n,m’ and n’ are more constraint. First of all

1
Jij.kl 3 Tr (E’leieJTEflekelT)
1
2

= STiVjk-

Now, if (m,n) € B*, (m',n’) € B*, m <n, m' <n/,

p
(UL T ) iy = Z UsjmnJij iUkt mm
3,9,k l1=1
p 1 1
= Y = Lap=emm + Lig=nm) T —= (L= ) + Lkn=(nr,m)
V2 V2
igikel=1
1
= 5 (‘]mn,m’n’ + Jmn,n’m’ + Jnm,m’n’ + Jnm,n’m’)
1
= §<7mm”}/nn’ + "Ymn/f}/nm’)-
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If m" <n' and (m/,n’) € B,

p
(UTTU ) it = Z UijmmJij it Ukt e

1,7,k l=1

p
1
= Z L jy=(mam) i —= (L kpy=(m' ) + Lk y=(n )
i,5.k,1=1 \/5
_ 2 (J +J )
\/§ mm,m’n mm,n’m
1

E Ymm! Ymn! -

If m <n and (m,n) € B*, we have

p
(UTTU) mmmi = Z UijmnJij et Ukt mrmy

1,9,k l=1

p

1
D> E(ﬂ(m:(mm)+11<z',j>:<n,m>)Jm,klﬂ(k,n=(mxm'>
i,5.k,1=1
1

- _(Jmn,m’m’ + Jnm,m’m’)

V2
1

E’Ymm’ Ynm!-
Finally,

p
(UTTU ) iy = Z UsjmmJij et Ukt msm

Z‘ijik7l:1

p
= Z Li j)=(mm) Jij et L k1) =(m! m?)

i,k =1

- Jmm,m’m’
1 2
E’Ymm/.

Lemma 36. Let B = (an,m/n’)mgn,m’gn’, (m,n)€B*,(m/ ,n')EB* deﬁned by

2(Omm/ Onpy + O Oy ) if m < m and m' < n/

B = % 2V 20 Ty if either m =n or m' =n’
202 ifm=mnandm' =n’,
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then, B = A™'. Moreover (UBU?") ;.10 = 0100, + o105 for all (i, 37,4, j') € B*
and (UBU™T);;.050 =0 for all (i,,7',5') ¢ B*. Recall that we write (3,75, j') € B*
if there exists A € B* such that {i,j,,j'} C A.

Proof. We introduce the following notation: if [ € B, let [l]; to be the index of
in Bj.

Step 1: Let us prove that B = A7

We compute the product AB. Assume that m,n € B} with m < n and
m’,n’ € B}, with m'" <n' and k # k. We then have

(A B)mn,m’n’ = Z Amn,abBab,m’n’

(a,b)eB*, a<b

= E Amn,abBab,m’n/ + E Amn,abBab,m’n’

a,beBy, a<b a,bGBz/, a<b

= § Amn,abo + § OBab,m’n/
a,beBy, a<b a,bEBz,, a<b

= O,

using that By = 0 if a,b € B and m/,n’ € B}, because ¥ is block-diagonal,
and using that A,,q.p = 0 if m,n € B}, and a,b € B}, because ¥~ is block-
diagonal. Assume that m,n,m',n’ € B; with m <n and m' <n'. We have,

(A B)mn,m’n/ = Z Amn,abBab,m’n’
(a,b)eB*, a<b
- (ABiBBZ)[mn[m,{m'}k[w]k
Ll i) = (1))

- ]l(m,n):(m’,n’)a
thanks to Lemma 34 applied to the matrix ¥p-. We proved that B = AL

Step 2.A : We show that (UBU?);;.y = 0iw0j+0ij05 for all (i, 5,4, j') € B*.

Assume that (i, 7,7, j') € B*. First, assume that ¢ # j and i’ # j'. Assume for
example that ¢ < 7 and ¢ < j' (the other cases are similar). We then have

T
(UBU" )ijujr
= E Uij,mann,m’n/ Ui’j’,m’n’

(m,n)eB* ,m<n,
(m/,n)eB*m/<n’
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1
= Z \/—( m,n) ,])+]l(mn) (],z)) mn,m'n 7( m/ ,n')=(v ")+]l(m’,n’):(j’,i’))

(m n)eB* m<n,

(m/,n)eB*,m/<n’
1
= §Bij,i/j/

= 0404y + 0450 ji! -

Let us take the case where (i, 7,7, j") € B* with either i = j, or i/ = j'. For
example i = j and ¢ < j'. We then have

T
(U" BU )i
- E Umn,ii an,m’n’ Um’n’,i’j’

(m,n)eB* m<n,
( l /)EB* /Sn/

= Z ]l(m,n)z( i3) anm 'n’ _<]1(m’ n')=(',5") + ]l(m’,n’):(j’,i’))
(m,n)eB* ,m<n, \/_

(m/,n)eB*,m'<n’

1
= —=Biiuy
vz

= Oy 0ij + 045105

It is the same for i = j and ¢ > 7', then for ¢ # j and ¢/ = j'. We also can prove
the equality similarly when ¢ =4’ and j = j'.

Step 2.B: Let us prove that (UBUT);; .y = 0 for all (i, 7,4, ') ¢ B*.
Assume that (i,7,4,5") ¢ B*. If (i,j) ¢ B*, or if (i, ') ¢ B*, we have

(UBU™)ij,

Uij,mann,m’n’ Ui’j’,m’n’

= (]l(m,n):(z',j) + ]l(m,n):(j,z)) mn,m’'n 7( (m/ ,n)=(7,5") + ]l(m’,n’):(j’,i’))

because if (7,7) ¢ B*, the term (L(nn)=(ij) + Lmn)=(i)) 1s equal to 0. Similarly,
if (i/,j/) ¢ B*, the term (1(m’,n’):(i’,j’) + ]l(m’,n’):(j’,i’)) is equal to 0.

It remains the case where i,j € Bj and ,j' € B}, with k& # k. Then,
(UTBU)Z']"Z'/J'/ = 0404t + 0450 43! = 0. ]
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To conlude the proof, we remark that, if (i, j,7, ;') € B*, then
COV((SB*>U, (SB*)i’j’> = COV(XZ'Xj, Xi/Xj/) = 04Ty + 0440 ji!
Now, assume that (i,7,7,5") ¢ B*. If (i,5) ¢ B* or if (¢/,j') ¢ B*, then
cov((Sp+)ij, (Sp*)irj7) = 0 because one of the two terms is zero. Assume that
i,j € By and 7', j € B}, with k # k’. Then
COV((SB*)Z'J', (SB*)i’j'> = COV(XZ-XJ-, Xi/Xj/) = 04Ty + 0450 4it = 0.

Thus, the covariance matrix of vec(Sp+) is equal to the Cramér-Rao bound. [
Proof of Proposition 34

Proof. Using the central limit Theorem and Proposion 33, we have

Vn = 1(vec(Sp:) — vec(X)) £, N(0,CR).

n—-+o0o

Then, by Proposition 31, we have

~

vn — 1(vec(Xg) — vec(X)) £, N(0,CR),

n—-+o0o

and by Slutsky;,

Proof of Proposition 35

Lemma 37. Under Conditions 1 to 4, for all v > 1/2

where ||.||2 is the operator norm, and it is equal to Ay (.) on the set of the sym-
metric positive semi-definite matrices.

S5 =S, = (
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Proof.

P (HSB* — 9y > %)

= P (E”{Z c [1 : K], “SBZ — EBZ

9 >

5 log(n)W)
NG

£ log(n)”y)
Vn

1 v
< K max P (m max |sy; — oy > elog(n) )
ke[l:K] i,j€By, NG

~ ~ elog(n
< K P - I I VA
- krer%ﬁ)li] (i?eagg 515 = G35l + 1035 — o] my/n

< Km?® max max P |( |s;; — 05| + |5i; — 045 >
ke[1:K]i,j€B;;

< K max P(HSB,: _ZBZ 92 >

ke[l:K]

=
S~

Now, on the one hand,

~ 1 il
Km? max max P (|gij — Uz‘jl > elog(n) )
ke(l:K]4,j€B}; Qm\/ﬁ

21 2
< 2Km?*exp —Oinfnﬂ — 0,
4m?n

by Bernstein’s inequality. On the other hand,

Km? max max P ( |s;; — 5] >
ke[1:K]i,jEB;;

alog(n)“*)
2m+/n
alog(n)v)
2m+/n

by Bernstein’s inequality. O]

= Km? max max P (|3,~j| >n — 0,

ke[l:K]i,jEB;

Lemma 38. Under Conditions 1 to 5, for all v > %,

log(n)”

max |0; — Oi| = O —_— ] .
ie[l:p}|6 Bil p( NZD )

Proof. We know that B\ — 0 ~ N(O,ag[(ATA)*l]_lv_l). To simplify notation,
let Q := LATA. Remark that Q17 = 1, Q_17 = 1377 X% and Q_;_; =

n

% ZZ:1 X®X®T  Now, we know that

Q711 = (Q—l,fl—Q—l,le&Ql,fl)_l
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EZX(’“)] [l X(k)] )
n n
k=1 k=1

(l S X0 x W _
n
k=1

= S

Thus, 3 — 8 ~ N (o, %23,1)
Now, by Lemma 20,

2

P (Amax(Sl) > m) =o(1).

Let e > 0 and v > % We have,

P (o B 5> 5

1€[1:p] n2
elog(n)Y . 2

< P (rgﬁx ‘ﬁz 62‘ T? )\max<s ) < (1 _ \/@)2)\1nf> +0(1)

elog(n)” 4 2

< o(1) —I—pmaXP (Wz Bil > — 1 Amax(S77) < m)
nB = Bl _ _<log(n)’ I

< 0(1)+pirg[g;<]]1]’< \/7” o/ Amax(S71) < (1_\/37)2)\inf>

”§|5i— Bil (1 = V/Y)V Ainse log(n)?
< olb) +pl]gl[§i};]]?’ (Un (571 g o2
< o(1) + pexp (—Cinrlog(n)*) — 0.

n—-+4o0o

Lemma 39. Under Conditions 1 to 5, for all v > 1/2,

P _, (log( ) )
prsg.s  BTEBl T\ vno )
Proof. We have

HEENRET
p
1
< - |P50B - 8755-8] + |67 (5w — D)5
1Bllz + 18112 ||ﬁ—ﬁ||z 1515
Spr — X
< 7 1S5+ |2 N7 = 1S5+ — |2
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. (52)

by Lemmas 38 and 37. Now, with probability which goes to one 1, by Lemmas 20
and 38, we have BTSpB/p > Aint(1 — /y)* B /2. Moreover, BTZB/p > Aing 32
Ainf(1 — /Y)?B2¢/2. Thus, with probability which goes to one 1, we have

mf

P 4
BTSB*B 5TEB N >\12nf ]‘ - \/_)4B1nf

57y BTSB| <log<n>7)
p NV )

We can now prove Proposition 35

Proof. Let n; be the estimator of n; obtained replacing ¥ by S« and § by B\ in
Algorithm 3. For all € > 0 and v > 1/2, we have

(Z 7 — i slo\gi(_) >
< (Zm wl > ZED >+P<§#B*>

< P(pmaxm m|>%)+m§¢3*>.

1€[1:p]
The term IED(LA? = B*) goes to 0 from Proposition 20. It remains to prove that

_ 5log(n)7>
P ax |m; —n;| > ——— | — 0. II1.9
(p max 17 — il T (IIL.9)

For all k € [1: K] and all u C By, let us write

k ._ AT -1
Vu T BB;;fu (EBzfu,Bzfu - EB,:fu,uEuquu,Bzfu) ﬁBzfu
N o B -
vk o= BB (SBr—uBr—u — SBr—uuSyuSuBr—u) BB: —u
v o= gTng
V o= BTSpp
Vk
Oy, = 7
f/k
ay = —=.
V
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Let, for all C' C [1: p], C # 0,

L(aueei€)i= | i 3 (’C'_l) aurs —

uCC—1 ’u| ieC
We then have (1;)icpr = L ((aw)ues:; Byy) et (7i)ies: = L ((6w)uen;; Bi)-

As L(.;C) is linear, it is Lipschitz continuous from (B2, ||.||l) to (R, [|.]|s),
with constant /|| (we can show that ljc = 2). Let [ := maxei.m [; < +00 (we
have in fact [ = 2). We then have,

Gy — Q| -

max |7; — n;| < pl max max
pie[l:p] |77 g | =P ke[1: K| uCB;j:

It suffices to show that

i — ] = 0, (log(n)v> |

P max max

ke[1:K] uCB; vn
Now,
p’&u_aul < p~u _p~u +'p~u S
Vv Vv % V
< Liyk_ vk 4k 3—3‘.
Vv v Vv

The term maxye1.x] MaxXyc sy V* is bounded from Conditions 2 and 5 and

‘% — %‘ = op(log(n)?/y/n) thanks to Lemma 39. The term &£ is bounded in

probability using Lemma 39, Conditions 2 and 5. Thus, it suffices to show that
maXpe[1: k] MaXyc By VE_VE = op(log(n)?/v/n). We will use that the operator

norm of a sub-matrix is smaller than the operator norm of the whole matrix.
For all k € [1: K] and u C By, we have

V=V
< ’Bg;—u (SBr—u.Br—u — SBr—uuSyuSu,Br—u) B\B,’;fu
—ﬁggw (SBr—u.Br—u — SBr—uuSyuSuBi—u) BB:—u
+’/6£;—u (SB: —wB:—u — S8 —uuSuuSu.B;—u) BB:—u

_Bgz_u (EB;;—u,B;;—u — ZBZ—wuZ;}LZu,B;—u) BB —u
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< B0 = B -alloS; - = Sy varSiisSuy-ullz (1Bop-allz + 18512

+m S2upHSB;7’U, — Y ull2 + mﬂsupHSB;gfu,uS;tSu,Bgfu — EB,’;fu,uz;Lzu,BgquZ-

Thus, we obtain a sum a three terms, and we have to prove that each term is
op(log(n)7/y/n). The first term is o,(log(n)?/+/n) thanks to Lemmas 20 and 38.

For the second term, |[Sp: w — Lp:ullz < [[Sr — Xp:

2 50 is 0,(log(n)?//n)

from Lemma 37.
Finally, for the third term,

IN

IN

<

198 —uu S Su, B —u — LB —uu Dy g Do, Br—ul 2
198 —uuSun (SuBr—u — Su,Br—u) ||2

1198 —uu (o — Zut) Sz —ull2

+| (SBzfu,u — EBzfu,u) E;tEU,B;quQ

1S5 1l2l1S5; 211S8; — Tagllo + [1S5; 12115: — 5 llollSglla + [1S5; — Say

ISI205 Ml llS = Sll2 + [1S12157 = SISl + 15 = Sl =7 21122,

2125 12125

which do not depend on k and w. Finally, remark that [|X||, and ||[Z7Y|, are
bounded from Condition 2, that ||S||z are ||S™!|l2 bounded in probability from
Lemma 20, that ||S — X||2 = 0,(log(n)?/y/n) from Lemma 37 and Proposition 20
and that

157 =S lo < 17 a5 2llS = Sz = o,(1og(n)"/v/n).

Thus, we proved that

p max max
ke[l:K] uCB;

Gy — | = op(log(n)V/\/ﬁ).

Proof of Proposition 36

Lemma 40. Under Conditions 1, 2 and 3, for all penalization coefficient 6 €]0,1]
and for all € > 0,

max

1
B(o1)<B<B* Sp = 2ll2 = 0p (n(5—€)/2) ’

where ||.||2 is the operator norm, and it is equal to Apaz(.) on the set of the sym-
metric positive semi-definite matrices.
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Proof. Let oy :=§/2 —¢/4.

€
P (B(a513§<3* 155 = Zll2 > n(cs—e)m)

€
= P (Elk €[l: K], B(aglgaéch* 1(SB)B; — ¥ ll2 > —n(é_g)/Q)

€
max B ||(SB)BZ — EBZ 2 > m)

ke[1:K] B(a1)<B<B*4,jEB; n(6—e)/
€
< K max P m max |s;; — o] +mn > ———
- ke[1:K] i,jEB k| gl i n0—e)/2

< K max P
ke[l:K)]

< K max P (m max  max |[(Sg)i; — 0| > %)

m max |s;; — 0;;| > Cine(g,0, €)n”~ —(0- 5)/2> ,
i,JEBY;

that goes to 0 following the proof of 37. [

Lemma 41. Under Conditions 1, 2, 3 and 5, for all penalization coefficient § €
10,1[ and for all e > 0,

PP |_, (1
§rSg. 5 TRl T \nlR )
Proof. The proof is similar to the proof of Lemma 39. m

We now can prove Proposition 36.

Proof. For all B € P,, we define 7(B); as the estimator of 7; obtained replacing
B* by B, ¥ by Sp and by [ in Algorithm 3. We also define 7; := 7(B,,~s/2);.

p
~ €
P (Zm‘—nﬂ > m)

€
< < max Z ’77 771‘ > m) +]P)({B(Oél) < Bn*‘5/2 < B*}c)

B(a)<B<B* 4

< P — il >
< (p Ghax | wax [0(B)i —mil > - =5

2) +P({B(a1) < B,,-s2 < B*}).

