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Abstract

Modeling of integrated magnetic components in electrical engineering (such as high fre-
quency transformers) leads to several issues related to frequency increase. This frequency
increase induces eddy currents in conducting material which require very fine meshes and
consequently, it leads to large systems of equations and prohibit computational cost, es-
pecially for 3D structures. The commercial scientific software only partially tackle these
issues due notably to the presence of airgaps (modeling "infinite" medium by radiating
conditions), the presence of thin layers (very heterogeneous meshes), and the inclusion of
winding multi-layers.

To deal with these difficulties, dedicated tools have been implemented. The primary issue
that is the presence of airgaps is treated by solving a coupled "Finite Element Method
(FEM)/ Boundary Element Method (BEM)" system in 3D. The BEM is adapted to gen-
eral field problems with unbounded structures because no artificial boundaries are needed,
this is not the case for the FEM. Moreover, the BEM requires only a surface discretisation
which reduces the number of unknowns and then the computational time.

The secondary issue is to deal with thin conductive layers used in a wide range of appli-
cations for shielding purpose. Modeling such conductive regions require very fine volume
discretisation due to the rapid decay of fields through the surface for high frequencies. To
avoid this difficulty, we derive an equivalent model for 3D Eddy Current problem with
a conductive thin layer of slight thickness, where the conductive sheet is replaced by its
mid-surface, and its shielding behaviour is satisfied by an equivalent transmission condi-
tion which connects the electric and magnetic fields around the surface. In addition, an
efficient discretisation using the BEM is provided to solve numerically the problem with
the transmission condition.

The last issue is to tackle the foil winding problems. We proceed by considering the sim-
ple case of a problem of laminar stacks. We provide an effective modeling of the laminar
stacks in 1D and 2D by deriving the classical homogenisation in the domain of the laminar
stacks. Then, we study the influence of the interface (with air) on the vector potential to
treat the problem in the whole domain. We also consider the case where the skin depth
is kept less than or equal to the thickness of the metal sheet.
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Résumé

La modélisation de composants magnétiques intégrés en génie électrique (ex. les transfor-
mateurs hautes fréquences) conduit & un certain nombre de problemes liés a 'augmentation
de la fréquence. Cette augmentation de fréquence induit notamment des courants de
Foucault dans les pieces conductrices qui nécessitent des maillages tres fins et conduit de
grands systemes d’équations et donc souvent a des temps de calcul prohibitifs, notamment
pour les structures 3D. Les outils de calcul numérique commerciaux ne répondent que par-
tiellement a ces difficultés, induites notamment par la présence d’entrefers (modélisation
du milieu «infini» par une condition de radiation), la présence des couches minces (mail-
lages tres hétérogenes) et la prise en compte d’enroulements multi-couches.

Pour répondre a ces difficultés, on se propose de développer des outils dédiés. Une pre-
miere action a été menée pour répondre au probleme de grands entrefers en résolvant un
systéme avec deux techniques couplées : la méthode des éléments finis volumiques (FEM)
et la méthode des éléments finis de frontiere (BEM) en 3D. La BEM est bien adaptée aux
problemes avec des structures non bornées, car aucune condition aux limites artificielle
n’est nécessaire, ce qui n’est pas le cas pour la FEM. De plus, la BEM ne nécessite qu'une
discrétisation de surface, ce qui réduit le nombre d’inconnues et généralement le temps de
calcul.

Une autre problématique sera de traiter les couches conductrices minces utilisées dans
un large éventail d’applications a des fins de blindage. La modélisation de telles régions
conductrices requiert une discrétisation volumique tres fine en raison de la décroissance
rapide des champs vers la surface pour les hautes fréquences. Pour éviter cette difficulté,
nous dérivons un modele équivalent pour le probleme des courants de Foucault en 3D
avec une couche mince conductrice de faible épaisseur, dans laquelle la feuille conductrice
est remplacée par sa surface médiane, et son comportement de blindage est satisfait par
une condition de transmission équivalente qui relie les champs électrique et magnétique
autour de la surface. De plus, une discrétisation efficace utilisant la BEM est proposée
pour résoudre numériquement le probleme avec la condition de transmissions.

La derniere problématique est de traiter les problemes d’enroulements. Nous procédons
en considérant le cas plus simple d’un probleme d’empilement de tdles. Nous four-
nissons une modélisation efficace des empilements des toles en 1D et 2D en utilisant
I’homogénéisation classique dans le domaine des empilements. Ensuite, nous étudions
I'influence de l'interface (avec I'air) pour traiter le probleme dans le domaine entier. Nous
considérons le cas ou la profondeur de pénétration est maintenue inférieure ou égale a
I’épaisseur de la tole.
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Notations

Electric field (V/m).
Magnetic field (A/m).
Magnetic induction (T).
Electric induction (C/m?).
Current density (A/m?).
Magnetic vector potential (Wb/m).
Scalar potential.

Magnetic permeability (H/m).
Electric conductivity (S/m).
Angular frequency (rad/s).
Frequency (Hz).

~E€ QT HrwoOme

X Cross product.
Id Identity operator.

€ Thickness of the thin layer.
) The skin depth.

[ p The Jump through I
{}r The mean.

YD Dirichlet trace.
YN Neumann trace.
Y+ Normal trace.

L*T')  square integrable vector fields.

1
Hi (') Vector fields with tangential continuity.
H2(T)  Vector fields with normal continuity.

Hppipse  Magnetic field calculated by simulations done in Mipse.
Heomsor  Magnetic field calculated by simulations done in Comsol.

LZerror ||U - V]|y = [>(U;i — V;)?

L*-error ||U — V|| = max|U; — Vj

(e (fogr = Jo f(x)g(x)d(z)
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Introduction

Eddy currents appear in various electrical systems, for example in motors, or in power
electronics devices. Thin conductive layers also appear in many of these devices: for
instance, shielding of transformers, casing of devices, foil windings, or constructing a
chamber to measure antenna features (see Figures 1 and 2).

The phenomenon of eddy currents was discovered by the French physicist Léon Foucault
in 1851. Supplying an electric current creates a time-varying magnetic field, that will
induce eddy currents in the conductive domain (according to Faraday’s law). An induced
magnetic field is then produced which is opposite to the excitation field, and then reduces
the total magnetic field (according to Ampere’s law). The subject of this thesis is about
asymptotic modeling and discretisation of magnetic components in eddy-current problems,
especially in the presence of thin layers.

Figure 2: An anechoic chamber used to
measure antenna characterisation.
Figure 1 https://www.comsol.fr

An accurate calculation of the magnetic field distribution is necessary to optimise the
design of the electrical devices. At a high frequency, the incoming electromagnetic fields
do not penetrate completely into the interior of the material. In this case, the current
will circulate exclusively on the surface of the conductors. This is often called "the skin
effect". In this case, very fine meshes are required in the conducting material which lead
to a large system of equations and prohibitive computational times, especially for 3D
structures. Moreover, in the presence of large homogeneous volumes like the exterior
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air, it will be more expensive if we consider numerical methods which require a volume
discretisation (like the finite element method, or the finite difference method).

The phenomenon of skin effect restricts the current to the skin depth calculated as follows:

2
0= —,
How

where g is the magnetic permeability (H/m), o is the electric conductivity (S/m), and w
is the angular frequency (rad/s). Thus, § is equal to the distance where the majority of
the current density circulates in a conductor (around 63% of the current density). The
current density in the conducting medium is described by the following formula:

J(T’) = Joe_r/(;,

where r is the depth from the surface. Consequently, the current density decreases expo-
nentially from its initial value at the surface Jj.

In Figure 3, we show the flow of current in a thin layer with respect to its thickness and
skin depth (according to the possible cases 0 < €, § = ¢, and § > ¢). For § < ¢, this is
the case for high frequencies, the density current circulates only near the interface which
makes the simulation more problematic because the field decays rapidly near the interface.
Mesh of §/2 maximum element size is then needed to reach a minimal accuracy.

\J

O K¢ 6 =¢ o> ¢

Figure 3: The skin effect in a thin layer.

Based on that, numerical simulations of structures containing thin layers is still a challenge
for many reasons:

e [t is difficult to mesh by some mesh generators.
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e Heterogeneous meshes can lead to ill-conditioned matrices, and regular meshes will
lead to a high number of degrees of freedom.

In fact, a lot of commercial softwares exist for simulating 3D structures in eddy-current
problems; but there are still also many issues which are only partially tackled. In this
thesis, we handle partially the issues related to the presence of large homogeneous medi-
ums, the presence of thin layers, and the inclusion of winding multi-layers.

0.1 Objective

In the context of this thesis, we will focus on the modeling of thin layers by asymptotic
expansion and an appropriate discretisation in eddy-current problems. The objectives of
this thesis are:

1. To treat the presence of infinite domain considering the appropriate numerical meth-
ods in order to reduce the computational time. The coupling of the Finite Element
Method (FEM) and the Boundary Element Method (BEM) will be proposed for
this reason.

2. To model and discretise the conductive thin layers in eddy-current problems in order
to avoid the difficulties of meshing and dealing with strongly refined meshes (see
Figure 4). These difficulties can be treated by deriving an equivalent model with
transmission conditions that replace the thin layer by its mid-surface, and using a
well-adapted method of discretisation as the boundary element method.

Figure 4: A mesh consists of 825,207 elements and 10,956,146 DOF. It needs a storage
of 69,77GB, and 37 mins 6 secs to be created.

3. To deal with the treatment of the foil windings. In this thesis, we start by consid-
ering the more simple case of laminar stacks. A homogenisation technique with an
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interface correction is derived.

Throughout this thesis, we consider the case where the skin depth is kept less than or
equal to the thickness of the metal sheet.

0.2 Plan of the thesis

The thesis manuscript is organized as follows:

1. In the first chapter, we recall briefly the Maxwell equations, as well as its eddy-
current approximation. We give some mathematical formulations of the eddy-
current problems. We recall the principles of the finite element method and the
boundary element method. Finally, we give some shape functions used to approxi-
mate the vector fields in the second chapter.

2. In the second chapter, we present the mathematical formulation of the magneto-
static and the eddy-current problems using the magnetic potentials. Both formula-
tions have been discretised using the FEM/BEM coupling. Results are validated in
comparison to the analytical solutions.

3. In the third chapter, we present the hybrid formulation of 3D eddy current problems
with a thin layer. We provide a formal calculus using the asymptotic expansion in
a power series of a small parameter € (the layer thickness) in order to obtain the
equivalent models of the first and second order. We apply the BEM to calculate
the first term of the expansion (model of the first order), the second term, and the
model of the second order. Some examples are provided to check the accuracy of
the models, as well as the efficiency of the discretisation method.

4. In the last chapter, a formulation of the eddy-current problem in laminar stacks
using the magnetic vector potential is presented. We demonstrate our procedure
concerning the homogenisation in the domain composed of sheets, and the correction
at the interface. Some examples are also provided to validate our approach.

Complementary elements including the calculation of analytical solutions and post-processing
calculations of the exterior field are given in the appendices.

0.3 Contributions

Various parts of this work make an original contribution to the modelisation and numerical
simulations in electromagnetism. In particular, we contribute to the following aspects:

e The modeling of a conductive thin layer for 3D eddy-current problems using a hybrid
formulation. The equivalent models with the transmission conditions which replace
the layer offer less complexity in discretising the problem [83].

e An efficient discretisation using the BEM in the interior and the exterior domain of
the layer is provided for the equivalent models of a conductive thin layer. It validates
the accuracy of these models, as well as saving computational time requiring only a
surface discretisation. [82 ; 84 ; 85].
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e An effective modeling of a lamination stack in 1D using two-scale homogenisation
and a correction for the interface between the air and the lamination stack is pro-
posed. This procedure is validated in 1D and shows a agreement comparing with an
analytical solution. [101]. Using the same procedure, we proceed to treat the case
in 2D that is actually in progress.
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1.1 Maxwell’s equations

Electromagnetic phenomena are described by Maxwell’s equations, a system of partial
differential equations satisfied by the electromagnetic field. In electrical engineering, we
often focus on the diffusion of the magnetic field by neglecting the current displacement

introduced by Maxwell, this approximation is often called the Eddy-Current Problem.

Discretisation methods play an important role in the solution of eddy current problems.
Among these methods, the finite element method is the most widespread. However, the
boundary element method can also be considered to approximate the eddy current prob-

lems using less unknowns.

In this chapter, we recall the system of Maxwell’s equations, and the eddy-current prob-
lem in sections 1.1 and 1.2, respectively. In section 1.3, we compare several formulations
of the eddy-current problems. Then, we provide the main elements for the numerical

simulation of these formulations in sections 1.4, 1.5, and 1.6.

1.1 Maxwell’s equations

Maxwell’s equations describe the interactions of components of the electromagnetic field.

The system of equations can be written in differential form as follows [2]:

o Maxwell-Ampere’s law:

D
%t—l—]:curl?{, (1.1)

which describes the magnetic field # resulting from the displacement current %—?

and the total current 7.

e Faraday’s law:

0B
wn + curl® = 0, (1.2)

which describes the electric field £ induced by the time variations of the magnetic
induction field B.

e (Gauss’ electrical law:
divD = p, (1.3)
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which indicates that the charges p are the source of the electric displacement field D.

e Gauss’ magnetic law:

dive = 0, (1.4)

which indicates that the magnetic induction is solenoidal.

In the previous equations, all the quantities are functions of the space coordinates z € R3?,

and of the time t € RT.

Material laws
To complete the system (1.1)-(1.4), relations between (D,8) and (E,#) are introduced

for isotropic, homogeneous and linear materials in the form:
D =¢cE, (1.5)

B=uH. (1.6)

In addition, the Ohm law expresses the current density in terms of the electric field:
J =0E, (1.7)

where o denotes the electric conductivity, € is the electric permittivity, and g is the
magnetic permeability.
Note that when a given current density 7, is applied, we need to consider the general Ohm
law [2]:

J=0E+ 7, (1.8)

assuming that divJ, = 0 in any non-conducting region, by reason of the Maxwell-Ampere

and Gauss electrical equations.

Eventually, the full Maxwell system of equations can be written in the following form:

OcE

% +0E+ Y9 = curlH,

ouH

“or +curle = 0, (19)
dive’E = p,

divuH = 0.
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1.1 Maxwell’s equations

Integral form of Maxwell’s Equations
Here, we present the integral form of Maxwell’s equations [8]. This form can be shown to

be equivalent to the differential forms through the use of the general Stokes” Theorem.

%Cﬂ{-dl = Jg7-ds+ [s22 - ds,

JoE-dl = _fs%‘dsa
$sD-ds = [, pdv,
$sB-ds = 0,

where C' = 05, S = dV, and V represent the line integral, surface integral, and volume

integral, repectively (see Figure 1.1).

volume V

surface § S

Figure 1.1

The time-harmonic Maxwell’s equations
In this thesis, we deal with the time-harmonic fields. Ordinarily, this happens when the
excitation fields are time-harmonic. Using this assumption, the applied current density 7,

is an alternating current that has the form
Ji(x,t) = RelJs(x)e™], (1.10)

where Jg is a complex-valued vector function called phasor and w # 0 is the angular
frequency.

Consequently, we look for a time-harmonic solution through the usual relationship:
E(z,t) = Re[E(zx)e™"], (1.11)

H(zx,t) = Re[H (x)e™], (1.12)
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where F, and H are phasors representing the electric and magnetic fields.
By inserting this representation (1.10)-(1.12) into the time-dependent Maxwell equations

(1.9) we obtain the following set of the time-harmonic Maxwell’s equations:

curlH —iwell = J,
curl/ +wpuH = 0,
divD = p,
divB = 0.

(1.13)

Transmission conditions
We consider the transmission conditions on the interface between two subdomains (see

Figure 1.2). The tangential components of the electric and magnetic fields are continuous:
H+><n|F:H_ X N, (1.14)

Et x np. = E™ x N (1.15)

The normal components of the electric displacement field and the magnetic induction are

continuous:

DT . N = D™ - N, (1.16)
B+'n|r =B “Np., (1.17)

where the signs indicate the different sides of the interface I' and n is the normal vector
of T' (see Figure 1.2).

+
I n

Figure 1.2: The different sides of the interface I'.
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1.2 Eddy-current approximation of Maxwell’s equations

1.2 Eddy-current approximation of Maxwell’s equa-
tions

The system of equations obtained when the displacement current term %—? (or iweF in

the time-harmonic regime) can be neglected is called the eddy current approximation or

magnetoquasistatic approximation of Maxwell’s equations [1]

curlH = J in R?, (1.18)
iwB+curlE = 0 in R? (1.19)
B = uH in R (1.20)

J = oE+J, in R (1.21)

divB = 0 in R (1.22)

diveE = 0 in R® (1.23)

To complement this system, we consider the continuity of the tangential traces of the

magnetic and electric fields across any interface I'; as well as the limit condition at infinity

[E X n]p =0 on I',
[H X nl]p =0 on I, (1.24)
|H(z)|+ |E(z)] = O(lz]7?) |z — oo

1.3 Formulations of eddy current problems

In this section, we denote by © C R? the domain of study, which is composed of two
domains

Q=Q,UQg,
where Q; is the conductive region and Qg the exterior region (air). Let also I' be the

boundary of the domain Q; (see Figure 1.3).

There are various ways to reformulate the initial eddy-current problem. By eliminating
the electric field [32] (H-Based Formulation), eliminating the magnetic field [33] (E-Based

Formulation), or by considering hybrid formulations [20 ; 31].
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Figure 1.3: A cross section of the domain ).

Hybrid formulations are the case where the eliminated field in the conducting region is
different from the one eliminated in the exterior domain. Thus there are two possibilities
if we consider only the electrical and the magnetic field, the first one is to use a "E-Based
formulation" inside 2; and a "H-Based formulation" in 2z, the second one is to use a
"H-Based formulation" inside €2; and a "FE-Based formulation" in Q.

In addition, we may consider the formulations in terms of the potentials that describe
the £ and H fields [19 ; 22], i.e. the magnetic vector potential or the scalar magnetic

potential for instance.

