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Résumé

Dans cette these, on étude différents aspects de la théorie de la géométrie dérivée rigide analytique. D’abord,
on étude et généralise le théoreome classique de localisation de Raynaud au cadre dérivé. Muni d’une théorie
des modéles formels, développé dans cette thése, on étude ses applications a I’étude des certains espaces de
modules dérivés. Certains exemples correspondent bien au champ d’Hilbert rigide analytique dérivé et le champ
des représentations continues des groupes fondamentales des variétés lisses sur un corps fini. La structure dérivée
sur ce dernier nos permet de comprendre totalement la théorie de déformations des représentations galoisiennes.
Enfin, on montre que ce dernier admet une structure sympléctique dérivé naturel. Ce dernier résultat s’appuye
dans le théoreme de HKR en géométrie analytique qui on prouve en collaboration avec F. Petit et M. Porta.

Liste des résultats principaux

Soit X un schéma propre et lisse sur un corps algébriquement clos. On est intéressé a I’étude des systémes locaux
{-adiques étales sur X, d’un certain rang. En effet, d’apres les travaux de V. Drinfeld et plus récemment de V.
Lafforgue autour de la correspondance de Langlands pour les corps de fonctions on sait que la famille de tels
objets est fortément réliée aux formes automorphes. Il semble donc naturel d’étudier le foncteur de modules
qui parametre des systémes locaux ¢-adiques sur X ou, de maniere équivalente, des représentations continues
¢-adiques du groupe fondamentale étale, 7$'(X). Tel foncteur est noté

LocSys, ,(X): Afdy — Grpd,

ou Afdf)@‘z denote la catégorie des (Q,-algebres affinoides et Grpd la catégorie des groupoides, et il associe a chaque
Q¢-algébre affinoide
A € Afd) — LocSys, ,,(X)(A) € Grpd,

ot LocSys, ,,(X)(A) correspondant au groupoide des systémes locaux ¢-adiues étales sur X. Le principale but
de cette these est I’étude des propriétés géométriques de LocSys, ,,(X). En particulier, on prouve le théréome:

Theorem 1. Soit X un schéma propre et lisse sur un corps algébriquement clos. Alors le foncteur
LocSys; ,,(X) € Fun(Afdg), Grpd)

est représentable par un champ Qg-analytique géométrique. En plus, LocSysAn(X ) admet un atlas lisse par un
espace rigide Qg-analytique
LocSysiramed (X) — LocSys, . (X),

ln

ol LocSystLmCd (X) parameétre des systemes locaux, sur X, munis d’une trivialisation. En plus, LocSys, ,,(X)

admet une structure dérivée naturelle tel que si p € LocSys, ,,(X )(Qy) alors le complexe cotangent analytique
est donné par

ircl)cSysL"(X),p = Cgt(X’ Adp)v [_1]3
o Ad(p) = p® p" c’est la répresentation adjointe de p.

Un autre résultat important concernant la géométrie de LocSys, ,,(X) est I’existence d’une forme sympléc-
tique décalée sur LocSys, ,,(X):

Theorem 2. Soit X un schéma propre et lisse sur un corps algébriquement clos de dimension d. Le champ Q-
analytique LocSys, ,, (X ) admet une forme sympléctique (2d — 2)-décalée naturelle w. En plus, la (2d — 2)-forme
sur LocSys, ,,(X) est induite de la dualité de Poincaré en cohomologie étale.

Pour prouver I’existence d’une telle structure dérivée naturelle sur LocSys, ,, (X ) on a eu besoin de généraliser
le théoreme classique de localisation de Raynaud au cadre dérivé. Plus précisement, on a prouvé

Theorem 3. Soit k un corps non-archimédien dont la valuation est de rang 1 et k° son anneau des entiers. Soit
dAny, la co-catégorie des espaces k-analytiques dérivés et dfSch I’co-catégorie des schémas formels dérivés, de
type (topologiquement) fini, sur k°. Alors il existe un foncteur de rigidification

(—)"&: dfSchyo — dAny
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dont la restriction aux schémas formels discrets coincide avec le foncteur de rigidification de Raynaud usuel. En
plus, on a une équivalence d’oo-catégories

(—)"&: dfSchyo[S™'] — dAny,
ou S denote la classe des éclatements dérivés admissibles et génériquement strong dans dfSchye.

Le théreome de Raynaud dérivé a trouvé jusqu’a maintenant certaines applications importantes. Un exemple
c’est le prochain résultat prouvé en collaboration avec Mauro Porta:

Theorem 4. Soit X € dAny et X € dfSchyo tel que (X)"® ~ X dans dAny,. Alors on a une suite exacte
d’oo-catégories stables

Coh (%) — Coh™(X) — Coh™(X),
ou Coh:fﬂ(%) denote la sous-catégorie pleine de Coh™ (X) engendré par les modules presque-parfaits sur X qui
sont supportés dans la fibre spéciale, X, de X.

Enfin, on a prouvé un analogue rigide k-analytique et aussi C-analytique du théoréeme de HKR structuré, qui
était prouvé par B. Toén et G. Vezzosi. Ce théoreme fait partir d’un travail en collaboration avec F. Petit et M.
Porta:

Theorem 5. Soit k le corps des nombres complexes, C, ou un corps non-archimédien de caractéristique 0 de
valuation non-triviale. Soit X un espace k-analytique dérivé. Alors il existe une équivalence des espaces k-
analytiques dérivés

XXXXX ~ TX[—I],

compatibles avec la projection vers X.
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1.1 Summary

In this thesis, we study different aspects of derived k-analytic geometry. Namely, we extend the theory of classical
formal models for rigid k-analytic spaces to the derived setting. Having a theory of derived formal models at
our disposal we proceed to study certain applications such as the representability of derived Hilbert stack in the
derived k-analytic setting. We construct a moduli stack of derived k-adic representations of profinite spaces and
prove its geometricity as a derived k-analytic stack. Under certain hypothesis we show the existence of a natural
shifted symplectic structure on it. Our main applications is to study pro-étale k-adic local systems on smooth
schemes in positive characteristic. Finally, we study at length an analytic analogue (both over the field of complex
numbers C and over a non-archimedean field k) of the structured algebraic HKR, proved by Toen and Vezzosi.

1.2 Introduction

1.2.1 Introduction

Let X be a smooth and proper scheme over an algebraically closed field. One usually is interested in studying
¢-adic étale local systems on X. For example, after the works of V. Drinfeld and more recently V. Lafforgue on
geometric Langlands correspondence for function fields one can relate such arithmetic objects to automorphic
forms on X. Therefore, it seems natural to study the moduli functor parametrizing étale ¢-adic local systems on
X. Such moduli can be described as a functor

LocSys, ,,(X): Afd}® — Grpd
given on objects by the formula
A € Afd)” — LocSys,,,(X)(A) € Grpd

where LocSys, ,,(X)(A) € Grpd denotes the groupoid of étale A-adic étale local systems on X, Afd;” denotes
the category of affinoid k-algebras (k a finite extension of Qy) and Grpd denotes the category of groupoids. A
main motivation of the current thesis was the study of the geometric properties of LocSys, ,,(X). In particular,
we prove the following theorem:

Theorem 1.2.1.1. Let X be a smooth and proper scheme. Then the functor LocSys, (X ) € Fun (Afdzp, Grpd)
is representable by a geometric k-analytic stack. It admits a smooth atlas by a k-analytic space

LocSysframEd (X) — LOCSySZ’n (X),

l,n

where LocSystLmed(X ) parametrizes framed étale (-adic local systems on X. Furthermore, LocSys, ,(X)

admits a natural derived enhancement. Given p € LocSys, ,(X )(Qy), the analytic cotangent complex of
LocSys, ,,(X) at p is naturally equivalent to

an * \
iocSysLn(X),p =~ Cét (Xv Ad(ﬂ)) [_1] S Mod@e,

where Ad(p) = p ® p¥ denotes the adjoint representation of p.

Another important result concerning the geometry of LocSys, ,,(X) is the existence of a natural shifted sym-
plectic structure on LocSys, ,, (X):

Theorem 1.2.1.2. Let X be a proper and smooth scheme of dimension d. The moduli k-analytic stack LocSys, ,, (X )
admits a canonical 2 — 2d-shifted symplectic structure, whose underlying 2 — 2d-form is induced by Poincaré du-
ality for étale cohomology (with derived coefficients).

In order to endow LocSys, ,,(X) with a derived structure we had to develop new techniques to address the
existence of formal models for derived k-analytic spaces. More precisely, we generalized to derived setting a well
known theorem of Raynaud stating that the category of k-analytic spaces can be obtained as a localization of the
category of formal models over k°, satisfying certain finiteness conditions:

12



Theorem 1.2.1.3. Let dAny, denote the co-category of derived k-analytic spaces and dfSchy.o the co-category of
(admissible) derived k°-adic schemes. Then there exists a derived rigidification functor

(—)"&: dfSchyo — dAny

which coincides with the usual rigidification functor for ordinary k°-adic schemes. Moreover, the derived rigidi-
fication functor induces an equivalence

(—)"&: dfSchys[S™!] — dAny,
of oco-categories, where S denotes the class of generically strong admissible blow-ups in dfSchyeo.

The above theorem has found many different applications. We have already mentioned the construction of
the derived structure on LocSys, ,,(X). Other such examples concern descent results for derived co-categories
of almost perfect modules on X € dAnj. One important application of the theory of formal models for derived
k-analytic spaces is the following theorem proved in a joint work with M. Porta:

Theorem 1.2.1.4. Let X be a quasi-separated and proper k-analytic space. Then the derived Hilbert stack
associated to X

RHilb(X) € dSt(Ank, Tét)
is representable by a derived k-analytic stack.

We can also show the existence of dualizing sheaves for derived k-analytic spaces, which as far as the knowl-
edge of the author is concerned it is an original result. A main ingredient in the proof of the existence of a shifted
symplectic form on LocSys, ,,(X) one needs a rigid k-analytic version of the algebraic HKR theorem, proved by
B. Toén and G. Vezzosi. This is a joint work in progress with F. Petit and M. Porta.

Theorem 1.2.1.5. Let k be the field C of complex numbers or a non-archimedean field of characteristic 0 with a
non-trivial valuation. Let X be a k-analytic space. Then there is an equivalence of derived k-analytic spaces

XXXX)(XETX[—H

compatible with the canonical projection to X.

1.3 Motivations

1.3.1 Non-abelian Hodge Theory

Let X be a topological space. The moduli scheme of C-local systems on X, denoted LocSysc ,,(X), has been
studied extensively in classical algebraic geometry. It can be defined by means of a moduli functor

LocSysQn(X)framEd: Affc — Set
given on objects by the formula
A € Affc — Homg,p (77°P(X), GL,(A)) € Set,

where Homy,, denotes the set of group homomorphisms. The moduli space LocSys ,, (X )framed admits a canon-
ical action of the general linear group scheme GL, & Sch¢ via conjugation. We can form the corresponding
universal categorical quotient, which we shall denote LocSysc ,,(X). It is then possible to show via geometric
invariant theory, that LocSys¢ ,, (X)) is representable by a scheme of finite type over C, [Sim94a, §1]. By con-
struction, LocSysc ,,(X) parametrizes semisimple rank n group representations of the topological fundamental
group ;P (X).

It is a well known fact that there exists a natural bijection between the set of rank n representation of W;OP(X )

p: TP(X) = GL,(C)
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and the set of isomorphism classes of rank n local systems on X. The latter set can be identified with the underly-
ing set of the cohomological group H' (X, GL,,(C)). For this reason, one can interpret the moduli LocSysy ,,(X)
as a non-abelian analogue of singular cohomology H'* (X , (C) on X with C-coefficients.

Suppose now that X is a complex smooth projective variety. One can canonically equip the set of C-points of
X with the structure of a topological manifold. As a consequence, to X we can associate an homotopy type

X(C)es.

Concretely, the topological manifold X (C) corresponds to the underlying topological space of the analytification
X2 of X. One often refers to X (C) € 8 as the Betti realization of X. We can thus consider the moduli scheme

LocSysc ,,(X) = LocSysc,, (X (C)),

which parametrizes rank n-local systems on the Betti realization X (C) of X € Schc. Let us introduce two other
main ingredients in non-abelian Hodge Theory:

Definition 1.3.1.1. Let X be a projective and smooth variety over the field C of complex numbers. We define the
moduli stack Conng ,,(X): Affc — 8 given on objects by the formula

Ae Aff(c — CODDC,.,L(X)(A) €38

where Conng ,,(X)(A) denotes the space of rank n flat connections with A-coefficients over X. We can also
consider the moduli stack Higgs(X): Affc — 8 parametrizing rank n Higgs bundles with A-coefficients on X,

see [Sim9%4a, §1, p. 15]. Moreover, C. Simpson in his seminal work on non-abelian Hodge theory proved that

the analytifications Conng”,, (X) and Higgs™ (X) are homeomorphic. This last result can be interpreted as a

non-abelian analogue of the degeneration of the Hodge to de Rham spectral sequence.

Remark 1.3.1.2. We can extend LocSys¢ ,,(X) to a moduli stack via the formula
LocSysc ,,(X): Affc — 8
given on objects by the formula

A € Affc — Mapg (X(C),BGL,(A)) € 8. (1.3.1.1)

The above definition defines a more general object than the universal categorical quotient of LocSystriined (X).
Indeed, the latter parametrizes semisimple representations of the fundamental group 7r'1:°p (X)) whereas the former

parametrizes the space of all group representations of WEOP (X). Moreover, the formula (1.3.1.1) can be easily

generalized to the derived setting. We can define the derived enhancement of LocSysc ,,(X) as the derived
mapping stack
LOCSYSE,n (X) == Mapgg; (X((C)» BGLn(_)) € dSt (dAff@v Tét, Psm)7

where dSt (dAI"fC7 Téts Psm) denotes the co-category of geometric stacks with respect to the algebraic geometric
context (dAfﬂC7 Tét Psm). Similarly, both the moduli Connc ,,(X) and Higgs(X) can be upgraded to derived
C-Artin stacks via the equivalences of stacks

Conng , (X) ~ Mapgg; (Xar, BGL,(—)), Higgs(X) ~ Mapyg; (Xpolb, BGLy(—)).
We refer the reader to [Por17b, §3] for the definition of the notions X4r and Xpop,-

Theorem 1.3.1.3. [Porl17b, Theorem 6.11] Let X be a projective smooth complex variety. The Riemann-Hilbert
correspondence induces an equivalence

LocSys¢, (X) ~ Conng’,, (X),

in the oo-category dSt(dAnc, 7s, Psm), where LocSys¢”, (X) and Conng”, (X)) denote the analytification of
both LocSys¢ ,,(X) and Connc,,,(X), respectively.
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This can be regarded as a vast generalization of the usual comparison isomorphism between de Rham and Betti
cohomologies for smooth and proper varieties over C. At the heart of the proof of the above equivalence lies the
Riemann-Hilbert correspondence between the categories of rank n local systems on X and rank n flat connexions
on X.

Question 1.3.1.4. What can be said for smooth and proper schemes over a algebraically closed fields of charac-
teristic p > 0. More precisely, is there any non-abelian analogues of p-adic Hodge theory?

One main ingredient in our previous discussion was the existence of the homotopy type X (C) € 8§ of C-points
of X. Unfortunaly, in positive characteristic the sole analogue of X (C) is the étale homotopy type of X, which we
shall denote Sh(X). In this case, Sh(X) is not a homotopy type but instead Sh®(X) € Pro(8), i.e. Sh*(X)
is a profinite space or profinite homotopy type.

It has long been understood that there are deficiencies with studying study continuous representations

p: 18(X) — GL,(C)

The main reason is the fact that any such p must necessarily factor via a finite subgroup of GL,,(C). Nonetheless,
in positive characteristic, one usually studies rank n ¢-adic étale lisse sheaves on X . Therefore, the objects of our
interest correspond to continuous representations

p: H(X) — GL,(Qy). (1.3.1.2)
Ultimately, one is also interested in studying continuous representations of homotopy types
p: Sh¥(X) — BGL,(Qy)

However, we do not have a clue of what shall mean a continuous representations of homotopy types. We present
the reader with a list of properties that we would like such continuous representations satisfy:

(i) Let A € CAlgg, be a derived Q;-algebra. There should exist a space of continuous representations
p: Sh¥(X) — BGL,(A). (1.3.1.3)

Moreover, if A ~ my(A). There should be a natural equivalence between the space of such objects (1.3.1.3)
and the space of continuous representations

p: Bré(X) — BGL,(A).

(ii) For each continuous representation p: Shé‘(X ) — BGL,,(A) one should be able to a find a commutative
diagram
U —2 5 BGL,(B)

| |
Sh®(X) —2— BGL,(A)

where B € CAlgy, is of no (-torsion and one has furthermore an equivalence B ®z, Q; ~ A € CAlgg,.
Moreover U € Pro(8) /she(x) denotes a profinite space such that one has a fiber sequence

Y — U — Sh®(X),
with Y € 8¢ is a finite constructible space.
(iii) Let A € CAlgg, be a derived Q,-algebra. A continuous representation
p: Sh¥(X) — BGL,(A)
should induce, via extension of scalars, a continuous representation
7: Sh®(X) — BGL,(B ®z, F)
where B € CAlgy, is as in (ii). We require furthermore that such continuous p factor through a finite

quotient X; € 8% of Sh*(X) € Pro(8%).
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In order to facilitate our exposition we adopt the following convention for the mapping space of continuous
representations, which we have not yet defined:

Notation 1.3.1.5. Given A € CAlgg, we shall denote by
Mapo (Sh*(X), BGL,(A)) € 8

the space of continuous representations p: Sh®(X) — BGL,,(A).

Suppose we have a reasonable definition of a notion continuous representation as in (1.3.1.2). Then we can
define the moduli functor LocSys, ,,(X): dAfd) — 8 as given by

Z = (2,07) € dAFF > Map oy, (Shé‘(X),F(Z)) es

where I'(Z) denotes the global sections ring of Z, defined as 7, (0z) € CAlgg,.
The derived moduli stack LocSyse,n(X ) is an ¢-adic analogue of the moduli of rank n complex local systems
for complex varieties, LocSysc ,, (X).

Remark 1.3.1.6. It would be desirable that certain results of p-adic Hodge for proper smooth schemes over Q,,
admit non-abelian Hodge theoretical analogues. And in such case, the moduli LocSys,, ,,(X) should play a role.
However, there are serious obstructions for a complete p-adic analogue as we shall see in later sections.

1.3.2 Deligne Comptage

In his seminal work [Dri81] V. Drinfeld proved a counting formula for rank 2 /-adic lisse sheaves on a smooth
and proper curve X, up to A-torsion. Drinfeld’s formula uses in an essential way his work on the Langlands
correspondence, [Dri80]. More recently, in the work of [Yul8] such formula was generalized to higher ranks and
to the open case by considering fixed monodromy at infinity.

In [Del15], P. Deligne conjectured that the counting problem of rank n ¢-adic étale lisse sheaves on a smooth
variety X over a finite field IF;, could be stated equivalently as a Grothendieck-Lefschetz trace formula on a
suitable moduli space of ¢-adic local systems. In order to understand his assertion recall that Galois descent
induces a bijection between the set of /-adic lisse sheaves on X and the set of ¢-adic lisse sheaves over the base
change

Y =X X]Fq Fq

which admit a Z,-lattice stable under pullback along the geometric Frobenius endomorphism of X,
Frob: X — X.

More precisely, given F a Q-adic sheaf on X we can consider it as an {-adic sheaf on X, via pullback along the
canonical map f: X — X. Moreover, the ¢-adic sheaf F satisfies

Frob™F ~ F

in the category of /-adic lisse sheaves on X . The crucial observation of P. Deligne is the fact that Drinfeld’s formula

is reminiscent of a Grothendieck-Lefschetz trace formula with respect to the pair (LocSySeyn(X ), F' ) where
LocSyse,n(Y) should correspond to the moduli of /-adic continuous representations of the étale fundamental
group 7¢(X) and

F: LocSys, ,,(X) = LocSysLn(Y)

denotes the endomorphism of LocSys, ,,(X) given on objects by the formula

J € LocSysy,,(X) + Frob™J € LocSys, , (X).

One would then like to confirm that 3" admits a finite number of fixed points and such number could be computed
by means of a trace formula for (LocSyséﬁn(X ) F) However, in [Del15] the author does not give any hint on how

to construct LocSys&n(X ) except for certain complex analogies, inspired mainly by non-abelian Hodge theory.
Therefore, in order to prove Deligne’s conjecture one would have to show the following statements:
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(i) There exists a natural candidate LocSys, ,,(X) for the moduli of (-adic continuous representations of
78 (X). Moreover, such candidate should have sufficiently geometric properties, such as being repre-
sentable by an algebraic or (Qg-analytic stack. In particular, one should have a complete understanding
of its deformation theory around a closed point

p: ﬂ-?(X) - GLH(@I)
(i1) There exists a reasonable cohomological theory on LocSys&n(Y), which we shall denote by

C3 (LocSys, , (X).

(iii) The automorphism F': LocSys, ,,(X) — LocSys, ,,(X) admits a finite set of fixed points and a trace
formula holds with respect to the triplet (LocSys, ,,(X), C(LocSys, (X)), F).

Moreover, it would be interesting if one is able to prove the above conjectural statements by purely geometric
means without need to pass to the automorphic setting.

In this thesis we will answer positively to (i) and (ii). We construct LocSysLn(X ) directly as a Qg-analytic
stack, whose proof follows roughly the same lines as in the complex case. We show thereafter that it is possible
to enhance LocSys, ,, (X) with a natural derived structure. Such derived structure allow us to consider derived de
Rham cohomology on LocSys, ,, (X ), Cir (LocSys, ,,(X)). However, we will show that LocSys, ,, (X) has too
many connected components. Indeed, the moduli stack LocSys, ,, (X ) admits one connected component for each
residual representation '

pr m(X) — GL, (Fpr).

Therefore, our results cannot applied directly to show Deligne’s conjecture, however we will indicate some possi-
ble future avenues in later chapters.

1.3.3 Theory of formal models for ordinary k-analytic spaces

Let us illustrate a possible route to solve the question posed in Theorem 2.1.0.15. We start by recall the main
results concerning the existence of formal models for k-analytic spaces:

Theorem 1.3.3.1 (§8 [Bos05]). Let X € Any denote a quasi-paracompact and quasi-separated k-analytic space.
Then there exists an admissible formal k°-scheme X € {Schyo such that one has an equivalence

X'e ~ X,
in the category Any,.

Theorem 1.3.3.1 can be stated equivalently as the essential image of the functor (—)'® coincides with the
full subcategory of Any, spanned by quasi-paracompact and quasi-separated k-analytic spaces. In particular, The-
orem 1.3.3.1 implies that whenever X = Sp(A) is k-affinoid, we can find an affine formal model of the form
Spf(Ap) € fSchyo such that Ay is an admissible k°-algebra. In other words, Ay is topologically of finite presen-
tation and m-torsion free, where m denotes the maximal ideal of k°.

Let us illustrate how a derived analogue of Theorem 1.3.3.1 is helpful to treat the question of Theorem 2.1.0.15.

Sm

Suppose that k is a finite extension of Q. For every A € AnRing;™ we can find a formal model Ay € CAlg}s',
i.e. there exists A verifying the following conditions:

(i) The ordinary commutative ring 7o (Ag) admits an adic topology compatible with the one on £°;

(i) One has an equivalence
Ap Qpo k ~ AMe

in the co-category CAlg;,.
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In particular, thanks to [Lurl6, Remark 8.1.2.4] the derived k°-algebra A, can be realized as an inverse limit

Ag ~ lim A
0 n>0 0,n

in the co-category CAlg,.., where Ay ,, denotes the pushout diagram

Aglt] =55 A

o |

AO —_— AO,n

in the co-category CAlg,.. In this case, the classifying space BGL,,(Ap) € S can be realized as an object in the
oo-category Pro(8€) of profinite spaces. Namely, one can consider the object

BGL,(Ap) == {BGL,,(A¢.m)}m € Pro(8%). (1.3.3.1)

Moreover, as the transition maps in (1.3.3.1) are compatible with the group structures for different m it follows
that BGL,,(Ag) € Pro(8™) can be promoted to an object in Mon§™ (Pro(8)).

Remark 1.3.3.2. Suppose that one is provided with a functorial assignement

Ag € CAlg} — BGL,,(Ap) € Mong™(8%),

where GAngZi denotes the oco-category of derived adic k°-algebras. In this case, one could expect to define a
functor

F: AnRing}™ — 8

given on objects by the formula

(A = k) € AnRing}™ — Map,.,,; (Bm{'(X), BAut(A™)) (13.3.2)

Map o, (B8 (X),BAut(k™)) {r}tes
where Map,,,; (Bm$'(X), BAut(A™)) denotes the colimit
Map, s (B (X), BAut(A™)) = cof{im Mapyfong, (Pro(st)) (Bri'(X), BAut(Ag)) .
0 1

Sm

over Ay, varying through the co-category of formal models for A € AnRing;™. The formula displayed in (1.3.3.2)
is already a good approximation of a formal moduli problem classifying continuous deformations of

p: (X)) = GL, (k).

However, there are still certain issues which render the formula (1.3.3.2) problematic. First, the étale homotopy
group 7$(X) does not classify ¢-adic lisse sheaves on X with derived coefficients. One should instead replace
the profinite group 7(X) with the étale homotopy type of X, Sh®(X). Fortunately, the formula in (1.3.3.2) is
sufficiently general so that we can replace Br¢'(X) € Pro(8) with Sh®(X) € Pro(8) or any other profinite
space without concern.

Secondly and more importantly, formula (1.3.3.2) does not classify all deformation of p, instead only those
continuous deformation of p which are power bounded. However, in general, there are many continuous deforma-
tions of p which do not factor through power bounded matrices, even in the ordinary case. Nonetheless, (1.3.3.2)
is simple enough to hint us a reasonable notion of continuity in the derived setting. We will delve this question in
further detail in §4. Also, (1.3.3.2) motivates an analogous statement of Theorem 1.3.3.1 in the derived setting.

At this point, the avid reader might object that the formula displayed in (1.3.3.2) is not necessarily functorial
on A € AnRing}™. In order to show functoriality of (1.3.3.2) one needs to generalize the following fundamental
result due to Raynaud:
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Theorem 1.3.3.3 (Theorem 8.4.3 [Bos05]). The ordinary rigidification functor (—)"&: fSchye — Any factors
through the localization fSchye [S™1], where S denotes the class of admissible ups on fSchye. Moreover, (—)"®
induces an equivalence of catgories

fSchye [S™1] ~ An),

where An), denotes the full subcategory of Any, spanned by quasi-paracompact and quasi-separated k-analytic
spaces.

If we are able to generalize ?? 1 to the derived setting then we would be able, via a formal reasoning, to show
that the assignment in (1.3.3.2) is functorial. The generalization of both ?? 1 and Theorem 1.3.3.1 are now proven
facts which make part of the current thesis project which we detail in this introduction.

1.4 Derived £°-adic and derived k-analytic geometries

1.4.1 Derived Raynaud localization theorem

A fundamental ingredient in both Theorem 1.3.3.1 and ?? 1 consists of the rigidification functor
(—)"&: fSchyo — Any (1.4.1.1)

which associates to a formal k°-scheme X € fSchye its rigidification X*¢ € Any,. Henceforth, in order to state
derived analogues of both Theorem 1.3.3.1 and ?? 1 one would need the following derived analogues:

(1) An oco-category of derived k°-adic schemes, dfSchi. which have been introduced in [Lurl6, §8];
(i) An oco-category of derived k-analytic spaces, dAny, introduced in [PY16a];

(iii) A derived rigidification functor (—)rig: dfSchgo — dAny which restricts to (1.4.1.1) on ordinary k°-adic
schemes.

Even though items (i) and (ii) have been treated extensively in the literature, it is not clear how to directly
define a derived rigidification functor ‘
(—)"8: dfSchge — dAny.

A major obstable results from the fact that the co-category dfSchy. is defined in [Lurl6, §8] based on the theory
of locally ringed co-topoi. More precisely, derived formal Deligne-Mumford stacks correspond to (X, Q) where
X is an oo-topos and O € CAlg;.(X) is a local derived k°-algebra on X such that the ordinary commutative
ring sheaf 7 (O)) € CAlg,. (X) is equipped with an adic topology compatible with the adic topology on £°. On
the other hand, the oo-category dAny, is defined in terms of T,y (k)-structured spaces. Unfortunately, no direct
comparison exists between adic locally ringed co-topoi and T, (k)-structured oo-topoi. A possible way to deal
with this difficulty is to redefine derived £°-adic geometry via a structured co-topoi approach, where we consider
structured co-topoi with respect to a suitable k°-adic pregeometry, T,q4(k°). After adopting such a viewpoint, one
is equipped for free with a transformation of pregeometries

(—)8: Toq(k°) = Tan(k)

induced from the classical rigidification functor. Moreover, by a formal reasoning one can prove that such trans-
formation of pregeometries provide us with a candidate for a derived rigidification functor dfSchy. — dAny. For
this reason, we adopt the structured spaces point of view for derived k£°-adic geometry.

Definition 1.4.1.1. Let T,4(k°) denote the full subcategory of fSchy. spanned by those ordinary affine formal
k°-schemes Spf(A) such that Spf(A) is étale over some affine n-space, A%,. We equipp Taq(k°) with the étale
topology. The class of admissible morphims on T,4(k°) is defined as the class of étale morphisms in T,q(k°).

Definition 1.4.1.2. We defined the co-category of Toq(k°)-structured spaces as the co-category of couples (X, Q)
such that X € RJop is an co-topos and O: T,q(k®) — X is a local T,q(k°)-structure on X.

Notation 1.4.1.3. Let X be an co-topos. The co-category of local structures on X is denoted by fCAlg;.. (X).
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As in the setting of derived k-analytic geometry, one has a well defined, up to contractible indeterminacy,
underlying algebra functor
(—)e: fCAlg;. (X) — CAlgy.(X),

given on objects by the formula
O € fCAlg,. (X) — O(Uso) € CAlgo (X).
Moreover, this functor can be promoted to a functor whose target consists of derived k°-algebras on X:

Lemma 1.4.1.4. The underlying algebra functor (—)*&: fCAlg,. (X) — CAlg,. (X) can be naturally promoted
to a well defined, up to contractible indeterminacy, functor

(=) fCAlg,. (X) — CAlg,.(X),
which is given on objects by the formula
O € fRAlg;. (X) — O(AL.) € CAlg2d(X)

where O(UL,) € @Algzg (X) is equipped with natural adic topology, induced by the sequence of ideals {J,,},, of
70(O*8) which correspond to the kernel of the canonical ring homomorphisms

70(0™8) — 1(0M8 @po k2)
for eachn > 1.

The following fundamental result implies that specifying local T,q(k°)-structures on X is roughly equivalent
as specifying a derived k°-adic locally ring on X:

Theorem 1.4.1.5. Let X be an oo-topos with enough geometric points. Then the functor
(—)2d: fRAlg,. (X) — CAlgid(X)
induces an equivalence of the co-categories of topologically almost of finite presentation objects
(—)2: fRAlg,. ()%t — CAlgld (X)taft,

Remark 1.4.1.6. Theorem 1.4.1.5 can be interpreted as a rectification type statement. Indeed, specifying a local
Tad (k°)-structure on X consists in specifying a functor O: T,q(k°) — X satisfying the admissibility conditions
of Theorem 2.1.0.2. A priori, one would expect that the required amount of higher coherence data for T,q(k°)-
structures should be considerably more complex than the higher coherence data specifying the underlying algebra
object 08, Theorem 1.4.1.5 imply that the difference can be measured by the given of an adic topology on the
ordinary ring object 7o (O8).

Moreover, morphisms between local structures correspond to morphisms of functors T,q(k°) — X which
satisfy the local condition in Theorem 2.1.0.2. Theorem 1.4.1.5 imply that these amount to the same higher
coherent data as specifying continuous adic morphisms between derived commutative k°-algebras on X. The
latter morphisms correspond to morphisms in the co-category CAlg,. (X) satisfying a continuity condition which
can be verified directly at the level of 7.

Definition 1.4.1.7. Let X = (X,0) € BJop(T,q(k°)) be a T,q(k°)-structured co-topos. We say that X is
a derived k°-adic Deligne-Mumford stack if the k°-adic locally ringed oco-topos X := (X, 92d) is a derived
formal Deligne-Mumford stack in the sense of [Lurl6, Definition 8.1.3.1].

As in [Lurl6, §8] we can define a Spf-construction which will prove to be very useful for us:

Proposition 1.4.1.8. Ler Spf: (GAIgzg)Op — RTop(Taa(k®)) be the Spf-construction. Then Spf is fully faithful
and its essential image consists of those pairs (DC, O) such that (DC, Oad) is equivalent to an affine derived k°-adic
Deligne-Mumford stack as in [Lurl6, §8].

Moreover, as in the derived k-analytic setting we can show that the category of ordinary k°-adic Deligne-
Mumford stacks can be realized as a full subcategory of dfSchy, via the following construction:
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Construction 1.4.1.9. Let X € fDMy. denote an ordinary k°-adic Deligne-Mumford stack. Consider the étale
site X and the hypercompletion X := Shvg (X) of the 1-localic oo-topos of étale sheaves on X. We can define a
Taa(k®)-structure, O : Toq(k°) — X on X as follows: given V' € T,4(k°) we associate it the sheaf O(V') given on
objects by the formula

U € X = Mappyy,, (U, V).

Moreover, the CAlg,.. (X)-sheaf O(2}.) corresponds to the usual sheaf of k°-adic global section on X.

Fortunately, we are now in position to define a rigidification functor: consider the transformation of prege-
ometries (—)"8: Toq(k°) — Tan(k) given by restricting the usual rigidification functor to the category Toq(k°).
Precomposition along (—)"8: T,q(k°) — Tan(k) induces a functor

(—=)*: Top(Tan(k)) = "Top(Taa(k?)) (14.12)
[Lurllc, Theorem 2.1] implies that the functor (—)T displayed in (1.4.1.2) admits a right adjoint

(=) *Top(Taa (k%)) — "Top(Tan(k))
which is the natural candidate for a derived rigidification functor. Indeed one has the following results:

Proposition 1.4.1.10. The functor (—)"&: RJop(T.a(k°)) — BTop(Tan(k)) sends derived k°-adic Deligne-
Mumford stacks to derived k-analytic spaces, i.e. more specifically (—)"8 restricts to a well defined functor of
oo-categories

(—)"e: AfDMyo — dAny.

The following proposition implies that the restriction of (—)"&: dfDMy. — dAny, to the category of ordinary
k°-adic schemes coincide with the usual rigidification functor.

Proposition 1.4.1.11. Let X € dfDMyo be a derived k°-adic Deligne-Mumford stack which is equivalent to an
ordinary k°-adic scheme. Then X™'¢ coincides with usual rigidification functor for ordinary k°-adic schemes.

The following two results are direct generalizations of both Theorem 1.3.3.1 and ?? 1 to the derived setting:

Theorem 1.4.1.12. Let X € dAny, be a quasi-paracompact and quasi-separated derived k-analytic space. Then
there exists X € AfDMy, such that one has an equivalence

Xrig ~ X

in the co-category dAny,.

Theorem 1.4.1.13 (Derived Raynaud localization theorem). The rigidification functor
(—)"&: dfSchyo — dAny

factors through the localization co-category dfSchye[S™1] of dfSchye, where S denotes the class of admissible
blow ups and generally strong morphisms. Moreover, it induces an equivalence of co-categories

dfSchye[S™] ~ dAn)

where dAnj, denotes the full subcategory of dAny, spanned by quasi-paracompact and quasi-separated derived
k-analytic spaces.

As a corollary we obtain:

Corollary 1.4.1.14. Let f: X — Y be a morphism in the co-category dAng. Then we can find a morphism
f: X =Y in dAfDMgo such that one has an equivalence

(0% = 1
. . Al
in the co-category of morphisms dAnj; .

The results on the existence of derived formal models, namely Theorem 6.2.3.15 and Theorem 3.4.4.10 have
found applications so far. In the next chapter we cover certain of these applications:
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1.4.2 Derived k-analytic Hilbert moduli stack

The contents of this chapter were proven in a joint work with M. Porta.

Let X be a proper variety. We can associate to X its Hilbert scheme, denoted Hilb(X). Hilb(X) is defined via
its functor of points. Roughly, Hilb(X) parametrizes closed subschemes of X flat over the base. More precisely,
Hilb(X) represents the functor

Hilb(X): Schy, — Set,

which associates to a scheme S € Schy the set of closed subschemes of X x S which are flat over S. When
X = P™ we recover the usual Hilbert scheme Hilb(n) parametrizing closed subschemes of the projective n-
space P". The moduli scheme Hilb(X) plays an important role in many representability statements, including an
important role in geometric invariant theory. It would thus be desirable to extend the construction of Hilb(X) to
the k-analytic setting.

This was achieved in [CG16], in the ordinary setting. The authors prove that given a separated k-analytic
space X, one can associate it a k-analytic Hilbert space, Hilb™" (X ) which parametrizes flat families of closed
subschemes of X.

However, the requirement of flatness in the above definition is restrictive, both in the algebraic and k-analytic
settings. One would like to not only parametrize flat families of closed subschemes of X but all families of
closed subschemes of X. A possible way to deal with this issue is to consider a natural derived enhancement of
Hilb(X), namely the derived Hilbert stack RHilb(X'). The representability of RHilb(X) as a geometric stack has
been establish in the context of derived algebraic geometry via the Lurie-Artin representability theorem [Lurl2a,
Theorem 3.2.1].

[PY17a, Theorem 7.1] provides a derived k-analytic analogue of Lurie-Artin representability theorem. There-
fore, one could hope that the derived k-analytic Hilbert space RHilb®"(X) could be shown to be representable
directly using [PY17a, Theorem 7.1].

However, via this approach we are allowed to prove the existence of an analytic cotangent complex of RHilb™" (X))
only at points f: S — RHilb™" (X) corresponding to families of closed subschemes of j: Z < X x .S which are
of finite presentation, in the derived setting. However, not all points of RHilb™ (X) satisfy this condition, we are
typically interested with families which are almost of finite presentation.

Definition 1.4.2.1. We denote by dSt (dAfdk, Téts Psm) the oo-category of geometric stacks with respect to the
derived k-analytic geometric context. We refer to objects of dSt (dAfdk, Tét, Psm) simply as derived k-analytic
stacks.

Using the techniques developped in [Ant18b] together with [PY17a, Theorem 7.1] we are then able to prove
the following main result:

Theorem 1.4.2.2. Let X be a separated ordinary k-analytic space. The derived k-analytic Hilbert stack RHilb™" (X)
is representable by a derived k-analytic stack.

In order to prove Theorem 1.4.2.2 the authors had to generalize certain results related to the existence of
formal models for certain classes of morphisms between derived k-analytic spaces. Namely, we generalized to the
derived setting a classical result of Bosch-Lutkebohmer concerning liftings of flat morphisms f: X — Y to flat
morphisms of formal models.

Theorem 1.4.2.3. Let f: X — Y be a flat morphism of derived k-analytic spaces. Then there exists a flat
morphism f: X — Y of derived k°-adic Deligne-Mumford stacks such that there exists an equivalence

f o~ frie
in the co-category of morphisms dAnkAl.

The main difficulty proving Theorem 1.4.2.3 was to verify the strong condition for derived morphisms at the
formal level. More precisely, the main obstruction to apply Theorem 3.4.4.10 directly was to verify the condition

T (f*Oy) ~m; (Ox)

fori > 0, where f: X — Y is a generic formal model for f: X — Y. This was accomplished by a reasoning at
the level of Postnikov towers plus proving refined results concerning liftings of formal models for almost coherent
modules on X. At the heart of such liftings results is the following descent result:
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Theorem 1.4.2.4. Let dechZ%ft’qus denote the oo-category of qgcgs topologically almost of finite presentation
derived k°-adic schemes. Then the functor

Cohyf_: (dfSchy™9°9*)*” — Cats
is a hypercomplete sheaf for the Zariski topology.

Theorem 1.4.2.4 is a generalization of [HPV16a, Theorem 7.3] to the case where the base is assumed to be
derived. With Theorem 1.4.2.4 at hand one is allowed to prove the following important results:

Proposition 1.4.2.5. Let X € dAny be a derived k-analytic space. Let F € Cohb(X ) be a bounded almost
perfect module over X. Then for any formal model X € dfDMy. of X, there exists § € Cohb(X) such that
G'E ~ F in the oo-category Coh™ (X). Moreover, the full subcategory of Coh”(X) X Cohb(X) COhb(X)/g:
spanned by formal models for F is filtered.

Proposition 1.4.2.6. Let X € dAny, be a derived k-analytic space. Let f: F — G be a morphism of almost coher-
ent modules in the co-category Coh™ (X). Then for every formal model X € dfDMye of X and a choice of formal
models F' and §' for F and G, respectively, there exists a sufficiently large n > 0 such that the multiplication
t" f: F — G admits a formal model of the form

g:F =g
in the co-category Coh™ (X).
As an application of Theorem 1.4.2.3 we obtain the following:
Proposition 1.4.2.7. Let f: X — Y be a flat and proper morphism of derived k-analytic spaces. Then we have:
(i) The functor f*: Coh™(Y') — Coh™ (X) admits a left adjoint

fy: Coh™(X) — Coh™(Y).

(ii) Let f: X — Y be a formal model for f, whose existence is guaranteed by Theorem 1.4.1.14. Define
Wwx/y = w;/gY, the analytic dualizing sheaf. Then given F € Coh™ (X)) we have a canonical equivalence

f+(F) = f(F@wxyy)
in the co-category Coh™ (V).
(iii) The functor f': Coh™(Y) — Coh™ (Y') given on objects by the formula
F € Coh™(Y) = f1(F) = f*(F®wx,y) € Coh™(X)

is a right adjoint for the functor f,: Coh™ (X) — Coh™(Y).

1.5 Moduli of continuous /-adic representations of a profinite group

1.5.1 Moduli of continuous /-representations

Part of the present thesis was to study at length the moduli functor LocSys&n(X ) parametrizing continuous ¢-adic
representations of 7$'(X), where X is a proper and smooth variety over an algebraically closed field of positive
characteristic p > 0.

In this context, the formal moduli problem considered in Theorem 2.1.0.15 should correspond to the formal
neighborhood of the moduli LocSys, ,,(X), described in Section 1.3.2. Furthermore, Theorem 3.4.4.10 allow us
to define general continuous representations

p: Sh(X) — BGL, (I(2)),
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where Z € dAfdg, is not necessarily the spectrum of an Artinian derived Qg-algebra. Notice that when Z

is discrete we can describe and study the moduli problem associated to LocSys, ,,(X) directly. Consider the

following moduli functor LocSystfned (X): Afd7® — Set given on objects via the formula

A € Afd? 5 Homeoyt (m5'(X), BGL,(A)) € Set,

where Homcons (7§'(X), BGL,,(A)) denotes the set of continuous group homomorphisms 7§'(X) — GL,(A).
Here we consider GL,,(A) as a topological group via the canonical topology on A induced by a choice of norm
compatible with the non-trivial valuation on k. We have the following fundamental result:

Theorem 1.5.1.1. Let X be a smooth and proper scheme over an algebraically closed field. The functor

LocSysyamed(X): Afd® — Set

ln
defined above is representable by a strict k-analytic space.

The strategy of the proof of Theorem 1.5.1.1 follows closely the scheme of Simpson’s proof the representabil-
ity of the moduli of discrete group homomorphisms for a discrete group G, see [Sim94a, §1]. However, the
continuous case is more involved as both the topologies on 7¢'(X) and on GL,, (A) differ. More precisely, 7$'(X)
is a profinite group whereas the topology on GL,, (A) is far from being profinite. Nonetheless, every formal model
Ag over k° for A provides an open subgroup

GLn(Ao) € GL,(4)
which is a pro-group, i.e. the topology on GL,,(Ap) is induced via the canonical isomorphism of groups

GL,,(4p) ~ li%GLn(Ao,m).

In this case, every continuous group homomorphism p: 7$'(X) — GL,,(A) admits an open subgroup U < 7§(X)
such that p;7: U — GL,,(A) factors through the inclusion GL,,(Ag) € GL, (A). Fortunately, the study of group
homomorphisms

piv: U — GL,(Ag) (1.5.1.1)

is easier than our original problem. Therefore, it is useful to study the moduli functor Fﬂ.i(( X)* (‘,’Algg;ad — Set
parametrizing continuous group homomorphisms

p: U — GL,(Ao), Ay € CAlg™.

Nevertheless, the topology on GL,,(Ag) is almost never profinite, except when A is a finite extension of k°,
therefore some care is needed when describing the above functor by means of algebraic data. Even though Fra(x,

is not representable, Theorem 1.5.1.1 implies that k-analytic analogue LocSysgfLmed(X ) is so.

framed

Remark 1.5.1.2. The k-analytic space LocSys,;,"*"(X) admits a natural action of the analytification of the
general linear group scheme, GLZ". This action can be described via the morphism of k-analytic spaces

GL2" x LocSysy2™d(X) — LocSysfam(X), (1.5.1.2)
defined by the formula

((g,p) € GL2"(A) x LocSysfamed(X)(A)) — (gpg~" € LocSysfamed(X)(A)).

ln ln
One would like to define LocSys, ,, (X) as the quotient k-analytic space obtained as the quotient of LocSystLIned (X)
by the conjugation action of GL}" described in Theorem 1.5.1.2. However, in the k-analytic setting there is no
solid theory of geometric invariant theory as opposed to the context of algebraic geometry. For this reason we
prefer to adopt the language of k-analytic stacks for a reasonable definition of LocSys, ,,(X).
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Definition 1.5.1.3. We denote by LocSys, ,, (X) the geometric realization of the simplicial objects

= (GLZH)Q X LocSystLmed(X) == GLI" x LocSysZZmEd(X) — LocSysﬁmeEd(X)
(1.5.1.3)
computed in the co-category of pre-sheaves on Afdy,, denoted PShv (Afdk) = Fun (Afd;", 8).

Remark 1.5.1.4. The moduli functor LocSys, ,,(X): Afd}” — § satisfies descent with respect to the étale topol-
ogy on (Afdg, 7). Furthermore, it follows by construction that given A € Afd,, the space

LocSys, ,,(X)(A4) € 8

is equivalent to the 1-groupoid of continuous representations p: §'(X) — GL,(A). Therefore, LocSys, ,,(X)
parametrizes continuous ¢-adic group representations of !(X) or equivalently rank n pro-étale local systems on
X as the following result illustrates:

Proposition 1.5.1.5. Let X be a smooth scheme over an algebraically closed field. Then one has a natural
equivalence of spaces
LocSys&n(X)(A) ~ LoCp,pro-6(X)(A),

where the right hand side denotes the 1-groupoid of rank n pro-étale A-linear local systems on X.
Theorem 1.5.1.1 entails through a formal reasoning the following main result:

Theorem 1.5.1.6. The moduli functor LocSys, ,,(X): Afd}® — 8 is representable by a geometric stack with
respect to the geometric context (Afdk, Téts Psm).

Notation 1.5.1.7. We refer to geometric stacks with respect with the geometric context (Afd;€7 Téts Psm) simply
as k-analytic stacks.

Theorem 1.5.1.6 provides a positive answer to condition (i) in §1.5. However, we have a very few understand-
ing of the geometry of LocSys, ,,(X) and a reasonable cohomology theory for LocSys, ,, (X) is still lacking. We
will try to amend these questions by constructing a natural derived structure on LocSys, ,, (X).

1.5.2 Derived enhancement of LocSys, ,(X)

Let X be a geometrically connected proper and smooth scheme over an algebraically closed field. The moduli
stack LocSys, ,, parametrizes varying families of rank n (-adic pro-étale local systems on X. Moreover, Theo-
rem 1.5.1.6 states that LocSys, ,, (X)) is representable by a k-analytic stack. In this section we will further attempt
to answer the following questioh:

Question 1.5.2.1. Does LocSys, ,, (X)) admits an analytic cotangent complex which classifies deformations of
pro-étale local systems? And if so, can we compute it explicitly?

Theorem 1.5.2.1 is basically a question on the existence of a canonical derived structure on LocSys, ,,(X).
In order to attempt to answer to Theorem 1.5.2.1 one needs to allow derived coefficients in the definition of
LocSys, ,,(X). More precisely, we nedd to extend the functor LocSys, ,, (X) to a functor

LocSys, ,,(X): dAfd}” — 8,

so one needs a reasonable defintion of continuous representations with derived coefficients.

This questions has already been partially dealt in Theorem 2.1.0.15. However, to fully answer this question
one needs to make a considerable technical detour on the theory of enriched co-categories. We start by observing
that the étale fundamental group is too poor, in general, to classify f-adic lisse sheaves on Xg with derived
coefficients. One should consider instead the étale homotopy type Shét(X ) of X and parametrize continuous
(-adic representations of Sh®(X).

Let Z € dAfdy, thanks to Theorem 3.4.4.10 there exists a formal model Spf (Ag) for Z. One could try to
define continuous representations of homotopy types

p: Sh¥(X) — BGL,(T'(2))
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as in Theorem 2.1.0.15 by considering the colimit over all such formal models for Z, i.e. by defining

Map,, (Sh(X), BGL, (T(2))) = colim Mapyjor, (Pro(s)) (Sh(X), BGL,(4)) € 8. (1.52.1)
0 1

By considering BGL,,(Ay) as a group-like pro-object in the co-category § via the equivalence

AO ~ lim Ao m
m>0

in the co-category CAlg;.. Theorem 3.4.4.10 implies that such an association is functorial in Z € dAfd,. Even
though formula (1.5.2.1) is a good approximation for the space of continuous ¢-adic representations of Shé[(X )it
is certainly not a correct definition. In order to give a more reasonable construction one need to make a technical
detour on the theory of Ind(Pro(8))-enriched oco-categories.

Construction 1.5.2.2. Let Z € Afdj be a derived k-affinoid space and consider the oo-category Perf(Z) of
perfect complexes on Z. Fix a formal model Spf(A) € dfSchy. for Z. The co-categories Perf(Z) and Perf(Ay)
are related. The derived rigidification theorem introduced in §3 induces a rigidification functor at the level of
oo-categories of perfect modules

(—)"&: Perf(Ag) — Perf(Z2).

Moreover, as a first approximation we can think of Perf(Z) as the idempotent completion of the Verdier quotient
Perf(Ag)/Perfyi(Ag) where Perfy;(Ag) C Perf(Ap) denotes the full subcategory spanned by m-torsion per-
fect Ap-modules. In other words, Perf(Z) is roughly equivalent to the Verdier quotient Perf(Ay)/Perf,;;(Ao)
computed in the co-category Catst;id-comp,

The crucial observation is that the co-category Perf(Ag) is naturally enriched over the co-category Pro( Spy )
of pro-objects on the co-category of (-nilpotent spectra, Sp, = Sp ®gS/¢, where S € Sp denotes the sphere
spectrum. By a formal argument, detailed in [Ant17a], we can then consider Perf(Z) as an co-category naturally
enriched over the co-category of ind-pro-spaces, Ind (Pro (8) ) Moreover, the formula

Z € AfdP — Perf(Z) € ECat,
is functorial in Z € Afdzp. Furthermore, there is a canonical inclusion functor
Pro(8") < Pro(8) — ECaty,

where €Cat o, denotes the co-category of Ind(Pro(8))-enriched oo-categories. Therefore, it makes sense to con-
sider the co-category of enriched functors

Fungeat.. (Sh(X), Perf(Z)) € Cato. (1.5.2.2)
Moreover, the association displyed in (1.5.2.2) is functorial in Z. We can thus define a functor
Fungeat.. (Sh(X), Perf(—)): dAfd” — Catoo
given on objects by the formula
Z € Afd)P — Fungear., (Sh®(X), Perf(Z)) € ECatn.
As X is geometrically connected, the profinite space Sh®(X) € Pro(8%) is connected. For this reason, the

mapping space )
Mappro(sfc)(*,Shm(X)) €s

is contractible. As a consequence, there exists a unique, up to contractible indeterminacy, morphism
v: % — Sh¥(X)
in the co-category Pro(8). Precomposition along ¢ induces a functor of co-categories

ev: Fungeas (Sh(X), Perf(Z)) — Fungeat.. (*, Perf(Z)) ~ Perf(Z) € Catoc.
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The important observation is illustrated by the following lemma:

Lemma 1.5.2.3. Let Z € Afd;” be a derived k-affinoid space which we suppose further to be n-truncated for a
given integer n > 1. Let M € Perf(Z) be a perfect module on Z and let. Then the fiber of the functor

ev: Fungeas.. (Sh(X), Perf(Z)) — Perf(2)
at M € Perf(Z) is naturally equivalent to the mapping space

MaPytons, (Top,.,) (QSh*(X), End(M)) € 8

where End(M ) denotes the ind-pro-endomorphism space of M.

Remark 1.5.2.4. Theorem 1.5.2.3 implies that Fungeas. (Sh®(X), Perf(—)): dAfdj® — Cat., parametrizes

continuous representations of Shét(X ) with values in E1-monoid objects in ind-pro-endomorphisms spaces. That
is to say, we take into account both the profinite structure on Sh*(X) and the ind-pro-structure on End(M).

Definition 1.5.2.5. We define the moduli functor of perfect continuous ¢-adic representations of Shé‘(X ) as
PerfSys,(X) = (—)~ o Fungeat.. (Sh™(X), Perf(—))
which lives naturally in the co-category Fun(dAfd;”, 8).

Definition 1.5.2.6. Let RLocSys, ,,(X): dAfd;” — 8 denote the substack of PerfSys,(X) spanned by rank n
objects, i.e.
RLocSys, ,,(X) == ev (€, (2)),

where C,,(Z) C Perf(Z) denotes the full subcategory spanned by rank n objects in Perf(Z).

Whenever 7 is discrete and M ~ T'(Z)™ we recover the space of continuous representations
p: m(X) = GL,(4), A~T(2).

Lemma 1.5.2.7. Let Z = Sp(A) € Afdy be an ordinary k-affinoid space. Then we have a natural equivalence
of spaces
LocSys, ,,(X)(A) ~ RLocSys, ,,(X)(A).

Notation 1.5.2.8. Following our convention, we will denote RLocSys, ,,(X) by LocSys, ,, (X).
As promised we state an explicit computation of the cotangent complex of LocSys, ,,(X)

Proposition 1.5.2.9. Let Z € dAfdy, and let p € LocSys, ,,(X)(Z) be a continuous {-adic representation. Then
LocSysy ,, (X)) admits an analytic cotangent complex at p and we have the following natural equivalence

L2 sve, . (x).0 =~ Ca( X, Ad(p)) ' [-1]

LocSysLn
in the derived oo-category Mody,.

Theorem 1.5.2.9 implies that deformations of p are classified by the étale homology complex C; (X, Ad(p)) v [—1].
Moreover, Porta-Yu Yue representability theorem, [PY17a, Theorem 7.1] implies the following:

Theorem 1.5.2.10. The derived moduli stack LocSys, ,,(X): dAfd}" — 8 is representable by a geometric stack

with respect to the geometric context (dAfdk, Téts Psm), i.e. LocSys, ,,(X) is representable by derived k-analytic
stack.

Construction 1.5.2.11. Let p: 7§ (X) — BGL, (F,-) be a continuous representation. We can consider at the
formal moduli problem Def;: CAlgp” — 8 given on objects by the formula

A € CAlggy, — LocSys ,, (X)(A) Xrocsys, ,, (X)(Fs,,) 1P} € S
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The functor Def; paramatrizes continuous deformations of p with values in small derived F,--algebras. Such
functor satisfies the conditions of Lurie-Schlessinger Theorem. Therefore it is pro-representable by a Noetherian
derived W (IF,-)-algebra, Az, augmented over Fy- and complete with respect with the maximal ideal

my = ker (o (Az) — Fyr).

Let k := Frac(W (F)). By construction, we can consider Def5 as a functor defined on the co-category
CAlg2d. Moreover, such functor is representable by Spf (Ap), which is a locally admissible derived k°-adic
scheme. In this case, we can take its rigidification

Def%ig € dAny,

which is a derived k-analytic stack. We have a canonical morphism Def%ig — LocSys, ,,(X) which is roughly
described by sending a continuous deformation of p to its corresponding continuous ¢-adic representation. Varying
p: m$Y(X) — GL,(F;) we obtain a canonical morphism

[ Defs® — LocSys, . (X) (1.5.2.3)
7
in the co-category dSt(dAfd, 7¢, Pom ) of derived k-analytic stacks.
The derived structure on LocSys, ,, (X) allow us to prove the following geometric result:

Proposition 1.5.2.12. The canonical morphism displayed in (1.5.2.3) is an étale admissible inclusion of sub-
analytic derived k-analytic stacks.

One could ask if the morphism (1.5.2.3) is an equivalence of geometric stacks. The following example illus-
trates that this is not is the case in general:

Example 1.5.2.13. Let G = Z, and A = Q,(T") the Tate algebra in one variable. Consider the continuous
representation p: Z, — Q,(T") determined by the association

1e€Z,— F T}

0 1

Then p € LocSys,, 5(G)(Q,(T")) but does not belong to the disjoint union [[; Def]%ig C LocSysy ,,(G).

However, as Theorem 1.5.2.12 suggests the derived k-analytic stack LocSys, ,,(X) is highly disconnected. It

would be desirable to have a way to glue together the formal neighborhoods Def;g together. One could state it
more precisely as a conjecture:

Conjecture 1.5.2.14. There exists a (possibly ind-)derived k-analytic stack LocSys%}" (X)) and a morphism of
derived k-analytic stacks
7: LocSys, ,,(X) — LocSyS%}n (X)

such that  is an equivalence at closed points and it induces an equivalence of cotangent complexes at closed
points. Moreover, the moduli stack LocSys%ln(X ) is equipped with an endomorphism, F', which is compatible
with Frob® : LocSys, ,,(X) — LocSys, ,,(X), i.e. we have a commutative diagram

LocSys, ,,(X) Frob®, LocSysy ,,(X)

[ [

LocSyS%}n(X) £, LocSys%}n(X)

in the co-category dSt (dAfdk, Téts Psm). Moreover, LocSys%ln(X ) is almost of finite presentation and in partic-
ular it admits finitely many connected components.

28



1.5.3 Open case

When X is assumed to be a smooth scheme over k = k of positive characteristic p # ¢ its étale fundamental
group 7 (X) is not topologically finitely generated (except if we assume X proper). In this case we have a short
exact sequence of profinite groups

1= 7%(X) = 718(X) = (X)) =1

where 7°(X) denotes the wild fundamental group of X a pro-p profinite group and 7t (X) its tame fundamental
group which is topologically finitely generated. The tame fundamental group parametrizes tamely ramified at
infinity coverings of X. We cannot expect the full stack LocSys, ,(X) is representable as the profinite group
7§'(X) is too big. However, by bounding the ramification at infinity we can consider the substack

LocSys, ,, r (X) = LocSys, ,,(X)

which parametrizes continuous representations p: Sh®(X) — BGL,, (A) such that the restriction Pl (x) factors
through a finite quotient ¢: 7}’ (X) — I'. We have the following result

Proposition 1.5.3.1. The moduli stack LocSys, ,, r(X) is representable by a derived k-analytic stack.

1.5.4 Shifted symplectic structure

Let X be a smooth and proper scheme over a field k = k of positive characteristic p > 0. As X is proper, Poincaré
duality for étale cohomology implies that we have a non-degenerate bilinear pairing

Ca(X, Q) @ Co(X, Q)" — Q-2

where d = dim X. When X is non-proper we should replace étale cohomology with étale cohomology with
support. Thanks to the projection formula, given a continuous representation

p: TY(X) = GL,(A), A€ Afdy,
one still obtains a non-degenerate pairing of the form
Cz (X, Ad(p)) ® C2(X, Ad(p))" — Q[—2d], (1.5.4.1)

where Ad(p) == p® p" denotes the adjoint representation associated to p. It is possible to give a more conceptual
construction of the pairing introduced above as follows: the co-category Fung eat. (Sh™(X), Perf(A)) is a rigid

symmetric monoidal, that is every object is dualizable in Fungeay__ (Shét(X ), Perf(A)). Therefore, given p as
above one has a natural trace morphism

tr: Ad(p) = p®p” — 1,

where 1 denotes a unit for the symmetric monoidal structure on Fungeat (Shét(X ), Perf(A)). As Ad(p) €
Fungeat,, (Shé‘(X ), Perf(A)) is an E;-monoid object we have a canonical multiplication morphism

mult: Ad(p) ® Ad(p) — Ad(p). (1.5.4.2)
Both (1.5.4.1) and (1.5.4.2) imply the existence of a canonical morphism of the form
Map(1, Ad(p)) ® Map(1,Ad(p)) == Map(1, Ad(p) ® Ad(p)) Zoult, Map(1,Ad(p)) LN Map(1,1).

We can identify the above composite with the canonical map displayed in (1.5.4.1). Define O: dAfd}” — CAlg,,
as the sheaf on the étale site (dAfdk, Tét) given on objects by the formula

Z € dAfd, — O(Z) :=T(Z) € CAlg,.
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The canonical map C}, (X , Qz) — Q¢[—2d] in the derived co-category Modg, induces by the projection formula
on ¢-adic cohomology a canonical morphism

Ci(X, A) — Al2d]

We obtain thus a non-degenerated pairing at the level of the cotangent complex of LocSysAn(X )atp

Yo+ LichySe‘n(X)w ® Lir(;CSysﬁ,n(X)7p - O( Sp(A))

The results of [Toé18, §3] imply that the pairing

2
. an
wi A\ sy, . x) = O

is closed, i.e. it can be realized as an element in cyclic homology HC (LocSys&n(X )) € Modj. We obtain thus
the following important result:

Theorem 1.5.4.1. The derived k-analytic stack LocSys, ,, (X) e dSt (dAfdk, Téts Psm) admits a canonical shifted
symplectic structure w € HC(LocSys, ,,(X)) of degree 2 — 2d. Moreover, given p € LocSys, ,,(X)(Z) with
7 € dAfdy, the underlying non-degenerate pairing is equivalent to the Poincaré pairing

Ca(X, Ad(p))[1] © C4(X, Ad(p) — T(2)[2 — 2d]
in L-adic cohomology.

Corollary 1.5.4.2. Let p € LocSys, ,,(X)(Z), then the shifted symplectic form w € HC (LocSysAn(X)) induces
an equivalence
Tircl)cSysL"(X) = H‘igCSysem(X) [2 - 2d]

between the tangent and cotangent complexes on LocSys, ,,(X).

1.6 Analytic HKR theorem

The results in this section were first study in a joint collaboration work between M. Porta and F. Petit. I thank both
of them for letting me take part on the project.

1.6.1 Main results

Let k be a field of characteristic 0. In the setting of derived algebraic geometry the structured HKR theorem was
first proved in [TV15]. More precisely, the HKR theorem states that there is an equivalence of co-categories

S'-CAlg), ~ CAlgy,

where the left hand side denotes the co-category of derived k-algebras equipped with an action of the circle S* € 8,
whereas the right hand side denotes the co-category of derived k[e] :== k @ k[1]-algebras. As a consequence one
has the following global results:

Theorem 1.6.1.1 ([TV15]). Let X be a derived algebraic scheme over a field k of characteristic 0. Then one has
an equivalence of derived algebraic stacks

XXXX)(X’ZTX[—H

where the left hand side denotes the derived fiber product of X with itself over X x X via the diagonal map and
the right hand side denotes the —1-shifted tangent bundle on X. Moreover the above equivalence is compatible
with the canonical projection to X.

It would be desirable to have an analytic analogue of the above result. In a joint work with M. Porta and F.
Petit the authors prove:
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Theorem 1.6.1.2. Let k be the field C of complex numbers or a non-archimedean field of characteristic 0 with a
non-trivial valuation. Let X be a k-analytic space. Then there is an equivalence of derived k-analytic spaces

X XXXXX ZTX[—”
compatible with the canonical projection to X.

Suppose X is a derived k-affinoid space. Let A := I'(X, O x ). Then Theorem 1.6.1.2 implies that we have an
equivalence of simplicial algebras
A®A®kAA ~ Sym?%’ (]Liln[l])

where Sym?" denotes the analytification relative to A of the algebraic Sym 4. Theorem 1.6.1.2 is a consequence
of the following more general result:

Theorem 1.6.1.3. There are co-categories k[e]-AnRing,, of mixed analytic rings and S*-AnRing,, of S*-equivariant
analytic rings. These co-categories are equivalent compatibly with their forgetful functors to AnRing;,.

The oo-category S'-AnRing;, is defined as
S'-AnRing), := Fun(BS', AnRing,,).

By a formal argument, the co-category S'-AnRing,, is canonically monadic over AnRing,. Let us denote the
associated monad by T's1. However, the construction of the oo-category k[e]-AnRing,, is more involved. We need
thus to assume that there exists an co-category k[e]-AnRing; equipped with a functor

Ue: kle]-AnRing;, — AnRing,

such that U, is conservative, commutes with sifted colimits and it admits a left adjoint
DR: AnRing;, — k[e]-AnRing,,

such that for every A € AnRing,, there exists a canonical equivalence
Uc(DR(A)) ~ Sym’* (L*[1]).

In particular, U, exhibits k[e]-AnRing, as monadic over AnRing, . Let us denote the corresponding monad by
T..
The structured HKR theorem can be stated as:

Theorem 1.6.1.4 (Structured analytic HKR theorem). The monads Tg: and T, are equivalent as monads over
AnRing,,. In particular, there exists an equivalence of co-categories

S'-AnRing;, ~ k[e]-AnRing;,
compatible with the forgetful functors to AnRing,.

Remark 1.6.1.5. Theorem 1.6.1.4 implies both Theorem 1.6.1.2 and Theorem 1.6.1.3.

1.7 Main results

For the reader’s convenience we list the main results presented in the present thesis. The reader can find a more
precise formulation of these in the body of the text.

Theorem 1.7.0.1. Let T,4(k°) denote the k°-adic pregeometry and X an oo-topos. Then the exists a canonical
functor
fCAlg,. (X) — CAlgis(X)

which is an equivalence when restricted to topologically almost of finite presentation local Taq(k®)-structures on
X.
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Theorem 1.7.0.2. There exists a rigidification functor
(—)"8: dfDMo — dAny

which coincides with the usual Raynaud’s rigidification functor, when restricted to discrete objects. Moreover, the
Sunctor (—)"8: dfDMygo — dAny is compatible with n-truncations.

Theorem 1.7.0.3. Let X € dAny be a derived k-analytic space. Then there exists X € AfDMgo a derived k°-adic
Deligne-Mumford stack such that one has an equivalence

Xie ~ X
in the co-category dAny,.
Theorem 1.7.0.4. The rigidification functor
(—)"8: dfDMgo — dAny
is a localization functor. More precisely, it induces an equivalence
dfSch[S™!] ~ dAn),

in the oco-category Cato,. Here dfSch C dfDMygo denotes the full subcategory spanned by admissible derived
k°-adic schemes, S the saturated class of generically strong morphisms and dAn), C dAny, the full subcategory
spanned by quasi-paracompact and quasi-separated derived k-analytic spaces.

Theorem 1.7.0.5. Let X € dAny be a quasi-compact and quasi-separated derived k-analytic space and X €
dfDMygo a formal model for X. Then we have an equivalence of stable co-categories

Coh™(X) ~ Coh™°(X)
where Coh™°(X) denotes the Verdier quotient of the diagram

Coh

nil

(X) = Coh™(X) — Coh™(X)
computed in the co-category CatSt.

Theorem 1.7.0.6. Let X be a quasi-compact and quasi-separated derived k-analytic stack. Then the derived
Hilbert stack RHilb(X) is representable by a derived k-analytic stack.

Theorem 1.7.0.7. Let X be a smooth over an algebraically closed field. Then there exists a moduli functor
LocSysy ,,(X): dAfd}? — 8
which is given on objects by the formula
Z € dAfd +— Map, (Sh¥(X), BGL,(I'(2)))
where Shé’(X ) € Pro(8%) denotes the étale homotopy type of X and Map,,,,,, denotes the space of morphisms
p: Sh¥(X) — BCL,(I'(%))

which preserve the canonical topologies on both Sh®(X) and BGL,,(I'(Z)). Moreover, given a finite quotient
m(X) — T of the wild fundamental group of X, there exists a derived stack

LOCSySé,n,F (X) € dSt (dAfdk, Tét)

which parametrizes )
p: Sh®(X) — BGL,(T'(2))

whose restriction to w3’ (X) factor through the quotient morphism 73" (X) — T.
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Theorem 1.7.0.8. Let X be a smooth and proper scheme over an algebraically closed field. Then the derived
stack LocSys, ,,(X) € dSt(dAfd}”,7) is representable by a derived geometric stack. Moreover, given p €
LocSys , (X) its analytic cotangent complex at p is given by

Li%esys, . (x),p =~ Ca(X, Ad(p)) ' [~1] € Mody. (1.7.0.1)

In the case where X is a smooth non-proper scheme over an algebraically closed field of characteristic p > 0
(different than the residual characteristic of k), then the moduli

LOCSyS£77L,F (X) € dst (dAfdk, Té[)

is representable by a derived geometric stack. Moreover, the formula displayed in (1.7.0.1) holds for the analytic
cotangent complex of LocSys, ,, p(X).

Theorem 1.7.0.9. Let X be a proper and smooth scheme over an algebraically closed field. Then the moduli
stack LocSys, ,,(X) admits a natural shifted symplectic structure w € A% (LocSys,,,(X)). Moreover, given
pE LocSysg’n(X )(Z) the underlying 2-form on p coincides with the Poincaré duality morphism

wp: Ca(X, Ad(p))[1] @ C4(X, Ad(p))[1] = T'(2)[2 — 2d],
where d = dim(X).

Theorem 1.7.0.10. Let X be a derived k-analytic space. Then one has an equivalence of derived k-analytic
stacks
X XXXXX QTX[fl},

compatible with the projection to X. In particular, if we assume further that X is a derived k-affinoid space and
we let A == T(X,Ox) we have an equivalence of derived k-algebras

AB 454 A ~ Sym¥ (L2 [1]).

Theorem 1.7.0.11. There are oo-categories kle]-AnRing,, and S'-AnRing,, of mixed derived k-analytic rings
and S'-equivariant derived k-analytic rings, respectively. Moreover, these oco-categories are monadic and comonadic
over AnRing; and there exists an equivalence of co-categories

S'-AnRing;, ~ k[e]-AnRing;,

which fits into a commutative diagram

S1-AnRing,, k[e]-AnRing,,

\ /

AnRing,

of monads over AnRing;,.

1.8 Notations and Conventions

We shall denote k a non-archimedean field equipped with a non-trivial valuation, £° its ring of integers and
sometimes we will use the letter ¢t € k° to denote a uniformizer for k. We denote Any, the category of strict
k-analytic spaces and Afdy, the full subcategory spanned by strict k-affinoid spaces and we adopt the convention
that whenever we mention k-affinoid or k-analytic space we mean strict k-affinoid and strict k-analytic space,
respectively. We denote fSchyo the category of quasi-separated formal schemes over the formal spectrum Spf(k°),
where we consider k° equipped with its canonical topology induced by the valuation on k. In order to make clear
that we consider formal schemes over Spf(k°), we shall often employ the terminology k°-adic scheme to refer to
formal scheme over Spf k°.
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Let n > 1, we shall make use of the following notations:
A} == Speck[Ty,...,Tn], AL =Spl(k°(T1,...,Tn))

and
Ay = (AZ) , v = Sp(k(Ty,...Tn)),

where (—)2" denotes the usual analytification functor (—)*": Schy, — Any, see [Ber93a]. We denote by GL3"
the analytification of the usual general linear group scheme over k, which associates to every k-affinoid algebra
A € Afdy, the general linear group GL,, (A) with A-coefficients.

In this thesis we extensively use the language of oo-categories. Most of the times, we reason model inde-
pendently, however whenever needed we prove oo-categorical results using the theory of quasi-categories and we
follows closely the notations in [Lur09b]. We use caligraphic letters C, D to denote oco-categories. We denote
Cat., the co-category of (small) co-categories. We will denote by 8 the co-category of spaces, 8 the co-category
of finite constructible space, see [Lur09a, §3.1]. Let € be an co-category, we denote by Ind(C) and Pro(C) the
corresponding co-categories of ind-objects and pro-objects on €, respectively. When € = 8%, the co-category
Pro(8) is referred as the co-category of profinite spaces.

Let R be a derived commutative ring. We will denote by CAlg the co-category of derived k-algebras. The
latter can be realized as the associated co-category to the usual model category of simplicial R-algebras.

We shall denote by CAlg™ the oo-category of derived adic algebras, introduced in [Lurl6, §8.1]. Whenever
R admits a non-trivial adic topology, we denote GAlg‘}%d = ((?Algad) R/ the oo-category of derived adic R-
algebras, i.e. derived R-algebras equipped with an adic topology compatible with the adic topology on R together
with continuous morphisms between these.

Let R be a field. We shall denote by CAlgR" the co-category of small augmented derived R-algebras. When
R = k we denote by AnRing}" the co-category of small augmented derived k-analytic rings over k, which is
naturally equivalent to CAlg;™, see [Porl5a, §8.2].

Let R be a discrete ring. We denote by GAIgg the 1-category of ordinary commutative rings over R. When
R admits an adic topology we shall denote (?Alg%j’(7 C @Algi}d the full subcategory spanned by discrete derived
adic R-algebras. Let R denote a derived ring. We denote Modpg the derived co-category of R-modules and
Coh*(X ) € Modkg the full subcategory spanned by those almost perfect R-modules.

We need sometimes to enlarge the starting Grothendieck universe, and we often do not make explicit such
it procedure. Fortunately, this is innocuous for us. We will usually employ caligraphic letters X, Y, Z to de-
note co-topoi. The co-category of co-topoi together with geometric morphisms between these is denoted ®Jop.
Caligraphic letters such as O, A, B are often employed to denote structures on an co-topos. We will denote by
Toa(k®) and T,y (k) the adic and analytic pregeometries, respectively. Let X € RJop be an oo-topos, we denote
by fCAlgo (X) = StripS, 0y (X) and AnRing,, (X) := Str? ;) (X).

We will denote by (dAffy, 7, Psm) the algebraic geometric context and we denote by dSt(dAff, 7, Pam)
the co-category of derived geometric stacks with respect to (dAﬁk,Té[,Psm). Similary, whenever k denotes
either the field C of complex numbers or a non-archimedean field we will denote by (dAff ks Téts Psm) the analytic
geometric context and correspondingly dSt (dAnk, Téts Psm) the oo-category of derived geometric stacks with
respect to the analytic geometric context.
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Chapter 2

Brief overview of derived k-analytic
geometry

For the purposes of clarity we introduce a small section reviewing the main foundational results in derived k-
analytic geometry, proved in [PY16a,PY17a].

2.1 Derived rigid analytic geometry

Let k be a non-archimedean field with a non-trivial valuation. In [PY16a,PY17a] M. Porta and T. Yu Yue intro-
duced the foundations of derived k-analytic geometry. Roughly speaking, a derived k-analytic space consists of a
couple (X, O*8) where X is an co-topos and O is a locally ringed sheaf on X having an additional k-analytic
structure.

Definition 2.1.0.1. Let T,, (k) denote the full subcategory of An, spanned by smooth k-analytic spaces. We
endow T, (k) with étale Grothendieck topology. We define a class of admissible morphisms on Ty, (k) as the
class of étale morphisms on T, (k).

Definition 2.1.0.2. Let X be an co-topos. We say that a functor O: T, (k) — X is a local Ty, (k)-structure on X
if the following conditions are satisfied:

(i) The functor O: T,y (k) — X commutes with finite produces in Ty, (k);

(ii) The functor O: T,, (k) — X commutes with pullbacks along admissible morphisms, i.e. given a commuta-
tive diagram
U—YV

l lg 2.1.0.1)

U —— Vv’

in the category T, (k) such that g: V' — V' is an admissible morphism then the induced commutative
diagram
oU) —— O(V)

| Js

oU’) —— OV
in X is a pullback diagram.
(i) Let [[ U; — U be an étale covering in Tan (k), then the corresponding morphism [[O(U;) — O(U) is an
effeciive epimorphism in the co-topos X. We say that a morphism '

a: 0 —=0
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between local T, (k)-structures on X is local if the for admissible morphism g: V' — U in Ty, (k) the
induced commutative diagram

is a pullback diagram in X.

Notation 2.1.0.3. Let X be an co-topos. The subcategory of Fun(T,n (k), X) spanned by local Ty, (k)-structures
and local morphisms between these is denoted by AnRing;, (X).

Remark 2.1.0.4. Let O: T,,(k) — X denote a local T,y (k)-structure on X. Condition (i) in Theorem 2.1.0.2
implies that evaluation on the affine line induces a sheaf O(A}.) € X which can be promoted to a CAlg,, (X)-valued
sheaf on X. Similarly, the evaluation on the closed unit disk induces a CAlg,-valued sheaf O(B},) on X.

Definition 2.1.0.5. Let O: T,,(k) — X be alocal Ty, (k)-structure on X. We define its underlying algebra as the
CAlg-valued sheaf 08 := O(A}) on X. This association is functorial and the corresponding functor is denoted

(—)*8: AnRing,(X) — CAlg,(X)
and referred to as the underlying algebra functor.

Remark 2.1.0.6. The object O© € AnRing,(X) does admit more structure than its algebraic counterpart 0*¢ €
CAlg, (X). For example, we have an induced morphism of derived rings on X

O(B}) — 08

which one should interpret as the inclusion of radius-1 convergent holomorphic glocal sections on the sheaf of all
global sections O*& on X. Therefore, O*'8 admits a k-analytic structure which cannot be recovered solely by the
algebraic structure on 08

Definition 2.1.0.7. The oo-category of Ty, (k)-structured spaces, denoted RTop (T, (k)), is defined as the oo-
category of those couples (X, ©) where X € BTop is an co-topos and O: Ty (k) — X is a local Ty (k)-structure
on X, see [Lurl lc, Definition 3.1.9] for a more rigourous construction of ®Top (T, (k)).

Example 2.1.0.8. Let X € Any denote an ordinary k-analytic space. To X we can associate X x = Shv(Xg)",
the hypercompletion of the co-topos of sheaves on the (quasi-)étale site of X. We can define a Ty, (k)-structure
on X as follows: given V' € T,y (k) we associate it the sheaf O(V'), on X, defined on objects via the formula

U € X¢ = Mapy,, (U, V) €8.

Notice that when V' = A}g, denotes the k-analytic affine line, the sheaf (‘)(A}g) coincides with the usual sheaf of
sections on X .

Definition 2.1.0.9. A derived k-analytic space consists of a couple X = (X, 0) where X is an co-topos and
O: Tan(k) — X is a Tapn (k)-structure on X satisfying the following conditions:

(i) The O-truncation t<o X := (DC, ’/To(O)) is equivalent to an ordinary k-analytic space via Theorem 2.1.0.8.
(ii) For each ¢ > 0, the homotopy sheaf 7; (Oalg ) is a coherent sheaf over (DC, Wo(O)).
Notation 2.1.0.10. We will denote by dAny, the co-category of derived k-analytic spaces.

The theory of derived k-analytic geometry is robust in the sense that in practice the main results of derived
algebraic geometry do admit analogues in the k-analytic setting. We cite some of the most relevant results in
derived k-analytic geometry:
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Theorem 2.1.0.11 (Gluing along closed immersions, Theorem 6.5 [PY17a]). Consider the following pushout
diagram

X = X

b

y Loy
in the oo-category RTop(Tan (k)). Suppose further that i and j are closed immersions and X, X', Y are derived

k-analytic spaces. Then'Y' is itself a derived k-analytic space.

Theorem 2.1.0.12 (Existence of an analytic cotangent complex). Let X = (X, 0x) € dAny be a derived k-
analytic space and suppose we are given a morphism f: X — Y. Consider the relative analytic derivations
functor Der’/y (—): Modo — 8 given on objects by the formula

M € Modp, — Der%?(M) = MapAnRingk(DC)f_ (OX, Ox ® M) €S,

toy//0x

where O x @ M denotes the trivial square zero extension of Ox by M, see [PY17a, §5]. Then Der'}‘?/y is corep-

resentable. More precisely, there exists an object ]L%g‘/y, which we refer to the relative analytic cotangent complex

of f+ X =Y such that for every M € Modg , there exists a natural equivlence

MapAnRingk(DC)f_loy//OX (OX; OX 2 M) = Ma‘pModoX (L?/YaM)

in the co-category of spaces 8. Whenever f = Idx we refer to LY = Lg;‘/y as the absolute analytic cotangent
complex of X.
Moreover, the analytic cotangent complex satisfies:

(i) Let X € DMy, denote a derived Deligne-Mumford stack over k. Then one has a natural equivalence
(Lx)™ ~ L3
in the oo-category Coh™ (X)), where Ly denotes the algebraic cotangent complex, introduced in [Lurl2c,

§7.3.5].

(ii) Let f: X = Y and g: Y — Z be morphisms between derived k-analytic spaces. Then there exists a fiber
sequence of relative cotangent complexes of the form

FLY)y = LX)z = LX)y
in the co-category Coh™ (X).
(iii) Suppose we have a pullback square in the co-category dAny

X — Y

b

X —Y.

Then one has a natural equivalence
g*]L}l(r}//Y/ ~ ]Lg?/y
in the co-category Coh™ (X").

Theorem 2.1.0.13 (Compatibility with Postnikov towers, Corollary 5.44 [PY17a]). Let X := (X,0x) € dAny
be a derived k-analytic space. Then for every n > 0, the canonical map t<, X — t<,41X is an analytic square
zero extension. More precisely, we have a pushout diagram

t<n X [Tnt1 (Ox) [+ 2]] _b t<nX

J# !

tSnX —_— t§n+1X
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in the co-category dAny, where
tSnX[ﬂ—nJrl (Ox) [n + 2]] = (DC7 OX ©® 7Tn+1(OX)[TL + 2]) S dAnk

denotes the trivial square extension of X by mp1+1(0x)[n + 2] € Mode . Moreover, dy and d denote the trivial
square-zero extension and a suitable analytic derivation

d: L% x = mny1(Ox)[n + 2]

in the oo-category Modg ., respectively.

Theorem 2.1.0.14 (Representability theorem, Theorem 7.1 [PY17a]). Let F' € dSt (dAfdk, Tét) denote a derived
stack. Then the following assertions are equivalent:

(i) Fis a geometric n-stack with respect to the geometric context (dAfdk, Tét, Psm).

(ii) F'is compatible with Postnikov towers, has a global cotangent complex and its truncation t<oF' is repre-
sentable by an n-geometric stack with respect to the geometric context (Afdk, Téts Psm).

