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Résumé
Cette thèse est consacrée à l’étude des propriétés asymptotiques de grands objets combinatoires

aléatoires. Trois familles d’objets sont au centre des travaux présentés ici : les arbres, les factorisations
de permutations et les configurations de cordes non croisées du disque (aussi appelées laminations).

Dans un premier temps, nous nous intéressons spécifiquement au nombre de sommets de degré
fixé dans des arbres de Galton-Watson que l’on a conditionnés de différentes façons, comme par
exemple par leur nombre de sommets de degré pair ou leur nombre de feuilles. Lorsque la loi de
reproduction de l’arbre est critique et dans le domaine d’attraction d’une loi stable, nous mon-
trons notamment la normalité asymptotique de ces quantités. Nous nous intéressons également à la
répartition de ces sommets de degré fixé dans l’arbre, lorsqu’on explore celui-ci de gauche à droite.

Dans un second temps, nous considérons des configurations de cordes du disque unité qui ne se
coupent pas, et montrons que l’on peut coder un arbre de manière naturelle par une telle configura-
tion. Nous définissons en particulier une suite croissante de laminations codant une fragmentation
d’un arbre donné, c’est-à-dire une manière de découper cet arbre en des points choisis aléatoire-
ment. Ce point de vue géométrique nous permet ensuite d’étudier les propriétés d’une factorisation
du cycle (1 2 · · · n) en un produit de n − 1 transpositions, choisie uniformément au hasard, en la
codant dans le disque par une lamination aléatoire et en remarquant un lien entre ce modèle et un
arbre de Galton-Watson conditionné par son nombre total de sommets. Enfin, dans une dernière
partie, nous présentons une généralisation de ces résultats à des factorisations aléatoires de ce même
cycle, qui ne sont plus nécessairement en produits de transpositions mais peuvent faire intervenir
des cycles de longueurs plus grandes. Nous mettons de cette façon en lumière un lien entre des
arbres de Galton-Watson conditionnés, les factorisations de grandes permutations et la théorie des
fragmentations.

Abstract
This work is devoted to the study of asymptotic properties of large random combinatorial struc-

tures. Three particular structures are the main objects of our interest: trees, factorizations of
permutations and configurations of noncrossing chords in the unit disk (or laminations).

First, we are specifically interested in the number of vertices with fixed degree in Galton-Watson
trees that are conditioned in different ways, for example by their number of vertices with even degree,
or by their number of leaves. When the offspring distribution of the tree is critical and in the domain
of attraction of a stable law, we notably prove the asymptotic normality of these quantities. We
are also interested in the spread of these vertices with fixed degree in the tree, when one explores it
from left to right.

Then, we consider configurations of chords that do not cross in the unit disk. Such configurations
notably code trees in a natural way. We define in particular a nondecreasing sequence of laminations
coding a fragmentation of a given tree, that is, a way of cutting this tree at points chosen randomly.
This geometric point of view then allows us to study some properties of a factorization of the
cycle (1 2 · · · n) as a product of n − 1 transpositions, chosen uniformly at random, by coding it in
the disk by a random lamination and remarking a connection between this model and a Galton-
Watson tree conditioned by its total number of vertices. Finally, we present a generalization of
these results to random factorizations of the same cycle, that are not necessarily as a product of
transpositions anymore, but may involve cycles of larger lengths. We highlight this way a connection
between some conditioned Galton-Watson trees, factorizations of large permutations and the theory
of fragmentations.
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1 Introduction

Cette introduction comporte trois parties distinctes mais corrélées. Nous présentons tout
d’abord nos contributions à l’étude de grands arbres aléatoires discrets, puis exposons dans
une seconde partie nos résultats concernant la fragmentation d’arbres aléatoires ainsi que
le codage de cette fragmentation par des ensembles de cordes du disque unité. Enfin, nous
consacrons une troisième partie à l’application de ces résultats dans l’étude de factorisations
aléatoires de la permutation (1 2 · · · n) en un produit de cycles plus petits. Ces résultats sont
tirés des travaux [95, 96, 97].

Du fait des corrections apportées à ce manuscrit, les versions des chapitres suivants dif-
fèrent légèrement des versions prépubliées ou publiées.

Les résultats encadrés sont les résultats originaux de cette thèse, et sont numérotés de

manière indépendante. Dans tout le manuscrit,
P→ décrit la convergence en probabilité,

(d)→
la convergence en loi et

(d)
= l’égalité en loi. Enfin, nous utilisons le symbole ­ pour souligner

quelques idées introduites dans cette thèse.

Contenu du chapitre
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1.1 Arbres aléatoires

Nous commençons par définir les arbres plans enracinés, qui sont l’objet principal de cette
section, ainsi qu’un modèle naturel d’arbres aléatoires : les arbres de Galton-Watson. Nous
introduisons les techniques usuelles d’étude de ces arbres et notamment les concepts de limite
d’échelle et de limite locale, avant d’exposer en Section 1.1.4 les résultats que nous avons
obtenus concernant la structure de grands arbres de Galton-Watson conditionnés.

1.1.1 Arbres plans enracinés : définitions et notations

Pour définir notre notion d’arbres plans enracinés, nous utilisons le formalisme introduit par
Neveu [87]. Soit N := {0, 1, . . .} l’ensemble des entiers naturels, et N∗ := {1, 2, . . .} l’ensemble
des entiers naturels non nuls. On définit U :=

⋃
n≥0(N

∗)n l’ensemble des suites finies d’entiers
naturels non nuls où, par convention, (N∗)0 = {∅}.

Un arbre plan enraciné est défini comme un sous-ensemble T de U (pas nécessairement
fini), vérifiant les trois conditions suivantes :

(1) ∅ ∈ T . Ce sommet est appelé la racine de T ;

(2) si u = u1 · · · uj ∈ T , alors, pour tout i ∈ J1, jK, u1 · · · ui ∈ T ; par analogie avec un
arbre généalogique, ces éléments sont appelés ancêtres de u. En particulier l’élément
u1 · · · uj−1 est appelé parent de T ;

(3) pour tout u := u1 · · · ui ∈ T , il existe un entier ku(T ) ∈ N tel que u1 · · · uim ∈ T si et
seulement si 1 ≤ m ≤ ku(T ) ; ces éléments sont appelés enfants de u.

Notons que ce formalisme permet de considérer aussi bien des arbres finis qu’infinis. Dans
ce qui suit, nous considérerons un arbre plan enraciné comme un graphe T := (V,E), dont
l’ensemble V des sommets est l’ensemble des éléments de T et où chaque sommet est relié à
son parent par une arête de E. En particulier, un arbre plan enraciné à n sommets possède
n− 1 arêtes. On munit usuellement T de sa distance de graphe, pour laquelle chacune de ses
arêtes est de longueur 1. Un exemple d’arbre plan enraciné étiqueté selon le formalisme de
Neveu est représenté en figure 1.1.

2



Paul Thévenin INTRODUCTION

La hauteur d’un élément u = u1 · · · ui ∈ U , notée h(u), est la longueur i de la suite u.
C’est donc également la distance entre u et ∅ dans T . En particulier, h(∅) = 0. La taille totale
d’un arbre T , que l’on notera |T |, est son nombre total de sommets. Enfin, pour tout arbre
T et tout sommet u ∈ T , on définit θu(T ) comme le sous-arbre de T enraciné en u, c’est à
dire l’ensemble des sommets de T dont u est un ancêtre (en particulier, u ∈ θu(T )).

U admet naturellement un ordre appelé ordre lexicographique, que l’on notera ≺, défini
comme suit : ∅ ≺ u pour tout u ∈ U et, pour u := u1 · · · ui, v := v1 · · · vj différents de ∅,
u ≺ v si et seulement si u1 < v1, ou u1 = v1 et u2 · · · ui ≺ v2 · · · vj.

1.1.2 Arbres de Galton-Watson

Index des notations de la section 1.1.2

Tn Ensemble des arbres à n sommets.
Tn Arbre de Galton-Watson conditionné à avoir n sommets.
BTn Ensemble des arbres bi-type à n sommets blancs.

T (w◦,w•)
n Arbre bi-type simplement généré de lois (w◦, w•),

conditionné à avoir n sommets blancs.

Définition Soit µ une loi de probabilité sur N, telle que µ0 > 0 et µ0 + µ1 < 1. L’arbre
de Galton-Watson de loi de reproduction µ, noté T s’il n’y a pas d’ambiguité sur la loi µ et
abrégé en µ-GW, est une variable aléatoire qui prend ses valeurs dans l’ensemble T des arbres
plans enracinés, et modélise de manière naturelle l’évolution d’une population. La racine est
vue comme un individu, dont le nombre d’enfants est une variable de loi µ. De plus, pour
tout k ∈ N, conditionnellement à k∅(T ) = k, les sous-arbres θ1(T ), . . . , θk(T ) enracinés en
chacun des k enfants de ∅ sont indépendants et sont distribués selon la loi de T .

Il est connu que T est presque sûrement fini si et seulement si
∑

i∈N iµi ≤ 1. On dira que
la loi µ est critique si elle est de moyenne 1, c’est-à-dire si

∑
i∈N iµi = 1.

Dans toute la suite, on notera Tn le µ-GW conditionné à avoir n sommets.

Arbres simplement générés Il est à noter que les arbres de Galton-Watson sont un cas
particulier d’une famille d’arbres aléatoires plus généraux, appelés arbres simplement générés
et introduits initialement par Meir et Moon [80]. Étant donnée une suite de poids w - c’est-
à-dire une suite w = (wi)i≥0 de réels positifs - vérifiant w0 > 0, on associe à chaque arbre fini
T un poids Ww(T ) :

Ww(T ) =
∏

u∈T
wku(T ).

Pour tout entier n ∈ N∗, posons Tn l’ensemble des arbres à n sommets. On définit l’arbre
simplement généré à n sommets de suite de poids w comme la variable aléatoire T w

n à valeurs
dans Tn, vérifiant pour tout T ∈ Tn :

P (T w
n = T ) =

1

Zn,w
Ww(T ),

où Zn,w :=
∑

T∈Tn
Ww(T ) est une constante de renormalisation que l’on suppose implicitement

strictement positive. Remarquons que, pour tout n ∈ N∗, l’ensemble Tn est fini, ce qui
implique Zn,w <∞.

Si µ est une loi de probabilité sur N telle que µ0 > 0, alors pour tout entier n ≥ 1, l’arbre
T µ
n de suite de poids µ a la loi de l’arbre de Galton-Watson Tn de loi de reproduction µ

conditionné à avoir n sommets.
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Arbres bi-type simplement générés Nous proposons ici une généralisation possible des
arbres simplement générés à un modèle d’arbre possédant une structure supplémentaire. On
dira qu’un arbre est bi-type si chacun de ses sommets est colorié : blanc s’il est de hauteur
paire, noir s’il est de hauteur impaire, de sorte que les enfants d’un sommet blanc sont noirs
et réciproquement.

Une notion naturelle d’arbre bi-type simplement généré est alors la suivante : on se donne
deux suites de poids w◦ et w•, et on suppose de plus que w◦0 > 0 et w•0 = 0 (comme on
le verra, cette condition assure que, à nombre de sommets blancs fixés, la somme des poids∑

T∈BTn
Ww◦,w•(T ) est finie). A tout arbre bi-type T , on associe le poids

Ww◦,w•(T ) =
∏

x∈T
x blanc

w◦kx(T ) ×
∏

y ∈T
y noir

w•ky(T ).

Un entier n ∈ N∗ étant fixé, posons BTn l’ensemble des arbres bi-type à n sommets blancs.
On définit alors l’arbre bi-type simplement généré à n sommets blancs de lois w◦ et w• (ou,
plus simplement, (w◦, w•)-BTSG), noté T (w◦,w•)

n , comme la variable aléatoire à valeurs dans
BTn vérifiant, pour tout T ∈ BTn :

P
(
T (w◦,w•)
n = T

)
=

1

Zn,w◦,w•

Ww◦,w•(T ).

Ici, Zn,w◦,w• :=
∑

T∈BTn
Ww◦,w•(T ) est une constante de renormalisation, que l’on suppose

comme dans le cas précédent strictement positive. Remarquons que, d’après l’hypothèse que
nous faisons que w•0 = 0, l’ensemble {T ∈ BTn,P(T (w◦,w•)

n = T ) > 0} est fini, et en particulier
Zn,w◦,w• <∞.

1.1.3 Codage d’abres par des marches et convergence d’arbres aléa-
toires

Index des notations de la section 1.1.3

C(T ) Fonction de contour d’un arbre T .
W (T ) Marche de Łukasiewicz de T .
α Paramètre de stabilité, dans l’intervalle (1, 2].

X(α) Excursion normalisée du processus α-stable.
H(α) Processus de hauteur α-stable.
T (α) Arbre α-stable.

Un bref historique

Nous commençons par résumer rapidement l’évolution des travaux concernant la convergence
d’arbres de Galton-Watson conditionnés. Les premiers travaux concernant les arbres planaires
avec un nombre de sommets fixé sont d’ordre combinatoire et non probabiliste, et ont notam-
ment consisté à déterminer un moyen de les dénombrer. On peut par exemple montrer que
le nombre d’arbres à n arêtes (donc n+ 1 sommets) est égal au n-ème nombre de Catalan :

Card (Tn) = Cn =
1

n+ 1

(
2n

n

)
=

(2n)!

n!(n+ 1)!
.

Bien que certaines propriétés particulières d’arbres aléatoires conditionnés à être "grands"
aient été étudiées dès la seconde moitié du XXème siècle (par exemple leur degré maximal,
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leur hauteur, ...), Aldous [7] est le premier à initier l’étude probabiliste de grands arbres
dans leur globalité. La question qu’il se pose en particulier est la suivante : à quoi ressemble,
typiquement, un arbre à n sommets pour de grandes valeurs de n ? En d’autres termes, soit
Tn un arbre de Tn choisi uniformément au hasard. Aldous prouve que, après renormalisation
des distances dans Tn par un facteur

√
n, Tn converge en loi vers un espace métrique "limite"

aléatoire compact, qu’il nomme arbre brownien continu. Aldous [9] prouve plus généralement
par la suite que cet arbre brownien continu est la limite de l’arbre de Galton-Watson T µ

n ,
lorsque la loi de reproduction µ est critique et de variance finie, après renormalisation des
distances par un facteur d’ordre

√
n. Voir la figure 1.4, à gauche, pour une simulation de

l’arbre brownien continu.
Par la suite, Le Gall et Le Jan [73], puis Duquesne et Le Gall [42] généralisent ce résultat

en définissant une famille d’espaces métriques aléatoires compacts (T (α))α∈(1,2] qu’ils appellent
arbres α-stables. Duquesne et Le Gall montrent notamment que ces espaces sont les limites
d’arbres de Galton-Watson conditionnés par leur nombre de sommets, après renormalisation
des distances. Leur loi de reproduction µ doit pour cela être dans le domaine d’attraction
d’une loi stable (nous reviendrons plus tard sur cette notion). Notamment, µ n’est plus
nécessairement de variance finie. Duquesne [40] prouve alors que la fonction de contour de
tels GW conditionnés converge vers la fonction de contour "continue" H(α) qui code l’arbre
stable T (α). Cette fois, le facteur de renormalisation des distances n’est plus nécessairement
en

√
n, mais de l’ordre de n1−1/α.

Fonction de contour et marche de Łukasiewicz

Une façon de compter ces arbres à n sommets et d’appréhender dans le même temps la
convergence de ces arbres quand n → ∞ est de les coder par des fonctions à support fini,
une idée remontant à Harris [51]. Nous présentons ici deux de ces outils fondamentaux dans
l’étude des arbres, leur fonction de contour et leur marche de Łukasiewicz. Ces deux fonctions,
qui prennent des valeurs entières en chaque entier, codent un arbre de manière injective. La
fonction de contour permet de lire facilement des informations sur la hauteur de l’arbre,
tandis que la marche de Łukasiewicz code le nombre d’enfants de chaque sommet. L’intérêt
de ces deux marches est le suivant : dans le cas d’un arbre de Galton-Watson de loi de
reproduction µ fixée, sous certaines hypothèses sur cette loi µ, la fonction de contour et la
marche de Łukasiewicz du µ-GW conditionné à avoir n sommets convergent de manière jointe
après renormalisation vers des processus limites explicites. Il est alors possible de déterminer
certaines propriétés d’un grand µ-GW, en étudiant ces processus limites.

Fonction de contour Fixons un arbre T , et notons n := |T | son nombre total de sommets.
La fonction de contour de l’arbre T , que l’on notera (Cs(T ))0≤s≤2n, est une fonction de [0, 2n]
dans R+ définie comme suit : imaginons une particule qui explore l’arbre en partant de la
racine, de gauche à droite, et en revenant en arrière à chaque fois qu’elle atteint une feuille -
c’est-à-dire un sommet de l’arbre qui n’a pas d’enfants. Supposons de plus qu’elle accomplit
cette exploration à vitesse constante, en parcourant chaque arête en un temps 1. Alors, Cs(T )
est définie comme la distance au temps s entre la particule et la racine de T . Chaque arête
étant parcourue deux fois par la particule (une fois "vers le haut", la deuxième fois "vers le
bas"), et l’arbre T contenant n− 1 arêtes, l’exploration est donc terminée au temps 2n− 2.
Par convention, on définit alors Cs(T ) = 0 pour 2n− 2 ≤ s ≤ 2n.

Marche de Łukasiewicz La marche de Łukasiewicz de T , quant à elle, code le nombre
d’enfants des sommets de l’arbre. Notons v1(T ) = ∅, . . . , vn(T ) les n sommets de T dans
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Théorème 1.1.1 (Aldous [9]). Soit µ une loi critique, de variance σ2 ∈ (0,∞) (pour σ ≥ 0).
Alors, on a la convergence en loi suivante, dans l’espace D([0, 1],R+) :

(
σ

2

C2nt(Tn)√
n

)

0≤t≤1

(d)→
n→∞

(❡t)0≤t≤1,

où ❡ désigne l’excursion brownienne renormalisée.

Une conséquence intéressante de ce théorème est, par exemple, que la hauteur de l’arbre
Tn est typiquement d’ordre

√
n. Ce résultat d’Aldous est complété par Marckert et Mok-

kadem qui, sous une hypothèse supplémentaire de moment exponentiel sur µ, prouvent la
convergence jointe de la fonction de contour et de la marche de Łukasiewicz de l’arbre Tn,
convenablement renormalisées, vers la même réalisation de l’excursion brownienne.

Théorème 1.1.2 (Marckert & Mokkadem [77]). Soit µ une loi critique, de variance finie
σ2 ∈ (0,∞). Supposons de plus qu’il existe un réel β > 0 tel que

∑
k∈N µke

βk <∞. Alors, on
a la convergence jointe en loi suivante dans D([0, 1],R2

+) :

(
σ

2

C2nt(Tn)√
n

,
Wnt(Tn)
σ
√
n

)

0≤t≤1

(d)→
n→∞

(❡t, ❡t)0≤t≤1.

Ainsi par exemple, par définition de la marche de Łukasiewicz et continuité du plus grand
saut pour la distance J1, le plus gros degré d’un sommet de Tn est un o(

√
n) avec grande

probabilité.

Lois stables et théorème de Duquesne Une généralisation fondamentale du théorème
de Marckert et Mokkadem a été obtenue par Duquesne [40], qui s’est intéressé aux lois dites
dans le domaine d’attraction d’une loi stable. Comme ces lois jouent un grand rôle dans tous
nos résultats, il est utile d’en rappeler la définition ainsi que certaines de leurs propriétés.

On dit qu’une fonction L : R∗+ → R∗+ est à variation lente si, pour tout c > 0, L(cx)/L(x)
tend vers 1 quand x → ∞. Des exemples classiques de telles fonctions sont les fonctions qui
convergent vers une limite strictement positive, ou les fonctions logβ, β ∈ R. Leur dénomina-
tion provient du fait que ces fonctions croissent plus lentement que tout polynôme dans le
sens où, pour tout γ > 0, x−γL(x) → 0 quand x→ ∞.

Définition. Soit α ∈ (1, 2]. On dit qu’une loi µ critique est dans le domaine d’attraction
d’une loi α-stable s’il existe une fonction à variation lente L telle que

E
[
X2

1X≤x
]

∼
x→∞

x2−αL(x) + 1, (1.1)

où X est une variable aléatoire de loi µ.

Bien que le terme ” + 1” semble inutile au premier abord, le prendre en compte permet
comme on le verra plus tard d’exprimer des quantités liées à la loi µ en fonction de cette
fonction à variation lente L.

Remarquons que les lois de variance finie sont par définition dans le domaine d’attraction
d’une loi 2-stable. D’autre part, dans le cas où la loi est de variance infinie (ce qui est toujours
le cas si α < 2), alors le terme "+1" est négligeable.

Dans tout ce qui suit, une loi µ étant donnée, (Bn)n≥1 désignera une suite de réels stric-
tement positifs vérifiant :

nL(Bn)

Bα
n

→
n→∞

α(α− 1)

Γ (3− α)
, (1.2)
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où L est une fonction à variation lente qui vérifie (1.1). De la relation (1.2), on peut déduire
le comportement asymptotique d’une telle suite : quand n→ ∞,

Bn ∼





ℓ(n)n1/α si µ est de variance infinie, pour une certaine fonction ℓ à variation lente.
√
σ2 n

2
si µ est de variance σ2 <∞.

Ainsi, une suite (Bn) qui vérifie (1.2) se comporte grosso modo comme n1/α. Duquesne géné-
ralise la convergence jointe de la fonction de contour et de la marche de Łukasiewicz des GW
conditionnés par leur nombre de sommets, dans le cas où µ est dans le domaine d’attraction
d’une loi stable.

Théorème 1.1.3 (Duquesne [40]). Soit α ∈ (1, 2]. Il existe deux processus X(α), H(α) tels
que, pour toute loi critique µ dans le domaine d’attraction d’une loi α-stable, la convergence
jointe suivante a lieu en loi dans D([0, 1],R2) :

(
1

Bn

Wnt(Tn),
Bn

n
C2nt(Tn)

)

0≤t≤1

(d)→
n→∞

(
X

(α)
t , H

(α)
t

)
0≤t≤1

.

Si α < 2, on peut ainsi remarquer que les facteurs de renormalisation de C(Tn) et W (Tn)
ne sont plus du même ordre, puisque le premier est essentiellement de l’ordre de n1/α et le
deuxième de l’ordre de n1−1/α.

Les processus limite X(α) et H(α) Le processus limite (X
(α)
t , H

(α)
t )0≤t≤1 ne dépend que

de α et non de la loi µ, et peut être construit directement "dans le continu", à partir du
processus de Lévy stable d’indice α. Ce processus, que l’on notera (Y

(α)
t )t≥0, est le processus

de Lévy dont l’exposant de Laplace est donné par E[e−λY
(α)
s ] = esλ

α
pour tous s, λ ≥ 0.

On peut alors construire l’excursion normalisée X(α) de ce processus, ce qui consiste, en
substance, à le conditionner à valoir 0 au temps 1 et à rester positif entre 0 et 1 (bien que
cet événement soit de probabilité 0, il est possible de lui donner un sens ; nous renvoyons au
premier chapitre du livre [42] pour de plus amples détails concernant les processus stables et
les moyens de définir rigoureusement X(α)). Pour construire le processus de hauteur associé
H(α), posons, pour tous 0 ≤ s ≤ t ≤ 1, I ts = infs≤r≤tX

(α)
r , et définissons

H
(α)
t = lim

ε→0

1

ε

∫ t

0

1Xs≤Its+ε ds,

cette limite existant en probabilité. Ainsi, H(α)
t correspond intuitivement à la mesure de l’en-

semble {s,X(α)
s = infr∈[s,t]X

(α)
r }. Ce processus H(α) possède une modification continue, que

l’on considérera à partir de maintenant. Dans le cas α = 2, le processus Y (α) est simplement√
2 fois un mouvement brownien standard, et les deux processus X(α) et H(α) sont égaux à√
2 fois la même excursion brownienne normalisée. La figure 1.3 représente une simulation

des processus X(1.7) et H(1.7).

Remarque. Pour α < 2, le processus Y (α) (et par conséquent l’excursion X(α)) n’est pas
continu. Ainsi, une conséquence du théorème 1.1.3 est que le degré maximum d’un sommet
dans Tn, quand µ est dans le domaine d’attraction d’une loi α-stable pour α < 2, est typi-
quement de l’ordre de Bn.
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Figure 1.3: Une simulation des processus X(1.7) (à gauche) et H(1.7) (à droite).

R-arbres aléatoires

Il est possible de transcrire le théorème 1.1.3, qui expose la convergence des fonctions de
contour et marches de Łukasiewicz d’arbres discrets vers des processus limite, en termes
d’arbres. Il s’agit de faire converger l’arbre de Galton-Watson conditionné Tn, vu en tant
qu’espace métrique lorsqu’on le munit de sa distance de graphe, vers un espace métrique
aléatoire limite. Au vu de l’énoncé du théorème 1.1.3, nous cherchons à construire des espaces
métriques dont la "marche de Łukasiewicz" et la "fonction de contour" (dans un sens à définir)
seraient les processus X(α) et H(α).

Il est utile de définir pour cela les R-arbres, qui sont des espaces métriques que l’on peut
construire à partir de fonctions dites de type excursion. Par définition, un R-arbre est un
espace métrique (T, d) tel que, pour tous points u, v ∈ T :

(i) il existe une unique isométrie f vu : [0, d(u, v)] → T telle que f vu(0) = u, f vu(d(u, v)) = v.

(ii) pour tout chemin γ : [0, 1] → T continu injectif tel que γ(0) = u et γ(1) = v, on a
γ([0, 1]) = f vu([0, d(u, v)]).

En d’autres termes, il existe un unique chemin continu injectif de u à v. Enfin, un R-arbre
enraciné est un triplet (T, d, ρ) où (T, d) est un R-arbre et ρ est un point distingué de T , que
l’on appelle racine. On peut aisément remarquer que tout arbre plan fini muni de sa distance
de graphe est un R-arbre enraciné (en sa racine).

Dans tout ce qui suit, on considérera uniquement des R-arbres compacts. L’ensemble des
R-arbres compacts enracinés est munie d’une (pseudo)-distance appelée distance de Gromov-
Hausdorff, construite à partir de la distance de Hausdorff sur l’ensemble des compacts d’un
même espace. Nous renvoyons à [30] pour de plus amples informations sur cette distance de
Gromov-Hausdorff.

Distance de Hausdorff La distance de Hausdorff mesure à quel point deux compacts
d’un même espace métrique sont proches. Soit (E, d) un espace métrique et K1, K2 deux
sous-ensembles compacts de E. La distance de Hausdorff entre K1 et K2 est définie par

dH (K1, K2) = inf {ε > 0, ∀x ∈ K1 d(x,K2) < ε, ∀y ∈ K2 d(y,K1) < ε} .

(Pseudo)-distance de Gromov-Hausdorff Pour (T, d, ρ), (T ′, d′, ρ′) deux R-arbres com-
pacts enracinés, on définit la pseudo-distance de Gromov-Hausdorff entre eux comme :

dGH ((T, d, ρ), (T ′, d′, ρ′)) = inf {dH (φ(T ), φ(T ′)) ∨ δ (φ(ρ), φ(ρ′))} ,
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où l’infimum est pris sur l’ensemble des plongements isométriques φ : T → E et φ′ : T ′ → E
dans un même espace métrique (E, δ). En d’autres termes, cette distance permet de comparer
les "formes" des deux arbres, ainsi que les positions de leurs deux racines. On peut montrer
que l’ensemble des classes d’équivalence de R-arbres par la relation dGH(T, T

′) = 0, muni
de la distance de Gromov-Hausdorff (qui est bien une distance sur l’ensemble de ces classes
d’équivalence), est un espace complet et séparable.

Fonctions de type excursion Il est possible de construire des R-arbres à partir de fonc-
tions càdlàg dites de type excursion. Une fonction f : [0, 1] → R+ est de type excursion si elle
vérifie les conditions suivantes :

• f est càdlàg ;

• f est positive sur [0, 1], et f(1) = 0 ;

• f fait uniquement des sauts positifs, c’est-à-dire que pour tout x ∈ (0, 1],

f(x−) := lim
y→x
y<x

f(y) ≤ f(x).

C’est en particulier le cas, presque sûrement, des processus X(α) et H(α) (H(α) est même
continu sur [0, 1]).

Fixons f une fonction de type excursion, que l’on suppose de plus continue et vérifiant
f(0) = 0. On peut alors construire à partir de f un R-arbre T (f). Pour cela, on définit la
pseudo-distance df sur [0, 1] comme suit : pour 0 ≤ s ≤ t ≤ 1, df (s, t) = f(s)+f(t)−2 inf [s,t] f ,
et df (t, s) = df (s, t). On définit également sur [0, 1] une relation d’équivalence ∼f : pour tous
s, t ∈ [0, 1], s ∼f t si et seulement si df (s, t) = 0. Alors, l’arbre T (f) est l’espace métrique
défini comme :

T (f) = [0, 1]/ ∼f ,

muni de la projection de la pseudo-distance df , dont la racine est la classe d’équivalence de
0 pour la relation ∼f .

En particulier, pour tout arbre plan enraciné fini Tn à n sommets, on peut vérifier que
Tn = T (C2n·(Tn)).

Arbre brownien continu L’exemple le plus connu de R-arbre aléatoire est l’arbre brow-
nien continu (ou CRT, pour Continuum Random Tree), introduit par Aldous [7] (voir la figure
1.4, gauche, pour une simulation). Cet arbre T (2) est le R-arbre T (❡) construit à partir de
l’excursion brownienne ❡, dont on peut vérifier qu’elle est bien de type excursion. Le µ-GW
conditionné à avoir n sommets converge alors vers cet arbre brownien continu, quand µ est
critique et de variance finie.

Théorème 1.1.4. Soit µ une loi critique de variance finie σ2. Alors, on a la convergence
suivante en loi au sens de Gromov-Hausdorff :

(
Tn,

σ

2
√
n
dC2n·(Tn)

)
(d)→

n→∞

(
T (2), d❡

)
.

Ce théorème est une conséquence des résultats d’Aldous [7], mais est énoncé sous une
forme plus proche de la nôtre par Le Gall [71]. L’arbre brownien T (2) est appelé limite
d’échelle des µ-GW conditionnés, car il s’agit de la limite d’arbres dans lesquels les distances
(donc l’"échelle" à laquelle on regarde l’arbre) sont renormalisées.
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Remarque. Des généralisations du théorème 1.1.5 ont été prouvées par Kortchemski [63]
et Rizzolo [91] qui, au lieu de se restreindre aux GW conditionnés par leur nombre total
de sommets, les conditionnent par leur nombre de feuilles - dans le cas de Kortchemski -
ou leur nombre de sommets ayant un degré fixé - pour Rizzolo. Ceci introduit une difficulté
supplémentaire car, dès lors, la taille de l’arbre considéré n’est plus fixée (en particulier, la
longueur de sa fonction de contour ou de sa marche de Łukasiewicz non plus, ce qui rend
plus ardue l’utilisation des méthodes classiques d’étude).

Mesure de masse sur l’arbre stable La mesure de masse de l’arbre stable T (α) peut
s’interpréter en terme de feuilles. En effet, une propriété bien connue de T (α) est que l’en-
semble de ses feuilles est dense dans l’arbre. De plus, elles sont équiréparties, dans le sens
où la mesure uniforme sur l’ensemble des feuilles est la projection sur T (α) de la mesure de
Lebesgue de [0, 1], pour la relation ∼H(α) . En d’autres termes, la mesure de masse h d’une
composante connexe mesurable de T (α) compte la proportion de l’ensemble des feuilles qui
appartiennent à cette composante.

Limite locale d’arbres de Galton-Watson

Nous concluons cette section en mentionnant une autre façon de faire converger une suite
d’arbres plans finis aléatoires, appelée convergence locale. La différence par rapport à la
limite d’échelle est que, cette fois, les distances dans l’arbre fini ne sont pas renormalisées,
et l’on s’intéresse uniquement aux propriétés de l’arbre dans un voisinage de sa racine. Faire
intervenir la limite locale d’arbres de Galton-Watson est utile dans l’étude de propriétés dites
locales, comme le degré de la racine ou le nombre de feuilles de hauteur fixée.

Distance locale sur les arbres Deux arbres plans T, T ′ (pas nécessairement finis) étant
fixés, on définit la distance locale entre T et T ′ comme

dloc(T, T
′) =

(
1 + sup

r≥0
{r ≥ 0, Br(T ) = Br(T

′)}
)−1

,

où Br(T ) désigne la boule fermée de rayon r dans T centrée en la racine, pour la distance de
graphe. Ainsi, cette distance locale mesure jusqu’où un observateur verrait le même paysage
autour de lui, s’il se plaçait à la racine de T ou à celle de T ′.

Le théorème de convergence suivant a été montré dans sa généralité par Janson (voir [55,
Théorème 7.1]).

Théorème 1.1.6. Soit µ une loi critique. Alors il existe un arbre infini aléatoire T ∗ tel que
le µ-GW conditionné Tn converge en loi vers T ∗, pour la distance locale.

Ce résultat peut s’interpréter par la convergence des lois des boules contenant la racine
de Tn : pour tout r ∈ N, tout arbre T de hauteur inférieure ou égale à r :

P (Br(Tn) = T ) →
n→∞

P (Br(T ∗) = T ) .

La structure de la limite locale T ∗, aussi appelée arbre de Kesten et définie par le même
Kesten dans [60], est connue : cet arbre est composé d’une unique branche infinie, sur laquelle
se greffent des µ-GW (non conditionnés) indépendants ; de plus, le nombre d’enfants de tout
sommet appartenant à cette branche infinie est distribué selon la loi µ̃, qui est construite en
"biaisant par la taille" la loi initiale µ : pour tout i, µ̃i = iµi. Notons qu’il s’agit bien d’une loi
de probabilité puisque µ est critique. Il est à noter que, contrairement aux théorèmes 1.1.4 et
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1.1.5, l’énoncé du théorème 1.1.6 ne contient aucune hypothèse sur la variance de µ, et seul
compte le fait qu’elle soit critique. Nous renvoyons à la figure 1.5 pour une représentation de
cet arbre T ∗. Citons notamment les travaux d’Abraham et Delmas [3], qui prouvent que T ∗
est la limite locale d’arbres de Galton-Watson de loi de reproduction critique, sous plusieurs
conditionnements différents (nombre total de sommets, nombre total de feuilles, hauteur,
etc.)

GW

GW GW

GW GW GW

GW

Figure 1.5: L’arbre infini de Kesten T ∗. Sur la branche infinie (représentée au centre) sont
greffés des µ-GW indépendants.

1.1.4 Répartition des degrés dans des arbres de Galton-Watson
conditionnés

Index des notations de la section 1.1.4

NA(T ) Nombre de A-sommets dans un arbre T .
NAi (T ) Nombre de A-sommets différents de T visités avant le temps i par C(T ).
KAi (T ) Nombre de A-sommets de T parmi les i premiers dans l’ordre lexicographique.

Dans ce qui suit, on s’intéresse particulièrement aux arbres de Galton-Watson de loi de
reproduction critique, sous certains conditionnements. Fixons une loi de probabilité µ critique
sur N. Pour tout ensemble d’entiers A ⊂ N et tout arbre T , un sommet u de T sera appelé
A-sommet de T si son nombre d’enfants est un élément de A, et la notation NA(T ) désignera
le nombre de A-sommets dans T :

NA (T ) = Card {u ∈ T, ku(T ) ∈ A} .

En particulier, NN(T ) = |T |. Pour tout k ≥ 1 et tout A ⊂ N, T Ak désigne un µ-GW
conditionné à avoir k A-sommets. Par exemple, T N

k désigne un arbre de Galton-Watson
conditionné à avoir un nombre total de sommets égal à k, et T {0}k est un µ-GW conditionné à
avoir k feuilles. Il est toujours sous-entendu que l’on se restreint dans notre étude aux entiers
k tels que la probabilité qu’un µ-GW ait exactement k A-sommets soit strictement positive.

Notre contribution principale à l’étude de la structure de grands arbres de Galton-Watson
conditionnés peut être divisée en deux parties. Dans un premier temps, deux ensembles
d’entiers A,B ⊂ N étant fixés, nous nous intéressons à la distribution asymptotique de
NA(T Bk ) lorsque la loi de reproduction µ est dans le domaine d’attraction d’une loi stable,
quand k → ∞. Dans un second temps, nous étudions plus particulièrement le cas d’un arbre
conditionné par son nombre total de sommets. La question est alors la suivante : dans l’arbre
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T N
n , comment les A-sommets sont-ils répartis dans l’arbre ? Nous étudions dans ce contexte

deux processus distincts de comptage des A-sommets : dans l’ordre lexicographique, et à
l’instant où ils sont visités pour la première fois par la fonction de contour.

Nombre de sommets de degré fixé

Un rapide historique des résultats déjà connus Les degrés des sommets dans les arbres
de Galton-Watson ont été largement étudiés, et représentent des quantités intéressantes.
Différents objets aléatoires combinatoires sont en effet codés par des arbres de Galton-Watson,
dont les degrés des sommets encodent d’importantes informations. Addario-Berry [6] propose
par exemple une manière de coder une carte par un arbre, dont les degrés correspondent aux
tailles des composantes 2-connexes du graphe.

L’étude du nombre de sommets ayant un nombre d’enfants fixé dans de grands arbres de
Galton-Watson conditionnés par leur taille remonte aux années 1980 et à Kolchin [62] qui
prouve, dans le cas où la loi de reproduction de l’arbre est critique et de variance finie, la
normalité asymptotique de ces quantités.

Théorème 1.1.7 (Kolchin). Soit µ une loi critique de variance finie, et Tn un µ-GW condi-
tionné à avoir n sommets. Pour tout i ∈ N, il existe δi ≥ 0 tel que, en loi,

N{i} (Tn)− nµi√
n

(d)→
n→∞

N
(
0, δ2i

)
,

où N (0, δ2i ) est une variable aléatoire de loi normale centrée de variance δ2i .

Le nombre de sommets avec i enfants est donc, au premier ordre, proportionnel à µi, et
admet des fluctuations gaussiennes centrées à l’échelle

√
n. Plus tard, Minami [85] démontre

que ces résultats ont lieu de manière jointe pour un nombre fini de i, en ajoutant une condition
sur les moments d’ordre supérieur à 2 de la loi de reproduction µ. Ce résultat a depuis lors
été redémontré et étendu par Janson [56] à toutes les lois de reproduction de variance finie.

Le premier résultat nouveau de cette thèse est également une généralisation du résultat
de Kolchin. Une loi µ sur N, un ensemble B ⊂ N et un entier n ≥ 1 étant fixés, on étudie
particulièrement l’arbre T Bn , qui est un µ-GW conditionné à avoir n B-sommets. Comme
mentionné précédemment, on supposera implicitement que cet événement a une probabilité
strictement positive. Pour tout sous-ensemble A de N, on notera de plus µA :=

∑
i∈A µi la

mesure de l’ensemble A.
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Théorème 1

Soit µ une loi critique dans le domaine d’attraction d’une loi stable, et A,B ⊂ N.
Supposons de plus µB > 0. Alors :

(i) lorsque n→ ∞,

1

n
E
[
NA

(
T Bn
)]

→ µA
µB

;

(ii) il existe un paramètre δA,B ≥ 0 tel que, en loi,

NA
(
T Bn
)
− nµA

µB√
n

(d)→
n→∞

N
(
0, δ2A,B

)
,

où N (0, δ2) est une variable aléatoire de loi normale centrée de variance δ2

(iii) la convergence (ii) a lieu de manière jointe, dans le sens où, pour tout j ≥ 1 et
tous A1, . . . ,Aj ⊂ N, le vecteur aléatoire

(
NA1

(
T Bn
)
− n

µA1

µB√
n

, . . . ,
NAj

(
T Bn
)
− n

µAj

µB√
n

)

converge en loi quand n→ ∞ vers un vecteur gaussien.

Ce théorème étend le résultat de Kolchin d’une part aux arbres conditionnés par leur
nombre de B-sommets pour B 6= N, et d’autre part à des lois de reproduction qui ne sont
plus nécessairement de variance finie.

Remarquons que, indépendamment de l’indice de stabilité de la loi de reproduction µ, le
facteur de renormalisation dans (ii) et (iii) est toujours de l’ordre de

√
n. Cela nous amène

à conjecturer que ce phénomène de normalité asymptotique peut être observé dans un cadre
plus général que celui évoqué dans le théorème 1. La preuve de ce théorème utilise néanmoins
des propriétés spécifiques aux domaines d’attraction de lois stables, notamment des théorèmes
de type local limite sur lesquels nous reviendrons, et ce résultat ne peut être généralisé
simplement à d’autres lois de reproduction.

Un corollaire intéressant du théorème 1 est le suivant :

Corollaire 2

Soit α ∈ (1, 2] et µ une loi critique dans le domaine d’attraction d’une loi α-stable.
Fixons un ensemble A ⊂ N tel que µA > 0. Alors, après renormalisation, l’arbre T Ak
converge en loi quand k → ∞ au sens de Gromov-Hausdorff vers l’arbre stable T (α).

Ce résultat important généralise celui de Rizzolo [91], qui le prouve dans le cas d’une loi
de reproduction de variance finie par des méthodes différentes, et celui de Kortchemski [63]
qui, dans le cas où µ a variance infinie, se restreint au cas A fini ou N\A fini. En particulier,
nos méthodes permettent de lever cette restriction.

Localisation des sommets de degré fixé dans un arbre de Galton-Watson condi-
tionné

On s’intéresse maintenant plus particulièrement à l’arbre Tn conditionné à avoir n sommets
au total. D’après le théorème 1, le nombre de A-sommets dans Tn est de l’ordre de nµA,

15



Paul Thévenin INTRODUCTION

avec des fluctuations gaussiennes autour de son espérance. Imaginons maintenant, comme
dans la définition de la fonction de contour, une particule qui explore l’arbre de gauche à
droite en partant de la racine. On cherche à déterminer l’évolution du nombre de A-sommets
différents que la particule rencontre au fur et à mesure de son parcours. On définit pour cela,
pour tout s ∈ [0, 2n], NAs (Tn) le nombre de A-sommets différents visités par l’exploration de
contour jusqu’à l’instant s. Labarbe et Marckert [69, Corollaire 5 et Section 1.1] font déjà
l’observation suivante concernant la répartition des feuilles dans Tn, autrement dit les {0}-
sommets, dans le cas où µ est la loi géométrique de paramètre 1/2 (c’est-à-dire que pour tout
i ≥ 0, µi = 2−i−1 ; µ est alors critique et de variance 1). Dans ce cas, il s’avère que Tn est un
arbre uniforme à n sommets.

Théorème 1.1.8 (Labarbe & Marckert). Soit Tn un µ-GW conditionné à avoir n sommets,
de loi de reproduction µ géométrique de paramètre 1/2. On a alors la convergence jointe
suivante en loi, dans D([0, 1],R2) :

(
C2nt(Tn)√

n
,
N
{0}
2nt (Tn)− ntµ0√

n

)

0≤t≤1

(d)→
n→∞

(√
2 ❡t, B

′
t

)
0≤t≤1

,

où (❡t)0≤t≤1 désigne l’excursion brownienne renormalisée, et (B′t)0≤t≤1 est un mouvement
brownien indépendant de ❡.

Il est à noter que dans ce cas, les fluctuations du processus de comptage des feuilles sont
asymptotiquement indépendantes de la fonction de contour de l’arbre, et centrées autour de
0. En réalité, il s’agit d’un fait spécifique au cas d’un arbre uniforme à n sommets et de
l’ensemble A = {0}. Pour généraliser ce résultat, une loi µ de variance finie σ2 ∈ (0,∞) et
un ensemble A étant fixés, on définit la quantité

γA =

√√√√µA(1− µA)−
1

σ2

(
∑

i∈A
(i− 1)µi

)2

. (1.3)

On peut vérifier que la quantité sous la racine est toujours positive, quels que soient µ et A.
Dans ce théorème et les suivants, on appellera mouvement brownien standard un mouvement
brownien (Bt)t≥0 tel que V ar(B1) = 1.

Théorème 3

Soit µ une loi de probabilité critique de variance 0 < σ2 < ∞, et A ⊂ N. Alors, on a
la convergence en loi suivante, dans D([0, 1],R2) :

(
C2nt(Tn)√

n
,
NA2nt(Tn)− ntµA√

n

)

0≤t≤1

(d)→
n→∞

(
2

σ
❡t,

∑
i∈A iµi
σ

❡t + γABt

)

0≤t≤1
,

où (❡t)0≤t≤1 désigne l’excursion brownienne renormalisée, (Bt)0≤t≤1 est un mouvement
brownien standard indépendant de ❡ et γA est la constante définie en (1.3).

La preuve de ce théorème passe par un résultat similaire concernant la marche de Łuka-
siewicz du µ-GW conditionné. Pour cela, pour tout ensemble A ⊂ N, tout s ∈ [0, n], posons
KAs (Tn) le nombre de A-sommets parmi les ⌊s⌋ premiers dans l’ordre lexicographique. Alors,
on a la convergence suivante :
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Théorème 4

Soit µ une loi de probabilité critique de variance 0 < σ2 < ∞, et A ⊂ N. Alors, de
manière jointe avec le théorème 3, on a la convergence en loi suivante dans D([0, 1],R2) :

(
Wnt(Tn)√

n
,
KAnt(Tn)− ntµA√

n

)

0≤t≤1

(d)→
n→∞

(
σ❡t,

∑
i∈A(i− 1)µi

σ
❡t + γABt

)

0≤t≤1
,

où (❡t)0≤t≤1, (Bt)0≤t≤1 et γA sont l’excursion brownienne, le mouvement brownien et
la constante qui apparaissent dans le théorème 3.

En particulier, la figure 1.6 représente un grand arbre de Galton-Watson de loi de repro-
duction µ = Po(1) (c’est-à-dire, µi = e−1/i! pour tout i ≥ 0), sa marche de Łukasiewicz
et son processus de comptage des {0}-sommets dans l’ordre lexicographique, dont on peut
remarquer qu’il semble effectivement corrélé à la marche de Łukasiewicz elle-même.

Figure 1.6: Une simulation d’un Po(1)-GW tree Tn avec n = 27450 sommets. Gauche :
un plongement de Tn dans le plan. Droite : sa marche de Łukasiewicz (en bleu)
et le processus de comptage de ses {0}-sommets (en jaune) dans l’ordre lexicogra-
phique (Wnt(Tn)/

√
n, (K

{0}
nt (Tn)− ntµ0)/

√
n)0≤t≤1. Le second se comporte asymptotiquement

comme la moitié du premier, à laquelle on ajoute un mouvement brownien indépendant.

Finalement, ces deux théorèmes se généralisent au cas d’une loi µ de variance infinie dans
le domaine d’attraction d’une loi stable. Dans ce cas, on sait déjà par le théorème 1.1.3 que
la fonction de contour et la marche de Łukasiewicz de Tn convergent conjointement respecti-
vement, après une renormalisation convenable, vers les processus (H(α)

t )0≤t≤1 et (X(α)
t )0≤t≤1.
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Théorème 5

Soit α ∈ (1, 2], µ une loi critique de variance infinie dans le domaine d’attraction
d’une loi α-stable et (Bn)n≥1 vérifiant (1.2). Soit A ⊂ N. Alors, on a les convergences
suivantes dans D([0, 1],R2) :

(i)

(
Bn

n
C2nt(Tn),

NA2nt(Tn)− ntµA√
n

)

0≤t≤1

(d)→
n→∞

(
H

(α)
t ,
√
µA (1− µA)Bt

)
0≤t≤1

,

(ii) De manière jointe avec (i),

(
Wnt(Tn)
Bn

,
KAnt(Tn)− ntµA√

n

)

0≤t≤1

(d)→
n→∞

(
X

(α)
t ,
√
µA(1− µA)Bt

)
0≤t≤1

.

Dans ces deux énoncés, (Bt)0≤t≤1 est un mouvement brownien standard indépendant
de (X(α), H(α)).

Ce théorème de structure sera notamment utilisé par la suite, pour montrer les théorèmes
12 et 18.

Remarques dans le cas stable Il est intéressant de comparer les résultats obtenus dans
le cas stable à ceux obtenus dans le cas où la loi de reproduction est de variance finie. Tout
d’abord, même si les facteurs de renormalisation de C(Tn) etW (Tn) sont respectivement n/Bn

et Bn, les processus de comptage des A-sommets (NA2nt(Tn))0≤t≤1 et (KAnt(Tn))0≤t≤1 ont des
fluctuations à l’échelle

√
n, comme lorsque la variance de µ est finie. Cependant, remarquons

que dans le cas où la variance est infinie ces fluctuations sont toujours asymptotiquement
indépendantes des processus X(α) et H(α), donc indépendantes de la "forme générale" de
l’arbre, contrairement au cas précédent. Enfin, il est à noter que la variance asymptotique
de ces fluctuations est µA(1 − µA), ce qui correspond exactement à poser σ2 = ∞ dans la
définition de γA donnée en (1.3).

La preuve des théorèmes 3, 4 et 5 se fait en deux temps : d’abord montrer les théorèmes
4 et 5 (ii) concernant la convergence du processus de comptage pour l’ordre lexicographique, ­
en utilisant notamment un argument classique d’absolue continuité ; puis s’en servir pour
montrer les théorèmes 3 et 5 (i) qui comptent les sommets lorsqu’ils sont visités par la fonction
de contour. Cette approche est différente de celle de Labarbe et Marckert [69] qui, pour étudier
le processus de comptage de feuilles d’un arbre uniforme à n sommets, se reposent sur des
formules explicites afin de dénombrer différents types de marches. Cette méthode n’est plus
applicable dans notre cadre plus général, où les formules analogues sont moins explicites.

La relation entre les deux processus de comptage est étonnamment simple, grâce au lemme
suivant : pour T un arbre à n sommets et 0 ≤ k ≤ 2n− 2, on définit bk(T ) comme le nombre
de sommets différents visités par la fonction de contour jusqu’au temps k.

Lemme 6

Soit T un arbre à n sommets. Alors, pour tout 0 ≤ k ≤ 2n− 2,

bk(T ) = 1 +
k + Ck(T )

2
.
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Comme l’ordre des premières visites des sommets par la fonction de contour suit l’ordre
lexicographique, ce qui distingue les deux processus de comptage est l’instant auquel les
différents sommets sont comptés (et non l’ordre dans lequel ils le sont). La différence entre les
instants de comptage d’un sommet donné dans les deux processus peut être immédiatement
calculée d’après le lemme 6, ce qui permet de montrer le théorème 3 à partir du 4, et le point
(i) du théorème 5 directement à partir du point (ii).

Un outil fondamental : le théorème local limite bivarié

Le principal outil dans la preuve des théorèmes 4 et 5 (ii) est l’utilisation d’un théorème de
type local limite bivarié (les travaux précédents utilisent un théorème local limite univarié,
voir la remarque ci-dessous après le théorème 1.1.10). Ces théorèmes contrôlent de manière ­
précise la valeur d’une marche aléatoire après un grand nombre de pas, et sont très utiles
pour montrer des résultats de convergence de processus. L’utilisation d’un tel théorème pour
étudier la marche de Łukasiewicz d’un arbre est rendue possible par l’observation suivante :
soit µ une loi critique, et Tn un µ-GW conditionné à avoir n sommets. Posons (Si)i≥0 la
marche aléatoire partant de 0, et dont les sauts sont distribués de manière i.i.d. selon la loi
µ(·+ 1). Ainsi, P(S1 = i) = µ(i+ 1) pour tout i ≥ −1. Alors :

Théorème 1.1.9. La marche de Łukasiewicz (W1(Tn),W2(Tn), . . . ,Wn(Tn)) est distribuée
comme (Si)0≤i≤n conditionnellement à l’événement {Sn = −1, Si ≥ 0 ∀i ≤ n− 1}.

La méthode usuelle pour prouver la convergence de la marche de Łukasiewicz de Tn quand
n → ∞ consiste ainsi à étudier la marche (Si)i≥0, tout d’abord non conditionnée, puis en la
conditionnant par {Sn = −1, Si ≥ 0 ∀i ≤ n− 1}.

Pour adapter cette méthode à notre contexte, une loi critique µ et A ⊂ N étant fixés,
nous définissons une marche aléatoire à valeurs dans Z2, dont la première composante est la
marche S définie précédemment et dont la deuxième composante correspond au comptage
des A-sommets. Plus précisément, la marche SA sur Z2 est la marche partant de (0, 0) et
dont les sauts sont i.i.d. et distribués selon la loi de

SA1 := (S1,1S1+1∈A) .

Remarquons que les deux composantes de la marche ne sont pas indépendantes, puisque
la deuxième se déduit de manière déterministe de la première.

Lemme 7

Soit µ une loi critique, et A ⊂ N. Alors la marche (Wi(Tn), KAi (Tn))0≤i≤n est distribuée
comme (SAi )0≤i≤n, conditionnellement à l’événement {Sn = −1, Si ≥ 0 ∀i ≤ n− 1}, où
S désigne la première composante de SA.

Ainsi, on voit la marche de Łukasiewicz couplée au processus de comptage dans l’ordre
lexicographique des A-sommets comme une marche aléatoire sur Z2 de sauts i.i.d., condition-
née par un certain événement. Il reste alors à comprendre le comportement de cette marche
aléatoire. Exposons le théorème local limite bivarié que nous utilisons dans le cas où µ a une
variance finie (voir [92, Théorème 6.1]) :

Théorème 1.1.10. Soit j ≥ 1 et (Yi)i≥1 := ((Y
(1)
i , . . . , Y

(j)
i ))i≥1 des variables aléatoires

i.i.d. dans Zj, telles que la matrice de covariance Σ de Y1 est définie positive. Posons M la
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moyenne de Y1 et, pour n ≥ 1, définissons

Tn =
1√
n

(
n∑

i=1

Yi − nM

)
∈ Rj.

Alors, quand n→ ∞, uniformément pour x ∈ Rj tel que P (Tn = x) > 0,

P (Tn = x) =
1

(2πn)j/2
√
detΣ

e−
1
2

t
xΣ−1x + o

(
n−j/2

)
.

On l’applique dans notre cas à la marche SA. En effet, par hypothèse la loi de la première
composante de cette marche est de variance finie, et sa deuxième composante est simplement
une binomiale donc est également de variance finie. On obtient par le théorème 1.1.10 la
convergence du processus (SAi )0≤i≤n convenablement renormalisé. Il suffit alors de condition-
ner la première composante de cette marche à finir en −1 et à rester positive entre 0 et n− 1
pour obtenir le théorème 4.

Enfin, le théorème 1.1.10 peut se généraliser dans le cas où la première composante est
dans le domaine d’attraction d’une loi stable et où les autres ont une variance finie, ce qui
permet de démontrer le théorème 5 (ii).

Remarque. Ce point de vue bivarié sur la marche de Łukasiewicz d’un arbre diffère de ceux
de Kortchemski et Rizzolo dans leurs preuves de cas particuliers du corollaire 2. Rizzolo [91]
identifie le nombre de A-sommets d’un arbre de Galton-Watson et le nombre total de sommets
d’un arbre de Galton-Watson avec une autre loi de reproduction, et se restreint au cas de la
variance finie. Kortchemski [63] se ramène à l’étude d’une marche aléatoire conditionnée à
éviter certains sauts et, lorsque la loi est de variance infinie, se limite au cas A fini ou N\A
fini. L’utilisation du théorème local limite bivarié permet de généraliser aisément ces résultats
au cas stable sans condition sur A, et d’obtenir les convergences fonctionnelles des théorèmes
3, 4 et 5.

1.2 Fragmentation d’arbres et laminations

Dans cette seconde partie, nous définissons des processus naturels de fragmentation obtenus
à partir de R-arbres, avant de les représenter par des suites de sous-ensembles compacts du
disque unité.

Index des notations de la section 2

ℓ Mesure de longueur sur un arbre.
h Mesure de masse sur un arbre.

Pc(T ) Processus de Poisson d’intensité cdℓ sur T .
EG(f) Epigraphe de la fonction f .
D Disque fermé D(0, 1).
L(α)
∞ Lamination α-stable.

(Lc(f))c∈[0,∞] Processus de laminations codé par un processus de Poisson sur EG(f).
Lu(T ) Lamination codant les sommets de T d’étiquette ≤ u.

1.2.1 Processus de fragmentation

La théorie des fragmentations est vouée à l’étude d’un objet qui se désagrège au cours du
temps en des morceaux de plus en plus petits. Dans notre cas, il s’agit d’arbres que l’on coupe
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en différents endroits - en leurs sommets ou en des points sur leurs arêtes - les découpant
ainsi en sous-arbres de plus en plus petits. Nous invitons les lecteurs curieux à lire l’ouvrage
[19] pour découvrir les détails de cette théorie dans toute sa généralité.

Définissons ∆, l’ensemble des suites décroissantes infinies de réels positifs de somme infé-
rieure à 1 :

∆ =

{
x := x1 ≥ x2 ≥ · · · ≥ 0, S(x) :=

∞∑

i=1

xi ≤ 1

}
.

Ces réels positifs peuvent être vus comme les masses des différents morceaux d’un ob-
jet initial donné. Un processus de fragmentation (Λt)t≥0 est un processus aléatoire à valeurs
dans l’ensemble ∆ tel que, si Ps désigne la loi de Λ partant de s := (s1, s2, · · · ) ∈ ∆, alors
Ps correspond au réordonnement par ordre décroissant de processus indépendants de lois
P(s1,0,0,··· ), P(s2,0,0,··· ), . . .. En d’autres termes, chaque morceau de l’objet initial se désagrège
indépendamment des autres, d’une façon qui dépend uniquement de sa masse. Nous étudie-
rons ici uniquement des processus de fragmentation conservatifs, c’est-à-dire qu’un objet se
désagrège en morceaux dont la somme des masses est égale à la masse de l’objet initial, et
sans érosion : la foncton t 7→ S(Λt) est constante.

Fragmentation d’Aldous-Pitman

Aldous et Pitman présentent dans l’article [14] un processus de fragmentation obtenu à partir
de l’arbre brownien continu d’Aldous. L’idée est naturelle : on part de l’arbre entier et on
le découpe en des points aléatoires. Alors, la suite des "masses" des composantes connexes
de l’arbre privé de ces points forme, après réordonnement décroissant, un élément de ∆ de
somme 1. Si on augmente le nombre de points de coupe au fur et à mesure du temps, on
obtient alors un processus de fragmentation.

Définissons ce processus plus rigoureusement. Comme on l’a vu en Section 1.1.3, l’arbre
brownien T (2) est naturellement muni d’une mesure de longueur ℓ, qui prend en considération
la longueur de ses branches, et d’une mesure de masse h qui définit la masse d’une composante
connexe de l’arbre, c’est-à-dire la proportion de feuilles dans cette composante. On définit
maintenant un processus de Poisson P sur T (2) × R+, d’intensité dℓ × dt. Intuitivement, si
(x, t) est un point de ce processus, alors on découpe l’arbre au point x, à l’instant t. Pour
tout c ≥ 0, on définit également

Pc := P ∩
(
T (2) × [0, c]

)
,

la restriction de P aux points de coupe qui apparaissent avant l’instant c. Les points de Pc
découpent T (2) en un nombre infini (dénombrable) de composantes connexes. Soit Λc ∈ ∆ la
suite des h-masses de ces composantes, réarrangées en ordre décroissant. Le processus (Λc)c≥0
est appelé processus de fragmentation d’Aldous-Pitman. La propriété d’absence de mémoire
du processus de Poisson garantit en effet que Λ est bien un processus de fragmentation.
Finalement, notons que (Pc)c≥0 est croissant et que, à c fixé, Pc a la loi d’un processus de
Poisson d’intensité c dℓ sur T (2).

Processus de coalescence Il est à noter que, si un processus de fragmentation corres-
pond à l’évolution d’un objet qui se morcelle avec le temps, il est possible de définir son
retournement temporel, appelé processus de coalescence, qui définit la manière dont diffé-
rents objets de masses données fusionnent au cours du temps. En particulier, Aldous et

21



Paul Thévenin INTRODUCTION

Pitman déterminent dans [14] le retournement temporel de leur processus de fragmentation.
Celui-ci possède la loi du coalescent additif standard défini par Evans et Pitman dans [43], qui
est le processus à valeurs dans ∆ dans lequel toute paire d’objets de masses (xi, xj) fusionne
indépendamment des autres paires en un morceau de masse xi + xj, à taux xi + xj.

Equivalent de la fragmentation d’Aldous-Pitman pour l’arbre stable

La fragmentation d’Aldous-Pitman est définie à partir de l’arbre brownien continu, qui est
comme on l’a vu l’arbre 2-stable T (2). Dès lors, nous pouvons étendre naturellement cette
construction aux autres arbres stables T (α), α ∈ (1, 2). Dans ce cas, le processus de coalescence
associé n’est plus le coalescent additif standard.

Pour tout R-arbre T , comme dans le cas de l’arbre brownien continu, on définit P(T ) un
processus de Poisson d’intensité dℓ× dt sur T ×R+, et Pc(T ) = P(T )∩ (T × [0, c]) pour tout
c ≥ 0. On définit alors le processus de fragmentation associé F (T ) tel que, pour tout c ≥ 0 :

Fc(T ) = (h(1)c , h(2)c , · · · ) ∈ ∆,

où les h(i)c , i ≥ 1 sont les h-masses des composantes connexes de T délimitées par les points
de Pc(T ), triées dans l’ordre décroissant.

Dans cette thèse, le processus F (α) suivant, construit à partir de l’arbre α-stable, sera
appelé processus de fragmentation α-stable :

F (α) := F
(
T (α)

)
,

Notons que plusieurs fragmentations différentes de l’arbre stable ont déjà été étudiées par le
passé [81, 82, 83, 100].

1.2.2 Laminations

Notre but est à présent d’obtenir une représentation géométrique des processus de fragmen-
tation stables, en les codant dans le disque unité fermé D. L’idée d’étudier la convergence
de sous-ensembles aléatoires du disque unité remonte à Aldous, qui étudie les triangulations
d’un polygone régulier inscrit dans le cercle unité, quand le nombre de côtés de ce polygone
tend vers +∞. Plus précisément, pour n ≥ 3, soit Pn le n-gone régulier inscrit dans S1, dont
les sommets sont e2iπk/n, 1 ≤ k ≤ n. Une triangulation de Pn est un ensemble maximal de
diagonales de Pn qui ne se coupent pas à l’intérieur de D. En particulier, remarquons que
le complémentaire d’une triangulation dans Pn est toujours une union disjointe de triangles
ouverts, d’où son nom. Aldous [11] prouve qu’une triangulation du n-gone régulier inscrit
dans le disque unité choisie uniformément au hasard converge, quand n→ ∞, vers un objet
limite "continu" qu’il appelle triangulation brownienne (voir également [10] pour une étude
de cet objet). Le but de cette partie est de faire le lien entre cette triangulation brownienne et
la fragmentation d’Aldous-Pitman de l’arbre brownien continu mentionnée en Section 1.2.1,
puis de généraliser ces résultats dans le cas des arbres stables.

Définition On appelle lamination du disque unité D tout sous-ensemble fermé de D com-
posé du cercle unité S1 et d’une union de cordes du disque qui ne s’intersectent pas, excepté
éventuellement en leurs extrémités. Une composante connexe du complémentaire d’une la-
mination L dans D est appelée face de L. L’ensemble L(D) des laminations du disque unité
est muni de la distance de Hausdorff dH , ce qui lui confère une structure d’espace métrique
compact (dans ce cas, la distance de Hausdorff est définie sur L(D) comme en Section 1.1.3,
à partir de la distance euclidienne usuelle sur R2).
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un ensemble de diagonales pas nécessairement maximal qui ne se coupent pas à l’intérieur
du disque), d’un arbre à n sommets plongé de manière non-croisée dans D (de sorte que ses
sommets sont e2iπk/n, 1 ≤ k ≤ n) uniforme, ou encore d’une partition non croisée uniforme
de l’ensemble d’entiers J1, nK vue géométriquement dans D. Dans l’article [45] sur lequel
nous reviendrons en détail dans la section 1.3, L(❡) est également identifiée par Féray et
Kortchemski comme la limite d’une factorisation minimale en transpositions uniforme du
cycle (1 2 · · ·n), codée géométriquement par une lamination. Enfin, dans un registre différent,
la triangulation brownienne est utilisée comme un outil par Le Gall et Paulin [75] pour
démontrer que la carte brownienne, un objet aléatoire obtenu comme limite d’échelle de
plusieurs familles de graphes aléatoires, est homéomorphe à la sphère de dimension 2. Nous
recommandons la lecture des deux articles [72] et [84] pour de plus amples informations sur
la carte brownienne.

Laminations stables S’appuyant sur le travail d’Aldous, Kortchemski [64] généralise la
triangulation brownienne en introduisant pour α ∈ (1, 2] la lamination α-stable, qui est la
limite de dissections aléatoires du n-gone bien choisies. De la même manière que la triangu-
lation brownienne est codée par l’excursion brownienne ❡, la lamination α-stable peut être
codée à partir de l’excursion stable X(α), et être ainsi vue comme la lamination duale de
l’arbre T (α). Plus généralement, toute fonction f : [0, 1] → R de type excursion (comme
défini en Section 1.1.3) code une lamination : considérons l’épigraphe de f , l’ensemble des
points sous son graphe :

EG(f) =
{
u = (s, t) ∈ R2, s ∈ [0, 1], t ∈ [0, f(s))

}
.

