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trasparito.Vivogliobene.Grazie.

Thankstothosethat,intheshorttimeofaridetogether,wereeagertoopenup,share
theirstoriesandestablishaconnection.AsTylerDurdenwouldhavesaid,youhavebeen
themostinterestingsingle-servingfriendsI’veevermet.

Thankstoallthosepeoplewithwhom,despitetheveryshorttimetogether,Ihave
beenabletoestablishacloserelationship.GrazieMascia. MerciMarwa.Thankstoall
thewonderfulguysmetinVicenza,especiallythanksDonato,America,Daniele,Dario,
Davide,Goran,NadaandNitesh!Ihopetoseeyousoon,hopefullywithsomeLimoncello
:D.Iwishyouthebest,foryourresearchandforeverythingelse!

Thankstoallthosethatmadeconferencessomeofthemostenjoyablemomentsofthis
journey!

Eventually,abigthankstothosethathavealwaysbeenthere...

Grazieaimieiamicimoglianesi.Nonostanteinquestianniiosiastatodecisamenteassente,
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Abstract

Theobjectofthisstudyisthedevelopmentofanovelclassofstackingsequences
forthedesignof multidirectionalpolymer matrixlaminatedcompositespecimensfor
interlaminarfracturetoughness(ordelamination)tests.Thesesequencesallowtoobtain
multidirectionalspecimensthat,intheframeworkofClassicLaminatedPlateTheory,
haveathermo-elasticbehaviourthatcloselymatchesthatofunidirectionalspecimens:
theyarecompletelyfreefromelasticcouplingsandtheydonotdeveloplaminate-level
thermally-induceddeformationsduetothecuringprocess. Furthermore,theyallowto
testdelaminationinterfacesbetweenpliesofanydesiredorientation. Becauseoftheir
properties,theywerelabelledFully-UncoupledMulti-Directional(FUMD).
Inordertodesigntheselayups,Quasi-Trivial(QT)solutionswereexploited.Firstly,

analgorithmforthecreationofadatabaseofsuchsolutionswasconceivedandimple-
mented.Thankstoit,moreandlongerQTsolutionswerefoundthaninpreviousstudies.
Then,analyticalruleswereestablishedallowingtoobtainnewQTsolutionsfromthe
superpositionofknownones.ThesecriteriaallowtoobtainQTsequencesofanydesired
length,thusovercomingexistingcomputationallimitationsarisingwhensearchingforQT
solutionsusingthealgorithm.CombiningQTsolutionswithafewbasiclaminatedesign
principlesandthesuperpositioncriteria,FUMDstackingsequencesaredesigned.
InordertoassessthepropertiesofdelaminationspecimensobtainedwithFUMD

layups,aFiniteElementmodelofaDoubleCantileverBeamspecimenwasdevelopedand
usedtocomparethebehaviourofaFUMDlayupwiththatofothersequencesproposedin
relevantliteratureonthetopicofdelaminationinmultidirectionallaminates.Bymeans
ofthestandardandofarevisedVirtualCrackClosureTechniqueformulations,Energy
ReleaseRatedistributionsandmodalpartitionsofthespecimenswereevaluated.It
emergedthattheFUMDlayupresultedinanoptimalbehaviourofthespecimen.
Eventually,amodeIinterlaminarfracturetoughnessexperimentalcampaignwasper-

formed. FUMDDoubleCantileverBeamspecimenswerefabricated,alongwithwith
unidirectionalones.AUD-fabricmaterialwasusedtoreducethelikelihoodofdelamina-
tionmigration.Rotationsofthespecimensarmsandtheshapeofthedelaminationfronts
werestudiedinordertoassessthecapabilityofthespecimenstoyieldthecorrectme-
chanicalbehaviourformodeIdelaminationtesting.Forbothaspects,FUMDspecimens
yieldedresultssimilartothoseobtainedwithunidirectionalspecimens. Withrespectto
interlaminarfracturetoughness,specimenswithidenticaldelaminationinterfaceyielded
similarvalues,eveniftheirglobalstiffnesswasdifferent. Ontheotherhand,different
interfacesledtodifferentinterlaminarfracturetoughness,relatedtodifferentfracture
behaviours.
Whilethisworkrepresentsapreliminarystudyandfurtherresearchisclearlyrequired,

FUMDdelaminationspecimenshaveshownagoodpotential,andtheymaystandoutas
aviablesolutionforinterlaminarfracturetoughnesstests.Possibly,theycouldbeconsid-
eredforanextensionofthescopesofexistingstandardtestmethodstomultidirectional
laminatesandinterfaces.
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Ŕesuḿe

Lesujetdecettéetudeestled́eveloppementdeśequencesd’empilementpourlacon-
ceptiond’́eprouvettesmultidirectionnellesenmat́eriauxcompositeàmatricepolym̀ere
destińees̀adesessaisded́elaminage.Cesśequencespermettentd’obtenirdeśeprouvettes
multidirectionnellesqui,danslecadredelath́eorieclassiquedesstratifíes,montrentun
comportementthermóelastiquequireproduitceluidescompositesunidirectionnels:elles
sontcompl̀etementlibresdetouttypedecouplagéelastiqueetilsned́eveloppentpasdes
d́eformationsŕesiduellesduesaucycledecuisson.Parailleurs,cesempilementspermet-
tentdetestern’importequelleinterfaceded́elaminage.
LaconceptiondecesempilementsestbaśeesurlessolutionsQuasi-Triviales(QT).

Unalgorithmepourlacŕeationd’unebasededonńeesdecessolutionsaét́ecoņcuet
impĺement́e. Graceàcela,unnombreplusgranddesolutionsQTetdessolutionsQT
avecunnombreplusgranddeplisquedansdesétudespŕećedentesontét́etrouv́ees.
Ensuite,descrit̀eresanalytiquespermettantd’obtenirdenouvellessolutions̀apartirde
lasuperpositiondessolutionsconnuesont́et́éetablis.Cescrit̀erespermettentd’obtenir
desśequencesQTavecn’importequelnombredecouches. Encombinantlessolutions
QT,lesprincipesusuelsdeconceptiondesstratifíesetlescrit̀eresdesuperposition,les
śequencesd’empilementFully-UncoupledMulti-Directional(FUMD)ont́et́eobtenues.
Pouŕevaluerlespropríet́esdeśeprouvettesded́elaminageobtenuesaveccesśequences,

unmod̀eleÉĺementsFinisd’unéeprouvetteDoubleCantileverBeam(DCB)áet́ed́evelopṕe
pourcomparerlecomportementd’uneśequenceFUMDàceluid’autresśequencespro-
pośeesdanslalitt́eraturepourlesessaisded́elaminage. Enutilisantla ḿethodede
refermeture(VirtualCrackClosure)danssesformulationsoriginaleetŕeviśee,lesdistri-
butionsdutauxderestitutiond’́energie(EnergyReleaseRate)etsespartitionsmodales
ont́et́éevalúees.LaśequenceFUMDd́emontrelesmeilleursŕesultats.
Finalement,unecampagneexṕerimentaledecaract́erisationdud́elaminageenmode

Iaét́e meńee. DeséprouvettesDCBavecdesśequencesFUMDontét́ecoņcueset
fabriqúees. Desplistisśesd́eśequilibŕesontét́eutiliśespourŕeduirelaprobabilit́ede
changementdeplanded́elaminage.Lesrotationsdesbrasdeśeprouvettesetlaformedu
frontdud́elaminageont́et́éetudíespouŕevaluerlacapacit́edeśeprouvettesàgarantir
uncomportementḿecaniqueoptimallorsdutestded́elaminageenmodeI.Lesŕesultats
obtenusavecleséprouvettesFUMDsontprochesdeceuxobtenusavecleséprouvettes
unidirectionnelles.Encequiconcernel’́energiederupture,leśeprouvettesayantlam̂eme
interfaceded́elaminageontmontŕedesvaleurstr̀esproches,m̂emesileurrigidit́éetait
sensiblementdiff́erente.Parailleurs,lacaract́erisationd’interfacesdiff́erentesaaboutìa
deśenergiesderupturediff́erentes,ŕesultantsdesmodesderupturesnonidentiques.
Cetravailnerepŕesentequ’unéetudepŕeliminaireetdesrecherchescompĺementaires

sontńecessaires.Ńeanmoinsleśeprouvettesded́elaminageFUMDontd́emontŕeunbon
potentiel,etsontint́eressantespourlesessaisded́elaminage.
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Introduction

Nowadays,fibrereinforcedcompositematerials,andinparticularlaminates,arewidely
usedforstructuralapplications,inmanydifferentsectors.Oneofthemostimportantrea-
sonsisthatthesematerialstypicallycombinegoodmechanicalpropertieswithlowdensity,
thusresultinginexcellentspecificproperties.Asamatteroffact,compositelaminates,
whencomparedwithmetals,oftenallowtobuildmoreefficientandlightweightstructures.
Thisaspectisextremelyvaluableinthetransportationsector,wherestructuralefficiency
translatesinweightsavings,whichinturnleadtocheaperoperationsofthestructure,and
henceinamorecompetitiveproduct.Thisisespeciallytruefortheaerospaceindustry,
whereweightreductionisoneofthemostimportantdesigndrivers.
Furthermore,withtheincreasingsensitivityofthepublicopiniontoclimatechange

issues,arenewedandspecialattentioniscurrentlydevotedtoreducepollutantemissions
causedbytransports.Inthiscontext,animprovementinstructuralefficiencyrepresents
arealchance,sinceemissionsaresignificantlyaffectedbyweight.
Nonetheless,inmanyapplications,andmostofallintheaerospacesector,safetyrep-

resentsanothercriticalissue:reliabilityofcompositestructuresusedforsafety-critical
applicationsmustbeguaranteed.Inordertodesignstructuresthatcanmeetthere-
quiredsafetystandards,thedamageandfailuremechanismofthestructureitselfandof
thematerialmustbeknowninextremedepth.Anyelementofignoranceinthisregards
isreflectedinasafetycoefficienttobeapplied,thatinturnleadstoadditionalstructural
weightanditsconsequences:inefficiency,pollutionandcosts.

Amongthedifferentdamagemechanismstypicalofcompositelaminates,interlaminar
fracture,ordelamination,isoneofthemostcritical.Itconsistsintheseparationofthe
layersthatmakeupthelaminateand,sinceitmayappearandgrowinsideacomponent
withoutbeingnoticeablefromtheoutside,itisverydangerous. Moreover,itdrasti-
callyreducesthemechanicalpropertiesofthestructure,especiallyincompression,which
usuallyisalreadyaweakpointforcompositelaminates.
Consequently,bothacademiaandindustryhavecommittedgreatresourcestothe

studyofdelaminationphenomena.Nowadays,conceptsderivedfromFractureMechanics
areusedtoquantifytheinterlaminarfracturetoughnessofpolymermatrixcomposites.
Inparticular,thecriticalvalueofstrainEnergyReleaseRate(i.e.theenergyrequiredfor
unitareapropagationofdelamination)iscommonlyused.Todate,consolidatedstandard
testproceduresforthecharacterisationofinterlaminarfracturetoughnessofcomposites
havebeenpublishedbytheAmericanSocietyforTestingand Materials(ASTM),the
JapaneseIndustrialStandardsorganisation(JIS)andtheInternationalOrganizationfor
Standardization(ISO).However,thesestandardmethodsrecommend,inallcases,touse
laminateswithunidirectionallayupsandinwhichdelaminationispropagatedparallelto
thefibresdirection.Thus,thedelaminationresistanceofthematerialmaybeevaluated
exclusivelyinaspecificinterface(betweentwoequallyorientedlayers)andinavery
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specificcondition(propagationalongthefibredirection).Thisrestrictionwashistorically
introducedbecauseearlypre-standardisationstudiesidentifieddelaminationmigrationas
afactorpreventingfromobtainingmeaningfultoughnessmeasurements,andsubsequent
experimentalstudiesleadingtothedevelopmentofstandardsweremainlyperformed
usingunidirectionalspecimens.
Nonetheless,theinterestincharacterisinginterlaminarfracturetoughnessofinterfaces

otherthanthestandardoneneverfadedout.Indeed,realcomponentsandstructuresare
mostoftenbuiltusingmultidirectionallaminates,inwhichdelaminationmayappearin
anyinterfaceandmaypropagateinanydirectionwithrespecttothefibreorientation.
Therefore,researchonthesubjectneverstoppedsincethe80’sandisstillhighlyactive.
Standardmethodsforunidirectionallaminateshavebeenwidelyusedtotestmultidirec-
tionalspecimensaswell. Theresultsobtained,though,wereofteninconsistentoreven
contradictory.Still,thisresearcheffortallowedtoidentifythemostimportantproblems
arisingintheattempttoevaluateinterlaminarfracturetoughnessofmultidirectional
laminates.
Besidesdelaminationmigration,whichremainsamajorissueinactualexperimental

testing,elasticcouplingsandthermaleffects,typicalofmultidirectionallaminates,have
beenshowntobecriticalissues. Elasticcouplingscomplicatethekinematicsofspeci-
mensandmaycauseunwantedrotationsanddeformations.Thismayaffectthetestby
introducingundesiredenergyreleaseratemodalcontributions,sothattheactualloading
modeisnoteasilypredictable,eveninstandardtestconfigurations. Additionally,they
introducethree-dimensionaleffectsthatmayinvalidatethehypothesisassumedbydata
reductiontechniques.Thepresenceofthermalresidualstressesorstrains,ontheother
hand,wasdemonstratedtoinfluenceinterlaminarfracturetoughnessevaluationandwas
correlatedtoanincreasedriskofdelaminationmigration.

Withintheresearchcontextjustsketched,themainpurposeofthisstudyistodesign
multidirectionallayupsfordelaminationspecimensthatcouldenabletotestanytypeof
interfacewhilealsoeliminatingelasticcouplingsandundesiredthermaleffectstypicalof
multidirectionallaminates.
Thiswouldrepresentanimportantimprovementindelaminationtestingcapabilities

anditcouldpossiblyhelpmovingtowardaninclusionofmultidirectionallaminatesin
thescopesofexistingstandardprocedures.Ifthishappens,aneffectiveandconsistent
characterisationofinterlaminarfracturetoughnesswouldbepossibleforanydelamination
interface.Thiscouldstretchthepotentialofstructuraldesignbeyonditsactuallimits,
leadingtosaferandmoreefficientstructures.

Themanuscriptisdividedintothreeparts.PartIaimstopresentinacompleteand
consistentwaythescientificproblemtobefacedandthetoolstobeusedthroughoutthe
entirestudy.
Chapter1introducestheresearchproblem. Afterabriefintroductiononcomposite

materialsandonthereasonsbehindtheirwidespreadadoption,especiallyintheaerospace
sector,thediscussionisfocusedonlaminates,whicharemostoftenusedforlightweight
high-performancestructures.Themaintypesofdamagemechanismsencounteredinsuch
compositesarepresented,anddelaminationisidentifiedasoneofthemostdangerous.Our
actuallimitationsincharacterisingdelaminationresistanceofmultidirectionallaminates
areacknowledged,andthereasonsfortheselimitationsarehintedat. Adiscussionon
theimportanceofovercomingsuchlimitations,andhenceofthepresentstudy,closesthe
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chapter.
InChapter2,startingfromgeneralanisotropicelasticity,thethermoelasticbehaviour

ofalaminaisdescribedandtheframeworkofClassicalLaminatedPlateTheoryisintro-
duced. Withinthisframework,elasticcouplingsandthermaleffects,typicalofmultidi-
rectionallaminates,areformalised.Theconceptspresentedinthischapterwillallowa
deeperunderstandingoftheproblemsarisingindelaminationtestingofmultidirectional
laminatesandwillbeusedtoderivethemostimportantresultsofthiswork.
Chapter3focusesinamuchmoredetailedwayonthephenomenonofdelamination

incompositelaminates. Thefirstpartofthechapterreportsanhistoricalperspective
anddescribestheestablishedknowledgeandthestandardpracticesforthecharacterisa-
tionofinterlaminarfracturetoughness.Then,thesecondpartofthechapterisdevoted
toathoroughbibliographicreviewofliteratureconcerningtheproblemofdelamination
testingofmultidirectionallaminates.

PartIIofthemanuscriptisdedicatedtothedesignofFully-UncoupledMulti-Directional
delaminationspecimens.Inmoredetail,Chapters4and5presentthedevelopmentof
importanttoolsthatarelaterusedinChapter6toeventuallyobtainFully-Uncoupled
Multi-Directionaldelaminationspecimens.
Chapter4coverstheattainmentofQuasi-Trivialsolutions.Theinterestforthisclass

ofstackingsequencesisbrieflyexplained,followedbyadescriptionoftheirfundamentals
andofrelatedcomplexities.Finally,thestrategiesadoptedtoconceiveandimplement
anefficientalgorithmtogenerateadatabaseQuasi-Trivialsolutionsarepresented,along
withsomeresultsintermsofnumberofsolutions.
Chapter5presentsthederivationofanalyticalsuperpositionrulesforQuasi-Trivial

solutions.Initially,theformalismandthenotationusedintheanalyticaldevelopments
aredescribed. Then,theactualderivationofthesuperpositionrulesispresentedfor
thecasesofuncoupling,membrane-bendinghomogeneityandquasi-homogeneityofthe
sequenceobtainedbythesuperposition.Inparticular,forallcases,thesuperposition
ofuncoupled,membrane-bendinghomogeneousandquasihomogeneousQTsolutionsis
treated.Finally,theapplicationofthesuperpositionrulestotheparticularcaseofthe
superpositionofonlytwosolutionsispresented,alongwithsomeexamples.
Chapter6presentsindetailtheprocessbywhichFully-UncoupledMulti-Directional

specimensareobtained.Firstly,itdetailswhichfeaturesanidealdelaminationspecimen
shouldpossessandwhyunidirectionaldelaminationspecimensaresosuitedforstandard
tests.Then,itshowshowitispossibletouseQuasi-Trivialsolutions,obtainedinChapter
4,andtheirsuperpositionrules,derivedinChapter5,todesignFully-UncoupledMulti-
Directionaldelaminationspecimensthatreproduceaccuratelythedesirablethermoelastic
behaviourofunidirectionalones.

InPartIIIofthemanuscript,twopreliminarystudiestovalidatetheconceptofFully-
UncoupledMulti-Directionaldelaminationspecimensarepresented.
InChapter7,oneexampleofFully-UncoupledMulti-Directionallayupisdesignedand

comparedtoaselectionofothermultidirectionallayups.Theselatterareobtainedfrom
relevantliteratureonthetopicofdelaminationinmultidirectionallaminates.Firstly,a
comparisonintermsofthermoelasticpropertiesofthedelaminationspecimensthatmay
beobtainedusingtheselayupsisperformed. Then,FiniteElementmodelsofDouble
CantileverBeamspecimensusingtheselayupsaredeveloped.TheVirtualCrackClosure
Technique,initsoriginalformulationandinarevisedone,isusedtoobtainaqualitative
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assessmentofthebehaviourofthespecimens.
Chapter8presentsamodeIinterlaminarfracturetestingcampaignperformedusing

Fully-UncoupledMulti-DirectionalDoubleCantileverBeamspecimens.Firstly,thema-
terialsystemandthelayupsselectedareintroduced,alongwiththemotivationsfortheir
choices.Then,thefabricationprocess,theexperimentalsetupandthetestingprocedure
arecarefullydescribed.Testresultsintermsofforce-displacementbehaviour,initiation
andpropagationvaluesofinterlaminarfracturetoughnessandfracturebehaviouratthe
delaminationinterfacearepresentedanddiscussed.Eventually,thespecimensarmsro-
tationsduringthetestsandtheshapesofdelaminationfrontsattheendofthetestare
studiedinordertoassessthemechanicalbehaviourofFully-UncoupledMulti-Directional
specimenscomparedtothatofunidirectionalones.
Generalconclusionsandperspectivesforfuturedevelopmentsendthemanuscript.
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Ŕesuḿelong

Lesmat́eriauxcomposites̀arenfortdefibreslongues,etenparticulierlesstratifíes,sont
tr̀esŕepanduspourlesapplicationsstructurales,dansdenombreuxsecteursindustriels.
Cesmat́eriauxconjuguentdesbonnespropríet́esḿecaniquesavecdesdensit́esŕeduites,
cequiam̀enèadespropríet́essṕecifiquesexcellentes.Lesstratifíescompositespermettent
ainsideconstruiredesstructuresquisontplusefficientesetplusĺeg̀eresquecellesobtenues
avecunmat́eriauḿetallique.Cetaspectestappŕeciabledansledomainedestransports,
òul’efficiencestructuralesetraduitengaindepoids,quìasontouram̀enèauneutilisation
pluśeconomiquedelastructure,etdoncàunproduitpluscomṕetitif.Celaestautant
plusvraipourl’industrieáerospatiale,danslaquellelaŕeductiondupoidsestundes
crit̀eresdeconceptionlesplusimportants.
Danscesecteur,laśecurit́eestunautreaspectcritique:lafiabilit́edesstructuresen

compositesquisontutiliśeespourapplicationscritiquesdoit̂etregarantie.Pourconcevoir
desstructuresquipeuventsatisfairelesstandardsdeśecurit́edemand́eslesḿecanismes
d’endommagementetderupturedelastructureetdumat́eriaudoivent̂etreconnusde
manìereapprofondie. Toutéĺementd’ignoranceàcesujetsetraduitparuncoefficient
deśecurit́eàappliquer,quiàsontourentraineàuneaugmentationdepoidsavecses
conśequencesńegatives:pollutionetcouts.

Parmilesdiff́erentsḿecanismesd’endommagementtypiquesdesstratifíescomposites,
laruptureinterlaminaire,oud́elaminage,estundespluscritiques. Elleconsistedans
laśeparationdescouchesquiformentlestratifíeet,commeellepeutapparaitreetse
propagerint́erieurement̀aunepìecesanŝetrevisiblèal’ext́erieur,elleesttr̀esdangereuse.
Deplus,elleŕeduitfortementlespropríet́esḿecaniquesdelastructure,particulìerement
encompression,quiestsouventd́ej̀aunpointfaibledesstratifíescomposites.
Enconśequence,leḿecanismeded́elaminageáet́elargement́etudíeparlesacteurs

acad́emiquesetindustriels. Aujourd’hui,desconceptsissusdelaḿecaniquedelarup-
turesontutiliśespourquantifierlaŕesistanceaud́elaminagedescompositesàmatrice
polyḿere. Pluspŕeciśement,lavaleurcritiquedutauxderestitutiond’́energie(i.e.
l’́energieńecessairepourlapropagationd’uneaireunitairedud́elaminage)estutiliśee.A
cejour,desproćeduresdeteststandardiśeespourcettecaract́erisationontét́eétablies
parl’AmericanSocietyforTestingandMaterials(ASTM),leJapaneseIndustrialStan-
dardsOrganisation(JIS)andtheInternationalOrganizationforStandardization(ISO).
Ńeanmoins,lechampd’applicationdecesnormesestlimit́e,danstouslescas,auxstrat-
ifíesavecuneśequenced’empilementunidirectionneletdanslesquelsled́elaminagese
propagedansladirectionparall̀eleauxfibres.Donc,laŕesistanceaud́elaminagenepeut
êtreévalúeequepouruneinterfacesṕecifique(entredeuxcouchesàorientationiden-
tique)etdansuneconditionsṕecifique(propagationdansladirectiondesfibres).Cette
limitationaét́eintroduitehistoriquementparcequedesétudesavantlanormalisation
avaientidentifíelechangementduplanded́elaminagecommeunfacteuremp̂echantla
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bonnéevaluationdelaŕesistancèalaruptureinterlaminaire.Parconśequentleśetudes
exṕerimentalesutiliśeespourled́eveloppementdesnormesontét́eŕealiśeesavecdes
éprouvettesunidirectionnelles.
Ńeanmoins,l’int́er̂etpourlacaract́erisationdelaŕesistancèalarupturedesinterfaces

nonstandardn’ajamaisdisparu.Eneffet,lesstructuresŕeellessont,danslaplupartdes
cas,ŕealiśeesavecdesstratifíeesmultidirectionnels,danslesquelsled́elaminagepeutap-
paraitredansn’importequelleinterfaceetsepropagerdansn’importequelledirectionpar
rapport̀acelledesfibres.Enconśequence,larecherchesurcesujetnes’estjamaisarr̂et́ee
etelleesttoujourstr̀esactive.Lesḿethodesnormaliśeespourleśeprouvettesunidirec-
tionnellesont́et́elargementutiliśeespourtesteraussileśeprouvettesmultidirectionnelles.
Lesŕesultatsobtenus,toutefois,étaientsouventincompatiblesouaussicontradictoires.
Cependant,ceteffortderechercheapermisd’identifierlesprobl̀emeslesplusimportants
quiapparaissentpouŕevaluerlaŕesistanceaud́elaminagedesstratifíesmultidirectionnels.
Aĉot́educhangementduplanded́elaminage,quiresteunprobl̀ememajeur,les

couplagesélastiquesetleseffetsthermiques,quisonttypiquesdesstratifíesmultidirec-
tionnels,sontdesquestionscritiques.Lescouplageśelastiquescompliquentlacińematique
del’́eprouvetteetpeuventintroduiredesrotationsetdesd́eformationsind́esirables.Cela
peutcompromettreletestenintroduisantdescontributionsmodalesnonsouhait́ees,si
bienquelaconditiondechargementŕeellen’estpasfacilementpŕevisible,m̂emedansdes
configurationsdeteststandards.Deplus,cescouplagesintroduisentdeseffetstridimen-
sionnelsquipeuventinvaliderleshypoth̀esesdestechniquesd’exploitationdesdonńees.La
pŕesencedescontraintesŕesiduellesthermiquesinfluenceaussil’́evaluationdelaŕesistance
aud́elaminageetelleáet́eaussicorŕeĺeeàunrisquemajeurdechangementdeplande
d́elaminage.

L’objectifprincipaledecettéetudeestdeconcevoirdesśequencesd’empilementmul-
tidirectionnellespourdeséprouvettesded́elaminagequipuissentpermettredetester
n’importequeltyped’interfacetoutenéliminantlescouplagesélastiquesetleseffets
thermiquesind́esirablesquisonttypiquesdesstratifíesmultidirectionnels.
Celarepŕesenteraitunprogr̀esimportantpourlesessaisded́elaminageetpermettrait

d’inclurelesstratifíesmultidirectionnelsdanslechampd’applicationdesproćeduresde
teststandard.Ilseraitalorspossibledecaract́eriserdefa̧conefficaceetsyst́ematiquela
ŕesistanceàlaruptureinterlaminairedetouttyped’interface. Celapourraétendrele
potentieldelaconceptionstructuraleau-del̀adeseslimitesactuelles,etdoncaboutirà
desstructuresplusefficientesetplussures.

Lemanuscritestdiviśeentroisparties.LaPartieIpŕesenteleprobl̀emequiestl’objet
decettéetudeetlesoutilsquiserontutiliśes.LeChapitre1introduitlaprobĺematique.
Apr̀esunecourteintroductionsurlesmat́eriauxcompositesetlesraisonsderrìereleur
adoption,surtoutdanslesecteuráerospatial,ladiscussionsefocalisesurlesstratifíes,
quisontsouventutiliśespourlesstructuresĺeg̀eres̀ahauteperformance.Lesprincipaux
ḿecanismesd’endommagementdecescompositessontpŕesent́es,etled́elaminageest
identifíecommel’undesplusdangereux.Leslimitationsactuellesdanslacaract́erisation
delaŕesistanceaud́elaminagedesstratifíescompositessontreconnuesetlesraisonsdeces
limitationssontmentionńees.Unediscussionsurl’importanceded́epasserceslimitations,
etdoncdecettéetude,conclutlechapitre.
LeChapitre2d́ecrit,̀apartirdel’́elasticit́eanisotrope,lecomportementthermóelastique

d’unplicompositeafind’introduirelecadredelath́eorieclassiquedesstratifíes.Lescou-
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plagesélastiquesetleseffetsthermiques,typiquesdesstratifíesmultidirectionnelsont
formaliśes.Lesconceptspŕesent́esdanscechapitrepermettentunecompŕehensionplus
profondedesprobl̀emesquiapparaissentlorsdestestsded́elaminagedeśeprouvettesmul-
tidirectionnellesetserontutiliśesafind’obtenirlesŕesultatslesplusimportantdecette
étude.
LeChapitre3sefocalisedefa̧conplusd́etailĺeesurleph́enom̀enedud́elaminagedans

lestratifíescomposites.Lapremìerepartieduchapitreestuneperspectivehistoriqueet
d́ecritlaconnaissanceactuelleetlesproćeduresstandardiśeesquiexistentpourlacar-
act́erisationdelaŕesistanceaud́elaminage. Puis,ladeuxìemepartieduchapitreest
d́edíeèaunéetudebibliographiqued́etailĺeesurlesujetdud́elaminagedanslesstratifíes
composites.

LaPartieIIdumanuscritestd́edíeeàlaconceptiondesnouvelleséprouvettesde
d́elaminageFully-UncoupledMulti-Directional(FUMD).Plusend́etail,lesChapitres4
et5pŕesententled́eveloppementdesoutilsquisontutiliśesdansleChapitre6pour
obtenirfinalementleśeprouvettesFUMD.
LeChapitre4estconsacŕèalarecherchedessolutionsQuasi-Triviales(QT).L’int́er̂et

pourcetteclassedeśequenced’empilementestbrìevementexpliqúe,suivid’unedescrip-
tiondeleursconceptsdebase. Finalement,lesstrat́egiesadopt́eespourconcevoiret
impĺementerunalgorithmeefficientafindeǵeńererunebasededonńeesdessolutionsQT
sontpŕesent́ees,accompagńeesdesŕesultatsentermesdenombredesolutionstrouv́ees.
LeChapitre5́etablitlescrit̀eresanalytiquespourlasuperpositionsdessolutionsQT.

Leformalismeetlanotationutiliśeesdanslesd́eveloppementsanalytiquessontd́ecrits.La
d́emarcheanalytiqueestpŕesent́eepourlesdiff́erentscasdequasi-trivialit́edelaśequence
obtenueparlasuperposition. Enparticulier,pourtouslescas,lasuperpositiondes
solutionsQTd́ecoupĺees,membraneflexionhomog̀enesetquasi-homog̀enessonttrait́es.
Enfin,l’applicationdescrit̀eresdesuperpositionaucasparticulierdelasuperpositionde
deuxsolutionsestpŕesent́ee,̀al’aidedequelquesexemples.
LeChapitre6pŕesenteend́etaillaproćedurepourobtenirdesśequencesFUMD.

Premìerement,lescaract́eristiquesd’uneéprouvetteded́elaminageid́ealesontd́ecrites.
Puis,onmontrecommentilestpossibled’utiliserlessolutionsQT,obtenuesdansle
Chapitre4,etlescrit̀eresdesuperposition,d́eriv́esduChapitre5,pourconcevoirdes
éprouvettesFUMDquireproduisentlecomportementthermóelastiquedeséprouvettes
unidirectionnelles.

DanslaPartieIIIdumanuscrit,deux́etudespŕeliminairespourvaliderleconceptdes
śequencesFUMDsontpŕesent́es.
DansleChapitre7,unexempledeśequenceFUMDestcoņcuetcompaŕeavec

uneśelectiond’autresśequencesmultidirectionnellesissuesdelalitt́erature. D’abord,
unecomparaisonentermesdepropríet́esthermóelastiquesdecesśequencesaét́eef-
fectúee. Puis,desmod̀elesEĺementsFinisdeéprouvettesDoubleCantileverBeamont
ét́ed́evelopṕes.Laḿethodederefermeture,danssaformulationoriginaleetdansune
formulationŕeviśee,áet́eutiliśeepourvaliderlecomportementdel’́eprouvette.
LeChapitre8pŕesenteunecampagneexṕerimentaleded́elaminageenmodeÌal’aide

d’́eprouvettesDoubleCantileverBeam.Premìerementlemat́eriauutiliśeetlesśequences
śelectionńeessontintroduits,accompagńesdesraisonspourleurchoix.Puis,laproćedure
defabrication,ledispositifexṕerimentaletlaproćeduredetestsontd́ecritsend́etail.
Lesŕesultatsentermesdecomportementforce-d́eplacement,desvaleursd’́energiede
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ruptureàl’amoŗcageetpendantlapropagationsontabord́es.Finalement,lesrotations
desbrasdeséprouvettesetlesformesdesfrontsded́elaminageàlafindestestssont
étudíespouŕevaluerlecomportementdeśeprouvettesFUMDparrapportaux́eprouvettes
unidirectionnelles.
Desconclusionsǵeńeralesetdeperspectivespourlesd́eveloppementsfutursconcluent

lemanuscrit.
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AcronymsandAbbreviations

2DTwo-dimensional

3DThree-dimensional

UD Unidirectional

MD Multidirectional

AFP AutomatedFibrePlacement

VAT VariableAngleTow

LEFMLinearElasticFractureMechanics

ERREnergyReleaseRate

CLPT ClassicLaminatedPlateTheory

CTE CoefficientofThermalExpansion

QT Quasi-Trivial

ASTM AmericanSocietyforTestingandMaterials

ESISEuropeanStructuralIntegritySociety

JISJapaneseIndustrialStandardsorganisation

DCB DoubleCantileverBeam

NL Non-Linear

VIS Visual

5/MAX5percentcomplianceoffsetorMaximumload

MBT ModifiedBeamTheory

CC ComplianceCalibration

MCC ModifiedComplianceCalibration

ENFEndNotchedFlexure

ELSEndLoadedSplit

NPC NonPre-Cracked
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PCPre-Cracked

MMB MixedModeBending

FEFiniteElement

CZM CohesiveZoneModel

VCCT VirtualCrackClosureTechnique

FUMDFully-UncoupledMulti-Directional
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Chapter1

Composite materials,laminatesand
delamination

1.1 Introduction

Theaimofthischapteristointroducethereadertothecontext,themotivationand
thepurposeofthisstudy. Alogiclineisdrawnfromthebroadgenericbackgroundof
compositematerialstotheveryspecificissuetobefaced.Tothisaim,Section1.2starts
byintroducingtheconceptofcompositematerials,andtellingwhytheaerospaceindustry
hasmajorinterestsinsuchmaterials.Section1.3restrictsthediscussiontoaparticular
typeofcomposites:laminates.Italsoexplainswhytheyareidealcandidatestobuild
efficientstructures.Nonetheless,laminatesmaysufferfromdifferentdamagemechanisms
thatmayleadthemtofailure;thesearedescribedinSection1.4.Section1.5focuses
onthemechanismofdelaminationandgivesageneralperspectiveaboutit.Section1.6
bringstothereader’sattentionthemajorlimitationsaffectingourcurrentknowledge
ondelamination. Addressingsomeoftheselimitationsisthepurposeofthisstudy,as
explainedinSection1.7.

1.2 Compositesandtheaerospaceindustry

Thetermcompositesisusedtorefertothosematerialscomposedbytwoormorecon-
stituents,whicharepresentinseparatephases[1]. Whilemanycompositematerials
alreadyexistinnature,man-madecompositesarecreatedbycombiningdifferentcon-
stituentsinordertoobtainanewmaterialthatbettersuitsthedesigner’sneeds.Thanks
tothebroadrangeofpossiblecombinations,compositesareusedinmanydifferentfields.
Thiswholestudyisconcernedwithcompositematerialstypicallyemployedforstructural
applications,andinparticularwithlongfibrereinforcedcomposites.Thesematerialsare
usedinavarietyofstructuralapplicationsindifferentsectors[2,3,4],thereasonbeing
theirextremelyinterestingmechanicalproperties.
Whenitcomestostructuralcomposites,theaerospaceindustryisoneofthemostrel-

evantstakeholdersinthefield[5,6].Asamatteroffact,thesematerials,whencompared
tometals,oftenallowtobuildmoreefficientandlightweightstructures,amajordriver
inthesector[7].Inordertoachievethesestructuralperformances,lowdensitymaterials
exhibitingexcellentstrength-to-weightandstiffness-to-weightratiosarerequired. Con-
tinuousfibrereinforcedcompositesare,atpresent,theonesthatbestrespondtothese
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needs,andconsequentlythemostused. Suchcompositesaremadeoftwophases:a
relativelyweakbinder,ormatrix,andmuchstifferandstrongerfibres,actingasarein-
forcement,seeFig.1.1.Thematrixisacontinuousphasethatholdstogetherthefibres.

Figure1.1:Schematicrepresentationofacontinuousfibrereinforcedcomposite,with
referencetoitsmainconstituents.

Ittransfersloadstothefibres,andcarriessomeloadsitself.Itprotectsandinsulates
thefibresfromtheenvironment,thuspreventingdeteriorationand/orcorrosion. Most
often,polymersareusedasmatrixmaterials,becausetheyallowtoobtaincosteffective
composites. Metalsandceramicsaremuchmoreexpensiveandareusedonlyforlimited
specificapplications.Fibrereinforcementsaretheelementgivingstrengthandstiffness
tothecomposite. Theirmechanicalpropertiesareevenbetterthanthoseofthecorre-
spondingbulkmaterial[8].Thisisbecauseofthereducednumberofdefectsthatthey
containand,insomecases,tothepreferentialorientationofmoleculesalongthefibre
direction.Themostcommonfibresusedforstructuralcompositesarecarbonfibre,glass
fibres,aramidfibresandboronfibres.

1.3 Fromcompositestolaminates

AsexplainedinSection1.2,high-performancestructuralcompositesmaybeobtained
bycombiningstiffandstrongfibrereinforcementswithweakermatrixmaterialsthat
holdsthemtogether.However,thestiffeningandstrengtheningeffectsgivenbyfibresare
significantonlyinthefibredirection,whilemechanicalpropertiesinotherdirectionsare
matrixdominated,andsopoor.Toovercomethisproblem,fibresshouldbedistributed
alongmultipledirections.Inordertoachievethisgoal,layeredstructures,orlaminates,
areused.Inalaminatemanydifferentlayers,orlaminae(alsocalledplies),arestacked
together. Mostoften,pre-impregnated(orprepreg)laminaeareused,evenifthisisnot
theonlysolution.Prepreglaminaeconsistinthinlayersofcompositematerialinwhich
thefibreshavealreadybeenimpregnatedbytheresin,whichisnotcuredyet. Each
laminamaybeplacedwiththedesiredorientation.
Inaddition,alaminacanbeunidirectional(UD),ifitcontainsfibresthatarestraight

andallorientedalongthesamedirection,oritcancontainfabrics,inwhichfibresare
orientedalongtwoormoredirections. Duetothefactthatout-of-planefibrewaviness
infabricsweakensmechanicalproperties,laminatesobtainedbystackingUDlaminaeare
preferredwhensuchpropertiesareimportant.Forthisreason,UDlaminaeareusually
preferredforimportantstructuralapplications.Accordingtotheorientationsofitslam-
inae,alaminatecanbeitselfunidirectional(UD),ifalllaminaeareorientedinthesame
direction,ormultidirectional(MD),iflaminaeassumedifferentorientations.Inalmost
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allpracticalapplications, MDlaminatesareused,inordertoensuregoodmechanical
propertiesalongseveraldirections.Nowadays,compositelaminatesareadoptedinmany
primarystructures.

VariableAngleTow(VAT)laminates

Recently,developmentsofnewmanufacturingprocesses,suchasAutomatedFibrePlace-
ment(AFP),haveledtotheappearanceofanoveltypeoflaminates,calledVariable
AngleTow(VAT)composites[9,10].Inthesematerials,fibresareplacedalongcurvi-
linearpatterns,differentlyfromclassicalstraight-fibreslaminates.Asaconsequence,the
materialproperties(stiffness,strength,etc.)changepoint-wiseinthelaminate. This
offersdesignersthepossibilitytotailorstructuralcomponents,inordertoobtainmore
efficientlightweightstructures[11,12,13].Ofcourse,designusingVATlaminateismuch
morecomplexthanusingclassiclaminates,butresearchisactivelyongoing[14,15,16].

1.4 Damage mechanismsoflaminates

Withtheadoptionofcompositelaminatesformanysafetycriticalstructures,itisof
paramountimportancetoguaranteetheirreliability[8,17]. Todothat,itisnecessary
tothoroughlystudyandunderstandthepossibledamageandfailuremechanismsofthis
relativelynewclassofmaterials.
Compositelaminatesmayexhibitdifferentdamagemechanisms,takingplaceatdif-

ferentlengthscales[18,19,20,21]:

•fibre-matrixdebonding:itistheseparationattheinterfacebetweenmatrixand
fibres[22,23],Fig.1.2[24].Thistypeofdamageisdifficulttoobserveduetoits
microscopicscale.Itmayalsobetheprecursortootherdamagemechanisms,such
asmatrixcracking;

Figure1.2: Micrographoffibre-matrixdebondscoalescing[24].

•matrixcracking:itisacommonanddangerousdamagemechanisminlaminates
[25],Fig.1.3[26].Itreducesthemechanicalpropertiesofthestructureanditmay
facilitatetheappearanceofothertypesofdamage;
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Figure1.3:Examplesofmatrixcracksindifferentlaminates[26].

•fibrefracture:fibresmayfailinregionofstressconcentration(e.g.causedby
matrixcrackingorvoids).Isolatefibresmayfail(duetothestatisticaldistributionof
strength)andleadtosubsequentfailureofotherfibresinthesameregion,originating
clustersoffailedfibres,Fig.1.4[27];

Figure1.4:Experimentallyobservedfibrebreaksduringuniaxialtension–tensionfatigue
testsofaglass/epoxycomposite[27].

•delamination:itistheseparationattheinterfacebetweenlayersofalaminate,
Fig.1.5[28].Usuallythisisaresinrichregion,whichmakesitparticularlyweak
andpronetofail.

Figure1.5:Delaminationbetweentwodifferentlyorientedcompositelaminae[28].
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Allthesedifferentdamagemechanismsmayinteractwitheachotherandgiveriseto
extremelycomplexdamagescenarios.
Topreventprimarystructuresfromfailing,theyoftenhavetobedesignedusinga

damagetolerant[29,30,31,32]approach:thestructureisconceivedandrealisedsuch
thatanhypotheticaldamagecannotreachacritical(i.e.:leadingtofailure)sizeina
timeshorterthanthatbetweentwoconsecutiveinspections. Ofcourse,toadoptsuch
anapproach,thedamagemechanismsofthestructuremustbeknowninextremedepth.
Anylackofknowledgeinthisregardmustbecompensatedbyacoefficientofsafety,that
inturnleadstoadditionalstructuralweightanditsnefariousconsequences:inefficiency,
costsandpollution.

1.5 Theproblemofdelamination

Itisthenevidentthatabetterknowledgeofhowdamageappearsandevolvesincomposite
laminatescouldleadtobetterstructuraldesign.
Amongthedifferentdamagemechanismsofcompositelaminates,delaminationisone

ofthemostcritical[33,34,35,36,37,38,39].Itconsistsinaseparationbetweenlaminae.
Itmayappearandgrowinsideacomponentwithoutbeingnoticeablefromtheoutside,
whichmakesitextremelydangerous. Moreover,itdrasticallyreducesthemechanical
propertiesofstructures[40],especiallyincompression[41],whichisalreadyaweakpoint
forlongfibrescomposites.
Forthisreason,boththeacademyandtheindustryhaveinvestedalottostudydelam-

ination.Nowadays,conceptsderivedfromLinearElasticFractureMechanics(LEFM)are
usedtodescribethedelaminationbehaviourofcompositematerials[42,43,44,45].Inpar-
ticular,toevaluatethedelamination(orinterlaminar)fracturetoughnessofthematerial,
theconceptofcriticalstrainEnergyReleaseRate(ERR),i.e.theenergyrequiredforunit
areapropagationofdelamination,introducedbyIrwin[46,47],iscommonlyused.Test
procedurestoevaluatethecriticalERR,underdifferentloadingconditions(ormodes),
havebeenproposed,studied,improved,andeventuallystandardised[43,48,49,50,51].
Theseinterlaminarfracturetoughnesstestsareafundamentalpartofthecharacterisation
(andcertification)ofcompositematerials. Theinformationtheyprovidearecriticalto
anefficientandsafedesignofcompositestructures.

1.6 Delaminationand multidirectionallaminates

Despitetheextensiveresearcheffort,allexistingstandardproceduresforinterlaminar
fracturetoughnesscharacterisationhavebeenoriginallyconceivedforUDreinforcedma-
terialsandforUDstackingsequences,havinganinitialdelaminationfrontperpendicular
tothefibredirection.Thus,whenevaluatinginterlaminarfracturetoughnessofacom-
positeaccordingtostandards,onlyoneveryspecificdelaminationinterface(i.e.theone
betweentwoequallyorientedlayers,alsoreferredtoasUDinterfacehereafter),underone
veryspecificpropagationcondition(i.e.propagationinadirectionparalleltothefibre
orientation),isconsidered.Ontheotherhand,virtuallyallrealstructuresarebuiltusing
MDlaminates,inwhichdelaminationmayappearinanyinterface(alsothosebetween
differentlyorientedlayers,referredtoasMDinterfaceshereafter)andmaypropagatein
anydirectionwithrespecttothefibreorientation.Inthissituation,theinterlaminarfrac-
turetoughnessofthematerialmaybedifferentfromthatobtainedinstandardtestson
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UDinterfaces[52,53].Consequently,sincethe’80s,manystudieshavebeencarriedout
totryandcharacterisefracturetoughnessinMDinterfaces.However,morethantwenty
yearslater,acomprehensivereview[54]onseveralexperimentalstudiesconductedup
tothenoutlinedthefactthatnogeneraltrendcouldbefoundtodescribeinarigorous
wayallresults,whichinsomecasesappearedtobeevencontrasting.Evenlater,another
in-depthreviewondelaminationresistancetestingofcomposites[48],withanemphasis
onstandardisationoftestmethods,reachedthefollowingconclusion:

“Developingsuitabletestingandanalysisproceduresforthedetermination
ofthedelaminationresistanceofmultidirectionallaminatesunderquasi-static
andfatigueloadinginthedifferentmodesremainsachallenge.”

Asoftoday,thechallengeisstillopen:nogeneralconsensushasbeenreachedbythe
scientificcommunityandthereforestandardproceduresfordeterminationofdelamination
resistanceofMDlaminatesdonotexistyet.

1.7 Motivationforthisstudy

Despitenodefinitivesolutionhasbeenfoundtoevaluateinterlaminarfracturetough-
nessinMDinterfaces,thecontributionbyresearchersintheliteratureisconsiderable.
Nowadays,thankstothisimportanteffort,themainissueshavebeenidentifiedandare
currentlyunderinvestigation.
Onefirstimportantissue,arisingduringexperiments,istheappearanceofadditional

damagemechanismsotherthandelamination[55,56].Ofcourse,thisshouldbeavoided,
ifpossible,inordertoobtainasoundcharacterisationofinterlaminarpropertiesofthe
material.
AnotherbigobstacleisadistinctivefeatureofMDlaminates(andsoMDdelamination

specimens)themselves:theirintrinsicallycoupledbehaviour[57,58,59,60].Indeed,
thermaleffectsandelasticcouplingsexistinginMDlaminatesarethecauseofaseries
ofproblemsthatcomplicateexperimentalpractices,leadtoinaccuraciesandmayeven
invalidateexperimentalresultsanddatareductiontheories.Ifstandardproceduresfor
interlaminarfracturetoughnesstestingofMDlaminatesaretobedeveloped,awayto
avoidtheseproblemsmustbefound.Therefore,thepurposeofthisstudyisto
design MDstackingsequencesfordelaminationspecimensthatcouldsolve,for
theveryfirsttime,allproblemsrelatedtolaminate-levelthermaleffectsand
elasticcouplings,andconcurrentlyallowtotestanytypeof MDdelamination
interface.
Reachingsuchagoalcouldleadtomanypositiveconsequences. Firstly,itwould

likelybeanimportantsteptowardthestandardisationofinterlaminarfracturetoughness
testingofMDlaminates.This,inturn,wouldbebeneficialforthequalificationnewma-
terials,forscreeningduringmaterialsselectionandtodevelopnewinterface-dependent
delaminationfailurecriteria.Secondly,thechancetohaveMDdelaminationspecimens
freeofthermaleffectsandelasticcouplingswouldallowthescientificcommunitytostudy
otherproblems(suchasdelaminationmigration)withoutundesiredinterference.Even-
tually,itwouldmakepossibletostudyindetailtheeffectofthelocalorientationoffibres
onthedelaminationprocess,asubjectoffundamentalimportanceinthedesignofVAT
laminates.
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1.8 Concludingremarks

Inthischapter,thecontext,themotivationandthepurposeofthepresentstudywere
presented.Startingfromthegeneralconceptofcompositematerialsandtheirinterestin
theaerospacesector,thefocushasbeenthennarrowedtothephenomenonofdelamination
instructuralcompositelaminates.Specifically,delaminationinMDlaminateshasbeen
showntobeanactivetopicofresearch,withsomemajorissuesyettobesolved.Among
theseissues,elasticcouplingsandthermaleffectsrepresentbigobstaclestointerlaminar
fracturetoughnesscharacterisationof MDlaminates. Whilethischapterwasdesigned
toprovideashortandsimple,yetcomplete,introduction,Chapter2andChapter3will
providemorein-depthcontents.Inmoredetail,Chapter2willpresentsomeanalytical
toolsthatwillbeusefulfordifferentscopes:first,theywillbeusedinthefollowingofthe
manuscripttoobtainsomeofthemostimportantresultsofthisstudy;second,theywill
allowadeeperunderstandingoftheproblemstobesolved,andofthedetailedliterature
reviewondelaminationinMDlaminatespresentedinChapter3.
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Chapter2

Mechanicsofcompositelaminates

2.1 Introduction

InChapter1,itwasstatedthatthepurposeofthisstudyistodesign MDlayupsfor
delaminationspecimensthatcouldsolveallproblemsrelatedtoelasticcouplingsand
undesiredthermaleffects.
Thefirststeptowardthisgoalistounderstandwhatelasticcouplingsandthermal

effectsinalaminateare,andtodefineatheoreticalframeworkinwhichtheycanbe
analysed.Hence,themechanicalbehaviourofalaminateneedtobeformalisedbymeans
ofanappropriatemathematicalrepresentation.Thisiswhatisdoneinthischapter.
InSection2.2,thebehaviourofageneralanisotropicmaterialasdescribedbythe

generalisedHooke’sconstitutivelawisintroduced.Tworeducednotations,proposedby
VoigtandKelvin,thatallowtoexpressHooke’slawinmatrixform,arethenpresented.
Contrarilytowhathappensinthegreatmajorityofbooksonthesubject,thechoice
madeherewastouseKelvin’snotation,ratherthanVoigt’sone. Thereasonsforthis
choicewillbemadeclearinthischapter.Afterwards,theeffectsofaframerotationon
Hooke’slawareexplained.Thisallowstointroducethedifferentelasticsymmetriesand
thetechnicalconstantsofelasticity.
Section2.3openswithabriefintroductiononthebehaviourofacompositelamina.