We refer the reader to [PY 16¢, §2] for the notions of geometric context and geometric stack with respect to a
given geometric context.

The above results were proved by M. Porta and T. Yu Yue. They constitute an extensive review of derived
methods in the context of k-analytic geometry. However, certain results of classical k-analytic geometry still did
not have derived analogues prior to the current thesis. They constitute mainly the existence of formal models
for k-analytic spaces and its applications in k-analytic geometry. Certain of these lacking results were desired
in order to apply the techniques of derived k-analytic geometry to the study of certain problems coming from
representation theory. We shall exemplify one such application, which is an ubiquitous theme in the current thesis.

Example 2.1.0.15. Let X be a smooth scheme over an algebraically closed field of positive characteristic p > 0.
Let £ # p be a prime number and suppose we are given a continuous representation

p: m'(X) = GL, (Qy).

As p is continuous we can suppose that p factors through a finite extension k/Qg. One would like to understand
the space of continuous deformations of p. These should correspond to continuous group representations

p: 7(X) — GL,,(A)

where A € AnRing}™, as we are concerned with continuous deformations of p.
In such case, one would like to consider the formal moduli problem F': AnRing;" — 8 given on objects by
the formula

(A — k) € AnRingi™ = Map gy, (B7i'(X), BGLA(4)) Xy, (Bré(x).BGL, (k) 1P} €8 (2.1.02)

Unfortunately, we still do not have a precise definition of the right hand side of (2.1.0.2). We would like to define
it as the space of continuous group-like homomorphisms

P (X)) — Aut(A™) (2.1.0.3)

such that its restriction along the morphism A — k in the oo-category AnRing;™ coincides with p, up to equiva-
lence. However, we do not know what continuity means in this context. Indeed, A € AnRing;" corresponds to a
functor

A: Tan(k) — 8

satisfying certain admissibility conditions captured in Theorem 2.1.0.2. Such k-analytic structure on A do not
produce any sort of topological data. Therefore, we need to interpret A differently in order to be able to de-
fine continuous morphism of group-like objects as in (2.1.0.3). The avid reader might object by recalling the
equivalence of co-categories

AnRing}™ ~ CAlgi™
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proved in [Porl5a, §8.2]. However, if we regard A € CAlg)™ as a plain E-algebra over k we will restrict
ourselves to plain group like morphisms

P mH(X) — Aut(A™),
and we do not recover a good notion of continuity.

Remark 2.1.0.16. The content of Theorem 2.1.0.15 is in sharp contrast with the ordinary case. Indeed, if A €
Afd;® is a k-affinoid algebra then we can equip A with a canonical topology induced by a choice of presentation

A KTy, ..., Ty)/I.

Such topology on A does not depend on the choice of the presentation. Moreover, we can consider the A-points
GL,(A) = GL2"(A) as a topological group whose topology is induced by the one on A. In this case it is
reasonable to consider continuous group representations

p: wH(X) — GL,(A).

Moreover, when A = k a continuous representation p: 7$'(X) — GL, (k) corresponds to the usual notion of
¢-adic continuous representations of 7{'(X).
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Chapter 3

Derived £°-adic geometry and derived
Raynaud localization theorem

Derived k°-adic geometry and derived Raynaud localization Theorem
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3.1 Introduction

3.1.1 Background material

Let k be a non-archimedean field of discrete valuation, k° its ring of integers and let ¢ € k° be a fixed uniformizer
for k. Denote fSchy. the category of admissible k°-adic formal schemes and An the category of k-analytic spaces.
There exists a rigidification functor (—)™&: fSchyo — An such that every quasi-paracompact and quasi-separated
k-analytic space X admits a formal model over Spf k°. That is to say, there exists X € fSchyo such that

XUs ~ X

For this reason, one is able to understand the analytic structure on X through a formal model X for X. The
following is a classical result proved by Raynaud:

Theorem 1 (Raynaud, Theorem 8.4.3 [Bos05] ). The functor (—)rig: fSchxe — An is a localization functor.
More specifically, the functor (—)"8: fSchye — An factors through the localization of fSchy. at the class of
admissible blow ups, S. Moreover such functor induces an equivalence of categories

fSchyo [S_l] — An’
where An’ C An denotes the full subcategory of quasi-paracompact quasi-separated k-analytic spaces.

?? 1 it allows to use methods from algebraic geometry in order to establish certain results in the context of rigid
analytic geometry. For instance, ?? 1 is useful to study flatness conditions for k-analytic spaces and base change
theorems in the setting of k-analytic geometry. Raynaud’s theory allows to bypass this problem the intrinsic
analytic difficulties by reducing this problem to its analogue at the formal level. The latter situation can then be
dealt using techniques from algebraic geometry.

3.1.2 Main results

The same situation occurs in the context of derived k-analytic geometry. Derived k-analytic geometry was devel-
oped by M. Porta and T. Yu Yue in [PY16a,PY17a]. In [Lurl6, §8] the author introduces and studies at length
derived and spectral formal geometry. Our main goal in this text is to prove an analogue of ?? 1 in the derived
setting. However, in order to state a derived analogue of ?? 1 one needs another crucial ingredient, namely
the existence of a derived rigidification functor. Inspired by the construction of the derived analytification func-
tor [PY17a, §3], we will provide a construction of a derived rigidification functor. In order to so, we need to
develop a structured spaces approach to derived formal geometry over Spf £°.

This is done in §2: we develop a theory of derived ¢-adic formal geometry by considering certain Toq(k°)-
structured spaces. Therefore, we will consider couples (X, O) where X is an oo-topos and O: Toq(k°) — X
is a local T,q(k°)-structure. To such a pair we can functorially associate a locally ringed co-topos (X, 021#).
However, this construction loses information.

In general, the Toq(k°)-structure O: Toq(k°) — X encodes more information than its algebraic counterpart
08 ¢ CAlg,. (X). For example, one can show that (— )% factors through the canonical functor CAlgid (X) —
CAlg,. (X), where CAlg?d (X) denotes the co-category of k°-adic algebra objects on the co-topos X.
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More specifically, GAlng(DC) corresponds to the oo-category whose objects are objects O € CAlg,.(X)
together with an adic topology on 7y(O) compatible with the adic topology on k° and continuous morphisms
between these. Fortunately, we are able to fully understand the difference between the co-categories fCAlg;.. (X)
and CAlg;. (X).

Theorem 3.1.2.1 (Theorem 3.3.2.4). Let X be an oco-topos and consider the underlying algebra functor
(—)e: fCAlg;. (X) — CAlgy.(X),

given on objects by the formula
(X,0) — (X, 0%8),

Then, this functor factors through the functor CAlgiS(X) — CAlg(X) and the induced functor
(—)2: fCAlg,. (X) — CAlgia(X).

is fully faithful and moreover an equivalence of co-categories when restricted to those strictly Henselian objects
topologically almost of finite presentation.

Theorem 3.1.2.1 implies that the co-category of T,q(k°)-structured spaces (X, O) whose 028 € CAlg,.(X) is
topologically almost of finite presentation can be recovered as locally ringed oo-topoi (X, 92!8) such that (Oalg)
comes equipped with an adic topology compatible with the ¢-adic topology on k°. This can be regarded as a
rectification type result for T,q(k°)-structured spaces.

We will give a definition of derived formal k°-adic Deligne- Mumford stacks over k° in terms of T,q(k°)-
structured spaces and show that this notion agrees with the notion introduced in [Lurl6, §8]. We then proceed to
study k°-adic Postnikov tower decompositions and the k°-adic cotangent complex with respect to maps between
derived k°-adic Deligne-Mumford stacks, which, to the author’s best knowledge, has never been addressed before
in the literature.

In §3 we define a rigidification functor

(—)": BTop (Taa(k°)) = RTop (Tan(k))

which restricts to a functor (—)"¢: dfDMy. — dAn, where dfDMy. denotes the co-category of formal derived
Deligne-Mumford stacks and dAn the co-category of derived k-anlytic spaces. We prove that the derived rigidi-
fication functor (—)'& coincides with the usual rigidification functor when restricted to the category of ordinary
formal schemes.

Whenever Z € dAn is such that its 0-th truncation to(Z) is an (ordinary) quasi-separated and quasi-paracompact
k-analytic space, we prove:

Theorem 3.1.2.2 (Theorem 6.2.3.15). Let Z € dAn be a quasi-paracompact and quasi-separated derived k-
analytic space. There exists Z € dfDM such that one has an equivalence (Z)''® ~ Z in the co-category dAn, in
other words Z admits a formal model Z € dfDMj..

Let dfSchye denote the full subcategory of dfDMjy. spanned by those X € dfDMy. such that tg (X) is equiv-
alent to an ordinary admissible quasi-paracompact formal scheme over k£°. We say that a morphism f: X — Y in
dfDMy. is generically strong if for each i > 0, the induced map

v (f_loy) — (Ox)

is an equivalence in Coh™ (X). Denote moreover dAn’ C dAn the full subcategory spanned by those X € dAn
such that its O-th truncation t<oX is equivalent to a quasi-paracompact and quasi-separated ordinary k-analytic
space. The following is a direct generalization of Raynaud’s localization theorem in the derived setting:

Theorem 2 (Theorem 3.4.4.10). Let S denote the saturated class generated by those morphisms f: X — Y in
dfSchye such that to (f) is an admissible blow up and generically strong. Then the rigidification functor

(—)"& : dfSchye — dAn).
factors through the localization co-category dfSchyo [S™!] and the induced functor
dfSchy.[S™'] — dAn),.

is an equivalence of co-categories.
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Let us briefly sketch the proof of Theorem 3.4.4.10. In order to prove the statement it suffices to prove that
given X € dAn as in Theorem 3.4.4.10 the comma category Cx = (dech) X/ is contractible. We will prove a
slightly stronger result, namely Cx is a filtered co-category. In order to illustrate the main ideas behind the proof
it suffices to deal with lifting a morphism f: X — Y in dAn to a morphism f¥: X — Y in dfSch such that
(fT)"8 ~ f as morphims in dAn.

The lifting is done by induction on the Postnikov tower of X. Suppose that X =~ t<(X) in the co-category
dAn. Notice that ?? 1 implies that we can lift t<o(f) to a morphism f;": Xo — Y in the category fSchy.. As
X — Y factors through the canonical morphism t<oY — Y in dAn, we conclude by Theorem 3.1.2.2 together
with ?? 1 that we can find a formal model for f: X — Y, up to an admissible blow up at the level of 0-th
truncations.

Let n > 0 be an integer. Assume moreover that we are giving a morphism (f,;F): X,, — Y, in dfSch such
that (f,7)"8 ~ t<,f: t<, X — t<,Y. Consider the (n + 1)-st step of the Postnikov tower, namely the pushout
diagram

t<n X[Tn41(0x)[n+2]] —— t<n X

l l

tan ? tgn—i-lX

in the co-category dAn. In order to proceed, we will need to know that the adic cotangent complex is compatible
with the analytic one via rigidification. Namely, we have the following proposition:

Proposition 3.1.2.3. Let X € dfSch and denote X = X"8 € dAn. Then the rigidification functor induces a
canonical equivalence

(Lg)"™® ~ L3
in the co-category Coh™ (X).

The induction hypothesis, together with the universal property of both the adic and analytic cotangent com-
plexes plus refined results on the existence of formal models for almost perfect modules on X, proved in Appendix
A, imply that we can extend the morphism f,: X,, — Y/, to a diagram

e fma ()T n+2]] =t fiF (3.12.1)

considered as an object in Fun(A3, dechAl), where m,4+1(f)" € Coh"’()(o)Al in (3.1.2.1) denotes a formal
model for 7,41 (f). By taking pushouts along A2 we obtain the desired lifting f,7, | : X1 = Yq1 of t<pny1(f).

The main technical difficulty of the proof comes from lifting higher coherences on diagrams of analytic deriva-
tions to suitable higher coherences of suitable diagrams of adic derivations. This is needed in order to extend
(3.1.2.1) above in the case of more complex diagrams.

3.1.3 Related works

Let us give some examples of applications: it was proven in [Ant17a] that the moduli stack of continuous ¢-adic
representations of a profinite group (topologically of finite generation) is representable by a geometric k-analytic
stack. This object can be upgraded as a geometric derived k-analytic stack. This additional structure is crucial if
one wants to obtain the correct cotangent complex and thus have a control of its obstruction theory. This additional
structure led us to have a better understanding of the underlying geometry of such geometric derived k-analytic
stack, in particular one is then able that it admits a shifted symplectic form.

However, the proof of the representability of such a derived k-analytic stack is not possible using only the
techniques available from the structured spaces approach to derived k-analytic geometry, as in [PY 16a]. The main
drawback is that derived k-analytic spaces are defined as couples (X, ), where X denotes an (hypercomplete)
oo-topos and O: T,y (k) — X consists of a T,y (k)-local structure. This data should be interpreted as the given
of a locally ringed space together with an additional structure, such structure consisting of the data of convergent
t-adic holomorphic (derived) sections of the structure sheaf.

However such information does not provide directly any sort of topological structure on O, in contrast with
the classical setting in which O corresponds to a sheaf of Banach k-algebras. Since [Antl7a] studies continuous
representations of a profinite group and, more generally, of pro-homotopy types, one needs to be able to recover
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back this topological data at the derived level. ?? 2 provides us with an answer to this matter and it plays a crucial
role in the proof of representability of [Ant17a].

So far, Raynaud’s viewpoint in the derived setting already encountered other applications: in a joint work with
F. Petit and M. Porta one proves an HKR Theorem in the context of derived k-analytic geometry and the theory of
formal models proves to be useful in the proof of such statement. Another such application is a joint work with M.
Porta: we show the representability of the derived Hilbert stack as a derived k-analytic stack in which the theory
of formal models plays a crucial role.

3.1.4 Notations and conventions

Throughout the text, unless otherwise stated, k denotes a non-archidemean field of discrete valuation and k° =
{z € k : |z| < 1} its ring of integers in k. We let ¢ be a fixed uniformizer of k. Given an integer n > 1, we
will denote by k2 the reduction modulo (") of k°. We denote fSchy. the (classical) category of formal schemes
(topologically) of finite presentation over k°.

Let n > 0 be an integer, we define k°(T4,...,T,) as the sub-algebra of k°[[T},...,T,]] consisting of
those formal power series which f = X IaiT}’ ’, such that the coefficients a; — 0 in k°. Denote by 27, =
Spf k°(T1,...,T,), BY = Sp(T1,...,T,) the closed unit disk and A} := (A7) the k-analytic affine n-space.

We say that a morphism between two t-complete k°-algebras A — B is formally étale if, for each n > 0, its
mod #" reduction is an étale homomorphism of k° /t"-algebras. We denote § the co-category of spaces and ®Top
the co-category of co-topoi together with geometric morphisms between these. Let R be a commutative simplicial
ring, we denote CAlg, its co-category of derived R-algebras. Given an object B € CAlgy we denote by 7; (B)
the i-th homotopy group of the underlying space associated to B. We will denote Mod g the derived co-category
of R-modules, it can be considered as an co-categorical upgrade of the usual (triangulated) derived category D(R)
of R-complexes. Throughout the text we will employ homological convention, thus given M € Mod g we denote
by m; (M) = H;(M) its i-th homology group. Given an co-topos X we will denote CAlgp (X) := Str}}’(iﬁc(R) (X),
CAIgH (X) = Stre’ ) (X), fCAlg. (X) = Str, oy (X) and AnRing,(X) = Str’ ;) (X). We will often
denote a general pregeometry by the letter T. Moreover, whenever we refer to an object (X, 9) € RTop(T) we

assume that O € Strl?°(X) is a local T-structure on X.

3.1.5 Acknowledgments
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of the paper. The author is also very thankful to his advisor B. Toén and M. Robalo for valuable discussions.

3.2 Review on derived algebraic and analytic geometry

3.2.1 Functor of points approach
Let & € CAlg denote a commutative ring or more generally a derived commutative ring.

Definition 3.2.1.1. The co-category of derived affine schemes over Spec k is defined as
dAft = (CAlg,)".

Definition 3.2.1.2. Let f: A — B be a morphism of derived rings. We say that f is étale if wo(f): mo(A) —
mo(B) is an étale morphism of ordinary commutative rings and for each ¢ > 0 the induced morphism

mi(f): mi(A) @roca) T0(B) — mi(B)
is an isomorphism of 7o (B)-modules.

Notation 3.2.1.3. One can equip the co-category dAff with the étale topology. We shall denote (dAff, 74) the
corresponding étale site.

Notation 3.2.1.4. Let (dAff, 7) denote the étale Grothendieck site on the oo-category dAff. Let X = Spec A €
dAff we denote Shvg (X) := Shv(dAff,x, Tg) the oco-topos of étale sheaves on X.
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Remark 3.2.1.5. The oco-category Shve (X) can be realized as a presentable left localization of PShv(X) :=
Fun (dAff /X5 S) given by localizing at the class of morphisms forcing étale descent on objects of PShv(X). In
particular, the co-category Shvg (X)) is presentable and indeed an co-topos.

Definition 3.2.1.6. We denote dSt(Aff, 7) C Shve (Aff) the co-category of derived stacks as the full subcate-
gory spanned by those étale sheaves X € Shvg (Aff) which are hypercomplete.

One can give a definition of the co-category of derived schemes in terms of (derived) locally ringed spaces:

Definition 3.2.1.7. Let X be a topological space and O € CAlg(X) a CAlg-valued sheaf on X. We say that
O is local if at every point x € X, the stalk O, € CAlg is a local derived ring, i.e. 7y(0,) is a local ordinary
commutative ring.

Definition 3.2.1.8. Let dLocRing,, denote the co-category whose objects are pairs (X, O) where X is a topo-
logical space and O € CAlg(X) a local CAlg(X)-valued sheaf on X. We denote dSchy, the full subcategory of
dLocRing,, spanned by those couples (X, O) satisfying:

(i) Its O-th truncation t<( (X, O) = (X, m(0Q)) is isomorphic to an ordinary scheme over k;
(if) For every i > 0, the higher homotopy sheaf 7;(O) is a quasi-coherent sheaf on t<o(X, O).

Remark 3.2.1.9. One can think of a pair (X, O) € dSchy, as an infinitesimal deformation of the ordinary scheme
(X, m(0)) and the higher homotopy sheaves 7;(0) encode the higher infinitesimal information.

Remark 3.2.1.10. One can realize the co-category as a full subcategory of dLocRing, . For this reason, we have
a canonical functor dLocRing;, — Fun(Aff,8) which associates to every (X, 0) € dLocRing;, the functor

(SpecA — MaPgrocring, (Spec A, (X, O))) € Fun(Aff, ).

This provides a fully faithful embedding of the co-category of derived schemes in the co-category dSt (dAff , Tét).

Example 3.2.1.11. Let X be a usual scheme and Y, Z two full subschemes of X then we can define the derived
intersection Y N Z := Y x% Z (in the ambient space X) as the derived scheme whose underlying topological
space corresponds to the underlying topological space of the ordinary pullback, Y X x Z. Plus, the structure sheaf
on Y N Z coincides with the derived tensor product

Oynz = 0y ®oy Oz.

It turns out that the O-th truncation of Y N Z coincides with the ordinary fiber product of Y with Z over X. More
specifically, one has mo(Oynz) ~ Tor%X (Oy, Oz) and isomorphisms of coherent sheaves on Y x x Z,

Wi(Oyﬁz) ~ TOI‘%X(O}/, Oz).

The Serre intersection formula implies that the Euler characteristic of the derived intersection Y N Z agrees with
the usual intersection number associated to the intersection of Y and Z inside of X.

3.2.2 Structured spaces approach

In [Lurllc], J. Lurie introduced the notion of a (spectral) scheme, and more generally (spectral) Deligne-Mumford
stack via a structured spaces approach. Whenever k is a field of characteristic zero both approaches the functor of
points and the structured spaces to derived algebraic geometry are equivalent. We review some of these notions
which will be useful for our exposition. The reader is referred to [Lurl 1c] and [PY 16a] for more details.

Definition 3.2.2.1. We refer (X, O) to a couple as a ringed co-topos whenever X is an co-topos and O € CAlg(X)
is a CAlg-valued sheaf on X. We say that a ringed co-topos is a locally ringed oo-topos if for each geometric point
2,1 X — 8 the CAlg-valued sheaf 27O on § can be identified with a local derived k-ring.

Remark 3.2.2.2. Suppose given X a topological space. We can then form its associated co-topos X := Shv(X)
of 8-valued sheaves on X. The locally ringed pair (X, O) induces naturally a locally ringed co-topos (X, O), as
O can be by construction promoted to a local CAlg-valued sheaf on X.
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We now reformulate the notion of locally ringed co-topos in terms of pregeometries:

Definition 3.2.2.3. A pregeometry consists of an oco-category J equipped with a class of admissible morphisms
and a Grothendieck topology, which is generated by admissible morphisms satisfying the following conditions:

(1) T admits finite products;
(i1) Pullbacks along admissible morphisms exist and are again admissible;
(iii) If f and g are morphisms in T such that g and g o f are admissible then so is f.
(iv) Retracts of admissible morphisms are again admissible.
We give a list of well known examples of pregeometries which will be useful later on.

Example 3.2.2.4. (i) Let Tyisc(k) denote the pregeometry whose underlying category consists of affine spaces
A7 and morphisms between these. The family of admissible morphisms is the family of isomorphisms in
Taisc (k) and we equip it with the discrete Grothendieck topology.

(ii) Let T7.:(k) denote the pregeometry whose underlying category has objects those affine schemes which
admit an open embedding in some n-th affine space, A}, whose admissible morphisms correspond to open
immersions of schemes and the Grothendieck topology consists of usual Zariski topology.

(iii) Let T be the pregeometry whose underlying category is the full subcategory of the category affine schemes
spanned by affine schemes étale over A7, for some n. A morphism in T is admissible if and only if it is an
étale morphism of affine schemes.

Definition 3.2.2.5. Let T be a pregeometry and X an oo-topos. A T-local structure on X is defined as a functor
between oo-categories O : T — X satisfying the following conditions:

(i) The functor O preserves finite products;

(i) For a pullback square of the form
U/ X/

U— X

in T where f is admissible then the square

OU") —— O(X")°W
oU) —— 0(X)
is a pullback square in X.

(iii) Given a covering {U, — U} in T consisting of admissible morphisms then the induced map

[Towa) = ow).
is an effective epimorphism in X.

A morphism O — O between T-local structures is said to be local if it is a natural transformation satisfying the
additional condition that for every admissible morphism U — X in 7, the resulting diagram

oU) —— O(U)
0(X) — 0'(X),

loc

is a pullback square in X. We denote Strs° (X) the co-category of local T-structures on X together with local
morphisms between these.
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Construction 3.2.2.6. (i) In virtue of [Lurllc, Example 3.1.6, Remark 4.1.2], we have an equivalence of oo-
categories Strlf}’;sc (X) =~ Shveaig(X), where the latter denotes the oo-category of CAlg-valued sheaves on
X. More explicitly, given a ringed co-topos (X, Q), we can promoted it naturally to a Tgjs.-structured via

the construction:
AZ € Tdisc H> (On € Shv (:X) ~ X),

where we forget the additional ringed structure on O.

(ii) Let O : Tza: (k) — X be a Tz, (k)-local structure on the co-topos. We can restrict it to a Tgisc (k)-structure
on X via the natural inclusion functor Tgisc(k) — Tza, which thus induces a CAlg-valued sheaf on X,
which we still denote by O. Condition (iii) in Theorem 3.2.2.5 implies that O can be identified with a local
CAlg-valued, see [Lurl 1c, Proposition 4.2.3].

(iii) Similarly a T (k)-local structure on X corresponds to a CAlg, -valued sheaf on X whose stalks are strictly
Henselian. We refer the reader to [Lurl6, Lemma 1.4.3.9] for a detailed proof of this result.

Definition 3.2.2.7. A T-structured space is a pair X := (X, Q) where X is an co-topos and O is T-local structure
on X. We denote by ®Top(7) the co-category of T-structured topoi, see [Lurl Ic, Definition 3.1.9].

Definition 3.2.2.8. A derived Deligne-Mumford stack is a couple (X, O), where O: T¢ — X is a Tg-structure on
X verifying the following conditions:

(i) The O-truncation t<q (X, Q) := (DC , ’/To(oalg)) is equivalent to an (ordinary) Deligne-Mumford stack;

(i1) For each i > 0, the higher homotopy sheaf ; (Oalg) is a quasi-coherent sheaf on (X, Q).

3.2.3 Derived k-analytic geometry

Let k denote a non-archimedean field of non-trivial valuation. Derived k-analytic geometry as introduced in
[PY16a] is a vast generalization of the classical theory of rigid analytic geometry. It is far more complicated to
introduce derived k-analytic geometry through a functor of points approach. The main drawback comes from the
fact that there is no reasonable description of the oo-category of (derived) affinoid spaces. For this reason, we
prefer to adopt a structured spaces approach as in [PY 16a]. We will review the basic definitions and we shall refer
the reader to [PY 16a,PY17a] for a detailed account of the foundational aspects of the theory.

Definition 3.2.3.1. Let T,,(k) denote the pregeometry whose underlying category consists of those k-analytic
spaces which are smooth and whose admissible morphisms correspond to étale maps between these. We equip
Tan (k) with the étale topology.

Construction 3.2.3.2. Let X be an ordinary k-analytc space and denote X the associated small étale site on X.
Let X := Shvg (X ét)” denote the hypercompletion of the co-topos of étale sheaves on X. We can attach to X a
Tan(k)-structure on X as follows: given U € T,n(k), we define the sheaf O(U) € X by

X& 2V — Homan (V,U) € 8.
As in the algebraic case, we can canonically identify O(A}) with the usual sheaf of analytic functions on X.

Definition 3.2.3.3. We say that T, (k)-structured oo-topos (X, Q) is a derived k-analytic space if the following
conditions are satisfied:

(i) X is hypercomplete and there exists an effective epimorphism [ [, U; — 1x on X verifying:

(ii) For each ¢, the couple (x‘Ui,wo(oalgwi)) is equivalent in the co-category ®JTop(T,,(k)) to an ordinary
k-analytic space, by means of Theorem 3.2.3.2.

(iii) For each index i and j > 1, the 7;(O?8|U;) is a coherent sheaf over mo(O?!8|U;)-modules on X;.
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3.3 Derived k°-adic geometry

In this section we will introduce the k°-adic pregeometry, Toq(k°), and study the corresponding theory of T,q(k°)-
structured spaces. Let ®Top(T,q(k°)) denote the oo-category of T,q(k°)-structured spaces. Our first goal is to
make precise the assertion that a T,q(k°)-structured oo-topos (X, Q) can be realized as a locally ringed co-topos
(X, O*18) together with an adic topology on 7 (Oalg ) We will prove such assertion in §2.1 in the case where O is
almost of finite presentation. We will also extend the Spf-construction introduced in [Lurl6, §8.2] to the context
of Taa(k®)-structured spaces. We will then proceed to a formal study of the theory of modules and obstruction
theory in this context.

We show that Postnikov towers for T,q(k°)-structured spaces exist and they are controlled by the adic cotan-
gent complex.

3.3.1 Derived k°-adic spaces

Definition 3.3.1.1. Denote T,4(k°) the full subcategory of the category of k°-formal schemes spanned by those
formal affine schemes which are formally étale over some 2(7,. We consider T,4(k°) as a pregeometry by defining
the class of admissible morphisms on T,q(k°) to be the class of étale morphisms. We equip Toq (k°) with the étale
topology.

Notation 3.3.1.2. Denote by BTop(T,q(k°)) the co-category of T,q(k°)-structured oo-topoi. Given X € RJop
an oo-topos we define fCAlg,.. (X) = Strlicd(ko) (X) the co-category of local Toq(k°)-structures on X.

Notation 3.3.1.3. We have canonical transformation of pregeometries, denoted
()2 Taise(k?) = Taa(k°), (=)7: Ta(k®) = Taa(k°)

obtained by performing completion along the ¢-locus. Precomposition along these transformations induce functors
at the level of the co-categories of structured co-topoi:

(=) RTop(Taa(k®)) = “Top (Taise(k°)),
(=)™ BTop(Taa (k°)) — "Top(Ta(k®))
which are determined by the association
(X, 0) € "Top(Taa(k®)) = (X, 0%8) € "Top(Taiec (k%))
(X,0) € RTop (Taa (k°)) = (X, O") € BTop(Ta(k°)).
Let X € FRJop be an oco-topos. Both functors (—)*&: BJTop(T.q(k°)) — BTop(Taisc(k°)) and

(=)t BTop(Taa(k°)) — BTop(T«(k°)) induce well defined functors at the level of co-categories of struc-
tures on X:

(—)e: fCAlg;. (X) — CAlgy.(X),
(—)*": fCAlg;. (X) — CAlgH: (X)
which we refer to as the underlying algebra functor and the underlying T (k°)-structure functor, respectively.

Remark 3.3.1.4. Let X € RJop be an co-topos. The underlying algebra functor (—)2&: fCAlg,.(X) —
CAlg;. (X) can be upgraded as a functor (—)*d: fCAlg,. (X) — CAlgi(X) as follows: for each integer n > 1
and for each A € fCAlg,. (X), consider the canonical morphism A& — A& ®,0 kS € CAlg,.(X). Denote
by I, := ker (mo(A™&) — (A8 @po k7). The sequence of ideals {1, },,>1 defines an adic structure on A
which is moreover compatible with the ¢-adic topology on k°. Moreover, for every morphism f: A — B in
fCAlg,.(X) the forgetful f*&: A3le — Bale js compatible with the adic topologies on both A& and B2!#: this
can be checked at the level of 7 in which case follows from the fact that every morphism A%& — Bale
B8 @0 k° induces a unique, up to contractible space of choices, morphism A% @0 kS — BYE @40 k2.
Therefore, by the universal property of CAlg?4(X) as a pullback we conclude that the (—): fCAlg,.(X) —
CAlg. (X) can be upgraded to a functor

(—)2: fRAlg,. (X) — CAlgia(X),

as desired.
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Proposition 3.3.1.5. Both (—)*#: RTop(T.q(k°)) — BTop(Taisc(k°)) and (—)**: RTop(Taq(k°)) — BTop(Te(k°))
admit right adjoints

L: RTop (Taise (%)) = BTop(Taa(k°))
LM BTop (Ta(k°)) — BTop(Taa(k°))).
Proof. This is an immediate consequence of [Lurllc, Theorem 2.1]. O
We now proceed to have a better understanding of the action of L at the level of Tyjsc-structures:

Construction 3.3.1.6. Let (X,0) € RJop(Taa(k°)) be a Toa(k®)-structured oco-topos. Consider the comma
oo-category fCAlg;. (X) /o which is a presentable co-category thanks to [Por15a, Corollary 9.4]. The underlying
algebra functor induces a well defined functor at the level of comma co-categories:

(—)™8: fCAlgye (X) /0 — CAlgyo (X) /as.

Thanks to [Porl5a, Corollary 9.5] the above functor commutes with limits and sifted colimits. Thanks to the
Adjoint functor theorem it follows that (—)*'8: f€Alg. (X) /o — CAlgye (X) /0= admits a left adjoint which we
shall denote Wy : CAlgyo (X)/0ms — fCAlgy0 (X))o, or simply W if the underlying oo-topos X is made explicit.

We refer the reader to [Lurl6, §7.3] for the notion of ¢-completeness of modules.

Construction 3.3.1.7. Let A € CAlg,.(X) Jomz be a Tgisc-structure on X. We define A,, as the pushout of the
diagram

Alu] 2= A

l J (3.3.1.1)

A u—0 An

in the co-category CAlg;.. (X) Joue. Where 0218 is defined in a similar way and A[u] denotes the free algebra on
one generator in degree 0 over A. As U is a left adjoint we obtain a pushout square

U(Au]) 225 w(A)
l (3.3.1.2)

W(A) —2 U(A,)
in the oo-category fCAlg;. (X)w, . Moreover, as in an co-topos every epimorphism is effective, and ¥ preserves
epimorphisms, see Theorem .3.0.1. We deduce that the top horizontal morphism displayed in (3.3.1.2) is an

effective epimorphism in X. As the transformation of pregeometries Tgisc(k°) — Taq(k°) is unramified, see
Appendix B, we deduce thanks to [Lurlla, Proposition 10.3] that we have a pushout diagram

U(Au])Me 425 W(A) e

l l

W(A)s 420 p(h, )8

in the co-category CAlg;.(X) Jous- Therefore, for each integer n > 1 the unit of the adjunction (U, (—)2#)
induces morphisms '
fan: An = U(A)E

such that the ideal I,, := ker (mo(A) — m(Ay)) is sent to the ideal J,, := ker (o (¥ (A)8) — mo (T(A)2e)).
Therefore, the universal property of ¢t-completion induces a canonical morphism

far A = W(A)ME,
in the co-category CAlg,.. (X).
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Remark 3.3.1.8. Let A € CAlg;.. (X)oae be as in Theorem 3.3.1.7. The natural morphism
far AD = U(A)Me,

is continuous if we equip both A and W (A)2!¢ with the adic topologies determined by the ideals {1, },, and {.J,, },,
as in Theorem 3.3.1.7, respectively. In this case we can upgrade the morphism f 4 to a morphism in the co-category
CAlg29(X) thanks to Theorem 3.3.1.4.

Definition 3.3.1.9. Let (X,0) € ®Top(Tg). Let A € CAlg;.(X), 0, we say that A is strictly Henselian if it
belongs to the essential image of the functor CAlg;h (X) Jo = CAlg;. (X) /gais given on objects by the formula

A € CAIgR (X) 0 > A™E = A o1 € CAlgye (X) /guis
where ¢: Tgise(k°) — Ta(k°) is the canonical transformation of pregeometries.

Remark 3.3.1.10. Notice that the functor CAlg}: (X) ;o — CAlgp.(X) /o introduced in Theorem 3.3.1.9 is
fully faithful. This follows from [Lurl lc, Proposition 4.3.19, Remark 2.5.13] together with [LurO9b, Proposition
7.2.1.14] and the proof of [Porl5a, Proposition 9.2]. Therefore, we will usually abusively consider GAng}é (%) /0
as a full subcategory of CAlg;.(X) 0.

We can now understand explicitly the composite (—)*8 o W:

Proposition 3.3.1.11. Let (X, 0) € RTop(Tgisc(k°)) such that the underlying oco-topos X has enough geometric
points and O is stricly Henselian. Let A € CAlg;.(X), o be an almost of finite presentation Tqisc(k°)-structure
on X which we assume further to be strictly Henselian. Then the canonical map

fa: A — U (A)M8
introduced in Theorem 3.3.1.7 is an equivalence in the co-category @Algzg (%X) w(0)ae-

Proof. We wish to show that the natural map
far AY — T(A)Me

constructed in Theorem 3.3.1.7 is an equivalence whenever A € CAlgy.(X) o1 is almost of finite presentation.

By hypothesis X has enough geometric points. Thus in order to show that f4 is an equivalence it suffices to
show that its inverse image under any geometric point (z~1,z,): X — 8, 71 f4, is an equivalence in the oo-
category CAlg,.. Set A := z~LA. Thanks to [Porl5c, Theorem 1.12] we deduce that Ug(A)*& ~ x=1W(A)?le,

We are thus reduced to the case where X = §.

The oo-category (CAlg;..) /o1 is generated under sifted colimits by free objects of the form {k°[T, ..., T b1
Thanks to Theorem .3.0.1 we conclude that (fCAlgy.) o = (fCAlgy.) o (8) is generated under sifted colimits
by the family { ¥ (k°[T1,...Tm])}m. As A € (CAlgo )/w_loalg is almost of finite presentation we conclude that
it can be written as a retract of a filtered colimit of a diagram of the form

Ao—)Al —>A2—>...,
where Ay is an ordinary commutative ring of finite presentation over k£° and A;,; can be obtained from A; as the

following pushout
k°[S™] —— k°[X]

l l (3.3.1.3)

Aj — A,

where k°[S™] is the free simplicial k°-algebra generated in degree n by a single generator. Notice that, since A is
almost of finite presentation we can choose the above diagram in such a way that for ¢ > 0 sufficiently large, we
have surjections my(A4;) — mo(A;4+1). As W is a left adjoint it commutes, in particular, with pushout diagrams.
We conclude that the diagram

Y(k[S"]) —— W(R°[X])

i l (3.3.1.4)

U(A;) — ¥(Ai1),
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is a pushout diagram in the oo-category fCAlg;.(X),o and the morphism W(A;) — W(A;;1) is moreover an
epimorphism on 7y. For each n > 0, the morphism £°[S™] — k°[X] is an effective epimorphism. As U is a left
adjoint, the morphism ¥ (k°[S"]) — W(k°[X]) is an epimorphism in the (hypercomplete) co-topos X and thus an
effective epimorphism. Thanks to [PY 16a, Proposition 3.14] it follows that the morphism

W (S — (R[]

is an effective epimorphism. Therefore, as the transformation of pregeometries 6: T¢ (k°) — Taq(k°) is unrami-
fied, see Appendix B, [Lurlla, Propositon 10.3] implies that the diagram,

W(RO[S™])ME —— W(k[X])"

l l (3.3.1.5)

(A8 ——— (A1),

is a pushout square in CAlg,.. By induction we might assume that ¥ (A; )2 is equivalent to (A;);.

The transformation of pregeometries (—)7' : T¢(k°) — Taq(k°) is given by ¢-completion along the (t)-locus.

Therefore, one has a canonical equivalence
Wk [X])ME = k°(X),
where latter the ¢-completion of the strictly Henselianization of k°[X]. We claim that the natural map
W(RS)E = (K°[S"T™),
is an equivalence: notice that k[S™] fits into a pushout diagram

ko[S7 1] —— k°[X]

| l

kOIX] —— k257,
the result then follows by induction on n > 0 and the case n = 0 was already treated. Since
\I/(Ai)alg — \Il(Ai+1)alg

is surjective on 7o, it follows that mo(W(A;41)™#) is t-complete. For each i > 0 the 7o (¥ (A;41)*'#)-modules
Tn (¥ (Ai41)*8) are of finite presentation, thus ¢-complete 7o (W (A;1)*)-modules. It follows that W(A; 1)
is t-complete by [Lurl16, Theorem 7.3.4.1].

Let A,+1 — B be a morphism in CAlg,, whose target is strictly Henselian and ¢-complete. Thanks to
(3.3.2) such morphism induces morphisms A; — B and k°[T] — B compatible with both k°[S™] — k°[T] and
k°[S™] — A, in the co-category CAlg,.. By induction the effect of (—) o ¥ on A;, k°[S™] and k°[X] agrees
with strictly henselianization followed by t-completion. As B is both strictly henselian and t-complete it follows
that the map A;; — B induces a well defined morphism from the diagram displayed in (3.3.1.5) to B. It follows
that W(A; )™ satisfies the universal property of ¢-completion for the derived k°-algebra A; 1. As W (4;,1)"®
is t-complete we conclude that the morphism

fAi+1 : (Aﬂli-l)tA — \P(Ai-‘rl)alg?

where A?ﬂ’_l denotes the strict henselianization of A; 1, is necessarily an equivalence. Let A := colim; A; in the
oo-category CAlg,.. Fix i > 0, then 7<; ¥ (A)%8 ~ 7, ¥(A;)*® for j sufficiently large. We conclude then that
7;(U(A)*8) is t-complete for i > 0. [Lurl6, Theorem 7.3.4.1] implies that U(A)# is t-complete. Reasoning as
before we conclude that it satisfies the universal property of ¢-completion with respect to A. It follows that

fa: AP — U(A)ME

is an equivalence in the co-category CAlg,., the result now follows. O
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Warning 3.3.1.12. The functor (—)®!# o U is not in general equivalent to the ¢-completion functor (—). In fact,
both (—)2!# and ¥ commute with filtered colimits, thus also their composite (—)!2 o W. Therefore, the composite
(—)*& o W commutes with filtered colimits which is not the case of the ¢-completion functor, in general.

We will need also the following ingredient:

Construction 3.3.1.13. Denote by k¢ the reduction of £° modulo (t"). Reduction modulo (") induces a trans-
formation of pregeometries

Pn: ‘Tad(ko) — {Idisc(kf;)
Spf R — Spec R,

where R,, := R ®yo k;. Precomposition along p,, induces a morphism at the level of structured co-topoi
Pt "Top(Taisc (k7)) = "Top(Taa (k%))
which is given on objects by the formula
(X, 0) € "Top(Taise(k°)) = (X, 0 0 p,) € "Top(Taa(k®)).

Given X € ®JTop we obtain an induced functor at the level of structures p;, ! : CAlgy. (X) — £CAlg;. (X) given
on objects by the formula

O € CAlg;. (X) = p,, 'O == O 0 p, € fCAlg;.(X).
Notice that, we have a commutative triangle of the transformations of pregeometries of the form

o (=)t o
rJddisc(k ) — (‘Tad(k )

deisc (k»?l)

For this reason, for every X € RJop, it follows that the composite (—)*& o p1: CAlg,. (X) — CAlg.(X)
coincides with the usual forgetful functor CAlg;. (X) — CAlg;.(X) along the induced I%ap of derived rings
k° — k, . Notice that the latter functor admits a left adjoint which is given by extension of scalars along k° — k.,
i.e. it is given on objects by the formula

0 € CAlgyo (X) — O ®pe kS € CAlg,. (X)

Notation 3.3.1.14. We will denote by (—),: CAlgy. (X) — CAlgy. (X) the functor given by extension of scalars
along the canonical morphism of derived rings k° — k. :

O € CAlgge (X) = O, == O Do kS € CAlg,. (X)

It follows by [Lurl 1c, Theorem 2.1] that p;, ! admits a right adjoint L,,: BTop(T.q(k°)) — BTop(Taise(k2))
which we can explicitly describe:

Proposition 3.3.1.15. The functor p;*: BTop (Taisc(k2)) — BTop(Taa(k°)) admits a right adjoint
Ly BTop (Taa(k°)) = BTop (Taise(k2))

whose restriction to the full subcategory of RTop(Taq(k®)) spanned by those couples (X, ) such that the under-
lying oo-topos X has enough points is given on objects by the formula

(X,0) € BTop(Taa(k°)) — (X, 028) € BTop (Taise(k2)).
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Proof. The existence of a left adjoint L,,: ®Top(Taq(k°)) — BTop(Tgisc(k2)) follows directly from [Lurllc,
Theorem 2.1]. Let (X, 0) € BTop(Taisc(k2)) and (Y, 0") € BTop(Taa(k°)) be such that X € BTop has enough
points. Given any geometric morphism (f 1, f.): X — Y we have a morphism of fiber sequences of the form

MaprAlgka(X) (f_lo/,pilo) I MaPR‘Iop(Tad(kO)) ((x,p,;lo), (H,O’)) — Ma‘pR‘Top (X, Y)
[s |
MapGAlgk%(X) ((f_lo/)%lgv o) — MapR’J’op({J’d;sc(kZ)) ((xa O), (Hv (O/)%lgn —— MapR‘J’op (xvg)

(3.3.1.6)
where ¢: Mapgeayg, ., (x) (/710 0,1, 0) — Mapealg, (x) ((f~10")28,0) coincides with the composite

ey (% el Cena
Maptealg, o (x) (f 10,0, 10) = Mapeayg,, (x) ((f7107)¥8,p,10%2) — Mapeaig,, (x) ((f1oN)ae, 0).

In order to prove the assertion of the proposition it suffices to show that the morphism p displayed in (3.3.1.6) is
an equivalence of mapping spaces. Thanks to the fact that the horizontal arrow diagrams in (3.3.1.6) form fiber
sequences we are reduced to prove that ¢ is an equivalence of mapping spaces. As X has enough points we reduce
ourselves to prove the statement of the Theorem at the level of stalks. For this reason we can assume from the start
that X' = 8. Both target and source of ¢ commute with filtered colimits on the first argument, thus we are reduced,
as in the proof of Theorem 3.3.1.11 to prove that ¢ is an equivalence whenever 10" ~ U (k°[Ty,...,T,]). We
have natural equivalences of mapping spaces

MaprAlgko (\I/(ko[Tlv ce Tm}),pgl(‘)) = MapCAlgko (ko[Th . Tm]v (pglo)alg)

~ Mapeayg,, (K°[T1; .. Tuln, (0 0)™)

~ Map@Ang% (k/‘z [1117 e Tm], O) .
The result now follows from the observation that ¥ (k°[T1, ... Tm])ilg ~ k2[Ty,...,Ty] in the co-category
CAlg,., which is a direct consequence Theorem 3.3.1.11. O

Corollary 3.3.1.16. Let X € BJop be an oo-topos. The functor L, : BTop(Taqa(k°)) — BTop(Taisc(kS))
introduced in Theorem 3.3.1.15 induces a well defined functor at the level of the corresponding co-categories of
structures

(—)at: fCAlg,o (X) — CAlgy, (X),

given on objects by the formula
0 € fCAlg. (X) — 03® € CAlgy. (X).
Moreover, the functor (—)24 is a left adjoint to the forgetful p; CAlgy.o (X) — {CAlg. (X)

Proof. The existence of (—) is guaranteed by Theorem 3.3.1.15. The fact that (—)2d is a left adjoint to

n n

ppt: CAlg,. (X) — fCAlg. (X) follows from the proof of Theorem 3.3.1.15 together with the fact that both
(—)2d and p;,, ! are defined at the level of co-categories of structures on the same underlying co-topos. O

Notation 3.3.1.17. Consider the forgetful functor ®Top (Tgisc (k2)) — BTop(Taisc(k°)) given by restriction of
scalars along the morphism k° — k2. We will denote — X gpec ko Spec kS 1+ RTop (Taise (k°)) — BTop (Taisc(k2))
its right adjoint.

Corollary 3.3.1.18. For each n > 1, the composite L,, o L: RTop(Tgisc(k°)) — BTop(Taisc(kS)) coincides
with the base change functor

— XSpeck® SpeC krrOL: RTOp<Tdisc(ko)) — R(‘Top(‘jdisc(ko));
(X,0) € RTop (Taisc (k%)) = (X,0) Xspecro Specks € BTop(Taise (k2))

Proof. This is a direct consequence of the definitions together with the commutative triangle displayed in Theo-
rem 3.3.1.13. O
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3.3.2 Comparison with derived formal geometry

Our main goal now is to give comparison statements between T4 (k°)-structured oo-topoi and locally adic ringed
oo-topoi. The latter corresponding to couples (X, Q) where O is a GAng?}-valued sheaf on the co-topos X. We
shall moreover fix a couple (X, O) € fCAlg,.(X),o throughout this whole §.

Definition 3.3.2.1. Let X be an oo-topos and A € CAlgid(X) be a CAlg;d-valued sheaf on X. We say that A is
topologically almost of finite presentation if A is t-complete, the sheaf 7y(A) is topologically finitely generated
and for each ¢ > 0 the homotopy sheaf 7;(A) is finitely generated as a 7o (A)-module.

Definition 3.3.2.2. Let X be an co-topos and consider the functor (—)2?: fCAlg,. (X) — CAlgid(X) introduced

in Theorem 3.3.1.4. We say that A € fCAlg,.(X) is topologically almost of finite presentation if the underlying

sheaf of adic algebras A2 is topologically almost of finite presentation. We denote f GAIg?fgft (X) the co-category

of topologically almost of finite presentation local T,q (k°)-structures on X.

Construction 3.3.2.3. Consider the adjunction (¥, (—)*#) : CAlgy. (X)/gue — F€Alg;. (X)/o of Theorem 6.2.3.5
and let

(—)%se: CALgES (X) — CAlgy. (X)
denote the canonical functor obtained by forgetting the adic structure. Then the couple
(o (=)¥e, (—)™): CAIgES (X) /gaa — FCAlgo (X) 0
forms an adjunction pair after restriction
(L2, ()2) = (Lo ()5, (=)™) - CAIGE ™ (X) jgua — FCAIGE™ (X) 0,

where GAlgif’“"ft (X) j@aa denotes the full subcategory of CAlg29(X) /oaa spanned by those objects A € CAlg3d(X)
topologically almost of finite presentation.

In order to see this consider the unit id — (—)*& o ¥ of the adjunction in Theorem 6.2.3.5. It follows by the
construction of (—)24: fCAlg;. (X) — CAlg}d(X) that we have an equivalence

(_)alg ~ (_)disc o (_)ad

in the co-category Fun (f€Alg. (X) /o, €Algy. (X))o ). Therefore, for each A € GAngf.l"taft (X) j@aa the unit
of adjunction

Adise _ (@(Adisc»ﬂlg
induces a canonically defined, up to a contractible space of choices, morphism
An AP — (WA

This construction is functorial and thanks to our previous considerations it satisfies the universal property of a
unit of adjunction. Therefore we obtain an adjunction (24, (—)2d) : CAlgsd " () Joad — FCAIEA(X) /0, as
desired.
Theorem 3.3.2.4. Let X be an oo-topos with enough geometric points. Consider the functor

(=)™ £CAlgys (X) /0 — CAlgES (X) jgaa
introduced in Theorem 3.3.1.4. Then the induced restriction functor

(=)™ FRAIEA (X))o — CAIgEY (X) gaa

is fully faithful and its essential image coincides precisely with the full subcategory of GAngS (X) /0ad spanned by
those strictly henselian A € GAlgzg (X) )0aa topologically almost of finite presentation.
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Proof. Consider the adjunction (¥29,(—)2d) : CAlg}T "™ (X) /gaa — fCAIgIA'(X),o constructed in Theo-
rem 3.3.2.3. Thanks to Theorem 3.3.1.11 the composite (—)*? o ¥4 is an equivalence when restricted to the

subcategory € C GAngf’taft(f)C) spanned by strictly Henselian objects. Therefore the left adjoint functor

Pl CAIGII () jgea — FCAlgL (X) /0

is fully faithfully when restricted to the full subcategory €. [PY16a, Lemma 3.13] implies that the right adjoint
functor (—)d is conservative, the conclusion now follows. O

Remark 3.3.2.5. Theorem 3.3.2.4 can be interpreted as a rectification statement. Indeed, an element A €
fCAlg,.(X) corresponds to a functor A: Toq(k°) — X satisfying the axioms for a Toq(k°)-structure on X.
Morphisms in A — B in fCAlg;. (X) correspond to local morphisms in Fun (T,q(k°), X).

On the other hand, objects in the oco-category GAng‘g(DC) correspond to a derived k°-algebra on X, A €
CAlg(X), together with the given of an adic topology on the sheaf of ordinary k°-algebras, mo(A). Moreover,
morphisms in CAlg2%(X) correspond to morphisms on CAlg(X) which are continuous adic morphisms at the
level of 7y. Therefore, a priori, one could expect that specifying morphisms in the co-category fGAng‘tft(DC)
would require an increase amount of higher coherence data when compared to the adic case.

Construction 3.3.2.6 (The Spf-construction). Let A € (?Angf be a derived adic k°-algebra. We can asso-
ciate to A an object Spf A = (X4,04) € RTop(Taqa(k®)) as follows: we let X4 = HShv! € RTop de-
note the hypercompletion of the co-topos Shvid introduced in [Lurl6, Notation 8.1.1.8]. We define moreover
O4: Taa(k®) — X4 as the T,q(k°)-structure on X 4 determined by the formula

Spf(R) € Taa(k°) (B € A 5 Mapgy g (R, B))

where GAlg‘Xi’ét denotes the full subcategory of GAngd spanned by those derived A-algebras B étale over A. One
checks directly that O 4: Taq(k°) — X4 is indeed a Toq(k°)-structure on X 4. Such association is functorial in
Ae C'Angi1 and we thus obtain a well defined functor (up to contractible space of choices)

op
Spt: (eAlgz‘é) — RTop (Toa(k°)),

which we refer as the Spf-construction functor.

Remark 3.3.2.7. Given A € CAlg2d, it follows immediately by the definitions that Spf(A)*' € RTop (Taisc(k°))
agrees with the Spf-construction introduced in [Lurl6, §8.1.1]

Remark 3.3.2.8. Let n > 1 and consider the right adjoint functor L,,: ®Top(T.q(k°)) — BTop(Taisc(k2))
introduced in Theorem 3.3.1.14. Given A € CAlg}?, it follows that Ly, (Spf(A)) =~ (X4,04.,,) where O 4 ,, =

0% @po kS € CAlg;. (X).

Proposition 3.3.2.9. The functor Spf: (GAngf})Op — RTop(Taq(k®)) is fully faithful. Moreover its essentially
image corresponds precisely to the full subcategory of "Top(T.q(k°)) spanned by those couples
(X, 0) € BTop(Taa(k®)) such that (X, 0%8) € RTop(Tyisc(k®)) is equivalent to a formal spectrum.

Proof. Let A, B € CAlg:? and consider the corresponding formal spectrums Spf(A) and Spf(B) € RTop (Taq(k°)).
The datum of a morphism of local Toq(k°)-structures f: Spf(A) — Spf(B) is equivalent to the datum of a ge-
ometric morphism of co-topoi (f~1, fx): X4 — Yp together with a natural transformation a: f~1Op — O 4.
Applying the underlying algebra functor at the level of structures we obtain a morphism

ols . f—l (O%d)alg N (Ojd)alg
in the co-category fCAlg,.(X4). The unit of the adjunction (f~1, f.) produces a well defined morphism of
derived k°-algebras ¢: B — A, up to contractible indeterminacy.

By the construction of the underlying co-topoi of both Spf(A) and Spf(B) together with [Lurl6, Remark
8.1.1.7] it follows that the morphism ¢: B — A is continuous with respect to the adic topologies for both A and
B. We obtain thus a well defined morphism of mapping spaces

P: MapR‘J’op(‘J’ad(ko)) (Spf ,A7 Spf B) — MapeAIgzg (B, A) .
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Let ¢: B — A be a continuous morphism of derived adic k°-algebras. In order to show that the functor
Spf: (CAlgy)™ — BTop(Taa(k°))

is fully faithful it suffices to show that the fiber Z, := fib,(®) is contractible for any such ¢. To any continuous
adic morphism, we can attach a well defined, up to contractible indeterminacy, morphism on the corresponding
(formal) étale sites. We have thus a canonical morphism at the level of mapping spaces

0: MapGAlg:% (B’ A) — MapRTOp (:X:A7 1éB) .

Let (f~1, f.): X4 — Yp be amorphism of co-topoi such that it lies in the essential image of ¢ under 6. The fiber
over (f~1, f.) induces a fiber sequence of mapping spaces:

Mapf@Algko (%) (filoBa OA) - MapRTop(Tad(kO)) (Span Spf B) i> MapR‘Top (:X:Aa yB) :
Consider the commutative diagram in the co-category 8

Z¢ E— MapfeAlng(x) (f_loB, OA) E— Mapagop(gad(ko)) (Spf(A),Spf(B))

| ! l

{¢} w Mape arges (B, A) (3.3.2.1)
{(f_17f*)} MapR‘J’op(xAﬂyB)

where both the upper rectangle and and the bottom right square are pullback diagrams. It follows then that we can
identify Z4 with the pullback

Zp ~ Mapsealg, o (x) (fflo& OA) xw {¢}.

Let F': Spf(A) — Spf(B) be a morphism of T,q(k°)-structured co-topoi such that ®(F) ~ ¢. It follows
by [Lurl6, Remark 8.1.1.7] that the induce geometric morphism ( f -1 f«): X4 — Yp can be identified with the
restriction to closed subtopoi of the geometric morphism of co-topoi X4 — Y. Thanks to the proof of [Lurl6,
Proposition 1.4.2.4] it follows that the latter is uniquely determined up to a contractible space of choices. For this
reason (f~1, f.) is also uniquely determined by ¢, up to a contractible space of choices. As a consequence we
can identify Z, with the fiber product:

Zp ~ Mapsealg, o (x) (ffloBv OA) xw {¢}.

We have a sequence of equivalences of mapping spaces
Mapgeaig, . (x) (ffloBv OA) xw {o} ~ Map;eaig, . (x) (fflothmnzl (OA,n)) xw {$}
= (hmnleaprAlgko(X) (f_loBa OA,n)) xw {¢}
We can further identify the last term with
(hnglMaprAlgko(DC) (r~'os, OA,n)) xw {p} ~

(hmnleapeAlgko (X) (filoBJu OAm,)) Xw {(rb}

For each n > 1, denote ¢,, the base change of ¢ to k, . Passing to the limit over n > 1 we can further identify the
last term with

limy, >, (MapeAlgk%(f)C) (f7'0Bm, 0an) Xw, {¢>n}> ~ limp, >, (MapRirop(trdisc(k;)) (An, Bn) xw, {%}),
(3.3.2.2)
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where W, is defined as the fiber product of the corresponding diagram obtained as the reduction modulo t" of
the bottom right square, displayed in (3.3.2.1). Thanks to the proof of [Lurl6, Corollary 1.2.3.5.] each term in
displayed limit displayed in (3.3.2.2) can be identified with

Mapeaig,, (Bns An) Xealg,s (B,4,) {¢n}

which is thus a contractible space. The result now follows by a simple analysis on the corresponding Milnor exact
fiber sequence. O

Definition 3.3.2.10. A derived k°-adic Deligne-Mumford stack is a couple (X, 0) € BTop(T,q(k°)) such that
(X, ©*#) formal derived Deligne-Mumford stack as in [Lur16, Definition 8.1.3.1]. We say that a derived k°-adic
Deligne-Mumford stack (X, O) is topologically almost of finite presentation if the underlying co-topos X is co-
herent (cf. [Lurlle, §3]) and the Toq (k°)-structure O € fCAlg,.. (X) is topologically almost of finite presentation.

Notation 3.3.2.11. We denote dfDMyo (resp., dfDMEA™) the full subcategory of RTop(T.q(k°)) spanned by
derived k°-adic Deligne-Mumford stacks (resp., topologically almost of finite presentation k£°-adic Deligne-
Mumford stacks).

Definition 3.3.2.12. We denote by dfSch the full subcategory of dfDM spanned by those objects X = (X, Q)
such that (X, m90*#) is equivalent to an ordinary derived formal scheme over k°. We refer to objects in dfSch
as derived k°-adic formal schemes. We also define the co-category of topological almost of finite presentation
derived k°-adic schemes as dfSch*®* .= dfDM*** 0 dfSch.

Remark 3.3.2.13. The functor Spf: CAlg?? — RTop(T.q(k°)) factors through the fully faithful embedding
dfSch < BTop (T,a(k°)).

Remark 3.3.2.14 (Global spectrum construction). Let fDMy. denote the category of ordinary Deligne-Mumford
stacks and let X € fDMy. be a Deligne-Mumford stack. To X we can associate a T,q(k°)-structured oo-topos
as follows: Let X¢ denote the formally étale site on X. Denote by X := Shvg (X)” the hypercompletion of the
oo-topos Shv (X, Tt ). We define a T,q(k°)-structure on X by the formula

Spf(R) € Taa(k®) — (Y € Xpg > Mapipyy, . (Y, Spf(R)) € 8).

In this case, O(A}.) € CAlg,.(X) corresponds to the usual structure sheaf of continuous adic functions on X.
This association is functorial and it provides us with a fully faithful embedding

fDMgo C dfDMyo

of oco-categories.

3.3.3 Derived oo-categories of modules for T,4(%°)-structured spaces

Definition 3.3.3.1. Let X := (X, 0) € R®Top(Taq(k°)). We define the co-category of modules on X as
Modo := Sp (Ab (f€Alg;. (X),0)),

where Ab denotes the abelianization functor, see [Lurl2c, §1.4], and Sp the stabilization functor.

Remark 3.3.3.2. Let (X, Q) be as above. The oo-category Mod is stable.

Construction 3.3.3.3. Given (X, 0) € R®JTop(T.q(k°)) we can also consider the co-category of modules on its
algebraization (X, 0%8) defined as Modgais = Shvp(ap) (X), where D(Ab) := Modz denotes the derived
oo-category of Z-modules. Thanks to [Lurl2c, Theorem 7.3.4.13] one has a natural equivalence

Modoalg ~ Sp (Ab (GAlgko (:x)oalg)) s

in the co-category Catsl. As the underlying algebra functor (—)*: fCAlg;. (X),0 — CAlgye(X) jga is a right
adjoint it induces an exact functor at the level of derived co-categories of modules denoted

g8 Modg — Mod ais.
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We claim that the left adjoint ¥: CAlgy. (X) /ga1e — fCAlg,. (X) induces also a well defined functor

f24: Modgaie — Modo,

which is a left adjoint to ¢®. Tt suffices to prove that ¥ commutes with finite limits. We start by observing that as
the composite (—)!& o U agrees with the ¢-completion functor on the full subcategory of almost of finite presen-

tation objects CAlg,. (DC)?%) it commutes with small limits on CAlg;. (X)?g’alg. As (—)*# is a conservative right

adjoint, it follows that W itself commutes with finite limits on CAlgy. (X)jg’alg. Let now A € CAlg,. (X)/gu= be
a general object. We can realize A as a filtered colimit of almost of finite presentation objects in CAlg,. (X) /Oals.

Let {A;}; be a diagram indexed by a finite co-category I, and for each i € I choose a presentation
Aj ~ colim A;
meJ

where A; ., is almost of finite presentation and .J is a filtered co-category. We have thus a sequence of equivalences
in the oo-category CAlgy. (X) /gaie
T (limA;)*8 ~ colim ¥ (limA; ,,,)™&
i m A

~ colim lim(A; )} ~ lim colim(A; )7
m K3 K3 m

=~ lim colim W (A, ,,,)™& =~ limW (A; ,,, )&
1 m 3

and the conclusion now follows as in the preceding case.

Proposition 3.3.3.4. Suppose X has enough geometric points and ¥(O8)31& ~ 08, Then the functor
g™ : Mode — Modgai
is an equivalence of stable oco-categories.

Proof. Let f21: Modgaz: — Mode denote a left adjoint to g*'& which is induced by the functor ¥ introduced
in §3.1. We want to show that f24 is an inverse to ¢*'¢, as functors. Notice that the functor ¢g*'# is conservative
as (—)*!8 was already conservative. Therefore, we are reduced to show that f2¢ is a fully faithfully functor. It
suffices to show that the unit 7 of the adjunction (f29, g?!2) is an equivalence.

As X has enough geometric points we reduce ourselves to check the last assertion at the level of stalks. We are
thus reduced to the case X' = 8. In this case, the co-category Mod g1« is compactly generated by O*& € Mod gals.
The (—)*& commutes with filtered colimits (even sifted colimits) thus we deduce that also g®'# commutes with
filtered colimits. As g®'# is an exact functor between stable co-categories we conclude that it commutes with all
colimits. Therefore, the unit 7 commutes with colimits. We are thus reduced to check that 7 is an equivalence on
the compact generator O € Mod gai:. By our assumption on O the result follows thanks to Theorem 3.3.1.11.

O

Remark 3.3.3.5. The equivalence of stable co-categories provided in Theorem 3.3.3.4 allow us to define a t-
structure on the oo-category Mod e by means of the functor g*'.

Definition 3.3.3.6. Let X = (X, 0) € RTop(T.q(k°)). We define the co-category of coherent ©O-modules on X,
denoted Coh™ (X) as the full subcategory Modo spanned by those F such that for each integer i the homotopy
sheaves ;(F) are coherent 7o (0?!2)-modules and vanish for sufficiently small 7.

3.3.4 k°-adic cotangent complex

In this §we will introduce the notion of formal cotangent complex, which will prove to be of fundamental impor-
tance to us: we have a projection functor

Q:ﬁ: Mody — fGAlgko (X)/o,
which is given by evaluation on the object (S°, %) € 8% x Ty, The functor 2% admits a left adjoint
Ezﬁ : f@Algko (:X)/O — Modg.

‘We refer the reader to [PY17a, §5.1] and [Lurl2c, §7.5] for more details about these constructions.
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Definition 3.3.4.1. Let M € Modo we shall refer to O @ M := Q25 (M) as the trivial adic square-zero extension
of O by the module M.

Definition 3.3.4.2. Let X := (X, 0) € ®Top(Taa(k®)) and let A € £CAlg;.(X) /o be a Toq(k°) structure on X.
Given M € Mod, we define the space of A-linear adic derivations of O with values in M as

Der (0, M) = Mapgeag, o (1) (0,08 M) €8.

A/]O

Proposition 3.3.4.3. The functor
Der’ (0, —) : Modg — 8,

is corepresentable by an object
L&) 4 € Modo

which we refer to as the adic cotangent complex relative to O — A.

Proof. The proof is a direct consequence of the existence of a left adjoint 335 : fCAlg;. (X)/0 — Modp. Set
I[,%d/ 4= 255 (0®4 0O). Forevery M € Modo we have a sequence of natural equivalences of mapping spaces
of the form

Der! (0, M) ~ Mapgeag,. (X))o (0,0 & M)
~ Mabtealg,o (X).4,, 0 (05 Qa d(M))
~ MapfeAlgko(x)o//o (O®40,08 M)
~ Mapyjoq, (Xaa(0®4 0),0)
~ Mapygoa, (L) M) .
and the result follows. O

Proposition 3.3.4.4. Let A — B be a morphism in fCAlg;.(X), o topologically almost of finite presentation.
Then La.Bd/ 4 IS @ compact object in the oco-category Mod.

Proof. The proof of [Lurl6, Proposition 4.1.2.1] applies. O

Remark 3.3.4.5. Notice that we have a commutative diagram of co-categories

alg
Modg ——2——— Modgai

Jo= Js-
al

()™=
fCAlgyo (X) /0 —— CAlgyo (X)/0ae,
therefore passing to left adjoints we obtain a commutative diagram

MOdO <T Modoalg
zgﬂ goﬁ (3.3.4.1)
feAlgko (:X:)/o <T eAlgko (:X:)/o

in the co-category Cat,. The commutative of (3.3.4.1) provide us with a natural map
fad (Lgalg//{alg) — ]L%d/A
in the co-category Mod .

Proposition 3.3.4.6. Let A — B be a morphism in fCAlg;. (X) o and consider the algebraic cotangent complex
Lgais s gas associated to the morphism A28 — B2 Then the natural map introduced in Theorem 3.3.4.5

fad (LBalg/Aalg) ~ L%d/ﬁ

is an equivalence in the co-category Mod .
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Proof. The construction of the adic cotangent complex commutes with filtered colimits of local T4 (k°)-structures.
Therefore we can suppose that the morphism A — B is topologically almost of finite presentation and A and B
and A is itself topologically almost of finite presentation. Let A — B be a morphism in fCAlg;.(X),o and
consider Ligais ) 4a1s € Modgaie the algebraic cotangent complex associated to A?le _, Bals By applying the
functor

f24: Modgaie — Modg,

we obtain the following sequence of equivalences of mapping spaces
Mapygoq, (F*(Lpaisjans), M) = Mapyioq,,, (Lpaisy s, g°'5(M))
~ Map@Algko(fx)/oalg (‘Aalg’ﬂalg @ galg(M))
~ Mapeayg, . (X)) gl (Aalga (A® M)alg)
~ Mapgeaig, . (x),o (A A ® M)

where the latter equivalence holds by fully faithfulness of the functor (—)*2, as A is topologically almost of
finite presentation and ¢-complete and whenever M is coherent, which we can assume from the start thanks to
Theorem 3.3.4.4. O

Proposition 3.3.4.7. Let f: A — B and g: B — C be morphisms in the co-category fCAlg;.(X) 0. Then one
has a fiber sequence
Ly, @3 C = L), — LS,
in Modg.
Proof. This is a direct consequence of [PY17a, Proposition 5.10]. O

Proposition 3.3.4.8. Suppose we are given a pushout diagram

A— B

o

¢c—— D
in the co-category fCAlg;..(X) 0. Then the natural morphism
Sy ©5 D — Lie
is an equivalence in the oo-category Mod .

Proof. The assertion is a particular case of [PY17a, Proposition 5.12]. O

3.3.5 Postnikov towers of £°-adic spaces

Definition 3.3.5.1. Let X = (X,0) € ®Top(Taq(k°)) and M € (Modg)~, be an O-module concentrated in
homological degrees > 1. A k°-adic square zero extension of X by M consists of a T,q(k°)-adic structured
oo-topos X' = (X, ©’) equipped with a morphism f: X — X’ satisfying:

(i) The underlying geometric morphism of f is equivalent to the identity of X;

(ii) There exists an k°-adic derivation
d: Ly — M][1] € Modg

such that we have a pullback diagram in the oo-category fCAlg;..(X) /¢

0 —— 0

| J#

0 -2, 0@ M[]

where dj denotes the trivial k£°-adic derivation.
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Definition 3.3.5.2. Let T be a pregeometry and let n > —1 be an integer. We say that J is compatible with
n-truncation if for every co-topos X, every T-structure O: T — X and every admissible morphism U — V in 7,
the induced square

OU) — 1<, 0(U)
o) — 7<,0(U)
is a pullback diagram in X.

Remark 3.3.5.3. The above definition is equivalent to require that given a couple (X, ©) € RTop(7T), the trunca-
tion (X, 7<, ), where 7<,, : X — X denotes the n-truncation functor on X, is again an object of the co-category
RTop(7T), or in other terms, T<nO: T — Xis still a T-structure on X.

Notation 3.3.5.4. Let T be a preogeometry compatible with n-truncations. We will denote ®Top(T)=" C
RTop(7) the full subcategory spanned by those couples (X, ) such that the T-structure O : T — X is n-truncated.

Remark 3.3.5.5. The inclusion functor ®Jop(T)<" C RJop(T) admits a right adjoint t<,: ®Top(T) —
RTop(T)=" which is given on objects by the formula

(X, 0) € RTop(T) = (X, 7<,0) € BTop(T)=".
Lemma 3.3.5.6. The pregeometry T,q(k®) is compatible with n-truncations.

Proof. We follow closely [Lurllc, Proposition 4.3.28]. Reasoning as in the proof of the cited reference or as in
the proof of Theorem 3.3.1.11 it suffices to prove the following assertion: let U — V' be an admissible morphism
in Toq(k°) and O € fCAlg;,. (8) then the commutative square

O(U) —— 7<00(U)

i l (3.3.5.1)

O(U) E— Tgo(V)

is a pullback square in the co-topos 8. By the definition of T,4(k°), there are t-complete ordinary k°-algebras
A and B such that U = Spf A and V' = Spf B. Moreover, by construction, B is étale over some ring of the
form k°(T1,...Ty,). [dJT, Tag AOR1, Lemma 8.0.10.3] implies that there exists an étale k°[T7, . .. Ty,]-algebra
B’ such that B = (B’)7". The morphism U — V being admissible in T,q(k°) implies that the induced morphism
B — Ais formally étale. [dJ T, Tag AOR1, Lemma 7.9.10.3] implies that the morphism B — A can be realized
as the t-completion of k°-algebras B’ — A’, where A’ is an étale k°[T7, ..., T,] itself. Therefore, the morphism
of spaces
oU) = 0(V)

can be identified with a morphism
O (Spec A’) — O°"(Spec B')

and similaryly for the morphism 7<oO(U) — T<oO(V). Therefore we can identify the diagram (3.3.5.1) with

01 (Spec A’) —— 7<% (Spec A’)

| |

O%h(Spec B') —— 7<(0*"(Spec B')
in the co-category 8. The result now follows thanks to [Lurl lc, Proposition 4.3.28]. O

Definition 3.3.5.7. Let X = (X, 0) € RJop(Taa(k°)). We define its n-th truncation t<,(X) = (X, 7<,0) €
RTop (Taa(k°)).
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Proposition 3.3.5.8. Let X = (X,0) € RTop(Taa(k®)). Then for each integer n > 0, the n + 1-th truncation
t<n+1(X) is a square zero extension of t<,(X). In particular, when X is a derived k°-adic Deligne-Mumford
stack then for each n > 0 the n-truncation t<,(X) is again a derived k°-adic Deligne-Mumford stack.

Proof. We have a canonical morphism t<,,(X) < t<,+1(X) induced by the identity functor on the underlying
oo-topos X and the natural map 7<, 10 — 7<, O at the level of structures. Let B := 7<,,;10 and A = 7<,, 0.
Thanks to [Lurl2c, Corollary 7.4.1.28] we deduce that the induced morphism at the level of underlying algebras

.Balg N Aalg

is a square zero extension. Thus we can identify B with the pullback of the diagram

nBalg Aalg

l ld (3.3.5.2)

d
Ats Dy A2lE @ Ly o

in the co-category CAlgy. (X)/r_, 0. Consider the induced k°-adic derivation
fUd): L = L)

and form the pullback diagram
B — A

l l (3.3.5.3)

A =" ABLY ,

in the co-category fCAlg;.. (X) 4. In this way the canonical morphism B’ — A is a k°-adic square zero extension
and we have a canonical map B — B’. As filtered colimits commute with finite limits we reduce ourselves to
the case that O, and therefore both A and B, are topologically almost of finite presentation. Thanks to Theo-
rem 3.3.1.11, the functor ¥ applied to the pullback diagram (6.3.2.12) is the identity. Thus by conservativity of
(—)?# it follows that the diagram

W(BlE) 5 W(AME)

l J{d (3.3.5.4)

U(AME) 20y G(AYE @ Loare ) g )

is a pullback diagram in the oo-category fCAlg;.(X), 4. Thanks to Theorem 3.3.2.4, one concludes that the
diagram (3.3.5.4) is equivalent to the pullback diagram (3.3.5.3). Therefore, the canonical map B’ — B is an
equivalence in the co-category fCAlg;. (X) /¢, as desired. O

3.4 Derived rigidification functor

3.4.1 Construction of the rigidification functor

Raynaud’s generic fiber construction [Bos05, §8], induces a transformation of pregeometries
(—)"8: Taa(k°) — Tan(k),

which is moreover a localization of categories with respect to those morphisms Spf(A) — Spf(B) such that there
exists there exists a k°-adic complete algebra C' together with continuous adic morphisms C' — A and C — B
such that they induce equivalence after inverting ¢,

A®kokzc®kok2B®kok.
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Proposition 3.4.1.1. Precomposition along the transformation of pregeometries (—)"&: Toq(k°) — Tan(k) in-
duces a functor
(=)*: "Top(Tan(k)) = *Top(Taa (k%))

which admits a right adjoint denoted
(_)rig : Rr‘TOp (Tad(ko)) - R(‘Top ({Ian(k))
referred to as the (derived) rigidification functor.

Proof. Ttis a direct consequence of [Lurl 1c, Theorem 2.1]. [
Lemma 3.4.1.2. For each integer n > 0, we have a commutative diagram

RTop (Tan(k)) o, RTop (Taa(k°))

| l

_\*+
RTop (Tan () <" 15 ReTop (Toq (k°)) <"

of co-categories, where both co-categories RTop (Ton (k))=" and BTop (T,q(k°))<"™ are as in Theorem 3.3.5.4.

Proof. Tt follows immediately from the fact that both preogemetries T, (k) and Toq(k°) are compatible with
n-truncations, see [PY16a, Theorem 3.23] and Theorem 3.3.5.6. ]

Corollary 3.4.1.3. Let n > —1 be an integer. The diagram

RTop (Taa (k°)) N RTop (Tan(k))

[ Jte

RTop (Taa (k)= 25 Bop(Ton(k))
is commutative.

Proof. 1t follows by taking right adjoints in the diagram displayed in Theorem 3.4.1.2. [

These considerations imply the following useful result:

Corollary 3.4.1.4. Let X = (X,0) be a Taa(k®)-structured space which is equivalent to an ordinary k°-adic
formal scheme topologically of finite presentation. Then X'& is equivalent to an ordinary k-analytic space which
agrees with the usual generic fiber of X.

Proof. The question is local on X. We can thus assume that X ~ Spf(A), where A € CAlg?d, where A is a

topologically of finite presentation ordinary k°-adic algebra. Therefore, choosing generators and relations for A
we can find an (underived) pullback diagram of the form

Spf(A) —— AL

l l (3.4.1.1)

Spf(k°) —— AT,

of ordinary k°-adic formal schemes. Let Z denote the (derived) pullback associated to (3.4.1.1) in the co-category
dfSch, whose existence is guaranteed by [Lurl6, Proposition 8.1.6.1]. It follows that t<o(Z) ~ Spf(A). As 2}%,
27, and Spf(k°) are objects of the pregeometry T,q(k°) and (—)"8 is induced by the usual generic fiber functor
if follows that

Spf(k°)"™ ~Spk, ()™ ~ A, (Ape)™® ~ AL
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As (—)™® is a right adjoint, it commutes with pullback diagrams. We thus have a pullback diagram in the oo-
category RTop (Tan (k)

7z 5 A

o

Sp(k) —— AL

Theorem 3.4.1.3 implies that t<o (2"8) ~ t<o(Z)"€. As t<o(Z) ~ Spf(A) we deduce that (Spf(A))" is
equivalent to the (underived) pullback diagram

SpE(A)E —— A

|

Sp(k) —— A}

computed in the category of rigid k-analytic spaces. This is precisely the usual generic fiber construction applied
to Spf A. O

Lemma 3.4.1.5. Let f: Z — X be a closed immersion of derived k°-adic Deligne-Mumford stacks topologically
almost of finite presentation. Then '8 is a closed immersion in the co-category dAn.

Proof. 1t suffices to show that the truncation t<o(f™8): t<o(Z"8) — t<o(X'#) is a closed immersion. Last
assertion is a consequence of Theorem 3.4.1.4. O

Proposition 3.4.1.6. Let X be a topological almost of finite presentation derived k°-derived Deligne-Mumford
stack. Then X™'8 is a derived k-analytic space.

Proof. Our proof is inspired on [PY 17a, Proposition 3.7]. The question is étale local by [Lurl 1c, Lemma 2.1.3].
We can thus reduce ourselves to the case X = Spf(A), where A € (?Algzg is a t-complete topological of finite
presentation derived k°-algebra. We wish to prove that Spf(A4)™ is a derived k-affinoid space. Let C denote
the full subcategory of dfDMy. spanned by those affine derived k°-adic formal Deligne-Mumford stacks Spf(A)
such that Spf(A)™8 is equivalent to a derived k-affinoid space. We have:

(i) The oo-category C contains the essential image of T,q(k°) thanks to [Lurl Ic, Proposition 2.3.18].

(i1) € is closed under pullbacks along closed immersions: Let

W——7

l (3.4.1.2)

y I x

)

be a pullback diagram in the co-category dfDMpy. such that X, Y and Z € € and that f: Y — Xis a closed
immersion. By unramifiedness of the pregeometry T,q(k°), Theorem .2.0.3, the diagram (3.4.1.2) is also a
pullback diagram in the co-category ®Top(T.q(k®)). As (—)'® is a right adjoint the diagram

Wrig Zrig

l l (3.4.1.3)

Yrig Xrig
is a pullback diagram in the oo-category BTop (T, (k)). The co-category dAn is closed under pullbacks
along closed immersions thanks to [PY 16a, Proposition 6.2]. Theorem 3.4.1.5 then implies that the diagram

(3.4.1.3) is a pullback square in the co-category dAn. Thus W € €, as desired.
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(iii) The oco-category C is closed under finite limits. It suffices to prove that C is closed under finite products and
pullbacks. [PY16a, Lemma 6.4] implies that C is closed under finite products. General pullback diagrams
can be constructed as pullbacks along along closed immersions as in the proof of [PY16a, Theorem 6.5].
Thanks to Theorem 3.4.1.4, (—)"& commutes with finite products of ordinary formal schemes and preserves
closed immersions by Theorem 3.4.1.5, the assertion follows.

(iv) Cis closed under retracts: let X € C and let
Y Lo x 2y,

be a retract diagram in the oo-category dfDMyo. Assume further that Y is affine. By assumption, X'& ¢
dAn and t<o(Y)"& € dAn thanks to Theorem 3.4.1.4. It suffices to prove that for each ¢ > 0, the homotopy
sheaf ; (O$g) is a coherent sheaf over 7r0(0$g). The latter is a retract of m; (O;ig), which is a coherent
sheaf over 7 (O;ig) . In this way, it follows that 7; (O?g ) is coherent over 7o (Oi(ig) . As g (O$g ) is a retract
of o (Oy®) we deduce that 7; (Oy#) is coherent over o (O42), as desired.

Let now X € dfDM}2" be an affine object. Write X ~ Spf(A) for some adic derived k°-algebra A € CAlg}d
topologically almost of finite presentation. We wish to prove that X € €. Theorem 3.4.1.4 guarantees that
t<o (X"8) is a k-analytic space. We are thus reduced to show that 7; (O3 ®) is a coherent sheaf over mo (0%*). For

every n > 0 the algebra 7<,,(A) is a compact object in the oo-category (GAng‘i) " of n-truncated derived adic

k°-algebras. We can thus find a finite diagram of free simplicial k£°-algebras
g: I — GA]gko,
such that 7<,, A is a retract of 7<,,(B), where

B = colIim (9); € CAlgss,

where ( g)tA denotes the t-completion of the diagram g: I — CAlg;.. As the t-completion functor commutes with
finite colimits it follows that
B~ B},

and in particular B is t-complete. As C is closed under finite limits and objects in the pregeometry Toq(k°), we
conclude that Spf(B) € €. In particular Spf (1<, B) € C. As C is moreover closed under retracts, it follows that
Spf (7<pA) € € as well. It follows, that for each 0 < i < n, W,L(O;ig) is coherent over 7 (O;ig). Repeating the
argument for every n > 0 we conclude. O

3.4.2 Rigidification of structures

Construction 3.4.2.1. Let X = (X,0) € RTop(Tan(k)) be a Tay (k)-structured oo-topos. Suppose further that
there exists X = (Z,00) € BTop(Taa(k°)) such that we have an equivalence X'® ~ X in RTop(T,,(k)).
Precomposition along the transformation of pregeometries

(—)"8: Taa(k°) — Tan(k)
induces a functor at the level of co-categories of structures
(—)*: AnRing; (X) /o — fCAlg;.(X) 0+
given on objects by the formula
A € AnRing,(X)/0 — AT = Ao (—)"8 € fCAlg;.(X) 0+

The functor of presentable co-categories (—) ™ : AnRing,, (X) /o — fCAlg,.(X), o+ preserves limits and filtered
colimits. Thanks to the Adjoint functor theorem it follows that there exists a left adjoint

(7)rig,o . fGAngo (DC)/O+ — Aangk(f)C)/o (3.4.2.1)
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The counit of the adjunction ((—)T, (=)"'8) : R*Jop(Taa(k°)) — "Top(Tan(k)) produces a well defined, up to
contractible indeterminacy, morphism

frXT=(X,01) = (Z,00) =X (3.4.2.2)

in the oo-category R Top (T.q(k°)). Let (f~1, f.) — X — Z denote the underlying geometric morphism associ-
ated to f. Then f~1: Z — X induces a well defined functor

t fCAlgy0 (2) /0, — fCAIZLe (X)) p-10,- (34.2.3)
Moreover, the morphism (3.4.2.2) induces a morphism at the level of structures
0: 710y — O,

which induces a well defined functor at the level of co-categories of structures

0: fCAlg;o (X)/s-10, — fCAlg;o (X) 0+ (34.24)
given on objects by the formula

(A — f7100) € f€Alg;o(X),/ 10, = (A — OF) € f€Alg;.(X) 0+

Therefore the composite (—)™8 := (—)"&:° 0 § o f~! induces a functor

(—)": fCAlg,0(2) /0, — AnRing;(X),0
which we refer to as the rigidification functor at the level of structures.