De manière similaire à la construction de la section 1.1, définissons une relation ∼f sur
l’intervalle [0, 1]. Pour 0 ≤ s < t ≤ 1, s ∼f t si t = inf{u > s, f(u) ≤ f(s−)} (où, par
convention, on a posé f(0−) = 0). De plus, s ∼f s pour tout s, et pour tout 0 ≤ s < t ≤ 1,
t ∼f s si et seulement si s ∼f t (remarquons que ∼f n’est pas nécessairement une relation
d’équivalence). On peut maintenant construire la lamination

L(f) = S1 ∪
⋃

s∼f t

[e−2iπs, e−2iπt].

Contrairement à la construction d’un R-arbre à partir d’une fonction de type excursion
entreprise dans la section 1.1, la construction de cette lamination n’exige pas que la fonction
f soit continue. La lamination α-stable, que l’on notera maintenant L(α)

∞ , est alors définie
comme la lamination aléatoire

L(α)
∞ = L

(
H(α)

)
.

En particulier, L(2)
∞ := L(❡) est la triangulation brownienne. La droite de la figure 1.7 repré-

sente quant à elle la lamination 1.3-stable.

Coder des fonctions par des processus de laminations

Nous présentons ici une façon de coder une fonction de type excursion f non plus par une
unique lamination L(f), mais par un processus (aléatoire) de laminations (Lc(f))c∈[0,∞]. Cela
nous permettra de représenter dans le disque unité les fragmentations stables définies en
Section 1.2.1. L’idée, inspirée des travaux d’Abraham et Serlet [5], est de coder une lamination ­
par un processus de Poisson sous le graphe de la fonction f .
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Soit f une fonction de type excursion. Pour tout point u = (s, t) ∈ EG(f), définissons
g(f, u) = sup{x < s, f(x) < t} et d(f, u) = inf{x > s, f(x) < t}. Définissons également un
processus de Poisson N (f) sur R2 × R+, d’intensité

2

d(f, u)− g(f, u)
du× dr 1u∈EG(f),

et sa restriction Nc(f) à EG(f)× [0, c] pour tout c ∈ [0,∞]. Alors, on peut définir le processus
de laminations (Lc(f))c∈[0,∞], qui interpole entre le cercle S1 et la lamination L(f) = L∞(f),
tel que, pour tout c ∈ [0,∞] :

Lc(f) = S1 ∪
⋃

u∈Nc(f)

[e−2iπg(f,u), e−2iπd(f,u)].

Notons que, par construction, ce processus (Lc(f))c≥0 est croissant pour l’inclusion. Intuiti-
vement, l’intensité du processus Nc(f) est plus forte dans les "pics" de la fonction f , mais les
points dans ces pics sont codés dans Lc(f) par de petites cordes. Nous présentons un exemple
de la façon dont on trace ces cordes sur la figure 1.8.

10

u

g(f, u) d(f, u) e−2iπg(f,u)

e−2iπd(f,u)

1

Figure 1.8: Une fonction càdlàg f , un point u := (s, t) de son épigraphe EG(f) et la corde
correspondante dans le disque D.

Remarquons que, quelle que soit la fonction f , presque sûrement Lc(f) n’a qu’un nombre
dénombrable de cordes pour c < ∞, tandis que L∞(f) en a un nombre indénombrable. On
définit finalement pour α ∈ (1, 2] le processus de laminations stable d’indice α :

(
L(α)
c

)
c∈[0,∞]

=
(
Lc
(
H(α)

))
c∈[0,∞]

.

Laminations construites à partir d’arbres. Il est alors possible de construire une la-
mination à partir d’un R-arbre, et en particulier d’un arbre stable : étant donné un R-arbre
T (f) construit à partir d’une fonction f , on définit la lamination L(T ) comme :

L (T (f)) = L (f) .

En particulier, on a par définition, pour tout α ∈ (1, 2] :

L(α)
∞ = L

(
T (α)

)
.

Un arbre fini T à n sommets étiquetés de 1 à n admet quant à lui deux codages natu-
rels par des processus de laminations. Le premier codage utilise le fait que la fonction de
contour (C2nt(T ))0≤t≤1 est continue et a fortiori càdlàg. On peut donc définir le processus
(Lc ((Bn/n)C2n·(T )))c∈[0,∞]. Néanmoins, ce processus ne prend pas en compte les étiquettes
des sommets de T . Nous proposons donc un second codage, toujours à partir de la fonction
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de contour de T . Pour tout k ∈ J1, nK, définissons gk, dk ∈ J0, 2nK le premier et le dernier
instant où le sommet de T étiqueté k est visité par la fonction de contour. On définit alors,
pour tout u ∈ [0,∞] :

Lu(T ) = S1 ∪
⌊u⌋∧n⋃

i=1

[
e−2iπgk/2n, e−2iπdk/2n

]
.

Bien que ces deux codages semblent différents, ils sont en fait proches dans le cas d’arbres
de Galton-Watson dont les sommets sont numérotés uniformément au hasard. ­

Lemme 8

Soit µ une loi critique dans le domaine d’attraction d’une loi α-stable. Soit (Bn)n≥1
une suite vérifiant (1.2). Définissons Tn comme un µ-GW conditionné à avoir n
sommets, dont la racine est étiquetée 1 et dont les autres sommets sont numérotés
uniformément au hasard de 2 à n. Alors il existe un couplage entre les processus
(Lc((Bn/n)C2n·(Tn)))c∈[0,∞] et (Lu(Tn))u∈[0,∞] tel que, avec grande probabilité quand
n→ ∞ :

dSk

((
Lc

(
Bn

n
C2n·(Tn)

))

c∈[0,∞]

, (LcBn(Tn))c∈[0,∞]

)
= o(1).

où dSk désigne la distance J1 de Skorokhod sur D([0,∞],L(D)) et où le terme o(1)
dépend uniquement de n et pas de l’arbre Tn.

En se fondant sur le théorème 1.1.5, on peut alors montrer la convergence de ces processus
de laminations. Ce théorème est le résultat fondamental de l’article [96] :

Théorème 9

Soit µ une loi critique dans le domaine d’attraction d’une loi α-stable. Soit (Bn)n≥1
une suite vérifiant (1.2). Alors, en loi, dans D([0,∞],L(D)) :

(LcBn (Tn))c∈[0,∞]

(d)→
n→∞

(
L(α)
c

)
c∈[0,∞]

.

Ce facteur de renormalisation du temps Bn peut se comprendre intuitivement : dans le
processus croissant de laminations (L(α)

c )c∈[0,∞], les grandes cordes (par exemple, de longueur
plus grande qu’un certain ε > 0 fixé) apparaissent après un temps d’ordre 1. Le processus
(Lu(Tn))u∈[0,∞] est quant à lui construit à partir de la fonction de contour de l’arbre discret
Tn. Celui-ci contient beaucoup de sommets dont les sous-arbres sont petits, qui sont donc
codés par de petites cordes dans D. On montre alors qu’il faut attendre un temps d’ordre Bn

pour voir de grandes cordes apparaître - c’est-à-dire que les étiquettes des sommets possédant
de grands sous-arbres sont au moins d’ordre Bn. Renormaliser le temps par ce facteur Bn

permet donc d’obtenir des cordes macroscopiques en même temps dans les deux processus.

Lien entre fragmentation et laminations Le processus de fragmentation F (α) peut se
lire directement sur les laminations (L(α)

c )c≥0. Pour une lamination L donnée, la suite de
masses M(L) est l’élément de ∆ défini comme suit : à chaque face F de L, on associe la
masse m(F ), qui vaut (2π)−1 fois la longueur totale de la partie de sa frontière formée d’arcs
de cercle. Alors, la suite de ces masses, réordonnée de manière décroissante, forme M(L).
Remarquons par exemple que M(S1) = (1, 0, . . .). Dans le cas des laminations stables, il
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apparaît un phénomène de perte de masse à l’infini, dans le sens où toutes les faces de L(α)
∞

sont de masse 0. C’est pourquoi on restreint l’énoncé du théorème suivant à c <∞.

Théorème 10

Soit α ∈ (1, 2]. Alors on a l’égalité en loi :

(
F (α)
c

)
c≥0

(d)
=
(
M
(
L(α)
c

))
c≥0 .

Distribution des marginales

Notre dernier résultat concernant les fragmentations stables répond à la question suivante : à
c et α fixés, est-il possible de représenter directement la lamination aléatoire L(α)

c sous la forme
L(f), pour une certaine fonction aléatoire de type excursion f ? La réponse est positive : L(α)

c

a la loi de la lamination associée à l’excursion renormalisée d’un certain processus de Lévy
τ (α),c (excursion que l’on notera τ (α),c,exc). Ce processus est construit à partir du processus
α-stable Y (α) défini en Section 1.1.3 qui est, rappelons-le, le processus de Lévy d’exposant de
Laplace E[e−λY

(α)
t ] = exp(tλα), pour tous λ, t ≥ 0. A c fixé, on définit alors τ (α),c comme :

∀s ≥ 0, τ (α),cs := inf
{
t > 0, Y

(α)
t − c1/αt < −c1+1/αs

}
− cs.

On peut montrer qu’il s’agit bien d’un processus de Lévy, ce qui n’est pas clair a priori.
Pour α = 2, on retrouve le processus gaussien inverse (le lecteur curieux pourra se tourner
vers [68, Section 1.2.5] pour une étude plus détaillée de ce processus). Comme dans le cas de
l’excursion brownienne, l’excursion renormalisée d’un processus de Lévy peut être considérée
- avec quelques précautions - comme le processus pris entre 0 et 1, conditionné à atteindre 0
au temps 1 et à rester positif entre 0 et 1.

Théorème 11

Fixons α ∈ (1, 2] et c ≥ 0. Alors, on a l’égalité en loi :

L(α)
c = L

(
τ (α),c,exc

)
,

où τ (α),c,exc désigne l’excursion renormalisée de τ (α),c.

Il est à noter que Féray et Kortchemski obtiennent ce résultat dans [45], dans le cas α = 2.
Pour l’obtenir dans ce cas plus général, nous étudions un arbre aléatoire T (n)

cBn
, obtenu comme ­

une réduction de l’arbre Tn, pour lequel nous prouvons que la lamination L(T (n)
cBn

) converge en

loi dans le même temps vers L(α)
c et vers L(τ (α),c,exc). Si ce théorème permet de comprendre

la structure de cette lamination L(α)
c , il n’existe à notre connaissance aucun couplage naturel

entre les processus τ (α),c pour différentes valeurs de c, donc entre ces laminations. Nous devons
par conséquent nous contenter de cette égalité à c fixé.

1.3 Factorisations minimales aléatoires

Nous entamons maintenant la dernière partie de cette introduction. Dans cette section, nous
établissons un lien entre le résultat de convergence du théorème 9 et un modèle combinatoire
de décompositions d’une certaine permutation - le n-cycle (1 2 · · · n) - en un produit de plus
petits cycles. Une première partie est consacrée à l’étude d’une factorisation uniforme de
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ce cycle en un produit de transpositions (cycles de longueur 2), généralisée dans un second
temps au cas de factorisations en un produit de cycles de longueurs aléatoires.

Index des notations de la section 3 Dans cet index, f.m. signifie factorisation minimale.

Mn Ensemble des f.m. du n-cycle en transpositions.
fn f.m. uniforme du n-cycle.
N

(k)
n Ensemble des f.m. du n-cycle en k cycles.
w Suite de poids positifs tels que w0 = 0.
fwn f.m. aléatoire de suite de poids w.

1.3.1 Factorisations en transpositions

Définition

Fixons un entier n ≥ 1, et posons Sn l’ensemble des permutations de J1, nK. Si l’on veut écrire
le n-cycle (1 2 · · · n) ∈ Sn (qui envoie 1 sur 2, 2 sur 3, . . ., n − 1 sur n et n sur 1) comme
un produit de transpositions, c’est-à-dire de cycles de longueur 2, ce produit comprendra au
moins n− 1 facteurs. Cela amène à définir les factorisations minimales en transpositions de
(1 2 · · · n), qui sont les éléments de l’ensemble

Mn =
{
(τ1, . . . , τn−1) ∈ T

n−1
n , τ1τ2 · · · τn−1 = (1 2 · · ·n)

}
,

où Tn est l’ensemble des transpositions de Sn. Par convention, nous appliquerons les trans-
positions de gauche à droite, dans le sens où τ1τ2 désignera la composition τ2 ◦ τ1.

Ces factorisations ont été étudiées tout d’abord d’un point de vue purement combina-
toire, par Dénes [37] dans les années 1950. Il démontre notamment que l’ensemble Mn est de
cardinal nn−2. Cependant, il faut attendre une trentaine d’années, et les travaux de Mosz-
kowski [86] pour obtenir une preuve bijective de ce résultat. Cette bijection met en lien les
factorisations minimales et un certain ensemble d’arbres plans. Nous utiliserons pour notre
part un autre codage d’une factorisation minimale par un arbre, dû aux travaux plus récents
de Goulden et Yong [49], qui permettra d’appliquer les résultats de la section 1.1 à l’étude
des propriétés des éléments de Mn.

Plusieurs années après ces approches combinatoires, Féray et Kortchemski s’intéressent
aux factorisations minimales d’un point de vue probabiliste. L’idée est maintenant, au lieu
de s’intéresser à Mn dans son intégralité, d’étudier les propriétés d’un élément typique de cet
ensemble - c’est-à-dire, choisi uniformément au hasard. Cette approche est donc à mettre en
relation avec l’étude entreprise par Aldous d’un arbre uniforme à n sommets. Pour donner
un sens à la convergence d’une factorisation aléatoire uniforme du n-cycle quand n → ∞,
Féray et Kortchemski codent celle-ci par une lamination - aléatoire - du disque unité. Afin
d’étudier les propriétés asymptotiques de cette lamination, nous nous fondons sur la bijection
de Goulden et Yong, dont nous exposons une version (quelque peu modifiée par rapport à
l’article original [49]). Cette bijection a pour double but de coder une factorisation minimale
en transpositions d’une part par une lamination du disque unité - ce qui permet d’utiliser les
résultats de la section 1.2 - et d’autre part par un arbre plan dont les sommets sont numérotés.
Dans le cas d’une factorisation minimale uniforme en transpositions, l’arbre aléatoire obtenu
est un GW conditionné à avoir n sommets, et entre donc dans le cadre de la section 1.1.
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Convergence d’une factorisation

L’idée principale de Féray et Kortchemski pour étudier la convergence d’une factorisation
uniforme est de coder un élément de Mn par une lamination dans le disque unité, et d’obtenir
la convergence en loi d’une telle lamination choisie uniformément au hasard, quand n→ ∞,
pour la distance de Hausdorff. Pour ce faire, un entier n ≥ 1 et une factorisation F :=
(τ1, . . . , τn−1) ∈ Mn étant fixés, on associe à chaque transposition τi := (ai, bi) la corde
cτi := [e−2iπai/n, e−2iπbi/n] ⊂ D. Ensuite, pour tout u ∈ [0,∞], on définit la lamination

Lu(F ) := S1 ∪
⌊u⌋∧(n−1)⋃

i=1

cτi .

En particulier, quelle que soit la factorisation F ∈ Mn, L0(F ) = S1, et Lu(F ) = Ln−1(F )
pour u ≥ n− 1.

Notons fn une factorisation minimale uniforme en transpositions du n-cycle. Féray et
Kortchemski montrent la convergence de ces laminations quand n → ∞, lorsqu’on lit un
nombre u de transpositions de l’ordre de

√
n :

Théorème 1.3.1 (Féray & Kortchemski). Pour tout c ∈ [0,∞], il existe une lamination
aléatoire Lc du disque telle que, en loi, pour la distance de Hausdorff :

Lc√n (fn)
(d)→

n→∞
Lc.

Notre principale contribution a consisté à étendre ce résultat en obtenant un analogue
fonctionnel de cette convergence, conjecturé dans [45].

Théorème 12

Soit fn une factorisation minimale uniforme du n-cycle en transpositions. Alors la
convergence suivante a lieu en loi, dans l’espace D([0,∞],L(D)) :

(
Lc√n (fn)

)
c∈[0,∞]

(d)→
n→∞

(
L(2)
c

)
c∈[0,∞]

,

où l’on rappelle que (L(2)
c )c∈[0,∞] est obtenu à partir d’un processus de Poisson sous

l’excursion brownienne normalisée.

Dans [45], les laminations (Lc)c∈[0,∞] introduites dans le théorème 1.3.1 ne sont pas cou-
plées entre elles. L’idée principale du couplage du théorème 12 est de les coder par un proces- ­
sus ponctuel de Poisson sous l’excursion brownienne, que l’on approxime par des processus
de Poisson sous la fonction de contour d’un arbre codant fn, en vertu du théorème 1.1.3.

Remarque. Le théorème 12 donne de nombreuses informations sur la structure globale d’une
factorisation uniforme. En particulier, les "grandes" transpositions, c’est-à-dire celles qui
intervertissent deux entiers dont la différence est supérieure à Cn pour une constante C >
0 fixée, n’apparaissent dans une factorisation typique qu’après environ

√
n autres "petites"

transpositions. D’un autre côté, parmi les
√
n premières transpositions lues, il n’y a qu’un

nombre fini de telles "grandes" transpositions.

Un outil fondamental : la bijection de Goulden & Yong

Nous explicitons ici l’outil principal dans la preuve du théorème 12, la bijection de Goulden
et Yong, dans une version modifiée par rapport à l’originale. Ces modifications, si elles ne ­
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changent pas la nature profonde de la bijection, permettent de mettre plus facilement en
relation les factorisations minimales et les laminations codées par des fonctions de contour,
définies en Section 1.2.2.

Codage d’une factorisation dans le disque unité. Dans tout ce paragraphe, on fixe
un entier n ≥ 1, et on se donne F := (τ1, . . . , τn−1) ∈ Mn une factorisation minimale en
transpositions du n-cycle. Pour toute transposition τi := (ai, bi) qui apparaît dans F , on
trace une corde dans D entre les points e−2iπai/n et e−2iπbi/n, que l’on numérote i+1. L’union
du cercle S1 et de ces n− 1 cordes forme un sous-ensemble compact C(F ) de D, dans lequel
les cordes sont numérotées de 2 à n.

Goulden et Yong prouvent également que C(F ) satisfait toujours les conditions suivantes :

(C1) C(F ) est une lamination. Autrement dit, les cordes ne se coupent pas à l’intérieur de
D.

(C2) Les cordes de C(F ) forment un arbre, dans le sens où le graphe dont les sommets sont
les racines n-èmes de l’unité et les arêtes les n− 1 cordes de C(F ) est un arbre.

(C3) Autour de chaque sommet de C(F ), les étiquettes des cordes sont en ordre horaire
croissant.

Théorème 1.3.2 (Goulden & Yong [49]). La construction précédente est une bijection entre
Mn et l’ensemble des laminations à n− 1 cordes numérotées de 2 à n vérifiant (C1), (C2) et
(C3).

Codage d’une factorisation par un arbre étiqueté. A partir de cette lamination dont
les cordes sont numérotées de 2 à n, on construit maintenant un arbre plan, T (F ), que l’on
voit comme le "dual" de C(F ). Pour cela, on place dans chaque face de C(F ) (rappelons que
le terme "face" désigne une composante connexe du complémentaire de la lamination dans le
disque) un sommet dual, et on relie deux sommets duaux par une arête duale si les faces qui
leur correspondent sont voisines. Chaque arête duale reçoit l’étiquette de la corde de C(F )
qu’elle coupe. Enfin, on étiquette les sommets de T (F ) de 1 à n de la façon suivante. La
racine, étiquetée 1, est le sommet dual dont la frontière contient l’arc qui relie 1 et e−2iπ/n.
Ensuite, pour chaque arête duale de T (F ), on repère l’unique chemin menant de la racine à
cette arête, et on fait "glisser" l’étiquette de l’arête sur son extrémité la plus éloignée de la
racine. Finalement, T (F ) est un arbre plan à n sommets numérotés de 1 à n. La figure 1.9
propose un exemple de cette construction.

Cependant, tous les arbres à n sommets étiquetés ne sont pas l’image d’une factorisation
minimale par cette construction. En effet, la condition (C3) précédente se traduit sur les
étiquettes des sommets de l’arbre. On dit qu’un arbre plan T avec sommets étiquetés vérifie
la condition C∆ si sa racine possède l’étiquette 1 et si, pour tout sommet u de T , l’étiquette
de u et les étiquettes de ses enfants sont rangées par ordre horaire décroissant (remarquons
que l’étiquette de u n’est donc pas nécessairement plus petite que celle de ses enfants).

Lemme. Pour tout F ∈ Mn, l’arbre T (F ) vérifie la condition C∆.

Modulo cette condition, la construction précédente est bien une bijection. Pour tout n ≥ 1,
définissons Un l’ensemble des arbres plans à n sommets numérotés vérifiant la condition C∆.

Théorème 1.3.3 (Goulden & Yong). La construction de Goulden-Yong F → T (F ) est une
bijection entre Mn et Un.
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Figure 1.9: La bijection de Goulden-Yong, appliquée à la factorisation minimale en trans-
positions F := (34)(89)(35)(13)(16)(18)(23)(78) ∈ M9. La condition (C3) est satisfaite par
la lamination C(F ) (en haut à gauche) et la condition C∆ par l’arbre T̃ (F ) (en bas à droite).

Remarque. Remarquons immédiatement que cette construction fournit une preuve bijective
du résultat de Dénes. En effet, il est possible de montrer que l’ensemble Un est de cardinal
nn−2.

Relation entre la lamination C(fn) et l’arbre T (fn). L’intérêt de cette bijection est
de pouvoir utiliser les propriétés de l’arbre T (fn) pour prouver le théorème 12. Pour cela,
nous remarquons que, à n fixé, T (fn) est un GW conditionné à avoir n sommets. Définissons ­
µ∗ la loi de Poisson de paramètre 1, c’est à dire vérifiant, pour tout i ≥ 0, µ∗i = e−1/i!. En
particulier, µ∗ est critique et de variance finie.

Lemme 13

Pour tout n ≥ 1, soit Tn un µ∗-GW conditionné à avoir n sommets. Alors, en loi :

T (fn)
(d)
= Tn,

où on ne prend en compte que la structure d’arbre de T (fn) et pas les étiquettes de ses
sommets.

Pour voir cela, il suffit de remarquer la chose suivante : un arbre T à n sommets étant
fixé, si on numérote sa racine 1 et les autres sommets uniformément de 2 à n, la probabilité
que cet arbre vérifie la condition C∆ est exactement

∏
u∈T ((ku(T ))!)

−1, ce qui correspond à
la distribution d’un µ∗-GW.

L’autre argument principal de la preuve du théorème 12 est de nature géométrique. Intui- ­
tivement, par la bijection de Goulden-Yong, l’arbre T (fn) est l’arbre "dual" de C(fn). Mais
d’autre part, c’est également par construction l’arbre "dual" de la lamination L(T (fn)). Nous
pouvons alors effectivement montrer que ces deux laminations sont proches pour la distance
de Hausdorff. Il suffit alors d’utiliser le théorème 9 pour en déduire le théorème 12.
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Un argument de mélange Afin de pouvoir nous ramener à l’énoncé du théorème 9, nous
devons prouver que le processus de laminations (Lc√n(T (fn))c≥0) est proche de (Lc√n(Tn)c≥0),
où Tn est un µ∗-GW à n sommets, dont la racine est étiquetée 1 et dont les autres sommets
sont étiquetés uniformément au hasard de 2 à n. Autrement dit, le fait de contraindre un µ∗-
GW étiqueté à vérifier la condition C∆ n’influe pas - asymptotiquement - sur le processus de
laminations associé. Pour comprendre cela, nous introduisons une opération de mélange des
étiquettes des sommets d’un arbre donné. Le but est de s’affranchir de la condition C∆ sur les
étiquettes des sommets de T (fn), sans trop changer la structure de l’arbre. Une première idée
serait de mélanger uniformément les étiquettes des enfants de chaque sommet. Cependant,
dans ce cas, une petite étiquette correspondant à un sommet avec un grand sous-arbre dans
T (fn) pourrait être donnée à un sommet avec une petite descendance, alors même que la
longueur d’une corde associée à un sommet dépend fortement de la taille du sous-arbre au-
dessus de lui. Une autre idée serait de mélanger les enfants de chaque sommet, en gardant
leurs sous-arbres respectifs au-dessus d’eux. Cependant, dans ce cas, deux gros sous-arbres
dont les racines ont le même parent pourraient être échangés, et la lamination obtenue serait
différente. Il s’agit donc de combiner ces deux opérations.

Définition. Soit T un arbre à n sommets étiquetés de 1 à n, dont la racine est étiquetée
1, et soit K ≤ n. On définit l’arbre mélangé T (K) comme suit : partant de la racine de T , ­
on effectue l’une des deux opérations suivantes sur chaque sommet de T . Pour des raisons
de cohérence, on demande que l’opération soit effectuée sur un sommet avant d’être effectuée
sur ses enfants.

• Opération 1 : pour un sommet dont les étiquettes des enfants sont toutes strictement
plus grandes que K, on mélange uniformément ces étiquettes (sans mélanger les sous-
arbres au-dessus de ces enfants).

• Opération 2 : pour un sommet dont au moins un enfant a une étiquette ≤ K, on
mélange uniformément les enfants en gardant les sous-arbres au-dessus de chacun.

Voir la figure 1.10 pour un exemple. Notons que cette transformation induit également
une transformation du processus (Lu(T ))u∈[0,∞] associé à T .

L’intérêt principal de ce mélange est que, pour tout K, T (K)(fn) a la loi d’un µ∗-GW
conditionné à avoir n sommets, dont la racine a l’étiquette 1 et les autres sommets sont
numérotés uniformément de 2 à n. Notre but est de déterminer une bonne suite (Kn)n≥1,
pour laquelle les processus de laminations construits à partir de T (fn) et T (Kn)(fn) sont
asymptotiquement proches.

Lemme 14

Pour toute suite (Kn)n≥0 telle que
√
n ≪ Kn ≪ n quand n → ∞, on a la relation

suivante en probabilité :

dSk

((
Lc√n (T (fn))

)
c∈[0,∞]

,
(
Lc√n

(
T (Kn)(fn)

))
c∈[0,∞]

)
P→ 0.

Ainsi le processus obtenu à partir de l’arbre T (fn), qui doit vérifier la condition C∆, est
proche en loi du processus obtenu à partir d’un arbre étiqueté uniformément. Ce lemme nous
permet donc de nous affranchir de la condition C∆, et d’établir le théorème 12 comme une
conséquence du théorème 9.
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(a) Mélange d’un arbre plan étiqueté pour K = 3 : On effectue l’opération 1.
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(b) Mélange du même arbre, pour K = 5 : on effectue l’opération 2.

Figure 1.10: Exemples de l’opération de mélange. L’opération est différente dans ces deux
cas, car dans le deuxième le sommet étiqueté 9 a un enfant étiqueté 4 ≤ K.

1.3.2 Factorisations en cycles de longueur aléatoire

Après avoir étudié les factorisations minimales uniformes du n-cycle en transpositions, nous
nous intéressons maintenant aux factorisations minimales du n-cycle plus générales, en au-
torisant les cycles de la factorisation à être de longueurs différentes.

Cette étude est motivée par plusieurs facteurs. D’une part, les factorisations minimales
du n-cycle en cycles de longueurs arbitraires ont été étudiées en profondeur du point de vue
combinatoire. Citons notamment les travaux de Biane [23] et Biane et Josuat-Vergès [24] à
ce sujet. Ces factorisations et leur comptage sont fortement liées à l’étude de propriétés fines
du groupe symétrique et des partitions non croisées.

Une autre raison est plus intuitive : puisque le processus de laminations stable d’indice
2 apparaît comme limite d’un codage de factorisations minimales en transpositions, il est
naturel de supposer plus généralement que coder de manière similaire des factorisations en
produit de cycles de longueurs différentes peut donner naissance à des suites de laminations
convergeant vers les processus de laminations stables d’indice α ∈ (1, 2].

Nous adaptons donc la construction bijective de Goulden et Yong donnée dans la section
précédente au cas de factorisations minimales plus générales (qui sont définies plus bas),
avant de montrer qu’effectivement, certaines familles bien choisies de factorisations convergent
en loi en ce sens géométrique vers les processus de laminations stables. Comme principale
différence avec le cas des factorisations en transpositions, les sous-ensembles compacts du
disque codant une factorisation minimale ne sont plus des laminations cette fois, mais des
laminations colorées, dans le sens où leurs faces sont colorées en noir ou en blanc.

Définitions

Soit n, k ≥ 1 et (τ1, . . . , τk) un k-uplet de cycles dont le produit vaut (1 2 · · ·n). De même que
dans le cas des transpositions, les longueurs respectives ℓ(τ1), . . . , ℓ(τk) de ces cycles vérifient
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nécessairement la condition
k∑

i=1

(ℓ(τi)− 1) ≥ n− 1. (1.4)

On définit alors l’ensemble des factorisations minimales du n-cycle d’ordre k comme :

N
(k)
n :=

{
(τ1, . . . , τk) ∈ C

k
n, τ1 · · · τk = (1 2 · · ·n),

k∑

i=1

(ℓ(τi)− 1) = n− 1

}
,

où Cn désigne l’ensemble des cycles de Sn de longueur au moins 2. Les éléments de l’ensemble

Nn :=
⋃

k≥1
N

(k)
n

sont appelés factorisations minimales du n-cycle. Remarquons immédiatement que N
(k)
n est

vide dès que k ≥ n, d’après la condition de minimalité (1.4). Ainsi, pour tout n ≥ 1, Nn est
un ensemble fini. Pour toute factorisation F ∈ Nn, on notera N(F ) le nombre de cycles dans
F .

Biane [23] a montré que, à k fixé, pour tout k-uplet d’entiers a := (a1, . . . , ak) supérieurs
à 2 et tels que

∑k
i=1(ai − 1) = n − 1, le nombre de factorisations minimales (τ1, . . . , τk) du

n-cycle telles que ℓ(τi) = ai pour tout 1 ≤ i ≤ k vaut nk−1, indépendamment de a. En
particulier, on retrouve bien le résultat de Dénes pour (a1, . . . , an−1) = (2, 2, . . . , 2), où 2
apparaît n− 1 fois.

Factorisations minimales aléatoires Explicitons maintenant notre modèle de factori-
sations minimales aléatoires. On fixe une suite de réels positifs (wi)i≥0 que l’on appellera
suite de poids par la suite, telle que w0 = 0 et wi > 0 pour au moins une valeur de i ∈ N.
On donne alors à chaque factorisation minimale un poids défini comme suit : pour tout
F := (τ1, . . . , τk) ∈ N

(k)
n ,

Ww(F ) =
k∏

i=1

wℓ(τi)−1.

Posons également Zn,w :=
∑

F∈Nn
Ww(F ). Pour les valeurs de n telles que Zn,w > 0, nous ­

pouvons définir la factorisation aléatoire du n-cycle associée à w comme la variable aléatoire
fwn vérifiant, pour tout F ∈ Nn :

P (fwn = F ) =
1

Zn,w
Ww(F ).

En particulier, certains modèles de factorisations aléatoires peuvent être vus comme des cas
particuliers de factorisations pondérées :

• pour r ≥ 2, définissons la suite de poids δr vérifiant δrr−1 = 1 et, pour i 6= r − 1,
δri = 0. Alors, la factorisation associée f δ

r

n est une factorisation uniforme du n-cycle
en r-cycles. Pour r = 2, on retrouve le cas précédemment étudié d’une factorisation
minimale uniforme en transpositions.

• définissons v comme la suite de poids vérifiant vi = 1 pour tout i ≥ 1. Alors f vn est une
factorisation minimale du n-cycle choisie uniformément.
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Remarquons immédiatement que différentes suites de poids peuvent engendrer des facto-
risations aléatoires de même loi.

Lemme 15

Soient w := (wi)i≥1, w′ := (w′i)i≥1 deux suites de poids. Alors les deux propositions
suivantes sont équivalentes :

• Il existe s > 0 tel que, pour tout i ∈ N, wi = w′is
i.

• Pour tout n ≥ 1, en loi, fwn
(d)
= fw

′

n .

Dans ce cas, on dit que w et w′ sont deux suites de poids équivalentes.

Dans le cas où il existe une loi de probabilité critique (c’est-à-dire, d’espérance 1) ν :=
(νi)i≥0 telle que w est équivalent à (νi)i≥1, on appelle ν l’équivalent critique de w. Dans ce
cas, ν est nécessairement unique. Notre premier résultat concerne le nombre de cycles dans
la factorisation fwn :

Lemme 16

Soit w une suite de poids vérifiant w0 = 0. Supposons qu’elle admet un équivalent
critique ν dans le domaine d’attraction d’une loi stable. Alors, en probabilité,

N (fwn )

n

P→
n→∞

1− ν0.

La constante 1−ν0 peut donc être vue comme la proportion asymptotique de cycles dans
la factorisation aléatoire fwn , quand n→ ∞.

Laminations colorées

Nous proposons ici une représentation géométrique d’une factorisation minimale générale du
n-cycle dans le disque unité, inspirée de celle de Goulden-Yong. Désormais, les cycles sont
représentés par des faces, que l’on va colorier en noir. Le degré de chacune de ces faces - son
nombre de côtés - est égal à la longueur du cycle correspondant. Remarquons que l’objet
obtenu n’est plus une lamination, puisque certaines faces sont coloriées.

Définition. Une lamination colorée de D est un sous-ensemble compact L := (Lr, Ln) ⊂
D× D vérifiant les conditions suivantes : ­

(i) Lr ⊂ Ln ;

(ii) Lr est une lamination de D, au sens de la section 1.2.2 (l’union du cercle S1 et d’un
ensemble de cordes qui ne se coupent pas) ;

(iii) Ln est l’union de Lr et d’un sous-ensemble de ses faces.

En d’autres termes, la première composante Lr d’une lamination colorée L (que l’on
dessinera en rouge) est une lamination, tandis que la deuxième composante Ln (dont les
points qui ne sont pas dans la composante rouge seront colorés en noir) est obtenue par
l’union de Lr et de certaines de ses faces.

Munissons l’ensemble de ces laminations colorées du disque, que l’on notera CL(D), d’une
distance qui est la somme des distances de Hausdorff entre les premières et deuxièmes com-
posantes des laminations colorées, et que nous noterons également dH . Pour (Lr, Ln), (L′r, L

′
n)
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Pour F ∈ N
(k)
n une factorisation minimale et u ∈ [0,∞], on définit alors la lamination

colorée

Su(F ) := S1 ∪
⌊u⌋∧k⋃

j=1

S(τj).

Un exemple est visible sur la figure 1.12.
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Figure 1.12: La lamination colorée S∞(F ), où F := (5678)(23)(125)(45) est un élément de
N

(4)
8 .

Nous obtenons une convergence semblable à celle du théorème 12, dans le cas où la suite
w a un équivalent critique ν qui vérifie une des deux conditions :

Cas I : ν est dans le domaine d’attraction d’une loi stable de paramètre α ∈ (1, 2).

Cas II : ν est de variance finie.

Théorème 18

Soit w une suite de poids telle que w0 = 0, possédant un équivalent critique ν dans le
cas I ou II. Alors, dans l’espace D(R+,CL(D))× CL(D) :

(i) dans le cas I, la convergence suivante a lieu en loi :

((
Sc(1−ν0)Bn (f

w
n )
)
c≥0 , S∞ (fwn )

)
(d)→

n→∞

((
L(α)
c

)
c≥0 ,L

(α),1
∞

)
,

où (Bn)n≥1 est une suite de réels strictement positifs qui vérifient (1.2).

(ii) dans le cas II, posons σ2 <∞ la variance de ν et définissons

pν :=
σ2

σ2 + 1
∈ [0, 1).

Alors, en loi :
((

Sc(1−ν0)B̃n
(fwn )

)
c≥0

, S∞ (fwn )

)
(d)→

n→∞

((
L(2)
c

)
c≥0 ,L

(2),pν
∞

)
,

où (B̃n)n≥1 est une suite de réels strictement positifs vérifiant

B̃n ∼
√
σ2 + 1

2

√
n.
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Remarque. Calculons quelques valeurs de pν. Pour r ≥ 2, posons comme précédemment δr

la suite de poids telle que δrr−1 = 1 et δri = 0 pour i 6= r − 1, de sorte que la factorisation
f δ

r

n est alors une factorisation minimale uniforme du n-cycle en r-cycles. Dans ce cas, pν =

1− 1/(r− 1). En particulier, pour r = 2, toutes les faces de la lamination limite L(2),pν
∞ sont

donc blanches. Pour r = 3, elles sont colorées en noir indépendamment avec probabilité 1/2.
Posons d’autre part v la suite de poids telle que vi = 1 pour tout i ≥ 1, de sorte que f vn

est une factorisation minimale du n-cycle choisie uniformément au hasard. Dans ce cas, on
obtient pν = 1− 1/

√
5.

Lien entre factorisations minimales et arbres bi-type

De même que la preuve du théorème 12 se fonde sur une bijection entre les ensembles Mn

et Un, le théorème 18 s’appuie sur une bijection, à n, k ≥ 1 fixés, entre N
(k)
n et un certain

ensemble d’arbres plans bi-type V
(k)
n que nous allons définir. Rappelons que chacun des

sommets d’un arbre bi-type est colorié en blanc si sa hauteur est paire, en noir dans le cas
contraire.

Définition. Fixons n, k ≥ 1. On définit V
(k)
n comme l’ensemble des arbres T finis vérifiant :

(i) T est un arbre bi-type. En particulier, la racine de T est blanche ;

(ii) chaque sommet noir a au moins un enfant. De ce fait, les feuilles de T sont toutes
blanches ;

(iii) T contient n sommets blancs et k sommets noirs ;

(iv) les sommets noirs de T sont numérotés de 1 à k ; de plus, les étiquettes des voisins
de n’importe quel sommet blanc (son parent et ses enfants) sont rangées dans l’ordre
décroissant en sens horaire, partant d’un de ses voisins (pas nécessairement son parent).

Un exemple est visible en bas de la figure 1.13.
On note de plus

Vn :=
⋃

k≥1
V

(k)
n .

Comme on impose que chaque sommet noir ait au moins un enfant, le nombre de sommets
noirs d’un arbre de Vn est au plus n− 1. Ainsi, pour k ≥ n, V(k)

n est vide, et Vn est donc un
ensemble fini.

Il apparaît que, pour tous n, k ≥ 1, les ensembles N
(k)
n et V

(k)
n sont en bijection. Pour le

prouver, nous construisons une bijection explicite entre ces deux ensembles, inspirée de celle
de Goulden-Yong. Pour cela, fixons n, k ≥ 1 et F := (τ1, . . . , τk) ∈ N

(k)
n . Définissons Slab(F ) ­

comme la lamination colorée S∞(F ), où l’on a donné l’étiquette i à la face qui correspond
au cycle τi (pour tout 1 ≤ i ≤ k). On construit alors l’arbre bi-type "dual" T (F ) de Slab(F )
comme suit : dans chaque face de Slab(F ), on place un sommet dual (y compris dans les faces
d’intérieur vide correspondant aux cycles de longueur 2). On colorie ce sommet en noir si
la face correspond à un cycle de F , et en blanc sinon. On trace alors une arête duale entre
chaque couple de points dont les faces sont voisines. En outre, on donne à chaque sommet
noir l’étiquette de la face associée. Enfin, on enracine l’arbre en le sommet blanc dont la

face contient dans sa frontière l’arc de cercle ˛�1, e−2iπ/n. Un exemple de cette construction
est présenté sur la figure 1.13. Remarquons notamment que, dans le cas d’une factorisation
minimale en transpositions F ∈ N

(n−1)
n , cette construction est proche de celle de Goulden-

Yong rappelée en Section 1.3.1.
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Figure 1.13: La bijection Ψ
(4)
8 , appliquée à la factorisation F := (5678)(23)(125)(45) ∈ N

(4)
8 .

En haut à gauche : la lamination colorée Slab(F ). En haut à droite : la même lamination,
dont on a dessiné l’arbre dual T (F ). Le gros sommet est la racine de T (F ). En bas : l’arbre
dual T (F ).

Théorème 19

Pour tout n, k ≥ 1, la fonction Ψ
(k)
n : F → T (F ) est une bijection entre N

(k)
n et V

(k)
n .

Sans entrer dans les détails de la preuve, expliquons pourquoi l’image d’un élément F de
N

(k)
n est bien dans V(k)

n . Par construction, T (F ) a bien k sommets noirs. De plus, remarquons
aussi que chaque face blanche de S∞(F ) contient dans sa frontière exactement un arc de

cercle de la forme ˇ�e−2ikπ/n, e−2i(k+1)π/n pour k ∈ J1, nK. Comme il y a n tels arcs, T (F )
possède n sommets blancs. Le fait que les étiquettes des sommets noirs soient en ordre horaire
décroissant autour de chaque sommet blanc peut être déduit de la propriété analogue pour
les factorisations en transpositions (la condition C∆), grâce au découpage en transpositions
d’une factorisation.

Un outil intéressant : le découpage en transpositions. La bijection que nous pré-
sentons, comme nous avons pu le voir, est calquée sur la bijection de Goulden-Yong exposée
en Section 1.3.1. En particulier, la preuve que cette fonction est bien une bijection entre les
ensembles N(k)

n et V(k)
n se fonde sur une décomposition naturelle d’une factorisation minimale

générale du n-cycle en factorisation minimale du n-cycle en transpositions. Cette décompo-
sition permet de transposer la preuve du théorème 1.3.2 pour prouver que la construction
ci-dessus est bien une bijection.

Définition. Posons n, k ≥ 1 et F := (τ1, . . . , τk) ∈ N
(k)
n une factorisation minimale du n-

cycle. Pour tout 1 ≤ i ≤ k, on écrit le cycle τi comme τi := (e1 · · · eℓ(τi)) où e1 est le minimum ­
du support de τi. Alors, la factorisation F̃ est définie en remplaçant dans F chaque cycle τi
par le produit de transpositions (e1 e2)(e1 e3) · · · (e1 eℓ(τi)). Un exemple de cette décomposition
est représenté en figure 1.14 (sous forme des laminations associées)
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Figure 1.14: Les laminations colorées Slab(F ) et Slab(F̃ ), où F := (5678)(23)(125)(45) est un
élément de N

(4)
8 . La construction de la seconde à partir de la première consiste simplement

à trianguler chaque face noire à partir de son sommet de numéro minimal. On a alors par
définition F̃ = (56)(57)(58)(23)(12)(15)(45) ∈ M8.

Lemme 20

Si F est une factorisation minimale du n-cycle, alors F̃ est une factorisation minimale
en transpositions du n-cycle.

Etude des arbres bi-type

Nous ne prouvons pas le théorème 18 dans cette introduction, mais résumons tout de même
les grandes étapes de sa preuve. Il s’agit d’une adaptation de la preuve du théorème 12,
avec toutefois plusieurs difficultés supplémentaires dues au contexte des arbres bi-type (par
exemple, le nombre de sommets noirs n’est pas fixé). Dans un premier temps, nous proposons
une façon de coder un arbre bi-type par un processus de laminations colorées, puis étudions
la distribution de l’arbre T (fwn ). Enfin, nous tentons d’expliquer le paramètre pν qui apparaît
dans l’énoncé du théorème 18 dans le cas où l’équivalent critique ν de la suite de poids w est
de variance finie.

Coder les arbres bi-type par des processus de laminations colorées Grâce à la
bijection précédente, prouver le théorème 18 revient également, dans ce cas plus général
des laminations colorées, à prouver un théorème similaire sur des processus de laminations
construits à partir d’arbres bi-type.

Fixons un arbre bi-type T avec n sommets blancs et k sommets noirs numérotés de 1
à k. Nous pouvons le coder de la façon suivante : pour tout sommet noir u, considérons
0 ≤ t1(u) < · · · < tku(T )+1(u) ≤ 2n − 2 les ku(T ) + 1 instants différents auxquels la fonction
de contour C(T ) visite le sommet u. On définit la face Fu dans le disque unité comme

Fu :=

ku(T )+1⋃

j=1

[
e−2iπtj(u)/2n, e−2iπtj+1(u)/2n

]
,

où par convention tku(T )+2(u) = t1(u), et où l’intérieur de la face définie par ces cordes est
colorée en noir (rappelons que le cercle et les cordes elles-mêmes sont colorés en rouge). On
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note maintenant, pour 1 ≤ i ≤ k, Ui le sommet noir de T avec l’étiquette i. Finalement, on
associe à T le processus de laminations colorées (L•u(T ))u∈[0,∞] tel que, pour tout u ∈ [0,∞] :

L•u(T ) := S1 ∪
⌊u⌋∧k⋃

i=1

FUi
.

L’arbre aléatoire T (fwn ) Dans un deuxième temps, il s’agit de montrer la convergence
du processus L•(T (fwn )) quand l’équivalent critique ν de w vérifie les hypothèses du cas I
ou du cas II. Cette convergence provient, comme dans le cas des factorisations minimales
en transpositions, de l’identification de la loi de l’arbre T (fwn ). En effet, pour toute suite de ­
poids w telle que w0 = 0, tout n ≥ 1, l’arbre T (fwn ) est un arbre bi-type simplement généré.
Rappelons que µ∗ désigne la loi de Poisson de paramètre 1.

Lemme 21

Soit w une suite de poids telle que w0 = 0. Alors, pour tout n ≥ 1 :

T (fwn )
(d)
= T (µ∗,w)

n ,

où l’on rappelle que l’arbre T (µ∗,w)
n est l’arbre bi-type simplement généré à n sommets,

de lois (µ∗, w)

Le paramètre pν. Nous donnons dans ce dernier paragraphe une intuition au sujet de
la présence du paramètre pν dans le théorème 18, quand ν est de variance finie. Posons w
une suite de poids telle que w0 = 0, possédant un équivalent critique ν de variance finie.
Chaque face de la lamination colorée L(2),pν

∞ , qui apparaît comme la limite de S∞(fwn ) quand
n → +∞ (par le théorème 18), est colorée en noir de manière i.i.d. avec probabilité pν .
Ce paramètre peut s’interpréter intuitivement grâce à la bijection entre les factorisations
minimales et les arbres bi-type dont les sommets noirs sont étiquetés. Pour cela, il s’agit de
remarquer que, pour n grand, une grande face de la lamination S∞(fwn ) correspond à un
sommet de l’arbre T (fwn ) dont la disparition séparerait l’arbre en au moins trois composantes
de taille macroscopique (c’est-à-dire, avec un nombre de sommets plus grand que εn, pour un
certain ε > 0 fixé). Notons qu’un arbre donné contient au plus ⌊ε−1⌋ tels sommets. Puisque
la composante rouge de la lamination colorée L(2),pν

∞ est la triangulation brownienne (donc
composée de triangles), avec grande probabilité quand n → ∞, chaque sommet de T (µ∗,w)

n a
au plus deux enfants dont les sous-arbres sont de taille plus grande que εn. Si un sommet en
a effectivement deux (appelons ces sommets points de branchement), il y a deux cas de figure
possibles : soit le point de branchement est blanc, et donc deux de ses enfants noirs exactement
sont les racines d’un gros sous-arbre. Dans ce cas, on peut montrer qu’exactement deux de
ses petits enfants blancs sont les racines de gros sous-arbres ; soit le point de branchement est
noir, auquel cas exactement deux de ses enfants blancs sont les racines d’un gros sous-arbre,
et dans ce cas on montre qu’aucun autre petit-enfant du parent de ce point de branchement
noir n’est la racine d’un gros sous-arbre. Ces deux cas sont présentés sur la figure 1.15.

En définitive, la question est la suivante : sachant qu’un sommet blanc de T (µ∗,w)
n a

exactement deux petits-enfants blancs racines de sous-arbres de tailles supérieures à εn pour
un certain ε > 0, quelle est la probabilité que ces deux petits-enfants aient le même parent
noir ? Si c’est le cas, la grande face correspondante est noire, sinon elle est blanche. On peut
alors montrer que, pour tout ε > 0, cette probabilité converge quand n→ ∞ vers une valeur
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Figure 1.15: Les deux cas possibles pour un point de branchement, selon que les deux
petits-enfants blancs racines de gros sous-arbres ont le même parent (à droite) ou non (à
gauche). Les pointillés représentent des sous-arbres de petite taille, tandis que les sous-arbres
en traits pleins sont de taille macroscopique. Dans le premier cas (à gauche), la grande face
qui correspond est noire ; dans le second cas (à droite), elle est blanche.

pν . La partie plus complexe de la preuve est enfin de montrer que les faces sont colorées
indépendamment les unes des autres.

1.4 Comportement de la fonction génératrice d’une loi

stable dans le plan complexe

Dans cette courte dernière partie, nous exposons le théorème 1.4 de l’article [96] (voir plus
loin le théorème 3.1.4), qui nous semble être utile dans un contexte plus général que celui de
cette thèse, et dans lequel nous nous intéressons au comportement de la fonction génératrice
d’une loi µ dans le domaine d’attraction d’une loi stable.

On rappelle que la fonction génératrice d’une loi µ à support dans N est la fonction Fµ
définie (au moins) sur le disque D := D(0, 1) par :

Fµ(x) =
∑

i≥0
µix

i.

Le comportement d’une telle fonction génératrice dans un voisinage de 1 est très lié
au comportement asymptotique de sa queue µ([x,+∞)) quand x → +∞. De nombreux
théorèmes mettent en lumière le lien entre ces deux quantités. Un exemple intéressant de
tel résultat est le suivant : une loi critique µ est dans le domaine d’attraction d’une loi
stable (proposition portant sur la queue de distribution de µ) si et seulement si sa fonction
génératrice vérifie (proposition sur le comportement de sa fonction génératrice) :

Fµ(1− s)− (1− s) ∼
s↓0

sαL

(
1

s

)
.

Ce résultat découle, par exemple, de [44, XV II.5, Théorème 2] et [27, Théorème 4.7]. Il
concerne uniquement le comportement de Fµ au voisinage de 1 sur l’axe réel. Notre résultat,
qui repose sur une représentation intégrale de Fµ, permet d’appréhender son comportement ­
dans un voisinage complexe de 1.
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Théorème 22

Soit α ∈ (1, 2], L une fonction à variation lente, et µ une loi sur N. Alors, les deux
propositions suivantes sont équivalentes :

(i) Fµ(1− s)− (1− s) ∼
s↓0

sαL
(
1
s

)
, où s ∈ R.

(ii) Fµ(1 + ω)− (1 + ω) ∼
|ω|→0
|1+ω|<1

(−ω)αL
(

1
|ω|

)
, où ω ∈ C.

Remarquons que, par le résultat susmentionné, la proposition (i) est équivalente au fait
que µ est dans le domaine d’attraction d’une loi α-stable. Certains résultats de ce type
existent déjà dans la littérature, sous une hypothèse plus puissante dite de ∆-analyticité de
Fµ (nous renvoyons à [47, Section 6] pour des exemples de tels théorèmes), ce qui n’est pas
le cas ici.
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Les trois chapitres suivants reprennent à quelques ajustements mineurs près
le contenu des articles [95, 96, 97], dont les résultats précédents ont été présentés
dans l’introduction. Le lecteur nous pardonnera les quelques différences entre
les notations introduites précédemment et celles des prochains chapitres.

Bonne lecture !
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2
Sommets de degré fixé dans de grands

arbres de Galton-Watson

I wonder how, I wonder why

Degrees are split that way when variance is finite

But all that I can see is just a Galton-Watson tree

Boole’s Garden, Random tree

Dans ce chapitre, qui reprend l’article [95] accepté dans EJP, nous nous intéressons aux
sommets de degré fixé dans de grands arbres de Galton-Watson conditionnés de diverses
façons. Nous étudions tout d’abord les limites d’échelle de processus qui codent l’évolution
du nombre de tels sommets visités au cours du temps lorsque l’on explore l’arbre de deux
façons différentes en partant de la racine (selon l’ordre lexicographique, ou suivant la fonction
de contour de l’arbre). Nous donnons notamment une condition nécessaire et suffisante pour
que les limites de ces processus soient centrées, et déterminons également leurs fluctuations.
Nous étendons ainsi un théorème de Labarbe & Marckert qui traitent le cas du processus
de comptage des feuilles selon la fonction de contour, dans un arbre uniforme dont le nom-
bre total de sommets est fixé. Enfin, nous généralisons des résultats obtenus par Janson
concernant la normalité asymptotique du nombre de sommets de degré fixé dans ces arbres.
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Les résultats de convergence que nous obtenons seront utilisés dans les chapitres 3 et 4 pour
étudier de manière fine la structure de grands arbres.

Content of the chapter
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2.3 Joint distribution of outdegrees in GW trees . . . . . . . . . . . . 54
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2.4.2 Contour exploration . . . . . . . . . . . . . . . . . . . . . . . . . . 58

2.4.3 Extension to multiple passages . . . . . . . . . . . . . . . . . . . . 59
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2.5.2 Asymptotic normality of NA(T Bk ) . . . . . . . . . . . . . . . . . . . 63

2.6 Several extensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

2.6.1 Stable offspring distributions. . . . . . . . . . . . . . . . . . . . . . 68

2.6.2 Subcritical non-generic offspring distributions. . . . . . . . . . . . . 71

2.1 Introduction

Much attention has been recently given to the fine structure of large random trees. In
this paper, we focus particularly on the distribution of vertex degrees in large conditioned
Galton–Watson trees, and on how they are spread out in these trees.

Motivations. The study of scaling limits of Galton–Watson trees (in short, GW trees) with
critical offspring distribution (that is with mean 1) conditioned by their number of vertices has
been initiated by Aldous [7, 8, 9]. Aldous showed that the scaling limit of large critical GW
trees with finite variance is the so-called Brownian continuum random tree (CRT). As a side
result, he proved the convergence of their properly rescaled contour functions, which code the
trees, to the Brownian excursion. This result was extended by Duquesne, who showed that
the scaling limits of critical GW trees, when the offspring distribution has infinite variance
and is in the domain of attraction of a stable law, are α-stable trees (with α ∈ (1, 2]), which
were introduced by Le Gall & Le Jan [73] and Duquesne & Le Gall [42]. From a more discrete
point of view, Abraham and Delmas [2, 3] extended the work of Kesten [60] and Janson [55]
by describing in full generality the local limits of critical GW trees conditioned to have a
fixed large number of vertices.

The number of vertices with a fixed outdegree in large conditioned critical GW trees with
finite variance was studied by Kolchin [62], who showed that it is asymptotically normal.
This topic has recently triggered a renewed interest. Minami [85] established that these
convergences hold jointly under an additional moment condition, which was later lifted by
Janson [56]. Rizzolo [91] considered more generally GW trees conditioned on a given number
of vertices with outdegree in a given set. One of the motivations for studying these quantities
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Figure 2.1: From left to right: a plane tree T with its vertices listed in the depth-first search
order, its contour function C(T ) and a linear interpolation of its Łukasiewicz path W (T ).

is that there is a variety of random combinatorial models coded by GW trees in which vertex
degrees represent a quantity of interest. For example, in [6], vertex degrees code sizes of 2-
connected blocs in random maps and, in [64], vertex degrees code sizes of faces in dissections.
Also, Labarbe & Marckert [69] studied the evolution of the number of leaves in the contour
process of a large uniform plane tree.

Evolution of vertices with fixed outdegrees. Our first contribution concerns scaling
limits of processes coding the evolution of vertices with fixed outdegrees in different explo-
rations of large GW trees starting from the root. We shall explore the tree in two ways by
using either the contour process (which was considered by Labarbe & Marckert [69]), or the
lexicographical order.

In order to state our result, we need to introduce some quick background and notation
(see Section 2.2 for formal definitions). An offspring distribution µ, which is a probability
distribution on Z+, is said to be critical if it has mean 1. To simplify notation, we set
µi = µ(i) for i ≥ 0. If T is a plane tree and A ⊂ Z+, we say that a vertex of T is a A-vertex
if its outdegree (or number of children) belongs to A. We define NA(T ) as the number of
A-vertices in T , and we set µA =

∑
i∈A µi to simplify notation. We say that T is a µ-GW

tree if it is a GW tree with offspring distribution µ. We will always implicitly assume, for
the sake of simplicity, that the support of the offspring distribution µ is non-lattice (a subset
A ⊂ Z is lattice if there exists b ∈ Z and d ≥ 2 such that A ⊂ b + dZ), so that for every n
sufficiently large a µ-GW tree conditioned on having n vertices is well defined (but all the
results carry through to the lattice setting with mild modifications). For n ≥ 1, we denote
by Tn a µ-GW tree conditioned to have n vertices.

Let T be a plane tree with n vertices. To define the contour function (Ct(T ), 0 ≤ t ≤ 2n)
of T , imagine a particle that explores the tree from the left to the right, starting from the
root and moving at unit speed along the edges. Then, for 0 ≤ t ≤ 2(n− 1), Ct(T ) is defined
as the distance from the root of the position of the particle at time t. We set Ct(T ) = 0
for t ∈ [2(n − 1), 2n] (see Fig. 2.1 for an example). For every 0 ≤ t ≤ 1, let NA2nt(T ) be
the number of different A-vertices already visited by C(T ) at time ⌊2nt⌋. In particular,
NA2n(T ) = NA(T ).

When µ follows a geometric distribution of parameter 1/2 (so that Tn follows the uniform
distribution on the set of all plane trees with n vertices) and A = {0}, Labarbe & Marckert
showed that the convergence

(
C2nt(Tn)√

n
,
N
{0}
2nt (Tn)− ntµ0√

n

)

0≤t≤1

(d)−→
n→∞

(√
2❡t, Bt

)
0≤t≤1

holds jointly in distribution in C([0, 1],R2), where ❡ is the normalized Brownian excursion, B
is a Brownian motion independent of ❡ and C([0, 1],R2) is the space of continuous R2-valued
functions on [0, 1] equipped with the uniform topology.
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In words, the counting process N{0}(Tn) behaves linearly at the first order, and has cen-
tered Brownian fluctuations. Labarbe and Marckert themselves highlight (just after Theorem
4 in [69]) the fact that the fluctuations are centered and do not depend on the final shape of
the contour function of the tree, which is quite puzzling. It is therefore natural to wonder
if such fluctuations are universal: what happens if the tree is not uniform, if one considers
different outdegrees, or if the underlying exploration process is different?

Before stating our result in this direction, we define the second exploration we shall
use. If T is a plane tree with n vertices, we denote by (vi(T ))0≤i≤n−1 the vertices of T
ordered in the lexicographical order (also known as the depth-first order). The Łukasiewicz
path (Wi(T ))0≤i≤n of T is defined by W0(T ) = 0 and Wi(T ) −Wi−1(T ) = kvi−1

(T ) − 1 for
1 ≤ i ≤ n, where kvi(T ) denotes the outdegree of vi (see Fig. 2.1 for an example). For
t ∈ [0, n], we set Wt(T ) = W⌊t⌋(T ). For t ∈ [0, 1], we define KAnt(T ) as the number of A-
vertices visited by W (T ) at time ⌊nt⌋ (in other words, KAnt(T ) is the number of A-vertices
in the first ⌊nt⌋ vertices of T in the lexicographical order). In the next result, convergences
hold in distribution in the space D([0, 1],R2) of càdlàg processes on [0, 1] equipped with the
Skorokhod J1 topology (for technical reasons it is simpler to work with càdlàg processes; see
[53, Chap. VI] for background).

Theorem 2.1.1. Let µ be a critical distribution with finite variance σ2 > 0 and Tn be a
µ-GW tree conditioned to have exactly n vertices. Let A ⊂ Z+ be such that µA > 0, and set

γA =
√
µA(1− µA)− 1

σ2

(∑
i∈A(i− 1)µi

)2
. Then the following assertions hold:

(i) We have

(
Wnt(Tn)√

n
,
KAnt(Tn)− ntµA√

n

)

0≤t≤1

(d)−→
n→∞

(
σ❡t,

∑
i∈A(i− 1)µi

σ
❡t + γABt

)

0≤t≤1

where B is a standard Brownian motion independent of ❡ (see Fig. 2.2 for a simula-
tion).

(ii) The following convergence holds in distribution, jointly with that of (i):

(
C2nt(Tn)√

n
,
NA2nt(Tn)− ntµA√

n

)

0≤t≤1

(d)−→
n→∞

(
2

σ
❡t,

∑
i∈A iµi
σ

❡t + γABt

)

0≤t≤1
.

As was previously mentioned, assertion (ii) of Theorem 2.1.1, in the particular case where
A = {0} and µ is a geometric 1/2 offspring distribution, was proved by Labarbe & Marckert
[69]. It turns out that for leaves, the fluctuations of the counting process N{0}(Tn) are always
centered, irrespective of the offspring distribution. However, the fluctuations are different
when one considers other outdegrees or the lexicographical order instead of the contour visit
counting process.

Let us briefly comment on the strategy of the proof of Theorem 2.1.1, which is different
from the approach of Labarbe & Marckert (who rely on explicit formulas for the number of
paths with ±1 steps and various constraints). We start by working with the Łukasiewicz
path and establish Theorem 2.1.1 (i) by combining a general formula giving the joint dis-
tribution of outdegrees in GW trees in terms of random walks (Section 2.3) with absolute
continuity arguments and the Vervaat transform. Theorem 2.1.1 (ii) is then a rather direct
consequence of (i) by relating the contour exploration to the depth-first search exploration
(see in particular Lemma 2.4.3).

In Section 2.4.3, we extend Theorem 2.1.1 (ii) when we only take into account the k-th
time we visit a vertex with outdegree i (with k, i integers such that 1 ≤ k ≤ i + 1). To
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of outdegrees in GW trees in terms of random walks of Section 2.3 (which was already used in
the proof of Theorem 2.1.1), combined with various local limit estimates (Section 2.5). As we
will see (cf (2.11)), in the case A = Z+, we have δ2A,B = γ2B/µ

3
B (with γB defined as in Theorem

2.1.1 by replacing A by B). Also, the proof of Theorem 2.1.2 (ii) gives a way to compute
explicitly δA,B (see Example 2.5.2 for the explicit values of the variances and covariances in
the cases B = Z+ and B = {a} for some a ∈ Z+). See Section 2.6 for discussions concerning
other offspring distributions.

Our approach, based on a multivariate local limit theorem, applies more generally when µ
is in the domain of attraction of a stable law. In this case, it allows us to prove the convergence
of T Bn (properly renormalized) towards a Lévy tree, thus generalizing [63, Theorem 8.1] which
was stated only under the condition that B or Z+\B is finite. These new results can be found
in Section 2.6.

Acknowledgements. I would like to thank Igor Kortchemski for suggesting the study of
these exploration processes, as well as for his precious and stimulating comments on the
multiple versions of this paper. I would also like to thank the reviewers of this paper, for
their numerous constructive remarks and corrections, leading in particular to shorter proofs
of Lemma 2.3.3 (i) and Proposition 2.4.5.

2.2 Background on trees and their codings

We start by recalling some definitions and useful well-known results concerning Galton-
Watson trees and their coding by random walks (we refer to [70] for details and proofs).

Plane trees. We first define plane trees using Neveu’s formalism [87]. First, let N∗ =
{1, 2, . . .} be the set of all positive integers, and U = ∪n≥0(N∗)n be the set of finite sequences
of positive integers, with (N∗)0 = {∅} by convention. By a slight abuse of notation, for
k ∈ Z+, we write an element u of (N∗)k by u = u1 · · · uk, with u1, . . . , uk ∈ N∗. For k ∈ Z+,
u = u1 · · · uk ∈ (N∗)k and i ∈ Z+, we denote by ui the element u1 · · · uki ∈ (N∗)k+1 and iu
the element iu1 · · · uk ∈ (N∗)k+1. A tree T is a subset of U satisfying the following three
conditions: (i) ∅ ∈ T (the tree has a root); (ii) if u = u1 · · · un ∈ T , then, for all k ≤ n,
u1 · · · uk ∈ T (these elements are called ancestors of u); (iii) for any u ∈ T , there exists a
nonnegative integer ku(T ) such that, for every i ∈ N∗, ui ∈ T if and only if 1 ≤ i ≤ ku(T )
(ku(T ) will be called the number of children of u, or the outdegree of u). The elements of
T are called the vertices of T . The set of all the ancestors of a vertex u will be called the
ancestral line of u, by analogy with genealogical trees. We denote by |T | the total number
of vertices of T .

The lexicographical order ≺ on U is defined as follows: ∅ ≺ u for all u ∈ U\{∅}, and for
u, w 6= ∅, if u = u1u

′ and w = w1w
′ with u1, w1 ∈ N∗, then we write u ≺ w if and only if

u1 < w1, or u1 = w1 and u′ ≺ w′. The lexicographical order on the vertices of a tree T is the
restriction of the lexicographical order on U ; for every 0 ≤ k ≤ |T | − 1 we write vk(T ), or vk
when there is no confusion, for the (k+1)-th vertex of T in the lexicographical order. Recall
from the introduction that the Łukasiewicz path (Wi(T ))0≤i≤|T | of T is defined by W0(T ) = 0
and Wi(T )−Wi−1(T ) = kvi−1

(T )− 1 for 1 ≤ i ≤ |T |.

Galton–Watson trees. Let µ be an offspring distribution with mean at most 1 such that
µ(0)+µ(1) < 1 (implicitly, we always make this assumption to avoid degenerate cases). A GW
tree T with offspring distribution µ (also called µ-GW tree) is a random variable taking values
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in the space of all finite plane trees, characterized by the fact that P(T = T ) =
∏

u∈T µku(T )
for every finite plane tree T . We also always implicitly assume that gcd(i ∈ Z+, µi > 0) = 1,
so that P(|T | = n) > 0 for every n sufficiently large (µ is said to be aperiodic). All the results
can be adapted to the periodic setting with mild modifications.