Then,thebehaviourofalaminateisformalisedintermsoftheClassicalLaminatedPlate
Theory(CLPT).Theresultsofthistheoryarethenspecialisedtothecaseoflaminates
madewithidenticalplies. Moreover,anoverviewofthemostcommonlaminatetypes
employedinindustrialapplicationsispresented.Inparticular,theyareclassifiedfirstin
termsofelasticproperties,andthenintermsofcharacteristics(e.g.symmetry)oftheir
stackingsequence.Toendthechapter,themostimportantresultsofCLPTareextended
toincludethermoelasticeffects.

2.2 Generalanisotropicelasticity

2.2.1 GeneralisedHooke’slaw

Anisotropicelasticitygivestheconstitutivelawsdescribingtheelasticrelationshipbe-
tweenstrainsandstressesinanisotropicmaterials.Inordertoderivesuchconstitutive
equations,someassumptionsaremade:

1. materialcoefficientsinconstitutivelawsdonotchangewithrespecttotime.Phe-
nomenasuchascreepandstressrelaxationarenottakenintoaccount;
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2.thematerialbehaviourisassumedtobelinearandelastic;

3.strainsareassumedtobeinfinitesimal.

Undertheseassumptions,thematerialstraininabodyisdefinedbytheinfinitesimal
straintensor [61],whilethestressstateisdescribedbyCauchy’sstresstensorσ;both
aresymmetricsecondordertensors,thushavingsixindependentcomponents.Ifwe
defineσ0asageneralinitialstressstate,themostgeneralconstitutivelawtodescribe
thematerialbehaviouris[61,62]:

σ=E +σ0,

σij=Eijklkl+σ
0
ij.

(2.1)

Here,Eisafourthordertensorcalledthestiffnesselasticitytensor(orsimplyelasticity
tensor)ofthematerial.Its81componentsrepresenttheproportionalityconstantsamong
componentsofthestressandstraintensors.Equation(2.1)isbestknownasgeneralised
Hooke’slaw.Duetothesymmetryoftensorσ,itis:

σij=σji⇒ Eijklkl=Ejiklkl ⇒ Eijkl=Ejikl, (2.2)

whilethesymmetryoftensor implies:

ij= ji⇒ Eijklkl=Eijlklk=Eijkllk⇒ Eijkl=Eijlk. (2.3)

Eqs.(2.2)and(2.3)aretheso-calledminorsymmetries,andreducethenumberof
independentcomponentoftensorEfrom81to36.Foralinearelasticanisotropicmaterial
underinfinitesimaldeformationitispossibletodefinethestrainenergydensity(orelastic
potential)V,suchthat:

σij=
∂V

∂ij
=Eijklkl+σ

0
ij, (2.4)

andthus:
∂2V

∂ij∂kl
=Eijkl. (2.5)

InEq.(2.5),theorderofdifferentiationisarbitrary,sothat:

Eijkl=
∂2V

∂ij∂kl
=
∂2V

∂kl∂ij
=Eklij ⇒Eijkl=Eklij. (2.6)

Eq.(2.6)isthemajorsymmetryoftensorE,andfurtherreducesitsindependentcompo-
nentsdownto21.Hence,21isthehighestnumberofindependentmodulithatanelastic
materialcanhave.Suchamaterialisreferredtoascompletelyanisotropicortriclinic.
ThegeneralisedHooke’slaw,Eq.(2.1),mayalsobeinvertedasfollows:

=Zσ+ 0, (2.7)

0=E−1σ0, (2.8)

Z=E−1, (2.9)

wheretensorZisthecomplianceelasticitytensor(orsimplycompliancetensor).
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2.2.2 Reducednotations

AsseeninEq.(2.1),thetensorrepresentationofHooke’slawrequirestheuseoffour
indexes,whichmaybeimpracticalforengineeringpurposes.However,itwasobservedin
Subsection2.2.1thatbothtensors andσ,beingsymmetric,haveonlysixindependent
components.TheyarerelatedbytensorE,thathas21independentcomponentsinthe
mostgeneralcase.Thisallowstoadoptsomeparticularnotationsthattransformtensors
,σandEinordertoobtainamatrixrepresentationofEq.(2.1).
Here,twonotationsareintroduced. ThefirstoneisVoigt’snotation[63].Itisthe

mostwidelyknown,butitbringssomedisadvantages.ThesecondisKelvin’snotation,
whichislessknownandused,buthasarguablyinterestingadvantages[64].

Voigt’snotation

AccordingtoVoigt’sapproach,tensors andσmayberewrittenas6-componentsvectors:

{σ}=






σ1=σ11
σ2=σ22
σ3=σ33
σ4=σ23
σ5=σ31
σ6=σ12






, {}=






1= 11

2= 22

3= 33

4=223

5=231

6=212






. (2.10)

Inthefollowing,asinEq.(2.10),bracesareusedtorememberthatamatrixrepresen-
tation,andnotatensorone,isbeingused. Themultiplyingcoefficient2appearingin
terms 4,5and 6isaconsequenceofthesymmetriesoftensors andσinHooke’s
law.Eq.(2.10)showstheindexestransformationruleadoptedinVoigt’snotation(the
transformationisreportedalsoforthecaseofreferenceframesusingx,y,zindexes):

11→1, 22→2, 33→3, 23→4, 31→5, 12→6,

xx→x, yy→y, zz→z, yz→q, zx→r, xy→s.
(2.11)

Ausefultricktocorrectlyassociateindexes4,5and6ofVoigt’snotationtothecorre-
spondingtensorcomponentsistorememberthattheformerareobtainedas9−(i+j),
whereiandjaretheindexesofthelatter.Correspondingly,tensorEistransformedin
a6x6symmetricmatrix,itssymmetrybeingaconsequenceofthemajorsymmetryof
E,Eq.(2.6).Suchmatrixisreferredtoas[C](bracketsareusedtoremarkthat[C]is
expressedinmatrixnotation),toavoidconfusionswithtensorE. Withthisnotation,Eq.
(2.1)isreducedto(foraninitiallyunstressedcondition,σ0=0):

{σ}=[C]{}→






σ1
σ2
σ3
σ4
σ5
σ6






=











C11 C12 C13 C14 C15 C16
C12 C22 C23 C24 C25 C26
C13 C23 C33 C34 C35 C36
C14 C24 C34 C44 C45 C46
C15 C25 C35 C45 C55 C56
C16 C26 C36 C46 C56 C66
















1

2

3

4

5

6






. (2.12)

Thankstotheintroductionofcoefficient2in 4,5and 6,theelementsofmatrix[C]
haveadirectcorrespondence(byapplyingtheindexesrelationshipEq.(2.11))tothose
oftensorE:

[Cij]=
[Eppqq][Epprs]

[Epprs][Epqrs]
; i,j=1,...,6; p,q,r,s=1,2,3. (2.13)
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Eq.(2.12)maybeinvertedtoobtain:

{}=[S]{σ}→






1

2

3

4

5

6






=











S11 S12 S13 S14 S15 S16
S12 S22 S23 S24 S25 S26
S13 S23 S33 S34 S35 S36
S14 S24 S34 S44 S45 S46
S15 S25 S35 S45 S55 S56
S16 S26 S36 S46 S56 S66
















σ1
σ2
σ3
σ4
σ5
σ6






. (2.14)

InthecaseofEq.(2.14),theconsequenceofthefactor2in4,5and 6isthatthe
componentsofmatrix[S]arenotequaltothecorrespondingcomponentsoftensorZ.In
moredetail:

[Sij]=
[Zppqq] 2[Zpprs]

2[Zpprs] 4[Zpqrs]
; i,j=1,...,6; p,q,r,s=1,2,3. (2.15)

Toconclude,usingVoigt’snotationallowsforasimplifiedmatrixrepresentationof
Hooke’slaw.However,thedifferenceinthedefinitionofvectors{σ}and{}(namely,the
factor2appearingin{}),bringsomedisadvantages.First,whenrotatingthereference
frame,caremustbepaid,asvectors{σ}and{}willtransformindifferentways.The
sameistrueformatrices[C]and[S].Additionally,itwasalreadyobservedthatadirect
correspondenceexistsbetweentheelementsofEand[C],butnotbetweenthoseofZand
[S].

Kelvin’snotation

Kelvin’snotation,whilebeinglessknownthanVoigt’sone,presentssomeadvantages.
Thestressandstraintensorsaretransformedasfollows:

{σ}=






σ1=σ11
σ2=σ22
σ3=σ33
σ4=

√
2σ23

σ5=
√
2σ31

σ6=
√
2σ12






, {}=






1= 11

2= 22

3= 33

4=
√
223

5=
√
231

6=
√
212






. (2.16)

Inthiscase,thefactor2isequallydistributedamongstressesandstrains. Thisway,
thereisnodifferencebetweenstressandstrainwhentransformingfromtensortomatrix
notation:matrices[C]and[S]areobtainedsimilarlyfromtensorsEandZ,respectively.
Indeed,wehave:

[Cij]=
[Eppqq]

√
2[Epprs]

√
2[Epprs] 2[Epqrs]

; i,j=1,...,6; p,q,r,s=1,2,3. (2.17)

[Sij]=
[Zppqq]

√
2[Zpprs]

√
2[Zpprs] 2[Zpqrs]

; i,j=1,...,6; p,q,r,s=1,2,3. (2.18)

Eqs.(2.12)and(2.14)stillhold:

{σ}=[C]{}, (2.19)

{}=[S]{σ}. (2.20)
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Itwasshownin[65]thatmatrices[C]and[S]obtainedusingKelvin’snotationmaybe
interpretedasrepresentationsofsecondordertensorsinR6.Aninterestingconsequence
isthatrotationofthesematricesismadeusingthesametransformationmatrix,while
thisisnotthecaseusingVoigt’snotation.Ingeneral,theadoptionofKelvin’snotation
allowstoobtainagreatsimplificationinanalyticalexpressions.Forthisreason,Kelvin’s
notationwillbeusedinthefollowingofthismanuscript.

2.2.3 Changeofreferenceframe

Inordertoderivetheconstitutivelawseveninthecaseofachangeinthereference
frame,theconceptsoforthogonaltensorsandoftensorconjugationproductarehere
introduced.Inthefollowing,theordinary3DspaceofEuclideangeometry,indicatedby
E,isconsidered.Eachelementofthisspaceisapoint,identifiedbyitsthreegeometrical
coordinates.ThevectorspaceoftranslationsassociatedwithEisindicatedbyV.Linear
applicationsinVarerepresentedbysecond-ordertensors;thespaceofsuchapplicationis
Lin.Finally,LinisthespaceoflinearapplicationsinLin,thatisoffourth-ordertensors.

Orthogonaltensors

Asecondordertensorisdefinedorthogonalwhenitpreservestheinnerproductinthe
vectorspaceV:

Uv1·Uv2=v1·v2 ∀v1,v2∈V. (2.21)

Inparticular,anglesbetweenvectorsandvectorlengthsarepreserved.Forthesereasons,
anyrigidtransformationofthevectorspacecanbeexpressedbyanorthogonaltensor.
Fororthogonaltensorsthefollowingrelationshipshold:

UUT=UTU=I, (2.22)

U−1=UT, (2.23)

det(U)=±1. (2.24)

AnorthogonaltensorUwithapositivedeterminantmayrepresentatransformationthat
maintainstheorientationofthevectorspace(e.g.rotationaboutanaxis);onewitha
negativedeterminantmayrepresentatransformationthatchangestheorientationofthe
vectorspace(e.g.symmetrywithrespecttoaplane).

Tensorconjugationproduct

GiventwosecondordertensorsAandB,itispossibletodefinetheirconjugationproduct
A Bas:

(A B)C:=ACBT ∀C∈Lin. (2.25)

Theconjugationproductisafourthordertensor.Itcanbeshownthat:

(A B)ijkl=AikBjl, (2.26)

(A B)T=AT BT. (2.27)
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ForanorthogonalsecondordertensorUitispossibletodefineitsorthogonalconjugator
U:

U:=U U,

Uijkl=UikUjl.
(2.28)

TensorUisanorthogonaltensorinthespaceoffourthordertensors;inotherwordsit
preservestheinnerproductofsecondordertensors:

UA·UB=A·B ∀A,B∈Lin, (2.29)

andverifiesthefollowingrelationship:

UUT=UTU=I, (2.30)

whereIisthefourthorderidentitytensor.

Changeofreferenceframe:tensorialnotation

InV,wecandefinetwodifferentreferenceframes:

R={o,B} withbase B={e1,e2,e3}, o∈E, (2.31)

R ={o,B} withbase B={e1,e2,e3}, o∈E. (2.32)

TheprimesymbolindicatesthatavectorcomponentisexpressedwithrespecttobaseB;
itwillbeusedalsoforvectorsandtensorswhosecomponentsaremeanttobeexpressed
withrespecttobaseB.
AreferenceframetransformationfromRtoR isarigidtransformationofthevector

spaceV,thatcanberepresentedbyanorthogonalsecondordertensor,U.Inparticular,
tensorUisdefinedby:

ei=Uei⇒ ei=U
Tei. (2.33)

UsingtensorUanditsorthogonalconjugatorU,Eq.(2.28),itispossibletoexpresshow
vectors,secondordertensorsandfourthordertensorstransformfromonereferenceframe
totheother.Respectively:

wi=Uwi⇒ wi=Uijwj. (2.34)

L=ULUT=(U U)L=UL⇒ Lij=UimUjnLmn, (2.35)

E=(U U)E(U U)T=UEUT ⇒ Eijkl=UimUjnUkpUlqEmnpq. (2.36)

Changeofreferenceframe: Kelvin’snotation

Eqs.(2.35)and(2.36)maybeexpressedinmatrixform,ifthematrixrepresentationof
tensorU,[R],isintroduced:

[L]=[R][L], (2.37)

[E]=[R][E][R]T. (2.38)
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IfUijarethecomponentsoftheorthogonaltensorUrepresentingthetransformation,
matrix[R]isexpressedby[65]:

[R]=















U211 U212 U213
√
2U12U13

√
2U13U11

√
2U11U12

U221 U222 U223
√
2U22U23

√
2U23U21

√
2U21U22

U231 U232 U233
√
2U32U33

√
2U33U31

√
2U31U32

√
2U21U31

√
2U22U32

√
2U23U33 U23U32+U22U33 U33U21+U31U23 U31U22+U32U21

√
2U31U11

√
2U32U12

√
2U33U13 U32U13+U33U12 U31U13+U33U11 U31U12+U32U11

√
2U11U21

√
2U12U22

√
2U13U23 U11U23+U13U22 U11U23+U13U21 U11U22+U12U21















.

(2.39)
Matrix[R]isanorthogonalmatrixofR6.Henceitmaybethoughtastherepresentation
ofasecondordertensorofthevectorspaceR6.Itisextremelyimportanttoremember
that,usingthisnotation,thestresstensorσandthestraintensor arerepresentedin
thesameway.ThistranslatesintothefactthatEq.(2.37)appliestobothtensorswith
thesamematrix[R].Inotherwords:

{σ}=[R]{σ}, (2.40)

{}=[R]{}. (2.41)

Concerningmatrix[C],inthetworeferenceframes:

{σ}=[C]{} inframeR, (2.42)

{σ}=[C]{} inframeR. (2.43)

SubstitutingEqs.(2.40)and(2.41)inEq.(2.43),oneobtains:

[R]{σ}=[C][R]{} ⇒ {σ}=[R]T[C][R]{}. (2.44)

UsingEq.(2.42),thetransformationequationformatrix[C]isobtained:

[C]=[R]T[C][R] ⇒ [C]=[R][C][R]T. (2.45)

Similarly,formatrix[S]:

{}=[S]{σ} inframeR, (2.46)

{}=[S]{σ} inframeR. (2.47)

SubstitutingEqs.(2.40)and(2.41)inEq.(2.47),thetransformationequationformatrix
[S]isobtained:

[R]{}=[S][R]{σ} ⇒ {}=[R]T[S][R]{σ}, (2.48)

[S]=[R]T[S][R] ⇒ [S]=[R][S][R]T. (2.49)

Twogeneralandextremelyusefulexamplesofreferenceframetransformationarethe
rotationaboutanaxisandthesymmetrywithrespecttoaplane.Resultsforthesecases
arepresentedbelow.
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Rotationaboutanaxis

Theparticularcaseoftherotationofthereferenceframeaboutanaxisisheredetailed.If
weassumeapositiverotationofanangleδabouttheaxisx3,tensorUhasthefollowing
form:

U=




c s0
−sc 0
0 0 1



, c=cos(δ), s=sin(δ). (2.50)

Matrix[R]isobtainedfromEq.(2.39):

[R]=











c2 s2 0 0 0
√
2cs

s2 c2 0 0 0 −
√
2cs

0 0 1 0 0 0
0 0 0 c −s 0
0 0 0 s c 0

−
√
2cs

√
2cs 0 0 0 c2−s2











. (2.51)

Symmetrywithrespecttoaplane

Forthecaseofsymmetryaboutaplane,assumingsuchplanetobex3=0,tensorUand
matrix[R]become:

U=




1 0 0
0 1 0
0 0 −1



, [R]=











1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 −1 0 0
0 0 0 0 −1 0
0 0 0 0 0 1











. (2.52)

2.2.4 Elasticsymmetries

InSubsection2.2.1,thebehaviourofageneralanisotropicmaterialwasformalised.Inter-
estingly,notallmaterialshavesuchageneralbehaviour.Infact,manymaterialspossess
oneormoreelasticsymmetries. Thismeansthattheelasticbehaviourdonotchange
alongspecificdirections,calledequivalentdirections.Inotherwords,materialproperties
areundistinguishableinaninitialreferenceframeandinatransformedoneobtainedby
exchangingsomeequivalentdirectionsandleavingunchangedalltheothers.Thistrans-
latesintothefactthatsomerelationshipsexistamongthecomponentsofmatrix[C](and
thereforeoftensorE),thusreducingthenumberofindependentmaterialmoduli.IfR
istheinitialreferenceframe,andR isthetransformedone,accordingtothematerial
symmetryconsidered,thismeans:

{σ}=[C]{} inframeR, (2.53)

{σ}=[C]{} inframeR. (2.54)

UsingEqs.(2.40)and(2.41)inEq.(2.54)oneobtains:

[R]{σ}=[C][R]{} ⇒ {σ}=[R]T[C][R]{}, (2.55)

andequatingtoEq.(2.53)itfollows:

[C]=[R]T[C][R]. (2.56)
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Eq.(2.56)givestherelationshipsamongcomponentsofmatrix[C](and,correspondingly,
oftensorE)establishedbytheelasticsymmetryofthematerial.Inthefollowing,forthe
sakeofbrevity,onlythemostcommonmaterialsymmetrieswillbebrieflyrecalled.

Monoclinic material

Amaterialisdefinedmonoclinicifitpossessesoneplaneofsymmetry.Ifweassumesuch
planetobex3=0,usingEqs.(2.52)and(2.56),weobtain:

[C] =











C11 C12 C13 0 0 C16
C22 C23 0 0 C26

C33 0 0 C36
C44 C45 0

sym C55 0
C66











. (2.57)

Hence,13elasticconstantsarerequiredtodefinethematerialbehaviour.

Orthotropic material

Amaterialisdefinedorthotropicwhenithasthreeorthogonalplanesofsymmetry.It
ispossibletodemonstratethatsymmetrywithrespecttotwoorthogonalplanesimplies
alsosymmetrywithrespecttoathirdplane,orthogonaltotheprevioustwo. Herethe
symmetryplanes,forthesakeofsimplicity,areassumedtocoincidewiththecoordinate
planes.Hence,matrix[C]isobtainingapplyingtwiceEq.(2.56),eachtimewithamatrix
[R]correspondingtosymmetrywithrespecttoonecoordinateplane.Itfollows:

[C] =











C11 C12 C13 0 0 0
C22 C23 0 0 0

C33 0 0 0
C44 0 0

sym C55 0
C66











. (2.58)

Forsuchamaterial9constantsaresufficienttodescribetheelasticbehaviour.Itisalso
easytoverifythatforanorthotropicmaterialmatrix[S]hasthesameshapeasmatrix
[C]:

[S] =











S11 S12 S13 0 0 0
S22 S23 0 0 0

S33 0 0 0
S44 0 0

sym S55 0
S66











. (2.59)

Transverselyisotropic material

Amaterialisdefinedastransverselyisotropicwhenitpossessesanaxisofcylindrical
symmetry. Hencethepropertiesofthematerialdonotchangewhenexpressedintwo
referenceframeswhichdifferbyarotationaroundthisaxis. Forsuchamaterialthe
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elasticmatrixiscompletelydefinedby5distinctelasticconstant.Ifweassumetheaxis
ofsymmetrytobex3,usingEqs.(2.51)and(2.56),weobtain:

[C] =











C11 C12 C13 0 0 0
C11 C13 0 0 0

C33 0 0 0
C44 0 0

sym C44 0
C11−C12











. (2.60)

Isotropic material

Finally,anisotropicmaterialisamaterialforwhichalldirectionsareequivalent.Thus,
itspropertiesdonotchangewithrespecttothereferenceframeadopted. Theelastic
matrixofanisotropicmateriallooksasfollows:

[C] =











C11 C12 C12 0 0 0
C11 C12 0 0 0

C11 0 0 0
C11−C12 0 0

sym C11−C12 0
C11−C12











. (2.61)

Inthiscaseonlytwoelasticconstantsaresufficienttodescribethematerialbehaviour.

2.2.5 Thetechnicalconstantsofelasticity

Inengineeringpractice,theuseofthesocalledtechnicalorengineeringconstantsis
usuallypreferredtotheuseofthecomponentsCijoftheelasticstiffnessmatrix. The
technicalconstantsareusefulastheyareusuallymeasurablefromsimplelaboratorytests
andhaveadirectandobviousphysicalmeaning.Sincetheymustcompletelydefinethe
behaviourofthematerial,theirnumberis,inthemostgeneralcase,21.However,similarly
towhatobservedabove,thenumberisreducedwhenthematerialconsideredpossesses
someelasticsymmetries.Foracompletetreatiseonthesubject,thereaderisaddressed
to[62].Here,sinceorthotropicmaterialswillbethemostgeneralcasetreated,onlythose
engineeringconstantsofinterestsarepresented.Namely,theyare:

1.Young’smoduli:theymeasuretheextensionstiffnessalongthethreereferenceaxes:

Ei=
σi

i

; i=1,2,3; σi=0; σj=0 ∀j=i; j=1,...,6; (2.62)

2.Shearmoduli:theymeasurethestiffnessofthematerialwithrespecttoshear:

Gij=
σk
2k
; i,j=1,2,3; i=j; k=4,5,6; σk=0;

σh=0 ∀h=k; h=1,...,6; (2.63)

3.Poisson’scoefficients:theymeasurethedeformationinadirectiontransversalto
thatofanormalstressapplied:

νij=
j

i

; i,j=1,2,3; σi=0; σh=0 ∀h=i; h=1,...,6. (2.64)
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2.2.6 Thermoelasticity

Intheprevioussubsections,theconstitutiveequationsthatdescribetheelasticbehaviour
ofamaterialwerederivedfortheisothermalcase,thatis,noeffectsoftemperaturewere
takenintoaccount.However,theycanbegeneralisedinordertoincludethermaleffects.
Here,weassumethatthermalvariationshappenataslowrate,sothatthetemperature
withinthebodymaybeconsidereduniformatalltimes(i.e.nothermalgradientswithin
thebodyexist).
Ingeneralthermoelasticity,thetotalstraintensorofthematerialisgivenbythesum

ofamechanicalpartandofathermalpart:

= m + t. (2.65)

ThemechanicalstrainisobtainedasinEq.(2.7)(consideringaninitiallyunstrained
condition):

m =Zσ, (2.66)

whilethethermalstrainisassumedtobealinearfunctionofthetemperaturechangeT:

t=Tα. (2.67)

ThetemperaturechangeTisdefinedasthedifferencebetweenactualtemperaturewith
respecttothatofanunstrainedcondition(T=Tact-T0).FromEq.(2.67),αisasecond
ordersymmetrictensor,whichcontainstheCoefficientsofThermalExpansion(CTEs)of
thematerial.Alsothistensormayberepresentedbya6-componentvectorusingKelvin’s
reducednotation.Eq.(2.65)mayberewrittentoobtain:

=Zσ+Tα, (2.68)

intensornotation,and:

{}=[S]{σ}+T{α}, (2.69)

inmatrixnotations.Eq.(2.68)istheDuhamel-Neumannlawforanisotropicbodies.It
mayalsobeinvertedtoobtain:

σ=E(−Tα), (2.70)

or,inmatrixnotation:

{σ}=[C]({}−T{α}). (2.71)

2.3 Mechanicsofcompositelaminates

2.3.1 Mechanicsofalamina

Inordertomodelthebehaviourofalaminate,thatofasinglelaminamustbedescribed
first.Todoso,thefollowingassumptionsareadopted:

1.thelaminaactsasacontinuum.Inotherwords,themacro-mechanicalbehaviour
ofthelaminaisconsidered;

2.thelaminamaterialbehavesinalinearelasticway;hence,thegeneralisedHooke’s
lawmaybeused.
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3Dconstitutivebehaviour

LetusconsideralaminaanditsmaterialframeR≡(x1,x2,x3),Fig.2.1. Underthe
assumptionsmade,theresultsofSection2.2maybeused.Inparticular,acomposite
laminamaybemodelledindifferentways.Ifitisaunidirectional(UD)lamina,its

Figure2.1:Laminamaterialframeandglobalreferenceframe.

behaviourisoftenassumedtobeastransverselyisotropic,withthefibresdirectionbeing
theaxisofcylindricalsymmetry.Ifitisafabriclaminawithfibresintwoperpendicular
directions,thenitmaybemodelledasanorthotropicmaterial,whoseorthotropyaxesare
thefibresdirectionsandtheaxisnormaltothelaminaplane.Hence,inthemostgeneral
case,anorthotropicbehaviourmaybeassumed.Theorthotropicbehaviourofthelamina
initsmaterialframeisdescribedbymatrices[C]and[S],sothat:






σ1
σ2
σ3
σ4
σ5
σ6






=











C11 C12 C13 0 0 0
C22 C23 0 0 0

C33 0 0 0
C44 0 0

sym C55 0
C66
















1

2

3

4

5

6






→{σ}=[C]{}, (2.72)






1

2

3

4

5

6






=











S11 S12 S13 0 0 0
S22 S23 0 0 0

S33 0 0 0
S44 0 0

sym S55 0
S66
















σ1
σ2
σ3
σ4
σ5
σ6






→{ }=[S]{σ}. (2.73)

Whenformingalaminate,multiplelaminaearesuperposed,andeachlaminamay
beorienteddifferentlyfromtheothers. Theconstitutivedescriptionofthelaminate,
however,hastobedonewithrespecttooneglobalreferenceframeR ≡(x,y,z),also
calledlaminatereferenceframehereafter,Fig.2.1. Hence,materialpropertiesofeach
laminahavetobeevaluatedwithrespecttothislatterframe. Matrices[C’]and[S’]
describingthebehaviourofthelaminainthelaminatereferenceframecanbefoundusing
Eqs.(2.45)and(2.49).Itcanbeobservedthat,duetothefactthatlaminaearestacked
tobuildthelaminate,axiszofthelaminatereferenceframewillalwayscoincidewith
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thematerialx3axis. Hence,thetransformationgoingfromonereferencetotheother
isasimplerotationδ(positivecounter-clockwise)aroundsuchaxis.Forthisparticular
case,thetransformationmatrix[R]hasalreadybeenpresentedinEq.(2.51). Asa
consequence,usingsuchmatrixandapplyingEqs.(2.45)and(2.49)to(2.58)and(2.59),
respectively,oneobtains:






σx
σy
σz
σq
σr
σs






=











Cxx Cxy Cxz 0 0 Cxs
Cyy Cyz 0 0 Cys

Czz 0 0 Czs
Cqq Cqr 0

sym Crr 0
Css
















x

y

z

q

r

s






→{σ}=[C]{}, (2.74)






x

y

z

q

r

s






=











Sxx Sxy Sxz 0 0 Sxs
Syy Syz 0 0 Sys

Szz 0 0 Szs
Sqq Sqr 0

sym Srr 0
Sss
















σx
σy
σz
σq
σr
σs






→{ }=[S]{σ}. (2.75)

Reducedconstitutivebehaviour

Anhypothesisadoptedwhendevelopingequivalentsinglelayertheories(suchasCLPT),
isthatthenormalstresscomponentbenegligible,σ3=σz=0.Undersuchhypothesis
ofplaneelasticity,usingEq.(2.20)andconsideringanorthotropicbehaviour,onemay
obtain,inthelaminamaterialreferenceframe:






1

2

6





=




S11 S12 0
S12 S22 0
0 0 S66










σ1
σ2
σ6





, (2.76)

4

5
=
S44 0
0 S55

σ4
σ5

, (2.77)

3 = S13σ1+S23σ2. (2.78)

ThecomponentsSijappearinginEqs.(2.76)-(2.77)areexactlythesameasthoseofthe
original3Dcompliancematrix,Eq.(2.59).Eqs.(2.76)and(2.77)maybeinvertedto
obtain:






σ1
σ2
σ6





=




Q11 Q12 0
Q12 Q22 0
0 0 Q66










1

2

6





, (2.79)

σ4
σ5
=
Q44 0
0 Q55

4

5
. (2.80)

InEqs.(2.79)and(2.80),termsQijaredifferentfromthecorrespondingtermsofthe
completematrix[C],astheyareobtainedbyinversionofEqs.(2.76)and(2.77).Forthis
reasontheyarecalledreducedstiffnessesandindicatedbyadifferentletter. WhenEqs.
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(2.76)and(2.77)areexpressedinthelaminatereferenceframe,theybecome:






x

y

s





=




Sxx Sxy Sxs
Sxy Syy Sys
Sxs Sys Sss










σx
σy
σs





, (2.81)

q

r
=
Sqq Sqr
Sqr Srr

σq
σr

, (2.82)

andthus,intermsofreducedstiffnesses:





σx
σy
σs





=




Qxx Qxy Qxs
Qxy Qyy Qys
Qxs Qys Qss










x

y

s





, (2.83)

σq
σr
=
Qqq Qqr
Qqr Qrr

q

r
. (2.84)

2.3.2 Thermoelasticbehaviourofalamina

Fromathermoelasticpointofview,thebehaviourofthelaminaisdescribedbythe
vectorofCTEs,{α}.Itmaybeassumedthat,inthematerialreferenceframeofthe
lamina,theonlynon-nullcomponentsofsuchvectorbeα1,α2andα3;thismeansthata
changeintemperaturecausesonlycontractionorexpansioninthethreeprincipalmaterial
directions.The3Dthermoelasticconstitutivebehaviourinthematerialreferenceframe
ofthelaminaisthusobtainedfromEqs.(2.69)and(2.71):

{}=[S]{σ}+T{α}, (2.85)

{σ}=[C]({}−T{α}), (2.86)

inwhichmatrices[S]and[C]possesstheformalreadyseeninEqs.(2.73)and(2.72)
respectively.
Ifthe3Dthermoelasticconstitutivebehaviourisdescribedwithrespecttothelaminate

referenceframe,alsovector{α}transformsduetothechangeinreferenceframe.In
particular,ittransformsinthesamewaystrainsdo,accordingtoEq.(2.41).Eqs.(2.85)
and(2.86)thenbecome:

{}=[S]{σ}+T{α}, (2.87)

{σ}=[C]({}−T{α}), (2.88)

inwhichmatrices[S]and[C]arethesameasinEqs.(2.75)and(2.74)respectively.
Thereducedconstitutivebehaviourofthelaminainitsmaterialframe,expressedby

Eqs.(2.76),(2.79),nowbecomes:






1

2

6





=




S11 S12 0
S12 S22 0
0 0 S66










σ1
σ2
σ6





+T






α1
α2
0





→{ }=[S]{σ}+T{α}, (2.89)






σ1
σ2
σ6





=




Q11 Q12 0
Q12 Q22 0
0 0 Q66










1−Tα1
2−Tα2

6





→{σ}=[Q]({}−T{α}), (2.90)
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whileEqs.(2.81)and(2.83)foragenerallaminatereferenceframebecome:





x

y

s





=




Sxx Sxy Sxs
Sxy Syy Sys
Sxs Sys Sss










σx
σy
σs





+T






αx
αy
αs





→{ }=[S]{σ}+T{α}, (2.91)






σx
σy
σs





=




Qxx Qxy Qxs
Qxy Qyy Qys
Qxs Qys Qss










x−Tαx
y−Tαy
s−Tαs





→{σ}=[Q]({}−T{α}). (2.92)

Itshouldberemarkedthatinageneralreferenceframe,alsothecomponentαsofthe
vectorofCTEsmaybedifferentfromzero.

2.3.3 ClassicalLaminatedPlateTheory

Hypotheses

Letusnowconsideralaminate,asshowninFig.2.2.Laminatesarecharacterisedby
havingplanardimensionssignificantlylargerthantheirthickness.Forthisreasonthey
aretreatedasplateelements.CLPTmaybeclassifiedasanequivalentsinglelayertheory

Figure2.2:Laminatewithdefinitionofrelevantquantities.

[61]:thankstosuitableassumptionsonthekinematicsofdeformationandonthestress
statethroughthethickness,the3-Delasticproblemisreducedtoa2-Done. Withinthe
frameworkofCLPT,thebehaviourofacompositelaminateisdescribedbythreetensors
(extension,couplingandbending).Itisnoteworthythatsuchtensorsarenotalteredby
usinghigherordertheories[62].
InordertodeveloptheCLPT,thefollowingassumptionsaremade:

1.thematerialofeachlayerhasalinearelastic,orthotropicbehavior;

2.eachlayerisofuniformthickness;

3.layersareperfectlybonded;

4.thethicknessoftheresultinglaminateissmallifcomparedwithitsin-planedimen-
sions;

5.displacements,rotationsandstrainsofthelaminateremainsmall;

6.transverseshearstressesonthetopandbottomsurfacesofthelaminatearezero;

7.theKirchhoffkinematicmodelisassumed,i.e.straightmaterialsegmentsperpen-
diculartothemidplaneofthelaminate:
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(a)remainstraightafterdeformation;

(b)rotatesuchthattheyremainperpendiculartothemidplane;

(c)areinextensible.

Asaconsequenceoftheseassumptionsthetransversedisplacementisindependentofthe
transversecoordinate,andtransversestrainsarenull.

Displacementfield

Figure2.3:Representationofalaminateundeformedanddeformedconfigurations.

Agenericchangeinconfigurationofthelaminate,whichrespectsKirchhoffhypotheses,
isrepresentedinFig.2.3. AsaconsequenceoftheKirchhoffkinematicsandofthe
hypothesisofsmalldisplacementsandrotations,forangleβ,asdefinedinFig.2.3,it
holds:

β sinβ, cosβ 1. (2.93)

Consequently,thepositionchangeofagenericmaterialpointP≡(x,y,z)ofthelaminate
isexpressedbythefollowingdisplacementfield:

u(x,y,z)=u0(x,y)−z
∂w0
∂x
,

v(x,y,z)=v0(x,y)−z
∂w0
∂y
,

w(x,y,z)=w0(x,y),

(2.94)

where(u0,v0,w0)arethedisplacementsofpointB,i.e.thematerialpointprojection
ofPonthemidplaneofthelaminate.Oncethemidplanedisplacements(u0,v0,w0)are
known,displacementsofanypointinthelaminatearefoundbymeansofEq.(2.94).
Furthermore,underthesehypotheses,in-planedisplacementsarelinearwithrespecttoz.
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Straintensor

ThestrainsassociatedwiththedisplacementfieldofEq.(2.94)are:

xx=
∂u

∂x
=
∂u0
∂x
−z
∂2w0
∂x2

,

yy=
∂v

∂y
=
∂v0
∂y
−z
∂2w0
∂y2

,

zz=
∂w0
∂z
=0,

xz=
1

2

∂u

∂z
+
∂w

∂x
=
1

2
−
∂w0
∂x
+
∂w0
∂x

=0,

yz=
1

2

∂v

∂z
+
∂w

∂y
=
1

2
−
∂w0
∂y
+
∂w0
∂y

=0,

xy=
1

2

∂u

∂y
+
∂v

∂x
=
1

2

∂u0
∂y
+
∂v0
∂x

−z
∂2w0
∂x∂y

.

(2.95)

Itcanbeobservedthatthreeoutofthesixcomponentsoftensor arenull. Moreover,
tensor canbedecomposedintothesumoftwotensors:

= 0+zχ. (2.96)

Here, 0isthemidplaneextensionstraintensorofthelaminate,whileχisthecurvature
tensorofthelaminate.UsingKelvin’snotation:

{}0=






0
x

0
y

0
s





=






∂u0
∂x
∂v0
∂y

1√
2
[∂u0
∂y
+∂v0
∂x
]





, (2.97)

{χ}=






χx

χy

χs





=






∂2w0
∂x2

∂2w0
∂y2√
2[∂

2w0
∂x∂y
]






. (2.98)

Duetotheformofthestrainfieldandtothefactthatthebehaviourofeachlaminamay
beconsideredorthotropic,itcaneasilybeshown,usingEqs.(2.12)and(2.74),that:

σxz=σyz=0. (2.99)

Asalreadyhintedat,afurtherhypothesisthatisadopted,onaheuristicbase,inorder
todevelopCLPT,isthatthenormalstresscomponentbenegligible,σzz=0.Hence,the
strainsandthestressesinthelaminatearefullydescribedbytheirin-planecomponents.

Generalisedforcesactingonthelaminate

Inordertodescribetheconstitutivebehaviourofthelaminate,theinternalactionsacting
onitmustbefoundandrelatedtoitsstrains.Suchactions,asrepresentedinFig.2.4,

47



Figure2.4:Internalactionsactingonalaminate.

consistinin-planeforces,tensorN,andbendingmoments,tensorM,respectivelydefined
as:

N=

h
2

−h
2

σdz →






Nx

Ny

Ns





=






h
2

−h
2

σxdz
h
2

−h
2

σydz
h
2

−h
2

σsdz






, (2.100)

M =

h
2

−h
2

zσdz →






Mx

My

Ms





=






h
2

−h
2

σxzdz
h
2

−h
2

σyzdz
h
2

−h
2

σszdz






. (2.101)

InEqs.(2.100)and(2.101),thestresstensorσhastobeintegratedoverthethickness
hofthelaminate. However,suchtensorisnotcontinuousthroughthepliesthatbuild
upthelaminate.Theintegralmustbethereforesplitintothedifferentcontributesfrom
eachply,seeFig.2.2,asfollows:

N=
n

k=1

zk

zk−1

σkdz, (2.102)

M =
n

k=1

zk

zk−1

σkzdz. (2.103)

InEqs.(2.102)and(2.103),astheintegralsarenowseparated,tensorσmaybereplaced
usingtheconstitutivelawofeachply.Underthehypothesisadopted,thebehaviourofa
plyisdescribedbyEq.(2.79),initsmaterialframe. Withrespecttothelaminateframe,
instead,suchbehaviourisdescribedbyEq.(2.83).Ifwedefineδktheanglebywhichthe
k-thplyisrotatedwithrespecttothelaminateframe,Eq.(2.83)maybewrittenas:

σk=Qk(δk), (2.104)
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wherethereducedstiffnessmatrixoftheplyhasbeenindicatedbythesymbolQk(δk).
Hence,fromEqs.(2.102)and(2.103),weget:

N=

n

k=1

zk

zk−1

Qk(δk)[
0+zχ]dz=

=
n

k=1

zk

zk−1

Qk(δk)dz
0+

n

k=1

zk

zk−1

Qk(δk)zdzχ, (2.105)

M =

n

k=1

zk

zk−1

Qk(δk)z[
0+zχ]dz=

=

n

k=1

zk

zk−1

Qk(δk)zdz
0+

n

k=1

zk

zk−1

Qk(δk)z
2dzχ. (2.106)

Observingthepreviousequations,itappearsconvenienttodefine:

•thetensoroftheextension(ormembrane)behaviour,A:

A=
1

h

n

k=1

zk

zk−1

Qk(δk)dz=
1

h

n

k=1

(zk−zk−1)Qk(δk), (2.107)

•thetensoroftheextension-bendingcouplingbehaviour,B:

B=
2

h2

n

k=1

zk

zk−1

Qk(δk)zdz=
1

h2

n

k=1

(z2k−z
2
k−1)Qk(δk), (2.108)

•thetensorofthebendingbehaviour,D:

D=
12

h3

n

k=1

zk

zk−1

Qk(δk)z
2dz=

4

h3

n

k=1

(z3k−z
3
k−1)Qk(δk). (2.109)

WiththesedefinitionsEqs.(2.105)and(2.106)mayberewrittenas:

N

M
=
hA h2

2
B

h2

2
B h3

12
D

0

χ
. (2.110)

Eq.(2.110)iscalledthefundamentallaw,anddescribestheconstitutivebehaviourofthe
laminate,relatingtheinternalactionstothedeformationstate.TensorsA,BandDare
normalisedtensors,sharingthesameunits(inparticular,forceoversquarelength).Also,
thehomogeneitytensormaybedefinedasfollows:

C=A−D. (2.111)

IngeneralC =0;thismeansthatacompositelaminate,contrarilytohomogeneous
plates,behavesindifferentwaysinmembraneandbending,asifitwasmadeoftwo
differentmaterials.Eqs.(2.107)-(2.109),showthatthelaminatestiffnessesdependson:

1.thematerialstiffnessofthebasiclayers;
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2.thethicknessofthelayers;

3.thestackingsequence.

Eq.(2.110)allowstoeventuallyclarifytheconceptofelasticcouplingsthathasbeen
mentionedsofar.Tobeginwith,alltermsoftensorBrelatein-planeforcestocurvatures
andmomentstomidplanestrains.Therefore,thesetermsrepresentin-plane/out-of-plane
(or,equivalently,membrane/bending)couplings.Then,alsothetermsAxsandAysoften-
sorArepresentelasticcouplings,sincetheyrelatetheextensionandshearingbehaviours
ofthelaminate;hence,theywillbereferredtoasextension/shearcouplings.Similarly
termsDxsandDysoftensorDrepresentcouplingsbetweenbendingandtwistingbe-
haviourofthelaminate,andwillbereferredtoasbending/twistingcouplings.

Inversionofthefundamentallawoflaminates

Thefundamentallawoflaminates,Eq.(2.110)maybeinverted,toobtain:

0

χ
=

1
h
A 2

h2
B

2
h2
BT 12

h3
D

N

M
. (2.112)

InEq.(2.112),AandDarethecompliancemembraneandbendingtensors,respectively,
whiletensorBrepresentsmembrane-bendingcoupling. Thesetensorsareobtainedas
follows[62]:

A=(A−3BD−1B)−1, (2.113)

B=−3ABD−1, (2.114)

D=(D−3BA−1B)−1. (2.115)

2.3.4 Laminateswithidenticallayers

Whendesigningcompositelaminates,veryoftenidenticallayersareusedforthewhole
layup.Inthiscase,theresultspresentedabovemaybesimplified.Asafirstobservation,
thereducedstiffnessmatrixinthelaminamaterialframeisidenticalforallpliesinthe
layup.Hence,Eq.(2.104)becomes:

σk=Q(δk). (2.116)

Moreover,asalllayershavethesamethickness,itiseasytodeterminethepositionsof
theirupperface:

zk=
2k−n

2n
h. (2.117)
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Figure2.5:Trendofcoefficientbkandck,withrespecttotheplypositionindexk.

AsaconsequencetensorsA,B,CandDmayberewrittenas:

A=
1

n

n

k=1

akQ(δk), ak=1, (2.118)

B=
1

n2

n

k=1

bkQ(δk), bk=2k−n−1, (2.119)

C=
1

n3

n

k=1

ckQ(δk), ck=−12k(k−n−1)−2n
2−6n−4, (2.120)

D=
1

n3

n

k=1

dkQ(δk), dk=12k(k−n−1)+4+3n(n+2). (2.121)

Itisinterestingtoobservesomepropertiesofcoefficientsbk,ckanddkthatwillbeuseful
inthefollowing.First,thesumofbothcoefficientbkandckisalwaysnullovertheply
indexinterval[1,n].Second,itisobservedthatcoefficientbkvarieslinearlywithplyindex
k,whilstckanddkaresymmetricwithaparabolicvariationwithrespecttok.Thisis
showninFig.2.5forthecaseofalaminatewithn=12.Itisalsointerestingtoobserve
thatthefollowingrelationshipshold:

dk=3b
2
k+1, (2.122)

ck=n
2−dk=n

2−1−3b2k. (2.123)

2.3.5 Frequentlyusedlaminatetypes

UsingresultsfromCLPT,laminatesmaybecategorisedintodifferenttypes.Oftensuch
categorisationisdoneaccordingtothemacroscopicelasticpropertiesofthelaminates
andtothewaythesepropertiesmaybeobtainedintermsofstackingsequence,without
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acleardistinctionbetweenthetwoaspects,whichmightbemisleading. Here,forthis
reason,categoriesoflaminatesarepresentedfirstbasedontheirproperties,andthen
basedontheirstackingsequence.Also,thelistproposedheregoesalittlebitfurtherthan
thosecommonlypresentedincompositematerialstextbooks,asthiswillbeusefulinthe
followingofthemanuscript.Still,suchlistisnotmeanttobeexhaustive;forreference,
theinterestedreadermayfoundadeeperdiscussionin[62]andintheliterature.

Classificationbasedonelasticproperties

Uncoupledlaminates

AlaminateisdefineduncoupledifallcomponentsofitstensorBarenull:

B=0. (2.124)

Insuchlaminatesnomembrane-bendingcouplingsexist,butextension-shearingcoupling
(termsAxsandAys)andbending-twistingcoupling(termsDxsandDys)mayexist.

Membrane-bendinghomogeneouslaminates

Thisdefinitionisnotcommonlyused,butitwillbeextremelyusefulinthecontextof
thisthesis. Alaminateismembrane-bendinghomogeneousifitshomogeneitytensoris
identicallynull:

C=0. (2.125)

ThismeansthatthenormalisedtensorsAandDofthelaminateareequal,andtherefore
thatthelaminatehasthesamemembraneandbendingbehaviour,asifitwasmadeof
homogeneousmaterial.Howeveritstillmayhavemembrane-bendingcouplings(ifB=0).

Quasi-homogeneouslaminates

Alaminateisdefinedasquasi-homogeneousifitisbothuncoupledandmembrane-bending
homogeneous:

B=0,

C=0.
(2.126)

Theselaminatesareobviouslyextremelyinterestingfordesignpurposes,thankstotheir
properties.

Membrane-orthotropiclaminates

TheselaminateshaveanorthotropicmembranetensorA,i.e.:

A=




Axx Axy 0
Axy Ayy 0
0 0 Ass



. (2.127)

Inotherwords,thereisnoextension-shearingcoupling.Ingeneral,membrane-bending
couplings(tensorB)andbending-twistingcoupling(DxsandDys)maystillexist.
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Fully-orthotropiclaminates

TheselaminateshaveorthotropictensorsAandD,withrespecttothesameorthotropy
axes:

A=




Axx Axy 0
Axy Ayy 0
0 0 Ass



, D=




Dxx Dxy 0
Dxy Dyy 0
0 0 Dss



. (2.128)

Therefore,bothextension-shearingandbending-twistingcouplingsareeliminated.Membrane-
bendingcouplings maystillexistanditisimportanttorememberthat,ingeneral
themembraneandbendingbehaviourmaybedifferent(i.e.thelaminatemaybenot
membrane-bendinghomogeneous).

Quasi-isotropiclaminates

Aquasi-isotropiclaminatehasanisotropicmembranebehaviour:

A=




Axx Axy 0
Axy Axx 0
0 0 Ass



, Ass=
Axx−Axy
2

, (2.129)

butingeneralDxx=Dyy,Dxs=0,Dys=0andDss=(Dxx−Dxy)/2,differentlyfrom
whathappensinisotropicplates.Inotherwords,isotropyislimitedtothemembrane
behaviour.Also,theselaminatesmayhaveB=0. Weanticipateherethatlaminatesof
thistypemaybeobtainedusingtheWerrenandNorrisrule[66],whichwillbementioned
later.However,suchrulegivesonlyasufficientcondition,andquasi-isotropiclaminates
maybeobtainedalsoinotherways.

