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CHAPTER 1

INTRODUCTION

1.1 Backward stochastic differential equation with jumps

The first part of this thesis is dedicated to the study of backward stochastic differential equation
with jumps with exponential quadratic growth and unbounded terminal condition. First we recall
the classical notion of BSDEs in the Brownian setting as well as the jump framework. We also
review the major results on this subject.

1.1.1 Backward stochastic differential equation: The continuous setting

Backward stochastic differential equations were first introduced by Bismut in 1973 [18] and in
the last two decades they became one of the main tools to solve different financial mathematics
problems, for instance, pricing problem, stochastic differential games. In 1990, Pardoux and
Peng [113] generalized this notion for bounded BSDEs with drivers that satisfy a general non-
linear Lipschitz condition. Furthermore, Duffie and Epstein [36] introduced these equations
independently in the context of recursive utility.
Given a complete filtered measurable probability space (2, F, (J)0<:<1},P) generated by
a d-dimensional Brownian motion B, a backward stochastic differential equation is presented
as follows T T
Yt=£+/t fs(YS,ZS)ds—/t Z,dB,, te0,T], P-as. (1.1)

This equation is characterized by:
» Terminal condition £ which is an F-measurable random variable.
« Driver f:Q x [0,T] x R¥ x R¥*¢ _ R¥ which is a progressively measurable process.

According to [113], solving this equation consists of finding a couple of progressively measur-
able processes (Y, Z;)o<i<r taking values in R¥ x R¥*? satisfying (1.1) such that

T
E[ sup |Yt|2+/ |Zs|%ds] < +oc. (1.2)
0<t<T 0
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Introduction

The control process Z; steers the process Y; towards the terminal condition £ and ensures the
adaptedness of Y; to the underlying filtration.

Before proceeding further, let us recall some classical existence and uniqueness results for
BSDEs. We start by introducing a necessary assumption.

Assumption 1.1.1.

» Integrability condition: f;(0,0) and £ are square integrable.

« Lipschitz condition: The driver is Lipschitz in (y, z) and uniformly in (t,w) i.e. There exists
a constant K such that, for all (y,y, z, z) we have

[fe(y, 2) = [, 2)| < K(ly — gl + |z = 2]).
Classically the solution (Y, Z) is defined in the following spaces

+ H? the set of all R**¢-valued F;-progressively measurable processes Z such that
T
E[/ |Z,[2ds] < +oo.
0
+ 8% is the space of R*-valued F;-progressively measurable processes Y such that

1’| < 4o0.

E| sup |¥;
o<t<T

Theorem 1.1.2. (Pardoux-Peng [113]) Under Assumption 1.1.1, the BSDE (1.1) has a unique
solution (Y, Z) € H?(R¥) x H?(R¥*4),

The proof of this theorem is based on fixed point argument.

Another important result in the one-dimensional case is the comparison theorem given in the
paper of El Karoui and al [43]. This result says that once we can compare the terminal condi-
tions and the coefficients of two different BSDEs, the corresponding solutions can be ordered.
More precisely, the comparison theorem given by EL Karoui and al. in [43] and relaxed in [39]
is stated as follows

Theorem 1.1.3. Let (Y, Z) and (Y, Z) be two solutions of BSDEs associated respectively to
(f.€) and (f,€). Then, if whether f or f satisfies Assumption 1.1.1 and

&< g, f(Y;bZt) < f(Y;HZt% Vt e [OvT]> P-a.s.

Then we have Y; <Y;, Yt <€ [0,T], P-a.s.
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Several works proposed different approaches or techniques to prove that under weaker
assumptions, either on the driver or on the terminal condition, we can guarante the existence
of the solution. We can mention the case where

+ fislocally Lipschitz and grows sub-linearally in z (see Hamadéne [60]).

* f has linear growth (see Lepeltier and San Martin [90] ).

» fis uniformly Lipschitz in z and satisfies a monotone condition (see Pardoux [112]).
« fis Lipschitz in z and has polynomial growth in y ( see Carmona and Briand [21] ).

In these papers, authors show existence of the solution using the monotone stability approach,
that is based on approximation of the generator by a converging sequence. The problem is then
reduced to showing the monotone convergence of the approximated BSDEs to the original one.

Quadratic BSDEs

Since their introduction, the main innovation about BSDEs is the study of quadratic BSDEs.
This type of equations have been an object of intensive study during the last decades mainly
due to the wide range of applications including financial problem (dynamic risk measure, port-
folio maximization problem, etc).

As far as we know, BSDEs of this type were first considered by Schroder and Skiadas [125] in
1999 and followed by Kobylanski [84] who showed existence of the solution under the following
assumption

Assumption 1.1.4. Let ag,50,b € R and ¢ be an increasing continuous function. For all
(t,v,2) € Ry x R1*+d
F(t,v,z) = ap(t,v,z)v + Fy(t, v, 2)

and
ﬁO < a()(t,U,Z) < «p, |F0(t,U,Z>‘ < b+C(|U‘)|Z‘2

The existence and uniqueness result of Kobylanski [84] are stated as follow

Theorem 1.1.5. Assume that ¢ € 1L.>° and f satisfies Assumption 1.1.4, then the BSDE (1.1)
has at least one solution (Y:, Z;)o<:<7 Such thatY is bounded a.s and Z < HZ2. Moreover, there
exists a minimal solution (resp.a maximal solution).

The idea of the proof was inspired by the partial differential equation technics and is based
on the following road mapp.
In the first step, we truncate the driver with respect to y and z to obtain a continuous monotone
sequence of generators with linear growth for which solutions do uniquely exist. In the second
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step, we show that the limit of these solutions exist and solves the original BSDE. Nonetheless,
the technical difficulty in the so-called Kobylanski method is the strong convergence of the mar-
tingale part.

The uniqueness of the solution is also stated in this paper and based on the following compar-
ison theorem.

Theorem 1.1.6. Let (¢!, f1) and (€2, f?) be two sets of parameters such that
- L < and f1 (Y, Zy) < fR(Y, Zy), vt € [0,T], P-a.s.

« f1 or f?satisfies the following assumption: For all M € R there exist two constants b
and c such that for allt € [0,T] , |y| < M and ¥z € R,

7(t,,2)] < b+ cl=P? andl |2 (1,,2)| < b+ ez,

of 9
< < .
ay@yw)_b+dd

Then, if (Y',Z') and (Y2, Z?) are two solutions of the BSDE (1.1) associated respectively to
(f1,€Y) and (f?,¢€%), one has Y,! < Y2, Vvt € [0,T], P-a.s.

Another approach has been developed by Tevzadze [129] concerning well-possedness of
this type of equations. More precisely, the author proved the existence and uniqueness of the
solutions for BSDEs under locally Lipschitz-quadratic conditions. Although, this approach is
limited to small bounded terminal condition, the strong convergence of martingale part is no
longer needed.

Another important aspect of the theory of quadratic BSDEs is the well-posednes of these
equation under weaker terminal condition. We would like to illustrate this through the following
brief example. Consider a quadratic BSDE of the form

dY; = 1|22t — Z,dBy, vt € [0,T],P-a.s,
Yr =¢.

Applying It6’s formula to exp(Y;) and taking the conditional expectation, it is easy to see that
Y; = In(Elexp(§)|F:]) is a solution of the above BSDE. With this simple example we see that it
is sufficient to consider a terminal condition with finite exponential moment.

This direction was first explored by Briand and Hu in [23, 24]. They showed existence and
uniqueness of the solution under the following assumption

Assumption 1.1.7.

e vVt €[0,7T], (y,2) — f(t,y, z) is continuous P-a.s,.
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“V(t,y,2) €[0,T|xRXR B>0,7>0, a>2, |f(t,y,2)| < a+Blyl+ 3|2/~
e IX > 4efT, E[eM] < +o0.

This result was followed by Delbaen et al [34] for a super quadratic growth driver under
a specific Markovian assumption. The authors also argue that when the terminal condition is
bounded, there are cases of BSDEs without any solution as well as infinitely many solutions.

A lot of research followed until Barrieu and EL Karoui [12] proposed in 2013 what is now
known as "the forward approach". This is a new technique to deal with the well-posedness of
quadratic BSDE allowing to find a solution in a direct way. The method is based essentially on
a special class of semimartingale defined as follows

Definition 1.1.8. A quadratic semimartingaleY is a continuous process such thatY = Yy—V +
M with V' a local finite variation process and M a local martingale with the following structure
condition Q(A, C,0): For an increasing predictable processes C, A, and a constant §

5 5
—5d(M)y = dA, — [¥i|dC, < dV; < Jd(M); + dA, + |Yi|dCy. (1.3)

Note that the symbol "< " means that the difference is an increasing process.

The authors showed that a quadratic semimartingale Y who lives in the spaces D**P is in fact
a quasi entropic submartingale .i.e for all stopping times o, T,

InElexp(—Y;)|Fs] <Y, < InElexp(Y;)|Fs]. (1.4)

Via the exponential submartingale inequality (1.4), they derive the characterization of this
semimartingale as well as integrability properties to investigate the behavior of this semimartin-
gale as the limit of a sequence of quadratic semimartingale based on an stability result of
Barlow and Protter [11]. Moreover, they prove that the quadratic semimartingale is stable in a
suitable class and obtain different types of convergence of the martingale part.

The novelty of this method is that, it gives in a direct way, an existence result for quadratic
BSDE. To the best of our knowledge, this is the only paper who gave a general existence result
for quadratic BSDEs in the Brownian setting.

What about the uniqueness? The question of uniqueness is much more complicated then
the existence of the solution. In the BSDEs literature the uniqueness result is only obtained
under very limited conditions. More precisely, it requires additional assumptions on the driver
and stands only for bounded terminal condition. We highlight that, Briand and Hu showed in [24]
the uniqueness of quadratic BSDE’s solution for unbounded terminal condition under stronger
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hypothesis. More precisely, they proved comparison theorem where the driver f is convex with
respect to the control process. Using this property and a localization procedure, they obtained
a comparison result which leads to the uniqueness of the solution. This result was extended
later by Mocha and Westray [107] to semimartingale BSDEs.

As explained before, BSDEs are of great theoretical interest due to their connection with various
domains including finance, physics or biology. For an extensive overview of applications, we
refer the reader to the relevant papers of El Karoui et al [120], Hu, Imkeller and Muller [73].

1.1.2 Backward stochastic differential equation : The jump setting

One of the directions who attracted many researchers is the case involving a discontinu-
ity in the dynamics of the state solution. In this setting, the BSDE is no longer driven by
Brownian motion but also by a random jump measure. To be more precisely, let a filtered
probability space (2, F,F,P) on which the filtration F = (F;)o<:<r satisfies the usual condi-
tions of completeness and right continuity. On this stochastic basis, let W a d-dimensional
Brownian motion and u(w, dt, de) an independent integer valued random measure defined on
([0,T] x E,B([0,T]) ® B(E)), with compensator v(w, dt, de).

The BSDE with jumps were first introduced and studied by Tang and Li [128] and it has the
following form

T T T
Yt:/ f(s,Ys_,Zs,US)ds—/ ZSdWS—/ /Us(e)ﬂ(dt,de), Vi e [0,T],P-as.  (1.5)
t t t E

This equation involves a second stochastic integral with respect to a compensated random
measure. More precisely, the compensated random measure i is given by

fi(w, dt,de) = p(w, dt,de) — v(w, dt, de),
where the associated compensator v is absolutely continuous with respect to A ® dt such that
v(w,dt,de) = ((w,t,e)A(de)dt, 0<¢<C(C,, forsome constantC,.

for a o-finite measure X on (E, B(E)) satisfying [ 1 A le|*A(de) < oo and a bounded P ® B(E)-
measurable non negative density function ¢. Here, ? is the predictable o-field on 2 x [0, 7.

In [128], Tang and Li studied existence and uniqueness of square integrable solutions un-
der global Lipschitz assumption where the jump is of Poisson type. A solution of the BSDEJ
associated to (f,¢) consists of a triple (Y, Z,U) € 82 x H? x H2 of progressively measurable
processes such that the equation (1.5) holds.

12
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Here 82 is the set of real valued RCLL adapted process Y such that

IY][32 == E[ sup [Vy[*] < +o0.
0<t<T
The space associated to the jump component U is H2 which is the set of all P-predictable

processes U such that
T
EK/‘/wxw%wan
0 E

where P is the respective o-field on Q x [0, 7] x E. We also need to define the following space.
For u,u € L°(B(E),v), let

1
2
< 400,

u—af = [ Ju(e) = ae) Pt )A(de).
E

Under the following standard assumption, Barles, Buckdahn and Pardoux [10], established an
existence result in order to give a probabilistic interpretation of viscosity solution of semilinear
integral Partial equations.

Assumption 1.1.9.
« The terminal data ¢ € L%.
« B[S |£5(0,0,0)|2ds] < +o0.

 The generator f is Lipschitz continuous in the following sens: for all (t,y, z,u) € [0,T] x
R x R? x LO(B(E), v),

|fe(y, 2,u) = fi(5, 2, D) < Klly — g1° + [z — 2° + [E [u(e) — ale)*v(dt, de)].

BSDEs with jumps (BSDEJs) and semi-linear partial differential equation (PDEs)
Let us focus now on how BSDEJs are linked to semi-linear PDEs. The starting point is the
Markovian BSDEJs. From a diffusion process (X;)o<s<7 defined as the strong solution of the
following standard stochastic differential equation (SDE):

t t t

Xt::c0+/ b(s7Xs)ds+/ J(S,Xs)st—i—/ / B(X,,e)fi(ds,de), Vit € [0,T],P-as, (1.6)
0 0 0 JE

we define the Markovian BSDE as follows

T T T
Yt:g(XT)—l—/ fs(Xs,Y;,ZS,VS)ds—/ stBs—/ /Vs(e)ﬂ(de,dt), vt € [0, 7], P-as.
t t t E
(1.7)

13



Introduction

Consider now the following PDE

{ %(t,x) + Ku(t, z) + f(t, z,u(t,x), Vu(t,z)o(t, z), Bu(t,z)) =0, Y(t,z)c[0,T] x RY,
u(T,z) = g(x), Vr € RY,
(1.8)
where X, B are defined by

Ku(t,z) := Lu(t,x) + /E[u(a: + B(x,e)) — u(x) — Vu(x).8(x, e)]\(de). (1.9)

Bu(x) = /E[u(aj + B(x,e)) — u(z)]y(x, e)A(de). (1.10)

If we suppose that the PDE (1.8) has a smooth solution then, using It6 formula we can prove
that the BSDEJ (1.7) admits (Yz, Z;, Vi)o<i<r = (u(t, Xt), Vu(t, X¢)o(t, Xt))o<t<T @S a unique
solution.

This result can be understood as the probabilistic representation of the solution of the semilin-
ear PDE (1.8) via the solution of the BSDE (1.7). This probabilistic representation, also called
Feynman-Kac representation is an interesting tool to solve PDE numerically and to prevent
from the dimension problem. Various results have been obtained in this subject. Among then
we quote Bouchard and Touzi [20], Gobet and al. [53].

As for the Brownian setting, the comparison theorem for BSDEJs is an important result
since it implies the uniqueness of the solution. Although the comparison theorem holds true for
Lipschitz BSDEs in the Brownian one dimensional case, it need further assumption to control
the increment of the jump component in the discontinuous setting.

Royer [121] solves this problem and introduce necessary and sufficient condition to obtain
a comparison result. This condition namely "A.-condition" is stated as follows.

Assumption 1.1.10. There exits —1 < C; < 0 and Cy > 0 such that Yy € R,Vz € R? and
Vo, v € LY(B(E),v).

fily, z,v) — fily, z,0) < /EV?’Z’U’E(e)[U(e) —o(e)]v(de), vt € [0,T],P-a.s,

where v¥*%7 s a P @ B(R't?) @ B(E)-measurable function satisfying C1(1 A |e|]) < ~:(e) <
02(1 A ’6‘)

The comparison theorem is then stated jointly under the following assumption.
Assumption 1.1.11.

« The terminal condlition ¢ € 1L3..

14
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« E[J7 | £5(0,0,0)|2ds] < +oo.
e The driver f is Lipschitz with respect to y, z.

Theorem 1.1.12 (Royer [121]). Assume that 1.1.11 and 1.1.10 are fulfilled. Consider (Y, Z,U)
and (Y, Z,U) the respective solutions of BSDEJs driven by (f,¢) and (f,€). If ¢ < & and
fily, z,u) < fi(y, 2z, u), thenY; <Y;, Vte[0,T],P-as.

In 2006, Becherer et al. [15] studied the existence and uniqueness of bounded BSDE’s solution
when the generator is Lipschitz in (y, z) but not necessarily Lipschitz in the jump component.
In this paper, the BSDE is driven by a Brownian motion and a random measure that is possibly
inhomogeneous in time with finite jump activity. More precisely, the authors considered a driver
with the following form

fi(y, ) = fuly, 2,u) + /E gu(u(e))v(de). (1.11)

Assumption 1.1.13.
2 A — _ _ _ _ 1
° |felysz,u) = filg, 2,0)| < Klly — gl + |z = 2| + ([ [u(e) — u(e)[*v(dt, de))?].
« 3K, K2 € [0,400) such that | f,(y, z,u)| < K* + K2|y|.

e g is locally Lipschitz in u, uniformly in (t,w) and

(1.12)

g(t,u) < lul, ifu<0,dt®@P-a.s
g(t,u) > —|ul, ifu>0,dt ® P-a.s.

Under the above assumption, the existence result is stated as follows

Theorem 1.1.14. (Becherer et al [15]) Let ¢ € 1L.°>°. Assume that \(de) is finite and Assump-
tion1.1.13 is fullfield. Then there exists a unique solution (Y, Z,U) in S> x H? x H? to the BSDEJ
(1.5).

More recently, Becherer et al. continued in [14] their study by considering an extension to the
infinite activity jumps. Moreover, the authors analyzed a jump market model in which they derive
generalized good-deal valuation bounds for possibly path-dependent contingent claims using
this class of BSDEJ. They also draw a close link between the BSDEs with infinite activity and
the utility maximization problem in finance for power and exponential utility functions.

Quadratic BSDE with jumps

Many attempts have been suggested to relax the assumptions on the driver f as well as on the
terminal condition in the discontinuous framework. In particular quadratic BSDEJ have found

15



Introduction

much attention. However, only few general existing results concerns the quadratic case. Most of
the works are arising form utility maximization problem and hence deals with the wellposedness
of BSDEJ with a specific form of f.

This gap has been successfully filled by El Karoui, Matoussi and Ngoupeyou [42] in the case
of unbounded BSDEs with jumps, where the existence of the solution is provided by means of
forward approach. In this paper the driver satisfies the following quadratic exponential structure
condition

1. ) 1. ) _
gt(yvzvu) = —gjt(—(S’U,) —§|Z’2—lt—Ct‘y| < ft(y,Z,U) < gjt((SU)+§‘Z|2+lt+Ct|y‘ = qt(y,z,u),

with [, ¢ are non negative processes and ¢ is a constant and

dui(e) _
Ji(6u) ::/ ¢ gut(€)+1y(dt,de).
E

Let us point out that the choice of this quadratic exponential structure condition seems to be
natural and realistic. In fact if we look the following canonical example of this type of BSDEJs

T 5 1 T T
Yt:§+/ §|Zt|2+gjt(6U)dt—/ stws—/ /Vs(e)ﬁ(dt,de). (1.13)
t t t FE

the solution is the process defined as p;;(nr) = $ InE [exp(énT)‘?t} . Under the simplest driver
structure, we see that the related BSDEJ can characterize an entropic dynamic risk measure (
see [42]) .

The approach exposed in [42] permits to relate these BSDEJs to a quadratic exponential semi-
martingale. In fact, this specific type of semimartingale yields to a suitable dominated inequali-
ties in terms of entropic processes:

P—é,t(QT) <Y< P(S,t(UT)7 (1.14)

where U, and U are two random variables depending only on /, ¢, § and ¢.

From this dominated inequalities, the structure properties on the martingale part as well as the
finite variation part are established. Under sufficient integrability condition, we can derive from
the Doob decomposition of this class of semimartingale a general stability result. Then, exis-
tence of the solution of the BSDEJs follows from this stability theorem.

Nonetheless, we have to point out that the extension of the forward approach to the jumps
framework is not straightforward or trivial. In fact, the presence of the jump induces many tech-
nical difficulties and requires some specific arguments.

Afterward, Kazi-Tani, Possamai and Zhou [117] established existence of a solution of Lips-
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chitz quadratic BSDE with jumps by adopting the approach developed in [129] where the main
tool is the fixed point argument. More precisely, under the following condition

* f is uniformly Lipschitz in y.

« There exits > 0 and ¢ € H%,,,, such that ¥(¢, v, z, 2, u)
‘ft(y727u) - ft(yvz/7u) - ¢t(2’ - Z/)’ < /’L‘Z - Zl’(‘z|2 + ’2’2)
« There exit v > 0and ¥ € J%,,5 st C1(1 Ax) < y(x) < Co(1 Ax).

‘ft(y7zvu) - ft(yvz/7u) - <wtvz - Z/>t| < H|u - U/|t(\u|3 + |u’?)

* f:(0,0,0) verify some integrability condition.

where [|91500 = || [ [ ¢s(e)ii(de,ds)| amo for all predictable and B(E)-measurable pro-
cess U defined on Q2 x [0,7] x E and ||Z||HzBMO = || fy ZsdWs| Bmo for all R%-valued and F;-
progressively measurable process Z. The authors show that if we assume that ||£]|- is small
enough we can obtain existence of the solution. The construction of the solution is done via
a fixed point argument. However, unlike the lipschitz case, the fixed point argument falls when
f has local Lipschitz and quadratic growth. Regarding this and chosen a weighted norm of ¢
, they prove that in sufficiently small ball the contraction can be obtained and hence the map
has a fixed point. The authors also prove that under stronger assumption on f we can have the
existence of the solution of the BSDEJ for any bounded terminal condition.

Recently, Fujii and Takahashi in [52] proved the existence and uniqueness of bounded so-
lution under the exponential quadratic structure of [42]. They also derive sufficient conditions
for the Malliavin differentiability of the solution.

In the context of exponential utility maximization problem, Morlais investigates in [108, 109]
the solvability of bounded BSDEJs with the following specific driver

10,
200

) = i (Simon— G+ D+ [ jalu— ()] - oz -

ant
The author shows the existence and uniqueness results of BSDEs governed by Wiener pro-
cess and Poisson random measure using the monotone stability approach. In this paper, the
particular case of admissible strategies valued in a compact set is considered in a model with
bounded coefficients. More precisely, she characterized the associated value function as the
unique solution of a quadratic BSDEJs using the well known dynamic programming principle.
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A very recent result in this subject is the work of Laeven and Stadje [86], where they in-
vestigate the effect of ambiguity on a portfolio choice and indifference valuation problem. Using
the well known dual approach, they express the value function in term of bounded BSDEJ’s
solution who grows at most quadratically. They proved a general existence result of BSDEJ
with infinite activity jumps. However, the methodology adopted in this paper requires convexity
assumption on the driver.

When the terminal condition is no longer bounded, the literature is less abounding. In fact
the only existing reference in this subject is the paper of El Karoui, Matoussi, and Ngoupeyou
[42]. As explained before, the approach adopted in this paper is the forward approach and the
terminal condition is considered with finite exponential moment as follow

< +o0.

T
Vy>0 E lexp (v <ect’T]£\ +/ eCt'SdAs)>
t

The common feature in all these works except [42] is the use of BMO martingale. This
notion plays a crucial role to prove the uniqueness of solutions in the continuous and discontin-
uous setting. In general, the uniqueness of BSDE's solution where the coefficient is no longer
Lipschitz relies on two arguments:

+ Classical linearization technic.
» Change of probability measure (Girsanov theorem).

Hence, to justify the use of Girsanov theorem, we are naturally lead to the BMO structure. More
precisely, a square integrable cadlag, R%-valued martingale M on a compact interval [0, 7] with
My = 0 is a BMO ( bound mean oscillation) martingale if

ess sup [|E7 [[(M, M) — (M, M)- ][l < oo, (1.15)

where || X ||oc = sup,cq |X| for any bounded random variable and the supremum is taken over
all stopping times 7 valued in [0, T]. The first important property of this class is that if M is a
cadlag BMO martingale such that AM; > —1,Vt € [0, T], P-a.s, then the stochastic exponential
&(M) is strictly positive uniformly integrable martingale. A consequence of this result is that the
probability measure dQ = &(My)/dP is well defined. Moreover, M = M + (M) is a BMO(Q)
martingale.

For further theoretical result about BMO martingales, we refer the interested reader to [81], [80].
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Connection with financial and economics problem

When the jumps arise through a standard Poisson process or a Lévy process, several papers
have been devoted to this type of equation. Among them, we quote Morlais [108], Yin and
Mao [133], Kharoubi and Lim [82], Jiao and al [79], Ankirchner [4]. However, in a general set-
ting that allows infinite activity jumps in the price process, only few papers studied this problem.
Morlais [109] considered utility maximization problem in incomplete market and proved that the
value process can be characterized as a solution of a specific quadratic BSDE with infinite ac-
tivity jumps.

In [14], Becherer et al also analyzed a jump market model in which they derive generalized
good-deal valuation bounds for possibly path-dependent contingent claims using this class of
BSDEJ. They also draw a close link between the BSDE with infinite activity and the utility max-
imization problem in finance for power and exponential utility functions.

Robust utility maximization problem
In general the problem can be formulated as follows

V= :ggéréi;)E@[U(Xgi—g)], (1.16)
where P is the set of all possible probability measures and A is the set of admissible trading
strategies. In contrast with standard utility maximization problem in which the "historical" prob-
ability P is well known, the investor has some uncertainty on the probability that describes the
dynamics of the underlying asset. More precisely, instead of solving the utility maximization
problem over one measure, a family of probability measures is considered.

In this context, the main goal of the investor is to find the optimal strategy under the worst
scenario. In order to solve the problem, the information on the set P is fundamental where we
can distinguish two cases, the dominated and non dominated case. So the set P is dominated
means that every probability measure P € P is absolutely continuous with respect to some
reference probability measure in P.

In this case, several papers were devoted to this problem. However the starting point was by
Gilboa and Schmeidler [124] and followed by many others such that of Anderson, Hansen and
Sargent [3] and Hansen et al. [71], [58], [123] among others. In particular, JeanBlanc et al. [78]
generalized the result of Bordigoni et al. [19] and proved that the solution of the robust problem
is the solution of an exponential quadratic BSDE with jumps.
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1.1.3 Summary of the main results

Motivation. In contrast to basic model with continuous paths, the jumps diffusion models,
have been used to quantify and to capture adequately the risk of strong stock price move-
ments. One reason for this move into, is that financial data in many cases cannot be accounting
by a diffusion process and hence cannot provide a realistic observation of financial markets in
a more accurate way.

Started with Merton, the jump diffusion models was developed in several setting. Classically,
these model are build on a Brownian motion and a Poisson process to measure the variation
of the normal asset prices and capture the large movement due to unexpected market infor-
mation. We highlight that, recently, fiancial models allowing infinite activity jumps have been
proposed.

Motivated by these models, our first contribution presented in this thesis is to study the solv-
ability of quadratic BSDEs with unbounded terminal condition in a general jumps setting under
the following assumption.

Assumption 1.1.15.
e Structure condition. ¥(y, z,u) € R* x R4 x LY(B(E),v),Vt € [0,T]

1. 1) 1. 1)
—gjt(—m) - 512\2 — i —clyl < fily, z,u) < g]t((su) + §|Z’2 + 1t + cly|, P-a.s.

e Integrability condition.Ny > 0, E [exp (v (eCt’T|£ | + ftT eCt’SdAS))} < 00,
where l; and C; are two predictable positive processes.

Under this assumption, we prove the following existence result

Theorem 1.1.16. Suppose that Assumption 1.1.15 and A, -condition are fulfilled. Then there
exists a solution (Y, Z,U) € 8§ x H? x H2 to the BSDEJ (1.5).

We prove the existence of unbounded solution in a general framework using double trun-
cation procedure and a stability theorem for a specific class of semimartingale. The idea of the
construction is based on the following road map.

e Since we are dealing with BSDEs with infinite activity, we first rely on the truncation technics
of Becherer and al [14]. More precisely, we truncate the infinite activity jump measure v by an
appropriate finite random measure.

e The second one is based on a double approximation of f by mean of the regularization

20



Introduction

function of Moreau and Yosida to recover the case of driver with Lipschitz growth.

Combining the two steps we obtain a sequence of Lipschitz BSDEs with finite activity jumps.
In the other hand, since we rely on the forward approach, the solution of the truncated BSDEs
will be seen as an exponential quadratic semimartingale with the following structure condition
Q(A, C):

0 0 .
—§d<MC>t —dA; — |Y2|dct — jt(—éMg) < dVy <« §d<Mc>t + dAs + |Yt]dCt +]t(5AMtd)

From the entropy properties of this class of semimartingale, we apply a general stability
result to obtain the existence of the solution.
As explained before, the uniqueness of the solution requires further hypothesis. For this reason,
we state the uniqueness result under stronger assumption on the driver with respect to the
control state process Z.
This work is concretized in the preprint [104].