A key tool to study GW trees is the fact that their Łukasiewicz path is, roughly speaking,
a killed random walk, which allows us to obtain information on GW trees from the study of
random walks. More precisely, let S be the random walk on Z+ ∪ {−1} starting from S0 = 0
with jump distribution given by P(S1 = i) = µi+1 for i ≥ −1 (we keep the dependency of S
in µ implicit). The proof of the following lemma can be found in [70].

Lemma 2.2.1. Let µ be an offspring distribution with mean at most 1 and Tn be a µ-GW tree
conditioned on having n vertices. Then (Wi(Tn))0≤i≤n has the same distribution as (Si)0≤i≤n
conditionally given the event {Sn = −1, ∀ 0 ≤ i ≤ n− 1, Si ≥ 0}.

Several useful ingredients. We finally gather two very useful ingredients. The first one
is a joint scaled convergence in distribution of the contour process (which was defined in the
introduction) and the Łukasiewicz path of a critical GW tree with finite variance, conditioned
to have n vertices, to the same Brownian excursion.

Theorem 2.2.2 (Marckert and Mokkadem [77], Duquesne [40]). Let µ be a critical offspring
distribution with finite positive variance σ2. Then the following convergence holds jointly in
distribution:

(
C2nt(Tn)√

n
,
Wnt(Tn)√

n

)

0≤t≤1

d−→
(
2

σ
❡t, σ❡t

)

0≤t≤1

where ❡ has the law of the normalized Brownian excursion.

This result is due to Marckert and Mokkadem [77] under the assumption that µ has a
finite exponential moment. The result in the general case can be deduced from [40], however
it is not clearly stated in this form. See [63, Theorem 8.1, (II)] (taking A = Z+ in this
theorem) for a precise statement.

The second ingredient is the local limit theorem (see [52, Theorem 4.2.1]).

Theorem 2.2.3. Let (Sn)n≥0 be a random walk on Z such that the law of S1 has finite
positive variance σ2. Let h ∈ Z+ be the maximal integer such that there exists b ∈ Z for
which Supp(S1) ⊂ b+ hZ. Then, for such b ∈ Z,

sup
k∈Z

∣∣∣∣∣
√
2πσ2nP(Sn = nb+ kh)− h exp

(
−1

2

(
nb+ kh− nE(S1)

σ
√
n

)2
)∣∣∣∣∣ −→

n→∞
0.

When Supp(S1) is non-lattice, observe that one can take b = 0 and h = 1 in the previous
result.

This theorem admits the following generalization in the multivariate setting (see e.g. [92,
Theorem 6.1]). In the multivariate case in dimension j ≥ 1, we say that a random variable
Y ∈ Zj is aperiodic if there is no strict sublattice of Zj containing the set of differences
{x − y,x,y ∈ Zj,P(Y = x) > 0,P(Y = y) > 0}. Furthermore, Sj denotes the set of
symmetric positive definite matrices of dimension j.
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Theorem 2.2.4. Let j ≥ 1 and (Yi)i≥1 := ((Y
(1)
i , . . . , Y

(j)
i ))i≥1 be i.i.d. random variables in

Zj, such that the covariance matrix Σ of Y1 is positive definite. Assume in addition that Y1

is aperiodic, and denote by M the mean of Y1. Finally, define for n ≥ 1

Tn =
1√
n

(
n∑

i=1

Yi − nM

)
∈ Rj.

Then, as n→ ∞, uniformly for x ∈ Rj such that P (Tn = x) > 0,

P (Tn = x) =
1

(2πn)j/2
√
detΣ

e−
1
2

t
xΣ−1x + o

(
n−j/2

)
.

This theorem can easily be adapted when Y1 is not aperiodic. However, for convenience,
we shall restrict ourselves to this case in what follows.

2.3 Joint distribution of outdegrees in GW trees

The first steps of the proofs of Theorems 2.1.1 and 2.1.2 both reformulate events on trees in
terms of events on random walks, whose probabilities are easier to estimate. In this direction,
in this section, we give a general formula for the joint distribution of outdegrees in GW trees
in terms of random walks (Proposition 2.3.1) and establish technical estimates (Lemma 2.3.3)
which will be later used several times.

2.3.1 A joint distribution

The following proposition is a key tool in the study of the outdegrees in a µ-GW tree T , as
it allows us to study the joint distribution of (NZ+(T ), NB(T )):

Proposition 2.3.1. Let B ⊂ Z+. Let (Si)i≥0 be a random walk starting from 0, whose jumps
are independent and distributed according to µ(· + 1), and let (JBi )i≥0 be the walk starting
from 0 such that, for all i ≥ 0, JBi+1 − JBi = 1Si+1−Si+1∈B. Then, for every n ≥ 1 and k ≥ 0,

P
(
NZ+(T ) = n,NB(T ) = k

)
=

1

n
P
(
Sn = −1, JBn = k

)
.

This proposition is a consequence of the so-called cyclic lemma, which is responsible for
the factor 1/n (see e.g. [63, Equation (2)]): roughly speaking, let (Si)0≤i≤n be a walk starting
from 0 and reaching −1 at time n. Then, among all n cyclic shifts of (Si)0≤i≤n, exactly one
of them takes only nonnegative values between times 0 and n− 1.

The following asymptotics, which can be derived from a local limit theorem (see e.g. [91]
or [63, Theorem 8.1]) will be useful throughout the paper:

P(NB(T ) = k) ∼
k→∞

1√
2πσ2

√
µBk

−3/2, (2.2)

assuming that P(NB(T ) = k) > 0 for k sufficiently large.

2.3.2 A technical estimate

We introduce other probability measures as follows:

54



Paul Thévenin SOMMETS DE DEGRÉ FIXÉ DANS DE GRANDS ARBRES

Definition. Let C ⊂ Z+ be a subset such that µC > 0. For i ∈ Z, we set

pC(i) =

{
µi+1

µC
if i+ 1 ∈ C

0 otherwise.

We let mC be the expectation of pC and σ2
C be its variance.

The following identities will be useful.

Lemma 2.3.2. Assume that µ is critical and has finite positive variance σ2. Let B ⊂ Z+ be

such that µB > 0 and µBc > 0. Let γB ≥ 0 be such that γ2B = µB(1−µB)− 1
σ2

(∑
i∈B(i− 1)µi

)2
.

Then the following identities hold:

(i) mBc(1− µB) +mBµB = 0,

(ii) γ2B = µB(1− µB)− 1
σ2µ

2
Bm

2
B,

(iii) µBσ2
B + (1− µB)σ2

Bc =
σ2

µB(1−µB)γ
2
B.

In particular, observe that γB is well-defined by (iii). Furthermore, if #Supp(µ) ≥ 3,
then at least one of the variances σ2

B and σ2
Bc is positive, which implies by (iii) that γB > 0.

Proof. For (i), simply write that the quantity mBc(1− µB) +mBµB is equal to

(1− µB)
∑

i≥−1
ipBc(i) + µB

∑

i≥−1
ipB(i) = (1− µB)

∑

i+1/∈B

iµi+1

1− µB
+ µB

∑

i+1∈B

iµi+1

µB

=
∑

i/∈B
(i− 1)µi +

∑

i∈B
(i− 1)µi,

which is equal to 0 since µ is critical. The second assertion is clear, while the proof of the
last one is similar to the first one and is left to the reader.

Let us keep the notation of Proposition 2.3.1. In particular, recall that the walk (JBi )i≥0
is defined from (Si)i≥0 as JB0 = 0 and, for i ≥ 0, JBi+1 − JBi = 1Si+1−Si+1∈B.

We set, for c ∈ R,
kn(c) = ⌊µBn+ c

√
n⌋.

The following estimate will play an important role.

Lemma 2.3.3. Let µ be an aperiodic critical offspring distribution with positive finite vari-
ance σ2 such that #Supp(µ) ≥ 3, and let B ⊂ Z+ be such that µB > 0 and µBc > 0. Assume
in addition that pB or pBc is aperiodic. Fix a ∈ R and let (an) be a sequence of integers
such that an/

√
n →
n→∞

a. Then the following assertions hold as n→ ∞, uniformly for c in a

compact subset of R:

(i) P
(
Sn = an, J

B
n = kn(c)

)
∼ 1

n

1

2πσγB
e
− 1

2σ2 a
2− 1

2γ2
B
(c−µBmB

σ2 a)
2

,

(ii) P
(
NZ+(T ) = n,NB(T ) = kn(c)

)
∼ 1

n2

1

2πσγB
e
− c2

2γ2
B .

Observe that (ii) is a straightforward consequence of (i) and Proposition 2.3.1. (i) itself
follows from the multivariate local limit theorem 2.2.4:
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Proof of Lemma 2.3.3 (i). The idea is to apply Theorem 2.2.4 to a sequence of i.i.d. variables
in Z2, distributed as Y1 := (S1, J

B
1 ). Since pB or pBc is aperiodic, Y1 (as a 2-dimensional

variable) is aperiodic as well. Furthermore, the mean and the covariance matrix of Y1 are
respectively equal to:

M =

(
0
µB

)
and Σ =

(
σ2 µBmB

µBmB µB(1− µB).

)

where σ2 is the variance of µ. In particular, detΣ = σ2γ2B > 0.
On the other hand, as µ is non-lattice, for n large enough, uniformly for c in a compact

subset of R, P(Sn = an, J
B
n = kn(c)) > 0. An easy computation, with the help of Lemma

2.3.2 (ii), gives the result that we want.

2.4 Evolution of outdegrees in an exploration of a Galton-

Watson tree

The aim of this section is to establish Theorem 2.1.1. Recall from the introduction that if
T is a tree and A ⊂ Z+, C(T ) denotes the contour function of T , for 0 ≤ t ≤ 1, NA2nt(T )
denotes the number of different A-vertices already visited by C(T ) at time ⌊2nt⌋ and KAnt(T )
denotes the number of A-vertices in the first ⌊nt⌋ vertices of T in the depth-first search (or,
equivalently, the lexicographical order).

We assume here that A ⊂ Z+ is such that µA > 0. We keep the notation of Section
2.3.1, and denote in particular by mA the expectation of a random variable with law given
by pA(i) =

µi+1

µA
1i+1∈A for i ∈ Z.

2.4.1 Depth-first exploration

In this section, we study the evolution of the number of A-vertices in conditioned GW trees
for the depth-first search, and establish in particular Theorem 2.1.1 (i). Throughout this
section, we fix a critical distribution µ with finite positive variance σ2, and we let Tn denote
a µ-GW tree conditioned on having n vertices.

The idea of the proof of Theorem 2.1.1 (i) is the following. By Lemma 2.2.1, the con-
vergence of Theorem 2.1.1 (i) can be restated in terms of the random walk (Si)0≤i≤n (with
jump distribution given by P(S1 = i) = µ(i + 1) for i ≥ −1) conditionally given the event
{Sn = −1, ∀ 0 ≤ i ≤ n − 1, Si ≥ 0}. We first establish a result for the “bridge” version
where one works conditionally given the event {Sn = −1} (Lemma 2.4.1) and then conclude
by using the so-called Vervaat transform.

To simplify notation, for every t ≥ 0, we set St = S⌊t⌋ and JAt =
∑⌊t⌋

k=1 1{Sk−Sk−1+1∈A}

Lemma 2.4.1. The following convergence holds in distribution
(
Snt√
n
,
JAnt − µAnt√

n

)

0≤t≤1
under P( · |Sn = −1)

(d)−→
n→∞

(
σBbr

t ,
µAmA
σ

Bbr
t + γAB

′
t

)
0≤t≤1
(2.3)

where Bbr is a standard Brownian bridge and B′ is a standard Brownian motion independent
of Bbr.

Proof. We first check that the corresponding nonconditioned statement holds, namely that
the following convergence holds in distribution :

(
Snt√
n
,
JAnt − µAnt√

n

)

0≤t≤1

(d)−→
n→∞

(
σBt,

µAmA
σ

Bt + γAB
′
t

)
0≤t≤1

(2.4)
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where B is a standard Brownian motion and B′ a standard Brownian motion independent
of B. To this end, by [58, Theorem 16.14], it is enough to check that the one-dimensional
convergence holds for t = 1. By Lemma 2.3.3 (i), uniformly for a, b in a compact subset of
R:

P(Sn = ⌊a√n⌋, JAn = ⌊µAn+ b
√
n⌋) ∼

n→∞
1

2πσγA

1

n
e
− 1

2σ2 a
2− 1

2γ2
A
(b−µAmA

σ2 a)
2

.

It is standard (see e.g. [25, Theorem 7.8]) that this implies that (Sn/
√
n, (JAn − µAn)/

√
n)

converges in distribution to (σB1,
µAmA

σ
B1 + γAB′1), which yields (2.4).

We now establish (2.3) by using an absolute continuity argument. We fix u ∈ (0, 1), a
bounded continuous functional F : D([0, u],R2) → R, and to simplify notation set An =
E
[
F (Snt/

√
n, (JAnt − µAnt)/

√
n)0≤t≤u|Sn = −1

]
. Then, setting φn(i) = P(Sn = i), we have

An = E

[
F

((
Snt√
n
,
JAnt − µAnt√

n

)

0≤t≤u

)
φn−⌊nu⌋(−S⌊nu⌋ − 1)

φn(−1)

]
.

An application of the local limit theorem 2.2.3 allows us to write as n→ ∞

An = E

[
F

((
Snt√
n
,
JAnt − µAnt√

n

)

0≤t≤u

)
q1−u(−S⌊nu⌋/

√
n)

q1(0)

]
+ o(1),

where qt denotes the density of a centered Brownian motion of variance σ2 at time t. There-
fore, by (2.4), as n→ ∞,

An −→
n→∞

E

[
F

((
σBt,

µAmA
σ

Bt + γAB
′
t

)
0≤t≤u

)
q1−u(−Bu)

q1(0)

]

= E

[
F

((
σBbr

t ,
µAmA
σ

Bbr
t + γAB

′
t

)
0≤t≤u

)]
, (2.5)

where the last identity follows from standard absolute continuity properties of the Brownian
bridge (see e.g. [90, Chapter XII]).

The convergence (2.5) shows in particular that, conditionally given Sn = −1, the process
(Snt/

√
n, (JAnt − µAnt)/

√
n)0≤t≤1 is tight on [0, u] for every u ∈ (0, 1). To check that it is tight

on [u, 1], it suffices to check that for u ∈ (0, 1), (Sn−nt/
√
n, (JAn−nt − µAn(1− t))/

√
n)0≤t≤u

is tight conditionally given Sn = −1. To this end, notice that by time-reversal the process
(“Si, Ĵi)0≤i≤n := (Sn − Sn−i, JAn − JAn−i)0≤i≤n has the same distribution as (Si, Ji)0≤i≤n (and
this also holds conditionally given Sn = −1). Then write

(
Sn−nt√

n
,
JAn−nt − µAn(1− t)√

n

)

0≤t≤u
=

(
“Sn − “Snt√

n
,
ĴAn − µAn√

n
− ĴAnt − µAnt√

n

)

0≤t≤u
.

Now, by Lemma 2.3.3 (i) and the local limit theorem, uniformly for b in a compact subset
of R, P(JAn = ⌊µAn + b

√
n⌋|Sn = −1) ∼ 1√

2πγAn
e−b

2/2γ2A as n → ∞, which shows that,

conditionally given Sn = −1, (JAn − µAn)/
√
n converges in distribution. Hence by (2.5),

the process (Snt/
√
n, (JAnt − µAnt)/

√
n)u≤t≤1 is tight on [u, 1] conditionally given Sn = −1.

This allows us to conclude that this process is actually tight on [0, 1], and in addition, this
identifies the convergence of the finite dimensional marginal distributions.

In order to deduce Theorem 2.1.1 (i) from the bridge version of Lemma 2.4.1, we now use
the Vervaat transformation, whose definition is recalled here.
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Set D0([0, 1],R) = {ω ∈ D([0, 1],R); ω(0) = 0}. For every ω ∈ D0([0, 1],R) and 0 ≤ u ≤ 1,
we define the shifted function ω(u) by

ω(u)(t) =

{
ω(u+ t)− ω(u) if u+ t ≤ 1,

ω(u+ t− 1) + ω(1)− ω(u) if u+ t ≥ 1.

We shall also need the notation g1(ω) = inf{t ∈ [0, 1];ω(t−) ∧ ω(t) = inf [0,1] ω}. The shifted
function ω(g1(ω)) is usually called the Vervaat transform of ω.

Lemma 2.4.2. Let Bbr be a standard Brownian bridge and B an independent standard
Brownian motion. Set τ = g1(B

br). Then

(
Bbr,(τ), B(τ)

) (d)
= (❡, B′) ,

where ❡ is a normalized Brownian excursion and B′ is a standard Brownian motion indepen-
dent of ❡.

Proof. Since B and Bbr are independent, it readily follows that B(τ) has the law of a standard
Brownian motion, and is independent of (τ, Bbr), and therefore is independent of Bbr,(τ). On
the other hand, Bbr,(τ) has the law of ❡ (see e.g. [99]). The result follows.

Proof of Theorem 2.1.1 (i). We keep the notation of Lemma 2.4.2, and we also let (Sbr,n, Jn) =
(Sbr,nnt , J

n
nt)0≤t≤1 be a random variable distributed as (Snt, JAnt−ntµA)0≤t≤1 conditionally given

Sn = −1. We set τn = g1(S
br,n). It is well-known (see e.g. [99]) that Sbr,n,(τn) has the same

distribution as (Wnt(Tn))0≤t≤1. It follows that

(
Sbr,n,(τn), Jn,(τn)

) (d)
=

(
Wnt(Tn), KAnt(Tn)− ntµA

)
0≤t≤1 .

Since Bbr and B are almost surely continuous at τ , by Lemma 2.4.1 and standard continuity
properties of the Vervaat transform, it follows that

(
Wnt(Tn)√

n
,
KAnt(Tn)− ntµA√

n

)

0≤t≤1

(d)−→
n→∞

(
σB

br,(τ)
t ,

µAmA
σ

B
br,(τ)
t + γAB

′(τ)
t

)
0≤t≤1

.

By Lemma 2.4.2, this last process has the same distribution as (σ❡t,
∑

i∈A(i−1)µi
σ

❡t + γAB′t),
and this completes the proof.

2.4.2 Contour exploration

We are now interested in the evolution of the number of A-vertices in conditioned GW trees
for the contour visit counting process, and establish in particular Theorem 2.1.1 (ii). The
idea of the proof is to obtain a relation between the counting process NA for the contour
process and the counting process KA for the depth-first search order.

In this direction, if T is a tree with n vertices, for every 0 ≤ k ≤ 2n − 2, we denote by
bk(T ) the number of different vertices visited by the contour process C(T ) up to time k. We
set bk(T ) = b2n−2(T ) for k ≥ 2n − 2, and bt(T ) = b⌊t⌋(T ) for t ≥ 0. It turns out that the
following simple deterministic relation holds between b(T ) and C(T ).

Lemma 2.4.3. Let T be a tree with n vertices. Then, for every 0 ≤ k ≤ 2n− 2,

bk(T ) = 1 +
k + Ck(T )

2
.
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Proof. We prove this by induction, by showing that the result holds for k = 0 and that, if it
holds at time 0 ≤ k ≤ 2n − 3, then it holds at time k + 1. For 0 ≤ k ≤ 2n − 2, let uk be
the vertex visited by the contour process at time k. First, at time k = 0, the root is the only
vertex visited and b0(T ) = 1. Now assume that the result holds until time 0 ≤ k ≤ 2n − 3.
Then we see that uk+1 is visited for the first time at time k + 1 if and only if the contour
process goes up between uk and uk+1. Therefore, bk+1(T ) = bk(T )+1 if Ck+1(T ) = Ck(T )+1
and bk+1(T ) = bk(T ) if Ck+1(T ) = Ck(T )− 1. In both cases, the formula is also valid at time
k + 1.

We are now in position to establish Theorem 2.1.1 (ii).

Proof of Theorem 2.1.1 (ii). First, by Theorem 2.1.1 (i) and Lemma 2.4.3, the convergence

(
C2nt(Tn)√

n
,
b2nt(Tn)− nt√

n
,
KAnt(Tn)− ntµA√

n

)

0≤t≤1
→
(
2

σ
❡t,

1

σ
❡t,

µAmA
σ

❡t + γABt

)

0≤t≤1
(2.6)

holds jointly in distribution in D([0, 1],R3), where ❡ is a normalized Brownian excursion and
B is an independent standard Brownian motion. In particular, the convergence

(
b2nt(Tn)

n

)

0≤t≤1
−→
n→∞

(t)0≤t≤1 (2.7)

holds in probability.
Next, for every t ∈ [0, 1], observe that NA2nt(Tn) = KAb2nt(Tn)(Tn), so that

NA2nt(Tn)− ntµA√
n

=
KAb2nt(Tn)(Tn)− ntµA√

n
=
KAb2nt(Tn)(Tn)− b2nt(Tn)µA√

n
+ µA

b2nt(Tn)− nt√
n

.

By (2.6) and (2.7), it follows that the convergence
(
NA2nt(Tn)− ntµA√

n

)

0≤t≤1
→
(µAmA

σ
❡t + γABt +

µA
σ
❡t

)
0≤t≤1

holds in distribution, jointly with (2.6). Since µAmA =
∑

i∈A(i − 1)µi, this completes the
proof.

2.4.3 Extension to multiple passages

In Theorem 2.1.1 (ii), the process NA counts A-vertices the first time they are visited by
the contour exploration. In this Section, we are interested in what happens when instead we
count vertices at later visit times. In this direction, if T is a tree, for every and 1 ≤ k ≤ i+1
and 0 ≤ ℓ ≤ 2|T |, we denote by N i,k

ℓ (T ) the number of vertices of outdegree i visited at least
k times by the contour exploration of T between times 0 and ℓ. Finally, for i ≥ 0, we set
N i = N{i} to simplify notation.

As before, we fix a critical distribution µ with finite positive variance σ2, and we let Tn
denote a µ-GW tree conditioned on having n vertices.

Theorem 2.4.4. We have(
C2nt(Tn)√

n
,
N i

2nt(Tn)− ntµi√
n

,
N i,k

2nt(Tn)− ntµi√
n

)

0≤t≤1
(d)−→

n→∞

(
2

σ
❡t,

iµi
σ
❡t + γiBt,

(i− 2(k − 1))µi
σ

❡t + γiBt

)

0≤t≤1
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where B is a standard Brownian motion independent of ❡ and γi =
√
µi(1− µi)− 1

σ2 ((i− 1)µi)2.

The main ingredient of the proof is a relation between N i(T ) and N i,j(T ), for which we
need to introduce some notation. If T is a tree, for u ∈ T and 1 ≤ j ≤ i, we denote by
Ai,ju (T ) the number of ancestors of u in T with i children whose jth child is an ancestor of u.
For 0 ≤ t ≤ 2|T | − 2, denote by ut(T ) the vertex visited at time ⌊t⌋ by contour exploration.
Then, for every 0 ≤ ℓ ≤ 2|T | − 2, observe that

N i
ℓ(T )−N i,k

ℓ (T ) =
∑

1≤j≤k−1
Ai,juℓ(T )(T ) (2.8)

because i-vertices of T that have been visited at least once up to time ℓ, but not k times yet,
are necessarily ancestors of uℓ(T ). Indeed, all the subtrees attached to a strict ancestor of
uℓ(T ) have either been completely visited or not visited at all (except the subtrees containing
uℓ(T )).

The following result, which is of independent interest, will allow to control the asymptotic
behaviour of Ai,ju (Tn), when the height of u is large enough. See [78] for other bounds
on Ai,j(Tn) under an additional finite exponential moment assumption. For a nonnegative
sequence (rn), we write rn = oe(n) if there exist C, ε > 0 such that rn ≤ Ce−n

ε
for every

n ≥ 1.

Proposition 2.4.5. Fix i ≥ 1. Then

P

(
∃u ∈ Tn, ∃j ∈ J1, iK : |u| ≥ n1/10,

∣∣∣∣
Ai,ju (Tn)

|u| − µi

∣∣∣∣ ≥
µi

|u|1/100
)

= oe(n).

Before proving this bound, let us explain how Theorem 2.4.4 follows.

Proof of Theorem 2.4.4 from Proposition 2.4.5. We will repeatedly use the identity Cℓ(Tn) =
|uℓ(Tn)| for every 0 ≤ ℓ ≤ 2n− 2. We first check that

max
1≤j≤i

sup
0≤ℓ≤2n−2

∣∣∣∣∣µi
Cℓ(Tn)√

n
−
Ai,juℓ(Tn)(Tn)√

n

∣∣∣∣∣
(P)−→
n→∞

0 (2.9)

First, since for every ℓ, Ai,juℓ(Tn)(Tn) ≤ |uℓ(Tn)|, we may restrict our study without loss of

generality to the times ℓ such that |uℓ(Tn)| ≥ n1/10. Indeed, uniformly for 1 ≤ j ≤ i, for ℓ
such that |uℓ(Tn)| < n1/10, we have n−1/2|µiCℓ(Tn)− Ai,juℓ(Tn)(Tn)| ≤ 2n1/10−1/2 = 2n−2/5.

By Proposition 2.4.5, for every n sufficiently large and ℓ such that |uℓ(Tn)| ≥ n1/10, we

have, with probability tending to 1 as n → ∞, uniformly in j,
∣∣∣Ai,juℓ(Tn)(Tn)− µi|uℓ(Tn)|

∣∣∣ <
µi|uℓ(Tn)|99/100. By Theorem 2.2.2, max0≤ℓ≤2n−2Cℓ(Tn)/

√
n converges in probability as n→

∞, so that we have max0≤ℓ≤2n−2 |uℓ(Tn)|99/100/
√
n→ 0. This entails (2.9).

Now, using (2.8), for 0 ≤ t ≤ 1, write

N i,k
2nt(Tn)− ntµi√

n
=
N i

2nt(Tn)− ntµi√
n

−
∑

1≤j≤k−1

Ai,ju2nt(Tn)(Tn)√
n

Hence, by combining Theorem 2.1.1 (ii) with (2.9), we get

(
C2nt(Tn)√

n
,
N i

2nt(Tn)− ntµi√
n

,
N i,k

2nt(Tn)− ntµi√
n

)

0≤t≤1
(d)−→

n→∞

(
2

σ
❡t,

iµi
σ
❡t + γiBt,

iµi
σ
❡t + γiBt − (k − 1)µi

2

σ
❡t

)

0≤t≤1
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where B is a standard Brownian motion and γi =
√
µi(1− µi)− 1

σ2 ((i− 1)µi)2, which gives
the desired result.

We now get into the proof of Proposition 2.4.5.

Proof of Proposition 2.4.5. First, observe that if T is a nonconditioned µ-GW tree, then

P

(
∃u ∈ Tn, ∃j ∈ J1, iK : |u| ≥ n1/10,

∣∣∣∣
Ai,ju (Tn)

|u| − µi

∣∣∣∣ ≥
µi

|u|1/100
)

≤ 1

P(|T | = n)

n∑

k=⌈n1/10⌉

i∑

j=1

E


∑

|u|=k
✶
∣

∣

∣

∣

A
i,j
u (T )
|u|

−µi
∣

∣

∣

∣

≥ µi

|u|1/100


 .

In order to compute these expectations, let us mention the existence of the local limit
T ∗ of the trees Tn. This limit is defined as the random variable on the set of infinite trees
satisfying, for any r ≥ 0,

Br (Tn) →
n→∞

Br (T ∗) ,

where Br denotes the ball of radius r centered at the root for the graph distance (all edges
of the tree having length 1). T ∗ is an infinite tree called Kesten’s tree, made of a unique
infinite branch on which i.i.d. µ-Galton-Watson trees are planted (see [60] for details). The
local behaviour of the trees Tn can be deduced from the properties of this infinite tree; in
particular, a standard size-biasing identity à la Lyons–Pemantle–Peres [76] (see [41, Eq. (23)]
for a precise statement) gives

E


∑

|u|=k
✶
∣

∣

∣

∣

A
i,j
u (T )
|u|

−µi
∣

∣

∣

∣

≥ µi

|u|1/100


 = E


✶∣

∣

∣

∣

∣

∣

A
i,j
Uk(T ∗)

(T ∗)

k
−µi

∣

∣

∣

∣

∣

∣

≥ µi

k1/100


 = P

(∣∣∣∣
Bin(k, µi)

k
− µi

∣∣∣∣ ≥
µi

k1/100

)
,

where Uk(T ∗) denotes the vertex of the unique infinite branch of T ∗ at height k. In particular,
this expectation does not depend on j.

By (2.2) (applied with B = Z+), we therefore have, for some constant C:

P

(
∃u ∈ Tn, ∃j ∈ J1, iK : |u| ≥ n1/10,

∣∣∣∣
Ai,ju (Tn)

|u| − µi

∣∣∣∣ ≥
µi

|u|1/100
)

≤ Cin3/2

n∑

k=⌈n1/10⌉
P

(∣∣∣∣
Bin(k, µi)

k
− µi

∣∣∣∣ ≥
µi

k1/100

)

≤ Cin3/2

n∑

k=⌈n1/10⌉
2 exp

(
−2k

(
µik
−1/100)2)

where the last line is obtained by using Hoeffding’s inequality. Thus,

P

(
∃u ∈ Tn, ∃j ∈ J1, iK : |u| ≥ n1/10,

∣∣∣∣
Ai,ju (Tn)

|u| − µi

∣∣∣∣ ≥
µi

|u|1/100
)

≤ 2Cin3/2

n∑

k=⌈n1/10⌉
exp

(
−2µ2

i k
49/50

)
= oe(n).

The desired result follows.
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Finally, observe that the estimate of Proposition 2.4.5 is strong enough to get the following
refinement of Theorem 2.4.4 (whose proof is left to the reader):

Theorem 2.4.6. Let k : Z+ → Z+ such that, for i ∈ Z+, 1 ≤ k(i) ≤ i + 1. Let A ⊂ Z+.
Then the following convergence holds in distribution :
(
C2nt(Tn)√

n
,
NA2nt(Tn)− ntµA√

n
,

∑
i∈AN

i,k(i)
2nt (Tn)− ntµi√

n

)

0≤t≤1
(d)−→

n→∞

(
2

σ
❡t,

∑
i∈A iµi
σ

❡t + γABt,

∑
i∈A (i− 2(k(i)− 1))µi

σ
❡t + γABt

)

0≤t≤1

where B is a standard Brownian motion and γA =
√
µA(1− µA)− 1

σ2 (
∑

i∈A(i− 1)µi)2.

2.5 Asymptotic normality of outdegrees in large Galton-

Watson trees

The main goal of this Section is to prove Theorem 2.1.2 (i) and (ii). We fix a critical offspring
distribution µ with finite positive variance σ2, and A,B ⊂ Z+ such that µB > 0. If T is a tree,
recall that NA(T ) is the number of A-vertices in T , and that T Bn is a µ-GW tree conditioned
to have n B-vertices. In the sequel, T is a nonconditioned µ-GW tree. We also assume for
technical convenience that pB and pBc are both aperiodic (but the results carry through in
the general setting with mild modifications).

2.5.1 Expectation of NA(T B
n )

Our goal is here to prove Theorem 2.1.2 (i). For every n ≥ 1, define the interval In :=
J n
µB

− n3/4, n
µB

+ n3/4K. The proof relies on the following estimates.

Lemma 2.5.1. We have:

(i) E
(
NZ+

(
T Bn
)
1NZ+ (T B

n )/∈In

)
= oe(n);

(ii) P

(∣∣∣∣
NA(T B

n )
n

− µA
µB

∣∣∣∣ ≥ n−1/5
∣∣∣∣NZ+(T Bn ) ∈ In

)
→ 0 as n→ ∞.

Proof of Theorem 2.1.2 (i) using Lemma 2.5.1. Start by writing the quantity E[NA(T Bn )] as

E[NA(T Bn )] = P(NZ+(T Bn ) ∈ In)E[N
A(T Bn )|NZ+(T Bn ) ∈ In] + E[NA(T Bn )1NZ+ (T B

n )/∈In ].

(2.10)

Observe that E[NA(T Bn )1NZ+ (T B
n )/∈In ] ≤ E[NZ+(T Bn )1NZ+ (T B

n )/∈In ] = oe(n) by Lemma 2.5.1 (i).

In order to bound the first term in the sum of (2.10), bound
∣∣∣ 1nE

[
NA

(
T Bn
)
|NZ+

(
T Bn
)
∈ In

]
−

µA
µB

∣∣∣ from above by

1

n1/5
+

(
sup In
n

+
µA
µB

)
P

(∣∣∣∣
NA(T Bn )

n
− µA
µB

∣∣∣∣ ≥
1

n1/5

∣∣∣∣N
Z+(T Bn ) ∈ In

)
.

This last quantity tends to 0 as n→ ∞ by Lemma 2.5.1 (ii) and since sup In/n→ 1/µB. In
order to complete the proof, it remains to observe that since NZ+(T Bn ) ≥ n, Lemma 2.5.1 (i)
implies that P

(
NZ+

(
T Bn
)
/∈ In

)
→ 0.
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Proof of Lemma 2.5.1. First, notice that

E
[
NZ+

(
T Bn
)
1NZ+ (T B

n )/∈In

]
=
∑

k/∈In
k≥n

k P
(
NZ+

(
T Bn
)
= k

)

=
1

P (NB(T ) = n)

∑

k/∈In
k≥n

k P
(
NZ+ (T ) = k,NB (T ) = n

)

≤ 1

P (NB(T ) = n)

∑

k/∈In
k≥n

P
(
JBk = n

)
by Proposition 2.3.1.

We now use the fact that, for any k, JBk has a binomial distribution of parameters (k, µB).
Observe that, if k /∈ In, then |n− kµB| ≥ k3/5. Hence, by Hoeffding’s inequality, for k 6∈ In,
P(JBk = n) ≤ P(|JBk − kµB| ≥ k3/5) ≤ 2e−2k

1/5
. Therefore

∑
k/∈In,k≥n P(J

B
k = n) = oe(n). (i)

follows by (2.2) (applied with B = Z+),
For (ii), we use the fact that

P

(∣∣∣∣∣
NA

(
T Bn
)

n
− µA
µB

∣∣∣∣∣ ≥ n−1/4

∣∣∣∣∣N
Z+(T Bn ) ∈ In

)

=
1

P (NB(T ) = n|NZ+(T ) ∈ In)
P

(∣∣∣∣
NA (T )

n
− µA
µB

∣∣∣∣ ≥ n−1/5, NB(T ) = n

∣∣∣∣N
Z+(T ) ∈ In

)

Note that

1

P (NB(T ) = n|NZ+(T ) ∈ In)
=

P
(
NZ+(T ) ∈ In

)

P (NB(T ) = n,NZ+(T ) ∈ In)
≤ 1

P
(
NB(T ) = n,NZ+(T ) = ⌊ n

µB
⌋
)

which grows at most polynomially in n according to Lemma 2.3.3 (ii). The second assertion
now follows from the fact that

P

(∣∣∣∣
NA (T )

n
− µA
µB

∣∣∣∣ ≥ n−1/5
∣∣∣∣N

Z+(T ) ∈ In

)
≤ sup

k∈In
P

(∣∣∣∣
NA (T )

n
− µA
µB

∣∣∣∣ ≥ n−1/5
∣∣∣∣N

Z+(T ) = k

)
.

In virtue of (2.2) (applied with B = Z+), it suffices to check that P(|NA(T )
n

− µA
µB

| ≥
n−1/5, NZ+(T ) = k) = oe(n) when k ∈ In. By Proposition 2.3.1,

P

(∣∣∣∣
NA (T )

n
− µA
µB

∣∣∣∣ ≥ n−1/5, NZ+(T ) = k

)
≤ P

(∣∣∣∣J
A
k − n

µA
µB

∣∣∣∣ ≥ n4/5

)
.

When k ∈ In, this last quantity is bounded from above by P(|JAk − kµA| ≥ n4/5 − µAn3/4),
which is oe(n) since JAk has a binomial distribution of parameters (k, µA). This proves (ii).

2.5.2 Asymptotic normality of NA(T B
k )

The first step is to establish the following local version of Theorem 2.1.2 when A = Z+.

Proposition 2.5.2. As k → ∞,

P
(
NZ+

(
T Bk
)
= ⌊k/µB +

√
ky⌋
)
∼
√

µ3
B

2πγ2B

1√
k
exp

(
−µ

3
B
γ2B

y2

2

)
,

uniformly for y in a compact subset of R.
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It is standard that this implies the following asymptotic normality:

NZ+(T Bk )− k/µB√
k

d→ N (0,
γ2B
µ3
B
). (2.11)

Proof of Proposition 2.5.2. By Lemma 2.3.3 (ii), we have as n → ∞, uniformly for c in a
compact subset of R,

P
(
NZ+(T ) = n,NB(T ) = kn(c)

)
∼ 1

2πσγB

1

n2
exp

(
− 1

γ2B

c2

2

)
. (2.12)

By using (2.2), we have

P(NZ+(T ) = n|NB(T ) = kn(c)) ∼
µB

γB
√
2πn

exp

(
− 1

γ2B

c2

2

)
.

Then observe that for y ∈ R, as n, k → ∞, it is equivalent to write n = k/µB + y
√
k +O(1)

and k = nµB − y
√
nµ

3/2
B +O(1). Hence

P

(
NZ+(T ) = ⌊ k

µB
+ y

√
k⌋|NB(T ) = k

)
∼ µ

3/2
B

γB
√
2πk

exp

(
−µ

3
B
γ2B

y2

2

)
.

This completes the proof.

We are now in position to establish Theorem 2.1.2 (ii), which will be a consequence of
the following estimate.

Lemma 2.5.3. Let A,B ⊂ Z+ such that the quantities µA∩B, µA\B, µB\A, µAc∩Bc are all
positive.Then there exists σ2

A,B > 0, CA,B ∈ R such that for fixed u, v ∈ R∪{+∞,−∞}, u < v
and y ∈ R, we have, as k → ∞,

P

(
NA(T Bk )− k µA

µB√
k

∈ (u, v)

∣∣∣∣∣N
Z+(T Bk ) = ⌊k/µB +

√
ky⌋
)

∼ 1√
2πσ2

A,B

∫ v

u

e
− 1

2σ2
A,B

(z−CA,By)
2

dz.

Proof of Theorem 2.1.2 (ii), using Lemma 2.5.3. First assume that the quantities µA∩B, µA\B,
µB\A, µAc∩Bc are all positive. Fix u < v. For y ∈ R and k ∈ Z+, set

fk(y) = P

(
NA(T Bk )− k µA

µB√
k

∈ (u, v), NZ+(T Bk ) = ⌊k/µB +
√
ky⌋
)
√
k

and notice that P((NA(T Bk )− k µA
µB

)/
√
k ∈ (u, v)) =

∫
R
fk(y)dy. Also, for y, z ∈ R define

g(y, z) by

g(y, z) =
1√
2πγ2

e
− y2

2γ2
1√

2πσ2
A,B

e
− 1

2σ2
A,B

(z−CA,By)
2

.

where γ2 = γ2B/µ
3
B. Observe that

∫
R2 g(y, z)dydz = 1. Then, by Proposition 2.5.2 and Lemma

2.5.3, fk(y) converges pointwise, as k → ∞, to
∫ v
u
g(y, z)dz. Hence, by Fatou’s lemma and

Fubini-Tonnelli’s theorem,

lim inf
k→∞

P

(
NA(T Bk )− k µA

µB√
k

∈ (u, v)

)
≥
∫ v

u

[∫

R

g(y, z)dy

]
dz.
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By Portmanteau theorem, if (Xk) is a sequence of real-valued random variables such that for
every u < v, lim infk→∞ P(u < Xk < v) ≥ P(u < X < v) for a certain random variable X,
then Xn converges in distribution to X. This implies that

P

(
NA(T Bk )− k µA

µB√
k

∈ (u, v)

)
→
∫ v

u



∫

R

1√
2πγ2

e
− y2

2γ2
1√

2πσ2
A,B

e
− 1

2σ2
A,B

(z−CA,By)
2

dy


 dz

=

∫ v

u

1√
2πδ2A,B

e
− 1

2δ2
A,B

z2

dz

with δ2A,B = C2
A,Bγ

2 + σ2
A,B>0. We leave the case where at least one of the quantities µA∩B,

µA\B, µB\A, µAc∩Bc is 0 to the reader, which is treated in the same way. In particular, one
gets that δ2A,B > 0 except when µA = 0 or µA\B = µB\A = 0. This establishes the asymptotic
normality of (NA(T )|NB(T ) = k) with an expression of the limiting variance.

The proof of Lemma 2.5.3 is based on the following result, whose proof is a direct adap-
tation of the proof of Lemma 2.3.3 in the multivariate setting.

Lemma 2.5.4. Fix a ∈ R, and let (B1, . . . ,Bj) be a partition of Z+, satisfying, for all
i ∈ J1, jK, µBi > 0. Assume in addition that at least one of the laws pB1 , . . . , pBj is aperiodic.
For 1 ≤ i ≤ j and ci ∈ R, define ni(ci) := ⌊nµBi + ci

√
n⌋. Then there exists a symmetric

positive definite matrix Σ := Σ (B1, . . . ,Bj) ∈ Sj (R) such that the following assertions hold,
uniformly for (c1, . . . , cj) in a compact subset of Rj satisfying in addition

∑j
i=1 ni(ci) = n:

(i) Let (an) be a sequence of integers such that an/
√
n→ a. Then, as n→ ∞,

P
(
Sn = an, J

B1
n = n1(c1), . . . , J

Bj
n = nj(cj)

)
∼ 1

(2πn)j/2
√
detΣ

e−
1
2

t
xΣ−1x,

where x = (a, c1, . . . , cj−1).

(ii) With the same notation, as n→ ∞, we have

P
(
NZ+(T ) = n,NB1(T ) = n1(c1), . . . , N

Bj(T ) = nj(cj)
)
∼ 1

n

1

(2πn)j/2
√
detΣ

e−
1
2

t
xΣ−1x,

where, here, x = (0, c1, . . . , cj−1).

Remark. For convenience, as before, we state here the theorem in the aperiodic case. Observe
however that the case where none of the laws pB1 , . . . , pBj are aperiodic boils down to the
aperiodic case, up to a change of variables.

Proof of Lemma 2.5.3. Let us fix y ∈ R. First, write

P

(
NA(T Bk )− k µA

µB√
k

∈ (u, v)

∣∣∣∣∣N
Z+(T Bk ) = ⌊k/µB +

√
ky⌋
)

=

P

(
NA(T )−k µA

µB√
k

∈ (u, v), NB(T ) = k,NZ+(T ) = ⌊k/µB +
√
ky⌋
)

P
(
NB(T ) = k,NZ+(T ) = ⌊k/µB +

√
ky⌋
)

∼ C(y)k5/2
∫ v

u

P

(
NA(T ) = ⌊kµA

µB
+
√
kh⌋, NB(T ) = k,NZ+(T ) = ⌊k/µB +

√
ky⌋
)
dh,
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where the last asymptotic equivalent follows from (2.12) with C(y) = 2πσγB
µ2B

exp
(
y2µ3B
2γ2B

)
. In

order to prove that this quantity has a limit as k → ∞ and compute it, it is enough to prove
that the map gk defined by

gk(h) = k5/2P

(
NA(T ) = ⌊kµA

µB
+
√
kh⌋, NB(T ) = k,NZ+(T ) = ⌊k/µB +

√
ky⌋
)

converges uniformly on (u, v) to an integrable function on (u, v).
Observe that we can write gk(h) = k5/2

∑
ℓ∈Z+

qℓ, where

qℓ = P

(
NA∩B(T ) = ℓ,NA\B(T ) = ⌊kµA

µB
+
√
kh⌋ − ℓ,NB\A(T ) = k − ℓ,

NA
c∩Bc(T ) = ⌊k/µB +

√
ky⌋ − ⌊kµA

µB
+
√
kh⌋ − k + ℓ

)
.

In other words, we sum over all possible values ℓ of NA∩B(T ). The idea is that, if ℓ is far
from its expectation (namely, kµA∩B/µB), then qℓ is small. On the other hand, we control qℓ
by Lemma 2.5.4 when ℓ is close to its expectation. More specifically, set

Ik(h) :=

{
ℓ ∈ Z+;

(
ℓ, ⌊kµA

µB
+
√
kh⌋ − ℓ, k − ℓ, ⌊ k

µB
+
√
ky⌋ − ⌊kµA

µB
+
√
kh⌋ − k + ℓ

)
∈ Ck,

}
,

where

Ck =

{
k
µA∩B
µB

, k
µA\B
µB

, k
µB\A
µB

, k
µAc∩Bc

µB

}
+
[
−k3/5, k3/5

]4
.

First, notice that, for ℓ ∈ Z+, qℓ ≤
∑4

i=1 P(N
Ai(T ) = ℓ

∣∣NZ+(T ) = ⌊ k
µB

+
√
ky⌋), where

(A1,A2,A3,A4) := (A ∩ B,A\B,B\A,Ac ∩ Bc). Therefore,

∑

ℓ/∈Ik(h)
qℓ ≤

4∑

i=1

P

(∣∣∣∣N
Ai(T )− kµAi

µB

∣∣∣∣ ≥ k3/5
∣∣NZ+(T ) = ⌊ k

µB
+
√
ky⌋
)

=
4∑

i=1

P
(
|Bi − E[Bi]| ≥ k3/5

)
(1 + o(1)) ,

where Bi ∼ Bin(⌊k/µB⌋, µAi
). Thus, using Hoeffding inequality, we get:

∑

ℓ/∈Ik(h)
qℓ = oe(k) (2.13)

uniformly in h ∈ R.
On the other hand, by Lemma 2.5.4 (ii), there exists an invertible matrix Σ ∈ S4(R) and

a constant C1 > 0 such that, uniformly for h ∈ R,

∑

ℓ∈Ik(h)
qℓ ∼

∑

ℓ∈Ik(h)
C1k

−3e−
1
2

t
xℓΣ

−1xℓ (2.14)

for xℓ := ((ℓ− k µA∩B

µB
)/
√
k, y, h, 0).

By Equations (2.13) and (2.14), by summing over all ℓ ∈ Z+, we get that, as k → ∞,
uniformly in h ∈ R, gk(h) → C2 exp

(
−BA,B (h− CA,By)

2) for a certain C2 depending on
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A,B, and some constants BA,B, CA,B depending on A and B. Since this limiting function is
integrable, by uniform convergence, for any u, v ∈ R ∪ {+∞,−∞},

P

(
NA(T Bk )− k µA

µB√
k

∈ (u, v)

∣∣∣∣∣N
Z+(T Bk ) = ⌊ k

µB
+
√
ky⌋
)

−→
k→∞

C̃(y)

∫ v

u

e−BA,B(h−CA,By)
2

dh,

where C̃(y) is a constant only depending on y (and A,B). By taking u = −∞ and v = +∞,
one sees that C̃(y) does not depend on y. Hence, there exists σ2

A,B > 0 such that, for any

y ∈ R, C̃(y) = 1/
√
2πσ2

A,B. Furthermore, by taking again u = −∞ and v = +∞, the value

of the right hand side is 1, which tells us that BA,B = 1
2σ2

A,B
. Finally, we conclude that for

every y ∈ R and u < v:

P

(
NA(T Bk )− k µA

µB√
k

∈ (u, v)

∣∣∣∣∣N
Z+(T Bk ) = ⌊ k

µB
+
√
ky⌋
)

−→
k→∞

1√
2πσ2

A,B

∫ v

u

e
− 1

2σ2
A,B

(h−CA,By)
2

dh

which completes the proof of Lemma 2.5.3.

Finally, we briefly present the proof of Theorem 2.1.2 (iii), which is based again on Lemma
2.5.4 (ii).

Let us consider the tree T Bk for a certain B ⊂ Z+. Let A1, . . .Aj ⊂ Z+. It induces a
partition of Z+ made of the set E :=

{
∩j+1
i=1Ci, Ci ∈ {Ai,Ac

i} , Cj+1 ∈ {B,Bc}
}
\{∅}. In other

words, two integers are in the same block of this partition if they are contained in the same
sets of the form Ai or B. Let (ui, vi)1≤i≤j be real numbers with ui < vi for every 1 ≤ i ≤ j.
Then

P

(
NA1(T Bk )− k

µA1

µB√
k

∈ (u1, v1), . . . ,
NAj(T Bk )− k

µAj

µB√
k

∈ (uj, vj)

)

=
∑

n∈Z+

P
(
NZ+(T ) = n

)

P (NB(T ) = k)

× P

(
NA1(T Z+

n )− k
µA1

µB√
k

∈ (u1, v1), . . . ,
NAj(T Z+

n )− k
µAj

µB√
k

∈ (uj, vj), N
B(T Z+

n ) = k

)

=
∑

n∈Z+

P
(
NZ+(T ) = n

)

P (NB(T ) = k)

∑

(xH)H∈E∈In

P

(
∩
H∈E

NH
(
T Z+
n

)
= xH

)

for some finite set In ∈ Z|E|+ . We can now rewrite this probability in terms of random walks
and use Lemma 2.5.4 (ii) in order to get the asymptotic normality of the quantity

P

(
NA1(T Bk )− k

µA1

µB√
n

∈ (u1, v1), . . . ,
NAj(T Bk )− k

µAj

µB√
n

∈ (uj, vj)

)
.

Example. In explicit cases, it is possible to carry out the calculations in the proof of Theorem
2.1.2 to compute the value of δA,B and of the covariances. We give several examples:

– In the case B = Z+ and A = {r} with r ≥ 1 (which was treated by [56]), one has
δ2A,B = µr(1 − µr) − (r − 1)2µ2

r/σ
2 and the covariance between the limiting Gaussian

random variables for A1 = {r} and A2 = {s} is −µrµs − (r − 1)(s− 1)µrµs/σ
2.
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– In the case B = {a} for some a ∈ Z+ and A = {r}, one has δ2A,B =
µr
µa
(1+ µr

µa
)− (r−a)2µ2r

µaσ2

and the covariance between the limiting Gaussian random variables for A1 = {r} and
A2 = {s} is µrµs

µ2a

(
1− (r − a)(s− a)µa

σ2

)
.

– In particular, in the case B = {0} (this corresponds to conditioning on a fixed number
of leaves, and is useful in the study of dissections [64]) and A = {r}, one has δ2A,B =
µr
µ0
(1 + µr

µ0
) − r2µ2r

µ0σ2 and the covariance between the limiting Gaussian random variables

for A1 = {r} and A2 = {s} is µrµs
µ20

(
1− rsµ0

σ2

)
.

– In the case B = {0} and A = Z+, by (2.11), δ2Z+,{0} =
1−µ0
µ20

− 1
µ0σ2 .

Remark. Using the same arguments as in the end of this Section, it is possible to show that
convergences of the exploration processes in Theorem 2.1.1 hold jointly for A1, ...,Ak ⊂ Z+

(with correlated Brownian motions), and to extend the results with Tn replaced with T Bn .

2.6 Several extensions

We now present some possible extensions of Theorems 2.1.1 and 2.1.2 for other types of
offspring distributions. A natural one is the extension of these results to distributions µ
that are said to be in the domain of attraction of a stable law. We first properly define
this notion, before explaining how the two abovementioned theorems can be generalized in
this broader framework. The second extension that we present is the case of subcritical
non-generic laws, where the offspring distribution is not critical anymore. In this case, we
asymptotically observe in the random tree Tn a condensation phenomenon, where one vertex
has macroscopic degree. See e.g. [55, Example 19.33] for more context.

2.6.1 Stable offspring distributions.

Let us first provide some background. We say that a function L : R∗+ → R∗+ is slowly varying
if, for any c > 0, L(cx)/L(x) → 1 as x→ ∞. For α ∈ (1, 2], we say that a critical distribution
µ belongs to the domain of attraction of an α-stable law if either µ has finite variance (in
which case α = 2) or there exists a slowly varying function L such that

V ar (X1X≤x) ∼
x→∞

x2−αL(x), (2.15)

where X is a random variable of law µ. In this case, for any sequence (Dn)n≥1 of positive
numbers satisfying

nL(Dn)

Dα
n

→
n→∞

α(α− 1)

Γ(3− α)
, (2.16)

we have the following joint convergence:

Theorem 2.6.1. Let α ∈ (1, 2] and µ a critical distribution with infinite variance in the
domain of attraction of an α-stable law. Let (Dn)n≥1 be a sequence satisfying (2.16). Then,
there exists two nondegenerate random processes X(α), H(α), depending only on α, such that
the following convergences hold jointly:

(i) We have

(
Wnt(Tn)
Dn

,
KAnt(Tn)− ntµA√

n

)

0≤t≤1

(d)−→
n→∞

(
X

(α)
t ,
√
µA(1− µA)Bt

)
0≤t≤1

.
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Theorem 2.6.3 (Duquesne & Le Gall [42]). Let α ∈ (1, 2], and let µ be a critical distribution
in the domain of attraction of an α-stable law. Let (Dn)n≥1 be a sequence satisfying (2.16).
Then, the following convergence holds jointly in distribution:

(
Dn

n
C2nt(Tn),

1

Dn

Wnt(Tn)
)

0≤t≤1

(d)→
n→∞

(
H

(α)
t , X

(α)
t

)
0≤t≤1

.

The other ingredient is a multivariate local limit theorem in the stable case. When the
first coordinate of a random vector is in the domain of attraction of a stable law and has
infinite variance, while all other coordinates have finite variance, the random vector satisfies
a local limit theorem. In addition, the first coordinate of the limiting object is independent
of all others, which themselves are distributed as a Gaussian vector:

Theorem 2.6.4 (Resnick & Greenwood [89], Hahn & Klass [50], Doney [38]). Let α ∈ (1, 2].

Let j ≥ 1 and (Yi)i≥1 := ((Y
(1)
i , . . . , Y

(j)
i ))i≥1 be i.i.d. random variables in Zj, such that Y

(1)
1

is in the domain of attraction of an α-stable law µ and has infinite variance, and that the
covariance matrix Σ of the vector (Y

(2)
1 , . . . , Y

(j)
1 ) is symmetric positive definite. Assume in

addition that Y1 is aperiodic, and denote by M (k) the mean of Y
(k)
1 , for 1 ≤ k ≤ j. Finally,

define for n ≥ 1

Tn =
n∑

i=1

(
Y

(1)
i −M (1)

Dn

,
Y

(2)
i −M (2)

√
n

, . . . ,
Y

(j)
i −M (j)

√
n

)

Then, as n → ∞, uniformly for x := (x(1), . . . , x(j)) in a compact subset of Rj satisfying
P (Tn = x) > 0,

P (Tn = x) ∼ g
(
x(1)
)

Dn

× 1

(2πn)(j−1)/2
√
detΣ

e−
1
2

t
x̃Σ−1x̃,

where g is the density of µ and x̃ := (x(2), . . . , x(j)).

Let us explain how we obtain this result, by combining the results of [38], [50] and [89]. We
first focus on the case j = 2. When α ∈ (1, 2), [89, Theorem 3] states that the convergences of
the two marginals

∑n
i=1(Y

(1)
i −M (1))/Dn and

∑n
i=1(Y

(2)
i −M (2))/

√
n hold, and that obtaining

these two convergences separately is enough to get Theorem 2.6.4. The same theorem states
in addition that the two limiting marginals are independent.

On the other hand, when j = 2, α = 2 and µ has infinite variance, Theorem 3 in [50] shows
that Tn converges in distribution to a bivariate normal variable, and that the first coordinate
of the limiting distribution is independent of the second (the constant γn that appears in the
statement of [50, Theorem 3] can be proved to be 0, so that the renormalization matrix An
appearing in this theorem is diagonal). This, coupled with [38, Theorem 1] (which, roughly
speaking, states that a bivariate central limit theorem implies a local limit theorem), implies
Theorem 2.6.4 in the case α = 2, j = 2. Although these results are only stated for j = 2
(with the exception of [50, Theorem 3], which is generalized in [50, Theorem 5]), they still
hold for j ≥ 3 with mild motifications.

The proof of Theorem 2.6.1 follows the proof of Theorem 2.1.1 in the finite variance
case, applying Theorem 2.6.4 to the random vector (S1, J

A
1 ). In order to generalize the

results of Theorem 2.1.2 to the infinite variance case, we apply Theorem 2.6.4 to the vector
(Sn, J

B∩A
n , J

B\A
n , J

A\B
n , JA

c∩Bc
n ).
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Convergence of T An to the stable tree We finish the study of the stable case by proving
the convergence of the conditioned trees (T An ), properly renormalized, to the stable tree,
for any A ⊂ Z+ satisfying µA > 0. More precisely, the multivariate theorem 2.2.4, along
with Proposition 2.3.1, allows us to obtain the following asymptotics, which generalizes [63,
Theorem 8.1 (i)]:

Proposition 2.6.5. Let α ∈ (1, 2], and let µ be in the domain of attraction of an α-stable
law with infinite variance. Let A ⊂ Z+ be such that µA > 0, µAc > 0 and T be a µ-GW tree.
Then, there exists a constant C depending only on µ and A such that the following holds as
n→ ∞, for the values of n such that P

(
NA(T ) = n

)
> 0:

P
(
NA(T ) = n

)
=
∑

k≥0
P
(
NZ+(T ) = k,NA(T ) = n

)
∼ C

L(n)n1+1/α
,

where L verifies (2.15).

Note that our bivariate approach allows us to prove this for all A ⊂ Z+, while [63, Theorem
8.1 (i)] holds only when A or Z+\A is finite. An immediate corollary of Proposition 2.6.5
is the joint convergence of the contour function and the Łukasiewicz path of the conditioned
tree T An :

Corollary 2.6.6. Restricting ourselves to the values of n such that P(NA(T ) = n) > 0,
(
DN(T A

n )

N(T An )
C2N(T A

n )t(T An ),
1

DN(T A
n )

WN(T A
n )t(T An )

)

0≤t≤1

(d)→
n→∞

(
H

(α)
t , X

(α)
t

)
0≤t≤1

.

The proof of this corollary follows exactly the proof of [63, Theorem 8.1 (II)]. In particular,
this convergence implies the convergence in distribution of the tree T An , viewed as a metric
space for the graph distance and properly renormalized, towards the α-stable tree for the
Gromov-Hausdorff distance (see e.g. [70, Section 2] for details).

2.6.2 Subcritical non-generic offspring distributions.

We now focus on the case where µ is subcritical (that is with mean strictly less than 1) and
µk ∼ ck−β as k → ∞, with fixed c > 0 and β > 2, and B = Z+. This is an interesting case, as
a condensation phenomenon occurs (see [55, 65]): a unique vertex with macroscopic degree
comparable to the total size of the tree emerges. Then the following asymptotic normality
holds.

Theorem 2.6.7. Assume that µ is an offspring distribution such that µk ∼ ck−β as k → ∞,
with fixed c > 0 and β > 2, and denote by Tn a µ-GW tree conditioned to have n vertices. Let
k ≥ 1 and A1,A2, . . . ,Ak ⊂ Z+ be finite. Then we have the joint convergence in distribution

(
NA1(Tn)− nµA1√

n
, . . . ,

NAk(Tn)− nµAk√
n

)
−→ (ZA1 , . . . , ZAk

),

where ZAi
∼ N (0, µAi

(1− µAi
)) and for i 6= j:

Cov(ZAi
, ZAj

) = µAi∩Aj
− µAi

µAj
.

Proof. By [16, Theorem 1] (see [65, Sec. 2.1] for its use in this context) or [55, Theorem 19.34]
after removing the largest outdegree in Tn, the other outdegrees are asymptotically i.i.d. with
distribution µ. Therefore, for every M ≥ 1, the law of the vector

(
N{1}(Tn), . . . , N{M}(Tn)

)

is asymptotically multinomial with parameters (n, µ1, . . . , µM). The result follows.
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Conjecture. We have seen that the conclusions of Theorem 2.6.7 hold for µ with infinite
variance in the domain of attraction of a stable law and for µ a subcritical power law. We
believe that these conclusions should hold for any µ critical with infinite variance, as well
as for µ subcritical with no exponential moment. In particular, we should get, for any

A ⊂ Z+, (NA(Tn)− nµA)/
√
n

d→ N (0, µA (1− µA)). However, in the general case, nothing
is known about the scaling limits of such GW trees (see [55] for detailed arguments and
counterexamples) and no general local limit theorem exists, which prevents us from directly
generalizing our methods.
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et montrons notamment qu’ils peuvent être codés directement par des processus de Lévy
explicites. Nous utilisons entre autres pour cela des résultats sur la structure des arbres de
Galton-Watson obtenus dans le chapitre 2.
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3.1 Introduction

The purpose of this work is to investigate a geometric and dynamical representation of frag-
mentation processes derived from random stable trees in terms of laminations, with an appli-
cation to permutation factorizations. Specifically, we shall code the analogue of the Aldous-
Pitman fragmentation on a stable tree by a new lamination-valued càdlàg process. Also, in
the Brownian case, we shall establish a connection between this lamination-valued process
and minimal factorizations of a cycle into transpositions. Before stating our results, let us
first present the main objects of interest.

3.1.1 Fragmentations and laminations

Fragmentation processes derived from stable trees. Fragmentation processes de-
scribe the evolution of an object with given mass, which splits into smaller pieces as time
passes. Specifically, a fragmentation process Λ = (Λ(t), t ≥ 0) is a càdlàg process (that is,
left-continuous with right limits) on the set

∆ :=

{
x := x1 ≥ x2 ≥ · · · ≥ 0, S(x) :=

∑

i≥1
xi ≤ 1

}
.

such that, if one denotes by Ps the law of Λ starting from s := (s1, s2, ...), then Ps is the non-
increasing reordering of the elements of independent processes of laws P(s1,0,0,...), P(s2,0,0,...), ....
This means that each fragment breaks independently of the others, in a way that only de-
pends on its mass. The fragmentation processes that we will study here are conservative,
which means that an object always splits into pieces whose sum of the masses is the sum of
the initial object, and without erosion: the sum function t 7→ S(Λ(t)) is constant.

The starting point of this paper is a well-known fragmentation process which was in-
troduced by Aldous and Pitman [14] and which consists in cutting a specific random tree
- namely, Aldous’ Brownian tree - at random points. These cutpoints are spread out on
the tree following a homogeneous Poisson distribution of density c dℓ, where c > 0 and ℓ is
the length measure on the tree. The Brownian tree (sometimes called CRT, for continuum
random tree) is therefore split into smaller components as c increases. This process has been
studied in depth, notably by Bertoin [18] who gives a different surprising construction from
a linearly drifted standard Brownian excursion over its current infimum, as the slope of the
drift varies. Miermont [82, 83] has considered more generally fragmentations obtained by
cutting at random the so-called stable trees. These random trees T (α) (for α ∈ (1, 2]), in-
troduced by Duquesne and Le Gall [42] (see also [73]), can be coded by α-stable spectrally
positive Lévy processes and arise as scaling limits of size-conditioned Galton-Watson trees.
They generalize Aldous’ Brownian tree, which can be seen as the 2-stable tree. Miermont
investigates a way of cutting these stable trees only at branching points — that is, points
whose removal splits the tree into three or more different subtrees –, while Abraham & Serlet
[5] cut them uniformly on their skeleton (made of points which are not branching points).
This gives rise to two different fragmentation processes. Let us also mention Voisin [100] who
studies a mixture of these two processes. Fragmentations can also more generally be derived
from Lévy trees (see [1, 4]), which are trees coded by Lévy processes.

Let us briefly mention that a fragmentation process can be seen as a time-reversed co-
alescent process, where particles with given masses merge at a rate that depends on their
respective masses. The so-called standard additive coalescent is the coalescent process where
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only two particles merge at each time, at a rate that is the sum of their masses. This stan-
dard coalescent is the time-reversed analogue of the previously mentioned Aldous-Pitman
fragmentation process on the Brownian tree [14]. Several other models of coalescent pro-
cesses have been investigated, such as Kingman’s coalescent [61] where two particles merge
at rate 1, or Aldous’ multiplicative coalescent [12, 13] where particles merge proportionally
to the product of their masses. See also the book of Bertoin [19] for fully detailed information
about coalescent processes. Let us finally mention Chassaing and Louchard [31] who provide
a representation of the standard additive coalescent as parking schemes (see also [79]).

In this paper, we consider the previously mentioned analogue of the Aldous-Pitman frag-
mentation on a stable tree. Specifically, we fix α ∈ (1, 2] and focus on cutting the α-stable
tree T (α) homogeneously on its skeleton by a homogeneous Poisson process Pc(T (α)) of in-
tensity c dℓ, where c > 0 and ℓ is the length measure on the tree, consistently as c increases
(we refer to Section 3.2 for precise definitions, and [17] for a rigorous definition of ℓ). Cutting
T (α) at the points of Pc(T (α)) then splits the tree into a random set of smaller components,
whose decreasingly reordered sequence m

(α)
c of masses (i.e., the proportion of leaves of the

tree in these components, see again Section 3.2 for precise definitions) is an element of ∆ of
sum 1. This defines the α-fragmentation process

F (α) :=
(
F (α)
c

)
c≥0 =

(
m(α)

c

)
c≥0 .

In the case α = 2, this is the Aldous-Pitman fragmentation of T (2).