Fully-isotropiclaminates

Fully-isotropiclaminatesareuncoupledandhavebothtensorsAandDisotropic:

A=




Axx Axy 0
Axy Axx 0
0 0 Ass



, Ass=
Axx−Axy
2

,

D=




Dxx Dxy 0
Dxy Dxx 0
0 0 Dss



, Dss=
Dxx−Dxy

2
,

B=0.

(2.130)

Inadditionitshouldberemarkedthatfully-isotropiclaminatesarenecessarilyquasi-
homogeneous,[62].Hence,theybehavelikehomogeneousisotropicplates.

Classificationbasedonstackingsequence

Besidesallowingthepreviouscategorisationoflaminatesbasedontheirproperties,the
resultsofCLPTallowtoeasilyfindparticularclassofstackingsequencesthatleadto
thoseproperties.Henceacategorisationoflaminatesispossiblealsointermsofstacking
sequence.
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Symmetriclaminates

Symmetrywithrespecttothelaminatemidplaneislikelythemostsimpleandwidely
usedtechniquetoobtainanuncoupledlaminate(B=0).Indeed,itiseasytoobserve
thatsymmetricplieswiththesameorientationgiveoppositecontributestothetermsof
tensorB,duetothetrendofbkcoefficients,seeFig.2.5. However,itisimportantto
rememberthatsymmetryofthelaminateisasufficientbutnotnecessarycondition,and
itispossibletoobtainnon-symmetricstackingsequenceswhichareuncoupled;thiswas
firstshownin[67].

Balancedlaminates

Balancedlaminatesarethoseinwhich,foreachplyorientedatθ,anotheroneoriented
at−θispresent.PlieswithoppositeorientationsgiveoppositecontributestoAxsand
Ays.Thus,usingbalancedlayups,membrane-orthotropiclaminatesareobtained.Bal-
ancedlaminatesmayalsobemadetobesymmetric;inthiscasetheyarealsouncoupled.
Symmetricandbalancedlaminatesareoftenusedinpracticalapplication.

Angle-plylaminates

Angle-plylaminatesarebalancedlaminatesinwhichonlyoneorientationanditsopposite
appear.Theirpropertiesarethereforethoseofbalancedlaminates.

Cross-plylaminates

Cross-plylaminatesarethoseinwhichonlypliesorientedat0◦or90◦appear. Since
eachplyhasanorthotropicbehaviour,theresultinglaminateiscompletelyorthotropic,
meaningtensorsA,BandDareallorthotropic.If,inaddition,thelaminateissymmetric,
thenitwillbealsouncoupled.

Anti-symmetriclaminates

Ananti-symmetriclaminatehasoppositeplies,withrespecttothelaminatemidplane,
whichhaveoppositeorientations. Asaconsequence,itisaparticulartypeofbalanced
laminate.Duetotheshapeofcoefficientdk,inadditiontoAxs=Ays=0,itfollowsthat
Dxs=Dys=0.Therefore,antisymmetriclaminatesarefully-orthotropic.

WerrenandNorris(quasi-isotropic)laminates

WerrenandNorris[66]werethefirsttogiveageneralruletoobtainstackingsequences
thatresultinquasi-isotropiclaminates(i.e.withisotropictensorA).Inparticularthey
foundthatifthenpliesofalaminatearedividedintoanumberm≥3ofgroups,each
onehavingthesamenumberofplies(thusn/m),andthegroupshaveorientationsthat
differbyanangle2π/m,thenthelaminateisisotropicinextension.

Quasi-triviallaminates

Quasi-trivial(QT)laminatesareobtainedusingQTstackingsequences,whichareob-
tainedasaparticularclassofsolutionstotheequationsofuncoupling,Eq.(2.124),
membrane-bendinghomogeneity,Eq. (2.125),orboth,introducedbyVannucciand

54



Verchery,[68].Asaconsequence,uncoupled,membrane-bendinghomogeneousandquasi-
homogeneouslaminatesaredirectlyobtainedusingQTstackingsequences.Furthermore,
usingQTsolutionsinconjunctionwithsomeofthestackingtechniqueshownbefore,even
moreinterestingpropertiesmaybeobtained.Forexample,fully-orthotropiclaminatesin
[69]andfully-isotropiconesin[70]werefound.Thesesequencesareextremelyinteresting
fordesignpurposes,andhavebeenacornerstoneinthedevelopmentofthepresentthesis.
Forthisreason,theywillbecomprehensivelydescribedinPartIIofthemanuscript,and
inparticularinChapter4.

2.3.6 CLPTinthermo-elasticity

Whenanon-isothermalsituationisconsidered,theresultsofCLPTmaybeextendedas
follows.Alinearthermalfieldinthelaminate,withtemperaturesttopandtbottomatthe
upperandlowersurfacesofthelaminate,respectively,maybethoughtasthesumof:

•aconstantfield:

T=
ttop+tbottom

2
; (2.131)

•ananti-symmetricfieldcharacterisedbytheconstantgradient:

∇T=
ttop−tbottom

h
. (2.132)

Intheseandinthefollowingexpressions,alltemperaturesareevaluatedwithrespectto
thetemperatureT0ofanunstrainedconditionforthelaminate.AsanexampleT0may
assumedtobethecuringtemperature.Takingintoaccountthethermoelasticconstitutive
behaviourofeachlamina,inparticularEq.(2.92),thefundamentallawoflaminates,Eq.
(2.110),becomes:

N

M
=
hA h2

2
B

h2

2
B h3

12
D

0

χ
−T

hU

h2

2
V
−∇T

h2

2
V

h3

12
W

, (2.133)

whereweidentifyU,tensorofin-planeactionsperunittemperaturevariationT;V,tensor
ofbendingmomentsperunittemperaturevariation;W,tensorofbendingmomentsper
unitofthermalgradient∇T;theyarerespectivelydefinedas:

U=
1

h

n

k=1

zk

zk−1

Qk(δk)αk(δk)dz=
1

h

n

k=1

(zk−zk−1)Qk(δk)αk(δk), (2.134)
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Iflaminatesmadeofidenticallayersareconsidered,thentheexpressionsoftensorsU,V
andW aresimplified:

U=
1

n

n

k=1

akQ(δk)α(δk), ak=1, (2.137)

V=
1

n2

n

k=1

bkQ(δk)α(δk), bk=2k−n−1, (2.138)

W =
1

n3

n

k=1

dkQ(δk)α(δk), dk=12k(k−n−1)+4+3n(n+2). (2.139)

ItisnoteworthythatcoefficientsakandbkinEqs.(2.137)and(2.138)arethesameof
Eqs.(2.118)and(2.119).
Eq.(2.133)introducesforthefirsttimethethermaleffectsmentionedsofar.Itshows

howtheymayaffecttheconstitutivebehaviourandthusthestress/deformationstateof
alaminate.

2.4 Concludingremarks

Inthischapter,adetailedformaldescriptionofthemechanicalbehaviourofcomposite
laminateswaspresented.Inparticular,thethermoelasticequationsofCLPTwereillus-
trated.Thesewillbeusedinthefollowingofthemanuscripttoobtainsomeofthemost
importantresultofthisstudy.Itisworthtorememberthatmorerefined(higher-order)
theoriesdoexisttomodellaminatesbehaviour,buttheyaddnorequiredfeaturesforthe
purposesofthisstudy,andsoneednotbeused.
Thankstotherepresentationintroducedinthischapter,ithasbeenpossibletohigh-

lightwhatelasticcouplingsandthermaleffectsinalaminateareandwheretheycome
from. Thenextsteptobetakenis,ofcourse,tounderstandwhyandhowtheycould
affectdelaminationtestingofMDlaminates.Chapter3willdealwiththisissue.
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Chapter3

Delaminationinadvancedcomposite
materials

3.1 Introduction

InChapter1,itwasshownhow,accordingtoliterature,elasticcouplingsandthermal
effectsstillrepresentbigobstaclestointerlaminarfracturetoughnesscharacterisationof
MDlaminates.InChapter2,thedescriptionofthemechanicsoflaminatesbymeansof
CLPTallowedtoformallydefineelasticcouplingsandthermaleffects.Theobjectiveof
thischapter,then,istoexplainhowtheseeffectsplayaroleindelaminationtesting.
Inordertodoso,Section3.2explainswhyitisextremelyimportanttohavestandard-

isedtestsandthebasicideasbehindtheexploitationofLinearElasticFractureMechanics
forinterlaminarfracturetoughnesstesting.Then,thetestsconfigurationsthat,todate,
havebeenstandardisedarepresentedinSections3.3-3.5.Aparticularattentionisded-
icatedtomodeIdelaminationtesting,forwhichalsohistoricaldetailsoftheprocessto
standardisationarediscussed.Thisanalysiswillberelevantfortheworkanddiscussions
presentedinfollowingchapters.Eventually,Section3.6presentsathoroughbibliography
ofinterlaminarfracturetestinginMDlaminates:themainproblemsemergingfromal-
mostfourdecadesofintenseresearchactivityarereviewed.Thiswillgivetheopportunity
todeeplyunderstandthemainchallengesthatneedtobefaced.

3.2 Interlaminarfracturetoughnesstesting

3.2.1 Theneedforstandardtest methods

Standardisationrepresentsacriticalpointwhenitcomestofracturetoughness:asre-
portedbyrelevantexperts,evaluationofthispropertyismuchmorecomplexthanothers
(e.g.:stiffnessorstrength)[43,71]. Hence,theexistenceofwidelyacceptedstandards
isessential.Besides,fromapracticalpointofview,severalreasonsexistsfordeveloping
standardinterlaminarfracturetestmethods.
Tobeginwith,thelayeredstructureofcompositelaminatesallowstotailortheir

thicknessandlay-uptosuittheneedsofeachspecificapplication. However,resinrich
interlaminarregionsoftenrepresentweakspots.Forthisreason,animportanteffortis
constantlydevotedtothedevelopmentofnewmaterialswithenhancedproperties.In
thiscontext,standardtestproceduresarefundamentaltoqualifynewmaterialsandto
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screenandselectthem[43,72]. Moreover,duetothefactthatthesematerialsaretraded
worldwide,internationallyrecognisedstandardsarehighlydesirable[43].
Anotherimportantaspectmotivatingthedevelopmentofeffectivestandardtestmeth-

odsconcernstheattainmentofinterlaminarfracturetoughnesspropertiestobeusedfor
structuralcalculations.AsreviewedinChapter1,interlaminarfractureisoneofthemost
criticaldamagemodeincompositelaminates.Consequently,theavailabilityoffailureen-
velopesand/orfailurecriteriaisofmajorinterestsinstructuraldesign[43,72].Thisis
especiallytrueforapplicationswheresafetyandefficiencyareprimaryconcerns.
Eventually,standardtestproceduresmayproveusefulforqualitycontrolinmanufac-

turingandfailureanalysisofcompositespartsandstructures[48].
Theactivitiestocreatestandardsforinterlaminarfracturetoughnesstestshavebeen

carriedoutmainlybythreeorganisations:theAmericanSocietyforTestingandMaterials
(ASTM),theEuropeanStructuralIntegritySociety(ESIS)andtheJapaneseIndustrial
Standardsorganisation(JIS).

3.2.2 Fracture mechanicsininterlaminarfracturetesting

Adelaminationpropagatingintheinterlaminarregionsofalaminate,differentlyfrom
otherdamage mechanismsobservedinpolymer matrixcomposites,showssignificant
similaritieswiththeconceptofcrack,commonlyadoptedinFracture Mechanics[45].
Asaconsequence,LEFMhasbeenwidelyandsuccessfullyusedtostudydelamination
[42,43,44].AccordingtoIrwin’swork[46,47],thematerialparametergoverningcrack,
ordelamination,propagationisthecriticalvalueofERR.ERR,oftenindicatedbyG,
istherateofchangeofelasticpotentialenergywithrespecttocrackextension.Itisa
functionofthegeometry,ofthematerialpropertiesandoftheloadingconditions. Within
theframeworkofLEFM,propagationisassumedtooccurwhenERRattainsitscritical
value,Gc.Therefore,undertheconditionsforwhichLEFMisconsideredapplicable,the
interlaminarfracturetoughnessofthematerialisassumedtocoincidewiththevalueof
ERRatpropagation,Gc.Consequently,inordertocharacterisetheinterlaminarfracture
toughnessofacompositematerial,appropriateteststodeterminethecriticalvalueof
ERRhavetobeperformed.
Ideally,threepureloadingmodesexistforacrack,asshowninFig.3.1:

1. ModeI,oropening;

2. ModeII,orsliding;

3. ModeIII,ortearing.

Inabodymadeofhomogeneousisotropicmaterial,subjectedtostaticloads,acrack
propagatesfollowingapathsuchthatapureopeningmodeatitstipis maintained
[73].Ontheotherhand,delaminationisusuallyconfinedtopropagateinaninterlaminar
layer,thusallowingthepossibilitytobeloadedinallthreedifferentmodes[44,73,74].In
addition,itwasshownthattheinterlaminarfracturetoughnessisafunctionofthemode
mixunderwhichdelaminationpropagates[74,75].Asaconsequence,characterisationof
suchpropertyshouldbeperformedunderthethreepuremodesloadingconditionsand
undermixedmode,too[43,44].
Nowadays,thankstoimportantresearchefforts[43,48,72,76,77,78,79,80,81],

delaminationtestshavebeenproposed,improvedandeventuallystandardisedforpure
modeI[49],modeII[50]andmixedmodeI-II[51].ConcerningmodeIIIpropagation,no
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Figure3.1:Loadingmodesofacrack.

standardexistsyet,mainlyduetodifficultiesinfindingappropriatetestconfigurations.
ProbablythemostknownapproachproposeduptonowistheEdgeCrackTorsiontest
[82].However,researchisstillongoing[83]andmodeIIItoughnessvaluesobtainedwith
thistestconfigurationmaynotbeaccurateandreliable[84].

3.3 ModeIinterlaminarfracturetoughnesstesting

ThemodeIinterlaminarfracturetoughnessofpolymermatrixcomposites,GIciscom-
monlyevaluatedusingtheDoubleCantileverBeam(DCB)test.Todate,theDCBtest
methodforinterlaminarfracturetoughnesstestingofpolymermatrixcompositesisstan-
dardisedandwellestablished[49].

DCBstandardtest method

Specimendescription

TheDCBspecimenisauniformthicknessanduniformwidthUDlaminatewitharectan-
gularin-planeshape,Fig.3.2.Isshouldcontainanevennumberofplies,sothatduring

Figure3.2:RepresentationoftheDCBspecimenwithpianohingesorloadingblocks[49].

manufacturinganon-adhesiveandthininsertfilmisplacedatthemidplaneatoneend
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ofthespecimen. Theobjectiveoftheinsertfilmistoactasadelaminationinitiator.
Thespecimensshouldbeatleast125mmlongand25mmwide,withaninsertlengthof
about63mm.This,takingintoaccountthelengthrequiredforhingesorblocksbonding,
shouldresultinaninitialdelaminationlengtha0of50mm(distancefromtheloadline
tothetipoftheinsert,seeFig.3.2).Furtherrecommendationsmaybefoundin[49].

Testprocedure

Anopeningloadisappliedthroughthepianohingesorloadingblocksbondedtothetwo
armsofthespecimenintheinsertregion,Fig.3.2.Thedisplacementiscontrolledduring
thetest,whiletheloadandthedelaminationlengtharerecorded.TheASTMstandard
suggeststoperformafirstloadingphaseataconstantcrossheadspeedbetween1and
5mm/min.Thisloadingphaseshouldbestopped,andthespecimenunloaded,whena
delaminationpropagationof3to5mmfromtheinserttipisobtained. Thespecimen
shouldthenbeloadedagainatthesameconstantcrossheadspeedusedinthefirstloading
phasetomakedelaminationpropagateforasufficientlength.Finally,thespecimenshould
beunloaded,andtheunloadingpartoftheloaddisplacementcurveshouldberecorded
aswell.

Interlaminarfracturetoughnessdefinition

Interlaminarfracturetoughnessmaybeevaluatedbothattheverybeginningofdelamina-
tionadvancement(initiation)andduringpropagation.TheASTMstandardstatesthat
bothinitiationandpropagationvaluesofthemodeIinterlaminarfracturetoughness,
GIc,shouldbeobtainedandreported.Threedifferentdefinitionsofinitiationpointsare
suggestedin[49]:

1.pointofdeviationfromlinearity(NL):itisthepointatwhichtheloaddisplacement
plotofthetestdeviatesfromlinearity.Itisusuallytheinitiationpointyieldingthe
lowestvaluesofGIc[76]andithasbeenassociatedwiththebeginningofdelami-
nationpropagationinsidethespecimen,inthecentralpartoftheinserttip[85];

2.pointofvisualobservationofdelaminationonset(VIS):itisthepointontheload
displacementplotcorrespondingtotheinstantatwhichdelaminationpropagation
isfirstlyobservedvisuallyonthespecimenside.Thepointobtainedcouldberather
operator-dependent[72].Toreducethisdependency,visualobservationshouldbe
performedwithatravellingmicroscopeoranothermagnifyingdevice;

3.pointof5%increaseincomplianceorofmaximumload(5%/MAX):itisthepoint
atwhichthecomplianceofthespecimenhasincreasedby5%.Ifsuchpointis
reachedafterthepointofmaximumloadregistered,thenthepointcorresponding
tomaximumloadshouldbeusedinstead.

InordertoobtainpropagationvaluesofGIc,thespecimenshouldbepaintedand
markedatregularintervalonitssides.Inthisway,delaminationpropagationcanbe
monitoredduringthetest:whenitreachesgivencracklengths,thecorrespondingload
anddisplacementarerecorded.FromthesedataGIcmaybecomputedandplottedasa
functionofthedelaminationpropagationlength,a−a0,toobtainthesocalledresistance
curve(orR-curve).
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Datareductiontechniques

Thecomputationofinterlaminarfracturetoughnessmaybeperformedbymeansofthree
differentdatareductionschemes,namely:

1. ModifiedBeamTheory(MBT)[49,86].
The ModifiedBeamTheoryexploitsresultsfromsimplebeamtheory,buttakes
intoaccountthefactthatthespecimenarmsarenotperfectlyclampedattheir
rootsection:aneffectivedelaminationlengtha+∆isassumed,suchthatperfect
clampconditionsarerealisedatthecorrespondingsectionsofthespecimenarms.
Aleastsquaresplotofthethecuberootofcompliance,C1/3(whereC=δ/pisthe
compliance),asafunctionofdelaminationlengthisgenerated;∆isfoundasthe
absolutevalueoftheabscissaforwhichnullC1/3isobtainedontheplot.ERRcan
thenbecalculatedas:

GI=
3Pδ

2b(a+∆)
, (3.1)

wherePistheappliedload,δistheopeningdisplacement,bisthespecimenwidth
andaisthedelaminationlength. Thisapproachalsoallowscalculationofthe
flexuralmodulusofelasticityinthelongitudinalspecimendirectionE1,f,asfollows:

E1,f=
64(a+|∆|)3P

δbh3
, (3.2)

wherehisthespecimenthickness.ThevaluesofE1,fobtainedshouldbeindepen-
dentofdelaminationlength.

2.Compliancecalibration(CC)[49,87].
AccordingtoComplianceCalibration,ERRiscomputedasfollows:

GI=
nPδ

2ba
, (3.3)

Inotherwords,itisassumedthattheslopecoefficientoftherelationshipbetween
appliedloadandopeningdisplacementdependsonthen-thpowerofthedelami-
nationlength.Thisisageneralisationofthesimplebeamtheoryresult,forwhich
n=3.Byusingexperimentaldata,aleastsquareplotoflog(C)versuslog(a)is
generatedandtheslopenofthelinefittingthedatamaybeobtained.

3. ModifiedComplianceCalibration(MCC)[49,79].
IftheModifiedComplianceCalibrationisused,then:

GI=
3P2C2/3

2A1bh
, (3.4)

wherehisthespecimenthicknessandA1istheslopeoftheleastsquarelineofthe
plotofa/hasafunctionofC1/3.

Usually,resultsobtainedwiththethreetechniquesarewithinfewpercentpointsofdif-
ference[49]. The MBTisrecommended,sinceduringroundrobintestingitwasthe
techniqueyieldingthemostconservativevaluesofinterlaminarfracturetoughness,for
mostofthetestsperformed[76].
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Historicalperspective

TheDCBtestconfigurationemergedasthepreferredoneformodeIinterlaminarfracture
toughnessevaluationfromearlystudies,duetoitssimplicityandeffectiveness[42,43,88].
Nonetheless,alongtimeandanimportanteffortwererequiredtoachievethecreationof
astandard.
Earlystudies[89]identifiedproblemswithdelaminationbranchinginspecimenswith

off-axisplies(pliesnotalignedtothelongitudinalaxisofthespecimen)embeddingthe
initialdelaminationplane.Forthisreason,furtherstudiesmainlyfocusedonUDspeci-
mens.
Itwassoondiscovered,however,thatUDspecimenscouldbeaffectedbyfibrebridging

[90,91].InUDcomposites,indeed,nestingoffibresbetweenadjacentlayersmayoccur
duringfabrication.Consequently,nestedfibresatthemidplaneofaDCBspecimenmay
bridgethedelaminationduringpropagation.ThisresultsinanapparentincreaseinGIc
withincreasingdelaminationlength,thusgivinganincreasingR-curveforUDspecimens.
SincefibrebridgingwasconsideredtobeanartefactoftheUDDCBspecimen,not
occurringinstructuralcompositelaminates,wheredelaminationusuallydevelopsbetween
differentlyorientedplies,theattentionwasfocusedonevaluationofGIcfromtheinsert
tip[43,80].
Inthiscontext,extensiveinvestigationswereconductedontheeffectofthethickness

andthematerialoftheinsertfilm[72,76,79].Itwasfoundthataluminiuminserts
wereproblematicduetocrimping,tearsandfoldsattheiredges,likelycausedduring
cut. Thisledtotheformationofundesiredresinpocketsatthetipoftheinsert(even
forthethinnestinsert,7µmthick)thatinturnresultedininitiationGIcvalueshigher
thanpropagationonesandunstableinitialpropagation[76,80].Significantresinpockets,
invalidatingevaluationofGIcfromtheinserttip,wereobservedalsoforthickerpolymer
insertfilms[79].ItwasfoundthatreliableinitiationvaluesofGIccouldbeobtained
withpolymerinsertswiththicknessequalorsmallerthan13µm[72,76]. Thisled
ASTMtopublishaDCBstandardrecommendingtheuseofpolymerinsertfilmswith
thicknessof13µm[76]orless.ItalsorecommendedthattheentireR-curveofthetest,
withdelaminationpropagatingpasttheinsert,bereported,inordertoprovideuseful
informationandconfirmthevalidityoftheinitiationvalueofGIcobtainedfromthe
insert.Concurrently,however,inJISroundrobintestsitwasfoundthatprecrackingthe
DCBspecimencouldrepresentasimplewaytoavoidallproblemsrelatedtothickness
andmaterialoftheinsertfilm[79]. Consequently,JISpublishedaDCBstandardthat
recommendedwedgeprecrackingoftheDCBspecimensbeforetesting. Thiswasalso
justifiedbythefactthatsomenewtoughenedmatrixmaterialsappearedonthemarket
andcreatedproblemswiththevalidityofdelaminationGIcmeasurementsfromtheinsert
[43].Forthisreason,theESISandtheASTMcreatedanewDCBtestprotocolsuggesting
toevaluateGIcfromtheinsert,thenunloadingandreloadingthespecimenandevaluating
GIcfromthenaturalmodeIprecrackcreatedduringthefirstloadingphase[43,72].
Mostoftherecommendationsfoundinactualstandardsderivefromthehistorical

aspectsreviewedhere.Stilltoday,theirscopeisrestrictedtoUDlaminates,duetothe
factthatmostoftheexperiencegainedinroundrobintestswaslimitedtothiscase.
TheASTMstandardacknowledgehowspecimenswithdifferentlayupsmayexperience
delaminationmigration,whichwouldinvalidatethetests.Italsomentionsthefactthat
nonuniformdelaminationgrowthinMDlaminateswouldaffectGIc,especiallyatinitia-
tion.
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3.4 ModeIIinterlaminarfracturetoughnesstesting

ThecreationofstandardtestproceduresformodeIIinterlaminarfracturetoughness
followedamorecumbersomepaththanthatofmodeI[43]. Onefirstissuewasthe
existenceofanumberofdifferenttestconfigurations,withoutoneofthembeingclearly
superiortotheothers.Inparticular,theEndNotchedFlexure(ENF)andtheEnd
LoadedSplit(ELS)beamtestswerethemaincompetitors. Moreover,eachorganisation
seemedtopreferadifferenttestmethod,whichresultedindifficultiestowardthecreation
ofaninternationalstandard[43]. DespitethefactthatJISpublishedastandardin
1993,basedonastabilized(i.e. allowingastabledelaminationpropagation)version
oftheENFconfiguration[78],modeIIinterlaminarfracturetoughnesscharacterisation
remainedcontroversialforquitesometime[48,72]. Practicalissues(suchasunstable
propagationintheENFconfiguration,frictioneffectsandchoiceofprecracking,ifany)
aswellastheoreticalargumentsonthevalidityofmodeIIfracturetoughnessdata[43,92]
contributedtothissituation.
Eventually,in2014,amodeIIinterlaminarfracturetoughnessstandardusingthe

ENFtestconfigurationwaspublishedalsobyASTM[50].Averydetailedreviewofthe
researchandtherationalesupportingthecreationofthisstandardmaybefoundin[93].

ENFstandardtest method

Presumably,theENFtestconfigurationisthemostwidelyadoptedformodeIIinterlam-
inarfracturetoughnessevaluation. AsketchoftheENFspecimenandthetestset-up
isshowninFig.3.3. TheENFspecimenlooksverysimilartotheDCBone. Alsoin

Figure3.3:RepresentationoftheENFspecimenanditstestset-up[50].

thiscase,thescopeofthestandardislimitedtoUDmaterials.Anon-adhesivepolymer
insertfilmisplacedatthemidplaneduringmanufacturinginordertoactasadelami-
nationstarter. Thespecimenisloadedinthreepointbendingbymeansoftwolateral
supportrollersandacentralloadingroller.Thetestisperformedindisplacementcontrol.
TherecentASTMstandardprocedure[50]envisagesdeterminationoftheinterlaminar
fracturetoughnessinboththeNon-Pre-Cracked(NPC)conditionandthePre-Cracked
(PC)condition,withasecondloadingphase.Itisrecommendedthattheprecrackbe
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obtainedbystaticmodeIIpropagation,whichalsoallowstoperformbothNPCandPC
evaluationsusingthesamespecimen.Ifotherprecrackingtechniquesareused,areportof
thedelaminationfrontshapebeforePCevaluationshouldbeobtained.Theuniquedata
reductiontechniqueproposedin[50]isacompliancecalibractionmethod. Hence,be-
forebothNPCandPCfracturetests,compliancecalibrationtestshavetobeperformed.
ModeIIinterlaminarfracturetoughnessshouldbeevaluatedfromthemaximumforce
point(PMax)obtainedduringthetest.

3.5 MixedmodeI/IIinterlaminarfracturetoughness

testing

Asdiscussedbefore,acompleteintelaminarfracturetoughnesscharacterisationdoesre-
quiretestingnotonlyinpuremodes,butalsoinmixedmodeconditions.Todate,the
onlyconditionthathasbeenwidelyinvestigatedisthemixedmodeI/IIcondition.The
ASTMpublishedamixedmodeI/IIstandardtestmethodin2001,wellbeforepublishing
themodeIIstandard[51]. ThiswaslikelyduetosomeissueswithpuremodeIItest-
ingandtothegreaterinterestinevaluationofinterlaminarfracturetoughnessinmixed
modeconditionsratherthaninpuremodeII[92]. Whileotherconfigurationshavebeen
proposedintheliterature,theMixedModeBending(MMB)set-upemergedasthebest
option,andwasusedintheASTMstandard.Thereasonsforthisare:thesamespecimen
geometryasfortheDCBandENFtestsisused;itallowstovarythemixedmoderatio
overthewholerangefrompuremodeItopuremodeIIinarathersimpleway[72],it
maintainsafairlyconstantmixedmoderatioasthedelaminationgrows[43].

MMBstandardtest method

TheMMBset-upisshowninFig3.4.Thebaseoftheset-upholdsthespecimen,while
theleverisusedtointroducetheload.Attheinsertend,tabsarebondedtobotharms
ofthespecimen.Thespecimenrestsonthebase:attheundelaminatedenditbearsona

Figure3.4:RepresentationoftheMMBspecimenanditstestset-up[51].
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supportroller,whileattheinsertendthetabofthelowerarmisfixedtothebase.The
uppertabisconnectedtothelever,whichalsobearsdownonthespecimenbymeans
ofarollerplacedhalfwaybetweenthethebaserollerandthetabs.Aloadisappliedto
theleverasshowninFig.3.4.Theleverrollerpushesdownthespecimeninitscentral
regionandactsasafulcrum,thuscausingthelevertoopenthespecimenatthetabs
location.Themodemixofthetestmaybeadjustedbychangingtheleverarm(CinFig.
3.4).TheASTMstandard[51]proposesthesamedefinitionsofinitiationtoughnessseen
fortheDCBstandard:NL,VISand5%/MAX.DelaminationpropagationintheMMB
testmaybestableornot,dependingonthemodemix.Ifitisstable,thenpropagation
valuesofthefracturetoughnessmaybeobtained.SimilarlytowhathappensinmodeI,
anddependingontheactualmodemixofthetests,thesevaluesmaybeaffectedbyfibre
bridging.TheASTMstandardalsogivestheequationforthecomputationofthemode
mixandofthetotalfracturetoughness.

3.6 Interlaminarfracturetestingof multidirectional

laminates

Despitethefactthatstandardisationofinterlaminarfracturetoughnesstestswaspursued
onlyusingUDlaminates,theinterestincharacterizinginterlaminarfracturetoughness
ofMDinterfacesneverfadedout,forobviousreasons:realapplicationsdemand,inmost
cases,MDlaminates,wheredelaminationmayappearandgrowatanyinterface.Research
onthesubjectneverstoppedsincethe80’sandisstillhighlyactive. Standardtest
configurationsforUDlaminateshavebeenwidelyusedtostudydelaminationin MD
laminates. Theresultsobtained,though,wereofteninconsistentorevencontradictory
[54]. Forthisreason,tothepresentday,noconsensusonstandardpracticeshasbeen
reachedyet.Nonetheless,alltheresearchperformedinthepastdecadesallowedtoshed
somelightonthemostimportantproblemsarisingintheattempttotestinterlaminar
fracturetoughnessofMDlaminates. Besidesdelaminationmigration,whichremainsa
majorissueinactualexperimentaltesting,otherimportantquestionshavebeenrisen.In
thissection,alltheseissuesarereviewed.

3.6.1 Additionalenergydissipation mechanisms

Interlaminarfracture,ordelamination,mayberegardedasameso-scale(plylevel)dam-
agemechanism.Atalowerscale(constituentslevel),itconsistsmainlyinmatrixcleavage
orcohesivefractureintheresinrichinterlaminarregionandfibre-matrixinterface(also
calledinterphase)debonding[71],inproportionsthatmostlydependonthepropertiesof
theconstituentmaterialsandoftheinterphase.Aslongasnoothermicroormeso-scale
damagemechanismisinvolved,theinterlaminartoughnessmaybeeffectivelycharac-
terisedusingconceptsfromLEFM[42,43,44,45],thusaccordingtothestandardtest
proceduresreviewedintheprevioussections.
However,whenMDlaminatesareinvolved,onemajorproblemappears:off-axisplies

areweakwithrespecttobendinginducednormalstressesarisingduringinterlaminar
fracturetoughnesstests.Thismayleadtotheappearanceofadditionaldissipationmech-
anismsthatcontributetotheabsorptionofenergy.Inthiscase,LEFMmethodsmay
proveinadequate[94].
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Onefirstdissipationmechanismisplasticyieldingofthematrix,resultinginperma-
nentdeformationafterthetests.Ithasbeenobservedbothforglassfibrecomposites
[95,96,97,98]andcarbonfibreones[99],especiallywhenspecimenshadfeworno0◦ori-
entedplies.Suchyieldingdoesabsorbenergyduringthedelaminationtest,andifitisnot
properlyaccountedfororavoided,itmayleadtowrongestimationsoftheinterlaminar
fracturetoughness[95].
Anotherimportantmechanismthatcontributestoenergydissipationisintralaminar

damage, mostlyintheformofmatrixcracking.Inordertoobtaincorrectvaluesof
interlaminarfracturetoughness,suchdamagemustbetakenintoaccountoravoided
[100].Infact,intralaminardamagehasprovedtobeoneofthemainissuesininterlaminar
fracturetestingofMDlaminate[54]. Matrixcracksintheoff-axispliesembeddingthe
initialdelaminationplaneusuallyinteractswithdelaminationitself,leadingtodifferent
undesiredandcomplexpropagationmodes.InDCBtestsonspecimenswith0◦//90◦and
90◦//90◦interfaces,phenomenaofdelaminationwanderinginside90◦plies,creatinga
saw-toothappearance[101],wereoftenobserved[100,102,103,104,105,106].Similar
observationswerereportedalsoformixed-modetests[107]. ConcerningmodeII,some
authorsreportedintralaminarfractureofthe90◦plyanddelaminationmigrationdirectly
fromthetipoftheinsertfilm,beforeanypropagation[108,109].DuringmodeItestsof
interfaceswithoff-axisanglessmallerthan90◦,delaminationbifurcationandmigration
(orjump)phenomenahavebeenobservedinaconsitentnumberofstudies[102,104,106,
110,111,112,113,114,115].SimilarphenomenawereobservedformodeIIpropagation
[109,113,116,117,118,119].Insomestudiesdelaminationmigrationwasreportedto
happenonlyinthosespecimenshavinghigheranglesoff-axisplies,bothregardingmode
I[108,112]andmodeII[120].ItisimportanttomentionthatmodeIfracturesinMD
interfacesareusuallyaccompaniedbyextensivefibre-bridging,oftenoccurringinbundles.
Inthiscase,however,bridgingisnotcausedbyfibrenestinginadjacentlayersasinUD
specimens,butratherbythecrackpropagatinginsideoff-axispliesandseparatingbundles
offibresfromit.ItisextremelyinterestingtoobservethatOzdiletal.reportedthatno
jumpoccurredintheirstudies[96,97,98]andattributedthattotheuseofaUD-fabric
material[97](i.e.afabricmaterialinwhichmostofthefibresarealignedintheprincipal
directionandonlyasmallamountoffibresisplacedalongthetransversedirection).
Approachestoavoidmatrixcrackinganddelaminationjumpwereproposedin[112,

121,122].In[112],theauthorsstudiedthephenomenusingthequadraticfailurecriterion
ofTsai-Wu[123],toobtainanestimateofthelikelihoodofoff-axispliestofailbymatrix
cracking.Agoodagreementwithexperimentalresultswasfound.Itwassuggestedthata
minimumspecimenthicknessisrequiredtoavoidbothgeometric(largedeformations)and
material(matrixdamage)non-linearities,andananalyticalrelationshiptocalculatesuch
thicknesswasderived[121].Finiteelement(FE)modelsofDCBspecimenswithdifferent
stackingsequencesweredevelopedin[122].ThemodelsincludedaCohesiveZoneModel
(CZM)approachtosimulatedelaminationandanimplementationoftheLaRC04in-plane
tensilematrixfailurecriterion[124]toevaluatethetendencyofoff-axispliestofail.In
thisway,themostpromisingstackingsequenceswereidentifiedandusedforexperimental
testsinasubsequentstudy[125].Strategiestomodelthephenomenonofdelamination
migrationthroughmatrixcrackingphenomenonarecurrentlybeinginvestigated[126,
127,128].
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3.6.2 Residualstresses

InMDlaminates,duetothedifferentorientationofthelayers,ply-levelthermalresidual
stressesmaydevelop[129,130,131].In1996,Robinsonetal.[132]performedmode
Idelaminationtestsoncarbon/epoxyDCB MDspecimenshavingastandard0◦//0◦

delaminationinterface.Theyfoundthatthermalresidualstressesinthespecimensgreatly
affectedtheapparentinterlaminarfracturetoughness,despitethestandarddelamination
interface.Similarresultswerefoundin[133]: MDlaminatesofthetype[±θ2/0]s(thus
having0◦//0◦delaminationinterface)withθ=30◦,45◦,60◦,90◦weretested.Increasingθ
ledtoincreasedthermalresidualstresses,whichinturnledtohigherfracturetoughness.
Nairndevelopedatheorytoaccountforeffectsofsuchstressesinthefracturemechan-

icsanalysisofcracksincompositematerials[134]. HeanalysedthestandardUDDCB
specimenandconfirmedthatresidualstressesdonotaffectdelaminationinthisparticular
case.Inalaterstudy,heanalysedthecaseofcompositeDCBspecimenswithMDlayups
[135]. Hedemonstratedthatmajorinaccuraciesintheevaluationoftheinterlaminar
fracturetoughnessmayresultfromthepresenceofresidualstresses.Suchinaccuracies
dependonthespecimenstackingsequence.Itwassuggestedthatdelaminationspecimens
inwhichbotharmsaresymmetriclaminatesbeused.Thesameanalysiswasextendedto
othertestconfigurationsin[136]anditwasspecialisedforDCB,ENFandMMBtestcon-
figurationsbyYokozekietal.[137].Subsequentextensionsofthisanalysisdealtwiththe
problemofthebimaterialinterface(whichwillbeintroducedlater)[138],non-uniform
thermalgradients[139]andpresenceofbending-extensioncouplings[140]. Anexpres-
siontoobtainenergyreleaserateforsymmetricandantisymmetricangleplylaminates
includingresidualstresseswasderivedin[60].
DeMoraisetal.performedFEanalysesandobservedthat,withappropriatestacking

sequences,effectsofthermalresidualstressesontheaverageERRvaluesobtainedby
theanalyseswerenegligible[141]. Themodels,however,didnotaccountforpossible
intralaminardamage. Ontheotherhand,in[122]anextremelyimportantresultwas
found:thepresenceofthermalresidualstresses,whilebeinghardlynoticeableinthe
forcedisplacementbehaviourofdelaminationspecimens,maypromotethephenomenon
ofdelaminationmigration.Inotherwords,notonlyresidualstressescomplicate,oreven
preclude,evaluationoffracturetoughness,buttheymayalsotriggerotherundesirable
effects.

3.6.3 Problemsrelatedtoelasticcouplings

Generally,asseeninChapter2, MDlaminatesmaypresentdifferenttypesofelastic
couplings.Thesecouplingshaveaseriesofnegativeconsequencesthatcomplicatesinter-
laminarfracturetoughnessevaluation.

Modalcontributionand modalpartition

Inthefirstplace,couplingsmayaffectthemodemixofthetests. Whenpuremodetests
areperformed,contributionsfromothermodesshouldnotexist.Ontheotherhand,when
performingmixed-modetests,knowledgeoftheexactmode-mixisrequired,inorderto
meaningfullyreduceandexploitexperimentaldata. Whilestandardtestconfigurations
[49,50,51]addresstheseissuesforUDspecimens,itisnotguaranteedthatthesame
resultsareachievedwhenusingMDspecimens,duetothepresenceofthecouplingsthat
maymodifythekinematicsofthespecimenandmayinduceunwantedrotationsand
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parasitemodescontributions[112]. Thiswasproventoaffectthemeasuredinterlami-
narfracturetoughness[132]. Forthisreason,Shietal.[120]urgedotherresearchers
publishingresultsintermsoffracturetoughnesstoascertainwithprecisionthemodeof
propagationrelevanttotheresultspresented.
However,determinationofthemodalpartitionfor MDlaminatesisachallenging

task.AprocedurethathasbeenwidelyusedistheadoptionoftheVirtualCrackClosure
Technique(VCCT)[142],tocalculateERRmodalpartition(inmostcases,thisisdone
assumingastraightdelaminationfrontofthespecimen,whichisanapproximation).The
VCCTisanumericalimplementationofIrwin’scrackclosureintegral[143].Itwasfirstly
presentedin[144]for2-Dproblemsandthenextendedin[145]for3-Dcases.Sincethen,
ithasbeenwidelyusedinfracturemechanicsanalysis.
Though,itshouldberemarkedthatwhenusingVCCTtoobtainERRmodalpar-

titioningforacrackpropagatingbetweentwomaterialswithdifferentelasticproperties
(thesocalledbimaterialinterface),suchastwodifferentlyorientedplies,someproblems
arise.In1959 Williams[146]derivedthecrack-tipstressfieldforbimaterialinterfaces
andobservedthatthesingularityatthetipofthecrackhasanoscillatorybehaviour.
Subsequently,Rajuetal.[147]showedthat,forbimaterialinterfaces,whilethetotal
ERRassumesawell-definedvalue,ERRmodalcomponentsdodependonthevirtual
crackincrement∆a,andhaveanoscillatorybehaviour,too.Asaconsequence,ifmodal
partitionisperformedusingVCCT,adependenceonthemeshsizeisexpected. This
problemistreatedinsomedetailin[44,148].Additionally,reference[148]reviewsavail-
abletechniquestodealwithmodalpartitionforbimaterialinterfaces. Whendealingwith
delaminationincompositelaminateonewidelyusedtechniqueconsistsinfindinganap-
propriatemeshsizetobeusedatthecrackfront(∆a),inordertoobtainavalidERR
modalpartition.Valueof∆asuchthat1/20≤∆a/tply≤1(wheretplyisthebasicply
thickness)havegenerallybeenfoundtogivegoodresults.

ERRdistributionanddelaminationfrontshape

Anotherproblematicaspectofmechanicalcouplings,whichisstrictlyrelatedtothose
explainedinthepreviousparagraph,isthattheyaffectERRdistributionalongthede-
laminationfrontand,consequently,howsuchfrontdevelops.Indeed,inordertoprocess
dataobtainedfromdelaminationtests,reductiontechniquesbasedon2Dtheories[49]
areusuallyadopted:astraightfrontandauniformERRdistributionareassumed,even
thoughthishaslongbeenproventobeanidealisation[85]. Nowadays,toolstopre-
dictdelaminationgrowthdirectionareactivelybeingdeveloped,followinggeometrical
considerations[149],orwithintheframeworkofCZM[150].
WhenitcomestoMDlaminates,moreover,3Deffectsmaybecomerelevant,andmay

affectinterlaminarfracturetoughnessevaluation.Historically,twolaminateparameters
havebeenusedtoevaluatetheseeffects.ThefirstisDc,Eq.(3.5),andthesecondisBt,
Eq.(3.6):

Dc=
D2xy
DxxDyy

, (3.5)

Bt=
Dxs
Dxx

, (3.6)

wheretermsDijarethecomponentsofthelaminatestiffnessmatrix,obtainedbyCLPT;
Dcwasderivedin[151]asameasureoftherelativedifferenceinthedeflectionofthespec-
imenarmsbetweenplanestrainandplanestressconditions,thusquantifying3Deffects.

68



Fromaphysicalpointofviewitexpressestheimportanceoftheanticlastic(bending-
bending)couplingofthelaminate. Hence,specimenswithhigherDc,areexpectedto
developmorecurvedERRdistributionsand,consequently,delaminationfronts.Btwas
introducedin[152,153],inordertoquantifyanotherimportantcouplingeffect:the
bending-twistingone.ItwasshownthatBtcouldcorrelatequitewellwiththeasym-
metryoftheERRdistributionalongastraightdelaminationfront.Subsequentstudies
analysedtheeffectsofthesetwoparametersindifferenttestsconfigurationandfordiffer-
entspecimenlayups[154,155,156,157].ThegeneralconclusionwasthatbothDcand
Btshouldbeaslowaspossible. Prombutetal.[52]recommendedtoverifyvaluesof
theseparametersforallregionsofadelaminationspecimen:bothcrackedarmsconsidered
separatelyandtheentireundelaminatedlaminate.Theyalsorecommendedtoeliminate
thein-planeextension/shearcoupling(Axs=Ays=0)andthein-plane/out-of-planecou-
pling(B=0).Recently,furthernumericalinvestigationswereperformedbySamborski
onbothstandardDCB[57]andENF[58]testconfigurationforMDlaminateswithme-
chanicalcouplings. Hisresultsconfirmedthatstackingsequencehasamajoreffecton
criticalERRdistributionalongdelaminationfront.Experimentalevidencesoftheeffects
ofcouplingsontheshapeofdelaminationfrontsweregivenin[96,97,98].

3.6.4 Approachesto MDspecimensdesign

Whilesomealternativetestconfigurationsweretestedintheliterature[111,113],their
usenevergainedground,probablyduetotheircomplexity,hardlyjustifiableinviewof
standardisationpurposes. Therefore,mucheffortwasdevotedtothesearchofoptimal
MDlayupstobeusedinthestandarddelaminationtestmethodsdescribedinSections
3.3-3.5andthatcouldsolve,oratleastminimise,theproblemsmentionedinSubsections
3.6.1-3.6.3.
Earlydesignstrategiesinvolvedtheuseofsequencescontainingmany0◦-oriented

plies,inordertoreducetheeffectsofthepresenceofoff-axispliesatthedelamination
interface. Examplesofthisapproachmaybefoundin[108,109,117,152,155].Inno
case,however,itwaspossibletoobtainspecimensthatcouldcompletelyeliminateelastic
couplingsand/orthermaleffects.
Inrecentyears,someauthorsadoptedQTsolutionstodesignlayupsforMDdelam-

inationspecimens.In[53],twoQTquasi-homogeneouslayupswereusedtobuildthe
armsofsymmetricandantisymmetricdelaminationspecimens.Thus,threetypesofmul-
tidirectionalspecimensfreeofelasticcouplingsandhavingdelaminationinterfacesofthe
typesθ//θandθ//−θ(θbeingagenericangle)wereobtained. Whiletheuncoupling
propertiesofthesymmetricspecimenspresentedareeasilydeduced,itwasnotexplained
whyalsoantisymmetricspecimensyieldedthosesameproperties.In[158,159]QTquasi-
homogeneoussequenceswith24plieswerechosentoobtainfully-isotropiclaminates,with
slightlydifferentlay-ups,butidenticalelasticproperties,accordingtoCLPT.Eachse-
quencewasthenusedasonearminsymmetricdelaminationspecimens.Thisallowedto
obtainspecimenshavingθ//θdelaminationinterfaceswithvaryingθ,butidenticalelastic
properties. Oneofthesequencesproposedin[53]wasusedalsoin[160]withafabric
materialtoobtainquasi-isotropicquasi-homogeneouslaminatesandthusspecimenswith
0◦//0◦,0◦//45◦and45◦//45◦delaminationinterfaces.Eventually,in[161]a18pliesQT
sequencewasusedtobuildtwospecimenswith0◦//45◦delaminationinterface. While
thesestudieshighlightthepotentialofQTsolutionsfortheproblemathand,theystill
presentlimitationswithrespecttothelayupssuggestedandthustothetypeofdelami-
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nationinterfacesthatmaybeobtained.

3.7 Concludingremarks

Whenitcomestoobtainingimportantmaterialproperties,standardisationoftestmeth-
odsisfundamental.Thisisespeciallytruefortoughness,whichisoftenconsideredone
ofthemostdifficultpropertiestobeevaluated.
Forinterlaminarfracturetoughnessofpolymermatrixcomposites,standardtestmeth-

ods,reviewedinthischapter,exist,buttheirscopeislimitedtoUDlaminates.Thisis
duepartlytohistoricalreasonsandpartlytotheexistenceofproblemsthatstillneed
asolution,namelyappereanceofadditionaldissipationmechanism,presenceofthermal
residualstressesandofelasticcouplings.Theextensiveresearchactivityinthisregard,
whichisstillinprogress,hascontributedtotheunderstandingoftheseissuesandoftheir
consequences.
Overtheyears,researchershaveproposeddifferentapproachestothedesignofmulti-

directionallayupsinordertotryandeliminateelasticcouplingsandthermaleffects.To
date,however,nogeneralconsensushasbeenreachedandoptimallayupsareyettobe
found.
Consequently,asalreadymentionedinChapter1,thepurposeofthisstudyisto

developmultidirectionallayupsfreeofelasticcouplingsandofthermaleffects. Since
inrecentstudiesdelaminationspecimenswithveryinterestingpropertieswereobtained
exploitingQTsolutions[53,158,159,160,161],suchsequencesareadoptedinthisstudy
aswell. PartIIofthemanuscriptwilldetailthecompleteapproachdevelopedforthe
layupsdesign.Inparticular,Chapters4and5presentsomedevelopmentsrequiredfor
theactualdesignprocess,presentedinChapter6.
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PartII

AnalyticaldesignofFully-Uncoupled
Multi-Directionalstackingsequences

fordelaminationtests
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Chapter4

SearchforQuasi-Trivialsolutions

4.1 Introduction

AsexplainedinChapter3,QTsolutionswereusedindifferentstudiestodesign MD
delaminationspecimens[53,158,159,160,161],andshowedveryinterestingfeatures.
Indeed,thesesequencesallowtodesignlaminateswithveryinterestingpropertiesand,
aswillbeshowninthischapter,yieldwiderdesignspacesthanthosetypicallyobtained
withclassicaldesignstrategies(symmetriclayupsetc.).
Asamatteroffact,anumberofstudieshasconfirmedthepotentialoftheselayups

inlaminatedesignproblems.In[70],theywereusedtogetherwiththe Werrenand
Norrisrule[66]toobtainfully-isotropiclaminates.In[69],anti-symmetricalQTuncou-
pledstackingsequenceswereusedtoobtainfully-orthotropiclaminates.In[162],itwas
shownthatfully-orthotropiclaminatesmaybeobtainedusingQTquasi-homogeneous
solutionswithangle-plyorientations;theselayupswerethenusedtofindoptimalsolu-
tionswithrespecttoflexuralpropertiesoflaminates. QTquasi-homogeneoussolutions
withangle-plyorientationswereusedin[163]too,withinanoptimisationprocedurefor
thinlaminatedshells.Recently,QTsequencesweresuccessfullyappliedintheframework
ofamulti-scaletwo-leveloptimisationstrategyformanydifferentengineeringproblems
[14,15,16,164,165,166].
Despitetheirpotential,however,QTsolutionsarenotwidelyusedyet.Onecauseis

probablythefactthatonlyalimitednumberofQTsolutionsisavailableintheliterature
andthattheyarenoteasilyobtained. Becauseofthisreason,inordertoexploitQT
solutionsforthepurposeofthisstudy,thedevelopmentofanalgorithmabletofindsuch
solutionsandtocreatearichdatabasewasrequired.InthisChapter,thedetailsaboutthe
conceptionandtheimplementationofsuchalgorithmaredetailed.Section4.2showshow
QTsolutionsarederivedinthecontextofCLPT.Section4.3explainstheprinciplesand
difficultiesbehindthesearchforQTsolutionsanddetailsthedesignandimplementation
ofthealgorithmdeveloped.Eventually,Section4.4brieflyreportsdetailsontheresults
ofthesearchandsomecomments.Concludingremarksendthechapter.