By Proposition 26, P({B(a1) < B,-s2 < B*}¢) — 0.
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Finally, we prove that

~ €
P (1 . e B> i ) 0

following the proof of Proposition 35. O]

Proof of Proposition 37

Proof. Remark that X verifies Conditions 1 to 3. Let a > 0. Let ¥ := ¥ if
VB < B*, |25 — Xllmax > an~* and X = I, otherwise. Let 7 and 7 be defined
as n and 7 in Proposition 35 but replacing ¥ by ¥. As 3 verify the Conditions 1
to 3 and the slightly modified Condition 4 given in Proposition 30, conditionally

to X )
> =] = o <log\§g)7) :

i=1
E) — 0,
so, by dominated convergence theorem,

i=1

Thus, for all € > 0,

5 i A elog(n)”
772 772 \/ﬁ

=1

unconditionally to .
We conclude saying that > = 3 with probability which converges to 1 from
Proposition 30, so 7 =7 and 77 = n with probability which converges to 1. O
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Proofs of Chapter 6

In the chapter, we will write Cg,p, for a generic non-negative finite constant. The
actual value of Cg,p, is of no interest and can change in the same sequence of
equations. Similarly, we will write Ciys for a generic strictly positive constant.
Moreover, for all uw C [1: p], if Z is a random vector in R? and g is a function from
R? to R such that E(g(Z)?) < +oo and Var(g(Z)) > 0, let S(Z, g) be the closed
Sobol index for the input vector Z and the model g, defined by:

v Var(B(e(2)|2.)
Sl29) = TRz

A  Proofs of Section A

Proof of Proposition 38

We divide the proof into several lemmas. We assume that the assumptions of
Proposition 38 hold throughout this proof.

Let ¢ €]0, 1[ be such that f is C*> on B(u,¢) and such that, for all x € B(u, <),
we have D f(z) # 0. Since pi™ converges to p, there exists N € N such that, for
all n > N, p{™ € B(u,¢/2). In the following, we assume that n is larger than N.

Lemma 42. For all x € B(p{™,£/2), we have

R ()] < Cille = pt |2, R (2)] < Ol — ™
and for all x ¢ B(u(™, £/2),

R (@)] < Calle = pt |, R (@) < ol — 1,
where Cy,CY,Cy and CY are positive constants that do not depend on n.
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Proof. Using Taylor’s theorem, for all z € B(u{™, £), there exist 65(n, z), 03(n, z) €
10, 1] such that

F@) = J 5 ) + S DA + ) — ) — )
= £+ 17 @)+ £ )

DA+ 05, 2) @ — ) @ = ).

Let Oy = b max, g, [ D2(2)]| and Of = b max, g, [D°F (2], where || - |
also means the operator norm of a multilinear form. Thus, for all z € B(u, §),

R (@)] < Cullz = P, IRy (@) < Ol — uP.
Moreover, f is subpolynomial, so 3k > 3, and C' < 400 such that, Vo € RP,
f ()] < O+ [l]*).
Hence, taking C' = C(2|u|| + 2)*, we have
()] < C(1L+ 2|z — " 28] ™) < O+ o = 9.

Hence, taking C” := C" 4+ max |Df(y)|l, we have

yeB(u,e) |

B @) <1 @)+ max [IDf)lllz —u) < O+ flz =)
Y HsE

Now, taking C5 := C” (14 (2)*), we have, for all z ¢ B(u{™,/2),
R (2)] < O+ C"|lx = ut [ < Cofj — "
Similarly, there exists C% < 400 such that

IRy (x)] < Cyllx — ™",

Lemma 43. We have
cov(E(fIMH (x| x i, (i (x| x ) = o.

Proof. Let n € N. To simplify notation, let A = Xt} — {7} 5 € R? be the vector
of the linear application D f(u{™) and I' € M, (R) be symmetric the matrix of the
quadratic form 1 D?f(ut"}). Then,

cov(E(FM (X h) x M), B (x I x i)
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= COV(E(BTA)|AU),E(ATFA|AU))
= BE([BTA, + BT E(A_|A,)] [AIT, Ay + 24T, E(A_,|A,) + E(AT, T, wA_.|A,)])
= E([BlAu+ BT E(A_,|A)] B(AT, I, _,A_|A,))

since all the other terms are linear combinations of expectations of products of
three zero-mean Gaussian variables. Indeed, the coefficients of E(A_,|A,) are
linear combinations of the coefficients of A,. Now,

E(BLA, x E(AT,I_, _,A_,|A,) = E(E(BIA, x AT, I, _,A_,|A,))
= B(BIA, x AL T, ,A_)
= 0.

Similarly, the term E (8_,E(A_,|4,)E(AT,I'_, _,A_,|A,)) is equal to 0. O
Lemma 44. There exists Csyp < 00 such that, for all w C [1: p],

C'sup

afnt’

Var(E(Valn} R{™ (X )| x ") <
and

n n CSLI
cov(E(Val f" (X T X (M), B(Vat R (X)X M) < ==,
a n

Proof. Using Lemma 42, we have,

E(Vat R (XINP) = E(Vald R (X PLx, <) + E(ValT R (X)), 125)

02
< {—I}E(H Vatnh (X — )4
a n
02 n n
+a{T(i—1)E(H Valmh (Xt — ) |[F)
C1sup
S L

since at™¥{"} is bounded. Hence,

Var(Vam ™ (x 1) < ffif-

Moreover, for all u C [1: p],

0 < Var(E(a™ R{™ (X )| X)) < Var(a™ RI™ (X)) < C{}
a n
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For all u C [1 : p],

cov(B(Val} £ (X th) x ) B(Vald RIM (X1 x )
= cov(B(Valm £ (X1 x{), B(Val (i (x 1) x i)
+eov(E(Valnd (7 (x| x [ B(Valn RY™ (X )| x (™)
= cov(B(Val ™ (x| x i), E(Val REM (x ) x ),
using Lemma 43. Now, by Cauchy-Schwarz inequality,

cov(B(Valm £ (X 0| X ), E(Val R{ (X0 X {)

IN

VVar(Va® £ (x o) ey NVar(Val B (x o0 x0)
< \/Var(\/ a{"}fl{"} (X {n})) \/Var(\/ a{”}Rén} (X{n})).

Now, by Lemma 42, we have,

B(|vVa RY™ (X))
= E(|ValRI (X1 x, 1<2) + B(Val RE (XD Py 122

C? : )
= a{nl}QE(Hm(X{ —_— })HG)
C? : )
+a{T(i—1)E(Hm(X{ - M{ })Hka)
C’sup
= alni2’
Furthermore,

Var(Val TN (X0) < max DS (@) (Va0 - )
T w €
S Csup'

Finally,

n n n n n n CSII
cov(E(Vat (i (X nhy x{nhy B(Vald rIM (X )| x{ }))‘ < —a{n}p,

that concludes the proof of Lemma 44.

Lemma 45. For all u C [1: p),

1
SIXU, ) = s fihy 40 ( ) .

&{n}
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Proof. We have
FEEE) = F(at) + M) + R (),
For all w C [1 : p], we have
B(A(X M) xi) = £ + B (X0 XM + BRI (X 0| x M),
SO,

! Var (B(f(X [ x (™))
= Var(E(WVal £ (XU X M) + Var(B(Val RTY (x| x ()
+2cov(B(Val (M (x| X, (Ve R (x| x )

by Lemma 44. Hence, for u = [1 : p|, we have

a{”}Var(f(X{"})) _ Var(\/a{n}fl{”}(X{n})) + O(a{ln} ).

Thus, for all u C [1 : p],

Var(B(f (X x"))
Var(f(X 1))
a™Var(E(£(X ) x{M)
at"Var(f(X1{n}))
Var(B(Val " (X0 X)) + O(L)
Var(Vald (" (X)) + O(L5)
Var(Va(e? i (x ()| x i 1

= + O
Var (v aint fl{"} (X {n})) (a{”}

1
_  qd(y{n} rin}
- Su<X 7f1 )+O(a{n})7

Sxt.f) =

)

where we used that,

Var(Val) (I (x0h) = D™ @™ st D f(ut™h?”
Amin (a0 nf IDf@I
2

z€B(p,e

V

A%

Omf.
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Now we have proved the convergence of the closed Sobol indices, we can prove
Proposition 38 easily.

Proof. By Lemma 45 and applying the linearity of the Shapley effects with respect
to the Sobol indices, we have
1

(X, ) =X {1 + 005,

Proof of Remark 34

Proof. Let X = (X{"™, XJ™) ~ N(0, 45 L) and YT = f(XT) = X" 4
X2 we have fiM (X 1) = X ™ and RI™ (X ) = X5 Thus, g (X, £ =

1 and ny( X"}, fl{”}) = 0. Now, let us compute the Shapley effects n(X ", f). We
have

Var(f( X)) = Var(X™) 4 Var(x{™?)
= Var(X{") + B - B

1 3 1
T g g2 T e
al™ +2
T gl

Moreover,

n n 1 n
Var(B(f(X ) [x{™)) = Var(X[" + —) = Var(X{") =

a{ o a{"}
and

3-1 2

T a2 T oglnpee

Var(E(f(X{”})|X2{”})) = Var(X2{”}2) = E(X;”M) _ E<X2{n}2>2

Hence,
x ~ aln? 1 am42 2\ oM
771< ’f) - (a{n} + 2)2 aln} aint2 N afni2 N alnt + 2’
and 9
x {n} — .
7]2( ) f) afnt +2
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Proof of Proposition 39
As in the proof of Proposition 38, we first prove the convergence for the closed
Sobol indices. To simplify notation, let 't} := ¢ x{n},

Lemma 46. Under the assumptions of Proposition 39, for all uw C [1 : p|, we have
St (X)) = SH(A(X7)) + O(|u™ — ul)) + O(T™ — ).
Proof. We have

Var(Vatd f{ (X)) — Var(f,(X"))
= Df(p"™ ™ Df (™) = Df()SDf ()"
Df (™t [Df(ut™)T = Df()T] + Df(p) [P = ] Df ()"
[Df(u'™) = Df()] EDf(u)"
= O(|Df(u"") = Df () + O[T — =)
= O(|p™ — u|l) +O(IT™ = =),
using that Df is Lipschitz continuous on a neighbourhood of p (thanks to the
continuity of D?f).
Moreover, for all ) & u & [1 : p|, we have
Var(E(Val £ (X)X ) = Var(B(£1(X")]X7)
= Var(Val} fi™ (X)) — E(Var(Vato) f, (X XY = Var(f (X)) + E(Var(f1(X*)| X))
= Df(u"TDf ()" = Df () (Tl =Ty, D) D (ut
—Df(W)SDf ()" = Df (1) (S — Su w4 W E ) DF (1)}
= O(|lp™ = pul)) +o(Ir™ = =),
proceeding as previously and using the fact that the operator norm of a submatrix

is smaller than the operator norm of the whole matrix.
Hence,

SAX M iy = s x*, f) + O™ — ul|) + o(Irt™ — 2.

Now, we can easily prove Proposition 39.

Proof. By Lemma 46 and applying the linearity of the Shapley effects with respect
to the Sobol indices, we have

D X)) = p(f(XF) + O(||pt™ — ull) + Ot — ).
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Proof of Proposition 40

Under the assumption of Proposition 40, let € > 0 be such that f is C® on
B(u, ) and such that, for all # € B(u, ), we have D f(x) # 0. Since u{™ converges
to ju, there exists N € N such that, for all n > N, u{™ € B(u,e/2). In the
following, we assume that n is larger than N.

Lemma 47. For all z € B(p,§) and h € (R?)? such that |h|| < £, we have

1Dnf(2) = DF)] < < max max |0 £(y)] 1]

6 i€[1p] yeB(ue)

Proof. Let x € B(p, %) and h € (R?)? such that ||k < £. For all i € [1: p], using
Taylor’s theorem, there exist 6, . 6~, - €]0,1[ such that

x,h,i) Y x,hi

f(x+eh;) — f(x—eh)
2h;

h2
= 0if (@) + 5 (07 f (x4 07,0) + O f (w = 0,,,1)) -

Hence,

| Dif(z) = D (@)

)

1D f (@) = Df ()l < Z
1

P

max max 02 (y)| Y42

6 ic[1:p] yeB(u.e) i=1

1
= - max max ’a?f(yMHhHQ
716[1p] yGB(M:E)

IN

Lemma 48. For all linear functions ly and ly from RP to R, we have

Csu
[Var(E( (X ™) |X) = Var (B (X [X0)]| < 2221, — b

Proof. For all u C [1: p], let gbin} : RlY — RP be defined by

(n} (g ) — Tu
oL (1) (M{n}_l_r{n} Fm}_l(xu—ui"}))

u —u,u

and /") = idg.
Let w C [1: p]. Then

E(MXM) = ol (X[,
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Now, for all linear function [ : R — R, we have
EQXT)XM) = (EXXM) = (o (X)),
so, identifying a linear function from R? to R with its matrix of size 1 X p, we have

{n}

{n}T T
{n}¢ .

|
Var (E(I(X )| X)) = gl
Hence, for [ = [, and [ = l5, one can show that,

[Var (B, (X 01X 0)) — Var(B((X ) X{)| < Sy ).

Now, we can prove Proposition 40.

Proof. By Lemmas 47 and 48, we have, for all u C [1 : p],

Var(E(Val £ (Xt x ) - Var(E(Vatd £ (x| x{) = o (|2 .

1 h{n}

Thus,

St ff7y — s (x ™ fl )y = o (|2

SO
(X, {0y —p(xtd F8 ) = o (Ih?).

O

Proof of Proposition 41

Under the assumption of Proposition 40, let ¢ > 0 be such that f is C3 on
B(p, ) and such that, for all z € B(u, ), we have D f(z) # 0. Since ™ converges
to ju, there exists N € N such that, for all n > N, u{™ € B(u,e/2). In the
following, we assume that n is larger than N.

Lemma 49. There exists Csyp such that, with probability at least 1—2p* exp(—CipeN)—
4p eXp(_Cian2>;
vV a{"}

N

| (atratrn) ™ aeir|| < e,
Proof.

H( AGIT gy A{R}THZ . [( AT A{n})—l]

al") | AT 4in} o
- T max ( ) .
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Now, by the strong law of large numbers, we have almost surely

{n} 1 1\’ 1 {n}T

a

(YT pg{n} _ ¢, {n}_ B V4 (0 e a

AT A (a'™—1) (mm) (M{n}> Nofoo b (M{”} F{"}+M{"}M{”}T>'

1 {n}T 1 T
Let M2{n} = (n) a (n) {m)T and M, = a + |, where
pr e Aing Ly 4 pt™ pt” o Ainelp + i

Aint > 0 is a lower-bound of the eigenvalues of (F{”})n. We can see that

MM > M M,
n—-+00
Now,
> 0.

inf

det(My) = det(1) det ([Ael, + ppT) — pl~'pT) = A2

/

‘¢ > 0 the smallest eigenvalue of M,, we have that the eigenvalues

Hence, writing A
of Ml{"} are lower-bounded by X ;/2 for n large enough.

1 {n}1T 1 T
Similarly, let M?;{n} = n) H (n) {m)T and M3 = H o |
H Asuplp + 1" pu o Asuplp + ppt

where )y, > 0 is an upper-bound of the eigenvalues of (I'"™}),,. Writing \. < +o00

sup
the largest eigenvalue of Mjs, we have that the eigenvalues of Ml{”} are upper-
bounded by 2\ for n large enough.

sup
Now, since the eigenvalues of (Ml{"})n are lower-bounded and upper-bounded,
there exists a > 0 such that, for all n € N (large enough), VM € S,(R),

n n )\:n
IM =M™ < o = [ Auin(M) = A (M| < S,

Now, by Bernstein inequality,

T
{n} 1 1
a
Z AT pln} _ (i} _ ayind
P I ATIEA (a 1) (M{n}> (,u{"}> M7 <

1 — 2p? exp(—CinN) — 2 X 2pexp(—C’mfN2)

>
2 1- Csup eXP(_Cian)>

where the term 2p? exp(—Ciy: N) bounds the difference of the submatrices of index
[2:p+1] x[2:p+1] and the term 2 X 2p exp(—Ciy N?) bounds the differences of
the submatrices of index {1} x [2:p+ 1] and [2: p+ 1] x {1}.

Hence, with probability at least 1 — Cy,p exp(—CineN), we have

T
{n} 1 1 N
a
. _ {n}T p{n} _ {n} _ inf
Amin | AT A (a D (mm) (u“”) S
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and so

at® Al
iy | —— AT Aln} ) > Zinf
( N -

Lemma 50. With probability at least 1 — Cyyp exp(—CingN), we have

1
Valnt

Proof. Let Z{™ ~ N(0,I'{"}). Then || X —p{"} || < £ with probability P([| 2™}
ey 1 Let QT = {weQ|Vjel: N], | X0 (w)—put| < £}. Hence,

2 n—-+o00

39— 90 < Cu

IN

P(Qj\?}) >1—2Nexp (—C’infa{"}) — 1.

n—-+o00

On B(p!™,£), we have f = f(u{™) + fl{"} + Pén}. Hence, on Qj\?}, for all
je[l:N]

FX0Y) = p(ulhy 4 i (X0 4 jIM(x @),

Thus,
n n ni) 1 n n n n}(j n n}(j
Bl = (A{ IT A4 }) Al }T(f(u{ })+f1{ }(X{ }(J))_FRi }(X{ }(J)))

jG[I:N}.

