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séjour au CIRM n’auraient pas été si agréables. Je garderai de très bons souvenirs de ces
nombreuses heures de boulot et de discussions. Une pensée également à Tao (TNT !) ren-
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Elena, Gabriel, Mario, Matthieu et Robert ! Merci également à Mathilde pour les nom-
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Résumé

Dans cette thèse, nous nous intéressons à la modélisation et l’analyse mathématique de
certains problèmes liés aux écoulements en suspension.

Le premier chapitre concerne la justification du modèle de type transport-Stokes pour
la sédimentation de particules sphériques dans un fluide de Stokes où l’inertie des particules
est négligée et leur rotation est prise en compte. Ce travail est une extension des résultats
antérieurs pour un ensemble plus général de configurations de particules.

Le deuxième chapitre concerne la sédimentation d’une distribution d’amas de paires de
particules dans un fluide de Stokes. Le modèle dérivé est une équation de transport-Stokes
décrivant l’évolution de la position et l’orientation des amas. Nous nous intéressons par la
suite au cas où l’orientation des amas est initialement corrélée aux positions. Un résultat
d’existence locale et d’unicité pour le modèle dérivé est présenté.

Dans le troisième chapitre, nous nous intéressons à la dérivation d’un modèle de type
fluide-cinétique pour l’évolution d’un aérosol dans les voies respiratoires. Ce modèle prend
en compte la variation du rayon des particules et leur température due à l’échange d’humi-
dité entre l’aérosol et l’air ambiant. Les équations décrivant le mouvement de l’aérosol est
une équation de type Vlasov-Navier Stokes couplée avec des équations d’advection diffusion
pour l’évolution de la température et la vapeur d’eau dans l’air ambiant.

Le dernier chapitre traite de l’analyse mathématique de l’équation de transport-Stokes
dérivée au premier chapitre. Nous présentons un résultat d’existence et d’unicité globale
pour des densités initiales de type L1 X L8 ayant un moment d’ordre un fini. Nous nous
intéressons ensuite à des densités initiales de type fonction caractéristique d’une gouttelette
et montrons un résultat d’existence locale et d’unicité d’une paramétrisation régulière de
la surface de la gouttelette. Enfin nous présentons des simulations numériques montrant
l’aspect instable de la gouttelette.

Mots clés : écoulements de fluides multiphasiques, écoulements en suspension, écoulement
de Stokes, sédimentation, équations de (Navier) Stokes, équations de type Vlasov, équations
de transport, système d’interaction de particules, méthode de réflexions, théorie de champ
moyen, homogéneisation, existence locale et unicité.



Abstract

This thesis is devoted to the modelling and mathematical analysis of some aspects of
suspension flows.

The first chapter concerns the justification of the transport-Stokes equation describing
the sedimentation of spherical rigid particles in a Stokes flow where particles rotation is
taken into account and inertia is neglected. This work is an extension of former results for
a more general set of particles configurations.

The second chapter is dedicated to the sedimentation of clusters of particle pairs in
a Stokes flow. The derived model is a transport-Stokes equation describing the time evo-
lution of the position and orientation of the cluster. We also investigate the case where
the orientation of the cluster is initially correlated to its position. A local existence and
uniqueness result for the limit model is provided.

In the third chapter, we propose a coupled fluid-kinetic model taking into account
the radius growth of aerosol particles due to humidity in the respiratory system. We aim
to numerically investigate the impact of hygroscopic effects on the particle behaviour.
The air flow is described by the incompressible Navier-Stokes equations, and the aerosol
by a Vlasov-type equation involving the air humidity and temperature, both quantities
satisfying a convection-diffusion equation with a source term.

The last chapter is dedicated to the analysis of the transport-Stokes equation derived
in the first chapter. First we present a global existence and uniqueness result for L1 X L8

initial densities with finite first moment. Secondly, we consider the case where the initial
data is the characteristic function of a droplet. We present a local existence and unique-
ness result for a regular parametrization of the droplet surface. Finally, we provide some
numerical computations that show the regularity breakup of the droplet.

Keywords : multiphase fluid flows, suspension flows, Stokes flows, sedimentation, (Na-
vier) Stokes equations, Vlasov-like equations, transport equations, system of interacting
particles, method of reflections, mean field limit, homogenization, local existence and uni-
queness.
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Introduction

Le travail effectué durant cette thèse traite de la modélisation et l’analyse mathématique
de certains aspects des écoulements diphasiques contenant une phase dispersée 1. Pour ce
genre d’écoulements, il s’agit de prendre en compte d’une part l’interaction entre le fluide et
les particules constituant la phase dispersée et d’autre part les interactions entre particules.
La prévalence d’un effet par rapport à l’autre détermine les caractéristiques principales
de l’écoulement. Ainsi, les particules sont en suspension dans le fluide si les interactions
fluide/particule sont prévalentes, tandis que l’écoulement est granulaire si les interactions
particule/particule sont dominantes.

Dans cette thèse, nous nous concentrons sur les écoulements en suspensions et plus
précisément sur les effets micro-hydrodynamiques 2. La capacité de prédire le comportement
d’un grand nombre de micro-particules en suspension dans un fluide constitue un défi
crucial qui intervient dans plusieurs processus industriels et naturels. On cite par exemple
le transport de sédiments en géomorphologie, génie civil et génie de l’environnement, le
problème de séparation des minéraux en génie minier ou le principe de fluidisation en génie
chimique. Ce problème est aussi rencontré en biologie pour la modélisation du déplacement
de micro-organismes (micro-nageurs) à bas nombre de Reynolds où les aspects micro-
hydrodynamiques sont importants [6, 4, 5, 48, 46, 49]. Une autre application est l’étude
du mouvement des aérosols dans les voies respiratoires [61, 17, 9, 40, 7, 63, 16]. Enfin nous
citons également la modélisation de certains fluides biologiques tels que le sang qui peut
être vu comme une suspension de globules rouges, de globules blancs et de plaquettes dans
le plasma en négligeant les phénomènes de déformation pour une première approximation
[47, 26].

Dans cette thèse, nous considérons le cas d’un écoulement à bas nombre de Reynolds
et négligeons l’inertie des particules. Il s’agit d’étudier les forces de frottements exercées
par le fluide sur les micro-particules. À l’échelle microscopique, il est possible de décrire
la phase dispersée en calculant les trajectoires de chaque particule à travers les lois de
Newton. Cependant cette description peut s’avérer couteuse numériquement. Une autre
approche serait de négliger le caractère discret de la phase dispersée et de la considérer
comme une phase continue. La principale difficulté est alors de représenter les termes de
friction à l’échelle macroscopique ou mesoscopique en effectuant une moyennisation. Dans

1. Phase occupant une région non connexe du milieu.
2. L’étude du mouvement de micro-particules en suspension dans un fluide visqueux. Le terme a été

introduit par S. Kim et S. J. Karrila dans [44].
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ce cas, plusieurs paramètres décrivant la configuration de la suspension rentrent en jeu
: la taille des particules, leur nombre, leur géométrie, la fraction volumique de la phase
dispersée et la distance minimale entre les particules. La formation d’amas de particules
est aussi un phénomène à prendre en compte.

Dans la Section 0.1, nous commençons par rappeler les principales équations modélisant
la suspension de particules dans un fluide de Stokes à l’échelle microscopique. Un résumé de
l’état de l’art est réalisé dans la Section 0.2. Enfin dans la dernière Section, nous décrivons
les principaux résultats obtenus dans cette thèse.

0.1 Principales équations en micro-hydrodynamique

On considère N P N� particules sphériques rigides notées Bi centrées en xi et de rayon
R ¡ 0. On suppose que le fluide est Newtonien et incompressible. On note u sa vitesse et
p la pression associée. Ces quantités satisfont les équations de Navier-Stokes#

%f rBtu� pu �∇qus � divpσpu, pqq ,
divpuq � 0 ,

sur R3z
N¤
i�1

Bi,

où %f est la densité du fluide et σ désigne le tenseur des contraintes qui s’écrit dans le cas
Newtonien:

σpu, pq � 2µDpuq � p I � µ
�
∇u�∇Ju

�� p I,

où µ est la viscosité dynamique du fluide. On complète en considérant des conditions de
non glissement #

u � Vi � Ωi � px� xiq, sur BBi,
lim
|x|Ñ8

|upxq| � 0,

où, pour tout 1 ¤ i ¤ N , Vi P R3 est la vitesse linéaire décrivant la translation de la
particule, Ωi P R3 est la vitesse angulaire décrivant la rotation de la particule.
On note θi l’orientation de la ième particule. Remarquons que comme les particules sont
supposées sphériques, leur mouvement est indépendant de l’orientation. En appliquant les
lois de Newton on obtient

9xi � Vi , 9θi � Ωi,

mi
9Vi �

»
BBi

σpu, pqndσ � 4

3
πR3p%p � %f qg , Ji 9Ωi �

»
BBi
px� xiq � rσpu, pqnsdσ ,

où %p est la densité de la particule, g l’accélération de la pesanteur, n le vecteur normal
unitaire orienté vers l’extérieur de la particule. La masse mi et le moment d’inertie Ji de
la ième particule sont définis par:

mi � 4

3
πR3%p, Ji � 4

5
πR5%p .

2



Les quantités notées

Fi :�
»
BBi

σpu, pqndσ, Ti :�
»
BBi
px� xiq � rσpu, pqnsdσ,

représentent respectivement la force de trâınée et le couple appliqués par le fluide sur la
particule. Une définition et quelques importantes notions associées sont présentées dans la
section 0.1.2.

0.1.1 Adimensionnement

On considère L le diamètre du nuage des particules, V la vitesse moyenne de l’écoule-
ment et T � L{V le temps caractéristique du mouvement. On introduit le changement de
variable suivant:

ũ � u

V
, p̃ � L

µV
p, x̃ � x

L
, t̃ � t

T
.

R̃ � R

L
, X̃i � Xi

L
, Ṽi � Vi

V
, Ω̃i � TΩi.

en gardant la même notation que précédemment on trouve

∆u�∇p � Re pBtu� u �∇uq ,
où Re est le nombre de Reynolds

Re � %fLV

µ
.

Comme nous nous plaçons dans le cas où l’écoulement est tel que Re � %fLU

µ
! 1, on peut

négliger les effets inertiels du fluide. De même, afin de simplifier l’étude, nous négligeons
l’inertie des particules.

Remark 0.1.1. Dans [38], l’auteur montre en particulier que le nombre de Reynolds est
négligeable pour des petites fractions volumiques de la suspension. D’autre part, une jus-
tification de l’écoulement de Stokes au voisinage d’une micro-particule est présentée dans
[30, Chapitre 1 Section 2].

En partant de ce modèle sans inertie et en considérant une seule particule ayant une
vitesse Vp, la formule de Stokes pour la force de trâınée F

F � 6πRVp, (1)

permet d’expliciter la vitesse de chute d’une seule particule sphérique sous l’effet de la
gravité qu’on note κg

κg � 2

9
R2p%p � %f qg. (2)

Comme on le verra par la suite, les hypothèses sur la configuration des particules qu’on
considère impliquent que la vitesse de chaque particule est comparable à κg. Ceci montre

3



que l’ordre de grandeur de la vitesse moyenne V est de l’ordre de |κg|. D’autre part,
en suivant le modèle décrit dans [24], on supposera que le rayon des particules R est
proportionnel à N�1 de manière à ce que l’accumulation des N forces de trâınée définies
par la formule (1) soit d’ordre un.
Finalement, pour N fixé, on désigne par puN , pNq la vitesse et pression du fluide satisfaisant
l’équation de Stokes suivante#

�∆uN �∇pN � 0 ,
divpuNq � 0 ,

sur R3z
N¤
i�1

Bi. (3)

#
uN � Vi � Ωi � px� xiq, sur BBi,

lim
|x|Ñ8

|uNpxq| � 0, (4)

les centres pxiq1i¤i¤N vérifient les lois de Newton$&
%

9xi � Vi ,
0 � Fi � 4

3
πR3p%p � %f q g ,

0 � Ti.
(5)

Pour N fixé, les équations (3), (4), (5) admettent une unique solution puN , pNq associée à
d’uniques vitesses pVi,Ωiq1¤i¤N . En effet, il est montré dans [54] que l’application linéaire�

Fi
Ti



1¤i¤N

ÞÑ
�

Vi
Ωi



1¤i¤N

,

est bijective. Cette application est appelée matrice de résistance de Stokes et prend une part
importante dans la modélisation. Dans ce qui suit, nous rappelons les principales définitions
et notions associées à la matrice de résistance et son inverse la matrice de mobilité.

0.1.2 Rappel/définition de la matrice de résistance et mobilité

Dans cette section on considère un fluide ayant une vitesse u et une pression p, on note
B une particule de forme quelconque centrée en a P R3.
Les principales forces qui sont appliquées par le fluide sur la particule sont la force de
trâınée F et les deux composantes du moment d’ordre un M qui sont le couple T et la
tension S.
La force de trâınée est définie par

F �
»
BB
σpu, pqndσ , (6)

où n est le vecteur normal unitaire sortant de BB. Le moment d’ordre un est défini comme
suit

M �
»
BB
px� aq b rσpu, pqns dσ . (7)
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La matrice M se décompose en une partie antisymétrique correspondant au couple T et
une partie symétrique correspondant à la tension S. Comme la partie antisymétrique d’une
matrice peut être identifiée à un unique vecteur, le couple T P R3 peut aussi être défini
comme le vecteur suivant

T �
»
BB
px� aq � rσpu, pqns dσ . (8)

Par linéarité de l’équation de Stokes et donc du tenseur σ, on peut montrer que l’application�
�FT
S

�

 ÞÑ

�
�UΩ
E

�

,

est linéaire. Cette application peut être écrite sous forme d’une matrice par blocs�
�FT
S

�

� �6π

�
�RFU RFΩ RFE

RTU RTΩ RTE

RSU RSΩ RSE

�


�
�UΩ
E

�

� �6πR

�
�UΩ
E

�

. (9)

R est appelée la matrice de résistance, voir [30, Section 3.5]. On définit également son
inverse appelée matrice de mobilité M � R�1 qui satisfait des propriétés similaires à R.
Il est important de noter que RFU , RFΩ, RTU et RTΩ sont des matrices 3 � 3 tandis que
RFE, RTE, RSU et RSΩ sont des tenseurs d’ordre trois et RSE est un tenseur d’ordre
quatre. La matrice de résistance est proportionnelle à la viscosité du fluide et vérifie cer-
taines symétries selon la géométrie de la particule. De plus, en utilisant des arguments de
scaling standards, on peut montrer que la matrice RFU dépend linéairement de la taille
de la particule B, les tenseurs

�
RTΩ,RTE,RSΩ,RSE

�
dépendent de manière cubique de la

taille de la particule tandis que
�
RFΩ,RTU ,RSU ,RFE

�
sont proportionnels au carré de la

taille de la particule.

Des formules explicites pour la matrice de résistance ont étés étudiées pour certaines
géométries particulières du solide. La première formule est due à Stokes pour la relation en-
tre la force de trâınée F et la vitesse de translation U dans le cas d’une particule sphérique.
Cette formule est connue sous le nom de la loi de Stokes. Toujours dans le cas d’une sphère,
en 1922, Faxèn étend la formule en calculant les termes additionnels correspondant à la
vitesse de perturbation causée par d’autres sphères de la suspension. Cette formule est
appelée la première loi de Faxèn. La seconde loi de Faxèn représente la relation entre le
couple T et la vitesse angulaire Ω. Enfin, la troisième loi de Faxèn mettant en évidence
la relation entre la vitesse de déformation E et la tension S est calculée par Batchelor et
Green dans [12]. Plus précisément, dans le cas d’une particule à forme sphérique ayant un
rayon R, la matrice de résistance est diagonale par bloc et on a

F � 6πµRU , T � 4πµR3Ω , S � 20

3
πµR3E.
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Toujours dans le cas sphérique, Jeffrey et Onishi [42] ont étudié la matrice de résistance et
de mobilité associées à une paire de particules. En particulier, ils fournissent des expressions
analytiques des matrices en fonction de la distance entre les deux centres et le quotient
des rayons des deux particules. En 1971, Brenner et O’neill [18] ont calculé les formules
explicites pour le cas d’une particule ellipsöıdale.

0.2 État de l’art

Dans cette thèse, on s’intérèsse à la dérivation mathématique du modèle mésoscopique
partant du modèle microscopique. Il s’agit d’étudier le comportement asymptotique des
équations (3), (4), (5) lorsque le nombre de particules N tend vers l’infini et le rayon R
tend vers zéro. Le but est de mettre en évidence la dépendance du modèle limite par rap-
port à certaines caractéristiques des particules (distance minimale entre les particules et
présence d’amas). Une analyse du modèle limite obtenu est aussi effectuée.

Nous présentons dans cette section un aperçu des principales contributions liées à la dy-
namique des suspensions. Nous citons premierement les ouvrages [32, 10, 44, 30] regroupant
plusieurs aspects théoriques de l’hydrodynamique et des écoulements en suspension. Les
différentes questions concernant la modélisation microscopique/mésoscopique de particules
en mouvement dans un fluide visqueux ont généré une littérature très riche.

Lorsque l’on cherche à extraire le modèle mésoscopique partant du modèle micro-
scopique, une première étape est de considérer uniquement l’équation de Stokes statique
(10)-(11) et d’étudier le comportement asymptotique du couple puN , pNq lorsque le nombre
de particules N tend vers l’infini et le diamètre des particules tend vers zéro. Ce processus
de moyennisation est appelé homogénéisation et a été introduit par A. Bensoussan, J. L.
Lions et G. Papanicolaou dans [13]. Une liste non-exhaustive des ouvrages traitant de ce
sujet est [2, 8, 60, 65, 69, 43], nous nous référons également au cours de G. Allaire [3].
L’application de l’homogénéisation aux équations de Stokes et Navier-Stokes dans un do-
maine perforé est étudiée par G. Allaire dans [1]. La méthode introduite par G. Allaire suit
celle de D. Cioranescu et F. Murat [22] pour l’homogénéisation de l’équation de Laplace.
Dans [1] l’homogénéisation des équations de Navier-Stokes et Stokes est effectuée pour un
domaine contenant plusieurs particules périodiquement distribuées avec des conditions de
type Dirichlet homogènes sur chaque particule. L’auteur distingue une caractérisation du
comportement asymptotique du modèle selon le comportement asymptotique d’une quan-
tité qui dépend de la distance minimale entre les particules et leur diamètre. Le résultat
dans [1] montre que si les particules sont “denses” alors l’équation limite est une équation
de Darcy, si les particules sont “diluées” alors le modèle limite est une équation de Stokes
et finalement, le modèle limite est une équation de Brinkman si le régime de dilution est à
la frontière entre les deux précédents. L’équation de Brinkman est une équation de Stokes
à laquelle on ajoute une force de trâınée. Ce terme, appelé force de Brinkman, a été iden-
tifié par H. C Brinkman [19] et représente la force de frottement collective qu’exerce les
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particules sur le fluide. Afin d’inclure l’évolution des particules (5) dans le modèle, une
importante étape est l’extension du résultat de l’homogénéisation pour des conditions au
bord non nulles (non-glissement). En effet, si on veut effectuer un relèvement des condi-
tions au bord afin de se ramener au cas homogène etudié dans [1] cela génere un terme
source oscillant dans l’équation de (Navier) Stokes dont le traitement par la méthode de
[1] n’est pas immédiat. Cette extension a été effectuée par L. Desvillettes, F. Golse et V.
Ricci dans [24] où les auteurs considèrent le cas d’une distribution non périodique de N
particules sphériques dans un domaine borné avec des conditions de type Dirichlet non
nulles sur les particules. Les principales hypothèses sur la dilution du régime des particules
concernent le rayon qui est égale à 1

N
tandis que la distance minimale entre les particules

est de l’ordre de N�1{3. Une autre importante généralisation est due à M. Hillairet dans
[36] où l’auteur étend le résultat de l’homogénéisation pour des configurations de partic-
ules ayant une distance minimale d’ordre strictement supérieur à l’ordre des rayons. En
particulier, ces hypothèses recouvrent le cas de particules aléatoirement distribuées dans
l’espace. Enfin, dans [37], M. Hillairet, A. Moussa et F. Sueur considèrent le cas où la
rotation des particules est prise en compte et la géométrie des obstacles est quelconque.
Les auteurs montrent que dans ce cas, la force de Brinkmann se calcule par moyennisation
des matrices de résistance de Stokes.

Concernant l’homogénéisation, la difficulté de la résolution de l’équation de Stokes (10)
- (11) sur un domaine perforé par un large nombre d’obstacles a amené à l’utilisation
de la méthode de réflexions. Cette méthode a été introduite par Smoluchowski [67] en
1911. L’idée est de formuler l’écoulement autour des N particules comme la superposi-
tion des N écoulements autour d’une seule particule. Cette formulation n’est pas correcte
puisque l’écoulement autour d’une particule isolée génère une erreur sur les conditions aux
bords associées aux autres particules. L’idée est alors de corriger les conditions aux bords
en réitérant le procédé jusqu’à ce que le terme d’erreur soit assez petit. Formellement, la
méthode converge si la suite des termes d’erreurs successifs est strictement décroissante. On
définit ainsi un processus itératif qui a de bonnes propriétés de convergence selon le régime
de dilution des particules. Cette méthode récursive repose sur le principe de superposition
et est appliquée à plusieurs systèmes physiques tels que les équations d’électrostatique. On
se refère à [32, Chapter 6 Section 1], [44, Chapter 8] ou [30, Section 4] pour une introduc-
tion. À notre connaissance, une preuve de la convergence de la méthode de réflexions pour
l’équation de Stokes dans un domaine perforé est fournie pour la première fois par J. H.
Luke dans [54]. La méthode décrite dans cet article est formulée grâce à des opérateurs de
projection. On se réfère également à l’article de P. Laurent, G. Legendre et J. Salomon [45]
où la preuve de convergence est effectuée dans un cadre plus général. On cite aussi l’article
de R. Höfer et J. L. L. Velázquez [39] où une méthode de réflexions est développée pour
l’homogénéisation de l’équation de Poisson et Stokes dans un domaine perforé.

Pour le problème d’évolution complet (10) - (12), à notre connaissance, il n’existe que
deux résultats. Le premier est dû à P. E. Jabin et F. Otto dans [41] où les auteurs con-
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sidèrent une configuration de particules diluées i.e. ayant une distance minimale très grande
devant N�1{3 et montrent qu’il n’y a pas d’intéraction entre les particules dans ce cas et
que le régime est preservé au cours du temps. Plus précisément, ils montrent que la vitesse
de chute de chaque particule correspond au premier ordre à la vitesse de chute d’une seule
particule dans un fluide visqueux sous l’effet de la gravité. La preuve repose sur le contrôle
de la distance minimale entre les particules et l’utilisation de la méthode de réflexions. Le
second résultat connu est celui dû à R. Höfer [38] et qui étend le résultat dans [41] pour
des configurations de particules ayant une distance minimale de l’ordre de N�1{3. De plus,
l’auteur fournit une preuve rigoureuse de la convergence de la densité discrète du nuage
vers la densité continue solution d’une équation couplée de transport-Stokes.

L’étude du comportement asymptotique d’un système de N particules en interaction
est un problème largement étudié en théorie des champs moyens (mean field theory). Pour
une introduction au sujet on se réfère au cours de F. Golse [29] et toutes les références
qui y figurent pour les nombreuses applications. Le principe est de dériver le modèle limite
d’un système de N particules lorsque N tend vers l’infini. Dans ce genre de problèmes,
le système d’EDO caractérisant les trajectoires des particules est explicitement donné.
Le modèle limite décrivant la densité des particules est une équation de type Vlasov qui
dépend de la force d’intéraction. Par exemple, une équation de Vlasov-Poisson pour la
force électrostatique de Coulomb dans la théorie des plasmas, un système Vlasov-Maxwell
pour la force électrique et magnétique dans la théorie du plasma magnétisé. Une autre
application concerne l’approximation de l’équation d’Euler en 2D formulée par le biais de
la vorticité. En effet, une version microscopique de l’équation formulée via une densité
discrète correspondant à une somme de vortexs (masse de diracs de vorticité) est souvent
utilisée en physique statistique pour approcher le modèle continu. Dans ce cas, la force
d’intéraction est donnée par la loi de Biot-Savart. Les premiers résultats de convergence
sont dus à R. Dobrushin [25] dans le cas où le noyau décrivant la force d’intéraction est
lipschitzien. Cependant, les forces d’interactions physiques sont souvent singulières et les
estimations de stabilité à la Dobrushin ne s’appliquent pas. Une généralisation est alors ef-
fectuée par G. Loeper dans [50] pour l’équation de Vlasov-Poisson. D’autre part, la preuve
de convergence en champ moyen pour une classe de noyaux singuliers a été fournie par P.
E. Jabin et M. Hauray [34, 33].

En considérant le modèle à l’échelle mésoscopique obtenu, la question de considérer une
goutte comme fonction de distribution initiale se pose lorsqu’on veut retrouver le comporte-
ment de la suspension à l’échelle mésoscopique. Des études numériques et expérimentales
ont été effectuées dans [55, 58, 62] et menèrent à la conclusion qu’une goutte, initiale-
ment de forme sphérique, évolue lentement vers un tore. Plus précisément, les particules
au sommet du nuage s’échappent et forment un filet vertical. La diminution du nombre
de particules sur l’axe vertical du nuage conduit à l’apparition de la forme toröıdale. De
plus, il a été observé que le tore instable se brise en deux gouttelettes secondaires qui se
déforment en tores elles-mêmes en cascade répétitive.
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0.3 Description du contenu de la thèse

Dans cette thèse, nous nous intéressons à certains aspects liés à la modélisation des
écoulements en suspension. Les principales études sont décrites dans les chapitres un, deux,
trois et quatre et sont résumées ci-dessous. Le premier chapitre concerne la justification
de la convergence du modèle microscopique décrivant la sédimentation de particules sans
inertie dans un fluide de Stokes vers un modèle mésoscopique. Plus précisément, le premier
chapitre est une extension du résultat de R. M. Höfer [38] pour un ensemble de configu-
rations de particules plus général. Dans le deuxième chapitre, nous nous intéressons à la
dérivation d’un modèle mésoscopique pour la description d’amas de paires de particules et
présentons un résultat d’existence et d’unicité pour le modèle limite. La principale motiva-
tion de ce travail est de mettre en évidence l’influence des amas de particules sur la vitesse
moyenne de chute à travers les matrices de résistance de Stokes. Le troisième chapitre est
dédié à la dérivation d’un modèle pour le mouvement d’aérosols dans les voies respiratoires
en prenant en compte la variation du rayon des particules et l’échange de température dans
le système. Ce travail est une collaboration avec L. Boudin, C. Grandmont, B. Grec, S. Mar-
tin et F. Noël dans le cadre de la CEMRACS 2018. Une étude numérique de la déposition
des particules dans une bifurcation en 2D est présentée. Finalement, Le dernier chapitre est
dédié à l’analyse du modèle limite dérivé dans le premier chapitre. Plus précisément nous
présentons un résultat d’existence et d’unicité permettant de traiter des densités initiales
de type L1 XL8 ayant un moment d’ordre un fini. Nous nous intéressons ensuite à l’étude
de la régularité du bord d’une gouttelette dans un fluide de Stokes. Nous montrons un
résultat d’existence locale et d’unicité d’une paramétrisation régulière de la gouttelette et
présentons quelques tests numériques montrant l’aspect instable de la gouttelette.

0.3.1 Sédimentation de particules dans un fluide de Stokes

Dans ce chapitre, nous considérons N particules identiques rigides et sphériques notées
pBiq1¤i¤N en sédimentation dans un écoulement de Stokes soumis à une force gravitation-
nelle. Les effets inertiels du fluide et des particules sont négligés et la rotation des particules
est prise en compte. Pour N donné, la vitesse du fluide et la pression sont notées puN , pNq
et satisfont l’équation suivante#

�∆uN �∇pN � 0,
div uN � 0,

sur R3z
N¤
i�1

Bi, (10)

complétée par des conditions de non-glissement#
uN � Vi � Ωi � px� xiq, sur BBi,

lim
|x|Ñ8

|uNpxq| � 0, (11)

où pVi,Ωiq P R3�R3 , 1 ¤ i ¤ N sont les vitesses linéaires et angulaires des particules. Les
particules sont définies comme suit

Bi :� Bpxi, Rq , R � r0

N
,
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où r0 est une constante positive. On décrit le mouvement des particules pBiq1¤i¤N en
considérant les lois de Newton où on a négligé les termes inertiels$&

%
9xi � Vi,

Fi �mg � 0,
Ti � 0,

(12)

m est la masse de la particule normalisée afin de prendre en compte la poussée d’Archimède,
g l’accélération de la pesanteur, la force de trâınée Fi et le couple Ti sont définis par (6),
(8).
Il a été montré dans [38] que la densité spatiale discrète du nuage %N définie par

%Npt, xq � 1

N

Ņ

i�1

δxiptqpxq , %N0 :� %Np0, xq,

converge vers l’unique densité continue % solution de l’équation couplée transport-Stokes
suivante $''&

''%
B%
Bt � divppκg � uq%q � 0 ,

�∆u�∇p � 6πr0κ%g ,
divpuq � 0 ,
%p0, �q � %0 ,

(13)

où pu, pq sont la vitesse et pression du fluide. κg, définie par (2), est la vitesse de chute
d’une seule particule dans un fluide sous l’effet de la gravité.
L’auteur montre également l’existence et l’unicité de la solution de l’équation de transport-
Stokes (13)

Theorem 0.3.1 (R. Höfer). Soit %0 P X1
β pour β ¡ 2. Alors il existe une unique solution

% P W 1,8pp0, T q, Xβq pour tout T ¡ 0. De plus ∇% P L8pp0, T q, Xβq.
L’espace Xβ est défini par

Definition 0.3.1. Soit β ¡ 0, on définit l’espace Xβ comme suit

Xβ :� th P L8pR3q , }h}Xβ   8u,
avec

}h}Xβ :� esssup
x

p1� |x|βq|hpxq|.
De plus, on utilisera la notation h P X1

β pour désigner les éléments h tels que h,∇h P Xβ.

Le résultat de convergence de %N vers % présenté dans [38] est valable sous l’hypothèse
que la distance minimale entre les particules est de l’ordre de N�1{3. Cependant, le seuil
idéal pour la distance minimal entre les particules est N�2{3. En effet, ce seuil permet de
traiter le cas de particules aléatoirement distribuées. La motivation principale du premier
chapitre est donc d’étendre le résultat de convergence à un ensemble plus général de con-
figurations de particules.
Avant de présenter les principaux résultats de ce chapitre nous commençons par définir
l’ensemble des configurations de particules que nous considérons dans ce chapitre.
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Definition 0.3.2. Soit pXNqNPN� une configuration de particules où XN :� px1, � � � , xNq.
Étant donné deux constantes positives M̄, E on définit X pM̄, Eq comme l’ensemble des
configurations de particules pour lesquelles il existe une suite positive pλNqNPN� telle que la
concentration pMNqNPN� définie par

MN :� sup
xPR3

t#ti P t1, � � � , Nu such that xi P B8px, λNquu , @N P N�,

et la distance minimale pdNminqNPN� définie par

dNmin :� min
i�j

1¤i,j¤N

t|xi � xj| u , @N P N� ,

vérifient les hypothèses suivantes:

sup
NPN

MN

N |λN |3 ¤ M̄, (14)

sup
NPN

|λN |3
|dNmin|2

¤ E . (15)

λN vérifie les conditions de compatibilité suivantes:

λN ¥ dNmin{2 , lim
NÑ8

λN � 0 . (16)

Remark 0.3.1. Selon la définition de MN et l’hypothèse (14) on a

1

N |λN |3 ¤ M̄, (17)

ce qui implique grâce à (15)

dNmin ¥
1?

EM̄1{2
1?
N
. (18)

Comme R � 1
N

, on a

lim
NÑ8

R

dNmin

� 0 , (19)

ce qui garantit la non-collision des particules dans le régime X pM̄, Eq.
Enfin, nous avons besoin de l’hypothèse suivante pour la preuve du second Théorème

0.3.3

lim
NÑ8

|λN |2
dNminp0q

� 0 . (20)

Exemple: Dans le cas où λN :� N�1{3, le régime X pM̄, Eq correspond aux particules telles
que leur distance minimale dNmin est supérieure au seuil N�1{2 et leur concentration par cube
de longueur N�1{3 est uniformément bornée. Ce cas de figure correspond à une extension
des configurations de particules considérées dans les articles [41] et [38].
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Le rôle de la suite λN est intimement lié à la notion de distance de Wasserstein infinie, voir
la discussion plus détaillée sur les hypothèses dans la section 1.2 du premier chapitre et le
lemme 1.A.4.
Le premier résultat de ce chapitre est la conservation du régime sur un temps court
indépendant de N .

Theorem 0.3.2. Soit pXNp0qqNPN� une configuration initiale de particules. Supposons
qu’il existe deux constantes M̄ , E et une suite pλNqNPN� telles que pXNp0qqNPN� appartient
à l’ensemble X pM̄, Eq i.e. les hypothèses (14), (15), (16) sont satisfaites initialement.
Si M̄1{3r0 est assez petit, il existe un rang N� � Npr0, M̄ , Eq P N� et T � T pr0, E , M̄ , κ|g|q
tels que pour tout t P r0, T s et N ¥ N�

dNminptq ¥
1

2
dNminp0q,

MNptq ¤ 84MNp0q.
Le second résultat est la justification de la convergence de la densité %N vers % lorsque

N tend vers l’infini.

Theorem 0.3.3. Considérons le temps maximal T ¡ 0 introduit au premier Théorème
0.3.2 et l’hypothèse additionnelle (20). Soit β ¡ 2, on suppose que %0 P X1

β est une densité
positive telle que

³
R3 %0 � 1. On note par p%, uq l’unique solution de l’équation de transport-

Stokes (13).
Il existe deux constantes positives C1, C2 � Cpr0, M̄ , E , }%0}L8 , κ|g|q indépendantes de N et
un rang N� � Npr0, M̄ , E , }%0}L8 , κ|g|, T q P N� tels que pour tout t P r0, T s et tout N ¥ N�

W1p%Npt, �q, %pt, �qq ¤ C1

�
λN � dNminp0q t�W1p%0, %

N
0 q

�
eC2t.

Ceci montre que si la densité discrète initiale %N0 converge vers une densité %0 alors
la densité discrète %N converge en tout temps 0 ¤ t ¤ T vers la solution % de l’équation
(13). De plus, le Théorème 0.3.3 fournit une estimation quantitative de la convergence en
fonction de la distance de Wasserstein initiale W1p%0, %

N
0 q.

L’ensemble des configurations de particules introduit dans le définition 0.3.2 est basé sur
l’article [36]. Les hypothèses (14) et (16) assurent l’existence d’une densité discrète uni-
formément bornée approchant %N . Ce qui suggère que la densité limite % est L8 et que la
constante M̄ est équivalente à }%}8.
La condition de petitesse sur r0M̄

1{3 correspond au fait que l’on considère une densité de
particules telle que }%}8 est petite mais d’ordre un. En effet, dans ce cas, la vitesse u dans
l’équation de transport-Stokes (13) est proportionnelle à }%}8 et peut être vue comme une
perturbation (d’ordre un) de la vitesse de chute κg.
La deuxième hypothèse (15) assure la conservation de la distance minimale au cours du
temps. En particulier, pour λN � N�1{3, le Théorème 0.3.2 étend les résultats antérieurs à
des configurations de particules ayant une distance minimale de l’ordre d’au moins N�1{2,
voir hypothèse (15). Ce seuil minimal apparait naturellement dans nos calculs et est relié
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aux propriétés de la fonction de Green de l’équation de Stokes. Nous soulignons que cette
distance minimale critique apparâıt également dans l’analyse de champ moyen effectuée
dans [33]. Ceci est dû au lien entre λN et la distance de Wasserstein infinie W8p%N , %q.
Cette remarque est détaillée dans la section 1.2 du premier chapitre.
La preuve des deux théorèmes repose sur le développement d’une méthode de réflexions
qui permet une approximation à l’ordre un des vitesses linéaires et angulaires pVi,Ωiq de
chaque particule.

Vi � κg � 6π
r0

N

¸
j�i

Φpxi � xjqκg �O
�
dNmin

�
, RΩi � O

�
dNmin

�
, 1 ¤ i ¤ N,

où Φ est la fonction de Green de l’équation de Stokes appelée tenseur d’Oseen, voir (1.26).
Une fois les trajectoires des particules connues, le contrôle de la distance minimale dNmin et
de la concentration MN sur un temps court se font par un argument de Gronwall. Pour la
preuve du second théorème, l’idée principale est d’appliquer la théorie de champ moyens
développée par M. Hauray et P. E. Jabin dans [33, 34] pour le système approché des N
particules.