4.2 Quasi-Trivialsolutions:fundamentals

TheexistenceofQTsolutionswasdemonstratedbyVannucciandVercheryin[68].They
usedthepolarformalism,firstintroducedbyVerchery[167],inordertorepresenttensors
A,BandD.Thisallowedseparatingthecontributionsderivingfromthemechanical
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propertiesofthebasicplymaterialandfromgeometricalconfigurationofthelayup(po-
sitionandorientationofplies). Thisway,Eq.(2.124)foruncouplingofthelaminate
andEq.(2.125)formembrane-bendinghomogeneitycouldberewritten,usingthesame
notationofChapter2,respectivelyasfollows:

n

k=1

bke
4iδk=0,

n

k=1

bke
2iδk=0, (4.1)

n

k=1

cke
4iδk=0,

n

k=1

cke
2iδk=0. (4.2)

CoefficientsbkandckhavebeendefinedinChapter2,andarehererecalledforthesake
ofconvenience:

bk=2k−n−1, (4.3)

ck=−12k(k−n−1)−2n
2−6n−4. (4.4)

QTsequencesareaparticularclassofsolutionstoEq.(4.1),Eq.(4.2),orboth. The
concurrentfulfilmentofbothEqs.(4.1)and(4.2)givesquasi-homogeneityofthelaminate.
Theconceptbehindthesesolutionscanbeexplainedasfollows. Consideralaminate
composedofnplieswithmdifferentorientationanglesθj(j=1,...,m);inFig.4.1an
exampleisgiven,tovisuallyclarifytheconceptsexplainedhere.LetGjbethesetof
indexesofthosepliesthatsharethesameorientationangleθj,i.e.:

Gj={k:δk=θj}; j=1,..,m. (4.5)

TheunionofallthemGjsetsgivesthecompletesetofplyindexesofthelaminate,k=
1,...,n.Eqs.(4.1)and(4.2)canbesplitassumsoverthedifferentsetsGj(j=1,...,m):
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k=1

bke
4iδk=

m

j=1

e4iθj

k∈Gj

bk,
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k=1

bke
2iδk=

m

j=1

e2iθj

k∈Gj

bk, (4.6)
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e4iθj
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ck,
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k=1

cke
2iδk=

m

j=1

e2iθj

k∈Gj

ck. (4.7)

Agroupofpliesallorientedatthesameangleθjisdefinedassaturatedgroupwithrespect
tobk,ckorboth,ifthesumsoftherelevantcoefficientsforitspliesarenull:

k∈Gj

bk=0, (4.8)

k∈Gj

ck=0. (4.9)

Accordingly,theassociatedsetGjofplyindexesiscalledsaturatedset.Ifalltheorien-
tationgroupsappearinginastackingsequencearesaturated,thenEqs.(4.1)and(4.2)
aresatisfied,regardlessofthevalueassumedbytheorientationsθj.Inotherwords,only
thewayorientationsaredistributedwithinthestackarerelevanttofulfiltheserequire-
ments.AsequenceentirelycomposedbysaturatedgroupsisaQTsolution[68].Then,
thefollowingthreetypesofQTsolutionsmayberecognised:
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Figure4.1:GraphicexplanationoftheconceptofQTsolution.

1.uncoupled:allorientationgroupsaresaturatedwithrespecttocoefficientbk;

2.membrane-bendinghomogeneous:allorientationgroupsaresaturatedwithrespect
tocoefficientck;

3.quasi-homogeneous:allorientationgroupsaresaturatedwithrespecttobothcoef-
ficientsbkandck.

Thefollowingsequence,withn=14andm=3,usedinFig.4.1,isanexampleofQT
quasi-homogeneoussolution:

[θ1/θ2/θ3/θ2/θ2/θ3/θ3/θ1/θ1/θ2/θ2/θ1/θ2/θ3].

Byarbitrarilychoosingthevaluesofθjangles,aninfinitenumberoflaminationsequences
canbeobtained.Aremarkableconsequenceisthat,usingQTsolutions,theorientation
anglesofthepliescanbechosentotailorthemechanicalpropertiesofthelaminate
accordingtosomegivenrequirement(strength,stiffness,dynamicresponseetc.),whilethe
propertiesofuncouplingandmembrane-bendinghomogeneityareautomaticallysatisfied.
Thismakesthisclassofsequencesextremelyeffectiveforthedesignandoptimizationof
compositelaminates.

4.3 SearchforQTsolutions

Despitetheirpotential,QTsolutionsarenotoftenused,themainreasonbeingthat
theliteratureoffersonlyalimitednumberofexamples. Ontheotherhand,finding
QTsolutionsrequirestheimplementationofadedicatedalgorithm,forwhichaclear
descriptionandimplementationguidelinesarelacking.
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4.3.1 TheproblemofQTsearch

TheonlyinformationavailableonthestrategytofindQTsolutionswasgivenin[68].In
particular,itwasstatedthattheymaybefoundexploitingtheirbasicproperties,andin
particularidentifyingsaturatedgroups,withrespecttocoefficientbk,ckorboth.Hence,
thesearchforQTsolutionsreducestotheresolutionofacombinatorialproblemwhose
maingoalistheidentificationofnullsumsofintegers.Ingeneral,theprocessmaybe
thoughtasdescribedinAlgorithm1:first,allpossiblesequencesshouldbegenerated;
second,aquasi-trivialitycheckshouldestablishwhichsequencesareentirelycomposed
bysaturatedgroups;finally,onlyQTsolutions,andonlyindependentones(thisconcept
willbebetterexplainedlater),havetobestored.

Algorithm1SimpleQTsolutionsfinderalgorithm

1.Setinputs:nandm;
2.Generateallpossiblesequenceswithn,m;
3.Foreachsequencegeneratedatstep2,checkforquasi-triviality:
3.1Performthedesiredcheck(onbk,ck,orboth);
3.2StoreQTsolutions;

4.Eliminatenon-independentQTsolutions.

Despiteitsconceptualsimplicity,Algorithm1soonencountersefficiencyproblems.
Itiseasytoobserve,indeed,thatifallpossiblesequencesaregenerated,theirnumber
increasesextremelyfastwiththetotalnumbersofpliesn. Consequently,thestacks
generationprocessbecomesextremelyheavy,andsodoesthequasi-trivialitycheck:the
computationalresourcesrequiredtorunthealgorithmbecomeprohibitiveevenforlow
totalnumbersofpliesn.Toputthisintoperspective,Fig.4.2reportsthetotalnumber
ofindependentQTsolutions(inlogarithmicscale),forthethreedifferenttypesofquasi-
triviality,asafunctionofthenumberofpliesn.Itcanberecognisedthatalsothenumber
ofQTsolutions(whichmaybethoughtasacharacteristicdimensionoftheproblem)
increasesextremelyfastwithn. Moreover,QTsolutionsonlyrepresenta(relatively)
smallsubsetofallpossiblesequencestobegeneratedandchecked. Thisclearlyshows
howanincrementofevenoneplyinthetotallengthofQTsolutionstobefoundmay
beadifficultresulttoobtain.Asaconsequenceoftheabove,thelowestpossiblenumber
ofsequencesshouldbegenerated,withouthoweverexcludinganyactualsolution.Inthis
way,theoperationstobeperformedinboththegenerationphaseandthequasi-triviality
checkwouldbesignificantlyreduced,andlongersolutionsmaybefound.

4.3.2 ExploitationofQTsolutionsproperties

Inordertoreducethenumberofsequencestobegeneratedandchecked,theproperties
ofQTsolutionshavetobeinvestigatedindepth,sothatitbecomespossibletorecognise,
apriori,classesofsequencesthatcannotbeQTsolutions,andavoidgeneratingthem.
TheobjectiveofthissectionistoshowsomerelevantpropertiesofQTsolutions,andto
explainhowtheycouldbeexploitedintheconceptionoftheQTsearchalgorithm.

Propertiesofcoefficientsbkandck

AsanticipatedinChapter2,coefficientsbkandckhavesomeinterestingproperties.
Firstly,theyalwaystakeintegervalues. Moreover,thesumofbothcoefficientsover

75



Figure4.2:TotalnumberofindependentQTsolutionsasafunctionofthenumberof
pliesn.

theentireplyindexinterval[1,n]isalwayszero,whicheverthenumbernofpliesofthe
sequence:

n

k=1

bk=0, (4.10)

n

k=1

ck=0. (4.11)

Itwasalsoobserved,seeFig.2.5,thatcoefficientbkvarieslinearlywithplyindexk
andshowsantisymmetricvalueswithrespecttothemiddleplaneofthesequence. As
aconsequence,coefficientbkassumesthevalue0insequenceshavinganoddnumberof
pliesandonlyincorrespondenceofthecentralplyofthesequence.Coefficientck,onthe
otherhand,hasaparabolicvariationwithrespecttokandgetssymmetricvalueswith
respecttothemiddleplane.Hence,itassumesvalue0onlyforspecificvaluesofn(e.g.
n=7andn=26),andinsuchcasestherearealwaystwosymmetricplies,withrespect
tothemiddleplaneofthesequence,thatshowck=0.Itisparticularlyrelevanttoknow
ifsomepliesgetbk=0orck=0,asthismeansthatsuchpliescouldstandaloneasa
saturatedgroup.
Takingintoaccountthepreviousconsiderations,itisnotablyusefultoobservethat

eachsequencecanbedividedintwodifferentsetofplies,orhalf-stacks,basedonthesign,
positiveornegative,assumedbytheconsideredcoefficient(notethatinthecaseofckthe
numberofpliesofthetwohalf-stacksmaybedifferent).Ifasequencehasanorientation
groupappearingonlyinoneofthetwohalf-stacks,thenitcannotbeaQTsolution,as
thatgroupsimplycannotbesaturated.Thisconditionmaybeusedtoreducethenumber
ofsequencesgeneratedandcheckedbythealgorithm.
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Mathematicaldistinction

ConsiderthefollowingtwoQTuncoupledsolutions:

[θ1/θ2/θ2/θ2/θ2/θ1], (4.12)

[θ1/θ2/θ3/θ3/θ2/θ1]. (4.13)

In[68]thesesolutionsweredefinedasnotmathematicallydistinct. Thisisbecausethe
firstonecanbeobtainedfromthesecondonebyassumingthatorientationsθ2andθ3
areidentical,whichisalwayspossiblebecauseorientationscanbechosenarbitrarily,as
explainedinSection4.2.Inotherwords,thesecondsolutionismoregeneral,andinclude
thefirstoneasaparticularcase.Hence,onlythesecondsolutionshouldbeconsidered.
Moreindepth,thefirstsolutionhasasaturatedgroup(j=2)thatiscomposedbytwo
saturatedsub-groups:{k=2,5}and{k=3,4}.Inthesecondsolutionthesub-group
{k=3,4}islabelledwithadifferentgenericorientation(θ3):allthenewgroupsobtained
arestillsaturated. Asolution,then,willbecalledmathematicallydistinctifnoother
QTsolutionswithagreaternumberoforientationgroupsmaybeobtainedfromit(in
otherwords,thesaturatedgroupsofthesequencedonotcontainsaturatedsub-groups).
Thisshowsthat,ingeneral,asolutionwithagivennumbermoforientationgroupscan
beobtainedfromamathematicallynotdistinctsolutionwithm−1orientationgroups.
Generalising,itiseasytoconcludethat,foragivenn,allQTsolutionswithm>2may
befoundfromthesetofQTsolutionswithm=2includingmathematicallynotdistinct
solutions.
Fromapracticalpointofview,thisconclusionmaybeexploitedwhendevisingasearch

algorithm,inordertodrasticallyreducethenumberofsequencesgeneratedandchecked
forquasi-triviality.Indeed,asaconsequence,thealgorithmmaybestructuredtoinitially
generateandcheckforquasi-trivialityonlysequenceswithm=2.Avoidinggeneration
ofsequenceswithm>2drasticallyreducestheamountandthecomplexityofoperations
tobeperformed.Then,thesearchforQTsolutionswithm>2maybeperformedinthe
raw(i.e.containingmathematicallynondistinctsolutions)setofsolutionswithm=2,
whichis,ofcourse,muchsmallerthanthesetofallpossiblesequenceswithm>2.

Mechanicaldistinction

ConsidernowthefollowingtwoQTuncoupledsolutions:

[θ1/θ2/θ3/θ3/θ2/θ1], (4.14)

[θ3/θ2/θ1/θ1/θ2/θ3]. (4.15)

In[68],thesesolutionsarereferredtoasnotmechanicallydistinct:sinceθjareonly
labelsandtheorientationsmaybechosenarbitrarily,thetwosequencesaremechanically
equivalent.Indeed,thesecondonemaybeobtainedfromthefirstonebyswitchingthe
orientationlabelsθ1andθ3.Asaconsequence,onlyoneofthetwosequencesshouldbe
consideredandstored.Inordertoeffectivelyeliminatenotmechanicallydistinctsolutions,
itissuggestedin[68]thatsaturatedgroupsinallsolutionsbeorderedinanascending
way.Thus,notmechanicallydistinctsolutionsareeasilyidentifiedandeliminated.
Thissameideamaybeexploitedinthesearchalgorithmtofurtherreducethenumber

ofoperationstobeperformed.Indeed,knowingapriorinotmechanicallydistinctsolu-
tions,itisconvenienttotryandavoidgeneratingtheminthefirstplace.Ifthisisaccom-
plished,thesequencesgenerationsphaseisfasterandlesssequencesarecheckedforquasi-
triviality,thusgreatlyimprovingtheefficiencyofthealgorithm.Fromapracticalpointof
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view,thisispossiblebyrestrainingthealgorithmtogeneratesequenceswithorientation
groupsappearinginanascendingorder,sothatforexamplesequence[θ1/θ2/θ2/θ2]will
begeneratedandcheckedforquasi-triviality,butsequence[θ2/θ1/θ1/θ1],whichisnot
mechanicallydistinctfromthepreviousone,willnotbegeneratedatall.
Whenasolutionisbothmechanicallyandmathematicallydistinctfromallothers,it

iscalledindependent.

4.3.3 QTsolutionssearchalgorithm

Exploitingtheideasexplainedabove,anewalgorithmforthesearchofQTsolutionswas
implementedinMatlab.TheflowchartofthealgorithmisshowninFig.4.3.
Asexplainedbefore,thealgorithminitiallyfindsallQTsolutionswithm=2,andthe

onlyinputrequiredisthetotalnumberofpliesnofthesolutions.Forthiscase(m=2),
applicationofthepropertiesexplainedinsubsection4.3.2simplytranslatesingenerating
sequencesinwhichthefirstplyappearinghasorientationθ1andinwhichbothhalf-
stackscontainbothorientationsθ1andθ2.Inthealgorithmproposed,sequencesarenot
generatedasawhole,butratherinhalf-stacks.Itisworthmentioningthatthegeneration
phaseisslightlydifferentforthedifferenttypeofQTsolutionssearched(uncoupling,
membrane-bendinghomogeneityorquasi-homogeneity).Foroneofthetwohalf-stacks,
allpossibleinstancesaregeneratedinonesingleshot,andavariablestoresthem.Then
thealgorithmentersacyclewherein:

1.acertainamountofinstancesforthesecondhalf-stackaregenerated;

2.completesequencesareassembled;

3.thecompletesequencesarecheckedforquasi-triviality;

4.QTsolutionsarepassedasoutput,othersequencesarediscarded.

Thisapproachwaschosensinceitwasconsideredasagoodcompromisebetweencom-
putationaltimeandmemoryrequirements. Attheendofthisstage,asetofrawQT
solutions(inwhichmathematicallynotdistinctsolutionshavenotbeeneliminated)for
thecasen,m=2isobtained.
Then,thealgorithmentersasecondcycle,whereinQTsolutionswithm> 2are

found.TherawsetofQTsolutionswithm=2entersthecycleasaninputforthefirst
loop.Tobeginwith,therawsolutionsareanalysedbyafunctionthatclassifiesthemin
threedifferenttypes:

1.solutionsthatcontainsaturatedsubgroupsinthegroupoforientationθm−1.Since
mathematicallynotdistinctsolutionshavenotbeeneliminated,alsosolutionsin
whichthesamesaturatedsubgroupsassumeorientationθm willexist. Therefore,
solutionsofthisfirsttypearediscarded;

2.solutionsthatcontainsaturatedsubgroupsinthegroupoforientationθm. These
solutionsarenotmathematicallydistinctfromsolutionsobtainedbygivingadif-
ferentorientationtoasaturatedsubgroup.Forthisreason,theyarenotusefulin
theiractualform,butmaybetransformedtoobtainsolutionswithhighernumber
ofsaturatedgroups.Inotherwords,theexistenceofsolutionsofthistypeisaproof
thatindependentsolutionswithhighernumberofsaturatedgroupsexist;
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Figure4.3:FlowchartofthealgorithmdevelopedforthesearchofQTsolutions.

3.independentsolutions. Forthecaseathand(n,m),thesearethesolutionsthat
needtobestored.
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Afterclassification,solutionsofthefirsttypearediscarded,whilesolutionsofthethird
typearestored,readytobepassedasoutputs. Theexistenceofsolutionsofthesec-
ondtypeisthecriterionforthealgorithmtokeepcycling:ifnosuchsolutionexists,
thenallindependentsolutionshavealreadybeenfoundandthecyclecanbeterminated.
Otherwise,thealgorithmwillcontinuecycling.Firstly,allsaturatedsubgroupsinsuch
sequencesarefound.Then,adedicatedfunctiongeneratesnewQTsolutionsbyupping
(i.e.transformingtheorientationfromθm toθm+1)thesesubgroups,oneatatime.Dur-
ingthisprocedure,manynewsolutionswithm+1saturatedgroupsmaybeobtained
fromeachsolution. Moreover,mechanicallynotdistinctsolutionsmaybeobtained,soa
dedicatedfunctionactsasafilter. Theresultofthisuppingprocedureisanewsetof
rawsolutions,withhigherm,thatbecomestheinputforthenextloopofthecycle.The
cyclegoesonuntilallindependentQTsolutionshavebeenfound.

4.4 Quasi-Trivialsolutionssearch:results

TheresultsintermsofnumberofQTsolutionsfoundwiththealgorithmdetailedin
theprevioussectionarereportedinTables4.1,4.2and4.3forthecaseofuncoupling,
membrane-bendinghomogeneityandquasi-homogeneity,respectively.
Concerningtheseresults,twomainaspectsshouldberemarked.Tobeginwith,fora

giventotalnumberofpliesn,thenumberofQTsolutionsfoundinthisworkexceeds,in
somecases,thenumberreportedinpreviousstudies[62,68,168].Toconfirmthisresult,
thesecaseswerecross-checkedbyusingdifferentlycodedalgorithmsforQTsolutions
search.Itappears,then,thatthenumberofexistingQTsolutionsishigherthanwhat
itwasbelievedtobetothisdate,whichisarguablyapositivefinding.Secondly,itcan
beobservedthat,thankstotheproposedalgorithm(andtothemorepowerfulhardware
availablenowadays),QTsolutionswithhighertotalnumberofplieshavebeenfound.
Thesesolutionsmaybeextremelyusefulforapplicationsinwhichlaminatesmadeof
severalplieshavetobeused. Moreover,asalreadymentioned,thenumberofsolutions
rapidlyincreaseswithn,thusallowingverywidedesignspaces.
InTable4.1itcanbeobservedthat,foreachgivennumberofpliesn,thereisalways

oneindependentQTuncoupledsolutionwithn/2orientationgroups,ifniseven,or
(n+1)/2ifnisodd.Thisparticularsolutionistheonlyindependentsymmetricsolution
existingforthegivenn.Indeed,allsymmetricsolutions,whicheverthenumberofdifferent
orientationstheycontain,canbeobtainedfromthisone. Thisshowshowmuchwider
theclassofQTuncoupledsolutionsiswithrespecttothatofsymmetricsolutions.
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N.ofgroupsm

n 2 3 4 5 6 7 8 9 10 11 12 13 14 15 Total

7 0 1 1 0 0 0 0 0 0 0 0 0 0 0 2
8 1 0 1 0 0 0 0 0 0 0 0 0 0 0 2
9 0 1 2 1 0 0 0 0 0 0 0 0 0 0 4
10 0 4 0 1 0 0 0 0 0 0 0 0 0 0 5
11 0 0 9 4 1 0 0 0 0 0 0 0 0 0 14
12 1 8 9 0 1 0 0 0 0 0 0 0 0 0 19
13 0 0 25 32 6 1 0 0 0 0 0 0 0 0 64
14 0 37 34 17 0 1 0 0 0 0 0 0 0 0 89
15 0 0 10 207 78 9 1 0 0 0 0 0 0 0 305
16 0 58 305 96 29 0 1 0 0 0 0 0 0 0 489
17 0 0 2 893 895 144 12 1 0 0 0 0 0 0 1947
18 0 114 1492 1262 208 45 0 1 0 0 0 0 0 0 3122
19 0 0 0 2216 8192 2663 264 16 1 0 0 0 0 0 13352
20 0 0 7391 11240 3683 396 66 0 1 0 0 0 0 0 22777
21 0 0 0 4936 59701 39986 6283 406 20 1 0 0 0 0 111333
22 0 0 29144 101207 49008 8869 694 93 0 1 0 0 0 0 189016
23 0 0 0 6369 346057 519231 141298 13130 626 25 1 0 0 0 1026737
24 0 0 75421 844224 665507 156300 18569 1118 126 0 1 0 0 0 1761266
25 0 0 0 3863 1775560 6116700 2797033 388970 24060 893 30 1 0 0 11107110
26 0 0 96098 6277657 8836070 2900569 410040 35272 1708 166 0 1 0 0 18557581
27 0 0 0 660 6978620 61170759 51236513 10978670 941503 41907 1261 36 1 0 131349930
28 0 0 136700 40159296 112753933 54164504 9788692 940584 62404 2520 214 0 1 0 218008848
29 0 0 0 20 21692599 561464759 868233466 285533218 34157728 1974630 66910 1682 42 1 1773125055

Table4.1:NumberofindependentQTuncoupledsolutionsobtainedasafunctionofthetotalnumberofplies,n,andofthenumberof
saturatedorientationgroups,m.
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N.ofgroupsm

n 2 3 4 5 6 7 8 9 10 Total

4 2 0 0 0 0 0 0 0 0 2
5 2 0 0 0 0 0 0 0 0 2
6 4 0 0 0 0 0 0 0 0 4
7 0 1 0 0 0 0 0 0 0 1
8 8 0 0 0 0 0 0 0 0 8
9 4 0 0 0 0 0 0 0 0 4
10 20 8 0 0 0 0 0 0 0 28
11 0 22 0 0 0 0 0 0 0 22
12 36 0 0 0 0 0 0 0 0 36
13 16 52 0 0 0 0 0 0 0 68
14 2 12 32 128 16 0 0 0 0 190
15 0 100 0 0 0 0 0 0 0 100
16 0 32 40 16 32 0 0 0 0 120
17 142 652 32 0 0 0 0 0 0 826
18 34 720 336 16 0 0 0 0 0 1106
19 4 1436 4232 512 0 0 0 0 0 6184
20 68 4856 5104 0 0 0 0 0 0 10028
21 26 500 1168 1248 0 0 0 0 0 2942
22 0 36804 302832 139424 4864 0 0 0 0 483924
23 50 164918 129212 2016 0 0 0 0 0 296196
24 152 5864 159632 0 0 0 0 0 0 165648
25 0 314018 665512 123044 4000 0 0 0 0 1106574
26 0 0 0 7726 475651 1350916 602243 33566 330 2470432
27 0 72760 401544 198288 41984 64 0 0 0 714640
28 0 80016 5805360 11873344 4354656 391168 6144 0 0 22510688
29 0 1581798 58153488 48739304 2370944 0 0 0 0 110845534
30 0 230080 11643720 30155840 19142560 4513920 235520 0 0 65921640
31 0 4078346 684639064 615365800 60452912 1296000 0 0 0 1365832122

Table4.2:NumberofindependentQTmembrane-bendinghomogeneoussolutionsobtainedasafunctionofthetotalnumberofplies,n,
andofthenumberofsaturatedorientationgroups,m.
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N.ofgroupsm

n 2 3 4 5 6 Total

7 1(1) 0 0 0 0 1(1)
8 1 0 0 0 0 1
9 0 0 0 0 0 0
10 0 0 0 0 0 0
11 4(2) 0 0 0 0 4(2)
12 1 0 0 0 0 1
13 4 3 0 0 0 7
14 0 2(1) 0 0 0 2(1)
15 4 3 0 0 0 7
16 6 3(1) 0 0 0 9(1)
17 30 11 0 0 0 41
18 0 9 0 0 0 9
19 60 41 0 0 0 101
20 52 17 1 0 0 70
21 62 18(2) 0 0 0 80(2)
22 32(2) 188(1) 26 2 0 248(3)
23 189(1) 970 0 0 0 1159(1)
24 248 47 1 0 0 296
25 326 4184 98 0 0 4608
26 108 2065 672 41 3 2889

(2) (3) (2) (7)
27 171(1) 1804 510 39 1 2525(1)
28 357 9492(1) 1691(2) 61 9 11610(3)
29 122 75281 15068 167 0 90638
30 106 10923 1009(3) 51 0 12089(3)
31 28 290227 156565(1) 1728 1 448549(1)
32 263 161436(5) 70091 4521 100 236411(5)
33 316 260442 112324 937 0 374019
34 716 1389039 568492 12589 38 1970874

(107) (35) (142)
35 2 8291650 6392064 90433 82 14774231

(8) (7) (15)

Table4.3:NumberofindependentQTquasi-homogeneoussolutionsobtainedasafunction
ofthetotalnumberofplies,n,andofthenumberofsaturatedorientationgroups,m;the
numberofsymmetricsolutionsisreportedinparentheses.

Withrespecttomembrane-bendinghomogeneoussolutions,Table 4.2,itisveryin-
terestingtoobservewhathappensforthecasen=26.Inthiscase,twopliesinthe
sequenceshowck=0. Asthesepliescanstandaloneassaturatedgroups,theconse-
quenceisthatthereisashifttowardshighervaluesinthenumberoforientationgroups
forwhichindependentsolutionsarefound,whichisevidentinTable4.2.
Eventually,concerningquasi-homogeneoussolutions,themostinterestingremarkto

bemadeisthattheirnumberissignificantlylowerthanthatofuncoupledandmembrane-
bendinghomogeneoussolutions,asobservedbothinFig.4.2andinTable4.3.Thiswas
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tobeexpected,sincequasi-homogeneitycombinesbothrequirementsofuncouplingand
membrane-bendinghomogeneity.Thisisalsothereasonwhyitissimplertofindsolutions
forhighervaluesofn:sincetheirnumberislower,theproblemremainslessdemanding
thanintheothercases.

4.5 Concludingremarks

Inthischapter,thedetailsaboutthedesignandtheimplementationofthealgorithm
usedinthisworktoobtainQTsolutionshavebeenpresented.Itisimportanttopoint
outthatthealgorithmproposedhereisnottheonlysolutionpossible,ofcourse.In
fact,itseemslikelythatamoreformalapproachfromamathematicalandprogramming
pointofviewcouldleadtofurtherimprovements.Nonetheless,thankstothepresented
algorithm,someimportantresultswereobtained.Firstly,itwasfoundthatthenumberof
existingQTsolutionsishigherthanwhatexpectedfromolderstudies.Inaddition,itwas
possibletofindQTsolutionswithsignificantlyhighertotalnumberofpliesthaninthe
past.ThisallowedtocreateanextensivedatabaseofQTuncoupled,membrane-bending
homogeneousandquasi-homogeneoussolutions.Inthecontextofthiswork,suchsolutions
willbeusedwiththeobjectiveofdesigningmultidirectionaldelaminationspecimens,but,
asexplainedinSection4.1,theymaybeextremelyusefulwheneverlaminatedesignis
concerned.
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Chapter5

SuperpositionrulesforQuasi-Trivial
solutions

5.1 Introduction

InChapter4,adetaileddiscussiononQTsolutionswaspresented.Besidetheexplanation
ofthepropertiesofthesesequences,itwasmentionedhowimportantandeffectivethey
couldbeinlaminatedesign. Moreover,thisistrueevenwhenlookingforoptimallayups
fordelaminationtestingofMDinterfaces,asconfirmedbytherelevantreferencesalready
introduced[53,158,159,160,161].Inthosestudiestheauthorswereabletoobtain
delaminationspecimenswithexcellentuncouplingproperties. Whilethiscouldsuggest
thatQTstackingsequencesareagoodsolutiontodesignMDdelaminationspecimens,
whatisstillmissingisageneralframeworktounderstandhowtheycouldbeeffectively
usedandcombinedinamuchmoregeneralwaythanthosepresentedinexistingstudies.
Torespondtothisneed,superpositionrulesforQTsolutionshavebeendeveloped,

andconstitutethemaintopicofthischapter.TheissueofsuperpositionofQTsolutions
wasmentionedin[168],wherehowevertheauthorsconcludedthat,generallyspeaking,
thesuperpositionoftwoQTstacksdoesnotyieldanewQTone.Here,thesuperposition
ruleswerederivedwithintheframeworkofCLPT,asanalyticalclosedformsolutions.
TheygivetheconditionsthatsomeinitialQTsolutionsneedtorespectinorderfor
theirsuperpositiontobeanotherQTsolution. Theruleswerederivedforanarbitrary
numberofsuperposedsequences.Fromapracticalpointofview,thisallowstodesign
stackingsequenceswithacompletecontroloverthepropertiesofsomesub-sequencesto
besuperposed,butalsooverthepropertiesoftheresultingsequence.
Thechapterisorganisedasfollows. Firstly,Section5.2introducesthetermsand

thenotationthatwillbeusedinthechapter.Inmoredetail,thenotationtodescribe
theQTsolutionstobesuperposedandthesequenceobtainedislaidout,alongwiththe
notationusefultodescribethesuperpositionprocess.Then,Sections5.3to5.5presentthe
derivationofthecriteriatoobtainuncoupling,membrane-bendinghomogeneityandquasi-
homogeneity,respectively,ofthesequenceobtainedbythesuperposition.Inparticular,in
eachofthesesections,thecaseofsuperposeduncoupled,membrane-bendinghomogeneous
andquasihomogeneousQTsolutionswillbetreated.Finally,Section5.6willpresentthe
applicationofthesuperpositionrulestotheparticularcaseofthesuperpositionofonly
twoQTsolutions,alongwithsomeexamples.Indeed,thiscasemaybeofgreatinterest
forpracticalapplications,andwillbeusefulforthedevelopmentsinthefollowingchapters
ofthismanuscript.
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5.2 SuperpositionofQTsolutions:notation

Inthissection,thenotationadoptedinthechapterisoutlined.
Tobeginwith,theterminitialwillbeusedtoidentifyknownQTsolutionsthatare

goingtobesuperposed. Thesequenceresultingfromsuchsuperpositionwillbecalled
macro-sequence.

5.2.1 InitialQTsolutionsdescription

ThenumberofinitialQTsolutionstobesuperposedwillbemaintainedgeneral,andis
indicatedbyq.Fig.5.1graphicallyrepresentsthedescriptionoftheinitialQTsolutions.
TheyareidentifiedbythelabelQTi,wherei=1,...,q.Thetotalnumberofpliesineach

Figure5.1:NotationassociatedwithinitialQTsolutionstobesuperposed.

initialsolutionisindicatedbyni,whilethenumberoforientationgroupsexistinginthe
sequenceismi.SimilarlytowhatwasdoneinChapter4,theindexjwillbeusedto
distinguishsuchgroups.Hence,wewillindicatewithθ

(i)
j thej-thorientationinsequence

QTi,andwithG
(i)
j thesetofkindexesofpliesorientedatθ

(i)
j insequenceQTi:

G
(i)
j = k:δk=θ

(i)
j . (5.1)

TheentiresetofkindexesofsequenceQTiislabelledK
(i),sothat:

K(i)=

mi

j=1

G
(i)
j . (5.2)

Eventually,tocompletelydefinetheinitialsolutions,theirquasi-trivialitytype,asex-
plainedinChapter4,shouldbespecified.Namely,theycanbe:

1.UncoupledQTsolutions. Inthiscase,foreachinitialsequenceQTi,Eq.(4.8)
holdsandcanberewrittenas:

k∈G
(i)
j

bk=0;
∀i=1,...,q;

∀j=1,...,mi.
(5.3)
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TakingintoaccountthegeneralexpressionofbkgiveninEq.(4.3),Eq.(5.3)
becomes:

k∈G
(i)
j

2k−ni−1 =0;
∀i=1,...,q;

∀j=1,...,mi.
(5.4)

2.Membrane-bendinghomogeneousQTsolutions. Inthiscase,Eq.(4.9)ap-
pliestoallinitialsolutions:

k∈G
(i)
j

ck=0;
∀i=1,...,q;

∀j=1,...,mi.
(5.5)

TakingintoaccountthegeneralexpressionofckgiveninEq.(4.4),Eq.(5.5)
becomes:

k∈G
(i)
j

−12kk−ni−1 −2n
2
i−6ni−4=0;

∀i=1,...,q;

∀j=1,...,mi.
(5.6)

3.Quasi-homogeneousQTsolutions.IftheinitialQTsolutionsarequasi-homogeneous,
thenEqs.(5.3)to(5.6)allhold.

5.2.2 Macro-sequencedescription

AccordingtoFigure5.2,theinitialsolutionsaresuperposedinabottom-uporder:the
firstone,QT1,isplacedatthebottomofthemacro-sequencewhilethelastone,QTq,is
placedatthetop.Torefertoquantitiesrelatedtothemacro-sequence,thesymbol∗will

Figure5.2:Schematicrepresentationofthesuperpositionprocesstoobtainamacro-
sequence.

beaddedasasuperscript.Forinstance,theplypositionindexinthemacro-sequenceis
denotedbyk∗.Thetotalnumberofpliesofthemacro-sequenceis:

n∗=

q

i=1

ni. (5.7)
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Ontheotherhand,thenumberoforientationgroupsthatwillappearinthemacro-
sequencedependsonhowmanydifferentorientationgroupsappearintheinitialQT
solutions,butitisnotnecessarilytheirsum.Inparticular:

m∗≤

q

i=1

mi. (5.8)

Sinceorientationsofsaturatedgroupsintheinitialsolutionscanbechosenfreely,thecase
correspondingtotheequalityinEq.(5.8)isobtainedbychoosingallorientationsinall
initialsolutionstobedifferent.Conversely,ifsomesaturatedgroupsaregiventhesame
orientation,thentheinequalityisobtained.Hence,tomaintaingenerality,thesubscript
lwillbeusedtoidentifyorientationsinthemacro-sequence.Thus,wecandefinetheset
ofindexesofplieswithagivenorientationθl:

G∗l= k∗:δk∗=θl , (5.9)

andthecompletesetofplypositionindexes:

K∗=
m∗

l=1

G∗l. (5.10)

Eventually,coefficientsb∗kandc
∗
kare:

bk∗=2k
∗−n∗−1, (5.11)

ck∗=−12k
∗(k∗−n∗−1)−2n∗2−6n∗−4. (5.12)

5.2.3 Superpositionprocessdescription

Inordertodescribethesuperpositionprocess,relationshipsthatrelatethemacro-sequence
descriptiontothatoftheinitialsolutionsmustbeestablished.
Withrespecttotheplypositionindex,accordingtoFigure5.2,thefollowingrelation-

shipisobtained:

k∗=






k ifk∈K(1);

k+
i−1

p=1

np ifk∈K
(i); i=2,...,q.

(5.13)

Withthepurposeofhavingacompactandconsistentnotation,wemayintroducethe
quantity:

n0=0, (5.14)

sothatwecandefinetheshiftoftheplyindexoftheinitialsolutions:

∆k(i)=

i−1

p=0

np; i=1,...,q. (5.15)

Consequently,Eq.(5.13)canberewrittenas:

k∗=k+∆k(i); k∈K(i); i=1,...,q. (5.16)
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Eq.(5.16)allowstoobtainthepositionindexk∗ofaplyinthemacro-sequence,onceits
initialQTsolutionanditspositionkinitareknown.Itisimportanttomentionherethat
havingdefinedthetermn0inEq.(5.14),thetotalnumberofpliesofthemacro-sequence,
Eq.(5.7),maybenowexpressedalsoas:

n∗=

q

i=0

ni. (5.17)

Inthemacro-sequence,eachorientationgroupwillbeformedbyanaggregateofplies
comingfromtheinitialsolutionsandchosentobelongtothatgroup(thischoice,as
explainedbefore,isarbitrary).ThedifferentsetsG∗lofthemacro-sequencemaythenbe
expressedas:

G∗l=

q

i=1

G
∗,(i)
l , (5.18)

wherewehaveintroducedthesymbolG
∗,(i)
l toindicatethesetofindexesk∗(whichcan

beobtainedfromEq.(5.16))ofthosepliesofinitialsolutionQTithatareorientedatthe

angleθ
(i)
j =θl,andthereforebelongtosetG

∗
linthemacro-sequence.

Finally,wewanttoestablisharelationshipbetweencoefficientsbkandckoftheinitial
solutionsandbk∗andck∗ofthemacro-sequence.Todothat,wesubstituteEq.(5.16)in
Eqs.(5.11)and(5.12),toobtainrespectively:

bk∗=2 k+∆k
(i) −n∗−1, (5.19)

ck∗=−12k+∆k
(i) k+∆k(i) −n∗−1−2n∗2−6n∗−4. (5.20)

Theseexpressionsarevalidforeachplyofthemacro-sequence.Inparticular,iisthe
indexoftheinitialsolutiontowhichtheplyconsideredbelongs.Thankstothem,itis
possibletocomputecoefficientsbk∗andck∗foreachplyinthemacrosequencebasedon
theintialsolutionoftheplyanditspositioninit.Forthesakeofsimplicity,withaslight
abuseofnotation,wecandefine:

bk+∆k(i)=2 k+∆k
(i) −n∗−1, (5.21)

ck+∆k(i)=−12k+∆k
(i) k+∆k(i) −n∗−1−2n∗2−6n∗−4, (5.22)

sothat:

bk∗=bk+∆k(i), (5.23)

ck∗=ck+∆k(i). (5.24)

Withthisnotation,itfollows:

k∗∈G
∗,(i)
l

bk∗=

k∈G
(i)
l

bk+∆k(i), (5.25)

k∗∈G
∗,(i)
l

ck∗=

k∈G
(i)
l

ck+∆k(i). (5.26)
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5.3 UncouplingofsuperposedQTsolutions

Inthissection,theconditiontoobtainaQTuncoupledmacro-sequencebysuperposition
ofinitialQTsolutionswillbederived.
Inorderforthemacro-sequencetobeQTuncoupled,itmustbeformedentirelyby

saturatedgroupsintermsofcoefficientbk∗.Inotherwords,asseeninEq.(4.8):

k∗∈G∗l

bk∗=0; l=1,...,m∗. (5.27)

Eq.(5.27)givesthem∗conditions,oneforeachorientationgroup,tobesatisfiedtohave
aQTuncoupledmacro-sequence.Inthisequation,thesetG∗lmaybeobtainedasshown
inEq.(5.18).Asaconsequence,thesumoverG∗lcanbesplitinmultiplesumsoverall

thesetsG
∗,(i)
l :

k∗∈G∗l

bk∗=

q

i=1 k∗∈G
∗,(i)
l

bk∗=0; l=1,...,m∗. (5.28)

Eq.(5.28)isstillwrittenwithrespecttothemacro-sequenceindexes.Theobjectiveisto
translateitintermsoftheplyindexesoftheinitialsolutions.So,usingEq.(5.25),Eq.
(5.28)becomes:

q

i=1 k∗∈G
∗,(i)
l

bk∗=

q

i=1 k∈G
(i)
l

bk+∆k(i)=0; l=1,...,m∗. (5.29)

Then,replacingEq.(5.21)inEq.(5.29),onefinallyobtains:

q

i=1 k∈G
(i)
l

2k+∆k(i) −n∗−1=0; l=1,...,m∗. (5.30)

Eq.(5.30)representsthegeneralconditiontoobtainsaturatedorientationgroupswith
respecttocoefficientbk∗inthemacro-sequence,andisexpressedintermsrelativetothe
initialQTsolutions.Hence,itgivestheconditionsthattheinitialsolutionsmustrespect
inordertoprovideaQTuncoupledmacro-sequence.Itisimportanttoremarkthat,up
tonow,nohypothesishasbeenformulatedwithrespecttotheinitialsolutions.Inthe
followingsubsections,Eq.(5.30)willbesimplifiedforthesuperpositionofinitialQT
solutionsofdifferenttypes.

5.3.1 Uncoupledinitialsolutions

Here,thecaseofQTuncoupledinitialsolutionsisconsidered. Then,foreachinitial
sequenceQTi,Eqs.(5.3)and(5.4)hold.Eq.(5.30)maybefurtherdeveloped,andwith
somelimitedmanipulationoneobtains:

q

i=1 k∈G
(i)
l

2k−ni−1 +2∆k
(i)−n∗+ni =0; l=1,...,m∗. (5.31)
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Eq.(5.31)canbeovertlysimplifiedbytheconditionofuncouplingoftheinitialsolutions
superposed,Eq.(5.4). Moreovertheremainingtermsarenotfunctionofk,sothatwe
obtain:

q

i=1

n
G
(i)
l
2∆k(i)+ni−n

∗ =0; l=1,...,m∗. (5.32)

InEq.(5.32),nGl(i)indicatesthenumberofpliesorientedatθlintheinitialsolutionQTi.
UsingEqs.(5.15)and(5.17)wecanfinallyobtainthecriterion:

q

i=1

n
G
(i)
l

i

p=0

np−

q

p=i

np =0; l=1,...,m∗. (5.33)

Eq.(5.33)representstheanalyticalconditiontobefulfilledbyallorientationgroupsof
themacro-sequenceinordertobesaturated.IfthegroupssatisfyEq.(5.33)thenthe
macro-sequenceisaQTuncoupledsolution.

5.3.2 Membrane-bendinghomogeneousinitialsolutions

InthecaseofsuperpositionofQTmembrane-bendinghomogeneousinitialsolutionse,Eq.
(5.6)applies.However,suchconditionisofnohelpinsimplifyingEq.(5.30).Thislatter
equation,indeed,presentsonlylineartermsink,andusingEq.(5.6)wouldintroduce
quadratictermsintheexpressionforuncoupling,complicatingitevenmore. Forthis
reason,thepresentcaseisnotdevelopedfurther.

5.3.3 Quasi-homogeneousinitialsolutions

IfQTquasi-homogeneousinitialsolutionsareconsidered,thenbothEqs.(5.4)and(5.6)
apply. Asexplainedbefore,Eq.(5.6)isofnohelp,while,ontheotherhand,allthe
simplificationsobtainedinSubsection5.3.1arevalidalsoforthiscase. Therefore,Eq.
(5.33)maybeusedforthiscasetoo.

5.4 Membrane-bendinghomogeneityofsuperposed

QTsolutions

FollowingthesameideaofSection5.3,theconditiontoobtainamembrane-bending
homogeneousmacro-sequencefromthesuperpositionofinitialQTsolutionsisderivedin
thissection.
Inorderforthemacro-sequencetobeQTmembrane-bendinghomogeneous,itmust

beformedentirelybysaturatedgroupsintermsofcoefficientck∗.Inotherwords,asseen
inEq.(4.9):

k∗∈G∗l

ck∗=0; l=1,...,m∗. (5.34)

Eq.(5.34)givesthem∗conditionstobesatisfiedtohaveaQTmembrane-bending
homogeneousmacro-sequence.Onceagain,thesetG∗lmaybeobtainedasshowninEq.

(5.18),andthesumoverG∗lcanbesplitinmultiplesumsoverallthesetsG
∗,(i)
l :

k∗∈G∗l

ck∗=

q

i=1 k∗∈G
∗,(i)
l

ck∗=0; l=1,...,m∗. (5.35)
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Inthiscase,inordertoexpressEq.(5.35)intermsoftheplyindexesoftheinitial
solutions,Eq.(5.26)maybeusedtoobtain:

q

i=1 k∗∈G
∗,(i)
l

ck∗=

q

i=1 k∈G
(i)
l

ck+∆k(i)=0; l=1,...,m∗. (5.36)

Finally,replacingEqs.(5.22)andEq.(5.16)intoEq.(5.36),oneobtains:

q

i=1 k∈G
(i)
l

−12k+∆k(i) k+∆k(i)−n∗−1 −2n∗2−6n∗−4=0;

l=1,...,m∗.

Eq.(5.37)representsthegeneralconditiontoobtainsaturatedorientationgroupswith
respecttocoefficientck∗ inthemacro-sequence,andisexpressedintermsrelativeto
theinitialQTsolutions. Hence,itgivestheconditionsthattheinitialsolutionsmust
respectinordertoprovideaQTmembrane-bendinghomogeneousmacro-sequence.In
thefollowingsubsections,Eq.(5.37)willbesimplifiedforthesuperpositionofinitialQT
solutionsofdifferenttypes.

5.4.1 Uncoupledinitialsolutions

Asobservedbefore,iftheinitialsolutionsareQTuncoupledones,Eqs.(5.3)and(5.4)
hold.ToexploitthisconditionEq.(5.37)maybedeveloped,andmanipulatedtoobtain:

q

i=1 k∈G
(i)
l

32∆k(i)−n∗−1 2k−ni−1 +6∆k
(i)∆k(i)+ni−n

∗ +

+n∗ n∗−3ni −3ni−1+6k
2 =0; l=1,...,m∗.

(5.37)

ThisexpressionmaybesimplifiedusingEq.(5.4).Then,alltermsthatdonotdepend
onkmaybeextractedfromtheinternalsum,obtaining:

q

i=1

n
G
(i)
l
6∆k(i) ∆k(i)+ni−n

∗ +n∗ n∗−3n1 −3ni−1+6

k∈G
(i)
l

k2 =0;

l=1,...,m∗.
(5.38)

Atthispoint,Eqs.(5.15)and(5.17)maybeusedtoobtainthefinalcriterion:

q

i=1

n
G
(i)
l
6

i−1

p=0

np ni−

q

p=i

np +

q

p=0

np

q

p=0

np−3ni −3ni−1+6

k∈G
(i)
l

k2 =0;

l=1,...,m∗.
(5.39)

Eq.(5.39)givesthem∗conditions(oneforeachorientationgroupofthemacro-sequence)
toobtainaQTmembrane-bendinghomogeneousmacro-sequencefromthesuperposition
ofinitialQTuncoupledsolutions. Thisexpressionismuchmorecomplexthanthat
obtainedinEq.(5.33).Inparticularthek2termthatdoesnotdisappearintroducesa
dependenceontheplyposition,whichcomplicatestheevaluationoftheseconditions.
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5.4.2 Membrane-bendinghomogeneousinitialsolutions

IfweassumethattheinitialsolutionsareQTmembrane-bendinghomogeneousones,then
Eq.(5.6)holds.Eq.(5.37)canberearrangedinthefollowingform:

q

i=1 k∈G
(i)
l

−12kk−ni−1 −2n
2
i−6ni−4+12kn

∗−ni−2∆k
(i)+

−12∆k(i)∆k(i)−n∗−1 +2 n2i−n
∗2 +6 ni−n

∗ =0; l=1,...,m∗.

(5.40)
Eq.(5.40)canbesimplifiedusingEq.(5.6).Then,thetermsthatdonotdependonk
maybegroupedandthefollowingexpressionisobtained:

q

i=1

n
G
(i)
l
6∆k(i) n∗−∆k(i)+1 + ni−n

∗ ni+n
∗+3 +

+6 n∗−ni−2∆k
(i)

k∈G
(i)
l

k =0; l=1,...,m∗.