Since f(u{™) + fi™ is a linear function with gradient vector V f(;{™}) and with
value at zero f(u{™) — D f(pt")pi™, we have,

(A{n}TA{n})—l AP (a4 £ (D)) = (f(,u{”}) _ Df(’u{n})’u{n}) |

V(™)
Hence, it remains to see if
(AT Al AT (R X0))

is small enough. By Lemma 42, we have on Q}{\?},

N
IR (X Mseqml® = 3 R (X0

Jj=1

N
Csupz | X 30) — Ak 4
j=1

IN

209



APPENDIX IV. PROOFS OF CHAPTER 6

N
< Csup Z ||W(X{n}(j) . :u{n})“4'
7=1

- a{"}2 -

Hence, on Q%l},

IR (X D)) || < Cs

up a{n} )
Thus,
—1 n (i
H(A{n}TA{n}) AT (R} (X! }(J)>)j€[1:N]H
< H( AT A{n})*l A{n}TH H( R X{n}(j)))je[l:N]H
1

< C1su )

- P Vot
with probability at least 1 — Cyyp exp(—CineN). O

Now, it is easy to prove Proposition 41.

Proof. By Lemma 48 for [; = BT and I, = Df (i), and by Lemma 50 we
have, with probability at least 1 — Cyyp exp(—CintN),

Var(E(Val D f (™) X X)) = Var(B(Val 57X X))

Coupl| D (A7) — BT

1
Vall’
where the conditional expectations and the variances are conditional to (X {n}(y )) JE[1:N]-
Thus, with probability at least 1 — Cyyp exp(—CineN), there exists Cir > 0 such
that, for n large enough ||§{n}T|| > Clyg, thus Var(\/a{_”}g{"}TX{”}) is lower-
bounded. Hence, with probability at least 1 — Cqyp €xp(—Cint N ),

IA

< Csup

~ 1
Scl X{n}) {n}y _ Scl X{n}’ {n}T\| < Cl :
and so |
[t gy — et o) | < Cow o

B Proof of Proposition 42

In this section, we prove Proposition 42 in Subsections B.1 to B.6 and we prove
Corollary 8 in Subsection B.7.
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B.1 Introduction to the proof of Proposition 42

Recall that (U®)c1.y is an ii.d. sample of U with E(U) = p and Var(U) = X
and

o _ 1 S U,
n
=1

Let X"} ~ N (u,1%). By Proposition 38, we have

0 (X1 F) =5 (X D () + 0 (ﬁ) =n (X", Df(n)+ 0O (ﬁ) :

Hence, it remains to prove that

[ (%07.2) = (. 9)

— 0,

n—-+o0o

that is, writing f,, := v/n (f (\/—E + u) — f(u)) and X"} .= \/ﬁ()?{"} — 1), that

— 0.

n—-+o0o

Hn (X0, fa) =0 (X" )
In Section B.2, we give some lemmas of f,,. Then, defining

Eu,n,K(Z) =E <E [fn(Z)2]l||Z||OO§K‘Zu} 2) )

Bun(2) =B (E [1u(20|2.]).

we prove in Section B.3 that sup,, |Ey k(X)) — B, (X1 converges to 0 when
K — +o0. In particular, for U ~ N (1, ¥), the result holds for X {n} = X*.
Hence, for any ¢ > 0, choosing K such that |E, , x (X)) — E,,(X{")| < /3
and |Ey . x(X*) — Eyn(X*)| < e/3, we show in Section B.4 that
B0 (X7) — By (X)) — 0.

n—-+o00

In Section B.5, we conclude the proof that

— 0.
n—-+o0o

(Var(E(fn(X{”})lXi”})) — Var(E(f(X")|X,))

In Section B.6, we conclude the proof that

Hn (5({”}, fn) — (X", fa)

— 0.

n—-4o00

The key of the proof is that the probability density function of X"} converges
uniformly to the one of X* by local limit theorem (see [She71] or Theorem 19.1 of
[BR86]).
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B.2 Part1l

Lemma 51. There exists Csy, < +00 such that, for all x € RP,

e
| fu(2)] < Coup <”xl|]l||x<\/ﬁ+ F]IHMD\/E) :

where we recall that k € N* is such that for all x € RP, we have |f(z)| < C(1 +

l(1%).

Proof. For all z € RP, we have
\f(%w)—f(u)\ < ]f(iw)\ﬂf(u)r
< Cun (

k
X
@] < Coup %L’_l-

+ 1

)

7
7

Thus, for all ||z]] > y/n, we have

If ||z]| < +/n, we have

() - s < e D50 |-

7

S Csup

9

and thus,
[ fu(@)| < Copllz]l-

In particular,

[fa(@)] < Cowp(llzll + 11211%), fal2)? < Cowp(lll® + [l2]**)

Lemma 52. Fori=1,2, we have

E(fu(X0)%) < Cly.
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Proof. We have
E(fu(XUH2) < Cup (BOIXTI %) 4+ B X2
< Cowp (BUIX R + B(IX™Z))

Now, by Rosenthal inequality [Ros70], we have

ol (G

C(sup
nzk

Cosup-

E(|X;1)

IN

max <nE([U](1) _ Mj]zik% [nE([U}l) B Nj]Q)Tk)

IA

Lemma 53. For allv C [1:p|, v# 0 and for i = 1,2, we have

— 0.

v intyi
SLT}LPE (fn(X ) ]lXjn}e[—K,K}'”') K00

Proof. We have

B (A gy )

< \/< (X (n)2 )\/IP’ XM ¢ K, K.

By Lemma 52, sup,, \/E <fn()~({”})2i> is bounded.

Now, since ()Z'{,{n})n converges in distribution, it is a tight sequence, hence

sup P (5(5”} ¢ [-K, K]'”') < supP(||X{"] > K) , — 0.

Lemma 54. The sequence (f,)n converges pointwise to D f(u).

Proof. For all x € R,
—+u)—f =Df(u i + 0 2

)= pie+0 (EL).

T

NG

S0,
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B.3 Part 2
We want to prove that, for all u C [1 : p|, u # 0, we have

Sup ‘E“’”vK(X{n}) - Eu,n (X{n})’ K—>—+>OO 0.

We will prove this result for ) & u & [1 : p], since it is easier for u = [1 : p] (see
Remark 45).

We have

2
\/Ru ( RI-ul fn(x)dPX{ZHXin}:xu(x—u)) dIP)X'{E"} (xu)

2
_/KK]H (/[KK]|—u fn(l‘)dPX{Z}Xin}—xu('r—u)) dpxén}(xu)

2
S / ( fn(m)dpf({n}l)“{{n}:x <$U)> d]P)X{n} (,],'u)
([—K’K]\u\)c RI—ul —u u u -

“f
[~ K,K]lul

2
- (/[—K K]l-ul f"(x)dPXf’;ﬂXin}:xu(xu))

We have to bound the two summands of the previous upper-bound.
The first term converges to 0 by Lemma 53. Let us bound the second term.
By mean-value inequality with the square function, we have

/[—K,K]u
2
N (/['—K K]l—ul fn(x)d]P)XEZHXin}:xu (x—u)>

2/ (/ |fn($)|dP5{{n}‘X1{Ln}:$u (x_u))
[7K7K]\u\ R‘fu‘ —u

/Rul Lo sgt-rmp- f(@)dP gty g, (T-u)

2/ (/ |fn(I)|dP5<{n}‘;({n}:m (x_4)
[*K,K]‘“‘ R\—u\ —u u W

. (/R—ul Lo gt-rmln(@) AP g g, (5’3‘“)> dP ¢ (2u)

2
( RI—ul Sn@)dP g 24 s, (wu))

de(i"} (Tu)-

2
< RI- f”<x>dPX£Z}lXi"}=mu(x_U))

dPXi”} (l‘u)

IN

dIP)X{E"} (Tu)

IN
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< 2/ BE( S X)) X))

2
><\/ / i ( / i r—— fn(x)\dPX{n}Xin}xu(a:u)) AP 4o (22)
Rluel \JRI-= —u

Now, BE(E(|f.(X™)] |Xi™)?2) < E(f,(X{)?) which is bounded by Lemma 52
and the other term converges to 0 uniformly on n by Lemma 53.

Remark 45. In the case where uw = [1 : p|, it is much simpler, since

B(fa(X0)?) = B(f(X T Lgim e renn) = BT L gimgrrene),

which converges to 0 uniformly on n when K — +oo by Lemma 53.

B.4 Part 3
Let K € R* and u C [1: p] such that u # (). We want to prove that

| B i (X*) = By (X" — 0.

n—-+00

The case u = [1 : p|] is much easier (see Remark 46), hence, assume that () &
u & [1:p|. Since K is fixed, the probability density function fx- of X* is lower-
bounded by a > 0 on [- K, K. Let €, := maxgcycpp SUPzerr |fx+(T) = frm ()]
Using local limit theorem (see Theorem 19.1 of [BR86] or [She71]), &, e 0. We

assume that n is large enough such that €, < . Let b < 400 be the maximum of

We have

‘Eu,n,K(X*) - Eu,n,K (X{n}ﬂ

/[_K,K]lu (/[_K,K”_ul ful@) ﬁ((f)) df’”)
: </[—K,K1u f”(x)%dxu>

2
Sz (@) L
i /[K,K]Iul (/[K,K“M fn(2) inn}(xu)dx_“> | fxz (20) inn}(xu)|dxu.

Hence, we have to prove the convergence of the two summands in the previous
upper-bound. For the second term, it suffices to remark that

IN

fX:j (:Cu)dxu

2e,
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Hence, the second term is smaller than 22 E( fu(X {12 that converges to 0. It
remains to prove that the first term converges to 0. By mean-value inequality, we

have
fx-(x) )2
/[—K,K]lu (/[—K,K]I—ul ful®) fx: () o
2
B [ (2)
(/[_[gK]ul fn('r> le{Ln} (Iu)dxu> fX?i (xu)dxu
)| max fx (@) from (@) "
S 2/['_K7K]u (/['_K7K]u |fn( )l a. <fX§(;pu)’ ffd"}(xu)> d —u)
. fx-(x) _ fxim (@) - AV da
X<Akmwuunj%@w &w@wdﬂJHJde
Now,
fxo(@)  frm(@) [fx+(@) = feem @) | L1
fxi(@a)  fro () fxg () (@) fxg(@n)  fro (@)
< |fX*(xJ2Xj(£f){n}(x)‘ + foom(z >4 (a:u)—inn}(xu)
. 1
< mﬂLf;m}(x)?en
€n 8
< m‘*’fﬁ(@@en

En fX*(fB) 8b fx*(x)
@ P (@) @ P ()
< C [x+(x)

En—F— -
T fx ()

Hence, for n large enough such that Cgupe,, < 1, we have

/[K,K]“ (/[ KKl Inlz )ff;(;j o _">

- ( [ A fX{”} d v
[—K, K]l X{n} (Tu)

)
ng%MM(AKMMumnz f)dﬂ)
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fx () )
) (/[—K,K}I—ul 7@ Coupn Ixz (xu)dx,u fxi(@a)de,

< CsupgnE(fn(X*)2>7

that converges to 0.

Remark 46. If u = [1: p|, it suffices to remark that

I+ (@) = Fyen (@)] < 20 < 2 e (@),

Thus,
|Eu7n,K(X*) - Eu,n,K(X{n}”
< / Ful@)? - (2) — Fiom (2)]da
[-K,K]P
< B(f(X)?)
S C1sup<€n-
B.5 Part 4

Let us prove that .
E(fo(X1) = E(fu(X*)) — 0

By lemma 53, we have

sup E(fo(XT) = B(fo(X "N gtk x70) 20
Let € > 0 and let K such that
sup [B(fu(X 1) = B (X g )| < 5
and
sup [B(fu(X") = Bl (X ) xeraar)| < g

By local limit theorem, we have

— 0.

n—-+4o0o

BN g e saep) — B (X el rcn)

Thus, for all w C [1 : p|, we have

Var(E(f, (X)X {™)) = Var(E(£.(X")|X})) — 0.

n—-4o00
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B.6 Conclusion

To prove the convergence of the Shapley effects, it suffices to prove the Var(f,,(X*))
is lower-bounded. Hence, we show that Var(f,(X™*)) converges to Var(D f(u)X™*).
Let © = 1,2 and let ¢ > 0. By Lemma 53, let K such that

*\ 1 € *11
sup E(fn(X™) L x-¢[-rxp) < 3 E([Df ()X Lx+gi-x.x10) <

Wl M

By Lemmas 51 and 54 and by dominated convergence theorem, we have :
B(fa(X) L-c i) = BUDS ()X T Lxecp xic0)
Hence, Var(f,,(X*)) converges to Var(D f(u)X™). Thus, for all u C [1 : p]
SHX f,) = Su(X*, fu) — 0.

n—-+o0o
Hence,
— 0.

n—-+o0o

(X0, f) = (X, )

B.7 Proof of Corollary 8

Since X1V 2% 4 and SV 2% ¥ it suffices to prove that, if (zi™),, con-

n—-+0o00 n—-+00
verges to p, and (X{"), converges to ¥, we have

[ = e J, )

where X*" is a random vector with distribution A (g, ©{"). Let (2{™), and
(x{n}),, be such sequences. Recall that

— 0,

n—-+00

(& 1) x| — o,
n—-+00
where X* ~ N(0,X), that is
v {n} _ {n}
Hn (X ,f) n (XYL 520

where X" ~ N (i, %E) Hence, we have to prove that

H?](X{n},f) —”Z(X*",ffz}{n}@{n}) — 0.

n—-+00

By Propositions 38 and Proposition 39, remark that n(X{™, f) converges to n(X*, f1).
Moreover,

n(X*n7 fl{;,;l]%n}’x{n}) = n(X*n + x{n} - /“L{n}7 fl{;,;l}%n}’x{n}) njw 77(X*7 fl)?

by Corollary 6, that concludes the proof.
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Appendix V

Gaussian field on the symmetric
group: prediction and learning

In the framework of the supervised learning of a real function defined on an abstract
space X, the so called Kriging method stands on a real Gaussian field defined on
X. The Euclidean case is well known and has been widely studied. In this work,
we explore the less classical case where X is the non commutative finite group of
permutations. In this framework, we propose and study an harmonic analysis of
the covariance operators that allows us to put into action the full machinery of
Gaussian processes learning. We also consider our framework in the case of partial
rankings.

A Introduction

The problem of ranking a set of items is a fundamental task in today’s data
driven world. Analysing observations which are not quantitative variables but
rankings has been often studied in social sciences. It has also become a popular
problem in statistical learning thanks to the generalization of the use of automatic
recommendation systems. Rankings are labels that model an order over a finite
set Ey :={1,..., N}. Hence, an observation is a set of preferences between these
N points. It is thus a one to one relation ¢ acting from Ey onto Ey. In other
words, o lies in the finite symmetric group Sy of all permutations of Ey. More
precisely, assume that we have a finite set X = {x1,--- , 2y} and we have to order
the elements of X. A ranking on X is a statement of the form

iy - Liq e > Lins (Vl)

where all the 7;,7 = 1---, N are different. We can associate to this ranking
the permutation o defined by o(ix) = k. Reversely, to a permutation o, we can
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associate the following ranking
.Tafl(l) ~ To-1(2) e l’o—fl(N). (VZ)

We refer to the works of Douglas E. Critchlow (see for example [CFVI1, Cri92,
CF93]) for an introduction to rankings, together with various results.

Our aim is to predict outputs corresponding to permutations inputs. For in-
stance, the permutation input can correspond to an ordering of tasks, in applica-
tions. In a workflow management system, there may be a large number of tasks
that may be done in different orders but are all necessary to achieve the goal.
Workflow prediction or optimization problems currently occur in fields such as
grid computing [YBTO05], and logistics [Chr16].

Another example of application is given by the maintenance of machines in a
supply line. Machines in a supply line need to be tuned or monitored in order to
optimize the production of a good. The machines can be tuned in different orders,
each corresponding to a permutation and these choices have an impact on the
quality of the production of the goods, measured by a quantitative variable Y, for
instance the amount of defects in the produced goods. Hence, the objective of the
model will thus be to forecast the outcome of a specific order for the maintenance
of the machines in order to optimize the production.

Another interesting case of output corresponding to a permutation input is of
the form max,cx f(o,x), where f is a function both acting on the permutation
o and on some external variable . This output corresponds to a worst case for
the performance or the cost given by the permutation o. Classical examples of
this kind of output are the max distance criterion for Latin Hypercube Designs
MBC79, SWNWO03] and the robust deviation for a tour in the robust traveling
salesman problem [MBMGO07]. In Section C.4, we discuss and address the example
of the max distance criterion.

In this work, we will be in the framework of Gaussian processes indexed by Sy.
Actually, Gaussian process models rely on the definition of a covariance function
that characterizes the correlations between values of the process at different obser-
vation points. As the notion of similarity between data points is crucial, 7.e. close
location inputs are likely to have similar target values, covariance functions (sym-
metric positive definite kernels) are the key ingredient in using Gaussian processes
for prediction. Indeed, the covariance operator contains nearness or similarity in-
formations. In order to obtain a satisfying model one needs to choose a covariance
function (i.e. a symmetric positive definite kernel) that respects the structure of
the index space of the dataset.