0.3.2 Un modèle pour la suspension d’amas de paires de partic-
ules

Dans ce chapitre, nous nous intéressons à la dérivation d’un modèle mésoscopique
décrivant la suspension d’amas de paires de particules dans un fluide de Stokes. La mo-
tivation principale est la mise en évidence de l’influence de l’amas sur la vitesse de chute
moyenne du nuage. La description de la configuration de l’amas se fait à travers les deux
variables suivantes : la position du centre de la paire de particules x P R3 et l’orientation
de la paire de particules ξ P R3. Dans un premier temps, nous dérivons un modèle limite
décrivant l’évolution des amas à travers la fonction fpt, x, ξq représentant la densité des
amas de paires centrés en x et ayant une orientation ξ au temps t. En particulier, on
montre que la vitesse de chute moyenne s’écrit en fonction de la matrice de résistance de
Stokes associée à une paire de particules. Dans un second temps, nous nous intéressons
à des données initiales pour lesquelles l’orientation du cluster est corrélée aux positions
i.e. ξ � F pxq. Le modèle dérivé est alors une équation de transport-Stokes, portant sur
la première marginale de f notée %, la vitesse du fluide u et la fonction F qui décrit
l’évolution de l’orientation de l’amas. Nous présentons également un résultat d’existence
locale et d’unicité pour le système dérivé.
Les équations de départ décrivent le mouvement du nuage à l’échelle microscopique et sont
analogues à celles utilisées dans le premier chapitre. On note par N le nombre de paires de
particules définies comme suit

Bi :� Bpxi1, Rq YBpxi2, Rq :� B1
i YB2

i , 1 ¤ i ¤ N,
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où xi1, x
i
2 les centres de la ième paire, R est le rayon. On définit puN , pNq l’unique solution

de l’équation de Stokes: #
�∆uN �∇pN � 0,

div uN � 0,
sur R3z

N¤
i�1

B
i
, (21)

complétée par des conditions de non-glissement$'&
'%

uN � U i
1 sur BBpxi1, Rq,

uN � U i
2 sur BBpxi2, Rq,

lim
|x|Ñ8

|uNpxq| � 0,
(22)

où pU i
1, U

i
2q P R3�R3 , 1 ¤ i ¤ N sont les vitesses linéaires des particules. Dans ce modèle,

on néglige la vitesse angulaire. On complète par les équations de mouvements de chaque
particule "

9xi1 � U i
1,

9xi2 � U i
2.

(23)

Les lois de Newton impliquent les relations suivantes où l’inertie des particules est négligée�
�F i

1

F i
2

�

� �

�
�mg
mg

�

, (24)

oùm est la masse des particules normalisée afin de prendre en compte la poussée d’Archimè-
de. g l’accélération de pesanteur, F i

1, F i
2 sont les forces de trâınée appliquées sur la ième

paire

F i
1 �

»
BBpxi1,Rq

σpuN , pNqn , F i
2 �

»
BBpxi2,Rq

σpuN , pNqn,

où n est le vecteur normal sortant et σpuN , pNq � p∇uN � p∇uNqJq � pNI est le tenseur
des contraintes.
Avant d’énoncer les résultats nous introduisons les principales notations et hypothèses.
On suppose que le rayon des particules est donné par

R � r0

2N
,

où r0 est une constante positive. Nous adopterons les notations suivantes pour une paire
de particules donnée Bpx1, Rq, Bpx2, Rq

x� :� 1

2
px1 � x2q, x� :� 1

2
px1 � x2q, ξ :� x�

R
.

Soit T ¡ 0 fixé, on définit la densité discrète µN P Ppr0, T s � R3 � R3q par

µNpt, x, ξq � 1

N

Ņ

1

δpxi�ptq,ξiptqqpx, ξq.
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On note par %N sa première marginale

%Npt, xq :� 1

N

¸
i

δxi�ptq pxq. (25)

On définit dmin la distance minimale entre les centres des paires xi�

dminptq :� min tdijptq :� |xi�ptq � xj�ptq| , i � ju.
On suppose qu’il existe deux constantes M1 ¡M2 ¡ 1 indépendantes de N telles que:

M2 ¤ |ξi| ¤M1 , i � 1, � � � , N @ t P r0, T s. (26)

On suppose que µN converge au sens des mesures vers une densité continue µ i.e. pour
tout ψ P Cbpr0, T s � R3 � R3q on a» T

0

»
R3

»
R3

ψpt, x, ξqµNpt, dx, dξqdt Ñ
NÑ8

» T

0

»
R3

»
R3

ψpt, x, ξqµpt, x, ξqdx dξ dt. (27)

On suppose que la première marginale de µ notée % est une mesure de probabilité vérifiant
%pt, �q P W 1,1pR3q XW 1,8pR3q. On utilisera la notation

W8ptq :� W8p%Npt, �q, %pt, �qq,
pour définir la distance de Wasserstein infinie entre %N et %, voir Définition 1.5.4. On
suppose qu’il existe une constante positive E1 ¡ 0 telle que pour tout t P r0, T s

sup
NPN�

W 3
8

d2
min

¤ E1. (28)

Finalement, pour le second Théorème, on suppose qu’il existe une constante positive E2 ¡ 0
telle que pour tout t P r0, T s

sup
NPN�

W 3
8

d3
min

¤ E2. (29)

Remark 0.3.2. La formule (27) implique

sup
tPr0,T s

W8ptq Ñ
NÑ8

0. (30)

De plus, comme % P L8, on a une borne inférieure pour la distance de Wasserstein

1

NW 38
À sup

xPR3

%NpBpx,W8qq
|Bpx,W8q|3 À }%}8.

La définition de la distance de Wasserstein infinie assure que

W8 ¥ dmin{2 , (31)

ce qui implique en utilisant (30)

sup
tPr0,T s

dminptq Ñ
NÑ8

0. (32)
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On peut à présent énoncer les principaux théorèmes de ce chapitre.

Theorem 0.3.4. Supposons que les hypothèses (26), (27), (28) sont satisfaites et que
r0}%0}L1XL8 est assez petit. µ satisfait l’équation de transport suivante$&
%

Btµ� divxrpApξqq�1κg � uqµs � divξr∇u � ξµs � 0 , sur r0, T s � R3 � R3,
�∆u�∇p � 6πr0κ%g , sur R3,

divpuq � 0 , sur R3.

Le second théorème concerne des données initiales pour lesquelles l’orientation des amas
est corrélée aux positions.

Theorem 0.3.5. Considérons les hypothèses du théorème (0.3.4) et (29), supposons qu’il
existe une fonction F0 P W 1,8 telle que ξip0q � F0pxi�p0qq pour tout 1 ¤ i ¤ N .
Il existe T ¡ 0 indépendent de N et une unique fonction FN P L8p0, T ;W 1,8q telle que
pour tout t P r0, T s on a

µN � %N b δFN et FNp0, �q � F0.

De plus, la suite pFNqN admet une limite notée F P L8p|0, T s,W 1,8q et la mesure limite
µ est de la forme µ � %b δF . Le triplet p%, F, uq satisfait le système suivant$''''''&

''''''%

BtF �∇F � pApF q�1κg � uq � ∇u � F, sur r0, T s � R3,
Bt%� divppApF q�1κg � uq%q � 0, sur r0, T s � R3,

�∆u�∇p � 6πr0κg%, sur R3,
div u � 0, sur R3,
%p0, �q � %0, sur R3,
F p0, �q � F0 sur R3.

(33)

Remark 0.3.3. La matrice A est définie par A :� A1�A2 où A1 et A2 forment la matrice
de résistance associée à une paire de particules, voir section 2.2.1 pour la définition. Le
terme pAq�1κg représente la vitesse moyenne de chute d’une paire de particules identiques
en suspension dans un fluide de Stokes.

Nous finissons par un résultat d’existence locale et d’unicité.

Theorem 0.3.6. Soit p ¡ 3, F0 P W 2,p et %0 P W 1,p à support compact. Il existe T ¡ 0 et
un unique triplet p%, F, uq P L8p0, T ;W 1,pq � L8p0, T ;W 2,pq � L8p0, T ;W 3,pq solution du
système (33).

De même qu’au premier chapitre, l’idée de preuve des deux premiers théorèmes est
d’utiliser la méthode de réflexions pour effectuer une approximation de la trajectoire des
particules $''&

''%
9xi� � pApξiqq�1κg � 6πr0

N

°
j�i

Φpxi� � xj�qκg,

9ξi �
�

6πr0
N

°
j�i

∇Φpxi� � xj�qκg
�
� ξi.

(34)
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La force d’interaction Φ est le tenseur d’Oseen, voir formule (2.17). Comme la distance
entre deux particules formant la paire est comparable au rayon, la méthode de réflexions
utilisée ici consiste à approcher l’écoulement autour des N paires par la superposition des
N écoulements autour d’une seule paire. Par conséquent, une analyse des solutions par-
ticulières associées à l’écoulement d’une paire de particules en translation est nécessaire.
De manière similaire au premier chapitre, la convergence de la méthode de réflexions est
assurée sous l’hypothèse de petitesse de r0}%0}L1XL8 et les hypothèses (26), (27).
Dans ce chapitre nous nous concentrons uniquement sur la dérivation des modèles lim-
ite. Nous ne traitons pas la conservation de la distance minimale dmin et de la distance
de Wasserstein W8. Les propositions 2.B.3 et 2.B.1 montrent que le contrôle de la dis-
tance minimale dmin dépend du contrôle de la distance de Wasserstein W8. Cependant,
l’apparition du gradient du tenseur d’Oseen ∇Φ dans la formule (34) qui a un ordre de
singularité de type 1

|x|2 génère un terme en log dans les estimations permettant de contrôler
W8, voir proposition 2.B.2. Ceci empêche l’utilisation d’un argument de Gronwall pour la
convergence en champ moyen dans l’esprit de [33, 34].

0.3.3 Modélisation de type fluide-cinétique pour des aérosols res-
piratoires de taille et de température variables

Dans ce chapitre nous nous intéressons à la modélisation du mouvement d’un aérosol
dans les voies respiratoires. Le but est de dériver un modèle qui prend en compte la varia-
tion du rayon et de la température des particules. Cette variation est causée par l’échange
d’humidité entre l’aérosol et l’air ambiant dans les voies respiratoires. Ce travail a été ef-
fectué en collaboration avec L. Boudin, C. Grandmont, B. Grec, S. Martin et F. Noël dans
le cadre de la CEMRACS 2018.
L’étude du mouvement des aérosols dans les voies respiratoires est un sujet de recherche
qui a engendré une large littérature de par la complexité et les nombreuses possibilités
de modélisation. En effet, il est possible de considérer différentes échelles allant du mi-
croscopique, où on suit la trajectoire de chaque particule, mésoscopique où l’aérosol est
représenté par une fonction de densité ou enfin macroscopique, où l’aérosol est considéré
comme étant une phase continue et est caractérisé par sa concentration dans le fluide. Pour
plus de détails, on se réfère à la thèse de A. Moussa [61] dédiée à l’étude mathématique et
numérique du transport d’aérosols dans le poumon.
Dans cette étude, nous nous plaçons à l’échelle mésoscopique et nous considérons le modèle
de type fluide-cinétique utilisé dans [17]. Dans ce modèle, le fluide représentant l’air est
supposé Newtonien et incompressible et on suppose que la fraction volumique de l’aérosol
dans le fluide est négligeable afin de ne pas prendre en compte les collisions entre les par-
ticules. L’équation décrivant le phénomène est une équation de Vlasov Navier-Stokes [15].
On note pu, pq la vitesse et pression du fluide, f représente la densité des particules. On
note Ω � R3 le domaine du fluide qui correspond à une bifurcation. Le bord du domaine
BΩ est constitué de trois parties, l’entrée Γin, la sortie Γout et les parois Γwall, voir Figure
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3.1. Les équations s’écrivent comme suit$'&
'%

%airrBtu� pu �∇qus � η∆u�∇p � F, sur R� � Ω,

Btf � v �∇xf � divv

��
αpu� vq �

�
1� %air

%d

	
g
�
f
	

� 0, sur R� � Ω� R3,

divpuq � 0, sur R� � Ω,

(35)

Ici %air, %d sont les masses volumiques de l’air et des particules, η la viscosité dynamique, g
le vecteur gravité et F le terme de rétroaction défini par

F pt, xq � �6πηr

»
R3

pupt, xq � vqfpt, x, vqdv.

La variable v P R3 représente la vitesse de l’aérosol, r leur rayon et on a

α � 6πηr

m
,

où m est la masse des particules. On complète (35) avec des conditions au bord et des
conditions initiales$''''''&

''''''%

f � 0, on R� � Γwall � R3, if v � n ¤ 0,
u � uin, sur R� � Γin,
u � 0, sur R� � Γwall,

σpu, pq � n � 0, sur R� � Γout,
u|t�0 � u0, on Ω,
f|t�0 � finit, sur Ω� R3 .

(36)

Dans ce modèle, la variation du rayon r n’est pas prise en compte. Le but de ce chapitre
est alors d’intégrer la variation de la taille des particules mais aussi leur température dans
le modèle. L’idée est de considérer les articles [51, 52, 53] où un modèle 0D est présenté
pour la modélisation de l’évolution du rayon et de la température d’une particule dans les
voies respiratoires via l’échange de température et de vapeur d’eau entre l’aérosol et l’air
ambiant dans le poumon.
Dans ce nouveau modèle, la densité f est fonction de pt, x, v, r, T q P R��Ω�R3�R��R
où r est le rayon des particules et T la température de la particule. Le rayon r est tel
que 4

3
πr3%d correspond à la masse totale de la particule. La masse volumique %d est alors

une fonction de r, voir chapitre 3 formule (3.4). Comme la particule est composée de
médicament, d’excipient et d’eau, nous introduisons le rayon rdrug pour lequel 4

3
πr3

drug%drug

représente la masse du médicament dans la particule et rex tel que 4
3
πpr3

ex � r3
drugq%ex soit

la masse de l’exicpient dans la particule, voir chapitre 3 Figure 3.2.
On introduit de plus la température de l’air pt, xq ÞÑ Tairpt, xq et la fraction massique de
vapeur d’eau dans l’air pt, xq ÞÑ Yv,airpt, xq. La nouvelle équation de type Vlasov pour la
densité f est exprimée comme suit

Btf � v �∇xf �
��

αpu� vq �
�

1� %air

%d



g

�
f



�∇rpafq �∇T pbfq � 0,
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où a est une fonction de pr, T, Yv,airq et représente la variation du rayon des particules,
voir chapitre 3 formule (3.6) pour la définition. b est une fonction de pr, T, Yv,air, Tairq et
représente la variation de la température des particules, voir chapitre 3 formule (3.7) pour
la définition. Les équations additionnelles sont alors des équations d’advection-diffusion
pour la température de l’air Tair et la fraction massique de vapeur d’eau dans l’air Yv,air

%airrBtYv,air � pu �∇qYv,airs � divpDV pTairq∇Yv,airq � SY ,

%airCpairrBtTair � pu �∇qTairs � κair∆Tair � ST ,

où DV pTairq, κair sont des coefficients de diffusion. Cpair est la capacité thermique de
l’air. Les termes sources SY et Sp sont définis dans le chapitre 3 par (3.20) et (3.23)
et représentent l’échange de vapeur d’eau et de température entre l’aérosol et l’air ambiant
dans le poumon.
Une fois les équations établies, nous montrons que le modèle couplé vérifie de bonnes pro-
priétés de conservation. Nous discrétisons ensuite les équations par un schéma explicite en
temps et effectuons des simulations numériques en deux dimensions dans une bifurcation.
Nous présentons alors une étude statistique de l’influence de la croissance en rayon sur le
dépôt des particules sur les paroies.

0.3.4 Analyse de l’équation de transport-Stokes

Dans ce chapitre nous nous intéressons à l’analyse de l’équation de transport-Stokes
(0.3.4) dérivée au premier chapitre

$''&
''%

B%
Bt � divppκg � uq%q � 0 ,

�∆u�∇p � 6πr0κ%g ,
divpuq � 0 ,
%p0, �q � %0 .

L’objectif principal de ce travail est l’étude qualitative de la solution de (0.3.4) associée
à une condition initiale %0 de type indicatrice d’un domaine borné régulier. Ce travail
est motivé par les études expérimentales et numériques menées dans [55, 58, 62] et qui
mettent en évidence l’aspect instable d’une gouttelette en suspension dans un fluide de
Stokes qui se transforme en tore avant de se scinder en deux gouttelettes reproduisant le
même comportement instable.
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Figure 1 – Torus formation [55, Figure 2]

Le premier résultat est un théorème d’existence et d’unicité d’une solution de l’équation
(0.3.4) pour des données initiales de type L1 X L8 ayant un moment d’ordre un fini.

Theorem 0.3.7. Soit %0 P L1XL8 une mesure ayant un moment d’ordre un fini. Pour tout
T ¡ 0 il existe un unique couple p%, uq P L8p0, T ;L1pR3q X L8pR3qq � L8p0, T ;W 1,8pR3qq
solution de l’équation de transport-Stokes (0.3.4) et on a

%pt, �q � Xpt, 0, �q#%0,

où X est le flot caractéristique associé à l’équation (0.3.4).

Ce résultat montre en particulier que si %0 � 1B0 , B0 � R3 borné, alors %pt, �q � 1Bt
où Bt est le transporté de B0 par le flot caractéristique associé à l’équation de transport-
Stokes. Il est important de remarquer que la régularité Lipschitz de u implique que le
flot caractéristique X est un difféomorphisme. Ainsi, ce modèle ne permet pas la rupture
de la gouttelette ni la formation d’un tore. Nous nous intéressons alors aux propriétés de
régularité de la surface de la gouttelette. En définissant une paramétrisation de la surface
BBt comme suit

BBt � tX̃pt, ωq, ω P S2u,
nous dérivons une équation intégro-différentielle pour X̃ où u est défini par (4.15)" BtX̃pt, ωq � upt, X̃pt, ωqq ,

X̃p0, ωq � X̃0pωq , (37)

Nous avons le résultat d’existence locale et d’unicité suivant

Theorem 0.3.8. Soit X̃0 P C1pS2;R3q telle que |X̃0|� ¡ 0. Il existe un temps T ¡ 0 et une
unique paramétrisation X̃ P C1p0, T ; C1pS2;R3qq solution de l’équation intégro-différentielle
(37). De plus, l’existence globale est assurée tant que l’on a un contrôle sur les quantités
|X̃|� et }∇X̃}0.

La stricte positivité de la quantité | � |� définie pour tout X̃ P C1pS2;R3q par

|X̃|� :� inf
ω�ω1

|X̃pωq � X̃pω1q|
|ω � ω1| ,
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assure que la paramétrisation est bijective et que la surface ne se croise pas.
Afin de retrouver l’aspect instable remarqué lors des études numériques et expérimentales,
nous examinons le cas où B0 � Bp0, 1q. L’invariance du flot u et de la gouttelette Bt par
rotation autour de l’axe vertical permet de considérer une paramétrisation sphérique pour
Bt en tout temps

Bt :�
$&
%c� rpt, θq

�
�cospφq sinpθq

sinpφq sinpθq
sinpθq

�

, pθ, φq P r0, πs � r0, 2πs

,.
- ,

Nous dérivons l’équation hyperbolique satisfaite par la fonction rayon r et le centre de la
gouttelette c � p0, 0, c3q " Btr � r1A1rrs � A2rrs,

rp0, �q � 1.
(38)

où A1rrs and A2rrs sont définis par les formules (4.21), (4.22) et c3 satisfait l’équation
(4.23). Nous finissons le dernier chapitre par la présentation de calculs numériques pour
l’évolution de la gouttelette montrant l’aspect instable de la régularité de la surface.

0.3.5 Statut des travaux effectués lors de la thèse

Le premier chapitre a donné lieu à un article à parâıtre dans le journal Kinetics and
related models. L’article associé au deuxième chapitre a été soumis. Enfin le troisième
chapitre a fait l’objet d’un proceeding en collaboration avec L. Boudin, C. Grandmont, B.
Grec, S. Martin et F. Noël accepté au journal ESAIM: Proceedings and Surveys.

21





Chapter 1

Sedimentation of particles in Stokes
flow

Abstract
In this paper, we consider N identical spherical particles sedimenting in a uniform

gravitational field. Particle rotation is included in the model while fluid and particle
inertia are neglected. Using the method of reflections, we extend the investigation
of [38] by discussing the threshold beyond which the minimal particle distance is
conserved for a short time interval independent of N . We also prove that the particles
interact with a singular interaction force given by the Oseen tensor and justify the
mean field approximation in the spirit of [33] and [34].

1.1 Introduction

In this paper, we consider a system of N spherical particles pBiq1¤i¤N with identical
radii R immersed in a viscous fluid satisfying the following Stokes equation:#

�∆uN �∇pN � 0,
div uN � 0,

on R3z
N¤
i�1

Bi, (1.1)

completed with the no-slip boundary conditions#
uN � Vi � Ωi � px� xiq, on BBi,

lim
|x|Ñ8

|uNpxq| � 0, (1.2)

where pVi,Ωiq P R3 � R3 , 1 ¤ i ¤ N represent the linear and angular velocities,

Bi :� Bpxi, Rq.
We describe the intertialess motion of the rigid spheres pBiq1¤i¤N by adding to the instan-
taneous Stokes equation the classical Newton dynamics for the particles pxiq1¤i¤N$&

%
9xi � Vi,

Fi �mg � 0,
Ti � 0,

(1.3)
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where m denotes the mass of the identical particles adjusted for buoyancy, g the gravita-
tional acceleration, Fi (resp. Ti) the drag force (resp. the torque) applied by the the fluid
on the ith particle Bi defined by

Fi :�
»
BBi

σpuN , pNqn,

Ti �
»
BBi
px� xiq � rσpuN , pNqns,

with n the unit outer normal to BBi and σpuN , pNq � 2DpuNq � pNI, the stress tensor

where 2DpuNq � ∇uN �∇uNJ
.

Note that the constant velocities pVi,Ωiq of each particle are unknown and are determined
by the prescribed force and torque Fi � mg and Ti � 0. In [54], the author shows that the
linear mapping on R6N

pVi,Ωiq1¤i¤N ÞÑ pFi, Tiq1¤i¤N ,
is bijective for all N P N�. This ensures existence and uniqueness of puN , pNq and the
velocities.

Remark 1.1.1 (About the modeling and nondimensionalization). Equations (1.1)–(1.3)
describe suspensions sedimenting in a uniform gravitational field. Equations (1.1), (1.2)
are derived starting from the Navier-Stokes equations and neglecting the inertial terms by
means of the Reynolds and Stokes number, see [30, Chapter 1 Section 1], [11], [54] and all
the references therein. Analogously, the ODE system (1.3) is obtained by neglecting particle
inertia. We refer also to [24] where a formal derivation taking into account the slow motion
of the system is performed.
When considering one spherical particle sedimenting in a Stokes flow, the linear relation
between the drag force F and the velocity V is given by the Stokes law

F � �6πRV ,

see Section 1.2.1 for more details. Stokes law leads to the well-known formula for the fall
speed of a sedimenting single particle under gravitational force denoted by

κg :� m

6πR
g . (1.4)

It is important to point out that in our model, a scaling with respect to the velocity fall
κg has been performed. This means that the drag forces pFiq1¤i¤N and the gravitational
force mg are terms of order R. Consequently, in this paper, κg is a constant of order
one. For more details on the derivation of the model, we refer to [38, Section 1.1] where
a nondimensionalization including physical units is provided. Moreover, as in [24], the
particle radius R is assumed to be proportional to 1

N
so that the collective force applied by

the particles on the fluid is of order one. This will be made precise in the presentation of
the main assumptions.
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Given initial particle positions xip0q :� x0
i , 1 ¤ i ¤ N , we are interested in the asymp-

totics of the solution when the number of particles N tends to infinity and the radius R
tends to zero. The main motivation is to justifiy the representation of the motion of a
dispersed phase inside a fluid using Vlasov-Stokes equations in spray theory [31], [15].
The analysis of the dynamics is done in [41] in the dilute case i.e. when the minimal dis-
tance between particles is at least of order N�1{3. The authors prove that the particles do
not get closer in finite time. Moreover, in the case where the minimal distance between
particles is much larger than N�1{3 the result in [41] shows that particles do not interact
and sink like single particles. We refer finally to [38] where the author considers a particle
system with minimal distance of order N�1{3 and proves that, under a relevant time scale,
the spatial density of the cloud converges in a certain averaged sense to the solution of a
coupled transport-Stokes equation (1.15).
Since the desired threshold for the minimal distance is of order N�2{3, which allows to
tackle randomly distributed particles, we are interested in extending the results for lower
orders of the minimal distance. Therefore, in this paper, we continue the investigation of
[38] by looking for a more general set of particle configurations that is conserved in time
and prove the convergence to the kinetic equation (1.15). Also, we include particle rotation
in the modeling.

1.1.1 Main assumptions and results

In this Section, we describe the configuration of particles that we consider and present
the main results : Theorem 1.1.1 and Theorem 1.1.2.
We recall that the particles Bi are spherical with identical radii R

Bi � Bpxi, Rq , 1 ¤ i ¤ N,

where
R � r0

N
, r0 ¡ 0 ,

with r0 a positive constant satisfying a smallness assumption (see Theorem 1.1.1).
Due to the quasi-static modeling, the velocities pViptq,Ωiptqq1¤i¤N at time t ¥ 0 depend only
on the prescribed force pFiq1¤i¤N , torque pTiq1¤i¤N and the particles position pxiptqq1¤i¤N
at the same time t. Consequently, we drop the dependence with respect to time in the
definition of the set of particle configurations. Keeping in mind that the idea is to start
from a configuration of particles that lies in the set and show that it remains in it for a
finite time interval.

Definition 1.1.1 (Definition of the set of particle configuration). Let pXNqNPN� be a
configuration of particles, where XN :� px1, � � � , xNq. Given two positive constants M̄, E,
we define X pM̄, Eq as the set of configurations for which there exists a sequence pλNqNPN�
such that the minimal distance dNmin defined by

dNmin :� min
i�j

1¤i,j¤N

t|xi � xj| u , @N P N� ,
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and the particle concentration MN defined by

MN :� sup
xPR3

t#ti P t1, � � � , Nu such that xi P B8px, λNquu , @N P N� ,

satisfy the following assumptions:

sup
NPN

MN

N |λN |3 ¤ M̄, (1.5)

sup
NPN

|λN |3
|dNmin|2

¤ E . (1.6)

λN must satisfy the following compatibility conditions:

λN ¥ dNmin{2 , lim
NÑ8

λN � 0 . (1.7)

Remark 1.1.2. Note that, according to the definition of MN , assumption (1.5) ensures
that

1

N |λN |3 ¤ M̄, (1.8)

which yields thanks to assumption (1.6)

dNmin ¥
1?

EM̄1{2
1?
N
. (1.9)

Since R � 1
N

, this leads also

lim
NÑ8

R

dNmin

� 0 , (1.10)

which ensures that the particles do not overlap.

Furthermore, for the proof of the second Theorem 1.1.2, the following assumption must
be satisfied initially:

lim
NÑ8

|λN |2
dNminp0q

� 0 . (1.11)

Finally, we define %N the spatial density of the cloud by

%Npt, xq � 1

N

Ņ

i�1

δxiptqpxq , %N0 :� %Np0, xq.

In the rest of this paper, if needed, we make clear the dependence with respect to time by
writing for all N P N�, XNptq for the particle configuration px1ptq, � � � , xNptqq, dNminptq for
the minimal distance and MNptq the particle concentration at time t ¥ 0.
The main results of this paper are the two following theorems. The first one ensures that the
particle configurations considered herein are preserved in a short time interval depending
only on the data r0, M̄ , E , κ|g|.
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Theorem 1.1.1. Let pXNp0qqNPN� be the initial position of the particles. Assume that
there exists M̄ , E and a sequence pλNqNPN� such that pXNp0qqNPN� lies in the set X pM̄, Eq
i.e. assumptions (1.5), (1.6), (1.7) hold true initially.
If M̄1{3r0 is small enough, there exists N� P N� depending on pr0, M̄ , Eq and T ¡ 0
depending on pr0, E , M̄ , κ|g|q such that for all t P r0, T s and N ¥ N�

dNminptq ¥
1

2
dNminp0q,

MNptq ¤ 84MNp0q.
The second part of the result is the justification of the convergence of %N when N tends

to infinity.

Theorem 1.1.2. Consider the maximal time T ¡ 0 introduced in Theorem 1.1.1 and the
additional assumption (1.11). Let %0 be a positive regular density such that

³
R3 %0 � 1. We

denote by p%, uq the unique solution to the coupled equation (1.15).
There exists some positive constants C1, C2 depending on pr0, M̄ , E , }%0}L8 , κ|g|q and N� P
N� depending on pr0, M̄ , E , }%0}L8 , κ|g|, T q such that for all N ¥ N� and t P r0, T s

W1p%Npt, �q, %pt, �qq ¤ C1

�
λN � dNminp0q t�W1p%0, %

N
0 q

�
eC2t.

This shows that if the initial particle distribution %N0 converges to %0 then the particle
distribution %N converges toward the unique solution % of equation (1.15) for all time
0 ¤ t ¤ T . Moreover, Theorem 1.1.2 provides a quantitative convergence rate in terms of
the initial Wasserstein distance W1p%0, %

N
0 q.

Remark 1.1.3. The regularity assumption on the initial density %0 is the one introduced
by Höfer in [38] which is %0, ∇%0 P Xβ, for some β ¡ 2. See Section 1.5.1 for the definition
of Xβ. In particular, the assumption is satisfied if %0 is compactly supported and C1.

The idea of proof of Theorem 1.1.2 is to formulate the problem considered as a mean-
field problem. The mean-field theory consists in approaching equations of motion of large
particles systems pX1, � � � , XNq when the number of particles N tends to infinity. In mean-
field theory, the ODE governing the particle motion is known and is given by$&

% 9Xi � 1
N

N°
i�1

F pXi �Xjq,
Xip0q � X0

i ,
(1.12)

where the kernel F is the interaction force of the particles. The limit model describing the
time evolution for the spatial density %pt, xq is given by$&

%
Bt%�K% �∇% � 0 ,

K%pxq :� ³
R3 F px� yq%pt, yqdy,

(1.13)
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In our case, the first difficulty is to extract a system similar to (1.12) for the particle
motion and to identify the interaction force F . A key step is then a sharp expansion of the
velocities for large N . We obtain for each 1 ¤ i ¤ N

Vi � κg � 6π
r0

N

¸
j�i

Φpxi � xjqκg �O
�
dNmin

�
, 1 ¤ i ¤ N, (1.14)

where Φ is the Green’s function for the Stokes equations, also called the Oseen tensor (see
formula (1.26) for a definition). κg is the fall speed of a sedimenting single particle under
gravitational force and is of order one in our model, see Remark 1.1.1. This shows that the
particle system satisfies approximately equation (1.12) with an interaction force given by
the Oseen tensor. Since the convolution term K% appearing in (1.13) corresponds to the
solution of a Stokes equation in our case, the limiting model describing (1.1), (1.2), (1.3)
is a coupled transport-Stokes equation$''&

''%
B%
Bt � divppκg � uq%q � 0 ,

�∆u�∇p � 6πr0κ%g ,
divpuq � 0 ,
%p0, �q � %0 ,

(1.15)

The proof of Theorem 1.1.2 is based on the two papers [34], [33] where, in the first one,
the authors justify the mean field approximation and prove the propagation of chaos for
a system of particles interacting with a singular interaction force and where the ODE
governing the particle motion is second order. In [33] the author considers a different
mean-field equation where the particle dynamics is a first order ODE. The results obtained
hold true for a family of singular kernels and applies to the case of vortex system converging
towards equations similar to the 2D Euler equation in vorticity formulation. The associated
kernel in this case is the Biot-Savard kernel.
In order to extract the first order terms for the velocities pVi,Ωiq we apply the method
of reflections. This method is introduced by Smoluchowski [67] in 1911. The main idea is
to express the solution uN of N separated particles as superposition of fields produced by
the isolated N particle solutions. We refer to [44, Chapter 8] and [30, Section 4] for an
introduction to the method. A convergence proof based on orthogonal projection operators
is introduced by Luke [54] in 1989. We refer also to the method of reflections developped
in [39] which is used by Höfer in [38].
In this paper, we design a modified method of reflections that takes into account the particle
rotation and relies on explicit solutions of Stokes flow generated by a translating, rotating
and straining sphere. To obtain the convergence of the method of reflections we need to
identify particle configuration that can be propagated in time. The particle configuration
considered herein is the one introduced in [36] to study the homogenization of the Stokes
problem in perforated domains. The novelty is that the author considers the minimal
distance dNmin together with the particle concentration MN as parameters to describe the
cloud. The result in [36] extends in particular the validity of the homogenization problem
for randomly distributed particles i.e. particle configurations having a minimal distance of
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order at least N�2{3. Note that the notion of particle concentration appears also in [34] to
describe the cloud.

1.1.2 Discussion about the particle configuration set

As stated above, the assumptions introduced in Definition 1.1.1 are based on [36].
Assumptions (1.5) and (1.7) means that there exists a uniformly bounded discrete spatial
density that approximates %N . Indeed, if we define %̃N by

%̃Npt, xq :� 1

N

Ņ

i�1

1Bpxi,λN q
|Bpxi, λNq| , (1.16)

one can show that
W1p%̃N , %Nq ¤ λN .

Assumption (1.5) ensures that there exists a sequence λN for which the infinite norm of
%̃N is bounded by M̄ , see formula (1.93). This suggests that }%}8 and M̄ are equivalent.
We recover the result of [41] in the case where λN � N�1{3 and the minimal distance dNmin

is much larger than N�1{3, the explicit formula for the velocities (1.14) implies in this case

|Vi � κg| À 6πr0

N

¸
j�i

1

|xi � xj| |κg| À
1

N

N2{3

dNmin

! 1 ,

which is in accordance with the “non-interacting scenario” explained in [41]. In our case,
the smallness assumption on r0M̄

1{3 means that we consider a density of particles such
that }%}8 is small but of order one. Indeed, the second term in the velocity formula (1.14)
can be seen as a perturbation of order one of the velocity fall κg in the case where M̄ (or
the particle density }%}8) is small. This can be also seen in the coupled equation (1.15)
where the velocity term u is proportional to }%}8.
The second assumption (1.6) ensures the conservation of the minimal distance, see Propo-
sition 1.4.2. In particular, for λN � N�1{3, Theorem 1.1.1 extends the previous known
results to configurations having minimal distance at least of order N�1{2, see assumption
(1.6). This lower bound for the minimal distance appears naturally in our analysis and
is closely related to the properties of the Green’s function for the Stokes equations. We
emphasize that this critical minimal distance appears also in the mean-field analysis due
to [33]. Precisely, computations in the proof of [33, Theorem 2.1] show the convergence for
a short time interval under the assumption that

W8p%0, %
N
0 q3

|dNminp0q|2
,

is uniformly bounded, see Definition 1.5.4 for the definition of the infinite Wasserstein
distance. Standard measure-theory arguments show that the Wasserstein distance ensures
assumption (1.5), see Lemma 1.A.4. In other words, one can take λN to be the infinite
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Wasserstein distance, which yields finally the same assumption (1.6). It is also important
to emphasize that one can obtain a global control on the minimal distance in Theorem
1.1.1 when considering W8p%N , %q instead of λN .
The first assumption in formula (1.7) means that we are interested in cases where there
is more than one particle per cube of length λN . As pointed out by Hillairet in [36], one
can choose a larger sequence pλNqNPN� such that the compatibility assumption holds true.
Note also that, in the case where λN is the infinite Wasserstein distance, this compatibility
assumption is satisfied by definition.
Finally, assumption (1.11) is needed for the control of the Wasserstein distance.

1.1.3 Outline of the paper

The remaining Sections of this paper are organized as follows.
In Section 2 we recall the classical results for the existence and uniqueness of the Stokes
solution uN . We recall also the definition of the drag force Fi, torque Ti and stresslet Si and
present in Section 2.1 the particular solutions to a Stokes flow generated by a translating, a
rotating or a straining sphere. Finally, the end of Section 2 is devoted to the approximation
of the stresslets Si. In Section 3 we present and prove the convergence of the method of
reflections in order to compute the first order terms for the velocities pVi,Ωiq1¤i¤N . Section
4 is devoted to the proof of Theorem 1.1.1. In Section 5 we recall some definitions associated
to the Wasserstein distance. We present then the strong existence, uniqueness and stability
theory for equation (1.13). In the second part of Section 5 we show that the discrete density
%N satisfies weakly a transport equation. Section 6 is devoted to the proof of the second
Theorem 1.1.2. Finally, some technical Lemmas are presented in the appendix.

1.1.4 Notations

In this paper, n always refer to the unit outer normal to a surface.
The following shortcut will be often used

dij � |xi � xj| , 1 ¤ i � j ¤ N ,

where we drop the dependence with respect to N in order to simplify the notation.
Given an exterior domain Ω with smooth boundaries, we set

C8pΩq :� tv|Ω , v P C8c pR3qu,
and the following norm for all u P C8pΩq

}u}1,2 :� }∇u}L2pΩq,

we define then the homogeneous Sobolev space DpΩq as the closure of C8pΩq for the
norm } � }1,2 (see [27, Theorem II.7.2]). We also use the notation DσpΩq for the subset of
divergence-free DpΩq fields

DσpΩq :� tu P DpΩq , div u � 0u.