Remark 3.4.2.2. Notations as in Theorem 3.4.2.1 and suppose further that X is a derived k-analytic space and
X e deM}f},ft. Thanks to Theorem 3.4.1.4 the geometric morphism underlying f: X+ — X corresponds to the
classical specialization morphism at the level of co-topoi X — Z.

Notation 3.4.2.3. We will denote the geometric morphism introduced in Theorem 3.4.2.1 (f~1, f.): X — Z by
sp = (sp~*,sp,).

Construction 3.4.2.4. Notations as in Theorem 3.4.2.1. Consider the following square of pregeometries

‘Tdisc (ko) M Tdisc (k)

(—):l lg)an (3.4.2.5)

‘Iad(ko) W {J'an(k)

Notice that (3.4.2.5) is not commutative. The lower composite sends
Ao € Tgise = A} € Tan(k)

whereas the top composite sends
1 1
Apo € Thise — By, € (Ian(k)a

where B;, € T.u(k) denotes the closed unit disk. Let A € fCAlg,.(Z),0,. the counit of the adjunction
((—)*, (—)"8) induces a natural morphism at the level of T,q(k°)-structures on X

Oa:sp A = ATET = (ATE)T,
Applying the underlying algebra functor (—)*8: f€Alg;. (X) 0+ — CAlgye (X),/o+.a1x to the morphism 64 we
obtain a morphism

6;&g: (SpflA)alg —y Arig,t+alg (3.4.2.6)
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in the co-category CAlgyo (X) o+ a1z As Arie+a18 Jives naturally over the non-archimedean field k£ we obtain by

adjunction a morphism

—al ) . . . ale
0% (sp™ " A)E @pe k> ATETRIE — (Ariet)E

in the co-category CAlg, (X) o +.a1c. We can identify A& 218 ~ A(B}). There is a natural inclusion of k-analytic
spaces Bf — A}. We obtain thus a canonical morphism

ABL) — A(A}), (3.4.2.7)
in the oo-category CAlg,, (X) /o Al)- Composing both (3.4.2.6) with (3.4.2.7) we obtain a natural morphism
Oa: (sp~tA)ME @po k — ATE(AL) (3.4.2.8)

in the oo-category CAlg(X) Jo(Al)- We will take as (a probably confusing) convention to denote precomposition
with (—)*" in (3.4.2.5) by
(—)&: AnRing,,(X) 0 — CAlgy,(X) jguis.

In this case, we might as well write (3.4.2.8) as
Oa: (sp L A)ME @po k — ATEAE = (Arig)alg.

Proposition 3.4.2.5. Ler X = (X,0) € dAn and suppose there exists X = (Z,0p) € dfDMyo such that
X'e ~ X in the co-category dAn. Then for every A € fCAlg;.(2) /0, the natural morphism

Ou: (spLA)YE @po k — AME2E
introduced in Theorem 3.4.2.4 is an equivalence in the co-category CAlg, (X) /gae.

Proof. Both the underlying oco-topoi of X and X have enough points, as these are hypercomplete and 1-localic.
Therefore, thanks to [Por15c, Theorem 1.12], we are reduced to check the statement of the proposition on stalks,
(notice that given a geometric point z,: S — X the composite sp, o x,: 8§ — Z is also a geometric point).

By doing so, we might assume from the start that X = 8§ = 2. Both composites (—)*¢ o (—)™® and
((—)2 o sp~!) @ke k commute with sifted colimits. The proof of Theorem 3.3.1.11 implies that the co-category
fCAlg;. (8) /0, is generated under sifted colimits by the family {W (k°[T},...,T)n])}m, where the T3’s sit in
homological degree 0. It thus suffices to show that

Ou: (sp tA)ME @po k — AMIBRE
is an equivalence whenever A ~ ¥ (ko [T1,... ,Tm]). But in this case, we have natural equivalences
(sp Y U(K [Ty, ..., Tn))™8 @po b = k{(Ty, ..., Tpm),
and as U (k°[Ty, ..., T,,]) can be identified with (a germ) of 7% € RTop(T,q(k°)) it follows that
U (K°[Ty,. .., T]) ™8 ~ K(Ty, ..., T)),

in the oo-category CAlgy (X) /ga1e. The result now follows. O

3.4.3 Rigidification of modules

Definition 3.4.3.1. Let X = (X,0) € dAn be a derived k-analytic space. Its oco-category of modules is defined
as
Mode = Sp (Ab (AnRing; (X),0))

One has the following result:

Proposition 3.4.3.2. [PY17a, Theorem 4.5] There exists a canonical equivalence of co-categories

Modp ~ Modgale.
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Lemma 3.4.3.3. Let X = (X,0) € RTop(Tan(k)) and X = (Z,00) € RTop(Taa(k®)) such that X"& ~ X in
the co-category ®Top (Tan(k)). The rigidification functor (—)'2: fCAlg,. (Z) /0, = AnRing;,(X) ¢ induces a
well defined functor, up to contractible indeterminacy,

(_)rig: N[OdoO — MOdo
which we shall refer to as the rigidification of modules functor.
Proof. Tt suffices to show that the functor (—)"'8: fCAlg;. (Z),0, — AnRing;(X) o commutes with finite limits.
Thanks to Theorem 3.4.2.5 the composite functor (—)2% o (—)'& agrees with localization at ¢ and therefore it

commutes with finite limits. As (—)*'® is a conservative right adjoint it follows that (—)"8: fCAlg;.(2) /0, —*
AnRing;,(X) /o commutes with finite limits as well, and the proof is finished.

We have a natural projection functor Q3 : Modoy — AnRing; (X),o. We shall denote O & M = Q5 (M)

and refer to it as the analytic split square zero extension of O by M. The functor Q255 admits a left adjoint
55 AnRing; (X) /0 — Modo.

Suppose we are given A € AnRing; (X),¢ and consider the co-category AnRing;, (X) 4/,¢0. We can consider
the analytic derivations functor Der’y' (0, —) : Modg — 8 given on objects by the formula

M € Modo — Map guRing, () 0,0eM).

A]O (

Such functor is corepresentable by the analytic cotangent complex relative to A — O, which we denote by IL%“/ L
Explicitly, one has a natural equivalence of mapping spaces

Mapygoa, (L8)a: M ) = Der’y (0, M).
We can describe explicitly Ly,  ~ 357 (0 ®.4 0) € Modo.

Lemma 3.4.3.4. Let X = (X,0) € BTop(Tan(k)) and X = (Z,00) € BTop(Taa(k®)) such that X*& ~ X in
the co-category RTop (Tan(k)). Then the diagram

Modo, — " Mode

z:ggT EZZT

rig

fCAlgy (Z) /0, ~—— AnRing, (X) o

is commutative up to coherent homotopy.

Proof. Tt suffices to prove that the corresponding diagram of right adjoints

_\*t
Modo, +— 1 Mode

b J

_\*+
FCAlgg (Z) /0, ¢—— AnRing, (X) 0

is commutative. But this is immediate from the definitions and the result follows. O
Corollary 3.4.3.5. We have a natural equivalence
ad rig P
(]L(é)/A) ~ Ldor:ig/‘/lrig
in the co-category Modg.
Proof. Tt is an immediate consequence of Theorem 3.4.3.4 above. [

Definition 3.4.3.6. Let M € Coh™(X). We say that M admits a formal model if there exists an Op-module
My € Coh™(0y) such that .
My'® ~ M € Modg.

Proposition 3.4.3.7. Let X = (2,0¢) € dfDMyo and let X = (X, Q) = X" denote its rigidification. Then the
functor (—)*&: Modp, — Mod is t-exact.

Proof. The statement follows readily from Theorem .1.1.4 and [HPV 16a, Corollary 2.9]. O
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3.4.4 Main results

In this §we our two main results. The first one concerns the existence of formal models for quasi-paracompact
and quasi-separated derived k-analytic spaces. The second is a direct generalization of Raynaud’s localization
theorem.

Definition 3.4.4.1. Let A € G’Algz‘g. We say that A is an admissible adic derived k°-algebra if A is topologically
almost of finite presentation and ¢-complete and moreover, for every ¢ > 0, the homotopy sheaf 7;(A) is ¢-torsion
free. We denote GAIgz‘gm the full subcategory of (‘fAlgzco1 spanned by admissible adic derived k°-algebras.

Definition 3.4.4.2. Let X € dfDMj. we say that X is a derived admissible k°-adic Deligne-Mumford stack (or
derived admissible k°-adic scheme) if X € deM'jc‘lft (resp., X € dechtaft) and we can find a covering

JTspt(4i) — X

such that for each i, 4; € CAlgid™. We denote by dfDM4™ (resp., dfSch®™) the oo-category of derived
admissible k°-adic Deligne-Mumford stacks (resp. derived admissible k°-adic schemes).

Definition 3.4.4.3. Let X = (X,0) be a derived k-analytic space. We say that X is quasi-paracompact and
quasi-separated if the 0-th truncation t<((X) is equivalent to a quasi-paracompact and quasi-separated ordinary
k-analytic space.

Definition 3.4.4.4. Let X = (X, O) be a derived k-analytic space. We say that X admits a formal model if there
exists X € dfDM;j.. such that
X o~ X8,

in the co-category dAn.

Thanks to [Bos05, Theorem 3, page 204] it follows that if t<((X) is quasi-paracompact and quasi-separated
then it admits a classical formal model. We generalize this result to the derived setting:

Theorem 3.4.4.5. Let X = (X, O) be a quasi-paracompact and quasi-separated derived k-analytic space. Then
X admits a derived formal model X = (Z,Qq) € dfSch.

Proof. Let X = t<o(X) denote the O-truncation of X . Thanks to [Bos05, Theorem 3, page 204] it follows that
X admits a formal model X € fSchyo such that X, is admissible (i.e. it can be Zariski locally covered by affine
formal spectrums of admissible k°-algebras). We inductively construct a sequence of derived admissible k°-adic
schemes

)(()-))(1-})(2—>...7

such that we have equivalences
(Xn)"™ = t<p(X),

for each n > 0.The case n = 0 being already dealt it suffices to treat the inductive step. Suppose X,, = (Z, Q¢
has already been constructed, for n > 0. As X is a derived k-analytic space, for each n > 0 the homotopy sheaf
7 (0) is a coherent module over 7o(©). Thanks to [PY17a, Corollary 5.42] there exists an analytic derivation
d: LY x = mn41(0)[n + 2] together with a pullback diagram

<

T<n+1 0O — Tgno

J l (3.4.4.1)

T<nO LN T<nO & Tp+10)[n + 2],

in the oo-category AnRing; (X) ©. Here dy denotes the trivial analytic derivation. Theorem .1.2.1 and its

/Tgn

proof imply that we can find a formal model for d in the stable co-category Coh™ (X,,)

§: Ly — Myya[n+ 2],
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where M,,; € Coh™(X,,) is of no ¢-torsion and we have that ijfl ~ 7,,+1(0) in the co-category Coh™ (1<, X).

We define O,,41 € fCAlg;.(Z)/0, ., as the pullback of the diagram

O0,nt1 ——— Oo,n

| |s (3.4.4.2)

OO,n L) OOJL D Mn+1 [TL —+ 2]

in fCAlg;.(2)/0,.,- Define X, 11 = (Z, 00 ny1). Itis a derived k°-adic Deligne-Mumford stack and by con-
struction it is admissible. Both X" and t<,,;1(X) have equivalent underlying co-topoi. The rigidification functor
(—)rie: fCAlg,0(2) /0, — AnRing;(X) o commutes with finite limits. Thus the diagram (3.4.4.2) remains a
pullback diagram after rigidification. For this reason, we obtain a canonical morphism

nt1: (0o nt1)® = T<n410

in the oo-category AnRing;,(X) -, ,, 0. We have thus a canonical morphism

Ont1: t<ni1(X) = Xﬁy

We claim that 6, is an equivalence in the co-category RJop(Tan(k)). It suffices to show that a1 is an
equivalence of structures. Thanks to Theorem 3.4.2.5 we have an equivalence

i, alg — 1
<oo,gn+1) ~ (sp 1(907n+1)ag Rpo k.

By the inductive hypothesis together with the pullback diagrams (3.4.4.2) and it follows that
(5P~ O00,n41)™8 o k ~ (T<n10)™®
is an equivalence. By conservativity of (—)2!# it follows that
Qp1t Ogiffz—i-l ~ T<p410
in the oo-category AnRing, (X),-_, ,, 0. We conclude that
Ont1: X:_gH ~topi1 X
is an equivalence in RTop(T,,(k)). We define

X := colim X,,.
n>0

We claim that X is again an admissible derived k°-adic Deligne-Mumford stack: the question being local on
X reduce ourselves to the case X = Spf A and X,, ~ Spf A, for A, A, € GAnggm, for each n > 0. By
construction, T<,,_1 A, ~ A,,_; for each n > 1. We have moreover an identification

X >~ Spf (limp>0A4,) .

As A, is admissible we conclude that lim,, >0 A,, is also admissible. We have thus proved that X is an admissible
derived k°-adic Deligne-Mumford stack.
We are finished if we prove that X8 ~ X. We have a sequence of equivalences

tgn(xrig) ~ (tSnX)rig >~ ng ~ tgn(X)
by convergence of derived k-analytic stacks, see [PY17a, §7]. Assembling these equivalences together produces a
map

foXie 5 X
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in the co-category dAn. The underlying morphism of co-topoi is an equivalence. The morphism f induces
equivalences, for each ¢ > 0, '
mi(0p®) ~ mi(0),

where Op = lim;,>¢0g ,,. By hypercompletion of the X it follows that
OE ~ 0.
Thus proving that f is an equivalence, finishing the proof. O
We now deal with our main result. We start with a useful lemma:

Lemma 3.4.4.6. Let F': C — D be a functor between oco-categories. Suppose that for any D € D the following
assertions are satisfied:

(i) The co-category C/p == C X D p is contractible;

(ii) let G’/D denote the full subcategory of C,p spanned by those objects (C,1): F(C) — D) such that 1) is
an equivalence in D. Suppose further that (3’/ p IS non-empty and moreover the inclusion 6’/ p — C/pis
cofinal.

Then F: C — D induces an equivalence of co-categories C[S™1] — D, where S denotes the class of morphisms
f € CA such that F(f) is an equivalence.

Proof. Let € be an co-category. We have to prove that precomposition along F' induces a fully faithful embedding
of oo-categories
F*: Fun (D,&) — Fun (€, &)

whose essential image consists of those functors G: € — & which send morphisms in S to equivalences in D.
Given any functor G: D — &, the composite G o F': € — & sends each morphism in S to an equivalence € as
F does (in D). Thanks to the colimit formula for left Kan extensions together with conditions (i) and (ii) in the
statement of the Lemma, we conclude that given a functor G: € — & such that any morphism in .S is sent to an
equivalence, its left Kan extension Fi(G) € Fun (D, &) exists and we have natural. equivalence F} o F"* =~ id
and F* o F} ~ id. The result now follows from the fact that F} is an inverse to F'* when restricted to the full
subcategory of Fun (€, €) spanned by those functors sending every morphism in .S to an equivalence in €. O

Remark 3.4.4.7. Theorem 3.4.4.6 implies that the localization functor of classical Raynaud theorem is oo-
categorical, i.e. the usual category An’ of quasi-paracompact and quasi-separated k-analytic spaces is the oo-
categorical localization of fSchgo. This is not a common phenomenon: if € is a 1-category and S a collection of
morphisms in C then the co-categorical localization €[S~1] is typically a genuine co-category.

Definition 3.4.4.8. Let dAn’ C dAn denote the full subcategory of dAn spanned by those quasi-paracompact
and quasi-separated derived k-analytic spaces X € dAn.

Definition 3.4.4.9. Let f: X — Y be a morphism between derived £°-adic schemes. We say that f is generically
strong if for each ¢ > 0 the induced morphism

i (f*Oy)"® = m; (0x)"®
is an equivalence in the co-category Coh™ (X"8).

Theorem 3.4.4.10 (Derived Raynaud Localization Theorem). Let S denote the saturated class of morphism of
dfSch®™™ generated by those generically strong morphisms f: X — Y such that t<o(f) is an admissible blow-up
of ordinary k°-adic schemes. Then the rigidification functor

(—)8: dfSch™ — dAn’
induces an equivalence of co-categories

dfSch®™[S71] ~ dAn’.
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Theorem 3.4.4.10 is an immediate consequence of Theorem 3.4.4.6 together with the following Proposition:

Proposition 3.4.4.11. The rigidification functor (—)"&: dfSch®™ — dAn’ satisfies the dual assumptions of the
statement in Theorem 3.4.4.6.

Proof. The verification of the assumptions of Theorem 3.4.4.6 are made simultaneously: Let X € dAn’, Cx =
(dechadm) X/ and po: Cx — dfSch, pi: €x — dAn’ denote the canonical projections. We will show that for

every finite space K and every functor f: K — Cx we can extend f to a (cone) functor f<: K< — Cx in such
a way that f<(oc0) is a formal model for X € dAn’, where oo € K< denotes the cone point. This will imply
that Cx is a cofiltered co-category, hence of contractible homotopy type and moreover the inclusion of the full
subcategory of formal models for X is final in Cx.

Let us first sketch the rough idea of proof: By induction on Postnikov towers we allow ourselves to lift
commutative diagrams of derived k-analytic spaces to the formal level. This is done, by reducing questions
of lifting of T,4(k°)-structures on certain co-topoi to lifting questions at the level of co-categories of coherent
modules, using the universal property of the adic cotangent complex. The corresponding questions for coherent
modules can be dealt using the refined results in Appendix A. The main technical difficulty is thus keeping track
of higher coherences for commutative diagrams when passing from the analytic co-category to the k°-adic one.

We will construct a sequence {(X,,,t<, X — X"8) € C;_ x Inen such that X,, = (X,,,0x, ) € dfSch2dm
satisfies the following conditions: -

(i) For eachn > 0, X,, is n-truncated.

(i1) For each n > 0, we have an equivalence
(X)) ~ t<pX.

(iii) For each n > 0, we have a canonical morphism

X, — tSn+1 Xn
in the oco-category dfSch™™™ which is moreover an equivalence. This implies, in particular, that the under-
lying co-topoi X,, € RTop are all equivalent, for n > 0.

(iv) For each n > 0, there is a functor f,; € Fun(K<,C;, x) whose restriction (f7)|x is naturally equivalent
to t<y, f in the co-category Fun (K, C;_, x) and such that pg (f,;(00)) ~ X.

Assume that we have constructed such a sequence {(X,,,t<, X — X"8) € C;_ x }nen satisfying conditions
(i) through (iv). Define X := colim,,>g X,, and notice that in such case the morphisms t<, X — Xrg agsemble to
induce a morphism

X — X8,

in the oo-category dAn. Moreover, by the universal property of filtered limits the diagrams £, € Fun (K <G, X)
assemble thus producing a well defined (up to contractible indeterminacy) extension f< € Fun (K<, Cx) of
f: K — Cx. As the rigidification functor is compatible with n-truncations it follows that the functor f< ob-
tained in this way implies that p; (f<(c0)) € (dAn’) . , corresponding to the morphism

X — X'i8,

in the oo-category dAn, is an equivalence. This finishes the proof of the claim. Therefore, we are reduced to prove
the existence of a sequence {(X,,, bt X — X’;Lig) € Gy <n X Jnen satisfying conditions (i) through (iv) above.

Step 1

(Case n = 0) Let X = t<oX € An denote the underlying ordinary k-analytic space to X. By the universal
property of n-truncation we can assume without loss of generality that for each vertex x € K the component
(Yo, ¥zt Xo — YE8) == f(z) € Cx, is actually discrete, i.e. Yx is an ordinary k°-adic formal scheme. The
result is now a direct consequence of [Bos05, Theorem 3, page 204].
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Step 2

(Inductive assumptions) Suppose now, that for n > 0 we have constructed a diagram [ € Fun (K <G, X)
satisfying conditions (i) through (iv) above. Denote by a, ;. : X,, — Yy, ,, the morphism associated to co — z in
K<, where Yy o = t<nYz = (Yn,zs On,z). The functor f € Fun (K<, €;_, x) corresponds to the following
given:

(i) A diagram f,ff*: K< — BJop such that f(oco) ~ X,, and for each x € K a morphism Ongst Xn = Yna
in ®Top. We remark that this data is constant for 0 < m < n.

(ii) A diagram f3~': K9P — fCAlg. (X,) 0, such that f<~!(c0) ~ ide,, and f<~'(z) corresponds
to a morphism A, . : a;, L Oy, , — Ox, in the oo-category fCAlg;. (X,) /0, -

A similar analysis for the diagram t<,+1f: K — Ci_, ,, x together with the Postnikov decomposition imply
that we have a functor f;}l s KoPx (Ay) G fCAlgy. (X)), 04, such that foreach z € K the induced morphism

_ 2
fnil,:c : (Al) — fGAngO (xn)/oxn

corresponds to a pullback diagram of the form

—1 —1
T<nt10y Oy, T<noy Oy,

l ) ld (3.4.4.3)

Tena; 0y, — T<pay 0y, ® ay  mpi (wa) [n + 2]

in the oo-category fCAlg,. (Xn) 0, » Where d,, .. denotes a suitable k°-adic derivation and d%,z the trivial adic
derivation.

Step 3

(Functoriality of the construction fCAlg;.(X)e//0) Consider the functor I: fC€Alg;.(Xy,) 0, — Cate given
on objects by the formula

(O — Oxn) € f@Algko (xn)/oxn — fGAlgko (DCn)o//o € Catyo

whose transition morphisms correspond to (suitable) base change functors. Let D — fCAlg,.(X,,) oy, de-
note the corresponding coCartesian fibration obtained via the unstraightening construction. Notice that pullback
along O — Ox,, induces a functor go : fCAlg;. (Xy)oy, //0x, — fCAlgLe(Xn)o/ 0, Which admits a left ad-
joint fo: fCAlgL. (X))o /0 — fC€Alge (Xn)oy, //0x, » Obtained via base change along O — Ox,, . Therefore,
applying the unstraightening construction, we obtain a well defined functor

G: fCAlgLo (Xn)oy, //0x, X fCAlgL(Xn) 0k, — D

over fCAlg. (X)) 0y, » whose fiber at (O — Ox,) € fCAlgy.(Xn) 0, coincides with go introduced above.
Thanks to the (dual) discussion proceding [PY 16¢c, Corollary 8.6] it follows that G' admits a left adjoint F': D —
fGAlgko (xn)oxn //Ox,, X fGAlgko (xn)/oxn .

Step 4

(Base change of (3.4.4.3) along the morphism Tgnaz_l(.{)yw — Ox,,) The zero derivations d?m in (3.4.4.3) as-
semble to give a a well defined functor d”: K°° — D and similarly the dy  induce a well defined functor
dp: K — D. Denote Ag = F od) and A := F od,: K — fCAlg;.(Xy)o, /0y, respectively. Notice

that Ag: K°P — fCAlgy0 (Xn)oy, //0x, is given on objects by the formula

0

d’ll‘m
z € KPw— (Oxn — Ox,, ® a;wn+1((9ym) [n+2] — O)(n> € fCAlg;. (xn)oxn//oxn
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and similarly for A: K°P — fCAlgy. (Xn)oy, //0x, We have

r e KP— (Oxn — Oxn ) a;ﬂ-n+1 (OYI)[H + 2] h Oxn> S f@Algko (xn)oxn//oxn.

By construction, both functor Ay and A factor through the full subcategory

FCAIEH (Xn) oy, //0x, C FCAlgLo (Xn)oy //0x,

spanned by those objects Ox, — A — Ox, which correspond to k°-adic derivations.

Step 5§

(Reduction of the above diagrams to diagrams of modules) The universal property of the k°-adic cotangent com-
plex implies that we have an equivalence of co-categories

()% : FCAIES (X )0y /jon, = (Modoxn)%d /
X

n

Therefore, the functors A and A as above correspond, under the equivalence (—)9°*, to functors Ag, A: K°P —

(Modox" )Hﬁd given on objects by the formulas
OXW,
z € K (d), ,: LY, — aimi1(Oy,)n+2)) € (MOden)L%«i ,
Xn
and
7€ K (dn: L, — ;g1 (O,)[n+2]) € (Modoy, ), r
X

respectively. Thanks to the proofs of both [PY17a, Lemma 5.35 and Corollary 5.38] the k°-adic cotangent complex
L%‘i is coherent and connective. Therefore the functors Ay, A: K°P — (ModoX )]Lad factor through the full
n "oy, /

n

+
subcategory Coh (Oxn)ﬂ%dxn/ C (Modo,, )H“(g;n/.
Step 6
(Rigidification of the corresponding diagrams of modules) Consider now the composites

AGE = ()0 Ag, A= (=)0 A: K — Colt (03 )um, /-

The same reasoning as above applied to the rigidification of the diagram t<,+1f: K — Ci_, , x produces

extensions o _ i
AGE,  ATE: goP Coh+((9;17’%)]14?;ig
of (—)™8 o Ag and of (—)"® o A, respectively, satisfying:
(i) We have equivalences s N
(A0)|K°P ~ (—)"80 Ay, Ajger = (—)"E0A
in the co-category Fun (K°P, C0h+(O§(if)]L;?ig/).

(ii)) We have moreover equivalences

—~rig

Ay (00) ~ (doz L%Iiig — 7rn+1(OX)[n + 2]) ,

and
Arig(oo) ~ (d ]ngii: — T+l (OX)[TL + 2])

in the co-category Coh™ (t<,,(X))pan

tsn

x/
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Where the derivations dy and d considered above are induced by the pullback diagram

T<nt+10x ——————— 7<,,O0x

J Jd (3.44.4)

TSTLOX & 7—SnoX @D T (OX)[n + 2]

in the oo-category AnRing, (X) /0.

Step 7

(Lifting of~ ,A:)Hg ang Aris (o diagrams in Coh™(X,,).) Thanks to Theorem .1.2.1 and its proof, we can lift both
diagrams Ay® and A™8 to (formal model) diagrams A,, A: K°P — C0h+((9xn)%dxn/, respectively. We have
moreover equivalences

Aggor = Doy Ajgor = AL

and
Ag(00) = (50: Ll — Nln+ 2]) (3.4.4.5)

A(o0) = (5; Ly — Nln + 2]) (3.4.4.6)

where N € Coh™ (0, ) denotes a t-torsion free formal model of ,1(Ox, ), concentrated in degree 0. The
choice of such N € Coh™(Ox,,) can be realized as follows: First choose a given formal model N € Coh™(Ox,,)
for m,41(0Ox). As the rigidification functor (—)'® is compatible with n-truncations, we can replace N with
T<pN and thus suppose that N is truncated to begin with. We can kill the ¢-torsion on N by multiplying it
by a sufficiently large power of ¢, i.e. consider t"*N for m > 0 sufficiently large such that t"* NV is t-torsion
free. The conclusion now follows thanks to the fact that the canonical map t™ /N — N induces an equivalence

(tmN)" ~ Nrie,

Step 8

(Recovering the extension of the extension of the original diagram f, +11 by means of the right adjoint G above)
Notice that the rigidication of both (3.4.4.5) and (3.4.4.6) concides with the derivations dy and d displayed in
(3.4.4.4), respectively. We can also consider the diagrams A, and A as morphisms Ay — dp and A — § in the co-
category Fun(K P fCAlgLo (Xn)oy, / /Oxn)' Thanks to [Lur09b, Proposition 3.3.3.2] we can lift both diagrams
Ay and A as functors K<°P — fCAlg;o(Xn)oy, //0x, * fCAlgo(Xn) 0,, Whose projection along the first
component agrees with A and A, respectively, and whose projection along the second component agrees with the
composition F o f <=1, By adjunction, we obtain thus diagrams Dy, D: K <-°° — D inducing D{,, D’: K <:°P x
A? — fCAlg. (Xs)oy, / given on vertices z € K by the formula

x € K

— <T§naxloyx Jon, T<nay 'Oy, ®mpi1(Oy, ) [n+2] — TgnazIOym) € fCAlgye (Xn)oy, /
x e KP

= (Tgn%?lovz Dy renaz 0y, @ Tnt1(Ov, ) [n +2] — TSnOég?lovz) € fCAlgy. (Xn)oy, /+

respectively. Moreover, their value at co correspond to

Ox, 29 0x @ Nn+2]— Ox,, Ox. % O0x, &N[n+2 — Ox

n?

respectively.
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Step 9
<

(Obtaining an extension f,, | of the diagram t<, 1 f) By taking fiber products along over each {x} x A3 we
obtain thus a diagram f', | : K<°P — fCAlg;. (X, )0, whose value on each z € K agrees with

fn<]+1(w) = TSn+1a;10Yx~

More precisely, we have a canonical equivalence ( fanrl) S T<n+l f~1. Moreover, for fiq(00) >~ Opqr €

fCAlg,,. (X,,) such that .
0,51 ~ T<n410x,

in the oo-category AnRing; (X). Let X,,11 := (X, O,,11). We obtain thus a well defined functor

fa s K9 — dfSch*™™

n

whose rigidification coincides with
T§n+1fl K — (dAn/)

tnp1 X/
Assembling these diagrams together we obtain a functor ffﬂ : K9 — Cx satisfying requirements (i) through

(iv) above, which concludes the proof. L]
The proof of Theorem 6.2.3.15 also implies:

Corollary 3.4.4.12. Let f: X — Y be a morphism between quasi-paracompact and quasi-separated derived
k-analytic spaces. Then f admits a formal model, i.e. there exists a morphism f: X — Y in dfSch®™™ such that
frie ~ f in the co-category dAn.

adm

Corollary 3.4.4.13. Let S be the saturated class generated by those morphisms f: A — B in CAlgy." such that
the induced map

(Spf f)"™: Spf(B)"& — Spf(A)™s

is an equivalence in the oco-category of derived k-affinoid spaces dAfd. Then the rigidification functor
(—)1ie: (CAIg™)*® — dAfd factors as

(CALgE™)P[S™!] — dAfd
and the latter is an equivalence of co-categories.

Proof. The result is a direct application of the proof of Theorem 3.4.4.10 when X € dAfd. O
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.1 Verdier quotients and Lemma on Coh™

The results in this section were proved in a joint work with M. Porta on the representability of the derived Hilbert
stack, many of the statements and proofs are due to him.

1.1 Verdier Quotients

In this §we let X be a quasi-compact and quasi-separated scheme and Z denote the formal completion of X along
the (t)-locus. Consider also Z*® € An its rigidification. We have a rigidification functor at the level of the derived
oo-categories of almost perfect complexes

(—)"8: Coh™ (Z) — Coh™ (Z"#).
Notation .1.1.1. Let CatZ* denote the co-category of small stable co-categories and exact functors between them.

Proposition .1.1.2. [HPVI6a, Theorem B.2] Let C be a stable oco-category and A — € a full stable subcategory.
Then the pushout diagram
A—
0

B+——

 —
exists in the co-category Gatgg‘.
Definition .1.1.3. Let A, € and D as in Theorem .1.1.2. We refer to D as the Verdier quotient of C by A.

Proposition .1.1.4. Let X be a quasi-compact quasi-separated derived scheme almost of finite type over k°. We
denote Z its formal (t)-completion and Z"¢ € dAfd its rigidification. Then there exists a cofiber sequence

K(Z) = Coh*(Z) — Coh™ (Z"%) (1.1.1)
in the co-category Cat®X. Moreover, the functors in (.1.1.1) are t-exact. In particular, the rigidification functor
(—)"¢: Coh™(Z) — Coh™ (Z"8)
exhibits Coh™ (Z"®) as a (t-exact) Verdier quotient of Coh™ (Z).

Proof. Let K(Z) denote the full subcategory of Coh™ (Z) spanned by ¢-torsion almost perfect modules on Z.
Recall that M € Coh™(Z) is of t-torsion if 7, (M) is of ¢-torsion. Consider the (quasi-compact) étale site X¢; of
X. We define a functor

CohT(—)/K(—): Xe — CatEx

given on objects by the formula
U — X quasi-compact and étale — Coh™ (U") /K (U}") € CatEx

where U/* denotes the formal completion of U along the (¢)-locus. Thanks to [HPV 16a, Theorem 7.3] this defines
a uniquely, up to contractible indeterminacy, defined Cat2*-valued sheaf for the étale topology.
We will also need the following ingredient: define a functor

Cobf,: X — Caty

given on objects by the formula

U — X quasi-compact and étale — Coh™ ((U}")"8) € Catl.

We remark that Coh™: An — Cat®* satisfies fpqc descent for k-analytic spaces which follows by the main
theorem in [Con03a] together with the usual reasoning by induction on the Postnikov towers for almost perfect
modules in order to reduce the statement for Coh™ to a similar statement concerning the heart Coh ™. Moreover,
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the formal completion and rigidification functors are morphisms of sites. As a consequence we conclude that the
assignment Cob,"ig: X¢ — Cat®* is a sheaf for the étale topology on X.

The universal property of pushout induces a canonical morphism of sheaves ¥': Coh™(—)/K(—) — @oh;ﬁg in
the co-category Shvg (X, CatZ¥). We affirm that W is an equivalence in Shvg (X, CatEX). By descent, it suffices
to prove the statement on affine objects of X. In such case, the result follows readily from the observation that
for a derived k°-algebra Ay the co-category Coh™ (Ag ®e k) € CatEX is obtained from Coh™ (A4y) by "modding
out” the full subcategory spanned by ¢-torsion almost perfect modules. Moreover, thanks to [PY18a, Theorem
3.1] we have a canonical equivalence

Coh* ((Spf Ao)rig) ~ Coh™ (I‘ ((Spf Ao)rig))

in the co-category CatE, where F((Spf Ao)rig) € CAlg,, denotes the derived global sections of Spf Agig . On the
other hand I' ((Spf Ag)"'8) ~ Ay ®yo k and the result follows. O

1.2 Existence of formal models for modules

In this §we prove some results concerning the existence of formal models with respect to the functor (—)"&: Coh™ (X) —
Coh™ (X)) which prove to be fundamental in the proof of Theorem 3.4.4.10. T am thankful to Mauro Porta as the
results in this §were proved in a joint work.

Proposition .1.2.1. Let X € dAn be a derived k-analytic stack admitting a formal model X € dfSch, i.e.
(X)'e ~ X in dAn. Let F € Coh™ (X)) be concentrated in finitely many cohomological degrees. Then F admits
a formal model, i.e. there exists G € Coh™ (X) such that "8 ~ F in Coh™ (X). Moreover; the co-category of
those formal models for F is a filtered co-category.

Proof. Let T € Coh™(X), be as in the stament of the Theorem .1.2.1. Assume moreover that F is connective,
i.e. its non-zero cohomology lives in non-positive degrees. Notice that, by definition of ind-completion, F €
Ind (Coh™ (X)) is a compact object.

Let @: Ind(Coh™* (X)) — Ind(Coh™ (X)) denote a fully faithful right adjoint to (—)*. Tt follows from the
construction of Ind-completion that we have a canonical equivalence

®(F)~  colim G, (1.2.1)
GECoh™(X) ()

in Ind (Coh+ (X )), where, by construction, the limit indexing oco-category appearing on the right hand side of
(.1.2.1) is filtered. As @ is a fully faithful functor, the counit of the adjunction ((—)rig, fI)) is an equivalence. Our
argument now follows by an inductive reasoning using the Postnikov tower as we now detail:

Suppose first that F € Coh™ (X) has cohomology concentrated in degree 0, then it is well known that F admits

a formal model ¥ € Coh™" (X), which we can moreover choose to be of no ¢-torsion. Moreover, we can choose

F in such a way that we have a monomorphism J < J in the heart Coh ™Y (X)), whose rigidification becomes
an equivalence, in the (heart of) Ind (CohJr (X)) We are then dealt with the base of our inductive reasoning.
Suppose now that J lives in cohomological degrees [—n, 0], by the inductive hypothesis T<,,_;F € Coh™ (X)

admits a formal model ‘J';:_/l? € Coh™(X), which lives in cohomological degrees [—n -+ 1,0] and is moreover

of no ¢-torsion and we have a map ‘J';\_/l? — T<p—1J in the co-category Ind (Coh+ (X)) , whose rigidification
becomes an equivalence. We have a fiber sequence

F— T F — mp (F) [n+ 1],

in the co-category Coh™ (X). By applying the exact functor ® we also obtain a fiber sequence in the co-category
Coh™(X).

As T<,—1F € Ind (Coh™ (X)) is a compact object, the composite T<,,_1F — T<,,-1F — 7, (F) [0 + 1]
factors through G[n + 1], for an almost perfect complex § € Coh™ (X)Q, such that G*8 ~ r,, (F), which by the

base step, we can choose to be of no p-torsion and admitting a monomorphism § — 7, () in the heart of the
oo-category Ind (Coh™ (X)).
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Using the fact that ® is a right adjoint and the counit is an equivalence, the rigidification of the constructed
map T<,—1F — G[n + 1] is equivalent to T<,,_1F — 7, (F)[n + 1].
Therefore F := fib (‘J’Sn,l? = §[n+ 1]) is a formal model for &, which lives in cohomological degrees

[—n,0], of no t-torsion and admitting a map F — F in the co-category Ind (Coh™ (X)), which become an
equivalence after rigidification. The first part of Theorem .1.2.1 now follows.

We are now left to prove that the full subcategory Cs of the filtered co-category Coh™ (X) / spanned by those
objects (f;" UK Frie 3") such that ¢ is an equivalence, is also filtered.

By construction, the co-category Coh™ (X) s is filtered. In order to prove that Cg is filtered, it suffices to
show that every (9, ¢: Gre — 9) € Coh™ (X) /5 admits a morphism to an object in Cg.

We first treat the case where F € C0h+(X ) lies in the heart so then we can write ¥ ~ colim;c; §; in
Ind (Coh™ (X))@, where T is filtered. Moreover, we can assume that the G; € Coh™ (X)¥ are (of no t-torsion)
and for each ¢ € I they admit monomorphisms §; — J such that after rigidification one has 9§ig ~ Fin
Ind (Coh*(X )) O. The structural morphism v : G*'¢ — F corresponds by adjunction to a morphism § — ®(F) ~
colim;e; ®(G;). By compactness of § € Coh™(X) if follows that the later factors through one of the G;. To
summarize, we have obtained a morphism § — G; which induces a morphism in Coh™ (X) /o whose source
corresponds to (9, ¢: Grie 5") and the target is an object lying in C, as desired.

Suppose now that F € Coh™ (X) is connective whose non-zero cohomology lives in degress [—
(G, ¢: G — F) € Coh™(X),5 we know by induction that (G, 58 — F — T<,_1F) € Coh™
admits a factorization through one object

n,0]. Given
( )/‘Tgn_l?

(‘.7;::;, Ten_1F7E - ‘.TS,H&‘) € Coh™(X) 7, .7,
as before. We have a commutative diagram

T<nG —— T<n1§ —— m(9)[n + 1]

| | |

F— ‘J'Sn—lg: — WTL(SF)[TL+ 1])

where the horizontal maps form fiber sequences in the co-category IndCoh™ (X). Moreover, there exists a suf-
ficiently large formal model 3(,, € Coh™(X)" for ,(J), without ¢-torsion together with a monomorphism

Hp, — mp(F) in Ind (Coh™ (X))C7 such that both the composites

Ten 19 = Ten 1T = Ten 1T — 10 (Fn + 1]

and
‘J'Sn,lg — wn(g)[n + 1] — wn(ff)[n + 1]

factor through 3(,, [n+1]. Thus we have a commutative diagram of fiber sequences in the co-category Ind (Coh™ (X))

T<nG — T<n19 —— m(9)[n + 1]

| ! |

F— T<n1F —— M,[n+1]

| ! |

F— Tgn,1? E—— ﬂ'n(?)[n—i-l]

which provides a factorization (9, ¢: Gle 3") — (5", P Fris ff) in the oo-category Coh™ (X) )5 where
(f;", Y Fris 3") € Cg, this concludes the proof. O
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Corollary .1.2.2. Let X € dAnand f: F — G be a morphism Coh™ (X), where § is of bounded cohomology,
i.e. G € Coh” (X). Suppose we are given a formal model X € dech?fEft for X.

Then we can find a morphism §: 3’ — G in Coh™ (X) such that {8 lies in the same connected component of
[ in the mapping space Mapcop+ (x) (5, 9)-

Proof. We will actually prove more: Fix 7' € Coh™ (X) a formal model for , whose existence is guaranteed by
Theorem .1.2.1 then we can find a formal model §’ € Coh™ (X) for G such that the morphism

f:F =G,
in the co-category Coh™ (X)) lifts to a morphism,
f: 5 -9,

in the oo-category Coh™ (X). Assume thus F’ € Coh™(X) fixed. Given a generic §' € Coh™ (X), denote by
Hom (F,5) € QCoh((X)) the Hom-sheaf of (quasi-coherent) Ox-modules. Notice that if § € Coh® (X) then
the Hom-sheaf 3om (37, §') is still an object lying in the co-category Coh™ (X)

By our assumption on § € Coh™ (X), we can find a cohomogically bounded formal model §’ € Coh" (X) for
G, and thus Hom (F,9’) € Coh™ (X). Consider the colimit,

cgo/leirél Hom (F,9") ~ Hom (F,G (9)) (.1.2.2)
~ Hom ((?’)rig , 9) ~ G (Fom (7, 9)), (12.3)

where C denotes the oco-category of (cohomological bounded) formal models for §. The first equivalence in
(.1.2.2) follows from the fact that " € Coh™ (X) is a compact object in Ind(Coh™ (X)), thus the Hom-sheaf, with
source F’, commutes with filtered colimits, and the second equivalence follows from adjunction. By applying the
global sections functor on both sides of (.1.2.2) we obtain an equivalence of spaces (notice that ® being a right
adjoint respects global sections)

cgo/leirél Map(F',§") =~ Mapgop+(x) (T, 9)-

We conclude thus that there exists §’ € € and §: 7 — &’ such that ()™ and f lie in the same connected
component of Mapgop+(x) (#,9), as desired. O

Corollary .1.2.3. Let X € dAnand f: T — G be a morphism Coh™ (X)), where G is of bounded cohomology,
i.e. § € CohP(X). Suppose we are given a formal model X for X together with formal models ¥, ' € Coh™(X)
for F and S, respectively, where we assume moreover that §' € Coh” (X). Then given an arbitrary f: F — G in
Coh™(X) we can find §: F' — G’ in Coh™ (X) lifting t" f : F — G, for a sufficiently large n > 0.

Proof. Consider the sequence of equivalences in (.1.2.2). Then by applying the same argument as in the proof of
Theorem .1.2.1 we obtain that an equivalence,

(Hom(F',9'))"8 ~ Hom(TF, G),
in the co-category Coh™ (X). Therefore, by taking global sections we obtain,
Mapcon+x) (I gt ~ Mapgop+(x)(F, 9),

where the left hand side term denotes the colimit colimupyi by ¢ Mapcop +(x) (¥',9'). Therefore, by multiplying
f € Mapcon+(x)(F, 9) by a sufficiently large power of ¢, say ¢", then " f should lie in a connected component
of Mapgon+(x)(F7, ), as desired. O

.2 Unramifiedness of T4 (k°)

In this §we prove that the k°-adic pregeometry T,q(k°) together with the transformation of pregeometries (—) : T (k°) —
Taa (k) are unramified.
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Definition .2.0.1. Let T be a pregeometry. We say that T is unramified if for every morphism f: X — Y in T
and every object Z € T, the diagram

XXxZ — XxYxZ

| |

X — X xY

induces a pullback diagram
Xxxz — Axxyxz

| |

Xx — Xxxy

in RJop, where Xxxz, Xxxyxz, Xx and Xxy denote the underlying co-topoi associated to the absolute
spectrum construction, introduced in [Lurllc, §2.2].

Remark .2.0.2. Both the pregeometries T¢ (k) and T,y (k) are unramified, see [Lurlla, Proposition 4.1] and
[PY16a, Corollary 3.11], respectively.

Proposition .2.0.3. The pregeometry Toq(k®) is unramified.

Proof. Let Z € T,q(k°) and denote Xz denote the underlying co-topos of the corresponding absolute spectrum
SpecTﬂd(k °) (Z). The oco-topos Xz is equivalent to the hypercompletion of the étale co-topos on the special fiber of
Z. As pullback diagrams are preserved by taking special fibers the result follows by unramifiedness of T (k°). O

There is also a notion of relative unramifiedness:

Definition .2.0.4. Let ¢: T — 7’ be a transformation of pregeometries, and let ®: BTop(T’) — RTop(T) the
induced functor given on objects by the formula

(X,0) € RBTop(T') = (X, 0 0¢) € BTop(7).
We say that the transformation f is unramified if the following conditions are satisfied:
(i) Both T and T’ are unramified;

(i1) For every morphism f: X € Y and every object Z € T, we have a pullback diagram

®(Spec” (X x Z)) —— ®(Spec” (X x Y x Z))

l |

®( Spec”’ (2)) ——— 9( Spec”’ (X xY))
in the co-category RTop (7).
Proposition .2.0.5. The transformation of pregeometries (—); : Ts(k°) — Taa(k°) is unramified.

Proof. It suffices to prove condition (ii) in Theorem .2.0.4. This follows from the fact that <I>( Spec(‘rf“‘(ko) (—)) is
an ind-€tale spectrum, thus such construction commutes with finite limits. O
3 Useful Lemma

In this § we will prove a formal statement that proved to be useful in the proof of Theorem 3.3.1.11:
Lemma .3.0.1. Let (F,G): € — D be an adjunction of presentable co-categories. Suppose further that:

(i) Any epimorphism in C is effective;
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(ii) G is conservative, preserves epimorphisms and sifted colimits;

Then epimorphisms in D are also effective, moreover, if { X, } is a family of compact generators for C the family
{F(X4)} generates D under sifted colimits.

Proof. Let g: V' — Y be an epimorphism in the co-category D. We wan to show that it is effective, that is the
canonical morphism ¢’: Y’ := |€(g)|Y, where Y’ denotes the geometric realization of the Cech nerve of g, is
an equivalence in D. By assumption, G(g) is an epimorphism. Since G is a right adjoint, we have a canonical
equivalence § 5

G (Cl9)) ~ € (G(9))-
As G commutes with sifted colimits, we see that G(Y”) ~ |€ (G(g)) | ~ G(Y'). We thus conclude that Y ~ Y

using the conservativity of G. This finishes the proof of the first assertion.
Let Y € D. We can find a filtered category [ and a diagram 7": I — € such that

Cglel?lTa ~GY)ecC.

Consider the composition F' o T': I — D. For every a € I, we obtain a natural map
Pa: F(Ta) = F(G(Y)) =Y,

where the latter morphism is induced by the counit of the adjunction (£, G). These maps ¢,, can be arranged into
a cocone from F o T to Y. For each «, we can form the Cech nerve C(,,). This produces a functor

T:1x A% 5D,
informally defined by 5

(a,n) = C(pa)".
There is a natural cocone from 7' to Y, and we claim that the induced map

colim  T(a,n) =Y
(a,n)€Ix A°P

is an equivalence. We remark that

colim  T(a,n) ~ colim colimT(a,n).
(a,n)EIX A°P ne€A°r aecl

Since G is conservative, it is enough to check that G(1)) is an equivalence. Observe that, ,since G commutes with
sifted colimits, we have

G (colim colim T'(a, n)) ~ colim colim G (T(a,n)) .
nEA ael nEA% ael

Since [ is a filtered category and G is a right adjoint, we obtain:
n
G (cohgn é(cpa)"> ~C <COli?1 G(F(T,)) — G(Y)) .
ac ac
The unit of the adjunction (F, G) provide us with maps 7,,: T, = G(F(T,)) such that the induced composition

colim Ty, — colim G(F(Ty,)) = G(Y)
acl ael

is an equivalence. In particular, the map

cgleign G(F(T.)) = G(Y)

is an effective epimorphism. In particular,

colim G(F(Ta)) — G(Y)

is an effective epimorphism. Thus,,

Lolim  G(T(a,m)) = [E(eolim G(F(Ta)) = GY)| = G(Y).

Thus, G(¢) is an equivalence, and so we conclude that ¢ was an equivalence to start with. O
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4.1 Introduction

Let k£ be a non-archimedean field equipped with a non-trivial valuation of rank 1. We let k° denote its ring of
integers, m an ideal of definition. We furthermore assume that m is finitely generated. Given a separated k-analytic
space X, we are concerned with the existence of the derived moduli space RHilb(X), which parametrizes flat
families of closed subschemes of X. The truncation of RHilb(X) coincides with the classical Hilbert scheme
functor, Hilb(X), which has been shown to be representable by a k-analytic space in [CG16]. On the other hand,
in algebraic geometry the representability of the derived Hilbert scheme is an easy consequence of Artin-Lurie
representability theorem. In this paper, we combine the analytic version of Lurie’s representability obtained by T.
Y. Yu and the second author in [PY 17b] together with a theory of derived formal models developped by the first
author in [Ant18a]. The only missing step is to establish the existence of the cotangent complex.

Indeed, the techniques introduced in [PY 18b] allows to prove the existence of the cotangent complex at points
z: S — RHilb(X) corresponding to families of closed subschemes j: Z < S x X which are of finite pre-
sentation in the derived sense. However, not every point of RHilb(X) satisfies this condition: typically, we are
concerned with families which are almost of finite presentation. The difference between the two situations is gov-
erned by the relative analytic cotangent complex Lanz, g x: Z is (almost) of finite presentation if Lany, g, x is
(almost) perfect. We can explain the main difficulty as follows: if p: Z — S denotes the projection to .S, then the
cotangent complex of RHilb(X) at z: S — RHilb(X) is computed by p (Lan,sx x ). Here, p, is a (partial)
left adjoint for the functor p*, which has been introduced in the k-analytic setting in [PY18b]. However, in loc.
cit. the functor p has only been defined on perfect complexes, rather than on almost perfect complexes. From
this point of view, the main contribution of this paper is to provide an extension of the construction p to almost
perfect complexes. Our construction relies heavily on the existence results for formal models of derived k-analytic
spaces obtained by the first author in [Ant18a]. Along the way, we establish three results that we deem to be of
independent interest, and which we briefly summarize below.

Let X be a derived formal k°-scheme topologically almost of finite presentation. One of the main construction
of [Ant17b, Ant18a, ?] is the generic fiber X'ig which is a derived k-analytic space. The formalism introduced in
loc. cit. provides as well an exact functor

(_)rig: COth(x) — Coh+(xrig)’ (4101)

where Coh™ denotes the stable co-category of almost perfect complexes on X and on X"'8. When X is underived,
this functor has been considered at length in [HPV16b], where in particular it has been shown to be essentially
surjective, thereby extending the classical theory of formal models for coherent sheaves on k-analytic spaces. In
this paper we extend this result to the case where X is derived, which is a key technical step in our construction of
the plus pushforward. In order to do so, we will establish the following descent statement, which is an extension
of [HPV16b, Theorem 7.3]:

Theorem 3. The functor Cohlt)C : dAny, — Catl, which associates to every derived formal derived scheme
X € dfDM — Coh™ (X"8) € Cat®! |

satisfies Zariski hyper-descent.
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We refer the reader to Theorem 4.3.1.7 for the precise statement. S consequence of ?? 3 above is the following
statement, concerning the properties of co-categories of formal models for almost perfect complexes on X €
dAnk:

Theorem 4 (Theorem 4.3.3.10). Let X € dAny, be a derived k-analytic space and let T € Coh™ (F) be a
bounded below almost perfect complex on X. For any derived formal model ¥ of X, there exists G € Coh™ (%)
and an equivalence §"'8 ~ F. Furthermore, the full subcategory of Coh™ (%) X Coh* (X) Coh™(X) 5 spanned by
Sformal models of F is filtered.

?? 4 is another key technical ingredient in the proof of the existence of a plus pushforward construction. The
third auxiliary result we need is a refinement of the existence theorem for formal models for morphisms of derived
analytic spaces proven in [Ant18a]. It can be stated as follows:

Theorem 5 (Theorem 4.4.0.1). Let f: X — Y be a flat map between derived k-analytic spaces. Then there are
formal models X and ) for X and Y respectively and a flat map {: X — ) whose generic fiber is equivalent to
f-

The classical analogue of ?? 5 was proven by Bosch and Lutkébohmert in [BLR95b]. The proof of this theorem
is not entirely obvious: indeed the algorithm provided in [Ant18a] proceeds by induction on the Postnikov tower
of both X and Y, and at each step uses [HPV16b, Theorem 7.3] to choose appropriately formal models for
m;(Oxalg) and 7;(Oyalg). In the current situation, however, the flatness requirement on f makes it impossible to
freely choose a formal model for 7; (O x alg). We circumvent the problem by proving a certain lifting property for
morphisms of almost perfect complexes:

Theorem 6 (Theorem 4.3.3.11). Let X € dAny, be a derived k-analytic space and let f: F — G be a morphism
in C0h+(X ). Let X denote a given formal model for X. Suppose, futhermore, that we are given formal models
F ,§ € Coh™(X) for T and G, respectively. Then, there exists a non-zero element t € w such that the map t™ f
admits a lift f+ F — G, in the co-category Coh™(%).

Finally, the techniques of the current text allow us to prove the following generalization of [PY 18b, Theorem
8.6]:

Theorem 7 (Theorem 4.6.0.3). Let S be a rigid k-analytic space. Let X,Y be rigid k-analytic spaces over S.
Assume that X is proper and flat over S and that Y is separated over S. Then the co-functor Mapg(X,Y) is
representable by a derived k-analytic space separated over S.

Notation and conventions In this paper we freely use the language of co-categories. Although the discussion is
often independent of the chosen model for co-categories, whenever needed we identify them with quasi-categories
and refer to [Lur0O9c] for the necessary foundational material.

The notations 8 and Cat, are reserved to denote the co-categories of spaces and of co-categories, respectively.
If C € Caty we denote by €= the maximal co-groupoid contained in €. We let Cat3! denote the oo-category
of stable co-categories with exact functors between them. We also let Pr’ denote the co-category of presentable
oo-categories with left adjoints between them. Similarly, we let Pr’; denote the co-categories of stably presentable
oo-categories with left adjoints between them. Finally, we set

Cat®h® = CAlg(Cat®t) , Pr® = CAlg(Prh).

Given an co-category C we denote by PSh(C) the co-category of 8-valued presheaves. We follow the conven-
tions introduced in [PY 16d, §2.4] for co-categories of sheaves on an co-site.

For a field k, we reserve the notation CAlg,. for the co-category of simplicial commutative rings over k. We
often refer to objects in CAlg,, simply as derived commutative rings. We denote its opposite by dAffy, and we
refer to it as the co-category of derived affine schemes. We say that a derived ring A € CAlg,, is almost of finite
presentation if wo(A) is of finite presentation over k and 7;(A) is a finitely presented 7o (A)-module.! We denote
by dAffZfp the full subcategory of dAffj, spanned by derived affine schemes Spec(A) such that A is almost of
finite presentation. When £k is either a non-archimedean field equipped with a non-trivial valuation or is the field
of complex numbers, we let Any, denote the category of analytic spaces over k. We denote by Sp(k) the analytic
space associated to k.

'Equivalently, A is almost of finite presentation if mo(A) is of finite presentation and the cotangent complex L 4/ is an almost perfect
complex over A.
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4.2 Preliminaries on derived formal and derived non-archimedean ge-
ometries

Let k denote a non-archimedean field equipped with a rank 1 valuation. We let k° = {z € k : |z| < 1} denote its
ring of integers. We assume that £° admits a finitely generated ideal of definition m.

Notation 4.2.0.1. (i) Let R be a discrete commutative ring. Let Tgisc(R) denote the full subcategory of R-
schemes spanned by affine spaces A%,. We say that a morphism in Tqisc(R) is admissible if it is an isomor-
phism. We endow Ty;s(R) with the trivial Grothendieck topology.

(ii) Let Toq(k°) denote the full subcategory of k°-schemes spanned by formally smooth formal schemes which
are topologically finitely generated over k°. A morphism in T,q(k°) is said to be admissible if it is formally
étale. We equip the category T,q(k°) with the formally étale topology, Tét.

(iii) Denote Ty, (k) the category of smooth k-analytic spaces. A morphism in Ty, (k) is said to be admissible if
it is étale. We endow T, (k) with the étale topology, Tét.

In what follows, we will let T denote either one of the categories introduced above. We let 7 denote the
corresponding Grothendieck topology.

Definition 4.2.0.2. Let X be an co-topos. A T-structure on X is a functor O: T — X which commutes with finite
products, pullbacks along admissible morphisms and takes 7-coverings in effective epimorphisms. We denote by
Strg(X) the full subcategory of Fung (T, X) spanned by T-structures. A T-structured co-topos is a pair (X, ),
where X is an oo-topos and O € Str(X).

We can assemble T-structured oo-topoi into an co-category denoted RTop (T). We refer to [Lurl 1d, Defini-
tion 1.4.8] for the precise construction. The functor Fun(T, —): Cato, — Cato restricts to a functor

Fun(T, —): ( R‘J'op) op — Cat,

which sends a geometric morphism (f~!, f.) to the functor induced by composition with f~1. Since the left
adjoint of a geometric morphism preserves finite limits, it follows that it respects the full subcategories of J-
structures. In other words, we obtain a well defined functor

Strg: ( ®Jop) op — Cate.

This defines a Cartesian fibration psi;:  *Jop(T) — RJTopop and we can identify objects of EJTop as pairs
(X, 0), where X € BJop and O € Stry(X). We say that an object of EJop (7) is a T-structured co-topos.

Definition 4.2.0.3. Let X be an co-topos. A morphism of T-structures a: O — O’ is said to be local if for every
admissible morphism f: U — V in T the diagram

0 o' (f)

(@)
(@)

/(V

~—

loc

is a pullback square in X. We denote by Strs°(X) the (non full) subcategory of Strg (X) spanned by local
structures and local morphisms between these.



Example 4.2.0.4. (i) Let R be a discrete commutative ring. A Tqjsc(R)-structure on an co-topos X is simply
a product preserving functor O: Tgisc(R) — X. When X = 8§ is the oo-topos of spaces, we can there-
fore use [Lur09¢c, Proposition 5.5.9.2] to identify the oo-category Strg,,  (r)(X) with the underlying oo-
category CAlgp, of the model category of simplicial commutative R-algebras. It follows that Stry, (r)(X)
is canonically identified with the co-category of sheaves on X with values in CAlgy. For this reason, we
write CAlg (X) rather than Strlf}’d'isc( r)(X).

(i) Let X denote a formal scheme over £° complete along ¢ € k°. Denote by Xy the small formal étale site on
X and denote X := Shv(Xg, 74)" denote the hypercompletion of the co-topos of formally étale sheaves on
X. We define a T,4(k°)-structure on X as the functor which sends U € X to the sheaf O(U) € X defined
by the association
V e Xgg — Homfschko (Vv, U) € 8.

In this case, O(A}.) corresponds to the sheaf of functions on X whose support is contained in the ¢-locus of
X. To simplify the notation, we write fCAlg, . () rather than Str}f’:d( oy (X)-

(iii) Let X be a k-analytic space and denote X ét the associated small étale site on X . Let X := Shv(Xét, 7¢;)"
denote the hypercompletion of the co-topos of étale sheaves on X. We can attach to X a Ty, (k)-structure
on X as follows: given U € T,y (k), we define the sheaf O(U) € X by

Xét >V — Hompy, (V,U) €8.

As in the previous case, we can canonically identify O(A}) with the usual sheaf of analytic functions on X.
We write AnRing,, (X) rather than Strg’:n(k) ().

Construction 4.2.0.5. Let X be an oo-topos. We can relate the oo-categories Strq. (ko) (X), Stro &) (X),
Strq (ko) (X) and Strg. )(X) as follows. Consider the following functors

(i) the functor
— Qo k: ‘Idisc(ko) — {-Tdisc(k)'

induced by base change along the map k° — k.

(i) The functor
(—)7: Taise(k°) — Taa(k°).

induced by the (t)-completion.

(iii) The functor
(—)an: Tgisc(k) — Tan(k),

induced by the analytification.

(iv) The functor .
()78 Taa(k°) — Tan(k)

induced by Raynaud’s generic fiber construction (cf. [Bos14, Theorem 8.4.3]).

These functors respect the classes of admissible morphisms and are continuous morphisms of sites. It follows that
precomposition with them induce well defined functors

Strg'disc(k) (X) — StI‘g‘disc(kO)(X) s (—)alg: StI‘g—ad(ko)CX:) — Strg-disc(ko)(:X:)
(—)+: Strg'an(k)(X) — Strgad(ko)(I)C) , (—)alg: StI‘g-an(k)(X) — Strgdisc(k)(X).

The first functor simply forgets the k-algebra structure to a k°-algebra one via the natural map k° — k. We refer
to the second and fourth functors as the underlying algebra functors. The third functor is an analogue of taking
the subring of power-bounded elements in rigid geometry.

Using the underlying algebra functors introduced in the above construction, we can at last introduce the defi-
nitions of derived formal scheme and derived k-analytic space. They are analogous to each other:
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Definition 4.2.0.6. A T,4(k°)-structured co-topos X := (X, Ox) is said to be a derived formal Deligne-Mumford
stackk®-stack if there exists a collection of objects {U; };¢y in X such that [[,.; U; — 1« is an effective epimor-
phism and the following conditions are met:

iel

(i) forevery i € I, the T,q(k®)-structured co-topos (X, , m0(Ox|v,)) is equivalent to the Toq(k°)-structured
oo-topos arising from an affine formal k°-scheme via the construction given in Theorem 4.2.0.4.

(ii) Foreachi € I and eachintegern > 0, the sheaf 7, (Oxalg|y, ) is a quasi-coherent sheaf over (X 17, mo(Ox|v;))-

We say that X = (X, Ox) is a formal derived k°-scheme if it is a derived formal Deligne Mumford stack and
furthermore its truncation to(X) = (X, 79(0x)) is equivalent to the T,q(k°)-structured co-topos associated to a
formal scheme via Theorem 4.2.0.4.

Definition 4.2.0.7. A T,,(k)-structured co-topos X := (X, Ox) is said to be a derived k-analytic space if X
is hypercomplete and there exists a collection of objects {U; };cr in X such that [[,.; U; — 1x is an effective
epimorphism and the following conditions are met:

icl

(i) for each i € I, the Toy(k)-structured oo-topos (X,y,, mo(Ox|y,)) is equivalent to the Ty (k)-structured
oo-topos arising from an ordinary k-analytic space via the construction given in Theorem 4.2.0.4.

(ii) For eachi € I and each integer n > 0, the sheaf 7, (O xalg|y, ) is a coherent sheaf on (X ,y,, Ox

UL)

Theorem 4.2.0.8 (cf. [Ant18a,Lurl 1b,PY16b]). Derived formal Deligne-Mumford stackk®-stacks and derived k-
analytic spaces assemble into co-categories, denoted respectively dAfDMyo and dAny, which enjoy the following
properties:

(i) fiber products exist in both AfDM o and dAny;

(ii) The constructions given in Theorem 4.2.0.4 induce full faithful embeddings from the categories of ordinary
formal Deligne-Mumford stackk®-stacks fDMyo and of ordinary k-analytic spaces Any in dfDMyo. and
dAny, respectively.

Following [?, §8.1], we let CAlg™ denote the oo-category of simplicial commutative rings equipped with
an adic topology on their O-th truncation. Morphisms are morphisms of simplicial commutative rings that are
furthermore continuous for the adic topologies on their O-th truncations. We set

CAlgh! := CAlgs ),

where we regard k° equipped with its m-adic topology. Thanks to [Ant18a, Remark 3.1.4], the underlying alge-
bra functor (—)alg: fCAlg,.(X) — CAlg,.(X) factors through CAlg?e (). We denote by (—)? the resulting
functor:

(—)2: fCAlg,. (X) — CAlg:d ().

Definition 4.2.0.9. Let A € fCAlg,;.(X). We say that A is topologically almost of finite type over k° if the
underlying sheaf of k°-adic algebras A¢ is t-complete, 7o(Aalg) is sheaf of topologically of finite type k°-adic
algebras and for each ¢ > 0, m;(A) is finitely generated as mo(A)-module.

We say that a derived formal Deligne-Mumford stackstack X := (X, Ox) if topologically almost of finite type
over k° if its underlying oo-topos is coherent (cf. [Lurl1f, §3]) and Ox € fCAlg,.. (X) is topologically almost of
finite type over k°. We denote by dfpMmtaft (resp. dfSch®®) the full subcategory of dfDMj. spanned by those
derived formal Deligne-Mumford stackstacks X that are topologically almost of finite type over k° (resp. and
whose truncation tq(X) is equivalent to a formal k°-scheme).

The transformation of pregeometries
(—)78: Taa(k°) — Tan(k)

induced by Raynaud’s generic fiber functor induces RTop (Tan(k)) —  BTop(Taa(k®)). [Lurlld, Theorem
2.1.1] provides a right adjoint to this last functor, which we still denote

(—)"&: RTop (Taa(k°)) —  BTop (Tan(k)).

We refer to this functor as the derived generic fiber functor or as the derived rigidification functor.
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Theorem 4.2.0.10 ( [Ant18a, Corollary 4.1.4, Proposition 4.1.6]). The functor (—)"&: RJop(T.q(k°)) —
RTop (Tan(k)) enjoys the following properties:

(i) it restricts to a functor
(—)"e: ADM"™* — dAny,.

(ii) The restriction of (—)"&: AADM*™* — dAny, 10 the full subcategory fSchiaf® js canonically equivalent to
k
Raynaud’s generic fiber functor.

(i) Every derived analytic space X € dAny whose truncation is an ordinary k-analytic space® lies in the
essential image of the functor (—)"®.

Fix a derived formal Deligne-Mumford stackstack X := (X, O ) and a derived k-analytic space Y := (Y, Oy).
We set
Ox-Mod := Oxalg-Mod , Oy-Mod = Oyalg-Mod.

We refer to Ox-Mod as the stable oo-category of Ox-modules. Similarly, we refer to Oy-Mod as the stable
oo-category of Oy -modules. The derived generic fiber functor induces a functor

(_)rig: Ox—MOd — Oxrig—MOd.

Definition 4.2.0.11. Let X € dfDMy. be a derived k°-adic Deligne-Mumford stackstack and let X € dAny be
a derived k-analytic space. The co-category Coh™ (X) (resp. Coh™ (X)) of almost perfect complexes on X (resp.
on X)) is the full subcategory of Ox-Mod (resp. of O x-Mod) spanned by those Ox-modules (resp. O x-modules)
F such that 7;(F) is a coherent sheaf on to(X) (resp. on to(X)) for every i € Z and 7;(F) ~ 0 for i < 0.

For later use, let us record the following result:

Proposition 4.2.0.12 ( [?] & [PY18b, Theorem 3.4]). Let X be a derived affine k°-adic scheme. Let A =
I(X; Oxalg). Then the functor T'(X; —) restricts to

Coh™ (%) — Coh™(A)

and furthermore this is an equivalence. Similarly, if X is a derived k-affinoid space,® and B := T'(X; Oxalg),
then T'(X; —) restricts to
Coh™(X) — Coh™(B),

and furthermore this is an equivalence.

To complete this short review, we briefly discuss the notion of the £°-adic and k-analytic cotangent complexes.
The two theories are parallel, and for sake of brevity we limit ourselves to the first one. We refer to the introduction
of [PY17b] for a more thorough review of the k-analytic theory.

In [Ant18a, §3.4] it was constructed a functor

025: Ox-Mod —s fCAlg;. (X) 0.,

which we refer to as the k°-adic split square-zero extension functor. Given I € Ox-Mod, we often write Ox & F
instead of Q55 (7).

Remark 4.2.0.13. Although the co-category Ox-Mod is not sensitive to the T,q(k°)-structure on O%, the functor
229 depends on it in an essential way.

Definition 4.2.0.14. The functor of k°-adic derivations is the functor
Der?(%; —): Ox-Mod — 8

defined by
Der}d(%;F) = Maprcaig,.. (x)

2The co-category dAny, also contains k-analytic Deligne-Mumford stackstacks.
3By definition, X is a derived k-affinoid space if to(X) is a k-affinoid space.

Jox (0%,0x @ F).
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For formal reasons, the functor DerZZ1 (X; —) is corepresentable by an object L € Ox-Mod. We refer to it
as the k°-adic cotangent complex of X. The following theorem summarizes its main properties:

Theorem 4.2.0.15 ( [Ant18a, Proposition 3.4.4, Corollary 4.3.5, Proposition 3.5.8]). Let X = (X,0x) be a
derived k°-adic Deligne-Mumford stackstack. Let t<, X = (X, 7<,Ox) be the n-th truncation of X. Then:

(i) the k°-adic cotangent complex L33 belongs to Coh™ (%),
(ii) in C0h+(%rig) there is a canonical equivalence
(La)"e ~ Lanyris,
where Lanxy«is denotes the analytic cotangent complex of the derived k-analytic space X*i8;

(iii) the algebraic derivation classifying canonical map (X, 7<,410x) — (X, 7<nOx) can be canonically lifted
to a k°-adic derivation
Lad

tgn

x — M1 (0x)[n + 2],

4.3 Formal models for almost perfect complexes

4.3.1 Formal descent statements

We assume that £° admits a finitely generated ideal of definition m. We also fix a set of generators ¢1, ..., ¢, € m.
We start by recalling the notion of m-nilpotent almost perfect complexes.

Definition 4.3.1.1. Let X be a derived k°-adic Deligne-Mumford stackstack topologically almost of finite presen-
tation. We let Coh™, (%) denote the fiber of the generic fiber functor (4.1.0.1):

nil

()

Coh (%) = fib <coh+(35) s coh+(3erig)> .

nil

We refer to Cohrfﬂ(X) as the full subcategory of m-nilpotent almost perfect complexes on X.

A morphism f: X = ) in deMEf},ft induces a commutative diagram

Coh* () —— Coh* (%)
J(f)rag J(f)rig (4.3.1.1)
) rigy* )
Cobt(re) U0 cont(xvis),
In particular, we see that {* preserves the subcategory of m-nilpotent almost perfect complexes on X. Moreover,

as both Coh™ (X) and Coh™ (X"®) satisfy étale descent, we conclude that Coh’; (X) satisfies étale descent as
well.

Lemma 4.3.1.2. Let X be a derived k°-adic Deligne-Mumford stackstack. Then an almost perfect sheaf I €
Coh™(X) is m-nilpotent if and only if for every i € Z. the coherent sheaf 7;(F) is annihilated by some power of
the ideal m.

Proof. The question is étale local on X. In particular, we can assume that X is a derived formal affine scheme
topologically of finite presentation. Write
A =T(%,0zxalg).

Let X := X', Then [Ant18a, Corollary 4.1.3] shows that
o (X") == (to(X))"%.
In particular, we deduce that X is a derived k-affinoid space. Write

B :=T(X,Oxalg).
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We can therefore use Theorem 4.2.0.12 to obtain canonical equivalences
Coh™(X) ~ Coh™(Aalg) , Coh™(X) =~ Coh™(B).
Under these identifications, the functor (—)*'& becomes equivalent to the base change functor
—®4 B: Coh™(A) — Coh™(B).
Moreover, it follows from [Ant18a, Proposition A.1.4] that there is a canonical identification
B~ AQpo k.
In particular, (—)"8: Coh™(X) — Coh™ (X) is t-exact. The conclusion is now straightforward. O

Definition 4.3.1.3. Let X be a derived k°-adic Deligne-Mumford stackstack. Let ¥ € Coh™ (X"8). We say that
§ € Coh™(X) is a formal model for F if there exists an equivalence "% ~ F in Coh™ (X"8). We let FM(J)
denote the full subcategory of

Coh™ (%) /5 = Coh™ (X) X cop+ (xrisy Coh™ (X78) /5
spanned by formal models of JF.

Our goal in this section is to study the structure of FM(F), and in particular to establish that it is non-empty and
filtered when X is a quasi-compact and quasi-separated derived k°-adic scheme. Notice that saying that FM(F)
is non-empty for every choice of ¥ € Coh™ (X) is equivalent to asserting that the functor (4.1.0.1)

(—)"&: Coh™ (%) — Coh™(X)
is essentially surjective.

Lemma 4.3.1.4. If X is a derived k°-affine scheme topologically almost of finite presentation, then the functor
(4.1.0.1) is essentially surjective.

Proof. We let .
A=T(X,0zalg) , B=T(X"% Oxg).

Then as in the proof of Theorem 4.3.1.2, we have identifications Coh™ (%) =~ Coh™(A) and Coh™ (X"i8) ~
Coh™(B), and under these identifications the functor (—)'8 becomes equivalent to

— ®a B: Coh™(A) — Coh™(B).

As B ~ A ®po k, we see that A — B is a Zariski open immersion. The conclusion now follows from [HPV16b,
Theorem 2.12]. O

To complete the proof of the non-emptiness of FM(F), it would be enough to know that the essential image
of the functor Coh™ (%) — Coh™ (X" satisfies descent. This is analogous to [HPV 16b, Theorem 7.3].

Definition 4.3.1.5. Let X be a derived k°-adic Deligne-Mumford stackstack locally topologically almost of finite

presentation. We define the stable co-category Cohic(%) of m-local almost perfect complexes as the cofiber

Cohyl (%) = cofib (Coh},

nil

(X) = Coh™(X)).

We denote by L: Coh™(X) — Coh;_(X) the canonical functor. We refer to L as the localization functor.

loc

We summarize below the formal properties of m-local almost perfect complexes:

Proposition 4.3.1.6. Let X be a derived k°-adic Deligne-Mumford stack-stack locally topologically almost of
finite presentation. Then:

(i) there exists a unique t-structure on the stable co-category Cohltc(.'f) having the property of making the
localization functor
L: Coh™(X) — Cohj (%)
t-exact.
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(ii) The functor (—)"8: Coh™ (%) — Coh™ (X"8) factors as

A: Coh™

loc

(X) — Coh™(x"8),
Moreover, the essential images of (—)*& and A coincide.
(iii) If X is affine, then the functor A is an equivalence.

Proof. We start by proving (1). Using [HPV 16b, Corollary 2.9] we have to check that the ¢-structure on Coh*(%)
restricts to a t-structure on Coh.;) (X) and that the inclusion

i: Coh®

it(X) — Coh® (%)

admits a right adjoint R whose counit i(R(X)) — X is a monomorphism for every X € Coh" (X). For the first
statement, we remark that it is enough to check that the functor (—)"8: Coh™(X) — Coh™(X"8) is t-exact. As
both Coh™(X) and Coh™ (X'1#) satisfy étale descent in X, we can test this locally on X. When X is affine, the
assertion follows directly from Theorem 4.2.0.12. As for the second statement, we first observe that

Coh" (%) ~ Coh” (to(X)).

We can therefore assume that X is underived. At this point, the functor R can be explicitly described as the functor
sending § € Coh" (X) to the subsheaf of § spanned by m-nilpotent sections. The proof of (1) is thus complete.
We now turn to the proof of (2). The existence of A and the factorization (—)"& ~ A o L follow from the
definitions. Moreover, L: Coh™ (X) — Coh;_(X) is essentially surjective (cf. [HPV 16b, Lemma 2.3]). It follows
that the essential images of (—)™& and of A coincide.
Finally, (3) follows directly from Theorem 4.2.0.12 and [HPV 16b, Theorem 2.12]. O

The commutativity of (4.3.1.1) implies that a morphism f: X — 2) in deM}féft induces a well defined functor

§o*: Cohit () — Cohy® (%).

loc loc

It is a simple exercise in co-categories to promote this construction to an actual functor

Cohyly.: (AfDME")op — Catst.
Having Theorem 4.3.1.4 and Theorem 4.3.1.6 at our disposal, the question of the non-emptiness of FM(F) is
essentially reduced to the the following:

Theorem 4.3.1.7. Let dechZift’qus denote the co-category of derived k°-adic schemes which are quasi-compact,
quasi separated and topologically almost of finite presentation. Then the functor

Cohyf, ¢ (dfSchi2™9°®)op —» Cats!
is a hypercomplete sheaf for the formal Zariski topology.

Proof. A standard descent argument reduces us to prove the following statement: let fo: le — X be a derived
affine k°-adic Zariski hypercovering. Then the canonical map
o*: Cohyf (%) — limp,jea Cohyf (Us) (4.3.1.2)

is an equivalence. Using [HPV16b, Lemma 3.20] we can endow the right hand side with a canonical ¢-structure.
It follows from the characterization of the ¢-structure on Cohfgc(f) given in Theorem 4.3.1.6 that §¢* is t-exact.

We will prove in Theorem 4.3.2.4 that jo* is fully faithful. Assuming this fact, we can complete the proof as
follows. We only need to check that f¢* is essentially surjective. Let C be the essential image of f¢*. We now make
the following observations:
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(i) the heart of limACohﬁ)C (L) is contained in €. Indeed, Theorem 4.3.1.4 implies that
A, Cohf (81,) — Coh™ (LL5e)
is an equivalence. These equivalences induce a t-exact equivalence

Coh™(X"®8) ~ limp,, ;e a Cohyf_ (8ls). (4.3.1.3)

loc

Passing to the heart and using the canonical equivalences

Cohy)(X) ~ Cohy (to(X)) , Coh”(X"®) ~ Coh”(to(X"%)),
we can invoke the classical Rayanaud’s theorem on formal models of coherent sheaves to deduce that the
heart of the target of fg* is contained in its essential image.

(ii) The subcategory C is stable. Indeed, let
g &g L g

be a fiber sequence in Coh™ (X"8) ~ lima Coh;!_(4ls) and suppose that two among F, F’ and F” belong
to €. Without loss of generality, we can assume that I and 5 belong to €. Then choose elements § and §”
in Coh;" (%) representing F and 3. Since §3* is fully faithful, we can find a morphism ¢: § — §” lifting

1. Set

§ = fib(g: § — F").
Then A(F') ~ F’, which means that under the equivalence (4.3.1.3) the object F’ belongs to C.

These two points together imply that §¢* is essentially surjective on cohomologically bounded elements. As both
the ¢-structures on source and target of f are left {-complete, the conclusion follows. O

Corollary 4.3.1.8. Let X € dech}fj,ft and assume moreover that X is quasi-compact and quasi-separated. Then
the canonical map

A: Cohi™

loc

(X) — Coh™(x"#)
introduced in Theorem 4.3.1.6 is an equivalence.

Proof. Let fo: ¢ — X be a derived affine k°-adic Zariski hypercover. Consider the induced commutative dia-
gram
Cohfr, (%) —*— Timpuea Cohyf, (86,

loc

I .

Coh™ (X78) —*—; Timy, ca Coh™ (U55),

where we set f, := (f,)"&. The right vertical map is an equivalence thanks to Theorem 4.3.1.6. On the other
hand, Coh+(%rig) satisfies descent in X, and therefore the bottom horizontal map is also an equivalence. Fi-
nally, Theorem 4.3.1.7 implies that the top horizontal map is an equivalence as well. We thus conclude that
A: Cohf (X) — Coh™(X'8) is an equivalence. O
Corollary 4.3.1.9. Let X € dech',ifot and assume moreover that it is quasi-compact and quasi-separated. For
any F € Coh™ (X'%8), the co-category FM(F) is non-empty.

Proof. The localization functor L: Coh™ (X) — Coh;_(X) is essentially surjective by construction. Since X is
a quasi-compact and quasi-separted derived k°-adic scheme topologically of finite presentation, Theorem 4.3.1.8
implies that A: Coh;"_(X) — Coh™ (X"®) is an equivalence. The conclusion follows. O
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4.3.2 Proof of Theorem 4.3.1.7: fully faithfulness

The only missing step in the proof of Theorem 4.3.1.7 is the full faithfulness of the functor (4.3.1.2). We will
address this question by passing to the co-categories of ind-objects. Let X be a quasi-compact and quasi-separated
derived k°-adic scheme locally topologically almost of finite presentation.

frll— X

be a formally étale morphism. Then § induces a commutative diagram

Ind(Coh™ (X)) —= Ind(Coh;t (X))

b* bo*

Ind(Coh™ (&) —= Ind(Coh;t_(81)).

The functors §* and {°* commute with colimits, and therefore they admit right adjoints f, and f;. In particular, we
obtain a Beck-Chevalley transformation

0: Ly of, —> 2 o Ly. 4.3.2.1)

A key step in the proof of the full faithfulness of the functor (4.3.1.2) is to verify that # is an equivalence when
evaluated on objects in Coh” (L0). Let us start with the following variation on [HPV16b, Lemma 7.14]:

Lemma 4.3.2.1. Let 4
Ke ie e Le Qe

Fy F Fo 4.3.2.2)
| l

Kp <25 D 225 9y
be a diagram of stable co-categories and exact functors between them. Assume that:
(i) the functors ie and ip are fully faithful and admit right adjoints Re and Ry, respectively;
(ii) the functors Le and Lo admit fully faithful right adjoints je and jp, respectively;
(iii) the rows are fiber and cofiber sequences in Catst ;
(iv) the functors F, Fy and Fo admit right adjoints G, Gy and G g, respectively.
Let X € D be an object. Then the following statements are equivalent:
(i) the Beck-Chevalley transformation
gx: Le(G(X)) — Ga(Lp(X))
is an equivalence;
(ii) the Beck-Chevalley transformation
KRy (X): te(Gx (R (X)) — G(in(Rn(X)))
is an equivalence.
Proof. Since je and ie are fully faithful, it is equivalent to check that
Je(Le(G(X))) — je(Go(Ln(X)))
is an equivalence if and only if kg, (x) is an equivalence. Using the natural equivalences

jeoG~Gjp , GxoRp~ReoG
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we obtain the following commutative diagram

ic(Re(G(X))) —— G(X) —— je(Le(G(X)))

| !

G(in(Rp (X)) — G(X) — G(jo(Lp(X))).

Moreover, since the rows of the diagram (4.3.2.2) are Verdier quotients, we conclude that the rows in the above
diagram are fiber sequences. Therefore, the leftmost vertical arrow is an equivalence if and only if the rightmost
one is. O

Lemma 4.3.2.2. The Beck-Chevalley transformation (4.3.2.1) is an equivalence whenever evaluated on objects
in Coh” ().