A large number of applications gave rise to recent researches on ranking includ-
ing ranking aggregation [KCS17], clustering rankings (see [CGJ11]) or kernels on
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rankings for supervised learning. Constructing kernels over the set of permutations
has been studied following several different ways. In [Kon08], Kondor provides
results about kernels in non-commutative finite groups and constructs diffusion
kernels (which are positive definite) on Sy. These diffusion kernels are based on a
discrete notion of neighbourhood. Notice that the kernels considered therein are
quite different from those considered in this work. Furthermore, the diffusion ker-
nels are not in general covariance functions because of their tricky dependency on
permutations. The recent reference [JV17] proves that the Kendall and Mallow’s
kernels are positive definite. Further, [MRW*16] extends this study characteriz-
ing both the feature spaces and the spectral properties associated with these two
kernels. A real data set [Brul2] on rankings is studied in [MRW™16]. The authors
used a kernel regression to predict the age of a participant with his/her order of
preference of six sources of news regarding scientific developments: TV, radio,
newspapers and magazines, scientific magazines, the internet, school/university.

There are applications where not all of the items in (V.1) are ranked. Rather, a
partial ranking is given (see for example the ”sushi” dataset available at
http://www.kamishima.net or movie datasets). The books [Cril2] and [Marl4]
provide metrics on partial rankings and the papers [KB10] and [JV17] provide
kernels on partial rankings and deal with the complexity reduction of their com-
putation.

The goal in this work is threefold: first we define Gaussian processes indexed by
Sy by providing a wide class of covariance kernels. We generalize previous results
on the Mallow’s kernel (see [JV17]). Second, we consider the Kriging models (see
for instance [Ste99]) that consist in inferring the values of a Gaussian random field
given observations at a finite set of observation points. Here, the observations
points are permutations. We study the asymptotic properties of the maximum
likelihood estimator of the parameters of the covariance function. We also prove
the asymptotic accuracy of the Kriging prediction under the estimated covariance
parameters. Further, we provide simulations that illustrate the very good perfor-
mances of the proposed kernels. Finally, we provide an application to Gaussian
process based optimization of Latin Hypercube Designs. Last, we show that the
Gaussian process framework may be adapted to the cases of learning with partially
observed rankings. We define a class of covariance kernels on partial rankings, for
which we show how to reduce the computation complexity. In simulations, we
show that our suggested kernels yield more efficient Gaussian process predictions
than the kernels given in [JV17].

The work falls into the following parts. In Section B, we recall some facts on
Sy and provide some covariance kernels on this set. Asymptotic results on the
estimation of the covariance function are presented in Section C. Section C also
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contains an application to the optimization of Latin Hypercube Designs. Section
D provides new covariance kernels for partial rankings with a comparison with the
ones given in [JV17] in a numerical experiment. Section E concludes this chapter.
The proofs are all postponed to Section F.

B Covariance model for rankings

Recall that we define Sy as the set of all permutations on Ey :={1,...,N}. An
element o of Sy is a bijection from Ey to Ey. We aim at constructing kernels,
or covariance functions, on Sy. We will base these kernels on the three following
distances on Sy (see [Dia88]). For any permutations 7 and o of Sy,

e The Kendall’s tau distance is defined by

d(m,0) = D (Losot) x<n() + Lo<oly. y>e() - (V.3)

This distance counts the number of pairs on which the permutations disagree
in ranking.

e The Hamming distance is defined by
N
dH(ﬂ', O') = Z ]lﬂ(i)¢g(i). (V4)
i=1
e The Spearman’s footrule distance is defined by

ds(m,0) == Z m(i) — o(i)]. (V.5)

These three distances are right-invariant. That is, for all 7, o, 7 € Sy, d(7,0) =
d(mr,o7). Other right-invariant distances are discussed in [Dia88].

We aim at defining a Gaussian process indexed by permutations. Notice that,
generally speaking, using the abstract Kolmogorov construction (see for example
[DCD12] Chapter 0), the law of a Gaussian random process (Y;.).cp indexed by
an abstract set E is entirely characterized by its mean and covariance functions

Mz E(Y,)

and
K : (z,y) — Cov(Ys,,Y,).
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Of course, here the framework is much simpler as Sy is finite (|Sy| = N!), and
the Gaussian distribution is obviously completely determined by its mean and
covariance matrix. Hence, if we assume that the process is centered, we only have
to build a covariance function on Sy. First, we recall the definition of a positive
definite kernel on an abstract space F. A symmetric map K : E x E — R is
called a positive definite kernel if for all n € N and for all (z1,--- ,x,) € E", the
matrix (K(x;,x;));; is positive semi-definite. In this work, we say that K is a
strictly positive definite kernel if K is symmetric and, for all n € N and for all
(1, ,x,) € E™ such that z; # x; if ¢ # j, the matrix (K (z;,x;));; is positive
definite.

These notions are particularly interesting for Sy (and any finite set). Indeed,
if K is a strictly positive definite kernel, then for any function f : Sy — R, there
exists (ay)resy such that

f=Y a.K(,0), (V.6)

ogeSN

and K is of course an universal kernel (see [MXZ06]).

Remark 47. Since Sy is a finite discrete space, remark that the Reproducible
Kernel Hilbert Space (RKHS) of a kernel K is defined by the set of the functions
of the form (V.6), and the universality of the kernel K is equivalent to the equality
of its RKHS with the set of the functions from Sy to R. This is, in turn, equivalent
to the fact that K 1is strictly positive definite.

We now provide two different parametric families of covariance kernels. The
members of these families have the general form

Ko, 9,(0,0") := Oyexp (—b1d(0,0")), (61,62 > 0), (V.7)
and
Ko, 0, 0,(0,0") := 6y exp (—Hld(a, UI)QS) , (01, 62> 0, 05 €0,1]). (V.8)

Here, d is one of the three distances defined in (V.3), (V.4) and (V.5). More
precisely, for the Kendall’s (resp. Hamming’s and Spearman’s footrule) distance
let K3 o, (0,) (resp. Kgﬁz(,eg)? Kglﬁ?(ﬁg)) be the corresponding covariance function.
For concision, sometimes we will write Ky, g,(,0,) (resp. d) for one of these three
kernels (resp. distances).

We show in the next proposition that Ky, g, is strictly positive definite.

Proposition 48. For all 6, > 0 and 6, > 0, Kg 4., Kéﬁf’(b, Kégm% are strictly
positive definite kernels on Sy.
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Remark 48. In [MRW™ 16], the strict positive definiteness of the Mallow’s kernel,
corresponding to Kg, 4., is also shown. Our proof of Proposition 48 seems more
direct than the one given in [MRW' 16].

We also have a similar result for Ky, g, ¢,

Proposition 49. For all 6, > 0, 6, > 0 and 05 € [0, 1], the maps K3, 4, 5., K§' 4, .
K3 4,0, are positive definite kernels on Sy .

Propositions 48 and 49 enable to define Gaussian processes indexed by permu-
tations.

Remark 49. The authors of [AMR17] define strictly positive definite kernels on
graphs with Euclidean edges with two different metrics: the geodesic metric and the
"resistance metric”. The kernels are obtained by applying completely monotonous
functions to these metrics (distances). They provide different classes of such func-
tions: the power exponential functions (which are considered in our work, see
(V.8)), the Matérn functions (with a smoothness parameter 0 < v < 1/2), the
generalized Cauchy functions and the Dagum functions. One can show that Propo-
sition 49 remains valid for all these kernels, by remarking as in [AMR17] that
these kernels are based on completely monotonous functions. Some of the proofs
of [AMR17] are based on techniques similar to the proof of Proposition 49, using
Schoenberg’s theorems.

We remark that the finite set of permutations Sy s a graph, when two permu-
tations o1 and o9 are connected if there exists a transposition w such that o1 = oam.
Hence, it is natural to ask if the results of [AMR17] can imply or extend some of
the results in this work. The answer however appears to be negative. Indeed, the
distances considered in [AMR17] are the geodesic or the "resistance” distances,
hence the distances in (V.3), (V.4) and (V.5) do not fall into this category.

One could also consider the set of the permutations as a fully connected weighted
graph, where the weight of the edge between o1 and oy is d(o1,09) and where d is
d, or dg or ds. Nevertheless, also with this graph, the results of [AMR17] do
not apply, since the graphs addressed by this reference have a particular structure
(finite sequential 1-sum of Euclidean cycles and trees).

We finally remark that [AMR17] constructs covariance functions not only on
finite graphs, but between connected vertices. In contrast, the covariance functions
constructed here are defined only on the finite set Sy .
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C GGaussian fields on the symmetric group

C.1 Maximum likelihood

Let us consider a Gaussian process Y indexed by o € Sy, with zero mean and
covariance function K,. In a parametric setting, a classical assumption is that the
covariance function K, belongs to some parametric set of the form

{Ko; 0 € O}, (V.9)

where © C RP is given and for all § € ©, Ky is a covariance function. The
parameter 6 is generally called the covariance parameter. In this framework, K, =
Ky« for some parameter 6* € ©.

The parameter 6* is estimated from noisy observations of the values of the
Gaussian process at several inputs. Namely, to the observation point o;, we as-
sociate the observation Y (o;) + &;, for i = 1,...,n, where (g); is an indepen-
dent Gaussian white noise. Let us consider a sample of random permutations
Y = (01,09, ,0,) € Sy. Assume that we observe ¥ and a random vector
y=(y1,y2, + ,yn)" defined by, for i < N,

yi =Y (0y) + & (V.10)

Here, Y is a Gaussian process indexed by Sy and independent of ¥. We assume
that Y is centered with covariance function Kp: g (see (V.7) in Section B) and
that (€;)i<n ~ N(0,651,). Y is the unknown process to predict and ¢ is an additive
white noise. Notice that 03 denotes here the variance of the nugget effect while it
is a power in Section B (see (V.8)). We keep the same name in order to use the
compact notation # for the parameter of the model. The Gaussian process Y is
stationary in the sense that for all oq,--- ,0, € Sy and for all 7 € Sy, the finite-
dimensional distribution of Y at o4,--- , 0, is the same as the finite-dimensional
distribution at oy7, -+ ,0,7T.

__ Several techniques have been proposed for constructing an estimator

0 = 0(o1,y1, -+ ,0n,yn) of 0% := (07,605, 65): maximum likelihood estimation
[Whi82], restricted maximum likelihood [CL93], leave-one-out estimation [Cre92,
Bacl3], leave-one-out log probability [SK01]... Here, we shall focus on the max-
imum likelihood method. It is widely used in practice and has received a lot
of theoretical attention. Assume that © C Hf’zl[@i,min,9¢7max] for some given
0 < Oimin < Gimar < 00 (1 = 1,2,3). The maximum likelihood estimator is
defined as

O =0, € arg min Ly (V.11)

with ] ]
Ly := —1In(det Ry) + —y" R, 'y, (V.12)

n n
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where Ry = [Kp, 0,(0i,0;) + 051i—;]1<i j<n is invertible for § € © since 63 > 0.

C.2 Asymptotic results

When considering the asymptotic behaviour of the maximum likelihood estima-
tor, two different frameworks can be studied: fixed domain and increasing domain
asymptotics [Ste99]. Under increasing-domain asymptotics, as n — oo, the ob-
servation points oy, -+, 0, are such that min,;,; d(o;,0;) is lower bounded and
d(o;,0;) becomes large with |i — j|, (thus we can not keep N fixed as n — +00).
Under fixed-domain asymptotics, the sequence (or triangular array) of observation
points (o1, -+ , 0y, -+ ) is dense in a fixed bounded subset. For a Gaussian field on
R?, under increasing-domain asymptotics, the true covariance parameter 6* can be
estimated consistently by maximum likelihood. Furthermore, the maximum likeli-
hood estimator is asymptotically normal [MM84, CL.93, CL96, Bacl4]. Moreover,
prediction performed using the estimated covariance parameter é\n is asymptoti-
cally as good as the one computed with 6* as pointed out in [Bacl4]. Finally, note
that in the symmetric group, the fixed-domain framework can not be considered
(contrary to the input space R?) since Sy is a finite space.

We will consider hereafter the increasing-domain framework. We thus consider
a number of observations n that goes to infinity. Hence, the size N of the per-
mutations can not be fixed, as pointed out above. We thus let the size of the
permutations be a function of n, that we write N, with N,, — oo as n — oc.
To summarize, we consider a sequence of Gaussian processes Y, on Sy, , with

N, — 400 and where we consider a triangular array (O'-(n))ign C Sy, of ob-

n—-+0o 7
servation points. However, for the sake of simplicity, we only write Y and (0;)i<n

and the dependency on n is implicit. We observe values of the Gaussian process
on the permutations ¥ = (oy,---,0,), that are assumed to fulfill the following
assumptions:

Condition 1: For d = d, or d = dy or d = dg, there exists § > 0 such that
Vi, j, d(oy,05) > |i — j|°.

Condition 2: For d = d, or d = dy or d = dg, there exists ¢ > 0 such that
\V/i, d(O'Z',O'i_H) S C.

Here, we recall that d,, dy and dg are defined in Section B. Notice that § and
c are assumed to be independent on n.

These conditions are natural under increasing-domain asymptotics. Indeed,

Condition 1 provides asymptotic independence for pairs of observations with asymp-
totically distant indices. It allows to show that the variance of Ly and of its gradient
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converges to 0. Condition 2 ensures the asymptotic discrimination of the covari-
ance parameters (see Lemma 58 in Section F). These conditions can be ensured
with particular choices of sampling schemes for (oy,---,0,) (using the distances
previously discussed).

As an example consider the following setting. We fix £k € N. For n € N,i €
[1 : n], we choose a§"> = 0, = Ti¢; € Skin (we have N, = k + n) with 7; €
Sk X g 1:ntk) = {0 € Snik| Ojp+1m+k) = id} a random permutation such that
(7:); are independent (we do not make further assumptions on the law of 7;). Let
¢;=(+k i+k—1 --- 1) the cycle defined by ¢;(1) =i+ k, ¢;(j) = 5 — 1
if 1l <j<i+kandc¢(j)=7jif j >i+ k. Then, o; is a permutation such that
oi(1) =i+ k, 0;(j) is a random variable in [2: k] if 1 < j <k+1,0;(j) =j—1if
k+1<j<i+kando;(j)=jifj>i+k. A straightforward computation shows
that the Conditions 1 and 2 are satisfied with § =1 and ¢ = 1 + k(k — 1)/2 for
the Kendall’s tau distance, ¢ = 2+ k for the Hamming distance, ¢ = 2+ k? for the
Spearman’s footrule distance. Indeed, the three distances in Sj are upper-bounded
by k(k —1)/2, k and k? respectively.

The following theorems give both the consistency and the asymptotic normality
of the estimator when the number of observations increases.

Theorem 7. Let 6y, be defined as in (V.11), where the distance d used to define
the set {Ky; 6 € ©} is d,, dg or ds. Assume that Conditions 1 and 2 hold with
the same choice of the distance d. Then,

Theorem 8. Under the assumptions of Theorem 7, let My, be the 3 x 3 matrix
defined by

1 _1O0Rg« __ ORy-
My = —Tr | Ry R} . V.14
( ML) »J om r ( 0 ael 0 69] ) ( )
Then R
JaM2, <9ML - e*) = N0, Iy). (V.15)
Furthermore,
0 < Hminf A (Marz) < lHmsup Apax(Masr) < 400, (V.16)
n—00 n—00

where Amin(Myrr) (resp. Amax(Marr)) is the smallest (resp. largest) eigenvalue of
Mur,.

Given the maximum likelihood estimator gML, the value Y (7,), for any input
o, € Sy, can be forecasted by plugging the estimated parameter in the conditional
expectation expression for Gaussian processes. Hence Y (,,) is predicted by

%ML (En> = rgM (EH)R_l Yy (V.17)

L Omr
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with
Kg, (@n,01)
TG0, (Tn) = :
K5, (@n, 0n)
We point out that %ML () is the conditional expectation of Y (7,,) given yq, - - - , Yn,

when assuming that Y is a centered Gaussian process with covariance function
Onir
The following theorem shows that the forecast with the estimated parameter
behaves asymptotically as if the true covariance parameter were known.

Theorem 9. Under the assumptions of Theorem 7, for any fized sequence (Gp,)nen,
with @, € SN, for n € N, we have

0 (V.18)

n—-+00

‘ ~ ~

Yo, (@n) = Yo ()

Remark 50. Theorem 9 does not imply that

= 0. (V.19)

n—-+o0o

Y; (o) = Yp(0)

ML

max
o€SN,

Y5,,.(0) = Yo (0)

Indeed, letting 7, € argmax , (V.19) is equivalent to

O'ESNn

P
— 0,

n—-4o0o

‘ -~ ~

(En) - YG* (En)

Omr

but where @, is random. Here, Theorem 9 does not imply (V.19) as it holds for
deterministic sequences (G )nen- It would be interesting, in future work, to extend
Theorem 9 to show (V.19).

The proofs of Theorems 7, 8 and 9 are given in Section F (Sections F.2.ii),
F.2.ii) and F.2.iv) respectively). They are based on lemmas stated and proved in
Section F.2.i). In [Bacl4] and [BGLV17], similar results for maximum likelihood
are given for Gaussian fields indexed on R? and on the set of all probability mea-
sures on R (see also [BSGT19]). At the beginning of Section F.2, we also discuss
the similarities and differences between the proofs of Theorems 7, 8 and 9 and
these given in [Bacl4] and [BGLV17].