30



Which is also the closure of the subset of divergence-free C8pΩq fields for the } � }1,2 norm.
Analogously, if Ω � R3 we use the notation

9H1
σpR3q � DσpR3q.

For all 3 � 3 matrix M, we define sympMq (resp. ssympMq) as the symmetric part of M
(resp. the skew-symmetric part of M)

sympMq � 1

2
pM �MJq , ssympMq � 1

2
pM �MJq.

We denote by � the cross product on R3 and by b the tensor product on R3 which
associates to each couple pu, vq P R3 � R3 the 3� 3 matrix defined as

pub vqij � uivj , 1 ¤ i, j ¤ 3.

For all 3� 3 matrices A,B, we use the classical notation

A : B �
3̧

i�1

3̧

j�1

AijBij.

In R3, | � | stands for the Euclidean norm while | � |8 represents the l8 norm. We use the
notation B8px, rq for the ball with center x and radius r for the l8 norm.
Finally, in the whole paper we use the symbol À to express an inequality with a multi-
plicative constant independent of N and depending only on r0, M̄ , E and eventually on
κ|g| which is uniformly bounded according to Remark 1.1.1.

1.2 Reminder on the Stokes problem

In this Section we recall some results concerning the Stokes equations. We remind that
for all N P N we denote by puN , pNq the solution to (1.1) – (1.2). Keeping in mind that the
linear mapping, that associates to the linear and angular velocities the forces and torques,
is bijective (see [54]) together with the classical theory for the Stokes equations yields:

Proposition 1.2.1. For all N P N, there exists a unique pair puN , pNq P DσpR3z�
i

Biq �
L2pR3z�

i

Biq and unique velocities pVi,Ωiq1¤i¤N such that

»
BBi

σpuN , pNqn�mg � 0 , @ 1 ¤ i ¤ N ,»
BBi
px� xiq � rσpuN , pNqns � 0 , @ 1 ¤ i ¤ N ,

and u realizes

inf

$&
%
»
R3z�

i
Bi

|∇v|2 , v P DσpR3z
¤
i

Biq , v � Vi � Ωi � px� xiq on BBi , 1 ¤ i ¤ N

,.
- .

(1.17)
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The velocity field uN can be extended to Vi � Ωi � px � xiq on each particle Bi. This
extension denoted also uN is in 9H1

σpR3q.
We recall the definition of the force Fi P R3, torque Ti P R3 and stresslet Si P M3pRq
applied by the particle Bi on the fluid (see [30, Section 1.3])

Fi �
»
BBi

σpuN , pNqn.

Mi �
»
BBi
px� xiq b

�
σpuN , pNqn� . (1.18)

The matrix Mi represents the first momentum which is decomposed into a symmetric and
skew-symmetric part

Mi � Ti � Si,

the symmetric part Si is called stresslet, see [30, Section 2.2.3]. Since the skew-symmetric
part of a 3 � 3 matrix M has only three independent components, it can be associated to
a unique vector T such that

ssympMqx � T � x , @x P R3.

In this paper, we allow the confusion between the skew-symmetric matrix ssympMq and
the vector T . Hence, we define the torque Ti P R3 as being the skew-symmetric part of the
first momentum Mi which satisfies

Ti � ssympMiq �
»
BBi
px� xiq �

�
σpuN , pNqn� ,

Si � sympMiq. (1.19)

1.2.1 Particular Stokes solutions

The linearity of the Stokes problem allows us to develop powerful tools that will be used
in the method of reflections. In particular, we investigate in what follows the analytical
solution to a Stokes flow generated by a translating, a rotating or a straining sphere. The
motivation in considering these cases is that the fluid motion near a point x0 may be
approximated by

upxq � upx0q �∇upx0q � px� x0q,

hence, if we replace the boundary condition on each particle by its Taylor series of order
one, we can use these special solutions to approximate the flow u. The results and formulas
of this Section are detailed in [30, Section 2] and [44, Section 2.4.1]. In what follows B :�
Bpa, rq is a ball centered in a P R3 with radius r ¡ 0.
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Case of translation

Let V P R3. We consider the unique solution pUa,RrV s, Pa,RrV sq to the following Stokes
problem: " �∆Ua,RrV s �∇Pa,RrV s � 0,

divUa,RrV s � 0,
on R3zB, (1.20)

completed by the boundary condition#
Ua,RrV s � V, on BB,

lim
|x|Ñ8

|Ua,RrV spxq| � 0. (1.21)

Ua,RrV s is the flow generated by a unique sphere immersed in a fluid moving at V . The
explicit formula for pUa,RrV s, Pa,RrV sq is derived in [44, Section 3.3.1] and also in [30,
Formula (2.12) and (2.13)]. Explicit formulas imply the existence of a constant C ¡ 0 such
that for all x P R3zBpa,Rq

|Ua,RrV spxq| ¤ CR
|V |

|x� a| , |∇Ua,RrV spxq| � |Pa,RrV spxq| ¤ CR |V |
|x�a|2 . (1.22)

|∇2Ua,RrV spxq| ¤ CR
|V |

|x� a|3 . (1.23)

On the other hand, the force F , torque T and stresslet S exerted by a translating sphere
B as defined in (1.18) read

F � �6πRV , T � 0 , S � 0. (1.24)

We recall now an important formula that links the solution to the Green’s function of the
Stokes problem. For all x P R3zBpa,Rq we have

Ua,RrV spxq � �
�

Φpx� aq � R2

6
∆Φpx� aq



F , (1.25)

where Φ is the Green’s function for Stokes flow also called Oseen-tensor

Φpxq � 1

8π

�
1

|x|I3 � 1

|x|3xb x



. (1.26)

The 3� 3 matrix ∆Φ represents the Laplacian of Φ and is given by

∆Φpxq � 1

8π

�
2

|x|3 I3 � 6

|x|5xb x



.

The first term in the right-hand side of (1.25) is the point force solution also called stokeslet,
see [30, Section 3.1]. In this paper we use the term stokeslet to define the whole solution
Ua,rrV s which can bee seen as an extension of the point force solution.
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Remark 1.2.1. Formula (1.25) is closely related to the Faxén law which represents the
relations between the force F and the velocity V . We refer to [30, Section 2.3] and [44,
Section 3.5] for more details on the topic.
Remark also that in (1.25) the point force solution retains the most slowly decaying portion,
which is of order R

|x| . This property is useful in order to extract the first order terms for the

velocities pViq1¤i¤N , see Lemma 1.3.8.

Moreover, we recall a Lipschitz-like inequality satisfied by the Oseen tensor

|Φpxq � Φpyq| ¤ C
|x� y|

minp|y|2 , |x|2q , @x , y � 0. (1.27)

Finally, in this paper, the velocity field Ua,RrV s is extended by V on Bpa,Rq.

Case of rotation

Let ω P R3. Denote by pAp1q
a,Rrωs, P p1q

a,Rrωsq the unique solution to

#
�∆A

p1q
a,Rrωs �∇P p1q

a,Rrωs � 0,

divA
p1q
a,Rrωs � 0,

on R3zBpa,Rq, (1.28)

completed with the boundary conditions

$&
%

A
p1q
a,Rrωs � ω � px� aq, on BBpa,Rq,

lim
|x|Ñ8

|Ap1q
a,Rrωs| � 0. (1.29)

A
p1q
a,Rrωs represents the flow generated by a sphere rotating with angular velocity ω. In

particular we have P
p1q
a,Rrωs � 0 due to symmetries. The drag force F and stresslet S also

vanish

F � 0 , S � 0.

On the other hand, the hydrodynamic torque resulting from the fluid traction on the surface
defined in (1.19) is given by

T � �8πR3ω. (1.30)

Finally, there exists C ¡ 0 such that for all x P R3zBpa,Rq

|Ap1q
a,Rrωs| ¤ CR3 |ω|

|x� a|2 , |∇Ap1q
a,Rrωs| � |P p1q

a,Rrωs| ¤ CR3 |ω|
|x�a|3 .

34



Case of strain

Let E be a trace-free 3� 3 symmetric matrix.
Denote by pAp2q

a,RrEs, P p2q
a,RrEsq the unique solution to

#
�∆A

p2q
a,RrEs �∇P p2q

a,RrEs � 0,

divA
p2q
a,RrEs � 0,

on R3zBpa,Rq, (1.31)

completed with the boundary conditions$&
%

A
p2q
a,RrEs � Epx� aq, on BBpa,Rq,

lim
|x|Ñ8

|Ap2q
a,RrEs| � 0. (1.32)

The velocity field A
p2q
a,RrEs is the flow generated by a sphere submitted to the strain Epx�aq.

In this case, the drag force and torque vanishes

F � 0 , T � 0. (1.33)

On the other hand, the symmetric part of the first momentum S as defined in (1.19) is
given by

S � �20

3
πR3E. (1.34)

Finally, there exists C ¡ 0 such that for all x P R3zBpa,Rq we have

|Ap2q
a,RrEs| ¤ CR3 |E|

|x|2 , |∇Ap2q
a,RrEs| � |P p2q

a,RrEspxq| ¤ CR3 |E|
|x|3 . (1.35)

Final notations

Now, assume that D is a trace-free 3� 3 matrix. We denote by pAa,RrDs, Pa,RrDsq the
unique solution to " �∆Aa,RrDs �∇Pa,RrDs � 0,

divAa,RrDs � 0,
on R3zBpa,Rq, (1.36)

completed by the boundary conditions#
Aa,RrDs � Dpx� aq, on BBpa,Rq,

lim
|x|Ñ8

|Aa,RrDs| � 0. (1.37)

We set then D � E � ω with E � sympDq and ω � ssympDq. As stated in the definition
(1.19), ω represents also a 3D vector. Hence, the boundary condition (1.37) reads

Aa,RrDspxq � Dpx� aq � Epx� aq � ω � px� aq, for all x P BBpa,Rq.
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We have, thanks to the linearity of the Stokes equation, that

pAa,RrDs, Pa,RrDsq � pAp1q
a,Rrωs, P p1q

a,Rrωsq � pAp2q
a,RrEs, P p2q

a,RrEsq.
Since the two solutions have the same decay-rate, this yields for all x P R3zBpa,Rq

|Aa,RrDs| ¤ CR3 |D|
|x|2 , |∇Aa,RrDs| � |Pa,RrDspxq| ¤ CR3 |D|

|x|3 . (1.38)

Analogously, for the second derivative we have

|∇2Aa,RrDspxq| ¤ CR3 |D|
|x� a|4 . (1.39)

1.2.2 Approximation result

In this part we consider the unique solution pv, pq of the following Stokes problem:#
�∆v �∇p � 0,

div v � 0,
on R3z

N¤
i�1

Bi, (1.40)

completed with the boundary conditions$'&
'%

v � V �Dpx� x1q, on BB1,
v � 0, on BBi, i � 1,

lim
|x|Ñ8

|vpxq| � 0,
(1.41)

with V P R3 and D a trace-free 3� 3 matrix. We set

v1 :� Ux1,RrV s � Ax1,RrDs.
We aim to show that the velocity field v1 is a good approximation of the unique solution
v.

Lemma 1.2.2. For N sufficiently large, we have the following error bound:

}∇v �∇v1}L2pR3z�iBiq À
Ra
dNmin

|V | � R3

|dNmin|3{2
|D|.

Proof. We have

}∇v �∇v1}2
L2pR3z�iBiq � }∇v}2

L2pR3z�iBiq � 2

»
R3z�iBi

∇v : ∇v1 � }∇v1}2
L2pR3z�iBiq,

as v and v1 satisfy the same boundary condition on BB1 this yields»
R3z�iBi

∇v : ∇v1 � �
»
BB1

pBnv1 � p1nq � v � �
»
BB1

pBnv1 � p1nq � v1 � }∇v1}2
L2pR3z�iBiq,
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hence

}∇v �∇v1}2
L2pR3z�iBiq � }∇v}2

L2pR3z�iBiq � }∇v1}2
L2pR3z�iBiq.

In order to bound the first term we construct an extension ṽ of the boundary conditions
of v and apply the variational principle. We define

ṽ :� χ

� � � x1

dNmin{4


v1 � Bx1,dNmin{4,dNmin{2rf̄ s,

where χ is a truncation function such that χ � 1 on Bp0, 1q and χ � 0 out of Bp0, 2q. In

what follows, we use the following shortcut A1 :� Bpx1, d
N
min{2qzBpx1, dNmin{4q. Thanks to

formula (1.10), for N sufficiently large we have R   dNmin{4 and thus supp ṽ � Bpx1, d
N
min{2q.

f̄ is defined as follows

f̄pxq :� v1pxq �∇
�
x ÞÑ χ

�
x� x1

dNmin{4

�

,

and Bx1,dNmin{4,dNmin{2 denotes the Bogovskii operator satisfying for all f P Lq0pA1q , q P p0,8q

divBx1,dNmin{4,dNmin{2rf s � f,

we refer to [27, Theorem III.3.1] for a complete definition of the Bogovskii operator. In
particular, from [36, Lemma 16], there exists a positive constant C independent of dNmin

such that

}∇Bx1,dNmin{4,dNmin{2rf̄ s}L2pA1q ¤ C}f̄}L2pA1q, (1.42)

With this construction ṽ is a divergence-free field satisfying the same boundary conditions
as v. Moreover, applying formula (1.42), there exists (another) constant C ¡ 0 such that

}∇ṽ}2
L2pR3z�iBiq �

»
R3z�iBi

����∇
�
x ÞÑ χ

�
x� x1

dNmin{4


v1pxq

�����
2

dx

�
»
R3z�iBi

|∇Bx1,dNmin{4,dNmin{2rf̄ spxq|
2dx

� 2

»
R3z�iBi

∇
�
x ÞÑ χ

�
x� x1

dNmin{4


v1pxq

�
: ∇Bx1,dNmin{4,dNmin{2rf̄ spxqdx ,

¤
»
R3zB1

|χ
�
x� x1

dNmin{4


∇v1pxq|2dx

� C

�»
A1

|∇v1pxq|2 � 1

|dNmin|2
����∇χ

�
x� x1

dNmin{4

����

2

|v1pxq|2
�
dx.
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Since χ
�

��x1

dNmin{4

	
� 1 on Bpx1, d

N
min{4q we get

}∇v �∇v1}2
L2pR3z�iBiq ¤ }∇ṽ}2

L2pR3z�iBiq � }∇v1}2
L2pR3z�iBiq ,

À
»
A1

|∇v1pxq|2dx ,

�
»
A1

1

|dNmin|2
����∇χ

�
x� x1

dNmin{4

����

2

|v1|2dx,

Thanks to (1.22) and (1.38) we have:

»
A1

1

|dNmin|2
����∇χ

�
x� x1

dNmin{4

����

2

|v1|2 À }∇χ}2
8

»
A1

1

|dNmin|2
�
R2 |V |2
|x� x1|2 �R6 |D|2

|x� x1|4


,

À 1

|dNmin|2
» dNmin{2

dNmin{4

�
R2|V |2 �R6 |D|2

r2



dr ,

À 1

|dNmin|2
�
R2|V |2dNmin �R6 |D|2

dNmin



.

Reproducing an analogous computation for the first term we obtain finally

}∇v �∇v1}2
L2pR3z�iBiq À

R2

dNmin

|V |2 � R6

|dNmin|3
|D|2. (1.43)

This yields the expected result.

1.2.3 Estimation of the fluid stresslet

In this part we focus on approaching the stresslet Si, 1 ¤ i ¤ N , see (1.19) for the
definition. Unlike the drag force Fi and torque Ti, the symmetric part of the first momentum
does not appear in the ODEs governing the motion of particles, see [30, Section 2.2.3] for
more details. However, in order to approximate the velocities pVi,Ωiq, we only need to
estimate its value. Precisely we have

Proposition 1.2.3. For N sufficiently large, there exists a positive constant C ¡ 0 inde-
pendent of the data such that we have for all 1 ¤ i ¤ N

|Si| À R3

|dNmin|3{2
max

1¤j¤N
p|Vj| �R|Ωj|q .

Proof. We fix i � 1. Let E be a trace-free symmetric 3 � 3 matrix. We define v as the
unique solution to the following Stokes equation#

�∆v �∇p � 0,
div v � 0,

on R3z
N¤
i�1

Bi, (1.44)
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completed with the boundary conditions$'&
'%

v � Epx� x1q, on BB1,
v � 0, on BBi, i � 1,

lim
|x|Ñ8

|vpxq| � 0.
(1.45)

We also denote by pv1, p1q the special solution pAp2q
x1,R

rEs, P p2q
x1,R

rEsq. We have thanks to the
symmetry of E

S1 : E �
»
BB1

sym
�rσpuN , pNqns b px� x1q

�
: E ,

� �
»
BB1

rσpuN , pNqns � Epx� x1q ,

� �
»
BB1

rσpuN , pNqns � v ,

� 2

»
R3z�iBi

DpuNq : Dpvq ,

� 2

»
R3z�iBi

DpuNq : Dpv � v1q � 2

»
R3z�iBi

DpuNq : Dpv1q . (1.46)

Using an integration by parts we have for the second term in the right hand side

2

»
R3z�iBi

DpuNq : Dpv1q � �
Ņ

i�1

»
BBi
rσpv1, p1qns � pVi � Ωi � px� xiqq ,

� �
Ņ

i�1

�»
BBi
rσpv1, p1qns



� Vi �

�»
BBi
rσpv1, p1qns � px� xiq



� Ωi ,

� 0 ,

since v1 corresponds to a flow submitted only to a strain, see (1.33). For the first term in
the right hand side of (1.46), using Lemma 1.2.2 we have�����

»
R3z�iBi

DpuNq : Dpv � v1q
����� ¤ }∇uN}L2pR3z�iBiq

R3

|dNmin|3{2
|E| .

It remains to estimate }∇uN}L2pR3z�iBiq. One can reproduce the same arguments as for

the proof of Lemma 1.2.2 or follow the same proof as [36, Lemma 10] to get

}∇uN}2
L2pR3z�iBiq À max

i
p|Vi|2 �R2|Ωi|2q.

Gathering all the estimates we obtain

S1 : E À R3

|dNmin|3{2
|E|max

i
p|Vi| �R|Ωi|q ,

this being true for all symmetric trace-free 3�3 matrix E, we obtain the desired result.
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1.3 Analysis of the stationary Stokes equation

This Section is devoted to the analysis of a method of reflections and computation of
the unknown velocities pVi,Ωiq1¤i¤N . We remind that, for fixed time, uN is the unique
solution to the stationary Stokes problem#

�∆uN �∇pN � 0,
div uN � 0,

on R3z
N¤
i�1

Bi,

completed with the no-slip boundary conditions#
uN � Vi � Ωi � px� xiq, on BBi,

lim
|x|Ñ8

|uNpxq| � 0,

where pVi,Ωiq are the unique velocities satisfying

Fi �mg � 0 , Ti � 0 , @ 1 ¤ i ¤ N. (1.47)

In this Section, we show that at each fixed time t ¥ 0, the convergence of the method
of reflections toward the unique solution uN holds true in the case where pXNptqqNPN� P
X pM̄, Eq and under the assumption that r0M̄

1{3 is small enough.

1.3.1 The method of reflections

In this part, we present and prove the convergence of a modified method of reflections
for the velocity field uN for arbitrary N P N�, we remind that uN is the unique solution to
the stationary Stokes problem (1.1), (1.2), with unique velocities pVi,Ωiq satisfying (1.47).
The main idea is to express uN as the superposition of N fields produced by the isolated
N particle. Thanks to the superposition principle, we know that the velocity field

Ņ

i�1

�
Uxj ,RrVjspxq � Axj ,RrΩjspxq

�
,

satisfies a Stokes equation on R3z�Bi
i

. But this velocity field does not match the boundary

conditions of uN . Indeed, for all 1 ¤ i ¤ N and x P Bi we have

up1q� pxq :� uNpxq �
Ņ

j�1

�
Uxj ,RrVjspxq � Axj ,RrΩjspxq

�
,

� �
Ņ

i�j

�
Uxj ,RrVjspxq � Axj ,RrΩjspxq

�
,
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which represents the error committed on the boundary conditions when approaching uN

by the sum of the particular Stokes solutions. In this paper, for all u� P C8p�
i

Biq we use

the notation U ru�s to define the unique solution of the Stokes problem#
�∆u�∇p � 0,

div u � 0,
on R3z

N¤
i�1

Bi, (1.48)

completed by the boundary conditions#
u � u�pxq, on Bi,

lim
|x|Ñ8

|upxq| � 0, (1.49)

hence, we can write

uN �
Ņ

i�1

Uxi,RrVis � Axj ,RrΩjspxq � U rup1q� s.

Note that the boundary condition u
p1q
� is not constant on each particle Bi, thus, the idea

is to approach u
p1q
� by

up1q� pxq � up1q� pxiq �∇up1q� pxiq � px� xiq, (1.50)

on each particle Bi and write U rup1q� s as follows:

U rup1q� s �
Ņ

j�1

�
Uxj ,RrV p1q

j s � Axj ,Rr∇p1q
j s

	
� U rup2q� s,

where

V
p1q
i :� up1q� pxiq � �

¸
j�i

�
Uxj ,RrVjspxiq � Axj ,RrΩjspxiq

�
,

∇p1q
i :� ∇up1q� pxiq � �

¸
j�i

�
∇Uxj ,RrVjspxiq �∇Axj ,RrΩjspxiq

�
,

remark that ∇p1q
i has null trace due to the fact that

div up1q� pxiq � 0.

We set then U rup2q� s the new error term satisfying

uN �
Ņ

j�1

�
Uxj ,RrVjs � Axj ,RrΩjs

�� Ņ

j�1

�
Uxj ,RrV p1q

j s � Axj ,Rr∇p1q
j s

	
� U rup2q� s,
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where for all 1 ¤ i ¤ N , and x P Bi

up2q� pxq � up1q� pxq �
Ņ

j�1

�
Uxj ,RrV p1q

j spxq � Axj ,Rr∇p1q
j spxq

	
,

� up1q� pxq � V
p1q
i �∇p1q

i px� xiq �
Ņ

j�i

�
Uxj ,RrV p1q

j spxq � Axj ,Rr∇p1q
j spxq

	
.

We iterate then the process by setting for all 1 ¤ i ¤ N

V
p0q
i :� Vi , ∇p0q

i :� Ωi, (1.51)

and for p ¥ 1,

V
ppq
i :� uppq� pxiq , ∇ppq

i :� ∇uppq� pxiq, (1.52)

for the error term we set

up0q� pxq :�
Ņ

i

pVi � Ωi � px� xiqq 1Bi , (1.53)

and define for all p ¥ 0, 1 ¤ i ¤ N , x P Bi

upp�1q
� pxq � uppq� pxq �

Ņ

j�1

�
Uxj ,RrV ppq

j spxq � Axj ,Rr∇ppq
j spxq

	

� uppq� pxq � uppq� pxiq �∇uppq� pxiqpx� xiq �
Ņ

j�i

�
Uxj ,RrV ppq

j spxq � Axj ,Rr∇ppq
j spxq

	
.

(1.54)

With this construction the following equality holds true for all k ¥ 1

uN �
ķ

p�0

Ņ

j�1

�
Uxj ,RrV ppq

j s � Axj ,Rr∇ppq
j s

	
� U rupk�1q

� s. (1.55)

Remark 1.3.1. This method of reflection is obtained by expanding the error term u� up
to the first-order

u�pxq � u�pxiq �∇u�pxiqpx� xiq � o p|x� xi|2q,
which leads us to formula (1.55). If one consider an expansion of u� up to the zeroth-order
then one obtain only a stokeslet development:

uN �
ķ

p�0

Ņ

j�1

Uxj ,RrV ppq
j s � U rupk�1q

� s.
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The main difference between these two expansions is that the first one allows us to tackle
the particle rotation. It also helps us to obtain a converging method of reflections for a
more general assumption on the minimal distance.

We emphasize that we only need to show that the series p
k°
p�0

V
ppq
i qkPN and p

k°
p�0

∇ppq
i qkPN for

all 1 ¤ i ¤ N converge to obtain the convergence of the expansion (1.55), see Lemma 1.3.1
and Proposition 1.3.2. Precisely, the only assumptions needed to obtain the convergence of
the series are the smallness of M̄1{3r0, assumption (1.5) and the fact that

lim
NÑ8

|λN |3
dNmin

� 0 , lim
NÑ8

R|λN |3
|dNmin|2

� 0,

which is less restrictive than (1.6).
The second step is to show that the expansion is a good approximation of the unique solution
uN . This is ensured by Proposition 1.3.4. Precisely, in addition of the previous assumptions,
we need the following uniform bound

sup
NPN�

R|λN |3
|dNmin|3

  �8.

One can show that this assumption is less restrictive than (1.6) and allows us to consider
smaller minimal distance. To reach lower bound for the minimal distance, one may develop
u� at higher orders.

Preliminary estimates

Recall that the dependence in time is implicit in this Section. All the following estimates
hold true under the assumption that there exists a sequence pλNqNPN� and two positive
constants M̄, E such that pXNqNPN� P X pM̄, Eq, see Definition 1.1.1 and M̄1{3r0 is small
enough.

Lemma 1.3.1. Assume that there exists M̄, E and a sequence pλNqNPN� such that the
particle configuration pXNqNPN� lies in X pM̄, Eq. If M̄1{3r0 is small enough, there exists a
positive constant K   1{2 and Npr0, M̄ , Eq P N� such that

max
i
|V pp�1q
i | �Rmax

i
|∇pp�1q

i | ¤ K
�

max
i
|V ppq
i | �Rmax

i
|∇ppq

i |
	
,

for all N ¥ Npr0, M̄ , Eq.
Proof. Using formulas (1.52) and (1.54) we get

V
pp�1q
i � upp�1q

� pxiq ,

� �
Ņ

j�i

�
Uxj ,RrV ppq

j spxiq � Axj ,Rr∇ppq
j spxiq

	
, (1.56)
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and

∇pp�1q
i � ∇upp�1q

� pxiq ,

� �
Ņ

j�i

�
∇Uxj ,RrV ppq

j spxiq �∇Axj ,Rr∇ppq
j spxiq

	
. (1.57)

This yields, for all 1 ¤ i ¤ N , using the decay-rate of the special solutions (1.38), (1.22)
and Lemma 1.A.1 with k � 1 and k � 2

|V pp�1q
i | ¤ C

¸
j�i
R
|V ppq
j |
dij

�R3
|∇ppq

j |
d2
ij

¤ Cr0

�
max
i
|V ppq
i | �Rmax

i
|∇ppq

i |
	� |λN |3

|dNmin|
M̄ � M̄1{3 � R|λN |3

|dNmin|2
�RM̄2{3



,

similarly, using (1.10), we have for all 1 ¤ i ¤ N

|∇pp�1q
i | ¤ C

¸
j�i
R
|V ppq
j |
d2
ij

�R3
|∇ppq

j |
d3
ij

,

¤ C
�

max
i
|V ppq
i | �Rmax

i
|∇ppq

i |
	�¸

j�i

R

d2
ij

� 1

dNmin

¸
j�i

R2

d2
ij

�
,

� C
�

max
i
|V ppq
i | �Rmax

i
|∇ppq

i |
	�¸

j�i

R

d2
ij

��
1� R

dNmin



,

¤ Cr0

�
max
i
|V ppq
i | �Rmax

i
|∇ppq

i |
	� |λN |3

|dNmin|2
M̄ � M̄2{3



.

Finally

max
i
|V pp�1q
i | �Rmax

i
|∇pp�1q

i | ¤ Cr0

�
max
i
|V ppq
i | �Rmax

i
|∇ppq

i |
	

�
� |λN |3
dNmin

M̄ � M̄1{3 � R|λN |3
|dNmin|2

M̄ �RM̄2{3


.

For the second term on the right hand side we have

|λN |3
dNmin

� R|λN |3
|dNmin|2

� |λN |3
|dNmin|2

�
dNmin �R

�
,

which vanishes when N tends to infinity according to (1.6) and (1.7). Moreover, if r0M̄
1{3

is small enough, this ensures the existence of a positive constant K   1{2 such that

max
i
|V pp�1q
i | �Rmax

i
|∇pp�1q

i | ¤ K
�

max
i
|V ppq
i | �Rmax

i
|∇ppq

i |
	
.

for N large enough and depending on r0, M̄ and E .
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We have the following estimate.

Proposition 1.3.2. Let pUiq1¤i¤N be N vectors of R3 and pDiq1¤i¤N be N trace-free 3� 3
matrices. There exists Npr0, M̄ , Eq P N� such that for all N ¥ Npr0, M̄ , Eq we have

�����
Ņ

i�1

pUxi,RrUis � Axi,RrDisq
�����

9H1pR3zY
l
Blq

À max
1¤i¤N

p|Ui| �R|Di|q.

Proof. Considering only the stokeslet expansion we have

�����
Ņ

i�1

Uxi,RrUis
�����

2

9H1pR3zY
l
Blq

�

Ņ

i�1

}Uxi,RrUis}2
9H1pR3zY

i
Biq �

Ņ

i�1

Ņ

j�i

»
R3zY

l
Bl

∇Uxi,RrUis : ∇Uxj ,RrUjs . (1.58)

The first term in the right hand side of (1.58) can be computed using the fact that
Uxi,RrUis � Ui on BBi, 1 ¤ i ¤ N and formula (1.24)

Ņ

i�1

}Uxi,RrUis}2
9H1pR3zY

l
Blq ¤

Ņ

i�1

»
R3zBi

∇Uxi,RrUis : ∇Uxi,RrUis ,

� �
Ņ

i�1

»
BBi

rσpUxi,RrUis, Pxi,RrUisqns � Ui ,

�
Ņ

i�1

6πR|Ui|2 ,

¤ 6πr0

�
max

1¤i¤N
|Ui|


2

.

For the second term in the right hand side of (1.58) we write for all i � j

»
R3zY

l
Bl

∇Uxi,RrUis : ∇Uxj ,RrUjs � �
Ņ

l�1

»
BBl

rσpUxi,RrUis, Pxi,RrUisqns � Uxj ,RrUjs ,

¤
Ņ

l�1

4πR2 }σpUxi,RrUis, Pxi,RrUisq}L8pBBlq
��Uxj ,RrUjs��L8pBBlq ,

:�
Ņ

l�1

4πR2Ol
i,j.
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According to the decay properties of the stokeslet (1.22) we have

}σpUxi,RrUis, Pxi,RrUisq}L8pBBlq À R
|Ui|
d2
il

p1� δilq � |Ui|
R
δil ,

��Uxj ,RrUjs��L8pBBlq À R|Uj|
djl

p1� δjlq � |Uj|δjl , (1.59)

where δij is the Kronecker symbol. On the other hand, we recall that the triangle inequality
dij ¤ dil � djl yields for all i � j � l

1

dildjl
¤ 1

dij

�
1

dil
� 1

djl



. (1.60)

Using (1.59), formula (1.60) twice and Lemma 1.A.1 we obtain for all i � j

Ņ

l�1

4πR2Ol
i,j �

¸
l�i,j

4πR2Ol
i,j � 4πR2Oi

i,j � 4πR2Oj
i,j ,

À
¸
l�i,j

R2R|Ui|
d2
il

R|Uj|
djl

�R2 |Ui|
R

R|Uj|
dij

�R2R|Ui|
d2
ij

|Uj| ,

À R3

dij

�
1

dij

�¸
l�i,j

R

dil
�

¸
l�i,j

R

djl

�
�

¸
l�i,j

R

d2
il

�
|Uj||Ui|

�R2 |Uj||Ui|
dij

�R3 |Ui||Uj|
d2
ij

,

À R3

dij

�
1

dij

� |λN |3
dNmin

M̄ � M̄1{3


� |λN |3
|dNmin|2

M̄ � M̄2{3


|Uj||Ui|

�R2 |Uj||Ui|
dij

�R3 |Ui||Uj|
d2
ij

,

À R3

dij

�
EM̄ � M̄1{3r2

0

dNmin

� M̄2{3


|Uj||Ui| �R2 |Uj||Ui|

dij
�R3 |Ui||Uj|

d2
ij

,

À
�
R3

dij

1

dNmin

� R2

dij
� R3

d2
ij

�
|Uj||Ui| ,

where we kept only the largest terms using the fact that dNmin vanishes according to (1.7)
for N large enough. Hence, the second term in the right hand side of (1.58) yields using
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Lemma 1.A.1

Ņ

i�1

Ņ

j�i

»
R3zY

l
Bl

∇Uxi,RrUis : ∇Uxj ,RrUjs À
Ņ

i�1

Ņ

j�i

�
R3

dij

1

dNmin

� R2

dij
� R3

d2
ij

�
|Uj||Ui| ,

À max
1¤i¤N

�
Ņ

j�i

�
R2

dij

1

dNmin

� R

dij
� R2

d2
ij

���
max

1¤i¤N
|Ui|


2

,

À
��

R

dNmin

� 1


� |λN |3
dNmin

M̄ � M̄1{3


� R|λN |3
|dNmin|2

M̄ �RM̄2{3
��

max
1¤i¤N

|Ui|

2

,

À
�

max
1¤i¤N

|Ui|

2

,

where we used the fact that R
dNmin

À 1 thanks to (1.10) and |λN |3
dNmin

¤ |λN |3
|dNmin|2

dNmin À 1 according

to (1.6) and (1.7). The term involving rotating and straining solutions Axi,RrDis is handled
analogously.

Since the series
k°
p�0

V
ppq
i ,

k°
p�0

∇ppq
i are convergent, we denote their limit by

V 8
i :�

8̧

p�0

V
ppq
i , ∇8

i :�
8°
p�0

∇ppq
i .

Thanks to the linearity of the Stokes equation and Proposition 1.3.2, the expansion term

Ņ

i�1

�
Uxi,R

�
ķ

p�0

V
ppq
i

�
� Axi,R

�
ķ

p�0

∇ppq
i

��
,

converges in 9H1pR3zY
l
Blq uniformly in N to the expansion where we replace the series by

their limit. This shows that the error term U rupkq� s has a limit when k Ñ 8. In order to
quantify the error term, we begin by the following estimate

Proposition 1.3.3. For all k ¥ 1 we set

ηpkq :� max
j
|V pkq
j | �R max

j
|∇pkq

j |.

Under the same assumptions as Lemma 1.3.1, there exists Npr0, M̄ , Eq P N� such that for
all N ¥ Npr0, M̄ , Eq and 1 ¤ i ¤ N

}∇2upk�1q
� }L8pBiq À

�
1� |λN |3

|dNmin|3
� | logpM̄1{3λNq|



max
i
p|Vi| �R|Ωi|q,

}∇upk�1q
� }L8pBiq À R}∇2upk�1q

� }L8pBiq � ηpkq,

}upkq� }L8pBiq À R2}∇2upk�1q
� }L8pBiq � ηpkq.
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Proof.
1. Estimate of }∇2u

pk�1q
� }L8pBiq

Let x P Bi, using formula (1.10) we recall that for i � j

|x� xj| ¥ |xi � xj| � |x� xi| ¥ 1

2
dij.

Applying this, formula (1.10), the decay properties of the second gradient of single particle
solutions (1.23), (1.39) and the iteration formula (1.54) together with Lemma 1.A.1 for
k � 3 yields

|∇2upk�1q
� pxq| ¤ |∇2upkq� pxq| �

¸
j�i
|∇2Uxj ,RrV pkq

j spxq| � |∇2Axj ,Rr∇pkq
j spxq| ,

À }∇2upkq� }L8pBiq �
¸
j�i

|V pkq
j |
d3
ij

R � |∇pkq
j |
d4
ij

R3 ,

À }∇2upkq� }L8pBiq �
�¸
j�i

R

d3
ij

� R

dNmin

¸
j�i

R

d3
ij

��
max
j
|V pkq
j | �Rmax

j
|∇pkq

j |


,

� }∇2upkq� }L8pBiq �
�¸
j�i

R

d3
ij

��
1� R

dNmin



ηpkq ,

À }∇2upkq� }L8pBiq � r0M̄

� |λN |3
|dNmin|3

� | logpM̄1{3λNq| � 1



ηpkq,

hence, we iterate the formula and use the fact that ∇2u
p0q
� � 0 according to formula (1.53),

to get

}∇2upk�1q
� }L8pBiq À

�
1� |λN |3

|dNmin|3
� | logpM̄1{3λNq|


 ķ

p�0

ηppq,

which yields the expected result by applying Lemma 1.3.1.
2. Estimate of }∇upk�1q

� }L8pBiq
Let x P Bi, again, the decay properties of the gradient of the special solutions (1.22), (1.38),
formula (1.54) and Lemma 1.A.1 yields

|∇upk�1q
� pxq| ¤ |∇upkq� pxq �∇upkq� pxiq| �

¸
j�i
|∇Uxj ,RrV pkq

j spxiq| � |∇Axj ,Rr∇pkq
j spxiq| ,

À R}∇2upkq� }L8pBiq �
¸
j�i

|V pkq
j |
d2
ij

R � |∇pkq
j |
d3
ij

R3 ,

À R}∇2upkq� }L8pBiq �
�¸
j�i

R

d2
ij

� R

dNmin

¸
j�i

R

d2
ij

��
max
j
|V pkq
j | �Rmax

j
|∇pkq

j |


,

À R}∇2upkq� }L8pBiq �
�

1� R

dNmin


� |λN |3
|dNmin|2

M̄ � M̄2{3


r0η

pkq,
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again, according to (1.10), note that for N large enough, 1� R
dNmin

¤ 2. We conclude using

assumption (1.6) to bound the right hand side by ηpkq up to constants depending on M̄ ,
E , r0.
3. Estimate of }upk�1q

� }L8pBiq
Let x P Bi, again, the decay property (1.22), (1.38) and formula (1.54) yields

|upk�1q
� pxq| ¤ R2}∇2upkq� }L8pBiq �

¸
j�i
|Uxj ,RrV pkq

j spxq| � |Axj ,Rr∇pkq
j spxq| ,

À R2}∇2upkq� }L8pBiq �
¸
j�i

|V pkq
j |
dij

R � |∇pkq
j |
d2
ij

R3 ,

À R2}∇2upkq� }L8pBiq � r0

� |λN |3
dNmin

M̄ � M̄1{3 � R|λN |3
|dNmin|2

M̄ �RM̄2{3


ηpkq.