Boundary conditions

When electromagnetic problems are defined in an unbounded domain, a boundary far
away from the electromagnetic device should be considered with either Dirichet or Neu-
mann boundary conditions [10], asymptotic boundary conditions [11], Robin boundary
conditions [9], Kelvin transformation [12], or shell transformation [13].

In the case of solving the unbounded problem using some numerical methods (like the
finite element method), a fictitious boundary has to be introduced. A suitable boundary
condition must be written also as a compromise between the accuracy, the implementa-

tion, and the computational efficiency.

On the other hand, using the boundary element method does not require a boundary

surface. It is sufficient to consider that the fields vanish as |z| — oo

B(z)] = 0(1) as |z] = oo, (1.25)

|z
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H(z)| = 0(1> as [z] = oo. (1.26)

|2

1.3.1 An Electric Field Formulation

Multiplying equation (1.18) by iw and substituting (1.21) and the curl of (1.19), we obtain:

curl(p teurlE) + iwoE = —iwJ, in Q. (1.27)

As the whole domain 2 is subdivided into a conductive region §2; free of any source cur-
rent and the air region {2z possibly containing source currents. Hence, the final system

can be written as:

curl(pteurlE) +iwocE = 0 in Qy,

curl(curl ) = —iwds in Qg,

divEk =0 on R3, (1.28)
[E X n|r =0 on I,

(@) = O(Je]) as [o] - co.

1.3.2 A Magnetic Field Formulation

Applying curl to the equation (1.18) and substituting (1.21), we obtain:

1 1
curl(—curlH) = curlE' + curl—J, in Qy, (1.29)
o o

replacing (1.19) and (1.20) in (1.29), we get:
1 , J
curl(—curlH) = —iwpH + curl=Jg in . (1.30)
o o

Similarly, substituting the electromagnetic properties in both regions of €2, we end with

the following system:
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curl(cteurlH) + iwpH = 0 in €y,
curl(curl H) = curl(Js) in Qug,
divH = 0 on R3,
(1.31)
[H x n|r =0 on I',
[0, H|r = 0 on I,
|H ()] = O(|z|™®) as |z| — oo.

1.3.3 FE — H Formulation

In what follows, we consider the 'E-Based Formulation" inside €2; and the "H-Based For-

mulation" inside Q. In this case, the problem is formulated as follows:

curl(p teurlE) +iwocE = 0 in Q,
curl(curlH) = curl(Js) in Qa,
divH =0 on R3,
(1.32)
[E X n]p =0 on I,
[H X n]p =0 on T
|E(z)| + [H(z)] = O(|z[) as [z] = oo

1.3.4 FE — ® Formulation

In this section, we present another formulation which depends on a combination of the
electric field considered in the conductive domain €27, and the magnetic scalar potential

considered in Q.

In Qp, the magnetic field can be written as H = H, + Hy, where H, represents the
source terms and satisfies curlHy = J,, and H, is the reaction magnetic field that satisfies
curlH, = 0. Considering a simple geometry and using the fact that curlH, = 0 in Qg, we
can write H, = —V® where ® is a magnetic scalar potential.

As divH, = 0 in Qp, then div(V®) = 0, which gives that A® = 0.

The overall formulation is then represented by the following model:
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curl(pteurlE) +iwocE = 0 in Qy,

AP =0 in Qg4,

[E X n]p =0 on I (1.33)
(D] 0 on I,

() = O(fel™) as [] - oo.

1.3.5 A Magnetic Vector Potential Formulation A

Starting from (1.22)
divB=0 in Q, (1.34)

we can express magnetic induction B in terms of the magnetic vector potential A
B = curlA in Q. (1.35)

Replacing (1.35) in (1.19), we obtain that A = (iw) 'E. Here A is subjected to the
so-called temporal gauge that makes the scalar potential vanish.
Replacing (1.20), (1.21), (1.35) and E = iwA in (1.18), we obtain the A-based formulation

curl(pteurlA) 4+ iwo A = J, in Q. (1.36)

In order to assure the uniqueness of the solution of A, it is sufficient to add the following
conditions

divA =0 in €, (1.37)
/A ndl =0  on I (1.38)
Iy

Adding the continuity condition, the complete system can be written as follows:

curl(pteurlA) +iwcA = J, in €y,

[A x n]p =0 on I,

divA 0 on R3, (1.39)
JrA-ndl 0 on I'.

() = O(ja]™) as Jr] = oo.

1.4 Finite Element Method

The Finite Element Method (FEM) is a standard numerical technique for solving partial

differential equations. It became one of the most effective and widely used methods for
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numerical computation in electromagnetics [3-5]. The starting idea of the FEM is to write
a weak variational formulation of the problem. Then, we divide the domain of study into
elements (called finite elements) to generate a finite element mesh. There are several
types of element shapes, for example meshes may consist of triangles in two dimensions
and tetrahedra in three dimensions. Then, the unknown scalar or vector functions are
approximated by shape functions defined over each element to represent the behaviour
of the unknown variables (see section 1.6). The shape function is a continuous function
defined over a single finite element (such as nodes and edges). According to Galerkin’s
method, we then replace test functions by the same basis functions. Finally, we solve the

linear system to find the approximate solution.

1.4.1 Example

Consider the Poisson equation on a domain 2 with homogeneous Dirichlet boundary

condition

{—Au = f in O, (140

= 0 on 0N.

1. Weak formulation:
To obtain the weak formulation of the problem (1.40), we multiply by an arbitrary

function v (called the test function). Then, we integrate over
- / (Auw)vd = / FodQ. (1.41)
Q Q
Using Green’s theorem, we can rewrite (1.41) as follows
/ V- VudS) — / (n-VudoQ = | fod0 (1.42)
o9
Choosing v such that v,o = 0, we get
/ Vau - VodS) = / FodQ. (1.43)
Q Q
Thus, if we choose the functional space
V ={ve H(N),v,q=0} = H)(Q),

where [14]
H' Q) = {ve L*Q),0,v € L*(Q),1 <i <3},
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3.

- 18 -

we can write the weak formulation in the following form

Find
{ in ueV, (1.44)

such that a(u,v) =1(v), Yv eV,

where a(u,v) = [ VuVodQ is a bilinear form, and [(v) = [, fvdQ is a bounded

linear functional on V.

The weak formulation reduces the requirement to only first order partial derivatives.
The choice of the functional space V' can be justified by the form of the weak
formulation that requires functions in H'(€2), and the boundary conditions of the

strong formulation (1.40).

Galerkin’s method:

The variational problems are usually solved by the Galerkin method. To approx-
imate the unknowns, we should define a vector subspace V,, of V' generated by
the basis functions ¢q, ¢9, .., ¢,. Then, we approximate the solution u as a linear

combination of these basis functions
up(z) = Y wigi(), (1.45)
i—1

and the test functions came from the same space. Then, the Galerkin formulation

is written as

Find Vi
o € s (1.46)
such that a(up,vy) = l(vy), Yo, € V.
Using the basis (¢;) of V}, it is also equivalent to
Find eV
o = (1.47)
such that a(un, ¢;) =1(¢;), ¥j € [1,n].

Linear system:
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Replacing (1.45) in (1.47), we obtain the following linear system

A A - A Uy Ly
Ay Agy - AQn U2 . Lo
Anl An2 : Ann Up, Ln

where Ajz’ = CL<¢Z', Q%) and Lj = l(gbj)

1.4.2 Advantages and disadvantages of the Finite Element Method

As is the case for other numerical methods, the FEM has some advantages and drawbacks.

Advantages of the Finite Element Method
1. The FEM is simple, for that it is widely popular among the engineering community.

2. Modeling of complex geometries as a wide range of element shapes exist for dis-

cretising the domain (unstructured mesh) [7].
3. Non-Linear Analysis : non-homogeneous materials can be easily considered.

4. The sparsity of the generated matrix system.

Drawbacks and limitations of the Finite Element Method

1. Volume discretisation : FEM requires a volume disretization, and so it may lead to

a large number of unknowns (see Fig. 1.4).
2. Tt can require large memory because of the volume discretisation.

3. Finite domains: additional boundaries must be added in free-space problems with

appropriate boundary conditions to limit the studied domain.

1.5 Boundary Element Method

The Boundary Element Method (BEM) is also a numerical method for solving the eddy-
current problems, that play an important role in the modern numerical computation in

the engineering science. It is more convenient than many numerical methods such as the
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1.5 Boundary Element Method

Figure 1.4: The mesh in 2D for the Finite Element Method

FEM and the Finite Difference Method, as it reduces the number of elements and often
the computational time while maintaining accuracy.
The Boundary Element Method is just FEM applied to an integral equation. For this

reason, it is convenient to introduce the Boundary Integral Equations (BIE).

1.5.1 Boundary Integral Equation by Scalar Form of Green’s
Identity

The BIE’s are reformulations of the partial differential equations on a simple smooth
boundary. Obtaining these equations consists of defining the mathematical model, the
representational formula of the unknowns, then passing through limits toward the bound-
ary. Here, we introduce the most popular BIE formulation for the Laplace equation, as

it will be considered in section 2.2.2.

e Mathematical model:
The magnetic scalar potential ® which derives from the field H in absence of current

satisfies
— div(ugrad®) = 0. (1.48)

As we are interested to apply BEM in an air region or any linear-isotropic medium,

then ® verifies in this case the Laplace equation

AD = 0. (1.49)
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Let u = ®, the mathematical model is formulated as follows:

Au=0 in Qp, (1.50)

1
lu(z)| = O<W> as |z| = oo. (1.51)
e Representation formula:

Firstly, let us recall the fundamental solution of the PDE (1.50),

1
G(z,y) = —glog]:zc —y| for x, y € R? (1.52)
1
G =——— f e R3. 1.53
@) =y o %y (1.53)

The solution of the partial differential equation (1.50) can be represented in terms

of boundary potentials. In potential theory we have [27]:

u(@) = = [ 0 Gl y)[u@)lpdly + [ Gl pduuledl,,  (154)

for z € R™ \ I'. Here 0,, denotes the normal derivative, where n is the unit normal
vector on I' oriented from the interior domain enclosed by I' towards the outer

domain.

The representation formula in 2z can be obtained depending on the assumption of

win Q7, u=0in R"\ Qg, we obtain

u(z) = — /F Oty G, y)uly)dl, + /F G (2, 9)Bniyyu(y)dT, (1.55)

for x € Q.

We can rewrite the equation (1.55) in the following form:
u(x) = S(Opu)(x) — D(u)(x), (1.56)

where,
(56)(#) = [ G(@,y)o(y)dr, (157)

is the scalar single layer potential, and

(DO)(E) = [ 0,0y GE.y)oy)r (1.58)
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is the scalar double layer potential, for all # € Qp and y € I'.

e Integral Equations:
The solution u in the domain Qg is given by the representational formula (1.56).
Using this representational formula, we must pass through limits toward the surface
I' in order to obtain the boundary integral equations. Taking the limits of the single

layer potential S' from both sides, we obtain [27]:

o Jm  (59)(7) = | Glayo)r. (1.59)
and
o Jim _ (50)(&) = [ Gle.y)o(y)dr, (1.60)

forallz € I"and y € I.

Similarly for the double layer potential D, we get:

o lim (D)) = —30(0) + [ By Glap)od, (16D
and .
o dim_ (D§)(@) = +36(x) + [ )Gl y)o(y)dr (1.62)

forallz € I"and y € I.

Applying the limits (1.59-1.61) on (1.56), we obtain the following boundary integral

equation
LI 0G(z,y) du(y)
2u(:c) = —/F <u(y) o - G(z,y) . )dF. (1.63)
We can rewrite the integral equation as follows
;u(x) = S(O0hu)(x) — (Du)(z). (1.64)

forall z €T

The solution of the problem as well as its gradients or even high order derivatives are
then given by the application of the representation formula, this method based on Green’s
formula is called the direct BEM approach. Another possibility is to use the property that
single or double layer potentials solve the partial differential equation exactly for any given

density function. In any case, passing through limits of the representational formula give
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the boundary integral equations. Then, as for the FEM, a numerical procedure applied

to the boundary integral equation leads to a linear system of algebraic equations.

1.5.2 Example

Consider the Poisson equation on the domain €2; with Dirichlet boundary condition

—Au = in )
w =/ i (1.65)
U = f on I.
1. Representational formula:
By considering the single layer potential, the solution w is given by
u(z) = S(0,u) /G T,Y)Onyu(y)dly for all &€ Qy, and y€T', (1.66)
where v and 9,,u are the unknowns.
2. Integral Equation:
Passing through limits, we obtain:
flz) = /G (2, Y)Onyyu(y)dly for all  and y €T, (1.67)

where p = 0,u is the only unknown to find.

3. Galerkin’s method:
Considering V/ = {v € H*(T'),v. = f} as an admissible vector space. The integral

equation (1.67) is equivalent to the variational formulation (1.68)

//G (z, y)p(y)a(z)dl,d, _/f r,, (1.68)

for all ¢ € V/. Similarly, as for the FEM (section 1.4.1). To approximate the
unkown p(y) using Galerkin’s method, we should define a vector subspace Vhf of V/
generated by the basis functions 1, s, .., 1,,. Then, we approximate the solution p

as a linear combination of these basis functions
= pti(y), (1.69)
i=1

and the test functions are considered from the same functional space. Then, the
Galerkin formulation is written as

Find p;, € Vhf , such that
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[ [ Gammlyyss@dr,dr, = [ @@, vielal.  (170)

4. Linear system:

Replacing (1.69) in (1.70), we obtain a linear system

Ap =0,
where
Aji = /_/_G(%y)@/)i@/)jdrydrm
p1
P2
p=1.1;

_pn_

and

b= [ f@l..

J

1.5.3 Advantages and disadvantages of the Boundary Element
Method

The BEM has also some advantages and drawbacks.

Advantages of Boundary Element Method
1. Only boundary discretisation is required (see Figure 1.5).

2. Less data and less memory storage: it is a direct result from the first point. Only

the surface is discretised, so less number of elements are used.

3. Unbounded domains are treated in the same way as the bounded domains.

Disadvantages of Boundary Element Method

1. Non linearity: In general, the non-linear problems cannot be treated simply by pure
BEM, as it normally requires the discretisation of the interior domain to take into
account the non-homogeneous parameters. Then, a coupling of BEM with another
numerical method can be an appropriate solution [21], or obtaining the solution as

a sum of homogeneous solution and one particular non-homogeneous one [28 ; 29].
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Figure 1.5: The mesh in 2D for the Boundary Element Method

2. Fully populated matrix: Matrices obtained by the BEM may be unsymmetrical and
fully populated with non-zero coefficients. It can lead to specific difficulties for the
solution. To handle these difficulties, a compression and preconditioning techniques
can be used [16-18], or using an iterative solution method without the dense matrix

but with approximately the same accuracy [45].

3. Singular kernels: the numerical solution requires the evaluation of integrals having

singular kernels which must have a patricular treatment [15].

1.6 Shape functions

Numerical methods, such as the finite element method and the boundary element method,
are used to find approximate solutions of partial differential equations. The unknowns
of these equations which are scalar or vector functions are approximated by continuous
functions defined over each single element of the mesh. These functions defined over a
single element called "shape functions" are combined over all the mesh to form the basis

functions. In the following, we introduce the usual nodal, edge, and cell shape functions.

In 1980, some families of finite elements in R? were introduced by Nédélec [24]. For the
H (curl)—conforming elements that provide the continuity of the tangential component of
a vector function, new complementary families are introduced in [30]. In [25], it exposed
the relevance of the linear edge elements for numerical calculations as well as their disad-
vantages. A comparison was done with the tetrahedral low order edge elements, and the

more accurate and efficient solutions are obtained with the linear edge elements and the
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nodal elements. Concerning storage requirements, nodal elements are less expensive than

linear edge elements.

1.6.1 Nodal shape functions - H(grad)

For a nodal element, a scalar or a vector function is approximated by a linear combination
of shape functions associated with vertices (see Figure 1.6). Within an element, a scalar

function u is approximated as:

=1

where N; is the nodal shape function corresponding to a node ¢, n is the number of nodes
in the element, and wu;’s are the coefficients of v at nodes i =1, .., n.

For a vector function W, it is approximated by considering three scalar components:

W =S W;N, = S (W*T + WG+ WZZ)N,, (1.72)

i=1 i=1

where W7, W/ and W} are the components of W; in the cartesian coordinates. When
two elements share a node i, the nodal values W; at node ¢ are equal, consequently the

vector function W is normally and tangentially continuous across all element interfaces.

Considering a tetrahedral element for example, the nodal shape functions in local coor-

Figure 1.6: First order tetrahedral nodal finite element in local coordinates.

dinates can be written as [23]:

Ni=\=1l+x+y+tz,
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N2:A2:x7
N3 = A3 =y,
N4:)\4:Z,

where A1, Ay, A3 and \4 are the barycentric coordinates of nodes 1, 2, 3 and 4. Within the

element, the nodal shape function N; equals unity at node ¢ and zero at all other nodes.

1.6.2 Edge shape functions - H(curl)

As the nodal element has one shape function associated with each of the vertices of the
element, the edge element has one shape function for each of the edges of the element.
The edge shape functions in local coordinates for the tetrahedral element can be written
as:

E; = MV £ NV,

where the edge i goes from the node k to the node [. Within the element, the line
integral of an edge shape function FE; along edge i equals unity and is zero along all
other edges. The tangential component of a vector function approximated by edge shape
functions is continuous across the element boundaries, however the normal component
is not necessarily continuous. For the lowest order edge elements in a tetrahedron, the
divergence of the edge shape functions is zero [26]. Thus, the vector function approximated
by edge shape functions is divergence free in this element. However, that does not imply
that the vector field approximated by the edge basis functions is globally divergence free

since the normal components of these functions are not continuous.

1.6.3 Cell shape functions

The cell shape functions are zero order shape functions correspond to the scalar cell space
function. This function is well suited to approximate densities. Note that there is no

continuity properties between elements.
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2.1 Why FEM /BEM ?