(5.41)

Eventually,Eqs.(5.15)and(5.17)areusedtoobtainthefinalformofthecriterion:

q

i=1

n
G
(i)
l
6
i−1

p=0

np

q

p=i

np+1 + ni−

q

p=0

np ni+

q

p=0

np+3 +

−6
i

p=0

np−

q

p=i

np

k∈G
(i)
l

k =0; l=1,...,m∗.

(5.42)

Eq.(5.42)givesthem∗conditionstoobtainaQTmembrane-bendinghomogeneous
macro-sequencefromthesuperpositionofinitialQTmembrane-bendinghomogeneous
solutions.SimilarlytothecaseofSubsection5.4.1,itisnotpossibletoeliminatethe
dependenceontheplyposition,expressedbythelineartermink. Thesetwocases
reflectthetypicalcomplexitiesencounteredinthedesignofbendingelasticpropertiesof
laminates.

5.4.3 Quasi-homogeneousinitialsolutions

IfQTquasi-homogeneousinitialsolutionsareused,Eqs.(5.4)and(5.6)bothhold.For
thiscase,Eq.(5.37)mayberewrittenasfollows:

q

i=1 k∈G
(i)
l

−12kk−ni−1 −2n
2
i−6ni−4+6n

∗−2∆k(i)−ni 2k−ni−1+

+2 ni−n
∗ n∗−2ni +12∆k

(i)n∗−∆k(i)−ni =0; l=1,...,m∗.

(5.43)
ThepreviousexpressioncanbeclearlysimplifiedusingEqs.(5.4)and(5.6). Moreover,it
iseasytoseethat,inthiscase,suchsimplificationallowstoeliminatealltermsdepending
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ontheplypositionk.Then,applyingasusualEqs.(5.15)and(5.17),weeventuallyobtain
thecriteriondesired:

q

i=1

n
G
(i)
j
6
i−1

p=0

np

q

p=i

np−ni + ni−

q

p=0

np

q

p=0

np−2ni =0;

l=1,...,m∗.

(5.44)

ThecriterioninEq.(5.44)ismuchsimplerthanboththoseofEqs.(5.39)and(5.42),
thankstothefactthatthedependenceontheplypositionkhasbeeneliminated.In
otherwords,itismuchsimplertolookforQTmembrane-bendinghomogeneousmacro-
sequencesusingsuperposedQTquasi-homogeneousinitialsolutionsratherthanusing
onlyuncoupledormembrane-bendinghomogeneousinitialsolutions.

5.5 Quasi-homogeneityofsuperposedQTsolutions

Inorderforthemacro-sequenceobtainedbysuperpositionofinitialQTsolutionstobea
QTquasi-homogeneoussolution,Eqs.(5.27)and(5.34)mustbesimultaneouslysatisfied,
namely: 





k∗∈G∗l

bk∗=0;

k∗∈G∗l

ck∗=0;
l=1,...,m∗. (5.45)

ThesetworequirementshavealreadybeendevelopedtoEqs.(5.30)and(5.37),respec-
tively,sothatinthiscasethefollowingsystemofrequirementsisobtained:






q

i=1k∈G
(i)
l

2(k+∆k(i))−n∗−1=0;

q

i=1 k∈G
(i)
l

−12k+∆k(i) k+∆k(i)−n∗−1 −2n∗2−6n∗−4=0;

l=1,...,m∗.

(5.46)

Eq.(5.46)representstheanalyticalconditiontobefulfilledbyallorientationgroupsof
themacro-sequenceinordertobesaturatedwithrespecttobothcoefficientbk∗andck∗.
IfthegroupssatisfyEq.(5.46),thenthemacro-sequenceisaQTquasi-homogeneous
solution. Theequationsformingthissystemhavealreadybeenstudiedintheprevious
sections.Here,theywillberecalledforcompletenessandeaseofreading.

5.5.1 Uncoupledinitialsolutions

InthecaseofinitialQTuncoupledsolutions,bothcriteriaforuncoupling,Eq.(5.33),
andmembrane-bendinghomogeneity,Eq.(5.39),havebeenderived.ThesysteminEq.

94



(5.46)thenbecomes:






q

i=1

n
G
(i)
l

i

p=0

np−
q

p=i

np =0;

q

i=1

n
G
(i)
l
6
i−1

p=0

np ni−
q

p=i

np +
q

p=0

np
q

p=0

np−3ni −3ni−1+6
k∈G

(i)
l

k2 =0;

l=1,...,m∗.
(5.47)

5.5.2 Membrane-bendinghomogeneousinitialsolutions

Asexplainedpreviously,inthecaseofmembrane-bendinghomogeneousinitialsolutions,
theconditionforuncouplingwasnotdevelopedfurtherthanEq.(5.30).Instead,the
criterionformembrane-bendinghomogeneitywasderived,Eq.(5.42).Therefore,system
(5.46)becomes:






q

i=1k∈G
(i)
l

2k+∆k(i) −n∗−1=0;

q

i=1

n
G
(i)
l
6
i−1

p=0

np
q

p=i

np+1 + ni−
q

p=0

np ni+
q

p=0

np+3 +

−6
i

p=0

np−
q

p=i

np
k∈G

(i)
l

k =0;

l=1,...,m∗.

(5.48)

5.5.3 Quasi-homogeneousinitialsolutions

Forthecaseofinitialquasi-homogeneousinitialsolutions,theconditiontobeusedfor
uncouplingisEq.(5.39),whilethattobeusedformembrane-bendinghomogeneityisEq.
(5.44).Thus,thesystemobtainedis:






q

i=1

n
G
(i)
l

i

p=0

np−
q

p=i

np =0;

q

i=1

n
G
(i)
j
6
i−1

p=0

np
q

p=i

np−ni + ni−
q

p=0

np
q

p=0

np−2ni =0;

l=1,...,m∗.

(5.49)

5.6 SuperpositionoftwoQTsolutions

Whiletheresultspresenteduptonowaregeneralandmaybeappliedtothesuperposition
ofanygivennumberqofinitialQTsequences,inthissectiontheyarespecialisedtothe
caseoftwoinitialQTsolutions. Thisparticularcaseisofgreatpracticalinterest:in
engineeringscenariosandotherpracticalapplications,thesuperpositionoftwolaminates
islikelytoappearcountlesstimes(e.g.:joints,doublerreinforcedplates,repairpatches,
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etc.). Moreover,thiscasewillbeusedinfollowingchapters.Asitwillbeshown,therules
reducetoextremelysimpleexpressionsforthiscase,sothattheyareeasilyapplicable
alsoinearlystagesoflaminatesdesign.

5.6.1 Uncouplingoftwosuperposeduncoupledorquasi-homo-

geneoussolutions

AsexplainedinSection5.3,Eq.(5.33)representstheconditiontoobtainanuncoupled
QTmacro-sequencefromthesuperpositionofuncoupledorquasi-homogeneoussolution.
Whenimposing q=2toEq.(5.33),weobtain:

−n
G
(1)
l
n2+nG(2)l

n1=0; l=1,...,m∗; (5.50)

or,inamoreconvenientform:

n
G
(1)
l

n1
=
n
G
(2)
l

n2
; l=1,...,m∗. (5.51)

Eq.(5.51)representstheconditiontoobtainanuncoupledQTmacro-sequencebysuper-
posingtwoinitialQTuncoupledorquasi-homogeneoussolutions.Fromthisequation,it
ispossibletodrawsomeconclusions:

1.theinitialQTsequencesshouldpossessexactlythesameorientations.Ifacertain
orientationθlexistsinonlyoneofthetwosequences,Eq.(5.51)isnotsatisfiedand
theassociatedgroupisnotsaturated;

2.itmustbeensuredthat,foreachl-thorientation,inbothsequencesQT1andQT2
anequalpercentageofpliesorientedatθlispresent,regardlessofthepositionof
thoseplies.Intheparticularcaseofn1=n2,Eq.(5.51)imposesthatthetwo
sequenceshavethesamenumberofpliesforeachorientation;

3.nolimitationsariseonthenumberofgroupsthatcanbeinvolved;

4.thesuperpositionofsequenceswithn1=n2isstillpossible,allowingforgreater
designfreedom.

ToberemarkedthattherepetitionofasingleinitialQTsolutionfallsunderthiscase
study:themacro-sequenceobtainedisaQTuncoupledsolution.

Example1

ConsiderthefollowingtwoQTuncoupledsequences:

QT1=[1221332112],

QT2=[1232121312].

Theyhavethesametotalnumberofplies

n1=n2=10,
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andthesamenumberofpliesforeachorientationgroup:

n
G
(1)
1
=n

G
(2)
1
=4,

n
G
(1)
2
=n

G
(2)
2
=4,

n
G
(1)
3
=n

G
(2)
3
=2.

ThereforethesesequencessatisfyEq.(5.51)andtheirsuperpositionyieldsanewQT
uncoupledsolution.ThiscanbeeasilyverifiedwiththehelpofTable5.1,inwhichthe
sequenceobtainedisdescribedaccordingtothenotationusedinthischapter:

Group k∗ bk∗
k∗∈G∗1

bk∗=
k∗∈G∗2

bk∗=
k∗∈G∗3

bk∗=

1 1 -19 -19+
2 2 -17 -17+
2 3 -15 -15+
1 4 -13 -13+
3 5 -11 -11+
3 6 -9 -9+
2 7 -7 -7+
1 8 -5 -5+
1 9 -3 -3+
2 10 -1 -1+
1 11 1 1+
2 12 3 3+
3 13 5 5+
2 14 7 7+
1 15 9 9+
2 16 11 11+
1 17 13 13+
3 18 15 15=
1 19 17 17=
2 20 19 19=

0 0 0

Table5.1:ExampleofQTuncoupledmacro-sequenceobtainedbysuperpositionoftwo
QTsolutionswithequalnumberofplies.

Itisevidentthatallorientationgroupshavenullsumsofcoefficientsbk∗andaretherefore
saturatedgroups.ThesequenceisaQTsolutionwithB=0,asexpectedaccordingto
Eq.(5.51).

Example2

Amoregeneralexampleisthefollowing.Inthiscase,twoQTuncoupledsolutionswith
differenttotalnumberofpliesaresuperposed:

QT1=[1221332112],
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n1=10, n
G
(1)
1
=4, n

G
(1)
2
=4, n

G
(1)
3
=2,

and
QT2=[121233212121312],

n2=15, n
G
(2)
1
=6, n

G
(2)
2
=6, n

G
(2)
3
=3.

Evenifthetotalnumberofpliesofthesequencesisdifferent,itiseasytoconcludethat
Eq.(5.51)issatisfied.ThesituationisdescribedinTable5.2.

Group k∗ bk∗
k∗∈G∗1

bk∗=
k∗∈G∗2

bk∗=
k∗∈G∗3

bk∗=

1 1 -24 -24+
2 2 -22 -22+
2 3 -20 -20+
1 4 -18 -18+
3 5 -16 -16+
3 6 -14 -14+
2 7 -12 -12+
1 8 -10 -10+
1 9 -8 -8+
2 10 -6 -6+
1 11 -4 -4+
2 12 -2 -2+
1 13 0 0+
2 14 2 2+
3 15 4 4+
3 16 6 6+
2 17 8 8+
1 18 10 10+
2 19 12 12+
1 20 14 14+
2 21 16 16+
1 22 18 18+
3 23 20 20=
1 24 22 22=
2 25 24 24=

0 0 0

Table5.2:ExampleofQTuncoupledmacro-sequenceobtainedbysuperpositionoftwo
QTsolutionswithdifferentnumberofplies.

Onceagain,itiseasytoseethatthesequenceobtainedwiththesuperpositioniscomposed
entirelybysaturatedgroups,andthereforeitisaQTsolutionwithB=0.

5.6.2 Membrane-bendinghomogeneityoftwosuperposedun-

coupledsolutions

Inordertoobtainamembrane-bendinghomogeneousmacro-sequencefromthesuperposi-
tionofinitialuncoupledsolutions,Eq.(5.39)mustbesatisfied.Forq=2,suchequation
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reducesto:

n
G
(1)
l

n1+n2 n2−2n1 −3n1−1+6

k∈G
(1)
l

k2+

+n
G
(2)
l

n1+n2 n1−2n2 −3n2−1+6

k∈G
(2)
l

k2=0;

l=1,...,m∗.

(5.52)

Ifthesuperpositionoftwosequenceswithequalnumberofpliesisconsidered,n1=n2=
n,thenEq.(5.52)becomes:

n
G
(1)
l
+n

G
(2)
l

n2+3n+1 =6

k∈G
(1)
l

k2+

k∈G
(2)
l

k2 ; l=1,...,m∗. (5.53)

5.6.3 Membrane-bendinghomogeneityoftwosuperposedmembrane-

bendinghomogeneoussolutions

Thiscaseisobtainedbyassumingq=2inEq.(5.42),thatreducesto:

n
G
(1)
l
−n2(2n1+n2+3) +6n2

k∈G
(1)
l

k+n
G
(2)
l
−n1(n1−4n2−3)−6n1

k∈G
(2)
l

k=0;

l=1,...,m∗.
(5.54)

Oneusefulspecificcasecouldbethesuperpositionoftwosolutionsofthesamenumber
ofplies,n1=n2.Inthisparticularcase,Eq.(5.54)reducesto:

n2+1 n
G
(2)
l
−n

G
(1)
l
+2n

k∈G
(1)
l

k−

k∈G
(2)
l

k =0; l=1,...,m∗. (5.55)

If,inaddition,twosolutionshavingthesamenumberofpliesperorientationarechosen,
n
G
(1)
l
=n

G
(2)
l
,thenEq.(5.55)isfurthersimplifiedto:

k∈G
(1)
l

k−

k∈G
(2)
l

k=0; l=1,...,m∗. (5.56)

Eq.(5.56)meansthat,fortheparticularcaseconsidered,inordertoobtainamembrane-
bendinghomogeneousQTmacro-sequence,thesumsofkindexesofeachgroupmustbe
thesameforthetwoinitialsolutions.

Example

AnexampleofsuperpositionoftwoQTmembrane-bendinghomogeneoussolutionsmay
beobtainedconsideringthefollowingtwoQTsolutionsofthistype:

QT1=[1211212212],

QT2=[1122121122].
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Theyhavethesamenumberoftotalplies,andbothhavethesamenumberofpliesper
orientationgroup:

n1=10, n
G
(1)
1
=5, n

G
(1)
2
=5,

n2=10, n
G
(2)
1
=5, n

G
(2)
2
=5.

Itiseasytoverifythatthesumsofkindexesofthepliesbelongingtoeachorientation
groupissuchthatEq.(5.56)issatisfied.Thesequenceresultingfromtheirsuperposition
isthereforeaQTmembranebendinghomogeneoussolutionitself,asprovenbyTable5.3.

Group k∗ ck∗
k∗∈G∗1

ck∗=
k∗∈G∗2

ck∗=

1 1 -684 -684+
2 2 -468 -468+
1 3 -276 -276+
1 4 -108 -108+
2 5 36 36+
1 6 156 156+
2 7 252 252+
2 8 324 324+
1 9 372 372+
2 10 396 396+
1 11 396 396+
1 12 372 372+
2 13 324 324+
2 14 252 252+
1 15 156 156+
2 16 36 36+
1 17 -108 -108+
1 18 -276 -276=
2 19 -468 -468+
2 20 -684 -684=

0 0

Table5.3:ExampleofQTmembrane-bendinghomogeneousmacro-sequenceobtainedby
superpositionoftwoQTmembrane-bendinghomogeneoussolutions.

5.6.4 Membrane-bendinghomogeneityoftwosuperposedquasi-

homogeneoussolutions

ThiscaseisobtainedfromEq.(5.44),withq=2:

n1−n2 n1nG(2)l
−n2nG(1)l

=0; l=1,...,m∗. (5.57)
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Clearlythisconditioncanbesplitinto:






n1−n2 =0;

n1nG(2)l
−n2nG(1)l

=0;
l=1,...,m∗. (5.58)

ItissufficientthatonlyoneofthetwoconditionsinEq.(5.58)besatisfiedtoobtaina
QTmembrane-bendinghomogeneousmacro-sequence.Thefirstconditionsimplystates
thatbothinitialsolutionshaveanequaltotalnumberofplies,whilethesecondcoincide
withtheconditionforuncouplingseeninEq.(5.51).Therefore,twodifferentsituations
mayarise:

1.thefirstconditionofEq.(5.58)issatisfied,butnotthesecondone:theresulting
macro-sequenceischaracterisedbysaturatedgroupsintermsofck∗coefficients,but
notofbk∗ones.Thus,themacro-sequenceismembrane-bendinghomogeneousbut
notuncoupled;

2.thesecondconditionofEq.(5.58)issatisfied:inthiscasethemacro-sequence
satisfybothEqs.(5.57)and(5.51)andthusitisaQTquasi-homogeneoussolution.

Example

ConsiderthefollowingtwoQTquasi-homogeneoussolutionswitha13plieseachand3
orientationgroups:

QT1=[1231131211231],

n1=13, n
G
(1)
1
=7, n

G
(1)
2
=3, n

G
(1)
3
=3,

and
QT2=[1231313211213],

n2=13, n
G
(2)
1
=6, n

G
(2)
2
=3, n

G
(2)
3
=4.

Forthesesequencesthefirstconditionin(5.58)issatisfied,whilethesecondoneisnot.
Therefore,thesuperpositionofthesesequencesisexpectedtobe membrane-bending
homogeneousbutnotuncoupled.ThisisconfirmedinTable5.4.
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Group k∗ bk∗ ck∗
k∗∈G∗1

bk∗=
k∗∈G∗2

bk∗=
k∗∈G∗3

bk∗=
k∗∈G∗1

ck∗=
k∗∈G∗2

ck∗=
k∗∈G∗3

ck∗=

1 1 -25 -1200 -25+ -1200+
2 2 -23 -912 -23+ -912+
3 3 -21 -648 -21+ -648+
1 4 -19 -408 -19+ -408+
1 5 -17 -192 -17+ -192+
3 6 -15 0 -15+ 0+
1 7 -13 168 -13+ 168+
2 8 -11 312 -11+ 312+
1 9 -9 432 -9+ 432+
1 10 -7 528 -7+ 528+
2 11 -5 600 -5+ 600+
3 12 -3 648 -3+ 648+
1 13 -1 672 -1+ 672+
1 14 1 672 1+ 672+
2 15 3 648 3+ 648+
3 16 5 600 5+ 600+
1 17 7 528 7+ 528+
3 18 9 432 9+ 432+
1 19 11 312 11+ 312+
3 20 13 168 13+ 168+
2 21 15 0 15+ 0+
1 22 17 -192 17+ -192+
1 23 19 -408 19+ -408+
2 24 21 -648 21= -648=
1 25 23 -912 23= -912=
3 26 25 -1200 25= -1200=

-13 0 13 0 0 0

Table5.4:ExampleofQTmembrane-bendinghomogeneousmacro-sequenceobtainedbysuperpositionoftwoQTquasi-homogeneous
solutions.
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5.6.5 Quasi-homogeneityoftwosuperposedquasi-homogeneous

solutions

ThesuperpositionoftwoQTquasi-homogeneoussolutionstoobtainaQTquasi-homogeneous
macro-sequenceisforsureacaseofgreatpracticalinterest.Asamatteroffact,theresults
obtainedforthiscasewillbefundamentalforthedevelopmentsintheremainingpartof
themanuscript.Toobtainquasi-homogeneity,bothuncouplingandmembrane-bending
homogeneityhavetobeensured. Thesystemtobeconsidered,then,istheoneofEq.
(5.49). Thetwoconditionsappearinginthissystemhavealreadybeenspecialisedfor
thecaseoftwosuperposedsolutions,respectivelyinEqs.(5.50)and(5.57).Hence,Eq.
(5.49)isreducedto:






n1nG(2)l
−n2nG(1)l

=0;

n1−n2 n1nG(2)l
−n2nG(1)l

=0;
l=1,...,m∗. (5.59)

ItiseasytoseethatthefirstconditioninEq.(5.59)impliesthesecondone.Thismeans
that,whensuperposingtwoQTquasi-homogeneoussolutions,uncouplingofthemacro-
sequenceimpliesalsomembrane-bendinghomogeneity,andthusquasi-homogeneity.

Example

ConsiderthefollowingQTquasi-homogeneoussolutions:

QT1=[1211121],

n1=7, n
G
(1)
1
=5, n

G
(1)
2
=2,

and
QT2=[121111122211111211112],

n2=21, n
G
(2)
1
=15, n

G
(2)
2
=6.

Thefirstoneistheonly7pliesQTquasi-homogeneousindependentsolutionexisting,
whilethesecondisa21pliesQTquasi-homogeneoussolutionnotindependent.Thesetwo
sequencessatisfythesecondconditioninEq.(5.58).Asaconsequence,theirsuperposition
yieldsanewQTquasi-homogeneoussolution,asdemonstratedinTab.5.5.
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Group k∗ bk∗ ck∗
k∗∈G∗1

bk∗=
k∗∈G∗2

bk∗=
k∗∈G∗1

ck∗=
k∗∈G∗2

ck∗=

1 1 -27 -1404 -27+ -1404+
2 2 -25 -1092 -25+ -1092+
1 3 -23 -804 -23+ -804+
1 4 -21 -540 -21+ -540+
1 5 -19 -300 -19+ -300+
2 6 -17 -84 -17+ -84+
1 7 -15 108 -15+ 108+
1 8 -13 276 -13+ 276+
2 9 -11 420 -11+ 420+
1 10 -9 540 -9+ 540+
1 11 -7 636 -7+ 636+
1 12 -5 708 -5+ 708+
1 13 -3 756 -3+ 756+
1 14 -1 780 -1+ 780+
2 15 1 780 1+ 780+
2 16 3 756 3+ 756+
2 17 5 708 5+ 708+
1 18 7 636 7+ 636+
1 19 9 540 9+ 540+
1 20 11 420 11+ 420+
1 21 13 276 13+ 276+
1 22 15 108 15+ 108+
2 23 17 -84 17+ -84+
1 24 19 -300 19+ -300+
1 25 21 -540 21+ -540+
1 26 23 -804 23+ -804+
1 27 25 -1092 25= -1092=
2 28 27 -1404 27= -1404=

0 0 0 0

Table5.5:ExampleofQTquasi-homogeneousmacro-sequenceobtainedbysuperpositionoftwoQTquasi-homogeneoussolutions.
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5.7 Concludingremarks

ThischapterpresentedthederivationofclosedformanalyticalcriteriatoobtainQT
macro-sequencesbysuperpositionofknowninitialQTsolutions.Suchcriteriahavebeen
derivedtoobtainallpossibletypesofquasi-trivialityofthemacro-sequence(i.e. un-
coupling,membrane-bendinghomogeneityandquasi-homogeneity)andstartingfromthe
superpositionofallpossibletypesofinitialQTsolutions(i.e. uncoupled,membrane-
bendinghomogeneousorquasi-homogeneous). Moreover,intheprocedure,nosimplifying
hypothesiswereadopted,sothatthecriteriaarecompletelygeneral. Theyexpressthe
requirementsontheinitialsolutions,intermsoftotalnumberofpliesandnumberofplies
perorientationgroups,inordertoobtainquasi-trivialityofthemacro-sequence.
Whilethedevelopmentofthesecriteriawasdrivenbythespecificneedsofthisstudy,

theymightrepresentpowerfultoolsabletobenefitlotsofdifferentapplications. The
potentialofQTstackingsequencesinlaminatedesignwashighlightedinChapter4.
However,itwasalsoexplainedhowdifficultitistoobtainsuchsequences,especiallyif
highnumberofpliesaredesired,duetocomputationallimitations.Thankstothecriteria
showninthischapter,suchlimitationscanbeshattered,andQTsolutionsofanydesired
numberofpliesmaybeobtained. Thiscouldbeparticularlyimportantforapplication
exploitingthincompositeplies,inwhichstackingsequenceswithextremelyhighnumber
ofpliesareneededtoreachtherequiredthickness.
Additionally,thecriteriaderivedinthischaptercouldallowforthedesignoflaminates

havingparticularproperties,thatmaybeotherwiseextremelydifficulttobeobtained.
Thisispossiblethankstothethoroughcontroloverelasticpropertiesthatisachieved
byusingQTstackingsequencesandthesuperpositioncriteria.Theresultspresentedin
Chapter6willbeastrikingexampleoftheseconsiderations.
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Chapter6

DesignofFully-Uncoupled
Multi-Directionalstackingsequences
fordelaminationspecimens

6.1 Introduction

Inthischapter,theconceptsandtheresultsobtainedinpreviouschaptersareexploited
todesignanewclassofMDlayupsfordelaminationspecimens.Theselayupsallowto
eliminateelasticcouplingsandundesiredthermaleffects(inclosed-formsolutioninthe
frameworkofCLPT)inallpartsofthespecimen. Moreover,anypairoforientationsof
thepliesembeddingthedelaminationplanecanbeobtained.Invirtueoftheirproperties,
thespecimensobtainedhavebeenlabelledFully-UncoupledMulti-Directional(FUMD).
InSection6.2,therequirementstodesignidealMDdelaminationspecimensaredis-

cussedandformalised. Elasticcouplings,thermaleffectsandthepossibilitytohave
differentdelaminationinterfacesarealldiscussed. Then,thestandardUDspecimenis
analysedinSection6.3. Thisallowstounderstandthecharacteristicsthatmakeitthe
idealspecimenfordelaminationtestingandtohaveareferencewhendesigningMDspec-
imens.
Section6.4presentsthedesignproceduretoobtainFUMDspecimensfordelamination

testing.Suchprocedurebeginswiththeselectionofappropriatelayupsforthespecimen
arms,thatcouldsatisfyalltherequirementsonthesetwoseparatedregionsofthespec-
imen.Then,amongthelayupsidentified,thosethatsatisfyalltherequirementsonthe
wholespecimenmustbechosen. Todothis,thesuperpositionrulesforQTsolutions
derivedinChapter5areused.Somefinalremarksendthechapter.

6.2 Designrequirementsfor MDdelaminationspec-

imens

AsexplainedinChapter3,delaminationtestingofMDspecimenisacomplextask.In
ordertodealwiththisissue,acarefuldesignoftheMDlayupstobeusedisrequired.
However,nowadays,nouniversalconsensusexistsonwhichmaybethebestlayupsfor
MDdelaminationspecimens;rather,variousauthorshaveproposeddifferentsolutions,
eachoneshowingsomeadvantagesandsomedrawbacks.
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InthissectiontherequirementstobesatisfiedtoobtainanoptimalMDdelamination
specimenarediscussedandformalised.Indetail,thisregards:

1.eliminationofelasticcouplings;

2.eliminationofundesiredthermaleffects;

3.possibilitytohavemultipletypesofdelaminationinterfaces.

6.2.1 Elasticcouplings

AsexplainedinChapter2,inMDlaminatesdifferenttypesofelasticcouplingsexist:

•in-plane/out-of-planecouplings,whicharerepresentedbyalltermsofmatrixB;

•extension/shearcouplings,representedbythetermsAxsandAys;

•bending/twistingcouplings,DxsandDys;

•theanticlasticeffect,representedbythetermDxy.

ThetermDxy,whichisoftenreferredtoasabending/bendingcoupling,isactuallyalittle
bitdifferentfromthecouplingsmentionedbefore.Indeed,whileallothercouplingsmay
bereducedtozeroforsomeparticularlayups(e.g.foraUDlayup),Dxycannotbezero.
Thisisduetothefactthatitisobtainedasthesumofstrictlypositiveterms,ascaneasily
beverifiedfromEqs.(2.121)and(2.122).Asalreadymentioned,thistermmeasuresthe
anticlasticeffectofthelaminate,whichisnotentirelydisposable.
Hence,inMDlaminates,theidealobjectivewouldbetoeliminateallthecouplingsand

toreducetheanticlasticeffect.Adelaminationspecimen,however,cannotbeconsidered
asasinglelaminate.Instead,threedifferentpartsofthespecimenmaybedistinguished:
itstwoarminthepre-delaminatedregion,andtheentirelaminateintheundelaminated
region.Couplingsshouldbeeliminatedfromalltheseparts[52].Itisimportanttoremem-
berthattheentirelaminateintheundelaminatedregionresultsfromthesuperpositionof
thetwoarms.Consequently,theycannotbeconsideredindependently.Furthermore,the
elasticpropertiesofthetwoarmsmustbeidenticalinordertoavoidundesiredrotations.

6.2.2 Thermaleffects

Similarlytoelasticcouplings,undesiredthermaleffectsaretypicalofMDlaminates.AUD
lamina,whensubjectedtoathermalvariationandfreetoexpand,willexpand/contract
alongitsprincipalmaterialdirections,accordingtoitsCTEs.Inthiscase,nothermal
stresseswillbeinducedinthelamina(here,weconsiderplylevelstressesonly;atalower
scalestresseswillbeintroduced,duetothedifferentthermalpropertiesoffibresand
matrix).
Ontheotherhand,when MDlayupsareused,thethermalexpansionproperties

ofthelaminatewilldependuponthestackingsequence. Thismayresultnotonlyin
anexpansionalongtworeferencedirections,butalsoinashearingdeformationandin
bendingandtwistingcurvaturesofthelaminate. Furthermore,inthiscase,pliesare
restrainedbytheirneighbouringplies,andwillthereforedevelopinternalstresses.
Laminatesareusuallyformedthroughacuringprocesswhichconsistsinapressureand

thermalcycle,whosecharacteristicsdependonthematerialsused. Generally,aperma-
nenceathightemperatureisrequired.Thelaminateisthusformedathightemperature
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andisthencooledtoroomtemperature. Therefore,thereexistsathermaldifference
T=T0−Tactintemperaturebetweentheforming,attemperatureT0,andtheoperating
conditions,attemperatureTact.Hence,duringcoolingfromT0toTactthelaminatemay
contract,deformanddevelopinternalresidualstresses.Theseeffectsmaybequantifiedif
thelaminateCTEsareknown.Inthefollowing,itisassumedthatbothheatingandcool-
ingphasesofcuringareperformedsufficientlyslow,andthatthelaminateisatathermal
equilibriumwithoutanyheatflowactingonit.Hence,nothermalgradientexistswithin
thelaminate.
Toformallydescribethissituation,wemayrecallEq.(2.133),whichdefinesthe

thermo-elasticbehaviourofalaminate. Duetotheabsenceofthermalgradients,Eq.
(2.133)iswrittenas:

N

M
=
hA h2

2
B

h2

2
B h3

12
D

0

χ
−T

hU

h2

2
V
. (6.1)

Byadditionallydefining:
N∗

M∗
=T

hU

h2

2
V
, (6.2)

wecanrewriteEq.(6.1)as:

N+N∗

M+M∗
=
hA h2

2
B

h2

2
B h3

12
D

0

χ
. (6.3)

Eq.(6.3)maybeinvertedtoobtain:

0

χ
=

1
h
A 2

h2
B

2
h2
BT 12

h3
D

N+N∗

M+M∗
, (6.4)

where,asalreadyseeninchapter2:

A=(A−3BD−1B)−1, (6.5)

B=−3ABD−1, (6.6)

D=(D−3BA−1B)−1. (6.7)

SubstitutingEq.(6.2)intoEq.(6.4)gives:

0

χ
=

1
h
A 2

h2
B

2
h2
BT 12

h3
D

N

M
+T

α

αχ
. (6.8)

InEq.(6.8),α andαχarethevectorsofin-planeandout-of-planeeffectivelaminate
CTEs,respectively.Theyquantifythelaminatethermally-induceddeformationperunit
temperaturevariationandareobtainedas:

α

αχ
=

1
h
A 2

h2
B

2
h2
BT 12

h3
D

hU

h2

2
V
. (6.9)

Hence,alaminatefreetoexpandandsubjectedtoatemperaturevariationTwillex-
pand/contractatitsmidplanewithstrainswhicharegivenby:

0=Tα, (6.10)
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anditwillbend/twistwiththermalcurvaturesgivenby:

χ=Tαχ. (6.11)

Inanidealsituation,shearingdeformationandbendingandtwistingcurvaturesshould
beavoided.Thistranslatesintohavingnullthirdcomponentofthevectorα andnull
vectorαχ. Whenconsideringdelaminationspecimens,thisconditionshouldbesatisfied
bybotharmsofthespecimenandbytheentirelaminateintheundelaminatedregionas
well.Inaddition,thesethreepartsofthespecimensshouldhaveidenticalCTEs[169,170].
Ifthisisnotthecase,complexstressstateswouldbegeneratedatthejunctionofthe
threeparts,i.e.atthedelaminationfront.

6.2.3 Interfacetype

Anotherimportantaspect,whendesigningMDdelaminationspecimens,isthepossibility
tohavethewidestpossiblevarietyofdelaminationinterfaces.Typesofinterfacestobe
consideredare:

•0◦//θ;

•θ//θ;

•θ//−θ;

•θ1//θ2.

Inaddition,alsothepossibilitytotestthestandard0◦//0◦interfaceusingMDlaminates
couldbeinteresting,inordertoassesstheeffects,ifany,ofparametersotherthanplies
orientationontheinterlaminarfracturetoughnessoftheinterface.
Havingthepossibilitytotestdifferenttypesofinterfacescomplicatestheresearchof

appropriateMDlayups.Certaintypeofinterface,forexample,excludethepossibilityto
usestandardlaminatedesignprinciples(e.g.symmetry,anti-symmetry)toobtainsome
desiredelasticproperties.

6.2.4 Summary

Tosumup,idealMDlayupsfordelaminationspecimensshouldofferthefollowingchar-
acteristics:

1.totalabsenceofelasticcouplings,inallpartsofthespecimen;

2.specimenarmswithidenticalelasticproperties;

3.absenceofthermally-inducedshearingdeformationand/orbendingandtwisting
curvatureduetothecuringprocess,inallpartsofthespecimen

4.identicalCTEsforallpartsofthespecimen;

5.possibilitytohaveasmanydifferentdelaminationinterfacesaspossible.
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6.3 PortraitoftheUDspecimen

AsexplainedinChapter3,thescopeofstandarddelaminationtestsis,stilltoday,limited
toUDspecimens[49,50,51].Thisreflectsthefactthatmostoftheexperiencegained
duringroundrobintestingwasonUDspecimens[72,76,77,78,79],whichinturnwas
aconsequenceofearlyobservationsofdelaminationmigrationinspecimenshavingoff-
axispliesembeddingthedelaminationplane[43,89]. However,thesuccessoftheUD
delaminationspecimenisnotonlyduetothis,butitdependsalsoonitspeculiarlysimple
thermo-elasticbehaviour,asexplainedinthissection.

6.3.1 Elasticcouplings

ForaUDlaminatehavingitsprincipalmaterialdirectionsalignedwiththoseofthe
adoptedlaminatereferenceframe,fromEqs.(2.118)and(2.121)itisimmediatelyfound
that:

A=D=[Q], (6.12)

where[Q]isthereducedstiffnessmatrixofthebasiclaminainitsmaterialreference
frame:

[Q]=




Q11 Q12 0
Q12 Q22 0
0 0 Q66



. (6.13)

Inotherwords,thenormalisedmembraneandbendingstiffnessmatricesareidentical,and
inadditiontheyareequaltothereducedstiffnessmatrixofthebasicply.Consequently,
Axs=Ays=Dxs=Dys=0:noshear/extensionnorbending/twistingcouplingsexist.
Furthermore,fromEq.(2.119)itfollowsthatforaUDlaminate:

B=0, (6.14)

meaningthatnomembrane/bendingcouplingexist.Tosumup,aUDlaminateiscom-
pletelyfreefromelasticcouplings.
IfaUDdelaminationspecimenisconsidered,thepreviousconsiderationsmaybe

appliedtoallitsparts:thespecimeniscompletelyuncoupled.

6.3.2 Thermaleffects

Fromathermo-elasticpointofview,fromEq.(2.138),itiseasytoseethatforaUD
laminate:

V=0, (6.15)

whilefromEq.(2.137)itfollows:

U=[Q]{α}=




Q11 Q12 0
Q12 Q22 0
0 0 Q66










α1
α2
0





=






Q11α1+Q12α2
Q12α1+Q22α2

0





. (6.16)

SinceB=0,Eqs.(6.5)-(6.7)reduceto:

A=A−1, (6.17)

B=0, (6.18)

D=D−1. (6.19)
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ThefactthatV =0togetherwithEq.(6.18)isalreadysufficienttoconcludefrom
Eq.(6.9)thattheout-of-planeCTEsareidenticallynull,αχ=0. Withrespecttothe
in-planeCTEs,fromEq.(6.9)itfollows:

α = 1
h
A hU. (6.20)

FromEqs.(6.17)and(6.19)itfollowsthatmatricesAandDhavethesamesymmetries
asmatricesAandD,respectively:theyareorthotropicaswell.SinceAisorthotropic
andvectorUhasidenticallynullthirdcomponent,thenalsoα hasidenticallynullthird
component.Hence,aUDlaminatethatundergoesatemperaturevariationwillnotshow
thermallyinducedsheardeformationnorbendingandtwistingcurvatures.
Onceagain,allthepreviousconsiderationsmaybeappliedtoallthethreepartsof

aUDdelaminationspecimen. Hence,aUDdelaminationspecimenallowstoprevent
undesiredthermaleffects.

6.3.3 Interfacetype

Whenitcomestothetypesofinterfacethatmaybetested,theUDspecimenisobviously
limitedtothestandard0◦//0◦one.TestingaUDspecimenwithfibreswithananglewith
respecttothelongitudinaldirectionofthespecimenwouldallowtotestθ//θdelamination
interfaces.Inthatcase,however,allthepreviousconsiderationswouldnotapply,and
thespecimenwouldshowadifferentthermo-elasticbehaviourintheadoptedlaminate
referenceframe.

6.4 Fully-Uncoupled Multi-Directionalspecimende-

sign

Inthisstudy,inordertoobtainMDlayupsfordelaminationspecimensabletosatisfythe
requirementssummarizedinSubsection6.2.4,QTsolutionsobtainedinChapter4and
theirsuperpositionrulesobtainedinChapter5areexploited.Thestrategyproposedis
composedoftwoconsecutivesteps:

1.AmongQTsolutions,sequencesabletosatisfyallrequirementsforeachoneofthe
twoarmsofthespecimenaresearched;

2.Amongthesequencesfoundinthefirststep,thosethatsuperposedgiveamacro-
sequencesatisfyingalltherequirementsareeventuallychosen.

Thewholeprocedureisdetailedinthefollowingsubsections.

6.4.1 Specimenarmsdesign

Thefirststepofthedesignprocessconsistsintheselectionofappropriatestackingse-
quencesforeachofthetwoseparatearmsofthespecimenexistinginitspredelaminated
region.
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Elasticcouplings

Suppressionofin-plane/out-ofplaneelasticcouplings,i.e. B =0,iseasilyobtained
byrestrictingthesearchofanappropriatelayuptothesetofuncoupledQTsolutions.
AsshowninChapter4,thesetofuncoupledQTsolutionsismuchwiderthanthatof
symmetriclayups,whichcouldhaverepresentedanotherpossiblechoice.
Next,extension/shearcouplings(termsAxsandAys)andbending/twistingcouplings

(termsDxsandDys)havetobeeliminated,meaningorthotropicmatricesAandDmust
beobtained. Membraneorthotropymaybeobtainedusingdifferentapproaches:

1.balancedlayups,i.e.sequencesinwhichforeachplyorientedatθ,anotherone
orientedat−θexists. Angle-plyandantisymmetriclayupsareparticularcasesof
balancedones;

2.cross-plylayups,i.e.sequencescontainingonly0◦and90◦orientedplies;

3. WerrenandNorrislayups.

Amongtheseoptions,thatofbalancedlayupsisthemostinterestingone.Indeed,both
cross-plyandWerrenandNorrislayupsareextremelyrestrictiveintermsofdesignspace.
Moreover,itisimportanttorememberthatabalancedlaminatecontainingalsoplieswith
0◦and90◦orientationswillstillhaveorthotropicmatrixA.Thisisbecauseplieswith
suchorientationshavetheirorthotropyaxesorientedparalleltothelaminatereference
axes.
Ontheotherhand,bendingorthotropyismuchhardertoobtain.Ifstandardap-

proachesareconsidered,anti-symmetricandcross-plylayupscouldbeused. Abetter
approach,resultinginamuchwiderdesignspace,istoadoptQTquasi-homogeneous
solutions.Indeed,forthesesequencesA=D,andhencemembraneorthotropy(Axs=
Ays=0)impliesalsobendingorthotropy(Dxs=Dys=0).
Tosumup,toeliminatemembrane/bending,extension/shearandbending/twisting

couplingstheresearchoflayupshastoberestrictedtoQTquasi-homogeneoussolutions
and,amongthem,tothoseallowingtoobtainabalancedlaminate,thatmayormay
not,dependingondesignchoices,include0◦and90◦orientedplies.Hence,solutionwith
anynumberoforientationgroupsmaybeused. Additionally,ifm̄ isthenumberof
orientationschosen,solutionswithmoreorientationgroups,m>m̄,maybeusedtooby
enforcingtwoormoreorientationgroupstobeequal.

Thermaleffects

Besideeliminationofelasticcouplings,thermalpropertiesofthesequencesselectedmust
beevaluated.Thedesignchoicesmadeuptonowhavesomeextremelyinterestingcon-
sequences.
First,sincethesequencesareQTquasi-homogeneous,itimmediatelyfollowsfromEq.

(2.138)thattheyhaveV=0. Ontheotherhand,thegeneralexpressionforvectorU
wasgiveninChapter2,Eq.(2.137):

U=
1

n

n

k=1

Q(δk)α(δk), (6.21)
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Foraplyinitsmaterialreferenceframe(x1,x2,x3)thereducedstiffnessmatrix,[Q],and
thevectorofCTEs,{α},aregivenby:

[Q]=




Q11 Q12 0
Q12 Q22 0
0 0 Q66



, (6.22)

{α}=






α1
α2
0





. (6.23)

Whenpliesarerotatedofanangle δkwithrespecttothelaminatereferenceframe,their
reducedstiffnessmatrix,Q(δk),andvectorofCTEs,α(δk),arefoundasfollows:

Q(δk)=[R(δk)][Q][R(δk)]
T=




Qxx Qxy Qxs
Qxy Qyy Qys
Qxs Qys Qss



, (6.24)

α(δk)=[R(δk)]{α}=






αx
αy
αs





, (6.25)

where[R(δk)]isarotationmatrixthatisobtainedfromthecompleterotationmatrix[R]
definedinEq.(2.51)consideringonlythosecomponentsrelevanttotheplanestresscase
consideredhere.Inparticular,bydefining:

c=cos(δk), s=sin(δk), (6.26)

matrix[R(δk)]isexpressed,usingKelvin’snotation,asfollows:

[R(δk)]=




c2 s2

√
2cs

s2 c2 −
√
2cs

−
√
2cs

√
2cs c2−s2



. (6.27)

Thus,usingEqs.(6.24)and(6.25),theproducttermwithinthesuminEq.(6.21)is
givenby:

Q(δk)α(δk)=




Qxx Qxy Qxs
Qxy Qyy Qys
Qxs Qys Qss










αx
αy
αs





=






Qxxαx+Qxyαy+Qxsαs
Qxyαx+Qyyαy+Qysαs
Qxsαx+Qysαy+Qssαs





(6.28)

Forplieswithδk=0
◦orδk=90

◦,itholdsQxs=Qys=0andαs=0.Consequently,
thesepliesdonotcontributetothethirdcomponentofthevectorU.Forpliesatanangle
δk,thecomponentsofthereducedstiffnessmatrixinthelaminatereferenceframeare
obtainedfromEqs.(6.24)and(6.27)as:

Qxx=c
4Q11+2c

2s2(Q12+Q66)+s
4Q22,

Qxs=−
√
2c3sQ11+

√
2cs(c2−s2)(Q12+Q16)+

√
2cs3Q22,

Qyy=s
4Q11+2c

2s2(Q12+Q66)+c
4Q22,

Qys=−
√
2cs3Q11+

√
2cs(s2−c2)(Q12+Q16)+

√
2c3sQ22,

Qxy=c
2s2(Q11−2Q66+Q22)+(s

4+c4)Q12,

Qss=2c
2s2(Q11+Q22−2Q12)+(c

2−s2)2Q66,

(6.29)
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andthoseofthevectorofCTEsareobtainedfromEqs.(6.25)and(6.27)as:

αx=c
2α1+s

2α2,

αy=s
2α1+c

2α2,

αs=
√
2cs(α2−α1).

(6.30)

Hence,usingEqs.(6.29)and(6.30),thefollowingrelationshipsareobtained:

Qxx(−δk)= Qxx(δk),

Qxs(−δk)=−Qxs(δk),

Qyy(−δk)= Qyy(δk),

Qys(−δk)=−Qys(δk),

Qxy(−δk)= Qxy(δk),

Qss(−δk)= Qss(δk),

(6.31)

αx(−δk)= αx(δk),

αy(−δk)= αx(δk),

αs(−δk)=−αx(δk).

(6.32)

UsingEqs.(6.31)and(6.32)inEq.(6.28)itisfoundthatplieshavingoppositeori-
entations,δkand−δk,giveoppositecontributestothethirdcomponentofvectorU.
Consequently,forthestackingsequencesselected(balancedandpossiblycontaining0◦

and90◦orientedplies),thethirdcomponentofvectorUisidenticallynull.
Sincethelaminatesareuncoupled,similarlytowhathappensforUDones,Eqs.(6.5)-

(6.7)reduceto:

A=A−1, (6.33)

B=0, (6.34)

D=D−1. (6.35)

Therefore,similarconclusionstothoseobtainedforUDlaminatesholdforthiscase:since
V=0andB=0,Eq.(6.34),fromEq.(6.9)itfollowsthattheout-of-planeCTEsare
identicallynull,αχ=0.Additionally,fromEqs.(6.33)and(6.35)itfollowsthatmatrices
AandDhavethesamesymmetriesasmatricesAandD,respectively.Sincematrices
AandDareorthotropicforthesequencesdesigneduptonow,matricesAandDare
orthotropicaswell.Thein-planeCTEsofthelaminatemaythenbeobtainedfromEq.
(6.9)as:

α = 1
h
A hU. (6.36)

SinceAisorthotropicandvectorUhasidenticallynullthirdcomponent,thenalsoα
hasidenticallynullthirdcomponent.
Tosumup,forlaminatesobtainedusingthelayupsselecteduptonow,thecuring

processwillnotcausethermally-inducedshearingdeformationorbending/twistingcur-
vatures.
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Interfacetype

Atthisstage,norestrictionshavebeenappliedonorientationsthatmaybeused.Theonly
conditiontoberespectedisthatthelayupbebalanced.Thankstothis,andtothefact
thatQTsolutionspreservetheirthermo-elasticpropertiesregardlessoftheorientation
valueschosen,thelaminatesdesigneduptonowallowtousealldesiredplyorientations.

6.4.2 Completespecimendesign

InSubsection6.4.1,itwasshownhowitispossibletodesignoptimallayupsforthearms
ofa MDdelaminationspecimen. Thelaminatesobtainedattheendoftheprocedure
satisfyalltherequirementsexplainedinSection6.2. Theirmacro-scalethermo-elastic
behaviouris,inclosed-formsolutionintheframeworkofCLPT,identicaltothatofaUD
laminate,asiftheywereUDlaminatesmadeofadifferentmaterial.
Atthispoint,however,thesamepropertiesaresoughtfortheentirespecimenlaminate,

whichofcourseresultsfromthesuperpositionofthoseusedforitsarms.Itwouldbe
extremelyhelpfultoexploitthesameprinciplesadoptedforthearmlayupdesign.This,
however,requiresthattheentirespecimenlayupbeaQTsolution.
Forthisreason,superpositionrulesdevelopedinChapter5areexploited. Thearm

layupswereobtainedusingQTquasi-homogeneoussolutions.Inorderforthelayupofthe
entirespecimentobeaQTquasi-homogeneoussolutions,thesequencesusedforthearm
layupshavetocomplytothesuperpositionrulefortwoQTquasi-homogeneoussolutions,
Eq.(5.59).AsexplainedinChapter5,Eq.(5.59)issatisfiedif:

n1nG(2)j
−n2nG(1)j

=0; j=1,...,m∗; (6.37)

whereniandnG(i)j
(i=1,2)arerespectivelythetotalnumberofpliesandthenumberof

pliesbelongingtothej-thorientationgroupofthei-thsequence.
Inthisparticularcase,theobjectiveistodesigndelaminationspecimenwithastan-

dardgeometry,inwhichthetwoarmshavethesamethickness,andthusthesamenumber
ofplies:

n1=n2. (6.38)

Therefore,Eq.(6.37)reducesto:

n
G
(2)
j
=n

G
(1)
j
; j=1,...,m∗. (6.39)

Inotherwords,itissufficientthatthetwosuperposedsequenceshavethesamenumber
ofpliesforeachorientationgroup:thisisanextremelyeasyconditiontobemet,dueto
theveryparticularcaseconsidered.Ifcondition(6.39)isrespectedwhenselectingthe
armlayup,thefollowingresultsareobtained.