Using (1.6) and (1.7), the right hand side can be bounded by ηpkq up to constants depending
on M̄ , E , r0.

Approximation result

We can now state the main result of this Section.

Proposition 1.3.4. Assume that there exists M̄, E and a sequence pλNqNPN� such that
pXNqNPN� P X pM̄, Eq. Assume moreover that M̄1{3r0 is small enough.
There exists a positive constant C � Cpr0, M̄ , Eq and Npr0, M̄ , Eq P N� satisfying for all
N ¥ Npr0, M̄ , Eq

lim
kÑ8

}∇U rupk�1q
� s}L2pR3z�Biq ¤ CRmax

i
p|Vi| �R|Ωi|q,

Proof. The aim is to estimate }∇U rupk�1q
� s}L2pR3z�Biq. To this end, we construct a suitable

extension Erupk�1q
� s of the boundary conditions of u

pk�1q
� and apply the variational principle

(1.17). By construction, u
pk�1q
� is regular and well defined on each particle Bpxi, Rq. Hence,

we construct the extension piecewise in each Bpxi, 2Rq. Let 1 ¤ i ¤ N , for all x P Bpxi, 2Rq
we set

vipxq :� u
piq
1 pxq � u

piq
2 pxq,

where the first term u
piq
1 matches the boundary condition on Bpxi, Rq and vanishes outside

Bpxi, 2Rq. The second term is the correction needed to get div vi � 0. In order to obtain

an extension of u
pkq
� on Bpxi, 2Rq we set

u
piq
1 pxq � upkq�

�
xi �R

x� xi
|x� xi|



χ
����x� xi

R

���	 , if |x� xi| ¥ R,

u
piq
1 pxq � upkq� pxq, if x P Bpxi, Rq ,
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with χ a truncation function such that χ � 1 on r0, 1s and χ � 0 outside r0, 2s.
We have then

}∇upiq1 }L8pBpxi,2Rqq ¤ Kχ

�
}∇upkq� }L8pBpxi,Rqq �

1

R
}upkq� }L8pBpxi,Rqq



. (1.61)

In what follows we introduce the notation Apx, r, Rq :� Bpx,RqzBpx, rq for r   R. For the
second term we set:

u
p2q
i � Bxi , R , 2Rp� div u

p1q
i q,

where B is the Bogovskii operator, see [36, Appendix A Lemma 15 and 16] for more details.
The construction satisfies:

— supp u
p2q
i � Apxi, R, 2Rq

— div vi � 0
— vi � u

p1q
i � u

pkq
� on Bpxi, Rq

We set then

Erupk�1q
� s �

Ņ

i

vipxq1Bpxi,2Rq,

and thanks to the variational formulation we have

}∇U rupk�1q
� s}2

L2pR3z�Biq ¤ }∇Erupk�1q
� s}2

L2pR3z�Biq ,

�
Ņ

i

}∇vi}2
L2pApxi,R,2Rqq,

where we used the fact that the vi have disjoint support.
Thanks to the properties of the Bogovskii operator Bxi , R , 2R we get

}∇vi}2
L2pBpxi,Rqq À

»
Apxi,R,2Rq

|∇upiq1 |2 ,

À R3}∇upiq1 }2
L8pBpApxi,R,2Rqqq ,

À R3

�
}∇upkq� }L8pBiq �

1

R
}upkq� }L8pBiq


2

.

Finally

}∇U rupk�1q
� s}2

L2pR3z�Biq À
Ņ

i

R3

�
}∇upkq� }L8pBiq �

1

R
}upkq� }L8pBiq


2

.

Thanks to Proposition 1.3.3 we have

}∇upkq� }L8pBiq �
1

R
}u�}L8pBiq À max

i
p|Vi| �R|Ωi|q

�
R � R|λN |3

|dNmin|3
�R| logpM̄1{3λNq|




�
�

1

R
� 1



ηpkq.
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Since

ηpkq ¤ Kkmax
i
p|Vi| �R|Ωi|q,

with K   1 according to Lemma 1.3.1, we get

}∇U rupk�1q
� s}2

L2pR3z�Biq À max
i
p|Vi| �R|Ωi|q2

!
R

�
R � R|λN |3

|dNmin|3
�R| logpM̄1{3λNq|




� p1�RqKk
)2

.

Since K   1 for N large enough the second term on the right hand side, which is uniformly
bounded with respect to N , vanishes when k Ñ 8. This yields

lim
kÑ8

}∇U rupk�1q
� s}L2pR3z�Biq À Rmax

i
p|Vi| �R|Ωi|q

�
R � R|λN |3

|dNmin|3
�R| logpM̄1{3λNq|



.

The second term on the right hand side can be bounded using assumptions (1.6), (1.8) and
(1.10)

R � R|λN |3
|dNmin|3

�R| logpM̄1{3λNq| À R � R

dNmin

E � | log M̄ | � logN

N
À 1,

Finally we obtain

lim
kÑ8

}∇U rupk�1q
� s}L2pR3z�Biq À Rmax

i
p|Vi| �R|Ωi|q ,

which is the desired result.

Remark 1.3.2. According to Proposition 1.3.3 we have for all 1 ¤ i ¤ N

}upk�1q
� }L8pBiq À R2}∇2upk�1q

� }L8pBiq � ηpkq

À max
i
p|Vi| �R|Ωi|q

"
R

�
R|λN |3
|dNmin|3

�R| logpM̄1{3λNq|


�Kk

*
.

as for the proof of Proposition 1.3.4 the second term vanishes when k Ñ 8 and we obtain

lim
kÑ8

}upk�1q
� }L8pBiq À max

i
p|Vi| �R|Ωi|qR.

Some associated estimates

We recall that we aim to compute the velocities pVi,Ωiq associated to the unique solution
uN of the Stokes equation:#

�∆uN �∇pN � 0,
div uN � 0,

on R3z
N¤
i�1

Bi,
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completed with the no-slip boundary conditions#
uN � Vi � Ωi � px� xiq, on BBi,

lim
|x|Ñ8

|uNpxq| � 0,

with

Fi �mg � 0 , Ti � 0 , @1 ¤ i ¤ N.

The method of reflections obtained in this Section helps us to describe the velocity field
uN in terms of explicit flows

uN �
Ņ

j�1

�
Uxj ,R

�
V
p8q
j

�
� Axj ,R

�
∇p8q
j

�	
� lim

kÑ8
U rupkq� s.

In order to extract a formula for the unknown velocities pVi,Ωiq, 1 ¤ i ¤ N we need to

compute first the velocities V
p8q
i and matrices ∇p8q

i . Applying the method of reflections
and writing the force, torque and stresslet associated to the unique solution uN in two
different ways we get the following result.

Lemma 1.3.5. Under the same assumptions as Proposition 1.3.4, there exists
Npr0, M̄ , Eq P N� such that for all N ¥ Npr0, M̄ , Eq

V 8
i � κg �O

�
max
i
p|Vi| �R|Ωi|q R?

dNmin



, 1 ¤ i ¤ N ,

R |∇8
i | � O

�
max
i
p|Vi| �R|Ωi|q R

|dNmin|3{2


, 1 ¤ i ¤ N ,

where κg is defined thanks to formula (1.4).

Proof. For the sake of clarity we fix i � 1 and the same result holds for all 1 ¤ i ¤ N .
Let V P R3, D a trace-free 3� 3 matrix.

The main idea is to apply an integration by parts with a suitable test function v P
DσpR3z�

i

Biq such that v � V �Dpx� x1q on BB1 and v � 0 on the other BBj, j � 1. We

choose v the unique solution to the Stokes equation:#
�∆v �∇p � 0,

div v � 0,
on R3z

N¤
i�1

Bi, (1.62)

completed by the boundary conditions$'&
'%

v � V �Dpx� x1q, on BB1,
v � 0 on BBi, i � 1,

lim
|x|Ñ8

|vpxq| � 0.
(1.63)
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We extend uN and v by their boundary values on all Bi, 1 ¤ i ¤ N . We set E � sympDq,
Ω � ssympDq. An integration by parts yields

2

»
R3z�

i
Bi

DpuNq : Dpvq � �
¸
i

»
BBi

�
σpuN , pNqn� � v ,

� �
»
BB1

�
σpuN , pNqn� � pV � Ω� px� x1q � Epx� x1qq ,

� �V �
»
BBi

σpuN , pNqn� Ω �
»
BBi
px� xiq �

�
σpuN , pNqn� ,

� E :

»
BBi
px� xiq b

�
σpuN , pNqn� ,

� �V � F1 � Ω � T1 � E : S1, (1.64)

see (1.18) and (1.19) for the definition of the force F1, torque T1 and stresslet S1. On the
other hand, we apply the method of reflections to get

»
R3z�

i
Bi

DpuNq : Dpvq �

Ņ

j�1

»
R3z�

i
Bi

pDpUxj ,RrV 8
j sq �Dp∇Axj ,Rr∇8

j sqq : Dpvq � lim
kÑ8

»
R3z�

i
Bi

DpU ruk�sq : Dpvq.

(1.65)

For the first term we integrate by parts to get for all 1 ¤ j ¤ N

2

»
R3z�

i
Bi

DpUxj ,RrV 8
j sq : Dpvq � �

Ņ

i�1

»
BBi

�
σpUxj ,RrV 8

j s, Pxj ,RrV 8
j sqn

� � v.
2

»
R3z�

i
Bi

DpAxj ,Rr∇8
j sq : Dpvq � �

Ņ

i�1

»
BBi

�
σpAxj ,Rr∇8

j s, Pxj ,Rr∇8
j sqn

� � v.
Recall that v vanishes on BBi, i � 1 and hence, the sums above are reduced to the first
term. Applying (1.34) (1.30) and (1.24) there holds for all 1 ¤ j ¤ N»

BB1

�
σpUxj ,RrV 8

j s, Pxj ,RrV 8
j sqn

� � v � �6πRV 8
1 � V δ1j,»

BB1

�
σpAxj ,Rr∇8

j s, Pxj ,Rr∇8
j sqn

� � v � �πR3

�
8 ssymp∇8

1 q � Ω� 20

3
symp∇8

1 q : E



δ1j,

where δ1j is the Kronecker symbol.
For the second term on the right hand side of formula (1.65), we consider v1 :� Ux1,RrV s�
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Ax1,RrDs and write»
R3z�iBi

DU ruk�s : Dpvq �
»
R3z�iBi

DpU ruk�sq : Dpv1q �
»
R3z�iBi

DpU ruk�sq : Dpv � v1q.
(1.66)

To bound the last term we apply Lemma 1.2.2 and Proposition 1.3.4

lim
kÑ8

�����
»
R3z�iBi

DpU ruk�sq : Dpv � v1q
����� À max

i
p|Vi| �RrΩi|qR

�
Ra
dNmin

|V | � R3

|dNmin|3{2
|D|

�
,

À R2a
dNmin

p|V | �R|D|qmax
i
p|Vi| �R|Ωi|q.

We focus now on the first term on the right hand side of formula (1.66), we have������
»
R3zY

i
Bi

DU rupkq� s : Dpv1q
������ �

�����
¸
i

»
BBi
rσpv1, p1q � ns � upkq�

�����
¤
¸
i

4πR2}σpv1, p1q}L8pBiq}upkq� }L8pBiq,

using the decay properties (1.22), (1.38) we have

}σpv1, p1q}L8pBiq À R|V |
d2
i1

� R3

d3
i1

|D|, for i � 1 ,

}σpv1, p1q}L8pB1q À |V |
R

� |D|,
hence ������

»
R3zY

i
Bi

DpU rupkq� sq : Dpv1q
������ À Rp|V | �R|D|q}upkq� }L8pB1q ,

�R
¸
i�1

�
R2|V |
d2
i1

� R4|D|
d3
i1



max
i
}upkq� }L8pBiq ,

À Rp|V | �R|D|qmax
i
}upkq� }L8pBiq.

According to Remark 1.3.2 , we have for all 1 ¤ i ¤ N

lim
kÑ8

}upkq� }L8pBiq À Rmax
i
p|Vi| �R|Ωi|q.

Finally we get

lim
kÑ8

�����
»
R3z�iBi

DpU ruk�sq : ∇v1

������
�����
»
R3z�iBi

DpU ruk�sq : ∇pv � v1q
����� À

max
i
p|Vi| �R|Ωi|q R2a

dNmin

p|V | �R|D|q. (1.67)
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Identifying formula (1.64) and (1.65) and gathering all the inequalities above we have for
all V , Ω P R3 and symmetric trace-free 3� 3 matrix E

� V � F1 � Ω � T1 � E : S1 � 6πRV 8
1 � V � 8πR3 ssymp∇8

1 q � Ω� 20

3
πR3 symp∇8

1 q : E

�O

�
max
i
p|Vi| �R|Ωi|q R2a

dNmin

p|V | �R|D|q
�
,

with F1 � mg � 0, T1 � 0. Note that the value of the stresslet Si, see (1.19) for the
definition, is unknown. However, we only need to approximate its value using Proposition
1.2.3. We conclude by identifying the terms involving V P R3 to obtain

V 8
i :�

8̧

p�0

V
ppq
i � m

6πR
g �O

�
max
i
p|Vi| �R|Ωi|q Ra

dNmin

�
,

for the skew-symmetric part we get

R |ssymp∇8
1 q| À max

i
p|Vi| �R|Ωi|q Ra

dNmin

À max
i
p|Vi| �R|Ωi|q R

|dNmin|3{2
,

and for the symmetric part using Proposition 1.2.3

R |symp∇8
1 q| � O

�
max
i
p|Vi| �R|Ωi|q R

|dNmin|3{2


,

which concludes the proof.

Corollary 1.3.6. Under the same assumptions as Lemma 1.3.5, there exists a positive
constant C � Cpκ|g|q and Npr0, M̄ , Eq P N� such that for all N ¥ Npr0, M̄ , Eq we have

max
1¤i¤N

p|Vi| �R |Ωi|q ¤ C.

Proof. recall that V
p0q
i � Vi, ∇p0q

i � Ωi for all 1 ¤ i ¤ N , according to Lemma 1.3.5 and
Lemma 1.3.1 we obtain for all 1 ¤ i ¤ N

|Vi| �R|Ωi| ¤ |V 8
i | �R|∇8

i | �
8̧

p�1

����V ppq
i

����R
���∇ppq

i

���	 ,

¤ |V 8
i | �R|∇8

i | �K

� 8̧

p�0

Kp

�
max
i
p|Vi| �R|Ωi|q ,

À κ|g| �
�

R

|dNmin|3{2
� K

1�K



max
i
p|Vi| �R|Ωi|q.

Hence, according to Lemma 1.3.1 we have K
1�K   1. Moreover, assumption (1.9) ensures

that
R

|dNmin|3{2
À E3{4M̄3{4

N1{4 ,

which vanishes when N goes to infinity.
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1.3.2 Extraction of the first order terms for the velocities pVi,Ωiq

In order to control the motion of the particles, we want to provide a good approximation
of the unknown velocities pVi,Ωiq. Thanks to the method of reflections, the velocity field uN

can be approached by a superposition of analytical solutions to a Stokes flow generated by
a translating, a rotating and a straining sphere (See Proposition 1.3.4) with the associated
velocities pV 8

i ,∇8
i q. This allows us to compute the first order terms for pVi,Ωiq applying

Lemma 1.3.5 and Corollary 1.3.6. Keeping in mind that all the computations are done for
a fixed time t ¥ 0, the main result of this Section is the following Proposition.

Proposition 1.3.7. Assume that, for a fixed time, we have the existence of a sequence
pλNqNPN� and two positive constants M̄, E such that pXNqNPN� P X pM̄, Eq. Assume more-
over that M̄1{3r0 is small enough. Then, there exists Npr0, M̄ , Eq P N� such that for all
N ¥ Npr0, M̄ , Eq, for all 1 ¤ i ¤ N we have

Vi � κg � 6πR
Ņ

j�i
Φpxi � xjqκg �O

�
dNmin

�
, RΩi � O

�
dNmin

�
,

We begin by the following lemma:

Lemma 1.3.8. For all trace-free 3� 3 matrices pDiq1¤i¤N , for all W P R3 and 1 ¤ i ¤ N
we have

Ņ

j�i

��6πRΦpxi � xjqW � Uxj ,RrW spxiq
�� À R|W |.

Ņ

j�i

��Axj ,RrDjspxiq
�� À Rmax

j
R|Dj|.

Proof of Lemma 1.3.8. Thanks to formula (1.25) we have for i � j

Uxj ,RrW spxiq � 6πRΦpxj � xiqW � 1

4

R3

|xj � xi|3W � 3

4
R3 pxj � xiq �W

|xj � xi|5 pxj � xiq,

this yields ��Uxj ,RrW spxiq � 6πRΦpxj � xiqW
�� À R3

d3
ij

|W |.

Applying Lemma 1.A.1 with k � 3 yields

Ņ

j�i

��Uxj ,RrW spxiq � 6πRΦpxj � xiqW
�� À Ņ

j�i

R3

d3
ij

|W |

À Rr0M̄

�
R|λN |3
|dNmin|3

�Rp| log M̄ | � | log λN |q


|W |.
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We have thanks to assumptions (1.6), (1.8) and (1.10)

R|λN |3
|dNmin|3

�Rp| log M̄ | � | log λN |q ¤ R

dNmin

E �R| log M̄ | �R logN À 1.

Analogously, we obtain the second bound by applying 1.A.1 with k � 2 this time.

We can now prove the main result.

Proof of Proposition 1.3.7. Let fix 1 ¤ i ¤ N . According to Lemma 1.3.5 and Corollary
1.3.6 we have

V 8
i �

8̧

p�0

V
ppq
i � m

6πR
g �O

�
Ra
dNmin

�
.

As V
p0q
i � Vi we get

Vi � �
8̧

p�1

V
ppq
i � m

6πR
g �O

�
Ra
dNmin

�
.

Formula (1.56) for the velocities V
ppq
j yields

Vi �
8̧

p�1

¸
j�i

�
Uxj ,RrV pp�1q

j spxiq � Axj ,Rr∇pp�1q
j spxiq

	
� m

6πR
g �O

�
Ra
dNmin

�
,

� m

6πR
g �

¸
j�i

�
Uxj ,RrV 8

j spxiq � Axj ,Rr∇8
j spxiq

��O

�
Ra
dNmin

�
,

we apply Lemma 1.3.8, Lemma 1.3.5 and Corollary 1.3.6 together with (1.9) and (1.10) to
get: ¸

j�i

��Axj ,Rr∇8
j spxiq

�� À Rmax
j
R|∇8

j | ,

À R
R

|dNmin|3{2
,

¤ dNmin

E3{4M̄3{4

N1{4 ,

À dNmin.

Now, we rewrite the sum as follows:¸
j�i
Uxj ,RrV 8

j spxiq �
¸
j�i
Uxj ,Rrκgspxiq �

¸
j�i
Uxj ,R

�
V 8
j � κg

� pxiq,
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and we bound the error term using the decay rate (1.22), Lemma 1.3.5 and Lemma 1.A.1
with k � 1 �����

¸
j�i
Uxj ,R

�
V 8
j � κg

� pxiq
����� À

�¸
j�i

R

dij

�
max
j

��V 8
j � κg

�� ,
À Ra

dNmin

,

À dNmin.

We conclude by replacing the stokeslets by the Oseen tensor thanks to Lemma 1.3.8. Finally
we have for all 1 ¤ i ¤ N

Vi � κg � 6πR
Ņ

j�i
Φpxi � xjqκg �O

�
dNmin

�
.

For the angular velocities we obtain thanks to Lemma 1.3.5 and formula (1.57) for ∇ppq
1 ,

p ¥ 1

RΩ1 � �
8̧

p�1

R ssym∇ppq
1 �O

�
Ra
dNmin

�
,

� R ssym

�¸
j�1

∇Uxj ,RrV 8
j spx1q �∇Axj ,Rr∇8

j spx1q
�
�O

�
Ra
dNmin

�
.

As before, using Lemma 1.3.5 we bound the first term by

R

�����
¸
j�1

∇Uxj ,RrV 8
j spx1q �∇Axj ,Rr∇8

j spx1q
�����

À R

�¸
j�1

R

d2
1j

� R2

d3
1j

�
max
j
p|V 8

j |, R|∇8
j |q ,

À R

�¸
j�1

R

d2
1j

��
1� R

dNmin



max
j
p|V 8

j |, R|∇8
j |q ,

À Rr0

� |λN |3
|dNmin|2

M̄ � M̄2{3


,

À dNmin

�
R|λN |3
|dNmin|3

� M̄2{3


,

À dNmin ,

where we used the fact that R|λN |3
|dNmin|3

is uniformly bounded according to (1.6) and (1.10).
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1.4 Control of the particle distance and concentration

In this Section, we make precise the particle behavior in time. Precisely we want to
prove that if initially there exists two positive constants M̄, E and a sequence pλNqNPN�
such that pXNp0qqNPN� P X pM̄, Eq (see Definition 1.1.1), then the same holds true for a
finite time. Recall that the initial distribution of particles satisfies:

— The minimal distance is at least of order |λN |3{2.
— The maximal number of particles concentrated in a cube of width λN satisfies as-

sumption (1.5).
We aim to show that there exists a small interval of time r0, T s independent of N on
which the particle distance and concentration stay at the same order. The idea is to use
a Gronwall argument and the computation of the velocities pViq1¤i¤N at each fixed time
t ¥ 0.

1.4.1 Proof of Theorem 1.1.1

We assume that initially there exists two positive constants M̄, E and a sequence
pλNqNPN� such that pXNp0qqNPN� P X pM̄, Eq. Let T ¡ 0 be such that

dijptq ¥ 1

2
dijp0q , @1 ¤ i � j ¤ N , @t P r0, T r. (1.68)

This maximal time T ¡ 0 exists and we aim to prove that it is independent of N . As long
as t   T we have a control on the particle concentration.

Lemma 1.4.1 (Control of particle concentration MN). As long as t P r0, T r we have:

MNptq ¤ 84MNp0q.

Proof. We recall the definition of MNptq

MNptq :� sup
xPR3

!
#
 
i P t1, � � � , Nu such that xiptq P B8px, λNq

()
.

We introduce the following quantity:

LNptq :� max
i

#
 
j P t1, . . . , Nu such that |xiptq � xjptq|8 ¤ λNq( . (1.69)

One can show that the two definitions of concentration LNptq and MNptq are equivalent in
the sense that

LNptq ¤MNptq ¤ 8LNptq
see Lemma 1.A.2 for the proof. We also need to introduce the following notation for all
β ¡ 0:

LNβ ptq :� max
i

#
 
j P t1, . . . , Nu such that |xiptq � xjptq|8 ¤ βλNq( ,
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and
MN

β ptq :� sup
x

!
#
 
i P t1, � � � , Nu such that xiptq P B8px, βλNqq

()
,

with the notation

MN
1 ptq :�MNptq , LN1 ptq :� LNptq.

We have for all β ¡ 0 and all α ¡ 1

LNαβptq ¤ 8rαs3LNβ ptq,
where r�s denotes the ceiling function. See Corollary 1.A.3 for the proof.

The idea is to show that the concentration LN is controlled in time and hence, the same
applies to MN according to Lemma 1.A.2. Recall that we have for all t P r0, T r

dijptq ¥ 1

2
dijp0q.

Now, fix 1 ¤ i ¤ N and consider j � i satisfying |xip0q � xjp0q|8 ¡ λN , then

|xiptq � xjptq|8 ¥ 1?
3
|xiptq � xjptq| ,

¥ 1

2
?

3
|xiptq � xjp0q| ,

¡ λN

2
?

3
.

Which means that

j R
"

1 ¤ k ¤ N, such that |xiptq � xkptq| ¤ λN

2
?

3

*
.

We obtain"
1 ¤ j ¤ N , such that |xiptq � xjptq| ¤ λN

2
?

3

*
�  

1 ¤ j ¤ N , such that |xip0q � xjp0q| ¤ λN
(
. (1.70)

Hence taking the maximum over 1 ¤ i ¤ N we obtain

LN1
2
?

3

ptq ¤ LNp0q,

thus, we apply Corollary 1.A.3 with β � 1
2
?

3
and α � β�1 � 2

?
3 to get

LNptq ¤ 83LNp0q.
According to Lemma 1.A.2, the equivalence between MN and LN yields finally for all
t P r0, T r

MNptq ¤ 84MNp0q.
This ends the proof.
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This shows that as long as t   T we have pXNptqqNPN� P X p84M̄, 4Eq. This implies the
following control.

Proposition 1.4.2. Assume that there exists two positive constants M̄, E and a sequence
pλNqNPN� such that pXNqNPN� P X p84M̄, 4Eq. If r0M̄

1{3 is small enough, there exists
Npr0, M̄ , Eq and a positive constant C � Cpr0, M̄ , E , κ|g|q independent of N such that
for all N ¥ Npr0, M̄ , Eq, for all i � j we have

|Vi � Vj| ¤ Cdij.

Proof. For the sake of clarity we fix i � 1 and j � 2. The computations below are inde-
pendent of this choice. Thanks to Proposition 1.3.7 we obtain :

V1 � V2 � 6πR
Ņ

i�1,2

pΦpx1 � xiq � Φpx2 � xiqqκg �OpdNminq.

Hence, according to assumption (1.6), formula (1.27) and using Lemma 1.A.1 for k � 2 we
obtain

|V1 � V2| À R
Ņ

i�1,2

�
1

d2
1i

� 1

d2
2i



|x1 � x2| �OpdNminq ,

À r0

�
M̄

|λN |3
|dNmin|2

� M̄2{3


|x1 � x2| �OpdNminq ,

À d12.

We set then C ¡ 0 the universal constant implicit in the above estimate.

We have the following control.

Lemma 1.4.3 (Control of particle distance). For all 1 ¤ i � j ¤ N , for all t P r0, T r we
have

dijptq ¥ dijp0qe�Ct.
Proof. Thanks to (1.68) and Lemma 1.4.1 we have for all t   T that

pXNptqqNPN� P X p84M̄, 4Eq.
Hence, all computations from Proposition 1.4.2 hold true up to time T . In other words,
there exists a positive constant C � Cpr0, M̄ , E , κ|g|q such that for all indices 1 ¤ i � j ¤ N
we have

|Viptq � Vjptq| ¤ C dijptq @t P r0, T r,
thus,

d

dt
dijptq ¥ �|Viptq � Vjptq|,

¥ �C dijptq.
This entails

dijptq ¥ dijp0qe�Ct ,
which is the desired result.
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Conclusion

Thanks to Lemma 1.4.3 and Lemma 1.4.1 we have for all 1 ¤ i � j ¤ N , t P r0, T r

dijptq ¥ dijp0qe�Ct,
MNptq ¤ 84MNp0q,

this shows that T is independent of N and is at least of order logp2q
C

where C depends on
pr0, M̄ , E , κ|g|q.

1.5 Reminder on Wasserstein distance and analysis of

the limiting equation

In this part we recall some important results of existence, uniqueness, regularity and
stability concerning the mean-field equation (1.13). We recall also the definition of the
Monge-Kantorovich-Wasserstein distance of order one and infinite. We refer to [70, Part
I, chapter 6] for definition and properties of the order one distance W1. To define the
infinite Wasserstein distance we start with some associated notions. We refer to [20] for
more details.

Definition 1.5.1 (Transference plan). Let µ , ν P PpR3q be two probability measures. The
set of transference plans from µ to ν denoted Πpµ , νq is the set of all probability measures
π P PpR3 � R3q with first marginal µ and second marginal ν i.e.

π P Πpµ , νq ô
» »

R3�R3

pφpxq � ψpyqqπpdxdyq �
»
R3

φpxqµpdxq �
»
R3

ψpyqνpdyq,

for all φ , ψ P CbpR3q.
Recall that for all probability measure λ P PpR3 � R3q we have

Definition 1.5.2 (Essential supremum).

λ� esssup |x� y| :� inftt ¥ 0 : λptpx, yq P R3 � R3 : |x� y| ¡ tuq � 0u.

We recall also the definition of the support for a (non-negative) measure.

Definition 1.5.3 (Measure support). Given µ P PpR3q a non-negative measure, then the
support of µ is defined as the set of all points x for which every open neighbourhood of x
has positive measure

suppµ � tx P R3 : @V P Vpxq , µpV q ¡ 0u,

where Vpxq denotes the set of open neighbourhoods of x.
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With this definition for the support one can show that there holds

λ� esssup |x� y| :� supt|x� y| : px, yq P supp λuq.
We can now define the infinite Wasserstein distance W8:

Definition 1.5.4 (Infinite Wasserstein distance). The infinite Wasserstein distance be-
tween two probability measures µ and ν is defined as follows:

W8pµ , νq � inf
πPΠpµ , νq

tπ � esssup |x� y|u.

A transference plan π� P Πpµ, νq satisfying

W8pµ , νq � π� � esssup |x� y|,
is called an optimal transference plan.

We recall also the definition of a transport map.

Definition 1.5.5 (Transport map). Given two probability measures µ and ν, a transport
map T is a measurable mapping T : suppµÑ R3 such that

ν � T#µ.

We emphasize that T pR3q � supp ν µ - almost everywhere. Indeed

µtx P R3 : T pxq R supp ν u � µtT�1pcsupp ν qu ,
� νtc supp νu ,
� 0.

Remark 1.5.1. Note that, for all transport map T from µ to ν one may associate a
transference plan pId, T q#µ P Πpµ , νq i.e. the pushforward of µ by the map x ÞÑ px, T pxqq
and we have

pId, T q#µ� esssup |x� y| ,
� inftt ¥ 0 : pId, T q#µptpx, yq P R3 � R3 : |x� y| ¥ tuq � 0u ,
� inftt ¥ 0 : µppId, T q�1tpx, yq P R3 � R3 : |x� y| ¥ tuq � 0u ,
� inftt ¥ 0 : µptx P R3 : |x� T pxq| ¥ tuq � 0u ,
� µ� esssup |x� T pxq|.

Note that this yields

inf
πPΠpµ , νq

tπ � esssup |x� y|u ¤ inftµ� esssup |T pxq � x| , T : suppµÑ R3 , ν � T#µu.

It is then natural to investigate in which conditions one has the existence of a transport map
T associated to an optimal transference plan. As in [34] we refer to [20] for the following
existence result.

Theorem 1.5.1 (Champion, De Pascale, Juutinen). Assume that µ is absolutely contin-
uous with respect to the Lebesgue measure. Then there exists optimal transference plans,
and at least one of them is given by a transport map T . If moreover ν is a finite sum of
Dirac masses, this optimal transport map is unique.
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1.5.1 Existence, uniqueness and stability for the mean-field equa-
tion

Consider the following problem" B%
Bt � divppκg �K%q%q � 0 ,

%p0, �q � %0 ,
(1.71)

recall the definition of the kernel K

Kηpxq � 6πr0κ

»
Φpx� yq g ηpyqdy,

for all η P L8pR3q � L1pR3q. We refer to the existence and uniqueness result due to Höfer
[38, Theorem 9.2] in the case where the initial data %0 and its gradient ∇%0 are in the space
Xβ for some β ¡ 2 where

Xβ :� th P L8pR3q , }h}Xβ   8u,
with

}h}Xβ :� esssup
x

p1� |x|βq|hpxq|.

Theorem 1.5.2 (Höfer). Assume that %0, ∇%0 P Xβ for β ¡ 2. There exists a unique
solution % P W 1,8pp0, T q, Xβq to equation (1.71) for all T ¡ 0 and a unique well defined
flow X satisfying" BsXps, t, xq � κg �K%ps,Xps, t, xqq, @ s, t P r0,�8r,

Xpt, t, xq � x, @ t P r0,�8r, (1.72)

such that
%pt, xq � %0pXp0, t, xqq , @ pt, xq P r0,�8r�R3. (1.73)

Remark 1.5.2. The flow X is measure-preserving i.e. for a test function φ P CbpR3q we
have »

φpyq%ps, yqdy �
»
φpXps, t, yqq%pt, yqdy,

for all s , t P r0, T s. This allows us to separate the dependence of time s in the integral with
respect to the measure %pt, �q.
Remark 1.5.3. Note that for all η P L8pR3q X L1pR3q, the velocity field Kη is Lipschitz

|Kpηqpxq �Kpηqpyq| À p}η}L1 � }η}L8q |x� y|, @x � y P R3.

Moreover, if one assume that %0 is only Lipschitz and compactly supported, then one
can show the existence and uniqueness of the solution % to equation (1.71) in the space
L8pp0, T q;L8pR3q X L1pR3qq. The method of proof is related to the stability result due to
G. Loeper in [50] which gives a stability estimate in terms of Wasserstein distance for the
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Vlasov-Poisson equation. This result is adapted by M. Hauray in [33, Theorem 3.1] for a
more general class of kernels K satisfying a pCαq condition with α   d� 1 where d is the
space dimension

divK � 0, |Kpxq|, |x||∇Kpxq|   C

|x|α , @x � 0, (Cα)

see [33]. This condition being satisfied by the Oseen tensor Φ we have the following result.

Theorem 1.5.3 (Hauray-Loeper). Given T ¡ 0, consider two solutions %i P L8pp0, T q,
L8pR3qXL1pR3qq, i � 1, 2, of equation (1.71) associated to two initial data %i0 P L8pR3qX
L1pR3q, i � 1, 2. There holds

W1p%1pt, �q, %2pt, �qq ¤ W1p%1
0, %

2
0qeC maxp}%0

1}L8XL1 ,}%0
2}L8XL1 qt. (1.74)

We refer to [33, Theorem 3.1] for a complete proof which introduces the main ideas
used also in [34] for the mean field approximation result.

1.5.2 %N as a weak solution to a transport equation

According to Theorem 1.1.1, there exists a time T ¡ 0 independent of N for which the
particles do not overlap. This shows that the empirical measure

%Npt, xq :� 1

N

Ņ

i�1

δxiptqpxq,

is well defined on r0, T s. Recall that we are interested in the limiting behaviour of %N P
Ppr0, T s � R3q when N Ñ 8. According to Proposition 1.3.7, particles pxiq1¤i¤N satisfy
the following system: #

9xi � Vi,
Vi � κg � 6πR

°
i�j

Φpxi � xjq.

In order to prove Theorem 1.1.2 we want to compare the particle system to the continuous
density % which is solution to equation (1.71). Hence, we need to express %N as a weak
solution to a transport equation. The remainder of this Section is devoted to establish such
a formulation.
Analogously to the continuous case, we are interested in giving a sense to the quantity

K%N � 6πr0κ

»
Φpx� yqg%Npt, dyq,

which is not well defined because Φ is singular. On the other hand, as the only values of Φ
that matters are the terms Φpxi � xjq, i � j we define the following regularization

ψNΦpxq :� ΦpxqψNpxq,
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where ψNpxq :� ψ
�

x
dNminp0q

	
and ψ is a truncation function such that ψ � 0 on Bp0, 1{4q

and ψ � 1 outside Bp0, 1{2q. We can now define the operator KN

KN%Npt, xq :� 6πr0κ

»
R3

ψNΦpx� yq g %Npt, dyq ,

� 6πr0κ

N

¸
i

ψNΦpx� xiptqqg.

Since Theorem 1.1.1 ensures that the particles satisfy

|xiptq � xjptq| ¥ 1

2
dNminp0q , @i � j , @ t P r0, T s,

we have for x � xiptq, t P r0, T s, 1 ¤ i ¤ N

KN%Npt, xiptqq � 6πr0κ

N

¸
j�i

Φpxjptq � xiptqqg.

