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Abstract

Electrostatic energy is very often the largest energy scale in quantum nanoelectronic
systems. Yet, in theoretical work or numerical simulations, the electrostatic land-
scape is equally often taken for granted as an external potential, which may result
in a wrong physical picture. Developing numerical tools that can properly handle
the electrostatics and its interplay with quantum mechanics is of utter importance
for the understanding of quantum devices in e.g. semi-conducting or graphene like
materials.

This thesis is devoted to the self-consistent quantum-electrostatic problem. This
problem (also known as Poisson-Schrödinger) is notoriously difficult in situations
where the density of states varies rapidly with energy. At low temperatures, these
fluctuations make the problem highly non-linear which renders iterative schemes
deeply unstable. In this thesis, we present a stable algorithm that provides a solution
to this problem with controlled accuracy. The technique is intrinsically convergent
including in highly non-linear regimes. Thus, it provides a viable route for the
predictive modeling of the transport properties of quantum nanoelectronics devices.
We illustrate our approach with a calculation of the differential conductance of a
quantum point contact geometry. We also revisit the problem of the compressible
and incompressible stripes in the integer quantum Hall regime. Our calculations
reveal the existence of a new ”hybrid” phase at intermediate magnetic field that
separate the low field phase from the high field stripes.

In a second part we construct a theory that describes the propagation of the
collective excitations (plasmons) that can be excited in two-dimensional electron
gases. Our theory, which reduces to Luttinger liquid in one dimension can be directly
connected to the microscopic quantum-electrostatic problem enabling us to make
predictions free of any free parameters. We discuss recent experiments made in
Grenoble that aim at demonstrating electronic flying quantum bits. We find that
our theory agrees quantitatively with the experimental data.

3



4



Résumé

Dans un système nano-électronique quantique, l’énergie électrostatique représente
souvent la plus grand échelle d’énergie. Pourtant, dans les travaux théoriques
ou les simulations quantiques, l’environnement électrostatique est tout aussi sou-
vent considérée comme un potentiel externe, ce qui peut conduire à une mauvaise
représentation de la physique. Le développement d’outils numériques capables de
traiter correctement l’électrostatique et son interaction avec la mécanique quantique
est d’une importance capitale pour la compréhension des dispositifs quantiques, pax
exemple dans les matériaux semi-conducteurs ou le graphène.

Cette thèse est consacrée au problème de la physique quantique et électrostatique
autocohérente. Ce problème (également connu sous le nom de Poisson-Schrödinger”)
est notoirement difficile dans des situations où la densité des états varie rapide-
ment avec l’énergie. A basse température, ces fluctuations rendent le problème
hautement non linéaire, ce qui rend les schémas itératifs profondément instables.
Dans cette thèse, nous présentons un algorithme stable qui apporte une solution à
ce problème avec une précision contrôlée. La technique est intrinsèquement con-
vergente, y compris dans les régimes très non linéaires. Il fournit ainsi une voie
viable pour la modélisation prédictive des propriétés de transport des dispositifs
de nanoélectronique quantique. Nous illustrons notre approche par un calcul de
la conductance différentielle d’un point de contact quantique. Nous réexaminons
également le problème des bandes compressibles et incompressibles dans le régime
de l’effet Hall quantique entier. Nos calculs révèlent l’existence d’une nouvelle phase
”hybride” pour les champ magnétiques intermédiaires, qui sépare la phase à faible
champ des bandes (in)compressibles à champ élevé.

Dans une deuxième partie, nous construisons une théorie qui décrit la prop-
agation des excitations collectives (plasmons) qui peuvent être excitées dans des
gaz électroniques bidimensionnels. Notre théorie, qui se réduit au liquide de Lut-
tinger en une dimension, peut être directement reliée au problème électrostatique
quantique microscopique, ce qui nous permet de faire des prédictions sans aucun
paramètre libre. Nous discutons des expériences récemment faites à Grenoble, qui
visent à démontrer la faisabilité de bits quantiques volants. Nous constatons que
notre théorie concorde quantitativement avec les données expérimentales.
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Introduction

Precision modeling for quantum nano-electronics

Important progress has been made in the understanding and realization of quan-
tum materials, i.e. materials whose behavior can not be solely explained by clas-
sical physics but require using the concepts of quantum mechanics. Among these
quantum materials are supraconductors and semi-conductor heterostructures but
also new types of materials such as graphene, topological insulators or Majorana
fermions. Moreover, progress has also been made in the manipulation of these
materials. One can nowadays construct complex devices, bring them to ultra-low
temperature (of the order of 10mK) and perform electronics at the nano scale. An
example of such system that we studied in this thesis - a quantum point contact - is
shown in Fig. 1 (a). A quantum gate allows to confine a two-dimensional electron
gas, which forces electrons in a narrow system (i.e. with a width of the order of
the Fermi wave length). This results in the conductance as a function of the gate
confinement exhibiting plateaus (see Fig. 1 (b)). More details about this simple
system will be provided later in this thesis.

The transition from research into nanoelectronic phenomena to research into
combining and applying them inevitably leads to a dramatic increase in the com-
plexity of the systems under study. In this thesis, we argue that this increasing
complexity must be accompanied by precise numerical modeling. The correspond-
ing numerical tools shall allow one to cover all the step between the microscopic
model and the experimental observations. The quest for simple and efficient numer-
ical methods is at the center of the work done in the laboratory where this work
was done, and is perhaps best embodied by the quantum transport simulation open
source library Kwant [2]. Such software is becoming more and more accessible and
aims to relieve users from managing low level details (numerical resolution of equa-
tions, integration, book keeping, etc.) to let them focus on the theoretical problem.
However, significant bottlenecks remain.

The quantum-electrostatic problem
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Figure 1: An example of a nanoelectronic system: a quantum point contact (QPC).
(a) Schema of a typical experimental device: quantum gates on top of an electron
gas wire create a constriction comparable to the Fermi wave length of the gas.
(b) Quantized conductance of the QPC as a function of the gate voltage. (top)
Simulations: the iteration 5 is the final result. (bottom) Experiments in a similar
geometry (from [1]).

One bottleneck for the simulation of quantum systems, the focus of this thesis, is
associated with the interplay between the electrostatics and the quantum kinetic
energy. We call it here the quantum-electrostatic problem. One of the reasons that
makes this problem so difficult is associated with the presence of two very different
energy scales. On one hand the different band offsets lie in the 1 eV range (this
is also the typical voltage that one must apply on electrostatic gates to deplete an
electron gas). On the other hand, the typical Fermi energy of a two-dimensional
electron gas in an heterostructure (2DEG) lies in the 1 meV range. Solving such a
multi-scale problem is not an easy task as it means that to obtain precision of the
order of 10µeV one needs to resolve five orders of magnitude. However, as we will
see in this thesis, solving the quantum-electrostatic problem is a prerequisite for the
development of quantum technologies such as quantum dot based localized qubits
or flying qubits. The goal of this thesis was to address this quantum-electrostatic
problem by developing a new general, precise and robust algorithm.

The three keywords above are equally important: the method must be general
and apply to a large spectrum of materials (semi-conducting heterostructures but
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also nanowires, graphene like materials, topological materials) and geometries (hy-
brid systems, multi-terminal devices). The method must be robust, i.e. its conver-
gence must not rely on the fine tuning of the parameters of the algorithm. Finally,
it must also be precise as it needs to handle energy scale in the 10-100µeV range to
possess true predictive power.

In its simplest mean field form, the quantum-electrostatic problem can be for-
mulated as the solution of a self-consistent set of 3 equations: the Poisson equation,
the Schrödinger equation and the density equation.

(i) ∆V (r) =
e

ǫ
n(r)

(ii) (H + V (r))ψ(r) = Eψ(r)

(iii) n(r) =
1

2π

∫
dE ψ(E) f(E)

(i) For a given electronic density n(r) of electrons of charge e in an environment with
permittivity ǫ, the solution of the Poisson equation provides the electrostatic poten-
tial V (r). (ii) For a given electrostatic potential V (r) and free particle Hamiltonian
H, one can solve the Schrödinger equation and obtain the energy spectrum and wave
functions ψ(E). (iii) Statistical physics provides the last equation: filling up the
states according to the Fermi distribution f(E), one obtains the electronic density
n(r). This problem, hereafter referred as the (self-consistent) quantum-electrostatic
problem is a central aspect of material science and quantum chemistry. It is in
particular the central problem solved in density-functional theory calculations.

Historically, this problem was solved using iterative schemes: one calculates
the potential from the density (electrostatic problem), then the density from the
potential (quantum problem) and one iterates until convergence. Nowadays, most
of the algorithms use various form of this iterative procedures, often combined with
preconditioning and/or predictor/correctors approaches. These approaches can be
very effective, for instance when the temperature is not too low or when the density
of state is rather smooth. However, they also suffer from difficulties. They often
require some manual fine tuning of various parameters to converge, or even require
deep physical insight to build a good approximation of the result used to make the
method convergent. In some cases, such as the quantum Hall physics that will be
discussed in this thesis, they fail altogether. Here, we shall build an algorithm that
is stable in these highly non-linear situations.

Outline of the thesis

This thesis presents the work published (or in the process of being published) in 4
articles [3–6] and is separated in two parts.
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The first part is dedicated to the description of our new self-consistent algorithm
and direct applications [3, 4]. We start by quickly introducing the problem and the
different existing approaches. By using a simplified model that encompasses the
principal difficulty for the convergence of self-consistent algorithms, we explain why
these method might fail. We then move to the principal novelty and central point
of this thesis: the adiabatic self-consistent solver. This new approach takes a novel
perspective to the problem: instead of looking for self-consistency iteratively, we
solve the self-consistency exactly for an approximate problem. The approximate
problem is already a very good approximation of the exact one and it can itself
be improved iteratively until it is arbitrarily close of the exact problem. The chief
advantage of this point of view is that the self-consistent approximate problem can
be solved to arbitrary precision at no significant computational cost; its solution
is provably intrinsically convergent. Thus we first explain how to construct this
approximated problem (adiabatic self-consistent problem). As a second step, we
describe how to relax this approximation in order to obtain the final problem and
its solution. Some particular tools needed in order to perform these two steps
are introduced. To conclude this first part, we illustrate our algorithm with two
physical examples. First we calculate the density and potential in a 3D quantum
point contact (see Fig. 1) and use these results to calculate interesting transport
properties of this system, which can be either compared to experiments, or used to
develop new theories.

We were also able to apply our algorithm to the system presented in Fig. 2 (a). It
consists of an infinite system invariant in the y-direction: a two dimensional electron
gas is confined by two gates on a wire like geometry and submitted to a constant
magnetic field in the z-direction. As we stated, the highly non-linear density of
state created by the large magnetic field makes it a particularly difficult problem
to solve with usual iterative methods. However, our method was specially designed
for such non-linearities. To our knowledge, this wrok presents the first of such fully
self-consistent calculations. This system allows us to study an old problem, namely
how does one transition between the zero field limit (where clear conductance chan-
nels exist and are well defined by Landauer-Büttiker theory [7]) and the quantum
Hall effect with compressible and incompressible stripes [8]. We show an example
of the density as a function of the position and of the potential as a function of
the momentum k in Fig. 2 (b). We were able to reproduce the compressible and
incompressible stripes predicted by Chklovskii-Shklovskii-Glazman (CSG) [8] in the
Thomas-Fermi approximation, but also to go beyond this approximation. As we
will show latter on, by solving the real self-consistent problem, we predicted a new
phase, intermediate between the Landauer-Büttiker and the CSG picture.

In the second part of this thesis, we focus on early calculations for a new type
of quantum bits: the flying qubits [5, 6]. Let us stress here that the understanding
of the self-consistent solver presented in Part I is not necessary to understand this
second part. This mean the in practice the two parts of this thesis can be read
independently from each other. We begin by replacing the flying qubit into its
context, i.e. a flying qubit quantum computer. We then move to our final interest in

14





in Fig. 3 (b) in three different cases (that will be discussed in section 6.2). One sees
a very good agreement with experimental results, without adjustable parameter.

Figure 3: Measurement of the velocity of surface plasmons. (a) Schema of the
experiment: a plasmon is sent in a wire and its velocity is measured. (b) Plasmon
velocities as a function of the gate confinement. The circles are the experimental
measurements with their error bars, the solid lines are the results from our parameter
free theory calculations. The three different colors correspond to three different cases
that will be discussed during this thesis. The dashed black lines shows the Fermi
velocity calculated from the simulations.
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Part I

The self-consistent
quantum-electrostatic problem in

highly non linear situation
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SUMMARY OF PART I

In the first part of this thesis we describe our new self-consistent quantum-
electrostatic solver and apply it to a quantum point contact geometry and a
2D wire in the quantum Hall regime. It consists mostly of the text from two
currently unpublished articles [3, 4].

The adiabatic self-consistent algorithm: The quantum-electrostatic
problem aims to describe the effect of mean field electrostatic interactions for
a quantum system in an electrostatic environment. Let us assume a discrete
quantum system described by a free particle with Hamiltonian H living in a
potential eU(~r) and with wave functions ψ(~r). Its statistic is represented by
a Fermi function f(E). This system is immersed in an electrostatic environ-
ment described by a dielectric constant ǫ(~r), constant charges (e.g. dopants)
nd(~r) and some boundary conditions. The particle spatial density is n(~r). The
quantum-electrostatic problem is defined by the three following equations: the
Schrödinger equation, the integral over modes and the Poisson equation

(H + eU(i))ψ(i) = Eψ(~r) (1)

n(~r) =

∫
dE

2π
|ψE(~r)|2 f(E) (2)

∇ · (ǫ(~r)∇U(~r)) = −e[n(~r) + nd(~r)] (3)

As we can see, this system of equations is non-local (coupled equations) but
it can also be highly non-linear through equations 1.8 and 1.9. In order to
solve this system, we introduce a local version of these equations that allows
us to solve exactly the non-linearities. The full self-consistent solution is later
obtained by reintroducing the non-locality iteratively.

Applications to the quantum Hall effect: Under high magnetic field, a
Hall bar geometry exhibits quantized hall resistivity (and conductance). One
usually explains it by using the Landau level picture, which doesn’t include
the effect of electrostatic interactions. Adding an approximated self-consistent
treatment to this problem induces the creation of alternating compressible and
incompressible strips of electrons [8]. A full self consistent treatment of the
problem allows us to explore the crossover regime between no magnetic field
and high magnetic field, which we find has properties of both regimes.
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1
Introduction to the self-consistent

quantum-electrostatic problem

In this chapter we will introduces the three equations that allow to define the
quantum-electrostatic problem: the Schrödinger equation, the density equation and
the Poisson equation. We will also introduce the notations that will be used through-
out the whole part I of this thesis. In a second section, we describe the different
approaches to the quantum-electrostatic problem that can be found in the literature.

1.1 Formulation of the self-consistent

quantum-electrostatic problem

Let us formulate the quantum problem. We consider a non-interacting Hamilto-
nian H that describes a quantum conductor. It can consist of a scattering region
connected to electrodes as in typical quantum transport problems [2], it can also
describe bulk physics in 1 (infinite nanowires), 2 (two-dimensional electron gas,
graphene) or 3 dimensions. All these systems share an important property. They
are infinite, hence possess a proper density of states as opposed to a discrete spec-
trum. We suppose that H has been discretized onto sites i filled with the electronic
gas. This discretization can be obtained in various ways. One can discretize an
effective mass or k · p Hamiltonian; one can also construct a tight-binding model
by projecting a microscopic Hamiltonian onto atomic orbitals. The electron gas
is subject to an electrostatic potential U(~r) whose discretized form is written as a
vector U of components Ui. The Schrödinger equation reads,

∑

j∈Q

HijψαE(i) + UiψαE(i) = EψαE(i) (1.1)
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where ψαE(i) is the electronic wave-function at energy E and the discrete index α
labels the different bands (or propagating channels) of the problem. In the actual
simulations performed in this thesis, ψαE(i) have been calculated with the Kwant
package [2]. We call Q the set containing all the sites on which the quantum problem
is defined. The number of electrons on site i ∈ Q is given by filling up the states
with the Fermi distribution f(E) = 1/[eE/(kBT ) + 1] (hereafter the Fermi energy
EF = 0 is our reference energy),

ni =

∫
dEρi(E)f(E) (1.2)

where we have introduced the local density of states (LDOS),

ρi(E) ≡
1

2π

∑

α

|ψαE(i)|2 (1.3)

The last equation that closes the problem is the Poisson equation that reads,

∇ · (ǫ(~r)∇U(~r)) = −e
ǫ
[n(~r) + nd(~r)] (1.4)

where e is the electron charge, ǫ the local dielectric constant and n(~r) is the density of
the electron gas. The nd(~r) term corresponds to any charge density located elsewhere
in the system, e.g. dopants or charges trapped in an oxide. The Poisson equation is
also specified by its boundary conditions. We shall use Neumann conditions at the
boundary of the system as well as Dirichlet conditions at the electrostatic (metallic)
gates. As for the quantum problem, we suppose that the Poisson equation has been
discretized with some scheme such as a finite difference, finite element or (as we
have done, see section 2.4) finite volume method. The discretization of the Poisson
equation is rather straightforward and most approaches converge smoothly to the
correct solution. The discretized Poisson equation takes the form,

∑

ν∈P

∆µνUν = nµ + nd
µ. (1.5)

We call P the set containing all sites of the system on which the Poisson equation
is defined. We emphasize that the quantum problem is defined on a subset of the
electrostatic problem, i.e. Q ⊂ P . The set P \ Q contains regions with dielectric
materials, dopants or vacuum. We often use greek letters for sites µ ∈ P and latin
letter for sites i ∈ Q. The problem of the (partial) ionization of the dopants is
commonly addressed by supposing that they correspond to a certain number n0

µ of
localized levels with degeneracy g and energy E0 so that,

nd
µ =

n0
µ

1 + ge
Uµ+E0
kBT

(1.6)

At very low temperature, the focus of this thesis, this equation can only have three
solutions: the dopants are fully ionized nd

µ = n0
µ; no dopants are ionized nd

µ = 0; or
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Uµ = −E0. In the first two regimes, Eq.(B.1) fixes the charge density in the Poisson
equation. In the last one, the dopant layer acts as an effective electrostatic gate,
i.e. as a Dirichlet boundary condition in the Poisson equation. For the problems
studied here, we restrict ourselves to the experimentally relevant regime where the
dopants are fully ionized. A more detailed discussion about the dopants can be found

in appendix B.
The set of equations (1.1), (4.5), (1.3) and (1.5) forms the (discrete version of

the) quantum electrostatic problem. Hereafter, its Full Self-Consistent solution is
referred to as FSC .