Laminations and excursion-type functions. The aim of this paper is to code the ana-
logue of the Aldous-Pitman fragmentation on a stable tree by a nondecreasing lamination-
valued process, where, roughly speaking, a chord in the lamination corresponds to a cutpoint
on the tree. By definition, a lamination is a closed subset of the closed unit disk D which
can be written as the union of the unit circle S1 and a set of chords which do not intersect
in the open unit disk D. Laminations are important objects in topology and in hyperbolic
geometry, see for instance [28] and references therein. If L is a lamination, a face of L is a
connected component of the complement of L in D.

The connection between random trees and random laminations goes back to Aldous [11]
who used the Brownian excursion to code the so-called Brownian triangulation (see Fig. 3.3,
right, for a simulation). The Brownian triangulation is a random lamination whose faces
are all triangles, and its “dual” tree is, in some sense, the Brownian CRT. Since then, this
object has appeared as the limit of several discrete structures [33, 67, 22], and in the theory
of random planar maps [75].

Other models of random laminations have been recently studied. The Brownian triangu-
lation has been generalized by Kortchemski [64], who introduced, for α ∈ (1, 2] the so-called
α-stable lamination, whose “dual” tree is in a certain sense the α-stable tree, and which
appears as the limit of certain models of random dissections (which are collections of non-
crossing diagonals of a regular polygon). In a different direction, Curien and Le Gall [34]
consider laminations built by recursively adding chords. Another family of random lamina-
tions connected to random minimal factorizations of a cycle into transpositions, which will
be one of the objects of interest in this paper, has been introduced in [45]. While all these
random laminations can be coded by random excursion-type functions, other laminations
such as the hyperbolic triangulation [35] or triangulated stable laminations [66] cannot.

Let us immediately explain how to construct laminations from so-called excursion-type
functions. Let f : [0, 1] → R. We say that f is an excursion-type function if the following
conditions are verified:

77





Paul Thévenin PROCESSUS DE FRAGMENTATION D’ARBRES STABLES

3.1.2 The lamination-valued process (L
(α)
c )c∈[0,+∞]

For a fixed α ∈ (1, 2], we now introduce a new lamination-valued process (L(α)
c )c∈[0,+∞] which

encodes, in a certain sense, the fragmentation F (α) of the α-stable tree. Here we give a rather
informal definition, and defer to Section 3.2 precise definitions.

Definition of (L(α)
c )c∈[0,+∞]. As above, we view T (α) as coded by a normalized α-stable

height process (H(α)
t )t∈[0,1]. We consider a homogeneous Poisson process Pc(T (α)) of intensity

c dℓ on the skeleton of T (α), where c ≥ 0 and ℓ is the length measure on the tree, consistently
as c increases. For c ≥ 0, we define the lamination L(α)

c as the subset of the α-stable
lamination L(α)

∞ , obtained by keeping only the chords which correspond to the points of
Pc(T (α)) (recall that to a point of the skeleton of T (α) corresponds a unique chord of L(α)

∞ ).
Intuitively speaking, one obtains the process (L(α)

c )c∈[0,+∞] by revealing the chords of L(α)
∞ in

a Poissonian way (see Fig. 3.2 for an approximation of L(1.8)
100 ).

Figure 3.2: An approximation of the lamination L(1.8)
100 .

Connection with fragmentations. The process c 7→ L(α)
c , which is an increasing lamination-

valued process, is the main object of interest in this paper. It encodes the Aldous-Pitman
fragmentation of the α-stable tree in the following sense (where we recall that M[L] is the
mass sequence of a lamination L).

Theorem 3.1.1. The following equality holds in distribution in ∆:

(
M
[
L(α)
c

])
c≥0

(d)
= F (α).

In a certain sense, (L(α)
c )c∈[0,+∞] can be viewed as a “dual planar representation” of the

Aldous-Pitman fragmentation of the α-stable tree, and as a “linearization” of the associated
time-reversed coalescent process. In order to prove Theorem 3.1.1, we view the Poissonian
cuts on the skeleton of T (α) as a non-homogenous Poisson process in the epigraph of H(α)

(see Section 3.2.2).
Let us mention that for fixed c > 0 and α = 2, the lamination L(2)

c appears in [45] in
the context of random minimal factorizations of a cycle, without any connection to frag-
mentations. In addition, defining a coupling L(2)

c as c increases and obtaining a functional
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Figure 3.3: An approximation of
(
T (2), H(2),L(2)

∞
)
.

convergence was left open in [45]. Also, Shi [93] used fragmentation theory to study large
faces in the Brownian triangulation and in stable laminations, by using the so-called frag-
mentation by heights of stable trees (which is different from the one that appears here, see
[82]).

Also, throughout the paper, the lamination-valued processes will be defined on [0,+∞],
while the associated fragmentation processes F (α) are only defined on R+. Observe indeed
that, almost surely, supF (α)

c → 0 as c → +∞, which corresponds to extinction at +∞. On
the other hand, the increasing process (L(α)

c )c≥0 has a non-trivial limit at +∞.

3.1.3 Connections with random minimal factorizations

One of the main contributions of this paper is to show that the process (L(2)
c )c∈[0,+∞] appears

as the functional limit of a natural coding of so-called minimal factorizations of the n-cycle.
More precisely, for n ∈ Z+, denote by Sn the group of permutations acting on J1, nK and by
Tn the set of transpositions of Sn. Then, the elements of the set

Mn :=
{
(t1, . . . , tn−1) ∈ T

n−1
n , t1 · · · tn−1 = (1 2 · · · n)

}

are called minimal factorizations of the n-cycle into transpositions, or just minimal factor-
izations in short. Their study goes back to Dénès [37] and Moszkowski [86]. By convention,
we read transpositions from left to right, so that t1t2 corresponds to t2 ◦ t1.

Goulden and Yong [49] view minimal factorizations in a geometric way, noticing that it is
possible to represent each of them by a non-crossing tree in the unit disk. More specifically,
if (t1, . . . , tn−1) ∈ Mn and tj = (aj, bj) for 1 ≤ j ≤ n− 1, then

n−1⋃

j=1

[
e−2iπaj/n, e−2iπbj/n

]

is a non-crossing tree and, in particular, a lamination (adding S1, see Fig. 3.4). In this
direction, for a uniform minimal factorization t(n) of the n-cycle, Féray and Kortchemski
[45] have highlighted the nontrivial behaviour of the lamination obtained after roughly

√
n

transpositions have been read. More precisely, for c > 0, if L(n)
c is the lamination obtained by

drawing the chords corresponding to the first ⌊c√n⌋ transpositions of t(n), then [45, Theorem
3, (i)] shows that for c > 0, L(n)

c converges in distribution for the Hausdorff distance from a
limiting random lamination, defined by using a certain Lévy process (and not fragmentations
nor Poisson processes).
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Figure 3.4: The lamination associated to the minimal factorization F :=
(34)(89)(35)(13)(16)(18)(23)(78) ∈ M9.

One of the main results of this paper is to show that this convergence actually holds
in the functional sense (that is, jointly in c ∈ [0,∞]) and that the limiting process is
(L(2)

c )c∈[0,+∞]. As a corollary, we obtain an alternative and, in our opinion, simpler proof
of the one-dimensional convergence [45, Theorem 3, (i)].

Let us quickly give some background concerning this notion of convergence. The set L(D)
of laminations of the closed unit disk is endowed with the Hausdorff distance dH between
compact subsets of D, so that (L(D), dH) is a Polish metric space (that is, separable and
complete). The Hausdorff distance is defined as follows. If K is a compact subset of D and
ε > 0, define the ε-neighbourhood of K as Kε :=

{
x ∈ D, d(x,K) < ε

}
, where d denotes the

usual Euclidean distance on R2. Then, for K1, K2 compact subsets of the unit disk, we define

dH(K1, K2) := inf {ε > 0, K2 ⊂ Kε
1 and K1 ⊂ Kε

2} .
In the rest of the paper, for E,F two metric spaces, D (E,F ) denotes the set of càdlàg

processes from E to F , endowed with the Skorokhod J1 topology (see Annex A2 in [58] for
background). Finally, we denote by [0,∞] the Alexandrov extension of R+, which is compact
by definition.

Theorem 3.1.2. The following convergence holds in distribution in D
(
[0,+∞],L(D)

)
:

(
L(n)
c

)
c∈[0,+∞]

(d)−→
n→∞

(
L(2)
c

)
c∈[0,+∞]

.

To establish this result, we actually prove a more general result (Theorem 3.2.4 below).
We show that (L(2)

c )c∈[0,+∞] is the functional limit of discrete lamination valued-processes,
obtained by marking vertices of discrete trees (this can be seen as the discrete analogue
of the Aldous-Pitman fragmentation). We then use a bijection between the set of minimal
factorizations of the n-cycle and a subset of plane trees with n labelled vertices, which allows
us to reformulate Theorem 3.1.2 in terms of random trees. The main difficulty is that the
labelling of the vertices has constraints. To lift these constraints and to reduce the study to
uniform labellings, an important tool in the study of these random trees is an operation that
shuffles the labels of their vertices in two ways (see Section 3.4 for details).

The process (L(2)
c )c∈[0,+∞] is therefore the limit of discrete lamination-valued processes

which code a uniform minimal factorization into transpositions; in a forthcoming work, we
establish an analogous result concerning the processes (L(α)

c )c∈[0,+∞] for 1 < α < 2, by proving
that they appear as limits of discrete lamination-valued processes which code other random
factorizations of the n-cycle. Notably, cycles of length ≥ 3 are allowed in these new models
of factorizations.
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3.1.4 Coding L
(α)
c by a function

For fixed α ∈ (1, 2] and c > 0, we show that L(α)
c can be coded by a Lévy process, similarly

to the way L(α)
∞ is coded by H(α) in (3.1). In the case of L(α)

c , we introduce the α-stable
spectrally positive Lévy process Y (α), which is the Lévy process whose Laplace exponent is
given by E[e−λY

(α)
s ] = esλ

α
for s, λ ≥ 0. Then, for any s ≥ 0, we define the stopping time

τ
(α),c
s as

τ (α),cs = inf
{
t > 0, Y

(α)
t − c1/αt < −c1+1/αs

}
− cs.

It is not difficult (see Section 3.5) to check that (τ (α),cs )s∈R+ is a Lévy process with Laplace
exponent given by

E
[
exp(−λτ (α),cs )

]
= exp

(
−s c (φ(λ)− λ)

)
, λ > 0, s ≥ 0.

where φ(λ) is the unique nonnegative solution of the equation Xα+cX = λc. It is interesting
to note that this equation appears in the work of Bertoin [20, Section 6.1], in the study of a
random spatial branching process with emigration.

It turns out that L(α)
c can be coded by the normalized excursion τ (α),c,exc of the Lévy

process s 7→ τ
(α),c
s , as stated in the following theorem:

Theorem 3.1.3. The following equality holds in distribution, for any c ≥ 0:

L(α)
c

(d)
= L(τ (α),c,exc)

Here, L
(
τ (α),c,exc

)
is the lamination constructed from τ (α),c,exc by the method described

in Section 3.1.1.
The main idea of the proof of Theorem 3.1.3 is to exhibit a new family of random trees,

which can be seen as a randomly reduced version, in some sense, of Galton-Watson trees con-
ditioned by their number of vertices. It happens that these reduced trees code a new sequence
of random laminations, which converges at the same time towards L(α)

c and L(τ (α),c,exc).

3.1.5 An estimate on generating functions

An important ingredient to code L(α)
c by the normalized excursion of τ (α),c, which is crucial

in the proof of Theorem 3.1.3 and which we believe to be of independent interest, is a
general estimate of the behavior of generating functions in the complex plane, involving
slowly varying functions. Recall that a function L : R+ → R∗+ is slowly varying if, for any
c > 0, L(cx)/L(x) → 1 as x→ +∞. Precise estimates concerning these functions are needed
in many different contexts, see e.g. [94] [98], although nothing seems to have been proved
regarding asymptotics in the complex domain.

Theorem 3.1.4. Let µ be a probability distribution on the nonnegative integers and denote by
Fµ its generating function. Assume that there exists α ∈ (1, 2] and a slowly varying function
L : R+ → R∗+ such that

Fµ(1− s)− (1− s) ∼
s↓0

sαL

(
1

s

)
.

Then

82



Paul Thévenin PROCESSUS DE FRAGMENTATION D’ARBRES STABLES

Fµ(1 + ω)− (1 + ω) ∼
|ω|→0
|1+ω|<1

(−ω)αL
(

1

|ω|

)
.

In the terminology of Galton-Watson trees, this is an estimate in the complex unit disk,
near 1, of the generating function of a critical offspring distribution which belongs to the do-
main of attraction of a stable law. Very often, additional assumptions, such as ∆-analyticity,
are made in order to obtain estimates for generating functions in the complex plane (see [47,
Section 6]). Observe that here it is not the case, and no assumptions on L are made.

The proof of this theorem is given in Section 3.6. The main idea is to use an integral
representation, see (3.30).

Outline After describing a general construction of trees and laminations coded by excursion-
type functions, we rigorously define the process (L(α)

c )c∈[0,+∞] in Section 3.2 and prove The-

orem 3.1.1. Then, in Section 3.3, we make (L(α)
c )c∈[0,+∞] appear as the limit of a process

of laminations coded by discrete trees; this framework is used in Section 3.4 to extend the
results of Féray & Kortchemski [45] and highlight a relation between the Aldous-Pitman
fragmentation of the Brownian tree and minimal factorizations of the n-cycle as n → ∞.
Finally, in Section 3.5, we recover the 1-dimensional marginal of the lamination process as
the lamination coded by τ (α),c,exc (Theorem 3.1.3), while Section 3.6 is devoted to the proof
of Theorem 3.1.4.
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like to thank Bénédicte Haas, Cyril Marzouk and Loïc Richier for fruitful discussions and
comments on the paper, and Gerónimo Uribe Bravo for his useful remarks on Theorem 3.5.1.

Notation

Let us immediately summarise some notation that will often appear throughout the paper.

We write
P→ for the convergence in probability, and

(d)→ for the convergence in distribution of
a sequence of random variables. We say that an event En (depending on n) occurs with high
probability if P(En) → 1 as n → ∞. When talking about trees, deterministic ones will be
denoted by a roman T , while random ones will be denoted by a calligraphic T . Finally, at
the beginning of each section, we summarise the most important notation that we use in this
section.

3.2 Construction of lamination-valued processes

This section is devoted to the construction of càdlàg processes taking their values in the set
of laminations of the unit disk. We start by explaining a general method of construction
of lamination-valued processes, starting from a deterministic excursion-type function. Then,
we apply this in the particular case of an α-stable excursion, for α ∈ (1, 2], giving rise to a
random lamination-valued process.

Notation for Section 3.2

In this table of notation, f always denotes a continuous excursion-type function such that
f(0) = 0 (except for L(f), which is defined for any excursion-type function). u := (s, t)
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denotes an element of R2.

EG(f) epigraph of f

g(f, u), d(f, u) sup{s′ ≤ s, f(s′) < t}, inf{s′ ≥ s, f(s′) < t}

Nc(f) Poisson point process of intensity 2cdsdt
d(f,u)−g(f,u) on EG(f)

Pc(T ) Poisson point process of intensity cdℓ on a tree T

L(f) lamination coded by f

Lc(f) lamination coded by Nc(f)

T (α) α-stable tree

H(α) contour function of the α-stable tree

L(α)
∞ α-stable lamination, coded by H(α)

L(α)
c lamination coded by Nc

(
H(α)

)

3.2.1 Excursions and laminations

Starting from an excursion-type function f , we have seen in Section 3.1 that we can define
a lamination L(f). In the particular case of a continuous f verifying f(0) = 0, we shall
recall in this section the classical construction of the tree T (f) as the quotient of [0, 1] by the
equivalence relation ∼f defined in Section 3.1.1. Then, we shall construct a nondecreasing
lamination-valued process (Lc(f))0≤c≤∞, by associating chords in the unit disk to straight
lines under the graph of f (see Fig. 3.6), such that L∞(f) = L(f). Note that, when f is
deterministic, L(f) and T (f) are also deterministic, while (Lc(f))0≤c≤∞ will be a random
process. This coding is used in the next sections, when the function f is the contour function
of a tree (later in this section and in the next one) or when it is the standard excursion of
the Lévy process τ (α),c (Section 3.5).

The tree associated to continuous excursion-type function. Assume that f is a
continuous excursion-type function with f(0) = 0. In this case, one can check that the
relation ∼f defined in Section 3.1.1 is now an equivalence relation, as for all s ∈ (0, 1]
f(s−) = f(s). This relation can be understood in a nicer way. For 0 ≤ s ≤ t ≤ 1, define
m(s, t) := inf [s,t]f and d(s, t) := f(s) + f(t) − 2m(s, t). For t > s, set d(t, s) = d(s, t). For
s, t ∈ [0, 1], we write s ∼f t if d(s, t) = 0, which matches the definition of Section 3.1.1.

From this continuous function f , we define the tree T (f) as

T (f) = [0, 1]/ ∼f .

Note that we call T (f) a tree since it is an R-tree, as defined in Section 1.1.3.
One can check (see [42]) that d induces a distance on T (f), which we still denote by d

with a slight abuse of notation, and that the metric space (T (f), d) is a tree, in the sense
that from one point of T (f) to another, there exists a unique path in T (f). See Fig. 3.1 and
3.3 for two examples of a continuous excursion-type function, its associated lamination and
its associated tree.

Let us immediately define some important notions about trees. We say that an equiva-
lence class x ∈ T (f) is a branching point if T (f)\{x} has at least three disjoint connected
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components, and the set of points that are not branching points is called the skeleton of
T (f). A leaf of the tree is an equivalence class x such that T (f)\{x} is connected. In other
words, a branching point is a point where the tree splits into two or more branches, and
leaves are ends of branches. The volume measure h, or mass measure on T (f), is defined as
the projection on T (f) of the Lebesgue measure on [0, 1]. Finally, the length measure ℓ on
T (f), supported by the set of non-leaf points, is the unique σ-finite measure on this set such
that, for x, y ∈ T (f) non-leaf points, ℓ([x, y]) = d(x, y), where [x, y] is the path from x to y in
T (f). See [17] for further details about this length measure. This σ-finite measure expresses
the intuitive notion of length of a branch in the tree.

Poisson point processes on epigraphs. Assume as above that f is a continuous excursion-
type function with f(0) = 0. We explain how to obtain a Poisson point process on the skeleton
of T (f) from a Poisson point process under the graph of f . First, define the epigraph of f ,
denoted by EG(f), as the set of points under the graph of f :

EG(f) :=
{
(s, t) ∈ R2 : s ∈ (0, 1), 0 ≤ t < f(s)

}
.

To u := (s, t) ∈ EG(f), associate g(f, u) := sup{s′ ≤ s, f(s′) < t} and d(f, u) := inf{s′ ≥
s, f(s′) < t} (see Fig. 3.6). In particular, note that one can associate to each u ∈ EG(f) the
chord [e−2iπg(f,u), e−2iπd(f,u)], and that for two different points of EG(f), the associated chords
are either equal or disjoint.

We now consider a Poisson point process N (f) on R2 × R+, with intensity

2

d(f, u)− g(f, u)
1u∈EG(f)dudr,

thinking of the second coordinate as time. Using N (f), for every c ≥ 0, we shall now define
Nc(f), Pc(T (f)), Lc(f) (see Fig. 3.5 and 3.6).

Definition of Nc(f). For c ≥ 0, let Nc(f) be the projection on the first coordinate
of N (f) ∩ (R2 × [0, c]). Roughly speaking, Nc(f) is the set of all points that have ap-
peared before or at time c. Therefore Nc(f) is a Poisson point process on EG(f) of intensity

2c
d(f,u)−g(f,u)1u∈EG(f)du. Moreover, the processes (Nc(f))c≥0 are coupled in a nondecreasing
way.

Definition of Pc(T (f)). To u ∈ Nc(f), associate the vertex xu ∈ T (f), which is the
equivalence class of g(f, u) in T (f) for ∼f (see Fig. 3.5). Then Pc(T (f)) := {xu, u ∈ Nc(f)}
is a Poisson point process on T (f) of intensity cdℓ. It can be checked that there are only
countably many branching points in T (f), and therefore almost surely all points of Pc(T (f))
are points of the skeleton of T (f). Furthermore, by construction, the process (Pc(T (f)))c≥0
is nondecreasing for inclusion.

f T (f)

Figure 3.5: A continuous excursion-type function f with three points in its epigraph, which
correspond to three points in its associated tree T (f).
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Definition of Lc(f). Finally, associate to Nc(f) the lamination Lc(f) as follows: Lc(f)
is a sublamination of L(f), constructed by drawing only the chords that correspond to the
points of Nc(f). More precisely,

Lc(f) := S1 ∪
⋃

u∈Nc(f)

[e−2iπg(f,u), e−2iπd(f,u)].

Define finally

L∞(f) :=
⋃

c≥0
Lc(f).

Observe that, since f is continuous, L∞(f) is exactly L(f) as defined in Section 3.1.1.
The next proposition highlights a relation between the mass sequence of Lc(f) and the

mass measure on the tree T (f). For f a continuous excursion-type function on [0, 1] with
f(0) = 0 and c ≥ 0 fixed, let mc(f) be the sequence of h-masses of the connected components
of T (f) delimited by the points of Pc(T (f)), sorted in nondecreasing order.

Proposition 3.2.1. Let f be a continuous excursion-type function on [0, 1] with f(0) = 0.
Then the following equality holds almost surely in ∆:

(M [Lc(f)])c≥0 = (mc(f))c≥0 .

Proof. Fix c > 0. For any u := (s, t) ∈ Nc(f), draw Iu(f) := [(g(f, u), t), (d(f, u), t)] the
horizontal line in EG(f) containing u (see Fig. 3.6). As seen above, almost surely the corre-
sponding vertex xu ∈ Pc(T (f)) is not a branching point, and therefore the line Iu separates
the epigraph into exactly two connected components. Let ℓu(f) = d(f, u) − g(f, u) be the
length of Iu(f). The cutpoint of Pc(T (f)) corresponding to u splits T (f) into two connected
components of h-masses ℓu(f) and 1−ℓu(f), by definition of h. On the other hand, the chord
corresponding to u in L(f) splits the disk into two components of masses ℓu(f) and 1−ℓu(f).
The result follows, since this holds jointly for all c > 0 and all u ∈ Nc(f).

S

u

Iu(f)

g(u)d(u)

Figure 3.6: From left to right: a continuous excursion-type function f with four points on its
epigraph and the five components of EG(f) delimited by these points; the lamination L(f)
coded by f ; its sublamination formed by the chords associated to these four points.

We end this subsection by highlighting the nested structure of the lamination-valued
process (Lc(f))c≥0.

Proposition 3.2.2. Let f be a continuous excursion-type function such that f(0) = 0. Then:

(i) for every 0 ≤ c ≤ c′, Lc(f) ⊂ Lc′(f) ⊂ L(f);

(ii) the convergence lim
c→∞

Lc(f) = L(f) holds almost surely for the Hausdorff distance.
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The first assertion is straightforward by definition of (Lc(f))c≥0, while Proposition 3.2.2
(ii) is a consequence of the following deterministic lemma. The idea is to choose a finite
subset of chords of L(f) which is close to the whole lamination L(f), and then prove that,
as c grows, this finite subset of chords is well approximated by Lc(f). For ε > 0, we say that
L′ is an ε-sublamination of L if L′ ⊂ L and dH(L′, L) ≤ ε.

Lemma 3.2.3. Fix ε > 0. There exists a deterministic constant Kε ∈ Z+ such that any
lamination has an ε-sublamination with at most Kε chords.

Proof. Set r := ⌊2π/ε⌋ + 1 and let Ir be the set of arcs of the form (e−2iπk/r, e−2iπ(k+1)/r)
for k ∈ J0, r − 1K. Fix a lamination L and notice that, for a1, a2 two arcs of Ir, two chords
of L connecting a1 to a2 are at Hausdorff distance at most ε. Therefore, we construct an
ε-sublamination of L by choosing, for each pair (a1, a2) ∈ I2r such that L contains at least
one chord connecting a1 and a2, exactly one of them. By construction, the sublamination L′

made of S1 and these chords is at Hausdorff distance at most ε from L. The result follows,
with Kε = |Ir|2 ≤ (⌊2π/ε⌋+ 1)2.

Proof of Proposition 3.2.2 (ii). Fix ε > 0. Using Lemma 3.2.3, take L′ an ε-sublamination of
L(f) with at most Kε chords, and consider the points in EG(f) corresponding to the chords
of L′. Let u be one of these points and set g := g(f, u), d := d(f, u) to simplify notation. If
g = 0 then the chord associated to u is reduced to a point of S1, and therefore is in Lc(f)
for all c ≥ 0. If g 6= 0, set m = max( inf [g−ε,g] f, inf [d,d+ε] f ). By definition of g and d,
f(g) = f(d) is not a local minimum of f at g nor at d, which implies m < f(g). Therefore,
[g, d]× [m, f(g)] has positive 2-dimensional Lebesgue measure. Moreover, a point of this set
corresponds to a chord at distance at most 2πε from the chord corresponding to u. Hence,
with probability tending to 1 as c→ ∞, there exists a point of Nc(f) in this set. This means
that P(dH(Lc(f), L′) > 2πε) → 0 as c → ∞. In addition, since L′ is an ε-sublamination of
L(f), dH(L′,L(f)) < ǫ. This concludes the proof by triangular inequality.

3.2.2 Construction of (L
(α)
c )c∈[0,+∞]

Fix α ∈ (1, 2]. We are now ready to introduce the lamination valued-process (L(α)
c )c∈[0,+∞].

To this end, denote by H(α) = (H
(α)
t )0≤t≤1 the continuous normalized α-stable height process

defined in [42, Chapter 1]. In particular, H(α) is a continuous excursion-type function with
H

(α)
0 = 0. In addition, for α = 2, H(2) is (a multiple of) the Brownian excursion and

T (2) := T (H(2)) is Aldous’ Brownian tree.
We now specify the definitions of Section 3.2.1 with the random excursion-type function

H(α), by letting T (α) := T
(
H(α)

)
and L(α)

∞ := L(H(α)) be respectively the α-stable tree and

the α-stable lamination. Finally, we set (L(α)
c )c≥0 = (Lc(H(α)))c≥0.

The proof of Theorem 3.1.1 is now just an application of Proposition 3.2.1 in this specific
case.

Remark. The lamination-valued process (L(α)
c )c∈[0,+∞] is almost surely càdlàg. Indeed, the

process is nondecreasing and therefore admits a limit from the left and from the right at each
c > 0. Furthermore, for any c ≥ 0, any ε > 0, one can check that almost surely there are
only finitely many chords of length > ε in L(α)

c+1, and therefore there exists δ > 0 such that no
chord of length > ε appears in the process between times c and c + δ. Hence the process is
right-continuous.
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3.2.3 A limit theorem for lamination-valued processes

We exhibit here a way of translating the convergence of a sequence of excursion-type functions
to the convergence of the associated lamination-valued processes.

Theorem 3.2.4. Let (fn)n≥1 be a sequence of continuous excursion-type functions such that
fn(0) = 0 for every n ≥ 1. Assume that (fn) converges uniformly to a continuous excursion-
type function f such that f(0) = 0. Then, for every c > 0, the convergence

(Ls(fn))s∈[0,c]
(d)−→

n→∞
(Ls(f))s∈[0,c]

holds in distribution in the space D([0, c],L(D)).

In general, the convergence of Theorem 3.2.4 does not hold in D([0,∞],L(D)). Neverthe-
less, it is the case when the functions fn are the contour functions of certain trees (Theorem
3.3.3).

The idea of the proof is to focus on the emergence of large chords, and to prove that there
exist only a finite number of them that appear up to time c. To this end, one reformulates
the emergence of large chords in terms of the Poisson point processes Nc(fn) and Nc(f).

Let us introduce some notation. For an integer s ≥ 1 and k ∈ J0, s − 1K, we denote
by xk the arc of the form (e−2iπk/s, e−2iπ(k+1)/s). We furthermore define, for any K ≥ 1,
I
(K)
s := {(xi1 , . . . , xiK ) ∈ IKs , i1 ≤ i2 ≤ . . . ≤ iK}. Fix ε > 0 and an integer K ≥ 1. Take A =

(a1, . . . , aK) ∈ I
(K)
s , B = (b1, . . . , bK) ∈ I

(K)
s , as well as R = (r1(i), r2(i))1≤i≤K ⊂ ([0, c]2)K

with r1(i) < r2(i) for every 1 ≤ i ≤ K.
Now, given a nondecreasing lamination-valued process L := (Lr)r∈[0,+∞], we define the

event Ec
A,B,R(L) as follows:

Ec
A,B,R(L): “Lc has exactly K chords of length greater than ε, which can be indexed so

that the i-th one connects the arcs ai and bi, and has appeared between times r1(i) and r2(i).”
To simplify notation, we set L(fn) = (Lr(fn))r∈[0,c] and L(f) = (Lr(f))r∈[0,c]. The follow-

ing result is the key ingredient to prove Theorem 3.2.4:

Proposition 3.2.5. The following convergence holds:

P
(
Ec
A,B,R(L(fn))

)
−→
n→∞

P
(
Ec
A,B,R(L(f))

)
.

Let us immediately see how this implies our main result:

Proof of Theorem 3.2.4 from Proposition 3.2.5. Define the diameter ofR as ∆(R) := max{r2(i)−
r1(i), 1 ≤ i ≤ K}. The idea of the proof is the following observation: for L := (Lr)r∈[0,∞],L

′ :=
(L′r)r∈[0,∞] two processes, if Ec

A,B,R(L) and Ec
A,B,R(L

′) both hold, where R has diameter ≤ D,
then the Skorokhod distance between (Lr)r≤c and (L′r)r≤c is deterministically bounded by
a constant C(K, ε, s,D), which tends to 0 as ε, 1/s,D → 0. Also, for fixed K and R, for
different pairs (A,B) ∈ (I

(K)
s )2, the events Ec

A,B,R(L(fn)) are all disjoint almost surely, and
there exists only a finite number of events of this form (for ε, s, R fixed).

In order to use Proposition 3.2.5 and prove Theorem 3.2.4, it is therefore enough to
show that the number of chords of length greater than ε in the lamination Lc(fn) is tight as
n → ∞. For this, observe that, for any δ > 0, the expectation of the number of chords in
Lc(fn) corresponding to points u ∈ Nc(fn) such that d(fn, u)−g(fn, u) > δ has the expression:
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∫

R2

2c

d(fn, u)− g(fn, u)
du1d(fn,u)−g(fn,u)>δ1u∈EG(fn) ≤

2c

δ
‖fn‖∞.

Furthermore, a chord in Lc(fn) of length greater than ε necessarily corresponds to a point
u ∈ Nc(fn) such that d(fn, u)−g(fn, u) > ε/2π. Since (fn) converges uniformly, it follows that
the number of chords in Lc(fn) whose length is greater than ε is asymptotically stochastically
bounded by a Poisson distribution. By taking ε, 1/s,∆(R) → 0, we get the desired result.

It remains to prove Proposition 3.2.5.

Proof of Proposition 3.2.5. By inclusion-exclusion, we can assume that the pairs (ai, bi) for
1 ≤ i ≤ K are all different. The idea of the proof is to reformulate the events Ec

A,B,R(L(fn))
and Ec

A,B,R(L(f)) in terms of the Poisson point processes N (fn) on EG(fn) and N (f) on
EG(f). We write, for 1 ≤ i ≤ K, ai = (e−2iπji/s, e−2iπ(ji+1)/s) and bi = (e−2iπki/s, e−2iπ(ki+1)/s)
for some ji, ki ∈ J0, s−1K. The probability that Lc(f) has exactly K chords of length greater
than ε, the i-th of them connecting ai to bi and having appeared between times r1(i) and
r2(i), is equal to

P (∄u ∈ Nc(f) ∩ AK+1(f))
K∏

i=1

P
(
∃!u ∈ (Nr2(i)(fn)\Nr1(i)(fn)) ∩ Ai(f)

)
,

where, for 1 ≤ i ≤ K, we have set Ai(f) = {u ∈ EG(f), d(f, u) − g(f, u) > ε, g(f, u) ∈
[ji/s, (ji + 1)/s], d(f, u) ∈ [ki/s, (ki + 1)/s]} and AK+1(f) = {u ∈ EG(f), d(f, u)− g(f, u) >
ε}\ ∪Ki=1 Ai(f). A similar formula holds with f replaced by fn.

Therefore, proving Proposition 3.2.5 boils down to proving that, for any (a, b, x, y) ∈
[0, 1]4, any 0 ≤ r1 < r2:

∫

R

1r1≤t≤r2dt

∫

R2

2c

d(fn, u)− g(fn, u)
du1d(fn,u)−g(fn,u)>ε,g(fn,u)∈[a,b],d(fn,u)∈[x,y]1u∈EG(fn)

−→
∫

R

1r1≤t≤r2dt

∫

R2

2c

d(f, u)− g(f, u)
du1d(f,u)−g(f,u)>ε,g(f,u)∈[a,b],d(f,u)∈[x,y]1u∈EG(f)

(3.2)

as n→ ∞. To this end, we use dominated convergence. Indeed, consider R the set of points
u := (s, t) ∈ R2 such that f(g(f, u)) is not attained at a local minimum of f between g(f, u)
and d(f, u). Notice that the pointwise convergence of the function under the integral holds
for all u ∈ R, and its complement Rc has Lebesgue measure 0. Furthermore, for every n ≥ 1
and u ∈ R,

2c

d(fn, u)− g(fn, u)
1d(fn,u)−g(fn,u)>ε,g(fn,u)∈(a,b),d(fn,u)∈(x,y)1u∈EG(fn) ≤

2c

ε
1u∈[0,1]×[0,‖fn‖∞],

and the convergence (3.2) follows by dominated convergence, since (fn) converges uniformly
to f .
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Remark. We make here a small abuse of terminology, saying that we prove the convergence of
these lamination-valued processes towards (Lr(f))0≤r≤c under the condition that there are K
chords of length > ε in Lc(fn). This has to be understood as follows: on the event that Lc(f)
has K such chords, with high probability Lc(fn) has exactly K such chords for n large enough,
and (Lr(fn))0≤r≤c converges towards (Lr(f))0≤r≤c conditioned to have K such chords. Since
Lc(f) has almost surely a finite number of chords of length > ε, this implies the convergence
of the unconditioned processes. We will always make this abuse of terminology, by saying that
we prove such convergences on disjoint events, whose union has probability 1.

3.3 Limit of cut processes on discrete trees

In this section, our goal is to prove that the lamination-valued process (L(α)
c )c∈[0,+∞] is the

functional limit of a discrete analogue, namely a discrete lamination-valued process con-
structed from labelled size-conditioned Galton–Watson trees. This is natural since stable
trees appear as limits of certain size-conditioned Galton-Watson trees (see Theorem 3.3.2)
and since (L(α)

c )c∈[0,+∞] is coded by an α-stable tree with some additional structure (the
Poisson point process (Pc(T (α)))c≥0 on its skeleton).

Notation of Section 3.3

µ critical law in the domain of attraction of an α-stable law

T nonconditioned µ-Galton-Watson tree

Tn µ-Galton-Watson tree conditioned to have n vertices

C(Tn) contour function of Tn
C̃(Tn) renormalized contour function of Tn
Ln,c Lc(C̃(Tn))

3.3.1 Background on trees

We first define plane trees, following Neveu’s formalism [87]. First, let N∗ = {1, 2, . . .} be
the set of all positive integers, and U = ∪n≥0(N∗)n be the set of finite sequences of positive
integers, with (N∗)0 = {∅} by convention.

By a slight abuse of notation, for k ∈ Z+, we write an element u of (N∗)k by u = u1 · · · uk,
with u1, . . . , uk ∈ N∗. For k ∈ Z+, u = u1 · · · uk ∈ (N∗)k and i ∈ Z+, we denote by ui the
element u1 · · · uki ∈ (N∗)k+1. A plane tree T is formally a subset of U satisfying the following
three conditions:

(i) ∅ ∈ T (the tree has a root);
(ii) if u = u1 · · · un ∈ T , then, for all k ≤ n, u1 · · · uk ∈ T (these elements are called

ancestors of u, and the set of all ancestors of u is called its ancestral line; u1 · · · un−1 is called
the parent of u);

(iii) for any u ∈ T , there exists a nonnegative integer ku(T ) such that, for every i ∈ N∗,
ui ∈ T if and only if 1 ≤ i ≤ ku(T ) (ku(T ) is called the number of children of u, or the
outdegree of u).

See an example of a plane tree on Fig. 3.7, left. The elements of T are called vertices,
and we denote by |T | the total number of vertices in T . The height h(u) of a vertex u is its
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T
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1
2
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C(T )

Figure 3.7: A tree T with 9 vertices labelled à la Neveu, and its contour function
(Ct(T ))0≤t≤18.

distance from the root, that is, the integer k such that u ∈ (N∗)k. We define the height of
a tree T as H(T ) = supu∈T h(u). In the sequel, by tree we always mean plane tree unless
specifically mentioned.

The lexicographical order ≺ on U is defined as follows: ∅ ≺ u for all u ∈ U\{∅}, and for
u, w 6= ∅, if u = u1u

′ and w = w1w
′ with u1, w1 ∈ N∗, then we write u ≺ w if and only if

u1 < w1, or u1 = w1 and u′ ≺ w′. The lexicographical order on the vertices of a tree T is the
restriction of the lexicographical order on U ; for every 0 ≤ k ≤ |T |− 1 we write vk(T ) for the
(k + 1)-th vertex of T in the lexicographical order.

We do not distinguish between a finite tree T , and the corresponding planar graph where
each vertex is connected to its parent by an edge of length 1, in such a way that the vertices
with same height are sorted from left to right in lexicographical order.

It is useful to define the contour function C(T ) : [0, 2n] → R+ of a finite plane tree T
with n vertices: imagine a particle exploring T from left to right at unit speed. Then, for
0 ≤ t ≤ 2n−2, Ct(T ) is the distance from the root of the particle at time t. For convenience,
we set Ct(T ) = 0 for 2n− 2 ≤ t ≤ 2n. See Fig. 3.7 for an example.

Slowly varying functions Slowly varying functions appear in the study of the domain
of attraction of α-stable laws (for α ∈ (1, 2]). We recall here their definition and useful
properties.

A function L : R+ → R∗+ is said to be slowly varying if, for any c > 0,

L(cx)

L(x)
→
x→∞

1.

As their name says, such functions vary slowly, and in particular more slowly than any
polynomial. This statement is quantified by the following useful Potter bounds (see e.g. [26,
Theorem 1.5.6] for a proof):

Theorem 3.3.1 (Potter bounds). Let L : R+ → R∗+ be a slowly varying function. Then, for
any ε > 0, A > 0, there exists X > 0 such that, for x, y ≥ X,

L(y)

L(x)
≤ Amax

{(y
x

)ε
,

(
x

y

)ε}
.

Galton–Watson trees Let µ be a probability distribution on Z+ with mean at most 1, such
that µ0 + µ1 < 1 (this assumption is made to avoid degenerate cases). A µ-Galton-Watson
tree (in short, µ-GW tree) is a random variable T on the space of finite trees such that, for
any finite tree T , P (T = T ) =

∏
v∈T

µkv(T ). µ is then said to be the offspring distribution of T .

In what follows, Tn will stand for T conditioned to have exactly n vertices (provided that it
holds with positive probability).
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In the whole paper, we mostly focus on distributions µ that are critical - that is, with
mean 1 - and in the domain of attraction of a stable law - that is, there exists a slowly varying
function L such that, if X is a random variable of law µ, then the following statement holds:

E
[
X2

1X≤x
]

∼
x→+∞

x2−αL(x) + 1. (3.3)

In what follows, when µ is a given distribution that is in the domain of attraction of a stable
law, (Bn)n∈Z+ will always denote a sequence verifying

∀n ≥ 1,
nL(Bn)

Bα
n

=
α(α− 1)

Γ (3− α)
. (3.4)

where L is a slowly varying function which verifies (3.3). Furthermore, we define the renor-
malized contour function of Tn as

C̃t(Tn) :=
Bn

n
C2nt(Tn)

for all t ∈ [0, 1].
The following useful theorem, due to Duquesne [40], relates the contour function of Tn to

the process H(α) and is a cornerstone of the paper.

Theorem 3.3.2. Let α ∈ (1, 2], µ be a critical distribution in the domain of attraction of an
α-stable law and (Bn)n∈Z+ a sequence verifying (3.4). Then the following convergence holds
in distribution in D ([0, 1],R):

C̃(Tn)
(d)→

n→∞
H(α).

3.3.2 Convergence of the discrete cut processes in the case of con-
tour functions

We now translate the convergence obtained in Theorem 3.3.2 into the convergence of the
associated lamination-valued processes. In this subsection, to avoid heavy notation, Ln,+∞
stands for L(C̃(Tn)) and Ln,c for Lc(C̃(Tn)). Our goal is to prove the following convergence:

Theorem 3.3.3. Jointly with the convergence of Theorem 3.3.2, the following convergence
holds in distribution:

(Ln,c)c∈[0,+∞]

(d)→
n→∞

(
L(α)
c

)
c∈[0,+∞]

Note that Theorem 3.2.4 already provides a proof of the convergence of these discrete
lamination-valued processes, stopped at a finite time c < ∞. Hence, we have here to study
what happens at +∞. To this end, we rely on the following lemma, which investigates the
local structure of Tn. In what follows, we say that x ∈ Tn is an a-node for a ≥ 0 if the set of
its children can be partitioned into two subsets A1(x), A2(x) such that

∑
u∈A1(x)

|θu(Tn)| ≥ a,∑
u∈A2(x)

|θu(Tn)| ≥ a, where θu(T ) denotes the subtree of a tree T rooted at the vertex u.

Lemma 3.3.4. Let α ∈ (1, 2] and let Tn be a µ-GW tree conditioned to have n vertices, where
µ is in the domain of attraction of an α-stable law. Let f(n) = o(n/Bn), where Bn verifies
(3.4). Then, with high probability, no two different εn-nodes of Tn are at distance ≤ f(n)
from each other.
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Let us immediately see how this implies Theorem 3.3.3.

Proof of Theorem 3.3.3. We give the main ideas of the proof of this theorem. Assume by
Skorokhod’s theorem that Theorem 3.3.2 holds almost surely. By Theorem 3.2.4, the only
thing that we have to prove is that, almost surely,

L(α)
∞ = lim

n→∞
Ln,+∞. (3.5)

First, it is clear that L(α)
∞ ⊂ lim

n→∞
Ln,+∞. Indeed, by Theorem 3.2.4 and Proposition 3.2.2

(ii) applied to (L(α)
c )c∈[0,∞], for any ε > 0 there exists c(ε) such that, with high probability as

n→ ∞, dH(Ln,c(ε),L
(α)
∞ ) ≤ ε.

We now have to prove the reverse inclusion, that is, lim
n→∞

Ln,+∞ ⊂ L(α)
∞ . For this, take a

chord of ( lim
n→∞

Ln,+∞)\L(α)
∞ , of length larger than ε. This chord has to be drawn inside a face

F of L(α)
∞ . In the discrete setting, this corresponds to the existence of ε > 0 such that, for n

large enough, there exists x in Tn which is an εn-node, and one of its ancestors y which is
an εn-node as well, satisfying d(x, y) = o(n/Bn). The extra chord would correspond in this
case to the vertex x, and y would be coded by the chord in the boundary of F separating
F from the root. By Lemma 3.3.4, with high probability this does not happen. The result
follows.

Proof of Lemma 3.3.4. The main idea of the proof is to use the independence between disjoint
subtrees of the Galton-Watson tree Tn, conditionally on their sizes. Define Jε,n the following
event:

Jε,n: "there exist x, y ∈ Tn both εn-nodes, such that x is an ancestor of y and d(x, y) ≤
f(n)". We will prove that, for any ε > 0, P(Jε,n) → 0 as n → 0. Note that we impose here
that x is an ancestor of y. In order to get rid of this, observe that, if two different εn-nodes
x, y in Tn are at distance less than f(n), then their common ancestor is still an εn-node at
distance less than f(n) from any of them, and Jε,n holds.

In what follows, X and U denote two i.i.d. uniform variables on the set of vertices of Tn,
and Fa(Tn) denotes the set of a-nodes in Tn. Finally, Kx(Tn) denotes the set of children of x
in Tn.

Observe that we have the inequality

P (Jε,n) ≤ E
[ ∑

x∈Tn
1[x ∈ Fεn(Tn)]

∑

u∈Kx(Tn)
1[|θu(Tn)| ≥ εn]

× 1[∃y ∈ θu(Tn) ∩ Fεn(Tn), d(x, y) ≤ f(n)]
]

= n2E
[
1[X ∈ Fεn(Tn)] 1[U ∈ KX(Tn), |θU(Tn)| ≥ εn]

× 1[∃y ∈ θU(Tn) ∩ Fεn(Tn), d(X, y) ≤ f(n)]
]

= n2P (X ∈ Fεn(Tn), U ∈ KX(Tn), |θU(Tn)| ≥ εn)×
P (∃y ∈ θU(Tn) ∩ Fεn(Tn), d(X, y) ≤ f(n)|X ∈ Fεn(Tn), U ∈ KX(Tn), |θU(Tn)| ≥ εn)

The first probability is bounded from above by (εn)−2. Indeed, in a tree of size n, there
are at most 1/ε εn-nodes, and among the children of any vertex at most 1/ε are the root of
a subtree of size larger than εn (note that these considerations are deterministic). On the
other hand, notice that the second probability is bounded from above by

sup
A≥εn

P
(
∃y ∈ θU(Tn) ∩ Fεn(Tn), d(X, y) ≤ f(n)

∣∣X ∈ Fεn(Tn), U ∈ KX(Tn), |θU(Tn)| = A
)
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which, since we condition U to be a child of X, is equal to

sup
A≥εn

P
(
∃y ∈ θU(Tn) ∩ Fεn(Tn), d(U, y) ≤ f(n)− 1

∣∣X ∈ Fεn(Tn), U ∈ KX(Tn), |θU(Tn)| = A
)
.

This way we get rid of one dependency in X. Then, by usual independence properties of
Galton-Watson trees, we obtain

P (Jε,n) ≤ ε−2 sup
A≥εn

P
(
∃y ∈ θU(Tn) ∩ Fεn(Tn), d(U, y) ≤ f(n)− 1

∣∣|θU(Tn)| = A
)

= ε−2 sup
A≥εn

P (∃y ∈ Fεn(TA), d(∅, y) ≤ f(n)− 1)

where TA is a µ-GW tree with A vertices, and ∅ denotes its root. But, by Theorem 3.3.2,
supA≥εn P(∃y ∈ Fεn(TA), d(∅, y) ≤ f(n) − 1) → 0 as n → ∞, using the assumption that
f(n) = o(n/Bn). Finally, this leads to:

P (Jε,n) →
n→∞

0.

The result follows.

3.4 Application to minimal factorizations of the cycle

In this section, we consider an application of Theorem 3.3.3 to typical minimal factorizations
of the n-cycle and prove Theorem 3.1.2. We start by defining the so-called Goulden-Yong
bijection, which maps minimal factorizations to trees. Then we conclude the proof of The-
orem 3.1.2, by studying new laminations obtained from discrete trees by only marking its
vertices.

Notation of Section 3.4

F minimal factorization of the cycle

C(F ) chord configuration associated to F

T (F ) dual tree of C(F )

T̃ canonical embedding of a labelled non-plane tree T

t(n) uniform minimal factorization of the n-cycle

L(n)
c C(t(n)) restricted to the first ⌊c√n⌋ transpositions of t(n).

L(T ) lamination obtained from a tree T by drawing chords only at the level of vertices.

Lu(T ) sublamination of L(T ) corresponding to the first ⌊u⌋ vertices of a labelled tree T

3.4.1 Minimal factorizations

We start by a study of the class of minimal factorizations: recall that Mn is the set of minimal
factorizations of the n-cycle, namely

Mn :=
{
(t1, ..., tn−1) ∈ T

n−1
n , t1...tn−1 = (1 ... n)

}
.
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Recall that, by convention, we apply the transpositions from the left to the right, in the sense
that the notation t1t2 corresponds to t2 ◦ t1.

Féray and Kortchemski are interested in the properties of a uniform element of Mn (see
[45, 46]), which we will denote by t(n) := (t

(n)
1 , ..., t

(n)
n−1). The starting point of [45], taken

from [49], is a geometric coding of t(n) by a random lamination-valued process (L(n)
c )c∈[0,+∞]:

to a transposition (ab) with a, b ∈ J1, nK, they associate the chord [e−2iπa/n, e−2iπb/n] and, for
c ≥ 0 fixed, they define the random lamination L(n)

c as the union of the unit circle and the
chords associated to the first ⌊c√n⌋ transpositions of t(n): t(n)1 , ..., t

(n)

⌊c√n⌋ (taking all chords if

c
√
n ≥ n− 1). We furthermore denote by L(n)

∞ the union of the unit disk and all the (n− 1)
chords associated to the factors of t(n). It turns out that these laminations are closely related
to the laminations (L(2)

c )c∈[0,+∞].
Féray and Kortchemski prove the following 1-dimensional convergence, at c fixed:

Theorem 3.4.1 (Féray & Kortchemski [45]). Fix c ∈ R+∪{+∞}. There exists a lamination
Lc such that in distribution, for the Hausdorff distance,

L(n)
c

(d)→
n→∞

Lc.

We extend this result and get the functional convergence of the lamination-valued process,
which was left open in [45], proving in addition that (Lc)0≤c≤∞ = (L(2)

c )0≤c≤∞ in distribution
(Theorem 3.1.2). Let us briefly explain the structure of the proof of Theorem 3.1.2. It is
based on two ingredients. The first one is the so-called Goulden-Yong bijection (presented
in Section 3.4.2), which yields an explicit bijection between Mn and a subset of plane trees
with n labelled vertices. The labellings have constraints, namely, the root is the vertex with
label 1 and the labels of a vertex and of its children are sorted in clockwise decreasing order
(we call this condition (C∆), see Fig. 1.9, middle-right for an example). The second one is
the introduction of a discrete analogue of the construction given in Section 3.2, where one
only marks vertices of the tree instead of all its points. This allows us to obtain in Section
3.4.3 an analogue of Theorem 3.3.3, where the lamination-valued processes are obtained from
plane trees with a uniform labelling. In order to combine these two ingredients, we lift the
constraints on the labellings which appear in the Goulden-Yong bijection by using a shuffling
argument based on two operations, presented in Section 3.4.4.

3.4.2 The Goulden-Yong bijection

The Goulden-Yong bijection (see [49]) allows us to translate results on random trees into
results on minimal factorizations. Let us first explain what this bijection consists in. See
Fig. 3.8 for an example of this bijection on an element of M9.

Step 1 Let F := (t1, ..., tn−1) ∈ Mn. For a factor ti := (ai, bi), draw a chord between
e−2iπai/n and e−2iπbi/n, and give the label (i + 1) to this chord. Doing this for the (n − 1)
transpositions of F gives a compact subset C(F ) of the disk, made of the unit circle and
of (n − 1) chords labelled from 2 to n. It turns out (see [49, Theorem 2.2] for further
details) that these chords do not intersect - except possibly at their endpoints - and form a
tree. Furthermore, the labels of the chords that share an endpoint are sorted in increasing
clockwise order around this endpoint (we call this condition (C∆) as well; see Fig. 3.8, top-left
for an example). Note in particular that, forgetting about the labels, C(t(n)) = L(n)

∞ .
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Figure 3.8: The Goulden-Young mapping, applied to F :=
(34)(89)(35)(13)(16)(18)(23)(78) ∈ M9. Condition (C∆) is verified for the lamination
C(F ) (top-left) and the tree T̃ (F ) (middle-right). At the bottom, the contour function of
T̃ (F ) and the lamination L(T̃ (F )), where a labelled chord corresponds to the vertex with
the same label. We do not represent the chords of length 0 in order not to overload the
picture.

Step 2 Now, draw the dual tree of C(F ) the following way: put a dual vertex inside each
connected component of the complement of C(F ) in the unit disk, and put a dual edge
between two dual vertices if the corresponding connected components share a primal chord
as a border. Then, give the label 1 to the dual vertex whose connected component contains
the points 1 and e−2iπ/n (this dual vertex exists and is unique by [49, Proposition 2.3]). The
set of dual edges then forms a tree, where each dual edge is given the label of the primal
chord that it crosses. Finally, for each dual edge, find the unique path in this dual tree
from this edge to the dual vertex 1 and "slide" the label of the edge to its endpoint further
from 1. This finally provides a plane labelled tree which we denote by T̃ (F ). It notably
verifies condition (C∆): its root is labelled 1, and, for any vertex of T̃ (F ), its label and the
labels of its children are sorted in decreasing clockwise order (see Fig. 3.8, middle-right).
Furthermore, forgetting about the planar structure of T̃ (F ), we obtain a non plane tree with
n labelled vertices, which we denote by T (F ).

Denote by Un the set of non plane trees with n vertices labelled from 1 to n. A complete
proof of the following proposition can be found in [49]:
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Proposition 3.4.2. The Goulden-Yong map F → T (F ) is a bijection between Mn and Un.

As a corollary, F → T̃ (F ) is a bijection between Mn and the set of plane trees with n
labelled vertices verifying condition (C∆).

3.4.3 A discrete lamination-valued process coded by a discrete tree

The construction of the process (Lc(f))c∈[0,∞] given in Section 3.2.1 is valid in particular when
f is the (renormalized) contour function of a discrete tree. It consists in throwing points on
the skeleton of these trees and then associating a chord to each of these cutpoints. Here, the
lamination C(F ) associated to a minimal factorization F is of a different type, since each of
its chords corresponds to a vertex of the tree T̃ (F ) (namely, the vertex which gets the label of
the chord) and not a point thrown uniformly at random on its skeleton. Furthermore, these
chords appear at integer times, and not at random times as in Section 3.2. Nevertheless, it
happens that laminations of both types can be related to each other, as stated in Proposition
3.4.3 below: in view of future use, we explain how to associate a discrete lamination-valued
process to a labelled plane tree, and show that, roughly speaking, this process is close to the
one obtained from a Poisson point process under its contour function (in the sense of Section
3.2.1).

Fix a plane tree T with n vertices. For every vertex u ∈ T , denote by gu (resp. du)
the first time (resp. the last time) that the contour function of T visits u, and let cu(T ) =
[e−2iπgu/2n, e−2iπdu/2n] be the associated chord in D. We then set

L(T ) = S1 ∪
⋃

u∈T
cu(T ).

where the union is taken over the set of vertices of T . In particular, the set of chords of L(T )
(which may have length 0) is in bijection with the set of vertices of T . Now, we construct
a random discrete lamination-valued process (Ls(T ))s∈[0,∞] as follows. Let U1 be the root of
T , and let U2, . . . , Un be a random uniform permutation of the other vertices of T . Then, for
s ≥ 0, set

Ls(T ) = S1 ∪
min(⌊s⌋,n)⋃

i=1

cUi
(T ),

which is roughly speaking the sublamination of L(T ) obtained by drawing the chords associ-
ated to the “first” ⌊s⌋ vertices of T .

Recall from Section 3.2.1 the notation (Lc(f))c∈[0,∞] for the lamination-valued process
obtained from a Poisson point process in the epigraph of a continuous excursion-type function
f . We denote by (Lc(C(T )))c∈[0,∞] the lamination-valued process obtained in this way by
considering the time-scaled contour function of T on [0, 1]: t→ C2|T |t(T ). Roughly speaking,
(Ls(T ))s∈[0,∞] is a discrete version of (Lc(C(T )))c∈[0,∞], where one only considers cuts on
vertices. The following result shows that these two lamination-valued processes are close in
a certain sense, after suitable time-changes, when applied to Galton-Watson trees.

Proposition 3.4.3. Let µ be a critical distribution in the domain of attraction of an α-
stable law, and Tn a µ-GW tree with n vertices. Then there exists a coupling between
(Lc(C̃(Tn)))c∈[0,∞] and (Ls(Tn))s∈[0,∞] such that, with high probability, as n tends to ∞:

dSk

((
Lc(C̃(Tn))

)
c∈[0,∞]

, (LcBn(Tn))c∈[0,∞]

)
= o(1).
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where dSk denotes the Skorokhod J1 distance on D([0,∞],L(D)) and the o(1) does only depend
on n and not on the (random) tree Tn.

Observe that this result is stated and proved in much greater generality than what is actu-
ally needed for minimal factorizations, as its version in the stable case may be of independent
interest.

Proof. The idea of the proof is to use concentration inequalities to show that, under a suitable
coupling, chords appear roughly at the same time and place in both processes. To this end,
we study the underlying point processes on the tree Tn. For convenience, we use the notation
Ln,c instead of Lc(C̃(Tn)). Let us first explain the proper coupling between these lamination-
valued processes. To this end, define the process (L̃n,c)c∈[0,∞] as follows: observe that, taking
the notation of Section 3.2.1, T (C̃(Tn)) = Tn/Bn. Therefore, by Section 3.2.1 again, Ln,c is
obtained from a Poisson point process Pc(Tn) on Tn, of intensity (cBn/n)dℓ. For any c ≥ 0,
to each point u ∈ Pc(Tn), associate the vertex p(u) of Tn such that u is in the edge between
the vertex p(u) and its parent (if u is a vertex, say that p(u) = u). Denote by P̃c(Tn) the set
of all vertices of Tn that are of the form p(u) for some u ∈ Pc(Tn), and denote finally by L̃n,c
the lamination obtained by drawing the chords corresponding to all points of P̃c(Tn). It is
clear that

dSk

(
(L̃n,c)0≤c≤∞, (Ln,c)0≤c≤∞

)
≤ 2π

n
, (3.6)

which tends to 0 as n grows. Hence we only have to find a proper coupling between the
processes (L̃n,c) and (LcBn(Tn)).

To this end, let us precisely compare the times at which points appear in the processes
P(Tn) and P̃(Tn). Since Tn has finite length measure n − 1, almost surely no two points
appear at the same time in the process (P̃c(Tn))c≥0. Therefore, this process induces an order
on the set of non-root vertices of Tn, according to the first time that they appear in the
process. For x ≥ 0, denote by τ(x) the minimum c ≥ 0 such that |P̃c(Tn)| ≥ x. The order of
arrival of the vertices of Tn in (P̃c(Tn))c≥0 is uniform among all possible permutations of the
non-root vertices, which induces a coupling between (L̃n,c)0≤c≤∞ and (LcBn(Tn))0≤c≤∞ such
that, for all c ≥ 0,

LcBn(Tn) = L̃n,τ(cBn).

Specifically, a chord appears at time k in (Lu(Tn))u≥0 if it is the chord associated to the k-th
vertex of Tn to get a point of P(Tn) on the edge between it and its parent.

Now we have to prove that these coupled processes (L̃n,c) and (LcBn(Tn)) are close. We
first prove that they are close up to a time c = f(n) := n1/2−1/2α, and then show that both
processes do not change much after this time, as they are already close to their final value.

To prove that they are close up to time f(n), by classical properties of the J1 Skorokhod
topology (see [53, V I, Theorem 1.14]), the only thing that we need to show is that the points
roughly appear at the same time in both processes. More precisely, uniformly for c ≤ f(n),

|τ(cBn)− c| = o(1) (3.7)

with high probability. We prove this result later in this paragraph. Then, assuming that
(3.7) holds, we claim that the processes stay close after time f(n). The idea is to use the
convergence of the dicrete lamination-valued process to (L(α)

c )c∈[0,∞]. Assume by Skorokhod’s
theorem that the convergence of Theorem 3.3.2 holds almost surely. Then, for k ≥ 1, let
ck > 0 be such that dH(L

(α)
ck ,L

(α)
∞ ) < 1/k with probability greater than 1 − 2−k. Such a ck

exists by Proposition 3.2.2 (ii). Then, putting together Theorem 3.3.3, (3.6) and (3.7), there
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exists Mk verifying M
1/2−1/2α
k ≥ ck such that, for any n ≥ Mk, dH(LckBn(Tn),L(α)

ck ) < 1/k
with probability greater than 1− 2−k. Hence, for any subsequence (nk)k≥1 such that, for all
k, nk ≥Mk, the following holds in almost surely:

L(α)
∞ = lim

k→∞
LckBnk

(Tnk
) ⊂ lim

k→∞
Lf(nk)Bnk

(Tnk
) .

The reverse inclusion is clear by Theorem 3.3.3. This implies that dH(Lf(n)Bn(Tn),L(α)
∞ )

converges to 0 almost surely. Therefore,

dH
(
Lf(n)Bn(Tn),L∞(Tn)

) P→ 0.

Since, for any c ≥ 0, LcBn(Tn) and L̃n,c are included in L∞(Tn), this implies Proposition 3.4.3.
Now we prove (3.7). First, note that the distribution of the sequence of variables (τ(u))u≥0

is independent of Tn, and only depends on n. Thus, the study of these variables boils down
to a coupon collector problem, where coupons are vertices of the tree. Set g(n) := n1/8+5/8α,
so that

√
f(n)Bn ≪ g(n) ≪ Bn. In order to prove (3.7), we show two things:

(i) uniformly in u ≤ f(n)Bn, with high probability |Pτ(u)(Tn)| ≤ |P̃τ(u)(Tn)| + g(n). In
other words, uniformly in u ≤ f(n)Bn, we need to throw at most u + g(n) points on the
edges of Tn before u different vertices appear in the process (P̃c(Tn))c≥0.

(ii) uniformly in k ∈ J0, f(n)Bn + g(n)K, |Pk/Bn(Tn)| = k + o(Bn).
Roughly speaking, if (i) holds, then, since g(n) = o(Bn), the number of points that appear

in P(Tn) on an edge where there was already an other point is negligible compared to Bn.
Hence, if (ii) also holds, the ⌊cBn⌋-th point appears at time c+ o(1), and (3.7) follows.

Proof of (i) By analogy with the coupon collector problem, let qx be the number of points
that we have to throw on the edges of Tn so that x vertices appear in P̃(Tn) (this is the number
of coupons that we have to buy in order to get x different ones). Observe immediately that
qx ≥ x for all x. Then, a direct application of Bienaymé-Tchebytchev inequality tells us that
qf(n)Bn verifies

P
(
|qf(n)Bn − f(n)Bn| ≥ g(n)

)
→
n→∞

0,

using the fact that g(n)2 ≪ f(n)Bn. This means that, among the first f(n)Bn + g(n) points
that have appeared in P(Tn), at most g(n) have appeared on an edge where there was already
a point. Therefore, at any time u ≤ τ(f(n)Bn), there cannot be more that g(n) such points,
which implies (i).

Proof of (ii). Notice that the variables Xi := |P((i+1)/Bn)n/(n−1)(Tn)| − |P(i/Bn)n/(n−1)(Tn)|
for i ∈ Z+ are i.i.d. Poisson variables of parameter 1. This factor Bnn/(n − 1) comes from
the fact that Pc(Tn) is a Poisson point process of intensity cBn/ndℓ on Tn, knowing that Tn
has total length ℓ(Tn) = n− 1.

An application of Donsker’s theorem shows that, in probability,

B−1n sup
0≤k≤A(n)

∑

i≤k

(
X(i/Bn)n/(n−1) − 1

)
→
n→∞

0,

where we have set A(n) = f(n)Bn + g(n). Therefore (ii) holds with high probability.

Let us now explain how to apply Proposition 3.4.3 in our framework: since in C(F ) each
chord corresponds to a vertex of T̃ (F ), we use the construction above to exhibit a discrete
version of L(C(T̃ (F ))), in which each chord corresponds to a vertex as well. In addition,
we prove that, for F a minimal factorization of the n-cycle, this discrete dual lamination
L(T̃ (F )) is close to C(F ). This statement is not straightforward, since two different minimal
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Figure 3.9: The geometric representation of two different minimal factorizations whose images
by the Goulden-Yong map (forgetting about labels) are the same tree.

factorizations may lead to the same discrete lamination (see Fig. 3.9 for an example). For F
a minimal factorization, we give L(T̃ (F )) more structure, by labelling its chords the following
way: remember that, in the construction of L(T ), each chord corresponds to a vertex of T .
Then, for each vertex x ∈ T̃ (F ), give to the corresponding chord in L(T̃ (F )) the label of x.
For n ≥ 2, F ∈ Mn and 2 ≤ j ≤ n, denote by c(j) the chord with label j in C(F ), and by
c′(j) the chord of label j in L(T̃ (F )). Note that there are (n− 1) chords in each lamination,
if one does not take into account the chord of length 0 associated to the root of T̃ (F ) in
L(T̃ (F )), and that the leaves of T̃ (F ) are coded by chords of length 0 in L(T̃ (F )). The next
lemma bounds the distance between chords with the same label in C(F ) and L(T̃ (F )), by a
quantity which only depends on the height of T̃ (F ).

Lemma 3.4.4. As n→ ∞, uniformly for F ∈ Mn,

sup
2≤j≤n

dH(c(j), c
′(j)) ≤ 2π

H(T̃ (F ))

n
+ o(1),

where H(T̃ (F )) denotes the height of the tree T̃ (F ).

Proof. Take 2 ≤ j ≤ n and F ∈ Mn. Let x(j) be the vertex of label j in T̃ (F ). x(j) induces
a natural partition of the vertices of the tree into three sets: S ′1(j), the set of vertices that
are visited by the contour exploration before x(j); S ′2(j) the set of vertices of the subtree
rooted at x(j); S ′3(j) the set of vertices that are visited by the contour exploration for the
first time after x(j) has been visited for the last time. See an example on Fig. 3.10, left. The
three connected components of the circle delimited by c′(j) (that is, the three arcs whose
endpoints are in the set {1, a′j, b′j} where a′j, b

′
j are the endpoints of c′(j)) have respective arc

lengths 2π|S ′1(j)|/n+ o(1), 2π|S ′2(j)|/n+ o(1), 2π|S ′3(j)|/n+ o(1), the o(1) being uniform in
j as n→ ∞.
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Figure 3.10: Representation of the two different partitions of the set of vertices of the tree
T̃ (F ) associated to a minimal factorization F , according to the vertex of label 4. In the
middle, C(F ).