Now, it remains to check that %N is a weak solution of a transport equation. We recall that
%N is a weak solution of a transport equation B

Bt � divpV %Nq with V P Cpr0, T s, C1pR3qq if
for all test function φ P C8c pr0, T s � R3q we have» T

0

»
R3

pBtφpt, xq �∇φpt, xq � V pt, xqq %Npdx, tqdt � 0.

Note that this integral yields» T

0

»
R3

pBtφpt, xq �∇φpt, xq � V pt, xqq %Npdx, tqdt ,

�
» T

0

1

N

¸
i

pBtφpt, xiptqq �∇φpt, xiptqq � V pt, xiptqqq .

In particular if we choose V such that V pt, xiptqq � Viptq one has

�
» T

0

1

N

¸
i

Btφpt, xiptqq �∇φpt, xiptqq � Vi ,

� 1

N

¸
i

» T

0

d

dt
pφpt, xiptqqq ,

� 0.

On the other hand, we recall that from Proposition 1.3.7 we can write for all 1 ¤ i ¤ N

Vi � κg � 6πR
Ņ

j�i
Φpxi � xjqκg � Eiptq ,

� κg �KN%Npt, xiptqq � Eiptq,
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with Eiptq � OpdNminq. Hence if we construct a divergence-free vector field EN such that

ENpt, xiptqq � Eiptq,

we can define V as

V pt, xq � κg �KN%Npt, xq � ENpt, xq.

Construction of EN We fix χ a truncation function such that χ � 1 on Bp0, 1q and
χ � 0 on cBp0, 2q. For all i we set

Eipt, xq :� curl

�
χ

�
x� xiptq

R



Eiptq � x� xiptq

2



.

By construction, Ei is a divergence-free compactly supported vector field satisfying

Eipt, xiptqq � Eiptq.

Furthermore, Ei is supported in Bpxiptq, 2Rq. Thanks to Theorem 1.1.1, this entails that
supppEiq X supppEjq � H for i � j. We set then

ENpt, xq :�
¸
i

Eipt, xq .

By construction, this velocity field is divergence-free and is regular EN P Cpr0, T s � R3q,
ENpt, �q P C1pR3q for all 0 ¤ t ¤ T . Moreover is satisfies for all t P r0, T s

ENpt, xiptqq � Eiptq for all 1 ¤ i ¤ N ,

}ENpt, �q}8 ¤ Cχ max
i
|Eiptq| À dNmin. (1.75)

The only statement that needs further explanation is (1.75). For all x P Bpxiptq, Riq we
have

Eipt, xq � Eiptq,
and for all x P Bpxi, 2RqzBpxi, Rq, direct computations yields

Eipt, xq � 1

2

�
2χ

�
x� xiptq

R



I3 � 1

R
∇χ

�
x� xiptq

R



b px� xiptqq

� 1

R
px� xiptqq �∇χ

�
x� xiptq

R



I3

�
Eiptq.

Therefore

|Eipt, xq| ¤ C r}χ}8 � }∇χ}8s |Eiptq|.
We can now state the following proposition.
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Proposition 1.5.4. For arbitrary N we have that κg �KN%N �EN P Cpr0, T s �R3q and
∇KN%N �∇EN P Cpr0, T s � R3q. Moreover, the velocity field satisfies

|κg �KN%Npt, xq � ENpt, xq| ¤ C , @pt, xq P r0, T s � R3, (1.76)

for some positive constant C independent of N .

Proof. As the kernel is regularized, the two first properties are satisfied by construction.
For all pt, xq P r0, T s � R3 we have

KN%Npxq � 6πr0κ

N

¸
i

ψNpxqΦpx� xiptqq ,

� 6πr0κ

N

¸
i

ψNpxq1
t|xiptq�x|¡

dN
min

p0q
2

u
Φpx� xiptqq.

We set Ipt, xq � t1 ¤ i ¤ N , |xiptq � x| ¡ dNminp0q
2

u. Reproducing the arguments of Lemma
1.A.1 for k � 1 together with assumptions (1.6), (1.7) and Theorem 1.1.1 yields

��KN%Npxq�� À 1

N

¸
Ipt,xq

1

|x� xiptq| ,

À M̄
|λN |3
dNminp0q

� M̄1{3 ,

À M̄
|λN |3

|dNminp0q|2
dNminp0q � M̄1{3 ,

À 1 .

Furthermore, the velocity field EN is uniformly bounded according to (1.75).

This allows us to state the following result.

Theorem 1.5.5. %N is a weak solution of" B%N
Bt � divppκg �KN%N � ENq%Nq � 0 ,

%Np0, �q � %N0 ,
(1.77)

on r0, T s�R3. Moreover, the characteristic flow associated to the velocity κg�KN%N �EN

is of class C1 for all N ¥ 1" BsXNps, t, xq � κg �KN%Nps,XNps, t, xqq � ENps,XNps, t, xqq @ s, t P r0, T s,
XNpt, t, xq � x, @ t P r0, T s,

(1.78)
and the following classical formula holds true:

%Npt, �q � XNpt, 0, �q#%N0 @ t P r0, T s. (1.79)
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Proof. As V pt, xq :� κg � KN%Npt, xq � ENpt, xq P C1pr0, T s � R3q is defined such that
V pt, xiptqq � Vi , @ 1 ¤ i � N this ensures that for all test function φ P C8c pr0, T s � R3q:

» T

0

»
R3

�Btφpt, xq �∇φpt, xq � �κg �KN%Npt, xq � ENpt, xq�� %Npdx, tqdt � 0,

thus, %N is a weak solution for (1.77).
According to Proposition 1.5.4, the ode governing the characteristic flow satisfies the as-
sumptions of the Cauchy-Lipschitz theorem. Therefore, the ode admits a unique maximal
solution XN P C1pr0, T s � r0, T s �R3q thanks to formula (1.76). Equality (1.79) holds true
thanks to the classical theory for transport equations.

1.6 Control of the Wasserstein distance

At this point, we proved that the particles interact two by two with an interaction force
given by the Oseen-tensor with an additional error term.#

9xiptq � Viptq,
Viptq � κg � 6πR

°
i�j

Φpxiptq � xjptqq � ENpt, xiptqq. (1.80)

We want to estimate the Wasserstein distance W1p%Npt, �q, %pt, �qq for all time 0 ¤ t ¤ T .
To this end, we follow the ideas of [33] and [34] and show that the additional error term
EN can be controled. As in [34], we introduce an intermediate density %̄N .

1.6.1 Step 1. Estimate of the distance between % and %̄N

We define %̄N0 as the regularized density of %N0 :

%̄N0 :� %N0 � χλN

where χλN pxq :� 1
|λN |3χ

�
x
λN

�
a mollifier compactly supported. Note that the support of χ

is not important, we consider for instance χ such that suppχ � Bp0, 1q. We emphasize
that the regularized density is uniformly bounded

%̄N0 pxq �
»

1

|λN |3χ
�x� y

λN

	
%N0 pdyq ,

� 1

N |λN |3
Ņ

i�1

χ

�
x� xip0q

λN



,

¤ 1

N |λN |3 }χ}8 sup
x

#ti P t1, . . . , Nu , xip0q P Bpx, λNqu ,
¤ }χ}8M̄, (1.81)
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according to assumption (1.5). Moreover, we have

»
R3

%̄N0 pxqdx �
1

N |λN |3
Ņ

i�1

»
Bpxip0q,λN q

χ

�
x� xip0q

λN



dx ,

� 1. (1.82)

Now, we define %̄N as the unique solution to equation (1.71) associated to the initial data
%̄N0 . The stability Theorem 1.5.3 allows us to compare % and %̄N :

W1p%pt, �q, %̄Npt, �qq ¤ W1p%0, %̄
N
0 qeCt,

where C � Cp}χ}8, M̄ , }%0}8q. We split the distance W1p%0, %̄
N
0 q as follows

W1p%0, %̄
N
0 q ¤ W1p%0, %

N
0 q �W1p%N0 , %̄N0 q,

and use the fact that
W1p%N0 , %̄N0 q ¤ W8p%N0 , %̄N0 q,

together with [34, Proposition 1]

W8p%N0 , %̄N0 q ¤ CλN , (1.83)

to get
W1p%pt, �q, %̄Npt, �qq À

�
λN �W1p%0, %

N
0 q

�
eCt. (1.84)

1.6.2 Step 2. Estimate of the distance between %̄N to %N

It remains to estimate W1p%Npt, �q, %̄Npt, �qq. We have the following result.

Lemma 1.6.1. For N large enough, there exists a positive constant C such that for all
t P r0, T s

W1p%Npt, �q, %̄Npt, �qq À
�
λN � tdNmin

�
eCt.

Theorem 1.1.2 is a consequence of estimate (1.84) and Lemma 1.6.1. The rest of this
Section is devoted to proving the above lemma.

Proof of Lemma 1.6.1. According to Theorems 1.5.2 and 1.5.5 we have the explicit formu-
las for all s , t P r0, T s

%̄Npt, �q � Xpt, s, �q#%̄Ns ,
%Npt, �q � XNpt, s, �q#%Ns .

At t � 0 we have the existence of an optimal transport map T0 from %̄N0 to %N0 thanks to
Theorem 1.5.1

%N0 � T0#%̄N0 ,
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satisfying
W8p%̄N0 , %N0 q � %̄N0 � esssup |T0pxq � x|.

We construct then a transport map Tt from %̄N to %N at all time t P r0, T s by following T0

along the two flows X and XN

Tt � XNpt, 0, �q � T0 �Xp0, t, �q.
One can remark that for all 0 ¤ s ¤ t:

Tt � XNpt, s, �q � Ts �Xps, t, �q
%Npt, �q � Tt#%̄

Npt, �q.
As in [34] we set then

fNptq :� sup
s¤t

%̄Npt, �q � esssup |Tspxq � x|,

so that
W8p%Npt, �q, %̄Npt, �qq ¤ fNptq,

and thanks to (1.83) we have

fNp0q � W8p%̄N0 , %N0 q ¤ CλN . (1.85)

We reproduce the same steps as in [34] and introduce the following notation for a generic
“particle” of the continuous system with position xt at time t such that

xs � Xps, t, xtq,
we fix in what follows 0 ¤ t2 ¤ t1 and recall the following formula

Tt1 �Xpt1, t2, �q � XNpt1, t2, �q � Tt2 .
We aim now to estimate |Tt1pxt1q � xt1 | for all test particle xt1

Tt1pxt1q � xt1 � XNpt1, t2, Tt2pxt2qq �Xpt1, t2, xt2q,

� Tt2pxt2q � xt2 �
» t1

t2

9XNps, t2, Tt2pxt2qq � 9Xps, t2, xt2qds,

� Tt2pxt2q � xt2 �
» t1

t2

�rKN%N � EN sps,XNps, t2, Tt2pxt2qqq,

�K%̄Nps, xsqq
�
ds,

� Tt2pxt2q � xt2 �
» t1

t2

�rKN%N � EN sps, Tspxsqq �K%̄Nps, xsqq
�
ds,

� Tt2pxt2q � xt2 �
» t1

t2

ENps, Tspxsqqds,

�
» t1

t2

»
R3

6πr0κ
�
ψNΦpTspxsq � Tspyqq � Φpxs � yq� g%̄Nps, dyqds,
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where we used the fact that %Ns � Ts#%̄
N
s to get

KN%Nps, Tspxsqq � 6πr0κ

»
R3

ψNΦpTspxsq � yqg%Nps, dyq ,

� 6πr0κ

»
R3

ψNΦpTspxsq � Tspyqqg%̄Nps, dyq.

We set then t1 � t and t2 � t1 � τ � t� τ , τ ¡ 0. We obtain for almost every xt

|Ttpxtq � xt| ¤ |Tt�τ pxt�τ q � xt�τ | � τ}ENptq}8,

� 6πr0κ|g|
» t

t�τ

»
R3

��ψNΦpTspxsq � Tspyqq � Φpxs � yq�� %̄Nps, dyqds,
¤ fNpt� τq � τ}ENptq}8 ,

� C

» t

t�τ

»
R3

��ψNΦpTspxsq � Tspysqq � Φpxs � ysq
�� %̄Npt, dytqds,

here we used Remark 1.5.2 with ys � Xps, t, ytq. In addition we defined

}ENptq}8 :� sup
0¤s¤t

}ENps, �q}8.

This being true for almost every xt we obtain

fNptq ¤ fNpt� τq � τ}ENptq}8
� C esssup

xt

» t

t�τ

»
R3

��ψNΦpTspxsq � Tspysqq � Φpxs � ysq
�� %̄Npt, dytqds. (1.86)

Hence, it remains to control the last quantity. We split the integral on R3 into two terms:
the first one denoted J1 is the integral over the subset I and the second one denoted J2

the integral over R3zI where

I � tyt : |xt � yt| ¥ 4fNptqeτLu,
where L will be defined later.

Step 1: Estimate of J1

For all t� τ ¤ s ¤ t, we have

|xs � ys| ¥ |xt � yt| �
» t

s

| 9Xpt1, t, xtq � 9Xpt1, t, ytq|dt1,

¥ |xt � yt| �
» t

s

|K%̄Npt1, Xpt1, t, xtqq �K%̄Npt1, Xpt1, t, ytqq|dt1,

¥ |xt � yt| � Lip pK%̄Nq
» t

s

|Xpt1, t, xtq �Xpt1, t, ytq|dt1.
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Using Remarks 1.5.2 and 1.5.3, formula (1.73) and the uniform bounds (1.81), (1.82), the
Lipschitz constant of K%̄N is uniformly bounded. This allows us to define the constant L
as

Lip pK%̄Nq ¤ C}%̄N0 }L8pL8XL1q ¤ L .

Applying Gronwall’s inequality yields for all 0 ¤ t� τ ¤ s ¤ t

|xs � ys| ¥ |xt � yt|e�Lpt�sq.
We can make precise now the constant L :� Lip pK%̄Nq which is uniformly bounded with
respect to N and t P r0, T s.
We have for all 0 ¤ t� τ ¤ s ¤ t and τ small enough

|xs � ys| ¥ |xt � yt|e�Lpt�sq ¥ |xt � yt|e�Lτ ¥ 1

2
|xt � yt|. (1.87)

Analogously, for almost all xs and ys

|Tspxsq � Tspysq| ¥ |xs � ys| � |Tspxsq � xs| � |Tspysq � ys| ,
¥ |xs � ys| � 2fNpsq ¥ |xs � ys| � 2fNptq,

where we used the fact that fNptq ¥ fNpsq. According to the definition of I � tyt :
|xt � yt| ¥ 4fNptqeτLu, this yields for τ small enough

|Tspxsq � Tspysq| ¥ 1

4
|xt � yt|. (1.88)

Moreover, recall that Tspxsq and Tspysq are in the support of %Nps, �q i.e. there exists i , j
such that Tspxsq � xipsq and Tspysq � xjpsq. In addition, estimate (1.88) and the definition
of I ensures that i � j. We have then

ψNΦpTspxsq � Tspysqq � ΦpTspxsq � Tspysqq. (1.89)

Finally, using estimates (1.87), (1.88), formula (1.89) and the Lipschitz-like estimate (1.27)
for Φ we obtain

J1 �
»
I

» t

t�τ
|ΦpTspxsq � Tspysqq � Φpxs � ysq| ds%̄Npt, dytq,

¤ C

»
I

» t

t�τ

|xs � Tspxq| � |ys � Tspyq|
minp|xs � ys|2 , |Tspxq � Tspyq|2qds%̄

Npt, dytq,

¤ CfNptqτ
»
I

1

|xt � yt|2 %̄
Npt, dytq,

¤ CτfNptq}%̄Nptq}L8XL1 ,

¤ CτfNptq}%̄N0 }L8XL1 ,

¤ CτfNptq ,
where we used Remark 1.5.2, formula (1.73) and the uniform bounds (1.81), (1.82).
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Step 2: Estimate of J2

We focus now on

J2 :� esssup
xt

» t

t�τ

»
cI

��ψNΦpTspxsq � Tspysqq � Φpxs � ysq
�� %̄Npt, dytqds.

Again Tspxsq and Tspysq are in the support of %Nps, �q i.e. there exists i , j such that
Tspxsq � xipsq and Tspysq � xjpsq. Moreover if i � j then ψNΦpTspxsq�Tspysqq � 0. Hence
in all cases we have��Φpxs � ysq � ψNΦpTspxsq � Tspysqq

�� ¤ |Φpxs � ysq| � |ψNΦpTspxsq � Tspysqq| ,
¤ C

�
1

|xs � ys| �
1

dNminpsq


,

applying the change of variable yt � Xpt, s, ysq we get»
cI

» t

t�τ

1

|xs � ys|ds%̄
Npt, dytq ¤ }%̄N}8

» t

t�τ

»
cI

1

|xs � ys|dytds,

� C

» t

t�τ

»
Xpt,s,cIq

1

|xs � ys|dysds.

Denote K � Xpt, s, cIq, as the flow X preserves the Lebesgue measure we have |K| � |cI|.
For all s P rt� τ, ts and a ¡ 0 a direct computation yields»

K

1

|xs � ys|dys �
�»

KXBpxs,aq
�
»
KXcBpx,aq



1

|xs � ys|dys,

¤ Ca2 � 1

a
|K|,

we choose then a3 � |K| � |cI| ¤ C
��fNptq��3 e3Lτ to get»

cI

» t

t�τ

1

|xs � ys|ds%̄
Npt, dytq ¤ Cτ

��fNptq��2 e2Lτ . (1.90)

For the remaining term we apply Theorem 1.1.1 and get for all t� τ ¤ s ¤ t»
cI

» t

t�τ

1

dNminpsq
ds%̄Npt, dytq ¤ 2

dNminp0q
»
cI

» t

t�τ
ds%̄Npt, dytq,

¤ Cτ
2e3τL

dNminp0q
��fNptq��3 .

Conclusion
Gathering these bounds, there exists a constant K ¡ 0 independent of N such that for τ
small enough and 0   t ¤ T

fNptq ¤ fNpt� τq � τ}ENptq}8 �KτfNptq
�

1� fNptq �
��fNptq��2
dNminp0q

�
.
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We can now apply a discrete Gronwall argument: Note that at time t � 0, assumption
(1.11) and formula (1.85) ensures the existence of a positive constant C1 ¡ 1 such that

1� fNp0q �
��fNp0q��2
dNminp0q

¤ C1

K
,

hence, we define T � ¤ T as the maximal time for which

1� fNptq �
��fNptq��2
dNminp0q

¤ C1

K
@t P r0, T �r. (1.91)

Note that T � a priori depends on N , the purpose is to show that this is not the case. We
obtain for all t P r0, T �r

fNptq ¤ fNpt� τq � C1τf
Nptq � τ}EN}8.

If τ is small enough we can write

fNptq ¤ p1� C1τq�1fNpt� τq � τ

1� C1τ
}EN}8,

iterating the formula we obtain for M P N�

fNptq ¤ p1� C1τq�MfNpt�Mτq � τ
M̧

k�1

1

p1� C1τqk }E
N}8,

¤ p1� C1τq�MfNpt�Mτq � τ
M̧

k�1

e2C1τk}EN}8.

Thanks to the bound 1
1�C1τ

¤ e2C1τ for τ small enough. We set then t�Mτ � 0 to get

fNptq ¤ p1� C1
t

M
q�MfNp0q � t

M

M̧

k�1

e2C1
t
M
k}EN}8.

As e2C1
t
M
k ¤ e2C1t for all 1 ¤ k ¤M the second term yields

t

M

M̧

k�1

e2C1
t
M
k}EN} ¤ te2C1t}EN}8,

and for M sufficiently large

p1� C1
t

M
q�M ¤ e2C1t.

Finally for all t P r0, T �r

fNptq ¤ fNp0qe2C1t � te2C1t}EN}8.
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In particular we have for all t P r0, T �r

fNptq �
��fNptq��2
dNminp0q

¤ fNp0qe2C1t � }EN}8Te2C1t � 2

��fNp0q��2 e4C1t � }EN}2
8T

2e4C1t

dNminp0q
,

¤ e4C1T p2� T � 2T 2q
�
fNp0q � }EN}8 �

��fNp0q��2 � }EN}2
8

dNminp0q

�
.

Since we have fNp0q � O
�
λN

�
and thanks to (1.75)

��fNp0q��2 � }EN}2
8

dNminp0q
À |λN |2
dNminp0q

� dNmin ,

which vanishes according to assumption (1.7) and (1.11). This shows that we can take N
large enough and depending on T , K and C1 such that T � Ñ T and formula (1.91) holds
true up to time T . Hence, for N large enough we have for all t P r0, T s

fNptq ¤ fNp0qe2C1t � te2C1t}EN}8.

Using (1.85) and the fact that W1p%N , %̄Nq ¤ W8p%N , %̄Nq ¤ fN , this implies Lemma
1.6.1.
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Appendix

1.A Technical lemmas

We state here an important lemma which is the extension of [41, Lemma 2.1] to the new
assumptions on the dilution regime introduced in [36]. We introduce %̃N an approximation
of %N defined as

%̃Npt, xq :� 1

N

Ņ

i�1

1B8pxi,λN {3q
|B8pxi, λN{3q| . (1.92)

%̃N is L8 and using (1.5), one can check that

}%̃N}L8 À 1

N |λN |3 sup
xPR3

#
 
i P t1, � � � , Nu such that xi P B8px, λN{3q

( À MN

N |λN |3
À M̄ . (1.93)

Moreover, %̃N is L1 and we have }%̃N}L1 � 1 by construction.

Lemma 1.A.1. For all k P r0, 2s, under assumptions (1.5), (1.7), if N is large enough,
there exists a positive constant C ¡ 0 such that for all fixed 1 ¤ i ¤ N :

1

N

¸
j�i

1

dkij
¤ CM̄

|λN |3
|dNmin|k

� M̄k{3. (1.94)

Moreover, if k � 3 we have

1

N

¸
j�i

1

d3
ij

¤ CM̄

� |λN |3
|dNmin|3

� | logpM̄1{3λNq| � 1



.

Proof. We fix i � 1 and the same holds true for all 1 ¤ i ¤ N . We use the following
shortcut

I1 :� tj P t1, � � � , Nu such that |x1 � xj|8 ¤ λNu.
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The sum can be written as follows:
1

N

¸
j�1

1

dk1j
� 1

N

¸
jPI1
j�1

1

dk1j
� 1

N

¸
jRI1

1

dk1j
,

¤ 1

N

MN

|dNmin|k
� 1

N

¸
jRI1

1

dk1j
,

¤ M̄
|λN |3
|dNmin|k

� 1

N

¸
jRI1

1

dk1j
.

For the second term in the right hand side, note that, for all y P B8pxj, λN{3q, j R I1 we
have

|x1 � y|8 ¥ |x1 � xj|8 � |xj � y|8 ¥ 2{3λN ,
this yields

|x1 � xj|8 ¥ |x1 � y|8 � λN{3 ¥ |x1 � y|8{2 .
Hence, we have for all constant L ¡ 2{3λN

1

N

¸
jRI1

1

dk1j
¤ 2k

N

¸
jRI1

»
B8pxj ,λN {3q

1

|B8pxj, λN{3q|
1

|x1 � y|k dy ,

À
»
cBpx1,2{3λN q

1

|x1 � y|k %̃
Npt, dyq ,

¤ }%̃N}L8
» L

2{3|λN |
r2�kdr �

»
cBpx1,Lq

1

|x1 � y|k %̃
Npt, dyq ,

¤ }%̃N}L8
L3�k � �

2{3|λN |�3�k

3� k
� }%̃N}L1

Lk
,

À M̄
L3�k

3� k
� 1

Lk
.

One can show that the optimal constant L ¡ 2{3λN is L � 1
M̄1{3 . Since lim

NÑ8
λN � 0, this

choice of L is possible for N large enough such that λN   3
2M̄1{3 . Hence, we obtain

1

N

¸
jRI1

1

dk1j
À 4� k

3� k
M̄k{3.

If k � 3, we integrate the term r�1 keeping the same value for L as before

1

N

¸
jRI1

1

d3
1j

¤ }%̃N}L8
» 1

M̄1{3

2{3|λN |

dr

r
�
»
cBpx1,

1

M̄1{3 q

1

|x1 � y|3 %̃
Npt, dyq ,

¤ M̄

�
log

�
1

M̄1{3|λN |


� log p3{2q



� M̄ ,

¤ 2M̄p| logpM̄1{3λNq| � 1q ,
for N large enough to ensure 3

2
¤ 1

M̄1{3|λN | .
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The following results are used for the control of the particle concentration MN :

MNptq :� sup
xPR3

!
#
 
i P t1, � � � , Nu such that xiptq P B8px, λNq

()
.

We recall the definition of LN introduced in (1.69):

LNptq :� max
i

#
 
j P t1, . . . , Nu such that |xiptq � xjptq|8 ¤ λN

(
.

The following lemma shows that the two definitions are equivalent.

Lemma 1.A.2. We have
LNptq ¤MNptq ¤ 8LNptq.

Proof. The first inequality is trivial. To prove the second one note that we have:

sup
xPR3

!
#
 
i P t1, � � � , Nu such that xi P B8px, λNq

() ¤
8 sup
xPR3

!
#
 
i P t1, � � � , Nu such that xi P B8px, λN{2q

()
.

Indeed, for all x P R3 there exists x̄k, k � 1, � � � , 8 such that

B8 px, λNq �
8¤
k

B8

�
x̄k,

λN

2



,

this yields

 
i P t1, � � � , Nu such that xi P B8px, λNq

(
�

8¤
k

 
i P t1, � � � , Nu such that xi P B8px̄k, λN{2q

(
.

Taking the supremum in the right hand side and then in the left one we obtain

sup
xPR3

!
#
 
i P t1, � � � , Nu such that xi P B8px, λNq

() ¤
8 sup
xPR3

!
#
 
i P t1, � � � , Nu such that xi P B8px, λN{2q

()
. (1.95)

Moreover, we remark that the supremum in the right hand side over all x P R3 can be

reduced to the supremum over
�
i

B8pxi, λN2 q. Now consider x P �
i

B8pxi, λN2 q, there exists

1 ¤ i0 ¤ N such that |x�xi0 |8 ¤ λN

2
, we have then for all j � i0 such that |x�xj|8 ¤ λN

2
:

|xj � xi0 |8 ¤ |xj � x|8 � |x� xi0 |8 ¤ λN ,
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which means that for all x P �
i

B8pxi, λN2 q there exists 1 ¤ i0 ¤ N such that

 
1 ¤ j ¤ N, such that xj P B8px, λN{2q

( �  
1 ¤ j ¤ N, such that |xj � xi0 |8 ¤ λN

(
.

Taking the maximum over all i0 in the right hand side, and then the supremum over all

x P �
i

B8pxi, λN2 q we obtain

sup
x

!
#
 
i P t1, � � � , Nu such that xi P B8px, λN{2q

() ¤
max
i

#
 
j P t1, . . . , Nuztiu such that |xi � xj|8 ¤ λN

(
. (1.96)

Gathering inequality (1.95) and (1.96) concludes the proof.

More generally we define for all β ¡ 0:

LNβ ptq :� max
i

#
 
j P t1, . . . , Nu such that |xiptq � xjptq|8 ¤ βλN

(
,

and
MN

β ptq :� sup
xPR3

!
#
 
i P t1, � � � , Nu such that xiptq P B8px, βλNq

()
,

with the notation
MN

1 ptq :�MNptq , LN1 ptq :� LNptq.
The previous results yields

Corollary 1.A.3. For all β ¡ 0 and all α ¡ 1 we have

LNαβptq ¤ 8rαs3LNβ ptq,
where r�s denotes the ceiling function.

Proof. For sake of clarity we set β � 1 and the proof remains the same for all β ¡ 0. The
idea is to show an equivalent formula for MN and use Lemma 1.A.2. Analogously to the
proof of Lemma 1.A.2, for all x P R3 there exists x̄k, k � 1, � � � , tλu3 such that

B8 px, αλNq �
rαs3¤
k�1

B8 px̄k, λNq.

This yields, with the definition of MN
λ :

MN
α ¤ rαs3MNptq.

Finally, we apply Lemma 1.A.2 to get

LNα ptq ¤MN
α ptq ¤ rαs3MNptq ¤ 8rαs3LNptq ,

which completes the proof.
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We finish with the following Lemma showing the relation between the sequence pλNqNPN
and the infinite Wasserstein distance.

Lemma 1.A.4. If there exists a constant C such that

W8p%N , %q ¤ CλN ,

then Assumption (1.5) holds true.

Proof. We recall below Assumption (1.5)

sup
N

MN

N |λN |3 ¤ M̄.

Thanks to the definition of MN , we have

MN

N |λN |3 � sup
x

%NpBpx, λNqq
|λN |3 .

Hence, we aim to estimate %NpBpx, λNqq for all x P R3. According to the definition of the
infinite Wasserstein distance, there exists an optimal transport map T such that %N � T#%
and

W8p%N , %q :� %� esssup |T pxq � x|.
Let x P R3, since %N is the pushforward of % one can write

%NpBpx, λNqq � %pT�1pBpx, λNqqq.

We have for almost all y P T�1pBpx, λNqq

|x� y| ¤ |x� T pyq| � |T pyq � y| ¤ λN �W8p%N , %q.

This shows that T�1pBpx, λNqq � Bpx, λN �W8p%N , %qq µ a.e. and yields

MN

N |λN |3 � sup
x

%pT�1pBpx, λNqqq
|λN |3 À }%}8

�
1� W8p%N , %q3

|λN |3


.
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Chapter 2

A model for suspension of a cluster
of particle pairs

Abstract

In this paper, we consider N clusters of pairs of particles sedimenting in a viscous
fluid. The particles are assumed to be rigid spheres and inertia of both particles and
fluid are neglected. The distance between each two particles forming the cluster is
comparable to their radii 1

N while the minimal distance between the pairs is of or-
der 1

N1{3 . We show that, at the mesoscopic level, the dynamics are modelled using a
transport-Stokes equation describing the time evolution of the position and orienta-
tion of the clusters. We also investigate the case where the orientation of the cluster
is initially correlated to its position. A local existence and uniqueness result for the
limit model is provided.

2.1 Introduction

We consider the problem of N rigid particles sedimenting in a viscous fluid under
gravitational force. The inertia of both fluid and particles is neglected. At the microscopic
level, the fluid velocity and the pressure satisfy a Stokes equation on a perforated domain.
In the analysis of the associated homgenization problem, it has been proved that the
interaction between particles leads to the appearance of a Brinkman force in the fluid
equation. This Brinkman force depends on the dilution of the cloud but also the geometry
of the particles (see [1, 24, 36, 37]). In the dynamic case, the justification of a mesoscopic
model using a coupled transport-Stokes equation has been proved in [41] where authors
show that the interaction between particles is negligible in the dilute case i.e. when the
minimal distance between particles is larger than 1

N1{3 . In [38, 57] the justification has
been extended to regimes that are not so dilute but where the minimal distance between
particles is still large compared to the particles radii. The coupled equations derived are:$&

%
Bt%� divppκg � uq%q � 0

�∆u�∇p � 6πr0κg% ,
divpuq � 0.

(2.1)
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Here u is the fluid velocity, p its associated pressure, % is the density of the cloud. r0 � RN ,
where R is the particles radii, g the gravity vector. The velocity κg � m

6πR
g represents the

fall speed of a sedimenting single particle under gravitational force. The derivation of this
model is a consequence of the method of reflections which consists in approaching the flow
around several particles as the superposition of the flows associated to one particle at time,
see [67], [44, Chapter 8], [54], [30, Section 4], [45], [39] for more details. This approximation
is possible in the case where the minimal distance between particles is larger than the par-
ticles radii. Consequently, the velocity of each particle corresponds to the fall speed of one
sedimenting particle κg to which we add the velocity contribution of all the other particles
which is smaller but of order one.

In this paper, we are interested in the case where the cloud is made up of clusters.
The main motivation is to show the influence of the clusters configuration on the mean
velocity fall. A first investigation in this direction is to consider clusters of pairs of particles
where the minimal distance between the particles forming the pair is comparable to their
radii. The cluster configuration is determined by the center x and the orientation ξ of the
pair. Starting from a microscopic model, the first result of this paper is the derivation of
a mesoscopic fluid-kinetic model describing the fluid velocity and pressure pu, pq and the
function fpt, x, ξq representing the density of clusters centered in x and having orientation
ξ at time t. The mean velocity fall of clusters is formulated through the Stokes resistance
matrices. The second result of this paper corresponds to the case where the orientation of
the cluster is correlated to its center i.e. ξ � F pt, xq. We obtain a system of coupled equa-
tions on % the first marginal of f , the fluid velocity and pressure pu, pq and the function F
describing the evolution of the cluster orientation. A local existence and uniqueness result
for the former system is also presented.

The starting point is a microscopic model representing suspension of N P N� identical
particle pairs in a uniform gravitational field. The pairs are defined as

Bi :� Bpxi1, Rq YBpxi2, Rq , 1 ¤ i ¤ N,

where xi1, x
i
2 are the centers of the ith pair and R the radius. We define puN , pNq as the

unique solution to the following Stokes problem :#
�∆uN �∇pN � 0,

div uN � 0,
on R3z

N¤
i�1

B
i
, (2.2)

completed with the no-slip boundary conditions :$'&
'%

uN � U i
1 on BBpxi1, Rq,

uN � U i
2 on BBpxi2, Rq,

lim
|x|Ñ8

|uNpxq| � 0,
(2.3)

where pU i
1, U

i
2q P R3 � R3 , 1 ¤ i ¤ N are the linear velocities. In this model, the angular

velocity is neglected and we complete the PDE with the motion equation for each couple
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of particles : "
9xi1 � U i

1,
9xi2 � U i

2.
(2.4)

Newton law yields the following equations where inertia is neglected :�
�F i

1

F i
2

�

� �

�
�mg
mg

�

, (2.5)

where m is the mass of the identical particle adjusted for buoyancy, g the gravitational
acceleration, F i

1, F i
2 are the drag forces applied by the fluid on the ith particle :

F i
1 �

»
BBpxi1,Rq

σpuN , pNqn , F i
2 �

»
BBpxi2,Rq

σpuN , pNqn,

with n the unit outer normal and σpuN , pNq � p∇uN � p∇uNqJq � pNI the stress tensor.
In order to formulate our results we introduce the main assumptions on the cloud.

2.1.1 Assumptions and main results

We assume that the radius is given by R � r0
2N

. In this paper we use the following
notations, given a pair of particles Bpx1, Rq and Bpx2, Rq:

x� :� 1

2
px1 � x2q , x� :� 1

2
px1 � x2q , ξ :� x�

R
.

Let T ¡ 0 be fixed. We introduce the empirical density µN P Ppr0, T s � R3 � R3q:

µNpt, x, ξq � 1

N

Ņ

1

δpxi�ptq,ξiptqqpx, ξq,

and set %N its first marginal:

%Npt, xq :� 1

N

¸
i

δxi�ptq pxq. (2.6)

We denote by dmin the minimal distance between the centers xi�:

dminptq :� min tdijptq :� |xi�ptq � xj�ptq| , i � ju.

We assume that there exists two constants M1 ¡M2 ¡ 1 independent of N such that:

M2 ¤ |ξi| ¤M1 , i � 1, � � � , N @ t P r0, T s. (2.7)
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We assume that µN converges weakly to a measure µ in the sense that for all test function
ψ P Cbpr0, T s � R3 � R3q we have:» T

0

»
R3

»
R3

ψpt, x, ξqµNpt, dx, dξqdt Ñ
NÑ8

» T

0

»
R3

»
R3

ψpt, x, ξqµpt, x, ξqdx dξ dt. (2.8)

We assume that the first marginal of µ denoted by % is a probability measure such that
% P W 1,8 XW 1,1. We use the shortcut W8ptq :� W8p%Npt, �q, %pt, �qq to define the infinite-
Wasserstein distance between %N and %, see [20] for a definition.
We assume that there exists a positive constant E1 ¡ 0 such that for all N P N� and
t P r0, T s:

sup
NPN�

W 3
8

d2
min

¤ E1. (2.9)

Finally, we assume that there exists a positive constant E2 ¡ 0 such that for all N P N�

and t P r0, T s:
sup
NPN�

W 3
8

d3
min

¤ E2. (2.10)

Remark 2.1.1. Note that, formula (2.8) ensures that:

sup
tPr0,T s

W8ptq Ñ
NÑ8

0. (2.11)

Since % P L8, this yields a lower bound for the infinite Wasserstein distance:

1

NW 38
À sup

xPR3

%NpBpx,W8qq
|Bpx,W8q|3 À }%}8. (2.12)

The definition of the infinite Wasserstein distance ensures that

W8 ¥ dmin{2 , (2.13)

which yields according to (2.11)

sup
tPr0,T s

dminptq Ñ
NÑ8

0. (2.14)

Assumption (2.10) is only needed for the second Theorem 2.1.2.