C.3 Numerical experiments

As an illustration of Theorem 7, we provide a numerical illustration showing that
the maximum likelihood is consistent. We generated the observations as discussed
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Figure V.1: Monte Carlo estimates of P(||§n — 0*|| > 0.5) for different values of n,
the number of observations, with #* = (0.1,0.8,0.3) and Kendall’s tau distance,
the Hamming distance and the Spearman’s footrule distance from left to right.

in Section C with & = 3. We recall that N,, = k+n and 0; = 7;(i+k i+k—1 ---1) €
Sk+n Where 7; € S X id[g41:44n) i a Tandom permutation.

For each value of n, we estimate the probability P(||§n—9* || > ¢) using a Monte-
Carlo method and a sample of 1000 values of ]1\\§n79*\\>s' Figure V.1 depicts these
estimates for e = 0.5, 0* = (0.1,0.8,0.3) and © = [0.02, 2] x [0.3,2] x [0.1, 1].

In Figure V.2, we display the density of the coordinates of the maximum likeli-
hood estimator for different values of n ranging from 20, 60 to 150. These densities
have been estimated with a sample of 1000 values of the maximum likelihood es-
timator. We observe that the densities can be far from the true parameter for
n = 20 or n = 60 but are quite close to it for n = 150. Further, we see that for
n = 150, the Kendall’s tau distance seems to give better estimates for §;. However,
the computation time of the distance matrix is much longer with the Kendall’s tau
distance than with the other distances.

In Figure V.3, for a given 7,, we display estimates of the probability that the
deviation between the prediction of Y (7,) given in (V.17) with the parameter 6,
and the prediction of Y (7,) with the parameter * exceeds 0.3. Indeed, Theorem
9 ensures us that this probability converges to 0 as n — 4o00.

C.4 Application to the optimization of Latin Hypercube
Designs

We consider here an application of Proposition 49 to find an optimal Latin Hyper-

cube Design (LHD). A LHD is a design of experiments (X;);<y € [0,1]¢ where,

for each component i € [1 : d|, the projections of X7, ..., X,y on the component i
are equispaced in [0, 1] (see [MBC79]). We will thus consider that each component
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Figure V.2: Density of the coordinates of é\ML for the number of observations
n = 20 (in red), n = 60 (in blue), n = 150 (in green) with 6* = (0.1,0.8,0.3)
(represented by the red vertical line). We used the Kendall’s tau distance, the
Hamming distance and the Spearman’s footrule distance from left to right.
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Figure V.3: Monte Carlo estimates of P <‘}7§n (Tn) — }Afg*(ﬁn)) > ().3) for different

values of n, the number of observations, with 8* = (0.1,0.8,0.3), 7, = (1 4 6) €
Snis3, and the Kendall’s tau distance, the Hamming distance and the Spearman’s
footrule distance from left to right.

of one X; is equal to k/(N — 1) for some k € [0 : N — 1]. We also remark that
we can always permute the variables so that the first component of X is equal to
(7 —1)/(N —1). So, for each LHD (X;);<n, there exist oy, ...,04 € Sy such that
for all j € [1: N], we have

X, — j—1 o02(j) -1 oa(j) — 1
! N-1 N-1"~ T N-1 '

Hence, there is a bijection between the set of LHD with N points and the set Sj‘f,_l.

Now, if (X;);<n is a LHD, we can define its measure of space filling quality as

X)), = sup min |z — X;|,
F((X5)j<n) SCE[OE]djE[l:N] I ill

that is the largest distance of a point of [0, 1] to (X;);<n. We remark that LHDs
minimizing f are called minimax [SWNWO3]. Our aim is to find a minimax LHD
(X})j<n . However, given a LHD (Xj);<n, its quality f((X;);<n) is not an obvious
quantity and its computation is expensive.

To estimate this quantity, we suggest to generate Ny, random points (x;)i<n,,,
uniformly on [0, 1]¢, to compute their distance to the LHD and to take the max-
imum value. This estimation is costly (because of the large number Ny,) and
noisy (because of the randomness of the points (z;);<n,,). Thus, we suggest to
use a Gaussian process model on f and to apply the Expected Improvement (EI)
strategy [JSWO8]. Nevertheless, remark that f is a positive function, whereas
a Gaussian process realization can take negative values. In this case, different
options are possible: firstly, we can ignore the information of the inequality con-
straint; secondly, we can use Gaussian process under inequality constraints (see
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[BLLLo019]); thirdly, we can use a transformation of the function to remove the
inequality constraint. We choose here the third strategy and we model log(f)
by a Gaussian process realization. We remark that log(f) can take positive and
negative values.

We thus assume that the unknown function log(f) to minimize is a realization
of a Gaussian process. We have to find a positive definite kernel on dev_l. Thanks
to Proposition 49, we have three positive definite kernels on Sy, thus on Sj‘f,_l
(taking the tensor product of these kernels). Thus, we apply the EI strategy
with these three kernels to find the best LHD with N, calls to the function f.
The Nyax/2 first LHDs are generated uniformly on Sj‘ffl and the other ones are
generated sequentially by following the EI strategy.

More precisely, for i € [Npax/2 : Nmax — 1], let us explain how to choose the

7 + 1-th observation, when we have observed the vectors (O'](-k))je[gcd]ﬁe[l:i] and the

associated observations [log ( f ((U](-k)) je[Q:d]))] » (we remark that f can be de-
ke[l

fined equivalently as a function f(oy, ..., 04) of d—2 permutations or as a function
f((Xj);<n) of a LHD). We model log(f) by a realization of a Gaussian process Z,
with a conditional mean written Z(JZ, .-+, 04) and a conditional variance written
52(09,-+ ,04q), given

{Z((0)2....a) = 1og(F((63)20,..a) Yaet,.i (V.20)

Then, we let
oy e ,04 )€ argmax El(og,---,04),
02, ,04€ESN
where
El(og, -+ ,04) = E; (max (M; — Z(03,--+ ,04),0)),

where M; = minge[.4 log(f (Uék)7 . ,ac(lk))), and E; is the expectation conditionally

to the observations (V.20). We have an explicit expression of E1,

~ M, — 7. M. — 7.
El = (M; — Z;)® (%) + 50 (%) )

% %

where ¢ and ® are the standard normal density and distribution functions. To
choose (aé”l), e ,afﬁl)), we thus solve an optimization problem for EI, which
has a very small cost compared to evaluating f, since the computation of EI is
instantaneous. We thus choose the set of permutations that maximizes EI over
2000 sets of uniformly distributed permutations.

We refer to [JSWOI8] for more details on EI. The parameters of the covariance

functions are estimated by maximum likelihood at each step.
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Figure V.4: Minimal quality of LHD found by the five methods.

We run an experiment where we compare the performances of the 5 following
methods:

IN

e Random sampling, to generate Ny., LHDs of the form {(XJ@)jSN; i
Nmax} by generating oy, ..., 04 uniformly and independently;

e Simulated annealing, choosing that two LHDs (0;)2<j<a and (07)a<j<q are
neighbours if there exist transpositions 7y, ..., 74 such that for all j € [2 : d],
we have o’ = 0;7;;

e EI with Kendall distance;
e EI with Hamming distance;
e EI with Spearman distance.

For each method, the performance indicator is min;—y .. f((X ](7’)) j<n). Here,
we take d = 3, N = 15, Npax = 200 and N, = 27 x 106.

We can see in Figure V.4 that the best LHDs are found by EI, particularly with
the Spearman distance. The simulated annealing is slightly better than random
sampling. A

We display in Figure V.5 the distributions of the qualities {f((X](-Z))jSN);i <
Nmax } for the five methods. We can notice that the simulated annealing does not
explore the set of all the LHDs and does not find the best minimum. EI performs
minimisation and exploration to find better minima. We can then provide the best
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distributions

3.0
method
25 D random
D simulated annealing
2.0+ [ 1 [] Elkendall
/ D El Hamming
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N

i

o 0 o 0

(=1 I=1 — —

Figure V.5: Distributions of the quality of LHDs for the five methods.

LHD of EI with the Spearman distance. This LHD is given by the permutations

oy = (5,2,1,7,6,3,4,8,11,13,12,9,10, 14, 15),
o3 = (3,6,1,8,4,9,15,7,12,5,13,10,2,11, 14).

To conclude, the kernels on permutations provided in Section B enable us to
use EI that gives much better results than simulated annealing or random sampling
to find the best LHD.

D Covariance model for partial ranking

D.1 A new kernel on partial rankings

In application, it can happen that partial rankings rather than complete rankings
are observed. A partial ranking aims at giving an order of preference between
different elements of X without comparing all the pairs in X. Hence, a partial
ranking R is a statement of the form

X1 - Xg == Xm, (V21)

where m < N, and X,---, X, are disjoint sets of X = {x1,x9, - ,x5}. The
partial ranking means that any element of X is preferred to any element of X,
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but the elements of X; cannot be ordered. Given a partial ranking I?, we consider
the following subset of Sy

Er = {oe€Sy: a(iy) <oliz) <+ <0(ip)
for any choice of (z;,, -+ ,2;,) € Xi x---x X, . (V.22)
In the statistical literature, there is a natural way to extend a positive definite

kernel K on Sy to the set of partial rankings (see [KB10], [JV17]). To do so, one
considers for R and R’ two partial rankings the following averaged kernel

K(R,R') := m > ) K(oo). (V.23)

0€ER 0’€E R

Here, |ER| denotes the cardinal of the set Er. Notice that, if K is a positive
definite kernel on permutations, then K is also a positive definite kernel [Hau99].
Indeed, if Ry,--- , R, are partial rankings and if (aq,--- ,a,) # 0, then

n

> g K(Ri, Ry) = Y bobgK(0,0), (V.24)
ij=1 0,0'ESN
where we set o
= L 2
b, 'Z T (V.25)
i, 0ER; 4

Observe that the computation of K is very costly. Indeed, we have to sum over
|Er||ERr/| permutations. Several works aim to reduce the computation cost of this
kernel (see [KB10, LM08, LRGG19]). However, its efficient computation remains
an issue.

In the following, we provide another way to extend the kernels Kjy, g, 9, to
partial rankings. We will provide computational simplifications for this extension.
First, define the measure of dissimilarity dayg on partial rankings as the mean of
distances d(o,0’) (0 € Eg,0’ € Er/). That is

davg(R, ) = m S Y dio,o). (V.26)

o€ER o€ER

Since davg(R, R) # 0 in general, we need to define dpartial as follows

1 1
d (R, R) = davg(R. R) = 5davg(R, R) = Sdavg(R, R). (V.27)

partial

1
Proposition 50. d; is a pseudometric on partial rankings (i.e. it satisfies

artial
the positivity, the symmetry, the triangular inequality and is equal to 0 on the

diagonal {(R, R), R is a partial ranking} ).
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We remark that other metrics on partial rankings are defined in [Cril2], in
particular the Hausdorff metrics and the fixed vector metrics (based on the group
representation of Sy). These two metrics are different from the one defined in
(V.27). Our suggested metric dpartial Will enable us to define positive definite
kernels in Proposition 51. In future work, it would be interesting to study the
construction of positive definite kernels based on the Hausdorff and fixed vector
metrics.

We further define

Ko, 0:.05(R, R') := 0 exp(—6:1d (R, R")%). (V.28)

partial
The next proposition warrants that this last function is in fact a covariance kernel,
which will later enable to define Gaussian processes on partial rankings.

Proposition 51. Ky, 4,0, s a positive definite kernel for the Kendall’s tau dis-
tance, the Hamming distance and the Spearman’s footrule distance.

D.2 Kernel computation in partial ranking

At a first glance, the computation of the kernel Cy, g, ¢, (R, R’) on partial rankings

may still appear very costly due to the evaluation of dpartial' Indeed, we have

to sum |Eg||Ep| elements for davg(R, R'), |Eg|* elements for dayg(R,R) and
|Er:|* elements for davg(R', R'). However, this computation problem can be quite
simplified. As we will show in this subsection, the mean of the distances is much
easier to compute than the mean of exponential of distances. We write d,avg
(resp. dpavg and dgavg) for the average distance in (V.26) when the distance on
the permutations is d, (resp. dy and dg).

To begin with, let us consider the case of top-k partial rankings. A top-k partial
ranking (or a top-k list) is a partial ranking of the form

Ty = Tiy = 0 = Ty = Xpest, (V.29)
where X, == X \ {24, -, ;. }. It can be seen as the ”highest rankings”. In
order to alleviate the notations, let just write I = (i1, - - , i) for this top-k partial

ranking. The following proposition shows that the computation cost to evaluate
davg (and so the kernel values) might be reduced when the partial rankings are
in fact top-k partial rankings. Before stating this proposition let us define some
more mathematical objects. Let I := (iy,--- i) and I’ := (4}, - ,i}) be two
top-k partial rankings. Let

{jl;"' ,jp} - {2'17... ,ik}ﬂ{ill,"' ,Z;}
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where j; < jo < --- < jp and p is an integer no larger than k. Let, for [ =1,---p,
cj, (vesp. cj) denotes the rank of j; in I (vesp. in I'). Further, let 7 := k — p and
define I (resp. I') as the complementary set of {j;,---,j,} in {iy,--- ,ix} (vesp.
in {i},---,7.}). Writing these two sets in ascending order, we may finally define
for j =1,---,r, u; (vesp. u}) as the rank in I (resp I') of the j-th element of I
(resp. I').

Example 6. Assume thatn = 7, I = (3,2,1,4,5) and I' = (3,5,1,6,2). We
have (j1, J2, 33, ja) = (1,2,3,5) (the items ranked by I and I', in increasing order).
Thus, cj, = 3, ¢j, =2, ¢jy =1, ¢, =5 and ¢ =3, ¢, =5, d;, =1, ¢, =2.
Further, uy = 4 and u} = 4.

Proposition 52. Let I and I' be two top k-partial rankings. Set N' :== N —k —1
and m := N — [I UI'|. Then,

dT’aUg(Ij [,) = Z ]l(cjl<cjz/ ,c;l>c;.ll) or (le>0jl, ,c;l<c;-l,) + 7’(2]{3 +1-— 7”)
1<I<l'<p
" N —k 1 (m
— . /. 2 [
S ()5 ()
7=1
P N—k—1
AN , v -
davg(I, ') = ; Loy ey, + M + 21,
P T
dsavg(L, 1) = Y ey — il +r(N +k+1) = (u; +u))
=1 Jj=1
mN'(2N' + 1)
N’ —
m 3(N+ 1)

Notice that the sequences (cj,), (¢,) and (u;), (u}) are easily computable and
so dayg ([, 1) too. Let us discuss an easy example to handle the computation of
the previous sequences.

Example 7. Assume thatn =7, 1 = (3,2,1,4,5) and I' = (3,5,1,6,2). Proposi-
tion 52 leads to

dTva'Ug(], [/) =0, d&a]yg([, I/) = 45, dS,(lUg(Ia I/) =11.5.
To compute the pseudometric dpartial defined in (V.27), we also need to compute
d-avg on the diagonal {(/, I)| I is a top-k partial ranking}. The following corollary

gives these computations.
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Corollary 9. Let I be a top-k partial ranking. Then,

1 (N—k
dnavg(], I) = 5 ( 9 ) )

dH7aUg([,I) - N—k—l,

ds,avg(I,1) = (N_k)<N_k_1)+(N—k:—l)(;N—zk_u

Remark 51. Similar results as Proposition 52 are stated in Sections III.B and
II1.C of [Cri12] for the Hausdorff metrics and the fized vector metrics respectively.

In the case of the Hamming distance, we may step ahead and provide a simpler
computational formula for the average distance between two partial rankings when-
ever their associated partitions share the same number of members (see Proposition
53 below). More precisely let Ry and Ry be two partial rankings such that

Ri=Xl= =X, i=12, (V.30)
assume also that for j = 1,--- &, |Xj| = |X?| and denote by 7; this integer.
Obviously, N = Z?Zl 7; so that v := (v;), is an integer partition of n. Further,
when 1 =y =795 = -+- = -1 and 7 = N — k + 1 one is in the top-(k — 1)
partial ranking case. For j = 1,---  k, let I'; be the set of all integers lying in

S v 41,507 |- Set further,
»517 = SF1 XSF2 NEEE XSFk;

where St is the set of permutations on I';. Notice that S, is nothing more than the
subgroup of S, letting invariant the sets I'; (j = 1,--- , k). So that, for i = 1,2,
we can write Eg, as a right coset R; = S,m; for some m; € Egr,. With these extra
notations and definitions, we are now able to compute d H,avg(Rh Ry).

Proposition 53. In the previous setting, we have
k
iy . . Vi
di,avg(Ri, Ro) = [{i, T(mi(i)) # T(ma(i)} + ) ~ i =1, (V.31)
j=1

where, for 1 <1 < N, I'(l) is the integer j such that | € ;.

Note that in (V.31), the term [{, I'(m1 (7)) # ['(m2(7))}| counts the number of
item i € [1: N| that are ranked differently in R; and Rs.
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kel”nel Icgl,02793 lcg792,03 ’Cgl ,02,93 ’C@l
rate 0.902 0.904 0.912 | 0.928
R? 0.887 0.996 0.996 | 0.070

Table V.1: Rate of test points that are in the 90% confidence interval and coeffi-
cient of determination for the four kernels.