1.2 Backward stochastic differential equation with random coeffi-
cients and jumps

1.2.1 Presentation of the problem and the link with doubly reflected BSDEJs

The second part of this thesis is devoted to the study of BSDE with jumps and unbounded ter-
minal condition in more general framework. The first general setup concerns a class of BSDE
called Generalized BSDE (GBSDEs in short). This class was introduced in the Brownian set-
ting, by Pardoux and Zhang [115] in order to give a probabilistic representation for solutions of
semilinear PDE with nonlinear Neumann boundary condition. This equation has the following
form:

T T T
Yt:£+/ fs(ig,ZS,Us)ds+/ gS(YS)dAs—/ Z.dB,, Vi€ [0,T],Pas.  (1.17)
Jt t t

Compared to the classical setting, we consider an additional integral with respect to an in-
creasing continuous real valued process A that is independent of the Wiener process W.

In the paper [115], an existence and uniqueness result are established in the case where the
drivers are monotone with respect to y and uniformly Lipschitz in z. This result was extended
later by El otmani [44] to the Lévy jump setting. Several works have followed and developed
in various subject. Among them we quote Ren and Xia [119], Ren and El Otmani [118] and
Essaky and Hassani [49].
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We should point out that, in all these works, the existence of the solution is based es-
sentially on the fixed point argument. However the main problem in carrying out this method-
ology is that the construction of the contracting map (in an appropriate Banach spaces) re-
quires a strong shape of integrability on the terminal condition of the type E [eﬂTygﬂ < 400

T
or E {eﬂfo “gdsyﬂ?] < +o0. Unfortunately, since we are looking for unbounded solution, this
approach may fail in our context.

We also consider more general assumptions on the driver. More precisely, we are looking
for unbounded solution of Generalized BSDEJ where f has general stochastic growth.
Classically in the study of BSDEs, well-posedness results are obtained in the case where f
satisfies some uniformly growth condition. However since BSDEs become an indispensable
tool in various topics, these type of assumptions are too restrictive to be assumed and they are
not verified in general.

If we look for the simplest example of a pricing problem in a Black and Scholes market we
can see that the fair price of an European options is given by the solution of a linear BSDE
associated to (r(t)Y; + 0(t)Z:, &), where 6 and r are stochastic. Unfortunately, the interest rate
and the risk premium are in general not bounded in the market.

In this sens, El karoui and Huang [40] introduced the following "Stochastic Lipschitz" hypothesis

Assumption 1.2.1. [40]

 There are two predictable positive processes 0, r such that for all (t,y,y,z,z) € [0,T] x
R % R*™4, | fy(y, 2) — fi(§, 2)| < rely — gl + 0]z — 2]

T t 2
- E [/0 exp(ﬂ/o agds)wdt

< 400, where of =1y + 02, B; > 0.
o

< +00.

T
cE [ sup expf [ a’ds|¢|?
0<t<T 0

Under this assumption, the authors established existence and uniqueness results for the fol-
lowing BSDE driven by a general cadlag martingale and an increasing process

—dY; = f(t, Y, Zt)dCt — Zt*th — d Ny, Vit € [0, T], P-a.s.
This result was extended in different direction

» Bender and Kohlmann [16] who studied BSDEs with random time under this condition.

+ Bahlali et al. in [8] studied the case where the coefficient satisfies the Lipschitz Condition
w.r.t z and some stochastic monotone condition in y.
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» Essaky [50] extended this result to doubly reflected BSDEs with stochastic quadratic
growth in z.

 Briand and Confortola [22] and Wang et al [130] among others.

To solve the unbounded generalized BSDE with jumps (1.17) under stochastic quadratic growth
we were inspired by the work of Bahlali, Edhabi, Ouknine [7]. In this paper the authors gives
a totally different approach to tackle the problem of existence and uniqueness of quadratic
BSDE's solution in the continuous setting. This approach is based mainly on existing results of
doubly reflected BSDEs.

In the following we explain the approach in more details. The existence of the solution of BSDE
with a driver f satisfying the following structure condition

[fs(y, 2)] < a+bly|+ h(y)lz]” = gs(y, 2),

is based on the following road map. The first step is to prove that the BSDE associated re-
spectively to ¢ and —g admits a maximal solution. More precisely, we denote respectively by
(Y9,79) and (Y9, Z79) the associated solution of

T T
Yo =¢+ / (Y9, 29)ds — / Z94B,,  Vie[0,T], P-as.
t t

T T
. +/ o (Y9, Z79)ds —/ Z794B,, Ve [0,T], P-as.
t t

In fact the solution process Y9 and Y9 will be seen respectively as the obstacle L and U of
the following doubly reflected BSDEs

Vi =¢+ [ fo(Ys, Zo)ds — [ Z,dBs + Kf — K7, vt € [0,T], P-a.s.
Li=Y9<Y,<U =Y/, vt € [0,T)], P-a.s.
ST (Vs = Ly)dKF = [ (Vs = Ug)dK; =0,  P-as.

Relying on the result of Essaky [50] related to doubly reflected BSDE, we can deduce the exis-
tence of the solution of the above system. Finally, if we show that the processes dK+ = dK~ =
0, we can deduce existence result for non reflected case.

Our goal is to extend this result to a jump setting which leads naturally to the study of general-
ized doubly reflected BSDEs with infinite activity jumps and where the driver satisfies a general
stochastic structure condition.

Unfortunately, as far as we know, there is no existing result on this subject. Hence, as a first
step, we concern ourselves to the well-posedness of doubly reflected BSDEJ’s where the driver
has a general stochastic growth and unbounded terminal condition.
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1.2.2 Doubly Reflected BSDEJs

As already mentioned, we fix our attention on BSDEJs with two reflecting barriers. These equa-
tions are commonly called doubly reflected BSDEJs (DRBSDE in short) and were first intro-
duced and studied by Cvitanic and Karatzas [32]. However the notion of BSDEs with constrains
started with the seminal paper of El Karoui, Kapudjian, Pardoux, Peng and Quenez [41] as the
generalization of the work of Pardoux Peng [113].

Intuitively, the solution of these equation are constrained to be greater then a given process
called obstacle. In this situation, the reflected BSDE takes the following form

T T
Y, =&+ / £o(Ys, Z5)ds — / Z4dB, + K1 — K, vt € [0, 7], P-as,
t t

together with the following constraints

L <Y, vt € [0,T], P-a.s.
JEV, - Ly)dK, =0, P-as.

This system is also charcterized by an extra term K, which turns out to be crucial to the well
posedness of those equation. This increasing process has to fulfilled the Skorohod condition,
which means that K operate in a minimal way so that it only acts when the process Y try to
over pass the obstacle L.

El Karoui et al. [41] proved in this paper, the existence of a unique L2-bounded solution when
the generator satisfies uniform Lispchitz condition with respect to the processes (Y, Z). In
addition, the obstacle L which is a continuous progressively measurable process satisfies
E[supyepo,r)(Li)?] < +oo.

The authors also draw a close link between reflected BSDE and optimal stopping control prob-
lem. More precisely, they show that the solution process Y; characterize the value of an optimal
stopping problem as follow

Vi = esssupen | [ (Ve Z)ds + Lot + €1 15). (1.18)
t

where T is the set of all stopping times dominated by T"and 7; := {r € T;¢t <7 < T} . In terms
of applications, they proved that the reflected BSDEs are intrinsically linked to the hedging
problem for American options.

Since then, this class of BSDE has been widely studied in the literature. In [103], Matoussi
proved existence of the solution where the driver have linear growth with respect to (y, z).
Afterwards, Kobylanski et al [85] showed the existence of one dimensional BSDEs solution in
the case when the terminal condition and the barrier are uniformly bounded. Also, the driver
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has superlinear growth in yy and quadratic growth in z as follow

Gy, 2) <l +Clz2  and /+°O L= /0 L= 4o

e ORI SN0
Several works has been obtained in this subject under weaker assumptions. We mention the
work of Hamadéne and Popier [69] or Klimsiak [83] who treated separately the case where f is
continuous and monotone in y, Lipschitz continuous with respect to z and LP-integrable data.
When f is Lipschitz and the barrier is RCLL, Lepeltier [92] and Hamadene [62] also investi-
gated this problem. Lepeltier, Matoussi and Xu [91], considered the case of driver who grows
arbitrary with respect to y. Xu [132] treated the case when the terminal condition is bounded

and the driver is quadratic in z and monotone with arbitrary growth in y.

Later, Lepeltier and Xu [93] extended the result of [23] to the reflected setting and prove
the existence of maximal solution in the case when the obstacle is bounded and the driver is
linear increasing in y with quadratic growth in z as follow : there exits o, 5 > 0, v > 0 satisfying
a>L, [f(ty,2)] <a+Blyl+ 3z
The extension to the unbounded obstacle case is obtained by Bayraktar and Yao [13].

More recently, Essaky et al [50] treat the case where the driver has general stochastic quadratic
growth without assuming any integrability condition on the terminal data.

Building upon these works, RBSDE has been extended to jump setting as well as in more
general settings( general martingale [9]). Among these works we mention the existence of the
solution when
e f is uniformly Lipschtz, ¢ is square integrable and the obstacle is RCLL with E[sup,(S;)?] <
+oo (see Essaky [48]),

e £ is suqgare integrable , f is uniformly Lipschitz and the barrier (S;):<; is a cadlag process with
inaccessible jumps (see [68]).
e When the obstacle process has arbitrary jump structure (see [67]).

Doubly Reflected BSDEs

As we mentioned before, Cvitanic and Karatzas [32] introduce the notion of doubly reflected
BSDE. Unlike reflected BSDE, the solution of the doubly reflected BSDE is maintained between
two barriers L and U with a minimality condition that is the process K+ and K~ only act when
Y reaches the obstacle L and U.

In contrast with reflected BSDE we need to add additional assumption on the barrier to get
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the existence result. In [32], the authors propose two different assumptions on the obstacle to
get an existence result.

The first one is called "the Mokobodski condition” : This condition postulates that there exists
two positives uniformly square integrable supermartingales h! and k2 such that: vVt € [0, T], L; <
hi —h? < U;.

The second one is that the two barriers are quasi-semimartinagles. They show that under either
the first or the second condition and

\£|2+/ (t,0,0)Pdt + sup ([T + L) | < oo,

there exist a unique solution. The reason for preferring the last condition to the first one is sim-
ply that the Mokobodski’s condition can be difficult to verify.

In general there is two possible approachs to solve the problem .
— Penalization procedure. This approach has been widely studied in the literature. However the
first work using this technique is of El karoui and al [41]. Roughly speaking, the reflected BSDE
can be viewed as limit of penalized BSDEs. Consider (Y, Z™) the solution of the following
BSDE

T T T
nn:5+/ ga;zyu+n/)@j—Lgnm—/ ZrdB, Vte[0,T),P-as.  (1.19)
t t t

In addition to the driver, the term n(Y]* — L)~ dt measures how far the solution Y violate the
obstacle L;. When the penalty parameter n goes to infinity, it ward off Y™ from passing under
L. Setting K}' := n(Y;” — L;)~dt and showing that (Y, Z™, K™) converges in some sens to
(Y, Z, K) in an appropriate spaces then we have that the limit of (Y™, Z™, K™) solves the origi-
nal reflected BSDE.

— Picard iterative method. This approach is based essentially on the construction of an iter-
ative sequence of processes (Y™, Z™, K™). If one can prove that the sequence (Y™, 2", K")
converges in some sens then we can say that the limit is a solution to the reflected BSDE. As a
final step, we prove that the solution (Y, Z, K) is the fixed point of a contracting mapping in an
appropriate spaces.

DRBSDE in the Brownian seting as well as the jump setting have been considered by many
authors. In the Brownian setting, we cite the work of Hamadéne Lepeltier and Matoussi who
investigated in [59] the existence of solution for DRBSDE when the driver has linear growth
by assuming regularity condition on the one barrier and also the existence of a positive semi-
martingale between the barriers constraints. Later, Hamadéne and Hassani [63] generalize the
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result of [59] and proved the existence of the solution when the barriers are completely sepa-
rated .

Under the Mokobodski condition, Bahlali et al. [9] treated the case where the driver has lin-
ear growth in y and quadratic in z. This result was followed by Hdhiri and Hamadéne [65], they
establish an existence result by assuming that the barriers are completely separated. Essaki
and Hassani [50] proved existence and uniqueness of the solution of doubly reflected BSDE
under more general assumption on the data by considering a driver with quadratic stochastic
growth i.e | fs(y, 2)| < (s(w) + %M? without imposing any integrability condition on the ter-
minal condition. This result was generalized later by Essaky, Hassani and Ouknine to the case
of RCLL obstacles.

More recently, Baadi and Ouknine [6] have studied doubly reflecting barrier BSDEs when the
noise is driven by a Brownian motion. They showed existence and uniqueness of the solution
when the reflecting barrier don’t satisfy any regularity assumption.

Several authors have been regarding to extend these results to the discontinuous setting by
adding a stochastic integral with respect to a jump measure. Among them, we cite the work of
Crepey and Matoussi [31] who considered the case when the driver f is Lipschitz the Obstacles
satisfy the Mokobodski’s condition.

When the obstacles are completely separated, Hamadene and Hassani [63] showed that
the DRBSDE driven by a Brownian motion and a Poisson noise has a unique solution. Let us
mention that, in their study the proces Y has only inaccessible jumps. This result was general-
ized later by Hamadéne and Wang [70].

Hamadéne and Lepeltier [66] generalized the results of [32] in order to solve a non anticipa-
tive mixed zero-sum game. Doubly reflected BSDE is further developed to different framework,
such work includes that of [30,37,38,51,64] among others.

1.2.3 Summary of the main results

The second contribution of this thesis is to study doubly reflected BSDEs with jumps in general
setting. We prove the existence of a unique solution under a general structure condition. More
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precisely, we study the following system
Y, — T T T T T _

v =&+ [y fs(Yor, Zs, Vi)ds + [ dRs+ [, g5(Ys)dAs — [; ZsdBs — [, [ Vi(e)fi(ds, de)
(8) +JdK} — [T dK, 0<t<T, Pas.

Li<Yi<U; and [] (Us—Y, )dKF = [](V,- — Ly)dK; =0, 0<t<T, P-as,

where
* B is a d-dimensional Brownian motion.
* i = u — v is a compensated random measure.
s f:Qx[0,T] x R?*Y — R is a P-measurable continuous function with respect to (y, z,v).
* g:Q2x[0,T] xR — Ris a P-measurable continuous function with respect to y.

* R is a P-measurable and continuous process such that there exist two continuous non
decreasing process R and R~ with R < +oco and R} < +oc satisfying R= RT — R,

» Ais P-measurable continuous non decreasing process such that Ao =0 and Ay < +oc.

First, we define the solution of generalized doubly reflected BSDEJs associated to (fds+gdAs+
dR,, L,U) as the quintuple (Y, Z,V, K*t,K~) € D x £>% x £2 x K? such that the system (8) is
satisfied. More precisely, we look for solution in the following spaces

£2? s the spaces of R? -valued and P-measurable processes such that

T
1212 5= [ 1ZPds < +o0, P-as
0
£24 is the space of predictable processes such that

T
1012, ;:/ / U (e)2v(de, ds) < +o00, P-a.s.
v JO E

X the space of P-measurable continuous non decreasing process such that Ky = 0.
D (respectively D¢) the space of R-valued P-measurable cadlag processes resp. (AY; = 0).
We ask the data (fds + gdAs + dR;) to verify the following assumptions

Assumption 1.2.2 (Assumptions on the drivers).

« The first assumption characterize the growth of the driver f with a lower and an upper
bound: For every (y,z,v) € R x RY x LO(B(E),v), there exist § > 0 and two positives
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processes n and C respectively in L}(, [0, T]) and D¢ such that

Cs
,00.2,) = —nma(w) — LD L)
< fuw.9.2.0) € Gl z0) = ) + S0 e2 4 L),

dt ® dP-a.s, (w,t) € Q x [0,T], where

J(v) = /é (65”(6) —dv(e) — 1) v(de).

» The second assumption consists in specifying a lower and upper bound for g: For all
y € [LS(U}), Us(w)]’
|gs(w,y)| <1 A(dt) ® P(dw)-a.s.

* The last assumption known as the ” A -condition ” deals with the increments of the driver
f with respect to the jump component: For all (y, z,u,4) € R x R? x L°(B(E),v) there
exists a P ® B(R?) @ B(E)-measurable function v where C; < v < Cy with —1 < O <
0,Cy2 >0,

iz 0) = Sy 2 0) < [ (e)lole) = o(e)v(de)

We will always assume that the upper and lower obstacle L and U verify the following
properties

Assumption 1.2.3. (Assumptions on the Obstacle)
(i) There exists a semimartingale S with the following decomposition

S=8y+VT -V~ + [;asdBs, where Sy e R, VF, V- € X and a, € £24, P-a.s.
(Il) Lt < St < Ut, Lt <0< Ut, YVt € [O,T],]P)'a.s.
(i) Forall R € X, dR; >0, Vtel[0,T],P-a.s.

Let us point out that these assumptions are not restrictive and weaker than the existing
assumption in the literature. Let us expose the example treated in [50].
We consider the case where the driver has general growth in y and quadratic growth in z.
Let #,7 € L'(]0,T]) and a progressively measurable functions ¢, ®,+ such that vt € [0, T],
Yy € [Ls, Us, V2 € R4, we have

| fs(w, y, 2)| < ds(w, 2) + Bs(w, y) + (s, w, y)|2]*, l9s(w, y)| < 7s(w) + ps(w, y).
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We can see that the above structure condition holds in this case and thus, if we choose n and
C as follow

nt(w) = ﬁt(w) =+ sup sup |<I)s(w7 aLs + (1 - a)Us|

5<t a€[0,1]
Cy(w) = 2sup sup |¢s(w,als + (1 —a)Us|.
s<t a€[0,1]
and
lgt(w,y)| < +sup sup |ps(w,als + (1 — a)Us]| = qe(w) < 1+ (w), (1.20)

s<t a€[0,1]

Put g;(w,y) = %ﬁf) and dA; = (1+m;)dA, inthe BSDE (1.17), we see that g also satisfies the
above assumption. Our goal is then to find a solution to the Generalized DRBSDE with jumps

(8) under assumptions 1.2.2 and 1.2.3.

Theorem 1.2.4. Assume that Assumptions 1.2.2 and 1.2.3 are fulfilled then the doubly re-
flected BSDE with jumps associated to (fds + dR, + gdAs, €, L, U) has maximal solution.

The construction’s scheme of the solution is as follow. Following the classical terminology in the
quadratic BSDE literature, we begin by an exponential change of variable. This transformation
enables us to obtain another doubly reflected BSDE with more tractable coefficients. However,
unlike the classical results on BSDE, this exponential transformation did not lead to a Lipschitz
one. We are thus led naturally to a trancature procedure.

The second step will be the truncation procedure to obtain an approximation sequence of glob-
ally Lipschitz doubly reflected BSDEJs. More precisely, let us introduce the sequence of DRB-
SDE with jumps.

. T . . . T . T . T .
vt = ge [ ozt ushds + [Cgivpaas + [ ari- [ zpas,
T ) T ) T .
— VI (e)n(ds, de) + dK™ — dK»™, 0<t<T, P-as.
t E S ‘ S 0 S

with the constraint
L, <Y™<U, 0<t<T, P-as.

T . . T . .
/ (Y™ — LK™t = / (UP —Y™)dE™M~ =0,  0<t<T Pas.
0 0

To insure that the approximated coefficient conserves all the properties of f, we truncate the
driver by means of sup-convolution .

Thanks to this truncation procedure, the coefficients f and g are respectively Lipschitzin (y, z, v)
and y. However, since we work under weaker assumptions, we introduce a family stopping time
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7; = inf {t >0, A+ R+ Cy + fot Nsds > z} A T. We show that this approximated BSDE has a
unique solution.

The solution is then constructed by proving a monotone limit theorem and achieving the con-
vergence of the Lipschitz DRBSDEs constructed by the above trucation procedure. Then we
show that the limit of those solution indeed solves the original DRBSDEJ. As a final step we
comeback to our initial system and prove that admit a solution using a logarithmic transforma-
tion.

This work is concretized in the preprint [105].

1.3 Mean-field FBSDEs with jumps and application

The Last chapter of this thesis is dedicated to fully coupled Mean field FBSDEs with jumps and
applications to the energy storage problem.

1.3.1 Forward Backward stochastic differential equation with jumps

An abundant literature has been dynamically devoted to investigate the solvability of forward
backward stochastic differential equation (FBSDEs) as they naturally arise in the various field
such as in finance (stochastic control problem), economics (contract theory) and Partial Differ-
ential equation ( PDEs).

Forward-Backward SDEs were first introduced in the continuous framework by Antonelli in
his Phd thesis [5]. He studied the well-posedness of these equations over a sufficiently small
time duration. The author also argue through a counter example that, over a considerable time
period, the solvability of the FBSDEs may fail. The same problem was solved by Pardoux and
Tang [114] and proved continuous dependence of the solution on parameters. The authors also
make a link with quasi parabolic PDE.

Forward Backward SDE driven by a Brownian motion have been studied by several authors
using different approaches. Let us mention here the main approaches developed in the litera-
ture.

e Four step method. This method goes back to Ma, Protter and Young [100] and based
essentially on PDE technics and probability method. In this paper, they proved existence and
uniqueness of the solution of fully coupled FBSDEs when the coefficients are deterministic sat-
isfy the non degeneracy condition (o is non degenerate ). They also showed that the solution
is closely linked to some quasilinear PDE.
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e The continuation method. Developed in [74] by Hu and Peng, it can be seen as a prob-

abilistic approach. They proved existence and uniqueness under an arbitrary time horizon by
relaxing the degeneracy condition with some monotonicity condition.
This result was followed by many others. Among them, we quote Peng and Wu [116], Yong
[135,136]. In [116] the authors also showed some results about the links between FBSDEs and
some linear quadratic stochastic optimal control problem using the maximum principle. We also
refer to the paper of Yu and Ji [139] who studied the linear quadratic non zero sum games in
term of FBSDE.

We also mentioned the work of Delarue [33] for decoupled FBSDEs. The existence and
uniqueness are both proved in this paper using a fixed point argument and the so-called *four
step approach’. This result was extended later by Zhang [137].

e Unified approach. Developed in [101] by Ma et al. to study the solvability of a general type of
FBSDE namely coupled FBSDE.

We can describe the difference between decoupled or coupled FBSDEs system as follows:

— The system of FBSDEs is said to be decoupled if the randomness of the terminal condition
and the coefficients comes from a Forward SDE and does not depend on the BSDE’s solution.
Moreover, if the coefficients are deterministic, then the backward equation exhibits a Markovian
property.

— Coupled FBSDEs: when the dependence of the coefficients of the Forward SDE is related to
the Backward solution.

FBSDEs was extended naturally to the jumps setting. This subject started with the work
of Zhen [138], where the author proved existence and uniqueness results for FBSDEs driven
by a Brownian motion and a Poisson random measure. Later, Wu [131] generalized the result
of [138] to fully coupled FBSDEs with jumps over a random interval. Recently, Situ [134] dis-
cussed the existence and uniqueness of the solution under the monotonicity condition using a
probabilistic method.

Motivated by stochastic differential game and partial differential-integral equations (PDIE),
Li and Wei [96], studied some LLP-estimates as well as an existence and uniqueness result re-
lated to fully coupled FBSDE with jumps.

When it comes to application, a large trend of literature has been developed dynamically
especially in connection with stochastic optimal control problem for random jumps and mathe-
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matical finance. We refer the interested reader to the work of Oksendal and Sulem [110,111],
Shi [126,127] and the reference therein.

1.3.2 Mean field theory

Mean-field game were first introduced around 2006 by Lasry, Lions [87—89, 99] and separately
by Caines, Huang, Malhamé [75-77] in the engineering topics. The origin of mean field theory
comes from statistical physics where they study the interaction of particles as well as the impact
of the whole system on the behavior of every single partical. The mean-field game (MFGs in
short) is the study of the asymptotic limits of a stochastic differential game of a large number of
identical agents where their actions are influenced by the empirical distribution of the states of
the ensemble players.

Let us describe informally the mean field setting. From a mathematical point of view MFGs,
are captured typically by a system of forward Fokker-Plank equation and Backward Hamilton
Jacobi Bellman (HJB):

ou — oAu+ H(z,V(z,t)) = f(z,m(t)),
om — o Am — div(mDpH (z,Vu)) =0, (1.21)
m(0) = mo, u(z,T) = g(z,m(T)),

where m is the density of probability measure. We consider that a representative player control,
through a process « , his own dynamics dz; = audt + odWy, 2(0) = xo, in order to minimize the
following cost function

IE[/OT[L(xt, ar) + f(xe, m(t))]dt + g(xr, m(T))]. (1.22)

If the value function u of the problem (1.22) is smooth enough, then using standard control
techniques the optimal control o*(z,t) is given by the first equation (Backward HJB equation)
in (1.21). The second equation describes the aggregation of the action of the players. It presents
the movement of the agents in time based on their initial distribution.

Since the seminal paper of Lasry and Lions, the literature on mean-field topic has expe-
rienced a significant increase in attention during this decades (see e.g Gomes [54-56], Car-
dialaguet [28] among others).

In particular, it is significantly used in divers areas such as in economics, finance, public wealth
and power system. We can mentioned the work of Espinoza and Touzi [47] for investment prob-
lem, Elie, Mastrolia and Possamai [46], Aid et al. [1] for principal agent problem and Alasseur
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et al. [2] for energie storage model.

For a more complete overview of the theory, we refer the reader to the books of Bensoussan
et al. [17], Carmona, Delarue [29] or the notes of Cardaliaguet [27]. In particular, we refer to the
paper of Lasry and Lions [57] for it application to Economics, Finance and game theory.

Motivated by theses works, Buckdahn, Djehiche and Li [25] introduced a new class of BS-
DEs namely Mean-field BSDEs. Following that study, Buckdahn, Li and Peng [26] have anal-
ysed existence and uniqueness of the solution and stated a comparison result for this type of
BSDEs. The connection with some some type of PDE was also established. This result was
generalized later by Min and Peng [106] to the case of fully coupled mean-field FBSDEs in the
Brownian setting using a continuation method.

As for classical BSDEs, various applications have been considered in the mean field con-
text, notably mean field control problem. For instance, Li et al. [98] investigated a linear quadratic
optimal control problem and draw a correspondence with FBSDEs of mean-field type using a
classic convex variation principle combined with variational method, Ma et al. studied the non
convex control domain case and Tang and Meng generalized the result of [98] to the jump set-
ting.

In this context, Min and Li [95] considered a new type of BSDEs namely mean-field BSDEs
with jumps coupled with the value function. The authors proved that this type of BSDEs admits
a unique solution, and established a comparison theorem as well as a dynamic programming
principal. More recently, the authors extended their result [95] to the case of fully coupled mean-
field BSDEs with poisson jump measure [97].

1.3.3 Summary of the main results

Existence and uniquess results for fully coupled mean-field FBSDEJs. Motivated by the
above works on control problem, we investigate in this chapter fully coupled mean field FBSDEs
driven jointly by a Brownian motion and a jump random measure and where the coefficients de-
pend on Z and K. We prove existence and uniqueness under two different assumptions without
imposing the non-degeneracy condition in the forward equation.

More precisely, we consider a system of fully coupled mean field FBSDEJs of the following form
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t t
Xi= Xo+ [ BlXe, Yoo Zoo Ko Pox,y)ds + [ 0u(Xe, Vi Zoy Koo B,y )WY,
0 0
t
©) [ ] B X Yo 2o K Py y)f(ds,de), 0<t<T, P-as.
0 JE T o .
Yt:g(XT’PXTH/ hS(XS’YS’Z&KSJPRXS,YS))CZS‘/ stws—/ /Ks(e)fr(ds,de),
! t t JE

where X, = z for deterministic 2, € R% and terminal condition Y = 9(X7,Px,), Wis am-
dimensional Brownian motion and 7 is compensated random jump measure.

For any random variable X on (Q,F,F,P), we denote by Px its probability law under P. We
denote by M5 (R?) the set of probability measures on R? with finite moments of order 2 equipped
with the 2-Wassertein distance

Wa(ji, 1) = inf{(/d Jz— yfPF(dr,dy))?, F € Ma(R x B) with marginals .}
R xR
. 1 ’ ’
= nf{(El§ — &%) - p = £(8), p = £(§)},
where £(¢) and £(¢') are respectively the law of ¢ and ¢ and the infimum is taken over
F € My(R? x R%) with marginals x and 1.

Notice that if X! and X2 are random variables of order 2 with values in R?, then we have the
following inequality involving the Wasserstein metric between the laws of the square integrable
random variables X! and X? and their L?- distance:

[NIE

Wy Py, Pxe) < [B[X! - X*2] " (1.23)
We make the following standing assumptions on the maps under consideration.

