N

N

Combinatorial structure of monomial ideals. Michela
Ceria
Michela Ceria

» To cite this version:

Michela Ceria. Combinatorial structure of monomial ideals. Michela Ceria. Commutative Algebra
[math.AC]|. Université de Turin, 2014. English. NNT: . tel-02505964

HAL Id: tel-02505964
https://theses.hal.science/tel-02505964
Submitted on 12 Mar 2020

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://theses.hal.science/tel-02505964
https://hal.archives-ouvertes.fr

Universita degli Studi di Torino
Dipartimento di Matematica

Scuola di Dottorato in Scienza ed Alta Tecnologia
Ciclo XXVI

240
400 | 214 [301 [ 134 ]

Bar Gude

Combinatorial structure of
monomial ideals.

Michela Ceria

Tutors: Prof. Maria Grazia Marinari
Prof. Margherita Roggero

Coordinatore del Dottorato: Prof. Ezio Venturino
Anni Accademici: 2011-2013
Settore Scientifico-disciplinare di afferenza: Matematica






Universita degli Studi di Torino
Scuola di Dottorato in Scienza ed Alta Tecnologia

Tesi di Dottorato di Ricerca in Scienza ed Alta Tecnologia
Indirizzo: Matematica

COMBINATORIAL STRUCTURE OF
MONOMIAL IDEALS.

Michela Ceria

Tutors: Prof. Maria Grazia Marinari
Prof. Margherita Roggero

XXVI ciclo — Gennaio 2014






Wrt. Lex,a <b< ... < z.

To Margherita, Maria Grazia and Teo.






Abstract

Combinatorial structure of monomial ideals.
Michela Ceria — XXVI ciclo

Scuola di Dottorato in Scienza ed Alta Tecnologia
Universita degli Studi di Torino — Gennaio 2014

In this Thesis, we study monomial ideals from a combinatorial point of view.

We are mainly interested in the structure of the associated Groebner escalier but, sometimes,
we have also to deal with the initial ideal.

First of all, we examine all the existing combinatorial methods to compute the Groebner es-
calier N(I(X)) associated to the zerodimensional radical ideal I(X) of a finite set of distinct
points X. More precisely, we start from Cerlienco-Mureddu correspondence and we exam-
ine the other methods which came up later on, such as Gao-Rodrigues-Stroomer method,
Lederer’s variation and Lex Game.

Next, we face the problem of constructing a linear factorization of a minimal Groebner ba-
sis for a zerodimensional radical ideal. The existence of such a factorization has been stated
and proved by Maria Grazia Marinari and Teo Mora, in the Axis of Evil Theorem [2, 69, 70]. In
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this Thesis we give an alternative constructive proof, together with an algorithm computing
concretely the factorization and we study deeply the structure of the Groebner escalier, in
connection to the Axis of Evil factorization.

Then, we develop a visual language in order to represent finite sets of terms and infinite
order ideals via bidimensional pictures, the Bar Codes.

We show that the pictures we get allow us to read easily many properties of the monomial
ideal (expecially connected to Janet decomposition for terms [54, 55, 56, 57]) and to develop
an iterative version of the Axis of Evil algorithm.

Thanks to the Bar Code structure, moreover, we are able to connect commutative algebra
and enumerative combinatorics, by giving a bound for the number of strongly stable ideals
with a fixed constant affine Hilbert polynomial, by putting them in biunivocal correspon-
dence with plane partitions.

Finally, we show how the Axis of Evil theorem can be applied to coding theory, more pre-
cisely to the decoding procedure for binary BCH codes and to the computation of sparse

general error locator polynomials.
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Introduction

This thesis is centered on an exam of the combinatorial structure of both the initial ideal and
the Groebner escalier of an ideal of the ring of polynomials.

Many properties of an ideal I can be deduced by studying its initial ideal with respect to
some term ordering. The initial ideal is a monomial ideal, namely it has a generating set
only composed of terms and it is possible to recover the monomial basis of the quotient
algebra (the Groebner escalier) from it.

In the case of a zerodimensional radical ideal I, namely the ideal of a finite set of distinct
points X, the Groebner escalier N([) is a finite set.

Clearly it is possible to recover it from the initial ideal, but this is rather ineffective. Indeed,
in order to get the initial ideal it is necessary to compute the Groebner basis of I from some
generating set of polynomials. The computation is performed via Buchberger algorithm,
and it is well known that this algorithm is heavy from a computational point of view. The
first mathematicians who dealt with this problem are Buchberger and Moeller in [12] (1982).
In the cited paper, they developed a polynomial algorithm which computes the reduced lex-
icographical Groebner basis of a zerodimensional radical ideal via interpolation on the finite
set of distinct points representing the associated variety. Apart from the Groebner basis, the
algorithm provides also the terms in the lexicographical Groebner escalier.

A few years later, Cerlienco and Mureddu [20, 21, 22] developed a combinatorial algorithm,
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computing the lexicographical Groebner escalier directly from the points of X, exploiting
a series comparisons among the coordinates. This algorithm provides a biunivocal corre-
spondence between the points in X and the terms in the Groebner escalier: the so called
Cerlienco-Mureddu Correspondence.

Next, other methods, optimizing Cerlienco-Mureddu algorithm, have been developed, for
instance by Felszeghy-B. Rath-Rényaj, Gao-Rodrigues-Stroomer and Lederer.

We give an overall view of these methods, equipped with detailed examples.

Thanks to the structure of the (finite) lexicographical Groebner escalier, it is possible to ex-
amine also the structure of the zerodimensional radical ideal defining a given finite set of
distinct points X.

Via the so called Axis of Evil theorem, M.G. Marinari and T. Mora enhanced the classical
Lazard structural theorem to the case of n > 2 variables. The Axis of Evil theorem assures, for
a minimal lexicographical Groebner basis of a zerodimensional radical ideal, the existence
of a factorization linear in the leading terms.

The Axis of Evil theorem is one of the main topics of this thesis.

We will give a computational proof of the theorem, providing an interpolation algorithm a
la Moeller, which computes the above factorization (called Axis of Evil factorization) and then
we will give some variations of the aforesaid algorithm. Moreover, we give another combi-
natorial method to compute the Groebner escalier, providing an ordering on the terms and
on the corresponding points which makes the interpolation simpler.

The Axis of Evil factorization can be applied to the field of coding theory. More precisely, we
deal with the decoding of BCH codes, in the realm of the so called Cooper’s philosophy [28, 29],
which introduces the use of Groebner bases for decoding.

Starting from the works by Chen [23, 24, 25], Cooper’s ideas have been improved by intro-
ducing and studying the syndrome variety in order to optimize the decoding process. In this
context are also placed many interesting works by Mora, Orsini and Sala [78, 82, 83], from
which arises the application of the Axis of Evil theorem to decoding BCH codes. In these
papers, the general error locator polynomial, whose roots are the exactly the error locations, is
introduced.

Sparsity of this polynomial would be rather important for pratical applications and it would
be appreciable if such polynomial grew linearly with the cardinality if the base field I, over
which the code is defined.

In a joint work with M. Sala and T. Mora, we exploit the Axis of Evil factorization to find
a sparse general error locator polynomial, minimizing the number of points to work with
and computing the structure of the associated Groebner escalier.

We will see that encouraging results can be found in some simplified case. The points con-
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figurations we get, turn out to have a very precise structure, connected to the cycles of the
base field.

Since it is a work in progress, we will give only partial results for the mentioned cases.

Studying the Groebner escalier, the necessity to represent it visually arose. There are
some graphical representation of the Groebner escalier in literature, but they are rather com-
plicated to draw if the cardinality of N(J) is a big number (and impossible in the case of an
infinite N(1)) or if the number of involved variables is higher than five.

In this thesis we develop a simple bidimensional representation for finite and infinite Groeb-
ner escaliers, called Bar Code diagram. Such a diagram is also simple to encode in a computer,
so it can be useful from a computational point of view.

First of all, it enabled us to find a new combinatorial method for the Groebner escalier, anal-
ogous to the aforesaid ones and enjoying many of their best features. Secondly, it gave us
the possibility to find an iterative algorithm to compute the Axis of Evil factorization of a
minimal lexicographical Groebner basis for the ideal of a finite set of distinct points.

Moreover, studying the shape of the Bar Code diagram for strongly stable monomial ideals
with constant affine Hilbert polynomial we noticed that the diagrams are joined by a sort of
“pattern”.

Examining it, we started connecting objects belonging to different fields, namely: strongly
stable ideals (from commutative algebra), and plane partitions of integer numbers (from
enumerative combinatorics). This work is still in progress and we display here only partial
results, namely the ones for strongly stable ideals in two or three variables, with constant
affine Hilbert polynomial.

For the case of two variables, we have proved a biunivocal correspondence between strongly
stable ideals and integer partitions of p, so we are able to count exactly their number. For
three variables, instead, we have proved the biunivocal correspondence between strongly
stable ideals and some particular plane partitions, for whose number, for now, we only have
an upper bound.

Finally, exploiting the properties of the generating sets of monomial ideals, it is possible to
deal with the following

Problem 0.0.1. Given any monomial ideal J <P := k[z1, ..., x|, find a characterization for the
family Mf(J) of all homogeneous ideals I <P such that the basis of P /1 is given by the set of terms
in the Groebner escalier N(J) of J.
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This problem has been deeply analyzed in [8, 27, 64] for the case J strongly stable ideal,
which is also the most suitable case for studying the Hilbert scheme. In [8, 27], the families
of the form Mf(J) for J strongly stable have studied, giving also computational methods
to deal with them.

In a joint work with T. Mora and M. Roggero [19], we generalize the problem above to arbi-
trary monomial ideals on the polynomial ring with coefficients in a commutative ring.

In order to give such a generalization, we exploit and enhance some concepts introduced by
Janet [54, 55, 56, 57], such as the definition of multiplicative variable and the one of complete
system, leading to the so called Janet decomposition for terms.

Starting from the generating set of a monomial ideal, Janet gives a very precise decompo-
sition of the ideal itself (and also of its Groebner escalier). In Janet’s theory the ideals are
generated by the so called involutive bases.

If we draw the Bar Code of a finite set of terms (not necesarily an order ideal) we can an-
swer some combinatorial problems on Janet decomposition. For example, we can detect the
multiplicative variables or decide on the completeness of a system.

We have to point out that Janet gave two different definitions of multiplicative variable, pre-
sented in [54, 55] and in [56], totally equivalent if we are in general coordinates. In [19], we
compare them and we introduce the notion of stably complete set of terms, indicating sets for
which both conditions hold. Each monomial ideal J has one and only one stably complete
set of generators (possibly made of infinitely many terms) that we call star set and denote
by F(J). The star set can be computed from the Groebner escalier of J using again the
Bar Code structure in a very simple way. Furthermore, in analogy with [8, 27] we define a
reduction procedure with respect to a homogeneous set of polynomials marked on a stably
complete system proving its noetherianity.

The most interesting cases are the ones involving ideals with finite stably complete gener-
ating set , i.e. the quasi stable ideals, whose star set is exactly the Pommaret basis. Note that
a monomial ideal is stable if and only if its star set coincides with the monomial basis.
Properties of the star set allowed us to provide a new version of Moeller algorithm which
computes a lexicographical involutive basis for the zerodimensional radical ideal of a finite
set X of distinct points via interpolation on the elements of X.

During my PhD I worked under the supervision of Professors M.G. Marinari, T. Mora and
M. Roggero, cooperating also with Professors F. Cioffi, W. Decker and H. Schoenemann.
With these last ones I implemented, using the the computer algebra system Singular [30],
two libraries which are part of version 3-1-6 of the software. In this thesis I explain how the
implementaton has been made and we also attach the source code.
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In chapter 1, we give all the notation needed in the whole thesis, involving polynomials
and Groebner bases, Groebner duality and Macaulay bases, Graph Theory, expecially trees
and tries, and we recall the main features of Moeller algorithm. We also define the existing
visual representations for terms: the tower structure and the diagrams introduced by M.G.
Marinari and L. Ramella.

Chapter 2 is devoted to the study of all the combinatorial methods for computing the Groeb-
ner escalier of the ideal of a finite set of distinct points. We start with Cerlienco-Mureddu
correspondence, then we examine Gao-Rodrigues-Stroomer method with the variation pro-
posed by Lederer and finally the Lex Game algorithm by Felszeghy-B. Rath-Rényai.

In chapter 3, after explaining Lazard’s algorithm for monomial bases, the Macaulay’s trick
and Lazard structural theorem, we introduce the Axis of Evil theorem by Marinari and
Mora and the associated algorithm. This algorithm gives a simple proof for Marinari-Mora
theorem.

The whole chapter 4 describes a new version of the Axis of Evil algorithm, under suitable
hypotheses. In order to make the interpolation process simpler, we define an interpolation
oriented alternative to the algorithms described in chapter 2.

In chapter 5 we first define the Bar Code of a finite set of terms, studying its main features.
Then we define the star set in terms of Bar Codes (so from the Groebner escalier point of
view), proving its characterization in terms of generating sets. After that, we extend both
the notion of Bar Code and of star set to infinte Groebner escaliers. We give then some
applications, such as another alternative algorithm to the ones of chapter 2 and a related
iterative version of the Axis of Evil algorithm. Moreover, we present some first results in
enumerative combinatorics for strongly stable ideals.

In chapter 6, we first recall the theory developed in [8, 27] for J-marked families, explain-
ing how it leads to the Singular libraries we implemented. After that, we deal with Janet
decomposition for terms, relating the problem to the Bar Code structure of the generating
set for a monomial ideal.

After defining the star set, we characterize stable and quasi stable ideals and we define the
notherian reduction procedure for homogeneous polynomials, marked on a stably complete
set. Moreover, we study J-marked families using the reduction procedure.

We give then an historical note on the concepts by Janet we exploited and, at the very end,
we describe the Moeller version which computes an involutive basis in the zerodimensional
radical case.

Dulcis in fundo, chapters 7 and 8 are devoted to apply the Axis of Evil algorithm to coding
theory.

More precisely, chapter 7 starts giving the most important notions of error correcting codes
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and then it focuses on cyclic and BCH codes, by treating Cooper’s decoding philosophy,
Chen’s works on the syndrome variety and all the improvements by T. Mora, E. Orsini and
M. Sala, introducing the concept of general error locator polynomial.

On the other hand, chapter 8, treats the decoding process for BCH codes by determining
the general error locator polynomial and showing how the structure of the Groebner es-
calier and the Axis of Evil algorithm can help in finding a sparser locator.

Finally appendix A and B contain respectively the Singular code of our libraries and the
data obtained by computing the locator polynomials and the related points configurations.



Part I

Getting started.






CHAPTER 1

Notation and preliminaries.

1.1 Polynomials and Groebner bases.

In this thesis, we follow the notation of [77, 79].

We let P := k|1, ..., z,] the graded ring of polynomials in n variables with coefficients in
the field k.

We usually denote by S := klxo,...,x,] the ring of polynomials in n + 1 variables and
coefficients in the base field k.

The semigroup of terms, generated by the set {1, ..., z,, } is:

T = {af - a0, (a1, ..., ap) € N}

Denoting 7 = z{" - - - 22", we define deg(7) = Y., o;, the degree of T and, for each

he{l,..,n} degy(7) := ay, is the h-degree of 7.

For each d € N, 7; denotes the d-degree part of 7, and for each M C 7, My = M N7y,
whereas T(d) is the degree < d part of 7, with [7;| = ("%} '). We use analogous notation
for P, observing that by abuse of notation we also denote by P(d) the vector space gener-
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ated by 7 (d).
Letting o = (a1, ..., a,) € N”, we will often write z* instead of z7* - - - 22"
We define also the set

TIm] =T Nklz1,...,zp] = {zf* - 28m / (a1, ..., am) € N}

A semigroup ordering < on T is a total ordering suchthat my < 7 = 71 < 772, V7,71, 2 € T.
A semigroup ordering is called inf-limited if:

o z; <1, foreachic {1,..,n};

e for each infinite decreasing sequence in 7, 71 > ... > 7; > ... and each 7 € T there is
anr € N, with 7. < 7.

For each semigroup ordering < on 7, we can represent a polynomial f € P as a linear
combination of terms arranged w.r.t. <, with coefficients in the base field k:

S

f= Z c(f,m)T= Zc(f,n)ri ce(fim) ek, €T, 1> > T,
reT i=1
with T(f) = Lt(f) := 7 the leading term of f, Le(f) = c(f, 1) the leading coefficient of f,
Lm(f) = M(f) := ¢(f, 71)n1 the leading monomial of f and tail(f) := f — c(f, T(f))T(f) the
tail of f.
Letting ¢ := deg,, (f) the degree of f w.r.t. z,, we can write uniquely

1
= giwh €klwy, .., vn1][2n], gi € Klw1, ... w0 1], g5 # 0
=0

denoting by Lp(f) := gs the leading polynomial of f and by Tp(f) = go the trailing polynomial
of fwrtn.

For each term 7 € 7 and |7, the only v € T such that 7 = ;v is called j-th predecessor
of 7.

A subset N C T is an order ideal if T € N = 0 € NVo|7!. A subset N C 7 is an order ideal
if and only if 7\ N = J is a semigroup ideal (i.e. 7 € J = o7 € J, Vo € T).
For each semigroup ideal J C T, N(J) := 7 \ T(J) and its monomial basis G(.J) satisfies the
conditions below

G(J) := {r € J| each predecessor of 7 € N(J)} =
= {7 € T|N(J)U {7} order ideal, 7 ¢ N(J)}.

IThe corresponding notion for N” is named Ferrers diagram.
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For all subsets G C P, T{G} = {T(g),9 € G} and T(G) is the semigroup ideal
{rT(g9), 7€ T.g€ G}

We define also M{G} := {M(g), g € G} and M(G) := {M(arg), a € k*, 7€ T, g € G}.
For any ideal I <P the monomial basis of the semigroup ideal T(I) = T{I} is called monomial
basis of I, the ideal In(I) := (T(I)) is the initial ideal and the border set of I is:

B(I) :={zp7, 1 <h<n,7eNI)}\N(I) =
=T N({1}u{zpr, 1<h<n, 7eNI)}).

If I := (G) we have M(I) := M(G).
Fixed a term order < on 7, we have the following results:

Lemma / Definition 1.1.1 ([70, 79]). It holds:

P=Iak[NI);

P/I = KN(I);

VfeP,dlg:=Can(f,1) =3 cniy V[, 7, <)7 € kIN(I)], called canonical form of f with
respect to I, such that f —g € I.

Definition 1.1.2 ([20]). Given a term order =<, a monomial basis for A := P/I(X), [r1], ..., [Ts],
with 7 < ... < 7g is minimal w.r.t < if, for each monomial basis [{], ..., [75], with 7{ < ... =<
TgitholdsVj=1,...,8, 7; < 7}.

We will usually denote a monomial basis for a quotient algebra only with the terms,

omitting the square brackets.

Definition 1.1.3 ([79]). A Groebner basis of I isasetG C I such that T(G) = T{I};

a minimal Groebner basis is a Groebner basis H such that do not exist divisibility rela-
tions among the leading terms of its members: T{H} = G(I);

the unique reduced Groebner basis of I is the set: G'(I) := {7 — Can(7,I) : 7 € G(I)}.
Each member of the reduced Groebner basis has a leading term which does not divide any

term of another member.

Unless otherwise specified, we consider the lexicographic order induced by (zg <)z1 <

. < Ty, 1€

(2§0)a$r - a8 < (zp0)2? 2P & Fj|a; < By, i = Bi, Vi > j.
This is a term order, that is a semigroup ordering such that 1 is lower than every variable or,
equivalently, it is a well ordering.
IfN = {r,...,7n} is an order ideal and 71 < ... < 7;,, w.r.t. lex, then also N’ = {7, ..., 7} is
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an order ideal, Vh < m.
A term order is called degree compatible if, for each 71,7 € T,

deg(m1) < deg(m2) = 11 < T2.

Let X = {Pi, ..., Ps} C k™ be a finite set of distinct points,

Pi = (aﬂ, ...,am), 1= ]., ...75,

the ideal of points of X is
IX):={feP: f(F)=0,Vi}.

On the contrary, if I <P is an ideal, we define its associated variety as
V(I)={Pek" f(P)=0,VYf € P}

For each 1 < m < n, we define the projection maps as:
T s K" — kK™ 7"k — kL

(X1, ., Xn) = (X1, .., Xm), (X1, Xn) = (X ooy Xin)
and, for P € k™, X C k™, let

I, (P, X) := {P; € X|ms(P;) = 7s(P)},

II*(P,X) :={P, € X|n*(P;) = n°(P)},

extending in the obvious way the meanings of 7,(d), 7°(d),IIs(d, D),II°(d, D) to d € N"
and D C N™.

With the same notation ,, we indicate also

T T 2N = N = T[m] suchthat zi'-- -z — 2] zdm.

Consider and ideal I «P. We denote the set of polynomials in / with degree lesser or
equal then d by I(d) = I N"P(d). Such a set is a vector subspace of the vector space P(d).

Definition 1.1.4. Let I <P be an ideal. The affine Hilbert function of I is the function
HF; :N— N

d v dim(P(d)/I(d)).
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For d sufficiently large, the affine Hilbert function of I can be written as

HF;(d) = gbi (zdz')’

?

where [ is the Krull dimension of V'(I),b; are integers and by is positive.

Definition 1.1.5. The polynomial which is equal to H F;(d) for d sufficiently large is called
the affine Hilbert polynomial of I. It is denoted by H;(d).

We describe now the analogous concepts for the homogeneous case. Let Sy C S be the
set consisting of the homogeneous polynomials of total degree d and the polynomial 0, and
I; = I NSy with I <5 homogeneous ideal.

Definition 1.1.6. With the above notation, the Hilbert function of I is
"HF;:N—N
d— dzm(Sd/Id)

Given a homogeneous ideal I < S, for d sufficiently large, we can write the Hilbert func-

tion as a polynomial, namely

!
d
hHF(d) = b
1(d) ; i)
i.e. the Hilbert polynomial of I, denoted by "H/(d).
Finally, we recall the following definitions, which will be particularly useful in chapter 6.

Definition 1.1.7. Let F = {7y, ..., 75} C T be an ordered subset of terms, generating an ideal
J = (F). The module

Syz(F) ={(g1,---.95) € P°, ng =0}
i=1
is the syzygy module of F.
We denote an element in Syz(F) by (g1, ..., gs) and we call it syzygy among F.

Definition 1.1.8. The S-polynomial of two polynomials f and g w.r.t. a term ordering <, such
that Le(f) = Le(g) = 11is

_ lem(T(£), T(9))

S(1.9) = LT lem(T($), T(9))

f= T(g; g
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1.2 Groebner duality

In this section, we consider P = k[z1, ..., ;] as a k-vector space. In this perspective, we
define the k-functionals on P.

Definition 1.2.1. A k-functional ! on P is a linear morphism [ : P — k, i.e. an element of
the k-vector space P* := Homy (P, k).

We point out that
fePILeP =I(f) = c(f,n)ir).

TET

We can equip P* with a P-modulo structure, defining VI € P*, f € P

(- f)(g) =1(fg), Vg € P.
Definition 1.2.2. Two sets L := {l;,...,Is} C P*and ¢ = {¢1, ..., ¢s} C P are called:
o triangular if l;(¢;) = 0, Vi < j;

1l,i=3y
0,1 # j

Given a k-vector subspace L C P* let

e biorthogonal if I;(q;) = 6;; = {

P(L) ={g€P|llg) =0,Vi € L}
and, for each k-vector subspace ) C P let
L(Q)={leP"|l(g) =0, Vg € Q}.

Definition 1.2.3. A subset of P* is called dual basis of a k-vector subspace ) C P ifitisa
basis of £(Q).

Lemma / Definition 1.2.4 ([1]). For each k-vector subspace Q,Q1,Q2 C P, L, Ly, Ly C P*
it holds:

1. Q<P = L(Q) is a P-module;
2. LisaP-module = B(L) < P;
3. Q1 C Q2= L(Q1) 2 L(Q2);

4. L1 Q LQ = ‘B(Ll) 2 m(Lg),
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5. L(Q1NQ2) D L(Q1) + L(Q2);
6. P(L1 N L) O P(L1) +P(L2);
7. L(Q1+ Q2) = L(Q1) N L(Q2);
8. P(L1 + L2) = P(L1) N P(L2);
9. Q =PB(L(Q));

10. L C L(B(L));

11. dimy(L) < 0o = L = L(PB(L)).

An ideal has a finite dual basis (L, ..., Ly) if and only if it is zerodimensional of degree s.
B and L define a duality between finite dimensional P-modules of functionals and zerodi-
mensional ideals.

Let X = {P, ..., Ps} C k™ a finite set of points
Pi = (ail, ...,am), 1= 17 ,S
For each ¢ we denote by I; € P* the linear functional consisting of the evaluation at P;, i.e.

ll(f) = €’Upi(f) = f(aila "'aain)a vf(xlv 7Jjn) € P?

We can extend definition 1.2.2 in order to work with finite sets of distinct points.
If X = {P,...,Ps} is such a set and ¢ = {q1,...,¢gs} C P, we say that they are triangular
(biorthogonal) if, letting I, := evaluation at P;, V1 < ¢ < S, gand L := {l;,...,lg} are
triangular (biortogonal).
Then, we call

L(X) := Spank({l;, 1 <i < S}) C P

which is dual to the ideal of points I(X).
Now, we loosely base on [73], sketching the main properties of differential operators.
For each iy, ..., i, € N define the differential operators

D(iy,yin) : P — P

given by
1 3i1 +..tin

iyl ip! 8:6? Ozl
The summation 41 + ... + i, is called degree of D (i1, ..., ).

By the natural isomorphism N™ == T we indifferently use the notation D (i1, ..., %, ) and D(7),
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ifr=a ...zl e T.

We point out that D(0, ...,0) = D(1) is the identity.

Then, we denote D := {D(7)|7 € T} and by Spank (D) the k-vector space generated by D
and we define the degree of an element in Spank (D) as the maximal degree of the D(7)’s
appearing in it.

For each j = 1,...,n we define o, : D — D U {0} the antiderivative w.r.t. z; as

Ua:j (D(Zh 7Zn)) = D(’L'l7 7ZJ — 1, ,Zn) if Zj > 1

Ou; (D(lh aln)) = 0if Z] =0

We use the notation 0., for 0,,0,; = 04,0,, =: 04, and, for each 7 € T, defining 0,,;, =
0z;,0-, wehaveamapo, : D — DU {0}, which can be extended to a k-endomorphism of
Spank (D) still denoted by 0.

We notice that

VT» 7-/ S Ta OrO0rt = Org!
and we point out that o, D(p) # 0 if and only if 7|u.

Definition 1.2.5. A k-vector subspace V' C Spani (D) is closed if the following conditions
hold:

1. dimiV < oo;
2.V7eT,V0eV, o.(0) €V.

Let P = (a1, ...,an) € kK" and M(P) = (z1 — a1, ..., Ty, — ay) < P be the corresponding
maximal ideal and ev(P) the evaluation functional in P.
Each 9 € Spank (D) induces a functional 9(P) € P* defined by 9(P)(f) = ev(P)(If).

Proposition 1.2.6. Vf € P, 0 € D
Iz f) = 2x0(f) + 04, (9)(f)

therefore
(P)(zj9) = a;0(P)(g) + ev(P)(04,(9)(9)).

Proposition 1.2.7. Let P € k™, A := {0y, ...,0,} C Spank(D); then the set
Q:={fePlo;(P)(f)=0,i=1,...,r}

is an ideal if and only if A is closed.
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Proposition 1.2.8. Let P € k™, M(P) the corresponding maximal ideal and V' C Spani (D)
a closed subspace; then

Jp(V):={fePlo(P)(f)=0,Y0 eV}
is an M(P)-primary ideal.

Proposition 1.2.9. There is a one to one correspondence between the M(P)-primary ideals
of P and the closed subspaces of Spany (D).
More precisely, each M (P)-primary ideal Q corresponds to a closed subspace

Ap(Q) :=A{90(P)(f) =0, Vf € Q},
while each closed subspace V C Spany (D) corresponds to the M(P)-primary ideal
Tp(V) = {f € PlO(P)(f) =0, Y0 € V'}.
Moreover,
dimy,(Ap(Q)) = mult(Q) = deg(Q) e mult(Tp(V)) = dimy (V).

Let M <P be a maximal ideal without zeroes ink™ and Y = { P, P, ..., P } its zeroes in
En, where k is the algebraic closure of k. We call k; the minimal algebraic field extension of
k, containing all the coordinates of F;.

Proposition 1.2.10. Let M<P be a maximal ideal without zeroesink™ and Y = {P;, P, ..., P, }
its zeroes in k', where k is the algebraic closure of k. Then there is a one to one correspon-
dence, between M-primary ideals and the closed subspaces of Spany, (D).

Each M-primary ideal Q corresponds to the closed subspace of Spani, (D)

A(Q) ={alo(P1)(f) =0Vf € Q}.
To each closed subspace V C Spany, (D) corresponds the M-primary ideal
JV)=A{fePlo(P)(f)=0,V0 eV},
so that Q = J(A(Q)) and V = A(J(V)).

Theorem 1.2.11. Every 0-dimensional ideal I < P is uniquely defined by a set of points
Pi,....,P. € kK" (k the algebraic closure of k) which are not conjugate over k and, for any

point P, = (a1, ..., a;n) a closed subspace

A; = Spany, (i1, ..., Oin) C Spany, (D),



18 Chapter 1. Notation and preliminaries.

ki = k(aﬂ, vy am) so that f € lifand Ol’lly if Vi,j, az (P)(f) =0.
Foreachi, leta;,, ..., a;, ak-basis of k; so that Vi, j exist k-functionals L;;, € P*, k =1,...,t;

with 05 (P;)(f) = X Liji(f) ik

Then I is defined by {L;jx|i =1,....,7, j =1,...,8, k=1,...,t;}.

Now, following [2], we give a glimmer of Macaulay bases.
For each polynomial f € P (or for each series f) we denote by L(f) its lowest degree non-zero
homogeneous component, whereas ord(f) = deg(L(f)) is its order or underdegree.
We fix an infinite set of indeterminates, labeled with the elements in 7, namely Z = {(;, 7 €
T} and we have naturally the rings k[(;]-c7 and k[[(;]]-eT-

Definition 1.2.12. A dialytic equation of an ideal I <« P is a linear combination
Z aTCT S k[CT]TET
TeT

such that

ZGTTEI.

TeT

For each term v € T, the v-derivative of ZTET a-(; is the dialytic equation ZTGT a+Cry,

ZaTTu:uZaTTEI.

TET TET

corresponding to

Definition 1.2.13. The inverse functions or modular equations of I are the equations of the

form

Z crGr € k[[CT]]TET7

TET

ZCLTTGI.

TET

with >+ crar = 0, for each

We can naturally extend the notion of lowest degree component and order to dialytic
equations and inverse functions and, for each inverse function ) ©__+ c-(; € K[[(/]]-e7, we
can define a linear functional v € P*, namely the one associating the element ¢, to each 7.
Following Macaulay’s notation, we express these equations as Laurent series

1= —o —an —1 _n
Serl= Y aanar ™ wy ekl e,
TeT (a1,...,an)EN"

The set of all Laurent series which are inverse functions of [ is called inverse systerm.
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Definition 1.2.14. An inverse function ) ¢,7~! for which exists v € N such that
deg(7) >y=0¢,=0
is called Noetherian equation.

For each term 7 € T we can define a functional
M(r):P—k

fr=elfm),

foreach f =% _,c(f,7)T €P.
We denoteby M = {M(7), 7 € T} the set containing all these functionals, whereas Spani (M) C
P* is the k-vector space generated by M.

Each semigroup ordering < on 7 induces an ordering on M:
M(r)<Mw)e T <w.
Foreachl =} __c(7,l)M(7) € Spany(M), we define the support of | as
S(l)={reT,c(r,1) #0}.

Iff:=> cra,rePandl:=3 __, c.M(7) € Spanyx(M) we have

()= arer= > arcr,

TET TeSA)NS(f)

so Spank (M) is the set of all the Noetherian equations.
For each A C Spany (M) and for each k-vector subspace P C P we denote

IZA)={feP:I(f)=0,VrxeA};

M(P) :={l € Span (M), I(f) =0, Vf € B}.

In analogy with the antiderivatives for elements of 7, for each j € {1,...,n}, given M €
Spank (M) we define for each 7 € T

o (M(1)) := { éwlf(‘;) ;f: = zjw

Since for each i,j 0,0; = ojo; we can define inductively o, € Endy(Spank(M)), for each

T €T, 04,7 := 04,0, s0 that, forall 7",w € T
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M) ifw="1v

or(M(w)) = { 0if 7' fw

We can extend the definition to polynomials: Vf =" ¢;7; € P,
or(l) = Zcion (1)
and we equip Spank (M) with a P-module structure, letting
lf :=05(1),Vf € P, Vil € Spani(M).

Definition 1.2.15. A k-vector subspace A of Spany (M) is called x;-stable if o;(1) € A, VI € A
and stableif o7 (1) € A, VIl € Aand f € P.

Ifl := % ,e;M(1) € SpankM), ¢; € k\{0}, , € T, 1 <1 < .. <17 < .., We
denote by T'« (1) = 7 the leading term of [ and for A C Spank (M) T<{A} := {T(l),l € A},
No{A} = T\ T {A}.

Definition 1.2.16. Referring to definition 1.2.14 and to the comments above, abasis {l1, ..., l;, ...
of a stable vector subspace A C Spany(M) is a Macaulay basis of A w.r.t. an inf-limited or-
dering < if

1. T{A} ={T(l;)} C T is an order ideal;
2. 1 = M(T(l)) + Xy en(a) §(v, T'(13))M(v), for each i and suitable {(v, T'(l;)) € k.

We conclude this section defining a special kind of ideals, called Cerlienco-Mureddu ideals.
For each zerodimensional ideal I <P, we set X = V(I); VP = (ay, ..., a,) € X we define

Ap:P—=>P

T, ta;,t=1,...,n,

Mp = (x1 — a1, ..., Tp, — ay) and Qp the M p-primary component of 1.

We define Ap := M(Ap(Qp)) C Spanx(M) and {A\,p := l(v) : v € Nc(Ap(Qp))} the
Macaulay basis of Ap.

We suppose it ordered so that each vector subspace L, := Spank({l,,...,l,}) is a P-
module and we set

L:={A1,.., A} ={lbpAp: v €N (Ap(Qp)), P € X},
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ordered so that each vector subspace L, := Spank({l1, ..., I+ }) is a P-module.
Then, weset Y = {Y7, ..., Y }{(P,v) € N (Ap(Qp)), P € X} enumerated so that

Yj = (P, l/) <~ )\j =l,pAp.
Following [79], we suppose each Ap(Qp) to be a monomial ideal.

Definition 1.2.17. With the previous notation, the ordered sets L and Y are a Macaulay
representation and a Cerlienco-Mureddu skeleton of I := PB(L); each A = I, pAp is a Cerlienco-
Mureddu functional and each Y = (P,v) € Y a Cerlienco-Mureddu card.

Moreover, if YA = l,pAp € L, A = M()\) = M (v)\p then I is a Cerlienco-Mureddu ideal.

1.3 Graphs, trees, forests.

Here we recall some basic notions of Graph Theory. For more details see [45].

Definition 1.3.1. A graph G is the datum of:
e anonempty set V(G) whose elements are called vertices or nodes;
e aset of non ordered couples of distinct vertices E(G) whose elements are called edges.
We summarize some terminology of Graph Theory

Notation 1.3.2. The degree deg(a) of a given vertex a € V (G) is the number of edges incident

with a.
A subgraph of a given G is a graph H such that V(H) C V(G) and E(H) C E(G).
A walkin a graph G is a sequence ag, €1, a1, -..., €4, Qp, Go, -..,ap, € V(G) and ey, ..., e}, € E(G),

such that a;_1,a; are connected by e;, j = 1, ..., h.

A path is a walk whose set of vertices does not contain repeated elements; a cycle or circuit is
a closed walk i.e. a walk such that ag = ay,.

A graph G is:

e connected if for any couple of vertices there exists a path joining them;
e acyclic or forest if it does not contain any cycle;

e a tree if it is acyclic and connected (any subgraph of a tree is also a tree). All the trees

of more than one vertex contain at least two vertices of degree 1, called leaves.
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To each graph G can be associated a picture consisting of points (corresponding to the
nodes of V(G)) and segments (corresponding to the edges of E(G)).
In particular, for each drawing of a given tree, the topmost node is called root of the tree. A
rooted tree is a tree with a conspicuous root.
Fixed a root, we can read the elements of a tree from the root to the leaves.
The level of a node in a tree is its distance from the root. In particular, the root is at level 0.
The height of a tree is the maximal level of its nodes.
In a couple of nodes connected by an edge (so that their levels differ by one) the node of
lowest level is called father and the other one is called child. In a similar way, we speak of
ancestors and descendants for connected nodes whose levels differ for more than one.

Definition 1.3.3. A trie is a rooted tree such that each edge is labeled by an element of a
fixed alphabet.

1.4 Points, terms and towers.

In this section, we introduce a simple way to represent points and terms. It will be very
useful, especially while studying the combinatorial methods to compute the Groebner es-
calier associated to the ideal of a finite set of distinct points. We will exploit the natural
isomorphism 7 <+ N", starting with the case of n = 2 and then generalizing to an arbitrary
n.

Given a set X’ = {P/,...,P.} C k? let r be the number of distinct prime coordinates
of the P;’s, we group the points w.r.t. their first coordinates, obtaining r subset X'; =
{Pia,... Pii, by, X ={Pr1, ... Pry )

Each point P; ; = (a1,5,j, a2, ;) € X’ is represented in the plane as a rectangle, labeled with
the couple (a1 j,a2,,;). If P; j, P belong to the same X';, C X/, their corresponding rect-
angles are superimposed and the rectangle on the bottom is the one corresponding to the
point appearing first in X';, so each X', is said corresponding to a tower in the plane.

(asz,ar)

(a1,a5)|(as,a6)

(a1,a2)|(a3,a4)|(as,a9)

Figure 1.1: Tower structure in the plane (1).
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The first tower has to be drawn so that the left side lies on the zs-axis and all the subse-

quent towers have the left side lying on the right side of the previous one, as shown in the
picture above.
Each rectangle in the tower is associated to a couple in N?, representing its position, in the

following way

(1,2)
(0,1) | (1,1)

0,0) | (1,00 | (2,0)

Figure 1.2: Tower structure in the plane (2).

Consider the isomorphism 7 — N?, sending a term z® = z{"'z5? € T to the point (a1, as) €
N2. We can naturally associate to each point in the tower the term identified by its position.

For the picture above, we get {1, z1, 2}, 22, 2172, 2173}

Example 1.4.1. Let X’ = {(0,0),(1,1),(0,1),(1,2),(1,3)}.

Grouping the points w.r.t. their first coordinates we get X; = {(0,0), (0,1)}
X1 ={(1,1),(1,2),(1,3)}

and we cand draw the towers as in picture 1.3

(1,3)
(0,1) | (1,2)
0,0) | (1,1)

Figure 1.3: The tower structure of X’ : points.

Ne ]

Identifying each term 2 = z{'z3* € k[z1, 23] with the point (a1, a2) € N? we can also

draw the picture with terms below where points and terms are related by their position.

Let us see another example.
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a:lxg
o r1T2
1 1

Figure 1.4: The tower structure of X' : terms.

Example 1.4.2. For the set X’ = {(1,0), (2, 3), (1,1)} we get

(1,1) T2

10 | 29 | 1| e

Consider first example 1.4.1.
A Groebner basis (actually the reduced one, computed here using Singular, [30]) of I(X')
w.rt. lexinduced by z1 < @y is {23 —x1, 2125 — 25 — 2122 +T2, 13— 20125 —4x3+ 23 00+ TH1 T2+
3z9 — 32?7 — 3x1} and so the lexicographical Groebner escalier is N = {1, 21, 79, 2172, 23}.
Such a set does not coincide with the one identified by the towers we drew.
For 1.4.2, the situation is different. The reduced Groebner basis is {z? —3z; +2, 7122 — 72 —
3z1 +3, 23 — 22 — 621 + 6} and then the Groebner escalier is N = {1, x1, 22}, coinciding with
the one identified by the towers. If, in example 1.4.1 we shift to the right the point (1, 3),
we obtain again a picture with towers but we have the coincidence as in 1.4.2. In the case
n = 2, such a shifting can be avoided by reordering the towers in decreasing order by height. An
explanation of this fact is given in chapter 2, especially in remark 2.2.8.
If the picture with towers of a set X’ leads to the Groebner escalier of I(X'), we call it tower
structure of X'. It is mixed if one or more shifts have been performed in order to obtain a
representation of the Groebner escalier, unmixed otherwise.
Associating a tower structure to X', we notice that the horizontal lines represent the powers
of z; appearing in terms with a fixed exponent of .

It means that, if we take a term 7 = z{" 25, all the other terms appearing in the horizontal

line which contains 7 are of the form o = ' 52,

Browsing these rows ordinately from the bottom to the top we associate to each one of them
a power of zo: more precisely to the lowest one z9, to the one lying above z3, and so on.
We call these horizontal lines xo-ranges, while the z;-ranges are the single rectangles. We

will give a formal definition of range in chapter 5, while introducing the Bar Code structure.
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Notice that also the exponents of z; are ordered if we read each line from left to right.

Now, given S points, we have associated them S terms. We consider the z,-ranges, in-

creasingly ordered with respect to the exponent of x5 identifying them. Let 75, ..., 72 j their
ingly ordered with respect to the exp t of x5 identifying them. Let 7, j thei

cardinalities.

The terms of the x>-range corresponding to 2 are numbered from 1 to 75 ¢, the ones of the

x9-range corresponding to x3 from ro0+ 1land ry o + 721 and so on.

We can see an example of such a reordering in picture 1.5.

98}

s

R

Figure 1.5: Reordering of ranges in 2 variables.

All these definitions can be generalized to the case of 3 or more variables.

We deal then with a set X" = {P/', ..., P/} C k3, constructing the towers similarly.

1. We draw the tower picture of X' := m3(X).

For each couple (a1,a2) € X/, label

the rectangle corresponding to it with one of the points in the fiber 75 1(a1, az), say

(ala a2, a3)'

2. Since 75 ' (a1, az) may contain more than one point, draw the rectangles corresponding

to the elements of 7, ' (a1, a2) \ {(a1,as,a3)} over (a1, az, az) along the x3 direction.

Example 1.4.3. Consider the set

X" =1{(1,0,0),(1,0,1),(2,0,0),(1,1,0),(2,0,1),(1,1,1),(2,1,0),(2,1,1)} C k>.

We have (X" = {(1,0), (2,0), (1,1), (2, 1)}:

(1,1,0)

(2,1,0)

(1,0,0)

(2,0,0)

2The x1-ranges have been numbered using normal font numbers, while the z2-ranges have been numbered

using boldface numbers.
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Since 7, 1(1,0) = {(1,0,0),(1,0,1)}, 7, *(2,0) = {(2,0,0),(2,0,1)}, 75 *(1,1) = {(1,1,0),
(1,1,1)}and 7, 1(2,1) = {(2,1,0), (2,1, 1)}, we get the picture on the left. We display on the

right the terms whose exponents’ lists represent the positions in which the points are placed.

Points: Terms:
(1,1,0) | (2,1,0) T2 1T
(170)0) (27030) 1 1
(1/1,1)] (2,1,1) g%xg T122T3
1,0,1) | (2,0,1) T3 T1T3

A Groebner basis of I(X") w.rt. lexinduced by z1 < x5 < z3is {23 —321+2, 23 —x2, 23 —23}
and so the corresponding Groebner escalier is {x1xox3, 223, 123, T3, 122, T2, 1, 1}, which
is an order ideal and it is exactly the set of terms characterized by the tower picture, which
turns out to be an unmixed structure for X”.

Consider the z3-ranges, increasingly ordered with respect to the exponent of x3 indentify-
ing them and let 73 g, ..., 73 5 their cardinalities.

We number from 1 to 73 the terms of the form z%z}29, according to the rule stated above
for the case of two variables.

Then, we number from r3 o + 1 to r3 ¢ + r3 1 the terms of the form xﬁx%azﬁ, according to the
rule stated above for the case of two variables and so on.

Notice that if a term 7 = 27" 252253, belongs to a certain z3-range, all the other terms of the

same z3-range are of the form o = 2" 252 15%.

The following picture 1.6 represents an example of the reordering rule.

We numbered the 8 z;-ranges with the normal font, the 4 z,-ranges in boldface and the
2 z3-ranges with the gothic font.

One can repeat all the construction (obtaining analogous mixed and unmixed tower struc-
tures) in the same way, applying it to any finite set of distinct points X = {P;,..., Ps} C

k™, n > 3 and generalize the idea of range.
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w
W
N

T 2 1
2
7 & 4
5 6 3

Figure 1.6: Reordering of ranges in 3 variables.

1.5 Graphical representation of terms in a small number of

variables.

In this section we show how to represent graphically terms of degree  in 3, 4 or 5 variables.
We will construct some diagrams, developed by M. G. Marinari and L. Ramella in [75] in
order to draw strongly stable ideals.

Consider first the case of terms of degree r, belonging to the polynomial ring k[x,y, z] in 3
variables, ordered as x < y < z.

First of all, we draw on the bottom right the maximal variable (namely z), raised to the
power r. Then, we construct a diagram, drawing the other terms, according to the rules
below.

1: the exponent of z decreases by one, while the exponent of y increases by one;

+: the exponent of y decreases by one, while the exponent of x increases by one.

Example 1.5.1. According to the rules 1, <, the diagram representing the 10 terms of degree
3 in three variables is:
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zy? 3
TYz Y2z
z22 yz?

As a matter of fact, every time we move up in the diagram above, the exponents of the

variable z decrease, in favour of the powers of y.

In the same way, each step to the left means decreasing the exponent of y, making the one

of z increase.

Suppose now to have one variable more, namely consider the polynomial ring k(z, y, z, t]

withz <y <z <t

We start again drawing on the bottom right the maximal term w.r.t. the lexicographical

order, namely ¢". Then we extend the rules 1, < explained for three variables as

N the exponent of ¢ decreases by one, while the exponent of z increases by one;

—:

the exponent of z decreases by one, while the exponent of y increases by one;

1: the exponent of y decreases by one, while the exponent of z increases by one.

Example 1.5.2. The diagram representing the 20 terms of degree 3 in 4 variables is
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22y < 222
x2t
xy? Yz z22
zyt xzt
xt?
o3 Y2z Y22 23
y2t yzt 22t
yt? 2t2

tS
As in the case of three variables, the picture above follows the rules ~, 1, <.

For brevity’s sake, we can also draw the diagram without specify the terms and substituting
them with bullets. This method can be very useful in order to display the terms of a certain
degree r, distinguishing the ones contained in a certain ideal and the ones belonging to the
Groebner escalier.

For this purpose, we will use black bullets for the terms in the ideal and white bullets for
the terms belonging to the associated Groebner escalier.

Example 1.5.3. Consider the ideal I = (z,2?%,y?) <k[z,y, z]. At degree 2 we will have:
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In chapter 5, we will introduce a new graphical representation for terms, allowing to
increase ad libitum the number of variables.

We display here also a diagram in five variables

2

zy xt

Tz Tru

Yz yu 42

2zt tu
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1.6 Moeller algorithm.

In 1982, Buchberger and Moeller ([12]) proposed an algorithm that, given a zerodimensional
ideal I defined by s functionals I1, ..., l; and a term order <, computes a Groebner basis and
a triangular sequence qy, ..., ¢s for a permutation [, (1), ..., l5(s) Of the given functionals.
Many different versions of Moeller algorithm have been deeply studied by M.G. Marinari,
H.M. Moeller and T. Mora in [73]. Here we briefly sketch two of them®.

The first version is iterative on terms and it computes the reduced Groebner basis G and a
triangular sequence q. This version generalizes the original Buchberger-Moeller algorithm,
for the case in which functionals are evaluations at a point.

The elements of the Groebner escalier and of the reduced Groebner basis are contained in
two lists, which are updated in each iterative step, until each element of 7 is in N(I) or in
T(G). At each step, the algorithm finds the minimal term 7 not already settled in N(I) or
in T(G) and computes vect(7), the vector of evaluations of 7 at the functionals. If vect(r) is
linearly dependent w.r.t. {vect(c), o € N(I)} then a new element is added to G; otherwise,
we update the list q.

Remark 1.6.1. We point out that Moeller algorithm is independent from the given term

order <.

The algorithm leans on the subroutine GaussRed, which performs Gaussian reduction.

Algorithm 1 Gaussian reduction.
1: procedure GAUSSRED(p, v, q1, ..., qr, vect(1), ..., vect(r)) — p,v

2: fori=1,...,rdo

3: v =uv —li(p)vect(i)
4 p=p-—1li(p)a

5: end for

6: end procedure

The second version is iterative on functionals. At each step the Groebner escalier, the
triangular sequence and the reduced Groebner basis are computed.

3There are also versions computing the Border basis [70].
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Algorithm 2 Moeller algorithm 1.
1: procedure MOEL1(ly,...,l1s) =+ G,q
2: G==0

3: LZ st = { 1 } > List contains terms ordered w.rt. <. Repeated elements are not allowed. Anyway the algorithm takes track of the number of times a repeated

term would be inserted there.

4: N=10

5: r=20 D> N contains the Groebner escalier, while » — |N|.
6: while List # () do

7: 7 := Min(List, <)

8: List = List \ {7}.

9: if 7 ¢ T(G) then

10: v =(l1(7), -, 1s(7))

11: (p,v) = GaussRed(7,v, q1, ..., ¢)
12: if v = 0 then
13: G=G6U{p}

14: else

15: T+ +

16: J = min(i, l;(p) # 0)
17: =1,

18: vect(r) = 1;(p)~!

19: g =1i(p)~'p
20: N=NuU{r}
21: List = List U {x;T, ¥j}
22: end if
23: end if
24: end while

25: end procedure
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Algorithm 3 Moeller algorithm 2.

1: procedure MOEL2(l4, ...,15) = G, q
2: g = {1}

3: (1) = (11(1), ..., 15(1))

4: forr =1...sdo

5: T =min{T(f), f € G, I.(f) # 0}
6: let feg withT(f)="71

7: G=G\{f}

8 qr = l;l(f)f

o weel(r) = 1 (f)v())

10: foreach f € Gs.t. T(f) > 7 do
11: ==L

12 o(f) = v(f) — L (fvect(r)
13: end for

14: fori=1,...,ndo

15: if x;7 ¢ (T(G)) then

16: v=(li(ziT), ..., ls(x;7))
17: (p,v(p)) = GaussRed(x;7, q1, ..., ¢r)
18: G=guU{p}

19: end if
20: end for
21: end for

22: end procedure
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In [73] is also proved that the computational complexity of the algorithms above is the
same, in term of operations in .

More precisely, denote by
e 1 the number of variables;
e s the number of functionals;
e g=|G[;
e f the cost of functional evaluation.

The latter is actually a distributed cost: csf is the number of operations needed in order to
evaluate s functionals at ¢ terms.

More precisely:
e f = 1if the functionals are evaluations at rational points;

e f < sif the functionals are evaluations at algebraic points or evaluations of differential
conditions at rational points*.

e f < 2ns if functionals include coefficients of canonical forms under a change of coor-
dinates

e [ < s%if functionals are evaluations at rational points with multiplicity conditions
given by differential conditions.

Proposition 1.6.2. Both the algorithm have complexity

1. .
553 + 5%g + fs(s +g) < O(ns® + fns?).

*In this case, a preprocessing is needed and it is polynomial in a natural measure for the input.
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CHAPTER 2

Combinatiorial methods for the

Groebner escalier.

2.1 Introduction.

In this chapter, we summarize all the different methods to compute the Groebner escalier of
a zerodimensional radical ideal I(X) < k[z1, ..., 2,,], the ideal of a finite set of distinct points
X ={Pi, ..., Ps} C k", where k is an arbitrary field.

These methods arose from the need to compute the Groebner escalier without passing
through the Groebner basis computation, which can often be long and complicated.

Among these methods, we recall:
1. Cerlienco-Mureddu Correspondence;
2. Gao-Rodrigues-Stroomer method (and Lederer’s variation);

3. the Lex Game.

37
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The first one is iterative, while the others, requiring a preprocessing on the input points,
drop out iterativity in favor of speed.

The most important methods are Cerlienco-Mureddu Correspondence and the Lex Game.
In chapters 4 and 5 we will see how to develop two algorithms which solve the same prob-
lem and are linked to the Lex Game, though having different aims.

The first one (providing an ordering both on the Groebner escalier and on X)) is an interpo-
lation oriented algorithm as it is aimed to simplify the interpolation part. The second one is
halfway between of 1. and 3., taking advantage of the main features of both of them.

2.2 Cerlienco-Mureddu Correspondence.

Cerlienco-Mureddu Correspondence is the very first algorithm that, given a finite set of dis-
tinct points X, computes the Groebner escalier N(I(X)) associated to I(X) (without passing
through a Groebner basis of I(X)) .

It dates back to the early nineties, with the articles [20, 21] where it is also generalized to the
case of multiple points, using functionals’.

Cerlienco-Mureddu face first (see [20], p. 1,2) the following problems:

(1) given X and S distinct values x1, ..., xs find p € k[z1,...,x,] such that p(P;) = x;, i =
1,...,S;

(2) analogous to (1) but knowing also the values of some partial derivatives (possibly
different ones for each point) at P;.

In order to have existence and uniqueness for the solution of (1), they force p to be of the
form a1y + ... + ag7g, where a; € k, ¢ = 1,...,S and 7, ..., 79 are terms such that their
equivalence classes modulo /(X) form a (monomial) basis for the quotient algebra A :=
k[z1, ..., z,]/I(X). Moreover, they require the monomial basis to be minimal (see definition
1.1.2) w.r.t. the given term order <

The solution of problem (1) is immediate if a monomial basis is known. In [20] three differ-
ent solutions for this subproblem are proposed ([20] p.2):

1. look for a nonzero order S minor of a suitable matrix;

2. start from a system of generators for I(X) and use the Groebner bases theory;

1For example evaluations of polynomials and their derivatives at points.
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3. use a purely combinatorial algorithm (the one we call Cerlienco-Mureddu correspondence).
giving a minimal monomial basis for the quotient, w.r.t lex induced by z; < .... < zy,)

directly from X.

Remark 2.2.1. We point out that the Groebner escalier associated to a zerodimensional ideal
I is also provided by Moeller algorithm [1, 12, 73].

2.2.1 The elementary ideal and problem (1).

In the first part of [20], Cerlienco-Mureddu describe a way to compute a system of genera-
tors for a zerodimensional radical ideal I(X), given X = {P;, ..., Pg}. We only sketch it and
show a very simple example.

Definition 2.2.2. Anideal I <kx1, ..., z,] is called elementary if it is generated exactly by n
polynomials, each one containing only one variable, i.e.

I'=(7(71), s Y0 (Tn))-

Clearly this set of polynomials is also its reduced Groebner basis w.r.t. any term order.
Take then X and perform the following steps.

1. Associate to it an elementary ideal I”:

o take the supset X’ of X consisting of the points P = (a1, ..., a,) € k™ such that for
each 1 < j < n, a; is the j-th coordinate of some point of X 2;

o I’ = I(X')isanelementaryideal, say I’ = (71, ..., v ), Wwhere y; € k[z;], deg(v;) =
h; are such that v;(a) = 0 if and only if a is the j-th coordinate of at least a point
in X.

2. Observe that the Groebner escalier turns out to be

Ne(X)={a® =220, |[0<a; <hj—1} = {x“(l),...,xa(n)}'

b

3. Let H be the matrix whose rows consist of the evaluations of the terms in N(X’) in the
points of X' .

This is a non-degenerate matrix, so it has an inverse matrix X~ = (h,. ;).

2Note that if we have h; possible values for the j-th coordinate, foreach1 < j <n,h = |X'| = hy---h, > S.
We suppose to append to X the points of X’ \ X.
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4. Associate to the s-th column of %~ the polynomial
s
Ps = Z hr,sxar-
r=1

5. J := (ps+1,--sPh, M, --» ) = I even if in general this system of generators is not a
Groebner basis for I.

Example 2.2.3. Consider the polynomial ring k[z, y|, equipped with the lexicographical or-
der induced by 1 < x < y, take the simple set Xo = {(0,0), (1,0), (1,1)} and complete it to
Xp = {(0,0),(1,0),(1,1),(0,1)}. Since there are 2 possible values for each coordinate, it is
clear that |X§| =4 > 3 = |Xo|.

We can compute (using Singular) I’ = (2% — z,y* —y), Nc = {1, z,y, zy}. The first matrix is

1000
1100
H =
11 11
1010
and it is not degenerate, det(H) = —1; the inverse matrix is
10 0 0
2yl -1 1 0 0
-1 0 0 1
0 -1 1 -1

So, adding to the generators of I’ the polynomial p, = y — xy we obtain a system of gener-
ators for I3.

If we know a Groebner basis G and the Groebner escalier N of I, the solution of problem 1
is trivial:

1. consider H and its inverse H~1;

2. let x =" (x1,--, X5);

3. the required polynomialis p = 77", (H™'x);2%.

3n this oversimplified situation it holds that {z? — =, y? — y, y — @y} is actually a Groebner basis of I. But this
is not true in general.
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Example 2.2.4. Consider the same X of example 2.2.3 and x = (1,2,3). In this situation
the reduced Groebner basis {z? —z,y? —y, zy —y} is very simple and the Groebner escalier
is likewise simple: N = {1, x,y}. We have then

1 0 0
B= 11 01,
1 1 1
and det(B) = —1, while the inverse matrix is
1 0 0
B'=| -1 1 0
0 -1 1

The required polynomial is then p = = + y + 1.

In order to obtain the same result we can also proceed in another way:
1. attach x; as n + 1-th coordinate of P;, for each ¢ = 1, ..., S, forming a new set Y;
2. add a new variable ¢ to the ring supposing it much bigger w.r.t. the other ones;

3. compute the reduced Groebner basis of I(Y) and take the polynomial ¢ whose lead-
ing termis ¢: (—1) - (¢ — t) is our required p.

Example 2.2.5. Referring to examples 2.2.3, 2.2.4, we take again X and construct Y =
{(0,0,1),(1,0,2),(1,1,3)} from it.

We also take y = (1,2,3). We have I(Y) = (2? — 2,2y — y,y®> —y,t —y — x — 1), s0, as we
expected, p =z +y+ 1.

2.2.2 Matrices and problem (1).

Until now, for their purposes, Cerlienco-Mureddu required the knowledge of the Groebner
escalier that we have always computed by using the reduced Groebner basis of the treated
ideal.

In section 3.3 of [20], Cerlienco-Mureddu state a one-to-one correspondence between the
bases of the quotient algebra and the nonzero order S minors of the matrix H’ obtained as
‘H, but only using the points in X.

If Ais one of such minors, By := {b1, ..., bg } is the set of terms corresponding to A’s columns

and we take B4 as a basis of the quotient algebra.



42 Chapter 2. Combinatiorial methods for the Groebner escalier.

We then find y = p(z1, ..., z,,) using

bl...bs Yy
a1

ag

4

If the chosen minor is somehow “convenient” one can use it to compute the reduced

Groebner basis of our ideal of points in the following way.
1. Take G = {7y, ..., 7} the monomial basis for the semigroup ideal 7 \ N(Z(X)).

2. Denote C) := {by,...,bs,7;} and by D’ the matrix whose first row is CS), while the
other ones are the rows of CS) (X)°. Let then g; = det(D?).

3. The reduced Groebner basis is {g1, ..., g}

Example 2.2.6. Take again the set Xo. G = {22 ,zy,y?}. We then have to define three

matrices:
2

1 =z y «x
Dl 1 0 0 O
1 1 0 1
1 1 1 1
whose determinant is g; = —2% + 2,
1 =z y xy
1000
110 0
1 1 1 1
whose determinant is go = —zy + y and
1 2y 92
Dé — 1 0 0 0
1 1 0 0
1 1 1 1
whose determinant is g3 = —y? + y. We have obtained the reduced Groebner basis of the

ideal I(X).

“Convenient means that if we take another set of S terms (among the ones in the Groebner escalier of the
elementary ideal I(X’)) which are smaller or equal to the maximal in B4, the determinant of the corresponding
minor (evaluating in X) is 0.

5in Cerlienco-Mureddu notation, it means evaluating the terms of C' in X. The j-th row of C'is the evaluation
of tetermsin C'in P; € X
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2.2.3 The combinatorial algorithm.

Cerlienco-Mureddu define a purely combinatorial algorithm in order to produce directly
the lexicographical Groebner escalier from X.

More precisely, they prove that there is a one-to-one correspondence which sends each point
of X to a term in the Groebner escalier N(Z(X)). The idea underlying the algorithm is the
following: take a point P; € X, i > 1° and find the exponent d;; of the maximal variable
x5, s < n appearing in the term to be associated to F; by ®. It consists finding the maximal
length s" for a sequence of coordinates- from the first on- shared by P; with a previous
point:s = s’ 4+ 1. Then, among the points sharing the first s’ coordinate with P;, we choose
the one with maximal index (say F,,: in the algorithm we only keep trace of the index m).
Itis dis = dms + 1. This means that our P; will be drawn in the first range w.r.t £541, ..., Zn
and the exponent of z, gives us also the z,-range in which to put it.

Then the algorithm restricts to this range and proceeds in the same way with x1, ..., x5_1".
Repeating all the procedure we are able, in a finite number of steps, to settle P; and obtain
®(P;) via the list of exponents of the corresponding term.

More precisely we have algorithm 4.

Example 2.2.7. Take the set, proposed for the first time by Gao-Rodrigues-Stroomer in [39]
X1 ={(1,1,2,3),(1,1,2,4),(1,1,2,5),(1,2,1,1), (1,2,1,2), (1,2,2,1), (1,2, 2,2),
(3,1,1,2),(3,1,2,2),(3,1,2,3), (3,3,1,1),(3,4,1,1),(3,4,1,2)},

and consider the ring k[, y, , t], equipped with the lexicographical order induced by
Il<r<y<z<t.

Consider the points numbered in the order in which they appear in X;.

We run now Cerlienco-Mureddu algorithm on X;:

Py = (1,1,2,3): it is the first point so it corresponds automatically to 1.

Py, = (1,1,2,4): s = 4, m = 1, so ®(P,) = 2'y’2"t; then we repeat the algorithm on
Q ={(1,1,2)} obtaining {1} and then ®(P») = t¢.

Py = (1,1,2,5): s = 4, m = 2, s0 ®(P3) = z'y’2’t?; we then repeat the algorithm on
90 = {(1,1,2)} obtaining {1} and then ®(P;) = ¢>.

Py = (1,2,1,1): s = 2, m = 3,50 ®(P;) = 27y2t" = 2"y; we then repeat the algorithm on
Q = {(1)} obtaining {1} and then ®(P,) = y.

Ps = (1,2,1,2): s = 4, m = 4, so ®(Ps) = z’y’2’t; we then repeat the algorithm on
0=1{(1,1,2),(1,2,1)}.

®Obviously, ®(P1) = 1, since I({P1}) is maximal and so its Groebner escalier is clearly the singleton {1}. We
take the first point as a base case for this inductive algorithm.
7So we project the points of the restricted range with ms_1
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Algorithm 4 Cerlienco-Mureddu algorithm.
1: procedure CEMU(X) — ¢(X)
2: if S =1 then

3 O(X) = {d1} = {(0,..,0)}.

4: end if

5: if 1 < S then

6: d, = (0, ey 0) D> This is the base step for the algorithm

7: for/ =2to S do

8: s =oc(P,X).

9: fori=ntoldo

10: if i > s then

11: di; = 0.

12: end if

13: if i = s then

14: find the maximal integer m, (1 <m <1 —1)s.t ms_1(Pn) = ms—1(F)),
7rs+l(dm) = (07 vy O) = 7Ts+1(dl). D> Py, is the o -antecedent of Py wxt. (Py, ..., Py_1), ®((Py, ..., Pj_1)).

15: dis = dms + 1.

16: end if

17: if i < s then

18: W(P,X) = {P € X|®P) = d = (*..%,ds,0,..,0), } =
{Pj1,..., Pjr}.

19: Q= 7TS,1(W(PZ,X)). D Ifh < r = |W(P, X)| then ms_1 (Pjp) # mgs_1(P}). Moreover,since & is
inductive,if h < k < rthenm,_1(Pjp) # me_1(Pjp)- 1Q] = IW(PL.X)| = r < L

20: $(Q) = CEMU(Q) := {d1,..,d,}

21: Ws,l(dl) = (/1: D> Weknow ®(Q) = (d7, .., dp)and V1 < i < r,d; = ms_1(dj;).

22: break.

23 end if

24: end for

25: end for

26: end if

27: return ¢(X).
28: end procedure
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P51 = (1,1, 2): it is the first point, corresponding to 1.

Psy = (1,2,1): s = 2,m = 1,50 ®(Ps2) = 2y'2% we then repeat the algorithm on
Q' = {1}, obtaining {1} and then ®(Ps2) = y.
We obtain by recursion the partial result {1, y} and then ®(Ps) = yt.
Ps = (1,2,2,1): s = 3, m = 5,50 ®(Ps) = 2"y’ 2't° = 27y’ 2; we then repeat the algorithm
on Q = {(1,2)}, obtaining {1} and then ®(F;) = =.
Pr = (1,2,2,2): s = 4, m = 6, s0 ®(P;) = 2'y’2"t; we then repeat the algorithm on
0=1{(1,1,2),(1,2,1),(1,2,2)}.

P7, = (1,1,2): it is the first point, corresponding to 1.

Pro = (1,2,1): s = 2,m = 1,50 ®(Pr2) = 2°y'2%; we then repeat the algorithm on
Q' = {1}, obtaining {1} and then ®(P;3) = y.

Prs3 = (1,2,2): s = 3, m = 2,50 ®(Pr3) = z2'y’2!; we then repeat the algorithm on
Q" ={(1,2)}, obtaining {1} and then ®(P73) = =.
We obtain by recursion the partial result {1,y, z} and then ®(P;) = zt.
Ps=(3,1,1,2): s =1,m=7,s0 ®(F) = 2'y°2%° = x.
Py = (3,1,2,2): s = 3, m = 8,50 ®(Py) = 2"y’ 21" = 27y"2; we then repeat the algorithm
on @ ={(1,2),(3,1)}:

Py 1 = (1,2): it is the first point, so we associate 1 toit; Pyo = (3,1):s=1,m=1,s0
D(Pyo) = 2y°20Y = 2.
We obtain by recursion the partial result {1, 2}, so ®(Py) = zz.
P = (3,1,2,3):s = 4, m = 9, so ®(Pyg) = z’y’2"t; we then repeat the algorithm on
Q' ={(1,1,2),(1,2,1),(1,2,2),(3,1,2)}.

Pio1 = (1,1,2): it is the first point, corresponding to 1.

P2 = (1,2,1): s = 2, m = 1,50 ®(Pyg2) = 2°y'2"; we then repeat the algorithm on
Q' = {1}, obtaining {1} and then ®(Pig2) = y.

Pios = (1,2,2): s = 3, m = 2,50 ®(P1p3) = 27y’ 2'; we then repeat the algorithm on
Q" ={(1,2)}, obtaining {1} and then ®(Py¢ 3) = =.

Pios=(3,1,2):s=1,m=3,50 ®(Pig4) = 2420 = x.
We obtain by recursion the partial result {1,y, z, 2}, so ®(Pig) = xt.
P =(3,3,1,1): s =2,m = 10,50 ®(P1;) = 2'y*2%° = 2”y; we then repeat the algorithm
on Q ={1,3}.

Py1,1 = 1: the first point is associated to 1;

Pi12=3s=1,then ®(P112) = .
We obtain by recursion the partial result {1, z}, so ®(P11) = zy.
Pz = (3,4,1,1): s = 2, m = 11, so ®(Pj2) = 2°4y?2%° = 2"y?; we then repeat the algorithm
on Q = {3}, obtaining {1}, so ®(Pi2) = y>.
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Pz = (3,4,1,2):s = 4, m = 12, so ®(P13) = 2'y’2"t; we then repeat the algorithm on
Q={(1,1,2),(1,2,1),(1,2,2),(3,1,2),(3,4,1)}.
P31 = (1,1,2): it is the first point, corresponding to 1.

Pizo = (1,2,1): s = 2,m = 1,50 ®(P132) = 2'y'2"; we then repeat the algorithm on
Q' = {1}, obtaining {1} and then ®(Pi32) = y.

P33 = (1,2,2): s = 3, m = 2,50 ®(P133) = 27y’ 2'; we then repeat the algorithm on
Q" ={(1,2)}, obtaining {1} and then ®(Pi33) = =.

Pi3s=(3,1,2):s=1,m=3,50 ®(Pi34) = 2'9y°20 = x.

Pi3s = (3,4,1) : s =2,m = 4,50 ®(P135) = 2°y'2" = 27y; we repeat the algorithm on

Q" =1{1,3}:

Py3,5,1 = 1: the first point corresponds to 1;

P131572 =3:s= ]., m = ]., SO (I)(P1375’2) = X.

We obtain by recursion the partial result {1, y, z, z, zy}, so ®(Pi3) = zyz.

In conclusion, the final resultis N = ®(X;):

N[l =

xrz

xt
Yy
yz

xyt

Remark 2.2.8 ([70, 79]). In the case of the polynomial ring in two variables, we can find in a

simple way a possible Cerlienco-Mureddu-like correspondence between points and terms.

Given a finite set of distinct points X = {P;,..., Ps} C k2, with P, = (a1, a;2), we com-

pute the projection w.r.t. the first coordinate, namely 71 (X) = {ao, ..., a,—1 } and we denote
d@i) == |{(z1,22) € X, 1 = a;}|.

We can assume d(1) > .... > d(r), up to a renumbering of the elements a;, i =0, ..., — 1.
There exist values b; ;, i € {0,...,r —1},1 € {0,...,d(i) — 1} such that

X = {(ai,by), 0<i<r—1,0<1<d()}
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Therefore
1. N(I(X)) = {2z}, 0<i<r—1,0<l<d(i)};
2. ®(a;,by) = 2.
This means reordering the towers by height in order to compute the tower structure.

The most important feature of Cerlienco-Mureddu algorithm is its iterativity on X.
Cerlienco-Mureddu do not study the computational complexity of their algorithm, but
Lundgqvist ([67]) does it, stating the following

Proposition 2.2.9 ([67]). The combinatorial algorithm described has complexity O(n?5?).

In [20] and [21], Cerlienco-Mureddu generalize their procedure to multiple points.

2.2.4 Application to the reduced Groebner basis.

In their papers [20, 21, 22], Cerlienco-Mureddu refer to the properties of of Ferrers dia-
grams. For a Ferrers diagram, they also employ the notion of dihedral elements in the proof
of the correctness for their combinatorial algorithm.

Definition 2.2.10. If § is a Ferrers diagram, an element j € N" is external dihedral for § if:
1. {ieN"/i<j} CF;
2. {ieN"/j<i}ng=0.

Definition 2.2.11. With the same notation of definition 2.2.10, an element j € N™ is called
internal dihedral for § if:

L{ieNi<jtC®;
2. {ieN"/j>itng=0.

They develop an algorithm which computes the reduced Groebner basis of 1(X), induc-
tively on |X].
Denote by § the Ferrers diagram associated to N(1(X))®, and let f; < ... < f, their external
dihedral elements. The reduced Groebner basis of I(X) has the form

GI(X)) = {2l —p1,.,af = py},

81t is simply the set of the n-tuples of exponents corresponding to the elements of the Groebner escalier.
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where p; only contain terms smaller than xfi.

Take P = (a1, ...,a,) ¢ X, X' = XU {P} and let ', G’ the analogous sets as §, G.

Let j the minimal index such that P is not a zero of 2/i — p;, then one can easily see that
N(I(X)) U {x/i} is a basis for k[z1, ..., z,] /T(X).

Notice that the external dihedral elements of §, different from f; are external dihedral also
of §'; the possible remaining elements of §' are of the shape f; +e; (e1 = (1,0, ...,0), ...,e, =

(0,0,...,1)). In order to find the basis G’ we have to consider the following polynomials:

1. for each external dihedral f; different from f; (i # j) we have

_ A .
fi —Ppi — Zj(xf] —j),

9i =
where A; = evp(xff' —pi), Aj = €UP(9ij —Dpj);

2. foreach f; + ep, gj.n = (zn — ah)(xfj —Dpj)-

Actually, here they are only rewriting Moeller algorithm in the version iterative on func-
tionals ([73], algorithm 2).
In [20], Cerlienco-Mureddu discuss how to simiplify the algorithm in the bidimensional

case.

Proposition 2.2.12. Let X C k2. If the points of X have r different z-coordinates p1, ..., p,
and there are h; points having p; as first coordinate. Assuming h; > ... > h,., the associated
order ideal is:

17y’ ""yhl_l

ho—1
Ty XY,y ey TY 2

r—1 r—1, h,—1
ey @ YT

If we think again about the tower structure introduced above, we can interpret the
proposition 2.2.12 as follows:
ordering the towers in non-increasing order by height, we obtain the Groebner escalier, under the
identification defined above. See 2.2.8

Remark 2.2.13. Come now back to examples 1.4.1, 1.4.2. We can see that the towers are not
non-increasingly ordered, but that, if we do it, we obtain the Groebner escalier.

If we look at example 1.4.3, we see that it is exactly the output of Cerlienco-Mureddu
algorithm on

X" ={(1,0,0),(2,0,0),(1,1,0),(2,1,0),(1,0,1),(2,0,1),(1,1,1),(2,1,1)},
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where the points are taken in the order they are listed.

In [21, 22] Cerlienco-Mureddu also state an application of the algorithm to n-linearly
recursive functions.

2.3 Gao-Rodrigues-Stroomer method.

In [39], Gao-Rodrigues-Stroomer , in the special case k perfect field, study the relationship
between the fibers 7,,_1(X) C k"' of a given set of distinct points X C k" and a minimal
Groebner basis for I(X) under an elimination order for z,.

Moreover they explain how to use their results in order to simplify systems of equations.
They “do not describe how to calculate a Groebner basis for a given set of points” (p.3),
but there is a paper by Farr and Gao doing it [35], as well as, clearly, Moeller algorithm does
[12, 73].

In the case where the elimination ordering is exactly the lexicographical one (21 < ... < x,),
Gao-Rodrigues-Stroomer introduced a combinatorial non-iterative algorithm in order to
compute directly the Groebner escalier N(I(X)), i.e. an alternative algorithm to the one
by Cerlienco-Mureddu .

Actually they compute the Ferrers diagram §(X) containing the exponents’ lists of the terms
belonging to N(I(X)).

They first make some preprocessing on the given points, namely they construct a tree asso-
ciated to them and this is the step excluding iterativity.

Then, usign a “merging” procedure, they read the tree and return the Groebner escalier.
Let us examine the procedure more in details.

The first step consists to associate to X a tree T(X) of height n, whose nodes are labeled
with the coordinates of the points (except that the root, i.e. the 0 level node, which is simply
labeled with “root”).

From the root arise as many edges as the first coordinate values, from each 1 level node arise
as many edges as the second coordinate values corresponding to the given first coordinate
value and so on. The S leaves (one for each point) are so ordinately labeled with the n-th
coordinates.

If two points share the first £ coordinates, then their corresponding paths coincide from
level O to level k + 1.

After giving the tree construction, they define the merging procedure of Ferrers diagrams.

Procedure 2.3.1. Let §1, ..., §x C N"~! be Ferrers diagrams.
For each P = (ps, ...,pn) € N"! let §(P) be the number of Ferrers diagrams containing P.
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Merging these Ferrers diagrams means construct the Ferrers diagram
S = M(Sla sy 3k> = {(.jvav 7pN) | 0 S J < 6(p27 7pN)} g Nn
Gao-Rodrigues-Stroomer algorithm then, consists of the following three steps:

e construct T'(X);
e if n =1, then F(X) ={0,1,...,|X| = 1};
e otherwise:
— consider the subtrees T7, ..., T} of T'(X), obtained removing the root from it and

taking the elements of the resulting subforest;

— assume to have computed recursively 31, ..., §i, i.e. the Ferrers diagrams associ-

ated to the points drawn in 77, ..., Tj;

- §(X) is obtained by merging §1, ..., 5.

Example 2.3.2. Take (as in example 2.2.7) the set

Xy ={(1,1,2,3),(1,1,2,4),(1,1,2,5), (1,2,1,1),(1,2,1,2),(1,2,2,1),(1,2,2,2),
(3,1,1,2),(3,1,2,2),(3,1,2,3),(3,3,1,1),(3,4,1,1),(3,4,1,2)},

and consider the ring k[, y, z,t], equipped with the lexicographical order induced by 1 <
r < y < z < t. The tree associated to the set is

The merging process works as follows. In the picture below, we represent each step of the
algorithm, using arrows in order to point out what sets are merged together and what is the
final result of each merging operation:
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2 5 6
2 3

root

[roo]
1 3 4 7 8 9 10 11 12 13
[rot]

6 7

9 10 8 11 12 13

1 4 5

The final result is then

In both the previous pictures, the numbers not surrounded by the circles are not to be in-
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tended as nodes for some graph. They denote the indices of the points corresponding to the
element of the Ferrers diagram at each step (see 2.3.3 below for more details). We summa-

rize here the steps outlined in the picture. Start with the leaves:

%1 =1{0,1,2}
32 ={0,1}
§3 =1{0,1}
F1 = {0}

85 ={0,1}
F6 = {0}
§7=1{0,1}

and perform the first merging step.

S8 = M(Sl) = {(07 O)a (0’ 1)7 (Oa 2)}

Fo = M(F2,83) ={(0,0),(0,1),(1,0), (1, 1)}

$10 = M(F4,85) = {(0,0), (0,1),(1,0)}

11 = M(@G) = {(070)}

S12 = M(S?) = {(0»0)7 (0, 1)}

Now we merge again:

$13 = M(Js,39) = {(0,0,0),(0,0,1),(0,0,2),(0,1,0), (0,1,1), (1,0,0), (1,0,1)}
F1a = M(Z10, 511, 812) = {(0,0,0), (0,0, 1), (0, 1,0), (1,0,0), (1,0,1), (2,0,0)}
and, in conclusion,

F(X) = F15 = M (F13,514) = {(0,0,0,0),(0,0,0,1),(0,0,0,2),(0,0,1,0),
(0,0,1,1),(0,1,0,0),(0,1,0,1),(0,2,0,0),(1,0,0,0),(1,0,0,1),(1,0,1,0),
(1,1,0,0),(1,1,0,1)}, so the final result, as expected, is

N(I(X)) = {1,t,2, 2,, 2t,y, yt, y%, =, xt, 22, vY, TYt }.

Remark 2.3.3. Reading [39], we can notice that there is no explicit intent to stress a biunivocal
correspondence between the points and the terms belonging to N(I(X)).

There is only one example (i.e. exactly example 2.3.2) which can be interpreted in this di-
rection (as I did in the picture).

Moreover there is no explicit intent to give the output arranged in some order.

Anyway, we can notice a rather strange fact (again from example 2.3.2): the terms are or-
dered w.r.t. lex, but induced by z,, < ... < z1 (t < 2 < y < z), while the Groebner escalier is
computed using the reversed ordering z; < ... <z, (z <y < z < t).

The authors do not give any complexity analysis of their algorithm.

Remark 2.3.4. I underline here a strange fact about Gao-Rodrigues-Stroomer method.
In [35], the authors explicitly say for the first time their way to sort the points of the given X,
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referring to [39], and so making one think that this is the sorting criterion also for [39].
Actually, in [39] there is no declaration on how to decide what is the order of the i-th coor-
dinates to be drawn at level i.

To be more precise, in [35], they say:

The details of this ordering, motivated by [39], are quite simple. If v1 < x5 < ... < x,, then group
the points first according to the x1-coordinate; these groups are ordered in a nonincreasing order by
size. Within each of the groups, repeat the process, but according to the xo-coordinate. Continue for
T3, 0oy Lo

The surprising fact is that this criterion is not followed in the only example displayed in [39]!
Look at example 2.3.2. Level one is well arranged according to Farr-Gao’s criterion, but we
cannot assert the same for level 2. In fact, the subtree containing (1,2,1,1), (1,2, 1,2),(1,2,2,1),
(1,2,2,2) should have been drawn on the left w.r.t. the one containing (1,1, 2, 3), (1, 1,2,4),
(1,1,2,5), but it is only one example of this curious fact. The tree, according to [35], should
have been:

Lundqvist, Felszeghy-B. Rath-Rényai never say anything about it (even if their tree mirrors

it), while Lederer does not display any example of the Groebner escalier’s construction.

2.4 Lederer’s variation.

Lederer, in [63], gives an alternative to Buchberger-Moeller algorithm, in order to compute a
lexicographical Groebner basis of a zerodimensional radical ideal, basing his computation
on Lagrange interpolation.

In the same paper he discusses a non-iterative method in order to compute directly the
Groebner escalier.

It turns out that this method is equivalent to the one by Gao-Rodrigues-Stroomer discussed
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above (for less than a reordering on the set to be “merged”).
Let ©,, the set containing all the Ferrers diagram in N” and take two elements D, D’ € ©,,.
Lederer defines their sum D + D’ € ®,,:

D+ D' :={deNj|depD)Up(D"), di < [p~"(d) N D| +[p~"(d) n D'|}.

Then he gives a representation of the summation operator: “Draw a coordinate system of Nj
and insert D. Place a translate of D' somewhere on the 1-axis. The translate has to be sufficiently
far out, so that D and the translate of D’ do not intersect. Then take the elements of the translate
of D" and drop them down along the 1-axis until they lie on top of an element of D, just as in the
popular game Connect4, which might be known to one reader or the other. The result is D + D'.”
In conclusion the summation of two Ferrers diagrams consists of make one “slide on the
other”, only avoiding the overlapping of elements.

Clearly the summation (which is commutative and associative!) can be extended to more
than two Ferrers diagrams.

Remark 2.4.1. Itis very simple to notice that the summation defined above is totally equiva-
lent to the merging operation, while taking away a coordinate means “restrict to a subtree”,
as Gao-Rodrigues-Stroomer do.

These informations are the only ones needed in order to compute the Groebner escalier.
Lederer, given X, proceeds by induction over n.

vV Iftn=1,§5X) ={1,...,|X| - 1}.
v" In order to pass from n — 1 to n, proceed as follows.

x 1. Take Va; € p(X) the set H(a1) = p~*(a;) N X.

x2. Consider H (a;) as a subset of k"~ ! via the projection map p: in this way F(H (a;)) C
D ,,—1 is defined by the induction hypothesis.

* 3. Identify each §(H (a1)) as an element of ©,,, adding a 0 as first component to each
element of it.

*4. Set F(X) = Zalep(X) S(H(a1))-

Example 2.4.2. Take again X1, as in examples 2.2.7, 2.3.2, namely

X1 ={(1,1,2,3),(1,1,2,4),(1,1,2,5),(1,2,1,1), (1,2,1,2), (1,2,2,1), (1,2,2,2),
(3,1,1,2),(3,1,2,2),(3,1,2,3), (3,3,1,1), (3,4, 1,1),(3,4,1,2) .

We can perform Lederer’s algorithm on this set. Since we will need to compute H(aq) in
more than one nested step, we will use superscripts ' in order to distinguish the different
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steps.

The first coordinates of the points in X; are 1, 3:

H1)={P,..., P}

H(3) = {Ps,..., P13}. Denote by P(i) the set containing the indexes of the points in H (7).
We should compute F(H (1)) + F(H(3)), but we need to know the addenda.

Focus on H (1) (forget H (3), for the moment), thinking about it in k.

H(1) = {(1,2,3),(1,2,4),(1,2,5),(2,1,1),(2,1,2),(2,2,1),(2,2,2)}, corresponding to the
set of indexes (of the associated points)

P(1) = {1,2,3,4,5,6, 7} since the first coordinate values are 1 and 2 we will need to work
with

H'(1) = {(1,2,3), (1,2,4), (1,2,5)}

Pl(1) = {1,2 3}

H'(2) = {(2,1,1),(2,1,2), (2.2,1), (2.2,2)}

P'(2) = {4,5,6,7} and §(H(1)) = $(H'(1)) + F(H'(2)).

Focus on H’(1) thinking about it in k?:

H'(1) ={(2,3),(2,4),(2,5)}.

It has only 2 as first coordinate, so we have only H"”(2) = {3,4,5}, P"(2) = {1, 2, 3}.

The Ferrers diagram §(H"(2)) = {0, 1, 2} (corresponding to the points individuated by the
elements of P”(2), taken in order) can be thought in k? as explained in x 3., so

§(H'(1)) = {(0,0),(0,1),(0,2)}.

Now consider H'(2) in k%:

H'(2) = {(1.1),(1,2), 2. 1), (2.2)}.

Its first coordinates are 1,2, so §(H'(2)) = F(H"(1)) + F(H"(2)), with

H"(1)={1,2}

P’(1) ={4,5} H"(2) = {1,2} P"(2) = {6,7}.

We have §(H" (1)) = {0,1} = F(H"(2)) and we see it in k?, obtaining

$(H'(2)) = {(0,0),(1,0), (0, 1), (1, 1)}.

While summing we take the elements in order i.e. for example we have two couples with 0
in second place since we find 0 in both F(H" (1)) and §(H"(2)), so we associate (0,0) to Py
(4 is associated to the 0 element of the first Ferrers diagram) and (1, 0) to Ps (6 is associated
to the 0 element of the second Ferrers diagram).

We always behave this way for the sum.

Finally we can compute

F(H(1)) = {(0,0,0),(1,0,0),(0,1,0),(0,0,1),(1,0,1),(0,1,1),(0,0,2) }, associated to the fol-
lowing reordering of P(1):

{1,4,6,2,5,7,3}.
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Now we focus on H (3), thinking about it in k®.

H(3)=1{(1,1,2),(1,2,2),(1,2,3),(3,1,1),(4,1,1), (4,1,2) }.