Equalbehaviourofarmlaminates

ByvirtueofEq.(6.39),thetwosequencesusedforthespecimenarmswillhaveidentical
propertiesintermsofmatrixA;also,thankstotheirquasi-homogeneity,theywillhave
identicalmatricesBandD.ThesameistruewithrespecttovectorsU andV and
consequentlyalsofortheCTEsvectorsα andαχ. Thus,byimposingthattheentire
layupisaQTquasi-homogeneoussolutions,therequirementonthespecimenarmsof
havingidenticalelasticandthermalpropertiesisautomaticallysatisfied.
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Thermo-elasticbehaviourofthecompletespecimen

TheentirelayupobtainedwiththeproposedapproachisaQTquasi-homogeneoussolu-
tion. Therefore,itisfreefrommembrane-bendingcouplings,B=0,andhenceithas
V=0aswell.
Moreover,sincethetwolayupsusedforthearmsarebalanced,thecompletelayupwill

bebalancedtoo. Consequently,membraneorthotropyisobtained. Byvirtueofquasi-
homogeneity,bendingorthotropyisobtainedaswell.Inotherwords,extension/shearing
couplingsandbending/twistingcouplingshavebeeneliminatedfromthecompletespeci-
men,Axs=Ays=Dxs=Dys=0.
FollowingthesameprocessshowninSubsection6.4.1,itcanbedemonstratedthat

thecompletespecimenhasnullthirdcomponentofthein-planeCTEsvectorα andnull
out-of-planeCTEsvectorαχ.
Furthermore,becauseofEq.(6.39),thecompletelayupwillcontainthesameper-

centageofpliespereachorientationasthearmlayups.Asaconsequence,thecomplete
layupwillhavenormalisedelasticmatricesA,BandDidenticaltothoseofitsarms,
andthesameistrueforitsCTEsvectorsα andαχ.

Interfacetype

Thedesignprocedureofthecompletespecimenandofitsarmshasnoconstraintson
theorientationsthatmaybeusedinthelayups.Indeed,notonlymultipledifferentQT
quasi-homogeneoussolutionsmaybeusedtodesignthespecimenarms,butalso,each
layupadoptedallowtochoosefreelypliesorientationangles.Itisthuspossibletoobtain
interfaceofanytype:

•0◦//θ;

•θ//θ;

•θ//−θ;

•θ1//θ2;

whereθ,θ1andθ2mayassumeanydesiredvalue.

6.5 Concludingremarks

Inthischapter,theproblemofthedesignofMDlayupsfordelaminationspecimenswas
tackled. Firstlythedesignrequirementswereformalised. Then,thankstotheresults
obtainedinChapters4and5,QTsolutionsandtheirsuperpositionruleshavebeen
exploitedtotryandachievesuchdesigngoals.Itwasshownhow,byanappropriate
selectionofthesequencesitispossibletodesignFUMDlayups.Theselayupsallowto
obtaindelaminationspecimenswhicharecompletelyfreefromelasticcouplingsinalltheir
partsandallowtoavoidundesiredthermaleffects.Inotherwords,theirthermoelastic
behaviourcloselymimicsthatofUDspecimens.Itisimportanttoremarkthegeneralityof
theresultobtained:withthisstrategyalotofdifferentFUMDlayupsmaybegenerated.
Moreover,thankstothefactthatQTsolutionsareused,pliesorientationscanbechosen
freely,thusallowingtotestanydesireddelaminationinterface.
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Hence,FUMDdelaminationspecimenscombineanoptimalthermoelasticbehaviour
withagreatflexibility.Forthesereasonstheymaybepotentialcandidatesforastandard-
isationofinterlaminarfracturetoughnessofMDlaminates.Forthistohappen,however,
furtherresearchisrequired.PartIIIofthemanuscriptwillpresentthepreliminarystudies
performedinthecontextofthisthesistoobtainafirstassessmentofFUMDdelamination
specimens.
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PartIII

AssessmentofFully-Uncoupled
Multi-Directionalstackingsequences

fordelaminationtests
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Chapter7

FiniteElementsassessment

7.1 Introduction

Inthischapter,inordertoassessthesuitabilityofFUMDlayupsfordelaminationspeci-
mens,oneexampleofFUMDsequenceisdesignedandcomparedwithotherMDlayups.
Suchlayupsareselectedfromrelevantliteratureaboutdelaminationin MDlaminates
and,wherenecessary,adaptedinordertomakethecomparisonasmeaningfulaspossi-
ble.Theyaredescribed,alongwiththeFUMDlayupdesigned,inSection7.2.Firstly,in
Section7.3,thethermo-elasticpropertiesofallthesequencesareanalysedindepth.In
particular,propertiesofboththearmsandoftheentirespecimenareevaluated.Then,
acomparisonintermsofERRdistributionsandmodalpartition,undermodeIload-
ingconditions,isdetailedinSection7.4.Forsuchcomparison,FEmodelsofDCBMD
specimensusingtheconsideredlayupshavebeendeveloped. Bymeansofthesemod-
els,theERRdistributionsandmodalpartitionshavebeenobtainedusingthestandard
VCCT.However,duetosomeinconsistenciesappearing,arevisedstate-of-the-artVCCT
formulationhasbeenusedtodouble-checktheresults.

7.2 Selectedlayups

InordertoassesstheeffectivenessoftheFUMDdelaminationspecimendesign,acom-
parisonwithotherpossibledesignsofMDdelaminationspecimenissought.
Forthisreason,theprinciplesestablishedinChapter6wereusedtodesignoneFUMD

layup. QTquasi-homogeneoussolutionswithatotalnumberofpliesofn=14and
withthreeorientationgroupswereadopted. Thisallowedtousethefollowingthree
orientations:0◦,45◦and-45◦.TheQTsolutionsforthespecimenarmswerechosensothat
a0◦//45◦delaminationinterfacewasobtained. Tworeasonsdictatedthischoice:first,
suchinterfaceisverycommoninpracticalapplications,andsecond,existingliterature
offerssomepossiblelayupstobeusedinthiscomparison.ThecompleteFUMDlayup,
withn=28isreportedinTable7.1,underthelabelFUMD.
Inordertosetupameaningfulcomparison,otherlayupshavingthesamedelamination

interfaceastheFUMDoneandaasimilarnumberofplieswereconsidered.Theyareall
reportedinTable7.1.Suchlayupswereadaptedortakendirectlyfromrelevantliterature
ondelaminationinMDlaminates.Inmoredetail:

1.DeM:thislayupwasproposedinthisexactformin[141].BymeansofFEanalyses,
itwasverifiedthatitcouldbeanidealsequenceforDCBdelaminationspecimens;
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Label Stackingsequence Ddownxx /Dupxx/Dxx[GPa]

UD [014//014] 113,8/113,8/113,8

FUMD [0/45/-45/-45/0/45/0/0/45/0/-45/-45/45/0// 69,46/69,46/69,46
45/0/-45/0/0/-45/-45/45/45/0/0/45/0/-45]

DeM [(0/∓45)4//(0/∓45)4] 62,79/62,79/62,25

QUD [014//45/013] 113,8/99,41/113,8

Sun [014//45/012/−45] 113,8/85,06/106,0

Seb [012//45/−45/08/−45/45] 113,8/59,20/97,26

LiY [014//45/−45/012] 113,8/89,13/113,7

Table7.1:Stackingsequencesadoptedforthecomparativestudy.

2.QUD:thislabelstandsforQuasi-UniDirectional.Theconceptbehindthislayup,
indeed,isanattempttoreproduceascloselyaspossiblethebehaviourofaUD
specimenbyintroducingonlyoneoff-axisply,whichistheminimumtohavethe
desiredMDdelaminationinterface. Withagenericorientationfortheoff-axisply,
thislayupwouldbe[0n//θ/0n−1].ItwasusedforDCBtests,withn=10and
θ=90◦,in[171].Later,itwassuggestedforENFtestsaswell[109];

3.Sun:thislayupwassuggestedbySunandZheng[152].Inparticular,aftereval-
uationofseverallayups,theysuggestedthesequence[−θ1/0n/θ1//θ2/0n/−θ2]for
testingdelaminationinterfacesofthetypeθ1//θ2.Thisgenericsequencereducesto
thelayupinTable7.1whenchoosingθ1=0

◦andθ2=45
◦;

4.Seb:thislayupwasproposedinthegeneralform[(θ1/−θ1/04)s//(θ2/−θ2/04)s]in
[122],totestinterfacesofthetypeθ1//θ2.Themainobjectiveoftheauthorswas
tofindMDlayupsthatcouldavoiddelaminationjump.Thisparticularone,with
θ1=45

◦andθ2=−45
◦,provedfeasibleinnumericalanalysesandwasthenused

inactualDCBtestsin[125].Toconformtheselecteddelaminationinterface,this
layupwasusedsettingθ1=0

◦andθ2=45
◦;

5.LiY:thislayupwasproposedintheform[010//±θ/08]in[171],whereitwasused
withθ=30◦and60◦forDCBtests.Here,θ=45◦andahighernumberof0◦plies
wasused.

InordertocomparethesequencesofTable7.1,typicalmaterialpropertiesofacar-
bon/epoxyUDlaminahavebeenused;asreportedinTable7.2. Clearly,theelastic

E11[GPa] E22[GPa] G12[GPa] ν12 ν23 α1[K
−1] α2[K

−1] tply[mm]

112.7 10.35 3.5 0.32 0.42 −0.04·10−6 18.0·10−6 0.125

Table7.2:Representativeelasticpropertiesofacarbon/epoxyUDlamina.

propertiesofthespecimensobtainedwiththelayupsofTable7.1aredifferent. Con-
sequently,theDxxterms,whicharerelatedtothebendingstiffnessinthelongitudinal
directionofthespecimen,foreachspecimenandbothitsarms(Ddownxx andDupxx)are
reportedasareferenceinTable7.1.
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7.3 Comparisonofthermo-elasticproperties

Tables7.3-7.5showasynthesisofthethermo-elasticpropertiesobtainedforeachspec-
imen.Superscriptsupanddownareusedtorefertoquantitiescomputedfortheupper
andthelowerarmofthespecimen,respectively. ParametersDcandBtareevaluated
accordingtotheirdefinition,Eqs.(3.5)and(3.6)respectively;thestiffnessmatricesA,
B,CandDarecomputedaccordingtoCLPT,Eqs.(2.118)-(2.121);theCTEsα and
αχareobtainedaccordingtoEq.(6.9).

UD FUMD DeM QUD Sun Seb LiY

Ddownc 0.0094 0.19 0.24 0.0094 0.0094 0.0094 0.0094

Bdownt 0 0 0.011 0 0 0 0

Bdown=0 X

Cdown=0 X

αdown,s =0 X

αdownχ =0 X

Table7.3:Elasticpropertiesofthelowerarmsequences.

Table7.3isrelativetothelowerarmofthespecimen.ItreportsparametersDdownc

andBdownt ,twolinesindicatingwhetherthelaminateadoptedforthisarmisuncoupled
(Bdown=0)and/orwhetheritismembrane-bendinghomogeneous(Cdown=0),andtwo
morelinesindicatingwhetheranullshearingCTEisobtained(αdown,s =0)andwhether
nullout-of-planeCTEsareobtained(αdownχ =0).Itmaybeobservedthatinthecases
ofsequencesQUD,Sun,SebandLiYpropertiesidenticaltothoseoftheUDoneare
obtained. Thiswastobeexpected,sincethelowerarmofthesesequencesisindeeda
UDlaminate. ThelowerarmlaminateofsequenceFUMD,whilebeing MD,isable
toreproducecorrectlythebehaviourofaUDone:itshowsnullBdownt ,uncoupledand
membrane-bendinghomogeneousbehaviourandnullshearingandout-of-planeCTEs.It
yieldsanhighervalueofDdownc ,duetothepresenceofmanyoff-axisplies.

UD FUMD DeM QUD Sun Seb LiY

Dupc 0.0094 0.19 0.24 0.044 0.098 0.27 0.081

Bupt 0 0 0.011 0.048 0 0.061 0.015

Bup=0 X X X X

Cup=0 X X X X X

αup,s=0 X X X

αupχ =0 X X X X

Table7.4:Elasticpropertiesoftheupperarmsequences.

Table7.4hasthesamestructureasTable7.3,butreferstothelaminatesconstituting
theupperarmofthespecimens.Inthiscase,sinceallthelaminatesinvolvedareMD,
thesituationisquitedifferent.SequenceSunshowsnullBupt andα

up
,sandistherefore
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abletoavoidbending/twistingcouplingandthermalshearingdeformationsinitsupper
arm. However,itisnotuncouplednormembrane-bendinghomogeneous,andhasnon-
nullout-of-planeCTEs.SequenceSebisabletoeliminatebothshearingandoutofplane
CTEsinitsupperarm,whichisalsouncoupled.HoweverithasnonnullBupt,andmay
thussuffertheeffectsofbending/twistingcouplings.SequenceFUMDistheonlyoneto
beabletoqualitativelyreproducethebehaviourobtainedwiththeUDone:theupper
armlaminatehasnullBupt andisuncoupledandmembrane-bendinghomogeneous;its
shearingandout-of-planecoefficientsareidenticallynull. Onceagain,anhigherDcis
observedwithrespecttotheUDspecimen,duetothepresenceofoff-axisplies.
Finally,Table7.5referstothecompletespecimensobtainedwiththelayupsofTable

7.1.OntopofthesamethermoelasticpropertiesshowninTables7.3and7.4,sixaddi-
tionallinesareincluded.Fourassesstheequalityofthestiffnessmatricesoflaminates
oftheupperandlowerarms;differencesinsuchmatricesareassociatedwithastiffness
asymmetryinthespecimen,whichmayleadtoparasitemodescontributionsduringde-
laminationtests,andundesiredrotations.Theremainingtwolinesassesstheequalityof
CTEsinallregionsofthespecimen.TheresultsinTable7.5showaninterestingscenario.

UD FUMD DeM QUD Sun Seb LiY

Dc 0.0094 0.19 0.25 0.0094 0.025 0.051 0.0096

Bt 0 0 0.0029 4.1e-05 0.024 0.0046 0.00025

B=0 X X X X X

C=0 X X X X X

Aup=Adown X X X X

Bup=Bdown X X X

Cup=Cdown X X X X

Dup=Ddown X X X X

α,s=0 X X X X X

αχ=0 X X X X X

αdown=αup=α X X X X X

αdownχ =αupχ =αχ X X X X X

Table7.5:Elasticpropertiesofentiresequences.

Sequencesinwhichthenumberof0◦orientedpliesisdominant(i.e.QUD,Sun,Seband
LiY),whilebeingabletoyieldthelowestvaluesofDc,arethosethatworsereproducethe
behaviouroftheUDspecimenwhenitcomestocouplings,similitudeofarmsbehaviour
andthermalproperties.SequenceDeM,ontheotherhand,hasanhighvalueofDcand
isnotuncoupled,butyieldsidenticalstiffnessmatricesforitsarms.Eventually,sequence
FUMDistheonlyonetobeabletocompletelyreproducethebehaviouroftheUDone,
intermsofbothelasticcouplingsandthermalproperties.
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7.4 FiniteElementanalyses

Intherelevantliterature,astandardpracticetoqualitativelyassessthesuitabilityofMD
layupsfordelaminationspecimensistheuseofcrackclosuretechniques,andinparticular
ofVCCT,toevaluateERRdistributionalongthewidthofthespecimen[53,57,58,
122,141,172].AsexplainedinChapter3,flatandsymmetricdistributionsaredesired.
MoreoveritisimportanttoevaluatetheERRpartition,inordertoqualitativelyassess
ifparasitemodalcontributionsarelikelytobepresent.Theyshouldbeavoidedasmuch
aspossible. TheuseofVCCTallowstoobtainbothERRdistributionandpartition,
andhencetoobservetheeffectsofthespecimenlayuponsuchaspects.Thus,sequences
yieldingthebestresultscanbescreenedandusedforactualexperimentaltesting.
InordertoperformERRdistributionandmodalpartitioncomputationusingthe

VCCT,adetailedFEmodelwasdeveloped.Itwasusedtoassessthequalitiesofthe
FUMDlayuppresentedandtocompareitwiththeotherlayupsofTable7.1.

7.4.1 Modeldescription

ThecommercialFEsoftwareAbaquswasusedtodevelopthemodeloftheDCBspecimen.
Inparticular,aseriesofPythoncodedscriptsweredevelopedtoautomatethegeneration
ofthemodelandmakeitcompletelyparametric.

Figure7.1:DetailoftheregionssubdivisionoftheDCBFEmodel.

TheDCBspecimenmodelledis150mmlong,25mmwide,andhasapre-delaminated
regionof50mm.Themodeliscreateddefiningthreeregions,asseeninFig.7.1:

1.anarmregion,representingthespecimenarmsinthepre-delaminatedregion.Itis
toremarkthatthisregiondoesnotincludethearmsuptodelaminationfront,but
endsbefore;

2.afrontregion,thatisbuiltaroundthelocationoftheinitialdelaminationfront.
Thisregionthusincludestheremainingportionofthearmsinthedelaminated
regionandpartofthespecimeninitsundelaminatedregion;

3.arootregion,representingtheremainingportionoftheundelaminatedregionofthe
specimen.
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Thispartitionreflectsdifferentmodellingneedsinthedifferentregions.Thefrontregion
isthatofgreatestinterestintheentiremodel. Here,theadoptedmeshhastobeex-
tremelyfine.Thisistruebothconcerningthein-planedimensionsoftheelements,which
areoffundamentalimportanceinobtainingmeaningfulresultsusingVCCT,andthe
numberofelementsinthethicknessdirection,whichisextremelyimportanttocapture
theeffectsofthelayup.Forthesereasons,thisregionwasmodelledusingfully-integrated
eight-node3Dsolidelements(C3D8)andaply-by-plyrefinement,i.e.eachplyofthe
laminateisrepresentedwithanelementthroughthethickness. Accordingly,eachlayer
ofelementswasassignedamaterialorientationcorrespondingtotheorientationofthe
plyitrepresented.TheelasticpropertiesalreadypresentedinTable7.2wereused,anda
transversallyisotropicbehaviouroftheplywasassumed.
Thearmandrootregions,ontheotherhand,areareasoflowerinterest.Therefore,

theyhavebeenmodelledusingeight-nodereducedintegrationcontinuumshellelements
(SC8R).Theseelementsareparticularlysuitedtocapturethebendingbehaviouroflami-
nateswhilebeingextremelycomputationallyefficient.Furthermore,withrespecttoclas-
sicalshellelements,theirthree-dimensionalgeometryallowstousethemalongwithsolid
elementswithouttheneedofshell-to-solidmeshcouplings.Intheseparts,thenumberof
elementsinthethicknesswasautomaticallyadjustedbythePythonscriptgeneratingthe
parts,basedonthetotalnumberofpliesinthethicknessandonthedesirednumberof
plieswithineachelement.Thematerialpropertiesinthiscaseareassignedbymeansof
theAbaquscompositelayupfeature.Itisworthmentioningthat,usingthisfeature,the
softwareassignstheentirelayupdefinedtoalllayersofelementsinthethicknessdirec-
tionoftheselectedregion.So,unlessonesingleelementslayerisusedinthethickness,
separatecompositelayups(comprehensiveonlyofapartoftheentirelayup)needtobe
definedandassignedtoeachelementslayerinthethicknessinordertoobtainthecorrect
overallstackingsequence.Inthepresentstudy,thistaskisautomaticallymanagedbythe
Pythongenerationscripts.Thepartsconstitutingthearmandfrontregionsarejoined
tothatofthefrontregionbymeansofTieconstraints.

Figure7.2:DetailofthemeshandofthemainfeaturesoftheDCBFEmodel.
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Severalmeshtransitionswereusedinthemodelstoobtainthedesiredmeshsizes,as
canbeseeninFig.7.2.Theyarenotobtainedbyjoiningdifferentpartsinthemodel,but
rathergeometricallydefinedwithineachpart.Thisallowstoobtainmeshcontinuityusing
nootherelementsbuthexaedralones. Thenumberandpositionofthetransitionmay
bechosenasinputstothescriptsgeneratingthemodels,andtheircreationiscompletely
automated.Thisallowstoobtainanextremerefinementinthevicinityofthefrontanda
coarsermeshinthefartherregions,whilehavingthesmoothesttransitionpossible.Thus,
greataccuracyisachievedatcrackfront,whilecomputationalcostsremainaffordable.
Inthefrontregion,andinparticularinthevicinityofthedelaminationfront,wherethe

armsofthespecimenareseparated,contactbetweenthemismodelledusingahardcontact
pressure-overclosurerelationshipwithdirectenforcementmethod,i.e.nointerpenetration
atallisallowedbetweenthespecimenarms.Thischoicewastheresultofseveralanalysis
trialsinwhichitwasobservedthat,ifcontactwasnotmodelledorifitwasmodelled
withlessrestrictivetechniques,interpenetrationofthespecimenarmshappenedcloseto
thedelaminationfrontandtothespecimensedges.Thiswasfoundtoprofoundlyaffect
ERRdistributionsinthesezones,andshouldbethereforeavoided. Additionally,when
usingthehardcontactpressure-overclosurerelationshipwithdirectenforcementmethod,
itwasfoundthatacertaindegreeofmeshrefinementinthefrontregionwasrequiredin
ordertoavoidcontactconvergenceissues.
TosimulatetheopeningconditionobservedduringamodeIDCBtest,adynamic

stepaccountingforgeometricnon-linearitiesisperformedandtheimplicitsolverofthe
softwareisused.Theopeningdisplacementisassignedtotworeferencepointsthatare
linkedtoallthenodesoftherelevantedgesofthespecimenbymeansofmulti-point-
constraints(MPC),seeFig.7.2.
Intheseanalyses,nothermalstepsareperformed.Thisisbecauseitisbelievedthat,

inordertoobtainmeaningfulresults,asimplethermalstepintheanalysisoftheDCB
specimenmightnotbesufficient.Indeed,inactualpractices,specimensareobtainedfrom
laminatedandcuredplates.Theseplatesundergoesthecuringprocessandaretherefore
subjectedtothermaleffects.Then,theyarecutintospecimens:thecuttingprocedure
mayleadtoamodificationofthethermallyinducedstrainandstressstateofthematerial.
Hence,inordertoaccuratelycapturethesestates,asimulationinvolvingtheentirecycle
isprobablyrequired.Itisnoteworthy,however,thatsequenceFUMDistheonlyone
thatisexpectednottobeaffectedbythermalresidualstresses,thankstothealready
discussedpropertiesofitsCTEs.

7.4.2 StandardVCCTformulation

CrackclosuretechniquesconsistinnumericalimplementationsofIrwin’scrackclosure
integral[143]:theylayontheassumptionthattheenergyreleasedwhenacrackis
extendedbyasmallamount∆a,i.e.fromatoa+∆a,isidenticaltotheenergyrequired
toclosebackthecrackofthesamesmallamount∆a.InVCCTitisadditionallyassumed
thatacrackextensionfroma+∆atoa+2∆adoesnotsignificantlyaffectthestateat
thecracktip(self-similarpropagation)[142].ThisallowscomputationofERRbymeans
ofasingleFEanalysis,whileothertechniquesrequiretwoanalyses.
AccordingtoVCCT,assumingthecrackfrontisparalleltotheyaxisdirection,inthe

caseofameshof8-nodesolidelements,theERRmodalcomponentscanbecalculated
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Figure7.3:RelativedisplacementsandnodalforcesusedinVCCT.

ateachnodeofthecracktipas:

GI=
1

2∆A
Fz∆w, (7.1)

GII=
1

2∆A
Fx∆u, (7.2)

GIII=
1

2∆A
Fy∆v, (7.3)

InEqs.(7.1)-(7.3),∆Aisthenodalsurfaceareavirtuallyclosed,while∆u,∆vand∆ware
therelativedisplacementsalongx,yandzaxes,respectively,betweentwocorresponding
nodesjustaheadofthecracktip;Fx,FyandFzarethenodalforcesactingonthe
correspondingclosednodeatthecrack-tip,Fig.7.3.Inthecaseofarectangularregular
meshwithasize∆ainthecrackpropagationdirectionandofeinthetransversaldirection,
Fig.7.3,then∆A=e∆a.ThetotalERRisobtainedas:

Gtot=GI+GII+GIII. (7.4)

7.4.3 Bi-materialinterfaceproblem

AsdiscussedinChapter3,theuseofVCCTtoobtainmodalpartitioninMDdelamination
interfacemaybequestionableduetotheoscillatorybehaviourofmodalERRcomponents
[44,148].However,itwassuggestedthatinmostcasesgoodresultsmaybeobtainedifan
appropriatemeshsizeisused;inparticular,valuesof∆asuchthat1/20≤∆a/tply≤1
havebeensuggested[148].
Here,apreliminarystudywasperformedtoevaluatetheeffectsofchangingthemesh

sizeatthedelaminationfront. Multipleanalyses,usingtheFUMDlayup,wereperformed,
withmeshsizes∆ayielding∆a/tplyratiosfallingintheinterval[0.3,1].Theoverallmodal
contributestothetotalERRwereevaluatedusingtheVCCT.Theresultsarereported
inFig.7.4.Asobserved,allthreemodalcontributesarefairlystablewithchangingmesh
size.Ameshsizeof0.078mmatthedelaminationfrontwasused,sinceitrepresenteda
goodcompromisebetweenthedesiredlevelofrefinementandcomputationalcosts.Thus,
thefinalmodelshave320elementsalongthedelaminationfrontandatotalof200880or
237760elements,forlayupswithn=24andforlayupswithn=28,respectively.
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Figure7.4:EffectofmeshsizeontheoverallmodalERRcontributesalongthespecimen
width,usingFUMDlayup.

7.4.4 StandardVCCTresults

ThemodeI,IIandIIIERRdistributionsalongthespecimenwidthhavebeendetermined
forallthelayupslistedinTable7.1.

Figure7.5:NormalisedmodeIERRdistributionalongcrackfront,foundusingstandard
VCCT.

Fig.7.5showsthemodeIERRdistributions,normalisedbytheaveragetotalERR.
ThefirstremarktobemaderegardstheUDlayup:asexpecteditistheoneyieldingthe
mostflatandsymmetricmodeIdistribution.Concerningothersequences,twodifferent
behavioursmaybeidentified:

1.ononehand,sequencesFUMDandDeM shownormalisedmodeIdistributions
whicharemorecurved,andreachhigherpeaks;

2.ontheotherhand,allothersequencesyieldnormalisedmodeIdistributionswhich
areflatter.

Thisbehaviourisreadilyexplained:sequencesFUMDandDeM haveasignificantly
lowernumberof0◦orientedplies,withrespecttotheotherones. Thistranslatesin
ahigherDcvalue(asalreadyobservedinTables7.3-7.5)andthusamorepronounced
anticlasticeffect,whichmakesmodeIERRdistributionmorecurved.Itisnoteworthy
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thatthisaspectcanbeimprovedadoptinglongerFUMDsequences,whichwouldleadto
areductionoftheanticlasticeffectandofparameterDc. Whenconsideringsymmetry
ofthedistributions,itisevidentthatFUMDsequenceistheonlyonethatgivesan
almostperfectlysymmetricmodeIERRdistribution. Whilesomestudieshavesuggested
approachestotakeintoaccountthecurvatureoftheERR[53,172],thesameisnottrue
regardingasymmetry.

Figure7.6:NormalisedmodeIIERRdistributionalongcrackfront,foundusingstandard
VCCT.

Figs.7.6and7.7showthenormalisedmodeIIandIII,respectively,ERRdistributions
alongthespecimenwidth. Fromtheseplotsomeinterestingresultsemerge. TheUD
layup,duetoitssymmetryandtothemodelbeinggeometricallyperfect,hasidentically
nulldistributionsforbothmodes. Remarkably,ofallothersequences,theFUMDone
isthatyieldingthelowestdistributionsofmodeIIandIIIERR,whichmostclosely
approachthoseoftheUDone.Also,Fig.7.6showsthatsignificantmodeIIcontribution
maybepresentalongthewholedelaminationfront(eveninthemiddleofthespecimen)
inothertypesoflaminates.Thismayclearlyhaveamajorimpactontheevaluationof
theinterlaminarfracturetoughness.ThemodeIIIdistributionsreportedinFig.7.7are

Figure7.7:NormalisedmodeIIIERRdistributionalongcrackfront,foundusingstandard
VCCT.

significantlylowerthanthoseofmodeII.Alsointhiscase,however,theFUMDsequence
istheoneshowingthebestbehaviour,especiallyinthelateralregionsofthespecimen.
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TheseresultsareconfirmedinFig. 7.8aswell:thebarplotontheleftreportsthe
overallmodeIERRcontributeversusparasite(modeIIplusmodeIII)overallERR
contributestothetotalERR(alongtheentirespecimenwidth);thebarplotontheright
reportsindetailthemodeIIandmodeIIIoverallERRcontributes,aspercentageson
thetotalERR.Itcanbeobservedthatparasitemodalcontributesareextremelysmall
fortheFUMDlayup,whiletheycanbecomesignificantwithothersequences.

Figure7.8:PercentoverallmodesIIandIIERRcontributes,foundusingstandardVCCT.

Itisimportantheretoraiseoneimportantissue:inFig.7.7itmaybeobservedthat
somenegativevaluesofERRalongthespecimenwidthareobserved. Whilethesevalues
areextremelysmallinabsoluteterms,thisputintoquestionthevalidityofthemodal
partitionobtained.Indeed,ERRmodalcomponentsshouldbenon-negativequantities
duetotheirenergeticphysicalmeaning.Negativevaluesshowthatsomeinconsistencyin
themodalpartitionexists.

7.4.5 RevisedVCCTformulation

Inconsistenciesofmodalpartitionssimilartothoseobservedinthisstudyhadbeenal-
readyobservedintheliterature[173],andhavebeenexplainedbyValvo[174]. When
performingavirtualcrackclosure,theenergyrequiredtoclosethecrack(whichisas-
sumedtobeequaltotheenergyreleasedtoopenthecrack)isobtainedbymultiplication
ofthecrack-tipforcesbythecorrespondentrelativedisplacementcomponentsofthenodes
justaheadofthecracktip,asseeninEqs.(7.1)-(7.3).Thethreeproductsobtainedare
consideredasthemodalcomponentsoftheERR,andtheirsumrepresentsthetotalERR.
Thisapproachtomodalpartition,however,isvalidonlywhentheproblemgeometrybe-
inganalysedreflectsthehypothesesunderwhichIrwin’scrackclosureintegral[143]was
developed(straightcrackembeddedinaninfinitebody,andthusbelongingtoanaxisof
symmetryoftheproblem).Instead,whenmaterialorgeometricalasymmetriesexistin
theproblem,couplingsbetweenthecrack-tipforcesandthenodalrelativedisplacements
inotherdirectionsmayexist:applicationofaclosurenodalforceinoneofthethree
referencedirectionwouldcauseadisplacementnotonlyinthecorrespondentdirection,
butalsointheothertwo. Acorrectmodalpartitionmusttakethisintoaccount.For
thesereasons,ValvoderivedarevisedVCCTformulationtosolvethisissue,for2D[174]
and3Dproblems[175].
InordertodoublechecktheresultsobtainedinthisstudywiththestandardVCCT,

therevisedVCCTfor3Dproblemsoutlinedin[175]wasused.Accordingtothisformu-
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lation,foralinearelasticbody,therelativedisplacementsmayberelatedtothecrack-tip
forcesbymeansofamatrixofflexibilitycoefficients:






∆u
∆v
∆w





=




fxx fxy fxz
fxy fyy fyz
fxz fyz fzz










Fx
Fy
Fz





→ ∆u=fF, (7.5)

wherethesamenotationofSubsection7.4.2isused.Theij-thflexibilitycoefficient,fij,
representstherelativedisplacementinthei-thdirectioncausedbyaunitloadalongthe
j-thdirection.AphysicallyconsistentmodalpartitioningofERRisobtainedbyfollowing
athree-stepclosureprocedure:

1.duringstep1,aforceF
(1)
z isappliedtoclosetherelativedisplacementinthez-

direction,sothattheclosuredisplacementis∆w(1)=−∆w.Duetothepresenceof
thecouplingtermsintheflexibilitymatrix,displacementsintheotherdirections,
∆u(1)and∆v(1),arecaused,too.Theamountofworkdoneduringthisclosurestep,
whichisassociatedtoGI,isF

(1)
z times∆w(1),astheappliedforcedoesnotproduce

workontheotherdisplacementcomponents;

2.instep2,aforceF
(2)
x isappliedtoclosetherelativedisplacementinthexdirection,

hence∆u(2)=−∆u−∆u(1). Concurrently,however,itmustbeguaranteedthat
therelativedisplacementalongthezdirection,zeroedinthepreviousstep,willnot
beaffected:∆w(2)=0.Therefore,anappropriateforceF

(2)
z shouldbeapplied,too.

Boththeseforcescausesadisplacementintheydirection,∆v(2).Theamountof
workdoneduringthisstepisF

(2)
x times∆u(2)andisassociatedwithGII;

3.inthefinalstep,theforceF
(3)
y isappliedtocompletelyclosetherelativedisplace-

mentintheydirection:∆v(3)=−∆v−∆v(1)−∆v(2).Onceagain,tomaintainthe
relativedisplacementsinthexandzdirectionsnull,appropriateforcesF

(3)
x and

F
(3)
z areconcurrentlyapplied.InthisstepanamountofworkequaltoF

(3)
y times

∆v(3)isproduced.ThisworkisassociatedwithGIII.

Whiletheiranalyticalderivationisnotreportedhere(butcanbefoundin[175]),the
expressionsobtainedfortheERRmodalcomponentsare:

GI=
1

2∆Aj
fIr

2
I, GII=

1

2∆Aj
fIIr

2
II, GIII=

1

2∆Aj
fIIIr

2
III, (7.6)

where:

fI=fzz−
f2zx
fxx
−
1

fxx

(fxxfyz−fxyfzx)
2

fxxfyy−f2xy
, fII=fxx, fIII=fyy−

f2xy
fxx
, (7.7)

and:

rI=Fz, rII=Fx+
fxy
fxx
Fy+

fzx
fxx
Fz, rIII=Fy+

fxxfyz−fxyfzx
fxxfyy−f2xy

Fz. (7.8)

Itisimportanttoremarkthatthemodalcomponentsobtainedwiththisprocessare
positive-definedquantities,thusregainingphysicalconsistency. Theircomputationre-
quires,similarlytostandardVCCT,thecrack-tipforcestobeobtainedbytheFEanalysis.
Inaddition,however,knowledgeofflexibilitycoefficientsisdemandedaswell.
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FEimplementation

Toobtaintheflexibilitycoefficients,thedevelopedFEmodelmaybeused:aunitload
inonesinglereferencedirectionmaybeappliedtotheconsideredcrack-tipnode,and
byreadingthedisplacementcomponentsobtainedattheendoftheanalysis,thecorre-
spondingflexibilitycoefficientsareobtained. Whileconceptuallysimple,thistask,for3D
modelsisquitedemanding.Inthisstudy,theloadcasefeatureoftheAbaqussoftware
wasused.Foreachmodel,threeloadcasesforeachdelaminationfrontnodearedefined
toobtaintheflexibilitycoefficientsofthatnode.Atotalof960loadcasesisrequiredto
obtainallthecoefficients.Afterthat,thesimulationoftheDCBopening,asexplained
inSubsection7.4.1isperformed. ModalpartitioncomputationaccordingtoEq.(7.6)is
implementedasapost-processingprocedure.

7.4.6 RevisedVCCTresults

TheresultsintermsofnormalisedmodeI,IIandIIIERRdistributionsalongthespecimen
widthobtainedusingtherevisedVCCTareshowninFigs.7.9-7.11.

Figure7.9:NormalisedmodeIERRdistributionalongcrackfront,foundusingrevised
VCCT.

ConcerningmodeIERRdistributions,Fig.7.9,nosignificantdifferencesareobserved
whencomparingrevisedVCCTresultstothoseobtainedusingthestandardVCCT.
Ontheotherhand,formodeIIandIIIdistributions,Figs.7.10and7.11respectively,

someslightdifferencesmaybeobserved.InFig.7.10,modeIIdistributionsofsequences
QUDandSunareshiftedtowardshighervalues.Importantdifferencesareobservednear
theedgesofthespecimens. Asmallincreasemaybeobservedalsoforthedistribution
obtainedwithsequenceFUMD.
Ontheotherhand,modeIIIdistributionsinFig. 7.11aregenerallyshiftedtoward

lowervaluesthanthoseobtainedwiththestandardVCCT,Fig.7.7.Asalreadyseenfor
modeIIdistributions,neartheedgesofthespecimensthedifferencesbetweenresultsof
thetwoVCCTformulationsbecomemorerelevant. Mostimportantly,inthiscase,the
modeIIIERRdistributionsdonotshownegativevalues,asexpected.
Fig. 7.12,similarlytoFig.7.8,reportstheoverallmodeIERRcontributeversus

parasitecontributes,ontheleftbarplot,andthedetailofthemodeIIandmodeIII
overallERRcontributes,aspercentagesonthetotalERR,ontherightbarplot,butwith
resultsobtainedusingtherevisedVCCTformulations.Theonlydifferencethatmaybe
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Figure7.10:NormalisedmodeIIERRdistributionalongcrackfront,foundusingrevised
VCCT.

Figure7.11:NormalisedmodeIIIERRdistributionalongcrackfront,foundusingrevised
VCCT.

observedisaslightincreaseinmodeIIoverallcontributesattheexpenseofmodeIII
contributes. Ontheotherhand,thequalitativetrendalreadyobservedinFig.7.8is
confirmed.
Hence,whilethegeneralconclusionsabouttheperformanceoftheFUMDsequence

basedonstandardVCCTresultsareconfirmedbytheresultsobtainedwiththerevised
VCCT,somedifferencesmayariseintheevaluationERRdistributions,especiallycon-
cerningmodesIIandIIIand,inparticular,towardtheedgesofthespecimen. This
maysuggestthat,inpresenceofcouplingeffectsandlocalizedmixedmodeconditions,
themodalpartitionobtainedusingthestandardVCCTmaynotbeadequateandmight
yieldmisleadingresults.Insuchsituations,cautionisadvisedwheninterpretingresults
obtainedbymeansofclassicVCCTanalyses. Forthesecases,adoptionoftherevised
VCCTwouldseemmoreappropriate.Ontheotherhand,therevisedVCCTrequiresa
slightlymoresophisticatedimplementationandalongercomputationaltime,thatmay
benotalwaysrequired.
WhileFigs. 7.5-7.7and7.9-7.11reportmodalERRdistributionsnormalizedbythe

averagevalueofthetotalERR,Gavtot,Figs.7.13-7.15showthemodalERRdistributions
normalizedbythelocalvalueoftotalERR1.Therefore,thesefiguresshow,atanypoint

1ThevalueateachpointisobtaineddividingGi(y)(i=I,II,III)bythevalueofGtot(y).
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Figure7.12:PercentoverallmodesIIandIIIERRcontributes,foundusingrevisedVCCT.

Figure7.13:LocalpercentcontributionofmodeIERRalongcrackfront.

alongthespecimenwidth,thepercentcontributeofeachmodetothetotallocalERR;
thustheygiveaninformationonthemodemixateachnode.InFig.7.13,theUD
sequenceachievepuremodeIconditionsovertheentirewidthofthespecimen.Sequence
FUMDistheonethatgetstheclosest:amodeIpercentcontributecloseto100%is
maintainedoveralmosttheentirewidthofthespecimens. Ontheotherhand,other
sequencesshowlowermodeIdominanceinthecentralregionofthespecimenanda
steepdecreasewhenapproachingtheedges.There,forthesesequences,modesIIandIII
becomedominant,asconfirmedbyFigs.7.14and7.15.SequenceFUMDisonceagain
theonethatshowsthebestresults,withmodeIIandIIIlocalcontributesclosetozero.
TheseresultsconfirmthefactthattheFUMDsequencedoesreallyhaveabehaviour
thatcloselymimicsthatoftheUDoneandisable,asmuchasitseemspossible,toavoid
undesiredmodalcontributions.
InordertoquantifytheeffectsofthedifferentlayupsontheERRdistributionsand

modalcontributes,Table7.6reportsthefollowingquantities:

1.theoverallmodesIIandIIIERRpercentcontributes(GII%andGIII%,re-
spectively).Lowvaluesofsuchparametersshouldbeobtainedsince,forasound
characterisationofpuremodesdelaminationfracturetoughness,allcontributesfrom
undesiredmodesshouldbeeliminated.DatashowthatsequenceFUMDisableto
keeptheseparametersmuchlowerthantheothersequences;
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Figure7.14:LocalpercentcontributionofmodeIIERRalongcrackfront.

Figure7.15:LocalpercentcontributionofmodeIIIERRalongcrackfront.

2.aparameterquantifyingcurvatureofmodeIERRdistribution(β)definedas:

β=
GmaxI −GavI
GavI

, (7.9)

andalreadyusedinpreviousstudiesonthetopic[53,172].Itcanbeseenthat
sequencesFUMDandDeMshowslightlyhighervaluesofthisparametercompared
tootherones,inaccordancewiththeirhighervaluesofDc;

3.aparameter(γ)thatquantifiestheasymmetryofthedistributionofmodeIERR.It
evaluatesthedifferenceofGInormalisedvaluebetweeneachcoupleofnodesonthe
delaminationfrontthatarepositionedsymmetricallywithrespecttothespecimen
longitudinalgeometricalsymmetryplane:

γ= n(+)
(GI(y)−GI(−y)

GavI
)2

nnodes/2
, (7.10)

wherennodesisthenumberofnodesalongthedelaminationfrontandn
(+)isthe

subsetofsuchnodesthathaveapositiveycoordinate.TheasymmetryoftheERR
distributionmayinvalidatedatareductionprocedures.FortheUDsequencethere
isnoasymmetry. Ontheotherhand,amongthe MDlayupsanalysed,sequence
FUMDistheoneshowingthelowestvalue,asreportedinTable7.6.
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UD FUMD DeM QUD Sun Seb LiY

GII% 0 0.7 1.68 2.96 4.12 10.61 5.15

GIII% 0 0.05 0.41 0.28 0.28 1.64 0.74

β 0.0727 0.2925 0.3383 0.1208 0.1248 0.2217 0.1459

γ 0 0.0147 0.0406 0.092 0.0215 0.1006 0.037

Table7.6:RepresentativeparametersofERRdistributions.

Tosumup,thevaluesoftheparametersinTable7.6shouldbeaslowaspossiblein
ordertoobtainoptimaltestconditions.Indeed,thisisconfirmedbyobservationofthe
resultsobtainedfortheUDsequence,whichistheidealcase.SequenceFUMDshows
verypromisingresults.

7.5 Concludingremarks

InthisChapter,apreliminarystudytoassesstheperformancesofFUMDlayupsfor
delaminationspecimenswasconducted. Adelaminationspecimenhavinga0◦/45◦de-
laminationinterfacehasbeendesignedusingaFUMDsequenceandwascomparedto
othersolutionsproposedintherelevantliteratureondelaminationinMDlaminates.
Ithasbeenshownthat,intermsofthermo-elasticproperties,thebehaviourofthe

proposedspecimenistheonethatbetterreproducesthatofaUDone.Then,FEanalyses
ofamodeIloadingconditionhavebeenperformedandERRdistributionsandmodal
partitionshavebeenevaluatedusingthestandardVCCTandarevisedformulation.The
numericalresultsshowthattheFUMDspecimenistheone,aftertheUDone,that
reducesparasitemodescontributionthemost.Hence,theresultsobtainedwiththisfirst
assessmentseemverypromising.

135



Chapter8

ModeIdelaminationexperimental
assessment

8.1 Introduction

InChapter6and7theconceptofFUMDspecimenswasintroducedandnumericallyas-
sessedbymeansofFEanalyses.Inthischapter,amodeIinterlaminarfracturetoughness
testingcampaignusingFUMDDCBspecimensispresented. Themainobjectiveisto
experimentallyassessthesuitabilityofFUMDspecimensfordelaminationtesting.
Aglass/epoxycompositematerialwasusedinthisstudy;inSection8.2suchmate-

rialsystemispresented,andthereasonsbehinditschoiceareexplained.Fivedifferent
FUMDsackingsequenceswereconceivedforthefabricationofDCBspecimens. The
detailsoftheirdesignprocessandthemainfeaturesofthespecimensobtainedarede-
tailedinSection8.3.Section8.4reportsabouttheactualfabricationprocedureofthe
specimens.TheDCBspecimensweretestedinmodeIopeningconditionsaccordingto
standardmethods.Thedetailsabouttheexperimentalsetupandtheproceduresadopted
aregiveninSection8.5.Section8.6explainshowthedatacollectedwereelaborated.
Eventually,Section8.7presentsalltheresultsofthisstudy,alongwiththerelevantdis-
cussions.Firstly,theforcedisplacementbehaviourobservedduringalltestsisrevisedand
commented.Then,resultsintermsofGIcarepresented,bothfortheinitiationandthe
propagation(R-curves)phasesofdelamination.Suchresultsarethencorrelatedtothe
fracturemorphologyobservedonthespecimens.Eventually,anattempttoquantitatively
comparethebehaviourofFUMDspecimenstothatofUDonesisdonebyevaluatingthe
specimensarmsrotationsduringthetestsandtheshapesofdelaminationfrontsatthe
endofthetest.

8.2 Materialsystem

Thematerialsystemusedfortheexperimentalactivitypresentedinthischapterisa
glass/epoxycomposite.Itscommercialreferenceis:HexPlycM34N/32%/430PUD/G-
136x5anditwasavailableintheformofapre-impregnated(prepreg)roll. Theresin
materialisanepoxysystemspecificallydevelopedforlowtemperaturecuringandsuit-
ableforfabricationofthicklaminates[176].ThereinforcementisaUDfabricmaterial:
itconsistsofaplainweavefabricinwhich90%offibreweightisconstitutedbythe
warpyarns(E-glassEC9136)andtheremaining10%fibreweightisconstitutedbythe
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transverseweftyarns(E-glassEC968).
Thechoiceofthismaterialisduetooneimportantreason.AsexplainedinChapter

3,delaminationtestsofMDspecimensmaybeaffectedbydelaminationjump.FUMD
specimensaredesignedtoavoidallproblemsrelatedtothermalresidualstressesand
mechanicalcouplings,buttheydonotaddressdirectlytheissueofdelaminationjump.
Todealwiththisissue,OzdilandCarlsson[96,97,98]usedaUD-fabricglass/epoxy
compositetoperformdelaminationtestsonMDspecimens.Theyreportedthat,withthis
typeofmaterial,nodelaminationmigrationwasobserved,incontrasttostudiesusingUD
reinforcedcomposites.Recently,UD-fabricmaterialswereusedtostudydelaminationin
MDspecimensbyGongetal.[53]. Forthisreason,inordertotryandmitigatethe
problemofdelaminationjumpduringactualexperimentaltesting,thematerialsystem
presentedabovewasselected.
Itshouldberemarked,however,thatdelaminationinwovencompositespresentssome

distinctivefeatures,withrespecttoUDmaterials[177]. Onefirstdifferenceconcerns
fibrebridging,whichisverycommoninUDplymaterials,butlesssoinwovencompos-
ites.Indeed,studiesconfirmedtheabsenceoffibrebridginginfour-harnesssatinwoven
glass/vinylestercomposites[178]andinfive-harnesssatinweavecarbon/epoxycompos-
ites[179]. Othersreportedevidenceoffibrebridgingoccurringonlyforsomeofthe
differentweavepatterntested[180,181]. Otherdifferenceslayinthefractureprocess,
whichinwovencompositesmaybequitecomplexandisinfluencedbytheweavepat-
tern[178,179,180,181,182]andtheorientationoflayersembeddingthedelamination
[53,97,179,180].Indeed,weavepattern,pliesorientationandevenpliesrelativeposition
allinfluencethemicro-structureattheinterfacelevel.Inparticular,theyhaveaneffect
onthethicknessoftheinterplyresinregion[178]andontheundulationofthefracture
surfaces[178,183]. Thisinturninfluencesthefracturetoughnessoftheinterface.In
somecasestheweavepatternhasbeenfoundtoaffectfracturetoughnessmorethanfibre
type[182].
Elasticpropertiesofthematerialwereobtainedbymeansofadedicatedexperimental

characterisationcampaignbasedonASTMstandardspecimensandtests[184,185,186].
AllthedetailsaboutthisexperimentalactivityarereportedindepthinAppendixB,while
Table8.1givestheelasticpropertiesobtainedalongwiththeircoefficientofvariation.

E1,t E1,f E2,t E2,f G12 ν12
[GPa] [GPa] [GPa] [GPa] [GPa] [-]

Average 40.5 39.0 17.4 15.8 6.16 0.248

Std.Dev. 0.745 1.03 0.281 0.475 0.132 4.33·10−3

C.Var.% 1.84 2.63 1.61 2.95 2.15 1.74

Table8.1:Elasticpropertiesofthebasicplyoftheadoptedmaterial.
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8.3 FUMDspecimensdesign

Forthisstudy,fivetypesofFUMDspecimensformodeIdelaminationweredesignedand
fabricated.Todoso,twoQTquasi-homogeneoussolutionswereselected,namely:

QT1=[θ1/α1/β1/β1/θ1/α1/θ1/θ1/α1/θ1/β1/β1/α1/θ1],

QT2=[α2/θ2/β2/θ2/θ2/β2/β2/α2/α2/θ2/θ2/α2/θ2/β2].