In what follows, our approach will be illustrated with a two-dimensional electron
gas (2DEG) formed at the interface between GaAs and GaAlAs. We model the
2DEG within the effective mass approximation by discretizing

1

2m⋆

(
i~~∇− eA

)2
ψ + eU(x, y)ψ = Eψ (1.7)

on a regular grid using Peirls substitution. The vector potential ~A is taken in the
Landau gauge associated with a perpendicular magnetic field ~B = ~∇ × ~A. The
effective mass m⋆ is set to 0.067me. Furthermore, we assume the permittivity ǫ to
be ǫ = 12ǫ0 in the semi-conductors and a 2DEG density n = 2.11 × 1011cm−2. The
two geometries that will be considered are shown in Fig.4.1 (b) and (c).

1.2 Review of the different approaches

We present here the different existing methods for the resolution of the self-consistent
quantum-electrostatic problem. To the exception of the predictor-corrector ap-
proach of [9], this re-traces in chronological order, our investigation to find a suitable
method.

Direct methods

The Schrödinger-Poisson algorithm

The Schrödinger-Poisson algorithm is the simplest method to solve the quantum-
electrostatic problem. However, there is no intrinsic reason for it to converge. It
is still worth to be presented, as it allows to introduce some notations and better
understand the self-consistent problem. Let us start by rewriting our system of
equations

(H + V )ψ(E) = Eψ(E) (1.8)

n =
1

2π

∫
dE|ψ(E)|2f(E) (1.9)

∆V = n+ n0 (1.10)
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Figure 1.1: Schematic of the three systems considered in this part of the thesis. (a)
infinite 2DEG along x and y directions. (b) quasi-one dimensional wire infinite along
the y direction (c) Quantum Point Contact geometry. The red part corresponds to
the 10 nm thick 2DEG. The green part corresponds to the doping region. The yellow
and dark red part correspond to the electrostatic gates. The gray part to effective
dielectrics (here GaAs and GaAlAs in practice).
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where the space dependencies, the boundary conditions of the Poisson equation
are omitted and the permittivity ǫ and charge e have been included inside the ∆
operator. These equations have been discretized on sites, i.e. V and n are vectors,
which components are the values of the potential and density on each sites. It is
tempting to chain these equations.

The density n in equation 1.9 depends on the potential through equation 1.8.
Formally, the effect of solving consecutively the two equations for a given potential
Vin can be expressed with one operator. Thus we can rewrite equations 1.8 and 1.9
as

n ≡ Q(Vin) (1.11)

where Q (Q as in Quantum) is an abstract function solving the Schrödinger equation
for an electrostatic potential Vin and integrating it to get a density. Similarly, the
Poisson equation can be solved for an input density n to obtain a potential Vout.
The equation 1.10 can be rewritten with an abstract function P (P as in Poisson)
and becomes

Vout ≡ P (n) (1.12)

What remains is to define the composition of these two equations to get

Vout = P (Q(Vin)) = (P ◦Q)(Vin) (1.13)

From there we get that the self consistent solution V ⋆ verifies V ⋆ = (P ◦Q)(V ⋆),
which means that it is a fixed point of the operator (P ◦ Q). The self consistent
density being obtained by a final call n⋆ = Q(V ⋆). It is clear that the previous
reasoning stays true if one choses to solve for the densities. One then just looks
for the fixed point of (Q ◦ P ). For simplicity we define the action of F such that
F = (P ◦Q). In term of algorithm the simplest solution is to just iteratively apply
the operator . At iteration (i), V (i+1) = F (V (i)). One then iterates until some
convergence criteria is reached, for example the average over space of the difference
of potential V (i−1) − V (i). This was the first algorithm used historically [10–12].

Under-relaxation and mixing

However, these simple iteration do not always converge and in the cases where they
can converge (typically if the density of state is close to linear) they are dependent
on the initial conditions. Here we present two possible refinements to this technique
that can help the convergence in some cases, but these methods still fail when the
non linearities are too strong. The first refinement is to add a damping parameter
to mix the previous iteration with the output. This should in principle reduce the
risk of overshoot.

V (i+1) = (1− α)V (i) + αF (V (i)) (1.14)
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with α an external tuning parameter. This is the typical under-relaxation scheme
used for example in [13].

This concept of keeping a memory of the history of the iterations and mixing
them can be generalized. Let us once again redefine for simplicity the output of
the calculation F (i) ≡ F (V (i)). One then construct the next iteration V (i+1) from
the previous ones {V (i)} following V (i+1) = F({V (i)}, {F (i)}), where F realizes the
mixing. Among these mixing schemes is the Anderson mixing, which uses a linear
mixing of previous iterations. Let β be a tunable mixing parameter and m the
maximum number of iteration to mix, then the Anderson iteration in its simplest
form is defined [14] by

V̄ (i) =
m∑

j=0

θ
(i)
j V

(i−j)

F̄ (i) =
m∑

j=0

θ
(i)
j F

(i−j)

V (i+1) = V̄ (i) + βF̄ (i)

where optimal linear superposition at each iteration {θ(i)j } is found by minimizing
a chosen error function. In practice one uses preferably a linear combination of the
residuals V (i) − V (i−1) (instead of a linear combination of the inputs V (i)), but the
technique is the same. One can see here that: (i) the final result is still dependent
of the initial guess for the potential, and (ii), the methods suppose some linearity in
order to converge. The Anderson mixing was the first technique that we tried try
to use - following [15] - before developing our algorithm.

Indirect methods

Predictor-corrector

Predictor-corrector methods follow a different approach. The idea is to solve a
simpler approximated problem (predictor), correct the approximation and update
the problem (corrector), and then iterate on this loop until convergence. More
precisely in the case of the self-consistent problem, this means solving an effective
non linear Poisson equation V = P (ñ[V ]), where ñ[V ] is a known functional. The
ñ(V ) functional is supposed to be a good approximation of the real functional Q(V )
and should be easy to calculate. Once the non-linear Poisson equation is solved, the
new effective ñ(V ) functional is calculated, and so on until convergence [9, 16–21].
An example of this method was used in [16] (which serves as a base for the self
consistent solver NextNano [17]), where the calculation in the case of a 2DEG in a
quasi 1D geometry was done. The density obtained through the quantum equations
can be written as n(ψ[V ], EF , x), where the dependency of the wave functions into
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the potential is explicit. The approximated equation (Thomas-Fermi approximation)
reads

ñ(ψ[V + δV ], EF , x) ∼ n(ψ[V ], EF − δV (x), x) (1.15)

The change of potential only changes the local Fermi energy but not the wave
functions, which means that the ψ[V ] are only calculated once. The non-linear
Poisson equation V = P (ñ[V ]) is then solved with a gradient descent method: the
Newton-Raphson method [22] with exact line-search [23]. Since the dependence in V
is explicit, an exact gradient can be used. Once this equation is solved, giving a new
potential V ⋆, the new wave functions ψ[V ⋆] are calculated, to obtain a new effective
ñ. Iteration are made until convergence. Once again, since this process does not
exactly treat the non-linearities (this time in the non-linear Poisson equation), there
is still a risk that the method does not converge in extreme situations.

Newton-Raphson with explicit gradient

Newton-Raphson and gradient methods in general aim to find the minimum of a
function by following gradient (or Jacobian if the function is vectorial) [24] or an
approximation of the gradient [25, 26]. This is in strong contrast with the mixing
case, as it allows one to add the information of the knowledge of the gradient. As
we will see later on, these methods are not perfect either and in particular behave
badly when the function to minimize has strong non-linearities. Indeed by definition,
since a the idea is to follow gradient lines into a minimum that one hopes to be a
global minimum, the method supposes that the function to be minimized is locally
linear. In general, one uses an approximation of the gradient similar to the predictor-
corrector approach. It is also possible to calculate the gradient exactly, which is what
we tried in the beginning of this work. However it is not a suitable approach since
it is very expensive numerically, and also does not solve the convergence problem
inherent to gradient methods.

Principle Let us set the problem. The previous fixed-point problem becomes
finding the minimal value of the function ((P ◦Q)(V )− V )2. For simplicity we
write now the discretized equations. Its Jacobian is

∂ ((P ◦Q)i(V )− Vi)
2

∂Vj
= 2

∑

i

((P ◦Q)i(V )− Vi)

(
∂(P ◦Q)i

∂Vj
− δij

)
(1.16)

the only unknown being the gradient of the composition, which can be expressed as
a product of the gradient of the P and Q functions.

∂(P ◦Q)i
∂Vj

=
∑

k

∂Pi

nk

(
∂Qk

Vj

)−1

. (1.17)
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The derivative of the Poisson equation is just the Poisson green’s function matrix
defined in section 2.7. What remains is to compute how the density in site i is
changed by a small perturbation of the potential at site j. To do so, we move into
the Green’s function formalism.

Lindhard function and Jacobian Suppose that our quantum system has a
Hamiltonian H. For simplicity, we suppose that there is only one degree of freedom
per site, but the following line of reasoning can be easily generalized. Its retarded
Green’s function between sites i and j at energy E is gij(E) ≡ limη→0[(E − H +
iη)−1]ij, where η is a regularization parameter that can be taken as small as possible.
The density of the system can be expressed as

ni ∝
∫

Im (gii(E)) f(E) dE +O(ǫ2) (1.18)

This means that we can get the derivative needed in 1.17 by simply derivating the
Green’s function. This calculation is far from trivial, thus we refer to appendix A for
more details. In a nutshell one uses a Dyson equation to calculate the effect of a per-
turbation of the one-dimensional Bloch Green’s function. We will just mention here
that it can be calculated, but it is cumbersome and computationaly very expensive,
which motivates our next step: use an approximated form of the Jacobian. This is
similar to the approximation in the predictor-corrector approach, the wave functions
are supposed to be independent of the potential, and we only derive the Fermi func-
tion. At low temperature, the derivative of the Fermi function behaves as a delta
peak, which simply gives for the approximated Jacobian ∂Qi/∂Vj ∼ δijni(EF ). And
for the full gradient of the quantum-electrostatic system

∂(P ◦Q)i
∂Vj

∼ GP
ij

1

nj(Ef )
(1.19)

where GP is the Green’s function of the Poisson equation as defined in 2.7. Since
only the Jacobian is approximated, this method does not need a correction step.
However, it still fails when the density of state is non linear, as it is the case when
the Fermi energy is close to a band opening, or when magnetic field is added. This
calls for a new kind of method that treat the non-linearities with more care.
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2
The local adiabatic problem approach

This chapter is the main part of this thesis, where we explain how we treat the
self-consistent problem.

2.1 Role of non-linearities: a zero-dimensional

toy model

Let us start with a very simple zero-dimensional problem that already provides key
insights into the structure of the quantum-electrostatic problem. We consider an
infinite homogeneous 2DEG characterized by a – spatially invariant – density n and
an electric potential U . The system is sketched in Fig. 4.1a. An electrostatic gate
placed at a distance d above the 2DEG forms a planar capacitor with the latter.
The potential at the gate is the reference electric potential. The Poisson equation
for this problem is readily solved: it is given by the solution of the infinite capacitor
problem:

n = − ǫ

ed
U (2.1)

The quantum problem is also readily solved. At zero temperature, n is given by the
integrated density of states (ILDOS):

n =

∫ µ

dEρ(E) (2.2)

where µ is the chemical potential. At equilibrium, the total electrochemical potential
has a fixed value Vg = U − µ/e. Up to a constant shift, Vg is the voltage difference
applied between the 2DEG and the gate with e.g. a voltage generator. The two
equations (2.1) and (2.2) form the set of equations to be solved self-consistently.
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At zero magnetic field, the density of states (DOS) is constant ρ = m⋆/(π~2) and
these equations reduce to a trivial linear system of equations. The situation is more
interesting when one switches a magnetic field B perpendicular to the 2DEG. Indeed,
in presence of a magnetic field, the DOS consists of Dirac peaks at the positions of
the Landau levels. The system reduces to

n =
ǫ

ed
[−Vg − µ/e] (2.3)

and

n(µ) =
2eB

h

∞∑

n=0

θ(µ− En) (2.4)

with θ the Heaviside function, En = ~ωc

(
n+ 1

2

)
the energies of the Landau levels

and ωc = eB/m⋆ is the cyclotron frequency.
Fig. 2.1 shows the two functions n versus µ for the Poisson problem Eq.(2.3)

(blue line) and quantum problem Eq.(2.4) (orange line). Solving the self-consistent
equations amounts to finding the intersection point of these two curves. This is
a trivial task where the accuracy of the solution increases exponentially with the
number of evaluations of the two functions: one curve (Poisson) is strictly decreasing
with µ while the other (Quantum) is strictly increasing so that a simple dissected
scheme converges exponentially. Note that the slope of the Poisson equation has been

voluntarily exaggerated. A more realistic slope will be shown in Fig 2.4.

Using this 0D model, one can also verify that iterative algorithms are extremely
unstable in presence of magnetic field. For instance, the green arrows indicate a
simple iterative scheme where one starts with a given chemical potential, calculates
the density from the ILDOS, then gets the potential from Poisson. One applies the
preceding sequence iteratively until convergence. The non-linearity of the ILDOS –
which reflects the rapid variation of the DOS – makes this scheme divergent even
with a good initial guess for the density. This is a rather extreme (yet physical)
situation where the ILDOS has a highly non-linear staircase shape. Yet, even under
more favorable conditions, the convergence of iterative schemes is seldom guaranteed
and one has to rely on the fine-tuning of the parameters of the algorithm to obtain
reliable results. These parameters characterize e.g. the learning rate or approximate
solutions used by the algorithm to speed up convergence.

In the next two sections, we introduce our algorithm for solving the full (spatially
dependent) problem. Conceptually, the idea is to reduce the global self-consistent
problem to a set of approximate local self-consistent problems similar to Eq.(2.1)
and Eq.( 2.4).

2.2 The adiabatic self-consistent problem

The zero-dimensional model of Sec. 2.1 could be solved exactly – even in the presence
of high non linearities – because finding its solution amounted to searching for the
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Figure 2.1: Toy model for the self-consistent quantum electrostatic problem in the
planar capacitor 0D geometry of Fig. 4.1a. Orange line: solution of the quantum
problem Eq.(2.4). Blue line: solution of the Poisson problem Eq.(2.1). Green ar-
rows: example of a simple iterative solution of the problem which fails to converge.
Geometric capacitance C = 0.028 F/m2, dopant density n0 = 3.16 × 1011cm−2,
magnetic field B = 2.4 T.

intersection between two curves. In this section we will introduce the adiabatic self-
consistent problem. It is a local problem where on each site i ∈ Q one needs to
solve an intersection problem similar to the one in Sec. 2.1. Hence, it can be easily
solved numerically.

The adiabatic self-consistent problem is obtained by making two hypothesis. The
first concerns the quantum problem and is called the quantum adiabatic approxima-
tion (QAA). The second is applied to the Poisson problem and is named the Poisson
adiabatic approximation (PAA). The adiabatic self-consistent problem is similar, in
spirit, to the approximate problem solved in density functional theory within the
Local Density Approximation (LDA) [27]. The LDA becomes exact in the limit of an
infinitely spatially smooth electronic density. Similarly, the adiabatic self-consistent
problem becomes exact when the electric potential is infinitely smooth. However,
the error of LDA cannot be controlled. In contrast, we can systematically improve
the adiabatic self-consistent problem until its solution matches the FSC solution.

The adiabatic self-consistent problem will be our main tool to solve the self-
consistent quantum electrostatic problem defined in Sec.1.1. In the current section,
we show how to formulate and solve exactly the adiabatic self-consistent problem.
In Sec.2.3, we will show how one can make ”the adiabatic self-consistent problem”
converge towards the FSC solution.
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Quantum Adiabatic Approximation (QAA)

The quantum adiabatic approximation (QAA) maps the quantum problem onto a
local problem. We consider an electric potential Ui defined on the quantum site i,
with i ∈ Q. We suppose that we have solved the Shcrödinger equation (1.1) for
this potential and computed the LDOS ρi(E) on each site i using Eq. (1.3). The
density ni is obtained by filling up the states according to Eq.(4.5). Now suppose
that we introduce a perturbation δU . The electric potential becomes U + δU , i.e.
Ui → Ui+δUi. One thus should recalculate ni[δU ]. In principle, this would imply re-
solving the Schrödringer equation for U + δU , which is a computationally expensive
task. Also, the new value of ni[δU ] depends on δUj in a non local way (j 6= i).
However, if δU is either small or has very smooth spatial variations, one can use the
Quantum Adiabatic Approximation (QAA),

ni[δU ] ≈
∫

dE ρi(E)f(E + δUi). (2.5)

In the QAA, one needs not recalculate the LDOS. Eq.(2.5) is exact to first order in
δU (small perturbation). It is also exact when δU is infinitely smooth (when δUi

does not depend on i, a global shift in energy does not modify the wave functions).
We shall find empirically that the QAA is an excellent approximation for realistic
systems. Indeed, effective electrostatic potentials do vary smoothly, the rapidly
varying part of the electric potential at the atomic level being usually included in
a renormalization of the effective parameters of the theory. Note that with our
convention the electrochemical potential is set to zero so that a change of electric
potential δUi is equivalent to the opposite change in the local chemical potential,
i.e. δUi + δµi = 0. The QAA approximation bears two important features: (i) it is
a local equation on each site i and (ii) the knowledge of the LDOS is sufficient to
calculate ni for any variation δU .