P(3) ={8,9,10,11,12, 13} Its first coordinates are 1, 3, 4, so we have
1

H'(1) = {(1,1,2), (1,2,2), (1,2,3)}
P'(1)={8,9,10} H'(3) = {(3,1,1)}
P'(3) = {11}

H'(4) = {(4,1,1), (4,1,2)}

P'(4) = {12,13}.

Consider H'(1) as a subset of k?

H(1) = {(1,2),(2,2), (2,3)}.

Its first coordinates are 1 and 2, so §(H'(1)) = F(H" (1)) + F(H"(2)), with

H"(1) = {2}

P"(1) ={8} H"(2) = {2,3} P"(2) = {9,10}.

3(H" (1)) = {0}, (H"(2)) = {0,1}, 50

F(H'(1)) = {(0,0),(1,0),(0,1)}, associated to {8,9, 10}.

Now take H'(3) in k2

H'(3) = {(1,1)}, whose associated Ferrers diagram is (by the same reasoning made before
for the case of only one first coordinate) F(H'(3)) = {(0,0)}.

Take at the end H'(4) = {(1,1), (1, 2)} whose associated Ferrers diagram is obtained pass-
ing through H”(4) = {1, 2} and P"(4) = {12,13}:

F(H'(4)) = {(0,0),(0,1)}, associated to {12, 13}.

§(H(3)) = {(0,0,0), (1,0,0), (2,0,0), (0,1,0), (0,0,1), (1,0,1)} (associated to {8, 11,12, 9, 10, 13})
and

3(X) = $(H(1)) +F(H(3)) = {(0,0,0,0),(1,0,0,0),(0,1,0,0), (1,1,0,0),
(0,0,1,0),(1,0,1,0), (0,0,0,1),(0,0,0,1),(0,1,0,1), (1,1,0,1), (0,0,1, 1),
(0,0,0,2),(0,2,0,0)}.

In conclusion

N(I(X)) = {1,2,y,xy, z, w2, t, xt, yt, xyt, 2t, 12, y*} is associated to
{1,8,4,11,6,9,2,10,5,13,7, 3, 12}.

Remark 2.4.3. Reading [63], as in [39], we can notice that there is no explicit intent to stress a
biunivocal correspondence between the points and the terms belonging to N(/(X)).
Actually it can be done (as I tried to in example 2.4.2), while defining the sets P(i)’s and the
way to combine them w.r.t. the sum.

Moreover there is no explicit intent to give the output arranged in some order.
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2.5 The Lex Game.

The mathematicians Felszeghy-B. Rath-Rényai, in [37], introduce the so called “Lex Game”,
which leads to a non-iterative combinatorial algorithm in order to compute the Groebner
escalier of 1(X), the ideal of a finite set X of distinct points, w.r.t the lexicographical order,
induced by z,, < ... < z1.

They do not compute a Groebner basis of I(X) (but they cite a couple of papers studying it,
namely [49, 58]), focusing their efforts on computing the Groebner escalier of 1(X), when X
is a set of points admitting as components only 0, 1 and having the number of ones (Ham-
ming weight) in a fixed D C Z.

In the same paper is stated a formula for triangular polynomials and also another formula
which permits to compute the normal form of a polynomial using the separators.

The “Lex Game”, from which their reasoning starts, is a game with two players (Lea and
Stan), consisting of the following rules. Take a field k, a finite set § # V C k™ and
w = (Wi, ..., wy,) € N™.

V and w are “public”, the players know them.

Lea’s goal is to guess the element v € V' which Stan is thinking about. She has w,, attempts
in order to guess v,, and she wins if she manages to do it; if not, Stan reveals v,, and Lea
tries with v,,_1.

Lea wins if guesses a v; right, while Stan wins if he has to reveal v;.

Stan’s strategy is to keep saying “no” as long as the suffix known to Lea is consistent with
somev € V.

It turns out that Stan is able to win this way if and only if 2 € N(I(V)) and this leads to
the study of the Groebner escalier.

A very precise description of the algorithm, together with a full example and a complexity
study can be found in [67].

The first step consists on a preprocessing on the given points, in order to associate them a
tree, called “point trie” by Lundqvist.

Let us equip k with an equivalence relation, denoted by = and extend it to k™ by a =
(a1, .y an) = (b1, ..., by) = bif a; = b;, Vi € {1,...,n}.

Definition 2.5.1. The witness of two different n-tuples a, b is the minimal ¢ such that a; # b;.

Consider now our points Pj, ...Ps € X C k™ and denote by 3; the the set of equivalence
classes of m;(P;),i =1,...,n, j = 1,...,S. We represent an equivalence class as a set contain-
ing the indices of the points in the class, instead of taking trace of the points. We usually
order the classes by size, even if the algorithm works for any other ordering.

Clearly 3o = {{1,...5}}, ., = {{1}, ... {S}}, |Zn| =S
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Definition 2.5.2. The witness list is the set W of all i € {1,...,n} such that ¥;_; # ¥, i.e. the

set of witnesses.

Definition 2.5.3. The witness matrix is an upper-triangular matrix C' = (c;;) with elements
in WU {0} such that, for i < j, the value ¢;; is the witness of v; and v;.

Using the ¥;’s we can represent the points in a trie structure (namely the point trie).
More precisely we label the vertices with the elements of ¥;’s and there is an edge from
Yik € ;i to Xig1,h, € Xiqy1 when X115, C X; k. Such an edge is labeled v;4 ; for some
J € Xit1n
This way, we have fixed a one-to-one correspondence between the elements of X and the
paths from the root to the leaves in the tree.

We point out that the point trie is constructed iteratively on the points of the given set.
Once the point trie is constructed, we have to read it, constructing a new trie, the “lex trie”,
from which is possible to recover the Groebner escalier. We proceed in the following way.

Fix some level & > 0 and call vy, ..., v; the set of vertices on level & (at level 0 we have

Vo = {1, ceey S})

For a class {i1,...,ix} € X, welet v, = vgp U {ix} if ix € v, and exactly b elements
in {i1, ..., ix—1} also belong to v,.

The vertex set of level h + 1 consists of the nonempty v .
e If v, # 0, there is an edge b between v, and v, .

This new construction is no more iterative: we need to know all the elements in the given set

and their structure summarized in the point tree in order to get the lex trie.

Remark 2.5.4. Neither Felszeghy-B. Rath-Rényainor Lundqvist say to have intent to define
a one to one correspondence between points of X and terms in N(I(X)). Anyway, this
correspondence is clearly defined in their examples, namely in the lex trie construction (see
2.5.5 below).

Example 2.5.5. Take the set

Xy ={(3,2,1,1),(4,2,1,1),(5,2,1,1),(1,1,2,1),(2,1,2,1),(1,2,2,1),(2,2,2,1),
(2,1,1,3),(2,2,1,3),(3,2,1,3),(1,1,3,3),(1,1,4,3), (2,1,4,3)},

and the polynomial ring kx,y, z, t], equipped with the lexicographical order induced by
t<z<y<uz.

Working with this set X it is the same as working with

Xy ={(1,1,2,3),(1,1,2,4),(1,1,2,5), (1,2,1,1),(1,2,1,2),(1,2,2,1),(1,2,2,2),
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(3,1,1,2),(3,1,2,2),(3,1,2,3), (3,3,1,1),(3,4,1,1),(3,4,1,2)},

i.e. reversing the ordering of the coordinates of the points.

Let us first construct the point trie, passing through the X!s, containing the equivalence
classes, ordered by size.

This ordering is not explicitly stated but actually Felszeghy-B. Rath-Rényai and Lundqvist
use it in the examples.

S = {{1,2,3,...,13}}

¥, = {{1,2,3,4,5,6,7},{8,9,10,11,12,13}}

Sy = {{4,5,6,7},{1,2,3},{8,9,10}, {12, 13}, {11}}

N3 = {{4,5},{6,7},{1,2,3},{9,10}, {8}, {12, 13}, {11}}

Ya = {4}, {5}, {6}, {7}, {1}, {2}, {3}, {9}, {10}, {8}, {12}, {13}, {11}}

{1,2,3,4,5,6,7,8,9,10,11,12,13}

e T
{1,2,3,4,5,6,7} {8,9,10,11,12,13}
2 ™ VAN
{4,5,6,7} {1,2,3} {8,9,10} {12,13} {11}
RN 2| N N
{4,5} {6,7} {1,2,3} {9,10} {8} {12,13} {11}
/2 RN 3/4] 3\ L N I I N
{4t {5+ {6} v {1 {2+ {9y {10} {8y {12} {13} {11}

Now we proceed with the lex trie construction:
vo = {1,2,...,13}

h =1 : iteration on X3:

vo,0 = {4,6,1,9,8,12,11} =: vg
vo1 = {5,7,2,10,13} =: v,

vo2 = {3} =t vo

h = 2: iteration on X5:

vo0 ={4,1,8,12,11} =: vy

vo1 = {6,9} =: vy

v1,0 = {5,2,10,13} =: vy
vi1={7} =t v3

va o ={3} =ty

h = 3: iteration on X:

vo,0 = {1,8} =: vy

vo1 ={4,11} = vy
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vo2 = {12} =: vy
v10=16,9} =: v
vo0 ={2,10} =: vy
ve1 = {5,13} =: vs

vz o= {7} =:vg
vao = {3} =1 vr
h = 4: iteration on Xg:
vo,0 = {1}

vo1 = {8}

v1,0 = {4}

v11 = {11}

vao = {12}

v3,0 = {6}

vs1 = {9}

vao = {2}

vgy = {10}

vso = {5}

vs1 = {13}

ve0 = {7}

vro = {3}

The lex trie is then

{1,2,3,4,5,6,7,8,9,10,11,12,13}
o

{4,6,1,9,8,12,11}  {5,7,2,10,13} {3}

RN o e ol

{4,1,8,12,11}  {6,9}  {5,2,10,13} {7} {3}

N 0 o I\ of o]

{1,8} {4,11} {12} {6,9}{2,10} {5,13} {7} {3}
o/ 1] o/ 1] o o] o] 1N of I O\ 0N

{13 {8+ {4 {11} {12} {e} {9+ {2+ {10} {5} {13} {7} {3}

Lastly, the Groebner escalier is

N(I(X)) = {1,z,y, 2y, %, 2, 22, t, xt, yt, xyt, 2t, t?}, corresponding to the following reorder-
ing of our point set: {1,8,4,11,12,6,9,2,10,5,13,7, 3}, the order of the lex trie’s leaves, read
from left to right.

The complexity of the Lex Game algorithm by Felszeghy-B. Rath-Rényai has been stud-
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ied both by Lundqvist and by the authors themselves.
The last conclusive bound they found for the complexity is

O(nS + Smin(S, nr)),

where S is the number of points in the given finite set X and n the number of variables in
the ring.
This is actually the complexity of the (iterative) construction of the point trie, since the

construction of the lex trie is O(nS).






CHAPTER 3

The original Axis of Evil Theorem.

3.1 Introduction

In this chapter we begin to face the problem of “constructing a linear factorization of a lexico-
graphical Groebner basis” for zerodimensional radical ideals.

Initially in [2] and then in [69, 70, 71], M.G. Marinari and T. Mora studied the structure of a
zerodimensional ideal I, especially in the case in which I = v/T and its Macaulay basis B(1)
consists of the evaluations at a finite set of distinct points X (see also [79]).

The obtained result, named “Axis of Evil theorem” by T. Mora in some lecture notes soon
after, presents a precise description of the structure of a zerodimensional ideal.

In this setting, this theorem represents, to all intents and purposes, an enhancement for the
description of the Groebner basis of an ideal in k[z1, 23] given by Lazard in [62].

The theorem says that in a restricted case which includes the radical one!, for each term
7=z e belonging to the monomial basis G(I) of the initial ideal of I, it is possi-

ble to produce linear factors vsr = z; — f(z1,...,2i-1),1 < m < n,1 < ¢ < d,, such

1The most general version of the Axis of Evil Theorem holds for Cerlienco-Mureddu ideals (see 1.2.17).

63
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that the polynomials f. :=[]" _, ngl Ymésr form a minimal lexicographical Groebner ba-
sis of I; each such factors were obtained by producing an appropriate decomposition of the
given Macaulay basis B(I) = | |I'_, |_|g’:”1 Sme(7) and interpolating over the monomial set
obtained applying Cerlienco-Mureddu Algorithm over the set of functionals S,,s(7).

We quote here the original statement of the Axis of Evil theorem as in [2]

Theorem 3.1.1. Let X = {P, ..., P;} C k™ be a finite set of points

I C P the radical ideal whose roots are the elements in X, < the lexicographical order on P
N := N () the result of Cerlienco-Mureddu Correspondence

G (I) :={r, ..., 7} the monomial basis of T (I) := T \ N, 7; := z{** - . - 2% for each i.
Then there is a combinatorial algorithm such that letting for each ¢, m, d,

Ninsi := N(X,,6:) be the result of Cerlienco-Mureddu Correspondence

Ymsi = T + D pen, s,
Ymsi(x) = 0 for all z € X,,,5; and

TYmi = H5 TYméi

¢(Ymr,w)w the unique polynomial (computable by interpolation) s.t.

Pi = Yvi

l == H;’;ll vij € Klz1, ...xp_1]
H;:=lip;

and it holds:

1. {H,y,...,H,} is a (not-reduced) minimal Groebner basis of I;

2. if j, is the value such that 7;, < 2,41 < 7j,41, then {H,,..., H;, } is a minimal
Groebner basis of I Nk[zy,...,z,];

3. if j(v9) is the value such that 7;(,5) < :E?,H < Tjws)+1; then {l1, ..., 1,5} isa Groebner
basis of J(Y,s);

4. foreachi, 2 <i<wr,p; € (H;,j<i):l.

The theorem 3.1.1 above has been proved by T. Mora in [79], as a consequence of Moeller
algorithm and interpreted as a sort of “interpolating variation” of Cerlienco-Mureddu algorithm.
In the book [79], the theorem above is presented in its most generalized version for Cerlienco-
Mureddu ideals (see definition 1.2.17).

In this thesis, we want to provide a constructive proof for the existence of the factorization
in the radical case.

Such a proof turns out to be naturally associated to an algorithm (i.e. algorithm 5), allow-
ing to get concretely the “linear” factorization of a zerodimensional radical ideal I, starting
from the finite set of distinct points X = V(I).
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We will call algorithm 5 Axis of Evil algorithm from now on.

In order to compute the factorization we need to calculate the Groebner escalier N = N(I),
directly from the elements in X and the monomial basis G = G(I) from N = N(I). As
seen in chapter 2, the first problem is solved using alternatively the Cerlienco-Mureddu
Correspondence, the Lex Game, the Gao-Rodrigues-Stroomer algorithm or the Lederer’s
algorithm. The second problem can be solved by an algorithm due to Lazard.

In section 3.2 we will deal exactly with Lazard’s algorithm.

In section 3.3, we will give an overview of Lazard’s structural theorem and of another result
about factorization, named Macaulay’s Trick.

In the fourth section we will explain the Axis of Evil algorithm in detail, and in section 3.5
we will summarize some results which can be considered as consequences of the Axis of
Evil theorem.

Finally, in section 3.6 we will give a very detailed example of execution of the original Axis
of Evil algorithm 5.

3.2 Considerations on the monomial basis and Lazard’s al-

gorithm.

In this section, we make some remarks on the behaviour of the monomial basis G(I) of a
zerodimensional ideal /.

First of all, we deal with the most efficient way to compute it from the Groebner escalier
N(I) of I, namely Lazard’s algorithm.

After that, we will study the structure of G(/) degree by degree, defining the concept of
natural expansion.

We will exploit the diagrams defined in 1.5 in order to represent and distinguish the terms
in N(I) and G(I).

Lazard’s algorithm ([36, 79]) is a very simple but powerful tool in order to study zerodi-
mensional ideals.

It has been developed in [36], actually being a part of FGLM algorithm.

The aim of Lazard’s algorithm is to compute the monomial basis G(I) of a zerodimensional
ideal I < k[z1, ..., z,,] having, as input, only the Groebner escalier N(I). This algorithm is
iterative on the terms in N(I) = {7y, ..., 75 }. Start with [N(I)| = 1, namely N(I) = {1}?. Then
the monomial basis is G(I) = {1, ..., z, }, since for each j € {1, ...,n} the only existing pre-
decessor of z; is 1 € N(I), while no other term ¢ can belong to G(I), being multiple of at

2The only order ideal with cardinality one is exactly the singleton {1}, by the definition of order ideal itself.
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least a variable.

Set also L = [z1, ..., z,] i.e. a list containing the products 1 - z;, for j =1, ..., n.

The above steps constitute the basis for our procedure.

Let IN(J)| > 1, G;—1 = {7{,...,7;,} be the monomial basis associated to the order ideal
Ni—1 = {1,7,...,7i—1}, @ < S and L the list (ordered w.r.t. lex) containing the products
of the form r,x;, fork =1,...,i — 1, j = 1,...,n, with 7,z; ¢ N,_;. We do not allow repe-
titions in L, so if o = x;,7;, = x;,7;,, 0 is reported only once in L, but it is marked with a
number, i.e. the number of times it has been computed.

Consider then 7; € N(I); in order to compute the monomial basis associated to N; =

{71,...,7i}, Lazard’s algorithm performs the the steps displayed below on 7;.

remove 7; both from L and from G;_1;

Computes all the products ¢, ; = ;7;, foreach j =1, ..., n.

Inserts each 0;; in L. For each o5 ; already appearing in L, the algorithm marks the

number of times it has been computed and selected for insertion.

All the terms appearing in L, marked exactly with the number of their variables, are

the elements of G;, the monomial basis associated to N;.

Remark 3.2.1 ([36]). We study now Lazard algorithm from the efficiency point of view. As
proved in [36], its complexity is O(n?s?), where s = [N(I)| and n is the number of variables
in the given polynomial ring. In the same paper, the authors remarked also that, with a
more efficient implementation, involving priority queues, the complexity of the algorithm
can be improved to O(n?slog(ns)).

We give now a simple example of execution for Lazard’s algorithm.

Example 3.2.2. Consider the order ideal N(I) = {1, 1, 2, 2122, 23} C k[z1, 2, x3). In order
to compute G(I) we proceed term by term as displayed in in the list below.

1: this is the base case, so we get L = [z1,22,x3] and all the terms coincide with the

monomial basis associated to {1}.

z1: wegetL = [#2, 29, 2179, 23, 2123]. All terms appear only once, two of them containing
two variables, namely 2122, x123, do not belong to the monomial basis associated to

{1,1)1}.

zo: we get L = [23, x120, 23, 23, ¥123, xax3). This time, 2175 turns out to be in the mono-

2 times
mial basis, since it appears twice and it contains two variables, which is not the case

for x1x3, Tox3.
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T179: here, we obtain L = [z, 2312, 23, 2123, 73, 123, 2273, ¥12223). All the terms appear

once, so we remove all the ones containing more than one variable.

x3: for 3, finally, we get L = [z}, 2329, 23, 2123, 2123, Tox3, x12273, 23]. Here, we have
M~~~

2 times 2 times
to remove 3wy, 1173, 117273.

The monomial basis for N(I) = {1, z1, ¥, 7122, x3} is then G(I) = {z%, 23, v123, xow3, 23}.

Dealing with the monomial basis, we also study its behaviour degree by degree, repre-
senting it in a very concrete way. This goal can be achieved defining the natural expansion.

Definition 3.2.3. Let H C 7; for some j € N* we set C’(O)(H) = H and, for all | €¢ N*
COH)={reT,IoccH o|r1}
The set OV (H) is the natural expansion of H at degree I.

Given then a finite order ideal N, we arrange it by degree, obtaining Ng, Ny, --- Np,
where h is the maximal degree of terms belonging to N.
The monomial basis G associated to such an N can have at most degree h + 1.
As a matter of fact, if 7 € G with deg(7) = d > h + 1 its predecessors will belong to N
and then we have terms of degree d — 1 > h + 1 in the order ideal, what is impossible by
hypothesis.

Example 3.2.4. There are situations in which N contains monomials of degree at most h, but
also the minimal basis shares the same property.
Take I = (23,42, 2%, xy) <k][z, y, 2], whose Groebner escalier is:

No = {1}
Nl = {(E,y72}
N2 = {’yZ,l’Z,SC2}
N3 = {z?z}:
o o o o ( ] ( J [ ] ( J ® { ]
o o (o] o ( ] (]
[ ) ° {
°

The monomial basis does not contain elements of degree 4.

We call G, the i-degree part of the monomial basis G(I).
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Lemma 3.2.5. Foralli =0,...,h+1
i1
T\ (N;u | €9(G)) = 6.
j=1

Proof: The jnclusion Ti\ (N; U U;;ﬁ C¥(G;)) 2 G, is trivial, so we only prove the converse,
T\ (N; UU;Z, C9(G))) € G
Consider 7 € 7; \ (N; UUJ'Z} C9(G;)). Clearly 7 € I.

=
Let o the h-th predecessor of 7; if o € I, 30 € G(I) with o = 6 - 11 for a suitable , € T.

ThenT =0 p-zpie 7€ U;;ll CO(Gj). o

Example 3.2.6. For I = (23,4, 2%, zy) <k[z,y, 2], (see example 3.2.4) we have Gy = G; =),
G2 = 7—2 \ {yz7xzax2} = {y27227my} and G3 = 7?’) \ ({x?fyl’yzawzya$32a922a23793a922} U

{222}) = {=°}.

3.3 Macaulay Trick and Lazard Structural Theorem.

In this section, we focus on two famous results on factorized Groebner bases, namely Macaulay
Trick and Lazard structural theorem.

We start dealing with the setting examined by Macaulay, studying a way to solve the prob-
lem below.

Problem 3.3.1. Given a finite set of terms {71, ..., 7.} C T and a term order < on T, construct
a set of polynomials {g1, ..., gr} C P such that:

o foreachi e {1,....,r}, T(g:) = 7;
e G:={g1,...,g-} is a Groebner basis for the ideal I = (G), that is
T() =T(G) = (14,..., Tr)-
Description 3.3.2. In order to look for a solution, we first construct a finite sequence
M :=o1,....,05) CT
satisfying:
a. foreach i, 1 <i < rexistsasubset J; C {1,...,s} such that ; = Hleji o

b. foreachi,j1<i<j<r lem(,7;) =[lcs0s, 01
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Remark 3.3.3. We point out that, by definition, M is a finite sequence and not a set, so repeti-

tions among the elements appearing in M are allowed.

Example 3.3.4. For the terms 71 := 2% and 7 := 2y in k[z, y], we get
01 : =02 =X, 03 =Y

and
Jl = {1,2}, Jg = {1,3}

Remark 3.3.5. The finite sequence satisfying conditions a. and b. is not unique.
Given {m,...,7} C T, more than one sequence can produce the required result, as shown

in the following example.

Example 3.3.6. For the terms 7, := 2%, 7 = 23y3 in k[z,y] we can consider first the se-
quence
Ml = [l‘, I?’, y3]

Using the list M, we have J; = {1,2}, J, = {2,3}.

Indeed, we have = - 23 = 2% = 7, 2 - y® = 23y® = 7, and it holds

lem(zt, 23y3) = oYy = - 233 = H oy.
leJ U,
Moreover, we notice that GOD(z*, 2%y?) = 2% =[], ;, 1, 01-
However, M; is not the unique sequence compatible with conditions a. and b.
Consider indeed the sequence

M2 = [vaaxvxaya yay]

For M,, we get J1 = {1,2,3,4}, Jo, = {1,2,3,5,6,7}.

4

Indeed,x-aj-x-x:x ZTlaHdl"x-x~y-y-y=x3y3:7-2,

Moreover, it holds lem (2%, 2%y®) =2ty =22 -2 -2 -y -y - y.

We describe now an algorithmic method in order to compute concretely a sequence of
the required shape.
A1,n Qr, 1 Qr,n

. . «
Given a set of terms {7y, ...,7.} C T, defined as 7y :=z """ - -z, .y T i= 2] 70 - - Ty,

For this set, we can consider the following sequence, only composed by single variables:
M = X1, ey T1, T2y ey T2y eeey Ty ooy T

where for each 1 < h < n, z;, appears exactly a;, := max{a p, ..., &, } times so that |M| =
> n_, ap and we number the elements of M from 1 to |M|.



70 Chapter 3. The original Axis of Evil Theorem.

Given any term 7; = 27" - - - z,"" in the given set, the associated J; can be computed as

follows

Ji = {1, ey QG 1, O + 1, el + QG2 — 1, ey + ... tan—1+ 1, ey (X7 + ... tanp_1+ Qjp — 1}
We show a simple example of the above construction.

i T = X7, T0 = ITY, T3 = X9, T4 = I, i
Example 3.3.7. If the given terms are 1, 3 2, we consider the
sequence

M = [‘rlyxlyxlvxl»xQ]v

labelling its elements as L = [1,2, 3,4, 5]. The term 71 = 1 contains only z1, with exponent
4,sowe get J; = {1,2,3,4}.

For 73 = 23, we take the first three numbers, labelling copies of x1, so J, = {1, 2,3}.

Since 13 = x2, we get J3 = {5} and finally, for 7, = x?, we obtain J; = {1, 2}.

The crucial fact is to take the first numbers of the list L for the variables. Indeed, if we take
J; = {3,4} instead of .J,, we get lem(72,74) = x{, since we have to derive it from Jo U J} =
{1,2,3,4}, but this is clearly false.

Clearly, condition a. of description 3.3.2 is fulfilled: 7; =[], ; o1.
On the other hand, suppose to consider the union J; U J; of two sets obtained from a finite
sequence as above. Such operation corresponds to take the common and non common
factors of the associated terms 7;, 7;, raised to the maximal exponents they appear with. It
exactly means computing the least common multiple between 7; and 7;:

lem(T;, ;) H 0.
leJ;uJ;

For each !, 1 <! < s we choose a polynomial »; € P = k|1, ..., z,] such that T(h;) < oy
and we define:
" ::Ul_hl7 \V/l, 1§l§87

=[] vii1<i<r
leJ;

It holds T(g;) = HleJi 0.
With the above notation, for each couple of indices 4, j, 1 < i < j < r, denoted

T(Zaj) = lcm(T(gZ)7T(gJ)) = lcm<7-ia Tj)a
we choose t; ;,t;; € T defined as

ti;T(gi) = t;:T(g5)-
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Assuming
[lies, 01 Ilies, o1
lcm(n, Tj) =
HleJmJj g1
= Il o=1lo- Il @=1lea- I] o
leJ;uJ; IS led;\J; leJ;  ledi\Jj
it clearly holds
lij = H ai,
lEJj\Ji
tj,i = H agj.
leJi\J;

Proposition 3.3.8. With the above notation, the set G := {1, ..., g- } is a Groebner basis.

Proof: We prove that, considered two arbitrary i, 5, 1 <i < j < r, the S-polynomial S(i, j)
has a Groebner representation.
For this purpose, we define

Gij = ( H ’Yl) — lijs
leJ;j\J;
Gji = ( 11 ’Yz) —tji;
leJi\J;
We know that
tij ZT( H ’Yl)
leJj\J;
tyi :T( H %)
ledi\J;

and, since in ¢; ;, ¢;; we subtract to the above products exactly the leading terms, we can
affirm that T(¢; ;) < t;; and T(¢;;) < t;;.
We prove then that the required representation is
S(i,J) = —0i;9i + 5.i95-
In effect this is true since, by the properties of union
0=~ H "t H M=
lEJiUJj lEJjUJi
so, manipulating the formula, we get

=—TTo( II ) +TIn( II »)=

e, leT\J; led; e \J;
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=—gi( I »)+o( II )=

leJ;j\J; leJi\J;

but, by definition of ¢; ;, ¢;.;,
= —(¢ij +lij)gi + (D)0 +150)95 = —ij9i + b5.09; — (Lij9i — tji95) =
and by definition of S-polynomial
= =09 + 595 — S, )

For being effectively a Groebner representation, the condition on the leading terms must be
fulfilled.
Anyway, the following relations imply directly that condition:

T(¢ij9:) < tijT(g:) = lem(T(g:), T(g5)) = t5:T(g5) > T(¢5,:9;)-

This way, we have then solved the problem 3.3.1.

We switch now to a new problem, solved by Macaulay.

Consider a finite set of distinct points X = { Py, ..., Ps} C k", with P, := (a1, ..., a;,,) and set
the following notation:

o Vi, I, € P* = Homy(P,k) is the linear functional, operating the “evaluation” in the
associated point:
lz(f) = f(a,;l, ceny am) Vf($1, ...,l’n) S 7),

o L(X):= Spani({l;, 1 <i< S}) CP*
o I(X):={feP: f(P) =0, Vi} =P(L(X)), the ideal of points for X.

Under the above notation, we can present the following result by Macaulay (see [68]).
Let N C 7T be a finite order ideal.
Let J := T \ N be the associated semigroup ideal and G(J) := {7,..., 7}, with 7, =

a1y,

an
27t a8 for each (.

Since N is a finite set, for each i € {1, ...,n} we need to have a d; € N such that
% e G(J)

and, moreover,
(677 S dl vi.
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Example 3.3.9. If we consider the polynomial ring k[z1, z;] and we take the finite order
ideal N = {1, 71,22, 2%, 122}, the associated monomial basis is G = {z3, 2%, x123} and, in
this case, d; = 2, dy = 3.

For each i, j, e, j # e we choose the elements
aij €k, 1<i<n, 0<5<d;i: ay # Qe

and, foreach,1 <[ <r

n oa;—1

g=1] II @ —ay)

i=1 j=0
for which, trivially T(g;) = 7 holds.
We associate to each term ¢t = z{" - -- 23 € N an affine point

a(t) := (a1ays -+ Gna, ) € K"

and we set
X :={a(t): t € N}.

We obtain then

Corollary 3.3.10. With the above notation, for each degree-compatible term order, we have:
1. N = N(I(X));
2. G(I(X)) :={g1,..., g-} is the reduced Groebner basis of I(X).

Proof: First of all, we notice that we are under the hypotheses of proposition 3.3.8.

Indeed, the chosen numbers a;; play the role of the elements ; defined above ( we consider
the list containing all the terms ¢; constructed as explained before: a;; is the element related
to the i-th variable and the j + 1-th exponent for x;).

Moreover, the product constituting the polynomials g;’s, fori = 1,...,nand j =0, ..., a5 — 1
coincides with the product of the v, with [ € J;.

With that, the set G = {g1, ..., g- } represents a Groebner basis for the ideal J = (g1, ..., )
and N is the Groebner escalier for the ideal whose Groebner basis is G.

Since by construction, all the polynomials vanish over X, we have J C I(X).

Moreover, by the relations

mult(J) = IN| = |X| = mult(I(X)),
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we can conclude J = I(X).
We can say that G = G(J) = G(I(X)) is a Groebner basis of I(X) and N = N(I(X)).
Such a basis is also the reduced one because:

e it is composed by monic polynomials;
e Gis minimal;

e the polynomials g;, ¢ = 1, ...,r, have the form T(g;) — Can(T(g;),%), since Supp(g;) \
{T(g:)} € N. Actually, these terms divide T(g;) by construction. Moreover, the poly-
nomials g; belong to the ideal.

Let us consider now a very simple example.

Example 3.3.11. In the polynomial ring k|z,y], we consider the finite order ideal N =
{1,z,y}. In our notation the monomial basis turns out to be G = {22, zy, y°}.

The pure powers of z,y in G have to be raised to the exponents d; = d> = 2 in the above
notation, since 2 is the minimal power of z,y in N. Indeed, no mixed products of the form
z'y’ can have i or j greater than the value in the corresponding pure power, by minimality
of Gand 2%,y € G.

Fix the following values:

aio = 0,a11 = 1,a90 = 0, a1 = 1, obtaining the points:

a(1) = (0,0);
a(z) = (0,1);
a(y) = (1,0),

ie. X ={(0,0),(0,1),(1,0)}. The polynomials g;, i = 1, ..., 3, will be
g1 =a? —
g2 ‘= TY;

gs = ZUQ - Y,
and we have exactly I(X) = {¢1, g2, 93}

Given an arbitrary

o=uaf"zpr € {x;7/1 < j<n, TeN}

3They surely exist, since |N| < oo.
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in the zerodimensional case, we have that «; < d;, for each i € {1,...,n}, so it is natural to

consider the following polynomials:

n a;—1

6o = [ [I (i~ i), o=+ € {myr/1 < j <7 € N}
i=1 j=0
and study their relations, leaning on the notation above.
First of all, we reorder the order ideal N := {7y, ..., 75} increasingly w.r.t the lexicographical
order induced by 21 < ... < z, and we set a; := a(¢;) in order to fix also an order both on X
and L(X).
Finally, we set ¢; := g,,, for each i € {1, ..., S}. It holds

Lemma 3.3.12. With the above notation, we get
L B(I(X)) = {g-/7 € BUX))};
2. G(I(X)) = {g-/7 € GUX))};
3. ¢(X) = {q:/1<i< S}

Proof:

1. For this statement, we barely follow the line of 3.3.10: the polynomials belong to I(X)
and their leading terms are in the border set, while the other terms appearing in their
support belong to the Groebner escalier;

2. itis 3.3.10;

3. we have to prove that the ¢;’s are triangular, i.e. ;(t;) = 0 for ¢ < j.
In our case, the functionals are the evaluations at points, so we need to prove that
gu,(alt:) = 0, < j.
By the ordering given to the terms, 7; < 7;. It means that, if r, = 27" -+ 2,"" and
;=277 - xp”", there exists h € {1, ...,n} such that a; 5, > a; j.
For this reason, constructing g., we get a factor vanishing in a,, and then we can

conclude.

If we deal with the polynomial ring in two variables k[x1, z2], the Groebner basis constructed
via Macaulay’s trick for an ideal I as before, is an example illustrating Lazard structural the-
orem.
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This theorem describes the structure of a lexicographical minimal Groebner basis for an
ideal I <k[z1,z2].

The proof considers P = k[z1, 2] = k[z1][z2] and bases on the fact that k[z4] is a Principal
Ideal Domain (PID).

We can then extend it to the more general case R[z], with R PID, to describe Groebner bases.
In order to understand the statement of Lazard structural theorem, we first recall the fol-

lowing definitions.

Definition 3.3.13. The content ry € R, with R PID, of a polynomial f(x) € R[] is the GCD
of its coefficients. A polynomial f(x) € R[z] is called primitive if ry = 1.
The primitive part of f(x) € R[z] is the polynomial py(z) € R[z] such that f(z) = rpo(z).

We first prove the following

Proposition 3.3.14. Let R be a principal ideal ring and I < P := R[z] an ideal. Let F' :=

{fo, .., s} be a minimal Groebner basis of I, ordered so that

deg(fo) < ... < deg(fs)

and, for each i, denote by ¢; := Le(f;), 7 € R\ {0} and by p; € P the content and the
primitive part of f;. We can further assume that such basis is reduced, in the sense that

fi = M(fi) + Can(M(f;), F).
Then
1. deg(fo) < ... < deg(f.);
2. foreach 0 < i < s thereis G;41 € Rsuchthatc; = Gi11¢i41
3. Git1fiv1 € (fo, -, fi) foreach 0 < i < s.

Proof: Let us set d(i) := deg(f;) for each i. By hypothesis, we have d(:) < d(i + 1).
We prove, first of all, that the case d(i) = d(i + 1) cannot occur. Indeed, if d(i) = d(i + 1) we
can define the element

h:=b;f; +biy1fiy1 €1,
where ¢, b;, b;11 belong to R and b;c; + biy1cii1 = ¢ = GCD(c;,cit1), so that ezt =
M(h) € M(I).
Since M(h) € M(I) there exists an index j with M(f;) | M(Rh) | M(f;41)%.

% The first divisibility relation comes from the fact that M(h) € M(I), while the second one is consequence of
T(fz‘+1) = :L‘d(iJrl) and ¢ = G’C’D(Ci7 ci+1)\ci+1.
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This chain of relations assures that M(f;)|M(fi;+1) i.e. gives a divisibility relation between
the leading terms of two elements in the basis. By the minimality, this is impossible, so
d(i) < d(i+1).

Both z¥(+140) £, and f;,; are in the ideal and have degree d(i + 1); then for ¢, b;, b;41 € R
such that bjc; 4+ biy1cii1 = ¢ = GCD(ci, i), h = bz V=4O £ 4 b, fi1 € 1, so that
cxd*D) = M(h) € M(I) and M(f;) | M(R) for some j. If ¢; 11 # GOD(c;,civ1), then j < i+ 1
and M(f;)|M(fi41), getting a contradiction. As a conclusion, ¢;41 | ¢; for each i.

Since Giy1 fi+1 — xd(i + 1) — d(i) f; is a polynomial of degree less than d(i + 1) reducing to
0 w.r.t. the Groebner basis, s0 G;11 fir1 € (fo, -, fi). ©

Theorem 3.3.15. With the same notation, if moreover R is a domain, denoting by p := pg the
primitive part of fo and G4 :=rs € R\ {0} the content of of f;, then for each i, 0 <1i < s
there is H,11 € P, d(i) := deg(H;) such that

e fo=pG1-Gsia;
o fi=pH;Gji1- Gs41,1<j5<s
and
1. r,=Gip1---Gs
2. Lc(H;) =1 for each i
3. d(1) < ... < d(s);
4. for each i, wehave H; 11 € (G1---G;, H1Gy -Gy, ..., H;i_1G;, H,);

Proof: Let pand Gs;1 be, respectively, the primitive part and the content of GCD( fo, ..., fx)
in R[z]; a set {go, ..., gs } is a minimal Groebner basis if and only if so is for {ggo, ..., g9 }, we
can divide by pG,11 and assume that p = G, = 1 and GCD(fo, ..., fs) = 1. Under this
assumption, G, 11 fi+1 € (fo, ..., fi) for each i, 0 < i < k so, inductively, we have

o polfj. Vi <i=polf;, Vi <i+1;

o ¢i|f;, Vi <i= ¢ =Git1cip1|Gig1fir1, Vi<i+ 1=
= Ci+1|fj, VJ <7+ 1.
Therefore, GC'D( fy, ..., fs) = 1 gives that py = ¢; = 1 and each ¢; verifies ¢;| f;, so it coincides

By induction, we have

lC(p)TZ‘ =C; = GZ‘+1Ci+1 = lC(p)Gi+1Ti+1 = lC(p)GZ;H s GS.
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Setting H; := f—; for each i, we obtain lc(H;) = 1, d(i) + deg(p) = deg(f;) and finally, we
point out that Gi11 fi+1 € (fo, ..., fi): dividing G;41 - - - G5 we can conclude. ¢

Example 3.3.16. Consider again example 3.3.11, and set the lexicographical order, x < y.
The Groebner basis is {22 — z, zy, y?> — y}, which is ordered as in 3.3.15.

Wehavep=1,G1 =21,Go=2,G3 =1, Hy =y, Hy = 4> —y,d(1) =1 < d(2) = 2and
H, € (G1, Hy).

In the next example, we apply Macaulay trick, showing a relationship with Lazard struc-

tural theorem.

Example 3.3.17. Consider the polynomial ring in three variables P = k|x1, 22, 23], the asso-
ciated set of terms 7 and the lexicographical order induced by z; < z2 < 3.
Moreover, consider the order ideal

o 2 2 2 2 .3 2 2 3 2
N := {1, 21,27, v2, 1172, T172, T3, T173, T3, T3, T1T3, T1T3, TaT3, T5T3, ToT3, T3}
For each couple of indices 4, j, we choose a,;; = j and we consider the terms
ce ({1} u{z;7/1 <j<n,7€N}).

We will get:

1: is a term in the order ideal N: ¢t; = 1 € N. The corresponding point is a(l) =
((110,(120, 1130) = (0, 0, O) S k‘3 and we have g1 =4q1 = 1le q(X)

x1: ta =x1 €N, a(:cl) = (1,0,0), S0 Q2 = Gt, = Gzy = T1 € q(X)
22 tz =22 € N,a(z?) = (2,0,0),50 g3 = g, = 92 = z1(21 — 1) € ¢(X).

z$: 23 ¢ N,and it is the product by z; of a term in N. Actually 3 € G (all the predecessors
belong to N). Finally g,s = 21(z1 — 1)(21 — 2) € G(I).

We proceed similarly:
To: T4 = T3 € N/ a(%‘g) = (O, 170)r 44 = Gry = Gzy = T2 € q(X>
1220 75 = 1122 € N, a(z122) = (1,1,0), g5 = gr5 = Ga,2, = 2172 € ¢(X).

23r9 76 = 23wy € N, a(2312) = (2,1,0), g6 = gry = Io2z, = T1(21 — )22 € ¢(X).
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3

1T :

2

x5

173

2.2

T1Ts

3.
x5

3

T1Ty ©

2,.3

1S

zh

4

T1T5 :
I3 .
xr1x3 .
$%$3Z
T3
ToXs :
X1X2x3 -
175
$%$2$3:
z%xgz

x1x§x3:

r319 € B (caveat lector: 3 ¢ N!), Gudzy = Ta(1 — 1)(21 — 2) € B(I).

=123 €N, a(z3) =(0,2,0), g7 = g,, = 9oz = T2(z2 — 1) € ¢(X).

78 = 1123 € N, a(z123) = (1,2,0), gs = gry = Joraz = 2122(22 — 1) € ¢(X).
2313 € G, 92223 = ry (21 — 1)wa (w2 — 1) € G(I).

9 =23 €N, a(z3) = (0,3,0), g9 = gr, = 9o3 = 2(v2 — 1) (22 — 2) € ¢(X).
10 = 1123 € N, a(z123) = (1,3,0), 410 = Grip = Gayay = T122(22 — 1)(22 — 2) € ¢(X).
r3z3 € B, 9o223 = 21(x1 — D22(22 — 1) (22 — 2) € B(I).

3 €G, Gut = x2(x2 — 1)(x2 — 2)(22 — 3) € G(I).

175 € B, Gorat = z122(T2 — 1) (22 — 2) (12 — 3) € B(I).

11 =23 € N, a(z3) = (0,0,1), ¢11 = gryy = gus = 23 € ¢(X).

T2 = z123 € N, a(z123) = (1,0,1), 12 = gryp, = Gayus = 2123 € ¢(X).

113 = 2323 € N, a(x?x3) = (2,0,1), 13 = gryy = Ga2z, = z1(x1 — 1)z € ¢(X).
xiw3 € B, gya,, = m1(x1 — 1)(21 — 2)x3 € B(I).

T4 = 2223 € N, a(z2x3) = (0,1,1), q14 = G714 = Guoas = T223 € ¢(X).

212923 € G, guyzpns = 12223 € G(I).

175 € B, Gar2t = T172(22 — 1) (22 — 2)(z2 — 3) € B(I).

217223 € B, 20,0, = T1(v1 — Vw223 € B(I).

715 = 323 € N, a(23x3) = (0,2,1), Ga2zs = 915 = 15 = T2(22 — 1)z3 € ¢(X).
12373 € B, Joradws = x129(x2 — 1)zg € B(I).

16 = 323 € N, a(z323) = (0,3,1), goiay, = 916 = q16 = T2(x2 — 1) (22 — 2)23 € ¢(X).

: mairs € B, Joradas = T122(T2 — 1)(22 — 2)z5 € B(I).
: w3x3 € B, Gutzy = xo(xe — 1) (2o — 2) (a9 — 3)x3 € B(I).
i = a3 € N, a(a3) = (0,0,2), g,z = g17 = 7 = w3(x3 — 1) € ¢(X).

: m2d €G, 9ora2 = T123(23 — 1) € G(I).
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2222 2222 € B, 9o222 = 21(x1 — Vas(zs — 1) € B(I).

1913 1 wow3 € G, Gupa2 = xoxz(xz — 1) € G(I).

r323: 2323 € B, Jozaz = T2(x2 — Das(zs — 1) € B(I).

r37%: 2373 € B, Jadaz = T2(2 — 1) (22 — 2)23(23 — 1) € B(I).
z3: 23 €G, 93 = w3(23 — 1) (23 — 2) € G(I).

Now, we connect to Lazard Structural Theorem, considering the ideal I N k[z1, 2], whose
Groebner basis is

{gmiﬁgm%m%agx%} = {an f17f2}-

The structure is exactly the one of the theorem
o fo=x1(x1 —1)(x1 —2) = G1Gy,dove G1 = (1 — 2),Goy = x1(x1 — 1);
o fi=a1(x1 — Daa(ze — 1) = H1Gy, con Hy = zo(x9 — 1);
o fo=uwo(xy—1)(x2—2)(x2 —3) = Hy;

p = G5 = 1, fulfilling the theorem.

3.4 The Axis of Evil algorithm.

For I = /I, the Axis of Evil Theorem by Marinari and Mora, somehow extends Lazard
structural theorem 3.3.15 to the case of n variables, giving a remarkable improvement.

In this thesis, we give a constructive proof for

Theorem 3.4.1 (Marinari-Mora). Consider a 0-dimensional radical ideal I. Denote by N(I)
the associated Groebner escalier and G(I) = {r,...,7.} C T, 7; := x(lil .-z the mono-
mial basis for the lexicographical initial ideal In (7).

A combinatorial algorithm and interpolation provide polynomials

Ymédi = Tm — gmﬁi(xh ~-~7$m71)7

foreachi e {1,....,7},m e {l,..,n}and 6 € {1,...,d;n} such that the products
fi = HH’YMM? 1= 17 cy T
m §

form a minimal Groebner basis of I, with respect to the lexicographical order induced by

1 < ... < Tp.
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Clearly, for the polynomials f; of theorem 3.4.1, we have T(f;) =7, fori =1, ...,r.
Hence, taken a finite set of distinct points X = {Pi, ..., Ps} and denoted by I := I(X)
the ideal of X, the first step in order to find the factorized minimal Groebner basis G :=
G(I(X)) of I is to compute the monomial basis G(I).

Clearly G(I) can be computed passing through the usual Groebner basis computation. Any-
way, we want to do it in a pure combinatorial way, deriving G(I) from the Groebner escalier
N(I) := N(I(X)).

As explained in chapter 2, we can get N(J) directly from the points in X via the Cerlienco-
Mureddu correspondence or the Felszeghy-B. Rath-Ronyai Lex Game, them Gao-Rodrigues-
Stroomer method or the Lederer’s algorithm.

For the time being, we follow [79] and we only use Cerlienco-Mureddu Correspondence,
but also the other methods work.

Moreover, in next chapter, we will study how to improve the Axis of Evil algorithm, ex-
ploiting a suitable method for computing the Groebner escalier.

At this stage, we can suppose as known:

e N(I), obtained via Cerlienco-Mureddu Correspondence;
e G(I), produced applying Lazard’s algorithm to N(I).

The pseudocode of the algorithm is displayed in 5. For an implementation, see [103].

If the variables in P = k[z1, ..., z,,] are ordered as usual, namely z; < z2 < ... < z,, we
know that the first generator 7y in G(I) is 7 = mfl’l for some d;,; € N, since I is zerodimen-
sional.

Computing the factors composing the polynomial f; € G such that T(f;) = 7 is particu-
larly simple. Indeed, if 71 = mtlh’l € G(I), then all the terms 1, z1, ..., xfl’ﬁl e N(I).

As seen in chapters 1, 2, while discussing Moeller algorithm and the computational meth-
ods for the Groebner escalier, the condition 1, z1, ..., xf“ “leN (I), means that the points in
X have exactly d;; different first coordinates.

Being an element of G, f1 has to vanish at all points of X. Hence, if we compute the set

Ni(ry) = {a}/i<dia} ={we TN, 1 >wal"? -zl € NI},
being dy 2 = ... = d1,, = 0, we get exactly N1(m1) = {1,z1, ...,xfl‘l_l}.
These terms correspond, by Cerlienco-Mureddu correspondence, to the first d; ; points
with different first coordinates, say A1(71) = {Pa, -, Pay, | }-

For each 1 < j < dy 1, let a; be the first coordinate of P,,. We let By (1) = {a1, ..., aq, , } and
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Algorithm 5 The Axis of Evil algorithm.

1: procedure 1A()E(X.7 G(I(X_)) = {Tl, ceey Tr,»}) — R D> R contains a factorized minimal Groebner basis of I.

Require: We denote 7; = {7 - z/" forj = 1,..,n
Ensure: Axis of Evil factorization.
2: R = @

3: fori=1tordo
4 Ni(rj) :=={ai/i<dj1} = {w eT], 7 > wm2’2 oz e N}
5: Ay(ry) = {0 N(alay® 2 i < dja} € X
6: By (7)) == m1(A1(15)) C k.
7: Nr; = HaeBl(rj)(xl —a).
8: form =2tondo
9: Cmry 1= HT;ll Yvrj-
10: Dino = {P; € X/ Gnr, (P3) # 0}
11: if |D,0| = 0 then
12: R = [R, Gur,]-
13: break.
14: end if
15: Np(75) ={w € Tim], 7; > wx:lnj_ﬁ“ ezl e N
16: for) =1tod;, do
17: Aps(my) = {@ vz dgom 6:vgifl“ i J")|v € Tlm — 1], vz ™
7TL(TJ)}mD )(Tj)
18: Em(;(Tj) = (1 (Ams(T5)))-
19:
Ymér; = Tm + Z c(Ymr;, W)W,
WEEms(T;)
such that v,,s,, (P) = 0, VP € Aps(75).
20 Ems =110 Yor; ngl Vmdr-
21: Dy (1) = {P; € X/ &ms(P;) #0} C X
22: if |Dys5(7;)| = 0 then
23 R = [R,&ms].
24: break.
25: end if
26: end for
27: Ymr; = [ 15 Vmer;-
28: end for
29: end for
30: return R.

31: end procedure
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we compute the polynomial
dy1

Tir = H(ml —aj).
j=1
Since T(y1r,) = 71 and 71, vanishes over all X, f; = 71,,, so we have found the first
element of G.
Moreover, not only the factors composing f; but also f; itself is reduced, since Supp(fi1) \
{n} C{1,z4,.., x‘fl’lfl} C N(I). We point out that f; has been determined as the product

of exactly d; ; factors.

Example 3.4.2. Let X = {(1,0), (2,3), (4,6),(0,7), (5,2), (4,1),(2,6),(2,7),(0,6)} C R%

We draw the unmixed tower structure we can get from X in order to have an overall view
of the set.

2,7

2,6 4,1 0,6

23 | 46 | o7 | 1,0 | 5,2 |

Since we are dealing now with points in only 2 coordinates, Cerlienco-Mureddu algorithm
turns out to be simplified. More precisely, we get the Groebner escalier by a tower reorder-
ing (2.2.8), so

N(I) = {1,222 23, 2, x9, T120, 232, T2},
The monomial basis is G(I) = {2}, 23xs, z123, 25}, s0 min., (G(I)) = z7. We get
Ni(r) = {1, 21,22, 23 21}
and its elements correspond to the points

Ay (Tl) = {<2’ 3)5 (476)v (Oa 7)7 (1’ 0)5 (57 2)}

The projection 71 (A1 (71)) is exactly the set containing the first coordinates, so it turns out to
be
By (Tl) = {27 47 Oa 13 5}

We obtain the polynomial (fulfilling the tasks of lines from 4 to 7 of algorithm 5)
fi = = x1(z1 — 2)(z1 —4) (21 — 1) (21 — 5) = 25 — 1227 + 4925 — 7822 + 40z,

clearly vanishing at all X.

We know that f; belongs to the minimal Groebner basis of theorem 3.4.1, but it also belongs
to the reduced Groebner basis, since z1, 27, 23, 2] € N(I).

Actually, if we compute via Singular [30] the reduced Groebner basis of I(X) we get
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o 17 — 12z + 4923 — 7827 + 40z, that is exactly our f3;
o 20319 — 120229 + 162122 — 2] + 723 — 1422 + 8x1;
° 433190% — 895% + 6.’17%1’2 — 64x122 + 10429 — 9:6‘1l + 107:10? — 42695% + 664x; — 336;

o 1223 — 19223 — 182275 + 362179 + 97270 — 14927 + 158327 — 521822 + 529671 — 1512.

We show now how to find f; from 7; = a:f“ ceaBr § < r = |G(I)|. We refer to

algorithm 5.
Similarly to what done for 71, we first study the first coordinates, namely we compute the
set

Ni(r;):={2)i<dj,} ={we T, 7} > wad? ... zdin c N(I)}.

By Cerlienco-Mureddu correspondence, each term in N([) is associated to a point of X,
so we can define

Al(Tj) = {(I)_l(itil’gj’z . (EZJ")/Z < dj,l} cX

and, if we project w.r.t the first coordinate, we get By (7;) := m1(A1(7;)) C k. The factors in
x1 are of the form (z1 — a) for a € B(7;), so the partial factor in x‘f“ is

Tz = H (2171 - a)a

a€B1 (1)

again following lines from 4 to 7 of algorithm 5.
We construct now the set

Doy := {P; € X/ 11, (P;) # 0},

containing all the points in the given X such that v;, do not vanish. If Dy is the empty set,
then f; = 71,,. In this case, we do not have to deal with 7; anymore® (we have executed
what prescribed in lines 9-14).

Otherwise, we construct the set

No(1j) ={weT[2], 7; > wxgj’g . --:c‘fj*" e N(I)},

containing the terms w in the two variables z1, 23 such that 7; > wxgj S mflf " in the Groeb-

ner escalier (line 15) and, for each § from 1 to d; 2, we compute the set of points where to
interpolate, namely

Ags(15) = {@71(1)933"’2_533;”*3 e x‘fbj*")\v € T[l],vxg“_é € No(75)} N Da(s—1)(75)

51t happens only for 71 since only one pure power of z1 can occur in G(I), by the minimality of G(I).
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and the set of terms appearing in the current factor, i.e. Eos(7;) := ®(m2(A25(75))).
With the above data, we perform the interpolation step and we finally get the factor

V2,67, = T2+ Z c(Var;, w)w,
wEEa5(7)

such that ya5,, (P) = 0, VP € Aas(7;).
We compute then Dys(7;) := {P; € X/ &5(F;) # 0} C X, where &35 is the product of all the
factors we have computed for 7;. We stop if it is empty.
Repeating for each J, we get all the factors with leading term z5. The set N»(7;) turns out to
be partitioned w.r.t. the exponents of z,° (and we have fulfilled the tasks of lines from 16 to
26).
At this point, we check whether the product of the current factors vanishes over all X. If so,
such a product is f;, so we continue with another term in G(I). Otherwise, we repeat for
3, ..., T, stopping the procedure for 7; and storing f; when we reach the last coordinate or
when the product of the current factors vanish over all X (see line 8-14).
When f; is stored, we perform in the same way with the other generators (line 3).
We point out that the polynomials ,,s,, we get are only linear in the leading terms.
From now on we will call such a factorization (linear) Axis of Evil factorization.

Remark 3.4.3. By construction and essentially by Cerlienco-Mureddu correspondence and
the consequent construction of the sets E,,5(7;), we get T(vmsr,;) = Tm.

Even if algorithm 5 leans on Cerlienco-Mureddu correspondence, whose most impor-
tant feature is iterativity on the points, it is not iterative on the elements of X. Indeed all the
Cerlienco-Mureddu biunivocal correspondence has to be known in order to proceed in the
execution of the algorithm.

Remark 3.4.4. Let 7; := " - 2" € G(I). The required polynomial f; = 7; + tail(f;) €

G(I) has exactly d; = Y7, d;; factors: d;, with leading term 1, d; » with leading term
and so on. As we can see in line 16 of algorithm, every variable z;, i = 1, ..., n, appears only
d;,; times in the execution of the algorithm.

Remark 3.4.5. The sets N,,(7;) = {w € T[m], 7; > wm:f;jr"l“ cglam

structed in order to find the points where one has to interpolate.
We point out that N, (7;) C Ny (7;) for m < h.
If w € Np(75), w € Tm] and 7; > wxi;'ff oogdn € N(I). Since m < h, w € T[h]; as

n
dni1 dn
wxh+1 e mn

€ N(I)} are con-

dm+1 dn
wz,, - xpr we have

6By computing the terms appearing in A,,s(7;).
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wxi'rll - xdn € N(I) and wxi’fll cepdn < xfn"ff cepdn <7

Since for each term p € N(I) such that p1 > 7;, Cerlienco-Mureddu provides a point P,
such that 3k € {1,...,n} P,, P,» have the first k£ coordinates and 1’ < p, in order to obtain
polynomials vanishing on all the points of X it is not necessary to interpolate in the whole

®~1(N) as it suffices to consider only those corresponding to . € N(I) with u < 7;.

Example 3.4.6. Consider the set
X = {(07 17 2)7 (17 47 5)7 (0’ 27 1)7 (17 57 3)7 (07 3’ 0)7 (07 27 5)7 (]‘7 47 6)7 (]‘7 57 4)}

and denote, as usual, I := I(X).
As shown in the (mixed) tower structure below, the Groebner escalier of its associated ideal
is

N(I) = {1, 21, 22, 2122, 73, T3, T173, T2T3}.

0,3,0
0,21 | 1,53
0,1,2 | 14,5

T

2,5 1,4,6|

The monomial basis is then G(I) = {z?, v123, 3, 217023, 7373, 23}.

We focus on 75 = z123 and we observe that zoxs € N(I) is greater than 7> w.r.t. the lexico-
graphical order induced by =1 < 2 < z3.

With the notation due to Cerlienco-Mureddu we can say that ®~1(z223) = (1,5,4), and we
can notice that:

e the factor x5 — 5 produced in order to make f> vanish on the point (1, 5, 3) makes also
f2 vanish on the point (1,5, 4), since m2(1,5,3) = (1,5) = m2(1,5,4);

e we have (]., 5, 3) = CI)*l(:L'le) and 1T < To.

For completeness’ sake, we report here the whole Axis of Evil factorization of I, computed
using Singular:

a3 fi =a1(x —1);
5811?%2 f2 = .Tl(l‘g — 5)(582 — 4),’

3 f3 = (2 — 3)(w2 — 321 — 2)(22 — 321 — 1);
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T1X2X3: f4 = (Zl — 1)(1’2 — 2)(1’3 + o — 3),
3x3: f5 = (12 — 5) (22 — 271 — 2)(23 + 22 — 3)
1‘%2 fﬁ = (333 + 2x9 — bx1 — 9)(.133 + x129 + X9 — 1021 — 3)

Remark 3.4.7. The terms mentioned in remark 3.4.5, smaller than the current 7;, are found
“releasing” all the variables one by one.

Imagining the terms in 7 as points in N" (each term is identified with the n-tuple of its
exponents, see chapter 1) we can think of our releasing as an increment by one of the ‘directions’
where we can move.

At each step we count out all the points in which the polynomial already vanishes and we

stop the computation when the current factorized polynomial vanishes on the whole X.

Example 3.4.8. Consider again the set
X ={(1,0),(2,3),(4,6),(0,7),(5,2), (4,1), (2,6),(2,7),(0,6)} C R?

of example 3.4.2.

We point out that in the first step for 7;, while computing N (7;) and A,(7;), we release only
z1 and we list the terms of the form xixgj 2. g% 5o the ones with the same exponents as
7; in @2, ..., 2, which correspond to points lying in a higher tower than the one over which
7; lies.

We have

2 3 .4 2 2
N(I) = {1,3}1,1‘1,$1,$1,$2,l‘1$2,x1$2,$2},

and the monomial basis is G(I) = {3, 2322, v123, 23 }.

For example, focus on 13 = z$xy. For this term we have Ni(m2) = {1,z1, 23} and, conse-
quentely, A1 (72) = {(2,6),(4,1),(0,6)}. As shown in the (unmixed) tower structure below,
the terms belong to towers higher than the one over which ; lies:

2,7

2,6 41 06 | a3zo

23 | 46 | o7 5,2 |

Remark 3.4.9. Foreach ¢ € {0, ...,d; » } and for each 7; € G(I(X)), 7; # 71, define the sets
Sms(1j) i= {vadim=0 € N,,(1;), v € T[m — 1]} C Ny (75).

Notice that, for 61,02 € {0,...,djm}, 61 # 2, we get Sims, (Tj) N Sms,(15) = 0 and that
Ny (1) = Ugj:"g Sms(Tj), so the subsets S,,5(7;) which are nonempty form a partition of
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Ny (15).
Even if in Algorithm 5 there is no need to define explicitly the subsets S,,s(7;), those for
d € {1,...,djn} are essentially used in the construction of the sets A,,5(7;), d € {1,...,djm}
(see line 17). This means that the subsets .S,,,5(7;) come into play in the choice of the points
where to interpolate while constructing of the current factor.
Notice that

Spo(1;) = {vxdim € Ny(1)), v € Tim — 1]} C Np(75).
is not used in the construction (in line 16 we consider § = 1, ..., d; »,), even if by any chance
Smo(7j) # 0. Actually, it holds S,,o(7j) € Ny,—1(7;), so each o € Sp,0(7;) has already been

. . . . a1 dj. dj.,
considered: the current factorized polynomial already vanishes in ! (o, /! -+ - 2").

Remark 3.4.10. The steps made by the algorithm on each 7; are totally independent both on
those made and on those to be made on a term 7y, (it is indifferent whether j 2 k) belonging
to G(I), so we will obtain the same factorizations even if we launch the computation on a
list of unordered terms.

Clearly, the result of our computation is not the reduced Groebner basis of the given ideal,
itis only one of the minimal Groebner bases but we can obtain the reduced Groebner basis

via simple reduction.
Example 3.4.11. Consider again the set
X = {(07 17 2)7 (1) 47 5)’ (0’ 27 1)7 (17 5’ 3)7 (07 3’ 0)7 (07 27 5)7 (17 47 6)7 (17 57 4)}

of example 3.4.6 and denote, I := I(X).

We already know the Axis of Evil factorization by example 3.4.6, but now we reduce all the
polynomials.

The underlined terms represent the ones we have to reduce.

x3: fi = x% — xy is already reduced.
T12%: fo = z123 — 92172 + 2021 is again reduced, so there is nothing to do.

a3 f3 =y — 6x123 — 623 + 9aiwy 4 27229 + 112y — 2727 — 2721 — 6 is not reduced. We

have to reduce it using fi, f, obtaining f; = 23 — 623 — 18z125 + 1123 + 6621 — 6.

T1T273: f1 = X1T273 — Tox3 — 21123 + 223 + 1105 — 15 — 5122 + 52 + 621 — 6 has to be reduced

using fa. One gets fi = z1xaw3 — a3 — 20123 + 223 — 23 + dx129 + 529 — 1421 — 6.

I%Z‘g: fs = I%Ig —2x12003 — Txox3 + 10x123 4+ 1023 er;% — 2x1x§ — 101‘% + 16129 + 31xo —

30z1 — 30 is not reduced. We have to preform Buchberger reduction on it using f, f3
and we get fi = x3z3 — 9zox3 + 62173 + 1423 — 623 + 247172 + 3079 — 8477 — 36.
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:E%: fe = x% + x1x0x3 + 3x203 — 151123 — 12003 + 2:r1:c§ + 29:% — 51’%:02 — 34x1x9 — 1520 +
50aﬁ+ 10521 + 27 is not reduced. If we use fi, f2, f1 on it, we obtain f§ = 23 + 4wox3 —
13x12x3 — 1423 + 31‘% — 2bx1xo — 20x9 + 12921 + 33.

The reduced Groebner basis turns then out to be

G' = {2? — 1,123 — 97129 + 2071, 3 — 623 — 187115 + 1129 + 6627 — 6,
T1Tox3 — ToXy — 2XL1T3 + 2T3 — x% + 42129 + Hxo — 1411 — 6,
I%Ig — 9923 + 62123 + 1423 — 656% + 24z 29 + 3022 — 841 — 36,
x% + dxox3 — 132123 — 1423 + 3:5% — 25z129 — 2029 + 12921 + 33}

Remark 3.4.12 ([73]). Notice that the sets £,,,5(7;) and the interpolating polynomials 7,5,
of algorithm 5 can be obtained via Moeller algorithm and projection through =, of the
points found A,,s(7;), as well as via Cerlienco-Mureddu Correspondence and other inter-
polation methods.

Remark 3.4.13. Fix a term 7; € G(I). If some P = (a1,...,a,) € X belongs to A,,s(7;),
2 <m <n,1<6 < djm, then the linear factor vanishing in P, namely 7,,5,, is constructed
involving only the first m coordinates of P, i.e. a1, ..., Gp,.

Remark 3.4.14. Although the minimal Groebner basis we get by the Axis of Evil algorithm
is not reduced, we can point out that the linear factors v,,,5-, we get are reduced in the sense
that Supp(Ymsr;) \ {#m} € {7 € N(I) |7 < 2., } by the construction of E,,s(7;).

Example 3.4.15. If we consider the set X = {(0,0), (1,2),(0,2), (3,4),(0,6)}, the minimal
Groebner basis produced by the Axis of Evil algorithm is

4 32
G ={2® —42® + 3z, 2y — 2° — x,9y® — gxy2 — 8% + 3y + 12y — 162},

and the linear factors identifying G are

a. z;

b. x —1;
c.xr—3;
dy—xz-—1;
e. y—6;
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g yY— 3.
Factors a, b, ¢, e, f are of the form x — I,y — h, with [, h constants, so their support is formed

by the leading terms x or y and by 1 € N. Factors d and g satisfy again the property of 3.4.14,

since
e Supp(y —z—1)\{y} ={l,z} CN({)and 1 <z <y;

o Supp(y — 42)\ {y} = {} CN(D) and = < y.

Developing an algorithm one has to face the problems of termination and correctness.
As for our algorithm, termination is guaranteed since it essentially operates with the fol-
lowing three loops:

— aloop on the elements of G(I) (line 3);
— aloop on the variables of the polynomial ring (line 8);
— for each variable appearing in a term 7; € G(I), a loop on its exponent (line 16).

The first loop is clearly finite by Dickson’s Lemma (c.f. [79]), while the second is finite since
the polynomial ring has a finite number of variables.

As regards the third one, it is trivially finite since the exponents are natural numbers.

The algorithm could go to infinity if it was [N(I)| = oo, but this is not the case for our zerodi-
mensional radical ideal /. Finally, it relies on Cerlienco-Mureddu algorithm and Moeller
algorithm so also the computation of the set A,,5(7;) and the interpolation step terminate.
Let us study the correctness of the algorithm.

Lemma 3.4.16. The obtained factorized polynomials vanish on each point of X.

Proof: Consider the polynomial 7, associated to the term 7 = 2" - - - 22" € G(I).

We prove that it vanishes on P, € X, corresponding, via Cerlienco-Mureddu, to the term
=z e N(I).

Since 7 € G(I) and p € N(I), 7 # . Therefore, there are only two possibilities:

1. it <peg 7. By the definition of Lex, 3i € {1,...,n} such that o; > §; and «; = 5,

foreach i +1 < j < n,s0f; = a; — 6, for some § > 0. We set w := z}" --- 2. By

hypothesis, 4 € N(I) and p = wa{' - 20 < 7,50 w € Ni(T).
As P, = &7 (p) = oLz ~‘~x?i_11x?i_5x?_ﬂl -xpn), either P, € Djs_1)(7) (thus
v~ vanishes in P,), or P, € A;;(7) but, in this case, by the interpolation step (lines

18-19), v, vanishes in P,.
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2. it >rep 7. This time 3¢ € {1, ...,n} such that 5; > «;, §; = oj foreach j € {i +1,...,n}.
By Cerlienco-Mureddu correspondence, 3u := a:f = N(I) such that:

a. @_1(;/) = P// with ﬂ-i—l(P;l,) = Wi—l(Pu/);
b. 8, = an, Vh e {i,i+1,...,n}

If / < 7,then y/ € N;_1(7) so, as in 1, , vanishes in P,/ and the linear factor making
- vanish in P, is computed involving at most the first i — 1 coordinates of P, (c.f.
remark 3.4.13), so that v, turns out to vanish also in P,,.

If i/ > 7, we can repeat with ' instead of 1 and conclude by induction.

Corollary 3.4.17. The ideal generated by our polynomials is exactly I(X).

Proof: By lemma, 3.4.16, the polynomials vanish on all the points of the set X and the
equality comes out by multiplicity reasons. ¢

Algorithm 5 and lemma 3.4.16 constitute a constructive proof of the Axis of Evil Theorem
34.1.

Remark 3.4.18. The polynomials fi, ..., f, of theorem 3.4.1 form a minimal Groebner basis

because:

e they vanish on all the points of X (lemma 3.4.16);

e their heads T(f1) = 7,..., T(fr) = 7 form exactly G(I(X)).
Remark 3.4.19. We point out that:

o if 7, = 2" .. 2" € G(I), the polynomials we are looking for have to contain exactly
>, d; factors. It is impossible that a partial product vanishes on the whole X. In
fact, if so, there would be a polynomial f € I such that T(f) ¢ (G({)).

e if we obtain a factorized polynomial f such that its leading term T(f) belongs to the
minimal basis G(I), then f vanishes over all X, because of 3.4.16.

This implies that the termination criteria for algorithm 5 are correct.

Remark 3.4.20. Cerlienco-Mureddu Correspondence is performed on an ordered set of

points and this ordering influences the biunivocal correspondence we get. For example,
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if we consider first the set X; = (P, = (1,0), P, = (1,1)) we obtain ®(P;) =1, ®(P;) = x2,
whereas if we have Xy = (P, = (1,1), P, = (1,0)), we obtain ®(P,) = 1, ®(P;) = x».

The Axis of Evil algorithm works correctly for each biunivocal correspondence we can get
by ordered sets of points (so also with the biunivocal correspondences we can recover from
another method for the Groebner escalier).

It is well known that Cerlienco-Mureddu correspondence allows to compute the Groeb-
ner escalier of zerodimensional ideals, even if they are not radical. Unfortunately, in general,
it is not possible to produce an Axis of Evil factorization in case of multiplicity.

We display here a meaningful counterexample, due to M.G. Marinari and T. Mora.

Example 3.4.21 ([70, 79]). Consider the following ideal, given with its primary decomposi-
tion:

J = (2,20 + 21,23) N (22,20 — 21,23 — 1) =

= (2%, 1129, 23, 1123 — %xl — %xg,xgxg — %xl — %xg,xg — 23) < Clz1, 22, x3)].

Denote by f1, ..., f¢ the generators.

J is 0O-dimensional being z%, 3, 2% € T(J) (see [79]), but it is not radical as

VI = (m,x% —x3,T1).

For such an ideal the Axis of Evil does not hold.
Consider the polynomial f; = 123 — 321 — 2.
By the Axis of Evil theorem (3.4.1), its factorization should be of the form:

and we should have

1 1
T1y = 51— 5w+ Pai + Quixs + Rz3, P,Q. R € Clzy, 20, 73],

we can only reduce deleting the multiples of %, z124, 23, in order to obtain f; so we must
have — 15 in it. We can not obtain it through reductions, so the only chance is to have a
product of the form

k x hxo,

with h, k constants such that hk = —3, in particular both different from 0.
A priori, there are two possibilities:

-(x1 + k)(x3 + has + ...);

-(x1 4+ has+ . )(z3+ E+ ..



3.5. Consequences of the Axis of Evil Theorem. 93

The second one is impossible: the polynomial having z; as head can not contain vari-

ables greater than z;, so we consider only:

1
(SCl + k + )(.’Eg + h.’EQ + ) obtaining 13 + hxll'z + kl’g — 5[[52 + ...
We can delete the term z12x5 but kx3 can not be reduced.

The Axis of Evil Theorem can be generalized in case of Cerlienco-Mureddu ideals (see
[79] for more details).

3.5 Consequences of the Axis of Evil Theorem.

We enumerate here some theorems which can be viewed as “corollaries” of the Axis of Evil
Theorem (see , for example, [2]), quoting their general statements. Clearly they can only be
deduced by 3.4.1 under our hypotheses.

We start with Lazard Structural Theorem 3.3.15, concerning minimal lexicographical Groeb-
ner basis of an ideal I <k[z1,x2]. The original proof, viewing k|x1, z2] as k[z1][z2], strongly
uses that k[x;] is a Principal Ideal Domain (PID). Norton-Sildgean [81] reformulated it for
R[z] with R any PIR”.

Next result is the one by Norton-Saldgean.

Theorem 3.5.1 (Norton-Saldgean). With the notation of theorem 3.3.15, each
HiJrl S (fj,j < Z) LT,
In fact, we have r; = an_:ll ngl Ymst; and H; = Hg;l Vnst, -
The next result is Kalkbrener theorem ([60], [79]), which is a stronger characterization of the

lexicographical ordering.
For each subset G C k[x1,...,x,), 7 € {1,...,n}, V6 € Nset

Gis={p€glpecklry,..,xi], degi(p) < d}and Lp; 5(G) = {Lp(p), p € Gis} C k[z1, ..., i—1].

Theorem 3.5.2 (Kalkbrener). With the previous notation, let I <k[z1, ..., 2| be anideal. Then

the following are equivalent:
e G is a Groebner basis of I w.r.t, the lexicographical order < induced by 21 < ... < z;

e Lp; s5(G)is a Groebner basis of Lp; 5(I),i=1,...,n, V6 € N.

7Principal ideal ring.
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Finally we mention Gianni-Kalkbrener theorem, whose situation is a bit more complicated
(see [59], [44], [79)).

Theorem 3.5.3 (Gianni-Kalkbrener). Consider the lex order induced by z; < ... < z, and a
zerodimensional ideal I <k[x1, ..., 2] with Groebner basis G, whose elements are increas-
ingly ordered w.r.t. lex on the leading terms, and G; = G Nk[z1, ..., 24]. For a = (b1, ...,bq) €
V(1) define the projection map

Dy i K[z, o, xn] = K[Tag1, o Tn] it f(@1, o, 2n) = F(b1y ooy by X1y ooes Th)-
Let o be the minimal value s.t. ®,(Lp(g,)) # 0 and j, 6 the values s.t.
9o = Lp(go)20t ' + . € K[ay, ..o 5] \ K[z, ..., 1)

Then
1L j=d+1
Vg € Ga, Palg) = 0;
Vg € Gar1,5, Palg) = 0;
Po(9o) = ged(Pa(9), g € Gat1) € Klzat];
Vb ek, (by,....,bq,0) € V(Ig11) < Pulgs)(b) = 0.

G RN

Clearly (1-3) are essentially a corollary of theorem 3.5.1; on the other side, (4-5) appar-

ently cannot be deduced from the Axis of Evil Theorem.

3.6 The Axis of Evil in pratice: a detailed example.

In this paragraph, we simulate in detail the Axis of Evil algorithm, giving a precise example
of its main features.
We will examine the redistribution performed on the given points using their mixed tower
structure.
Consider the set
X = {(4,0,0),(2,1,4),(2,4,0), (3,0,1), (2,1,3), (1,3,4), (2,4,3), (2,4,2), (1,0,2)}.
First of all, we apply Cerlienco-Mureddu algorithm on X.
P1 :=(4,0,0) : is a single point, so ®({(4,0,0)}) = (0,0,0)
(2,1,4) s=1,m=1,(1,0,0)
=(2,4,0):5=2,m=2,(0,1,0)
P4 _(3,0 1):s=1,m=1,(20,0)
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Py

= (1,0,2) : s = 2,m =6, W = {(2,4,0), (1,0,2)}, to = (1,1,0).

— 2 3 2
Then N := {1, 1, x9, 27, 3, 27, T2, 3, T122}.

)
)
(2,1,3),(2,4,3)}, t7 = (0,1,1)
)

We display here the tower structure individuated by Cerlienco-Mureddu correspondence
between X and N.

We apply now Lazard algorithm in order to get the monomial basis:

2,4,0

1,0,2

4,0,0

2,1,4

3,0,1 | 1,3,4 |

742 |

1: weget L = [x1,20,23] and Gy = {1, 2, x3};

Xy -

Io :

I3 .

ToX3

Gy = {2%, 22, 23};

2times

ST [.3 2 2 2 1.3 2 .
o L ={x}, 1209, 2722, 25, T3, ¥123, T3, T2L3}, SO Gy = {x, x122, 25, 23};

2times

2times 2times

_ 3 2 2.
G5 - {xl,xlxg,x2,$1$3,$2$3,$3},

2times

1.2 2 a2 2 .
L= {35175513527552,%3»%1553,%2%3}, so Gz = {x17$1x27m271'3}/

1.3 2 2 2 2
L = {ay, z129, x{x2, T35, x1T3, X5 T3, TaT3, X5}, SO

S 2 3 2 2,003 2
o L ={z], 2120, 2720, X322, T3, T1T3, TIT3TIX3, ToXs, T3}, SO

2times

_ 4 2 21.
Ge = {a7, x122, 23, £123, T2x3, T3 };

2times
_ 4 2 21.
Gr = {21, x122, 23, 21273, 23 };

2times

2times

2times

oW 2 3 2 2. .3 2 2 2
L = {21, 2129, 272, T1To, X5, X123, TIT3XT] T3, T1X2X3, T3X3, T3, ToL3 }, SO

removing z; and computing the products, we have L = {z%,z2, 2122, 23,7123}, SO
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T — (a4 2 3 2 2. .3 2 2 2 .3
x5 1 L ={x7, v122, vi02, 2 T2, 5, Toks, TIT3XTI XT3, T1X2X3, T5T3, T1L5, T2L5, T3}, SO
~—— ~~ ~—~

2times 2times 2times
_ 4 .. 2 2 ..31.
Gs = {77, 2172, 73, 1173, T273, T3 };

. — 4 .2 3 2 2 2 3 2 2 2 .3
T1X9 L= {ml, T1X2,X1T2,T5,T1T5,T1T3, L{T3TIT3, L1T2X3, TL5L3,T1X3,T2T3, 1‘3},
N—— N N—— N——

2times 2times 2times 2times
(42 2 2 .3
so Gy = {z7, 2522, 5, T1T3, T2X5, T3 }.

Then we obtain

_ A2 2 2 3
G = {z], 2722, 25, L1253, ToT3, T3 }

The terms in G are exactly the input for the Axis of Evil algorithm and they are already or-
dered w.r.t. our ordering. We denote them by 7; fori =1, ..., 6.

Starting with 7, = ] we obtain:

Nl(Tl) - {17 L1, x%v x?}r

Aq(m) =1{(4,0,0),(2,1,4),(3,0,1), (1,3,4) }: these are the corresponding points via Cerlienco-
Mureddu;

Bi(n1) =1{4,2,3,1}

Yir, = (€1 —4) (21 — 2)(21 — 3)(z1 — 1): all the linear factors are only depending from z; and
they are computed in the same time.

We highlight in the picture the points making 7., vanish and we distinguish them, using
colours, w.r.t. the linear factor vanishing on them (i.e. w.r.t. their first coordinates).

2,43

7173

m = 2: (ar, = 71-,- Since, as we can also see in the picture above, Dy (7) = 0, we stop
here obtaining, as first result, a polynomial f; := (2, = 1 whose leading term is 7, € G,
while the lower monomials belong to N. By construction, f; € I(X), since it vanishes in
every point of X. It is then an element of our minimal Groebner basis.

For 7o = z%ze we get: Ni(12) = {1l,z1}, Ai1(r2) = {(2,4,0),(1,0,2)}, Bi(m) = {2,1},
Vir, = (21 = 2) (21 — 1)
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2,4,0

4,00 | 21,4 3,0,11

2,4/3’

71,3

Passing to m = 2 we have:

Cmry = Vi

Dso(72) = {(4,0,0),(3,0,1)} (the two non-colored points in the picture above).
We cannot stop here, since we got a polynomial not vanishing at all the points. Moreover, we
point out that its head is different from » € G.

No(m2) = {1, 21, 2%, 2%, x2, 122 }; doing so, we find all the terms of the previous step and
some new ones. We start the loop on ¢:

0 =1: As1(m2) = {(4,0,0),(3,0,1)} = Doy

—%are 1,zy, 2%, 23, corresponding to the points Py, Py, Py, Ps.

The terms vadm
Since the polynomial already vanishes on P», Ps, we consider only the other two points.

Es1(12) = {1, 21}, Y217 = @25 €21 = Vi Y21m = (x1 — 2) (21 — 1)@2; Doy (12) = 0:

2,4,0

4,00 [ 2,14 3,0,1l

2,4/3’

71,3

Remark that 2., is actually v21,.
3 = 3 Ni(73) = 0; A1(73) = 0; Bi(73) = 0
m=2: Doy(r3) =X
No(13) = {1, 21,22, 23, 20, 2122 }; 0=1:
Agi(13) = {(2,4,0),(1,0,2)};
B (m3) = {1, 21}
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Voir, = To — 4w +4
§21 = Viry Vol = T2 — 471 + 4

D21(T3) = {(4707 0)7 (27 174)7 (3707 1)a

(2,1,3),(1,3,4)};
6 =2

A22(7—3) = {(47070)’ (27 174)7 (3’ 0, 1)7

(1,3,4)}

The terms vadm =9

dm=0 are 1,21, 22, 23 corresponding exactly to P1, P, Py, Ps.

Baalrs) = {1,00,23,23); 2ary = 202 — 23 + Ty — 12,
€22 = (w2 — 41 +4) (222 — o] + Ty — 12); Dao(73) = 0;

2,40 | 1,02
4,00 | 2,14 | 3,01 | 1,3,4 |
2,4/3’
1,3
T4 = X123
Ni(ra) = {1};
Ai(ma) ={(2,1,3)};
Bi(m) = {2}
Tiry = (Il - 2)
2,40 | 1,02
4,00 | 2,1,4 | 3,0,1 | 1,3,4 |

17

1,3
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m =2: Ny(ma) = {1}, Dao(ra) = {(4,0,0),(3,0,1),(1,3,4),(1,0,2)}
0 = 1; Doy (1) = Dog(7);
m=3: N3(14) = {1, 21,200,202, 23, 23, ¥122}; Cnry = (21 — 2);
D3o(14) = {(47070)7 (3,0,1),(1,3,4), (1, 072)};

6 =1:
Az (14) = {(4,0,0),(3,0,1),(1,3,4),
(1,0,2)}

The terms are 1, 21, 22, 23, 22, 179, corresponding to P, P>, P, Py, Ps, Py, and P, P; can be
neglected.

E31(1a) = {1, 21,27, 22}; y31(1a) = 623 — 4wy + a7 — 21 — 12;

31 = (w1 — 2)(6w3 — 4wa + 2§ — 21 — 12); D31(74) = 0 and 37, = 31 (74)-

2,4,0
21,4

9dty

75 = @225+ Ni(75) = 0; A1(75) = 0; Bi(75) =0

m=2:

Na(75) = {1};

Dyo(15) = X;
6=1:

A21(T5) = {(2,472)};
Eo(15) = {1}
Yo1rs = T2 — 4
§o1 = w2 — 4;
Doi(15) = {(4,0,0),(2,1,4),(3,0,1),
(2,1,3),(1,3,4),(1,0,2)};
m =3 : (375 = T2 — 4; D30(75) = D21(75);
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2,40 | 1,0,2

4,00 | 2,14 | 3,0,1 | 1,3,4 |

537

,1,3

N(r) = N(X);
6=1:
ASI(T) = {(27173)}‘
Esi(r) = {1}

Yo1r = T3 — 3

31 = (w2 — 4) (23 — 3);

D3 (1) ={(4,0,0),(2,1,4),(3,0,1),
(1,3,4),(1,0,2)};

2,4,0 1,0,2

4,00 | 2,1,4 | 3,01 | 1,3,4 |

517

,1,3

§=2: Asy(7) = D31(7); Es2(7) = {1, 21, 2%, 23, 22 };

Y30, = T3 — 429 — 523 + 4122 — 967 + 48;

£30 = (w9 — 4)(x3 — 3) (23 — 4x9 — 52§ + 4122 — 9621 + 48); D3o(7) = 0;
var = (z3 — 3) (w3 — 429 — 523 + 4122 — 9671 + 48);
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76 = 23 1 N1(16) = 0; A1(76) = 05 Bi(7) =0
m = 2: Dao(76) = X; Na(76) = 0;
§=1: Asi(16) = 0; Da1(16) = X;
m=3: D3y =X,

N3(16) = N(X); §=1
Az1(76) = {(2,4,2)};
E31(76) = {1}

V31re = T3 — 2;

§31 =23 — 2;

2,4,0

4,00 | 2,14 | 3,01 | 1,34 |

XY

1,3

Ds1(76) = {(4,0,0),(2,1,4),(2,4,0),

(3,0,1),(2,1,3),(1,3,4),(2,4,3)};
d=2: Asa(76) = {(2,1,3),(2,4,3)}; Es2(76) = {1,72}; V327, = 23 — 3;
€39 = (23 — 2)(23 — 3); D32 = {(4,0,0),(2,1,4),(2,4,0),(3,0,1),(1,3,4)};
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2,4,0
4,00 | 2,1,4 | 3,01 | 1,34

6 =3: As3(16) = Dsg; Fs3(16) = {1, 21,27, 2%, 22};

Y33r = 623 + 872 — 53 + 3527 — Hdxy + 24;

€33 = (w3 — 2) (23 — 3)(623 + 8ry — 5} + 3527 — Hday + 24);
D33(76) = 0;

Y35 = (3 — 2)(w3 — 3)(6x3 + 8xy — 5§ + 352F — Hday + 24).

2,4,0
4,00 [ 2,14 | 3,01 | 1,34

The factorized reduced Groebner basis for I(X) w.r.t. lex is:

gI(X)) = {(xl —4)(x1 = 2) (21 — 3)(21 — 1), (w1 — 2) (21 — D)aa,
(ry — 4x1 +4) (229 — 22 + T2y — 12), (21 — 2) (623 — 422 + 23 — 1 — 12),
(2 — 4) (x5 — 3)(z3 — 4wy — 53 + 4127 — 9621 + 48),
(23 — 2) (x5 — 3)(6x3 + Sz — 5a% + 3502 — Bday + 24)},
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while the reduced Groebner basis of I(X) w.r.t. lex is:

G(1(X)) = {xg* — 1023 + 3522 — 50z, + 24, 30a2 — 3womy + 229,
m% — 2x9x1 — T2 + 230:15 — 169@ + 38z — 24, x307 — 223 — %.1?2111‘1 + %xz +
—|—%a:3 — %xf — %xl + 4,x§z2 — 43:% — Tx3xe + 2823 + %332561 +
+ 28y — P’ + 4827 — 3wy + 32,23 — 523 + Swswy — Hag — Laomy

3 9
40 73,3 _ 197 .2 | 1358
-9 T2+ Ga) — Frar + =ghr — 72},

and it is obtained reducing the polynomials in G(/(X)), each one w.r.t. the previous ones.