D.3 Numerical experiments

We have proposed in Section D.1 a new kernel Ky, g, g, defined by (V.28) on partial
rankings. We show in Section D.2 that in several cases (for example with top-k
partial rankings), we can reduce drastically the computation of this kernel. An-
other direction is given in [JV17] by considering the averaged Kendall kernel and
reducing the computation of this kernel on top-k partial rankings. This kernel is
available on the R package kernrank. We write K the averaged Kendall kernel,
and we define ICp, := 0, K.

In this section, we compare our new kernel Ky, g, 9, With the averaged Kendall
kernel Ky, in a numerical experiment where an objective function indexed by top-
k partial rankings is predicted, by Kriging. We take N = 10 and for simplicity,
we take the same value £k = 4 for all the top-k partial rankings. For a top-
k partial ranking I = (i1, 19, 13,14), the objective function to predict is f([) :=
24y + i — i3 — 2i4. We make 500 noisy observations (y;)i<s00 With v; = f(I;) + €;,
where (1;);<500 are i.i.d. uniformly distributed top-k partial rankings and (&;);<s00
are L.i.d. N(0,?), with A = . As in Section C, we estimate (¢, A) by maximum
likelihood. Then, we compute the predictions (¥})i<s00 of ¥ = (¥.)i<500, With ¢/
the observations corresponding to 500 other test points (I7);<s00, that are i.i.d.
uniform top-k partial rankings.

For the four kernels (our kernel Ky, g, 9, with the 3 distances and the averaged
Kendall kernel Iy, ), we provide the rate of test points that are in the 90% confi-
dence interval together with the coefficient of determination R? of the predictions
of the test points. Recall that

500 2
506 2mimt (Vi — )

s S (v —y)”

where 3/ is the average of 3. The results are provided in Table V.1.

The rate of test points that are in the 90% confidence interval is close to 90%
for the four kernels. We can deduce that the parameters (6, \) are well estimated
by maximum likelihood, even for the averaged Kendall kernel Xy, .

However, we can see that the coefficient of determination of the averaged
Kendall kernel Ky, is close to 0. The predictions given by the averaged Kendall

R?:=1-—
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kernel KCp, are nearly as bad as predicting with the empirical mean. In the opposite
way the coefficient of determination of our kernels is larger than 0.9 for the Kendall
distance, and larger than 0.99 for the Hamming distance and the Spearman dis-
tance. That means that the prediction given by our kernels are much better than
the empirical mean.

To conclude, we provide a class of positive definite kernels Ky, g, 9, Wwhich seems
to be significantly more efficient than the averaged Kendall kernel Iy, , in the case
of Gaussian process models on partial rankings.

E Conclusion

In this work, we provide a Gaussian process model for permutations. Following
the recent works of [JV17] and [MRW™16], we propose kernels to model the co-
variance of such processes and show the relevance of such choices. Based on the
three distances on the set of permutations, Kendall’s tau, Hamming distance and
Spearman’s footrule distance, we obtain parametric families of relevant covariance
models. To show the practical efficiency of these parametric families, we apply
them to the optimization of Latin Hypercube Designs. In this framework, we
prove under some assumptions on the set of observations, that the parameters of
the model can be estimated and the process can be forecasted using linear com-
binations of the observations, with asymptotic efficiency. Such results enable to
extend the well-known properties of Kriging methods to the case where the process
is indexed by ranks and tackle a large variety of problems. We remark that our
asymptotic setting corresponds to the increasing domain asymptotic framework for
Gaussian processes on the Euclidean space. It would be interesting to extend our
results to more general sets of permutations under designs that do not necessarily
satisfy Conditions 1 and 2.

We also show that the Gaussian process framework can be extended to the
case of partially observed ranks. This corresponds to many practical cases. We
provide new kernels on partial rankings, together with results that significantly
simplify their computation. We show the efficiency of these kernels in simulations.
We leave a specific asymptotic study of Gaussian processes indexed by partial
rankings open for further research.

As highlighted in [Mar14], data consisting of rankings arise from many different
fields. Our suggested kernels on total rankings and partial rankings could lead to
different applications to real ranking data. We treated the case of regression in
Sections C.3 and D.3. In Section C.4, we used these kernels for an optimization
problem. One could also use our suggested kernels in classification, as it is done
in [JV17], in [MRW™'16] or in [KB10], and also using Gaussian process based
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classification [RW06] with ranking inputs.
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F Proofs

F.1 Proofs for Sections B and D
Proof of Proposition 48

Proof. We show that Ky, g, is a strictly positive definite kernel on S,,. It suffices
to prove that, if v > 0, the map K defined by

K(o,0") := e V@) (V.32)

is a strictly positive definite kernel.

Case of the Kendall’s tau distance. It has been shown in Theorem 5 of
[MRW™16] that K is a strictly positive definite kernel on Sy for the Kendall’s tau
distance. Nevertheless, we provide here an other shorter and easier proof. The
idea is to write K (o1, 03) as M (® (o), P(02)), for an application ® defined below,
for a function M defined below and for o1, 09 € Sy. We will then show that M is
strictly positive definite and which will imply that K also is.

Let Ny
o (1a(z’)<a(j))1gi<j§zv~
Further, define
{O 1} x {0, 1} — R
((au)uv (bi,j)i,j> > exp <_VZz'<j |a;; — bi7j|> .

Remark that for all o, 0’, we have
K(o,0") = M(®(0), 2(0")).

Now, assume that M is a strictly positive definite kernel. Let n € N and let
o1, -+ ,0, € Sy such that o; # o; if ¢ # j. As ® is injective, we have ®(0;) #
®(0y) if i # j, and so (K (03, 05))1<i,j<n = (M (P(0:), D(05))),<; j<, IS & symmetric
positive definite matrix. Thus, K is a strictly positive definite kernel.

It remains to prove that M is a strictly positive kernel. For all £ € N*, we
index the elements of {0, 1}* using the following bijective map

{01 — [1:27]
(az>z<k — 1"’21 1azQZ 1

With this indexation, we let M be the square matrix of size 285 defined by

MiJ = M(N];(lel) (Z)> N]Tf(lN—l) (]))
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By induction on k, we show that the 2F x 2F matrix M*) defined by

k
M = exp (—VZ N (i) — N,ﬁ”(j)l!) C(,je1:2Y),
=1

is the Kronecker product of k£ matrices A, defined by

A,,:z(1 6), (v >0).
e’ 1

This is obvious for £ = 1. Assume that this is true for some k. Thus, for all ; < 2%
and j < 2%, we have

(A, @MW), = 107
k
= exp (—VZ [N (@)~ N;E_l)(j)ﬂ)
=1

k+1
— . —1 .
= ©exp (‘VZ |Nk;+11(@)l - N/f;+1)(])l|>

=1
. (k+1)
= M.
With the same computation, we have
k41
(Ay ® M(k))i_’_gk’j_’_gk — Mi(+—2i_k7)j+2k'

We also have

(AV®M(k))i+2k,j = e_VMi(,j)

= exp (—y

k+1
—_ . —1 .
= exp (—VZ |Nk+11(l)l - N15+1)(])l|)

=1

L+ > [N i) — Né%)l\] )

=1

_ M(k+1)

T a2k
and with the same computation,

k+1
(Ay ® M(k‘))i’j_i_gk = Ml(,jiy)“

So we conclude the induction. Using this result with k = w, we have that the

matrix M is the Kronecker product of positive definite matrices, thus it is positive
definite and so, M is a strictly positive definite kernel.
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Remark 52. We could have showed that M is a positive definite kernel using Fx-
ample 21.5.1 and Property 21.5.8 of [RKSF13] (it is a straightforward consequence
of these example and property). However, these example an property do not prove
the strict positive definiteness of M.

Case of the other distances. For the Hamming distance and the Spear-
man’s footrule distance, we show that the kernel K is strictly positive definite
on the set F' of the functions from [1 : N] to [1 : N]. Indeed, if "for all n € N
and all fi,---, f, € F such that f; # f; if i # j, (K(fi, fj))1<ij<n IS & symmetric
positive definite matrix”, then "for all n € N and all 0¢,---,0, € Sy C F such
that o, # o; if @ # j, (K(04,0;))1<ij<n 1S @ symmetric positive definite matrix”.
Now, to prove the strict positive definiteness of K on F', it suffices to index the ele-
ments of F by fi,--- , fy~ and to prove that the matrix M := (K(fi, f))1<ij<nw
is symmetric positive definite. We index the elements of F' using the following
bijective map

F — [1:NV]
[ 10 N(f@) - 1),
Thus, it suffices to show that the NV x N~ matrices M defined by

M;; =K (Jn'(@), J5' ()

JNi

are positive definite matrices for these three distances. Straightforward computa-
tions show that

e For the Hamming distance, M is the Kronecker product of N matrices, all
equal to (exp(—u]l#j))i’je[l:m.

e For the Spearman Footrule distance, M is the Kronecker product of N ma-
trices, all equal to (exp(—v[i — j|)); jep1.n-

In all cases, M is a Kronecker product of positive definite matrices thus is also a
positive definite matrix.
[

Lemma 55. For all the three distances, there exist constants dy € N*, Cy € R
and a function ® : Sy — RW such that d(o,0') = Cx — (®(0), ®(0")). Here (-,
denotes the standard scalar product on R .

N(N-1
Proof. e M= —d (0,0") = 1 30, Lotiy<o(iy, o)<’ () T Lot o), o'()07 () —

5 2icj Loty<o(i). o' (>0 () T Lo(i>0(i). o' (<o) = (®(0), ®(0”)) where (o) €
N(N—
R (2 = is defined by (I)(O')i’j = \/Aﬁ(]lo(i)%r(j) — ]lg(i)<o(j)), for all 1 <1< j <

N.
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o N —dy(0,0") = 3N Topmoiyy = (B(0), ®(0")) where ®(0) € My(R) is

defined by ®(0) := (Loa)=))ij>

o N2—dg(o,0') =N min(a(i), 0’ (1)) + N —max(c (i), o' (1)) = (®(c), ®(c"))
where ®(0) € My (R)? is defined by

®(0); 0 = { 1 if j < o(i) B(0)s5 = { 0 if j <o(i)

0 otherwise, 1 otherwise.

Proof of Proposition 49

Proof. Let us prove that d is a definite negative kernel, that is, for all ¢, ...,c; € R

such that Zle ¢; = 0, we have ij:l cicjd(oi,05) < 0. Let ¢q,...,¢; € R such

that Zle ¢; =0 and let 0q,...,0, € Sy. We have

k k k
Z CZ'de(O'i,O-j) = Cy Z CiCj — Z c,-cj<<I>(ai), (I)(Uj» <0,

1,j=1 4,j=1 1,j=1

2
as Cy ijzl cic; = Cn (Zfil ci) is equal to 0. So, d is a negative definite kernel.

Hence d% is a definite negative kernel for all 63 € [0, 1] (see for example Property
21.5.9 in [RKSF13]). The function F' : t — 65 exp(—6;t) is completely monotone,
thus, using Schoenberg’s theorem (see [BCR84] for the definitions of these notions
and Schoenberg’s theorem), Ky, g, 0, is a positive definite kernel. ]

Proof of Proposition 50
Proof. Let us write, with the notation of Lemma 55,

Dayg : R— |E—1| > (o). (V.33)

O'EER

Then,

/ 1 /
CN_dan<R7R> = CN—WZ Z d(0'70')

oc€ER 0€ER
1 /
= Bl > > Cy—dlo,d)
ocER o€ER
1
= TEnllEn| > (o), ®(0")
RIIZR 0€ER 0€E
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= (Pavg(R), Payg(R)).

Thus,

1 1
d R, R,) — davg(R, R,) - §da\/g(R, R) - §davg(R/, R/)

partial(
= % [(CN — davg(R, R)) + (CN — davg(R/, R/)) -2 (CN - davg(R, R/))]

= % (IPavg(R)|I” + [Pavg (R)* — 2(Pavg(R), Pavg(R)))
= [[®avg(R) — Pavg(R)|*.

O
Proof of Proposition 51
Proof. Let us prove that dpartial is a definite negative kernel. We define
Davg(R, R') := Payg(R)" Pavg(R'). (V.34)

Let (¢, ..., cx) € R such that S°F ¢, = 0. We have

k k
1 1
Z Cicjdpartial(Ri’ RJ> = Z C,L'Cj [davg(Ri, Rj> — §davg(Ri, RrL) - §davg(Rj, R]):|

i,j=1 i,j=1

k k k
1
= Z Cideavg(Ri, R]) — 5 Z Cidan(Ri7 Rl) Z Cj
=1 j=1

1,j=1
k

k
1
_5 Z deavg(Rj, RJ) Z C;
j=1

=1

k
= Y acidavg(Ri Ry)

ij=1

k
= Z cicj [CN — Davg(R;, Rj)]

ij=1

k
= — Y ccDavg(Ri, R))
ij=1
< 0.
So, dpartial is a definite negative kernel, and we may conclude as in the proof of
Proposition 49.
O
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Proof of Proposition 52

Proof. Assume that o (resp. ¢’) is a uniform random variable of E; (resp. Ep).
We have to compute E(d(0,0’)) = davg(I,I’) for the three distances: Kendall’s
tau, Hamming and Spearman’s footrule.

First, we compute E(d, (o, 0")). Following the proof of Lemma 3.1 of [FKS03],

we have
E(d,(o,0")) = Z E(K,4(0,0")),
a<b
with
Kap(0,0") = Lig(a)<o)0'(a)>0' (1) or (o(a)>0(0)0"(@)<o' ()-
We now compute E(K,;(o,0')) for (a,b) in different cases. Let us write J :=

{1, jp} and we keep the notation I (resp. I') for the set {i1,..., i} (resp.
{i},...,i}.}). In this way, we have I = JU [ and I'=J U I

1. Consider the case where a and b are in J. There exists [ and I’ € [1 : p| such
that a = 5; and b = ji. Then

A
Ka,b(aa 9 ) - ]l(cjl<cjl/ ,c;l>c;-l/) or (¢j,>c;, 7c;l<c;-l/)'

Thus, the total contribution of the pairs in this case is

E ]l(cjl<cjl/ 7c;-l>c;-l/) or (le>c.7'l, ,c;-l<c;l/).
1<I<l'<p

2. Consider the case where a and b both appear in one top-k partial ranking
(say I) and exactly one of i or j, say ¢ appear in the other top-k partial
ranking. Let us call P, the set of (a,b) such that a < b and (a,b) is in this
case. We have

Z Kap(o,0') = Z Kop(o,0") + Z Kap(o,0")
(a,b)eP> acJ, a€d,
bel bel’

Let us compute the first sum. Recall that I = {i,,, ..., iy, }.

Z Kap(o,0') = Z Z Kop(o,0")

ae{, bef acJ
bel
= Y #{a€J o(a)>o(b)}
bel

= Y #{acJ oa) > oliy,)}
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We order uy,--- ,u, such that u; < --- < u,. Let [ € [1 : 7]. Remark that
0(iy,) = w. We have #{a € I, o(a) > w} =k —w and #{a € I, o(a) >
w} =r—1 thus #{a € J, o(a) > w} =k —w —r+ 1. Then,

r

S Kaplo,o') =7 (k:+ 1;”) -

acJ, =1
bel

Likewise, we have

3" Koslono') =7 (k 42 5 r) - iu;. (V.35)

agJ,
bel’

Finally, the total contribution of the pairs in this case is

T

r(2k+1—r) — Z(u] + uj).

Jj=1

3. Consider the case where a, but not b, appears in one top-k partial ranking
(say I), and b, but not a, appears in the other top-k partial ranking (I’).
Then K,;(0,0’) =1 and the total contribution of these pairs is 2.

4. Consider the case where a and b do not appear in the same top-k partial
ranking (say /). It is the only case where K, (o, 0’) is a non constant random
variable. First, we show that in this case, E(K,;(0,0’)) = 1/2. Assume for
example that I does not contain a and b. Let (a b) be the transposition
which exchanges a and b and does not change the other elements. We have

{mre Ennm(a) <m(b)} = (ab){r € Er,m(a) >n(b)}.

Thus, there are as many © € Ey such that 7(a) < 7(b) as there are 7 € E;
such that 7(a) > 7(b). That proves that E(K,;(0,0")) = 1/2.

Then, the total distribution of the pairs in this case is

L[| | '] |[I¢n 1’ N —k 1 ({m

_ + _ — _ _ i

2 2 2 2 2 2\2
That concludes the computation for the Kendall’s tau distance.
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To compute E(dy(o,0")), it suffices to see that
E(du(o,0") = E (Z ﬂaa‘#o/(z‘))
i=1
p

=1 iAIUT

+E (Z ]luﬁéo'mj>> +E (Z ]1o<z'u3,>¢u;>
j=1 j=1
p
- 121: Lo, ze, + mNA_f—T + 27

Finally, let compute E(dg(o,0")). First, we define

o A= Z§:1 lcj — C;|

o Au0) =Y, Juy — 0'(i,)]

o Ay(o) =375, |0(i;;_) — uj|

o R(o,0") =3 izup lo(i) — o' (i)
We have

E(ds(o,0")) = E(Ac) + E(Au(0")) + E(Aw (o)) + E(R(0,07)).

It remains to compute all the expectations appearing here.