In this chapter, we couple the Finite Element Method (FEM) and the Boundary
Element Method (BEM) for solving 3D magnetostatic and magnetodynamic problems.
This coupling is provided to treat one of the objectives of this thesis concerning the
presence of infinite homogeneous domains. We justify the use of this coupling in section
(2.1). We provide the ®—® formulation for the magnetostatic case in section (2.2) and the
A — @ formulation to consider magnetodynamic problems in section (2.3), the magnetic

vector potential is denoted by A and ® is the magnetic scalar potential.

2.1 Why FEM/BEM ?

The Finite Element Method and the Boundary Element Method are widespread discreti-
sation techniques for computing approximate solutions of the partial differential equations
that appear in engineering. However, each method has some drawbacks in terms of com-
putational costs and some complementary advantages. Consequently, the whole domain of
the problem can be divided into subdomains, so that we may choose the most appropriate

discretisation technique in each subdomain. In this way, we mainly keep the advantages
of each method [55 ; 56].

In [34], the FEM/BEM coupling has been proposed for the first time using the standard
collocation BEM. Before, many papers adopted this coupling method until they became
used to habituated the coupling based on the symmetric Galerkin BEM [35-42]. The
symmetric coupling of FEM and BEM has been used to treat many problems [54]. It is
also used for transient electro-quasistatic field simulations in the time domain, as well as

for electrostatic simulations of 3D high voltage technnical devices [47].

An accurate field computation is needed for modeling the design and the optimisation of
some devices. Therefore, the FEM/BEM coupling is used in [48] to facilitate the model-
ing of large hadron collider (LHC) superconducting magnets. It is also used to model the
propagation of interacting acoustic-acoustic/acoustic-elastic waves through axisymmetric
media [49].

Considering movement is also one of the situations where using FEM/BEM is attractive.
In [44], The FEM/BEM coupling has been applied on 3D eddy-current problems with
moving bodies which can arise from the modeling of electromechanical systems. Similar
approach applied on the electrodynamic levitation device [43]. Tt is used as well for the

modeling of induction heating processes including moving parts [46].
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For an eddy current problem, the equations inside the conductor region €2¢ can be non-
linear, it is not the case in a homogeneous medium (such as the infinite exterior region
that corresponds to the air in our case). In addition, there is no need for an extra artificial
boundary conditions if we consider the BEM in the exterior domain and only a surface
discretisation is required. This is why the proposed coupling is useful for eddy current

problems and becomes more important in 3D [50-53].

2.1.1 Setting of the problem

We divide the domain €2 into two subdomains: 2 which is a conductive or magnetic
bounded domain, and 24 which is the exterior domain (Air). It leads to a natural
FEM/BEM coupling, where the BEM is applied in the exterior domain and the FEM in
the interior domain (see Fig. 2.1). Let I' be the common interface I' = 0Q, N 0Q4.

Infinite Domain
 Linear and homogeneous Analysis,

|
BEM

Finite Domain

Possibility of Non-homogeneous Analysis
. i'

FEM

Figure 2.1: A cross section of the two sub-domains €24 and €2, and their corresponding
appropriate numerical methods.
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2.2 ® — & Formulation for Magnetostatic Field Equations

2.2 & — ¢ Formulation for Magnetostatic Field Equa-

tions

The magnetostatic problem can be written as follows:

curlH = J in €, (2.1)
divB = 0 in Q, (2.2)
B = uH in €, (2.3)
B-nlp = 0, in T, (2.4)
1
H(z)| = 0(||2) as |z] = oc. (2.5)
x
The magnetic field H in 24 can be expressed as the sum of two fields:
H=H,+H,, (2.6)
where Hj is the field produced by the source current that satisfies:
curl H; = J, (2.7)

and, H, is the remaining part produced by the magnetised material (reaction magnetic
field) given by:
curl 4, = 0. (2.8)

The equation (2.8) implies that there exists a magnetic scalar potential ® such that

H, = —grad®, and so H can be written as:

H = H,—grad®. (2.9)

2.2.1 Weak formulation for ® in Q¢

Starting from (2.2), multiplying by a test function a €H(grad) and integrating over Q¢:

/Q a(divB)dQ, = 0, (2.10)
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and using the divergence theorem:

— [ @ivo)g’ = [ o(erads’) — [ n-o9 (2.11)

we get:
/ (gradar) - BdQ, — /(n - B)adl' = 0. (2.12)
r

c

Using (2.3) and (2.9) in (2.12), we obtain:

/ (grada) - p(grad®)dQ2. + / Bpadl' = / (gradar) - pHdS., (2.13)
Qe r Qe

where B, = B - n is the normal component of the magnetic induction.

2.2.2 Integral equation for ¢ in (4
The potential ® derives from the magnetic field H and in absence of the current satisfies
—div(ugrad®) = 0.

As we consider just an air region or any linear-homogeneous medium, ® verifies in this
case the Laplace equation
Ad = 0. (2.14)

Therefore, we can write the boundary integral equation as follows (see section 1.5.1)

oG 0P
b — —/F <q)an - Gan>df, (2.15)

N | =

where ¢ = —

2.2.3 Coupled variational formulation

Both methods should be linked by considering the same unknowns. For coupling the
integral equation (2.15) with the weak form (2.13), we have to evoke the normal component

of the magnetic flux density [57]. Thus, if we substitute the magnetic scalar potential:

B, = pu(—grad® - n), (2.16)
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in (2.15), we get:

0G -B
=~ [(@%7 — (=), 2.17
b= [(@F - G(—) (247)
However,
B, =B -n=u(H; — grad®) - n, (2.18)
then: B 5
“—=H, - n—grad®-n=H, n+ —=. (2.19)
p 7
From (2.15) and (2.19), we end with the following integral equation:
B,
b= | (d)aG 4 G( _H,- n))dF. (2.20)
r\ on 1

The final set of equations for both domains Q¢ and €24, which are connected at a common

interface I', can be written as:

/ (grada)u(gradq))dQc+/Bnadf‘:/ (grada) uHdS2,.,
Qe r Qe

(2.21)
c<I>+/<I>aGdF—/GB"dF - —/ G.H, - ndT.
r on r u r
The complete variational formulation can be written as:
Find ® € H(grad, Q.) and B, € H(div,T), such that:
(ugrad®, gradale, + (B, a)r = (uH,, grada)g,, -
((cI + D)@, B)r — (™' S(Bn), B)r = —(S(B), H, - m)r, '
for all « € H(grad,(2.) and 5 € H(div,T").
where, as defined in subsection 1.5.1,
(6)(2) = | Gla,y)o(y)d. (2.23)
and
(D6)(2) = [ 9y Gle,y)o(y)dr (2:24)
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forallz € I"and y € I'.
And note that (f,g)r = Jp f(2)g(x)dl'(x) and (f, g)ac = Jo. f(x) - g(x)dQc.

2.2.4 FEM/BEM discretisation

In Q¢, ¢ can be approximated by a linear combination of shape functions associated with

the nodes: .
), = Z ;i

i=1
where n is the number of nodes, the coefficients ®;’s are the values of ®, at node i, and
«; is the nodal shape function of degree 1 corresponding to node i. Note that when using
the conforming elements in H(grad, 2.), the degrees of freedom are associated with the

nodes (see section 1.6.1).

B,, is approximated using scalar cell shape function (0-order shape function), those func-
tions are equal to a constant on the face of the tetrahedral on the boundary and zero

elsewhere. B, is approximated by:
Bnh = Z an 6]7
i=1

where m is the number of faces of tetrahedrals, the coefficients B,,;’s are the values of B,,,

at face j, and 3; is the scalar cell shape function of degree 0 corresponding to face j.

Applying Galerkin’s Method, we can write the discretised formulation as:

Find ®; € R" and B,, € R", such that

n

> ®;(ugrada;, graday)o, + Y B, (B, au)r = (uH,, graday)q, (2.25)

j=1 j=1
n m

> @((cI + D)oy, Beyr — > Bu (1™ S(By), Be)r = —(S(Br), Hs - nr, (2.26)

i=1 j=1

forl=1,...,n,and k=1,...,m

Matrix assembly:
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We end up with the following system of linear equations

0 b
1 c 1
= | :(5)
I 52 )
0\31\32 B,

where @, represents the values of ® on the nodes inside the domain (2., ®r represents

the values of ® on the nodes on the boundary T,

F=
/ (gradey;) - pgradayds,,
Fi=
/Falﬂjdl“,
Blii:
[ sinar + [ 6,57 puar,
Bi=
R
St=
/Q graday - (uHy)dS)..,

SE=

/F G(H, -n)dl.

2.2.5 Numerical results

We consider a sphere with a radius of 1m, and a source current excited by a uniform
magnetic field Hg = 12 (see Figure 2.2).

We implement this formulation in the platform «MIPSE» of the G2Elab. A LU-
preconditioning method is used to solve the problem using an iterative solver, and the
BEM Matrix is approximated by a H-matrix [58]. With these results, we compute
the external magnetic field Hyspse on an arc of circle at radius 1.3m and we compare

the results to the analytical solution. In table (2.1), we calculate the relative L?-error

HHanalytic_H]MipseHQ
||Hanalytic||2

) on this arc for a range of values of the relative permeability. These
errors show a harmonised agreement as the error is less than 2% and the time of simu-
lation is around 8s. The considered mesh consists of 322 nodes and 458 cell elements on

the boundary.
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Figure 2.2
Ly | Hanatytic — Haripsel|
102 0.0159
103 0.0108
104 0.01027
10° 0.01022

Table 2.1: Relative L?-errors of the solution H Mipse-

We also compare the magnetic field Hpypse with the results of a simulation done by
Comsol in 2D axisymmetry Hcomsor for g, = 10° H/m. In Fig. (2.3), we represent
both components H, and H, of the field calculated on the segment that connects the two
points (1.1,0, —1) and (1.1,0,+1). In the figures (2.4-2.6), it is shown the magnetic scalar
potential @, the normal component of the magnetic induction B,,, and the magnetic field

in the sphere, respectively.

2.3 A — ¢ Formulation for Magnetodynamique Field

Equations

Recall the eddy-current problem (1.18-1.23).
Starting from the fact that divB = 0, then B can be written as:

B = curlA,
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Figure 2.3: The x and z components of Hecomsol,
and Hygipse- Figure 2.4: Potential ® on the sphere.

z z
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Figure 2.5: Normal induction B,, on the sphere. Figure 2.6: Magnetic field on the sphere.
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where A is the magnetic vector potential. Therefore, H can be written in the following
two forms:

H = veurlA, (2.27)

and
H = H, — grad®. (2.28)

where v = 1.

2.3.1 Weak formulation for A in Q¢

We consider J, = 0 in ¢, we have
curlH = oF. (2.29)
Multiplying (2.29) by a test function W and integrating over €.

/ W - curl HdQ, = / (0E) - WdQ, (2.30)
Qe

c

and using the property div(A x B) = B - (curlA) — A - (curlB), we get

/ H - curlWdQ, + / div(H x W)dQ, = / (0E) - WdQ, (2.31)
Qc Qc QC

/Q H - cullWdQ, — /Q div(W x H)dSQ, = / (0E) - WdSL. (2.32)

c

Using the fact that
/ div(W x H)dQ, = /(W x H) - ndr,
Qe r

we obtain,
H - curllWdQ, — / (W x H)-ndl = | (0E)- WdQ. (2.33)
Q¢ I Qe
Substitute H = vcurlA, implies
/ curlW - veurlAdQ), — [ (0B) - WdQ — / (W x H)-ndl =0,  (2.34)
c Qe r

then substitute H = H, — grad®, we get

/ curlW - veurl AdQ, — / (0E)-Wd— / (grad® x W)-ndl’ = / (W x H,)-ndT, (2.35)
c Qe I r

/Q cuerV-1/(:u1"1Aach—/Q (aE)-WdQ—/(gradq)XW)-ndF: / W-(Hgxn)dl'. (2.36)
c c F F
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However
/F (erad® x W) -ndl' = — /F (n x W)grad®dl’ = /F dive(n x W)®dl = — /F n-curlWodr,
implies

/Q W - venrlAdg, - /Q (oE)- WaQ+ /F n - curtlWodl = /F W - (H, x n)dl. (2.37)
Using Faraday’s equation, we can write ¥ = —iwA, which gives that:

/cuer-l/curlAdQ—i—iw/ (JA)-WdQ—l—/(n-cuer)Q)dF = / W-(Hsxn)dl. (2.38)
Q r r

c

2.3.2 Integral equation for ¢ in )y
Similarly as in section (2.2.2), the integral equation is written as follows
B,
c<I>+/<I>aGdF—/GdF — —/G.Hs-ndl“. (2.39)
r on r U r

where B,, = B - n is the normal component of the magnetic induction.

2.3.3 Coupled variational formulation

Both methods are linked by the following interface condition:
B, =B -n=curldA-n,

to get

/ curl Wveurl AdQ + iw / (GAYWdQ + / n - curl Wodl = / W - (H, x n)dl,
Q) r T

c

c<1>+/c1>8Gdr—/G‘MA'”dP: —/G.Hs-ndr.
r on r I r

(2.40)
The variational formulation is written as:
Find A € H(curl) and ¢ € (Cell or H(grad)), such that
(veurlA, curllW)q, +iw(c A, Whg, + (P, n - curlW)r = (Hs An, W)r, (2.41)
(u~tS(curld - n), F)p — ((cI + D)®, F)p = —(S(F), H, - n)r, '
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for all W € H(curl) and F € (Cell or H(grad)).

Where Cell is the function space of zero order shape functions (constants). Note that the
aim of choosing @ either in the functional space Cell or H(grad) is to test two ways of
discretisation. The interest is to show that the cell shape functions can be sufficient in

simple geometries, moreover it may reduce the computational time.

2.3.4 FEM/BEM discretisation

In Q¢, A is approximated by a linear combination of shape functions associated with

edges
Ah - Z AZWH
i=1

where the coefficient A; is the value of A at edge 7, and W; is the edge shape function of
degree 1 corresponding to edge i (see section 1.6.2).
When using the conforming elements in H(curl), the degree of freedom are associated

with the edges.

® is approximated using nodal shape functions (first order shape function) or using cell
shape functions (zero order shape functions).

Applying Galerkin Method, we state the discretised formulation knowing that ® is ap-
proximated by:

Py = Z (I)J'va
j=1

where N; represents either the nodal shape function, or the cell shape function. Applying

Galerkin’s Method, we can write the discretised formulation as:

Find A; and ®; € R", such that

img Ai <vewrllWy, carlW, >q, — 3710 A; <iwoW;, Wi >q, +3007 @5 < Njyn - curlW; >rp
=< Hy A n, W, >T,

(2.42)
S A < ptS(cwrlW; - n), Ny >r — > @; < (cI + D)N;, N, >r=< Hy - n, S(Ni) >r
i=1 j=1

(2.43)

for [=1..n, and k=1..m.
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Matrix assembly:

We end up with the following system of linear equations:

S [ORE
o|B' | B ? )

where

Fj = [q, (curl;)veurlW,dQ + iw [, W;oW,dQ
F3 = Jpeurl(W; - n)N;dD

Bl = |r i(cuerVi -n)GNpdl

B%, = ¢ [ NjNydl + fp. N; 5% Nydl

S} = Jo, (W) - (H, A )92

R} = [y G(H,-n)dl

2.3.5 Numerical results

We consider a sphere with a radius of 1 m, g, = 10 H/m, 0 = 5.5 x 10° S, f = 10° Hz.
The source current is excited by a uniform magnetic field Hy, = 17"

The simulation is performed by both ways of discretisation concerning ¢ (Nodal and Cell),
and using the same mesh. We calculate the external magnetic field Hjypse on an arc of
circle at radius 1.3m and we compare the results to the analytical solution. In Table (2.2),
we provide the error obtained considering the discretisation of ® by the nodal and cell

shape functions, as well as their computational time.

| |Hanalytic - HMipse| | Time

Deent 0.003 11s

D, odal 0.004 225
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Chapter 2 : FEM /BEM coupling for Magnetostatic and Eddy Current problems

Table 2.2: Relative L?-errors of the solution H Mipse-

We also compare the magnetic field H p;pse With the results of a simulation done by Comsol
in 2D axisymmetry Heomsor for g, = 10> H/m. In Figs. (2.7) and (2.8), we trace both
fields calculated on the segment that connects the two points (1.1,0, —1) and (1.1,0,+1).

141 - _H;\(Aipse ---------- Héumsul Hiﬂipse ''''''''' H(Z:omsol b 14 - _H;\(Aipse ---------- Héumsul Hiﬂipse ''''''''' H(Z:omsol

120 T — L2 T e
Y O T O
E E
< 0.8+ < 08
k=] k=]
[} [}
T o061 T o6
L2 Q
3 3
S 04r S 04r
[ [
= =

0.2 et b O s N

\.\\ \.\'\
0 \'\.\ 0 \'\.\
02+ e | 02F i |
1 0.8 0.6 0.4 0.2 0 0.2 0.4 0.6 0.8 1 1 0.8 0.6 0.4 0.2 0 0.2 0.4 0.6 0.8 1
z(m) z(m)
Figure 2.7: The x and z components of the real Figure 2.8: The x and z components of the real
part of the magnetic fields Hps;pse using cell part of the magnetic fields H s using nodal
shape functions, and Hgomsor in 2D shape functions, and Hcomsor in 2D
axisymmetry. axisymmetry.

2.4 Conclusion and Perspectives

Magnetostatic Maxwell equations are solved in 3D using the ® — ® FEM/BEM coupling
formulation and 3D magnetodynamic problem is solved using the A — & FEM/BEM
coupling method. Note that, we consider here only linear and homogeneous materials.