CHAPTER 4

Intermezzo: factorization a la

Macaulay.

4.1 Introduction.

As we explained in chapter 3, given a finite set of distinct points X = {P;, ..., Ps}, the orig-
inal Axis of Evil algorithm provides a minimal Groebner basis for the zerodimensional
radical ideal of these points I := I(X), factorized in a very peculiar way we called "Axis of
Evil factorization".

Such a factorization is constructed providing, for each term 7 € G(/) a partition X =
LI _, L%, S,ns(7) of the points.

As we highlighted in the detailed example of section 3.6, the points are grouped differently
at each step: the points in which we have to interpolate the single factors depend on the
term 7 € G(/) we are considering in the current step of the algorithm.

Moreover, we can notice that in the original Axis of Evil algorithm 5 of chapter 3 some lin-
ear factors appearing in the Axis of Evil factorization associated to some terms in G(I) are

105
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independently computed more than once.

To be more precise, if some factor f appears in the Axis of Evil factorization associated to r
terms, then it is computed independently r times.

In this chapter we study the tower structure of points (see 1.4) in order to establish up to
what extent it is possible to minimize the number of computed factors.

We will obtain again an Axis of Evil factorization for a minimal Groebner basis of the ideal
I = I(X), starting from X and passing through the computation of both the Groebner es-
calier N(I), via some combinatorial algorithm, and of G(I) from N(I), via Lazard algorithm
3.2.

We will also show that, in some cases, we can get an Axis of Evil factorization a la Macaulay,
in the sense that, if 7 = z{* - - - 2% € G(I), f is the polynomial in I(X) whose factorization
we want to compute and fi(j ) are linear factors with T( f,i(j )) = x;, then

fr= fl(l) . 1(041)f2(1) . f2(a2) L f’l’(Ll) L f7(lan).

Actually, we will show that it is not possible in general.
We will show then that it is possible to construct a similar factorization for some more sets
of points, explaining

e how to decide whether a set of points admits such a factorization;
e how to get concretely the factorization.

For this factorization, no repeated factors are computed. More precisely, once examined the
tower structure associated to X, we exactly know how many factors we need in order to
obtain the factorization and which are the corresponding ranges. We only deal with these
factors, computing them iteratively on the points.

Anyway, the whole algorithm is not iterative on X, requiring some preprocessing on the
points: we need to know all their tower structure before starting the computation.

For this aim, we define another combinatorial method for computing the Groebner escalier
N(I) directly from X, namely the Jumping algorithm, whose aim is to provide a biunivocal

correspondence between points and terms in N(I), taking into account the tower structure.

4.2 First step: back to towers.

In this section, we examine the tower structures of some sets of points in k™, n > 2, putting
these structure in relation with the Axis of Evil factorization.

Let us start with the case n = 2. In two variables, the situation is rather simple.
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Indeed, as seen in 2.2.8 each set of points X C k2 has an unmixed tower structure. Indeed, it is
possible to find out the Groebner escalier by reordering the towers in nonincreasing order
by height.

For example, if X = {(0,0), (1, 3),(0,1),(0,2),(1,4)} and, as usual, I = I(X), we can get the
following unmixed tower structure, associated to N(I) = {1, 21, x2, 2172, 23} C k[z1, 22]

0,2
0,1 1,4
0,0 1,3

The monomial basis associated to N(I) is G(I) = {x%, z123, 23}, so, if we want to get an Axis
of Evil factorization, we have to compute a linear factorization for f,z2, f,,,2 and f,3, such
that T(fzf) = $%, T(f:le%) = ‘rlx% and T(fmg) = x%

Consider the following lists of polynomials:

By = [z, - 1] = [f1(1),f1(2)]
By = [r2 — 3x1,22 — 321 — 1,20 — 2] = | 2(1)7f2(2),f:§2)]-

Actually, 1(1), 1(2) come from interpolation on the points corresponding to 1, z, i.e. to the

terms of the first z5-range, whereas 2(1)7 f2(2), f?EQ) are interpolated respectively on the points
of the first, the second and the third z,-range.

If we take

Fop =aia 1) = ;017
Faraz = m1(2 — 3x1) (22 — 32y — 1) = f1V f{V 7

fag = (x2 = 3z1)(22 — 321 — 1) (22 — 2) = 2(1)f2(2) 952)

we obtain an Axis of Evil factorization a la Macaulay for a minimal Groebner basis of I(X).
The case of n = 3 is a bit more cumbersome. Indeed for some sets does not exist an unmixed
tower structure.

Let us consider a minimal example, i.e. X = {(0,0,0), (1,0,0), (0,1,0), (1,0,1)}.

For this, the towers turn out to be mixed regardless the way in which the points are dis-
posed.

For example we can represent the Groebner escalier N(/(X)) as
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0,1,0

0,0,0 | 1,0,0

Eﬂl

The monomial basis associated to N(I(X)) is G(I(X)) = {22, 122, 23, 7173, T273, 23 }.
The fact of having mixed towers actually affects the factorization. Consider the lists of
polynomials

By =[r,21 - 1] = [fl(l),fl(z)]
By =[rg,22 — 1] = [fg(l),fz(z)]
Z3 = [r3,23 — 1] = [f§1)7f§2)]-

We got the polynomials in =; interpolating in the points of the first xo-range. The polyno-
mials in Z; are obtained by interpolating over the first and the second z;-range, whereas
the ones in Z3 interpolating respectively on the first and the second x3-range.

We get an Axis of Evil factorization for a minimal Groebner basis of I(X) by
for = wi(a — 1) = fiV

fIlIQ - xle = fl(l)f2(1)
fuz = wawa — 1) = f§V 57
fX1X3 - (Xl - 1)X3 = f](.Z)f:gl)

1 1
fmgmg - xQ'TS = f2( ) L)E )

far = ws(zs — 1) = £V 12

Notice that f; ., = (z1 — 1)z3 = f1(2) f?El) that we have highlighted on purpose, is not really
Macaulay-like, since we do not take fl(l). Anyway;, it is not so different and, mainly, the
factors in =y, Eg, Z3 are enough to get the whole factorization.

Let us consider the case n = 4. Here, the situation can be even more complicated. Clearly
there can be sets which cannot have unmixed towers. Look at the following simple set:

X ={(2,0,0,0),(1,0,0,0),(2,1,0,0),(1,1,0,0),(2,0,1,0),(1,0,1,0),(2,0,0,2), (1,1,0,2) }.

We can represent its tower structure as:
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To |[2,1,0,0[1,1,0,0

2,0,0,0(1,0,0,0
T1

T3

Tyq

T2

2,0,0,2[1,1,0,2
T

xs3

and the Groebner escalier is N(I(X)) = {1, 21, x2, T122, T3, 123, T4, 2124 . Consider now

the sets
(1) (2

Si=m -2, -1 =1, 7]
Ea = w2, 22 — 1] = [f{V, £57)]
B = [o3,03 — 1] = [£{, 1]

Ey=[r4,04 - 2] = [fil)7ff)]’
obtained as in the examples above. The term z2x4 belongs to the monomial basis associated
to N(I(X)). If we want to find a factorization for f,,,, we first take fil), vanishing at all the
points of the first z4-range, but none of the linear factors in =, vanishes at both (2, 0, 0, 2) and
(1,1,0,2): the factors in =y are not enough to provide the whole Axis of Evil factorization.

4.3 Second step: the Jumping algorithm.

The Jumping algorithm places itself in the context introduced in chapter 2, where combina-

torial methods to compute the (finite) Groebner escalier of a zerodimensional radical ideal
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are defined.

This algorithm configures itself as an alternative to the methods already proposed and, in
particular, it shows a strong relationship with Felszeghy-B. Rath-Rényai Lex Game of which
it is, to all intents and purposes, a variation.

Indeed, it exploits again the idea of ordering the points of a given finite set in a trie struc-
ture, but it proceeds differently in its concrete construction.

The result of this new construction is again a one to one correspondence between the points
in the set and the terms constituting the Groebner escalier, but the tower reordering is taken
into account while constructing the Groebner escalier.

We can interpret the Jumping algorithm as an interpolation oriented Lex Game, since in some
case it can help to produce an Axis of Evil factorization a la Macaulay.

We explain now the algorithm in detail.

Consider a finite set of distinct points X = {P, ..., P} C k™.

As usual, we denote by I = I(X) the (zerodimensional radical) ideal associated to X and
N(I) = N(I(X)) its Groebner escalier. In order to construct N(I), the algorithm

a) constructs a trie T(X) associated to X, we name children trie, a variation of the point
trie by Felszeghy-B. Rath-Rényai ;

b) constructs the lex trie as in the Lex Game.

As we had already studied step b) in chapter 2, we only deal with step a).

Therefore, we equip again k™ with the equivalence relation we denoted by =
a=(ay,...,an) = (b1, ....,by) =bif a; = b;, Vi € {1,...,n} (see 2.5).

Taken then our points P, ...Ps € X C k", we define the equivalence classes of m;(P;),i =
1,..,n,j=1,.., 8, calling them ¥; and representing them as sets containing the indices of
the points in the class, instead of taking trace of the points.

Clearly ¥ = {{1, ..., S}}, &, = {{1}, ..., {S}}, |Z.| = S.

Then, we construct a trie whose vertices are labeled with the elements ¥, , € ¥;, for i =
1,...,nk=1,..,]%] Wesetanedge from¥;; € X; to ;11 4,€ ;11 when X,11 5, C 3 5
and we label it with the (¢ + 1)-th coordinate of the points in ¥;1.

As a second step, we have to put an ordering on the classes. More precisely, we examine the
levels from n—2 to 0 and we order the children of each node in the level under consideration.
We perform the steps described below.

a) For eachnode a atlevel n— 2, we order its children b1, ..., by, according to the number
of leaves depending on them. If ¢; nodes depend on b; and and ¢; nodes depend on
bjand ¢; > ¢; fori,j € {1,..., h1}, then we pose b; on the left of b;. Possibly, there can



4.3. Second step: the Jumping algorithm. 111

be nodes from which depend the same number of leaves. In this case, their mutual
position is indifferent.

While making this ordering, we keep track in a list L of the number of leaves depend-
ing on each child. We do not allow repetitions in L, so if some number occurs more
than once, we keep track of it together with the number of time it occurs.

b) For each node «a at level n — 3 we order its children by, ..., by,, associating to each of
them a list containing the number of children and the list obtained in the previous step,
separating with a marker the two objects. Then we compare the lists. We put on the
left a node if in the corresponding list we find a bigger number or the same number
occurring more times. If two lists are equal, the mutual position of the associated
children is indifferent.

While ordering the nodes, we prepare a new list, analogous to the list L of a) in which,
for each block identified by the markers, we write down the numbers we examine,

again equipped with the number of times they occur.

c) For each node a of level i, we order its children. Each of them is equipped as before
with a list, containing the number of nodes depending on it and the list obtained in the
previous step (always equipped with markers). Then we compare the lists as before,
keeping track again of the data in order to use them in the next step.

At the end we obtain an ordering on the classes in the trie.

Example 4.3.1. Consider the set
X1 =1(1,1,2,3),(1,1,2,4),(1,1,2,5),(1,2,1,1),(1,2,1,2),(1,2,2,1),(1,2,2,2),

(3a 1a 1; 2)7 (3a 17 27 2)7 (3a 1; 2a3)7 (37 37 17 1)a (35 47 17 1)a (3747 17 2)}

For this set, we compute the equivalence classes 2, , i =0, ..., 4.

The first class, ¥, is trivial: ¥y = {{1,2,3,...,13}}

For X, we observe that 71 (X;) = {1,3}, so |X1] = 2. Its two elements are the set ;7 =
{1,2,3,4,5,6,7} and the set &, » = {8,9,10,11,12,13}.

We have ¥ = {{1,2,3,4,5,6,7},{8,9,10,11,12,13}}.

For X5 we proceed in the same way and we put the points starting with the couples (1,2),
(1,1), (3,1), (3,4), (3,3):

Sy = {{1,2,3},{4,5,6,7}{8,9,10}, {11}, {12,13}}.

Constructing X5, we are setting the points starting with these 3-tuples: (3,1,2), (3,1,1), (3,4,1),
(3,3,1),(1,2,1),(1,2,2), (1,1,2).
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Consequently, we get £3 = {{1,2,3},{4,5}, {6, 7}, {8}, {9,10}, {11}, {12,13}}.
Finally, we write down the single points:

Yy = {{1}, {2}, {3}, {4}, {5}, {6}, {7}, {8}, {9}, {10}, {11}, {12}, {13}}. Up to now, we did

not yet order the classes, so we get:

{1,2,3,4,5,6,7,8,9,10,11,12,13}

P

{1,2,3,4,5,6,7} {8,9,10,11,12,13}
e FEETERN
{1,2,3}  {4,5,6,7} {8,9,10} {11} {12,13}
./ > TN
{1,2,3} {4,5} {6,7} {8} {9,10} {11} {12,13}

N A ]

1y {2y {8+ {4} {5} {63{7} {8} {9}{10}  {11{12K13}

Now we order the classes.

Since the node {1, 2, 3} at level 3 is the only one depending on the node {1, 2,3} at level 2
we do not have to order it. We only keep track that 3 leaves depend on it.

We have to order the nodes {4, 5}, {6, 7} atlevel 3 (depending on the node {4, 5,6, 7} at level
2). Since two leaves depend on each of them, their mutual position is indifferent. We keep
track of the fact that 2 leaves occur twice.

Consider then {8}, {9, 10} (depending on the level 2 node {8, 9, 10}). The set {9, 10} goes on
the left of {8}. Indeed {9, 10} has 2 leaves, whereas {8} has only one. We keep track of the
numbers of leaves, which are 2, 1, each one appearing once. The sets {11} and {12, 13} have
not to be ordered (as it was for the first set). We only keep track of the leaves. So we have:

CICINCINS NS I
| /N I\ \ \

{1,2,3} {4,5} {6,7} {9,10}{8} {11} {12,13}

/AN

{1y {23 {33 {4} {5} {6} {7} {9}{10}{8} {11} {12K13}

Then, for each node at level 2, we attach to the corresponding lists obtained before and
displayed in the first row of the above picture also the number of children, obtaining:
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113 )
2.2,

2
referring to the children of {1,2,3,4, 5,6} and
1)

2 2,
=~
1 1

1
referring to the children of {8,9,10,11,12, 13}.

Then we compare the lists and we get

(2 1]3 2] (2 1]2 1]
S NS
1 1 1 2 1 2 2 2
{4,5,6,7} {1,2,3} {8,9,10} {12,13} {11}
{4,5} {6.,7} {1,2,3} {9,10} {8} {12,13} {11}
{4} {5} {6} {7} {1} {2} {3} {9} {10} {8} {12}{13}{11}

The lists we have to compare to order {1,2,3,4,5,6,7} and {8,9, 10,11, 12,13} are

2l 2,1 13,.2]
L N N
1 1 1 2
and
Bl.2 1 ] 2 1]
LN | i
1 2 2 2

Since 3 > 2 we get
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{1,2,3,4,5,6,7,8,9,10,11,12,13}

e

{8,9,10,11,12,13} {1,2,3,4,5,6,7}
/ 1\ \ 4/ N
{8,9,10} {12 13} {11} {4,5,6,7} {1,2,3}
12\ 2] 2 /0
{9,10} {8} {12,13} {11} {4,5} {6,7} {1,2,3}
{9}  {10}{8}{12{13} {11} {4} {5} {6} {7} {1} {2} {3}

After computing and ordering ¥, ..., ¥, as explained above, we consider 3,,. This class
is composed of singletons, since the elements of X are all distinct by hypothesis.
We report on ¥,,_1, ..., £ the ordering of the points induced by the order of the singletons
in ¥,,. This means that we reorder the points in the sets composing the classes.

Example 4.3.2. Referring to example 4.3.1, we have n = 4 and we reorder the points accord-
ing to

Tq = {9}, {10}, {8}, {12}, {13}, {11}, {4}, {5}, {6}, {7}, {1}, {2}, {3}}, obtaining

Yo ={{9,10,8,12,13,11,4,5,6,7,1,2,3}}

¥ ={{9,10,8,12,13,11},{4,5,6,7,1,2,3}}

Yo ={{9,10,8},{12,13},{11},{4,5,6,7},{1,2,3}}

Y3 = {{9,10}, {8}, {12,13}, {11}, {4,5},{6,7},{1,2,3}}

Ya = {{9}, {10}, {8}, {12}, {13}, {11}, {4}, {5}, {6}, {7}, {1}, {2}, {3}}-

Definition 4.3.3. The children trie T(X) of a finite set of distinct points X is the point trie
associated to classes ordered w.r.t. the rules explained above.

The children trie T(X) is such that h¢(%(X)) = n. Clearly, we have defined a biunivocal
correspondence between the points in the given set X and the paths from the root to the
leaves in the tree.

Example 4.3.4. Consider again the set X; of examples 4.3.1, 4.3.2. We draw again the asso-
ciated children trie:
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{9,10,8,12,13,11,4,5,6,7,1,2,3}

P

{9,10,8,12,13,11} {4,5,6,7,1,2,3}
/ 1\ \ 4/ N
{9 10 8} {12,13} {11} {4,5,6,7} {1,2,3}
1 2 2 2‘ 1/ 1\ 1‘
{9,10} {8} {12,13} {11} {4,5} {6,7} {1,2,3}
/\ 4 5 3 1
{9}  {10}{8}{12{13} {11} {4} {5} {6} {7} {1} {2} {3}

which has a strong link with the Lex Game point trie. Anyway, both the ordering of the
classes and the internal order of elements in the classes are different.

Namely, the Lex Game point trie is:

{1,2,3,4,5,6,7,8,9,10,11,12,13}

e

{1,2,3,4,5,6,7} {8,9,10,11,12,13}
¥ N VAN
{4,5,6,7} {1,2,3} {8,9,10} {12,13} {11}

o\ e 5/ 1\ 1\ ]

{4,5} {6,7} {1,2,3} {9,10} {8} {12,13}{11}

AR

{4y {5y {6}y {73 {13 {2} {3}  {9}{10}{8}{12K13K11}

which turns out to be different from the children trie displayed above.

Once we have computed the children trie T(X), we only have to perform the lex trie
algorithm on ¥(X) in order to determine the Groebner escalier N(I).

Example 4.3.5. Referring to the set X; of example 4.3.4, we perform the lex trie construction.
The first set is:

vo = {9,10,8,12,13,11,4,5,6,7,1,2,3}.

We set h = 1, so we iterate on X3, getting

vo,0 = {9,8,12,11,4,6,1} =: vg

vo,1 = {10,13,5,7,2} =: v;

vo,2 = {3} =: va.
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For h = 2, we perform the iteration on X:
vo,0 =99,12,11,4,1} =: v

vo1 = {8,6} =: vy

v10 = {10,13,5,2} =: vy

vig={7} =vs

vo 0 = {3} = v

For h = 3, the iteration on 3; produces
vo,0 = {9,4} =: vo

vo1 = {12,1} =11y

vo2 = {11} =: vy

v10 = {8,6} =:v3

va,0 = {10,5} =: vy

ve1 = {13,2} =: vs

V3,0 = {7} = Vg
V4,0 = {3} = V7
Finally, for h = 3, the iteration on ¥, gives
Vo,0 = {9} =: Vo

vo1 = {4} = n
v10 = {12} =: vy
vig = {1} = vs
voo = {11} =14
vz = {8} =:vs
vz = {6} =:vg
va,0 = {10} =: v7
ve1 = {5} =:vg
vs.0 = {13} =: vg
vs1 = {2} =t v1o
veo = {7} =1
v7,0 = {3} =t v12
So the output trie is

{9,10,8,12,13,11,4,5,6,7,1,2,3}

_0— I~ \2\
{9,8,12,11,4,6,1} {10,13,5,7,2} {3}

(S AN 0/ ™~ 0l
{9,12,11,4,1} {8,6} {10,13,5,2} {7} {3}

0 11 2 01 0/ 1IN 0l 0l
{9,4y  {12,1} {11} {8,6} {10,5}  {13,2} {7} {3}

0/1 1 0/ 1N 01 0I1N 0/11 011 01 0l
{9} {4} {12} {1} {11} {8} {6} {10} {5} {13} {2} {7} {3}
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The correctness of the algorithm follows from the one of the Lex Game (see chapter 2).
For each h = 1,...,n, at level n — h, the points in the same class have at least the first
n — h coordinates in common, but we have already settled the corresponding powers of
Tp—ht2y - Tn. When we examine h and n — h in the lex trie construction, we settle the
powers of z,_p+1, looking at the number of points with the same first n — h coordinates
and whose corresponding terms have the same powers of z,,_py2, ..., Tn.

Thanks to the children trie construction, while browsing the points, the first points we take
into account are those corresponding to higher towers in the subsequent variable (and in
case of equality, to the bigger number of high towers in such a variable). If we get again an
equality, the comparison passes to the next variable.

This way, we are taking into account the tower reordering, trying to avoid shifts, when it is
possible.

Notice that the reordering of the points in the single classes is crucial, as it is shown in the
following example.

Example 4.3.6. Take, as usual, the set

X; ={(1,1,2,3),(1,1,2,4),(1,1,2,5),(1,2,1,1), (1,2,1,2),(1,2,2,1), (1,2, 2,2),
(3,1,1,2),(3,1,2,2),(3,1,2,3),(3,3,1,1),(3,4,1,1),(3,4,1,2)},

and compute the sets ¥;, taking care to order the equivalence classes as in the Jumping

algorithm, but not reordering the points in the classes.

Yo ={{1,2,3,...,13}}

¥ ={{8,9,10,11,12,13},{1,2,3,4,5,6,7}}.

The class starting with 3 is put before the one starting with 1.
Sy = {{8,9,10},{12,13}, {11}, {4,5,6,7}, {1,2,3}}.

We put now in order the following couples:

(3,1),(3,4),(3,3),(1,2), (1, 1).

Y3 = {{9,10},{8},{12,13},{11},{4,5},{6,7},{1,2,3}}. The 3-tuples are:
(3,1,2),(3,1,1),(3,4,1),(3,3,1),(1,2,1),(1,2,2),(1,1,2).

Eq = {{9}, {10}, {8}, {12}, {13}, {11}, {4}, {5}, {6}, {7}, {1}, {2}, {3}}
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The classes are now in the order set by the jumping algorithm and the tree has exactly the

same shape, even if it contains the points in a different order (see example 4.3.4).

{1,2,3,4,5,6,7,8,9,10,11,12,13}

3
{8,9,10,11,12,13}
11— 41 3~
{8,9,10} {12,13} {11}
27 1N 11 11
{9,10} {8} {12,13} {11}

2/ 3\ 17 2\ 1

o) a0y a2 sy

—
{1,2,3,4,5,6,7}
2~ 1~
{4,5,6,7} {1,2,3}
17 2\ 21

{4,5} {6,7} {1,2,3}

2\ 112N 37415\

{57 {6} {7} {1} {2} {3}

The root of the lex trie is v = {1,2,3,4,5,6,7,,8,9,10,11,12,13}.

For h = 1, we iterate on X3, so
vo,0 = {9,8,12,11,4,6,1} =: vy
vo,1 = {10,13,5,7,2} =: v;

vo,2 = {3} =: va.

For h = 2, performing an iteration on > we get
vo0 = {8,12,11,4,1} =: vy

vo1 =9{9,6} =: vy

v10 = {10,13,5,2} =: vy
vig={7} =vs

vo o = {3} = v

For h = 3, iterating on ¥; we get
vo,0 = {8,1} =: vg

voq = {11,4} =1y

vo,2 = {12} =: vy

v10=199,6} =:v3

v, = {10,2} =: vy

vaq = {13,5} =: vs

va0 = {7} =:vs

va0 = {3} = v7.

Finally for h = 4, we have an iteration on X, so
vo,0 = {1} =t vg

vo1 = {8} =11

v10 = {4} =: vo

vy = {11} = vg

vo o = {12} =11y

V3,0 = {6} = Vs5



4.3. Second step: the Jumping algorithm. 119

vz = {9} =: vg
va0 = {2} =t v7
va,1 = {10} =: vg
vs.0 = {5} =: vg
vs1 = {13} =: vyg
ve,0 = {7} =t
v70 = {3} =: v12.
The final trie is

2,3,4,5,6,7,8,9,10,11,12,13}

/\\\

{1,4,6,8,9,11,12} {2,5,7,10,13}
2 A
{1,4,8,11,12} {6,9} {2,5,10,13} {7} {3}
SN N
{1,8} {4,11} {12}{6,9} {2,10}  {5,13} {7} {3}
AN TR
{1} {8} {4} {11} {12} {6} {9} {2} {10} {5} {13} {7} {3}

In conclusion, if we do not order the points we obtain another biunivocal correspondence.
We represent it below, by displaying the associated tower structure:
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Not ordered: Ordered:
3,4,1,1 3,3,1,1
¥ [1,2,1,1]3,3,1,1 ¥ 13,4,1,1]1,1,2,3
1,1,2,3/3,1,1,2 3,1,2,2[1,2,1,1
T T

z z
t t
Y y
1,2,1,2[3,4,1,2 3,4,1,2|1,1,2,4
1,1,2,4(3,1,2,3 3,1,2,3|1,2,1,2
T T

/2,2,2

z l
t
Yy
[1,12,5 [1,12,5
T T
z z

Let us see an example of unmixed towers.

Example 4.3.7. Consider the set X = {(1,1,2,4),(0,1,0,0),(1,2,3,6),(0,3,0,1),(0,2,0,0),
(0,5,3,1),(0,1,0,1),(0,1,1,1), (0,2,1,0), (1,1,2,5), (0,3,0,4), (0,2,0,1), (1, 1,1, 3), (0,2, 1, 3),
(1,1,1,4),(0,1,1,2)} = { P, ..., Pis}-

The associated children trie is
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{2,7,8,16,5,12,9,14,4,11,6,1,10,13,15,3}

P

{2,7,8,16,5,12,9,14,4,11,6} {1,10,13,15,3}
/2 3 1\
{2,7,8,16} {5,12,9,14}{4,11} {6}  {1,10,13,15} {3}

o/ 1\ TR N

{2,7}v {8,16} {5,12} {9,14} {4,11} {6} {1,10} {13,15} {3}

{2} {7} {8H{16} {5} {12}{9}{14}{4}{11}{6} {1}{10K13K15} {3}

Performing as usual, we get the lex trie below

{2,7,8,16,5,12,9,14,4,11,6,1,10,13,15,3}

e

{2,8,5,9,4,6,1,13,3} {7,16,12,14,11,10,5}
o1 RN
{2,5,4,6,1,3} {8,9,13} {7,12,11,10} {16,14,15}

O/ IR NN o[ NN\

{2,1} {5,344} {6)8,13} {9} {7,10} {12} {11} {16 15} {14}

P AN ]

{23 {1} {5} {3} {4} {6} {8}{13}{9} {7H{10K12K11K16} {15414}

and the following tower structure, that is unmixed.
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0,5,3,1
0,3,0,1

T9 10,2,0,0[1,2,3,6

0,1,0,0/1,1,2,4
TI

0,2,1,0
1,1,1f1,1,1,3

T3

T4

€2

0,3,0,4
0,2,0,1

0,1,0,1|1,1,2,5
TT

0,2,1,3

1,121,114

T3

4.4 Third step: Axis of Evil Macaulay factorization.

In this section, denoting as usual by X a finite set of distinct points and by I = I(X) the
zerodimensional radical ideal of points, we try to compute an Axis of Evil factorization of a
lexicographical minimal Groebner basis of I, so that it is as similar as possible to the factor-
ization a la Macaulay examined in 4.2 and minimizing the number of factors to compute.
For the original Axis of Evil algorithm, we pointed out that the method used in order to
construct the Groebner escalier does not affect the correctness of the algorithm (3.4.20).

In this case, we suppose to employ always the Jumping algorithm in order to properly pass
from the points in X to the terms in the Groebner escalier N(/(X)).

Take the set X and apply the Jumping algorithm, obtaining the Groebner escalier N((X))
ordered in the lex trie, but also keeping stored in memory the children trie.

We denote by

(I)Jumping X = N(I(X))
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Pi = Ti,

the biunivocal correspondence provided by the Jumping algorithm.

Notice that we have a biunivocal correspondence between points in X and terms in the

Groebner escalier, we consider X reordered by the algorithm above in such a way that

P; <+ 7; and that the 7; are in increasing order w.r.t. lex.
For brevity’s sake, we employ the notation X; = { P4, ..., P;} and N; = N(I(Xj)).
In order to compute the required factorization, we proceed as follows.

1.

2.

The first term is 71 = 1 and it corresponds to a point P, = (a1 1, ..., a1 )"
Construct n lists Z;, i = 1, ..., n %, each one containing the factor z; — ay ;, i = 1,...,n.
Construct 2 list L1, H; containing n entries equal to 1.

Set Gy = {z1, ...,z }
For 7; = &' - - xir € N(I(X)), j = 2, ..., n repeat steps 6-9
Construct lists L; = L;_1, H; = [j, ..., j|.

—

n times
Compute the minimal monomial basis G; associated to N;. The idea is to perform for
each point one step of Lazard algorithm (c.f. section 3.2). Referring to the explanation
given of Lazard’s algorithm it essentially means removing 7; from the current basis
and inserting 17, ..., £, 7;, possibly incrementing the number associated to them if
they already appeared in the basis: the elements of G; are the ones appearing as many

times as the number of variables dividing them.

If j,, = 0 compute the triangular polynomial associated to the corresponding P; w.r.t
X;_1, exactly as performed in Moeller algorithm (see section 1.6).
More precisely:

e associate to 7; the corresponding linear factors, via the Association procedure de-
scribed in (2) below, and multiply them, obtaining a polynomial f;, such that

T(f;) =73

o the triangular polynomial is ¢; = ﬁ fi

Otherwise, if j,, # 0 go directly to the next step.

1This is the base case for our algorithm, since I({P1}) = (x1 — a1,1, ..., Tn — a1,n), which is “naturally factor-

ized”.

2One list for each variable: they will contain all the necessary linear factors in order to find the required minimal
Groebner basis.



124 Chapter 4. Intermezzo: factorization a la Macaulay.

9. Let z;, = max(;). Perform a sort of BFS® on the children trie starting from the root
Yo, from level 1 to n, namely

e consider the first point P, of ¥1 1 V1 1 € $1%;

o if P, = Pj, set L;j[1] = k and £y = X as new root and repeat the horizontal
reading on the subtree whose root is ¥, ;, using the projection 7 to compare the
points;

o if P, # P; and mi(P;) = m(P;) set L;[1] = L;[1], H;[1] = H;[1l] and £y = X1
as new root and repeat the horizontal reading on the subtree whose root is ¥ ,
using the projection 7 to compare the points;

e if P, # P; and m(P,) # m1(P;) continue the horizontal reading with ¥; ;1.

10. For each z;, s < h, take the z,-range of P; and of the point P, found for level [ in the
BFS. For each point P, in the z;-range of P; check whether there is a point in the z,-
range of P}, sharing the first s coordinates with P,,. If it is not possible to find it stop
the execution. The factorized polynomials f,, ¢ € G(I) of the minimal Groebner basis
we are looking for are computable via the association procedure described below, for
each 0 € G(I), 0 < 7;. For the other ones, we have to switch to the first Axis of Evil
algorithm 5°.

11. For each x;, [ > h, we update the factors in the variable z; as follows.

o If 7; = 27, i.e. it is a pure power, then add x}, — a;  to the linear factors whose
leading term is x5. Then interpolate the factors in x4, ..., 2, associated to the
ranges containing P;, using the interpolation algorithm (1) described below. Set
Lj[h] = |Exl.

e If 7;, is not a pure power, use the interpolation algorithm (1) on the last factors in
Z;, i = h...,n and set L;[h] = |2y

12. Associate to each term in G,, = G(I(X)) a factorized polynomial via the Association

procedure (2) and return the result.

Let us now examine the subroutines needed to perform the algorithm.
(1) Interpolation algorithm
for the point P;, j = 2,...,m and a generic factor p, letting ® jymping(P;) = 7; and max(7;) =

3In the sense that the nodes of the trie are examined horizontally, see [61].

“We are reading the first point for each set labeling the nodes in the first level of the children trie.

5This is not a problem since the factorization of algorithm 5 is computed independently for each term in the
monomial basis (see 3.4.10).
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zp. Denote by P, the point found for level h —1 in the BFS and by g, its associated triangular
polynomial.

i) Compute v = evp, (p);
ii) If T(p) < 7; assign to p the value p — vgs.
iii) If T'(p) > 1; assign to p the value p — vg;;

(2) Association procedure

foratermo = z7' - - a7}

1) store the first jj, factors in =;;

_ Jn
2) seto’ ="

3) consider P, = ®5;, . (d');
4) compute z; = max(%);

5) store Z;[L;[i]];

6) seto’ =o'xy;

7) set P, =&} (a");

Jumping

8) repeat steps from 4) to 7) until ¢’ = 0.

Remark 4.4.1. If 7; € N(I), max(r;) = x,, then we can omit the computation of the corre-
sponding triangular polynomial ¢;. Indeed, T(g;) = 7; > x,,, so this ¢; can never be used to
interpolate the linear factors, since if so, ¢; can modify the leading term.

Remark 4.4.2. Notice that, unlike the originary Axis of Evil algorithm, this version performs
a loop on X.

Anyway, it cannot be really iterative on the points since we need to have performed the
Jumping algorithm as a preprocessing.

Remark 4.4.3. Given X = {P, ...., Ps} (ordered via the jumping algorithm), consider sub-
setsY ={P,..,.P} CX,t<8S.

We point out that our algorithm, being iterative on the points, can also produce the linear
factorization for a minimal Groebner basis of the vanishing ideal of every such Y. If such
factorization is needed we can show it, computing G(I(Y)) and applying the association
procedure not only at the end (step 12.).
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Algorithm 6 The Macaulay-like Axis of Evil algorithm.
1: procedure 1A()}32(X.7 N, Q(X)) — g D> G contains a factorized minimal Groebner basis of I(X).

Require: the elements N are in increasing order w.r.t lex, 1 < ... < z,, and they have been
computed via the Jumping algorithm, so that also X is consequently ordered.
Ensure: the Macaulay-like Axis of Evil factorization.

2: fori=1tondo

3: = =T — aq;

4: Ll[i] =1

5: Hyfi] =1

6: G1[i] = ;

7: end for

8: for j =2to Sdo

9: Lj=1L;_

10: Hj =g, J]

11 G; = Laz(N[1,...,4]) > Laz is one step of Lazard’s algorithm.
12: if aj, = 0 then

13: R; = Assoc(7;,Z1, ..., 2, L1, ..., Li—1,N[1, ..., j])
1 fi = T2 Ry K

15: q; = %

16: end if

17: h = max(r;)

18: BFS(%(X), h, P;)

19: Test(r;,h — 1) > Test is a procedure which compares the coordinates of the

points as explained in step 10 of the algorithm.

20: if 7; = 7" then
21: Eh =Tn — ajp
22: L;h] = |Z4]
23: for/=h+1tondo
24: Eil|E] = Interp(Py, =i[|=], N1, ..., j], Hj)
25: end for

26 else

27: for/ =htondo

2%, S (2] = Interp(Py, Z1E) NIL, ... i1, H)
29: end for

30: end if

31: end for

32: forh =1to |Gg| do

33: G = Assoc(op,Z1, ey, Zny L1y ..., L, N)

34: end for

35: end procedure
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Algorithm 7 The Association Procedure.

1: procedure ASSOC(c, =4, ..., 2y, L1, ..., Li;, N = R) D> R contains the linear factors.
Require: the elements N are in increasing order w.r.t the lexicographical order w.rt. z; <
. < z, and they have been computed via the Jumping algorithm, so that also X is
consequently ordered.

Ensure: the factors for the polynomial in the minimal basis whose head is o.

2: h = max(o)

3 R = [E‘h[l], ey Enln]]

4 o' ="

s P=yl ()
6: while(o’ # o)

7 i = max (%)

8 R = RU [E;[Lpli]]]
9 o =o'z
0 P=ayl (o)
11: end while

12: end procedure

Algorithm 8 The Interpolation Procedure.
1: procedure INTERP(PJ, p,N, H]I N — p) D> p s the factorized polynomial.

Require: the elements N are in increasing order w.r.t the lexicographical order w.rt. 21 <
. < z, and they have been computed via the Jumping algorithm, so that also X is
consequently ordered.
Ensure: interpolation of p in P;.
2: v = p(P))

3 if T(p) < 7, then
4 h = max(7;)
5 S = HJ [h — 1]
6: P=PpP—vgs

7 else

8 b=p—vg;

9: end if

10: end procedure
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Algorithm 9 The BFS Procedure.
1: Procedure BFS(T(X), h, Pk) ) — L D> L is the list of factors associated to Py,.

Require: ¥(X) is the children trie, h is the maximal level of ¥(X) we have to deal with and
Py, the point under consideration.
Ensure: The BFS of the children trie.

2: fori=1tondo

3: forj=1to T(X)[z] do D> T (X)[] is the number of nodes at level i
4: if T(X)[4][j][1] == P then

5: Li[il =37

6: T = Subtree(T(X)[4][j], T(X))
7: break;

8: end if

9: if T(X)[i][j][1][i] == Px[i] then
10: Li[i] = Lrxrim ]

11: Lili] = T(X)[2][5][1]
12: T = Subtree(T(X)[i][j], T(X))
13: break;

14: end if

15: end for

16: end for

17: end procedure
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Remark 4.4.4. Let {(ai 1, ..., , *,...,*)} be the points in biunivocal correspondence to the
terms of a certain z;-range.

By construction, the factors having x; as head vanish on the point of the shape (a; 1, ..., a;;) €
k! and we have exactly one factor for each z;-range contained in the first z; ;-range.

By the association procedure, we can observe that, for each h, the first | z),-factors vanish
at the points, corresponding via the Jumping algorithm, to terms 7 with max(7) = z;, and
degn (1) <.

Remark 4.4.5. Consider a point P; € X, corresponding to a term 7; € N(/(X)), and the
execution of our algorithm on it, referring especially to step 8. For eachm = 1,...,h — 1,
consider the set Q,,, = {P € Xj_1 | m,(P) = 7 (P;)}. In step 8 we are looking for the point
P, € Q,,, such that 7, = min(P jymping (). Performing it, we do not need to scan all the
points in X;_4, but only one for each element of the class %, in the children trie. This is a
facility provided by the jumping algorithm: the first element of each 3, is always put in
biunivocal correspondence with the minimal lexicographical term in the class.

Remark 4.4.6. We point out that the computation of the triangular polynomial and the in-

terpolation process come directly from Moeller algorithm (see section 1.6).

The algorithm ends in a finite number of steps, performing loops in a finite set of points
and terms.
Suppose now that the test of step 10 passes for each point so that we continue with the
algorithm in this chapter until we reach the last point and we prove that our new algorithm

is correct. First of all, we need the following

Lemma 4.4.7. Let N(I), IN(I)| < oo be the Groebner escalier of a zerodimensional radical
ideal I and let N(J) = N(I) U {7}, 7 = maxp¢, (N(J)). If x5, > min(7), then z,7 ¢ G(J).

Proof: By assumption, 7 € G(I), 7 = maxz.,(N(J)). Let 5 > min(7).
Since —2:- > 7, then 27~ ¢ N(J), so zx7 ¢ G(J), by the characterization of G(J)®. o

min(7) min(T)

Proposition 4.4.8. With the previous notation, G := Gg = G(I(X)).

Proof: It is obvious that G; = G(I({P1})). Suppose that G;_1 = GI({P1,...,Pi—1})). We
prove that the analogous equality holds for G;.
First of all, we point out that, since the Groenbner escalier has been constructed via the

Jumping algorithm, the term o; = /" --- 2", associated to P is the maximal term in N;

6 At least one of the predecessors of ;7 does not belong to N(J).
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w.r.t. lex (by the lex trie construction, described in [37, 67]).
By the above comment and by lemma 4.4.7, if 7 = z{*--- 20 € G, := GUI{P1, ..., Pi}))
then, either 7 = 404, 2 < min(r) or 7 € G;_;.

In the first case, we observe that o; € G;_1, so f,, vanishes” at Py, ..., Pi_; and f,, | fu,0.
by the association procedure.
Moreover, the exponents’ list of o; identifies the first point not annihilating f,,, (the first x-
range whose corresponding points do not make f,, vanish is the x;-range containing o;).
The interpolation procedure and the association procedure on the variable z;, ensure then
that f.,., vanishes at Py, ..., P;. Indeed f,, vanishes in P, ..., P,_; and the factor in xj; we
take vanishes in P;.

In the second case, namely 7 € G;_1, it can be either 7 > ¢; or 7 < 0.
In order to continue, we need the technical fact proved below.

Fact 4.4.9. For the case T > o;, only two possibilities may arise, namely:
A) T =xp, xp > max(o;);

iy Qi+ .
B) 7 = ;Ujoj“xjo]il e xln, with o, = degn(03), 1 = degn—1(03),...,050+1 = degj,+1(0;)

and o, = degj,(o;) + 1.
In order to prove the assertion, we first prove that two variables x; > x;, > max(o;) cannot appear
with nonzero exponent in . Indeed, if it was so, ﬁ € N; (being T € G;) and i > oy, that contra-
dicts the maximality of o; € N;.
On the other hand, if some x), > max(o;) appears in T and degy(7) = degr(o;) + 1, with 1 > 1,
again - € N; and - > o, thus also this possibility cannot occur.
By the comments above, if xj, > max(c;), xp, | 7, then any other x; > max(o;) does not divide T
and, moreover, deg;, (1) = 1.
Being o; 1 7 (05,7 € G;_1), for j = 1,...,max(o;), it cannot be always o; > B;, so Ik €
{1, ...,max(c;)} with oy, < By
Ifar >0, - € Nyand - > oy, so this possibility cannot occur.
Otherwise, if a, = 0 and there is some | € {1, ..., max(o;)} with oy > 0, by the same arqument as
before we have a contradiction. Thus, necessarily degp (1) = 1, deg;(7) = 0, for all | # h.

Let now max(7) = max(c;). Then, as ™ > o0, an > fn 07 y = Br, ..., jgg1 = Bjo+1,

o, > P, reasoning as above, o, = B, + 1. No variables z;, | € {1, ..., jo — 1} can divide T by

"The polynomial f,, is such that T(fs,) = ;.
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Qjg+1
jo+1
Qo1 = degn_1(04),. . ,jo+1 = degj,+1(0;) and o, = degj,(o;) + 1.

the maximality of o; in N;. Thus we conclude that T = 1?5":10 < x8n, with a,, = degn (o),

Letthen 7 € G;_1, 7 > 0;. By the above lemma we know that only cases A), B) can occur,
so we study them from an interpolation point of view. We know that f; already vanishes at
P17 ceny Pi—l-

A) fg, vanishes at P;: it is a straightforward consequence of the interpolation procedure.

B) f; vanishes at P;: the first z;-range whose corresponding points do not make f,,, van-
ish is the one containing o3, so the assertion is again a consequence of the interpolation

procedure, applied to the z;-factor corresponding to that range.

If, instead, 7 < 03, let 25, = max(o;). Then, by the correspondence given by the Jumping
algorithm, there is a point P;, sharing with P; the first h — 1 coordinates, such that for the
corresponding term o; degy(c;) = degn(o;). If fr vanishes at P}, then it also vanishes at
P;, by the association procedure. If o; < 7,f; vanishes at P; and then in P; (remark 4.4.4).

Otherwise, we can we can repeat with o; instead of o; and conclude by induction. ¢

Remark 4.4.10. The algorithm works correctly in each characteristic for the base field.

Remark 4.4.11. The same interpolating algorithm can also be used in order to compute an
Axis of Evil factorization for the border basis of our ideal I(X).

Once computed the border set B(1(X)), we proceed as before. The only modification needed
is in the association procedure, since, in step (2) it can happen to obtain a term 7 ¢ N(I(X)),
so it is impossible to apply @ jumping- This is the case for terms 7 € B(I(X)) \ G(I(X)).
We solve the problem picking randomly the needed number of factors in the lists =y, ..., =,
involved by the variables of 7 not already associated to a factor.

In order to get the border basis from the factorization, clearly, we have to reduce.
We show now some examples of the execution.

Example 4.4.12. We consider again the set

X1 ={(1,1,2,3),(1,1,2,4),(1,1,2,5),(1,2,1,1), (1,2,1,2), (1,2,2,1), (1,2,2,2),
(3,1,1,2),(3,1,2,2),(3,1,2,3), (3,3,1,1), (3,4, 1,1),(3,4,1,2)} = { P, ..., P13}

We have reordered the points via the jumping algorithm in examples 4.3.1, 4.3.4 and 4.3.5,
so we have already constructed both the children trie and the lex trie, i.e.
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{9,10,8,12,13,11,4,5,6,7,1,2,3}

PN

{9,10,8,12,13,11} {4,5,6,7,1,2,3}
271N 13N
{9,10,8} {12,13} {11} {4,5,6,7} {1,2,3}
y/2\ 2| 2 /N
{9,10} {8} {12,13} {11} {4,5} {6,7} {1,2,3}
/\ 4 5 3 1
{9}  {1o}{8}{12K13} {11} {4} {5} {6} {7} {1} {2} {3}
and
{9,10,8,12,13,11,4,5, 6 7,1,2,3}
g/
{9,8,12,11,4,6,1} {10 13m\ {3}
00— 1N
{9, 12 11,4, 1} (8,6} {10, 13 5 2} {7} {3}
0~ | 01 0~ 1N 01 01
{9,4} {12 1} {11}{8,6} {10,5} {13,2} {7} {3}
0-11 0 1\ | 011~ 0711 011 01 01
{93 {43 {12} {1} {11} {8} {6} {10} {5} {13} {2} {7} {3}

Therefore, we can start the new interpolation process.

We denote in boldface the points involved by the BFS. The first point is Py = (3,1,2,2),
corresponding 79 = 1. The linear factors involved here are trivially X = {z — 3} = {x1},
V={y-1}={nh Z={-2} ={a}, T ={t - 2} = {1}, while Ly = [1,1,1,1].

{9,10,8,12,13,11,4,5,6,7,1,2,3}

PO

{9,10,8,12,13,11} {4,5,6,7,1,2,3}
/ 1] 1 4/ N
{9,10,8}  {12,13} {11} {4,5,6,7)  {1,2,3}
1/ 2\ 2 2 ‘ 1/ 1\ 1 ‘
{9,10} {8} {12,13} {11} {45} {67} {1,2,3}
/ \ 4 3 1210
{9}  {10}{8}{12{13} {11} {4} {5} {6} {7} {1} {2} {3}

The second point in the new configuration is Py = (1,2,1,1), corresponding to 7, = =z,

1
evp, (z1)

while the triangular polynomial is g4 = = = (z — 3). The minimal monomial basis
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is G = {22,y,2,t}.

We list now the factors:
={x— 3,2 — 1} = {x1,x2}: we add a new factor in z.

Y ={y+ 2z — 5} = {y1}: we assign to y; the new value y; — evp, (y1)qu.
={z—30 -3} ={zn}lza = ep (@)

T={t—ir—1}={t1}: t1 = evp,(t1)qu.

We have Ly = [2,1,1,1]:

{9,10,8,12,13,11,4,5,6,7,1,2,3}

PN

{9,10,8,12,13,11} {4,5,6,7,1,2,3}
P NS
{9,10,8}  {12,13} {11} {4,5,6,7}  {1,2,3}
1/ 2\ 2| VAN
{9,10} {8} {12,13} {11} {45} {6,7} {1,2,3}
/\ 4 3 1
{9y {10}{8}{12{13} {11} {4} {5} {63 {7} {1} {2} {3}

For Py; = (3,4,1,1) we perform as before:
1

N={L=zy}, q12 = 5y = 31 and the minimal monomial basis is G = {22, zy, y?, 2, t}.
12

The factors are:

X ={z -3,z — 1} = {x1,x2}: the factors in x remain unchanged from now on, so we stop

listing them.

Y ={y+ iz —5,y—4} = {y1,y2}: we add y», so y; remains unchanged from now on.

={z+ %y - *x - é} ={z1}: z1 = z1 — evp, (z1)q12.
T={t+ 33/ - *37 - 3} ={t1}:t1 = t1 — evp, (t1)qi2-
Lip =11,2,1,1]:
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{9,10,8,12,13,11,4,5,6,7,1,2,3}

P

{9,10,8,12,13,11} {4,5,6,7,1,2,3}
/ 1] 1 4/ N
{9 10 8} {12,13} {11} {4,5,6,7}  {1,2,3}
1 2 2 2 ‘ 1/ 1\ 1 ‘
{9,10} {8} {12,13} {11} {4,5} {6,7} {1,2,3}
/ \ 4 3 3 1
{9} {1o}{8}{12}13} {11} {4} {5} {6} {7} {1} {2} {3}

y-factor and then x; since P;» has 3 as first coordinate. For P, = (1,1, 2, 3) we have:
N={1,z,y,2y}, 1 = m = 1z1y; and G = {2?,42, 2, t}.

For the listed factors we have:

Y ={y+iz—2,y—32+1} = {y1,y2}: weinterpolate y», but we cannot use the triangular
polynomial ¢; since T'(¢1) = zy > y. So we go down and pick ¢4, obtaining yo — y2 —
evp, (Y2)qa-

Z={2— oy + 3y — s2® + o — 2} = {z1}: here we can use q1: 21 — 21 — evp, (21)q1.
T={t—2ey+Yy—322+32—- L} ={t1}: t1 = t1 —evp (t1)q1.

Ly =(2,2,1,1]:

{9,10,8,12,13,11,4,5,6,7,1,2,3}

PN

{9,10,8,12,13,11} {4,5,6,7,1,2,3}
/ ! \ \ 4/ N
{9 10 8} {12 13} {11} {4,5,6,7} {1,2,3}
1 2 2 2 ‘ 1/ 1\ 1 ‘
{9,10} {8} {12,13} {11} {4,5} {6,7} {1,2,3}
{9}  {10}{8}{12K13} {11} {4} {5} {6} {7} {1} {2} {3}

For Pi; = (3,3,1,1), since N = {1,z,y,zy,y?} and ¢11 = Sy1y2, we have to add a factor in
y and interpolate z;,t; using ¢11. The monomial basis is G = {z?, zy?, y3, z,t}, whereas the

factors are:

Y = {y_|_ l‘—é _%x-i-%,y—?)}:{yhyz,ys}

Z={z—gy’ —gwy+§ —g12° + 57— R} = {z}
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T={t—3y*—Zay+2y— La?+ I3} = {1}
Li = [1,3,1,1]:

{9,10,8,12,13,11,4,5,6,7,1,2,3}

P

{9,10,8,12,13,11} {4,5,6,7,1,2,3}
RN TN
{9 10 8} {12,13} {11} {4,5,6,7}  {1,2,3}
1 2 2 2 ‘ 1/ 1\ 1 ‘
{9,10} {8} {12,13} {11} {45} {6,7} {1,2,3}

AAT A

{9y {10}{8}{12K13} {11} {4} {5} {6} {7} {1} {2} {3}

The point P = (3,1,1,2) givesN = {1, z,y, 2y, y?, 2}, qs = —z1 and G = {z?, zy?, y>, 22, yz, 2%, t}.
Y ={y+iv—35y— 32+ 4 y—3} = {y,y2,ys}: from now on, the factors in y remain
unchanged, so we stop listing them.

Z={2—gy*— sy + Byf #% + 3z — 2 2 — 1} = {z1,22}: we add a new factor.

T={t- gy — gxy + gy — 2—41‘ + 533 — %} ={t1}: t1 = t1 — evp,(t1)gs.

G = {z122, y1y2%1, Y1Y2Y3, T121, Y121, 2122, t1 }. Lg = [1,1,2,1]:

{9,10,8,12,13,11,4,5,6,7,1,2,3}

P

{9,10,8,12,13,11} {4,5,6,7,1,2,3}
P NS
{9,10,8} {12,13} {11} {4,5,6,7}  {1,2,3}
1/ 2\ 2| /N
{9,10} {8} {12,13} {11} {4,5} {6,7} {1,2,3}
/\ 4 3 1
{9y  {1op{s8}{12}{13} {11} {4} {5} {6} {7} {1} {2} {3}

P6 - (17252,1) N = {17xaya$yay2az7xz} QG = —lX]_Zl, = {xQ .’Ey2 y3 Yz, Z2 t}
Z={z—3—tay+3y—gat+iv -2 2+ 10— 3} = {z1.22}: 22 > 22 — evp,(22)q,
since T'(¢s) = zz > 2.

T = {t — *y — *.Z‘y + 6 y — 24.732 + %l‘ — %} = {tl}l ti >t — €Up6(t1)q6.

L¢ =12,1,2,1] :

) ) b
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{9,10,8,12,13,11,4,5,6,7,1,2,3}

PN

{9,10,8,12,13,11} {4,5,6,7,1,2,3}
/ ! \ \ 4/ N
{9 10 8} {12 13} {11} {4,5,6,7} {1,2,3}
1 2 2 2 ‘ 1/ 1\ 1 ‘
{9,10} {8} {12,13} {11} {4,5} {6,7} {1,2,3}
{9}  {10}{8}{12{13} {11} {4} {5} {6} {7} {1} {2} {3}

Take now Py = (3,1,2,3), obtaining N = {1, z,y, zy, y?, z,xz,t}. From now on we do not
need to compute triangular polynomials anymore.

G = {22, 2y?, 93, yz, 2%, at, yt, 2t, 12}

Z={z- 6y —fxy+3y——a: + x—@ z+ x—*}—{Z]_’ZQ}

Since also the factors in z remain unchanged from now on, we stop listing them. T' =
{t—3v? — 2ay+ 2y — La? + Lo — 52t — 3} = {t1,t2}: we add a new factor t; (t; remains
always unchanged) and we have L10 =[1,1,1,2]

7 ) )

{9,10,8,12,13,11,4,5,6,7,1,2,3}

P

{9,10,8,12,13,11} {4,5,6,7,1,2,3}
/ 1\ \ 4/ \
{9,10,8} {12 13} {11} {4,5,6,7} {1,2,3}
1/2\ 2 2| /0
{9,10} {8} {12,13} {11} {4,5} {6,7} {1,2,3}
{9}  {10}{8}{12{13} {11} {4} {5} {6} {7} {1} {2} {3}

For Ps = (1,2,1,2), we have N = {1, z,y, vy, 4>, 2, 72, t, ot} and

G = {2, xy%,v*,yz, 2%, yt, 2t, t*}.

We only have to interpolate ty, using to — evp, (t2)ga:
T={t—ty*—2oy+Qy—La?+Io -2 t— 10— 3} ={t;,to}
Ly =[2,1,1,2].

) ) )
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{9,10,8,12,13,11,4,5,6,7,1,2,3}

PN

{9,10,8,12,13,11} {4,5,6,7,1,2,3}
/ 1\ \ 4/ N
{9,10,8} {12,13} {11} {4,5,6,7} {1,2,3}
1/ 2\ 2 2‘ 1/ 1\ 1‘
{9 10} {8} {12,13} {11} {4,5} {6,7} {1,2,3}
/\ 4 5 3 1
{9}  {10}{8}{12{13} {11} {4} {5} {6} {7} {1} {2} {3}

For Pi3 = (3,4,1,2), we have N = {1, x,y, 7y, y?, z, 2, t, xt, yt} and

G = {22,292, 93, yz, 2%, wyt, v, 2t, t2}.

X ={z—-3,2—1} = {z1, 22}

Y={y+3 3T — %’ - %1‘4‘ %7:’-/ 3} = {y1,y2,y3}

Z={z—gy* —gry+ 3y — 550> + 32— B,z + 32— 3} = {21, 22}

We interpolate agam t2, but usmg q12:

T=A{ —fy ffxy+ G y——x +1 x—— t+3y—fx—f} = {t1,t2}, 50t — ta—evp,, (t2)q12,
obtaining

L3 =11,2,1,2].

{9,10,8,12,13,11,4,5,6,7,1,2,3}

P

{9,10,8,12,13,11} {4,5,6,7,1,2,3}
/ 1\ \ 4/ N
{9,10,8} {12,138} {11} {4,5,6,7} {1,2,3}
1/2\ 2 2| VENEY
{9,10} {8} {12,13} {11} {4,5} {6,7} {1,2,3}
/\ 4 5 3 1
{9y  {10}{8}{12)138} {11} {4} {5} {6} {7} {1} {2} {3}

For P, = (1,1,2,4), we have

N = {1,2,y, 2y, y?, 2z, x2,t, xt, yt, vyt} and

G = {22, 292,93, yz, 2%, y°t, 2t, t2}.

X ={z-3,2 -1} = {x1, 22}
Y={y+ie-5y—3o+1y—3t={y,v2,us}
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f{z—fy ffa?y+ yff:c + $*@ z+ 33**} {21, 22}
We interpolate to: to — to — evp, (tz)(h

T={t—gy*—2ay+ Gy—ﬂxg—&— Tr =22 t—2ay+ iy — Za?+ 3z - 18} = {t;,t,} and
we get
Ly = [2323 172]

{9,10,8,12,13,11,4,5,6,7,1,2,3}

P

{9,10,8,12,13,11} {4,5,6,7,1,2,3}
/1 1 4/ N
{9,10,8}  {12,13} {11} {4,5,6,7}  {1,2,3}
1/ 2\ 2| /N
{9,10} {8} {12,13} {11} {4,5} {6,7} {1,2,3}
/\ 4 3 120
{9y  {10}{8}{12{13} {11} {4} {5} {6} {7} {1} {2} {3}

The point Pr = (1,2, 2,2) gives

N = {1,z,y,7y,9?, 2, 22, t, xt, yt, vyt, 2t},

G = {z%, 2y?, 93, yz, 22, y?t, x2t, 12 }.

X =Ax-3,2—1} = {1, 22}

Y={y+se-3y— 350+ %,y— 3} = {y1, 42, u3}
Z={2—ty—toy+3y— ¥ +ir— 2 2+ to -2} = {21, 20}
Since t, vanishes in P; there are no Changes to perform on the factors:

T={t—gy*—2oy+2y— La?+Io -2 ¢t Soy+ 1y 5224 32— 18} = {t;,1,} and
we obtain
L7 [2a15272]

{9,10,8,12,13,11,4,5,6,7,1,2,3}

P

{9,10,8,12,13,11} {4,5,6,7,1,2,3}
el JRN
{9,10,8}  {12,13} {11} {4,5,6,7}  {1,2,3}
1/ 2\ 2| VAN
{9,10} {8} {12,13} {11} {4,5} {6,7} {1,2,3}

1/2\ 1 2 4 3 1

{93 {1o}{8}{12{13} {11} {4} {5} {6} {7} {1} {2} {3}
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For Py = (1,1,2,5) we have: N = {1, z,y, zy,y?, 2, 22, t, at, yt, wyt, 2t, 1>},
G = {22, 2y?, 3, yz, 2%, vt wat, xt?, yt?, 223},

X ={zx-3,2—-1} = {1, 22}

V={y+30—-35.y— §x+%,y—3} = {y1,92, 93}

Z={2—gy*—toy+3y— ¥ +3r— 2 2+ to— 2} = {21, 20}

Here we only add a factor:

T={t—2ty’—2oy+Yy— La?+To—30 t—2ay+iTy— 342432203 ¢ 5} = {t;, to, t3}.
Ly=1[2,1,1,3]:

{9,10,8,12,13,11,4,5,6,7,1,2,3}

P

{9,10,8,12,13,11} {4,5,6,7,1,2,3}
/ 1|1 4/ x
{9,10,8}  {12,13} {11} {4,5,6,7}  {1,2,3}
1/ 2\ 2| /N
{9,10} {8} {12,13} {11} {4,5} {6,7} {1,2,3}
/ \ 4 3 1Lh
{9y  {10}{8}{12{13} {11} {4} {5} {6} {7} {1} {2} {3}

The final Groebner basis is:

G = {x1x2, y1y2X1, y1¥2Y3, Y121, Z122, y2y1t1, XoZ1t1, titaxe, titaya, titozi titots }, ie.
o fi=(x—3)(z—1);
o fo=(y+ 57— 35)y— 52+ 3)(xr—3);
o fs=+32—3)y—32+3)(y—3)
o fi=(y+50—3)(2—§y" — gay+ 5y — 552" + 5o — F);
o fo=(2— gy’ —tay+32y— Hat+ iz — 2)(z+ jz— 2);
e fo=(+ir—2y—3a+3)(t—3y*— 2oy + 2y — La? + I — 22
o fr=(—-1)(z—3y*—Lay+3y—La®+ie—2)(t—1y°—2ay+ Ly— La?+ 1o —2);
o fs=(z—1)(t— 6y **zerGyf—o:Jr xf—)(t—fxwaGy——:z: + 3z — 108);

o fo=(t—3ty?—2ay+2y— Lo+ Io— ) (t—Say+Yy— 222 +32— 103 (y— 3+ 1);
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o fio=(0t— gy —3ay+Ly— La? + o - )t — 2oy + Ly — S22 + 30— ) (z -
29

§V° 5ty 3y — 5t 3T - B);
o fu=(t—3y?—Z2ay+PQy— La?+ Io - )t - Soy+ Yy — S22+ 32— 18)(t - 5);
In this example we have considered a mixed tower structure but we could go to the end of

the algorithm.

If for some set of points X we know (for example for theoretical reasons) that it is possi-
ble to associate to it an unmixed tower structure, we can appreciably simplify the execution.
Indeed, we know that.

e We do not need the sort of BFS on the trie (and actually we do not need the lists
H;, L;): by the unmixed tower structure we already know that if P. correspondsto =

x7t---z2 then P/, corresponding to 7/ = —=

—=—= share its first (i — 1) coordinates
with P;.

e We do not need the association procedure : the factorization we obtain is properly a la
Macaulay.

e We do not need to perform any test on the ranges.
Let us see an example of this situation.

Example 4.4.13. Let us consider theset X = {(0,1,1), (1,1, 1),(0,2,0),(1,2,0),(0,1,0),(1,1,0)}.
Let us start computing N(I(X)).

We have:

Yo ={{1,5,3,2,6,4}}

¥ ={{1,5,3},{2,6,4}}

o ={{1,5},{3},{2,6},{4}}

¥y ={{1}, {5}, {3}, {2}, {6}, {4}}

The children trie is
{1,5,3,2,6,4}
o7 T
{1,5,3} {2,6,4}
272 A2
{1,5} {3} {2,6} {4}

Yo\ o] /(\{ J

{1y {5 {3} {2} 6y {4}
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Now we construct the lex trie. For h = 1, we have n — h = 2, so we iterate on X, getting
vo = {1,3,2,4}

v; = {5,6}.

Then we continue with A = 2 and, since n — h = 1, we iterate on ¥;, obtaining

vo,0 = {1,2} =: vg

vo,1 = {3,4} =1 vy

v10={5,6} =: vy

Finally, for h = 3, we iterate on £, and we finally get vg o = {1}

vo1 = {2}
v1,0 = {3}
v11 = {4}
v = {5}
vg,1 = {6}
and the lex trie is
{1,2,3,4,5,6}
o7 \1\
{1,3,2,4} {5,6}
e :
{1,2} {3,4} {5,6}
VANREN Y/ N\
{1y {2y {3} {4 {5} {6}

Now, we deal with the factorization, iterating on the points. In this case, the tower
structure is unmixed, so we can simplify the execution:

0,2,0 | 1,2,0

0,1,1 | 1,1,1

Let us start with P, = (0, 1,1), corresponding to 7 = 1 € N(I). The associated triangular
polynomial is g; = 1 and, up to now, the linear factors are
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El = {1'1}
EQ = {332 - 1}
Eg = {ZC3 - 1}

The second point, P» = (1,1, 1), corresponds to 72 = z; and we have g2 = z;. The lists of
factors are

=1 = {z1,21 — 1}: we added a new polynomial in

o = {xg — 1}

sy = {zs — 1}.

Consider now P; = (0,2,0), corresponding to 73 = x5 and to the triangular polynomial
g3 = x2 — L.

The lists of factors are

B ={x1, 2 — 1}

Eo = {z2 — 1,22 — 2}: we added a new polynomial in z,

=3 = {z3 + z2 — 2}: we have interpolated as 3 — 1 — (z3 — 1) + gs.

For Py = (1,2,0) we have 74 = xy, g4 = x1(x2 — 1) and the factors become:

2 ={x1, 2 — 1}

Eo ={xo— 1,20 — 2}

Es = {3+ x2 — 2}.

For P; = (0,1,0), we get 75 = 23 and we do not compute the triangular polynomial, since
its head term would be 3 and we cannot use it to interpolate.

The list of factors are

=1 ={x1,21 — 1}

Ho ={x2 — 1,20 — 2}

s = {x3 + x2 — 2,23} we added a new factor in z3.

For Ps = (1,1,0), we get 7 = 123 and, as for P, we have no need to compute the triangu-
lar polynomial.

The final list of factors are

2 ={xy, 2 — 1}

Eo ={xo— 1,29 — 2}

Es={xz3+ o — 2,23}

The factorization we get is:

G={z1(z1 —1),(x2 — 1)(x2 — 2), (x5 + 22 — 2)(x2 — 1), 23(x3 + 2 — 1)}

and it is an Axis of Evil factorization a la Macaulay
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The version of the Axis of Evil algorithm we are examining now displays many differ-
ences with the original one.
The factors are updated at each step and not computed each time from the beginning. More-
over, some linear factors are used several times i.e. in relation with more than one head,
even if they have been computed only once.
This was not in the original Axis of Evil procedure, where for each term in G(I) it was nec-
essary to interpolate specifically each factor, possibly computing the same factor more than
once.

Example 4.4.14. Given X = {(0,0,0),(1,0,2), (3,3,4),(0,2,0),(1,2,4), (0,3, 3),(0,0,1),(1,0,1)},
we perform on it both the original Axis of Evil algorithm and the second version.

We suppose X and N(I(X)) = {1, z, 2%, y, 2y, y?, 2,72} be ordered as provided by the jump-

ing algorithm. As explained before, this is necessary only for the second version.

The tower structure turns out to be

0,3,3

0,20 | 1,2,4

0,00 | 1,02 | 3,34

oo/ 101 ]

The monomial basis is G(I(X)) = {23, 22y, zy?, y3, 222, yz, 2%}.
The original algorithm produces:

o fi =z —-1)(z=3)

o fo=x(x—-1)(y—3);

o fs=a(y—2)(y—32+3)

o fa=yly—2)(y—3);

o fs=ux(x—1)(z—4)

o fo=y(z—3y+ Ha?— Bz 46);

° f7:(z—l)(z—yQ—a:y+2y+%x2—%x).

All the repeated factors have been computed each time they appear in the factorization, so,
for example, we compute the same factor (z — 1) three times.

Consider now the second algorithm. The factorized basis we get is
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® z(z—1)(z—3);

® o(z—1)(y—3zz(z—1));

® (y—iz(x—1))(y—2);

® (y—3)(y—zo(z—1))(y—2);

® z(z—1)(z—y’+i2%y—Say+2y+3a®— T2’ L),

o (y—gz(e—1))(z—y*+52°y—Jay+2y+ga°—Fa—5a);

(z—y?*+3iz?y—Soy+2y+ia®—Za?—22)(2-1).

In this case, even if a factor repeats more than once in the factorized basis, it is computed
only once.

There is something more: in this new version of the Axis of Evil algorithm, we interpo-
late at each point P € X, only in some variables.
More precisely, if ® jumping(P) = 7 and max(r) = x5, we interpolate only in zy, ..., .
In the original algorithm, we compute separately all the needed factors.
This means that the number of computed factors decreases with the second version of the
algorithm.
In 4.4.14, for example, we noticed that, from P,, the list of the factors in  maintains un-
changed. The same happens for the y factors from P; on.

Let ¢; be the triangular polynomial associated to a point P; € X.
We have T(¢;) = @ jumping(Pi) = 7. If 7 is bigger than the variable in which we are
interpolating it is not possible to use ¢; because if we do it, we would change the leading
term of the linear factor.
For example, if ® jymping(P;) = 2y we cannot interpolate the y factor vanishing in P; using
4qi.
We would need then another triangular polynomial, but we don’t have to compute it, thanks
to the list L, constructed exploiting the sort of BFS we perform on the children tree 4.4.1.

We also notice that, when we reach a term 7 € N(/(X)) such that max(7) = x,, we do not
need to compute any triangular polynomial more: the ones we have are enough in order to
perform the whole interpolation step.
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Example 4.4.15. If we take, for example, the set

X ={(1,1),(2,3),(1,2),(2,4),(1,3),(2,6), (1,4), (2,5), (1,6),(2,7),(1,11),(2,14)} C k?, the
Groebner escalier is

N(I(X)) = {1, 2,9, zy, v, 2y% v°, 2y®, y* 2y, 45, 2y®} C K[z, y).

While performing our algorithm, we only have to compute and store the triangular poly-
nomial associated to (2, 3), even if |X| = 12. This happens because the term corresponding
to the third point, i.e. (1,2), contains the maximal variable and so does every subsequent
term.

The arrangement of X in towers is all we need in order to interpolate: once it is given,
we exactly know which are the points and the polynomials to pick in order to obtain the
correct factors.

In the original Axis of Evil we had to check at each step which points already vanish in a
partial factorized polynomial.

On the other hand, computational evidence shows that in general the linear factors obtained
from the original Axis of Evil algorithm are sparser than the ones obtained via the new al-
gorithm. Actually, for the first version, we know that the number of terms for a linear factor
is bounded above by |X| + 1 (the leading term plus as many terms as the points to interpo-
late in, by the interpolation step of 5), whereas we do not have such a bound for the second
version. Moreover, in the second version, the factors are not reduced.

Let us deal with Macaulay’s trick and the Axis of Evil.

Example 4.4.16. Taken the set X = {(0,0), (1,2),(0,3)}, we have N(I(X)) = {1,z,y} and
G(I(X)) = a?, zy, y*.
The first Axis of Evil factorization is

o fi=z(@—1)

o fa=u(y—2)

o fs=(y—3)(y—2x)
while the second one is

o fi=x(z—1);

o fo=ua(y—2ux);

o f3=(y—2x)(y—3).
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A factorization a la Macaulay requires only two factors in 2 and two factors in 3, so the first
factorization is not a la Macaulay, while the second does.

Remark 4.4.17. Given a finite set of distinct points X, the Axis-of-Evil theorem finds for the
lexicographical Groebner basis of I(X) a factorization linear in the leading terms, passing
through the lexicographical Groebner escalier a la Cerlienco-Mureddu N(X) of I(X), while
Macaulay’s trick, given an order ideal N finds a set of points X such that N(I(X)) = N and
the lexicographical Groebner basis of I(X) is linearly factorized .

If X is a finite set of distinct points as generated by Macaulay’s trick, the Axis-of-Evil fac-
torization is linear, not only in the heads.

If X is a finite set of arbitrary distinct points, the Axis-of Evil factorization is not really linear
and, given an order ideal N there exist sets X of distinct points such that N(/(X)) = N, but
the lexicographical Groebner basis of I(X) has no linear factorization a la Macaulay.

We display now an example which shows that the Axis of Evil algorithm makes Macaulay'’s
trick not work.

Consider again the set Xo = {(3,0,0),(3,1,4),(1,2,3),(1,2,5)} and the polynomial ring
k[z,y, 2] equipped with the lexicographical order induced by 1 < = < y < z. The Groebner
escalier associated to I(Xg) is N(I(Xo)) = {1, z,y, 2z}, while the minimal monomial basis of
the initial ideal is G(I(Xo)) = {22, 2y, vz, 9>, yz, 2°}.

According the second procedure, there should be two factors whose leading term is x, say
X1, X, two factors whose leading term is y (Y7, Y2) and two factors whose leading term is
z (Z1, Z3). These factors should be of the following form:

e xr+a,ac€k;

o y+ f(x), f(x) € k[z];

o z+g(x,y), g(x,y) € Kkz,yl.
Focus on zy, zz. If Macaulay’s trick holds in the required Groebner basis there should be
both X;Y7 and X; Z;. The factor X; can be only (z — 1), (x — 3), so there are two cases:

o X; = (z — 1): the polynomial (z — 1)Y; must vanish on all the points of Xo. We know
that it vanishes on (1, 2, 3), (1, 2, 5) because of the factor (z — 1), so Y7 should vanish on
(3,0,0),(3,1,4). It means that it must hold simultaneously f(3) = 0 and f(3) = —1,
but the evaluation of a polynomial f(z) € k[z] is unique, so we have a contradiction;

e X; = (z — 3): there are no problems for (z — 3)Y;, while we encounter an analogous
contradiction for (z — 3)Z;. The latter should vanish on all the points of X and
we know that it does for (3,0,0), (3,1,4). This means that Z; should vanish on both
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(1,2,3) and (1,2,5), so it should hold ¢(1,2) = —3 and ¢(1,2) = -5, i.e. again a

contradiction.

This example is minimal, since if we remove a point from X the argument does not work
anymore.
Notice that the problem is related to the left shifting of the towers we have in the second
z-range.
Conversely, we can show that the Axis-of-Evil context includes cases which are not contem-
plated by Macaulay’s trick.
Take for example N = {1, z,y, z} C k[z,y, z|, imposing, as usual, the lexicographical order
with z < y < z. Macaulay recovers from N a set of points X and a set G of polynomials such
that, called I = I(X), N = N(I) and G is the reduced Groebner basis of I.
We stress the fact that Macaulay’s trick imposes strong conditions on the set of points, so it
does not recover all the sets of points with a given Groebner escalier N.
First of all, Macaulay recovers from N(I) the monomial basis G(I). In our example G(I) =
{22, 2y, x2,9%, yz, 2%}
In G(I) he isolates the pure powers of all the variables, which are present there since N is a
finite set: dy = d, = 2, dy = dy, = 3, d3 = d, = 2. After that, for each 7, j,[, j # [ takes the
elements

aij €k, i=1,...,3,j=1,...,d;, a;j # aiy,
namelyai o =1, a11 =2, a20=3, as1 =4, azp =5, as;1 =6.
The polynomials in the reduced Groebner basis are defined by the following formula,

where X = [z,y, 7] :
-1

3 eim
:H H —ai ), m e G(I).

i=1 j=0

€4,

In our example we have:

g1 = (x—=1)(z=2), T(g1) = *
92=(r—1)(y—3), T(g2) = xy
g3 = (v —1)(z = 5), T'(g3) = 2
91 =(y—3)(y—4), T(94) = ¥°
95 =(y—3)(z—5), T(g5) = yz
g6 = (2 —5)(z — 6), T'(gs) = 2>

X ={(1,3,5),(2,3,5),(1,4,5),(1,3,6)}.
For example, also X’ = {(1,3,5),(2,3,5), (1,4,7), (1,3,6)} has the same Groebner escalier

as X, but we cannot recover it since there are only two possible third coordinates.
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We display now an example of tower structure making our algorithm stop before getting
the whole factorization.

Example 4.4.18. Let us consider the set
X = {(2’0707 0)’ (1707 O’ O)’ (27 ]‘7 0’ O)’ (]‘7 ]" O’ 0)7 (27 0’ ]‘70)7 (]‘? O) 1’0)7 (2’ 0707 2)7 (1) 1’07 2)}

with tower structure

To |[2,1,0,0(1,1,0,0

2,0,0,0(1,0,0,0
T1

z3
T4
T2
2,0,0,2]1,1,0,2
T1
zs3

The Groebner escalier is N(I(X)) = {1,x1,x2, z129, 23, 123,24, 2124} and the monomial
basis is G(I(X)) = {z?.23, xow3, 23, xowy, w374, 23 }. Let us start with P, = (2,0,0,0), which
corresponds to 7; = 1 and to the triangular polynomial ¢; = 1. The lists of factors are

51 = {I,Cl — 2}

EQ = {1'2}
Eg = {333}
By = {24}

For P, = (1,0,0,0) we have 72 = z and g2 = —(z1 — 2). The lists of factors are
Er={r1 - 2,71 — 1}
By = {22}

By = {z3}
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E4 = {£E4}
For P; = (2,1,0,0) we get 73 = x2 and g3 = x2. The lists of factors are
El = {.CL‘]_ — 2,.7}1 — 1}

EQ = {QCQ,(EQ — 1}

Es = {3}
E4 = {1}4}
For P, = (1,1,0,0) we have 74 = 2125 and ¢4 = — (21 — 2)x2. The lists of factors are

i ={x1—2,21 — 1}

o = {x9, 0 — 1}

B3 = {3}

=y = {x4}

For Ps = (2,0,1,0) we get 75 = 23 and g5 = x3. The lists of factors are

i ={x1 -2,z — 1}

Eo = {x9,20 — 1}

E3 = {x3, 23 — 1}

Ey = {x4}

For Ps = (1,0, 1,0) we have 7 = z1x3 and ¢s = —x3(z1 — 2). The lists of factors are
E1={x1 —2,2; — 1}

Eo = {x9,29 — 1}

s = {x3,z3 — 1}

Ey = {x4}

For P; = (2,0,0,2) we get 77 = x4 and we do not need to compute the triangular polyno-
mial since 77 contains the maximal variable. The lists of factors are

E={x1 —2,21 — 1}

Eo = {x9,20 — 1}

E3 = {x3,23 — 1}

By = {xg, x4 — 2}

For P; = (1, 1,0, 2) we get 73 = z124 and we do not need to compute the triangular polyno-
mial since 73 contains the maximal variable.

This time we have to stop. Indeed, we have to compare the zo-ranges of P, and Ps and, as
one can see by the tower structure drawn above, the test fails.

We can then keep the computed factors and use the Association procedure to produce:
(3?1 — 1>($1 — 2),1‘2($2 — 1),$2$3,l’3($3 — 1)
but, in order to finish, we have to switch to the original Axis of Evil algorithm:

x4(To + 1 — 2), 2324, T4 (T4 — 2).






Part 111

The Bar-Code language and some

applications.






CHAPTER 5

The Bar-Code.

5.1 Introduction.

In this chapter, we define the main tool of this thesis: the Bar-Code diagram associated to a
set of terms M.
In chapter 1, we defined two graphical representations for an M :

1. the diagrams introduced by M.G. Marinari and L. Ramella for terms in 3, 4, 5 variables,
which are particularly useful when dealing with problems involving terms arranged
by degree (1.5);

2. the pictures with towers and the towers structures, which have been used connecting

points and terms (1.4).

Actually, these representations can be handled only if we have a small number of terms and
variables, otherwise the pictures become too complicated, if not impossible: how to draw, for
example, a 5-dimensional picture with towers?

For our studies, we usually have to represent the Groebner escalier of a monomial ideal J.

153
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If J is not zerodimensional, however, N(J) is an infinite set, so it becomes very difficult to
draw it: how to bridle the infinite?

In order to break through this impasse, we introduced the Bar-Code diagram, which is a bidi-
mensional picture mirroring exactly all the properties of the potential n-dimensional picture
described above for any given set of terms M. The Bar-Code flattens everything in dimen-
sion 2 (simpler to handle) and is also very easy to draw.

Starting with the finite case, we will see how to connect such a picture to A/ and how to
read properties directly by it.

After that, we will define infinite Bar Codes, in order to represent infinite set of terms.

Then, we will start dealing with applications of this construction, which turn out to be

mainly combinatorial.

5.2 Whatis a Bar-Code? The finite case.

In this section we explain how to construct a Bar-Code diagram.
First of all, we associate to each term 7 = " --- 25" € T a list of n terms ( one for each
variable in P). More precisely, for each i € {1, ...,n}, we let

P (1) i=af-aym €T, ie P (1) = a7
Ty Ty

We can extend this procedure to a finite set of terms M C 7, defining, for each ¢ € {1, ...,n},
MU =P, (M):={oceT|3reM,P, (1) =0}

These operations on a term 7 will play a fundamental role for the construction of the Bar-
Code diagram.
Here we list some useful features.
1. Foreacht € T, P, (1) = 7.
Qi1

2. Ifr=2af" -2, a; = degi(1) = O then P, (1) = x; 7" --- x5y

3. The lex inequalities are maintained:

T <Lex 0 = PI'L(T) < sz(a)

4. For each term 7 and for any couple of indices 7, j, say 1 < ¢ < j < n we have
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Example 5.2.1. In k[z1, 7o, x3] consider 7 = z;x373.

Clearly P,, (1) = z123x3, while P,, (1) = 2323 and P, (1) = 3.
For 01 = 2223 >rex 7, Pu, (T) = 23045 <pes Pu,(01) = 2015,
For oy = 252323 >1cp 7, Py (7) = 2325 = P, (02).

Py (P, (7)) = P, (z%x%) = I% = Py, (P, (7))

Now M C T will be a finite list of terms increasingly ordered w.r.t. lex.

Proposition 5.2.2. With the previous notation, if M is an order ideal in 7 then, for each
1 < i <n, M is an order ideal in T [i, n].

Proof: It is sufficient to prove the statement for ¢ = 2; the general case can be brought back
to this one by changing the indices of the variables.

For each o € M and v | o we have v € M2, Namely, by definition of M2 there exists
7 € M such that 7 = " 0. Clearly v | 7, so thatv € M and v = P,,(v) € M. o

The following examples show that the converse of proposition 5.2.2 does not hold.

Example 5.2.3. In k[z,, 2o, 23], the set M = MW = {1, 21, 20, 2129, 2325} C K[z, 22, 23] is
not an order ideal, since x3x2 € M but 2% ¢ M, 2% | 23z,.
Yet MBl = {1,1,1,1,1}, and M = {1,1, 25, 22,22} (seen as sets, so removing repeated

elements) are order ideals.

Example 5.2.4. The set M = M = {1, 21, 29,23, 2173, 2223, 2323} is not an order ideal,
since 2323 € M and x3 ¢ M, as well as Ml = {1,1, x5, 23, x3, Tow3, 2323} (x3x3 € MP,

while 23 ¢ M?), whereas Ml = {1,1, x3, 3, x3, 23} is an order ideal.

Basing on the properties stated above, we construct a picture associated to a list
M = [, ., T

Description 5.2.5. The Bar Code (or, simply, B-C) B := By of M is a “matrix”, obtained in
the following way.

We construct a (n + 1) x m table, containing ordinately the terms of M in the 0-th row, and
in the (4, j) position, for 1 < i <n,1 < j < m, the term P, (7).

The first row contains then the terms in MY, i.e. the given elements of M, the second row
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contains the terms in M2 and so on:

1 Tn
PZEl(Tl) P11<TM)
sz(’ﬁ) Pz2(7’]y[) .
,Pg[;71 (Tl) Pzn (T]u)

If a row contains some repeated terms, they are adjacent.

We replace the above “matrix” with an (n + 1) x m table, constructed as follows.

The first row contains the ordered terms of M (assumed not to contain repeated terms). The
second row (corresponding to M ') contains as many segments as the elements of M .

The i-th row (corresponding to M=) contains as many segments as the distinct elements
of MI=1 in such a way that to a set of r equal elements in M~ corresponds a unique
segment of length r, for each 2 < i < n.

The segments composing the i-th line are called x;-bars or, simply, i-bars.

Remark 5.2.6. Point out that we required not to have repeated elements in M in order for
1-bars all to have the same length, that we set as unitary.

Therefore, from now on, we suppose to have always finite lists of distinct terms.

Example 5.2.7. Given M = {x1, 2%, xox3, 112373, 7323} C k[21, 22, 73], Wwe have:
MW = {2, 23, xoxs, x10303, 2323}

MPl = {1,1, 2023, 2323, 323}

MBI = {1,1, 23,23, 23},

leading to the 4 x 5 table on the left and then to the B-C on the right:

2 2 3

1 1‘1 T3 ],‘13)2.133 372.133 o I x% ToX3 le%x3 gjg’;pg
T 22 w3 xyzirs xdxs L

1 1 ®2x3 z3ws zirs g
1 1 T3 T3 z3 3

We now give a formal definition for the concept of range introduced in 1.4.

Definition 5.2.8. Given M = {r,...,7,,} C T, forany ; € M (j =1,....,m),and 1 <i < n,
the x;-range of 7; in M is the set

R(i,7;) :={o € M|P,,(0) = Py, (1)}

We will consider as representative for a range R(i, 7;) its minimal element w.r.t. lex.

By construction, there is a one to one correspondence between ranges and bars in each line.
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Example 5.2.9. Given M = {1, 2%, x9z3, 712373, 2523} as in example 5.2.7, the bars in By

(read from the left to the right) correspond to the ranges in the following way:

e first line (thick in the picture below): R(1,z1), R(1, %), R(1, z2x3),

R(1,z12323), R(1,7323);
e second line (thin in the picture below): R(2,z1), R(2, 72x3), R(2, z123x3), R(2, 323);
e third line (dotted in the picture below): R(3, 1), R(3, z2z3).

0o X1 x?  Tol3 xywirz THT3

1

P — - - -

3

Up to now, we represented each term 7 = 27! - - - 22» € T, as a point in the n-dimensional
space, considering the k-th exponent «;, as the k-th coordinate, £ = 1,...,n of the corre-
sponding point P; (see section 1.4). We point out that this representation mirrors the range’s
subdivision.

Example 5.2.10. Given N = {1, 2,22, 29,73} C k[z1, 72, 23], we get the picture below:

As in section 1.4, we notice that the single rectangles correspond to the z;-ranges.
We select as many “planes” as the z3-exponents of the elements in N. On the “plane” corre-
sponding to zJ we group the elements in N in horizontal lines according to their zo-exponent
so that on the bottom line lie the terms of N which are pure powers of z, in increasing order
w.r.t. lex and in the higher line the terms having 1 as x2-exponent, and so on.
A similar procedure is followed in the remaining z3-planes.
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Such a representation can become very complicated, when the number of the points
and/or the variables increases, i.e. when dealing with a large number of points, and/or
high-dimensional spaces. If we want to keep track of the range subdivision and of the
properties of the terms which can be read by their mutual position in the n-dimensional
space, we pass to the corresponding B-C. This is always a bidimensional picture but all the

information on the terms is stored there.