In practice, we shall construct an interpolant of ρi(E) in order to calculate the
integral Eq.(2.5) for various δUi. At zero temperature, Eq.(2.5) reduces to the
integrated local density of states (ILDOS),

ni[δµi] ≈
∫ δµi

dE ρi(E). (2.6)

The shape of the LDOS often contains 1/
√
E singularities (no magnetic field) or

Dirac functions δ(E) (Landau levels in presence of magnetic field). This is illustrated
in Fig. 2.2 where we have plotted the functions LDOS and ILDOS versus energy
for two magnitudes of the magnetic field. At low magnetic field the integration
can be performed with quadrature techniques. At large magnetic field, however, a
different approach is required to handle the presence of the Dirac peaks. This aspect
is discussed in Sec. 2.5.
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Poisson Adiabatic Approximation (PAA)

The Poisson adiabatic approximation (PAA) maps the Poisson problem onto a local
problem. The exact solution of the Poisson problem can be formally written as

Ui =
∑

j

Gijnj + U s
i (2.7)

with i, j ∈ Q. The matrix G is (a discretized version) of the Green function of
the Poisson equation and U s

i accounts for the source terms in the problem. It
is important to note that Eq.(2.7) is defined only on the sites i ∈ Q where the
quantum system lies, i.e. the extra sites µ ∈ P \ Q have been integrated out. In
the continuum G is essentially e2/(4πǫ|r− r′|) although it may decay faster at long
distances due to the screening effect of the electrostatic gates. We invert the matrix
G and get,

ni =
∑

j∈Q

CijUj + ns
i (2.8)

where C = G−1 is the capacitance matrix and ns = −CU s accounts for the source
terms. Eq.(2.8) has a very similar structure to the Poisson equation (2.1). However,
it is only defined on the site i ∈ Q. The C matrix is a central object of our approach.
How to compute its relevant elements will be explained in Sec.2.4.

Fig. 2.3 shows the elements of the G and C matrices calculated for the geometry
in Fig. 4.1b. As expected, the Green function G is highly non local: a change in ni

has an effect on Uj over a large distance. In sharp contrast, the C matrix is extremely
local. Indeed, to a good approximation, the C matrix is the discretized version of the
Laplacian, hence a local operator. This statement would be mathematically exact
if we had not integrated out any sites, i.e. Q = P . The locality of the capacitance
matrix C is the central property on which PAA is based. In the Poisson Adiabatic
Approximation (PAA), we assume that the change δUi is smooth so that we can
approximate Eq.(2.8) with,

ni[U + δU ] ≈ ni[U ] + CiδUi (2.9)

where the local capacitance Ci is defined as,

Ci =
∑

j

Cij (2.10)

Eq.(2.9) is exact in the limit where δUi can be considered as constant on the scale
of the support of C. As we shall see, PAA is generally an excellent approximation,
with a small caveat explained in Sec. 2.3.

Solving the local self-consistent problems

Together, Eq.(2.5) and (2.9) form a local self-consistent problem on every site i ∈ Q.
This is the adiabatic self-consistent problem. Solving this set of equation simply
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Figure 2.4: Solution of the local self-consistent problem at x = 0, B = 1.87T
and with VG = −1 V for the geometry of Fig. 4.1b. Blue line: ILDOS Eq.(2.6)
versus chemical potential δµ. Orange dashed line: local Poisson problem Eq.(2.9)
versus δµ = −δU . The intersection of the two curves is the solution of the local
self-consistent problem.

amounts to finding the intersection of the Poisson and Quantum curves for every
site, which can be done extremely efficiently. More importantly, the solution always
exist and can always be found with exponential accuracy. In practice, any one-
dimensional root finding routine works very efficiently.

Fig. 2.4 shows an example of the adiabatic self-consistent problem for a given site
i ∈ Q where we have used the bulk DOS Eq.(2.4) as the LDOS. This problem and the
zero-dimensional model of Sec. 2.1 are solved in a similar way. The only difference
is that in the adiabatic self-consistent problem a different intersection must be found
for each site i ∈ Q. Observe that the electrostatic Eq.2.9 is almost an horizontal
line, i.e. the density depends only weakly on the potential on this scale. This is a
consequence of the electrostatic energy being much larger than the kinetic energy.
A direct consequence is that the convergence of the density is achieved very rapidly,
before one obtains the converged potential. A secondary consequence is that one
should chiefly monitor the convergence of the potential, a more sensitive quantity
than the density.

2.3 Relaxing the Adiabatic self-consistent

problem

The PAA and QAA approximations have been designed so that the initial global
self consistent problem can be reduced to a set of local problems that can be exactly
and efficiently solved. In this section we propose an algorithm to relax these two
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approximations, and thus obtain the FSC solution of the full quantum-electrostatic
problem. The convergence towards the exact solution is achieved by iteratively im-
proving the local problems until they match the global one. Although this relaxation
is iterative, one iterates on the adiabatic self-consistent problem, in contrast to it-
erating on the solution as is usually done. In practice, we observe extremely fast
convergence, typically in a single iteration of the quantum problem (the computa-
tional bottleneck calculation). The relaxation of PAA and QAA is done using three
relaxation steps, I, II and III, which will be now detailed.

I. In Sec. 2.2 we have argued that the Poisson approximation is generally accu-
rate. There is, nonetheless, a caveat to this argument. In fact, the PAA is of very
high accuracy inside the electronic gas where screening occurs. However, in regions
where the electronic gas has been depleted (ni = 0), there is no screening, hence
the electric potential changes abruptly and the PAA fails. This problem is readily
solved however: since we already know the density on these sites (it is zero), we
do not need to solve a local adiabatic problem there. The first type of relaxation
step, i.e. Step I, thus aims to detect such regions and remove them from the list
of sites where the local self consistent problem is solved. More precisely, we define
the set Q′ ⊂ Q of sites where the density is non-zero and restrict the adiabatic self-
consistent problem to Q′. This has a strong influence on the electrostatic since the
local capacitances Ci strongly depend on the partitioning of Q into Q′ and Q \ Q′.
Indeed, the PAA approximation is no longer performed on the sites belonging to
Q\Q′, their electrostatic is treated exactly. Hence the solution of the new adiabatic
self-consistent problem on Q′ results in an updated solution. Note that in the new
solution some sites i may become depleted and hence the set Q′ must be updated
again. This is achieved by performing step I once again. The procedure is repeated
a few times until the set Q′ no longer evolves. We emphasize that only a finite num-
ber of step I iterations are needed to obtain the final set Q′ (typically less than 5).
These iterations are computationally non-demanding since the same LDOS is used
for all of them. As we shall see, the electronic density obtained after completion of
these steps I is almost indistinguishable from the FSC solution of the exact problem.

II. In order to relax PAA on the remaining sites i ∈ Q′, we introduce a second
type of relaxation step, step II. This is achieved by solving the exact Poisson problem:
given a potential U (such as the one that we obtained at the end of the steps I), one
calculates the exact density n = CU , solution of the Poisson equation. This new
density is the new source term ni[Ui] in Eq.(2.9). Once Eq.(2.9) has been updated,
we can solve the corresponding adiabatic self-consistent problem. Step II can be
repeated until convergence. Note that, in practice, we do not perform a matrix
vector product n = CU . Instead, we solve the Mixed Poisson problem as explained
below in Sec. 2.4. Typically very precise convergence is obtained within one or two
step II iterations.

III. In order to relax the QAA on the sites i ∈ Q′, we introduce a third type
of relaxation step, step III. This is achieved by re-solving the quantum problem to
update the LDOS. The new LDOS is integrated to update Eq.(2.5). Once Eq.(2.5)
has been updated, we can solve the corresponding adiabatic self-consistent problem.
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Typically, we find that performing a single step III is sufficient. Calculating the
ILDOS is the computational bottleneck of the calculation.

We emphasize that the relaxation steps I, II and III can, in principle, be per-
formed in any order or even simultaneously. The most important one is step I,
which is also the cheapest computationally. Hence, it should be performed first un-
til convergence. Step III is far more computationally demanding than I or II since
it implies solving the quantum problem. Hence, to optimize the number of step III
iterations, it is efficient to first achieve convergence of step II. After each step III
iteration, several step II iterations should be performed. Also, after each step III
iteration, we reset step I, i.e. set Q′ ≡ Q and perform the step I relaxation until
convergence. This is usually not needed but guarantees that the algorithm does not
get trapped in a wrong Q′ partition. After this sequence of relaxation steps, the final
(supposedly exact) result is the FSC (Full Self-Consistent) solution to the quantum-
electrostatic problem and is free from any initial approximations. We note that we
have used plain iteration steps II and III. The relaxation could possibly be further
accelerated by using mixing schemes such as Anderson or Broyden algorithms.

Fig. 2.5 shows an example of performing several relaxation step I (upper panels),
II (central panels) and III (lower panels) for the geometry of Fig. 4.1b. The left
panels show the density while the right panels show the potential. After each step
III, a few steps II are performed. In most panels the curves for various iterations are
almost superposed. The insets show zooms of the main curves which are also mostly
superposed. The final converged FSC result is shown by a dashed orange curve. For
the initial LDOS, we used the bulk (constant) DOS that is known analytically. In
this case, it does not depend on energy. As anticipated, we observe that the initial
solution of the adiabatic self-consistent problem is of bad quality, an indication that
the PAA is a bad approximation in the depleted regions where the electric potential
varies abruptly. However, after the vanishing density sites have been removed from
the set of active sites Q′ (after convergence of the steps I cf. upper panels), we find
that the density is almost indistinguishable from the final converged FSC result.
We still observe a small (a couple of mV) discrepancy in the electric potential (see
the zoom of the upper right panel). While this discrepancy is small on the global
scale of Fig. 2.5, it is still important for quantitative transport calculations (cf.
Sec.3). The central panels illustrate the evolution of the solution upon performing
several steps II. One observes that by relaxing the PAA, the results only change very
slightly. This confirms that the PAA is an extremely good approximation inside the
2DEG. Since the bulk DOS was initially used, the results obtained after the steps II
correspond to a self-consistent Thomas-Fermi calculation. The last (lower) panels
show the application of the step III where the ILDOS is recalculated to relax the
QAA. We find that one unique step is sufficient to obtain a fully converged result.

2.4 A mixed Neuman-Dirichlet Poisson solver
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In usual electrostatic problems, one calculates some elements of the Green’s func-
tion G. Indeed, in the standard Poison problem one uses the density nµ as an input
and calculates the potential U = Gn as an output. The Poisson problems that
are repeatedly solved in our algorithm, however, involve elements of the capacitance
matrix C. In this section, we explain how to formulate and solve a generalized Pois-
son problem that provides direct access to the relevant elements of the capacitance
matrix C.

Problem formulation

We begin by sorting the sites of the set P = D ∪ N into two categories that we
call ”Dirichlet” sites (set D) and ”Neumann sites” (set N ) in reference to the cor-
responding boundary conditions. The set N contains the sites where the density is
an input and we want to calculate the potential. Therefore, N contains all the sites
inside the dielectric (zero density) as well as the sites with dopants (known density).
The depleted sites of the quantum problem Q \Q′ are also elements of N . The set
D contains the sites where the potential is an input and we want to calculate the
density. Hence, D contains all the sites where the adiabatic self-consistent prob-
lem is defined Q′ ⊂ D. Moreover, the sites that correspond to electrostatic gates
(standard Dirichlet boundary conditions) also belong to D.

Writing Eq.(1.5) in a block form for the Dirichlet (D) and Neumann (N) blocks,
it reads,

[
∆NN ∆ND

∆DN ∆DD

]
·
[
UN

UD

]
=

[
nN

nD

]
(2.11)

In the above equation nN and UD are the known inputs of the problem while nD

and UN are yet to be determined. After reshuffling the above equation, we arrive at
the ”mixed Neumann-Dirichlet Poisson problem”,

[
∆NN 0
∆DN −1

]
·
[
UN

nD

]
=

[
1 −∆ND

0 −∆DD

]
·
[
nN

UD

]
(2.12)

Solving this problem amounts to solving a set of linear equations with the right-
hand side as a source term. This is readily achieved with sparse solvers such as
the MUMPS package. Two different quantities must be calculated with the mixed
Poisson solver, respectively the source term ni[U ] and the local capacitance Ci.

To calculate ni[U ], one sets nN and UD to their known values. The density nN is
zero except on sites where there are dopants. UD is the current value of the potential
for sites i ∈ Q′. UD is equal to the input gate potential at the electrostatic gates.

To calculate the vector Ci for i ∈ Q′, one sets nN = 0 and UD = 0 except for
sites i ∈ Q′ where Ui = 1. The output vector nD (projected on Q′) contains the
needed elements Ci = (nD)i.
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Finite volume discretization

In order to obtain the ∆µν matrix from the continuum problem, a discretization
scheme of some sort must be used. Many approaches could be employed, including
finite-difference and finite-elements methods. Here we use a finite-volume approach
that has the advantage of solving a problem which is physically meaningful for
any finite value of the discretization length a. In particular, this method has the
advantage of respecting charge conservation inside the Neumann sites independently
of the discretization length a. As the quantum-electrostatic is extremely sensitive to
any variation of the charge, strict charge conservation is very important to ensure a
fast convergence of the results with respect to a.

One starts by meshing the simulation box to obtain the P sites. one includes
all the sites Q of the quantum system (this important to avoid any interpolation
difficulty between the quantum and Poisson problem). Then one adds a regular grid
around the quantum sites. This grid matches the lattice of the quantum system
to avoid introducing artificial noise due to lattice mismatch. Another grid with a
larger value of a can be used far away from the quantum system.

In a second step one construct the Voronoi cells associated with our mesh using
the Qhull algorithm [28]. An example of the final discretized geometry with the
Voronoi cells is shown in Fig. 2.6 for the system of Fig. 4.1b. for clarity Fig. 2.6
shows very few cells. Actual calculations were performed with typically 104 sites in
2D and 106 sites in 3D.

To calculate the ∆µν matrix, we apply the Gauss theorem to each volume cell.
One obtains, without approximation,

nµ =
∑

ν

Φµν (2.13)

with nµ the total charge inside the cell.

Φµν =

∫

Sµν

ǫ(~r) ~E(~r).~ndS (2.14)

is the flux of the electric field ~E through the planar surface Sµν that connects cell
µ with cell ν (~n is the unit vector point perpendicular to this surface). In the
electrostatic limit, the electric field is irrotational which reads,

∮ ~rν

~rµ

d~r. ~E = Uµ − Uν (2.15)

To close our system of equations, we suppose that the electric field varies smoothly
on the scales of the Voronoi cell. Up to O(a3) corrections one gets:

Φµν =
ǫµνSµν

dµν
(Uµ − Uν) (2.16)

where dµν is the distance between the center of the two cells and ǫµν = 2ǫµǫν/(ǫµ+ǫν)
is an averaged dielectric constant obtained from the conservation of the flux through
the surface. Together, Eq.(2.13) and Eq.2.16 define the ∆µν matrix.
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where the lower bound of the integral is the beginning of the spectrum. The LDOS
ρi(E) is itself defined in terms of the wave-functions of the system with momentum
k as,

ρi(E) =

∫ π

−π

dk

2π
|ψαk(i)|2δ[E − Eα(k)] (2.18)

where Eα(k) is the dispersion relation of the corresponding band. The above expres-
sion is valid for translational invariant systems such as the geometry of Fig. 4.1b.
For more general geometries, such as Fig. 4.1c, the momentum k is to be understood
as the momentum in the semi-infinite electrodes. To calculate the ILDOS, we insert
Eq.(2.18) into Eq.(2.17) and invert the order of the integrals. The integral over
energy can be performed exactly and we arrive at,

ni[µ] =

∫ π

−π

dk

2π

∑

α

|ψαk(i)|2θ[µ− Eα(k)] (2.19)

where θ(x) is the Heaviside function. Eq.(2.19) can now be evaluated by standard
quadrature techniques that sample the k points. One can readily understand why
this change of variable E = Eα(k) is particularly advantageous in the case of the
quantum Hall effect. There, the dispersion relation Eα(k) is extremely flat due to
the presence of the dispersive-less Landau levels. By sampling the E space, one
is almost certain not to sample correctly these Landau levels. By sampling the k
space, however, the points get automatically positioned where they are needed. Fur-
thermore, the integral for many values of µ is done simultaneously at no additional
computational cost. More details about the integration techniques that we used can

be found in appendix C.

2.6 Conclusion

We have developed a new algorithm that can solve the quantum-electrostatic prob-
lem even in highly non-linear situations. Perhaps more importantly, the algorithm
converges extremely rapidly without requiring any parameter tunning. This is true
even at zero temperature and/or under high magnetic field. This opens the possi-
bility for direct and detailed comparisons between experiments and simulations, a
prerequisite for using simulations at the design stage of quantum devices.

43



44



3
Applications to a quantum point contact

We now turn to a first application, the study of the quantum point contact (QPC)
geometry of Fig.4.1c. QPCs are important historically as the first device where
conductance quantization was observed [30, 31]. They can be considered as the
electronic equivalent of the optical beam splitter and as such play a central role in
electronic quantum optics [32].

Fig.3.1 shows colormaps of the density and electric potential around the QPC
for different values of the confining gate potential Vg applied to the QPC. These
FSC results correspond to a 2D quantum problem with around 104 active quantum
sites (Q sites) embedded in a 3D Poisson problem with around 106 electrostatic sites
(P sites). Fig.3.2 shows cuts of the colormap at various positions. The electron gas
is present in regions where the electric potential is negative. Typical values of the
potential in these regions is of a few mV. Convergence with an accuracy better than
10µV is needed around the QPC to obtain reliable results for transport calculations.

We end this section with the calculation of the conductance versus gate volt-
age, the actual observable measured in most experiments. The results are shown in
Fig.3.3 for various iterations of step III. Each iteration corresponds to a new calcu-
lation of the ILDOS. Iteration 0 is the Thomas-Fermi approximation. It provides an
accurate density but the g(Vg) curve is not quantitative (offset of the pinch voltage
of 0.2V and wrong size of the conductance plateaus). The results are fully converged
after a single iteration of the ILDOS. These calculations, which map the input ex-
perimental parameters to the experimental observables, are directly comparable to
experiments.