Our main results read:

Theorem 2.1.1. Assume that (2.7), (2.8) and (2.9) are satisfied. If r0}%0}L1XL8 is small
enough, µ satisfies the following transport equation :$&
%

Btµ� divxrpApξqq�1κg � uqµs � divξr∇u � ξµs � 0 , on r0, T s � R3 � R3,
�∆u�∇p � 6πr0κ%g , on R3,

divpuq � 0 , on R3.
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Remark 2.1.2. Analogously to the model (2.1), local existence a uniqueness result can be
shown for the former model following the result of [38].

The second result concerns the case where the vectors along the line of centers ξi are
correlated to the positions of centers xi�.

Theorem 2.1.2. We consider the additional assumption (2.10). Assume that there exists
a function F0 P W 1,8 such that ξip0q � F0pxi�p0qq for all 1 ¤ i ¤ N . There exists T ¡ 0
independent of N and unique FN P L8p0, T ;W 1,8q such that for all t P r0, T s we have:

µN � %N b δFN and FNp0, �q � F0.

Moreover, the sequence pFNqN admits a limit denoted F P L8p0, T ;W 1,8q. The limiting
measure µ is of the form µ � %b δF and the triplet p%, F, uq satisfies the following system$''''''&

''''''%

BtF �∇F � pApF q�1κg � uq � ∇u � F, on r0, T s � R3,
Bt%� divppApF q�1κg � uq%q � 0, on r0, T s � R3,

�∆u�∇p � 6πr0κg%, on R3,
div u � 0, on R3,
%p0, �q � %0, on R3,
F p0, �q � F0 on R3.

(2.15)

Remark 2.1.3. The matrix A is defined as A :� A1�A2 where A1 and A2 are the resistance
matrices associated to the sedimentation of a couple of identical spheres, see Section 2.2.1
for the definition. The term pAq�1κg represents the mean velocity of a couple of identical
particles sedimenting under gravitational field. We assume herein that A�1 P W 2,8.

We finish with a local existence and uniqueness result for the limit model.

Theorem 2.1.3. Let p ¡ 3, F0 P W 2,p and %0 P W 1,p compactly supported. There ex-
ists T ¡ 0 and unique triplet p%, F, uq P L8p0, T ;W 1,pq � L8p0, T ;W 2,pq � L8p0, T ;W 3,pq
satisfying (2.15).

As in [57], the idea of proof of Theorem 2.1.1 and 2.1.2 is to provide a derivation of the
kinetic equation satisfied weakly by µN . This is done by computing the first order terms
of the velocities of each pair:$''&

''%
9xi� � pApξiqq�1κg � 6πr0

N

°
j�i

Φpxi� � xj�qκg,

9ξi �
�

6πr0
N

°
j�i

∇Φpxi� � xj�qκg
�
� ξi.

(2.16)

The interaction force Φ is the Oseen tensor, see formula (2.17). This development is a
corollary of the method of reflections which consists in approaching the solution uN of
2N separated particles by the superposition of fields produced by the isolated 2N particle
solutions. We refer to [67], [54], [44, Chapter 8] and [30, Section 4], [45] for an introduction
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to the topic. We also refer to [39] where a converging method of reflections is developed
and is used in [38]. In this paper we reproduce the same method of reflections developed
in [57, Section 3]. However this method is no longer valid in the case where the minimal
distance is comparable to the particle radii. The idea is then to approach the velocity
field uN by the superposition of fields produced by the isolated N couple of particles
Bi � Bpxi1, Rq \Bpxi2, Rq. This requires an analysis of the solution of the Stokes equation
past a pair of particles. In particular, we need to show that these special solutions have
the same decay rate as the Stokeslets, see [57, Section 2.1].
The convergence of the method of reflections is ensured under the condition that the
minimal distance dmin between the centers xi� satisfies

W 3
8

dmin

� W 3
8

d2
min

  �8 ,

and that the distance |xi1 � xi2| for each pair satisfies formula (2.7).
In this paper, we focus only on the derivation of the mesoscopic model. Precisely, we do not
tackle the propagation in time of the dilution regime and the mean field approximation.
We provide in Propositions 2.B.3 and 2.B.1 some estimates showing that the control on
the minimal distance dmin depends on the control on the infinite Wasserstein distance W8.
However, the gradient of the Oseen tensor appearing in equation (2.16) leads to a log term
in the estimates involving the control of W8, see Proposition 2.B.2. This prevents us from
performing a Gronwall argument in order to prove the mean field approximation in the
spirit of [33, 34].

2.1.2 Outline of the paper

The remaining sections of this paper are organized as follows. In section 2 we present an
analysis of the particular solution of two translating spheres in a Stokes flow. In section 3
we present and prove the convergence of the method of reflections. In section 4 we compute
the particle velocities p 9xi�, 9ξiq1¤i¤N . Sections 5 and 6 are devoted to the proofs of Theorem
2.1.1, 2.1.2 and 2.1.3. Finally, we gather all the preliminary estimates in the appendix.

2.1.3 Notations

In this paper, n always refers to the unit outer normal to a surface.
We recall that the Green’s function for the Stokes problem also called the Oseen tensor is
defined as:

Φpxq � 1

8π

�
I
|x| �

xb x

|x|3


, (2.17)

its associated pressure P reads:

P pxq � 1

4π

x

|x|3 .

88



See [27, Formula (IV.2.1)] or [44, Section 2.4.1].
Given a couple of velocities pU1, U2q P R3 � R3 we use the following notations

U� :� U1 � U2

2
, U� :� U1 � U2

2
.

Finally, in the whole paper we use the symbol À to express an inequality with a multiplica-
tive constant independent of N and depending only on r0, }%0}L1XL8 , E1, E2 and eventually
on κ|g| which is uniformly bounded, see [57].

2.2 Two translating spheres in a Stokes flow

In this section, we focus on the analysis of the Stokes problem in R3 past a pair of
particles. Given x1, x2 P R3 and R1, R2 ¡ 0, such that |x1 � x2| ¡ R1 � R2, we consider
two spheres Bα :� Bpxα, Rαq α � 1, 2 and focus on the following Stokes problem:" �∆u�∇p � 0,

div u � 0,
on R3zB̄1 Y B̄2, (2.18)

completed with the no-slip boundary conditions:#
u � Uα, on BBα, α � 1, 2,

lim
|x|Ñ8

|upxq| � 0, (2.19)

where Uα P R3 for α � 1, 2. Classical results on the Steady Stokes equations for exterior
domains (see [27, Chapter V] for more details) ensures the existence and uniqueness of
equations (2.18) – (2.19). In this section, we aim to describe the velocity field u in terms
of the force applied by the fluid on the particles defined as:

Fα :�
»
BBα

σpu, pqn , α � 1, 2.

We refer to the paper [42] for the following statements. Neglecting angular velocities and
torque we emphasize that there exists a linear mapping called resistance matrix satisfying:�

F1

F2



� �3πpR1 �R2q

�
A11 A12

A21 A22


�
U1

U2



, (2.20)

where Aαβ, 1 ¤ α, β ¤ 2, are 3 � 3 matrices depending only on the non-dimensionalized
centre-to-centre separation:

s :� 2
x1 � x2

R1 �R2

,

and the ratio of the spheres’ radii:

λ � R1

R2

,
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each of these matrices is of the form:

Aαβ :� gα,βp|s|, λqI� hα,βp|s|, λqsb s

|s|2 , (2.21)

where I is the 3 � 3 identity matrix and gα,β, hα,β are scalar functions. We refer to the
paper of Jeffrey and Onishi [42] where the authors provide a development formulas for gα,β
and hα,β given by a convergent power series of |s|�1. Note that the matrices satisfy

A22ps, λq � A11ps, λ�1q,
A12ps, λq � A21ps, λq,
A12ps, λq � A12ps, λ�1q.

(2.22)

Inversly, there exists also a linear mapping called mobility matrix such that�
U1

U2



� � 1

3πpR1 �R2q
�
a11 a12

a21 a22


�
F1

F2



. (2.23)

The matrices aα,β depend on the same parameters as matrices Aα,β and satisfy a formula
analogous to (2.21). They are also symmetric in the sense of formula (2.22).
The resistance and mobility matrices satisfy the following formula:�

A11 A12

A21 A22


�
a11 a12

a21 a22



�
�
I 0
0 I



, (2.24)

Again, we refer to [42] for more details.

2.2.1 Restriction to the case of two identical spheres

We simplify the study by assuming that R1 � R2 � R i.e. λ � 1. This means that the
resistance matrix depends only on the parameter s which becomes:

s � x1 � x2

R
� 2 ξ,

and we have:
A22ps, 1q � A11ps, 1q.

Hence we reformulate the resistance matrix as follows:�
F1

F2



� �6πR

�
A1pξq A2pξq
A2pξq A1pξq


�
U1

U2



, (2.25)

and the mobility matrix:�
U1

U2



� �p6πRq�1

�
a1pξq a2pξq
a2pξq a1pξq


�
F1

F2



. (2.26)
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Formula (2.24) yields the following relations"
A1a1 � A2a2 � I,
A1a2 � A2a1 � 0.

(2.27)

We are interested in providing a formula for the velocity u and showing some decay prop-
erties. In this paper we use the notation pU rU1, U2s, P prU1, U2sq for the unique solution
to " �∆U rU1, U2s �∇P rU1, U2s � 0,

divU rU1, U2s � 0,
on R3zB̄1 Y B̄2,

completed with the no-slip boundary conditions:#
U rU1, U2s � Uα, on BBα, α � 1, 2,

lim
|x|Ñ8

|U rU1, U2spxq| � 0,

We have the following preliminary result:

Proposition 2.2.1. For all x R B1 YB2 the following formula holds true:

upxq � �
»
BB1

Φpξ � xq rσpu, pqqnqspξqdξ �
»
BB2

Φpξ � xq rσpu, pqqnqspξqdξ. (2.28)

Proof. Without loss of generality we assume that the pair of particles is centered in the
origin i.e. x� � 0. In what follows we use the following shortcut

pu, pq � pU rU1, U2s, P rU1, U2sq.
In order to prove the main property we need some preliminary decay rates. We keep the
notation u for the extension of the velocity field on R3 by Uα on Bα, α � 1, 2. Since
∇u P L2pR3q, the classical steady Stokes regularity results (see [27, Theorem IV.4.1])
combined with some Sobolev embeddings ensures that pu, pq P C2pBp0, 3d{2qzBp0, dqq �
C1pBp0, 3d{2qzBp0, dqq, where d is large enough to have B̄1 Y B̄2 � Bp0, 2|x�|q � Bp0, dq.
Hence, the idea is to consider v � χdu, π � χdp where χd a regular truncation function
such that χd � 0 on Bp0, dq and χd � 1 on Bp0, 3d{2q. The couple pv, πq satisfies a Stokes
equation with a source term f and a compressible condition g depending on the data and
supported in Bp0, 3d{2qzBp0, dq. Hence, the convolution formula with the Oseen tensor(see
[27, Formula (IV.2.1)]) holds true and we emphasize that for |x| large enough we have:

|vpxq| � |upxq| À 1

|x| , |πpxq| � |ppxq| À 1
|x|2 . (2.29)

The proof of formula (2.28) relies on the Lorentz reciprocal theorem, see [44, Section 2.3],
which stands that for a given domain Ω � R3 and two divergence free vector fields v, v1 on
Ω, there holds »

BΩ

v � pσ1 nq �
»

Ω

v � div σ1 �
»
BΩ

v1 � pσ nq �
»

Ω

v1 � div σ � 0 , (2.30)
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where σ, σ1 the respective stress tensor of v and v1. On the other hand, we recall the
definition of the Oseen tensor Φ and its associated pressure P :

Φpxq � 1

8π

�
I
|x| �

xb x

|x|3


, Ppxq � 1

4π
x
|x|3 .

We denote by Σ its (triadic) associated stress tensor :

Σijk � pΦij,k � Φkj,iq � δikPj � �6
xixjxk
|x|5 ,

where Φij,k � BxkΦij. Since Φ is the Green’s function, its stress tensor satisfies

pdiv Σqij �
¸
k

BxkΣijk � δ0pxqδij,

in the sense that for all regular divergence-free vector field v»
Ω

div Σ v �
"
vp0q if 0 P Ω,

0 if 0 R Ω.
(2.31)

We apply the reciprocal theorem, formula (2.30), for v � u and v1 � Φpx � �q, we obtain
for all domain Ω and all x P Ω:

upxq � �
»
BΩ

Φpξ � xq rσpu, pqqnqspξqdσpξq �
»
BΩ

Σpξ � xqnpξqupξqdσpξq.

We may then apply this formula by choosing Ω � Bp0, R̄qzB1 YB2 with R̄ large enough
to satisfy B1 YB2 � Bp0, R̄q. We obtain then for all x P Ω:

upxq � �
»
BB1YBB2

Φpξ � xq rσpu, pqqnqspξqdσpξq �
»
BB1YBB2

Σpξ � xqnpξqupξqdσpξq

�
»
BBp0,R̄q

Φpξ � xq rσpu, pqqnqspξqdσpξq �
»
BBp0,R̄q

Σpξ � xqnpξqupξqdσpξq

The two last terms on the right hand side vanish when R̄ Ñ 8. This is due to the fact
that Φ (resp. Σ) scales like Op 1

R̄
q (resp. Op 1

R̄2 q) and, according to the decay rate (2.29),
u , R σpu, pq Ñ 0 for large R̄ .
For the term involving the stress tensor Σ and the velocity field u on BB1 Y BB2 we recall
that upxq � Uα on BBα α � 1, 2. And as x R B1 YB2 we have then:»

BBα
Σpξ � xqnpξq � 0.

Finally for all x R B1 YB2 the following formula holds true:

upxq � �
»
BB1

Φpξ � xq rσpu, pqqnqspξqdξ �
»
BB2

Φpξ � xq rσpu, pqqnqspξqdξ.
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Corollary 2.2.2. The following development holds true up to order 2:

U rU1, U2spxq � �Φpx� x1qF1 � Φpx2 � xqF2. (2.32)

There exists a function f independent of the data such that the unique solution
pU rU1, U2s, P rU1, U2sq satisfies the following decay property for all x R Bpx�, 2|x�|q:
|U rU1, U2spxq|
|x� � x| � |∇U rU1, U2spxq| � |P rU1, U2spxq| À 6πR|fp|ξ|q|maxp|U1|, |U2|q

|x� � x|2 . (2.33)

Precisely, we have for all x R Bpx�, 2|x�|q:

U rU1, U2spxq À 6πR|fp|ξ|q|
� |U�|
|x� � x| �

|U�| � |U�|
|x� � x|2 |x�|



, (2.34)

where ξ � |x�|
R

and U� � U1�U2

2
, U� � U1�U2

2
.

Proof. As in [44, Section 2.5], we take the Taylor series of Φpx � ξq in ξ to obtain an
approximation of the velocity field u that holds true up to the order 3. We recall that if
we neglect the torque we have: »

BBα
rσpu, pqqnqspξqdξ � Fα, (2.35)»

BBα
rσpu, pqqnqspξq � pξ � xαqdξ � 0. (2.36)

Replacing Φpx� ξq by its development:

Φpξ � xq � Φpxα � xq �∇Φpxα � xq pξ � xαq � ...

in formula (2.28), we thus obtain the following formula which is exact up to second order:

upxq � �
2̧

α�1

Φpx� xαqFα,

recall that the forces are given by the following formulas:

F1 � 6πRpA1U1 � A2U2q,
F2 � 6πRpA2U1 � A1U2q.

We have then the existence of a scalar function f independent of the data such that:

|Fα| ¤ 6πR |fp|ξ|q| maxp||U1|, |U2|q.
This yields the following decay rate for all x R Bpx1, Rq YBpx2, Rq:

|upxq| À 6πR

�
1

|x� x1| �
1

|x� x2|


|fp|ξ|q| maxp||U1|, |U2|q. (2.37)

The remaining estimates are obtained using direct computations and the following formu-
las:

F1 � F� � F�, F2 � F� � F�. (2.38)
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2.3 The method of reflections

In this section, we aim to show that the method of reflections holds true in the special
case where the minimal distance and the radius R are of the same order. The idea is to
approach the velocity field uN by the particular solutions developed in the section above.
We recall that uN is the unique solution to the following Stokes problem :#

�∆uN �∇pN � 0,
div uN � 0,

on R3z
N¤
i�1

B̄i,

completed with the no-slip boundary conditions :$'&
'%

uN � U i
1 , on BBpxi1, Rq,

uN � U i
2 , on BBpxi2, Rq,

lim
|x|Ñ8

|uNpxq| � 0,

where pU i
1, U

i
2q P R3 � R3 , 1 ¤ i ¤ N are such that:�

�F i
1

F i
2

�

� �

�
�mg
mg

�

, @ 1 ¤ i ¤ N.

Thanks to the superposition principle, the sum of the N solutions
°N
i�1 U rU i

1, U
i
2s satisfy a

Stokes equation on R3z
N�
i�1

Bi, but do not match the boundary conditions. Hence, we define

the error term:

U rup1q� s � u�
Ņ

i�1

U rU i
1, U

i
2s,

which satisfies a Stokes equation on R3z
N�
i�1

Bi completed with the following boundary con-

ditions for all 1 ¤ i ¤ N , α � 1, 2 and x P Bpxiα, Rq :

up1q� pxq � �
¸
j�i

U rU i
1, U

i
2spxq.

We set then for α � 1, 2 and 1 ¤ i ¤ N :

U i,p1q
α :� up1q� pxiαq,

and reproduce the same approximation to obtain:

U rup2q� s :� u�
Ņ

i�1

�
U rU i

1, U
i
2s � U rU i,p1q

1 , U
i,p1q
2 s

	
,

94



which satisfies a Stokes equation with the following boundary conditions for all 1 ¤ i ¤ N ,
α � 1, 2 and x P Bpxiα, Rq:

up2q� pxq � up1q� pxq � up1q� pxiαq �
¸
j�i

U rU i,p1q
1 , U

i,p1q
2 spxq.

By iterating the process, one can show that for all k ¥ 1 we have:

u �
ķ

p�0

Ņ

i�1

U rU i,ppq
1 , U

i,ppq
2 s � U rupk�1q

� s,

where for all α � 1, 2, 1 ¤ i ¤ N and p ¥ 0:

upp�1q
� pxq � uppq� pxq � uppq� pxiαq �

¸
j�i

U rU i,ppq
1 , U

i,ppq
2 spxq ,

up0q� �
Ņ

i�1

U i
1 1Bpxi1,Rq � U i

2 1Bpxi2,Rq ,

U i,ppq
α � uppq� pxiαq ,

U i,p0q
α � U i

α . (2.39)

The convergence is analogous to the convergence proof in [57, Section 3.1]. We begin by
the following estimates that are needed in the computations.

Lemma 2.3.1. Under assumptions (2.7), (2.9) we have for all 1 ¤ i � j ¤ N , 1 ¤ α, β ¤
2:

|xiα � xjβ| ¥
1

2
|xi� � xj�|. (2.40)

The first step is to show that the sequence max
i
pmaxp|U i,ppq

1 |, |U i,ppq
2 |qq converges when

p goes to infinity.

Lemma 2.3.2. Under assumptions (2.7), (2.8), (2.9) and the assumption that r0}%0}L1XL8
is small enough, there exists a positive constant K   1{2 satisfying for all 1 ¤ i ¤ N , p ¥ 0

max
i
pmaxp|U i,pp�1q

1 |, |U i,pp�1q
2 |qq ¤ Kmax

i
pmaxp|U i,ppq

1 |, |U i,ppq
2 |qq,

for N large enough.

Proof. According to formulas (2.33) and Lemma 2.3.1, we have for all α � 1, 2 and 1 ¤
i ¤ N :

|U i,pp�1q
α | ¤

�����
¸
j�i

U rU j,ppq
1 , U

j,ppq
2 spxiαq

�����
À 6πr0

N

�¸
j�i

|fp|ξj|q|
dij

�
max
j
p|U j,ppq

1 |, |U j,ppq
2 |q

¤ Cr0}%}L1XL8
�
W 3

8
dmin

� 1



,
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where we used Lemma 2.A.1 and the fact that for all 1 ¤ j ¤ N and N P N�

|fp|ξj|q| ¤ sup
2 |s|¤M1

|fp|s|q|,

according to assumption (2.7). Hence, the first term in the right-hand side vanishes ac-
cording to (2.9) and (2.14).
Finally, if we assume that r0}%}L1XL8 is small enough, we obtain the existence of a positive
constant K   1{2 such that:

max
i
pmaxp|U i,pp�1q

1 |, |U i,pp�1q
2 |qq ¤ Kmax

i
pmaxp|U i,ppq

1 |, |U i,ppq
2 |qq.

We have the following result.

Proposition 2.3.3. Under the same assumptions as Lemma 2.3.2, we have for N large
enough:

lim
kÑ8

}∇U rupk�1q
� s}2 À R max

1¤i¤N
α�1,2

|U i
α|.

Proof. The proof is analogous to the convergence proof of [57, Proposition 3.4]. This is due
to the fact that the particular solutions have the same decay rate as the Oseen-tensor.

2.3.1 Two particular cases

First case

Given W P R3 we consider in this part w the unique solution to the Stokes equation
(2.2) completed with the following boundary conditions :

w �
$&
%

W on Bpx1
1, Rq,

�W on Bpx1
2, Rq,

0 on Bpxi1, Rq YBpxi2, Rq, i � 1.
(2.41)

We denote by W
i,ppq
α , α � 1, 2, 1 ¤ i ¤ N , p P N the velocities obtained from the method

of reflections applied to the velocity field w. In other words :

w �
ķ

p�0

¸
i

U rW i,ppq
1 ,W

i,ppq
2 s � U rwpk�1q

� s.

We aim to show that, in this special case, the sequence of velocities W
i,ppq
α and the error

term U rwpkq
� s are much smaller than before. This is due to the initial vanishing boundary

conditions for i � 1. Indeed we have :
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Proposition 2.3.4. There exists two positive constants C,L ¡ 0 such that for N large
enough:

max
α�1,2

|W i,pp�1q
α | ¤ Cp2Cr0L}%0}L8XL1qp R|x1

�|
|x1� � xi�|2

|W | , i � 1 , p ¥ 0,

max
α
|W 1,pp�1q

α | ¤ C2p�1pr0CL}%0}L8XL1qp|x1
�|

R

dmin

|W | , p ¥ 1,

max
α
|W i,p0q

α | �max
α
|W 1,p1q

α | � 0 , i � 1.

Proof. We show that the statement holds true for p � 0 then we prove it for all p ¥ 1 by
induction. According to formula (2.39) we have for p � 0:

W 1,p0q
α � Wδα1 �Wδα2,

and for i � 1, α � 1, 2, U
i,p0q
α � 0. This yields for i � 1, α � 1, 2:

W i,p1q
α � U rW 1,p0q

1 ,W
1,p0q
2 spxiαq,

� Φpx1
1 � xiαqF 1

1 � Φpx1
2 � xiαqF 1

2 ,

where:

F 1
1 � �6πRpA1ps1q � A2ps1qqW, F 1

2 � �6πRpA2ps1q � A1ps1qqW.

Hence, F 1
2 � �F 1

1 we have then using Lemma 2.3.1:

|W i,p1q
α | ¤ ��Φpx1

1 � xiαq � Φpx1
2 � xiαq

�� |F 1
1 |,

À 6πR
|x1
�|
d2
i1

|A1ps1q � A2ps1q| |W |,

thus, we denote by C ¡ 0 the global positive constant appearing in the estimate above.
This shows that the first statement holds true for p � 0. For the second estimate we have
|W 1,p1q

α | � 0 and for p � 1 we have:

|W 1,p2q
α | �

�����
¸
j�1

U rW j,p1q
1 ,W

j,p1q
2 spx1

αq
����� ,

¤ C
¸
j�1

R

d1j

maxp|W j,p1q
1 |, |W j,p1q

2 |q,

¤ C
¸
j�1

�
CR2|x1

�|
d3

1j



|W |,

¤ C
|x1
�|R
dmin

pCKr0q |W | ,
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where we used Lemma 2.A.1 for k � 2 and assumption (2.9). In what follows we define the
constant L ¡ 0 as the constant satisfying:

max
i

�
1

N

¸
j�i

�
1

d2
ij



� 1

N

¸
j�1,i

�
1

dij
� 1

d1j


�
¤ L}%0}L8XL1 .

Now for all p ¥ 1, i � 1 we have:

|W i,pp�1q
α | �

�����
¸
j�i
U rW j,ppq

1 ,W
j,ppq
2 spxiαq

�����
¤ C

¸
j�i

R

dij
maxp|W j,ppq

1 |, |W j,ppq
2 |q,

¤ C
� ¸
j�i,1

R

dij
Cp2Cr0L}%0}L8XL1qp�1 R|x1

�|
d2

1j

� R

di1

R|x1
�|

dmin

C2p�2pr0CL}%0}L8XL1qp�1
	
|W |,

using the fact that 1
dijdkj

¤ 1
dik

�
1
dij
� 1

dkj

	
we obtain

|W i,pp�1q
α | ¤ C

�R|x1
�|

di1
Cp2Cr0L}%0}L8XL1qp�1

�
1

d1i

¸
j�i,1

�
R

dij
� R

d1j



�

¸
j�i,1

R

d2
1j

�

� R

di1

R|x1
�|

dmin

C2p�2pr0CL}%0}L8XL1qp�1
	
|W |,

¤ C
R|x1

�|
di1

�
Cp2Cr0L}%0}L8XL1qp�1

�
r0L}%0}L8XL1

d1i




� R

dmin

C2p�2pr0CL}%0}L8XL1qp�1
	
|W |,

¤ C
R|x1

�|
d2
i1

�
pCr0L}%0}L8XL1qp2p�1 � Rdi1

dmin

C2p�2pr0CL}%0}L8XL1qp�1



|W |.

Since Rd1i

dmin
! r0L}%0}L8XL1 , the second term can be bounded by pCr0L}%0}L8XL1qp 2p�2

which yields the expected result because 2p�1 � 2p�2 ¤ 2p.
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We prove now the second estimate. Let p ¥ 1 :

|W 1,pp�1q
α | �

�����
¸
j�1

U rW j,ppq
1 ,W

j,ppq
2 spx1

αq
����� ,

¤ C
¸
j�1

R

dj1
maxp|W j,ppq

1 |, |W j,ppq
2 |q,

¤ C

�¸
j�1

R

d1j

Cp2Cr0L}%0}L8XL1qp�1 R|x1
�|

d2
1j

�
|W |,

¤ Cp2Cr0L}%0}L8XL1qp�1C
R

dmin

|x1
�|
�¸
j�1

R

d2
1j

�
|W |,

¤ C2p�1pCr0L}%0}L8XL1qp R

dmin

|x1
�||W |.

According to these estimates, if we assume that r0}%0}L8XL1 is small enough to have
2L}%0}L8XL1Cr0   1 then the following result holds true :

Corollary 2.3.5. Under the assumption that r0}%0}L8XL1 is small enough we have :

8̧

p�0

max
α�1,2

|W i,ppq
α | À R|x1

�|
|x1� � xi�|2

|W | , i � 1,

8̧

p�1

max
α�1,2

|W 1,ppq
α | À R|x1

�|
dmin

|W |,

for N large enough.

This result shows that we can obtain a better estimate for the error term of the method
of reflections in this particular case:

Proposition 2.3.6. We set η :� 2C}%0}L8XL1Lr0   1 the constant introduced in Proposi-
tion 2.3.4. For all i � 1 we have

}∇wpkq
� }L8pBiq À R|x1

�|
d3
i1

|W |,

}wpk�1q
� }L8pBiq À R}∇wpkq

� }L8pBiq �
R

d2
1i

|x1
�|ηk�1|W |.

And for i � 1 we have :

}∇wpkq
� }L8pB1q À R

dmin

|x1
�|
�
W 3

8
d3

min

� | logW8|


|W |,

}wpk�1q
� }L8pB1q À R}∇wpkq

� }L8pB1q �
R

dmin

|x1
�|ηk�1|W |,
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Proof. Estimate for }∇wpkq
� }8.

Let x P Bpxiα, Rq, with α � 1, 2 and i � 1, formula (2.39) yields:

|∇wpk�1q
� pxq| ¤ |∇wpkq

� pxq| �
¸
j�i
|∇U rW j,pkq

1 ,W
j,pkq
2 spxq|,

¤
ķ

p�0

¸
j�i
|∇U rW j,ppq

1 ,W
j,ppq
2 spxq|,

¤
ķ

p�0

¸
j�i,1

|∇U rW j,ppq
1 ,W

j,ppq
2 spxq| �

ķ

p�1

|∇U rW 1,ppq
1 ,W

1,ppq
2 spxq|

� |∇U rW 1,p0q
1 ,W

1,p0q
2 spxq|.

We estimate the first term applying Corollary 2.3.5:

ķ

p�0

¸
j�i,1

|∇U rW j,ppq
1 ,W

j,ppq
2 spxq| ¤ C

ķ

p�0

¸
j�i,1

�
R

|xj1 � xiα|2
� R

|xj2 � xiα|2



max
α�1,2

|W j,ppq
α |,

¤ 2C
ķ

p�0

¸
j�i,1

�
R

d2
ij



max
α�1,2

|W j,ppq
α |,

À
¸
j�i,1

�
R

d2
ij

R|x1
�|

d2
1j



|W |,

À R|x1
�|

d2
1i

¸
j�i,1

�
R

d2
ij

� R

d2
1j



|W |,

À R|x1
�|

d2
1i

|W |.

We reproduce the same for the second term applying Corollary 2.3.5:

ķ

p�1

|∇U rW 1,ppq
1 ,W

1,ppq
2 spxq| ¤ 2C

ķ

p�1

�
R

|x1� � xi�|2



maxp|W 1,ppq
1 |, |W 1,ppq

2 |q,

À R

|x1� � xi�|2
R

dmin

|x1
�||W |.

For the last term we recall that:

∇U rW 1,p0q
1 ,W

1,p0q
2 spxq � ∇Φpx1

1 � xqF 1
1 �∇Φpx1

2 � xqF 1
2 ,

as pW 1,p0q
1 ,W

1,p0q
2 q � pW,�W q we have:"

F 1
1 � �6πRpA1pξ1qW � A2pξ1qW q,
F 1

2 � �6πRpA2pξ1qW � A1pξ1qW q.
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Thus F 1
2 � �F 1

1 and we obtain since x P Bpxiα, Rq, i � 1:���∇U rW 1,p0q
1 ,W

1,p0q
2 spxq

��� � ��p∇Φpx1
1 � xq �∇Φpx1

2 � xqqF 1
1

�� ,
À R|x1

�|
|x1� � xi�|3

|W |.

Gathering all the inequalities we have for i � 1:

}∇wpkq
� }L8pBiq À

R|x1
�|

|x1� � xi�|3
.|W |

Analogously for i � 1 we obtain:

|∇wpk�1q
� pxq| ¤ |∇wpkq

� pxq| �
¸
j�1

|∇U rW j,pkq
1 ,W

j,pkq
2 spxq|,

¤
ķ

p�0

¸
j�1

|∇U rW j,ppq
1 ,W

j,ppq
2 spxq|,

¤ 2C
ķ

p�0

¸
j�1

�
R

d2
1j



maxp|W j,ppq

1 |, |W j,ppq
2 |q,

À
¸
j�1

�
R

d2
1j

R|x1
�|

d2
1j



|W |,

À R|x1
�|

dmin

�
W 3

8
d3

min

� | logW8|


|W |.

Estimate for }wpkq
� }8. Let x P Bpxiα, Rq, α � 1, 2, i � 1. We have according to formula

(2.39) :

|wpk�1q
� pxq| �

�����wpkq
� pxq � wpkq

� pxiαq �
¸
j�i
U rW j,pkq

1 ,W
j,pkq
2 spxq

����� ,
¤ R}∇wpkq

� }8 �
¸
j�i

���U rW j,pkq
1 ,W

j,pkq
2 spxq

��� ,
¤ R}∇wpkq

� }8 � C
¸
j�i

R

dij
maxp|W j,pkq

1 |, |W j,pkq
2 |q,

À R}∇wpkq
� }8 �

� ¸
j�i,1

R

dij
ηk�1 R

d2
1j

� R

d1i

ηk�1 R

dmin

�
|x1
�||W |.

where η � 2Cr0L   1 is the constant appearing in Proposition 2.3.4. Reproducing the
same computations as before yields:

}wpk�1q
� }L8pBiq À R}∇wpkq

� }8 � R

d2
1i

|x1
�|ηk�1|W |.
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In the case i � 1 we have:

|wpk�1q
� pxq| �

�����wpkq
� pxq � wpkq

� pxiαq �
¸
j�i
U rW j,pkq

1 ,W
j,pkq
2 spxq

����� ,
¤ R}∇wpkq

� }8 � C
¸
j�1

R

d1j

maxp|W j,pkq
1 |, |W j,pkq

2 |q,

À R}∇wpkq
� }8 �

¸
j�1

R

d1j

ηk�1 R

d2
1j

|x1
�||W |,

À R}∇wpkq
� }8 � R

dmin

|x1
�|ηk�1|W |.

Thanks to these estimates we have the following convergence rate:

Proposition 2.3.7.
lim
kÑ8

}∇U rwpk�1q
� s}2 À R|x1

�||W |.
Proof. Reproducing exactly the same proof as in [57, Proposition 3.4], the main difference
appears in the last estimate where we apply Proposition 2.3.6:

}∇U rwpk�1q
� s}2

2 À R3
¸
i

�
}∇wpk�1q

� }L8pBiq �
1

R
}wpk�1q

� }L8pBiq

2

,

À R3
�¸
i�1

�
R2

d6
1i

� 1

d4
1i

η2pk�1q



� R2

d2
min

�
W 3

8
d3

min

� | logW8|

2

� 1

d2
min

η2pk�1q
�
|x1
�|2|W |2,

À
�
R4

d3
min

� R2

dmin

η2pk�1q

�

W 3
8

d3
min

� | logW8|


|x1
�|2|W |2

� |x1
�|2|W |2 R

5

d2
min

�
W 3

8
d3

min

� | logW8|

2

� R3

d2
min

η2pk�1q|x1
�|2|W |2 .

Taking the limit when k goes to infinity we get:

}∇U rwpk�1q
� s}2

2 À R2|x1
�|2|W |2

#
R2

d3
min

�
W 3

8
d3

min

� | logW8|


� R3

d2
min

�
W 3

8
d3

min

� | logW8|

2

+
.

The term inside brackets is bounded as follows:

R2

d3
min

�
W 3

8
d3

min

� | logW8|


� R3

d2
min

�
W 3

8
d3

min

� | logW8|

2

¤ R2

d2
min

W 3
8

d2
min

�R| logW8| � R

d2
min

�
R

dmin

W 3
8

d2
min

�R| logW8|

2

,

we recall that R
dmin

  �8 and R
d2

min
¤ r0

2
}%0}L8XL1

W 38
d2

min
according to (2.12).
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Second case

Given W P R3 we consider in this part w the unique solution to the Stokes equation
(2.2) completed with the following boundary conditions :

w �
$&
%

W on Bpx1
1, Rq,

W on Bpx1
2, Rq,

0 on Bpxi1, Rq YBpxi2, Rq, i � 1.
(2.42)

Denote by U
i,ppq
α , α � 1, 2, 1 ¤ i ¤ N , p P N the velocities obtained from the method of

reflections applied to the velocity field w. In other words :

w �
8̧

p�0

¸
i

U rW i,ppq
1 ,W

i,ppq
2 s �OpRq.

We aim to show that, in this special case, the sequence of velocities W
i,ppq
α are also smaller

than the general case. This is due to the initial boundary conditions which vanish for i � 1.
Indeed we have :

Proposition 2.3.8. There exists two positive constants C,L ¡ 0 such that :

max
α�1,2

|W i,pp�1q
α | ¤ Cp2Cr0L}%0}L8XL1qp R

|x1� � xi�|
|W | , i � 1 , p ¥ 0,

max
α
|W 1,pp�1q

α | ¤ C2p�1pr0CL}%0}L8XL1qpR |W | , p ¥ 1,

max
α
|W 1,p1q

α | � 0,

for N large enough.

Proof. The proof is analogous to the one of Proposition 2.3.4.

According to these estimates, if we assume that r0}%0}L8XL1 is small enough to have
2LCr0}%0}L8XL1   1 then the following result holds true:

Corollary 2.3.9. Under the assumption that r0}%0}L8XL1 is small enough we have for N
large enough:

8̧

k�0

max
α�1,2

|W i,pp�1q
α | À R

|x1� � xi�|
|W | , i � 1,

8̧

k�0

max
α
|W 1,pp�1q

α | À R |W |.
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2.4 Extraction of the first order terms for the veloci-

ties

In this section, we apply the method of reflections to the velocity field uN as presented
above and we set : 8̧

p�0

U i,ppq
α � U i,8

α , 1 ¤ α ¤ 2 , 1 ¤ i ¤ N,

we also use the following notations for the forces associated to the solutions U rU i,8
1 , U i,8

2 s:
F i,8

1 � �6πRpA1pξiqU i,8
1 � A2pξiqU i,8

2 q,
F i,8

2 � �6πRpA2pξiqU i,8
1 � A1pξiqU i,8

2 q. (2.43)

2.4.1 Preliminary estimates

Proposition 2.4.1. If assumptions (2.7), (2.8) (2.9) hold true and r0}%0}L8XL1 is small
enough we have for N large enough and for all 1 ¤ i ¤ N

U i
1 � U i

2

2
� pA1pξiq � A2pξiqq�1 m

6πR
g

� 1

2

¸
j�i

�
U rU j,8

1 , U j,8
2 spx1

1q � U rU j,8
1 , U j,8

2 spx1
2q
��OpRq max

1¤i¤N
α�1,2

|U i
α|.