Example 5.2.11. Considering again the set M = {1, z1, 2%, 2,23} C k[z1, 22, 73] of example

5.2.10 we can easily draw By, the corresponding B-C:

0 1 T g;% xTo T3
1

2

3

The 1-bars represent the single terms. The 2-bars group together the terms which were
represented before as grouped horizontally rectangles. Finally, the 3-bars include all the terms
whose corresponding rectangles lie in the same plane.

Point out that M is an order ideal.

Now, we describe the properties of Bar-Codes, in order to characterize the corresponding

pictures.

Definition 5.2.12. An n-B-C diagram B consists of n superimposed, horizontal lines, frag-
mented in segments called bars. Lines and bars are numbered from the top to the bottom
and from the left to the right. Bars are such that

1. the bars composing the i-th row are called i-bars;
2. foreach 1 <4 < n — 1, under each i-bar in B lies at most one (i + 1)-bar of B;
3. the 1-length of each 1-bar in B is conventionally set equal to 1;

4. foreach 1 < j < i < n and for each i-bar A in B, the length of A w.r.t. j (shortly, the
Jj-length of A) is the number of j-bars in B lying above A and is denoted by [;(A); the
1-length of A is simply called length of A and is denoted by I(A);

5. for each 1 < i < n the sum of the lengths of the i-bars is the same.

Therefore, if a bar C lies under a bar D, i(C) > (D).
For each 1 < i < n, we denote by A(li), . Aff()i) the ¢-bars.
We call bar list of a Bar-Code B the list Lg := (p(1), ..., u(n)), i.e. the list reporting the number
of segments composing each row in B.
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Example 5.2.13. Let B be the B-C.

Consider for example the dotted line. It is composed of two bars A;, As (A; is the blue bar,
whereas As is the red bar). We have [1 (A1) = 2,11 (A2) =3 and I53(A1) = 1, 12(A2) = 3.

Remark 5.2.14. 1) Conditions 1-5 of definition 5.2.12, mirror the properties of the P,,.

2) Given B, an n-B-C, one gets an (n — h)-B-C erasing h lines of B.

3) Fixed any i-bar (2 < i < n) of an n- B-C, the bars of the first i — 1 lines lying above it
form an (¢ — 1)-(sub) B-C.

4 p(1) = pu(2) > .. > pln),

Given a Bar Code B:

e a sub-Bar Code of B is the set B’ obtained by extracting some (even non-consecutive)
lines from B;

e for every 1 <! < n, an I-block associated to a bar A of B is the set containing A itself
and all the bars of the (I — 1) lines lying immediately above A.

Example 5.2.15. In the Bar-Code B displayed below, the outlined part is a 2-block, namely

the one associated to A§2).

N

We come now to a turning point of our deal, since we need to associate to a given n-Bar-
Code B, a finite set of terms Mg, with B = Byy,.
In order to achieve this goal follow the rules below:

Bcl. Let {Aﬁ”), . A;(ZEZL)}’ denote the n-bars of B and let 11(A§”>) =1y, ..., ll(AfZEzl)) = ly(n)-
Substitute A§"> with ly copies of a random pure power z2°, Agn) with /; copies of a pure
Ap(n)

power z2', a1 > ag,..., AL’Z;) with [,,(,)—1 copies of a pure power z,""™, a,(n)—1 >

Qu(n)—2-

Bc2. Takelinesi,i+ 1,7 =1,...,n — 1 and construct all the possible blocks.
Repeat the construction inductively on the blocks, multiplying each term obtained in
the i-th line (1 < ¢ < n) by the term corresponding to the bar lying under it.
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These two rules produce exactly the P,,’s for some Mg, so that operating on Mg according
to description 5.2.5, we obtain back B.

Notice that the sets of terms which can be produced using Bcl and Bc2 on a Bar-Code B are
infinite. Indeed, we can start in Bcl with any power of x,, and we can increase such a power
by any natural number, while passing to a subsequent n-bar and the same reasoning can be

applied to each inductive step, as shown in the example below.

Example 5.2.16. Consider the following B:

1

2

3

Two consistent sets of terms associated to B are, for example:

Zo .T%I’Q I‘?CEQ l’g xlxg Ig 1 X1 l’% To X1T2 X3
xT9 Z‘%l‘g l“?.l?g l‘g 1‘1.133 .%‘g 1 T l‘% T2 XT1T2 X3
To T2 To xg xg xg ’ 1 1 1 x99 x2 x3
11 11 1 b 1 1 1 1 1 a3

thatis Mp = {x9, ¥3x0, 270, 23, 123, 25} and M = {1, 21, 2%, 22, 7122, 73 }; note that M§
is an order ideal whereas Mz is not.

In both cases, if we repeat on the 4 x 6 tables above the construction described in 5.2.5 we
obviously get back to B.

Making Bcl stricter, one gets BBcl, which can improve the properties of the resulting set
Mg CT:

BBcl. Let {4, ..., A/(Ién)ﬂ} be the n-bars of the given B, with I (4\™) = I, ..., ll(AL’ZL)) =
lu(n)- Substitute Ag(n)) v;rith lo copies of 29, Aén) with [; copies of z!,..., AL’EL) with
fu(n)—

l,u(n)—1 copies of xi,
Point out that BBc1 is simply a particular case of Bcl.

Example 5.2.17. Referring to example 5.2.16, the first set of terms associated to B can be
obtained only if we apply Bcl, whereas the second is obtained using BBcl. This is the
reason making order ideal the (unique!) set of terms obtained using BBcl (see next lemma
5.2.23).

In this context, we need to point out that we cannot associate an order ideal to every Bar-Code.
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Example 5.2.18. Given M = {x1, 23, 2273, z17523, 323} (which is not an order ideal) the

associated B-C is By:

0o X1 x? XT3 xywiTz TIT3

1

2 — —_— —_— —_—

3

which cannot be associated to any order ideal.
Using either Bcl, Bc2 or BBc1,Bc2, we obtain terms of the form:

oy b1, oz, P17 01 .72 02 .72 03 .72
ePayt el Pyt edt xad xxl? xdial

B1..m B1,.m 01 ,.72 02 ,.72 03 .72
Lo T3 Ty T3 Lo T3~ Ty"T3™ Ty T3~
Y1 Y1 Y2 Y2 Y2

T3 T3 T3 T3 T3

with Y1 < Y2, 01 < 09 < 03, 1 < g and so:

_roa. B, o, B 01,72 02,72 ,.03,.72
Mp = {a x5 x3", x7?x5 3" x5t w3”, k2 d®, w5 xa” |

If Mg were an order ideal, all the divisors of its elements should have to belong to Mg, so,
even supposing v; = 0,7, = land 6; =0, 62 = 1, 63 = 2, we would need to simultaneously
have 8; =0, 51 =1, p1 = 2, that is clearly impossible.

Actually the problem is that to a power of z3 which is not the smallest one we associate
three increasing powers of x5 , whereas to the smallest power of x3 we only associate 1 as
power of x5. This implies that any set of terms associated to the given B cannot be an order

ideal, since some divisors are surely missing.
Inspired by example 5.2.18, we define admissible Bar-Codes as follows:
Definition 5.2.19. A Bar Code B is admissible if it exists at least one order ideal Mg.

A non-admissible B-C cannot be associated to an order ideal by definition, whereas the
reverse does not hold, as we showed in example 5.2.16 where an admissible B-C is associ-
ated to a set Mg not satisfying the order ideal property.

A question then arises: which are the admissible Bar Codes?

Let B be a Bar Code and let Mg be the associated set of terms, via rules Bbcl and Bc2.
Foreachi € {1, ...,n — 1}, we fix a 3-block, composed of a (i + 2)-bar 4, all the (i + 1)-bars
By, ..., By, over A and all the i-bars over Al.

1Such a condition is degenerate for i = n — 1, since A would be an (n + 1)-bar, so, for convenience, we imagine
in the proof the whole diagram underlined by a unique "(n + 1)-bar".
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We check whether [;(B;) > l;(Bj+1), j = 1,..., h — 1. If not, B is not admissible. If so, for
i=3,...,n, fixed an (i + 1)-bar we consider two consecutive i-blocks By, and Bs, lying over
it and consisting of two consecutive i-bars A;, A; and of all the bars lying above them. By
the previous relation, 1;_1 (A1) > I;_1(Az2).

Foreachj =1,...,l;_1(A2), we check l;_5(C1 ;) > l;_2(Cs ;), where C; ;, Cy ; are the j-th
(i — 1)-bars over Ay, As. If this test fails for some j, then the Bar-Code is not admissible.
Then, isolated the (i — 1)-blocks associated to C ;, C> j, we check the analogous property
for all the couples of (i — 2)-bars above the isolated blocks and so on. We prove now that if
all the tests pass, then Mg is an order ideal.

aifl

[e20)
i .

Ifr=af"-xpmc Mganda; |Tlet7' = - =a" - R
We want to prove that in the original B there is a bar corresponding to 7’ so that 7’ € Mg.

Foreach1 < j <nlet Agjj ) be the j-bar underlying 7. Since 7, 7" have the same n,
(n—1),..., (i + 1) exponents, if really 7" € Mg, then it must lie over A;fj) forj=i+1,..,n.
Additionally, 7’ lies over A,(fi)fl. Since l;_1 (Agi)q) > li_l(Agfi)), we can find the (i — 1)-bar
Al(ifl) over A;fl)_l corresponding to the exponent a;_1 of 7. By the second test, the inequal-
ity also held for Al(i_l) and Agfij), so we can find a bar corresponding to the exponent a;_»
of 7. By induction, we can conclude that 7" € Mg.

We now prove that conversely, if N is an order ideal, its associated Bar Code By passes
the two tests above.
For eachbar C("t2),j = 1, ..., n—12, consider the associated 3-block denoting B£i+1), e B,(LHU
the (i 4 1)-bars over CU+2) If B, = li(Bj(.iJrl)) < li(Bj(.fll)) = [, for some j < h. By Bbcl,
B2, 0 = xfrleﬂxﬁ;z <.z e N. But, since 8; = li(BJ(-iH)) < li(B(iH)) = f5, the term

Jj+1
o =P 2l zi75? - 22 ¢ N, and this contradicts the order ideal property, being o’ | o.

Example 5.2.20. Example 5.2.18 shows a B-C failing the first test at the 3-blocks depending
on the "degenerate" 4-bar:

N}

Example 5.2.21. Taken the following B, we show that the second test fails:

2 Again we consider also the "degenerate" (n + 1)-bar.
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Even if we apply BBc1 and Bc2 to B we do not get an order ideal: the resulting set is indeed
Mg = {1, 71,22, 23, Tow3, 23, 2173} and x12% € Mg, whereas 2173 ¢ Mg.
Focus on the second and the third line and consider the blocks associated to Aég) and Aé?’),

namely:

the fact that 2123 € Mg, whereas 2123 ¢ Mg is mirrored by the fact that /; (AgQ)) <l (AéQ)).

Remark 5.2.22. Consider a finite set of distinct terms M = {r,...,7,} C T and fix an
1€ {1, veny Tl} FOI'j = 2, ., m, Compute Tjji—1 = Wm

If M is an order ideal, then 7; ;_; consists of a unique variable by definition.
If max(7;;_1) > x4, then 7;,_;, 7; do not lie over the same i-bar.

By rules BBcl and Bc2 the following holds trivially.
Lemma 5.2.23. If B is an admissible B-C there is only one order ideal Mg associated to it.

In the remaining sections, we will mostly deal with admissible Bar Codes, even if we

will have some applications in which this property will not be required.

5.3 The star set.

We are going to associate to a finite order ideal N C 7 a new set of terms, arising from
its admissible Bar Code By. Rather loosely, these terms appear in correspondence with the
ends of the rows from 1 to n and with some “holes” inside the rows from 1 ton — 1.

In this section, N = {7y, ..., 7.} will be an order ideal, B = By the associated admissible Bar
Code and I the monomial ideal such that N(I) = N.

First of all, we put a star at the end of each row of B as identification mark. We also put the
same mark at each “hole” (between two consecutive bars) lying above a “hole” of the next
line (hence no such star occurs in the last row).

Finally, we associate to each star a term, for instance to a star lying in the i-th row and
after the j-th column we associate z;P,,(7;) (thus to the end of the i-th row we associate
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.’ﬂlpz? (Tr)).
We denote by Fy the obtained set of terms and call it the star set of N.
We will call Bar Code pictures the Bar Codes equipped with the star set.

Example 5.3.1. Given the order ideal N = {1, 1, 22,25} C k[z1,x2,235], so that N = N(I)
with I = (22, 2179, 23, 2173, 1223, ¥3), its admissible B-C is B:

0 1 T xTo T3

1

2

3

The “hole” between Agl) and Aél) does not lie above a hole of the second row, so we do not
associate any star to it; on the other hand, in the hole between AS) and Agl) we put a star to
which we associate x2.

Continuing this way along all B, we obtain the following two pictures

0 1 T T2 X3 0 1 x1 T2 x3

1 * * * 1 x? xp @ xyw3
2 * * 2 r% 273
3 % 3 1§

for which Fy = {22, 2129, 1123, 23, 1913, 23 }.
Note that in this case it holds Fy = G(I).

Next example shows that in general the star set 5 does not coincide with the minimal
generating set of the monomial ideal I.

Example 5.3.2. Given the order ideal N = {1, 21, 72,23, 23} C k[z1, 72, 23], so that N = N(I)
with I = (2%, 2129, 23, 123, 223, 23), the corresponding admissible Bar Code, equipped
with the star set is and Fy = {23, 2179, 2123, 2173, 73, 2273, 23} 2 G(I).

o 1 x1 T2 x3 z3

1 z? 1z 123 123
2 z3 223
5 2

Figure 5.1: A Bar Code picture.
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In Janet’s context, for a monomial ideal I, it arises the set
«
e N(I)}

(especially connected with the so called involutive bases, see chapter 6).

F(I) = {z* € T\N(I) | —

min(z®)

As a matter of fact we can prove:
Proposition 5.3.3. With the above notation Fy = F(I).

Proof: First of all, we prove Fy C F(I).
Let o be the term corresponding to the star between P, (7;) and Py, (7j41), for 75,741 € N.
Then, o0 = z;P,,(7;) by definition and deg;(c) > deg;(7;), but degy (o) = deg(7;), for each
h > i.

We now show that o ¢ N.
If o € N, then it must lie over the same (i + 1)-bar as 7;, but over the subsequent i-bar w.r.t.
to the i-bar associated to 7;, which cannot exist since ¢ arises from a star.
On the other hand, *= = P, (15) | 75, 80 Py, (7;) € N by definition of order ideal. Thus
o e F(I).

We prove now that F(I) C Fy.
Let o € F(I), min(o) = zy, so that - € N. Let A be the k-bar of > and let ; € N be the
rightmost element lying over A (so that degy (i) = degn (), h =k, ..., n).
We have to examine the terms 7, 7,41 € N.
First of all, notice that 741 >r., 7 by assumption and it cannot be that degy(741) =
degn(m), h = k,...,n since, if it were so, 7, would not have been the rightmost term ly-
ing over the k-bar A.
If degi(mi41) > degi(m) and deg;(Ti+1) = degj(m), j = k + 1,...,n, then it would be that
o € N, contradicting o € F(I).
Thus, the (k+1)-bar underlying A breaks in correspondence to the end of A itself, so o € Fy.
o

Thanks to proposition 5.3.3, by abuse of notation, we will call star set both Fy and F(I).

Remark/Definition 5.3.4. It holds G(I) C Fy C B(I).

Since Fy = F(I), we have Fy C B(I) because of the definition of F(I) and in general this
inclusion may be strict. Analogously G(I) C Fy.

If /n = G(I), we say that By is a full Bar Code.

Example 5.3.5. a) Consider the order ideal N = {1,z 23,23, 23} C k[z1, 2], so that I =

(w1, 73).

The associated B-C picture is:
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o 1 T2 a3 3 5
1 T Ak 123 123 125
2 z3

_ 2 3 4 .51 _
We have Fy = {21, 2122, 2125, 2125, x125, 25} = B(I).
_ 2 — (.3 2 .2 2
b)Let N = {1, 21, 27, x2, x3, x123} C K[z1, 22, 23], s0 that I = (a7, x129, 25, 2123, T2Z3, T3).

The associated Bar Code picture is:

0 1 1 x% X2 T3 T1T3
2
1 _ _ —x? —1T2 Z1T3
2
2 _— —xi ——————— %273
2
3 x5

Since Fn = G(I) = {23, 2129, 23, 2223, xox3, 22}, By is a full B-C.
1 2,27 3

_ 1.3 2 2 2 2 2
B(I) = {«f, x 122, 2722, T3, 723, x2T3, T1X2T3, T1X3, T3} 2 FN.

5.4 Infinite Bar Codes.

In this section we extend the notion of Bar Code to the case of non-zerodimensional mono-
mial ideals.

We will first explain how to draw their B-C diagram, showing how to represent the infinite
part of the Groebner escalier and then we will also study how to derive the star set from the
B-C diagram.

If J is a non-zerodimensional monomial ideal we have |[N(J)| = Ry and still its minimal
basis G(J) is a finite set, say G(J) = {01, ...,0, }.

We start examining the structure of N(J) in a very simple case.

Example 5.4.1. Let J = (x1x2) <k[z1, z2]. In this simple case, we can represent the Groebner
escalier N(J) = {a7*, m > 0} U {z}, [ > 0} in the plane:

3
1 I1|m1|

If we examine the xp-ranges composing N(J), we can observe that R(2, 1) is an infinite set,
being R(2,1) = {z}*, m > 0}. Since x122 € G(J), R(2,x2) is the singleton R(2,z2) = {x2}.
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All the terms 7" z3?, a1, a2 > 1 belong to J, and no pure powers of x; belong to J, so,
for each i > 1, R(2,z%) is the singleton containing z} itself: therefore we have an infinite

zo-tower in the Groebner escalier.

We will draw the Bar Code inductively on the variables x1, ..., z,,, using as a benchmark
the monomial basis G(J).
In the case n = 1, if J = (z{*) we have:

o 1 Ty e xS

1

and, if J = (0)

—_—

where the symbol — stays for infinitely many 1 blocks, corresponding to the powers z%, i €
N* which belong to the (infinite) Groebner escalier.

Let us deal with the simple case n = 2.

a) Consider the set G(J) N T[1], possibly containing the unique element of G(.J), which is a
pure power of z1. We then distinguish G(J) N T[1] # @ and G(J) N T[1] = 0.

In the first case, ¢ € G(J), so N(J) N T[1] = {1,1,...,2¢" '} and we draw its Bar-Code
obtaining:

underlining it by a unique z,-bar; we obtain a Bar-Code that we denote by B;.

In the second case, no pure power of z; occurs in G(J), so we draw only the Bar-Code of

term 1, putting after its single bar the symbol — underlining the obtained picture with a

2-bar: we denote again B; the obtained picture.

The symbol — stays for infinitely many 1 blocks, corresponding to the powers z¢, i € N*

which belong to the (infinite) Groebner escalier.

b) Then we consider G(J) \ (G(J) N T[1]), containing all the terms divisible by x2, z1 2.

If it is the empty set, we put the symbol — after the 2-bar, the one drawn in B; before.

Otherwise, we order its elements w.r.t. lex. Let 71 be the first element and let degs (1) = e.
We multiply the terms lying over By by x5, ..., 2§ and we copy, under them, the Bar-Code

structures of B; e times.

On the first (e — 1) 2-bars we cannot have any multiple of a generator, since, in this case,

there would be an element o € G(J) \ (G(J) N T[1]) with degz(0) < e.
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The possible multiples of the generators will lie over the last 2-bar we drew. Considering
this bar:

o if /; = x5 we delete 7y and all the bars under it;

e if 7 = z{2§ consider the 1-bars. More precisely, if 2§ is followed by —, we remove

the symbol and we add the terms x5, ..., .~ *z5, each one underlined by a 1-bar.
Otherwise, we delete all the multiples of 7;, checking the terms from right to left.

Then repeat this procedure for the other terms in the set, replacing B; with the last 2-block.
At the end, we put a symbol — after the last 2-block if no pure powers of x2 occur in the set.

Let us see a first example

Example 5.4.2. Consider the monomial ideal J = (z%23) <k[x1, z2).
We have G(J) N T[1] = 0, so the first step produces the Bar Code B; below.

1

Then, we consider o € G(J) \ (G(J) N T[1]) = {z?23}.
Since degs(z323) = 2 we get:

We consider the last 2-bar. Since we have the symbol —, but 2223 € G(J) we finally get:

1 L2 m% xlxg

—_— —— — —_—

—_— —_— -

We now state the general procedure for the case n > 2.
Suppose we have computed B,_i, 2 < h < n, involving the terms divisible only by
21, ..., Th—1. We find the first h-block by underlining B),_; with the first h-bar.
Consider G[h] := (G(J)N TR\ (G(J)NT[h —1]).
If G[h] is empty, we put an — after the first h-bar (meaning that the first h-block repeats in-
finitely many times and at each repetition the terms over the previous copy are multiplied
by z,). Then, we underline the obtained picture with the first (h + 1)-bar.
Otherwise, if G[h] # 0, we order it w.r.t. lex and, for each 7 € G[h], by definition, max(7) =
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xp. Denoting F' the rightmost h-block we drew, we let deg,(T) = a5 and § the maximal
h-degree of the terms lying above F' (of course 3 = 0 if 7 is the smallest element of G[A]). We
write ay, — 3 copies of I and at each repetition the terms over the previous copy are again
multiplied by . If some multiple of 7 appears among the terms inserted so far in the Bar
Code picture it will lie above the (o, — 5)-th copy of F, from now on denoted by F (since for
the previous ones the h-degree is too small) and it has to be removed since it cannot belong
to N(.J), so we have to modify F'.

(a) If 7 = 2" we simply need to remove the whole F.

(b) If 7 = a2t -a) " apt, (e, ap—1) # (0,...,0) let z; = max(gﬁl—h) < xp, we must
h

distinguish two subcases:

(b1) x; = min(7): for each i-bar of F' we consider the related i-block. We must erase
the possible multiples of 7 and all the bars of F lying under them. In particular,
if the i-block under consideration is followed by an —, denoting ~ the i-degree
of the terms involved, we add a; — v — 1 copies of our i-block erasing from them
the possible multiples of 7 and related bars, as well as the — (if ; — v -1 < 0
both the whole i-block and the — have to be deleted).

(b2) Otherwise we again consider the i-blocks of the i-bars of F, distinguishing three
g g g
possibilities for each i-block H.

1. The i-degree of the terms over H is smaller then «; and H is not followed by
an —. In this case, no term over H is multiple of 7 as its i-degree is too small,
so H does not have to be modified.

2. The i-degree v of the terms over H is smaller than «;, but H is followed by an
—. In this case we remove the arrow and we make «; —y copies of H putting
an — on the lower right-hand corner of the last copy H. By construction,
the terms lying above H have a; as i-degree, so the possible multiples of 7

T

should lie over it. We then compute max(—== ), repeating (b) for H and

zoigh

—=7—=, until we reach min(7) (and we applyl(bl) for it).
i h
3. The i-degree of the terms over H is greater or equal than «;. In this case
computing max(—="=; ), we repeat the last part of 2.
i h

We show that for each 7 € Glh], steps (a),(b) ensure that the Bar Code picture we obtain
does not contain 7. If 7 is a pure power of x,, by (a) clearly the Bar Code picture we obtain
does not contain 7 (as we have deleted the whole F). If 7 is not a pure power of x;, step

(b) essentially checks whether for each variable z; < xp, such that x; | 7, it can be that
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an i-degree is greater or equal than a; and deletes all the possible elements satisfying this
condition.

At this point, the only possible multiples ¢ of 7 that could appear in the Bar Code picture
we drew treating 7 are such that max(c) = z;, and degp (o) = oy, (up to this moment there
does not appear in the picture neither terms containing the variables greater than x; nor
terms with maximal variable z;, and deg;, greater than ;). If 7 were a pure x,-power we
would have deleted all the F block (and so all the multiples of 7 w.r.t. z1,...,xp) by (a). If
T were not a pure z,-power by (b) we would have deleted inside F all the terms having
exponents greater or equal to those of 7 w.r.t. x4, ..., ;. Sono o with 7 | o, max(o) = zj, and
degn (o) = ay, appears in the Bar Code picture obtained up to 7.

Possible multiples o of 7 with either max(c) > =, or degy (o) > ay, should arise from terms
of G(J) greater than 7. Let 7’ be the term in G(.J) next to 7 and let H be the last H-block we
got from 7, all of whose terms have z;, as maximal variable.

We distinguish three possibilities according to the part of the Bar Code we have to copy:
1. the last h-block H a finite number of times;
2. the whole Bar Code (i.e. we are constructing the first (h + 1)—block);
3. a sub-Bar Code ending with an —.

As for 1 we are adding h-blocks, incrementing the z1,-exponents of the involved terms keep-
ing the other exponents fixed: this way we cannot get multiples of 7 since the z;-exponents
i=1,...,h — 1 are too small.

As for 2 we are introducing (h+1)—blocks incrementing the zj1 exponents of the involved
terms keeping fixed the exponents of 1, ..., z;, and again we cannot get multiples of 7.

As for 3 we are copying a sub-Bar Code ending with an —. Since we have already seen how
the exponents of x;, 2,41 can increase (respectively in 1 and 2), we know that our arrow
must refer to an i-block with ¢ = 1,...,h — 1. Increasing the x;-exponents again we must
distinguish whether the i-block we are manipulating is a copy of something inside H (in
which case some exponent of the variables smaller than z;, is too little) or not (this means
that it lays on an h-block with x,-exponent smaller than ).

Up to now we have seen that no terms in T(J) can appear in the Bar Code picture we are
drawing. Finally, we show that each 7 € N(J) actually appears in the Bar Code picture.
We know that 1 actually appears, this implies that for each i-block the leftmost term over it
does not contain variables smaller than ;.

Let 7 € N(J) and let max(7) = xj. By construction if 7 belongs to the Bar Code picture
it must lie over the first h + 1,...,n bar. Let then «;, = degy(7) and let 8 be the maximal
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h-degree of terms of the first (h + 1)—bar (so that the last h-block we drew has an — or
xf“ € G(J)). Two possibilities can arise:

e o < ff: we move to the h-bar corresponding to a;, and look what happens for the
Tp_1-exponent;

e o > [ means that xf 1 ¢ G(J) [54], thus after the last h-block there is an arrow. So
there is ¢ € N(J) with degy (o) = § and if o is represented in N(J) also 7 does. We
look then for ¢ inductively on the variables.

Clearly if we have an arrow in the inductive step we do not have a pure power but also ="

and the intermediate variables which have already been fixed [54].

Let us see some significant examples.

Example 5.4.3. Let J = (23x3) <k[z1, 72, v3]. Assume we have computed the Bar Code B,
of the terms divided only by z; and 3, underlining B, by a first 3-bar. We have:

Consider G(J) \ (G(J) N'T[2]). Since it is not empty, we deal with its only element 7 = z3x3.

We have degs(7) = 1, so we make only one copy of the first 3-block and we get:

o 1 z3

1 — —

2

- ——

3

Now, 22 = max(-) = min(7), so we perform as in (b1), getting:

o 1 T3 T2T3
1 - — —

2 — — e —

3 —

Since there are no pure powers of x3, we finally get:

o 1 T3  X2X3

P — —— ——

e
_>

2

3
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Example 5.4.4. Let J = (z12223)<k[z1, 22, x3]. The first two steps are the same as in example

5.4.3 so we have:

1 —_ —

- ——

2

Then, since max(-) = @2 # min(z1z223) we first draw:

o 1 T3  X2X3

P — —— ——

2 _

3

and finally, dealing with z; = min(7), we get the final picture:

o 1 T3  X2T3

1 — — —

2 _——

3 — @ —_——

Given a Bar Code B, we naturally extend to infinity the concept of j-length. The only
difference is the presence of —: if, over an (i + 1)-bar C' there are the i-bars A, ..., Ay and
after Ay, — occurs, then [;(C) = oc.

Also for infinite Bar Codes we can define the analogous of rules Bbcl and Bc2, in order to
associate to them infinite sets of terms. The only difference is again represented by —, in this
case we write down as many terms as the 1 bars really drawn in the diagram, performing
the same Bbc1 and Bc2 as in the finite case, so disregarding —.

Again, the problem of admissibility arises, but it can be solved exactly as in the finite case,

exploiting the extension to infinity of the length functions.

Example 5.4.5. Consider the infinite Bar Code B

1
g — s

3

We have lg(A%B)) = 00, lg(Agg)) =2.
If we apply Bbcl, Bc2 we get
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T To T3 X1T3 T2x3
1 T2 — I3 T3  T2T3
1 1 z3 z3 T3

so Mg = {1, 21,23, 123, x2w3} U {x5", m > 1}. Such a set is an order ideal and actually B
passes both the admissibility tests generalized to infinity.

Example 5.4.6. The Bar Code

Tl

D — —_— _— —_—

is not admissible, failing simultaneously both the tests.

Example 5.4.7. The Bar Code

is not admissible, since it fails the first test for the 3-block formed by the 3 block associated
to the A

Example 5.4.8. Consider the Bar Code displayed below.

It passes the first test, but it fails the second one: the comparison failing is the one between
the 2-blocks over Ag3)7 Ag?’).

As for the finite case, we can read the (infinite) star set Fy directly from the Bar-Code.
First of all, we consider the holes between two bars, not filled by — and we proceed as in
the finite case (computing the P, (y’s of the last term before the hole) and we do the same
also for the bars at the end of a line, if there is not the symbol —.

The obtained terms belong to Fy for the same reasons as for finite Bar Codes and we call

them finite terms.

Proposition 5.4.9. With the notation above, the star set Fy consists of the terms of the form

ajy aj, )
TZ;) z;", oy, >0,

where:
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e 7 is a finite term in the h-th bar (h € {1, ...,n});

e z;,j; > h,s.t on the j;-bar, under the star corresponding to 7, there is the symbol

="
Proof: In what follows, we denote by J the monomial ideal such that N = N(J).
If 7 is a finite term, it belongs to Fy by 5.3.3. If we consider a finite term z,w € Fy,
min(zrw) = x, and we suppose to have the symbol — on a hole in the z;-line (I > k)
under the star corresponding to zrw € Fn, we get that wz]* € N for each m and zpwa} € J,
being a multiple of z;w. This implies zwz™ € Fy for each m.
This holds also in the case we have more than one variable displaying — under a finite term.
The only difference is that we can increase the exponent of each of these variables.
Consider now zw € Fn, min(zyw) = x. If it is a finite term we have nothing to prove.
Suppose then that x,w is not a finite term. This means that w € N is represented in the Bar
Code in the repetition induced by — placed on one or more than one variable greater than
xj. Then, there is w’ € N, i.e. the term followed by the symbols —, obtained dividing it by

these variables. The term z,w’ is a finite term, so we can conclude. ¢

Example 5.4.10. Let us consider the ideal J = (x1z3, T223) <k[z1, 22, 73].

We get F(J) = {z125'w3, m > 0} U {z12k, [ > 2} U {moah, k > 2}.
Example 5.4.11. For the monomial ideal J = (z2, 23) <k[z1, 22, ¥3] we have

o 1 z3
— —

The star set is Fy = {22, 1913, 23 }.
We point out that in those case the star set is finite, even if the Groebner escalier is infinite.



5.5. How to encode a Bar Code? 175

5.5 How to encode a Bar Code?

Given a finite set of terms M = {7, ..., 7} C T, we have to face the problem of encoding a
Bar Code in a computer.

Indeed there are differences between the visual representation one can give to data and the
way a computer stores them in memory.

The most suitable data structure which can be used to encode a Bar Code is the trie structure.
More precisely, we label the root with the set M, that we suppose, as usual, ordered w.r.t.
lex. Each edge adjacent to the root represents an increasing P, w.rt. lex and we label
each node at level 1 with the sets of terms sharing the same P, ’s. Continuing this way
with 2,1, ...,x1 we get a trie in which the terms are arranged w.r.t. their P,,’s, grouping
together at level 1 < ¢ < n the ones whose P,,’s are the same.

Essentially, each edge represents a bar: the edges connecting level 0 to level 1 are the n-bars,
the ones connecting level 1 to level 2 are the (n — 1)-bars and so on.

This way, reading information from a Bar Code becomes the same as reading information

from a trie.
Example 5.5.1. For M = {x1, 23, zox3, 2323, 23} C k[z1, 22, 73], we have:

T T3 wox3 33 T3
T Z‘% ToX3 33%.%‘3 xg

2 5
1 1 wmoxs w3w3 23

1 1 T3 T3 :rg
so the Bar Code is:
ox  x} @2x3 3wy 23
N - . _
2 —_— — —
3 —
and we encode it as
M
xrs3 ‘ Ty
{1, 27} {wows, a3w3} {3
1 ‘ 1213/ TgT;;\ :rg ‘
{x1,23} {z2m3} {323} {3

{1} {23} {wozs} {2323} {3
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As seen in description 5.2.5, we have to compute the P, (_) ofeach7; € M, j =1,...,m
and 7;, 741 lie over the same i-bar if P, (7;) = P,

(Tj41),forj=1,...m—1,i=1,...,n.
Since M is ordered w.r.t. lex, thus possible repeated P (_) are adjacent, we can perform the
construction as follows:

e read the z,, exponents and arrange the terms into the x,,-ranges, allocating the first
level of the trie;

o for each node in the trie, read the z,,_; exponents and allocate the second level;
e repeat until z; is reached.

Such an encoding has complexity O(nm), since, for each 7; € M, j = 1,...,m we only have
to read the exponents, one by one.

Now we discuss the next item, i.e. how to encode the Bar Code picture, adding the stars.
Since the bars are in correspondence with the edges in the trie, the construction we perform
to settle the stars, costs computationally speaking, as attaching a new node to each node of
level 0, ...,n — 1, so itis O(nr), where r + 1 is the maximal degree of a node in the trie.

The encoding of an infinite Bar Code is similar, but we label only the edges followed by —
with an R, meaning that the corresponding bar (and the whole subtree depending on it) is
repeated infinite times.

For the complexity of an infinite Bar Code, we notice that we have to deal at most with
terms of degree d, where d is the sum of the maximal degrees of z1, ..., z, in the terms of

G(J) and we deal with them at most once for each variable.

5.6 A Bar-Code algorithm for a finite set of distinct points.

In this section, we describe how to compute the Groebner escalier N of the ideal I(X) of a
finite set of distinct points X, setting a biunivocal correspondence between such points and
the elements of N.

As explained in chapter 1, there are several algorithms dealing with this problem, such as,
for example, Cerlienco-Mureddu Correspondence and the Lex Game.

The most important feature of Cerlienco-Mureddu Correspondence is its iterativity on the
elements of X, whereas the Lex Game (as the other methods described in chapter 1) is faster
then Cerlienco-Mureddu algorithm but, requiring some preprocessing on X, it is not itera-
tive.

The algorithm developed here, places itself halfway between the Cerlienco-Mureddu Corre-

spondence and the other methods. Indeed, our algorithm maintains Cerlienco-Mureddu’s
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iterativity but, thanks to the B-C structure, it shares some facilities with the Lex Game.

Let us consider a set X = {P,..., Ps} C k", P, = (ai1,...,4in), for i = 1,...,.S and define
N(i) := NI({P1,..., P;})) = {71, ..., s}, B(i) = By and X; = { P4, ..., P }.

First of all, we recall that [N(S)| = |[N(X)| = |X| = S.

We can associate a trie T(X) to the set X. Such a trie is constructed iteratively on the points
of X and ht(T(X)) = n is the number of coordinates of each point.

The edges are labeled with the coordinates of the points. The root is labeled with the set
{1, ..., S}, whereas a node at level [ is labeled by the set {a1,...,an}, a1 < ... < ap, where
P,,,..., Py, € X are the points whose first [ coordinates are equal to the ones identified by
the edges in the path from the root to the considered node.

Example 5.6.1. Given the set X = {(1,0,0),(0,1,0),(1,1,2),(1,0,3)}, we display here the
construction of T(X).
We start with P; = (1,0, 0), associating to it T(X):

{1}

The second point P, = (0, 1, 0) has no common coordinates with P;, so T(X3) is

{1,2}
V0N
{1} {2}
0 1]
{1} {2}
0 o
{1} {2}

The point P; = (1, 1, 2) shares the first coordinate with P;, so for T(X3) we get
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{1,2,3}
Lo\
{1,3} {2}
of o 1
{1 8 {2
of o] o

{1 38

The point Py = (1,0, 3) shares the first two coordinates with P;. The final trie T(X) =
‘I(X4) is

{1,2,3,4}

PN
{1,3,4} {2}

of O\ 1]
{1,4} {3} {2}

o o] o o
{1y {4} {3} {2}

The sets labeling the nodes correspond to the classes ¥;, i = 0,...,n in the Lex Game
algorithm and in the Jumping algorithm but in this case they are not ordered w.r.t. any
criterion. Indeed, their order depends only on the order of the elements in X.

Example 5.6.2. Take the set X of example 5.6.1, but order the points in this way: X =
{P27P17P37P4}'
For the set ordered this way, we get

{2,1,3,4}
N
{2} {1,3,4}
1] o I\
{2) {1.4) {3}
0 o 3\ 2|
{2) 1 {4 {3

The trie we constructed and the Bar Code are the main tools for our algorithm.
Let us explain the whole construction for X = {Py, ..., Ps}.
For S = 1 we construct T(X;) and we set N(1) = {1}
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{1}

a1 ‘

{1}

am‘

{1}

an—ll‘

ain |

{1}

The B(1) displayed below is the associated B-C:

The above construction for ¢ = 1 has to be considered as the base step for the algorithm.
This step is correct since, if the given set is the singleton {P, }, the associated ideal is the
maximal ideal I({P1}) = (z1 — a1,1,...,&n, — a1,,) and so the Groebner escalier is clearly
N(1) = {1}.
We construct N inductively on i = 2,...,5, associating a term 7; to each P;, through the
following steps.

1. Setalist D = [0, ..., 0]°.

——

m times.

2. Construct T(X;).

3. Compute the maximal integer s, such that IT,_; (P;, X) # 0, i.e. the level of the trie in
which the path in T'(X;) corresponding to P; forks*.

4. Since 7; will then belong to R(s + 1, 1), point to its corresponding bar, namely AgSH).

5. Let L be the subset of the set of terms over A§8+1), consisting of all the terms 7; corre-
sponding to points P; such that m;_1(P;) = ms_1(P;). Then compute 7, = Max e, (L)
and keep track of the value /, calling it the s — 1 antecedent of P;.

31f we set D[3] = 4, we imagine D = [0,0,4, 0,...,0 ]
——

m—3 times.
4In Cerlienco-Mureddu language, this integer is the o-value of the point P;; see [20, 21, 22] for more details.
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s)

6. Take the s-bar lying under 7;, say A;ls). The term 7; has to lie over AEL‘ 1 and also this

bar lies over AESH). There are two different possibilities:

a. this Aﬁl‘?_l has not been constructed yet;

b. this Aﬁl‘:)_l has already been constructed.

(s)

7. If a. occurs, set 7; = x,7;, where 7; := Min(R(s,7;)) and update the B-C adding A,/

to it.

8. If b. occurs, move to Aﬂr Then

(a) let Y = {P,,,..., Ps,} be the set of points corresponding to the terms lying over
AELS+)1?
(b) set Djeyj] =1, 5=1,...,h

(c) read the path of P; in the coordinate trie, from level s to level 0, looking for the
first node f whose label contains at least an element «; (index of a point in Y) in
addition to i: f + 1 is the new o-value.

Browsing the elements of the node’s label keeping the left, the f-antecedent of
P; is its nearest element not sharing more than f coordinates with any of the

remaining points of the label (so we are in the first s — 1, ..., f + 2 bar).

(d) Repeat the steps 6 — 8, until level 0 has been reached.

9. We obtain N(i) = {7, ..., 7;} and B(7), the associated B-C. If i < S increment it by one

and repeat all. Otherwise quit.

Example 5.6.3. Consider the set:
X = {(0,0,0,0),(0,0,0,1),(0,1,2,3),(1,0,0,0),(1,0,0,1), (1,1,2,3)} € R
The first point, P, = (0,0, 0,0), corresponds to 7, = 1:

{1}
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z2

*3

T4

We set D = () and we proceed with P, = (0,0,0,1).

{1,2}

The o-value is s = 4, whereas the B-C antecedent is clearly P;. Since there is not a x4-bar

after the one over which 7 lies, we construct it, setting 72 = x4. The Bar Code turns out to

be:

For P; = (0,1, 2,3) we have
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and s = 2, so the term 73 we have to determine will lie on the first z3-bar of the first z4-bar.

The B-C antecedent is then P; and we construct a new zy-bar, getting 73 = x».

1 T2 T4
For P, = (1,0,0,0), s = 1.
{1,2,3,4}
v e
{1,2,3} {4}
o I 0
{1.2} {3} {4}
0 2N 0
{1,2} {3y {4
of I\ 3] o]

{1 {22 8t {4

The B-C antecedent is P; and we construct a new x;-bar, so 74 = ;.

1 z1 Hp) T4

D —_— —_—
e — —_—

TY — —_—

For P; = (1,0,0,1), s =4and [ = 4:

{1,2,3,4,5}

o T
{1,2,3} {4,5}
o N 0
{1,2} {3} {4,5}
of N ol
{12} {3} {4,5}
o[ N s o N

{1 {2y {8 {4 {3}
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We restrict to the second x4-bar, setting D[2] = 1. This means restricting to the trie

{2,5}
o T
{2} {5}
0 o
{2} {5}
0 of
{2} {5}
N N
{2} {5}

In this recursive step, we have s = 1, [ = 2, then 75 = z124.

1 x1 T2 Ty T1T4

Y N

z3

@y

Finally, we deal with Ps = (1, 1,2, 3), for which s = 2and [ = 4.

{1,2,3,4,5,6}
o
{1,2,3} {4,5,6}
o N\ IEN

{1,2v {3} {45} {6}
o N o] 2
{1,2} (3} {45} {6}
o1 3/ o1 s
{1 {2y 8 {4 {5 {6}

We restrict to Ps, P, so D[3] = 1:
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{3,6}
0o/ \
{3} {6}
N N
{3} {6}
2\ 2|
{3} {6}
3 3
{3} {6}

and s = 1,1 = 3 then 74 = z12>.
The Groebner escalier is N = {1, 21, x2, 122, x4, 124} and the Bar Code is

1 T T2 T1X2 T4 T1T4

]

P!

©3

T4

Remark 5.6.4. If min(7;) = x;, the algorithm adds a new j-bar to the diagram and, by the
properties of P, (_), also an [-bar lying over it, foreach ! =1, ..., j — 1. The (j + 1), ..., n-bars
lying under the added ones are simply lengthened by 1 each time, while all the other bars
remain unchanged.

The accuracy of the algorithm follows from the one of Cerlienco-Mureddu correspondence,
since we are essentially following the same line, exploiting the information we obtain at
each step.

The algorithm terminates since it performs a loop on |X| and reads the trie, whose levels
are n and these numbers are finite.

Let us now deal with the computational complexity of the algorithm.

As seen in chapter 2, the complexity of the original Lex Game algorithm is:

O(nS + Smin(S,nr)),

where S is the number of points in the given finite set X and n is the number of variables
in the ring, i.e. the complexity of the (iterative) construction of the point trie, since the
construction of the lex trie is O(n.S).

Let us now examine the differences between our algorithm and the Lex Game.
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Fix a point P;, j # 1. In step j, we first compute the analogous of Cerlienco-Mureddu
o-value s and of the g-antecedent; we exploit them in order to settle the exponent of the
maximal variable in the associated term 7;.

Such a step is totally equivalent to one of the iterative steps in the point trie construction,
so, for each point, we will have O(n + min(S, nr)).

Then we have the inductive step, that is essentially the composition of the following steps:

1. take the s bar containing 7; (which has been fixed in the first step) and restrict to the
corresponding points in the point trie: we get a reduced point trie (RPT from now on).
This goal is achieved exploiting the list D, whose nonempty entries are only the ones
associated to the paths we are restricting to;

2. find the lowest level f + 1 in the RPT in which P; forks, finding the o-value and the

f-antecedent;

This settles the penultimate variable appearing in 7;. We have to repeat the above two steps
for each variable occurring in 7;.

By the way, we have to point out that if we are in an z;-bar different from the first (and this
is the case for each recursion step), we need to have af least half of the P, ..., P;_; in the first
bar, by the admissibility for Bar-Codes. This means that the RTP we construct contains at
most half of the points in the first recursion step, a quarter of the points in the second and
SO on.

We remind also that each level is examined twice.

This leads to the following complexity for P;: O(nr + 237, &), where r is the maximal
number of forks depending on a node. We can conclude that the complexity for a single
point is O(n + min(S, nr) + nr +S) = O(nr + S + min(S, nr))

Now, we have to deal with S points, so we get O(nrS + S? + S min(S, nr)).

Clearly O(nrS + S? + Smin(S, nr)) > O(nS + S min(S, nr)) and it is due to having an iter-
ative construction.

The complexity of our algorithm is strictly inferior than the complexity O(n?S5?) of the orig-
inal Cerlienco-Mureddu algorithm, where the main advantage was exactly iterativity.

5.7 The star set and the monomial basis.

As explained in section 5.2, we can associate the star set 7y to each B-C, corresponding to
an order ideal N.

In general, Fy is not the minimal set of generators for the monomial ideal / whose Groebner
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escalier is N. In remark 5.3.4, we showed that G(I) C Fy C B(I).

First of all, we explain how Fy is modified by the insertion of a new element in N.
Consider a finite set of distinct points X' = {P;, ..., Ps_1}.

Suppose we have found the Groebner escalier of I(X'), namely N’ = {74, ..., 79_1} and sup-
pose the Bar-Code to have been drawn.

Moreover, we suppose Fn' to be known, so we have already associated the star set to the
Bar Code.

We add to X’ a new point Pg, obtaining the set X = { Py, ..., Ps}.

We explained before that we can get the term 75 corresponding to the new point Py ex-
ploiting the Bar Code. We obtain this way the Groebner escalier associated to /(X), namely
N = {r, ..., 75} and we modify consequently the Bar Code.

Let z;, = min(rs) be the minimal variable appearing in the new term 7s.

The Bar-Code is modified this way:

e foreach z;,i < h, we add a new z;-bar under 7g;
e for each z;, i > h we extend the x;-bar under 5.

This implies that we have to modify only the stars lying on lines corresponding to the vari-
ables z;, i < h.

Since setting a star on the i-th line means looking at the “holes” in the (i 4+ 1)-th line, we
have to look at lines 2, ..., h + 1.

More precisely, we proceed this way.

1 Look at the (h+1)-bar lying under 75. Since we added a new h-bar, we have to remove
the star before the h-bar corresponding to g, replacing it with a star after that bar.

2 We add a star after each 1, ..., h — 1 bar lying under 7g.

We obtain this way the star set Fy.

If we want to obtain the monomial basis G(I(X)), we only have to check whether the new
inserted elements are multiple of the previous terms in the same bar.

The construction above bases on the following

Proposition 5.7.1. Let N = N(I), [N| < oo be the Groebner escalier associated to a zerodi-
mensional radical ideal and let Fy be the corresponding (finite) star set.

Given 7 € G(I), we denote by N’ = N(I) U {7} the order ideal obtained by adding 7 to N,
that is naturally associated to a monomial ideal J, so that N’ = N(J). It holds:

Fine = (FnA\ATH U {7, 2 < min(r)}.
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Proof: By remark 5.3.4, we have G(J) C Fyw C B(J) and, by definition of border set,
B(J) = (BWU)\{r}) U{xr, j=1,...,n}.

Clearly, if z; < min(7) then —4" @7

= =7eN.

min(z;7) T
If 2; > min(7) we have two possibilities:

a. x;7 € Fy: in this case ( 5 € Nand # 7,50 2;T € Fn

mln('r

b. z;7 ¢ Fn: in this case # 7 ¢ Nand then x;7 ¢ Fn .

mm(‘r

All the terms in Fy \ {7} also belong to Fn+ whereas, for each o € (B(I) \ {7}) \ Fn, if

min(o)

= 7 then we are in case b. above; otherwise o ¢ Fy.. ©

We will see in chapter 6 that the set Fy represents the leading set for a lexicographical
involutive basis. Let us consider an example.

Example 5.7.2. We start with one single point in R*, namely P, = (0,0,0,0). We set
I =I{P1}) and Ny = N(I4).

Applying the Bar-Code algorithm for the Groebner escalier, we get N; = {1} and the dia-
gram below:

The stars (read from the top to the bottom) correspond to the terms x4, 2, z3, 4.
We get Fn, = G(Ih) = {z1, 22, 23,24}

We add a new point P, = (0, 1,0,0) and we set I, = I({P»}) and Ny = N(I2).
We get No = {1, 7o = x2}, with the Bar-Code below:

o 1 To

1 k — 3k
2 k) —
3 *
4 *

The red stars are the modified ones, whereas the blue one is the one we delete.

We get Fn, = {1, 1122, 23, 23,74} and, being | zy, G(I2) = {x1,23, 73,24}
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Setting P3 = (1,070,0) and 13 = I({Pg}), we get N3 = N(Ig) = {1,7’2,7’3 = iL’l}.
The associated Bar-Code is:

o1 T T2

1 ¥ —— k — %
2 —— — %
3 — %
4 —— X

In this case the star set coincides with the monomial basis, having:
Fns = G(I3) = {23, 2129, 23, w3, 24}

We consider Py = (1,0,1,0) and we define: I, = I({ Py, P2, P5, P,}).
The Groebner escalier is Ny = N(Iy) = {1, 72, 73,74 = 4}.

o 1 T T2 T3

1 — k —— % —— %
2 — % — %
3 — % —
4 *

Removing the blue star and putting on the red one, we get:
]:N4 = G(I4) = {$§7 12, 137 Tr1x3,T2T3, x?ﬂ m4}

Considered Ps = (1,1,0,0), we have: I5 = I({ Py, P, P3, Py, Ps}) and
N5 = N(I5) = {177-277—377—477—5 = $1$2}.
The associated Bar-Code is:

o 1 T T2 T1T2 T3

1 —_— % —— %k — % —
2 X — X
3 — X
4 *

Removing the blue star and adding the red one, we get F, = {21, 2322, 23, 123, vow3, 135, 24}.
This time, the star set does not coincide with the monomial basis, namely

G(I5) = {x%7 I%axlx?)a 332l'3;33§a .T4}.

The point P; = (1,0,0,1) corresponds to 74 = t, so Is = I({P1, P2, P3, P4, P5, Ps}) and

Ng = N(Is) = {1,72, 73,74, 75,76} :
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o 1 T T2 T1x2 T3 Ty

1 —_— %k — — 3k — % —
2 * —— 3k —
3 — k — %k
4 * — X

Removing the blue star and adding the red ones, we get
Fng = {22, 2220, 22, 1123, XoT3, T3, X124, Tola, T3Ty, T }.
The monomial basis is
G(Ig) = {22, 22, 173, xox3, T3, T124, Toly, T3Ty, T2 }.

We add P; = (0,0, 1,0) and we have
I7 - I({PlvP27P33P47P5aP6;P7})/ N7 - N(I7) - {177—277—377—437_5;7—6’7—7 - l’liL'g}.
The Bar-Code is:

o 1 I xTo 1T T3 13 T4

1 — —_— %k — — k —— % — k% —
2 * k — %
3 X — X
4 — Xk

We obtain

2 .2 2 (.2 2 2
Fn, = {27, 2122, 75, (¥123), T2T3, T3, T124, ToTy, T3T4, Ty}

and

G(I7) = {xf,x%, (z%xg),xgxg,xg,x1x4,x2z4,x3z4,xi}.

Finally, for Pg = (1, 1, 1,0), we set Ig = I({Pl,PQ,Pg,P4,P5,P67P7,PS}) and N7 = N(I7) =
{177—277-377—477—577—677_777_8 = waS}'

The Bar-Code is displayed below:

o 1 Z1 T2 X1T2 X3 T1T3 T2X3 T4

1 —_— %k — — % —  —— 0k — % —

2 * k —k — %

3 k ——
*
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We finally get
2 2 2 2 2 2 2
]:Ng = {xl,xlxz,$2,$1l‘3,l‘1x2l‘3,$2$3,x3,$1x4,x2$4,x31‘4,$4},

and

2 2 2 2
G(Ig) = {=1, 3, 210223, T3, T124, Loy, T3Ty, Ty }.

Remark 5.7.3. Let B be a B-C and suppose the above steps have been performed. If we read
the terms corresponding to the remaining stars proceeding vertically, from the leftmost star
to the rightmost one, we obtain the elements of G(I) ordered w.r.t <, simply by construction.
Indeed, given 7; = 7" - - - 23", it is clearly obvious that

) N o+l aign X oip1+l ot n . )
iL’ngEi (Tj) = Tiv1 *° Ty < Tiv1 Livg " T," = m2+1P97i+1 (T])v

so the lex inequality holds for terms corresponding to superimposed stars.

Now, let 21, be the maximal variable for which the h-bar underlying 7; is followed by a star.
This means that the last bar breaking after 7; is the underlying (h + 1)-bar. We have then to
compare z1P;, (7j41), | > 0and z;, Py, (7;). The terms over the subsequent (h + 1)-bar, w.r.t.
7j, have either a bigger (h + 1)-degree or a bigger k-degree, for k > h + 1. From this fact we

can conclude that z, P, (1) < 1Pz, (Tj41)-

5.8 A Bar Code version of the Axis of Evil algorithm.

In this section, we develop a third version of the Axis of Evil algorithm. Such a version will
be iterative on the elements of the given finite set X = { P, ..., Ps} of distinct points and it

will exploit the Bar Code structure in order to give the Axis of Evil factorization for:
e alexicographical involutive basis I(X);
e a minimal lexicographical Groebner basis of I(X).

If B is the B-C corresponding to N = N(I(X)), we associate a polynomial to each bar in

) is the polynomial associated to a bar A;i) in the i-th line, i =

B in such a way that, if py
1,m; j =1, |p(7)], then T(py)) = z;. We also show how to multiply the obtained factors
in order to get the factorized bases Js and Gg for I(X).

We give first the main algorithm, supposing the following subroutines to be known:
e T'p(l,B,7;), which is devoted to the computations of triangular polynomials

e DiagReading(B, ;) i.e. the one producing the polynomials of the required bases.
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Consider initially the case S = 1. As explained in section 5.6, the B-C associated to a single
point is naturally:

and we then have N = {1}.
We define the triangular polynomial ¢g; = 1 and nsets X1 = {z1—a1,1};....; X = {zn—a1n},
one for each variable in the polynomial ring. The required polynomials are the elements of
X = J_, X;. We notice that G, = J1 = {z1 — a1,1,..., &, — a1,,} is the reduced Groebner
basis of I({P;}) and it coincides with the involutive basis.
These computations constitute the base step for our algorithm.

Consider now the case S > 1. For each i = 2, ..., S perform the following steps.

1. We compute the term 7; = 7" ---xn~ € N(i), associated to P;, and B(i) = By(;), the
associated B-C, by the algorithm developed in section 5.6.

2. Compute the triangular polynomial ¢; = T'p(n + 1, B(i), ;).

3. Asexplained in remark 5.6.4, for each [ € {1, ..., n}, only one [-bar, say Agi) ,is modified
by the algorithm of section 5.6. We have to make some small adjustments only on the
polynomials corresponding to the modified bars, i.e. p;,, ..., pj,, maintaining the other
ones unchanged. More precisely, if min(7;) = z;, max(r;) = zs, j,h < n we proceed
as follows:

(a) for each! € {1,...,j}, compute the polynomial z; — a;; and insert it in X; in the
position corresponding to the one of the added bar in the /-th line;

(b) foreach! € j+1,...,h, compute p;, — evp, (p;,)Tp(l,B(3), 7:);
(c) foreach! € h+1,...,n, compute p;, — evp, (p;,)Tp(n+ 1,B(i), 7).

4. When ¢ = S, if we want to compute the minimal Groebner basis, then compute
G(I(X)) by the algorithm of section 5.7 and, for each o € G(I(X)) perform
DiagReading(B(i), o). The elements of X;, j = 1, ..., n are the polynomials of theorem
3.4.1, while the output produced by DiagReading(B(i), o) is a minimal Groebner ba-
sis for I(X).

If the involutive basis is required, we proceed the same way with F(I(X)) instead of
G(I(X)).
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We explain now the procedure T'p(l, B, 7;), which computes the [-th triangular polynomial,
forl=2,...,n+ 1.

1. Forl = 2, ..., n take the [-bar lying under 7;, say Agl) and isolate the block B’ composed
by the 1,2, ..., (I — 1)-bars lying over Aél). Then, delete ASD and set 7} = — "

L an *
[

2. Forl=n+1wehaveB'=Band 7/ = 7;.

3. Perform the diagonal reading DiagReading(B’, 7]), obtaining a polynomial f; € G;_1
such that T'(f;) = 7/;

4. Setq = -t fi

Lastly, we examine the procedure DiagReading(B,7;), whose task is to multiply conve-
niently the polynomials in X, j = 1,...,n, in order to produce a polynomial f; € G;_; such
that T(fz) =T; = 517(1“ ceexn,

n

(n) (n)

1. Compute ™ = p{™ ... p{", where p\™, ..., p") are the polynomials in %,, correspond-

ing to the bars Aﬁ”), s AEJQ.

2. Let Al("’_l) the leftmost bar lying over AY""). Then f"~" = pl("_l) Y where
pl(n_l), oY are the polynomials in X,,_; corresponding to the bars Al(”_l), oy AT,

3. Repeatstep (2) forn —2,n—3,..., 1.

4 fi= D),

Remark 5.8.1. The subroutine T'p(l, B, 7;) produces interpolators a la Moeller. It essentially
computes the polynomial of the minimal Groebner basis §;_1, whose leading term is 7;,
without computing or storing the whole G;_;. Thanks to the B-C structure and to the
procedure DiagReading(B, ;), we can exploit the (previously computed) polynomials of

X;, j =1,...,nin order to get the required interpolators.

The algorithm explained above ensures the existence of the polynomials of the form stated
in theorem 3.4.1.

We prove now the following

Proposition 5.8.2. With the above notation, we have

I := ({DiagReading(B,o)|o € G(I(X))}) = I(X).
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Proof: Consider the polynomial v, associated to the term 7 = x7* - - - 22" € G(I).
We prove that it vanishes on P, € X, corresponding to the term i = z" - - - 28 € N(I).
Since 7 € G(I) and p € N(I), 7 # . Therefore, there are only two possibilities:

1)  <peg 7. In this case the polynomial obviously vanishes by DiagReading, since
we pick a bar under  and the polynomial corresponding to that bar has already been inter-
polated at the point.

2) t >Lex 7. This time 3i € {1,...,n} such that §; > «;, ; = «; for each
je{i+1,...,n}

By Cerlienco-Mureddu correspondence, 3u' := xf = N(I) such that:

a. (I)il([tl) = P#/ with TFi_l(Pﬂ) = ’/Ti—l(P,u’);
b. 8, = an, Vh e {i,i+1,...,n}.

If i/ < 7, then, as in 1, 7, vanishes in P, and the linear factor making our polynomial
vanish in P,/ is computed using at most the first i — 1 coordinates of P, so that v, turns out
to vanish also in P,,.

If i/ > 7, we can repeat with 1 instead of ¢ and conclude by induction. ¢

Example 5.8.3. Let us consider the set
X = {(07 07 O)’ (]‘7 27 3)7 (]'7 47 5)7 (07 ]'7 4)7 (17 47 6)7 (07 07 2)7 (07 27 2)}'

Take first P; = (0,0, 0), for which 71 = 1, then N(1) = {1} and B(1) is the B-C displayed
below.

T _

We have q1 = 1 and 361 = {l‘l}, 3€2 = {JjQ}, :fg = {333}
Consider then P, = (1,2, 3), for which 72 = x1, N(2) = {1, 21} and B(2) is

z3

The diagonal reading is trivial and it leads to g2 = x1. The factors are:

X1 = {z1,21 — 1} to get this set from the X; of the previous step, we add the polynomial
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corresponding to the new bar;
Xy = {z2 — 221}, obtained as x2 — evp,(22)g2;
X3 = {z3 — 321}, i.e. 23 — evp, (23)Go.
Take then Py = (1,4,5). We get 72 = 22, N(3) = {1, 21,22} and g3 = 3 (z2 — 221).

1 z1 T2
- -

xo _ _

The factors are:
X ={z1,21 — 1,x1 — 1}
Xo = {mg — 2w, 29 — 4}
X3 ={z3 — 22— x1}ie (x5 — 3x1) — evp, (3 — 321)gs.
Consider P, = (0, 1,4), which is associated to 74 = x125. The current Groebner escalier

is N(4) = {1, 1, x2, z122}, corresponding to the following B(4):

1 x1 T2 X122

T _ _ _ _

r3

The polynomials in the three variables x4, z2, x3 are:
X ={z1,21 — 1,21 — 1,21},
Xo = {x2 — 221,20 — 4 — 3(x1 — 1)}, since T'(q4) = z122 > 22, we compute T'p(2,B(4),74) =
—(z1 —1);
X3 = {xg — w2 — 21 + 3(x2 — 221)(z1 — 1)}; being T'(qs) = z122 < x3 we do not need to
compute another interpolator.

Take then P; = (1,4,6), getting 75 = x3, N(5) = {1, 21, 22, T122, 23} and ¢5 = x3 — x2 —
1+ 3(x2 — 221)(z1 — 1).

1 x1 T2 X1T2 X3

xo _

The factors are:
X ={z1,21 — L,x1 — 1,29, 21 — 1}
Xy ={z2 — 221,00 — 4 — 3(x1 — 1), — 4}
X3 ={z3 — 22 — 21 + 3(z2 — 221) (21 — 1), 25 — 6}.
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Take Ps = (0,0,2), associated to 7 = x1x3. The current Groebner escalier is N(6) =
{1,x1,x2,x1x2,x3,x1x3} and the interpolator is e — —%(.131 — 1)($3 — T9 — X1 + 3(.132 —
2$1)($1 — 1))

1 T T2 XT1T2 X3 173

@] _ _ _ _ _ _

@2

3

The factors are:
X ={z1,21 — L2y — L,zy, 21 — 1,21}
Xo={mo —2x1,20 —4—-3(z1 — 1), 20 —4 —4(z1 — 1)}
X3 = {x3 — 3 — x1 + 3(x9 — 221)(v1 — 1),23 — 6 — 4(zy — 1)}; being T(qs) = z123 > 23,
we compute ¢ = —(z1 — 1), via the procedure T'p(3, B(6), z1x3), so restricting to the block
containing only Aél), Aél), A?).

The last point, P; = (0,2,2) is associated to 7; = 23, so the final Groebner escalier is
N = N(7) = {1, 21, ¥, 23, 2172, T3, 7173 }. We have g7 = %(l‘g —2x1)(xe —4—3(z1 — 1)). We
compute now the minimal monomial basis G = {z%, 2173, 23, Tox3, 73} and the set F(I) =

2 .2 2 .3 .2 2
{21, xix2, X123, T3, B3T3, ToT3, T3}

1 T T2 T1%p  x3 T3 T1x3

xq _ _ _ _ _ _ _

xo _

3

The factors are:

X ={z1,21 — 1,21 — L, 21, 21,21 — 1,21}

Xo={mo —2x1,20 —4—3(z1 — 1),20 — 2,290 — 4 — 4(z1 — 1)}

Xy ={as—za—x1+3(x2—2x1)(x1 — 1)+ 3(x2 —221) (w2 —4—3(z1— 1)), 23 — 6 —4(z1 — 1) }.
At the end we have

Q7 = {$1(.’E1 - 1),%1(532 - 2%1)(%2 —4 - 3(%1 - 1)), (1’2 - 2%1)(.@2 —4 — 3(1’1 - ].))(LCQ - 2),
(.1‘2 —4 — 4(1‘1 — 1))($3 — X2 — 1 + 3($2 — 2561)(331 — 1) + 3($2 — 2$1)(I2 —4 — 3(561 — 1))),

(x3—6—4(x1 — 1)) (23 — 22 — 21 + 3(x2 — 2x1) (21 — 1) + 3(x2 — 221) (2 — 4 — 3(z1 — 1)))}

and
j7 = {331(1‘1 — 1), (.132 — 2$1)JJ1($1 — 1),331(562 — 21‘1)(.732 —4 — 3(581 — 1)),

(.%'2 — 2$1)($2 —4 — 3(.%'1 — 1))(372 — 2)7
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1'1(1'1 - 1)($3 — 2o — X1 + 3(%2 - 2%1)(1’1 - ].) + 3(%2 - 2%1)(1’2 —4— 3(%1 - 1))),
(1‘2 —4 — 4(.%‘1 — 1))(.1?3 — X2 — I + 3(332 — 2$1)($1 - 1) + 3(.1?2 — 2%‘1)(1‘2 —4 — 3(%‘1 — 1))),

(3 —6—4(x1 — 1)) (x3 — 22 — 21 + 3(x2 — 221) (21 — 1) + 3(z2 — 221) (w2 — 4 — 3(z1 — 1)))}

5.9 Enumerative combinatorics on strongly stable ideals.

This section is about a possible application of Bar Codes to enumerative combinatorics.
Using the Bar Code structure, we want to approach the quest for an integer bounding the
number of some special zerodimensional monomial ideals, called strongly stable ideals, with
fixed constant Hilbert polynomial.

We will start to outline a connection between two objects, which appear to be very different

and far, namely:
a) strongly stable monomial ideals I < P;
b) integer partitions and plane partitions.

Objects of type a) belong to the field of commutative algebra, whereas those of type b) are
related to enumerative combinatorics. Linking them by means of the Bar Code structure
of the Groebner escaliers, we will give a bound to the number of zerodimensional strongly
stable monomial ideals of a fixed multiplicity.

First of all, we recall the definition of strongly stable ideal. Chapter 6 will deal with strongly
stable ideals.

Definition 5.9.1 ([27]). A monomial ideal I <P = k[z1, ..., z,] is called strongly stable if, for
every term 7 € [ and pair of variables z;, x; such that z;|7 and z; < z;, then also Txﬁ
belongs to I or, equivalently, for every o € N([), and pair of variables z;, x; such that ;|0
and z; > z;, then also *** belongs to N([).

A first property, useful for the following computations, is that Bar Codes of strongly
stable ideals are full.

Lemma 5.9.2. For all strongly stable ideal J <P, it holds:

F(J) = {2 € T\N(J) | —2— e N(J)} = G(J),

min(z®)

i.e. all the stars in the associated Bar Code correspond to a term of the monomial basis.
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Proof: The inclusion G(J) C F(J) holds for any monomial ideal I <k, ..., z,] (5.3.4), so
we only prove the other one. Actually, it easily comes from the definition of strongly stable
ideal. Indeed, consider +* € F(J). We show that all its predecessors belong to the Groebner
escalier N(J).

Let x; = min(z®) and let z; > x; be a variable appearing in 2 with nonzero exponent.

By definition % € N(J) and also % = %:—; € N(J), so we can conclude. ¢

We will see another proof of this fact in chapter 6, while defining stable ideals.

Let us now examine the shape of the Bar Code of a strongly stable ideal, that for short we
will call strongly stable Bar Code.

Proposition 5.9.3. Let J <k[z1, ..., z,| be a zerodimensional strongly stable monomial ideal,
and B := By the Bar Code associated to its (finite) Groebner escalier.

Fixed a (i + 2)-bar 4, fori € {1,....,n — 1}>, let Cy, ..., C}, be the (i + 1)-bars over A. Then
Li(C1) > ... > Li(Ch).

Proof: In order to prove the assertion, we proceed by contradiction.

Since the case I;(C;) < [;(C;) for i < [ implies that the Bar Code is even not admissible,
suppose that [;(C;) = ;(C}) for i <l and take 7 = z{" - -- 22", i.e. the rightmost term lying
over C;. Over C; we have «; + 1 i-bars.

By definition of strongly stable ideal, the term o = 2{" - & 12T . 22 € N(J).
But this implies that we should have at least o;; + 2 > «; + 1 i-bars over C; and this is a
contradiction. ¢

Remark 5.9.4. The condition of proposition 5.9.3 holds for each strongly stable ideal, but
there are also non-strongly stable monomial ideals fulfilling them, so the reverse does not
hold.

Let us see an example of the problem emphasized in remark 5.9.4.
Example 5.9.5. Let J = (23, 2170, 23, 2323, Tox3, 23) <k[z1, 22, 23] (See example 5.3.5).

The corresponding Groebner escalier is N = N(J) = {1, 21, 2%, x9, z3, z123} and the associ-
ated Bar Code B is displayed in the picture below:

S5For i = n — 1, we consider as (n + 1)-bar a line underlining the whole diagram. We use it only in theory, for
some proofs, even if we never draw it concretely.
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0 1 z1 z3 Z2 T3 T1T3

2
1 —_ —_ — 3 —e1z2 T1T3

2
. —" )
T3 223

The bar list of B is (6, 3,2) and the star set is Fy = G(J) = {23, v122, 23, 2323, 2073, 23}
The condition of Lemma 5.9.3 holds with ¢ = 1,2. Indeed we can only isolate the sub-Bar
Codes

for which the condition holds and the same is valid for the x2-bars, with respect to the whole
diagram:

0 1 T Ty T2 T3 T1x3

4

Anyway, J is not a strongly stable ideal, since zz € N(J), while zy € J.

Remark 5.9.6. Let B be the Bar Code associated to the Groebner escalier N(.J) of a zerodi-

mensional strongly stable ideal J.

Ayﬂ), ey AS(J;)I) in the (i 4+ 1)-th line, it is not true in general that

li(AgiH)) > > li(Afj(Jg}r)l)), as shown in the examples below.

If we consider the bars

Example 5.9.7. For I = (t2,tz, 22, ty, zy, y?, tz, 2z, yz, 2°) <k[x,y, 2, t] the associated B-C is:

o 1 T 22 Y z t

1 3 zy Tz xt
2 y? yz yt
3 22 zt
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The ideal I is strongly stable, but we have
2 =1,(AP) > 1,(AD) = 1,(4AP) = 1.

Example 5.9.8. The monomial ideal I = (22, 292, y3, zyx, y?x, 222, y2?, 23) < k[z,y, 2] is as-
sociated to the Bar Code displayed below

0 1 T 2 Y Ty y? z Tz Yz

1 z3 Ty Yy 22 TYZ
2 y® y® 2
3 22

This monomial ideal is strongly stable, but
L(AP) =3,1(A7) = 2,1,(AY) = 1, ,(AP) = 2and 1,(AD) = 1,
so the considered lengths are not all in nonincreasing order.

Let us start examining the Bar Code structure of the Groebner esalier for zerodimen-
sional strongly stable ideals, starting from the case of two variables.
First of all, let us look to some examples.
The only strongly stable ideal with affine Hilbert polynomial equal to 1 is the maximal ideal

J1 = (21, z2), whose Bar Code is trivially

Tl

T2

The associated bar list is then (1, 1).
If we examine the strongly stable monomial ideals in two variables with affine Hilbert poly-
nomial equal to 2 we get J; = (22, z5), whose Bar Code is

o1 T
1 z?
22— x

and the associated bar list is (2,1).
For the affine Hilbert polynomial H (t) = 3 we have J; = (23, 23) Jo = (23, 2122, 23).
The Bar Code associated to J; is
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and the bar listis (3, 1).
The Bar Code associated to J5 is

o 1 T T
1 z? zywy
5 22

and the bar list is (3, 2).
We summarize in the following table the bar lists of strongly stable ideals corresponding to
each H (t).

H (t) Bar lists Ideals
H((t)=1 (1,1) (z1,22)
H_(t) =2 (2,1) (z, 22)
H(t)=3 (3,1),(3,2) (23, 22), (22, 122, 23)
H(t)=4 (4,1),(4,2) (23, x2), (23, 2122, 23)
H_(t) =5 (5,1),(5,2),(5,2) (23, 22), (21, 2122, 23), (2, {72, 23)
H (t)=6](6,1),(6,2),(6,2),(6,3) | (2%, 22), (23, z172,22), (21, 2322, 23), (23, 2322, 1123, 22)

Observing the second column of the table, we can notice some “pattern” in their distribu-
tions.

Driven by this pattern, we examine more deeply the Bar code structure of these ideals.

For this purpose, we need the following

Definition 5.9.9 ([101]). A partition of p € N is a sequence (a1, ...,a;) € NF such that
Zle 5 :pand ap > ... > (67X

We regard two partitions as identical if they only differ in the number of terminal 0’s.
For example (3,2,1) = (3,2,1,0,0).
Informally, we regard a partition o = (o, ..., ay), say with o, > 0 as a way of writing p as a
sum of positive integers, disregarding the order of the summands.
The nonzero terms are called parts of a and we say that o has k parts if

k= ‘{Z, oy > O}|

We are interested to the special case «; > ... > ay i.e. to integer partitions of p into k distinct
parts.
We are now ready to prove the following proposition
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Proposition 5.9.10. The number of strongly stable Bar Codes for terms in k[z1, z2], whose
bar list is (p,h), p,h € N, p > h equals the number of integer partitions of p in h distinct
parts, namely

p=ai+..+ap o >0,1=1,..h.

Proof: In order to prove the assertion, we want to establish a biunivocal correspondence

between
B(p,n) := {strongly stable Bar Codes with bar list (p, h)}
and
h
Ipny = {(a1,...;an) € N a1 > ... > ap, Zai =p}.
i=1
We set then

E:Bpn) — Lpn)
B (11(A?), .., 11 (AP)).

Let B be a strongly stable Bar-Code, whose bar list is (p, h). It is associated to the set of terms
Mg = N(J), for J < k[z1, z2] strongly stable.

The sequence (ll(A?)), ...,ll(Af))) satisfies ll(Agz)) > > ll(Af)) by proposition 5.9.3
and since [N(J)| = p, then Zle ll(A§2)) = p, so we exactly have an integer partition of p
into h distinct parts.

On the other hand, let (a1, ..., ) € I(, 5). We construct the (unique) Bar Code B, 1) asso-
ciated to this h-tuple, namely a Bar Code formed by h x2-bars such that over the first zo-bar
there lie a; x1-bars, and so on.

We have to prove that the associated Mg is the Groebner escalier N(J) of a strongly stable
ideal J < k[xy, z2).

Consider o := x11x§2 € Mg, 0 < By < h.

By definition 5.9.1, we only have to prove that ¢’ = "T“;l € Mg, but this is obviously true,
since, over the (8, — 1)-th xo-bar it lies at least one z1-bar more than the z;-bars lying over
the B5>-th x5-bar. ©

We point out that, if H (¢) = p, the Bar list (p, 1) corresponds to the ideal J = (2%, 22) which
is a very particular strongly stable ideal: a lex segment ideal.

More precisely, for each degree i, J is k-spanned by the first H (i) terms w.r.t. lex.

The bar list (p, 1) is clearly the one presenting the minimal value for h. Now we should try
to understand which is the maximal value for h.

For B2 = 0 there is nothing to prove since we cannot perform any operations as in definition 5.9.1.
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Proposition 5.9.11. The maximal value for h in a bar list (p, k) of a strongly stable Bar Code

is the maximal integer h such that w <np.

Proof: By proposition 5.9.10, the strongly stable Bar Codes are in biunivocal correspon-
dence with the integer partitions of H (t) = p into h distinct parts a1 + ... + a, = p. The
minimal values we can assign to «;, ¢ = 1,...,h are (h — 1), (h — 2),...,2,1, whose sum is
@. Since we are looking for partitions of p, we should have @ <p.o

In order to deal with strongly stable ideals J <k[z1, ..., z,] for n > 2, the following corollary

will be rather useful.

Corollary 5.9.12. The number of strongly stable Bar Codes for terms in k[z1, ..., z,], n > 2,
whose bar listis (p, h, 1,...,1), p, h € N, p > h equals the number of integer partitions of p in
h distinct parts, namely

p=ai1+..+ap a;>0,1=1,...,h.

Moreover, the maximal value for h in the bar list (p, , 1, ..., 1) is the maximal integer h such
that 2ED <

Proof: It is a straightforward consequence of propositions 5.9.10 and 5.9.11, noticing that,
if we have only 1 3, ..., xp-bars, 3, ..., 2, do not occur in any term of Mg with nonzero

exponent. ¢

By the previous comments, we are able to count the number of strongly stable ideals J «
k[z1, zo] with H (t,J) = p.
The following proposition is a consequence of 5.9.10 and 5.9.11.

Proposition 5.9.13. The number of strongly stable ideals J with H (¢,J) = pis

h

> Q(p. i),

i=1

where h is the maximal integer such that @ < p and Q(p, ) is the number of integer

partitions of p into ¢ distinct parts.

The number Q(p, i) of integer partitions of p into ¢ distinct parts has already been studied
in literature. For example, we can find in [101] the formulas regulating it:

Vp,ieN, i # 1, Q(p,i) :P<p— <;>7z> ,Qp, 1) =1
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where
Vn,k €N, P(n,k)=P(n—1,k—1)+ P(n—k,k),
with
P(n,k)=0 for k>n
P(n,n) =1
P(n,0)=0

Example 5.9.14. For the polynomial ring k[z1, 2], consider H () = 10.
By our formulas, we have exactly 10 strongly stable monomial ideals with H (¢) = 10.
More precisely, they are:

* Jl = (I%O,IL'Q),'

* Jo = (-77?73311‘2"1‘%);
* Jz = (28, 2320, 23);
x Jy = (2], 239, 22);
* Jy = (.ﬁI’xlm%aanﬁax%);
* Jg = (25, xtaa, 23);
* Jr = (28, 2123, 2wy, 23);
* Jg = (x?7$%$1,$2z%,$%);

— 5 2,2 3 ,.3).
* Jg - (‘r17x2m1?‘r2x1ax2)/

— (pd 3 2,2 3 4
* Jio = (2], 2521, T527, T22F, 3).

Example 5.9.15. The strongly stable monomial ideals with H (¢) = 100 are exactly 444793.

We now try to study the case of three variables, which is a little more cumbersome than
the previous case of only two variables.
Let us start with some examples.
If, in k{z1,z2, @3], ©1 < x2 < x3, we consider H (t) = 1, we can associate to it only one
strongly stable monomial ideal, namely the maximal ideal J; = (z1,22,x3), whose Bar
Code is
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Tl

T2

T3

and the associated bar list is (1,1, 1).

For H (t) =2, we get J; = (22, x4, x3) <k[z1, 22, 3], whose Bar Code is
_ g 1

o1 T

22
1 zy
2 z2
3 z3

and the corresponding bar list is (2,1, 1).
Let us take now H (t) = 3.
The associated strongly stable ideals are J; = (23, 22, 23), Jo = (21, 7122, 73, x3), whose bar

lists are (3,1, 1), (3,2, 1), since their Bar Codes are, respectively,

o 1 z1 z3
3
1 ZTq
2 T2
3 z3
and
0 1 T Z2
1 z? T1T2
2
2 x5
3 z3

If we continue taking p(t) = 4 we obtain 3 different strongly stable ideals, namely J; =
(73, 22,7%), Jo = (x3, 73, 2271, 23) and J3 = (23, 2372, 23, 2371, T271, 22).
Their Bar-lists are (4,1,1), (4,2,1), (4, 3, 2), corresponding to the following Bar Codes:

0 1 1 x2 x5
1 fL’l
2 X2
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o 1 z1 x3 T2
1 x3 X122
2 x3
3 Z3
0 1 T xTo 3
1 ’I‘% T|T 173
2 z3 223
3 x2

H (t) Bar lists Ideals
(1,1,1) (z1,22,23)
2 (2,1,1) (22,29, 23)
(3,1,1),(3,2,1) (23, 2o, 23),
3 (22, w129, 23, 73)
(4,1,1),(4,2,1), (73, 9,27),
4 (4,3,2) (w3, 23, T271,73),
(23, 2372, 43, 1321, T21, T7).
(5,1,1),(5,2,1), (w3, 22, 2%), (x3, 22, 2129, 27)
5} 5,2,1

2 2 .3 2 2 3
) 4y 5 73a2 (a?3,132,x2x1,x1),(133,x3x2,x2,x3x1,x2x1,xl)

Table 5.1: Strongly stable ideals, with affine Hilbert polynomial and bar lists.

By corollary 5.9.12, we can use the formulas for two variables in order to count the strongly
stable monomial ideals associated to bar lists of the form (p, h, 1). This means that we only
have to deal with the bar lists of the form (p, h, k), such that k£ > 1.

Definition 5.9.16. The minimal sum of a given list of positive integers [y, ..., oy] is the integer

(67 (047; +1
Sm([aq, ..., aq)]) = Z %
i=1
The following lemma is a straightforward consequence of proposition 5.9.3.
Lemma 5.9.17. With the previous notation, it holds:
1. min(k) = 2;
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2. max(k) = maxy>o{k|IL € I( 1y, with Sm(L) < p}, k' = %
3. min(h) = @;

4. max(h) = max  {I[Q(h,k) #0and L € I, xy = Sm(L) < p}.
AEED <i<p—1

Thanks to the previous lemma 5.9.17 we know which are the bar lists that occur in the
computation for H (t) = p.
Next step is to understand how many strongly stable ideals with H (t) = p and bar-list (p, h, k)
there exist.
More precisely, fixed (p, h, k), we compute the integer partitions of h in k parts, representing
the numbers of x-bars over the k z3-bars. Suppose (a1, ..., ax), a1 > ... > ay, Zle a; =h
being one of these partitions. Then, we construct a £ x a; matrix M having the following

shape:
1,1 1,0,
0 e Q22 a2, a5+1 0...
M =
0 0 Gk k- Qkap+k—1 0...

Each row represents the structure over an x5 bar:

e let o, be a nonzero entry of the j-th row; then over A§3) (the corresponding 3-bar) of
B there lie exactly o, 2-bars;

e the value of each q; ; is the number of z;-bars over the j-th 2-bar of the j-th 3-bar.

Moreover, we set the following two conditions, holding on the entries of the matrix for
i=1,.k—1j=1,..,01 — Lt

L aij > aij+1;

2. @ijj = it

k—1 -1
3. > Z?l a;j =p.

The number of nonzero entries is clearly h. From now on we use these matrices, that we
call IP-type associated to (p, h, k)?, in order to count strongly stable monomial ideals, with
H_(t) = p.

7This name stands for integer partition type, since we will connect them to the classical theory of integer parti-
tions.
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Proposition 5.9.18. There is a one-to-one correspondence between strongly stable Bar Codes
in three variables, with bar list (p, h, k) and IP-type matrices associated to (p, h, k).

Proof: Consider a strongly stable Bar Code B, with bar list (p, k, k), associated to N(.J), the

Groebner escalier of the strongly stable ideal J.

Its h xo-bars are distributed as (12(A§3)) ZQ(A )) and, by proposition 5.9.3, ZQ(A(?’))
> (AP,

We associate to Ba (k x l2(A§3)))—matrix with the same procedure as above. More precisely:

Oifj <
P
" { Iy (B(Z)) otherwhise, where B( is the i-th 2-bar over the j-th 3-bar.

The relation Zfﬂ Z?ﬁl a;; = p is a straightforward consequence of the definition of Bar
Code.

Since lg(AE?’)) > > lg(A,(c?’)), each row is shifted to the right of one entry and, again by
proposition 5.9.3, a; ; > a; j+1.

We only have to prove that a; ; > a;41,;.

By the previous comments, the case a; ; = 0, a;41,; # 0 cannot occur.

If a; ; # 0, a;41,; = O there is nothing to prove, so we only have to deal with the case
aij,aiv1,5 # 0.

The value a; ; means that 27" _1955:5?{1 N(J), lying over A§3> is the (8 4 1)-th term of the
2-bars lying over A( ) and also that ("7 252t~ ¢ N(J). Similar comments hold for a;, j,

for which z7"*"? 1x§ z% € N(J). Suppose by contradiction a; ; < a;+1,;.
By the strongly stable property, z{"**~ 1305 z5~' € N(J), but this is impossible since

$1L+11 13733"3 ! ‘xa”xz% ! ¢ N(J).

Let now M be an IP-type (k X aj)-matrix, with h nonzero entries and Zf_l 2?1_1 a;j = p.
We associate M to a Bar Code B as follows:

e we draw k 3-bars, one for each row of the matrix;

e we draw over the i-th 3-bar as many 2-bars as the number of nonzero entries in the
i-th row of M;

e we conclude drawing over the j-th 2-bar as many 1-bars as the value of the nonzero

entry corresponding to the j-th z»-bar in the matrix.

By construction, the above B is admissible.
Moreover, since fol 2?1*1 a; ; = p, we have exactly p 1-bars, so we are representing the
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Groebner escalier N(J) of a zerodimensional ideal such that H (¢,.J) = p.
We prove that it is strongly stable. More precisely, for each z{*z52z5* € N(J), we need to

prove that
1 28y tays ! e N(J);
2. x‘f‘1+1x32x§3_1 e N(J);
3. xS 18 € N(J).

Point 1 is clearly true by a; ; > ai4+1,;. Indeed a3 — 1 and a3 represent two consecutive rows
and as + 1 and a3 represent the same column by the shifting. We are requiring that there is
o in the position identified by a3 — 1, ap + 1.

Similarly, point 2 is true by a; ; > a; ;41 and a; ; > a;11,;, whereas a; ; > a; ;41 ensures
point 3. ©

Thanks to this proposition, we can find a bound for the number of strongly stable Bar Codes
with H (t) = p.

For this purpose, we need some definitions from the theory of plane partitions.

Definition 5.9.19. A plane partition o of a positive integer p € N, is a partition of p in which
the parts have been arranged in a 2-dimensional array.