We present next some more informations that can be extracted from the self-
consistent result through Kwant. While not being new per. se. , they serve to
illustrate the analytical power given by a self-consistent solver coupled to a transport
analysis tool such as kwant. In Fig. 3.4, the conductance at the Thomas-Fermi
approximation level (blue dotted) and fully converged (red dotted) is compared to
the density (top) and potential (bottom) at the center of the QPC. It is clearly visible
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Figure 3.6: Map of the current transmitted from the bottom to the top at the Fermi
energy in the 2DEG for different gate potential Vg. The 3 first columns are the maps
of the current from the 3 first channels of the lead. The last column is the total
current due to all the channels.
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4
Application to the quantum Hall effect

Finally to conclude this first part, we apply our algorithm to situations where the
density of state varies abruptly which renders the quantum-electrostatic problem
highly non-linear. A rather extreme situation is the quantum Hall effect where the
ILDOS has the staircase shape shown in Fig. 2.2. Contrarily to the application
to the QPC, we discuss here the new physical insights that have been given by
the self-consistent solutions. We consider the geometry of Fig. 4.1b in presence
of a perpendicular magnetic field. The physics contained in this chapter is taken
from reference [3]. We start by introducing the theoretical aspect of the quantum
hall effect, that is the compressible and incompressible stripes, and then extend it
using our self-consistent results. Readers not familiar with the integer quantum
Hall effect and/or the picture of compressible and incompressible stripes can get an
introduction to the subject in D.

4.1 Introduction

Electrostatic energy is very often the largest energy scale in a physical situation.
Yet, the electrostatic landscape is equally often taken for granted as an external
potential, which may result in a wrong physical picture. A well known example
is the quantum Hall effect [33] (QHE) that has been largely discussed using the
concept of edge states in a non-interacting Landauer-Buttiker (LB) picture [34,35].
Despite being very successful for the understanding of e.g. the quantification of the
Hall resistance and the vanishing longitudinal resistance, the LB picture also fails
spectacularly to describe basic physics such as the density profile of the electron
gas. In a series of articles [36–38] that culminated with the work of Chklovskii,
Shklovskii and Glazman (CSG) [8, 39, 40], it was recognized that the LB picture
should be revisited. It was shown that the interplay between quantum mechanics
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and electrostatics leads to the emergence of compressible and incompressible stripes,
a concept related, yet somehow different, to the original edge states. An important
effort has been devoted to the experimental observation of these stripes [41–51]. CSG
work, as well as a large fraction of the subsequent literature [52–61] was based on the
Thomas-Fermi approximation which is suitable at high magnetic field but inadequate
at low field where the LB approach is expected to work well. More recent works
improved on Thomas-Fermi by incorporating a Gaussian broadening of the Landau
levels [21, 62, 63]. Solving the full self-consistent electrostatic-quantum problem,
beyond the above approximations, is a difficult task however, as the presence of the
Landau levels (and the associated Dirac comb for the density of states) makes the set
of equations highly non-linear. In this letter, we use a newly developed numerical
technique capable of handling this problem [3] and explore how the LB channels
present at low field evolve into CSG compressible stripes at high magnetic field.
Using the solution of the full self-consistent problem, we find that in a large region
of the parameter space the system is in an ”hybrid” phase that borrows features
from both the LB and CSG pictures.

4.2 The LB picture of the QHE regime (and its

failure)

We consider the infinite wire geometry of Fig. 4.1a: a two dimensional electron gas
at the interface between GaAs and GaAlAs is placed under a perpendicular magnetic
field B and confined to quasi-1D through two gates situated a few tens of nm above
the gas. In the effective mass approximation, the electronic wave function ψ(x, y) is
described by a simple Schrödinger equation,

1

2m⋆

(
i~~∇− e ~A

)2
ψ(x, y)− eU(x)ψ(x, y) = Eψ(x, y) (4.1)

where the vector potential takes the form ~A = Bx~y (Landau gauge) and U(x) is the
electrostatic potential (m∗: effective mass, e: electron charge). In the LB picture,
the function U(x) is an external input of the problem. The general solution of
Eq.(4.1) takes the form of plane waves ψn(x, y) = ψn(x)e

iky along the y-direction
with momentum k. In the absence of U(x), these states are simply the Landau levels
[64]: equally spaced highly degenerate dispersiveless levels En(k) = ~ωc(n+1/2) with
states ψn(x) that are exponentially localized along the x-direction around xk = kl2B
(lB =

√
~/(eB): magnetic length, ωc = eB/m⋆: cyclotron frequency, n integer).

Applying an external confining potential U(x) around the edges of the sample (such
as the one shown in the inset of Fig. 4.1c) provides the usual Landauer-Buttiker
(LB) picture for the edge states of the QHE. For a slowly varying U(x) (Thomas-
Fermi approximation), the spectrum becomes dispersive and follows the potential

En(k) ≈ ~ωc(n+ 1/2)− eU(xk) (4.2)
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dU

dz
(z = 0+)− dU

dz
(z = 0−) = −e

ǫ
n(x) (4.4)

where nd(~r) is the (3D) dopant density and n(x) the (2D) density of the electronic
gas. In our wire geometry, the electronic density is given by

n(x) =
∑

n

∫
dk

2π
|ψnk(x)|2 f(E) (4.5)

which closes our system of equation (f(E) = 1/(eE/kBT + 1) is the Fermi function).
In the QHE regime, Eqs.(4.1), (4.3), (4.4) and (4.5) form a highly non-linear set of
equations.

4.3 The CSG picture of compressible and

incompressible stripes

The strength of CSG argument is that the entire physical picture can be constructed
from simple considerations, essentially from the dispersion relation Eq.(4.2) that
relates the energy of the Landau level En(k) to its spatial position xk. Let us
suppose that we know the density profile n(x,B = 0) in the absence of magnetic
field. We further assume that this profile (which results from the interplay between
the electrostatic and kinetic energy) is only weakly affected by the presence of the
magnetic field (as argued above the cyclotron energy ~ωc is small compared to the
electrostatic energy needed to strongly modify the density profile). For a generic
value of the field, it follows that the filling fraction ν ≡ n02πl

2
B of the Landau

levels in the bulk of the sample (n0 = n(x = 0, B = 0) has generically a non-
integer value e.g. ν = 2.4. From that statement, it follows that a Landau level
(in this example the third one) lies exactly at the Fermi energy since it is only
partially occupied. This is a very different situation from the non-interacting picture
discussed above. As one gets away from the center of the sample towards the edge,
the filling factor ν(x) ≡ n(x,B = 0)2πl2B decreases until the third Landau level
is totally depleted and one starts to deplete the second Landau level. Depleting
the second Landau level implies that it sits at the Fermi energy, hence a sharp
rise of the electrostatic energy (of amplitude ~ωc). In the small region where this
sharp rise occurs, the density is constant (no available level at the Fermi energy).
This region is an incompressible stripe. Continuing towards the edge, we hence
obtain a set of compressible stripes separated by incompressible stripes. The blue
lines of Fig. 4.2 shows the resulting dispersion relation (lower panels) and density
profile (upper panels) for three different value of the magnetic field. The blue lines
of Fig. 4.2 ressemble very strongly the cartoon shown in Fig.1 of the CSG paper.
However, they correspond to a full self-consistent calculation in the Thomas-Fermi
approximation.
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4.4 New results

Hybrid phase at intermediate fields

We now turn to the full self-consistent solution of the problem Eqs.(4.1), (4.3), (4.4)
and (4.5) without using the Thomas-Fermi approximation. Note that in what fol-
lows, the Landau levels are supposed to be fully spin polarized, we do not discuss
the magnetic instabilities. The results are shown with orange lines in Fig. 4.2. At
high field (middle and right panels), the full solution bears strong similarities with
the Thomas-Fermi result and one gets alternated compressible and incompressible
stripes with the middle of the sample being compressible (middle panels) or incom-
pressible (right panel, corresponds to a quantized plateau of conductance) [40]. One
qualitative differences is the absence of well defined plateaus of the density in the
incompressible region. This is due to the fact that the Landau levels spread over
a width lB which is not infinitely small compared to the width of the incompress-
ible stripes (e.g. lB ≈ 13 nm at B = 3.73 T). At very low magnetic fields (not
shown), one fully recover the LB picture with well defined propagating channels
that cross the Fermi level. We find that the transition between the LB picture and
the CSG one at high field happens in two stages: first, the formation of Landau
levels that get pinned at the Fermi level; secondly the evolution of the edge states
into compressible stripes. In the corresponding intermediate field range, the system
is in an intermediate ”hybrid” phase with well defined edge states (similar to those
shown in Fig. 4.1) yet with a central compressible stripe that remains pinned at the
Fermi level. This situation is illustrated in the left panel of Fig. 4.2 (B = 2.2 T,
corresponding to ν ≈ 4.5).

Magneto-conductance of ballistic wires

To gain further insight, we now turn to a discussion of the current that flows upon
applying a small bias voltage across the wire. Note that the question of where
does the current flow is ill defined in the Thomas-Fermi approximation, at least at
very small temperature. Indeed the current must flow in the compressible regions
since transport requires available states at the Fermi level. Yet in the compressible
regions, the velocity vk = (1/~)dE/dk vanishes, hence one would expect the current
to do the same. This small paradox (which points to the current being concentrated
to the edge of the compressible stripes) is resolved by using the full self-consistent
solution.

In a perfectly ballistic system where all conducting channels are perfectly trans-
mitted, the conductance g is given by a simple form of the Landauer formula,

g = e2
∑

n

∫
dk

2π
θ(vnk)vnk

(
− ∂f

∂E
[En(k)]

)
(4.6)

where the Heaviside function θ(x) selects the channels with positive velocities. At
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strongly system dependent: it depends on the small curvature of the electric field in
the bulk of the sample, hence on the strength of the gate voltage and magnetic field.
It is interesting to note that even for moderate confinement (here Vg = −0.75V
and the gas still occupies most of the space in between the two electrodes, this
crossover takes place at T ∼ 100mK, i.e. much higher than typical dilution fridge
temperatures. The transition from the LB to the CSG regime can also be seen as
a function of magnetic field, see Fig. 4.3a (strong confinement) and Fig. 4.3b (weak
confinement). At low field, one observes the LB plateaus of conductance which are
replaced at higher field by a general 1/B law intertwined with the Hall plateaus.
The crossover between the two regimes can be identified from the deviation of the
conductance with respect to the g = (e2/h)ν(B) = n0e/B law (dotted line). Note
that the g = n0e/B law can be extracted directly from the experiment since the
bulk density n0 can be extracted from the B-position Bn = n0h/(en) (n = 1, 2 . . . )
of a Hall plateau at high field.

Discussion

The full self-consistent approach of the quantum-electrostatic problem allows one to
treat on the same footing the low field LB regime and the large field CSG regime.
Likewise, it allows to understand how one crossovers from well defined conducting
channels at zero temperature to the CSG quantum Hall regime. Our most surprising
result is that the quantum Hall effect appears in two stages which leads to the hybrid
phase described above. A rough estimate of the parametric regime where this hybrid
phase is expected goes as follows. The typical width w of a compressible stripe is
set by the density profile n(x,B = 0). If x0 defines the position of an integer
filling ν = n(x0, B = 0)2πl2B, then n(x0 + w,B = 0)2πl2B = ν − 1. Noting d the
typical distance with which n(x0, B = 0) falls from its bulk value to zero, we get
w ∼ (d/ν). d depends strongly on the electrostatics of the problem; it is of the
order of the distance between the gate and the gas, d ∼ 140nm in our example.
The crossover from the compressible stripe behavior to the LB like edge state is
expected when quantum fluctuations are large enough, i.e. w ∼ lB. This translates
into ν0 ∼ (n0d

2)1/3. Hence, for filling fraction larger than ν0 ∼ (n0d
2)1/3 one expects

LB like edge states while for higher magnetic field, one recovers the CSG stripes. In
our (rather typical) example, the hybrid scenario corresponds to most Hall plateaus
ν > (n0d

2)1/3 ≈ 3.

As the LB edge states and CSG stripes are both associated with one quantum
of conductance, it remains to discuss the difference between the two situations in
actual observables. We expect an important difference in the propagation of voltage
pulses [65] (edge magneto-plasmons). Indeed, the plasmon velocity is proportional to
the Fermi velocity (up to a renormalization factor due to Coulomb interaction [6,66])
of the corresponding mode. For a LB edge state, this velocity vk = (1/~)dE/dk is a
well defined quantity that depends on the confining potential i.e. vk ∼ ~/(dm∗). We
find typical values vk ∼ 105 m.s−1 consistent with the values quoted in the literature.
The situation is drastically different for a CSG compressible stripe where the velocity
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vanishes in the middle of the stripe and sharply rises on its boundaries. If follows
that the average velocity in the stripe drops down upon entering the CSG regime.
Perhaps more importantly, the velocity now strongly depends on k which results
in an important spreading of the excitation between the slow part in the middle of
the stripe and the faster part toward its edges. Hence, we expect that at high field,
voltage pulses will get highly distorted in sharp contrast with the behavior in the
hybrid phase at lower field. We anticipate that the hybrid phase is more favorable
for the propagation of pulses than the CSG phase.

4.5 Complementary informations

The positions xν of the center of the incompressible stripes can be estimated from
the electronic density calculated at zero field n(x,B = 0) since, with very good
approximation, n(xν , B = 0) = νeB/h (ν = 1, 2, . . . ). Complementary details about

this calculations can be found in appendix D. The width δxν of these plateaus can also
be estimated using a simple energetic argument. The creation of the incompressible
stripe involves the creation of the small electric dipole of charge δqν with respect to
the B = 0 density. On one hand, we have δqν ≈ e∂xn(xν , B = 0)δxν . On the other
hand, electrostatics imposes δqν ≈ c(ǫ/δxν)(~ωc/e). Here c(ǫ/d) is the effective
capacitance of the problem and (~ωc/e) is the kinetic energy gained by creating
the stripe which compensates the corresponding electric energy (ωc = eB/m⋆ is the
cyclotron frequency). We arrive at [8],

δxν ≈
√

cǫ~B

em∗∂xn(xν , B = 0)
(4.7)

with the constant given by c ≈ 5.1 for our particular geometry. To verify the above
expression, Fig. 4.4 plots the gradient of the density ∂xn (top panels) and of the
electric potential ∂xU (bottom panels) as a function of position x and magnetic field
B. The gradients vanish for the incompressible and compressible stripes respectively.
Left and right panels correspond respectively to Thomas-Fermi and FSC which are
difficult to distinguish at this scale. The different types of stripes are easy to identify.
The dashed line corresponds to the width predicted with Eq.(D.9) which match the
numerics quantitatively.

We now proceed to the calculation of the conductance of a ballistic conduc-
tor. Assuming all channels are perfectly transmitted (no reflection), the Landauer
formula takes a particularly simple form

g = −2e2
∑

α

∫
dk

2π
θ(vαk)vαk

∂f

∂E
[Eα(k)] (4.8)

where vαk = ∂kEα(k)/~ is the velocity of the mode α at the Fermi energy and the
Heavyside function selects channels with positive velocity. The obtained conduc-
tance as a function of the gate voltage for two temperatures and magnetic fields are
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Part II

The flying qubit project
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SUMMARY OF PART II

The second part of this thesis is dedicated to our calculation of the velocity of
surface plasmons that can be used as flying (propagating) qubits. One usually
thinks of quantum bits (qubits) in the form of static qubits, i.e two (or more)
levels physical systems which states allows to encode information. But it is
also possible to conceive flying qubits, as two conduction lines representing
the two pure states of the qubits. Operations can be realized on such qubits
by allowing the two lines to interfere with each other. It is therefore of crucial
importance to be able to predict and control the different experimental pa-
rameter, starting with characterizing the interferometer and establishing the
velocity of these qubits.

We will show that a spectroscopy of such an interferometer can be performed
and simulated using only static quantities. These results where obtained by
B. Rossignol, using the self-consistent algorithm used in part I [5]. The fly-
ing qubits propagate on the conduction lines in the form of charged collective
excitations (surface plasmons). Due to electrostatic interactions, these pulses
propagate at velocities typically five times greater than the Fermi velocities
of the individual propagating modes of the conduction line. Reference [6] is a
joined work between the group of C. Bauerle in institut Neel who measured
these velocities experimentally and us who made the corresponding calcula-
tions. To reproduce these measurements in simulations we first established a
multichannel Luttinger theory that allows one to directly connect the veloc-
ity to the microscopic details of the system, without the need of many-body
theory. The effect of the electrostatic interactions is to mix the different in-
dividual modes propagating in the wire without interaction into collective
channels. Thus, the plasmon velocity is found to be the eigenvalue of a linear
problem. Using this theory we reproduced accurately the experimental results
for velocities without any adjustable parameter.
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5
The flying qubit project

One of the largest application domain of nano-electronic systems is quantum com-
puting. Indeed, the theoretical proof has been made that some algorithm can be
accelerated (the most known example being Shor’s algorithm for factorization in
prime numbers [67]) by doing computation on quantum superposition of states in-
stead of classical two level systems. This has raised the interest of researcher in the
nano-electronic field but also of private actors of the computing industry. Several
implementations of these quantum bits (qubits) have been proposed and realized
(supraconducting qubits [68–70], spin states [71–73], quantum dots [74, 75], etc.).
These qubits as well as the computation operations between them are directly im-
plemented into the hardware. However, here we will discuss another type of qubit:
a flying qubit propagating along a circuit as opposed to the static qubits discussed
above. In principle, one would be able to generate these qubit at will, stock them
for some time and act upon them if necessary. This approach is totally different
from the static one and we must stress here that it currently is at a much earlier
development stage that the static one. After quickly introducing the flying qubits,
we propose here two contributions to this emerging field through self-consistent cal-
culations that will help to better understand and design these flying qubits.