1- For ¢ € {f,h,g,0}, ¢ is Lipschitz w.r.t z,y, z, k,v with s, Cf;f, Cfg, C3 and Cy as the
Lipschitz constants.

2- The function g : Q x R% x My(R?) — R% is Lipschitz in (x, ;1) i.e. there exists C' > 0 such
that for all z, 2’ € R? and for all x, 1/ € My(R%),

l9(2, 1) — g(a’, 1) < C(|lw — 2’| + d(p, 1)), P-as. (1.24)

We investigated the well-posedness of these equations under different assumptions.The first
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main result in this chapter is shown under the following hypothesis

(i) There exists k > 0,8.t Vt € [0, T],v € Ma(R? x RY), u, ' € R2+4xd x L.OY(B(E),v)
A(t,u, v/ v) < —k|lz — 2/|?, P-a.s.

(ii) There exists k' > 0, s.t Vv € Mp(R? x R?), z, 2’ € R?
(g(x,v) — g(a',v)).(x — 2') > K|z — 2|2, P-a.s.

(H1)

Theorem 1.3.1. Under Assumption (H1), there exists a unique solution U = (X,Y,Z, K) of
the mean-field FBSDE with jumps (S).

To do so, we use an approximation scheme based on a spike perturbation on the forward
diffusion. More precisely, the idea behind is to consider a perturbed scheme of the following
form:

Let § €]0, 1] and define a sequence of processes (X", Y™, Z™, K™) defined recursively by
e (X% Y9 2% K% =(0,0,0,0),Vn > 1,U" = (X*, Y™, Z" K"), which satisfies

t t
X = Xo + [0 UM ) = 6(Y T = YM)ds + [ [os(UFTv0) — 6(Z50H — Z))dW,
t s s s s 0 s s s s

+// B (UPHY V) = S(K P+ — K2))7(ds, de),

Y = (X2 ) —/ he(UPTL ™) ds —/ ZM W, — / / K" (e)7(ds, de).
t t
(1.25)
We show that, in this case, the above explicit scheme converges, since we obtained that

. o 0 A T
B3+ B 107 Pas) < CE(R3 + B[ 10725,

where ||U||? := |z|> + |y|? + ||z||? + |k|?, for any u = (x,y, 2, k) € R x R x R x LY(B(E),n
£

. Cle ecy ko €C¥ ko ECY ks €Cj
v = min(k — k_Ta(_?_T)a((S_?_ 5 ) (0—5 =)
cv q+q+q+% 5
0 = max (=% 5 5 + %)

This inequality becomes a contraction and thus, (X™),>0, (Y™)n>0, (Z™)n>0 and (K™),>¢ are
Cauchy sequences, which lead to the existence of the solution of the system (S).

In the other hand, we show that the system (S) admits a unique solution. This result is
achieved by applying It6 formula combined with standard BSDEs argument as well as the
following estimates.
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Lemma 1.3.2. The difference of the solutions (Y',Z' | K') and (Y, Z,K) of the system (S)
under (H1) , satisfies the following estimates

_ _ T _
E[|Y:]?] < ©'E[| X7|*] +@2/ E| X,|?ds.
0
T _ _ -~ _ B T _
IE[/ 12,2 + |K|2]ds < O'B[|Xr[?] +@2/ E|X, *ds.
0 0

In the second part, we show that the system (S) admits a unique solution under the following
monotonicity assumption

(i) There exists k > 0, s.tVt € [0,T],v € Ma(R? x RY), u, v/ € R2+Ixd x L.O(B(E),v)
At u, i, v) < —k(ly —y'> + ||z = 2|7 + [k — K|,), P-as.
(i) There exists k' > 0, s.t Vv € My(R? x R?), z, 2’ € R?

(9(z,v) — g(a',v)).(x — 2') > K|z — 2/|*,P-as.

(H2)

Theorem 1.3.3. Under Assumption (H2), there exists a unique solution U = (X,Y,Z, K) of
the mean-field FBSDE with jumps (S).

The proof is almost the same as the previous theorem. Replacing assumption (H1) by the
monotonicity hypothesis (H2), we also construct an iterative scheme based on a spike pertur-
bation not on the forward diffusion as in the previous result but rather on the Backward SDEJs
as follows

X = Xo + [ bs(UPH v)ds + [3os(UZTY, vM)dWs + [y [ Bs(UZTY, )7 (ds, de),
Y = g(X ) + 0 = X) = [T [he (U1 07) + (XM = X)) ds

— L zrttaw, — [T [ K2 (e)7(ds, de).

(1.26)
Following the same steps as in the first existence result, we prove that for % < 1 we have
A T o N T
TENRFHP + [ 107+ Pds) < GB(HE + [ 107)1%ds), (127)
0 0

which provides the existence of the solution.
The uniqueness of the solution whether under (H1) or (H2) is achieved by applying 1td6 formula
combined with standard BSDEs argument as well as the following estimate.

Lemma 1.3.4. The difference of the solutions (Y',Z',K') and (Y, Z,K) of the system (S)
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under (H2), satisfies the following estimates

exp(TY) — 1!
T1

T
E[/ | X,|%ds] <
0

T T T _
T2E[/ |Y5\2d5+T3E[/ |Zs|2ds+T4E[/ K5|§d31.
0 0 0

Application to storage energy problem Our second contribution in this chapter is devoted
to storage problem in smart grids. We consider a macro grid system designed to analyses
energy system of N nodes defined in a micro grid system. Each node is characterized by the
following:

» The capacity of the battery S; representing the total energy available in the storage
device.

* The net power production of the energy (photvoltaic panels, diesel energy,..) that each
nodes produces after all costs subtracted.

In contrast with the paper of Alasseur et al [2], we assume that the production of energy is
unpredictable. This is due to its dependence on environmental conditions such as the sun, the
speed of the wind etc. which are intermittent and irregular.

More precisely, including the jumps component is essential in our analyses. In fact when the
production of energy is perturbed or sudden slowdown ( winds ) , the other region can compen-
sate this variability by optimizing the balance between production and consumption and hence
stone excess electricity from a nodes to another and therefore avoiding a later expensive pro-
duction .

We formulate the problem via mean field type control. We show that it can be characterized
though solving an associated FBSDEJS of mean field type.

In the particular case where the cost structure is quadratic and the pricing rule is linear, we
show that the FBSDE which characterizes the solution of the EMFG can be solved explicitly.
This provides a quite tractable and efficient setting to analyze numerically various questions
arising in this power grid model.

This work is concretized in the preprint [102].

1.4 Work in preparation and future research perspectives

We present in this section some work in progress and future perspectives.

e As mentioned in section 2, our goal is to investigate the wellposedness of BSDE with infi-
nite activity jumps in general setting, that is under a stochastic quadratic growth. The approach
that we attempt to use is to one developed by Bahlali et al [7]. This method is purely based on
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doubly reflected BSDEJs. In our second work, we have proved that the doubly reflected BSDEs
with jump admits a solution. Therefore, we are thinking of how far this approach can be applied
in our setup.

e An other work in progress concerns the numerical aspects the influence of the environ-
mental conditions on the energy production in the model exposed in the third chapter. More
precisely, we assumed additionally that the battery has maximum fixed level S,,,... However, it
can be very useful to analyses the qualitative behavior of the battery. In fact there exist many
type of storage: high capacity energy storage, intermediary storage and lower energy storage.
The type of the battery is closely related to the number of nodes in the grid.

Moreover, we are also exploring the numerical result related to fully coupled mean-field FBS-
DEjs.

e We are also investigating a continuous time Principal-Agent problem under moral hazard
in which the drift and the volatility are controlled by the agent. The Principal design a contract
with the possibility to fire the agent. More precisely we study the impact of the retirement
quitting or replacement of the agent on the contract.
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CHAPTER 2

QUADRATIC BSDES WITH INFINITE
ACTIVITY JUMPS

2.1 Overview of the content of this chapter

The aim of this chapter is to study the following backward stochastic differential equation with
jumps

T T T
Yt:5+/ fs(YS,ZS,Us)ds—/ stWs—/ /U(s,e)ﬂ(ds,de), Vt € [0,7], P-as.
t t t E

where the generator f satisfies the following structure condition.

1. 1) 1. )
gjt(*fsu) - §|Z|2 — I — eyl < firly, z,u) < gjt(fsu) + §|f<7|2 + I + cyl.

where § > 0 and ¢, are predictable non negative processes.

We will look more closely at the case where the jumps has infinite activity and a terminal

condition with finite exponential moment. In that case, we prove that the above BSDEJs admits
a solution via a forward approach.
The outline is as follows. In the first section, we recall briefly some notation and give our mathe-
matical setting. We provide in Section 2 the precise definition of exponential quadratic BSDEJs
with infinite activity jumps and give our main assumptions. In the next section, we present our
main result which is the existence of the solution. Since we are adopting the forward approach,
we start by given some properties of quadratic exponential semimatingales as well as their sta-
bility result. Next, we construct an auxiliary BSDEJs with bounded terminal condition and finite
activity jumps. We prove that these intermediate sequence of BSDEJs is in fact an exponen-
tial quadratic semimartinagle with some suitable estimates. We are finally lead to prove by a
stability theorem that these sequence converges in some specific sens to our initial BSDEJs.
In the appendix, we provide a comparison principle for exponential quadratic BSDEJs under
additional assumption on the driver f.
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Quadratic BSDEs with infinite activity jumps

2.2 Framework

2.2.1 Notations and setting

We consider a filtered probability space (2, F,F,P) on which the filtration F = (F;)o<1<7 satis-
fies the usual conditions of completeness and right continuity and that ¥, = F and F; be trivial.
Due to these usual conditions, we can take all semimartingales to have right continuous paths
with left limits.

On this stochastic basis, let W a d-dimensional Brownian motion and p(w, dt, de) an indepen-
dent integer valued random measure defined on ([0, 7] x E, B(]0, T) @ B(E) ), with compensator
v(w, dt, de) that can be time-inhomogeneous and may allow for infinite activity of the jumps.
The predictable o-field on Q x [0, 7] is denoted by P and P = P @ B(E) is the respective o-field
on Q = Qx [0,T] x E. For a o-finite measure X on (E, B(E)) satisfying [,, 1A |e|2\(de) < oo and
a bounded P-measurable non negative density function ¢, we will assume that the compensator
¢ is absolutely continuous with respect to A ® dt such that

v(w,dt,de) = ((w,t,e)\(de)dt, 0< (<, forsome constantC,. (2.1)
Finally, we will denote by i the compensated measure of y as
i(w,dt,de) = p(w,dt,de) — v(w, dt, de). (2.2)

In this chapter , we specially pay attention to the case when the jumps have infinite activity
meaning that A\(F) = co. As stated in [122], the infinite activity of the jumps is related to the
behavior of the compensator v near to 0. Since we have always a finite number of big jumps,
the (in)finitness of the jumps is controlled by the number of small jumps and thus the behavior
of the v around the origin.

We also allowed to the compensator v to be time-inhomogeneous and stochastic which permits
richer dependence structure for (W, i1).

We emphasize that, the case of finite activity is already considered in [42].

Let f be a P ® E-measurable function, the integral with respect to the random measure and the
compensator are defined as follow

t t
(Femi= [ [ ss.enlds.de) (Frmi= [ [ fls.epds.de).
0 JE 0 JE
The random measure [ is defined as the compensated measure of i such that
a(dt,de) = p(dt,de) — v(dt, de).
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Quadratic BSDEs with infinite activity jumps

In particular, the stochastic integral U x i = [ Us(e)fi(ds, de) is a local square integrable martin-
gale, for any predictable locally integrable process U.
We will assume that W and ji satisfies the following weak representation property with respect

to (Ft)o<i<r
M:Mo+/ ZS.dWer/ / U, (e)ji(de, ds).
0 0 JE

2.2.2 Spaces and norms

Now we introduce the following spaces of processes which will be often used in the sequel.
For any p > 1, P stands for the o-field of all predictable sets of [0, T] x €.
e S10c(11) the set of P @ E-measurable R-valued functions H such that

|H‘2.Vt < +o0.

¢ H? the set of all R%-valued cadlag and J;-progressively measurable processes Z such that

T
IE[/ |Zs|%ds] < +oc.
0

e 82 is the space of R- valued cadlag and F;-progressively measurable processes Y such that

E l sup |Y;|*| < +oo.

0<t<T

e For u, u in the space LY(B(E), v) of all B(E)-measurable functions with the topology of con-
vergence in measure, we define

fu— = ([l aP((te(de))?.
E
e 2 the set of all predictable processes U such that
T
E K/ / |Us(e)|21/(de,dt>
0 E
e DP is the space of progressively measurable processes (X = (X):):<r with
E [eXp <7 sup \Xt\>
0<t<T
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Quadratic BSDEs with infinite activity jumps

e U.,), is the class of cadlag martingales M such that £(M) is a uniformly integrable martingale.

2.2.3 Formulation of the Quadratic Exponential BSDEs with jumps

We are given the following objects:

e The terminal condition ¢ is an Fp-measurable random variable.

o W = (Wy)i<7 be a d-dimensional Brownian motion.

e 1. @ random measure with compensator v and fi(ds, de) = u(ds,de) — v(ds, de).

e The generator f : Q x [0,T] x R x R? x LY(B(E),v) — R are always taken P ® B(R*!)
B(L°(B(E),v))-measurable.

We consider a class of coefficient as follows

fily, zu) = fuly, 2) + /E gu(u(e))v(de). (2.3)

f:Qx[0,T] x R — Ris a P ® B(R'*?)-measurable function and g : Q x [0,T] x E — R to
be P ® B(FE)-measurable function.

Remark 2.2.1. This family of generators was introduced by Becherer in [15] to prove the exis-
tence and uniqueness of solution of Lipschitz JBSDE when the terminal condition is bounded.

We consider the following BSDEJ with data (f, )

Y =£+/tT fS(Ys,ZS,Us)ds—/tT Z,dW, —/tT/EU(t, e)ildt, de), Vi e [0,T], P-as. (2.4)
We shall now make these standing assumptions on the map under consideration.
Assumption 2.2.2.

» Continuity condition. ¥t € [0,T7], (y, z,u) — fi(y, z,u) is continuous, P-a.s.

« Integrability condition. Yy > 0, Elexp (v(e“t7|¢| + [ eCusdAy))] < +oo, where A and C
are two positive continuous increasing processes.

« Structure condition. There exists a positive adapted processes [, ¢ and a non negative
bounded constant § s.tV(y, z,u) € R x R x LY(B(E),v),Vt € [0,T],

Lip(=0u) = 2122 — I — ely| < f(t,y, z,u) < 250(6u) + 52| + 1 + eyl

where

Je(ou) = /]E (65“5(6) — dug(e) — 1) v(de).
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Assumption 2.2.3. A, -condition : there exists a PoB(R+2)@B(E)measurable function  with
v i € Uexp @ndy > —1 such thatVy, z € R x R Vu,u € LY(B(E),v),

il 20 = Sy ) < [ sulule) — a(OE(t )Ade)

Remark 2.2.4. The above assumptions are essential in our framework to get the existence
of the BSDEJ’s solution. Here we deal with a terminal condition having a finite exponential
moment of order v and a jump measure with infinite activity. It has been shown in [42], under
(2.2.2), (2.2.3), the existence of solution of BSDEs with finite activity jumps.

When the jumps have infinite activity, Becherer [14] proved the existence and the uniqueness of
the solution of bounded JBSDE when the generator f is not necessary Lipschitz with respect
the jump component. They give sufficient condition on the differential of the function g that
is %(Y, Z,U).n € BMO. The uniqueness of the solution were also proved using comparison
result since the condition A., is satisfied.

In [109] motivated by the connection between the exponential utility maximization problem and
BSDEJ, the author have proved the existence and uniqueness of solution of bounded BSDEJ
when f have a specific form:

16,

R [ dalu—mpivian)] - oz - 9.

fn(tvzvu) = 2c

inf
el
In the above w refers to the strategies investment valued in the closed constraint set C and 6, 3
and o are related to the dynamic of the market.

2.3 Existence of solution with infinite activity

The question is how to prove existence of solution of JBSDE with infinite activity jumps and
unbounded terminal condition without using the so called "Kobylanski approach”.

The main tool is to consider an auxilary sequence of globally lipschitz BSDEs with finite ran-
dom measure for which the existence and uniqueness of the solution are well known. To insure
that the approximated coefficient conserves all the properties of f, we use a double approx-
imation that is to consider a sequence of function bounded from below and above by linear
quadratic function. More precisely, we split the coefficient of the BSDE into the sum of two
positive and negative functions and approximate respectively each function by inf-convolution
and sup-convolution. Furthermore, the BSDEJ have infinite activity jumps, we have to deal with
some specific difficulties due to the infinite number of small jumps. The idea is then to introduce
a truncated measure with A(A) < oo in the auxiliary BSDEJ for which existence of the solution
is guaranteed. Adopting the forward approach we prove that this sequence of BSDEJ is in fact
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an exponential quadratic semimartingales. And then by a stability theorem we show that the
limit of the auxiliary BSDE'’s solution solves the original one.

2.3.1 The forward approach: Exponential quadratic semimartingale and its prop-
erties

As explained above, our point of view is based on the forward approach which is essentially
standing on semimartingale. Adopting this approach, we summarize in this section the essential
properties of the quadratic exponential semimartingales as well as a stability result which we
shall use for the construction of the BSDE’s solution. We start by the definition of the quadratic
exponential semimartingale and present some example for illustration .

Definition 2.3.1. A Quadratic Exponential Special SemimartingaleY is a cadlag process such
thatY =Yy, — V + M with V a local finite variation process and M a local martingale part with
the following structure condition Q(A, C): for an increasing predictable processes C, A and a
constant ¢

) 1)
—§d<MC>t — dAy — [Y3|dCy — ji(—6AMY)) < dV; < §d<MC>t + dA¢ + |Y3|dCy + i (AM). (2.5)

with

j1(6u) = /E exp ou(e) g du(e) — 11/(de).

Note that the symbol "< " means that the difference is an increasing process.
Example .1. the structure condition (2.5) holds in the cases below:

- A semimartingale Y where the finite variation process V' is given by V, = $(M¢),+3j, (6 M)
is a exponential quadratic semimartingale.

« If the finite variation part of a semimartingale Y satisfies

1 . 1, . .
—§<Mc>t —ji(=0M) < Vi < §<M )t +jt(5Mtd).

thenY is a exponential quadratic semimartingale.

The following proposition gives us a characterization of a canonical class of quadratic ex-
ponential semimartingale. The canonical quadratic semimartingale is a semimartingale with
V= —L(M) — j(—AM{).y or V = $(M®); + j(AM).1y . This characterization will be useful
in the sequel.

Proposition 2.3.2 (Doléans dade martingale and canonical quadratic semimartingale). [42]

Let M = M¢+U.ji and M = M€+ U.Ji two cadlag local martingales such that M€ + (eV —1).1i
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and —M°+(e~Y—1).1z are still cadlag local martingales. Let define the canonical local quadratic
exponential semimartingale:

r(My) = (o) + My — %<M€>t (T — T~ 1)
e(M,) = £(Mo) + M, + 3 (M + (7L + U = 1y

then the following processes:

exp[r(M)—r(Mo)] = & (M® + (¥ = 1).i) and exp[r(M)+r(M,)] = & (~M° + (e —1).ji)
are positive local martingales.

Proposition 2.3.3. Let ¢y be an Fr-random variable such that exp(|yr|) € L' and consider
the two dynamic risk measures:

pe(¥r) = I [E (exp(¢r)[F1)] and p,(¢¥r) = —In [E (exp(=¢r)[F?)] -

There exists local martingales M = M¢ + U.ji and M = M¢ + U.J such that:

- dﬁt(wT) - _th + %d<Mc>t + /E(eU(S’e) - U(S7 6) - I)V(dt,d{E), ﬁT(wT) = wT-

1
- dﬁth) = _th - §d<Mc>t - /E(e—g(s,e) + Q(Sv 6) - 1)'V(dt7 d€)> BT(wT) = ¢T-
Moreover the local martingales M¢ + (eV —1).ji and —M°¢ + (e~Y — 1).1i belong to Uey,. The dy-
namic risk measures p(i) and p(yr) are uniformly integrable canonical quadratic exponential
semimartingales.

Integrability of the Q(A, C)-semimartingale

In this part we want to investigate the integrability of this classs of semimartingale. This result
will be extremely useful in the section (2.3.2). First, we recall the following transformation of a
Q(A, C, d)-semimartingale Y

oN\,C t
XAy = eCt|y;|+/O ¢ dA,, (2.6)

To explore the exponential integrability of this class, we proceed analogously to the proof of
proposition (3.2) in [12]. Note that this decomposition appeared for the first time in the continu-
ous setting in this paper.

For this propose, let us start by the definition of the Q-submartingale.
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Definition 2.3.4. A semimartingaleY = Y, —V + M is a Q-submartingale if -V + 1(M¢) +
33:(AMY) is a predictable increasing process.

Theorem 2.3.5. let X be a cadlag process given by (2.6)such that X (eV'1) € 1L, the process
)_(?’C is an Q(A, C)-semimartingale which belonging to D..,, if and only if for any stopping times
oc<r1t<T: .

1Y, | < po <eC” Y| + / edeAt) : (2.7)

Proof. First, we check that XtA’C(|Y|) is a Q-submartingale. Applying Ité-Tanaka formula we
getforallt € [0, 7]

dY|; = sign(Y;_)dM; — sign(Y;_)dV; + (|Ys_ + Us| — |Yi_|) x pe + LY . (2.8)

where LY is a local time of Y in zero. We denote by M* = sign(Y).dM and V* = sign(Y).dV.
Hence,

dX = eQYi|dCy — AV + dMF +d(|Yio + Uil = [V |) % p+ L) + dA]
= O [|V|dCy + dA; — dVE +d(|Ye. + Uy — Yo vy + LY+ €St [dM7 + d(|Yy_ + Uy| — |Yi_|) * fie]

1 :
= e“dAy + (M) — ju(AMT) + d([Ye. + U] = |Yi_|yw]

1
e AM — Sd{ME) + d([Ye. + Uil = [Yo_|)  fu].

Thank’s to structure condition of the semimartingale Y, the process A = |Y;|dC; + dA; is in-
creasing. Notice that the martingale part of this last decomposition : M := e“t[dM; + d(|Y;_ +
Uy — |Y;_|) * ji¢] have the following quadratic variation d(M); = e*“td(M®®); + e2Ctd(|Y;_ + Uy| —
Yi_[) * fir).

Adding and subtracting respectively j, (%t AMS), 20t d(M**) | to X yield to

S | 1
X0 = dAy = S M) = S AMY) + eCd(Yi + Ui = Vi

+ e [dME + d(|Yy + Us| = Y |) % fir] -
The process A = A+1 (e M)+ 15(eC AM*?) is increasing since et j,(AM; ) —jy(eC AMP?) >
0. Furthermore, we have eCtd(M*°); — e2Ctd(M*°); > 0. Once again we add and subtract
i(eCt AMSY)

v 1 1 s,c 1 . S s ~
dXM = dA, — §d<eCtMt’ ) — ijt(eCtAMt DY et [dM + d(|Ye + U] — |Ya_|) % fie] -

The process dA = dA + d(j;(e“t|Y;_ + Uy| — |Y;_|) is increasing process. This decomposition
shows that XA is a Q-submartingale.
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Since XM is a Q-submartingale, it follows that exp(X*©) is a submartingale. Hence, for all
stopping time o, 7, we have
exp(X;) < E[exp(X9)|To]

exp(eC Y, | + / ¢CrtdNy) < E[ exp(eC |V | + / eCrtdA)| ).
0 0
Taking [y e“~tdA; in the right hand side we obtain

exp(|Ys]) SE[exp(eC‘”]YT|+/ eCridA,)].

[

Hence we can write

Y, | < InE[exp(e“ Y| —|—/ e“rtdhy)]. (2.9)

which end the proof.
Quadratic variation and Stability result

We introduce now the class of 8g(|£[, A, C')-semimartingale which will play an important role in
the proof of the existence result.

Definition 2.3.6. Sq(|¢|, A, C) is the class of all Q(A, C)-semimartingales Y such that

i < py

T
ecf’TlfT]—k/ eCtdeAS], a.s.
t

Theorem 2.3.7. Let (Y"), a sequence of 8q(|¢|, A, C) special semimartingales which canon-
ical decomposition Y™ = X — V™ + M™ which converge in H! to some process Y. Therefore
the process Y is an adapted cadlag process which belongs to 84 (|¢|, A, C) with the following
canonical decompositionY =Yy — V + M such that:

lm E[(V"=V)]=0 and lim [M" — M||m = 0.
Remark 2.3.8. The proof is built on the stability theorem (2.5.2) based on uniform estimates
of the quadratic variation part and the total variation of the semimartingale.
In[12], the authors work in a continuous framework where they proved that the class Sg(|¢|, A, C)
is stable by a.s convergence. In the proposition above we prove that this class is also stable in
the discontinuous setting.

Proof. From proposition (3.3) in [42], the following exponential transformation (X™)A¢(Y) =
Y™ + A+ |[Y" * C and (X™)MC(~Y) are Q-local submartingale. Then by the Yoeurp-Meyer
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decomposition, there exists an increasing process A; such that

exp((X™)C(Y)) = exp(Yo) (M + (e¥ — 1).72) exp(4y).

exp((X™);"(~Y))) = exp(~Yo)&((M; + (e¥ — 1).2)) exp(4,).

Therefore , for a stopping times o < T', we obtain

o [T dlexp((XP)NMO(Y)))
(M)o _/U exp(2(X)AC(Y)) -
)

T dfexp((XP)NO(=Y)))
an, = | exp(2(XP)AC(—Y)) |

Thank’s to Garsia Lemma (2.5.3) and I1td formula we have for all p > 1

E [(exp(p(X])MC(V))r| <Co and B [(exp(p(X]) C(=Y))r| < 1.

Then, the estimates of (M) and (M) comes from Cauchy Schwartz inequality
E[(M)] <C andE[(M)}] < C.
In the other hand, applying 1t6 formula and using the fact that
2%V — U — 1) 4 (e %Y +6U —1)] < [V — 12 + |e7V — 1%,

leads to

T
El/ |dv3“r] <E
0

T 1 ’
[ty [ G + 5(-Urenutds, do)| < ¢
0 E

(2.10)

Finally, from the Barlow-Protter stability theorem 2.5.2, we obtain that the limit process Y of Y
is in fact a special semimartingale with the canonical decomposition Y := Yy —V + M satisfying:

T
E[/ avil] < ¢, and E[(M)]<C.
0
and we have

lim E[(V"~V)"]=0 and lim [[M"—M]m =0.

n—0o0

Moreover, the semimartingale Y is also a Sg(|¢|, A, C) since a.s

T
Y} < o le“’ﬂé\ + / ecwdAs].
g
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Passing to the limit when n goes to co. We finally obtain

T
Yol < 2o lec”’Tlé + ecwdAs] . (2.19)

2.3.2 The main result
We are now in position to give the main result of this paper.

Theorem 2.3.9. Under Assumption 2.2.2 and Assumption 2.2.3, there exists a solution (Y, Z,U) €
8o (l¢l, A, C) x H? x H? of the BSDEJ (2.4)

Proof. For the sake of clarity we split the proof into three main steps.
e The first step: we introduce an auxiliary generator ™" uniformly lipschitz (y, z) and locally
lipschitz in u as follow

fn’m’ﬁ(yaz,u) = fnﬁ(yaz:?u) _im7/€(y72’u)‘

where f := =0y @and f := flyr<py. From this and using a well known results, we justify the
existence and the uniqueness of solution of BSDEJ associated to (f™""*, |¢|). The solution will
be a triple of progressively measurable processes (Y™"f, Zmmuk k),

e The second step: Since the truncated driver satisfies the structure condition of the quadratic
exponential semimartingales, we prove that the solution Y"™™* of the BSDEJ associated to
(fmmr1€]) is a Q(A, C)-semimartingale.

e The last step will be the convergence of the approximated sequence of BSDEJ given by
(f™mr€]). Using the stability theorem 2.3.7, we prove that the limit of (Y™™, Znmk k)
exists and solves the original BSDE.

Step 1. Construction of the truncated sequence of BSDEJs.

For « > 1 we consider a random measure v* as follows

I/“(dt, de) = 1{‘6‘2%} l/(dt,de).

r(dt de) = 1,1, 1y dt,de) and F(y, z,w)e = fuly, 2) + [ g1 (u(e))v~(de).

We emphasize that, the truncated random measure v* introduced above is a finite random
measure i.e for all borelian set A4, v"(A) < 4oc.

Before proceeding with the proof, we will need the following proposition which provides essen-
tial properties of (f™"") needed in the proof.

First, Let us introduce the regularization function ™ and b™ are the convex functions with linear
growth defined by b, (w, r,v) = njw| + n|r| + n|v|; and b,, (w, 7, v) = —m|w| — m|r| — m|v];.
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Lemma 2.3.10. Let us consider the generator f = f* and f = f-. We define the sequence
fros g, S, and ¢™" respectively as the in-convolution and sup-convolution of f,q, fandq
with the regularization function b,,. The regularized functions are defined as follows

* ) = PV 0) = Py 4G ) = inf - {fuGrw) 4l = gl b — 21}

i {/Egt(v(e))y”(de)—i—n\u—v\t}.