Such an array is weakly decreasing across rows and down columns. Different configura-
tions are regarded as different plane partitions.

A plane partition « is called row strict if it is decreasing on the rows and column strict if it is
decreasing on the columns.

We call shape of the plane partition « the list (a1, ..., o), where ¢; is the number of entries
for the i-th row of the array, i =1, ..., k.

Conventionally, the zero values in the table are not written down and they are replaced
by blanks.

Example 5.9.20. The matrix
4 2 1

31
represents a plane partition of p = 11 with shape (3, 2). Such a plane partition is simultane-
ously row strict and column strict.
The following plane partition of p = 12 is only column strict

4
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and its shape is (2, 2).

Definition 5.9.21. A strict shifted plane partition is a plane partition such that each row is

indented only one space w.r.t. the previous row and
e rows are weakly decreasing (from the left to the right);
e columns are strictly decreasing (from the top to the bottom).

Example 5.9.22. The plane partition

is a strict shifted plane partition of p = 15.

Definitions 5.9.19 5.9.21 and are classical definitions, found in literature.

For our purpose, we require our partitions to be:
e such that the rows will be indented potentially more than one space;
o weakly decreasing down columns;
e strictly decreasing across rows.
Definition 5.9.23. The hook length of an entry c in a matrix M is the following sum:
h(c) =d(c) + s(c) +1
where d(c) are the entries on the right of ¢, while s(c) is the number of entries below c.
We also need the following

Lemma 5.9.24. If a plane partition is an array as

a1 a2 aig3...

)

a2 Q2.2 0
a1,3 0 0

and it is column strict, then it contains the arrays of the form

ail ai2 aig3....
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Proof: With the previous notation, since a; ; > a; j+1 > Gi+1,+1, then a; j > a1 41, for
i=1,. k—1j=1,..,a1 — 1.0

Remark 5.9.25. The correspondence between the two plane partitions of lemma 5.9.24 is
12 8 6
1150/

If A is the integer partition of 1(2), giving the shape of the matrix, we can give the gen-

not a bijection since for example

cannot be shifted to the right.

erating function of column strict plane partitions of p with shape A, namely
1
NOTT ———
q H 1— g’
C

where c is an entry of the matrix, /(c) its hook length and N(\) =}, i);.

This function gives the number of matrices of shape A arranged by weight: its Taylor series
at a given degree p gives the number of matrices of weight p.

Let us see a trivial example.

Example 5.9.26. Let p = 4; we want to count the number of matrices of type

A B
c 0
with A+ B+ C =4.

It turns out that there exists only one matrix of this kind, namely

()

We now count the number of matrices of the above type via the generating function. The
shape of the matrix is (2,1).
We have h(A) = 3, h(B) = h(C) = 1 and the the generating function turns out to be
T

1-¢*(1-q)*

If we take its Taylor series at degree 4 we have exactly 1.

q

In this case, the number of these plane partitions coincides with the one of the particular
plane partitions we are looking for, even if it is not true in the general case, where we only

obtain an upper bound.
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Now we apply these facts to a very precise affine Hilbert polynomial, making detailed
computations.

Example 5.9.27. Let us count the number of strongly stable ideals in k[x1, 22, 23] having
affine Hilbert polynomial H (t) = 10.

First of all, we enumerate the bar-lists. There are bar lists of the form (10, A,1), for h =
1,...,4. Then, there are others of the form (10, h, k) where k = 2, 3. Indeed, we cannot find
a partition of 10 = 42 in 4 parts, such that their minimal sum is smaller or equal than 10,
whereas for k = 3 we can find a partition of 6 = 2 in 3 parts with minimal sum smaller or
equal than 10, namely 6 = 3+ 2+ 1, Sm([3, 2, 1]) = 10. For k = 2 we have min(a) = 3 = %3
and max(a) = 5 since there are no partitions of 6 into two distinct parts with minimal sum
smaller or equal than 10, whereas there is one for 5,1i.e. 5 = 3 + 2, Sm([3,2]) = 9.

We repeat for k = 3 finding min(«) = 6 = max(«). The bar-lists are then:
1. (10,1,1);
2. (10,2,1);
10,3,1);

10,4,1);

10,4,2);

7.

(
(
(

5. (10,3, 2);
(
(10,5,2);
(

8. (10,6, 3);

For 1,2, 3,4 above, i.e.

1. (10,1,1);
2. (10,2,1);
3. (10,3,1);
4. (10,4,1).

We proceed as in 2 variables: Q(10,1) + Q(10, 2) + Q(10, 3) + Q(10,4) = 10.
Consider now (10, 3,2).

Since 3 = 2 4+ 1 we only have matrices of type

a1 ai2
M = .
0 ag 2
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We shift and we get the hook lengths

M:<3 1>’
10

while N()) = 4, so the generating function we have to examine is ¢* ;=5 ;7= and we get
a bound of 12 strongly stable Bar Codes.

Direct computation shows that their actual number in this case is 7.

Take then (10, 4, 2)

Since 4 = 3 4 1, we only have to deal with these matrices

ai1 dai2 G133
M = ,
0 a2 2 0

leading to the following hook numbers

M:421,
100

N(A) = 5 and the generating function ¢° (1_1q4) (1_1q2) (1_1q)2. In conclusion we get a bound

of 14 over 5 real strongly stable Bar Codes.
Consider now (10, 5,2). We have 5 =4+ 1 = 3+ 2, so we would have two cases to examine
but, since Sm([4, 1]) > 10, we only deal with the second partition, getting the matrices

ai1 ai2 13
M = ’ .
0 age ao3

M:431.
2 10

Since N()\) = 7, we have ¢” (1_q4)(1_q3)1(1_q2)(1_q)2 , from which we get a bound of 7 strongly

and

stable Bar Codes. Their actual number is 1 (again by direct computation).
We conclude with (10, 6, 3), for which by 6 = 3 4 2 4+ 1. We obtain the matrices

ai1 ai2 a13

M

0 ago ag3
0 0 as 3

and

I
= W Ot
S = W
S O =
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Since N(A\) = 10 we have ¢'°
bound and the exact number.

= (1_1(13)2(1_[1)3 leading to 1 which is simultaneously the
In conclusion we have exactly 24 strongly stable ideals in 3 variables with constant affine
Hilbert polynomial H (t) = 10 and our bound returns 44.

This work is still in progress. As shown by example 5.9.27, it would be good to sharpen
this bound and I think it could be done by concentrating our study on generating functions
for plane partitions. Moreover, we are studying a generalization to n variables.






CHAPTER 6

J-marked bases and J-marked

families.

6.1 Introduction.

In this chapter, ideals I <P are examined from another point of view.

Indeed, while our previous studies were mainly focused on the Groebner escalier N(/), now
our starting point is a generating set for I, which in general is not the monomial basis G(I)
(so multiple terms are allowed).

In particular, we deal with the following problem

Problem 6.1.1. Given any monomial ideal J <P find a characterization for the family Mf(J) of
all homogeneous ideals I <'P such that the basis of P /I is given by the set of terms in the Groebner
escalier N(J) of J.

The most relevant examples of ideals I € Mf(J) are the ideals I such that In.(J) w.r.t.
some term-ordering <, but in general these form a proper subset of Mf(J). Therefore, we
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must overcome the Groebner framework.

A computational description of the whole family Mf(J) is obtained in [8, 27] for J strongly
stable. These families are optimal for many applications, for instance for an effective study
of Hilbert schemes (see [10]).

In section 6.2, we recall the main results of [8, 27] and we explain how the connected algo-
rithms, described and analyzed in the above two papers can be concretely implemented in
Singular [30]. This is a work done in collaboration with F. Cioffi, W. Decker, H. Schoene-
mann and M. Roggero.

Then, we relax both the assumption of polynomial ring over a field allowing polynomial
rings over any commutative ring and the assumption of strong stability for .J, allowing any
monomial ideal, so we pass from P = k[z1,...,x,] to Q = A[z1,...,2z,], where A4 is any
commutative ring. We address then the problem below:

Problem 6.1.2. Given any monomial ideal J <« Q, find a characterization for the family Mf(J) of
all homogeneous ideals I < Q such that the A-module Q/I is free with basis given by the set of terms
in the Groebner escalier N(J) of J.

In this chapter, we give then an overall view on what can be said about the above
question for an arbitrary monomial ideal J, enhancing some ideas introduced by Janet in
[54, 55, 56].

This is a joint work with Teo Mora and Margherita Roggero [19].

The main ideas we deal with are those of multiplicative variable and complete system, leading
to the so called Janet decomposition for terms (see section 6.3). These concepts date back to the
late nineteenth century and the first decades of the twentieth one. In the historical note at
section 6.7 we present a detailed overview of their appearances, evolution and applications.
By exploiting the he Bar Code B, associated to a finite set of terms M = {7, ...,7,} C Q,
it is very simple to find the multiplicative variables of each 7;, j = 1, ..., m and to detect the
completeness of M.

Both the multiplicative variables of 7; € M and the completeness of M itself strongly de-
pend on the order given to the variables.

A problem one can face is:

Problem 6.1.3. Given a finite set of terms M = {7,...,7,} C T is there any ordering on the
variables x1, ..., x,, such that M is complete?

We will show that also this problem can be solved exploiting the Bar Code (6.3).
In Janet’s theory the ideals I are generated by the so called involutive bases (after Zarkov).
Indeed, Janet develops his ideas assuming to be in generic coordinates. Hence the homo-

geneous ideals I and J he considers satisfy many good properties that always hold after
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having performed a generic linear change of coordinates. In particular, J is the generic initial
ideal of I w.r.t. the (deg)-revlex ordering.

From a computational point of view, a general change of coordinates is remarkably
heavy. For this reason, we are interested to enhance the theory, getting rid of the generic
coordinate assumption. Indeed, Janet’s ideas permit to go beyond this context and to re-
cover results and techniques of both Groebner basis theory and .J-marked basis theory. In
fact we do not need to impose a term-ordering on the given polynomial ring.

We identify two essential features that are key points for most computations in both the
above frameworks:

I) Iis generated by a set of polynomials, marked on the terms of a suitable generating
set of the monomial ideal J;

II) there is a reduction process w.r.t. these marked polynomials, that is used to rewrite
each element of P/I as an element of the free A-module (N(.J)).

Janet’s notions of multiplicative variable and complete system allow to construct such marked
set of generators for I and to define an efficient reduction process.

We examine and compare two different definitions of multiplicative variable given by Janet
in [54, 55] and in [56], that are equivalent in general coordinates. We underline similarities
and differences and introduce the notion of stably complete set of terms, when both con-
ditions hold. We show that every monomial ideal J has only one stably complete set of
generators (possibly made of infinitely many terms) that we called star set and denoted by
F(J) (5.3,6.4).

Furthermore, we define a reduction procedure with respect to a homogeneous set of
polynomials marked on a stably complete system F(J) and prove its noetherianity (6.5).
As a consequence we are able to give a first, general answer to Problem 6.1.2 .

Of course, the most interesting cases are those of ideals J such that their generating sta-
bly complete set M is finite. We prove that they are the quasi stable ideals (6.4) and that F(.J)
is their Pommaret basis. Among them, those such that F(J) coincides with the monomial
basis are exactly the stable ones.

For the class of quasi stable ideals J we give a more complete and effective answer to Prob-
lem 6.1.2. Indeed, we prove that our description of Mf(J) is natural, in the sense that it
defines a representable functor from the category of Z-algebras to the category of sets. We
give then an effective procedure computing equations for the scheme that represents this
functor (c.f. 6.6).

Moreover, switching to our usual point of view on ideals, so mainly dealing with the Groeb-
ner escalier, we show how to generalize Moeller algorithm in order to obtain an involutive
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basis for a zerodimensional radical ideal, starting with the associated finite set of distinct

points (see 6.6).

6.2 Singular libraries on strongly stable ideals and marked

bases.
In the papers [8, 27], given a strongly stable monomial ideal J, the authors study the families
Mf(J) :={I«S8, such that S =I & N(J) as k — vector space},

and they establish what are the conditions making Mf(J) an affine scheme.

In order to study these families, they introduce some special homogeneous polynomials,
called J-marked polynomials, naming J-marked sets the sets of J-marked polynomials.

A J-marked set G such that I := (G) € Mf(J) is called J-marked basis.

If J is a strongly stable monomial ideal® such a basis shares many properties with the ho-
mogeneous reduced Groebner basis .

Then, they define a reduction procedure and a Buchberger-like criterion, in order to decide
whether a J-marked set is a J-marked basis or not.

Moreover, they prove that there is a biunivocal correspondence between the ideals I €
Mf(J) and the points of an affine scheme, consequentely named J-marked scheme in [27].
Basing on the theory developed in these papers, we implemented two libraries in order to
study J-marked bases and J-marked schemes.

They have been written in the programming language provided by the open source com-
puter algebra system Singular ([30]) and integrated in the 3-1-6 release of this software.
More precisely:

e JMBTest.1lib ([17])is alibrary which checks whether a .J-marked set G is a J-marked

basis or not;

e JMSConst.1lib ([18]) is a library which computes the equations of the J-marked
scheme associated to a strongly stable monomial ideal J.

In this section, we recall the theory underlying the implementations and we explain the li-
braries themselves.
In the next sections, while talking about involutiveness, we will generalize most of the no-

tions below to monomial ideals satisfying weaker properties than the strongly stable one.

Tt is enough for .J to be strongly stable, we do not require J to be zerodimensional as was in 5.9.
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The source code can be found in appendix A.
Let us start recalling the concept of J-normal form.

Definition 6.2.1. Given a monomial ideal J < S and an ideal I <« S, a J-normal form modulo
I of a polynomial i € S is a polynomial iy € S such that h — hg € I and Supp(ho) € N(J).

Clearly, if I is an homogeneous ideal, also the J-normal from modulo I of an homoge-
neous polynomial turns out to be homogeneous.

Definition 6.2.2. A marked polynomial is a polynomial f € S, with a specific term in
Supp(f) that we call head term of f, denoting it Ht(f).

We denote by
G={fr=7- Zchx’yv Ht(f-) =7}

a finite set of homogeneous marked polynomials

Definition 6.2.3. The set G is called J-marked set if the head terms Ht(f.) constitute the
monomial basis G(J) of a given J and all the 27 are in N(J).
A J-marked set G is a J-marked basis if N(.J) is a basis of S/G as a k-vector space.

We usually denote by G, the degree p part of G.
Given a set G of J-marked polynomials, the Singular library JMBTest.1ib ([17]) checks
whether such a set is a J-marked basis or not.
The output is a boolean value: 1 for true, 0 for false, following the usual conventions.
In order to increase the computation’s speed, the input marked polynomials are arranged
by degree, as a list of lists of polynomials: G = [G,,,...,Ga,+1], where a; is the minimal
degree for a homogeneous polynomial in the given J-marked set G and a; + h is clearly
their maximal degree.
The head terms of the elements in G have to make up the monomial basis G(J) of a strongly
stable ideal J and we think them ordered with respect to a degree compatible term order.
In the procedure, our usual variable ordering z; < z3 < ... < z,, (0r < y < z in the case of
three variables or less) is supposed.
Since the head terms we choose for the input G are not necessarily the leading terms of the
given polynomials with respect to any term order (see [27] for more details), it is necessary
to highlight them precisely and this makes essential the introduction of a new data type,
satisfying this requirement.
In JMBTest . 1ib, a new data type for Singular, i.e. jmp, the J-marked polynomial, is then
introduced.
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Example 6.2.4. To define r3 = zy? — 22y € k[z,y, 2], Ht(r3) = zy* we type:

jmp r3;

r3.h=zx*y>?;

r3.t=—a%xy;

where the suffix . h identifies the head terms, while the suffix . t identifies the tails.

Definition 6.2.5. We call J-marked family, the family M f(J) containing all the homoge-
neous ideals I such that N(J) is a basis S/I as a k-vector space.

Given a homogeneous ideal I and fixed a term ordering <, if In.(I) = J, then I €
Mf(J), but in general also other ideals belong to a J-marked family.

Proposition 6.2.6 ([27]). If G is a J-marked set, TFAE:

1. Gis a J-marked basis;
2. (9) e Mf(J);
3. each polynomial 4 € S has a unique J-normal form modulo (G).

If I € Mf(J) then it obviously contains a J-marked set.
If G C Sis a J-marked basis, it is unique for I := (G).
Since J-marked sets have better properties in the case J strongly stable (5.9.1), we place
us in this case. The strongly stable property for J can be checked by examining only the
elements of G(J) ([27]). Basing on this fact, we implemented the procedure BorelCheck, a
subroutine for the main procedure of the library JMSConst . 1ib, which can also be used on
his own. This subroutine takes G(.J) and the base ring as input, returning 1 if J is strongly
stable and 0 otherwise.
Its functioning is rather simple, since it iterates on the monomial basis and, V7 € G(J), Vz; |
T,x; > x;, it checks whether 7;; := % is in the ideal or not, breaking and reporting a failure
when it detects a 7;; ¢ J.
Given an invertible matrix A = (a;;) € GL,(k) and a polynomial f € S, we denote by A(f)
the standard action of GL, (k) on S, under the substitution

T; — E ;5T
J

and, for I<S, A(I) :={A(f)| f € I}.

The strongly stable property implies the Borel-fixed one, i.e. if J < is strongly stable, it is
fixed under the action of the subgroup of lower triangular invertible matrices, the notions
being equivalent in the case char(k) = 0 (c.f. [31, 79]).

As it will be useful to understand the whole chapter, we recall here the following
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Definition 6.2.7 ([43]). A property holding for A(I) for each matrix A in a Zariski open
subset of GL, (k) is said to hold for general or generic coordinates.

Galligo’s theorem ([38]) says that, if we are in generic coordinates and fixed a term order
<, the initial ideal of some ideal I w.r.t <, is a constant Borel-fixed monomial ideal, conven-
tionally denoted by gin(I) and called the generic initial ideal of I.

The strongly stable property is very important, since it allows many different applications
as, for example, tho study the Hilbert scheme [8, 27, 64].
In [27], given a J-marked set

g = {fT =T — Zcr'yx’yv Ht(fv’) =T€ G(J)}
the authors define a reduction process a la Buchberger w.r.t. G, denoting it by i>

Definition 6.2.8. A reduction relation % is noetherian if the length r of any sequence h =
ho £ hy & ... Es b, is bounded by an integer number m = m(h).

The noetherianity says that if we continue rewriting terms according to 9, we always
obtain, after a finite number of reductions, a polynomial whose support is contained in
N(J).

We will write h 75, gifh LN g and Supp(g) C N(J), so it is not possible to reduce anymore.
An important result of [11, 86] is that, if such a reduction process a la Buchberger is noethe-
rian, then there exists an admissible term ordering < such that

{He(f), fe g ={T<(f), f€G}.

We remark that for J-marked sets the reduction can be non-noetherian.
We recall now some results from [27].

Proposition 6.2.9 ([27]). We have the following properties.

o If G ={fr =7—> crya”, Ht(f.) = 7 € G(J)} is a J-marked set, with J strongly
stable, each polynomial in P has a J-normal form modulo (G).

e Let J a strongly stable ideal and G a J-marked set. Then G is a J-marked basis if and
only if N(J) is free in P/(G).

e For I <& homogeneous, it holds

I € Mf(J) < I has a J-marked basis



222 Chapter 6. J-marked bases and J-marked families.

Consider now a strongly stable monomial ideal J, a J-marked set G, and the homoge-
neous ideal I = (G). We outline the procedure of [8, 27] in order to determine a J-normal
form of an homogeneous polynomial modulo G.

This is the basis for our Singular libraries.
First of all, for each degree m we define

Wi = {2° fa, deg(a®) + deg(Ht(fa)) = m, fa € G},

letting Ht(2° f,) = x° Ht(f,), Wiy, is a J-marked set.
Then, denoted by a; := min{m € N, I,,, # (0)}, we define for m = ay, ..., s (c.f. [27]):

Vin := G form = ay
Vm = gmU{gﬂ : $6€Jm\gm}f0rm>3]

where g3 = z;9. with z; = min(z?) and g, the unique polynomial of V,,_; whose head
term is exactly z¢ = 2 /z;.

The procedure of Test]Mark.lib constructing the polynomials V,,, is VConst, which follows
the algorithm VConstructor of [27].

VConst takes G as input, together with an integer number ¢, representing the maximal de-
gree for the V;,,’s we need to construct?.

The outputis a list V, containing the polynomials V,,,’s, arranged by degree. More precisely,
since actually each g € V},, is the product of a marked polynomial f, € Gbyatermo € T
such that max(o) < min(7), we store only:

ecceT,;
e the position of the marked polynomial f; in the list G.

The polynomials in V;,, are constructed iteratively on the degree, from the minimal one, a s,
to the required c.

The polynomials in V;, are exactly the ones in G, ;). For each j = a; +1,...,¢, we add to the
elements of G;° all the products of polynomials f. € V;_;’s by the variables z; < min(r).

Each V;,, can be equipped with a total ordering >,,, according to the following rules.

1. Considered two polynomials f., fo' € G set

fa <min fa’ ad d@g(fa) < deg(fa') or deg(fa) = deg(f@’)

and
Ht(fa) Ht(fa’)

win (Gt ) < (Gepmm,). mr)

2The criterion to determine the value of ¢ will be explained in what follows.
3We remark that, possibly, G; = 0.
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2. Let 20 fo, 2% fo € W,,, then

méfa Zm wé/fa' & 2° >Lex 2% or2® = 2% and fa> for-

Given the list V, obtained running VConst, the subroutine OrderingV produces the order-
ing induced by the two rules above. It depends on GJmpMins which deals with rule 1. and
TernCompare which deals with rule 2.

Since each element of V' has not been encoded as a jmp, but with a term and the position of
its related polynomial of G, the procedure directly deals with this information and does not
need concretely to construct the involved jmp’s.

The polynomials in V' are fundamental both for the J-marked basis test and for the J-

marked scheme constructor because of the following

Proposition 6.2.10. Let J be a strongly stable monomial ideal, G a J-marked setand I = (G).
Each term 7 € J,,, \ G;,, can be reduced to a J-normal form modulo G using V;,, and the

reduction procedure is noetherian in S,,.
The first version of the Buchberger-like criterion for .J-marked families is:

Theorem 6.2.11 ([27]). Let J a strongly stable monomial ideal G a J-marked setand I = (G).
Then, Vf,, f-» € G:
L€ Mf(J) & S(fr, fr) ~". 0.
Such a criterion has been enhanced in [8], via the introduction of the star decomposition
and Eliahou-Kervaire S-polynomials.

Definition 6.2.12 ([8, 33]). Given a strongly stable monomial ideal J in S, with monomial
basis G(J), and a monomial z7 € J, we define 27 = z% x; 2", withy = a + 1, =% €

G(J) and min(z®) > max(z"). Such a decomposition exists and is unique.

Definition 6.2.13. Given a J-marked set G, a couple of polynomials f,, fs € G, with Ht(f,) =
x®, Ht(fg) = 2P, is called Eliahou-Kervaire couple if it holds: z;2% = z” x; 2" for some
z; > min(z®). The S-polynomials between an Eliahou-Kervaire couple of polynomials
fas f5 are called Eliahou-Kervaire S-polynomials of G and they are denoted by SFX(f,, f3).
By definition SEX (f,, f3) = z; fo — 2" f3, for some x; > min(z®), with ;2 = 2 x; 2".

The Eliahou-Kervaire polynomials (or EK-polynomials, see [8, 33]) are constructed by
the procedures below, which arise from the star product:

e EKCouples, which checks whether a couple of terms is an Eliahou-Kervaire couple;
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e EKPolys, which construct all the EK-couples, given the input J-marked set G;
e EKPolynomials, which finally computes the Eliahou-Kervaire polynomials.
While constructing the EK-polynomials, we also keep track of their maximal degree s.

Proposition 6.2.14 ([8]). With the usual notation it holds I € M f(J) if and only if for each
EK-polynomial computed by G, it holds SZX (£,,, f5) —=, 0.

Once we have obtained the polynomials of the list V' and the EK-polynomials, the last
step consists of reducing each EK-polynomial ¢ of degree m with respect to the V,,’s, via
a Buchberger-type reduction denoted by Y, If one of these EK-polynomials does not re-
duce to 0, the algorithm breaks and reports a negative outcome.

Given then a J-marked set G, we can then summarize the steps executed by the main func-
tion Test]Mark in JMBTest . 1ib as follows:

1. if G contains only one polynomial return 1%;
2. if not, perform the following steps:

a. compute the list E of the EK-couples and keep track of their degree;

b. store the minimal degree a; of the elements of G (i.e. the degree of its first ele-
ment) and store also the maximal degree s of the EK-polynomials found in the

previous step;
c. compute V,,, Vo, 41, ..., V;

d. for i from 1 to |E|, compute the i-th EK-polynomial ¢ corresponding to the i-th
EK-couple stored in £ and denote by w be its degree;

e. reduce ¢ w.r.t V,,, returning 0 and breaking if the reduction does not produce 0

and going again to step d. otherwise;

The Buchberger-type reduction is performed via the Singular command reduce, in order
to take advantage of its potentialities. In order to make the procedure reduce individuate
the head terms (which can eventually not be compatible with any term order), we multiply
them by a fictitious variable, much greater than x,,.

We display now two examples of execution for JMBTest . 1ib. The first is very simple and
presented with some more comments. The second is heavier from a computational point of

view and it is displayed with its execution time.

41f only one polynomial r1 is given in input, the function automatically gives positive answer, since a single
polynomial is surely a J-marked basis. Clearly this situation happens under the hypothesis that the ideal J of S is
a principal strongly stable ideal.
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Example 6.2.15. Let us start with a very simple example:
ring r=0, (z,9,2),rp;

Jop rl;

rl.h=23;

rl.t=poly (0);

Jmp r2;

r2.h=z2%xy;

r2.t=poly (0);

Jmp r3;

r3.h=zxy? ;

r3.t=—z22% Y;

Jmp r4;

r4 .h=y5;

rd.t=poly (0);

list Gl=list(list(rl,r2,r3),1list(),list(rd));
Executing our test we obtain that it is not a J-marked basis:
TestJMark (Gl, r);

= 0.

In fact, the three EK-polynomials are SFX = 0, SEK = —x2yz, SFK = 22y4, while the V

polynomials are:

VE% = {y2Z - $2Z47 9227 23}

Vi = {xy?z — 2%y, 2y2?,22°, y3z — 2%y? y* 2%, y2°, 21}
2,3

— 5 24,2 4 2,,,2 3 3,2 2,2 3
V5—{y‘),Xy Z—2Y, Y=, ", Xy "2 — Y, xyYy 27, xyYyz",

4 2,3 3.2 2.3 4 4 5
yiz — x%y’ y 2%yt a2t y2t 20}

— 3,2 5, m3,2 23,3 .6 203 4,2 2,22 2,3
Vo = {zy5,x°y?z — 27y, 2°y2*, 2°2°,¢° x%y z — 2y, ay*2%, a®yz”,

4 3,3 mp3,2 02,3 5 2,4 ,4,2 ,3.3 2.4
Xy'z — XY, XY 2T, YT,y L — XY LY 2N,y 2,

does not go to zero, G2F is not a J-marked basis.

Example 6.2.16. Consider now the following polynomials, proposed in [9]

2 2, 17 83 23
f1:=x5 + 421 + F 1112 — 50103 — T TaT3,

f2 1= Xax5 — 3 moxs — 2 2173 + 3120,

f3=x3 — awq + voa + Laowy + 23 + Dayws — Lwyas — 5ad,
Ja 1= Xax5 — %@963 + %xlwé} — T1%2,

f5 1= XgX4 — T3,

2 85 317 71 2
f@ = X3 — 2*2 o3 — 5 r123 + ﬁmll’g + 21‘1,

._ 3 5
J7 = XaXs — § Taw3 — § 1173 + T172,

fs 1= XoX4 — Tox3 — T173 + T1 72,

24wyt y? 2t w2 y2P, 20}, Since SFK
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Jo :=x1X5 — %$2$3 + %xlfs — T1T2,

J10 == X1X4 — 2172,

f11 = x3x3 + a7,

f12 = X% — XToX3a — T3T1a + ax% + xox1a + gx:{ﬁ

fi3 1= XoX1X3 — %z?, fia = x1%3 — %x?, fis = x32x3 + 23, fi6 := x3X2 + %x‘f, fir = x%.
and homogenize them, obtaining the Singular code:

ring r=(0,a), ((0..5)), rp;

Jmp £1;

£1.h=2(5)%;

fl.t=4xx(1)% + (17/3) x 2(1) * 2(2) — (83/12) x x(1) * x(3) — (23/4) x x(2) * x(3);
jmp £2;

£2.h=x(4) * z(5);

£2.t=—(3/4) xx(2) x x(3) — (5/4) * (1) * (3) + (1) * z(2);

Jmp £3;

£3.h=2(4)%;

£3.t=—ax*z(0)*x(4) + a*z(0) *2(2) + (25/6) * x(2) * 2(3) + x(2)? + (71/18) * z(1) * 2(3) —
(28/9) * z(1) *x x(2) — 5 * x(1)?;

Jop £4;

£4 .h=x(3) *x(5);

f4.t=—(3/4) % x(2) * x(3) + (3/4) * (1) * x(3) — z(1) * x(2);

Jmp £5;

£5.h=x(3) x x(4);

£5.t=—x(2) * z(3);

jmp £6;

£6.h=1(3)%;

£6.t=—(85/24) * 2(2) * x(3) — (317/72) x x(1) * x(3) + (71/18) x (1) * 2(2) + 2 x x(1)?;
Jmp £7;

£7.h=x(2) x x(5);

£7.t=—(3/4) xx(2) xx(3) — (5/4) * (1) * (3) + =(1) * z(2);

Jmp £8;

£8.h=x(2) xx(4);

£8.t=—x(2) xx(3) — z(1) * (3) + (1) x x(2);

Jmp £9;

£9.h=x(1) * z(5);

£9.t=—(1/4) xx(2) * x(3) + (1/4) * (1) * (3) — (1) * z(2);

Jmp £10;



6.2. Singular libraries on strongly stable ideals and marked bases. 227

£10.h=xz(1) xx2(4);

£10.t=—x(1) xx(2);

Jmp £11;

£11.h=x(2)? * 2(3);

f11.t=x(1)3;

Jmp £12;

£12.h=x(2)3;

f12.t=—a* z(0) x 2(2) * (3) — a * z(0) * 2(3) * x(1) + a * 2(0) * (2)% + a * x(0) * z(2) *
(1) + (5/9) * z(1)3;

Jmp £13;

£13.h=z(2) x z(1) x x(3);

£13.t=—(11/9) x z(1)3;

Jmp £14;

£14 . h=z(1) * 2(2)?;

£14.t=—(8/9) x 2(1)3;

Jmp £15;

£15.h=x(1)? x 2(3);

£f15.t=x(1)3;

Jmp £16;

f16.h=x(1)? x2(2);

f16.t=(2/3) * z(1)3;

Jmp £17;

£17.h=x(1)%;

f17.t=poly (0);

list Glv= list( list(fe6,f10,£8,£f5,£3,£f9,£f7,£f4,£f2,£1),
list (fl6,£f14,£f12,£15,£f13,£f11), 1list(f17));

TestJMark (G1V, r);

Running TestJMark on them we obtain that this set is a J-marked basis, for all values of the
parameter and the result is achieved in 4870ms.

As it can be seen by the example 6.2.16 above, the library JMBTest . 1ib clearly works if
the coefficients are numerical but also if the coefficients contain some parameters, provided

that they are correctly defined in the ring declaration, according to Singular’s syntax.

In [27] is provided the construction of an affine scheme, whose points are in biunivocal cor-
respondence with the ideals I € M f(J) for J strongly stable.
Taken an z* € G(J), construct the polynomials F, := 2% — _ ca 27, where 27 € N(J)q
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and the c,,’s are parameters, calling C the set containing them and defining N := |C]|. Let
G be the set of all the F,, which turns out to be a J-marked set with Ht(F,,) = z®. Using
the J-marked set G, via an unique specialization of the elements of C in k", we can obtain
the J-marked basis of every ideal I € Mf(J) by the uniqueness of the J-marked basis. Re-
member that not all the specializations produce an ideal of Mf(J).

Once we have computed the analogous of the V,,, polynomials, whose coefficients are al-
lowed to be parameters, that we call V,,,, we produce the EK-couples and the analogous of
the EK-polynomials for this case.

For each EK-polynomial g, deg(q) = m, we reduce it w.r.t. V,, and we consider the coeffi-
cients of the obtained polynomial as generators of an ideal J of k[C].

Theorem 6.2.17. There is a one to one correspondence between the ideals of Mf(.J) and the
points of the affine scheme in k” defined by the ideal J.

Definition 6.2.18. The affine scheme defined by the ideal J is called J-marked scheme and it
is denoted by S(.J).

Given the monomial basis G(.J) of a strongly stable ideal J, arranged in a list increas-
ingly ordered by degree, the Singular library JMSConst.1lib computes the equations of
the associated J-marked scheme (6.2.18).

It is strongly related with JMBTest . 11ib, since the criterion used in order to perform the
J-marked basis test is exploited also here (c.f. 6.2.14).

Employing the calculation of the Groebner escalier, degree by degree®, the software (more
precisely the subroutine NumNew Var) computes the cardinality NV of the set C, containing
the parameters and then it generates a tail for each head 7 € G(J) (see the procedure New-
Tails).

Then, ArrangeTails reorders the obtained jmp’s by degree in a list of lists G.

Next step is, exactly as before, the computation of the EK-polynomials and of the V polyno-
mials of the same required degrees.

After that, a Buchberger-type reduction is again performed on the EK-polynomials, w.r.t.
the V polynomials of the same degree® and the nonzero coefficient of the resulting poly-
nomials are precisely the equations of the required .J-marked scheme, so they are collected
and returned as final output.

We summarize here the steps of the main function JMarkedScheme on an input ideal J:

a. perform BorelCheck and exit if .J is not strongly stable;

5The computation refers to the generators of J.
6Remember that we are dealing with homogeneous polynomials.
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b otherwise, continue as follows:

1.

for each generator x® of J find the Groebner escalier of degree ||, N(.J)|o| and
store both N (), and its cardinality;

. produce a J-marked set, attaching to each z“ a tail, which is a linear combination

of parameters in C, with coefficients in N (.J)|,| for each |af;

. compute the list E of EK-couples, taking track of the degree of the corresponding

EK-polynomials;

for i from 1 to |E|, compute the i-th EK-polynomial ¢ corresponding to the i-th
EK-couple previously stored inZ and let w be its degree;

. reduce ¢ w.r.t V,,, and store the coefficients of the reduced polynomial in a list S;

repeat step 5. for all the EK-polynomials.
At the end, S contains the equations of the required scheme (see [27]).

Now we display two examples of execution of JMSConst . 1ib. As for JMBTest .1ib, the

first example is simple and provided with some comments, while the second is heavier and

displayed with the execution time.

Example 6.2.19. Let us first take the simple example given by the strongly stable ideal

J = (2%, 23, 2129, 73) of k[z0, ..., 73]

The corresponding Singular code is

ring r=0, (x(0..3)), rp;
ideal Borid=x(3),z(1) x z(2),2(2)% =(1)%;
JMarkedScheme (Borid, r) ;

(c(1) x c(4) x c(11) — (1) * ¢(7) * ¢(8) + (1) * ¢(6) * ¢(7) — (1) * c(4) * ¢(5) * ¢(7))
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(c(T) = c(4)  ¢(6) + c(4)* * ¢(5))

(=c(9) = e(5)?)

[10] :

(—c(4) % c(11) + ¢(7) % ¢(8) — ¢(6) * c(7) 4+ c(4) * c(5) * ¢(7))

[11] :

(—c(1) % ¢(20) + c(1) * c(4) * c(19) — (1) * c(4)? % c(18) 4+ ¢(1) x c(4)3 x ¢(17) — (1) * c(4)* *
c(16) + c(1) * c(4)® * ¢(15) — c(1) * c(4)% * ¢(14) + (1) * ¢(4)7 * ¢(13) + c(1) * ¢(8) * ¢(12) —

c(1) % ¢(6) * c(12) + 2 % (1) * c(4) * ¢(5) * ¢(12) — (1) * c(4)®)

[12] :

(c(1) # e(T) — c(1) * c(4) * c¢(6) + (1) * c(4)? * ¢(5))

(c(1)*c(7) * c(13) — (1) x c(4) % c(6) * c(13) + (1) * ¢(4)? x ¢(5) * c(13) — c(1) * c(4) * ¢(7) +
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c(1)#c(9)xc(12) +c(1) xe(5) 2+ c(12) —c(1) xc(4)5 *c(T) +c(1) xc(4)8 x c(6) — (1) x c(4) T x ¢(5))

c(4)® *x¢(5) x c(14) — c(4)* * c(T) * c(13) + ¢(4)® * c(6) *

(—c(T)xc(13) +c(4) *c(6) xc(13) — c(4)? xc(5) xc(13) +c(4) xc(7) — c(4)? xc(6) +c(4)3 ¥ ¢(5))

16) + c(4)2 * c(5) * c(16) — c(4)2 * c(7) * c(15) + c(4)® * ¢(6) * c(15) — c(4)* * ¢(5) * c(15)

4)3 5 c(T) x c(14) — c(4)* % c(6) x c(14)
13) —c(4)8 % c(5) *c(13) — c(9) * ¢(12)

(—c(7) + c(4) * c(6) — c(4)? * ¢(5))
7 :

c(5)?#c(12) +c(4)® xc(T) — c(4)8 % c(6) +c(4)" * ¢(5))

+ |

(c(5) * ¢(20) — c(4) x ¢(5) * ¢(19) — ¢(7) * c(18) + ¢(4) * ¢(6) * c(18) + ¢(4) * ¢(7) * ¢(17) —
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c(4)? % ¢(6) * c(17) — c(4)?  c(7) * c¢(16) + c(4)? * c¢(6) * c(16) + c(4)® * c(7) * c(15) — c(4)* *
c(6) * ¢(15) — c(4)* * c(7) * c(14) + c(4)° * ¢(6) * c(14) + ¢(4)° * ¢(7) * c(13) — ¢(4)° * ¢(6) *
0(13) ¢(10) * c(12) — ¢(5) * ¢(6) * ¢(12) — ¢(4)% % ¢(7) + ¢(4)" * ¢(6))

(c(6) x ¢(20) — c(4) * ¢(5) * ¢(20) — (7) * c(19) + c(4) * c(7) * c(18) — c(4)? x c(7) * ¢(17) +
c(4)? % c(7) * c(16) — c(4)* % c(T) * c(15) + c(4)® * c(7) * c(14) — c(4)8 x ¢(7) * c(13) — ¢(11) *
c(12) — ¢(5) * e(7) * c(12) + c(4)" * ¢(7))

In fact, there are 20 new parameters to insert and the obtained marked polynomials de-
pending on the new variables are x5 + (c1)xs + (c2)z1 + (¢3)z0, X1X2 + (ca)Tom2 + (c5)F +
(co)wozy + (c7)xd,x3 + (c8) o + (co)at + (cr0)zom1 + (c11)xd, X§ + (cr2)zfz2 + (c13)ox] +
(c1a)2da? + (c15)adal + (cr6)agat + (crr)agat + (crs)agat + (cro)zgar + (c20)2(.

The 5 EK-polynomials are (c4) * g * T2 * 23 + (c5) * 3 x 23 + (c6) * To * T1 * x5 + (c7) * 2

x3 *
23+ (—c1) x w1 * 23 + (—co) * 22 % 1o + (—c3) * To * T1 * X9

(c4) * o * 3 + (5) * 13 * X9 + (—Cg + Cg) * To * T1 * Ta + (c7) * 22 % T2 + (—c9) * 23 + (—c10) *
T * 23 + (—c11) * 23 * 21

(cg) * o * 2 x T3 + (Co) * T3 * T3 + (c10) * To * T1 * T3 + (c11) * X3 * 3 + (—c1) * 3 + (—c2) *

x1 % 5 + (—c3) * w0 * T3

(c12) * o * o * 23 + (c13) * To * T] * 23 + (C14) * & % 2 * 13 + (c15) * ¥ * 25 * 23 + (c16) *
xg* xf xx3 + (c17) * 2 * 23 * 13 + (c18) * 2§ * 23 *x 23 + (c19) * 2T * 11 * 3 + (C20) * TS * 23 +
(—c1) * 2§ % 29 + (—co) * 2§ + (—c3) * 20 * 25

(c12) * 28 * 23 + (c13 — €a) * To * T1 * x9 + (c14) * 22 * 2§ % 3 + (c15) * T3 * 23 * T2 + (c16) *
xd * 1] * 2o + (c17) * 1 * T3 * 29 + (c18) * 1§ * 13 * 29 + (C19) * 1 * 11 * T2 + (C20) * T * T2 +

—cg) * 2 + (—cg) * o * 28 + (—c7) * 22 * 27, from which the above equations can be found.
1 1 0*T1 q

Example 6.2.20. Consider now a more complicated example.

We type on Singular the following code:

LIB"JMSConst.lib";

ring r=0, (x(0..5)),rp;

ideal Borid=xz(1)%xz(2),z(0) x 2(2)%, z(1) x x(2)%, 2(2)3, x(1)? * 2(3),
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JMarkedScheme (Borid, r) ;
According to the Singular timer function, the 1860 equations resulting for the ideal J =
Borid in k[zg, ..., z5] have been computed in about 1 minute and 12 seconds.

To conclude, we point out that the libraries JMBTest .1ib and JMSConst.1lib pro-
vide solutions only for the homogeneous case. As explained in [9], it is possible to work with
marked bases and schemes in the non-homogeneous case and so we would like to pro-
vide also an implementation in this new setting. A possible application is the problem of
smoothability of some local Gorenstein Artin algebras.

6.3 Janet decomposition.

In this section we loosely base on the paper [54], where Janet first defines the notion of
multiplicative variable for a term T with respect to a given set M C 7.

For completeness’ sake, we recall Janet’s decomposition into disjoint classes for terms in
the semigroup ideal generated by M.

Each of them contains:

1. aterm 1 € M;

2. the set of terms obtained multiplying 7 by products of multiplicative variables, that
we call offspring of T and denote by offy; (7).

The main difference with respect to Janet’s papers is that we remove the finiteness con-

dition on M, showing that it is not necessary for our purposes.

Definition 6.3.1. [54, ppg.75-9] Let M C T be a set of terms and 7 = 27" --- 2% be an
element of M. A variable z; is called multiplicative for T with respect to M if there is no term

! Bigoitn . xz2 with 5; > ;. We will denote by mult (1) the

1 /— ...
in M of the form 7/ = zf L

set of multiplicative variables for 7 with respect to M.

Definition 6.3.2. With the previous notation, the offspring of 7 with respect to M is the set

offrs (1) == {rayt -+ 2

where \; # 0 only if z; is multiplicative for 7 w.r.t. M}.

Example 6.3.3. Consider the set M = {23, 23, 21wow3, 23} C k[, 22, 73].
Let 7 = 23,50 a; = 3, az = a3z = 0. The variable z; is multiplicative for 7 w.r.t M since
there are no terms 7/ = ' 25°25* € M satisfying both conditions:

o (1> 3;
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® By =pP5=0.

On the other hand, z2 is not multiplicative for 7 since 7/ = 23 € M satisfies
" =" ePal withyy =3 > 0=, 73 = a3 =0.
Similarly, z3 is not multiplicative since 23 € M.

In conclusion, we have multy (1) = {x1}.

Remark 6.3.4. Observe that, by definition of multiplicative variable, the only element in
offpr(7) N M is 7 itself.
Indeed, if 7 € M and also 70 € M for a non constant term o, then maxz (o) cannot be

multiplicative for 7, hence o ¢ offy (7).

Given a finite set of terms M C 7T, we can easily list the multiplicative variables of its
elements by a Bar Code construction.
More precisely, let By, the Bar Code associated to )M, as defined in 5.2.5. After drawing By,
we place the stars in the diagram as for the star set computation, obtaining the Bar Code
picture (c.f. section 5.3).
Let A be an i-bar, followed by a star. Then, for all 7 = 27*--- 28" € M lying over A4,
x; € mult(T).
Indeed, if i = n, lc € M such that deg, (o) > a,, because, if there was such a o, by hypoth-
esis, being o >, 7, it would lie over a n-bar posed on the right of A so, by construction, A
would not be followed by a star.
On the other hand, if i < n, let B be the (i 4 1)-bar over which A lies. The bar A is followed
by a star so, as explained in section 5.3, also B interrupts in correspondence of the end of
the bar A.
If 2; was non multiplicative for 7 then 30 = 2% ... 27 Lt - g with 8; > oy The term
o would lie over B (degi+1(0) = ai+1 = degi+1(7)) but it would be over an i-bar A’, posed
on the right of A over B, which cannot exist by the procedure to set the stars.
Letnow 7 = 27 --- 2% € M and let z; € mult(r). We prove that the i-bar A underlying 7

is followed by a star.

As done for the comments above, we denote by B the (i + 1)-bar over which the bar A lies.
If A is not followed by a star, B does not interrupt in correspondence to the end of A, so
there is an i-bar A’ over B and posed on the right of A.

If o € M is a term lying over A’, deg;(0) = a; + 1, deg;+1(0) = @yy1,...,degn(0) = a, and so,
by definition 6.3.1, z; is not multiplicative for 7.

Example 6.3.5. For the set M = {23,235, v{wazs, 23} C k[r1,22, 73] of example 6.3.3, we

have the following Bar Code picture
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3 3 4 2
o xy T TIToT3 X3
1 — % —— %k —— k —— %
2 — —_— %k — k% — %k
3 - — — %

Then:
o mult(z3) = {x1};
o mult(z3) = {x112};
o mult(zizers) = {1, 20};
o mult(x3) = {z1,22,73}.

In paper [54], Janet defining multiplicative variables as in Definition 6.3.1, provides both
a decomposition for the semigroup ideal T(M) generated by a finite set of terms M and a
decomposition for the complementary set N(A7).
On the other hand, in [55, 56], he defines multiplicative variables in the following way.

6.3.6. A variable x; is multiplicative for 7 € T if and only if 2; < min(7).

We denote by mult the multiplicative variables in this sense.
These two definitions of multiplicative variables appear to be very different.
First of all, in the first formulation, the set of multiplicative variables for a term in M de-
pends on the whole set M, while in the second it is completely independent on the set M.
Indeed, the two notions are not equivalent for a general set M, as shown by the following

examples.

Example 6.3.7. In k[z}, 72, 23] consider the ideal I = (232, z123) and let M be its monomial

basis. Then, multy(z3z2) = {x1, 23} and multy (z123) = {x1, 22, 23} while only z; can be

multiplicative according to the other notion of multiplicative variable.

Example 6.3.8. Taken the set M = {2324, 7123} C k[z1, 73], we get mult pr(z123) = {21, 22},

while of course 1 < min(z;23) but z3 > min(z123).

However, they are equivalent in Janet setting, that is if M is the generating set of the
generic initial ideal of homogeneous ideals I.
More generally, we will see that they turn out to be equivalent also if M is the monomial ba-
sis G(J) of a strongly stable ideal .J and if M is the special set of generators of any monomial
ideal J denoted by F(J) (see 5.3 and 6.4).
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We will see that stronger results can be proved when a set M is such that the two defini-
tions of multiplicative variables coincide.
The following definition is a key point for this chapter.

Definition 6.3.9. [54, ppg.75-9] A set of terms M C T is called complete if for every 7 € M
and z; ¢ multy(7), there exists 7/ € M such that z;7 € offy/(7').

Moreover, M is stably complete if it is complete and for every 7 € M it holds multy (1) =
{z; | z; <min(7)}.
If a set M is stably complete and finite, then it is the Pommaret basis of J = (M) and we
denote it by H(J).

Remark 6.3.10. If M = {7} C Q is a singleton, it is complete, with mult(7) = {z1,...,x, }.
Let us examine some examples.

Example 6.3.11. In k[x1, 72, 23] consider the ideal I = (2%, x122, 23).
Both My = {z%, 7122, 23} and each generating set of I with the shape
M; = {2%, 2122, 3, X273, ..., vhx3 } are complete systems of terms. In fact, for Mo:

— multy, (22) = {21}, 2322 € offpy, (T122), 2323 € Offpy, (23);
— multp, (122) = {x1, 22}, L1223 € Offpr, (23);

— multy, (z3) = {r1, 22, 3}

For M;,i > 1:

— multy, (23) = {x1}, 2322 € offpy, (v122), 2323 € Off s, (23);
— multyy, (T122) = {21, 22}, 12223 € Off 5y, (2273);

— multy, (z3) = {x1, 23}, T2ws € offpy, (x273);

— multyy, (2has) = {z1, 23}, 23 s € offyy, () 23), 0 < j < 4;
— multy, (wha3) = {71, 72, 23}.

Example 6.3.12. Consider the ideal J = (zy) <k[z,y].

The monomial basis My = G(J) = {zy} is a complete system with mult, (zy) = {x,y}.
Also the set M = {z"y | h > 1} C k[z,y], * < y, is a complete system, again according to the
first definition. It generates the same ideal (zy), but has infinitely many elements. Anyway,
it is not stably complete. In fact, for each 2"y € M, multy;(2"y) = {y}, since no terms of the
form z'y® with e > 1 belong to M; on the other hand = ¢ mult(z"y) since 2" +1y € M.
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Example 6.3.13. Let M be the set of terms {x,y?} in k[z, y], with z < y.

The multiplicative variables for every term in M are those lower than or equal to its minimal
one:

mult(z) = {z} mult(y?) = {z,y}.

However, M is not complete since yx does not belong to the offspring of any term in M.

The following example shows that a complete generating set of terms can loose com-

pleteness when the ideal is enlarged.

Example 6.3.14. Let M = {22, 2y} C k[z,y] and J = (M). It is a complete system, but it is
not stably complete, since y is multiplicative for zy, although min(zy) = «.

Adding to M a term in N(J), we get a new set M and Jy = (M), whose Janet decomposi-
tion clearly changes. For example, if My = {2?, zy, y*} we get a stably complete system.
On the other hand, if M, = {z?, zy, y*} the system is not complete anymore, since zy* does

not belong to the offspring of any term in the set.

From definition 6.3.1 of multiplicative variable, Janet deduces the following straightfor-

ward corollary

(i) (i)
Corollary 6.3.15 ([54]). Let M = {71,...,7m} C T be a finite set of terms, 7; = x‘fl et
and 7/ = 27t - aptt = T fori=1,..,m.
Tn .

Let D, := {f € N|3r € M, deg,(r) = B}, @™ := max(D) and, for each 8 € D,,, define
Mj = {W, T € M and deg, (1) = 8} .
Then M is complete if and only if the two conditions below hold:

1.vse D, M [’3 is a complete set;
2. V7] € M/g, B < o™ there exists j € {1,...,m} such that
o 7/ € off(7});
° Tj/- eM é 11
Completeness of a given finite set M can be detected by exploiting the Bar Code struc-
ture.
If 7 € M and x; ¢ mult(r), let A be the i-bar underlying 7 and A’ the subsequent i-bar’.
If, Vo over A’, o { x;7, the system is not complete.

If 30 over A’, o | a;7, so that ;7 = on, let V := {z;, 1 < j < n, z; | n}, the set of the
variables appearing in 1 with nonzero exponent. If, for each x; € V, the j-bar underlying o

"We recall that the last term in M is £ := max[e, (M) and, by the comments above, mult(¢) = {1, ..., zn }.
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is followed by a star, then 7 € off(c) and we continue examining the next term in M.

If there exists a variable x; € V' such that the the j-bar underlying o is not followed by a
star, then the system is not complete.

First of all, we explain why we look for o only over A’ and not over other i-bars.

e z,7 ¢ off(0) for o lying over A, since A is not followed by a star.

o Let A” be an i-bar posed on the right of A’. If o lies over A”, z;7 ¢ off(o) since o ¢ 7,

being deg, (o) > deg,(x;T) for some j > i.

e Let A" be an i-bar posed on the left of A. If o = x/fl -~ zPn lies over A", then o <pe, T
and o cannot be such that deg; (o) = «; for j = i, ..., n because, if it is like that, it would
lay over A.

This implies that if x; = max{x, h =1,...,n, degn(c) < deg, (1)}, then z; ¢ mult(o):

— %1 (¢4 — —
T=Xy T, Qj > /8_]7 Qj+1 = /8j+17 "'7B’n = Qp

Now, let 7 € M, z1 € mult(T), A the i-bar underlying 7 and A’ the subsequent i-bar.

If it is possible to find a o | z;7 lying over A’, with all the bars lying under ¢ and corre-
sponding to the variables of 1) := T followed by stars, then 7 € off(c). It is clear since the
variables in 7 turn out to be multiplicative for 7.

On the other hand, if 7 € off(¢), the bars underlying ¢, which correspond to the variables
of n := %= are followed by stars. Indeed, 1) is composed by multiplicative variables for .

Another problem one can pose is:

Problem 6.3.16. Given a finite set of terms M = {r, ..., 7, } C 7 is there any ordering on the
variables x4, ..., ,, such that M is complete?

As explained above, the Bar Code construction allows to detect the completeness of
M. Clearly such a construction depends on the variables” ordering, so if we want to solve
problem 6.3.16 we should draw and check n! different Bar Codes, which turns out to be
rather tedious and time consuming.

Exploiting again the Bar Code structure and corollary 6.3.15, we can look for the solution of
6.3.16 in a "greedy" way, so that most of the tests can be skipped.
More precisely, considered M = {1, ..., 7, }, we perform the steps described below.

Step a) Quest for the maximal variable.
Let C be the set containing all the candidates for being the maximal variable in the
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ordering we are going to construct.

A priori, all the variables can be good candidates for the role of maximal variable, so
C = {z1,...,x,}. Itis necessary to examine the variables, in order to estabilish which
of them can really hold this position, in order to have a complete system.

1. For i =1,...,n, compute the sets

D; :={p € N|3r € M, deg;(t) = B}.

2. Read each of these sets: if, for some 1 < j < n, there are two ~v1,72 € Dj,
7 < 72 —1land 3v3, 71 < 73 < 72, such that y3 ¢ Dj, then z; cannot be the
maximal variable for our ordering. Indeed, if so, M;,g = () and this contradicts
corollary 6.3.15. In this case, exclude z; from C'.

Test) If C' = (), none of the variables can be the maximal one and this implies that the system
is not complete for any variable ordering. Otherwise, we continue.

Choice) Pick an element x; € C # () which we assume to be the maximal variable for the

ordering we are constructing. Then set C = C'\ {x;}%.
Step b) Divisors and multiplicative variables.

1. Write down the terms in M, arranging them w.r.t. their i-degree. If, for some
Tj1,Tj2 € M, deg;(tj1) = deg;(7;2) and 7;1 | T;2, then write 7;; on the left of 7s.
This operation is equivalent to draw the lowest line of the Bar Code associated to
the variable ordering we are creating step by step’. From now on, we denote by
AW these bars. We encode them, together with the terms.

2. For each 7;1, lying over Agi), check whether there are terms 7, over Aéi) such that
degn(Tj2) < degn(7j1), for each h # i. Do the same for the couples of consecutive
; @ 4@, 4@ (@)
i-bars Ay°, Ay”7; ...,A#(i)_l, Aﬂ(i).
— If the quest has positive outcome, we keep track of the terms we found, to-
gether with all the variables h # i for which the strict inequality holds. These

are those we need to belong to mult(7;2) so that z;7;1 € off(7;2).

- If, for some term 7 there are no o satisfying the properties described above,
the test fails!?. So we break.

8This means that we examine x; as maximal variable only once.
. . . deg; . . o .
91f z, is the maximal variable, for each 7 € M, P, (1) =z €9 (T), so each i-bar identifies an i-degree.

10Actually, this means that, in corollary 6.3.15, point 2. is not verified.
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Test 2) If Step b) reports a failure, delete the bars and go to Test)!!. Otherwise continue.

Once a variable has been selected, we have to choose the following one in order of magni-
tude.

We have as information, the Bar Code already drawn, the variable already settled, together
with the list of the other possible candidates for the whole set of positions under consid-
eration at this point and the list of variables we need to be multiplicative for each term.
Moreover, if we are not dealing with the second variable in order of magniture, we have
some information on the previous variables, namely for which terms they are multiplica-
tive.

We have to repeat what follows for settling down the other variables, until we get either an
ordering (i.e. we have settled all the variables, so that we can quit with a positive outcome)
or a situation in which all the bars are unitary (we will explain this situation below).

Ordering) If all the variables have been settled, we have found an ordering on the variables, for
which M is complete, so we quit with positive outcome. Otherwise we continue with
the next step.

Unitary) If all the examined bars are unitary'?, we can quit with a positive outcome since the
ordering on the other variables, not already examined, is indifferent. Otherwise we

continue with the next step.
Step ¢) Next variable.

Candidates) For each bar AE,] ), h =1,...,u(j), on the topmost line already drawn, there is a
set of terms lying over it.
Execute Step a) over each of these sets (forgetting about the variables already

settled) and intersect the obtained sets of candidates.

Test 3) If such an intersection is empty, we have to come back. More precisely we delete
the topmost line in the Bar Code (and the related information, except that the
candidate list). Then, if there are no bar left, we go to Test), otherwise, we repeat
Test 3) on the set of candidates related to the variable treated in the previous step

13_1f it is nonempty, we continue with the following step.

Pick) Select an element z; from the list of candidates found in Candidates) and delete
it from the list.

je. we change the candidate maximal variable: M cannot be complete w.r.t. any variable ordering with

maximal variable x;.
12Notice that singletons are complete. Moreover, all the variables not already settled have to be multiplicative.
13We are selecting another element in the list of candidates for the variable treated in the previous step.
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Step b") Divisors and multiplicative variables. Since this step is analogous to Step b), we only
sketch it, referring to Step b).

1. Order the terms over each bar w.r.t. their degree on the new candidate. If,
for some 71,72 € M, deg;(7;1) = degi(7j2) and Tj1 | Tj2, then write 7;1 on
the left of 7;5. Draw the associated bars.

2. Repeat the same test as in Step b) 2 for all the couples of consecutive bars
lying over the same one w.r.t. the variable treated in the previous step. Keep
track of the terms or report failure and break as in Step b) 2.

Test 2) If Step b’) reports a failure, delete the upmost line of the Bar Code and go back to

Test 3). Otherwise continue with next step.
Compatibility) The new candidate x; has to be compatible with the variables chosen so far.

1. Read the terms of which we have kept track, together with the variables we

need to be multiplicative, in order to have a complete set of terms.

2. If z; is one of the variables associated to some 7, check whether is multiplica-
tive or not. This means looking whether 7 lies on the rightmost /-bar over
the underlying bar (in this case z; is multiplicative for 7) or not. Notice that
a negative outcome do not authomatically exclude the completeness of the
system, since a term could potentially have associated to it more than one
term arising from Steps b), b’), equipped with some variables, required to be
multiplicative.

« If x; is not multiplicative for some 7, but 7 is not the only term we have
recorded for the term under consideration, we mark 7 as failed w.r.t z;'%.

« If, for some term in M, all the associated terms we have kept track of

give a negative outcome, the test fails!®. So we break.

Test 4) If the Compatibility) fails, we change candidate for the current variable, i.e. we
reset the markers set for x;, we delete the upmost line in the Bar Code and we go
to Test 3). Otherwise we quit Step c).

Redirection) Go to Ordering).

Example 6.3.17. Consider M = {z123, 2325} C k[z1,72]. Such a set is not complete by a)
since D; = Dy = {1, 3}.

As a confirmation, we can see that, if 1 < x5, we have

141f the test passes, the failed terms are not examined anymore.
15The first condition of 6.3.15 is not verified.
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0 l‘?xg xlxg
1 —k — %
2 —  — %

Then mult(z3xs) = {x1}, mult(z123) = {x1, 22} and 2323 does not belong either to off(r3x5)
or to off(zyx3).
On the other hand, if z2 < z1, we have

0 371.23‘;) l‘?xg
2 — k —— %

[N ——
Thus mult(z123) = {x2}, mult(z3x2) = {21, 22} and 2323 does not belong either to off(z3z2)
or to off(z;x3).
Example 6.3.18. Consider

M = {xgxg,xf,ﬂcg,xg,xlxg,xlxgm,x%m,mxg,x§x4,x%az3} C k[z1, 22, 3, 24].

Step a) D1 = D2 = Dg = {0, ].7 2}, D4 = {0, 1}
Each variable is a good candidate for being the maximal one, so we move to Step b), choos-

ing, for example, x3, getting

¥?  T%2  zi  2iry v1%e%a 237y 2ixg T2®3 TaTz 23

3 —_—

For A(13)7 A(Q?’), Agg) we test the divisors.
For Ag?’), Agg):

e 27 — z3x35. We do not keep track of any variable.

o T1x9 — Tox3. We keep track of z;.

o 13 — zox3. We keep track of z».

o zix, — xiz3. We keep track of x4. z3x4 — w374. We keep track of ;.

o T1x2x4 — Toxs. We keep track of 1, z4. z12224 — z324. We keep track of x4, zo.

o 1314 — xox3. We keep track of xa, z4. 2324 — z314. We keep track of z».
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For A(QB), Agg):
o zix3 — x3. We keep track of z;.
e 113 — x3. We keep track of z».

e z314 — x3. We keep track of z,.

We do not have a negative outcome for any term, so we continue with Step c). Being A§3)

overlied only by z3 (only one term!) we do not need to take this bar into account (all the

variables different from z3 are good candidates!).

All the variables are good candidates for being the second in order of magnitude and, for

example, we choose z,4, getting:

2 2 2. 2 2
r{ T1T2 x5 xixy T1T2T4 ;514 xyT3 TL2T3 T3T4

We check the divisors (forgetting about x3):
e 12 — z3x,. We do not keep track of any variable.
e Tz — T12224. We do not keep track of any variable.

e 13 — z3x4. We do not keep track of any variable.

o 22 — 4. We keep track of z;.
o 15 — x4. We keep track of zs.

Then we pass to Compatibility):

2
T3

e 2214 2223 does not lie on the rightmost 4-bar, so x4 is not multiplicative. Since we

have more than one term associated to 274, we only delete z3x3 and keep z3z4.

The same reasoning holds for =222y, 324
e z314: 23 lies on the rightmost 4-bar so it passes the test.

We continue choosing z, as next variable and we get:
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2 2 2 2 2 2
ry Tir2 x5 x{T4 T1T2T4 x5x4 TiT3 L2T3 T3T4 23

This way, all the sets overlying the 2-bars are singletons. We check on the 2-bars to have
nonincreasing exponents for z; and this is true. Moreover, we check that x5 is multiplicative
where it is marked, i.e. for z523, 324 but it clearly holds.

The system M is complete for z; < 2 < x4 < x3 and its final Bar Code w.r.t. the chosen

ordering is

¥? %2 zd  2iry v1%2%4 237y 2ixy T2®3 X3Ta 23

1 —_— —_— —_— —_— —_— —_— —_— —_— —_— —_—

2 —_— —_— —_— —_— —_— —_— —_— —_— —_— —_—

The following technical lemma will be very useful throughout the paper. As a first appli-
cation, we will prove (theorem 6.3.20) that a system of terms M (possibly infinite) is complete
if and only if the offsprings of the elements in M form a partition of the semigroup ideal

generated by M.

Lemma 6.3.19. [57, pg.23] Let 7, 7’ be elements of a set of terms M and z; be a variable such
that z; ¢ multy/(7) and z;7 € offp; (7). Then 7 <pe, 7'. If, moreover, z; < min(r), then
Te; =71 € M.

Proof. First of all, we observe that 7 # 7/, since x; ¢ multy/(7). By definition of off-
spring, we have that 72; = 7’0/, where ¢’ is a product of multiplicative variables for 7.
Let us assume by contradiction that 7 >, 7’ and let z; be the maximal variable such that
deg;(7) > deg;(7'). Then, x;|0’, hence z; € mult ('), but this is impossible by definition of
multiplicative variable, since also 7 is in M.

Now let us assume that z; < min(r) and o’ # 1. If 2;|0’, then 7 = %JI_’TI € M noffp(7'),
which is not possible by Remark 6.3.4. If, on the contrary, z; o’ we get a contradiction with
the previous assertion, since in this case 7" <., #‘(’;,) <Lex %‘J" =T. O
Theorem 6.3.20. Let M be a set of terms (possibly infinite).

If 7,7/ € M and 7 # 7/, then off;(7) N offp (/) = 0.
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If, moreover, M is complete and T(M) is the semigroup ideal it generates, then Vy €
T(M), 3t € M such that v € offy; (7). Hence, the offsprings of the elements in M give a
partition of T(M).

Proof. To prove the first assertion, let us assume by contradiction that 7o = 7'0’ € offp;(7)N
offp/(7') # 0 and let 7 >, 7'. If z; is the maximal variable such that deg;(7) > deg;(7'),
then z;|0’. By definition of offspring, x; € multy (7'), but this is impossible by definition of

multiplicative variable, since also 7 is in M.

Now we assume that M is complete and prove the second fact. We argue by contra-
diction. Suppose T(M) 2 O := (J,¢,, offp(0) and take any term v in T(M) \ O. As M
generates T(M ), there are terms in M that divide +: let 7 be the one which is maximal with
respect to <j¢. If ¥ = 70, the term o contains at least a variable x; which is not multiplica-
tive for 7, since 7o ¢ offy; (7). Then v = 7a;n and 7x; ¢ offpr (7).

By the completeness of M, we have 7x; € O, namely there is a term 7/ € M such
that 7z; = 7'0’ € offy (7). By Lemma 6.3.19 i), 7/ >, 7, and this is not possible since

'y = 12m =70 O

Thanks to the previous result, if M is a complete system, each term in T(M) can be
written in a unique way as a product of

1. an element 7 € M;

ni .
4

2. atermz" =z -x;«”,with Zi, ..., x; € multp (7).

This fact suggests the following

Definition 6.3.21. Let M be a complete system of terms. The star decomposition of every
term v € (M) with respect to M, is the unique couple of terms (7, n), with 7 € M, such that
v = tnand v € offp (7). If (7, 7) is the star decomposition of y with respect to M, we will

write v = T %1 1.

Remark 6.3.22. From the results stated above, we obtain the following explicit formula for
the Hilbert function of (M):

k+n k—deg(t)+ s, —1
hHF(M>(k>=( . )— > ( o :
TEM deg(T)<k T

where s, is the number of multiplicative variables for 7 w.r.t M and we set equal to 0 every
binomial with a negative numerator or a negative denominator.
Thus, this formula makes sense also for infinite sets A, since for every k there are only

finitely many non-zero summands.
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If M is a finite set of terms and r is the maximal degree of its elements, this formula gives

the value of the Hilbert polynomial for every k > r.

The following lemma will be very useful for the reduction process we will define in
section 6.5.

Lemma 6.3.23. Let M be a stably complete system of terms and let y be a term such that
v =7 *p nand also vy = on’ with o ¢ T(M).
Thenn’ >y 7.

Proof. By definition of stable completeness, min(7) > max(n). If ' <ge, 0, then n’|n and
7|o. This is not possible since 7 € T(M) and o ¢ T(M). O

6.4 Star set and quasi stable ideals

In this section, we take again under consideration the star set of a given monomial ideal
JaP:

xa

F(J) = {z® € T\N(J)] e N(J)}.

We will prove that it is a complete system with many interesting properties in common

min(z®)

with the minimal monomial basis of strongly stable ideals.

Theorem 6.4.1. For every monomial ideal J, the star set F(.J) is the unique stably complete
system of generators of .JJ. Hence, if M is stably complete, M = F((M)).

Proof. Let T := x}* - - 2™ be any monomial in F(.J).
Assume z; is not multiplicative, so that z;7 € J, z;7 = 70,7’ € M. Then Lemma 6.3.19

implies 7 <p.; 7" whence x; > min(7).
or_1
min(o,—_1)

Note that 2% --- 22" ¢ J, since it divides ——— &€ N(J), while ¢ := ¢y € J, since itis a

min(T)

Let z; > zy := min(7) and set 0y := Tx;, 0y 1= forr=1...,ap+ -+ a;_1.

multiple of 7. Then, in the sequence of terms ¢;,0 < i < oy, + - - - + o;—1, we find an element
o; that belongs to J, while the following one does not.
Then o; € F(J), so that 2;7 € offr(;)(0;) and x; is not multiplicative for 7 w.r.t. 7(.J).

Take 7 = a3 ---a5m € F(J), and a variable 2; ¢ multz(;) (7). By the previous re-

sult z; > z; = min(7). By definition of non-multiplicative variable, there is a term ¢’ =

af it g9 ¢ F(J), for some integer ¢ > «;. Let us consider the minimum one.
v Yi+1 n

K2

Ift = a; + 1, then a7 = ap* - al - 28 € off g5y (o).
If, on the contrary, ¢t > a; + 1, then ¢ = 2! ...29% € N(J) by definition. Let us
or_1

min(or—_1) for

consider, as in the previous proof, the sequence of terms o := 72; € J, 0, :=
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r=1..., Z?;é a;. Since the last one is ¢”/, we can find in this sequence a suitable o; € I
such that 0,1 € N(J), thatis o; € F(J) and x;7 € off (5 (o).

In order to prove that every stably complete set of terms M, with J = (M) is exactly
F(J), we first notice that clearly G(J) C M and G(J) C F(J).
Moreover, it is sufficient to prove that F(J) C M. Let o0 € F(J), ie. ey — W € N(J).
Then, there exists 7 € M such that o € off(7) and so o = 77, with either n = 1 or max(n) <
min(7).
This implies that either 7 = o or 7 | w, but the second alternative is impossible since both
7€ M and w € N(J).

O

Remark 6.4.2.  i. For an arbitrary monomial ideal J the set F(.J) can be infinite. For
example, if J = (z) <k[z,y], z <y, then F(J) = {zy"™ | n € N}.

ii. Not all the complete systems turn out to be of the form of a star set.
For example, the complete system M = {z"y, h > 1} C k[, y] of Example 6.3.12 is
not the star set of the ideal J := (M).
Indeed, N(J) = {z™, m >0} U {y!, | > 0} and all the terms of the form xy*, k > 1, do
not belong to M, even if #:yk) =y* e N(M).

Moreover, for h > 1, % =a""ly e M,so 2"y ¢ F(J).

Better results hold if the monomial ideal J satisfies one of the following conditions,
weaker then the strongly stable property (see section 6.6).

Definition 6.4.3. A monomial ideal J is called stable if it holds

;T

T€J, x; >min(r) = min(7) eJ
A monomial ideal J is called quasi stable if it holds
xtr
T€J, xj >min(r) = 3t >0: —2
min(7)

We will show that this notion of quasi stable ideal coincides with the one given in [100],
by proving that J actually has a Pommaret basis.

Remark 6.4.4. e Obviously, a stably complete system M is also stable, and a stable set
is also quasi stable.

e In order to verify whether the conditions above are satisfied for a given ideal J it is

sufficient to check the terms in the basis G(J).
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Proposition 6.4.5. Let J be a monomial ideal. Then TFAE:
i) J is stable
ify F(J) = G(J)

Proof. i) = ii) The inclusion G(J) C F(J) is true for every monomial ideal by definition of
star set. We prove now that vy ¢ F(J) for every term v € J \ G(J).
By hypothesis, 37 € G(J), such that y = 7o and ¢ # 1.
mm(v) =72 € J,sothaty ¢ F(J).

If, on the other hand, zj, { 0 and :cj is any variable dividing o, then z; > x; and z;, =
min(7). By the stability of J we have %~ € J, hence == 22 ¢ J, hence again vy ¢ F(J).

Tj T

Let zj := min(y). If 2|0, then— —

it) = 1) If ii) holds, then G(J) is the only stably complete system generating .J. By
remark 6.4.4, we can check the stability on the terms z® € G(J). Let z; > xj := min(z®).
By hypothesis there exists 27 € G( J) such that z;2* € offg()(z”), and, since z* € G(J), of
v L €J O

course z%x; ¢ G(J).

Proposition 6.4.6. Let J be a monomial ideal. Then TFAE:
i) J is quasi stable
ii) |F(J)| < o0
iii) F(J) = H(J) is the Pommaret basis of J.

Proof. i) = ii) Let a be the maximum of the degrees of elements in G(.J) and let ¢ be such
that W € J for every z® € G(J) and z; > min(z®). We prove that F(J) is contained

min

in Py where d := a + tn. Let 2%z € J>q with 2® € G(J) and zy be min(z®z7). If xx|z”,
then obviously - M = 22 ¢ J,s0 z*z" ¢ F(J). If, on the other hand, z; /z", then

Tk
xp = min(z®). Moreover every variable dividing «” is higher than zj and at least one of
them , let us call it z;, appears in 2”7 with exponent > ¢, as deg(z7) > nt. Then i € J,

T/ il?fCE

hence *= = = ~%€Jandm " ¢ F(J).
J

Tk
ii) = iii) By ii) F(J) is finite, and by 6.4.1 is stably complete, so it is clearly the Pommaret
basis of J.

iii) = i) By remark 6.4.4, we check the quasi stability on the terms 2* € G(J). Let z; >
xp = min(z®). By the hypothesis on the finiteness of F(.J), there exists m > 0 such that
r*x" ¢ F(J). Moreover, being F(.J ) a stably complete system, there exists ¥ € F(J) such

that 27"z € off()(z”) and 27| = fw O
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Example 6.4.7. Ink[z,y, z] withz < y < z:
e considered J = (z,y?%), we get M = F(J) = G(J) = {z,y*}, since J is stable;

e taken the ideal J' = (22,y), we get M = F(J) = {22, yz,y} D G(J).
In fact, J is quasi stable, but it is not stable;

e given J = (y), the star setis M = F(J) = {z*y | k > 0}, and |F(J)| is infinite, since J
is not stable.

Remark 6.4.8. By remark 6.4.6, each zerodimensional ideal is quasi stable, since its star set
is finite, as one can see by drawing the Bar Code of the corresponding Groebner escalier (see
section 6.8 for more details).

Moreover, for non zerodimensional ideals, we can simply decide about their quasi stability
by their (infinite) Bar Codes.

Indeed, by proposition 5.4.9, we only have to draw the corresponding infinite Bar Code and
to check whether there is a finite term, under which lies at least one —. If it is the case , the

ideal is not quasi stable, since the star set is infinite. If not, the ideal is quasi stable.

6.5 M -marked sets and reduction process.

In this section, we generalize the notions of J-marked polynomial, J-marked basis and J-
marked family given in [8, 27] for J strongly stable.

In those papers, the involved polynomials are marked on the monomial basis of the given
monomial ideal J. Here, we give the analogous definitions for any monomial ideal, pro-
vided that the involved polynomials are marked on a complete generating system in the
sense of definition 6.3.9.

After determining the setting, we extend to it the reduction process of the quoted papers.
At the end, we will see that such a generalized procedure does not need to be noetherian
for every complete system of terms. We will need to add some hypotheses on the given
complete system in order to overcome this problem.

We point out that, as in [8, 27], we do not introduce any term-ordering and this represents
an important difference w.r.t. Janet’s papers.

Moreover, we consider polynomials with coefficients in a ring, not necessarily in a field.
Definition 6.5.1. Let M be a complete system of terms and J be the ideal it generates.

o An M-marked set is a finite set G of homogeneous (monic) marked polynomials f, =
T =Y cayx?, with Ht(f,) = ® € M and Supp(fo — ) C N(J), so that |Supp(f) N
J =1
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o An M-marked basis G is an M-marked set such that N(J) is a basis of Q/(G) as A-
module, i.e. @ = (G) ® (N(J)) as an A-module.

o The M-marked family Mf (M) is the set of all homogeneous ideals I that are generated
by an M-marked basis.

Remark 6.5.2. Observe that the above definition of marked family Mf (M) is consistent with
that given in the Introduction of Mf(J) for a monomial ideal J. Indeed, if I € Mf(M), then
I € Mf(J)with J = (M). On the other hand, for every given J there are complete systems
M that generate it, for instance M = F(J) and Mf(J) = Mf(M). In fact, if I € Mf(J),
every polynomial & can be uniquely written as a sum f + g with f € I and g € (N(J));
especially for every 2 € M, we have

:Ea:fa+ga7 faefandgae(N(J». (61)
Then I contains the M -marked basis
G = {fo=2"—ga, 2" € M}.

Furthermore G is an M-marked basis since (G) C I and Q = (G) + (N(J)) = I & (N(J)).

The only difference between the two notations Mf(J) and Mf(M) with M a complete
system generating J, is that using the second one we present every ideal of the family by
means of a special set of generators depending on M. Note that, by the definition itself of
Mf(J), we can assert that for every ideal I € Mf(J) the M-marked basis generating it is
unique.

We define now a reduction procedure for terms and polynomials, with respect to a ho-
mogeneous set G of polynomials, marked on a complete system of terms M.
The usual reduction process with respect to G consists of substituting each term 2“2, mul-
tiple of an head term z® = Ht( f,,), with the polynomial (z* — f,)2" = goz".
We add an extra condition to the standard procedure, namely that this substitution can be

performed only in the case 2%z = % % 2.

Definition 6.5.3. Let M be a complete system and G an M-marked set. We will denote by
9, the transitive closure of the relation h 25 h — ¢ fox”, where z¢x" = x® x5 2" is a term
that appears in h with a non-zero coefficient c. We will say that 9, is noetherian if the length
r of any sequence h = hy 9 hy & ... 5 h, is bounded by an integer number m = m(h).
This is equivalent to say that if we continue rewriting terms in this way we always obtain,
after a finite number of reductions, a polynomial whose support is contained in N(.J).

We will write h gifh 9, g and Supp(g) C N(J).
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In general, the relation 9, is not noetherian, namely there are sequences of reduction of

infinite length.

Example 6.5.4. Let M := {xz,yz,y*} a set of terms in k[z, y, 2] with z < y < 2. We find the

following sets of multiplicative variables:
o multy (zz) = {z, 2}
° multM(yQ) ={z,y}
o multy (yz) = {z,y,2}

and check that M is complete.
Let G the M-marked set {f,. = 2z — zy, fy. =yz— 2%, f,2 =y*}.
Then we have the infinite sequence of reductions:

G g
222 =xzwpr 2 = 22 — fraz = TYZ = Yz k0 T > TYZ — fyz = 2.

However, the reduction %> is always noetherian if G is marked on a stably complete
system. In order to prove this fact we will use the following special subset of the ideal (G).

Definition 6.5.5. Let G be an A/-marked set on a complete system of terms M and let J :=
(M). For each degree s, we will denote by G(*) the set of homogeneous polynomial

g(S) = {faxn | % w2 € (M)s}
marked on the terms of J; in the natural way Ht(f,z") = z%z".

Remark 6.5.6. Observe that if G is a M -marked set on a stably complete system of terms M,
for every homogeneous polynomial g of degree s, g Iy h implies that g—h = Y /" | ¢; fa, 2" €
(G©).

It is worth noticing as a direct consequence of Lemma 6.3.23 that if f,2" € G, then
every term in Supp(z®z" — f,z") either belongs to N((M)) or is of the type = %y, 2" with

2" < Lex X'
Lemma 6.5.7. Let G be a M-marked set on the stably complete system of terms M = F(J).

1. Every term in Supp(z°z¢ — f52¢) either belongs to N((M)) or is of the type x® s 2"

with 2" <pe, €.

2. If f3 € F(J), then all the polynomials f,,z" € G used in the reduction of "z
(except fzz© if it belongs to G(*)) are such that ¢ >, 7.
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3. If g = Y1 cifa, 2™, with ¢; € k — {0} and f,,2™ € G) are pairwise different, then
g # 0 and its support contains some term of the ideal J.

Proof. (1) is a direct consequence of Lemma 6.3.23.

(2) Assume that the statement holds for every term xﬁ/mg, with ¢ < Lew T¢. At a first
step of reduction of 2P x¢ we use the polynomial f,x" where 2Px = z% %5, 27, so that
2" <peq ¢ moreover every term in the support of the obtained polynomial either belongs
to N((M)) or is of the type 2% %y 27 with 27 <pe, 2" (Remark 6.5.6). Then we conclude
since we assumed the property holds for all those terms.

(3) We assume that the summands in g are ordered so that 2™ >r., ™ for every i =
1,...,m and show that ™" belongs to the support of g.

The term 2" cannot appear as the head of f,,z2" for some i # 1 because the star
decomposition of a term is unique. Moreover it cannot appear in f,,z" — z* " since
potm = gha with 28 € N(J) would imply 2™ >, 2™ (see Lemma 6.3.23), against the
assumption. O

Theorem 6.5.8. Let G be an M-marked set on a stably complete system of terms M and let
J be the ideal generated by M.

Then the reduction process 9, is noetherian and, for every integer s, Q; = (G(¥)) @
(N(J)s). Indeed, for every h € Q;

h=f+gwithfe (G®)andge (N(J),) < h L, gand f=h—g

Proof. LetG = {fo |z~ € M}.
We observe that we have (G(*)) N (N(J),) = {0} by Lemma 6.5.7.

In order to prove that the module (G®)) + (N(J),) coincides with P it is sufficient to
show that it contains all the terms in J, \ M, being obvious for those in M, for which 2 =
fa + ga (see 6.1).

Let 7 be a term in J,.

If 7 = 2 %p; 2", we may assume of having already proved the statement for all the terms
7 =2 sy 2" with 27 <[ 2.

We have 292" = f,a" + (2% — f,)x" where Supp(z® — f,) C N(J). If 27 is any term
in this support, then either 277 € N(J) or 277 = 2% % 27 with 27 <pep 27 by Lemma
6.3.23. This allows us to conclude Q, = (G(*)) + (N(J)s).

Finally, in order to prove that 2, is noetherian it is sufficient to observe that every reduc-
tion step substitutes a term of J of the type 2 *;s 2" with 2%2" — f,2". Indeed, by remark
6.5.6, each 7 € Supp(z“x" — fox) \ N((M)) has the form 2 wpp 2, 2" <pep 2" and this

permits to conclude by induction. O
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As a straightforward consequence of the previous result, we obtain the following

Corollary 6.5.9. If M is a stably complete system and G is an M -marked set, the following

are equivalent:
e G is an M-marked basis
e for every s: (G©)) = (G),
e forevery h € (G): h 5,0
e if h — g € (G) and Supp(g) C N(J), then h 9, g.

Remark 6.5.10. We point out that if G is a M-marked set, but not a M-marked basis, then
there are polynomials in the ideal (G) whose support is contained in N((M)). Hence, we do
not have a "normal form" of a polynomial A modulo (G), since, in general, there are several
polynomials ¢’ such that Supp(¢g’) C N(J) and h — ¢’ € (G). However, the reduction process
h s, g with respect to a F(J)-marked set G gives a unique reduced polynomial g for every
polynomial A.

Using the reduction process, we can now answer Problem 6.1.2 and characterize the
ideals I that belong to the marked family Mf(J).

Theorem 6.5.11. Let G be a F(J)-marked set. Then:
(G) € Mf(J) <= Vfs € G, Va; > min(z?) : fau; 9.0

Proof. Since "="is a straightforward consequence of Corollary 6.5.9, we only prove "<".
More precisely, we prove that (G)m = (G(n)), showing that if f3 € G and deg(z#T) = m,
then fgz© is either an element of G,,) itself or a linear combination of polynomials in G,,,).
If this were not true, we can choose an element fzx¢ ¢ (G(,,)) with 2° minimal with respect
to <res. As fpa® & G(m), at least one variable z; appearing in 2° with nonzero exponent is
non-multiplicative for z°. Let ¢ = z;2¢ . By hypothesis fsz; 9, 0, so that fax; is a linear
combination ) ¢; f, 2™ of polynomials in G /+1). By Lemma 6.5.7 we have 2™ <pc, ;.

Now fga® = (fﬁxi)xfl = cifaiﬂc”i)xel =5 cifaix’“*e/, where 27t < .. @2 = 2t

Now we get a contradiction, since fo,z" ¢ € (G(m)) by the minimality of . O

Example 6.5.12. Let J be the monomial ideal (23, zy, y3) in k[z, y] with x < y. Its star set is
F(J) = {2, 2y, zy*,y*}. Using the criterion given in Theorem 6.5.11, we can easily check
that the F(J)-marked set G := {f; := x3, fo :=xy — 2% —9?, f3:=xy?, f1=y3} (inbold
the head terms) is a F(J)-market basis:
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e yfi=afi+a’fo+afs 9.0,
] yf2=f1—xf2—f4£>*0

g
° yf3 = LL’f4 =, 0.

This is a simple example of a marked basis which is not a Groebner basis. In fact, it is
obvious that Ht(f2) = xy cannot be the leading term of f, with respect to any term-ordering
and, more generally, that J cannot be the initial ideal of the ideal (G), even though (G) &
N(J) = k[z,y].

A wider family of ideals of this type are presented in [27, Example 3.18 and Appendix].

Remark 6.5.13. Let 2°z; = Ht(fsx;), if vPx; = 2%2" € off(z®) then the first step of reduc-

lem (2P ,z%) lem(z? ,z®) _
B fﬁ - T foc —

faxi — fax™, namely the S-polynomial of f,, fs. Therefore we could reformulate the criterion

tion of the polynomial fsz; is actually fsz; 9, S(fs, fa) =

given by Theorem 6.5.11 as follows:
(G) € MI(J) <= Y f5 € G+ S(far f5) . 0.

However Theorem 6.5.11 shows that it is sufficient to check a special subset of the S-polynomials
that corresponds to the basis for the first syzygies of the terms in F(J). If J is quasi stable,
this basis is the one considered in [99]. It is obvious that the maximal degree of these special
S-polynomials cannot exceed 1 + max{deg(z®) | z® € F(J)}. Indeed, if J is quasi stable,
reg(J) = max{deg(7), 7 € F(J)} as proved in [48, 54, 100].

Remark 6.5.14. If J is a quasi stable monomial ideal and G is an F(J)-marked set, then
there are only a finite number of reduction to perform in order to decide if a F(J)-marked
set G is a basis. We will use this algorithm in order to endow the marked family Mf(.J) of a
structure of affine scheme

If the considered monomial ideal is not quasi stable, then the (unique) stably complete
generating set is infinite. Actually this does not necessarily exclude we can exploit it even

from a computational point of view.