One of the interests in choosing a FEM/BEM coupling is to treat the nonlinearity in
the bounded domain using the FEM (see section 2.1). In addition, the initial project
is represented by the discretisation of the magnetic circuit in the coupler (see Figure 1,

section 0.1), thus one of our perspectives is to apply these formulations on non-linear

problems.
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Chapter 3 : Boundary Element Method for 3D Conductive Thin Layers in
Eddy-Current Problems

3.1 Introduction

Many components are surrounded by conductive thin layers for shielding purposes such
as the anechoic chamber used to measure antenna characterization, and the Helmholtz
coils used to cancel the earth magnetic field and generate the required magnetic fields for
experiments. Modeling these conducting regions requires a very fine volume discretisation
because the fields decay rapidly through the surface due to the skin depth. Therefore, it
may lead to a large system of equations (using the FEM) and then to prohibitive compu-
tational time especially for 3D structures. To prevent this difficulty, the conductive sheet
can be replaced by a mid-surface with equivalent transmission conditions. The transmis-
sion conditions are derived asymptotically for vanishing sheet thickness € where the skin
depth is kept proportional to ¢, in this way we will maintain the skin depth less than or

equal to the sheet thickness.

In [68], an integral formulation using facet elements is presented for modeling a non-
magnetic conductive thin sheet in the general case (the skin depth is smaller, larger, or
equal to the thickness of the sheet).

In [77], a thin shell approximation that reduces the thin shell volume to an average
surface situated halfway between the inner and outer surface of the shell is proposed. It is
based on the treatment of the surface terms that appear in the finite element formulation.
This treatment is done by establishing an appropriate impedance boundary conditions and
a discretisation using Whitney edge elements. They assumed that the electromagnetic
fields H and F have no components perpendicular to the surface of the shell. This ap-

proach is applied on the perforated magnetic shield for electric power applications in [79].

In [81], a time-domain approach with a magnetic field vector formulation is proposed
to consider the presence of thin layers. It is based on the treatment of the surface term
in the weak formulation of finite element method and the use of orthogonal polynomial
basis functions to account for the variation of the magnetic flux and the current den-
sity through the shell thickness. A tangential vector fields are introduced on the average
surface to take into account the time domain behavior of the thin shell. This work has
been extended to the magnetic field formulation in [80], and an application on a shielded

induction heater with a pulsed current is presented in [103].

In [65] two families of Impedance Transmission Conditions (ITC) for Eddy Current
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Model in 2D have been derived using asymptotic expansions, ITC-1-N based on scaling
the conductivity with the sheet thickness e like 1/ and ITC-2-N based on scaling the
conductivity with the sheet thickness e like 1/, where N + 1 is the order of convergence
for these families. The robustness of the ITC-2-N family of transmission conditions is val-
idated in [67] and it shows a higher accuracy in comparison with I'TC-1-N. The ITC-2-N
family thus adopted in [59] to derive an equivalent transmission conditions for the full
time-harmonic Maxwell equations in 3D, where curved thin sheets are considered, and

the material constants can take different values inside and outside the sheet.

In this work, the family I'TC-2-N is considered, we present impedance transmission
conditions derived asymptotically for eddy-current problems in 3D, for curved thin sheets,
where the materials inside and outside the sheet are non-conductive. The difference be-
tween this work and the work in [64] is that we proceed with an hybrid (electric and
magnetic fields) formulation, where in [64] the derivation of asymptotic models is based
on a magnetic field formulation and a multi-scale expansion for the magnetic field and

then impedance conditions are identified for the electric field.

We also study a discretization that can be the numerical relevant for I'TCs. We avoid
the volume mesh required in the Finite Element Method (FEM) by discretising the prob-
lem using the Boundary Element Method (BEM) that uses only a mesh on the surface. In
addition, the BEM is well adapted to general field problems with unbounded structures
because no artificial boundary is needed [66]. This is not the case for the FEM.

We validate the results by comparing them to an analytical solution, and to the same
problem simulated in COMSOL and solved numerically using the Finite Element Method

with very fine meshes.

This chapter is organized as follows: Sections 3.2.3 and 3.3 presents the hybrid formu-
lation of the eddy current problem, and the mathematical demonstration of the equivalent
models up to order 2. In Section 3.5 we provide the Boundary Element Method with spe-
cific basis functions to solve the problem. Numerical results are provided in Section 3.6,

we validate our models and assumptions, and we study the computational time using the
BEM.
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Chapter 3 : Boundary Element Method for 3D Conductive Thin Layers in
Eddy-Current Problems

3.2 Mathematical Model

3.2.1 Notations

Let T" be any orientable and closed surface of R3, and let v be a vector field on I', then
we denote by

vp =mn X (v Xn)

the tangential component of v. Here n is the unit normal vector on I' which is oriented

from the interior domain enclosed by I' towards the outer domain (see Figure 3.1).

We also denote by vp-, vn- and 7, the Dirichlet, Neumann, and normal traces, respec-
tively. They are defined as
Ypv =vr =n X (v X n)

Irs

yvv = (curlv x n).,

Y = (V-0

We denote by curlr the tangential rotational operator and by curly the surface rotational

L

o — T i,
—
‘--------—‘

Figure 3.1: A cross section of the domain {2

operator:

Ve o), curlpf = (Vrf) xn
Yo € (C*°(T))?, curlpv = divp(v x n)

where Vi and divr are respectively the tangential gradient and the surface divergence on
.
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3.2 Mathematical Model

Denote also the space of L?-integrable tangent vector fields by

LX) = {v e (L*T))*v-n=0 on T}.

Let 2_ and €, be two Lipschitz domains, and let I' := 0Q2_ U 0€2, be the common

interface which is a closed set (see Figure 3.1).

Let ¥ be any smooth surface, we denote by [f]s the jump of f across 3

fls = f|E+ — f|E_ for felc™(y)

where for all x € X, the one sided traces are defined by:

fiye = lim f(z + sn).

s—0+

Also we denote by {f}s the mean value of f across ¥

{fls= ;<f|2+ + fi,.) for  feC™(Qy).

The same definitions can be extended to vector fields v € (C'(2+))3.

For the tangential traces, we have the following relations:
{vxn}ts ={v}s xn, [v X nly = [v]g x n,
{vrts = ({vis)r, [vrls = ([v]s)r

3.2.2 Eddy Current Problem for a Thin Layer

Throughout this chapter, we denote by © C R3 the domain of study, which is itself

composed of three sub-domains
Q=0 UQuUOs

where )¢ is the interior domain that corresponds to any non-conductive linear material,

)} is the exterior of the structure domain, and the subdomain 2§ is a conductive thin
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layer of constant thickness ¢ surrounding the subdomain Q2. Let I'= and I'S. be the two

smooth boundaries of the subdomains Q° and QF U Qf respectively (see Figure 3.2). As

- = = —

Figure 3.2: A cross section of the domain 2

the three subdomains have different properties, we define ;°(magnetic permeability) and

o°(conductivity) as piecewise constant functions:

p— in Q° 0 in Q°,
pt=1q ps in Qf, and o°=4q o9 in QF,
py in 5, 0 in Q.

At high frequency, the skin depth § = \/@ becomes smaller than the thickness €. In
this case, very fast changing field near the interface will be observed, and the magnetic
field does not penetrate completely in the interior of the layer. This skin effect makes the
studying of the behavior of the magnetic field near the interface more problematic, as a
very fine mesh is required. That is why we are interested in the case where the skin depth

is smaller than € or of the same order.

For studying the asymptotic behaviour, we assume an explicit dependence of the layer

conductivity oy on €

gg = 8_25',

which comes from the fact that as the layer is thinner, the conductivity is larger and o

remains less than or equal to e.

The general model of the eddy current problem is already presented in chapter 1, but we
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recall it once again for clarity

curlH® = J in Q, (3.1)

curl B° —iwpH® =0 in €, (3.2)
B® = u*H® in Q, (3.3)
J=0"E"+J;, in Q, (3.4)

divE® =0 in QF, (3.5)

- E7 -ndS =0 on 1'%, (3.6)

B = o(él) as |z] = oo, (3.7)

where w is the angular frequency.

3.2.3 E5/Hj Hybrid Formulation

In [64] the formulations in H and F are adopted but it is also possible to do all the
calculations in a hybrid formulation £/H.
Using Faraday’s law (3.2), the magnetic field can be written in Q% in function of the
electric field as

HS = (i) () ewl B,

and substituting it in Ampere’s law (3.1), we obtain an equation for the electric field in

the insulator or air region 2%
curlcurl B = iwps Js.
Similarly, using Ampere’s law (3.1) the electric field can be written in Qf as
E; = (00) (curl HS — J,),

and substituting it in Faraday’s law (3.2), we obtain an equation for the magnetic field
in the conductor (2

curleurl H§ — iwpgooHy = curlJs.
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Transmission conditions across the two conductor surfaces I'}, and I'®. are considered [70]

[H® x n]rs =0 on I'L, (3.8)
(WH® -njrs =0 on I'q. (3.9)

e
+

Using Faraday’s law and the tangential continuity of the magnetic field across the bound-
ary, we obtain

1
iw(Hy x n) =iw(H X n) = MzcuﬂEi X n.

Using the continuity of the normal component of the magnetic induction (3.9) and the
Faraday law, we get

1
uoHS -n=puiHS -n = acurlEjE ‘M.

For simplicity, we assume that the source current term J; is smooth enough and its support
does not meet the layer QF (J;, =0 in Q).
Therefore the hybrid eddy current model can be written

curlcurl £5 = wpgJs in QF,
curleurlH§ — kGH5 = 0 in  Qf,
w(HE xn = LcwlEs xn on IZ,
(H; x ) Lourlf : 510
poH§ - n = LcwlEi-n  on T,
divE?] = 0 in QF,
Jre ES - ndS = 0 on I'%,

where k¢ is the complex wave number given by
(k%) (2) = iwo ()" (2).

It is defined as a piecewise constant function inside the three subdomains

0 in QFf,
kf = ko in Qg,
0 in QF,

where £, EZ and Hj denote the restrictions of £ and H* to the respective domains
QF, € and €.
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3.2.4 Objective

The discretisation of the conducting sheet by the FEM is time-consuming as it requires
meshing by very small cells due to the rapid decay of the field under high conductivity.
To avoid meshing the thin layer ()5, we suggest replacing it by an interface, usually its

mid-surface I', on which appropriate conditions are set.

This is to say that we have to approximate new models defined on e-independent domains

T ——

Figure 3.3: The cross sections of the domain of the main problem Q° U Qg U Q% and of
the approximate problem €2_ U,

Q_ and Q4 (see Figure 3.3), where

Q= lim QF,
e—0
and

In the approximate model, we redefine the magnetic properties in the new subdomains

by a simple extension of 1° and ¢° outside the sheet. We obtain the new values:

p— in Q|
ILL =
prin Sy,

and

o.=0 in Q_,
o=
04 =0 in Q+.

Similarly, we define k£ the extension of k° as
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0 in Q_
b in ,
0 in Q.

3.3 Multiscale Expansion and Equivalent Models with

Transmission Conditions

In problem (3.10), ©F is a thin layer, and I' its mediant-surface (25 is then a tubular
neighborhood of T'in Q_ U Q)

Assuming that I' is a smooth curve, then it is possible to derive a multiscale expansion
for the solution of the problem: It possesses an asymptotic expansion in power series of

the small parameter ¢ [64]

E5 (7) ~ Ef () + eEf (v) + 2ES (2) + ... + O(eh), (3.11)
Hi(x) ~ Ho(ya Z) + eH1 (Yo g) + .+ O, (3.12)

where O(e*) means that the remainder is uniformly bounded by &*.

Here, € R? are the cartesian coordinates, and (y,,h) is the local coordinate system
where  h € (—5, 5) is the normal coordinate to I' and y, for a = 1,2 (i.e. (y1,12)) are
the tangential coordinates to I' (see Figure 3.4). Note that, y, is called the "slow" variable

and h/e is called the "fast" variable according to the normal coordinates.

The term H; are profiles defined on I' x (—%, %) and are smooth for all variables. These
profiles describe the magnetic field in the thin layer €2 according to the normal coordinate

system.

The derivation is based on:

e the expansion of the differential operators inside the thin layer Q5, (see Appendix
A1)

e the Taylor expansion of Ej|r: around the mid-surface I', (see Figure (3.5))

e the collection of the terms with the same power in € in the PDE inside and outside

the sheet, and the conditions for the Dirichlet and normal traces on I'%.

Then, we can introduce a problem satisfied by an approximation E¥ of the expression
Eo(x) + eEy(z) + 2By (x) + ... + " Ej () up to a residual term O(e*1).
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— o o = = ———
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ro| =

Figure 3.4: Normalised domain

Figure 3.5: Taylor expansion around the mid-surface.

3.3.1 Equations of the coefficients of E7/H

Keep in mind that the hybrid formulation E5 /H§ satisfies the following

curlcurl £ =
curlcurlH; — kgH5 =

iw(Hg xn) =

poHg - =
divE] =
ES -ndS =

Iy

- 56 -

twps Js in QF (3.13)
0 in Qf (3.14)
1

—curlEL xn  on I'y (3.15)
My

—curl £ - s 3.16
—ocurllBy-non I (3.16)
0 in Q. (3.17)
0 on T3 (3.18)
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Approximating this model by considering just the mid-surface of the thin layer subdomain
Qf requires us to write the second partial differential equation (3.14) in the thin conductor
in the scaled local coordinate system (y,,Y3).

We find that the profiles H; satisfy the following

Lle| 520 /M1 (Yo, Y3) = 0 in T xI, (3.19)

where L is the second order Maxwell operator defind in Appendix A.1, and I = (_71, %)

We can easily see that the terms E;t of the expansion (3.11) depends on &, because they
are evaluated on Iy when replacing the expansion of E® in the transmission conditions
across I'Y.. This is not convenient, and we propose to consider the Taylor expansion of

this term towards the surface I'. This should give a more accurate approximation.

As the expansion of E° is assumed to be valid for any small ¢ > 0 the terms Eji are
defined in Q2 for all € > 0 and hence in 21. According to the assumption that the thin
conductors, and its mid-surface [' are smooth, that u., oy are constants, and that the
current J; is zero close to I' it makes sense to accept that the vector fields E;E are regular
in the neighbourhood of T". This can be justified using the regularity theory in [74].

Hence we can use the Taylor expansion and infer for n € N, that

curl EE x nlp=ss = curlE, x nfos + gah (curlEn X n|0i> + .y (3.20)

CulrlE,jlE . n|h:i% = curlE, - nfox + g@h (CurlEn . n|0i> + ..., (3.21)

where -|o+ means the limit for positive or negative h — 0, respectively.

Proposition 3.3.1 The components of L[e] 3232, eIH;(ya, Y3) in T x I after performing

the identification of terms with the same power of € are:
L°(#H,) = 0,

L) + L' (Ho) =0,

and
k

ZLl(Hk_l) =0 fO?“ n Z 2,

=0
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where L', | = 0.k are the terms of expansion of L in power series of ¢ (see Appendix
A1)

Proof. see the Appendix A.2 =

Proposition 3.3.2 The profiles Hy, = (Hn, ) and the terms E,, have to satisfy, for all
n >0

Ly(H,) = 7V (#e) = =3 Lh(Ha-y) in T'x1, (3.22)
=1
L2(H,) = —O0iHne + VHpa=—> LI (H,y) inDxI, (323)
=1
curleurl B = 6wt J in Qp, (3.24)
e =~ 1
curl BF - njox = iwpgH,, - n|i% - ]; (iQ)jﬁfb(curlEff_j : n|0i) on I',  (3.25)
. =~ 1
curlEX x njox =  dwpiH, X n]i% - Jz::l (T2)7 o (curlEff_j X n\(&) on I',  (3.26)
divEE = 0 in Q5, (3.27)
Ef . ndS = 0 on I'.,  (3.28)

Iy

where || 1 abbreviates the trace on Y3 = j:%, and Y = 1 if n = 0 and zero otherwise.
Where H = (Ha, #), Ho = (H1,Hz2) and £ are the tangential and normal coordinates of

H, respectively, and v = exp(g’ff)\/wugﬁ
Proof. see the Appendix A.3 m

Corollary 3.3.1 The model in (3.3.2) is equivalent to

n

LY(Hy,) =7 (hn) = = Li(Hu-;) in I' x I, (3.29)
j=1
LY(H,) = =03 Hna + V' Hua = — > LL(Hnoj) in ' x1I, (3.30)
j=1
curleurl B = 6%wpy J, in Q, (3.31)
e =~ 1
curlEE - njoy = iwpghn |1 — ]2:1 (iQ)jE}‘fL(curlEf_j -n|0i) on I, (3.32)

o oo
zwui?{n|i% =n X curlES x njox + ]Zzzl @:72)38% (n X curl’Ef_j X n|0i) on I, (3.33)
divEE =0 in O, (3.34)

Ef . ndS =0 on I'y, (3.35)
Ty
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where EX is the trace of E,, on I'.

3.4 Equivalent Models up to order 2

In the previous section we derived the coupled systems for the terms of the asymptotic
expansions to any order n. Hence we can determine now the first terms H,, = (H,, A,)

and F, by induction.

3.4.1 Equivalent Model of Order 1

For n = 0 in the previous system (see corollary 3.3.1), it is straightforward that H, =
(Ho, hy) and the terms Fy satisfy

Vhe) = 0 in T x I, (3.36)

—03Ho0 + 7V Hoo = O in T'x1, (3.37)
curleurl B = dwpsJ, in Q, (3.38)
curlEY -nlox = iw,ugﬁoli% on T (3.39)
iwui’Hdi% = nxcurlE xnlox on T, (3.40)
divEf = 0 in O, (3.41)

Ef-ndS = 0 on I':. (3.42)

'y

Obviously 3.36 implies that iy = 0 by the fact that v # 0 and in view of (3.38), (3.39),
(3.41), and (3.42) we can obtain the following limit system for Ei

curlcurlEy = dwp_J, in Q_,

curlEy - n =0 on I

curleurlBf = dwpyJ, in Qg (3.43)
curlEg n = 0 on T,

divEy =0 in Qi

Jr. Ef -ndS = 0 on I'y.