Proof. Using Theorem 4.3.2.1, we see that it is enough to prove that the Beck-Chevalley transformation associated
to the square

Ind(Coht (X)) —— Ind(Coh™ (X))

I r

Ind(Coh."; (&) —— Ind(Coh™(4))

nil

v

is an equivalence when evaluated on objects of Coh,;

to check that the functor

(41). As the horizontal functors are fully faithful, it is enough

f.: Ind(Coh™(U)) — Ind(Coh™ (X))
takes Coh ', (40) to Ind(Coh ' (X)). Let § € Coh’, (4). We have to verify that (f.(F))"® ~ 0. Since § is

nil nil nil
coherent and in the heart and since 4l is quasi-compact we see that there exists an element a € m such that the map
lq: § — § given by multiplication by a is zero. Therefore f.(uq): f+(F) — f«(F) is homotopic to zero. Since
f.(1q) is equivalent to the endomorphism f.(§) given by multiplication by a, we conclude that (f,(F))"& ~ 0.

The conclusion follows.

Having these adjointability statements at our disposal, we turn to the actual study of the full faithfulness of the
functor (4.3.1.2). Let
e Aop —> dfSchi®
be an affine k°-adic Zariski hypercovering of X and let fo : £l¢ — X be the augmentation morphism. The morphism
fe induces functors
f2: Ind(Coh™ (X)) — lim,)eaInd(Coh™ (4,))

and
o*: Ind(Coh;"

loc

(X)) — hm[n]eAInd(Cohgc(un)).

These functors commute by construction with filtered colimits, and therefore they admit right adjoints, that we
denote respectively as
fou: limpyeaInd(Coh™ (4,,)) — Ind(Coh™ (X))

and
fo, : limp,jeaInd(Coh;)

loc

(U,)) — Ind(Coh;t (X)).

Moreover, the functors f; and fg* fit in the following commutative diagram:

Ind(Coh™* (X)) —*— limy,caInd(Coh™ (44))

s Js.

Ind(Cohyt, (X)) —*— limp,calInd(Cohif, (t4)).

In particular, we have an associated Beck-Chevalley transformation

0: Lofex — fo. 0 L. (4.3.2.3)
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Proposition 4.3.2.3. The Beck-Chevalley transformation (4.3.2.3) is an equivalence when restricted to the full
subcategory lima Coh® (8,) of lima Ind(Coh™ ().

Proof. The discussion right after [PY 16d, Corollary 8.6] allows us to identify the functor
fox: limy e alnd(Coh™ (8,)) — Ind(Coh™ (X))
with the functor informally described by sending a descent datum F, € limaInd(Coh™ (8,)) to
limp, e afnsSn € Ind(Coh™ (X)).
Similarly, the functor f, sends a descent datum F € limaInd(Coh;! _(le) to
limp, e afp,Fn € Ind(Coht (X))

We therefore have to show that the Beck-Chevalley transformation
0:L (hm[n]eAfn*Sn> — hm[n]eAﬁL* (Lnl?f'n)

is an equivalence whenever each §,, belongs to Coh® (4,). First notice that the functors fe. and fg, are left
t-exact. In particular, if §, € limaInd(Coh" (8,)) then both Lf,, (F.) and §2, (F.) are coconnective. As the
t-structures on limaInd(Coh™ (4,)) and on limaInd(Coh;" _(8l,)) are right t-complete, we conclude that it is

loc
enough to prove that 7;(#) is an isomorphism for every ¢ € Z. We now observe that for m > i + 2 we have

5 (hm[n]eAffL*(LnSn)) ~ (hm["]GAan%*(LnSn)),

and similarly

5 (L <hm[n]eAfn*Sn)> ~L <7’l’i <lim[n]eAfn*Sn> > ~ L (ﬂ'i (hm[n]EA<m f”*S‘vn*> ) .

It is therefore enough to prove that for every m > 0 the canonical map

L <1im[n]€A5m fn*3n> — lim[n]eASmffl* (Lngn)
is an equivalence. As L. commutes with finite limits, we are reduced to show that the canonical map

L(fn*gn) — f’?z* (Ln%n)

is an equivalence whenever §,, € Coh" (44,), which follows from Theorem 4.3.2.2. O]
Corollary 4.3.2.4. Let X and fe: e — X be as in the above discussion. Then the functor
o*: Cohl (%) — limp, e a Cohyl (81,)

loc
is fully faithful.

Proof. As the functor f¢* is t-exact and the ¢-structure on both categories is left complete, we see that it is enough
to reduce ourselves to prove that f; is fully faithful when restricted to Coh}aOC (%). Consider the following commu-
tative cube:

fe

Coh™(X) lim,e o Coh™ ()
Ind (Coh* (X)) L l lim, e aInd (Coh™ (41,))
Cohit (%) i lim, e Cohf(81,,) L,
\ L \
Ind (Coby\, (X)) I limp, calnd (Cobyf (86,)) .

(4.3.2.4)
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First of all, we observe that the diagonal functors are all fully faithful. It is therefore enough to prove that the
functor
o*: Ind(Coh,’

loc

((%)) — lim[n]EAIDd(COhfgc(ﬂn))

is fully faithful when restricted to Cohfgc(%). As this functor admits a right adjoint fg,, it is in turn enough to

verify that for every J € Coh}%c (F) the unit transformation
n: I — fofd (9)

is an equivalence. Proceeding by induction on the number of nonvanishing homotopy groups of &, we see that it
is enough to deal with the case of F € Coh,” (7).

loc

As the functor Ly : Coh™t(X) — Coh;_(X) is essentially surjective and ¢-exact, we can choose § € Coh” (%)
and an equivalence

Lx(3) ~ 7.

Moreover, the unit transformation

T — fesfod

is an equivalence. It is therefore enough to check that the Beck-Chevalley transformation associated to the front
square is an equivalence when evaluated on objects in lima Coh® (44,,). This is exactly the content of Theo-
rem 4.3.2.3. O

4.3.3 Categories of formal models

Let X € dech}:ﬁft be a quasi-compact and quasi-separated derived k°-adic scheme topologically almost of finite
presentation. We established in Theorem 4.3.1.9 that for any F € Coh™ (X"8) the oo-category of formal models
FM(%) is non-empty. Actually, we can use Theorem 4.3.1.8 to be more precise about the structure of FM(F). We
are in particular interested in showing that it is filtered. We start by recording the following immediate consequence
of Theorem 4.3.1.8:

Lemma4.3.3.1. Let X € deChfﬁft be a quasi-compact and quasi-separated derived k°-adic scheme topologically
almost of finite presentation. Then the functor

(—)"&: Ind(Coh™ (X)) — Ind(Coh™ (X"#))

admits a right adjoint _
j: Ind(Coh™ (X"8)) — Ind(Coh™ (X)),

which is furthermore fully faithful.

Proof. Theorem 4.3.1.8 implies that the functor (—)"¢ induces the equivalence
A: Cohjt (X) = Coh™(x"e).

In other words, we see that the diagram

Coh (X) —— Coh™(X)

nil

J |

0 — Coh™(xrie)

is a pushout diagram in Cats! . Passing to ind-completions, we deduce that Ind(Coh™ (X'18)) is a Verdier quotient
of Ind(Coh™ (X)). Applying [HPV16b, Lemma 2.5 and Remark 2.6] we conclude that Ind(Coh™ (X)) is an
accessible localization of Ind(Coh™(X)). As these categories are presentable, we deduce that the localization
functor (—)"& admits a fully faithful right adjoint, as desired. O

Notation 4.3.3.2. Let X € dfDM.. Given F,G € Ind(Coh™ (X)) we write Homy(JF,5) € Modyo for the
k°-enriched stable mapping space in Ind(Coh™ (X)).
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Lemma4.3.3.3. Let X € dech;ﬁft be a quasi-compact and quasi-separated derived k°-adic scheme topologically
almost of finite presentation. Let F € Coh™ (%) and G € Coh",(X). Then

nil
Homx (F,9) ®ko k ~ 0.
In other words, Homx (5, G) is m-nilpotent in Mody..

Proof. Since X is quasi-compact, we can find a finite formal Zariski cover 4l; = Spf(A;) by formal affine schemes.
Let 34 be the Cech nerve. Since this is a formal Zariski cover, there exists m > 0 such that

Homx(?, 9) ~ hm[n]eAgmHolen (5’"|un, 9|un)

Since the functor — ®xo k: Modge — Mody is exact, it commutes with finite limits. Therefore, we see that it is
enough to prove that the conclusion holds after replacing X by 4l,,,. Since X is quasi-compact and quasi-separated,
we see that each 1, is quasi-compact and separated. In other words, we can assume from the very beginning that
X is quasi-compact and separated. In this case, each 4l,,, will be formal affine, and therefore we can further reduce
to the case where X is formal affine itself.

Assume therefore X = Spf(A). In this case, Coh™ (%) ~ Coh™ (A) lives fully faithfully inside Mod 4. Notice
that A — A ®yo k is a Zariski open immersion. Therefore,

HomA(F,5) Qko k >~ Homa(F,5) ®4 (A ®po k) ~ Homa(F R4 k°,G®4 k°) ~ 0.
Thus, the proof is complete. O
Corollary 4.3.3.4. Let X be as in the previous lemma. Given F,G € Coh™ (%), the canonical map
Homzx (F,9) ®go k — Hom s (F18, GFi8)
is an equivalence.

Proof. Denote by R: Ind(Coh™ (%)) — Ind(Coh;";, (X)) the right adjoint to the inclusion

nil

it Ind(COhJr

(%)) < Tnd(Coh* ().
Then for any § € Coh™ (X) we have a fiber sequence

iR(G) — G — 7(G"®).
In particular, we obtain a fiber sequence

Homy (F,iR(G)) — Homx(F,G) — Homx(F,5(5"9)).

Now observe that ) ) )
Homx (3‘, j(g“g)) ~ Hom:{rig (g:'rlg’ grlg).

Notice also that since k° — k is an open Zariski immersion, Hom yie (T8, G18) @0 k ~ Hom yris (T8, GHi8),
In particular, applying — ®xo k: Modgo — Mody we find a fiber sequence

Homy (F,iR(3)) ®ko k — Homy (T, ) @po k — Homiywis (F8, G18),
It is therefore enough to check that Homzx (F,iR(SG)) ®xo k ~ 0. Since i is a left adjoint, we can write
iR(G) ~ colim G,
acl

where I is filtered and G,, € Coh";;(X). As F is compact in Ind(Coh™ (X)), we find

Homx (F,iR(9)) Qo k ~ (coleillrnHomx(&’“, 9a)> Qpo k ~ col€i§nHomx(fﬂ Ga) Qe k.

Since each G, belongs to Coh (¥), Theorem 4.3.3.3 implies that Homy (7, S) ®e k =~ 0. The conclusion

nil

follows. O
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Remark 4.3.3.5. Notice that Theorem 4.3.3.4 holds without no bounded conditions on the cohomological am-
plitude on the considered almost perfect complexes. The key ingredient is the fact that the morphism Spec k —
Spec k° is an open immersion. Compare with [?, Lemma 6.5.3.7].

Construction 4.3.3.6. Choose generators t1, . . ., t, for m. We consider N" as a poset with order given by
(ma,...,my) < (my,...,m)) < mi <mj,mg <mh,...,m, <m),

Introduce the functor
K: N" — Ind(Coh” (Spf(k°)))

defined as follows: K sends every object to k°, and it sends the morphism m < m’ to multiplication by m'—m,
By abuse of notation, we still denote the composition of K with the inclusion Ind(Coh® (k°)) — Ind(Coh™ (k°))
by K.

Let now X € dechL%ft be a quasi-compact and quasi-separated derived k°-adic scheme topologically almost
of finite presentation. Let F € Coh™ (X). The natural morphism ¢: X — Spf(k°) induces a functor

¢*: Ind(Coh™ (Spf(k°))) — Ind(Coh™ (X)).

We define the functor K4 as

Ky = q¢"(K(-)) ®J: N* — Ind(Coh™ (X)).

We let F1°¢ denote the colimit of the functor K.
Let G € Coh™ (X"¢) and let o: "¢ — G be a given map. Notice that the natural map

grie coNlim(Kbr(—))’rig
is an equivalence. Therefore « induces a cone
(K5(-))" — G,

which is equivalent to the given of a cone
Kg(=) — j(9).
Specializing this construction for & = id4vig, Wwe obtain a canonical map

vy FO— j(TE).

Lemma4.3.3.7. Let X € dech}ﬁ)ft be a quasi-compact and quasi-separated derived k°-adic scheme topologically
almost of finite presentation. Let F € Coh " (X). Then F'°¢ ~ 0.

nil

Proof. For any G € Coh™ (%), we write Homy (G, F) € Mody. for the k°-enriched mapping space. As § is
compact in Ind(Coh™ (X)), we have

Homy (G, F1°°) ~ c%}lmHomg(S,Kg(f)) ~ Homx (G, F) ®po k.
Theorem 4.3.3.4 implies that
Homy (G, F) @po k ~ Homyis (G5, F8) ~ 0.
It follows that 31°¢ ~ 0. O

Lemma4.3.3.8. Let X € dechffoft be a quasi-compact and quasi-separated derived k°-adic scheme topologically
almost of finite presentation. Let F € Coh™ (X). Then for any G € Coh", (X), one has

Mapy,a(cont(x)) (S, F°¢) =~ 0.
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Proof. 1t is enough to prove that for every ¢ > 0 we have
TiMaprg(con+ (x)) (9, TOC) ~ 0.

Up to replacing F by F[i], we see that it is enough to deal with the case i = 0. Let therefore a: G — F1°¢ be
a representative for an element in ToMapr,q(con+ (x))(9, F'°¢). As G is compact in Ind(Coh™ (X)), the map a

factors as o’ : § — F, and therefore it induces a map &: Gloc _ gloc making the diagram

G g

]

9100 a Floc

commutative, where both compositions are equivalent to cv. Now, Theorem 4.3.3.7 implies that gloc ~ (), and
therefore « is nullhomotopic, completing the proof. O

Lemma4.3.3.9. Let X € deCh?fﬁft be a quasi-compact and quasi-separated derived k°-adic scheme topologically
almost of finite presentation. Let ¥ € Coh™ (X). Then the canonical map

vo: FOO— j(FE)
is an equivalence.
Proof. Let G € Cohy;)(X). Then
Maplnd(Cohﬂx))(gaj(ﬁmg)) = Maplnd(Coh‘*’(x“g))(grigv?) ~ 0.

Theorem 4.3.3.8 implies that the same holds true replacing j(J7®) with F'°°. As Coh/’; (X) is a stable full
subcategory of Coh™ (%), it follows that

Homzx (9, 5(F)) ~ Homx (G, F°°) ~ 0.
Let J( := fib(7). Then for any G € Coh,(X), one has

Homx (G, H) ~ 0.

On the other hand, .
H"'8 ~ fib(y58) ~ 0.
It follows that 3 € Ind(Coh; (X)), and hence that 3 ~ 0. Thus, 7 is an equivalence. O

nil

Theorem 4.3.3.10. Let X € dfSchye be a quasi-compact and quasi-separated derived k°-adic scheme. Let
F € Coh™ (X"8). Then the co-category FM(F) of formal models for T is non-empty and filtered.

Proof. We know that FM(&) is non-empty thanks to Theorem 4.3.1.9. Pick one formal model ¥ € FM(J). Then
Theorem 4.3.3.9 implies that the canonical map

Yo FOO— j(FE) ~ j(F)
is an equivalence. We now observe that FM(F) is by definition a full subcategory of
Coh™ (%) /5 := Coh™ (X) X1nq(cont (x)) Ind(Coh™ (X)) /(7).
As this co-category is filtered, it is enough to prove that every object G € Cohﬂ%) ;g admits a map to an object

in FM(J). Let a: § — j(J) be the structural map. Using the equivalence v and the fact that § is compact in
Ind(Coh™ (X)), we see that « factors as G — F, which belongs to FM(F) by construction. O
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Corollary 4.3.3.11. Let X € dAny and f: F — G be a morphism Coh™ (X). Suppose we are given a formal
model X for X together with formal models F,G € Coh™ (X) for F and G, respectively. Then there exists a
morphism §: 7' — G in the oo-category Coh™ (X) lifting

Lt fr T — G, in Coh™(X)
for suitable non-negative integers my, ..., my, > 0.

Proof. Any map F — G induces amap § — j(F) — 5(5). Using the equivalence j(G) ~ G'°¢ and the fact that
F is compact in Ind(Coh ™ (%)), we see that the map § — j(G) factors as § — G. Unraveling the definition of the
functor K ¢(—), we see that the conclusion follows. O

For later use, let us record the following consequence of Theorem 4.3.3.9:

Corollary 4.3.3.12. Let X € deCh;ﬁ;ft be a quasi-compact and quasi-separated derived k°-adic scheme topolog-
ically almost of finite presentation. Let F € Coh™ (X). Then T is m-nilpotent if and only if F1°¢ ~ 0.

Proof. If J is m-nilpotent, the conclusion follows from Theorem 4.3.3.7. Suppose vice-versa that 71°¢ ~ 0. Then
Theorem 4.3.3.9 implies that ‘
§(FH8) ~ Floc ~ .

Now, Theorem 4.3.3.1 shows that j is fully faithful. In particular it is conservative and therefore F™& ~ 0. In
other words, F belongs to Coht (X). O

nil

4.4 Flat models for morphisms of derived analytic spaces
Using the study of formal models for almost perfect complexes carried out in the previous section, we can prove
the following derived version of [BL93b, Theorem 5.2]:

Theorem 4.4.0.1. Let f: X — Y be a proper map of quasi-paracompact derived k-analytic spaces. Assume
that:

(i) the truncations of X andY are k-analytic spaces.*
(ii) The map f is flat.
Then there exists a proper flat formal model f: X — ) in dech};th for f.
Proof. We construct, by induction on n, the following data:
(i) derived k°-adic schemes X,, and 2),, equipped with equivalences
XE =~ ten(X), YR > ten(Y).
(ii) Morphisms X,, — X, -1 and 9),, — 2,1 exhibiting X,,_; and 9,1 as (n — 1)-truncations of X,, and
)., respectively.
(iii) A proper flat morphism f,: X,, = 2),, and homotopies making the cube

jrie

.%'ﬁg il Q);ig
T _—
xg%l = @251
J
t<n(X) ten(Y)
/ /
t<n—1(X) tp_1(Y)

commutative.

4As opposed to k-analytic Deligne-Mumford stackstacks.
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Having these data at our disposal, we set
X == colim X,,, ) = colim¥Q),,
n n

and we let f: X — 2) be map induced by the morphisms f,,. The properties listed above imply that § is proper and
flat and that its generic fiber is equivalent to f.

We are therefore left to construct the data listed above. When n = 0, we can apply the flattening tech-
nique of Raynaud-Gruson (see [BL93b, Theorem 5.2]) to produce a proper flat formal model fo: X9 — 2)o for
to(f): to(X) = to(Y). Assume now that we constructed the above data up to n and let us construct it for n + 1.
Set F := mp11(Ox)[n+ 2] and G = 7,41(Oy)[n + 2]. Using [PY17b, Corollary 5.44], we can find analytic
derivations dq : (t<, X)[F] = t<, X and dg: (t<,Y)[9] — t<,Y making the following cube

do

(t<n X)[T] t<nX
tnX t<nt1 X fn
J{ (4.4.0.1)
d fn+1
(tSny)[g] : t<nY
dg /
tgny tgn—HY

commutative. Here dy denote the zero derivation and we set f,, = t<,(f), fn+1 = t<nt1(f). The derivations
do and dg correspond to morphisms a: Lans_, x — & and 3: Lan¢_, y — G, respectively. Moreover, the
commutativity of the left side square in (4.4.0.1) is equivalent to the commutativity of

x fabB .
falane .,y —— f2§

! |

Lan,., x ——— F

in Coh™ (t<nX). Notice that, since f is flat, the morphism fF — G is an equivalence. Using Theorem 4.2.0.15
and the induction hypothesis, we know that ]L;;in is a canonical formal model for }Lantgn x. Using Theo-

rem 4.3.3.10, we can therefore find a formal model /3: L%dn — & for the map 3. We now set
F =1 6.

Using Theorem 4.3.3.11, we can find m € N™ and a formal model & : Lg& — § for t™a together with a homotopy
making the diagram

tm * o
pLgd 08 e

! |

Ly, ——3%

commutative. Set 3 = MG ]L%dn — &. Then « and 5 induce a commutative square

2[5 -2 x,

l lfn (4.4.0.2)
,6] — 9,
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We now define X,,1 and 9,41 as the square-zero extensions associated to & and E In other words, they are
defined by the following pushout diagrams:

X3 N X, u6] —2 D,
b L]
xn —— :{nJrl %n — @n+1~

The commutativity of (4.4.0.2) provides a canonical map f,41: Xn+1 — QDn+1, which is readily verified to be
proper and flat. We are therefore left to verify that f,, 1 is a formal model for f,, ;. Unraveling the definitions,
we see that it is enough to produce equivalences a: (t<,X)[F] = (t<,X)[F] and b: (t<,,Y)[G] = (t<,Y)[9]
making the following diagrams

dymg

(t<nX)[F] 272 60, X (t<nY)[S] D b, Y

Lok

(tnX)[F] —25 1 X (t<aY)[G] —2 tenY

(4.4.0.3)

commutative. The situation is symmetric, so it is enough to deal with t<,, X. Consider the morphism
™ F — 7,

which exists because all the elements ¢; € m are invertible in k. For the same reason it is an equivalence, with
inverse given by multiplication by t™. This morphism induces a map

a: (t<nX)[F] — (t<n X)[F],

which by functoriality is an equivalence. We now observe that the commutativity of (4.4.0.3) is equivalent to the
commutativity of

tMo
Lany,_ x —— F

H [

Lan;_ x —2 5 7,

which is immediate. The proof is therefore achieved. O

4.5 The plus pushforward for almost perfect sheaves

Let f: X — Y be a proper map between derived k-analytic spaces of finite tor-amplitude. In [PY 18b, Definition
7.9] it is introduced a functor
fy: Perf(X) — Perf(Y),

and it is shown in Proposition 7.11 in loc. cit. that for every G € Coh™ (Y') there is a natural equivalence
Mapgon+ (x)(F, f*9) = Mapcon+ vy (f+(F), 9)-

In this section we extend the definition of f, to the entire Coh™ (X)), at least under the stronger assumption of f
being flat.

Remark 4.5.0.1. In algebraic geometry, the extension of f, to Coh™ (X) passes through the extension to QCoh(X) ~
Ind(Perf(X)). This is ultimately requires being able to describe every element in Coh™ (X)) as a filtered colimit
of elements in Perf(X), which in analytic geometry is possible only locally.

Therefore, this technique cannot be applied in analytic geometry. When dealing with non-archimedean analytic
geometry, formal models can be used to circumvent this problem.
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Proposition 4.5.0.2. Let f: X — Q) be a proper map between derived k°-adic schemes. Assume that f has finite

tor amplitude. Then the functor
f*: Coh™ () — Coh™ (%)

admits a left adjoint
fi: Coht(X) — Coh™ (D).

Proof. Let X, = X Xgpg(ro)Spec(k®/m™) and define similarly ),,. Let f,,: X,, — 2),, be the induced morphism.
Then by definition of k°-adic schemes,

X ~ colién X, Q) ~ colim Y,

ne neN

and therefore
Coh™ (%) ~ lim,,eyCoh™(%,,), Coh™ () ~ lim,,enCoh™ (2),,).

Combining [?, Remark 6.4.5.2(b) & Proposition 6.4.5.4(1)], we see that each functor
fi: Coh™(9),) — Coh™(X,)

admits a left adjoint f,,,. Moreover, Proposition 6.4.5.4(2) in loc. cit. implies that these functors f,,+ can be
assembled into a natural transformation, and that therefore they induce a well defined functor

fi: Coh™ (%) — Coh™ (D).

Now let F € Coh™ (X)and G € Coh™ (). Let F,, and G,, be the pullbacks of F and G to X,, and Y,,, respectively.
Then

Mapgon+ 2y (F5 £7(9)) = limpenMapeon+ (x,) (Fns fr(5n))
= hmneNMaPCO}ﬁ(gjn)(fn+(9n) n)
>~ Mapcon+ () (f+(F). ),

which completes the proof. O

Corollary 4.5.0.3. Let f: X — Y be a proper map between derived analytic spaces. Assume that f is flat. Then
the functor
f*: Coh™(Y) — Coh™(X)

admits a left adjoint
fi: Coh™(X) — Coh™t(Y).

Proof. Using Theorem 4.4.0.1, we can choose a proper flat formal model f: X — ) for f. Thanks to Theo-
rem 4.5.0.2, we have a well defined functor

fy: Coht(X) — Coh™ (D).
We claim that it restricts to a functor

f+: Cohyy (%) — Cohyy (D).
Using Theorem 4.3.3.12, it is enough to prove that

i (3)° ~ 0.
Extending f, to a functor f, : Ind(Coh™ (X)) — Ind(Coh™(2))), we see that
Fi(3)0° > f1(F1°) =~ 0.

Using Theorem 4.3.1.8, we get a well defined functor

fi: Coh™(X) — Coh™(Y).
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We only have to prove that it is left adjoint to f*. Let ¥ € Coh™(X) and G € Coh™(Y). Choose a formal model
§ € Coh™(X). Then unraveling the construction of f,, we find a canonical equivalence

f+(F) = §4(3)".

We now have the following sequence of natural equivalences:

MapCoh‘*’(Y)(f+(3-)>9) ~ Mapcon+ Y)((f (& ))“g (’5“g)
~ Mapcon+(x) (F+ (), 8) ®ke k by Theorem 4.3.3.4
>~ Mapcon+(x) (8 F6) Qe k
~ Mapcop+ x)( e (7r®)ne) by Theorem 4.3.3.4
~ Mapgop+ (x) (5, f79).

The proof is therefore complete. O

Corollary 4.5.0.4. Let f: X — Y be a proper and flat map between derived analytic spaces. Let p: Z — Y be
any other map and consider the pullback square

w—1s X
Y f

z Lty
Then for any F € Coh™ (X)) the canonical map
9+(¢" () — P (f+(F))
is an equivalence.

Proof. Using Theorem 4.4.0.1, we find a flat formal model §: X — 2). Choose a formal model p: 3 — 2 for
p: Z — Y, and form the pullback square

w1 x

Lol

33— 9.
Choose also a formal model § € Coh™ (%) for 7. It is then enough to prove that the canonical map

9+(a"(8)) — p*(F+(3))

is an equivalence. This follows at once by [?, Proposition 6.4.5.4(2)]. O

4.6 Representability of RHilb(X)

Let p: X — S be a proper and flat morphism of underived k-analytic spaces. We define the functor
RHilb(X/S): dAfdgop — 8
by sending 7" — S to the space of diagrams

Y ' s TxgX

\ / (4.6.0.1)

where ¢ is a closed immersion of derived k-analytic spaces, and g is flat.
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Proposition 4.6.0.1. Keeping the above notation and assumptions, RHilb(X/S) admits a global analytic cotan-
gent complex.

Proof. Let z: T — RHilb(X/S) be a morphism from a derived k-affinoid space 7' € dAfdg. It classifies a
diagram of the form (4.6.0.1). Unraveling the definitions, we see that the functor

Deriim(x/s) .« (T; —) : Coh™(T') — RHilb(X/S)
can be explicitly written as
Derkin(x/s),2 (13 F) = Mapcon+ vy (Lany,rx s x, ¢7(F))-

Since qr: Y — T is proper and flat, Theorem 4.5.0.3 implies the existence of a left adjoint g7, : Coh™ (Y) —
Coh™(T') for gj. Moreover, [PY17b, Corollary 5.40] implies that Lany 7y, x € Coh*> 0(Y). Therefore, we
find

Derfhin(x/s),:(15F) = Mapcon+ () (gr+ (Lany 7« s x), F),

and therefore RHilb(X/S) admits an analytic cotangent complex at . Using Theorem 4.5.0.4, we see that it
admits as well a global analytic cotangent complex. O

Theorem 4.6.0.2. Let X be a k-analytic space. Then RHilb(X) is a derived analytic space.

Proof. We only need to check the hypotheses of [PY17b, Theorem 7.1]. The representability of the truncation is
guaranteed by [CG16, Proposition 5.3.3]. The existence of the global analytic cotangent complex has been dealt
with in Theorem 4.6.0.1. Convergence and infinitesimal cohesiveness are straightforward checks. The theorem
follows. O

As a second concluding applications, let us mention that the theory of the plus pushforward developed in this
paper allows to remove the Ici assumption in [PY 18b, Theorem 8.6]:

Theorem 4.6.0.3. Let S be a rigid k-analytic space. Let X,Y be rigid k-analytic spaces over S. Assume that X
is proper and flat over S and that Y is separated over S. Then the co-functor Mapg(X,Y') is representable by a
derived k-analytic space separated over S.

Proof. The same proof of [PY18b, Theorem 8.6] applies. It is enough to observe that Corollaries 4.5.0.3 and
4.5.0.4 allow to prove Lemma 8.4 in loc. cit. by removing the assumption of ¥ — S being locally of finite
presentation. O

4.7 Coherent dualizing sheaves

It should be possible to apply the formalism of this paper to get a reasonable construction for the dualizing sheaf
of a morphism of derived k-analytic schemes.

Definition 4.7.0.1. Let f: X — Y be a morphism of derived k-analytic schemes. Choose a formal model
f: X — ) and let wy /9 be a dualizing sheaf. We set

Wx/y == (Wx/z))rig-

Proposition 4.7.0.2. Suppose f: X — Y is proper and flat. Then:

(i) We have
f+(F) = f(F @ wx)y).

(ii) the functor
Fes f(F) = [(Fowxy)

is a right adjoint for the functor f.
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5.1 Introduction

5.1.1 Main results

Let X be a proper and smooth scheme over an algebraically closed field. The goal of the present text is to show
the existence of the moduli of rank n étale p-adic lisse sheaves on X, study its geometry and its corresponding
deformation theory. More precisely, let k& denote a non-archimedean field extension of Q,. We will construct a
functor

LocSys, ,(X): Afd)” — 8,

where Afdy, denotes the category of k-affinoid spaces and S the co-category of co-groupoids, given on objects by
the formula
A € Afd)” — LocSys,,,(X)(A) € 8

where LocSys, ,,(X)(A) denotes the groupoid of conjugation classes of continuous morphisms
p: (X)) — GL,(A)

where we endow GL,,(A) with the topology induced by the non-archimedean topology on A € Afd;”. Our first
main result is the following:

Theorem 5.1.1.1. The moduli functor
LocSys, ,(X): Afd}” — 8
[framed

is representable by a k-analytic stack. More precisely, there exists a k-analytic space LocSysy (X) € Any
together with a canonical smooth map

q: LocSysfszLmEd (X) — LocSys,,,(X)
framed

which exhibits LocSys, ;" (X) as a smooth atlas of LocSys, ,,(X). Moreover, LocSyst‘lmed(X) admits a
canonical action of the k-analytic group GL;" and LocSys, ,,(X) can be realized as the stack quotient of

LocSysiamed(X) by the GL*-action.

ln

framed framed

We can construct LocSys, ;" (X) explicitly via its functor of points. Explicitly, LocSys, 7 (X) represents
the functor Afd;” — Set given on objects by the formula

A € Afd? — Homeon (77'(X), GL,,(A)) € Set. (5.1.1.1)

Showing that the functor given by formula (5.1.1.1) is representably by a k-analytic space LocSysZimEd(X ) €
Any, will occupy most of §2. Our proof follows the scheme of proof of the analogous result for smooth and
proper schemes over the field of complex numbers C. However, our argument is considerably more involved as
in general the topologies on 7$'(X) and GL,,(A) are of different natures. More precisely, the former admits a
profinite topology whereas the latter group admits a ind-pro-topology, where the pro-structure comes from the
choice of a formal model A for A and the ind-structure by the existence of an isomorphism

Ay @po k=2 A
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framed

of topological algebras. Moreover, thanks to the formula (5.1.1.1) it is clear that LocSys,"“*(X) admits a
canonical action of the k-analytic general linear group GLZ", given by conjugation. The rest of §2 is devoted to
present the theory of k-analytic stacks and to show that LocSys, ,,(X) can be identified with the k-analytic stack
obtained by “quotientening” LocSyst;med(X ) by GLZ". We observe that k-analytic stacks are the k-analytic
analogues of Artin stacks in algebraic geometry.

We show moreover that our definition of LocSys, ,,(X) is correct. More precisely we show:

Proposition 5.1.1.2. Let A € Afd;". Then the groupoid
LocSys,,,(X)(A) € 8
can be identified with the groupoid of rank n pro-étale A-local systems on X.

We then proceed to study the deformation theory of LocSys, ,,(X ). We prove more precisely that LocSys, ,, (X)
admits a canonical derived enhancement. By derived enhancement we mean that there exists a derived k-analytic
stack, following Porta and Yu Yue approach to derived k-analytic geometry [PY17a], whose O-truncation is natu-
rally equivalent to LocSys, ,, (X).

In order to construct such derived structure on LocSys, ,,(X) we need to first extend its definition to derived
coefficients, i.e. we need to extend LocSys, ,,(X) to a functor defined on the co-category of derived k-analytic
spaces dAfdy, such that when restricted to the full subcategory of discrete objects

Afdy, — dAfdy

we recover the k-analytic stack LocSys, ,, (X). In order to provide a correct definition of a derived enhancement of
LocSys, ,,(X) we employ the language of enriched oo-categories. Namely, given Z € dAfdy, a derived k-affinoid
a continuous representation

p: Sh*(X) — BGL,(T'(2)),

where Shét(X ) denotes the étale homotopy type of X and I': dAfd;” — CAlg, the derived global sections
functor, corresponds to an object in the co-category of functors

Fune. (nd(Pro(s))) (Sh™(X), Perf(L'(2))), (5.1.1.2)

where we interpret the co-category of perfect complexes Perf(I'(Z)) as enriched over Ind(Pro(8)) in a suitable
sense. We will explore these constructions in both §4 and §5. More precisely, in §4 we treat the case of con-
tinuous representations p: Sh®(X) — Perf(A) where A is a derived k°-adic algebra. Studying derived k°-adic
continuous representations of Shé‘(X ) will prove useful in order to show that the co-category

Funea__ (nd(pro(s))) (Sh*(X), Perf(I'(2))) € Cato

satisfies many pleasant conditions. We deal with this in §5, where we prove new results concerning the lifting of
continuous representations )
p: Sh*(X) — Bénd(T(Z))

to a continuous representation )
p: Sh®(X) — BEnd(A)

where A is a derived k°-adic algebra such that Spf(A) is a formal model for Z € dAfdy. This is possible thanks
to results concerning the existence of formal models for derived k-analytic spaces, proved in [Ant18b].

We will then show that when we restrict ourselves to the full subcategories of (5.1.1.2) spanned by rank n free
modules we get the desired derived enhancement of LocSys, ,, (X ). With this knowledge at our disposal we are
able to show the following important result:

Theorem 5.1.1.3. The k-analytic stack
LocSys, ,(X): Afd” — 8

admits a derived enhancement, which we denote RLocSys, ,,(X). Moreover, the derived moduli stack RLocSys, ,,(X)
admits a global analytic cotangent complex. Given a Z € dAfdy-point of RLocSys, ,,(X)

p: Z — RLocSys, ,,(X)
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the analytic cotangent complex of RLocSys, ,,(X) is canonically equivalent to
an * \
LRLOCSyS[)n(X),p = Oét(X7 Ad(p)) [_1} € MOdF(Z)v

where C§, (X, Ad(p))v denotes the complex of étale cochains on the étale site of X with values in the derived
local system
Ad(p) =p@p".

Using the main theorem [PY17a, Theorem 7.1] we are thus able to show the following second main result:

Theorem 5.1.1.4. The functor
RLocSys,,,(X): dAfd}” — 8

is representable by a derived k-analytic stack whose O-truncation agrees canonically with LocSys, ,,(X).

5.1.2 Notations and Conventions

We shall denote k& a non-archimedean field equipped with a non-trivial valuation, k° its ring of integers and
sometimes we will use the letter ¢ € k° to denote a uniformizer for k. We denote Any the category of strict
k-analytic spaces and Afdj the full subcategory spanned by strict k-affinoid spaces and we adopt the convention
that whenever we mention k-affinoid or k-analytic space we mean strict k-affinoid and strict k-analytic space,
respectively. We denote fSchy. the category of quasi-separated formal schemes over the formal spectrum Spf (k°),
where we consider k° equipped with its canonical topology induced by the valuation on k. In order to make clear
that we consider formal schemes over Spf(k°), we shall often employ the terminology k°-adic scheme to refer to
formal scheme over Spf k°.
Let n > 1, we shall make use of the following notations:

w=Speck[Ty,...,Ty], Ui = Spf(k°(T1,...,Tn))

and
n . nan n .
Ak = (Ak) , k= Sp(k<T1,...Tm>),

where (—)2" denotes the usual analytification functor (—)*": Schy, — Any, see [Ber93a]. We denote by GL"
the analytification of the usual general linear group scheme over k, which associates to every k-affinoid algebra
A € Afdy, the general linear group GL,,(A) with A-coefficients.

In this thesis we extensively use the language of oo-categories. Most of the times, we reason model inde-
pendently, however whenever needed we prove co-categorical results using the theory of quasi-categories and we
follows closely the notations in [LurO9b]. We use caligraphic letters C, D to denote co-categories. We denote
Cat,, the co-category of (small) co-categories. We will denote by 8 the co-category of spaces, 8 the co-category
of finite constructible space, see [Lur09a, §3.1]. Let € be an co-category, we denote by Ind(C) and Pro(C) the
corresponding oo-categories of ind-objects and pro-objects on €, respectively. When € = 8%, the co-category
Pro(8f) is referred as the co-category of profinite spaces.

Let R be a derived commutative ring. We will denote by CAlgy the co-category of derived k-algebras. The
latter can be realized as the associated co-category to the usual model category of simplicial R-algebras.

We shall denote by GAlgad the oco-category of derived adic algebras, introduced in [Lurl6, §8.1]. Whenever
R admits a non-trivial adic topology, we denote (‘,’Alg}‘%d = (GAlgad) R/ the oco-category of derived adic R-
algebras, i.e. derived R-algebras equipped with an adic topology compatible with the adic topology on R together
with continuous morphisms between these.

Let R be a field. We shall denote by CAlgR" the co-category of small augmented derived R-algebras. When
R = k we denote by AnRing}" the co-category of small augmented derived k-analytic rings over k, which is
naturally equivalent to CAlg;™, see [Porl5a, §8.2].

Let R be a discrete ring. We denote by GAlgg the 1-category of ordinary commutative rings over R. When
R admits an adic topology we shall denote GAIg?{d’O C (t’Algj‘;f1 the full subcategory spanned by discrete derived
adic R-algebras. Let R denote a derived ring. We denote Modpr the derived oo-category of R-modules and
Coh™(X) € Modp, the full subcategory spanned by those almost perfect R-modules.

We need sometimes to enlarge the starting Grothendieck universe, and we often do not make explicit such it
procedure. Fortunately, this is innocuous for us. Given Z € dAfd, a derived k-affinoid space and M € Coh™(Z2)
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an almost perfect sheaf on Z its mapping space of endomorphisms End(M) € 8 admits a natural enrichment
over the co-category Ind(Pro(8)). We shall denote such enrichement by End(M). We will employ the same
notation whenever M € Coh™ (A) where A € CAlg?d. Namely, for such M € Coh™(A) we denote End (M) the
[E;-monoid like object on the co-category Pro(8).

We will denote by (dAff ks Téts Psm) the algebraic geometric context and we denote by dSt (dAff k> Téts Psm)
the oco-category of derived geometric stacks with respect to (dAﬁ.k,TéhPsm). Similary, whenever k denotes
either the field C of complex numbers or a non-archimedean field we will denote by (dAff k> Téts Psm) the analytic
geometric context and correspondingly dSt (dAnk7 Tét Psm) the oco-category of derived geometric stacks with
respect to the analytic geometric context.

5.1.3 Acknowledgments

I would like to express my deep gratitude to my advisor B. Toen for all his advice and by sharing many ideas and
suggestions concerning the contents of this text. I am also in great debt to M. Porta from which I learned derived
non- archimedean geometry. I am thankful to Mauro Porta also for so many useful mathematical suggestions along
these last years. I would also like to thank to M. Robalo, A. Vezzani, B. Hennion, D. Gapner, M. d’ Addezio, V.
Daruvar, C. Simpson, V. Melani, P. Scholze, B. Bhatt, B. Conrad, B. Stroh, and J. Tapia for useful commentaries
and suggestions during the elaboration of the text. I would also like to express my gratitude to the establishment
Université Paris 13 and Université de Strasbourg, where I could discuss and share many of the ideas presented in
this text.

5.2 Representability of the space of morphisms
Let G be a profinite group topologically of finite generation. One can consider the functor
LocSyspa™4(G): Afd;P — Set
given on objects by the formula
A € Afdy — Homegnt (G, GLn(A)) € Set,
where Homgpt (G , GLn(A)) denotes the set of continuous group homomorphisms
G — GL,(4),

where we consider GL,,(A) as a topological group via the induced topology on A € Afd;. We will prove that

framed

LocSys,;,““(G) is representable by a k-analytic space, i.e.
LocSyszr)‘;‘lmEd(X) € Ang.

The proof of representability is established first when G is a free profinite group. This is the main result of the
section. The case where G is a more general topologically finitely generated profinite group follows directly from
the case of topologially free profinite groups.

Our main motivation to study LocSysZ’j‘lmEd(G) follows from the fact that it forms a smooth atlas of the

moduli of continuous representations of G, which we shall designate the latter by LocSys, ,,(G). One can show
framed

that LocSys, ,, (G) is equivalent to the “stack-quotient” of LocSys, ;" “(G) by its natural action of the k-analytic
general linear group GL2" under conjugation.

Furthermore, the representability of LocSysff, amed (1) entails the representability of LocSys, ,,(G) as a geo-
metric stack with respect to the k-analytic context. We shall prove this latter assertion in §2.3 and review the main
basic notions concerning k-analytic stacks.

5.2.1 Preliminaries

This § reviews the basic notions of k-analytic geometry that we will use more often.

128



Definition 5.2.1.1. Let n > 1 be an integer. The Tate k-algebra on n generators with radius (r1,...,ry) is
defined as

k' Ty, M) =

r'n

> ai, T T € KTy, Tl aiy ity i — 0},
1yeensin

whose multiplicative structure is induced by the multiplicative structure on the formal power series ring k[[T7, . . . T,,]].

Definition 5.2.1.2. A k-affinoid algebra is a quotient of a Tate algebra k(r; Ty, ..., 7 'T,) by a finitely gener-
ated ideal .

Definition 5.2.1.3. Let A be a k-affinoid algebra we say that A is strict k-affinoid if we can choose such a
presentation for A with the r; = 1, for each <. We denote by Afd;” the category of strict k-affinoid algebras
together with continuous k-algebra homomorphisms between them.

Remark 5.2.1.4. The k-algebra k(r; 'Ty,...,r; ' T, ) admits a canonical k-Banach structure induced by the usual
Gauss norm. Moreover, any finitely generated ideal I C k(ry YTy, ..., 7 T,) is closed which implies that any
k-affinoid algebra A admits a k-Banach structure, depending on the choice of a presentation of A. Nonetheless it
is possible to show that any two such k-Banach structures on A are equivalent and therefore the latter inherits a
canonical topology, induced from the one on k(r; T, , 7 1T,) given by the Gauss norm.

Strict k-affinoid algebras correspond to the affine objects in (rigid) k-analytic geometry. Therefore, we define
the category of k-affinoid spaces as
Afdy, == (AfdyP)°P.

Remark 5.2.1.5. Let A € Afd,” denote a k-affinoid algebra. The given of a presentation of A of the form
A2 ET, ..., Tn)/I
determines a formal model for A, i.e a p-complete k°-adic algebra of topological finite presentation Aq such that
A~ Ay Qpo k.
in the category of k-algebras. One can simply take Ag to be
Ao =k°(Th,... Tm)/INEK{Ty, ... Tpy).

Definition 5.2.1.6. Given a k-affinoid alge bra A we denote by M(A) the set of semi-multiplicative seminorms
on A. Given x € M(A) we can associate it a (closed) prime ideal of A. Namely, it corresponds to the kernel of
z: A — R, ker(z) C A. The fact that it defines a prime ideal of A follows from multiplicativity of € M(A).

Notation 5.2.1.7. We denote by H(x) the completion of the residue field Frac(A/p), where p = ker(z). The
field H(z) possesses a canonical valuation, denoted | ® |, induced by the one on A and given a € A we denote by
|al, € R the evaluation of | e |,, on the image of a in H(z).

In Berkovich’s non-archimedean geometry it is possible to define the notion of relative interior, which is very

useful in practice. Let
p: A= A
denote a bounded morphism of k-affinoid algebras. The relative interior of ¢, denote Int(M(A’)/M(A)) is by
definition the set of points,
Int(M(A")/M(A)) = {2’ € M(A")|A" — H(') is inner with respect to A},
where inner with respect to A means that there exist a continuous surjective map
Al e ) — A

of k-affinoid algebras which induces a norm on A’ equivalent to its original one and such that, for each i, we have
|E|m/ < Tj.

Definition 5.2.1.8. One can glue k-affinoid spaces, as in algebraic geometry. A k-analytic space is defined as a
locally ringed space which locally is equivalent to a k-affinoid space. We denote by Any, the category of k-analytic
spaces and morphisms between these.

One then is able to globalize most of the previous notions, in particular it is possible to give a global definition
of the relative interior of a morphism between k-analytic spaces. We refer the reader to [Ber93a], [Con08a]
and [Bos05] for a more detailed exposition on rigid geometry, from different points of view.
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5.2.2 Hom spaces

Let GG denote a profinite group of topological finite type which we fix throughout this §. Consider the functor
LocSysframed: Afd” — Set

given informally on objects by the formula
A+ Homeont (G, GLn(A)),

where Hom,,,¢ denotes the set of morphisms in the category of continuous groups, and we consider GL,, (A) with
the topology induced by the topology of A viewed as a k-affinoid algebra.
Our goal in this section is to show that

LocSyspa™*d(G) € Fun(Afd;, Set)
is representable by a k-analytic space. Let A € Afd;” be a (strictly) k-affinoid algebra.

Notation 5.2.2.1. We will typically denote by Ag a formal model for A, i.e., a (p-adic complete) k°-algebra of
topological finite presentation such that we have an isomorphism

Ag Qpo k ~ A.

Remark 5.2.2.2. By choice of Aj, we conclude that Ay can be identified with an open subring of A. For this
reason, the topology of A can be thought as an ind-pro topology, in which the pro-structure comes from the fact
that formal models are p-adic complete and the ind-structure arises after localizing at p.

Remark 5.2.2.3. Fix a formal model Ay for A, as above. The topology on Ay admits the family {7™Ag},>1 as
a fundamental family of open neighborhoods around 0 € Ay. Consequently, for & > 0, we have a fundamental
family of normal open subgroups

Id + karl : Mn(AO) g GLn(AO)

These form a basis of normal open subgroups for the topology on GL,,(A4y) induced by Ay. We have moreover
canonical isomorphisms
GL,,(Ao)/(Id + p* M,,(Ao)) ~ GL,,(Ag/p" Ao).

We have thus a canonical isomorphism

GLn(Ag) = ]lelg (GL,,(Ao)/ (Id + p* M, (Ap))).

Thus it is p-adically complete. The same reasoning holds for the topological group Id + p* - M,,(4y), for each
k > 1. More concretely, we have isomorphisms

Id 4 p* - M, (Ag) = Tim (Id + p* - M, (Ao)/(Id + p™™ - M, (Ap)).

Notation 5.2.2.4. We denote by ﬁr a fixed free profinite group of rank r. It can be explicitly realized as the
profinite completion of a free group on r generators, F,.. The latter can be realized as a dense full subgroup of
F;.. We will thus fix throughout the text a continuous dense group inclusion homomorphism F,. — F,. and a set
of generators ey, ..., e, € F, which become topological generators of the profinite group F,..

Remark 5.2.2.5. Let FinGrp denote the category of finite groups. The category of profinite group corresponds to
its pro-completion, Pro(FinGrp). For each r > 1, the groups F,. € Pro(FinGrp) satisfy the universal property
given by the formula

~

Homp,o(pincrp) (Fr, G) = G, forany G € Pro(FinGrp).
Notation 5.2.2.6. Let us fix J,- a final family of normal open subgroups of finite index in f‘,., i.e., such that we
have a continuous group isomorphism,

thEHTﬁr/U ~ ﬁr.
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Remark 5.2.2.7. Given U € J,., the quotient group
F,/U~T

is finite and therefore of finite presentation. It follows that U admits a finite family of generators oy, ..., 0.
Moreover, thanks to the Nielsen-Schreier theorem the group U is topologically finitely generated free profinite.
Consider furthermore the dense group inclusion homomorphism

F, — fr,

then U NF, — U is a discrete subgroup of U which is again dense in U. Therefore, we can assume without loss
of generality that 04, ...,0, € UNF,.

Notation 5.2.2.8. Leto =[], e?j i cF, bea general element of the profinite group F,. Suppose furthermore we
are given a group morphism R
p: Fr = GL,(A)

such that M7 == p(eq),. .., M, = p(e,). We denote by

o(M,... M) = HMZ.”-“ € GL,(A),

whenever the right hand side is well defined, (which is always the case when the product on the left hand side is
indexed by a finite set).

Definition 5.2.2.9. LetU € §, and fix 0y,...,0, € U N F, a finite number of topological generators for U. We
define the functor
LocSysEr’?lmed(U, o1,...,01): Afdy — Set,

given on objects by the formula,

A~ LocSysfa™ (U, ov,...,01)(A)
= {(My,...,M,) € GL,(A)": foreachi € [1,1], |o;(My, ..., M,) —1d| < |p|}.

When Aj is a formal model for A, we denote by LocSysfgffLmed(U, o1,...,01)(Ap) the set of those (M, ..., M,) €
GL,,(Ap)" such that the mod p reduction

o(My,...,M,)=1d, modp
Remark 5.2.2.10. Let U € J,, A € Afd;” and Ay be a formal model for A. Then the set
LocSysya™(U, a1, ..., 01)(Ag) € Set

does not depend on the choice of the topological generators for U. More precisely, if 71, ...7s € U N F,. denote a
different choice of topological generators for U, we have a natural bijection of sets

LocSysya™°d(U, o1, ..., 01)(Ao) = LocSysf 2™ (U, 1, ..., 7)(Ao).
In order to see this, it suffices to note that, for each n > 1, the mod p™ reduction of
(My,...,M,) € LocSystLmed(U, o1,...,01)(Ap/7" Ap)

corresponds to a group homomorphism

[:=F,/U = GL, (A /7 Ay).
As group homomorphisms are independent of the choice of presentation for I' the set

LocSysZ‘;‘lmed(U, O1y...,01)(Ap/7") € Set

does not depend on such choices, either. As Ay is m-adic complete,, passing to inverse limits we deduce that

LocSysya™ (U, o1, ..., 07)(Ao)

is independent of the choice of topological generators for U, as desired.

131



Notation 5.2.2.11. Following Theorem 5.2.2.10 we will denote the set LocSysy > (U, o4, . .., 0;) simply by

LocSysiamed(17)(Ag) € Set.

‘n

Lemma 5.2.2.12. Let A € Afd}” be an k-affinoid algebra and Ay an k°-formal model for A. Then there is a
bijection R
Homeons (Fr, GLy, (4p)) = colim LocSysyamed (1) (Ao),
€3 ’

of sets, for each r > 1.

Proof. Since R
Homcont (F’r'a GLn (AO)))

denotes the set of continuous group homomorphisms in the category of pro-discrete groups we have a bijection

Homecont (F,«, GL, (Ao)) = liin %%1}}? Homg,p (I‘, GL, (Ao/pkHAo)) .

of sets. It therefore suffices to show that we have a bijection,

lim colim Home,, (I, GLy, (Ao /p* T 4p)) 22 colim LocSysramed (77 (A
im colim Homg p(To, GLy (Ao /p" T Ap)) colim LocSys;, (U)(Ao),

where ['; denotes the finite group ﬁr /U. We assert that there exists a canonical morphism,

. . . framed
o: hin (%?élgl’zl Homgyp (FU, GL,, (A()/pk+1A())) — (;})élgl’fl LocSysy, (U) (Ap).

In order to prove this assertion we observe that a group morphism
pr : Ty, — GL (Ao /p* 1 Ap),

with Uy € {J,, is determined by the image of the r generators of I'y;, which correspond to r matrices in
GL, (Ao /p**t1Ap). Therefore given such a system of compatible group homomorphisms {p }z one can asso-
ciate an r-vector (M1, ..., M,) € GL,(Ao)" such that its mod p reduction satisfies

oi(My, ..., M,) =1d,
where 01, ...,0, € U N F,. denotes a choice of a finite set of topological generators for U;. Thus
(My,...,M,) € Zu,(Ap).
This shows the existence of the desired map. We now construct maps

Yy : LocSyskramed (U)(Ag) — liin (lzjolign Homgyp (T, GL,, (Ag /pkHAO)) ,
’ /e -

for each U € J,, such that when we assemble these together we obtain the desired inverse for ¢. In order to
construct 7, we start by fixing topological generators

o1,...,00 € UNE,

for U. Let (My,...,M,) € LocSysiifLmed (U)(Ap). As we have seen these matrices define a continuous group
homomorphism R
FT — GLn(A()/pA())

Thanks to Theorem 5.2.2.13 below the matrices
O’l(]\417 . ,]\47«)7 . 7Ul(M17 ce ,Mr) cld —|—pMn(A0)
determine a continuous group homomorphism
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Then the inverse image
Ué = p;l (Id + p2Mn(A(]))

is an open normal subgroup of U of finite index. As U itself is an open subgroup of ﬁn of finite index we conclude
that U} is also a finite index subgroup of F,.. As open normal subgroup of finite index in F,. define a final family
for ﬁr we conclude that there exists Uy € J,. such that p; (Us) is a subgroup of Id + p>M,,(Ap). Consequently,
the matrices (M, ..., M,) € Zu(Ao) define a group homomorphism

pa: Fr/Us = GL, (Ag/p*Ao).
By iterating the process we obtain a sequence of continuous group homomorphisms
{pi : F./JU; = GL,(A¢/p' Ag)}; € lim colim Homgy (7, GLn (Ao /p'Ao)).
i €d,
Assembling these together we obtain a continuous group homomorphism p € Homcom(ﬁr, GL,,(Ap). It follows
easily by our construction that,

li : li L framed A H con i:‘\r Ln A )
%)elgffl(iﬂU) ¢olim ocSys " (U) (Ag) — Homeons (Fr, GLin (Ap))

is the inverse map of ¢, as desired. O

Lemma 5.2.2.13 (Burnside problem for topologically nilpotent p-groups). Let A € Afd;" and Ay be a formal
model for A. For each k > 1, we have a natural bijection

Homeont (Fr, Id + pFFIM,, (Ag)) = Id + pFHIM,, (Ao).
Proof. Noticing that the quotient groups,
(Id + p"M,,(Ao)/(Id + p" ™M, (Ag)),
are torsion, i.e., every element has finite order and we conclude that

Homeont (Z, 1d + p" 1M, (Ag)) = 1d + p"F1M,,(Ay),

where Z denotes the profinite completion of Z. This finishes the proof when = 1. The same holds for general
F,, i.e., we have a canonical equivalence,

Homon (ﬁm Id + pk+1Mn (AO)) = (Id + karan (AO))T
In order to prove this last assertion it suffices to show that any finitely generated subgroup of the quotient
(Id + p* M, (40)/(Id + p* ™+ M,, (Ay)),

for some positive integer m > 1, is finite (i.e. the Burnside problem admits an affirmative answer in this particular
case). In order to justify the given assertion we fix GG a finitely generated subgroup of

(Id + pan(AO)/(Id + pk+l+1Mn(A0)) .

By assumption it is generated by matrices of the form Id 4 pF*1 Ny, ..., Id + p*+1 N, for some s > 1. Therefore
a general element of GG can be written as,

Id + Pk+1(n1,1N1 + +nNg)+ - +Pk+l71(naf1,1Na71,1 +otng_q g1 Ngq gi-1),
where the N, ;, fori, j € [1,a—1] x [1, 5], denote products of the N; having a — 1 multiplicative terms, where

a denotes the least integer such that k X (a + 1) > [. By the Pigeonhole principle there are only finite number of
such choices for the integers n; ; for (i, ) € [1,1 — 1] x [1, s'~1] and the result follows. O
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Proposition 5.2.2.14. Let A € Afd}” be an k-affinoid algebra then we have a natural bijection,

Homecont (?T, GL, (A)) ~ colim LocSysZi‘”ed (U, o1y, 0'[) (A).

Uegdr,o1,...,0; generators

Proof. Let p : l?‘r — GL,(A) be a continuous homomorphism of topological groups and let ey, ..., e, be the
fixed topological generators of F,.. Let
M; = p(e;) € GL,,(A4)

foreach 1 < ¢ < r. The group Id + p - M,,(Ap) is open in GL, (Ap) and the latter open in GL,,(A4). We thus
deduce that the inverse image

U = p~1 (Id + pM,(Ao))

is an open subgroup of f‘,. and it has thus finite index in f‘,., moreover as J, is a final family for 13,« one can
suppose without loss of generality, up to shrinking U, that U € J,. and thus normal in F,.. Choosing a finite set
of topological generators for p~* (Id 4 7 - M, (Ag)) we deduce that the (M, . .., M, ) satisfy the inequalities, in
GL,,(A), associated to such generators, therefore

(My,...,M,) € colim LocSysf’rame‘1 (U, o1,-.. ,Ul) (A)

Ue 7, ,generators oy ,...,0q

which proves the direct inclusion. We conclude that the association

p € Homeont (Fr, GLn(A)) — (p(e1), ..., pler)) € colim LocSyst;ned (U,o1,...,00)(4),

Uegdr,o1,...,0; generators

defines a well defined map of sets. Let us prove that we have a well defined inverse map. We consider
(My,...,M,) € GL,(A)"

such that o;(My, ..., M,) € Id + m - M,,(Ap) for a finite family {o;};cp1, 1 all lying in the dense subgroup

F,. C FT, of topological generators of a finite index normal open subgroup of FT, which we shall denote by U'.
We remark that U is a free profinite by the version of Nielsen-Schreier theorem for open subgroups of free
profinite groups, see [RS08, Theorem 3.3.1]. By Theorem 5.2.2.13 we conclude that

(Jl(Ml, ey Mr), N ,O'Z(Ml, ey MT)) € GLn(A)T
defines a continuous group homomorphism
p: U~ FP' = 1d + pM,, (Ay).

Therefore, we have the following diagram in the category of topological groups,

F, U

F,
l(Ml,.‘.,MT) l

GL,(A) —— GL,(A) «— Id + pM,,(Ap).

We want to show that we can fill the above diagram with a continuous morphisms ﬁ,« — GL,(A) making the
whole diagram commutative. Since U is of finite index in F,. we can choose elements

Ji,---gm € F,. CF,.

such that these form a (faithful) system of representatives for the finite group ﬁr JU. For i € [1, m] write
gi = H e;‘zji ’
Ji
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where this product is finite and unique by the assumption that the g; € F,.. Every element of h € f,« can be written
as h = g;o, for some g; as above and o € U. Let us then define

= HM"“ p(0) € GL,(A).

We are left to verify that the association
heF, — p(h) € GL,(A)

gives a well defined continuous group homomorphism. Let
g ::He;“ €F,. CF,

and ¢’ € U such that g’ = h = g;0. We first prove that
= ([] M) n(e")

Suppose that o, ¢’ € U N F,, then it follows that 4 € F,.. The result then follows in this case, since we have fixed
a group homomorphism
(My,...,M,): F,. — GL,(A),

which is necessarily continuous. Suppose then that it is not the case that
o,0/ €UNE,.

Let (0y,)p and (o, ), be sequences of elements in U N F,. converging to ¢ and o’, respectively. We observe
that this is possible since F). is dense in F,. and U N F,. is a free (discrete) group whose profinite completion is
canonically equivalent to U, thus dense in U. For this reason, we obtain that

9 'gio =0

and we get moreover that g~1g;0,, converges to o’. Thus the elements

M) HM“ m) € GL,(A) ,

S

where our notations are clear from the context, converge to p(c’) by continuity of p. They also converge to the

element ‘
H M) ([ M) € GLa(A)
Ji

by continuity of the group multiplication on GL,,(A). Since the topology on A comes from a norm on A, making
the latter a Banach k-algebra we conclude that A is Hausdorff and so it is GL,,(A). This implies that converging
sequences in GL,,(A) admit a unique limit. We conclude therefore that,

= ([T ete)

thus giving the desired equality,

H Mn H M"h

proving that p: F, — GL,(A) is a well defined map. We wish to show that it is a continuous group homomor-
phism. Our definitions make clear that to check multiplicativity of p it suffices to show that for every g € F). and
sigma € U we have,

plgog™) =plg)p(o)plg™).
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Pick again a converging sequence (o, )y, in F,. N U, such that o,, converges to o. Then for each n we have,

plgong™) = p(9)p(on)plg™),

and by passing to the limit, we obtain the desired equality. We are reduced to show that p is continuous. Let V" be
an open subset of GL,,(A). The intersection V' N (Id + pM,,(Ao) is open in GL,,(A). Thus,

71V N (Id + pMy(Ag) = p~ (V. N (Id + pM,, (Ao))

is open in U. Therefore, the quotient U/(V N (Id + pM,,(Ao)) is discrete, since U is of finite index in F,. We
conclude that, N
U/p~ (VN (Id + pMy(Ao)) = F./p~ (V)

exhibits the quotient
U/p~ (VN (Id + pM,(A))

as a subgroup of finite index in I*A) /p~1(V). Thus the latter is necessarily discrete. The result now follows, since

A

we have that 5~1(V/) is an open subset in F,.. O

Notation 5.2.2.15. We will denote

LocSysfamed(F,)(A4) = pegolim LocSysy 2™ (U, o1, ..., 01) (A)

& Homeont (ﬁrv GL, (A)) :

Remark 5.2.2.16. Let GL2" denote the analytification of the general linear group scheme GL,, over Speck.

Proposition 5.2.2.14 allows us to write LocSysff, flmed (ﬁr) as a union of subfunctors, LocSysff, flmed (U,o1,...,00).

Where, for each U € J, and 04,...,0y, LocSySZfLmed(U, o1,...,01) is given on the objects of Afdy by the
formula,

A LocSys?jfnCd(U7 o1, .. ,al)(A)
= {(My,...,M,) € GL,(A)" : such that foreach i € [1,1], |o;(M1,..., M,) —1d| < |x|}.
Lemma 5.2.2.17. The functor LocSysﬁr,?lmCd(U, 01,...,01) as above, is representable by a (strict) k-analytic

space.

Proof. Let GL = Spy (k(Ti;)4%]) denote the closed unit disk of GLL" and

, 0
LocSysﬁr’fLmed (U,o1,...,01) € An

framed

denote the pullback of LocSys;,, (U7 01, - ,al) along the inclusion morphism GL?L — GLJ" computed in
the category An;. Consider the following cartesian diagram

LocSysia™ed (U, oy,..., 07, B)’ —— SppB
LocSysZ%med(U, 01,...,al)o — (GLY)"

where B € Afd;" is a k-affinoid algebra and
(My,...,M,) € GLY(B)" = GL,(B%)"
corresponds to a given morphism of k-analytic spaces Spg B — (GL?L)". It follows that
LocSysia™d (U, oy, ..., 07, B)" € Fun(Afd;®, Set)
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corresponds to the subfunctor of Spg B whose value on k-affinoid algebra A consists of the set
2 or.crp(A) ={f: B— A:foreachi,|o;(M,...,M,) —1d| < [p|, in A}.
Therefore, at the level of the points, the functor
LocSysﬁfimed (U, o1,...,00, B)O
parametrizes those points € SpzB such that, for each 7,
lo(My, ..., My) —1d|(z) < [p|(x)

It is clear from our description, that this latter functor is representable by a Weierstrass subdomain of SpyB.
As (GLY) is a (strict) k-affinoid space, it follows that LocSysgfLmed (U,01,...,01) is representable in the cat-
egory Afdy, (consider in the above diagram with SpzB = GL and (Mj, ..., M,) the r-vector whose matrix
components correspond to identity morphism of GL?L).

Let ¢; € |k*| be a decreasing sequence of real numbers converging to 0, there is a natural isomorphism

(GLY)" ~ coliim(GLgl);,

where (GL%); denotes a copy of (GL?)" indexed by c¢;, and the inclusion morphisms in the corresponding
diagram sends (GL?L)& to the closed disk of radius ¢; ' inside of (GL?L)ZI, ., Henceforth we have canonical
isomorphisms

LocSysZ’j‘lmEd (U, O1yeeny O'l) >~ coliim (LocSystlmed (U, O1y--- 7al)o)ci,
which is a union of k-affinoid subdomains where the image of an element in the filtered diagram lies in the
interior, in Berkovich’s sense, of the successive one. We thus conclude that LocSysﬁffLmed (U7 O1y-ens al) is itself
representable by an k-analytic space.

Theorem 5.2.2.18. For each r > 1, the functor
LocSyst;I‘ed(f‘r) : Afd;P — Set,
given on objects by the formula,
A e Afdy, — {(My,...,M,) € GL,,(A) : there exists i, |o;(Mi,...M,) —1d| < |p|} € Set,
is representable by a (strict) k-analytic space.

Proof. We start by remarking that if U’ C U is an inclusion of subgroups lying in the family J,. then they induce
an inclusion
LocSystLmed (U,o1,...,00) = LocSysgzmed (U, 71,0, 7s).

We employ the notation
Ui(Mh e ,Mr) S Id + pMn(Ao)

where the o; denote a choice of generators for U, lying in the dense subgroup U N F;.. It follows that we have
necessarily
T;(Mh . 7M,«) cld —I—pMn(Ao)

for a choice of generators for U’, lying in U’ N F., denoted 71, . . . 7. By the proof of our previous result it follows
that the functor .
LocSystfL’md(U7 o1,...,01): Afd)P — Set

is representable by a k-analytic subdomain of LocSysEffLmEd (U',71,...,75). Since we are interested in the repre-
sentability of the space
framed (T8 | ~v . framed
LocSysy,, (F,) = colim LocSysy,, (U,o1,...,00),

Ue€ #,,generatorsoy ,...0;

137



we need to check that the inclusions
LocSyszrf:lmed (U,o1,...,00) <= LOCSyS?Zmed (U, 71,0, 7s)

are nice enough whenever U denotes a sufficiently large (finite) index subgroup of 1?“,«. Fix U € J, and let
o1,...,0; be a finite set of generators for U. Given a k-affinoid algebra A and

(My,...,M,) € LocSysy 2" (U, 01, ..., 01)(A)

we can write
Ui(Mh. . .,MT) =1d +p Ni,

for suitable matrices N; € M, (A0), for each i. Moreover the r-tuple (M1, ..., M, ) define a continuous group
homomorphism R
p: F. — GL,(4).

By Theorem 5.2.2.13, quotients of the pro-p-group Id + pM,, (Ap) are of p-torsion. Let U’ € J,. such that
U C p~'(Id + p*M,(Ay)).
Given 71, .. ., Ts generators for U’ as above we have
7 (M, .., M) —1d] < [p?] < Ip],
for each ¢ € [1, s]. This implies that
(My,...,M,) € Int(LocSys?;ZmEd(U’, Tiy... ,TS)/(GLZH)T),
Foreach U € §,, LocSys?’?l"‘ed (U,01,...,07) is a k-analytic subdomain of (GL2")", and therefore
Int(LocSysya™ (U, o1, ...,01) /(GLE")") — (GL&")"

is an open subset of (GL2")", [Con08a, Exercise 4.5.3]. Moreover, the functor

~

LocSysiamed(F,.) < AfdS® — Set

ln

is a subfunctor of (GL2")", which follows readily from the definitions. We can therefore (canonically) associate
framed (T3

to LocSys,," " (F.) a topological subspace

X = U LocSystLIIled (U, o P Ul)

Fej'r'
= | J Int(LocSysy 3™ (U, 01, ...,01) /(GLEY)"),
re 7.

Therefore, the topological space 2 corresponds to an open subspace of the underlying topological space of
(GLZ™)". Consequently, the former is necessarily an Hausdorff space. We will construct a canonical k-analytic

~

structure on it and show that such k-analytic space represents the functor LocSysZiLmCd(Fr). As each

LocSysZi‘lmed (U, o1,-.. ,Ul) € Any,
is a k-analytic space we can take the maximal atlas and quasi-net on it consisting of k-affinoid subdomains of
LOCSYSEI;?LmEd (U, O1y.-., O’l), which we denote by Ty o, ... »,. As Z can be realized as a filtered union of the
LocSysgi‘lIneol (U, o1y, al) we conclude that the union of the quasi-nets Ty 5, . », induces a quasi-net T on

framed (T3

LocSysy 2 °“(F,). In order to prove this we shall show that given a point z € 2" we need to be able to find a
finite collection Vi, ..., V, of compact Hausdorff subsets of 2" such that z € ﬂz V; and moreover V; U --- UV,
is an open neighborhood of x inside 2". In order to show such condition on T, we notice first that that we can
choose U € J, of sufficiently large finite index in F,. such that

T € Loc,SysZr‘;‘L’ned (U, O1y--- ,crl)
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lies in its relative interior Int (LocSysy 2™ (U, 01, . .., 1) /(GL2")"). By the k-analytic structure on

LocSysf"’mled (U, o1, .. ,Jl) € An,

we conclude that we can take V7, ..., V,, k- affinoid subdomains of LocSysframCd (U, o1,-.. ,al) satisfying the
above condition.

We are reduced to show that the union V3 U --- UV}, is open in LocSysframEd(Fr). By shrinking the V;
of larger index in F,., if necessary, we can assume that the union V; U --- U V,, lies inside the relative interior

Int (LocSybfra”ICd (U,o1,...,01)/(GLy*)") and is open in LocSysf“‘”ICd (U, o1,...,00). As a consequence, the
latter is open in
Int(LocSysy 2™ (U, a1, ..., 01) /(GLZ")").

The latter is also open in (GLZ")", consequently also the union V3 U --- U V;, is open in (GL,,)". We conclude
that there exists an open subset W of (GL;,")" such that

ViU UV, = LocSysfa™ (U, 04,...,00) N U = Int(LocSysfa™ (U, 04,...,00) /(GLE)") N W

and therefore V4 U --- UV, is itself open in (GL2")". We conclude thus that V; U --- U V,, is also open in
LocSysf“med(F ), as desired. Clearly, T induces quasi-nets on the intersections

wnw'

for any W, W’ € T as we can always choose a sufficiently large finite quotient I' of F, such that w, W' c
LocSys?_f;mEd (U 01,y - ) The fact that the union of the maximal atlas on each LocSysframed (U, O1y--- 701)
gives an atlas on 2, w1th respect to 7, is also clear from the definitions. We conclude that the topological space
2 is endowed with a natural structure of k-analytic space (in fact, a k-analytic subdomain of (GLZ")"). We shall
show that the k-analytic space 2 represents the functor

LocSysframed( ) AfdP — Set.
As k-affinoid spaces are compact we conclude that any map
Sppd — 2

factor through some LocSysﬁfZ’“Ed (U,01,...,01) as their union equals the union of the respective relative interi-
ors. As Spp A is quasi-compact, it follows from Theorem 5.2.2.14, that the functor of points, thanks to associated
to 2" is canonically equivalent to LocSysframed(F ) and the result follows. O

Corollary 5.2.2.19. Let G be a profinite group topologically of finite type then the functor
LocSysﬁamCd(G) : Afd7P — Set,
given on objects by the formula
A € Afd}® — Homgons (G, GL, (A)) € Set,
is representable by a k-analytic space.
Proof. Let us fix a continuous surjection of profinite groups
q: ﬁr — G,

for some integer < 1. Let H denote the kernel of ¢g. Thanks to Theorem 5.2.2.18 we know that LocSyshramCd (F,)
is representable by a k-analytic stack. We have an inclusion at the level of functor of points

LocSySfmmed(G) — LOCSySfrded (Fr)

induced by precomposing continuous homomorphisms p: G — GL,(A) with q. We show that the morphism
g« is representable and a closed immersion. Let Spy A be a k-affinoid space and suppose given a morphism of
k-analytic spaces,

p: Spg A — LocSysframed(Fr),
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which corresponds to a continuous representation p: G — GL,,(A). We want to compute the fiber product
framed
Spg A X LocSystramed . LocSys, 7, (G).

Since Spp A is quasi-compact and we have an isomorphism at the underlying topological spaces,

~

LocSysframed (F,) = colim Int(f%”Uygl,”_TUl/(GLn)T),
l

ln
’ Ue€d,,generators o1,...,0

we conclude that

~

p: SpA — LocSystLmed(Fr)

factors through a k-analytic subspace of the form LocSysZiLmed(U, o1,...,01), for suitable such U € J, and
01,...,0;. By applying again the same reasoning we can assume further that

~

p: Spg A — LocSysZ?Lmed(Fr)

factors through some LocSys?flmed (U,o1,..., UZ)O as in the proof of Theorem 5.2.2.17. The latter is k-affinoid,
say
%£>01,~~-7Uz = SpB B

in the category Afdy, for some k-affinoid algebra B. Let %g, U.oy.....0; denote the fiber product,

.....

LocSystLmecl (G,U,01,... 7Ul)o R LocSystLmed(G)
LocSystf“ed (U,o1,..., al)o — LocSys?ff;med(ﬁr)

By construction, the set
0
‘%/'G,Uﬁo'l,...,o'l (A) € Set

corresponds to those (M1, ..., M,) € LocSysy 2™ (U, oy, . .. ,al)O(A) such that
h(My,...,M,) =1d,
forevery h € H N F, C H. Then we have an equivalence of fiber products,
frame
Z:=SpA X LocSysiramed (. ) LocSys, ;. 4@)

~Sp A x )0 LocSysZ‘:Lmed(G, U701,...,al)0

LocSystramed (U,o1,...,01
As every k-affinoid algebra is Noetherian, [Con08a, Theorem 1.1.5], we conclude that Z parametrizes points
which determined by finitely many equations with coefficients in A € Afd;", induced from the relations defining

H inside ﬁ,, (after choosing topological generators for f‘r). We conclude that Z is a closed subspace of Sp A and
thus representable. The result now follows. O

Remark 5.2.2.20. Given G a profinite group as above there is a canonical action of the k-analytic group GL,,

on LocSysﬁf amed (1) via conjugation. Furthermore, continuous representations of a group correspond precisely to

the conjugacy classes of elements in LocSystLmed(G) under the action of GL2".

5.2.3 Geometric contexts and geometric stacks

Our next goal is to give an overview of the general framework that allow us to define the notion of a geometric
stack. Our motivation comes from the need to define the moduli stack of continuous representations of a profinite

group G (of topological finite presentation) as a non-archimedean geometric stack. This latter object should be
obtained by taking the quotient of LocSystLmCd(G ) by the conjugation action of GL" on LocSys/™m°d(@). We

‘n
will review these notions and show that such we are able to construct such a quotient via a formal procedure.
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Definition 5.2.3.1. A geometric context (C, 7, P) consists of an co-site (€, 7), see [Lur09b, Definition 6.2.2.1],
and a class P of morphisms in € verifying:

(i) Every representable sheaf is a hypercomplete sheaf on (C, 7).
(i) The class P is closed under equivalences, compositions and pullbacks.
(iii) Every T-covering consists of moprhisms in P.

(iv) For any morphism f : X — Y in C, if there exists a 7-covering {U; — X} such that each composition
U; — Y belongs to P then f belongs to P.

Notation 5.2.3.2. Let (C, 7) denote an oo-site. We denote by Shv(C, 7) the co-category of sheaves on (€, 7). It
can be realized as a presentable left localization of the oco-category of presheaves on €, PSh(C) := Fun(GOP, S).

Given a geometric context (C, 7, P) it is possible to form an co-category of geometric stacks Geom(C, 7, P)
via an inductive definition as follows:

Definition 5.2.3.3. A morphism in F — G in Shv(C, ) is (—1)-representable if for every map X — G, where
X is a representable object of Shv(€, 7), the base change F' x ¢ X is also representable. Let n > 0, we say that
F € Shv(C, 7) is n-geometric if it satisfies the following two conditions:

(i) It admits an n-atlas, i.e. a morphism p : U — F from a representable object U such that p is (n — 1)-
representable and it lies in P.

(ii) The diagonal map F' — F x F'is (n — 1)-representable.

Definition 5.2.3.4. We say that F' € Shv(C, 7) is locally geometric if F' can be written as an union of n-geometric
stacks F' = | J; G, for possible varying n, such that each G; is open in F, i.e., after base change by representable
objects the corresponding inclusion morphisms are open immersions.

An important feature that one desires to be satisfied in a geometric context (C, 7, P) is the notion of closedness
under 7-descent.

Definition 5.2.3.5. Let (€, 7) be an oo-site. The oco-category C is closed under 7-descent if for any morphism
F — Y, where F, Y € Shv(C,7) and Y is required to be representable and for any 7-covering {Y; — Y} the
pullback F' xy Y; is representable then so is F'.

Remark 5.2.3.6. When the geometric context is closed under 7-descent the definition of a geometric stack be-
comes simpler since it turns out to be ambiguous to require the representability of the diagonal map.

Example 5.2.3.7. Many examples of geometric contexts can be given but our main object of study will be the
geometric context (Afdy, 7¢, Psm ), where 7 denotes the quasi-étale topology on Afdy, and Py, denotes the col-
lection of quasi-smooth morphisms, see [Ber94a] chapter 3 for the definitions of quasi-étale and quasi-smooth
morphisms of k-analytic spaces. Such geometric context is closed under 74-descent and we will call the corre-
sponding geometric stacks as k-analytic stacks.

Let G be a smooth group object in the co-category Shv(C, 7). Suppose that G acts on a representable object
X. We can form its quotient stack via the (homotopy) colimit of the diagram,

L ExX=3GxX —=X
We denote such (homotopy) colimit by [X/G] and refer it as the stacky quotient of X by G.

Lemma 5.2.3.8. Ler (C, 7, P) be a geometric context satisfying T-descent. Let G be a smooth group object in the
oo-category Shv(C, T) acting on a representable object X. Then the stacky quotient [X/G) is a geometric stack.

Proof. Tt suffices to verify condition (1) of Definition 2.12. By definitoin of [ X /G] we have a canonical morphism
X — [X/@G] which is easily seen to be (-1)-representable and smooth. Therefore, [X/G] is a 0-geometric stack.
O
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Definition 5.2.3.9. Let GG be a profinite group of topological finite presentation. We define the k-analytic stack of
continuous representations of G

LocSys,,,,(G) = [LocSyspa™4(G) /GLE"] € St(Afdy, T, Pom).-
Thanks to Theorem 5.2.2.19 we obtain the following important result:
Theorem 5.2.3.10. Let G be a profinite group of topological finite presentation. Then the groupoid-valued functor
LocSys, ,(G): Afdy, — 8
is representable by a geometric stack.

Proof. The result is a direct consequence of Theorem 5.2.3.8 together with Theorem 5.2.2.19. O

Corollary 5.2.3.11. Let X be a smooth and proper scheme over an algebraically closed field. Then the k-analytic
stack parametrizing continuous representations of m§'(X) is representable by a geometric stack.

Proof. 1t follows immediately by Theorem 5.2.3.10 together with the fact that under such assumptions on X its
étale fundamental group 7$'(X) is topologically of finite generation. O

Remark 5.2.3.12. As LocSysgiimEd (G) is a representable object in the co-category Shv(Afd;”, 7¢), GLL" is a
smooth group object in Shv(Afd}”, 7¢) and the corresponding geometric context satisfies descent we conclude by
Theorem 5.2.3.8 that the quotient [LocSys?fLmed(G )/GL:"] is representable by a geometric stack.

Remark 5.2.3.13. The geometric stack LocSys, ,,(G) is not, in general, a mapping stack. However the reader
should think of it as a continuous version of the latter. It would thus be desirable to say that LocSys, ,,(G) is
equivalent to

Maplnd(Pro(S)) (BG7 BGL?LH) ’

where the latter consists of the stack of morphisms between BG and BGL", considered as ind-pro-stacks. This
is not really the case, but it a reasonable conceptual approximation. We will explore this idea in detail using the
language of Ind(Pro(8))-enriched co-categories.

5.3 Moduli of £-lisse sheaves on the étale site of a proper normal scheme
Let X be a proper normal scheme over an algebraically closed field K. Let
Z : SpecK — X

be a fixed geometric point of X. Thanks to [GR, Theorem 2.9, exposé 10] the étale fundamental group 7¢(X)
is topologically of finite presentation. As a consequence, the results proved in the previous §hold true for the
profinite group G' = 78 (X). In particular,

LocSys, ,(X) = LocSysLn(w?(X))

is representable by a k-analytic stack. In this §, we will show that the moduli LocSys, ,,(X) parametrizes pro-
étale local systems of rank n on X. This is a consequence of the fact that the étale fundamental group of X
parametrizes étale local systems on X with finite coefficients. As we are interested in the local systems valued in
k-affinoid algebras, the pro-étale topology is thus more suited for us. This is dealt with in §3.2.

In §3.1 we prove some results concerning perfecteness of étale cohomology chains with derived coefficients.
These results are known to experts but hard to locate in the literature so we prefer to give a full account of these
as they will be important for us in order to show the existence of the cotangent complex of LocSys, ,, (X).
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5.3.1 Etale cohomology of perfect local systems

Let
m: X — SpecK

denote the structural morphism. For each integer n > 1, we have a canonical equivalence of co-categories
Shv(SpecK, Z/{"Z) ~ Modz /.
We have a pullback functor
p* : Shvg(SpecK,Z /0" 7) — Shvg(X,Z/0"7),
which associates to each Z/¢"Z-module M the étale constant sheaf on X with values in M.

Proposition 5.3.1.1. Let X be a proper normal scheme over an algebraically closed field K. Then RT' (X, Z /(" 7)
is a perfect complex of 7./ " Z-modules.

Proof. This is a direct consequence of the more general result [GL 14, Proposition 4.2.15]. O
Definition 5.3.1.2. Let A be a derived ring. We say that A is Noetherian if it satisfies the following conditions:
(i) mo(A) is a Noetherian ring;
(ii) Foreach ¢ > 0, m;(A) is an 7o (A)-module of finite type.

Definition 5.3.1.3. Let A be a derived ring and M € Mod s and A-module. We say that M has tor-amplitude
< n if, for every discrete A-module N, (which can be automatically seen as a o (A)), the homotopy groups

(M ®4 N) € Mod
vanish for every integer ¢ > n.