AsexplainedinChapter4valuesfororientationsα1,β1,θ1andα2,β2andθ2maybe
chosenfreely.Fromapracticalpointofview,thesesequenceshavebeenchosenforthe
followingreasons:

1.theybothhavethreeorientationgroups,allocatedinthesamemanner:oneappear-
inginsixplies(θ1andθ2)andtheothertwoappearinginfourplieseach(α1,β1
andα2,β2).Therefore,thesesequencesmaycomplytothesuperpositionrulesfor
QTsolutionsusedforFUMDlayupsdesigninChapter6,Eq.(6.39),bychoosing:

θ1=θ2=θ,

α1=α2=α,

β1=β2=β;

2.theybothallowtoobtainabalancedlaminate,iftheθorientationisalignedtoone
referencein-planedirection(0◦or90◦)andtheothertwoorientationsaretakenas
opposites.Sochoosing:

θ=0◦,

β=−α,

allowstoeliminatetheshear-extensionandthebending-torsioncouplings;thermally-
inducedsheariseliminatedaswell;

3.withthepreviousassumptions,thesequenceshavedifferentorientationsfortheir
outermostplies,allowingtobecombinedindifferentwaysandthusobtaindifferent
delaminationinterfaces.

Followingthesechoices,thetwosequencesaretransformedto:

QT1=[0/α/−α/−α/0/α/0/0/α/0/−α/−α/α/0],

QT2=[α/0/−α/0/0/−α/−α/α/α/0/0/α/0/−α].

Table8.2reportsalltheFUMDsequencesdesignedforthisstudy,eachwithaniden-
tifyinglabelhighlightingthedelaminationinterface. ThestandardUDdelamination
specimenisincludedaswell.Inmoredetail:

1.sequencesFUMD0//15,FUMD0//30andFUMD0//45areobtainedsuperposing
sequenceQT2toQT1,andthenchoosingα=15

◦,30◦and45◦respectively;

2.sequenceFUMD0//0isobtainedrepeatingsequenceQT1twotimesandchoosing
α=45◦;

3.sequenceFUMD-45//45isobtainedrepeatingsequenceQT2twotimesandchoosing
α=45◦.
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Label Stackingsequence Dc

UD [014//014] 0.025

FUMD0//15 [0/15/-15/-15/0/15/0/0/15/0/-15/-15/15/0// 0.041
15/0/-15/0/0/-15/-15/15/15/0/0/15/0/-15]

FUMD0//30 [0/30/-30/-30/0/30/0/0/30/0/-30/-30/30/0// 0.085

30/0/-30/0/0/-30/-30/30/30/0/0/30/0/-30]

FUMD0//45 [0/45/-45/-45/0/45/0/0/45/0/-45/-45/45/0// 0.110
45/0/-45/0/0/-45/-45/45/45/0/0/45/0/-45]

FUMD0//0 [0/45/-45/-45/0/45/0/0/45/0/-45/-45/45/0// 0.110
0/45/-45/-45/0/45/0/0/45/0/-45/-45/45/0]

FUMD-45//45[45/0/-45/0/0/-45/-45/45/45/0/0/45/0/-45// 0.110
45/0/-45/0/0/-45/-45/45/45/0/0/45/0/-45]

Table8.2:FUMDstackingsequencesgeneratedandassociatedlabels.Thedoubleslash
indicatesmidplane(delamination)interface.

Table8.2reportsalsothevaluesoftheparameterDc,Eq.(3.5)forallsequences,while
Bt,Eq.(3.6),isnullforallofthem.
TheFUMDsequencesinTable8.2weredesignedinordertoallowtoinvestigate

differentissues:

1.FUMD0//0specimenshavethesamedelaminationinterfaceasthestandardUD
ones,butsignificantlydifferentglobalstiffness.Asreportedbysomeauthors[159],
thismightinfluencefracturetoughness. Hence,resultsobtainedfromthesetwo
typesofspecimensmaybecomparedtoobservetheeffects,ifany,ofstiffnesson
criticalERR;

2.ontheotherhand,specimenswithsequencesFUMD0//0,FUMD0//45andFUMD
-45//45haveexactlythesameglobalstiffness,butdifferentinterfaces.Therefore,if
differencesareobservedinthefracturetoughnessobtainedwiththesethreetypesof
specimens,theymayresultfromlocaleffects,liketheorientationsofpliesembedding
thedelaminationinterface,andofadjacentpliesatmost;

3.sequencesFUMD0//15,FUMD0//30andFUMD0//45areusedtoevaluateeffects
ofthemisorientationonfracturetoughnessoftheinterface.Itisworthmentioning
thatthesesequenceshave,ofcourse,differentglobalstiffnessmatrices,asobtained
accordingtoCLPT.

8.4 Fabricationprocedure

Theprepregmaterialwascutinrectangularpatcheswithanumerically-controlledauto-
matedcuttingmachine,atanydesiredorientation(0◦,15◦,30◦,45◦,90◦)withrespectto
thelongitudinal0◦directionofwarpyarns.Plateswiththedesiredstackingsequences
wereobtainedbyamanuallay-upprocess. Whenevereightnewplieshadbeenlaidup,a
compactionphasewasperformedbymeansofvacuumbagging.Thisprocedurefacilitates
theexpulsionofthegasthatmightbetrappedduringlayup,leadingtoabetterquality
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ofthelaminatesaftercuring. Duringthelay-up,a25µmthickFluorinatedEthylene
Propylene(FEP)insertfilm(AerovacA5000)wasusedinordertocreatetheinitialpre-
delaminatedregionoftheDCBspecimens. Therectangularplatesthusobtainedwere
curedinanautoclaveatatemperatureof75◦Candapressureof3barsfor8hours,
accordingtotheproducer’sindications.Nopost-curewasperformed.Fromeachplate,
andthusforeachspecimentypeintable8.2,sevenDCBspecimens25mmwideand200
mmlongwereobtained,bymeansofwater-jetcutting.Thecutwastailoredinorderto
obtainthedesiredinsertlengthof64mm.

8.5 Experimentaltestingprocedure

Beforetesting,allspecimenswerelabelledandmeasured.Theinserttipwasaccurately
markedwiththeaidofanopticalmicroscopeanditslengthwasmeasuredonbothspeci-
menssides.Compliancewithalldimensionalrequirementssuggestedin[49]wasverified.
AllsevenUDspecimensandfiveFUMDspecimensofeachtype(thosewithlabels2,
3,5,6,7)hadonesidewhitepaintedandmarkedatregularintervals,tokeeptrackof
delaminationpropagationduringthetest.Endblockswereinstalledonbotharmsofthe
specimen.Specimenswerenotconditionedpriortotesting.
ModeIdelaminationtestswereperformedatroomtemperature(23.0±0.6◦C)us-

ingadoubleactuatorsystem,withthespecimeninverticalposition.Thisconfiguration
presentssomeinterestingadvantages.Firstly,thankstotheverticalpositionofthespec-
imen,gravitywillnotintroduceasymmetriesintheloadingconditions.Additionally,the
twoactuatorsarecontrolledwithanidenticaldisplacementsignal,sothattheymove
symmetricallytoopenthespecimen.Thusitisensuredthattheloadingconditionsare
assymmetricalaspossible. ThesetupisshowninFig.8.1. Accordingto[49],each

Figure8.1:Viewoftheexperimentalset-upusedformodeIdelaminationtests

specimenwasfirstlyloadeduptothebeginningofdelaminationpropagation,anduntil
delamination,asvisuallyobserved,propagatedabout4-7mm;thenthespecimenwas
unloaded.Afterwards,thespecimenwasloadedagain,untildelaminationpropagatedup
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toabout50mmfromtheinitialinserttipposition.Aconstantopeningdisplacementrate
of1mm/minwasusedduringbothloadingphases.
Alongwithforceanddisplacements,theloadpointsrotationswererecordedbymeans

ofinclinometersfixedatthetipofeachspecimenarm,Fig.8.1. Twocameras(Canon
EOS800DandCanonEOS750D)regularlytookpictures(ataresolutionof6000×4000
pixels)ofthespecimenfrombothsidesduringthetest. Ononeside,aglobalviewof

Figure8.2:ExamplepicturestakenduringmodeIdelaminationtests:globalviewofthe
specimen(a)andzoomonthepropagationregion(b).

thespecimenwascaught,whileontheotheroneaclosezoominthepropagationregion
wasset,Fig.8.2.Loads,displacementsandloadpointsrotationscorrespondingtoeach
pictureswererecordedautomaticallybytheacquisitionsystem.
Afterthetests,thespecimenswereobservedbymeansofultrasonicC-scans,performed

withanOlympusOmniScanSXdevice[187,188,189].Eventually,specimenswereopened
toobservethefracturesurfacesandtoestablishifanydelaminationjumphadoccurred.

8.6 Datareduction

8.6.1 Choiceofthedatareductiontechnique

SinceFUMDspecimenshaveamacroscopicmechanicalbehaviourthatisidenticalto
thatofaUDspecimen,standarddatareductiontechniques[49],describedinChapter3,
maybeused.Suchtechniquesare:theModifiedBeamTheory(MBT),theCompliance
calibration(CC)andtheModifiedCompliancecalibration(MCC).Allthreetechniques
wereusedtoelaboratetheexperimentaldataobtained.However,itwasfoundthatthe
resultsobtainedwithdifferenttechniquesarealmostundistinguishable;hence,forthe
sakeofsimplicityandwithoutlossofinformation,onlyresultsobtainedwithMBTare
presented.
RecallingfromChapter3,accordingtoMBT,ERRmaybecomputedasfollows:

GI=
3Pδ

2b(a+∆)
, (8.1)
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wherePistheappliedload,δistheloadpointdisplacement(opening),bisthespec-
imenwidthandaisthedelaminationlength. Thelengthcorrection∆isdetermined
experimentallyaccordingto[49].

8.6.2 InitiationvaluesofGIc:inserttipvsmodeIprecrack

InitiationvaluesofcriticalERR,GIc,wereobtainedbothfortheinitialloadingphase,
withdelaminationadvancingfromtheinsertfilmtip,andthesecondloadingphase,with
delaminationadvancingfromthemodeIprecrackproducedinthefirstloadingphase,as
suggestedin[49].
Theevaluationfromtheinsertfilmtippresentssomeadvantages. Thepositionof

theinserttipisknownwithgreataccuracyanditisveryconsistentforspecimensofthe
sametype.InotherwordsthedelaminationlengthtobeusedinEq.(8.1),a0,isalmost
identicalforallspecimens.Thisreducesthesourcesofexperimentalscatter.Inaddition,
theedgeoftheinsertfilmisknowntobestraight.Conversely,duringthesecondloading
phase,theinitialdelaminationlength,apc0,isthesumoftheinsertlengtha0andthe
amountofpropagationobtainedduringthefirstloadingphase,whichmaybedifferent
fordifferentspecimens.Consequently,specimensofthesamefamilymayhavelengthsapc0
differingbyasmuchas2-3mm.Thismightintroducesomescatterintheresults.Also,
delaminationinsidethespecimensislikelytohavedevelopedacurvedfront.
Ontheotherhand,reliabilityofGIcvaluesobtainedfromtheinserttipisquestionable.

Thethickness,thematerialandtheshapeoftheinsertmayaffecttheevaluationofGIc
[190,191].Atthetipoftheinsertaresinpocketusuallyexists,whichmaybehavevery
differentlyfromareal,thinner,interlayerregionofthecomposite[79].EvaluationofGIc
duringthesecondloadingphase,instead,avoidsallproblemsrelatedtothepresenceof
theresinpocketattheinserttip.Inthiscase,indeed,delaminationispropagatingfrom
amodeIprecrack,whichisanaturaldelamination.Thismakesthissituationmuchmore
representativeofwhatcouldhappeninrealapplications.

8.6.3 InitiationvaluesofGIc:initiationpoints

Allinitiationpointsdefinedin[49]wereusedtoobtaincriticalERRinitiationvalues.
TheNon-Linear(NL)pointwasobtainedbyanalysisoftheloaddisplacementcurves:

thesecondderivativeofthecurveswasobtainedandathreshold(identicalforallspeci-
mens)wasestablishedtoidentifydeviationfromlinearity.
Thevisualonset(VIS)pointwasobtainedbyvisualanalysisofthehigh-definition

picturesofthepropagationregiontakenduringthetests. AsshowninFig. 8.3,the
imagecorrespondingtothefirstobservablepropagationwasidentified;thentheloadand
displacementcorrespondingtosuchpicturewereretrieved.
Eventually,the5%complianceoffsetormaximumload(5%/MAX)pointwasobtained

accordingtoitsdefinition[49].
Alltheinitiationpointsmentionedaremarkedintheforcedisplacementplotsofthe

testsinFig.8.4,forbothloadingphases.

8.6.4 PropagationvaluesofGIc

CriticalERRwasevaluatedalsoduringpropagation,atdifferentlengths,inorderto
obtainresistancecurves(R-curves)forthedifferenttypesofinterfaces.Inthiscase
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Figure8.3:IdentificationofVISinitiationpoint:(a)generalpictureofthespecimen
beforeloading,(b)zoomoftheinserttipregionrightbeforevisualonset,(c)atvisual
onsetand(d)aftervisualonset.

too,picturestakenduringthetestswereanalysedtofindthosecorrespondingtothe
delaminationreachinggivenlengths(markedonthesideofthespecimens).Inparticular,
picturesfrombothloadingphaseswereusedinordertoobtaincontinuousR-curves.The
firstpointofeachcurvecorrespondstotheVISinitiationpointofthefirstloadingphase.
Eachsubsequentpointcorrespondstoagivenpropagationlengthcountedfromtheinsert
tip.Theforceappliedandopeningdisplacementofthespecimenscorrespondingtoeach
propagationlengthwerethusretrievedandGIcvalueswerecomputedusingEq.(8.1).

8.7 Resultsanddiscussion

8.7.1 Force-displacementbehaviour

Thecompleteforce-displacementcurvesofallDCBspecimenstestedareshowninFig.8.4.
Theyincludeboththefirstandthesecondloadingphases,withtherespectiveunloading
curvesandtheinitiationpointsdefinedinSubsection8.6.3.
Ingeneral,thecurvesshowaverygoodconsistency.Duringthefirstloadingphase,

inparticular,specimensofthesamefamilyproducedalmostidenticalforce-displacement
responses.Thisconfirmsthatscatterinducedbythematerialvariabilityandthetesting
procedureswasreasonablylow.Ontheotherhand,thelittlescatterobservedduringthe
firstunloadingandthesecondloadingphasesismainlycausedbythedifferentdelami-
nationlength,fordifferentspecimens,obtainedattheendofthefirstloadingphase,as
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Figure8.4:Force-displacementexperimentalcurvesobtainedfromallDCBspecimensof
alltypes.

explainedinSubsection8.6.2.
Duringthefirstloadingphase,theforcedisplacementplotsofallspecimensdeviate

fromlinearityquiteearly. The5%/MAXandVISinitiationpointsarereachedbefore
thepeakloadaswell.Delaminationpropagationduringthisphaseoccurswithincreasing
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loadforallspecimentypes.Then,thefirstunloadingandthesubsequentre-loadingfollow
alinearforce-displacementpath.
Duringthenextdelaminationpropagationphase,specimenswithsequencesUD,FUMD

0//0,FUMD0//15andFUMD0//30showsmoothsofteningcurves,typicalofstable
modeIpropagation. Ontheotherhand,specimenwithsequenceFUMD0//45show
afasterdecreaseoftheloadatthebeginningofthepropagation,andthenasmooth
softeningsimilartoallotherspecimens.
SpecimenswithsequenceFUMD-45//45showaforcedisplacementbehaviourduring

delaminationpropagationdifferentfromthatofallotherspecimens:initiallytheforce
keepsincreasingslightly;then,asuddenlittledropisobservedandtheforcestartsto
decreaseslowlybutsteadily.Inordertobetterexplainsuchsingularbehaviour,ultrasonic
C-scansandfracturesurfacesofallFUMD-45//45specimenswereobserved.
Fig.8.5showstheimagesobtainedfromtheC-scansoftheFUMD-45//45specimens

andofoneUDspecimen,forcomparison. Theblackverticaldashedlineindicatesthe

Figure8.5:C-scansofallFUMD-45//45specimensandofaUDone.

positionoftheinserttip.Thedelaminationpropagatedfromthelefttotheright.The
blueregionstotherightcorrespondtotheundelaminatedportionofthespecimens.On
theotherhand,acontinuousredsurface,astheoneobservedfortheUDspecimen,in-
dicatesadiscontinuityinthematerial,andhence,inthiscase,thedelaminationplane.
InalltheC-scansimagesfromFUMD-45//45specimenssomeirregularpatternsappear
andinterruptthedelaminationplane. Whileitisnoteasytodrawconclusionsfrom
theseimages,suchpatternsmightbeanindicationofsomeadditionaldamagemecha-
nismoradelaminationjumptakingplace.Inordertofurtherinvestigatetheissue,the
specimenswereopenedandfracturesurfaceswereobserved.Itwasconfirmedthatin
alltheFUMD-45//45specimensthedelaminationdidnotstickexclusivelytoitsinitial
interface.Instead,anotherdelaminationinterfaceappeared,towardthebottomofthe
stackingsequence,whichisa0//-45interface. Thisisshown,forthecaseofspecimen
number6,inFig.8.6. Theothersixspecimenshaveanalmostidenticalappearance.
Moreover,itispossibletorecogniseatypicalpatterndescribedinotherstudies[117]:at
first,delaminationpropagatesonitsinitialplane;afterfewmillimetres,ononeedgeof
thespecimen,delaminationjumpstoanotherinterface;suchjumpthenpropagatesinside
thespecimenfollowingthedirectionofthefibre-bundleinitiallyjumped,leavingatypical
obliquefrontthatseparatesthetwodifferentdelaminationplanes,seeFig.8.6.
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Figure8.6:FracturesurfacesofspecimenFUMD-45//45number6,confirmingtheoc-
currenceofdelaminationjump.

SincedelaminationjumpaffectedallFUMD-45//45specimens,theyhavenotbeen
consideredforfurtheranalyses.Furtheranalysesarerequired,andwillbeperformed,to
establishifatleasttheinitiationvaluesofGIccouldbeconsideredvalid.
Ontheotherhand,boththeC-scanimagesandtheobservationofthefracturesurfaces

confirmedthatasmoothpropagationinthedesireddelaminationplanewasobtainedwith
theUDspecimensandallotherFUMDspecimens,aswillbeshowninthefollowing.

8.7.2 InitiationvaluesofGIc

InitiationvaluesofGIchavebeenobtainedforbothloadingphases.Forthefirstloading
phase,thedelaminationlengthusedforthecomputationwasthatoftheinsertfilm,a0.
Forthesecondloadingphase,thedelaminationlengthrelevanttoeachspecimen,apc0,was
thatgivenbythesumoftheinsertlengthandtheamountofpropagationobtainedduring
thefirstloadingphase,anditwasdeterminedbyvisualanalysisofthepictures.
Fig.8.7reportstheGIcvaluesobtainedforalltheinitiationpointsconsidered(NL,

VISand5%/MAX)andforbothloadingphases.
Concerningtheresultsobtainedfromtheinsertfilm,theNLpointandthe5%/MAX

pointgavevaluesofGIcindependentfromthespecimentype,andthusfromthede-
laminationinterface.However,asexplainedinsubsection8.6.2,theseresultsmaybean
artefactofthedelaminationpropagatingintheresinpocketexistingattheinsertfilm
tip.Thisisparticularlyrelevantforthepresentcase,sincetheinsertfilmadoptedhasa
thicknessof25µm,whichexceedstheupperlimitof13µmrecommendedin[49].Onthe
otherhand,theVISpointvaluesofGIcshowaslightincreasewithincreasingmismatch
angleofthepliesembeddingthedelaminationplane. Thisdifferentbehaviourmight
beexplainedbythefactthatVISpointsarethelasttooccur. WhileNLinitiationis
likelyassociatedwithdelaminationstartingtopropagateatthecentreofthespecimens
[72],whenpropagationisdetectedvisuallyfromthespecimensidedelaminationislikely
tohaveassumedacurvedshapeandtohavepropagatedmoreinthecentralregionof
thespecimens. Consequently,theeffectsoftheresinpocketmayberelevantonlyina
regionveryclosetothespecimensedges,andtheGIcobtainedmightbegloballymore
representativeoftheactualmaterialbehaviour.
Theprevioushypothesisseemstobecorroboratedbytheresultsobtainedforthede-

laminationadvancingfromthemodeIprecrack.Inthiscase,indeed,GIcvaluesobtained
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Figure8.7:InitiationvaluesofGIc.

withallinitiationpointsshowaconsistentincreasingtrendwithincreasingmismatch
angleofthepliesembeddingthedelaminationplane.Inparticular,ifFUMD0//0and
FUMD0//45specimensarecompared,theGIcvaluesfoundaresignificantlydifferent;
sincethesetwospecimentypeshaveidenticalglobalstiffness,thedifferenceislikelytobe
mainlydependentonthedifferentorientationsofpliesembeddingthedelaminationplane.
Additionally,itisinterestingtoobservehowtheGIcvaluesobtainedfromUDandFUMD
0//0specimensareverysimilar.Thesetwospecimentypessharethesamedelamination
interface,buthaveverydifferentglobalstiffnessproperties.Consequently,interlaminar
fracturetoughnessisfoundtobenotdependentonglobalstiffness,asopposedtowhat
foundinotherstudies. Moreover,thisallowstoreinforcethehypothesisthatthetrend
observedisnotrelatedtotheglobalpropertiesofthespecimens,butratheritiscaused
byplyorientations.

8.7.3 R-curves

Fig.8.8showstheaverageR-curves,obtainedasexplainedinSection8.6.4,foralltypes
ofspecimens,alongwiththerelativestandarddeviations.
ThefirstimportantobservationconcernssequencesUDandFUMD0//0:theresis-

tancecurvesobtainedwiththesetypesofspecimenshaveabehaviourwhichisalmost
identical. ThetwocurvesstartfromclosevaluesofGIc. ThefollowingincreaseinGIc
ischaracterisedbyasimilarslopeandeventually,forpropagationlengthgreaterthan30
mm,bothcurvesseemtostabilizeatthesamelevel.Thescatterbandisnarrowforboth
sequences,butparticularlyforFUMD0//0.Theseresultsconfirmthatglobalstiffnessof
thespecimensandstackingsequencedonothaveanimpactontheinterlaminarfracture
toughness,aslongasthedelaminationinterfaceisthesame.
Ingeneral,thebehaviourofFUMD0//15specimensissimilartothatofUDand

FUMD0//0ones,showinganinitialincreaseinGIcvaluesandanalmoststablevaluefor
longerpropagationlength.SomedifferencesareobservedintheactualvaluesofGIc,with
respecttosequencesUDandFUMD0//0:theyareslightlyhigherinthefirstincreasing
portionofthecurve,andslightlylowerinthestableportion.
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Figure8.8: R-curves:averagecurveforalltypesofspecimensandrelativestandard
deviation.

TheresistancecurveofsequenceFUMD0//30presentsaninitialincreasesteeperthan
thatofsequencesUD,FUMD0//0andFUMD0//15.Inadditionitreacheshighervalues
thanthoseoftheothersequences.Hence,itseemsthatthereisaneffectofthedifferent
delaminationinterface.Forpropagationlengthgreaterthan20mmthecurvedoesnot
seemtogrowsignificantly,butshowssomemoreoscillationswithrespecttotheothers.
ThescatteroftheresistancecurveofsequenceFUMD0//30iswiderthanthoseofthe
othersequences.
Eventually,theresistancecurveofsequenceFUMD0//45showsthesteepestinitial

increase.Fordelaminationpropagationlengthuptoabout10mmGIcvalueincreasesand
stayshigherthanthatofallothersequences.Then,however,GIcdecreasesandstabilizes,
forpropagationlengthsgreaterthan30mm,toavaluewhichislowerthanthoseofall
othersequences.

8.7.4 Fracturebehaviour

InordertoexplainthetrendsobservedintheR-curvesofFig.8.8,thefracturebehaviour
ofthedifferentspecimenshasbeeninvestigated.

Transverseyarnsdebonding

Animportantremarkisthatinnospecimentesteddidfibre-bridgingoccur,asconfirmed
bythedigitalpicturestakenduringthetests,seee.g.Fig.8.2.
However,transverseyarndebondingwasobserved.Thismechanismwasexplainedby

Alifetal.[179,180]andlaterobservedalsobyOzdilandCarlsson[96,97,98].Itmay
occurduringinterlaminarfracturetoughnesstestingofwovencomposites.Inspecimens
madewithsuchmaterials,transverseyarns(withrespecttothelongitudinaldirectionof
thespecimen)areatsomepointinterruptedbytheedgesofthespecimen.Dependingon
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thepositionoftheinterlacedlongitudinalyarn,thefinalportionofthetransverseyarn
(closetotheedge)maybeconstrainedtoadifferentdegree.Ifitisnot,transverseyarn
debondingmayhappen:whendelaminationreachesthetransverseyarnitmaypromote
debondingofitsunconstrainedfinalportion. Hence,suchyarnsegmentshortlybridges
thedelaminationsurfaces[97],beforebeingseparatedfromoneofthem.Inthisprocess

Figure8.9:Evidenceoftransverseyarnsdebonding: UD(a),FUMD0//0(b),FUMD
0//15(c),FUMD0//30(d)andFUMD0//45(e)specimens.

acertainamountofadditionalenergyisdissipated,whichmayhaveaneffectonthe
interlaminarfracturetoughnessobserved[179].
Inthisstudy,transverseyarnsdebondingwasobservedinalltypesofspecimens,Fig.

8.9.InUDandFUMD0//0specimens,thephenomenonwasmarginal,whileitbecame
increasinglyimportantforFUMD0//15,FUMD0//30andFUMD0//45specimens.A
similarobservationwasreportedin[96],whereitwasfoundthatforangle-plyspecimens
fracturetoughnessincreasedwithplyangleduetotheincreasingamountoftransverse
yarndebonding. Thisalsoagreeswellwiththeconsiderationsreportedin[180]:the
importanceoftransverseyarndebondingishighlydependentonthedegreeofconstraint
imposedtotransverseyarnsclosetotheedgesofthespecimens. WhenUDandFUMD
0//0specimensareconsidered,transverseyarnsintersectingthespecimensedgesareonly
theweftyarnsofthematerial,whichmakeuponly10%ofthetotalfibreweight,while
thewarpyarnsformtheremaining90%fibreweight.Inthissituation,transverseyarns
arehighlyconstrained. WhenotherFUMDsequencesareconsidered,thepresenceofa
non-0◦-oriented(off-axis)plyembeddingthedelaminationplaneimpliesthatalsowarp
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yarnsintersectthespecimensedges.Furthermore,thegreatertheorientationangle,the
higherthenumberofwarpyarnsintersectingtheedges.Consequently,amoresignificant
transverseyarnsdebondingistobeexpected,alsoconsideringthefactthatweftyarns
mayofferonlyalimitedconstraint,duetotheirlowpercentweight.
Hence,thetransverseyarnsdebondingmaypartlyexplainthedifferencesinthebe-

haviourofthetypesofspecimens,andinparticularthedifferentrateoftheinitialincrease
ofGIcobservedintheresistancecurves.However,sincethematerialusedisaplainweave
composite,thismechanismisrestrainedtoanextremelynarrowregionclosetotheedges
ofthespecimens[180].
Ontheotherhand,thedecreaseintheresistancecurveofFUMD0//45specimensand

thedifferentvaluesofGIcinthefinalpartofthepropagationstillneedanexplanation.

Fracturesurfacesobservation

ExamplesoffracturesurfacesobtainedwithUDandFUMDspecimensarereportedin
Fig.8.10.
Asexpected,fracturesurfacesofUDandFUMD0//0specimenslookalmostidentical,

Figs.8.10(a)and(b).Blackandwhiteregions(resinandfibres,respectively)maybe
observedonbothsurfaces,withcomplementarypatterns(ablackregionononesurface
correspondstoawhiterregionontheotherone). Thisisbecauseseparationmainly
occurredatthefibre-matrixinterface,ratherthanwithintheinterlaminarresinlayer,of
bothupperandlowerpliesembeddingthedelamination.Thisindicatespoorfibre-matrix
adhesionpropertiesofthematerial,whencomparedtothematrixtoughness,whichoften
happensinglass/epoxycomposites.
WhenconsideringsequenceFUMD0//15,fracturesurfacesappearextremelyconsis-

tentamongthedifferentspecimens,whichisinaccordancewiththereproducibleforce-
displacementcurves,Fig.8.4,andtheverylowscatterintheresistancecurve,Fig.8.8.
ThetypicalaspectforallspecimensisthatobservedinFigs. 8.10(c)and(d):once
again,separationoccursatthefibrematrix-interface;attheverybeginningboththeup-
per(15◦)andthelowerpliesareinvolved,butafterfewmillimetrespropagationoccurs
almostentirelyatthefibre-matrixinterfaceofthe0◦ply.
ThisisnotthecasewhenobservingFUMD0//30specimens,forwhichthetypical

aspectofthefracturesurfacesisthatshowninFigs.8.10(e)and(f):theseparationruns
almostentirelyinthefibre-matrixinterfaceofthe30◦ply.Thereisonlyoneexception,
whichisrepresentedbyspecimennumber6,inwhichsomeareasofseparationsatthe
fibre-matrixinterfaceofthe0◦plyareobserved.
InFUMD0//45specimens,separationtypicallyoccursatbothfibre-matrixinterfaces

inthefirststagesofpropagation,andthenslowlyturnsmosttothe0◦plyfibrematrix
interfacewhendelaminationadvances,asobservedinFigs.8.10(g)and(h). Once
againasinglespecimen,number6,representsanexception:separationoccurredmostly
atthe0◦plyfortheentirepropagation. Thepreviousobservationsmayleadtosome
importantconclusions.Inthefirstplace,FUMD0//30specimensweretheonlyones
showingaseparationalmostentirelyatthefibre-matrixinterfaceoftheoff-axis(30◦)
ply,andconcurrentlythoseyieldingthehighestvaluesofpropagationGIc.Ontheother
hand,UD,FUMD0//0andFUMD0//15specimensyieldedlowerandsimilarvalues
ofpropagationGIcandhadseparationoccurringatthe0

◦plyfibre-matrixinterface.
Itseems,then,thatseparationatthefibre-matrixinterfaceoftheoff-axisplieswould
requirehigherfractureenergies. Thishypothesiswouldalsoexplainthebehaviourof
FUMD0//45specimens:inthefirststagesofpropagationanhigherenergyisrequired
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Figure8.10:PicturesoffracturesurfacesofUDandFUMDspecimens.

duetothebiggerportionofseparationoccurringatthe45◦ply;thenenergyisreduced
becauseofseparationtakingplacemostlyatthe0◦ply.
Adeeperanalysis,comparingfracturesurfacesofsinglespecimenstotheirrespective

R-curvesseemstoconfirmthepreviousconclusion.InFig. 8.11,R-curvesofsingle
specimensforsequencesFUMD0//30(ontheleft)andFUMD0//45(ontheright)have
beenalignedwiththepicturesoffracturesurfacesoftworepresentativespecimens.
ThefracturesurfacesreportedonthetopofFig.8.11arerepresentativeofthetypical

surfacesobservedforthecorrespondingspecimentype.
Ontheotherhand,thefracturesurfacesreportedatthebottomarethoseoftheoutlier

specimens(specimennumber6inbothcases):thereisaclearcorrelationinthefactthat
theR-curvesofthesespecimensaredifferentfromthoseoftheothershavingthesame
sequence. Moreover,ifsomerelevantpointintheresistancecurvesareobservedinthe
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fracturesurfaces(dashedlines),thereseemstobeastrictcorrelationbetweenGIcand
thewayseparationissplitamongtheoff-axisandthe0◦plies.Thedifferenceinfracture
energyrequiredbetweenseparationattheoff-axispliesandthe0◦onescouldbeexplained
bydifferentmechanismoccurringatthemicro-scale.

Figure8.11: Comparisonofsinglespecimenresistancecurveswithrespectivefracture
surfaces.

8.7.5 Specimensarmsrotations

Besidestheobservationofthedelaminationbehaviourofdifferentinterfaces,thegoalof
thisexperimentalstudywastocollectevidencesofthesuitabilityofFUMDspecimens
fordelaminationtesting.
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AsexplainedinChapter3,themechanicalbehaviourofthespecimenhastobesuch
thattheidealkinematicofthedelaminationtestisrespected. Whilethisiseasilyachieved
withUDspecimens,withMDonesthismightnotbethecase.InaDCBtest,forexample,
inordertotrulyobtainpuremodeI,thespecimenmustbeopenedinasymmetricway:
itsarmsshouldrotateofthesamequantityanditsmidplaneshouldnotrotate.Ifthe
armsofthespecimenarenotofequalstiffness,orifcouplingsexist,theirrotationsmight
bedifferentand/ortheentirespecimenmightrotate,thusinvalidatingthetest.According

Figure8.12:DefinitionofthedifferentrotationanglescharacterisingtheDCBspecimens
duringthetest.

toFig.8.12,differentangularquantitiesmaybedefined:

•thearmdeflectionsϕdownorϕupofthelowerandupperarms(accordingtothe
bottom-updefinitionofthestackingsequencesinSection8.3),respectively;

•theoverallopeningangleofthespecimenθopen

•therotationofthespecimenmidplaneϕspec;

•theloadpointsrotationsθdownandθup.

Betweenthesequantitiessomerelationshipsexist. Theopeningangleθopenmaybeob-
tainedbothasthesumofthearmsdeflectionanglesandthesumoftheloadpoint
rotations:

θopen=ϕup+ϕdown=θup+θdown. (8.2)

Assumingapositivevalueofϕspeciftherotationofthespecimenistowarditsupperarm,
thearmsdeflectionsarelinkedtotheloadpointsrotationsby:

θup=ϕup+ϕspec, (8.3)

θdown=ϕdown−ϕspec. (8.4)
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Ifthespecimenissymmetricfromanelasticpointofview,thenitisexpectedthat:

ϕspec=0, (8.5)

ϕup=ϕdown=θdown=θup=θ, (8.6)

θopen=2θ. (8.7)

Inthisstudy,bothUDandFUMDspecimensaretheoreticallyexpectedtoverifyinfirst
approximationtherelationshipsinEqs.(8.5)-(8.7).Hence,theloadpointsrotationsθdown
andθup,weremeasuredbymeansofinclinometersthroughoutthewholetestandforall
specimens.ToevaluatethebehaviourofFUMDdelaminationspecimensandtocompare
ittothatofUDones,thequantity∆̄θwasdefinedasfollows:

∆θ̄=
θup−θdown
θup+θdown

∗100. (8.8)

Thisquantityrepresentsthedifferenceoftheloadpointrotationsasapercentageofthe
totalopeningangleofthespecimen. Whileideally∆̄θshouldbezero,itisexpected,even
forUDspecimens,thatsmalldeviationsoccur,duetoexperimentaluncertainties(small
thicknessvariationsofthearms,specimensplacementatthebeginningofthetest,etc.).
Fourrepresentativepointsintheloaddisplacementcurveshavebeenchosentoevaluate
∆θ̄:

1.HalfofMaximumLoadPoint(HMLP);

2. MaximumLoadPoint(MLP);

3.ReducedStiffnessPoint(RSP):thepoint,duringdelaminationpropagation,at
whichthespecimenstiffnessisreducedby50%;

4. MaximumOpeningPoint(MOP).

Figure8.13:Illustrationofexperimentalpointsusedtoevaluate∆̄θ(a)andmeanvalues
andstandarddeviationobtainedforeachsetofspecimens(b).
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Forillustrationpurposes,suchpointsareshowninFig.8.13(a),ontheforce-displacement
curveofoneofthespecimens. Theaveragevaluesof∆̄θforallsetsofspecimenshave
beencomputedandareshowninFig.8.13,alongwiththeirstandarddeviation.
Afirstgeneralobservationisthataveragevaluesof∆̄θareverysmallforallspecimen

types,andneverexceed5%ofthetotalspecimenopeningangles.
ConsideringUDspecimens,theyshownon-nullaveragevaluesof∆̄θ. However,the

scatterintervaldefinedbythestandarddeviationiswiderthantheaveragevalueand
thuscontainthezero.Thismeansthat,ingeneral,therewasnoonearm(upperorlower)
thatconsistentlyrotatedmorethantheotherone.Especiallyconsideringthesymmetry
ofUDspecimens,thesmalldeviationsobservedarelikelytobeduetorandomvariability
ofmanufacturingandtestconditions.
Mostimportantly,averagevaluesobtainedwithFUMDspecimensarecomparable

to,orevenlowerthan,thoseofUDspecimens. Additionally,thestandarddeviation
onceagainoscillatesaroundzero,confirmingthegenerallysymmetricbehaviourofthe
specimens.FUMD0//30specimensrepresentanexceptioninthattheir∆̄θvaluestend
towardthenegativeside(greaterrotationofthelowerarm)andtheirstandarddeviation
donotcrossthezero. However,suchvaluesremainextremelysmallandevenincluded
withinthescatterbandofUDspecimens.
Whilefurtherstudiesusingmoreadvancedtechniques(suchasDigitalImageCor-

relation)couldgiveamoredetailedandcompletepicture,theseobservationsseemto
corroboratethesuitabilityofFUMDsequencesfordelaminationtestingof MDspeci-
mens.

8.7.6 DelaminationfrontanalysisviaultrasonicC-scans

Whenperformingdelaminationtests,oneofthemostimportantfeatureofthestandard
UDspecimenisitscapabilitytogiveapropagationfrontasstraightandsymmetricalas
possible. Asymmetricandstraightdelaminationfrontistheconsequenceofacorrect
mechanicalbehaviourofthespecimenthroughoutthetest. Whilethisisextremelyim-
portantinordertoperformgoodtestsandcorrectlyreducedata,italsobecomesvery
difficulttobeobtainedwhenusingMDspecimens.ItwasshowninChapter7,byfinite
elementsanalysis,thatFUMDstackingsequencesaretheonesthatapproachthemost
closelythecorrectERRmodalpartitionobtainablewithstandardUDspecimens. The
goalofthisstudywasthereforetoverifyifalsodelaminationfrontsobtainedwithFUMD
specimensaresatisfactorilysimilartothoseofUDspecimens,sincesuchsimilarityisa
firstelementofexperimentalvalidationoftheproposedconcept.
Therefore,afterthetests,ultrasonicC-scansofthespecimenswereperformedinor-

dertoobservethedelaminationfronts.Fig.8.14reportsrepresentativeC-scansforall
specimentypes. Atafirstglance,thefrontsobtainedwithFUMDsequencesappear
quitesymmetricandwithamildcurvature,comparablewiththosefromUDspecimens.
Inordertocomparetheminamorerigorousandquantitativeway,C-scanimageshave
beenpost-processeduptotheattainmentofaone-pixel-thickdelaminationfront.Firstly,
predominantlybluepixelswereenhancedandpredominantlyredoneswereattenuated.
Thenartefactsanddefectsintheimageswerecleanedaway.Eventually,thesaturation
channeloftheimage(asthiswasthetechniqueprovidingthebestresults)wasusedto
obtainabinaryimage,fromwhichpixelscorrespondingtothedelaminationfrontwere
found.ThestepsoftheprocedureareillustratedinFig.8.15,foroneoftheFUMD0//30
specimens.
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Figure8.14:RepresentativeC-scansforallsequencesadopted.Inthisview,delamination
propagatedfromthelefttotheright.ThedashedlinesuperposedtotheC-scanimages
isthelocationoftheinserttip.

Figure8.15:ExampleofC-scanimagesprocessingsteps,fromtheoriginalimagetothe
one-pixel-thickdelaminationfront.

Toquantitativelyevaluatethecurvatureandtheasymmetryofthedelaminationfront,
twoquantitiesweredefined.Thefirstone,β,isdefinedas:

β=
|xmax−xav|

b
, (8.9)

andgivesanestimationofthecurvatureofthedelaminationfront.InEq(8.9),|xmax−xav|
isthedistancebetweenthepointoffarthestpropagationandtheaveragelineofthe
delaminationfront(notethatthisquantitydoesnotdependontheoriginchosento
measurex),andbisthespecimenwidth.Parameterβwouldbe0onlyforaperfectly
straightdelaminationfront,whileitwouldbe1ifthetipofthedelaminationfrontlies
onespecimenwidthaheadoftheaveragelineofthefrontitself.Thesecondparameter,
γ,isdefinedasfollows:

γ=
y

|x(y)−x(−y)|

b∗ny
, (8.10)

andquantifiestheasymmetryofthedelaminationfront.InEq.(8.10),|x(y)−x(−y)|isthe
differenceinpropagationlengthbetweentwospecularpoints(withrespecttothespecimen
longitudinalsymmetryplane)ofthedelaminationfront;suchquantityissummedforall
couplesofcorrespondingpixelsandthennormalizedbythenumberofcouples(ny)and
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thespecimenwidth.Hence,γrepresentsanaveragemeasureofpropagationasymmetry
ofspecularfrontpixelsrelativetothespecimenwidth.Thisparameterwouldbeequalto
0onlyifthedelaminationfrontisperfectlysymmetric,whileitwouldbe1if,onaverage,
eachcoupleofcorrespondingfrontpixelshasadifferenceinpropagationlengthequalto
thespecimenwidth.Bothβandγhavebeenevaluatedforallspecimens.Theaverage
andstandarddeviationoftheresultsovereachsetofspecimensarereportedinFig.8.16.

Figure8.16: Meanvaluesandstandarddeviationfortheparametersβ(a),quantifying
delaminationfrontcurvatureandγ(b),quantifyingdelaminationfrontasymmetry

Valuesofβfound,Fig.8.16(a),areextremelysmall,confirmingthatfairlystraight
frontshavebeenobtained.Itseemsthataweakcorrelationbetweendelaminationfront
curvatureandinterfacepliesmismatchanglemayexist. However,allmeanvaluesob-
tainedwithFUMDsequencesfallswithintheexperimentalscatterbandoftheUDone.
ThisconfirmsthatcurvatureofdelaminationfrontsobtainedwithFUMDspecimensis
comparabletothatobtainedwithUDones.
Ontheotherhand,itappearsthatnocorrelationexistsbetweendelaminationfront

asymmetryandtheinterfacepliesmismatchangle,Fig. 8.16(b),whichmeansthat
FUMDspecimensareabletoavoidthisundesiredeffect. WhileFUMD0//30specimens
arethoseshowingthegreatestasymmetryandthewidestscatter,UDspecimensarenot
thoseyieldingthelowestvaluesofγ.Suchresultsmayindicatethatthesmallasymmetry
measuredisnotdirectlyrelatedtothestackingsequences,butratheritisduetosome
variabilityintroducedbythemanufacturingorbythetestsetup.
Tosumup,theseresultsconfirmthegoodbehaviourofFUMDspecimensintermof

delaminationfrontshape.

8.8 Concludingremarks

Inthischapter,theexperimentalstudyperformedtoassessthesuitabilityofFUMD
specimensfordelaminationtestingwaspresented.FivedifferenttypesofFUMDspeci-
mens,havingdifferentdelaminationinterfaces,weredesigned.Aglass/epoxyUD-fabric
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materialwasusedtoreducethelikelihoodofdelaminationjumpoccurring. Thespeci-
mensweretestedunderpuremodeIdelamination,accordingtostandardprocedures.For
comparisonpurposes,alsostandardUDspecimensofthesamematerialweretested.
FouroutoffiveFUMDspecimentypesdidnotexperienceanydelaminationjump,

andthepropagationwassmoothintheinitialdelaminationplane,asconfirmedbyC-
scanimagesandfracturesurfacesobservation.Thisconfirmspreviousobservationsthat
UD-fabricmaterialsmayreducethelikelihoodofdelaminationmigration.
ThebehaviourofthematerialsystemintermsofmodeIinterlaminarfracturetough-

nessGIcwasinvestigated,bothforinitiationandpropagation. TheNLand5%/MAX
initiationvaluesofGIcobtainedfordelaminationfromtheinsertwerefoundtobeinde-
pendentofthedelaminationinterface.Thiswashoweverattributedtotheeffectofthe
insertfilm,whichwasthickerthanwhatrecommendedinstandards.TheVISinitiation
valuesofGIcfromtheinsertshowedanincreasingtrendwithincreasingmismatchangleof
thepliesembeddingthedelaminationplane.Thistrendwasfoundagain,moreevidently,
forNL,VISand5%/MAXinitiationvaluesofGIcobtainedfromthemodeIprecrack.
Noeffectoftheglobalstiffness(andstackingsequence)ofthespecimenswereobserved,
providedthatthedelaminationinterfaceisthesame. Nofibre-bridgingwasobserved.
TheR-curvesofthespecimensseemtobeinfluencedbytwoaspects.Firstly,transverse
yarnsdebondingoccurredattheedgesofthespecimens;theentityofthisphenomenon
changedwiththeorientationsofpliesembeddingthedelaminationplane.Secondly,the
delaminationinthiscaseconsistedintheseparationatthefibre-matrixinterface,andnot
inacohesivefailureoftheresininterlayer.Theplyorientationseemstohaveaneffect
ontheresultingpropagationvaluesofGIc.
Eventually,thetestsperformedallowedtoobtainsomepreliminary,butpromising,

indicationsoftheappropriatemechanicalbehaviourofFUMDspecimens. Rotations
ofthearmsofthespecimensatdifferentopeningandloadconditionsduringthetests
wereevaluated.ResultsfromFUMDspecimenswereextremelygoodwhencomparedto
thosefromUDones.Thisconfirmedthatnoundesiredrotations,causedbymechanical
couplingsorbythereleasingofthermalresidualstresses,happened.Also,theshapeofthe
delaminationfrontsattheendofthetestswasobservedbymeansofultrasonicC-scans.
Theresultingimageswereprocessedinordertoquantitativelyevaluatecurvatureand
symmetry.Onceagain,resultsobtainedwithFUMDspecimenswerecomparativelygood
withrespecttoUDones.ThisagainstrengthentheideathatFUMDspecimensmaybea
viablesolutionstoobtainoptimaldelaminationtestingconditionsforMDlaminatesand
toevaluatetheirinterlaminarfracturetoughness.
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Summary,conclusionsand
perspectives

Summaryandconclusions

Elasticcouplingsandundesiredthermaleffectscauseimportantdifficultiesininterlaminar
fracturetoughnesstestingofMDlaminates.Inthisstudy,asolutiontotheseproblems
isproposed.Thankstothisnovelclassofstackingsequences,itispossibletoobtainMD
delaminationspecimensthatcanbeusedtotestanydesireddelaminationinterface,while
concurrentlyhavingathermoelasticbehaviourthatreplicatesthatofUDspecimens:they
arecompletelyfreeofelasticcouplingsanddonotdevelopthermally-inducedshearing
deformationsandcurvatures. TheprocessthatledtotheattainmentofFUMDlayups
andthepreliminarystudiesperformedtoassesstheirperformancesaresummarizedin
thefollowing,accompaniedbyrelevantconclusions.

AdoptionandattainmentofQTsolutions

InordertoexploitQTsolutionsforthedesignofFUMDlayupsanalgorithmforthe
creationofacompletedatabaseofQTsolutionswasconceivedandimplemented.
DespitethefactthatQTsolutionshavedemonstratedagreatpotentialinlaminate

designproblems,onlyfewsuggestionsonhowtoimplementanalgorithmfortheirsearch
wereavailableintheliterature[68,168].Thealgorithmconceptionandimplementation
presentedinthisstudy,whilenotbeingtheonlyonepossible,shouldbeofhelptoall
thosewhoarewillingtoobtainacompletedatabaseofQTsolutions.
Byemployingthealgorithmdevelopedinthisstudy,twoimportantresultswereob-

tained.Firstly,forsomegivennumbersofpliesandoforientationsgroupsofthesequences,
ahighernumberofQTsolutionswerefoundthaninpreviousstudies[62,68,168],which
isarguablygoodnews.Secondly,whilefindingQTsolutionsbecomesmoredifficultas
thetotalnumberofpliesincreases,inthisstudyitwaspossibletofindlongersequences
thaninthepast.

SuperpositionrulesforQTsolutions

AfterthecreationofarichdatabaseofQTsolutions,superpositionruleswerederived,
withintheframeworkofCLPT,asanalyticalclosedformsolutions.
Whileitwasobservedthat,ingeneral,thesuperpositionoftwoQTsequencesdoes

notyieldanewQTone[168],therulesderivedinthisstudygivetheconditions(interms
oftotalnumberofpliesandnumberofpliesperorientationgroups)thatanarbitrary
numberofinitialQTsolutionsneedtosatisfyinorderfortheirsuperpositiontobeaQT
solutionaswell.
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Whiletheprimarygoalforthedevelopmentofthesuperpositionruleswasthedesign
ofFUMDlayups,theyhavebeenderivedtoobtainallpossibletypesofquasi-triviality
startingfromthesuperpositionofQTsolutionsofanytype. Consequently,thanksto
theirgenerality,theymayfindapplicationinanylaminatedesignproblems(especially
todesignthicklaminates). Moreover,whenonlyfewsequenceshavetobesuperposed,
therulesreducetoverysimpleexpressions.Fromapracticalpointofview,theyallowto
designstackingsequenceswithatightcontroloverthepropertiesofsomesub-sequences
tobesuperposed,butalsooverthepropertiesoftheresultingsequence.Inaddition,they
allowtogenerateQTsolutionsofanydesiredlength,thusovercomingthelimitationsdue
tocomputationalcoststhatarisewhenperforminganalgorithmicsearch.