PhD Thesis - Mohammad ISSA - 59 -



3.4 Equivalent Models up to order 2

3.4.2 Equivalent Model of Order 2

In the same way we find that #; = (H1, f1) and the terms E; satisfy

V() = —Li(Ho) in D' x I, (3.44)
— 3 Hi 0+ V' Hia = —L.(Ho) in ' x I, (3.45)
curleurl B = 0 in Qp, (3.46)
1
curl Ef - njox = iwpgHy - n!i% ¥ §8h (cuurlEoi : n\oi) on I', (3.47)
1
iwui’Hﬂi% = nxcwlE" x njox £ iﬁh(n X curlEf x n]Oi) on I', (3.48)
divEf = 0 in Qu, (3.49)
Ef -ndS = 0 on I',..  (3.50)
Iy
According to (3.44), and proposition (A.4.1) we obtain
_ 1 sinh vY3 1 coshvY;
h Y;) = — I(Da 1Ey Dy | ——curl&y )7
(Y3 ¥3) 7 {z'w,ucur %o }F(yﬂ> cosh(?) - [iw,ucur fdF(yﬂ)Qsmh(g)

where £ is the tangential components of &, and D, is the covariant derivative.

Now, inserting this explicit representation into the condition (3.47), we find that the term

EF satisfies the following problem:

curlcurlFZy = 0 in Q|
curlE; - n = e on [
curleurlEff = 0 in Q, (3.51)
curlEf *n = ef on T,
divE; = 0 in Q,
Jo, Ef -ndS = 0 on Ty,

where

| 1 v 1 1
e; v Zwu0< iwucur £ F(yb’) an (2)+ Z_wucur 0 F<y’8)2tanh(%)

1
F 50;1 (CurlEf)IE . n|0i> )
(3.52)
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According to [73, Prop. 3.36] we can write

Opeurl B - n = —divp(curl B )¢ (3.53)
divp(curlE)r = Dycurl® (3.54)

Substituting (3.53) and (3.54) in (3.52), we get

| | v 1 1
(= P ), ] )
81 Y Zqu( iw’ucur Z:0 F(yﬁ) tan (2) + iwlucur ZZO F<y5)2tanh(%)
1
+ §din(cur1E’§)T.

(3.55)

After simple calculations, the boundary conditions for F; in (3.51) can be written as

_ 6 ot ) Y L Lo dive [ 2
[curl B, - n)r = ({M} - 27 tanh(2)>d1vr{u(curlEo)T}F + <4[,u])d1vr [ﬁ(curlEo)T}Fy
(3.56)
and
A0 ST B N W LD dived
{curlE; - n}pr = (4 ~ 9 COth(2>>leI‘ [ﬁ(curlEo)T}F + <4[M])leF{M(curlEo)?g}g.?)

Adding the obtained equations (3.56-3.57) multiplied by ¢ to the conditions for Fy (4.33)
and by replacing Ey + ¢F; on the left side by E! and by replacing e Ey on the right hand

side by eF§, we obtain the second order approximate solution E! that solves the system

curlcurl E! = wids in Qi

[curlE! -n]. = g(({,u} — 2%8 tanh(%))di\/p{i(curlEo)T}F
+<i[u]>divr {i(curlEo)T ) on I, (3.58)
{cwlE! - n}p = 5((*{} e COth(g))diV[‘ i(curlEo)T}

1 2
v r

+(i[u])din{i(curlEo)T}J on I
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Which is equivalent to

curleurl ! = wpds in Qg
E! = O(ﬁ) as |z| = oo,
[curl B! - n)p D, Ds {L(curlEY) 7}
(b ) < (B 2 (et )
{curlE! - n}p D3 D, [i(curlEsl)T]p
where
Dlzclle]Id fOI'T:: 1,..,3,
and ()
1o gl By Mg gl
= — 2—tanh(= = —= — —coth(=
Cl {:U’} v an (2)7 ) CZ 4 2,}/ Co (2>7
1
Cs = Z[N]

Note that Id is an identity operator.

3.4.2.1 Impedance Transmission Conditions in function of Dirichlet and Neu-

mann Traces of Electric Field

Using Faraday’s law (Hl)r = ﬁ(curlEg)T and using the Stokes formula pH! -n =
Ldivp(E! x n), we get

curlE! - n = divp(E! x n).
Using this relation, and applying "the inverse" of the operator divy, we obtain

curlcurl ! = wiJs in Qg
E! = 0O(%) as |z| — oo,

||

[EZ X nlr 1 Cs (L (curlED) e
({Engn}F) - 8( gg gg >( [i(curllg;)ﬂp ) on 1

Applying n x I operator, we obtain the following transmission conditions in function of

the Neumann and Dirichlet trace of the electric field, we can say that it is in function of
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the transverse magnetic field and the transverse electric field. we get

curlcurl 1 = wpds in Qg
E! = O(%) as |z| — oo,

E]

o Edr L Gy [ L ED)r
() = (6 () =

3.4.2.2 Symmetric case with permeability p

For pu_ = py = po, Fy satisfies

curlcurl £y =0 in Qg
diVEl = 0 in Qi:
B = O(ﬁ) as x| — oo, (3.59)
( (Yo Erlr ) ( Ky 0 ) {(7~nEo) }r
= on I,
{Eitr 0 K [(vw Eo)r

and E! satisfies

curlcurl ! = wnds in Qg
E! = O() as |z| — oo,

o E:]r |§|(1 0 {(ywEN}r (3.60)
(e ) <l Kz)( [(w;)h) mh

where

Ky=-1+ 2% tanh(3) , Ky=—1+ %coth(%).

3.5 Discretisation by the Boundary Element Method

As out of the layer we mainly consider a non-conductive linear homogeneous domain and
an open boundary problem, we can avoid the volume mesh required in the FEM by using
the BEM that uses only 2D elements on the surfaces. Moreover, the BEM is adapted
to general field problems with unbounded structures because no artificial boundaries are
needed. After introducing the functional spaces, the potentials, and the general represen-
tation formula in sections 3.5.1, 3.5.2 and 3.5.3 respectively. We formulate the integral
equations, the variational formulations, and the Galerkin discretisation using special ba-
sis functions of the terms of expansion Ej in section 3.5.4, F4 in section 3.5.5, and the

equivalent model of order 2 E! in section 3.5.6. Note that we consider y_ = p; = g all
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over this section.

3.5.1 Functional Spaces

The spaces that are related to the traces of vector fields in H(curl, 1) onto I' must
be considered using Boundary Integral Equations. We will use the following spaces of

tangential vector fields on I', which are defined in [61],

1
e Hp (') which represents the tangential surface vector fields that are in H 2(Iy) for
each smooth component I'; of I, and provides the weak tangential continuity across

the edges of T,
1
e H?(I') which provides the weak normal continuity.

Note that for a smooth boundary I, these spaces coincide with that of tangential surface
1 1 1
vector fields in Hz(I'). We denote by H *(T'), and H, *(I') the dual spaces of H (')
1
and H 2 (I'), respectively. These dual spaces can be considered as the images of tangential

traces of vector fields.

These surface differential operators are used to define the spaces H, ?(curlp,I'), and
H) *(divr,I') introduced in [61] by

_1 _1
H *(curlpy, T) = {v € H *(I'), curlpo € H™2(I)},

_1 _1
H, ?(divp,T) = {w € H *(I),divrw € H~2(I")}.

Another property in [62, sec. 4] is that Hié(curlp, [') and H ”_%(divF, ') are dual of each
others, when the space of L?-integrable vector fields L*(T) is used as pivot space [75].
According to [60, sec. 3], HI%(curlp, I), H‘T%(dinO, I') and Hz(T') are the suitable spaces
for the Dirichlet data vp-, the Neumann data vyy-, and the normal data -, respectively,
where H, *(divr0, T') = Ker(divr, H, * (divr, T)).

3.5.2 Potentials

For any tangential vector field A\ on I' we define the vectorial single-layer potential W 4 by

VaN) @) = [ A@)G(r,y)dl,, = ¢ T, (3.61)
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the vectorial Newton-potential

and the vectorial double-layer potential
Uyr(u) = curlVa(Ru), Ru=nXu. (3.62)

Recall that G(z,y) is defined in (1.53), and denote by Wy the scalar single layer potential
defined in (1.57).

3.5.3 Boundary Integral Equations

Let E € L*(R?) with curlE € L*(Q4).

Theorem 3.5.1 If a vector field E : Qy — C? satisfies

curlcurl# = 0 n i,
divE = 0 in Qg
E(x) = O(ﬁ) as |z| — oo,

then it satisfies the following transmission formula [60]

E=Yy([vpE]r) + Ya([yvE]r) — gradWy ([v,E]r).

Applying the trace operators vp- to the representation formula leads to the boundary-

integral equations. For this reason we define the following operators

K = {wYy}r , V = {vw¥alr,
Q@ = {w¥vir.

As the potentials W4, ¥,,, and ¥y are not necessarily continuous across I, it is useful

to provide the jump relations (see Appendix A.5).
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3.5.4 Equivalent Model of Order 1
3.5.4.1 Integral Equations for £

In order to write the integral equation in the case where we have an excitation by Js, we

introduce the Newton potential representing the source term

Byfa) = iwn [ | J(y)Gl.y)dy.

It is sufficient to consider the representation formula of Ej in €2, using Theorem 3.5.1

we state the representation formula as
Ey = —Un(vhEo) — Va7 Eo) — grad ¥, (v, Ey) + E.
Applying v to the representation formula, we find for

1
1B = (51— K) (b En) = VO Eo) = 180Q(n ) + 75

_1
this equation is set in H | ?(curlp, I') which is the appropriate space for Dirichlet data.

3.5.4.2 Variational Formulation for E,

We obtain an equivalent variational formulation by testing against function from the dual
1 1 _1
space of H, *(curlp, I'). The dual space of i, *(curly, I') is the space H *(divr,I).

_1
2

Find vy Ey € H; > (divr0,T), such that
(V(vwEo), Bi)r = (vH Es, Bi)r, (3.63)

_1
2

for every By € H *(divr0,T).

Since

(grad@Q(®),v)r =0 for every v € HH7§(CHVF0, ),

(60, eq 7.4]
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3.5.4.3 Galerkin Discretisation

Let A = v{; Ey be the rotated tangential field of the electric field Ey. Conforming boundary
element discretisation of (3.63) has to be selected in a finite dimensional subspace Hj, of
H, ”_%<din0, ['). In fact, the suitable functional space for Ey is H(curl, Q) which is usually
discretised by the edge basis functions. So one may think that rotating these functions
by 90° is enough. But because of the divergence constraint, we have to search for a basis
function that satisfies {¢, € Ej, x n,divpr¢, = 0} where E}, is a subspace of H(curl, 2).
Then the Neumann data A can be approximated by the space of divergence-free lowest
order Raviart-Thomas elements RT(I") on I' [63 ; 76]. If I" is simply connected, then
RT (I')=curlr N, (I'), where Ni(I') is the space of nodal functions of degree 1 [69](see
Figure 3.6).

A is approximated as :

ip—

Figure 3.6: Basis function of H} associated with a vertex

)\h - Z /\ C’UJ‘ZN’

where N is the number of nodes, the coefficients \"’s are the values of A, at node i, and
i is the surface rotational operator of the nodal shape function of degree 1 corre-

sponding to the node 1.

Applying the Galerkin method, the test functions B; should be replaced by the basis

functions W7 . We can now state the discretised formulation as:

Find \* € R", such that

Z )\Z <V( ciurlN>7 WcurlN> < E WcurlN> (364)

forj=1,..,N.

The assembly of the linear system of equations is the following:
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[t ][a=[st].

where
Mlji = /1_‘ V( ciurlN)WcjurlNdFja

and

S]‘j = /F (VEES) ' WgurlNdFj'

3.5.5 Strong Formulation for F;

Recall that E satisfies (3.59).

3.5.5.1 Variational Formulation for £,

Using Theorem 3.5.1, we write the representation formula of F; in 2, as
By = =V (vHEr) — Ua(yy Er) — grad ¥, (v, En).
Applying the Dirichlet trace, we arrive at
B = (31— K)(BE) — VORE) - radQ( ). (3.65)

By the transmission conditions of the F; model (3.59), we can write:

K

VhE = 1

Y& Eo + Ko7 Eo. (3.66)

Replacing 74, FE; in (3.65) by the formula (3.66) and testing against a function Bj in

H) *(divr0,T"), we obtain the variational formulation:

Find v E, € H\ *(divr0,T"), such that

1 K
VORED, B = (51— K)ok B + Kol Bo), Bobr, (367

for every B, € Huj(diVFO, r).

3.5.5.2 Galerkin Discretisation

Let a = v E1, a is approximated as aj, = Y0, o'W, where N is the number of nodes,

the coefficients a’s are the values of a;, at node i. Applying Galerkin Method, we can
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state the discretised formulation as:
Find o’ € R”, such that

N o . 1 K A

> A V(W) W )r = (=51 = K) (9% o + K { o), Woan)r, - (3.68)
i=1

forj=1,...,N.

The assembly of the linear system of equations is the following:

[ar2][a]=[ 52],

where
M2ji = _/ V(WciurlN)WgurlNdFﬁ
Ly
and
1 K L + J
5'2j — /F (_5]1 — K) (4'7NE0 + KQ’YNE0> WcurlNdFj'

J

3.5.6 Equivalent Model of Order 2

Recall that E! satisfies (3.60).

3.5.6.1 Variational Formulation for E!

For E! € L*(R?), the representation formulas can be given by

El! = —Uy(VHE) —VA(yhEL) — gradVUy (v EN + B, in Q4 (3.69)

£

E' = Uy(ypED + Us(vyEY) + gradWy (v, E) in Q. (3.70)

£

Applying the Dirichlet trace on (3.69) and (3.70), we get the following integral equations
V(NELD + (GI+ K)(vHEL) = v5Es — gradpQ(v;) L), (3.71)

—V(wED) + (GI = K)(pEl) = gradpQ(v,) E2). (3.72)

Using the transmission conditions, we obtain the following equalities
HE: = Doy E: + DinyEL, (3.73)

e 374)
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where Dy = 5(% + K3), and Dy = 5(% — Kj).

Substitute the transmission conditions (3.73) and (3.74) in the integral equations (3.71)
and (3.72), we find the variational formulation
Find vy EL, v E: € H| (lep0 '), such that

1 1
(V+ §D0H + DoK)(viEL), By)r + <(§D1H + D1 K)(vyEL), Bi)r = (v5Es, Bi)r, (3.75)

((—;Dﬂ[ + DI K)(YHEY), Bo)r + (—V — ;DOH + DoK)(vwED), Bo)r =0, (3.76)

for every By, By € H (lepO I).

3.5.6.2 Galerkin Discretisation

Let 5 = VNEl and 3 = yyE!. g and 8 are approximated as 3, = SN, f'W/,,,v and
5;1 =N, 8w W . respectively, where N is the number of nodes, the coefficients 3"’s and
B"s are the values of 8), and 3, respectively at node i. Applying the Galerkin method,
we can state the discretised formulation as:

Find ¢, 8" € R", such that

Zz]'\il 61<<V + %DOH + DOK)(WciurlN)? WcurlN>F+ Zz 1 6”(( 1]1 + DlK)(WciurlN)7 ‘/churlN>F
- <7EES7 WcurlN>F7

(3.77)
N . : N oo 1 A :
Z Bl((_§D1H+D1K)( cZuTlN)’ Wc]urlN>F+Z ﬂ <(_V_§D0H+D0K)(Wc1urlN)7 Wc]urlN>F = 0.
i=1 1=1

(3.78)

The assembly of the linear system of equations:

mit| v ][] st
M2t | M22 || g ] | s2 )

where

1 ‘
M11;; = / (V + §D0H + Do K) (W )W? ~ndly,

curl
J

1 .
M12JZ:/F(2D1H+D1K)( curlN)W]urlNdFj’

c
J
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1 .
M21J’L:‘/F(_§D1H+D1K)( clurlN)W]rlNdFj?

cu
J

1 . .
M22]z = /F(_V - §D0H + DOK)(WclurlN)WcjurlNdFj?

J

Slj = /(PYBES) ' WcjurlNdFja

J

and

52; = / (VY Es) - W, ndl; = 0.

J

3.5.7 Implementation

We implement our model in the platform "MIPSE" of the G2Elab. For actual implemen-

tation, we need integral representations for the boundary integral operators.

Proposition 3.5.1 [69] For A € L>(I)

o V(A) ={}o¥a(N) = Jr My)G(z,y)dS(y),

o« K(N) = {1} o W) = (PS50 (y) — grad, Gz, y) (Aly) - n(x)))dS(y).

Theorem 3.5.2 [60] If Re(k®) > 0, the boundary operators K and K satisfy

< f(u,v >p=— < u, Kv >p

1
2

1
for every p € H *(divr0,1') and v € H, *(curly, ).

3.6 Numerical Results

In this section, we study the accuracy of the integral equations by considering the problem
with PEC (Perfect Electric Conductor) conditions, as well as the validity of the asymptotic
expansion. Then we provide many examples to validate our model, examples 1, 2, and 3

satisfy the theoretical condition where closed curved thin layer is considered. Particularly,
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example 2 is done to show the robustness of the equivalent models versus the parameter
0. However, example 4 is provided to show the effectiveness of our model even in open

domains that do not satisfy the theoretical condition.

3.6.1 Validation of Integral Equations

To verify the efficiency of the integral equations, we consider the eddy-current problem in
a sphere of radius r; = 1m with PEC boundary conditions. As it is the conditions satisfied
by the model of order 1. We compare the numerical solution of the magnetic field to an

analytical solution calculated on the arc of radius r 1.3m (see Figure 3.7). The curves

Figure 3.7: A cross section of the domain

1.3
‘B.—-BN.& -e- HAna\ytic ]
12 P SO N H
@ hol 0
% \,
7 N,
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£ 7 \
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(&} ! .
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S 0.8 @ ®
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Figure 3.8: The magnetic field Hy on the arc of radius 1.3m compared to the analytical
solution

coincide (see figure 3.8) with L2-relative error ||Hunatytic — Holl2/|| Hanatyticll2 = 3.9 x 107*

(where ||U —V||y = /> (U; — V;)?) which shows a great success of the integral equations.
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Details about the calculation of the analytical solution and the postprocessing to calculate

the external magnetic field are given in the Appendix A.