Lemma 5.3.1.4. Let A be a Noetherian simplicial ring and M € Mod 4 be an A-module such that 7;(M) ~ 0
Sor sufficiently small i < 0. Then M is a perfect A-module if and only if the following two conditions are satisfied:

(i) For each i, m;(M) is of finite type over mo(A);
(ii) M is of finite Tor-dimension.
Proof. 1t is part of [Lurl2c, Proposition 7.2.4.23]. O

Remark 5.3.1.5. Let A be a derived Z/{"Z-algebra and let N € Shv(Xg, A) be a local system of perfect A-
modules on X¢. Thanks to [GL14, Proposition 4.2.2] it follows that N can be written as a (finite sequence) of
retracts of

(fv)i(A) € Shv(Xa, A),

where
(fv): Shv(Ve, Z/0"Z) — Shv(Xg, Z/0"7),

denotes the exceptional direct image functor associated to an étale map fy: V — X.

Lemma 5.3.1.6 (Projection Formula). Let X be a scheme over an algebraically closed field K. Let A be a
simplicial ring and let F € Shvg (X, A). Then, for any M € Mod 4 we have a natural equivalence,

T (F Qa7 (M) = m(F) @4 M,
in the derived co-category Mod 4, where 7 denotes the structural morphism w: X — Spec K.

Proof. Let C C Mod 4 be the full subcategory spanned by those A-modules M such that there exists a canonical
equivalence RT'(X¢, M) ~ RI'(Xg, A) ®4 M. Tt is clear that A € C and C is closed under small colimits as both
tensor product and the direct image functor m, commute with small colimits. Consequently, by the fact that the
oo-category Modz,¢nz is compactly generated (under small colimits) by the object A, the result follows. O
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Proposition 5.3.1.7. Let A € CAlgy s, be a Noetherian simplicial Z./0"Z-algebra. Let N be a local system of
A-modules on Xg; with values in the co-category of perfect A-modules, Perf(A). Then the étale cohomology of
the local system N, denoted RT'(Xg, N), is a perfect A-module.

Remark 5.3.1.8. Note that the statement of Theorem 5.3.1.7 concerns the chain level and not the étale cohomol-
ogy of the complex RI'( X, N), thus it is a stronger statement than just requiring finiteness of the corresponding
étale cohomology groups.

Proof of Theorem 5.3.1.7. Let N be a local system on X of perfect A-modules, i.e., there exists an étale covering
U — X, such that Ny ~ f*(P), where
f:U = SpecK

denotes the structural map and P € Perf(A) is a perfect A-module. Our goal is to show that
RI'(X¢, N) € Perf(A).
By Theorem 5.3.1.4 it suffices to show that for each ¢ € Z, the cohomology groups
H™ (X4, N) := m;(RT(Xg, N))
is of finite type over m(A) and moreover
RI'(Xe, N) € Mod 4

is of finite Tor-dimension over A. Without loss of generality we can assume that /N is a connective perfect A-
module on the étale site Xy, i.e., the discrete 7o (A)-étale sheaves on X, 7;(N) vanish for i < 0.

Thanks to [GL14, Proposition 4.2.10] and its proof we deduce that 7;(N) is an étale local system of finitely
presented (discrete) m(A)-modules on Xg, for each ¢ > 0. For a fixed integer ¢ > 0 the homotopy sheaf 7; (V)
is a local system of finitely presented (discrete) 7o (A)-modules. It thus follows that there exists an étale covering

V—-X

such that
7TZ(‘ZV’)‘V = g*Ea

where g : V' — SpecK denotes the structural map and E denotes a suitable 7o (A)-module of finite presentation.
As X is a normal scheme we can assume without loss of generality that the étale map V' — X is a Galois covering
(in particular it is finite étale). It follows by Galois descent that

RF(XétaTri(N)) = RF(GvRF(XéUg*E))7

where G is the finite group of automorphisms of the Galois covering V' — X. Assume first that RT'( X, g* F) is
an A- module whose homotopy groups are finitely generated over 7o(A). Since the group G is finite, the group
cohomology of G with Z-coefficients is finitely generated and of torsion, we thus conclude by the corresponding
Grothendieck spectral sequence that the homotopy groups of the complex

RF(G, RF(Xét, g*E)) S MOdﬂ.D(A)

are finitely generated over my(A). We are thus reduced to the case where m;(N) is itself a constant mo(A)-
module on X. By the projection formula we can reduce to the case where 7;(N) is 7o(A) itself. Again by the
projection formula we can reduce to the case where mo(A) ~ Z/¢"Z in which case the result follows readily by
Theorem 5.3.1.1.
By induction on the Postnikov tower associated to N we conclude that given n > 0 we have a fiber sequence
of étale A-modules,
T<nt1N = 7<p, N — 1 (N)[n + 2],

such that, by our inductive hypothesis both complexes

RI'(X¢, 7<nN) and RI' (X, mpp1 (N)) [0 + 2] € Mod g
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have homotopy groups which are finitely generated m(A)-modules. Therefore, as RI'( X, —) is an exact functor
the assertion also follows for 7<,,11/N. We are thus dealt with condition (i) in Theorem 5.3.1.4 We have another
fiber sequence of the form,

TonlN = N — 1<, N.

As X is of finite cohomological dimension it follows by [GL14, Lemma 2.2.4.1] that for any given integer ¢ there
is a sufficiently large integer n such that

T (RF(Xély T>7LN)) S MOdTrO(A)

vanishes. By exactness of the global sections functor RI" it implies that 7; (RI'(X¢, N)) and 7;(RT'(Xg, 7<)
agree for sufficiently large n.

As X is of finite cohomological dimension we conclude that given M a discrete 7y (A)-module, the A-module
77 (M) has non-zero homotopy groups lying in a finite set of indices. Using the projection formula we conclude
once more that

RI'(Xe, N) ®a M ~ RI'(Xg, N ®4 M)

can be obtained by a finite sequence of retracts of the A-module 7,.7*(M). Consequently, under our hypothesis
on M, it follows that
Wi(RF(Xét, N) ®7r0(A) M) ~0

for large enough . Thus we conclude that RI'(Xg, N) is of finite Tor-dimension as an A-module and thus a
perfect A-module. O

5.3.2 Pro-etale lisse sheaves on X

It follows by our hypothesis on X and [BS13, Lemma 7.4.10] that the pro-étale and étale fundamental groups of
X agree henceforth it suffices to consider representations of the étale fundamental group of X, m§{(X).

Definition 5.3.2.1 (Noohi group). Let G be a topological group and consider the category of G-sets, denoted
G-Set. Consider the forgetful functor
Fg: G-Set — Set.

We say that G is a Noohi group if there is a canonical equivalence G ~ Aut(F), where Aut(F¢) is topologized
with the compact-open topology on Aut(S) for each S € Set.

Lemma 5.3.2.2. Let G be a topological group which admits an open Noohi subgroup U, then G is itself a Noohi
group.

Proof. Thisis [BS13, Lemma 7.1.8]. O
Lemma 5.3.2.3. Ler A be an k-affinoid algebra, then GL,,(A) is a Noohi group.

Proof. Let Ag be a formal model for A, it is a p-adically complete ring and we have the equivalence,

GL,(Ap) ~ hglc;Ln(Ao JpFAg) ~ nlglc;Ln(Ao) / (Id + p"M,,(Ao)) ,

which induces its structure of topological group, in particular it is a pro-discrete group as in [Noo04, Definition
2.1]. Moreover, the system {GL,,(A¢)} U {Id +p* M,,(Ap)} is a basis of open normal subgroups for the topology
on GL,,(A4p) and thus by [Noo04, Proposition 2.14] we conclude that GL,,(Ag) is a Noohi group. As Ay is an
open subgroup of A the same holds for GL,,(49) C GL,(A) and by [BS13, Lemma 7.1.8] we conclude that
GL,(A) is a Noohi group. O

The following Proposition is a generalization of [BS13, Lemma 7.4.7] and its proof is just an adaption of that
one. We give it here for the sake of completeness.

Proposition 5.3.2.4. Let A be a k-affinoid algebra. Then there is an equivalence of groupoids,
LocSysZ)n(X) ~ Locx n(4),

and Locx , (A) the groupoid of (pro-)étale local systems of rank n A-free modules on X.
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Proof. Let Ay be a formal model for A. Note that Ag is an open subring of A which is p-adically complete and
therefore is a pro-discrete ring implying that the group GL,,(Ay) is a pro-discrete group as in [Noo04, Definition
2.1], thanks to [BS13, Lemma 7.4.6] the result follows if we replace A by A in the statement of the Lemma. Let,

p: 1 (X) — GL,(A),

be a continuous representation and
U = p~'(GLn(A0)),

note that U is an open subgroup of m$!(X), therefore it defines a pointed covering Xy — X with 78(Xy;) = U.
The induced representation,

7 Xy) = GL,(A),

defines thus an element M € Locx,, (Ap) and hence, by inverting p,it produces a local system M’ € Locx,, (4).
Such element M’ comes equipped with descent data for Xy — X and therefore comes from a unique N (p) in
Locx (A). Conversely, fix some N € Locx (A) which, for suitable n, we can see it as a EFGLH( A)-torsor, which
is a sheaf for the pro-étale topology on X via [BS13, Lemma 4.2.12], here ffGLn( 4) denotes the sheaf on X
defined informally via,

T € Xprost = Map o (T, GLy, (A)).

Let S € GL,, (A)-Set then we have an induced representation,

ps : Far,(a) = Faus)

of pro-étale local sheaves. The pushout of NV along pg defines an element Ng € Locy with stalk S, which is
functorial in .S and therefore it defines a functor GL,,(A)-Set — Locx ,(A) compatible with the fiber functor.
By Theorem 5.3.2.3, GL,,(A) is Noohi and therefore it is possible to associated it a continuous homomorphism
pn : ™(X) — GL,(A), which gives an inverse for the previous construction. This establishes the equivalence
of the statement, as desired. O

Corollary 5.3.2.5. The non-archimedean stack LocSys, ,,(X) represents the functor Afd)? — 8 given on objects
by the formula,

A — Locx »(A),
where Locx ,,(A) denotes the groupoid of local systems of projective A-modules locally of rank n. on the pro-étale

topology of X.

Proof. 1t follows by the construction of quotient stack and Theorem 5.3.2.4. O

5.4 Moduli of continuous £°-adic representations

In this section we prove several results concerning the co-category of derived continuous k°-adic representations
and the associated derived moduli stack. Even though such results are somewhat secondary to our main goal they
will prove useful in proving the representability of derived moduli stack of rank n continuous k-adic representa-
tions.

5.4.1 Preliminaries

Let X € Pro(8) be a profinite space which we suppose fixed throughout this §. Assume further that X is
connected, i.e.

moMat(X) ~ *
where Mat(X) = Mapp,(ste) (%, X) €8.
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Definition 5.4.1.1. Let A € CAlg?d and n > 1 an integer. We define A,, € CAlgy. as the derived k; -algebra
defined as the pushout of the diagram

Alu] 227

A
o |
A— A,

computed in CAlg,., where A[t] denotes the derived A-algebra obtained from A by freely adding a variable ¢ in
degree 0.

Remark 5.4.1.2. Suppose A € GA]gZ%1 is p-complete. Thanks to [Lurl6, Remark 8.1.2.4] we have an equivalence
of derived k°-algebras
A~ “§}An'

Moreover, perfect A-modules are necessarily p-complete and we have an equivalence

M ~ }gnl(M ®a An)

in the oco-category Perf(A). Thanks to [Lurl6, Proposition 8.1.2.3] it follows that one has an equivalence of
oo-categories

Perf(A) — ligllPerf(An).
Therefore, we can (functorially) associate to Perf(A) a pro-object {Perf(A4,)}, € Pro(Cato).

Construction 5.4.1.3. Let C € Cato, be an co-category. The co-category of pro-objects on €, denoted Pro(C),
is defined by means of the following universal property: the co-category Pro(C) admits small cofiltered colimits
and there exists a fully faithful Yoneda embedding

j: €< Pro(C)

such that for any co-category D admitting small cofiltered colimits we have that pre-composition with j induces
an equivalence of co-categories
Fun'(Pro(€), D) — Fun(C, D)

where the left hand side denotes the full subcategory of Fun (Pro(@), @) spanned by those functors which preserve
small cofiltered limits. Moreover, if C is an accessible co-category which admits finite limits one can give a more
explicit of Pro(C) as the full subcategory of Fun(C, 8)°P spanned by those left exact accessible functors

f: =38

The existence of Pro(C is general (e.g. when € is not necessarily accessible) is guaranteed by [Lur09b, Proposition
5.3.6.2]. We observe that, up to enlarge Grothendieck universes, one can consider the co-category Pro(Cat ) of
pro-objects in the co-category of (not necessarily small) co-categories, denoted Caty.

Remark 5.4.1.4. Since the co-category 8 is presentable, we can identify X € Pro(8) with a functor
f:8—=8.

Such functor induces a unique, up to contractible indeterminacy, left fibration
F:C—-38

obtained as a pullback of the diagram
Sip — S

o

e—1 .
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in the oo-category Cat,. Thanks to [Lur09b, Propositino 5.3.2.5], the co-category 8 is cofiltered. Therefore,
the association
X — S/f

allow us to interpret X as a pro-system {T;};, where T; € 8. Moreover, given X € 8, we have an equivalence
f(X) ~ MapTieS/f (UTm X)7
where u: 8,y — 8 is the forgetful functor.

Remark 5.4.1.5. The co-categories S and Cat,, are presentable. It follows by [Lur09a, Remark 3.1.7] that one
has a fully faithful embedding
Pro(8) — Pro(Caty,).

The analogous statement the larger versions Sand at: holds by the same reasoning.
Definition 5.4.1.6. Let A € CAlg?Y, we define Perf*(X)(A) as the functor category
Funp,o(eat..) (X, Perf(A4)) € Cato,

where we consider Perf(A4) €
pro(Cats, ). We define also the co-categories

Mod*®(X)(A) = Ind(Perf*!(X)(A)) € Catoo,
Coh™(X)*!(A) = Funp,o(eat..) (X, Coh™(4)) € Cats
Vect(X)*4(A) == Funp,o(eat..) (X, Vect(A)) € Catyg,
where Vect(A) C Perf(A) denotes the full subcategory spanned by free A-modules.
Remark 5.4.1.7. The oo-category Perf*d(X)(A) can be identified with

Perf*d(X)(A) ~ Funp,(eat..) (X, Perf(A))
~ }ganunpm(eatoo) (X, Perf(An))

~ }gi )gf)ehsr?f (X;,Perf(A,))

in the co-category Cat .

Remark 5.4.1.8. By construction, the co-category Mod? (X)) (A) is compactly generated and the compact objects
span the full subcategory Perf®! (X )(A4) C Mod™ (X)(A).

Definition 5.4.1.9. Let C be an additive symmetric monoidal co-category. Let R € CAlg be a commutative
derived ring and consider its derived oo-category of modules Modg € Cat2 . We say that € is equipped with an
A-linear action if there exists a finite direct sum preserving symmetric monoidal functor

F: Modll — ¢

see [Lur16, Definition D.1.1.1] for a definition. If C is presentable, then the datum of a linear R-action is equivalent
to the existence of a colimit preserving symmetric monoidal functor

F: Mod® — €

see [Lurl6, Remark D.1.1.5]. If moreover, C is presentable and stable, then the datum of a linear R-action on C is
equivalent to give a colimit preserving monoidal functor

F: MOdR—)e.

Proposition 5.4.1.10. Ler A € CAlglY. The oo-category Mod™ (X)(A) is a symmetric monoidal presentable
A-linear stable co-category. The co-categories Coh™ (X)24(A) and Perf* (X )(A) are both symmetric monoidal
A-linear idempotent complete stable co-categories and the former admits a canonical t-structure. The oco-category
Vect® (X)) (A) is symmetric monoidal, admits an A-linear action and it is moreover additive.
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Proof. Let X; € 8 /f and n > 1 an integer. Each transition functor
Fun(X;, Perf(A,)) — Fun (X}, Perf(A,))

is an exact functor between stable co-categories, see [Lurl2c, Proposition 1.1.4.6]. Thanks to [Lurl2c, Theorem
5.5.3.18] the colimit
colim Fun (X, , Perf(4,)) (5.4.1.1)
T:€8,
is again a stable co-category, as the transition maps are exact. Furthermore, each co-category
Fun (Xi, Perf(An))

admits a symmetric monoidal structure which is induced by the one on Perf(A,,) objectwise. Since the transition
maps above are symmetric monoidal functors, one concludes that the co-category in ?? is naturally endowed with
a symmetric monoidal structure and by construction it is A, -linear. Each of the transition functors

colim Fun(Xi,Perf(An)) — colim Fun(Xi,Perf(Am))
Xi€8/; Xi€8/;

are colimit preserving and exact. The fact that Perf®(X)(A) is idempotent complete follows by stability of
idempotent completion under filtered colimits [Lur09b, Propositin 4.4.5.21] and limits of co-categories. There-
fore, thanks to [Lurl2c, Proposition 1.1.4.4] one deduces that the limit

lim,, colim Fun (Xi, Perf(An)) (5.4.1.2)
Xi€8/5

is stable, as desired. The fact the co-category displayed in (5.4.1.2) is symmetric monoidal follows from our
previous considerations together with [LurO9b, Proposition 3.3.3.2]. By taking ind-completion one deduces that
Mod™@ (X)(A) is presentable. The statements for Coh™ (X )?d(A) and Vect(X)(A) are similar but easier. []

Remark 5.4.1.11. The oco-category Perf®d(X)(A) is rigid, i.e. every object in Perf*!(X)(A) is dualizable, as
the tensor product is computed objectwise. We conclude that the conditions in [Lurl6, Definition D.7.4.1] are
verified, thus Mod(X)(A) is a locally rigid oo-category.

Construction 5.4.1.12. We have a functor
CAlg3d x N°P — Caty,

given on objects by the formula
(A,n) — Perf(A,,) € Cateo.

Thanks to [GHN15a, Lemma 6.2 and Example 6.3] the association
(€,D) € Cat2l x Cato, — Fun(€, D) € Catoo
is functorial. Thus we can consider the composite
F: 8% x CAlgid x N°P — Cat.,
given on objects by the formula
(X, A,n) — Fun(X, Perf(4,)) € Catoo.
Via straightening we obtain a coCartesian fibration
D — 8§ x CAlgid x NP
Given a cofiltered diagram h: I — & we can consider the pullback diagram

Dy D

! l

1P x CAlghd — NP 8°P x CAlghd x Nop,
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Thus we obtain a coCartesian fibration
Dy — I°P x CAlgid x NoP
whose fiber at (i, A,n) € I°° x CAlg?d x N°P can be identified with the co-category
Fun (h(i), Perf(A,)) € Catoo.

Furthermore, the composition
Dy — CAlgld — NoP,

under the natural projection °P X GAng‘i — NP — (?Ang‘g — N°P_is a coCartesian fibration whose fiber at
(A, n) is naturally equivalent to

colim Fun (h(i), Perf(A,)).

i€lop

Unstraightening produces a functor
F: CAlgld x N°P — Catq,

given on objects by the formula

(A,n) — colim Fun(h(i), Perf(A4,)) € Cato.

ielop
Composing it with the projection functor GAlgzg x N°P — N°P produces a coCartesian fibration
Dr — NP,
Consider the co-category of coCartesian sections
Map” (NOp,'DI) € Cato.
We have a canonical functor

g: Map® (NP, D) — Map’ (N°P, CAlgd x NP)
~ CAlg3d.

The coCartesian fibration g produces a well defined functor, up to contractible indeterminacy,
Perf?d(X): CAlglS — Cato,
given on objects by the formula
A € CAlg:Y s Perf™(X)(A) € Cato.
Similarly, we can define functors
Mod™(X), Coh™(X)™, Vect®(X): CAlgl — Caty,
given on objects by the formulas

A € CAlgid s Mod™(X)(A) € Cato,
A € CAlg2 — Coh™(X)*4(A) € Catoo,
A € CAlg? — Vect™ (X)(A) € Catoe,

respectively.
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5.4.2 Geometric properties of Perf*(X)

In this §we prove that Perfad(X ) has a rich geometrical information, namely it satisfies hyper-descent, it is
nilcomplete and cohesive and it admits a global k°-adic cotangent complex.

Definition 5.4.2.1. We equip the co-category CfAng(.@1 with the étale topology. Denote by (GAngg, Ta) the cor-
respondlng étale oo-site. Let Py, denote the class of smooth morphisms in the co-category GAlgif. The triple
(@Algko , Tet, Psm ) forms a geometric context, which we refer to as the k°-adic geometric context. The co-category
of geometric stacks on (C’Algzg, Tét, Psm) 18 denoted as dSt(GAlgzﬁ.i, Téty Psm)-

Lemma 5.4.2.2. The pre-sheaf Perfad( ): GAlg — Caty, satisfies étale hyper-descent.
Proof. Let A®: A°P — GAng‘g denote an hyper-covering of a given derived k°-adic algebra A € (?Algzg. We

have thus an equivalence
A~ lim AM
[n]eAcp
in the co-category GAlg . Let m > 1 be an integer. Modding out by p" produces an étale hyper-covering
A A% — CAlgy.

in the co-site (CAlg. , 7). Therefore, we have an equivalence

A, ~ lim A[”]
[n]e Aopr

in the co-category CAlg;. . Therefore, we have a chain of equivalences of the form

Perfad(X)([n]lérgopA[”]) ~ " ]lé%()p]lgI%Funpm(edtw)(X Perf(AL_n])

~ lim lim ¥ X, Perf (Al
t i P (X, Pt (4]

~ lim Perf®(X)(A
o Per (X)(4)

where we used in a crucial way the fact that Perf: GAlg — Cat satisfies étale hyper-descent. O

Proposition 5.4.2.3. The stack Perf®!(X): CAlg?? — Cat, is cohesive and nilcomplete.
Before proving Theorem 5.4.2.3 we prove first some preliminary results:

Lemma 5.4.2.4. Let A € CAlg?Y be p-complete and M € Coh™ (A), then we have a canonical equivalence
SM) = EmOH (M @4 A,)

where Q29: Coh™ (A) — (CAlgad ) A, is the projection functor introduced in [Ant18b, §3.3].

Proof. By definition Q25 (M) ~ A @ M. As M is eventually connective it follows that we have an equivalence

M~ 1limM ®4 A,.
n>1

The functor 229 being a right adjoint commutes with limits. As a consequence, we have a chain of equivalences
of the form

Ao M ~Q(M)
~ Qad(hgiM XA An)

n>1
in the co-category Coh™ (A). Moreover, the morphism A — A,, induces a canonical equivalence of functors

(_ ®a An) OQad — Qado( ®a A’ﬂ)

The result now follows by the fact that A @& M is p-complete together with a standard cofinality argument. O
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Proof of Theorem 5.4.2.3. We first treat cohesiveness of Perfad(X ). The pre-sheaf of perfect complexes
Perf: CAlgi — Catoe,

is cohesive thanks to [Lurl2a, Proposition 3.4.10] together with Theorem 5.4.2.4. As both filtered colimits and
limits commute with fiber products, we deduce that the same is true for Perf™® (X).
We now prove that Perfad(X ) is nilcomplete. Fix an integer n > 1, the pre-sheaf of perfect modules

Perf: CAlg,. — Catoo

is nilcomplete, thanks to [Lurl2a, Proposition 3.4.10]. This implies that given A,, € GAng% we have natural
equivalences
Perf(A,,) ~ liI>rb Perf(7<mAy).

Thanks to the Cat,-enriched version of [Lur09b, Proposition 5.3.5.3] the inclusion
Pro(Cates,) «— P(Catl)P

preserves cofiltered limits, where the latter denotes the co-category of pre-sheaves on Cat2P. Therefore, cofiltered
limits in Pro(Cat,) can be computed objectwise. Thus given A € GAlgzg it follows that we have natural
equivalences

Perf*(X)(A) ~ Funp,o(eat.) (X, Perf(A))
Funp,o(eat..) (X, Tlgr(l)Perf(TSnA))

lim Funpo(eat..) (X7 Perf(TSmA))

limy, >0

lim Perfad (X) (Tgm)v

lim, >0
as the functor 7<,, : CAlg,. — CAlg,. is a left adjoint and therefore commutes with pushouts, thus
T<mAn >~ (T<mA)p.
O

Remark 5.4.2.5. The above result holds true with an analogous proof for the functors Vect™(X) and Coh™ (X)2d.
However, the result does not hold for Mod®? (X) as it is not true already in the discrete case.

We now devote ourselves to the computation of a cotangent complex for Perfad(X ). We will need a few
preliminary results first.

Proposition 5.4.2.6. Ler A € CAlgd and M € Coh™ (A) which we assume furthermore to be p-torsion free. Let
p € Perf* (X)(A). Given p' € Perf*(X)(A @ M) together with a morphism

0:p' = pRa(Ad M)

in the co-category Coh™ (X)2d(A), which we assume to be an equivalence after base change along the canonical
morphism
A— Aa M,

in the co-category Coh™ (X)2d(A). Then 0 is an equivalence in the co-category Coh™ (X)2d (A @ M).
Proof. 1t suffices to prove the result in the case where

a:p = pRs(Ad M)
in the co-category Perf!(X)(A @& M) coincides with the identify morphism

Id: p—p
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in the co-category Coh™(X)24(A). Consider the cofiber cofib(a) € Coh™(X)2d(A @ M), it is a dualizable
object in the co-category Coh™ (X)2d(A @ M) and its image in Coh™ (X)24(A) is equivalent to the zero object.
We wish to prove that the coevaluation morphism

coev: A @ M — cofib(a) ® cofib(a)”,
is the zero map in the co-category Coh™ (X)24(A). Consider the inclusion morphism

A— Ao M

in Mod(A). By naturality of taking tensor products we obtain that tensoring the above morphism with the coeval-
uation morphism induces a commutative diagram of the form

A el (cofib(a) ® cofib(a)Y) ® A

| !

coev

A® M —==— cofib(a) ® cofib(a)".
Since coev ® A corresponds to the coevaluation morphism of the dualizable object
cofib(a) @ apar A € Coh™ (X)2d(A)
it coincides with the identity morphism
cofib(a) ® A — cofib(a) ® A,
which is the zero morphism, by our assumption on «. It follows that the A-linear morphism
A — cofib(a) ® cofib(ar)¥

is the zero morphism, and thus by adjunction (with respect to the extension and restriction of scalars along A —
A @® M), the coevaluation map
coev: A @ M — cofib(a) ® cofib(a)

is the zero morphism, as desired. Thus cofib(a) ~ 0 in the co-category Coh™ (X)2d(A @ M), as desired. O

Proposition 5.4.2.7. Let A € @Alg;(ol and M € Coh™(A) a p-torsion free almost perfect A-module. Given
p € Perf* (X )(A) the fiber at p of the natural functor

(pa,p)™: Perf*(X)(A @ M)~ — Perf™(X)(A)™
can be identified canonically with
fib,(pa.p) = Mapcop+ (xyaa(a) (p @ p”, M[1]).

Proof. The canonical functor p 4 s exhibits Perf®(X)(A @ M) as an object in the co-category 8 /Perfad (X)(A)sd-
This is a right fibration of spaces and thus it induces a functor

par: Perf*d(X)(4)= — 8.
Given p € Perf®(X)(A) we have an equivalence of spaces
pum(p) = fiby(pa,m)-
Thanks to Theorem 5.4.2.6 and its proof the loop space based at the identify of the object
p@a(A® M) e Coh™(X)* (A M),
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which we denote simply by Q(p,,(p)), can be identified with
Qpa(p)) =~
= fibia, (Mapoon+ (x)ma (a@ar) (P @ (A ® M), p @ (A ® M)) — Mapgon+ (x)sa(a) (05 0))-

We denote the latter object simply by Map,,(p ®4 (A® M), p @4 (A @ M)). Since the underlying A-module
of p®4 (A® M) can be identified with p ® p ® 4 M, we have a chain of natural equivalences of mapping spaces
of the form

Map,,(p®@a (A® M),p@4 (A® M)) ~
~ Mapcon+ (x) (4, (P @4 (A® M), p @4 (A® M))
~ Mapeont (x)(4),, (P: P @4 (A® M))

where the latter mapping space is pointed at the zero morphism. Since p € Perf®!(X)(A) is a dualizable object
we have an identification of mapping spaces

Mapcon+ (xyaa(a) (0 ©a M) =~ Mapgp+(xyea(a)(p @ p*', M).
Consider teh pullback diagram of derived k°-adic extensions

ADM —— A

| |

A——— A M[1)

in the co-category CAlgd. As Perf®!(X) is cohesive and the right adjoint (—)~: Cat,, — 8 commutes with
limits we obtain a pullback diagram of the form

Perf*!(X)(A® M) —— Perf* (X)(A)

|

Perf*d(X)(A) ——— Perf(A @ M][1])

in the co-category 8. By taking fibers at p € Perf®d(X)(A) we have a pullback diagram of spaces

in the co-category 8. By our previous computations, replacing M with the shift M[1] produces the chain of
equivalences

pu(p) ~
= Q(pM[l] (p))
~ Mapgon+ (x)sa(ay (0 @ p’, M(1]),
as desired. O

Definition 5.4.2.8. Let X € Pro(8%) be a connected profinite space. Let A € CAlg?d and p € Perf*!(X)(A).
We say that X is locally p-cohomologically perfect at p if the object

Mapperfad(x)(A) (1, p) S Sp

where 1 € Perf®(X)(A) denotes the unit for the symmetric monoidal strucutre, equipped with its canonical
A-linear action is equivalent to a perfect A-module. We say that X is cohomologically perfect if it is locally
cohomologically perfect for every p € Perf®!(X)(A) for every admissible derived k°-adic algebra A € CAlg?d.
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Proposition 5.4.2.9. Let X € Pro(8) be a p-cohomologically perfect profinite space. Then for every A €
CAlg?d and every p € Perf*d(X)(A) the functor

F:Coh™(A) =8
given informally via the association
M € Coh™(A) — fib, (Perf*!(X)(A ® M) — Perf*(X)(A)) € 8
is corepresentable by the A-module
Mappesgaa (x)a) (1,0 @ p[1]) 7 € Mod s

Proof. We first prove the following assertion: let C be an A-linear stable presentable co-category, and C' € C
denote a compact object of C. Then for every object M € Mod 4 we have an equivalence

Mape (C, M) ~ Mape (C, 1¢) ®4 M,

in the co-category Mod 4, where 1¢ denotes the unit for symmetric monoidal structure on €. Let D C Mod 4
denote the full subcategory spanned by those A-modules M such that the assertion holds true. Clearly A € D.
Since A € Mod 4 generates the co-category Mod 4 under small colimits, it suffices to show that D is closed under
small colimits. Suppose that

M ~ colim M;,
el

such that M; € D and [ is a filtered oo-category. Then by our compactness assumption it follows that we have a
chain of equivalences

Mapy(C, M) ~ Mape (C, colim M;)
~ colim Mapy (C, M;)
~ colim Mapy (C,1) ®a M;
~ Mapg (C, 1) ®4 (colim M;)
~ Map¢ (C, le) ®4 M.

Thus D is closed under filtered colimits. It suffices to show to show then that D is closed under finite colimits.
Since Mod 4 is a stable co-category it suffices to show that D is closed under finite coproducts and cofibers. Let

f:C—D

be a morphism in D, we wish to show that cofib(f)D. Thanks to [Lurl2c, Theorem 1.1.2.14] we have an equiva-
lence

cofib(f) ~ fib(f)[1].
As a consequence, we can write
Mape (C, coﬁb(f)) ~ Mape (C, fib(f) [1])
~ fib(Mape (C, f))[1]
~ coﬁb(Map@ (C, f))
~ Mape (C, 1) @4 cofib(f).
The case of coproducts follows along the same lines and it is easier. From this we conclude that

D~ N[OdA7

as desired. In our case, let € := Mod®!(X)(A) and observe that the assertion implies that for every M € Mod 4
we have a chain of equivalences

Mapygoqaa (x) () (P ®p", M[l]) >~ Mapyoqed (x)(4) (Q(P ®p"), 1) ®a M
MapMOdad(X)(A) (17 14 X ,Ov[l]) ®A M.
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Furthermore, it follows by our hypothesis on X that
C == Mapyoqea(xy(ay (1, 0 @ p[1]) € Mod 4
is a perfect A-module. Thus we have a chain of equivalences

MapMOdA (C\/’ M) ~ MapMOdA (A, C ®A M)
Mappeyfad (x)(A) (L(p®p) ®a M)
Mappe,gsa(x)(a) (P © p*, M1])

and the result now follows by Theorem 5.4.2.9. O

5.5 Enriched co-categories

In this §we will state and prove the results in the theory of enriched co-categories that will prove to be more useful
for us in the body of the present text. We will follow mainly the expositions presented in [GH15] and [Lurl2c,
§4.2].

5.5.1 Preliminaries on Pro(8) and Ind(Pro(§))-enriched co-categories

We will moreover be more interested in the case where the enrichments are over the co-categories Pro(8) and
Ind(Pro(8)) of pro-objects and ind-pro-objects in 8, respectively. The following remark states that both defini-
tions [Lurl2c, Definition 4.2.25] and [GH15, Definition 5.4.3] are equivalent in the Cartesian symmetric monoidal
case:

Remark 5.5.1.1. Recall that in [Lurl2c, Definition 4.2.5.25] the notion of a enrichment is defined as a pseud-
enrichment p: €% — LM® together with the requirement that for any two objects M, N € €, we have a functo-
rial morphism space object Mor (M N ) € C,. Following a private communication with David Gepner, whenever
C, is a Cartesian symmetric monoidal co-category, both definitions [GH15, Definition 5.4.3] and [GH15, Defi-
nition 7.2.14] are equivalent. Thanks to this fact, we can consider the co-category of C,-enriched oco-categories,
Catoo (Pro(8)) as the full subcategory of Alg,,,(Cq) spanned by those complete objects, in the sense of [GH15,
Definition 4.3.1].

We start with a general Lemma which will be helpful for us:

Lemma 5.5.1.2. Let V® be a presentably symmetric monoidal co-category. Suppose we are given a small diagram
F: T — Caty(V®). Then the limit € = li}nF exists in the co-category Cato, (V®). Furthermore, given any two

objects x, y € C we have an equivalence of mapping objects
C(w,y) ~ limC;(x;,y;) € V®
i€l
where C; := F(i), for each i € I and x;, y; denote the images of both x and y under the projection functor
C — C,, respectively.
Proof. We use the notations of [GH15]. In this case, we have a chain of equivalences in V®

C(z,y) ~

~ Map

1
Tk [[ %/ Cates (VO) (E ’e)

E17ei)

~lImMap 11 ea (ve) (

~ limC; (x5, y;
z'lenllel(x“ le)
where Map denotes the internal mapping object in V®. This finishes the proof of the statement. O
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Construction 5.5.1.3. Let Mat: Pro(8) — 8 denote the materialization functor given on objects by the formula
X € Pro(8) — Mapp,s) (*,X)
The functor Mat preserves limits and it thus lifts to a symmetric monoidal functor
Mat™ : Pro(8)* — 8%,

where we consider the corresponding Cartesian symmetric monoidal structures on both oco-categories. Further-
more, thanks to [GH15, Corollary 5.7.6] we have a realization functor

Mat,t: Catog (Pro(S)) — Cateo(8).

We have an equivalence of co-categories Cato (8) ~ Catoo, thanks to [GHIS, Theorem 5.7.6]. Therefore, we
obtain an induced functor
Matcat : Catoo (Pro(8)) — Cate.

Similarly, we have a materialization functor Mat : Ind(Pro(8)) — 8 given on objects by the formula
X € Ind(Pro(8)) — Mapip,4(pro(s)) (*,X) €8.
By construction, this functor commutes with finite limits. Therefore, we are given a well defined functor
ECats — Cates.

Construction 5.5.1.4. Let A € GAng‘i1 be a derived k°-adic algebra. Denote by A,, € CAlg;,. the pushout of the
diagram
Alu] =% 4
J{w—)t" J{
A— A,

computed in the co-category CAlg,.. For this reason, base change along the morphism of derived algebras
A— A,, foreachn

induces a natural morphism
Perf(A) — lim,,>1Perf(A4,,),

which is an equivalence, thanks to [Lurl6, Lemma 8.1.2.1]. For this reason, we can consider the stable oo-
category Perf(A) enriched over Pro(8), i.e. Perf(A4) € Cato, (Pro(8)). Given M € Perf(A) we can enhance
End(M) € Mong, (8) with a pro-structure via the equivalence

End(M) ~ lim,>1End(M ®4 A,,).
Therefore, we can consider End(}) naturally as an object in the co-category Mong, (Pro(8)).
Remark 5.5.1.5. We have a canonical functor
Pro(8) — Catee (Pro(8))

induced by the universal property of the pro-construction together with the canonical inclusion functor & — Cat.
For this reason, given X € Pro(8) we can consider the co-category of continuous k°-adic representations of X
defined as the functor co-category

Funeas (Pro(s)) (X, Perf(A)) € Catoo.
Suppose X € Pro(8) is connected, i.e.
moMat(X) >~ moMapp,(s) (*, X) = *.

Then there exists a canonical functor 74 : Funeag _ (Pro(s)) (X , Perf (A)) — Perf(A) which sends a continuous
A-adic representation
p: X — Perf(A)

to the underlying perfect A-module M := p(x) € Perf(A).
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Lemma 5.5.1.6. Let X € Pro(8%) be a connected profinite space. Given A € CAlgis and M € Perf(A) the

fiber of
TA: F\U.n@atoc(pro(g))(X, Perf(A)) — Perf(A)

over M € Perf(A) is canonical equivalent to the space
1\/IapMomEl (Pro(8)) (QX, End(M)) € 8.
Proof. Let M € Perf(A). The fiber of w4 over A is equivalent to
Mapp,s) (X, Bénd(M)) € 8

and applying May’s Theorem together with the limit colimit formula for mapping spaces in Pro(8) we obtain the
canonical equivalence

Mapp,q(s) (X, BEnd(M)) =~ Mapyion, (pro(s)) (X, End(M))
of mapping spaces. The result now follows. O
Construction 5.5.1.7. The fully faithful embedding
8 — Pro(8)

induces a fully faithful functor
Cato, — Catos (Pro(8))

which can be extended, via the universal property of pro-completion, by cofiltered limits to a functor
F': Pro(Cates) — Catu (Pro(8)).

Moreover, given A € CAlg?Y the essential image of Perf(A) € Pro(Cat.,) by F can be identified with Perf(A) €
Cateo (Pro(8)) as in Theorem 5.5.1.4 as the latter can be identified with

Perf(A) ~ limPerf(A,,) € Cato(Pro(8))

n>1

and by construction F' preserves cofiltered limits. Similarly, we have a commutative diagram of the form

Pro(8) Pro(Caty)

~ 7

Catoo (Pro(8))

and for this reason X € Pro(8) C Pro(Cat) is sent via F' to X € Cato(Pro(8)). As a consequence the functor
F': Pro(Caty,) — Catoo(Pro(8)) induces a well defined functor

Ba: Funpyo(ear..) (X, Perf(A)) — Funeas_ (Pro(s)) (X, Perf(A)).
Moreover, /34 is functorial in A and thus produces a well defined morphism
B: Perfad(X) — Funeat _ (Pro(s)) (X, Perf(—))
in the co-category Fun (CAlgyS, Catos ).
We have now two potential definitions for the moduli stack Perf®!(X), namely the one provided in the pre-

vious §and the second one by defining it via the Pro(8)-enriched oo-categories approach. The following result
implies that there is no ambiguity involved in chosen one of these:
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Proposition 5.5.1.8. Let X € Pro(8) be a connected profinite space. Then the functor

B: Perfad(X) — Funeatm(pro(g))(X, Perf(—))

is an equivalence in the co-category Fun(CAlg?d, Cat.,).
Before giving a proof of Theorem 5.5.1.8 we need a preliminary lemma:

Lemma 5.5.1.9. Let X € Pro(8) be a connected pro-space. Then X € Pro(8<!), where the latter denotes the
oo-category of pro-objects in the co-category of connected spaces, S<!.

Proof. Let X € Pro(cS) be indexed by a cofiltered oo-category I. More explicitly, we can identify X with

X ~ limX;
el

for suitable X; € 8. By construction, for each i € I, we have an induced morphism
it X = X;.

By our hypothesis on X,, we conclude that each A; should factor through a connected component X;” C X,;. We
can thus form the pro-system { X };c; € Pro(8), which lies in the essential image of the inclusion functor

Pro(8=!) < Pro(8).
Our goal is to show that the induced maps X — X induce an equivalence
X~ {X7}ier
in the oo-category Pro(8). It suffices to show that we have an equivalence of mapping spaces
0: limM Y, X?) ~ limM Y, X,
limMaps (Y, X7) > limMaps (Y, X;)

for every connected space Y € 8=!. Notice that @ is the cofiltered limit of monomorphisms in the co-category 8.
Thus it is itself a monomorphism. It suffices to show that it is also an effective epimorphism in 8.

Let * — Y be the unique, up to contractible indeterminacy, morphism in the oo-category 8. For each i € I,

consider also the canonical map
limMapg (Y, Xi) — X;
i€l

induced by A;. Such morphism must necessarily factor through X C X;, by our choice of X. It now follows
that 7o () is surjective. Consequently, the morphism 6 is an effective epimorphism. The result now follows. [

Proof of Theorem 5.5.1.8. Let A € GAngf}. Both the co-categories
Perfad(X)(A), Funeas  (Pro(s)) (X7 Perf(A)) € Catyo
are fibered over Perf(A) and we have a commutative diagram of the form

Ba

Perf*d(X)(A) Fune, (pro(s)) (X, Perf(A))

\ / (5.5.1.1)

Perf(A)

of coCartesian fibrations over Perf(A). Therefore, it suffices to show that for each M € Perf(A) the fiber products
over M of both vertical functors displayed in (5.5.1.1) are equivalent via 3 4. Thanks to Theorem 5.5.1.9 together
with limit-colimit formula for mapping spaces on oco-categories of pro-objects it follows that we can identify the
fiber of the left hand side with

Mapp,q(s) (X,Bé&nd(M)).

The result now follows due to Theorem 5.5.1.6. O
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5.5.2 Enriched oco-categories and p-adic continuous representations of homotopy types

Definition 5.5.2.1. Let S denote the sphere spectrum. It has a natural E.-ring structure, being the unit object of
the stable co-category of spectra, Sp. For each n > 1, denote by S/p™ the pushout of the diagram

S =2 g

o |

S —— S/p”

computed in the co-category CAlg(Sp). We can also define the p-completion
SQ ~ lim,>1S/p™ € Sp.

The derived oco-category Mod S admits an induced symmetric monoidal structure from Sp such that Sz/)\ is the
unit object. Moreover, we can consider the full subcategory

(MOdsﬁ)nil C Mods)

spanned by p-nilpotent modules, see [Lurl6, §7.1]. Moreover, the full subcategory (MOdSQ)nﬂ is naturally
symmetric monoidal. We denote by Sp,,,,,(p) the co-category Pro((Modsp Jnil)-

Notation 5.5.2.2. We shall denote the symmetric monoidal co-category associated to Sp,,,(p) by Sp,,,,(p)®.

Remark 5.5.2.3. For eachn > 1, the co-category Modg/,,» admits a symmetric monoidal structure induced from
the smash product of spectra. Moreover, we have a natural lax symmetric monoidal functor

Modg,.» — (Modsy)

nil
which factors the usual restriction functor

& ®
Mods/pn — ModSQ

along the canonical morphism SpA — S/p™ in the co-category Sp. This implies that we have a canonical symmet-
ric monoidal functor
Modg),n = SPpro(p)® (5.52.1)

which commutes with cofiltered limits, see [Lurl2c, Proposition 6.3.1.13] and its proof. Moreover, given M =
lim,, M,, and M" := limz M objects in Sp,,,,(p) we have an equivalence
MM ~ limm ﬂ(Ma ® MB)

in the co-category Sp,,,,(p)-

Remark 5.5.24. Let A € (?Algzi1 be a derived k°-adic algebra. For each n > 1, the derived k) -algebra A,,
admits a natural action of S/p™. Therefore, the stable co-category Perf(A,,) is not only enriched over spectra
but actually enriched over the derived oo-category Modg,,». The existence of the symmetric monoidal functor
displayed in (5.5.2.1) implies the existence of an induced action of the co-category Sp,,,,(p) on Perf(A,,). Passing
to the limit, we deduce that the co-category Perf(A) can be upgraded naturally to an object in the co-category

Catoo ( Sppro (p)) .

Thanks to Theorem 5.5.2.4 we have two natural enriched structures on Perf(A), for A € CAlg;e. Namely, a
Pro(8)-enriched structure on Perf(A) and an Sp,,,(p)-enriched structure. We will show that these are compatible
in a sense which we will precise hereafter.

Remark 5.5.2.5. Consider the usual connective cover functor

Q°°: Sp — 8.
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It can be upgraded to a lax symmetric monoidal functor Q°>®: Sp® — 8%, where 8 is considered with its
Cartesian symmetric monoidal structure. Therefore, 2> induces a lax symmetric monoidal functor

Q55o(D): SPpro(p)® — Pro(8)*.

pro

For this reason, there exists a natural functor Q50 (p): Catos (SPpro(p)) — Catios (Pro(8)). Moreover, the

image of Perf(A) € Catog (Spp,o(p)) under Q2% (p) is naturally equivalent to Perf(A) € Cato, (Pro(8)) whose

pro
Pro(8)-structure is the one introduced in Theorem 5.5.1.4.

Construction 5.5.2.6. Consider now the co-category Ind( SPpro (p)) of ind-objects on the presentable stable co-
category Sp,,,,(p). For each M € Sp,,,,(p), the multiplication map

p:M— M

induces a functor
(5)p™"): nd(Sppro(p)) = Ind(Spyyo(p))

given informally on objects by the formula

M — M Qpo k:= colim M.
p: M—M

Notation 5.5.2.7. Denote by Sp,,,(p),-1 the essential image of the full subcategory Sp,,,,(p) € Ind( Sp,,,(p))
under the functor

(7) [pil} : Ind( Sppro(p)) — Ind( Sppro(p)) .
Moreover, we will denote by
LP : Sppro (p) — Sppro (p)pfl
_1]

the induced functor from (—)[p~"] restricted to Sp,,,(p)-

Lemma 5.5.2.8. The oo-category Sp,,,,(p),-1 admits a natural symmetric monoidal structure induced from the
one on Ind(Sp,,,(p)). Moreover, the functor

Lp: Sppro(p) - Sppro(p)P_l

admits an essentially unique natural extension to a symmetric monoidal functor L? © SPpro(P) = SPpro(P)p-1-

p

Proof. The symmetric monoidal structure on Ind( Sppro(p)) is induced by the symmetric monoidal structure
on Sp,,,,(p), by extending via filtered colimits. For this reason, given M, M’ € Sp,.,(p) we have natural
equivalences

M ®@po k@ M'[p~1] ~ (M@M’)[p_l] € Sppro(P),

and the result follows. O

Lemma 5.5.2.9. Let M, M’ € SPpro(P). Then we have an equivalence of mapping spaces

Maps, ) (M, M")p~'] = Mapg,, () (M @ko k, M' @po k)

where
/ —17 .__ s /
Maps,, ) (M, M) [p™"] = colim Mapg, ;) (M, M").
Proof. Itis a direct consequence of the characterization of mapping spaces in co-categories of ind-objects. O

Proposition 5.5.2.10. Let A € CAlg?S be a derived k°-adic algebra. Denote by Coh™ (A @y k) denote the
oo-category of almost connectibe coherent A @y k-modules. Then the co-category Coh™ (A ®yo k) is naturally
enriched over the co-category Spy,,,(p)p-1-
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Proof. We will actually prove a stronger statement, namely we will show that Lp(Coh+(A)) is a canonical up-
grade of the co-category Coh™ (A ®j0 k) as an SPpro(P)p—1-enriched co-category. There exists a materialization
functor Mat: Sp,,,(p) — 8, given on objects by the formula

M € Sp,,o(p) Mapsppm(p) (*, M) €Ss.

Moreover, the functor Mat,, is lax symmetric monoidal. Thus it induces a well defined functor at the level of
enriched oo-categories
Matcas : Catoo ( Sppm (p)p—l) — Catee.

Thanks to [GH15, Corollary 5.7.6] the functor LY : Sp,,,,(p)® — Sp,,,,(p)® induces a well defined functor
Ly : Catoe (SPpre(p)) = Catoo (SPpro(P)p-1)-

Therefore, given A € CAlg?d the co-category L, (Coh™(A)) is naturally enriched over SPpro(P)p-1- Further-
more, given M, N € Coh™ (A) we have an equivalence of mapping objects

Mapr (Coh"’ (A)) (Ma N) = MapCoh"’(A) (M7 N) [pil] € Sppro(p)p*1 5
whose essential image under Mat.,; coincides with the mapping space

Iglﬁlltl}}; Mapcoh+(A) (]\47 N) ~ Mapcoh+(A®ko k) (M ®ko ]45, N ®ko k) .

[Ant18b, Proposition A.1.5] imlies that every object in the co-category Coh™ (A @y k) admits a formal model
living in the co-category Coh™(A). Thus, the underlying space of the enriched co-category L, (Coh+(A)) is
equivalent to Coh™ (A @0 k). It then follows that we have a natural equivalence

Matcat (Lp(Coh™ (A)) 2 Coh™ (A ®pe k)
in the co-category Cat. O

Definition 5.5.2.11. Let A € CAlg}? be a derived k°-algebra. Denote by Perf(A®jo k) the SPpro(P)p-1-enriched
subcategory of L, (Coh™ (A)) spanned by those perfect A ®yo k.

Remark 5.5.2.12. We can express Theorem 5.5.2.11 more concretely as follows: the co-category L, (Coh+(A))
is equivalent to the given of a functor

6A®kok): LgenA%thr(A): — Sppro(p>§*17

which is an LgenA%IZh+( A):—algebra object in Sp,,,,, (p)?,l. Let X C Coh™(A)™ denote the subspace spanned
by those A-modules whose extension of scalars along the morphism k£° — k is a perfect A ®po k-module. We
can consider the restriction of the functor € g, .« to Lgang(p and thus obtain an Agg-algebra on Sppro (p)®

—1»
which is complete in the sense of [GH15]. ?

Remark 5.5.2.13. By construction, one has an equivalence Mat s (Perf (A ®po k)) ~ Perf(A ®o k) as stable
oo-categories.

Warning 5.5.2.14. The enriched mapping objects in Perf(A ®go k) depend of the given choice of a lifting, i.e.
of an A-formal model. However, whenever A is n-truncated such choice is canonical up to a contractible space of
choices

Remark 5.5.2.15. The association A € CAlg?d — Perf(A) € Cato, (SPpyo(p)p-1) is functorial. Therefore, the
usual functor
Perf: CAlgld — Catst

can be upgraded naturally to a functor Perf: CAlg? — Cato, (SPpro(P)p-1)-

Proposition 5.5.2.16. The functor Pert : G’Algz(o1 — Cato, is infinitesimally cartesian.
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Proof. Let A € GAlng. Thanks to [GH15, Proposition 5.5.3 and Corollary 5.5.4] it suffices to show that given
an k°-adic derivation
d: L3 — M

in the co-category Coh™ (A), the induced functor
FA,d: Pel“f(Ad[M]) — Perf(A) X Perf(A®M) Perf(A) (5.5.2.2)

is both essentially surjective and fully faithful. By construction and [GH15, Definition 5.3.3] essential surjective-
ness can be checked after applying the materialization functor

Matcat : Catoo (SPpre(P)p-1) — Catuo.
Furthermore, after applying Mat.,. the functor displayed in (5.5.2.2) is equivalent to the canonical functor
FA,dS Perf(A Ko k) — Perf(A R go ]{3) X Perf(Aq[M]@ok Perf(A Ko k)

which is essential surjective thanks to [Lurl2a, Proposition 3.4.10]. Thus, we are reduced to show that the functor
F4 4 is fully faithful on mapping objects. This is a consequence of Theorem 5.5.1.2 together with the fact that
the analogous statement holds for the Pro(8)-enriched version of Coh™ (A4[M]), objects in Perf(A4[M]) admit
formal models in Coh™(A4[M]) and when computing mapping objects in Perf(A4[M]) we are taking the fil-
tered colimit under multiplication by p of the corresponding mapping objects in Coh™ (A4[M]) and such colimits
commute with finite limits. O

The functor Perf: CAlgd — Catoo ( Sppm(p)pfl) does not depend on the choice of formal model as the
following result illustrates:

Proposition 5.5.2.17. Let A, A’ € (GAlgzg) <% be truncated derived k°-adic algebras. Suppose that there exists
an equivalence
A®ko k’:A/®ko ]f

in the co-category CAlg,.. Then we have an equivalence
Perf(A) ~ Perf(A’)
in the co-category Cato ( Sppyo(P)p-1)-

Proof. Let A, A’ € GAIng as in the statement of the proposition. Thanks to [Ant18b, Theorem 4.4.10] we can
suppose that there exists a morphism f: A — A’ in the co-category (GAlg2§)<°° such that the rigidification of

Spf(f): Spf(A) — Spf(4")
is an equivalence in the co-category dAfd. The induced functor
Perf(A) — Perf(A") (5.5.2.3)

is essentially surjective, as this condition can be checked after applying the materialization functor Mat.,. Thanks
to [GH15, Proposition 5.5.3 and Corollary 5.5.4] it suffices to show that the functor displayed in (5.5.2.3) is fully
faithful on mapping objects.

Notice that, fully faithfulness can be checked already at the level of Gatoo(SpPro(p)pfl). Let M, N €

Coh™(A) such that their images in Coh™ (A @y k) are perfect. We need to show that the functor displayed in
(5.5.2.3) induces an equivalence

0: imMappeg(4,) (M ®a An, N ®@a Ay)p '] — WmMappe(a;,) (M ®4 Ap, N @4 Ap)[pY] (5.5.2.4)

in the co-category Sp,,,,(p),-1, where
M Z:]W(X)AA/7 N’ Z:N®AA/€MOdA/.
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The functor 6 can be realized as the ind-localization at p of the map

6 LigMapperf(An) (M ®a Ap, N @4 Ay) — limy,>1Mappey(a,,) (M'®a Al ,N' @4 A)

in the co-category Sp,,,,(p). It thus suffices to show that ¢’ is an equivalence in the oco-category Sp,,,(p) after
multiplying by a sufficiently large power of p. The oo-category Sp,,,,(p) is a stable co-category, since it consists
of pro-objects in the co-category (ModgpA)nil. We are thus reduced to prove that cofib(6’) is equivalent to the
zero morphism in Sp,,,,(p) after multiplication by a sufficiently large power of p.

Furthermore, we have an equivalence cofib(6’) ~ }gI:lLCOﬁb(a’/l) where

9/: Mapperf(An) (M ®A An7 N ®A An> — Mapperf(A;L) (M/ ®A/ A’/n’ N/ ®A/ A;l) (5525)

is the canonical morphism at the level of mapping spaces. The previous statement is a consequence of the dual
statement concerning the commutation of filtered colimits with finite limits, see the proof of [Lurl2c, Proposition
1.1.3.6].

By assumption, both A and A’ are m-truncated for a sufficiently large integer m > 0. It follows then that
both M, N € Mod, and M’; N’ € Mod 4 have non-zero homotopy groups concentrated in a finite number of
degrees. We thus conclude that each mapping spectrum displayed in ?? has non-trivial homotopy groups living
in a finite number of degrees, which do not depend on the integer n > 0, and only at the special fiber at n = 1.
Therefore, there exists a sufficiently large k > 0 such that each cofiber cofib(¢’,) is killed by p*, and k does not
depend on the chosen n. Denote X, := cofib(0;,) the cofiber of 0;,. Let Z := Z; € Sp,,,(p). We have a chain of

equivalences
Mapsppm(p) (limiZi, coﬁb(@’)) ~ Mapsppm(p) (limiZi, liman)
limy, Mapg,, ) (lim; Z;, Xy,) = lim,, colim Map(nody ) (Zi, X,) € (Modsy)

nil”

Each X, is killed by a certain power of p, we deduce that the same holds for Map \ioqg ), (ZZ-, Xn) € 8. Such
property is closed under filtered colimits, thus we conclude that collimMap(M)dsA)nil (Z,», Xn) is of p-torsion.

Therefore, since we have assumed A and A’ to be truncated derived k°-adic algebras, also the projective limit

limy, colim Map niodgn ) (Zi, Xn)
? P
is of p-torsion. We conclude thus that for any compact object Z € Ind( SPpro (p)) the mapping space

MaPiya(sp,, () (2 00 X [p~1]) > Mapg,, ) (2, limy, X)) [p~']
is trivial. As a consequence we obtain that
cofib(6')[p™'] =~ (lim, X, )[p~ '] =~ 0

in the co-category Ind( Sppro(p)). This implies that  is an equivalence, thus the functor displayed in (5.5.2.3) is
fully faithful and thus an equivalence of co-categories. O

Corollary 5.5.2.18. Let A € (GAngg) =, Suppose we are given M, N € Coh™(A) such that
M Qpo k € Perf(A Qo k), N Qpo k € Perf(A ®po k).

Then the mapping object
Maperf(A) (M Qo ky N Qpo k) € Sppro(p)p_1

does not depend on the choice of M and N € Coh™ (A).

Proof. This is a direct consequence of Theorem 5.5.2.17. O
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Construction 5.5.2.19. There exists a lax symmetric monoidal functor

Qgﬁo(p)p_l : Sppro(p)p_l — Ind(Pro(S))

induced by Q% (p): Spp,o(p) — Pro(8). Therefore, we have a canonical, up to contractible indeterminacy,
functor

Qpro(P)p—1: Gatoo(Sppm(p)pfl) — ECateo.

Thus, given A € GAng‘i1 we can consider the co-category Perf(A ®yo k) as naturally enriched over the symmetric
monoidal co-category Ind(Pro(8)).

Notation 5.5.2.20. Let A ¢ CAlg?J. By abuse of notation we will denote by Perf(A) either the Ind(Pro(8))-
enriched or the Sp,,,(p),-1-enriched versions of the stable co-category Perf(A ®yo k).

Corollary 5.5.2.21. The functor Perf: GAlgz(@.i — ECat, is infinitesimally cartesian. Moreover, its restriction to
the full subcategory (CAlg;3)<> C CAlg2Y is invariant under generically equivalences.

Proof. The statement of the corollary is a direct consequence of Theorem 5.5.2.17 and Theorem 5.5.2.16. O

Remark 5.5.2.22. Suppose, A € CAlg?d is truncated derived k°-algebra. Let M € Perf(A @yo k) be such that
there exists a perfect A-module M’ € Perf(A) such that

M/ Ko k~ M.
Then we can regard End(M’) € Mong, (8) with an enhanced pro-structure seen as the pro-object
End(M') = {End(M’' ®4 Apn)}n € Pro(8). (5.5.2.6)

Moreover, the transition maps appearing in the diagram displayed in (5.5.2.6) preserve the monoid structures.
Thus, we can consider End(M’) naturally as an object in the oco-category Mong, (Pro(8)). Similary, we can
consider End(M) € Mong, (8) with an enhanced ind-pro-structure via the diagram

&nd(M) == colim End(M’) € Ind(Pro(8)).

mult by p

Thanks to Theorem 5.5.2.18 it follows that the above definition does not depend on the choice of the perfect formal
model M’ € Perf(A). Moreover, as filtered colimits commute with finite limits, when taking ind-completions,
it follows that the monoid structure on End(M’) € Mong, (Pro(8)) induces a monoid structure on End(M) €
Ind(Pro(8)). Thus we can consider End (M) naturally as an object in the co-category Mong, (Ind(Pro(8))).

Remark 5.5.2.23. Let A € CAlg}d and M € Perf(A). Then we can also consider End(M) € Mong, (SPpro(P))-
We can also naturally consider End(M ®ye k) € Mong, (Spp,,(p),-1). These considerations will prove to be
useful for us as they allow us to use methods from stable homotopy theory the study of continuous representations
of profinite spaces.

Notation 5.5.2.24. Consider the co-category dAfdy, of derived k-affinoid spaces. We denote dAfd;s* the full
subcategory spanned by those truncated derived k-affinoid spaces.

Remark 5.5.2.25. The rigidification functor (—)"¢: CAlgss — dAfd}” introduced in [Ant18b, §4] induces, by
restriction, a well defined functor

(—)"e: (CAlgEd) ™™ — (dAfd;>)".

Moreover, the derived Raynaud localization theorem [Ant18b, Theorem 4.4.10] and its proof imply that dAfd >
is a localization of the co-category (GAlgzg)@o at the saturated class of generically strong morphisms.

The functor Perf: CAlgid — ECat., actually descends to a well defined functor Perf: dAfd;” — &Cato,,
which is the content of the following proposition:
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Proposition 5.5.2.26. Let S<°° denote the saturated class of generically strong morphisms in (CAlgi3)<>. Then
the functor
Perf: CAlg?d — ECato,

sends morphisms in S<* to equivalences of co-categories in ECat.. In particular, one has a canonical induced
functor
Perf: (dAfd;>)"" — €Catug

which associates to every Z € dAfdi™ the Ind(Pro(8))-enriched co-category Perf(T'(Z)') € €Cato,, where
[(Z) € CAlgY is a given formal model for T'(Z) € CAlg,.

Proof. The first part of the statement follows from Theorem 5.5.2.18. The second part of the statement follows
from the derived Raynaud localization theorem, [Ant18b, Theorem 4.4.10]. O

5.6 Moduli of derived continuous p-adic representations

5.6.1 Construction of the functor

We start with the following important construction:

Construction 5.6.1.1. The co-category Cat (Ind(Pro(8))) can be naturally upgraded to an Ind(Pro(8))-(oo, 2)-
oo-category, thanks to [GH15, Remark 7.4.11]. Therefore, given C, D € Cato, (Ind(Pro(8))) we have a natural

functor co-category
Fun(€, D) € Catoo (Ind(Pro(8))).

Applying the materialization functor Matca : Cates (Ind(Pro(8))) — Catee we produce an co-category
@ontFun(@,@) € Catyo

which we designate by the co-category of continuous functors between € and D.

We have a canonical inclusion functor Ind(Pro(8)) < Catu (Ind(Pro(8))). Given X € Pro(8™) we can
consider it as an ind-pro-space via the composite

Pro(8%) < Pro(8) «— Ind(Pro(8)).
Given A € CAngg, we can thus consider the co-category of continuous functors
Perfy(X)(A) := ContFun (X, Perf(A)) € Catu.

Definition 5.6.1.2. Let X € Pro(8) and A € CAlglS. We designate the oo-category Perf,(X)(A) as the
oo-category of A ®yo k-adic continuous representations of X .

Lemma 5.6.1.3. Let X € Pro(8%) be a profinite space. Suppose further that X ~ x, then we have a canonical
equivalence Perfy(X)(A) ~ Perf(A Qo k) € Cateo.

Proof. Whenever X ~ x in Pro(8) the co-category Perf,(X)(A) coincides with the materialization of Perf(A) ~
Perf(A ®go k) € Caty, as desired. O

Let X € Pro(Xf) be connected profinite space. We have thus an unique, up to contractible indeterminacy,
morphism
fix—=X
in the oo-category Pro(8). Precomposition along f: * — X induces a canonical map
ev(x) := Perfy(X)(A) — Perf(A Qo k)

in the co-category Cat.
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Proposition 5.6.1.4. Let X € Pro(8%) be a connected profinite space. Let A € (GAlgzg) <%, Considera perfect
module M € Perf(A @yo k) admitting a formal model My € Coh™ (A). The fiber of the functor

ev(x) = Perfy(X)(A) — Perf(A Qo k)
at M € Perf(A ®go k) is naturally equivalent to the mapping space

Mapyons, (1nd(Pro(s))) (X End(M)) €8,

where End(M) € Mong, (Ind(Pro(S))) denotes the enriched mapping object of M equipped with is multiplica-
tive monoid structure.

Proof. By hypothesis X € Pro(8) is connected. Therefore, the fiber of ev(x) at M is naturally equivalent to the
mapping space
Mapp,q(s.) (X, BEnd(M)) ~ Mapp,,s,) (X, B&nd(Mo))[p~"]. (5.6.1.1)

Consider the usual loop functor ©: 8, — Mong, (8). It induces a canonical functor
Q: Pro(8.) — Mong, (Pro(8)).

Notice that every transition morphism in the pro-system End(My) €€ Pro(8) is actually a morphism of monoid
objects, i.e. it admits a natural lifting in the oo-category Mong, (8). Using the limit-colimit formula for map-
ping spaces in co-categories of pro-objects together with the Bar-Cobar equivalence (B, {2) we obtain a natural
equivalence

MapPro(S*) (X7 B&Hd(M()D [p_l] = MapMOn]E1 (Pro(8)) (QX’ 8Hd(M())) [p_l] :

The universal property of localization at p induces a canonical map

6: Mapyion,, (Pros)) (22X, End(Mo)) [p™'] = Mapyton, (md(pro(s))) (X, End(M)),

in the co-category of spaces 8. The result follows if we are able to prove that 6 is an equivalence. We notice that
we cannot apply May delooping theorem component-wise as multiplication by p: End(My) — End(Mp) is not a
morphism of monoid-objects. However, the map 6 is induced by a morphism of the form

6 MapMOl’lu{l (Pro(8)) (QX, 8nd(‘]\40)) - 1\/IapMonw;1 (Ind(Pro(8))) (va end(M)) .

Furthermore, the fiber of the morphism &nd(Mo) — End(M) in the co-category Mong, (Ind(Spy,,(p),-1)
coincides with the colimit
colim&nd(My)/p"[—1], (5.6.1.2)

which is of p-torsion. Therefore, passing to the filtered colimit along multiplication by p the term in (5.6.1.2)
becomes the zero object in the stable co-category Sp,,,,(p),-1. As a consequence, it follows that § ~ 6’[p~'] has
contractible fiber and therefore it is an equivalence. O

Remark 5.6.1.5. Theorem 5.6.1.4 implies that the functor Perf,(X)(A) — Perf(A ®o k is a coCartesian
fibration which corresponds to a functor
F: Perf(A4) — Cateo

given on objects by the formula
M e Perf(A Ko k}) — MapMOHEI (Ind(Pro(8))) (QX, €nd(M)) € s.

Therefore, we can regard the co-category Perf,,(X)(A) as the oo-category of continuous representations of X
with values in perfect A ®xo k-modules.

Definition 5.6.1.6. We define the Cat,-valued functor of p-adic perfect modules on X as the functor
Perf,(X): (CAlg:d) ™™ — Catn,
given on objects by the formula

<oo

A € (CAIgy) =™ = Perf,(X)(A) € Catoo.
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An important consequence of Theorem 5.5.2.26 is the following result:
Proposition 5.6.1.7. The functor Perf,(X): (GAlgzg) DR Cat, descends to a well defined functor
Perf,(X): (dAfd5™)"" — Catoo
which is given on objecs by the formula
Z € dAfd;™ — Fungeat. (X, Perf(2)) € Cato.

Proof. The result is a direct consequence of the equivalent statement for Perf which is the content of Theo-
rem 5.5.2.26. O

5.6.2 Lifting results for continuous p-adic representations of profinite spaces

The following definition is crucial for our purposes:

Definition 5.6.2.1. Let X € Pro(8) be a connected profinite space. We say that X is p-cohomologically
compact if for any p-torsion ZQ -module N € Modz, with

N ~ colim N,
«

where N, € Modg for each «, we have an equivalence of mapping spaces
1\/Ia“pMon[E1 (Pro(8)) (QX’ N) = CO}Xim 1\/Ia‘pMonE1 (Pro(8)) (QX’ NOt)7

i.e. taking continuous cohomology of X iwth torsion coefficients commutes with filtered colimits.

Remark 5.6.2.2. The above definition makes sense when we consider X € 8. In this case, it is equivalent to
ask for a cellular decomposition of X with finitely man cells in each dimension. However X itself might have
infinitely many non-zero (finite) homotopy groups.

Example 5.6.2.3. (i) Suppose Y — X is a finite morphism in Pro(8), i.e. its fiber is a finite constructible
space Z € Pro(8). If we assume further that X is p-cohomologically compact, then so it is Y. More
generically, the notion of cohomologically compactness is stable under fiber sequences.

(ii) Suppose X € Pro(8f) is the étale homotopy type of a smooth variety over an algebraically closed field.
Then X is cohomologically almost of finite type, see

Theorem 5.6.2.4. Let X € Pro(8) be a connected profinite space which we assume further to be p-cohomologically
compact. Let A € (CAlgiS)<> and suppose we are given p € Perf,(X)(A) such that M = ev(x)(p) €
Perf(A ®yo k) admits a perfect formal model M' € Perf(A). Then there exists Y € Mong, (Pro(8')) together
with a morphism

1Y =X

in the co-category Mong, (Pro(8)) such that fib(f) is finite constructible and such that we have a factorization
of the form

Y — s end(M)

| |

QX —2— &nd(M)
in the co-category Mong, (Ind(Pro(8))).
Proof. As X € Pro(8) is assumed to be connected, an object p € Perf,(X)(A) corresponds to a morphism

p: QX — End(M)
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in the oco-category Mong, (Ind(Pro(8))), where M denotes ev(x)(p) € Perf(A ®po k). We first remark as-
sumption on the existence of a perfect formal model for M, M’ € Perf(A) can be dropped, since by [TT90]
the trivial square zero extension M ® M[—1] € Perf(A ®o k) admits a formal model and M is a retract of the
latter. Therefore, we can replace M with M @ M[—1] and assume from the start that M admits a formal model
M’ € Perf(A).

Let n > 0 be an integer and consider the truncation functor

T<n : Ind(Pro(8)) — Ind(Pro(8))

induced by the usual truncation functor 7<,,: 8 — & by means of the universal property of both ind and pro
completions. More explicitly,

T<p(colimlimX; j) ~ colim lim7<,, (X, ;) € Ind(Pro(8)).
i J ? J

As A € CAlgiY is assumed to be truncated and M’ € Perf(A) is perfect over A it follows that also M’ is a
truncated A-module. The same conclusion holds for the couple (A®yo k, M ). Therefore, there exists a sufficiently
large m > 0 such that

T<m&nd(M) ~ End(M). (5.6.2.1)

We now proceed to construct such a profinite Y € Mong, (Pro(8)) satisfying the conditions of the statement.
Our construction is by means of an inductive reasoning via the relative Postnikov tower of the canonical morphism

g: End(M') — End(M)
in the co-category Mong, (Ind(Pro(8))). We start by observing that the cofiber of ¢ is equivalent to the filtered
colimit
cofib(g) ~ cokim End(M’)/p* € Ind(Pro(8)).
For this reason, we can identify the fiber of the morphism g with
fib(g) ~ Cogm End(M") /p*[-1].

Suppose then n = 0. Consider the pullback diagram

End(M/)So — 7r0(€nd(M’))

J» l

End(M) —— mo(End(M))
in the co-category Mong, (Ind(Pro(8))). By construction, we can identify the fiber of the morphism ¢: End(M")<¢ —
End(M) with
fib(g) ~ colim mo(End (M) /p")[-1]).

By the universal of the O-truncation functor in (5.6.2.1) the composite

OX £ end(M) — mo(End(M))
in the co-category Mong, (Ind(Pro(8))) factors through a continuous group homomorphism

po: m(X) — mo(End(M)),

where the topology on the left hand side group is the profinite one induced from X and the topology on the right
hand side group is the topology induced by the ind-pro structure on End(M). Since 7y(End(M’)) is an open
subgroup of mo(End(M)) and 71 (X)) is profinite, it follows that the inverse image

po  (mo(End(M"))) < mi(X)
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is of finite index in 71 (X). Let U <t X be an open normal subgroup such that
po(U) € mo(End(M')) C mo(End(MM))
and such that 1 (X)/U = G, where G is a finite group. Consider the pullback diagram

Yeop —— U

o]

QX —— 7T1(X)

in the co-category Mong, (Pro(8)). By construction, the morphism Y« — QX admits a finite constructible
fiber, namely G. Furthermore, we have an equivalence

X ~BY</G

in the oco-category Mong, (Ind(Pro(8))). The base step of our inductive reasoning is thus finished. Suppose now
that for a given integer n > 0 we have constructed a commutative diagram

an Emd 81’1d(M/)§n

b

QX —2 5 end(M)
in the co-category Mong, (Ind(Pro(8))), where h,,: Y<,, — QX admits a finite constructible fiber. Let

Gnt1: End(M") <1 — End(M)

denote the relative (n + 1)-st truncation of the canonical morphism g: End(M’) — End(M). We have thus a
commutative diagram of the form

End(M")<p+1 LI End(M')<y, N L End(M')<
\ PO
End(M

in the oo-category Mong, (Ind(Pro(8))) such that
fib(jn) ~ coLim Tpg1(End(M') /p*)[n + 2].
Consider the following pullback diagram

Yenir — End(M)<nia

[ |

Yo, — &nd(M')<,
in the oo-category Mong, (Ind(Pro(8))). The fiber of the morphism 7r,, : ffgnH — Y<,, is equivalent
fib(m,,) ~ co}cim Tt (End(M)/p")[n + 2].

The fiber sequence _
ﬁb(ﬂn) — Y§n+1 — an

is classified by a morphism
on: Y<p, — co}cim Tngo(End(M')/p")[n + 3]
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in the oo-category Mong, (Ind(Pro(8))). Notice that, 7, + 2(End(M’)/p*) is a discrete group and the monoid
structure on 7, 42(End(M”) /p*)[n + 3] is abelian, as n + 3 > 2. Therefore, the transition maps in the ind-filtered
colimit

co}ﬁim Tny2(End(M)/p™)[n + 3]

do preserve the monoid structure on each term. Thus we find that ¢,, is actually a morphism in the co-category
Mong, (Ind(Pro(8))). As Y<,, € Pro(8%) < Pro(8) it follows that ¢,, factors through End(M")/p* for suffi-
ciently large & > 1. This induces a fiber sequence of the form

Tnta(End(M')/p*)[n+2] = V<pi1 — Yen,

such that we have an induced map -
Y<ni1 = End(M)<pia

in the co-category Mong, (Ind(Pro(8))) which coincides with the composite
?SH-H — ?§n+1 — End(M/)gn-i-L

As X is p-cohomologically compact and the morphism BY<,, — X admits a finite constructible fiber, by assump-
tion, it follows that BY<,, is also p-cohomologically compact. As 7,42(End(M’)/p*)[n + 2] is p-torsion over
ZQ it follows, by Lazard’s theorem, that we have an equivalence

Tngo(End(M)/p")[n + 2| colim N, [n+2],

in the derived oco-category Modzpk , where each N, is a finite discrete Z/p*Z-module. We obtain thus, by p-
cohomological compactness, an equivalence of mapping spaces

Mapyon,, (Pro(ste)) (Y<n: Tp2(End(M') /p*) [n + 3] ~
~ CO(lliHl MapMonml (Pro(8fc)) (YSTH Na [Tl + 3}) .
Therefore, the map ¢,, above factors through a morphism
©Ya,n: an — Nﬁ[n + 3}

in the co-category Mong, (8) and such factorization produces an extension

Nj[n+2] = Yenin 25 Yeo,
in the oo-category Mong, (Pro(8f)). Moreover, by construction, it follows that the composite
Yepi1 = Yap — - = QX — End(M)

factors through the canonical morphism End(M’)<,+1 — End(M). The inductive step is thus completed.
In order to finish the proof of the statement it suffices now to observe that there exists a sufficiently large
integer n > 1 such that both
End(M’), End(M)

are n-truncated objects in the co-category Ind(Pro(8)). Thus for such n > 1 we have an equivalence
End(M')<pt1 ~ End(M').

We have thus produced a finite morphism ¥ — 2 with Y := Y<,,,; and a commutative diagram

Y — &nd(M)

| |

QX —— end(M)

in the oo-category Mong, (Ind(Pro(8))) and the claim is proved. O
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Remark 5.6.2.5. In the above proof there exists no need to assume M € Perf(A ®go k) admits a perfect module
M’ € Perf(A). Actually, it suffices to assume that there exists a formal model M’ € Coh™(A) for M which
is truncated. This assumption is always verified. Indeed, there exists a formal model M’ € Coh™ (A) for M €
Perf(A ®go k) thanks to [Ant18b, Proposition A.2.1]. Even if M’ is not truncated, its rigidification M Qo k is,
as A and thus A ®po k are assumed from the start to be truncated. If we pick m > 0 sufficiently large such that
M is m-truncated then 7<,, M’ € Coh™ (A) is still a formal model for M € Perf(A ®yo k).

Construction 5.6.2.6. Let A € CAlg}d be a truncated derived k°-adic algebra. The functor Ly Sppro(p) —
SPpro(P)p-1 induces a base change functor f7 : Perf™(X)(A) — Perf,(X)(A) of stable co-categories.

Definition 5.6.2.7. We say that p € Perf,(X)(A) is liftable if p lies in the essential image of the base change
functor f7 as above.

As a consequence of Theorem 5.6.2.4 we have the following Corollary:

Corollary 5.6.2.8. Let X € Pro(8') be a connected and p-cohomologically compact profinite space. Consider
a truncated derived k°-adic algebra A € CAlg2S. Then every object p € Perf,(X)(A) is a retract of a liftable
p' € Perf,(X)(A). Moreover, Perf,(X)(A) is canonically equivalent to the idempotent completion of the base
change

Perf* (X)(A) @po k
in the co-category of stable and idempotent complete small co-categories, Catstidem,

Proof. Let p € Perf,(X)(A), M = ev(x)(p) € Perf(A ®po k) and let 7: ¥ — X be a finite morphism in
Pro(8) with Y connected such that the composite representation

QY = QX — End(M)

factors through a morphism End(M’) — End(M) where we can suppose that M’ € Perf(A). The proof of
Theorem 5.6.2.4 implies that we have a commutative diagram of the form

In—1 Jo

gn
Y ~Yc,1 Yo,

Y<o

oo

X

in the oo-category Pro(8). Furthermore, we have by construction a canonical equivalence X ~ Y<o/I', where
T is a suitable finite group (not necessarily abelian). In particular, we have an equivalence of co-categories

Perf,(X)(A) =~ Perf,(Y<o)(A)"

of A ®po k-linear stable co-categories. Moreover, the proof of Theorem 5.6.2.4 implies that for each integer
0 <4 <n — 1 we can choose the morphism

gi: Y§i+1 — Ygi

such that it is a M;[n + 2]-torsor for a given finite abelian group M;. As A ®y. k lives over a field of characteristic
zero, namely k it follows that we have an equivalence of co-categories

Perf,,(Y<0)(A) =~ Perf, (Y<;)(A)

for each integer 0 < 7 < n. As a consequence, we deduce that one has an equivalence of co-categories
Perf,(X)(A) =~ Perf,(Y)(A)".

Thus we have an adjunction of the form

7 Perf,(X)(A) 7/ Perf,(Y)(A4): m,
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where 7, denotes the restriction functor along 7: Y — X. Given p € Perf,(Y)(A) we have an equivalence
T p =~ p Qe kI,

where k[I'] denotes the free k-algebra on the finite group I'. The representation p is a retract of m,.7*p, given by
the trivial morphism of groups
{1} - T.

Observe further that the representation m,7*p is liftable by the choice of Y, as 7% p is so. We are thus reduced
to prove the second part of the statementn, namely that Perf,(X)(A) is equivalent to the idempotent completion
of the A ®yo k-linear stable co-category Perf! (X)(A) @o k. It suffices, in fact, to prove that Perf,(X)(A) is
idempotent complete. Thanks to Theorem 5.6.2.4 we can assume from the start that p is liftable from the start. In
this case, it suffices to show that for every idempotent
fp—=p,

in the co-category Perf,,(X)(A) admits a fiber and cofiber in the co-category Perf,,(X)(A). Let M = ev(x)(p) €
Perf(A ®go k). Under the evaluation functor ev(x) f corresponds to an idempotent morphism

f: M — M.

We might not be able to lift fbut thanks to [Ant18b, Corollary A.2.3] and [LurO9b, Proposition 4.4.5.20] there
exists a formal model M’ € Coh™ (A) for M for which we can lift f: M — M and higher homotopy coherences
associated to the diagram f: Idem — Perf (A®po k) to adiagram f: Idem — Perf(A) such that its rigidification
coincides with f

As in Theorem 5.6.2.5 we can suppose that M’ has non-trivial homotopy groups concentrated in a finite
number of degrees. by Theorem 5.6.2.5 the proof of Theorem 5.6.2.4 applies in this case. In this case, it suffices
to show that f admits fiber and cofiber sequences in the co-category Coh™ (X)2d( A), which follows as the latter
oo-category is idempotent complete. O

Corollary 5.6.2.9. Let A € CAlg}? be a truncated derived k°-adic algebra. Then the co-category Perf,(X)(A)
is stable and admits a natural symmetric monoidal structure.

Proof. Thanks to Theorem 5.6.2.8 and the formula for mapping spaces it follows that Perf,, (X )(A) is an A®@yo k-
linear co-category which is equivalent to the tensor product

Perf* (X)(A) o k

in the co-category Cats19°™, This implies that Perf,(X)(A) is stable and the symmetric monoidal structure on
Perf,(X)(A) is induced from the one on Perf®(X)(A). O

Definition 5.6.2.10. Let X € Pro(8) and A € (CAlgi)<>°. We define
Mod,(X)(A) = Ind(Perf,(X)(A)).

Corollary 5.6.2.11. The co-category Mod,(X)(A) is a presentable stable co-category which is moreover locally
rigid and we have an equivalence of presentable oco-categories

Mod* (X )(A) ®po k =~ Mod,(X)(A) € Pri’.
Proof. Presentability of Mod,,(X)(A) follows from Theorem 5.6.2.8. Moreover, we have a chain of equivalences

Mod,,(X)(A) ~
~ Mod™(X)(A) @ k
~ Modag,.r(Mod*!(X)(A))

where the latter equivalence follows from [Lurl2c, Proposition 6.3.4.6]. As Mod™!(X)(A) is locally rigid it
follows also that Mod,,(X)(A) is locally rigid, thanks to [Lurl6, Lemma D.7.7.2]. The result now follows. [
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5.6.3 Moduli of derived continuous p-adic representations

In this §we define the moduli of derived continuous p-adic representations of a profinite space X and we show
that it admits a derived structure under certain mild assumptions on the profinite space X € Pro(8).

Definition 5.6.3.1. Let X € Pro(8). The moduli of derived continuous p-adic representations of X is defined
as the right Kan extension along the canonical inclusion functor

j: dAFAS™ — dAfd,

of the moduli functor
PerfSys,(X) = (=)~ o Perf,(X): (dAfd;foo)OP -8

which is given on objects by the formula
7 € dAfd;™ ~ Perf,(X)(T'(Z))~ € 8.
The following result is a reality check:
Lemma 5.6.3.2. Let Z € dAfdy. Then we have a natural equivalence
PerfSys,(X)(Z) ~ lim, PerfSys,(X)(t<,Z)
in the co-category 8. In particular, the functor PerfSys,(X) is nilcomplete.