U i,8
1 � U i,8

2

2
� pA1pξiq � A2pξiqq�1 m

6πR
g �OpRq max

1¤i¤N
α�1,2

|U i
α|.

Proof. We prove the formula for i � 1 and the same holds true for all 1 ¤ i ¤ N . We set
w the unique solution to the Stokes equation (2.2) completed with the following boundary
conditions :

w �
$&
%

W on Bpx1
1, Rq,

W on Bpx1
2, Rq,

0 on Bpxi1, Rq YBpxi2, Rq, i � 1,
(2.44)

with W an arbitrary vector of R3. We use the method of reflections to obtain :

2mg �W � 2

»
DpuNq : ∇w

� �pF 1,8
1 � F 1,8

2 q �W � lim
kÑ8

2

»
D
�
U rupk�1q

� s� : ∇w.

For the last term we apply again the method of reflections to the velocity field w, see
Section 2.3.1. We set:

w1 �
ķ

p�0

Ņ

i�1

U rW i,ppq
1 ,W

i,ppq
2 s,
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with
}∇w �∇w1}L2pR3zYBi ¤ R|W |.

We obtain :

2

»
D
�
U rupk�1q

� s� : ∇w � 2

»
∇U rupk�1q

� s : D pw1q � 2

»
D
�
U rupk�1q

� s� : ∇pw � w1q.

Thanks to the method of reflections, the second term on the right hand side can be bounded
by R2|W | max

1¤i¤N
α�1,2

|U i
α| (see Proposition 2.3.3). For the first term we write :

lim
kÑ8

2

»
D
�
U rupk�1q

� s� : ∇w1 �

�
8̧

p�0

¸
j

¸
i

»
BBpxi1,RqYBBpxi2,Rq

σpU rW j,ppq
1 ,W

j,ppq
2 sqnU rupk�1q

� s.

We have

}σpU rW j,ppq
1 ,W

j,ppq
2 sq}L8pBBpxi1,RqYBBpxi2,Rqq À R

d2
ij

maxp|W j,ppq
1 |, |W j,ppq

2 |q , @i � j,

}σpU rW i,ppq
1 ,W

i,ppq
2 sq}L8pBBpxi1,RqYBBpxi2,Rqq À maxp|W i,ppq

1 |, |W i,ppq
2 |q

R
.

for the sake of clarity we set

Γi,j :�
8̧

p�0

}σpU rW j,ppq
1 ,W

j,ppq
2 sq}L8pBBpxi1,RqYBBpxi2,Rqq.

We have then

lim
kÑ8

����
»
∇U rupk�1q

� s : D pw1q
���� À 4πR2

�¸
i

¸
j

Γi,j

�
lim
kÑ8

}upk�1q
� }8.

Recall that }upk�1q
� }8 � OpRq max

1¤i¤N
α�1,2

|U i
α| when k goes to infinity. Thus, we focus only on the

remaining terms by splitting the sum as follow :

¸
i

¸
j

Γi,j �
¸
i�1

� ¸
j�1,i

Γi,j � Γi,i � Γi,1

�
�
¸
j�1

Γ1,j � Γ1,1.

For the first term, we have thanks to Corollary 2.3.9 and the estimates for Γi,j:

¸
i�1

� ¸
j�1,i

Γi,j � Γi,i � Γi,1

�
À

¸
i�1

� ¸
j�1,i

R

d2
ij

R

dj1
� 1

R

R

di1
� R

d2
i1

R
	
|W |,

À
¸
i�1

1

di1
|W |.
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For the second term we have:¸
j�1

Γ1,j À
¸
j�1

R

d2
1j

R

d1j

|W | À |W |.

The third term gives finally:

Γ1,1 À 1

R
R|W | À |W |.

Gathering all the inequalities we obtain:

lim
kÑ8

����
»
U rupk�1q

� s : ∇w1

���� À R3

�¸
i�1

1

di1

�
|W | max

1¤i¤N
α�1,2

|U i
α| À R2|W | max

1¤i¤N
α�1,2

|U i
α|.

Finally, we have:

2mg �W � �pF 1,8
1 � F 1,8

2 q �W �OpR2q|W | max
1¤i¤N
α�1,2

|U i
α|.

This being true for all W P R3 it yields:

2mg � �pF 1,8
1 � F 1,8

2 q �OpR2q max
1¤i¤N
α�1,2

|U i
α|.

Using the definitions of F 1,8
1 and F 1,8

2 , see (2.43), this becomes:

2mg � 6πRpA1pξ1q � A2pξ1qqpU1,8
1 � U1,8

2 q �OpR2q max
1¤i¤N
α�1,2

|U i
α|.

Recall that A1pξq and A2pξq are of the form h1p|ξ|qI � h2p|ξ|q ξbξ|ξ|2 . Moreover, according to

formulas (2.27) A1 � A2 (resp. A1 � A2) is invertible and its inverse is pa1 � a2q (resp.
a1 � a2). Thus :

U1,8
1 �U1,8

2 � 2pA1pξ1q �A2pξ1qq�1 m

6πR
g� 1

6π
pA1pξ1q �A2pξ1qq�1OpRq max

1¤i¤N
α�1,2

|U i
α|. (2.45)

We use the fact that }pA1pξ1q � A2pξ1qq�1} is uniformly bounded independently of the
particles and N to get

U1,8
1 � U1,8

2 � 2pA1pξ1q � A2pξ1qq�1 m

6πR
g �OpRq max

1¤i¤N
α�1,2

|U i
α|.

On the other hand, as pU1,p0q
1 , U

1,p0q
2 q � pU1

1 , U
1
2 q we rewrite formula (2.45) as :

U1
1 � U1

2 � �
8̧

p�1

pU1,ppq
1 � U

1,ppq
2 q � pA1pξ1q � A2pξ1qq�1 m

6πR
g

� 2
1

6π
pA1pξ1q � A2pξ1qq�1OpRq max

1¤i¤N
α�1,2

|U i
α|.

106



Using again formula (2.39) this yields :

U1
1 � U1

2 �
8̧

p�1

¸
j�1

U rU j,pp�1q
1 , U

j,pp�1q
2 spx1

1q � U rU j,pp�1q
1 , U

j,pp�1q
2 spx1

2q,

� 2pA1pξ1q � A2pξ1qq�1 m

6πR
g � 1

6π
pA1pξ1q � A2pξ1qq�1OpRq max

1¤i¤N
α�1,2

|U i
α|,

�
¸
j�1

�
U rU j,8

1 , U j,8
2 spx1

1q � U rU j,8
1 , U j,8

2 spx1
2q
�� 2pA1pξ1q � A2pξ1qq�1 m

6πR
g,

� 1

6π
pA1pξ1q � A2pξ1qq�1OpRq max

1¤i¤N
α�1,2

|U i
α|.

We conclude by emphasizing that }pA1 � A2q�1} can be uniformly bounded.

Applying the same ideas we obtain the following result:

Proposition 2.4.2. for all 1 ¤ i ¤ N we have :

U i
1 � U i

2 �
¸
j�i

�
U rU j,8

1 , U j,8
2 spxi1q � U rU j,8

1 , U j,8
2 spxi2q

��OpR|xi�|q max
1¤i¤N
α�1,2

|U i
α|.

U i,8
1 � U i,8

2 � OpR|xi�|q max
1¤i¤N
α�1,2

|U i
α|.

Proof. The proof is analogous to the one of Proposition 2.4.1. The idea is to consider
this time w the unique solution to the Stokes equation (2.2) completed with the following
boundary conditions :

w �
$&
%

W on Bpx1
1, Rq,

�W on Bpx1
2, Rq,

0 on Bpxi1, Rq YBpxi2, Rq, i � 1,
(2.46)

with W an arbitrary vector of R3. Using the method of reflections, Propositions 2.3.7 and
2.3.3 we obtain the desired result.

2.4.2 Estimates for 9xi
�

Propositions 2.4.1 and 2.4.2 yields the following result:

Corollary 2.4.3. For all 1 ¤ i ¤ N we have :

U i
� :� pApξiqq�1 m

6πR
g � 6πr0

N

¸
j�i

Φpxi� � xj�qκg �OpRq,

where A � A1 � A2.
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Proof. First of all, from Propositions 2.4.1 and 2.4.2 we can show that the velocities U i
α

are uniformly bounded with respect to N for all 1 ¤ i ¤ N and α � 1, 2. Indeed, using
formula (2.39) together with the decay properties (2.33) and Propositions 2.4.1 and 2.4.2
we have :

max
α�1,2

1¤i¤N

|U i
α| ¤ max

1¤i¤N
p|U i

�| � |U i
�|q,

À 1� max
1¤i¤N

p|U i,8
� | � |U i,8

� |q �OpRq max
α�1,2

1¤i¤N

|U i
α|,

À 1�OpRq max
α�1,2

1¤i¤N

|U i
α|.

This allows us to bound the terms max
α�1,2

1¤i¤N

|U i
α| by a constant independent of N in the esti-

mates of Propositions 2.4.1 and 2.4.2. From Proposition 2.4.2 we have

U i
� � pA1pξiq � A2pξiqq�1 m

6πR
g � 1

2

¸
j�i

�
U rU j,8

1 , U j,8
2 spx1

1q � U rU j,8
1 � U j,8

2 spx1
2q
��OpRq,

with:

U rU j,8
1 , U j,8

2 spx1
1q � U rU j,8

1 , U j,8
2 spx1

2q � �Φpx1
1 � xj1qF j,8

1 � Φpx1
1 � xj2qF j,8

2

� Φpx1
2 � xj1qF j,8

1 � Φpx1
2 � xj2qF j,8

2 ,

� �pΦpx1
1 � xj1q � Φpx1

2 � xj1qqF j,8
1

� pΦpx1
1 � xj2q � Φpx1

2 � xj2qqF j,8
2 ,

recall that: "
F j,8

1 � F j,8
� � F j,8

�
F j,8

2 � F j,8
� � F j,8

�
,

"
F j,8
� � �mg �OpR2q
F j,8
� � OpR2q

see proof of Propositions 2.4.2 and 2.4.1. Hence, we replace F j
1 and F j

2 by their formula
and bound the sum of terms involving the error term OpR2q by OpRq. We get¸
j�i
U rU j,8

1 , U j,8
2 spx1

1q � U rU j,8
1 , U j,8

2 spx1
2q �

6πR
¸
j�i
pΦpx1

1 � xj1q � Φpx1
2 � xj1q � Φpx1

1 � xj2q � Φpx1
2 � xj2qqκg �OpRq, (2.47)

where mg � 6πRκg. Now the idea is to replace each of the four terms by Φpx1
� � xj�q.

Direct computations shows that for all 1 ¤ α, β ¤ 2 we have:

|x1
α � xjβ � x1

� � xj�| ¤ |x1
�| � |xj�|

which yields for all 1 ¤ α, β ¤ 2:

|Φpx1
α � xjβq � Φpx1

� � xj�q| À
|x1
�| � |xj�|

|x1� � xj�|2
.

Hence the error term can be bounded by p|xi�| � |xj�|q which is of order R.
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2.4.3 Estimates for 9xi
�

Analogously, Propositions 2.4.1 and 2.4.2 yields the following result:

Corollary 2.4.4. For all 1 ¤ i � N we have:

U i
1 � U i

2

2
�
�

6πr0

N

¸
j�i

∇Φpxi� � xj�qκg
�
� xi� �O

�|xi�|dmin

�
.

Proof. The first formula of Proposition 2.4.2 together with the uniform bound on the
velocities pU i

�, U
i
�q, see proof of Corollary 2.4.3, yields:

U i
1 � U i

2 �
¸
j�i
U rU j,8

1 , U j,8
2 spxi1q � U rU j,8

1 , U j,8
2 spxi2q �OpR|xi�|q.

We want to estimate the first term, we have:

U rU j,8
1 , U j,8

2 spxi1q � U rU j,8
1 , U j,8

2 spxi2q � �Φpxi1 � xj1qF j,8
1 � Φpxi1 � xj2qF j,8

2

� Φpxi2 � xj1qF j,8
1 � Φpxi2 � xj2qF j,8

2 ,

� � �
Φpxi1 � xj1q � Φpxi2 � xj1q

�
F j,8

1

� pΦpxi1 � xj2q � Φpxi2 � xj2qqF j,8
2 ,

� �2r∇Φpxi2 � xj1q � xi�sF j,8
1

� 2r∇Φpxi2 � xj2q � xi�sF j,8
2 � E1

i,j,

� �2r∇Φpxi� � xj�q � xi�spF j,8
1 � F j,8

2 q � E1
i,j � E2

i,j.

Now recall that, from the proof of Proposition 2.4.1 we have:

F j,8
1 � F j,8

2 � �2mg �OpR2q.
Thus, we get the following formula:

U rU j,8
1 , U j,8

2 spxi1q � U rU j,8
1 , U j,8

2 spxi2q � 2r∇Φpxi� � xj�q � xi�smg � E1
i,j � E2

i,j � E3
j ,

with
E3
j � �2r∇Φpxi� � xj�q � xi�spF j,8

1 � F j,8
2 � 2mgq.

Finally we obtain:

U i
1 � U i

2

2
�
¸
j�i
r∇Φpxi� � xj�q � xi�smg �

1

2

¸
j�i

E1
i,j � E2

i,j � E3
j �OpR|xi�|q.
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It remains to bound the error terms. We begin by the first one:

|E1
i,j| ¤ 2

�
sup

yPrxi1,xi2s

�|∇2Φpxj1 � yq| � |∇2Φpxj2 � yq|�
�
|xi�|2p|F j,8

1 | � F j,8
2 |q.

We emphasize that for all y P rxi1, xi2s:

|y � xj1| ¥ |xi1 � xj1| � |xi1 � y| ¥ |xi1 � xj1| � 2|xi�| ¥
1

4
|xi� � xj�|,

where we used the fact that

|xi�| ¤
C

R
¤ 1

8
dmin ¤ 1

8
|xi� � xj�|,

and

|xi1 � xj1| ¥
1

2
|xi� � xj�|,

This yields :

¸
j�i
|E1
i,j| ¤ C

¸
j�i

1

d3
ij

|xi�|2Rκ|g| ¤ C|xi�|
R

dmin

�¸
j�i

R

d2
ij

�
¤ C|xi�|

R

dmin

¤ Cdmin|xi�|.

For the second error term we have:

E2
i,j � �2r∇Φpxi2 � xj1q �∇Φpxi� � xj�qs � xi� � F j,8

1

� r∇Φpxi2 � xj2q �∇Φpxi� � xj�qs � xi� � F j,8
2 ,

where

|∇Φpxi2 � xj1q �∇Φpxi� � xj�q| ¤ C

�
1

|xi2 � xj1|3
� 1

|xi� � xj�|3

�
|xi� � xj�|

As |xj�| � R � |xi�| the second error term is bounded by:

¸
j�i
|E2
i,j| ¤ C

¸
j�i

1

d3
ij

|xi�|2Rκ|g|,

which yields the same estimate as for the first error term. Finally, the last error term gives:¸
j�i
|E3
i,j| ¤ 2|∇Φpxi� � xj�q| |xi�| |F j,8

1 � F j,8
2 � 2mg|,

¤ CR2.

where we used the fact that F j,8
1 � F j,8

2 � �2mg �OpR2q and |xi�| � R.
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2.5 Proof of Theorem 2.1.1

In order to derive the transport-Stokes equation satisfied at the limit, the idea is to
show that the discrete density µN satisfies weakly a transport equation. We introduce the
following notations. Given a density %, we define the operator K% as:

K%pxq :� 6πr0

»
R3

Φpx� yqκg %pdyq.

The operator is well defined and is Lipschitz in the case where % P L1XL8. Moreover, note
that K% satisfies the Stokes equation

�∆Kp%q �∇p � 6πr0κg%,

on R3. Analogously, we define KN%N as:

KN%Npxq :� 6πr0

»
R3

χΦpx� yqκg %Npdyq,

where χΦp�q � χ
�

�
dmin

	
Φp�q, χ is a truncation function such that χ � 0 on Bp0, 1{4q and

χ � 1 on cBp0, 1{2q.

2.5.1 Derivation of the transport-Stokes equation

The transport equation satisfied by µN is obtained directly using the ODE system
derived for each couple pxi�, ξiq. We recall that:

U i
� � pApξiqq�1κg �KN%Npxi�q �OpRq,

U i
�
R

� ∇KN%Npxi�q � ξi �O pdminq .

Following the idea of [57, Section 5.2], one can show that we can construct two divergence-
free velocity fields EN and ẼN such that :

U i
� � pApξiqq�1κg �KN%Npxi�q � ENpxi�q, (2.48)

U i
�
R

� ∇KN%Npxi�q � ξi � ẼN pξiq ,
and there exists a positive constant independent of N such that

}EN}8 � OpRq, }ẼN}8 � O pdminq , }∇EN}8 � }∇ẼN}8   C. (2.49)

This construction yields the following result

Proposition 2.5.1. µN satisfies weakly the transport equation:

BtµN � divxrpApξqq�1κgµN �KN%NpxqµN �ENµN s � divξr∇KN%Npxq � ξµN � ẼNµN s � 0.
(2.50)

We can prove now Theorem 2.1.1.
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2.5.2 proof of Theorem 2.1.1

The proof is a corollary of Proposition 2.5.1. Indeed, we want to show that for all
ψ P C8c pR3q we have:» T

0

»
R3�R3

!
Btψpt, x, ξq �∇xψpt, x, ξq � rpApξqq�1κg � 2K%pxqqqs

�∇ξψpt, x, ξq � r∇K%pxq � ξs
)
µpt, dx, dξqdt. (2.51)

which is obtained directly by passing through the limit in each term of formula (2.50).
Indeed we recall that we have the following estimates:

}KN%N �K%}8 À W8,

}∇KN%N �∇K%}8 À W8p1� | logW8|q,
}EN}8 � O pRq , }ẼN}8 � O pdminq .

2.6 Proof of theorem 2.1.2 and 2.1.3

This section is devoted to the proof of Theorem 2.1.2 and 2.1.3. The Lipschitz-like
estimates proved in Proposition 2.B.3 suggests a correlation between the vectors along
the line of centers ξi and the centers xi�. In this section, we show in particular that this
correlation is well propagated in time.

2.6.1 Derivation of the transport-Stokes equation

We assume now that there exists a lipschitz function F0 such that

ξip0q � F0pxi�p0qq , 1 ¤ i ¤ N,

which means that µN0 � %N0 b δF0 . In order to propagate this correlation we search for a
function FNpt, �q P W 1,8 such that for all t P r0, T s we have

ξiptq � FNpt, xi�ptqq , 1 ¤ i ¤ N.

According to the ODE satisfied by ξi, see (2.48), FN must satisfy the following equation" BtFN �∇FN � pApFNq�1κg �KN%N � ENq � ∇KN%N � FN � ẼNpFNq,
FNp0, �q � F0.

The following proposition shows the existence and uniqueness of FN .

Proposition 2.6.1. There exists T ¡0 such that for all N P N�, there exists a unique
(local) solution FN P L8p0, T ;W 1,8pR3qq of the following equation" BtFN �∇FN � pApFNq�1κg �KN%N � ENq � ∇KN%N � FN � ẼNpFNq,

FNp0, �q � F0.
(2.52)
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Proof. The idea is to apply a fixed-point argument. We define the mapping A which as-
sociates to any F P L8p0, T ;W 1,8pR3qq the unique solution ApF q � F̂ to the transport
equation" BtF̂ �∇F̂ � pApF q�1κg �KN%N � ENq � ∇KN%N � F � ẼNpF q,

F̂ p0, �q � F0.
(2.53)

We define XN as the characteristic flow :" BsXNps, t, xq � ApF ps,XNps, t, xqq�1κg �KN%Nps,XNps, t, xqq � ENps,XNps, t, xqq.
XNpt, t, xq � x.

The Lipschitz property of A�1, F , KN%N and EN ensures the existence, uniqueness and reg-
ularity of such a flow, see Proposition 2.B.1 and formula (2.49). Moreover, direct estimates
show that for all 0 ¤ s ¤ t:

}∇XNps, t, �q}8 ¤ expp�|κg|}∇A�1}8}F }L8p0,T ;W 1,8q � }KN%N � EN}L8p0,T ;W 1,8q
� pt� sqq.

(2.54)
Hence, we can write

F̂ pt, xq � F0pXNp0, t, xqq

�
» t

0

∇KN%Nps,XNps, t, xqq � F ps,XNps, t, xqq � Ẽps, F pXNps, t, xqqqds.

Direct computations yield

}ApF q}L8p0,T ;L8q ¤ }F0}8 � T }∇KN%N}L8p0,T ;L8q}F }L8p0,T ;L8q � }ẼN}L8p0,T ;L8q,

and

}∇ApF q}L8p0,T ;L8q ¤ r}F0}1,8 � T
!
}∇KN%N}L8p0,T ;W 1,8q

� }ẼN}L8p0,T ;W 1,8q
)
}F }L8p0,T ;W 1,8qs}∇XNp�, t, �q}L8p0,T ;L8q,

Gathering all the estimates and using Proposition 2.B.1 and the uniform bounds (2.49),
there exists some constants independent of N such that:

}ApF q}L8p0,T ;W 1,8pR3qq ¤ p}F0}W 1,8 � TC1}F }L8p0,T ;W 1,8pR3qqqeC2T . (2.55)

On the other hand, given F1, F2 P L8p0, T ;W 1,8pR3qq we set Xi the associated character-
istic flow and we have

}ApF1qpt, �q �ApF2qpt, �q}8 ¤�
}∇F0}8 � t}F1}L8p0,T ;W 1,8q}KN%N}L8p0,T ;W 2,8q

	
}X1p0, t, �q �X2p0, t, �q}8

� t}∇KN%N}L8p0,T ;L8q}F1 � F2}L8p0,T ;L8pR3qq.
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The characteristic flows satisfies

|X1ps, t, xq �X2ps, t, xq| ¤ }∇A�1}8
» t

s

}F1pτ, �q � F2pτ, �q}8�
p}F1}L8p0,T ;L8q|κg| � 2}∇KN%N �∇EN}L8p0,T ;L8qq|X1pτ, t, xq �X2pτ, t, xq|dτ,

hence

}X1ps, t, �q �X2ps, t, �q}8 ¤
�» t

s

}∇A�1}8}F1pτ, �q � F2pτ, �q}8dτ


eCpt�sq.

This yields

}ApF1q �ApF2q}L8p0,T ;L8pR3qq ¤ Cp}F1}L8p0,T ;W 1,8pR3qqqT }F1 � F2}L8p0,T ;L8q. (2.56)

We construct the following sequence pFkqkPN � L8p0, T ;W 1,8pR3qq defined as

"
F k�1 � ApF kq , k P N ,
F 0 � F0 .

For T small enough and independent of N , using estimates (2.55) and (2.56), the sequence
pF kqk is bounded in L8p0, T ;W 1,8pR3qq and is a Cauchy sequence in the Banach space
L8pr0, T s, L8pR3qq. There exists a limit F P L8p0, T ;W 1,8pR3qq such that F k Ñ F in
L8p0, T, L8q and ∇F k á ∇F weakly-* in L8p0, T, L8q. It remains to show that F � ApF q.
The weak formulation of the transport equation writes

» T

0

»
R3

�Btψ � div
�
ψ � rA�1pF kqκg �KN%N s��F k �

» T

0

»
R3

�
∇KN%N � F k � ẼNpF kq

	
� ψ,

for all ψ P C1
c pp0, T q � R3q. Using the strong convergence of FN to F and the weak-*

convergence of its derivative, we get

» T

0

»
R3

�Btψ � div
�
ψ � rA�1pF qκg �KN%N s��F �

» T

0

»
R3

�
∇KN%N � F � ẼNpF q

	
� ψ,

Uniqueness of the fixed-point is ensured thanks to estimate (2.55) and (2.56).

Proposition 2.6.1 and formula (2.48) yield the following result

Corollary 2.6.2. There exists a unique solution of (2.52) FN P L8pr0, T s,W 1,8q such
that µN � pid, FNq#%N and %N satisfies weakly

Bt%N � divrpApFNqq�1κg �KN%Npxq � ENq%N s � 0. (2.57)
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2.6.2 proof of Theorem 2.1.2 and 2.1.3

In the previous part we showed the existence of a unique function FN such that:

ξi � FNpxi�q.

In order to provide the limiting behaviour of the system, we need to extract the limiting
equation satisfied by F � lim

NÑ8
FN and to estimate and specify the convergence. It is

straightforward that the limit function F should satisfy the following equation:" BtF �∇F � pApF q�1κg �K%q � ∇K% � F, on r0, T s � R3,
F p0, �q � F0.

(2.58)

We begin with the proof of local existence and uniqueness of the solution to system (2.15).

Proof of Theorem 2.1.3. Let p ¡ 3, F0 P W 2,p, %0 P W 1,p having compact support. The
idea is to apply a fixed-point argument. We define the operator A which associates to each
u P L8p0, T ;W 3,pq the following divergence free velocity

u ÞÑ F puq ÞÑ %puq ÞÑ Apuq,

where F puq P L8p0, T ;W 2,pq is the unique solution, see Proposition 2.C.1, to the following
equation " BtF �∇F � pA�1pF qκg � uq � ∇u � F, on r0, T s � R3,

F p0, �q � F0, on R3.

%puq P L8p0, T ;W 1,pq is the unique solution, see Proposition 2.C.2, to the transport equa-
tion " Bt%� divppA�1pF puqqκg � uq%q � 0, on r0, T s � R3,

%p0, �q � %0, on R3.

and Apuq � K%puq � 6πr0Φ�pκ%puqgq. The mapping is well-defined, indeed, since %0 P W 1,p

we have % P L8p0, T ;W 1,pq, see Proposition 2.C.2. Consequently, applying [27, Theorem
IV.2.1] shows that ∇3Apuq, ∇2Apuq P Lp and we have

}∇3Apuq}p ¤ C}∇%puq}p, }∇2Apuq}p ¤ C}%puq}p.

On the other hand, since %pt, �q P Lp and is compactly supported, see Remark 2.C.1, we
have in particular %pt, �q P Lq1 X Lq2 with

q1 � 3p

3� p
Ps3{2, 3r, q2 � 3p

3� 2p
Ps1, 3{2r.

We apply again [27, Theorem IV.2.1] for q � q1 (resp. q � q2) to get ∇Apuq P Lp (resp.
Apuq P Lp) and we have according to [27, Formula IV.2.22] (resp. [27, Formula IV.2.23])

}∇Apuq}p ¤ C}%puq}q1 , }Apuq}p ¤ C}%puq}q2 ,
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Hence, since q1, q2   3   p, Holder’s inequality yields

}∇Apuq}p � }Apuq}p À psup
r0,T s

| supp %puqpt, �q|1{3 � sup
r0,T s

| supp %puqpt, �q|2{3q}%puq}p,

where sup
r0,T s

| supp %puqpt, �q| depends on T , }A�1}8, }F }L8p0,T ;W 2,pq and }u}L8p0,T ;W 2,pq accord-

ing to Remark 2.C.1

diampsuppp%puqpt, �qq ¤ Cp%0, T, }u}L8p0,T ;W 2,pq, }F }L8p0,T ;W 2,pqq, (2.59)

Finally we have

}Apuq}L8p0,T ;W 3,pq ¤ Cp1�MpT qq}%puq}L8p0,T ;W 1,pq, (2.60)

}Apuq}L8p0,T ;W 2,pq ¤ Cp1�MpT qq}%puq}L8p0,T ;Lpq, (2.61)

MpT q � sup
r0,T s

| supp %puqpt, �q|1{3p1� sup
r0,T s

| supp %puqpt, �q|1{3q.

We recall the following bounds, see Proposition 2.C.2 and Proposition 2.C.1

}%puq}L8p0,T ;W 1,pq ¤ }%0}1,pe
CT , C � Cp}F puq}L8p0,T ;W 2,pq, }u}L8p0,T ;W 3,pqq. (2.62)

According to Proposition 2.C.1, for a small time interval we have for a fixed λ ¡ 1

}F puq}2,p ¤ λ}F0}2,p. (2.63)

On the other hand, gathering the stability estimates of Proposition 2.C.2 and Proposition
2.C.1 and (2.61) we get for ui P W 3,p, i � 1, 2

}Apu1q � Apu2q}L8p0,T ;W 2,pq
¤ Cp1�Mpu1, u2qpT qq}%pu1q � %pu2q}L8p0,T ;Lpq
¤ Cp1�Mpu1, u2qpT qqT

�}F pu1q � F pu2q}L8p0,T ;W 1,pq � }u1 � u2}L8p0,T ;W 1,pq
�
eC1T

¤ Cp1�Mpu1, u2qpT qqT p1� T q}u1 � u2}L8p0,T ;W 2,pqe
C1T ,

where C depends on }ui}L8p0,T ;W 3,pq, }F puiq}L8p0,T ;W 2,pq, }%puiq}L8p0,T ;W 1,pq and

Mpu1, u2qpT q :� sup
r0,T s

| suppp%pu1qq Y suppp%pu2q|1{3p1� sup
r0,T s

| suppp%pu1qq Y suppp%pu2q|1{3q,

À CpT, }ui}L8p0,T ;W 2,pq, }Fi}L8p0,T ;W 2,pq, suppp%0qq.
We consider the following sequence"

uk�1 � Apukq , k P N ,
u0 � K%0 .

We set F k :� Apukq, %k :� %pukq. Previous estimates show that the sequences pukqkPN,
pFkqkPN, p%kqkPN are uniformly bounded in L8p0, T ;W 3,pq, L8p0, T ;W 2,pq, L8p0, T ;W 1,pq,
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respectively, and are Cauchy sequences in L8p0, T ;W 2,pq, L8p0, T ;W 1,pq, L8p0, T ;Lpq,
respectively for T small enough. Consequently, there exists pu, F, %q such that

uk Ñ u in L8p0, T ;W 2,pq,
F k Ñ F in L8p0, T ;W 1,pq,
%k Ñ % in L8p0, T ;Lpq.

This allows to pass through the limit in the weak formulations of uk and %k. In addition,
we use the fact that ∇Fk converges weakly-* in L8p0, T ;L8q in order to pass through the
limit in the weak formulation of F k. Hence, the triplet pu, %, F q satisfies equation (2.15). We
recover the regularity of each term using the a priori bounds. Uniqueness is a consequence
of the previous stability estimates.

2.6.3 Proof of Theorem 2.1.2

Proof of Theorem 2.1.2. Since %N á % weakly in the sense of measure, this yields that
W8p%N , %q Ñ 0. We want to show that the triplet p%N , FN ,KN%Nq converges to p%, F,K%q
the unique solution of equation (2.15). From Proposition 2.B.2 and using the same argu-
ments as in Proposition 2.C.1 we have

}FNpt, �q � F pt, �q}8 ¤ C

» t

0

W8psq
�

1� | logW8psq|q � W 2
8psq
d2

min



� }EN}8 � }ẼN}8,

where W8psq :� W8p%Nps, �q, %ps, �qq. Hence FN Ñ F in L8p0, T ;L8q and KN%N Ñ K%
in L8p0, T ;W 1,8q if the Wasserstein distance is preserved in finite time. This allows us to
pass through the limit in the weak formulation of %N» t

0

»
R3

�Btψ �∇ψ � �A�1pFNqκg �KN%N
��
%N � 0.
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Appendix

2.A Some preliminary estimates

This section is devoted to the proof of the following lemma which is analogous to [41,
Lemma 2.1].

Lemma 2.A.1. There exists a positive constant C such that for k P r0, 2s
1

N

¸
j�i

1

dkij
¤ C}%}L1XL8

�
W 3

8
dkmin

� 1



,

1

N

¸
j�i

1

d3
ij

¤ C}%}L1XL8
�
W 3

8
d3

min

� | logW8|


.

Proof. We introduce a radial truncation function χ such that χ � 0 on Bp0, 1{2q and χ � 1
on cBp0, 3{4q. We have for all k ¥ 0:

1

N

¸
j�i

1

dkij
�
»
R3

χ

�
xi � y

dmin



1

|xi � y|k %
Npt, dyq ,

�
»
R3

χ

�
xi � T pyq
dmin



1

|xi � T pyq|k %pt, dyq ,

�
�»

Bpxi,3W8q
�
»
cBpxi,3W8q



χ

�
xi � T pyq
dmin



1

|xi � T pyq|k %pt, dyq .

Recall that W8 ¥ dmin{2. Since χ
�
xi�T pyq
dmin

	
� 0 if |xi � T pyq| ¤ dmin{2, the first term

yields: »
Bpxi,3W8q

χ

�
xi � T pyq
dmin



1

|xi � T pyq|k %pt, dyq ¤ C}%}8W
3
8

dkmin

.

For the second term, we have |xi � T pyq| ¥ |xi � y| � |y � T pyq| ¥ rxi�y|
2

and we get:

»
cBpxi,3W8q

χ

�
xi � y

dmin



1

|xi � T pyq|k %pt, dyq ¤ }%}8
» 1

3W8

1

rk�2
dr � }%}L1 ,

which yields the desired result.
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2.B Estimates on KN%N , K% and control of the minimal

distance

In this part we present some estimates for the convergence of the velocity field KN%N

and its gradient towards K% and its gradient. We estimate the 8 norm of the error using
the infinite Wasserstein distance between %N and % in the spirit of [33, 34].
We recall that, according to [20][Theorem 5.6], at fixed time t ¥ 0, there exists a (unique)
optimal transport map T satisfying :

W8 :� W8p%pt, �q, %Npt, �qq � % - esssup |T pxq � x|,

with %Npt, �q � T#%pt, �q. This allows us to write KN%N as follows

KN%Npxq � 6πr0

»
χΦpx� T pyqq%pyqdy.

This important property allows us to show the following results.

Proposition 2.B.1 (Boundedness). Under the assumption that % P W 1,1 XW 1,8, there
exists a positive constant C ¡ 0 independent of N such that:

}KN%N}W 2,8 ¤ C

�
W 3

8
dmin

� W 3
8

d2
min

� W 3
8

d3
min



}%}W 1,8XW 1,1 .

Remark 2.B.1. The term W 38
d3

min
appears only for the second derivative of KN%N which is

needed for the proof of Theorem 2.1.2.

Proof. Let x P R3, we have :

��KN%Npxq�� ¤ C

»
|χΦpx� T pyqq%pyqdy| ,

¤ C}%}8
»
Bpx,3W8q

|χΦpx� T pyqq| �
»
cBpx,W8q

|χΦpx� T pyqq| |%pyq|dy.

Recall that for all y P Bpx, 3W8q such that |x�T pyq| ¤ dmin{2 we have χΦpx�T pyqq � 0.
Hence in all cases we have the following bound for all y P Bpx, 3W8q:

|χΦpx� T pyqq| ¤ C

dmin

,

this yields the following bound»
Bpx,3W8q

|χΦpx� T pyqq| ¤ C
W 3

8
dmin

.
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For all y cBpx,W8q we have that |x � T pyq| ¥ |x � y| � |T pyq � y| ¥ 2W8 ¥ dmin. This
ensures that χΦpx� T pyqq � Φpx� T pyqq on cBpx,W8q. Moreover we have

|x� T pyq| ¥ |x� y| �W8 ¥ 1

2
|x� y|,

which yields»
cBpx,W8q

|χΦpx� T pyqq| |%pyqdy ¤ C}%}8
»
cBpx,W8qXBpx,1q

dy

|x� y| � }%}L1 ,

¤ C}%}L1XL8 .

Analogously we obtain a similar bound for ∇KN . We focus now on the bound for ∇2KN%N .
We have

��∇2KN%Npxq�� ¤ C}%}8
»
Bpx,3W8q

��∇2χΦpx� T pyqq�� dy
�
����
»
cBpx,W8q

∇2χΦpx� T pyqq%pyqdy
���� .