3.6.2 Verification of the consistency of H! with Hy and Hy+cH;

In order to validate the robustness of the asymptotic expansion and thus the equivalent
models, we consider a spherical thin layer with a frequency f = 10kHz, and a conductivity

o = 103S/m. In Figure 3.9 we show the relative L?-error of the solution H! = Hy+ecH; +

10t

T
vl /

105F —— I Hgre Hl | 5

R
-4l

10
103 102 10t
€

Figure 3.9: L? error of the solution HE1 with respect to Hy and Hy + e Hy

O(e?) versus the thickness € in comparison with the first term of expansion H, and
Hy + ¢H,. Comparing H! and Hy we can see that the error behaves like . Moreover,
the error between H! and Hy + €H; behaves like £2. These error orders validate the

consistency of H! with Hy and Hy + ¢H,.

3.6.3 Example 1

We consider a sphere with a radius 0.99m, surrounded by a conductive sheet of thickness
e = 2cm with 6 = 1000S/m and f = 1kHz. The skin depth is 6 = 0.001cm and the source

is excited by a uniform magnetic field in 2’ direction Hj = 17 (A/m).

In figure 3.10, we visualize the real and imaginary parts of y"E! and v~ E!. We calculate
the external magnetic field on an arc of circle at radius 1.3m using a mesh of 384 elements,
and we compare the results to the analytical solution. The results are represented in Figure

3.11 that shows a good agreement with L?-relative error
||Hanalytic - HOHZ/”HanalyticHQ = 00047a

||Hanalyt7lc - Hg1||2/||Hanalytic||2 =5 X ]-0_4~
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z z
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Figure 3.10: The real and imaginary part v+ E} and 4~ E! for a spherical thin layer of radius
0.99m and thickness 0.02m.
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Figure 3.11: The magnetic fields Hy and H! on the arc of radius 1.3m compared to the
analytical solution.

We calculate the internal magnetic field on an arc of circle at radius 0.7m in order to
study the influence of the thin layer on the interior domain i.e. to validate the effect of
the thin conductive layer on the interior domain. We compare the results to the analytical
solution. These results are represented in Figure 3.12 which affirm the shielding function

required by the thin layer with error

HHanalytic - HngQ/HHanalyticHZ =6 X 1072-

3.6.4 Example 2

The aim of this example is to show the robustness of the equivalent models versus the
parameter 6. Fixing the frequency f = 10kHz and the radius of the sphere r = 0.98m
surrounded by a conductive sheet of thickness ¢ = 4cm, the skin depth is a function of &,

and the source is a uniform magnetic field Hj = 12(A/m).
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Figure 3.12: The magnetic fields Hpqiytic and H, 81 in the interior domain of the sphere.

Similarly the error is calculated on an arc of circle at a radius 1.3m. In Figure 3.13
we show the relative L? errors of the solutions Hy and H! of the equivalent models of

order 1 and 2 versus the parameter . The equivalent model of order 1 shows a good

—8— Model of order 1 (H0)) —@—HO+epsH1 —@—Model of order 2 (H1eps)

1

01

o001 .. B

0,0001
1000 100 10 1 0,1 0,01

5/e

Figure 3.13: Relative L? errors of the solutions Hy and H! of the equivalent models of
order 1 and 2 versus the parameter ¢ for ¢ = 4cm

agreement, we observe a small error in a wide range of skin depths, the interval where the
skin depths is small compared to € or of the same order, this result corresponds to the
theoretical assumption. The same interpretation is observed after the correction by Hi,
smaller errors are obtained in the region of small skin depth. This result can be explained
by the direct dependence of H; on Hy, and the theoretical assumptions. The equivalent
model of order 2 gives few errors for all ranges of the skin depth, from very small to very

large.
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3.6.5 Example 3

Here, we consider a spherical conductive thin sheet of thickness lcm, radius 1m, conduc-
tivity & = 55S/m, and permeability . The source current is excited by a cylindrical coil

of radius 1.5m, height 2m, thickness lem, and current 1A (see Figure 3.14).

Figure 3.14: A spherical thin sheet with a cylindrical Coil

This problem has been solved using the two equivalent models of order 1 and 2, in Fig-
ures 3.15 and 3.16 we visualize the real and the imaginary part of the solution v, E! of

the integral equations, respectively. In the Figures 3.17, 3.19, 3.18 and 3.20, we trace

50 50 50 0000156 6.85-06  0.00017 50 50 50 00291 -278e-05 0029
| L | | . 3 L | | ]

Figure 3.15: The real part of v E® Figure 3.16: The imaginary part of v E?

the z and z components of magnetic fields calculated on the segment that connect the
two points (1.1,0,—1) and (1.1,0,+1). In Figures 3.17 and 3.19, the model of order 1 is

compared to the simulation performed by Comsol in 2D axisymmetry Hcomsor, Where the
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results obtained by the model of order 2 are shown
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Figure 3.17: The z component of Hy,

Heoomsor, and the source field H,.
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Figure 3.19: The z component of Hy,

Heoomsor, and the source field H,.

in Figures 3.18 and 3.20.
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Figure 3.20: The z component of H!,
Heomsol, and the source field H,.

Comparing the L2-relative errors calculated on the same segment in Table 3.1, we

validate the efficiency of the two models, in addition to the better accuracy obtained

using the model of second order.

- 78 -

Table 3.1: L?-relative errors of Hy and HE1

H}IComsol_I{OH2
||HComsol||2

HHComsol_HslHQ

||HComsolH2

0.0021

0.0008
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Chapter 3 : Boundary Element Method for 3D Conductive Thin Layers in
Eddy-Current Problems

3.6.6 Example 4

In this example we provide an open boundary problem which does not satisfy the theoret-
ical assumption, i.e. the surface of the thin layer is not simply connected. We consider a
cylinder of » = 1m, h = 3m and thickness 2cm. The source is excited by a spire of radius
R = 1.1m and a current of 10A. We compute the norm of the magnetic field on a segment
that connect the two points (1.3,0,—2) and (1.3,0,+2) (see Fig.3.22) and we compare
the results to the 2D axisymmetric formulation in Comsol that is discretised using the
Finite Element Method (see Figure 3.21). Note that, discretising using the FEM requires
a very fine mesh near the surface of the thin layer and the maximum size of the local

element must not exceed §/2 in order to accurately describe well the flow of current near

the surface.
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Figure 3.21: Meshing the domain in Comsol

Figure 3.23 shows the magnetic fields Hy and H.! and the solution obtained by Comsol
H.,,., on the segment. The corresponding L2-relative errors are reported in Table 3.2 and
we observe that the model of order 2 still works well, that improves the effectiveness of
the second order model even in open domains. In Table 3.3 we compare the computa-
tional time and the number of elements of the mesh used by each method, we deduce that
the boundary element method may reduce the computational time as it needs a reduced
number of elements for the discretisation, note that the error is less than 5% with a mesh
of 816 elements. The obtained results will be more important if we compare with the

same problem using a 3D discretisation.

The errors obtained are strongly lower than the amplitude of the components of the

reaction magnetic fields, see Figure 3.24 for the x-component and see Figure 3.25 for the
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Figure 3.22: A cylindrical thin layer with an exterior spire

z-component. This seems to indicate that, in this configuration, no particular care has to

be taken, even if the surface is not simply connected.
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he]
©
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21.5'
=

1t 0.045 0.008

Table 3.2: L>®-errors of Hy and H}

Figure 3.23: The magnetic fields Hy and H!
on the segment compared to Comsol (Hop,)

Table 3.3: Computational time of our models comparing with Comsol

Nb of elements Time

Comsol 1771542 132s
Model Order 1 544 25s
Model Order 2 544 56s

3.7 Conclusion

A second order equivalent model for eddy current problems with a thin layer in 3D is

proposed and discretised using the Boundary Element Method. The model is validated
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Figure 3.24: The x—component of the real Figure 3.25: The z—component of the real

part of the total magnetic fields H!, the part of the total magnetic fields H!, the
reduced magnetic fields H!p, ..cq and the reduced magnetic fields H'p, j.ccq and the
source field Hgpyrce- source field Hggyrce-

and shows a good agreement with reference results. The discretisation method shows a

great success in the accuracy of results and in reducing the computational time.
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Many electrical equipments such as motors or transformers use lamination stacks to
form the core of coils. These laminated cores are commonly used in order to reduce the
eddy current losses, as it increase resistivity in the direction the current would flow. The
simulation of these lamination stacks requires many elements and leads to a large system
of equations, mostly when the skin depth is smaller or equal to the thickness of one sheet.
A homogenisation method is proposed here for an efficient numerical modeling of the

laminated sheets in eddy-current problems.

In the last few decades, these laminated cores have been modeled by one solid medium
to save computational costs [92]. In this case, the laminated cores have been modeled
as a homogeneous medium, indeed, but not always neglecting the eddy currents. This is
only the case if this homogeneous block is considered as non-conducting without equiva-
lent complex permeability and conductivity. In order to consider the eddy current losses
inside the laminated cores, this lamination is modeled by a homogeneous medium with
conductivity and permeability calculated by the analytical solution of the magnetic field
inside the sheet [98-100]. The resulting complex permeability are then embedded in either

an integral formulation [99] or a differential formulation [98 ; 100].

Many papers have provided approximate formulas for eddy-current losses by means of
a posteriori computations. These formulas are given for either low frequencies [94 ; 97]
where the thickness of a sheet is greater than the skin depth or high frequencies [95 ; 96].
Starting from these formulas, an equivalent electric conductivity has been provided in [93]
permitting to replace the laminated cores with a homogeneous isotropic or anisotropic

medium.

A two-scale finite element method based on the magnetic vector potential A has been
developed to describe eddy currents in laminar stacks with linear materials [87]- [89],
and non-linear materials [86]. In [90], some multiscale finite-element formulations for the
eddy current problem in laminated iron in 2D are introduced. They provide multiscale
formulations based on the magnetic vector potential, the single component current vector
potential and on a mixed formulation of the magnetic vector potential and the current
density. They considered the case where the main magnetic flux is parallel to the lami-

nates and assumed to be perpendicular to the plane of projection to study the performance

-84 - PhD Thesis - Mohammad ISSA



Chapter 4 : Homogenisation and boundary correction of laminar stacks in vector
potential formulation.

of multiscale finite element formulations.

In [106], a time-domain homogenisation technique for laminated iron cores in 3D finite
element models in terms of the magnetic vector potential was proposed. This approach
based on an approximate 1D solution in the time domain is applicable to linear and non-
linear materials. The time-domain homogenisation is also adopted in [103] where the net
current feature is added. The homogenisation approach presented is based on a finite ele-
ment model in terms of the magnetic vector potential and the expansion of the induction

throughout the lamination thickness using a set of basis functions.

Another finite element computational homogenisation for modeling non-linear multi-
scale materials in 2D magnetostatics and magnetodynamics problems are presented in
[105] and [104] respectively. In these papers, the modeling of the laminated cores is based
on heterogeneous multiscale method (HMM) which is based on the transformation of in-

formation between macroscale problem, microscale problem, and mesoscale problems.

In the presence of conductive laminar sheets, the fields oscillate strongly. The classical
homogenisation [88] is an efficient method to simplify the numerical simulation of such
periodic heterogeneous materials, as it leads to an equivalent equation that is generally
simpler and describes the behavior of the solution. In fact, the classical homogenisation
is an asymptotic homogenisation proceeds by introducing the fast variable and posing a
formal expansion. Thus, the formal two-scale expansion considered in chapter 3 to study
the behavior of the field in a conductive thin layer will be also adopted to model the

lamination stacks.

In this chapter, we present an effective model of a lamination stack using a classical
homogenisation approach (section 4.3.2) and a correction for the interface between the
air and the lamination stack (section 4.3.4). We consider the case where the skin depth

is kept less than or equal to the thickness of one metal sheet.
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4.1 Mathematical Formulation

4.1 Mathematical Formulation

Consider a lamination stack composed of insulating and metal sheets of permeability 1
and pq, and conductivity oy = 0 and o respectively. The thickness of one metal sheet
and an insulating sheet together is €, which is small compared with the whole domain
Q (see Fig. 4.1). We consider also that the thickness of an insulating sheet is negligible

compared with the metal sheet.

For simplicity, we consider 2 = (—1,1) x [0, 1), the air is the interval Q4 = (—1,0) x [0, 1),
and the laminar stack domain is €, = (0,1) x [0,1). Let I" be the interface between the

air region and the lamination stacks.

Q,
1 >
Q4 r
-1 0 1

1 | » T

TTGIobaI FquT

Figure 4.1: Representation of the whole domain €2 which consists of an air domain €24
and a lamination stack €2;. A global magnetic flux and a current source will be enforced.

In this problem, we consider electrically isolated sheets. They are isolated from any exte-
rior circuit, and each sheet is isolated from the others. We thus express the conservation

of the current, and the global net current is zero.

The formulation of the magnetic potential in the air region is:
AA, = oy, in Q4. (4.1)

In each sheet i, the magnetic potential can be written as the sum A, + A;, where A; =
ME(A,) is a constant related to the sheet ¢ [91]. Using this fact, the formulation of the
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magnetic potential in {2, can be written as
AAE — Z‘wo—l//Ll(Aa — Ma(AE)) = O, in QL, (42)

where M€ is an average operator in each sheet defined by
aLxl/EJJrs
ME(f) 2 (21, 29) / /L . (s,y)dsdxs, Ve Q). (4.3)

Note that [-] is the floor function.
This constant (4.3) in each sheet is chosen to ensure the continuity of A. between all the
interfaces of the sheets, i.e. on both sides of the sheet. As well as the continuity of its

Neumann trace related to the tangential magnetic field between two layers.

A global magnetic flux is enforced on the whole domain in a manner that the total flux
in the domain is zero, that is to say what enters from the bottom get out of the top. It

will be expressed by the following boundary conditions:

Acloy=—1 = g(22),  Acluy=1 = h(w2), (4.4)

8362145‘362:0 = ax2A8|a:2=l = 0. (45)

In addition, we have also to take into account the continuity condition at the interface

between the lamination stack and the air I’

1 DA, 1 0A.
1 4.6
po on "y on B I+ (4.6)

Alpe = Adlps. (4.7)

We are interested in the case where the skin depth is smaller or equal to the thickness ¢.
Because we will study the limit case (¢ — 0), we should assume an explicit dependence
of the layer conductivity o; on ¢

o1l = 87266, (48)

where a is a constant, that enables ¢/ to remain constant when € goes to zero (the same

assumption as in Chapter 3).
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4.2 Procedure

Our methodology is based on two points:

e Applying the classical 2-scale homogenisation method in the domain of lamination

stacks €.

e Studying the influence of the interface I' on the vector potential to treat the problem

in the whole domain 2.

The derivation of the asymptotic terms in {2, is based on:
1. The expansion of M*® for any function a of Q x R/Z.
2. A standard formal 2-scale expansion for A..
3. Identifying the terms of same powers of ¢ in the governing PDE.

In order to validate the possibility of adopting this methodology to model the lamination
stacks, we will start by a 1D problem then we proceed in 2D.

4.3 The 1D model problem

The magnetic vector potential satisfies (in a 1D assumption we simply denote x = x1):
O2A. =0,  inQa, (4.9)

O2A, —iwoi iy (A — ME(AL)) =0,  in Qy, (4.10)
where M?* is an average operator in each sheet defined by

1 relz/el+e
ME(f) iz — = e f(s)ds, VieC(Q),z e (0,1). (4.11)
A global flux is enforced on the whole domain and expressed by the boundary conditions
Alp=—1 =0, Aglp=1 = L. (4.12)

Moreover, we have the continuity condition at the interface

1 1
78:0Aa|;r:0* - 7aan|a::O+~ (413)
Ho H1
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potential formulation.

4.3.1 Expansion of M*

By changing of variable in (4.11), we observe that

ME)@) = [ Jlelfe] +ev)dy, v € C@).

Therefore the function f has the following expansion with respect to ¢

flelafe) +en) =@y +<(5 ~ T o ) 12

3

z—elz/e) (1 L —dx/ﬂ))agf(x) + .

€ 9

Now we can observe that for any function a defined on €2 x R/Z one has

1 z—elx/e]

Me(a)(z) = /01 a(x, s)ds + 8/01 (2 — >8xa(3:, s)ds + ...

€

(4.14)

(4.15)

(4.16)

Therefore one can define the sequence of operators (9;);en defined on the space of func-

tions of Q x R/Z such that
1
My(a)(w,y) = [ ala,s)ds.
0

M(a)(e,y) = (5 —v) [ Daale, s,

My(a) (2,9) = (5~ y(1~ ) [ Sale, 5)ds.

The operators (9M;);en satisfy for any function of Q x R/Z

Me(a(-,-/e))(z) = Mo(a)(z, x/c) + My (a)(x, z/e) + *My(a)(z, x/e) + ..,

for all z € Q.

4.3.2 Classical homogenisation of the laminar stacks in (),

The problem (4.10)-(4.12) in Qf, can be reformulated by the following
9 wo R B
0A. — ?(Aa - M®(A;)) =0,

A€|CE:0 = 07 A5|1':1 = 1

PhD Thesis - Mohammad ISSA
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(4.18)

(4.19)

(4.20)

(4.21)

(4.22)
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4.3 The 1D model problem

As standard in classical asymptotic homogenisation assumes that A. has the following

2-scale expansion:
A(z) = Ao(z, 2 /e) + eAr(x, 1)) + > Ag(z, 1 /€) + ..., (4.23)

where A;(z,y) are assumed to be 1-periodic with respect to the y variable.
Note that each term of the expansion depends on both the slow variable x = z; and the

fast variable y = x/e.