Proof. This statement was stated without proof in [GR14, p. 10]. Let Ty := (dAfd,foo)%p/ and denote T7, the full
subcategory of Tz spanned by those objects of the form t<,, — Z, for each n > 0. By the end formula for right
Kan extensions it suffices to show that the inclusion functor

(LT/Z_>‘IZ

is a final functor. Thanks to the dual statement of [LurO9b, Theorem 4.1.3.1] it suffices to show that for every
(Y — Z)°P in T4, the oo-category

(T2) /v
has weakly contractible enveloping groupoid. We can identify the co-category (7% ),y with the co-category of
factorizations of the morphism (Y — Z)°P. Thanks to the universal property of n-th truncations and the fact
that Y is a truncated derived k-affinoid space it follows that there exists a sufficiently large integer m such that
(Y — X)°P factors uniquely (up to contractible indeterminacy) as

Y = t<X — X)°P.
Therefore the co-category (T )y is cofiltered and thus weakly contractible, as desired. O
Proposition 5.6.3.3. The functor PerfSys,(X): dAfd}® — 8 satisfies étale hyper-descent.
Proof. O
Proposition 5.6.3.4. The functor PerfSys,(X): dAfd}® — 8 is cohesive.

Proof. The right adjoint (—)~: Cats, — 8 commutes with small limits and in particular with finite limits. More-
over, PerfSys,(X) is nilcomplete, thus we can restrict ourselves to prove the assertion when restricted to truncated
objects. As a consequence, it suffices to show that the functor

Perf,(X): dAfd;™ — Cato,

is infinitesimally cartesian. Let Z € dAfd;™ and let d: LY — M be a k-analytic derivation of Z, with
M e Coh+(A). Thanks to [Ant18b, Theorem A.2.1] we can lift d to a formal derivation

d: Ly — M

in the oo-category Coh™(A) where A € CAlg?? is a formal model for Z € dAfd;, which we can assume to be
truncated. In this case, the canonical functor

Perfp(X) (Ad/ [M/]) — Perfp(X) (A) X Perf,(X)(A®M') Perfp(X) (A)

is an equivalence, which follows immediately from Theorem 5.5.2.16. O

174



In order to show the existence of a cotangent complex for PerfSys,(X ) we will need the following technical
result:

Proposition 5.6.3.5. Let F' € St(GAlgzg, Ter, Psm) and denote by F'& € St(dAfdy, , 7¢, Psm) its rigidification.
Then if F' admits an adic cotangent complex at a point

x: Spf(A) — F,
denoted L%"iz, then F™'® admits a cotangent complex at the rigidification

278 SpE(A)TE — Fris

an
Frig grig

which we denote by 1L Moreover, we have a canonical equivalence

(LF)"™® o Lt g,
in the co-category Coh™ (Z), where Z := Spf(A)"e.
Proof. The existence of ]L}‘L implies that for every M € Coh™ (A) we have functorial equivalences
Mapgon+ (ay (L&, M) =~ fib, (F(A® M) — F(A)).

Thanks to [Ant18b, Proposition A.1.4] the co-category Coh™ (X) is a Verdier quotient of Coh™ (A) with respect
to the full subcategory of torsion objects in the co-category Coh™(A). Furthermore, it follows from [Ant18b,
Proposition A.2.1] and its proof that the we have an adjunction

(=) Ind(Coh™*(4)) T Ind(Coh™(X)): (-)*

between presentable co-categories where (—)'8 is an accessible localization functor and (—)7 is consequently
fully faithful. We have an equivalence of mapping spaces

Mapcon+(x) (LrFi',g:r? M) ~ Mapr,q(con+(a)) (Lre, (M78)1).
Since (M"8)* € Ind(Coh™(A)) we can write it as a filtered colimit
(M™8)F ~ colim M;
7

~ colim M,
MeCoh* (A) )y rig

where the last equivalence follows by the adjunction. Therefore, we can write

Mapiya(con (4)) (L, (M) ") 2 colim Mapeop+ () (Lipz, M)

since L, is a compact object in the co-category Ind(Coh™ (A)). Let N € Coh™ (X), where X = Spf(A)e,
We have a chain of equivalences

colim colim  fiby (F(A @ M;) — F(A")) ~
A’€(€Algad) x M;€Coh*(A"),y

o~ colim colim Mapcon+(an (Lrz, M;
A’€(CAlg2d), x M;eCoh*(A") )y oh™( )( . )

~ colim Ma m(Lpe, NT
Ae(CAlgH) PInd(Coh* (A ))( F, )

~ colim  Ma LY N
Are(CAlgid) X Pcoh+(x)( By )

~ Mapgon+(x) (L5 N).
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where both colimit indexing oo-categories are filtered and z’ denotes the composite
x: Spf A’ — Spf A — F.

This is justified as in the above colimit diagrams it suffices to consider only colimits indexed by the full subcate-
gories of formal models for X and lying under A. Furthermore, we have an equivalence

colim colim  fib, (F(A"® M;) — F(A")) ~ colimfib,, (F(A" & M') — F(A")),
A’€(CAlg2d), x M;eCoht (A7), y e

where C denotes the co-category of admissible formal models for X[N]. This last assertion follows from the
observation that a formal model for X [ V] consists of the given of an admissible formal model for X together with
a formal model for V. Observe that filtered colimits commute with finite limits in the co-category of spaces. Thus

colim fiby (F(A @ M') — F(A")) ~
= fibyns colim (F(A e M) — F(A"))
~ fibuis (F78(X[N]) — F"8(X)).
We have thus an equivalence of the form
fib s (F78(X[N]) = F8(X)) ~ Mapcop+ (x) (Leis grie, V) (5.6.3.1)

as desired. The result now follows from the observation that the right hand side of (5.6.3.1) is an invariant under
hyper-descent. O

Theorem 5.6.3.6. Let Z € dAfd,, and M € Coh™ (Z). Suppose we are given furthermore a morphism
p: Z — PerfSys,(X)
then we have a canonical identification
fib, (PerfSys, (X)(Z[M]) — Perf(X)(Z)) ~ Mapyoq, (x)(2)(p @ p*, M[1])

in the co-category Coh™ (Z), where Mod,,(X)(Z) := Ind(Perf,(X)(Z2).

Proof. We first observe that the derived Tate acyclicity theorem implies that we have a canonical equivalence of
oo-categories
Coh™(Z) ~ Coh™(I'(2)).

As in the proof of Theorem 5.4.2.7 we consider the right fibration of spaces
A PerfSys, (X)(Z[M]) — PerfSys,(X)(Z)

which classifies a functor
Anr i PerfSys, (X)(Z) — 8,

whose value at p € PerfSys,(X)(Z) coincides with the fiber
fib,(An) € 8.

As the rigidification functor (—)"2: CAlg?d — dAny, preserves small extensions it follows that the statement of
Theorem 5.4.2.6 still holds in this case. Therefore, reasoning as in the proof of Theorem 5.4.2.7 we obtain a chain
of equivalences of I'(Z)-modules

QAm(p)) ~
~ Map,, (Par(p), P31 (p))
~ Map,,(p,p® (p® M))
=~ Mapr,q(pert, (x)(2)) (P 0 © M)
=~ Mapr,q(pert, (x)(2)) (P @ p*, M)
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where p}, : Perf,(X)(Z) — Perf,(X)(Z[M]) denotes the usual base change functor along the canonical functor
pyv: ZIM] — Z,  indAfdg.

As PerfSys,(X) is cohesive, it follows that we have a pullback diagram of the form

Ant(p) ——

| !

* ——— Ay (p)-

The conclusion now follows as in Theorem 5.4.2.7. ]

Corollary 5.6.3.7. Let X € Pro(8%) be a connected p-cohomologically compact and p-cohomologically perfect
profinite space. Then for every p-complete Z € dAfdy and every p € PerfSys,(X)(Z) the functor

F: Coh™(T(2)) — 8
given on objects by the formula
M € Coh™(I'(Z)) + fib, (PerfSys,(X)(Z[M]) — PerfSys,(Z)) € 8

is corepresentable by the T'(Z)-module

v
Mappet, (x)(z) (Lp @ p'[1]) " € Coh™(T(2)).
Proof. The result is a direct consequence of Theorem 5.4.2.9 together with Theorem 5.6.3.5 whenever
p € PerfSys,(X)(Z)

is liftable. For a general p € PerfSys,(X)(Z) the result follows thanks to Theorem 5.6.2.8 as it implies that p is
a retract of a liftable object.
O

5.7 Main results

5.7.1 Representability theorem

As we shall see, the moduli stack LocSys, ,,(X): Afd}” — 8 admits a natural derived extension which it is
representable with respect to the derived k-analytic context. Nonetheless, the moduli LocSys, ,,(X) cannot be
realized as a usual k-analytic space, instead it corresponds to a k-analytic stack. Therefore, one must show that
the derived enhancement of LocSys&n(X ) is representable not by a derived k-analytic space but instead by a
derived k-analytic stack. It would be thus desirable to have a representability type statement in the context of
derived k-analytic geometry. Fortunately, such a result has been proved by M. Porta and T. Yu Yue in [PY17a].
As it will be of fundamental importance we shall motivate such result.

Definition 5.7.1.1. Denote by (dAfdy, ¢, Psm) the derived k-analytic geometric context where 7¢ denotes the
étale topology on dAfdy and Py, denotes the class of smooth morphisms on dAfdy.

Definition 5.7.1.2. Let F' € dSt (dAfdk, Tét) be a stack. We say that F' is a derived k-analytic stack if it is
representable by a geometric stack with respect to (dAfdy, ¢, Psm)-

Theorem 5.7.1.3. [PY17a, Theorem 7.1] Let F' € dSt(dAfdy, 7). The following assertions are equivalent:
(i) Fis a geometric stack;

(ii) The truncation t<o(F) € St(Afdy, 7e) is geometric, F admits furthermore a cotangent complex and it is
cohesive and nilcomplete.
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‘We shall review the main definitions:

Definition 5.7.1.4. Let F' € dSt (dAfdk7 Tét). We say that F' admits a global analytic cotangent complex if the
following two conditions are verified:

(i) Given Z € dAfdy and z: Z — F a morphism, the functor
Der¥(Z,—): Coh™(Z) — 8

given on objects by the formula
M w fib, (F(Z[M]) — F(Z)),

is corepresented by an eventually connective object L%, € Coh™(2).

(ii) For any morphism f: Z — Z' in the co-category dAfdy and any morphism z’: Z — F we have a canonical

equivalence,
f-* an ., T an
F.z/ — ™F.z
where z .= 2’ o f.

Definition 5.7.1.5. Let F' € dSt(dAfdy, 7). We say that F is cohesive if for every Z € dAfd, and every
coherent sheaf F € Coh="(Z) together with a derivation

d: L8 = F

the natural map
F(ZaF[-1]]) = F(Z) Xp(z19)) F(Z)

is an equivalence in the co-category 8.

Definition 5.7.1.6. We say that F' € dSt (dAfdk, Tét). We say that F' is convergent if for every derived k-affinoid
space Z the canonical morphism,
F(Z)— lig%F(tgnZ),

is an equivalence in the co-category 8.

5.7.2 Main results

Let X be a proper and smooth scheme over an algebraically closed field. To such X we can associate it a profinite
space, namely its étale homotopy type )
Sh(X) € Pro(8%).

see [Lur09a, §3.6]. By construction, Shé‘(X ) € Pro(8) classifies étale local systems on X. Moreover, we have
a canonical identification )
T (Shel(X)) ~ (X))

as profinite groups. Therefore, it is natural to consider the moduli stack
PerfSys, (Sh(X)) € dSt(dAfdy, 7e)
as a derived extension of the moduli LocSys, ,, (X) € St (Afdg, 7et, Pom ).

Definition 5.7.2.1. Let RLocSys, ,,(X) C PerfSys, (Shé‘(X )) denote the substack spanned by continuous p-adic
representations of Sh (X ) € Pro(8%) with values in rank n free modules.

Proposition 5.7.2.2. We have a canonical equivalence of stacks
t<o(RLocSys, ,, (X)) ~ LocSys&n(X)

in the co-category St(Afdy, 7).
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Proof. Let A € Afdg, then RLocSys, ,,(X)(Sp(A)) can be identified with the space
RLOCSYSZ,TL(X) (Sp(A)) = Maplnd(Pro(S)) (Shét(X)v Bgnd(A)) )

of non-pointed continuous morphisms )
Sh®(X) — B&nd(A).

As the A € Afdy is discrete, it follows that BGL,,(A) is a K(GL,,(A),1)-space. Therefore, by the universal
property of 1-truncation we have a chain of equivalences

Mapy,a(pro(s)) (Sh(X), BEnd(A)) ~
~ Mapp,a(pro(s)) (7<1(Sh*(X)), BEnd(A))
=~ Maplnd(Pro(S)) (Bﬁ:‘(X), BEnd(A))
~ Mapp,a(pro(sy) (B75'(X), BGL, (A))

where the last equivalence follows from the fact that 7$'(X) is a group, therefore every morphism 7'(X) —
&nd(A) should factor through the group of units of End(A) which coincides with GL,,(A) with its k-analytic
induced topology. The result now follows, by the fact that we can realize

Mapy,d(pro(sy) (B (X), BGL,(A))

with the geometric realization of the diagram

< X2 <
T E; MapMon]El(Ind(Pro(S))) (W?(X)’ GL, (A>) — MapMon]El(Ind(Pro(S))) (W?(X>’ GL, (A>) —

and the fact that )
MapMonEl(Ind(Pro(S))) (W?(X)’ GL"(A)) €8
can be identified with the set Homeon (75(X), GL;, (A)). O

Notation 5.7.2.3. Ast<oRLocSys,,,(X) =~ LocSys, ,,(X) we will denote RLocSys, ,, (X) simply by LocSys, ,, (X)
from now on.

Theorem 5.7.2.4. The moduli stack LocSys, ,,(X) € St(dAfdy, 1) admits a cotangent complex. Given p €
LocSys, ,,(X)(Z) where Z € dAfdy is a derived k-affinoid space, we have an equivalence

L% svs, (x).p = Ca(X,Ad(p),) ' [-1]

LocSysy ,,
where C§, (X , Ad(p)) denotes the étale cohomology of X with coefficients in
Ad(p) =p®p".

Proof. Since X is smooth and proper it follows that Shét(X ) is p-cohomologically compact and p-cohomologically
perfect. Therefore, PerfSys,(X) admits a cotangent complex and by restriction so does LocSys, ,,(X). Moreover,
the tangent complex of LocSys, ,,(X) at the morphism

p: Z — LocSys, ,,(X)
can be identified with the mapping space
an

LocSys, ,(X),p = Ma‘pPerfp(X)(Z) (]'7 pP® p) [1]

We are thus reduced to prove that
Machrfp(X)(Z) (15 P& p) [1] = C:t(Xv Ad(p)) [1]

But this follows by the universal property of Shé‘(X ) together with the fact that global sections of local systems
with torsion coefficients on Sh®(X) classify étale cohomology on X with torsion coefficients. The result follows
now for liftable such p and for general p by Theorem 5.6.2.4. O
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Proposition 5.7.2.5. The moduli stack LocSys, ,,(X) is cohesive and nilcomplete.
Proof. This is a direct consequence of the analogous statement for PerfSys,(X). O
As a consequence we obtain our main result:

Theorem 5.7.2.6. The moduli stack LocSys, ,(X) € dSt (dAfdg, 1) is representable by a derived k-analytic
stack.

Proof. The proof follows by the Representability theorem together with Theorem 5.7.2.2, Theorem 5.2.2.19,
Theorem 5.7.2.4 and Theorem 5.7.2.5. O

Jorge Ant6nio, JORGE ANTONIO, IMT TOULOUSE, 118 RUE DE NARBONNE 31400 TOULOUSE
E-mail address, jorge_tiago.ferrera_antonio@math.univ-toulouse.fr
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6.1 Introduction

6.1.1 The goal of this paper

Let X be a smooth scheme over an algebraically closed field k of positive characteristic p > 0. Without the
properness assumption the étale homotopy group 7$'(X) fits in a short exact sequence of profinite groups

1= 7P (X) = 75(X) = 7™ (X) = 1, (6.1.1.1)

where 71’ (X) and 7{*™¢(X) denote the wild and tame fundamental groups of X, respectively. One can prove that
the profinite group 7$2™¢(X) is topologically of profinite type. However, the profinite group 7$!(X) is, in general,
a profinite pro-p group satisfying no finiteness condition or whatsoever. Needless to say, the étale fundamental
group 7$'(X) will in general not admit a finite number of topological generators. Consider X = A}, the affine
line. Its étale and wild fundamental groups agree, but they are not topologically of finite type.

For this reason, the main results of Theorem 6.2.3.4 do not apply for a general smooth scheme X . In particular,
one cannot expect that the moduli of /-adic continuous representations of X, LocSys, ,, (X ), is representable by a
Qg-analytic stack. The purpose of the current text, is to study certain moduli substacks of LocSys, ,, parametrizing
continuous representations

p: wH(X) — GL,(A4), A€ Afdg,

such that the restriction p|,w x) factors through a finite quotient pr : 7{"(X) — I'. Denote LocSys, ,, r(X) such
stack. Our main result is the following:

Theorem 6.1.1.1. The moduli stack LocSys, ,, r(X): Afdg, — 8 can be promoted naturally to a derived moduli
stack

RLocSys, ,, p(X): dAfdg, — 8

which is representable by a derived Qg-analytic stack. Given p € RLocSysAn’F(X ), the analytic cotangent
complex Lrrocsys, ,, ..p € Modg, is naturally equivalent to

Rocsys, . e = C&(X, Ad(p) ' [-1]
in the derived oo-category Modg, .
In particular, Theorem 6.1.1.1 implies that the inclusion morphism of stacks
jr: RLocSys; ,, p(X) < RLocSys, ,,(X)

induces an equivalence on contangent complexes, in particular it is an étale morphism. We can thus regard
RLocSys, ,, r(X) as an admissible substack of RLocSys, ,,, in the sense of Q-analytic geometry.

The knowledge of the analytic cotangent complex allow us to have a better understanding of the local geometry
of RLocSysy ,,. In particular, given a continuous representation

7: (X)) = GL,(F,)
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one might ask how p can be deformed into a continuous representation p: 7$'(X) — GL, (Q,). This amounts to
understand the formal moduli problem Def: CAlgr," — 8 given on objects by the formula

Ae GAIgsm — Mapcont (Shé[(X), BGLn(A)) XMapcont(Shét(X)7BGL7L(]F@)) {p} S 87

where Shg(X) € Pro (Sfc) denotes the étale homotopy type of X. Given p as above, the functor Def; was
first considered by Mazur in [24], for Galois representations, in the discrete case. More recently, Galatius and
Venkatesh studied its derived structure in detail, see [10] for more details.

One can prove, using similar methods to those in [1] that the tangent complex of Def is naturally equivalent
to

TDcf; = C:;t (Xa Ad(p)) [”a

in the derived co-category Modg,. We can consider Def7 as a derived W (Fy)-adic scheme which is locally
admissible, in the sense of [2]. Therefore, one can consider its rigidification

rig
Defﬁ S dADQZ .
By construction, we have a canonical inclusion functor
i rig
Jjp: Def® — LocSys, ,, (X).
By comparing both analytic cotangent complexes, one arrives at the following result:

Proposition 6.1.1.2. The morphism of derived stacks
Iz Def%ig — LocSys, ,,(X)

exhibits Def%ig as an admissible open substack of LocSys, ,,(X).

Theorem 6.1.1.2 implies, in particular, that LocSys, ,,(X) admits as an admissible analytic substack the dis-

joing union [ [ Def%ig, indexed by the set of contininuous representations 7: 7$'(X) — GL,,(Q,). Nonetheless,
the moduli LocSys&n(X ) admits more (analytic) points in general than those contained in the disjoint union

]_[ﬁ Def%ig. This situation renders difficult the study of trace formulas on LocSys, ,, (X ) which was the first moti-
vation for the study of such moduli. Ideally, one would like to “glue” the connected components of LocSys, ,,(X)
in order to have a better behaved global geometry. More specifically, one would like to exhibit a moduli algebras
or analytic stack My ,,(X) of finite type over Qy such that the space closed points My ,,(X)(Q,) € 8 would cor-
respond to continuous /-adic representations of 7$!(X ). Moreover, one should expect such moduli stack to have a
natural derived structure which would provided an understanding of deformations of ¢-continuous representations
p-

Such principle has been largely successful for instance in the context of continuous p-adic representations of
a Galois group of a local field of mixed characteristic (0,p). Via p-adic Hodge structure and a scheme-image
construction provided in [16], the authors consider the moduli of Kisin modules which they prove to be an ind-
algebraic stack admitting strata given by algebraic stacks of Kisin modules of a fixed height. Unfortunately, the
methods used in [16], namely the scheme-image construction, do not directly generalize to the derived setting.
Recent unpublished work of M. Porta and V. Melani regarding formal loop stacks might provide an effective
answer to this problem, which we pretend to explore in the near future. However, to the best of the author’s
knowledge, there is no other successful attempts outside the scope of p-adic Hodge theory.

We will also study the existence of a 2 — 2d-shifted symplectic form on LocSys, ,, (X ), where d = dim X.
Even though LocSys, ,,(X) is not an instance of an analytic mapping stack it behaves as such. We need to
introduce the moduli stack PerfSys,(X) which corresponds to the moduli of objects associated to the Cat3h« -
valued moduli stack given on objects by the formula

Z € dAfdg, — Fungeas,, (|X|é[,Perf(F(Z)))

where €Cato, denotes the co-category of (small) Ind(Pro(8))-enriched co-categories. We are then able to prove:
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Theorem 6.1.1.3. The derived moduli stack PerfSys,(X ) admits a natural shifted symplectic form w. Explicitly,
given p € PerfSys,(X) w induces a non-degenerated pairing

Ca(X,Ad(p))[1] @ C&(X, Ad(p))[1] — Q¢[2 — 2d],
which agrees with Poincaré duality.

By transport of strucure, the substack LocSys, ,,(X) < PerfSys,(X) can be equipped with a natural shifted
sympletic structure. By restricting further, we equip the LocSys, ,, (X) with a shifted symplectic form wr.

6.1.2 Summary

Let us give a brief review of the contents of each section of the text. Both §2.1 and §2.2 are devoted to review the
main aspects of ramification theory for local fields and smooth varities in positive characteristic. Our exposition
is classical and we do not pretend to prove anything new in this context. In §2.3 we construct the (ordinary)
moduli stack of continuous (-adic representations. Our construction follows directly the methods applied in [1].
Given ¢: m}’(X) — I a continuous group homomorphism whose target is finite we construct the moduli stack
LocSys, ,, r(X) parametrizing (-adic continuous representations of 7§'(X) such that pimw (x) factors through I'.
We then show that LocSys, , p is representable by a Q;-analytic stack (the analogue of an Artin stack in the
context of Q; analytic geometry).

In §3, we show that both the Q-analytic stacks LocSys, ,,(X) and LocSys,,, r(X) can be given natural
derived structures and we compute their corresponding cotangent complexes. It follows then by [29, Theorem
7.1] that LocSys, ,, (X)) is representable by a derived Q-analytic stack.

§4 is devoted to state and prove certain comparison results. We prove Theorem 6.1.1.2 and relate this result to
the moduli of pseudo-representations introduced in [6].

Lastly, in §5 we study the existence of a shifted symplectic form on LocSys, ,,(X). We state and prove
Theorem 6.1.1.3 and analysize some of its applications.

6.1.3 Convention and Notations

Throught the text we will employ the following notations:

(i) Afdg, and dAfdg, denote the co-categories of ordinary (Q-affinoid spaces and derived QQ,-affinoid spaces,
respectively.;

(ii) Ang, and dAng, denote the co-categories of analytic Q¢-spaces and derived (Q¢-analytic spaces, respec-
tively;

(iii) We shall denote 8 the co-category of spaces and Ind(Pro(8)) := Ind(Pro (S)) the co-category of ind-pro-
objects on S.

(iv) Cateo denotes the co-category of small co-categories and €Cat o, the co-category of Ind(Pro(8))-enriched
oo-categories.

(v) Given a continuous representation p, we shall denote Ad(p) := p ® p" the corresponding adjoint represen-
tation;

(vi) Given Z € Afdg, we sometimes denote I'(Z) := I'(Z) the derived Q,-algebra of global sections of Z.

6.1.4 Acknowledgements

I am grateful to Jean-Baptiste Tessier and Bertrand Toén for many useful discussions and suggestions on the con-
tents of the present text. I would also like to acknowledge le Séminaire Groupes Réductifs et formes automorphes
for the invitation to expose many of my ideas about the subject.
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6.2 Setting the stage

6.2.1 Recall on the monodromy of (local) inertia

In this subsection we recall some well known facts on the monodromy of the local inertia, our exposition follows
closely [9, §1.3].

Let K be a local field, O its ring of integers and k the residue field which we assume to be of characteristic
p > 0 different from ¢. Fix K an algebraic closure of K and denote by G i := Gal (?/ K ) its absolute Galois

group.

Definition 6.2.1.1. Given a finite Galois extension L/K with Galois group Gal (L/K) we define its inertia
group, denoted I, i, as the subgroup of Gal (L/K') spanned by those elements of Gal (L /K') which act trivially
on [ := O /my, where , denotes the ring of integers of L and m, the corresponding maximal ideal.

Remark 6.2.1.2. We can identify the inertia subgroup I,k of Gal(L/K’) with the kernel of the surjective contin-
uous group homomorphism ¢: Gal(L/K) — Gal(l/k). We have thus a short exact sequence of profinite groups

1= I — Gal(L/K) — Gal(l/k) — 1. (6.2.1.1)
In particular, we deduce that the inertia subgroup I,/ can be identified with a normal subgroup of Gal(L/K).

Remark 6.2.1.3. Letting the field extension L/K vary, we can assemble together the short exact sequences
displayed in (6.2.1.1) thus obtaining a short exact sequence of profinite groups

1= Ix —>Gg — G — 1, (6.2.1.2)

where G, := Gal(k/k) where k denotes the algebraic closure of k determined by K.

Definition 6.2.1.4 (Absolute inertia). Define the (absolute) inertia group of K as the inverse limit
I :==limy,/x finiee 1/ K5
which we canonically identify with a subgroup of G k.

Definition 6.2.1.5 (Wild inertia). Let L/K be a field extension as above. We let Py, denote the subgroup of
I,k which consists of those elements of Iy i acting trivially on O, / mQL. We refer to Pp,/ as the wild inertia
group associated to L/ K.

Definition 6.2.1.6 (Absolute wild inertia). We define the absolute wild inertia group of K as:
Py = limy, finiee Pr, /i -
Remark 6.2.1.7. We can identify the absolute wild inertia group P with a normal subgroup of .

Consider the exact sequence
1—)PK—)IK—)IK/PK*>1. (6213)

Thanks to [35, Lemma 53.13.6] it follows that the wild inertia group Pk is a pro-p group. When K = Q, a
theorem of Iwasawa implies that Py is not topologically of finite generation, even though G i is so. Nonetheless,
the quotient I / Pk is much more amenable:

Proposition 6.2.1.8. [4, Corollary 13] Let p := char(k) denote the residual characteristic of K. The quotient
I | P is canonically isomorphic to Z' (1), where the latter denotes the profinite group [],.,,, Zq(1). In particular,
the quotient profinite group I | P is topologically of finite generation.

Define Pk ¢ to be the inverse image of || gtt.p Lq in Irc. We have then a short exact sequence of profinite
groups
1— Px — Pgo— H Zgq — 1.
q#L,p
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Define similarly Gk ¢ := Gk /Pxk ¢ the quotient of Gx by Pk . We have a short exact sequence of profinite
groups
1= Pge— Grg — Gge— 1. (6.2.1.4)

Assembling together (6.2.1.3) and Theorem 6.2.1.8 we obtain a short exact sequence
1—=Z(1) - Gre — G — 1. (6.2.1.5)
Remark 6.2.1.9. As a consequence of both (6.2.1.4) and (6.2.1.5) the quotient G ¢ ¢ is topologically of finite type.

Suppose we are now given a continuous representation
p: Gg — GL,(Ey),

where E; denotes a finite field extension of Q. Up to conjugation, we might assume that p preserves a lattice of
E,. More explicitly, up to conjugation we have a commutative diagram of the form

GK%GL )

\l

GLn Qé)
Therefore p (G ) is a closed subgroup of GL,,(Z;). Consider the short exact sequence
1 — Ny = GL,(Z¢) — GL,(Fy) — 1,

where N7 denotes the group of GL,,(Z,,) formed by congruent to Id mod ¢ matrices. In particular, V; is a profinite
pro-£ group. By construction, every finite quotient of Pg ¢ is of order prime to £. One then has necessarily

p(PKj) NNy = {1}

As a consequence, the group p(Pk ¢) injects into the finite group GL,, (F,) under p. Which in turn implies that
the (absolute) wild inertia group Py itself acts on GL,,(Q;) via a finite quotient.

6.2.2 Geometric étale fundamental groups

Let X be a geometrically connected smooth scheme over an algebraically closed field & of positive characteristic.
Fix once and for all a geometric point ¢,: T — X and consider the corresponding étale fundamental group
78 (X) = 7%(X,7), a profinite group. If we assume that X is moreover proper one has the following classical
result:

Theorem 6.2.2.1. [12, Exposé 10, Thm 2.9] Let X be a smooth and proper scheme over an algebraically closed

field. Then its étale fundamental group &t (X ) is topologically of finite type.

Unfortunately, the statement of Theorem 6.2.2.1 does not hold in the non-proper case as the following propo-
sition illustrates:

Proposition 6.2.2.2. Let k be an algebraically closed field of positive characteristic. Then the étale fundamental
group of the affine line 7$'(A}) is not topologically finitely generated.

Proof. For each integer n > 1, one can exhibit Galois covers of A} whose corresponding automorphism group is
isomorphic to (Z/pZ)". This statement readily implies that 7¢'(A} ) does not admit a finite number of topological
generators. In order to construct such coverings, we consider the following endomorphism of the affine line

bn: Af — A,
defined via the formula
On:x— 2P — .

The endormophism ¢,, respects the additive group structure on A}. Moreover, the differential of ¢,, equals —1.
For this reason, ¢,, induces an isomorphism on cotangent spaces and, in particular, it is an étale morphism. As k is
algebraically closed, ¢,, is surjective and it is finite, thus a finite étale covering. The automorphism group of ¢,, is
naturally identified with its kernel, which is isomorphic to IF,,». The statement of the proposition now follows. [J
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Definition 6.2.2.3. Let G be a profinite group and p a prime numbger, we say that G is quasi-p if G equals the
subgroup generated by all p-Sylow subgroups of G.

Examples of quasi-2 finite groups include the symmetric groups S, for n > 2. Moreover, for each prime p,
the group SL,, (FF,,) is quasi-p. Let X = A} be the affine line over an algebraically closed field k of characteristic
p > 0. We have the following result proved by Raynaud which was originally a conjecture of Abhyankar:

Theorem 6.2.2.4. [7, Conjecture 10] Every finite quasi-p group can be realized as a quotient of 7$' (X).

Remark 6.2.2.5. In the example of the affine line the infinite nature of 71 (A}) arises as a phenomenon of the
existence of étale coverings whose ramification at infinity can be as large as we desire. This phenomenon is
special to the positive characteristic setting. Neverthless, we can prove that 7$'(X ) admits a topologically finitely
generated quotient which corresponds to the group of automorphisms of tamely ramified coverings. On the other
hand, in the proper case every finite étale covering of X is everywhere unramified.

Definition 6.2.2.6. Let X — X be a normal compactification of X, whose existence is guaranteed by [26]. Let
Jf:Y — X be a finite étale cover with connected source. We say that f is tamely ramified along the divisor
D := X\ X if every codimension-1 point z € D is tamely ramified in the corresponding extension field extension

k(Y)/k(X).

Proposition 6.2.2.7. Tamely ramified extensions along D == X\X of X are classified by a quotient 7§ (X) —
73 (X, D), referred to as the tame fundamental group of X along D.

Remark 6.2.2.8. Let X denote a smooth compactification of X and D := X\ X. We denote by 7% (X, D), the
wild fundamental group of X along D, the kernel of the continuous morphism 7'(X) — 7 (X).

Definition 6.2.2.9. Assume X is a normal connected scheme over k.

(i) Let f: Y — X be an étale covering. We say that f is divisor-tame if for every normal compactification
X < X, f is tamely ramified along D = X\ X.

(ii) Let f: Y — X be an étale covering. We shall refer to f as curve-tame if for every smooth curve C' over k
and morphism g: C' — X, the base change Y x x C' — C'is a tame covering of the curve C'.

Remark 6.2.2.10. In Theorem 6.2.2.9 X is assumed to be a normal connected scheme over a field of positive
characteristic. Currently, we lack a resolution of singularities theorem in this setting. Therefore, a priori, one
cannot expect that both divisor-tame and curve-tame notions agree in general. Indeed, one can expect many
regular normal crossing compactifications of X to exist, or none.

Neverthless, one has the following result:

Proposition 6.2.2.11. [17, Theorem 1.1] Let X be a smooth scheme over k and let f: Y — X be an étale
covering. Then f is divisor-tame if and only if it is curve-tame.

Definition 6.2.2.12. The tame fundamental group w$(X) is defined as the quotient of 7¢(X) by the normal
closure of opens subgroup of ﬁt(X ) generated by the wild fundamental groups 7}’ (X, D) along D, for each
normal compactification X — X.

Remark 6.2.2.13. The notion of tameness is stable under arbitrary base changes between smooth schemes. In
particular, given a morphism f: Y — X between smooth schemes over k, one has a functorial well defined
morphism 7 (Y) — 7} (X) fitting in a commutative diagram of profinite groups

m(Y) —— 7{(X)

l |

(V) —— wt(X).

Moreover, the profinite group 7} (X)) classifies tamely ramified étale coverings of X.

Remark 6.2.2.14. The tame fundamental group 7¢(X) classifies finite étale coverings f: X — Y which are
tamely ramified along any divisor at infinity.
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Definition 6.2.2.15. We define the wild fundamental group of X, denoted 73’ (X), as the kernel of the surjection
7§(X) — m¥(X). It is an open normal subgroup of 7é(X).

Proposition 6.2.2.16. [7] Let C' be a geometrically connected smooth curve over k. Then the wild fundamental
group 7' (C) is a pro-p-group.

Theorem 6.2.2.17. [5, Appendix 1, Theorem 1] Let X be a smooth and geometrically connected scheme over k.
There exists a smooth, geometrically connected curve C [k together with a morphism f: C — X of varieties such
that the corresponding morphism at the level of fundamental groups 7$(C) — 7${(X) — 7§ (X) is surjective and
it factors by a well defined morphism 7' (C) — 7${(X). In particular, 7 (X) is topologically finitely generated.

Remark 6.2.2.18. Theorem 6.2.2.17 implies that 7} (A}) admits a finite number of topological generators. In
fact, the group 7t (A} ) is trivial.

6.2.3 Moduli of continuous /-adic representations

In this §, X denotes a smooth scheme over an algebraically closed field of positive characteristic p > 0. Never-
theless, our arguments apply when X is the spectrum of a local field of mixed characteristic.

Remark 6.2.3.1. Let A € Afd be Qy-affinoid algebra A € Afd. It admits a natural topology induced from a
choice of a norm on A, compatible with the usual ¢-adic valuation on QQ;. Given G an analytic Qg-group space
we can consider the corresponding group of A-points on G, G(A). The group G(A) admits a natural topology
induced from the non-archimedean topology on A. In the current text we will be interested in studying the moduli
functor parametrizing continuous representations

p: T(X) = GL2(A).

Nevertheless, our arguments can be directly applied when we instead consider the moduli of continuous represen-
tations
T (X) = G™(4),

where G denotes a reductive group scheme.

Definition 6.2.3.2. Let G be a profinite group. Denote by
LocSyspa™4(G): Afdg, — Set,
the functor of rank n continuous (-adic group homomorphisms of G. It is given on objects by the formula
A € Afd°? — Homeons (G, GL, (A)) € Set, (6.2.3.1)

where the right hand side of (6.2.3.1) denotes the set of continuous group homomorphisms G — GL,,(A).
Notation 6.2.3.3. Whenever G = 7{'(X) we denote LocSys, ,,(X) := LocSys, , (7§'(X)).
Proposition 6.2.3.4. [I, Corollary 2.2.16] Suppose G is a topologically finitely generated profinite group. Then

the functor LocSystL’nCd(G) is representable by a Qg-analytic space.

By the results of the previous §, the étale fundamental group 7¢(X) is almost never topologically finitely
generated in the non-proper case. For this reason, we cannot expect the functor LocSys?:‘;‘l’mEd (Gx) to be rep-
resentable by an object in the category Ang, of (Qs-analytic spaces. Nevertheless, we can prove an analogue of
Theorem 6.2.3.4 if we consider instead certain subfunctors of LocSysZi‘lmed. More specifically, given a finite
quotient ¢: 7¥(X) — T we can consider the moduli parametrizing continuous ¢-adic representations of 7$'(X)

whose restriction to 7}’(X) factors through I':

Construction 6.2.3.5. Let ¢: 7}'(X) — I denote a surjective continuous group homomorphism, whose target is
a finite group (equipped with the discrete topology). We define the functor of continuous group homomorphisms
7¢(X) to GL,,(—) with T-bounded ramification at infinity, as the fiber product

LocSyspa't* (mi (X)) := LocSysy ™ (m5 (X)) X poesystramed (ry (x)) LocSyspa™(T), (6.2.3.2)

‘n

computed in the category Fun (Afd°P, Set).
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Remark 6.2.3.6. The moduli functor LocSystf}ed(X ) introduced in Theorem 6.2.3.5 depends on the choice of
the continuous surjective homomorphism ¢: Px — I'. However, for notational convenience we drop the subscript

q.
We have the following result:

Theorem 6.2.3.7. The functor LocSyst;’“Fed(X ) is representable by a Qg-analytic stack.

Proof. Let r be a positive integer and denote FI"! a free profinite group on r topological generators. The finite
group I" and the quotient Gx /Px are topologically of finite generation. Therefore, it is possible to choose a
continuous group homomorphism

p: Bl — 78(X),

such that the images p(e; ), for i = 1,...,r, form a set of generators for I, seen as a quotient of 7}’ (X), and for
(X)) = 7§{(X) /7 (X). Restriction under ¢ induces a closed immersion of functors

LocSyb?fLH}Cd(GX) — LocSybframCd (R,

Thanks to [1, Theorem 2.2.15.], the latter is representable by a rigid Q-analytic space, denoted X "1, It follows
that LocSysZir}‘Sd(G x ) is representable by a closed subspace of X "], which proves the statement. O

Definition 6.2.3.8. Let PShv (Afdg,) = Fun(Afdf’le,S) denote the oco-category of S-valued preasheaves on
Afdg,. Consider the étale site (Afd, 7). We define the co-category of higher stacks on (Afd, 1), St (Afd, 7¢) ,
as the full subcategory of PShv (Afd) spanned by those pre-sheaves which satisfying étale hyper-descent, [19, §7].

Remark 6.2.3.9. The inclusion functor St (Afdg,,7&) € PShv (Afd) admits a left adjoint, which is a left lo-
calization functor. For this reason, the co-category St (Afdg,, 7« ) is a presentable co-category. One can actually
prove that St (Afd@ " Té[) is the hypercompletion of the co-topos of étale sheaves on Afdg,, Shvg (Afd).

Definition 6.2.3.10. Consider the geometric context (dAfd, 7, Psm ), [1, Definition 2.3.1]. Let St (Afdg,, 7et; Psm)
denote the full subcategory of St(Afd, ) spanned by geometric stacks [1, Definition 2.3.2]. We will refer to an

object F € St (Afdg,, 7er, Psm) as the a Qg-analytic stack and we refer to St (AfdQZ , Tét) as the oo-category of

Qg-analytic stacks.

Example 6.2.3.11. Let G be a group object in the oo-category St (Afd, 7, Psm ). Given a G-equivariant object
F € St (Afd, 74, Psm)Gr we denote [F/G] the geometric realization of the simplicial object

= G xF==3GxT =7
computed in the co-category St(Afdg,, 7). We refer to [F/G] as the quotient stack object of F by G.

Lemma 6.2.3.12. [, §2.3]. Suppose G € St (Afd, 74, Psm) is a smooth group object and F is representable by
a Qqg-analytic space. Then the quotient stack object [F/G] is representable by a geometric stack.

framed

Remark 6.2.3.13. The smooth group GL;," € Ang, acts by conjugation on the moduli functor LocSys,

Definition 6.2.3.14. Let LocSys, ,(X) = [LocSybframCd( )/GLn™"] denote the moduli stack of rank n {-adic
pro-étale local systems on X . Given a continuous surjective group homomorphism ¢: 7} (X) — I whose target
is a finite group we define the substack of LocSys, ,,(X) spanned by rank n (-adic pro-étale local systems on X
ramified at infinity by level T" as the fiber product

LocSysy,, p = LocSys; ,(X) XLocsys, ,, (xiv(x) LocSysy , (I)

Theorem 6.2.3.15. The moduli stack LocSys, ,, (X) is representable by a Q-analytic stack.

Proof. We have a canonical map LocSysszf’}Cd(G x) — LocSys, ,, r(X), which exhibits the former as a smooth
atlas of the latter. The result now follows formally, as explained in [1, §2.3]. O
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One can prove that there is an equivalence between the space of continuous representations
p: wH(X) — GL2"(A), A € Afdg,
and the space of rank n pro-étale A-local systems on X . We thus have the following statement:

Proposition 6.2.3.16. [1, Corollary 3.2.5] The functor LocSys, ,,(X) parametrizes pro-étale local systems of
rank n on X.

Proof. The same proof of [1, Corollary 3.2.5] applies. O

6.3 Derived structure

Let X be a smooth scheme over an algebraically closed field k and fix a finite quotient ¢: 7}’(X) — TI'. In
this §we will study at full the deformation theory of both the Q-analytic moduli stacks LocSys, ,,(X) and
LocSys; ,, (X). Our goal is to show that LocSys, ,,(X) and LocSys,,, (X) can be naturally promoted to
derived Qq-stacks, denoted RLocSys, ,, (X ) and RLocSys, ,, (X), respectively. Therefore the corresponding 0-
truncations t<gRLocSys, ,,(X) and t<oRLocSys, ,, r(X) are equivalent to LocSys, ,,(X) and LocSys, ,, r(X),
respectively. We will prove moreover that both RLocSys, ,, (X) and LocSys, ,,(X) admit tangent complexes
and give a precise formula for these. Moreover, we show that the substack RLocSys, ,, r(X) is geometric with
respect to the geometric context (dAfdQe, Tet, Psm). In particular, RLocSys, ,, (X ) admits a cotangent complex
which we can understand at full.

We compute the corresponding cotangent complexes and analyze some consequences of the existence of de-
rived structures on theses objects. We will use extensively the language of derived (Qg-analytic geometry as
developed in [28,29].

6.3.1 Derived enhancement of LocSys, , (X)

Recall the oo-category of derived Q,-affinoid spaces dAfdg, introduced in [28]. Given a derived Qg-affinoid
space Z := (Z,0z) € dAfdg,, we denote

I(Z) =T (o;‘g) € CAlgg,

the corresponding derived ring of global sections on Z, see [27, Theorem 3.1] for more details. [2, Theorem
4.4.10] implies that I'(Z) always admits a formal model, i.e., a /-complete derived Z,-algebra Ay € CAlgy, such

that (Spf Ag)"™® ~ X. Here (—)"# denotes the rigidification functor from derived formal Z-schemes to derived
Qg-analytic spaces, introduced in [2, §4]. This allow us to prove:

Proposition 6.3.1.1. [1, Proposition 4.3.6] The co-category of perfect complexes on A, Pert(A), admits a natural
structure of Ind (Pro (8) ) -enriched co-category, i.e., it can be naturally upgraded to an object in the co-category
ECaty.

Definition 6.3.1.2. LetY & Ind(Pro (8) ) We define its materialization by the formula
Mat (x) = Maplnd(Pro(S)) (*3 :X:) € 87

where * € Ind(Pro(8)) denotes the terminal object. This formula is functorial. For this reason, we have a well
defined, up to contractible indeterminacy functor, materialization functor Mat : Ind(Pro(8)) — 8.

As a consequence of Theorem 6.3.1.1, there exists an object BEnd(Z) € Ind (Pro (8)) functorial in Z €
dAfdg,, such that its materalization is equivalent to

Mat (€nd(Z)) ~ BEnd(I'(Z)") € 8. (6.3.1.1)

The right hand side of (6.3.1.1) denotes the usual Bar-construction applied to E;-monoid object End(I'(Z)) € 8.
Moreover, given Y € Ind(Pro(8)) every continuous morphism

Y — B&nd(Z),in Ind (Pro(8))
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is such that its materialization factors as
Mat (Y) — BGL,(I'(Z2)) — BEnd(I'(Z))
in the co-category S. See [1, §4.3 and §4.4] for more details.

Definition 6.3.1.3. [22, Notation 3.6.1] We shall denote Sh (X) the étale shape of X defined as the fundamental
groupoid associated to the co-topos Shvg (X )/\, of hyper-complete étale sheaves on X.

Definition 6.3.1.4. Let X be as above. We define the derived moduli stack of ¢-adic pro-étale local systems of
rank n on X as the functor
RLocSys, ,,(X): dAfdg) — 8,

given informally on objects by the formula
Z € dAfdg) = lim,>oMapyon, (e (Shé‘(X), Bénd (tgn(Z))> 7

where t<,,(Z) denotes the n-th truncation functor on derived Qg-affinoid spaces.

Notation 6.3.1.5. Given Z € dAfdg, we sometimes prefer to employ the notation
RLocSys, ,,(X)(I'(Z)) == RLocSys, ,,(X)(Z).

Let p € RLocSys, ,,(X)(I'(Z)), we refer to it as a continuous representation of Sh(X) with coefficients in
I'(Z).

Definition 6.3.1.6. LetY := lim,,Y,, € Pro(8). Given an integer n > 0, we define the n-truncation of Y as
T<n (V) = lim,, 7<, (Vi) € Pro(8<y,),
i.e. we apply pointwise the truncation functor 7<,, : § — 8 to the diagram defining ¥ = lim,,Y,,, € Pro(8).
Ind(Pro(8))
Notation 6.3.1.7. Let :: Afd — dAfdg, denote the canonical inclusion functor. Denote by
t<o (RLocSys, ,,(X)) := RLocSys,,,(X) o,

the restriction of RLocSys, ,,(X) to Afdg,.
Given Z € Afd°P, the object BEnd(Z) € Ind(Pro(8)) is 1-truncated. As a consequence, we have an
equivalence of mapping spaces:

Mapp,a(pro(s)) (Sh(X), BEnd(Z)) ~ Mapy,q(pro(s)) (Tglshél(X),B(gnd(Z)) :

We have moreover an equivalence of profinite spaces Tglshét(X ) ~ B¢ (X). Given a continuous group ho-
momorphism p: 7$(X) — GL, (A) we can associate, via the cobar construction performed in the co-category
Jop, .. a well defined morphism

Bp: Br{'(X) — B&nd(A),

in the co-category Ind(Pro(8)). This construction provide us with a well defined, up to contractible indeterminacy,
Ppa: LocSyspa™*d(X)(A) = Maprq(pro(s)) (Bri'(X), Bénd(2)) .
On the other hand, the morphisms p 4 assemble to provide a morphism of stacks
p: LocSysZ?Lmed(X) — t<oRLocSys, ,,(X).
Proposition 6.3.1.8. The canonical morphism
p: LocSysZimed(X) — t<oRLocSys, ,,(X),

in the co-category St (Afd@l , Tét) which induces an equivalence of stacks

LocSys, ,,(X) >~ t<gRLocSys, ,,(X).
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Proof. The proof of [1, Theorem 4.5.8] applies. O

Notation 6.3.1.9. Let Z = (Z,0z) € dAn denote a derived Q-analytic space and M € Mody,. In [29,
§5] it was introduced the analytic square zero extension of Z by M as the derived Qg-analytic space Z[M] =
(Z,0z® M) € dAn, where Oz ® M = Qg5 € AnRing; (Z) /¢, denotes the trivial square zero extension of Oz
by M. In this case, we have a natural composite

Oz 20z M — 0y (6.3.1.2)

in the oo-category AnRing, (Z) /¢, which is naturally equivalent to the identity on Oz. We denote pz rs: Oz ©
M — Oz the natural projection displayed in (6.3.1.2)

Definition 6.3.1.10. Let Z € dAfd() be a derived Q;-affinoid space. Let p € RLocSys, ,,(X)(Oz) be a contin-
uous representation with values in Oz. The tangent complex of RLocSys, ,, (X ) at p is defined as the fiber

TR,LOCSySLn(X),p = ﬁbp (poz)

where
po,: RLocSys, ,,(X)(0z &*" Oz) — RLocSys, ,,(0z),

is the morphism of stacks induced from the canonical projection map py,,0,: Oz @ Oz = Oz.

The derived stack RLocSys, ,, is not, in general, representable as derived Q-analytic stack, as this would
entail the representability of its O-truncation. Nevertheless we can compute its tangent complex explicitly:

Lemma 6.3.1.11. [, Proposition 4.4.9.] Let p € RLocSys, ,,(X)(Oz). We have a natural morphism

TRLOCSySLn(X),p — C:t (X7 Ad (p)> [1]7

which is an equivalence in the derived co-category Modr z).

Proof. The proof of [1, Proposition 4.4.9] applies. O

6.3.2 The bounded ramification case

In this §we are going to define a natural derived enhancement of LocSys, ,, r (X)) and prove its representability by a
derived Qy-analytic stack. Let X be a smooth scheme over an algebraically closed field k of positive characteristic

p#L

Definition 6.3.2.1. Consider the sub-site X ™ of the small étale site X spanned by those étale coverings
Y — X satisfying condition (2) in Theorem 6.2.2.9. We can form the co-topos Shv***°(X) := Shv (X}*™°) of
tamely ramified étale sheaves on the Grothendieck site X ™.

Consider the inclusion of sites ¢: X *™¢ < X, it induces a geometric morphism of co-topoi

G Shveg(X) — Shvi™e(X) (6.3.2.1)

é
which is a right adjoint functor to the functor induced by precomposition with ¢.

Lemma 6.3.2.2. The geometric morphism of co-topoi g, : Shvi™°(X) — Shve(X) introduced in (6.3.2.1) is
Sfully faithful.

Proof. As the Grothendieck topology on X ™ is induced by the inclusion functor ¢: X™¢ — Xg, it suffices
to prove the corresponding statement for the oo-categories of presheaves. More specifically, the statement of the
lemma is a consequence of the assertion that the left adjoint

¢*: PShv (X&) — PShv (Xét[ame) ,

given by precomposition along ¢, admits a fully faithful right adjoint. The existence of a right adjoint for ¢*,
denoted ¢, follows by the Adjoint functor theorem. The required right adjoint is moreover computed by means
of a right Kan extension along «. Let Y € X[*™°, we can consider Y € X by means of the inclusion functor
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t: X8 . — X« The comma oo-category (thame)y / admits an initial object, namely Y itself. Let Cy :=
(Xgame),, /- Given J € PShv (X ™€) one can compute
L F(Y) =
~ 1, F(Y)
~ Mlimyce, F(V)
~F(Y)

In particular, the counit of the adjunction 6: +* o+, — Id is an equivalence. Reasoning formally we deduce that
L s fully faithful and therefore so it is g.. O

Definition 6.3.2.3. Let Sh*™°(X) € Pro(8) denote the fundamental co-groupoid associated to the co-topos
Shv(X2me), which we refer to as the tame étale homotopy type of X.

Remark 6.3.2.4. The fact that the geometric morphism g, : Shv(X{™¢) — Shv(X) is fully faithful implies
that the canonical morphism
Sh**™(X) — Sh(X)

induces an equivalence of profinite abelian groups m; (Sh**"°(X)) ~ ; (Shét(X )) for each ¢ > 1. As a conse-

quence one has a fiber sequence
Brl’(X) — Sh®(X) — Sh*™™°(X),

in the co-category Pro(8) of profinite spaces.

Definition 6.3.2.5. The derived moduli stack of wild (pro)-étale rank n £-local systems on X is defined as the
functor RLocSysy’,, (X): dAfd°” — 8 given informally by the association

Z € dAfdy) — lim,>oMapy,qpros)) (B (X), BGLa (1<, (T(2)))) € 8.

Remark 6.3.2.6. The functor RLocSysy’,, (X) satisfies descent with respect to the étale site (dAfd, 7), thus we
can naturally consider RLocSys;’,, (X) as an object of the co-category of derived stacks dSt (dAfd, 7y, ).

Suppose now we have a surjective continuous group homomorphism ¢: 7}’(X) — T, where I" is a finite
group. Such morphism induces a well defined morphism (up to contractible indeterminacy)

Bg: Br{’(X) — BT

Precomposition along Bg induces a morphism of derived moduli stacks B¢* : RLocSys, ,,(I') — RLocSysy’,, (X).
Where RLocSys, ,, (') : dAfdg, — § is the functor informally defined by the association

Remark 6.3.2.7. As BT € 8 C Pro (8%) it follows that, for each Z € dAfdg,, one has a natural equivalence
of mapping spaces
Mapr,q(pro(s)) (BI', BEnd(Z)) ~ Mapg (BI', BGL,(0z)) .

Therefore the moduli stack RLocSys, ,, (BI') is always representable by a derived Q-analytic stack which is
moreover equivalent to the analytification of the usual (algebraic) mapping stack Map (BI', BGL,,(—)). The
latter is representable by an Artin stack, see [23, Proposition 19.2.3.3.].

We can now give a reasonable definition of the moduli of local systems with bounded ramification at infinity:

Definition 6.3.2.8. The derived moduli stack of derived étale local systems on X wtih I'-bounded ramification at
infinity is defined as the fiber product

RLocSys, ,, r(X) := RLocSys, ,,(X) XRLocSys¥ (X) RLocSys, ,,(BI')
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Proposition 6.3.2.9. Ler q: m}’(X) — T be a surjective continuous group homomorphism whose target is finite.
Then the 0-truncation of RLocSys, ,, (X) is naturally equivalent to LocSys, ,, »(X). In particular, the former
is representable by a Qq-analytic stack.

Proof. Tt suffices to prove the statement for the corresponding moduli associated to Sh®(X), Bx{(X) and BT
Each of these three cases can be dealt as in Theorem 6.3.1.8. O

Similarly to the derived moduli stack RLocSys, ,, (X) we can compute the tangent complex of RLocSys, ,, (X)
explicitly. In order to do so, we will first need some preparations:

Construction 6.3.2.10. LetY € Pro (S‘Cﬁl) be a 1-connective profinite space. Fix moreover a morphism
c:x = X,

in the oo-category Pro (Sfc). Notice that such choice is canonical up to contractible indeterminacy due to con-
nectedness of X.

Let Perf (Qy) the co-category of perfect Qg-modules. One can canonically enhance Perf(Qy) to an object in
the oo-category €Caty, of Ind(Pro(8))-enriched oo-categories. Consider the full subcategory

Perfy (V) := Funcont (Y, Perf(Qy))

of Fun (Mat (V) , Perf(Qy)) spanned by those functors F': Y — Perf(Q,) with M := F(x) such that the induced
morphism
OMat (X) — End (M) (6.3.2.2)

is equivalent to the materialization of a continuous morphism
QX — &nd (M)

in the oo-category Ind(Pro(8)). Thanks to [1, Corollary 4.3.23] the oco-category Perf,(X) is an idempotent
complete stable Q,-linear co-category which admits a symmetric monoidal structure given by point-wise tensor
product.

Consider the ind-completion Modg, (X) = Ind (Perf,(X)), which is a presentable stable symmetric monoidal
Q¢-linear co-category, [1, Corollary 4.3.25]. We have a canonical functor py(X): Modg,(X) — Modg, given
informally by the formula

colim FeModg, (Y') — colim (F;(x)) € Modg, .

Given Z = (Z,07z) € dAfdg, a derived Q-affinoid space, we denote I'(Z) := I' (Z) the corresponding derived
ring of global sections. Consider the extension of scalars co-category

MOdF(Z) (Y):= Modg, (Y) X, I(2),

which is a presentable stable symmetric monoidal I'(Z)-linear co-category, [1, Corollary 4.3.25]. We can base
change p,(Y’) to a well defined (up to contractible indeterminacy) functor pp(z) (Y') : Modp(z) (Y') — Modp(z)
given informally by the association

(coliim Fl> ®q, I'(Z) € Modr(z) (X) coliim (Fi(x) ®q, I'(Z)) € Modp(z).

Proposition 6.3.2.11. Let Z € dAfd be a derived Qq-affinoid space and p € RLocSys,,, r(X)(0z). The
inclusion morphism of stacks
RLocSys&n,F(X) — RLocSys&n(X)

induces a natural morphism at the corresponding tangent complexes at p

TRLocSysLn_r P — I']-T-‘RLO(:Sysl;m N

is an equivalence in the oo-category Mody ). In particular, we have an equivalence of I'(Z)-modules

TRLocSysz,”,r, P = Ce*t (X7 Ad (p)) [1} € MOdF(Z)'
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Proof. Let I := Bq: Brr}"(X) — BT denote the morphism of profinite homotopy types induced from a con-
tinuous surjective group homomorphism ¢: 7{"(X) — T" whose target is finite. We can form a fiber sequence

Y — Brl(X) — BT (6.32.3)

in the oo-category Pro (Sfﬁl)* / of pointed 1-connective profinite spaces. Let A := I'(Z) and consider the oo-

categories Mod 4 (Sh" (X)) and Mod 4 (BT') introduced in Theorem 6.3.2.10. Let C4 ,, (Bn}" (X)) and C4 ,, (BI)
denote the full subcategories of Mod 4 (Bx}¥ (X)) and Mod 4 (BT'), respectively, spanned by modules rank n free
A-modules. It is a direct consequence of the definitions that one has an equivalence of spaces

RLocSysy,, (Br}’(X)) ~ €an (Br{’(X))~ and RLocSys, ,, (BI') ~ €4, (BI')~

where (—)~ denotes the underlying co-groupoid functor. The fiber sequence displayed in (6.3.2.3) induces an
equivalence of oco-categories
Mod 4 (BT) ~ Mod 4 (B (X))? (6.3.2.4)

where the right hand side of (6.3.2.4) denotes the oco-category of Y-equivariant continuous representations of
By’ (X)) with A-coefficients. Thanks to [1, Proposition 4.4.9.] we have an equivalence of A-modules

T

RLocSysg’n(Bﬂ'i"(X)) = MapModr(Z)(Bﬂ'{”(X)) (1’ p\BﬁU(X) ® p|vBﬂU(X)> [1] (6.3.2.5)

* PlBrw (x)

and similarly,
TRLocSySz,n(BF)y pr = MapModp(z)(BF) (1, pr ® pit) [1] (6.3.2.6)

By definition of p, we have an equivalence p? ~ p, where (—)? denotes (homotopy) fixed points with respect to
the morphism Y — Br}’(X). Thus we obtain a natural equivalence of A-modules:

MapModr(Z) (Bry (X)) (Lpep’)[1] ~ MapModF(Z)(Bﬂ”(X)) (17 (pr ® plv‘)y) [1]. (6.3.2.7)

Homotopy Y-fixed points are computed by Y-indexed limits. As the Y-indexed limit computing the right hand
side of (6.3.2.7) has identity transition morphisms we conclude that the right hand side of (6.3.2.7) is naturally
equivalent to the mapping space

MapModA(Bﬂiv(X)) (17 (p & p\/)‘d) [1] = MapModA(BF) (17 H*(p & p\/)) [1] (6328)

where IT,.: Mod 4 (B7¥(X)) — Mod 4 (BT") denotes a right adjoint to the forgetful IT* : Mod 4 (BT') — Mod 4 (Bx}’(X)).
As a consequence we have an equivalence

Mapyyoq , (5 (x)) (12 © p7) [1] = Mapyioq, sr) (LT (p @ p)) [1] (6.3.2.9)
in the co-category . Notice that, by construction
v v
pr@pr > (p@p ) (6.3.2.10)
in the oo-category Mod 4 (BT"). One has moreover equivalences
IL (p®pY) ~(p®p")p, (6.3.2.11)

as the restriction of p ® pY to Y is trivial. Thanks to (6.3.2.5) through (6.3.2.11) we conclude that the canonical
morphism LocSys, ,, (BI') — LocSys, ,, (Bm{’(X)) induces an equivalence on tangent spaces, as desired. O

Construction 6.3.2.12. Fix a continuous surjective group homomorphism ¢: 7}’ (X) — T', whose target is finite.
Denote by H the kernel of ¢q. The profinite group H is an open subgroup of 7}’ (X ). For this reason, there exists
an open subgroup U < 7$(X) such that U N 7{(X) = H. In particular, the subgroup U has finite index in
7§'(X). As finite étale coverings of X are completely determined by finite continuous representations of 7$'(X),
there exists a finite étale covering

fU: YU — X
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such that 7§'(X) acts on it canonically. Moreover, one has an isomorphism of profinite groups
a(Y)=U

As a consequence, it follows that 7{"(Yyr) = H. Given Z € Afdg, and p € RLocSys,,, (X )(0z) it follows by
the construction of fi;: Yy — X that the restriction

Pisné(Y)
factors through Sh**™°(Y"). The morphism f;: Yy — X induces a morphism of profinite spaces
Sh*(Y") — Sh®(X),

which on the other hand induces a morphism of stacks RLocSys, ,,(X) — RLocSys, ,,(Yr). Moreover, by the
above considerations the composite

RLocSys, ,, r (X)— RLocSyse,n(X) — RLocSysAn(Y),
factors through the substack of tamely ramified local systems RLocSys, ,, (Sh*™¢(Yy/)) < RLocSys, ,,(Yr ).
Lemma 6.3.2.13. The canonical restriction morphism of Theorem 6.3.2.12
RLocSys, ,, r(X) — RLocSys, ,,(Yv)

induces an equivalence

RLocSys, , r(X) ~ RLocSys, , (Sh¥(Yy)) ™"
of stacks.
Proof. By Galois descent, the restriction morphism along fi: Yy — X induces an equivalence of stacks
RLOCSysf,n(X) = RLOCSySZ,n(YU)BF,'

Moreover, the considerations of Theorem 6.3.2.12 imply that we have a pullback square

RLocSys, ,, p(X) ———— RLocSys, ,,(X)

l l (6.3.2.12)

RLocSysy,, (Sh*™*™¢(Yyy)) —— RLocSys,,,(Yv)

in the co-category dSt (dAfdQe , Tét). The result now follows since we can identify (6.3.2.12) with

RLocSys, ,, (Sh"™™(Y;))®" —— RLocSys,,, (Yyr)B""

| |

RLocSysy,, (Sh*™¢(Yyy)) ——— RLocSysy,, (Yu)

in the co-category dSt(dAfdg,, Te). O
Theorem 6.3.2.14. The (derived) moduli stack RLocSys, ,, (X) is representable by a derived Qq-analytic stack.

Proof. Thanks to [29, Theorem 7.1] we need to check that the functor RLocSys, ,, (X) has representable
O-truncation, it admits a (global) cotangent complex and it is compatible with Postnikov towers. The repre-
sentability of to(RLocSys; ,, (X)) =~ LocSys, , r(X) follows from Theorem 6.2.3.15. Theorem 6.3.2.11 im-
plies that RLocSys, ,, (X) admits a global tangent complex. Moreover, by finiteness of /-adic cohomology
for smooth varieties in characteristic p # £, [25, Theorem 19.1] together with [1, Proposition 3.1.7] for each
p € RLocSys, ,, r(X)(Z), the tangent complex at p

TRLocsys,, . (X).0 = Ca(X, Ad(p))[1] € Modr(z)
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is a dualizable object of the derived co-category Modr(zy. Thanks to Theorem 6.3.2.13 we deduce that the
existence of a cotangent complex is equivalent to the existence of a global cotangent complex for the derived
moduli stack

RLocSys, ,, (Sh*™™°(Yy)) € dSt(Afdg,, Te)-

We are thus reduced to show that Sh*™°(Y") € Pro(8) is cohomologically perfect and cohomologically com-
pact, see [1, Definition 4.2.7] and [1, Definition 4.3.17] for the definitions of these notions. As Yy is a smooth
scheme over a field of characteristic p # /£, cohomologically perfectness of Sh*™°(Yz;) follows by finiteness
of étale cohomology with ¢-adic coefficients, [25, Theorem 19.1] together with [1, Proposition 3.1.7]. To show
that Sh*™®™°(Y’) is cohomologically compact we pick a torsion Zs,-module N which can be written as a filtered
colimit V ~ colim,, N, of perfect Z,-modules. As the tame fundamental group is topologically of finite type
and for each ¢ > 0, the stable homotopy groups 7; (Sh“’“me(YU))St are finitely presented the result follows. For
these reasons, the derived moduli stack RLocSys, ,, (Sh**™°(Yy)) admits a glocal cotangent complex. Theo-
rem 6.3.2.13 implies now that the same is true for RLocSys, ,, (X). Compatibility with Postnikov towers of
RLocSys, ,, r(X) follows from the fact that the latter moduli is defined as a pullback of stacks compatible with
Postnikov towers. O

6.4 Comparison statements

6.4.1 Comparison with Mazur’s deformation functor

S

Let L be a finite extension of Qy, Oy, its ring of integers and [ := 1, /my, its residue field. We denote CAlg /r[n the
oo-category of derived small k-algebras augmented over [.

Let G be a profinite group and p: G — GL, (L) a continuous ¢-adic representation of G. Up to conjugation,
p factors through GL,,(;,) € GL, (L) and we can consider its corresponding residual continuous [-representation

p: G — GL,(1).

The representation p can the be obtained as the inverse limit of {5,: G — GL,(O/m7™")},, where each

P, =~ p mod m™*, For each n > 0, p,, is a deformation of the residual representation p to the ring O,/ mE'H.
Therefore, in order to understand continuous representations p: G — GL,, (L) one might hope to understand
residual representations p: G — GL,,([) together with their corresponding deformation theory. For this rea-
son, it is reasonable to consider the corresponding derived formal moduli problem, see [23, Definition 12.1.3.1],
associated to p:

Defy: CAIgH — 8,

given informally via the formula

A € CAlg)(" = Mapp,q(pro(s)) (BG, BENA(A)) XMap,, p,os), (BGBEnd(4)) {P} € 8. (6.4.1.1)

Construction 6.4.1.1. [1, Proposition 4.2.6] and its proof imply that one has an equivalence between the tangent
complex of Defz and the complex of continuous cochains of Ad(p)

Tbet, =~ Cions (G, Ad(p)) [1] (6.4.1.2)
in the oo-category Mod,. Replacing BG in (6.4.1.1) by étale homotopy type of X, Shét(X ), and C}, by Cf in
(6.4.1.2) it follows by [25, Theorem 19.1] together with [21, Theorem 6.2.5] that Def; is pro-representable by
a local Noetherian derived ring A5 € CAlg, whose residue field is equivalent to [. Moreover, Az is complete
with respect to the augmentation ideal m 4, (defined as the kernel of the homomorphism 7 (A5) — k of ordinary
rings). It follows that A5 admits a natural structure of a derived W (I)-algebra, where W ([) denotes the ring of
Witt vector of [. As 5 admits deformations to Oy, for e.g. p itself, we have that £ # 0 in 7 (Az).

Notation 6.4.1.2. Denote by L"" := Frac (W ([)) the field of fractions of W ([). It corresponds to the maximal
unramified extension of Q, contained in L.
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Proposition 6.4.1.3. Let t<o (Defz) denote the O-truncation of the derived formal moduli problem Def, i.e. the
restriction of Defy to the full subcategory of ordinary Artinian rings augmented over | @Algsm 2 C CAlg Sm

Then t<o (Defy) is equivalent to Mazur’s deformation functor introduced in [24, Section 1. 2 ] and WQ(A*) is
equivalent to Mazur’s universal deformation ring.

Proof. Given R € (‘ZAlgjm Y c CAlg’" an ordinary (Artinian) local [-algebra, the object BEnd(R) € Ind(Pro(8))
is 1-truncated. Therefore one has a natural equivalence of spaces

to (Defz) (R) ~ Mapy,q(pro(s)) (B71 (X), BEnd(A)) Xpet, k) {p}- (6.4.1.3)

By construction, the ordinary W ([)-algebra mo(Az) pro-represents the functor to (Def) : CAlg’™ Y 58 Asa
consequence, the mapping space on the right hand side of (6.4.1.3) is O-truncated and the set of/ R-points corre-
sponds to deformations of p valued in R. This is precisely Mazur’s deformation functor, as introduced in [24, Sec-
tion 1.2], concluding the proof. [

6.4.2 Comparison with S. Galatius, A. Venkatesh derived deformation ring

In the case where X corresponds to the spectrum of a maximal unramified extension, outside a finite set S of
primes, of a number field L and p: Gx — GL, (K) is a continuous representation, the corresponding derived
W (k)-algebra was first introduced and extensively studied in [10].

6.4.3 Comparison with G. Chenevier moduli of pseudo-representations

In this section we will compare our derived moduli stack RLocSys, ,,(X) with the construction of the moduli of
pseudo-representations introduced in [6]. We prove that RLocSyS&,’L(X ) admits an admissible analytic substack
which is a disjoint union of the various Defz. Such disjoint union of deformation functors admits a canonical
map to the moduli of pseudo-representations of introduced in [6]. Such morphism of derived stacks is obtained
as the composite of the O-truncation functor followed by the morphism which associates to a continuous rep-
resentation p its corresponding pseudo-representation, see [6, Definition 1.5]. Nevertheless, the derived moduli
stack RLocSys, ,,(X) has more points in general, and we will provide a typical example in order to illustrate this
phenomena.

Proposition 6.4.3.1. Let p: 78(X) — GL,(F,) be a continuous residual {-adic representation. To p we can
attach a derived Qq-analytic space Defrlg € dAng, for which every closed point p: Sp L — DefEg is equivalent
to a continuous deformation of p over L

Proof. Denote by dfSchyy () the oo-category of derived formal schemes over W (I), introduced in [23, section
2.8]. The local Noetherian derived W (I)-algebra A7 is complete with respect to its maximal ideal m 4_. For this
reason, we can consider its associated derived formal scheme Spf Az € dfSchyy(yy.

Let A € GAlgW([) denote an admissible derived W (I)-algebra, see [2, Definition 3.1.1]. We have an equiva-
lence of mapping spaces

Mapgsgen,, ., (SPf A, Spf Ag) ~ MapeAlg;;}([) (Az,A).

Notice that as A is a (-complete topological almost of finite type over W (k), the image of each t € m4_ is
necessarily a topological nilpotent element of the ordinary commutative ring mo(A). Let m C mp(A) denote a
maximal ideal of 7(A) and let (A)) denote the m-completion of A. There exists a faithfully flat morphism of
derived adic W (k)-algebra

A=A = ][ 5
mCrmo(A)
where the product is labeled by the set of maximal ideals of 7y (A). By fppf descent we have an equivalence of
mapping spaces
MapeAlgad - (Az, A) ~ lim ,,]erpMapeAlgad " (A A[n]) (6.4.3.1)
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where Afn] = A'®,...®4A" denotes the n + 1-tensor fold of A’ with itself over A computed in the co-category
of derived adic W (k)-algebras CAlg%{}(k). For a fixed [n] € A°P we an equivalence of spaces

Map@Alg";{}(m (Aﬁ, Afn]) ~ Def5 (Afn]) )

For each [n] € A°P we obtain thus a natural inclusion morphism 6, : Mape Al ) (Ap, Afn]) — RLocSys, ,,(X)(Af,)-
The 0y, assemble together and by fppf descent induce a morphism : Map Al o) (Az, A) — RLocSys, ,,(X)(A).

By construction, € induces a natural map of mapping spaces
MapeAlg'g}(k) (A5, A) — H (RLOCSySz,n(X)(A) XDef7(AL) RLOCSYSe,n(X)(AQO
mCmo(A)

which is equivalence of spaces. In order words Spf Az represents the moduli functor which assigns to each affine
derived formal scheme Spf A, over W (1), the space of continuous representations p: Sh®(X) — BGL,,(A) such
that for each maximal ideal m C 7 (A) the induced representation

(P = SH™(X) — BGL, (A7)

is a deformation of 5: Sh®(X) — BGL,, (k). The formal spectrum Spf A is locally admissible, see [2, Definition
3.1.1]. We can thus consider its rigidificiation introduced in [2, Proposition 3.1.2] which we denote by Def%lg =
(Spf Az)"™® € dAng,. Notice that Def%ig is not necessarily derived affinoid.

Let Z € dAfdg,, [2, Corollary 4.4.13] implies that any given morphism f: Z — (Spf Aﬁ)rig in dAng, admits
necessarily a formal model, i.e., it is equivalent to the rigidification of a morphism

f: Spf A — Spf Ag,

where A € GAIg%‘Vi(k) is a suitable admissible derived W ([)-algebra. The proof now follows from our previous
discussion. m

The proof of Theorem 6.4.3.1 provides us with a canonical morphism of derived moduli stacks Def’%ig —
LocSys, ,,(X). Therefore, passing to the colimit over all continuous representations

7: (X)) = GL,(Fy)

provides us with a morphism
0: ]| Defs® — RLocSys, ,,(X) (6.4.3.2)
D

in the co-category dSt(dAfdg,, Te)-

Proposition 6.4.3.2. The morphism of derived Qq-analytic stacks

g H Def;ig — LOCSySZ,n(G)
p: Wi‘(X)—)GLn(Qf)

displayed in (6.4.3.2) exhibits the left hand side as an analytic subdomain of the right hand side.
Proof. Letp: m8(X) — GL,,(FF,) be a continuous representation. The induced morphism
05: Def® — RLocSys, ,,(X)

is an étale morphism of derived stacks, which follows by noticing that 5 induces an equivalence at the level of
tangent complexes. Moreover, Theorem 6.4.3.1 implies that 65: Def%ig — RLocSys, ,,(X) exhibits the former
as a substack of the latter. It then follows that the morphism is locally an admissible subdomain inclusion. The
result now follows. O
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Theorem 6.4.3.2 implies that RLocSys, ,,(X) admits as an analytic subdomain the disjoint union of those de-

rived (Q;-analytic spaces Def%ig. One could then ask if € is itself an epimorphism of stacks and thus an equivalence
of such. However, this is not the case in general as the following example illustrates:

Example 6.4.3.3. Let G = Z, with its additive structure and let A = Q,(T’) be the (classical) Tate Q-algebra on
one generator. Consider the following continuous representation

p: G — GL2(Q(T)),

1 T
1>—>|:O J.

It follows that p is a Q¢ (T')-point of LocSys, ,,(Z) but it does not belongs to the image of the disjoint union

given by

Def%ig as p cannot be factored as a point belonging to the interior of the closed unit disk Sp (Q¢(T')).

Remark 6.4.3.4. As Theorem 6.4.3.3 suggests, when n = 2 the derived moduli stack RLocSys, ,, (X)) does admit
more points than those that come from deformations of its closed points. However, we do not know if RLocSys, ,,
can be written as a disjoint union of the closures of Def%ig in LocSys, ,,(X). However, when n = 1 the analytic
subdomain morphism 6 is an equivalence in the co-category dSt (dAfdQ » Tét).

6.5 Shifted symplectic structure on RLocSys, ,(X)

Let X be a smooth and proper scheme over an algebraically closed field of positive characteristic p > 0. Poincaré
duality provide us with a canonical map

©: Cg (X, Qr) ®q, Cé (X, Q) — Qe[—2d]
in the derived oco-category Modg, is non-degenerate, i.e., it induces an equivalence of derived Q,-modules
Ca (X,Qe) — C& (X, Q)" [-2d], (6.5.0.1)

in Modg,. As we have seen in the previous section, we can identify the left hand side of (6.5) with a (shit)
of the tangent space of RLocSys, , (X) at the trivial representation. Moreover, the equivalence holds if we
consider étale (co)chains with more general coefficients. The case that interest us is taking étale cohomology
with Ad(p)-coefficients for a continuous representation p: 78'(X) — GL,(A), with A € Afdg,. Let p €
RLocSys, ,,(X)(Z), we can regard p as a dualizable object of the symmetric monoidal co-category Perf34(X) :=

Fungeat, (Shé‘(X ), Perf(A)). Let p¥ denote a dual for p. By definition of dualizable objects, we have a canoni-
cal trace map

trP: p® p\/ — 1Perf2d(X)

in the oo-category Perf?d(X ) and lperf?d( x) denotes the unit object of the latter co-category. Therefore, passing
to mapping spaces, we obtain a natural composite

mult

Mapperf;d(x) (1, Ad(p)) ® Mapperf;d(x) (1, Ad(p)) — MaPPerf;d(X) (1,Ad(p)) (6.5.0.2)
tr
—p> Mapperf2d(X) (1, 1) (6503)

in the oo-category Modr(z). By identifying the above with étale cohomology coefficients with coefficients we
obtain a non-degenerate bilinear form

C1 (X, Ad(p))[1] ® CL(X, Ad(p))[1] = C4(X, Ad(p))[2] — C4(X,T(2))[2 — 2d] (6.5.0.4)

in the co-category Modr(z). Moreover, this non-degenerate bilinear form can be interpreted as a Poincaré duality
statement with Ad(p)-coefficients.

Our goal in this §is to construct a shifted symplectic form w on RLocSys, ,, (X) in such a way that its underly-
ing bilinear form coincides precisely with the composite (6.5.0.4). We will also analyze some of its consequences.
Before continuing our treatment we will state a QQ-analytic version of the derived HKR theorem, first proved in
the context of derived algebraica geometry in [31].

201



Theorem 6.5.0.1 (Analytic HKR Theorem). Let k denote either the field of complex numbers or a non-archimedean
field of characteristic 0 with a non-trivial valuation. Let X € dAny, be a derived k-analytic space. Then there is
an equivalence of derived analytic spaces

X xXXXX ZTX[—I],
compatible with the projection to X.

The proof of Theorem 6.5.0.1 is a work in progress together with F. Petit and M. Porta, which the author hopes
to include in his PhD thesis.

6.5.1 Shifted symplectic structures

In this §we fix X a smooth scheme over an algebraically closed field k& of positive characteristic p.

In [32] the author proved the existence of shifted symplectic structures on certain derived algebraic stacks
which cannot be presented as certain mapping stacks. As RLocSys, ,,(X) cannot be presented as usual analytic
mapping stack, we will need to apply the results of [32] to construct the desired shifted sympletic structure on
RLocSys, ,, (X).

Definition 6.5.1.1. Consider the canonical inclusion functor ¢: dSt (dAfdg,, 7¢, Psmn) € Fun (dAfdg,,S). The
functor ¢ admits a left adjoint which we refer to as the stackification functor (—)** : Fun (dAfdg,,8) — dSt (dAfdg,, Tet, Pam)-

Definition 6.5.1.2. Consider the functor PerfSys{ : dAfdg, — 8 which is defined via the assignment
Z € dAfAP — Mapg ea,. (Shé‘(X), Perf(F(Z))) €s

where we designate Perf (I'(Z)) to be the Ind(Pro(8))-enriched co-category of perfect I'(Z)-modules, which is
equivalent to the subcategory of dualizable objects in the oo-category of Tate modules on I'(Z), Mod??tze), [?1.
We define the moduli stack PerfSys, € dSt (dAfdg,, 7«, ) as the stackyfication of PerfSys{ .

Remark 6.5.1.3. This is an example of a moduli stack which cannot be presented as a usual mapping stack,
instead one should think of it as an example of a continuous mapping stack.

Notation 6.5.1.4. We will denote Cat% the oo-category of (small) symmetric monoidal co-categories.

Definition 6.5.1.5. Let C € Cat® be a symmetric monoidal co-category. We say that € is a rigid symmetric
monoidal co-category if every object C' € C is dualizable.

Notation 6.5.1.6. We denote by Cat®*® the co-category of small rigid symmetric monoidal co-categories.
Consider the usual inclusion of co-categories 8 < Cat, it admits a right adjoint, denoted
(=)~ Catee — 8

which we refer as the underlying oo-groupoid functor. Given € € Cat its underlying co-groupoid €~ € &
consists of the maximal subgroupoid of C, i.e., the subcategory spanned by equivalences in C.

Lemma 6.5.1.7. There exists a valued Cat3%:*®-valued pre-sheaf
Perf39(X): dAfdg, — Cate,
given on objects by the formula

7 € dAfdQe (d Fungeatoc (X, PeI‘f(F(Z))) .

Moreover, the underlying derived stack (—)~ o Perf34(X) € dSt (Afdg,, 7e) is naturally equivalent to derived
stack PerfSys, € dSt (dAfdg,, 7a)-

Proof. The construction of Perf?d (X) is already provided in [1, Definition 4.3.11]. Moreover, it follows directly

'~

from the definitions that (Perf?d(X )~ =~ PerfSys,(X). O
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Theorem 6.5.1.7 is useful because it place us in the situation of [32, §3]. Therefore, we can run the main
argument presented in [32, §3]. Before doing so, we will need to introduce some more ingredients:

Definition 6.5.1.8. Let H (Perf?d (X )) : dAfdg) — 8 denotes the sheaf defined on objects via the formula

Z € dAfdy — Map 1,1) €8,

Perf3d(X)(1(2)) (
where 1 € Perf3%(X)(T'(Z)) denotes the unit of the corresponding symmetric monoidal structure on Perf3?(T'(Z)).
Definition 6.5.1.9. Let O: dAfdg: — CAlgg, denote the sheaf on (Afdg,, 74) given on objects by the formula

Z € dAdP — T (Z) € CAlgy,.

Construction 6.5.1.10. One is able to define a pre-orientation, in the sense of [32, Definition 3.3], on the
Cat3+»®_value stack Perfi(X)

0: H (Perf?d(X)> — 0]-2d],

as follows: let Z € dAfdg, be a derived Q,-affinoid space. We have a canonical equivalence in the co-category
MOdF(Z)
Br(z): Mappead(x)(r(z)) (1, 1) = Cg (X, T(2)), (6.5.1.1)

by the very construction of Perf?d (F(Z )) Moreover, the projection formula for étale cohomology produces a

canonical equivalence
Ca (X,T(2)) =~ C4 (X, Q) ®q, I'(Z)

in the co-category Modg,. As X is a connected smooth scheme of dimension d over an algebraically closed field
we have a canonical map on cohomology groups

a: Qp ~ H (Xa, Q) ® H** (Xe, Qo) — Q

which is induced by Poincaré duality. Consequently, the morphism « induces, up to contractible indeterminacy, a
canonical morphism
Ca(X,Qp) — Q[—2d]. 6.5.1.2)

in the co-category Modg,. (6.5.1.1) together with base change of (6.5.1.2) along the morphism Q; — I'(Z)
provides us with a natural morphism

Mappcrf;fd(x)(r(z)) (1,1) = I'(Z)[—2d].