Now, let us focus on the corresponding chord c(j) in C(F ), and note that it is not given
by the position of the chord c′(j). As an example, in Fig. 3.9, the vertex with label 6
is at the same place in both trees, while the chord c(j) is not at the same place in both
laminations. Denote by (a b) the transposition corresponding to c(j), with 1 ≤ a < b ≤ n.
Note that the length of c(j) can be directly seen on the unlabelled tree T̃ (F ), but the position
of its endpoints on the circle depends on the labels of the other vertices, and therefore on its
embedding in the disk. We now split the circle into four components, which correspond to a
partition of the set of vertices of T̃ (F ) into four parts: S1(j) the set of vertices of T̃ (F ) whose
corresponding chord has its endpoints between 1 and a (1 included); S2(j) the set of vertices
of T̃ (F ) whose corresponding chord has its endpoints between a and b; S3(j) the set of vertices
of T̃ (F ) whose corresponding chord has its endpoints between b and n (n included); E(x(j))
the set of ancestors of x(j) (x(j) excluded). One can check that S ′1(j) = S1(j) ∪ E(x(j)),
S ′2(j) = S2(j), S ′3(j) = S3(j). See Fig. 3.10, right. Therefore, the distance between c(j) and
c′(j) only depends on the labels of the other vertices, and is bounded by 2π |E(x(j))|

n
+ o(1).

The result follows, since the size of the ancestral line of x(j) is at most H(T̃ (F )).

Lemma 3.4.4 not only proves that C(F ) and L(T̃ (F )) are close, but in addition that they
are close chord by chord. This will allow us to bound the distance between the underlying
processes of laminations.

The last part of this section is devoted to the study of the set Un of non plane labelled
trees. Indeed, the Goulden-Yong mapping allows us to translate results about trees into
results about minimal factorizations. For T an element of Un (that is, a non plane tree with
n vertices labelled from 1 to n), one can associate exactly one plane rooted tree verifying
condition (C∆). We denote by T̃ this canonical embedding of T , so that it matches the
notation of Section 3.4.2. In what follows, Un is an element of Un taken uniformly at random,
and Ũn its canonical embedding on the plane.

Our first result concerns the distribution of the tree Ũn, when one does not care about
labels. A proof can be found in [55, Example 9.2].

Lemma 3.4.5. Let n ≥ 1. Then Ũn, forgetting about the labels, has the law of a µ-GW tree
conditioned to have n vertices, where µ is the Poisson distribution of parameter 1.
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This describes the structure of the unlabelled tree T̃ (t(n)). We now investigate the con-
straints that we have on the labelling (condition (C∆)).

3.4.4 A shuffling operation on vertices

We prove here the important Theorem 3.1.2. To this end, we define an operation on finite
trees, which randomly shuffles the labels of its vertices without changing much the overall
structure of the tree and the associated lamination. We use it to prove that the lamina-
tion L(n)

c is close in distribution to Lc√n(Tn) uniformly in c, for Tn a given Galton-Watson
tree (which we will describe) conditioned by its number of vertices. This allows us to use
Theorem 3.3.3.

Let us explain the main idea of the shuffling argument. The goal is to lift the constraint
on the labels (condition (C∆)) without changing much the structure of the tree. To this end,
an idea would be to uniformly shuffle the labels of the children of each vertex. But consider
a large chord of Lc√n(Ũn), which corresponds to a vertex u with label ℓ ≤ c

√
n in Ũn with a

large subtree on top of it. If one shuffles the labels uniformly at random among children of
its parent, the label ℓ could be given to another vertex with a small descendance, resulting
in a small chord. The associated lamination would then be far from Lc√n(Ũn). In order to
keep the descendance fixed, one could try to shuffle the labels uniformly at random among
children of all vertices, also keeping the subtrees on top of them. But then, large subtrees
could be swapped at branching points, so that the associated laminations would also be far
from each other. The idea is to combine these two operations.

Definition. Let T be a plane tree with n vertices labelled from 1 to n, rooted at the vertex
of label 1, and let K ≤ n. We define the shuffled tree T (K) as follows: starting from the root
of T , we perform one of the following two operations on the vertices of T . For consistency,
we impose that the operation shall be performed on a vertex before being performed on its
children.

• Operation 1: for a vertex such that the labels of its children are all > K, we uniformly
shuffle these labels (without shuffling the corresponding subtrees).

• Operation 2: for a vertex such that at least one of its children has a label ≤ K, we
uniformly shuffle these labelled vertices and keep the subtrees on top of each of these
children.

See Figure 3.11 for an example. Note that this operation induces a transformation of the
lamination L(T ) associated to T .

The main interest of this shuffling is that, for any K, Ũ (K)
n has the law of a Po(1)-GW

tree conditioned to have n vertices, where the root has label 1 and the other vertices are
uniformly labelled from 2 to n. The challenge, in our case, is to find a suitable K.

In addition, for T a plane tree with labelled vertices and u ≥ 0, denote Lu(T ) the
sublamination of L(T ) made only of the chords that correspond to vertices of label ≤ u. This
extends the notation of Section 3.4.3 to a labelled tree (remember that, in Section 3.4.3, we
start from an unlabelled tree and label its non-root vertices uniformly at random from 2 to
|T |). In particular, for u ≥ |T |, Lu(T ) = L(T ).

Lemma 3.4.6. Let Un be a uniform element of Un. Then, for any sequence (Kn)n∈Z+ such
that Kn

n
→
n→∞

0, as n→ ∞, in probability,

dSk

((
Lu√n

(
Ũn

))
0≤u≤Kn/

√
n
,
(
Lu√n

(
Ũ (Kn)
n

))
0≤u≤Kn/

√
n

)
P→ 0,

102



Paul Thévenin PROCESSUS DE FRAGMENTATION D’ARBRES STABLES

7 4 28 1216

9

T1
T2

T3

T4

T5

28 4 16 712

9

T1
T2

T3

T4

T5

(a) Shuffling of a labelled plane tree when K = 3: Operation 1 is performed
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T3
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(b) Shuffling of the same tree when K = 5: Operation 2 is performed

Figure 3.11: Examples of the shuffling operation. The operation is different in both cases,
since in the second case the vertex labelled 9 has a child with label 4 ≤ K.

where dSk denotes the Skorokhod distance between these processes.
If, in addition, Kn√

n
→ ∞, then

dSk

((
Lu√n

(
Ũn

))
0≤u≤∞

,
(
Lu√n

(
Ũ (Kn)
n

))
0≤u≤∞

)
P→ 0.

The proof of this lemma, postponed to Section 3.4.5, relies on the study of what we call
a-branching points, for a ∈ Z+. For a > 0 and T a tree, we say that a vertex u ∈ T is an
a-branching point if at least two of its children have subtrees of size ≥ a. Note that this is a
particular case of a-nodes defined in Section 3.3. In order to prove Lemma 3.4.6, we show in
Section 3.4.5 that with high probability Operation 2 is not performed on any εn-branching
point for fixed ε > 0, and then show that it ensures that the lamination-valued processes
stay close to each other.

Remark. We do not have that dSk

((
Lu√n

(
Ũn

))
0≤u≤∞

,
(
Lu√n

(
Ũ

(Kn)
n

))
0≤u≤∞

)
P→ 0 in

all cases, and the second assumption is needed. Indeed, if Kn = 0, we perform Operation 1
on all vertices, and the labels of the chords of size ≥ ε, for ε small enough, might not appear
in the process in the same order. On the other hand, the first assumption is needed as well:
if Kn = n, then Operation 2 is performed on all vertices, and in particular on εn-branching
points. Hence, the large subtrees rooted at children of a given εn-branching point might be
interchanged, which leads to a completely different lamination-valued process.

We are now ready to prove Theorem 3.1.2.

Proof of Theorem 3.1.2 from Lemma 3.4.6. Recall that t(n) denotes a uniform element of
Mn. First, we know by Lemma 3.4.5 that T̃ (t(n)) - forgetting about the labels - is dis-
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tributed as a Po(1)-GW tree. Hence, by Theorem 3.3.2, H(T̃ (t(n)))

n3/4 →
n→∞

0 in probability.

Lemma 3.4.4 therefore implies that

dSk

((
L(n)
c

)
0≤c≤∞ ,

(
Lc√n

(
T̃ (t(n))

))
0≤c≤∞

)
P→ 0.

On the other hand, let Kn be a sequence of integers such that
√
n≪ Kn ≪ n and recall that

only the first ⌊c√n⌋ factors of t(n) are represented in L(n)
c . By Lemma 3.4.6, as n → ∞, in

probability:

dSk

((
Lc√n(Ũn)

)
0≤c≤∞

,
(
Lc√n(Ũ

(Kn)
n )

)
0≤c≤∞

)
P→ 0.

The last step is to prove that (Lc√n(Ũ
(Kn)
n ))0≤c≤∞ converges in distribution towards

(L(2)
c )0≤c≤∞. This is a direct consequence of Proposition 3.4.3 and Theorem 3.3.3. Indeed,

we have already mentioned that Ũ (Kn)
n is distributed as a Po(1)-GW tree conditioned to have

n vertices labelled from 1 to n, the root having label 1 and the label of the other vertices
being uniformly distributed from 2 to n. This gives the result.

3.4.5 Proof of the technical lemma

This part of the section is devoted to the proof of the technical lemma 3.4.6, which provides
information on (Lu(Ũn))u≥0. Before diving into the proof, we present a powerful tool in the
study of finite trees, the so-called local limit theorem, which provides good asymptotics on
the behaviour of random walks. We provide here two versions of this theorem, the first one
concerning general random walks and the second one concerning its application to the size
of GW trees (see [52, Theorem 4.2.1] for details and proofs).

Theorem 3.4.7 (Local limit theorem). Let α ∈ (1, 2], µ a critical distribution on Z+ in the
domain of attraction of an α-stable law, and (Bn)n≥1 verifying (3.4). Let q1 be the density of

Y
(α)
1 , where we recall that Y (α) is the α-stable Lévy process. Then

(i) Let (Xi)i≥1 be a sequence of i.i.d. variables taking their values in Z+ ∪ {−1}, of law
µ(·+ 1). Then

sup
k∈Z

∣∣∣∣∣BnP

(
n∑

i=1

Xi = k

)
− q1

(
k

Bn

)∣∣∣∣∣ →
n→∞

0.

(ii) Let T denote a µ-GW tree. Then, as n→ ∞,

P (|T | = n) ∼ n−1−1/αℓ(n)

where ℓ is a slowly varying function depending on µ.

In particular, an important fact is that P(|T | = n)−1 grows slower than some polynomial
in n. Although q1 has no closed expression for α < 2, (i) can be rewritten when µ has finite
variance σ2:

sup
k∈Z

∣∣∣∣∣
√
2πσ2nP

(
n∑

i=1

Xi = k

)
− exp

(
− k2

2σ2n

)∣∣∣∣∣ →
n→∞

0.
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This local limit theorem allows us to understand the structure of the tree Ũn. We start
by fixing some notation: for a ∈ Z+, denote by Ea(T ) the set of a-branching points of T
and Na(T ) =

∑
u∈Ea(T )

ku(T ) the number of vertices of T that are children of an a-branching
point. It is straightforward by induction on |T | that, for any ε > 0 and any finite tree T ,∣∣Eε|T |(T )

∣∣ ≤ ⌊1
ε
⌋. The following lemma estimates the quantity Nεn(Ũn) for fixed ε > 0, and

may be of independent interest.

Lemma 3.4.8. Fix ε > 0. For i ≥ 1, let Ui be a uniform element of Ui, and Ũi its canonical
embedding in the plane. Then the following two estimates hold:

(i) There exists a nonincreasing function C1 of ε such that uniformly for i ≥ 2εn,

E
[
k∅(Ũi)1∅∈Eεn(Ũi)

]
≤ C1(ε)n

−1/2.

(ii) Let f : Z+ → R+. Let An be the event that H(Ũn) ≤ f(n)
√
n. Then,

E
[
Nεn(Ũn)1An

]
≤ C2(ε)f(n)

for some constant C2(ε).

Note that this result does not in fact depend on the embedding of Un in the plane. It
notably relies on Lemma 3.4.5 and the local limit theorem. Let us first see how it implies
Lemma 3.4.6.

Proof of Lemma 3.4.6. Let us first explain the main idea of this proof. On the one hand,
if Kn = o(n), it is unlikely that we perform Operation 2 on an εn-branching point. This
implies that the chords that we discover until u = Kn are close in L(Ũn) and L(Ũ (Kn)

n ). On
the other hand, if Kn ≫ √

n, after having discovered Kn edges, LKn(Ũn) is already close
to the Brownian triangulation L(2)

∞ which is maximal for inclusion on the set of laminations.
Since, by our first point, LKn(Ũn) is close to LKn(Ũ

(Kn)
n ), adding the chords labelled from

Kn + 1 to n in any order will not change much the laminations and both stay close to L(2)
∞ .

We now go into the details. Assume first that Kn = o(n). In order to prove the first part
of Lemma 3.4.6, as usual, we focus on studying the large chords in both laminations. We
call displacement of a (labelled) chord c of Lu(Ũn) the Hausdorff distance in the unit disk
between c and the chord with the same label in the modified lamination Lu(Ũ

(Kn)
n ).

Let us precisely study this notion of displacement: fix ε > 0 and let x be a vertex of Ũn
with label ex ≤ Kn, such that |θx(Ũn)| > εn. The displacement of the chord cx corresponding
to x is due to performing Operation 2 on some ancestors of x. Therefore, the displacement
of cx can be bounded by the sum of the sizes of the subtrees of the children of an ancestor
of x that do not contain x, the sum being taken over all ancestors of x on which Operation
2 is performed (that is, one of its children has label ≤ Kn). See Fig. 3.12, right. Observe
that the length of the chords with label ex is the same in both laminations (indeed, since x
has label ≤ Kn, Operation 2 is performed on its parent and therefore |θx(Ũn)| = |θx(Ũ (Kn)

n )|).
Hence, the displacement of the chord only corresponds to the displacement of its endpoints.

Let us set some notation: for x ∈ Ũn, we denote by E(x) the set of ancestors of x in Ũn
(x included), and by Ê(x) the set of ancestors of x on which Operation 2 is performed. The
maximum possible displacement of the chord cx is defined as

MPD(x) :=
1

n

∑

v∈Ê(x)
v 6=x

∑

w∈Kv(Ũn)
w/∈E(x)

|θw(Ũn)|,
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x

v

θx(T (2))

v

θv(Ũn)

Figure 3.12: Left: continuous setting (Aldous’ CRT). CMPDδ(v) is the sum of the sizes of
the green subtrees. In red, a subtree of size > δ, which is therefore not counted in CMPDδ(v).
mv(x) is the mass of the green tree rooted at v. Right: discrete setting (finite tree). Dots
represent ancestors of v on which Operation 2 is performed, so that they have an influence on
the displacement of the chord cv corresponding to v: the correponding subtrees are colored
in green. With high probability, none of the green subtrees is large. The cross represents an
ancestor of v on which Operation 1 is performed.

where Kv(Ũn) denotes the set of children of v. Indeed, subtrees which were on the right of
the ancestral line of x may be transferred to the left or conversely. This maximum possible
displacement corresponds to the sum of the sizes of the green subtrees on Fig. 3.12, right.
We admit the following statement, which we will prove later: for any ε > 0 fixed, assuming
that the convergence of Theorem 3.3.2 holds,

sup
x,ex≤Kn,|θx(Ũn)|>εn

MPD(x)
P→ 0. (3.8)

This implies that, uniformly in u ∈ [0, Kn], with high probability as n→ ∞,

dH

(
Lu
(
Ũn

)
,Lu

(
Ũ (Kn)
n

))
≤ 2ε,

which proves the first part of Lemma 3.4.6.
Now, assume in addition that Kn ≫ √

n. Then, by Theorem 3.3.3, jointly with the
convergence of Theorem 3.3.2, with high probability dH(LKn(Ũ

(Kn)
n ),L(2)

∞ ) →
n→∞

0. On the

other hand, by the first part of Lemma 3.4.6, dH(LKn(Ũn),LKn(Ũ
(Kn)
n )) →

n→∞
0 in probability.

Since L(2)
∞ is a maximum lamination for the inclusion, this implies that for any ε > 0:

P
(
∃u ∈ [Kn, n], dH

(
Lu(Ũn),L

(2)
∞

)
> ε
)
→ 0

as n→ ∞, which proves the second part of Lemma 3.4.6.

We now need to prove (3.8), which states that the supremum of maximum displacements
of all x whose label is ≤ Kn and such that |θx(Ũn)| ≥ εn converges to 0 in probability.

Proof of (3.8). We prove in fact a slightly stronger result. Let 0 < δ < ε. We define the
δ-maximum possible displacement of a point x ∈ Ũn, denoted by MPDδ(x), as

MPDδ(x) :=
1

n

∑

v∈E(δ)(x)

∑

w∈Kv(Ũn)
w/∈E(x)

|θw(Ũn)|,
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where E(δ)(x) denotes the set of ancestors of x that are not δn-branching points. We prove
that, as δ ↓ 0,

lim
δ↓0

lim sup
n→∞

Sδ(Ũn) = 0 (3.9)

in probability, where Sδ(Ũn) := sup
x,ex≤Kn,|θx(Ũn)|>εn

MPDδ(x). Let us first see how this implies

(3.8). We only have to prove that, at δ fixed, with high probability Operation 2 is not
performed on any δn-branching point. Indeed, on this event, for all x, Ê(x) ⊂ E(δ)(x), and
MPD(x) ≤MPDδ(x).

To prove that, let pn be the probability that there exists a δn-branching point in Ũn
having at least one child with label ≤ Kn, conditionally given Ũn. We show that pn → 0
with high probability as n→ ∞. First, notice that:

pn = 1−
(
n−Nδn(Ũn)

Kn

)
(
n
Kn

) ≤ 1−
(
1− Nδn(Ũn)

n−Kn

)Kn

Take g : Z+ → Z+ such that g(n) →
n→∞

∞ and g(n)Kn/n → 0, and take f : Z+ → Z+

such that f(n) →
n→∞

∞ and f(n)/g(n) →
n→∞

0. Then, by Lemma 3.4.8 (ii), there exists

C2(δ) such that, for n large enough, E[Nδn(Ũn)1An ] ≤ C2(δ)f(n), where we recall that An :=
{H(Ũn) ≤ f(n)

√
n}. By Markov’s inequality and since P(An) → 1 as n → ∞, we get that

P(Nδn(Ũn) ≥ g(n)|An) ≤ 2C2(δ)f(n)/g(n) →
n→∞

0. Hence, with high probability as n→ ∞,

pn ≤ 1−
(
1− g(n)

n−Kn

)Kn

∼ g(n)Kn

n

which tends to 0 as n → ∞. Hence, with high probability, Operation 2 is not performed on
any δn-branching point and (3.9) implies (3.8).

Now we prove (3.9). To this end, let us define the continuous analogue of Sδ(Ũn) on the
Brownian tree T (2). For a point x ∈ T (2), let E(x) be the set of ancestors of x. Recall that h
is the uniform probability measure on the set of leaves of T (2) and, for v ∈ E(x), we denote
by mv(x) the h-mass of the connected component of T (2)\{v} which neither contains x nor
the root (mv(x) may be 0 if v is not a branching point). See Fig. 3.12, left for an example.
Then, define CMPDδ(x) (for Continuum MPD) as CMPDδ(x) :=

∑
v∈E(x),v 6=x

mv(x)1mv(x)≤δ

and Sδ(T (2)) := sup
x,h(θx(T (2)))>ε

CMPDδ(x). At δ fixed, it is clear by Theorem 3.3.2 that, in

distribution, Sδ(Ũn) → Sδ(T (2)) as n → ∞. What is left to prove is that, almost surely,
Sδ(T (2)) → 0 as δ → 0. Assume that it is not the case. Then, there exists η > 0 and a
sequence of vertices vn ∈ T (2) such that h(θvn(T (2))) > ε and CMPD1/n(vn) ≥ η for all n.
Since T (2) is compact, one can assume without loss of generality that vn converges to some
v∞ ∈ T (2). Clearly, h(θv∞(T (2))) > ε and v∞ should verify, for any δ > 0, CMPDδ(v∞) ≥ η,
which is not possible. This provides the result. Note that we need the condition that
the subtrees rooted at the vertices (vn) have sizes at least ε. This allows us to say that
CMPDδ(v∞) ≥ η for any δ, as we avoid the case of a sequence of vertices with small
subtrees rooted at them, converging to a point of the skeleton of T (2).

Let us finally prove the estimates of Lemma 3.4.8.

Proof of Lemma 3.4.8. Let us start by proving (i). In this proof, we denote by µ the Po(1)
distribution. In particular, µ is in the domain of attraction of a 2-stable law. Let us denote
by T a nonconditioned µ-GW tree and fix ε > 0. For n ≥ 1 and i ≥ 2εn, one can write:
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E
[
k∅(Ũi)1∅∈Eεn(Ũi)

]
=

1

P (|T | = i)

∑

j∈Z+

jP (k∅(T ) = j)P ( |T | = i, ∅ ∈ Eεn(T )| k∅(T ) = j)

≤ 1

P (|T | = i)

∑

j∈Z+

jP (k∅(T ) = j)
∑

1≤a<b≤j
P ( |T | = i, Bε,a,b| k∅(T ) = j)

where Bε,a,b is the event that the ath and bth children of the root ∅ have a subtree of size
≥ εn. Hence, we can write

E
[
k∅(Ũi)1∅∈Eεn(Ũi)

]
≤
∑

j∈Z+
jµj
(
j
2

)

P (|T | = i)

∑

t1≥εn
t2≥εn
t1+t2≤i

P (|T | = t1)P (|T | = t2)P (|Fj−2| = i− t1 − t2) ,

where Fj−2 is a forest of j − 2 i.i.d. µ-GW trees. Using the local limit theorem 3.4.7 (ii), we
deduce that

E
[
k∅(Ũi)1∅∈Eεn(Ũi)

]
≤ C(ε)n3/2

∑

j∈Z+

j3µj
∑

t1≥εn
t2≥εn
t1+t2≤i

n−3P (|Fj−2| = i− t1 − t2)

≤ C(ε)n−3/2
∑

t1≥εn
t2≥εn
t1+t2≤i

∑

j≥2
j3µj

j − 2

i− t1 − t2
P (Si−t1−t2 = −(j − 2))

for some constant C(ε), by the so-called Kemperman formula (see [88, 6.1]), where Sk denotes
the sum of k i.i.d. variables of law µ(· + 1). Therefore, by Theorem 3.4.7 (i), since µ has
variance 1,

E
[
k∅(Ũi)1∅∈Eεn(Ũi)

]
≤ C ′(ε)n−3/2

∑

t1≥εn
t2≥εn
t1+t2≤i

∑

j≥2
j4µj

1

(i− t1 − t2)3/2

≤ C ′(ε)n−3/2
∑

j∈Z+

j4µj

i∑

q=1

i− q

q3/2
≤ C1(ε)n

−1/2

uniformly for i ≥ 2εn, for some constants C ′(ε), C1(ε). Note that we use the fact that µ has
a finite fourth moment. Note that there exists a nonincreasing choice of C1 since, almost
surely, k∅(Ũi)1∅∈Eεn(Ũi)

≥ k∅(Ũi)1∅∈Eε′n(Ũi)
for ε ≤ ε′.

Now we prove Lemma 3.4.8 (ii). Remember that we denote by An the event {H(Ũn) ≤
f(n)

√
n}. Then:

E
[
Nεn(Ũn)1An

]
= E


1An

∑

u∈Ũn

ku(Ũn)1u∈Eεn(Ũn)


 = E


1An

f(n)
√
n∑

r=0

∑

u∈Ũn,|u|=r

ku(Ũn)1u∈Eεn(Ũn)




≤ 1

P (|T | = n)

f(n)
√
n∑

r=0

E


1|T |=n

∑

u∈T ,|u|=r
ku(T )1u∈Eεn(T )




=
1

P (|T | = n)

f(n)
√
n∑

r=0

n∑

i=0

E


 ∑

u∈T ,|u|=r
ku(T )1|Cutu(T )|=n−i1u∈Eεn(T ),|θu(T )|=i


 .
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where, following [41], we set θu(T ) the subtree of T rooted at u, and Cutu(T ) the tree T cut
at the vertex u (θu(T ) is erased, along with the edge from u to its parent).

Let us now mention the existence, when µ is critical with finite variance, of the local limit
T ∗ of the conditioned µ-GW trees (Tn)n∈Z+

. This limit is defined as the random variable on
the set of infinite trees, such that, for any r ∈ Z+,

Br(Tn) →
n→∞

Br(T ∗)

in distribution, where Br denotes the ball of radius r centered at the root, for the graph
distance. Its structure is known: T ∗ is an infinite tree called Kesten’s tree (see [60, 3] for
background), made of a unique infinite spine on which i.i.d. nonconditioned µ-GW trees are
planted. In particular, asymptotic local properties of large GW trees can be observed on T ∗.
In particular, by [41, Equation 23], we get that for any r ∈ J0, f(n)

√
nK, any i ∈ J0, nK,

E


 ∑

u∈T ,|u|=r
ku(T )1|Cutu(T )|=n−i1u∈Eεn(T ),|θu(T )|=i


 = P

(∣∣CutU∗
r
(T ∗)

∣∣ = n− i
)

× E
[
k∅(T )1∅∈Eεn(T )1|T |=i

]

where U∗r is the vertex of the unique infinite branch of T ∗ at height r (see [60] for more
background).

Observe that, if ∅ ∈ Eεn(T ) then |T | ≥ 2εn. This allows us to write by Lemma 3.4.8 (i)
and Theorem 3.4.7 (ii), uniformly for i ≥ 2εn,

1

P (|T | = n)
E
[
k∅(T )1|T |=i1∅∈Eεn(T )

]
≤ P (|T | = i)

P (|T | = n)
E
[
k∅(Ũi)1∅∈Eεn(Ũi)

]

≤ C2(ε)n
−1/2

for some constant C2(ε), which leads to

E
[
Nεn(Ũn)1An

]
≤

f(n)
√
n∑

r=0

n∑

i=0

P
(∣∣CutU∗

r
(T ∗)

∣∣ = n− i
)
C2(ε)n

−1/2

≤ f(n)
√
nC2(ε)n

−1/2.

This completes the proof.

Remark. The result holds as well for any µ-Galton-Watson tree conditioned to have n ver-
tices, provided that µ is critical and has a finite fourth moment.

3.4.6 Convergence of the associated noncrossing partitions

The last part of this section is devoted to the study of the "last" transpositions of a minimal
factorization of the n-cycle. More precisely, we investigate here a second way of coding a
minimal factorization t := (t1, . . . , tn−1) ∈ Mn, which allows us to get a grasp of the behaviour
of its "end".

On one hand, for u ∈ [0, n], let us denote by Cu(t) the union of the circle and all chords
corresponding to the first ⌊u⌋ transpositions that appear in t: t1, . . . , t⌊u⌋. This lamination is
simply the lamination C(t), restricted to the first ⌊u⌋ chords drawn in the process.

On the other hand, for u ∈ [0, n], denote by Pu(t) the union of the circle and the chords
[e−2iπℓ/n, e−2iπℓ

′/n], where ℓ and ℓ′ are two consecutive elements of a cycle of the partial product
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t1 . . . t⌊u⌋. The faces of this lamination that have only chords in their boundary are called
blocks of the lamination (see Fig. 3.13, right for an example; the hatched part is a block).
Notice that Pu(t) is a lamination, and in particular the interior of a block is left empty. This
new lamination corresponds to the noncrossing partition of J1, nK induced by the cycles of
t1 . . . t⌊u⌋.

1

2
3

4

5

6
7

8

9

1

2
3

4

5

6
7

8

9

Figure 3.13: The two laminations L5(t) and P5(t), where t := (34)(89)(35)(13)(16)(18)(23)
is a minimal factorization of the 9-cycle. The hatched part is a block of P5(t).

As before, let us denote by t(n) a uniform minimal factorization of the n-cycle. We set,
for u ∈ [0, n], C(n)

u = Cu(t
(n)) and P

(n)
u = Pu(t

(n)). In particular, for c ≥ 0, C(n)

c
√
n
= L(n)

c .
The next theorem answers a question of Féray and Kortchemski [45], who asked for a joint
convergence of the lamination-valued processes (C(n)

u )u∈[0,n] and (P
(n)
u )u∈[0,n]. More precisely,

the following two convergences hold jointly with Theorem 3.1.2, respectively in D(R+,L(D)2)
and D(R+,L(D)):

Theorem 3.4.9. (i) The two processes asymptotically have the same behaviour at order√
n:

(
C

(n)

c
√
n
, P

(n)

c
√
n

)
c≥0

(d)→ (Lc,Lc)c≥0 .

(ii) Jointly with (i), the second process behaves as follows near n:

(
P

(n)

n−c√n

)
c≥0

(d)→ (L′c)c≥0 ,

where (L′c)c≥0 is distributed as (Lc)c≥0, and is independent of (Lc)c≥0 conditionally on
L∞.

In other words, roughly speaking, the process (P
(n)
u )u∈[0,n] is increasing at the beginning,

when one adds chords which create new blocks in the corresponding partition, and decreasing
later when blocks merge, which makes chords disappear. In addition, these "increasing" and
"decreasing" phases are asymptotically independent, conditionally on L∞ := lim

n→∞
C

(n)
n . This

partition process gives therefore more information on t(n) than (C
(n)
u ), as it explains the joint

behaviour of its first and last transpositions. Note that these results were already conjectured
in [45, page 7].

We leave the proof of Theorem 3.4.9 (i) to the reader; it is a consequence of Theorem
3.1.2 and [45, Lemma 29], which states that P (n)

u and C
(n)
u are close with high probability,

jointly for u ≤ √
n log n.
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Let us then focus on the proof of Theorem 3.4.9 (ii). The idea is to investigate the structure
of the random tree T (t(n)) and deduce a relation, for u large, between the lamination P

(n)
u

and the set of chords of C(n)
n that have not yet been drawn at time u. To this end, denote,

for t ∈ Mn and u ∈ [0, n],
←
Cu(t) the lamination made only of the chords associated to the

last ⌊u⌋ transpositions that appear in t. We set in addition
←
C

(n)

u =
←
Cu(t

(n)) this "inverse

lamination" drawn from a uniform minimal factorization t(n). Then, the new process
←
C

(n)

is
closely related to the partition process P (n):

Lemma 3.4.10. The process

(
←
C

(n)

u

)

u∈[0,n]
satisfies the following two properties:

(i) In distribution, (
←
C

(n)

u

)

u∈[0,n]

(d)
=
(
C(n)
u

)
u∈[0,n]

.

(ii) The following holds in probability, as n→ ∞:

dSk

((
←
C

(n)

c
√
n

)

0≤c≤logn
,
(
P

(n)

n−c√n

)
0≤c≤logn

)
P→ 0.

Let us immediately see how this implies Theorem 3.4.9 (ii). In what follows, we set
Hn := ⌊√n log n⌋.

Proof of Theorem 3.4.9. First, notice that by definition, for all c ≥ 0, C(n)

c
√
n
= L(n)

c . There-
fore, by Lemma 3.4.10 (i) and (ii),

(
P

(n)

n−c√n

)
c≥0

(d)→ (L′c)c≥0,

where (L′c)c≥0 is distributed as (Lc)c≥0 (recall that (Lc)c≥0 is the limit of the process (L(n)
c )c≥0

constructed from the first transpositions in t(n)). The only thing that we have to prove is that,
conditionally on L∞, the processes (L′c)c≥0 and (Lc)c≥0 are independent. By Lemma 3.4.10

(ii), it is enough to prove that (C
(n)

c
√
n
)c≥0 and (

←
C

(n)

c
√
n)c≥0 are, in some sense, asymptotically

independent. To this end, remember that the (non plane) tree T (t(n)) is uniform among
rooted trees of size n with non-root vertices labelled from 2 to n. Therefore, conditionally
on the structure of this tree (that is, forgetting about labels), the sets DHn (resp. AHn) of
vertices labelled between 2 and Hn+1 (resp. between n+1−Hn and n) are two uniform sets
of Hn non-root vertices of T (t(n)). Furthermore, DHn and AHn are independent conditionally
on being disjoint. Notice finally that, conditionally on (DHn , AHn), the processes (C(n)

u )u≤Hn

and (
←
C

(n)

u )u≤Hn are distributed as follows: order the vertices of DHn (resp. AHn) uniformly
at random, and draw the associated chords in this order.

We will prove that, roughly speaking, as n → ∞, asymptotically we can get rid of this
conditioning to be disjoint. In other words, there is only a small difference between two
independent sets of Hn vertices of the tree, and two such sets conditioned to be disjoint,
in the sense that they give rise to close lamination-valued processes. To prove this, let us
provide a way of sampling DHn and AHn : first sample DHn , a Hn-tuple of non-root vertices
in the tree, and then sample A a Hn-tuple of non-root vertices, independent of DHn . Then
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remove from A the vertices of A that are in DHn , and resample B, a |A ∩ DHn |-tuple of
non-root vertices of the tree, independent of DHn and A, conditioned to contain no vertex of
A∪DHn . Then, set AHn = (A\DHn)∪B. It is clear that (DHn , AHn) is distributed as a pair
of uniform sets of Hn vertices of the tree, conditioned to be disjoint.

Now, we show that with high probability no point of B ∪ (A ∩DHn) codes a large chord
in the unit disk. This will prove that there is asymptotically no difference between the
sets of chords coded respectively by the vertices of A and the vertices of AHn . Roughly
speaking, this will imply that only points of A\DHn and DHn\A matter, and thus that the
lamination-valued processes corresponding to DHn and AHn (recall that it consists in ordering
uniformly at random the vertices of the set, and drawing the associated chords in this order)
are asymptotically independent. To prove this, observe that, by Markov’s inequality,

P(|A ∩DHn | ≥ (log n)3) ≤ n(Hn/n)
2(log n)−3 ≤ (log n)−1.

Thus, with high probability |B ∪ (A ∩ DHn)| ≤ (log n)3. Now, fix ε > 0 and notice that
for h ≤ H(T (t(n))), at most 1/ε points in the tree at height h are the root of a subtree of
size ≥ εn. This implies that, with high probability, by Theorem 3.3.2, there are fewer than√
n log n such points in the whole tree. Hence, the intersection of the set of such points with

B ∪ (A ∩DHn) is empty with high probability. The result follows.

We finish by proving the technical lemma 3.4.10.

Proof of Lemma 3.4.10 (i). The idea is again to study the non plane tree T (t(n)). Remember
that this tree has the law of a uniform element of the set Un, that is, the set of non plane
rooted trees whose non-root vertices are labelled from 2 to n. Define g : Un → Un the
involution which consists in changing the label ex of each non-root vertex x in a tree T ∈ Un

to n + 2− ex. Then, for F ∈ Mn, the tree g(T (F )) is the image of a factorization
←
F by the

Goulden-Yong bijection, which verifies

(
Cu

(←
F
))

u∈[0,n]
=
(←
Cu(F )

)
u∈[0,n]

.

Since t(n) is uniform on Mn,
←
t(n) is uniform on Mn as well and Lemma 3.4.10 (i) follows.

In order to prove Lemma 3.4.10 (ii), we focus as usual on large chords of these lamination-
valued processes. Fixing ε > 0, we shall check that, jointly for all u ≤ Hn :=

√
n log n, for

any chord of
←
C

(n)

u of length > ε there is always a chord of P (n)
u close to it, and conversely any

chord of P (n)
u of length > ε can be approximated by a large chord of

←
C

(n)

u .

Let AHn be the set of vertices in T (t(n)) with labels between n − Hn and n. The proof
of Lemma 3.4.10 (ii) is based on the following result, which provides useful properties of the
set of vertices AHn :

Lemma 3.4.11. The points of the set AHn are well spread in the random tree T (t(n)), in
the sense that, for any ε > 0 fixed, the following two properties hold with high probability as
n→ ∞:

(i) There is no ancestral line of size 3 in the tree (that is, a vertex, its parent and its
grandparent) made only of points of AHn.

(ii) No point of AHn is an εn-node or the child of an εn-node.
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Proof of Lemma 3.4.11. In order to get (i), observe that the probablity that a vertex, its
parent and its grandparent all are in AHn is of order (Hn/n)

3 = (log n)3n−3/2. Since such a
triple of vertices is uniquely characterized by the first one, there are at most n of them, and
the probability of seeing an ancestral line of size 3 made only of elements of AHn is less than
(log n)3n−1/2.

On the other hand, (ii) is a consequence of the small number of children of the εn-nodes.
First, since T (t(n)) converges in distribution to the Brownian CRT, then with high probability
all εn-nodes are εn/2-branching points. Now, by Lemma 3.4.8 (ii) (taking f(n) := log n)
and Theorem 3.3.2, with high probability there are fewer than C(ε) log n children of εn/2-
branching points in T (t(n)), for some constant C(ε) depending only on ε. Thus, on this event,
since a branching point has at least one child, there are at most 2C(ε) log n vertices that are
either an εn-node or the child of one of them. The result follows: with high probability none
of these points belongs to AHn , since |AHn | = ⌊√n log n⌋.

Let us now see how this structural result implies Lemma 3.4.10 (ii):

Proof of Lemma 3.4.10 (ii). In the whole proof, ε > 0 and u ≤ Hn are fixed, and we investi-

gate the two chord configurations
←
C

(n)

u and P (n)
n−u. Specifically, we prove that any large chord

of
←
C

(n)

u is close to a large chord of P (n)
n−u, and conversely; furthermore, this holds uniformly in

u ≤ Hn.

First, let c be a chord of length ℓ(c) > ε in
←
C

(n)

u . Let e(c) be the location of the associated
transposition in t(n), so that e(c) ≥ n−Hn, and let x(c) be the vertex of T (t(n)) labelled e(c).
Note that, by Theorem 3.3.2, with high probability the root and its children are not coded
by chords of length > ε, and thus x(c) has height ≥ 3.

Then, by Lemma 3.4.11 (i), with high probability the parent or the grandparent of x(c)
has a label < n−Hn. We claim that the chord associated to this ancestor is close to c.

If the parent y(c) of x(c) has such a small label, denote by c̃ the chord associated to it.
By assumption, c̃ ⊂ C

(n)
n−u. By construction of the tree T (t(n)), if c̃ has length ≥ 2ℓ(c) or

≤ ε/2, then necessarily either x(c) or y(c) is an εn/2-node. However, with high probability
this does not happen, by Lemma 3.4.11 (ii). Thus, the chord c̃ is in C(n)

n−u and is at distance
≤ ε from c.

On the other hand, if y(c) itself belongs to AHn , then with high probability the grand-
parent z(c) of x(c) is not in AHn . Furthermore, by Lemma 3.4.11 (ii), y(c) is not an εn-node
nor the child of an εn-node. Thus, as before, the chord c̃ associated to z(c) is necessarily at
distance less than ε from c.

In both cases, this chord c̃ associated to y(c) or z(c) is in C
(n)
n−u. Therefore, it lies inside

a block B of P (n)
n−u (see Fig. 3.14, left for an example). Let us prove that one of the chords

in the boundary of B is at distance less than ε from c. To this end, denote by (ab) the
transposition associated to c, where 1 ≤ a < b ≤ n. Since C

(n)
n satisfies the previously

mentioned condition (C∆), its chords are sorted in decreasing labelling order around each
point of the form e−2iπx/n for 1 ≤ x ≤ n. Then there is no chord in C(n)

n−u connecting e−2iπa/n

to e−2iπx/n where x /∈ Ja, bK, nor connecting e−2iπb/n to e−2iπy/n where y ∈ Ja, bK. Thus, since
the chord c̃ is inside the block B, the boundary of B contains a chord inbetween c and c̃,
which is therefore at distance less than ε from c.

In conclusion, any large chord of
←
C

(n)

u is close to a chord of P (n)
n−u, uniformly for u ≤ Hn.

We use the same trick to prove the converse. Specifically, take c′ a chord in P (n)
n−u of length

greater than ε, and define 1 ≤ a < b ≤ n such that c′ = [e−2iπa/n, e−2iπb/n]. Now, let Sa,b
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1B

c̃

c

1

c′
c̃′Fae−2iπa/n

e−2iπb/n

Figure 3.14: Left: the red chord c is a large chord of
←
C

(n)

u , and the gray chord c̃ is a chord of
C

(n)
n−u, which is close to c. B denotes the block of P (n)

n−u containing c̃. Thus, the boundary of
B necessarily contains a chord inbetween c and c̃. Right: the blue chord c′ is a large chord of

P
(n)
n−u, and the red chords are the chords of

←
C

(n)

u that are part of the boundary of Fa. Among
these chords, with high probability, one of them (denoted by c̃′ here) is not far from c′.

(resp. Sa,b) be the set of points of the form e−2iπx/n for a < x < b (resp. a ≤ x ≤ b), and
assume first that a and b are not connected to any point of Sa,b. In other words, the block
of P (n)

n−u whose boundary contains c′ is on the side of c′ which contains 1 (see an example
on Fig. 3.14, right). Consider now the face Fa of C(n)

n whose boundary contains the arc

( ˇ�e−2iπa/n, e−2iπ(a+1)/n). It turns out (see [49, Proposition 2.3]) that the rest of its boundary is
only made of chords. Since the labels of the chords in C(n)

n are decreasing in clockwise order
around each vertex of this face, it is a simple matter to check that the boundary of Fa contains
e−2iπb/n, and that this boundary is made exclusively of chords of C(n)

n−u between e−2iπb/n and

e−2iπa/n (clockwise), and of chords of
←
C

(n)

u between e−2iπ(a+1)/n and e−2iπb/n (clockwise, red

chords on Fig. 3.14,right). Let c̃′ be the largest of these chords of
←
C

(n)

u . If c̃′ has length less
than ℓ(c)− ε/2, then the associated vertex in T (t(n)) is necessarily the child of an εn/2-node,
which with high probability does not happen by Lemma 3.4.11 (ii). Therefore dH(c̃′, c′) ≤ ε.

If, on the other hand, one assumes that the block containing c′ is on the "other side" of
c′ (that is, this block only contains chords connecting points of Sa,b), then we use the same

argument on the face Fb containing the arc ( ˇ�e−2iπb/n, e−2iπ(b+1)/n). Using the same argument

as before, the boundary of Fb contains with high probability a chord of
←
C

(n)

u at distance less
than ε from c′ (otherwise the associated point in AHn would be an εn/2-node, which with
high probability does not happen by Lemma 3.4.11 (ii)).

Finally, in probability, jointly for u ≤ Hn,

dH

(
←
C

(n)

u , P
(n)
n−u

)
P→ 0.
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3.5 Computation of the distribution of L
(α)
c at c fixed

In this section, we fix c ∈ R+. Recall that the Lévy process τ (α),c is defined as

τ (α),cs := inf
{
t > 0, Y

(α)
t − c1/αt < −c1+1/αs

}
− cs

where Y (α) is the α-stable Lévy process. Our goal is to prove Theorem 3.1.3, which states
that L(α)

c is the lamination coded (in the sense of Section 3.1.1) by the excursion of τ (α),c.
To this end, we notably introduce a sequence of random trees whose associated sequence

of laminations converges towards L(α)
c and L(τ (α),c,exc) at the same time.

Notation of Section 3.5

Fν generating function of a law ν

pn c/Bn

µ critical distribution in the domain of attraction of an α-stable law

µn law such that Fµn(x) = Fµ(pnx+ (1− pn)Fµn(x))

T (n) µn-GW tree

W (T ) Łukasiewicz path of a tree T

LLuka(T ) lamination coded by W (T )

S(n) random walk with i.i.d. jumps of law µn(·+ 1)

Here and in the next section, we define the functions z → log z and z → za (for a ∈ R)
on C\R− the following way:

Definition. Let z ∈ C\R−. Then there exists a unique pair ρ, θ ∈ R∗+ × (−π, π) such that
z = ρeiθ. Then we define

log z := log ρ+ iθ and za := ea log z,

for any a ∈ R.

3.5.1 Definition and study of the process τ (α),c

This part is devoted to the study of the process τ (α),c. We start by defining the excursion
τ (α),c,exc, and therefore the lamination L(τ (α),c,exc). Let us fix some notation. To a Lévy
process X, we can associate its Laplace exponent φ : R∗+ → R ∪ {+∞,−∞} verifying
E
[
e−λXs

]
:= exp (−sφ(λ)), and its characteristic exponent ψ : R → C such that E

[
eitXs

]
:=

exp (−sψ(t)). A Lévy process X is said to be spectrally positive if it makes only positive
jumps, i.e. almost surely ∀s ∈ R+, Xs− ≤ Xs. The following theorem, which can be found in
[32] (see [57] for the original result), gives sufficient conditions for a Lévy process to admit a
density:

Theorem 3.5.1. Let X be a spectrally positive Lévy process and ψ its characteristic exponent.
If t→ exp (−sψ) is integrable for any s > 0, then Xs admits a density for each s > 0.
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(ii) The characteristic exponent of τ (α),c has the form t → cψ(t) + itc, where ψ(t) is the
only solution with nonnegative real part of the equation

ψ(t)α + cψ(t) + itc = 0. (3.12)

Notice that by Proposition 3.5.2 (ii), as |t| → ∞, |ψ(t)| → ∞, and therefore ψ(t) =
o(ψ(t)α). Hence, ψ(t)α ∼ −itc as |t| → ∞, and in particular

ℜ(ψ(t)) ∼
|t|→∞

|tc| 1α cos
( π
2α

)
. (3.13)

Thus, τ (α),c verifies the assumption of Theorem 3.5.1, and therefore admits a density. In
addition, one can easily check that τ (α),c is spectrally positive. This allows us to define the
excursion τ (α),c,exc and the lamination L(τ (α),c,exc).

Proof of Proposition 3.5.2. Let us first prove (i). Since τ (α),cs is a stopping time according
to the canonical filtration associated to Y (α) and is almost surely finite, for any λ ∈ R, by
Doob’s stopping time theorem,

E
[
exp

(
−λY (α)

τ
(α),c
s +cs

−
(
τ (α),cs + cs

)
λα
)]

= 1.

Now observe that for s ≥ 0, Y (α)

τ
(α),c
s +cs

= c1/ατ
(α),c
s . Therefore E

[
e−λc

1/ατ
(α),c
s −(τ (α),c

s +cs)λα
]
= 1,

which can be rewritten E
[
e−(λc

1/α+λα)τ
(α),c
s

]
= ecsλ

α
.

Since x→ xα + c1/αx is a bijection from R+ to itself, we get that for all ν ≥ 0,

E
[
e−ντ

(α),c
s

]
= e−scφ(ν)+scν

where φ(ν) verifies (3.11). Finally, it is easy to see that, for all ν > 0, (3.11) has exactly one
real solution.

By analytic continuation, the characteristic exponent of τ (α),c has the form cψ(t) + itc

where ψ(t) is solution of (3.12). Notice that ψ(t) has nonnegative real part, as |E[eitτ (α),c
s ]| ≤

E[|eitτ (α),c
s |] = 1. The fact that (3.12) has exactly one solution with nonnegative real part is

postponed to the end of the section (see Theorem 3.5.10).

3.5.2 A new family of random trees

The key idea of the proof of Theorem 3.1.3 is to introduce a new sequence of conditioned
random trees (T (n)

⌊cBn⌋)n∈Z+ , such that the sequence (L(T (n)
⌊cBn⌋))n∈Z+ converges in distribution

towards both L(τ (α),c,exc) and L(α)
c (Theorem 3.5.3). These trees are Galton-Watson trees

conditioned on their numbers of vertices, whose offspring distribution varies with n.
Let µ be a critical distribution in the domain of attraction of an α-stable law, and (Bn)n∈Z+

a sequence verifying (3.4). We recall that T denotes a µ-GW tree, and that Tn denotes a
µ-GW tree conditioned to have n vertices. For n ∈ Z+ large enough that cBn/n ≤ 1, define

pn := c
Bn

n
.

and let µn be the law whose generating function Fµn verifies

∀x ∈ [−1, 1], Fµn(x) = Fµ (pnx+ (1− pn)Fµn(x)) (3.14)
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Figure 3.16: A tree, the same tree with a vertex-marking process (the marked vertices are
colored in red) and the associated reduced tree.

where Fµ is the generating function of µ (that is, for x ∈ [−1, 1], Fµ(x) =
∑

i∈Z+
µ(i)xi).

Notice, by taking x = 1 in (3.14), that µn is also critical for all n. We let T (n) be a
nonconditioned GW tree with offspring distribution µn, and T (n)

s be the tree T (n) conditioned
to have s vertices, for s ∈ Z+. Observe that, by (3.14), for any n ≥ 1, any k ≥ 1, P(|T (n)| =
k) > 0 as soon as 0 < pn < 1. Note also that (3.14) appears in [21, Proposition 1 (i)] (taking
in this Proposition x = 1), where Bertoin studies a similar model of random trees coding
rare mutations in a population.

Theorem 3.5.3. The following two convergences hold in distribution, as n→ ∞:

(i) L
(
T (n)
⌊cBn⌋

)
(d)→ L(α)

c

(ii) L
(
T (n)
⌊cBn⌋

)
(d)→ L

(
τ (α),c,exc

)

We prove the two parts of Theorem 3.5.3 separately.

3.5.3 Proof of Theorem 3.5.3 (i)

In order to prove Theorem 3.5.3 (i), we start by seeing T (n) as a reduced version of a µ-GW
tree. To this end, let us define the notion of vertex-marking process on a tree. Let T be a
plane tree, and V (T ) be the set of its vertices. A vertex-marking process on T is a function
V : V (T ) → {0, 1} such that V(∅) = 1. We say that a vertex x ∈ V (T ) is marked if V(x) = 1.
To a vertex-marking process V on a plane tree T , we associate the reduced tree T V defined
the following way:

• the set of vertices of T V is the set of marked vertices of T : V (T V) := {x ∈ V (T ),V(x) = 1}.

• we erase all the edges of the initial tree T .

• we put a new edge between two vertices of T V if one is the nearest marked ancestor of
the other in T .

(see an example on Fig. 3.16).
A natural vertex-marking process on a tree T consists in marking the root, and marking

each other vertex independently with probability pn. We denote this process by Vn,c. Notice
that the associated reduced tree is essentially a conditioned version of the tree of alleles of
Bertoin [21], where one forgets about the labels of the vertices.
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The proof is based on the study of the reduced tree, and consists in proving that the
lamination associated to this tree is roughly the sublamination of L(Tn) built by drawing only
chords that correspond to marked vertices. For this, we mostly use concentration inequalities
for binomial random variables. First, notice that the (nonconditioned) GW tree T (n) is
distributed as T Vn,c . Therefore we can focus on the lamination L((T Vn,c)⌊cBn⌋), where T is a
µ-GW tree.

The first technical lemma concerns the size of T , conditionally on the event that |T Vn,c | =
⌊cBn⌋. Its proof is postponed to the end of the paragraph. Let us introduce some notation:
a sequence (xn)n∈Z+ being given, we say that xn = oe(n) if there exists C > 0, ε > 0 such
that xn ≤ Ce−n

ε
for all n.

Lemma 3.5.4. As n→ ∞,

P
(
||T | − n| ≥ n1−1/3α

∣∣∣|T Vn,c| = ⌊cBn⌋
)
= oe(n).

Proof. In order to prove this lemma, observe that for a tree T , conditionally on | T Vn,c | = ⌊cBn⌋,
we have for A ∈ Z+,

P
(
|T | = A

∣∣∣|T Vn,c | = ⌊cBn⌋
)
=

P (|T | = A)

P (|T Vn,c | = ⌊cBn⌋)
P
(
|T Vn,c | = ⌊cBn⌋

∣∣∣|T | = A
)

=
P (|T | = A)

P (|T Vn,c | = ⌊cBn⌋)
P (Bin (A, cBn/n) = ⌊cBn⌋)

≤ 1

P (|T Vn,c | = ⌊cBn⌋)
exp

(
− AD (cBn/A||cBn/n)

)

by Chernoff inequality, where D(x||y) = x log x
y
+ (1− x) log 1−x

1−y . Observe that, for any x, y,

D(x||y) ≥ (x−y)2
2(x+y)

. This allows us to write:

P
(
|T | = A

∣∣∣|T Vn,c | = ⌊cBn⌋
)
≤ 1

P (|T Vn,c | = ⌊cBn⌋)
exp

(
− cBn

2n(n+ A)
(A− n)2

)
.

On the other hand, observe that

P
(
|T Vn,c | = ⌊cBn⌋

)
≥ P

(
|T Vn,c | = ⌊cBn⌋

∣∣∣|T | = n
)
× P (|T | = n)

= P (Bin(n, cBn/n) = ⌊cBn⌋)× P (|T | = n) .

By the local limit theorem 3.4.7, P (|T | = n) decays at most polynomially in n. At the same

time, P (Bin(n, cBn/n) = ⌊cBn⌋) ∼ 1√
2πcBn

(
cBn

⌊cBn⌋

)⌊cBn⌋ (
n−cBn

n−⌊cBn⌋

)n−⌊cBn⌋
decays at most poly-

nomially as well.

On the other hand, exp
(
− cBn

2n(n+A)
(A−n)2

)
= oe(n) for |A−n| ≥ n1−1/3α and is bounded

by exp
(
− A

2n

)
for n large enough and A ≥ n2. The result follows.

This lemma allows us to restrict ourselves to the study of a tree T with roughly n vertices,
exactly ⌊cBn⌋ of which are marked. In what follows, we fix A > 0 and place ourselves under
the two conditions: ||T | − n| ≤ n1−1/3α and H(T ) ≤ A|T |/B|T |. Indeed, by Lemma 3.5.4
and Theorem 3.3.2, proving the convergence of Theorem 3.5.3 (i) under these conditions is
enough to get it in full generality (again, this convergence has to be understood as: under
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these conditions, the lamination admits a limit, which converges to L(α)
c as A → ∞). We

denote by Zn the set of trees verifying these two conditions.
For a given finite tree T , we denote by V (T ) the set of marked vertices of T . In what

follows, for ε < 1, T (ε) denotes the set of vertices x of T such that |θx(T )| > ε|T | (where
we recall that θx(T ) is the subtree of T rooted at x). Notice that T (ε) is always nonempty
since it contains at least the root. We now define three events on a finite tree T with ⌊cBn⌋
marked vertices (including the root).

E(T ): there exists x ∈ T such that |θx(T )| ≤ ε|T | and that the number of marked vertices
in θx(T ) is ≥ 2εcBn. In other words, this is the event that there exists a small subtree which
contains a large number of marked vertices.

F (T, k): |V (T ) ∩ T (ε)| = k. The number of marked vertices whose subtree contains more
than ε|T | vertices is equal to k.

Notice that, on the event F (T, k), one can separate T\(V (T )∩T (ε)) into 2k−1 components
the following way: taking the first and last times that each element of V (T )∩T (ε) is visited by
the contour function of T , we get 2k times between 0 and 2n, which we order increasingly. The
components correspond to the vertices visited for the first time by the contour exploration
between two consecutive of these times. Since the root is in V (T ) ∩ T (ε), 0 and 2n belong
to this set of times and these components form a partition of T\(V (T ) ∩ T (ε)). Denote the
components by K1, . . . , K2k−1, and their respective sizes by s(K1), . . . , s(K2k−1). Finally,
denote by N(Ki) the number of marked vertices in Ki.

G(T, k): F (T, k) holds and there exists i ≤ 2k − 1 such that s(Ki) ≥ εn and such that,
in addition,

∣∣N(Ki)− s(Ki) cB|T |/|T |
∣∣ ≥ B

3/4
|T | . We will prove that, for all k, with high

probability, this even does not occur. In other words, the number of marked vertices in each
of these components is very concentrated around its mean.

We get convergences of the probabilities of these three events, uniformly on Zn, as n→ ∞.
In the following theorem, the probability has to be understood in the sense that the tree T is
fixed, and the marked vertices form a uniform random set of ⌊cBn⌋ vertices of T containing
the root.

Proposition 3.5.5. (i) sup
T∈Zn

P(E(T )) →
n→∞

0.

(ii) For any k ∈ Z+, lim
n→∞

inf
T∈Zn

P(F (T, k)) = P(X = k) where X ∼ Po(1). In particular,

these values sum to 1.

(iii) For any k ∈ Z+, sup
T∈Zn

P(G(T, k)) →
n→∞

0.

Let us immediately see how this implies Theorem 3.5.3 (i)

Proof of Theorem 3.5.3 (i) using Proposition 3.5.5. We will prove that L((T Vn,c)⌊cBn⌋) is close
in distribution to Lc(C̃(T ))) under the assumptions ||T | − n| ≤ n1−1/3α and H(T ) ≤
A|T |/B|T |, which will straightforwardly imply Theorem 3.5.3 (i) by Theorem 3.3.3. To this
end, we will prove that large chords have almost the same location in both laminations.

For u ∈ V (T )∩T (ε), define Xu a uniform variable on the edge from u to its parent, so that
(Xu)u∈V (T )∩T (ε) are independent. Then, observe that, on one hand, the chords corresponding

to u and Xu are at distance at most 2π/|T | in L(C̃(T )). On the other hand, by Proposition
3.5.5 (ii), the set {Xu, u ∈ V (T ) ∩ T (ε)} is asymptotically distributed as a Poisson point
process P of intensity pndℓ, on the set of edges of T whose endpoints are in T (ε) (conditionally
given that no two points of P are in the same edge, which happens with high probability).

Proposition 3.5.5 (i) ensures that large chords (namely, chords that have length ≥ 2πε)
in L((T Vn,c)⌊cBn⌋) are necessarily coded by points of V (T ) ∩ T (ε).
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Finally, by Proposition 3.5.5,(iii), each chord in L((T Vn,c)⌊cBn⌋) coded by a vertex u of
V (T ) ∩ T (ε) is asymptotically close to the chord corresponding to u in L(C̃(T )), which
concludes the proof.

Now we prove Proposition 3.5.5.

Proof of Proposition 3.5.5. The proofs of these three statements rely on estimates of binomial
tails. Let us start by proving (ii). For T ∈ Zn,

P
(∣∣V (T ) ∩ T (ε)

∣∣ = k
)
=

P(Y1 = k)P(Y2 = ⌊cBn⌋ − k)

P(Y = ⌊cBn⌋)

where Y1 = Bin(|T (ε)|, pn), Y2 = Bin(|T | − |T (ε)|, pn) and Y = Bin(|T |, pn). We now use the
following key fact: for any tree T , any q > 0, let nq(T ) be the number of vertices x of T such
that |θx(T )| > q. Then

nq(T ) ≤ |T |H(T )

q
. (3.15)

Indeed, h ∈ J0, H(T )K being fixed, there are at most |T |/q such vertices with height exactly
h. The result follows by summing over all h. In particular, uniformly in T ∈ Zn, |T (ε)| ≤
A|T |/B|T | × 1/ε. Hence, as n→ ∞, P(Y2 = ⌊cBn⌋ − k) ∼ P(Y = ⌊cBn⌋) and

P
(∣∣V (T ) ∩ T (ε)

∣∣ = k
)
∼ P(Y1 = k) ∼ P (X = k)

where X is a Poisson variable of parameter 1.
In order to prove (i), we use a similar method. Take T ∈ Zn and x such that |θx(T )| ≤ ε|T |.

Then the probability that there are K marked vertices in θx(T ) is

P(Y ′1 = K)P(Y ′2 = ⌊cBn⌋ −K)

P(Y ′ = ⌊cBn⌋)

where Y ′1 = Bin(|θx(T )|, pn), Y ′2 = Bin(|T | − |θx(T )|, pn) and Y ′ = Bin(|T |, pn). By the local
limit theorem 3.4.7, there exists a constant C1 depending only on ε such that, uniformly in
K, P(Y ′2 = ⌊cBn⌋ −K) ≤ C1P(Y ′ = ⌊cBn⌋). Hence, the probability rx that there are more
that 2εcBn vertices in θx(T ) satisfies rx ≤ C1P(Y ′1 ≥ 2εcBn). By the Bienaymé-Tchebytchev
inequality, for n large enough,

P(Y ′1 ≥ 2εcBn) ≤ P
(
|Y ′1 − E(Y ′1)| ≥

ε

2
cBn

)
≤ 4V ar(Y ′1)

ε2c2B2
n

.

Since V ar(Y ′1) = |θx(T )|pn(1− pn) ≤ |θx(T )|pn, we obtain:

rx ≤ 4C1
|θx(T )|
cBnε2n

.

Now observe that, by (3.15), the number of vertices x in T (marked or not) such that
|θx(T )| ≥ |T |/ log n is ≤ H(T ) log n ≤ A log n |T |/B|T |. Hence, with high probability, the
number of such vertices that are marked is O(log n). Distinguishing marked vertices x such
that |θx(T )| ≤ |T |/ log n and marked vertices such that ε|T | ≥ |θx(T )| ≥ |T |/ log n, we get
that there exists a constant C such that

∑

x marked
|θx(T )|≤ε|T |

rx ≤ C

(
log n

ε|T |
cε2nBn

+Bn
|T |/ log n
cε2nBn

)
≤ 2C

(
log n

cBnε
+

1

cε2 log n

)
,
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using the fact that the number of marked vertices in T is exactly ⌊cBn⌋. This quantity tends
to 0, which provides the result.

Finally, we sketch the idea of the proof of (iii). Notice that N(K1), . . . , N(K2k−1) are dis-
tributed as binomials of parameters (s(K1), p|T |), . . . , (s(K2k−1), p|T |), conditionally on their
sum being equal to ⌊cBn⌋ − k. The only thing that we need to prove is that, as n grows,
for any T ∈ Zn, for any M ≥ εn, for any subset of M points of T independent of the
vertex-marking process, the number N of marked vertices among these M points is concen-
trated enough around its mean. More precisely, since N follows a binomial distribution of
parameters (M, pn), we only need to prove that

P
(
|B − E[B]| ≥ B3/4

n

)
→
n→∞

0.

where B ∼ Bin(M, pn). As in the proof of Lemma 3.5.4, this is a Chernoff bound. The result
follows.

3.5.4 Proof of Theorem 3.5.3 (ii)

In order to prove this part of the theorem, we need to introduce an other way of coding a
finite tree, called the Łukasiewicz path of the tree (see Fig. 3.17 for an example). Let T be
a plane tree with n vertices. Its Łukasiewicz path (Wt(T ))0≤t≤n is constructed as follows:
W0(T ) = 1 and, for i ∈ J0, n−1K, Wi+1(T )−Wi(T ) = kvi(T )−1. In particular, Wn(T ) = −1.
We define it on the whole interval [0, n] by taking its linear interpolation.

0 1 2 3 4 5 6 7

1

2

3

7

1
2

3

4

5
6

Figure 3.17: A tree T , its Łukasiewicz path W (T ) and the lamination LLuka(T ). In red, a
chord of LLuka(T ) and the way to draw it from W (T ).

Recall that we defined in Section 3.1.1 a lamination L(C(T )) associated to a tree T
through its contour function. Here, we shall need another lamination, which is discrete,
defined through its Łukasiewicz path. Specifically, fix a plane tree T with n vertices. For
every 0 ≤ a ≤ n− 1, set d(a) = min{b ∈ {a+ 1, a+ 2, . . . , n} : Wb(T ) < Wa(T )}, and set

LLuka(T ) =
n−1⋃

a=0

[
e−2iπa/n, e−2iπd(a)/n

]
.

(see Fig. 3.17 for an example).
The following result shows that the laminations L(C(T )) and LLuka(T ) are close, provided

that T is a large tree with rather small height.

Lemma 3.5.6. Let f : Z+ → Z+ be such that f(n) = o(n). Then

sup
|T |=n,H(T )≤f(n)

dH (L(C(T )),LLuka(T )) −→
n→∞

0.
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Proof. Let T be a tree with n vertices and height ≤ f(n). Let 0 ≤ r ≤ n − 1, and recall
that vr(T ) denotes the (r + 1)-th vertex of T in the lexicographical order. Let k be the
size of the subtree rooted at vr(T ). Then, vr(T ) corresponds to a chord between e−2iπr/nand
e−2iπ(r+k)/n in LLuka(T ). In L(C(T )), vr(T ) codes a chord between e−2iπ(2r−h(vr(T )))/2n and
e−2iπ(2(r+k−1)−h(vr(T )))/2n, while points in the edge between vr(T ) and its parent code (infinitely
many) chords at distance ≤ 2π/n to this first one. The result follows since, by assumption,
uniformly for all r, h(vr(T )) = o(n).

Recall that T (n)
⌊cBn⌋ is a Galton-Watson tree with offspring distribution µn, conditioned

on having ⌊cBn⌋ vertices. The main tool to establish Theorem 3.5.3 (ii) is the fact that
the Łukasiewicz path of T (n)

⌊cBn⌋ is distributed as a conditioned random walk (see [70, Section

1.2]). More precisely, let S(n) be the integer-valued random walk started from 0 with i.i.d.
jumps, whose jump distribution is given by P(S(n)

1 = k) = µ(k + 1) for k ≥ −1. We
extend it on R+ by linear interpolation. Then, (S

(n)
a )0≤a≤⌊cBn⌋ conditioned on the event

{S(n)
⌊cBn⌋ = −1 and S(n)

a ≥ 0 for a ≤ ⌊cBn⌋ − 1} is distributed as the Łukasiewicz path of the

tree T (n)
⌊cBn⌋. In order to obtain a limit theorem for S(n), we rely on the following local limit

theorem.