Replacing (4.23) in (4.21), we obtain (see the Appendix B.1.1)
(4.21) :07 A0 + € 200 Ag + 26102, Ag + €02 A + 7100 Ay + 200, Ay + €200 A
+ 02y + 208, Ay — iy (AO 4o Ay 42245 — My(Ag) — ey (Ag) — 290 (Ag)

—eMy(Ar) — 2290 (Ay) — 5y (Ay) — £200(As) — 2590 (Ay) — g4m2(A2)) —0.
(4.24)

Identifying the terms of same order in powers of ¢, the expansion (4.23) leads to the

following

e Order £~ 2: we have

02 Ay — iwa(Ag — Mo(Ag)) =0, V(z,y) € QA x R/Z (4.25)

Using the assumption that Ag(z,-) is 1-periodic, the solution Ay is a constant func-

tion with respect to y but it may depend on x (see the appendix B.1.2)

Ao(z,y) = Ao(m). (4.26)

e Order e~ !: we have
85141 + 0,0, Ap —iwa(A; — My (Ag) — My(A1)) =0, (4.27)

using (4.26), we get
@ZAl — 'LUJO_!(Al — m()(Al)) = —ch_k(ml(Ao)), (428)
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then,
1
2 A1 —iwa (A — Mo(Ay)) = iwa(y — 5)835,40. (4.29)

We call W a periodic function (unique up to an additive constant) solution of
1
W — iwa(W — My(W)) = iwa(y — 5), (4.30)
and deduce by linearity that

The solution of (4.30) in a unit cell is

Wi(y) = (; B ) ; sinf;(izﬁzzﬁ—/;)ﬂ)), (4.32)
where k% = iwa.

e Order £°: we have

2 Ay —iwa(Ay — Mo(As)) = =02 A0 — 20,0, A1 + iwa(My(Ag) + M1 (A1) (4.33)

Integrating (4.33) on y € (0,1), we get (see the appendix B.1.3)
( 14 M;‘)ang ~0. (4.34)
The solution of (4.34) considering the boundary condition (4.22) is

Ap(z) = . (4.35)

For clarity, we denote by A = Ay + Ay + ... + eF Ay,
Using (4.23), (4.31), and (4.35), the magnetic vector potential in the lamination stack can
be written as

Az(z) = Ao(r) +eW (y)0: Ao (), (4.36)

Al(z) = 2+ eW(y). (4.37)

4.3.3 Numerical validation in €2,

We consider € = 0.1 (10 toles), @ = 1. We show in Figs. 4.2 and 4.3 the magnetic vector
potential expansion Al(x) = Ag(x)+eW (y)d,Ao(x), the first term of the expansion Ay(z),
and the magnetic potential A pqy. calculated analytically (see the appendix B.1.4), for
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4.3 The 1D model problem

different frequencies. The results show a good agreement as the curves coincides, and

their relative error is given in Table 4.1:.

w | |Aanalytic - A; | |2
50 0.0398
103 0.0183

Table 4.1: Relative L*-errors of the solution A for several w.
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Figure 4.2: The magnetic vector potential in €2,
for w = 50.

Figure 4.3: The magnetic vector potential in €2,
for w = 103.

The relative L?—errors )
| |Aanalytic - Ag | |2

| ’Aanalytic’ ’2

are shown in Fig. (4.4) versus the thickness ¢, for w = 800. The result shows a convergence

of O(e) as expected by the 2-scale expansion.

4.3.4 Accounting of the interface

Recall that the magnetic potential in € satisfies (4.9-4.13).
Considering the coupling between the air and the lamination stack, we are seeking for an
expansion such as:

A(x) = Ay (x) + e K (x/)0,Ag () + ...

. in Qyu (4.38)

A(z) = AL (2) + eK*(2/2)0, AL (2) + ... in Qp (4.39)
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Figure 4.4: Relative L?—errors of the solution Al versus the thickness e.

Knowing that in the presence of infinite thin sheets, the effect of the interface with air
will decrease as we go far from I'. Consequently, K must behave like z +— W(Z — | Z]) at

00, as it can be deduced from (4.36).

Note that we do not know the problem satisfied by A; and AJ. We just know that
they are harmonic, should satisfy the boundary conditions at x+ = —1, x = 1, and the

continuity and Neumann conditions at the interface.

Using the fact that W (0) = 0, we get that

1 Aa(lE),lffL‘EQA
Al(z) = (4.40)
Af (x) + eW (2 /)0, A (x),if x € Qf

is continuous and satisfies

02 AL — "R (AL - ME(AD) = ofe). (4.41)

Thus, we simply have to adjust the Neumann condition at x = 0 to adopt the approxi-

mation (4.40)

0, AT (0). 4.42
o 0 0 (0) (4.42)
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4.3 The 1D model problem

This condition combined to the conditions defines Ay and Aj (4.9), (4.12), (4.34) and

the continuity condition at the interface put up the following system

OPAT =0, inQ, (4.43)
Ag(-1)=0,  Af(1) =1, (4.44)
Lo, a5 (0) = TELVO) 5 40, (4.45)
Ho M1
Ap (0) = A7 (0), (4.46)
which gives
1o (148, W (0)

) .
I e e (1.47)

e (1t + (14 9,W(0))), if x € Q,

and

Al( ) Ao(ZL‘), if x € QA, (4 48)
\r) = .
Ao(l‘)—f—ngayVV(o))W(l‘/ﬁ), lfl'GQL

4.3.5 Numerical validation in {2

Considering ¢ = 0.1 (10 toles), pf = 50H/m, and o7 = 10°S/m. The magnetic vector
potential expansion Ag(z) 4+ W (y)0,Ao(x) shows a good agreement. A comparison with

the analytical solution Anaiyticar is shown in Figs. 4.5 and 4.6.

1 T T T T T T 1 T T T T T T

77777 AAna\ytical 7 T AAna\yncal /
09 Ao / . 09 A D an
os A R+EW)O, A(K) ‘ /‘ | o5 A (O+EWY)D, Ag(X) / |
07t / : 07f /

/ A
06 e : 06 ¥
J 4
05 e 1 05 //
; /
04t / . 04t //
- s
03f / . 03f ///
02r / 1 02f //
7/ -
o1y _—— 1 ot <
0 L : 0 ~
1 0.8 0.6 0.4 0.2 0 0.2 0.4 0.6 0.8 1 -1 0.8 0.6 0.4 0.2 0 0.2 0.4 0.6 0.8 1
Figure 4.5: The magnetic vector potential in €2 Figure 4.6: The magnetic vector potential in €2
for w = 50 for w = 103
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The relative L?—errors versus the thickness ¢ are shown in Fig. 4.7 , for w = 10, @ =

i = 1. The result shows a convergence of O(e) as expected by the 2-scale expansion.

02—,

Relatin L? error
o
=
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\

o
-
T

\

0.08 - s
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0.04 - /

0.02 I I I I I I I
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€

Figure 4.7: Relative L?—errors of the solution A! versus the thickness e.

Finally, the robustness of the result with respect to & is studied. In Figure 4.8, we show
the relative L?—error in dependence of the parameter & for w = 10, and pu, = 1. Fixing
e = 0.1 or e = 0.2 as well as the other parameters, the skin depth depends on &, varying a
corresponds to a variation of the skin depth and so these experiments study the accuracy
for a large range of skin depths, from very small to very large. In Figure 4.8, we observe
an error reduction for any small or large value of a, in other words, for large and small
skin depths. The error reduction is higher for large values of &, or equivalently for g <1

(factor 2 for & — 00), than for small values of & where ¢ > 1 (factor 1.6 for & — 0).

4.4 The 2D model problem

The formulation based on the magnetic vector potential in 2D is provided in section 4.1.

Remark: To avoid singularities, it is important, in a first step, to consider g such that
9'(0) =g¢'(1) =0.
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0.3

e=0.2

Relatin L? error

Figure 4.8: Relative L?—errors of the solution A} versus a.

4.4.1 Expansion of M°*

Using the same development of M*® used in 1D in the direction z; (see section 4.3.1), and

by integrating on x5 € (0,1) we get:
ME(a(z,y)) = Mo(a)(x,y) + eMi(a)(z,y) + 2 My (a)(z,y) + .. (4.49)

for all x = (z1,22) € Q and y € R/Z, where

Mo(a)(x,y) = /01 /01 a(x, s)dsdzxs, (4.50)
My (a)(x,y) = (; —9) /01 /01 Op,a(z, s)dsdxs, (4.51)
Mo(a)(a,9) = (5~ v~ ) [ [ 02,0l 5)dsdr, (452)

4.4.2 Classical homogenisation of the laminar stacks in (),

Considering the domain of the laminated stacks €2y, the problem in 2D can be written as

the following:

wao - .
AAg — gT(AE - M (AE)) = 07 m QL, (453)
A0, z9) = g(xq), A (1,29) =0, for x5 € (0,1), (4.54)
Oy Ac(1,0) =0, 0w, Ac(1,1) =0, for a1 € (0,1). (4.55)
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potential formulation.

A, admits the following two-scale expansion:
A(x) = Ag(z, 21 /€) + e A1 (0, 21 /€) + 2 Aa(z, 21 /€) + ..., (4.56)

where A;(z,y) are assumed to be 1-periodic with respect to the y variable.
Note that each term of the expansion depends on both the slow variable x = (z1, z5) and

the fast variable y = z; /e.

Replacing (4.56) in (4.53) and equating all terms of the same orders in powers of ¢, the
expansion (4.56) leads to the following:

e Order £72: we have

85140 — ZM@(AO — mo(A())) = O, V(.f, y) € x R/Z (457)

The solution Ay is a constant function with respect to y but it may depend on x

Ap(z,y) = Ao(x).

e Order e~ !: we have

A1 + 0,05, Ag — iwa(Ar — My (Ag) — My(A1)) =0, (4.58)
85%11 — ’L(,UO_./(Al — m()(Al)) == —ch_k(ml(Ao)), (459)
then,
2 o o Lt
9, A1 —iwa(A; — My(Ay)) = iwaly — 5)/0 Oy Apdxs. (4.60)

We call W (y) a periodic vector (unique up to an additive constant) solution to

1
a;w —iwa(W — My(W)) = iwa(y — 5), (4.61)
and deduce by linearity that
1
Arla,y) = W) | 0 Aole)des. (4.62)

e Order £°: we have
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(95142 — ZLLJC_Y(AQ — MO (AQ)) = —851 AO — 832‘/40 — 28x18y141 + ZM@(WQ(AQ> + 9)?1 (A1)>
(4.63)
Integrating (4.63) on y € (0,1), we get:

1 11
8§1A0+5§2A0—iw0_¢</ Ag(:v,y)dy—/ / AQ(x,y)d:Egdy> zwa/ 02 Ao(7)dw,
0 o Jo
(4.64)
Then, we try to eliminate the coefficients of the term As. For this reason, we integrate
the equation (4.64) on x5 € (0,1). we get:

<1 - W) / 2. Agdy + 0,y Ag) 2=} = 0. (4.65)

Considering the equation (4.65), the term Ay cannot be obviously determined. Thus,
we propose to decompose the main problem and calculate the terms 9,,A. and fol Acdxs

separately.

4.4.2.1 Approximation of the derivative of A. along 7z, by the asymptotic

expansion in power series of ¢

Denote by b = 0,,A. the derivative of A, along z5. The problem satisfied by b can be

written as follows:

W

Ab—"Fb=0,  in (0,1) x (0,1), (4.66)
b(0,9) = Op,g(x2) = ¢, b(1,29) = Op,h(xe) =1, for x4 € (0,1), (4.67)
b(x1,0) =0, b(xq1,1) =0, for z; € (0,1). (4.68)

According to the conditions at the boundaries and knowing that the total flux in the
domain is zero, we can simply consider infinite sheets in x5 direction. Moreover, as the
width of the domain is much larger than d, we can take into account only the left interface

(see Figure 4.9).

Then, we can rewrite the problem as follows

— Abs + 521) =0, inI'x(0,1), (4.69)

bs(0,:) = ¢, on T. (4.70)
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Ir bs =0
P &
1
Q4
-1 0
l 1 Xy
' |
Global Flux
1 > 0 ‘
Figure 4.9

It is possible to derive a multiscale expansion in power series of the small complex pa-

rameter o
bs(x) = bo(z,0) + by (x,8) + 6%bo(,6) + ..., Vo € R? (4.71)

with bj(x,0) = x(v)w;(t,v/d), where t and v are the tangential and normal variation in

a neighborhood x(v) of T,

Following the work in [102], we obtain (see Appendix B.1.5)

b(xy, 29) = ¢ (z2)e ™ + O(e). (4.72)
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4.4.2.2 Approximation of the mean value of A. along z-

Denote now the mean value of A, along x5 by A x> fol Af(x1, 29)dzs. The function

A, satisfies the following 1D problem

2

_ 1 pe(lan/el+n)
92 A, — :7 <AE - /L /1J A(s,t) dsdt) =0, in U (e(k—1),2k) x (0,1)
elxy/e

(4.73a)

_ 1 _
Aclay=0 = /0 g(z2)dzy =g, Aclg=1 =0, (4.73D)

Using the 1D expansion in section 4.3.2, the solution of the differential equation (4.34)

considering the interface conditions (4.73b) is
Ag=g(1—m), (4.74)
which leads to
Al(z) =g(1 — 2, —eW(xy/e)). (4.75)

4.4.3 Recombination of the results

The magnetic potential A. can be written, using simple calculations, in the following way:

T 1 rx _
A (1, x9) = / ’ b(xy,s)ds —/ / i b(xy, s)dsdrs + Ac(xy). (4.76)
0 0 Jo
Hence, using the approximations (B.22)—(4.75), we obtain

Alwr, 22) = (9(@2) = 9)e™ ™ F + G (1 — a1 — W (a1 /e)), (4.77)

where g = [ g(x3)dx,.

4.4.4 Numerical results

We consider € = 0.1 (10 toles), @ = 1, w = 50, g(x2) = 1 + cos(mxs), and 6 = 0.014. In
Figure 4.10, we show the approximate magnetic vector potential Al(x) compared to the
magnetic potential Appys calculated numerically using the finite difference method.

The result shows a good agreement as we have the correct oscillations far from the interface
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potential formulation.

(1 = 0), a good behavior in its neighborhood which is due to the presence of the term b,

) Appa—AL
and a relative L2-error 1Arou—4clls _ g go7.

[[ArDMlly

Arpu | 7
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X4
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Figure 4.10: The magnetic vector potential Al in Q7 compared to the numerical

4.5 Conclusion

solution Arps.

A solution is provided by classical homogenization in 1D and a correction at the interface

with the air. Another solution is also provided in 2D in the domain of the lamination

stacks, while the correction at the interface with air have to be added
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Conclusion and
Perspectives

Conclusion

In this thesis, we presented an asymptotic modelling and discretisation techniques for
eddy current problems in electromagnetism. This coupling between the two notions led
to an accurate result with less computational time.

In chapter 2, we provided a FEM/BEM coupling for magnetostatic and magnetodynamic
problems using different mathematical formulations. The results validate the interest of
the coupling by reducing the discretisation elements with a good accuracy.

In chapter 3, an asymptotic modelling of a conductive thin layer in eddy-current problem
is accomplished. An equivalent models of high order is derived by replacing the thin
layer by its mid-surface with an impedance transmission conditions that connects the
electromagnetic fields. Moreover, these models are discretised by the BEM. Both models
show a good agreement, and the equivalent model of second order show an accuracy for
all range of the skin depth. Thus, the modelisation and discretisation techniques together
lead to a high reduction of the number of mesh elements, as well as to a good precision
comparing with analytical solutions.

In chapter 4, a homogenisation technique with an interface correction is proposed for
modeling a lamination of conductive sheets in eddy-current problems. The 1D case is
validated by comparing the results to an analytical solution. However, the 2D case is
actually in progress.

Perspectives

Firstly, we aim to implement and test the FEM/BEM coupling for 3D eddy current
problems in non-linear medium. Taking into account the nonlinearity of the magnetic
materials is necessary for the computation of the electromagnetic fields in many direct
applications, like the analysis of large power transformers.

Another aspect to consider concerns the conductive thin layers in open domain (i.e. with
holes) and take into account the vicinity of the corners of the conducting layer. For this
purpose, there are two steps to be done:

1. Test the equivalent models with transmission conditions on some complex geometries
in order to validate or to detect if they do not work in specific cases.
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2. Make an appropriate modification on the discretization technique to treat the prob-
lem near the corners.

Finally, we aim to consider the direct continuation of the work presented in chapter 4 by
proceeding in the following plan:

1. Complete and validate the homogenization technique of laminated stacks in 2D.
2. Proceed with this technique to treat a 3D case.

3. Consider the case of connected sheets to go towards foil windings.
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APPENDIX
Annex

A.1 Expansion of differential operators inside the con-
ductive sheet () [59, section 5.1]

The derivatives in the normal and tangential directions scale differently in €, due to the
small thickness of the conductor. Thus, it is more convenient to use the local normal
coordinate system in €.

For this coordinate system, we denote by D, the covariant derivative which specifies the
derivative along the tangent vectors of the mean surface I'. The covariant derivative at a
point p € I" depends on a small neighborhood of p, and thus it considers the information on
the neigbourhood of p and allows us to transport vectors along surfaces that are parallel
with respect to I'. Denote also 9% the partial derivative with respect to the normal
coordinate y3 = h.

We use the covariant derivative as partial derivative when it acts on a scalar function:
D,w = d,w, where o = 1, 2 refers to the tangential coordinates on I.

Let I, be the surface contained in Q5 UQ° at a distance h of I'. We denote by aqs(h) and
bag(h) the metric tensor and the curvature tensor of the manifold I', respectively. The
metric tensor generalizes many of the familiar properties of the dot product of vectors,
aqp(h) is the restriction of the metric of I on I'y, , in such a coordinate system it writes

tap(h) = aag — 2bagh + b3bysh?,
and its inverse expands in power series of h
a®?(h) = a®® — 20" h 4+ O(h?).

The curvature tensor describes the curvature of a Riemannian manifold, given in terms
of Christoffel symbols.