By naturality of the previous constructions, we obtain a morphism pre-orientation
9: H (Perf;%d(X)) — 0]-2d],

which corresponds to the desired orientation.
Given Z € dAfdg,, the co-category Perf}® (I'(Z)) is rigid. Thus for a given object p € Perf3? (I'(Z)) we
have a canonical trace map
tr,: Ad(p) — 1.

which together with the symmetric monoidal structure provide us with a composite of the form

Mappe,gaa (x)(r(zy) (1, Ad(p)) ® MapPperrad xy(r(z)) (1, Ad(p)) =Mabpegsa xy(rz)) (1, Ad(p) ® Ad(p))
(6.5.1.3)

— Mabpessax)(r(z)) (1, Ad(p)) = Mabpesaa x)r(z) (1,1) = T'(Z)[-2d]
(6.5.14)

which we can right equivalently as a morphism
Ca (X, Ad(p)) ® Cg (X, Ad(p)) — I'(Z)[2 — 2d],

which by our construction coincides with the base change along Q;, — T'(Z) of the usual pairing given by
Poincaré Duality.
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Lemma 6.5.1.11. Let Z € dAfdg, be a derived Qq-affinoid space. The pairing of Theorem 6.5.1.10

Mappe,gad x)(r(z) (1, Ad(p)) @ Mappersaxyr(z)) (1, Ad(p)) = T'(Z)[-2d]

is non-degenerate. In particular, the pre-orientation 6: H (Perf?d(X )) — 0[—2d] is an orientation, see [32,
Definition 3.4] for the latter notion.

Proof. Let p € PerfSys,(X)(Oz) be an arbitrary continuous representation with O z-coefficients. We wish to
prove that the natural mapping

Mappe,ad x)(r(z) (1, Ad(p)) @ Mappersa(x)r(z)) (1, Ad(p)) = T'(Z)[-2d]

is non-degenerate. As Z lives over Q; and p # £ it follows that p € PerfSys, (X) for a sufficiently large finite
quotient ¢: w}’(X) — T'. It then follows by [1, Proposition 4.3.19] together with Theorem 6.3.2.13 that p can
be realized as the BI'-fixed points of a given p: Sh**™°(Y) — BGL,(Ag), where Y — X is a suitable étale
covering and Ag € GAng‘g is an admissible derived Z,-algebra such that

(Spf Ao)rig ~ 7,

in the oo-category dAfdg,. We notice that it suffices then to show the statement for the residual representation
po: Sh™™¢(Y) — BGL,,(Ag/f), where Ay /¢ denotes the pushout

Aglt] 2l A

o |

AO —_— Ao/g

computed in the co-category CAlg?d. We can write Ay /¢ as a filtered colimit of free Fy-algebras Fy[Tp, . . ., T,
where the T; sit in homological degree 0. As Sh**™°(Y) is cohomological compact we reduce ourselves to
prove the statement by replacing py with a continuous representation with values in some polynomial algebra
F¢[To, ..., T The latter is a flat module over IFy. Therefore, thanks to Lazard’s theorem [18, Theorem 8.2.2.15]
we can further reduce ourselves to the case where pg is valued in a finite [Fy-module. The result now follows by
the Theorem 6.5.1.10 together with the projection formula for étale cohomology and Poincaré duality for étale
cohomology. O

As a corollary of [32, Theorem 3.7] one obtains the following important result:

Theorem 6.5.1.12. The derived moduli stack PerfSys,(X) € dSt (dAfdg,, 7%) admits a canonical shifted sym-
plectic structure w € HC (PerfSysé (X )) where the latter denotes cyclic homology of the derived moduli stack
PerfSys,(X). Moreover, given Z € dAfdg, and p € PerfSys,(I'(Z)), the shifted symplectic structure w on
PerfSys,(X) is induced by étale Poincaré duality

Ca (X, Ad(p)) [1] @ Cg (X, Ad(p)) [1] = T'(Z)[2 — 2d].

Proof. This is a direct consequence of our previous discussion together with the argument used in [32, Theorem
3.7]. O

6.5.2 Applications

Consider the canonical inclusion ¢: RLocSys, ,,(X) < PerfSys,(X). Pullback along the morphism ¢ on cyclic
homology induces a well defined, up to contractible indeterminacy, morphism

v*: HC(PerfSys, (X)) — HC(RLocSys, ,,(X)).

We then obtain a canonical closed form .*(w) € HC(RLocSys, ,,(X)). Moreover, as ¢ induces an equivalence
on tangent complexes, the closed form ¢*(w) € HC (RLocSysZ’n(X )) is non-degenerate, thus a 2 — 2d-shifted
symplectic form. Similarly, given a finite quotient ¢: 7}"(X) — T, we obtain a 2 — 2d-shifted symplectic form on
the derived Q-analytic stack RLocSys, ,, (X ). The existence of the sifted symplectic form entails the following
interesting result: '
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Definition 6.5.2.1. Let Lrrocsys, , (x) denote the cotangent complex of the derived moduli stack RLocSys, , (X).
We will denote by

CSR (RLOCSysﬂ,n(X)) = Sym* (LRLocSysAn(X)) € C0h+ (RLOCSysé,n (X))

Remark 6.5.2.2. Notice that Cjp (RLocSysevn(X )) admits, by construction, a natural mixed algebra structure.
However, we will be mainly interested in the corresponding ”’plain module” and E-algebra structures underlying
the given mixed algebra structure on Cj (RLocSys, ,,(X)).

Proposition 6.5.2.3. Let X be a proper and smooth scheme over an algebraically closed field of positive charac-
teristic p > 0. We then have a well defined canonical morphism

* an * Vv *
CdR (BGLn ) ® Cét (X, Q[) — OdR (RLOCSySevn(X))
Proof. Let p € PerfSys,(X) be a continuous representation. We have a canonical morphism
BEnd(p) — BEnd(p(x))

in the co-category 8, where p(x) denotes the module underlying p. This association induces a well defined, up to
contractible indeterminacy, morphism
PerfSys,(X) — Perf™,

where Perf™" € dSt (dAfdQ[, Tét) denotes the analytification of the algebraic stack of perfect complexes, Perf.
Therefore, we obtain a canonical morphism

f*: HC(Perf*") @ H(Perf*") — HC (PerfSys, (X)) ® H(PerfSys,(X)) (6.5.2.1)

in the co-category Modg, , where H (Perf™) := Mappe,¢(q,) (Qr, Q¢) ~ Qg and H(PerfSys, (X)) ~ C5(X, Q).
Thus we can rewrite (6.5.2.1) simply as

f*: HC(Perf™") — HC (PerfSys, (X)) ® C5(X,Qq). (6.5.2.2)
As étale cohomology C(X,Q,) € Modg, is a perfect module we can dualize (6.5.2.2) to obtain a canonical

morphism
[ HO(Perf™) @ Cg(X, Q) — HC(PerfSys,(X)).

in the oco-category Modg,. Consider now the commutative diagram

RLocSys, ,,(X) —— BGL}"

lﬂ' !

PerfSys,(X) ——— Pert™
in the co-category dSt (dAfsz , Tét). Then we have a commutative diagram at the level of loop stacks

Map (S", RLocSys, (X)) —— Map (S, BGL")

iﬂ' |

Map (S*, PerfSys, (X)) —— Map (S*, Perf*") .
By taking global sections in the above diagram we conclude that the composite
[ o uHH(Oparen) = f* 0 itOpap(st BGLan)
has support in Map (S*, RLocSys, ,,(X)) < Map (S, PerfSys,(X)). Therefore, we can factor the composite
HH(BGLY) ® C4(X, Q)Y — HH(Perf™) @ C2(X, Q)" — HH(PerfSys, (X))
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as a morphism
HH(BGL]") ® C4(X, Q)" — HH(RLocSys,, (X))

in the oo-category Modg,. The analytic HKR theorem then provide us with the desired morphism
* an * Vv *
Cir(BGL") ® C4(X,Q) " — Cir(RLocSysy,, (X))
in the oo-category Modg, . O

Remark 6.5.2.4. A type GAGA theorem for reductive groups together with a theorem of B. Totaro, see [33,
Theorem 10.2], that the de Rham cohomology of the classifying stack GL:" coincides with ¢-adic cohomology

Cin (BGL™) = C (BGLEP)

in the co-category Modg,, where BGL!°P denotes the topological classifying stack associated to the general linear
group GL,,. In particular, we obtain a morphism

C&(BGLy, Q) ® Cg(X,Qr) — Cig (RLocSys, ,(X)).

in the co-category Modg,. As Cjn (RLocSysz,n(X )) admits a natural E.-algebra structure we obtain, by the
universal property of the Sym construction, a well defined morphism

Sym (Cg (BGLy, Q) ® C4(X,Q¢)) — Cir (RLocSysy,,(X)). (6.5.2.3)

in the co-category CAlgg,. Assuming further that X is a proper and smooth curve over an algebraically closed
field, an ¢-adic version of Atiyah-Bott theorem proved in [15] implies that we can identify the left hand side of
(6.5.2.3) with a morphism

C{ (Bungr,, (X), Q) — Cir (RLocSys&n(X))

in the co-category CAlg, .
As a corollary we obtain:

Corollary 6.5.2.5. Let X be a smooth scheme over an algebraically closed field of positive characteristic p > 0.
We have a canonical morphism

¢: C4(BGLy,, Q¢) ® C4(X, Q)" — Cir (RLocSys,,, (X))

in the oo-category CAlgg,. Moreover, assuming further that X is also a proper curve we obtain a canonical
morphism
Cs (BunGLn (X),Qg) — Cir (RLocSysg,n (X))

in the co-category CAlgg,.

Remark 6.5.2.6. By forgetting the mixed k-algebra structure on Cjjy (RLocSys&n(X )) one can prove that the
moprhism ¢ sends the product of the canonical classes on C (BGLn, Qz) ® C(X,Qy)Y to the underlying
cohomology class of the shifted symplectic form w on RLocSys, ,, (X).
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Contents

7.1 Introduction

Main results

The goal of this paper is to prove a highly structured version of the Hochschild-Kostant-Rosenberg theorem in
the setting of analytic geometry. We do not wish to make any smoothness assumption, and this leads us to work
with derived analytic geometry, as developed by J. Lurie, T. Y. Yu and the last author. In first approximation, the
theorem we wish to prove is the following:

Theorem 7.1.0.1. Let k denote either the field C of complex numbers or a non-archimedean field of characteristic
0 with a non-trivial valuation. Let X be a k-analytic analytic space. Then there is an equivalence of derived
analytic spaces

X XXXXX ZTX[fl],

compatible with the projection to X.

Suppose that X is Stein (when k& = C) or affinoid. Let A := I'(X; O x ). Then the above theorem implies that
there is the following equivalence of simplicial algebras:

A®A®kAA ~ Sym% (Man 1)),

where Sym?" denotes the analytification relative to A of the algebraic Sym ,. From this point of view, we see that
on the right hand side one has an extra structure that we ignored so far, namely the de Rham differential. Taking
this extra structure into account leads to the following more precise version of the HKR theorem:

Theorem 7.1.0.2. There are co-categories e-AnRing,, of mixed analytic rings and S*-AnRing,, of S*-equivariant
mixed analytic rings. These categories are equivalent compatibly with their forgetful functors to AnRing;,.

Strategy of the proof

One novelty of this paper is the strategy itself that we use. Our method is new even in the algebraic case and
provides an alternative proof of the main result of [TV11]. In order to explain our main ideas, we provide an
axiomatic treatment of the HKR theorem.

Warning 7.1.0.3. In this axiomatic presentation, we formulate stronger hypotheses than what is actually needed.
This is done in order to obtain a neater exposition. These extra assumptions will be satisfied in the algebraic and
C-analytic setting, but not in the k-analytic one.

We start with an co-category A, that plays the role of either CAlg;, or AnRing;.
Assumption 7.1.0.4. The oco-category A is presentable.

In particular, A has pushouts. We denote the pushout of the diagram A’ < A — B by A’ ®%4 B.
Given an object A € A we let
A-Mod = Sp(A ).

Given M € A-Mod, we let
Ao M =Q>%(M).

211



The functor
Dery(A;—): A-Mod — 8

given by sending M to Map 4 A(A, A @ M) commutes with limits and x-filtered colimits for x a big enough
regular cardinal. Therefore, it is representable by an object in A-Mod that we denote LL 4.

Assumption 7.1.0.5. For every A € A there is a conservative functor

Ua: Aa; — A-Mod.

Furthermore, this functor admits a left adjoint, denoted Symﬁll (—).

Step 1: Construction of the categories of mixed and S'-equivariant objects. It is easy to construct the co-
category of S'-equivariant objects in .A. Indeed, we set

S1-A == Fun(B(S'), A).
This category is equipped with a forgetful functor
Ugr: S:-A — A,

which is conservative and admits both a left and a right adjoint. In particular, it is monadic. We denote by T's1 the
associated monad. Notice that we can identify the endofunctor of A underlying the monad with the functor

Slo—A— A

sending Ato A ® apa A.
It is less trivial to construct the co-category of mixed objects in A. In this general setting, we need an assump-
tion:

Assumption 7.1.0.6. There is an co-category -A equipped with a functor
Ucs:iecA— A
satisfying the following properties:
(i) the functor U, is conservative, commutes with sifted colimits and it admits a left adjoint

DR: A — e-A.

(ii) For every A € A, there is a canonical equivalence
U.(DR(A)) ~ Sym’ (La[1]).
In particular, U, exhibits e-A as monadic over A. We let T, denote the associated monad.

At this point, we can distinguish two versions of the HKR theorem:

(1) The plain HKR: this is the statement that the underlying endofunctors of Ts: and T, are equivalent. It
implies the familiar algebraic formulation of the HKR theorem, i.e. the existence of an equivalence

Sym’ (La[l]) ~ A®aga A
for every A € A.

(i1) The structured HKR: this is the statement that T's: and 7. are equivalent as monads. It implies the existence

of an equivalence of co-categories
e-A~StA

compatible with the forgetful functors Ug: and U to A.

Notice that the structured HKR implies the plain HKR, but the vice-versa is obviously not true.
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Step 2: Passage to nonconnective objects We can describe the most basic idea behind our strategy as follows:
instead of proving directly the equivalence between the monads T's1 and T, we look at the comonads. Indeed, the
functor Ug1 : S'-A — A also admits a right adjoint, given by sending A € A to

AS" = A x4ua A

In the cases of our interest, it turns out that the forgetful functor U, : e-A — A also admits a right adjoint, given
by sending A € A to the split square-zero extension A & 7>¢(A[—1]). This implies that both S'-A and e-A are
comonadic over A. Let C51 and C. denote the respective comonads. It is then enough to prove that C's1 and C,
are equivalent comonads, but unfortunately this comparison is as difficult as the original problemma.

In order to decrease the complexity of the problemma, we would like to prove that our comonads to be induced
by coalgebra objects in A, via the correspondence provided by the following lemmama:

Lemma 7.1.0.7 (cf. 2?). Let C® be a symmetric monoidal co-category. The functor
¢ — End(C)
informally given by X — X ® — induces a well defined functor
CoAlg(€®) — CoMonads(€).

We refer to the comonads in the essential image of this functor as representable comonads.

Indeed, if could construct two coalgebras Ag1 and A. in A whose associated comonads are C'g: and C., it
would then be enough to prove that Ag: and A, are equivalent in the co-category CoAlg(A). Unfortunately, this
does not happen in our case. Nevertheless, we can make it true after suitably enlarging the co-category A.

Example 7.1.0.8. In order to get a feeling for what is the obstruction to exhibit C's1 as the comonad associated
to a coalgebra Ag1, it is useful to look at the algebraic situation. In this case, the co-category A coincides with
the oo-category of simplicial commutative algebras CAlg,. The comonad Cg: sends an object A € CAlg,, to
A X ax4 A. On the other hand, if R € CoAlg(CAlg,), then its associated comonad sends A to A ® R. If we
assume that C's1 (A) can be written as A ® R for every choice of A, then we would obtain

Rﬁk@)RZCSl(k)Zkaxkk

But in CAlg; one has k Xy, k ~ k, and the comonad associated to & is simply the identity. On the other hand,
when A is not discrete, then the underlying module of A X 454 A is not equivalent to A itself, but rather to
A® Tzo(A[—l]).

This is suggesting that working with connective commutative algebras is too much restrictive for this prob-
lemma. Using the Dold-Kan equivalence we can identify CAlg, with the underlying co-category cdgafO of
connective cdgas (we use homological convention). The inclusion

cdgaf0 — cdga,

does not commute with limits, and in cdga,, one has k X i« k ~ k@ k[—1]. Notice that all the functors introduced
so far (Ug1, S 1 ® —, DR, ...) extend to the unbounded setting. Furthermore, in the unbounded setting we always
have CSI (A) ~AR® (/C Xkxk k)

In the light of the above example, our actual strategy can be summarized as follows:
(i) Construct a “nonconnective enlargement” A"¢ of the co-category A.
(ii) Prove that the comonads Cs1 and C; extend to comonads Cgf and C7 in A",
(iii) Prove that the extended comonads C's and C7° are representable by objects Ag1 and A, in CoAlg(A"°).

(iv) Finally prove that Ag: and A, are equivalent in CoAlg(A"™).
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The construction of the nonconnective enlargement A"¢ in the analytic setting constitutes the technical heart of
this paper. The ideas introduced are a natural extension of the ones that appear in [Lurl 1d], and they allow to
construct nonconnective enlargements in many situations. We believe that the oo-categories of nonconnective
structures that we construct here as an auxiliary tool to prove the HKR theorem are interesting on their own and
will prove useful in a variety of different situations.

Let us now give more details about the important features that a “nonconnective enlargement” A"° should
satisfy in order to be useful to our problemma.

Assumption 7.1.0.9. There exists a presentable co-category A" equipped with a connective cover functor
T>0: A" — A.
Furthermore, this functor admits a fully faithful left adjoint
i: A — A"

This assumption together with the chain rule for Goodwillie’s derivative implies that for every A € A there is
a fully faithful functor
9(i): A-Mod — Sp(A7; 4))-

In turn, this allows to prove that for A € A the cotangent complex LL 4 coincides with the cotangent complex LL;( 4)
of i(A) € A"°. It also allows to define nonconnective split square-zero extensions: if A € A" and M € Sp(A‘/‘:Z‘),
we set

A" M = Q>(M),

where 2 is the natural functor Q°°: Sp(Ar/‘fo) — AJ%

Assumption 7.1.0.10. There exist coalgebras Ae, As1 € CoAlg(A") such that for every A € A one has a
canonical equivalences

i(4)® Ao~ i(A) @™ 9(i) (A[-1])

and
i(A) ® Ag1 ~i(A) Xiayxica) i((A).

This assumption is easily verified when A"¢ = cdga,,. In the analytic setting however its verification is one of
the most delicate points of the paper. It requires a relative version of the Van Est theorem, which we will discuss
in the next step. However, once proven it implies that e-A and S*-A can be identified with the full subcategories
of CoMod 4, (A"¢) and CoMod 4, (A"¢) spanned by connective objects. In other words, we have the following
pullback diagrams

g-A —— CoMody4_(A") S'-A —— CoModa, (A")
lUE l ) JUS1 l
A < 4 Anc A 7 Anc,

In this way, we are reduced to prove that there is an equivalence in CoAlg(A"°) between Ag: and A.. In order to
do this, we need one final structural property of the co-category A"¢:

Assumption 7.1.0.11. There exists a conservative functor
U: A" — Mody,

where Mody, denotes the co-category of (unbounded) k-modules. Furthermore, this functor admits a left adjoint,
denoted Symy°.
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Step 3: Use of a theorem of type Van Est  Using the conservativity of the functor U : A" — Mody, we see that
it would be enough to construct a morphism Ag1 — A, in CoAlg(A"°) that becomes an equivalence in Mody.
Unfortunately, it is unreasonable to be able to construct such a morphism directly. This can be seen by attempting
to work over the sphere spectrum k = S instead of over a field of characteristic 0.

Example 7.1.0.12. Let k = S be the sphere spectrum. Then Bockstedt’s computation shows that
. THH(HF,) = Fp[o],

with |o| = 2. On the other hand, 72(Lyp, /s) = F, which implies that 73(Symyg (Lnr, /s[1])) = Fp. Therefore
THH(HF,) = HF, ®ur,e.nr, HF, cannot be equivalent to Symyp (Lur,/s[1]), and so even the plain HKR
theorem fails over the sphere spectrum. On the other hand, Ag1 is S Xgxs S and A, is the split square-zero
extension S @ S[—1]. In particular, the underlying spectra of Ag: and A. are equivalent. This means that the
equivalence of the underlying modules cannot even be lifted to an equivalence at the E, level, let alone at the
bialgebra level.

This example suggests that it is more reasonable to look for a correspondence between Ag1 and A.. When
working over a field of characteristic zero, both morphisms in this correspondence will be equivalences, but in
general they will not. Notice that U(Ag1) is forced to be k X g« k >~ k & k[—1].

Assumption 7.1.0.13. One has U(A.) = k @ k[-1].

This assumption is easy to verify in all cases of interests. When A"¢ = cdga it is a consequence of [Lurl2c,
7.3.4.15]. In the analytic case, it is easy to reduce oneself to the algebraic situation.

This provides us with the following canonical correspondence in A"¢:

Symy®(k[-1])

N

Ag: A..

Assumption 7.1.0.14. Both U (p) and U (q) are equivalences in Mody,.

We warn the reader that the above assumption is really strong and it is not always satisfied. For instance, when
k has characteristic p > 0 one has

71 (U (Symi°(k[-1]))) = D k-
N

In practice, in order to verify this assumption we need to really unravel the construction of A”¢ and of the functor
Sym}°. The reason we are able to go through this computation is that A" is constructed in a fairly geometric
way, and U (Sym}°(k[—1])) can be identified with the cohomology complex of the classifying stack B(BG,),
where BG,, denotes the analytic 1-dimensional additive group. To actually compute this cohomology, we resort
to a theorem due to Van Est, that identifies the group cohomology of BG,, with the Lie algebra cohomology of its
Lie algebra.

Warning 7.1.0.15. The above discussion is simplistic. It is only accurate when k£ = C or it is a non-archimedean
field of equicharacteristic 0. In the mixed characteristic case one needs to replace the middle comparison term
with the nonconnective analytic algebra of global sections of the classifying stack B(D}.(r)), where D}, (r) denotes
the non-archimedean closed disk of radius r, and r is supposed to be less or equal the converging radius of the
exponential. In this case, the theorem of Van Est is replaced by its non-archimedean analogue, which is due to
Lazard.
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Step 4: Contractibility of the space of coalgebra structures The final step required for the completion of the
proof is to prove that the morphisms p: Sym;.°(k[—1]) — Ag: and ¢: Sym;°(k[—1]) — A. can be promoted
to morphisms in CoAlg(A"). Even in the algebraic setting, this verification has never been done explicitly. The
main theorem of [TV11] implies that Ag: and A, are equivalent as bialgebras. However, in loc. cit. the authors do
not give a direct argument, and therefore they are taking quite a long detour. One possible way of expressing the
difficulty is the lack of a rectification theorem for bialgebras. With our approach it is possible to show directly that
the morphism p respects the coalgebra structure. However, to verify that ¢ also respects the coalgebra structure is
a nontrivial task. Our method consists in verifying the following stronger statement:

Assumption 7.1.0.16. The space of coalgebra structures on Symj°(k[—1]), formally defined as the pullback

CoAlg(Symy© (k[-1])) —— CoAlg(A™)

L |

() S

is contractible.

Pairing this assumption with Theorem 7.1.0.14 finally completes the proof of our main theorem. Let us be
more specific about the way of checking this last assumption in practice. Once again, we need to unravel the
actual construction of A" and relate Symj°(k[—1]) with the cohomology of a classifying stack like B(BG,,).
This allows to canonically identify the space of coalgebra structures on Sym},°(k[—1]) with the space of group
structures on B(BG,,). In the cases of interest, we see B(BG,,) as an object in the co-topos of derived (analytic)
stacks. In particular, we are entitled to use the co-categorical version of May’s delooping theorem. This reduces
the computation of the group structures on B(BG,,) to the computation of the space of [E;-structures on BG,,
that are compatible with its additive structure. At this point, the Eckmann-Hilton argument implies that this latter
space is contractible. See Theorem 7.2.3.2.

Structure of the paper

In Section 7.2 we briefly revisit the main theorems of [TV 11] providing shortened proofs following our general
strategy. We notice that in this case we have a natural candidate for the category A", namely the category of
unbounded cdgas. Furthermore, Van Est theorem can easily be bypassed by means of a direct computation of
Symy, (k[—1]). On the other hand the contractibility of the space of coalgebra structures on Sym,, (k[—1]) (cf.
Theorem 7.2.3.2) is a new result that was missing from both [BZN12] and [TV11].

In ?? we provide a general framework to produce the category A". In the algebraic setting, the category
we obtain is bigger than the category of unbounded cdgas. It is nevertheless possible to canonically recover the
category of unbounded cdgas out of our A"°. From the point of view of the HKR theorem, the distinction between
the two categories is not relevant because Axioms (1) through (4) are satisfied in both cases.

In ?? we apply the machinery previously introduced to construct the co-categories e-AnRing,,, S'-AnRing,
and the nonconnective variations. We conclude by proving the main theorem.

7.2 Revisiting the algebraic case

We start the paper by reviewing the algebraic setting for the HKR theorem. In this case, the machinery of non-
connective structures is not needed, as we have a natural candidate, namely the co-category of unbounded cdgas.
Nevertheless, we take the opportunity to collect a few basic facts about mixed algebras and S!-objects that are
needed in what follows. In Section 7.2.1 we recast the theory of mixed algebras as developed in [TV11,?,?] in
purely oo-categorical terms. We give two different description of this co-category. The first one is equivalent in
a more or less tautological way to the classical one introduced in the aforementioned papers, and it is “monadic”
in nature. The second one is “comonadic” in nature and it has two main advantages: first of all, it makes the
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underyling derivation associated to the mixed algebra appear naturally. Secondly, it generalizes to the analytic
setting.

In Section 7.2.2 we turn our attention to S'-algebras. As before, we provide two equivalent description of
this co-category, one that is naturally monadic and one that is comonadic. The equivalence between these two
description builds on the presentation as Segal objects of modules for a monoid in a Cartesian co-category. This
comparison allows us to prove the equivalence between mixed algebras and S!-algebras by checking that the
comonads are equivalent.

Finally, in Section 7.2.3 we realize the general strategy described in the introduction by proving the HKR
statement in the algebraic setting. As main auxiliary step, we prove the contractibility of the space of coalgebra
structures on Symy,, (k[—1]).

7.2.1 Mixed algebras

Let C® be a symmetric monoidal co-category. We set
CAlg(€) :== Algg_ (€%).
Given A € CAlg(C), we can consider the co-category of A-modules
A-Mod(€) := LMod4 (@),

formally defined as the fiber product { A} X eag(e) LMod(C).
Similarly, we define the co-category of coalgebras in C as

CoAlg(C) := CAlg(Cop)op.
Given A € CoAlg(C) we set
A-CoMod(€) := (A-Modop)op.
A monadic presentation for mixed algebras

Fix a field k of characteristic 0. We let Mody, denote the stable co-category of (unbounded) k-modules and Perfy,
be the full stable subcategory spanned by perfect complexes. We endow Mod;, with its canonical symmetric
monoidal structure. We set

CAlg,° :== CAlg(Mody,).

It can be identified with the co-category of unbounded cdgas. Given A € CAlg};® we have a canonical equivalence
A-Mod ~ Sp(CAlg4).

For M € A-Mod we set
A® M = Q% (M).

In particular, we pose
kle] =k @ K[1].

As an algebra, it coincides with the split square-zero extension of & by k[1]. Since k[] and all its finite tensor
powers are formal, we can define a coalgebra structure on k[¢] simply by setting

Ale) =1®@ec+e®1,

where A: k[e] — k[e] @y k[e] denotes the comultiplication. It is easily checked that k[¢] inherits in this way the
structure of a bialgebra.

Lemma 7.2.1.1. Let C® be a symmetric monoidal oco-category. Let A be a bialgebra in C. Then the co-category
A-Mod admits a symmetric monoidal structure such that the forgetful functor

A-Mod(€) — €

is strong monoidal.
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Proof. We observe that the co-functor
CAlg(C)op — Cateo

sending A to A-Mod(C) is lax monoidal. In particular, it brings an object A € CoAlg(CAlg(C)) to a symmetric
monoidal co-category A-Mod(C€). Unraveling the definition, we see that the induced forgetful functor is strong
monoidal. O

Consider the co-category e-Mody, of k[e]-modules. We denote by ®) the monoidal structure on e-Mody,
provided by the previous lemmama.

Definition 7.2.1.2. The co-category of (nonconnective) mixed algebras is
e-CAlgh¢ = CAlg(e-ModP*).
By definition, e-CAlg,.® comes equipped with a forgetful functor
U.: e-CAlgr® — e-Mody,
which is monadic. On the other hand the forgetful functor
ug : e-Mody, — Mod,,
is strong monoidal. In particular, it induces a functor
ve: e-CAlg" — CAlg;°.
Proposition 7.2.1.3. The commutative diagram

e-CAlg® —— CAlgy©

Jo |

e-Mod;, —==— Mody

is vertically left adjointable. Furthermore, the functor v. commutes with all limits and colimits, and in particular
it is both monadic and comonadic.

Proof. We first observe that since U, U, and u. are conservative, the same goes for v.. As both the co-categories
e-CAlgy® and CAlg;® are presentable, the fact that v. is monadic and comonadic follows at once if we prove that
it commutes with both limits and colimits.

Observe that the functors U, U. and u. commute with limits and sifted colimits. As U is conservative, it
follows that v. commutes with limits and sifted colimits as well. In order to prove that v. commutes with arbitrary
colimits, it is therefore enough to prove that it commutes with arbitrary coproducts of free objects. This is a direct
consequence of the vertical left adjointability of the diagram.

We are thus left to prove that the diagram is vertically left adjointable. The functors U, and U admit left
adjoints L. and L. We have to prove that the Beck-Chevalley transformation

«a: Lou, —>wv.0L,
is an equivalence. As U is conservative, it is enough to prove that
U(@):UoLou. —> Uowvc.o0L,
is an equivalence. Since U o v, ~ u. o U,, we are reduced to check that the natural transformation
UoLou, —su.o0U.0L,

is an equivalence. We now recall from [Lurl2c, 3.1.3.13] that there are canonical equivalences

U(L((M)) ~ @M=" /S, U(Le(N)) ~ @ N®"/5,.
n>0 n>0

The conclusion now follows from the fact that w. is strong monoidal and commutes with arbitrary colimits. [
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A comonadic presentation for mixed algebras

We now provide a second construction for the co-category of mixed algebras. We start by observing that the
complex underlying k[e] is perfect. As Perf}, is a rigid symmetric monoidal co-category, we deduce that the
k-linear dual

k[n] .= Hom(k[e], k)

also acquires the structure of a bialgebra. In particular, k7] is a coalgebra in Mody. We let
n-Mody, = k[n]-CoMod(Mody,)
denote the oo-category of k[n]-comodules. Write
Uyt N-Mody, — Mody,

for the canonical forgetful functor.
Since k[n] is a bialgebra, we can also consider the co-category

n-CAlg. = k[n]-CoMod(CAlg.®).

We let
vy n-CAlgp® — CAlgy*

denote the natural forgetful functor. By construction, we obtain a commutative diagram

n-CAlgh® —5 CAlgh®

|e o

n-Modk L) Modk .

Moreover, the functors u,, and v,, are comonadic. Using ?? we can identify the respective comonads with the ones
induced by the coalgebra structure on k[n] (considered as an elemmaent in Mody, resp. in CAlg;®).

In the next section we will prove that there is a canonical equivalence ¢-CAlg; ~ n-CAlg,. Before arguing
about this, however, let us explore some of the basic features of the co-category n-CAlg.°. We start by observing
that if A € 7-CAlg}* in particular we have a commutative triangle

A4>A®kk

N J;A®C

where 7 is the coaction of k[n] on A and ¢: k[n] — k is the counit of k. We now remark that the algebra structure
on k[n] is the one induced by the coalgebra structure of k[¢]. Unraveling the definitions, we see that n? = 0 and
therefore we can identify k[n] with Q°°(k[—1]), the (nonconnective) split square-zero extension of &k by k[—1].
We claim that A ®y, k[n] can be canonically identified with the split square-zero extension A @ A[—1].

Notation 7.2.1.4. Let f: A — B be a morphism in CAlg,°. The operations of pullback and pushout along f
induce an adjunction

fro CAlgh) a S CAlgls) gt fu

From an informal point of view, f* sends an augmented A-algebra A - R — Ato B - B®4 R — B.
Similarly, f, sends an augmented B-algebra B —+ R —- Bto A -+ A xg R — A.

Lemma 7.2.1.5. Let f: A — B be a morphism in CAlgy°. The diagram

B-Mod —* s A-Mod

Jo~ Jo=

e
is commutative and horizontally left adjointable.
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Proof. The functor f,: CAlgly; 4 — CAlgp, 5 commutes with all limits. Taking its first Goodwillie derivative
we obtain the above commutative diagram. In particular, for every M € A-Mod we have a Beck-Chevalley
transformation

a: Q°(M)®s B — Q°(M ®4 B),

and we have to prove that it is an equivalence. We now observe that the underlying module of Q>°(M ®4 B) is
B @ f*(M). On the other hand, the underlying module of Q°°(M) is A @ M. Since the pushout in CAlg;® is
computed by the ordinary tensor product, we see that

Q*°(M)®a B~B® f*(M).
As the forgetful functor B-Mod — Mody, is conservative, we conclude that « is an equivalence. O

In particular, the coaction v: A — A ®y k[n] can be canonically identified with a derivation d., of A with
values in A[—1]. We refer to d, as the derivation underlying the n-algebra A. At this point, we can prove the
following important result:

Proposition 7.2.1.6. The functor
— ®y, k[n]: CAlg,® — CAlg;©

admits a left adjoint DR, that informally sends A to
DR(A) := Sym4(L4[1]).
Proof. Forany A, B € CAlg}® composition with the canonical map A — DR(A) induces a morphism
Mapeagne (DR(A), B) — Mapepgne (A, B).
Fix a morphism f: A — B. Then we have a fiber sequence

Mapeagne (DR(A), B) —— Mapegne(DR(A), B)

l |

{r} MaPeAlg;;c(A, B).

Recall that
DR(A) ~ Sym 4 (L.a/x[1]).

Using the universal property of the free algebra, we therefore obtain
Mapeaigne (DR(A), B) ~ Mapyoa, (Lasx[l], f+(B)).
On the other hand, composing with the canonical projection
1p ® c: B®y k[n] — B,

we obtain a natural map
Mapeagne (A, B @k k[n]) — Mapeay,, (4, B).

Using Theorem 7.2.1.5 we can canonically identify the fiber at f: A — B with

Derp (A, f.(B)) = MapeAlggC/B(A’ B @ B[-1]) ~ Mapyoq , (]LA/k[l]a f«(B)).
Finally, we observe that there is a canonical map

A — DR(A) @y k[n] (7.2.1.1)
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which is determined by the condition that the underlying map A — DR(A) coincides with the canonical inclu-
sion, and the derivation IL 4 ,[1] — DR(A) corresponds to the inclusion of L 4 [1] in Symy (L 4/ [1]). This
transformation induces a morphism of fiber sequences

MaPeAlgl;; (DR(A),B) —— MapeAlg;;c (DR(A),B) —— MapeAlggc (A, B)

| l l

Deri (A, f+(B)) ———— Mapepigne (A, B @ k[n]) —— Mapeagne (4, B).

As the outer vertical morphisms are equivalences and this holds for every choice of f: A — B, we conclude that
the morphism (7.2.1.1) induces a functorial equivalence

Mapeagne (DR(A), B) ~ Mapepjne (A, B @y k[n]),

thus completing the proof of the claim. O

Equivalence of the co-categories of mixed algebras

In the previous sections we introduced two oco-categories, e-CAlg;, and n-CAlg,. We now prove that they are
equivalent:

Theorem 7.2.1.7. There is an equivalence ¢: ¢-CAlg, ~ n-CAlg, making the diagram

e-CAlg© n-CAlg;¢

C
CAlg;,
commutative.

Proof. We observe that v, is comonadic by construction. ?? implies that the comonad associated to v,, coincides
with ®(k[n]), which is the comonad associated to the coalgebra k[n] € CoAlg(CAlg,). On the other hand,
Theorem 7.2.1.3 implies that the functor

ve: e-CAlgy® — CAlgp©

is both monadic and comonadic. It is therefore enough to prove that the comonad associated to v. can be identified
with ®(k[n]). Let us temporarily denote by C. the comonad associated to v.. Recall from ?? that we have a fully
faithful functor

®': CoAlg(CAlgh®) — CoMonads'™ (CAlgL®).

This functor has a right adjoint W', that is informally given by evaluation on k. Notice that C. can be naturally
promoted to an elemmaent in CoMonads'®(CAlg}®). In particular, it is enough to construct an equivalence

a: ®'(k[n)) — C.

in CoMonads'™(CAlgi). As the functor CoMonads'™ (CAlgh®) — End(CAlg}) is conservative, it is enough
to construct the morphism « and to check afterwards that it induces an equivalence on the underlying endofunctors.

Since U’ is right adjoint to &', to produce a morphism ®’(k[n]) — C. is equivalent to produce a morphism
k[n] — ¥'(C:) in CoAlg(CAlg, ). We are therefore lead to identify ¥'(C.). Consider the commutative diagram

e-CAlg} — CAlg}®
l”f lU (7.2.1.2)

e-Mody —=— Mody.
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Theorem 7.2.1.3 guarantees that this diagram is vertically left adjointable. Denoting by L (resp. L. ) the left adjoint
to U (resp. U.), we obtain in particular the commutativity of the diagram

e-CAlgl® —— CAlgy®

Tt It

e-Mod, —=— Mody.
Passing to right adjoints, we obtain the commutativity of the diagram

e-CAlghe «+7=— CAlg}®

Jo |

e-Mody, PR Mody,

where we denoted by p. and o, the right adjoints to u. and v., respectively. In other words, the diagram (7.2.1.2)
is horizontally right adjointable. This provides us with the following alternative description for o.: as u. is strong
monoidal, the functor p. is lax monoidal. In particular, it induces a well defined functor CAlg,® — e-CAlg.®,
which coincides with o.. Observe on the other hand that the coalgebra structure on k[r] corresponds to the algebra

structure on k[e]. Coupling this with the fact that k[n] is dualizable as k-module, we obtain a natural equivalence
e-Mody, ~ n-Mody,

compatible with the forgetful functors to Mody. This implies that the endofunctor u, o p. is canonically identified
with —®y, k[n]. As a consequence, we see that can identify U/ (C,) with C. (k) ~ k[n] with its canonical bialgebra
structure. In other words, k[n] ~ ¥/(C:).

This provides us with the natural transformation a: ®'(k[n]) — C. we were looking for. To complete the
proof, it is enough to observe that the previous discussion also showed that the endofunctor underlying C. coni-
cides with — ®y, k[n]. Therefore « is an equivalence, and the proof is complete. O

The equivalence provided by the previous theorem has the following two non-trivial consequences:
Corollary 7.2.1.8. The forgetful functor v, : n-CAlg,® — CAlg;® is monadic.

Proof. The functor v, : e-CAlg® — CAlg.® is obviously monadic, hence the conclusion follows from Theo-
rem 7.2.1.7. O

nc

Corollary 7.2.1.9. The endofunctor underlying the monadic functor u. : e-CAlgr® — CAlg.° coincides with the
functor

DR: CAlg,® — CAlg.°
informally sending A to Sym 4 (L 4[1]).
Proof. We start with a simple consideration. Let

U.C—D

be a functor between oco-categories. Suppose that U is both monadic and comonadic and let L (resp. R) denote its
left (resp. right) adjoint. Then U o L is left adjoint to U o R.

Applying this remark to the forgetful functor u.: CAlg.® — CAlgy®, we can characterize the endofunctor
underlying the associated monad with the left adjoint to the endofunctor underlying the associated comonad.
Using the equivalence provided by Theorem 7.2.1.7, we identify the latter with — ®j, k[n]. At this point, the

conclusion follows from Theorem 7.2.1.6. O
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7.2.2 Sl-algebras

We now introduce the second major character of the HKR equivalence, namely the co-category of S'-algebras.
As for mixed algebras, we have at our disposal two different description for this co-category, one that is naturally
monadic and another one which is naturally comonadic. Again, as for mixed algebras, the one we are truly in-
terested in is the monadic one, because it encodes Hochschild homology. However, the comonadic one is easier
to study and manipulate. For this reason, we devote this section to the study of the equivalence between the two
presentations.

We start with some general considerations. We consider Z as a discrete, grouplike E..-monoid in 8. The
oo-categorical version of May’s theorem (see [Lurl2c, 5.2.6.15]) provides an equivalence

Bar: 8§21 Mong” (8.): €,

where 8, is the co-category of pointed spaces and 82! denotes the full subcategory spanned by the spaces that
are 1-connective. Using the additivity theorem of Dunn-Lurie of E,-operads (see [Lurl2c, 5.1.2.2]) and the
equivalence

Mong” (8.) ~ lim Mong" (8.)

(provided by [Lurl2c, 5.1.1.5]), we obtain an co-functor
Bar(): Mon%io (84) — Mon%f; (84).
We denote by U : Mong” (8.) — 8 the forgetful functor and we set
B := U o Bar'V.

‘We therefore define
S*:=B(Z) € Mon§" (8.).

Notice that the underlying homotopy type of S* coincides with the one coming from its standard model, i.e. we
have an equivalence
St~ « Iqrs *

in 8. Defining S' := B(Z) has merely the advantage of explicitly fixing the E..-structure on S'. Observe now
that since S* is again a group-like E.,-monoid, we are entitled to consider B(S'), which inherits the same kind
of structure. When needed, we will therefore consider B(S!) as a group-like E,-monoid.

Definition 7.2.2.1. Let C be an oco-category. The oo-category of S'-representations with values in C is the oco-
category
S'-@ .= Fun(B(SY), @).

Notice that there is a canonical map
u: * — B(SY),

corresponding to the unit in B(S'). Precomposition with u provides us with a forgetful functor
ugt : Sl—C’ — C.

Lemma 7.2.2.2. Suppose that C is complete and cocomplete. Then the functor ug: : S*-C — C is conservative
and admits both a left and a right adjoint. In particular, ug: is both monadic and comonadic.

Proof. The left (resp. right) adjoint to ug: is given by left (resp. right) Kan extension along u: x — B(S*). We are
therefore left to check that ug: is conservative. This follows at once because u is an effective epimorphism. [

Our next goal is to identify the monad and the comonad associated to ug:: S'-€ — €. Observe that the
situation is dual: switching from € to Cop interchanges the monad and the comonad. It is therefore enough to
focus on the description of the monad.
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A rectification result for S'-object in spaces

We start our investigation in the simplest case possible, namely when C coincides with the co-category of spaces 8.
In this situation, S* is an internal group object in €. We are therefore allowed to form the oo-category LModg: (8).
This category is equipped with a forgetful functor

Vg1 LMOdsl (8) — 8,

which is obviously monadic. Both the categories S'-8 and LMod g1 (8) encode the idea of spaces with the action
of S*. It is therefore reasonable to expect them to be equivalent.

Remark 7.2.2.3. Let us denote by T's: (resp. Rg1) the monad associated to ug: (resp. vg1). It is easy to verify
that these two monads have the same underlying endofunctor. To see this, start by observing that B(S*) /e
* X1y * =8 L. Therefore, the formula for the left Kan extension yields for every X € §:

Ts1(X) ~ BC(%III?/I*X ~ coth X xnx X.

On the other hand, ?? implies that
RSl(X) ~ Sl x X.

As 8 is an co-topos, we have a canonical equivalence
Sl XX’:XHXH)(X.
This implies that the two endofunctor are equivalent.

In virtue of the above remark, all we have to do is to verify that the equivalence between the endofunctors can
be lifted to an equivalence between the monads. This is however less obvious than one might expect. Our proof
passes through the simplicial description of the co-category LMod g1 (8) given in [Lurl2c, 4.2.2.11].

Proposition 7.2.2.4. There exists a canonical co-functor f: S*-8 — LModg: (8) making the diagram

s18 — L s ILModgi (8)

\ / (7.2.2.1)

commutative. Moreover, f is an equivalence.

Proof. Applying [Lurl2c, 4.2.2.11] to the (E., and hence) E; monoid S*, we obtain a functor
G: Aop — 8,

which can be informally described by G([n]) ~ (S)*™. Using again [Lurl2c, 4.2.2.11], we can identify
LModg: (8) with the full subcategory

ALMods: (8) C {G} Xpun(aop,s) Fun(Aop x Al,8)

spanned by the functors F': Aop x Al — § for which the arrows F([n],0) — F([n],1) and F([n],0) —
F({n},0) ~ F([0],0) induces an equivalence

F([n],0) ~ F([n], 1) xp(o),1) £([0],0).
Consider now the trivial Cartesian fibration
p: Fun(A',8) x Aop — Aop.

The functor G determines a map
g: Aop — 8 X Aop
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compatible with the projection over Aop. We let € be the co-category fitting in the following pullback diagram:

& —— Fun(A',8) x Aop
lq lew KidAop (7.2.2.2)

Aop —2— 8§ x Aop.

We claim that ¢: & — Aop is a Cartesian fibration. Indeed, [Lur09¢c, 2.4.7.12] shows that ev; : Fun(A!, 8) — 8§
is a Cartesian fibration. Therefore, the stability of Cartesian fibrations under base change (see [Lur09c, 2.4.2.3])
implies first that evy X idaop is a Cartesian fibration, and then that the same goes for .
Inspection reveals that the fiber of ¢ at [n] € Aop is equivalent to the co-category 8 /(g1yxn. Unraveling the
definitions, we see that a morphism
X —Y
(Sl ) X1 (Sl) Xm

in € is g-Cartesian if and only if it is a pullback square and the morphism (S*)*" — (S1)X™ is equivalent to
G(s) for some s: [n] — [m] in Aop. In turn, this implies that the associated unstraightened functor

Un(q): A — Cateo

can be informally described as the functor
[n] — S/(Sl)xu.

Applying the functor Fun ., (Aop, —) to (7.2.2.2), we obtain the following pullback diagram:

Fun/aqp(Aop, &) —— Fun/AOp(Aop,Fun(Al,S) X Aop)

l lew

{*} & Fun/aop(Aop, 8 x Aop).

Under the natural identifications
Fun/Aop(Aop,Fun(Al, 8) x Aop) ~ Fun(Aop x A',8), Fun/aop(Aop, 8 x Aop) ~ Fun(Aop, §),
we obtain an equivalence
Fun;aop(Aop, €) ~ {G} Xpun(aop,s) Fun(Aop x AL)S).

It follows from the description we gave above of the g-Cartesian edges that we can identify “LModg: (8) with
the full subcategory of the left hand side spanned by Cartesian sections. Therefore, [Lur09c, 3.3.3.2] provides us
with the following chain of equivalences:

ALModg: (8) ~ Fun/aep(Aop, €) >~ lima Un(q).

On the other hand, we observe that the inclusion 8§ C Cat, has both a left and a right adjoint. In particular, it
commutes with colimits. As a consequence,

Fun(B(S'), 8) ~ lima Fun(G, 8).
Using [Lur09c, 2.2.1.2], we see that for every [n] € A, we have a natural identification
Fun(G([n]), 8) ~ Fun((S")*",8) ~ 8 (g1)xn.

In other words, we can identify Fun(G,8): Aop — Cats with the functor Un(g) introduced above. This
completes the proof. O
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Building on Theorem 7.2.2.4 it is easy to bootstrap and extend to the case of presheaves. Let us introduce the
necessary terminology. Let C be an co-category. Precomposition with the canonical functor

m: C— %

gives rise to a functor
P 8 — PSh(C)

that sends a space K to the constant presheaf K on C associated to K. As 7P commutes with limits, it can be
promoted to a symmetric monoidal functor

7P 8% — PSh(C)*.

The Eoo-structure on S* induces therefore a canonical E-structure on S*, which is easily checked to be group-
like. This allows us to consider once again the co-category LModg: (PSh(€)). Having fixed these notations,
Theorem 7.2.2.4 has the following immediate corollary:

Corollary 7.2.2.5. There exists a canonical oo-functor f: S*-PSh(€) — LModg: (PSh(C)) making the diagram

S1-PSh(€) ——L 5 LModg: (PSh(C))

\ / (7.2.2.3)
forget forget
)

PSh(e
commutative. Moreover, f is an equivalence.
Proof. We have canonical equivalences
LModg1 (PSh(€)) ~ Fun(Cop, LModg:(8))

and
S'-PSh(€) ~ Fun(Cop, S*-8).

The result is therefore a direct consequence of Theorem 7.2.2.4. O

A rectification result in the general case

Theorem 7.2.2.5 works for any co-category C. Notice however that when applied to € = § it does not recover
the statement of Theorem 7.2.2.4. Our goal is to formulate an analogue of Theorem 7.2.2.4 for a more general
oo-category C.! For this, we will need to make certain assumptions on C itself.

To set the stage, suppose that C is a presentable co-category. In this case C is canonically enriched with tensor
and cotensor over 8. In particular, we have a functor

®: 8 x e —C.
For any X € C we obtain an adjunction
- ® X: 85 C: Mape(X, —).

The right adjoint commutes with products and therefore it can be promoted to a symmetric monoidal functor (with
respect to the cartesian monoidal structures on both sides). In particular, it can be canonically lifted to a functor

M : Mong”(€C*) — Mong" (8%)

'In the applications, © will be the opposite of the co-category of nonconnective structures.
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fitting in the commutative diagram

Mong” (8*) PRLE Mong” (€*)

l l (7.2.2.4)

S Mape (X,—) 67

where the vertical arrows are the forgetful functors. Since they are conservative and commute with limits and
sifted colimits, we deduce that M x admits a left adjoint, that we denote Lx. When X = 1¢, we write L instead
of Li,. We let

Se = L(S") € Mong" (€%).

As in general the functor — ® 1e is only oplax monoidal, the diagram (7.2.2.4) is not horizontally left adjointable
in general.

Definition 7.2.2.6. Let C be a presentable co-category. We say that C satisfies the condition (M) if the oplax
monoidal functor
—®le: gfin e

is strong monoidal.
When € satisfies the condition (M) we have the following improved situation:

Lemma 7.2.2.7. Suppose that C satisfies the condition (M). Then the diagram

Mong” (8finxy L Mong” (€*)

| |

Sﬁn —®le e
is commutative. In particular, there is an equivalence Sy ~ S* ® 1¢ as objects of C.

Proof. As the functor — ® 1¢: 8" — @ is strong monoidal, it induces a commutative diagram

Mong? (8fi-) SN Mong”(€*)

| |

—®le
ghn ——Sle ¢

and therefore we have to produce a natural isomorphism between L and L’. In order to do this, it is enough to
prove that for every X € Monf" (8") there is a morphism

n: X — M. (L'(X))
in MongP (81> ) inducing an equivalence

MapMoniT(Sﬁn, x) (X, Ml@ (Y)) ~ MapMonif(e x) (L/(X), Y) . (7225)

Represent X as a Segal object
Fx: Aop — 8,

Since C satisfies the condition (M), we see that the functor
Mape(le, Fx(—) ® 1¢): Aop —» 80

still satisfies the Segal condition, and it corresponds precisely to M;,(L/(X)). The unit of the adjunction — ®
le: 8 & €C: Mape(le, —) induces therefore a natural transformation from Fx to M, (L/(X)), which is easily
checked to induce an equivalence (7.2.2.5). O
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Since the Yoneda embedding y: € — PSh(€) commutes with products, we see that y(S¢) inherits the struc-
ture of a grouplike [E;-monoid in PSh(€). Recall that the canonical functor 7: € — = induces an adjunction

P 8§ S PSh(C): ,m,
and that furthermore 7P commutes with all limits. In particular, this adjunction lifts to another adjunction
7P Mong” (8) < Mong” (PSh(€)): 7.

Observe that
pT(y(Se)) ~ Map(le, S¢).

In particular, the unit of the adjunction L < M, induces a morphism in Monﬂgfl’(S)
St — pm(y(Se))-
In turn, this corresponds to a morphism in Mong” (PSh(C))
p: 8" =7(8") — y(Se),
which induces a forgetful functor
Pst LMody(Sé)(PSh(G)) — LModg1 (PSh(C)).

We would like to say that p, is an equivalence of co-categories, but this will not be true in general. Therefore, we
need to formulate some stronger assumption on C:

Definition 7.2.2.8. Let C be a presentable co-category. Let ¢: Cy C € be a full subcategory closed under products.
We say that Cg satisfies the condition (UM) (relative to C) if for every X € Cy and every K € 8f the natural
morphism

KX — (K®le)xX

is an equivalence.

Remark 7.2.2.9. Notice that since C is closed under products in €, the final object 1¢ belongs to Cq. In particular,
if Cy satisfies the condition (UM) and for any H € 8fi™ the object H ® 1¢ still belongs to Cg, then the natural
morphism

K®(H®1le) — (K®le) x (H® 1le)

is an equivalence. On the other hand, K ® (H ® l¢) ~ (K x H) ® le.

Map(K ® (H ® 1¢),Y) ~ Map(K,Map(H ® 1¢,Y))
~ Map(K, Map(H, Map(1e, Y)))
~ Map(K x H,Map(le,Y))
and therefore the Yoneda lemmama implies that K ® (H ® 1le¢) ~ (K x H) ® 1le. Therefore, we conclude that
in this case C satisfies the condition (M). In particular, if Gy = C satisfies (UM) then C satisfies (M) as well.
However, in our applications € will be the opposite of the co-category of nonconnective structures, and Cy will

be the full subcategory spanned by the connective ones. In this case, C satisfies the condition (M) and C satisfies
the condition (UM), but C is not closed in € under tensor with finite spaces.

At this point, we are ready to state the main result of this section:

Theorem 7.2.2.10. Let C be a presentable co-category and let Cy be a full subcategory of C closed under products.
Suppose that Cy satisfies the condition (UM). Then the functor p..: LMod,s1)(PSh(€)) — LModg: (PSh(C))
restricts to an equivalence of co-categories

LMOdy(Sé)(PSh(G)) XPSh(@) GO ~ LMOd§1 (PSh(G)) XPSh(G) 80.
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Proof. To simplify the notations, write
LMOdy(Sé)(eo) = LMody(Sé)(PSh(G)) xpsn(e) Co

and similarly
M0d§1 (60) = LMOd§1 (PSh(G)) XPSh(C) GO-

We start by observing that if X,Y € Cj then the natural morphism
Mape((S¢)*" x X,Y) — Mappgye)((S1)*" x y(X), y(Y)) (7.2.2.6)

is an equivalence. Indeed, we can identify the right hand side with Mapg ((S*)*™, Mape(X,Y)). On the other
hand, since Cj satisfies the condition (UM) we see that

(S1)*" x X ~ (1" @ X

and therefore
Mape((S¢)*" x X,Y) ~ Mapg((S')*", Mape (X, Y)).

Letnow X, Y € LMody(Sé) (Cp). Using [Lurl2c, 4.2.2.11] we can represent X and Y as functors
Fx, Fy: Aop x Al — e

satisfying the conditions already described at the beginning of the proof of Theorem 7.2.2.4. Furthermore we can
describe p.(X) and p.(Y") as the functors

Fx,Fy: Aopx A — €

whose restriction to Aop x {1} coincides with the simplicial presentation of S ! and such that the diagrams

Fx([n],0) —— Fx([n],0) Fy([n],0) —— Fy([n],0)
(8" ——— y(Se)*" (81" —— y(Sg)*"

are pullback squares. As already remarked in the proof of Theorem 7.2.2.4, we can describe morphisms in
LModg: (Cp) as fiber products

Map§1 (X,Y) ~ MapFun(AOPXA17@)(FX’ Fy) X Mabpun(aop,e) (Fx | aopx {1} F¥ |aopx (13) {idﬁl}

Using the end formula to compute natural transformations, we can describe Mapp,,aopxat,e)(Fx, Fy) as

| Mape(Fx (1,0, (@) ) = [ Mape(Fx(in)0). Fy ([l i)
([n],i)eAopx AL i€A J[n]eAop

Bringing the fiber product inside the end, we can rewrite

Mapg: (X,Y) ~ / / Mape (Fx ([n],1), Fy ([n],7)) XMape (Fx ([n],), Fy ([n],1)) 1Pn}
i€Al J[n]eAop

where p,, is the identity when ¢ = 1 and the natural projection
pn: Fx([n],0) = Fx([n], 1) ~ Fy([n], 1)
when i = 0. A similar description holds for Map,, (g1, (p«(X), p«(Y)). We now observe that the fiber product
Mape (Fx ([n], 1), Fy ([n], ) Xaape (5x ((n].0).Fy (].1)) {Pn}
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is contractible when ¢ = 1 and coincides with
Mape((S')*™ x X,Y)
when ¢ = 0. Similarly, the fiber product
Mape(ﬁx([n], i), ﬁy([n, i]) “Mape (Fx ([n],), Fy ([n],1) {pn}
is contractible when ¢ = 1 and coincides with
Mape(y(Se)*" x X,Y)

when ¢ = 0. Since we saw that the morphism (7.2.2.6) is an equivalence, we finally conclude that p, is fully
faithful.
As for essential surjectivity, we observe that giving an object in LModg: (Cp) is equivalent to provide a mor-
phism of E;-monoids in PSh(C)
St — Mappgy,e) (y(X), y(X)),

where X € €. Using the monoidal adjunction 77 = ,, this is equivalent to give a morphism of [E;-monoids
St — Mape(X, X)

in 8. Finally, the condition (UM) again implies that such a datum is equivalent to the datum of an action of S§ on
X. We therefore obtain an object in LMod sy (@) that induces the S*-object in €, we started with. Therefore the
functor

LMOd§1 ((‘30) — LMOdy(Sl ) ((‘30)

is essentially surjective. Thus, the proof is complete. O

7.2.3 Algebraic HKR theorem

We now put in fruition the technology developed so far to obtain a proof of the HKR theorem in the algebraic
setting. We put in motion the general strategy outlined in the introduction.

We denote by CAlg,, the co-category of connective cdgas over k and we let CAlg)® denote the co-category
of nonconnective ones. In Section 7.2.1 we introduced and studied at length the oco-categories e-CAlg; and
e-CAlg,°. In particular, in Theorem 7.2.1.7 we provided a comonadic description of this category over CAlgy®,
and in Theorem 7.2.1.6 we identified the left adjoint to the forgetful functor with the de Rham algebra functor.
The comonad of e-CAlg}® over CAlgr® is given by tensor product with the bialgebra k[n]. Recall that the algebra
structure on k(7] is, by definition, the one coming from the split square-zero extension. Let us denote this bialgebra
by A..

On the other hand, in Section 7.2.2 we studied S*-CAlg, and S'-CAlg)°. Set € := (CAlg))op. Since the
tensor product of nonconnective cdgas commutes with finite limits, we see that the condition (M) (and in fact the
stronger condition (UM)) is satisfied. In particular, Theorem 7.2.2.7 guarantees that

Sé ~k Xlxk k.

Let us denote this bialgebra by Ag:.
Instead of comparing -CAlgy® and S'-CAlg}® directly we will compare the two co-categories

A.-CoMod(CAlg,) and Agi-CoMod(CAlg.®).
This is enough for our purposes: in fact, Theorem 7.2.1.7 provides us with an equivalence
e-CAlgr® ~ LMod 4_ (CAlg.®).

On the other hand, since € = (CAlg;)op satisfies the condition (UM), we see that Theorem 7.2.2.10 provides an

equivalence
S*-CAlgp® ~ LMod 4, (CAlg)).
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Warning 7.2.3.1. In the analytic setting the latter equivalence will not be satisfied. However the weaker equiva-
lence
S1-CAlgp® X ealgne CAlg, ~ LMod 4, (CAlgL®) X ealgne CAlg,

will still hold.

As outlined in the introduction, we are then reduced to compare the bialgebras A, and Ag:. For this, we
introduce a middle comparison term. From a purely algebraic point of view, we simply take Sym, (k[—1]). The
universal property of the symmetric algebra provides us with a canonical zig-zag in CAlgy°

Symy, (k[-1])

/ \ (7.2.3.1)

A, Agr.

Since we are in characteristic 0, we see that the chain complex underlying Sym,, (k[—1]) coincides with k®k[—1].2
Therefore the two morphisms in the above zig-zag are equivalences. We are left to check that these two morphisms
can be promoted to morphisms of bialgebras. This is not entirely tautological, and to prove it we need to resort to
a more geometrical description of Sym, (k[—1]). Indeed, let dSt;, denote the co-category of derived stacks over
k. This co-category comes equipped with a global section functor

T': dSt, — CAlg}®,

that can be obtained as left Kan extension of the global section functor on affine derived schemes. Then we have
a canonical equivalence
Symy, (k[—1]) ~ I'(B(Ga)).

The functor I' admits a left adjoint, denoted Spec, which can be described as a restricted Yoneda embedding.
This functor is not fully faithful, but it becomes so when restricted to the full subcategory of CAlgy® spanned
by coconnective algebras [Toé06a]. In particular, this allows to identify the space of coalgebra structures on
Symy, (k[—1]) (compatible with the given algebra structure) with the space of E,-group structures on B(G,,). We
have:

Proposition 7.2.3.2. The space of Eo.-group structures on B(G,,) is contractible.

Proof. The space X of E..-group structures on B(G,,) is defined as the pullback
X — Mon%f; (dSty)
J [foees (7.232)

() €2 gst,.

Notice that 7o (B(G,)) ~ Spec(k), which is the final object in the co-topos dSty. In other words, B(G,) € dSt,fl.

Notice furthermore that the inclusion dSt,%1 — dStj, commutes with products. It follows that we can split the
square (7.2.3.2) into the following ladder of pullbacks:

1{ —— Mong” (dSt7') —— Mon£ (dSty)
(i —28 st dSty.
It is therefore enough to compute the fiber product on the left. Consider the commutative rectangle

X —— Mong". (dstzt) —2— Mong” (Mong”(dSty))

J ! |

() 20 a0 MonZ (aSt)

2The assumption on the characteristic is truly necessary. When k = [, one can show that H! (Sym,, (k[—1])) is a countable direct sum
of copies of F.
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May’s delooping theorem implies that the horizontal morphism in the square on the right are equivalences. In
particular, the square in question is a pullback. As a consequence, it is enough to compute the outer pullback.
Observe now that Q(B(G,)) ~ G, and that this is a discrete object in dSty. Furthermore, the induced E;-
group structure on G, coincides with the additive one. We now observe that, since G, is discrete and since the
E,-structure is fixed, being E, is now a property rather than a structure. In other words, we see that X is either
empty or contractible. As the additive group structure on G, is commutative, we see that it is indeed the latter
case. O

This proposition implies therefore that the space of bialgebra structure on Sym, (k[—1]) extending the given
algebra structure is contractible. In particular, both morphisms Sym,, (k[—1]) — A. and Symy(k[—1]) — As:
can be promoted to equivalences of bialgebras. Thus, we obtain an equivalence A, ~ Ag: as bialgebras. This
implies immediately the structure HKR:

Theorem 7.2.3.3. Let k be a field of characteristic zero. There is a natural equivalence ¢: S*-CAlg, ~ e-CAlg,,
making the diagram

S1-CAlg, = e-CAlg,

vg1
Ve

CAlg,
commutative.

Proof. Since k has characteristic zero, both maps in the zig-zag (7.2.3.1) are equivalences. It follows from The-
orem 7.2.3.2 that both maps Sym,, (k[—1]) — Ag: and Sym,,(k[—1]) — A. can be promoted to equivalences of
bialgebras. This provides us with an equivalence Ag1 ~ A. of nonconnective bialgebras. Therefore, we obtain an
equivalence

Ag1-CoMod(CAlgL®) ~ A.-CoMod(CAlgL®)

compatible with the forgetful functors to CAlg;. Notice that A.-CoMod(CAlgy®) coincides by definition with
the co-category we previously denoted 7-CAlg}°. We can therefore invoke Theorem 7.2.1.7 to deduce that

e-CAlg,, ~ A.-CoMod(CAlg;®).

Furthermore, this equivalence is compatible with the forgetful functors to CAlgy°. On the other hand, Theo-
rem 7.2.2.10 provides us with an equivalence

Ag1-CoMod(CAlgp®) ~ S*-CAlg}e,

also compatible with the forgetful functors to CAlg,°. Putting all the information together, we obtain the following
commutative diagram:

e-CAlg)® —~— A.-CoMod(CAlg}) ————— Ag1-CoMod(CAlgy®) —~— S'-CAlg°
CAlgp©.

We now remark that there are canonical equivalences
e-CAlgy, ~ e-CAlg;* Xealgre CAlgy,

and
5-CAlgy, ~ S'-CAIgL® X ealgre CAlgy,.

The conclusion follows. O
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7.3 Nonconnective contexts and structures

As we saw in the algebraic case, non-connective algebras play a fundamental role in the proof of the HKR theorem.
However, one limitation of derived analytic geometry (as introduced in [Lurl1b,PY16b]) is that it only allows to
work within the connective framework. Indeed, if X = (X, Q) is a derived analytic space, then the underlying
algebra Oi}g is always a simplicial commutative ring. The goal of this section is to explain how this problemma
can be solved, by introducing a suitable notion of non-connective analytic ring.

7.3.1 Definitions

We work in the general context of pregeometries. This will allow us to obtain several versions of HKR theorems.
We refer the reader to [Lurl 1d, Definition 3.1.1] for the notion of pregeometry.

Definition 7.3.1.1. Let (7, adm, 7) be a pregeometry. A T-geometric context is the data of:
(i) a full subcategory C € RTop(T) containing at least all the objects of the form Spec” (X) for X € T;
(ii) a choice of mophisms PP in C.
Furthermore, we impose the following conditions:
(i) the 7-topology on RTJop (T) restricts to a Grothendieck topology on €, which we still denote 7;
(ii) for every X € T the morphism X — *isin P;
(>iii) C has finite limits;
(iv) the inclusion T C € commutes with products;
(v) the triple (C, 7, P) forms a geometric context in the sense of [PY16d, §2.2].
The following are the fundamental examples considered in this paper:

Example 7.3.1.2. Let k be a classical commutative ring (of any characteristic). Let T = T (k) be the étale prege-
ometry (see [Lurlld, Definition 4.3.1]). Then we take C := dAff}, the co-category of derived affine k-schemes.
The topology 7 coincides with the étale topology, and we take IP to be the collection of smooth morphisms in
dAff. Notice that in this example already the inclusion € C  BJop (T) does not commute with finite limits.

Example 7.3.1.3. Let T,,(C) be the complex analytic pregeometry (see [Lurl 1b, Definition 11.1]). Then we take
C = dStnc, the co-category of derived Stein spaces. This is the full subcategory of dAnc spanned by those
derived complex analytic spaces X whose truncation to(X) is Stein (cf. [Por15b, Definition 3.2]). The topology
7 coincides with the analytic topology, and we take IP to be the collection of smooth morphisms in dStnc.

Example 7.3.1.4. Let k be a non-archimedean field equipped with a non-trivial valuation. Let T = T,,,(k) be the
k-analytic pregeometry (see [PY16b, Construction 2.2]). Then we take C := dAny, the co-category of derived
k-affinoid spaces. As in the previous example, this is the full subcategory of dAny, spanned by those derived
k-analytic spaces X whose truncation to(X) is k-affinoid (cf. [PY 16b, Definition 7.3]).

Remark 7.3.1.5. In the case of a generic pregeometry (T, adm, 7) there is always a canonical choice for the
category C. Indeed, if G denotes a geometric envelope for T in the sense of [Lurl1d, Definition 3.4.1], then one
can take C to be the co-category of G-schemes. However, at this level of generality there is no good choice of
the collection of morphisms IP. One could take the collection of étale morphisms, but this choice would lead to a
rather degenerate situation in what follows.

For the following definition, we recall that whenever (C, 7, P) is a geometric context, one can define an associ-
ated co-category of geometric stacks. We denote this co-category by Geom(C, 7, IP) and we refer to [PY 16d, §2.2]
for the definition. We also recall that if € is an co-category with finite limits then

Sp(&) =~ Sp(&.).

In particular, any spectrum object E € Sp(€&) receives a canonical map * — Q°°~"(F), where x denotes the final
object of €.
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Definition 7.3.1.6. Let (T, adm, 7) be a pregeometry. A pre-T-nonconnective context is the given of:
(i) a J-geometric context (C, 7, P);
(i) a spectrum object E € Sp(Geom(C, 7, P)).
Furthermore, we impose the following two conditions on E:
(i) the canonical map Q°°(E) — *isin P;
(ii) for every n > 0, the canonical morphisms *x — Q°°~"(E) is a P-atlas;

We say that a pre-J-nonconnective context is a J-nonconnective context if the following additional condition is
satisfied:

(3) forevery X € Cand every n >, one has moMapgeom(e,r,p) (X, 27" (E)) =~ *.
Notation 7.3.1.7. Let (7, adm, 7) be a pregeometry and let (C, P, E) be a T-nonconnective context. We set
E" = Q> "(E) € Geom(C, 1, P).
In particular, we have the relation E" ~ Q(E"*1).
Example 7.3.1.8. The reader should keep in mind the following fundamental examples:

(1) when T = Ty (k), we take B, == {B"(G,)}, the spectrum associated via May’s delooping theorem to the
commutative k-group scheme G,. As the relations

B"(Ga,x) ~ Spec(k) xpnt1(g, ) Spec(k)

are satisfied, we see that {B" (G, ) }n>0 form indeed a spectrum object. Furthermore, the morphisms
Spec(k) — B™(Gy k) are smooth atlases.

(i) When T = T,,(C) or T = Ty, (k), we take E := {B"(G,)}n>0. Here G, denotes the analytic affine line
A} ~ (A})™, seen as an analytic commutative group. As in the algebraic setting, this is indeed a spectrum
object, and each B"(G,) is a geometric stack with smooth atlas given by Spec(k) — B"(G,).

(iii) When T = T, (k) for a nonarchimedean field k equipped with a non-trivial valuation we have many natural
choices for E. Indeed, for any r € R+, we can consider the disk D,l€ (0, 7). Since the k is nonarchimedean,
we see that D}, (0, r) is an abelian group object in Ty, (k) and therefore we can consider its delooping stacks
B"(D4(0,7)). We denote the spectrum {B™(D4.(0,7))},>0 by E(r), with the understanding that when
r = oo we get back the spectrum of the previous example. We will see later that the extra freedom in
choosing the spectrum FE is one of the keys to the nonarchimedean HKR in many interesting situations
(such as when k = Q).

Whenever a T-nonconnective context is fixed, we can define T-nonconnective structures.

Notation 7.3.1.9. Let (T, adm, 7) be a pregeometry and let (C, P, E') be a pre-T-nonconnective context. We let
J"¢ be the smallest full subcategory of Geom(€, 7, P) closed under finite products and containing the objects of
the form Spec” (X) and the geometric stacks E™ for n > 0.

Definition 7.3.1.10. A nonconnective pregeometry is the given of a pregeometry (7, adm, 7) and of a T-nonconnective
context (C,P, E). Committing an abuse of notation, we usually denote a nonconnective pregeometry simply by
the symbol T"°.

Definition 7.3.1.11. Let (7, adm, 7) be a pregeometry and let (C, [P, E) be a pre-T-nonconnective context. Let X
be an co-topos. A nonconnective T-structure on X (or a T*“-structure on X) is a product preserving functor

O: T =X
such that
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(i) the restriction Q| is a T-structure;

(i1) O preserves the pullbacks of the form

Q" (B) ——— *

l i (7.3.1.1)

s QR

If O, O are T"°-structures on X, a natural transformation O — O’ is said to be local if its restriction O]y — 0|5
is a local transformation of T-structures.
We denote the co-category of T"°-structures on X and local transformations between them by Str};fu (X).

Remark 7.3.1.12. In what follows we will mainly restrict our attention to nonconnective structures for a non-
connective pregeometry J"¢. In other words, we almost always work with J-nonconnective contexts rather than
pre-J-nonconnective contexts. There is only one exception: in Section 7.3.8 it is important to allow pre-TJ-
nonconnective contexts. This is the reason we formulated the above definition in this more general setting.

The above definition is justified by Theorem 7.3.4.1, that proves in particular that if k is a field of characteristic
zero, then the co-category of T%C (k)-structures on X coincides with the co-category of sheaves with values in the
oo-category of cdgas.

However, before stating and proving this result, we need to study some general features of the co-category of
nonconnective structures.

7.3.2 Underlying spectrum object

Let (T, adm, 7) be a pregeometry and let (C, P, ) be a T-nonconnective context. Using [Lur09c, 5.3.6.2] we find
an oo-category G"°¢ equipped with an oco-functor j: T7¢ — G"° enjoying the following properties:

(i) the co-category G"¢ is idempotent complete and admits finite limits;

(i1) the functor j commutes with products, admissible pullbacks in T and take diagrams of the form (7.3.1.1) to
pullbacks;

(iii) for every other idempotent complete co-category with finite limits €, composition with j induces an equiv-
alence
Fun'®*(g, &) — Fun’(T7¢, &),

where Fun’(77¢, €) denotes the full subcategory of Fun(7T™¢, €) spanned by those functors commuting with
products, admissible pullbacks in J and taking diagrams of the form (7.3.1.1) to pullbacks;

(@iv) j is fully faithful.

Since the inclusion T C Geom(C, 7,P) commutes with products, admissible pullbacks and takes the diagrams
(7.3.1.1) to pullbacks, we obtain a canonical left exact functor

i: §"° — Geom(C, 7, P).

Let p: & — Nop be the Cartesian fibration associated to the diagram

Q SHC Q 9nc Q 91”1C7
and let ¢: € — Nop be the Cartesian fibration associated to
- —2 Geom(@,7,P) —2 Geom(C,7,P) —2= Geom(C,T,P).

Since i: §"¢ — Geom(C, 7, P) is left exact, it induces a morphism of Cartesian fibrations f: & — €. Let us
represent an object in & (resp. in €) by a pair (X, n) where n € Nand X € G (resp. X € Geom(T, 7,P)). We
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let &z be the full subcategory of & spanned by the family of objects {(E™, n)}nen. Since Q(E™) ~ E"~ 1, we
see that the inclusion & C & preserves Cartesian edges. Furthermore, the composition

fpiGp——s6 -t g

is fully faithful.

Using [Lur09c, 3.3.3.2] we can identify Sp(Geom(C, 7, P)) with co-category of Cartesian sections of ¢: € —
Nop. Let sg: Nop — € be the section determined by E. Notice that sg(n) ~ E™. In particular, sp factors
through the essential image of fg. Since fg is fully faithful, we can therefore a Cartesian section s’ : Nop — G
such that fg o s’y ~ sg. Composing with the inclusion &z C &, we can review s’; as a Cartesian section of &.
In other words, we can associate to F' a spectrum object in §"°. In what follows, we denote this spectrum object
again by E. This abuse of notation is justified by the full faithfulness of f5.

Let us now fix an co-topos X. The universal property of §”¢ produces an equivalence of co-categories
Strgme (X) ~ Fun'® (g, X).

Since G" has finite limits, we can identify Sp(G°) with the co-category Exc, (8", ") spanned by strongly
excisive functors. In particular, we obtain an evaluation map

Exc, (81, §7¢) x Fun'®*(g"¢, X) — Exc, (8", X).
Evaluation at £ € Sp(§"°) provides us with a functor
U: Strg'lic (:X:) — Sp(%)

Definition 7.3.2.1. Let O be a T™°-structure on an oo-topos X. Then we refer to U (O) as the underlying spectrum
object of O.

Remark 7.3.2.2. Loosely speaking, we can identify U(O) with the collection of objects {O(E™)},>¢. Notice
that the assumption on O guarantees that

O(E™) ~ Q(O(E™)).

We are therefore authorized to think to the sequence {O(E™)},,>¢ as an Q-spectrum in X. The above construction,
is a formalization of this rough idea.

Example 7.3.2.3. Consider the case T = T4 (k) and let O be a nonconnective T-structure on 8.

The reader should however observe that the spaces Q°°~"(U(0)) do not have a ring structure. In particular,
one cannot interpret U (O) as a spectrum object in the category of simplicial commutative rings. This is due to the
fact that there is no multiplication map

B(Gq) x B(Ga) — B(Ga),
although there are of course multiplication maps
B"(Ga) x B™(Ga) — B"(Ga),
corresponding to the cup product in cohomology.
Remark 7.3.2.4. In the general case, we can roughly think of a nonconnective T-structure in § as the given of:
(i) aspectrum A € Sp;
(ii) a T-structure on Q2 (A);

(iii) an additional structure on A exhibiting A as an algebra over the ring of cohomology operations associated
to I.
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However, as the previous example shows, there is no natural T-structure on the spaces 2>°~"(A). Furthermore,
the additional structure coming from E might consist of significantly less operations than the ones provided by 7.
For example, we will see later in the paper that a T, (k)-structure essentially consists of an unbounded cdga A
equipped with an analytic structure on 7> (A).

Proposition 7.3.2.5. The forgetful functor U: Stronc(X) — Sp(X) commutes with limits and filtered colimits.
Furthermore, suppose that Stro(X) is closed under sifted colimits in Fun(T,X). Then U commutes with sifted
colimits.

Proof. Let us first observe that since limits and filtered colimits commute with finite limits, the inclusion Strase (X) —
Fun(T™¢, X) preserves limits and filtered colimits. Since limits and colimits in a category of functors are computed
objectwise and U is given by evaluation, the statement follows immediately.

Suppose now that Strg-(X) is closed under sifted colimits in Fun(T, X). It is enough to prove that if

O.: A — Strg‘nc(x)

is a simplicial diagram, then its geometric realization O := |O®| computed in Fun(7™°, X) is again a T"°-structure.
Observe that O commutes with finite products because sifted colimits commute with finite products. Furthermore,
the assumption implies that the restriction of O to T is a T-structure. We are therefore left to check that

O(E™) ~ Q(O(E™)).

Notice that using the co-categorical version of May’s delooping theorem we can factor evaluation at £” through
Mong", (X). In this way, the looping functor € gets identified with the forgetful functor

Mong?, (X) — Mong, _, (X).

As this forgetful functor commutes with sifted colimits, the conclusion follows. O

7.3.3 Connective covers

Let (7, adm, 7) be a pregeometry and let (C, [P, E') be a T-nonconnective context. Let X be an co-topos. Precom-
position with the natural inclusion j: T < J"¢ induces a well defined functor

T>0: Strome () — Stro(X).

We refer to this functor as the connective cover functor.

Since both Str(X) and Strome (X) are presentable and 7>¢ commutes with limits and filtered colimits, the
adjoint functor theorem implies the existence of a left adjoint ¢ to 7>¢. The goal of this section is to study the
properties of the functor ¢. In particular, we will prove that in many cases 4 is fully faithful, and we will provide a
characterization of its essential image.

We start by providing a sufficient criterion to check that a functor O: T"¢ — X is a T"°-structure. Let us
begin by fixing some notation. Let D be a Cartesian symmetric monoidal co-category. Using [Lurl2c, 4.1.2.11]
we can identify the oco-category Mong, (D) of IE;-monoid objects in D with the full subcategory of Fun(Aop, D)
spanned by those simplicial objects satisfying the Segal condition (cf. [Lurl2c, 4.1.2.5]). We denote by ~B the
corresponding functor:

AB: Mong, (D) — Fun(Aop, D).
When D admits geometric realization of simplicial objects, then we have a natural transformation of functors
Mong, (D) = D.
[AB(—)| — Bar'"(-)
that is in fact an equivalence.
Suppose now given a product-preserving functor O: T°¢ — X. As FE is a spectrum object in Geom(C, 7, P),

we see that each E™ acquires the structure of a grouplike (E., and hence) E;-monoid in 7. Since O respects the
Cartesian structures, we see that the canonical morphism in Fun(Aop, X,)

0 (*B(E")) — “B(O(E"™))

237



is an equivalence. On the other hand, we can identify 2B(E™) with the Cech nerve of the P-atlas x — E™t1. We
therefore obtain a canonical morphism

¢6: |0 (*B(O(E™)[ — o0&
With these notations, we can now prove the following result:
Lemma 7.3.3.1. Ler O € Fun(7™, X) be a functor. Suppose that:
(i) the restriction Ol is a (local) T-structure;
(ii) the functor O commutes with products;
(iii) for everyn > 1, the canonical morphism ¢ : |0 (*B(O(E™))) | — O(E™1) is an equivalence X;
Then O is a (local) T™°-structure.

Proof. We only need to check that the canonical morphism
O(E™) — QO(E™T) (7.3.3.1)
is an equivalence for every n. > 0. Since O commutes with products, the canonical morphism
0 (*B(E")) — “B(O(E"))
is an equivalence. Coupling this observation with the hypothesis on ¢, we deduce that the canonical morphism
BarV (9(E™)) — O(E™)

is an equivalence in XZ!. In virtue of May’s delooping theorem [Lurl2c, 5.2.6.15], we see that the canonical
morphism
O(E™) —s Cobar™™ (O(E™))

is an equivalence in Mon]%f (X,). Applying the forgetful functor to X, and [Lurl2c, 5.2.6.12], we finally obtain
that the morphism (7.3.3.1) is an equivalence, thus completing the proof. O

Later in this section we will characterize T-structures exactly as those J"¢-structures satisfying condition (3)
in the above lemmama. The following example illustrates why it is reasonable to expect a similar characterization:

Example 7.3.3.2. Let X € T be any object. Then the functor A5 : T°¢ — 8§ given by Ax (V) := Mapqu.(X,Y)
is a J"-structure. Furthermore, assumption (3) in Theorem 7.3.1.6 implies that for every n > 1 one has:

To(ABE(E™)) ~ moMapga: (X, B") ~ {}.

In other words, the morphism A% (x) — A%¢(E™) is an effective epimorphism. Observe now that A% commutes
with all limits. In particular, it commutes with the Cech nerve C(p) of the P-atlas p: * — E™. This implies that
we can identify the simplicial object

AB(O(E™) ~ 0 (*B(E™)) ~ 0(C(p))

with the Cech nerve of A% (p): A3 (x) — AS(E™). As we already argued that this is an effective epimorphism,
we finally conclude that ¢’ ne is an equivalence.