Theorem 3.5.7. Fix 0 < u ≤ 1. The following convergence holds as n→ ∞:

sup
|j|≤n3/8

sup
k∈Z

∣∣∣∣BnP
(
S
(n)
⌊ucBn+j⌋ = k

)
− qu

(
k

Bn

)∣∣∣∣ →
n→∞

0

where qu is the density of τ
(α),c
u .

The proof of this result is postponed to Section 3.5.5; let us first explain how it entails
Theorem 3.5.3 (ii).

Proof of Theorem 3.5.3 (ii) from Theorem 3.5.7. The first step is to show that the conver-
gence
(
S
(n)
⌊cBn⌋t
Bn

)

0≤t≤1
under P( · |S(n)

⌊cBn⌋ = −1 and ∀a ≤ ⌊cBn⌋−1, S(n)
a ≥ 0)

(d)−→
n→∞

(τ
(α),c,exc
t )0≤t≤1

holds in distribution. To this end, we follow the classical path, which consists in first showing
a convergence under a “bridge” condition by combining an unconditioned convergence with
absolute continuity and time-reversal, and then using the Vervaat transformation. To do
this, we start by proving an unconditioned convergence, namely

(
S
(n)
⌊cBn⌋t
Bn

)

0≤t≤1

(d)−→
n→∞

(
τ
(α),c
t

)
0≤t≤1

(3.16)

By [58, Theorem 16.14], to prove (3.16), it is enough to check that the one-dimensional
convergence holds for t = 1, which is an immediate consequence of Theorem 3.5.7.

Next, we prove the "bridge" version of this theorem, first up to time u ∈ (0, 1). Let
F : D([0, 1],R) → R be a continuous bounded function. Then, setting φk(i) = P(S(n)

k = i),
by absolute continuity, we have

E

[
F

((
S
(n)
⌊cBn⌋t
Bn

)

0≤t≤u

)∣∣∣S(n)
⌊cBn⌋ = −1

]
= E

[
F

((
S
(n)
⌊cBn⌋t
Bn

)

0≤t≤u

)
φ⌊cBn⌋(1−u)(−S(n)

⌊cBn⌋u − 1)

φ⌊cBn⌋(−1)

]
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By combining Theorem 3.5.7 and (3.16), this quantity converges to E[F ((τ (α),ct )0≤t≤u)
q1−u(−τ (α),c

u )
q1(0)

]

as n → ∞. By (3.10), this is equal to E[F ((τ (α),c,brt )0≤t≤u)]. In order to obtain the conver-
gence up to time 1, it is enough to show tightness on [0, 1]. Observe that we already know

that, conditionally given S
(n)
⌊cBn⌋ = −1, the sequence (

S
(n)
⌊cBn⌋t

Bn
)0≤t≤1 is tight on [0, u]. In order

to prove that it is tight on [0, 1], we prove that, for u ∈ [0, 1], the process (
S
(n)
⌊cBn⌋−⌊cBn⌋t

Bn
)0≤t≤u

is tight on [0, u]. For this, just observe that by time-reversal,
(
S
(n)
⌊cBn⌋ − S

(n)
⌊cBn⌋−⌊cBn⌋t
Bn

)

0≤t≤u

(d)
=

(
S
(n)
⌊cBn⌋t
Bn

)

0≤t≤u

which is tight conditionally given S(n)
⌊cBn⌋ = −1 by the previous observation.

In order to deduce the convergence of the excursions from the convergence of the bridge
versions of the processes, we make use of the Vervaat transform, following Definition 3.5.1.
Note that the minimum of τ (α),c,br is almost surely unique. Indeed, it is true for the uncon-
ditioned version τ (α),c and transfers to the bridge by the absolute continuity relation (3.10).
Therefore, the Vervaat transform is continuous at τ (α),c,br, and by applying it to the bridge
convergence this completes the first step.

To prove that the convergence of the rescaled Łukasiewicz paths of T (n)
⌊cBn⌋ to τ (α),c,exc im-

plies the convergence of L(T (n)
⌊cBn⌋) to L(τ (α),c,exc), first note that a straightforward adaptation

of [64, Proposition 3.5] shows that LLuka(T (n)
⌊cBn⌋) converges in distribution to L(τ (α),c,exc)

as n → ∞. To conclude the proof, in view of Lemma 3.5.6, it remains to check that
H(T (n)

⌊cBn⌋) = o(Bn) with high probability. Let us prove that in fact, with high probabil-

ity, H(T (n)
⌊cBn⌋) ≤ B

3/4
n . To this end, notice that the height of a vertex in T Vn,c is the number

of marked vertices in the ancestral line of the corresponding vertex in T . Now let x ∈ T be a
marked vertex and h(x) be its height. Then, copying the proof of Proposition 3.5.5 (i), there
exists a constant C > 0 such that, if ||T | − n| ≤ n1−1/3α and H(T ) ≤ An/Bn, we have by
Chernoff inequality:

P
(
Nx ≥ B3/4

n

)
≤ C P

(
Bin(h(x), pn) ≥ B3/4

n

)
≤ C P

(
Bin(An/Bn, pn) ≥ B3/4

n

)

≤ C exp

(
−2

B
5/2
n

An

)
≤ C exp

(
−2A−1n1/8

)

for n large enough, where Nx is the number of marked vertices in the ancestral line of x
in T (the exponents used here are not optimal but are sufficient to get our result). Here
we have used the fact that there exists a constant K such that Bn ≥ K

√
n for all n large

enough. Hence, by a union bound over all ⌊cBn⌋ vertices in the tree, with high probability
no marked vertex has more than B

3/4
n marked vertices in its ancestral line, which concludes

the proof.

3.5.5 Proof of the local estimate

In this section, we establish Theorem 3.5.7. For n ≥ 1 and t ∈ R, the following quantity will
play an important role:

Rn(t) := Bn

(
1− Fµn

(
e

it
Bn

))
.

The proof relies on the following estimates. Recall that cψ(t)+ itc denotes the characteristic
exponent of τ (α),c.
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Lemma 3.5.8. The following assertions are satisfied:

(i) The convergence Fµn(e
it/Bn) → 1 holds as n→ ∞, uniformly for t ∈ R.

(ii) Let K be a compact subset of R which does not contain 0. The convergence Rn(t) → ψ(t)
holds as n→ ∞, uniformly for t ∈ K.

(iii) For t /∈ 2πBnZ, set

Kn(t) =

(
L (Bn/|Rn(t)|)

L(Bn)

) 1
α

and An(t) =
(
−cBn(e

it/Bn − 1)
) 1

α .

Then, for every η > 0, there exists A > 0 such that, for n large enough, for every t
such that |t| ∈ [A, πBn], we have |Rn(t)| ≥ 1 and |Kn(t)Rn(t)− An(t)| ≤ η|An(t)|.

Let us first explain how Theorem 3.5.7 follows from Lemma 3.5.8.

Proof of Theorem 3.5.7 using Lemma 3.5.8. Fix u ∈ (0, 1]. In the whole proof, for conve-
nience, we will write ucBn + j instead of ⌊ucBn + j⌋. We let f(t) := e−u c ψ(t) be the
characteristic function of τ (α),cu and qu(x) := 1

2π

∫∞
−∞ e

−itxf(t)dt be its density (which we recall
exists by Theorem 3.5.1). Fix ε > 0. The goal is to prove that, for n large enough, uniformly
in x ∈ R such that xBn ∈ Z, uniformly in |j| ≤ n3/8,

∣∣∣BnP
(
S
(n)
ucBn+j

= xBn

)
− qu(x)

∣∣∣ ≤ ε. (3.17)

For n ∈ Z+, t ∈ R, we set φ(n)(t) = Fµn(e
it). First, by Fourier inversion, we have for all

k ∈ Z: P(S(n)
ucBn+j

= k) = 1
2π

∫ π
−π e

−itk (φ(n)(t)
)ucBn+j

dt. Hence, for x ∈ R such that xBn is
an integer, we can write

BnP
(
S
(n)
ucBn+j

= xBn

)
=

1

2π

∫ πBn

−πBn

e−itx
(
φ(n)

(
t

Bn

))ucBn+j

dt

Therefore, for any A > ε > 0, we can write
∣∣∣BnP

(
S
(n)
ucBn+j

= xBn

)
− qu(x)

∣∣∣ ≤ 1

2π
(Iε + I1(A) + I2(A) + I3(A))

where

Iε =

∫ ε

−ε

∣∣∣∣∣e
−itx

((
φ(n)

(
t

Bn

))ucBn+j

− f(t)

)∣∣∣∣∣ dt,

I1(A) =

∫

ε≤|t|≤A

∣∣∣∣∣e
−itx

((
φ(n)

(
t

Bn

))ucBn+j

− f(t)

)∣∣∣∣∣ dt,

I2(A) =

∫

A≤|t|≤πBn

∣∣∣∣∣e
−itx

(
φ(n)

(
t

Bn

))ucBn+j
∣∣∣∣∣ dt and I3(A) =

∫

A≤|t|<∞

∣∣e−itxf(t)
∣∣ dt.

We now bound these four quantities, for certain A well chosen.
Bounding Iε. Straightforwardly, since |φ(n)| and |f | are bounded by 1 on R, Iε ≤ 4ε for

all n ≥ 1.
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Bounding I1(A). Since, by definition, φ(n)(t/Bn) = 1−Rn(t)/Bn, Lemma 3.5.8 (ii) entails
that, at ε, A fixed, I1(A) → 0 as n→ ∞, uniformly in |j| ≤ n3/8.

Bounding I3(A). We have already seen that ℜ(ψ(t)) ∼ |tc| 1α cos
(
π
2α

)
as |t| → ∞. Thus,

|f(t)| decays exponentially fast as |t| → +∞, and I3(A) → 0 as A→ ∞ (observe that I3(A)
does not depend on n). Hence, for A large enough, I3(A) ≤ ε.

Bounding I2(A). The main challenge is in fact to bound I2(A). To this end, we make
essential use of Lemma 3.5.8 (ii) and (iii). For t ∈ R, we have

∣∣∣∣φ
(n)

(
t

Bn

)∣∣∣∣
2

=

∣∣∣∣1−
Rn(t)

Bn

∣∣∣∣
2

=

(
1− ℜ(Rn(t))

Bn

)2

+

(ℑ(Rn(t))

Bn

)2

≤ 1− 2
ℜ(Rn(t))

Bn

+ 2

( |Rn(t)|
Bn

)2

(3.18)

We keep the notation of Lemma 3.5.8 (iii) and assume that A > 0 is large enough, so that
for every n large enough and |t| ∈ [A, πBn] we have |Rn(t)| ≥ 1 and

|Kn(t)Rn(t)− An(t)| ≤
1

2
|An(t)|. (3.19)

Note that Kn(t) ∈ R∗+ for all t, that for t ∈ [A, πBn], arg(An(t)) = t−πBn

2αBn
∈ [− π

2α
, 0] and

that for t ∈ [−πBn,−A], arg(An(t)) = t+πBn

2αBn
∈ [0, π

2α
]. Therefore, by (3.19), uniformly for

|t| ∈ [A, πBn], arg(Rn(t)) is bounded away from π/2+πZ, and therefore ℜ(Rn(t)) ≥ C|Rn(t)|
for some constant C > 0. Recall indeed that ℜ(Rn(t)) ≥ 0 for all t ∈ R. Then, by (3.18),

∣∣∣∣φ
(n)

(
t

Bn

)∣∣∣∣
2

≤ 1− 2C
|Rn(t)|
Bn

+ 2

( |Rn(t)|
Bn

)2

.

On the other hand, uniformly for t ∈ R, |Rn(t)|/Bn → 0 by Lemma 3.5.8 (ii). Hence, for n
large enough and |t| ∈ [A, πBn],

∣∣∣∣φ
(n)

(
t

Bn

)∣∣∣∣
2

≤ 1− C
|Rn(t)|
Bn

≤ 1− C

√
Kn(t)|Rn(t)|

Bn

,

where we have used the Potter bounds 3.3.1 and the fact that |Rn(t)| ≥ 1. Hence, (3.19)
gives:

∣∣∣∣φ
(n)

(
t

Bn

)∣∣∣∣
2

≤ 1− C√
2

√
|An(t)|
Bn

≤ 1− C√
2Bn

(
2cBn sin

( |t|
2Bn

))1/2α

which is less than 1 − C′

Bn
|t|1/2α for some absolute constant C ′ > 0, using the fact that

sin x ≥ 2
π
x for x ∈ [0, π

2
]. We finally get for A large enough, for every n large enough and

|t| ∈ [A, πBn]

I2(A) =

∫

A≤|t|≤πBn

∣∣∣∣∣

(
φ(n)

(
t

Bn

))ucBn+j
∣∣∣∣∣ dt ≤

∫

A≤|t|≤πBn

(
1− C ′

Bn

|t|1/2α
)ucBn+j

2

dt

≤
∫

A≤|t|<+∞
e−

C′

2
(uc+j/Bn)|t|1/2αdt ≤

∫

A≤|t|<+∞
e−

ucC′

4
|t|1/2αdt. (3.20)

Thus, for A > 0 large enoug, for any n large enough and any |j| ≤ n3/8, I2(A) ≤ ε. This
completes the proof.
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We now prove separately the three parts of Lemma 3.5.8.

Proof of Lemma 3.5.8 (i). It is enough to show that Fµn(0) → 1 as n → ∞. Let us denote,
for n ∈ Z+, xn := (1 − pn)Fµn(0). By (3.14), xn = Fµ (xn) − pnFµn(0). In particular,
Fµ(xn) − xn → 0. Since f : x → Fµ(x) − x is continuous on [0, 1] (and hence uniformly
continuous), we just have to prove that 1 is the only fixed point of Fµ. For this, we use the
fact that µ is critical, which implies that f ′(x) = F ′µ(x) − 1 is negative on (0, 1) and f is
decreasing. Since f(1) = 0, f > 0 on [0, 1) which concludes the proof.

The proofs of Lemma 3.5.8 (ii) and (iii) use the following estimate.

Lemma 3.5.9. As n→ ∞, uniformly for t ∈ R\2πBnZ,

L (Bn/|Rn(t)|)
L(Bn)

Rn(t)
α (1 + o(1)) + cRn(t) + cBn

(
e

it
Bn − 1

)
= 0

where the o(1) holds when n → ∞, uniformly in t ∈ R\2πBnZ, and where L is the slowly
varying function defined in (3.3).

Proof. Our main object of interest is the generating function Fµ of µ. It is known (see [44,
XV II.5, Theorem 2]) that Fµ has the following Taylor expansion at 1−, on the real axis:

Fµ(1− s)− (1− s) →
s↓0

Γ(3− α)

α(α− 1)
sαL

(
1

s

)
, (3.21)

where L is the slowly varying function given by (3.3).
Now, observe that, if t/Bn 6= 0 mod [2π], Fµn

(
eit/Bn

)
6= eit/Bn . To see this, notice that

by (3.14),

Fµn
(
eit/Bn

)
= eit/Bn ⇒ Fµ

(
eit/Bn

)
= eit/Bn

which is possible only if eit/Bn = 1 by the case of equality in the triangular inequality
(using the fact that Fµ(0) > 0). This implies that, if t/Bn 6= 0 mod [2π], pneit/Bn + (1 −
pn)Fµn

(
eit/Bn

)
< 1 and we can apply Theorem 3.1.4 to (3.14). To simplify notation, set

rn(t) := 1− Fµn(e
it/Bn) = Rn(t)/Bn. By Lemma 3.5.8 (i), rn(t) → 0 uniformly in t ∈ R, and

when t/Bn 6= 0 mod [2π] we can write:

Fµn
(
eit/Bn

)
= Fµ

(
pne

it/Bn + (1− pn)Fµn
(
eit/Bn

))

1− rn(t) = Fµ
(
pne

it/Bn + (1− pn)(1− rn(t))
)
= Fµ

(
1 + pn(e

it/Bn − 1)− rn(t)(1− pn)
)
.

Hence, by Theorem 3.1.4 and (3.21),

1− rn(t) = 1 +Xn(t) +
Γ(3− α)

α(α− 1)
L

(
1

|Xn(t)|

)
(−Xn(t))

α (1 + o(1)),

where we have set Xn(t) = pn(e
it/Bn − 1)− rn(t)(1− pn) to simplify notation. Therefore:

− rn(t) = Xn(t) +
Γ(3− α)

α(α− 1)
L

(
1

|Xn(t)|

)
(−Xn(t))

α(1 + o(1)). (3.22)

By Lemma 3.5.8 (i), rn(t) - and therefore Xn(t) - both converge to 0 uniformly for t ∈
R\2πBnZ. Hence (3.22) immediately implies that Xn(t) ∼ −rn(t), and thus that pn(eit/Bn −
1) = o(rn(t)). This allows us to reduce (3.22) to

−rn(t) = eit/Bn − 1 +
1

pn

Γ(3− α)

α(α− 1)
L

(
1

|rn(t)|

)
rn(t)

α(1 + o(1)).
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Remember that by definition Rn(t) := rn(t)Bn. Then

−Rn(t) = Bn(e
it/Bn − 1) +

nB−αn
c

Γ(3− α)

α(α− 1)
L

(
Bn

|Rn(t)|

)
Rn(t)

α(1 + o(1))

which boils down, by (3.4), to

−cRn(t) = cBn(e
it/Bn − 1) +

1

L(Bn)
L

(
Bn

|Rn(t)|

)
Rn(t)

α(1 + o(1))

uniformly in t ∈ R\2πBnZ. This completes the proof.

Proof of Lemma 3.5.8 (ii). We show this convergence by analyzing the implicit equation
(3.14). Let K be a compact subset of R which does not contain 0. Lemma 3.5.9 implies
that, uniformly for t ∈ K,

(
L (Bn/|Rn(t)|)

L(Bn)
Rn(t)

α + itc

)
(1 + o(1)) + cRn(t) = 0. (3.23)

Now observe that, by the Potter bounds 3.3.1, for n large enough,

min
(
|Rn(t)|(α+1)/2, |Rn(t)|(3α−1)/2

)
≤ L (Bn/|Rn(t)|)

L(Bn)
|Rn(t)|α

≤ max
(
|Rn(t)|(α+1)/2, |Rn(t)|(3α−1)/2

)
.

Hence, by (3.23), there exists C > 0 such that, for n large enough and for all t ∈ K (using the
fact that 0 /∈ K), C−1 ≤ |Rn(t)| ≤ C. This implies that, uniformly for t ∈ K, L(Bn/|Rn(t)|)

L(Bn)
→ 1

as n→ ∞, and that (3.23) reduces to (Rn(t)
α+ itc)(1 + o(1)) + cRn(t) = 0. Remember that

for all n, t, ℜRn(t) ≥ 0. Therefore Rn(t) converges to the unique solution of (3.12) with
nonnegative real part, which is the characteristic exponent of τ (α),c.

Proof of Lemma 3.5.8 (iii). From Lemma 3.5.9, we get

(Kn(t)Rn(t))
α(1 + o(1)) + cRn(t)− An(t)

α = 0. (3.24)

First, for |t| ∈ [A, πBn], we have |An(t)α| = 2cBn sin(
|t|
2Bn

) ≥ 2c
π
A, which tends to +∞ as

A→ +∞. Second, by the Potter bounds 3.3.1, |Kn(t)Rn(t)|α ≤ |Rn(t)|(α+1)/2+|Rn(t)|(3α−1)/2
for n large enough. These two observations, combined with (3.24), readily entail that for fixed
η ∈ (0, 1), we can find A > 0 such that uniformly for |t| ∈ [A, πBn], lim inf

n→∞
|Rn(t)| ≥ 2

η
.

Now fix A > 0 and n0 ≥ 1 such that, for all n ≥ n0, |Rn(t)| ≥ 1
η
. In particular, for n ≥ n0,

|Rn(t)| ≥ 1 and we get from (3.24):

|(Kn(t)Rn(t))
α − An(t)

α| ≤ c |Rn(t)|(α+1)/2 η(α−1)/2 + o (Kn(t)Rn(t)
α)

≤ 2cη(α−1)/2 |Kn(t)Rn(t)|α

for n large enough, using the fact that |Kn(t)|α ≥ |Rn(t)|
1−α
2 by the Potter bounds. Therefore,

|1− ( An(t)
Kn(t)Rn(t)

)α| ≤ 2cη(α−1)/2. Now note that arg( An(t)
Kn(t)Rn(t)

) is bounded away from π+2πZ,

uniformly in n. Then arg( An(t)
Kn(t)Rn(t)

) is necessarily close to 0, which readily entails that

|1− Kn(t)Rn(t)
An(t)

| ≤ η′ where η′ → 0 as η → 0. This completes the proof.

128



Paul Thévenin PROCESSUS DE FRAGMENTATION D’ARBRES STABLES

3.5.6 Study of the solutions of the implicit equation (3.12)

We finish this section by proving that (3.12) has only one solution with nonnegative real
part and that this real part is positive for t > 0; this will imply that this solution is ψ(t) by
Proposition 3.5.2 (ii). Fix c > 0, and denote by f : C\R− × (1,+∞)×R∗+ → C the function

f(x, α, t) := xα + cx+ itc

Therefore, (3.12) can be rewritten f(ψ(t), α, t) = 0, and we are interested in the solutions in
x, at α and t fixed, of the equation

f(x, α, t) = 0. (3.25)

Note that we also define f for α > 2 although we are only interested in the case α ≤ 2, as
this allows us to use the implicit function theorem at α = 2.

Theorem 3.5.10. For any α ∈ (1, 2] and t > 0, (3.25) has exactly one solution with non-
negative real part, and this real part is positive.

Proof of Theorem 3.5.10. We first prove that (3.25) has a unique such solution for t large
enough. Then we use the local continuity in α and t of the solutions of (3.25) to extend it to
all t > 0. First, notice that, at t fixed, f is C1 on C\R− × (1,+∞)× R∗+, and its derivative
with respect to x is

∂f

∂x
(x, α, t) = αxα−1 + c (3.26)

which is always nonzero when x is a solution of (3.25).
In the case α = 2, (3.25) has two solutions that are −c±

√
c2−4itc
2

. As t → +∞, these
solutions are equivalent to ±

√
tce−iπ/4. Therefore, we can take t0 > 0 large such that (3.25)

has exactly one solution with positive real part for α = 2 and t = t0. Assume that the
real part of a solution of (3.25) is never 0. Then, by (3.26), we can use the implicit function
theorem around any solution of (3.25). This entails that for any α ∈ (1, 2] there exists exactly
one solution of f(x, α, t0) = 0 that has positive real part. Using again the implicit function
theorem at α fixed by letting t vary from t0 to any positive value of t, we get Theorem 3.5.10.

Let us finally prove that, indeed, for t > 0 the real part of a solution of (3.25) is never
0. Let x be a solution of (3.25) and assume that x = ia for some a ∈ R. Then 0 =
(ia)α + iac+ itc = aαeiαπ/2 + c(a+ t)e−iπ/2 which has no solution.

Remark. One can prove that, for α ∈ (3/2, 2] and t large enough, (3.25) has a second solution
which has negative real part. This "negative branch" ultimately vanishes at some t(α), and
the corresponding solutions of (3.25) converge to the negative real line. The discontinuity of
the branch shall therefore be related to the fact that the function log is not defined on this
line.

3.6 Generating functions of stable offspring distributions

This section is devoted to the proof of Theorem 3.1.4. We fix a critical offspring distribution µ
(that is, a probability distribution on the nonnegative integers with mean 1), and we assume
that there exists α ∈ (1, 2] and a slowly varying function ℓ : R+ → R∗+ such that

Fµ(1− s)− (1− s) ∼
s↓0

sαℓ

(
1

s

)
,
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where Fµ denotes the generating function of µ. This is equivalent to saying that µ is in the
domain of attraction of an α-stable law. We define L, the slowly varying function such that

∀x ∈ R∗+, ℓ(x) =
Γ(3− α)

α(α− 1)
L(x). (3.27)

By e.g. [44, XV II.5, Theorem 2] and [27, Lemma 4.7], if X is a random variable of law µ,
then the following statement holds:

E
[
X2

1X≤x
]

∼
x→+∞

x2−αL(x) + 1. (3.28)

where L is the function appearing in (3.27). Note that the "+1" term is negligible except
when µ has finite variance, in which case α = 2.

Let us first introduce some notation. For x ≥ 0, we set Mx = µ([x,∞)). The main tool
in the proof of Theorem 3.1.4 is the following estimate.

Proposition 3.6.1. As |ω| → 0, with ℜ(ω) < 0,

∫

R+

(1− eωx)Mxdx ∼ Γ(3− α)

α(α− 1)
(−ω)α−1

(
L

(
1

|ω|

)
+ 1α=2

)

where 1α=2 = 1 if α = 2 and 0 otherwise.

Note that there is an extra term "+1" when α = 2. Before proving this result, let us
explain how Theorem 3.1.4 then readily follows.

Proof of Theorem 3.1.4. We first show that

Fµ(e
ω)− 1− ω ∼

|ω|→0
ℜ(ω)<0

Γ(3− α)

α(α− 1)
(−ω)α

(
L

(
1

|ω|

)
+ 1α=2

)
. (3.29)

To this end, observe that for ω ∈ C such that ℜ(ω) < 0,

Fµ (e
ω) = 1 + ω − ω

∫

R+

(1− eωx)Mxdx. (3.30)

Indeed,
∫

R+

(1− eωx)Mxdx =
∑

k∈Z+

µk

∫ k

0

(1− eωx) dx =
∑

k∈Z+

kµk −
1

ω

∑

k∈Z+

µk
(
eωk − 1

)

which is equal to 1 + 1
ω
− 1

ω
Fµ (e

ω). The estimate (3.29) then follows from Proposition 3.6.1.
Now, observe that, for ω ∈ C such that 0 < |1 + ω| < 1, ℜ log(1 + ω) = log |1 + ω| < 0,

where log is defined as in Definition 3.5. Hence, we can apply (3.29) to log(1 + ω). Then, as
|ω| → 0 while 0 < |1+ω| < 1, by expanding x→ log(1+x) around 0 and using the fact that
a slowly varying function varies more slowly than any polynomial, we get that Fµ(1 + ω) is
equal to

Fµ
(
elog(1+ω)

)
= 1 + log(1 + ω) +

Γ(3− α)

α(α− 1)
(− log(1 + ω))α

(
L

(
1

| log(1 + ω)|

)
+ 1α=2

)
(1 + o(1))

= 1 + ω +
Γ(3− α)

α(α− 1)
(−ω)αL

(
1

|ω|

)
(1 + o(1)) ,

and this completes the proof.
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The statement of Proposition 3.6.1 is slightly different depending on whether α = 2 or
α < 2, and therefore we need two different proofs. The reason comes from the following
useful estimate (see [44, Corollary XV II.5.2 and (5.16)]):

Mx ∼
x→∞





2− α

α
x−αL(x) when α ∈ (1, 2)

x−2L′(x) when α = 2
(3.31)

where L′ is a slowly varying function such that L′(x)/L(x) →
x→∞

0.

3.6.1 Proof of Proposition 3.6.1 for α = 2

We start with the case α = 2, which is easier. In what follows, we set C > 0 such that, for
all N ∈ Z, N ≥ 1,

L(N) + 1 ≤ CL(N). (3.32)

The existence of such a C is guaranteed by (3.28) as soon as µ 6= δ1. The proof of Proposition
3.6.1 is based on the following lemma:

Lemma 3.6.2. The following assertions hold.

(i) As N → ∞,

∫ N

0

xMxdx ∼ (L(N) + 1) /2.

(ii) Fix ε > 0 and C verifying (3.32). Then, for N large enough and ω ∈ C such that
CeN |ω| ≤ ε, we have

∣∣∣∣
∫ N

0

(1− eωx)Mxdx−
∫ N

0

(−ωx)Mxdx

∣∣∣∣ ≤ ε|ω|L(N).

Proof. For the first assertion simply write, for N ≥ 1,

∫ N

0

xMxdx =
N∑

k=1

(
k − 1

2

)
Mk =

N∑

k=1

(
k − 1

2

) ∞∑

ℓ=k

µℓ =
N2

2
MN+1 +

N∑

ℓ=1

ℓ2

2
µℓ,

which is asymptotic to (L(N) + 1)/2 by (3.28) and (3.31).
For (ii), observe that for x ∈ C such that |x| ≤ 1, we have |ex − 1 − x| ≤ e|x|2. Hence,

when CeN |ω| ≤ ε, one has:

∣∣∣∣
∫ N

0

(1− eωx)Mxdx−
∫ N

0

(−ωx)Mxdx

∣∣∣∣ ≤ e|ω|2
∫ N

0

x2Mxdx ≤ eN |ω|2
∫ N

0

xMxdx.

Hence, by (i), forN large enough and CeN |ω| ≤ ε, we have eN |ω|2
∫ N
0
xMxdx ≤ CeN |ω|2L(N),

which is at most ε|ω|L(N). This completes the proof.

Proof of Proposition 3.6.1 for α = 2. We assume that α = 2. Fix ε > 0. For ω ∈ C with
ℜ(ω) < 0, let Nω := ⌊ ε

2Ce|ω|⌋. Therefore, Lemma 3.6.2 (ii) holds with N = Nω for |ω| small
enough and we get
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∣∣∣∣
∫

R+

(1− eωx)Mxdx−
∫ Nω

0

(−ωx)Mxdx

∣∣∣∣

≤
∣∣∣∣
∫ Nω

0

(1− eωx)Mxdx−
∫ Nω

0

(−ωx)Mxdx

∣∣∣∣+
∣∣∣∣
∫ ∞

Nω

(1− eωx)Mxdx

∣∣∣∣

≤ ε|ω|L(Nω) + 2

∫ ∞

Nω

Mxdx ≤ ε|ω|L(Nω) + 3
L′(Nω)

Nω

,

where we have used Lemma 3.6.2 (ii) and the fact that
∫∞
N
Mxdx ∼

∫∞
N

L′(x)
x2

dx ∼ L′(N)
N

as
N → ∞ (see [26, Proposition 1.5.10]). Since L′(x)/L(x) →

x→∞
0, it follows that for |ω| small

enough,

∣∣∣∣
∫

R+

(1− eωx)Mxdx−
∫ Nω

0

(−ωx)Mxdx

∣∣∣∣ ≤ 2ε|ω|L(Nω). (3.33)

But by Lemma 3.6.2 (i),
∫ Nω

0
(−ωx)Mxdx ∼ −1

2
ω(L(Nω) + 1) as |ω| → 0. The desired result

is obtained by taking ε → 0, using the facts that L(Nω) ∼ L( 1
|ω|) as |ω| → 0, and that

Γ(3−α)
α(α−1) =

1
2

when α = 2.

3.6.2 Proof of Proposition 3.6.1 for α ∈ (1, 2)

We now fix α ∈ (1, 2). In the sequel, we fix a0 > 0 such that for every z ∈ C:

|z| ≤ a0 =⇒ |1− ez| ≤ 2|z|. (3.34)

The proof is based on two technical estimates.

Lemma 3.6.3. The following assertions hold:

(i) uniformly for ω with negative real part,

lim
a→0
B→∞

∫ −Bω/|ω|

−aω/|ω|

(
1− e−y

)
y−αdy =

∫

R+

(
1− e−y

)
y−αdy =

α

2− α

Γ(3− α)

α(α− 1)
;

(ii) for any fixed η ∈ (0, 1), we have

∫ +∞

|ω|−η

(1− eωx)x−αL(x)dx ∼
|ω|→0
ℜ(ω)<0

(−ω)α−1L
(

1

|ω|

)
· α

2− α

Γ(3− α)

α(α− 1)
.

Proof. For the first assertion, we use tools from complex analysis. For 0 < a < B < +∞,
define the path γBa as in Fig. 3.18, as the union of two straight lines and two arcs γa and γB.
Since y 7−→ (1− e−y) y−α is holomorphic on C\R−, the value of its integral on this path is 0.

By (3.34), for 0 < a < a0, uniformly for ω with negative real part,

∣∣∣∣
∫

γa

(1− e−y)y−αdy

∣∣∣∣ ≤ 2

∣∣∣∣
∫

γa

|z|1−αdz
∣∣∣∣ ≤ πa2−α →

a→0
0
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γB

γa
a

−ω
|ω| a

B

−ω
|ω|B

Figure 3.18: The path γBa

and
∣∣∣∣
∫

γB
(1− e−y)y−αdy

∣∣∣∣ ≤ 2

∣∣∣∣
∫

γB
|z|−αdz

∣∣∣∣ ≤ πB1−α →
B→+∞

0.

On the other hand, as a → 0 and B → ∞,
∫ B
a
(1 − e−y)y−αdy →

∫
R+

(1 − e−y)y−αdy. This
shows the first equality in (i). The second one is a simple computation.

For (ii), the idea is to write

∫ +∞

|ω|−η

(1− eωx)x−αL(x)dx =

(∫ a/|ω|

|ω|−η

+

∫ B/|ω|

a/|ω|
+

∫ +∞

B/|ω|

)
(1− eωx)x−αL(x)dx

for some a < B to be fixed later, and to estimate the three terms. Let us fix ε > 0.
Third term. By the Potter bounds, we may fix B0 > 0 such that, for any B ≥ B0, for

|ω| ≤ B−1 and x ≥ B/|ω|, we have L(x) ≤ L(1/|ω|)(x|ω|)(α−1)/2. This implies that, for
B ≥ B0,

∣∣∣∣
∫ +∞

B/|ω|
(1− eωx)x−αL(x)dx

∣∣∣∣ ≤ 2L

(
1

|ω|

)∫ +∞

B/|ω|
|ω|(α−1)/2x−(α+1)/2dx

= 2L

(
1

|ω|

)
|ω|α−1

∫ +∞

B

x−(α+1)/2dx,

which is less than εL(1/|ω|)|ω|α−1 for B large enough (independent of ω). In what follows,
we take B such that this holds.

First term. By the Potter bounds, there exists a ∈ (0, 1) such that, for |ω| small enough
and |ω|−η ≤ x ≤ a

|ω| , we have L(x) ≤ L(1/|ω|)(x|ω|)α/2−1. Furthermore, by (3.34), for a small
enough,

∣∣∣∣∣

∫ a/|ω|

|ω|−η

(1− eωx)x−αL(x)dx

∣∣∣∣∣ ≤ 2|ω|
∫ a/|ω|

|ω|−η

x1−αL(x)dx ≤ 2|ω|α/2L
(

1

|ω|

)∫ a/|ω|

0

x−α/2dx

≤ 2|ω|α−1L
(

1

|ω|

)∫ a

0

y−α/2dy

which is less than εL(1/|ω|)|ω|α−1 for a > 0 small enough (independent of ω). In what
follows, we take a > 0 such that this holds.

Second term. Since L is slowly varying, uniformly in x ∈ (a/|ω|, B/|ω|), L(x) ∼ L(1/|ω|)
as |ω| → 0. Therefore, for any ε′ > 0, for |ω| small enough (depending on ε′),
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∣∣∣∣∣

∫ B/|ω|

a/|ω|
(1− eωx)x−αL(x)dx− L

(
1

|ω|

)∫ B/|ω|

a/|ω|
(1− eωx)x−αdx

∣∣∣∣∣

≤ ε′L

(
1

|ω|

)∫ B/|ω|

a/|ω|
|1− eωx|x−αdx ≤ 2ε′|ω|α−1L

(
1

|ω|

)∫ B

a

y−αdy,

where the last inequality follows from a change of variables. We conclude that for |ω| small
enough (depending on a and B),

∣∣∣∣∣

∫ B/|ω|

a/|ω|
(1− eωx)x−αL(x)− L

(
1

|ω|

)∫ B/|ω|

a/|ω|
(1− eωx)x−αdx

∣∣∣∣∣ ≤ ε|ω|α−1L
(

1

|ω|

)
.

By putting together the three previous estimates, we get

∫ +∞

|ω|−η

(1− eωx)x−αL(x)dx = L

(
1

|ω|

)(∫ B/|ω|

a/|ω|
(1− eωx)x−αdx+ o(|ω|α−1)

)
.

as |ω| → 0,ℜ(ω) < 0. To conclude the proof, notice that by change of variables,

(−ω)1−α
∫ B/|ω|

a/|ω|
(1− eωx)x−αdx =

∫ −Bω/|ω|

−aω/|ω|
(1− e−y)y−αdy,

which converges towards
∫
R+

(1− e−y)y−αdy = α
2−α

Γ(3−α)
α(α−1) as a→ 0 , B → ∞ by (i).

Proof of Proposition 3.6.1 in the case α ∈ (1, 2). Let us assume that α ∈ (1, 2) and recall
that the goal is to estimate

∫
R+

(1− eωx)Mxdx. The idea is to write

∫ ∞

0

(1− eωx)Mxdx =

∫ |ω|−η

0

(1− eωx)Mxdx+

∫ ∞

|ω|−η

(1− eωx)Mxdx

for certain well chosen η > 0 and to estimate separately these two terms. Using (3.31),
we shall show that as ω → 0, the first term is o(|ω|α−1L(1/|ω|)), while the second one is
asymptotic to Γ(3−α)

α(α−1)(−ω)α−1L(1/|ω|). Again, some care is needed as we are dealing with
complex-valued quantities.

First term.
First of all, by definition, for any x ∈ R+, Mx ≤ 1. Therefore, setting η = (2− α)/4 ∈

(0, 1/4) and using (3.34),
∣∣∣∣∣

∫ |ω|−η

0

(1− eωx)Mxdx

∣∣∣∣∣ ≤
∫ |ω|−η

0

2|ω|xdx ≤ |ω|1−2η = |ω|α/2

for |ω| small enough. As a consequence, |
∫ |ω|−η

0
(1−eωx)Mxdx| = o(|ω|α−1L(1/|ω|)) as |ω| → 0.

Second term.
Fix ε > 0. By the estimate (3.31), as |ω| → 0, uniformly for x ≥ |ω|−η, Mx ∼ 2−α

α
x−αL(x).

This allows us to write for any ε′ > 0, for |ω| small enough (depending on ε′):

∣∣∣∣
∫ +∞

|ω|−η

(1− eωx)Mxdx−
2− α

α

∫ +∞

|ω|−η

(1− eωx)x−αL(x)dx

∣∣∣∣ ≤ ε′
∫ +∞

|ω|−η

|1− eωx|x−αL(x)dx.
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In particular, mimicking the proof of Lemma 3.6.3 (ii), we bound the right-hand term and
get, for |ω| small enough,

∣∣∣∣
∫ +∞

|ω|−η

(1− eωx)Mxdx−
2− α

α

∫ +∞

|ω|−η

(1− eωx)x−αL(x)dx

∣∣∣∣ ≤ ε|ω|α−1L
(

1

|ω|

)
.

The desired result then follows from the estimate of Lemma 3.6.3 (ii).
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4
Factorisations minimales aléatoires de

type stable du n-cycle

Firstborn uniform

Hardcore and random

Dream of a factorization

Dream of a factorization

Red Hot Minimizers, A factorization

Ce chapitre reprend l’article [97], soumis pour publication. Nous y étudions des factorisa-
tions minimales aléatoires du n-cycle, qui sont des factorisations de la permutation (1 2 · · · n)
en un produit de cycles τ1, . . . , τk dont les longueurs ℓ(τ1), . . . , ℓ(τk) satisfont la condition de
minimalité

∑k
i=1(ℓ(τi)− 1) = n− 1. En associant à un cycle de la factorisation un polygone

rouge d’intérieur noir inscrit dans le disque unité, et en lisant les cycles les uns après les
autres, nous codons une factorisation minimale par un processus de laminations colorées.
Ces objets sont des sous-ensembles compacts du disque formés de cordes qui ne se coupent
pas et que l’on colorie en rouge, qui délimitent des faces colorées en blanc ou en noir. Ceci
généralise la notion de lamination introduite et étudiée dans le chapitre 3. Notre résultat
principal est la convergence du processus de laminations colorées associé à une factorisation
du n-cycle quand n → ∞, lorsque la factorisation est choisie selon des poids de Boltzmann
dans le domaine d’attraction d’une loi α-stable pour un certain α ∈ (1, 2]. Le nouveau pro-
cessus limite interpole entre le cercle unité et une version colorée de la lamination α-stable de
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Kortchemski. L’outil principal dans l’analyse de ce modèle est une bijection entre l’ensemble
des factorisations minimales et une famille d’arbres aléatoires étiquetés conditionnés par la
taille, dont les sommets sont soit noirs soit blancs, et dont l’étude fait notamment intervenir
des résultats sur la structure de grands arbres démontrés dans le chapitre 2.
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4.1 Introduction

4.1.1 Model and motivation

The purpose of this work is to introduce and investigate a geometric representation, as
compact subsets of the unit disk, of certain random minimal factorizations of the n-cycle.
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For an integer n ≥ 1, let Sn be the group of permutations of J1, nK, and Cn the set of cycles
of Sn. We denote by ℓ(c) the length of a cycle c ∈ Cn. A particular object of interest is
the n-cycle cn := (12 . . . n), which maps i to i + 1 for 1 ≤ i ≤ n − 1, and n to 1. For any
n ≥ k ≥ 1, the elements of the set

M
(k)
n :=

{
(τ1, . . . , τk) ∈ C

k
n, τ1 · · · τk = cn, ∀i ℓ(τi) ≥ 2,

k∑

i=1

(ℓ(τi)− 1) = n− 1

}

are called minimal factorizations of cn of order k, while an element of

Mn :=
n−1⋃

k=1

M
(k)
n .

is simply called a minimal factorization of cn (one can check that M
(k)
n is empty as soon as

k ≥ n). By convention, we read cycles from the left to the right, so that τ1τ2 corresponds
to τ2 ◦ τ1. Notice that the condition

∑k
i=1 (ℓ(τi)− 1) = n − 1 in the definition of M

(k)
n

is a condition of minimality, in the sense that any k-tuple of cycles (τ1, . . . , τk) such that
τ1 · · · τk = cn necessarily verifies

k∑

i=1

(ℓ(τi)− 1) ≥ n− 1.

Minimal factorizations of the n-cycle are a topic of interest, mostly in the restrictive
case of factorizations into transpositions (that is, all cycles in the factorization have length
2). The number of minimal factorizations of cn into transpositions is known to be nn−2

since Dénes [37], and bijective proofs of this result have been given, notably by Moszkowski
[86] or Goulden and Pepper [48]. These proofs use bijections between the set of minimal
factorizations into transpositions and sets of trees, whose cardinality is computed by other
ways.

More recently, factorizations into transpositions have been studied from a probabilistic
approach by Féray and Kortchemski, who investigate the asymptotic behaviour of such a
factorization taken uniformly at random, as n grows. On one hand from a ’local’ point of
view [46], by studying the joint trajectories of finitely many integers through the factorization.
On the other hand from a ’global’ point of view [45], by coding a factorization in the unit
disk as was initially suggested by Goulden and Yong [49]: associating to each transposition a
chord in the disk and drawing these chords in the order in which the transpositions appear in
the factorization, they code a uniform factorization by a random process of sets of chords, and
prove the convergence of the 1-dimensional marginals of this process as n grows, after time
renormalization. The author [96] extends this result by proving the functional convergence of
the whole process, highlighting in addition interesting connections between this model and a
fragmentation process of the so-called Brownian Continuum Random Tree (in short, CRT),
due to Aldous and Pitman [14]. This fragmentation process codes a way of cutting the CRT
at random points into smaller components, as time passes.

Let us also mention Angel, Holroyd, Romik and Virág [15], and later Dauvergne [36],
who investigate from a geometric point of view the closely related model of uniform sorting
networks, that is, factorizations of the reverse permutation (which exchanges 1 with n, 2 with
n− 1, etc.) into adjacent transpositions, that exchange only consecutive integers.

In another direction, more general minimal factorizations have been studied as combina-
torial structures. Specifically, Biane [23] investigates the case of minimal factorizations of cn
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of class a := (a1, . . . , ak), where a1, . . . , ak are all integers ≥ 2 such that
∑k

i=1(ai−1) = n−1,
which are k-tuples of cycles (τ1, . . . , τk) ∈ M

(k)
n such that, for 1 ≤ i ≤ k, ℓ(τi) = ai. Biane

proves in particular that, for a fixed, the number of factorizations of class a is surprisingly
always equal to nk−1, and therefore only depends on the cardinality of the class. A proof
based on a bijection with a new model of trees is given by Du and Liu [39], which inspired
our own bijection, exposed in Section 4.4 and very close to theirs. In particular, the class
(2, 2, . . . , 2), where 2 is repeated n − 1 times, corresponds to minimal factorizations of the
n-cycle into transpositions, and one recovers Dénes’ result.

Our goal in this paper is to extend the geometric approach of uniform minimal factor-
izations into transpositions initiated by Féray & Kortchemski to minimal factorizations into
cycles of random lengths, when the probability of choosing a given factorization only depends
on its class.

Weighted minimal factorizations Let us immediately introduce the object of interest of
this paper, which is a new model of random factorizations. The idea is to generalize minimal
factorizations of the cycle into transpositions, by giving to each element of Mn a weight
which depends on its class and then choosing a factorization at random proportionally to its
weight.

We fix a sequence w := (wi)i≥1 of nonnegative real numbers, which we call weights. We
will always assume that there exists i ≥ 1 such that wi > 0. For any positive integers n, k,
and any factorization f := (τ1, . . . , τk) ∈ M

(k)
n , define the weight of f as

Ww(f) :=
k∏

i=1

wℓ(τi)−1.

Then, we define the w-minimal factorization of the n-cycle, denoted by fwn , as the random
variable on the set Mn such that, for all f ∈ Mn, the probability that fwn is equal to f is
proportional to the weight of f :

P (fwn = f) =
1

Yn,w
Ww(f),

where Yn,w :=
∑

f∈Mn
Ww(f) is a normalizing constant. We shall implicitly restrict our study

to the values of n such that Yn,w > 0.
Note that some particular weight sequences give rise to specific models of random factor-

izations:

• fix an integer r ≥ 2, and define δr as follows: δrr−1 = 1, and for all k 6= r−1, δrk = 0. Then
f δ

r

n is a uniform minimal factorization of the n-cycle into r-cycles. In particular, when
r = 2, one recovers the model of minimal factorizations into transpositions, studied in
depth in [45, 46, 96].

• define v as the weight sequence such that, for all k ≥ 1, vk = 1. Then f vn is a uniform
element of Mn.

Minimal factorizations of stable type We specifically focus in this paper on a particular
case of weighted factorizations, which we call factorizations of stable type. These random
factorizations of the n-cycle are of great interest, as we can code them by a process of compact
subsets of the unit disk which converges in distribution (see Theorem 4.1.3).

Let us start with some definitions. A function L : R∗+ → R∗+ is said to be slowly varying
if, for any c > 0, L(cx)/L(x) → 1 as x → ∞. For α ∈ (1, 2], we say that a probability
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distribution µ which is critical - that is, µ has mean 1 - is in the domain of attraction of an
α-stable law if there exists a slowly varying function L such that, as x→ ∞,

V ar [X 1X≤x] ∼ x2−αL(x), (4.1)

where X is a random variable distributed according to µ. We refer to [54] for an in-depth
study of these well-known distributions. In particular, any law with finite variance is in the
domain of attraction of a 2-stable law.

Throughout the paper, for such a distribution µ, (Bn)n≥1 denotes a sequence of positive
real numbers satisfying

nL(Bn)

Bα
n

→
n→∞

α(α− 1)

Γ (3− α)
, (4.2)

where L verifies (4.1). Notice in particular that, if µ has finite variance σ2, then L(x) → σ2

as x → ∞, and (4.2) can be rewritten Bn ∼
n→∞

σ√
2

√
n. For such a sequence (Bn)n≥1, we

denote by (B̃n)n≥1 the sequence defined as

B̃n =





Bn if α < 2, or α = 2 and V ar(µ) = ∞,
√
σ2 + 1

2

√
n if V ar(µ) = σ2 <∞.

(4.3)

Finally, for α ∈ (1, 2], we say that a weight sequence w is of α-stable type if there exists a
critical distribution ν in the domain of attraction of an α-stable law and a real number s > 0
such that, for all i ≥ 1,

wi = νis
i.

In this case, ν is said to be the critical equivalent of w. One can check that, if w admits
a critical equivalent - which is not always the case - then it is unique. Furthermore, it
turns out that, whenever different weight sequences may have the same critical equivalent,
the distribution of the minimal factorization fwn only depends on this critical law. If w is
a weight sequence of α-stable type, then we also say that fwn is a minimal factorization of
α-stable type.

Throughout the paper, we investigate several combinatorial quantities of these factoriza-
tions. Here are two examples. As a first result, we can control the number of cycles in such
a factorization. For any n ≥ 1 and any minimal factorization F of the n-cycle, denote by
N(F ) the number of cycles in F .

Lemma 4.1.1. Let w be a weight sequence of α-stable type for some α ∈ (1, 2], and ν be its
critical equivalent. Then, as n→ ∞,

1

n
N (fwn )

P→ 1− ν0,

where
P→ denotes convergence in probability.

In words, the number of cycles in fwn behaves linearly in n. The proof of this lemma can
be found in Section 4.4.3.

Example. If one looks at the weight sequence v defined as vi = 1 for all i ≥ 1 (so that f vn
is a uniform element of Mn), then one can check that v has a critical equivalent ν satisfying
ν0 = (3−

√
5)/2 and νi = ((3−

√
5)/2)i for i ≥ 1. Thus, the average number of cycles in a

uniform minimal factorization of the n-cycle is of order (1− ν0)n = (
√
5− 1)n/2.
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As another side result, we are able to control the length of the largest cycle in such
factorizations. For any n ≥ 1 and any minimal factorization F of the n-cycle, denote by
ℓmax(F ) the length of the largest cycle in F .

Proposition 4.1.2. Let w be a weight sequence of α-stable type for some α ∈ (1, 2], and ν
be its critical equivalent. Let (Bn)n≥1 be a sequence satisfying (4.2). Then:

(i) if α = 2, then with probability going to 1 as n→ ∞, ℓmax(f
w
n ) = o(Bn);

(ii) if α < 2 then for any ε > 0 there exists η > 0 such that, for n large enough, with
probability larger than 1− ε, ηBn ≤ ℓmax(f

w
n ) ≤ η−1Bn.

In other words, for α < 2, the largest cycle in fwn is of order Bn (thus of order n1/α, up to
a slowly varying function). If α = 2 then one can only say that the largest cycle is of length
o(Bn) (which means o(

√
n) if ν has finite variance). This is proved in Section 4.2.4.

4.1.2 Coding a minimal factorization by a colored lamination-valued
process

The first aim of this paper is to code random minimal factorizations in the unit disk. In
what follows, D := {z ∈ C, |z| ≤ 1} denotes the closed unit disk and S1 := {z ∈ D, |z| = 1}
the unit circle.

The idea of coding random structures by compact subsets of D goes back to Aldous [11]
who investigates triangulations of large polygons: let n ∈ Z+ and define Pn, the regular n-gon
inscribed in D, whose vertices are

{
e2ikπ/n, 1 ≤ k ≤ n

}
. Aldous proves that a random uniform

triangulation of Pn (that is, a set of non-crossing diagonals of Pn whose complement in Pn
is a union of triangles) converges in distribution towards a random compact subset of the
disk which he calls the Brownian triangulation. This Brownian triangulation is a lamination
- that is, a compact subset of D made of the union of the circle and a set of chords that
do not cross, except maybe at their endpoints. In particular, the faces of this lamination,
which are the connected components of its complement in D, are all triangles. See Fig. 4.1,
middle, for an approximation of this lamination. Since then, the Brownian triangulation has
been appearing as the limit of various random discrete structures [22, 33], and has also been
connected to random maps [75].

In a extension of Aldous’ work, Kortchemski [64] constructed a family (L(α)
∞ )1<α≤2 of

random laminations, called α-stable laminations (see Fig. 4.1, left, for an approximation of
the stable lamination L(1.3)). These laminations appear as limits of large general Boltzmann
dissections of the regular n-gon [64]. This extends Aldous’ result about triangulations, since
the 2-stable lamination L(2)

∞ is distributed as the Brownian triangulation. Stable laminations
are also limits of large non-crossing partitions [67].

Let us now introduce colored laminations, which generalize the notion of lamination. A
colored lamination is a subset of D, in which each point is colored either black, red or left
white, so that the subset of red points is a lamination whose faces are each either completely
black or completely white. More specifically, a colored lamination of D is an element of K2,
where K denotes the space of compact subsets of D. The first coordinate corresponds to
the set of red points, which is a lamination by definition, and the second one to the colored
component (the set of points that are black or red). See an example on Fig. 4.2. A particular
example of colored laminations is the colored analogue of the α-stable laminations. These
objects are colored laminations whose red chords form the α-stable lamination, and whose
faces are colored black in an i.i.d. way. Specifically, for p ∈ [0, 1], the p-colored α-stable
lamination L(α),p

∞ is a random colored lamination such that: (i) the red part of L(α),p
∞ has the
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In their study of a uniform minimal factorization of the n-cycle into transpositions (which
we now denote by f

(2)
n instead of f δ

2

n , for convenience), Féray and Kortchemski [45] high-
light the nontrivial behaviour of the associated lamination-valued process, after having read
roughly

√
n transpositions. Specifically, at c ≥ 0 fixed, the lamination Sc√n(f

(2)
n ) converges

in distribution for the Hausdorff distance, as n grows, to a random lamination L(2)
c . The

author [96] later obtains the functional analogue of this convergence, thus providing a cou-
pling between the laminations (L(2)

c )c≥0. Let us explain in which sense we understand the
convergence of colored lamination-valued processes: for E,F two metric spaces, following
Annex A2 in [58], let D(E,F ) be the space of càdlàg functions from E to F (that is, right-
continuous functions with left limits), endowed with the J1 Skorokhod topology. The set
CL(D) of colored laminations of D is endowed with the distance which is the sum of the
usual Hausdorff distances dH on the two coordinates. This means that, if A and B are two
colored laminations of D, dH(A,B) = dH(Ar, Br) + dH(Ac, Bc) where Lr denotes the set of
red points of a colored lamination L, and Lc the set of colored points of L (that is, either
black or red). For convenience, we denote this new distance on CL(D) by dH as well. Finally,
the set of laminations of the disk is seen as a subset of CL(D), on which the red part and
the colored part of an element are equal.

Theorem. [96, Theorem 1.2] There exists a lamination-valued process (L(2)
c )c∈[0,∞] such that

the following convergence holds in distribution for the Skorokhod distance in D([0,∞],CL(D)),
as n→ ∞: (

Sc√n
(
f (2)
n

))
c∈[0,∞]

(d)→
(
L(2)
c

)
c∈[0,∞]

. (4.4)

In this case, note that no face with 3 or more chords in its boundary appears in S(f (2)
n ),

as S(τ) is in fact just the union of S1 and a chord when ℓ(τ) = 2. Therefore, no point of
S(f

(2)
n ) is black and, for any c ∈ [0,∞], Sc√n(f

(2)
n ) is just a lamination. Moreover, it turns

out that the process (L(2)
c )c∈[0,∞] is a nondecreasing interpolation between the unit circle and

the Brownian triangulation.
Our main result, which generalizes (4.4), states the convergence of the geometric represen-

tation of a random minimal factorization of stable type. In the stable case, the convergence
does not occur at the scale

√
n anymore, but at the scale B̃n.

Theorem 4.1.3. Let α ∈ (1, 2] and w a weight sequence of α-stable type. Let ν be its
critical equivalent and (B̃n)n≥0 satisfying (4.3). Then, there exists a lamination-valued process

(L(α)
c )c∈[0,∞], depending only on α, such that:

(I) If α < 2, then the following convergence holds:
((

Sc(1−ν0)B̃n
(fwn )

)
0≤c<∞

, S∞(f
w
n )

)
(d)→

n→∞

((
L(α)
c

)
0≤c<∞ ,L

(α),1
∞

)
.

(II) If ν has finite variance, there exists a parameter pν ∈ [0, 1] such that the following
convergence holds:

((
Sc(1−ν0)B̃n

(fwn )
)
0≤c<∞

, S∞(f
w
n )

)
(d)→

n→∞

((
L(2)
c

)
0≤c<∞ ,L

(2),pν
∞

)
.

Furthermore,

pν =
σ2
ν

σ2
ν + 1

,

where σ2
ν denotes the variance of ν.
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Both convergences hold in distribution in the space D(R+,CL(D))× CL(D).

This process (L(α)
c )c∈[0,∞] is a nondecreasing interpolation between the circle and L(α)

∞ . It

is in addition lamination-valued, in the sense that, for all c ≥ 0, almost surely L(α)
c contains

no black point.

Remark. We conjecture that the result of Theorem 4.1.3 (I) still holds when α = 2 and ν
has infinite variance. However our proofs do not directly apply to this case.

Examples. In the case w = δj for some j ≥ 1, the critical equivalent of δj is ν := j−2
j−1δ

0 +
1
j−1δ

j, and pν =
j−2
j−1 . When j = 2, pν = 0 and we recover the Brownian triangulation without

coloration, as the limit of the lamination obtained from a uniform minimal factorization of
the n-cycle into transpositions. In the case j = 3 of factorizations into 3-cycles, each face of
the limiting colored Brownian triangulation is black with probability 1/2.

In the case of a minimal factorization of the n-cycle taken uniformly at random, one
obtains the surprising limit value pν = 1− 1/

√
5.

4.1.3 Construction of the processes (L
(α)
c )c∈[0,∞]

Let us immediately explain how to construct the limiting processes (L(α)
c )c∈[0,∞] which appear

in the statement of Theorem 4.1.3 and in (4.4). In order to understand this construction,
we define from a (deterministic) càdlàg function F : [0, 1] → R+ such that F (0) = F (1) = 0
a random lamination-valued process (Lc(F ))c∈[0,∞]. Define the epigraph of F as EG(F ) :=
{(s, t) ∈ R2, 0 ≤ s ≤ 1, 0 ≤ t < F (s)}, the set of all points that are under the graph of F .
Denote by P(F ) an inhomogeneous Poisson point process on EG(F )× R+, of intensity

2 dsdt

d(F, s, t)− g(F, s, t)
1(s,t)∈EG(F ) dr,

where g(F, s, t) := sup{s′ ≤ s, F (s′) < t} and d(F, s, t) := inf{s′ ≥ s, F (s′) < t}, and r shall
be understood as a ’time’ coordinate. For any c ≥ 0, its restriction to R2 × [0, c] is denoted
by Pc(F ). Now, for c ≥ 0, define the lamination Lc(F ) as

S1 ∪
⋃

(s,t)∈Pc(F )

[e−2iπg(F,s,t), e−2iπd(F,s,t)],

so that each point of Pc(F ) codes a chord in D (see Fig. 4.3), and let L∞(F ) be the lamination⋃
c≥0 Lc(F ).

10

(s, t)

g(F, s, t) d(F, s, t) e−2iπg(F,s,t)

e−2iπd(F,s,t)

1

Figure 4.3: A càdlàg function F , a point (s, t) of its epigraph EG(F ) and the corresponding
chord in D.

For α ∈ (1, 2], the process (L(α)
c )c∈[0,∞] is constructed this way from the so-called stable

height process H(α):
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• T is a bi-type tree, that is, its vertices at even height are colored white and its vertices
at odd height are colored black;

• the root and the leaves of T are white. In other words, each black vertex necessarily
has at least one child;

• T has n white vertices;

• black vertices of T are labelled from 1 to N•(T ), where N•(T ) is the total number of
black vertices in the tree. In addition, the labels of the neighbours (parent and children)
of each white vertex are sorted in decreasing clockwise order, starting from one of these
neighbours, and the labels of the children of the root are sorted in decreasing order.

See Fig. 4.6 for an example.

3

6

7

2

1

4

5

Figure 4.6: An element of the set U11. Its six black vertices are labelled from 1 to 6, in clock-
wise decreasing order around each white vertex. The children of the root are in decreasing
order.

Theorem 4.1.4. For any n ≥ 1, the sets Mn and Un are in bijection.

In Section 4.4, we provide an explicit bijection between these sets. Roughly speaking,
from a minimal factorization f ∈ Mn, one constructs T (f) ∈ Un as the "dual tree" of the
colored lamination S(f): its black vertices are in bijection with the cycles of f , while its white
vertices correspond to white faces of S(f). Theorem 4.1.3 is therefore obtained as a corollary
of a result on trees, that states the convergence of colored lamination-valued processes coding
random bi-type trees (Theorem 4.2.7). It turns out indeed that the distribution of the random
bi-type tree T (fwn ) is particularly well understood when w is a weight sequence of stable type.

Notation In the whole paper,
P→ denotes convergence in probability,

(d)→ convergence in

distribution and
(d)
= equality in distribution. Moreover, a sequence of events (En)n≥0 being

given, we say that En occurs with high probability if P(En) → 1 as n→ ∞.

Outline of the paper In Section 4.2, we first define and investigate plane trees and
more particularly bi-type trees, which are a cornerstone of the paper as they code minimal
factorizations. We suggest two different ways of coding trees by colored lamination-valued
processes, and state in particular the convergence of one of these processes coding a particular
model of random bi-type trees (Theorem 4.2.7). The proof of this theorem is the main
result of Section 4.3, which is devoted to the study of these specific random trees. Finally,
in Section 4.4, we investigate in depth the model of minimal factorizations and explain a
natural bijection between the sets Mn and Un for all n. In addition, we provide the proof
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of Theorem 4.1.3 by showing that the process of colored laminations coded by a random
minimal factorization fwn of stable type is in some sense also coded by the random bi-type
tree T (fwn ), which is the image of the factorization by the abovementioned bijection.

Acknowledgements I would like to thank Igor Kortchemski for the numerous fruitful
discussions that have led to this paper.

4.2 Plane trees, bi-type trees and different ways of coding

them by laminations

In this section, we rigorously define our notion of trees. Then, we describe a certain family
of trees, which we call bi-type trees, whose vertices are given a color, either black or white.
We finally introduce random models of trees, monotype or bi-type - which we call simply
generated trees - and study some of their main properties. We state in particular Theorem
4.2.7, which provides the convergence of a process of colored laminations coding random
bi-type trees conditioned by their number of white vertices.

4.2.1 Plane trees and their coding by laminations

Plane trees. We first define plane trees, following Neveu’s formalism [87]. First, let N∗ =
{1, 2, . . .} be the set of all positive integers, and U = ∪n≥0(N∗)n be the set of finite sequences
of positive integers, with the convention that (N∗)0 = {∅}.

By a slight abuse of notation, for k ∈ Z+, we write an element u of (N∗)k as u = u1 · · · uk,
with u1, . . . , uk ∈ N∗. For k ∈ Z+, u = u1 · · · uk ∈ (N∗)k and i ∈ N∗, we denote by ui the
element u1 · · · uki ∈ (N∗)k+1 and by iu the element iu1 · · · uk. A plane tree T is formally a
subset of U satisfying the following three conditions:

(i) ∅ ∈ T (∅ is called the root of T );
(ii) if u = u1 · · · un ∈ T , then, for all k ≤ n, u1 · · · uk ∈ T (these elements are called

ancestors of u, and the set of all ancestors of u is called its ancestral line; u1 · · · un−1 is called
the parent of u). The set of ancestors of a vertex u is denoted by Au(T );

(iii) for any u ∈ T , there exists a nonnegative integer ku(T ) such that, for every i ∈ N∗,
ui ∈ T if and only if 1 ≤ i ≤ ku(T ) (ku(T ) is called the number of children of u, or the
outdegree of u).

The elements of T are called vertices, and we denote by |T | the total number of vertices
in T . A vertex u such that ku(T ) = 0 is called a leaf of T . The height h(u) of a vertex u is
its distance from the root, that is, the unique integer k such that u ∈ (N∗)k. We define the
height of a tree T as H(T ) = supu∈T h(u). In the sequel, by tree we always mean plane tree
unless specifically mentioned.

The lexicographical order ≺ on U is defined as follows: ∅ ≺ u for all u ∈ U\{∅}, and for
u, w 6= ∅, if u = u1u

′ and w = w1w
′ with u1, w1 ∈ N∗, then we write u ≺ w if and only if

u1 < w1, or u1 = w1 and u′ ≺ w′. The lexicographical order on the vertices of a tree T is the
restriction of the lexicographical order on U .

We do not distinguish between a finite tree T , and the corresponding planar graph where
each vertex is connected to its parent by an edge of length 1, in such a way that the vertices
with same height are sorted from left to right in lexicographical order.

Subtrees and nodes Let T be a plane tree and u ∈ T be one of its vertices. We define
the subtree of T rooted at u as the set of vertices that have u as an ancestor. This subtree
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is denoted by θu(T ).
One will often consider large nodes in a tree, i.e. vertices whose removal splits the tree

into at least two components of macroscopic size (that is, of the same order as the size of T )
that do not contain the root. Specifically, a ≥ 0 being fixed, we say that u ∈ T is an a-node
of T if there exists an integer r ≤ ku(T ) satisfying:

∑

w∈Ar(u,T )

|θw(T )| ≥ a,
∑

w∈A−r(u,T )

|θw(T )| ≥ a,

where Ar(u, T ) denotes the set of the first r children of u in lexicographical order, and
A−r(u, T ) the set of its other children. In other words, u is an a-node of T if one can split
the set of its children into two disjoint subsets made of consecutive children, in such a way
that the sum of the sizes of the subtrees rooted at the elements of each of these two subsets
is larger that a. In what follows, a will be of order |T | (by this, we mean larger than ε|T |,
for some ε > 0). We denote by Ea(T ) the set of a-nodes of the tree T .