First: one student in our group (B. Rossignol) developed a theoretical spec-
troscopy technique for Mach-Zender Interferometer (MZI). However, this theoretical
work is based on an effective potential seen by the electrons. Using our self-consistent
technique we could calculate this self-consistent potential, therefore enabling us to
connect his predictions to the geometry and gate voltages used in experiments. This
illustrate the strength of our approach: we can predict the electrostatic environment
seen by the electrons in an experimental setup. Second: the group of C. Bauerle
has been performing preliminary experiments in view of building a flying qubit.
One of these experiments consists in measuring the velocity at which a voltage pulse
propagates in a quasi one-dimensional geometry. We will develop a theory to predict
these velocities (extension of the Luttinger liquid) and we will use our self-consistent
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solver to connect this theory to the macroscopic experimental world. Again this will
allow us to make predictions without any adjustable parameter.

5.1 What is a flying qubit and why is it

interesting

In this short section, we aim to introduce the context in which flying qubits could
be used. We first introduce the concept of the flying qubits, then show theoretical
propositions to realize the necessary elements to build a flying qubit computer. This
is mostly a summary of reference [32].

What is a flying qubit ?

Before focusing on the flying part, let us first remind that a qubit state is a super-
position of two states, by convention |0〉 and |1〉. By analogy with the spin, one
give it an arrow representation on the Bloch sphere. Performing operations on the
qubit amounts to rotate the arrow on the Bloch sphere. A schematic example of
an implementation of rotations of a flying qubit in the Bloch sphere are shown in
Fig. 5.1. We suppose two parallel ballistic single electron channels (or rails) with
the same energy. A short pulse containing one electron is injected in either of the
rails. We call |0〉 the presence of an electron in the upper path and |1〉 the presence
of an electron in the lower path, and any superposition of |0〉 and |1〉 gets a repre-
sentation on the Bloch sphere. The system made of both rails in which an electron
propagates is effectively a two level system, however it has the particularity that
the information it carries propagates. This we call the flying qubit. As shown in
Fig. 5.1 (a) and (b), one can manipulate this qubit. Rotation around the x-axis can
be performed by contacting the two rails through, for example a tunnel barrier, and
letting them interfere (see Fig. 5.1 (a) and references [76–79]). In analogy with its
optical counterpart, this device is called a Mach-Zender interferometer (MZI). The
rotation angle can be controlled by the interaction distance and the magnitude of
the potential serving as a barrier. One can also realize a rotation along the z-axis
using the Aharonov-Bohm effect [80, 81]. To do so, one connects the two branches
to a ring traversed by a magnetic field (see Fig. 5.1 (b)). Upon traversing the ring,
the two rails pick up a phase difference given by the Aharonov-Bohm flux traversing
the ring.

How to theoretically build a flying qubit quantum computer

As we have seen, manipulating single flying qubits is at least possible. Two qubits
operation can also be realized, for example through Coulomb coupling of two qubits
(see Fig5.2). In this proposition, the phase of the second branch of a first qubit is
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Figure 5.1: Exemple of implementation for single flying qubit operations. (a) a
qubit in the |0〉 state is injected on the left. As it reaches the interaction region, the
upper and lower rails can interact through a tunnel barrier before being separated
again. (b) This interaction produces a rotation along the x-axis of the Bloch sphere.
(c) The two rails are now brought to an Aharonov-Bohm ring applying a phase
difference between the two rails. (d) This amounts to a rotation around the z-axis.
(from reference [32])

influenced by the potential created by the presence of an electron in the first branch
of a second qubit through Coulomb interaction (coulomb coupler CC in the figure).
For additional control, 4 tunnel-coupling regions tunned to act as beam spliters (BS
in the figure) are added. Other designs for two electrons operations can be found in
references [82–84].

In principle, the single qubits rotations and the two qubit operation are the only
logical block needed to build any type of logical operations. Then, one can imagine
building a flying qubit quantum computer as shown in Fig5.3. On the left side, one
injects qubits one by one. These qubits then enter a loop. During the travel on
the loop, they can be directed to logic units, where for example their state can be
modified or two qubits operation can be performed. It is also possible to use delay
lines to change the order of the pulses. If needed, new qubits can be injected in the
loop. After all the calculations that are needed have been done, a final measurement
is performed giving the result of the calculation, or the qubits can be sent to another
system.

Advantages of a flying qubit

One of the main advantages of the flying qubits compared to the static ones is that
they can be generated at will. As a consequence, the hardware footprint of the
flying qubit quantum computer does not depend on the number of qubits and thus
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user could be able to exclude this segment from the loop and redirect the qubits
on alternative path. In general flying qubits rely on a totally different concept as
the static qubits: the quantum information is separated from the hardware, which
mostly consists of gates.

Coherence and the lost of it is at the center of trouble concerning quantum
computing. Indeed, the loss of coherence is synonymous with loss of information
which leads to the appearance of errors. Promising DC experiment in 2DEG have
measured coherence length around 50 µm without magnetic field and up to 200 µm
in the quantum hall regime [86]. The corresponding coherence length for levitons are
still unknown. This length has to be compared to the length necessary to perform
operation which is currently around 1 µm. On top of that, error correction is also
also possible.

In conclusion, Flying qubits propose a totally different paradigm to do quantum
calculations. Since flying qubits are mostly independent of hardware, they offer a
great flexibility in term of architecture, one example being shown in the figure 5.3.
However the research is still at the very beginning, with the first step being the
understanding, realization and characterization of the MZI flying qubit beyond the
DC measurements.

5.2 Toward flying qubit spectroscopy

We now focus on the MZI and present the result of reference [5]. The bulk of the work
has been performed by another PhD student Benoit Rossignol but is presented to
be able to understand my participation in this paper. I provided the self-consistent
potential that serves as an input to the spectroscopy theory. This work on flying
qubit is the continuation of the work done by B. Gaury and J. Weston (see references
[79, 87]). They studied the charge oscillations between two wires coupled through
a tunnel barrier. Some of their results are shown in Fig. 5.4 and Fig. 5.5. They
simulate the propagation of a gaussian pulse through the couple wire system. Fig. 5.4
shows snapshots of the difference between the local density and the equilibrium
density for two different values of the tunnel gate voltage. Spreading and oscillations
of the propagating pulse between the two wires is clearly visible. To measure a
quantity than can be more easily compared to experiment, they raised abruptly the
tunnel barrier at a time tcut after the injection of the pulse in order to completely
separate the two wires (see Fig. 5.5). By measuring the (normalized) number of
particle received at the end of each separated wire as a function of tcut, one can
reconstruct a snapshot of the propagation of the pulse in the interferometer. One
observes clean sinusoidal oscillations.

However there are two problems if one wants to apply these results to experi-
ments. First, one needs to be able to create extremely sharp pulse (smaller than
10 ps) which is both expensive and challenging. Second, this theoretical is limited
to simple systems. This works aims to solve these two problems. By replacing
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Figure 5.5: Oscillation of the number of particle measured at the end of the top
(orange triangles) and bottom (blue circles) normalized by the number of particle
injected, as a function of the time at which the coupling between the two wires
was cut tcut. The blue and orange cosine line are here to guide the eye. (From
reference [79])

short pulses by a sinusoidal drive, one has access to a spectroscopy tool which is
both doable experimentally and much simpler numerically. Using the self-consistent
solver one can calculate the realistic electrostatic environment of the electrons and
thus simulate real systems.

Mach-Zender interferometer for electrons

We focus this study on the tunneling wire f̈lying qubitg̈eometry sketched in Fig. 5.6
and studied experimentally in reference [5]. The device consists of two quasi-one
dimensional wires labeled ↑ (upper) and ↓ (lower) connected to four electrodes: two
on the left L↑, L↓ and two on the right R↑, R↓. Close to the electrodes, the wires
are disconnected. However, in a central region of length L, the two wires are in
contact so that an electron can tunnel back and forth from the upper and lower
part. A capacitive top gate Vg controls the intensity of the tunnel coupling between
the wires. The coherent oscillation that takes place in the tunneling region between
the upper and lower wire can be interpreted as a quantum gate operated on the
flying qubit. Equivalently, an electron entering the upper wire decomposes into a
superposition of a symmetric and antisymmetric propagating states which forms a
two-path interferometer.

To quickly understand the effect of such an interferometer, lets focus first on DC
characteristics (which has already been studied experimentally and theoretically [5]).
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An electron injected along ↑ on the left decomposes on the interaction region into
Symmetrical and Anti-symmetrical (S/A) components as follow:

|↑〉 = 1

2
(|↑〉+ |↓〉) + 1

2
(|↑〉 − |↓〉) → 1√

2
(|A〉+ |S〉) (5.1)

The symmetrical and anti-symmetrical components then take-up different phases
φS and φA while the electron travels in interaction region. As they reach the end
of the interaction region, they are projected back to the (↑ / ↓) basis and one can
see that a rotation in the Bloch sphere has been performed. In order to be able to
use this system as an operational qubit, on first need to understand and predict its
behavior when submitted to voltage pulses. What is proposed here is to perform a
high frequency spectroscopy of the MZI.

Figure 5.6: (a) Schema of a Mach-Zender interferometer/ flying qubit experiment.
A ac voltage drive is imposed on the L ↑ lead. As it reaches the central region it
is coupled to the L ↓ lead through a tunnel barrier and decomposes into symmetric
(S) and anti-symmetric (A) components for a length L. Is is then measured on the
R ↑ and R ↓ leads. (b) and (c) show the shape of the eigenmodes (|↑〉 and |↓〉) in
the lead region (b) and (|S〉 and |A〉) in the central tunnel region (c). Fig 1 from
reference [5]

Introduction to rectification currents

Let us first derive quickly the rectification current that will be used for the spec-
troscopy. The effect of the time dependent voltage is to dress an incoming wave
function of the form eikx−Et/~ with an extra phase factor e−iΦ(t) (with Φ(t) ≡∫ t

0
dt′eV (t′)/hbar) that accounts for the variation of the electric potential. Decom-

posing this phase into its Fourier components Pn,

eiΦ(i) =
∑

n

Pne
−iωnt (5.2)

the net effect of V(t) is that the incoming wave function is now a coherent super-
position

∑
n Pne

ikx−iEt/~−iωnt of plane waves at different energy. As different energy

78



get transmitted into different channels, we arrive at the following time dependent
transmission amplitude for an incoming energy E,

dba(tE) =
∑

n

Pndba(E + n~ω)e−iEt/~−iωnt (5.3)

where dba(t, E) is the Fourier transform with respect to E ′ of dba(E
′, E) which is

itself the inelastic amplitude to be transmitted from energy E, lead a toward energy
E ′, lead b. The generalization of the Landauer formula of time dependent currents
provides the time dependent current Ib(t) as

Ib(t) =
e

~

∫
dE

2π
[|dba(t, E)|2 − |dba(E)|2] fa(E) (5.4)

where fa(E) is the Fermi function of the lead a subjected to the time dependant
voltage. The second term in the previous equation subtracts the current sent from
the lead a in the absence of time-dependent voltage which is a convenient way to
ensure the overall current conservation. Focusing on the DC (rectification) current

Īb = 2π
∫ 2π/ω

0
dt Ib(t) we arrive at,

Īb(t) =
e

~

∑

n

|Pn|2
∫

DE |dba(E)|2[fa(E + n~ω)− fa(E)] (5.5)

equation 5.5 is very general and relates the rectification properties of an arbitrary
mesoscopic system to its scattering matrix dba(E), a well known DC object. In
particular, it can be easily evaluated numerically for a large class of microscopic
models using readily available numerical packages (in our case the Kwant package)
for arbitrary periodic pulses.

However in order to simulate realistic systems, one needs first to calculate ac-
curately the electrostatics of this model, which is where our algorithm comes into
play.

Realistic model of the MZI and self consistent calculations

Geometry

The model is defined solely by the position of the top gates that are deposited on
the surface of the GaAs heterostructure. It consists of a central region (defined
by two lateral gates and a central tunneling gate) which smoothly evolves into two
disconnected wires on the left and on the right of the central region. A top view
of the layout of the gates is shown in Fig. 5.7. A cut at x = 0 (left panel) and
x > 10µm (right panel) is shown in the upper panel of Fig. 5.8.

The dimensions of the device (with a central region 13.8µm long and 0.92µm
large) are fully compatible with standard e-beam lithography techniques. The dif-
ferent gates are grouped into three categories: the three interior gates (green) are
set to the same potential Vt, the two outer gates of the central region are set to
Vm and the four outer gates of the electrodes are set to Vl. The transition region
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between the central region and the lead (x ∈ [−9.2,−6.9] and x ∈ [6.9, 9.2] µm ) is
defined by an interpolation described later in this section.

Figure 5.7: Top view of the gates of the realistic model. Two regions can be identi-
fied: the leads on the left and right, and the central region. Each region is supposed
to be infinite. For the current calculations, interpolation is performed between the
regions (dashed lines). Fig 5 from reference [5]

Figure 5.8: Side view of the simulation system, in the center region (left) and in the
lead (right). The bottoms show the self consistent potential with a zoom around
the Fermi level V = 0V as inset. Fig 6 from reference [5]

80



Self-consistent model

In order to calculate the electrostatic potential seen by the two-dimensional electron
gas, we work in the effective mass (m∗ = 0.067me, me: bare electron mass) approx-
imation for the Schrödinger equation which is solved self-consistently with Poisson
equation. The Hamiltonian of the two dimensional electron gas,

H =
P 2
x + P 2

y

2m∗
− eV (x, y, z = 0), (5.6)

is discretized on a square grid with lattice constant a = 3nm (approximately
2×106 ≈ 300× 6000 sites). The Schrödinger equation

HΨαE = EΨαE (5.7)

is solved using the Kwant package [2]. The electrodes are taken to be semi-infinite
so that the spectrum is actually continuous and the eigenfunctions labeled by an
energy E and a mode index α. The density of electrons n(x, y) is given by the
integral over energy of the local density of states,

n(x, y) =
∑

α

∫
dE

2π
|ΨαE(x, y)|2f(E) (5.8)

where f(E) = 1/(eE/kBT + 1) is the Fermi function at temperature T (and we have
set the Fermi energy EF = 0 as our reference energy point). The Poisson equation
away from the electron gas reads

∆V (x, y, z) = 0 (5.9)

while close to the gas the discontinuity of the electric field is set by n(x, y):

∂zV (x, y, 0+)− ∂zV (x, y, 0−) = −e
ǫ
[n(x, y) + nd] (5.10)

where the dopant density nd sets the actual density of the gas and ǫ ≈ 12ǫ0 is the
dielectric constant. The Poisson equation is solved using the FEniCS package [88].
(These calculation were performed before we developed our own Poisson solver. To
obtain a mixed solver as needed for our algorithm, we calculate the capacitance
matrix of the system as the inverse of the Greens function of the Poisson equation).

In order to solve the set of self-consistent equations (5.7, 5.8, 5.9, 5.10), we
perform one approximation which considerably lowers the computational effort while
retaining good accuracy. In a first step, we solve the self-consistent problem deep in
the lead region where the system is invariant by translation along x (hence effectively
maps onto a 2D problem for the Poisson equation and 1D for the quantum problem).
We obtain V (|x| ≫ 10, y, 0) ≡ VA(y). Secondly, we solve the problem deep inside the
central region, assuming that the potential is not affected by the leads (hence also
invariant by translation along x). We obtain V (|x| ≪ 10, y, 0) ≡ VB(y). An example

81



of the obtained self-consistent potentials VB(y) (left) and VA(y) (right) is shown in
Fig. 5.8 for Vt = −0.43V, Vm = −0.495V and Vl = −0.45V. In the last step, we
describe the potential in the transition regions (x ∈ [−9.2,−6.9] and x ∈ [6.9, 9.2] )
by performing an interpolation between VA(y) and VB(y). The density of the gas is
∼ 3.2× 1011 cm−2 which corresponds to a Fermi wave length λF ≈ 45 nm.

Spectroscopy of the Flying qubit

We do not discuss here the result of the spectroscopy as it was done by the author
of the article (complete discussion in [5]). We just show here some of the result
that were obtained by using the self-consistent potential into the Kwant solver to
calculate the scattering matrix of the system. From this scattering matrix, the
rectification current Ī and its derivative can be obtained. A color map of this
derivative is shown in Fig. 5.9 first for a simple analytical case and for the realistic
geometry. (Time dependant calculations where also performed in the article which
matched with static theory). One observes oscillations of the rectified current with
the tunnel voltage or of the frequency of the sinusoidal drive. The period of these
oscillations corresponds to the time of flight τ of the flying qubit. One period can
be identified in the plot of the realistic system (bottom of Fig. 5.9) corresponding to
the slowest channel with τ = 220 ps. Another much smaller period can be identified
in the inset, corresponding to τ = 19 ps. It is possible to obtain the same type
of curve from experimental measurement, and thus caracterize the MZI in view of
creating a flying qubit.

Conclusion

In this section we have seen that the correct treatment of the electrostatics is the
link that allows one to directly connect the microscopic model with the effective
model used in quantum transport theories. In this particular example, we linked
directly the experimental parameters (gate voltages) to the high frequency transport
calculations. In the next chapters, we will use this same link on a quantity that is
experimentally measured: the propagation velocity of plasmon excitations.
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Figure 5.9: Rectified current derivative ∂Ī/∂V0 as a function of the frequency of the
drive ω/2π and the voltage in the tunnel gate V0. The inset is a zoom on the lower
left part. The oscillation pattern allows to extract the time of flight difference τ .
The top panel shows analytical calculations on a simplified model for comparison
(see reference [5]). Rectified current Fig 2 Vs 10 from reference [5]
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6
Time of flight experiment

One important step toward the experimental realization of a flying qubit is to un-
derstand how a flying qubit propagates. More precisely in our case, how fast the
collective excitation created by a short tension pulse propagates inside a quasi one-
dimensional wire. This chapter summarizes the findings of the article [6] where they
measured experimentally the velocity of a surface plasmon inside a narrow channel.
These observed velocities were also calculated analytically in the two next chapter.
We will show a good agreement between the calculated velocities and experimental
ones.