+ nf
veELO(B(E),v)

o [y, zou) i= fE Ay (y, 2,u) = E™(y, 2)+G™ (u) = ( s)upd+1 {ft(r,w) +mlr —y| +mjw — z|}
raw)EQ

+ s [ o) (de) + mlu ol

velLY(B(E),v)

¢ (j”’“(t,y,z,u) =q" /\bn(yvzau) and gmﬁ(t?Zﬁzau) - Qﬁ \% bm(yazau)'

Under Assumption 2.2.2, we have the following essential properties

1. (f™"), (%%),(f™"), (¢"™") are respectively increasing and decreasing sequences in n, k
and m.

2. The sequences (f™*), (7™"),(f™"), (¢™*) are globally lipschitz continuous in (y,z) and
locally lipschitz in u for each n,m, k.

3. The sequences (f™*), (7"*) converge respectively to f and q as n, k. goes to cc i.e
2 f and G 2.
The convergence is also uniform.

4. The sequences (f™"), (¢"™") converge respectively to f and q as m, r goes to cc i.e
im,fi /\ i and gm,n /{ g

5. (f™™")n.m, Satisfies the structure condition of assumption 2.2.2.
The proof is relegated to the Appendix.

Remark 2.3.11. We emphasize that the regularization technique in lemma 2.3.10 were inspired
by the one developed in the paper [42]. Nonetheless, as explained before, the main difficulty in
carrying out this construction is that the structure of this equations (2.4) are defined in infinite
activity setting.
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Let as now introduce the BSDE associated to the truncated measure v*
dY; = fR(YF, 28, UF)dt — ZFdW, + / UF(e)u(dt,de), ¢ € [0,T], P-as, (2.14)
E

where f(Y}", ZF, UF) = fi(y, z) + |5 g:(u(e))((t, e)A*(de). Let mention that this BSDE is driven
jointly by the Brownian motion W and the truncated measure . The associated filtration is
denoted by F7 C J;.

Note that (2.14) is an exponential quadratic BSDE with finite activity jumps, the generator f*
satisfies the same hypotheses as f.

After we construct the BSDE associated to the truncated random measure, we introduce the
intermediate BSDE (f™™"* [£|),

=AY, = Ry R Ut de — ZT AWy — / U™m*=(e)u(dt,de), P-a.s.
" (2.15)
First, we have to justify the existence of a solution to this BSDE. In fact this is a simple conse-
quence of the existence results of [14]. Thanks to the above lemma our coefficient (f™"") is
Lipschitz with respect to (y, z,v). It remains to show that the A,-condition hold for (f™"*). let
u,u € LO(B(E),v), y,z € R,R? such that

F Y, zou) = 1y, 2,0) = (G (u) — G (@)] + [GF (u) — G (w)]

N,k

< 4y (yv Zs U) - (ﬂ%fﬂ(:% 2y I_L) + Q:%n(gh 2, u) - Q;n’n(ya 2 ﬂ)
Following [42], we know that ¢"* and ¢ " satisfy respectively the A,-condition. Hence

qfﬁ(y’ 2, u) - q;lﬁ(y’ 2, Z_L) + g;nﬁ(yv 2, U) - QT’R(% 2, ﬂ) < /E ’Yn(u(e)7 ﬂ(e))(u(e) - ﬂ(e))y“(de)

+ /E 7" (ule), ue))(u(e) — u(e))r"(de).
where —1 < 4™ < n and —1 < 4™ < m. Therefore

) = ) < [ 2 ). a(e)) ae) — (e (de)

Additionally, we have —1; < f;"""(0,0,0) < I;.

According to [14], which deals with the lipschitz BSDE with jumps, we know that the BSDE
(3.22) has a unique solution (Y™m* Zmms mmr)  Moreover since A,-condition holds for
(f™"™")nm,x, We can also apply the comparison theorem, to obtain

yumAhs <y < ymmA st gt e [0, T, P-aus. (2.16)
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Step 2: Construction of the sequence of Q(C, A)-semimartingale
In view of lemma 2.3.10 and Assumption 2.2.2 we have ,

g, <@ < TG <@, Ve [0,T],P-as.

Thus, we know that all the requirement of the definition 2.3.1 all full filled. It follow that (Y"™""),, 1, «
defined as the unique solution of the BSDEJ (2.15) is a Q(C, A)-semimartingale. Moreover from
Lemma (2.3.10), we know that for all stopping times o < T'

Yan,m,n S ﬁa

T
eCorle| + / Cosdh,| | Pas.
o

Step 3: The convergence of the semimartingale

The idea is now to prove that the limit in some sens of those sequence of Q(C, A)-semimartingale
is a solution of the BSDEJ (2.4).

e We know from the first step that the sequence (Y™""*), is an increasing and bounded in
then (Y™™*), converge in H? to Y™" such that

Yn,m,ri/(yn,m’ K goes to o0, P-a.s.

Thanks to the Dini’s lemma [35] the convergence is uniform. Hence it follows from Theorem
2.3.7 that Y™™ is a Q(A, C')-semimartingale and satisfies

T
E[/O v <0 and E[(Mm7)] < C.

: n,m,k __ {/n,m\*1 _ . n,m,K __ n,m _
lim E [(V V™ =0 and KthgOHM M™™|30 = 0.

KR—00

e We proceed exactly as [42] since (Y™™),, and (Y™™),, are monotone bounded uniformly
sequence. Therefore they converge monotonically to some process Y i.e

lim \ Y™™ =Y, P-a.s.
n,m

Using the same arguments, we show that Y is a Q(A, C)-semimartingale and the following
estimates holds T
E[/ avi|| <. and E[(M)] <C.
0

lim E[(V"™-V)]=0 and

lim || M™™ — M|z = 0.
n,m—00 ,M—00

n

e It remains to show that the Q(A, C)-semimartingale Y is the solution of the exponential
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quadratic BSDEJ (2.4) such that

FY,Z,U) = lm froms(ymme gnms [rms) - gpg dy a-s.

n,m,K

(Zn,m,n‘W + Un,m,nﬂ) — nli%nn(Z,W + Uﬂ)

We need to define a sequence of stopping times 7; related to the class Q(A, C) such that 7
goes to co for a large . Let us fix | € N* such that

T
7 := inf{t >0, E[exp(e“T¢| +/ Y dAy|T;] > 1}
0

According to the first part of the proof, the monotone convergence of (Y""") x., := ((M"™"™"*)°+
Vmmk L gmmk s i) A7, is uniform. Therefore, we can extract a subsequence of (M™™") A,
which converges strongly to M -,

(Mn,m,n)t/\n — Z;l,mml{tSTz}'W + Umm,fﬁl{tgn} * fi.

Once again, we can subtract a subsequence Z;""" 1<, and U™"™*1,<., converge almost
surely to Z and U in H? x H2

AV = FTS (Y, Z3 ) Lyt 4 G (U Ly

As a last step, we will show that f-r(ynmr zrmk [rnme) converge to f(Y, Z,U) in L (dP®
dv®dt). Infactas Z™"™" and U™"™* are unbounded, one can decompose the expression above
in 2 quantities: one in the region where {|Z™"™"| 4+ |U™™"| < C} and the other in the region
{|Z"mR| 4 |U™™"| > C}.

T
E[ /0 | fEm (YR, 23 UPTN) = fs(Ys, Zs, Us)|ds]
U
ZE[/O | fE R (YR, ZEmR URM) — fo(Ys, Zs, Us) |1 znamon | jummon|<cyds] = Ay

Ui
—|—E[/0 |f;1,m,n(y;n,m,n’ Zg’m’ﬁ, U;‘L’m’n) — fs(}/sa ZS, Us)|1{|Z’n,m,m‘+‘Un,m,n‘>c}d8] =: AQ.

We start by studying the first term A;.
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Observe that in the region {|Z™™"| 4+ |[U™™"| < C'}, since Y™™ is bounded over [0, 7]

Q)
A = E[/O |[fm (YRR, ZEM U S = fo(Ys, Zs, Us) Ly znmon | ummon < cyds]
Q)
S ¢5 + E[‘/O |G?’H(u) - Gs(u)].{‘Zn,’m,nl_l_‘Un,'m,K|Sc}d5]
T
< ¢y + E| /0 FEEU™™(€)) = G5 (SU(€))Lummr<cyds].

Therefore, to prove that fmx(ynmr zrmk rnme) _ £y, 7 U) is converges in L', it is suffi-
cient to show that E { tT JEeummE(e)) — js(5U(e))1{‘m,m,&|gc}ds} converge to zero as n,m, k

goes to co. By Dominated convergence theorem we get the desire result.
We start by following a technique similar to the one used in the proof of Theorem (4.13) of [14].

Observe that j(0U(e)) = j(6U(e))1{je|<x} +5(6U(e))1{je)>x} hENCE ONE Can write

Tl
E[‘/t j:((sUn’m’K(e)) - js((SU(e))].{‘Un,'m,ﬁ‘gc}ds]
Tl
<E[ [ J2(6U™ (€)= J2OU ()L e <cyL s 1]
Tl
HE[/t JoOU () Lurmmri<cy Lo 1y 5]

The first term in the above inequality tend to zero since jf(oU™™") — jf(oU) is uniformly
bounded in L. For the last one, using the fact that 1{‘65;} tend to zero as k goes to infinity,
we see that it also tend to zero.

e Finally let us study the term As. By Tchebychey, inequality we have

E [1{|Z">m=~\+|an»~\20}} < %E {\Z”’mﬂ? i |Un,m,n|2] ‘

Hence, for t < 7; from the dominated convergence theorem f™ s (Y ™mk Znmk [Jmmk) con-
verge to f(Y, Z,U) in L}(dP ® dv @ dt). Therefore, for t < 6, dV, = f(t,Y, Z,U)dt.

2.4 Uniqueness of solution of the BSDEJ

In this part, we shall prove the uniqueness of the solution of the BSDEJ (2.4). To do so, it is
necessary to add further hypothesis on the coefficient f. This is one of the main reasons of
the introduction of the BMO notion. In fact this will required to allows as to use the Girsanov
theorem. We first provide some new assumption on the coefficient f to deal with the increments
of the driver with respect to =.

Assumption 2.4.1. There exists C > 0 such that for all (t,y,z,z/,u) € [0,T] xR x R? x
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LY(B(E),v) such that

\fi(y, 2,u) — fily, 2 u)| < C(LH+ 2] + 2]z — 2]

Proposition 2.4.2. Assume that £ € 1.°° and that the driver f satisfies Assumptions 2.2.2 and
2.4.1. Then the BSDE (4.11) associated to (f,&) has a unique solution (Y, Z,U).

Proof. Let (Y', Z!,U'), (Y2, Z2,U?) two solution of the BSDEJ (1.2). Applying Ité formula to
AY = (Y1 —Y?), we obtain

T
AYt:AYTJr/ (Yl zh ul) - fs(YQZzUst—/ AZ dW, — //AU fi(ds, de).
t

Let us introduce the following process \; = A\(Y,},Y;?) and p; = 5(Z}, Z}) as follow

1 71 1y 2 71 771 .
MY YR) = PO el it Y - Y2 0
to4t ) —
0 else.
Y27Z17U1 - Y Z U .
ﬁt(zl ZZ) _ ft( t t||Ztt1)_;;(||2 )(Zt th) If Ztl _Zt2 ?é 0
o 0 else.

A standard linearization procedure of the increments of the coefficient f leads to

ft(yl)zl)ul) - ft(y27227u2) = ft(y17217u1) - f(tu y27217u1) + ft(y27z17u1) - f(t,y2,z2,u1)
+ ft(y27 22711,1) - f(tv y2v 22,U2)
<Ny v Ay + Bi(2', 22 AZ;.

Applying Itd’s formula to P, = eMAY; we obtain

dP, = M\eMAY;_dt + eMdAY; = eM [NAY; dt — BidAY; ]

T T
P< Pr+ / By(ZL, Z2)AZ.ds + / / Py, () AT, (e)v(de, dt)
t t E

- /tT P AZdW, — /tT/EeﬁsAUs(e)ﬂ(ds,de).
we denote by M; = M} + M} =[5 e® AZ;dWs + [y [ e AUs(e)ji(de, ds) and Ny = [§ BsdW; +
Jo [ 7s(e)-fi(de, ds) and we consider the probability measure @ such that %2 = &(N)r.
Since —1 + 0 < (UL, U2) < Ok and |B:(Z3, Z%)| < C since Z! and Z? are BMO (W).Hence
E(N) is a BMO-martingale. Using Girsanov theorem we obtain that M — (M, N) are locale Q-
martingale.
Taking the conditional expectation between ¢ and a sequence of stopping time 7 7 oo, we
obtain

P, <EQ[Ppn|5].
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Sending n to infinity, we get AY; = Y;! — Y2 <0, Vt € [0, T],P-a.s. Finally permitting the role of
Y1, Y2 and using the same procedure we get the desired result.

2.5 Appendix

In order to prove existence of the solution, we need to prove the following intermediate result. As
explained before, the principal significance of this lemma (2.3.10) is that it allows to approximate
the driver functions by one of Lipschitz type.

Proof.[Proof of lemma (2.3.10)] (<) We can start to notice that, due to the properties of the inf-
convolution of the sequence (f™*),, and (7"*),, are increasing. Moreover (f™"),, and (¢g"™"*),,
are decreasing. The monotonicity of the coefficient arises from the regularization function .
The main point for the monotonicity of the coefficients is to notice that g(v(e))1{|e|2%} is smaller

then g(v(e)).
(i7) To prove that (f™*),, . is uniformly lipschitz in (y, z), we consider the function f™* such that
Ve >0, y1,y2, 21,22 and y. € Q, z. € Q¢ we have

n,K
t

(' 2h w) 2 fi (Ye, 2eu) +nly = yel + |2 — 2| — €.

where f"" (ye, ze, u) == infyero(B(E) ) {fE gt(v(e))vr(de) +nlu — vls + f(r, w)} .

Ryt 2t ) > f(ye,ze,u) +n|y? — ye| + n|2® — z| + nl|yt — y| + |zt — 2| + €

> f(yﬁ,zg,u) — n|y1 — y2] — n|z:1 — z2| —i—n\yQ — Y| —l—n\zQ — 2z +e
Hence,

{2 ) > (R 2R ) = alyt = P =t =2 e
Indeed, by arbitrariness of ¢ and by interchanging respectively the roles of (y*, z!) and (2, 22)
we get the desire result. The same argument remains valid for (/") and (g"").
Let u,u € LO(B(E),v) such that
tnﬁ(y7 2 u) - ftnﬁ(yv 2 ﬂ) = (Ftn(:% Z) - G?ﬁ(u)) - (Ftn(:% Z) + G?ﬁ(ﬁ))

— it {/Egt(v(e))l{eei}y(de)+”|“_v’t}

veLY(B(E),v)

_ UeLO%JgEE),u) {/E gt(v(e))l{\dz%}’/(de) + nju — vt} .
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Notice that
inf v)) — inf g(v)) < sup fv) —g(v)).
UELO(B(E),V)(f( ) UGLO(B(EM( (v)) Uem(B(E)’V)( (v) —g(v))
Thus we obtain
tnﬁ(y7z7u) _ft’rLﬁ(y?Zvﬁ) S sup {n|u—v|t—n\ﬂ—v|t} (217)

veELO(B(E),v)

< sup {/ n|u—v|2 —n|u—v|2u(de)}
veLO(B(E),v)

<n [ (ul+ fal)|u ~ alv(de).
E
Then it follows from the Cauchy-Schwartz inequality that

tnﬁ(y7z7u) - f:ﬁ(y7zaﬁ) < n{‘u’t + n‘a’t} ‘u - a’t

Hence the result.

(7i1) The Convergence of the sequence is only obtained by the convergence of the second part
in the expression of (f™").

Hence

);nﬁ(y7zvu> - ftn(y7zvu> =

vE]LOlnf ){/{e|>1} (e))v(de) +n\u—v\t}
_ve]LOmf ,u){/Egt de)+”’“‘”!t}

UGJLO E)V) /{e|>1} ))V(de)_/Egt(v(e))V(de)}

< s [ty o).

velLO(B(E),v)

Since sup  g¢(v(e))1;_1 1y converge to zero, the result follows from the standard domi-
vELO(B(E),v) Rk
nated convergence Theorem.

(v) Finally

fuh < 1< gk < _
{ f = f =~q —= = g < fn,m,n = fn,n _im,n < (j

q
im,n < fm < gm,ﬁ < g

In order to prove the existence of the solution we need the following lemma. Here we justify
the existence of solution of the BSDE associated to (¢™", |¢|) and (¢™", —[£]).
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Lemma 2.5.1. We consider the following approximation

qn,n ==qAN b(ya 2, u) = Tigf,u {qﬁ(n w, U) + n|y - T| + ’I’L’Z - w| + n|u - v|t} . (218)
q"™" = qVby,z,u) = sup {g”(r, w,v) +mly — r| +mlz — w| + mlu — v\t} . (2.19)
where g (r,w,v) = |l|; + C¢|r| + 2|w|2 + [p(e v(e) —wv(e) — 1)v(de) and gf(r,w,v) = —|l|; —
Cilr| = 5lwl® = [p(e™9 +v(e) — 1)v(de).
We have

e The coefficient ("), .. satisfy the structure condition in Assumption 2.2.2 converges mono-
tonically to q in (n, k). The same properties holds for ¢ .

Moreover, there exists respectively a unique solution (Y™, Zm* U™*), (Y™, 2™ U™F) for the
BSDEJ associated respectively to (¢"",§) and (¢™", —¢) satisfying

_ T
Y| < pe [ecwa + / ecf"*‘dAs] , vt € [0,T),P-a.s. (2.20)
t

Proof. Due to the property of the inf-convolution, we have ¢** < ¢*. However, we know that
¢" depend on « through the function j. Hence, since for all kK € N j%(v) < j(v) we get that
q™m" < q. Therefore , g™»" satisfies the structure condition . The monotonicity of the sequence
follows from the function b . Hence we can conclude that (¢™"),, . converges to ¢ and thank’s to
the Dini’s lemma the convergence is uniform.

e Let us prove the existence of solution of the BSDEJ (¢"™*, |£|). First, notice that the coefficient
g™" is Lipschitz continuous in (y, z, u) and since we are dealing with truncated measure having
a finite activity, by lemma (2.3.10) ¢™" satisfies A, condition . Hence by theorem (4.13) in [14],
there exits a unique solution (Y™*, 2™ U™*) to the BSDEJ associated to (g™, |¢]).

To conclude we know that " satisfy the structure condition (2.5), then the process Y is an
exponential quadratic semimartingale. Hence by theorem 13 we get that

Y7 < pu|e [ Corlglp + f CtbdA} vt € [0,T)], P-a.s.

For the reader convenient, let us recall the following theorem and lemma, for more details
see [11].

Theorem 2.5.2. ( Barlow-Protter [11])
IfY™ =Yy + M"™ — V" is a sequence of semimartingales in H' converging uniformly in L' to an
adapted process X . such that, for some positive constant C,

E[/OT\dVS"y} <C, and E[(M™)*]<C. (2.21)
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Then X is a semimartingale in H' with canonical decomposition: X = Xo+ M —V
satisfying:

T
E[/ avil| <c. and E[(M)] <C. (2.22)
0
and we have
lm E[(V" V)] =0 and lim | M" — Mz =0. (2.23)

Lemma 2.5.3. (Garsia-Neveu) Let A be a predictable cadlag increasing process and ® a
random variable, positive integrable. For any stopping times o < T, we have E [Ar — A,|F,] <
E[U.1s<7|F5].
Then for allp > 1,

E[4Y] < pPE[U?].
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CHAPTER 3

EXPONENTIAL QUADRATIC DOUBLY
REFLECTED BSDE WITH JUMPS

3.1 Overview of the content of this chapter

The motivation behind this chapter is to go beyond the results of Chapter 2 to provide an ex-
istence and uniqueness result for backward stochastic differential equation with jumps whose
generator has stochastic quadratic growth. The approach that we aim to adopt relies on a suit-
able class of quadratic BSDEJs with two reflecting barriers. To do so, we concern ourselves to
the well-posedness of generalized doubly reflected BSDEJ’s with unbounded terminal condi-
tion.

The chapter is organized as follows, we first recall briefly some notation and give a precise
definition of the solution of generalized doubly reflected BSDEJs and show by an exponen-
tial transformation how they are connected to another BSDEJ with more tractable coefficients.
Indeed, we prove that this auxiliary BSDEJs admits a unique solution using monotonic ap-
proximation techniques. Finally, in the appendix we prove a comparison theorem as well as an
existence result for generalized doubly reflected BSDEJs under stronger assumptions which
plays a crucial role in our proofs.

3.2 Framework

The set up and notations are the same as the ones introduced in Chapter 2, we will therefore
limit ourselves here to introduce the specific spaces corresponding to our framework.
o £24 is the spaces of R?-valued and P-measurable processes such that
T
1222 = / |Z,[2ds < +oo, P-as.
0
o £2% is the space of P-measurable processes such that

T
U112, ::/ /\Us(e)]zy(de,ds) < 400, P-as.
v 0 E
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¢ X the space of P-measurable continuous non decreasing process such that Ky = 0.
¢ D (respectively D¢) the space of R-valued P-measurable cadlag processes resp. (AY; = 0).

We also introduce the following classical spaces
e H? the set of all P-measurable processes Z such that E[fOT |Zs|?ds] < +00, P-a.s.
e For u, u in the space LY(B(E),v) of all B(E)-measurable functions with the topology of con-
vergence in measure, we define

=

lu — iy = (./E lu — 2C(t, )\ (de))3.

e H2 the set of all P-measurable processes Z such that

IE[/OT/E |Vi(e)Pv(de, ds)] < +oo, P-a.s.

3.3 Generalized Doubly reflected BSDE with jumps

3.3.1 Formulation

In this section, we aim to prove existence of solution of generalized doubly reflected BSDE with
jumps given by (f.ds+ gdAs+ dRs, &, L, U) under weaker assumption. Let us first introduce the
following definition of generalized doubly reflected backward stochastic differential equation
with jumps .

We are given the following objects:

» ¢ an Fp-measurable real valued random variable.

A function f : Q x [0,T] x R*? x LY(B(E),v) — R such that f is P ® B(R'*?) ®
B(L(B(E),v))-measurable.

A function g : Q x [0,7] x R — R such that g is ? ® B(R)-measurable .
» Two continuous R-valued processes L; and U, such that L, < U, satisfying L; < ¢ < Uy.
* A positive random measure dR and a non-decreasing continuous process A.

Definition 3.3.1. We say that a quintuple (Y,Z,V,K*, K~) is a solution to the generalized

64



Exponential quadratic doubly reflected BSDE with jumps

doubly reflected BSDE with jumps associated to (f.ds + gdAs + dRs, &, L, U), if
YeD, ZelL?l Vegdd KEteX.
T T T T T ~
Yi =&+ [7 fs(Ys, Zs, Vi)ds + [ dRs+ [, 9s(Ys)dAs — [ ZsdBs — [ [5 Vs(e)fi(ds, de)
+ [Faki — [Fak;, 0<t<T, P-as.

Li<Y:<U; and [](Y,- —U)dK# =[] (Y, — L)dK; =0, 0<t<T, P-as.

The last condition is called the Skorohod condition. It requires that the processes K+ and
K~ are minimal in the sense that they only act when Y reaches the obstacles L and U. This
condition is crucial to obtain the wellposedness of generalized doubly reflected BSDEs with
jumps. Note that when there is no barrier, the system becomes an ordinary BSDE with jumps.

Definition 3.3.2. We say thatdM}! and dM} are two singular measure and we denote dM} 1. dM?
if
T T
/ Lia, (wyydMf =/ L ae(wyydMZ =0, VA e P (3.1)
0 0 ¢

We shall make the following standing assumptions on the maps under consideration.

Assumption 3.3.3 (Assumptions on the drivers).

 The first assumption characterize the growth of the driver f with a lower and an upper
bound: For every (y, z,v) € R x R? x LY(B(E),v), there exist two positives processes n
and C respectively in L} (£, [0, T]) and D¢ such that

Cs
0,.2.) = —na(w) ~ P - L)
Cs
< (w.9.20) € 8. 20) = ) + e 4 L),

dt ® dP-a.s, (w,t) € Q x [0,T], where
J(v) = / (e&’(e) —dv(e) — 1) v(de).
E

e The second assumption consists in specifying a lower and upper bound for g: For all
y € [LS(U}), Us(w)]’
|gs(w, y)| < 1 A(ds) ® P(dw)-a.s.

* The last assumption known as the ” A -condition ” deals with the increments of the driver
f with respect to the jump component: For all (y, z,u,u) € R x R? x LY(B(E),v) there
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exists a P ® B(R2) @ B(E)-measurable function v where C; < v < Cy with —1 < C; <
07 CQ > 07

ft(y,Z,’U) - ft(y7277_)) < /E%f(e)[v(e) - 1_}(6)]1/(616)’ vt e [OvTLIP-a'S

Remark 3.3.4. We emphasize that, usually the above structure condition is uniform that is
the constants in front of z and u are constants. However in our context, we look for solution of
generalized doubly reflected BSDEs where the driver has stochastic growth i.e. n and C are no
longer constants but predictable processes.

To conclude this part we introduce the following requirement on the obstacle processes.
Assumption 3.3.5 (Assumptions on the Obstacle).

(i) There exists a semimartingale S with the following decomposition

S=8y+VT -V~ + [;asdBs, where Sy e R, V*, V- € X and a; € £24, P-a.s.
(i) Ly < S, <U;, L <0<U, tel0,T],P-as.
(iii) Forall R € X, dR; >0, P-a.s.

3.3.2 Exponential transformation and estimates

To achieve our main result, that is the existence of solutions of generalized doubly reflected
BSDEJs, we first introduce an auxiliary BSDEJ which is explicitly given in terms of exponential
transformation of the original one. We then establish a correspondence between solutions of
the auxilary one and those of BSDEJs given by (fds + gdAs + dRs, &, L,U). To do so, we
consider the following F;-adapted continuous increasing process

1
my =2 sup |Cs| + sup |Us|+|Rt|+At—|—g+1. (3.2)
0<s<t 0<s<t

Then we have the following result.

Proposition 3.3.6. There exists a solution (Y, Z,V,K*,K~) € D x £>% x £2¢ x K2 to the
system (&) ifand only if (Y, Z,V, K+, K~) is solution of (€) with data (f,&, L, U)

where

J?:fS((g/\ES>VUS>Za5)_775ms and g=

_ _ _ 1 - _
U, = emWUimme) - [, = emelle=me) gpp — 5 @As + 1smads, dAs = 8mydm,. (3.3)

8my
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with
gs(g) - g[msgS(h;r(LZ) + ms) dAs + ms dRS +mg — m]v

ms

fs(ﬂ,é,f/) :msg[fs(h;g) +m Z_ Lln(@—}-l))

S msy’ ms

z|2 n 2 I
tmag — g — b [V —in(1 + 2) — Dw(de)].

sY ms

Proof. Applying It&’s formula to Y; = ¢™+(Yt=™¢) 'we obtain for all t € [0, 7], P-a.s

th YT +/ Y meS(YSaZS7VS) |msZ |2 /[ msVs(e) _ms‘/s( ) 1]V<d€)}d5

/mY dK§ — /mY dK7 — /mY Z.dB, // [em<Vs(©) _ 1]ji(de, ds)

As
o [ im0 e, + [, i,
t s t

t Mg

Thus, taking f, g, A and dR as in (3.3) yield to

EQ:YT+/TJES(Y9,ZS,VS)ds+/ Y,)dA, +/ dR, — / Z.dB, — / /v fi(ds, de)
T ' T
T / dRF — / AR

t t
We then deduce that if (Y, Z,V, K*, K~) is a solution of (§) then (Y, Z,V,K*+, K~) is a solu-
tion of the generalized doubly reflected BSDEJs associated to (fds 4+ gdAs + dRs, &, L, U).
Conversely, let (Y, Z,V, Kt ,K~) be the solution of (&) with data (f,&, L,U). Applying 1td’s
formulato Y; = % + my, we obtain that (Y, Z,V, K*, K~) is a solution of (&).
The following lemma summarizes the properties satisfied by the transformed data.

Lemma 3.3.7. The data (fds + dR, + gdAs, &, L, U) obtained by the above exponential trans-
formation satisfy the following properties

()0<Ly<e™ <U,<el<landLr<&<Up Vtel0,T], P-as.

(i1) f is a P-measurable function such that for all (s, y, z,v) € [0,T] x [Ls, Us] x R x LY(B(E),v) :

ﬁ

72m5n5 L. 7‘](ln( )) S fs(wvyvzav) S 07 P-a.s.