A particular case of a-nodes, for a > 0, is the case of a-branching points. We say that
u ∈ T is an a-branching point if there exist two children of u, say, v1(u) and v2(u), such that
|θv1(u)(T )| ≥ a, |θv2(u)(T )| ≥ a. One easily sees that any a-branching point is an a-node.

Contour function of a tree, associated lamination-valued process. We introduce
here some important objects derived from a plane tree. Specifically, a finite plane tree T being
given, we define its contour function, which is a walk on the nonnegative integers coding T
in a bijective way. Then, we construct from this contour function a lamination L(T ) and a
random lamination-valued process (Lu(T ))u∈[0,∞] which interpolates between S1 and L(T ).
In what follows, T is a plane tree and n denotes its number of vertices.

The contour function C(T ): First, it is useful to define the contour function (Ct(T ), 0 ≤
t ≤ 2n) of T , which completely encodes the tree. To construct C(T ), imagine a particle
exploring the tree from left to right at unit speed, starting from the root. For t ∈ [0, 2n− 2],
denote by Ct(T ) the distance of the particle to the root at time t. We set in addition Ct(T ) = 0
for 2n − 2 ≤ t ≤ 2n. See Fig. 4.7 for an example. By construction, C(T ) is continuous,
nonnegative and satisfies C0(T ) = C2n(T ) = 0.

1 2 3 4 5 6 7 8 9 10 11 12 13 14
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Figure 4.7: A tree T ∈ U
(7)
11 , its contour function C(T ), and the associated lamination L(T ).

Chords and faces associated to vertices of T . We now propose a way of coding a vertex
x of T by a chord in D: define g(x) (resp. d(x)) the first (resp. last) time the particle
performing this contour exploration is located at x, and denote by cx(T ) the chord

cx(T ) :=
[
e−2iπg(x)/2n, e−2iπd(x)/2n

]

in D. We define the lamination associated to the tree T

L(T ) := S1 ∪
⋃

x∈T
cx(T ).
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One can indeed check that the chords (cx(T ), x ∈ T ) do not cross each other. See Fig. 4.7,
right for an example.

The lamination-valued process (Lu(T ))u∈[0,∞]. We derive here from T a random nonde-
creasing lamination-valued process, which interpolates between S1 and L(T ): at each integer
time, we add a chord corresponding to a uniformly chosen vertex in the tree. More precisely,
let U1 be the root of T , and U2, . . . , Un be a uniform random permutation of the n− 1 other
vertices of T . Then, for u ∈ [0,∞], define

Lu(T ) := S1 ∪
⌊u⌋∧n⋃

i=1

cUi
(T ).

Observe in particular that, for u ≥ n, Lu(T ) = L(T ).

Łukasiewicz path of the tree We define here an other way to code the tree T , called
its Łukasiewicz path and denoted by (Wt(T ))0≤t≤n. It is constructed as follows: start from
W0(T ) = 0 and, for all i ∈ Z+, i ≤ n−1, set Wi+1(T ) = Wi(T )+kvi(T )−1, where vr denotes
the (r + 1)-th vertex of T in lexicographical order. Then, W is the linear interpolation
between these integer values. See an example on Fig. 4.8.

1 2 53 4 6

1

2

3

0

Figure 4.8: A tree T and its Łukasiewicz path W (T ).

One can check that Wn(T ) = −1 and that, for all t ≤ n− 1, Wt ≥ 0. This walk provides
information on the degrees of the vertices of T , whereas the contour function rather allows
us to get information on the global shape of the tree.

4.2.2 Bi-type trees

We now give to a plane tree additional structure, by coloring each of its vertices either black
or white - a tree whose vertices are not colored will be called monotype from now on. We
say that a finite plane tree T is a bi-type tree (in our context) if its vertices are colored white
when their height is even and black when it is odd. In particular, white vertices only have
black children and vice versa. Notice that the root of a bi-type tree is white by definition.
The number of white vertices in a bi-type tree T is denoted by N◦(T ), and its number of
black vertices by N•(T ). See Fig. 4.9, left, for an example of bi-type tree.

We say that T is a labelled bi-type tree if, in addition, its black vertices are labelled from
1 to N•(T ). Such models of trees have already been studied in the past, in particular by
Bouttier, Di Francesco and Guitter [29] who establish a bijection between a class of planar
maps and a class of labelled bi-type trees which they call mobiles.

Finally, for n, k ≥ 1, we denote by U
(k)
n the set of labelled bi-type trees with n white

vertices and k black vertices, whose leaves are all white, in which the labels of the black

150



Paul Thévenin FACTORISATIONS MINIMALES DE TYPE STABLE

neighbours (parent and children) of each white vertex are sorted in decreasing clockwise
order (starting from one of these children), and in which the labels of the children of the root
are sorted in decreasing order from left to right. Notice that, then, Un = ∪k≥1U(k)

n .

The white reduced tree. Let T be a bi-type tree. We define the associated monotype
white reduced tree T ◦, the following way:

• The vertices of T ◦ are the white vertices of T .

• A vertex x is the child of a vertex y in T ◦ if and only if x is a grandchild of y in the
original tree T .

This reduced tree encompasses the grandparent-grandchild relations between the white
vertices in T . See Fig. 4.9 for a picture of a tree and of the associated white reduced tree. For
convenience, we make no distinction between a white vertex of T and the associated vertex
of T ◦.
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6

7

2

1
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5

Figure 4.9: A labelled bi-type tree T , its associated white reduced tree T ◦ and the lamination
L•6(T ).

4.2.3 Colored laminations constructed from labelled bi-type trees

We propose here two ways to code a finite labelled bi-type tree T by discrete nondecreasing
colored lamination-valued processes. The first one only takes into account white vertices, and
is obtained from the contour function of the reduced tree T ◦. The second one is obtained by
considering the black vertices of T and their labelling.

The white process (L◦u(T ))u∈[0,∞] The white process of a bi-type tree T is the lamination-
valued process presented in Section 4.2.1, applied to the white reduced tree T ◦:

L◦u(T ) := S1 ∪
⌊u⌋∧N◦(T )⋃

i=1

cUi
(T ◦).

for any u ∈ [0,∞], where we recall that U1 = ∅ and U2, . . . , Un is a uniform permutation of
the other vertices. Observe that this construction is not an injection, as it only depends on
C(T ◦) while different bi-type trees may provide the same white reduced tree. Observe also
that this process is only made of laminations, without any black point.
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The black process (L•u(T ))u∈[0,∞] The black process of a bi-type tree T is derived from
the contour function (Ct(T ), 0 ≤ t ≤ 2|T |) of the whole labelled bi-type tree T . Here, black
vertices are coded by faces of a colored lamination, and not by chords as in the white process.
More precisely, we define the face Fx(T ) associated to a vertex x of T the following way: let
0 ≤ t1 < t2 < . . . < tkx(T )+1 be the times at which x is visited by the contour function C(T ).
Then define the associated face as:

Fx(T ) := Conv



kx(T )+1⋃

j=1

[
e−2iπtj/2|T |, e−2iπtj+1/2|T |]


 ,

whose boundary is colored red and whose interior is colored black. In this definition, by
convention, tkx(T )+2 = t1 and Conv(A) denotes the convex hull of A.

Now, for u ≥ 0, define

L•u(T ) := S1 ∪
⌊u⌋∧N•(T )⋃

i=1

FVi(T ).

where Vi is the black vertex labelled i in T . The process (L•u(T ))u∈[0,∞] is called the black

process associated to T (A tree T ∈ U
(7)
11 (left) and the associated colored lamination L•6(T )

(right) are represented in Fig. 4.9).

4.2.4 Random trees

Let us now define random variables taking their values in the set of finite trees. We first
define the so-called monotype simply generated trees, and then extend this framework to
bi-type trees. We finally give some useful properties of both models. To avoid ambiguity,
random monotype trees will be written with a blackboard bold T, and random bi-type trees
with a calligraphic T .

Monotype simply generated trees In the monotype case, we mostly rely on the deep
survey of Janson [55] about simply generated trees, in which all proofs and further details
can be found. Monotype simply generated trees (MTSG in short) were first introduced by
Meir and Moon [80], and are random variables taking their values in the space of finite
monotype trees. Specifically, for any n ≥ 1, denote by Tn the set of trees with n vertices.
Fix w := (wi)i≥0 ∈ RZ+

+ a weight sequence such that w0 > 0 and, to a finite tree T , associate
a weight Ww(T ) :=

∏
x∈T

wkx(T ). Then, for each n ≥ 1, n ≥ 1, we define the w-MTSG Twn with

n vertices as the random variable satisfying, for any tree T ∈ Tn,

P (Twn = T ) =
1

Zn,w
Ww(T )

where

Zn,w :=
∑

T∈Tn

Ww(T ).

Since, for any n ≥ 1, the set Tn is finite, the tree Twn is well-defined provided that Zn,w > 0,
which we implicitly assume.
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Remark. Here, weight sequences satisfy w0 > 0, which was not the case for the weight
sequences inducing factorizations of the n-cycle, defined in Section 4.1. Indeed, in the case of
monotype trees the condition w0 > 0 ensures that at least one finite tree has positive weight.
We will still use the term ’weight sequence’ for both.

Note that different weight sequences may provide the same simply generated tree:

Lemma 4.2.1. Let w,w′ be two weight sequences such that w0 > 0, w′0 > 0. Then, the two
following assumptions are equivalent:

(i) For any n ≥ 1, Twn
(d)
= Tw

′

n

(ii) There exists q, s > 0 such that, for all i ≥ 0, wi = qsiw′i.

Proof. The proof that (ii) ⇒ (i) is essentially due to Kennedy [59] in a slightly different
setting, and can be found in our form in [55, (4.3)]. In order to prove that (i) ⇒ (ii), we
proceed by induction on n. Assume without loss of generality that w′1 > 0 (otherwise we just
need to slightly adapt the proof). There exists a unique pair (q, s) ∈ (R∗+)

2 such that w0 = qw′0
and w1 = qsw′1. Now we consider the two different trees with 3 vertices: one has weight w0w

2
1

and the other w2
0w2, so that Z2,w = w0w

2
1 +w

2
0w2 > 0, and as well Z2,w′ = w′0w

′2
1 +w′20 w

′
2 > 0.

Since Tw2 and Tw
′

2 have the same distribution, Z−12,ww0w
2
1 = Z−12,w′w′0w

′2
1 , which implies that

Z2,w = q3s2Z2,w′ and therefore that w2 = qs2w′2. By induction on i ≥ 2, we get that
wi = qsiw′i for all i ≥ 0.

Galton-Watson trees When a weight sequence µ satisfies µ0 > 0 and
∑

i≥0 µi = 1, µ is
a probability distribution and we can define a random variable Tµ such that, for any finite
tree T ,

P (Tµ = T ) = Wµ(T ) =
∏

x∈T
µkx(T ).

This variable is now defined on the whole set of finite trees, and not only on the subset of
trees of fixed size. In this case, we say that Tµ is a µ-Galton-Watson (µ-GW in short) tree,
and that µ is its offspring distribution. Thus, for any n ≥ 1, the MTSG Tµn is a µ-GW tree
conditioned to have n vertices.

Stable trees and stable processes Recall that the probability law µ is said to be critical
if
∑

i≥0 iµi = 1. A particular case of GW trees is when the offspring distribution µ is critical
and in the domain of attraction of an α-stable law, for α ∈ (1, 2].

If µ is in the domain of attraction of an α-stable law, the sequence of trees (Tµn)n≥1,
restricted to the values of n such that P(|Tµ| = n) > 0), is known to have a scaling limit:
these trees, seen as metric spaces for the graph distance and properly renormalized, converge
in distribution, for the so-called Gromov-Hausdorff distance, to some random compact metric
space, introduced by Duquesne and Le Gall [42] and called the α-stable tree, which we denote
by T (α) (see Fig. 4.10, left for a simulation of the 1.5-stable tree T (1.5)).

These trees have recently become a topic of interest for probabilists. In particular, a fun-
damental result states that, jointly with the convergence of the renormalized trees (Tµn)n≥1
towards T (α), their contour functions and Łukasiewicz paths also converge, after renormal-
ization, to some limiting càdlàg random processes (X

(α)
t )0≤t≤1 and (H

(α)
t )0≤t≤1 respectively,

which can therefore be seen as the analogues of the Łukasiewicz path and the contour function
of these stable trees. See Fig. 4.10 for a simulation of H(1.5) (middle) and X(1.5) (right).
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In other words, (i) means that, with high probability, there is at least one vertex in Tµn
whose number of children is of order Bn. Furthermore, (ii) states that all εn-nodes of Tµn
(which appear to correspond to large faces in the associated lamination L(Tµn)) have a number
of children of order Bn.

Proof of Lemma 4.2.3. The proof of (i) is straightforward: it is known that the set of points
t ∈ [0, 1] where ∆t > 0 is dense in [0, 1] (for instance, the process satisfies Assumption (H0)
in [64]). In particular, almost surely, M := max {∆t, t ∈ [0, 1]} > 0. Fix ε > 0, and take
η > 0 such that M > 2η with probability ≥ 1− ε/2. Then, by the convergence of Theorem
4.2.2, for n large enough, the maximum degree in Tµn is larger than ηBn with probability
≥ 1− ε.

Let us now prove (ii). For x a vertex of Tµn, denote by i(x) the position of x in Tµn in
lexicographical order. Take u an εn-node in Tµn. In particular, Wi(u) −Wi(u)−1 = ku(Tµn)− 1.
By definition of an εn-node, its children can be split into two subsets Ar(u), A−r(u) for some
r ≥ 1, such that

∑
w∈Ar(u)

|θw(Tµn)| ≥ εn and
∑

w∈A−r(u)
|θw(Tµn)| ≥ εn. Let v(u) ∈ Tµn be the

first vertex of A−r(u) in lexicographical order. Then, it is clear by definition of W that

Wi(u)−1(T
µ
n) ≤ Wi(v(u))−1(T

µ
n) ≤ Wi(u)(T

µ
n). (4.5)

Now assume by the Skorokhod representation theorem that the convergence of Theorem
4.2.2 holds almost surely. Assume that, for n along a subsequence, there exists an εn-node
un in Tµn such that Wi(un)(T

µ
n) − Wi(un)−1(T

µ
n) = o(Bn) as n → ∞ (that is, un has o(Bn)

children). Since [0, 1] is compact, up to extraction, one can assume in addition that there
exists 0 < s < t < 1 such that i(un)/n → s and i(v(un))/n → t. Thus, the limiting process
X(α) should satisfy:

(a’) X(α)
s = X

(α)
t−

(b’) X(α)
t− = inf [t−ε,t+ε]X(α).

Indeed, (a’) can be deduced from (4.5) and the fact that Wi(un)(T
µ
n)−Wi(un)−1(T

µ
n) = o(Bn),

while (b’) comes from (a’) along with the fact that W is larger than Wi(un)(T
µ
n) − 1 on

[i(un), i(v(un)) + 2εn] as |θu(Tµn)| ≥ 2εn. There are now two possible cases:

• first, if ∆s = 0, then, as by (H1) the local minima of X(α) are almost surely distinct,
X

(α)
s is not a local minimum of X(α) (since by (b’) X(α)

t− is a local minimum). Therefore,
s = sup{r ≤ t,X

(α)
r < X

(α)
t } and by (H2) ∆s > 0, which contradicts our assumption;

• second, if ∆s > 0 then by (H3) s = sup{r ≤ t,X
(α)
r < X

(α)
t }; by (H2), it should happen

that X(α)
t < X

(α)
s , which is not the case by (a’).

In conclusion, almost surely, there exists η > 0 such that, as n → ∞, all εn-nodes in Tµn
have at least ηBn children.

We can now present a first convergence result concerning the lamination-valued process
associated to the trees Tµn, n ≥ 1. As the renormalized contour functions of these trees
converge as n → ∞ to H(α) by Theorem 4.2.2, it turns out that the associated processes of
laminations converge towards the α-stable lamination-valued process (L(α)

c )c∈[0,∞].

Theorem 4.2.4. Let α ∈ (1, 2], µ a distribution in the domain of attraction of an α-stable
law, and (Bn) satisfying (4.2). Then, jointly with the convergence of Theorem 4.2.2, the
following holds in distribution in D([0,∞],CL(D)):

(LcBn (T
µ
n))c∈[0,∞]

(d)→
(
L(α)
c

)
c∈[0,∞]

,
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where we recall that the process (L(α)
c )c∈[0,∞] is obtained from H(α) by the construction of

Section 4.1.

This result is an immediate consequence of [96, Theorem 4.3 and Proposition 4.3], and is
a cornerstone of the proof of (4.4).

To end this section on random monotype trees, we provide a useful tool in the study
of Galton-Watson trees called the local limit theorem. It can be seen for instance as a
consequence of [63, Theorem 8.1, (I)], taking A = Z+ in the statement:

Theorem 4.2.5 (Local limit theorem). Let µ be a critical distribution in the domain of
attraction of a stable law, and (Bn) satisfying (4.2). Then, there exists a constant C > 0
such that, for the values of n for which P(|Tµ| = n) > 0,

P (|Tµ| = n) ∼ C

nBn

as n→ ∞.

In particular, P(|Tµ| = n) decreases more slowly than some polynomial in n.

Bi-type simply generated trees We now define the bi-type analogue of MTSG trees,
which we call bi-type simply generated trees (in short, BTSG). Such random bi-type trees
appear in particular in [74].

Let w◦, w• be two weight sequences, and impose that w•0 = 0 and w◦0 > 0. For T a bi-type
tree, define the weight of T as

Ww◦,w•(T ) :=
∏

x∈T,x white

w◦kx(T ) ×
∏

y∈T,y black

w•ky(T ).

An integer n being fixed, a (w◦, w•)-BTSG with n white vertices is a random variable
T (w◦,w•)
n , taking its values in the set BTn of bi-type rooted trees with n white vertices, such

that the probability that T (w◦,w•)
n is equal to some bi-type tree T ∈ BTn is

P
(
T (w◦,w•)
n = T

)
=

1

Zn,w◦,w•

Ww◦,w•(T ).

Here, Zn,w◦,w• =
∑

T∈BTn
Ww◦,w•(T ) is a normalizing constant (as usual, we shall restrict

ourselves to the values of n such that Zn,w◦,w• > 0). Note that, since we impose the condition
w•0 = 0, the set {T ∈ BTn,Ww◦,w•(T ) > 0} is finite at n fixed and therefore Zn,w◦,w• < ∞.
In addition, the leaves of T (w◦,w•)

n are all white, and the number of black vertices in T (w◦,w•)
n

is at most n− 1.
As in the monotype case, different pairs (w◦, w•) may give the same BTSG.

Lemma 4.2.6 (Exponential tilting). Take two sequences w◦, w• such that w•0 = 0 and w◦0 > 0.
Take p, q, r, s ∈ R∗+ such that qr = 1, and define two new weight sequences w̃◦, w̃• as, for
i ∈ Z+,

w̃◦i = pqiw◦i , w̃
•
i = rsiw•i .

Then, for all n ≥ 1, T (w◦,w•)
n has the same distribution as T (w̃◦,w̃•)

n .

In this case, we say that (w◦, w•) and (w̃◦, w̃•) are two equivalent pairs of weight sequences
(one easily checks that this indeed defines an equivalence relation on the set of pairs of weight
sequences (w◦, w•) such that w•0 = 0 and w◦0 > 0).
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Proof. Fix n ≥ 1. Take T a bi-type tree with n white vertices, and denote by k the number
of black vertices in T . Then, notice that

Ww̃◦,w̃•(T ) =
∏

x∈T, x white

w̃◦kx(T ) ×
∏

y∈T, y black

w̃•ky(T )

=
∏

x∈T, x white

pqkx(T )w◦kx(T ) ×
∏

y∈T, y black

rsky(T )w•ky(T )

= pnqkrksn−1
∏

x∈T, x white

w◦kx(T ) ×
∏

y∈T, y black

w•ky(T )

= pnsn−1Ww◦,w•(T ) since qr = 1.

This implies in particular that Zn,w̃◦,w̃• = pnsn−1Zn,w◦,w• . Thus, for any tree T ∈ BTn,

P
(
T (w̃◦,w̃•)
n = T

)
= P

(
T (w◦,w•)
n = T

)
,

which provides the result.

From now on, unless explicitly mentioned, the tree T (w◦,w•)
n will always be

considered as a labelled bi-type tree, whose black vertices are labelled uniformly
at random from 1 to N•(T (w◦,w•)

n ).
Finally, we end this section by stating a bi-type analogue of Theorem 4.2.4, in the case

of a size-conditioned (µ∗, ν)-BTSG. Here, µ∗ denotes the Poisson distribution of parameter
1 (that is, for all i ≥ 0, (µ∗)i = e−1i!−1), and ν is a probability distribution satisfying either
one of the following two conditions:

(I) There exists α ∈ (1, 2) such that ν is in the domain of attraction of an α-stable law.

(II) ν has finite variance σ2
ν (in which case we recall that ν is in the domain of attraction

of a 2-stable law).

Theorem 4.2.7. Let ν be a probability law satisfying (I) or (II), and let w• be the weight
sequence defined as w•0 = 0 and w•i = νi for i ≥ 1. Let (B̃n) be a sequence satisfying (4.3).
Then the following convergence holds in the space D(R+,CL(D))× CL(D).

(i) In case (I),

((
L•
c(1−ν0)B̃n

(
T (µ∗,w•)
n

))
0≤c<∞

,L•∞
(
T (µ∗,w•)
n

)) (d)→
n→∞

((
L(α)
c

)
0≤c<∞ ,L

(α),1
∞

)
.

(ii) In case (II),

((
L•
c(1−ν0)B̃n

(
T (µ∗,w•)
n

))
0≤c<∞

,L•∞
(
T (µ∗,w•)
n

)) (d)→
n→∞

((
L(2)
c

)
0≤c<∞ ,L

(2),pν
∞

)
,

where

pν :=
σ2
ν

σ2
ν + 1

∈ [0, 1).

The proof of this theorem, which is quite technical, is postponed to Section 4.3.3. Studying
this particular family of BTSG is of great interest in our case, since they code in some sense
a w-minimal factorization of the n-cycle, as will be seen in Section 4.4.
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Remark. Although we state and prove Theorem 4.2.7 only in the specific case w◦ = µ∗ for
its connection with minimal factorizations, this result holds in a more general framework.
Specifically, let ν◦ and ν• be two critical probability distributions, and w• a weight sequence
such that w•0 = 0, whose critical equivalent is ν•. Then, Theorem 4.2.7 still holds in the
following more general cases (I’) and (II’):

(I’) ν• is in the domain of attraction of an α-stable law for 1 < α < 2, and ν◦ has a finite
moment of order 2+2α. This seemingly strange condition appears when one adapts the
proof of Lemma 4.3.7.

(II’) both ν◦ and ν• have finite variance. In this framework, pν should be replaced by a
parameter p which depends on both ν◦ and ν•.

In these two cases, all further proofs can be easily adapted.

Remark. Using the same tools as for the proof of Theorem 4.2.7, one can in fact prove that
the following slightly stronger convergence holds in the space D(R+,CL(D))×D((0, 1],CL(D)):

(i) In case (I),

((
L•
c(1−ν0)B̃n

(
T (µ∗,w•)
n

))
0≤c<∞

,
(
L•dn

(
T (µ∗,w•)
n

))
0<d≤1

)
(d)→

n→∞

((
L(α)
c

)
0≤c<∞ ,

(
L(α),1
∞,d

)
0<d≤1

)
.

(ii) In case (II),

((
L•
c(1−ν0)B̃n

(
T (µ∗,w•)
n

))
0≤c<∞

,
(
L•dn

(
T (µ∗,w•)
n

))
0<d≤1

)
(d)→

n→∞

((
L(2)
c

)
0≤c<∞ ,

(
L(2),pν
∞,d

)
0<d≤1

)
,

where

pν :=
σ2
ν

σ2
ν + 1

.

Here, for p ∈ [0, 1] and α ∈ (1, 2], the process
(
L(α),p
∞,d

)
0<d≤1

that appears at the limit inter-

polates in a ’linear’ way between the stable lamination L(α)
∞ (for d ↓ 0) and the colored stable

lamination L(α),p
∞ (for d = 1). To construct this process, start from the stable lamination and

sort its faces by decreasing area. Associate to the face Fi labelled i a pair of independent
variables (Xi, Yi), all these pairs (Xi, Yi)i≥1 being independent. For any i, the variable Xi is

binomial of parameter p, and determines whether the face Fi is colored in L(α),p
∞ or not. The

variable Yi is uniform on [0, 1]: if X = 1 (that is, Fi is colored at the limit) then Yi is the
time at which it is colored in the process. More rigorously, for any d ∈ (0, 1],

L(α),1
∞,d := L(α)

∞ ∪
⋃

i≥1
Xi=1,Yi≤d

F •i

where F •i denotes the face Fi colored black. In words, we state that the faces that are colored in

the limiting lamination L(α),p
∞ in case (I) and (II) appear in the process at independent times

Yin, where the Yi’s are uniform on (0, 1]. In some sense, the process also has a nontrivial
behaviour at scale n, in which large black faces begin to appear.
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4.3 The particular case of (µ∗, w)-bi-type trees.

This section is devoted to the study of particular properties of (µ∗, w)-BTSG trees, where
µ∗ = Po(1) and w is a weight sequence of stable type. Indeed, such trees appear as a natural
coding of minimal factorizations of stable type, as we will see in Section 4.4.3. In particular,
we characterize the distribution of the associated white reduced tree, and use it to prove
Theorem 4.2.7. From now on, as there is no ambiguity, we write Tn instead of
T (µ∗,w)
n , and T ◦n instead of T ◦,(µ∗,w)n .

4.3.1 Reachable distributions: a study of the white reduced tree.

Recall that, a weight sequence (wi)i≥1 being given, there exists at most one critical probability
distribution ν called the critical equivalent of w such that, for some s > 0, for all i ≥ 1,
νi = wis

i. If this is the case, the white reduced tree T ◦n is distributed as a Galton-Watson tree.
The goal of this section is to investigate the possible behaviours of its offspring distribution,
and in particular for which sequences w this white reduced tree converges to a stable tree.
Indeed, in this case, the white process of Tn converges by Theorem 4.2.4, which helps us
prove the convergence of the black process of Tn.

In the rest of the paper, in the case of a (µ∗, w)-BTSG tree, ν will always denote the

critical equivalent of w, and µ the critical distribution such that T ◦n
(d)
= Tµn.

Let us state things formally. To a weight sequence w, we associate its generating function

Fw : x→
∞∑
i=0

wix
i. In particular, Fµ∗(x) := ex−1 is defined for any x ∈ R. It is a simple matter

of fact that the white reduced tree T ◦n is distributed as the monotype simply generated tree
Tw̃n , where w̃ is the weight sequence whose generating function satisfies

Fw̃ = Fµ∗ ◦ Fw := eFw−1.

We say that a critical probability distribution µ is reachable if there exists a weight
sequence (wi)i≥1 such that, for all n ≥ 1, T ◦n is a µ-Galton-Watson tree conditioned to have
n vertices. In this case, we say that w reaches µ. The following theorem states that a large
range of distributions are reachable:

Theorem 4.3.1. Let α ∈ (1, 2) and L a slowly varying function. Then, there exists a
reachable critical distribution µ such that

Fµ(1− u)− (1− u) ∼
u↓0
u 6=0

uαL
(
u−1
)
. (4.6)

Let α = 2 and ℓ > 0. Then there exists a reachable critical distribution µ such that

Fµ(1− u)− (1− u) →
u↓0
u 6=0

ℓ (4.7)

if and only if ℓ ≥ 1/2. This is equivalent to saying that µ has finite variance 2ℓ.
Furthermore, let w be a weight sequence that reaches a critical probability distribution µ.

Then the two following points are equivalent:

• µ verifies (4.6) or (4.7).

• the critical equivalent ν of w satisfies:

Fν(1− u)− (1− u) ∼
u→0
u 6=0

{
uαL

(
u−1
)

if α ∈ (1, 2)

u2 (ℓ− 1/2) if µ has finite variance.
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In other words, let (Bn)n≥1 be a sequence of positive numbers satisfying (4.2) for ν, and
(B̃n)n≥1 be the sequence constructed from (Bn)n≥1 as in (4.3). Then, (B̃n) satisfies (4.2)
for µ. This relation between the two is the reason for the scaling in B̃n appearing in both
Theorems 4.1.3 and 4.2.7.

Theorem 4.3.1 also means that the only way to reach a distribution in the domain of
attraction of a stable law is to start from a weight sequence whose critical equivalent is
already in the domain of attraction of a stable law.

Theorem 4.3.1 is the consequence of a general result about reachable distributions, which
may be of independent interest: a reachable µ being given, all weight sequences that reach
it are closely related.

Proposition 4.3.2. Let µ be reachable and w a weight sequence reaching µ. Then, for any
weight sequence w′, w′ reaches µ if and only if there exist s, t > 0 such that

Fw′(tx)− Fw′(t) = Fw(sx)− Fw(s).

In particular, the set of weight sequences reaching µ can be written {w(s), s ∈ R∗+} defined

as: for any s > 0, any i ≥ 1, w(s)
i := wis

i.

Proof. Let w be a weight sequence reaching µ, and let w̃ be the weight sequence such that
Fw̃ = eFw−1. Then w̃ shall satisfy for some q, s > 0, by Lemma 4.2.1,

∀x ∈ [−1, 1], Fµ(x) = qFw̃(sx) = qeFw(sx)−1.

Applying this for x = 1, one gets 1 = qeFw(s)−1, which finally gives:

∀x ∈ [−1, 1], Fµ(x) = eFw(sx)−Fw(s).

The result directly follows.

Let us see how this implies Theorem 4.3.1:

Proof of Theorem 4.3.1. We start by proving the first part of this theorem. When α < 2,
one can define ν a critical distribution satisfying νk = k−1−αL(k), for k large enough. Thus,
Fν(1 − u) − (1 − u) ∼ uα(L(u−1)) as u → 0, by e.g. [26, Theorem 8.1.6]. Define now the
weight sequence w by w0 = 0 and wi = νi for i ≥ 1. In particular, Fw(1 − u) − Fw(1) =
Fν(1− u)− Fν(1) = −u+ uαL(u−1)(1 + o(1)), and F ′w(1) = 1. Then, one can check that the
probability law µ such that Fµ(x) = eFw(x)−Fw(1) is reached by w and is critical. One gets in
addition:

Fµ(1− u) = eFw(1−u)−Fw(1) = eFν(1−u)−1

= Fν(1− u) +
1

2

(
(Fν(1− u)− 1)2

)

= 1− u+ uαL
(
u−1
)
+ o(uα),

which implies the first part of Theorem 4.3.1.
When α = 2 and L(x) →

x→∞
ℓ ≥ 1/2, choose any critical distribution ν with variance 2ℓ−1

and construct w from ν the same way. This leads to

Fµ(1− u) = 1− u+ u2
(
ℓ− 1

2

)
+
u2

2
+ o(u2).
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Then, we shall prove that any critical reachable distribution has variance greater than 1.
Let µ be reachable, and take a weight sequence w reaching µ. Then, there exists s > 0 such
that, for all x ∈ (−1, 1), Fµ(x) = eFw(sx)−Fw(s). After differentiating once and applying at
x = 1, one gets

1 = F ′µ(1) = sF ′w(s). (4.8)

By differentiating twice, one gets, for any x ∈ (−1, 1),

F ′′µ (x) = s2
(
F ′′w(sx) + (F ′w(sx))

2
)
eFw(sx)−Fw(s). (4.9)

Assume now that µ has finite variance σ2
µ. Since µ is critical, σ2

µ = F ′′µ (1). Letting x go to 1
in (4.9), we get by (4.8) that σ2

µ = s2F ′′w(s) + 1 ≥ 1.
The second part is just a consequence of Lemma 4.3.2 and the construction of suitable

weight sequences in the beginning of this proof.

Finally, we give a simple criterion for a distribution to be reachable, which may be of
independent interest.

Proposition 4.3.3. Let µ be a critical distribution on Z+. Then, the following statements
are equivalent :

(i) µ is reachable

(ii) All successive derivatives of logFµ at 0 are nonnegative.

Proof. By Lemma 4.3.2, µ is reachable if and only if there exists a weight sequence w and
s > 0 such that Fµ(x) = eFw(sx)−Fw(s) on (−1, 1), i.e. Fw(sx) = Fw(s) + logFµ(x) on this
interval. All wi’s are nonnegative, which proves that (i) ⇒ (ii). Now assume (ii) and denote by
vi the ith derivative of logFµ at 0. Then, the weight sequence (wi)i≥0 defined by wi := vi(i!)

−1

for i ≥ 1 and w0 = 0 satisfies Fµ = eFw−Fw(1) on (−1, 1). Therefore, w reaches µ.

As a consequence of Proposition 4.3.3, for any α ∈ (1, 2) and any slowly varying function
L, there exists a probability distribution µ verifying (4.6), such that all successive derivatives
of Fµ at 0 are nonnegative. For any ℓ ≥ 1, there exists µ with variance ℓ, verifying (4.7),
such that all successive derivatives of Fµ at 0 are nonnegative.

4.3.2 Compared counting of the vertices in the tree Tn and the white
reduced tree T ◦

n

Before we prove Theorem 4.2.7 in the next subsection, we gather together some results
concerning the number of black vertices in different connected components of the tree Tn,
comparing them to the number of white vertices in these connected components. It turns out
that these quantities are asymptotically proportional, the constant of proportionality being
the average number of black children of a white vertex. Let us state things properly:

Lemma 4.3.4 (Number of black vertices in a BTSG). Let w be a weight sequence of α-stable
type for some α ∈ (1, 2], and ν be its critical equivalent. Then, as n→ ∞,

1

n
N• (Tn) P→ 1− ν0.

As we will see in the next section, this straightforwardly implies Lemma 4.1.1.
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Proof. The idea of the proof is to split the set of black vertices in the tree according to the
number of white grandchildren of their parents. Let Nn,◦

k be the number of white vertices
in Tn that have exactly k white grandchildren. Then, observe two things: (i) for any fixed
K ∈ Z+, jointly for k ∈ J1, KK, we have with high probability

|Nn,◦
k − nµk| ≤ n3/4; (4.10)

(ii) conditionally on the fact that a white vertex has k white grandchildren, its number of
black children is independent of the rest of the tree, and is distributed as a variable Xk

verifying X0 = 0 almost surely and 1 ≤ Xk ≤ k for all k ≥ 1.
Indeed, (i) is a consequence of the joint asymptotic normality of the quantities Nn,◦

k (see
e.g. [95, Theorem 6.2 (iii)]), while (ii) is clear by definition of the BTSG. Let us see how
this implies our result. Fix ε > 0, and K ≥ 1 such that

∑K
k=1 kµk ≥ 1− ε. Such a K exists

by criticality of µ. By (i) and (ii), a central limit theorem for the variables Xk, k ≤ K gives
that, with high probability, jointly for any 0 ≤ k ≤ K,

|Nn,•
k − nµkE[Xk]| ≤ n4/5, (4.11)

where Nn,•
k denotes the number of black vertices in the tree whose parent has k white grand-

children. On the other hand, a white vertex u being given, its number of black children is
necessarily less than its number of white grandchildren. Thus we get that the total number
of black vertices in the tree whose parent has at least K + 1 white grandchildren satisfies

∑

k≥K+1

Nn,•
k ≤

∑

k≥K+1

kNn,◦
k = (n− 1)−

K∑

k=0

kNn,◦
k ,

as
∑

k∈Z+
kNn,◦

k is the number of white grandchildren in the tree, which is equal to n − 1
(only the root is not a grandchild of any white vertex). Therefore, applying (4.10) to each
k ≤ K, we get that

∑
k≥K+1N

n,•
k ≤ εn + (K + 1)n3/4 with high probability. Finally, using

(4.11), as n→ ∞,

P



∣∣∣∣∣∣
N• (Tn)

n
−
∑

k∈Z+

µkE[Xk]

∣∣∣∣∣∣
≥ 2ε


→ 0.

The only thing left to prove is that
∑

k≥0
µk E [Xk] = 1− ν0. (4.12)

To this end, we see the tree Tn as a bi-type Galton-Watson tree. We define two probability
measures µ◦, µ• as follows:

∀i ≥ 0, µ◦i = µ∗i e
ν0 (1− ν0)

i

µ•0 = 0 and ∀i ≥ 1, µ•i = (1− ν0)
−1νi, (4.13)

One easily checks that these measures have total mass 1. A quantity of particular interest is
the mean of µ◦:

∑

j≥1
j µ◦j =

∑

j≥1
j µ∗j e

ν0 (1− ν0)
j = eν0−1

∑

j≥1
j
(1− ν0)

j

j!
= 1− ν0. (4.14)

162



Paul Thévenin FACTORISATIONS MINIMALES DE TYPE STABLE

Furthermore, by Lemma 4.2.6, for any n ≥ 1, T (µ◦, µ•)
n

(d)
= T (µ∗,w)

n . We can therefore write:
∑

k≥0
µk E [Xk] =

∑

k≥0
µk
∑

j≥1
j P
(
k∅
(
T (µ◦, µ•)
n

)
= j
∣∣k∅
(
T ◦,(µ◦, µ•)n

)
= k

)
.

Indeed, by definition, the variable Xk is distributed as the number of black children of ∅ (or
any other white vertex) conditionally on the fact that ∅ has k white grandchildren. Now
observe that, since µ◦ and µ• are probability measures, one can define the bi-type Galton-
Watson tree T (µ◦, µ•) as in the monotype case, as the random variable on the set of finite
bi-type trees satisfying, for any bi-type tree T :

P
(
T (µ◦, µ•) = T

)
=

∏

x∈T,x white

µ◦kx(T ) ×
∏

y∈T,y black

µ•ky(T ).

As a consequence, the BTSG T (µ◦, µ•)
n is distributed as the tree T (µ◦, µ•) conditioned to have n

white vertices. Now recall that µ is the critical distribution such that T ◦n
(d)
= Tµn for all n ≥ 1.

In particular, for all k, µk = P(k∅(T ◦,(µ◦, µ•)) = k). Thus, using the fact that, conditionally
on the number of white grandchildren of a white vertex u of Tn, the number of black children
of u is independent of the rest of the tree, we can prove (4.12). Here, for convenience, we
write T for T (µ◦, µ•) and T ◦ for T ◦,(µ◦, µ•).

∑

k≥0
µk E [Xk] =

∑

k≥0
µk
∑

j≥1
j P
(
k∅ (T ) = j

∣∣k∅ (T ◦) = k
)

=
∑

j≥1
j
∑

k≥0
P
(
k∅ (T ) = j

∣∣k∅ (T ◦) = k
)
P (k∅ (T ◦) = k)

=
∑

j≥1
j P (k∅ (T ) = j) =

∑

j≥1
j µ◦j ,

which implies (4.12) by (4.14).

We now generalize this statement, by investigating the number of black vertices in different
components of a tree. This refinement allows us to precisely control the location of large faces
in the black process of the tree, and thus to prove Theorem 4.2.7. Specifically, a tree T being
given, each vertex u of T induces a partition of the set of vertices of T into three parts: the
set G1(u, T ) of vertices that are visited for the first time by the contour function C(T ) before
u, the subtree G2(u, T ) rooted at u and the set G3(u, T ) of the vertices visited for the first
time by C(T ) after u has been visited for the last time.

Lemma 4.3.5. With high probability, jointly for u ∈ Tn a white vertex, as n→ ∞, we have,
jointly for i = 1, 2, 3:

|Gi (u, T ◦n )| = (1 + (1− ν0))
−1 |Gi(u, Tn)|+ o(n),

where we recall that we also denote by u the vertex in T ◦n corresponding to u.

In other words, the proportions of vertices in Tn in lexicographical order respectively
before u, in the subtree rooted at u and after u are, with high probability, close to the
proportions of vertices in T ◦n in lexicographical order before u, in the subtree rooted at u and
after u. This boils down to proving that, in each of these components, the number of black
vertices is roughly (1− ν0) times the number of white vertices.
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Proof. Fix ε > 0, and take K ∈ Z+ such that
∑K

k=0 kµk ≥ 1− ε. For 0 ≤ k ≤ K, denote by
Nk

2nt(T ◦n ), for 0 ≤ t ≤ 1, the number of different vertices in T ◦n with k children visited by the
contour function C(T ◦n ) before time 2nt. Then, it is known (see [95, Theorem 1.1 (ii)] for the
finite variance case and [95, Theorem 6.1 (ii)] for the infinite variance case) that, uniformly
in k ≤ K:

(
Nk

2nt (T ◦n )− nµkt√
n

)

0≤t≤1

(d)→
n→∞

(C1❡t + C2Bt)0≤t≤1 , (4.15)

where C1, C2 are constants that only depend on µ, ❡ is a normalized Brownian excursion and
B is a Brownian motion independent of ❡.

Now, for u a white vertex of Tn, denote by Nk,(1)(u) (resp. Nk,(2)(u), Nk,(3)(u)) the
number of different white vertices with k white granchildren in Tn visited by C(Tn) for the
first time before the first visit of u (resp. between the first and last visits of u, and after
the last visit of u). For 1 ≤ i ≤ 3, set in addition N (i)(u) = |Gi(u, Tn)| :=

∑
k≥0N

k,(i)(u),
the total number of vertices visited by the contour function resp. before the first visit of u,
between the first and last visits of u and after the last visit of u. We obtain from (4.15) that,
as n→ ∞:

P
(
∃u ∈ Tn, u white, ∃k ∈ J0, KK, ∃i ∈ J1, 3K,

∣∣Nk,(i)(u)− µkN
(i)(u)

∣∣ ≥ n3/4
)
→ 0.

Now, on the complement of this event, using the notation Xk of Lemma 4.3.4, for any
white vertex u ∈ Tn white, a central limit theorem provides:

P
(∣∣N•,k,(i)(u)−Nk,(i)(u)E[Xk]

∣∣ ≥ n3/4
)
= o(1/n), (4.16)

where N•,k,(i)(u) denotes the number of black vertices in Gi(u, Tn) whose parent has k white
grandchildren. On the other hand, the total number of black vertices in the tree whose parent
has more than K white grandchildren is again at most εn+(K+1)n3/4 with high probability
by (4.10). By summing (4.16) over all k ≤ K, all 1 ≤ i ≤ 3 and all white vertices u ∈ Tn,
and finally by letting ε→ 0, we obtain the result.

4.3.3 Proof of the technical theorem 4.2.7

This whole subsection is devoted to the proof of Theorem 4.2.7. First of all, we explain the
structure of this proof: let α ∈ (1, 2], (wi)i≥1 be a weight sequence of α-stable type, and
ν be its critical equivalent. When α < 2 or when ν has finite variance, we prove that the
black and white processes coded by the BTSG Tn are asymptotically close to each other at
the scale B̃n (where (B̃n)n≥1 satisfies (4.3) for ν). Then, we investigate the whole colored
lamination L•∞(Tn), showing that it converges to a random stable lamination whose faces
are colored independently with the same probability. The following theorem gathers these
different results. Again in this section, as there is no ambiguity, Tn stands for T (µ∗,w)

n .

Theorem 4.3.6. Let α ∈ (1, 2], w be a weight sequence of α-stable type, ν be its critical
equivalent, and (B̃n)n≥1 verifying (4.3) for ν. Then, if α ∈ (1, 2) or if ν has finite variance:

(i) There exists a coupling between the black process and the white process of Tn such that:

dSk

((
L•
c(1−ν0)B̃n

(Tn)
)
c≥0

,
(
L◦
cB̃n

(Tn)
)
c≥0

)
P→

n→∞
0.

where dSk denotes the Skorokhod distance on D(R+,CL(D)).
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(ii) The white process of Tn converges in distribution towards the α-stable lamination pro-
cess:

(
L◦
cB̃n

(Tn)
)
c∈[0,∞]

(d)→
n→∞

(
L(α)
c

)
c∈[0,∞]

.

(iii) In distribution, under the coupling of (i) and jointly with convergence (ii),

L•∞ (Tn)
(d)→

n→∞
L(α),pν
∞ ,

where

pν :=
σ2
ν

σ2
ν + 1

.

In particular, pν = 1 when α ∈ (1, 2).

Before jumping into the proof of Theorem 4.3.6, let us explain why this theorem is enough
to get Theorem 4.2.7.

Proof of Theorem 4.2.7. The proof of Theorem 4.2.7 is now straightforward. Indeed, Theo-
rem 4.3.6 (i) and (ii) imply the convergence of the first marginal in Theorem 4.2.7, that is,
the convergence of the black process of Tn on any compact of R+. The joint convergence of
L•∞(Tn) is finally a consequence of Theorem 4.3.6 (iii).

Let us therefore prove Theorem 4.3.6.

4.3.4 Proof of Theorem 4.3.6 (i)

We first explain how to couple the white and black processes coded by Tn. To each black
vertex u, associate its white child ℓc(u) whose subtree in T ◦n has the largest size (if the
largest size is attained by more than one white child, then choose one uniformly at random).
Now, start from a uniform labelling of the white vertices. We label the black vertices the
following way: give the label 1 to the black vertex u1 such that ℓc(u1) has the smallest label
among all white vertices of the form ℓc(u); give the label 2 to u2 such that ℓc(u2) has the
second smallest label, etc. This provides a way of labelling the black vertices of Tn from 1 to
N•(Tn), and this labelling is clearly uniform. See Fig. 4.11 for an example of this coupling.
This induces therefore a coupling between the black and white processes (L◦u(Tn))u∈[0,∞] and
(L•u(Tn))u∈[0,∞].

3

8 4 6 2 11

19 5 10 7

3

6

7

2

1

4

5

Figure 4.11: The coupling between labels of black and white vertices in a tree: arrows go
from a black vertex u to the white vertex ℓc(u). Left: the coupling between vertices. Middle:
a uniform labelling of the white vertices. Right: the induced labelling of the black vertices

We claim that, under this coupling, Theorem 4.3.6 (i) holds. To this end, we prove that
the following two events hold with high probability:
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(a) first, uniformly for u a black vertex in Tn with label ≤ B̃n log n, the distance between
S1 ∪ Fu(Tn) (in L•(Tn)) and S1 ∪ cℓc(u)(T ◦n ) (in L◦(Tn)) goes to 0;

(b) uniformly for each black vertex u with label e(u) ≤ B̃n log n,

|(1− ν0) e
◦(ℓc(u))− e(u)| = o(B̃n), (4.17)

where e◦(x) is the label of the white vertex x.

Roughly speaking, (a) proves that faces of the black process are close (one by one) to some
chords of the white process, and (b) that each face roughly appears at the same time as the
associated chord, in the time-rescaled processes.

On these two events, the Skorokhod distance between the black and the white processes
up to time B̃n log n, rescaled in time by a factor B̃n, goes to 0 as n→ ∞. Indeed, by (4.17),
if one rescales by this factor B̃n, asymptotically the face Fu(Tn) and the chord cℓc(u)(T ◦n )
appear at the same time up to o(1), uniformly for u a black vertex with label ≤ B̃n log n.
The only thing left to prove is that no other large white chord appears in the white process
before time B̃n log n. To see this, notice that, at ε > 0 fixed, if a chord cv(T ◦n ) has length
larger than ε, where v is a white vertex that is not of the form ℓc(u) for some black vertex u,
then necessarily the parent of v in T ◦n is an εn-branching point. The number of white vertices
v such that |θv(T ◦n )| ≥ ε and such that the parent of v in T ◦n is an εn-branching point is
bounded by ε−1, independently of n. Hence, with high probability none of them has a label
less than B̃n log n, and all large white chords in the white process that appear before time
B̃n log n are of the form cℓc(u)(T ◦n ) for some black vertex u. This implies Theorem 4.3.6 (i).

W now prove (a) and (b). In what follows, we call marked vertices the white vertices of
the form ℓc(u) for some black vertex u ∈ Tn.

In order to prove (a), we mostly rely on Lemma 4.3.5. Fix ε > 0 and take u a black
vertex in Tn with label ≤ B̃n log n. Then, with high probability, u is not a black εn-node of
Tn. Indeed, there are at most 2n vertices in total in Tn, and thus at most 2ε−1 εn-nodes in
this tree. Assume that it is not an εn-node. Then, if all chords of the boundary of Fu have
lengths < ε, with high probability cℓc(u) has length less than 2ε by Lemma 4.3.5. Now assume
that one of the chords in the boundary of Fu, which we denote by c∗, has length greater than
ε. As u is not an εn-node of Tn, there are at most two such chords in the boundary of Fu
and therefore dH(c∗, Fu) < 2πε. In addition, again by Lemma 4.3.5, with high probabliity
dH(c∗, cℓc(u)) < 2πε. Furthermore, this holds jointly for all u with label ≤ B̃n log n.

In order to prove (b), the idea is to code the location of marked vertices (corresponding
to the children of each black vertex having the largest subtree, which are fixed and do not
depend on the labelling on the white vertices; they are white vertices that are targets of an
arrow on Fig. 4.11 left and middle) in lexicographical order by a walk on R, and then use
well-known results about the behaviour of random walks.

First, observe that, by Lemma 4.3.4, with high probability there are N•(Tn) := (1 −
ν0)n(1 + o(1)) black vertices in the tree Tn. Therefore, among the n white vertices in the
tree, (1− ν0)n(1 + o(1)) of them are marked, and the fact that a vertex is marked does not
depend on the labelling. Moreover, the labels of these white vertices are uniformly chosen
among all N•(Tn)-tuples of distinct integers between 1 and n.

Thus, the problem boils down to the following: there are n white vertices, among which
(1 − ν0)n(1 + o(1)) are marked. We want to prove that, with high probability, uniformly
in c ≤ log n, among the first cB̃n white vertices (for the order of the labels), there are
c(1− ν0)B̃n(1 + o(1)) marked ones.
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To prove this, denote by qx the number of marked vertices among the first x. It is clear
that, uniformly for k ≤ B̃n log n, uniformly forN ≥ (1−ν0)n/2, conditionally onN•(Tn) = N :

P
(
qB̃n logn = k

)
=

P (B1 = k)P (B2 = N − k)

P (B3 = N)
∼ P (B1 = k) (4.18)

as n → ∞, where B1 = Bin(⌊B̃n log n⌋, 1 − ν0), B2 = Bin(n − ⌊B̃n log n⌋, 1 − ν0), B3 =
Bin(n, 1 − ν0). Notice that N•(Tn) ≥ (1 − ν0)n/2 with high probability, so that (4.18)
holds with high probability. Furthermore, conditionally on the value k of qB̃n logn, the set

of marked vertices is uniformly distributed among all possible subsets of k of these B̃n log n
white vertices.

Finally, notice that the quantity (1− ν0) e
◦(ℓc(u))− e(u), for u the white vertex labelled

i, can be seen as the value at time i of a specific random walk, constructed from the labelling
of the vertices in Tn. More precisely, denote by (Si)0≤i≤B̃n logn the walk defined as follows: it

starts from the value S0 = 0 and, for 1 ≤ i ≤ B̃n log n, Si − Si−1 = −1 if the white vertex
labelled i is of the form ℓc(u) for some black vertex u (that is, the vertex is marked), and
Si − Si−1 = (1− ν0)/ν0 otherwise. Then, one can check that conditionally on the value k of
qB̃n logn, this walk is distributed as a random walk (S ′i, 0 ≤ i ≤ B̃n log n) starting from 0 with
i.i.d. jumps, the jumps being −1 with probability 1− ν0 and (1− ν0)/ν0 with probability ν0,
conditioned to have k "−1" jumps. In particular, the expectation of each jump of S ′ is 0.

By Donsker’s theorem, the maximum of the absolute value of this walk is of order√
B̃n log n = o(B̃n). Using (4.18), the maximum of the absolute value of (Si)0≤i≤B̃n logn

is also of order
√
B̃n log n with high probability. Finally, observe that, for any white vertex

u labelled i ≤ B̃n log n, the value Si of the walk at time i is exactly (1− ν0) e
◦(ℓc(u))− e(u)

by construction. This proves the result.

4.3.5 Proof of Theorem 4.3.6 (ii)

To prove this, we use the fact that the white reduced tree T ◦n is a µ-GW tree conditioned
to have n vertices, where - by Theorem 4.3.1 - µ is a critical probability distribution in the
domain of attraction of an α-stable law. Hence, Theorem 4.3.6 (ii) follows directly from [96,
Theorem 3.3 and Proposition 4.3], and is used in this form in [96] to study the model of
minimal factorizations of the n-cycle into transpositions.

We now prove the third part of Theorem 4.3.6. We treat separately the two cases when
α < 2 and when ν has finite variance.

4.3.6 Proof of Theorem 4.3.6 (iii), when α < 2

In the whole paragraph, (B̃n)n≥1 is a sequence that satisfies (4.3) for ν. In particular, as
n→ ∞,

B̃n ∼ n1/αℓ(n) (4.19)

for some slowly varying function ℓ.
We prove here that, jointly with the convergence of Theorem 4.3.6 (ii), the sequence

(L•∞(Tn))n≥1 converges towards the colored stable lamination L(α),1
∞ , whose red part is L(α)

∞
(which denotes here the limit of the process (L◦∞(Tn))n≥1 by Theorem 4.3.6 (ii)), and whose
faces are all colored black. In order to see this, we prove that with high probability in the
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tree Tn, for any white εn-node u of Tn, almost all grandchildren of u have the same black
parent. To this end, we rely on the following lemma, inspired by [74, Section 5, Lemma 5]:

Lemma 4.3.7. There exists a small δ > 0 such that, for any η > 0, with high probability,
for any white vertex u ∈ Tn having at least ηB̃n white grandchildren, all of them but at most
B̃nn

−δ have the same black parent.

Let us immediately see how this implies the convergence of Theorem 4.3.6 (iii) in this
case. The key remark, which is straightforward by construction, is that all faces with a ’large’
area in the colored lamination are coded by large nodes in the tree Tn (either black or white).
More precisely, for any r > 0, there exists ε > 0 such that all faces of area larger than r
in L•∞(Tn) are coded by εn-nodes of Tn. In addition, if a black vertex is a ρn-node of Tn,
then, by Lemma 4.3.5, with high probability its white parent is an (1− ν0)ρn/2-node of the
reduced tree T ◦n . This allows us to focus only on white εn-nodes of T ◦n .

Proof of Theorem 4.3.6 (iii). We use the fact that with high probability all large white nodes
in the original tree have a large number of white grandchildren. Let us fix ε > 0, and take
η > 0 such that, with probability ≥ 1− ε, all white εn-nodes in T ◦n have at least ηB̃n white
grandchildren in Tn (such an η exists by Lemma 4.2.3 (ii)). Denote by Kε(T ◦n ) the (random)
number of εn nodes in T ◦n . Notice that there are at most ε−1 of them, and denote them by
a1, . . . , aKε(Tn) in lexicographical order.

Let us focus on a1. Take δ > 0 such that, by Lemma 4.3.7, with high probability all white
grandchildren of a1 except at most B̃nn

−δ have the same black parent, which we denote by b1.
Set now Sε(a1) := {u granchild of a1, |θu(Tn)| ≥ εn}, the subset of grandchildren of a1 whose
subtree in Tn has size more than εn. Then |Sε(a1)| ≤ ⌊2ε−1⌋, and with high probability all
elements of Sε(a1) are children of b1. Now define from these points the face F̃a1(Tn), as

F̃a1(Tn) = S1 ∪ ca1(Tn) ∪
⋃

u∈Sε(a1)

cu(Tn),

whose connected component having ca1 in its boundary and not containing 1 is colored black.
In other words, this face does only take into account the subtrees of size larger than εn rooted
at grandchildren of a1.

Then, using Lemma 4.3.5 jointly for each point of Sε(a1), it is clear that, with high
probability,

dH

(
Fb1(Tn), F̃a1(Tn)

)
≤ 2πε.

On the other hand, by construction,

dH

(
F̃a1(Tn), F ′a1(T ◦n )

)
≤ 2πε,

where F ′a1(T ◦n ) is the colored lamination defined as

F ′a1(T ◦n ) := S1 ∪ ca1(T ◦n ) ∪
⋃

u granchild of a1

cu(T ◦n )

in which the face of L◦∞(Tn) whose boundary contains ca1 and all chords cu for u a grandchild
of a1 is colored black. In other words, the large face of L•∞(Tn) coded by b1 is close to the
large face of L◦∞(Tn) bounded by the chords coded by a1 and its grandchildren, and colored
black. In addition, the same holds for a2, . . . , aKε(Tn). Since L◦∞(Tn) converges in distribution

towards the α-stable lamination L(α)
∞ , L•∞(Tn) converges in distribution towards L(α),1

∞ .
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We now prove Lemma 4.3.7.

Proof of Lemma 4.3.7. The proof is inspired by [74, Section 5, Lemma 5]. Fix δ > 0 such
that 2δ(α+1/α) < 1. Take η > 0, and n large enough so that ηB̃n > 2B̃nn

−δ. For u a white
vertex of Tn, for any k,M ≥ 1, define the following event E(u, k,M): u has k black children,
a number M ≥ ηB̃n of white grandchildren and simultaneously none of its black children
has more than M − B̃nn

−δ white children. This implies that at least two among its black
children have more than B̃nn

−δ/k white children.
Therefore, for any white vertex u, uniformly in M ≥ ηB̃n and k ≥ 2, one gets:

P
(
E(u, k,M)

∣∣ ku(T ◦n ) =M
)
≤ µ∗(k)

(
k

2

)
ν
(
[B̃nn

−δ/k,∞)
)2
.

On the other hand, by usual properties of the domain of attraction of stable laws (see e.g. [44,
Corollary XV II.5.2]), there exists a constant K > 0 such that, for all R > 0, ν([R,∞)) ≤
KR−α+δ. Hence, the probability that there exists a white vertex u in Tn with more than ηB̃n

white grandchildren and such that E(u, k,M) holds for some k ≥ 2, M ≥ ηB̃n is less than

n

∞∑

k=2

µ∗(k)

(
k

2

)
ν
(
[B̃nn

−δ/k,∞)
)2

≤ n

( ∞∑

k=2

µ∗(k)

(
k

2

)
k2α−2δ

)
B̃−2α+2δ
n n2αδ = O

(
n1+2αδB̃2δ−2α

n

)
.

Using (4.19) and the definition of δ, n1+2αδB̃2δ−2α
n ≤ n2δ(α+1/α)−1ℓ(n)2δ−2α for some slowly

varying function ℓ. It is finally well-known that, for any ε > 0, for n large enough, ℓ(n) ∈
(n−ε, nε), by the so-called Potter bounds (see e.g. [26, Theorem 1.5.6] for a precise statement
and a proof). Thus, n1+2αδB̃2δ−2α

n = o(1) as n→ ∞, which proves our result.

4.3.7 Proof of Theorem 4.3.6 (iii), when ν has finite variance

The case with finite variance is different. Indeed, in this case, it may happen that 0 < pν <
1, and the coloring of the limiting Brownian triangulation is not trivial. We prove that,
nonetheless, each face of the limiting object is colored black independently with the same
probability pν .

Let us first recall some notation. In what follows, for µ a critical distribution, Tµ denotes
a µ-GW tree, and, for any i ≥ 1, Tµi denotes a µ-GW tree conditioned to have exactly i
vertices. ∅ always denotes the root of the tree, and Ku(T ) denotes the set of children of u in
T .

Fix ε > 0. When µ has finite variance, for n large, εn-nodes in Tµn are in fact εn/2-
branching points, which we recall are vertices such that two of their children are the root of
a subtree of size ≥ εn/2:

Lemma 4.3.8. With high probability as n→ ∞, jointly for all εn-nodes u of Tµn, there exist
v1(u), v2(u) two children of u such that

|θv1(u)(Tµn)| ≥ εn/2, |θv2(u)(Tµn)| ≥ εn/2,

and
∑

w∈Ku(T
µ
n),w 6=v1(u),v2(u)

|θw(Tn)| = o(n).

In other words, if the tree splits at the level of u into at least two macroscopic components,
then with high probability it splits into exactly two of them. This is a well-known fact, direct
consequence of the convergence of Theorem 4.2.2 and the fact that the local minima of the
normalized Brownian excursion are almost surely distinct. Thus, exactly two children of each
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εn-node are the root of a ’large’ subtree, while the sum of the sizes of all other subtrees rooted
at a child of this node is o(n). Therefore, investigating εn-nodes boils down to investigating
εn-branching points.

In order to prove that faces are asymptotically colored in an i.i.d. way, observe that, a
white εn-branching point of T ◦n being given, there are two possible cases: either its two white
grandchildren with a large subtree v1(u), v2(u) have the same black parent (see Fig. 4.12,
top-left) which provides a large black face in the lamination; or they have two different black
parents (see Fig. 4.12, top-right) which provides a large white face. Finally, notice that the
event that v1(u), v2(u) have the same black parent, conditionally on the number of white
grandchildren of u, is independent of the rest of the tree.

The proof therefore has two different steps. We first prove that the distribution of the
colors of the faces asymptotically does not depend on the shape of the tree (this means that
it is asymptotically independent of the colored lamination-valued process (L•

cB̃n
(Tn))0≤c≤M

stopped at any finite time M). This step is done by shuffling branching points in the tree,
in such a way that the shape of the tree is not changed much. Then, we prove that the
distribution of the colors of the largest faces in the final lamination indeed converges towards
i.i.d. random variables, and compute the asymptotic probability that a large face is colored
black.

Let us first define a transformation on bi-type trees, which allows us to introduce addi-
tional randomness into the degree distribution of the white branching points without changing
the overall shape of this tree. The image T̃n of the random tree Tn by this transformation
shall be distributed as Tn, and their black processes shall in addition be close with high
probability. Furthermore, L•∞(T̃n) shall be close to L(α),p

∞ for some p ∈ [0, 1], which proves
Theorem 4.3.6 (iii).

The idea of the transformation is to randomize a small part of the tree Tn, so that the
whole black process (L•c(Tn))c≥0 does not change much. To this end, we associate to each
’large’ face of L•∞(Tn) a white branching point of T ◦n : the vertex coded by this face if the face
is white, and the parent of this vertex if it is black. Then, ε > 0 being given, one shuffles
some well-chosen branching points in the tree, so that white εn-branching points of T ◦n are
still εn-branching points after this shuffling, but the coloring of the face that they code is
randomized. Indeed, although we are able to compute the limiting joint distribution of the
degrees of the branching points in a conditioned GW-tree, it is not clear at first sight that
this distribution is asymptotically independent of the shape of the tree. This transformation
allows us to prove it, by shuffling a large number of ρn-branching points (for 0 < ρ < ε) with
the εn-branching points of the initial tree.

Let us state this properly. For ε > η > 0 two constants, we define BT
ε,η
n to be the set of

bi-type trees Tn with n white vertices, such that there exists a white vertex u ∈ Tn satisfying
|θu(T ◦n)| ∈ (ηn, εn). For any tree Tn ∈ BT

ε,η
n , we define a shuffling operation.

Definition (The shuffling operation). Fix three constants ε > η > ρ > 0 and take Tn ∈
BT

ε,η
n . We construct the shuffled tree T ε,η,ρn as follows: take u a white vertex of Tn such that

|θu(T ◦n)| ∈ (ηn, εn). Let E := Eεn(T
◦
n) ∪ Eρn(θu(T ◦n)), the set made of all white εn-branching

points of T ◦n and all white ρn-branching points of the white subtree rooted at u (observe that
there is no εn-branching point in this subtree, by definition of u). Since ρ < ε, εn-branching
points are also ρn-branching points and thus |E| ≤ ρ−1 (notice that |E| is random anyway).
Let U1, . . . , U|E| be the elements of E, sorted in lexicographical order. For each i ≤ |E|,
denote by v1(Ui), v2(Ui), in lexicographical order, the two grandchildren of Ui whose subtrees
are the largest (in case of equality, arbitrarily pick two that are larger than all others). Define
the tree T ε,η,ρn from Tn as follows: denote by S(Ui) the part of the subtree θUi

(Tn)\Ui, where
one also "cuts" the edges between v1(Ui), v2(Ui) and their black parent(s). See Fig. 4.12
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for an example. We now take σ, a permutation of J1, |E|K chosen uniformly at random, and
exchange the S(Ui)’s according to σ, reattaching the half-edges which lead to v1(Ui), v2(Ui) to
Sσ(i). In addition, each black vertex keeps its original label. See Fig. 4.12 for an example of
this shuffling of Si’s.

We claim that, for any ε > η > ρ > 0, any c ≤ B̃n log n, with high probability the
Hausdorff distance between L•c(Tn) and L•c(T

ε,η,ρ
n ) is bounded from above by the following

quantity:

Cρ(Tn) :=
4π

n

∑

u∈Eρn(T ◦
n)

∑

v∈K(−2)
u (T ◦

n)

|θv(T ◦n)|,

where, for any u ∈ Tn, K
(−2)
u (T ◦n) denotes the union of the set of children v of u in T ◦n whose

subtree θv(T ◦n) has size less than ρn.

Lemma 4.3.9. Let ε > η > ρ > 0, and take a tree Tn ∈ BT
ε,η
n . Then, with high probability,

uniformly for 0 ≤ c ≤ log n:

dH

(
L•
cB̃n

(Tn),L
•
cB̃n

(T ε,η,ρn )
)
≤ Cρ(Tn).

Notice that this is not true for all c, and in particular not for c = ∞, as colors of large
faces may be changed by the transformation of Definition 4.3.7.