Let L(ya, h; Do, %) be the second order Maxwell operator
curleurl — (k§)?I,
in Q5 in the normal coordinate system and by B(yqa, h; Do, %) = (Ba(Ya, h; Dy, 0%),0)
the tangent trace operator curl - xn on I'L, with [ [73], chapter 3, prop 3.36]
Ba(Ya, b Da, 05)H = 05Ha — Dak,

for H = (Ha, h), where H, = (H1,H2) and £ are the tangential and normal coordinates
of H, respectively.
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These two operators L and B expand in power series of h with intrinsic coefficients with
respect to I

In order to obtain a coordinate which does not depend on € we can scale the normal
coordinate Y3 = e *h . We use from now on the same symbol H for three dimensional
one-form field in these scaled coordinates i.e. the linear combination of the differentials
of theses coordinates, and call L[] and Ble] the respective three dimensional harmonic
Maxwell operators in €25. These operators expand in power of ¢

Liel =2 "L,
n=0

and
Ble] = 'B° + B,

whose coefficients are intrinsic operators on I', which are completely determined by the
shape of I' and the material parameters of the conducting sheet. Let L? and B! be the
surface components of L™ and B", respectively. Defined as follows

Lg(H) = _8??7'[04 + IVQHOH

LL(H) = —20505H,5 + bgagHa,

BY(H) = 0sH,, and By(H) = —D,h.

Here, 05 is the partial derivative with respect to Y3;. We denote by L% the transverse
components of L™, they satisfy

Ly(M) = *4,

and
Ly (H) = 12 (05H) + b0sh,

where Yas(H) = (Do Hs+ DsHa) —bafBh is the change of metric tensor and 4% = a®? a4
and v = exp()\/wp§a v is defined such that (k§)* = —e 242

A.2

Applying the Cauchy product of the formal series >,~,e"L" associated to the operator
Lle], with the formal series 3~ ;50 &' H,;.

we get:
(nzz;)e”[,") (;gjﬂj> => ¢&" {XR:LZ'){H[].

n>0 =0

Clearly the coefficient for each e*-term is Zf:o LM, .
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A.3

Considering the first equation of the system (3.19): L[] 332 €/ H;(ya, Y3) = 0.

And using Proposition (3.3.1), we get that 37, L/(H,_;) = 0 for all n > 0
Taking into account the surface and transverse components of L", we get

M=

0

<.
Il

Ly, (Hi—y) = 0.

M-

<
Il
o

Using the expression of the operators, and substituting the first term of the operator Lle],

we obtain the first two equations (3.22) and (3.23).
Expanding E¢, we get (3.24).

Finally, the equation (3.26) is obtained from (3.20) and the transmission condition (3.15).

A4

Proposition A.4.1 [72] According to equations (3.37), (3.40) when n = 0, the tangen-

tial field Ho o satisfies the following ODE

83%7'[0,@(‘75/23) _’}/2%0,04('7}/3) O for }13 € Ia
iwui'Hou% = n X curlEy x nlos,

and has a unique solution
Ho o cosh(vY3) + Ho 1 sinh(7Y3),

with

A.5

Theorem A.5.1 The potentials satisfy the jump relations

vo¥y] = —Id , [ypVa] = 0,
WPy = 0 , wVa) = —ld,
[yp¥v] = 0.

PhD Thesis - Mohammad ISSA

- 107 -



A.6 Calculation of the External Field

A.6 Calculation of the External Field
The representation formula of any vector field E for all z € Q4 is
E(z) = Yu([ypElr)(x) + Ya([ywE]r)(z) — grad Wy ([vn E]r) ().

where W), U4, and ¥y are defined in section 3.5.2.
Moreover

H(z) = —(iwpo) curl B(z),

then
H(z) = —(iw,uo)_l(curlcurl/r(n X [ypElr)G(z,y)dS(y) + curl/F[VNE]pG(a:,y)dS(y))

which is equivalent to :

H(w) =~ (o)™ [ divelnx[1p Bl V.Gl y)dS o)+ [(VGla,y) x ix Elr)dS(y) ).

or

H(@) = ~Giopo) (| —ewle((oEl0)V.Glo.0)dS(w) + [ (V.Gla,y) x v EldSw))

Concerning the terms of asymptotic expansion introduced in 4.33, 3.59, and 3.60, we will
consider the following formulas.

A.6.1 First term H,
As h/DEO] = O,

Fo(a) = (o) ™ [ (VaGlar9) x v Ealr)ds(w) ).

and so
HO == ﬁg -+ Hs-

A.6.2 Second term H;

Hy(z) = —(iwﬂo)_1<—/r CUﬂF([VDEl]F)VzG(%y)ds(y)Jr/F(V:cG(%y)X[VNEl]F)dS(y))-

But
[vypE1lr = Ki{v~nEo}r,

then

() = (i) (=K [ ewrle({on Ba}r) V. Gl )dS )+ [ (V2Gla) < iy Ealr)as(y) ).
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A.6.3 Second order H!

HY(w) = = (i) (= [ curle (o EX0) VoG, y)dS () + | (VoG ) x b EJe)dS () )

But
pElr = eKi{wE!r,

then

Hi(x) = —(iwuo)_l(—eKl/Fcurlp({vNEal}r)VxG(m,y)dS(y)—i—/F(VxG(a:,y)x[vNEl]p)dS(y))

A.7 Analytical Solution of the Eddy-Current Prob-
lem for a Sphere with a Thin Layer in 3D

Consider a thin layer made of an inner sphere of radius r, and an outer spherical shell of
radius r; (see figure A.1). The source current is provided by a uniform magnetic field in
the 2" direction.

Figure A.1: A cross section of the domain

A.7.1 Formulation of the problem

We introduce the spherical coordinates system (r, 6, ¢) with a center at O, where ¢ and
¢ stands for the azimuthal and polar angle respectively.

We consider the three regions Ry, R;, and Ry defined as follows:

Ry:{r>r,0<60<2m0<¢ <} containing air.

Ry :{ry <r<r;,0<6<2r0<¢ <} which is a conducting medium where o ans p
are constants.

Ry: {0 <71 <ry,0<0<2m0< ¢ <m} which is a non-conducting medium where o = 0
and ji, = fig.
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A.7 Analytical Solution of the Eddy-Current Problem for a Sphere with a Thin
Layer in 3D

We introduce the vector potential curlA = B, where B is the magnetic induction vector.
Using Ampere’s and Faraday’s laws the eddy current model can be reduced to the following
second order equation for the magnetic vector potential

curlcurlA + icwpA = pJd,,

as
divA = 0,
we obtain
AA+ KA = —u, (A1)
where k? = —iowp.

Proposition A.7.1 The source term can be expressed as an initial excitation of a mag-
netic vector potential A, which is written in spherical coordinates as follows

A = gr sin(¢)eq

Proof. For H, = le,,
We can write the uniform magnetic field in terms of the spherical coordinates using

H, singcosf singsinf  coso H,
Hy| = |cospcost cosgsind —sing | | H,
Hy —sinf cos 0 0 H,

to obtain that
H, = cos ¢e, — sin ge,,

Using the formula of curl in spherical coordinates we can prove that curlA, = iHs

0 0A,1 »

curld = 9 0

1 [0 . 04,7, 17 1 0A, 0 ,
P aﬁ“@“@—ae}r Lmqs o6 w#““”]“bﬁ””*

r

m Taking into account the axial symmetry, we obtain that A has only one non-zero
component,

A= (O’ A(Ta d))a O)

Writing the equation A.1 in spherical coordinates with considering the 8-component of A,
we obtain the following equation for the function A(r, ¢)

827A+2%+60t¢%+l8214 A
or2  ror 2 0p  r20¢? r2sin?¢

+ l{'QA = —,LL()Je
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A.7.2 Mathematical Analysis

We consider the case where o and p are defined as a piecewise constant functions
Mo in RQ 0 in R2
L=< po in Ry and o=<¢ o in R
o in Ry 0 in Ry

Substituting these properties, we obtain the following system of equations:

82140 i 28140 n COt(b 8A0 1 82140 AO

87'2 r Or 7’2 a¢ 7-72 a¢2 - 7,2 Sin2 ¢ - _MOJE (AQ)
0*A, 20A, cotp0A, 1 024, A, ,
or? +; or + 2 d¢ +ﬁ 9¢2 _r231n2¢+k A =0 (A.3)

82A2 2 8142 Cthb 8A2 1 82142 A2
or? +; or * r2 0o +ﬁ 0¢p? B r2sin? ¢ =0

(A4)

whereA; denotes the 6 component of the vector potential in region R;, for ¢ =0, .., 2.

The boundary conditions are:

Ao‘r:rl = Al‘r:'rl’ A1|r:r2 = 2|'r:r2 . (A5)
3140 8A1 8A1 aAQ
-0 — 21 - === ) A6
or ey, OF |yopy OT iy OF |iy (A4.6)
To solve the problem (A.2)-(A.6), we use the following integral transform [71]:
_ 1 -t
Aidrom) = 5= [ Adr POt (A7)
n -1

where t = cosp, P{V(t) is an associated Legendre function of first kind, and

-1 2 1
D, = / (PW(t))2dt = 2nint+1)
1 2n +1

Using this integral transform (A.7), and using the fact that Ay = Aj + As, we obtain

0* Ay N 2045 n(n+1)

or? ror 72 Ap=0 (A.8)
9’A, 20A; nn+1) - _
57 T g T 3 AL+ KA =0 (A.9)
82142 2 8142 n(n + 1) -
or? * ror 72 Az =0 (A.10)

The general solution of (A.8) is:

Ay = Cyr 7 4 Oy,
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Layer

But Aj should vanish as r — oo since the potential goes to zero far away from any charges,

SO B
A = Oy, (A.11)

The general solution of (A.9) is expressed in terms of Bessel functions:

Ar = Cor 20, 1 (kr) + Car™ 'Y, L (kr). (A.12)
The general solution of (A.10) is:

Ay = Cyr™ + Cyr i,
But the solution must remain bounded as r — 0, thus

AQ = 047””. (A13)

Inverting the integral transform (A.7), we obtain the solution to the problem in the form

Ai(r,0) = > Ay(r,n) PV (cos ¢) (A.14)
n=1
Applying (A.14) to (A.20)-(A.22), we obtain the solution of (A.2)-(A.4) in the form
Ao(r,¢) = 322, Cir 7 PW(cos @) + Ag Ry
A(6) = S (Cor 2,y (k) + VY, (b)) PO (cosd) Ry
Az(r,¢) = 52y Car"PD(cos §) Ry

The sin ¢ dependence of the excitation source requires that only n = 1 be present, with
P(l)(cos ¢) = sin ¢
1 —_— .

Therefore, the solution for the vector potential is

Ao(r,¢) = Cir%sing+ 4rsing R
Ag(r,¢) = Ai(r,¢) = (CQ?"_I/QJ%UW") + Cg?"_l/QY% (kr))sing Ry
Ay(r,¢) = Cyrsing Ry

Using the boundary conditions (A.5)-(A.6), we can determine the constants C; for i =
1,..,4.

VAR

A.8 Analytical Solution of the Eddy-Current Prob-
lem for a Sphere without Thin Layer

Consider a sphere of radius r; (see figure A.2). The source current is given by the excita-
tion of a uniform magnetic field in 2z’ direction in the domain Ry.

We consider the two regions Ry and R; defined as follows:
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Figure A.2: A cross section of the domain

Ry :{r>r;,0<60<2m0<¢ <} containing air.
Ry :{0<r<r,0<60<2r10< ¢ <} which is a conducting medium where o ans p
are constants.

The solution of the problem satisfy the following system of equations:

82140 2 0A0 COt¢ (9A0 1 82440 AO
r 2 - =— Al
or? * r or * r2  0¢ * r2 8¢ r2sin?¢ foJe (A.15)

82141 + gaAl + COt¢ (9A1 i@zAl . Al
or2 r or 2 9¢  r2 0¢*  rZsin?¢

+ k%A1 =0 (A.16)

A;(r, @) denotes the § component of the vector potential in region R;, for i =0, 1.

With the boundary conditions

04y OA

AO - 1 - - .
IT:’V‘I "!‘:7‘1 ) ar |7»:7-1 87—: ‘7‘:1”1

(A.17)

Using the integral transform (A.7), and using the fact that Ay = A, + As, we obtain

DAL N 281416 nn+1) -

Or? ror 72 A5 =0 (A.18)
@2141 2 81411 n(n —+ ]_) — _
5z T T g htEA=0 (A.19)

The general solution of (A.18) is:
Ay = Cyr i, (A.20)
The general solution of (A.19) is expressed in terms of Bessel functions:
Ay = Cor 20 (k) + Cyr™V2Y, 1 (Rr). (A.21)
But the solution must remain bounded as r — 0, so
Ay = Cor 2T, 1 (Kr). (A.22)

1
2
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A.8 Analytical Solution of the Eddy-Current Problem for a Sphere without Thin
Layer

Applying (A.14) to (A.20)-(A.22), we obtain the solution of (A.15)-(A.16) in the form

Ao(r,¢) = Cir?sing + hrsing R
Ag(r, 0) = Ai(r,¢) = 02r—1/2J%(kr)sin¢ Ry

Using the boundary conditions (A.17), we can determine the constants C; for i = 1, 2.
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Annex

B.1 Appendix

B.1.1
Using the derivation of A;(x,x/¢)

d 0 10
Lra _ Y4 iy}
A /)) = g Al nfe) + L A,
we get
V- (VA;) = 07A; +2e710,0,A; + £ 20, A;.
B.1.2
Multiplying (4.25) by Ay — My(Ap) and integrating on y € (0,1), we obtain
1
/0 (|aon|2 +iwa(Ay — sz(AO»?) dy = 0. (B.1)
Which gives that
Ag = My(Ag) = Ap(x). (B.2)

B.1.3

Details of calculation of (4.34) are as follows:
—2/18 0, Avdy = — 2/13 ) <W(y)8 A (a:))dy - —2/1 (82A (x))@ W (y)dy
0 x Uy 11 0 x1 Yy 410 0 x40 ]

= —2(@2A0(a) )W ()l = 0. o

[ oanay = [ (- v - ) [ 02a@ids)dy = (846(@)) [ (5~ (0~ )iy

_!

—605140(3:).
(B.4)
[ -a2a0)y = a2, (B.5)
/01 My (Ay)dy = /01 ((; — ) /01 0. A1 (z, s)ds)dy = /01(; —y)dy /01 0. A1(x, s)ds (B.6)
=0.

| (02 Ay — iw( Ay — Mo(Ay)))dy =0, Asl} — iw@( | " ol y)dy — / Aol y)dy) 0
(B.7)
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B.1 Appendix

B.1.4 Analytical solution of A. in the domain of lamination stack
Qr

Recall that the magnetic vector potential in 1d assumption satisfies (4.21)-(4.22).
Define the vector a = A, — M(A,) in each sheet. Replacing a in (4.21), we obtain a
second order ordinay differential equation

O2a — iwoypa = 0. (B.8)

The solution of (B.8) is . ’
a=Cle™ + Cie ", (B.9)

2

in each sheet ¢, where k* = 1wy 07.

By integrating a = A. — M(A.) on each thin layer (¢|x;/e],e|x1/e] + ¢€), we obtain that
the average value of a in each layer is nul. we have then

elzi/e]+e
/L " a(s)ds = 0. (B.10)

Let z; and z;41 be the extremities of the layer i. Integration (B.9) on the sheet ¢, and
using (B.10), we have

/ T Ciers ¢ Ciemr)ds = 0, (B.11)

which gives that

Cl(efmitt — ef®i) 4 Ch(—e il 4 e7h71) = (), (B.12)

in each sheet i = (z;, x;41.

By considering the continuity conditions of A. = a + M at the interface of each two
consecutive sheets, we obtain the following equalities

Cler®irt 4 Cler@ivt 4 M — Ol ertint _ Oitlg=rims _ Af0HL — ), B.13
1 2 1 2
T KTi41 1, —KTit1 i+1 KTt i+l —KTi41
Cle — Cie —Ci"e +C5 e =0, (B.14)

where x;,1 is the boundary point between the two stacks 7 and 7 + 1.

Adding together the equations (B.12), (B.13), (B.14) and the boundary conditions (4.22)
we obtain the coefficients Cf,C% and M" in each sheet by solving a linear system of
equations.

B.1.5 Approximation of the derivative of A. along z, by the
asymptotic expansion in power series of ¢

Using the multiscale expansion in power series of the small complex parameter §
bs(x) = bo(z,0) + 6by(x,8) + 6%bo(,6) + ..., Vo € R? (B.15)

with bj(x,0) = x(v)w;(t,v/d), where t and v are the tangential and normal variation in
a neighborhood x(v) of T,
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Rescaling T = %, the operator A expands in power series of 6 with coefficients intrinsic
operators with respect to I' [102]:

A = 8% + Z 0" A, (B.16)
n>1
where
Ay = —k(t)0r,

Ay = 02 — k(t)2Tox.

Denote by vs(t,Y) = bs(x). After scaling v — YT =v/4, we get:

(0% +i)vs — > 6" Ayv, =0 in T x (0, +00). (B.17)

n>1

Inserting vs = 32,50 0"wy(t,v/0) with w,(.,T) — 0 as T — +o0 in (B.17), the terms
w,, satisfy the following family of problems coupled by their conditions on the interface
(T =0)

(B.18)

— 03wy + wp = 55y Apwn_p in T X (0, +00),
w, = ¢'0% on T,

where ¢° is the Kronecker symbol.

The first term to be determined in the asymptotics is the profile wy. According to (B.18)
for n = 0, wy solves the ODE:

—Oywo(+, T) +we(-,T) =0 in T x (0, +00), (B.19)
wo(+, 1) = g'(X(t)) on T, ‘
i.e.
—Oywo+wy =0 in I' x (0,4+00),
B.20
{wo =g on I ( )
The general solution of (B.20) is:
wy = a(t)e Y.
Using the boundary condition on I', we get:
wo = g'(X(t))e "
Thus,
bo(z,0) = g (x2)e "2, (B.21)
and
b1, x9) = ¢ (x2)e” ™% + O(e). (B.22)
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