Combining Theorem 7.3.3.1 and the above example we can produce many J"¢-structures out of J-structures.
Before stating the result, let us introduce some notations. We let

vy Strg(X) — Fun(T,X) , ey’ Strgme(X) — Fun(T7¢, X)

denote the canonical inclusions and we denote by Lx and L5¢ their left adjoints, respectively. When X = § is the
oo-topos of spaces, we omit the X in the subscript.
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Lemma 7.3.3.3. Assume that the pregeometry 7 is discrete. Let I be a sifted category and let F: I — Strs(X)
a diagram. Suppose that for every o € I, the T-structure O, = F(«) is of the form Ax_ = Map4 (X, —) for
some X, € T. Let O be a colimit for F. Then Lan;(¢v o Q) € Fun(T"°, 8) is a T"°-structure.

Proof. To simplify the notations, we simply write Lan;(0O) instead of Lan;(¢ o O). Notice that the functor
¢: Strg(X) — Fun(T, X) commutes with sifted colimits. As Lan;: Fun(7,8) — Fun(T™°,8) is a left adjoint,
we conclude that

Lan;(0) ~ cglei?a Lan;(04).

As O, ~ Ax_, we have
Lan;(0q) ~ Mapqgu (Xq, —) = A¥ .

In particular, each Lan;(O,) is a T"°-structure. As I is sifted, we easily conclude that Lan;(O) commutes with
finite products. Furthermore, for each o € I, Theorem 7.3.3.2 implies that the natural morphism

Phee © |PB(AY, (BM)] — A% (B™H)
is an equivalence for every n > 1. Since [ is sifted, we see that

coli?lAB(AnXC (E™)) ~ 2B(Lan; (0)(E™)).

a€ <

Since colimits commute with colimits, we conclude that qbﬁanj(o) is an equivalence as well. Therefore, Theo-
rem 7.3.3.1 implies that Lan;(O) is a T°-structure. O

Theorem 7.3.3.4. Suppose that the pregeometry T is discrete. Then the functor
i: Stra(8) — Strame(8)
is fully faithful and its essential image consists of those T*°-structures O satisfying condition (3) in Theorem 7.3.3.1.

Proof. 1If T is discrete then Stry(8) ~ Fun™ (7, 8), i.e. Stry(8) coincides with the sifted completion Px(T) of T.
In this case every T-structure can be written as sifted colimit of T-structures of the form Ax for X € 7. In this
case, Theorem 7.3.3.3 implies that the composition

Strg(8) —— Fun(7,8) Lan, Fun(T7¢,8)

factors through Strgne(8). As both Lan; and ¢™° are fully faithful, this immediately implies the full faithfulness
of 4.

This argument implies furthermore that for every O € Strq(8), the T™°-structure ¢(0O) satisfies condition (3)
of Theorem 7.3.3.1. Suppose vice-versa that O € Strgme(8) is such that the morphism

¢5: |*B(O(EM))| ~ 0(E")

is an equivalence for every n > 1. As in an co-topos every groupoid object is effective, we conclude that
AB(O(E™)) can be identified with the Cech nerve of the map O(p,;1): O(x) — O(E™*1). In other words, we
have

C(O(pn+1)) = *B(O(E")) = O (*B(O(E™))) = O(C(pn+1))-

Observe now that the adjunction (¢, 7>¢) provides a counit map ¢ : i(7>00) — O. As 7 is fully faithful, we see
that this map induces an equivalence on the connective covers. As both functors commute with products, we see
that it is enough to check that ¢ is an equivalence when evaluated on E™ for every n > 1. This is easily checked
by induction on n, starting with n = 0 and using the fact that both O and i(7>¢0) commute with the geometric
realization of the Cech nerves of the maps pp41: * — Entl L]

Corollary 7.3.3.5. Suppose that the pregeometry T is discrete. Then for every co-topos X the functor i: Stro(X) —
Strame (X) is fully faithful.
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Proof. 1t is enough to prove that the composition
Stra(X) —2 Fun(T, %) — Fun(T7, X)

factors through Strqmc (X).

Suppose first that X = PSh(D) is the co-topos of presheaves on an co-category D. For every d € D let
evy: PSh(D) — 8 be the evaluation functor. Since the family {evy}qep is conservative and each ev, commutes
with (finite) limits, we see that a functor O € Fun(T™°, PSh(D)) is a T"°-structure if and only if the composition
evg o O is a T"°-structure in 8 for every d € D. Observe now that for every d € D the diagram

LPSh(D)

Stry(PSh(D)) T2 Fun(T, PSh(D)) —25 Fun(T™, PSh(D))

lev d levd lev d

Strg(8) ——“— Fun(T,8) — s Fun(T™, 8)

commutes. Indeed, this is because the functors evy; commute with arbitrary colimits (in particular, the ones
computing the left Kan extension along j). As we saw in the proof of Theorem 7.3.3.4, the bottom row factors
through Strosc(8).

We now deal with the general case. Choose a presentation of X as left exact accessible localization of an
oo-category of presheaves, y: X = PSh(D): A. Let us write Lan?C and LanjD to denote the following left Kan
extension functors

Lan?cz Fun(7,X) — Fun(7"¢,X) LanjD: Fun(7,PSh(D)) — Fun(T"¢, PSh(D)).
Similarly, let us write A, and A\}° to denote the following functors, given by composition with A:

A : Fun(T, PSh(D)) — Fun(T,X) , A: Fun(T"¢, PSh(D)) — Fun(T"°,X).

With these notations, the diagram

Fun(T, PSh(D)) ——2s Fun(T™, PSh(D))

b b
L xX

Fun(T, X) S BN Fun(T™¢, X)

commutes. Let y.: Fun(7,X) — Fun(T,PSh(D)) denote the functor given by composition with y. Then the
commutativity of the previous diagram and the full faithfulness of y, imply that

Lan?C ~ A\i°oLan; o y,.

As the functor A\}° commute with finite limits, it preserves T"¢-structures. It is therefore sufficient to prove that
the composition

L Lan?
Stre(X) —= Fun(T,X) —£— Fun(7,PSh(D)) — Fun(T"¢, PSh(D))
factors through Stromc (PSh(D)). As the diagram

Stry(X) ——~—— Fun(7, X)

Straac (PSh(D)) 2222 Fun(T0e, PSh(D))
commutes, we are reduced to the case where )l = PSh(D), that has already been dealt with previously. O
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In both Theorem 7.3.3.4 and Theorem 7.3.3.5 we used in an essential way the fact that the pregeometry T
is discrete. Although this case is sufficient to deal with the algebraic setting and the C-analytic setting, it is
unfortunately too restrictive to deal with the rigid analytic setting, at least at the current state of development
of derived rigid analytic geometry. The following theorem is a variation of Theorem 7.3.3.5 that removes the
discreteness assumption on T at the cost of working only with local T-structures. The proof is conceptually
similar to the one of Theorem 7.3.3.4, but we replace the equivalence Stry(X) ~ Px(T) with the existence of
sifted resolution by elemmaentary structures, see [Lurl 1b, Proposition 2.11].

Corollary 7.3.3.6. Let X be an co-topos with enough points. The connective cover functor
Ts0: Strips (X) — Stri(X)
admits a fully faithful left adjoint.

Proof. Consider the functor
Strl9°(X) «—— Fun(T,X) s Fun(T™,X).

It is enough to prove that this functor factors through Stris. (). This will provide a functor 7: Strie¢(X) —
Strios. () and prove that it is fully faithful. Let therefore O € Str'e®(X). Since Lan, is fully faithful, we already
know that Lan;(0O)|y is a local T-structure. It is therefore enough to prove that Lan;(O) commutes with finite
products and that for every n > 1 the canonical morphism

Lan;(0)(E™) — QLan,;(O(E™1))
is an equivalence. Using Theorem 7.3.3.1, we rather prove that for every n > 1 the morphism
Lan;(0)(x) — Lan,;(0)(E™)

is an effective epimorphism.
Using [Lurllb, Proposition 2.11] we choose a Cartesian fibration ¢: D — X and a diagram Q: D> —
&%‘;C(DC) such that:

(i) the fibers of g are essentially small sifted co-categories;

(i1) @ is a colimit diagram relative to X;
(iii) for each C' € D the object Q(C) is an elemmaentary T-structure (see [Lurl 1b, Definition 2.6]);
(iv) the image of the cone point via () is equivalent to O.

loc

Recall from [Lurl 1d, Proposition 3.3.1] that the inclusion Str5°(X) — Fun(J, X) commutes with sifted colimits.
Therefore, reasoning as in Theorem 7.3.3.3, we see that it is enough to prove that if O is an elemmaentary 7-
structure, then ¢}’ an; (0) is an equivalence for every n > 1.

Let therefore Y € T and let f: (X, 0x) — Spec” (Y) be a fixed morphism. We have to prove that
2B (Lan (f~1(0y))(E"))| — Lan;(f~(0y))(E™+)

is an equivalence. This can be checked on stalks. After passing at the stalk at a geometric point p,: § = X: p~!,

we are reduced to the situation where X' = 8. In this case, f ~109y can be written as a sifted colimit of T-structures
of the form Ay, . As the functor Lan; commutes with colimits, the conclusion follows from Theorem 7.3.3.2. [

Corollary 7.3.3.7. For any co-topos X with enough points, the commutative diagram

Strqme (X) —==5 Stre(X)

J J

Strlec. (0) —=%+ Strlee(x)
is left adjointable horizontally.
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Proof. The functor 7> : Strgne (X) — Stro(X) commutes with limits and filtered colimits, and both categories
are presentable. It follows that 7>( admits a left adjoint, that we denote ¢. Recall that [Lurl1d, Proposition 3.3.1]
proves that Stric®(X) is closed under sifted colimits in Fun(T, X), and hence in Strg(X). Therefore, the same

argument of Theorem 7.3.3.6 implies that the composition

Strie®(X) — Strg(X) —— Strgme(X)

is fully faithful. In particular, it factors through Str2S. (X) and the resulting functor coincides with the left adjoint
to 70 : Stries. (X) — Striec(X) we constructed in Theorem 7.3.3.6. The conclusion follows. O

Proposition 7.3.3.8. For any co-topos X, the forgetful functor

(750, U): Streese (X) — Stre(X) x Sp(X)
is conservative. Furthermore, if T is discrete then the forgetful functor

(150, U): Strgne(X) — Strg(X) x Sp(X)
is conservative as well.

Proof. Let ¢: O — O be a morphism of nonconnective T-structures. If U(¢) is an equivalence, then unraveling
the definition of the underlying spectrum we deduce that

wEn: O(E™) — O'(E™)
is an equivalence. On the other hand, whenever X € 7, Corollaries 7.3.3.5 and 7.3.3.6 imply that
O(X) ~ (7>00)(X) and O'(X) ~ (1500")(X).

Therefore px : O(X) — O'(X) is an equivalence as well. The conclusion now follows from the fact that both O
and O’ commute with finite products. O

7.3.4 Nonconnective structures in the algebraic case

In this section we focus on the special case where T = Tgisc(k) and the nonconnective context is the one of
Theorem 7.3.1.8(1). We can summarize the main results as follow:

(i) when £ is a ring containing Q, we provide a canonical equivalence between the co-category of nonconnec-
tive Tqisc (k)-structures and the co-category of cdga’s;

(i) when k is a field of positive characteristic, we provide a fully faithful embedding of cohomologically con-
nected cosimplicial algebras in the co-category of nonconnective T (k)-structures.

Let us start by assuming that &k contains Q. In this case there is a canonical model structure on cdga,. We
denote the underlying oo-category by cdga,. We know that

cdgafo ~ Strgdisc(k) (8) ~ fpg (Tdisc(k))a

and this equivalence is realized by sending a Tgis (k)-structure to its evaluation on A} € Tgisc(k). In particular,
we see that the inclusion
Str‘Idisc(k) (8) — Fun(TdiSC(k), 8)

commutes with sifted colimits. As a consequence, we can invoke Theorem 7.3.2.5 to deduce that the underlying
spectrum
U: Strg’disc(k)nc (S) — Sp

commutes with sifted colimits. Furthermore, since the equivalence above is realized by evaluation on A}C ~ EO
we deduce from Theorem 7.3.3.8 that the underlying spectrum functor U is also conservative. It follows that U is
monadic.
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We will now prove that cdga;, and Strg,__ (k) (8) are equivalent using the Barr-Beck-Lurie criterion for
equivalences [Lurl2c, 4.7.3.16]. We start by constructing a functor between these two categories. Given an
unbounded cdga A € cdga,,, we define a functor

?(A): Tqisc (k) — 8

by setting
¢(A)(B"(Ga)) = Map(Symy, (k[-n]), A).

Notice that ¢(A)(B"(G,)) is equivalent, as chain complex, to 7>o(A[n]). This implies that we can identify
U(¢(A)) with the underlying spectrum of A. In other words, the diagram

¢
Cdgak R EE—— Str‘:rdisc(k)nc (S)

N % (7.3.4.1)

MOdk

commutes. Here V' denotes the forgetful functor.
Theorem 7.3.4.1. The functor ¢ is an equivalence.

Proof. Recall from Theorem 7.3.2.5 that U commutes with limits and filtered colimits. As both Stre,__(x)ne(8)
and Mody, are presentable, it follows that U admits a left adjoint, that we denote F.
In virtue of [Lurl2c, 4.7.3.16] it is enough to prove that for every M € Mod, the canonical map

¢(Symy (M) — F(M)

is an equivalence. Notice that the commutativity of (7.3.4.1) coupled with the fact that both U and V are con-
servative and commute with sifted colimits implies that ¢ commutes with sifted colimits as well. In particular, it
is enough to prove the statement when M = k[—n] for n > 0. In this case, we observe that Sym, (k[—n]) can
be identified with the global sections of B"(G,), while the Yoneda lemmama allows to identify F(k[—n]) with
Mapqame (B"(G,,), —). Now, the adjunction O - Spec introduced in [Toé06a] implies that

¢(Symy, (k[=n])) ~ Mapguc (B"(Ga), —),

thus completing the proof. O

7.3.5 Nonconnective cotangent complex

In this section we prove that the adjunction (¢, 7>¢) of Section 7.3.3 induces an equivalence after stabilization. In
particular, this allows to introduce nonconnective split square-zero extensions.

Fix a pregeometry (7, adm, 7) and a T-nonconnective context (C, P, F). Fix also an co-topos X with enough
points. Then the connective cover functor

T>0: Strj'xlc (:X:) — Stl"g'(:X:)

commutes with limits and filtered colimits, and therefore it has a left adjoint, denoted 7. Notice that Corollaries
7.3.3.6 and 7.3.3.7 imply that the functor i is fully faithful when restricted to Stri2®(X). Fix a local T-structure
A € Strie°(X). Then 75¢(i(A)) =~ A and we therefore obtain a well defined co-functor

T>0: Strgme (X)/Z-(A) — Stl"g'(fX:)/A.

This functor still commutes with limits and filtered colimits, and therefore it admits a left adjoint, that we still

denote . Now, recall from [Porl5b, Corollary 9.4] that Strlfﬁ’C(DC) /A 1s a presentable oo-category and that the

functor
Str}f’c(DC)/A — StI‘:r(fXj)/A

is fully faithful and admits a left adjoint. Furthermore, after passing to the stabilization we obtain an equivalence

SP(StriP©(X) 4) ~ Sp(Stry(X)4)- (7.3.5.1)
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Notice that Corollaries 7.3.3.6 and 7.3.3.7 imply that the composition
Strie®(X) /4 — Strg(X) /4 — Strgue(X) /ica)
is fully faithful. Therefore, the chain rule for Goodwillie derivatives implies that the induced functor
SP(Stri®(X) /a) — Sp(Strgne (X) /i a))
is fully faithful. Pairing this with the equivalence (7.3.5.1), we deduce that the functor
9(i): Sp(Stry(X)/a) — Sp(Strgne (X)/i(a))
is fully faithful. We summarize this in the following:

loc

Proposition 7.3.5.1. Ler X be an co-topos with enough points and let A € Stry°(X) be a connective local
T-structure. Then the functor

d(i): Sp(Sp(Strg(X),a)) — Sp(Stranc(X)/i(a))
is fully faithful. Furthermore, it has a right adjoint given by 0(T>¢).

Proof. The fact that (9(i), 0(7>0) can be promoted to an adjoint pair is a standard consequence of Goodwillie’s
calculus. The full faithfulness of 9(i) follows from the above discussion. O

Remark 7.3.5.2. It seems likely that the above adjunction is actually an equivalence. However, for our purposes,
full faithfulness is largely sufficient.

We now use Theorem 7.3.5.1 to develop the theory of nonconnective cotangent complex.

Definition 7.3.5.3. Let X be an oo-topos and let A € Strgme (X). We refer to the functor
Q% Sp(Stronc (X)/A) — Strome (:X:)/A

as the T-theoretic nonconnective split square-zero extension functor (or simply as the nonconnective split square-
zero extension functor when T is clear from the context). Given M € Sp(Strgsc(X),4) we set

A Dgne M = QOO(M)
When T7€ is clear from the context, we simply write A & M to denote this nonconnective J-structure.

Definition 7.3.5.4. Let X be an co-topos and let A € Strgnc(X). The functor of nonconnective T-derivations is
by definition the functor

Der‘j’nc (A, _) : Sp(Str‘j'nc (:X:)/A) — 8

defined by
M — Map 4 (A, A® M),

the mapping space being computed in Strgac(X) /4.

Notice that the the functor Dergne (A; —) commutes with limits and with x-filtered colimits for « a sufficiently
big regular cardinal. The adjoint functor theorem implies therefore that it is corepresentable.

Definition 7.3.5.5. Let X be an oo-topos and let A € Strgmc(X). We denote the corepresentative of the functor
Dergnc(A; —) by LY and we refer to it as the T"°-theoretic cotangent complex (or as the nonconnective T-
theoretic cotangent complex).

When A is a T-structure we therefore have at our disposal two cotangent complexes, ]Lg (cf. [PY 17D, Defini-
tion 5.4]) and Lgnc. Our next goal is to prove that these two objects are canonically equivalent.
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Lemma 7.3.5.6. Let X be an co-topos and let A be a T"-structure on X. The connective cover functor T>q: Strgne (X) —
Stry(X) induces a commutative diagram

9(7>0)
Sp(Strr_ync (X)/A) e Sp(StI‘g'(X)/TZOA)

J{Qoo Qe

StI“J’nc (x)/A é Strj’(x)/TzoA'
In other words,
750 (A @gne M) =~ 750(A) Oy Or50(M).
Proof. This simply follows from the fact that 7>, being a right adjoint, commutes with limits. &

loc

Proposition 7.3.5.7. Let X be an co-topos with enough points. Let A € Str°(X). Then there is a canonical
equivalence

A(i)(IL%) ~ Ly
in the oo-category Sp(Strane (X) /i(a)). In particular, ]L;.:E‘X) belongs to the full subcategory Sp(Strg(X) /).

Proof. Let M € Sp(Strgne(X) /;(4)). Then, using Theorem 7.3.5.6, we obtain

Mapgp, (stryne () /:0a)) (0(i)(IL}), M) ~ Mapg, (stry (x)4) (L%, (720) (M)
=~ Mapggiee () ,, (A, A &7 9(720)(M))
~ Mapg,, (A, m0(i(A) &7 M))

~ Mabgir e ()4 (i(A),i(A) & M)

~ MapSp(Strqnc(DC)/i(A))(Li L M).

FUX) fr50ica))

We can therefore deduce from the Yoneda lemmama that 9(4)(IL%) ~ IL%"". The second statement follows from
the full faithfulness of 9(7). ]

Remark 7.3.5.8. When T = Tg;sc(k) and k contains Q, then we can identify Sp(Strguc(8),4) with the category
of unbounded A-modules. If M € A-Mod, then the underlying module of A ©, () M really coincides with
A @ M. On the other hand, Theorem 7.3.5.6 implies that the underlying module of A ©g,,_(x) M coincides with
A @ TZO (M)

7.3.6 Change of spectrum

The leitmotiv of this paper is to provide an axiomatic context where to formulate and prove the HKR theorem. In
later sections we will provide four different contexts where our formalism applies. Given the abundance of such
HKR theorems, a very natural question is to compare them whenever the question makes sense. In order to carry
out such a task, we need to introduce a suitable notion of transformation of nonconnective contexts. Furthermore,
the ideas introduced in this context will prove fundamental to prove certain cases of the analytic HKR (namely,
when the residue field has positive characteristic).

We start by analyzing a simple situation, where we keep the pregeometry T and the T-geometric context C
fixed, but we change the spectrum E. Consider therefore two spectra Ey, F1 € Sp(Geom(C, 7, P)) satisfying the
assumptions of Theorem 7.3.1.6. We denote by J7'° the nonconnective pregeometry generated by E; for ¢ = 0, 1.
Define T3{ to be the smallest full subcategory of Geom(C, 7,P) closed under products and containing E!* for
t = 0,1and n > 0. Notice that we have fully faithful embeddings j;: T} — Tg{ for ¢ = 0,1. We define a
Jo1-structure in an co-topos X to be a functor

0:T51 = X
which commutes with products and whose restrictions to J3'° are J}'°-structures in the sense of Theorem 7.3.1.11.
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By definition, we obtain forgetful functors
Pi: Strfrglc (DC) — Stl‘(y?c (:X)7

for ¢ = 0, 1. These functors commute with limits and filtered colimits and therefore the adjoint functor theorem
guarantees the existence of left adjoints

Ait Strgne (X) — Strgne (X).
As a consequence, we obtain two functors
Yo1 = p1 0 Ag: Strgne(X) — Strgne (X), Y10 = po © A1 : Strgne (X) — Strgae (X)),
that allow to change spectrum.

Definition 7.3.6.1. Let (T, adm, 7) be a pregeometry and let (C, 7,P) be a T-geometric context. Let Ey, E; €
Sp(Geom(€C, 7,IP)) be such that (C,P, E;) is a T-nonconnective context, for ¢ = 0,1. The change of spectrum
functors are the pair of functors 7p; and ;¢ introduced above.

As in the case of a single spectrum, the restriction to 7 inside T allows to associate to each J§{-structure a
T-structure. We denote this functor once again by

T>0: Strgﬂgf (:X:) — Strfj’nc (X)

This functor admits a left adjoint, given by left Kan extension along T < T§{. This follows from the same
argument given in ??.

Proposition 7.3.6.2. For i = 0, 1 the diagram

Strome (X) —————— Strgme(X)
Stl‘j'

commutes and it is left adjointable.

Proof. The commutativity of the diagram follows just from unraveling the definitions. For the left adjointability,
we remark that for X € T7'° one has an equivalence of comma categories

‘TD ij(r)nf {X} ~ ‘TD XT?C {X}

induced by full faithfulness of both functors in the composition T — T7'° < Tg7. The conclusion now follows
because the adjoint to 7> is computed in both cases by a plain left Kan extension. O

It is a more subtle question to understand whether the same properties hold for the functors \;.

Proposition 7.3.6.3. Fori = 0,1 the diagram

Strgme (X) ———— Straz: (X)

o~ A

StI“J'(:X:)

commutes. Suppose furthermore that the left Kan extension functor along T;¢ — Tg{ takes T;°-structures to
o1-structures. Then the above diagram is right adjointable.

Remark 7.3.6.4. The condition on T} — T3y is typically asymmetric. This means that it will often be satisfied
for only one of the two inclusions T3¢ < Tg7, T1¢ — TET.
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Proof. The first statement follows immediately from Theorem 7.3.6.2 by passing to left adjoints. The second
statement follows from the fact that under the assumption on J;'° — J3{ we have a commutative diagram

Strg'?C(:X) #) Str‘j&c (X)

l l

Fun(T7¢, X) N Fun (T35, X).
In other words, we can identify the functor A; with the left Kan extension. As a consequence, we have
T>00 A X T>00 P 0 A\ X T>0,
because the left Kan extension is fully faithful. O

Corollary 7.3.6.5. Suppose that left Kan extension along T — TGy takes Tg-structures to T§{-structures. Then
the diagram

Strape (X) ————— Strgye
sz Ao
Strq(DC)
is commutative.
Proof. As 91 = p1 © Ao, this is a direct consequence of Propositions 7.3.6.2 and 7.3.6.3. O

In virtue of the above results, it is useful to have a more geometrical condition only involving the spectra F
and F; implying that left Kan extension along J7'° — TG takes J;'°-structures to J§7-structures.

Definition 7.3.6.6. Let (T, adm, 7) be a pregeometry and let (C, 7,IP) be a T-geometric context. We say that
(€, 7, P) is ordinary if the topology 7 is quasi-compact and there exists a full subcategory Cy C C satisfying the
following conditions:

(1) Cp is a 1-category with finite limits;
(ii) the topology 7 and the class of morphisms P restrict to Cy and make (Cg, 7, P) into a geometric context;
(>iii) T is contained in Cy.
We say that a nonconnective pregeometry J"¢ is ordinary if the underlying T-geometric context is ordinary.

Example 7.3.6.7. All the contexts introduced so far are ordinary. The choice of Cy is in each case canonical and it
corresponds to the full subcategory spanned by discrete objects. For instance, when T = T (k), C is the category
of classical affine schemes. When T = T,,(k), Cp is the category of classical k-analytic spaces.

In virtue of the above example, whenever (C, 7,P) is an ordinary J-geometric context, we refer to objects in
Co as the discrete objects. Furthermore, we refer to the stacks in Geom(Cy, 7, P) as the geometric stacks.

When the T-nonconnective context is ordinary we have an extra amount of control on the spectrum F, as the
following couple of result shows.

Lemma 7.3.6.8. Let (T,adm, 7) be a pregeometry and let (C, 7,IP) be an ordinary T-geometric context. Then the
restriction E™|e, is n-truncated.

Proof. The same proof of [TV08b, lemmama 2.1.1.2] applies. O

Lemma 7.3.6.9. Let (T,adm,7) be a pregeometry and let (C,7,P) be an ordinary T-geometric context. Let
F: I — Geom(Cy, 7,P) be a filtered diagram of discrete geometric stacks. Let

Fy = colIimF € PSh(C)

be the colimit of F' computed in PSh(Cy). Suppose that there exists an n. > 0 such that for each a € I, the
geometric stack F,, = F(«) is n-truncated. Then F, satisfies T-hyperdescent.
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Proof. First we remark that, since colimits in PSh(Cy) are computed objectwise and since n-truncated objects are
stable under filtered colimits, the presheaf F|,, is n-truncated.

Let now X € Gy be an object and let U® be a T-hypercover of X. Since the topology 7 is quasi-compact, we
can suppose that for every [m] € A, U™ is disjoint union of finitely many objects in Cy. We have to prove that
the canonical map

Fo(X) — %HFOO(U )

is an equivalence. Since F(X) and Fi,(U™) are n-truncated for every [m] € A and since 8™ is closed under
limits in 8, we see that we can compute the above limit in §". Since §=" is an n-category and A<, 12 <> A is
n-cofinal, we see that there is a canonical equivalence

@FW(U'): @1 F.(U®).
A Acpg2

It is therefore enough to prove that the canonical map from F(X) to the right hand side is an equivalence. Notice
that, since each U™ is a finite disjoint union of objects in Cy, the limit on the right is a finite. Since filtered colimits
commute with finite limits, we have a canonical equivalence

fm  Foo(U®) = colim lim Fo(U*).
Acni2 Acnya

Since each F,, is n-truncated, we can use once more the n-cofinality of the inclusion A<, 2 — A to deduce that
the canonical map
Fo(X) — lm Fo(U°)
Acpi2
is an equivalence. The conclusion follows. O
This is provided by our next result:

Proposition 7.3.6.10. Let (T, adm, 7) be a pregeometry and let (C, 7, P) be an ordinary T-geometric context. Let
Ey, By € Sp(Geom(C, 7,P)) be such that (C,P, E;) is a T-nonconnective context for i = 0, 1.
Suppose furthermore that there is an endomorphism

a: Eg — Eg
in Mong” (Geom(€,7,P)) and an equivalence
B = colim (E§ % B & E§ % -+
in Mong® (Geom(€,7,P)). Then the left Kan extension along Tg® — Tgf takes Tg-structures to Tt -structures.

Proof. Let us simply write Lan for the functor
Fun(T5¢, X) — Fun(T57, X)

given by left Kan extension along T§¢ — Tg1.
Consider the following claim:

Claim. For every n > 0 the canonical map
n : ny 9(a) ny 9(a) ny 9(a)
Lan(O)(ET) — coll\%m O(Ey) — O(Ey) —= O(Ef) — - -+
is an equivalence in X.
Assume this claim. Then, as filtered colimits commute with finite limits, we deduce immediately that

Lan(0)(ET) ~ QLan(0)(E}1).
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We are therefore left to check that Lan(O) commutes with finite products. This follows from an analysis case by
case as in the proof of ??.

It is therefore enough to prove the claim. We first observe that since a is a morphism of E,-groups, the
oo-categorical version of May’s theorem implies that it induces an endomorphism

an: By — EJ
for every n > 0 (when n = 0, ag = a). Moreover, since the delooping functor
B": Mong” (Geom(C,7,P)) — Mong" (Geom(C, , P)=")

is a left adjoint, it commutes with filtered colimits. As a consequence, we obtain canonical equivalences in
Mong” (Geom(C, 7, P))

Er gcogm(E{; Sy BT Sy BT Oy )
for every n > 0. Let now X € T be any object. We claim that the canonical map

MapGeom(C:’,T,]P’) (X7 E?) — COII\%HI Map(}eom(@,r,ﬂ”) (Xv Eg)

is an equivalence. When X belongs to T, this is a direct consequence of Theorem 7.3.6.9. In the general case, we
can find an hypercover U*® of X such that each U* is a disjoint union of finitely many objects in 7. In particular,
we have equivalences

MapGeom((?,'r,]P’) (X7 Ezn) = hmAMapGeom(@,T,P)(U.7 E;n)v

fori = 0, 1. Since E}* is n-truncated in virtue of Theorem 7.3.6.8, we see that the above is a limit in S=n, As 8=
is an n-category and A<, 12 — A is n-cofinal, we conclude that we also have an equivalence

MapGeom(@,T,P) (X7 Ezn) = limAgn+2 Ma‘pGeom(@,T,]P’)(U.7 E'Zl)

The conclusion now follows from the fact that each U™ is a finite disjoint union of finitely many objects in 7,
from Theorem 7.3.6.9 and from the fact that filtered colimits commute with finite limits.

We now consider the comma category (J5¢)/pn. The above argument implies that the diagram
N — (75°)/£p

corresponding to the iteration of the morphism a,,: Eff — E{ is cofinal. Therefore, the claim follows from the
explicit formula for left Kan extensions. O

Corollary 7.3.6.11. Under the same assumptions of Theorem 7.3.6.10 and for any T§-structure A, the diagram

A(pi
Sp(Strmac () /x,)) 2% Sp(Straue (X)/4)

I b

Strage (X)), (4) ——— Strgne(X)/a

commutes and it is left adjointable. In particular, the functor o1 : Strase(X) — Strome(X) commutes with the
Sformation of split square-zero extensions.

Proof. The commutativity of the diagram simply follows from the fact that the functor p; commutes with limits.

For the left adjointability, we observe that the proof of Theorem 7.3.6.3 implies that the functor Lan commutes
with finite limits, because it can be computed by filtered colimits. The conclusion follows. O
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7.3.7 Change of context

We now turn to the general case, where we do not keep underlying pregeometry fixed.

Definition 7.3.7.1. Let T3¢ and J7° be two nonconnective pregeometries. A transformation of nonconnective
pregeometries from Tg° to T}° is the given of a morphism of geometric contexts ¢: (Co, 79, Po) — (C1,71,P1)
satisfying the following two conditions:

(1) the morphism of geometric contexts ¢ restricts to a transformation of pregeometries Ty — T7;

(ii) let T3 be the T;-nonconnective context determined by (€1, 71, P1) and the spectrum object ¢ (FEy). Then
the left Kan extension along J5¢ — TJ75 takes T3 ¢-structures to J75-structures.

We denote a transformation of pregeometries by ¢: (Co, Po, Eo) — (C1,P1, E1).

Definition 7.3.7.2. A transformation of nonconnective pregeometries ¢: (Co, Py, Ey) — (C1,Pq, Eq) is said to
be a change of spectrum if the underlying transformation of geometric contexts is an equivalence.

Definition 7.3.7.3. A transformation of nonconnective pregeometries ¢: (Co, Py, Ey) — (C1,Pq, Eq) is said to
be strong if there is an equivalence

s(Ey) ~ Ey

of spectra in Geom(Cy, 71, Py).
Notice that if ¢ is a strong transformation of nonconnective pregeometries it induces a well defined functor
w: J§¢ — J7°. In this paper we abusively identify the strong transformation with the functor ¢: J5¢ — J7°.

It follows from the definitions that we can always factor a transformation of nonconnective pregeometries as a
strong transformation followed by a change of spectrum. We already performed an in-depth analysis of the change
of spectrum situation in the previous section. Therefore, we focus now on strong transformations.

Let p: T3¢ — T7° be a strong transformation of pregeometries. For any co-topos X, precomposition with ¢
induces a well defined functor

P Strﬂ'i‘c (x) — Str‘j‘gc (:X:)
This functor commutes with limits and filtered colimits. In particular, it admits a left adjoint that we denote ¢*.

Proposition 7.3.7.4. Let ¢: T3¢ — T1° be a strong transformation of pregeometries. For any oco-topos X and
any T7¢-structure A € Strone (X) the diagram

(P«
Sp(Strgme (X),4) 2 Sp(Strawe(X) /4. (4))

Jos Jss

.
StI“j'llw (:X:)/A _ Strg“gc (x)/so* (A)
commutes.
Proof. This is an immediate consequence of the fact that ¢, commutes with (not necessarily) finite limits. O

Corollary 7.3.7.5. Let p: Ty¢ — T1 be a strong transformation of pregeometries. For any oco-topos X, any T7°-
structure A € Strane (X) and any M € Sp(Stranc(X),,. (a)) there is a canonical morphism of T}°-structures on
X

@ (Q5°(M)) — Q7 (9(¢")(M)).
Here O(*) denotes the Goodwillie derivative of ¢*.

Proof. This follows immediately from the fact that d(p™*) is left adjoint to d(p.) and from the commutativity
of the diagram asserted in the previous proposition. Indeed, the canonical map is simply the Beck-Chevalley
transformation. O
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7.3.8 Morita equivalences

Fix a pregeometry (T, adm, 7) and an co-topos X. We are often more interested in manipulating the co-category
Striec(X) than the co-category Strq(X). The reason T-structures are only a tool needed to set up the theory of
T-structured spaces and, ultimately of T-schemes.

Unfortunately, the co-category Str}fc(f)(f) is typically not presentable. This can be fixed as follows: for any
A € Stri?(X), the co-category Striec(X) /A becomes presentable (see [Por15b, Corollary 9.4]). This fact has
been used in an extensive way to obtain several of the main results of [PY 17b].

On the other hand, Stri?°(X) is much more flexible of Stry(X). Indeed there are typically several different
pregeometries giving rise to the same oo-categories of local structures. This has been studied in [Lurl1d, §3.2].

The same picture applies when dealing with nonconnective pregeometries. In the nonconnective setting the

Morita equivalence plays an even greater role. To understand the reason consider the following example:

Example 7.3.8.1. Let k be a nonarchimedean field equipped with a non-trivial valuation. Let T,,(k) be the
pregeometry introduced in [PY16b]. We recall that the objects of T,y (k) are smooth k-analytic spaces. Choose
C := dAny, the oo-category of derived k-analytic spaces. The results of [PY17b, §5.6] imply that (C, 74, Psm)
is a Ton (k)-geometric context. The sequence {B™(BG,) },>0 defines a spectrum object E in Geom(C, e, Pym ),
and (C, Py, F) becomes a pre-T,,, (k)-nonconnective context. Nevertheless, this is not a T, (k)-nonconnective
context, because it is not true that for every X € T, (k) one has H' (O x) = 0 (take for example X = IP}). In this
situation, ?? is no longer valid.3

In order to fix this result one can change the starting pregeometry T, (k) as follows: we define T, (k) to
be the category of smooth k-affinoid spaces. The same choices of admissible morphisms and of the topology
for Ton (k) endow T, (k)" with a the structure of a pregeometry. Furthermore, the inclusion Tay, (k) — Tan (k)
is a Morita equivalence, and (dAng, Tet, Psm) is @ Tan(k)’-geometric context. Therefore, (dAng, Pyy, E) is a
pre-Tan (k)'-nonconnective context. The difference with before is that now Tate’s acyclicity theorem implies that
(dAng, Py, F) is actually a T, (k)’-nonconnective context.

The conclusion is that although the results we developed in the previous sections might not apply to T, (k)-
structures, they will apply for Ty, (k)’-structures, and thanks to Morita equivalence, they will also apply to Ty (k)-
local structures.*

Motivated by the previous example, we introduce the notion of Morita equivalence.

Definition 7.3.8.2. Let (75, admg, ) and (T7,admi, 71) be two pregeometries. For i = 0,1, let (C;,P;, E;)
be a pre-T;-nonconnective context. A Morita equivalence of pre-nonconnective contexts from (Co, Py, Ey) to
(C1,Py, Ey) is the given of a Morita equivalence of geometric contexts

v: (Co,70,Po) = (C1,71,P)
with the following properties:
(i) it restricts to a Morita equivalence of pregeometries ¢: Tg — T71;
(ii) under the equivalence Geom(Cy, 79, Py) ~ Geom(Cq, 71,P1) the spectrum Ey is equivalent to Ej.

Let p: (Co,Po, Eg) — (€C1,P1, F1) be a transformation of pre-nonconnective contexts. Then ¢ induces a
functor
p: T5¢ — T7C
Precomposition with this functor provides, for every co-topos X, restriction morphisms
P Str‘]’{‘c(x) — Strg'gc (:X:)
and
Ox: Str}})xfc(DC) — Strlﬁfc(DC).

The following is the analogue of [Lurl1d, Proposition 3.28] in the nonconnective setting:

3Notice that the adjoint functor theorem implies the existence of a left adjoint to 7. What is no longer clear, however, is that this left
adjoint is fully faithful. -

4The reader might wonder why bother working with Tan (k)-structures rather than with Tay (k)’ -structures, since the results for the latter
are nicer. The reason is that the analytification functor only defines a transformation of pregeometries Tt (k) — Tan(k), and this transforma-
tion of pregeometries is crucial in derived k-analytic geometry.
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Theorem 7.3.8.3. Ler (Ty, admy, 79) and (T1, admy, 71) be two pregeometries. Fori = 0,1, let (C;,P;, E;) be a
pre-T;-nonconnective context. Let : (Co, Py, Fy) — (C1,P1, 1) be a Morita equivalence. Suppose furthermore
that the restriction p: Ty — T satisfies the following properties:

(i) p: To — T1 is fully faithful;
(ii) a morphism f: U — X in Ty is admissible if and only if o(f): o(U) — ©(X) is admissible;

(iii) a collection of admissible morphisms { f,: U, — X} generates a covering sieve on X in Tg if and only if
the collection {¢(fo): ¢(Us) — ©(X)} generates a covering sieve on o(X) in Ty;

(iv) forevery X € T there exists a collection of objects {U,} in Tg and a collection of morphisms { fo,: p(Us) —
X} generating a covering sieve.

If in addition (Co, Py, Ey) is a To-nonconnective context, then for any co-topos X the restriction functor
Put Strlﬁi (X) — Str}}’gcc(DC)
is an equivalence of co-categories.

Proof. The transformation ¢ induces a fully faithful functor T3¢ — T7¢ that we still denote by . Consider the
left Kan extension functor
. loc c
Lan, : Strgye (X) — Fun(77¢, X).

Notice, since (Cg, Py, Eo) is a Tp-nonconnective context, for every X € T} the functor
(T7)x/ Xage To — (T7)x/ Xape Tg°
is cofinal. It follows that the diagram

Lan

Str};gfc (X) —= Fun(T7¢,X)

l‘rz 0 J{TE 0

Strie®(X) 2225 Fun(Ty, X)

commutes. Thus [Lurl1d, Proposition 3.28] implies that
Lan,,: Str}ﬁf(fJC) — Fun(77, X)
factors through the (non full) subcategory Strltﬁ’f(DC) and that such factorization is an equivalence. It is now
enough to remark that since ¢: (Cgo, 70, Pg) — (C1,71,P1) is a Morita equivalence and ¢s(Ey) ~ F1, for every
O € Strles. (X) we have
0
Lan, (0)(EY) ~ O(Ey ).

This proves at the same time that
. loc nc
Lan, : Strgue (X) — Fun(77¢, X)

factors through the (non full) subcategory Str{oi‘?c (X) and that such factorization is an equivalence. O

Remark 7.3.8.4. It is possible to push the theory of nonconnective pregeometries much farther than what we did
so far. For example, it would be possible to develop a theory of nonconnective schemes, which would provide
an analogue of the theory of spectral affine schemes introduced in [Lurl1f]. Having a notion of nonconnective
scheme for a suitably general pregeometry might be useful: for example, the paper [AHR10] suggests the existence
of a complex analytic version of tmf. In order to make rigorous the considerations done in loc. cit. it is necessary
to consider nonconnective derived analytic spaces. This can easily be achieved by the formalism of nonconnective
pregeometries. Another possible application of nonconnective structures would be to develop analogues of the
results in [To€06a] in the complex analytic and in the non-archimedean analytic setting.
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7.4 The analytic case

From this point on we specialize to the analytic setting. Our first task is to introduce the categories of mixed and
Sl-equivariant analytic algebras.

In this section we let k& denote either the field of complex numbers or a non-archimedean field equipped with
a non-trivial valuation and of characteristic zero. In the latter case, we let | — | denote the associated absolute
value. Following the use of [PY16d, PY17b], we write C-analytic to mean complex analytic and k-analytic to
mean non-archimedean analytic over the non-archimedean field . When statements apply to both settings, we
simply write analytic.

7.4.1 The analytic nonconnective contexts

Let T,, (k) denote the analytic pregeometry. See Theorem 7.3.1.3 for the C-analytic case and Theorem 7.3.1.4 for
the k-analytic case. Let dAny, denote the co-category of derived analytic spaces, as defined in [Lurl1b, Definition
12.3] and in [PY16b, Definition 2.5]. We endow dAnj, with the étale topology 74. This is indeed the restriction
of the 7¢;-topology on  RTop (T (k)): see [Porl5b, Lemma 3.4] for the C-analytic case and [PY16b, Theorem
5.4] for the k-analytic case. The notion of smooth morphism between derived analytic spaces has been introduced
and studied in [PY17b, §5.6]. Let us denote it by Pgy,,. Then (dAny, 74, Psm) is a geometric context in the sense
of [PY16d, §2]. The co-category dAny, has finite limits in virtue of [Lurl1b, Proposition 12.12] in the C-analytic
case and of [PY16b, Proposition 6.2] in the k-analytic case. Finally, the inclusion T,,(k) — dAnj preserves
products, as it is shown in [Lurllb, Lemma 12.14(5)] and in [PY 16b, Proposition 6.2(v)]. We can summarize
these considerations in the following result:

Proposition 7.4.1.1. The choice of the étale topology and the collection of smooth morphisms make (dAng, e, Psm )
into a Tan (k)-geometric context.

We can also define a variant T84 (k) of T,,(k) as follows: the object of T2{d(k) are smooth Stein spaces
(resp. smooth k-affinoid spaces), while the notion of admissible morphism and the Grothendieck topology are
left unchanged. It follows from [Lurlld, Proposition 3.2.8] that the inclusion T2/ (k) < T,.(k) is a Morita
equivalence of pregeometries.

Following the convention introduced in [PY17b], we let Afd; denote the full subcatgory of 2\“ spanned by
Stein spaces (in the C-analytic case) or by k-affinoid spaces (in the k-analytic case). Furthermore, we let dAfdy
denote the full subcategory of dAny, spanned by those derived analytic spaces whose truncation belongs to Afdy.

Corollary 7.4.1.2. The étale topology and the collection of smooth morphisms make (dAfdy, e, Psm) into a
Tafd(k)-geometric context.

Proof. Tt is enough to prove that dAfdy is closed under fiber products in dAny. As the truncation functor
commutes with fiber products, it is enough to prove that Afd; is closed under fiber products in ?n. In the C-
analytic case, this follows from [GR84, §1.4.4]. In the k-analytic case, this is a consequence of [Con08b, Exercise
2.2.3(1)]. O

Notice that the inclusion (dAfdy, 7e;, Psm) < (dAng, 7¢t, Psm) induces an equivalence of the oco-categories
of geometric stacks thanks to [PY 16d, Corollary 2.26].

Let now BG,, denote the analytic affine line equipped with its additive group structure. Since BG,, is commu-
tative, May’s delooping theorem for co-topoi [Lurl2c, 5.2.6.15] provides us with a spectrum object

E € Sp(Geom(dAng, ¢, Psm))

such that
E" ~ B"(BG,).

In this way, (dAng, e, Psm, E') becomes a pre-T,, (k)-nonconnective context, while (dAfdg, 74, Psm, E) be-
comes a T24(k)-nonconnective context. The latter assertion is a consequence of the derived version of Tate’s
acyclicity theorem (see [PY18a, Theorem 3.4]). In particular, (dAfdy, 74, Psm, F) defines a nonconnective pre-
geometry, that accordingly to our convention we should denote ‘J’Zfld (k)™c. However, when no confusion is possible
we simplify the notation and denote it instead by T2 (k).
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In the rigid analytic situation, there are other variations that are important for us. For every r € |k*| let D} (r)
denote the closed disk of radius r centered at the origin. Since the valuation is non-archimedean, D}, (r) acquires
the structure of a commutative group object in dAny. Applying once again May’s delooping theorem for co-topoi,
we obtain a spectrum object

E(r) € Sp(Geom(dAny, 7et, Psm))

such that
E(r)" ~ B"(Dy(r)).

Similarly to the case discussed above, (dAny, 7¢t, Psm, £(r)) is then a pre-T,, (k)-nonconnective context and
also similary (dAfdy, 7¢t, Psm, £(r)) is a pre-Tay, (k)-nonconnective context, moreover we have the following:

Lemma 7.4.1.3. The pre-T ., (k)-nonconenctive context (AAfdy, T¢r, Pom, E(r)) is a T4 (k)-nonconnective con-
text.

Proof. We are left to check condition (3) in Theorem 7.3.1.6. Let X € dAfdy be a derived k-affinoid space, we
want to show that the mapping space

MapGeom(dAfdk ,Tét s Psm) (X7 B" (D11€ (T)))

is connected, whenever n > 1 and r €]0, co] is a given radius.

Let us treat first the case where r = oo, in this case E™(r) ~ B"(BG,). By the universal property of the
k-analytic group BG, together with the universal property of the delooping functor we obtain an equivalence
between spaces

MapGeOm(dAfdk,Tét,Psn]) (X7 B" (BGG)) ~T (X’ OX) [_n]

By definition of derived k-affinoid space we know that, for each j > 0, ; (Ox) is a coherent sheaf over the
O-truncated k-affinoid space t<o X = (X, 7<0Ox ). Moreover, thanks to (the dual of) [Lurl2c, 1.2.2.14] we have
a spectral sequence of the form

By’ = (T (t<oX,m; (0x))) = mis; (T (t<oX, 7m0 (0x)))

and by Tate’s acyclicity theorem it follows that we have an equivalence of spaces

o (Ma‘pGeom(dAfdk,‘rét,lP’S,,,) (X, B"(BGa))) ~ mo (' (X, 70 (Ox)) [-n]) = H" (t<oX, m00x) = =,

whenever n > 0. Suppose now that » < oo, by May’s delooping theorem we reduce ourselves to show that the
mapping space
MapGeom(dAfdk;réh]P’Stn) <X7 Dllc (T)> (7411)

is a discrete space, i.e., the only non-trivial homotopy groups live in degree 0. We have a monomorphism D}, (1) —
BG, in the oo-category dAfdy and therefore for each n > 1 we have monomorphisms B" (D4 (r)) — B"BG,
and therefore we have a monomorphism of mapping spaces

MapGeom(dAfdk,Tét,IP’sm) (Xa Dllﬁ(r)) — Ma‘pGeom(dAfdk,Tét,]Psm) (X,BG,) ~T (tSOXv 7 (0x)). (7.4.1.2)

and we can identify the left hand side of (7.4.1.2) with global sections of the subsheaf 7y (Ox) (1) of o (Ox)
on t<oX spanned by those sections which (locally) are uniformly bounded in norm by 7 > 0.Therefore, covering
t<oX by a finite number of open affinoid spaces X = UZ X, with (classical) intersections X; ; = X; N X; we
have a commutative diagram of the form

Ai,j(’l‘) Emd HZ‘AZ‘(’I") Emd A(T)
l l l (7.4.1.3)

where the vertical maps are monomorphisms and A; ;(r) = m (Ox) (r)(X;, 7). Ai; = 70 (Ox) (X5, ),
Ai(r) =m0 (0Ox) (r) (X)), A; := 70 (Ox) (r)(X;), A(r) := w0 (Ox) (r)(X) and A := 7o (Ox) (X). Comput-
ing cohomology of the associated complex to the vertical sequence in (7.4.1.3) we conclude that cycles in such a
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complex are (co)homologous if and only if the boundary element corresponds to a section uniformly bounded in
norm by 7 on the intersections and thus on all X. This implies that we have a monomorphism of graded modules

Ty (F (tS()X, Woox(r))) — Tk (F (tS()X, 71'00)())
and therefore, we conclude that the mapping space in (7.4.1.1) is discrete, as desired. O

Therefore, the latter defines a pregeometry, that we denote by T2E(k; ).

7.4.2 Nonconnective analytification

In [Por15b, PY17b] the authors studied and exploited the derived analytification functor. This is a functor that
associates to every derived scheme locally almost of finite presentation over k a derived analytic space, which is
characterized by a certain universal property. At the level of algebras, the analytification functor can simply be
understood as the left adjoint to the underlying algebra functor. In our approach to the analytic HKR theorem, the
analytification functor plays a major role, for instance in the definition of mixed analytic algebras.

The classical analytification functor induces a transformation of pregeometries
(=)™ Tee (k) — Tan(k).

The analysis carried over in [Por15b, §4] and in [PY17b, §3] shows that this functor extends to a transformation
of geometric contexts
(=) (dAFEP 7 Po) — (dAng, Tep, Pam)-

In particular, [PY 16d, Proposition 2.25] provides us with a well defined functor
(=)™ Geom(dAffop, Tty Psm) — Geom(dAny, 7et, Pam ).

Notice that this functor commutes with colimits by construction, and therefore that it brings B"(G,,) to B"(BG,,).
As a consequence, we obtain a strong transformation of nonconnective pre-contexts

(=)™ T& (k) — Tan(k)™.

Remark 7.4.2.1. In the C-analytic setting, T, (k)™ is a nonconnective context. On the other hand, in the rigid
analytic setting, T,, (k)" is only a nonconnective pre-context. However, the inclusion T2/ (k)ne — T, (k)ne
satisfies the assumptions of ??, therefore providing for every co-topos X an equivalence

Str%?gxf)d(k)nc (:X:) >~ Str!ffn(k)nc (:X:)

We denote this co-category simply by Str?fc( ) ().
The analytification functor (—)": T2 (k) — Tan (k)" fits into the following commutative square

Teo(k) ~ L T (k)

l l

Tc(k) 5 T ()0,

Therefore, for every co-topos X, we obtain a commutative diagram

oc (_)alg oc
Str}I:tc(k) (:X:) — Strltrgﬁ(k)(DC)

J/TZ ’ J/TZO

_al

oc ( ® oc
Str}‘h(k) (DC) Str}Im‘(k) (DC)
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Consider the left adjoints
i SRS 1) (X) — Stripfe 1y (X) 4 Sl (4 (X) — Strips 4 (X)

to the connective cover functors 7>¢. The commutativity of the above diagram induces a Beck-Chevalley trans-
formation
Brio(—)™E — (—)*e 0.

Proposition 7.4.2.2. Let X be an co-topos with enough points. For every A € Strl‘})acn( k) (X) the natural transfor-
mation B4 : i(AM®) — i(A)28 is an equivalence.

Proof. Notice that [Lurl1d, Proposition 3.3.1] implies that the functor (—)a!#: Strlfc 1) (X) — Strlfr’éct(k)(DC)

commutes with sifted colimits. On the other hand, Theorem 7.3.3.6 shows that if F': T — StrlOC (k) (X) is a sifted
diagram, then the colimit of ¢ o F' can be computed objectwise. It follows that the composition

(_)alg 079: Str%?acn(k) (DC) — Strlict(k)(DC)

commutes with sifted colimits. Using [Lurl 1b, Proposition 2.11], we reduce ourselves to the case where A is an
elementary T,y (k)-structure. In this case, the formula follows from direct inspection. O

Let us fix A € Strq (k) (X). Since 7>0(i(A)) ~ A and T>0(i(A?8)) ~ A8 we obtain the following
commutative square:

ocC (_)alg oc
St (k) () i antey —— St 1) (X) i)
J/7—>0 J/TZO
ocC (= ) oc
Str}fét(k) (x)/A“g ——— Str }‘]'a‘( )(:X:)/A

Using [Por15b, Corollary 9.4] we see that all the categories appearing in this diagram are presentable. As the
functors (—)b‘lg commute with limits and filtered colimits, we deduce that they admit left adjoints, that we still
denote by

(=)™ Stripe 1) (X) ame = StrPC 0 (X) 4, (=)™ Strlr}),i 1y () i amis) = St ) (X) i)

We refer to the functor on the right as the nonconnective (derived) analytification functor.
These functors induce the following commutative diagram:

(_)an oc
StrTnc(k) (:X:)/i(Aalg) E— Str%—:ﬁ(k) (:X:)/z(A)

l |

oc -)*" oc
Str}fét(k.) (:X:)/Aalg E— Str}Ian(k) (:X:)/A .

In particular, we see that the nonconnective analytification functor respects connective structures.

Remark 7.4.2.3. The functor (—)*": Strlg‘?i(k) (X)) ane — Strlffn(k)(DC)/A does not depend on the choice of A
in the following sense. If f: A — B is any morphism in StrT o k)(DC), then the diagram

oc (_)a“ oc
SEEIES (1) (X0) e > SIS (1) (X) 4

lfalg J/f*
Stri® o () s 20 Stk (X))
commutes. Here we denoted by 4(—)*" and g(—)*" the analytification functors constructed using A (resp. B) as
auxiliary choice, and f, and fi '% denote the functors induced by composition with f (resp. fx lg) For this reason

we suppress the dependence on A in the notation for the analytification functor.
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A key feature of the underlying algebra functor on local structures is the fact that it is conservative. Let us
record this property explicitly for later use:

loc

Proposition 7.4.2.4. Let X be an co-topos and let A € Stry (1 (X). The underlying algebra functors

(=) St (4 (X) 74 — SIS 1) (X) s
(=)™ Strgie ) (X) i) — St () (X) ficawie)
are conservative.

Proof. In the connective case, this has already been proven in [Lur11b, Proposition 11.9] (in the C-analytic setting)
and in [PY16b, Lemma 3.13] (in the rigid analytic setting). In the nonconnective situation, the statement follows
at once from the connective one and from Theorem 7.3.3.8. O

For the rest of this section, we restrict ourselves to the co-topos of spaces 8. In this case, the Yoneda lemma
allows to produce several important examples of nonconnective analytic structures. Indeed, for every derived
analytic stack X € dAnStg, we can define a functor

rP(X): Tos(k) — 8

by
[ (X)(U) = Mapganst, (X, U).

This is a Th¢(k)-structure, but in general it is not local. The following proposition isolates a special class of
derived analytic stack X for which I'}" (X)) is local.

Proposition 7.4.2.5. Suppose that X is underived and mo(X) ~ Sp(k). Then I'}™(X) is a local T35 (k)-structure.

Proof. We only need to check that 7¢(I'%"(X))) is a local Topn(k)-structure. Let U € T,n(k). Since X is
underived, we have
MapdAnStk (Xv U) = 1v[apAnSt;C (Xa U)

Since U is discrete, we have
Map ppst,, (X, U) = Map g4, (m0(X), U) = Map g, (Sp(k), U).
This functor clearly sends 7¢-coverings to effective epimorphism. O

In particular, the objects
LRM(E™), DM (E(r)") € Strame ) (8)  (r € [k[™)

are local structures. We denote them by S*"(n) and S}"(n,r) respectively and we refer to them as the free
nonconnective analytic algebra of rank 1, degree n (and radius r).

Notation 7.4.2.6. We denote by AnRing}° the oo-category Str}})fc(k) (8) ;- We refer to it as the co-category of
local nonconnective analytic rings. Notice that it is a presentable co-category. In particular, it admits pushouts.
Given maps A — A’ and A — A” we denote their pushoutby A’ @4 A”.

Notice that in the algebraic case, the identification of Strgne () (8) with cdga,, the local nonconnective alge-
braic structure
[(Ege) =T(B"(G,)) € Strane (1)(8)

alg
corresponds to Symy, (k[—n]). We denote it by Si(n).
Lemma 7.4.2.7. There is a natural equivalence
Si(n)™ = S (n).
Proof. This simply follows from the fact that (B"(G,))*" ~ B"(BG,,). O
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It is less trivial to identify (S2"(n,r))*'8. We start by observing that for every r € |k*| there is a natural
morphism
B"(D'(r)) < B"(BG,),

that induces a (local) morphism of nonconnective analytic rings
Sit(n) — S (n,r).
On the other hand, the unit of the adjunction (—)" - (—)2!& provides us with a map
Mot Sp(n) — (S (n))™8 — (Sp"(n,))™®
The following result is the key to the analytic HKR:

Theorem 7.4.2.8 (Van Est, Lazard). Let p € |k™|U{oo} denote the converging radius of the exponential function.
Then if r < p the morphism ny, . is an equivalence. Moreover, if r,r’ € |k>*|U{oo} satisfy r < 1’ < p the natural
morphism

S (n,r') — S (n, 1)

is an equivalence in AnRing}°.

Proof. Since the underlying algebra functor (—)2%: AnRing}® — cdga,, is conservative, the second statement
follows at once from the first one.
Since the forgetful functor
cdga; — Mody

is conservative, it is enough to check that the image of 7,, , in Mody, is an equivalence. It follows from the defi-
nitions that this is the same morphism obtained by applying the underlying spectrum functor to 7,, ,. Unraveling
the definitions, we see that the object U(Sp"(n,r)) € Modj, is computed as the totalization of the following

cosimplicial object:
k== k(r'T) =3 k(r—'T1,r'T3) g .
which in degree n has k(r—'T},...,r~'T,), and the ith morphism
k(= Ty, ..., M) — k(r M, e T )

is determined by the rule

Tj+1 if j <1
Tj'—> Tj+Tj+1 ifj =1
T} if j > 1.
When r = oo, we denote by k(r—'T%,...,r~'T,) the algebra of analytic functions on A.

Let us first deal with the complex analytic case. In this case r = p = oco. After applying the cosimplicial Dold-
Kan, we can identify the above cosimplicial object with the cochain complex computing holomorphic cohomology
of BG,, with coefficients in its trivial representation of rank 1. The Van Est theorem (originally formulated for
continuous cochains and extended to holomorphic cochains by Hochschild and Mostow) implies that we can
identify the above complex with the complex computing the cohomology of the Lie algebra g, of BG, with
coefficients in its trivial representation of rank 1. Inspection reveals that the latter is quasi-isomorphic to k®k[—1].
The conclusion now follows from 2?.

In the non-archimedean analytic case the same thing happens, with the difference that the cochain complex is
no longer acyclic in degrees < —2 unless < p. This has originally been proven by Lazard. See [?] for a modern
treatment. O

We also need a relative version of Van Est theorem. Let A € AnRing}® and set
Sa(n) = A8 @ Sp(n), SF'(n) = A2xSE(n), SF(n,r) = ARLSP"(n, 7).
The map 7,, ,- induces a well defined map S4(n) — (S%%(n,r))2!#, that we still denote 7,, ..
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Corollary 7.4.2.9. Let p € |k|* U {oo} denote the converging radius of the exponential. Then if r < p and
A € AnRing,, the map 1,2 Sa(n) — (S5 (n,7))*# is an equivalence.

Proof. We start by observing that the formation of the map 7, ,-: Sa(n) — (S%(n,r))*!# commutes with filtered
colimits in A. Using ??, we reduce ourselves to the case where A ~ 71Oy, for X = (X,0x) € dAn; and
Z,: 8 S X: 27! a geometric point.

Notice that 2710 x @5 S2* (n, ) ~ 2~ H(Ox RS (n, 7).

we can reduce ourselves to the case where A is the germ of analytic functions at a point in the interior of the
disk Di*. As the formation of the map 7,, , commutes with filtered colimits, we see that it is enough to prove that
it is an equivalence replacing A with the analytic ring of overconvergent analytic functions on ID}”*. In this case the
Yoneda lemma allows to identify the completed tensor product A®y, S8 (n, r) with the analytic ring associated to
the stack (D7*)T x B"(D%(r)), and hence with the inverse limit

@( A =3 ABLSP(n— 1,1) =% AGy(S{™(n —1,r))®2 % )

As the underlying algebra functor commutes with inverse limits, we can reason by induction on n, and we are
immediately reduced to the case n = 1. In this case

(S2 (1, 7)) Ol ~ k(r Ty, ..., r T,

and the Yoneda lemma allows to identify the categorical completed tensor product A@k(Sgn(l, r))®l with the
usual completed tensor product A&k (r—'Ty,. .. ,r~1T}) of functional analysis. At this point, the conclusion
follows because A is Fréchet nuclear: see [Dem, Example 5.12] in the C-analytic case and [BBB15] in the k-
analytic case. In particular, the completed tensor product with A is acyclic. Thus, the conclusion follows directly
from Theorem 7.4.2.8. O

7.4.3 A nonconnective base change

Before starting to discuss S* and mixed analytic algebras, we need a couple of preliminaries on the general features
of nonconnective analytic structures. We start with a discussion of a very particular base change property.
Notice that we have a functor
Strame (k) (—): Ryop — Prf

defined informally by sending an co-topos X to the presentable oo-category Stromex) (X), and a geometric mor-
phism f,: X S Y: ! to the functor

fa Str‘rgg(k)(x) — Str?gg(k)(x)
obtained by composing with f,. The resulting functor

Strane k) (—)
dAn, —— BJop —2— prR

takes hypercoverings to limit diagrams. This is indeed a consequence of the descent theory for co-topoi [Lur09c,
6.1.3.9] and [Por15b, Lemma 3.4] (in the C-analytic case) or [PY16b, Theorem 5.4] (in the k-analytic case). In
particular, it extends to a functor

Strg’grc](k)(—)Z dADStk — ?I‘R.

When X = (X, Ox) is a derived k-analytic space, we therefore abusively write Strgme 1) (X) instead of Strgme () (X).

Proposition 7.4.3.1. Let X € dAnSty and fixr € |k*| U {oco}. Consider the pullback square



If r < p, where p is the converging radius of the exponential, then the Beck-Chevalley transformation

B: ¢ p«(OBmr ) — .0 (OB@r (1)
is an equivalence in Strqme () (X).
Proof. By definition, we have
P« (OB (r))) = SE" (M, 1),
and therefore
7" POy () = OxBrg ™' (SF"(m, 7).

Since ¢’ *(OB(DZL(T))) ~ OxxB(Dy(r))» We see that we have to prove that the canonical morphism

Ox®@rq " (SP™(m, 7)) — PLOx B (r)

is an equivalence in Strome () (X ) In order to check this, we can reason locally on X. In particular, we can
assume X to be a derived analytic space. Let us write X = (X, O0x), so that Strgme(x)(X) = Strgme(z(X).

As Ox € Str}}’:](k)(f)C), we can use [Lurllb, Proposition 2.11] to further reduce ourselves to the case where
X € Tan(k). At this point, the conclusion follows from the Yoneda lemma and the fact that T2<(k)-structures
commute with products by assumption. [

Let X = (X, Ox) be a derived analytic space. Let
G X558 ¢!
be the canonical geometric morphism. We set
S (m, 1) = ¢~ (SR" (m, 7).

As observed in the previous proof, we have a canonical identification g*p. (OB(ka(T))) ~ Ox @kS&“ (m,r). We
first address the question of whether this is a local structure or not.

Proposition 7.4.3.2. Let X € dAny be a derived analytic space. Then the nonconnective Ty (k)-structure
Ox®x S (m, r) is local, and the natural transformation O x @y, S5 (m,r) — Ox is local as well.

Proof. As Ox is a connective local structure, it is enough to prove the second statement. Using Theorem 7.4.3.1,
we can rewrite

Ox @S5 (m,T) =~ 42 (Ox xBDM (r))-

We observe now that we can explicitly represent 7>0(¢.(OxxBr(r)))) as the functor T, (k) — X sending
Y € Tan(k) to the sheaf on X defined by sending an étale morphism U — X from a derived Stein (resp. k-
affinoid) U to

U = Mapgapst, (U x B(DE'(r)),Y).

Let V' — Y be an étale map. Then we have to check that the square

MapdAnStk (U X B(DZL(T))’ V) — MapdAnStk (U X B(DZL(T)%Y)

l l

Mapgapst, (U, V) Mapgapst, (U, Y)

is a pullback diagram.
We start by proving an auxiliary statement. The canonical morphism to(U) < U induces a commutative
square

1\/IapdAnSt;C (U X B(D;cn (T‘))7 V) — Ma‘pdAnStk (U X B(D? (T))a Y)

l |

Mapganst, (to(U) x B(DE'(r)), V) —— Mapgauss, (to(U) x B(D}*(r)),Y).
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We claim that this square is a pullback. Observe that

Mapgans, (U x B(DE'(r), V) ~ lim (U x (Dy*(r))*", V),
[nleA

and we can give similar description of the other mapping spaces appearing in the above square. As limits commute
with limits, in order to prove that we have a pullback, it is enough to show that for every n > 0 the diagram

1v[apdAnSt;C (U X (]D)ZI(T))XR7V) — Ma‘pdAnStk(U X (Dzn(,r))xn’y)

! |

Mapgapst, (to(U) x (DFH(r))*", V) —— Mapgayst, (to(U) x (Di*(r))*",Y).

This follows at once from the fact that the étale topoi of U x (D}*(r))*™ and to(U) x (DP*(r))*™ coincide and
from the universal property of étale morphisms proved in [Lurl1d, Remark 2.3.4].
At this point, consider the commutative cube

Map(U x B(Dj'(r))) Map(U x B(Dj'(r)),Y')
Map(U, V) l Map(U,Y)
Map(to(U) x B(D}*(r)), V) Map(to(U) x B(D}*(r)),Y')
— —
Map(to(U), V) Map(to(U),Y).

We just argued that the back square is a pullback. A similar (but easier) use of [Lurl 1d, Remark 2.3.4] shows that
the front square is also a pullback. Therefore, in order to prove that the top square is a pullback, it is enough to
prove that the bottom square is a pullback. We now observe that both Y and to(U) x B(D}*(r)) are underived.
Furthermore, the functor of points of Y takes values in sets. It follows that

Map(to(U) x B(Dy*(r)),Y) ~ Map(mo(to(U) x B(Dy*(r)),Y) ~ Map(to(U),Y).

This proves that the vertical morphisms in the diagram

Map(to(U) x B(D}'(r)), V) —— Map(to(U) x B(D}'(r)),Y)

| |

Map(to(U), V) Map(to(U),Y)

are equivalences, and hence that this diagram is a pullback. This completes the proof. O

We now use the results of ?? to extend the above result to a more general situation.

loc

Proposition 7.4.3.3. Let X be an oo-topos with enough points. Let O € Str? (,)(X) be a connective and

local Ty (k)-structure. Then the nonconnective structure O&;,S ¥ (m,r) is local, and the natural transformation
0®1S5 (m, 1) — O is local as well.

Proof. Observe that since X has enough points, in order to check that 750 (O®y, S5 (m, 1)) is local, it is enough
to check that for every geometric morphism z,.: 8 = X: 2™, the stalk 7 (750 (O®% S5 (m, r))) is local. Now,

2 (120(0@kSF (M, 1)) 2 To0(z ™ OBk~ (S§ (M, 1)) 2 To0(z ™ OBRSE" (m, 1))

Using ??, we can write

z7 1O ~ colim O,
0’eé
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where & C Strieé(8) /z-10 is the full subcategory spanned by germs of T, (k)-structures (see ??). As a conse-
quence, we obtain
7 ORSI (m, 1) ~ cglirgl(@’@kSZ“(m, r)).
e

As 0 is a germ of a T-structure, we can apply Theorem 7.4.3.2 to deduce that 70(0'®S2"(m, 7)) is a local
structure. Using ?? again, we see that the co-category € is filtered. As 7> commutes with filtered colimits, we
finally conclude that

T50(27 1 ORE S (m, 7)) ~ Cé)/lérgl T50(O0' @152 (m, 7).

As local structures are closed under filtered colimits, the conclusion follows. O

7.4.4 Relative Van Est

Let X be an oco-topos with enough points and let O € Strlff’;n(k)(DC) be a local Ty, (k)-structure. Let p,: X &
§: p~! be the canonical geometric morphism. We set

S (n,r) = p 1S (n,r).
Recall that (S2"(n,7))*& ~ Sj(n). There is a canonical morphism
10,n,r: O @ Sg(n) — (OB Sk (n,))™e.
The main result of this section is the following:
Theorem 7.4.4.1. For every O € StI‘TM (k) (X), the canonical morphism ne ., , is an equivalence.

We prove this theorem by several reduction steps. Consider the full subcategory Cy of Str}icn( k) (X) spanned

by those O € Strlf‘fc (k) (X) such that no - is an equivalence. Notice that O € Cy if and only if for every
geometric point Tyt 82 X:x ", onehas z € O € Cg. We can therefore suppose that X = 8. Recall now that
both the functor —®Sk(n, ) and (—)?!& commute with filtered colimits. Using ??, we are therefore reduced to
prove the theorem in the case where O ~ 27 'Ox for X € dAn; and x,: § = X: ™! a given geometric point.
For this, it is enough to prove that

NO Oiég @k Sk(n) — (ORkSk(n,r))#

is an equivalence in Strf:rnc( 1) (Xx ). We proceed by induction on the Postnikov tower of X. When X is underived,
the result follows from Theorem 7.4.2.9. Suppose therefore that the statement has been proven for X, := t<,,(X).
We have a pullback diagram in S‘mrIOC (k) (X)

T<nt10x —— 7<,O0x

l J#

do
TgnOX — TSnOX & M,

where M = 7, 1(Ox)[n + 2] and where dy corresponds to the zero derivation. As both functors (—)*# and
— ®y Sk(n) commute with limits, we conclude that the diagram

Tent10%8 @ Sp(n) ———— T<, 0% @ Sk(n)

l l

TenO%E @k Sp(n) —— (T<, 0% © M) @4, Si(n)
is again a pullback.
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We now claim that the diagram

Tent10x @RS (n, 1) ——— T<, Ox @S (n, )

l l (7.4.4.1)

TSnOX®kSZn(n7T) e (TgnoX EBM)@]CS?](’I’L,T)

is a pullback square in StricS. (k) (Xx ). For this, we observe that Theorem 7.4.3.1 allows to rewrite 7<, O x xS (n, 1)
as the pushforward on Strqne 1) (Xx ) of the structure sheaf of t<,, (X) xB(Dy(r)), and similarly for 7<,, 110 x & S2 (n, )

and (7<,Ox @ M)®;,S3"(n,r). We now observe that in the co-category of derived analytic geometric stack we
have a pushout

t<n X[M] x B(D}(r)) —— t<, X x B(D}(7))

| l

t<p X X B(DP(r)) —— t<ns1 X x B(DE(r)),

which implies that (7.4.4.1) is a pullback. Using again the fact that (—)*% commutes with limits and invoking the
induction hypothesis, we see that we are reduced to prove that the canonical map

(T<nO%8 & M) ® Si(n) — (T<nOx & M)SrS2"(n, 7))
is an equivalence. Let ¢: t<, X x B(D}(r)) = t<, X be the natural projection. Then
t<n X[M] x B} (1)) = (t, X x B(DE(r)))lq" M.
Therefore

- : S an an al
(T<nOx ® M)pS" (n, 7)™ = lim (7<,Ox@uSE™(mn,r) & M @ Sp*(mn, 1))
meA

~ lim (7<, Ox @pSE" (mn, 7)) & lim M ®j Sy(mn),
meA meA

whence the conclusion.

7.4.5 Analytic S'-algebras
Recall that we denote by S* the (derived) algebraic stack
St (dAFEP)op — 8

obtained as sheafification of the constant presheaf associated to the space S'. We denote by (S 1)"“‘ the (derived)
analytic stack
(SH)an: dAfdyop — 8

obtained as the analytification of S'. Equivalently, (S 1)an is the derived analytic stack obtained as sheafification
of the constant presheaf associated to the space S*. Notice that (S*)" is in fact underived and that

mo((81)™) = Sp(k).
In particular, Theorem 7.4.2.5 implies that T4 ((S*)") is a local nonconnective analytic ring.

Notation 7.4.5.1. We denote the local k-analytic ring T4 ((S*)*") simply by %" (S'). Let X be any co-topos.
Let p,: X < 8: p~! be the canonical geometric morphism. We set

TE(S") = p ' TP (S") € Striie 1, (X).
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There is a third alternative way to describe the derived analytic stack (S ! )2". We can in fact identify it with the
delooping of the constant stack (Z)*" associated to Z, seen as a discrete topological space. As Z is initial among
discrete groups, we see that there is a canonical morphism of group stacks

(Z)™ — D' (r).
In particular, applying the delooping functor provides us with a morphism
(8™ — B(D'(r)).
Passing to global sections, we obtain a morphism of local nonconnective analytic rings
o S (n,r) — T2 (Sh).

Proposition 7.4.5.2. Let p € |k*| U {oo} be the converging radius of the exponential function. If r < p, then m,
is an equivalence.

Proof. We know from Theorem 7.4.2.4 that the underlying algebra functor (—)®!# is conservative. It is therefore
enough to prove that 72!2 is an equivalence. Thanks to Theorem 7.4.2.8 and ??, we see that it suffices to prove
that the canonical morphism

[(S') — Tin(sh)™e

is an equivalence. In order to see this, we only need to prove that for every n > 0, one has
Ma‘pdAnStk ((ﬁl)ana B"(BG,)) ~ MapdStk (517 B"(Gu)).
As S1 ~ % 11,11, *, we are reduced to check that
Mapg anst,, (Spec(k)™, B"(BGa)) ~ Mapgsy, (Spec(k), B"(Ga)),
which is tautological. O

Fix an oco-topos X. We are interested in studying the co-category of S*-objects
S1-Strles. ) () == Fun (B(sl), Strl_})g;(k)(DC)) .

As in ??, we are looking for a reformulation in terms of analytic comodules. In order to do this, we need first to
discuss the structure of coalgebra of I'37(S1).

Proposition 7.4.5.3. Let X € dAnSty be a derived analytic stack. Consider the cartesian diagram

’

sty —— (8
q

(S
¥

X ——

X x 1an

)
p(k)

2

in dAnSty. Then the induced Beck-Chevalley transformation
¢"PxO(s1yom — Plq " O(g1)am
in an equivalence in Strqme (1) (X).
Proof. Recall that S! ~ * IT,1, *. Hence
(8™ =~ Sp(k) Usp(rusp(r) Sp(k),

and therefore
P«0s1 =k Xpxp K,
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the product being taken in Strgae x) (8). Similarly, since colimits in dAnSty, are universal, we have X x (S ! 2R~
X I xx X and therefore

p;q/*osl ~ p;oxx(§1)an ~ OX XOXXOX OX,
the product being taken in Strgne 1) (X).
We are therefore reduced to prove that the canonical morphism
Ox®@rq " (k Xpxk k) — Ox X0y x0x Ox
is an equivalence. We now invoke Theorem 7.4.5.2 to obtain an equivalence of T1S (k)-structures
k Xpxi k2= SE(1,7),

where 7 is less than the converging radius of the exponential. Using Theorem 7.4.3.1 we now identify O x @kq_l (KX kxk
k) with the pushforward along X x B(D; (1)) — X of the structure sheaf of X x B(ID; (7)), i.e. S&" (1, 7). Using

Theorem 7.4.2.9, we can further identify the underlying algebra of S&° (1,7) with Sym jais (Oﬁg[—l]). As the
X
underlying algebra functor commutes with limits, we are therefore reduced to check that the canonical morphism
1 al al

Symoi(lg (O;g[_l]) — ng X o(;gg y O(;gg OXg
is an equivalence. Using [Lurl Ib, Proposition 2.11], we can further reduce to the case where X € T, (k). In this
case we can identify the underlying module of both sides with O;‘}g &) O?}g[—l], whence the conclusion. O
Remark 7.4.5.4. Observe that p’.¢"*O g1 (and hence ¢*p,Og1) belongs to Strl}),?c(k) ().
Corollary 7.4.5.5. Let D be the smallest full subcategory of dAnSty, closed under products and containing Ty, (k)
and (S*)*". Then the restriction
is strongly monoidal.
Proof. We first observe that the functor I'3" is lax monoidal. Indeed, it is right adjoint to the functor

AnSpec: Strgnex)(8) — dAnStyop

that sends A € Strgne (i) (8) to the derived analytic stack sending U € dAfdy to

AnSpec(A)(U) = Mapsir e (A, T0)).

The Yoneda lemma implies immediately that AnSpec is strong monoidal. It follows that its right adjoint is lax
monoidal.

Letnow X,Y € D. Suppose at first that X, Y € Tapn(k). Then for any A € Strgme (1) (S), we have
AX xY)~ A(X) x A®Y).
Applying the Yoneda lemma, we therefore obtain
Mapgir, e ) (TE(X % ¥), 4) = Mapgy, ..., (TE(X), 4) % Mapgy,,,. (T (V). 4),
and hence R
MM X)@ 8N (Y) ~ T (X x Y).
In general, we can write X ~ X’ x ((S1)2")*" and Y ~ Y x ((S*)2*)*"™, where X', Y’ € T,n (k). In this case,

the conclusion follows by induction on n and m, using Theorem 7.4.5.3 to deal with the induction step. O

As a consequence of this corollary, we can promote I'#"(S') to an object in Comong,__ (Strgme(z)(8)). Ob-
serve furthermore that I'#"((S1)*™) belongs to Str?fc( 1)(8). We can therefore review T'4"(S") as an object in

Comong_ (AnRing}). If X is an oco-topos and p.: X < 8: p~! is the canonical geometric morphism, the
functor

p~': AnRingp® ~ Str}}’gfﬁ(k)(S) — Str%?s(k)(DC)
is a left adjoint. This allows to identify I'§"(S') with an object in Comong__ (Str}}’gﬁ(k) (20)).
Proposition 7.4.5.6. Let X be an oco-topos. There is a canonical equivalence
S-StriRS 1 (X) ~ Comodrpan (g1 (Strise (4 (X))

Proof. This is just a consequence of the comonadic version of Barr-Beck-Lurie’s theorem. O
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7.4.6 Nonconnective analytic square-zero extensions

We now turn our attention to the second main character in the HKR theorem: the analytic split square-zero
extension.
Using ?? we obtain an equivalence
Mody ~ Sp(AnRing}°).

We simply denote the forgetful functor
2°°: Sp(AnRing}°) — AnRing}°

by
M — k @* M,

and we refer to it as the analytic split square-zero extension. Notice that Modj has an exotic monoidal structure
given by
(M,N)— M&N &M, N.

With respect to this monoidal structure, the functor {2°° is lax monoidal.
Using Theorem 7.3.7.5, we obtain a canonical map

(k@ k[-1])*" — k@™ k[-1],

which in general is not an equivalence.
On the other hand, using the formal nonconnective context, the generic fiber transformation and Theorem 7.3.6.10,

we obtain a canonical map
S, r) — k™ k[-1].

Proposition 7.4.6.1. If r < p, the map Si"(1,7) — k &*" k[—1] is an equivalence.
Proof. Tt is enough to apply (—)®!¢ and use Theorem 7.4.2.8. O

Using ??, we can reprove (with exactly the same proof) the contractibility of the space of Hopf structures on

S (1,r):
Proposition 7.4.6.2. For every r € |k*| U {oo}, the space of Hopf structures on Sy (1, 1) is contractible.

Corollary 7.4.6.3. The canonical map Si*(1,r) — k &* k[—1] can be promoted to an equivalence of analytic
Hopf algebras.

(i) The £222 is oplax monoidal;
(i1) construction of the Beck-Chevalley transformation;
(iii) promotion of Beck-Chevalley to a transformation of Hopf algebras;

(iv) comparison between B(G,) and the split square-extension.

7.4.7 Mixed analytic rings

Definition 7.4.7.1. We define the co-category of mixed nonconnective analytic rings as
e-AnRingy® := Comodygany—1) (AnRingy°).
Proposition 7.4.7.2. The forgetful functor
e-AnRing;® — AnRing}*
is monadic. The endofunctor underlying the monad is canonically equivalent to
A+ AnDR(A) = Sym? (“an4[1]).
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We now provide an alternative construction for the category e-AnRing}°.

Lemma 7.4.7.3. The canonical morphism
AME @ (k@ k[-1]) — (AB(k @™ k[-1]))®
is an equivalence.

Proof. Need relative Van Est. O

7.4.8 Analytic HKR

Prove S'-equivariant HKR (define mixed analytic rings as comodules over the analytic split square-zero exten-
sion).
Our goal is to prove the following theorem:

Theorem 7.4.8.1. The forgetful functor vy : k[n]**-Comod(AnRing,) — AnRing, admits a left adjoint L.
Furthermore, the composition L o vi™ can be canonically identified with the assignment

A Symzn(ﬂ‘anA [1)).

Proof. The existence of L is a consequence of the adjoint functor theorem and the fact that the comonad & [n]a“(@k —
acts on A*¢ by
A— Ag A[-1].

We now remark that for every f: A — B in AnRing;, we have a fiber sequence

MapAalgMod (]LanA [_1]a f*Balg) — 1\/Ia“pAnRing,C (Symikn (lLaHA [” )7 B)

! !

{f} MapAnRingk (A’ B)

Similarly, we have a fiber sequence

Map gaspgod (“ana[—1], f.B*8) —— MapAnRing;f(Av k)™ &, B)

| !

{f} 1\/[apAmRing,C (A’ B)

Finally, we observe that there is a canonical map
A = [ @xSym (Mana[1])
induced by A — Sym%*(*an 4[1]). This map induces a morphism
MapAnRingk (Sym%’ (]LanA 1), B) — MaPAnRinggc (A, k[n] an@)kB)-

The above fiber sequences imply that this morphism is an equivalence.
Hence the functor A +— Sym?® (“an[1]) is left adjoint to A +— k[n]** @y, A. This completes the proof. O
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