1. E(A,) = A..

2. E(Au(0") = >5_ E(Ju; — 0’ (iuy)]). If 0’ is uniform on Ep, then o’(iy,) is
uniform on [k + 1 : N] so:

. . N+k+1
E(luy —o'(iu;)]) = E(0'(i0,) —w5) = ———— —u;.
Finally,
N+k+1
/ —
E(Au(0) = 15— - ;uj (V.36)

3. E(Ay(0)) = r XL S

2 j=1"3"

249



APPENDIX V. GAUSSIAN FIELD ON THE SYMMETRIC GROUP:
PREDICTION AND LEARNING

4. E(R(0,0")) = > 2up E(lo(i) — o'(i)]). o(i) and o'(i) are independent uni-
form random variables on [k + 1 : N].

N—k—1
E(lo(i) = o'(0)]) = JP(lo (i) = o' ()] = )
j=1
N—k—
_ 1j2N —k—j
: (N — k)2
7=1
Then
2m YV
E(R N = (N +1—3
(R(o,0)) (N'+1)2;J( +1—7)
B 2m N'(N'+1)>  N'(N'+ 12N +1)
(N 1)2 2 6
N'(2N"+1)
— N =
" 3V + 1)
That concludes the proof of Proposition 52. O
Proof of Proposition 53
Proof. We define
aj(o,0') = [{ie[l:N], o(i) €T;,0'(i) € I, o(i) # o’(i)}],
bl(0,0") == [{i€l:N], o(i) eTy,0'(i) €Ty, j#I}].

Now, assume that 0,0’ ~ U(S,) and 0, 0% ~U(S,,). We have

k k
E(dy(o,0") = E (Z bl (om, 0'ma) + Z(I;’(Uﬂ'l,dlﬂ'g)>

j,l=1 7=1
k k

= Z 511(71'1,7@) + Z i, (i), m(i) € Fj}|7j’y_ 1

=1 /

J

= [{i. Tm(@) # Dma(i)} + - Ly - ).
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F.2 Proofs for Section C

In the following, let us write ||.|| for the operator norm (for a linear mapping of
R™ with the Euclidean norm) of a squared matrix of size n, ||.||r for its Frobenius
norm defined by [[M||7 := Y77, mZ; for M = (mij)i<ij<n € Mp(R), and let us
define the norm |- | by |M|? := 1||M||%. We remark that, when M is a symmetric

positive definite matrix, ||M|| ig its largest eigenvalue. In this case, we may also
write || M|| = Amax (M), where Apax(M) has been defined in Section C.2 and is the
largest value of M. For a vector u of R?, for d € R, recall that ||u|| is the Euclidean
norm of u.

The proofs of Theorems 7, 8 and 9 are given in Section F.2.ii), F.2.iii) and
F.2.iv) respectively. These proofs are based on Lemmas 56 to 59, that are stated
and proved in Section F.2.i). The proofs of these lemmas are new. Then, having
at hand the lemmas, the proof of the theorems follows [BGLV17]. We write all the

proofs to be self-contained.

F.2.i) Lemmas

The following Lemmas are useful for the proofs of Theorems 7, 8 and 9.

Lemma 56. The eigenvalues of Ry are lower-bounded by 03 win > 0 uniformly in
n, 0 and X.

Proof. Ry is the sum of a symmetric positive matrix and 637,,. Thus, the eigenval-
ues are lower-bounded by 03 yin. O

Lemma 57. For all @ = (o, a0, 3) € N3, with |a| = a; + ag + a3 and with

00% = 007" 0052005°, the eigenvalues of 8‘;9‘59 are upper-bounded uniformly in n,
0 and 3.

Proof. 1t is easy to prove when a; = as = 0. Indeed:

1. If ag = 0, then Apax (Ro) < Amax ((Ko,,0,(04,05))i.5) +03max and we show that
Amax (Ko, 0,(0i,05);;) is uniformly bounded using Gershgorin circle theorem
([Ger31]).

la|
2. If a3 =1, then 88059 =1,.

3. If ag > 1, then 2o fe — .

Then, we suppose that (ay, as) # (0,0). Thus,

ol R, - olel (Kel,eg(aiaaj%j)
00 h '
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It does not depend on a3 so we can assume that o € N2, We have

‘ 8‘Q|K91792 (0, O‘I)

00«

We conclude using Gershgorin circle theorem [Ger31].

‘ < max(1, 03 max)d(0, 0./)0{16—91,mind(0,g/).

Lemma 58. Uniformly in X,

n

1
Yo >0, liminf inf = Ryi i — Roe ;)2 > 0.
oo 16—6*||>a T zjz—l< 0,15 0 ﬂ:])

Proof. Let N be the norm on R3 defined by

N(Z’) = max<40927max|xl|a 2|$2|7 |$3|)7

(V.37)

(V.38)

(V.39)

with ¢ as in Condition 2. Let o > 0. We want to find a positive lower-bound over
0 € ©\ By(0*,a), where By(0*, «) is the ball with the norm N of center §* and

radius «, of

1 n
ﬁ Z <R9,i,j - Re*,m)Z-

ij=1

Let 6 € © \ By(0*, «).

(V.40)

1. Consider the case where |61 — 67| > a/(4cfamax). Let ko € N be the first

integer such that

2+ 1n(92,max) — ln(elmin)
> .

kg Z 4092,max

Then, for all i € N*,

’ (QT — 91)d<0'z', Ui+ka) + 111(92) — 111(6;)
9 =

For all n > k,,

1 n
ﬁ Z (R(M,j - R&*,i,j)Q

ij=1

v

1 n—ka
2
- § (Roiitka — Rowiitha)
=1

(V.41)

n—~ka * *
2 l Z 6_291,max0ko¢+2 ln(02,min)4 Slnh2 ((01 — 91>d<0-17 O-'L+ka) + 111(02) - 111(92)
n

, 2
=1
n—k
2 Cl,a O47
n

where we write O} o, = e~ 20tmaxckat2In(@2min)4 sinh?(1).
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2. Consider the case where |0 — 07| < /(462 max)-

(a) If |02 — 03] > /2, we have

0, — 05 Q@
| : 2 1|d(ai’0i+1) = 892,max
. « «
B 402,max 862,max
| In(65) — In(6s)] o«
o 2 802,max‘

Thus,

(QT — 91)(1(0’2‘, Ui+1) + 111(92) — 111(9;) > (0%
2 - 802,max’

and we have

1 n
n Z (Ro,ij — Re*,i,j)2
ij=1

n—1

1
2
o E (RQ,i,i+1 - RG*,i,i+1)
i=1

1 Zn_l «
_ efzel,maxc‘i’2 ln(02,min)4 Slnh2 < )
n 892,max

i=1
n—1

= C2,a )

n

v

v

where we write Cy  := e~ 201 maxct2In(02,min) 4 ginh? ( @ )

892,max
(b) If |#y — 05| < /2, we have |05 — 05| > «. Thus,

1 n
n Z (R(%i,j - Re*,i,j)2

i,j=1

1 n
> = Ro;i — R i)°
> ”;:1( 0.0 = Rowi0)
1 - * *
_ 521:(9#03—92—93)2
o2
> —,
- 4

(V.42)
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Finally, if we write

o2
C, := min (C’La, Co.0s 7) , (V.43)
we have
inf lzn:(R-~—R '-)2>n_kaC (V.44)
N(O—6%)zan L= 0.4, brii) ="y & '

To conclude, by equivalence of norms in R?, there exists h > 0 such that ||.||s <
hN(.), thus

n

. . 1 2
- o R s )2 > ) _
lir—rﬁgof ||e-lerlﬁza n ijZZI(RG’” Ro-i5)" 2 Capn >0 (V.45)
m
Lemma 59. V(\i, Ao, A3) # (0,0,0), uniformly in o,
n 3 a 2
171Lr3+1§ofn . (Z N Rg*,i,j) > 0. (V.46)
1,j=1 \k=1
Proof. We have
Y x —0%d(04,04)
891 Rg g = —02d(0'i,0_j)6 7
9 —  p0id(oioy)
892 RG* gj — € )
0
905 """ !

Let (A1, A2, A3) # (0,0,0). We have

5 ()

1,j=1 \k=1
9 2
= (Z RQ* ”> + (A2 + A3)°

1
= ; Z e —207d(04,05) ()\2 — )\19561(0'1', O'j))Q + ()\2 + /\3)2.
i#j=1

If A\; # 0, then for conditions 1 and 2, we can find € > 0,7 > 0,k € Z so that for
li — j| = k, we have (\y — \yd(03,0,))* > € and e 2%i49:95) > 7 This concludes
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the proof in the case A\; # 0. The proof in the case A\; = 0 can then be obtained
by considering the pairs (j,j + 1) in the above display.
m

With these lemmas we are ready to prove the main asymptotic results.

F.2.ii) Proof of Theorem 7

Proof. Step 1: It suffices to prove that, uniformly in ¥ where we recall that ¥ =
(01, ,00) € SN,,

P (sup |(Lo — Lg+) — (E(Lg|X) — E(Lg+|2))| > € E) —n—soo 0, (V.47)
0co
and that there exists a > 0 such that
1 — )
E(Lo|2) — B(Lg:[S) > a- > (Ky(oi,05) — Ko (01, 07))*. (V.48)

1,j=1

Indeed, by contradiction, assume that we have (V.47), (V.48) but not the consis-
tency of the maximum likelihood estimator. We will use a subsequence argument
and thus we explicit here the dependence on n of the likelihood function (resp. the
estimated parameter) writing it L, o (resp. gML). Then,

Je >0, Ja >0, Vn €N, Im, > n, P(|0p, — 0% > €) > a. (V.49)

Thus, with probability at least «, we have, for all n:
10, — 0[] > € thus infjg_g+>e Lm0 <L, 5

m"’emn )
However, by definition of gmn, we have L, 5 < Ly, o+
Thus: infjjg_p«|>e Lim,.6 < L, 6+
Finally, with probability at least a:

O Z 1nf (meg — meg*)
|0—0%[|>¢
Z mf E (meg — meg* E)
10—6%||>€
- Sup |(Lmn79 - Lmnﬂ*) - (E(Lmrue - Lmnve* E)|
10—6%||>€
inf a|lRp — Ro-|> = sup (Lm0 — Liny.0) = (BE(Lin,.0 — Lin,.0+|5)]
6—0* =€ 6—6*|>¢

using (V.48), which is contradicted using (V.47) and recalling Lemma 58. In the
above display, we recall that the norm | - | for matrices is defined at the beginning
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of Section F.2. It remains to prove (V.47) and (V.48).

Step 2: We prove (V.47).

For all o € (S, )" satisfying Conditions 1 and 2, recalling that || - ||% and || - || are
defined at the beginning of Section F.2,

1 Lo

Var(Ly|X =0) = Var | —det(Ry) +—y R, y|X =0
n n
2 _ —
= S Tr(Ro- Ry '"Ro-Rp ")

2
» .

2 | pt po1ph

1
The previous display holds true because, with Rj., the unique matrix square root
of Rg«, we have

1 1N\T 1 1 1 1
Te(Ry- Ry 'Ry RyY) = Tt {(R;R‘QSR;) (R;RQER;*” - HRg*R;*le*

2
F

Then, we have the relation [|[AB||% < ||A|?||B||%. Thus, we have

112
Var(Ly|X =0) < — RZ. R, Re. .
2 12 o 2 12
< S |[Be | 1R || B
2,1 12
< ZIRLIIR
< Z\Re 7R,
- n

Hence, we have
C
Var(Lg|X =0) < —,
n

where C' > 0 is some constant independent on n,# and ¥, using Lemmas 56 and
57 (Lemmas 56 to 59 are stated and proved in Section F.2.i)). Thus, for all o,

C

Var(Lo|S = 0) = B (Lo — E(Lo|S = o) IS = ) < =

Y

SO

E ((Ly — BE(Lg|Z = 0))?) < %,

1
thus Ly — E(Lg|X) = op(1). Let us write z := R, ?y. For i € {1,2,3},

OLg 1 _10R,g o ORgy __ 1
20, | = 21618 - (Tr <R0 ! ) ) + "Rz R, a6, R, 1R9*z>

sup
0O
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1
)) (1 ; —Hz!l2> .
n

< sup (e (1"
[USC)

Here, we have used z7 Az < ||z]|?||A|| for a symmetric positive definite matrix A
, the fact that |AB|| < ||A||||B]| for matrices A and B, and the fact that, by
Cauchy-Schwarz,

N Ro-l[1185

' IRy

‘ IRy

Tr(AB) < [|A]lrl[Bllr < nlAJ[||B]-

is bounded in probability conditionally to ¥ = o, uniformly

Hence, supgcgo ‘%—gf
in 0. Indeed z ~ N(0, I,,) thus 1/n ||z||* is bounded in probability, conditionally
to ¥ and uniformly in 3.
aLy
a0,

Then sup;c(.5,0co is bounded in probability.

Thanks to the pointwise convergence and the boundedness of the derivatives, we
have

sup | Lo — E(Lg)| =: 11, (V.50)
00
where r; depends on ¥ and, for all ¢ > 0, P(|r] > ¢) e 0 uniformly in 3.
Hence,
sup | Ly — E(Lg|X)| + | Ly — E(Lg+|X)| =: 72,

0cO

where 75 depends on ¥ and, for all € > 0, P(|rg| > ¢) = 0 uniformly in >.
n—-+0oo
Now, let us write Dy g+ := E(Lg|X) — E(Lg«|X). Thanks to (V.50),

sup |L9 — L@* - Dgﬂ* E)| (V51)

0cO

Thus

S Sl;.p |L9 — E(L9|E)| + |L9* — E(Lg*

sup |Lg — Lg- — Dgg+| =: 73,
9O

where 73 depends on X and, for all ¢ > 0, P(|r3] > &) — 0 uniformly in X.

n—-+o0o

Step 3: We prove (V.48).
We have

E(y" Roy|X) = E(Tr(y" Roy)|X) = E(Tr(Reyy")|%)) = Tr(ReE(y"y)).

Thus . )

E(Ly|X) = - In(det(Ry)) + ETr(Rg‘le*), (V.52)
Let us write ¢1(M), -+, ¢, (M) the eigenvalues of a symmetric n X n matrix M.
We have

1 1 1
Dpg = Eln(det(Rg))+ﬁTr(R9_1R9*)—Eln(det(Rg*))—l
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- %(—m((det(Re ) det(Rq-)) + Tr(Ry ' Ro-) — 1)

1 :
= = (= (et Rj. RV RG.) ) + Te(B. Ry R — 1)

= %i (—ln [sz' (RE*R(;TIRE*)} + ¢ (RE*R;1R§*> B 1> '
i—1

Thanks to Lemmas 57 and 58, the eigenvalues of Ry and R, ! are uniformly
bounded in € and . Thus, there exist a > 0 and b > 0 such that for all o,
n and 6, we have

Vi, a < 6 (R RoR;. ) <b.

Let us define f(¢) := —In(¢) +¢ — 1. The function f is minimal in 1 and f’(1) =0
and f”(1) = 1. So there exists A > 0 such that for all ¢ € [a,b], f(t) > A(t — 1)
Finally:

A ! p1pia)?
DQ’Q* 2 - (1 _¢1<R9*R9 Re*)>

1
= - HRe 2(R9 - R9*>R9 ’ .

where we have used Tr(AAT) = ||A||% for a square matrix A. Furthermore, with

Amin(A) the smallest eigenvalue of a symmetric matrix A, for any squared matrix
B, we have ||ABJ|% > N2, ( )| B||>. This yields

min

1
DQ,Q* > E ||R9 — Ry F )\rznln <R > )\r2r11n (R9 2)
> a’RG - RH* )
by Lemma 56, writing a = A6, and recalling that |A|* = 1||A||%, for a matrix
A. O

F.2.iii) Proof of Theorem 8

Proof. First, we prove (V.16). For all (A1, A2, A3) € R3 such that ||(A1, A2, A3)|| = 1,
we have

Z )\i)\j(MML)iJ _ ( 9* (Z)\ 8R0*> 0* (Z )\j aafée*))

ij=1
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_ iTr < <Z/\ 339*) R,’R,: <Z A 88}29*) R;§>
2
(Z \ 8R9*) L

Y

F
where we have used Tr(AAT) = || A||% for a square matrix A. Furthermore, using
|ABJ|% > A2, (A)||B]|* when A is symmetric, we obtain

2

3 3
> AN (Marn)iy; > )\fmn Rj) H (Z )‘zaa%> Auin (Re_*%>
=1 v F

ij—1
2

i \ ORs-

i=1 " 0b;

using Lemma 56 and where we recall that 1 - |32 = |- |, see the beginning of
Section F.2. Hence, from Lemma 59, there exists Cl,i, > 0 such that

1
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3,max

?

lim inf )\min(MML) Z Cmin- (V53)
n—00

Moreover, we have, using similar manipulations of norms on matrices above, and
using |Tr(AB)| < ||A||r||B||r from Cauchy-Schwarz,

M) —Tr | R: R,
|( ML) 7]| m r ( 0 691 0 89] )‘
1 _ ORp+ _,ORy~
- 2n 0 69 0 0@ F
L ORp- 839*
< * *
) ‘RG 00, By
1 0R . 3R
< iR |2 H -
2
< Cmaxa

for some Ch.x < 00, from Lemmas 56 and 57. Using Gershgorin circle theorem
[Ger31], we obtain
lim sup Apax(Mpyr) < +00, (V.54)

n—oo

that concludes the proof of (V.16).