(iv) dR is a random positive measure .
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Proof. (i) Since U; < m; — 1, it follows directly that 0 < L, < e ™ < U; < e~! < 1,
Let us now prove that f satisfies the property(ii). Recalling the expression of f and using
Assumption (3.3.3), we aim to determine an upper bound to f

Cs |22 1
5 3 s
2 m2y 0

J(lmu+”»—|d—]’/@WHﬂ—ma+
ms E

o _ C 1\ |z|?
fs(w7y7z7lv)§€ 1m8778+< > |

om, 2 Y

Since C, < m; yield to 2= — <0, we see that f,(w,y, z,7) < nems.

2msg

Now we aim to find a lower bound of 7. In fact

o _ Cs 122 1,1 v
fs(w,y,z,’u) > msl/[( —Ns — 7m2g2 - EJS(Eln(l + 5)))
|22 1 In(14-2) v
—%mf_ngé@ y—mu+?—nm@ﬂ
_ Cs 1 2‘2 In(1+2) v
> —e lmss_< +>__ €n ??—lnl—l—j —ll/de.
> 1 (am t3) 5 L (14 2) = 1)w(de)

Using once again J(ku) > k.J(u) together with L, < i < U, and 2% + 3 <1, we finally get

~ o _ C, 1 z|2 1 v
> 1 N —_ ) == _ _ 1 —
Js(w, 9, 2,0) > —e” "mgns (2ms + 2) 5Js(ln( +=))
+

2
1
> mgns — ’? — gJS(ln(l

Similar arguments can be used to prove that g satisfy —1 < gs(w,y) < 0.
The property (iv) follows from Assumption 3.3.5 and the definition 3.2.
3.3.3 Auxiliary generalized doubly reflected BSDE with jumps: Existence and

uniqueness results

Our problem is then reduced to find a maximal solution for generalized doubly reflected BSDEJs
under the following weaker assumptions.

Assumption 3.3.8.
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1. There exist two positives processes n € L.}(€,[0,T]),C € D¢ such that

1
‘Z|275j(1}) Sft(wvyazvv) SO’ vt e [O’T]

o Ct(w)
2

q = —mn(w)

2. Forally € R, 1< gi(w,y) <0, 0<t<T.

3. There exists a continuous non decreasing process S = Sy — V., where Sy € R,V €
X suchthatL; < S; <U;, P-a.s.

4. Vte[0,T,VRe X, dR,>0and0<L,<U, <1, P-as.

Theorem 3.3.9. Assume that Assumption 3.3.8 and A.,-condition are fulfilled then the general-
ized DRBSDE with jumps (€) associated to (fds+ dRs + gdAs, &, L, U) has a maximal solution.

Classically, when we want to manage a quadratic BSDE, it seems natural to start by an expo-
nential change of variable to obtain a Lipschitz BSDE. However in general, this method may
fail as it can be seen in lemma (3.3.7). A possible way to do so is to approximate the BSDE
by mean of sup-convolution. This technique was introduced by Lepeltier and San Martin [90] in
the backward theory.

To be a little bit more precise, the scheme of our proof is the following.

e The first step consists on introducing an auxiliary generator (f™),, globally Lipschitz with re-
spect to (y, z,u) as follows

fi(y, z,u) = sup {fe(p,q,7) + nly —pl +nlz —q| + nlv — 7|}
(p,q,r) ERXRIXILI(B(E),v)

Moreover, since the integrability conditions on the data are weaker, we will introduce a family of

stopping times (7;)i>0. Hence, using the existence results of Appendix, we justify the existence

of a unique processes (Y™¢, Z™¢ U™t K—mi K+mi) solution for the truncated generalized

doubly reflected BSDEJs.

In the last step, we prove a stability result for the approximating sequence of this type of BSDEJs

and hence we deduce from it that the limit exists and solves the original one.

Before proceeding in the proof, we will need the following lemma which provides essential

properties of the truncated drivers. Define

[ty z,v) = sup {f(t,p,q,7) —n|lp—y| —nlqg — z| +n|r —v|}.
(p,q,r) ERXRIXLO(B(E),v)

q"(t,y,2,v) = sup {a(t.p.q,7) = nlp =yl = nlg — 2| +nlr —vl:}
(p,q,r) ERXRIXLO(B(E),v)

g"(t,y) = sup{g(t,p) —n|p —y|}.
peR
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Lemma 3.3.10. [704] Under Assumption 3.3.8 and A.,-condition, we have
» The sequences (f™)n, (¢9")n are Lipschitz with respect to (y, z,u).

e Forall (t,w,y,z,u) €[0,T] x 2 x R xR x LY(B(E),v), ¥n € N
4,(y,z,u) < ¢} (y, z,u) < fi'(y, z,u) <O0.

« Forall (t,w,y) € [0,T] x Q@ xR,Vn €N, —1 < g7*(w,y) <0.

» The sequences (f™), and (¢g"), are increasing and converges uniformly in every compact
set respectively to f and g P-a.s.

Proof.[proof of Theorem 3.3.9] The proof falls naturally into four steps
First step: Construction of the sequence of generalized doubly reflected BSDE with jumps:

Let j,i,p € Nsuchthat j < i < pandt € [0,7;] where 7; is a stationary family of stopping
times defined as follow

:inf{tZO;At+Rt+Ct+/otn5ds zj}AT.
Let us now introduce the doubly reflected BSDEJ associated to the truncated driver(f"),,
(D) Y =& TSRO 20 Vs + [ ARG S gR (YA + J dK
— JFakmi— — [T Z204dB, — [T [ Vi(e)i(ds, de), 0<t<T,P-as,
(€Y () LM <y <UM, 0<t<T,Pas,

(iii) ST (v — peiydRmit = [(T(Ord - Y dKr— =0, P-as,

(iv) dK™+ LdK .

where dR' = 1{,<,,}dR, and dA™ = 1, ydA,.

First, we have to justify the existence of the solution for the system (£!). Using both Lemma
(3.3.10) and the associate A, -condition, it follows from Theorem 3.4.2, the existence of a unique
solution (Y™, znt i gKmb= K™6+) . Moreover, we have the following estimate: Vn,i € N

E[ sup ]Ym|2+/ |Z}"

|2t + / [ IV @ vlde,dt) + () + (7)) < o (3.4
0<t<T

In the other hand, since (7;);>0 is an increasing family of stopping times, we deduce from the
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comparison Theorem 3.4.1 and (3.4), that the solution satisfy the following properties
Foralli,n € N, dR' < dR™', L, <YM <y™ <y™ <y,  vte[0,T], P-as (3.5)
and
AKTET < dKPYT < dKPTYST D gRPTYT < KT < dKTTYT e € [0, T, P-as. (3.6)
For a fixed n, since (Y™); is increasing we can define Y as follows

Y/ = lim v vt e [0,T], P-a.s.
From (3.4), the sequences (Z™%) and (V™) are bounded which entails the weak convergence.
We denote respectively (Z") and (V™) their weak limits .
In the next step we prove a stability result for the approximating sequence of generalized doubly
reflected BSDEJs. We define an order for the convergence: first we will send i to infinity and
then in the third step we let n goes to infinity.

Step2: The convergence of the approximating generalized doubly reflected BSDEJ.

In this part we shall freeze n € N and let i goes to co. For simplicity, we shall make the fol-
lowing notations §Y = Y™ — Y"™P §7 = Z™ — Z™P and §V = V™ — VP,

Consider e} := 247 +(2n°+2n)t e obtain by applying Itd’s formula to e (Y — Y"P)2 between
t and 7;, the following

s

er(6Y)F =€l (0Y)2, + / C2eL0Y [ fR(VI, 20 V) = fY, 20, V)] ds — / " dR?
w2 [T ensviasit —2 |7 erviasi; —2 7 ey [qr (v - i) A
t t t
_2/ " e"5Y,0Z,dBs —/’ eg|5zsy2ds—2/ J/ e?&@é%(e)ﬂ(dads)—k/ "dR!
t t t E t

_ / ’ / e [5Vi(e)2u(de, ds) — / L enov? (20d A7 + (2n 4+ n?)ds)
t JE t

(3.7)
Before going any further, we need to estimate the following difference
[ 2enay, (v, Znd, v < g (v, 2pn V)] ds.
t

We first rely on the classical inequality: Ve > 0, a.b < ea® + %bz and the fact that both (f™),, and
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(™) are uniformly Lipschitz in (y, z,v). In this way we obtain what follows

S S

[ 2ensy, gt zu v — g, 2, v ds
< [ 2nlsY. (6Yi] + 16| + |3Vl s
< e/tTj nel|8Y, 2ds + % /t nel (1Y +10Z4[ + |Va[2] ds. (3.8)
Besides, we have
72y, (g - grovn) dar < 7 2meziovi faar, (3.9)
On the other hand, it follow from (3.6)
/t Y sy, dsKE <0 and /t Y SV, dSKT > 0, (3.10)

Besides, Notice that if we use the standard localization procedure we can prove that the local
martingale [;7 e"0Y;0ZsdBs — [[7 [ et6Y:6Vi(e)fi(de,ds) is in fact a true (F, P)-martingale.
Now notice that since the family of stopping time 7; is increasing then,

Tj . Ti TjNT; Tj N\Tp
/ dR! — / dRP = / dRy — / dR
t t t t

:/des—/des:O (3.11)
t t

Combining (3.8), (3.9), (3.10) and (3.11) and putting all terms containing 6Z and ¢V in the
left-hand side, we can rewrite (3.7) as follow

B[ IVil2 + [ eRl6Z.[2 + |3Vi[2lds] < Elel |67, )
t

Now in order to justify the passage to the limit in the right hand side as ¢ goes to +oo, we apply
Lebesgue’s Dominated convergence theorem for a fixed n, since we know that the process Y ™!
is bounded E[|6Y7, |?] goes to 0 as i goes to infinity.

Hence there exits 2" € £2? and V™ € £24 such that for any n € N we have

lim E[/OT" (120 — Znp? +/}2|1/.5”’i(e) —V7(e)Pu(de))ds] = o.

i——+00

Now apply It6 formula to |Y;" — ¥;"?|2 and taking first the supremum over ¢ € [0, 7;] then the
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conditional expectation we get using the Burkholder-Davis-Gundy inequality
. . Tj . . 1
E[sup [V~ ¥/ 9P] < E[vpe - V2] 4 26 [ [y - vprRizn - Zpeds)
t<7; 0
7 Tj .
+ 2¢E / / Y=y
o JE

Letting n goes to infinity in the above inequality, we can deduce from the monotone convergence
theorem and dominated convergence

N

Vi (e) = Z{P (o) Pr(de, ds)] 2.

lim E Yy —yP?] = 0.
Jm Elsup (1 — ¥
To conclude that the process Y™ is cadlag and hence belongs to D, the idea is to define Y? the
projection of Y as the unique predictable process such that Yz = E--[Y;] on {7 < oo} for all
predictable time 7 and then (Y™#)P = Y™,

Putting Y™ = E?OY"Z together with the fact that Y™ is cadlag from [11] we deduce by the
weak convergence of Z"¢ and V"™ that Y™ = (Y™)? 1 (Y™)P as i — oo.

Similar to the arguments used in [48] we can prove that the processes K™ and K~ belongs to
K. From (3.6), we deduce that K™%+ converges weakly to the continuous increasing process
K™*. Furthermore, using Fatou lemma :for fixed n € N and for all i € N

E[(K")?] <E[(K"H)2] <E[(K")?] < +oc.

Hence, we get that E [(K™)?] < oo which proves that K™ belongs to X.
Now since 7; is a stationary family of stopping times , it follows from the system (€!) with mono-
tone convergence theorem that for afixedn € N, K~ < +oo, P-as.

Finally, letting i goes to infinity for fixed n € N in the system (£!) we get that the quintuple
(yn, zn, v K™t K™™) solves the following system

T T
V=6 [ 2 U s + R + gl (YAAL ~ [ ZidB, (3.12)
t t
T T T T
+/ dK;"*—/ dK —/ ngBs—/ /VS”(e)/l(ds,de),
t t t t E
with L} <Y, <U;, 0<t<T,P-as. (3.13)

Note that Y satisfies the above system for all ¢ € [0, 7;]. However , since the family of stopping
time 7; satisfies P [Us2, (7; = T')] = 1, we have immediately that Y satisfies the system (3.12)
for all ¢ in [0, T7.

To complete this step, it remains to prove the Skorohod condition of Y. Since 0 < Uy — Y;* <
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U, — Y™, we clearly have
T .
/ (U —Y2)dK""™ =0, P-as.
0

Therefore, since the process K™~ converges to the continuous increasing process K", we
obtain the weak convergence of the measure dK™*. Hence it follows that

T
/ (U —Y2)dK,"~ =0, P-as.
0

The proof of [ (Y;* — L;)dK,"" = 0 is in the same spirit, we only have to notice that we have
the weak convergence of the measure dK™ to obtain that

T . ) T X
0< / (Y2 — Ly)dK;™ " < / (Y2 — Ly)dK;"" =0,  P-as.
JO 0

With the help of Fatou lemma we get the desired result.

The 5-uplet (Y™, Z", V" K™t K™™) is solution of the following generalized doubly reflected
BSDEs with jumps.

(D) Yy =&+ Ji SR 20, Vs + fiTdRY + [ gy (Y dAY — [ Z2dB,

+ [Fdrmt — [(Fakr= — [T zrdB, — [T [, Vi(e)i(ds,de), 0<t<T,P-as.

S

(i) Lr <Y <Ur, 0<t<T, P-as.

(id) [ (Y — LMK = [T(Y? — UMK~ =0, P-as.

Moreover the processes Z", V", K™* and K™~ inherits what follows : for all n € N
B[ 1zzds+ [ [ Vi) Potde.ds) + (K57 + (77)?) < +ox.
0 0 E

To conclude this step, since dK™t = infdK™** and dK™~ = supd K™* we have that dK™*
? 7

and dK™~ are singular.
Step 3 : In this part, we will derive a stability result of the system (£2). We proceed exactly

as in the second step. To this end, since we know that the sequence (Y™),, is decreasing and
uniformly bounded, we only need to prove that there exits a Z and V in £2< and £%¢ such that

n—00

T T
. n 2 n 2 _
ti B[ [ 172 = zZPas+ [ [ 1020 = Vi@ Potde,ds)) =0, (3.14)

74



Exponential quadratic doubly reflected BSDE with jumps

As in [50, 85], we first consider the function ¢ : R™ — R defined by ¢(z) = J( VT — 4ix — 1)
with the following properties

0<z<1, $(0) =0, ¢'(0) =0, ¢'(z), ¢"(x)>0,
¢ (x) = e¥* — 1, ¢ (x) = 4jeY7, (3.15)

1"

¢ (x) = 4j¢ (x) + 4.
For the sake of clarity we define the processes Y ,Z and V

Vn<m, Y:=Y"-Y™ Z:=2"-7m, V=Vt -ym,

Since ¢ is €2, by It6’s formula we get

o(Y;) = ¢ Tj/qﬁ dK+/q5 dK+/¢ )Zyd B

/<z> NZPas— [ [ 6 (TVintde,ds)+ [ (Fgn(v)daz

- [ 6 Wagrmaay - / (O(F +7) = 6(02) = &' (T Vo)ulde, )
[T 22 V) = O 2 V) ds (3.16)

Clearly f™ < f. By the growth assumption on f we get foralln € N
s 1
= VTP = L) < RO 2LV <0

Then we have o .
0< —f (V" 25 V) < ms+ 2017+ STV,
Now the elementary inequality |Z™|? = |Z™ — Z" + Z"|? < 2|Z|? + 2|Z"|? yield to an upper
bound of f* — f™.
CS |2 1 n n n n n m(ym m m
—77s—7\Z5| _SJS(VS ) < Y28 V) = £ 28 V)
- 1
< st Csw) (1Z:f° +125 ) + (V™)
<y + Cs(w) (127 +12217) + e[V 2
< s+ Cuw) (126 +1201) + 26V + 26 VoS (3.47)
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In the other hand
|7 aromaaz = [ grarmanr = [T 0 dd = [ o 07 e, dA.
— [( @O = g T A~ [0 (g (V)L <o A
By lemma (3.3.10), we have
|76 @gr () = g ) esrydAs < = [ 6 (Tgl ()1, A,
/ ¢ (Vo)1 (s<rydAs
S/t 14jeY Y, A, (3.18)

Hence, reporting (3.17 ) and (3.18) in (3.16) yield to

Y + / C 00+ V)~ 6(7) — & (V) Vo)l )
//v Y,)ji(de, ds) /¢}7ZdB
\Z\ds—/ & (V,)dK - +/ & (V,)dK
+/ 8 (V) [1s + Colw) (1202 +|Z22) + 26V 2 + 26[ V4 2] ds

Tj -
+4j/ e4JYSdAS+4j/t V1, <oerydAs.
t

(3.19)
Now, since the process C(w) is bounded by j for all s € [0, 7] it follows
/ ¢ (Ys)Cs(w)| Zs|?ds — = / 0" (Y:)| Zs|*ds
s/t o (V)| ZPds = 5 [ (4y¢>< ) +45) | Z:Pds
<y/ S (VNZds =2 [ 6 (TIZds =2 [ 12,ds
/ A dsf2]/ & (V2)|Z.|2ds. (3.20)
Using the same argument as in [52], we obtain
CIVi(e)? < (Y- + Vile)) — ¢(Vy-) — ¢ (Yo-)Vi(e), drace. (3.21)
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Plugging (3.20) and (3.21) in the previous It6 equation (3.19) yields

Y;) + é/T/ Va(e)|?v(de, ds) <

¢(Yr,) — 2¢ qS |V’d$*2€/ ¢ (V. |V”]2d572j/ |Z|d57]/ ¢ (Ys)| Zs|*ds

_]/ qb |Zn 2d5 +/ €]Y5 —_ ]_)dA / J <€]Ys _ 1) dKS_ +/ e]Ys _ )
t t

_/ % 1 )stBS+dRZ’m+4j/t nseﬂ?;ds—/tj/Ef/s(e)qs’(Y;)g(de,ds). (3.22)

t

Let us underline that the process K acts only when Y reaches the obstacles L and U, it is
easy to see that K" only increases when Y;” = S, and K™~ only increases when YT = Ly.
Therefore, we have

+C/ /|V (€)2v(de, ds) < (Y, —26/ & (V. |V|ds—2e/ & (V) |V 2ds
—2.7'/ 5+ TZPds =5 76 (V)1z2Pas+ [ 4jet (Yot L cpcr, ) dAs
+/ (Y — de++dR"m+/ ~Y™ +Ug)dK»™ — / /v '(Ye)fi(de, ds)
/t (el —1)Z,dB, +4j/ nseYyds.
where
AR — ng:m+<e4j (7 —Le) gy - LS)) dK™ — (643' (Y2 H0s) g (ym g US)> dK™".
Taking in the left sides all the terms containing either Z or V, we get
Yt+c/ /\V deds+2e/ ¢ (V. \V|ds+2]/ [1+ ¢ (Ye)]| Zs|*ds
+4j/ (Y — L)de++4j/T (= Ym+U)dK”’+/ dR™™.
< (Y, +]/ ¢ (Ye)| 27| ds—26/ & (V)|V 2 ds+/ 456 (Vo + 1r cacr,y ) dAs

+4j/ nse JYds—/ ¢ (Y,)Z,dB, / /f/ fi(de, ds). (3.23)
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Then using the fact that Y — Y™ < 1 we obtain for ¢t = 0,

ERj(1+6 (V) [ 7128 - 20 Pas + e () +C) [ [ v = v Pulde,as)
45 [T / K K PHN,Mm
< ¢(1) —.FE[4J€ ]/t nsds + ¢ (1) /0. dAs —I—/O dR}™]
FE[[ 740 N2 266 (B [ V2 Eds) (3.24)
0 t

Let us underline that since ¢(Y™™) is uniformly bounded process, the conditional expectation
of the martingale part of equation (3.23) vanishes. Now, taking n = 0 we get from the apriori
estimates of (Y™, Z", K™, K™™) that

E[/Tj 120 — 77 %ds + /Tj/ VO = VI (e) Pu(de, ds)] < C. (3.25)
0 0 E
and
sup E[/ iz ds+/ / VI (e)|w(ds, de)] < +oo. (3.26)
meN 0

. J J
For all t € [0,7;], we can then extract a subsequence (mj,)xen such that Z,* and V;"** con-
verges weakly respectively to an F;-adapted processes Z; and V, in H2 and H2. It is obvious

m

that (¢ (V)" — Y"™))31.)(Z0 — Z2'%) respectively (¢ (Y ~ . J>>21M<v — ") converge

weakly in H? and in 2 to (4 (¥ — Y2") 1) (27— Z,) and (6 (7' = Y2") 1 (V2 = Vo).
Hence, recalling the 1td equation (3.23 ) we obtain

B [ 24 + 6 (V)20 - 20 Pas+ [ [ e (T + O = ViH ) Pr(de, ds)
< E[p(Y; )+4ge4ﬂ/0 nsds—i—/ 4]6J(Y +1{Tn<s<7m} dA +/ j.¢ (Yo)| 27 2ds]
—2[ [ (T Lds].

Notice that

jE[/OTj A ds]<2ﬂE/ & (V)| 27 — Z\st+/ & (V)| Z:|2ds],

and , .
2] [ (v - TV ds) < 26B[ [ 67 = V)V - Vi)
t t

+2em [ 6 (v~ V)IVaf2ds)
t
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Now since we have
BR(1+6 (7 V) [ 120 = Zifds+ [ [ 0 072 = T2) + OV (e) — Vie) Pode, ds)]
< hmlnfE[Qj(l—l—¢( — Y, ))/ |z — mk\st}
4 liminf (266 (Y7 — V) + C) / / Vi (e) — VI (e) Pu(de, ds)),
k 0 E
letting & goes to infinity allows us to obtain
E[2] / 27— 24| ds+C/ /|V” (e)[2v(de, ds)]
< lim inf {E[Z]’(l +¢ (YD - Ymk))/ |Z7 — Z;ni]st
k 0 .
+ e (7 =¥+ 0) [ / V() = Vi () Pu(de, ds)]]
SE[¢(YTj)+4je4j/ nds+/ ¢ (V,)dA, +2]/ ¢ (Y2)| Zs[ds]
t

+2eE( [ (V0 - V)V
t

Since ¢ (Y™ —ffs) goes to zero as k goes to infinity, we conclude by the dominated convergence
theorem, that

[/ \Z — 2] ds+/ / VI (e) — Vi (€)|P(de, ds)] —n_so0 0. (3.27)

Therefore by the uniqueness of the limit we have , ZJ(w) = ZI*'(w) and Vi (w) = Vit'(w),
P-a.s.

We then denote by Z and V' their respective limits when j goes to infinity. Finally since 7; = T,
we obtain

lim E[/ |z — Z, ]2ds+/ / V2 (e) (e)|?v(de,ds)] = 0. (3.28)
Hence, it remains to prove that the limit process Y is cadlag.
Vo2 < [0 20 V) = 120 22 Vs + [ 1) = g2 (V)] dA

[ 190 szl + | [T (2= zaB | [ [ (i) - v enide, s
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Taking the supremum over ¢ and the conditional expectation yields to

B[ sup V=7l B[ 710000 20 Vo) - 207,22,V ds] (3.29)

0<t<r
Tj
AB[ [ 100 g pldA] B[ (V) — g2 (71447

+E[ swp | [7(Z— 2B+ sw | [T [ (Vo) = v (@)iitde,ds)]).

o<t<r; Jt 0<t<r;

Furthermore, the Burkholder-Davis-Gundy inequality allows us to deduce that

E[ sup /j(zs ~ Z™dB,] < 2E[/ "2, — Z7|2ds] 2. (3.30)
0<t<r; Jo 0

and

sup/ / "(e))jilde, ds)] <2E/ /\v C V) Pu(de, ds)] P, (3.31)

0<t<T;

Reporting (3.30), (3.31) in the previous inequality yields to

E[ sup [Y; —Y/[]—x 0.
0<t<T;
Step 4: Identification of the limit
In this part we aim to prove that quintuple (Y, Z,V, K—, K™) is the solution of the generalized
doubly reflected BSDEJ (&). To do so we first prove that

Tj Tj
lim B[ [ U7 (7 27 UF) = (Y. 20 Uplde] = 0and i E[ [ g7(%7) = i (Vi) lat] =

n—oo

By Lemma 3.3.10, fI(y,z,v) converges to fs(y,z,v), Vs € [0,T],P-a.s. Moreover, from the
cadlag version of Dini’s theorem, fI'(y, z,v) converges uniformly on every compact set. Thus,
f&(y, z,v)1) -, converges uniformly to fs(y, z,v)1j -, @s n goes to infinity, dt @ dP’ @ dv a.s.

In fact as Z™ and U™ are unbounded, one can decompose the expression above in the fol-
lowing way

7 7
B[00 20U — 102U < B[RO 20U — Y20V
0 0 {|1Z:*|+|Us k|<C}

7
+E[ / PO 2P UP) — (Y Z0 U . di]
0 {1Zs®|+|Us k|1 >C}

The first term in the right-hand side goes to zero as k goes to infinity since Y™ is bounded
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over [0, 7;] and
RO 2V~ BV 2 W <t \Z"'f|2+ J(V ).
For the last one, using Markov inequality we have

Mt s y) < GRBlZ7 P + V7).

Hence, using the dominated convergence theorem we obtain that f; * ( ”‘“ 7, Uf?“) converge
to fi(Yy, Z4, Up) in LY(dt @ dP @ dv) forall t < 7; .

Using the same argument we can prove that E {foTj lgir(Y,") — gt(Yt)|dt} goes to zero as n goes
to infinity.

Now, notice from the system (€?) that supE[K]'*] < oco. By Fatou lemma we deduce that
E[K] < co. Thus, we obtain that K7 < og P-a.s. We can show similarly that K, < cc.

In order to finish the proof we need to show that the limit process Y satisfies the following
minimality condition

T T
/ (Yo — Ly)dKT = / (U, — Y, )dKZ =0, 0<t<T,P-as.
0 0

This is deduced from the following facts :

e From the system (3.4.1) we have fOT(YS” — LM)dK™ = fOT(U;‘ - YMdK}~ =0, P-a.s.

e K™ respectively K™~ converges uniformly to K+, K.

The only point remaining concerns the singularity of the measures dK+ and dK . The result
follows from the singularity of dK™~ and dK™* with dK~ = inf,, dK™~, dK* = sup,, dK™™.
We can hence conclude that the 5-uplet (Y, Z,V, K+, K~) is a solution of the system (&).

Theorem 3.3.11. Under Assumptions 3.3.3 and 3.3.5, there exists a maximal solution (Y, Z,V, K+, K ™)
for the doubly reflected BSDE with jumps associated to (f,&, L, U) satisfying the system (&).

Proof. As already explained, the eX|stence is obtained directly from a logarithmic change of
variable. Let Y; = Z"(Yt) +my, Zy = Yt L ln(Vt + 1). Then applying Ité’s formula,
we obtain

T T T T T
Yt:f+/ fs<1@,zs,v;>ds+/ aRo+ [ g v)dA+ [kt - [ ak;
t t t

/ ZsdBg — / /V f(ds,de), 0<t<T,P-a.s,.

In addition, since [7(V,- — L)dK+ = [L(V,- — U,)dK = 0. we have [T(Y,- — L)dK+ =
Jo (Y= = Ug)dE; =0, P-as.

81



Exponential quadratic doubly reflected BSDE with jumps

3.4 Appendix

3.4.1 Existence and uniqueness result: The Lipschitz case.

In this section, we extend some of the results of Pardoux Zhang [115] concerning generalized
BSDEs with no reflection to the case of doubly reflected BSDEJs. Let us note that the majority of
the following proofs follows straightforwardly from the original proofs of [115], [68] [118] and [45]
with some minor modifications due to jumps and reflection. However, we still provide the proof
of existence since it will be needed in the construction of stochastic quadratic BSDEJ’s solution.
To the best of our knowledge, they do not appear anywhere else in the literature.

We look for the solution of the following generalized doubly reflected BSDE with jumps,

Y;f = f + ftT fs(Y;% Zs: V;)dS + ftT gs(lfs)dAs - j;gT stBs - ftT fE Vs(e)ﬂ(dsa de)
(S) +[laky — [fdK; 0<t<T, Pas.
Li<Y,<U; and [](Y,- —Uy)dK+ = [ (Y, — Ly)dK; =0, 0<t<T, P-as.

under the following assumption

(i) There exists a positive constant L such that Vy,y € R, 2,2 € R, u, v € L(B(E),v),
|fi(y, 2z,uw) = foly' 2 u) < Lp(ly — /| + 12 = 2/ + |k = K']1), Vt € [0, 7], P-as.
(H1) { (ii) There exists a positive constant L, such that Vy,y € R,
19:(y) — ()| < Lgly — /|, and —1 < gi(y) <0, Vt€[0,7].
(tit)VRe X, dR;>0and0<L;<U <1, Vtel0,T],P-as.