6.6 Marked families, schemes and functors

In this section we follow [8, 27] and show how it is possible to associate a scheme to each
marked family Mf(J). Due to the naturality of this construction, we can mimic the one of

[64], and define marked families as functors.
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Our results are very similar, but more general, than those of [8, 27, 64]; in fact in those
papers the ideal J is assumed to be strongly stable.

Obviously, a strongly stable ideal is also stable, so that F(J) = G(J). If J is strongly
stable, the notions of G(.J)-marked sets, G(.JJ)-marked bases and G(.J)-marked family in-
troduced in the previous sections exactly correspond to those of J-marked sets, J-marked
bases, J-marked family considered in [8, 27] and the reduction procedure 9, with respect
to a G(J)-marked set G introduced in definition 6.5.3 coincides with the one used in those
papers.

Moreover, for such an ideal J, the scheme structure that we will define is the same ob-
tained in [8, 27] and used in [10, 64] for a local study of Hilbert schemes. Indeed, for every
monomial ideal J, if I € Mf(J), then the ideals I and J share the same Hilbert polynomial
(and also the same Hilbert function), so that they correspond to points in the same Hilbert
scheme.

The scheme we associate to Mf(J) only depends on the monomial ideal J, but the way
we use in order to define it needs a set of generators M complete, finite and such that for
every M-marked set G the reduction procedure 9, is noetherian.

Then, in the following J will be a quasi stable monomial ideal and M will be its finite
star-set 7 (.J), (according to Seiler’s notation, it is the Pommaret basis #(.J)).

Let {z,...,x% } be the terms in M and consider the polynomial ring B := A[C], where
C is a compact notation for the set of variables C; 57 = 1,...,s and 2 € N(J)deg(a:)- We
also define the M-marked set in B[z1, ..., z,]

G = {fo, =2 + Y Copa? |2 € N(J)ja, HE(fu,) = 2}

Clearly, every M-marked set can be obtained specializing G, namely as ¢(G) for a suitable
morphism of A-algebras ¢ : A[C] — A. Moreover, by the uniqueness of the M -marked basis
generating each ideal in Mf(J), we can assert that for every ideal I € Mf(J) there exists a
unique specialization ¢ such that (¢(G)) = 1.

We use Theorem 6.5.11 in order to construct a set of polynomials R that will define the
scheme we associate to M. If g is a polynomial in B[z1, ..., z,], we denote by coeff,(g) the
set of coefficients of g with respect to the only set of variables x1, ..., z,; hence coeff;(g) C
B = A[C] is a set of polynomials in the variables C. For every % € M and z; > min(z®),
let go,,; € Blx1,...,zy] be such that f,,z; 5, Gos -

Definition 6.6.1. Let M be a stably complete system in 7, A be any ring, and R be the union
of coeff;(ga, ;) for every 2 € M and z; > min(z®).



256 Chapter 6. J-marked bases and J-marked families.

We will call M-marked scheme over the ring A, and denote by Mf;(A) the affine scheme
Spec(A[C]/(R))-

Remark 6.6.2. Every M-marked set in Afzy,...,z,] is a M-marked basis if and only if the
coefficients of the terms in the tails satisfy the conditions given by R.

In particular, if A = k is an algebraically closed field, then the closed points of Mf;(A)
correspond to the ideals in the marked family Mf(J) where J is the ideal in k[z1, ..., z,]
generated by M.

Remark 6.6.3. The above construction of R is in fact independent from the fixed commutative
ring A, in the sense that it is preserved by extension of scalars. We can first choose Z as the
coefficient ring and then apply the standard map Z — A.

More formally, for every stably complete set of terms M we can define a functor between
the category of Z-algebras to the category of sets

MF,, : Z-Alg — Set

that associates to any Z-algebra A the set Mf,,(A) = Mf(MA[xy,...,z,]) and to any
morphism ¢ : A — B the map

Mf ;(¢) : Mf,,(A) — Mf,(B)
I — [ ®u B.

Moreover, again following [64], it is possible to prove that Mf ), is a representable func-
tor represented by the scheme Mf ;(Z) = Spec(Z[C]/(R)).
6.7 Historical notes.

Through the trivial interpretation of derivatives

1 aa1+a2+...+an

arl - ap! 0z 0% .. Oxpn

in terms of the corresponding term 7 = z7'25* ... 25" € T, Riquier [87, 88, 89] was able
to algebraically transform the problem of solving differential partial equations in terms of
ideal membership.

After introducing the concept (but not the notion) of S-polynomials he proved that if
the normal form (in terms of Gauss-Buchberger reduction) of each S-polynomial among the

elements of the basis G goes to zero then
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e the given basis G generates the related ideal;

e the generic solution of the PDE can be given (and computed) as series in terms of ini-
tial conditions which can be described and formulated in terms of a Hironaka-Galligo-

like decomposition [38, 51] (but more general) of the related escalier N;

if not all normal forms are 0, then, exactly as in Buchberger Algorithm, the non-zero normal
forms are included in the basis and the procedure is repeated.
For instance, the system [89, pp.188-9]
Pu 0%u Pu

aiyka’:A(xvyaz)v *B(iL’,y,Z), M:

83382’ - C’(x,y,z),

must satisfy the integrability conditions

PA B PA_9*C  PB _oC
0xdz  Oy3’ 0x2 0y’ Oxdy 0z’

in which case the initial conditions have the shape

u = ¢o(2)
% = ¢1(2) T—x0=Yy—yo =0,
82
ot = %)
ou _
o=
88167;1/ = ai aj_mO:y—yO:’z_zO:O7
63u‘
dxdy2 Q2
2
% = () Yy—yYo=2—20=0.

In his theory, Riquier was assuming that the set 7 of the terms was ordered by a term-
ordering; he was mainly using [89, p.67] the deglex ordering induced by z; > z2 > -+ > zy,
but he gave a large class of term-orderings to which his theory was applicable; actually (but
he never stated that) his characterization is the classical one of all term-orderings [34, 90].
He was however forced to restrict himself to degree-compatible term-orderings in order to
be granted convergency.

In his gaussian reduction, Riquier, as Buchberger, considered as head term of each "marked"
polynomial its maximal term.

In his considerations on generic initial ideal, Delassus [32], followed by Robinson [91]
used (deg)-rev-lex induced by z; < 3 --- < z,, and the minimal term as head term of each

“marked” polynomial.
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In order to "harmonize" the two notations, Janet in [54, 57] applied deglex induced by
1 < x2 < --- < x, and chose the maximal term as head term, but expressed all terms as (!)

Qp—1
n—1

xonx ...z7*, while in [55] went back to use deglex induced by z1 > z3 > -+ > x,,.
What is worst, in [56] Janet not only applied deglex induced by =1 < z2,--- < @, but
presented all results within his notation; so, in his presentation of Delassus’s result, the head
term is again, a la Buchberger, the maximal one.
This is not helpful, as regards his reformulation of the previous results on generic initial
ideals and stability; thus while, for Robinson [91, 92] and Gunther [46, 47] a generic initial
ideal €(7) satisfies

peel), xp| pi<h = xlxﬁ € e(I),
h

according [56] the formula is

peed),zn | ui>h = ;2 € e(l).
Ty

Under the suggestion of Hadamard [84], Janet dedicated his doctorial thesis [54] to a
reformulation of Riquier’s results in terms of Hilbert’s results [50].

In particular, given a finite set of monomials M, he associates to each term 7 € M, as
functions of its relation with the other elements of M, a set of variables which he labels
multiplicative (Definition 6.3.1) and a subset of terms in (M) which he called his class and
which we labeled as its offspring and considered M complete (Definition 6.3.9) when the
disjoint offsprings of M cover (M).

He then gave [54, p.80] a procédé régulier pour obtenir un systéme complet base d’un module
donné which ne pourra se prolonger indéfiniment; it simply consisted to enlarge M with the
elements xt ¢ Urcps0ffps(7),t € M, z non-multiplicative for ¢.

Janet can now formulate [57, p.75] Riquier’s procedure. One can assume to have a finite
basis G C P; denoting M = {T(f) : f € G},

e we enlarge M in order to made it complete and at the same time
e we similarly enlarge G, adding =g to G when we add =T (g) ¢ Urenoffas (7);

¢ we then perform Riquier’s test, which, for a complete systems, consists in computing

the normal form of each element xg, g € G, x non-multiplicative for T(g).

Janet [54, p.112-3] further remarks (in connection with Hilbert’s syzygy theory) that the
reduction-to-zero of all such elements give a basis S of the syzygy module of G. Actually
he repeatedly applied the same procedure to S, thus computing a resolution of G and antic-

ipating Schreyer’s Algorithm [94].
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Next, in 1924, Janet [55] moved his interest in extending the study to the homogeneous
case, adapting his approach on one side to the solution of partial differential equation given
by E. Cartan [14, 15, 16] via his characters and test and on the other side to the introduction
by Delassus [32] of the concept of generic initial ideal and the precise description of it given
by Robinson [91, 92] and Gunther [46, 47]; he thus discussed the notion of systéme de forms
(de méme ordere) en involution. The notion, as he explains, is independent from the variable
chosen and allows to assign to the system a series of values ofp )1 <i<n,peNwhich[57,
p.87] sont évidemment invariables lorsq’on fait un changement linéaire et homogene des variables
indépendantes which, under the assumption of generality, allow to describe the structure of
the generic escalier of the considered ideal.

The procedure, given a finite set G of forms, repeatedly produces a Iz Macaulay a linear basis
B, of (G), by performing linear algebra on the set {z;g : g € B,_1,1 < i < n}; termination
is granted when the formula (6.2) below is satisfied.

Given a homogeneous ideal I C k[x1,z2, ..., %], where the variables are assumed to
be generic, so that N(I) is stable, Janet defined [55, pp.30-2],[56, p.30],[57, pp-90-11,[84, p.93,
p-99] multiplicative variables according 6.3.6, introduced values agp ) (I) (or al(p ) for short

when no confusion is possible) for every 1 < i < n, and p € N, which can be described as

o i= # {r € N(I),deg(r) = p, min(r) = i}

(p+1)

%

o

and, fixing a value p and denoting o; := 0;"’, and 0} := o proved

Proposition 6.7.1 (Janet). It holds,
1. of+oh+...4+0, <o1+202+...+noy;

2. 3,0 = iog = o'j =)o foreach ;.

3.3 o= oy = Y e P = i) foreach P > p.
He can then state

Definition 6.7.2 (Janet). [57, pp.90-1] A finite set £ C P of forms of degree at most p gen-
erating the ideal I C P, is said to be involutivel® if, with the present notation, it satisfes the
formula

n

i 0§p+1) = Z Z'ng). (6.2)
i=1

i=1

O

e11 involution.
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Thus, once the iterated Macaualy-like procedure satisfies (6.2) at degree p then it suc-
cessfully terminates and the finite bases produced by it is involutive; Janet is therefore able
to present the ideal {7 € T(I),deg(7) > p} by explicitly producing[57] the decomposition

{T S T(I),deg(T) > ]3} = UTGMOff]V[(T)

where M is the stably complete set M = {7 € T(I),deg(7) > p} and to express its Hilbert

polynomial as
' — t—p+h—1
=3 (0

In our context, the characterization of a ) and definition 6.7.2 lead to the following

Proposition 6.7.3. With the previous notation, if J is a quasi stable monomial ideal, then

S o) = o ()
=1 i=1

The same equality holds if / is a homogeneous ideal generated by a J-marked basis G
with J quasi stable.
Therefore G is an involutive basis.

Proof. For the first statement we observe that if p > p every term 7 € J,11 can be written in
a unique way as a product 7 = fz;, with § € J, and z; a multiplicative variable for 6, i.e.
x; < min(h).

If I is the homogeneous ideal generated by a J-marked set G, then for the corresponding
fr € Gpt1) we have f. = fpx; with fy in G,y and of course z; < min(0).

If G is a J-marked basis, then we get the equality since (G); = (G)) for every ¢ (Corollary
6.5.9). O

Note that for an ideal I generated by a J-marked set G which is not a marked basis, only
the inequality 37, ™™ < 5" ic") holds true, since (G); 2 (Gewy)-

The iterated Macaualy-like procedure gives also a fine decomposition of N(I)>z_1 as
follows:

e Janet partitions the set N(I)5_1 as Ny_1 = L' N; associating to

— Ny the monomials 7 € Np_1 (1) for which =17 € T(I);

— while each of the o1 elements 7 = = € N(I)5_1 \ Ny, class(v) = 17, is inserted in
N; if it is one of the o; elements which can be expressed as 7 = 2, class(v;) = i

7In this context, a term w € T has class(w) = i if w € T[i,n] \ T[i + 1, 7).
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but is not one of the o;; 1 elements which can be expressed as 7 = :—ﬁ, class(vi41) =
1+ 1.

e he then associates to each 7 € N; a set mult(7) = {z;,1 < j < i} of multiplicative
variables and a set off(7) := {7w,w € T[1, ]} as its offspring

e and states
{r e N(I),deg(7) > p— 1} = U} Uren, Off(7).

Riquier’s and Janet’s results were introduced to the Computational Algebra commuta-
tive at the MEGA-90 Symposium in 1990 by a survey by Pommaret [85] of his theory and,
two years later, through a paper by F. Schwarz [95] where he remarked:

The concept of a Grobner base and algorithmic methods for constructing it for a
given system of multivariate polynomials has been established as an extremely
important tool in commutative algebra. It seems to be less well known that
similar ideas have been applied for investigating partial differential equations
(pde’s) around the turn of the century in the pioneering work of the French
mathematicians Riquier and Janet. [...] their theory [...] is basically a critical-
pair/completion procedure. All basic concepts like term-ordering, reductions
and formation of critical pairs are already there.

This prompted V. Gerdt to suggest his coworkers Zharkov and Blinkov to investigate
whether the results by Janet and Pommaret could be translated from pde’s to polynomial
rings in order to produce an effective alternative approach to Buchberger’s Algorithm; the
conclusion of this investigation [107, 108] was successful — the proposed algorithm was
able to give a solution with a speed-up of 20 w.r.t. degrevlex Buchberger’s algorithm on
classical test-suites and caused sensation in the community.

Unfortunately, among the two constructions proposed by Janet, they hitted the involu-
tive one, which is not a Buchberger-like procedure and presented it as such, remarking that
in general does not terminate and that the basis is not necessarily finite unless the ideal is
0-dimensional. What is worst, they attributed to Pommaret their mistakes, thus introducing
in literature a “bad” fictional Pommaret division compared with the “good” Janet division
(related to Janet completion [54] procedure).

An algorithm based on Janet’s notion [54] of completeness is reported in [40, 41, 42]

Involutiveness is the argument of the Habilitation thesis (2002) of Seiler [97, 99, 100]; an
improved version has recently appeared as [98]. Finiteness is a required condition for the
notion of Pommaret bases [48].
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6.8 An involutive Moeller Algorithm.

In this section we develop a version of Moeller algorithm which computes a lexicographical
reduced involutive basis for a zero-dimensional radical ideal I, requiring only the finite set
of distinct points X := V (I).

Consider a finite set of distinct points X = { Py, ..., Ps}. As explained while talking about
the Bar-Code Axis of Evil algorithm, if X = {P}, P, = (a11, ..., a1,,), theideal I = I(X) is
the maximal ideal I = (z1 — a1.1, ..., Tn — A1 p)-

The initial ideal J = In.(I) = (21, ..., z,) is quasi stable, being zerodimensional (6.4.8). As

a matter of fact, given 7 € J, 3z, | 7,1 < h < n. Consider now z; > min(7) and compute
;T
mirjl('r) .

o= Clearly z; | 0,50 0 € J and J is definitively quasi stable.
We can also get the quasi stability of J using the Bar Code. In fact, the Groebner escalier

associated to J is N(J) = {1} and the Bar Code is

1

The star set is then F(J) = {z1, ..., x,} and equals the monomial basis G(.J), so J is stable
by proposition 6.4.5.

Clearly, this implies that the reduced Groebner basis G; = {z1 — a1.1,..., &, — a1,,,} is also
the reduced involutive basis. J;

We point out that the polynomials in J; are ordered. More precisely, the first polynomial is
the one whose leading term is 1 = min(G(J)). The leading term of the second polynomial
is £ > 1 and so on. The last polynomial is z,, — a1 ,, and z,, = max(G(.J)). We say, by
abuse of notation, that the polynomials are ordered with respect to lex.

The triangular polynomial for {P; } is ¢; = 1.

We consider the data obtained for the singleton {P;} as the basis for our procedure in the
case |X| =m > 1.

In this setting, we consider the point P> = (as1,...,a2,,). If, for some j € {1,...,n}, a1; =
as,j, the polynomial z; — a1 ; € J1 computed before vanishes in P.

This implies that if f € J; is the minimal polynomial with respect to lex not vanishing
in P, and z; = T(f), j < n, then P, shares the first j — 1 coordinates with P;: a1 =
A2,1, ey Qj—1,1 = Uj_1,2-

As seen while talking about the original Moeller algorithm, 7'( f) is the term corresponding
to P» in the Groebner escalier N({ Py, P }).
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Since T'(f) € N({P1, P»}), it cannot belong to the minimal basis anymore, so we remove f
from the Groebner basis.

More precisely f vanishes in P;, while f(P2) # 0. We construct then ¢, = ﬁ f which is
the second triangular polynomial.

All the polynomials in J; whose leading term is smaller than 7'(f) vanish in P, and so
they automatically belong to 2, but we cannot assert the same for the polynomials g € 71
with T(g) > T(f) so we need to interpolate them in P,. The polynomials obtained this way
belong to Js.

By proposition 5.7.1, now, we have to insert in 7, the polynomials 7 — Can(7, I({ P1, P2})),
for 7 € {z;T(f), z; <min(T(f))}.

In order to compute them, we only have to perform the interpolating procedure GaussRed
from the original Moeller algorithm on these terms. Once this step is completed, we get J>.
Suppose now to have computed J;—; and let us explain the steps to perform for the point
P

— Find 7 = min{T(f) | f € Ji—1 and f(P;) #0}. Let 7 = T(g) for g € J;_1.

— Asbefore, 7 € N(I({P1, ..., P —i})), so we add it to the Groebner escalier, removing it

from the monomial basis.
— Set J; = Ji—1 \ {9}
— Compute the triangular polynomial ¢; = ;79

— Foreach f € J;_1 with T(f) > 7, interpolate in P;: f = f — f(P;)g;. Substitute in 7; f
with its new value.

— Compute the terms x;7, for z; < min(7) (5.7.1). We have at least one term, namely

min(7)7.
— Apply the subroutine GaussRed to the terms of the previous step.
— Insert in J; the obtained polynomials.

If i = S, the algorithm stops and returns J; = Js. Otherwise, i is incremented by one and
the steps above repeated.
We display now the pseudocode of this Moeller version.

We display now an example of the execution of algorithm 10.
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Algorithm 10 Involutive basis Moeller algorithm.
1: procedure JANM(X) — J,N, g > J is the
reduced involutive basis of I, N is the associated Groebner escalier and ¢ is a triangular
set for X. Denote X = {Py, ..., Ps}, P, = (a1, ..., @in), 1 =1,...,n.

2: J={z1—a11,...,¢n —a1n}

3: N = {1}

4 q={1} > This is the output for the case |X| = 1.
5: fori=2tondo

6: T=min{T(f), f € T, f(P) #0}
7: N=NU{r}

8: Let f € Jsuchthat T(f) =7

9 J=J\{f}

10: q=qU{5pyf}

11: foreach f € J with T(f) > 7 do
2 f=f-fPa

13: end for

14: for j < min(7) do

15: p = GaussRed(x;T)

16: J =JU{p}

17: end for

18: end forreturn 7, N, q.
19: end procedure
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Example 6.8.1. We consider the set X = {(0, 1,4), (1,0,1), (0,2,0), (1, 3,4),(0,3,2),(1,0,6)} €
R?® and we apply to it algorithm 10 in order to compute the reduced involutive basis of
I =I(X) <k[zy,zo, x3].

In order to clarify how the structure varies as we add a new point, we draw the Bar Code
and the tower structure step by step.

As explained in the comments above, the first point P; = (0, 1, 4) is associated to

o J=A{x1,20 — 1,23 —4};

o N={1};
e ¢={1}.
The Bar Code equipped with the star set is
o1
1 Z1
2 x2
3 3
while the tower structure is
0,1,4

/

We take these data as base points for the procedure and we continue with P, = (1,0, 1).
Since the minimal polynomial in the current 7, not vanishing in P is x1, then N = {1, 2}

and ¢» = 1. The Bar Code is

o 1] X1
1 —a?
2 T2
3 xrs3
and the tower structure is
0,1,4 | 1,0,1

/

We remove z; from the involutive basis, so J = {z2 — 1,23 — 4}. We interpolate these

polynomials using ¢, in order to make them vanish both in P, and in Ps:
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xo—1—>xo—1—evp,(xa—1)gg =22 +x1 — 1;
r3—4—w3+301 — 4

sowe get J = {xo + 21 — 1,23 + 321 — 4}.

Since min(z1) = 1, we only have to apply GaussRed only to the term z%. Since % already
vanishes in P, we get 27 — z1,80 J = {2% — x1, 20 + 21 — 1,23 + 321 — 4}.

We consider now the point P5 = (0,2,0). Since 27 — ;1 vanishes in P3, while evp, (z2 + z1 —

1)=1,wegetN={1,z1,2z0} and g3 = 2 + 21 — L.

The Bar Code is
o 1 Al T
1 —a T1T2
2 —————— ——42
3 xr3
the tower structure is
0,2,0
0,1,4 | 1,0,1

We get J = {2? — z1, 23 + 321 — 4}.
We interpolate the polynomial in z3:

x3+3x1 —4 — 23+ 321 — 4 — evp, (3 + 321 — 4)q3 = x5 + 4ae + T2 — 8.

Since min(x2) = x2, we add to the star set the terms x; x5, o:%, so we have to apply GaussRed
to these terms:

T1T2 — T1T2;
2 2 319 —2 2
Ty — T5 To T+ 2.

Then we get J = {23 — x1, 2172, 23 — 322 — 221 + 2,23 + 42 + 721 — 8}.

Consider the point Py = (1,3,4). The first polynomial non vanishing in Py is x1x2, so
N ={1,z1,20,z122} and q4 = %xle.
The Bar Code is
o 1 r1 T2  T1T2
1 —a? — —a?ax,
i o2
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the tower structure is

0,2,0 | 1,34

0,1,4 | 1,0,1

We have J = {2% — 21,23 — 322 — 221 + 2,23 + 422 + Tz1 — 8}, so we interpolate the last
two polynomials:

a:%73x27211+2%x573x2721’1+2
T3+ 4xe + 721 — 8 — 13 — dw1T9 + 429 + 721 — 8§,

then J = {2? — 21,22 — 3wy — 221 + 2,23 — bx129 + 4o + Tz — 8}.

Since min(z172) = z1, we have to deal with z%z,, obtaining zzs — z122, s0 J = {z% —
131,.%%111‘2 — a:lxg,mg — 319 — 2w + 2,23 — bx1xe + dao + Tz — 8}

We continue with P5 = (0, 3, 2). The first polynomial not vanishing in Ps is 23 — 3z —2x1 +2,

soN = {1,z1, 2, 2122, 23} and g5 = 3 (23 — 325 — 221 + 2).

The Bar Code is
o1 T ®y T1%2 23
2 acg
3 xs3
the tower structure is
0,3,2
0,2,0 | 1,3,4
0,1,4 | 1,0,1

We have J = {23 — 21,2329 — 2129, 23 — bx172 + 422 + Tz1 — 8} and we only have to
interpolate the polynomial in x3:

T3 — dr1x9 + 420 + 721 — 8 = T3 — dr1X9 — 33:% + 1329 + 1321 — 14.
Since min(z3) = x2, we apply GaussRed to z123, z3:

.1‘13?% — sclac% —3x179;
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x% — x% — Gx% — 2x129 + 1129 4+ 6221 — 6,

so J = {:c% — 1, 1‘%.’152 — X122, mw% — 3129, x% — 6m% —2x129 + 1129 + 621 — 6,23 — D122 —
373 + 132 + 13w1 — 14},

At the end, we conclude with Ps = (1,0, 6). All the polynomials in the current 7 vanish in
Ps but 3 — bx179 — 323 + 1329 + 1317 — 14.

Thereby, the final Groebner escalier is N = {1, 21, z2, 2122, 23,23} and g5 = %(% — b5x120 —
323 + 1325 + 1321 — 14). Then J = {2? — x1, 2229 — 2129, 1123 — 33129, 25 — 623 — 20129 +
11zo + 621 — 6}.

The Bar Code is
o 1 T w2 T%2 a3 T3
1 —z% _— _$§$2—$1I§ L1T3
2 x5 T2T3
3 —2
the tower structure is
0,3,2
0,2,0 | 1,3,4
0,1,4 | 1,0,1

In order to get the involutive basis we only have to perform GaussRed to x1z3, xa73, 23:
T1T3 — T1X3 — X3 + 4120 + 31‘% — 13x9 — 14z + 14;
Loy — Tol3 — 51‘% — 8x1x2 + 1925 4+ 1821 — 18;
x% — x§ — T3 + 113:% + 14z 129 — 4525 — 41 + 46.
The output is then
o N= {1,121, 29,2179, 23, 23};
e g={l,21,x0+x1—1, %1’11’2, (23322131 +2), %(x375x11273x§+13x2+13x1714)};

o J = {:17% — xl,z%xg — xlscg,xlx% — 3x1x2,x‘§ — 61’% — 22179 + 11lxg 4+ 621 — 6, 2123 —
T3+ 4x170 + Sx% — 1329 — 1421 + 14, 2023 — 53:% —8x1x9 4+ 1925 + 1821 — 18, x% —Txs+
1123 + 14z120 — 4535 — 421 + 46}.
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The correctness of the algorithm is a straightforward consequence of the one of the orig-
inal Moeller algorithm and from proposition 5.7.1 on the variations of the star set when we
add a term to the Groebner escalier.






Part IV

The Axis of Evil Theorem applied

to error correcting codes.






CHAPTER 7

Error correcting codes and locator

polynomials.

7.1 Introduction.

Coding theory is a rather recent subject. As a matter of fact, it dates back to 1948, with an
illuminating paper by Claude Elwood Shannon [96], which originated both coding theory
and information theory.

In this chapter we recall the notions on error correcting codes, needed to understand the
joint work with Massimiliano Sala and Teo Mora, examined in chapter 8, which links the
Axis of Evil Theorem to error correcting codes.

First of all, we introduce the notion of code and some preliminary definitions.

Starting with the so called Cooper’s philosophy [28, 29], going on with Chen’s works [24, 25]
and with the papers by Teo Mora, Emanuela Orsini and Massimiliano Sala [77, 82, 83],
the idea of exploiting Groebner bases computations in order to decode cyclic codes gained
around and became more and more important.

273
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In these works, given some well determined set of polynomials, the lexicographical reduced
Groebner basis is computed and employed for the decoding process, in order to detect and
correct the errors eventually occurred during a transmission, by making some computations
with the so called locator polynomials.

Being rather complicated to get the errors from the syndromes, Cooper has the idea to turn
the problem into a problem on polynomials. More precisely, Cooper takes a (finite) set of
polynomials F¢, such that the error locations are in V(F¢) and he computes the lexico-
graphical reduced Groebner basis of I = (F¢). The required error locator polynomial can
be directly computed via the elimination property of lexicographical Groebner bases.

Chen et al. developed Cooper’s theory, following two directions. More precisely:

e they gave an approach to decoding via Newton identities, which was improved by
Augot-Bardet-Faugere [3, 4];

e they introduced the so called syndrome variety and the related syndrome ideal and
proposed to deduce via a Groebner basis pre-computation a series of polynomials
from which they deduce the plain error locator polynomial for each error and asso-
ciated syndromes. This approach has been refined by Loustaunau and York [66] and
Caboara-Mora [13].

The investigation on the structure of the syndrome variety and on its Groebner basis shows
that most of its roots are spurious [23] and that the pre-computed polynomials have tele-
scopical relations [6, 13].

Finally, Orsini and Sala [78] improved the decoding process by eliminating the spurious so-
lutions of the system and introduced the general error locator polynomial.

In further investigations (in cooperation with Teo Mora) [82, 83], they also highlighted the
importance for the general error locator polynomial to be sparse: this is the main link with
our work (chapter 8).

In the first section, we recall the basic concepts of coding theory, starting with the communi-
cation channel model proposed by Shannon. In sections 7.3 and 7.4 we deal with linear codes
and a peculiar typology of linear codes, called cyclic codes, showing their main features.

In section 7.5, we introduce Cooper’s philosophy and the developments proposed in the

following years.

7.2 A glimmer of error correcting codes.

It is possible to declare that both coding theory and information theory date back to the mile-
stone paper by Claude Elwood Shannon “A mathematical theory of communication”, pub-
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lished in 1948 [96].
In this paper, the author describes a scheme of a communication channel, as in the following

picture 7.1.

Information Source  Transmitter . Destination
Received

A B

Fstimated
Message|
'3

Message

xX=(Z1,.00,Tk)

Noise Source
error

e=(e1,...,en)

Figure 7.1: The communication channel by C.E. Shannon.

A communication channel consists five different parts.

e The Information source: is the source producing the message to be sent to a receiving
terminal. As remarked by Shannon, the message can be of various types, such as a
sequence of letters as in a telegraph or a single function of time f(¢) as occurs for

radio or telephony.

o The Transmitter: is the device operating on the message, encoding it, in order to produce
a signal, which is suitable for the transmission on the channel.

e The Channel: is the medium used to transmit the signal from the transmitter to the

receiver. For example a channel can be a band of radio frequencies or a cable.

o The Receiver: is the device performing the inverse operation of the transmitter. More

precisely, it decodes the signal, extracting the message from it.
o The Destination: is the person or thing to which the message is intended.

The channel can be noisy, i.e. when the information passes through it, there can be some
interference.

The encoding procedure is an injective map from the space containing the possible mes-
sages to a larger space. Roughly speaking, it adds some redundancy to the given message,

lengthening it.
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On the other hand, the decoding procedure recovers the original message.

For simplicity’s sake, from now on we assume (as it is usually done) the encoding to be
a linear function between two vector spaces.
In the next sections, we give an overall view of the fundamentals of coding theory, loosely
following [53, 77].

7.3 Linear codes.

Linear codes have been deeply studied, since they have algebraic properties making them
much easier to describe than the non-linear ones.

We denote by F,, := GF(q), with ¢ = p™ and p a prime number, the finite field of cardinality
g and we write (IF,)™ for the vector space constituted by the n-tuples of the elements in F,,
which are regarded as row vectors.

Definition 7.3.1. Given k,n € N, such that 1 < k < n, a linear code C'is a vector subspace of
(F,)™ of dimension k.

We say that C'is a linear code over I, of length n and dimension £, for short [n, k|, code.

A vector ¢ € C is named codeword or word for short.

The codewords are indifferently denoted by
c=(c1,..,Cn) = C1Ca...Cp.

Each ¢;, i =1, ..., n is called symbol.

We define the usual scalar product on (F,)” and we denote it by “-”. This way, if C C (F,)"
is a vector subspace, then we can define the dual vector space C* and then we can talk
about dual codes.

Definition 7.3.2. If C' is an [n, k], code, its dual code is the set C*, containing the vectors
orthogonal to all the words in C, i.e.

Ct={deF,)" ¢ c=0,YceC}.
The dual code of an [n, k|, code is clearly an [n,n — k|, code.

Definition 7.3.3. A generator matrix of an [n, k], code C'is a (k x n)-matrix G whose rows

form a basis of C as a F,-vector space.



7.3. Linear codes. 277

An [n, k], code C, in general, has more than one generating matrix.

If G = (Ix|A), where I, is the (k x k)-identity matrix, G is a generator matrix in standard form.
Given a generator matrix G of the given [n, k], code C, any set of k independent columns of
G corresponds to a set of coordinates, forming the so called information set of C.

The remaining r = n — k coordinates form the redundancy set of C, while r is its redundancy.
The encoding of a linear code is very simple. Given a message m € (F,)* and a generator
matrix G, we can obtain the word ¢ € (F,)™ by simple matrix multiplication ¢ = mG.
When G is a generator matrix in standard form we get ¢ = (m,mA): the message m is
composed by the first £ components of c. Such an encoding is called systematic.

Definition 7.3.4. A parity-check matrix for an [n, k], code C'is a generator ((n— k) x n)-matrix
H for C+.

We can represent a linear code C' exploiting the parity-check matrix H:
vx e (F)", Hx=0&x¢cC.

Let us now briefly describe a transmission process. Suppose one has to send the message
x € (F,)*. The transmitted word is then ¢ = xG € (F?).
Lety € (F,)™ the received n-tuple. Due to the interference peculiar to the channel, there are

exactly four possibilities which can come up:

a. y = ¢ € C: the receiver deduces (correctly) that no errors have occurred during the

transmission and recovers the message as x.

b. y ¢ C: the receiver is able to deduce that some error has occurred. It detects and
corrects the errors by supposing that the correct word is the one in C differing from y
in the minimal number of positions.

c. y ¢ C: again the receiver is able to deduce that some error has occurred, but if it tries
a correction as in b. it gets another codeword, different from c and so it gets a wrong

message.

d. y € C, buty # c: in this case, the receiver believes no errors have occurred and it is
completely wrong.

In order to correct the errors, the receiver needs to find the codeword having the “highest
possibility” of been sent by the transmitter, so it needs to understand how the noise can affect
the transmitted word.

Definition 7.3.5 ([77]). A g-ary symmetric channel, denoted by SC from now on, is a channel

satisfying the conditions below:
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1. the component of a transmitted word (an element of F, that here we name generally
“symbol”) can be changed by the noise only to another element of F;

2. the probability that a symbol becomes another one is the same for all pairs of symbols;

3. the probability that a symbol changes during the transmission' does not depend on
its position;

4. if the i-th component is changed, then this fact does not affect the probability of change

for the j-th components, even if j is close to i.

In his paper [96], Shannon considers a channel with input alphabet a1, ..., ax and output
alphabet by, ..., b;, supposing that each output letter depends statistically on the correspond-
ing input letter only according to a fixed probability. We write P(b;|a;) for the probability
that b; is received if a; is transmitted.

Such a channel is called discrete memoryless channel, DMC for short.

In particular, he deals with binary symmetric codes [105].

If we take a binary code of k£ words of length n (we choose k out of 2" words), we say that
the information rate is R = n~'logs (k).

Consider a binary symmetric code with error probability 0 < p < 4 and suppose to have a
code consisting of M vectors, chosen in {0, 1}", with some decoding rule. Denote by P; the
probability that an error occurs, after decoding, if z; € M is transmitted. The probability of
error when using this code is

M
Perror = M Z ;.
i=1

We define P*(M, n, p) as the minimum of P, over all codes with the given parameters.
The capacity of the binary symmetric code is C' =1+ p - log(p) + (1 — p)log(1 — p).
We state now Shannon’s fundamental theorem.

Theorem 7.3.6. Let M,, := 28" where 0 < R < C. Then P*(M,,n,p) = 0if n — oo.

This means that there is a sequence of codes with information rate tending to R and er-
ror probability tending to 0. In other words, given ¢ > 0 and R < C there is a code with rate
> R and error probability < e.

From now on, we assume to have a SC, such that all the words are sent with the same proba-
bility and that the probability of a symbol to be corrupted is less than the one of being maintained
unchanged by the interference.

11t is the error probability, namely the probability of an error to occur.
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Actually, this assumption is merely theoretical, since it is not reasonable in practice. Any-
way, it allows a simple construction of the theory, so it is classically accepted.

Under our hypotheses, we can construct a “good code” separating the codewords inside
(Fy)™ as much as possible and this leads to the following

Definition 7.3.7. Given two elements v,w ¢ (F,)", the Hamming distance of v,w is the

number dg (v, w) of coordinates in which they differ.

Definition 7.3.8. The Hamming weight of v € (F,)™ is the number of its nonzero coordinates,

ie. w(u) :=dg(u,0).

Definition 7.3.9. The distance of a code C' is the minimal distance between two distinct
words
dy(C) := min{dgy(v,w)|v,w € C, v # w}.

Given an [n, k], code C, we denote it by [n, k,d], code if d = dy (C).
The distance is very important for a linear code, since it allows to compute two fundamental
numbers:

o the error detection capability, i.e. the number of errors that the code can detect;

e the error correction capability, namely the number of errors that the code can correct.
Theorem 7.3.10 ([77]). If C'is an [n, k, d]4 code it has

e error detection capability l = d — 1;

e error correction capability ¢ = L@j

From now on, we denote ¢ the error correction capability of a code C.

Theorem 7.3.11 (Singleton Bound, [77]). Given an an [n, k, d], code C' it holds
d<n-—k+1.
Each code for which equality holds is called minimum distance separable code or simply M DS.

Proposition 7.3.12 ([52]). If the employed code is SC with error correction capability ¢ and
the probability of a symbol to be corrupted is less than the one of being maintained un-
changed by the interference, then the sent codeword with the highest probability is the one
nearest w.r.t. Hamming distance to the received vector. Such a codeword is unique if no
more than ¢ errors have occurred.

Consider an [n, k], code C and let
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e c € (IF}) the transmitted word;
e e € () the occurred error;
e y € (IF}) the received vector.
It holds
y=c+e

and, given y, we want to find an e of minimal weight such that y — e € C. For this purpose,
we consider the parity check matrix H and we have

H'y = H'(c+e)=H'(e)=s € (F;fk)

Definition 7.3.13. All the elements of the form s = H'y € (F7~*) are called syndromes. In
particular, we say that s is the syndrome corresponding to y.

We point out that the syndrome depends only on the occurred error, not on the trans-
mitted word.
If v € (F,)" we define its associated coset as

v+C={v+clceC}.

We get:
v,w € (F,)" are in the same coset < v —w € C.

n—k

The given vector space (F,)" can be partitioned into ¢"~* cosets of size ¢*.

Proposition 7.3.14. Given an [n, k,d], code C, v,w € (F,)™ belong to the same coset if and

only if they have the same syndrome.

Definition 7.3.15. Given a coset v + C of an [n, k,d], code C and a vector w € v+ C, wisa

coset leader if it is an element of minimum weight in v + C..
With the previous notation, we define correctable syndromes.

Definition 7.3.16. If s is a syndrome corresponding to an error of weight w(s) < ¢, then we
say that s is a correctable syndrome.

Theorem 7.3.17 (Correctable syndromes, [77]). If C' is an [n, k|, code with error correction
capability ¢t and the occurred errors are in number smaller or equal then ¢, then there exists
only one error e corresponding to the correctable syndrome s = He and e is the unique coset
leader of e + C.
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Now we are ready to decode a linear code.

Given the received vector y € (F;)", we first compute the syndrome s = Hy. Then we find
a coset leader for the coset associated to s (7.3.14), say z. The decoded word is ¢ = y — z and
we only have to recover the message from it.

In order to perform the procedure above, we need to construct a matrix, called standard ar-
ray, containing all the vectors in (IF;)", which are 2", ordered by coset. We can conclude that
the complexity of the decoding procedure is exponential in terms of memory occupancy.
Both the problem of decoding a linear code and the general problem of finding the distance
of a linear code are NP-complete, as shown in [5, 7, 106]. There are no algorithms decoding

linear codes in polynomial time.

7.4 Cyclic codes.

In this thesis we will deal with some peculiar codes, called cyclic codes.

Definition 7.4.1. An [n, k,d], code C is called cyclic if
(CO7 ceey Cnfl) cCs (Cl, ceey Cnfl,Co) e C.

Essentially, definition 7.4.1 says that a cyclic permutation of the components of a word
gives again a word of C.
Cyclic codes can be algebraically described through a polynomial representation for words.
More precisely, denoted by F,[x] the polynomial ring in one variable with coefficients in
the finite field F,, we consider the principal ideal I = (2™ — 1) <« F,[z] and the quotient
R :=F,[z]/I and we construct the following bijection

Wp:(F,)" =R

-1
V = (Vgy ey Up—1) F> Vo + V12" .

Thanks to Wp, we can view a linear code as a subset of R; in the following theorem, we

characterize cyclic codes.

Theorem 7.4.2. An [n, k,d], code C'is cyclic if and only if C' is an ideal of the quotient ring
R.

Being R a PIR, for each C, there is a unigue monic polynomial generating it, the generator
polynomial g of C.
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It holds deg(g) =n—kand g | 2™ — 1. Using g = Z;:Ok giz" one can recover a generator
matrix for the code:

go 91 - Gn-k 0O .- 0

0 90 Gn—k 0 0
G = ) ) )

0O -+ 0 g0 g1 ** Gnk

Moreover, given f € R, we have
feCe&3IqeR|f=qy.

In analogy with matrices, we can define the parity check polynomial of C from the generator

polynomial.
Actually, g | (™ — 1) and it is unique, so the parity check polynomial is simply the polyno-
mial & € R such that

and, for f(x) € C, we have
f(x) € C & f(x) = q(x)g(x) & f(x)h(z) = q(x)(9(x)h(z)) = 0in R.

We remark also that the generator polynomial of the dual code C* is g* () = 29¢9(M (1)
(c.f. [77]).

We deal now with the problem of encoding and decoding, given an [n, k, d], code C with
generator polynomial g, which allows to encode g-ary messages of length k by adding n — &
symbols as redundancy.

Let then m = (my, ..., my_1) a message and consider the associated m(z) = Zf;ol m;x' € R.
We can obtain a systematic encoding for m(z). For this purpose, we multyply m(z) by 2" ~*

and we divide the result by g(x), getting

m(z)z" " = q(x)g(x) + ()

with deg(r(x)) < deg(g(z)) = n—k, so the reminder r(x) can be viewed as an (n — k)-vector.
Joining the k-vector m with the (nk)-vector r we obtain an n- vector ¢, which is the encoded
word, i.e.

c(z) :=m(x)z" "k —r(z).

Therefore, the decoding process is immediate, if no errors occur, since the message is con-
stituted by the last k£ components of the received vector.
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When the receiver gets a vector and has to check the presence or absence of errors, only has
to check whether the remainder of the division of the polynomial associated to the received
vector by g is equal to zero to state that “probably” no errors have occurred. If the reminder
is not zero, it gives the syndrome, so the error can be corrected in the same way as described
in the previous section.

Given F,, we have 2" — 1 = ]_[;:1 fj, f; irreducible over the base field.

Since cyclic codes of length n over F, are generated by divisors of 2™ — 1, each of these codes
corresponds to a subset of {f;}7_;.

In particular, let us assume GCD(n, q) = 1, Fym the splitting field of 2™ — 1 over F, and a a
primitive n-th root of unity over F,. Clearly

n—1

" —1= H(m—ai)

=0

and the generator polynomial of G has, as roots, some powers of a

Definition 7.4.3. The complete defining set of an [n, k, d], cyclic code C with GCD(n,q) =1
and generator polynomial g¢ is

Sc,e =S¢ = {i1, ...,in_k|gc(aij) =0,j=1,....,n—k}

From now on, we fix a primitive n-th root of the unity a and we always write S¢ instead
of Scﬂ.
We can collect the integers modulo » into ¢-cyclotomic classes C;:

{1,.,n—1} = Uci, C; ={1,qi,...,q"i},

where r is the smallest integer such that ¢ = ig” mod n.

The complete defining set is then a collection of g-cyclotomic classes. For this reason, there
are some S¢r C S¢ which are sufficient to specify the code unambiguously. We call each of
them defining set.

Some special cyclic codes are the so called BCH codes, which allow decoding procedures that
are faster than the one sketched above (see [77] for more details).

Theorem 7.4.4 (BCH bound). Consider an [n, k, d], cyclic code C, with GCD(n,q) = 1 and
defining set S¢ = {i1,...,in—k}. Suppose there are § — 1 consecutive number in S¢, say
{m0+i,0§z’§572}CSC.Thendzé.

Definition 7.4.5. If C is the [n, k, d], cyclic code, with defining set S = {mg + 4,0 < i <
d—2,mg>0,mg+06—2<n—1}, then Cis a BCH code of designed distance 0.
A BCH code is narrow sense if mo = 1 and primitive if n = g™ — 1.



284 Chapter 7. Error correcting codes and locator polynomials.

There are several methods in order to decode a BCH code. For example, we can use the
extended Euclid algorithm.
We consider a BCH code of length n over F,, with error correction capability ¢ and designed
distance 6 = 2t 4+ 1 and we denote by a a primitive n-th root of unity in Fgm.
We take a word ¢(x) = ¢g + ... + ¢,—12" ! and we denote by v(z) = v + ... + v,—12" ! the
received word.
We can represent the error vector as the error polynomial

e(z) =ep4 ... +en12" L.

If p < tis the weight of the error, let L = {l|e; # 0,0 < I < n — 1} be the set of the error
positions and {a'|l € L} the set of error locators. We call error values the values e;, [ € L. The
classical error locator polynomial is

o(z) = [J(1 - za'),

leL

but we can recover the error locations also using the plain error locator polynomial, i.e.

Le(zx) = [[(z — a").

leL
The error evaluator polynomial is
w(x) = Zelal H (1 — za®).
lEL i€ L\ {1}

In order to correct the errors, we find o(z) and w(z):

an error is in position [ if and only if o(a~!) = 0 and in this case the value of

the error is
Lw(a™)

a(a=t)’

where ¢’(x) is the first derivative of o ().

€ = —a

Lemma 7.4.6. The polynomials o(x), w(z) defined above are coprime.

In order to decode the given BCH code, we first compute the syndrome of the received

vector v(x):

1 a a? ceoant €o e(a) S1

ot 1 a? a* s g2l el e(a?) Sa
v= — _

1 a0l g20-1) ... L6-D(n-1) en_1 e(a®=1) S

The syndrome polynomial is S(x) = 37, Sz’ !, with S; = 3, era’.
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Theorem 7.4.7 (Key equation, [77]). For the polynomials o(z),w(z) the key equation holds
o(z)S(z) = w(x) mod 22"

If there are polynomials o’(z),w’(x) with deg(w'(z)) < deg(c’(z)) < t, satisfying the key
equation, then there is a polynomial A(x) such that o/(z) = A(z)o(z) and W' (z) = A(z)w(x)

The decoding algorithm consists essentially of finding o (z) and w(x), availing of the key
equation and the extended Euclid algorithm and Bézout identity [77].
Once noticed that deg(o(z)) < t and deg(w(x)) < t—1, we divide the polynomial f(z) := 22
and g(x) = S(z) using the extended Euclid algorithm, denoting the reminder at each step
h by dj(z). We stop when we find a di_1(x) and di(z) such that deg(di—1(z)) > t and

deg(di(z)) <t — 1. Then, applying the procedure for Bézout identity, we get
d(z) = 2*'up () + S(x)vg (),
with deg(vi (7)) = deg(2?®') — deg(di_1(x)) < 2t —t = t.

Theorem 7.4.8. With the above notation, it holds o(x) = Av(z) and w(z) = Adg(x) for some
A e,

We have A = v(0)~!, so that o(z) = Z’;E‘g; and w(z) = ‘z’;%g

Finally, if one wants to compute the error values, he can simply use the relations

. ywla™)

= —,i=1,.., .
€l a O'I(Cl_l), G y ey M

We point out that we can also decode a BCH code using Berlekamp-Massey algorithm [6]
or the so called Cooper’s philosophy, explained in next section.

7.5 Cooper’s philosophy and further improvements.

In his papers [28, 29], Cooper suggested to employ Groebner basis theory in order to decode
cyclic codes.

More precisely, he considers a primitive binary BCH code of length n = 2™ — 1.

Let a € Fam a primitive n-th root of unity and C our primitive BCH code over Fy, with
defining set S¢v = {2i+1,i=0,...,t — 1}.

The related complete defining set is the union S¢ = Uz;é Co;41, SO it contains all the
odd numbers from 1 to 2¢ — 1. Each even number 1 < a < 2t — 1 is in the set, since a = 2'h
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for some odd number h < 2t — 1 and so o € C},. This means that all the numbers from 1 to
2t — 1 are in S¢. Moreover 2t € C; C S and so we have at least 2¢ consecutive elements in
Sc and the designed distance is § > 2¢ + 1.

By the BCH bound (7.4.4), the distance is d > 2¢ + 1 and the error correction capability turns
outtobe t > |21,

Once received v € (F2)", the decoder computes the syndrome (7.3.13) s = (sq, ..., S2t—1) €
(Fgm)?t, in order to find the error location a’.

We define new variables z1, ..., z;, standing for the ¢ error locations al“,l; € L. Then,
the error locations are a solution (&, ...,&) € (Fam)' of a system of ¢ polynomials over

Fom 21, ..., 2¢], 1.€.
t
Fo = {fz : 225-271 — S9i_1,1 = 1,...,t}.
J=1

The problem for this nonlinear system is that sometimes is ineffective to compute its so-
lutions, so Cooper proposes to find another simpler system, with the same solutions. Let
then I = (F¢) <Fam|21, ..., 2], V(I) the defined variety, G the reduced Groebner basis of
I, w.rt. the lexicographical ordering, induced by z; < ... < z; and g € Fom[21] the unique
polynomial such that G NFam[21] = {g}. We state here Cooper’s theorem

Theorem 7.5.1 ([29]). If E = {&;,...,&,} is the set of error locations and
Z = {£[(& b2, ... b)) € V(I)}
contains the components of all solutions of F¢ , then
e E=7={¢|g9(5) =0}

[E| = pu = deg(g) < t;

g is the polynomial whose roots are the error locators;
* o(z) =2Mg(z7")

In [24], Chen et al. generalize Cooper’s idea to use Groebner techniques to binary cyclic
codes.

They consider a binary cyclic code C with length n and defining set S. We denote by
the number of occurred errors and v an integer such that 0 < v < ¢ and p < v. Then, using

the z;’s variables for the error locations?, we can consider the following system where each

2They are n-th root of unity
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syndrome s; € Fom represents a value:

v
FORHT, = {Z z; — 8,1 € Stu {Z;LH —2zj, 1 <j<wv} CFom|z1,..., 2]
j=1
Such a system defines an ideal I = (Forut,) <Fam[21, ..., 2,], whose zero set gives the error
locations and the error vector, occurred in the transmission. We look for it using Groebner
bases .

Proposition 7.5.2. With the above notation

e ECZ={{|g(§) =0};
o [E| = p < v =deg(g).
Theorem 7.5.3 ([24]). It holds:

1. If v = p, V(I) consists of all coordinate permutations of (&1,...,&,), E = Z, L.(z) =
9(2), 0(z) = 2#g(z71)

2. Ifv=p+1,0¢&,....8) € V(I),E=ZU{0}and g(z) = 2(z#0(27")) = zL.(2).
3. Ifv > p+2then ((,¢, &1y, €4, 0, ..., 0) € V(I),VC € Fom, E = Fam g(2) = 2" — 2
4. Ifv<pG={1}.

In [23] Chen et al. generalize Cooper’s philosophy to g-adic codes proposing a solution
for decoding an error whose weight is assumed known.
Moreover, they give an alternative approach via Newton’s identities in the binary case, but,
since it goes beyond our interest, we do not treat it. For details, one can see [77]. For the
improvements by Augot-Bardet-Faugere, one can see [3, 4].
In the context defined so far, for any word to be decoded, we need to compute a Groebner
basis and the syndromes are considered as parameters, computed expressively from the
received word and substituted into the system. Moreover, different Groebner basis compu-
tations must be performed for different potential error weights, until the true weight of the
actual error is obtained.
In [25], Chen et al. proposed a new method which consists of considering the syndromes as
variables z; and computing the Groebner basis as a preprocessing. The growth of the num-
ber of variables is a problem of this method. On the other hand, the Groebner basis is
computed only once.
Following [77], we denote by x,y, z the multivariables representing, respectively, the syn-
dromes, the locations and the error values, i.e. the variables for the polynomial ring
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Fq[‘rla ey Tp—ky Bty eeey Z15 YLy oeey yt] = Fq[xa Yy, Z}‘
Then, we consider
t
FCoRHT = {Zyjz;-—xi, i€ S}U{Z;LJrl—Zj, 1<5< t}U{yJQ- lo1,1<5<t}C F,x,y, 2],
j=1
I = I(Forur) <Fam([x,y,z], V(I) C (Fym)* and G the lexicographical reduced Groebner
basis withx < ... < Zp_g < 24, 0oy 21 <Y1 < ... < Yy

Definition 7.5.4. The zerodimensional ideal I is the syndrome ideal and its variety V(I) the
syndrome variety.

Loustaunau and York, in [66], improved the approach introduced by Chen. They sug-
gested to use the FGLM algorithm to make the Groebner computation.
Caboara and Mora, in [13], gave a corrected and optimized version of Chen’s algorithm,
basing on the studies on the structure of Groebner bases for zerodimensional ideals by Gi-
anni [44] and Kalkbrener [59], who stated Gianni-Kalkbrener theorem (see 3.5.3).

We sketch now the improvements due to M.Sala and E.Orsini.
Consider the syndrome variety V' (/) defined by Caboara-Mora in [13] and a correctable
syndrome s € (F7")"~*; there are some points in the variety that uniquely determine the
potential error locations and error values, but, unfortunately, there are also points, called
spurious solutions (see theorem 7.5.3) from now on, not corresponding directly to some error
vector.
Essentially, as explained in [93], the spurious solutions are the points containing zero in
correspondence to some error value (the error value cannot be zero) and the ones containing
repeated locations (indeed, they must correspond to different positions for the error values).
Moreover, they are also the solutions outside the base field.
M.Sala and E.Orsini propose a new syndrome variety eliminating these points.
They consider an [n, k, d], cyclic code with GC'D(gq,n) = 1 and give the following

Definition 7.5.5. Let n € N be an integer. We denote pyr € Fy[#1, ..., 2] as

2=z
pur :u,1§l<l'§t
I

The syndrome ideal is I = (Fpg) with
Fos ={fih—j, X Nj, o, L U<V <t,1<i<n—j,j €S} CFy[x,y,2]

with
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. )
o fi:= Zl:l ylzlj —Z;

o hj =z

i A

el .

[ ] )‘j = y] - 1,
. v " .
Xi =T, — Ty,

/
® Py = Zrzipuy

If Q :=TFg[z1,...,xn—k), G is the usual reduced Groebner basis and for each ¢ =1, ...,, for
eachl, G, := GN Qlz,...,2), Gu = {9 € G, \ G+1, deg,(g) = I} and the polynomials are
ordered such that their leading terms are ordered w.r.t. lex, then

Theorem 7.5.6. It holds
1. GNQlz, .z = Ui, Gis
2. Gi=Ujzy Gin Gis # 0,1 i < 4,1 <5 <
3. Gi={gn}, 1<i<t
4. T(giin) = 2, Lp(gian) = 1;
5.if1<i<t 1<6<i—1,thenVyg € G5, and the trailing polynomial is equal to 0.
Let g441 the unique polynomial in G, with deg., (9i1) = ¢

t
t t—1
git1 = 2 + E be_1zy "
=1

TEAE.
1. there are exactly y errors;
2. by—y(s) =0for! > pand by—,(s) #0;
3. gi1(s,zt) = 2P7F(Le(2)).
This means o(2) = z1gy1(s, 27 1), i.e. g1 € Q[2] is a monic polynomial such that

given a syndrome vector s € (F m )" =¥, corresponding to an error of weight yu < t, its
t roots are the p location plus zero, counted with multiplicity t — pu.

It is called general error locator polynomial of C.
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Theorem 7.5.7 ([82]). Every cyclic code possesses a general error locator polynomial.

Once we get a general error locator polynomial for C, the decoding algorithm only con-
sists on evaluating it in the syndromes, so its efficiency depends on the sparsity of the in-
volved general error locator polynomial.

Theorem 7.5.8. Let C be a code with error correction capability ¢ = 1 and s a correctable
syndrome, then the general error locator polynomial is L&(X, z) = z + a, a € Fo[X]. More-
over, there is one error if and only if a(s) # 0, being a(s) itself the error location.

Let C be a code with ¢t = 2, s a correctable syndrome and %1,z the error locations. Then
Lo(X,2) =22+ az+b,a,be Fy[X]and b(s) = z1%2, a(s) = Z; + Za.

Moreover, there are two errors if and only if b(s) # 0, and there is an error if and only if
b(s) = 0 and a(s) # 0.

We recall here the main theorems stated in [78].

Theorem 7.5.9. Let C' abinary [n, k, d] code, withn < 61land d = 3,4,t = 1. If Sis a defining
set for C' and Lo € Fy[z1, .., xn—k][2] a general error locator polynomial, four possibilities

can occur:

1. if S = {m} with GCD(n,m) = 1, there exists an integer £k mod n such that Lo =

z+z¥;

2. if S = {m,h} with GCD(h,m) = 1, there exist two integers m’,h’ mod n such
that Lo = 2z + 27 alt';

3. Cis asub-code of C’, of type L or 2 and Lo = L¢v;
4. C'is equivalent to a code C’ of type 1,2 or 3 and we can trivially obtain £ from L

Theorem 7.5.10. Let C be a code with length n € {3,...,125}, n # 105 and distance d = 5, 6.
Then C is equivalent to another code D with 1 € Sp.

Theorem 7.5.11. Let C be a binary [n, k, d] code with n € {7,...,62}, n odd, d = 5,6 and
t=2.

Seven possibilities can occur:
1. nis such that C has S¢ = {0,1} and d < 5;

2. C'isaBCH code (S¢ = {1,3}) and b = 27 (2} + 22);
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3. S¢ ={l,n—-1,1},1=0,% and

riry (14 a23), 1 =0
b= 13—0—1

Ty r. _ n.
.’[?/31‘2/3”.’1}3—'1-17 39

4. Sc ={1,n/l} for somel < 3;
5. C'is one of the following;:
n =31, S¢ ={1,15}; n =31, S¢ = {1,5}; n =45, S¢ = {1,21};
n =51, S¢ ={1,9}; n=>51, S¢ ={0,1,5};
6. C'is a sub-code of one of those presented above;
7. C'is equivalent to one of those presented above.

Even if at present there is no known theoretical proof of the sparsity of general error
locator polynomials, there are some experimental evidence, at least in the binary case. Some
improvements to the algorithm have been given in [78].

In [83] is stated that

Actually® the number of monomials of L apparently grows linearly, since |L| < n.
We give some theoretical explanations for the sparsity of our polynomials, in all cases
except two.
A complete proof for all cases (any and any) seems far beyond our means, at present, but
we plan to investigate more and more particular cases, hoping sooner or later to get the
profound reason behind the sparsity, whose experimental evidence is apparent (at least
in the binary case).

3In the paper [83], £ is the general error locator polynomials






CHAPTER 8

Some experiments on locator

polynomials.

8.1 Introduction.

In this chapter we treat some partial results of a joint work with Massimiliano Sala and Teo
Mora, connecting the Axis of Evil Theorem to error correcting codes.

In our context, we consider a binary BCH code C of length n = 2™ — 1 with error correction
capability ¢ = 2, correcting simultaneously 1 and 2 errors studying the general error locator
polynomial and the related syndrome variety V (Foys) from a different point of view.

Up till now, we have computed lexicographical reduced Groebner bases of polynomial ideals. Due
to the huge number of variables, such a computation is rather inefficient, so we try to reverse
our point of view, approaching the problem a la Moeller, rather than a la Buchberger.

Instead of considering a system of equations, we consider directly the syndrome variety by
Orsini and Sala, trying to derive the general error locator polynomial via interpolation.

As explained in the previous chapter, it would be important to prove the sparsity of the gen-

293
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eral error locator polynomial.

We will show that Cerlienco-Mureddu Correspondence and the Axis of Evil theorem, with
the related algorithm, can be helpful for our purpose.

Indeed, thanks to Cerlienco-Mureddu Correspondence, we can give a precise description
of the Groebner escalier associated to V' (Fos). Such a description and the properties of the
Axis of Evil factorization permit us to reduce appreciably the number of points to deal with.
Moreover, we will see that in some special cases, we can find a structure underlying some
sparse general locator polynomials, which involve the cycle structure of the base field and
Frobenius automorphism.

Our aim is to prove that the number of terms in the general error locator polynomial grows
linearly with the cardinality of the base field.

Since this is still a work in progress, we cannot give here complete results. Anyway, the
half-time results we will give in the following sections are rather encouraging.

These partial results have been computed implementing timely procedures, using the pro-
gramming language provided by Singular [30] and exploiting, as usual, the library pointid.lib
by S. Steidel [103] for the Axis of Evil factorization.

Section 8.2 explains out problem in details and gives a precise description of the structure of
the Groebner escaliers we have to deal with. Sections 8.3, 8.4 give the first partial results we
got in the case of Fg,F16. Since these results are not optimal, we continued our investiga-
tion on FFg, obtaining the results of section 8.5. Finally, in section 8.6, we explain our future
projects of generalization for the encouraging results in Fg.

8.2 Our problem.

In this section, we start giving more details about our problem. Precise data for the specific
examined cases will be given in the following sections.

Let us consider a binary BCH code C of length n = 2™ — 1 for some m > 3, with error
correction capability ¢ = 2 and defining set S¢ = {1, 3}.
The complete defining set is S¢ = C; U C3 and we denote by ¢ the designed distance. We
setd = § and we have k = n — |S¢|. [77].
We deal with the points in the syndrome variety by Sala and Orsini, deciding to correct 1
and 2 errors simultaneously.

More precisely, we start considering all the points of the form

(1‘171’2,21,22) = (a+ 67 L13 + 537 a, 6)7
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where are the variables x1, x2 represent the syndromes and 21, z; the locations (z; < z2 <
z1 < z2), letting a, b vary in Fy := Fom in all possible ways. The forms assumed by the syn-
dromes come from the ones of polynomials f; € Fog: fi := 2?21 i zlj — x,;, where the error
values are y; = 1, since we are dealing with a binary code. The related syndromes are there-
fore a + b, a® + 53 (see section 7.5 for more details).

There are ¢* such points, but we have to exclude the spurious solutions, not corresponding
univocally to an error vector.

We start excluding the point (0, 0,0, 0), since it corresponds to the absence of errors. More-
over, we exclude the 4-uples of the form (0,0, 4,4), a € F, \ {0}: for z1 = zo = 0 we
authomatically have the couples of error locations (a, a).

Consequently, the points we have to examine are only the ones of the form (a+5, a>+ 52, a, 5),
with a,6 € Fy, a # b.

Being a + 6, a® + 6 univocally determined once one knows a, 5 € F,, sometimes, we will
identify the 4-tuple (a + 6, a® + 6, a, 6) with the couple (a, ) and we will write them indif-
ferently.

After the exclusion of spurious solutions, we get ¢ — ¢ distinct points, forming a set we de-
note by X and, as usual, we write I := I(X) for the corresponding zerodimensional radical
ideal.

We give now a characterization for the lexicographical Groebner escalier (z1 < 22 < 21 <
z9) associated to I. In order to describe it, we state the following

Notation 8.2.1. If r € T isatermand H C T,
TH := {70, 0 € H}.

Proposition 8.2.2. With the above notation, set H = {1, 1, ..., 1‘(11_2}, where q is the cardi-
nality of the base field.

The lexicographical Groebner escalier (z; < z2 < 21 < 22) of the ideal I = I(X) described
as the ideal associated to X = {(a + 6, a® + 6>, a,6), a, b6 € Fam, a,# 6} has the form

N(I) =N Uz N,

where
q_
N =HUzHU...Uz2 'H.

Proof: Consider the set X. If we fix a, 6 € Fom and we consider the associated points
Py:=(a+b6,a®+ 6 ab), Py:=(atb,a®+ 6,6 a),

clearly P, P, share the same first two coordinates so, by Cerlienco-Mureddu Correspondence
we can partition X as X = X; LIXy, such that if, for some a, 6 € Fom (a+5,a>+63, a,6) € X3,
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necessarily (a+ 6, 8% + 63, 6, a) € X and if Ny = N(I(X1)) then N = N(I(X;)) Uz N(I(X1)).
We restrict then to X;.

By hypothesis, a # 6 € Fam hence, clearly, a + 6 # 0; on the other hand, V¢ € F, Va € T,
a#cletb=c—a Wehave b # a4, 6 # 0and ¢ = a + 6. Clearly it also holds ¢ = ¢ + 0.

The above relations imply that the points in X, have (¢ — 1) different first coordinates, so
1,z1,...,277% €N.

Moreover, by the partition formulas of [80], the couples (g, 6) such that a + 6 = ¢ € F3,. are

exactly 2°=2 if we impose a, 6 # 0. Since also ¢ + 0 = 0, we add the couple (¢, 0), obtaining

that there are 2™~ distinct points for each first coordinate.

The assertion is proved by Cerlienco-Mureddu Correspondence if we can show that, among
the points having the first coordinate, it is impossible that two points share also the second
coordinate.

What I meant so far, is that if for some a, 6, ¢, 4 € .. we have

a+b=c+d#0
B+ =3+da3

then {a, 6} = {c,d}.
Indeed, by a® + 6% = ¢ + 4® we have

(a+b6)(a®+ 6 +ab)=(c+d) (P +d*+ed)= (a+b6)°+ab=(c+d) +cd = ab=cd.

The elements a, 6, ¢, d are then the roots in Fom of 2% + (a + 6)x + ab. Being them only two
[65] and since g4, 6 are obviously roots of the trinomial, we necessarily have {4, 6} = {¢, 4}
and we can conclude. ¢

Since the Groebner escalier has always this shape, we know that 2, 25 always belongs to
the monomial basis G(I).

Moreover, we know that zo = 2 + 21 € I, since for each couple of elements 4,6 € F,,
(a+ b) + a = b (actually it even belongs to the lexicographical reduced Groebner basis of
I, being x1,2z1 € N(I)), so, once one has determined 4, 6 can be simply computed via that
linear (and very sparse) relation.

This implies that, among the polynomials in a minimal lexicographical Groebner basis of
I, we only have to deal with the one whose leading term is 27, which allows to compute the
values for the first error.

By the evident symmetry of N(/), applying the Axis of Evil algorithm to the points (1, z2, 21, 22),
for the factorization of the required polynomial, we get two factors F, := 2z, + f,(x1, z2) and
Fg =21+ fs(a1, 22).
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Moreover X is partitioned in two subsets Z,, Z; C X, with |Z,| = |Z;| = 3|X| = (£)! such
that:

e F, vanishes on the points of Z,
e Fj; vanishes on the points of Z;
o (x1,x9,21,20) € Z, & (x1,%2,29,21) € Zy.

Then, we can restrict to one of the subsets, say Z, and compute F,: the other points come
from 29 = 21 + 21.

Therefore, we arrange the points in couples of the form
[(a+6,a° + 6%, a,6), (a + 6,0 + 6°, 6, )],

according to their first three coordinates, since we do not need any computation involving
2.

Then, we choose one point for each couple?. The choice of the points influences the sparsity
of the locator polynomial F;,. Our aim is to determine locator polynomials linearly growing
with the cardinality of the base field, characterizing them, if possible, with a pattern, in
order to generalize the construction to larger cases.

We start reporting here the partial results obtained for Fg, Fyg, Fso.

8.3 The case of [Fs: cyclic configurations.

The simplest base field for our study is the one corresponding to m = 3, namely
Fs = {0,1,a,a + 1,a%,a* + 1,a* + a,a® + a + 1},

with primitive element a: a® =a+1.

For brevity’s sake, from now on, we will set Fs = {0, 1, a, a2, a®, a*, a®, a®}.
Our code is a binary [n, k,d] BCH code withn = 2% —1 =7,d =6 = 7, k = 1. Its error
correction capability is ¢ = 2 and we suppose to correct 1 and 2 errors simultaneously.
As explained in section 8.2, the points we first take in to account are 64 = 82, and they have
the form
(a+ b6,a® + 63, a, 6), a, b € Fg,

I They mirror the simmetry of the Groebner escalier.
2 This fact represents a further proof of %|X\ = (%), since the idea is that we are taking the couples (a, 6) €
(Fq)2, a # 6 disregarding the entries’ order.
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where z1 = a+ 6, z5 = a® + 63 are the syndromes and z; = g, 22 = b the error locations.
We discard now the spurious solutions, namely the points of the form (0,0, a, a): if 1 =
x2 = 0 we have the 8 couples of locations (a, a).

Applying the Axis of Evil algorithm on the remaining 56 points (z1, 2, 21, 22), we get two
polynomials F, := 21 + f.(x1,22) e Fj := z1 + fs(x1,x2) and a partition of the 56 points in
two subsets Z,, Z; of cardinality 28, satisfying the properties stated in the previous section.
We arrange then the 56 points in 28 couples, according to their first three coordinates, i.e.
each couple will be of the form

[((a+ 6,d° 4+ 6% a,6),(a+ b,a° + 6%, 6,a)].

More precisely, we get a list P containing the following 28 couples:

[(a2,a?,a,a%), (a?,a?, a*, a)],
[(a%,1,a,a®),(a% 1,a°,a)],
5 6, (a5, a®, b, a)],
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Thanks to proposition 8.2.2, the tower structure of the Groebner escalier we have to work

with is

a:g zlzg wf:vg mi’wg :r‘liazg a:;’a:g a:(fxg
a:% xlxg m%mg :1::1":133 :z‘lia:i a:‘i’a:% m?zg
T2 r1T2 :z:%:z:z :1:?:1:2 I%Iz a:‘;’xz I?Ig
1 T1 ccf z:ls z‘f z‘;’ :1(3(1S

In order to deal with this problem, we employ the original Axis of Evil algorithm. In-

deed, as explained in chapter 3 even if the minimal Groebner basis we get is not reduced, the

linear factors produced are. Moreover, the interpolation step in algorithm 5, line 19 ensures

that the maximal number of terms composing each linear factor is |X| + 1 = [N(Z(X))| + 1.

We compute the polynomials using Singular. More precisely, we run on the points the facG-
Bldeal procedure from the library pointid. 1ib [30, 103].
For example, for the following choice of the points®

list Q1 = P][1], P[2][2], P(3][2], P[4][2], P[5][1], P[6][1], P[7][1], P[15][2], P[10][2],
PRSI, P8I[A], P12][1], P[11)[1], P[9)[2], P[22][1], P[20][1], P16][1], P[21][2],

P[14)[2], P[18][2], P17][1], P[26][1], P[28][2], P[24][2], P[27][2], P[25][2], P[19][1], P[23][2};

3The configuration list is

[1,2,2,2,1,1,1,2,2,1,1,1,1,2,1,1,1,2,2,2,1,1,2,2,2,2, 1, 2].
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we get

list U1l = facGBlIdeal(Q1);
poly tcontrollol = U1[2|[3][1];
ncols(coef(controllol, z1x921));
=2z1+ x?x% + ax?x‘;’ + an‘fx‘;’ + a3x‘;’x‘;’ + a4x%x‘;’ + a5x1x‘;’ + aﬁxg + aat?x% + x‘i’x%—!—
ax‘llx% + an?x% + an%x% + a4x1x§ + a5x§ + :L'(fxg + a4x‘;’12 + a3x‘1112 + a4x:fxg+
a5x%x2 +aSzymo + a’ag + a%? + a%c‘ll + aﬁxi’ + x% +ary +at

As a first result, we found 7 configurations presenting an easy structure, leading to poly-
nomials made up of 18 terms.
It is possible to describe such a structure in a very precise way.
The 7 configurations are connected to cyclic permutations of powers of the primitive element a in
the sense described below*.
We choose the first points configuration so that we get:

e 7 points whose third coordinate is a’, i; € {1,...,7};

e 6 points whose third coordinate is a’?, iy € {1,...,7} \ {i1};

o ...

e 1 point points whose third coordinate is a’7, iz € {1,..., 7} \ {i1,...., 1 };
e no points whose third coordinate is 0.

We summarize such a choice in a table

Number of points | Third coordinate

11

(P

13

14

15

16

HIN| Wk ||

17

Then, for the same values of i1, ...,47, which are pairwise different by construction, we

choose another point configuration such that

4They are exactly 7 since the powers of a are 7 and the cyclic permutations of a cycle of length h are h.
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7 points whose third coordinate is a'7;

6 points whose third coordinate is a’*;

1 point points whose third coordinate is a’s;
e no points points whose third coordinate is 0.

This choice can be summarized in an analogous table and we can proceed this way for each
cyclic permutation of ¢y, ..., i7, obtaining another configuration in correspondence.

We point out that each cyclic permutation corresponds to only one point configuration, by
the structure of the couples in P.

Indeed, let us consider, for example the cyclic permutation associated to the table above.
Among the 56 non spurious points, only 7 of them have 4, as third coordinate: they are the
ones of the form (iy + 6,43 + 63,141, b), with 6 # i; € Fg: since |Fg| = 8 and since we exclude
the case (0, 0,471,141 ), there are exactly 7 possible values for 6. Thus, we have no choice and
we have to take exactly that points.

Then we consider the second row of the table: we need to choose 6 points with i5 # 4, as
third coordinate. Again there are 7 points of this shape.

Nevertheless, among these 7 points, there is also (is+i1, 43 +1i3, i2, i1 ). Since for our configu-
ration we have choosen all the 7 points with third coordinate equal to i1, (i1 +iz, 45 +13, 41, i2)
belongs to our configuration.

On the other hand, for each couple of the form
[(a+6,a°+ 6, a,6),(a+ b,a°+ 6, 6,0)],a,6€Fg,ab,

we want to choose only one point, so we cannot choose (ig + i1,45 + i, 12, 41) and this implies
that we have only 6 points with 4, as third coordinate to take into account and again we
have no choice while picking them. Following the same line for is, ..., iz we get the unique
point configuration associated to the table above.

Considering a cyclic permutation of i1, .., 77 in the sense explained before we get another
(unique) point configuration.

Every polynomial we obtain by applying algorithm 5 to the unique point configuration as-
sociated to one of the 7 cyclic permutation of i1, ..., 47 is composed by the same number of
terms, i.e. 18.

Let us examine two of them. The precise data for all the 7 points configurations are con-
tained in appendix B, B.1.1.
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Configuration 1
This configuration corresponds to the permutation represented in following table:

Number of points | Third coordinate
7 a?
6 a’
5 a’
4 a’
3 a®
2 1
1 a

The unique point configuration associated to that table is:
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If we draw the tower structure of these points, disregarding the fourth coordinate as a con-
sequence of proposition 8.2.2, we get

5 E s 5
51,2 5 (‘a371)a44 3 55 4 46 3}.1701674

5 5 :
2 4 3 5 2 4 3a‘),1,a2 6 2A 217@37 2

2 4 4 5 5
a,a,a a?,al a®,a,1 b*,a*,a%%,a%,a9a%,1,a%|1,a°,a®

3 0 b2 0% ah® a2 et a® ala® a.a’ kb ol 1,1,1

while the configuration list is
2,2,2,2,2,2,2,2,2,2,2,2,2,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1]

and the associated locator polynomial turns out to be

z1 + an“;’zg + a5:c‘1lz§ + a5:c:1”:v% + a%c%:v% + anlx% + a3:c“;’ + asx?x% +
a3x5{x% + a6x‘1*x% + a?xi’x% + a6x%x§ + a4x‘;’x2 + a%i’xz + adxiwy +

a3x‘11 +axy + a
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and it is made up of 18 terms.
Configuration 2
This configuration corresponds to the cyclic permutation summarized in the table below:

Number of points | Third coordinate
7 a?
6 a*
5 a’
4 a®
3 1
2 a
1 a?

whose associated configuration list is
2,2,2,2,2,2,2,1,2,2,2,2,2,2,2,2,2,2,1,1,1,1,1,1,1,1, 1, 1].
Again it leads to a polynomial made up of 18 terms (see appendix B).

Remark 8.3.1. We remark that the cyclic permutations are fundamental for getting 18 terms.
If we break the pattern even by one only point, we get a remarkably denser polynomial.

For example, if we modify a little configuration 1, changing only the last point, we get
Configuration 7.2

Number of points | Third coordinate
7 a?
6 a’
5 a*
4 a’
3 a®
2 1
1 0

and we obtain a general error locator polynomial made up of 25 terms (see appendix B,
B.1.1 for further details).

We notice that the “cyclic permutations” we are considering arise from the multiplica-
tion by the primitive element a. For example, in configuration 1 we have 7 points whose
third coordinate is a?, while in configuration 2 we have 7 points whose third coordinate is

a’.
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It is easy to verify that this happens for all the entries in the tables associated to configu-
rations 1,2 and that it happens also for configurations 3, ..., 7, whose data are displayed in

appendix B,B.1.2.
In order to study the similarities among the polynomials we got, we first consider the 7 x 4
matrix
(28 Sy 2§22 2923
! atze ai2d  aiad
M= |23 a3zy 323 323 (8.1)
1 X1T2 xlxg 1’1%%
(1 22 2 a ]

Then, we describe the coefficients of the polynomial p; associated to configuration i, i =
1,...,7 with a 7 x 4 matrix Al = (almm
Pi-

We list here only the matrices Al'l, A%l associated to configurations 1,2. The reader can

), such that ay]m is the coefficient of the term m; ,, in

find the other ones in appendix B, B.1.2.
Configuration 1:

corresponds to

0 0 a 0
0 a* a® af
a> 0 a% a°
Al — 0 o @@ a°
0 0 a® a3
a a> 0 af
a® 0 0 a
Configuration 2
corresponds to
0 0 a O
0 a* 1 1
1 0 a* 1
APl =0 1 a a
0 0 a% 1
a 1 0 a*
1 0 0 a
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The coefficients summarized above present some common properties.
In general, the matrices Al AT havea very precise shape, hightlighted in the following

“general” matrix:

0 0 C 0
0 a* D A
D 0 FE B
Algen] _ 0O B F C |;AB,C,D,E,F cTs.
0 0 a« D
a D 0 FE
A 0 0 F

The existence of an Al#", whose entries summarize the coefficients of the polynomials
p1,..,pr of the 7 configurations obtained by the cyclic permutations, tells us that the mul-
tiplication by a we perform to swich from a configuration to another one “preserves the

supports of polynomials”, in the sense that

Supp(p1) = Supp(p2) = ... = Supp(pr).
Moreover, as we can see in the above Al9¢" some values are stable among Al Al
namely ag‘{g"] =a, ag‘{g"] = a5, al[agjn] =a.

Notice that the capital letters appearing in the table (i.e. the different non-stable values
for the coefficients) are 6, i.e. [F§| — 1.
We can get general formulas for the values A, B,C, D, E, F' € Fg.
Each configuration is identified by the number of points (a+ 6, a® + 63, a, 6) for each appear-
ing third coordinate , i.e. the number of occurrences of some a as third coordinate.

For each configuration, we denote by M the value of the third coordinate a appearing once’

5For example, for configuration 1, we have M = a and for configuration 2, M = a?.
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and we get
A=a"M (8.2)
B =a*M?
C =a*M3
D = aSM*
E =aM>®
F =a*M®

If, instead, we denote by M the value of the third coordinate a appearing twice, we get the
set of formulas:

A=aM (8.3)
B = a’M?
C = ad*"M?
D =a*M*
E =aSM°
F=a®>MS

For 8.2 we have a sort of “symmetry”, since we have a®M — aM?®, a®*M? — a*>M?,
aSM* — a* M6, which is not mirrored in 8.3.

Choosing M as the value of the third coordinate appearing 7 times, 6 times and so on, we
get different formulas. More precisely the powers of M do not change, but the multiplica-
tive coefficients vary. The entire set of formulas is displayed in appendix B.

The set of formulas 8.2 is connected to the structure of cycles in Fg and the same happens
for the all the other ones (appendix B, B.1.2).

This means that the multiplication by «, i.e. the transformation among the 7 points configu-
rations we have, preserves the cycles in Fg.

We recall that the cycles of Fg are:

a)a— a? —a* — a;

B)a® — a® — a® — a3;

v)a” = 1.

J) 0.

We consider the elements having the minimal exponent of a in each cycle as preferential
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representatives of the corresponding cycle®.

Consider the set of formulas 8.2. The powers (1,2, 4) of M (which are exactly the exponents
of the cycle «), are multiplied to powers of a corresponding to cycle 3. The powers (3,6,5)
of M are multiplied to powers of a corresponding to cycle ¢, so we can summarize the ob-
tained relations as (powers of M, powers of a), namely: («, 8), (8, @).

We have similar relations for the other sets of formulas. For example, for 8.3 we have

(@, 8), (8, B)-

8.4 The case of Fy4: cyclic configurations.

Drove by the simple structure of the configurations described in the previous section, we
try to generalize them, enlarging the base field.
Consider then

_ 2 3 4 5 6 7 8 9 10 11 12 13 14
FIG_{Oaavaaavavavav(L?a?a>a ,ya,a a7, a al}a

with minimal polynomial a* + a + 17.

Suppose to have again a binary [n, k, d] BCH code C of length n = 15, with error correction
capability ¢ = 2, designed distance § = 5, distance d = § = 5. We have £k = 7 and we
suppose again to correct 1 and 2 errors simultaneously.

At the beginning we have 162 = 256 points but, excluding as for Fs the spurious ones, cor-
responding to couples of the form (z1, 22) = (4, a), we get 240 points we arrange into a list
P of 120 couples.

By the structure of the Groebner escalier 8.2.2, we take again one point for each couple, con-
veniently chosen w.r.t. the third coordinate.

The cyclic configurations of 8.3 can be easily generalized to the case of Fi, and we have
concretely produced them. They are 15, namely as many as the number of cyclic permuta-
tions of the elements in F7.

We show again some of them, referring to appendix B, B.2.1, for details.

The first configuration we could find is

Configuration 1:

They are the elements in boldface font.
7We follow again the representation of the elements in the field as powers of the primitive element.
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Number of points | Third coordinate
15 a
14 a?
13 a?
12 at
11 a®
10 a®
9 a’
8 a®
7 a®
6 10
5 all
4 al2
3 al3
9 ql4
1 1

The configuration list is
2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1, 1,
1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1, 1,

1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1, 1,
1,1,1,1,1,1,1,1,1,1,1

and the associated locator polynomial is made up of 85 terms
z1 + a14x%4x§ + ax%i)’xg + a7x%2x§ + anx%lxg + x%omg + alQm?x; + agmﬁx; + a4mzx;+
an?zg + alox?x; + agx‘llx; + algx‘i’zg + an%zg + a2x1z§ + a5xg + allz%4xg+
a5x%3xg + a4m%0mg + a%?xg + alongxg + agazzxg + a13x?mg + a6x?mg + an%mg—F
a5x§’mg + a14x%xg + axlmg + a7xg + a4x%3x3 + amaz%lxg + a%}%g + al?’x?xg + a%‘?x%—i—
a?xTxd + a®28zd + attadad + axtaed + a"xdad + atla?ad + a2 23 + a'2ad + aBPriai+
aSxllad + a?xi025 + a®x)wd + atafad + axlad + a"2b25 + altadad + a®xiad+
agx%x‘é + a3x‘21 + aﬁx%‘lmg + aleng + asxfwg + aZx%Oxg + a3x?x§ + alox?xg—i—
a8x%x§ + a%c%x% + a2x1x§ + a5x§ + allx}‘lxg + a12$}3x2 + alzx}zmg + agx%lxg—i—
a*xl%2y + a'%2829 + a32by + abxlzs + a?atzs + a'*2ingy + a"xe + a2t + @21 + a2+
al?’x? + anEf + a5x? + al4x§’ + a7x? + allx% +a'%% +al?

If, in analogy with 8.3, we “cyclically permute” the configuration, i.e. we multiply by the

primitive element a, we get fourteen other configurations, leading to fourteen locator poly-
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nomials, each one made up of 85 terms. Let us see another configuration.
Configuration 2:

Number of points | Third coordinate
15 a?
14 a?
13 a’
12 a’
11 a®
10 a’
9 a®
8 a®
7 10
6 ol
5 al2
4 e
3 Q14
2 1
1 a

The configuration list is

2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,1,1,1,1,1,1,1,1,1,1,1,1

9 ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) 3 ) ) ) 9 ? ) ) )

1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1

) ) ) 3 ) ) ) 7 3 ) ) ) 7 ) ) ) ) 7 ) ) ) ) 3 ) ) ) ) 3 ) ) ) ) 3 ) ) ) 7 3 ) ) )

1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1, 1, 1

and the locator is again made up of 85 terms (see appendix B, section B.2).
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As for the cyclic configurations in Fs we consider the 15 x 8 matrix

(214 ey o2l 2lad oMl 2Med 212l 2l4af]
o3 wibas 2l%22 2Pl oPP2d 21323 22§ 2328
212 wilxy 21222 2223 2i%2) 21223 2i%af 2i%af
ol wilay 22?2 oPad oilad a2l 2Mad 2itad
210 2% 21922 21%3 21%3 21%35 2% 2{%$
2} 2z 223 2fad  afxd a2l 202§ afad
25 afxe  afx3d 2fad afad Al 2Pl afad
M= |20 2lzy {22 2723 2l2f 2725 272§  2]af (8.4)
2§ 2bxy  2Sx3 2fa3 %23 23 202§ 2828
2y afze  x3w3d 2fad afad atad 29l afald
xt wfre  xtxd  2iad afad atad  2ial afad
x3 wfxe  atwd adad afad adxd  afal afad
22 2y 223 2ad 222d 225 22l a%af
X1 T1X9 .’L‘l.%‘% xlxg 3?113% xlxg 31‘1.%‘3 .leg
|1 To x% x% x% x‘;’ acg x%

and we use similar matrices in order to summarize the coefficients of the polynomials asso-

ciated to our configurations (the whole list is in B.2.2).