6.1 Description of the experiment

In this experiment, the objective is to measure the velocity of a surface plasmon
propagating in wire. In order to access it, they measured the time that it takes for
a pulse to travel a known distance (time of flight). To do so, they use quantum
point contacts (QPCs) as dynamical switches. In a nutshell: if the switch is closed
when a pulse arrives, it is blocked and no current is measured at the end of the wire.
Conversely if the switch is opened for the pulse, a current is measured. By playing
with the delay between the injection of a pulse and the closing of the switch, they
can extract a time of flight.

The sample

The sample in this experiment is once again based on a GaAs/AlGaAs wafer pro-
ducing a high mobility 2DEG at the interface. A schema of the experiment is shown
in Fig. 6.1. Two ohmic contacts at the extremities allow to inject and receive voltage
pulses. Two long side gates with adjustable voltages VSG allow to create a quasi-one
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dimensional wire with adjustable width (the width depends on the gate voltage).
Along the wire, 3 measurement QPC (QPC1, QPC2 &QPC3) used as fast switch,
situated at 15, 30, 70 µm of the left ohmic contact allow to perform the time of
flight measurement. Another QPC, QPC0 at 6µm of the ohmic contact can be used
for mode selection. An arbitrary wave generator allows to send short pulses (∼ 70
ps) simultaneously in the injection ohmic contact and in the measurement QPC
(QPC1, QPC2 &QPC3) with an adjustable delay.

Figure 6.1: Schematic of the time of flight measurement experiment (surface view).
Short pulses are injected on a left ohmic contact, then propagate along a wire created
by two site gates. Along the wire are quantum point contacts allowing for the
velocity measurements. Finally the pulse is received at right ohmic contact. From
Roussely2018

The time resolved method

Surface plasmons in a wire are fast, typically of the order of 105 m.s−1. Since typical
experiment have a size of around 100µm, the propagation time will be of the order
100 ps. Hence, the pulse needs to be extremely short (l100 ps or 0.01 THz) not
to cover the entire experiment. Direct time resolved measument is possible up to
the Ghz frequencies. At the scale corresponding to this experiment (almost THz),
one needs to use indirect measures. The strategy of reference [6] for the precise
measurement of the velocity is the following. A voltage pulse is produced at the left
ohmic contact (left cross in Fig. 6.1) at time t = 0. At this moment tuned bellow
the pinch off regime (closed QPC) by applying a constant negative voltage VDC . If
nothing is done, the pulse will bounce back as it reaches the QPC and no differential
conductance will be measured. After a time t, a short pulse (∼ 70 ps) VAC is sent
the QPC. As a result, the QPC is opened for a short amount of time ≪ 70 ps (see
Fig. 6.2). If the time t coincides with the time of flight of the pulse between the
ohmic contact and the QPC, a fraction of the pulse we pass throught the QPC,
otherwise it will be totally reflected. By sweeping the delay between the emission
at the ohmic contact and the emission of the VAC pulse, one can reconstruct the
shape of the pulse at the QPC (see Fig6.3 for a plot of the normalized amplitude of
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Figure 6.2: Operating the QPC fast switch for pulse reconstruction. (a) the QPC
is tuned bellow the pinch off with VDC . A fast pulse VAC is applied, that opens
shortly the QPC allowing current to flow through. top: conductance of the QPC
as a function of the gate voltage, bottom: shape of the fast pulse sent to the QPC
(time Vs magnitude). (b) varying the delay between the pulse in the ohmic contact
and the VAC short pulse, on can reconstruct the shape of the pulse at the QPC.
(from [6])

the pulse as a function of time). By plotting the time corresponding to a maximum
of amplitude for all three QPCs, as a function of the distance between the ohmic
contact and the QPCs, one can extract the velocity of the plasmons.

6.2 Results : measurement of the renormalized

velocities

As explained above, the propagation velocity of the charged collective mode can
be extracted from the experiment. They are found to be dependent on the gate
voltage (Fig. 6.4 (a)). These velocity are shown as a function for the side gate
voltage VSG and compared with numerical simulations (see blue curve of Fig. 6.4
(b)). We found a very good agreement between experiment and the parameter-free
simulations. Compared to the theoretical Fermi velocity (see the chapters 7 and 8)
presented in black dashed lines, they appear to be around 5 time larger. One also
sees that these velocities decrease with a decreasing voltage (increasing magnitude
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Figure 6.3: Pulse reconstruction at the 3 QPC. The time of flight is measured as the
delay between the pulse send to the ohmic contact and the pulse sent to the QPCs.
Knowing the distances between the ohmic contact and the QPCs, the velocity can
be extracted. (from reference [6])

of the negative voltage), which corresponds to a decrease of the number of open
channels in the wire.

Figure 6.4: (a) Reconstruction of the pulses in time for different gate voltages.
(b) Plasmon velocities as a function of the gate confinement. The circles are the
experimental measurements with their error bars, the solid lines are the results from
our parameter free theory calculations. In blue the QPC0 is opened, in red and
green the QPC0 is respectively at the first and second plateau. The dashed black
lines shows the Fermi velocity calculated from the simulations. (from reference [6])
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In order to investigate the effect of mode selection on the plasmon velocity, a QPC
(QPC0) has been placed just after (6 nm) the left ohmic contact. The characteristic
curve of QPC0 is shown in Fig. 6.5 (a). By sitting in the first (second) conductance
plateau one can select to inject only the first (two first) modes in term of kinetic
energy. This changes the velocity and is shown in the red (green) experimental points
in Fig. 6.4 (b) with once again a good agreement with the theory. The more modes
are included, the highest the velocity is. Moreover, when the modes are selected,
the velocity is more or less independent of the gate voltage. Measure have also been
made at fixed VSG = −1V, continuously changing the QPC0 voltage (c), once again
with a good agreement with theory. They corroborate the previous observation that
the velocity increases with increasing gate voltage (less confinement, so fewer modes
can pass).

Figure 6.5: Mode selection at QPC0. By changing the voltage applied to QPC0 one
can select the number of modes (a), as the low energy modes can not pass through
the potential barrier (c). The reconstructed pulse for one, two and all modes are
shown in (b). In (d), the velocity as a function of the QPC0 voltage is shown at
fixed gate voltage VSG = −1V, experimental measures are the gray circles and the
results of our parameter free simulations are in blue squares. (from reference [6])

conclusion

We have seen in this chapter that the group of C. Bauerle were able to measure the
velocity at which a tension pulse propagates as a function of the gate induced latteral
confinement. As we showed, we could also predict accurately these velocities. In
the next two chapters, we will explain how these predictions were made
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7
Theory of plasmon propagation

In this chapter, we describe a simple microscopic theory for the collective excitations
of an electron gas. The electrons are described by a collisionless Boltzmann equation
subject to an electric field that is self-consistently generated by the electrons them-
selves. Despite its simplicity, this semi-classical theory captures the salient features
of many differnet regimes. In two dimension, we recover the standard theory for
surface plasmons. In one dimension, we recover the correct expression for the dis-
persion relation of the Luttinger liquid, its intrinsic conductance and the phenomena
of spin charge separation. In quasi-one dimension, we obtain a multi-channel theory
that describes the crossover between the above two limits. An important aspect of
our semi-classical theory is that it is expressed in term of microscopic (not effective)
parameters, and is therefore amenable to ab-initio numerical calculations that can
be directly compared to experiments.

7.1 Formulation of the Self-consistent

Boltzmann-Poisson problem

Let us introduce the semi-classical probability distribution f(~x,~k, t) for an electron

to be at position ~x and momentum ~k at time t. We consider ballistic samples, so that
f(x, k, t) satisfies a collisionless Boltzmann (Liouville) equation, which expresses the
conservation of the probability to find an electron at position x and k plan:

∂f

∂t
= −~v~k.~∇~xf − e

~

~E(~x, t).~∇~kf (7.1)
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where the group velocity ~v~k ≡ (1/~)~∇~kE(
~k) arises from the non-interacting

dispersion relation of the electrons and ~E is the electric field in the sample. The
electronic density (per spin) is given by

n(~x) =

∫
ddk

(2π)d
f(~x,~k, t) (7.2)

The set of equations is made non trivial by the Poisson equation that self-
consistently links the electric field to the electronic density, hence making the prob-
lem non-linear: ~E = ~∇V where the electric potential verifies,

∆V =
se

ǫ
n(~x, t). (7.3)

where s = 2 is the spin degeneracy. Note that while we will concentrate on
1 ≤ d ≤ 2 for the electronic degrees of freedom, the Poisson equation should always
be understood as a 3D problem.

To study plasmon propagation, we will focus on situations where the system
is initially described by a Fermi distribution and the plasmons induces a small
perturbation:

f(~x,~k, t) = f0[E(~k)] + f1(~x,~k, t) (7.4)

where f0(E) = 1/[e(E−EF )/kT + 1] (EF : Fermi energy) and f1(~x,~k, t) ≪ f0 van-
ishes in equilibrium. Likewise, the electronic density n(~x, t) = n0(~x) + n1(~x, t)
decomposes into an equilibrium n0(~x) and out-of equilibrium n1(~x, t) part.

Equations (7.1),(7.2),(7.3) and (7.4) form the self-consistent Boltzmann-Poisson
problem

7.2 Application to plasmons in one and two

dimensions

Our first example is a 2D electron gas in the ~x = (x, y) plane (z = 0). We suppose
that two infinite metallic gates are present in the z = ±d plane and screens the
charged electronic excitations. We seek solutions of the form

f1(~x,~k, t) = f1(~k)e
i~q.~x−iωt

n1(~x, t) = n1e
i~q.~x−iωt (7.5)

It should be stressed that ~k and ~q refer to totally different concepts. ~k is the
usual momentum of the electrons wave functions whereas ~q is the momentum of the
plasmon (the momentum of the oscillating probability of presence of electrons).
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Electrostatic problem

Supposing that there is no static charge in the system, the electric potential takes
the form

V (~x, t) = V1e
i~q.~x−iωtu(z). (7.6)

Poisson equation imposes −q2u(z)+u′′(z) = 0 which implies u(z) = ∓ sinh(qz∓
qd)/ sinh(qd) where ± refers to the upper (z > 0) and lower (z < 0) half space.
The boundary condition at z = 0 reads V1[u

′(z = 0+) − u′(z = 0−) = sen1/ǫ so
that we arrive at V1 = −(sen1) tanh(qd)/(2ǫq). The electric field in the z = 0 plane
eventually reads,

~E1 = −i~q
q

sen1

2ǫ
tanh(qd) (7.7)

If the two metallic gates are situated at two different distances d1 and d2, one sim-
ply substitutes 2/ tanh(qd) by 1/ tanh(qd1) + 1/ tanh(qd2) in the above expressions
as well as in all that follows.

In 3D,

~E1 = −i ~q
q2
sen1

ǫ
(7.8)

Capacitive limit sen1 = CV1. With C = ǫ/d for a planar capacitor.

~E1 = −i~q sen1

C
(7.9)

Which can also be obtained directly from the long wave length limit of Eq.(7.7).

Boltzman problem.

Using the ansatz Eq.(7.5) and linearizing the Boltzmann equation to first order in
f1, we arrive at the explicit form

f1(~k) = i
e ~E1.~v~k
ω − ~v~k.~q

(
−∂f0
∂E

)
(7.10)

At zero temperature, which we assume from now on −∂f0/∂E is simply a Dirac

function and one can perform the integral over ~k. Noting θ the angle between ~q (or
~E) and ~k, we get for an isotropic band dispersion in two dimensions:

n1 = i
eE1kF
~(2π)2

∫ 2π

0

dθ cos θ

ω − vF q cos θ

= i
eE1kF
~4πvF q

(
1√

1− (vF q/ω)2
− 1

)
(7.11)
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And in one dimension:

n1 = i
eE
~2π

2vF q

ω2 − (vF q)2
(7.12)

Self-consistent problem in two dimensions

Putting together the Boltzmann condition in 2d (equation 7.11) and the Poisson
condition for one gate (equation 7.7), we arrive at the self-consistent condition,

se2kF
4πǫ~vF q

tanh(qd)

(
1√

1− (vF q/ω)2
− 1

)
= 1 (7.13)

Introducing the fine structure constant αF = e2/(4πǫ~vF ) and the plasmon velocity
vP = ω/q, one arrives at

vP
vF

=
ξ + 1√
2ξ + 1

(7.14)

where we introduced ξ

ξ = sαFkF
tanh(qd)

q
(7.15)

When screening is possible (d is small) this expression has two limited values. At
large wave length qd≪ 1 we find ξ = sαFkFd and the plasmon velocity is enhanced
with respect to the Fermi velocity. At short wave length qd≫ 1 ξ → 0 and vP → vF .
Except for qd ∼ 1 the dispersion relation is well represented by a linear dispersion
relation ω = vP q. Another interesting limit is when d → ∞. This corresponds to
the absence of metallic gate, which is relevant for bulk 2D experiment. In that case,
in the long wave length limit, ξ → ∞ and the plasmon velocity diverges. Therefore,
in order to get reasonable velocities, one needs to confine the system in order to
create a quasi one-dimensional system.

7.3 Application to quasi-one dimensional

plasmons

We now seek to extend our previous findings to the case of quasi-one dimensional
plasmons, which is the relevant case for the experiment of C. Bauerle’s group (chap-
ter 6). To do so we explicitly break the translational invariance along y by confining
the 2D system in the y direction, perpendicular to the plasmon propagation x. This
open independent modes in the y direction that we label by α.
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self-consistent calculations

The non equilibrium density can be separated between longitudinal (x) and trans-
verse (y) directions:

n1(x, y) =
∑

α

|ψα(y)|2n1
α(x) (7.16)

where ψα(x) is the wave function in the of the 1D problem in the y direction and
n1
α(x) =

∫
dk
2π

f 1
α(x, k). We obtain a list of the independent Boltzmann problems

similar to the previous section and get a solution for all modes

n1
α = i

eEα
~2π

2vαq

ω2 − (vFα q)
2

(7.17)

where vα is the Fermi velocity of the mode α. In presence of an electrostatic
gate and in the long wave length limit (qd ≫ 1) the density is fully screened on a
scale 1/q. This translated into the fact that the capacitance was independent of q
(see 7.2.1). In the same limit we can write the following equation as a definition of
a Green’s function of the Poisson equation:

V1(y) =

∫
dy G(y, y′) s n1(y) (7.18)

where the Green’s function G(y, y′) is independent of q. Finally we arrive at an
expression for the average electric field felt by a mode α:

Eα = s
∑

β

Gαβ n
1
β (7.19)

where we defined the integrated Green matrix

Gαβ ≡
∫

dydy′ |ψα(y)|2G(y, y′)|ψβ(y
′)|2 (7.20)

The self consistency is found by injecting Eα into equation 7.17. After some
algebra this gives

ω2

q2
n1
α =

∑

β

(
v2αδαβ +

se

2π~
vαGαβ

)
n1
β (7.21)

where δαβ is the Kronecker symbol. The plasmon velocities ω/q are then given
by getting the eigenvalue of the matrix in the right hand side. By introducing ñα

such that nα = ñα
√
vα, we recover a similar equation as the equation Eq. (11) of

Matveev and Glazman [66].
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Infinite range interaction limit

To get an intuitive understanding of this equation let us look at the limit where
se/(2π~)Gαβ = g, ∀α, β with g the interaction strength. This corresponds to an
interaction with an infinite range, that is, where each electrons interact with all
electrons in the same way. Dropping the exponent for the densities for readability,
equation 7.21 reads:

v2pnα =
∑

β

(
v2αδαβ + gvαX

T
β

)
nβ (7.22)

where vp = ω/q is the plasmon velocity, XT = (1, . . . , 1) is the constant diagonal
vector. By introducing the eigenvector P and a = XTP =

∑
α Pα and replacing

into Eq. 7.22 we arrive at the following equation for the eigenvector P

Pα =
gavα
v2p − v2α

(7.23)

Summing on all α we finally obtain:

∑

α

vα
v2p − v2α

=
1

g
(7.24)

This equation can be solved graphically. Lets define F (v) =
∑

α vα/(v
2 − v2α).

As shown in fig. 7.1, F is a piecewise continuous function on intervals ] − ∞, v0],
[vα, vα+1] and [vN ,∞[ that diverges as vp reaches vα. The equation F (v) = 1/g has
one solution on each closed interval which is therefor bounded. For example on the
interval α: vplvαlvα+1. The solution on the last semi-open interval is not bounded.
This means that one eigenvalue of the problem can be much bigger (and in practice
is) than the other, that are very close to the non interacting velocities vα. The large
one is the plasmon velocity.
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8
Numerical calculation of plasmons velocity

We summarize here the method and result of the simulation of the plasmon velocity
(from the supplementary material of [6].)

8.1 Self consistent calculations

Figure 8.1: Illustration of the sample geometry used for the self-consistent calcula-
tions. The quasi one-dimensional quantum wire is defined by two long electrostatic
gates at potential VSG and considered as infinite in the x direction. The colored
images, one at the beginning of the wire and another at the end, are cross sections
of the electron density profile along the y-axis as a function fo te gate voltage. From
reference [6]
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A sketch of the system used in our simulations is shown in Fig. 8.1. We consider
a 3D system with translational invariance along the x direction and with the 2D
electron gas situated at z = 0. The two top gates, situated at z = 140 nm are
used for defining the quasi-one dimensional wire, but also provide screening to the
electron gas.

Our starting point is a many-body Hamiltonian that describes our 2D electron
gas,

H = − ~
2

2m∗

∑

σ

∫
d2~r c†~rσ∆c~rσ +

∑

σ

∫
d2~r U(~r)c†~rσc~rσ

+
∑

σσ′

∫
d2~rd2~r′c†~rσc~rσG(~r, ~r

′)c†~r′σ′c~r′σ′

(8.1)

where the fermionic operator c†~rσ (c~rσ) creates (destroys) an electron at position
~r = (x, y) and with spin σ, m∗ is the effective mass, ∆ the 2D Laplacian operator,
U(~r) an electrostatic potential and G(~r, ~r′) the electron-electron interaction. In free
space, G(~r, ~r′) is simply given by the bare Coulomb repulsion G(~r, ~r′) = e2

4πǫ|~r−~r′|
.