Comparison result

Theorem 3.4.1. Let (Y!, Z' VI Kb KY7T) and (Y2, 2%, V2 K%~ K**) be to two solutions
of (8) associated to (f*,¢&, L, U?);—1 o, such that, for (i = 1,2) Assumption (H1) is satisfied.
Assume moreover that

o (1 <g? Pas.

o L} <IL?andS} <S? vtelo,T),P-a.s.

o fNY2,Z2,V2) < fAY2,Z2,V2), Vte|0,T],P-as.
o gi(Y7)<gi(Y)), Vtel0,T],P-as,

then we have Y,! <Y?, vt €[0,7T],P-a.s.
Furthermore, if U} = UZ, L} = L}, L, < U, ¥Vt € [0,T), P-as, then K,"' < K,;* and
K < K™, vt e 0,T),P-as.

82



Exponential quadratic doubly reflected BSDE with jumps

Proof. The proof follows the lines of the proof of the theorem (1.3) in [63] in the continuous
setting . For simplicity, we shall make the following notations.

(0Y3,02;,0Vi) = (V' = Y2, 2} = Z; V! = V2),  og=¢' =&
Ofe = fH (Y2 28 VE) = [ROY2 22 V) bge = g (YY) — g7 (Y)
Let us define the following bounded processes

YL ZLVY) - v, 2LV Y - g2

1 = 1 .
O[s )/;1 _ Y;Q {Y517EY52}7 O[S }/51 _ }/;2 {Ysl7£Y52}

_ R0 25 V) - RV 2, V)

B
) 125 = Z3|1?

(Zs = Z) Vg1 223y
Consider the following stopping times
t t
T = inf {t > 0,/ (|Z§‘2 + |ZS2|2) ds +/ / (|Vsl(e)|2 + “/;2<€)|2> v(de,ds) > k} NT.
0 0 JE
We start by applying Ité formula to R;0Y; = e®t(Y,! — Y,2)* where R; = e°.

Tk
Ripn (0Yine )" = Rr (Y2 ) + /t Ly RaYs [ FRYE 2N V) - FAvE, 22, V,f)] ds
Tk

Tk Tk
+ Rs0Ys[gs(Y) — gs(Y2)]dA, — Liy15y2y0Ys Ry ZsdBs
tATE tATE S
Tk Tk
- / / RySY:6V,(e)ji(de, ds) — / R0V, ds
tAT JE tATE

Tk Tk
+/ Lyisy2y Ro(dKH — dK 1) — / Lyisy2y Ro(dK? — dK ;).
t - s § =—"s8

ATk tATE

Notice that when Y'! > Y2 we have U? > Y, and Y;! > L}, we obtain

Tk

Th 1 o . .
/t/\ 1{Y1 >Y?2 }5Y8(sz T —dKT) — /t/\ 1{Y1 >Y?2 }5Ys(sz " —dK;7) < 0.
Tk sT T 8T Tk sT T 8T
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Hence, using Assumption (H1), we get

Tk

Rt/\Tj (5}/;5/\Tk)+ S RTk((SYTk)J'_ +/ 1{Y§12Y€2}QSR5‘(5YYS|d8
tATE
Tk

Tk Tk
—/ 1{y512y52}R36Z3dBS—/ /1{y§12y§2}R56K(6))ﬂ(d€)d8+/ Rg&él{yélzyﬁz}|5}g|dz43
t tATE JE

ATk tATE

M

Tk T
+/ Liyisy2y Rs[0Zs|Bsds + /l{yslzyf}Rs"Ys(6)5Vg(6)ys(d6,dS). (3.32)
tATE tAT JE
M—<M,N>

Now we define the probability measure P such that g% = &(N)r. Since —1+dx < v(UL,U2?) <
Ck and |B:(Z}, Z2)| < C since Z! and Z? are of BMO types.
Hence &(M) is a BMO-martingale with M = | Rsas0YsdAs + [§ Rs(Z} — Z2)dBs + [ Rs(V} —
V2)ji(de) and N = fot BsdBs + fot Jgv(e)ii(de,ds). Using Girsanov theorem, we obtain that
M — (M, N) are locale P-martingale.
Hence, taking the conditional expectation in (3.4.1) between ¢ and 7,, when 7, converges to T
as long as k goes to infinity yield

RV = YT <BF [Ro (V5 - V)HIF]

Sending k to oo we get 6Y; = Y,! — Y2 =0,Vt € [0,T], P-a.s.
e Let as now prove that

K, <K7? KM <K, vielo,T], P-as.
Exactly as (Theorem (1.3), [68]), we define the following family of stopping times
r=inf{t>0, K '>K AT
Suppose that P(r < T) > 0. Hence, K;'! = K2 on{r < T} . Moreover

Y!=Y?=U, on{r <T}.
if YTl(w)(w) # Urw)(w) then Yy(w) < Uy(w) for all t €]r(w) — p(w), T + p(w)[ where p(w) is a
positive real number.

Thus, it follows that for all ¢ €]r(w) — p(w), 7 + p(w)[, K, (w) = K05 (w) = V2,
contradicts the definition of the stopping family =(w). Hence

(w) which
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In the other hand, we consider the family of stopping times § = inf {t > 7;Y,! = L;} A T such
that {r < T} C {6 < T'}. Notice that

-if 7, <Tthen Y, = Urq)(w).

- if 6(w) = 7(w) then Y5, (w) = Lsw) = Uiw) = Lyw)(w) Which contradicts the fact that the
process U; remain above the process L; . We can deduce that P[0 < 7] > 0.

This implies that K; ' = K,' and K> = K;*, vt € [r,0], P-as, since Y! < Y2 and K+
(resp. K~) moves when Y'! (resp. Y2 reaches the lower obstacles L. Henceforth, we have

T

=Y +/ frovt zhvh ds+/ gbl,(Ysl)dAs—Kg’_—i—Ktl’J“—/ ZrdB, — / /v ji(de, ds).
t t
T

=Y+ / f2(Y2 22,v2) ds+/ gﬁ(xf)dAstgv—+K§v+f/ Z2dB, — / /V2 i(de, ds).
t t

Now in order to conclude, we define (Y,!, Z}, V!, K})i<s (resp. (Y2, Z2, V2, K?).<s) solution of
the reflected BSDE with jumps in the upper obstacle L associated to (flds + gldAs, Y3') (resp.
(f2ds + g*dAs, Y?)). Then by the comparison theorem given in [118], we have

V! <V? and K} — Kl >KPT—K%** vtels,d), P-as.

Using the growth property of f! (resp. g') and f2(resp. '), we obtain that ;' = Y,!, Y2 = Y}2,
Zl =2z}, 72 = 72, V} = Vb and V2 = V2, vt € [1, 6], P-a.s. Hence, we immediately get

K} - K} =K} - K}, K} - K} =K}~ K? Vtc|[r,d], P-as,

which contradicts the definition of the stopping time 7. Therefore, P [t < T'| which implies that
K—! < K—2 P-a.s. To conclude the proof, we can show similarly that K2 < Kt!, P-as..

Theorem 3.4.2. Under Assumption (H1), there exists a unique solution (Y, Z,V, K+, K~) to the
generalized doubly reflected backward stochastic differential equation with jumps associated to
(fds + gdAs, &). Moreover, it satisfies

T T
E[sup|Yt|2—|—/ \Zt|2dt+/ /E|Vt<e)|2y(de)dt+|K;|2+|K;|2] < +o0. (3.33)
t<T 0 0

Proof. The uniqueness is a simple consequence of the above comparison theorem. Let us
prove the existence of the solution. We consider the following penalized generalized BSDEJ:
for any n,m € N*

T T T
VO =6 [ 2 Vs [ (VA m [0~ L) ds
t t t

T T
_n / (TU, — Y™~ ds — / Zrm AW, — / / VI i(de, ds), Vit € [0,T), P-a.s, (3.34)
t t t E
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were [ (s, y,z,v) = f(s,y,z,v) +m(y — Ls)~ — n(Us — y)~. Referring to the results of [72],
we obtain existence and uniqueness for a solution (Y™™, Z"™™ V/™™) to the BSDEs given by
(fm,€). We set K" = m [ (Y™ — Ly)~ds and K{"™~ =n [j(Us — Y"™)"ds.

Step1. we aim to prove the following estimate. There exists a constant C' such that

T T
sup Elsup |y 4 [ 120 Pdes [ Ve e Puldendt) + G P iG] < v
n,meN* t<T 0 0 E
(3.35)
As usual we start by applying 1t6 formula to e*¢|Y;™ |2, relying on the Lipschitz property of f
and ¢ and using Young’s inequality we obtain

T T
6)\At|ytn,m|2 < eAAT|YJCL,m‘2 7/ )\6)\‘43|}/sn’m|2dAS +/ eAAS [gs(O)dAs + fs(0,0,0)dS]
t t
1 T
_ 5 )
T T T
+ (1 + 2Lg)/ EAASD/STL’mFdAS + 2/ eAAsyvsn,de;L,m—o— o 2/ GAAS}/Sn,deg,m—
t t t

T
M ZE VI Eds + (L4 613) [ My s
t

T
-2 / Msynm[znm B, + / Vrm(e)i(de, ds)).
t E

From the Skorokhod condition and Young inequality we have

T T 1

2/ VoK :/ LK < © sup |Lof? + e[ Ky — Ky | (3.36)
t t € 0<s<T
T T 1

2/ Y,dK :/ UydK: < = sup Ul + &Kt — K2 (3.37)
t t € 0<s<T

Therefore taking the conditional expectation we get
AA 7,12 e AA n,m |2 n,m |2
BlM Y g [ ez v s
t
T T
< E[MT V7™ 7] + / +[g5(0)dA; + £5(0,0,0)ds] + (=X + 1 + 2Ly )E| / MY dA,)
t t
T 1
+(1+6L?)E[/ MY Pds] + —(B sup |Ly* + E[ sup [Usl?]) + e(E[|K7|* + E[KF %))
t € 0<s<T 0<s<T
T
— 2E[ / My 2By + / V™ (o) fi(de, ds)]. (3.38)
t E

In the other hand, we consider a sequence of stopping time 7,, such that

Tpy1 =inf{t >7,, V""" <LIAT

Toae =inf {t > 701, V""" >UIAT.
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Using the same argument as in [63] or [70] we can rewrite the penalized generalized BSDEJ
as follow

M ynm = Mo ymm / AT F (Y, 70 V) s 4 g (Y™ dA] (3.39)

Tn+1
Tn+1 Tn4+1 Tn+1
- n/ Ms (U, — Y™~ ds —/ eMs Znm gy, —/ / MV (de, ds).
Tn Tn Tn E
Relying on assumption (H1) we get

Y™ > 8, on{r, <T}; Y™ =S on{r,=T}.

YTZﬁ S ST +1 on {Tn+1 < jﬂl}7 YT’:LLTI = STn+1 on {Tn—i-l — T} .

n

Hence from (3.39) with the help of the Lipschitz assumption of f and g we derive the following
estimate

Tn+1 Tn+1 T+l
n [T - vy as < [T My - zemaw, - [T [ Moy e, ds)
Tn Tn n E

Tn+1 A
+ e [£5(0,0,0) + Ly(|Y™ + 128 + [V™s)]ds

Tn

Tn+1 - -
[ A [00(0) + L[V + T — Meav).
Hence, since 7, is stationary sequence [63] we obtain from assumption (H1)
T 9 T T
Eln [ MU, - Y™ ds)’ < CQU B[ My s+ B[ M| zem s
t t t
T T
L E]| / e[V 2] ds] 1 ] / M YPmZALY.  (3.40)
t t
Similarly we obtain
T T
m/ (Yrm — L)~ds)? < C{1+E[/ (M [y 2] +E[/ M| Zm 2
t t

T T
FE[[ MVl 1Bl [ MR (@41)
t t
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where C' is a generic constant. Plugging (3.40) and (3.41) in (3.38) we obtain

B[y g [ @ zem R+ [ VeneRude)ds (3.42)

T 1
BTV 4 [ Mg (0)dAs + £,(0,0,0)d5]) + - (B] sup |Ly|+ B[ sup (U]
t € 0<s<T 0<s<T
T T
FE[[ (A4 14 2Lg) M Y 2dA] + (1 +6LPE( [ M|y 2ds
t t

T

T T
+2C[1+B[[ [ MYPm s + B[ (20T 4+ VR R)ds) + B[ My Paal]
t t t

Hence, using Gronwall inequality we get

T T
sup E|Y"™? +IE/ |Z,|ds —I—E/ / [Vi(e)|?v(de,ds) < C,
0<t<T 0 o JE

which implies the desired result.

Step 2: There exists a constant C such that for any n € N* we have E [sup, |Y;*|?] < C and
T
there exists an F;-adapted process (Y;): such that ET IE[/ Y — Yi|dt] = 0.

We know that all the requirements of existence result of [118] are fullfilled. Thus we know that
for fixed m € N Y™™ Z™™ and V™™ converge respectively to Y , Z™ and V" as m goes
to infinity. Moreover the limit process (Y™, Z™, V") is the unique solution of the generalized
reflected BSDEJs associated to (¢, f™, g, K"*) where f"(y,z,v) = f(y,z,v) — n(Us — y)~.
Moreover the limit process inherits the property (3.35).

Notice that for all n € N and (s, y, z,v)

My, z,0) < [ (y, 2,0).

Therefore by comparison Theorem [68] we have, Y;* < Y™, Vvt € [0,T], P-a.s.
Hence, Y” ~ Y, P-a.s. Now from the property (3.35) and Fatou’s lemma we deduce that
E [|Y;|?] < C and then by Dominated convergence theorem we obtain that

T
limE[/ Y —Y*] = 0.
n 0
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Step3 In this step, we aim to prove lim [ sup |(Y" — Uy)*[*] = 0.
n—4o0o 0<t<T

Let (Y, Z1*, V;*, K}') be the solution of the following reflected generalized BSDE with jumps
= &+ [TV, 22,V + n(Us = Y])]ds + [, go(V])dAs + KiF — K7~
— L zraw, — [T [ Vie)ii(de,ds), Vit e [0,T],P-as, (3.43)
Y > Ly, JT (Y - L)dK]T =0, P-as.

In addition, we consider (Y;*™, Z;"™,V,;*™) the solution of the penalized generalized BSDEJ
associated to the system (3.43). By comparison, since

ftn’m(ywzav) < ft(y>zvv) + n(Ut - y) + m(y - Lt)_‘

We have, for any n,m € N*, Y, < Y™, P-a.s. Letting m goes to infinity we obtain that
Y;» < Y™ Now, applying Itd’s formula to Y,"e~™, yield to

Y = esssup,E, [e_"(T_t)ﬁl{T Ty + e_"(T_t)LTl{T<T}
_ _ _ T
4 / O£ (Y7, 27 V) ds + g5 (V) d A +n / e 00 ds],  (3.44)
where 7 is an F;-family of stopping times 7 < T'. Now since U is continuous then
—n(T—t) T —n(s—t) n—Qo ; 2
e fl{T:T} +n/ e Usds — él{T:T} +UT1{T§T} P-a.s and in H*.
In addition, we have

T _ _ _ _ — 1
B[ IR 22,V ds) < f [/ LV 20 V) Pds)r — 0. (3.45)

ET[/T ST g (V) ]dAS] < f [/ 95 (V) [2dAS]z — 0. (3.46)

Besides, since we have that L; < S; < U; and

v —n(s—T1 — 1
B[ [ e 0@V —avi)] < BV + V) — 0 (347)

where v is a stopping time with = < v < T. Combining (3.45), (3.46) and (3.47), we finally
obtain
YT < }_/Tn BLLE fl{T:T} + U{TST} in H. (3.48)
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Henceforth, we deduce from (Theorem 86, [35]) that V¢ € [0,7] Y; < U; P-a.s. Consequently,
(Y*—=U;)~ \(0, Vte|0,T], P-a.s. Then, from Dini’s theorem [35], we deduce that sup,(Y;" —

U)™ (0.
Therefore, since forany n € N, (Y,* - U;) <Y, - S;and (Y™ —U;) ™ < |Y° 4+ |Uy], by dominated
convergence theorem, we obtain that

lim E[ sup |[(Y;*—U,)T?] =0, a.s.
m [Ogthl( ¢ )]

Step 4 In this step, we aim to prove that lim E[ sup [V;" — Y;|*] = 0 and there exists Z , V
e n—o00 0<t<T

K+ and K~ such that
T T
limE[/ ]Zt|2dt+/ / Vi(e) Po(de, dt) + | K% + | K= [2] = 0 (3.49)
n 0 0 E

Let n,p € N and consider the following processes §Y; = Y, — YF, 6Z; = Z* — Z} and 6V, =
vV — VF. Applying Itd’s formula to |AY|? between ¢t and T

T T T
G+ [z Pds+ [ [ 10Vite)Polde.ds) = 16V0P +2 [ ¥ilgn(47) — gu(YD)ldA,
t t E t
T T
w2 [0 ovinrzr v - e vilds =2 [ [ svevi(e)lde, ds)
t E t E
T T T
9 / §Y,62,dB, + 2 / / SY,(dKH"™ — dKHP) — 2 / SY,(dK-" — dKTP). (3.50)
t t E t
Since n < p we have 2 [ [, 0Yi(dK}" — dK}?) <0 and

T T T
2 / / SY,(dK" — dKP) = 2 / / SY,dE " — 2 / / SY,dK P
t E t E t E

<2 sup Y/ —U|K;" +2 sup U — Y |K 7.
0<t<T 0<t<T

In the other hand, from the growth assumption of g we have
T T
2 [ 8¥ilgu(v7) - g, (YD)dA, < 2C [ 16, PdAL.
t t
Using step 2 and 3, we can deduce that
T T T
B3Yi*)-2L,B( | 16V.PdA) + 28| 5Zofds+ [ [ j5vie)Pu(de,ds)
t t t E

T
< CE[/ 0Ys|?ds +2 sup |YP — U] K7™ +2 sup |Up — Y| K7 25 0.
0 0<t<T 0<t<T
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Therefore (Z™) and (V™) are a Cauchy sequences in a complete spaces. Consequently there
exits two processes Z and V' such that (Z™) and (V") converge respectively to Z and V.
T

Since E[fOT |0Ys[2dAg) < 2Lgﬁ(E[/ |6Y;|2ds])%, using BDG inequality we can rewrite (3.50)
0
as follows,

T 1
E[ sup |5Y;?] gngﬁ(E[/ 18Y;|2ds) ?
0<t<T 0

T
+CE[/ 10V |2ds +2 sup |YP — Uy|K7™ +2 sup |Up — V' |KP).
0 0<t<T 0<t<T

Therefore, _lim E[ sup V" —YP|?] =0andthen lim E[ sup [V;"—Y/|?] =0.

li
p=+oo To<i<T n—+o0 " o<t<T
Moreover, since K™ is an increasing sequence then K™ converges to the process K. In

addition, E[K}"*|?] < C we deduce that E[|K;|?] < +oc.

Besides, for any n € N we have L; <Y/ <Y; < U; and limE[ sup (¥} — U)t2=o0.
0<t<T

Then L, < Y; < Uy. In the other hand, [; (V;" — L)dK;"" = 0 and lim [/ (V" — L)dK{"™" =

fOT(Yt — L;)dK;". Thus the Skorohod condition is satisfied and the proof of the Theorem (3.4.2)
is complete.
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CHAPTER 4

FORWARD-BACKWARD SDE wWITH
JUMPS OF MCKEAN-VLASOV TYPE AND
STORAGE PROBLEM IN SMART GRIDS

4.1 Overview of the content of this chapter

In this chapter, we investigate the wellposedness of the following fully coupled forward backward
stochastic differential equation with jumps of Mckean-Vlasov type

t t
Xt=Xo+/ bs(Xs,Ys,Z&KS,P(XS,YS)MH/ 04 (X, Y, Zoy Ko, Bix, yv,))) AW,
0 0

t
+/ /5(5,)(5,,3/5,,ZS,Ks,p(XS,YS))ﬁ(ds,de), t € [0,T], P-as.
0 E
T

T T
}/t = g(XT,]P)XT) +/ hs(Xs;YszaKSJP(XS,YE))dS - / ZedWs - / / Ks(e)ﬁ'(d&de)a
Jt Jt E

t

where W is d-Brownian motion and 7 is an integer valued random measure defined on a prob-
ability space (Q,F,P), (X,Y, Z, K) is an R? x R? x R*? x .O( B(E),n)-valued adapted process
and P(X;, Y;) is the marginal distribution of (X, Y) .

We prove existence and uniqueness of the solution under two different assumptions using an
approximation scheme based on a spike perturbation either on the forward or the backward
equation. We highlight that we do not impose any degeneracy restriction on the forward co-
efficient. Our second contribution is dedicated to energy storage problem in smart grids. We
formulate the problem via mean field type control. We show that it can be characterized though
solving an associated FBSDEJS of mean field type.

In the particular case where the cost structure is quadratic and the pricing rule is linear, we
show that the FBSDE which characterizes the solution of the EMFG can be solved explicitly.
This provides a quite tractable and efficient setting to analyze numerically various questions
arising in this power grid model. The rest of this chapter is organised as follows. In section 4.2,
we recall briefly the mathematical setting and some basic definition. In section 4.3, we prove
existence and uniqueness of the fully coupled FBSDEJs under assumption (H1) and (H2). In
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Section 4.4 we consider an energy storage problem and we study the connection with some
mean-field FBSDEJ’s solution. In the appendix, we extend some of the results concerning FB-
SDE’s in the Brownian setting to the case of jumps.

4.2 Framework: Notations and setting

We consider a filtered probability space (€2, F,F,P) on which the filtration F = (F;)o<t<7 sat-
isfies the usual conditions of completeness and right continuity. On this stochastic basis, let
W a d-dimensional Brownian motion and 7 (w, dt, de) an independent integer valued random
measure defined on ([0, 7] x E, B([0,T]) ® B(E)), with compensator 1(w, dt, de).

The predictable o-field on Q x [0, 7] is denoted by P and P = P @ B(E) is the respective o-field
on Q = Qx[0,T] x E. For a o-finite measure X on (E, B(E)) satisfying [, 1A |e|?\(de) < oo and
a bounded P-measurable non negative density function ¢, we will assume that the compensator
7 is absolutely continuous with respect to A ® dt such that

n(w,dt,de) = ((w,t,e)A(de)dt, 0<¢ <, forsome constant C;,.
Finally, we will denote by 7 the compensated measure of = as
7(w,dt,de) = w(w,dt,de) — n(w, dt, de).

For any random variable X on (Q,F,F,P), we denote by Px its probability law under P. We
denote by M5 (R%) the set of probability measures on R? with finite moments of order 2 equipped
with the 2-Wassertein distance

Wa(p, pt) 1= inf{(/ |z — y|*F(dz, dy))%, F € My(R? x RY) with marginals p, 11’}
RIxR4
= inf{(EJE — €)% 1 o= £(8). ' = £(E)},

where £(¢) and £(¢) are respectively the law of ¢ and ¢’ and the infimum is taken over F ¢
My (R% x R?) with marginals 1 and 1.

Notice that if X' and X2 are random variables of order 2 with values in R?, then we have the
following inequality involving the Wasserstein metric between the laws of the square integrable
random variables X! and X? and their L2- distance:

1
Ws(Px, Pye) < [EIX! — X27)". (4.1)
Now, we define the spaces of processes which will be used in the present work.
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« H? is the space of all R%-valued and ;-progressively measurable process such that

T
12|% ==E / \Z,2ds < +o0, P-as.
0

. H% is the space of all predictable processes such that

T
1K =B [ [ 1K) n(de,ds) < +oc, Pas.

For k, k in the space L°(B(E),n) of all B(E)-measurable functions with the topology of
convergence in measure, we define

k=R = [ Ike) = k)¢t )A(de).

« Foru= (z,y,2,k) € R x R x R4 x LY(B(E),n), we set |[u|? := x> + |y|® + ||z||* + |k|?

Finally, we will assume W and n jointly have the weak predictable representation property with
respect to the filtration (J;)o<:<7. This means that every square integrable martingale M has a
the following representation,

M:Mo+/ZdB+K*7~r,

where Z € H? and K € H.

Finally, we set Rm+m+mxm — Rm » R™ x [(R™,R™). For z,y € RY, z.y denotes the scalar
product and for z,y € L(R™, R™), [x,y] = S7" 27y’ where 27 (resp. y’) refers to the j-th columns
of = (resp. y). However, we suppressed the bracket for notational simplicity.

4.3 The system of forward-backward SDE with jumps of Mckean-
Vlasov type

In this section, we study the solvability of the following fully coupled mean-field forward back-
ward SDE with jumps driven by a Brownian motion B and an integer valued independent ran-
dom jump measure 7

t -t
Xt :X0+/ bs(XsaY€7Z83K87P(XS,YS))dS+/ O'S(XS7Y€7ZS7K87]P)(XS,Y5)))dW€
0 0

t
(S) +/ / B(stsfasz—astKsaP(Xs,Yg))ﬁ—(dsvde)’ te [07T]7 P-a.s.
0 E

T T T
Y: = g(X7,Px,.) +/ hs(Xs,Ys, Zs, K5, Px, v,))ds —/ ZsdW —/ / K;(e)w(ds,de).
t ¢ t JE
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where (XY, Z, K) is an R? x R? x R4 x LO(B(E), n)-valued adapted processes and Py, v,
is the marginal distribution of (X, Y?).
We require that the coefficients of the system (S) satisfy the following assumptions.

Assumption 4.3.1. Lipschitz Assumptions

1- The functions b, h, o and 8 are Lipschitz in (z,y, z, k,v) i.e. there exists a constant C > 0
such thatforallt € [0,T], u = (x,y, 2, k), v’ = (z',y, 2/, k') € RI+d+dxd L« L.9(B(E), n) and
v,V € My(RY x RY),

|b(t,u,v) —b(t,u', V)| + |h(t,u,v) — h(t,u', V)| + |o(t,u,v) — o(t,u', V)]
+ 18t w,v) = Bt ) < Clle =2/ + |y =y | + |2 = 2/l + [k = Kl + W)

2- The function g : © x R% x My(R%) — RY is Lipschitz in (x, 11) i.e. there exists C > 0 such
that for all z, «' € R® and for all i, 1/ € Ma(R?),

l9(z, 1) — g(a’, 1) < C(l2 — 2’| + Wa(u, 1)), P-as. (4.2)

3- For¢ € {b,h,g,0,8}, ¢ is Lipschitz with respect to x,y, z, k and v with C3, Cg, C3, Cfg and
C} as the Lipschitz constants.

Foru = (z,y,2,k)and v’ = (2, 9/, 2/, k') € RITdTdXd [ 9(B(E),n), v € Ma(RY x R?) we define
the operator A in the following way

At u,u',v) = (b(s,u,v) — b(s,u',v)).(y — ') + (h(s,u,v) — h(s,u’,v)).(x — ')
+ [(o(s,u,v) — o(s,u',v)), (z — 2')]

+ E(ﬁ(s, u,v) — B(s,u',v))(k — k') (e)n(ds, de).

4.3.1 Existence and uniqueness under (H1)

In this part, we shall prove the existence and uniqueness of the solution of the system (S) under
the following assumption:

(i) There exists k > 0, s.tVt € [0,T],v € Ma(R? x RY),u, v’ € RIHd+TIXd 5 .9(B(E),n),
A(t,u, v’ v) < —k|lr — 2’2, P-a.s.
(i1) There exists k' > 0, s.t Vv € Ma(R? x RY), z, 2" € RY

(g(z,v) — g(a',v)).(x — 2) > K|z — 2'|?, P-a.s.

(H1)
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We start by giving a key estimate for the difference of two solutions of the mean-field fully
coupled FBSDEs with jumps (S) satisfying (H1).