By contradiction, let us now assume that

M, <§ML - 9*) £ N0, Iy). (V.55)

“—+00
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Then, there exists a bounded measurable function g : R — R, £ > 0 such that,
up to extracting a subsequence, we have:

B [g (Vi Gus — 67)] - o) 2 € (V.56)

with U ~ N(0, I3). The rest of the proof consists in contradicting (V.56).
As 0 < Chin < Anin(Marz) < Amax(Marz) < Chiax, up to extracting another

subsequence, we can assume that:

My — Moo, (V.57)
n—oo
We have:
0 1 _10Ry _1O0Ry
Ly=—(T ! —y Ry ). .
96, " n< r<R9 aei) v R 5, 1o y) (V-58)

Let A = (A A2 A3)T € R3. For a fixed o, denoting 75 _, )\kRef 0n Re* = PTDP

_1
with PTP = [,, and D diagonal, z, = PR,.2y (which is a vector of i.i.d. standard
Gaussian variables, conditionally to ¥ = o), we have, letting ¢1(A), -, ¢,(A) be
the eigenvalues of a n X n symmetric matrix A,

Z )\k\/_a—eklze* =

ER ;\~

Z@ (ZAkRQ* Oty o )(1—2 )

Hence, we have

2 “ 8R9 1
z) — 52@2 (Z/\kRa R;)
3
2 ORg« . ,ORp~
= =) AT ! !
> it (G gt gt )
k=1
= M @My )X — N (4M ).
n—oo

Hence, for almost every o, we can apply the Lindeberg-Feller criterion to the vari-
ables
\/Lﬁqbi (Zi:l )\kRe*z Oy RH* ) (1 — 22 4) to show that, conditionally to ¥ = o,
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\/E%Lg* converges in distribution to N (0, 4My,).

Then, using the dominated convergence theorem on 3., we show that:

(exp ( ZAkfa—ekLe*» — exp (—%)\T(ALMOO))\) . (V.59)

Finally,
\/_ Lg N N(0,4M,.). (V.60)
n—oo
Let us now compute
0? 1 ORy- ORy- 0? Ry-
Ly- = —Tr(-Rp'——Ry! R,!
20,00, ~ u ' ( o0, " g, aeiaej)
1 T _18R9* _18R9* -1 1 3239* 1
— 2R, R,. Ry, — Rpo ———Ry | v.
oY ( o0, " g, " 0 gg,00," 0 )Y
Thus, we have,
82
and, using Lemmas 56 and 57, and proceeding similarly as in the proof of Theorem
7
Y 82
Var (aeiaej Le- E) o (V.62)
Hence, a.s.
LRV (V.63)
8(9@'(993' " n—+00 oo/l .
Moreover, 892,8‘975289,6[/9 can be written as
1 1
Lu(4g) + 2" Byy, (V.64)
n n

where Ay and By are sums and products of the matrices R, ' or ‘3‘0; with 5 € [0 : 3.
Hence, from Lemmas 56 and 57, we have

83
— I
96,00,00, "

sup

oup — Op,(1). (V.65)

We know that, for k € {1,2,3}, from a Taylor expansion,

B, 9 o 0 T
0 % (29 _ g
0= 90, e = g, 10 +(aeaek ") (Onrr = 67) 41
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with some random r, such that

ry| < C sup
0€0.,i,j5

00, 89 89

\ Bars — |12

where C' is a finite constant that come from the equivalence of norms for 3 X 3

matrices. Hence, from (V.65), ryp = OP‘E(W\ML — 0*]). We then have, with 002L
the 3 x 3 Hessian matrix of Ly at 6*,
0 0? ’ ~ .
_%Lg [(802 ) +O]p2(1)] <0ML_0 ),
an so
90 \" 7o
<9ML —0 > = — [(%%Lg*) + 0P|2(1)] 8_0;{[19* (V66)

Hence, using Slutsky lemma, (V.63) and (V.60), a.s

SN (0, (2Mo) " (AMo)(2Moe) ) = N (0, MZY) . (V.67)

(0.0
n—-+00

Vi (O~ 0)

Moreover, using (V.57), we have

N ¢
NS (GML — 6’*) nﬁooj\f(o, I3). (V.68)

Hence, using dominated convergence theorem on ., we have

M, (i —07) 55 N0, 1), (V.69)

n—+400

To conclude, we have found a subsequence such that, after extracting,

1 ~
B g (VM Bair — 07)] = E(g(0))] — 0, (V.70)
which is in contradiction with (V.56). O
F.2.iv) Proof of Theorem 9
Proof. Let 7, € Sy,. We have:
T @) = T @) <sup | 2530 He 4 (V.71)
O \Um 0* Oeg 80 n ML .
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From Theorem 7, it is enough to show that, for i € {1, 2,3}

o ~
Y@,
Sup g, 1o(7)

= Op(1). (V.72)

From a version of Sobolev embedding theorem (W'4(©) — L*(0), see Theorem
4.12, part I, case A in [AF03]), there exists a finite constant Ag depending only

on © such that
4 3
< A/ do+ A /
© ) @; 6

The rest of the proof consists in showing that these integrals are bounded in
probability. We have to compute the derivatives of

4

v de.

_ 0
aeiyb(“”)

00,

sup }Afg(ﬁn)

0cO

0 -
— Yo
56,06,

~

Y(@n) =15 (@n) Ry 'y

with respect to . Thus, we can write these first and second derivatives as weighted
. _ _ 2 7
sums of w} (7, )Way, where wy(a,,) is of the form ry(7,) or %rg(an) of ﬁm(an)
[ Vi

and Wy is product of the matrices R, L %Ra and ag—;Rg. It is sufficient to show
that
/ |l (@) Way|" do = Op(1). (V.73)
S}

From Fubini-Tonelli Theorem (see [Bill3]), we have

2) - /@E (|w9T(En)Wgy’4‘E> dy.

There exists a constant ¢ so that for X a centred Gaussian random variable

E (/@ {we)T(En)Weyrlde

B (|X]") = eVar(X)?,

hence
E </ ‘wg(ﬁn)W9y|4d9|Z) = c/ Var (ng(En)Wgy|Z)2d9
(S] ©
= C/ (wg(an)W9R2W9<5n)w9(5n))2dg.
e

From Lemma 57, there exists B < oo such that, a.s.

sup ||WyRg-Wyl| < B.
0O
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Thus
E (/ |wf (7.)Way|" do z) < B%/ [0l (7)1 2. (V.74)
© ©

Finally, for some a € [0 : 2] such that |a| < 2, we have

oledl 2
T 2

n = K ny Vi .
Eggﬂwa(a )l supE (aea 0(C 0))

Thus, it suffices to bound this term. Using the proof of Lemma 57, there exists
A < +00,a > 0 such that

o 2
Sup (29 K0<Un7 01>> < Aexp (_ad(am Uz)) :

Yet, choosing i* € [1 : n| such that d(7,, 0;+) < d(7,,0;) for all i € [1 : n|, we have

—_

d(Ena Ui) > —d(O'i, Oi*)-

[\)

Thus, we have

a 2
Supz (g@‘lKe U'mo-z)) S AZ@XP( ;L O'Z,O'Z*))

IN
Q

That concludes the proof. O]
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List of Symbols

List of Symbols from Part I

X
Px
C

random vector modeling the inputs 9
Distribution of the random variable X 9
Include or equal 9

Set of integers from 1 to p 9

(T:)ieu 9

Cardinality of u 9

Set of squared integrable functions from
(X, E,Px)toR 9

random variable modeling the output 9

function in L? of the mapping between the inputs
and the output 9

o-algebra generated by X, 10

Linear subspace of functions h, € L? such that
hy(X) is o(X,)-measurable 10

Closed Sobol index of the group of variable X, 10

Linear subspace of L? of the (generalized) Hoeffd-
ing decomposition 11

Component of the (generalized) Hoeffding decom-
position of f 11

Sobol index of the group of variables X, 12
Total Sobol index of the variable X; 13
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List of Symbols from Part II

( (1) (2))

Ty s T _y,
gen
S

Ou
Sfull

2

ST full
S@'nd
STviind

Vector of X such that the i-th component is xz(»l)

if 7 € u and x?) otherwise 14

Generalized Sobol index of the group of variables
X, 20

0-index of the group of variables X, 24

Full Sobol index of the variable X; 25

Full total Sobol index of the variable X; 25
Independent Sobol index of the variable X; 25

Independent total Sobol index of the variable X;
25

Shapley value of player ¢ 26

Set of permutations of [1 : p] 26

Set of players preceding o in order o 26

Shapley effect of the variable X; 27
Var(E(Y'|X,)) 28

E(Var(Y|X_,)) 28

Either (Vu)uc[lzp} or (Eu>uc[1:p} 28

Set of symmetric positive definite matrices of size
p X p with real coefficients 29

Sub-matrix (%; ;)icu,jev of X 29
Ti(c™1) 30

List of Symbols from Part 11

Dknown
Eu,MC’

{7 known
Vu,PF

(X(n>)nm[1:N]
fx

ki (l,m)

Double Monte-Carlo estimator of F, when the
input distribution is known 39

Pick-and-Freeze estimator of V,, when the input
distribution is known 40

Observed i.i.d. sample of the input vector 50

Probability density function of X with respect to
a finite measure p 51

Index such that XN is the (or one of the) n-

th closest element to XV in (Xéi))ie[lzm, and such
that (KX (1,1))nep:n,) are two by two distinct 52
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List of Symbols from Part III

Dmix
Eu,MC’
knn
Eu,MC
Eymc

1 rmiz
Vu,PF

{7 knn
Vu,PF

<

u,PF

?Mix” version of the double Monte-Carlo estima-
tor of E, when the input distribution is unknown
53

"Knn” version of the double Monte-Carlo estima-
tor of E, when the input distribution is unknown
53

Double Monte-Carlo estimator of E, when the
input distribution is unknown ("mix” or “knn”
version) 54

"Mix” version of the Pick-and-Freeze estimator of
V., when the input distribution is unknown 55
"Knn” version of the Pick-and-Freeze estimator
of Vi, when the input distribution is unknown 55
Pick-and-Freeze estimator of E, when the input
distribution is unknown (”mix” or "knn” version)

95

List of Symbols from Part 111

Mean of the Gaussian input vector X 68

Covariance matrix of the Gaussian input vector
X 68

Vector containing the coefficients of the linear
function f 68

Number of independent groups of input variables
73

Var(E(Y|Ay)) 74

Component of the Hoeffding decomposition of g
corresponding to the variable A, 74

Sobol index of the groups of variables A, 74
Var(E(gu(Aw)| Xu)) 74

Shapley effect of the variable X, for the function
G 74

Shapley effect of the variable X; for the function
Guw 74

Index of the group of ¢, that is ¢ € Bj;) 74

Maximal size of group of input variables 77
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List of Symbols from Part III

(l))le[lzn]

S

S++(R, B)

- lle

Limit of p/n in ]0, 1] 82
Observed i.i.d. sample of the input vector 82
Set of partitions of [1 : p| 83

block-diagonal matrix with the same coefficients
as [' in the block-diagonal structure B and with
zero coefficients out of the block-diagonal struc-
ture B 83

Set of the symmetric positive definite matrices
whose block-diagonal structure is B 83

Block-diagonal structure of I 83
Block-diagonal structure of ¥ 83
Empirical estimator of p 83
Empirical estimator of > 83
Log-likelihood in " and X 84

Block-diagonal promoting penalization function
84

Penalized log-likelihood function from S;*(R) 84
Penalization coefficient 84
Penalized log-likelihood function from P, 84

Estimator of B* that reaches the minimum of ¥
84

Norm max of M 85
Partition given by thresholding > by n=* 85
Coefficient of the empirical correlation matrix 86

Partition given by thresholding the empirical cor-
relation matrix by A 86

Argument of the minimum of ¥ over all the par-
titions given by thresholding the empirical corre-
lation matrix 86

Partition given by thresholding the empirical cor-
relation matrix by n='/ 86

Argument of the minimum of ¥ over the parti-
tions given by thresholding the empirical correla-
tion by (k/p)renp with a maximal size of group
smaller or equal than m 86

Frobenius norm 87
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List of Symbols of the article on permutations

T

List of Symbols of the article on permutations

davg

d

’C91792,93

partial

Vector of noisy observations 93

vector containing all the Shapley effects with in-
put vector Z and model g 99

Gaussian vector with parameter p{™ and L™
100

Image of x — u{™ through the differential of f at
w100

Image of  — u{™ through a finite difference ap-
proximation of the differential of f at p{" 102

Linear regression of f with a sample of X" of
size N 102

Empirical mean of an i.i.d. sample (U(l))le[lm} 105

Set of integers from 1 to N 219
Set of permutations of Ey 219
Kendall’s tau distance 222
Hamming distance 222
Spearman’s footrule distance 222

Family of strictly positive definite kernels on Sy
223

Family of positive definite kernels on Sy 223
Gaussian process on Sy 224

Maximum likelihood estimator of 6* 225
Log-likelihood 225

Covariance matrix of the observations 225

Prediction of Y by plugging the estimated param-
eter in the conditional expectation expression for
Gaussian processes 227

Subset of Sy corresponding to the partial ranking
R 234

Measure of dissimilarity between partial rankings
235

Pseudometric on partial rankings 235

Positive definite kernel on partial rankings 236
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Appendix VII

Résumé en francais

L’analyse de sensibilité est un outil important qui permet d’analyser des modeles
mathématiques et des codes de calculs. Elle révele les variables d’entrées les plus
influentes sur la variable de sortie, en leur affectant une valeur appelée ”indice de
sensibilité”. Dans ce cadre, les effets de Shapley, récemment définis par Owen,
permettent de gérer des variables d’entrées dépendantes. Cependant, 1’estimation
de ces indices n’est proposée dans 1’état de I'art que dans deux cadres tres parti-
culiers : lorsque la loi du vecteur d’entrée est connue ou lorsque les entrées sont
gaussiennes et le modele est linéaire. Cette these se divise en deux parties, corre-
spondantes a ces deux cadres d’estimation.

Dans la premiere partie, nous nous intéressons a l’estimation des effets de
Shapley lorsque la loi du vecteur d’entrée est connue. L’estimateur proposé dans
I'état de 'art demande de pouvoir générer des échantillons selon les lois condi-
tionnelles de la distribution du vecteur d’entrée. Nous proposons une nouvelle
méthode d’estimation plus efficace et les parametres optimaux sont calculés dans
un cadre théorique. Ensuite, nous élargissons le cadre d’application de ces esti-
mateurs lorsque nous ne pouvons pas générer selon les lois conditionnelles mais
lorsqu’un échantillon du vecteur d’entrée est disponible. Nous proposons une
méthode d’estimation basée sur une méthode de plus proches voisins permettant
de remplacer la connaissance des lois conditionnelles. Nous montrons la conver-
gence de ces nouveaux estimateurs et des applications numériques sont réalisées
sur des données simulées et des données réelles. Un des estimateurs, qui prend en
compte des variables catégorielles et réelles (continues ou non), a été implémenté
dans le package sensitivity sous la fonction ”shapleySubsetMC”.

La deuxieme partie porte sur les effets de Shapley dans le cadre linéaire. A I'aide
de I'état de I'art, nous proposons un algorithme permettant de calculer les valeurs
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théoriques des effets de Shapley dans ce cadre lorsque les parametres sont connus.
Cependant, nous soulignons les problemes de calculs liés a la grande dimension.
Nous proposons alors des solutions lorsque la matrice de covariance du vecteur
d’entrée est diagonale par blocs et en déduisons un algorithme implémenté dans le
package sensitivity sous la fonction "shapleyLinearGaussian”. Cet algorithme
est ensuite testé sur des données réelles provenant de la stureté nucléaire.

Nous poursuivons les travaux sur le cadre linéaire gaussien, avec une matrice
de covariance diagonale par blocs lorsque les parametres sont inconnus. Nous
traitons le cas ou la dimension du vecteur d’entrée est fixé ainsi que celui ou
la dimension du vecteur d’entrée converge vers l'infini, a la méme vitesse que le
nombre d’observations. Nous proposons des estimateurs diagonaux par blocs de la
matrice de covariance et nous en déduisons des estimateurs des effets de Shapley
dont l'erreur totale converge vers 0 et fournissons des vitesses de convergence. Un
de ces estimateurs a été implémenté dans le package sensitivity sous la fonction
”shapleyBlockEstimation”. Nous appliquons cet estimateur des effets de Shapley
a des données semi-réelles.

Enfin nous nous intéressons aux cadres proches du cadre linéaire gaussien. Dans
un premier temps nous traitons le cas ol le vecteur d’entrée est gaussien avec une
matrice de covariance convergeant vers 0 et le modele n’est pas linéaire. Nous
prouvons que la différence entre les effets de Shapley correspondant au modele
non linéaire et les effets de Shapley correspondant a une approximation linéaire
du modele converge vers 0. Nous fournissons, pour chaque approximation linéaire
une vitesse de convergence. Dans un deuxieme temps, nous supposons que le
vecteur d’entrée est une moyenne empirique (pas nécessairement gaussienne). Nous
montrons que, lorsque la taille de I’échantillon permettant de calculer la moyenne
empirique tend vers l'infini, les effets de Shapley convergent vers des effets de
Shapley provevant du cadre linéaire gaussien. Nous proposons enfin un cadre
pratique ou le vecteur d’entrée est une moyenne empirique et ou les effets de
Shapley fournissent des informations importantes.
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