However, here, the presence of the electrostatic gates provides some screening, and
G(~r, ~r′) is the solution of the 3D Poisson equation (restricted to the 2D gas),

∆3DG(r̂, r̂
′) = −e

2

ǫ
δ(r̂ − r̂′) (8.2)

with the boundary condition G(r̂, r̂′) = 0 when the 3D vector r̂ = (x, y, z) coincides
with the position of a gate. e > 0 is the electron charge and ǫ the dielectric constant.

Self-consistent electrostatic-quantum problem

The first step in our calculation is a mean field (self-consistent Hartree) treatment
of Eq.(8.1), in which we aim at solving together the following equations,

∆3DU(r̂) = −eρ(r̂)
ǫ

+
eρ0(r̂)

ǫ
(8.3a)

−~
2

2m⋆
∆Ψ(~r)− eU(~r)Ψ(~r) = EΨ(~r) (8.3b)

ρ(~r) =
∑

E

f(E)|Ψ(E,~r)|2 (8.3c)

where U(~r) is the restriction of U(r̂) to the 2D plane of the electron gas, ρ(r̂) =
ρ(~r)δ(z), Ψ the electronic wave function, f the Fermi function and the continuum
sum in Eq.(8.3c) spans over all the eigenstates of the Schrödinger equation (8.3b).
The density ρ0 accounts for the layer of dopants present above the 2D gas; we use
U(r̂) = VSG in the top gate and Von Neumann boundary conditions otherwise.
We have explicitly verified that the finite width of the 2D gas along z does not
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play a role in these calculations. Translational invariance along x implies that the
Poisson equation can be solved in the 2D (y,z) plane while the wave-function is a
plane wave, which can be separated into a transverse and a longitudinal component
Ψ(E,~r) = eikα(E)xψα(y). Performing an explicit integration along the longitudinal
direction at zero temperature, we arrive at,

∆U(y, z) = −eρ(y)
ǫ

δ(z) +
eρ0(y, z)

ǫ
(8.4a)

− ~
2

2m⋆

∂2

∂y2
ψα(y)− eU(y, 0)ψα(y) = Eαψα(y) (8.4b)

ρ(y) =
2

π

√
2m⋆

~2

∑

α

|ψα(y)|2
√
EF − Eα (8.4c)

where we have introduced the Fermi energy EF. The factor 2 accounts for spin
degeneracy. The Poisson equation for the potential U(y, z) is solved on the (y, z)
plane by using finite elements in a rectangular box with Von Neumann boundary
conditions on the sides and fixed Dirichlet boundary conditions for the side-gate
voltage VSG. The size of the box has been chosen such that the results are free
from finite size effects. An example of calculation of the Green’s function G(y, y′) ≡
G(y, z = 0; y′, z′ = 0) is shown in Fig. 8.2 for illustration.

Figure 8.2: The Green’s function G(y, y′) of the Poisson equation calculated with
the finite element method. The two thin regions in the diagonal of the figure at
y, y′ = ±0.5 coincide with the positions underneath the electrostatic gate. In the
inset, the black dashed line represents a horizontal cut G(y, y′ = 0) while the solid
yellow line is the diagonal part of the matrix G(y, y).

The Schrödinger equation is discretized using a simple finite difference scheme and
solved using the Kwant package [2]. Solving the sequence of equations (8.4a), (8.4b)
and (8.4c) for an input density ρ results to a new density ρout.
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Figure 8.3: Colormap: density as a function of the transverse direction of the wire
y (µm) and external gate voltage VSG (V). The vertical black dashed lines show the
positions of the two top gates.

The self consistency is reached when ρ = ρout (see Fig. 8.4 for an example of
convergence of our iterative procedure). The self-consistent solutions are obtained
using a Newton-Raphson scheme [22]. Note that this Newton-Raphson technique was

used in the early stage of this thesis and proved cumbersome to make it converged,

especially at low temperature. This convergence difficulties were one the motivation

to develop our adiabatic approach. With the new method, these calculations would be

easier to perform and orders of magnitude faster. We use the following parameters:
effective mass m⋆ = 0.067me, dielectric constant ǫ = 12ǫ0 and a fixed dopant density
of nd = 3.16 ·1011 cm−2. Note that this density is higher than the bulk 2D density of
the gas. We have checked that our results are in fact independent of this value since
the actual electronic density is controlled by VSG. However, using a lower dopant
density prevents us from exploring the high density regime (VSG > −1V ) where the
quasi-1D wire is not defined anymore.

Figure 8.3 shows a color map of the electronic density as a function of the trans-
verse direction of the wire y and VSG. The critical values of the gate voltage where
the wire forms (VSG ∼ −0.8V , the gas is depleted beneath the gates) and the pinch-
off (VSG ∼ −1.8V , full depletion) can be clearly identified.

8.2 velocity calculations

To proceed, we follow Matveev and Glazman [66] (see also a simpler construction
[89]) and construct the bosonized theory for the plasmon excitations of the quasi-
1D wire. Bosonization theory predicts that the plasmons have a linear dispersion
relation ω = vP q, where ω is the plasmon energy, vP the plasmon velocity and q the
plasmon wave vector. The values of vP are obtained from an eigenvalue problem
described below.

In the presence of N propagating channels, we introduce the N × N diagonal
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Figure 8.4: Convergence of the self-consistent algorithm for three different gate
voltages (solid blue: -0.5 V, dashed red: -1.0 V and dash-dotted green: -1.5 V). At
each iteration n we calculate from an input density ρn a new density ρn+1. Solving
sequentially equation (8.4) we obtain ρout from which we can calculate the distance
to the convergence and express it in terms of the dopant density nd = 3.16·1011 cm−2.
The inset is the converged density for the 3 gate voltages in the same units.

velocity matrix Ṽ
Ṽαβ = δαβvα (8.5)

where vα is the non-interacting velocity of mode α. We also introduce the interaction
matrix G̃ defined as,

G̃αβ =
√
vαvβ

∫
dydy′ |ψα(y)|2G(y, y′)|ψβ(y

′)|2 (8.6)

Figure 8.5 and 8.6a show examples of the different components of Ṽ and G̃ for
different values of the gate voltage. Once these objects have been defined, the
plasmon velocities vP can be obtained in a straightforward manner by diagonalizing
the following matrix, (

Ṽ 2 +
2

h
G̃

)
ñ = v2P ñ (8.7)

where ñ is a N-sized vector. Typically Eq.(8.7) has one large eigenvalue and N − 1
small ones due to the low effective rank of the G̃ matrix (see Fig. 8.5). The plasmon
velocity vP is the chief outcome of this calculation and is shown in Fig. 8.6b.
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Figure 8.5: a, Density and wave functions for four different channel gate voltages
(−1.88, −1.82, −1.73 and −1.64 V). In each plot the black dashed curve represents
the self-consistent density ρ in cm−2 (left y axis). Each colored line sketches the
shape of the wave function (in arbitrary units) of one open mode ψα, centered
around its kinetic energy EF −Eα (right y axis). b, Green function matrix G̃ from
which we calculate the renormalized velocities, Eq. (8.7).
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Figure 8.6: a, Non-interacting velocities vα for the open modes as a function of
gate voltage VSG. The four gate voltages (−1.88, −1.82, −1.73 and −1.64 V) are
marked with black vertical lines and the velocities of the corresponding open modes
are marked with circles. b, Renormalized velocities calculated from Eq. 8.7 for
each gate voltage VSG. One velocity, indicated by the solid blue line, is considerably
higher than the others. This fast collective mode, propagating with velocity vP,
corresponds to the plasmon mode shown in Fig. 6.5 (b)
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Figure 8.7: (a) reconstruction of the pulses in time for different gate voltages. (b)
Plasmon velocities as a function of the gate confinement. The circles are the exper-
imental measurements with their error bars, the solid lines are the results from our
parameter free theory calculations. In blue the QPC0 is opened, in red and green
the QPC0 is respectively at the first and second plateau. The dashed black lines
shows the Fermi velocity calculated from the simulations.
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9
Conclusion

The main result of this thesis was the development of a new algorithm to solve the
self-consistent quantum-electrostatic problem. This made an important step in the
direction of precision modeling for quantum nanoelectronics. This algorithm uses
a new physics based approach: one starts by creating a simplified problem that
can be solved exactly then one iteratively modifies the problem until convergence
is reached. This approach allows to sequentially resolve the different energy scales,
starting from the eV to the meV and beyond. Moreover and perhaps the most
important point, since a problem is solved exactly at each iteration step, this method
is intrinsically convergent, even when the density of state is a highly non-linear
function of the energy. This gives our method essential qualities for an efficient
simulation algorithm: it is general, precise and robust.

Using a prototyped implementation of the algorithm, we studied the integer
quantum hall effect in a quasi one-dimensional wire. On top of it being a very
hard test case for the convergence of the algorithm, this yields interesting physical
results. After reproducing the Thomas-Fermi calculations of Chklovskii, Shklovskii
and Glazman’s (CSG) seminal paper [8], we produced - to our knowledge - the
first fully self-consistent calculations of a quasi one-dimensional wire in the integer
quantum Hall effect regime. Thanks to the robustness of our algorithm we were
able to easily modify the parameters (gate voltage, magnetic field, temperature) and
study their influence. We where able to resolve the apparent contradiction between
the limits of zero and high magnetic field. On the one hand, at zero magnetic field,
well defined Landauer-Büttiker (LB) like propagating channels are expected. On
the other hand, deep in the quantum Hall effect regime, the density is characterized
by alternating compressible and incompressible stripes and the current is carried
by edge states. We found an hybrid phase that has both well defined LB-like edge
states but also whose bulk density of state is pinned to the Fermi energy like in the
CSG prediction.
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The other novelty of this thesis was the calculation of the renormalized velocity of
surface plasmons in 2DEG wires. We developed a technique that allows us to connect
the Luttinger liquids to the microscopic problem, the later being obtained from the
self-consistent calculations. We simulated the experimental setup of the measures
by the group of C. Bäurle in Grenoble [6]. Using our technique, we calculated the
plasmon velocities as a function of the confining gate potential. Very good agreement
was found with the experimental results, without any adjustable parameter.

Future Perspectives

There is a strong need in the mesoscopic physics community for simple and efficient
software solutions for solving the quantum-electrostatics problem. We believe that
the new algorithm presented in this thesis could represent a great improvement in
this respect.

In term of software development, the next step will be to make our code available
to the community. We already implemented a mixed Poisson solver (including a
simple geometry engine) as well as prototypes for the integration of the density of
state and the self consistent solver. Making the transfer between these early stage
implementations and a full autonomous library would greatly increase the impact
of this work. It would mean going from a code that can only be used by trained
specialists in quantum-electrostatics to a simple tool usable by all theorists that
want to - for example - test an experiment proposal.

Finding relevant physical case for the application of this algorithm is not difficult.
To pursue the work done in this thesis, it could be interesting to calculate the
renormalized velocity of the edge magneto-plasmons in the quantum hall regime
using an extension of our Boltzmann theory. Experiments are currently being done
in this respect and comparison with the simulation should be possible. Another
interesting case could be to study other material. Indeed the work in this thesis was
limited to GaAs/AlGaAs 2DEG but one could do the same simulations in graphene
or topological materials instead.

As we have proven to able to connect the microscopic world to the experimental
observables, the next step is to systematically study an experimental system: a
quantum point contact. The group of C. Bauerle is currently fabricating a hundred
samples, with varying geometry. They will all be measured and systematically
compared to predictions made with our algorithm. Once all the predictions match
the experiment, we will have identified the relevant simulation parameters. We will
then be able to use the simulation to optimize the design of any QPC. This would
provide an interesting first real life example of precise modeling and benefit directly
the experimentalist community.
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Part III

Appendix
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of the system can thus be written as blocks

H =




. . . . . . . . .

V † H V
V † H V

. . . . . . . . .


 (A.1)

Let us recall that we want to calculate the derivative of the density at position
i on the x-axis with respect to the potential Uj:

∂ni

∂Uj

= − 1

π

∫
dE Im

(
∂gii
∂Vj

)
f(E) (A.2)

where (E−H)g = I. It is important to stress that the Green’s function g here is the
Green’s function of the infinite quasi one-dimensional quantum system (or lead), let
us call it glead. In a more explicit form, the local Green’s function reads gleadij;ij, where
the i index spans the finite x-direction and the j index spans the y-direction. Since
our system is supposed invariant along the y-direction, all j points are equivalents
and one can choose j = 0. However, the change of potential that we want to impose
on our system to calculate its derivative is on all sites of the y-direction (see Fig. A.1
(a)). As a consequence, we need to look at the Bloch picture.

A.1 Bloch picture and Dyson equation

The lead Green’s function can be expressed as a function of the Green’s function of
the Bloch Hamiltonian g1dii (k) (which is defined on the x axis only):

gleadi0,i0 =

∫ π

−π

dk g1dii (k) (A.3)

This (retarded) Green’s function has the following expression

g1d(k) = lim
η→0

(E −H(k) + iη) (A.4)

whereH is the Bloch HamiltonianH(k) = (H+V †eik+V e−ik). The cell Hamiltonian
H can be separated into its free particle part H0 and its potential part U and we
can explicitly write H(U) = H0 + U , and for the green’s function g1Dii (U). We can
calculate the new Green’s function under a change of potential ǫ at site j through a
Dyson equation:

g1Dii (U + ǫj) = g1Dii (U) + ǫjg
1D
ij (U)g1Dji (U) (A.5)
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where we supposed that there is only one degree of freedom per site, i.e. g1Dij (U) is
a scalar (otherwise one needs to take the trace of the matrix product). This allows
to calculate the derivative (dropping the U dependency for readability):

∂g1Dii (ǫj)

∂Uj

≡ lim
ǫj→0

g1Dii (ǫj)− g1Dii
ǫj

= g1Dij g
1D
ji (A.6)

In order to perform the integral over k, one introduces a rectangular complex
contour Γ (see Fig. A.1 (b)). Let us explicit the four intervals of this contour. The
integral over Γ1 spans the real axis between −π and π. It corresponds to the integral
that we want to calculate:

∂gleadi0,i0(ǫj)

∂Uj

=

∫ π

−π

dk

2π
g1Dij (k)g1Dji (k) (A.7)

One can see that the integral over Γ2 and Γ4 respectively spanning [π, π + iR] and
[−π + iR,−π] compensate each other because of the 2π periodicity of the Green’s
function. The final segment Γ3 spans [π+iR,−π+iR]. In the case where the matrix
V is invertible, the integral vanishes as R goes to ∞ due to the complex exponentials
in the Bloch Hamiltonian. If V is not invertible, the calculation is more complicated
and will be treated in the next section. We call this last integral I3 so that the
derivative of the lead Green’s function can be written:

∂gleadi0,i0

∂Uj

= −I3 +
2iπ

2π

∑

p∈Γ

Res
(
g1Dij g

1D
ji (k)

)∣∣
k=p

(A.8)

where the sum runs over all the poles p of the integrand inside the Γ contour. The
two following sections will be dedicated to the calculation of the I3 integral and
the calculation of the residues. As we already mentioned, this calculation is done
in great details in reference [90], where they calculate the integral of one Green’s
function. Our problem is very similar the only difference being that we need to
integrate the product of two Green’s function. For practicality and readability, in
following sections we drop the explicit g1D notations and just use g instead.

A.2 Calculation of the residues

In order to calculate the residues, we aim to calculate the Laurent series of the
Green’s functions around its poles: g(δk) = g(−1) 1

δk
+ g(0) + o(δk). The residues are

the terms of order −1 of the Laurent expansion of the integrand:

Res (gijgji(k))|k=p = g
(−1)
ij g

(0)
ji + g

(0)
ij g

(−1)
ji (A.9)

We introduce P the projector to Ker(E −H(p)) and its complementary Q ≡ I−P .
We also introduce the two first derivatives of the Hamiltonian: H1(k) ≡ ∂kH(k) and
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H2(k) ≡ ∂2kH(k). Projecting the Laurent series on the kernel and image subspaces
leads to the definition of ḡ0 and ḡ0

g(−1) ≡ P ḡ0 P ḡ1 +Qḡ0 (A.10)

After some algebra, one can prove the following expressions for each pole p, from
which the residues can be calculated

ḡ0 = ((E −H(p))−H1(p)P )
−1 (A.11)

ḡ1 = ḡ0 (H1(p)Q+H2(p)P ) ḡ0 (A.12)

A.3 Calculation of the upper integral of the

contour

Let us recall the definition of I3 with an explicit form for the green’s function:

I3 = lim
R→∞

∫ −π+iR

π+iR

dk

2π
(E −H(k))−1

ij (E −H(k))−1
ji (A.13)

As we mentioned, this integral vanishes if V is full rank. If V is not full rank, we
introduce P ′ and Q′ respectively projector on the kernel and on the image of V . It
can be proven that

lim
k→i∞

1

E −H(k)
= P ′ 1

(E −H)P ′ + V
(A.14)

where H is the cell Hamiltonian and should not be confused with the Bloch Hamil-
tonian H(k). From here, it is straightforward to solve I3:

I3 =

(
P ′ 1

(E −H)P ′ + V

)

ij

(
P ′ 1

(E −H)P ′ + V

)

ji

(A.15)
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B
On the ionization of dopants

Lets explicit our clame about the dopants in 2.1. We suppose a simple model for the
dopants. On each site the dopants can be either ionized or not ionized depending
on the local potential, and ionized dopant density follows:

nion(E) =
nd

1 + ge
E∆−E

kBT

(B.1)

where nion(E) is the energy dependent number of ionized dopant, E is the energy,
nd is the constant dopant density, g the degeneracy of the dopant ionized level, E∆

the activation energy of the dopants, kB the Boltzmann constant and T the temper-
ature. The bulk Poisson equation reads nion = n0+(C/e)U and the electrochemical
potential is externally fixed by Vg and Vg = U + E/e.