Proof. By shuffling a certain subset of Eρn(T ◦n) as stated in Definition 4.3.7, one moves
subtrees rooted at children and grandchildren in Tn of a white ρn-branching point of T ◦n . In
particular, using the fact that the number of black vertices in a subtree of Tn is less than the
number of white vertices in this subtree, the total number of vertices moved by the shuffling
operation is at most

∑
u∈Eρn(T ◦

n)

∑
v∈K(−2)

u (Tn)
2|θv(T ◦n)|. Furthermore, with high probability,

up to time B̃n log n there is no black face of area larger than 2ε whose color is changed between
both colored lamination-valued processes. Indeed, there are at most 2|E| black vertices with
a subtree of size larger than 2εn in Tn that are moved by these operations. Thus, with high
probability none of them has a label ≤ B̃n log n. The result follows.

The idea is now to apply the transformation of Definition 4.3.7 to the tree Tn. It turns
out that one can choose the parameters η and ρn (depending on n) carefully, so that the
colored lamination-valued process associated to T ε,η,ρn

n converges in distribution towards
((L(2)

c )c≥0,L
(2),pν
∞ ) for some pν ∈ [0, 1].

Lemma 4.3.10. Fix ε > 0 and set η = ε/6. The following holds:

(i) For all n ≥ 1, for all ρ > 0 such that ρ < η, conditionally on the fact that Tn belongs

to BT
ε,η
n , T ε,η,ρ

n

(d)
= Tn.

(ii) With high probability, Tn belongs to BT
ε,η
n .

(iii) Recall that µ is defined as the probability measure such that T ◦n is a µ-GW conditioned
to have n vertices. Define Kε(T ◦n ) as the (random) number of white εn-branching points
in T ◦n , and label them U1, . . . , UKε(T ◦

n ) in lexicographical order. Assume that Tn belongs
to BT

ε,η
n . Then, for any ε′ > 0, one can find ρ > 0 such that, as n→ ∞, uniformly in

1 ≤ j ≤ ε−1, uniformly in k1, . . . , kj ≥ 1:
∣∣∣∣∣P
(

j⋃

i=1

{kUi
(T ◦,ε,η,ρn ) = ki}

∣∣∣Kε(T ◦n ) = j

)
− (σ2

µ)
−j

j∏

i=1

µkk(k − 1)

∣∣∣∣∣ ≤ ε′ + o(1),

the o(1) depending only on n.
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S(u)

u

v1(u) v2(u)

Two vertices in the tree Tn

S(u′)

u′

v1(u
′) v2(u

′)

S(u′)

u

v1(u) v2(u)

The same vertices, exchanged in T ε,η,ρn

S(u)

u′

v1(u
′) v2(u

′)

Figure 4.12: Top: the two possible cases for a white branching point u of the tree Tn: either
the two larger subtrees of grandchildren of u have the same black parent (left), or two different
black parents (right). The part that is (possibly) shuffled by the transformation of Definition
4.3.7 is in green (resp. red). Bottom: after having switched the green and red parts, in the
tree T ε,η,ρn . Notice that the set of degrees of the vertices stays the same on top and bottom.

Let us see how this implies Theorem 4.3.6 (iii). First, by Lemma 4.3.10 (ii) and (iii), for
any M > 0 one can choose ρM > 0 such that, for n large enough, uniformly for j ≤ ε−1,
uniformly for any k1, . . . , kj ∈ Z+:

∣∣∣∣∣P
(

j⋃

i=1

{
kUi

(
T ◦,ε,ε/6,ρMn

)
= ki

} ∣∣∣Kε = j

)
−
(
σ2
µ

)−j j∏

i=1

µkiki(ki − 1)

∣∣∣∣∣ < M−1.

On the other hand, at ρ > 0 fixed, Lemma 4.3.8 implies that Cρ(Tn) P→ 0 in probability, as
n → ∞. Therefore, by diagonal extraction, one can find a sequence of parameters (Mn)n≥1
such that the tree T̃n := T ε,ε/6,ρMn

n satisfies the following conditions (using Lemma 4.3.9 to
get (H2)):

(H1) For all n ≥ 0, T̃n
(d)
= Tn.

(H2) In probability,

sup
0≤c≤logn

dH

(
L•
cB̃n

(Tn),L•cB̃n
(T̃n)

)
P→ 0.

(H3) Uniformly for any j ≤ ε−1, uniformly for any k1, . . . , kj ∈ Z+

P

(
j⋃

i=1

{
kUi

(
T̃ ◦n
)
= ki

} ∣∣∣Kε

(
T̃ ◦n
)
= j

)
→
n→∞

(
σ2
µ

)−j j∏

i=1

µkiki(ki − 1),

where we recall that Ui denotes the i-th εn-branching point of T̃ ◦n .

172



Paul Thévenin FACTORISATIONS MINIMALES DE TYPE STABLE

Properties (H2) and (H3) mean in particular that the joint degree distribution of the εn-
branching points in T̃ ◦n is asymptotically independent of the shape of the tree. We can now
use this transformation, and specifically (H3), to compute the value of the parameter pν .
To this end, we use the fact that, the number of white grandchildren of an εn-branching
point u being given equal to k ≥ 2, the event that v1(u), v2(u) have the same black parent is
independent of the rest of the tree. Thus, by (H3), all faces that correspond to εn-branching
points of Tn in the limiting lamination are colored black in an i.i.d. way, with probability
pν ∈ [0, 1] given by the following proposition:

Proposition 4.3.11. If ν has finite variance, then pν has the form:

pν =
σ2
ν

σ2
ν + 1

Roughly speaking, to get this expression, we split according to the number k of white
children of a white branching point in T ◦n , thus computing the conditional probability given
k that such a white branching point codes a black face in L•∞(Tn).

Remark. As mentioned in Section 4.1, in the case w = δj for some j ≥ 2, ν := j−2
j−1δ

0+ 1
j−1δ

j,

and this formula simplifies to pν =
j−2
j−1 .

Proof of Proposition 4.3.11. According to (H3), pν is the limit as n → ∞ of the sequence
(p

(n)
ν )n≥1, where:

p(n)ν =
(
σ2
µ

)−1 n−1∑

k=2

µkk(k − 1)P
(
E(∅)

∣∣∣k∅(T ◦n ) = k
)
,

where E(u) is the event that v1(u), v2(u) have the same black parent. Indeed, notice that,
conditionally on having k white grandchildren, the number j of black children of a vertex is
independent of the rest of the tree. Recall from (4.13) the definition of µ◦ and µ•, which are

two probability measures satisfying Tn
(d)
= T (µ◦, µ•)

n for all n ≥ 1. By construction of the tree,
conditioning by k∅(T ◦n ) = k is the same as conditioning by k∅(T ◦,(µ◦, µ•)) = k. Hence,

pν =
(
σ2
µ

)−1 ∞∑

k=2

µkk(k − 1)P
(
E(∅)

∣∣∣k∅(T ◦) = k
)
, (4.20)

where we write T instead of T (µ◦, µ•) for convenience.
Finally, j and k being fixed, what is left to compute is the probability that the two

grandchildren of ∅ with the largest subtrees rooted at them have the same black parent.
In order to compute P(E(∅)|k∅(T ◦) = k), observe that there are k(k − 1) possibilities for

the locations of v1(∅) and v2(∅). Assuming that u has j black children, who respectively have
a1, . . . , aj white children, the number of possible locations for (v1(∅), v2(∅)) such that they
have the same black parent is

∑j
i=1 ai(ai − 1). More precisely, at k fixed:

P
(
E(∅)

∣∣k∅(T ◦n ) = k
)
=

k∑

j=1

P
(
E(∅)

∣∣k∅(T ) = j, k∅(T ◦) = k
)

=
k∑

j=1

∑

a1+···+aj=k
a1,...,aj≥1

P
(
G(a1, . . . , aj)

∣∣k∅(T ◦) = k
)
P
(
E(∅)

∣∣G(a1, . . . , aj)
)
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where G(a1, . . . , aj) is the event that ∅ has j black children, who respectively have a1, . . . , aj
white children. Thus, one just computes:

P
(
E(∅)

∣∣G(a1, . . . , aj)
)
=

1

k(k − 1)

j∑

i=1

ai(ai − 1)

and

P
(
G(a1, . . . , aj)

∣∣k∅(T ◦) = k
)
= (P (k∅(T ◦) = k))−1 µ◦j

j∏

i=1

µ•ai =
1

µk
µ◦j

j∏

i=1

µ•ai ,

Hence, one gets for (4.20):

pν =
1

σ2
µ

∞∑

k=2

k∑

j=1

µ◦j
∑

a1,...,aj≥1
∑

ai=k

j∏

i=1

µ•ai

(
j∑

i=1

ai(ai − 1)

)

=
1

σ2
µ

∞∑

j=1

µ◦j
∑

a1,...,aj≥1

j∏

i=1

µ•ai

(
j∑

i=1

ai(ai − 1)

)
=

1

σ2
µ

∞∑

j=1

µ◦j E

[
j∑

i=1

Xi(Xi − 1)

]
,

where the Xi’s are i.i.d. random variables of law µ•. By definition of µ• and independence of
the Xi’s, the expectation on the right-hand side is equal to j (1− ν0)

−1 σ2
ν since ν is critical.

Thus, checking from (4.9) that σ2
µ = σ2

ν + 1, one gets:

pν =
1

1− ν0

σ2
ν

σ2
ν + 1

∞∑

j=1

j µ◦j =
σ2
ν

σ2
ν + 1

by (4.14).

We finally need to prove the technical lemma 4.3.10.

Proof of Lemma 4.3.10 (i) and (ii) The image of any bi-type tree Tn by the transfor-
mation of Definition 4.3.7 has the same weight as Tn, which implies (i). In order to prove
(ii), just observe that, if no subtree of the white reduced tree T ◦n has size between εn/6 and
εn, then its contour function attains at least twice the same local minimum, at two times at
which it visits the same white vertex. More precisely, there exists t1 < t2 < t3 < t4 ∈ [0, 1]
such that C2nt1(T

◦
n) = C2nt2(T ◦n ) = C2nt3(T ◦n ) = C2nt4(T ◦n ), C2ns(T ◦n ) ≥ C2nt1(T ◦n ) for all

s ∈ [t1, t4] and t2 − t1, t3 − t2, t4 − t3 are all larger than ε/6. The white vertex u visited at
these four times satisfies |θu(T ◦n )| ≥ εn, but for any of its children v, |θu(T ◦n )| < εn (such a
vertex u necessarily exists). But with high probability as n→ ∞ this does not occur. Indeed,
by Theorem 4.2.2, C(T ◦n ) converges after renormalization towards the Brownian excursion,
whose local minima are almost surely unique.

Proof of Lemma 4.3.10 (iii) The third part of this lemma focuses on the distribution of
the degree of branching points in the white reduced tree T ◦n . Our main tool is therefore the
following proposition, which computes the asymptotic distribution of the number of children
of a branching point, in a large monotype size-conditioned tree. Recall that, a distribution µ
being fixed, T denotes a µ-GW tree and, for any n ≥ 1, Tn denotes a µ-GW tree conditioned
to have n vertices.
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Lemma 4.3.12. Fix ε > 0, and let µ be a critical distribution in the domain with finite
variance σ2

µ. Then:

(i) For any n ≥ 1, any i ≥ 2εn+ 1, any k ≥ 2,

P (|T| = i, ∅ ∈ Eεn(T), k∅(T) = k) =

µk

(
k

2

) i−1−2εn∑

q=0

P(|Fk−2| = q)

i−1−q−εn∑

t=εn

P(|T| = t)P(|T| = i− 1− q − t),

where Fj is a forest of j i.i.d. µ-Galton-Watson trees.

(ii) Let U be a uniform vertex in Tn. Then, for any k ≥ 2:

P
(
kU(Tn) = k

∣∣∣U ∈ Eεn(Tn)
)

→
n→∞

µk k(k − 1) (σ2
µ)
−1,

where we recall that Eεn(T ) denotes the number of εn-branching points in a tree T .

(iii) Let Kε(Tn) be the (random) number of εn-branching points in Tn, and denote them by
U1, . . . , UKε(Tn) in lexicographical order. Then, for all j ≥ 0, all k1, . . . , kj ∈ Z+:

P

(
j⋃

i=1

{kUi
(Tn) = ki}

∣∣Kε(Tn) = j

)
→
n→∞

(
σ2
µ

)−j j∏

i=1

µkiki(ki − 1).

The proof of this lemma is postponed to the end of this section. Let us see how it implies
Lemma 4.3.10 (iii). To this end, ε and η := ε/6 being fixed, we adapt the parameter ρ in
order to control the distribution of the degrees of the εn-branching points. Let u be the
vertex chosen in the transformation of Definition 4.3.7. By Lemma 4.3.12 (iii), we know
how the degrees of the ρn-branching points in θu(T ◦n ) behave. Therefore, by choosing ρ so
that the number of ρn-branching points in θu(T ◦n ) is much larger than the number of εn-
branching points in Tn with high probability, we can control the degree distribution of these
εn-branching points of T̃ ◦n , after the shuffling operation.

Specifically, for any q ≥ 1, we define ρq such that, uniformly for ℓ ∈ (ηn, εn) satisfying
Zℓ,µ∗,w > 0, with probability larger than 1− 1/q there are at least q ρqn-branching points in
T ◦ℓ . The existence of such a ρq, for q ≥ 1, is a consequence of the convergence of Theorem
4.2.2, and the fact that the set of local minima of the normalized Brownian excursion is dense
in [0, 1] with probability 1.

Now for any ε′ > 0, Lemma 4.3.12 (iii) ensures that one can choose q > 0 such that with
high probability, uniformly in k, for n large enough,

∣∣∣N (k)
q (θu (T ◦n ))− µkk(k − 1)

(
σ2
µ

)−1
Nq (θu (T ◦n ))

∣∣∣ ≤ ε′Nq (θu (T ◦n )) .

Here, Nq(T ) denotes the number of ρqn-branching points in T and N
(k)
q (T ) denotes the

number of ρqn-branching points who have k black children. In other words, the proportion
of ρqn-branching points in θu(Tn) that have k children is asymptotically proportional to
µkk(k − 1). As there are at most ε−1 εn-branching points in Tn, Lemma 4.3.10 (iii) follows.

Let us finish with the proof of Lemma 4.3.12.
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Proof of Lemma 4.3.12 (i). To prove (i), notice that, for any k ≥ 2, any i ≥ 2εn+ 1,

P (|T| = i, ∅ ∈ Eεn(T), k∅(T) = k) = P (k∅(T) = k)P
(
|T| = i, ∅ ∈ Eεn(T)

∣∣∣k∅(T) = k
)

The right-hand side can be estimated thanks to Lemma 4.3.8, through the formula:

P
(
|T| = i, ∅ ∈ Eεn(T)

∣∣∣k∅(T) = k
)
=

∑

1≤a<b≤k
P
(
|T| = i, Bε,a,b

∣∣∣k∅(T) = k
)

where Bε,a,b is the event that the subtrees rooted at the a-th and b-th children of ∅ have size
≥ εn. Thus, since P(k∅(T) = k) = µk:

P (|T| = i, ∅ ∈ Eεn(T), k∅(T) = k) = µk

(
k

2

) ∑

t1≥εn
t2≥εn

t1+t2≤i−1

P(|T| = t1)P(|T| = t2)P (|Fk−2| = i− 1− t1 − t2) ,

where Fj is a forest of j i.i.d. µ-GW trees.
Separating according to the value q := i− 1− t1 − t2, the right-hand side is equal to

µk

(
k

2

) i−1−2εn∑

q=0

P(|Fk−2| = q)

i−1−q−εn∑

t=εn

P(|T| = t)P(|T| = i− 1− q − t).

Proof of Lemma 4.3.12 (ii). Let U be a uniform vertex of Tn. Then:

P (U ∈ Eεn(Tn), kU(Tn) = k) =
1

n

∑

j≥1
E



∑

u∈Tn
|u|=j

1u∈Eεn(Tn)1ku(Tn)=k




=
1

n
P (|T| = n)−1

∑

j≥1

n∑

i=2εn

E



∑

u∈T
|u|=j

Fn−i(Cutu(T))Gi,k(θu(T))


 ,

where Fn−i(T ) = 1|T |=n−i and Gi,k(T ) = 1|T |=i1∅∈Eεn(T )1k∅(T )=k. Here, for T a tree and u a
vertex of T , Cutu(T ) denotes the tree T\θu(T ), obtained by cutting T at the level of u (not
keeping u).

In order to investigate this quantity, let us now define T∗, the so-called local limit of the
conditioned Galton-Watson trees Tn: T∗ is a random variable taking its values in the set of
infinite trees, and satisfies, for all r ≥ 1,

Br(Tn)
(d)→ Br(T

∗),

where, a tree T (finite or infinite) being given, Br(T ) denotes the ball of radius r around
the root of T for the graph distance - that is, all edges have length 1. The structure of this
tree T∗, called Kesten’s tree, is known: it has a unique infinite branch, on which independent
nonconditioned µ-GW trees are planted. See Fig. 4.13 for an illustration, and [60] for more
background. Information on the large tree Tn can therefore be deduced from the properties
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on T∗. In particular, by an equality à la Lyons-Pemantle-Peres (see [41, Section 3]), we
obtain that, for any j ≥ 0,

E



∑

u∈T
|u|=j

Fn−i(Cutu(T))Gi,k(θu(T))


 = E

[
Fn−i

(
CutU∗

j
(T∗)

)]
E [Gi,k(T)] .

where U∗j denotes the unique vertex of the infinite branch of T∗ at height j. We can now use
Lemma 4.3.12 (i) to obtain an expression of E[Gi,k(T)]:

∑

j≥0

n∑

i=2εn

E



∑

u∈T
|u|=j

Fn−i(Cutu(T))Gi,k(θu(T))


 = µk

(
k

2

) n∑

i=2εn

Ai

i−1−2εn∑

q=0

P(|Fk−2| = q)Bi,q,

(4.21)
where, for i ∈ J2εn, nK, Ai =

∑
j≥0 P(|CutU∗

j
(T∗)| = n− i) and, for q ∈ J0, i− 1− 2εnK,

Bi,q =

i−1−q−εn∑

t=εn

P(|T| = t)P(|T| = i− 1− q − t).

GW

GW GW

GW GW GW

GW

Figure 4.13: Kesten’s infinite tree T ∗. On the infinite branch (in the middle), independent
µ-GW are planted.

Set, for n, k ∈ Z+,

R
(n)
k :=

n∑

i=2εn

Ai

i−1−2εn∑

q=0

P(|Fk−2| = q)Bi,q.

In order to prove Lemma 4.3.12 (ii), we show two things:

(a) there is no loss of mass as n grows, in the sense that, for any γ > 0, there exists K ∈ Z+

such that, for any n large enough,

∑

k>K

µk

(
k

2

)
R

(n)
k ≤ γ

∑

k≤K
µk

(
k

2

)
R

(n)
k .

In other words, the degree of a uniform εn-branching point in Tn is tight;
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(b) uniformly for k1, k2 on a compact subset of Z+, as n→ ∞:

R
(n)
k1

∼ R
(n)
k2
.

By (a),(b) and (4.21), we conclude that, for all k ≥ 2, P
(
kU(Tn) = k

∣∣∣U ∈ Eεn(Tn)
)

is

asymptotically proportional to µk
(
k
2

)
. This implies Lemma 4.3.12 (ii).

We finish with the proofs of (a) and (b). Let us first prove (a). By the local limit theorem
4.2.5, as µ has finite variance, there exists two constants C > c > 0 depending only on ε and
µ such that, for any i ∈ J2εn, nK, any 0 ≤ q ≤ i− 1− 2εn,

c(i− 1− 2εn− q)n−3 ≤ Bi,q ≤ C(i− 1− 2εn− q)n−3. (4.22)

Thus, for any k ∈ Z+,

R
(n)
k ≤ Cn−3

n∑

i=2εn

Ai nP(|Fk−2| ≤ n) ≤ Cn−2
n∑

i=2εn

Ai. (4.23)

Now, take η = 1/2 + ε ∈ (2ε, 1). We claim that

n∑

i=2εn

Ai ≤ 3
n∑

i=ηn

Ai, (4.24)

which we prove later. Then, for any i ≥ ηn, by (4.22),

i−1−2εn∑

q=0

P(|Fk−2| = q)Bi,q ≥
ηn−2εn∑

q=0

P(|Fk−2| = q)Bi,q ≥ cn−3 (η − 2ε)nP (|Fk−2| ≤ (η − 2ε)n) .

At k fixed, for n large enough, this quantity is larger than c n−2 (η/2− ε), and by (4.24)

R
(n)
k ≥

n∑

i=ηn

Ai

i−1−2εn∑

q=0

P(|Fk−2| = q)Bi,q ≥
c

3
(η/2− ε)n−2

n∑

i=2εn

Ai.

Using (4.23) and the fact that
∑

k>K µk
(
k
2

)
→ 0 as K → ∞, this implies (a) and ensures

the tightness of the degree of a uniform εn-branching point.
The only thing left to prove is that, indeed,

∑n
i=2εnAi ≤ 3

∑n
i=ηnAi. To this end, observe

that, by definition, for any δ ∈ (0, 1),

n∑

i=⌊δn⌋
Ai =

n∑

i=⌊δn⌋

∑

j≥0
P
(
|CutU∗

j
(T∗)| = n− i

)
=
∑

j≥0
P
(
|CutU∗

j
(T∗)| ≤ n− ⌊δn⌋

)

= E
[
sup

{
j ≥ 0, |CutU∗

j
(T∗)| ≤ n− ⌊δn⌋

}]
= E

[
inf
{
j ≥ 1, |CutU∗

j
(T∗)| > n− ⌊δn⌋

}]
− 1.

Now, by definition of the tree T∗, for any j ≥ 1, |CutU∗
j
(T∗)| is the sum of j i.i.d. random

variables. In particular, the sequence (ur)r≥0 defined as

ur = E
[
inf
{
j ≥ 1, |CutU∗

j
(T∗)| > r

}]

is clearly subadditive, in the sense that, for all r1, r2 ≥ 0, ur1+r2 ≤ ur1+ur2 . On the other hand
this sequence is increasing and goes to +∞. This proves (4.24), since n− 2εn = 2(n− ηn).
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To prove (b), just notice that, at k fixed, the mass of R(n)
k is asymptotically concentrated

on small values of q. Indeed, by (4.22), uniformly for i ≥ 2εn+ 1 + log n,

i−1−2εn∑

q=logn

P (|Fk−2| = q)Bi,q ≤ C n−3(i− 1− 2εn− log n)P (|Fk−2| ≥ log n) = o

(
logn∑

q=0

P (|Fk−2| = q)Bi,q

)
,

since, by (4.22) again,

logn∑

q=0

P(|Fk−2| = q)Bi,q ≥ c n−3 (i− 1− 2εn− log n)P(|Fk−2| ≤ log n) ≥ c

2
n−3 (i− 1− 2εn− log n)

for n large enough. Now, by Theorem 4.2.5, for any i ≥ 2εn + 1, there exists a constant C̃i
such that, as n→ ∞, uniformly for q ≤ log n, Bi,q ∼ C̃in

−3. Thus, for any k ≥ 2 fixed,

R
(n)
k ∼ n−3

n∑

i=2εn

AiC̃i

logn∑

q=0

P(|Fk−2| = q) ∼ n−3
n∑

i=2εn

AiC̃i.

In particular, this implies (b).

Proof of Lemma 4.3.12 (iii). In order to check (iii), one only needs to see that, conditionally
on its size, a subtree of Tn is independent of the rest of the tree. Therefore, taking u an
εn-branching point of Tn, the subtrees θv1(u)(Tn) and θv2(u)(Tn), conditionally on their sizes
(which are larger than εn by definition) are independent of the rest of the tree. Hence, using
repeatedly Lemma 4.3.12 (ii) on these subtrees, one obtains (iii).

4.4 A bijection between minimal factorizations and a set

of bi-type trees

In this section, we first discuss some properties of minimal factorizations of the n-cycle,
and specify a way to code them by bi-type trees with n white vertices. Then, we use this
bijection to code a w-minimal factorization of the n-cycle fwn by a random labelled BTSG
T (fwn ), with some constraints on the labels of its black vertices. This BTSG with constraints
is of particular interest, as we prove that the process (Su(f

w
n ))u∈[0,∞] is asymptotically close

to the black process of this tree:

Theorem 4.4.1. Let α ∈ (1, 2]. Let w be a sequence of α-stable type, ν its critical equivalent
and (B̃n)n≥1 satisfying (4.3) for ν. Then, if α < 2 or if ν has finite variance, the face
configuration process obtained from fwn is close in distribution to the process associated to a
(µ∗, w)-BTSG with uniformly labelled black vertices. More precisely, there exists a coupling

of fwn and T (µ∗,w)
n such that, in probability:

dSk

((
ScB̃n

(fwn )
)
c∈[0,∞]

,
(
L•
cB̃n

(
T (µ∗,w)
n

))
c∈[0,∞]

)
P→

n→∞
0,

where dSk denotes the Skorokhod distance on D([0,∞],CL(D)).

This theorem, which we prove later in the section, directly implies Theorem 4.1.3:

Proof of Theorem 4.1.3. The proof of the main result in this paper, Theorem 4.1.3, is just a
consequence of Theorem 4.2.7 and Theorem 4.4.1.
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The principal tool in the proof of Theorem 4.4.1 is a operation that we perform on the
white vertices of T (fwn ), which consists in shuffling its black children in two different ways,
in order to lift the constraints on this labelling. The aim is to obtain at the end a tree
distributed as T (µ∗,w)

n (that is, its black vertices are uniformly labelled), whose black process
is close in probability to the one of T (fwn ). See Section 4.4.5 for details.

4.4.1 Coding a minimal factorization by a colored lamination

First, our aim is to prove Theorem 4.1.4 by showing an explicit bijective way to code a
factorization of Mn by a tree of Un. We do it in two steps, first coding a minimal factorization
by a colored lamination of D and then coding it by a bi-type tree.

Note that our bijection is close to the one presented by Du and Liu [39], who investigate
minimal factorizations of a given cycle. In particular, what they call a S− [d] bipartite graph
is exactly what we call the "dual tree" of the factorization. In their paper, Du and Liu use
this bipartite graph as a tool to show a bijection between minimal factorizations and a new
family of trees which they call multi-noded rooted trees; we prefer studying the bipartite
graph (or bi-type tree in our case) directly, as its structure allows us to use the machinery of
random trees and seems more adapted in our setting.

The first step consists in adapting the bijection introduced by Goulden and Yong [49] to
code minimal factorizations into transpositions by monotype trees with labelled vertices. In
our broader framework, we code general minimal factorizations by bi-type trees with n white
vertices and labelled black vertices. We first check that we can code a minimal factorization
of the n-cycle by a colored lamination, as explained in Section 4.1.2. For this, we need to be
able to define the face associated to a cycle appearing in the factorization.

For n ≥ 1, we say that a cycle τ ∈ Cn is increasing if it can be written as (e1 e2 · · · eℓ(τ)),
where e1 < e2 < . . . < eℓ(τ).

Proposition 4.4.2. Let n ≥ 1. Then any cycle appearing in a minimal factorization of the
n-cycle is increasing.

To prove Proposition 4.4.2, we make use of what we call the transposition slicing of a
minimal factorization, which is roughly speaking a decomposition into transpositions of the
factorization:

Definition. Let n, k ≥ 1 and f := (τ1, . . . , τk) ∈ M
(k)
n . We define from f a factorization

f̃ of the n-cycle into transpositions as follows: for 1 ≤ i ≤ k, let us write the cycle τi
as (d

(i)
1 . . . d

(i)
ℓ(τi)

), where d
(i)
1 is the minimum of the support of τi. Now observe that τi can

be written as the product of (ℓ(τi) − 1) transpositions: (d
(i)
1 d

(i)
2 ) (d

(i)
1 d

(i)
3 ) · · · (d(i)1 d

(i)
ℓ(τi)

). By
replacing all cycles of f by their decomposition into transpositions, we obtain a factorization
f̃ of the n-cycle into transpositions, which we call the transposition slicing of f .

See Fig. 4.14 for an example. It is clear that, if f is a minimal factorization of the n-
cycle, then its transposition slicing f̃ is made of n− 1 transpositions, and hence is a minimal
factorization of the n-cycle into transpositions. This allows us to translate results on f̃
(mostly taken from [49]) into results on f .

Proof of Proposition 4.4.2. Let n, k ≥ 1 and f := (τ1, . . . , τk) ∈ M
(k)
n . We first construct

a lamination, denoted by Slab(f̃), by giving labels to the faces of S(f̃) (which are in fact
all chords): draw for the i-th transposition of f̃ , say (ai bi), the chord [e−2iπai/n, e−2iπbi/n],
and label it i. This provides a lamination in which all chords are labelled. Furthermore,
[49, Theorem 2.2 (iii)] states that chords in Slab(f̃) are labelled in increasing clockwise order
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Figure 4.14: The labelled colored laminations Slab(f) and Slab(f̃), for f :=
(5678)(23)(125)(45). Constructing the second one from the first one just consists in tri-
angulating each black face, starting from the smallest of its vertices.

around each vertex e−2ijπ/n, 1 ≤ j ≤ n (in fact they are sorted in decreasing clockwise order
in [49]: indeed their coding is slightly different from ours, since they label the n-th roots of
unity decreasingly clockwise. Nonetheless our result is an easy consequence of theirs).

Thus, for any i ≤ k, around the vertex e−2iπd
(i)
1 /n ∈ D, the chords of Slab(f̃) are labelled

in clockwise increasing order (see an example on Fig. 4.14, right). This implies that d(i)1 <

d
(i)
2 < . . . < d

(i)
ℓ(i) and the result follows.

We can therefore code a factorization f by a colored lamination with labelled faces, by
labelling the black faces of S(f) from 1 to k (where k denotes the number of cycles that
appear in f) in the order in which they appear. See Fig. 4.14, left for an example. We
denote this labelled colored lamination by Slab(f).

Proposition 4.4.3. Let n, k ≥ 1 and f ∈ M
(k)
n . Then Slab(f) satisfies the following proper-

ties:

P1: It has k black faces and n white faces (with the convention that chords corresponding
to a cycle of length 2 are considered to be black faces).

P2: A black (resp. white) face has only white (resp. black) neighbouring faces (with the
same convention).

P3 The set of black faces of Slab(f) obeys a noncrossing tree-like structure. Specifically, the
chords only meet at their endpoints and form a connected graph; in addition, there is
no cycle of chords of length ≥ 1 containing at most one edge of each black face.

P4: Around each n-th root of unity, black faces are labelled in increasing clockwise order.

These properties can be easily deduced from the results of [49, Section 2], which straight-
forwardly imply that they are satisfied by Slab(f̃). In particular, the chords of Slab(f̃) form a
tree and are labelled in increasing clockwise order around each vertex (see Fig. 4.14, right,
for an example).

Proof. Let us first check P1. It is clear by definition that Slab(f) has k black faces. Now

observe that each white face contains exactly one arc of the form ˇ�(e−2iπa/n, e−2iπ(a+1)/n) (where
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a ∈ Z) in its boundary, since the chords of Slab(f̃) form a tree (see [49, Theorem 2.2 (i)]). As
there are exactly n such arcs, P1 is satisfied.

To prove P2, notice that two white faces cannot be neighbours, as they need a chord to
separate them, which belongs to a black face. In addition, one can check that two black faces
cannot have a chord in common in their boundaries; otherwise either the same transposition
would appear twice in f̃ , or there would be a cycle of chords in Slab(f̃). None of these
configurations can happen, which proves P2.

P3 follows from a similar argument, again using the fact that the chords of Slab(f̃) form
a tree.

To prove P4, let a be an n-th root of unity and F, F ′ two consecutive black faces around
a in clockwise order. Then there exist two chords c (resp. c′) in their respective boundaries
in Slab(f̃) having a as an endpoint, and corresponding to a transposition that appears in the
cycle of f coded by F (resp. F ′). By [49, Theorem 2.2], the labels of c and c′ are sorted in
increasing clockwise order around a. By definition of f̃ , so are the labels of F and F ′.

One can check in addition that, if a labelled colored laminations satisfies these four prop-
erties, then it also satisfies:

P5: Let F be a white face of Slab(f). By P4, F has exactly one arc in its boundary, of the

form ˇ�(e−2iπa/n, e−2iπ(a+1)/n) for some a ∈ Z. Then, the labels of its neighbouring black
faces are sorted in decreasing clockwise order around F , starting from this unique arc.

For n, k ≥ 1, we now define K(k)
n the set of labelled colored lamination satisfying properties

P1 to P4. In addition, we set Kn = ∪1≤k≤n−1K
(k)
n . Then the following holds:

Theorem 4.4.4. Let n, k ≥ 1. The map

Φ(k)
n :





M
(k)
n → K

(k)
n

f 7→ Slab(f)

is a bijection.

As a corollary, the map Φn : Mn → Kn, f 7→ Slab(f) is also a bijection.

Proof. Let f be an element of M(k)
n . By Proposition 4.4.3, Slab(f) is an element of K(k)

n , and
therefore Φ

(k)
n is well defined. It is also clearly an injection. Let us now take L ∈ K

(k)
n . We

prove that there exists a minimal factorization f ∈ M
(k)
n such that L = Slab(f). To this end,

for i ∈ J1, kK, denote by Fi the black face of L labelled i, and denote by ℓ(i) the number
of chords in its boundary. These chords connect exp(−2iπa1/n), . . . , exp(−2iπaℓ(i)/n) so
that 1 ≤ a1 < a2 < · · · < aℓ(i) ≤ n. Let ci := (a1 a2 · · · aℓ(i)), and consider the product
σ := c1c2 · · · ck. By P4 and P5, it is clear that, for all j ∈ J1, nK, σ(j) = j+1 mod n. Indeed,
the arc between e−2iπj/n and e−2iπ(j+1)/n is in the boundary of a white face F ,and is the
only arc in its boundary by P5. Let b1 = j, b2, . . . , bk−1, bk = j + 1 be the vertices of F in
counterclockwise order strating from j. By P5 again, b1 is sent by one of the cm’s to b2, b2 by
another one to b3, and so on, in this very order. Furthermore, for all i ≤ k − 2, the chords
[bi bi+1] and [bi+1 bi+2] belong to consecutive black faces around bi+1, which correspond to,
say, cm1 and cm2 for m1 < m2. By P4, bi+1 is not in any cm for m1 < m < m2. For the
same reason, the first of the cm’s containing b1 is the one sending it to b2, and the last one
containing bk sends bk−1 to it. Finally, b1 = j is sent to bk = j + 1 by σ. Thus, σ is the
n-cycle. In addition, f := (c1, c2, . . . , ck) is an element of M(k)

n , which satisfies L = Slab(f).
The result follows.
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Figure 4.15: An application of the bijection Ψ8 to the minimal factorization f :=
(5678)(23)(125)(45) ∈ M8. Top-left: the colored lamination Slab(f). Top-right: the same
lamination, with its dual tree T (f) drawn in blue. The larger white vertex is its root. Bottom:
the dual tree T (f).

4.4.2 Coding a minimal factorization by a bi-type tree

We now construct from Slab(f) a tree T (f). We then prove that, for n, k ≥ 1, the map

Ψ(k)
n : f → T (f)

defined on M
(k)
n , which associates this way a bi-type tree to each factorization of the n-cycle

into k cycles, is a bijection from M
(k)
n to the set of bi-type trees U(k)

n . To this end, we rely on
Theorem 4.4.4, proving in fact that the mapping Ψ

(k)
n ◦ (Φ(k)

n )−1 is bijective. As a corollary,

Ψn : Mn → Un, f → T (f)

is also a bijection.
Let n, k ≥ 1 and take f := (τ1, ..., τk) ∈ M

(k)
n a minimal factorization of the n-cycle.

To f , we associate the graph T (f), constructed as the dual graph of Slab(f): black vertices
correspond to black faces of Slab(f), while white vertices correspond to its white faces. Specif-
ically, put a white vertex in each white face of Slab(f), and a black vertex in each of its black
faces (including faces of perimeter 2, which correspond to transpositions in f). Now, draw
an edge between two vertices whenever the boundaries of the corresponding faces share a
chord. Finally, root this graph at the white vertex corresponding to the white face whose

boundary contains the arc ˛�1, e−2iπ/n, and give to each black vertex of T (f) the label of the
corresponding face in Slab(f). See an example on Fig. 4.15.

Lemma 4.4.5. Let n, k ≥ 1 and f ∈ M
(k)
n . Then T (f) ∈ U

(k)
n .

Proof. Let us check the properties of U(k)
n one by one. First, T (f) is clearly connected by

construction. Moreover, since each chord splits the unit disk into two disjoint connected
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components, T (f) is necessarily a tree. By the property P1, T (f) has exactly k black vertices
and n white vertices, and by P2 all neighbours of a white vertex are black and conversely. The
root of T (f) is white by construction, and it is therefore a bi-type tree. In addition, a leaf of
T (f) has only one neighbour, and hence necessarily corresponds to a face that has an arc in
its boundary. In particular this face is white, and thus all leaves of T (f) are white. Finally,
by P5, the labels of the neighbours of each white face are sorted in decreasing clockwise order
and the labels of the children of the root are decreasing from left to right. In conclusion,
T (f) ∈ U

(k)
n .

Notice, in particular, that the degree of a black vertex in T (f) corresponds to the length of
the corresponding cycle in f . This mapping is a bijection, as stated in the following theorem.

Theorem 4.4.6. For any n, k ≥ 1, the map

Ψ(k)
n :M(k)

n → U
(k)
n

f 7→ T (f)

is a bijection.

Notice that, by Lemma 4.4.5, Ψ(k)
n is well-defined from M

(k)
n to U

(k)
n .

Proof of Theorem 4.4.6. We rely here on [49, Section 3], where the Goulden-Yong bijection
and its inverse are constructed. Let us construct as well the inverse of the map Ψ

(k)
n . Fixing

a tree T ∈ U
(k)
n , we shall construct a lamination L := Slab(f) associated to a minimal factor-

ization f , such that T = T (f). To this end, we define a way of exploring white vertices of the
tree T , which we call its white exploration process. This process induces a way of labelling
the white vertices, in the order in which they are explored. The white exploration process
is defined the following way: we start from the root which receives label 1, and explore the
subtrees rooted at its white grandchildren from left to right. The rule is that, in order to
explore a subtree of T rooted at a white vertex b whose black parent has label a, one first
explores the subtrees rooted at a black child of b with label < a (if there are some, from left
to right), then visits the vertex b, and finally explores the subtrees rooted at a black child
of b with label > a if there are some, from left to right, starting from the leftmost of these
subtrees. Exploring a subtree rooted at a black vertex just consists in exploring the subtrees
rooted at its white children, from left to right. An example is given in Fig. 4.16, top-right.

Let us now construct a colored lamination L whose dual tree is exactly T . The idea
(which is the main interest of this white exploration process) is that the white vertex labelled

k shall correspond to the white face whose boundary contains the arc ( ˇ�e−2i(k−1)π/n, e−2ikπ/n)

(so that the root corresponds to the arc (˛�1, e−2iπ/n)). The colored lamination L is constructed
by drawing the faces that correspond to black vertices of T , and giving them the label of
the associated vertices. See Fig. 4.16 for an example. There is a unique way of drawing
such a colored lamination. To see this, notice that there is only one way to draw the face
corresponding to a black vertex whose children are all leaves, and that this drawing does not
depend on the label of the white parent of this black vertex. Thus, there is only one way to
draw all these faces from the leaves to the root, which gives L. Furthermore, L belongs to
K

(k)
n by construction. Thus, by Theorem 4.4.4, there exists f ∈ Mn such that L = Slab(f).

Hence, f satisfies T = T (f), and Ψ
(k)
n is a bijection.
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Figure 4.16: An example of the inverse bijection Φ8 ◦ (Ψ8)
−1. Top-left: a tree T ∈ U8.

Top-right: the tree T with labels on its white vertices, following the white exploration
process. Bottom-left: the locations of the arcs corresponding to these white vertices,
on the circle. Bottom-right: the associated colored lamination. We recover from this:
Ψ−18 (T ) = (5678)(23)(125)(45).

4.4.3 Image of a random weighted minimal factorization

We now investigate random weighted minimal factorizations of the n-cycle. Take (wi)i≥1
a weight sequence, and remember that fwn is a minimal factorization of the n-cycle chosen

proportionally to its weight: P(fwn = f) ∝
k(f)∏
i=1

wℓ(τi)−1, where k(f) is the number of cycles

in f . Then, it turns out that the random tree T (fwn ) (which is the image of fwn by Ψn) is
a BTSG. In what follows, as in the previous section, µ∗ denotes the Poisson distribution of
parameter 1.

Theorem 4.4.7. Let w be a weight sequence. Then the plane tree T (fwn ), forgetting about the

labels, has the law of the unlabelled version of T (µ∗,w)
n . In addition, this plane tree being fixed,

the labelling of its black vertices is uniform among all labellings from 1 to their total number
N•(T ), satisfying the condition that the labels of all neighbours of a given white vertex are
clockwise decreasing, and that the labels of the children of the root are decreasing from left to
right.

Notice that Lemma 4.1.1 is an immediate corollary of Theorem 4.4.7 and Lemma 4.3.4:
the number of cycles in a typical w-factorization of the n-cycle is of order (1 − ν0)n. To
see this, just observe that the number of cycles in a minimal factorization F is exactly the
number of black vertices in the tree T (F ). Theorem 4.4.7 also implies Proposition 4.1.2:

Proof of Proposition 4.1.2. It is clear, by the abovementioned bijection, that the maximum
length of a cycle in a minimal factorization F is the maximum degree of a black vertex in
T (F ). Thus, by Theorem 4.4.7, we need to study the maximum degree of a black vertex in
the conditioned BTSG T (µ∗,w)

n . Let ν be as usual the critical equivalent of w. If ν has finite
variance, then by the convergence of Theorem 4.2.2 the maximum degree of a white vertex
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in T ◦,(µ∗,w)n (that is, the maximum number of grandchildren of a white vertex in T (µ∗,w)
n )

is o(
√
n) with high probability. Thus, the maximum degree of a black vertex in T (µ∗,w)

n is
necessarily o(

√
n) as well.

If α < 2, then for any ε > 0, again by the convergence of Theorem 4.2.2, there exists
C > 0 such that, with probabiltiy larger than 1−ε, the maximum degree of a white vertex in
T ◦,(µ∗,w)n is less than CB̃n. Thus the maximum degree of a black vertex is also less than CB̃n

with probability larger than 1−ε. To prove the lower bound on this quantity, take ε > 0 and
η such that, with probability larger than 1− ε, there exists a white vertex u in T (µ∗,w)

n with
at least ηB̃n white grandchildren. Such an η exists by Lemma 4.2.3 (i). Then, by Lemma
4.3.7, one can choose δ > 0 such that, with high probability, all white grandchildren of u
except at most B̃nn

−δ of them have the same black parent b(u). Hence, for n large enough,
with probability larger than 1− 2ε, b(u) has at least ηB̃n/2 children. The result follows.

Proof of Theorem 4.4.7. Take T a bi-type tree with n white vertices, whose leaves are all
white. Then, the number of labellings of the black vertices that are clockwise decreasing
around each white vertex is exactly

n!

(
∏

x∈T, x white

kx(T )!

)−1
.

Furthermore, by Theorem 4.4.6, given such a labelling of T , exactly one minimal factorization
is coded by the tree T labelled this way, and this factorization has weight

∏
y∈T,y black

w•ky(T ).

Finally,

P (T (fwn ) = T ) ∝
∏

x∈T,x white

1

kx(T )!

∏

y∈T,y black

wky(T ).

The result follows.

Equivalence of weighted minimal factorizations An other way to understand Lemma
4.2.6, in the light of the bijection Ψn, is to notice that the weight sequence w is not uniquely
defined by the distribution of fwn . The following lemma characterizes the families of weight
sequences that give rise to the same random minimal factorization:

Lemma 4.4.8 (Equivalent sequences). Let w be a weight sequence and s > 0. Define w(s)

the weight sequence verifying, for any i ≥ 1, w
(s)
i = wis

i. Then, for any n ≥ 1, fw
(s)

n has the
same distribution as fwn .

Proof. Take n, k ≥ 1. For any f := (τ1, . . . , τk) ∈ Mn, we have:

Ww(s)(f) =
k∏

i=1

wℓ(τi)−1s
ℓ(τi)−1 = s

∑k
i=1(ℓ(τi)−1) ×

k∏

i=1

wℓ(τi)−1 = sn−1Ww(f)

by definition of Mn. Recalling that we have defined Yn,v =
∑

f∈Mn
Wv(f) for any weight

sequence v, this implies that Yn,w(s) = sn−1Yn,w and therefore that, for f ∈ Mn,

P
(
fw

(s)

n = f
)
=
Ww(s)(f)

Yn,w(s)

=
Ww(f)

Yn,w
= P (fwn = f) .

The result follows.
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Remember that we say that two weight sequences w,w′ are equivalent if, for all n ≥ 1,

T (µ∗,w)
n

(d)
= T (µ∗,w′)

n . One can check, the same way as in Lemma 4.2.1, that the sequences
w(s), s > 0 are the only sequences equivalent to w. Indeed, recalling the notation of Lemma
4.2.6, the white weight sequence w◦ is the same (equal to µ∗) in both trees T (µ∗,w)

n and T (µ∗,w′)
n ,

and thus the parameters p and q shall be equal to 1. Since we impose the condition qr = 1,
the only parameter that is allowed to vary is s. It is therefore natural to obtain a family
indexed by only one parameter s.

4.4.4 Relation between the colored lamination-valued processes and
the tree coding a minimal factorization

In order to prove Theorem 4.4.1, we start by proving that, when w is of stable type (for
α < 2 or for ν with finite variance), the colored lamination-valued constructed from fwn is
close with high probability to the black process of the associated tree T (fwn ).

Theorem 4.4.9. Let α ∈ (1, 2], w be a factorization of α-stable type and ν be its critical
equivalent. Then, if α < 2 or if ν has finite variance, in D([0,+∞],CL(D)), in probability,
as n→ ∞,

dSk

(
(Su(f

w
n ))u∈[0,∞] , (L

•
u (T (f

w
n )))u∈[0,∞]

)
P→ 0,

where dSk denotes the Skorokhod distance on D([0,∞],CL(D)).

To prove this, for g : Z+ → R+, denote by Zg
n the set of minimal factorizations f of the

n-cycle satisfying two conditions: (i) H(T (f)) ≤ g(n); (ii) there exists a constant A > 0 such
that, for any white vertex u of T (f), taking the notation of the proof of Lemma 4.3.5, for
any 1 ≤ i ≤ 3, we have

∣∣|Gi(u, T
◦(f))| − A|Gi(u, T (f))|

∣∣ ≤ g(n).

For f a factorization of the n-cycle into k cycles for 1 ≤ j ≤ k, denote by Fj the face
of Slab(f) labelled j, and by uj the black vertex of T (f) labelled j. Recall that Fuj(T (f))
denotes the face coding uj in the black process of T (f). Then the following holds:

Lemma 4.4.10. Let g : Z+ → R+. Then there exists a constant C > 0 such that, uniformly
in j, as n→ ∞, uniformly for f ∈ Zg

n,

dH
(
Fj, Fuj (T (f))

)
≤ Cg(n)/n,

This straightforwardly implies Theorem 4.4.9:

Proof of Theorem 4.4.9. By Lemma 4.3.5 and Theorem 4.2.2, there exists g : Z+ → R+ such
that g(n) = o(n) and fwn ∈ Zg

n with high probability. Thus, with high probability, jointly for
all j ≤ N•(T (fwn )), dH(Fj, Fuj(T (f

w
n )) → 0 as n→ ∞. This implies Theorem 4.4.9.

Proof of Lemma 4.4.10. This proof is a straight adaptation of [96, Lemma 4.4], which investi-
gates the case of a minimal factorization into transpositions. Let f := (τ1, . . . , τk) ∈ M

(k)
n , and

fix 1 ≤ j ≤ k. Denote by ℓj the length of the cycle τj, and write τj as (a1 · · · aℓj), with 1 ≤ a1 <

· · · < aℓj ≤ n. By definition, the face Fj connects the points e−2iπa1/n, . . . , e−2iπaℓj /n ∈ S1.
The lengths of the arcs delimited by 1 and these ℓj points are therefore, in clockwise order,
2πa1/n, 2π(a2 − a1)/n, . . . , 2π(aℓj − aℓj−1)/n, 2π(n− aℓj)/n.
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Now, let us consider the vertex uj. It induces a partition of the set of vertices of T (f) into
ℓj+1 subsets: the set S1 of vertices visited by the contour function before the first visit of uj,
the set S2 of vertices visited between the first and the second visit of uj, etc. up to Sℓj+1, the
set of vertices visited for the first time after the last visit of uj. Let us denote by N◦(Si) the
number of vertices of Si that are white, and notice that the interval between two consecutive
visits of uj exactly corresponds to the exploration of a subtree rooted at a white child of uj.
By the second point in definition of Zg

n, it is clear that |N◦(S1) − na1| ≤ g(n), |N◦(S2) −
n(a2 − a1)| ≤ g(n), . . . , |N◦(Sℓj)− n(aℓj − aℓj−1)| ≤ g(n), |N◦(Sℓj+1)− (n− aℓj)| ≤ g(n).

In order to control the locations of the associated faces in the unit disk, we follow the
proof of [96, Lemma 4.4]: observe that, for all i, the white vertices of Si exactly correspond
to white faces of Slab(f) whose boundary contains an arc between e−2iπai−1/n and e−2iπai/n,
except for ancestors of uj which may correspond to arcs either between exp(−2iπaℓj/n) and
1, or between 1 and e−2iπa1/n. By the first point in the definition of Zg

n, uj has at most g(n)
ancestors. This implies that Fj and Fuj(T (f)) are at distance less than 4πg(n)/n, jointly for
all j ≤ N•(T (fwn )).

4.4.5 A shuffling operation

By Theorem 4.4.9, in order to prove Theorem 4.4.1, we now only need to study the process
(L•u (T (f

w
n )))u∈[0,∞]. The main obstacle in this study is the constraint on the labelling of the

black vertices in T (fwn ) (recall that the labels are clockwise decreasing around each white
vertex, and decreasing from left to right around the root). To get rid of this constraint, we
define a shuffling operation on the vertices of a bi-type tree, adapted from [96, Section 4.4].

Definition. Fix n, k ≥ 1. Let T be a plane bi-type tree with n white vertices and k black
vertices labelled from 1 to k, and let K ∈ Z+. We define the shuffled tree T (K) as follows:
starting from the root of T , we perform one of the following two operations on each white
vertex of T . For consistency, we put the constraint that the operation shall be performed on
a white vertex before being performed on its grandchildren.

• Operation 1: for a white vertex such that the labels of its black children are all > K, we
uniformly shuffle these labels (without touching the corresponding subtrees). See Fig.
4.17 (a).

• Operation 2: for a white vertex such that at least one of its black children has a label
≤ K, we uniformly shuffle these labelled children and keep the subtrees on top of each
of them. See Fig. 4.17 (b).

The main interest of this shuffling operation is that, for any K, T (K)(fwn ) has the law
of Tn, which we recall is defined as the (µ∗, w)-BTSG tree conditioned to have n vertices,
whose black vertices are labelled uniformly at random from 1 to N•(Tn). Furthermore, for a
well-chosen sequence (Kn)n≥1 of values of K (depending on n), the black processes associated
to T (fwn ) and T (Kn)(fwn ) are asymptotically close. The choice of this sequence is important.
Indeed, if Kn = 0, we uniformly shuffle the labels of the children of each white vertex, and
in particular the labels of large faces may be given to small ones, which completely changes
the structure of the colored process. On the other hand, if Kn = n, then the subtrees on top
of the children of branching points may be swapped, so that the structure of the underlying
tree is changed.

Lemma 4.4.11. (i) For any Kn ≥ 0, any weight sequence w, the black vertices of the tree
T (Kn)(fwn ) are labelled uniformly at random:

T (Kn)(fwn )
(d)
= Tn.
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(a) Shuffling of a labelled plane tree when K = 3: Operation 1 is performed.
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(b) Shuffling of the same tree when K = 5: Operation 2 is performed.

Figure 4.17: Examples of the shuffling operation. The operation is different in both cases,
since in the second case the vertex labelled 9 has a child with label 4 ≤ K.

(ii) If α < 2 or if the critical equivalent ν of w has finite variance, there exists a sequence
(Kn)n≥1 such that the black process of the initial tree is close in probability to the black
process of the tree with shuffled vertices:

dSk

((
L•
cB̃n

(T (fwn ))
)
c∈[0,∞]

,
(
L•
cB̃n

(
T (Kn)(fwn )

))
c∈[0,∞]

)
P→

n→∞
0,

where B̃n satisfies (4.3) for ν and we recall that dSk denotes the Skorokhod distance on
D([0,∞],CL(D)).

Observe that Theorem 4.4.1 is an easy corollary of this lemma. In addition, notice that
Lemma 4.4.11 (i) is immediate. Indeed, Operations 1 and 2 do not change the law of the un-
derlying unlabelled tree, while the labelling of the black vertices after the shuffling operations
is uniform.

The proof of Lemma 4.4.11 (ii) is the object of the next subsection.

4.4.6 Proof of the technical lemma 4.4.11 (ii)

In order to prove Lemma 4.4.11 (ii), we need to quantify the distance between the locations of
faces with the same label in both labelled colored laminations L•∞(T (f

w
n )) and L•∞(T

(Kn)(fwn )).
For any i ∈ J1, N•(T (fwn ))K, denote by Fi (resp. F ′i ) the face corresponding to the vertex
labelled i in T (fwn ) (resp. T (Kn)(fwn )).

One can notice that, for i ≤ Kn, if a vertex has label i ≤ Kn, then Operation 2 is
performed on its parent and hence it keeps its subtree on top of it, whose size determines
the lengths of the chords of the face Fi. Therefore, for all i, the lengths of the chords in
the boundaries of Fi and F ′i are the same (which means that Fi and F ′i are the same up to
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rotation). In particular, if the boundary of Fi contains no chord of length larger than ε, so
does the boundary of F ′i , and conversely. Thus, we only have to focus on the locations of the
faces that have large chords in their boundary, which correspond to vertices of the tree that
are the root of a large subtree.

The idea is the following: when one shuffles vertices following Definition 4.4.5, the location
of a face Fi associated to a vertex u with given label i ≤ Kn is impacted only by the subset of
ancestors of u in T (fwn ) on which Operation 2 is performed; indeed, performing Operation 1
on a vertex that is not u does not change the underlying unlabelled tree. We first investigate
the maximum possible displacement of Fi induced by Operation 2 on ancestors of u that are
not δn-nodes (Lemma 4.4.12), at δ > 0 fixed. Then, we show that the way Operation 2 is
performed on ancestors that are not δn-nodes does not affect much the colored lamination-
valued process. In the finite variance case, it is possible to choose Kn in such a way that,
with high probability, Operation 2 is never performed on any δn-node. When α < 2, we take
Kn = n so that Operation 2 is performed on all vertices, and we prove that this still does
not affect much the colored lamination.

Fix ε > 0. Let us fix δ ∈ (0, ε), and define, for T a monotype tree with n vertices and
u ∈ T an εn-node, the δ-maximum possible displacement of u as:

MPDδ(u, T ) =
1

n

∑

v∈Aδ
u(T )

∑

w∈Kv(T )
w/∈Au(T )

|θw(T )|,

where Aδu(T ) denotes the set of ancestors of u in T that are not δn-nodes. Recall that Kv(T )
denotes the set of children of v in T , and Au(T ) the set of ancestors of u in T . The quantity
MPDδ(u, T ) takes into account the sizes of the subtrees rooted at children of ancestors of u
that are not δn-nodes. See Fig. 4.18 for an example.

Lemma 4.4.12. Almost surely, jointly with the convergence of Theorem 4.2.2:

lim
n→∞

sup
z∈T ◦(fwn )

|θz(T ◦(fwn ))|≥εn

MPDδ (z, T
◦(fwn )) −→

δ↓0
0.

Note that here, ε is fixed while δ < ε goes to 0. Roughly speaking, whether Operation 2
is performed or not on vertices that are not δn-nodes does not impact much the associated
colored lamination-valued process, as the locations of large faces do not change much.

Let us immediately check that this indeed implies Lemma 4.4.11 (ii). We prove it in two
different ways, depending whether α < 2 or ν has finite variance.

Proof of Lemma 4.4.11 (ii) when α < 2. In this case, let us take Kn = n for all n ≥ 1, which
corresponds to the worst case in which Operation 2 is performed on each white vertex of
T (fwn ). We prove that doing this does not change much the underlying lamination, and
Lemma 4.4.11 (ii) therefore follows by Lemma 4.4.12. Fix δ > 0. The idea is that, roughly
speaking, almost all grandchildren of any white δn-node u of T ◦(fwn ) have the same black
parent, so that there is only one black child of u that is the root of a big subtree. Thus, if
this child always keeps its subtree on top of it, the colored lamination does not change much.

To state things properly, fix q > 0 and take u ∈ T ◦(fwn ) a white δn-node. Then, by Lemma
4.2.3 (ii), there exists η > 0 such that, with probability larger that 1− q, u has at least ηB̃n

white grandchildren in T (fwn ). On this event, by Lemma 4.3.7, with high probability, there
exists r > 0 such that all of its white grandchildren, except at most B̃nn

−r of them, have
the same black parent bu. This implies that, with high probability, the sum of the sizes of
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u

a3

a2

a1

∅

Figure 4.18: A representation of the quantity MPDδ(u, T ), in a given tree T , for some vertex
u ∈ T . The hatched part is θu(T ). MPDδ(u, T ) is the sum of the sizes of the three plain
subtrees on the left of the ancestral line of u, divided by |T |. Indeed, a1 and a2 are elements
of Aδu(T ). The dashed subtrees are not counted in MPDδ(u, T ), because they are rooted at
children of δn-nodes (namely, ∅ and a3).

the subtrees rooted at one of these (at most) B̃nn
−r grandchildren is o(n). Indeed, for any

K ≥ 1, with high probability the K white grandchildren of u with the largest subtrees on
top of them are all children of bu. Thus, with high probability, shuffling the siblings of bu in
any way does only change the location of the large face corresponding to bu by a distance
o(n). Since there is only a finite number of δn-nodes in T ◦(fwn ), by letting q go to 0, the
result follows: uniformly for 1 ≤ i ≤ N•(T (fwn )), using Lemma 4.4.12:

dH (Fi, F
′
i ) = o(n).

Proof of Lemma 4.4.11 (ii) when ν has finite variance. In this case, we exactly follow the
proof of [96, Lemma 4.6]. To begin with, let us explain how to choose the sequence (Kn)n≥1.
Note that, by the convergence of the Łukasiewicz path of T ◦(fwn ) renormalized by a factor

√
n

(Theorem 4.2.2) towards the normalized Brownian excursion which is almost surely continu-
ous, with high probability the maximum degree of a vertex in the tree is o(

√
n). Furthermore,

there are at most δ−1 δn-nodes in the tree, which proves that the number Nδn(T (f
w
n )) of chil-

dren of δn-nodes is o(
√
n) with high probability. Thus, one can choose (K

(δ)
n )n≥1 such that

K
(δ)
n ≫ √

n and Nδn(T (f
w
n )) × K

(δ)
n = o(n). Thus, by diagonal extraction, one can choose

(Kn)n≥1 such that Kn ≫ √
n and, for any δ > 0, Nδn(T (f

w
n ))×Kn = o(n). Let us take such

a sequence. We prove Lemma 4.4.11 (ii) in two steps. On one hand, Kn is small enough, so
that:

dSk

((
L•
cB̃n

(T (fwn ))
)
c≤Kn/B̃n

,
(
L•
cB̃n

(T (Kn)(fwn ))
)
c≤Kn/B̃n

)
P→ 0. (4.25)

On the other hand, Kn is large enough, so that:

dSk

((
L•
cB̃n

(T (fwn ))
)
c∈[Kn/B̃n,∞]

,
(
L•
cB̃n

(T (Kn)(fwn ))
)
c∈[Kn/B̃n,∞]

)
P→ 0. (4.26)

To show (4.25), we prove that, for any δ > 0 fixed, for this choice of (Kn)n≥1, with high
probability Operation 2 is not performed on any δn-node. For this, let pn be the probability
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that there exists an δn-node of T ◦(fwn ) with a child of label ≤ Kn. Then, conditionally on
the values of N•(T (fwn )) and Nδn(T (f

w
n )),

pn = 1−
(
N•(T (fwn ))−Nδn(T (f

w
n ))

Kn

)
(
N•(T (fwn ))

Kn

) ≤ 1−
(
1− Nδn(T (f

w
n ))

N•(T (fwn ))−Kn

)Kn

.

Now, by Lemma 4.3.4 and Lemma 4.4.11 (i), with high probability, N•(T (fwn ))
(d)
= N•(Tn) ≥

(1− ν0)n/2. Thus, with high probability,

pn ≤ 1−
(
1− Nδn(T (f

w
n ))

(1− ν0)n/2−Kn

)Kn

∼ 2KnNδn(T (f
w
n ))

(1− ν0)n

which converges in probability to 0. Hence, with high probability Operation 2 is not per-
formed on any δn-node. The faces appearing in the colored lamination-valued processes until
time Kn therefore do not code δn-nodes, and (4.25) follows by Lemma 4.4.12.

To prove (4.26), observe that, by Theorem 4.3.6 (i), the red part of (L•Kn
(T (Kn)(fwn ))n≥1

converges in distribution towards the Brownian triangulation, which is maximum in the set
of laminations of the disk. In addition, by (4.25), dH(L•Kn

(T (fwn )),L
•
Kn

(T (Kn)(fwn ))) → 0 with
high probability as n→ ∞, and both red parts converge to the same Brownian triangulation.
Therefore, the only thing that we need to prove is that, for any ε > 0, faces corresponding to
the same white εn-node in both white reduced trees have the same color. This is clear, since
the fact that the two large subtrees rooted at white grandchildren of a given white vertex
have the same black parent or not is not affected by Operation 1 nor by Operation 2. The
result follows.

We finally prove Lemma 4.4.12:

Proof of Lemma 4.4.12. To study the asymptotic behaviour of supu∈T ◦(fwn )MPDδ(u, T
◦(fwn )),

we define the continuous analogue of this quantity on the stable tree T (α). Recall that H(α) is
seen as the contour function of T (α), in the following sense: there exists a coupling between
T (α) and H(α) such that, if a particle explores the tree starting from its root from left to
right as in the discrete case, so that the exploration ends at time 1, then almost surely the
distance between the particle and the root as time passes is coded by H(α). Therefore, for
any u ∈ T (α), one can define the subtree of T (α) rooted at u, θu(T (α)), as the set of points
visited between the first and last visits of u by H(α).

Mimicking the notation of Section 4.2.1, for any x ∈ T (α), define g(x) (resp. d(x)) the
first (resp. last) time at which the vertex x is visited by H(α). Then we simply define the
size of the subtree θu(T (α)) as |θu(T (α))| = d(u)− g(u). In particular, if one denotes by ∅ the
root of T (α), |θ∅(T (α))| = 1.

Let us also define the analogue of δn-nodes in this continuous setting, which we will call
δ-nodes of T (α): for δ > 0, we say that u is a δ-node of T (α) if there exist 0 ≤ a1(u) < a2(u) <
a3(u) ≤ 1 such that H(α) visits u at times a1(u), a2(u), a3(u) and in addition a3(u)− a2(u) ≥
δ, a2(u)− a1(u) ≥ δ.

Now, for δ > 0 and u ∈ T (α), define Aδ(u, T (α)) the set of ancestors of u in T (α) (i.e.
elements of the tree that are visited before the first visit of u or after the last visit of u by
H(α)) that are not δ-nodes. Finally, set:

CMPDδ

(
u, T (α)

)
:=

∑

v∈Aδ(u,T (α))

h̃u,v
(
T (α)

)
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where, in words, we define h̃u,v as follows: removing the vertex v from the tree splits it into
several connected components. We sum the sizes of all of these components which do not
contain the root of T (α), nor the vertex u. Rigorously, one can define it as:

h̃u,v := (d(v)− g(v))− (du(v)− gu(v)) ,

where gu(v) = sup{s < g(u), H
(α)
s = H

(α)
g(v)}, du(v) = inf{s > d(u), H

(α)
s = H

(α)
g(v)} are the

consecutive times at which H(α) visits v such that u is visited inbetween, corresponding to
the branch starting from v that contains u.

Assume by Skorokhod’s theorem that the convergence of Theorem 4.2.2, stating that the
renormalized white reduced tree T ◦(fwn ) converges to T (α), holds almost surely. Assume that
there exists η > 0 and an increasing extraction φ : N∗ → N∗ such that, for all n ≥ 1, we can
find a vertex vn ∈ T (fwφ(n)) such that |θvn(T (fwn ))| ≥ εn, for which MPD1/n(vn, T (f

w
φ(n))) ≥ η.

Using the fact that T (α) is compact, up to extraction, vn converges to some vertex v∞ ∈ T (α)

satisfying |θv∞(T (fwn ))| ≥ ε. v∞ should in addition satisfy CMPD0(v∞, T (α)) ≥ η, which is
impossible. The result follows.

Notice that the condition that the subtree rooted at the vertex vn has size at least εn is
mandatory. Indeed, otherwise, it may happen that vn belongs to a ’small’ branch of the tree,
but converges to a point v∞ of T (α) with a large subtree on top of it.
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