Lemma 4.3.2. Let (Y', Z',K') another solution of the system (S). Then, under (H1), we have
the following estimates

/ ’ T /
E[JY, - Y. ") < O'E[Xr - X7 + 0 | BIX, - X,[ds (43)
0
T , , B , B T ,
E[/ 12 — Z,* + | K, — K.[2)ds < O'E[| Xy — Xp] + 92/ E|X, - X.[%ds,  (4.4)
0 0
where
O =2[(CF + (C7)? + (CF)* + 20y +2C})]|0! +2(CF + CY)?
0% = 2[(Cy + (C})? + (CF)* +2C} +2C})]©? 4 2(Cf + CF)

+
@2 — C(C’f+(C;)2+(Cﬁ)2+205+202)T(C}a; + C;L/

]

]
ol — e(C§+(C;)2 (c§)2+205+2c,§)T(C;: + 05)2

)

Proof. For simplicity, we shall make the following notations that will be used all along this
chapter: AX = X' - X, AY=Y'-Y, AZ=7 -7, AK =K' - K.
e We start by proving the first estimate. Let us consider the following processes

. hXLY] Zé,K’,IP)(Xg7y;)) —h(Xs,}/g,Zg,Ké,IP(Xé7YS/))

_ 51180 s 1 )
‘s X, — X, (XX}
CQ . h(Xs,Y;,, ZéaKév}P)(Xé,Y;)) - h(XS,YVS,Zg’Kg?P(Xé,YS’))l
s = Y, =Y, {vi#v.}

h(Xs, Ve, 20 K Poxcryin) — B(Xe, Y, Zo, KL Poxr yy)

3 sy dsy Lgy gy (XL YY) sy Lsy Lsy Mgy, T(XL YY)

= Z _Z 1 !
. A (2= 20\ 702y

which are respectively bounded by C7, C}/, Cf due to the Lipschitz assumption on h. We apply
Ité’s formula to the process |AY | and we obtain

T
E[|AY;[*) = Elg(Xr Pxy) — 9(X1,Px, ) + 2B [ AVICAX, + CAY, + (PAZ)ds
t
T T
—E[/ / (laY.- +AK5(6)|2—IA}/S_|2)ﬁ(de,ds)—/ IAZ;|>ds]
t E .
r T
_ E[/ / (!AYSf +AK(e)? — |AY,- 2 — 2|A}ngKs(e)]>n(de,ds) —/ 2AY,AZdW,]
t E ;
T , ,
+ QE[/t AY (WU, Pixryvny) — MUg, Prx, v,))]ds

T
+ QE[/t AY, [W(Xs, Ve, Ze, KL Py 1)) = h(Xs, Ve, Zo, Ko, Pixs )] ds,
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Since the stochastic integrals are true martingales, we conclude that
T T 9
EIAVPE [ |AZ)%s) +E[[ [ 1AU.(e)Pn(de,ds)
t t
T
— Ellg(Xp,Px;) — 9(Xr, P, + 2E [ AY[CIAX, + CBAY, + (AZ)ds
t
T
FE[[ AVIR(XG Y, Zo KL P ) — B, Yoo Zy K, Py s
t &£ S ERiair}
T !
+92F| /t AY, (U Pixs i) — (U P, yy)ds). (4.5)
Using the Lipschitz property of i, we obtain that
T 2 T 2 2
EAYIE+ [ [z |Pds+ [ [ |AK.(e)Pa(de,ds)] < Ellg(Xp.Px,) — o(Xr. P
T
+ 2E/ AY,[CE|AX,| + CYAY| + CF|AZ| + CFIAK,| ] ds
t
T
+28[ [ AVIMUL Py vy) = (UL Py, v)lds. (4.6)
t LY,

Notice that, in one hand, we have

2AY,[h(UL Py yn) — MUL Prx, v,)] < 20K IAYL|(VEAX, ] + EIAY.[2),  (4.7)
and in the other hand, we have

DAY [CFIAX,| + CUIAY:| + C|AZ,| + CFAK, | Jds (4.8)
< CEIAYL[ + CEIAX,P + (CPIAYLP + [AZJ? + (CH?IAYL + |AK? + 20} AY; [,

Moreover, by Young inequality and the Lispchitz property on g we obtain

‘g(X’}W]P)X%) - g(XT7]P)XT)|2 = |g(Xé")]P)X%) - g(XTa]P)X%) + g(XTJPX%) - g(XT7]PXT)|2
<|CHXp — Xr| + CYWa (i, )P
< (CIPIAXT + (CF)P|AX 7| + 2C5 CY A X 0| Wa (1, 1)

< (C2PAX7) + (CYAXT? + CECY|AX 7| + CTCYW3(1, 1)
< (CPP|AXT + (C)*|AXT|? + 205 Cy | AXp|?
< (CF + CY)*|AXp]*. (4.9)
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Now, plugging (4.9), (4.8) and (4.7) in (4.6) yields
BAYP) < (€5 + CpPRIAX:) + [ (CF + CRBIAX,ds
B[ (CF + ()P + ()2 +2CF + 20})|AY: Pds],
Finally, Gronwall’s lemma implies
E[|AY,[?] < e[(Cif+(Cﬁ)2+(C’}f)2+2C;L’+2(JZ)}T[(ng 4 Cg”)zE[\AXTF] +(CF 4 CY) /OTEIAXSIQdS},
and we obtain the following inequality
E[|AY,[2] < O'E[|AXr[?] + 62 /OTE|AX8|2ds. (4.10)
e Let us now prove the second estimate. Recalling (4.6) and noting that

2CE|AYL[|AZ,| < 2(C})?|AY;|? + 3|AZ,)?
2CF|AYL[|AK s < 2(CF)?|AYL? + §AK,[2,

we obtain
1 T T
SB[ (AZ2 + |AK,Plds] < (CF + CPEIAXP] + [ (CF + CHEIAX, Pds
t t
T
FE[[(CF +2(CP)? +2(Ch + C)* + 20})|AY Pds.
t

Henceforth, making the following notations
©' =2[(CF + (C})* + (CF)* +2C} +2C})]|0" 4+ 2(C3 + CY)?
0% = 2[(CF + (C7)? + (CF)* + 2Cy + 20102 + 2(CF + Cy),
we obtain the desired result

T N 3 T
IE[/ (|AZ]> + |AK|?)ds < O'E[|AX7|*] + @2/ E|AX,|?ds. (4.11)
t 0

These previous estimates allow us to prove the following uniqueness result of the solution of
the mean-field FBSDE with jumps (S).

Proposition 4.3.3. Under (H1), there exists a unique solution U = (X,Y, Z, K) of the mean
field FBSDE with jumps (S).

Proof. Suppose that (S) has another solution U’ = (X', Y, Z', K'). Applying It6’s formula to the
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product A X;AY; gives
d(AXAY) = AXd(AY}) + AYd(AXy) + d(AXy, AYr)e

Taking the conditional expectation, we obtain

DAY,

878

=E[AX7pAYy| = / {(b(s,Us,vs) — b(s, UL, v

+ (h(s,Us,vs) — h(s, UL, V) AXs + (0(s,Us,vs) — o(s, UL, v

S? S

N)AZ,)ds

T
+/0 /E(B(S,Us,vs)—ﬁ(s UL VL) AKn(ds, de +E/ AXAZdW]

CRAE)

+ /OT | AX.AK (s, de)) + E] / AY(0(s, Us,v) — (s, UL, 1) dW]
T
B[ | A8, Ussv5) = 8o, Upo ) (e do).

Let us observe that the local martingale [} AX,AZ,dW;+ [} AX;AK,7(ds, de) is a true (P, F)
martingale. Indeed, using the BDG inequality with the help of the square integrability of AY,
AZ and AK, we get

t T 1
E[ sup | AXSAZSdWSH < CE| sup |AXt|2/ |AZ|?ds]?
0<t<T JO 0<t<T 0

T
< C(E] sup |AX[ +IE[/ IAZ,[2ds]) < +o0,
0<t<T 0

and

N|=

E[ sup |/ / AX AK 7 (de,ds)] <CE/ / |IAXAK|*n(de, ds))

0<t<T

< C(E[ sup |AX[?) +E / 18K (e, ds)]) < +oc.
0<t<T 0 E

In the same way, we can prove that

’

/ AYy(o(s,Us,v) — o(s, U, v, )dW, +/ / AY,(B(s,Us, vs) — B(s, U, v.)7(de, ds),

is a (P,¥)-martingale. Afterwards, we study each term separately. Let us start by the term
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AXpAY7: In one hand, using (H1), we make the following computation

Iy = E[(AX7)(9(X7, Px;) — 9(X7, Pxy))]
> E[K|AX7[* — Cf (|AXT| W2 (Px , Px,))]
> KE[|AX7 [ - CyE[|AX7[E[|AX7 ]2
> (K — CYE[AX | (4.12)

On the other hand, we have

0)-AY;

878

T
Iy < E[/O (A (s, Us, U 1) + ((b(s, U, vs) — b(s, U v
4 (h(s, U vg) — h(s, U 0/)).AXs + (s, Ul vg) — os, Ul /) AZs }ds

+/ / (5, UL, vs) = B(s, UL, 1)) AKn(ds, de) |.

The Lipschitz assumption together with Young inequality (ab < 3(a? + b?)) imply that

T / !
Tp< E[/ [A(s, Us, Uy, v) + (CHIAX| + CFAYS| + CYIAZ| + CHIAK|5) Wa(vs, v,)]ds]
0
T T , ,
<[ —HAX.Pds) + SB[ (CHAX + CRWAW, ve) + CEIAY:[? + CYWA(W, v)ds]
0 0
1 r v 2 vAn2(,, 1 r v 2 var2/,,
+ B[ (CHIAZIR + CoWS(, v))ds + SB[ (CHIAK,E + CHW3(v, ) ds].
0 0
Using the following inequality
W3(vs, vs) < E[JAXP] + B[ AYL[], (4.13)
we obtain that
T
Tp < IE[/ k| AX,[2ds] +E[/ CY + - (cb + O+ CY)]|AX, ds]
0
r v 1 v v v 2
+E([ (€Y +5(CY +Cy + CplIAY )

1 v T 2 1 v T 2
+§CUIE[/O IAZ,| d8]+§CBE[/() IAK,|2ds).
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Now, using the estimates in Lemma 4.3.5, we get
T v 1 v v v 2
Iy < E[/ (—k +[C¥ + 5(Cy + Cy + CHI|AX,[ds]
0
1 T
+[Cy + 5(Ch + Cy + Cp)] (O'EllA XL + @2/ E|AX,[*ds)

+ = (CY v CY) (BB AXs|?] +92/ E|AX,Pds)).

l\')\»i

Hence, (4.12) gives that
(K — CYE[AXr[*] < (@1 [CY + %(Cﬁ +CY+Ch)] + (C” v Ch)O ) [[AX7|?] (4.14)
+(=k+icy+ %(C{; + Y+ O]+ [CE + %(cg + Y+ Y0P + 5(og v Cg)@2>E[/OT IAX,[2ds]
Henceforth, taking
(¥~ CY) > 01 (G + 3 (CF +Cl + O] + 5(Cy v ChO*,
> [Cf + 5 (CY +CY + CHI+[CY + 5(CE+ CY + IO + 5(Cy v &P,

we obtain that X, = X/, and V¢ € [O,T],X£ = X; P-a.s. Hence, (Y, Z,K) and (Y, Z, K ) are two
solutions of

T T T
Yt:g(XT,PXT)—I—/ hs(xs,ys,ZS,KS,P(XS,YS))ds—/ stws—/ /Ks(e)fr(ds,de).
t t t E

However, this mean field BSDEs with jumps admits a unique solution (see [94] ). Therefore, the
system (S1) admits a unique solution.

Theorem 4.3.4. Under Assumption (H1), there exists a solution U = (X,Y, Z, K) of the mean
field FBSDE with jumps system (S).

Proof. In order to prove the existence of the solution, we use an approximation scheme based

on perturbations of the forward equation. Let § €)0, 1] and consider a sequence (X", Y™, Z" K")

of processes defined recursively by (X°,Y?, Z° K% = (0,0,0,0) andforn > 1, U™ = (X", Y™, Z", K")
satisfies

t
XpH = X, / (U ) — S Y ds + / oW (U, ) — (20 — Z)aw,
0

w [ (e = st - K)atas, o),

T
Y/ = g(X0 ) — | he (UM 0 ds — Z"“dW K”“ 7(ds, de).
t T . a .
(4.15)
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Hereafter, we shall use the following simplified notations: For n > 1, ¢ € [0, T], we set
Xn+1 Xn+1 XZZ’ Yn+1 Yn+1 i/tna ZAgl+1 e Ztn+1 _ Ztna KZL‘Fl KTL+1 KZL
and for a function ¢ = {b, h, o, 5}, we set
= gt UP T 0p) = 6L UP ), B = 9 UL ) = (U ),
We first apply 1t&’s formula to the product X1y +1
T A A A
E[Xn+1yn+1 / Yn+1 bn+1 5(}/sn+1 o szn)]ds —I-E[/ YSnJrl[a'?Jrl o 5(Z;L+1 . Z;L)]dWS]
0
T . R . . T R
B[ [ TrArt -SRI e) - Ke))(de ds) + B[ [ Xzt
0 E 0
T N N T N N
_E| / X gn g, — / / X LR ()7 (de, ds)|
0 0 E
T A A
+E| / (67 — §(Z = 2m), 2 ds] + | / / R (Bl — (R — K7))(de, ds)].
0

Using the BDG inequality, we can easily see that the stochastic integrals in the above expres-
sion are a true martingale. Hence we obtain

BT = B [ Y - (0 - Vs + B[ [ Xr
0 0
T R .
L E| / (67— §(ZmHY — gm), 2 ds) + / / R (B — §(RT — R™))n(de, ds)).
0
Rearranging terms, we get
T . T . T R R R R
5] / YrHyngs 4 / Zn 1 s 4 / / R R(de, ds)] = E[X2H Y]
0 0 0 E
T R R . . T R .
—IE[/ X;zﬂh?ﬂ_i_}/;nﬂb?ﬂ+Z?+16?+1]d8+/ /K;L+1B;L+ln(dejd8)].
0 0 E
T A A A
O[T 1252 + R Rds) (4.16)
0
Since X1yt = Xt g(X 2t ui) — (X3, uit)], we have from (H1)

R+ — X[t ) — (X, )]
= XF g (X i) — g wip)] + X5 [g(XA i) — g(XR i)
> K| KR — O X Wa (i, ).
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Using (4.1) and the elementary inequality : Ve > 0, 2ab < e 'a? + €b?, we obtain

A N , CVe - CY .
EX7H YR > (b - ; E[IX7EH?) - 7§E[|XT|2]' (4.17)

In the other hand, using once again (H1)
T R . R . T R .
R R e P e s+ [ Re (e, ds)
T I, T oo
= | A UPTLUR 0™ + YY)+ XU + 204 50 ds + / / K BEn(de, ds).
0 0 E
T T . . R .
<=k [ IRE s [ IORIS T + GUT + CHIZE | + GRS Wa (v ds.
Using Young inequality : Vé > 0, 2ab < € 'a? + éb?, we obtain

T R . R . T . R
SR e i ey s+ [ [ Re B (e, ds)

eCV T = T R . R
< (G —w) [ IR Rds+ 5 [Tt ey 2+ ol s
CY + CY + C¥ + CY

e W ),

2€

Notice that W3 (v, v2~1) < E[| X2 + |Y*|?]. Hence, taking the conditional expectation in the

§77S

expression above, we obtain

T . . . R . T N .
E[/ (XA (s) 4+ PR (s) 4+ 2016 (s)]ds + / / R 30+ (de, ds)]
0 0 E

eCy r 1 € r vy V|| on V| frn
< (S - REL[ X0 ds) + SB[ (1T 01230+ oIk as)
Ch+Cy +Cy+Ch

2€

T A A
]2+ 192y (4.18)
In addition,
T . . . T . .
B[ty 2y zds + [ [ Rt R n(de,ds)
0 0 JE

<

K T o on a0 1 T o on n
SEL[ I P 22 Ry )+ 5 B9 1220+ K Rds). (419)
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Plugging (4.17), (4.18) and (4.19) in (4.16) we obtain

, Cle N cr . T N N
(b —= JE[ X7 ]—Q%EHXWH(SE[/O VI (|20 4 [ K5 2ds)
gC}ZL/ r on+12 € r viyvn+l2 v on+12 v|frn+12
+ (=" +RE| ; [ X3 ds] - SE ; Cy Y17+ Gl ZE |17 + Cpl KT [5ds]
CY+CV+CV+CY T )
- e B[R+ VR
0

6k [T & A A ) T . N .
< SB[ VI 25 Ry Ras] + BRI 25 R )

Rearranging terms we get

N 04 . ECV T 5 €C% T
( = LRI + (k= SB[ 1R s + 6= 5 - DB 5 R
2 2 0 2 2 0
kO ECY T ké  €Ch r ..
+ (6= 5 - SOE[ 125 Pds) + 6 - 5 - SPE[ IR s
0 0
cr . Cy+Cy+Cy+Ch T
< LE(XpP) 4 LT 51@/ Xr?
5T A CY4CU+CV+CY 5 T
_E zn 2 K™ 2d a B “\FE / yn 2 )
o B 120+ 1K 2ds) + N + 5Bl 197 s
Setting
. / C¥e ecr P ecr s ey K ecy
v =min(k — =5k — ", ( —76_7”7(5—75—7)7( —76—?[3)) (4.20)
cy o CHECYHCYACY s .
0 = max(5L, ———5—" + 3-),
we obtain that
A AN 0 . AN
B3+ 2+ L[ 00+ Pds] < (B3 + B[ 107)ds). (4.21)

Choosing ¢ and ¢ so that # < ~, the inequality becomes a contraction. Thus, (X%)nzo is a
Cauchy sequence in H2(,P) and (X")n>0, (Y")n>0, (Z")n>0 and (K™),>o are Cauchy se-
quences respectively in H?([0, 7,9, dt ® dP)and H}([0,T],Q,dt ® dn). Hence, if X,Y, Z and
K are the respective limits of these sequences, passing to the limit in (4.15), we see that
(X,Y, Z K) is a solution of (4.3).

4.3.2 Existence and uniqueness under (H2)

Our second main result is an extension to the case where the datas satisfy a weaker monotonic-
ity assumptions. We adopt here a common strategy which is the Picard approach: we construct
a schema based on small perturbation. This helps us to construct the contracting maps and
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therefore deduce the existence of a unique solution of the system (S). Consider the following
assumption

(i) There exists k > 0, s.t V¢ € [0,T],v € Ma(R? x R?Y), u, v’ € RIHd+Tdxd 5 .9(B(E),n),
At,u, o/, v) < —k(ly — /2 + ||z = 2|2 + |k — K'|,), P-a.s.

(i) There exists k' > 0, s.t Vv € My(R? x R?), z, 2’ € R?
(g(x,v) — g(a',v)).(x — 2') > K|z — 2/|?, P-a.s.

(H2)

As in the previous section we will give a useful a priori estimate.

Lemma 4.3.5. Let (Y',Z',K') another solution of the the system (S). Then, under (H2) we
have the following estimates

T T.Tl _Tl T T T
E[/ AX, Pds] < P Tl) [TQE[/ \AYS|2ds+T3E[/ \AZS\2d3+T4E[/ IAK,[2ds],
0 0 0 0

where

T' =3+ 2C) +5(C5)° +5(C5)° +2C +5(C)* +5(C%)?
T2 = (C})° +5(CY)? +5(CE)° + Cf +5(C5)* +5(Cp)?
T3 = (CF)? 4 5(C2)% + 5(C%)?

T4 := (C})* +5(C5)% + 5(CE)?,

Proof. Applying It6 formula to |AX|?, we compute using the Lipschitz assumption
E[|AX,*] < 2E[/Ot |AX,|(CEIAX | + CY|AY;| + CF I AZ|| + CFIAK | g2(y) + CY Wa(v}, vs))ds
+ SE[/O TCERIAX + (COAYL + (C22|AZ)1 + (CEPIAK, 22 + (CH*W3 (v}, vs)]ds
+ 5E| /0 [(CHRIAXLJR + (CHHIAVLE + (CHRIAZIE + (CHIAK, Bagy + (CH*Waltsve)?]
Then, we apply Young inequality and we obtain
E[|AX, %] < (3 +2C7 4+ 5(C%)* +5(C%)* + 2CF + 5(CY)* + 5(05)2)]E[/0t IAX,|%ds
+ ((CY)? +5(CY)* +5(CY)* + Cf +5(CY)* + 5(0’/)213[/(: |AY|%ds

+((CF)? +5(C2)? + 5(C5)?) /\AZ 2ds] + [(CF)? + 5(CF)? + 5(C%)?] /|AKy ds].
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Thus, taking Y1, T2, T3, and Y* as in (4.22) and applying Gronwall lemma imply

exp(t. Y1) =T

E[AX > < T

1 t . t t
[T2E[/ IAY,[2ds + T“E[/ (AZ,|%ds + T4E[/ |AK,[2ds]],
0 0 0
which gives the desired result.

Proposition 4.3.6. Under Assumption (H2), there exists a unique solution (X,Y, Z, K) of the
FBSDE with jumps system (4.3).

Proof.LetU = (X,Y,Z, K)and U’ = (X', Y’, Z', K') be two solutions of the mean-field FBSDE
with jumps system (S). Using the same notation as in Proposition 4.3.3, We have as proved

earlier in (4.12)
T > (K — CY)E[|AX7|?), (4.22)

On the other hand, using (H2) and the Lipschitz assumption, we compute
r 2 2 2 r 1 2
Ty < E[—kz/ (AYL[2 + |AZ2 + |AK,[2)ds +/ (O} + 5 (CY +Cy + AKX, Pds]
0 0
T 1 T T
+ IE[/ (Ch + 5(CF + Cy + CHIIAY, Pds + cg/ IAZ,|[*ds + cg/ [AK[2ds].
0 0 0
Combining (4.3.5) and (4.22) we obtain

T
(K — C)E[[AX7|*] + kE[/ |AY,[? 4 |AZ|* + |AK,|2ds]
0

1y _ vyl
< [T,jexp(t.'f )— 7T

1 t
X2+ (G} + 5 (CY + C + CHI B[ |AY:Plds
0

1y _ 7l Y t
N [Tyexp(t.T ) T3y CG}E[/ |AZ,|?ds]
Tl 2 0
Lexp(t. 1) — 1t C5 t
4 2l Tl) Tt Tﬁ)]E[/o ALsids],

where Y := [C} + 3(CY + CY + C%)]. Choosing the Lipschitz constants small enough to obtain

) 1
k> [ S Tl) T2 4+ (G} + 3 (CY + Ty + CB))
Jexp(t.Th) — 1t Cy yexp(t.Th)y =1t _,  Cf
k> [T i T+2], k> [T i T+—2)],

and k' — Cy > 0. Thus, we have
T
(¥ = COBIAXL + & [ (Y= Yif? + 112, = Zo)? + |K. - K,[2)ds] < 0.
0
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This implies that X, = Xy andforallt € [0,T], X, = X, Y, =Y;, Z, = Z; and K, = K; ,P-a.s
which gives the desired result.

Theorem 4.3.7. Under Assumption (H2), there exists a solution (X,Y, Z, K) of the FBSDE
with jumps (4.3).

Proof. Following the same approach as in Proposition 4.3.4, we use an approximation scheme
based on perturbation. However, perturbations here are made in the backward SDE with jumps.
Let 6 > 0 and consider a sequence (X", Y™, Z™ K™") of processes defined recursively by :
(X°,Y°% 7z° K% = (0,0,0,0) and for n > 1, U™ = (X", Y™, Z", K") satisfies

X+ — Xg+/ b (U, s)d.s+/ oo (UM UMW, +/ /,85 (U, M7 (ds, de),

T
Y7 = g, ) + (X - Xp) / (U2, 02) + 5(X3 = X2)]ds

/ ZrHqw, — / / K™ (e)7 (ds, de).

W|th ,u% = PX&Q, Vt P(Xn Yn)
We keep the same notation as in Theorem 4.3.4 and we apply 1t6 formula to the product
X;H—IY;HJI

(4.23)

A A A A T A A T A
oyl gnetgne :/0 YS"HbZHder/O Yol gy, (4.24)
T . . . T . T . R
+ /0 XH R s(XH — XM ds — /0 X zntlaw, — /0 /E XK ()7 (de, ds)
T . T R . T R .
[t zas [ Rt artinde,ds) + [ [ Vg ade, ds).
0 0 E 0 E
Notice that, since the terminal condition is given by
Vit = [g(X™ ) — g (X7, i D]+ S(XET = X7,
we rewrite the above equation as follows
E[X T (g(X3 w) — g(X w7 ")) + S[IXEP = X3+ X7

—E[/ Y"+1bn+1ds+/ X"+1h"+1ds+/ (627, Z5 ) ds)

/ / R 37y (de, ds) — 8( / X7+ 2 s — / X R7ds)].
0
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Using Assumption (H2) and Young’s inequality, we obtain

[R5 (g(X7, i) — (X7, i )] = B[ X7 (g(XF, ) — g(XF, )]

+E[XF (g(XE, 1) — (X3 u5))]
> —CyB[I X7 [Wa(u, ™) + K EI X7 2

v

Cve . 20" B
> (K — ; E[|I X7 - Tgwg(u’%,u? b
CVe . 20 .
> ( ~ SRR - TLRIREP. (425)

Besides, classical linearization technics imply that
T . . . . . T N R
B[ [T K ot 2 s+ [ [ Rz e, ds)
0 0 E
T ~ _ ~ — N
B[ [ (A, UZ U o2+ V70 + X0 4 207 ds
0
T o
SB[ [ Ry Brnde, ds))
0 E
Once again, Assumption (H2) and Young inequality give
T . R . R . T . R
B[ 0ot + Xoothet o o, 2o lds + [ [ R g (e, ds)
0 0 E

T m . . CVO[ T
< —RE[[ VI 2R R Rds] 4+ (C5 - B[ 97 R
0 0

T A A A A
+E[/ [CHIXIF + CY IV + CENZE | + CHIR gy Wa (v2, 12~ ) ds]
0
vo T CY +Cy + %+ C
< SRR [ %0 ] 4 °

1|2 |2
<= - (%212 + 19 2)ds]
C’("f’a T . CY« T .
+(Z22 BB 125 Pds) + (== — WE[[ KT+ 2] (4.26)

Therefore, we obtain from (4.25) and (4.26)

e § . T
B[ - 25+ DI+ [ (-
0

v . T v .
Che 5= DR Pas + [ (B~ |7 P
0

T Cra . T Cha o
B[ [ (280 =)\ Zy s + B[ (5= — wIRT s

200§ T OV 4 CY+CY+CY
B[+ I+ [ ( s

NS
e Xn2d
+2p)| S‘ 8}

T CY +CY +CY+CY
—l—E[/ h b 5|Y'Sn|2ds]
0

20
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Henceforth,
A T A ~ A T A
TEIRFHE + [ 000+ Pds) < OB(KH2 + [ 107)ds) (4.27)
0 0

Choosing ¢, « and € so that % < 1, the inequality (4.27) becomes a contraction. Thus, (X%)nzo
is a Cauchy sequence in H2(,P) and (X™),>0, (Y™)n>0, (Z")n>0 and (K™),>o are Cauchy
sequences respectively in H?([0, 77,9, dt ® dP) and HZ([0,T],9,dt ® dn). Hence, if X,Y, Z
and K are the respective limits of these sequences, passing to the limit in (4.15), we see that
(X,Y, Z, K) is a solution of (4.23).

4.4 Application: Storage problem

4.4.1 Description of the model

We consider a stylized model for a power grid with distributed local energy generation and
storage. The grid connects N nodes indexed by i = 1,--- , N. Each node is characterized by
two state variables:

» The storage level S, representing the total energy available in the storage device.

» The net power production of the energy (photvoltaic panels, diesel energy,..) that each
nodes produces after all costs subtracted Q.

We assume that the nodes forming this grid can be partitioned in T" different groups: the nodes
in the same group ~ share the same characteristics of local net power production and storage,
yet these characteristics vary from one group to the other.

We denote by N, the number of nodes in group v so that N = 25:1 N, and we define
n7 = N,/N as the ratio of the population size of region « to the whole population. We shall
abusively write i € ~y to signify that the node i is in region ~.

In order to model the dynamics of the state variables, we consider a probability space
(92,7, P) carrying N + 1 Brownian motions B°, B!, ..., BY and a Poisson process defined on
[0, T x 2 x R* to which is associated a counting measure N (de, dt) = n(de)dt. We suppose that
the predictable measure n(de) is positive, finite and satisfies the following integrability condition

/*(1 A le])?n(de) < oo. (4.28)

We also consider N + 1 independant Poisson measures (N°, N*',--- , N¥) a N independant
identically distributed random variables =}, = (s}, ¢) which are independant from B°, N the B
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and the N*. We denote by F = {F;} the filtration defined by
Fr = o{(sh,q3,q5), BY, B:, N, N where i = 1,--- N, s < t},

and the filtration 7° = {F?} generated by B° and N°. We also denote by A the set of F-adapted
real-valued processes a = {a;} such that E[fOT la,|?] < co. Let us now define the dynamics of
the state variables.

« The power production of the energy Qi of each node i € {1,---, N} in the region ~ at
time ¢ is modeled in the following way:

{ dQi = 7 (t, Q})dt + dM; + dM (4.26)

Qo = 40,
where
AM = o (4, QDAB} + [ 5t e, Q1 )N (dt,de),
E
dM{ = 0" (t,Q)dB) + / B (¢ e, Q- )N°(dt, de).
E

- The battery level S! of the node i in the region ~ is controlled through a storage action
' € A according to

(4.30)

The quantity Qi — ot is the net injection of the node. It can be either positive or negative:
- If Q¢ — ol is positive: It corresponds to electricity being sold from the node i to the grid.

- If Qi — ! is negative: It corresponds to electricity being bought by the node i from the
grid.

Remark 4.4.1. In our framework, in contrast with the paper of Alasseur et al [2], we assume
that the production of energy is unpredictable. This is due to its dependence on environmental
conditions such as the sun, the speed of the wind which are intermittent and irregular which is
traduced by including the jump component in our analyses. We will also assume that the storage
level will be enforced by a constraint. In other words, we assume that there is a maximal level
for which the battery can support. S,... is the battery’s maximum instantaneous power output.