Configuration 1

@ ol 0 ab 0 0 al! g4

0 a2 0 0 a*  ab a

a® a2 0 0 a3 0 0 a”
a0 g9 0 0 P [ 11

0 a* a2 0 a2 o o 1
a® 0 0 0 a® a'® a® a2

b a9 0 0 a @b a0 o

1

Al = 0 0 0 a® a a® da® ot
@ a3 g3 0 o d® a3 a3
a4 b g0 0 gl g4 g6 1o

0 a® a8 0 a® a a® a8
a’ 0 0 a® 0 a’”  a® o'

all g4 g6 0 a0 all g4 g8

a®© 0 a? 0 0 a'® 4 a?

a2 J7 b 0 B a2 J7 d
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Configuration 2

Al —

ot

SIS

IS]

S]
—
-

S
I

QHQ)—AQUIOHO
=

o

ot

alo g0
ad a3
0 a®
0 alO
a’ 1
ol al3
1 all
a4 47
a®  a’
a1
all g4
1 a®
al0 4
13 11
a® 1

As in the case of Fg, one can find a general matrix, summarizing the reciprocal relations

among the coefficients of each locator polynomial:

B A
0 CL12
G H
M B
0 F
I 0
cC M
A[gen] = 0 0
P I
D C
0 N
L 0
A D
a® 0
H L

vZ2ZQo0EQoc oo § oo oo

C

o O O o o o

Q
—
o

o o Q) o o o

o

BN Ov =2 AQ~0 o0

S
©

o I o

G

LN MU TUZAQA~0E oo

S
—
=}

T

RO 2O~ Qo o 8o

vZAO~0E QT D - NN

;14,.376'7 .., P eFq.

Multiplication by a again preserves the support of the locator polynomials and, again, some

values are stable among A, ..., A1,
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Notice that the capital letters appearing in the table (the different non-stable values for the
coefficients) are 14, i.e. again one less than the number of configurations.
We can find formulas for the letters A — P, depending on a value Q. If ) is the value of the

first coordinate appearing once, one gets

A= a12Q14
B =ad"Q?
C = a13Q8
D = a*Q"
E=a@?
F =a*Q"?
G = a14Q4
H=a''Q
I=a%Q"
L =a’Q"
M = a®@Q®
N =a®Q°
O =a?Q"
P = alOQlO

If, instead, @ is the value of the first coordinate appearing twice, one gets

A= a11Q14
B = a°Q?
C=a%@Q8

D = aMQ!
E =a*Q?
F =aQ"?

G =aQ*
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H =a'?Q
I=a3Q7
L=a’Q®
M = a10Q5
N = a?@Q°
O =a®Q"
P = a5Q0

As for Fg, if we choose differently ), the formulas change only on the multiplicative coeffi-
cient of @, not in the power.
The cycles in Fy¢ are

o)a—a?—at—a® —a;
B a® — a% — a'? - a® — a3;
v') a% — al® — a5

§) a” = att = al? = alt - a7;

¢)o.
If we define the couples (powers of @, powers of a), the first set of formulas corresponds to
(@,8), (8',a), (v,7), (8, B").
The second set of formulas gives (¢, '), (8,a/), (7, €), (¢,9).

8.5 The case of Fg (2): optimal Frobenius configurations.

The cyclic configurations found in section 8.3, i.e. the ones leading to polynomials consti-
tuted by 18 terms present a very simple structure and lots of connections with the cycle
structure of the base field. Unfortunately, the locator polynomials associated to them are
not sparse enough.

Indeed, our aim is to prove linearity on the growth of the polynomial and the patterns ob-
served in sections 8.3, 8.4 seem to be quadratic: starting from ¢* points we reduce to ~ %

and the terms in the locator polynomials are ~ %, for ¢ = 8, 16.
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Moreover, from a sparsity point of view, the polynomials we get can be defined “inter-
mediate”, but they are not optimal.
Indeed, in the case of Fg, we had the chance to hit a configuration leading to a polynomial
made up of 9 terms, by which we deduced a configuration leading to a polynomial made
up of 8 terms.
If Z, is the set of points leading to the polynomial made up of 9 terms, observing that
F, + F, = z1, with the above notation, we can deduce that, if x; € Supp(Fy), then Z,;, leads
to a polynomial made up of 8 terms, i.e. as many terms as the cardinality of the base field. The
configuration®

Number of points | Third coordinate
0

Q

IS

S|

S]

S]

NININDWW|[W|[ |
IS
w

—_

whose configuration list is
n,1,1,1,1,1,1,1,1,1,1,1,1,1,2,2,1,1,1,1,1,2,2,1,2,2,1,1]

gives the locator polynomial z; + 2§23 +a32$23 + a® 2123+ a®2lwa+a®vizs +aPxi+abaf+ 24,

made up of 9 terms (see appendix B, B.3.1 for more details on the configuration).

The locator polynomial contains x1, so we get the 8 terms configuration, from the set

described above. Such a set, corresponds to the configuration list
[27 27 27 27 27 27 27 27 27 27 27 27 27 27 17 17 27 27 27 27 27 17 ]" 27 17 17 27 2}7

whose data are described in appendix B.3.4

8 Notice that, for the cyclical configurations described in the previous section, the choices for the points were
univocal. We had to choose 7 points with some third coordinate 4, but among the points under consideration,
there were only 7 such points. Then, we chose 6 points with some third coordinate 4, but among the points under
consideration, there were only 6 such points and so on. Thus, all the choices were univocal.

In the case of 9 terms, the choice for the points is not univocal as it was before. Moreover, for some of these choices,
we got denser polynomials and so was also for the cyclical permutations of the 9 terms configuration (see for
example appendix B, B.3.1 for a permutation giving a denser polynomial).
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Definition 8.5.1. An optimal configuration in Fom is a configuration leading to a polynomial
made up of 2" terms.

The optimal configuration we deduced by the one made up of 9 terms is analogous to
the cyclical configurations of the previous section.
Indeed, via some investigations, we could find out that it is invariant for cyclical permuta-
tions in the usual sense.
Moreover it presents an interesting structure, somehow connected to the cycles in [Fs.
We implemented then a researching algorithm, looking for optimal configurations with an
analogous structure and we found out three of them.
We study now the obtained configurations, arranging them in types A,B,C,D and showing
the common features of the configurations belonging to the same type.

Type A:
Number of points Third coordinates
1 a 1 |a|a®|a*]|a®| a?
4 a®> | a |1 |a®|a®|a*]|d®
4 adla?2| a | 1 |a®]|a®]|at
4 a® | a*t | a®|a?| a 1 | af
5 a* | a% | a? | a 1 |ab|a®
5 ab | a% | a* | a® | a? | a 1
) 1 |a®|a®|a*|a®|ad®| a

Table 8.1: Type A configurations in Fg.

Each column in the table above represents a possible choice and the different choices are
cyclically permuted as in the intermediate case.

We will explain afterwards why we hightighted in bold the second column.

We use for example type A configurations in order to explain the structure.

The first column is associated to the following configuration list:
2,2,2,2,2,2,2,2,2,2,2,2,2,1,2,2.1,2,1,1,2,2,1,2,1,2,1, 2.

The associated polynomial is

z1+ a?’m?x% + a@t‘i’x% + x%x% + aﬁx?xg +adze + a3a:‘;) + a5x:1)’
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and the matrix of coefficients (completely analogous to table 8.1) turns out to be:

0 a% a® 0

a® 0 0 0

0 0 0 O

A= @ 0 ¢ o0
0 0 1 o0

0 0 0 O

0 a® 0 0

The second column corresponds to the list below:
2,2,2.2,2,2.2.1,2,2,1,2,1,1,1,2,2,1,1,2,1,1,2,1,1,2,1, 1
and to the locator polynomial

z1 + x?x% + z{’x% + x%x% + x?xz + 2+ x‘? + 1’?

The coefficient table is

0110
1 000
0000

A= 1 0 1 o0
0010
0000
0100

The general coefficient matrix for type A configuration is

0 A B O
B 0 0 0
0 0 0 0
Al =1 ¢ 0 4 0
0 0 1 0
0 0 0 0
0 C 0 0

and we can find formulas for A, B, C. We take as M the value of the third coordinate ap-
pearing once, getting

A= MS (8.5)
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so0, in analogy with the intermediate configurations, we have the couple of cycles (3, 7).
All the data for Type A configurations are contained in B.3.2.

Let us now focus on the boldface column.
As one can easily see by the configuration list, the couples (z1, z2) we have chosen are

(a,0) (a?,0) (a*,0)
(a,a®) | (a®,a*) | (a* a)
(a,a°) | (a*a®) | (a*,a®)

(t%, 1) | (1) | (a',1)

(a3,a*) | (a% a) | (a®, a?)
(a®,a%) | (a%,a%) | (a®, a®)
(a3,1) (a8, 1) (a5, 1)
(1,0)

Table 8.2: An optimal Frobenius configuration.

We describe now the properties of the configuration summarized in the above table.
By table 8.1, we impose the third coordinate of all our points to be nonzero. Since for our
problem, taken 5 € F; we have to choose between two couples of the form (21, z2)”, namely
(6,0) and (0, ) and 0 cannot be picked as third coordinate, we have to choose (5,0) for each
b € Fg.
On the other hand, we notice that table 8.1 imposes the third coordinate of one and only one
point to be equal to 1. Since, by the above comment, we picked the couple (1, 0), each other
couple containing the value 1 has to be of the form (4, 1) with 6 € Fg \ {1, 0}.
From the table above, we notice that for the boldface configuration

if 6 € F§ is the preferential representative for a cycle in Fg and we pick the couple
(b, ¢), c € F§, also the couples (62, ¢?), (6%, ¢*) have been chosen.

Look at the cycle o, i.e. a = a® — a* — a.
The preferential representative of « is a. The choices for (a2, %), (a*, *) (i.e. for the four

9We recall that 21, 22 are respectively the third and the fourth coordinates for our points.
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occurrences of a?, a? as third coordinate, required by table 8.1) depend on the four choices
made for the couples (a, §), 6 € Fg, in the sense we will explain below.

Look for example to the second row of the table, i.e.
(a.a%), (a*,a®), (", a).

We have

(a%,a*) = ((a)?, (a*)?)

and

(a*,a) = ((a*)?, (a*)?) = (((2)*)?, ((a*)*)?).

The same holds also for cycle 3, i.e. a® — a® — a® — a®, whose preferential element is a>.
We have only made some choices for a®: the occurrences of a8, a® come "by squarings”. For

example the row

(. a), (@, ), (a%, %)

can be viewed as made of one independent choice and a couple of squarings, as shown below:
(a%,a%) = ((a%)?, (a)?)

(a®,a%) = ((a%)2, (a2)?) = (((a*)2)2, ((a)?)2).

The above comments hold also for v and § in an obvious way, since 1% = 1,0% = 0.

Let us recall the following

Definition 8.5.2. Let IF, be a finite field of characteristic p, so that ¢ = p™. The Frobenius
automorphism is defined as
o:F, =T,

a— al.
The Frobenius automorphism preserves the cycles:
Vb € Fs, o(b) =,

and 4, ¢ belong to the same cycle.

Moreover, since in a field of characteristic p, (a + b)? = a? + bP and in our case p = 2, we
can deduce that Frobenius homomorphism preserves syndromes and then it preserves the
points’ structure.

The Frobenius automorphism is the generator of the cyclic group of the automorphisms in
Fs. All these authomorphisms, namely id, o, 2 preserve both the cycles and the syndromes.
In our case, ie. ¢ = 8 and p = 2, the squaring is simply the application of Frobenius
mapping.

Another property of our configuration is
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If 6 € [F§ is the preferential representative for a cycle in Fg, only one couple (4, c)
with ¢ in the same cycle of 6 has been chosen.

Let us consider for example the quest for couples of the form (a, 6), 6 € Fs.

In view of the fact that our initial list P contains the couples of points

we need to pair off ¢ with some elements of cycle «, so, a priori, we can choose without

restriction between

(a,a?), (8.6)
(a,a") (8.7)

and we have chosen (a, a?).
On the other hand, we cannot make both choices in the same configuration, since we would
simultaneously have

((17 02)7 ((LQ, a4)a

and

,(a%,a), (a*, a?).

This contradicts the requirement to choose only one element for each couple in P, which is
the first requirement on our configurations, descending from the structure of N and from
the Axis of Evil.

For the couples of form (a, 6), b # a, 6 in the cycle «, we have made one and only one choice.
By table 8.1, there are four couples of form (a, 6), 6 € Fg and we have examined three of
them, namely 0,1 and a®. We have to examine the last occurrence of a as third coordinate
i.e. the last couple.

Moreover, we know that we cannot choose any other value of 6 neither in ¢, nor in +, nor in
d: 7,0 only contain one element and for o we have one and only one available choice.
Then, in order to get the last couple we must pick the last 6 in the cycle 3, by elimination.
Actually, we have chosen (a,a’). Another property of our optimal configuration is the
following

Consider two distinct cycles 6, ¢, such that 6 € F§ is the preferential element of

0 and ¢ € F} is the preferential element of §’. Suppose we have made all the
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choices for the couples (4, f), f € Fg and to look for the couples (¢, 4), where
d € 6. The possible values for 4 depend on the couples of the form (4, ¢), where
e is an element of the cycle #’, as we explain below.

Let us examine then the couples of the form (a?, 6), 6 € Fg, in our configuration, which are
5 (see table 8.1). As explained before, we pick (a®,0) and (a?, 1) by table 8.1. Moreover, for
(a®,5), b € Fs, we have to choose one and only one element of cycle 3 (different from a?),
exactly as explained for cycle a. The remaining couples, i.e. (a?, 6) with 6 element of «, turn
out to be fixed, depending on the choice made for (a, ¢), with ¢ element of cycle .

Indeed, if we choose the couple (a?,a?), we have both (a?, a*) (coming by the application
of the Frobenius mapping to (a,a”)) and (a?,a?) (chosen for a®) in the same configuration,
thing we have excluded.

Then we choose (a?,a), (a®, a*) and we apply Frobenius, getting

Driven by this examination, we give the following
Definition 8.5.3. A Frobenius configuration for Fg is a configuration in Fg such that

e for each 6 € IF§, all the couples (4,0) are in the configuration;

(1,0) belongs to the configuration;

o if € F§ is the preferential representative for a cycle in Fg and the couple (5, ¢), ¢ € Fg,
is in the configuration, also the couples (62, ¢?), (6%, ¢*) do;

o if 5 € T is the preferential representative for a cycle in Fg, only one couple (4, c) with
¢ in the same cycle of 4 is in the configuration;

e taken two distinct cycles 6,6’, such that 6 € g is the preferential element of § and
¢ € F§ is the preferential element of ¢’, suppose we have made all the choices for the
couples (6, f), f € Fg and to look for the couples (¢, d), where & € 6. The possible
values for 4 are the ones not appearing in the couples (4, ¢), where ¢ is an element of
the cycle ',

Definition 8.5.4. A semi-Frobenius configuration is a configuration arising from a Frobenius
configuration by a cyclical permutation.
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For the optimal Frobenius configuration described above, the independent choices we
have made are really a few. Most of the couples come by the application of Frobenius
mapping and, as explained before, there are some restrictions on the choices.

The couples marked in red in the table above represent these independent choices we have
made.

In our investigation, we looked for optimal Frobenius configurations among the Frobenius
ones and then for their associated semi-Frobenius configurations. We found three optimal
Frobenius configurations.

The boldface columns of type B,C,D are optimal Frobenius configurations while the other
ones in the tables are semi-Frobenius configurations. the

Type B:
Number of points Third coordinates
1 a 1 ab | a® | a* | @® | a?
4 a® | a 1 |a®|a®|a*]|a®
4 ada?] a |1 |a®|a®]|a*
4 a® | a*t | a®|a?| a 1 | af
5 a* | a% | a? | a 1 |ab|a®
5 a | a% | a* | a® | a? | a | 1
5 1 |a®|a®|a*|a®|ad®| a
Type C:
Number of points Third coordinates
1 a 1 |a|a®|a*]|a®| a?
4 a®> | a 1 |a®|a®|a*]|a®
4 ada?| a |1 |a®|a®]|a*
4 a® | a*t | a®|a?| a 1 | af
5 a* | a% | a? | a 1 |ab|a®
5 a | a% | a* | a® | a? | a | 1
5 1 |a®|a®|a*|a®|d®| a

Type D:
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Number of points Third coordinates
1 a 1 |ab|a®|a*]|a®| a?
4 a* | a% | a2 | a 1 | ab|a®
4 ab | a® | a* | a® | a? | a 1
4 1 |a®|a®|a*|a®|ad®| a
) a®> | a 1 |a®|a®|a*]|a®
5 a® | a2 | a 1 |ab|a a*
5 a®la*t|a®|a®>| 1| 1]ab

All the data for type B,C,D are in the appendix (see B.3.3,B.3.4,B.3.5).

Remark 8.5.5. As seen above, the formulas for the coefficients of type A configurations are

A= M
B= M3
C = M°.

The value M is the coordinate appearing only once. Since for the boldface column, i.e. the
optimal Frobenius configuration, it holds M = 1, we obtain a locator polynomial whose
coefficients are all equal to 1

Moreover, every polynomial different from it, has as coefficients 1 and the elements of only
one of the other cycles, i.e. aor S.

The configurations type B,C,D behave in the same way of type A configurations. More
precisely, there is for each type, one and only one optimal Frobenius configuration satisfying
the restrictions above, while the others come by cyclical permutations.

8.6 Optimal Frobenius configurations: what can be general-
ized?
In this section, we give some partial results on the generalization of the optimal Frobenius

and semi-Frobenius configurations to fields larger than Fs.

For this purpose, we first recall that the cycles in Fg are
a) a—a?—at — a;

B) a® — a® — a® — a3;
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In this case, the order of the Frobenius mapping is 3.
The cycles in Fy5 are:

a)a—a?—at—a®—a;

B a® —a® — a'? - a® — a3;
7') a® — al® — af;

§) a” = at* = a'® = el = a7

€) al® =1;

¢’) o.
and the order of the Frobenius mapping is 4, so we have id, o, 0%, 0. Notice that Frobenius
mapping preserves both cycles and syndromes, so it preserves the structure of the points.
The cycle structure of Fy4 is rather different than the one of Fg and it influences our pos-
sibilities in constructing points configurations with analogous restrictions as the optimal
Frobenius configurations of the previous section.
First of all, we notice that the length of cycles in F,» divides m. In the case of Fg, m = 3 and
the cycles have length 1 (the trivial ones) and 3. In the case of F15, m = 4 and the lengths of
the cycles are 1,2, 4.
Consider first cycle 4. Clearly, we have to pair off two elements of 4'. More precisely, we
must have either (a®,a'?) or (a!?, a®). But if we choose (a®, a'?) and we apply as for Fg the
Frobenius mapping we get the couple (a'’, a®). But, in our problem, we have escluded the
occurrence of both these couples. So this "degenerate short cycle" is not compatible with
the application of Frobenius mapping as in Fg and it makes necessary to change the way to
generate a configuration.

But there is something more. Consider for example the couples of the form (a, #). We have
to deal with those for which 4 is an element in cycle «’. If we choose for example the couple
(a,a?), by the application of Frobenius mapping, we get

(a,a?), (a?,a%), (a*, a®), (a®, a)

and, similarly, for (a, a®)

(a,a®), (a?,a), (a*, a?), (a®,a).
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Clearly we cannot choose both these couples!®, but we notice that, if we pick only one of
them, we do not deal respectively with (a,a?), (a*,a) and (a?,a®), (a®,a?), so we do not
treat all the couples of elements in o’. Anyway, if we pick the couple (a, a?) and we apply

as usual the Frobenius mapping we get
(a, a4)7 (CLQ, aS)’ (a47 a), (a87 a2)1

which is incompatible with our usual requirement on the couples: we only want to choose
one and only one between (4, §) and (4, a).

This problem clearly occurs also for " and §'.

We can relate the problem to the theory of permutations. Consider cycle o’ and suppose to

make the following choice for (a, 6), with 6 in o/, applying Frobenius as usual:
(a,a?), (a?,a%), (a*, a®), (a®, a).

Such a choice can be seen as a cyclical permutation of ¢/, i.e.

Making another such choice for a (i.e. pairing a with another element of cycle «) and ap-
plying Frobenius means taking a power of \.

Now, the i-th power of a cycle of length m is a cycle & GCD(i,m) = 1.

If such a permutation is not a cycle, is a product of disjoint cycles of the same length.

If the permutation is a cycle (as A), then we cannot find in the application of Frobenius both
the couples of the form (a, 6) and (5, a): if it was so, the permutation would be the product
of disjoint transpositions, so it would not be cyclic.

So the cases presenting some problems w.r.t. Frobenius applications are the ones corre-
sponding to powers of permutations which are products of disjoint transpositions.

This cannot happen for Fg, since m is a prime number, whereas it is exactly what happens
for Fy6.

We can overcome the problem of finding both the couples of the form (a, ) and (4, a) while
pairing off elements of the same cycle, by admitting two distinct kinds of application of the
Frobenius mapping for Fy6: short and long applications.

A long application is the analogous of what done in Fg, i.e., given a couple (4, c) we com-
pute (o (6),0(c)), ..., (¢*(6), 0% (c)).

A short application admits only the couples (5, ¢) and (o (), (c)) ((2(6),5%(c)) = (c, b)): it

107t is similar to what done with Fs: we would contradict the requirement to have only one couple between (a, 5)
and (5, a).
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means that, when the permutation is not a cycle, we consider the couples corresponding to
the distinct cycles in which it is decomposed!!.

For o/, for example, we can take the long application

(a,a?), (a?,a%), (a*, a®), (a®, a),

jointed with the short application

(a7a4),(a2,a8).
2 4 8
( Ci aS a a4 ) — (a,a"), (a%,a®) = A2.

This way, we can pair a with all the other elements in «, without getting both the couples of
the form (a, #) and (5, a), situation we have excluded.

Clearly, the problem can only arise for couples (4, ¢), 6, c in the same cycle.

Consequently, the kind of search we are developing now (still in progress) is to check the
configurations obtained by choosing the couples and applying long and short applications
in a consistent way, in order to get the analogous of a Frobenius configuration for Fy.
There are many types of such configurations, we will start with the type related to the fol-
lowing table, only because, in analogy with the tables for type A,B,C,D in Fg, it involves
only 2 consecutive numbers and 1 (see the “total” column). In this table, we have counted
the couples arising from short applications, long applications and no applications of Frobe-
nius (as explained above for 7’). The total m displayed in the table for a certain power a’
means that there are m couples of the form (a’, ). The number displayed in the "long" cell
is the number of such couples arising by a long Frobenius application on an independent
choice and the one displayed in the "short" cell is the number of couples arising by a short
Frobenius application!?.

The line of a'® = 1 and the one relative to an element in ~/ are particular since there can be
“no Frobenius applications”.

We remark that the short applications of the Frobenious mapping are related only to cou-
ples (a*,a’) such that a’, a’ belong to the same cycle.

Finally, consider the cycle structure in Fss:

o)y a—a?—at—a® —al® — a;

N Eor finite fields Fam, m not a prime number, we need to study the cyclic structure of permutations, in order to
find the corresponding configurations.
12Clearly they represent the choice we make if we are looking at the row of a preferential representative!
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a’ Long | Short | No | Total
a 8 1 0 9
a® 8 1 0 9
al 8 1 0 9
at 8 0 0 8
a® 8 0 1 9
a’ 8 1 0 9
a’ 8 1 0 9
a® 8 0 0 8
a® 8 0 0 8
at? 8 0 0 8
at! 8 0 0 8
at? 8 0 0 8
at? 8 0 0 8
a't 8 1 0 9
a® =1 0 0 1 1

Table 8.3: Generalization to F¢.

B") a® — a® — a'? = a** — al” = a3;
") a® = al’ = a? — @ — a'® — a5;
§") a” = al* = a®® — a® — a!? — a7
¢') all a2 5 a13 a2 5 g1 s all;
") al® = a® 0 5 a2 5 a? - als,
,,7//) a31 — 1’.

0" o.

Here, the cycles have the same structure as Fg. All the cycles (excluded the cycles of 0 and

1) have the same length. Moreover, in this case m = 5 is a prime number, so all the powers

of a cycle are cycles: we do not need short and long applications.
Now, we are verifying the behaviour of generalized configurations to IF15 and Fs,.
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More precisely, again in analogy with Fg, we are dealing with this table for F3,:

Number of points
19
19
18
19
17
18
16
19
17
17
15
18
15
16
14
19
a'’ 18
a'® 17
a'® 16
a? 17
a*t 15
15
14
18
16
15
14
16
14
14
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We believe we will be able to find optimal Frobenius configurations among the configu-
rations described in the tables above.
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APPENDIX A

Singular code of the libraries.

We display in this section the source code of the Singular libraries presented in section 6.2
of chapter 6.

The libraries available with Singular 3-1-6:
http://www.singular.uni-kl.de/index.php/singular-download.html

Their documentation can be found at:
http://www.singular.uni-kl.de/Manual/latest/sing_2017.htm#SEC2093 and
http://www.singular.uni-kl.de/Manual/latest/sing_2022.htm#SEC2098

All the source code presented here is also available online at
http://www.singular.uni-kl.de/svn/trunk/Singular/LIB/JMBTest.lib and
http://www.singular.uni-kl.de/svn/trunk/Singular/LIB/JMSConst.lib

A.1 JMBTest.lib: a test for /-marked bases.

v SIS ST
> /* version="$Id:$";

s category="Algebraic Geometry";
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// summary description of the library

info="

LIBRARY: JMBTest.lib A library for Singular which performs JM basis test.
AUTHOR: Michela Ceria, email: michela.ceria@unito.it

SEE ALSO: JMSConst_lib
KEYWORDS: J—marked schemes

OVERVIEW:

The library performs the J-marked basis test, as described in [CR], [BCLR].
Such a test is performed via the criterion explained in [BCLR],
concerning Eliahou—Kervaire polynomials (EK from now on).

We point out that all the polynomials are homogeneous

and they must be arranged by degree.

The fundamental steps are the following:@x

—construct the Vm polynomials, via the algorithm VConstructor
explained in [CR];@x

—construct the Eliahou—Kervaire polynomials defined in [BCLR];@x
—reduce the Eliahou—Kervaire polynomials using the Vm’s;@x

—if it exist an Eliahou—Kervaire polynomial such that its reduction

mod Vm is different from zero, the given one is not a J—Marked basis.

The algorithm terminates only if the ordering is rp.

Anyway, the number of reduction steps is bounded.

REFERENCES:
[CR] Francesca Cioffi, Margherita Roggero,Flat Families by Strongly
Stable Ideals and a Generalization of Groebner Bases,
J. Symbolic Comput. 46, 1070—1084, (2011).@x
[BCLR] Cristina Bertone, Francesca Cioffi, Paolo Lella,
Margherita Roggero, Upgraded methods for the effective
computation of marked schemes on a strongly stable ideal,
Journal of Symbolic Computation
(2012), http:/ /dx.doi.org/10.1016/j.jsc.2012.07.006 @ */
/*PROCEDURES:
Minimus(ideal) minimal variable in an ideal
Maximus(ideal) maximal variable in an ideal
StartOrderingV (list,list) ordering of polynomials as in [BCLR]
Test]Mark(list) tests whether we have a J—marked basis
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72
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i/
LIB "ghmoduli.lib";
LIB "monomialideal.lib";
LIB "ring.lib";
[ITTTTTTT77 7707777777077 7777770777777 777 77777 777777777777777777777

proc mod_init()
/+"USAGE: mod_init();
RETURN: struct: jmp
EXAMPLE: example mod_init; shows an example"s/
{
newstruct("jmp", "poly_h,_poly,_t");
}
example
{ "EXAMPLE:"; echo = 2;

mod_init();

)
N N YNy

proc Terns(list G, int c)
/+"USAGE: Terns(G,c); G list, c int
RETURN: list: T
NOTE: Input is a list of J-marked polynomials
(arranged by degree) and an integer.
EXAMPLE: example Terns; shows an example"s/
{
list T=list();
int z;

for(int k=1; k<=size(Gl[c]);k=k+1)

{
/ /Loop on G[c] making positions of polynomials in G[c]
z=size(T);
T=insert(T list(1,c k) ,size(T));
}

return(T);
}
/ /example
{ "EXAMPLE:"; echo = 2;
ring r=0, (x,y,z), rp;

s jmp rl;

81

r1.h=z"3;
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rl.t=poly(0);
jmp 12;
12.h=z"2xy;
r2.t=poly(0);
jmp r3;
r3.h=zxy"2;
13.t=—x"2xy;
jmp r4;
r4.h=y”"5;
r4.t=poly(0);
list G2F=list(list(r1,r2,r3),list(r4));
Terns(G2F, 1);
Terns(G2F, 2);
}
[17777777177 77777777777 777777777777777777777777777777777777777777777
proc VConst(list G, int c)
/+"USAGE: VConst(G, ¢); G list, c int
RETURN: list: V
NOTES: this procedure computes the Vm polynomials following the
algorithm in [CR],but it only keeps in memory the monomials by
which the G’s must be multplied and their positions.
EXAMPLE: example VConst; shows an example"s/
{
jmp f=G[1][1];
int aJ=deg(f.h);
// minimal degree of polynomials in G
/ /print(al);
list V=list();
V[1]=Terns(G,1);
// V[1]=G[1] (keeping in memory only [head, position])
/ /print(c—aJ+1);
int i;
intj;
int m;
list OO;
jmp p;
for(m=2; m<=c—aJ+1; m=m-+1)
{

/ /print("entro nel form");
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121 if(m>size(G))
122 {V[m]=list();
13/ /If we have not G[m] we insert a list()

124 //print("vuota prima");

125 }

126 else

127 {V[m]=Terns(G,m);

128 / /print("piena prima");

129 }

130 for(i=1; i<nvars(basering)+1; i=i+1)

131 {

132 //print("entrata fori");

133 / /print(i);

134 for(j=1; j<=size(V[m—1]); j=j+1)

{

136 p=GIVIm—1][12]1[V[m—1][jI[3]];

137 //print(p.h);

138 / /print(p.t);

139 //print(var(i));

140 / /print(Minimus(V[m—1][j][1]xp.h));
141 if(var(i)<=Minimus(variables(V[m—1][jl[1]*p.h)))
142 {

1 //Can I multiply by the current variable?

144 //print("minoremin");

145 //print("fin qui ci sono");

/ /print(VIm-1][][1]);
OO-=list(var(i)+V[m—1][{][1],VIm—1][j][2], VIm—1]1[3]);
148 V[m]=insert(V[m], OO ,size(V[m]));

149 }

150 }

151 }

12}

53 return (V);}

s+ //example
155 { "EXAMPLE:"; echo = 2;
s ring 1=0, (X,y,2), 1p;

o

157 jmp rl;
158 r1.h=z"3;

150 11.t=poly(0);
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198

jmp 12;
12.h=z"2xy;
r2.t=poly(0);
jmp r3;
r3.h=zxy"2;
r3.t=—x"2xy;
jmp r4;
r4.h=y"5;
r4.t=poly(0);
list G2F=list(list(r1,r2,r3) list(r4));
VConst(G2F,4,basering);}
[17777777777777777777777777777777777777777777777777777777777777771777
proc Minimus(ideal L)
/+"USAGE: Minimus(L); G list, ¢ int
RETURN: list: V
NOTES: it returns the minimal variable generating the ideal L.@x
The input must be an ideal generated by variables.
EXAMPLE: example Minimus; shows an example"x/
{
poly min=L[1];
inti;
for(i=2;i<=size(L); i++)
{
if(L[i]<min){min=L[i];}
}
return(min);
}
/ /example
{ "EXAMPLE:"; echo = 2;
ring r=0, (x,y,z), rp;
ideal I=y,x,z;
Minimus(I);
}
[11717777777 7777777777777 777777777777777777777777777777777777777777
proc Maximus(ideal L)
/+"USAGE: Maximus(L); G list, ¢ int
RETURN: list: V
NOTES: it returns the maximal variable generating the ideal L.@x
The input must be an ideal generated by variables.

344



199 EXAMPLE: example Maximus; shows an example"s/
200 {

201 poly max=L[1];

202 int i

203 for(i=2;i<=size(L); i++)

w0 |

205 if(L[i]>max){max=L[i];}

06}

207 return(max);

208 }

29 //example

20 { "EXAMPLE:"; echo = 2;

a  ring r=0, (x,y,z), rp;

212 ideal I=y,x,z;

213 Maximus(I);

s}

as [//11TTT7777 7777777777777 77777777777777777777777777777777777777777
216 proc GJmpMins(jmp P, jmp Q)

27 /*"USAGE: GJmpMins(P,Q); P jmp, Q jmp
28 RETURN: int: d

29 EXAMPLE: example GJmpMins; shows an example's/
20 {

m  intd=l;

2 //—1=lower, O=equal, 1=higher

23/ /At the beginning suppose Q is higher

24 if(deg(P.h)<deg(Q.h))

25 {

26 //Compare degrees;

227 d=-1;

28 / /print("Per Grado");

229 }

20 if(deg(P.h)==deg(Q.h))

231 {

232 if(P.h==Q.h)

233 {

234 if(P.t==Q.t)

235 {

26 //head=tail

237 d=0;
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238

239

240

243

244

246

247

248

249

250

251

252

253

254

255

256

257

258

)
o
=

265

266

N
N

2

273

274

275

276

/ /print("Uguali");
}
}
else
{
/ /print(Minimus(variables(P.h/gcdMon(P.h,Q.h))));
/ /print(Minimus(variables(Q.h/gcdMon(P.h,Q.h))));

if(Minimus(variables(P.h/gcdMon(P.h,Q.h)))<Minimus(variables(Q.h/gcdMon(P.h,
Q.h)))

{
d=-1;
/ /print("Per Indice");
}
}
}
return(d);
}
/ /example

{ "EXAMPLE:"; echo = 2;
ring r=0, (x,y,z), rp;
jmp pl;
pl.h=poly(1);
pl.t=poly(1);
jmp p2;
p2.h=x"2;
p2.t=poly(0);
jmp p3;
p3.h=x;
p3.t=poly(0);
GJmpMins(p1, p2);
GJmpMins(p2, p3);
GJmpMins(p1,pl);
}
[I17177777777 7777777777777 777777777777777777777777777777777777777777
proc TernCompare(list A, list B, list G)
/*"USAGE: TernCompare(A,B,C); A list, B list, G list
RETURN: int: d
NOTE: A and B are terns, while G is the given list of
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277 J—marked polynomials.

23 EXAMPLE: example TernCompare; shows an example"x/
7 |

0 intd=—1;

w1 //Start: A<B

2 if(A[1]==BJ[1])

2!

o}

3 |

284 if(A[2]==B[2]&& A[3]==B[3])
25 {

286 / /print("Uguali");

287 d=0;

288 }

289 else

290 {

= jmp g1=GIARII[ALB]];
x2 jmp g2=GIB21][B[3]};

293 if(GJmpMins(gl, g2)==1)

294 {

295 / /print("Maggiore per il G");
296 d=1;

207 }

298 }

09}

a0 else

a1 |

302 if(A[1]>B[1])

303 {

34 //the ordering MUST be rp

305 / /print("Maggiore per Lex");
306 d=1;

307 }

a8}

s return(d);

310 }

su //example

sz { "EXAMPLE:"; echo = 2;

sz ring r=0, (x,y,2), rp;

s jmp rl;

315 11.h=z3;
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316

317

318

319

320

321

322

323

324

325

326

327

328

329

33

=)

331

332

333

334

335

336

337

338

339

340

341

342

343

344

345

346

347

348

349

350

351

352

353

354

rl.t=poly(0);

jmp 12;

12.h=z"2xy;

r2.t=poly(0);

jmp r3;

r3.h=zxy"2;

13.t=—x"2xy;

jmp r4;

r4.h=y”"5;

r4.t=poly(0);

list G2F=list(list(r1,r2,r3),list(r4));
TernCompare([1,1,1],[x,1,1],G2F);
}

L1177 077 7777077777777 777 7777777 77777777777777777777777777777777777

proc MinOfV(list V, list G)
/+"USAGE: Minimal(V,G); V list, G list
RETURN: int: R
NOTE: Input=lista(terne), G.
EXAMPLE: example Minimal; shows an example"«/
{

//Minimal element for a given degree
list R=list();
list MIN=V[1];
int h=1;
inti;
for(i=2; i<=size(V); i++)
{
/ /1 consider the first as minimum
/ /1f I find something smaller I change minimum
if(TernCompare(V[i] MIN,G)<=0)
{
MIN=V[i];
h=i;
}
}

/ /Return: [minimum,position of the minimum]
R=MIN,h;

return(R);
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355 )

s6 //example

357 { "EXAMPLE:"; echo = 2;

s ring =0, (x,y,2), rp;

9 jmp 11l;

30 r1.h=z"3;

s 1l.t=poly(0);

32 jmp r2;

a3 12.h=z"2xy;

64 12.t=poly(0);

35 jmp 13;

a6 13.h=zxy"2;

367 13.t=—X"2xy;

368 ]mp 1‘4,'

369 14.h=y"5;

s 14.t=poly(0);

an list G2F=list(list(r1,r2,r3) list(r4));

sz MinOfV(VConst(G2F,4,basering)[1], G2F);

a7 )

o [1111TTT7177 7777777777 7777777777777777777777777777777777777777777777
a5 proc OrderingV(list V list G list R)

a6 /*"USAGE: OrderingV(V,G,R); V list, G list, R list

a7 RETURN: list: R

s NOTE: Input: Vi,G,emptylist

a9 EXAMPLE: example OrderingV; shows an example"x/
a0 {

a1 //Order V[m]

s2 / /R will contain results but at the beginning it is empty
as3 list M=list();

ass if(size(V)==1)

s |

386 R=insert(R,V[1],size(R));
w7}

a5 else

|

390 M=MinOfV(V,G);
391 R=insert(R,M[1],size(R));
392 V=delete(V,M]2]);

393/ /recursive call
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394

395

396

397

398

399
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404
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406

407

408

409

410
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412

413

414

415

41

>

417

418

419

420
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423

424

425

426

427

428

429

430

431

432

R=OrderingV(V,G,R);
}

return(R);
}
example
{ "EXAMPLE:"; echo = 2;

ring r=0, (x,y,z), rp;
jmp r1;
r1.h=z/3;
rl.t=poly(0);
jmp 12;
r2.h=z"2xy;
r2.t=poly(0);
jmp r3;
r3.h=zxy"2;
r3.t=—x"2xy;
jmp r4;
r4.h=y"5;
r4.t=poly(0);
list G2F=list(list(r1,r2,r3) list(r4));
OrderingV(VConst(G2F 4, basering)[1],G2F list());
}
[I11177777 7777777 777777777777777777777777777777777777777777777777777
proc StartOrderingV(list V list G)
/+"USAGE: StartOrdina(V,G); V list, G list
RETURN: list: R
NOTE: Input Vm,G. This procedure uses OrderingV to get
the ordered polynomials as in [BCLR].
EXAMPLE: example StartOrderingV; shows an example"x/
{

return(OrderingV(V,G, list()));
}
/ /example
{ "EXAMPLE:"; echo = 2;

ring r=0, (x,y,2), rp;
jmp 11;
rl.h=z/3;
rl.t=poly(0);
jmp 12;
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13 12.h=2"2xy;

14 12.t=poly(0);

w5 jmp 13;

16 13.h=zxy"2;

a7 13.t=—X"2xy;

a3 jmp 14;

439 r4.h:y’\5;

uo 14.t=poly(0);

s list G2F=list(list(r1,r2,r3),list(r4));

w2 StartOrderingV(VConst(G2F 4, basering)[1],G2F);
a3 )

wa [//1]TI7T777777 0777777777777 7777777777777777777777777777777777777777
us  proc Multiply(list L, list G)

us /*"USAGE: moltiplica(L,G); L list, G list

w7 RETURN: jmp: K

us NOTE: Input: a 3—ple,G. It performs the product associated
w9 to the 3—uple.

150 EXAMPLE: example Multiply; shows an example"s/
a1 {

s jmp g=GILI2IIL[3]];

43 jmp K;

s Kh=L[1]*g.h;

155 Kit=L[1]*g.t;

6 return(K);

457 )

58 //example

19 { "EXAMPLE:"; echo = 2;

w  ring 1=0, (x,y,2), 1p;

11 list P=x"2,1,1;

a2 jmp 11;

w63 r1.h=z"3;

164 11.t=poly(0);

45 jmp 12;

166 12.h=2"2xy;

a7 12.t=poly(0);

48 jmp 13;

w9 13.h=zxy"2;

w70 13.t=—x"2xy;

a1 jmp 14;
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a2 14h=y"5;

a3 rd.t=poly(0);

ana list G2F=list(list(r1,r2,r3) list(r4));

w5 Multiply(P,G2F);

w76}

ar [/LTTITT777 7777777077777 7 7077777777777 7777777777 777777777777777
s proc IdealOfV(list V)

a9 /*"USAGE: IdealOfV(V); V list

ss0 RETURN: ideal: I

11 NOTES: this procedure takes a list of Vm'’s of a certain degree
42 and construct their ideal, multiplying the head by the weighted
13 variable t.

1+ EXAMPLE: example IdealOfV; shows an example"x/

a5 {

16 ideal I=0;

47 int i;

g8 if (size(V)!=0)

w |

490 list M=list();

w1 jmp g;

192 for(i=1; i<= size(V); i++)
493 {

494 g=V[il;

195 g-h=txg.h;

196 Mli]=g.h+g.t;
197 }

198 1=M[1..size(M)];
w9/ /print("IdealOfV");
500 //I:std(I);

s}

sz return(l);

503}

sia //example

s5 { "EXAMPLE:"; echo = 2;
ss  ring r=0, (X,y,zt), rp;
so7 jmp rl;

sos r1.h=z"3;

s 11.t=poly(0);

510 jmp r2;
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542

543

544

545

546

547

548

549

r2.h=z"2xy;

r2.t=poly(0);

jmp r3;

r3.h=zxy"2;

r3.t=—x"2xy;

jmp r4;

r4.h=y"5;

r4.t=poly(0);

list G2F=list(list(r1,r2,r3) list(r4));

Ideal OfV(G2F[1]);

}

[1777777777777777777777777777777777777777777777777777777777777777777
proc NewWeight(int n)

/*"USAGE: NewWeight(n); n int

RETURN: intvec: u

EXAMPLE: example NewWeight; shows an example"s/

{

intvec u=0;

u[n]=1;

return(u);

}

/ /example

{ "EXAMPLE:"; echo = 2;
NewWeight(3);

}

L1777 777717777777777777777777777777777777777777777777777777777777777
proc FinalVm(list V1, list G1, r)

/+"USAGE: FinalVm(V1, G1, r); V1 list, G1 list , r

RETURN: intvec: u

EXAMPLE: example NewWeight; shows an example"s/

{

/ /multiply and reduce, degree by degree

intvec u=NewWeight(nvars(r)+1);

list L=ringlist(r);

L[2]=insert(L[2],"t",size(L[2]));

/ /print(L[2]);

list ordlist="a",u;

L[3]=insert(L[3],ordlist,0);

def H=ring(L);
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S

55

=

552

553

554

555
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579

580
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582

583

584

585

586

587

588

/ /print(V1);
/ /print(G1);
list M=list();
jmp p;
list N;
poly q;
poly s;
int i;
intj;
for(i=1; i<=size(G1); i++)
{
N=list();
for(j=1; j<=size(GlI[i]); j++)
{
p=GI[][jL;
q=p-h;
s=p.t;
Ni[jl=list(q,s);

M[i]=N;
}
p-h=poly(0);
p-t=poly(0);
setring H;
list R=list();
list S=list();
/ /print("anello definito");
def V=imap(r,V1);
/ /def G=imap(r,G1);
/ /print(V);
def MM=imap(r,M);
list G=list();
list N=list();
for(i=1; i<=size(MM); i++)
{
for(j=1; j<=size(MM[i]); j++)
{
p-h=MMIi][jI[1];
p-t=MMIi][jI[2];
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598
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620

621
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623

624

625

626

627

NIjl=p;

}
Glil=N;
}

ideal I=0;

jmp LL;

jmp UU;

for(i=1; i<=size(V);i++)
{

R[i]=list();

Sli]=list();

1=0;

for(j=1;j<=size(V[i]); j++)

{

LL=Multiply(VI[i][j1G);
LL.t=reduce(t+LL.t,I);

/ /T only reduce the tail
LL.t=subst(LL.t,t,1);
S[i]=insert(S[i],LL,size(S[i]));
LL.h=t«LL.h;

R[i]=insert(R[i],LL,size(R[i]));
UU=R[i[j];
I=I+ideal(UU.h+UU.t);
attrib(I,"isSB",1);
}
}

list M=list();

poly q;

poly s;

for(i=1; i<=size(S); i++)

{

N=list();
for(j=1; j<=size(S[il); j++)
{
p=Slilljl;
q=p.h;
s=p.t;
N[jl=list(q,s);
}

355



628 M[i]=N;

629 }

o p-h=poly(0);

1 p.t=poly(0);

a2 setring r;

33 def MM=imap(H,M);

e list MMM=list();

65 for(i=1; i<=size(MM); i++)

o
@

=N
@

636 {

637 N=list();

638 for(j=1; j<=size(MM[i]); j++)
639 {

ph=MMIil[jI[1];
p-=MMIi]j[2];
Nljl=p;

643 }

644 MMM[i]=N;

645 }

o6 return(MMM);

o7}

618 example

a9 { "EXAMPLE:"; echo = 2;

oo ring r=0, (X,y,2), 1p;

51 jmp rl;

62 r1.h=2z"3;

3 rl.t=poly(0);

654 ]mp r2;

655 12.h=2"2xy;

es6 12.t=poly(0);

7 jmp 13;

68 13.h=zxy"2 ;

9 I3.t=—Xx"2xy;

0 jmp 14;

61 14.h=y"5;

62 rd.t=poly(0);

o3 list G2F=list(list(r1,r2,r3) list(r4));
es  FinalVm(VConst(G2F,6,r) , G2F, r);
665 }

L1770 7 7077777777777 777777777 777777777777777777777777777777777

66

=N
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688

689

690
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693

694
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697

698

699

700

701

702

703

704

705

proc ConstructorMain(list G, int c,r)
/*"USAGE: Costruttore(G,c); G list, c int
RETURN: list: R
NOTE: At the end separated by degree.
EXAMPLE: example Costruttore; shows an example"x/
{
list V=list();

V= VConst(G,c);

/ /print("VConst");

//V non ordered

list L=list();

list R=list();

inti;

// head, position

/ /order the different degrees

for(i=1; i<=size(V); i++)
{

L[i]=StartOrderingV(V[i], G);

}

/ /multiply and reduce

/ /print("Ordinare");

R=FinalVm(L, G, r);

/ /print("FinalVm");

return(R);

}

/ /example

{ "EXAMPLE:"; echo = 2;

ring r=0, (x,y,2), rp;
jmp rl;
rl.h=z/3;
rl.t=poly(0);
jmp r2;
r2.h=z"2xy;
r2.t=poly(0);
jmp 13;
r3.h=zxy"2;
13.t=—x"2xy;
jmp r4;
r4.h=y"5;
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740
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742
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744

r4.t=poly(0);
list G2F=list(list(r1,r2,r3), list(r4));
ConstructorMain(G2F,6,r);
}
L1770 7 7777777777777 777 777777777 777777777777777777777777777777777
proc EKCouples(jmp A, jmp B)
/*"USAGE: CoppiaEK(A,B); A list, B list
RETURN: list: L
NOTE: At the end the monomials involved by EK.
EXAMPLE: example EKCouples; shows an example"s/
{
poly E;
list L=0,0;
string s=varstr(basering);
list VVV=varstr(basering);
/ /L will contain results
poly h=Minimus(variables(A.h));
/ /print(h);
int 1=findvars(h,1)[2][1];
if(I'=nvars(basering))
{
/ /print("vero");
/ /print(l);
for(int j=l+1;j<=nvars(basering); j++)
{
//print("entrata");
/ /print(var(j));
E=var(j)*A.h/B.h;
/ /Candidate for * product
/ /print(E);
if(E!=0)
{
/ /print("primo if passato");
if(Minimus(variables(B.h))>=Maximus(variables(E)))
{
/ /Does it work with = ?
//print("secondo if passato");
L[1]=j;
L[2]=E;
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745 break;

746 }

747 }

748 }

no )

70 return (L);

71}

72 //example

753 { "EXAMPLE:"; echo = 2;

74 1ing r=0, (X,y,2), 1p;

755 jmp A;

756 Ah=y*z/2;

757 A.t=poly(0);

758 ]mp B;

759 B.h=y"2xz;

760 B.t=poly(0);

71 EKCouples(A,B);

72 EKCouples(B,A);

763 }

v [/1/1T1T717777 777777777 777777777777777777777777777777777777777777777
765 proc EKPolys(list G)

76 /*"USAGE: PolysEK(G); G list
77 RETURN: list: EK, list: D

78 NOTE: At the end EK polynomials and their degrees
769 EXAMPLE: example PolysEK; shows an example"s/
770 {

m list D=list();

2 list C=list();

773 list N=0,0;

7 list EK=list();

775 int i;

776 intj;

777 intk;

778 int;

79 jmp p;

70 for(i=1; i<=size(G); i++)

781 {

782 for(j=1; j<=size(G[i]); j++)

783 {
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784 for(k=1; k<=size(G); k++)

785 {

786 for(l=1; I<=size(G[k]); 1++)
787 {

788 if(i'=k| 1j!=I)

789 {

70 //Loop on polynomials

791 C=EKCouples(G[i][jl, GIKkI[1]);

72 //print("coppia");

793 if(C[2]!=0)

794 {

795 C=insert(C list(i,j k,1),size(C));
79 EK=insert(EK,C,size(EK));
p=GIKI[L}

798 D=insert(D,deg(C[2]*p.h),size(D));
799 }

800 }

801 }

802 }

803 }

804 }

s / /Double Return

return(EK, D);

807}

80

=8

s/ /example

s { "EXAMPLE:"; echo = 2;
s ring r=0, (x,y,z), rp;
811 ]mp rl;

si2 r1.h=z"3;

s 11.t=poly(0);

s+ jmp 12;

s15 12.h=z"2xy;

s16 12.t=poly(0);

817 jmp 13;

s1s 13.h=zxy"2;

819 13.t=—X"2xy;

&0 jmp r4;

s21 14 h=y"5;

s2 rd.t=poly(0);
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list G2F=list(list(r1,r2,r3), list(r4));

EKPolys(G2F);

}

L1177 077 777777777777 7777 777777777 777777777777777777777777777777777
proc EKPolynomials(list EK, list G)

/*"USAGE: EKPolynomials(EK,G); EK list, G list

RETURN: list: p

NOTE: At the end I obtain the EK polynomials and

their degrees.

EXAMPLE: example SpolyEK; shows an example"x/

{

jmp u=G[EK[3][1]][EK[3][2]];

jmp q=G[EK[3][31I[EK[3][4]];

return(var(EK[1])*(uwh+u.t)—EK[2]x(q.h+q.t));

}

example

{ "EXAMPLE:"; echo = 2;
ring r=0, (x,y,z), rp;

jmp rl;

rl.h=z"3;

rl.t=poly(0);

jmp 12;

r2.h=z"2xy;

r2.t=poly(0);

jmp r3;

r3.h=zxy"2;

13.t=—x"2xy;

jmp r4;

r4.h=y"5;

r4.t=poly(0);

list G2F=list(list(r1,r2,r3) list(r4));

list EK,D=EKPolys(G2F);

EKPolynomials(EK[1],G2F);

}

L1117 17077 777777777 7777777777777777777777777777777777777777777777777

proc Test]Mark(list G1,r)

/+"USAGE: Test]Mark(G); G list

RETURN: int: i

NOTE:
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This procedure performs J—marked basis test.@x

The input is a list of J-marked polynomials (jmp) arranged

by degree, so G1 is a list of list.@x
The output is a boolean evaluation:
True=1/False=0
EXAMPLE: example Test]Mark; shows an example"x/
{int flag=1;
if(size(G1)==1 && size(G1[1])==1)
{
/ /Hypersurface
print("Only,_One_Polynomial");
flag=1;
}
else
{
int d=0;
list EK,D=EKPolys(G1);
/ /print("PolysEK");
/ /1 found EK couples
int massimo=Max(D);
list V1=ConstructorMain(G1,massimo,r);
/ /print("Costruttore");
/ /print(V1);
jmp mi=V1[1][1];
int minimo=Min(deg(mi.h));
intvec u=NewWeight(nvars(r)+1);
list L=ringlist(r);
L[2]=insert(L[2],"t",size(L[2]));
/ /print(L{2]);
list ordlist="a",u;
L[3]=insert(L[3],ordlist,0);
def H=ring(L);
list J]=list();
jmp pp;
jmp qq;
int i;
intj;
list NN;
for(i=size(V1);i>0;i——)
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NN=list();
for(j=size(V1[i]);j>0;j——)
{
/ /print(j);
pp=V1[il[jl;
NN[jl=list(pp.h,pp.t);
}
/ /print(NN);
JJli]l=NN;
/ /print(JJ[i]);
/ /print(i);
}
/ /print(J]);
list KK=list();
list UU=list();
//jmp qq;
for(i=size(G1);i>0;i——)
{
for(j=size(G1[i]);;>0;j——)
{
/ /print(j);
qq=G1[i][j};
UU[j]=list(qq.h,qq.t);
}
/ /print(UU);
KKJ[i]=UU;
}
setring H;

/ /1 defined the new ring with the weighted

/ /variable t

poly p;

/ /print("anello definito");
def J]]=imap(r,]]);

def EK=imap(r,EK);

/ /print(flag);
//imap(r,D);

list V=list();

jmp fp;
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//int i;

//intj;
list N;
for(i=size(J]]); i>0;i——)
{
N=list();
for(j=size(JJJ[il); j>0; j——)
{
fp h=[IIGIGIN;
fpt=]JJI1G12]
NIjl=tp;
}
VI[i]=N;
}
/ /print(V);

def KKJ=imap(r,KK);
list G=list();
list U=list();
for(i=1; i<=size(KK]); i++)
{
for(j=1; j<=size(KKJ[i]); j++)
{
fp.h=KKJ[I[I1];
fp t=KKJ[il[j1[2];
Uljl=fp;
}
Gli]=U;
}
// print(V);
/ /print(G);
/ /limported in H everithing I need
poly q;
ideal I;
for(j=1; j<=size(EK);j++)
{
d=DI[j;
p=EKPolynomials(EK][j],G);
//print("arrivo");
I=IdealOfV(V[d —minimo+1]);
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attrib(l,"isSB",1);
/ /print(I);
q=reduce(t+p,I);
/ /print(I[1]);
/ /print(t+p);
q=subst(q,t,1);
/ /1 reduce all the EK polynomials
// q=RiduzPoly(V[d—minimo+1], p);
if(q!=0)
{
/ /check whether reduction is 0
print("NOT_A_BASIS");
flag=0;
break;
}

}

/ /print(flag);
setring r;
/ /typeof(flag);
return(flag);
}
/ /example
{ "EXAMPLE:"; echo = 2;

ring r=0, (x,y,2), rp;
jmp 11;
rl.h=z/3;
rl.t=poly(0);
jmp r2;
12.h=z"2xy;
r2.t=poly(0);
jmp r3;
r3.h=zxy"2;
13.t=—x"2xy;
jmp r4;
r4 h=y"5;
r4.t=poly(0);
list G2F=list(list(r1,r2,r3), list(r4));
TestJMark(G2F,r);
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A.2 JMBConst.lib: a J-marked schemes constructor.

[ /1117177777777 7777777777777 77777777777777777777777777777777777777777
version="$I1d:$";

category="Algebraic Geometry";

// summary description of the library

info="

LIBRARY: JMSConst.lib A library for Singular which constructs ] —Marked

Schemes.

AUTHOR: Michela Ceria, email: michela.ceria@unito.it

SEE ALSO: JMBTest_lib
KEYWORDS: J—marked schemes, Borel ideals

OVERVIEW:

The library performs the J—marked computation, as described in [BCLR].
As in JMBTest.lib we construct the V polynomials and we reduce the EK
polynomials w.r.t. them, putting the coefficients as results.

The algorithm terminates only if the ordering is rp.

Anyway, the number of reduction steps is bounded.

REFERENCES:

[CR] Francesca Cioffi, Margherita Roggero,Flat Families by Strongly
Stable Ideals and a Generalization of Groebner Bases,

J. Symbolic Comput. 46, 1070—1084, (2011).@x

[BCLR] Cristina Bertone, Francesca Cioffi, Paolo Lella,

Margherita Roggero, Upgraded methods for the effective
computation of marked schemes on a strongly stable ideal,

Journal of Symbolic Computation

(2012), http:/ /dx.doi.org/10.1016/].jsc.2012.07.006 @

SEE ALSO: JMSConst_lib
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PROCEDURES:
BorelCheck(ideal,r) checks whether the given ideal is Borel
JMarkedScheme(list, list, list, int) computes authomatically all the J—marked
scheme
i/
LIB "all.lib";
L1177 7 777777777777 7777 777777777 777777777777777777777777777777777
proc BorelCheck(ideal Borid,r)
/*"USAGE: BorelCheck(Borid,r); Borid ideal, r ring
RETURN: int: d
NOTE: Input must be a monomial ideal.
The procedure checks whether the Borel moves produce elements belonging to
Borid.
EXAMPLE: example QuanteC; shows an example"x/
{
int n= nvars(r);
int b=1;
inti=1;
intk;
intvec v;
intj;
int u;
/ /b =bool. b=1 true; b=0 false
/ /we suppose true!
/ /i=counter on the elements of Borid
int s= size(Borid);
while(b && i<=s)
{

v=leadexp(Borid[i]);

=L

u=size(v);

while(b && j<=u)

{
if(v[j]'=0)
{
k=j+1;
while(b && k<=n)
{
b=(reduce(Borid[i]«var(k)/var(j),std(Borid))==0);
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k++;

j++;

i++;
}
return(b);
}
/ /example
{ "EXAMPLE:"; echo = 2;
ring r=0, (x,y,z),1p;
ideal Borid=y/2xz,y*z"2,z3,y\5;
BorelCheck(Borid,r);
}
L1777 7770707777777 77 777777777 77777777777777777777777777777777777
proc ArrangeBorel(ideal Borid)
/*"USAGE: ArrangeBorel(Borid); Borid ideal
RETURN: list: Input
NOTE: Input must be a monomial ideal, increasingly ordered by degree.
The procedure groups the monomials in a list of lists as needed to compute
J—marked scheme.
// It also returns a list containing the size of every sublist generated.
EXAMPLE: example ArrangeBorel; shows an example"s/
{
list Input;
intj=1;
/ /list numero=1;
Input[1]=list(Borid[1]);
for(int i=2; i<=size(Borid); i++)
{
if(deg(Borid[i])!=deg(Borid[i—1]))
{
j++;
Input[j]=list();
// numero[j]=0;
}
Inputfjl=insert(Input[j],Borid[i] size(Input[j]));

/ /numero[j]=numero[j]+1;
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147

148

149

150

151

152

}

return(Input);
}
/ /example
{ "EXAMPLE:"; echo = 2;

ring r=0, (x,y,z),rp;

ideal Borid=y”2xz,y*z/2,z3,y5;
ArrangeBorel(Borid);
}
LI1117T777 7777777 777777777777777777777777777777777777777777777777777
proc NumNew Var(list B, list NumN)
/+"USAGE: NumNew Var(B,NumN); B list, NumN list
RETURN: int: d
NOTE: B is the grouped Borel, while NumN is a list containing the cardinalities
of the obtained groups.
EXAMPLE: example NumNew Var; shows an example"s/
{
intd;
intj;
inti;
for(i=1; i<=size(B); i++)

{
d=d+size(B[i])*NumN[i];
}

return(d);
}
/ /example
{ "EXAMPLE:"; echo = 2;

ring r=0, (x,y,z),rp;

ideal Borid=y”\2xz,y*z"2,z\3,y"5;
list B= ArrangeBorel(Borid);
list NumN=7,8;
NumNew Var(B,NumN);
}
[I17177777 7777777 777777777777777777777777777777777777777777777777777
proc NewTails(ideal NI, int s)
/+"USAGE: NewTails(NI,s); NI ideal, s int
RETURN: list: M
NOTE: The procedure construct the tails of the required unknown J—marked
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191

polynomials.
EXAMPLE: example NewTails; shows an example"s/
{
poly p=0;
for(int i=1; i<=size(NI); i++)//Loop on the Groebner escalier
{
p=p+Nl[i]*c(i+s); //multiply by c’s
}
int u=size(NI);
list M=p,u;
return(M);
}
/ /example
{ "EXAMPLE:"; echo = 2;
ring r=(0,c(1..7)), (x,y,2),1p;
ideal NI=x"2,xxy,y"2,z2;
NewTails(NIL_3);
}

[I7TT777 7777777777777 777777777777777777777777777777777777777777777

proc ArrangeTails(list Q)
/*"USAGE: ArrangeTails(Q); Q list
RETURN: list: Q
NOTE: Constructs the final list of J—marked polynomials.
EXAMPLE: example Formalnput; shows an example"x/
{
jmp m=Q[1][1];
jmp M=Q[size(Q)][1];
int minimo=deg(m.h);
int massimo=deg(M.h);
/ /print(minimo);
/ /print(massimo);
inti=2;
jmp qi;
while(i<=size(Q))
{

/ /print("entro nel ciclo");

/ /print(i);

qi=Ql[i][1];

if(deg(qi.h)!=minimo+1)
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226

227

228

229

230

{
/ /print("qui riempire");
/ /print(i);
Q=insert(Q list(),i—1);/ /Insert empty list for all intermediate degree
between the minimum and the maximum, not having polynomials.
//print(Q);
}
minimo=minimo+1;
i=i+1;
//print("ora ho");
//print(minimo);
/ /print(i);
}
return(Q);
}
/ /example
{ "EXAMPLE:"; echo = 2;
ring r=0, (x,y,z),rp;
ideal Borid=y”\2xz,y*z"2,z3,y5;
attrib(Borid,"isSB",1);
list B=ArrangeBorel(Borid);
list NumN;
list N;
inti;
int d;
for(i=1;i<=size(B);i++)
{
d=deg(B[i][1]);
Nli]=kbase(Borid,d);
NumN[i]=size(N[i]);
}
int gc=NumNew Var(B, NumN);
//Now I must define the NEW RING, putting the ¢ parameters inside.
list L=ringlist(r);
list L2;
L2[1]=L[1];
L2[2]=list();
for(i=qc;i>=1i——)

{
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231 L2[2][i]="c("+string(i)+")";
2 }

233 L2[3]=list(list("rp",qc));

» L2[4]=L[4];

s L[1]=L2;

26 def K=ring(L);

27 setring(K);

238 def Borid=imap(r,Borid);

29 def N=imap(r,N);

210 def B=imap(r,B);

21/ /NumN contains only scalars so I do not imap it

22 intj;

23 list Q;

24 ints;

us list M;

6 jmp pp;

27 for(i=1;i<=size(B);i++)

248 {

249 Qlil=list();

250 for(j=1;j<=size(B[i]);j++)
251 {

252 M=NewTails(N[i],s);
253 pp-h=BIi][j];

254 pp-t=M[1];
Qlilljl=pp;

256 s=s+M][2];

257 / /print(s);

28 }

29 }

20 list P=ArrangeTails(Q);

21 intll;

%2 int uu;

23 jmp Pp;

2 for(ll=1; ll<=size(P);ll++)

265 {

266 for(uu=1;uu<=size(P[ll]);uu++)
267 {Pp=P[ll][uu]; Pp.h; Pp.t;}
268 }

269 }
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[I717717777777777777777777777777777777777777777777777777777777777777
proc mod_init()
/+"USAGE: mod_init();
RETURN: struct: jmp
EXAMPLE: example mod_init; shows an example"x/
{
newstruct("jmp", "poly_h,_poly_t");
}
/ /example
{ "EXAMPLE:"; echo = 2;
mod_init();
}
[I717777777777777777777777777777777777777777777777777777777777777777
proc Terns(list G, int c)
/+"USAGE: Terns(G,c); G list, ¢ int
RETURN: list: T
NOTE: Input is a list of J-marked polynomials
(arranged by degree) and an integer.
EXAMPLE: example Terns; shows an example"s/
{
list T=list();
int z;
for(int k=1; k<=size(G[c]);k=k+1)

{

/ /Loop on G[c] making positions of polynomials in G[c]
z=size(T);
T=insert(T list(1,c k) ,size(T));

}
return(T);
}
/ /example
{ "EXAMPLE:"; echo = 2;
ring r=0, (x,y,2), rp;
jmp r1;
r1.h=z/3;
rl.t=poly(0);
jmp 12;
r2.h=z"2xy;
r2.t=poly(0);

373



310

311

312

313

314

315

31

>

31

<

318

319

320

321

322

323

324

325

326

327

328
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jmp r3;

r3.h=zxy"2;

r3.t=—x"2xy;

jmp r4;

r4.h=y"5;

r4.t=poly(0);

list G2F=list(list(r1,r2,r3) list(r4));
Terns(G2F, 1);

Terns(G2F, 2);

}

LIT1T777 7777077077777 7777777777777777777777777777777777777777777777

proc VConst(list G, int c)
/*"USAGE: VConst(G, c); G list, c int
RETURN: list: V

NOTES: this procedure computes the Vm polynomials following the
algorithm in [CR],but it only keeps in memory the monomials by

which the G’s must be multplied and their positions.
EXAMPLE: example VConst; shows an example"x/
{
jmp =GI1][1];
int aJ=deg(f.h);
// minimal degree of polynomials in G
/ /print(aJ);
list V=list();
V[1]=Terns(G,1);
// V[1]=G[1] (keeping in memory only [head, position])
/ /print(c—aJ+1);
int i;
int j;
int m;
list OO;
jmp p;
for(m=2; m<=c—aJ+1; m=m+1)
{
/ /print("entro nel form");
if(m>size(G))
{V[m]=list();
/ /1f we have not G[m] we insert a list()

//print("vuota prima");
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348 }

349 else

350 {V[m]=Terns(G,m);

351 //print("piena prima");

352 }

353 for(i=1; i<nvars(basering)+1; i=i+1)

354 {

355 //print("entrata fori");

356 / / print(i);

37 for(j=1; j<=size(V[m—1]); j=j+1)

358 {

p=GIV[m—1][jI[21][VIm—1]G1[31};
360 //print(p.h);

361 //print(p.t);

362 / /print(var(i));

363 / /print(Minimus(V[m—1][j][1]xp.h));
364 if(var(i)<=Minimus(variables(V[m—1][j][1]*p.h)))
365 {

36 //Can I multiply by the current variable?

367 //print("minoremin");

368 / /print("fin qui ci sono");

369 / /print(V[m—1][jI[1]);

370 OO=list(var(i)*V[m—1][jl[1],V[m—1][j][2], V[m—1][j1[3]);
an V[m]=insert(V[m], OO ,size(V[m]));

372 }

373 }

374 }

75}

a6 return (V);}

a7/ /example

a7 { "EXAMPLE:"; echo = 2;
s ring r=0, (x,y,2), rp;
s jmp rl;

1 11.h=2z73;

a2 rl.t=poly(0);

33 jmp r2;

ass 12.h=z"2xy;

a5 12.t=poly(0);

a8 jmp 13;
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r3.h=zxy"2;

r3.t=—x"2xy;

jmp r4;

r4.h=y"5;

r4.t=poly(0);

list G2F=list(list(r1,r2,r3) list(r4));
VConst(G2F 4,basering);}

L1717 777 7770770777777 777777777777777777777777777777777777777777777

proc Minimus(ideal L)
/+"USAGE: Minimus(L); G list, ¢ int
RETURN: list: V

NOTES: it returns the minimal variable generating the ideal L;

input must be an ideal generated by variables.

EXAMPLE: example Minimus; shows an example"x/

{
poly min=L[1];
inti;
for(i=2;i<=size(L); i++)
{
if(L[i]<min){min=L[i];}
}
return(min);
}
/ /example
{ "EXAMPLE:"; echo = 2;
ring r=0, (x,y,2), rp;
ideal I=y,x,z;
Minimus(I);

}

L1717 7777777777777 7777777777777777777777777777777777777777777777

proc Maximus(ideal L)
/*"USAGE: Maximus(L); G list, c int
RETURN: list: V

NOTES: it returns the maximal variable generating the ideal L

input must be an ideal generated by variables.

EXAMPLE: example Maximus; shows an example"s/

{
poly max=L[1];

inti;
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w6 for(i=2;i<=size(L); i++)

427 {
18 if(L[i]>max){max=L[i];}
429 }

w0 return(max);

51}

12 example

w3 { "EXAMPLE:"; echo = 2;

w4 1ing r=0, (X,y,2), 1p;

15 ideal I=y,x,z;

16 Maximus(]);

17}

ws [//])117)7 7777777777777 77777777777777777777777777777777777777777777
139 proc GPolyMin(jmp P, jmp Q)

w /+"USAGE: GPolyMin(P,Q); P jmp, Q jmp
41 RETURN: int: d

a2 EXAMPLE: example GPolyMin; shows an example"s/
w3 |

w intd=l;

us //—1=lower, O=equal, 1=higher

us / /At the beginning suppose Q is higher
w7 if(deg(P.h)<deg(Q.h))

448 {

u //Compare degrees;

450 d=-1;

451 / /print("Per Grado");

452 }

w53 if(deg(P.h)==deg(Q.h))

454 {

455 if(P.h==Q.h)

456 {

457 if(P.t==Q.t)

458 {

19/ /head=tail

460 d=0;

461 / /print("Uguali");

162 }

1463 }

464 else
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165 {

6 //print(Minimus(variables(P.h/gcdMon(P.h,Q.h))));
7/ /print(Minimus(variables(Q.h/gcdMon(P.h,Q.h))));
468

w9 if(Minimus(variables(P.h/gcdMon(P.h,Q.h)))<Minimus(variables(Q.h/gcdMon(P.h,
i Q.h))))

471 {

4

>

4

&

472 d=-1;

73 / /print("Per Indice");
474 }

475 }

476 }

47 return(d);

S

s }

w9 //example

10 { "EXAMPLE:"; echo =2;

s ring 1=0, (x,y,2), 1p;

w2 jmp pl;

a3 pl.h=poly(1);

ass pl.t=poly(1);

45 jmp p2;

16 p2.h=x"2;

w7 p2.t=poly(0);

a8 jmp p3;

w9 p3.h=x;

w90 p3.t=poly(0);

w1 GPolyMin(p1,p2);

492 GPOlyMin(p2, p3);

193 GPolyMin(p2,p2);

w04

ws [///1111171717777777777777777777777777777777777777777777777777777777
w6 proc TernComparer(list A, list B, list G)

197 /*"USAGE: TernComparer(A,B,C); A list, B list, G list
w8 RETURN: int: d

19 NOTE: A and B are terns, while G is the given list of
s J—marked polynomials.

su. EXAMPLE: example TernComparer; shows an example"s/
s02 {

s int d=—1;
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504

o
S

5

506

507

508

510

511

512

513

517

518

519

520

521

522

523

524

525

526

527

528

529

530

531

532

533

534

535

536

537

538

539

540

541

542

/ /Start: A<B
if(A[1]==BJ[1])
{
if(A[2]==B[2]&& A[3]==B[3])
{
/ /print("Uguali");
d=0;
}
else
{
jmp g1=G[A[2]][A[3]];
jmp g2=G[B[2]][B[3]];
if(GPolyMin(g1, g2)==1)
{
/ /print("Maggiore per il G");
d=1;

}

else
{
if(A[1]>B[1])
{
/ /the ordering MUST be rp
/ /print("Maggiore per Lex");
d=1;

}
return(d);
}
/ /example
{ "EXAMPLE:"; echo = 2;
ring r=0, (x,y,2), rp;
jmp r1;
r1.h=z/3;
rl.t=poly(0);
jmp 12;
r2.h=z"2xy;
r2.t=poly(0);
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543

544

545

546

547

548

549

550

551

552

553

554

555

556

557

558

559

560

561

562

563

564

565

566

567

568

569

570

571

572

573

574

575

576

577

578

579

580

581

jmp r3;
r3.h=zxy"2;
r3.t=—x"2xy;
jmp r4;
r4.h=y"5;
r4.t=poly(0);
list G2F=list(list(r1,r2,r3) list(r4));
TernComparer([1,1,1],[x,1,1], G2F);
}
LI111777777 7777777777777 77777777777777777777777777777777777777777777
proc MinimalV(list V, list G)
/+"USAGE: Minimal(V,G); V list, G list
RETURN: int: R
NOTE: Input=list(terns), G.
EXAMPLE: example MinimalV; shows an example"x/
{
//Minimal element for a given degree
list R=list();
list MIN=V[1];
int h=1;
inti;
for(i=2; i<=size(V); i++)

{
/ /1 consider the first as minimum
/ /1t I find something smaller I change minimum

if(TernComparer(V[i], MIN,G)<=0)
{
MIN=VI[i];
h=j;
}
}

/ /Return: [minimum,position of the minimum]
R=MIN,h;
return(R);
}
/ /example
{ "EXAMPLE:"; echo = 2;
ring r=0, (x,y,2), rp;
jmp 11;
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582

583

584

585

586

587

588

589

590

591

592

593

594

595

596

597

598

599

600

601

602

603

604

605

606

607

608

609

610

611

612

613

614

615

616

617

618

619

620

rl.h=z"3;
rl.t=poly(0);
jmp r2;
12.h=z"2xy;
r2.t=poly(0);
jmp r3;
r3.h=zxy"2;
13.t=—x"2xy;
jmp r4;
r4 h=y"5;
r4.t=poly(0);
list G2F=list(list(r1,r2,r3) list(r4));
MinimalV(VConst(G2F,4,basering)[1],G2F);
}
[1777777717777777777777777777777777777777777777777777777777777777777
proc OrderV(list V list G list R)
/+"USAGE: Ordinare(V,G,R); V list, G list, R list
RETURN: list: R
NOTE: Input: Vm,G,emptylist
EXAMPLE: example Ordinare; shows an example"x/
{
//Order V[m]
/ /R will contain results but at the beginning it is empty
list M=list();
if(size(V)==1)
{
R=insert(R,V[1],size(R));
}
else
{
M=MinimalV(V,G);
R=insert(R,M[1],size(R));
V=delete(V,M[2]);
/ /recursive call
R=OrderV(V,G,R);
}
return(R);

}

/ /example
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1 { "EXAMPLE:"; echo = 2;

e ring r=0, (x,y,2), rp;

623 ]mp rl ;

61 r1.h=z"3;

65 11.t=poly(0);

66 jmp 12;

67 12.h=2"2xy;

68 12.t=poly(0);

629 jmp 13;

o0 13.h=zxy”"2;

631 13.t=—X"2xy;

62 jmp r4;

63 rdh=y"5;

o4 rd.t=poly(0);

e list G2F=list(list(r1,r2,r3) list(r4));

&6 OrderV(VConst(G2F,4,r)[1],G2F list());

&7 }

ws [///1111777777777777777777777777777777777777777777777777777777777777
639 proc StartOrderingV(list V list G)

0 /*"USAGE: StartOrderingV(V,G); V list, G list
o1 RETURN: list: R

s2 NOTE: Input Vm,G. This procedure uses OrderV to get
o3 the ordered polynomials as in [BCLR].

ss EXAMPLE: example StartOrderingV; shows an example"s/
o5 {

a6 return(OrderV(V,G, list()));

o7

o8 //example

a0 { "EXAMPLE:"; echo = 2;

e0 ring r=0, (x,y,z), rp;

61 jmp 11;

62 r1.h=z"3;

63 11.t=poly(0);

654 jmp 12;

65 12.h=2"2xy;

6 12.t=poly(0);

657 jmp 13;

o8 13.h=zxy”"2;

659 13.t=—X"2xy;
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60 jmp r4;

661 14.h=y"5;

662 14.t=poly(0);

o3 list G2F=list(list(r1,r2,r3) list(r4));

e6+ StartOrderingV(VConst(G2F 4, basering)[1],G2F);
665 }

wo [//1/11T117717771777777777777777777777777777777777777777777777777777
67 proc MultiplyJmP(list L, list G)

s6s /*"USAGE: MultiplyJmP(L,G); L list, G list

669 RETURN: jmp: K

¢ NOTE: Input: a 3—ple,G. It performs the product associated
o1 to the 3—uple.

«2 EXAMPLE: example Multiply]JmP; shows an example"x/
o3 {

o+ jmp g=GILI2JI[L[3]];

675 ]mp K;

o6 K.h=L[1]*g.h;

a7 Kit=L[1]*g.t;

o5 return(K);

679 }

0 //example

&1 { "EXAMPLE:"; echo = 2;

e ring r=0, (X,y,2), 1p;

o3  list P=x72,1,1;

e84 jmp rl;

&5 11.h=z"3;

sss rl.t=poly(0);

687 ]mp 1‘2;

o8 12.h=z"2xy;

69 12.t=poly(0);

690 jmp 13;

61 13.h=zxy"2 ;

692 I3.t=—Xx"2xy;

693 jmp r4;

001 14 h=y"5;

o005 rd.t=poly(0);

w6 list G2F=list(list(r1,r2,r3),list(r4));

sz MultiplyJmP(P,G2F);

698 }
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737

L1177 077 777707777777 77 777777777 77777777777777777777777777777777777

/ /proc Jmpldeal(list V,r)
//"USAGE: Jmpldeal(V); V list
//RETURN: ideal: I

/ /NOTES: this procedure takes a list of Vm’s of a certain degree
//and construct their ideal, multiplying the head by the weighted

/ /variable t.

/ /EXAMPLE: example Jmpldeal; shows an example"

/74

/ /ideal I=0;

//int i;

/ /if (size(V)!=0)
/74

// list M=list();

//jmp g;

// for(i=1; i<= size(V); i++)

/74

// g=VIil;

// gh=(g.h)xt;

// Mli]=g.h+g.t;

e

// I=M[1..size(M)];

/ /attrib(1,"isSB",1);

//}

/ /return(I);

//}

/ /example

//{"EXAMPLE:"; echo = 2;

// ring r=0, (x,y,z,t), rp;

//jmp r1;

//r1.h=2z"3;

/ /r1.t=poly(0);

/ /jmp r2;

/ /12.h=z"2xy;

/ /12.t=poly(0);

//jmp r3;

//13.h=zxy"2;

/ /13.t=—x"2xy;

//jmp 14;
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738

739

740

74

742

743
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745

746

747

748

749
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773

774

775

776

/ /14 h=y"5;
/ /r4.t=poly(0);
/ /list G2F=list(list(r1,r2,r3) list(r4));
/ /Jmpldeal(VConst(G2F,6,1)[1] 1),
//}
L1177 077 777777777777 7777777777777777777777777777777777777777777777
proc NewWeight(int n)
/*"USAGE: NewWeight(n); n int
RETURN: intvec: u
EXAMPLE: example NewWeight; shows an example"s/
{
intvec u=0;
u[n]=1;
return(u);
}
/ /example
{ "EXAMPLE:"; echo = 2;
NewWeight(3);
}
[11T717077 777777777777 7777777777777777777777777777777777777777777777
proc FinalVm(list V1, list G1 , r)
/+"USAGE: FinalVm(V1, G1, r); V1 list, G1 list , r
RETURN: intvec: u
EXAMPLE: example FinalVm; shows an example"s/
{
//multiply and reduce, degree by degree
intvec u=NewWeight(nvars(r)+1);
list L=ringlist(r);
L[2]=insert(L[2],"t",size(L[2]));
/ /print(L[2]);
list ordlist="a",u;
L[3]=insert(L[3],ordlist,0);
def H=ring(L);
/ /print(V1);
/ /print(G1);
list M=list();
jmp p;
list N;
poly q;
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778

779
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783

784
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789
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797
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3

799

800

801

802

803

804

805

806

807

808

809

810

811

812

813

814

815

poly s;
int i;
int j;
for(i=1; i<=size(Gl); i++)
{
N=list();
for(j=1; j<=size(G1[i]); j++)
{
p=G1[il[jl;
q=p-h;
s=p.t;
N[jl=list(q,s);

M[i]=N;
}
//print("M is");
/ /print(M);
p-h=poly(0);
p-t=poly(0);
setring H;
list R=list();
list S=list();
/ /print("anello definito");
def V=imap(r,V1);
/ /def G=imap(r,G1);
/ /print(V);
def MM=imap(r,M);
list G=list();
list N=list();
for(i=1; i<=size(MM); i++)
{
for(j=1; j<=size(MM[i]); j++)
{
p-h=MMIi][jI[1];
p-t=MMIi][jI[2];
N[jl=p;
}
Gli]=N;
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816

817

818

819

820
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822

823

824
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826

827

828

829
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=

832

833

834

835

S

836

837

838

839

840

841

842

843

844

845

846

847

848

849

850

851

852

853

854

ideal 1=0;
jmp LL;
jmp UU;
/ /print("pronta x ridurre");
for(i=1; i<=size(V);i++)
{
//print("sono a V di");
/ /print(i);
R[i]=list();
S[i]=list();
1=0;
attrib(I,"isSB",1);
for(j=1;j<=size(V[i]); j++)
{
/ /print(j);
/ /print("esimo elem");
LL=MultiplyJmP(V[il[j]1G);
LL.t=reduce(t+LL.t,I);
/ /T only reduce the tail
/ /print(LL.t);
LL.t=subst(LL.t,t,1);
S[i]=insert(S[i],LL,size(S[i]));
LL.h=t«LL.h;
R[i]=insert(R[i],LL,size(R[i]));
UU=R[i][jl;
I=I+ideal(UU.h+UU.t);
attrib(I,"isSB",1);

}
/ /print("ho ridotto");
list M=list();
poly q;
poly s;
for(i=1; i<=size(S); i++)
{
N=list();
for(j=1; j<=size(S[i]); j++)
{
p=Slilljl;




855
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857

858
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879

880
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885

886

887

888

889

890

891

892

893

q=p-h;
s=p.t;
N[jl=list(q,s);

M[i]=N;

}
p-h=poly(0);
p-t=poly(0);
setring r;
def MM=imap(H,M);
list MMM-=list();
for(i=1; i<=size(MM); i++)

{
N=list();
for(j=1; j<=sizeMMM[i]); j++)
{
p-h=MMIi][jI[1];
p-t=MMI][jl[2];
Nljl=p;
}
MMM[i]=N;
}
return(MMM);
}
/ /example

{ "EXAMPLE:"; echo = 2;
ring r=0, (x,y,2), rp;

jmp 11;

rl.h=z/3;

rl.t=poly(0);

jmp r2;

r2.h=z"2xy;

r2.t=poly(0);

jmp 13;

r3.h=zxy"2;

13.t=—x"2xy;

jmp r4;

r4.h=y"5;

r4.t=poly(0);
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list G2F=list(list(r1,r2,r3), list(r4));
FinalVm(VConst(G2F,6,r) , G2F, r);
}

L1717 7777777777777 777777777777777777777777777777777777777777777

proc VmConstructor(list G, int c,r)
/+"USAGE: VmConstructor(G,c); G list, ¢ int
RETURN: list: R

NOTE: At the end separated by degree.

EXAMPLE: example VmConstructor; shows an example"s/

{

list V=list();

V= VConst(G,c);

/ /print("VConst");

//V non ordered

list L=list();

list R=list();

inti;

// head, position

/ /order the different degrees

for(i=1; i<=size(V); i++)

{
L[i]=StartOrderingV(V[i], G);
}

/ /print("finito ordine");

//multiply and reduce

/ /print("Ordinare");

//R=FinalVm(L, G, r);

/ /print("FinalvVm");

return(L);

}

/ /example

{ "EXAMPLE:"; echo = 2;
ring r=0, (x,y,2), rp;

jmp r1;

r1.h=z/3;

rl.t=poly(0);

jmp 12;

r2.h=z"2xy;

r2.t=poly(0);
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933 jmp 13;

94 13.h=zxy"2 ;

935 r3.t=—XA2*y;

936 jmp 14;

057 14.h=y"5;

038 14.t=poly(0);

o3 list G2F=list(list(rl,r2,r3) list(r4));

a0 VmConstructor(G2F,6,r);

o1}

w [////1T177777777777777777777777777777777777777777777777777777777777
sz proc EKCouples(jmp A, jmp B)

o /+"USAGE: CoppiaEK(A,B); A list, B list
a5 RETURN: list: L

ss NOTE: At the end the monomials involved by EK.
a7 EXAMPLE: example EKCouples; shows an example"x/
as {

a9 poly E;

950 list L=0,0;

51 string s=varstr(basering);

92 list VVV=varstr(basering);

953 / /L will contain results

o4 poly h=Minimus(variables(A.h));

o5/ /print(h);

o6 int 1=findvars(h,1)[2][1];

o7 if(l!'=nvars(basering))

o8 |

99/ /print("vero");

960 //print(l);

91 for(int j=1+1;j<=nvars(basering); j++)
962 {

963 / /print("entrata");

964 / /print(var(j));

965 E=var(j)*A.h/B.h;

9 //Candidate for * product

967 / /print(E);

968 if(E!=0)

969 {

970 //print("primo if passato");

o71 if(Minimus(variables(B.h))>=Maximus(variables(E)))
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972 {

o3/ /Does it work with  ?