FUMDlayupsdesign

ThankstotheadoptionofQTsolutionsandoftheirsuperpositionrules,FUMDlayups
havebeendesigned.TheselayupsallowtoobtainMDdelaminationspecimenscompletely
freefromelasticcouplingsandthatcanavoidundesiredthermaleffects. Moreover,the
pliesembeddingthedelaminationplanemayhaveanydesiredorientation.
Recently,QTsolutionshadbeenusedbydifferentauthorsinordertodesign MD

delaminationspecimens[53,158,159,160,161].However,inthesestudies,classiclaminate
designtechniques(e.g.symmetryofthewholelaminate,useofthe WerrenandNorris
rule,etc.)wereadopted,sothatonlyalimitednumberofsequencesand/ororientations
couldbeused,andonlysometypesofinterfacescouldbeobtained.
Instead,thedesignprocessproposedinthisstudygivesamoregeneralframework,

whereinmoreQTsolutionsandorientationsmaybechosenwithagreaterfreedom.Asa
matteroffact,allthecitedapproachescanbeshowntobeparticularcasesofthestrategy
derivedhere.
Hence,FUMDlayupscombineforthefirsttimeoptimalthermoelasticpropertiesand

generalityintermsofdelaminationinterface.Forthisreason,theymayrepresentideal
candidatesforastandardisationofinterlaminarfracturetestingofMDlaminates.

FUMDlayupsnumericalassessment

InordertoassesstheeffectivenessofFUMDlayups,oneFUMDsequencewasdesigned
tobecomparedtootheronestakenfromrelevantliterature.Allsequenceswereselected
tohaveatypical0◦//45◦delaminationinterfaceandasimilarnumberofplies.
ItwasdemonstratedthattheFUMDlayupwastheonlyoneyieldingathermoelastic

behaviourqualitativelysimilartothatoftheUDone.BymeansofFEsimulationsofa
modeIloadingconditionwithDCBspecimen,ERRdistributionsandmodalpartitions
wereassessedusingVCCT;theFUMDlayupwastheoneleadingtothesmallestparasite
modalcontribution.TheseresultsgaveafirstconfirmationofhowFUMDstackscould
possiblybethebestchoicefordelaminationtestingofMDlaminates.
ItisnoteworthythatarevisedVCCTwasrequiredtoobtainaphysicallyconsistent

ERRmodalpartitionformixedmodecondition.

Experimentalactivity

Eventually,anexperimentalcampaignusingFUMDdelaminationspecimenswasper-
formed.FivedifferentFUMDlayupsweredesignedtofabricateDCBspecimenshaving
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differentdelaminationinterfaces. Aglass/epoxyUD-fabricmaterialwasusedtoreduce
thelikelihoodofdelaminationjumpoccurring. Thespecimensweretestedunderpure
modeI,accordingtostandardprocedures.Forcomparisonpurposes,alsostandardUD
specimensofthesamematerialweretested.Thankstothisstudy,twomaintaskswere
accomplished.

Inthefirstplace,somepreliminaryexperimentalevidencesthatcouldconfirmthe
goodmechanicalbehaviourofFUMDdelaminationspecimenswerecollected.Inparticu-
lar,rotationsofthearmsofthespecimensatdifferentopeningandloadconditionsduring
thetestswereevaluated.ResultsfromFUMDspecimenswereextremelygoodwhencom-
paredtothosefromUDones. Thisconfirmedthatnoundesiredrotations,causedby
mechanicalcouplingsorbythereleasingofthermalresidualstresses,happened. Then,
theshapeofthedelaminationfrontsattheendofthetestswasobservedbymeansof
ultrasonicC-scans.Theresultingimageswereprocessedinordertoquantitativelyevalu-
atecurvatureandsymmetry. Onceagain,resultsobtainedwithFUMDspecimenswere
comparativelygoodwithrespecttoUDones.

Secondly,thestudyperformedallowedtoinvestigate,intheoptimalconditionsgiven
bytheuseofFUMDspecimens,differentaspectsofinterlaminarfractureinMDinterfaces,
atleastforthematerialconsidered.
TheinitiationvaluesofGIcobtainedfromthemodeIprecrackshowedanincreasing

trendasthemismatchangleofthepliesembeddingthedelaminationplanegrows. On
theotherhand,sequenceswiththesamedelaminationinterface(namelyUDspecimens
andFUMDspecimenshaving0◦//0◦delaminationinterface),butdifferentglobalstiffness
yieldedalmostundistinguishablevaluesofGIc.Thisleadstotheconclusionthat,fora
fixedinterface(andofcourseinthesameconditionsofelasticuncouplingandabsenceof
thermaleffects),thelayupandtheglobalstiffnessofthespecimenhaveanegligibleeffect
oninterlaminarfracturetoughness.
Whilenofibre-bridgingwasobservedduringthetests,theR-curvesobtainedwere

influencedbytwoaspects:

•transverseyarnsdebondingoccurringattheedgesofthespecimens. Theimpor-
tanceofthisphenomenonincreasedwithgrowingmismatchangleofthepliesatthe
delaminationinterface. Theoccurrenceandthedevelopmentofthisphenomenon
likelyledtothedifferentinitialriseinfracturetoughnessfordifferentspecimen
types;

•thefracturemechanismattheinterface.Delaminationinthisstudyconsistedmainly
inaseparationatthefibre-matrixinterface,andnotinacohesivefailureoftheresin
interlayer.Plyorientationsattheinterfaceseemtohaveaneffectonhowandwhere
(upperply,lowerplyorboth)thishappens.This,inturn,seemstoinfluencethe
resultingpropagationvaluesofGIc.

Toconclude,theexperimentalstudyhasshownhowusefulFUMDlayupsmaybe
indesigningoptimaldelaminationspecimentocharacteriseinterlaminarfracture.In
addition,ithasbeenconfirmedthat,afterremovingthebiasofelasticcouplingsand
thermaleffects,plyorientationsatthedelaminationinterfacemayhaveaneffecton
interlaminarfracturetoughness. Thecapabilitytoquantifysucheffectsisofstrategic
importanceforstructuraldesign.
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Perspectives

Theresultsobtainedinthisstudyopenmanypossibilitiesforfurtherresearchactivities,
indifferentdirections.

QTsolutions

DespitethefactthatQTsolutionswereonlyatoolforthescopeofthisstudy,aconsistent
portionoftheworkdealtwiththem. Ofcourse,theeffortmadeinthisregardsproved
tobeworth,andadditionallyitopenedonsomeimportantdevelopmentsthatmaybe
pursued.

Firstly,whilethealgorithmdevelopedinthisstudyalreadyrepresentedasignificantstep
forwardwithrespecttothepreviousstateoftheart,furtherimprovementsregarding
bothitsconceptualorganisationandthecodingimplementationarepossible.Suchad-
justmentwouldleadtoobtainevenbetterresults,intermsofthelengthofQTsolutions
thatmaybereached.Thiswouldbeusefulforthoselaminatedesignproblemsinwhich
highnumberofpliesarerequired.Aratherimportantfieldofapplicationcouldbeinthe
designofthin-plylaminates.

Ontheotherhand,longerQTsolutionsmaybeobtainedalsoexploitingthesuperpo-
sitionrules,withoutanyupperlimitonthetotalnumberofplies. Howeverthisraises
someveryinterestingquestions:howmanyQTsolutions,outofallthoseexisting,maybe
foundbysuperposition?Dothosesolutionsrepresentaspecificsubsetwithsomespecific
properties?Dotheremainingoneshavesomespecificpropertiesoftheirown?

Interlaminarfracturetesting

Someofthemostinterestingperspectivesopenedbythisstudyconcerninterlaminarfrac-
turetestingofMDlaminates.Anambitiouslongtermgoalwouldbetothoroughlyassess
thepossibilityofextendingthescopeofstandardinterlaminarfractureteststoFUMD
layups,inordertoallowthecharacterisationofnon-standarddelaminationinterfaces.Of
course,muchworkisneededtoachievesuchagoal.
Futureactivitiesshouldfocusontwomainaspects:thesolutionofproblemsthatstill

remainopenandtheapplicationofFUMDlayupstoinvestigatedifferentaspectsofin-
terlaminarfractureinMDlaminates.Thesetwoactivitiesareinfactstrictlyinterrelated.
Thesinglemostimportantremainingissueisthatofadditionaldamagemechanismsoc-
curringduringtests.Ontheotherhand,FUMDlayupshavesolvedtheproblemsofelastic
couplingsandundesiredthermaleffectsinMDdelaminationspecimens.Hence,theyof-
ferforthefirsttimethepossibilitytoinvestigatetheappearanceofadditionaldamage
mechanisms,aswellasotheraspectsofinterestininterlaminarfractureofMDlaminates,
isolatingthisissuefromthoseofelasticcouplingsandthermaleffects.Furthermore,they
offeravarietyofstackingsequences,pliesorientationsanddelaminationinterfaces.
AspectstobeinvestigatedexploitingFUMDlayupsmaybesynthesizedasfollows:

•Loading mode.Inthepresentwork,onlymodeIdelaminationwasconsidered.
AnobvioussteptobetakenistoadoptFUMDlayupstoperformstudiesalsofor
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modeIIandmixedmodeI/IIconditions. Thismaybedoneusingstandardtest
methods,suchasENFandMMBtests,orotherones.Inparticular,theconceptof
FUMDlayupsmaybeextended,withappropriatemodifications,totestmethods
makinguseofspecimenswithasymmetricarms,suchastheAsymmetricDouble
CantileverBeam(ADCB)test;

•Delaminationinterface.FUMDlayupsofferthepossibilitytoobtainspecimens
havinganydesiredorientationofpliesembeddingthedelaminationplane.Inthis
studyonlyfewinterfaceswereconsidered.Ontheotherhand,futurestudiesshould
involvemoreinterfacetypes(0//θ,θ//θ,θ//−θ,θ1//θ2)andorientations.Both
theeffectofthetypeofinterfaceandoftheorientationsadoptedbeinvestigated;

•Stackingsequence. WhenevaluatinginterlaminarfracturetoughnessofMDin-
terfaces,theorientationofthepliesembeddingdelaminationisexpectedtobethe
primaryresponsiblefortheresultsobserved.However,itisimportanttofindoutif
secondaryeffectsexist.Inthiscontext,stackingsequencemightplayarole.Two
aspectshavebeenmentionedintheliteraturethatrequirefurtherattention:first,
theeffectoftheglobalstiffnessofthespecimen;second,theeffectofsub-adjacent
plies(i.e.pliesthatareclosetothoseembeddingthedelaminationplane).Itistobe
understoodiftheyhaveanimpactonthebehaviourofthespecimen(appearanceof
additionaldamage)andontheresultsintermsofinterlaminarfracturetoughness.
FUMDlayups,thankstothewidedesignspacethattheyoffer,seemtheidealtool
toinvestigatetheseissues;

•Material.Inthisstudy,fortheexperimentalactivityperformed,aUD-fabric
materialwasused.However,theconceptofFUMDlayups,thankstoitsgenerality,
maybeappliedtoothertypesofcomposites.Furthermore,thereisaninterestin
doingso,sincedifferentmaterialsareexpectedtoshowdifferentbehavioursand
differentissues.Inwovenfabrics,especiallybalancedones,delaminationmigration
islesslikelytooccur,butthecomplexmicro-structureoftheinterlaminarlayer
bringscomplexdelaminationbehavioursthatneedinvestigation.Ontheotherhand,
UDtapematerialsmaybemoresusceptibletodelaminationjump,butresearchon
thisaspectisstillongoing.

Fromamethodologicalpointofview,bothnumericalandexperimentalactivitiesmay
beforeseen,possiblymakinguseofamulti-scaleapproach.
Onthenumericalside,onefirsteffortshouldbedevotedtodevelopmodelsableto

reproducethebehaviourobservedintheexperimentalstudyconductedinthiswork.
Besides,anotherimportantstepwouldbetomakeuseofexistingmodelswithpredictive
capabilitieswithrespecttotheappearanceofdamage,bothatthemicroandthemeso
scale,toanalysethewidestpossiblepoolofFUMDsequences.Thus,candidatelayups,
thatarelesslikelytogiverisetodamageotherthandelamination,maybeidentifiedand
usedtoplanfurtherexperimentalactivities.
Suchexperimentsshoulddealwiththedifferentaspectsmentionedbefore. Results

fromthemshouldhighlightthemostimportantvariablesinplayandtheirrolewith
respecttothetheappearanceofadditionaldamagemechanisms.Theyshouldbeusedto
createadialoguebetweenexperimentsandmodels,andtoprovideafeedbacktocorrect
andrefinetheactualpredictivecapabilitiesofthemodelsadopted.
Theultimategoalofthisprocessistofullyunderstandhowandwhendamagemecha-

nismsdevelopinMDspecimens,sothattheycanbeaccuratelymodelled.Ifthisobjective
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ismet,itwouldbecomepossibletopredictunderwhichcircumstances(delaminationin-
terface,stackingsequence,material,specimengeometry,ect.)itispossibletoavoidthem
andthustoobtainoptimalconditionstoconsistentlycharacterisethetoughnessofMD
interfaces.
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[109]J.Scḧon,T.Nyman,A.Blom,andH.Ansell,“Numericalandexperimentalinves-
tigationofacompositeENF-specimen,”EngineeringFractureMechanics,vol.65,
no.4,pp.405–433,2000.

[110]D.NichollsandJ.Gallagher,“DeterminationofGICinangleplycompositesusing
acantileverbeamtestmethod,”JournalofReinforcedPlasticsandComposites,
vol.2,no.1,pp.2–17,1983.

[111]P.RobinsonandD.Song,“AmodifiedDCBspecimenformodeItestingofmultidi-
rectionallaminates,”JournalofCompositeMaterials,vol.26,no.11,pp.1554–1577,
1992.

[112]A.Laksimi,A.A.Benyahia,M.Benzeggagh,andX.Gong,“Initiationandbifurca-
tionmechanismsofcracksinmulti-directionallaminates,”CompositesScienceand
Technology,vol.60,no.4,pp.597–604,2000.

[113]J.H.Hwang,C.S.Lee,and W.Hwang,“Effectofcrackpropagationdirectionson
theinterlaminarfracturetoughnessofcarbon/epoxycompositematerials,”Applied
CompositeMaterials,vol.8,no.6,pp.411–433,2001.

[114]A.PereiraandA.deMorais,“ModeIinterlaminarfractureofcarbon/epoxymulti-
directionallaminates,”CompositesScienceandTechnology,vol.64,no.13,pp.2261
–2270,2004.

[115]C.Blondeau,G.Pappas,andJ.Botsis,“Influenceofply-angleonfractureinanti-
symmetricinterfacesofCFRPlaminates,”CompositeStructures,vol.216,pp.464
–476,2019.

[116] M.GilchristandN.Svensson,“Afractographicanalysisofdelaminationwithinmul-
tidirectionalcarbon/epoxylaminates,”CompositesScienceandTechnology,vol.55,
no.2,pp.195–207,1995.

[117]J.TaoandC.T.Sun,“Influenceofplyorientationondelaminationincomposite
laminates,”JournalofCompositeMaterials,vol.32,no.21,pp.1933–1947,1998.

[118]A.Pereira,A.deMorais,A.Marques,andP.deCastro,“ModeIIinterlaminarfrac-
tureofcarbon/epoxymultidirectionallaminates,”CompositesScienceandTechnol-
ogy,vol.64,no.10,pp.1653–1659,2004.

[119]A.PereiraandA.deMorais,“ModeIIinterlaminarfractureofglass/epoxymul-
tidirectionallaminates,”CompositesPartA:AppliedScienceandManufacturing,
vol.35,no.2,pp.265–272,2004.

[120]Y.Shi,D.Hull,andJ.Price,“ModeIIfractureof+θ/-θangledlaminateinterfaces,”
CompositesScienceandTechnology,vol.47,no.2,pp.173–184,1993.

[121]A.A.Benyahia,A.Laksimi,N.Ouali,andZ.Azari,“Mechanicalbehaviorandop-
timizationofmultidirectionallaminatespecimensunderdelaminationbybending,”
Strengthofmaterials,vol.38,no.6,pp.613–623,2006.

[122]T.Sebaey,N.Blanco,C.Lopes,andJ.Costa,“Numericalinvestigationtoprevent
crackjumpingindoublecantileverbeamtestsofmultidirectionalcompositelami-
nates,”CompositesScienceandTechnology,vol.71,no.13,pp.1587–1592,2011.

173



[123]S. W.Tsai,Theoryofcompositesdesign-Section8. ThinkcompositesDayton,
OH,1992.

[124]S.T.Pinho,C.Davila,andP.P.Camanho,“FailuremodelsandcriteriaforFRPun-
derin-planeorthree-dimensionalstressstatesincludingshearnon-linearity,”2005.

[125]T.Sebaey,N.Blanco,J.Costa,andC.Lopes,“Characterizationofcrackpropa-
gationinmodeIdelaminationofmultidirectionalCFRPlaminates,”Composites
ScienceandTechnology,vol.72,no.11,pp.1251–1256,2012.

[126]C.Canturri,E.S.Greenhalgh,andS.T.Pinho,“Therelationshipbetweenmixed-
modeII/IIIdelaminationanddelamination migrationincompositelaminates,”
CompositesScienceandTechnology,vol.105,pp.102–109,2014.

[127]B.Chen,T.Tay,S.Pinho,andV.Tan,“Modellingdelaminationmigrationin
angle-plylaminates,”CompositesScienceandTechnology,vol.142,pp.145–155,
2017.

[128]L.Zhao,Y. Wang,J.Zhang,Y.Gong,Z.Lu,N.Hu,andJ.Xu,“Aninterface-
dependentmodelofplateaufracturetoughnessinmultidirectionalCFRPlaminates
undermodeIloading,”CompositesPartB:Engineering,vol.131,pp.196–208,
2017.

[129]R.R.Johnson, M.H.Kural,andG.B. Mackey,“Thermalexpansionproperties
ofcompositematerials,”NASAContractorReport165632,LockheedMissilesand
SpaceCOINC,SunnyvaleCA,July1981.

[130]J.BarnesandG.Byerly,“Theformationofresidualstressesinlaminatedthermo-
plasticcomposites,”CompositesScienceandTechnology,vol.51,no.4,pp.479–
494,1994.

[131]Z.Guo,“ResidualstressescharacterizationoflaminatedcompositescuringbyFEM
andFBGsensor,”PolymersandPolymerComposites,vol.19,pp.91–98,2011.

[132]P.Robinson,S.Foster,andJ.Hodgkinson,“Theeffectsofstarterfilmthickness,
residualstressesandlayuponGIcofa0

◦/0◦interface,”AdvancedCompositesLet-
ters,vol.5,no.6,pp.159–163,1996.

[133]H.Miyagawa,C.Sato,andK.Ikegami,“Fracturetoughnessevaluationformultidi-
rectionalCFRPbytheramancoatingmethod,”CompositesScienceandTechnology,
vol.60,no.16,pp.2903–2915,2000.

[134]J.A.Nairn,“FractureMechanicsofComposites WithResidualThermalStresses,”
JournalofAppliedMechanics,vol.64,no.4,pp.804–810,1997.

[135]J.A.Nairn,“Energyreleaserateanalysisforadhesiveandlaminatedoublecan-
tileverbeamspecimensemphasizingtheeffectofresidualstresses,”International
JournalofAdhesionandAdhesives,vol.20,no.1,pp.59–70,2000.

[136]J.A.Nairn,“Onthecalculationofenergyreleaseratesforcrackedlaminateswith
residualstresses,”InternationalJournalofFracture,vol.139,no.2,p.267,2006.

174



[137]T.Yokozeki,T.Ogasawara,andT.Aoki,“Correctionmethodforevaluationof
interfacialfracturetoughnessofDCB,ENFand MMBspecimenswithresidual
thermalstresses,”CompositesScienceandTechnology,vol.68,no.3-4,pp.760–
767,2008.

[138]T.Yokozeki,“Energyreleaseratesofbi-materialinterfacecrackincludingresidual
thermalstresses:Applicationofcracktipelementmethod,”EngineeringFracture
Mechanics,vol.77,no.1,pp.84–93,2010.

[139]P.QiaoandQ.Liu,“Energyreleaserateofbeam-typefracturespecimenswith
hygrothermalinfluence,”InternationalJournalofDamageMechanics,vol.25,no.8,
pp.1214–1234,2016.

[140]P.TsokanasandT.Loutas,“Hygrothermaleffectonthestrainenergyreleaserates
andmodemixityofasymmetricdelaminationsingenerallylayeredbeams,”Engi-
neeringFractureMechanics,vol.214,pp.390–409,2019.

[141]A.B.DeMorais,M.F.DeMoura,J.P.Goņcalves,andP.P.Camanho,“Analysis
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AppendixA

SuperpositionofthreeQTsolutions

A.1 Introduction

InChapter5,superpositionrulesforQTsolutionswerederivedandspecialisedtothecase
ofsuperpositionoftwosequences.Thescopeofthisappendixistoexpandbyspecialising
thesuperpositionrulesalsotothecaseofthesuperpositionofthreesequences.

A.2 Uncouplingof3superposed QTuncoupledor

quasi-homogeneoussolutions

BeforepresentingthecaseofthesuperpositionofthreeinitialQTuncoupledsolutions,
abriefremarkvalidforthesuperpositionofanynumberq≥3ofinitialQTuncoupled
solutionsisexplained:supposethereisanorientation,sayθ̄l,whichexistsinonlyoneof
theinitialQTsolutions,e.g.ther-th.Thereforeitis:

n
G
(i)

l̄

=0, ∀i=r. (A.1)

ItfollowsfromEq.(5.33):

n
G
(r)

l̄

(
r

i=1

ni−

q

i=r

ni)=0. (A.2)

ClearlytheconditioninEq.(A.2)issatisfiedwhen:

r

i=1

ni=

q

i=r

ni. (A.3)

Thismeansthatinthemacro-sequencethenumberofpliesbelowandabovether-th
sequenceshouldbeequal,thatisQTrinitialsolutionmustbeexactlyatthecenterofthe
macro-sequence.Ifthisisnotthecase,uncouplingisnotpossibleforthemacro-sequence.
Consideringnowthecaseq=3,Eqs.(5.33)becomes:

n1(−nG(2)l
−n

G
(3)
l
)+n2(nG(1)l

−n
G
(3)
l
)+n3(nG(1)l

+n
G
(2)
l
)=0,

l=1,...,m∗.
(A.4)

Fromthisrelationshipthefollowingobservationscanbeinferred:
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1.ifn
G
(1)

l̄

=n
G
(3)

l̄

=0foragivenorientationθ̄l,weareinthesituationdescribedby

Eq.(A.1).Inthiscase,asalreadyseeninEq.(A.2),itissufficienttohaven1=n3
tosatisfyEq.(A.4);thenn

G
(2)

l̄

canbedifferentfromzero:anisolatedorientation

groupmayexistinthecentralsequence;

2. moreingeneral,ifn
G
(1)

l̄

=n
G
(3)

l̄

=nḠl=0,thenEq.(A.4)reducesto:

(n3−n1)(nG(2)
l̄

+nḠl)=0, (A.5)

Thismeansthatifanorientationappearswiththesamenumberofpliesinsequences
QT1andQT3,then,inordertoobtainasaturatedgroup,thetotalnumberofplies
ofthetwosequencesmustbeequal,n1=n3.Ifthisisthecase,boththetotal
numberofpliesn2andthenumberofpliesfortheconcernedorientationnG(2)

l̄

of

sequenceQT2donotappearintheconditiontoobtainasaturatedgroup;

3.veryinterestingly,ifthetotalnumberofpliesofthethreesequencesisthesame,
n1=n2=n3,Eq.(A.4)simplifiestonG(1)l

=n
G
(3)
l
.

Asforthesuperpositionoftwosequences,theresultsobtainedheremaybeusedalsoto
obtainaQTuncoupledmacro-sequencebythesuperpositionofQTquasi-homogeneous
solutions.

A.3 Membrane-bendinghomogeneityof3superposed

QT membrane-bendinghomogeneoussolutions

InthecaseofthreesuperposedQTmembrane-bendinghomogeneoussolutions,Eq.(5.42)
becomes:

n
G
(3)
l
[6(n1+n2)(n3+1)−(n1+n2)(n3+ntot+3)]−6(n1+n2)

k∈G
(3)
l

k+

+n
G
(2)
l
[6n1(n2+n3+1)−(n1+n3)(n2+ntot+3)]−6(n1−n3)

k∈G
(2)
l

k+

+n
G
(1)
l
[−(n2+n3)(n1+ntot+3)]+6(n2+n3)

k∈G
(1)
l

k=0,

l=1,...,m∗.

(A.6)

Ifn1=n2=n3andnG(1)l
=n

G
(2)
l
=n

G
(3)
l
,Eq.(A.6)becomes:

k∈G
(1)
l

k−

k∈G
(3)
l

k=0, l=1,...,m∗. (A.7)

Inthisparticularcase,thecontributionofsequenceQT2disappears,andonlykindexesof
sequencesQT1andQT3mustfulfilthepreviousconditioninordertogetaQTmembrane-
bendinghomogeneousmacro-sequence.
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A.4 Membrane-bendinghomogeneityof3superposed

QTquasi-homogeneoussolutions

When q=3Eq.(5.44)reducesto:

n
G
(1)
l
[(n2+n3)(−n1+n2+n3)]

+n
G
(2)
l
[(n1+n3)(n1−n2+n3)−6n1n3]+

+n
G
(3)
l
[(n1+n2)(n1+n2−n3)]=0, l=1,...,m∗.

(A.8)

Iftheparticularcaseofthesuperpositionofthreesolutionswiththesamenumberofplies
isconsidered,n1=n2=n3=nandEq.(A.8)simplifiesto:

n
G
(1)
l
+n

G
(3)
l
=2n

G
(2)
l
, l=1,...,m∗, (A.9)

whichisaverysimplecondition:thesumofpliesbelongingtoagivenorientationθlin
sequencesQT1andQT3mustbeequaltotwicethenumberofpliessharingthesame
orientationanglewithinsequenceQT2.Eq.(A.9)imposesthatagivenorientationgroup
Glmustbepresentinthecentralsequencetoo,otherwisesaturationwillnotbepossible.
Thisisduetothetrendofckcoefficientswithinthestackingsequence.
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AppendixB

Glass/epoxyUD-fabric material
experimentalcharacterisation

B.1 Introduction

Thematerialsystemusedtofabricatethedelaminationspecimensthatwereusedinthis
workisaglass/epoxycompositewhosecommercialreferenceisHexPly cM34N/32%/
430PUD/G-136x5andthatwasavailableintheformofapre-impregnated(prepreg)roll.
Thereinforcementinthiscompositeisconstitutedbyaso-calledUDfabricmaterial:a
plainweavefabricinwhich90%offibreweightisconstitutedbythewarpyarns(E-glass
EC9136)andtheremaining10%fibreweightisconstitutedbythetransverseweftyarns
(E-glassEC968).
Inordertoobtaintheelasticpropertiesofthematerialanexperimentalcharacterisa-

tionprogramwascarriedout,followingstandardprocedures.Theaimofthisappendix
istodetailtheproceduresadoptedandtheresultsobtained. Moreover,sincedataon
thisparticularmaterialarenotavailableintheliterature,norinofficialdata-sheets,the
resultspresentedheremayproveusefulalsoforothers.

B.2 Experimentalactivity

B.2.1 Test matrix

Todesignanappropriateexperimentalprogramforthecharacterisationofthematerial
adopted,standardtestprocedureshavebeenreviewed.Inparticular,usingASTMstan-
dardcharacterisationtests[184,185,186]forpolymermatrixcompositesasaguide,the
testplaninTableB.1hasbeendevised. Thetestmethodologyandthecorresponding
ASTMstandardsarelistedinTableB.1,alongwiththeelasticpropertiesthatcanbe
foundfromeachtest. Also,detailsonthespecimens’layups,theirnominaldimensions
andthenumberofspecimenspertestarereported. Theplatesfromwhichspecimens
havebeenobtainedwerefabricatedfollowingthesameprocessexposedinChapter8and
usedfortheplatesfromwhichdelaminationspecimenswereobtained.
Itisworthremarkingthechoiceofperformingflexuraltests. Whencharacterising

polymermatrixcomposites,elasticmodulimaybedifferentintensionandcompression
(usuallytheyarelowerincompression). Consequently,bothtensileandcompressive
testsareperformed.Analternativeoptionistosubstitutecompressivetestswithflexural
ones,whichhavethegreatadvantageofbeingmuchsimplerandusuallygivelessdispersed
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Test ASTM Properties Specimens Specimen Specimen
type standard obtained n◦ layup dimensions[mm]

0◦Tension D3039[184] E1,t,ν12 7 [0]8 200*20

90◦Tension D3039[184] E2,t 7 [90]8 200*25

±45◦Shear D3518[185] G12 7 [±45]2S 200*25

0◦Bending D7264[186] E1,f 8 [0]8 200*20

90◦Bending D7264[186] E2,f 8 [90]8 200*20

TableB.1: Materialcharacterisationtestmatrix.

results.Typically,flexuralmodulifallinbetweentensileandcompressiveones.Forthe
purposesofthisstudy,therewasanevengreaterinterestinmeasuringflexuralmoduli,
sincetheyareofinterestwheninterlaminarfracturetests(inwhichbendingisthemain
loadingcondition)areconcerned.

B.2.2 Experimentalsetups

Both0◦and90◦tensiletests,aswellas±45in-planesheartests,werecarriedoutin
thetensileapparatusshowninFig.B.1. TwoInstronwedgegriphavebeenusedto

FigureB.1:Tensiletestingapparatususedfor0◦and90◦tensiletestsand±45in-plane
sheartests.Globalview(a)andclose-upviewsfromdifferentangles(b-c).

performthetests.Theuppergripisfixed,whiletheloweroneismovedduringthetests.
Furthermore,theupperwedgegriphadthefreedomtoself-align,whichisparticularly
importantfortensiletests,sinceotherwisedeleteriousbendingstresscouldbeinducedand
invalidateresults.Theinitialpressureappliedbytheuppergripwasadjustedmanually.
Theforceappliedbythesystemismeasuredbymeansofa100kNloadcell.Foralltests
performedwiththismachine,theacquisitionsystemwassettoregisterforce,displacement
anddatafromstraingaugeseach0.1seconds.
Toperformbendingtests,theapparatusshowninFig.B.2wasused.Itisequipped
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FigureB.2:Viewoftheexperimentalsetupadoptedforbendingtestsonboth[0◦]8and
[90◦]8specimens.

withsupportswhosepositioncanbeadjustedandwitha2kNloadcellthatmeasurethe
forceapplied.Duringthebendingteststheacquisitionsystemwassettorecordforceand
cross-headdisplacementeach0.05seconds.

B.2.3 0◦tensiletests

InordertoobtaintheYoung’smodulusofthematerialinthewarpdirection,tensiletests
onsevenspecimenswitha[0◦]8layupwerecarriedout.Thespecimenswerelabelledand
theirwidthandthicknessweremeasuredatthreedifferentsections.Aluminiumtabs,50

FigureB.3:Force-displacementandstress-strainresultsoftensiletestson[0◦]8specimens.

millimetreslong,weregluedtothespecimens.
Bidirectionalstraingaugeswereinstalledwithmeasuringgridstobealignedwith

specimens’longitudinalandtransversedirections. Thetestswereperformedunderdis-
placementcontrolwithacross-headspeedof0.5mm/min.Fig.B.3showstheresults
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intermsofforce-displacementandstress-strainbehaviourobtainedfromthetests.Both
thelongitudinal 1(warpdirection)andthetransversal 2(weftdirection)strainsare
reported.ThelongitudinalstressisobtainedastheratiooftheappliedforceFandthe
crosssectionareaAofeachspecimen:

σ1=
F

A
=
F

t·w
, (B.1)

wheretandwindicatethespecimenthicknessandwidth,respectively.Specimenn.1
wasusedforcalibrationandverificationpurposes,andwasthereforeexcludedfromFig.
B.3andallsubsequentcalculations.

t w E1,t ν12 Xt
Spec.ID [mm] [mm] [GPa] [-] [MPa]

2 2.54 19.82 40.5 0.251 729.98
3 2.55 19.80 39.9 0.250 689.73
4 2.54 19.77 40.0 0.245 802.82
5 2.54 19.75 39.9 0.246 827.72
6 2.53 19.75 40.2 0.247 870.81
7 2.54 19.77 40.5 0.241 835.73
8 2.51 19.81 41.9 0.256 811.80

Av. 2.54 19.79 40.5 0.248 795.4

C.V.% 0.42 0.14 1.84 1.74 7.38

TableB.2:Geometricdataofallspecimenswith[0◦]8layuptestedandmechanicalprop-
ertiesobtained.

TableB.2reportsbothgeometricdataofthespecimensandresultsobtainedfrom
experimentaltests.Theaveragevaluesandthecoefficientofvariation(asapercentage)
arereportedaswell.ThetensilemodulusinthewarpdirectionE1,twasobtainedaccording
tothechordmethodsuggestedin[184]:

E1,t=
∆σ1
∆ 1

, (B.2)

where∆σ1isthedifferenceinlongitudinalstressσ1and∆1thedifferenceinlongitudinal
strain1betweentwopointstakenatsomefixedstrainvalues.Inthiscase,assuggested
in[184]thepointswith0.1%and0.3%strainhavebeenused. Poisson’sratioν12was
obtainedbythechordmethodaswell:

ν12=
−∆ 2

∆ 1

, (B.3)

usingthesamestrainpointsasforthetensilemodulus. BothE1,tandν12arevery
consistentamongthespecimens,asconfirmedbythelowcoefficientsofvariation.
Allthespecimensfailedbylongitudinalsplitting.However,thesplitsarenotconfined

tothegagesectionofthespecimenandrunuptothetabs,seeFig.B.4. Hence,the
valuesofthefailurestressXtaretobetakenwithcaution. Moreover,theinitialgrip
pressureatthebeginningofeachtestwasmanuallyadjusted,andthelowervaluesofXt
obtainedwithspecimens2and3arethoughttoberelatedtoanexcessivelyhighinitial
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FigureB.4:Failuremodeobservedintensiletestsofspecimenswith[0◦]8layup,specimen
n.3:front-sideview(a),sideview(b),backview(c).

grippingpressure(whichwasthenreducedinallsubsequenttests).SinceXtvaluewas
notrelevantforthepurposeofthepresentwork,additionalteststodetermineitwerenot
performed.

B.2.4 90◦tensiletests

InordertoobtaintheYoung’smodulusofthematerialintheweftdirection,tensiletests
onsevenspecimenswitha[90◦]8layupwerecarriedout.Similarlytothecaseof[0

◦]8
specimens,thespecimens’widthandthicknessweremeasuredatthreedifferentsections.
Inthiscase,25millimetreslongaluminiumtabswereused. Onlylongitudinalstrain
gaugeswereinstalledonthespecimens. Thetestswereperformedunderdisplacement
controlwithacross-headspeedof0.5mm/min.
Theresultsintermsofforce-displacementandstress-strainbehaviourareshownin

Fig. B.5.Itisworthnotingthatthesubscript2hasbeenusedtoremarkthatthe
longitudinaldirectionbeingtestedinthiscaseistheweftdirectionoftheglass/epoxy
composite. Onceagain,thelongitudinalstressisobtainedastheratiooftheforceand
thesectionareaofeachspecimen:

σ2=
F

A
=
F

t·w
. (B.4)

Specimensn.1andn.3wereexcludedfromtheresultsbecausetheyfailedexactlyat
theircentresection,whereaslightmarkhadbeendrawnwithagagemarker,seeFigB.6.

TableB.3reportsgeometricdataandresultsobtainedfromexperimentaltests,with
theiraveragevaluesandcoefficientofvariation.E2,tisthetensilechordmodulusinthe
weftdirection:

E2,t=
∆σ2
∆ 2

. (B.5)

Inthiscase,thestrainsusedforthecalculationofE2,twere0.05and0.15%,since
somenon-linearbehaviourinthestress-strainrelationshipwasobservedstartingaround
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FigureB.5:Force-displacementandstress-strainresultsoftensiletestson[90◦]8speci-
mens.

FigureB.6:Invalidfailuremodeduetoacuttermarkactingasanotch.Specimenn.1
beforetesting(a)andafterfailure(b),specimenn.3afterfailure.

2=0.17%.Onceagain,thelowvalueofthecoefficientofvariationconfirmsaverygood
consistencyofthemeasuredelasticmodulus.
AllthespecimensreportedinFigB.5andinTableB.3failedcorrectly,FigB.7.

Consequently,thevaluesobtainedforthemaximumstressSfmaybeconsideredvalid.
Furthermore,agoodconsistencyisobtainedforthefailurestress.

B.2.5 ±45◦in-planesheartests

Inordertoobtaintheshearmodulusofthematerial,G12,inplanesheartests[185]on
sevenspecimenswitha[±45◦]2slayupwerecarriedout. Thespecimenswerelabelled
andtheirwidthandthicknessweremeasuredatthreedifferentsections.50millimetres
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SpecID t[mm] w[mm] E2,t[GPa] Sf[Mpa]

2 2.56 24.86 17.4 76.6
4 2.56 24.82 17.8 77.1
5 2.55 24.81 17.3 76.7
6 2.55 24.90 17.5 74.4
7 2.56 24.81 17.0 71.5

Average 2.56 24.84 17.4 75.3

C.V.% 0.14 0.14 1.61 2.80

TableB.3: Geometricdataofallspecimenswith[90◦]8layuptestedandmechanical
propertiesobtained.

FigureB.7:Failuremodeobservedintensiletestson[90◦]8specimens:front-sideviewof
specimenn.2(a),front-sideviewofspecimenn.4(b)andsideviewofspecimenn.6
(c).

longaluminiumtabsweregluedtothespecimens.Straingaugesweregluedtothespeci-
mensinboththelongitudinalandtransversedirections.Thetestswereperformedunder
displacementcontrolwithacross-headspeedof0.5mm/min.
Theresultsintermsofforce-displacementandstress-strainbehaviourobtainedare

showninFig.B.8.Specimenn.2wasexcludedduetofailureexactlyatitscentresection,
incorrespondenceofthemarkdrawntoplacethestraingauges(muchlikewhathappened
in[90◦]8specimensn.1and3).Ontheotherhand,resultsfromspecimenn.1areonly
partial,sincethetestwasarrestedbeforereachingfailure.Asaconsequence,nofailure
stresswasfoundforthisspecimen,butitsdatawereusedformoduluscomputation.
Eventually,duringtestofspecimenn.5onestraingauges’wirefailed. Consequently,
straindataarenotconsideredvalidforshearmoduluscomputation,butfailurestress
couldbestillobtained.Accordingto[185],thein-planeshearstressmaybecomputedas
follows:

τ12=
F

2A
=
F

2t·w
, (B.6)

withthesamenotationasbefore.Theshearstrainmaybeobtainedfromstraingauges’
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FigureB.8:Force-displacementandstress-strainresultsoftensiletestson[±45◦]2sspec-
imens.

readingsas:
γ12= 1− 2. (B.7)

Itisworthmentioningthatthestress-strainplotsinFig.B.8areinterruptedbefore
specimenfailure,duetostraingaugesfailure. TableB.3reportsgeometricdataand

SpecID t[mm] w[mm] G12[GPa] Sf[Mpa]

1 2.55 24.80 6.01 -
3 2.55 24.83 6.18 81.1
4 2.55 24.87 6.32 82.0
5 2.55 24.91 - 81.6
6 2.55 24.85 6.28 80.1
7 2.54 24.77 6.00 80.8

Average 2.55 24.84 6.16 81.1

C.V.% 0.15 0.18 2.15 0.82

TableB.4: Geometricdataofallspecimenswith[±45◦]2slayuptestedandmechanical
propertiesobtained.

experimentalresults,withtheiraveragevaluesandcoefficientofvariation. Theshear
chordmodulusofelasticityisobtainedas:

G12=
∆τ12
∆γ12

. (B.8)

ThestrainsusedforthecalculationofG12were0.05and0.15%,sincenon-linearbe-
haviourinthestress-strainrelationshipwasobservedforhighervalues.ThevaluesofG12
obtainedshowlittlescatter.
Withtheexceptionofspecimenn.2,allotherspecimensfailedinavalidway,Fig. B.9,

andthevalueofmaximumshearstressreachedisquiteconsistentamongallspecimens.
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FigureB.9:Failuremodeobservedinin-planesheartestson[±45◦]2sspecimens:side
viewofspecimenn.3(a),rearviewofspecimenn.5(b)andfront-sideviewofspecimen
n.7(c).

B.2.6 0◦and90◦bendingtests

Inordertoevaluatetheflexuralelasticpropertiesofthematerialused,three-pointbend-
ingtestswereperformedonboth[0◦]8and[90

◦]8specimens,FigB.10. Thetestswere

FigureB.10: Picturesofthethree-pointbendingtests:[0◦]8specimen(a)and[90
◦]8

specimen(8).

performedindisplacementcontrol,withacrossheadspeedof0.5mm/min. Nostrain
gaugeswereusedandthespanbetweenthesupportsadoptedwasof64mm. Moreover
thespecimenswerenotbroughttofailure.
Duringthethreepointbendingtest,themaximumflexuralstressinthespecimen

occursattheoutersurfaceofthemid-spansection,wherethespecimenisloaded.There
suchstressisobtainedas:

σ=
3FL

2wt2
, (B.9)

whereFistheappliedforce,Lthesupportspanandwandtthewidthandthicknessof
thespecimen,respectively.Thenormalstraininthesamepointmaybeobtainedas:

σ=
6δt

L2
, (B.10)

191



SpecID t[mm] w[mm] E1,f[GPa]

1 2.48 20.03 38.8
2 2.48 19.71 38.0
3 2.47 20.04 40.0
4 2.54 19.85 37.3
5 2.47 20.06 39.1
6 2.46 20.05 39.3
7 2.48 20.01 40.5

Average 2.48 19.96 39.0

C.V.% 0.98 0.62 2.63

TableB.5:Geometricdataofallspecimenswith[0◦]8layuptestedandmechanicalprop-
ertiesobtained.

whereδisthecross-headdisplacement.Similarlytothecaseoftensiletests,theflexural

SpecID t[mm] w[mm] E2,f[GPa]

1 2.55 19.91 15.5
2 2.60 19.90 14.8
3 2.56 19.86 15.9
4 2.55 19.82 16.1
5 2.55 19.82 16.4
6 2.55 19.85 16.0
7 2.55 19.82 15.6
8 2.54 19.83 16.2

Average 2.56 19.85 15.8

C.V.% 0.68 0.17 2.95

TableB.6: Geometricdataofallspecimenswith[90◦]8layuptestedandmechanical
propertiesobtained.

chordmodulusmaybeobtainedas:

Ef=
∆σ

∆
. (B.11)

Inparticulartheflexuralmodulusinthewarpdirection,E1,f,isobtainedfrom[0
◦]8and

thatintheweftdirection,E2,f,isobtainedfrom[90
◦]8specimens.Thegeometricdetails

ofallthespecimenstestedandthevaluesoftheelasticmodulusfoundarereportedin
TablesB.5andB.6for[0]8and[90]8specimensrespectively.Theaveragevaluesofsuch
dataandthecoefficientofvariationarereportedaswell.

B.3 Summaryofresults

Themainelasticpropertiesofthebasicplymaterialhavebeendeterminedaccordingto
thetestmatrixpresentedinTableB.1.ThemeanvaluesobtainedarereportedinTable

192



B.7,alongwiththeirrelativecoefficientofvariation.Asonecansee,verylittlevariation
wasobserved.Itisimportanttoremarkthat,duetothefactthatthismaterialisafabric,
thebehaviourofthebasicplyisorthotropic,andcannotbeassumedtobetransversely
isotropic,asitisoftendonewithUDplies.Interestingly,theflexurallongitudinalmodulus
Ef1foundfortheUDdelaminationspecimensusingEq.(3.2)is44.5±3.0GPa,avalue
thatisreasonablyclosetothatreportedinTableB.7.

E1,t E1,f E2,t E2,f G12 ν12
[GPa] [GPa] [GPa] [GPa] [GPa] [-]

Average 40.5 39.0 17.4 15.8 6.16 0.248

C.Var.% 1.84 2.63 1.61 2.95 2.15 1.74

TableB.7:Elasticpropertiesofthebasicplyoftheadoptedmaterialobtainedbythe
experimentalcharacterisationcampaign.
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AppendixC

Activitiesandoutputs

C.1 TrainingsandClasses

1.Scientificintegrityinresearch(MOOC),Universit́edeBordeaux,15h;

2.ScientificcalculuswithPython3,Universit́edeBordeaux,19.5h;

3.GroupementdeRecherche(GdR)week:Composites,I2MBordeaux,Talence,14h;

4.Frenchforforeignstudents1,Universit́edeBordeaux,40h;

5.Frenchforforeignstudents2,Universit́edeBordeaux,40h;

6.AcademicEnglish,Universit̀adiPisa,30h;

7.Introductiontotensorcalculus,Universit̀adiPisa,16h;

8.ContinuumMechanics,Universit̀adiPisa,16h;

9.ShortCourseonExperimentalTechniquesandTestingofCompositeMaterials,Uni-
versit̀adiPadova,24h;

10.FatigueandDamageMechanicsofCompositeMaterials,Universit̀adiPadova,28
h;

11.FiBreMoDSchool,KULeuven10.5h;

12.Boostyourreadings(MOOC),MarthaBoeglin,15h;

Totalhoursofformation:268.

C.2 Teachingandsupervisingactivities

1.Temporaryteacher,10/2017–06/2018,
InstitutPolytechniquedeBordeaux(BordeauxINP)–ENSEIRB-MATMECA;
MatMeca(MathsandMechanics)major,firstandsecondyear;
TravauxPratiquesdeḿecaniquedessolidesetdesfluides(Laboratorycourse),
Totalof59h;
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2.Supervision02/2018–08/2018,Bordeaux;
WenyiHuang’s(PolytechniqueOrĺeans)masterthesisstage;

3.Supervision06/2019-08/2019,Pise;
CĺementLeforestier’s(BordeauxINP)annualstage(4thacademicyear).

C.3 Journalpapers

1.T.Garulli,A.Catapano,D.Fanteria, W.Huang,J.Jumel,E.Martin
ExperimentalassessmentofofFully-UncoupledMulti-Directionalspecimensformode
Idelaminationtests,submittedtoCompositeScienceandTechnology.

2.T.Garulli,A.Catapano,D.Fanteria,J.Jumel,E.Martin,
Designandfiniteelementassessmentoffullyuncoupledmulti-directionallayupsfor
delaminationtests,JournalofComposite Materials,Volume54(6),2020,Pages
773–790.

3.T.Garulli,A.Catapano,M.Montemurro,J.Jumel,D.Fanteria,
Quasi-trivialstackingsequencesforthedesignofthicklaminates,CompositeStruc-
tures,Volume200,2018,Pages614-623.

C.4 Conferencepapers

1. MonacoE.,BoffaN.D.,GarulliT.,RicciF.,FanteriaD.,Co-infusedandsec-
ondarybondedcompositestiffenedpanelsincompression:numericalandexperi-
mentalstrengthassessmentcombinedwithNDIandguidedwavesbasedSHM,Proc.
SPIE11381,HealthMonitoringofStructuralandBiologicalSystemsXIV,113810C
(27May2020).

2.GarulliT.,CatapanoA.,MontemurroM.,JumelJ.,FanteriaD.,
Quasi-trivialsolutionsforuncoupled,homogeneousandquasi-homogeneouslami-
nateswithhighnumberofplies,ECCMVI,InternationalCenterforNumerical
MethodsinEngineering(CIMNE),GBR(2018):255-265.

C.5 ConferenceParticipations

1. MonacoE.,BoffaN.D.,GarulliT.,RicciF.,FanteriaD.,Co-infusedandsec-
ondarybondedcompositestiffenedpanelsincompression:numericalandexperi-
mentalstrengthassessmentcombinedwithNDIandguidedwavesbasedSHM,SPIE
SmartStructuresNondestructiveEvaluation,27-30April2020(co-author).

2.GarulliT.,FanteriaD.,CatapanoA.,MartinE.,Fullyuncoupledmulti-directional
delaminationspecimens:apreliminaryvalidation,FiBreMoDConference,Leuven,
9-12December2019(speaker).

3.RicciF.,BoffaN.D.,GarulliT.,MonacoE.,FanteriaD.,Coinfusedandsecondary
bondedcompositestiffenedpanelsloadedincompression:numericalanalysesand
experimentaltestsinlinearandpost-bucklingregimes,AIDAA2019,Rome9-12
September,2019(co-author).
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4.GarulliT.,CatapanoA.,FanteriaD.,JumelJ.,Numericalandexperimentalvali-
dationofthedesignofmulti-directionallaminatesforpuremodeIDCBtests,JNC
21,Bordeaux,1-3July2019(co-author).

5.GarulliT.,CatapanoA.,FanteriaD.,JumelJ.,Developmentandfiniteelementsas-
sessmentofstackingsequencesforinterlaminarfracturetoughnesstestingofangle-
plyinterfaces,CompTest2019,Lule̊a,27-29May2019(speaker-poster).

6.GarulliT.,CatapanoA.,FanteriaD.,JumelJ.,Experimentalstudyoftheeffects
oflayersorientationonmodeIinterlaminarfracturetoughnessoflaminatedcom-
positesusingfullyuncoupledmultidirectionalspecimens,ICCST12,Sorrento,8-10
May2019(speaker).

7.GarulliT.,CatapanoA.,MontemurroM.,JumelJ.,FanteriaD.,Quasi-trivialsolu-
tionsforuncoupled,homogeneousandquasi-homogeneouslaminateswithhighnum-
berofplies,ECCMECFD2018,Glasgow,11-15June2018(speaker).

C.6 Awards

1.Idexfunding,Universit́edeBordeaux.
Fundformobility:participationtoFiBreModSchoolandConference.
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