As in [2], we include a micro grid system indexed by 0 called the "rest of the world", which
is characterized by one state variable, its local net power production @Y, and which does not
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possess any storage. The net production of the rest of the world is given by

{ dQY = p°(t, QY)dt + o°(t, Q9)dBY + [ B°(t, e, Q- )NO(dt, de), 4.31)

0 = ab-
In our model By and N° represent a common signal which affects the energy demand of the
whole grid. Then for each i, 67 : R — R and 37 are given functions which allow to model how
the node i of region ~ is affected by the common signal BY and N . We assume that the rest
of the world is only affected by this common signal BY and N}.
Electricity spot price
We make the assumption that the electricity price per Watt-hour depends on the instantaneous

demand. When the strategy o = (!, --- , oY) € AN is implemented, the spot price is given by
P = (-0 o0t ah). .32)
=1

where p(-) is the exogenous inverse demand function for electricity and  is a scaling parameter
which weights the contribution of each individual node : to the whole system.

We assume that p is a strictly increasing function. Since the energy model here is given through
a macro grid system connecting a large number of small nodes i, we shall consider the limit
when N — oo and n — 0. Here we assume that n = % So, the spot price can be written as
follows

2|~

N
A <—Q? -y
=1

where £+ N (Q} — i) is the averaged net injections.

(@—%0, (4.33)

The control problem
We consider a finite time horizon 7' > 0. When the control action a = (a!,--- ,a") is imple-
mented, the cost incurred at the node i in the region ~ is given by

mem>:EM;RN?(¢-4%)+LyQ;¢)+L4@v,%m¢+msf)L (4.34)
where L., L; : R — R and g : R — R are continuous functions.

. PtN’“(a}; — Q) represents the current volumetric cost (resp. profit) of electricity consumed
(resp. produced) at the spot price PtN’a.

. LS(S’?‘*, ! represent the current and it is assumed to be identical in all the regions +.
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« L1((Q}, of is the volumetric charge. This electricity cost is closely related to the power
that the system requires in peak hours and hence produce enough power to satisfy the
highest level of peak demand.

The rest of the world incurs only energy and transmission costs
JON(a) = E / — P9+ L9(QY, 0)dt | . (4.35)
0
Central Planner control problem

The central planner aims to dictate a storage rule: o = (a!,---, /) in order to minimize the
egalitarian cost function between the nodes and the rest of the world

JC,N ( JO N _|_ Z Jz YN

where 1/N is the scaling parameter which weights the contribution of each individual node to
the system. The cost function J¢V () can also be written as

JON (@) = TN (a) + Z w7 Z JW

... aN) e AN is an optimal

jo)

Definition 4.4.2 (Optimal coordinated plan). We say that & = (
coordinated plan if: & = argmin, v JONV(a).

Assumption 4.4.3.

The current cost (s,q,a) — LJ(q,a) + Ls(s, ) is strictly convex with respect to (s, ).
The terminal cost s — g(s) is strictly convex with respect to s.

e There exists some constant C > 0 such that

1L3(g,a)| + |Ls(s, )| + |g(s)| - < C (la* +[s* + [al?)

« The functions LY., Ls and g are continuously differentiable and their derivatives are a
Lipschitz continuous functions.

» The coefficients 1° and ¢° (respectively ;v and o) are Lipschitz continuous functions
and with linear growth in the state variable.
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4.4.2 Reformulation: Mean field type control problem

In this section we consider a filtered probability space (2, F, F,P) carrying I" standard Brownian
motions {BY,v =1,--- ,I'} and an independant Poisson random measure {N7,yv=1,--- ,I'}
which are mutually independent and independent from the filtration F°. We shall use the follow-
ing notation. If ¢ = {¢;} is an F-adapted process, then £ = {£;} denotes the process defined by
D& = E[&|F]).

Let 20 = (s0,40) = (3 = (5, 49))1<<r D€ @ random vector which is independent from F°. Let
Q" and Q" be the production processes defined by

@ =g+ [ W@t [ o QaBy+ [ 7w Qa8
0 0 0
+/t/ B”(u,e,QV)NV(du,de)—i—/t/ Bwo(u,e,QO,)NO(du,de).
QY = ¢ +/ (u, QY) du+/ (u, QY) dBO+/ / B7(u, e, Q°_)N°(du, de). (4.36)

If v = (',--- o) is an F°-adapted R''-valued process, we denote
Py =p|-Q) =Y = (BQIIF) - 7) | . (4.37)
vyel
Now, for 20 = (40, ... [ o1'9), a = (al,--- ,al') and for each vy = 1,--- ,T', we consider the two

following cost functions

T, _
1(07,7) =B [ [P} = Q1)+ LH@] o) + Ls(S}. o) | dt + Elo(S])]. (4:38)

IS (a IE/ —PfQY + L9(QY,0)]dt + Zﬂﬁ (7, ay). (4.39)

where S} = sJ + [i aldu.

Definition 4.4.4 (Mean field Nash equilibrium). Letzo = (so, qo) be a random vector indepen-
dent from F°. We say that o* = {a"*,1 < v < T'} is a mean field Nash equilibrium if, for each
v, & minimizes the function & — J} (7, {E[a}|F]}).

Definition 4.4.5 (Mean field optimal control). Letzy = (s, qo) be a random vector independent
from F°. We say that & = {&”,1 < v < I'} is a mean field optimal control if, & minimizes the
function o — JS ().

Characterization of mean field Nash equilibrium
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Proposition 4.4.6. Let v be a given F°-adapted R -valued process. Then there exists a unique
control (a'*, ... a'"*) = o*(v, 2¢) such that

e Foreach~ € 1,...,I', a™* minimizes the function o — JJ) (a7, v).

o If(ST*,Q7) is the state process corresponding to the initial data condition x, to the control
a*, and to the dynamic above, then there exists a unique adapted solution

(Y, 20z Vo VOr*) of the BDSE with jumps

Y] = 0,g(S37) + / TBSLS(S]’*,a;”*)dtJr / ' Z)"dBY + 2] dB)
+ / / VO () N (dt, de) + / / VO (o) NO(dt, de), (4.40)
satisfying the coupling condition
Y+ PP+ 0a L3(QF, ™) + 0aLs(S]", o) = 0. (4.41)

Conversely, assume that there exists (a*, SY*, Y V*, Z0v* 77> V= VO07*) which satisfy the
coupling condition (4.41) as well as the FBSDEJ, then o”* is the optimal control minimizing
JJ, (a7, v) and S7* is the optimal trajectory.

e Ifin addition: ¥y =1,--- ,T E [a]*|F9] = ;"°, then o* is a mean field Nash equilibrium.

Proof. e Since the dynamic programming principal does not work in this context, our proof
consists on the classical Pontryagin’s maximum principle where the characterization of the
Mean field Nash equilibrium is given by the associated McKean-Vlasov FBSDEs. Uing the
fact that J) is a strictly convex coercive function and Gateaux-differentiable (see Assumption
(4.4.3)), we have

dgJ} (., v) = 0. (4.42)

We start by computing the functional directional derivative of .J) (., 7)
T
dgJj, (., V) =E [/ [P 4+ 00 L3 (Q7, ) + 0o Ls(Sy, o)) + 0uLs(Sy) )]Budu] (4.43)
0
+E[$00,9(57)] -

Hence, there exists a unique optimal control a"* = a7*(v, z) satisfying the following Euler
optimality condition

T ~
E [ | P2+ 0aL3(Q0 07 + aLs(87:07) + OuLis (S, @) Budu + S?asgw%)] —0. (444)
0

We denote by S7* the optimal trajectory associated to a”*. Applying Ité Tanaka formula to
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SPY* we get
~ _ T T _ T _
Sy = Sy 4 / YO *Byds — / SB0,Ls(ST*, a2*)ds + / 8 707*dBY
t t 0
T _ T _ N T - -
4 / S8 77*dBY + / / SBVI* ()N (ds, de) + / / SBVOT* (&) N0 (ds, de)
t 0 E 0 E
Taking the conditional expectation in the equation above, we obtain
- T T |
E[35v7"] = E[ / YO Byds — / $B0,Ls(S7*, a2 ds]. (4.45)
t t

Taking into account the terminal the terminal condition Yt = 959(57°™) and the Euler optimality
condition (4.44), the previous equation leads to

T _
E l / (Y2 + PY + 0uL3(QY. a7™) + BaLs(S7*,07%)) 6sds] ~0. (4.46)
0

e Suppose that (a7*, S7* Y7* Z07* z7* Vr* V07%) is a solution of the following coupled
Forward-Backward SDE with jumps.

T T
Y = 0.g(S3) + / B, Ls(SI*, al*)ds + / Z97%dB + Z3*dBY

+/ /V% N(ds, de) + / /VO% (e)N°(ds, de).
Qr=q +/ 1 (s,Q7) ds+/ o7 (s,Q1)dB] +/ o"(s,Q1)dB? (4.47)
+/ / B (s, e, Q'y )N“’(ds de) + / / BVO (s,e, QWO)NO(ds de)

Sy =53 +/0 alds.
with
Y + Py + 0o Ly(Q7, 00™) + 0sLs (87, ™) = 0,

The idea is then to compute the the gateau derivative of J2: MG (., ) at a* to obtain zero and
then from the strict convexity of J;(;MFG(-, v) we obtain the desire result.

Characterization of mean field optimal controls

A

Proposition 4.4.7. Assume that & = (&',---,&") minimizes the functional JS (), and de-
note by S = (5’1, cee SF) is the corresponding controlled trajectory. Then there exists a unique
adapted solution (Y = (Y',---Y\),Z = (Z',--- ,2"),20 = (Z%',... , 200,V = (V!,... . VD), V0 =

116



Forward-backward SDE with Jumps of Mckean-Vlasov type and Storage problem in Smart Grids

(VoL ... VOIY) of the BDSE

AV = —0,Ls(S),a))dt + 2°7dBY + 2)dB] + / V) ()N (dt, de) + / V0 () NO(dt, de)
E E

V7 = 059(57).
(4.48)
satisfying the coupling condition: forall v =1, ..., T

0=, +0.L3(Q7,67) + daLs (S, 0) + PP (4.49)
—p' (—Q? —Ip - (Qt - &t)) <—Q? —Ip - (Qt — Oxét)) )
with &, = E[&y|F9] and IIy = (m1,...,7r)T. Conversely, suppose that (S,4,Y,Z° Z) is an

adapted solution to the forward-backward system (4.30)-(4.48) with the coupling condition
(4.49), then & is the optimal control minimizing JX¥C(a) and S is the optimal trajectory.

Proof. Exactly as [2], we only prove the necessary condition of Pontryagin’s maximum princi-
ple for optimality. The sufficient condition could be proven exactly as it is done in Proposition
4.4.6. Thanks to Assumption 4.4.3 insures that the cost function « € A — cho(a) is Gateaux
differentiable with Gateaux derivative given by
o s [T .
dsJC(0) = 3 1E |0ug(S)EE + / 0,Ls(S7,a1)S% du
0
5
T .
+3 7 E V {Pg + 0 LU(Q7, 0)) + 8 Ls(S7, oﬂ)} B du
0
5
T
- ’YE/ (- O_H ' 7u_C_Vu - 2_1_[ : 7u_0_‘u zdua
$os |5 (ot (0-a) (-0t {@u-a)} s
where S27 is the process defined by
ds? = Bldu, S5 =0.

Hence the optimal control & satisfies the Euler optimality condition: for all 3 = (3!, ---,5")

NB—Y T ¥

0 = S E |0.g(sP)3L + / 0.Ls(S7,a)S" du
0
v
T
+ ZWWE [/ {ij‘ + 0o L3 (Q7, ) + 0aLs(Sy, aZ)} ﬁgdul
0
ol

- ;ﬂa [ /O ' { (@0~ (@5 —at)) (-Q% —Tr - (Qu — au) } ﬂzdu] ,
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e Now, let (Y, Z, Z° V7, V%7) be the unique solution to the BSDE with jump (4.48), and let S
be the state process associated to the optimal control &, applying 116 formula, we obtain

Y [1?7?557} = Y 7E VOT {—GSLS(S‘U, b)) + 531?17} du] .

v v

Taking into account the terminal condition Y} = 9,¢(57,) and the Euler Optimality condition for
& we get: forall g = (g%,---,p") € AT:

T _
0 = Y E [/0 {?J+P3+aaL}( Y A + OaLg(Sy, Gy)
i
(-G8 (@ ) (@b - T (Qu ) Y ]

We deduce the coupling condition (4.49).

Proposition 4.4.8. Assume that & is a mean field optimal control for the problem with a pricing
rule p. Then & is a mean field Nash equilibrium for the MFG problem with pricing rule

P () = pa)+ap(z). (4.50)

Proof.This result follows straightforward from comparing the two coupling condition (4.49) and
(4.41) since the two McKean-Vlasov BSDEs (4.40) and (4.48) are of the same form.

4.4.3 Explicit solution of the MFC with 1 region

In this section, we provide an example where an explicit solution of the MFC problem is ob-
tained. We consider a linear pricing rule of the following form

p(x) = po + p1z. (4.51)

The storage cost Lg is defined by: For A; < 0,45 > 0,C <0,

A
Lg(s,a) = A1s + 2224 9042.

2 2
For some given positive constant {K”}Szl, the transmission cost L. is defined by
K7
L%(q, @) = o (q— 04)2-
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For some constants B; and By > 0, the terminal cost
()= ( 31)2
s)=—1|s5——= ] .
9 2 B,

Now, we will consider the simple case of one region, i.e. when = = 1. we aim to find an
explicit solution to the MFC problem associated to the linear quadratic case.

Step 1 In this first step, we use the forward-backward system (4.48)-(4.30) and the coupling
condition (4.49) in order to get the optimal control & and the optimal trajectory S associated to
one node in this region. We have

dS; = audt, Sy =0, 4.52)
dY, = —(AoS; + A1)dt + Z%dB0 + [, V" (e)N(dt, de), Yy = BySr — Bi. '
To find the optimal control &, we use firstly the coupling condition (4.49) to obtain
Y, — K(Qy — ay) + Cay + PF — p/(—Q) — Q¢ + &) (—Q) — Q¢ + a) =0, (4.53)

where QY and @ are defined by (4.36). Now, Proposition 3.3 in [2] and the linear form of p in
(4.51) give
P =po+2p1(—QF — Qi + &), (4.54)

and we obtain the following expression of the optimal control &:

1 _ _
= (Vitpo-pQ— (m+ K
ay K+C—|—p1( t+po—pQ; — (p1 + )Qt)

= —A(Y; +by),

where A = - and by = py — p1Q} — (11 + K) Q1.
We expect the solution of the FBSDE (4.52) to be affine. It has the following form:

Y = 1S + (4.55)
where ¢ and ¢ are deterministic functions. Computing dY; from this expression, we obtain
dY; = Sy(—AG? + dy)dt — Ady(Prdt + by)dt + . (4.56)
Identifying the two expressions of dY; we get, in one hand, that
v~ DG+ Ay =0, (T) =By (4.57)
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which is a Riccati equation. In the other hand, we obtain that ¢ is the unique solution of the
BSDE
i = Ad(Pr + be)dt — Aydt + 7°dBY + / V0 (e) N (dt, de). (4.58)
E

Consequently, substituting b;, we get the following BSDE
dipy = Ay (4y + Py)dt + Z2dBY + /E V" (e)N(dt,de), 1 = —B. (4.59)

This allows us to find the expression of the approximated electricity price. In fact, in one hand
we have

b = Au(r + B)dt + Z94B0 + /E V7 (e) N (dt, de)
= A¢(Y; — ¢Sy + Pr)dt + Z)dBY + /E V" (e)N (dt, de)
— AGYidt — A(d)2Shdt + / VY (e) N (dt, de).
E
In the other hand, we have that di; = dY; — thStdt — ¢dS;. So, we obtain
—(A2Sudt + Ay)dt — A Pydt = Qétgtdt + ¢1dS; + AgyY; — A(Qf;t)Qgtdt-

Finally, using the Riccati equation (4.57) in the equation above, we obtain directly the following

price expression
_ A
p=—-"1 4,
Ay

As it can be seen, U is the solution of linear BSDE with jumps. So it has the following expression
_ T -
U, =E[-Ty 7B + / Ty wA¢y, Pudu|FY),
t
where T'; 7 is the adjoint process and in this case, it is the solution of
dlys = T1sAdsds,

which is T; s = exp( [ A¢sds). Consequently, ¥, is given by

U; = —Bjexp {— /tT A(b(u)du} —E [/tT A¢(u) exp {— /tu A(b(s)ds} Pudu|3r?] :

120



Forward-backward SDE with Jumps of Mckean-Vlasov type and Storage problem in Smart Grids

The function ¢ is given by

_ p efp(T*t)(_BQA + p) _ ep(Tit)(BQA + p) .
D= A th p:= VAA
o A P TD(BAtp) + T D(ByA+p) L VA,

Now, to find S;, it suffices to solve the following simple EDO
_ o _ Ay
dS; = [ — AdS; — AW, + P, + E)]dt, (4.60)
t

for which the solution is given BY

Ay

L ¢ ¢ ¢
St:SoeXp(/O —Aqssds)—A/O exp(/ ~AGus) (Wt Puk 25 ), (461)

u

As S, = 0, the solution is then

S:—A/ exp{ /A(;S ds} (P + U, + Ai( ))du

Step 2 Once we obtain all the optimal elements of one node in the first step, we use the FBSDE
(4.40) and the coupling condition (4.41) to find the optimal objects associated to one region
containing a number of identical nodes. Using the FBSDE (4.40), we have

as; = —6(Yt

5ot >> at, 5o =

qY; = —(AsSi+ Ay)dt + Z2°dBY + Z,dB, + / Vi(e)N(dt,de), Yi = BoSr — B.
E

Again, we look at a solution of the form
i = @)S: + i,
and using the coupling condition (4.41), we obtain the expression the optimal control «. In fact,
Y — K(Qt — ar) + Cay + P = p1(—Q) — Q¢ — ) = 0

where P = po + 2p1(—QY — Q¢ + ay). Then

A
ar = —0(Y; +po — KQr — 2p1(Qf + Q¢ — &) + &;t)

Ay
Yi+ P+ —
—0(Y; + t+5¢t)
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where § = ==, P = po — KQ; — 2p1(Q) + Q¢ — &) — 5‘%. Once again, we aim to find a solution
to the FBSDE above which has the following form

Y; = p(t)Se + v,

where ¢ and « can be explicitly calculated in the same way as before. In fact, ¢ is the solution
of the following equation

diby = —5i(Wydt + P,) + Z9dBY + Z,dB, + /E Vi(e)N (de, dt) (4.62)
and ¢ satisfies the following Riccati equation
5¢pf —pr— Ay =0 (4.63)
whose solution is given by

p e PT(—Bys +p) — e’ T(Bys +p) .
H=_F th p:=+/A0
o(t) 5 e—p(T—t)(_B25+p) _;’_ep(T—t)(B25+p) with p 20,

As it can be seen, v is the solution of the following BSDE driven by a 2-dimensional Brownian
motion
Aty = —Su(vn + P)dt + ZudBy + [ Vi(e) N (de,ds), (4.64)

where Z; = (Z?, Z;) and B; = (BY, By).
Finally

Sp = sp exp {_ /Ot 5¢(u)du} — 5/(: exp {_ /ut 5(p(s)ds} (Pu + Py + 5;{(2» du.

Remark 4.4.9. Notice that in the example that we treated above, we only assume the presence
of a common noise B° (no common jump N°) in order to simplify computations. However, we
emphasize that the presence of the common jump N° make just little changes in the proof.

4.5 Appendix

In this section, we extend some of the results of Hamadéene [61] concerning FBSDEs in the
Brownian setting to the case of jumps. Let us note that arguments of proof are close to the one
used by Hamadne in [61] with some minor modifications due to jumps setting. However, we still
provide the proof of existence.
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We look for the solution of the following fully coupled forward-backward SDE with jumps

t t
Xi= Xo+ [ B(X0 Ve Zo Kds + [ 0i(X0 Yo Zus K@) W,
0 0
t

s) [ ] B Y 2o K ()R (s de). 0< ¢ < T, Pas,
0 JE

Vim g By) = [ (X Yo Zo s — [ ziawy [ [ Koy (as,de),

t t t JE (4.65)
We assume the following assumptions.
e The functions f, h,o, 3 defined on Ré+d+dxd » 1.9(B(E),v) are Lipschitz in (z,y, z,k) and
uniformly in w € Q.
e The function g is defined on Q x R? and valued in R? such that for any = € R?, g is Fp-
measurable and square integrable. Moreover, g is Lipschitz in z and uniformly in w € Q.
Finally, for v = (z,y, z, k) and v’ = (2/,y/, 2/, k') € Ré+d+dxd we define the function A as follows

.A(t, u, ul) = [bt(xa Y, z, k) - bt(xlv y/> Zla k/)] (y - y,) =+ [ht(l‘? Y, =, k) - ht(‘T/? y/7 2/7 k/)] (‘75 - :L’,)

+ [Ut(xa Y, =, k) - Ut($/7ylv Zlv k/)](z - Z/) + /E(ﬁt(xv Y, =, k) - /Bt(xlvyla zlv k/))(k - k/)(e)n(dta de)'

We make the following assumption

Assumption 4.5.1.

(i) There exists k > 0, s.t¥t € [0,T],v € Ma(R? x R?), u, v/ € RI+d+dxd x .0(B(E),n),
A(t,u,u') < —k|lz — 2’|, P-a.s.

(H1) < (1) There exists k' > 0, s.tVv € Ma(R? x RY), z, 2’ € R?
(g(z,v) —g(z',v).(x — 2') > K|z — 2/|?,P-a.s.

(i33) min{k,k'} > C(C +1).

Proposition 4.5.2. Under Assumption (H1), there exists a unique solution U = (X,Y, Z, K) of
the FBSDE with jumps (4.65).

Proof. In the following poof, we will use the notation C to denote a generic constant that may
change from line to line and that depends in an implicit way on 7" and the Lipschitz constants.

The key point of the proof is to consider a sequence U™ = (X", Y" Z™ K") of processes
defined recursively by : (X%, Y% Z° KY) = (0,0,0,0) and for n > 1, U" = (X", Y™, Z" K")
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satisfies, for all t € [0, 7] and ¢ €]0, 1], the following system

Xn+1 _x+/ (fs(Xn+1 Yn+1 Zn+1 Kn—i—l) _5(§/sn+1 _}/sn))ds
+/ Us Xn+l Yn—i—l Zn-I—l Kn+1) 5(Y8n+1 —Y;n))dWS
+ / [ (B Y 2 ) (- K (s, de),

Yy = g (Xt / ho(XTHL, Y+l Zntl gentlyg / ZrHaw, — / /K”Jr1 7(ds, de)).

Forn > 1, t € [0,T], we consider the following processes
X”“ Xt xr oyt oyt oy gntl o gndl o Kt = Kt K,
and for a function ¢ = {f, h, o, 5}, we set

= oL UL ) = o6 U v Y, 6 = ot U o) — o(t U v ).

In order to prove the existence of the solution, we will show that (X", Y™ Z" K"),>o is a
Cauchy sequence. First, we apply It6’s formula to X *1V"+! and take the expectation

A T A ~
E[X7p Y7+ = / Yo fett = (vt — Y))ds + E| /0 X htds)
T . . . T . R . R
VE[[ (@0 - a2t = 2, s+ [ [ R BT < SR - RD)nde, ds))
0 0 E
Rearranging terms, we get
% 1 1 T 2 on+12 % 12
E[X7 (9(X7T) — 9(X7))] +5E[/0 VI ZEH + K ds]
T R . N T . R
_E[/O X;@—&-lhgz—i-l_'_ysn—l-lfn—&-l An_H(s)Z;H_ldS—i—/O /EK;L—Hﬁ?_‘_l’r](de,dS)}
T . R R R T R R
_ 5E| /0 YorHym 4 gnt gngg /0 [E P R (de, ds)]. (4.66)
Using Assumption 4.5.1, we get
;A T . . T
B IS0 [T 2R R sk [ 1Rz ]

T . . . . T R R
< 6E] / YrHym 4 gt gngs 4 / / P R (de, ds)]. (4.67)
0 0 E
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In addition, the elementary inequality ab < a?/2 + b%/2 yields to
T . R . T . R
B[ Yy 2t 2pds) - [ [ RIVRE n(de,ds)
0 0 E
1 T . N N
<SR[ IV 4 120 P + R )
0
1 T 2 5n |2 1|2
+ SB[ TR 1220 + K2 Rds) (4.68)
0
Pugging (4.68) in (4.67), we obtain

/ N T 1) T . A .
RBP4 L[R2 Rds) + SEL[ [T 12002 4 K2V RS (469)
0 0

J LN . A
<3 [E[ / m“r2+\|zsrr?+|f<§|§dsﬂ. (4.70)

Now, using It6’s formula to [Y|2, we obtain classically that

T . . . T
Vn >1,30" >0, E [/0 Y7+ | 22112 + | K|2ds| < C! (EHX{,EF +/O yXQ|2ds]).

Plugging this estimates in (4.69), we obtain by choosing  := min(k, k')/C,
o112 T ont1p2 112 T o1
E[l X7 7] + E[ A XS < 2n[E|X:r! +E ; | X5 [*ds].
Besides, we also have for all n > 1

TAnQ on |2 fon |2 c! 12 TA12
E|[IV0R 122 + 1K ds| < g (B[R + [ |%2Pas) ).

Thus, (X%),>0 is a Cauchy sequence in H2(Q,P) and (X™),50, (Y™)n>0, (Z™)n>0 and (K™),>0
are Cauchy sequences respectively in H?([0, 7], Q, dt ® dP)and HZ([0, 7,9, dt ® dn). Hence, if
X,Y, Z and K are the respective limits of these sequences, passing to the limit in (4.5), gives
us the desired result.

In order to prove that the system (4.65) has a unique solution, we suppose that (X,Y, Z, K) is
also solution of (4.65). Let X = X! - X2V =Y - Y2, X =7' - 72 K = K' — K2

Apply 1td’s formula to the product XV, it follows straightforwardly from Assumption ([ 1) that

_ T _
KE[| Xr? + kE[/ X, [2ds] < 0,
0
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and conclude that X7 = 0, X; = 0, Vt € [0, 7], P-a.s. Thus, in order to finish the proof we need
to show that (Y, Z, K) = (0,0,0). This is actually a simple consequence of [138].
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Contributions aux équations différentielles stochastiques rétrogrades quadratiques avec sauts et applications.

Mots clés : EDSR avec sauts, EDSR doublement réfléchies avec sauts, croissance quadratique (stochastique), activité

infinie, EDSR progressive-rétrograde de type champ moyen.

Résumé : Cette thése porte sur l'étude des équations
différentielles stochastiques rétrogrades (EDSR) avec
sauts et leurs applications.

Dans le chapitre 1, nous étudions une classe d'EDSR
lorsque le bruit provient d'un mouvement Brownien et
d'une mesure aléatoire de saut indépendante a activité
infinie. Plus précisément, nous traitons le cas ou le
générateur est a croissance quadratique et la condition
terminale est non bornée. L'existence et l'unicité de la
solution sont prouvées en combinant & la fois la
procédure d'approximation monotone et une approche
progressive. Cette méthode permet de résoudre le cas ou
la condition terminale est non bornée.

Le chapitre 2 est consacré aux EDSR avec sauts
généralisées doublement réfléchies sous des hypothéses
d’integrabilités faibles.

Plus précisément, on montre I'existence d'une solution
pour un générateur a croissance quadratique stochastique
et une condition terminale non bornée.

Dans le chapitre 3, nous considérons une classe générale
d'EDSR progressive-rétrograde couplée avec sauts de
type Mackean Vlasov sous une condition faible de
monotonicité. Les résultats d'existence et d'unicité sont
établis sous deux classes d'hypothéses en se basant sur
des schémas de perturbations soit de 1’equation
differentielle stochastique progressive, soit de 1’equation
differentielle stochastique retrograde.

On conclut le chapitre par un probleme de stockage
optimal d’énergie dans un parc électrique de type champs
moyen.

Contributions to quadratic backward stochastic differential equation with jump and applications.

Keywords : BSDEs with jumps, doubly reflected BSDEs, stochastic quadratic growth, infinite activity jump, Mean-

field Forward Backward SDEs with jumps.

Abstract :

This thesis focuses on backward stochastic differential
equation with jumps and their applications.

In the first chapter, we study a backward stochastic
differential equation (BSDE for short) driven jointly by a
Brownian motion and an integer valued random measure
that may have infinite activity with compensator being
possibly time inhomogeneous. In particular, we are
concerned with the case where the driver has quadratic
growth and unbounded terminal condition. The existence
and uniqueness of the solution are proven by combining a
monotone approximation technics and a forward approach.
Chapter 2 is devoted to the well-posedness of generalized
doubly reflected BSDEs (GDRBSDE for short) with
jumps under weaker assumptions on the data.

In particular, we study the existence of a solution for a
one-dimensional GDRBSDE with jumps when the
terminal condition is only measurable with respect to the
related filtration and when the coefficient has general
stochastic quadratic growth.

In chapter 3, we investigate a general class of fully
coupled mean field forward-backward under weak
monotonicity conditions without assuming any non-
degeneracy assumption on the forward equation. We
derive existence and uniqueness results under two
different sets of conditions based on proximation schema
weither on the forward or the backward equation. Later,
we give an application for storage in smart grids.
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