974 / /print("secondo if passato");
975 L[1]=j;

976 L[2]=E;

977 break;

978 }

979 }

980 }

o1}

o2 return (L);

983 |}

o4 //example

o5 { "EXAMPLE:"; echo = 2;

w6 ring r=0, (X,y,2), rp;

987 ]mp A;

a8 Ah=y*z"2;

a9 A.t=poly(0);

90 jmp B;

91 B.h=y"2xz;

w02 B.t=poly(0);

%03 EKCouples(A,B);

%1 EKCouples(B,A);

95 }

we [///111/111777177777777777777777777777777777777777777777777777777777
997 proc EKPolynomials(list G)

98 /+"USAGE: EKPolynomials(G); G list

99 RETURN: list: EK, list: D

10 NOTE: At the end EK polynomials and their degrees
1001

1002 EXAMPLE: example EKPolynomials; shows an example"x/
1003 {

1004 list D=list();

1005 list C=list();

1006 list N=0,0;

1007 list EK=list();

1008 int i;

1000 intj;

w10 intk;
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o intl;

w12 jmp p;

1013 fOl‘(i=1; i<=SiZ€(G); i++)

1014 {

1015 for(j=1; j<=size(G[i]); j++)

1016 {

1017 for(k=1; k<=size(G); k++)
1018 {

1019 for(1=1; I<=size(G[k]); 1++)
1020 {

1021 if(i'=k | 1j!=1)
1022 {

123 //Loop on polynomials

1024

1025

1026

1027

1028

1029

1030

1031

1032

1033

1034

1035

1036

1037

1038

1039

1040

1041

1042

1043

C=EKCouples(Gli][j], G[k][1]);
/ /print("coppia");

if(C[2]!=0)
{
C=insert(C list(i,j,k,1),size(C));
EK=insert(EK,C,size(EK));
p=GIK][l];
D=insert(D,deg(C[2]*p.h),size(D));
}
}
}
}
}
}
/ /Double Return
return(EK, D);
}
/ /example
{ "EXAMPLE:"; echo = 2;

ring r=0, (x,y,z), rp;

1044 jmp rl;

1045

1046

r1.h=z/3;
rl.t=poly(0);

1047 jmp 12;

1048

1049

r2.h=z"2xy;
r2.t=poly(0);
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1050 jmp r3;

1051 r3.h=z*y’\2;

1052 r3.t:—x’\2*y;

053 jmp r4;

1054 14.h=y"5;

1ss r4.t=poly(0);

1s6 list G2F=list(list(r1,r2,r3), list(r4));

1057 EKPolynomials(G2F);

1058}

wo [///1/TTT177777 1717777777777 1777777777777777777777777777777777777777
e proc MultEKPolys(list EK, list G)

w61 /+"USAGE: MultEKPolys(G); G list

1022 RETURN: list: p

106 NOTE: At the end I obtain the EK polynomials and
e+ their degrees.

1055 EXAMPLE: example MultEKPolys; shows an example"x/
1066 {

067 jMP W;

e u=G[EK[3][1]][EK[3][2]];

we //print("u”);

070 jmp q;

wn q=G[EK[3][3]][EK[3][4]];

w2 return(var(EK[1])*(u.h+u.t)—EK[2]*(q.h+q.t));
1073}

w7/ /example

1075 { "EXAMPLE:"; echo = 2;

we ring r=0, (x,y,2), rp;

1077 ]mp 1‘1;

w78 r1.h=2z"3;

1079 rl.t:poly(O);

w080 jmp r2;

w081 12.h=z"2xy;

182 12.t=poly(0);

1083 jmp 13;

108 13.h=zxy"2;

1085 13.t=—x"2xy;

1086 jmp 14;

1087 14.h=y"5;

1088 14.t=poly(0);
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180 list G2F=list(list(r1,r2,r3),list(r4));

w0 list EK,D=EKPolynomials(G2F);

1091 MultEKPOlyS(EK[Z],GZF);

1092 }

ws [///1TTTTTT7 7777777777777 777777777777777777777777777777777777777777
1004 proc SchemeEq(list W, list EK list D, list Q,r)

195 /*"USAGE: SchemeEq(W,EK,D,Q,r); W list, EK list, D list, Q list, r ring
1096 RETURN: int: i

1007 NOTE:

198 This procedure performs the reduction of EK—polynomials, obtaining
109 the J—marked scheme.

10 EXAMPLE: example SchemeEq; shows an example"x/
1101 {

1o list Jms=list();

1103 //ideal I;

104 list M=list();

105 jmp mini;

10s mini=W[1][1];

107 int minimo=deg(mini.h);

nos //multiply variables

10 poly pd=poly(1);

mo for(int i=1;i<=nvars(r);i++)

nn {pd=pd=var(i);}

112 //CHANGE RING

ms intvec u=NewWeight(nvars(r)+1);

nu list L=ringlist(r);

ms L[2]=insert(L[2],"t",size(L[2]));

1116 //print(L[Z]);

117 list ordlist="a",u;

ms L[3]=insert(L[3],ordlist,0);

mo def H=ring(L);

120 //list

nz M=list();

n2 jmp puw;

1123 list N;

1z poly q;

s poly s;

126 1=0;

12 intj;
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1128

1129

1130

1131

1132

1133

1134

1135

1136

1137

1138

1139

1140

1141

1142

1143

1144

1145

1146

1147

1148

1149

1150

1151

1152

1153

1154

1155

1156

1157

1158

1159

1160

1161

1162

1163

1164

1165

1166

for(i=1; i<=size(Q); i++)
{
N=list();
for(j=1; j<=size(Q[i]); j++)
{

pu=Q[i][jl;
q=pu.h;
s=pu.t;
Ni[j]=list(q,s);

list O;
pu.h=poly(0);
pu.t=poly(0);
for(i=1; i<=size(W); i++)
{
N=list();
for(j=1; j<=size(WI[i]); j++)
{
pu=WIl[jl;
g=pu.h;
s=pu.t;
NIjl=list(q,);

Oli]=N;
}

pu.h=poly(0);
pu.t=poly(0);
setring H;
list R=list();
list S=list();
/ /print("anello definito");
def EK=imap(r,EK);
def MM=imap(r,M);
def OO=imap(r,O);
def pd=imap(r,pd);
list G=list();
list N=list();
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1167

1168

1169

1170

1171

1172

1173

1174

1175

1176

177

1178

1179

1180

1181

1182

1183

1184

1185

1186

1187

1188

1189

1190

1191

1192

1193

1194

1195

1196

1197

1198

1199

1200

1201

1202

1203

1204

1205

for(i=1; i<=size(MM); i++)
{
for(j=1; j<=size(MM[i]); j++)
{
pu.h=MMIi][jI[1];
pu.t=MMIi][jl[2];
N[jl=pu;
}
Glil=N;
}
list V;
for(i=1; i<=size(O0O); i++)
{
for(j=1; j<=size(OOLi]); j++)
{
pu.h=0OOl[i][jI[1];
pu.t=OO0[i][jl[2];
N[jl=pw;
}
V[i]=N;
}
/ /print(V);
/ /print(G);
matrix C;
list COEFF;
poly p=0;
poly q=0;
ideal I;
list M;
i=0;
jmp &
intk;
for(j=1; j<=size(EK);j++)
{
//print("arrivo");
// print(j);
p=MultEKPolys(EK][j],G);
/ /ideal
1=0;

396



1206

1207

1208

1209

1210

1211

1212

1213

1214

1215

1216

1217

1218

1219

1220

1221

1222

1223

1224

1225

1226

1227

1228

1229

1230

1231

1232

1233

1234

1235

1236

1237

1238

1239

1240

1241

1242

1243

1244

if (size(V[D[j]—minimo+1])!=0)
{
M-=list();
//jmp g;
for(i=1; i<= size(V[D[j]—minimo+1]); i++)
{
g=V[D[j]-minimo+1][i];
g.h=(g.h)xt;
M[i]=g.h+g.t;
}
I=M[1..size(M)];
attrib(I,"isSB",1);
/ /print(I);
}
/ /print(D);
g=reduce(t+p,I);
q=subst(q,t,1);
C=coef(q,pd);
COEFF=C[2,1..ncols(C)];
for(k=1,k<=size(COEFF);k++)
{
if(COEFF[k]!=0)
{ Jms=insert(Jms,COEFF[k],size(Jms));}
}
}
setring 1;
def Jms=imap(H,Jms);
return(Jms);
}
/ /example
{ "EXAMPLE:"; echo = 2;
ring r=0, (x,y,z),rp;
ideal Borid=y”\2xz,y*z/2,z3,y5;
attrib(Borid,"isSB",1);
list B=ArrangeBorel(Borid);
list NumN;
list N;
inti;
int d;
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1245

1246

1247

1248

1249

1250

1251

1252

1253

1254

1255

1256

1257

1258

1259

1260

1261

1262

1263

1264

1265

1266

1267

1268

1269

1270

1271

1272

1273

1274

1275

1276

1277

1278

1279

1280

1281

1282

1283

for(i=1;i<=size(B);i++)
{
d=deg(B[i][1]);
Nli]=kbase(Borid,d);
NumN[i]=size(N[i]);
}
int gc=NumNew Var(B, NumN);
//Now I must define the NEW RING,
/ /putting the c parameters inside.
list L=ringlist(r);
list L2;
L2[1]=L[1];
L2[2]=list();
for(i=qc;i>=1;i——)
{
L2[2][i]="c("+string(i)+")";
}
L2[3]=list(list("rp",qc));
L2[4]=L[4];
L[1]=L2;
if(defined (K)){kill K;}
def K=ring(L);
export K;
setring(K);
def Borid=imap(r,Borid);
def N=imap(r,N);
def B=imap(r,B);
//NumN contains only scalars so I do not imap it
int j;
list Q;
ints;
list M;
jmp pp;
for(i=1;i<=size(B);i++)
{
Qli]=list();
for(j=1;j<=size(B[i]);j++)
{
M=NewTails(N[i],s);
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1284 pp-h=B[i][j];

pp=M[1];
Qlilljl=pp;
1287 s=s+M[2];
1288 / /print(s);
1289 }

1290 }

191 list P=ArrangeTails(Q);

192 list EK,D= EKPolynomials(P);

1293 int massimo=Max(D);

1o/ /list V=VConst(P, massimo);

195/ /pause();

1206 list V=VmConstructor(P,massimo,r);

1207 list W=FinalVm(V,P K);

s //print("l V ridotti in ordine sono");

s/ /print(W);

oo list Jms=SchemeEq(W,EK,D,P,K);

1301 Jms;}

1302

we [//)1)TTT777 7777777777777 77777777777 77777777777777777777777777777
13+ proc JMarkedScheme(ideal Borid,r)

1os /*"USAGE: JMarkedScheme(Borid, r); Borid ideal, r ring

1306 RETURN: list: Jms

137 NOTE:

1os This procedure performs automatically the whole construction
1309 of the J—marked scheme.

1310 EXAMPLE: example JMarkedScheme; shows an example"x/
B {

w12 list Jms;

1313 if(BorelCheck(Borid,r))

Bie |

1315 if(size(Borid)==1)
1316 { Jms=list();}

17 else{

1318 / /print("Input is OK");

1319 attrib(Borid,"isSB",1);

1320 list B=ArrangeBorel(Borid);
1321 list NumN;

132 list N;
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1323 inti;

1324 intd;

1325 for(izl;i<:size(B);i++)
1326 {

1327 d=deg(B[il[1]);

1328 N[i]=kbase(Borid,d);
1329 NumN[i]=size(N[i]);
1330 }

a1 int gc=NumNewVar(B, NumN);
132 if(qc==0)

1333 {Jms=list(0);}

1334 else

1335 |

1336 //Now I must define the NEW RING,
17/ /putting the c parameters inside.
s list L=ringlist(r);

1330 list L2;

a0 L2[1]=L[1];

1a L2[2]=list();

1 for(i=qci>=1;i——)

1343 {
1344 L2[2][i]="c("+string(i)+")";
1345 }

1336 L2[3]=list(list("rp",qc));
17 L2[4]=L[4];

1aas L[1]=L2;

131 if(defined(K)){kill K;}

1350 def K:ring(L);

1351 export K;

w52 setring(K);

1353 def Borid=imap(r,Borid);
1354 def N=imap(r,N);

1355 def B=imap(r,B);

15 //NumN contains only scalars so I do not imap it
17 intj;

1358 list Q;

1359 ints;

1360 list M;

1361 jMp pPp;
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162 for(i=1;i<=size(B);i++)

1363 {

1364 Qli]=list();

1365 for(j=1;j<=size(B[i]);j++)
1366 {

1367 M=NewTails(N[i],s);
1368 pp-h=BIi][jl;

1369 pp-t=M[1];

1370 Qlilljl=pp;

1371 s=s+M|2];

1372 / / print(s);

1373 }

1374 }

175 list P=ArrangeTails(Q);

176 list EK,D= EKPolynomials(P);

1377 int massimo=Max(D);

1378/ /list V=VConst(P, massimo);

wre [/ /pause();

1so list V=VmConstructor(P,massimo,r);
1s1 list W=FinalVm(V,P,K);

w2/ /print("I V ridotti in ordine sono");
13/ /print(W);

184/ /list

1ss Jms=SchemeEq(W,EK,D,P K);

138 keepring K;}

1387}

s}

1339 else

w0

1391 print("WRONG_IDEAL_IN,_INPUT");
1392 print("It_is_NOT_BOREL");

1393 }

131 return(Jms);

1395}

1% //example

137 { "EXAMPLE:"; echo = 2;

vos  ring r=0, (x,y,z)1p;

1o ideal Borid=y/2xz,y*z"2,z3,y"5;
10 JMarkedScheme(Borid,r);}

401






APPENDIX B

Locator polynomials and points

structures for Fg, g

B.1 Cyclical configurations in Fs.

B.1.1 The seven cyclical configurations.

We display here all the data concerning the seven cyclical configurations defined in section
8.3.
All the polynomials have been computed using Singular.
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Configuration 1

Number of points | Third coordinate
7 a?
6 a?
5 a
4 a’
3 a®
2 1
1 a
The points are:
[(a,a?,a,0)],




The tower structure is

a,aZ,a ,a5,a aS,l,a4 a4,a3,a5a5,a4,a4a ,a”,aq1l,a”,a

a,ae,a3 ,a4,a313,a5,a2 a4,a,a3 115,1,0,2 ,a2,a21,a3,a2

-
a,a,a ,a2,a as,a,l h ,a4,a2 ‘),aﬁ,a (16,170,5 170,57a3

-
a,a®,a p?,a%,a%3,a%,a%0*,a%,aYa®,a,a®p®,a*,a9 1,1,1

while the configuration list is
2,2,2,2,2,2,2,2,2,2,2,2,2,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1]
and the associated polynomial is

z1+ aﬁx?xg + a5x‘11x§ + a‘%?x% + a‘%%x% +
aﬁxlx‘;’ + a?’xg + a5x?x§ + a%‘?x% + aGJ;‘llx% +
ax3rd + abx222 + a*alxs + aPxdas + aPxiwy

—&-(13:16‘1L + axy + ab.

Configuration 2
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Number of points | Third coordinate
7 a’
6 a’
5 a’
4 a®
3 1
2 a
1 a?
The points are:
[(a,a®,a,0)],

[(a®,a®, a?,0)],

[(a3,a?,a?,0)],

[(a*,a®, a*,0)],

(a3




The tower structure is

corresponding to
2,2,2,2,2,2,2,1,2,2,2,2,2,2,2,2,2,2/1,1,1,1,1,1,1,1,1,1]
and to

-
z1+ a:fx% + x1x2 + a:clacz + x1x2 +a xlxg +

a? x2 + am1x2 + ]‘1$2 + a4a"‘11x§ + an‘;’x% +

anQ:c% + a4xlx2 + xlxg + x119 + xl +ar;+1

Configuration 3

Number of points | Third coordinate

7 a?
5

S]

S]
o

RIN|W| & |
) Q| =

Q|
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The points are:

- —_ = = =

g =T - = - o~ = \l” —~ \l” =

= o o o o o — «a &> = — = D S = R T S - S B ) — © —

= . . © % o S ST sy 8 %% e o8 vy %% L% LT
~ [2e] ~ n @ 07 -~ aa Nl n @ -~ - a> o -~ -~ ~ s ~ a7 -~ ~ ~ 0 ©
a7 S aa av 3 [SZR— a7 S aa 3 S la 2a 4a o) Ga = 4a = 6a — 4a 4a aa 5a aa aa
™ =) (o] jin) s < oo | o © - - -~ N - - - - - - < - [22] 0
s 38 8 38 S " 7w oMy s Lw 3a7 =g s oy 8y s 8 %oy oS ey s
S s © = <« _ ~ S o® S o S o ~ o . T 3 oo o AN
SEEEEESESEEE S S it E S sEE
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The point configuration is

and the corresponding list is

2,2,2,2,2,2,2,1,1,2,2,2,2,1,2,2,2,2,2,2,2,2,1,1,1,1,1,1].

We get

21 + axlxd + a?xtxd + a*adad + a*a?ad + aPay 2
+am§ + a‘%?m% + a4x51’:13§ + a%‘f:r% + am?x% +

an%mg + a4x?m2 + a2x§m2 + atrizo + a4x‘11 +ax1+a

Configuration 4

Number of points | Third coordinate
7 a’
6 a®
5 1
4 a
3 a?
2 a?
1 a*
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The points are:

[(a,a®,a,0)],
[(a?,a",a?,0)],

[(a®,a?,a®,0)],
[(a*,a®, a*,0)],

[(a57 a, asv 0)]7
[(a6a a4v a6v 0)]a

[(1,1,1,0)],

[(a4>a4>a’a2)]>

[(1,a%, a,a®)],

[(CLQ, a2a a, a4)}7

[(a®,1,0° a)],

[(a5’ a'6’ a'6’ a)L

[(@®,a,1,a)],

[(a5,1,a%,a%)],
[(a, a, a27 a4)],
[(a®,a®, a%, a?)],

[(1’ a3’ aG’ a2)]7

[(a67 a27 1’ a2)]7
[(a®, a3, a3, a*)],

[(a2,a%, a®, a®)],

f =, = = = =
S S S S oL
Y 8 8 3 - . .
[ S S SIS
U~ B~ P
© © - 1./ 4a ~ - 3a rOa
A~ A
3 -~ ™ 0 ~ = N
— S 3 3 3 3
S~— ~— ~— S~— S~— ~—

and their configuration is
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3 5
6 4%,a91,a5,a°

5 s :
a,a6,1 2,a4,a5 ,a”,a”la ,a,a6 a",l,a2 aG,az,l 1,0,3,0,'3

- p — - =
a,a,a® |a?,a?,a| a®,a,1 |a*,a*,ap®,a%,a9a®,1,a%| 1,a°,a

: 2 6 : : 5 5
3 0 h2.a%.a%3 62,00 a4 a® a,a® b ,at,af 1,1,1

The configuration list is

2,2,2,2,2,2,2,1,1,1,2,2,2,1,1,2,2,2,1,2,2,2,2,2,2,1,1,1],

corresponding to the polynomial

z1+ a%;?x% + a4x‘11x:25 + x%mg + am%x% + Jclx% +

x% + x?aj% + aa:“i’z% + :z:‘llx% + x?x% + asx;fxg +

- .
a4:v‘1)x2 + a4w‘fx2 + axr1xo + a:v‘ll + axq + a?

Configuration 5

Number of points | Third coordinate
6

a

SIS

w

HIN | Wk ||
no

ISENIRS I RSN IS
=~
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The points are:

[(a,a®,a,0)],
[(a?,a",a?,0)],

[(a®,a?,a®,0)],
[(a*,a®, a*,0)],

[(a57 a, asv 0)]7
[(a6a a4v a6v 0)]a

[(1,1,1,0)],
[(a4>a4>a’a2)]>

[(1,a%, a,a®)],

[(CLQ, a2a a, a4)}7

[(a%,1,a,a®)],

[(a5’ a'6’ a'6’ a)L

[(@®,a,1,a)],
[(a®1,a%,a%)],

[(a, a, a2> a4)],

[(a®,a®, a?, a®)],

[(1’ a3’ aG’ a2)]7
[(a67 a27 1’ a’2)]7

[(a%,a®, a®, a")],
[(a2,a%, a®,a’)],

—_— o~~~ o~ N
e T T C T R
] S S S| 3 S "
el el A el A3
s 3 -8 - -
© © -~ 1.; 4a ~ - 3a roa
A~ A
3 -~ ™ 0 ~ = N
— S 3 S S 3
S~— ~— ~— ~— ~— ~—

and the tower structure is
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a7a27a ,a’,a 0,3,1,0,6 a4,a3,1 a* ,a4,1 ,a”,a 1,0,670,4

p - p
a,a6,1 ,a4,a ,a”,aa ,a,a6 a",l,a2 aG,az,l 1,0,3,0,'3

a,a,a az,az,a a‘s,a,l a4,a4,a a%a9ab1,a]1,a%a

: 2 6 3 2 ¢ 5 5
a,a”,a p”,a”,ap’,a”,ap”,a”,a”a”,a,a ,a*,aq 1,1,1

Therefore, the configuration list is

2,2,2,2,2,2,2,1,1,1,1,2,2,1,1,1,2,2,1,1,2,2,1,2,2,2,2, 1]

and the polynomial we get is

-
21 + adxlzd + abatad + aPxdad + aPxiad + aPxqiad +

a’ x2 +a? m1x2 +ad m1x2 + a5m‘11x§ + aGm:{’x% +

aSx2x3 + a*xlxy + a®xixs + aPxiae + a4+ axy + ad. (B.1)

Configuration 6

Number of points | Third coordinate
7 1
6 a
5 a?
4 a?
3 a*
2 a’
1 a®
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The points are:

o e B R B e e e e e e e T s o e e e e e e e e o o R e e s

— O Y  —  ~  ~  ~  ~  ~  ~  ~ ~ ~

)

—_ = = — - —_ = == =] —_ = = = == = =

=~ o o o 8 © —/— «a S S o = = , © — © S ;b o % © m;m ©
S S s s s T MR TR I
R B e T T T T e T N S T I S SR o S T R N el
A o e A A LS . S 38 + - - -
™ © N 10 <t <t N © - -~ N - - -~ < -~ o™ 0
s 38 8 8 S " 7w My s Lw 3a7 S R SR S R SR S T T M B U
S « . o« 5a o o<« _ ~ 6& wo Y o S w° . o o a” < 3 ~ o o < o
= 8 8 &8 =8 8 =28 =8 =8=23Z2 &3S == 8 &8 E&E

and the tower structure is
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6 4%,a91,a5 a1

5 - 5
a,a6,1 ,a”,a ,a”,aa ,a,a3 a",l,a2 ,a27a 1,0,3,0,2

a,a,a az,az,a a‘s,a,l a4,a4,a a®,a%,al a%1,a|1,a°%,a

< 2 6 5 - 5 5 5 4
a,a®,a p?,a%,a%%,0%,a%*,a°,a4a”,a,a® 1% ,a*,a9q 1,1,1

corresponding to the configuration list

2,2,2,2,2,2,2,1,1,1,1,1,2,1,1,1,1,2,1,1,1,2,1,1,2,1,2, 2.

The polynomial we get is

z1+ a%‘i’m% + aa:‘llxg + aﬁm‘;’xg + a%%x% + a3a:1xg +
asxg + an?xg + a2z‘i’x§ + agz%xg + a5z§’x§ +

abz223 + a*xlze + ardzs + alxiz0 + a2 + azy + at (B.30)

Configuration 7

Number of points | Third coordinate

IS]

IS]

S]

S]

RN WO
S
=

—_
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The points are:

e e e e R e e e e e e e e e B e e e e e e e e o B T s

— Y Y T  —  —  —  —  —  —  ~  ~  ~  ~ ~ ~ ~

—  —  — = = = = o e e

= = = = = - ~ —_— o~ 0 —~ -5 ~—~ —~ o~ & ~~ T o~ o/~~~ o~
=S e e e = &) m N oﬁ/ o z\uw S S A\_Aa) B o, = s s o, - R )
S ST T T S S A A A ST
A T S R R A S N T T T T e S S
I R e T e e S S S M N RPN S SR
S a o« 5a7 o’ ”W <" iy ~ 6@7 " 3a o’ S w” aa o’ o a” <" 3 aa o e’ av <
SEEEEESFESEEE SRSt E S S S R
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and their configuration list is

2,2,2,2,2,2,2,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1].

The tower structure is

3 012 46 423 42 a3t 05 o445 516 4.6 1.1.1
2 ’ ’ [l

and the corresponding polynomial is

=
z1 + a"x?x% + asx‘llxg + a2xi’x§ + aﬁxfac%—i—

axla:g + a4x§ + a%c?x% + aﬁw?xg + ax%x% + a4x§fa:%

+ab2323 + a'xzs + adrize + alxixe + a2l + axy + d® (B.59)

Here we give all the data for configuration 7.2 (8.3). It shows how the general error locator
polynomial can change remarkably, even if we change only one point (the one marked in
red).

Configuration 7.2

Number of points | Third coordinate

HIN | Wk ||
IS
o
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we get
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The tower structure is
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a,a2,a‘ ,a’,a 0,3,1,0,4 4,(13,(15 5,a4,a4 ,a”,a l,aﬁ,a4

31,2 4 3 5 2 4 3|,5 26221a3a2
@ a1 l,a -,

5 5 5
4 4’ 215 6 a6,1,a" Lao’ 3

S - 5 -
a,a%,0 p?,a%,a%%,a%,a%*,a®,aYa’,a,a ,a*,aq 1,1,1

and the configuration list is
1,2,2,2,2,2,2,2,2,2,2,2,2,1,1,1,1,1,1,1,1,1,1,1,1,1, 1, 1].
The polynomial we get, namely

21 + 2823 + a®xiad + aPalad + aPaiad +
an%xg + axlxg + a4x§ + a%s‘fz% + ani’x% +
ax‘llxg + a4xz{’x§ + a%%x% + axlac% + a2x§ +
a4x§x2 + a5x?x2 +adrimy + agx(f + a?’w? + a%“ll +
a’x? + abz? + adxy + d® (B.88)

is made up of 25 terms.

B.1.2 Seven matrices, seven sets of formulas.

We list here the seven coefficient matrices for the cyclical configurations in Fg (8.3).
Configuration 1:

0 0 & O
0 a* a® af
a® 0 a% d°
Al — 0 d® & o’
0 0 a® a3
a a> 0 af
a® 0 0 &
Configuration 2:
0 0 a O
0 a* 1 1
1 0 a* 1
APl=[ 0 1 a a
0 0 a% 1
a 1 0 a*
1 0 0 a
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Configuration 3:

Configuration 4:

Aldl —

Configuration 5:

[ael © ™ 0 0
S s B "
o [xel [in} Ne} ©
I 3 8 8 @
<t e} 0
© v ° e B

©C o o o 3

Al —

Configuration 6:

<t e [a] [22]
© 8 8 v 3 B
Nej ™N o 0 Ne}

3 3 8 3 3 °
<t [aY]
o %% o 3 o

o o %R o o 3

10
3

jen)

Al6l —
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Configuration 7:

0
0

a

[=2]

0
0
a

a’®

The “general” matrix of the coefficients is

Algen] —

As explained in chapter 8, choosing differently the value M, we have different sets of for-

@ o o go o

A

o

S
=

olgo o

C
D
E
F

ab

0
0

mulas, summarized in the table below.

o

s}
S

o 8, o

Q
o

o

mHOQ e o

e

IS)
[N

s}

@J; )

S
=2}

o O

o

(o1

IS]

s}

Q
o

o 8

IS
I

- A,B,C,D,E,F € TFy.

A-F

M?

A

M

M2

M3

M4

M5

N =D QW

M6

=N | N WO -

[SS RN N EVR NG, B ING) e N I\

NN~ W

R QBN P~

N (N[~ N BN a

NG| W[N] W| O™

QIO |~

As explained in 8.3, the formulas in the table above are linked with the cycles in [F5. We list

Table B.1: Configurations in Fg.

here the couples of cycles connected to each set of formulas.

L (o, 8), (8, 0);
2: (a, ), (B, 8);
3: (7). (B,q);
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4 (o, q), (B, a);
5: (@), (B,7);
6: (a,8), (8, 8);
7: (@), (B, ).

B.2 Cyclical configurations in [Fg.

B.2.1 The cyclical configurations.

Here we list the 15 cyclical configurations in [F14 (8.4).
Configuration 1:

Number of points | Third coordinate
15 a
14 a?
13 a?
12 at
11 a®
10 a®
9 a’
8 a®
7 a®
6 10
5 all
4 al2
3 al3
9 ol
1 1

The configuration list is

2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,1,1,1,1,1,1,1,1,1,1,1,1,1,1, 1,1, 1, 1, 1, 1, 1,
17 17 ]" 17 17 17 17 17 1’ 17 17 17 17 1’ 17 17 17 17 1’ 17 17 1’ 17 17 17 17 1’ 17 17 17 17 ]" 17 17 17 17

L P P Th TN T% % PR U P P P PR TR % T DR P P P PR TR T2 T2 'R UR U P PR R PR
1,1,1,1,1,1,1,1,1,1,1

) ) ) ) ) ) ) ) ) )
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and the associated locator polinomial is made up of 85 terms

Z1 + a14m%4xg + ax%?’x; + a7x%2x§ + allx%lxg + x%ox; + alzx?xg + agxffxg + a‘%{x%—i—
a?’x?xg + alox?xg + asxj‘x; + a13x‘;’x§ + a%c%ac; + a2x1w§ + a5xg + aum}‘lxg—i—

a5x%3xg + a4m%0x3 + a3x?x3 + alow{fxg + asmzxg + a13x(15:cg + a6x‘;’:cg + azx‘ll:vng

a%?zg + a14x%:cg + axlzg + a7:cg’ + a4x%3x3 + alox%lxg + a%%%g + algz?xg + aﬁzgfxg—!-
anng + a5x?x3 + al4m§x§ + ax‘llxg + a7x:fxg + a“aﬁxg + aloxlxg + al%g + a13x%2x§+
an%lx‘% + a%}ox% + a‘r)acgl’;zc;L + al4x§x% + ax{x% + a7x?x3 + a11x§x§ + agx‘llxé—&—

a®22x3 + adry + aSxltad + a'%2723 + adadad + 21022 + a®2822 + a'02ia3+

asx‘fa:% + a%%x% + a%m% + a5x§ + allm%‘lxg + aux%?’xg + a12x%2x2 + agx%lxg—i—
a4x}0x2 + a10x§m2 + alsm?xg + aﬁx?xg + an‘fxg + a14x%$2 +a’xy + agac%‘1 + a3x}2+

alox}l + alga:fl’ + aﬁxéf + an? + al4x? + a7x§’ + allx% + aloxl + al?

Configuration 2:

Number of points | Third coordinate
15 1
14 a
13 a?
12 a?
11 a’
10 a’
9 a®
3 a’
7 a®
6 a’
5 10
4 T
3 al?
9 RE
1 ql4

The configuration’s list is

2,2,2,2,2,2,2,2,2,2,2,2,2,2.2.1,1,1,1,1,1,1,1,1,1,1,1,1,2,1,1,1,1,1, 1, 1,

1,1,1,1,1,2,1,1,1,1,1,1,1,1,1,1,1,2,1,1,1,1,1,1,1,1,1,1,2,1,1,1,1,1,1, 1,

1,1,2,1,1,1,1,1,1,1,1,2,1,1,1,1,1,1,1,2,1,1,1,1,1,1,2,1,1,1,1,1,2, 1,1, 1,
1,2,1,1,1,2,1,1,2,1,2, 2.
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The corresponding locator polynomial is

21+ a?’x}‘lxg + a4x%3m§ + agx}%g + a12x}1x§ + x}owg + allx?xg + a?x?x% + ax{x%—l—
a**282l + aSxial + a?xial + aSaxdal 4+ alPa?2l + aPxial + a2+

aum%‘lxg + a5x%3xg + ax%oxg + a14x€fxg + a5x§x8 + aQJUIJ:g + aﬁx‘f:ﬁg—l—

a13x?xg + asx‘llxg + alox:{’xg + asx%xg + a4x1xg + agxg + am%?’xg + asx%lxg—i—
a2x}0x§ + a6x51’xg + al?’mffxg + asmzx‘;’ + alox?xg + a?’x?xg + a4$‘1"x‘;’+

a®x3zy + a'?x225 + a2 23 + atlad + abxi223 + a'B32lad + aB2i02] + o' O2)ri+
a3x§x§ + a4x1x§ + agx?x‘é + aux?xé + agm%xé + a%%xé—!—

a14a:§ + al?’x%‘lm% + alo,ﬂxg + a14x:1)’mg + a2x%0x§ + a14x§$§ + a‘%?x%—i—

a2x‘11x§ + a13x%x§ + aga:lac% + aloxg + algx%‘lxz + algx%g’xg + allx%gxﬁ—
a7x%1x24—ax%0x24—a5x§x24—a61?x24—a13x?x24—a8x%x24—a3x%x24—a9xg+

a’zit + a'xi? + dPxl! + a2 + a3t + a'%2§ + @32t + a%23 + a'22% + a0z + a'?

Configuration 3:

Number of points | Third coordinate
15 a't
14 1
13 a
12 a?
11 a®
10 a’
9 a’
8 a®
7 a’
6 a®
5 a’
4 10
3 all
9 al2
1 al3

The configuration’s list is
27 27 27 27 27 27 27 27 27 27 27 27 27 27 27 17 ]" 17 17 17 17 1’ 1, 17 17 17 17 2, 27 17 ]" 17 17 17 17 ]" 17 17 17 17
2,2,1,1,1,1,1,1,1,1,1,1,2,2,1,1,1,1,1,1,1,1,1,2,2,1,1,1,1,1,1,1,1,2,2,1,1,1, 1, 1,
1,1,2,2,1,1,1,1,1,1,2,2,1,1,1,1,1,2,2,1,1,1,1,2,2,1,1,1,2,2,1,1,2,2,1,2,2,2,2, 1
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and the locator polynomial is

21+ a7x%4x; + a7z%3zg + aux%ng + alSI%lzg + I%Ozg + alox?xg + a5x§x5+
a13xzx; + alox?x; + x?x% + alla:‘llx; + a14x§’x§ + a5x%x5 + al4x1x; + 3:;—1—
a13x%4xg + a5a:%3afg + a13m%omg + aloac?xg + xffa?g + an,r{xg + a14x?mg + a5x§‘mg+
al4x‘11xg + x:fxg + a%%acg + a7x1xg + allxg + a13m%3mg + m%lmg + anx%oxg—ﬁ—
a14x?x3 + a5x§xg + a14zixg + x(fxg + a7xi’x3 + a7x‘11xg + a“:z:“i’xg + a139:fxg+
aloxlx‘;’ + aloxg + a“ﬁc%%% + a%%lxé + a14x%0x§ + x?x% + a%?x% + a%{x%—!—
allx?x% + al?’m?x% + a%‘{x;‘ + a%%x% + (11096‘21 + a%%‘lm% + aleng’ + alox‘;’xg—i—
a%}%g + alox?xg + x‘i‘x% + a“x‘llw% + asx%wg + al4x1x§ + x% + a13x%4x2+

a?2xi3xy + a'%21%20 + aPxilas + a'32102y + 2820 + a 2SSy 4+ aP2lzy + altaiaa+
a%%xg + allxg + asm%‘l + alox%Q + x%l + al4m€f + a5x§ + x(f + a7x‘;’ + allx:f—i—

(1131'% _;'_alO‘,rl +CL10

Configuration 4:

Number of points | Third coordinate
15 a'?
14 att
13 1
12 a
11 a?
10 a?
9 a’
3 a’
7 a®
6 a’
5 a®
4 a®
3 10
9 T
1 al?

The configuration list is

2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,1,1,1,1,1,1,1,1,1,1,1,2,2,2,1,1,1,1, 1,1, 1, 1, 1, 1,
27 27 2’ 1’ 17 17 17 1’ 1’ 17 17 17 27 2’ 27 17 ]" 17 17 17 17 ]" 17 27 27 27 ]" 17 17 17 17 ]" 17 27 27 27 ]" 17 17
L,1,1,2,2,2,1,1,1,1,1,2,2,2,1,1,1,1,2,2,2,1,1,1,2,2,2,1,1,2,2,2,1,2,2,2,2,2, 2,
1,1,1
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The locator polynomial is

21+ allx%‘lx; + alox%?’xg + a13m%2x5 + a14a:%1mg + m%oxg + agx?aﬁg + a3x§x5+
aloxzxg + a@v?x% + alomﬁx; + a5x%x§ + a7x:{’x§ + alzx%xg + a5x1x§ + a5x§—|—
a14z%4zg + a5x%3o:g + al%}%g + a6:17€1’:cg’ + aloxafzrg + a‘%{:z:% + a7x?zg+
ale?xg + a%‘llxg + a%%acg + a“x%xg + aloxlxg + a13xg + alox%%‘;’—i—
alom}lxg + a5x%°x§ + a%?x% + amxéfmg + a5xzm§ + a5x?m§ + anx?xg—&—
axtxd + a'32dad + a2l + oz 2 + 023 + a"wi%a) + alPallad+
a®xi%23 + aSxfxd + a'aded 4+ a0 2d + a'32b25 + e aad + a®xiad+
a?’x%x% + aﬁxg + ale%‘lxg + al%ng + a‘%?x% + an%Ox% + aﬁx?x%—&—

alow?mg + a%‘fm% + a12x%x% + a5x1x% + a5x% + a14x%4x2 + a12x}3x2—|—
a’r1?zy + a®xitey + alfxi®
allx%xg + a3z, + a?’x%‘l + a6x%2 + alox%l + a7x? + aleZf + a%? + a”x?—i—

a13a:‘;’ + al4w% + aloxl + a®

x4+ at%2fzy + a"2bxs + a'22}wy + aPatra+

Configuration 5:

Number of points | Third coordinate
15 a'?
14 a'?
13 a't
12 1
11 a
10 a?
9 a?
8 a’
7 a’
6 a®
5 a’
4 a®
3 a®
9 10
1 all

The configuration list is
2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,1,1,1,1,1,1,1,1,1,1,2,2,2,2,1,1,1,1,1,1,1,1,1,2, 2,
2,2,1,1,1,1,1,1,1,1,2,2,2,2,1,1,1,1,1,1,1,2,2,2,2,1,1,1,1,1,1,2,2,2,2,1,1,1, 1, 1,
2,2,2,2.1,1,1,1,2,2,2,2,1,1,1,2,2,2,2,1,1,2,2,2,2.1,2,2,2,2,2,2,.2.2.1,1,1,1,1, 1
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and the locator polynomial is

z1 + x%‘ix; + a13x%3x; + x%ng + x%lx; + x%ox; + agm?x; + ax?x; + a7x1x;+
an?xg + a%ﬁx% + a14x‘11x5 + mi’x; + a‘%%x% + allwlmg + aloxg + x%‘lxg—l—
a5x}3xg + a7x%0xg + a2x?xg + a5x§xg + a14acz:1cg + x?xg + a4x?xg + allx%xg—i—
atz32§ + 2328 + al3ri 2§ + 2§ + a"wi32d + aPritad + a2 + 22+
a‘%?x% + allxza:g + alox?xg + x?a:g + a13x‘1lxg + x‘rl”a:g + a:%:cg + a10x1m3+
asxg + x%ng + a4m%1x‘21 + a“x%omé + alom?x‘é + xff:c% + a13aﬁx§ + x?x%—i—
xi’x% + agx‘llx% + ax%m% + a%% + a4x%4x§’ + aleng + agxi’x% + agx%oxg—&—
a’x8z3 + a®xlxd + a'taiad + a*2iad + eyl + 0023 + itas + alalBas+

8],‘%21‘2 + aa:%lxg + a%%o

To + aw%‘l + anF + a%%l + x? + a4x5f + alox? + w“;‘ + x‘;’ + x% + aloarl + a®

a x9 + a5x§x2 + x?xg + a%?mz + allx‘lle + xfa:g—k

Configuration 6:

Number of points | Third coordinate
15 a'l
14 a'?
13 a'3
12 a't
11 1
10 a
9 a?
8 a3
7 a*
6 a’
5 a®
4 a’
3 a®
2 a’
1 10

The configuration list is

2,2,2,2,2,2,2,2,2,2,2,2,2,2,2.1,1,1,1,1,1,1,1,1,2,2,2,2,2,1,1,1,1,1,1,1,1, 2,2, 2
2,2,1,1,1,1,1,1,1,2,2,2,2,2,1,1,1,1,1,1,2,2,2,2,2,1,1,1,1,1,2,2,2,2,2,1,1,1,1,2,
2,2,2,2,1,1,1,2,2,2,2,2,1,1,2,2,2,2,2,1,2,2,2,2,2,2,2,2,2,2,1,1,1,1,1,1,1,1,1, 1
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The locator polynomial is

z1+ a4x}4x§ + ax}?’mg + a2x%2m§ + ax%lmg + m%oxg + a%‘fx% + a14x§mg+
a*xTxl + aBx827 + 2308 + aBatal + aBxdaxl + atla?al + ey af + 2T+
arita§ + aPxaS + at21%2§ + a'32{2§ + 252§ + asxzxg + alx$xS+
anx?xg + a%‘llxg + x:fxg + a‘%%x% + axlxg + a2xg + a4x%3x§ + x%lxg—i—
asm}oxg + asx?xg + allac?xg + a2xzx3 + acffa:g + a‘%?xé + ax‘llxg + anzfxg—&—
ar?zy + a'z125 + a"2d + aPxi%ad 4+ allwilad + a?2i0x3 + 223 + atafad+
am{x% + a%?x% + ax?x% + aga:‘llxé + a“%fm% + al?’x% + allx%‘lxg + aloxzx%—k
a13a:‘;’x§ + a%%omg + a13m?x% + x‘?x% + an‘llxg + allx%x% + a%lx% + x%—i—
a:v%‘lxg + 012‘%%3.%2 + a7x%2x2 + al4x%1x2 + a4x%0x2 + x?xg + (LSIE?I'Q—F
allz‘i’xg + a2:z:‘11x2 + a4:z:%x2 +a’xy + a14:17%4 + algx%z + 9:%1 + agx?nL

allef + m? + a4x§’ + an? + ax% + a0z, +a”

Configuration 7:

Number of points | Third coordinate
15 a'f
14 a't
13 a'?
12 a'?
11 a't
10 1
9 a
8 a?
7 ad
6 a*
5 a’
4 a®
3 a’
2 a®
1 a®

The configuration list is
27 27 2’ 2, 27 27 27 27 2, 27 27 2’ 27 27 27 17 17 17 17 17 17 17 17 27 27 27 2’ 27 27 17 17 17 17 17 17 17 2’ 2, 27
2,2,2,1,1,1,1,1,1,2,2,2,2,2,2,1,1,1,1,1,2,2,2,2,2,2,1,1,1,1,2,2,2,2,2,2,1,1,1, 2,
2,2.2,2,2,1,1,2,2,2,2,2,2,1,2,2,2,2,2,2,2.2.2.2.2.2.1,1,1,1,1,1,1,1,1,1,1,1,1,1,1
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and the locator polynomial is

z1 + agz%‘lzg + a4x%3x; + a4x%2zg + an%lx; + x%ox; + a6x€1’:c; + aux?xg + axzsc;—l-
agx?xg + alox?xg + a%‘lla;; + aw‘;’xg + a‘%%x; + asxlxg + a%‘; + a%%‘lxg + a5x%3x8+
ax%oxg + agm?xg + aloaz?mg + a%ci:xg + ax?xg + asx?xg + asxj‘xg + a%i’xg + asm%xg—&—
at*ria§ + a*xS + aridad + a2l + a?21023 + ax)ad + adadad + aBxlad + aPabad+
asx?xg + a4x‘11xg + a‘%?m% + aQJc%mg + alomlxg + aﬁxg + am%%% + a3x%1x§ + aga:%oac%—k
a5x‘fx‘21 + asxffx% + a‘%{x% + a‘%?x% + an?xé + agx%xé + a12x%x§ + agx‘é + a3x%4x§’+
aloxzxg + agx‘;’xg + a%}ox% + agx?xg + alox‘;’mg + a%‘{‘m% + a?’x%mg + asxlmg + a%%—i—
a’ritay + al?2}? 621229 + a'?zitwy + axi®zo + a'%282s + axbay + aPxfzy
+a8x‘11x2 + asxfxg + a4x2 + amar;%‘1 + agx%Z + alox%l + ax? + a3x5f—|—

a5x? + asm‘;’ + a4x‘;’ + an% + a2 + ab

Tro +a

Configuration 8:

Number of points | Third coordinate
15 a’
14 a'®
13 a'l
12 a'?
11 a'3
10 alt
9 1
8 a
7 a?
6 a’
5 a*
4 a®
3 a®
2 a’
1 a®

The coefficients’ list is

2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,1,1,1,1,1,1,1,2,2,2,2,2,2,2,1,1,1,1,1,1,2,2,2, 2,
2,2,2,1,1,1,1,1,2,2,2,2,2,2,2,1,1,1,1,2,2,2,2,2,2,2,1,1,1,2,2,2,2,2,2,2,1,1,2,2,
2,2,2,2,2,1,2,2,2,2,2,2,2,2,2,2,2,2,2,2,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1
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and the locator is

21 + ale%‘lx; + a7x%3x; + a%{%; + a3x%1x; + x%ox; + a5x?x; + alongxg—i—

a13$1x5 + a%?x% + a%?x% + allx‘llajg + agx:{’mg + aloac%xg + a14x1m§ + alomg—i—
a3x%4xg + a%%?’xg + a13x%0xg + a‘%?xg + a‘%?xg + allx{xg + agx?xg + aloxfl’xg—i—
a14z%xg +—a10x§rg +—a12x%1€ +—a7x11€ %—ang +—a13x%3x3 +—a5x%1xg +—a11z%0mg4—
agx?xg + aloa:?xg + a14xzx3 + alox?xg + alzxi’mg + a%‘fx% + a%%x% + a%?m%—!—
aloxlxg + a%% + agx?w% + aloxilx% + a14m}0x‘21 + alom?x‘é + algxéfa:% + a7xza?‘21+
aﬁm?x% + a3m‘;’x% + agm%x% + amx%x% + a%% + alow%‘lx% + aleng + a‘%?x%—}-
aQJﬁoaé +—a5x?1€ +—a5x?1€ +—a11x%z§ +—a10x%1€ +—a14x1z§ +—a10x§ +—a3z%4x24—
123:%3332 + a5x%2x2 + alox%lxg + a13m%0x2 + a5x§x2 + agx?xg + alox?xg + a14x‘11x2—|—
ale%mg + a6x2 + alox}‘L + a5x}2 + a5x%1 + agm? + aloac? + alox? + a12m? + aﬁxi’—l—
a2? + al%r +a®

a

Configuration 9:

Number of points | Third coordinate
15 a®
14 a®
13 a'®
12 a't
11 a'?
10 a3
9 ol
8 1
7 a
6 a®
) ad
4 at
3 a®
2 a’
1 a’

The configuration’s list is

2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,1,1,1,1,1,1,2,2,2,2,2,2,2,2,1,1,1,1,1,2,2,2,2,2, 2,
2,2,1,1,1,1,2,2,2,2,2,2,2,2,1,1,1,2,2,2,2,2,2,2,2,1,1,2,2,2,2,2,2,2,2,1,2,2,2,2,
2,2,2,2,2,2,2,2,2,2,2,2,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1, 1
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and the locator is

z1+ ax%‘las; + alox%?’x; + agx%%g + a4x}1x5 + x}ox; + a‘%?x; + agacffx; + aloxzxg—k
a:c?:ﬂg + x?x% + a%‘fx% + a%i’x% + a%%x% + a5x1x§ + xg + a4x%4xg + a5x}3x8+
at%x102§ + axdaS + 282§ + a®xla§ + a?2f2§ + a?2}aS + aPatad + x32§ + axia§+
a®zy 2§ + az§ + a'021325 + 2112 + a®2i025 + a?2)ad + a?abad + aPaad+

x?mg + am?xg + alox‘llxg + asx:fmg + a%%mg + aloxlxg + a4x§ + a2x%2x§+

a2m%1x§ + a%}ox% + m?x% + ax?x% + aloxzx‘é + asx?x‘é + a‘ﬂri’x% + agx‘l*x%—i—

ad22x3 + axy + a’xitad + a'%2703 + axad + a?xi022 + axbad + 2922 + aPriad+
a%%x% + a%lxg + x% + a4x%4x2 + auxﬁxz + a4m%2x2 + asx%lxz + alox%oxz—&—

x?xg + a2:r:[15:v2 + a%‘?xg + a5:r:‘11:v2 + aw%xz +alze + agx%‘l + aﬂc%Q + a:%l + anfl’—l—

a2m§ + :r(f + ax? + asx‘;’ + a4x% +al%; +a*

Configuration 10:

Number of points | Third coordinate
15 a’
14 a®
13 a’
12 a'?
11 a'l
10 a'?
9 al3
8 ql4
7 1
6 a
5 a?
4 a’
3 a*
2 a®
1 a®

The configuration’s list is

2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,1,1,1,1,1,2,2,2,2,2,2,2,2,2,1,1,1,1,2,2,2,2,2, 2,
2,2,2,1,1,1,2,2,2,2,2,2,2,2,2,1,1,2,2,2,2,2,2,2,2,2,1,2,2,2,2,2,2,2,2,2,2,2,2,2,
2,2,2,2,2,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1
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and the locator is

21+ asx‘{lélxg + a13x%3x§ + al%%%; + a5x%1x§ + x:llox; + agx?xg + aﬁxfxg—i—
a7xzx5 + amx?x; + alox‘;’xg + a14x‘11x§ + alom?xg + agm%xg + allazlxg + asxg—i—
a®ri*al + a®riPal + a"21%28 + a'?202§ + a2 + atta xS + alOx$aS+
agx?xg + allx‘llarg + a%i”x% + a%%arg + a13x1xg + aloxg + a7x%3xg + alox%lxg%—
a14x%0x§ + alom?xg + agmfxg + allxzxg + a5x?xg + a5x‘?xg + a13a?‘11xg+

alox:fxg + a@v%x% + aloxlx;’ + a?’xg + amme% + agx%lx% + allx}ox%—l—

asx?x% + asx&f:c% + a13xzx% + awx?x% + a‘r’x‘?x% + agx‘llx% + CLGJJ%’,E% + aum%Jr
agx}‘lxg + aloas{x% + alzx%xg + a%%ox% + amx?ac% + awx?m% + al4x‘1lx%+
agx%x% + anxlx% + a5:c% + a5x%4x2 + algx%?’xg + a3$%2m2 + aﬁxilxg + a%%omg—i—
amxéf:cg + alox?xg + agx?xg + aux‘llmg + GS.T%Z'Q + (1101'2 + a6x%4 + alzx%Q—i—

alox%l + alosc? + agxif + (15:1:(13 + a5x‘;’ + alox:{’ + a5x% + aw:cl + a®

Configuration 11:

Number of points | Third coordinate
15 a®
14 a’
13 a®
12 a?
11 a'®
10 at!
9 al2
8 ol3
7 ol
6 1
5 a
4 a?
3 a’
2 a*
1 a’

The configuration list is
2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,1,1,1,1,2,2,2,2,2,2,2,2,2,2,1,1,1,2,2,2,2,2,2,2,

2,2,2,1,1,2,2,2,2,2,2,2,2,2,2,1,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,1,1,1,1,
1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1
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and the locator is

21+ a9x%4x§ + ax%?’xg + a12x%2x§ + aﬁx%lxg + x%oxg + a%?x; + a4x§15335+
a‘%{x% + asx?xg + a%?x% + asx%xg + a?’xi’x; + cwc%xg + a2x1xg + aloxg—i—
aSxi*al + aPxi3al + af2x 102§ + a®x2§ + a®2fa§ + aPaxlal + ad2fa§+

ax?xg + an‘llxg + aloaﬁxg + agm%xg + axlxg + a12ajg + a4x%3xg + a%%lmg—k
a%%%g + a3x?m§ + a:csfxg + a%{x% + alox?mg + agxﬁaﬁg + aa:‘llxg + amx‘rfmg—i—
an%xg + aloxlxg + agx*;’ + a3x%2x§ + ax%lx‘é + azx%ox% + alox?xg + aga:éfx%—i—
ax{x% + alzz?xé + a6z§x§ + agz%xé + 0,41'%I421 + agz% + az%‘lz% + aloxzx‘%+
agac‘;’xg + a%%oxg + asx?mg + a%‘i’m% + asx%xg + ax%x% + aza:lac% + alox%—&—
aﬁx%‘lmg + a12x%3$2 + a2x}2x2 + a4x%1x2 + a4a:}0
am‘;’xQ + azm‘lle + agm%m +at?xy + a4x%4 + agx%z + a%%l + a3x"f + axf—i—

alox? + agx? + a12:c:1” + CLSI% + aloxl + a?

To + a5x§x2 + a3x?x2+

Configuration 12:

Number of points | Third coordinate
15 a®
14 a®
13 a’
12 a®
11 a?
10 a'?
9 all
S al?
7 BE
6 ol
5 1
4 a
3 a?
2 a®
1 a*

The configuration list is
2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,1,1,1,2,2,2,2,2,2,2,2,2,2,2,1,1,2,2,2,2,2,2,2,2,2,

2,2,1,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,1,1,1,1,1,1,1,1,1,1,1,1,1,1, 1,
1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1, 1
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and the locator is

21+ a13x%4x5 + a4m%3mg + a14a:}2xg + a%%lx; + x%oxg + ax?xg + a%?m%—!—

a:czxg + a‘%?x% + x?x% + a%‘fx% + aux‘;’x; + a8x%x§ + a8x1:v§ + x;—i—

a7x%4xg + asx%?’xg + ax%oxg + a4x§1’xg + x?mg + azxzxg + allx?xg + an‘;ng—f—
abrix§ + 232§ + a¥2?x§ + atzi 2§ + a2l + axldad + 2itad + a?2i023 + alafad+
asx?fxg + asxzxg + x?mg + a13x?x‘;’ + a4x‘11w‘;’ + a14x%x§ + a%%xg + aloxlxg—i—

axg + allx%zm% + asx%lmgl + agx}ox% + w?m% + al?’x?x% + a‘%{x% + a14x?x§+

a’ 23y + a®rixy + a?a?xd + oty + aBritad + a'%2]ad + ataded + a?alf22+
a4x?x§ + m?x% + a%%x% + agx%arg + agxla:% + x% + a7x%4x2 + aux%g’mg + am%%g—l—
aZx%lxg + ax%owg + .’175131]2 + alll‘?l‘g + agx?mg + a8x‘11$2 + a13x%x2 + a14x2—|—

an%‘* + a4x%2 + x%l + a“x? + asxéf + x? + a13az? + a14x§’ + a7x% + aloxl +a

Configuration 13:

Number of points | Third coordinate
15 a’
14 a’
13 a®
12 a’
11 a®
10 a’
9 10
) ol
7 al2
6 Q13
5 ol
4 1
3 a
2 a?
1 a?

The configuration’s list is

2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,1,1,2,2,2,2,2,2,2,2,2,2,2,2,1,2,2,2,2,2,2,2,2,2,2,
2,2,2,2,2,2,2,2,2,2,2,2,2,2,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1, 1,
1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1, 1
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and the locator is

z1+ a%%‘lxg + a7x%3x; + ax?w; + agx%lxg + x%oxg + m?wg + xffxg—&—

a13xzx§ + x?xg + alox?xg + allx‘llxg + a"iﬁx% + x%x% + al4x1x5+

asxg + agz%‘lxg + a5x%3xg + ale%Oxg + o:gfmg + awszxg + anxzngr
a‘%?x% + xi’xg + al4x‘11xg + a5x§’x8 + an%xg + a7x1x8 + axg + a13x%3x52’+
alox%lxg + a”aﬁ%g + a‘%?x% + x?xg + a14xzx8 + a‘%?x% + a%c?xg—i—
a7x‘11x§ + ax:{’xg + asx%xg + aloxlxg + xg + a4x%2x% + x%lx% + a14x%0x‘21—|—
asx?x% + a2x§:c‘21 + a7xzx§ + ax?z% + asxi’z% + agsc‘llz% + z%x% + 9:§+
x%‘lx‘;’ + aloxhg + xi’x‘;’ + aQ:U}Oa:% + x?x% + alox‘;’xg + allx‘fxg + x%x%—!—
a14x1x§ + a5x§ + asx%‘lxg + algx%?’xg + 1‘%21‘2 + 1‘%1372 + al?’w%oxg—l—
atz8zy + a*xlxs + 2iwy + atatrs + a?xixe + axe + 2t + 212 + 00211+

atz) + 2§ + a®2§ + o223 + ax} + a®z? + a2y + 1

Configuration 14:

Number of points | Third coordinate
15 a®
14 a’
13 a’
12 ab
11 a’
10 a®
9 a’
3 10
7 all
6 al2
5 al3
4 Q14
3 1
2 a
1 a?

The configuration list is
2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,1,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,

2,2,2,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1, 1, 1,1, 1, 1,
1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1, 1
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and the locator is

z21 + aﬁx%‘lx; + alox%:"x; + agm%%; + agx%lx; + x%ox; + a14x?:ﬁg + al?’x?x; + al%Ingr
allx?xg + a%?x% + a%‘fx% + algx‘;‘x; + a%%aﬁg + a5x1x§ + alomg + a9:r:%4xg + a5x%3xg+
al%}%g + allx?xg + a%?gcg + a%{gcg + a12x?xg + a7x51’xg + a5x‘1lxg + aloxzfxg + aﬁx%xg—&—
a®z12§ + a®x§ + a2i32] + adxlad + a®rif2d + a'22)2d + a"afd + aPaxd + atf2fad+
a%?m% + aloa:‘llxg + a?’a:%xg + agaﬁxg + awxlajg + a14a:g + aux?ajé + a%%lxé + a5x%0x§—|—
aloac?x% + aﬁxsfx% + aloxzxé + a3x§5m§ + agx?xé + aggc‘llazj‘zl + a13$%x§ + anx% + a7x%433§+
alox{xg’ + allxi’xg + a%c%oxg + allx?xg + a5x5{x§ + a‘%‘fx% + a%%x% + a5x1x§ + aloxg—i—
agx%‘ixg + (112x%‘3 14x%2x2 + algx%lxg + awx%oxg + a59:§12 + auz?xg + a7:z:‘i’x2+
a5x‘1la:2 + a6x§x2 + a3x2 + a13x%4 + a“x%Q + a%%l + aleEf + a7a:51; + alox? + an?—l—

a3x:1” + agx% + aloxl + al?

To +a

Configuration 15:

Number of points | Third coordinate
15 a?
14 a?
13 a’
12 a’
11 a®
10 a’
9 a®
8 a’
7 10
6 ol
5 ol2
4 e
3 Q14
2 1
1 a

The last configuration list is
2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,1,1,1,1,1,1,1,1, 1, 1, 1, 1,

1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,
1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1,1, 1
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and the locator is

21+ alox}‘lxg + al?’x}?’xg + a5x%2m§ + alox%lmg + x%omg + a13x?ac§ + allx{fx; + a?r{x;—&—
a’ xSzl + 22l + a'tatal + aPadel 4+ a2l + el al + 28 + alf2ital + aPriPad+
a%}%é + a7a:?xg + x?a:g + a“%{x% + a%?:cg + al4x“;’a:g + allx‘llxg + J;‘;’xg + alox%xg%—
al?’xlxg + a5xg + a%?ﬁx% + x%lxg + a14m%0x8 + a‘%‘fxg + a14375fx§ + anxzmg + m?mg—i—
alox‘;’xg + a13x‘1*x§ + a‘%?mé + alox%xg + aloxlxg + al?’xg + a%}zx% + a14x%1x‘2*—|—
allx%oz% + x?x% + alox?z% + al?’xzxé + asx?x% + alox?z% + a9:v‘11:17‘2L + allx%x% + a7x§+
al4x%4a:§ + aloxzx‘;’ + a7x§’x‘;’ + an%Oxg + a%?x% + x?w% + a14x‘11x§ + a“%%x%—&—

anxlx% + w% + alox}‘lxg + a12m}3x2 + al?’a:%?a:g + anx%lmg + a7x%ox2 + x?mg + a5w?m2+
a**xlzy + alazirs + al%22xy + aPxo + altwit + a" w2 + 2t + aPa) + attaf + 28+

alox? + a5x§ + aloz% + aloxl + al?

B.2.2 Coefficient matrices and formulas.

The matrix whose entries are the terms which possibly can appear in the tail of our general

error locator polynomial (8.4) is

(214 alta, 22 2lad olad 2Med 212l 2l4af]
o3 wibas 2l%2? 2Pl oiP2d 21323 22§ 232
212 wilxy 21222 2223 22 21223 21%aS 2i%af
ol wilay alla? 2Pad ailad a2l 2fad 2itad
210 2%, 2192 21%3 21%3 21%35 2% 2{%$
2wz (w3 2023 2f2d 22 202 a0l
o5 afre  afx3d 2fad afad Al 2Pl afad
M= |zl 2oy {22 2723 2l2d 2723 2725  2]af (B.89)
2§ 2bxy 223 2fa3 %23 2l 202§ %28
2} xjwe 232k 2fxd afxd 2fad 252§ afad
vt wire  xtxd  2iad afad  atad  2ial afad
r3 wfxe  atwd  adad afad adad  2fal afad
22 2y 223 2ad 222d 2% 2%l 222
X1 T1X9 l‘ll‘% .L“ll‘g l‘l.T% mlxg l‘ll‘g .ﬁll‘g
|1 T2 3 x5 x5 x5 x$ x5
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The matrices of the fifteen cyclical configurations in IF14 (8.4) are the following.
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Configuration 3
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Configuration 4
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Configuration 5
Configuration 6
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Configuration 7
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Configuration 8
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Configuration 9
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Configuration 10
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Configuration 11
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Configuration 13
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Configuration 15
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As for the intermediate configurations in Fg we can find a general table, summarizing the

reciprocal relations among the coefficients of each locator polynomial:

a12

c M 0 A
N O E 1

0
0

D C M B
F N O FE

0
al0

A D C M

0
0

D C M

«® F N O

N O

0

0 B A D C

A D C

alO

F N

G H L P

alO

0

Algen]
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The numbers 1, ..., 15 of the first row represent the number of occurrences of the value
we take as Q) (B.2.2).

APl Q" | 1|2 |3 |4 |5 |6|7 8|9 |10[11|12|13]14 |15
A |Q*|12|13|14|15| 1|2 |3 |4 |5|6|7|8|9]|10]11
B Q*| 7|53 |1 |14|12/10, 8|6 |4 |2]|15[13]11
C Q|13 5|12 4 |11 |3 |10[2|9]|1]|8]|15]| 7|14
D | QY| 3 1111514 | 8|12 1|5 |9 |13 2 10 | 14
E Q| 1|13|10|7 |4 |1 |13|10|7 |4|1[13[10] 7] 4
F |Q®?| 4|7 |10|13| 1|4 |7 |10[13[1]4]7]10[13]1
G Q* |14/10|6 |2 |13|9 |5 |1 |12|8 |4 |15[11|7 |3
H Q |11 |10] 9 | 8 6 |5 |4 |32 |1|15]14|13 |12
1 Q" | 6 |14| 7 |15 8|19 |2]|10]3 |11|4|12|5]13
L Q¥ |9 |11 13|15 2| 4|6 |8 |10|12|14]|1 |3 |57
Q Q| 5|15[10|5|15/10|5 |15|105 [15][10] 5 |15 10
N Q| 8|14|5 |11 |2 |8 |14|5 11|28 |14]5 |11] 2
(0] Q| 2|11|5 |14 8 |2 |11|5 |14|8 |2 |[11]|5 |14 8
P |Q®Y|10|15|5 10155 |10|15| 5 [10[15| 5 | 10|15

Table B.2: Configurations in [Fys.

The couples of cycles corresponding to the formulas grouped above are:
L (a/,07), (8, a), (v, ), (8, 67);
2: (.0, (B'a"), (7', €), (8,6);
3: (o, 0, (8,7"), (v ), (6, 8");
4 (0", (8,07, (7'7"), (6,7);
50 (a,8), (5 a7), (7, €), (8", 0');

6: (o, 0), (B, a"), (v 7), (¢, 0");
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7 (a9, (6,87, ("), (0, 8');

8: (a',a), (B,8), (', €), (¢, &');

9: (o, ), (8,0"), (',7), (8" 7");
10: (o, ), (B, ¢), (/7). (6", B');
11z (o', a"), (B, d), (v, €), (6", 87);
12: (o, €), (8,0), (', 7'), (¢, &);
13: (', 8"), (6",7), (V',7"), (8%, B');
14 (o, 0"), (6, 6"), (v, €), (6,7");

15: (o', 3"), (6", 0"), (/7). (87, 67).

B.3 Optimal Frobenius configurations in Fs.

In the case of Fg we were able to find some optimal Frobenius configurations and some
optimal semi-Frobenius configurations.

We arranged these configurations in type A, B, C, D.

We display here all the precise data for them.

B.3.1 Nine terms

We give here the data for the nine term polynomial leading to the optimal Frobenius con-
figurations (8.5) and its failing permutations.
Let us start with the nine therm configuration:

Number of points | Third coordinate
7 0

Qw Q

IS]

S|

S]

NININD|[W|W|Ww|D
IS]
ut

—_
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The points are:

- L= S = S = s = =

—

— — ~— ~— ~— L ~— = — — = —_ ~— = I = = =
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The configuration list is
h,1,1,1,1,1,1,1,1,1,1,1,1,1,2,2,1,1,1,1,1,2,2,1,2,2,1,1]

and the associated tower structure is

5 5 : 5
a,a?,a%h?,a%,a9a®,1,a* h*,a%,aa®,a*,11%,a%,a41,a%,a®

5 5 & 5 2 2 2
a,a®,1 ,a4,a ,a”,ala”,a,a”a”,1,a ,a”,a 1,0,3,0,

2 : 4 4 5 6
a,a,a4 az,az,a a‘s,a,a a*,a*,ala®,a%,a a6,1,a 1,a”,a

: > 6 3 5 5 N
a,a®,0 |a?,a%,0[a®,a%,0|a*,a®,0| a®,a,0 |a®,a*,0| 1,1,0

The locator polynomial we get is:
=4 =4
21 + 2823 + a®a822 + aPxiad + a%2fxs + ad2iwg + P2 + a2t + a4

Let us try now to variate it.

Number of points | Third coordinate
7 1

Q| O

no

w

NININD[WW|[Ww|D

SRENERERE

The points are:




corresponding to
[17 17 17 ]" 1, 17 27 17 1’ 1, 27 27 27 1’ 1) 17 27 2’ 1’ 17 17 27 ]" 1’ 27 17 27 2}'

and to

a,a?,a°la?,a®,1 a‘o’,l,a4 a4,n,3,1 0,5,(14,1 G,aa,agl,aﬁ,a4

a,a6,1 2,a4,a3 3,(15,(12 a4,a,a3 a‘r’,l,a2 a5,a2,1 1,a%,a®

=
a,a,a” [a®,a%,a a3,a,1 a4,a4,a 5,a5,a a6,1,a°

a,a®,0 |a?,a%,0|a®,a?,0[a*,a®,0] a®,a,0 [a®,a%,0] 1,1,1

The polynomial we get is:

z1+ J;?m% + a2x?$§ + a4m‘11m§ + x:{’mg + ax%x% + xlxg + x% + a3x?x§ + a%’?x% + ax‘llx% + a:c‘i’x% +
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ax%z% + aG:L'l:c% + a:r% + an?xQ + (121’?1‘2 + agx‘llxg + :n:fmg + aﬁxfxg +a*ryzo +alzy+ a%‘f +
a*zt + a®z$ + a*x? + atxy + ad.

In analogy with the intermediate configuration, we try to remove the possibility for zero to
be the third coordinate.

Number of points | Third coordinate

Q| =

NININDWW|[W|[O |
[N

SRENERERE

The points are:




corresponding to

and to

The obtained polynomial is made up of 28 terms:

z1+a

a’®

6,.5,.3
L1

[17 17 17 17 1’ 17 17 17 17 1’ 27 27 27 27 1’ 17 17 27 2’ 17 1) 27 17 2’ 27 17 27 2]

+ a’x

4
1

a,az,a5 7(15,1 113,1,@‘1 a4,a3,1 a 7a4,1 6,a3,a31,a6,

a,a6,1 2,a4,a3a3,a ,a a4,a,a 115,1,0,2 a6,a2,1 1,(13’7 6
a,a,a2 a®,a”,a aS,a,l a4,a4,aa5,a ,aSaa,l,a,5 1,a5,a
a,a®,0 |a?,a%,0[a®,a%,0]a*,a®,0| a®,a,0 |a®,a*,0| 1,1,0

x%—&—m

3
1

:cg—i—a

azx‘i’ + x‘ll + a5:v‘% + a3x% +abzy +a®

+ xlxg + :cg + am?x% + a5m?x§

+a

+ a5x:1)’m§ +

x%x% + a2x1x§ + a%% + a6x?x2 + aaz?xg + a4x‘11x2 + xi’xz + a5x%x2 +aSry20 + awg + ax? +
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B.3.2 Type A.

Here we have all the data for Type A configurations from 8.5.

Type A:
Number of points Third coordinates
1 a 1 |ab|a®|a*]|a®| a?
4 a>| a |1 |a%|a®|a*]|d®
4 a®la%2| a |1 |a®|a®|at
4 a® la*t|a®|a®>| a | 1 |ab
5 a* | a% | a? | a 1| a8 |a®
5 a | a% | a*|a®|a? | a 1
5 1 |a%|a®|a*|a®|a®| a

The first column is associated to the following configuration list:
2,2,2,2,2,2,2,2,2,2,2,2,2,1,2,2.1,2,1,1,2,2,1,2,1,2,1, 2.

The associated polynomial is

z1+ a?’w?x% + a@ti’x% + x%x% + aﬁm?xg +adzy + a?’x‘? + a5x‘;’

and the matrix of coefficients (completely analogous to table 8.1) turns out to be:

0 a% a® 0

a® 0 0 0

0 0 0 O

A =1 @ 0 ¢ o0
0 0 1 o0

0 0 0 O

0 a® 0 0

The second column corresponds to the list below:
2,2,2,2,2,2,2,1,2,2,1,2,1,1,1,2,2,1,1,2,1,1,2,1,1,2,1,1 and to the locator polynomial

z1+ x?x% + x%m% + x%x% + x?xg + xo + 33? + x?
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The coefficient table is

Al =

o O O = O = O
= O O O O O =
O O = = O O =
o O O O o o o

The third column gives the following list:
2,2,2,2,2,2,2,1,1,2,2,1,2,1,2,1,1,1,2,1,1,1,2,1,2,1,1,2 and the locator polynomial is
z1+ a‘%?x% + aw?x% + x%x% + am?xg +a’ze + a4x? + azx:{’

while the coefficient table is

0 a a* 0

a* 0 0 0

0 0 0 O

ABl=1 42 0 a 0
0 0 1 0O

0O 0 0 O

0 a> 0 0

The fourth column is associated to
2,2,2,2,2,2,2,1,2,1,1,1,2,2.1,1,1,2,2.1,2,1,1,1,1,2,2, 1

The locator is 21 + az$23 + a?z323 + 2223 + a®2829 + a'xy + azl + a2}
and the table

0 a> a O
a 0 0 0
0 0 0 O
A =1 gt 0 a2 0
0 0 1 0O
0O 0 0 O
0 a* 0 0

The configuration list associated to the fifth column is

2,2,2,2,2,2,2,2,1,1,1,2,2,2,1,2,1,1,1,1,1,2,2,2,2,1, 2,1 and the locator polynomial is

z1 + a%?x% + a?’m‘i’x% + x%x% + a3x?x2 +abzo + a%‘? + a6xi{’.
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The table grouping the coefficients is

0 a® a® 0

a® 0 0 0

0 0 O0 O

ABl=1 48 0 a3 0
0 0 1 0O

0 0 0 O

0 a® 0 0

The sixth column is connected to

2,2,2,2,2,2,2,2,1,2,1,1,1,1,1,1,2,2,2,2,2,2,1,2,2,1,1,1 and to

z1 + a%v?x% + a‘%v‘fx% + x%x% + a4x?xz +axrs + azx‘;’ + ao:‘f

The table is then

S
IS

Q
[N

Al —

o o = 8 o o
o O o o o o o

o oo o o 8] o

QO O O O O

The last column corresponds to
2,2,2,2,2,2,2,1,1,1,2,2,1,2,2,2,2,2,1,2,2,1,1,1,2,1, 2,2 and the locator is
z1+ a6x‘f:p§ + a%i’x% + x%x% + a5x?x2 +adzy + a6x§ + a3x‘;’

while the table is

0 a® a® 0

a® 0 0 0

0O 0 0 O

AM=1 e 0 & o0
0O 0 1 0

O 0 0 O

0 a® 0 0
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The general coefficient matrix for type A configuration is

Alsen]

o o o QO o o
QO o oo o o
o O o oW
oo 0O 0 O o o o

We take as M the value of the third coordinate appearing once, getting

A=MS (B.90)
B = M3
C = M>

B.3.3 Type B.

Here we have all the data for Type B configurations from 8.5.

Type B:
Number of points Third coordinates
1 a | 1 |ab|a®|a*]|a®| a?
4 a®| a |1 |a®|a®|a*]|d®
4 ada?2| a | 1 |a®]|a®]|at
4 a® | a*t | a®|a?| a 1 | af
5 a* | a% | a? | a 1 |ab|a®
5 ab | a® | a* | a® | a? | a 1
) 1 |a®|a®|a*|a®|a®| a

Table B.3: Type B configurations in Fs.

The first column is associated to the list
2,2,2,2,2,2,2,2,2,2,2,2,2,1,2,2,2,1,2,1,1,2,2,1,2,2,2,1

9 3 ) ) ) 9 3 ) ) ) 9 3 ) ) ) 9 ? )

and to the locator polynomial
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3.2

2 + 2823 + aPxdad + aPxiad + a3 + aPabad + adxiad + abadad

The coefficients table is

00 & 1
00 0 O
0 0 @ O
0 0 af a
00 0 O
00 0 a
00 0 af

The configuration list obtained by the second column is
2,2,2,2,2,2,2,1,2,2,2,1,1,2,1,1,2,1,2,1,2,1,2,2,1,1,1, 1
while the locator polynomial is

z1+ x?x% + xi’mg + xlx‘g + x% + x?m% + x‘fl% + xi’x%

and the table turns out to be

o O O O o o o
O O O O O O O
O O O = =EO
_ = O = O O

The third column corresponds to
2,2,2,2,2,2,22,1,1,2,1,2,2,1,2,1,1,2,2,1,1,1,1,1,1,2,2
and the associated locator polynomial is:

z1+ x?xg + a4x£{’x% + alex% + a;v% + a‘%?x% + azx‘llx% + aw?x%

The coefficients’ table is

00 a* 1
00 0 O
0 0 a2 0
00 a a*
00 0 O
00 0 a2
00 0 a

The fourth column is associated to

2,2,2,2,2,2,2,2,1,2,1,1,1,2,2,1,1,2,1,1,1,2,1,2,1,2,2, 1 and to

z1+ x?x% + am%x% + a4sc1$§ + a2sc§ + am?x% + a4m‘11:1c§ + a%’%x%,
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while the coefficients are represented in

a
0
a

a

W
S 2 O O =

=

O O O O o o o
o O O O o o O
[N

0
0
0

ISEES
S

The following column is linked to the configuration list below
2,2,2,2,2,2,22,2.1,1,2,1,1,1,1,2,2,1,2,1,1,2,2,2,1,2, 2.

) ) ) 9 ) ) 9 ? )
The locator polynomial is 21 + 2823 + ax323 + aSz123 + @23 + a®282% + aSxixd + axia3

and its coefficients are represented in

5

¢
CL6
CL3

= =

[

O O O O o o o
o O O O o o O
w

0
0
0

ISEEES]

The second from last column corresponds to the list
2,2,2,2,2,2,21,1,1,2,2,1,1,2,1,1,1,2,2,2,2,1,2,2,2,1,2

? ) Y ? Y =
to the polynomial
z1 + x(fxg + azx‘fxg + axlxg + a4x§ + azx?xg + ax‘llxg + a4xf:v§

and to the table
2

IS)

28 o 8, o o ~

o O O O O o Oo
S O O O o o O
I

o oo 8 & o

S

Finally, the last column corresponds to
2,2,2,2,2,2,2,1,2,1,1,1,2,2,2,2,2,2,1,2,2,2,2,1,1,2,1,2

9 3 ) ) ) 9 3 ) ) ) 9 ? ) )

to the polynomial
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3.2

21 + 2823 + a®x3ad + aPriad + a3 + a®ab2d + aPriad + aPadad

and to

Q

@wo
O O

o

o O O O O o O
oS O O O o O O
S|
w
S]

[}

o O O
e 2
o W

We can summarize the coefficients’ tables as

o 0O 0 o0 o o o
o 0O 0o 0o o o o
c oo Qo
QW o oo

As done for type A, we can choose as a value M the value occurring once as a third coordi-

nate and we get

A= M3 (B.91)
B = M®
C = MS

so, we have again the couple of cycles (3,7).
Let us now focus on the boldface column i.e. the second one.
As one can easily see by the configuration list, the couples (z1, z2) we choose are
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a%,0) | (a*,0)
(a,a?) | (a®,a) | (a* a)

(a,a°) | (a®,a°) | (a*,a?)

—
e
(=)
N
—

(a,1) (a%,1) | (a*,1)
(a,0) (ab,0) (a®,0)
(a3,a) | (a% a?) | (a®, a*)

(a®,a®) | (a°a") | (a°,a)

(a®,a%) | (a%a®) | (a®,a®)
(a3,1) | (a%1) | (a® 1)
(1,0)

As in type A configurations, only the choices made for a, a®, 1 are independent, while the

other ones come by applying Frobenius mapping.

For example
(a,a?), (a®,a), (a*, a)

is such that
(a*,a*) = (o(a),0(a?))
(a*,a) = (0(a?),0(a*)) = (o(0(a)),o(c(a?))).

The other type B configurations come from the optimal Frobenius configuration by cyclic

permutations.
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B.3.4 TypeC.

Here we have all the data for Type C configurations from 8.5.

Type C:

Number of points Third coordinates
1 a | 1 |ab|a®|a*]|a®| a?
4 a®| a |1 |a®|a®|a*]|d®
4 ad | a? | a 1 |ab|a®|a*
4 a® | a*t | a®|a?| a 1 | af
5 a* | a% | a2 | a 1 |ab|a®
) ab | a% | a* | a® | a? | a 1
) 1 |a®|a®|a*|a®|ad®| a

Table B.4: Type

C configurations in Fg.

The configuration list associated to the first column is:
2,2,2,2,2,2,2,2,2,2,2,2,2,2,1,1,2,2,2,2,2,1,1,2,1,1,2,2

and the locator polynomial is
3..6,.2

z1 + x?x% +a’xix; + a5x‘11x§ + aﬁx?xg + a3x%x2 + a5x:f + aBm%.

The table representing its coefficients is

2 o o o

S|

S
o

o O

The second column gives a configuration

a a1
0 0 O
0 a 0
0 0 O

a> 0 0
0 0 O
0 0 O

list

2,2,2,2,2,2,2,2,1,1,2,2,1,2,2,2,1,1,1,2,1,1,1,2,1,2,1, 1

and, as locator,

21+ x?x% + x?x% + x%x% + x?xg + x%xz +

3 2
ry] + 1,
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whose corresponding table is

o O = B O O O
SO O = O O O =
o O O O = O =
o O O O o o =

The third column gives

2,2,2,2,2,2,2,2,2,2,1,1,1,1,2,1,1,2,1,2,1,2,2,1,1,1, 1, 2, the locator
z1+ x?x% + a4x?x% + azx‘fxg + ax?xg + a4x%m2 + a%? + ax%

and the table

IS

], o o o
o o o 9o

N

S
o O O O O O =

o o o o 8§, o

oS O 2
o O

For the fourth column we have
2,2,2,2,2,2,2,1,2,1,1,2,1,1,2,1,2,1,2,1,1,1,1,1,2,2,2,2
and the locator polynomial

z1 + x?x% + aa:?x% + a4x‘11x§ + an?xQ + ax%xz + a4x‘;’ + an%.

The coefficients’ table is

0 a®> a 1
0 0 0 O
0 0 a* 0
a* 0 0 0
a®> a 0 0
0 0 0 O
0 0 0 O

The third to last column gives the configuration list
2,2,2,2,2,2.2.1,2,1,2,1,2,2,1,1,1,1,1,1,2,2,2,2,2,2,1,2.
The associated locator polynoimal is

21+ x?x% + a5x?x§ + aﬁx‘fscg + a3x?x2 + a5x%x2 + aﬁx? + a3m%
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and the corresponding table is

0 a® a® 1
0 0 0 O
0 0 a® O
a 0 0 0
a® a® 0 0
0 0 0 O
0 0 0 O

The second to last column gives rise to the list below
2,2,2,2,2,2,2,2,1,1,1,1,2,1,1,2,2,1,2,2,2,2,2,1, 1, 2,2, 1 and to the following polynomial
z1+ x?x% + azx(’fx% + am%x% + a4m?x2 + a2x%x2 + a:c:f + a%‘%,

whose coefficients are grouped as

0 a* a2 1
0 0 0 O
0 0 a O
a 0 0 0
a* a2 0 0
0 0 0 O
0 0 0 O

Finally, the last column is associated to
2,2,2,2,2,2,2,1,1,2,2,1,1,2,2,2,2,2,2,1,1,2,2,2,2,1,2,1
The corresponding locator polynomial is

z1+ x?x% + aﬁx?x% + a?’x‘fsc% + a5x?x2 + CLG.'I:%SUQ + a?’xzf + a%%

and its table is

0 a® a® 1
0 0 0 O
0 0 a 0
a® 0 0 0
a® a% 0 0
0 0 0 O
0 0 0 O
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We summarize the coefficients’ tables as

o o x OO o o o
o oo o o
o oo o Qo Ow

S O O O O o

Taking as M the value for the third coordinate appearing once in the configuration, we get

A= MS (B.92)
B = M3
C = M?°

so we have again the couple (5, 7) of Fg cycles.

The second column, hightlighted as usual in boldface font, is the optimal Frobenius config-
urations, from which the others arise by cyclic permutations.

We display here the table of the couples (21, 22) in order to lay great stress on the application
of Frobenius mapping:
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B.3.5 TypeD.

Here we have all the data for Type D configurations from 8.5. In the Frobenius configuration
of type D, the the numbers for a and a? in tableB.5 below are exchanged with respect to type
ABC.

Type D:
Number of points Third coordinates
1 a 1 |ab|a®|a*]|a®| a?
4 a* | a% | a? | a 1 | ab|al
4 ab | a% | a* | a® | a? | a 1
4 1 |a®|a®|a*|a®|a®| a
5 a®> | a 1 [ab|a®|a*|dd
5 a® | a2 | a 1 |ab|a® | a*
5 a®|a*t|a®|a® | 1 1| aS

Table B.5: Type D configurations in Fs.

The first column of the table above, corresponds to the configuration list
2,2,2,2,2.2.22222221,1,2,2,1,2,1,1,1,2,1,2,1,2, 1
The locator polynomial is
21 + axlxd + a?xtxd + a*x?ad + ot x 2303 + 2323 + ax 2 + a2l

and the table of its coefficients is

00 0 O
0 0 a* a
00 0 a2
00 0 O
00 1 a*
0 0 a O
0 0 a2 0

The second column gives rise to the following configuration list:
2,2,2,2,2,2,2,1,1,2,2,1,1,2,1,1,1,1,2,1,2,1,1,2,1,1,1, 1 while the locator polynomial is

z1+ x?x% + x%m% + x%x‘;’ + x?x% + x%x% + 5(113?% + :c%
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and the coefficients’ table is

o O O O O O O
o O O O O O O
= = = O O = O
o O = O = = O

For the third column we get
2,2,2,2,2,2,2,2,1,1,1,1,2,2,1,2,1,2,1,2,1,1,1,1,1,1,2,2,

) 9 3 ) ) ) 9 3

the locator

z1+ a@vi’x% + a%%x% + a?’x%xg + a?’xi’xg + m%x% + aﬁmlxg + a5:r§

and the table

00 0 O
0 0 a® af
00 0 a
00 0 O
00 1 a
0 0 a5 0
0 0 @ 0

The fourth column corresponds to
2,2,2,2,2,2,2,2,1,2,1,2,1,1,2,1,1,2,1,1,1,2,1,2,2,2,2,1 The locator is
21+ a%‘i’x% + aga:‘llxg + a%‘%x% + a6x‘i’x§ + x%x% + a5x1x§ + a3x§

and the associated coefficients’ list is

00 0 O
0 0 af a°
00 0 a
00 0 O
00 1 af
0 0 a® O
00 a® 0

For the fifth column
2,2,2,2,2,2,2,1,2,1,1,2,1,1,1,1,2,2,1,2,2,1,2,2,2,1,1,2
is the configuration list, while the locator polynomial is

z1+ a‘%?m% + ax%x% + a%c%x% + a%c?x% + x%x% + a4x1$§ + aw%
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and the associated table is

00 0 O
0 0 a®> a*
0 0 0 a
00 0 O
00 1 a2
0 0 a* 0
0 0 a O

The sixth column is associated to
2,2,2,2,2,2,2,1,1,1,2,2,2,1,2,2,1,1,2,2,2,2,1,1,2,2,1,2,

to the locator

z1+ a3m?x§ + a6a:‘11x§ + a%%x% + a%?x% + x%x% + a3x1x§ + aﬁxg
and to the table

00 0 O
0 0 o a°
00 0 a°
00 0 O
00 1 a
0 0 a® 0
0 0 a5 o0

Finally, the last column gives rise to
2,2,2,2,2,2,2,1,2,2,1,1,2,2,2,2,2.2.1,1,2,2,2.1,1,2,1,1
to

z1+ a%‘i’x% + a4x‘1133§ + ax%x% + ax‘i’a:% + x%x% + a%w% + a4a:§

and to
0 0 0 O
0 0 a a2
00 0 a*
00 0 O
0 0 1 a
0 0 a2 0
0 0 a* O
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We summarize the tables of coefficients for type D configurations as

o 0O 0O o o o o
O O o o o o o

oo~ o o O
o o x o QO o

C

Taking as M the value appearing once in each type D configurationwe get the formulas

A= M (B.93)
B=M
C = M?

so we have the couple («, ) of Fs cycles.
The second column represents theunique optimal type D Frobenius configuration, as shown
in the table

@0) | @0) | (@h0)
(@a) | (@a?) | (%)
(@) | (@0 | (a*,0%)
(a,a%) | (a?,a®) | (a*,a?)
@1 | @1 | @
(a3,0) | (a%,0 (a®,0)
@) | (&%) | (@)

(a®,a%) | (a%,a3) | (a%,a®)

a®,1) | (a%1)

—
s}
w L
—_
~—
—

1

—~

0)

Each other type D configuration arises from the optimal Frobenius configuration via cyclic

permutations.
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