Solving the bulk self-consistent problem is finding the intersection between the
Poisson equation and the dopant density equation (see Fig.B.1). At low temperature,
the dopant distribution is as step function and there are three classes of solutions.
Either no dopants are ionized, nion = 0 and the self-consistent potential U > E∆/e−
Vg. Or all the dopants are ionized, nion = nd and U < E∆/e− Vg. Or some dopants
are ionized, 0 < nion < nd and the self-consistent potential is fixed at the activation
energy. The case nion = 0 is equivalent to the case where there are no dopant at
all and is not interesting. If not all dopants are ionized, it means that the potential
is pined to the activation energy, so there is a range of gate voltage for which the
dopant screen perfectly the gate. The dopants then behave as an effective gate. If
this situation was found experimentally, no field effect due to the gate would be
detected since the effective gate will entirely screen the real gate. As field effect is
observed experimentally, one concludes that this is not the relevant situation. The
only remaining solution is that the ionized density of dopant is constant and doesn’t
screen the gate, which is more compatible with the experiments. This justifies our
choice of taking a constant dopant density nd and consider that all the dopants
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C
Integrating the LDOS

A critical point in our algorithm is the integrated local density of state ILDOS.
Indeed it is the only place where the quantum system appears in the solver. It is
thus of particular importance to be able to determine it in the most precise way
possible. It is also often the most time consuming computation to be done. We
exclude here the case where an approximated analytical ILDOS can be calculated
(Thomas Fermi approximation, wave function factorization) and focus on the cases
where the local density of state needs to be numerically integrated. We recall

ρi(µ) =
∑

α

∫
dE ρα(E, i) f(E, µ) (C.1)

where ρα(E, i) = |ψα(E, i)|2 is the local density of state of the mode α at site i
energy E. We first introduce the concept of numerical integration and then present
some algorithms that we use to calculate ILDOS.

C.1 Generalities on interpolation

Direct integration and interpolation

Calculating numerically the integral of a function is in itself a whole branch of
numerical computation, so this short introduction doesn’t pretend to be general nor
exhaustive, but rather, expose the tools that we need to explain our techniques.
Suppose that one wants to calculate the following integral of a general function f
between two real numbers a and b

I =

∫ b

a

f(x) dx (C.2)
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To simplify, a and b are supposed to be finite. In the infinite case, one would
usually use a change of variable to map the infinite interval to a finite one.

Gaussian quadratures

The usual way to compute such an integral is to use a Gaussian quadrature rule
(GQR), that is to express this integral as a weighted sum of the value of the function
evaluated at certain points called nodes:

I0 =

∫ 1

−1

f(x) dx ≈
n∑

i=0

wif(xi) (C.3)

where wi are the weights and −1 ≤ xi ≤ 1 the nodes. The integration interval
has been changed for reasons that will become clear later, but one can get back to
the original [a, b] interval through a change of variable xi → (b− a)/2xi + (a+ b)/2
and by multiplying by the relative width of the interval (b − a)/2. By definition a
GQR with n nodes is exact for the integration of a polynomial of degree 2n − 1.
The well known rectangle, trapezoidal and Simpson rule are respectively GQR with
1 node (xi = 0, wi = 2), 2 nodes ({xi} = {−1, 1}, {wi} = {1, 1}), and 3 nodes
{xi} = {−1, 0, 1}, {wi} = {1/3, 4/3, 1/3}, and can integrate exactly polynomial
functions of order 1, 2 and 3. For more complicated function to integrate, more
advanced GQR are used. One can see here that the advantage of defining the
weight and nodes on [−1, 1] is that the weight and nodes are independent of the
function to integrate and the interval, so they can be known in advance.

The integration error is evaluated by comparing the integration with two different
GQR. If the error is not satisfactory, one can obviously cut the integration interval
into two and integrate separately the two new intervals, and iterate this loop until
convergence. It is also possible to change the number of nodes of the GQR instead
of cutting the interval. These methods that adapt the number of nodes and/or cut
the interval are called adaptive methods.

The nodes are chosen in order to optimize the interpolation on the interval [−1, 1].
The idea being to prevent missing oscillations of the integrand, it is unadvised to
use regularly spaced points, and one would rather have more density of points at
the exterior of the interval. The method that we used works with the zeros of a
Tchebyschev polynomial defined bellow

xNk = cos

(
π
k + 1

N + 1

)
(C.4)

where N is the number of nodes and k counts the nodes 0 ≤ k ≤ N − 1. An
other advantage is that the nodes at order N are included in the nodes at order
2N + 1, which makes refining the number of points more efficient, since N points
don’t need to be recalculated.
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Interpolation and Legendre quadratures

One remaining question after introducing the GQR is how are the weights calcu-
lated? One solution is to consider an interpolation on a basis of functions φj of a
the function to integrate. Lets suppose that f can be approximated by a weighted
sum of n functions φj and weights aj, and that the interpolation is exact on n points
xi where the function is known f(xi) ≡ yi

f(x) ≈
n∑

j

ajφj(x), f(xi) ≡ yi =
n∑

j

ajφj(xi) (C.5)

The φj(xi) are matrix elements of a Vandermonde like matrix Φ ([Φ]ji = φj(xi)),
that can be inverted. By replacing f by its decomposition and identifying the points
xi to the nodes of a GQR we get for the integral of f

∫ 1

−1

f(x) dx ≈
∑

i

wif(xi)

≈
∑

i

(
∑

j

[Φ−1]ij

∫ 1

−1

φj(x) dx

)
f(xi)

from which one gets an implicit definition of the weights wi.
In the particular case of Legendre polynomials (LP) for the interpolation ba-

sis, this can be simplified a lot. Lets first recall few properties of the LP. LP are
orthogonal polynomial functions defined by recurrence

Pn(x) =
1

2n

n∑

k=0

(
n

k

)2

(x− 1)n−k(x+ 1)k, (C.6)

∫ 1

−1

Pm(x)Pn(x)dx =
2

2n+ 1
δnm (C.7)

from this properties, one easily gets that P0 = 1 and that the integral in the
definition can be simplified

∫ 1

−1
dxPj(x) = 2δj0. Finaly the weights are simply

wi = 2
[
P−1

]
i0

(C.8)

where P is the Vandermonde like matrix of LP ([P ]ji = Pj(xi)). If the nodes are
known in advance, this matrix and its inverse can be pre-calculated to decrease the
computation time.

Let us go back to the initial problem of calculating ILDOS (ρ(µ) =
∫ Emax

E0
ρ(E)f(E−

µ)dE), i.e. the whole primitive of the LDOS. In order to get good performances, we
want to pre-calculate this functions, which means we need to construct an interpo-
lation of it, which means evaluate this function on a number of chosen points. Since
we have to calculate at least one integral of the LDOS, we can use the points where
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the function is evaluated to compute the integral. Indeed, for each subintervals,
these points are supposed to be sufficient to compute the integral. Thus by calcu-
lating the integral for one interval [E0, Emax] and keeping the information on the
coefficients aj on all subintervals, one gets the integral on all possible interval [a, b]
(E0 ≤ a ≤ b ≤ Emax). As a summary, we use an integration routine on one interval
(the largest), to get the integral on any subintervals, with an optimized choice of
point of interpolation.

C.2 Integration in the k space

The previous method for integration (and interpolation) is sufficient when the func-
tion to integrate (the LDOS) is smooth enough. With a smart integrator, such as
the one we used ( [91]), and with a smart choice for the integration interval, one
can even calculate integrable divergences. However, it fails spectacularly when the
LDOS exhibits (quasi-) Dirac peaks as it is the case in the QHE regime. These
peaks are so thin that even adaptive methods can not detect it. We present here
our solution for integrating these kind of density of state. Please note that we only
implemented them for quantum system with translation invariance (leads), with
defined modes ψα(E) and dispersion relation Eα(k). In some cases they can be
generalized to system with scattering regions and leads but this is beyond the scope
of this thesis.

The idea here is to rotate the integration from E to k using the dispersion relation
for the change of variable. Indeed the previously discussed divergences occur at the
opening of a mode (see Fig. C.1). There is no such band opening if we look at each
band individually as a function k, i.e. the bands are smooth for −π ≤ k ≤ π.

We can rewrite equation C.1:

Ki(µ) =
∑

α

∫ π

−π

dk
dE

dk
ρα(Eα(k), i) fT(Eα(k), µ) (C.9)

Using the fact that |ψαk(i)|2 = dE
dk
ρα(Eα(k), i) is the wave function normalized

by velocity, (as directly outputted by Kwant)

Ki(µ) =
∑

α

∫ π

−π

dk |ψαk(i)|2 fT(Eα(k), µ) (C.10)

Since the wave functions are calculated via Kwant, what remains is the integra-
tion over k

Simple integration

The idea behind this method is to realize that the chemical potential µ only appears
in the Fermi function. In principle, this means that one should be able to get as

120





Figure C.2: Preparing the list of energy points. We first generate regularly space
points in k (red). Then we calculate the corresponding energies E for each modes
(blue and orange). By construction there are more points around the band openings

• For each k in ki calculate the wave function and energies. The wave functions
{ψn

k} and energies {ǫnk} of each modes n are calculated by Kwant.

• Then simply sum for each k the square of the wave function times the Fermi
function for all energies in {Eµ} and keep its value in a table

Intµ =
∑

ki

∑

n

wi

π

(
f(ǫni − Eµ)× |ψn

i |2
)

(C.11)

where the spatial dependency of the wave function is hidden.

• Finally construct an interpolant in energy at each point in space

In practice we do vectorial calculations: for each k we compute the table fµ,n =
f(ǫn − Eµ) and do the matrix vector product f · |ψk|2.

The problem of this method is that we need to give the k in advance an can not
use adaptive integration (keeping all the information needed would take too much
memory).
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Integration of interpolated function

The other idea is to interpolate the wave functions and dispersion relations and
exactly integrate their interpolations. We still need to choose the {ki} and {Eµ}.
We can then construct on each subinterval the wave function and eigenenergie in-
terpolations on power of k

|ψn(k)|2 =
∑

i

αn
i (k)

i, ǫn(k) =
∑

j

βn
j (k)

j (C.12)

By replacing these into the integral C.10 we obtain on each subinterval

Int[µ, :] =
∑

i

∑

n

αn
i

∫ π

−π

dE (k)i f

(
∑

j

βn
j (k)

j − Eµ

)
(C.13)

Using fast polynomial evaluation (horner method) this was the method giving
the best result. One problem that has been voluntarily left out is the fact that
one needs to be able to follow a band in [−π, π]. This is not at all trivial when
band crossing occur. To do so we used a tool for the band analysis developed by a
post-doc in the lab that allows to do it.
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D
More details on the IQHE

This appendix is made a supplementary informations to the chapter 4. The goal
here is double. First, it can serve as a crash course on the integer quantum Hall
effect without self-consistency as we start by establishing the relations used in the
thesis. Second, we also explicit more precisely the construction of compressible and
incompressible stripes from the article by Chklovskii, Shklovskii and Glazman [8].

D.1 Landau levels

We start by establishing the solution of the Schrödinger equation for a free particle
in a 2D plane, under a perpendicular magnetic field, i.e. the Landau levels.

Particle in a constant magnetic field

Let us consider a particle of mass m, restricted to a 2d space and with wave function
ψ(x, y). Its equation of motion is governed by the following HamiltonianH = P2/2m
where P is the 2d momentum operator. This particle is plunged into a constant
magnetic field in the z direction B = Bẑ, perpendicular to its plan of motion. The
corresponding vector potential is A such that B = ∇×A. The effect of this potential
can be incorporated into the previous Hamiltonian through minimal coupling:

H =
(P− eA)2

2m
(D.1)

For practicality we choose to express the vector potential in the Landau gauge:
A = xBŷ. The Hamiltonian can be rewritten:

H =
P 2
x

2m
+

(Py − exBŷ)2

2m
(D.2)
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where the momentum operator has been separated into its components Px and
Py. This form is explicitly invariant along y which motivates to develop the solution
on plane waves ψ(x, y) = φ(x)eiky. Using the explicit form of the momentum oper-
ator Py = −i~∇y, one obtains an effective 1D Hamiltonian, which can expressed as
an harmonic oscillator:

Hk =
P 2
x

2m
+

(~k − eA)2

2m

=
P 2
x

2m
+
m

2

(
eB

m

)2(
x− ~

eB
k

)

=
P 2
x

2m
+
m

2
ωc

(
x− kl2B

)

where ωc = (eB)/m is the cyclotron frequency and lB =
√

~/(eB) is the magnetic
length. This is an harmonic oscillator of frequency ωc and with center displaced by
kl2B. Its spectrum and eigenvectors are well known to be:

En = ~ωc

(
n+

1

2

)
(D.3)

φ(x) ∝ H(x− kl2B) e
−

(x−kl2
B

)2

2l2
B (D.4)

(D.5)

This spectrum is constituted of flat bands called Landau levels (LLs), indepen-
dent of k, separated by ~ωc. The corresponding wave functions are made of an
hermitian polynomial times a gaussian centered on x0 = kl2B and width lB. This
introduces a formal mapping between position x and momentum k which give in-
teresting properties to the LLs. We remark that the invariance along the direction
x has been hidden by the choice of the gauge.

The LLs are highly degenerated. Let us consider a box of size Lx × Ly. The
confinement in x: 0 ≤ x ≤ Lx implies a confinement in k: 0 ≤ |k| ≤ Lx/l

2
B. The

total number of particle in the box is then N = Ly

∫ Lx/l2B
0

dk
2π

which gives for the
density of a LL:

nLL =
N

LxLy

=
1

2πl2B
=
B

ϕ0

(D.6)

where φ0 = h/e is the flux quantum.

Effect of a small confinement

We suppose now a confinement V (x), varying slowly compared to lB along x. At
first order, the wave functions are not modified and the change in the energies can
be calculated from perturbation theory: δEn =

∫
dx 〈ψn|V (x) |ψn〉. For a potential
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Figure D.2: Schema of a hall bar with 1 pair of chiral edge states. The potential Va
are the potential in the leads La, the Iab is the current in the cable between lead La

and lead Lb

and so on for all pairs of leads. In order to perform a measure, we impose that the
input current in lead 1 is the same as the current in lead 4: I1 = I = −I4 and that
the current is 0 in the other leads I1 = I2 = I4 = I5 = 0. This imposes a constant
potential in the upper and lower branch V2 = V3 = V4, V5 = V6 = V1. From these
definition one can calculate the hall resistance RH = (V2 − V6)/I = (V3 − V5)/I and
the longitudinal resistance RL = (V3 − V2)/I = (V5 − V6)/I. One finds

RH =
h

e2
1

Nch

RL = 0 (D.8)

The hall resistance is quantized and depends of the inverse of Nche
2/h, with Nch

an integer corresponding to the number of open channel (crossing of EF in Fig. D.1
(b)). This is in perfect agreement with the experimental observations shown in D.3.
At B corresponding to a channel opening, the LL is exactly at the Fermi energy,
conduction can happen in the bulk through percolation of cyclotron orbits, which
can explain the jumps observed in RL).

D.2 Construction of compressible and

incompressible stripes

The problem arrising from this definition of the LLs has already been discussed in
chapter 4 and is clearly visible in Fig. D.1 (c) (namely, the density in the bulk is
proportional to the field, which is not possible in reallity). In this part, we just aim
to explicit the construction of the compressible stripes. This construction can be
separated in 3 stages (Fig. D.4).
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Figure D.3: Experimental observation of the quantized hall resistivity. from Prac-
tice and theory. NobelPrize.org. Nobel Media AB 2019. Wed. 10 Apr 2019.
https://www.nobelprize.org/prizes/physics/1998/9580-practice-and-theory/

(a) Since the density should not be modified by the magnetic field, we start with
a density at B=0. This density has a particular value in the bulk n0, corresponding
to a non-integer number of LL: n0 ∼ 2.3nLL = 2.3B/φ0. This means that in the
bulk, two LLs should be fully opened (blue and orange in the figure) and the third
one should sit exactly at the Fermi energy since it is not entirely filled (green). Going
away from the bulk, the density should cross the n(x) = 2nLL and n(x) = nLL, which
corresponds to the closing of a LL (vertical dashed lines). Between these closing,
the density varies so the LLs should be pinned to the Fermi energy.

(b) One then connects the flat parts of the LL with each other, level by level
(blue, orange and green separatly).

(c) Finally one corrects the density: where there is no LL in at the Fermi energy
(no available states), the density can not vary (light blue vertical spans). This
creates plateaux. After connecting smoothly between these plateaux to the density
at B=0, one obtains the final picture: Where the density varies, the LL are pinned
to the Fermi energy (compressible stripes); and where the LL leave the Fermi energy,
the density plateaus (incompressible stripes).

D.3 Estimation of the width of an

incompressible plateau
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We just ad here a schema to explicit the calculation of the width of an incompressible
plateau presented in equation D.9 of the section 4.5. The situation is presented in
Fig. D.5. In order to prevent back and forth between here and section 4.5, let us
just rewritte the derivation.

The positions xν of the center of the incompressible stripes can be estimated
from the electronic density calculated at zero field n(x,B = 0) with very good
approximation n(xν , B = 0) = νeB/h (ν = 1, 2, . . . ). The width δxν of these
plateaus can also be estimated using a simple energetic argument. The creation of
the incompressible stripe involves the creation of the small electric dipole of charge
δqν with respect to the B = 0 density. On one hand, we have δqν ≈ e∂xn(xν , B =
0)δxν . On the other hand, electrostatic imposes δqν ≈ c(ǫ/δxν)(~ωc/e) where c(ǫ/d)
is the effective capacitance of the problem and (~ωc/e) is the kinetic energy gained
by creating the stripe, which compensates the corresponding electric energy (ωc =
eB/m⋆ is the cyclotron frequency). We arrive at [8],

δxν ≈
√

cǫ~B

em∗∂xn(xν , B = 0)
(D.9)

Figure D.5: Analytical estimation of the width of an incompressible plateau. (a)
zoom on a density plateau. A dipole is created compared to the density at B=0
(thin dashed line) between an excess of negative charges comming from the first LL
(blue) and a default of negative charges from the first LL. (b) Equivalent planar
capacitor. Two plates with a potential difference V = ~ωc/e are separated by a
distance d = δxν , creating a charge difference eδqν .
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