We use the same estimates as before to bound the first term by }%}8 W 38
d3

min
. For the second

term we write����
»
cBpx,W8q

∇2χΦpx� T pyqq%pyqdy
���� ¤

����
»
cBpx,W8q

∇2Φpx� yq%pyqdy
����

�
»
cBpx,W8q

��∇2χΦpx� T pyqq �∇2Φpx� yq�� |%pyq|dy. (2.64)

Using an integration by parts for the first term in the right hand side of (2.64) we get����
»
cBpx,W8q

∇2Φpx� yq%pyqdy
���� ¤

����
»
cBpx,W8q

∇Φpx� yq∇%pyqdy
����

�
»
BBpx,W8q

|∇Φpx� yq| |%pyq|dσpyq ,

¤ C}∇%}L1XL8 � }%}8.
Finally, for the second term in the right hand side of (2.64) we have»

cBpx,W8q

��∇2χΦpx� T pyqq �∇2Φpx� yq�� |%pyq|dy
¤
»
cBpx,W8q

�
1

|x� y|4 �
1

|x� T pyq|4


|y � T pyq||%pyq|dy

¤ C}%}L1XL8 .
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The following convergence estimates are used in the proof of Theorem 2.1.2.

Proposition 2.B.2 (Convergence estimates). The following estimates hold true:

}KN%N �K%}L8 À }%}8W8p%N , %q
�

1� W8p%N , %q2
dmin



,

}∇KN%N �∇K%}L8 À }%}8W8p%N , %q
�
| logW8p%N , %q| � W8p%N , %q2

d2
min

� 1



.

Proof. We use in the proof the shortcut W8 :� W8p%N , %q. Let x P R3, we have

��KN%Npxq �K%pxq�� ¤ 6πr0

»
supp %

|χΦpx� T pyqq � Φpx� yq| %pyqdy.

We split the integral into two disjoint domains J :� ty P supp % , |x � y| ¤ 3W8u and its
complementary. Note that on J , according to the definition of the truncation function χ,
we have χΦpx � T pyqq � 0 for all y P J such that |x � T pyq| ¤ dmin

4
. We can then bound

directly the first integral as follows»
J

|χΦpx� T pyqq � Φpx� yq| %pyqdy ¤
»
J

|χΦpx� T pyqq| %pyqdy �
»
J

|Φpx� yq| %pyqdy

À }%}8
�
|Bpx, 3W8q| 4

dmin

�
»
Bpx,3W8q

1

|x� y|dy


.

Direct computations yields»
J

|χΦpx� T pyqq � Φpx� yq| À }%}8
�
W 3

8
dmin

�W 2
8



.

We focus now on the remaining term, note that for all y P cJ :� cBpx, 3W8q we have

|x� T pyq| ¥ |x� y| � |T pyq � y| ¥ 2W8 ¥ dmin,

which yields that χΦpx�T pyqq � Φpx�T pyqq on cJ . Moreover, we have |x�T pyq| ¥ 1
2
|x�y|

on cJ . We have then»
cJ

|χΦpx� T pyqq � Φpx� yq| �
»
cJ

|Φpx� T pyqq � Φpx� yq| ,

¤ K

»
cJ

�
1

|x� T pyq|2 �
1

|x� y|2


|y � T pyq|%pyqdy,

À W8}%}8
»
cJ

1

|x� y|2dy,
À W8}%}8.

In the last line we use the fact that 1
|x�y|2 is integrable on cBpx, 3W8q. The proof for

the second estimate is analogous to the first one. The main difference occurs for the last
estimate where the log term appears. This is due to the fact that we integrate 1

|x�y|3 on
cBpx, 3W8q.
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We present now an estimate for the conservation of the particle configuration. This
estimate combined with Proposition 2.B.1 shows that the dilution regime is conserved
provided that we have a control on the infinite Wasserstein distance.

Proposition 2.B.3. For all 1 ¤ i ¤ N and j � i we have

| 9ξi| À }∇KN%N}8 |ξi| �O pdminq ,�� 9xi� � 9xj�
�� À }∇KN%N}8 |xi� � xj�| � |ξi � ξj| �OpRq,��� 9ξi � 9ξj

��� À }∇KN%N}8 |ξi � ξj| � }∇2KN%N}8
��xi� � xj�

���O pdminq .

where

W8 :� W8p%pt, �q, %̄Npt, �qq � % - esssup |Ttpxq � x|.

We remark that the conservation of the infinite Wasserstein distance, which is initially
of order 1

N1{3 , ensures the control of the particle distance. Unfortunately, due to the log
term appearing in Proposition 2.B.2 we are not able to prove the conservation in time of
the infinite Wasserstein distance.

2.C Existence, uniqueness and some stability proper-

ties

In this section we present some existence, uniqueness and stability estimates.

Proposition 2.C.1. Let p ¡ 3. Given F0 P W 2,p and u P L8p0, T ;W 3,pq, there exists a
time T ¡ 0 such that F P L8p0, T ;W 2,pq is the unique local solution of

" BtF �∇F � pA�1pF qκg � uq � ∇u � F, on r0, T s � R3,
F p0, �q � F0, on R3.

(2.65)

We have the following stability estimates

}F1 � F2}L8p0,T ;W 1,pq ¤ C1T }u1 � u2}L8p0,T ;W 2,pqe
C2T ,

with C1 and C2 depending on }A�1}2,8, }ui}L8p0,T ;W 3,pq, }Fi}L8p0,T ;W 2,pq.

Proof. Since p ¡ 3, we have F0 P W 2,p ãÑ W 1,8 and u P W 2,8. We can apply the existence
proof analogous to the existence proof of Proposition 2.6.1 to get a unique solution F P
L8p0, T ;W 1,8q for a given T ¡ 0. It remains to show that F P L8p0, T ;W 2,pq for a finite
time interval. We have for α � 0, 1, 2

BtDαF �∇DαF
�
A�1pF qκg � u

� � �∇F �Dα
�
A�1pF qκg � u

�� pDα∇uqF � p∇uqDαF.
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Multiplying by |DαF |p�1 and integrating by parts the second term using the fact that
divpuq � 0, we get

1

p

d

dt

»
|DαF |p � 1

p

»
|DαF |p div

�
A�1pF q��∇F � |DαF |p�1

�
Dα

�
A�1pF q�κg �Dαu

�
� pDα∇uqF |DαF |p�1 � p∇uqDαF |DαF |p�1,

À }F }p2,p
�}∇A�1}8}F }1,8 � }∇u}8

�
� }DαF }p�1

�}A�1}2,8 � 1
��}∇F }8  }∇F }p � }∇F }8}∇F }p � }∇2F }p � }Dαu}p

(
� }F }8}Dα∇u}p



.

Since }F }1,8 À }F }2,p, }u}1,8 À }F }2,p, we get up to a constant depending on }A�1}2,8

d

dt
}DαF }pp À }DαF }pp p}F }2,p � }u}3,pq � }DαF }p�1

p }F }2,p p}F }2,p � }u}3,pq .
Applying Young’s inequality and summing over α � 0, 1, 2 we get

}F }L8p0,T ;W 2,pq À }F0}2,pe
Cpp,}F }2,p,}u}3,p,}A�1}2,8qT ,

which shows that F P L8p0, T ;W 2,pq for a finite time T ¡ 0. Now consider two divergence
free velocity fields u1, u2 P L8p0, T ;W 3,pq and denote by Fi the solution to (2.65). We have

BtpF1 � F2q � p∇F1 �∇F2qpA�1pF1qκg � u1q
� ∇F2

�
A�1pF1q � A�1pF2q � u1 � u2

�� p∇u1 �∇u2qF1 � pF1 � F2q∇u2.

Multiplying by |F1 �F2|p�1 and integrating by parts the second term in the left hand side
using the divergence free property of u, we get

d

dt
}F1 � F2}pp À }F1 � F2}pp

�}∇A�1}8p}∇F1}8 � }∇F2}8q � }∇u2}8
�

� }F1 � F2}p�1
p }u1 � u2}2,pp}∇F1}8 � }∇F2}8q.

For the derivative we have

Btp∇F1 �∇F2q �∇p∇F1 �∇F2qpA�1pF qκg � u1q
� �p∇F1 �∇F2qp∇A�1pF1q∇F1κg �∇u1q �∇2F2

�
A�1pF1q � A�1pF2q � u1 � u2

�
�∇F2

� �
∇A�1pF1q �∇A�1pF2q

�
∇F1 �∇A�1pF2qp∇F1 �∇F2q

(
κg �∇u1 �∇u2

�
� p∇2u1 �∇2u2qF1 � p∇u1 �∇u2q∇F1 �∇u2p∇F1 �∇F2q �∇2u2pF1 � F2q.

Using the same estimates as previously, we obtain

d

dt
}F1 � F2}p1,p ¤ C1}F1 � F2}p1,p � C2}F1 � F2}p�1

1,p }u1 � u2}2,p,

where C1, C2 depend on }A�1}2,8, }ui}3,p, }Fi}2,p. We conclude by integrating with respect
to time and apply Gronwall’s inequality.
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Proposition 2.C.2. Let T ¡ 0, p ¡ 3. We consider %0 P W 1,p, u P L8p0, T ;W 3,pq and
F P L8p0, T ;W 2,pq. There exists a unique solution % P L8p0, T ;W 1,pq to the transport
equation " Bt%� divppA�1pF qκg � uq%q � 0,

%p0, �q � %0,
(2.66)

for all T ¡ 0. % satisfies
}%pt, �q}L8p0,T ;W 1,pq ¤ }%0}1,pe

Ct,

where C depends on p, }A�1}2,8, }F }L8p0,T ;W 2,pq, }u}L8p0,T ;W 2,pq. In addition, we have the
following stability estimate

}%1 � %2}L8p0,T ;Lpq ¤ C1T
�}u1 � u2}L8p0,T ;W 1,pq � }F1 � F2}L8p0,T ;W 1,pq

�
eC2T ,

with constants depending on }A�1}1,8, }%i}L8p0,T ;W 1,pq,}Fi}L8p0,T ;W 1,pq.

Remark 2.C.1. If we assume in addition that %0 is compactly supported then classical
transport theory ensures that %pt, �q is compactly supported and using the characteristic
flow, which is well defined since F , u P W 1,8, one can show that

diampsuppp%pt, �qqq ¤ diampsuppp%0qqeCt,
with C � Cp}∇A�1}8, }∇F }L8p0,t;L8q, }∇u}L8p0,t;L8qq.
Proof. Since g � �|g|e3, we have the following formula

divpA�1pF qκgq � �∇A�1
3 pF q �∇Fκ|g|,

where A�1
3 is the third column of A�1. Note that since p ¡ 3, we have the following Sobolev

embedding

}F }1,8 À }F }2,p, }u}1,8 À }u}2,p, }%}8 À }%}1,p. (2.67)

The idea is to apply a fixed point argument. We define the operator A which maps any
% P L8p0, T ;W 1,pq to the unique density Ap%q solution of

BtAp%q �∇Ap%q � pA�1pF qκg � uq � �
∇A�1

3 pF q �∇Fκ|g|� %. (2.68)

Thanks to (2.67), u P W 1,8 and F P W 1,8, hence DiPerna-Lions renormalization theory
ensures the existence of Ap%q P L8p0, T ;Lpq. Multiplying (2.68) by |Ap%q|p�1, integrating
by parts and using Young’s inequality we get

1

p
}Ap%q}pp ¤

1

p
}%0}pp �

1

p

» t

0

}Ap%q}pp}A�1}8}∇F }8 �
» t

0

}A�1}8}∇F }8}%}p}Ap%q}p�1
p ,

¤ 1

p
}%0}pp � C

» t

0

�
1

p
}Ap%q}pp �

1

p
}%}pp �

p� 1

p
}Ap%q}pp



,

¤ 1

p
}%0}pp � C

» t

0

}Ap%q}pp �
C

p
t}%}pL8pLpq
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with C � Cp}A�1}8, }∇F }L8p0,T ;L8qq. Hence, Gronwall’s inequality yields

}Ap%q}p ¤ p}%0}p � TC}%}pqeCt.

Moreover, we have

Bt∇Ap%q �∇p∇Ap%qq � pA�1pF qκg � uq
� �∇Ap%q∇pA�1pF qκg � uq �∇2A�1

3 pF qκ|g|∇F∇F%
�∇A�1

3 pF qκ|g|∇2F%�∇A�1
3 pF q �∇Fκ|g|∇%.

Multiplying by |∇Ap%q|p�1 and reproducing the same computations as before we get

}∇Ap%q}p ¤ p}∇%0}p � TC1}%}1,pqeC2t,

where we used (2.67). Hence, the constants C1, C2 depend on p, }A�1}2,8,}u}L8p0,T ;W 2,pq,
}F }L8p0,T ;W 2,pq and }%}L8p0,T ;W 1,pq. Gathering the two estimates we obtain

}Ap%qq}L8p0,T ;W 1,pq ¤ p}%0}1,p � TC1}%}1,pqeC2T . (2.69)

Given %1, %2, since equation (2.68) is linear, Ap%1q�Ap%2q satisfies the same equation with
%0 � 0. Consequently, for T ¡ 0 small enough, estimate (2.69) shows that the mapping
A is a contraction and hence there exists a unique fixed point. Estimate (2.69) shows also
global existence.
Let ui P L8p0, T,W 3,pq and Fi P L8p0, T,W 2,pq for i � 1, 2. Denote by %i the unique
solution to equation (2.66). We have

Btp%1 � %2q �∇p%1 � %2q � pA�1pF1qκg � u1q
� �∇%2 �

�rA1pF1q � A�1pF2qsκg � u1 � u2

�
� p%1 � %2q∇A�1

3 pF1qκ|g|
� %1

��p∇A�1
3 pF1q �∇A�1

3 pF2qq
�
∇F1 �∇A�1

3 pF2qp∇F1 �∇F2q
�
κ|g|.

Multiplying by |%1 � %2|p�1 and integrating we get

d

dt
}%1 � %2}pp À C1}%1 � %2}pp �C2 p}u1 � u2}8 � }F1 � F2}8 � }∇F1 �∇F2}pq }%1 � %2}p�1

p ,

with constants depending on }A�1}1,8, }%i}1,p,}Fi}1,p. We conclude using again the embed-
ding }F1 � F2}8 ¤ C}F1 � F2}1,p and analogously for }u1 � u2}8.
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Chapter 3

Fluid-kinetic modelling for
respiratory aerosols with variable size
and temperature

Abstract

In this paper, we propose a coupled fluid-kinetic model taking into account the
radius growth of aerosol particles due to humidity in the respiratory system. We
aim to numerically investigate the impact of hygroscopic effects on the particle be-
haviour. The air flow is described by the incompressible Navier-Stokes equations, and
the aerosol by a Vlasov-type equation involving the air humidity and temperature,
both quantities satisfying a convection-diffusion equation with a source term. Con-
servations properties are checked and an explicit time-marching scheme is proposed.
Two-dimensional numerical simulations in a branched structure show the influence
of the particle size variations on the aerosol dynamics.

Introduction

Aerosol therapy is one of the major curative way to treat chronic obstructive pulmonary
diseases (COPD). Since in vivo observations of drug delivery in the human airways induce
many difficulties, it appears crucial to model and to be able to numerically simulate the
aerosol flow in the lung with a good enough accuracy, the main question being linked to
the deposition phenomenon, and particularly its location.

The aerosol constitutes a set of very numerous particles. Those particles happen to
have hygroscopic properties, i.e. abilities to exchange water with the bronchial air, which
is full of humidity. Consequently, the aerosol particle sizes may vary in time, as it was
assessed in [53, 51, 52]. Assuming that the droplets remain spherical, we intended to study
the influence of radius growth on deposition (number of deposited particles, characteristic
times of propagation/deposition inside a given realistic geometry, deposition areas...). It is
worth noticing that those hygroscopic properties strongly rely on thermal effects, and the
model we investigate involves both air and aerosol temperatures.
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There are several kinds of models allowing to describe the aerosol motion in the air,
two-phase models, agent-based ones and kinetic ones. In the first situation, the aerosol
droplets are considered as a fluid which constitues a mixture with the ambient air in the
lung. Then one focuses on the aerosol concentration in the air, see [7, 23] for instance.
Nevertheless, with those models, it may be difficult to determine the aerosol deposition
areas. The second situation, which is used in [63, 72] for instance, raises many difficulties
to track the trajectory of numerous particles, in particular when there is a strong coupling
between the particles and the air flow.

We here choose to use a kinetic approach, as in [9, 28], which is relevant from the
modelling point of view: there are lots of particles in the aerosol, but their volume is
negligible compared to the airways volume. In this framework, the aerosol behaviour is
described through a distribution function which depends on macroscopic variables (time,
space position) as well as on microscopic ones (velocity, for instance). The Vlasov-type
equation satisfied by the distribution function is usually coupled with the incompressible
Navier-Stokes equations to describe the airflow [17]. The model we present here is an
extension of the latter one, where the air temperature, the mass fraction of the water
vapour in the air and the dependence of the distribution function on both the size and
temperature of the particles are taken into account. Note that it is also investigated from
the mathematical point of view in [59].

This article is divided into four main parts. The first one aims to present the model(s)
we study. In the brief second one, we formally check some relevant balance properties of our
model. Then we discuss the numerical method we use to discretize our model in the third
section. Eventually, the last section is dedicated to numerical experiments which point out
the aerosol size growth importance in the deposition phenomenon.

3.1 Building the model

As stated above, this section aims to explain and present a model describing the be-
haviour of a therapeutic aerosol in the respiratory system, where the size of the aerosol
particles can vary because of the ambient water vapour in the airflow.

We use a simplified fluid domain, denoted by Ω: in our setting, Ω can be chosen as
a cylinder or a branch, and is assumed not to depend on time. Its boundary Γ � BΩ is
divided into three subsets, the wall Γwall, the inlet Γin and the outlet Γout, see Figure 3.1.

As we already stated, we use a kinetic viewpoint to model the aerosol, which constitutes
a dispersed phase. Let us consider a distribution function f representing the density of
particles per unit volume in the domain of interest Ω � R3. It depends on time t ¥ 0,
position x P Ω, velocity v P R3, radius r ¡ 0 and temperature T ¡ 0. The usual dependence
of f with respect to the variables t, x, and v is supplemented by the one with respect to the
size and temperature of the droplets. Indeed, the condensation phenomenon which induces
the size variation involves matter and thermal exchanges between the aerosol and the air.
Note that we assume that the particles remain spherical and do not interact with each
other. The latter hypothesis relies on the fact that there are not enough particles for their
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Γout

Γout

Γwall

Figure 3.1 – Domain Ω

collisions to be significant.
In the respiratory system, the aerosol moves in the air, which can be assumed to be

Newtonian and incompressible. In particular, this means that the air mass density %air

is constant. The air flow is then classically described through the air velocity u and its
pressure p.

In order to consider the growth of particles and describe the matter and thermal ex-
changes with the air, we also need to work with the water vapour mass fraction in the air
Yv,air and the air temperature Tair. All those quantities indexed by “air” depend on t and
x (except %air, of course). Note that the water vapour mass density in the air considered
as a gaseous mixture can be computed as %airYv,air.

Let us now focus on the various equations satisfied by the aerosol and air-related quan-
tities, starting with the dispersed phase.

The aerosol density f satisfies a Vlasov-type equation, which can be written as:

Btf � v �∇xf � divv

�
pαpu� vq �

�
1� %air

%d



gqf

�
� Brpafq � BT pbfq � 0, (3.1)

where g is the gravitational field, αpu� vq the drag acceleration undergone by the aerosol
from the air, a and b respectively represent the radius and temperature growth evolutions
of the particles, %air the mass density of the air and %d the mass density of the particle
defined further by (3.4). The Vlasov equation is supplemented with the following boundary
and initial conditions$&

%
f � f in on R� � Γin � R3 � R�

� � R�
�,

fpt, �q � 0 on Γwall � R3 � R�
� � R�

�, if v � n ¤ 0, a.e. t,
fp0, �q � finit on Ω� R3 � R�

� � R�
�,

(3.2)
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Figure 3.2 – Equivalent radii in a droplet

where f in : R� � Γin � R3 � R�
� � R�

� Ñ R and finit : Ω � R3 � R�
� � R�

� Ñ R are given.
The boundary condition on Γwall is standard, it ensures that any droplet landing on the
wall remains deposited on the wall afterwards.

We still need to define the functions α, a and b in (3.1). In order to do so, it is important
to first understand how a particle behaves and what kind of phenomenon we deal with.

The main new phenomena taken into account in the model are the water vapour conden-
sation on the droplet surface and the water evaporation from the droplet surface. In each
particle, one can find active products (drug), excipient and water. Let us introduce some
equivalent radii to simplify the situation. Denote by rdrug the radius such that 4

3
πr3

drug%drug

is the drug mass inside the droplet and by rex the one such that 4
3
πpr3

ex � r3
drugq%ex is the

excipient mass inside the droplet (see Figure 3.2). Obviously, %drug and %ex respectively are
the (constant) drug and excipient mass densities. The latter equivalent radius rex will also
be named the particle dry radius, in the sense that there is no water in a dry particle.

Denoting by %w the water mass density, assumed to be constant in the situations we
investigate, it is now possible to define the mass and mass density of the particle, which
both depend on r, i.e.

mprq � 4

3
π
�
r3

drug%drug � pr3
ex � r3

drugq%ex � pr3 � r3
exq%w

�
, (3.3)

%dprq � 1

r3

�
r3

drug%drug � pr3
ex � r3

drugq%ex � pr3 � r3
exq%w

�
. (3.4)

For the definition of α we have, as in [17],

αprq � 6πηr

mprq , (3.5)

where η is the constant air dynamic viscosity, so that the drag force satisfies the Stokes
law.

We rely on [52] to build the functions a and b. Since we want to take into account
condensation and evaporation, the key physical quantities are the heat fluxes between the
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air and the droplets, the convective one Qd and the evaporating one LvNd, where Lv is the
latent heat of water vaporisation. The convective flux depends on r, T , but also on t and
x through Tair. The evaporating heat flux involves the water mass flux Nd at the droplet
surface. This flux depends on r, T , and also on t and x again, but this time through Yv,air,
and also governs the size evolution of the droplets. The expressions of the functions a and
b can then be written in terms of Nd and Qd as

apr, T, Yv,airpt, xqq � �Ndpr, T, Yv,airpt, xqq
%w

, (3.6)

bpr, T, Yv,airpt, xq, Tairpt, xqq �
3

%dprqcPd
r
p�Qdpr, T, Tairpt, xqq � LvNdpr, T, Yv,airpt, xqqq, (3.7)

where cPd
is the constant specific heat of the droplet.

Let us now detail the expressions of Qd and Nd. We can first write

Qdpr, T, Tairpt, xqq � NuκairCT
2r

pT � Tairpt, xqq, (3.8)

where Nu is the droplet Nusselt number in the air, κair the thermal conductivity of the
air as a gaseous mixture, and CT the Knudsen correlation for non-continuum effects, all of
them being considered as constants in our case.

Second, the water mass flux Nd involves Yv,air and also the mass fraction Yv,surf of
water vapour at the droplet surface, which depends on r and T . That quantity Yv,surf is
quite intricate to be defined from the modelling viewpoint. We do not provide any detailed
explanation on the model itself, the reader is invited to refer to [52] for more details. We
first need the water vapour saturation pressure, which depends on T , and is here expressed
in the cgs unit system:

Pv,satpT q � 10 exp

�
23.196� 3816.44

T � 46.13



. (3.9)

Then the influence of the Kelvin effect on the droplet surface concentration of water vapor
is expressed thanks to

Kpr, T q � exp

�
2σ

r%dprqRvT



, (3.10)

where Rv is the gas constant of water vapour and the droplet surface tension σ is assumed
to be constant too in our framework (in particular not depending on T ). Eventually, we
need the water activity coefficient given by

Sprq �
%wpr3 � r3

exq
Mw

%wpr3 � r3
exq

Mw

� idrug

%drugr
3
drug

Mdrug

� iex

%expr3
ex � r3

drugq
Mex

, (3.11)
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where Mw, Mdrug and Mex respectively denote the molar masses of water, drug and excip-
ient, and the constants idrug and iex are the so-called van’t Hoff factors of the drug and
the excipient, allowing to take into account the molecular dissociation during dissolution.
Note that the previous expression S is different from the one in [52]. Indeed, S equals 0
when the particle is dry, i.e. when r � rex, which was not possible in [52], but otherwise,
of course, we recover the same value for S. We can now write the expression of Yv,surf , that
is

Yv,surfpr, T q � SprqKpr, T qPv,satpT q
%dprqRvT

. (3.12)

The expression of the water mass flux subsequently comes

Ndpr, T, Yv,airpt, xqq � %air
ShDvpTairqCm

2r

Yv,surfpr, T q � Yv,airpt, xq
1� Yv,surfpr, T q , (3.13)

where Sh is the Sherwood number describing the water transfer between the air and the
droplet, Cm is the mass Knudsen number correction, and the binary diffusion coefficient
Dv of water vapour in the air is given, in the cgs unit system, by

DvpTairpt, xqq � 0.216

�
Tairpt, xq
273.15


1.8

. (3.14)

Remark 3.1.1. The definitions (3.6)–(3.8) and (3.13) of a, b, Qd and Nd allow to deter-
mine lower bounds for the support of the distribution function with respect to both r and T .
We know that a governs the time evolution of this support. Assume that, at initial time,
the droplets all have a radius greater than rex. In that situation, if r somehow reaches the
value rex, as we already pointed out, we have Sprexq � 0 and subsequently Yv,surf � 0, which
implies Nd ¤ 0 and a ¥ 0. That ensures that r cannot go below rex in the model. For
the support of f with respect to T , from the mathematical viewpoint, even if the formu-
lae leading to (3.13) do not hold in the considered temperature range, one can check that
if T somehow reaches 46.13 K (the value in Pv,sat), Nd is non positive, since Yv,surf � 0
again. And Qd is clearly non positive too. That ensures that T cannot go below 46.13 K in
the model. Anyway, if all the functions involved are smooth enough, if finit is chosen with
a compact support in all its variables, that compactness property should hold at least for
small times. Note that, from the physical viewpoint, it seems relevant to assume that all
the temperatures remain around 300 K, and that Yv,air remains positive.

Remark 3.1.2. Thanks to formula (3.4) and the fact that r ¥ rex ¥ rdrug according to
Remark 3.1.1, we have

minp%w, %ex, %drugq ¤ %d ¤ maxp%w, %ex, %drugq,

this allows us to neglect the term %air
%d

appearing in equation (3.1) in our numerical simula-
tions due to its smallness, see 3.A.1 for the physical values of %drug, %ex, %w, %air.
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Let us now tackle the air equations. To begin with, the fluid velocity upt, xq P R3 and
its pressure ppt, xq P R classically [17] satisfy the incompressible Navier-Stokes equations

%airrBtu� pu �∇xuqs � η∆xu�∇xp � F, (3.15)

divx u � 0, (3.16)

on R� � Ω, completed with the following boundary and initial conditions:$''&
''%

u � uin on R� � Γin,
u � 0 on R� � Γwall,

σpu, pq � n � 0 on R� � Γout,
up0, �q � uinit on Ω,

(3.17)

where σpu, pq � ∇xu � p∇xuqᵀ � p Id is the stress tensor, n is the outgoing normal vector
from Γ, uin : R� � Γin Ñ R3 is chosen to be a Poiseuille flow and uinit : Ω Ñ R3 is the
initial datum. Eventually, the aerosol retroaction F on the air is given by

F pt, xq � �
½

R3�R��R

mprqαprqpupt, xq � vqfpt, x, v, r, T q dv dr dT

� �
½

R3�R���R��

6πηrpupt, xq � vqfpt, x, v, r, T q dv dr dT.

Remark 3.1.3. In our numerical simulations, that latter term will be neglected (F � 0)
because of its smallness related to the investigated particle size range, see [17], but we keep
it for the time being, in order to remain consistent with respect to the total momentum
conservation of our system.

We still need to write equations to describe the evolution of the air temperature Tair

and the water vapour mass fraction Yv,air in the air. The water vapor mass fraction Yv,air

satisfies an advection-diffusion equation including a source term SY which accounts for
the water mass exchanges between the bronchial air and the aerosol. Other effects such
as turbulence effects could also be taken into account (see [53, 51]). Thus, we write, on
R� � Ω,

%airrBtYv,air � pu �∇xqYv,airs � divxpDvpTairq∇xYv,airq � SY , (3.18)

completed with the following boundary and initial conditions$''&
''%

Yv,air � Y in
v,air on R� � Γin,

Yv,air � Yv,wall on R� � Γwall,
∇xYv,air � n � 0 on R� � Γout,
Yv,airp0, �q � Yv,air,init on Ω,

(3.19)

where Yv,air,init, Y
in

v,air, Yv,wall ¡ 0 are given. The boundary condition on Γwall ensures that
the wall continuously provides water vapour to the air mixture. The source side term SY
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of (3.18) is defined, very similarly to the one from [52], as

SY pt, xq � %w

½
R3�R���R��

4πr2Ndpr, T, Yv,airpt, xqq fpt, x, v, r, T q dv dr dT. (3.20)

Finally, the air temperature also satisfies an advection-diffusion equation on R��Ω, which
writes

%aircPair
rBtTair � pu �∇xqTairs � κair∆xTair � ST , (3.21)

completed with the following boundary and initial conditions$''&
''%

Tair � T in
air on R� � Γin,

Tair � Twall on R� � Γwall,
∇xTair � n � 0 on R� � Γout,
Tairp0, �q � Tair,init on Ω,

(3.22)

where Tair,init, T
in
air, Twall ¡ 0 are given. The source side term ST of (3.21) represents the

heat transfer between the air and the aerosol through the water vapour, and is given, again
very similarly to the one from [52], by

ST pt, xq �
½

R3�R���R��

4πr2Qdpr, T, Tairpt, xqq fpt, x, v, r, T q dv dr dT. (3.23)

In what follows, equations (3.1)–(3.23), which include all the effects related to aerosol
size and temperature variation, will be referred to as the (ARAT) model, see Remarks 3.1.2
and 3.1.3 for the neglected terms. If we drop the temperature effects, the (ARST) model
is given by (3.1)–(3.6) and (3.9)–(3.20), with b � 0. And for the (SRST) model, where
no aerosol size or temperature variation is allowed, we consider equations (3.1)–(3.5) and
(3.15)–(3.17) with a � 0 and b � 0. To summarise the models under study, we rewrite
below the PDEs for each one of them, without the boundary and initial conditions:$''&
''%

Btf � v �∇xf � divvrpαpu� vq � gqf s � Brpafq � BT pbfq � 0,
%airrBtu� pu �∇xuqs � η∆xu�∇xp � 0, divx u � 0,
%airrBtYv,air � pu �∇xqYv,airs � divxpDvpTairq∇xYv,airq � SY ,
%aircPair

rBtTair � pu �∇xqTairs � κair∆xTair � ST ,

varying size
and temperature

(ARAT),

$&
%

Btf � v �∇xf � divvrpαpu� vq � gqf s � Brpafq � 0,
%airrBtu� pu �∇xuqs � η∆xu�∇xp � 0, divx u � 0,
%airrBtYv,air � pu �∇xqYv,airs � divxpDvpTairq∇xYv,airq � SY ,

varying size
no temperature

variation (ARST),

" Btf � v �∇xf � divvrpαpu� vq � gqf s � 0,
%airrBtu� pu �∇xuqs � η∆xu�∇xp � 0, divx u � 0,

no size
nor temperature
variation (SRST).
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3.2 Checking the physical conservations

In this section, we discuss the physical conservations of various quantities related to
the (ARAT) system, and we focus on two quantities which involve water vapour. The first
one focuses on the water vapour mass exchange. More precisely, the water vapour coming
from the air is supposed to lead to a size variation of the aerosol droplets. That property
is stated in the following proposition.

Proposition 3.2.1. Assume that u � 0 and ∇xYv,air � n � 0 on BΩ, and that f � 0 on
BΩ� R3 � R�

� � R�
�. Then we have

d

dt

�
��»

Ω

�
��%airYv,airpt, xq �

½
R3�R���R��

mprqfpt, x, v, r, T q dv dr dT

�
�
dx

�
�� � 0.

Proof. On the one hand, multiplying (3.1) by mprq, integrating with respect to all the
variables except t, and eliminating the conservative terms through integrations by parts,
we obtain

d

dt

�
��»

Ω

½
R3�R���R��

mprqfpt, x, v, r, T q dv dr dT dx

�
��

�
»

Ω

½
R3�R���R��

m1prq apr, T, Yv,airpt, xqq fpt, x, v, r, T q dv dr dT dx.

On the other hand, integrating (3.18) on Ω, we get, thanks to (3.20),

d

dt

�»
Ω

%airYv,airpt, xq dx

�
�
»

Ω

SY pt, xq dx

�
»

Ω

½
R3�R���R��

4πr2%wNdpr, T, Yv,airpt, xqq fpt, x, v, r, T q dv dr dT dx

� �
»

Ω

½
R3�R���R��

m1prq apr, T, Yv,airpt, xqq fpt, x, v, r, T q dv dr dT dx.

That clearly concludes the formal proof.

The exchanges of thermal energy associated to water transfers between the air and the
aerosol are more intricate to understand. The following proposition holds.
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Proposition 3.2.2. Assume that u � 0 and ∇xTair � n � 0 on BΩ, and that f � 0 on
BΩ� R3 � R�

� � R�
�. Then we have

d

dt

�
��»

Ω

�
��%aircPair

Tairpt, xq �
½

R3�R���R��

mprqcPd
Tfpt, x, v, r, T q dv dr dT

�
�
dx

�
��

� �
»

Ω

½
R3�R���R��

4πr2pLv � cPd
T qNdpr, T, Yv,airpt, xqq fpt, x, v, r, T q dv dr dT dx. (3.24)

Proof. On the one hand, we integrate (3.21) over Ω to obtain

d

dt

�»
Ω

%aircPair
Tairpt, xq dx

�
�
»

Ω

ST pt, xq dx.

Then we multiply (3.1) by mprqcPd
T and integrate it with respect to all the variables except

t to get

d

dt

�
��»

Ω

½
R3�R���R��

mprqcPd
T fpt, x, v, r, T q dv dr dT dx

�
��

�
»

Ω

½
R3�R���R��

rm1prqcPd
T apr, T, Yv,airpt, xqq fpt, x, v, r, T q

�mprq bpr, T, Yv,airpt, xq, Tairpt, xqq fpt, x, v, r, T qs dv dr dT dx.

Then we sum both previous equalities to recover (3.24), noticing that the term involving
Qd vanishes, keeping two terms involving Nd: one with Lv to take the change of physical
state into account and one with the added thermal energy in the aerosol due to the mass
exchange.

For the total momentum conservation, when the retroaction term is involved, in fact,
the formal proof is exactly the same as in [17]. We do not present any more details about
the conservation of this quantity and the total kinetic energy decreasing.

3.3 Numerical method

Before studying some relevant physical situations from the computational viewpoint, let
us describe, in this section, the numerical scheme we implemented to solve system (ARAT).

We proceed in the same way as in [17], by using a time-marching scheme and uncoupling
the fluid and aerosol equations. First, we solve the three fluid equations (3.15)–(3.16), (3.18)
and (3.21) with the source terms computed at the previous time step for both equations
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for Yv,air and Tair (recall that F is chosen equal to 0). Then we solve the Vlasov equation
(3.1) using the updated fluid quantities. For the fluid equations, we use a finite-element
method, and the aerosol is computed thanks to a particle method. All the computations
are performed in a two-dimensional setting with FreeFem++ [35], on a time interval r0, τ s,
where τ ¡ 0 is given. For a time step ∆t ¡ 0 such that τ{∆t P N�, we denote tn � n∆t for
any n, with 0 ¤ n ¤ N . The domain Ω is discretized as a tetrahedric mesh Ωh.

Let us provide more details about the numerical solving. As already stated, we start
by solving the fluid equations, and use a finite element method to do so. If we write weak
formulations of those equations, we introduce the following test functions: χ P L2pΩq for
(3.16), and ν, ψ, φ P H1pΩq, vanishing on Γin and Γwall, respectively for (3.15), (3.18) and
(3.21). Then, for the discretization, we are led to use P2 functions for the velocities u and
ν and P1 functions for p, Yv,air, Tair, χ, ψ and φ.

To go from tn to tn�1, assume that un, Y n
v,air, T

n
air, S

n
T and SnY are known. In order to

handle the convective term in (3.15), we introduce the approximated characteristic flow
Xn, which approximates the solution X to the Cauchy problem, set on rtn, tn�1s,

9Xpsq � unps,Xpsqq, Xptn�1q � x,

for any x P Ωh. The approximation Xn is computed thanks to the FreeFem++ command
convect. Hence, we define un�1 as the solution to the following discrete weak formulation

%air

»
Ω

un�1 � un �Xn

∆t
� ν dx� η

»
Ω

∇xu
n�1 : ∇xν dx

�
»

Ω

pn�1 divx ν dx�
»

Ω

divx u
n�1 χ dx � 0. (3.25)

We proceed in the same way to define Y n�1
v,air and T n�1

air as the solutions to the discrete weak
formulations

%air

»
Ω

Y n�1
v,air � Y n

v,air �Xn

∆t
φ dx�Dv

»
Ω

∇xY
n�1

v,air �∇xφ dx �
»

Ω

SnY φ dx,

%aircPair

»
Ω

T n�1
air � T nair �Xn

∆t
ψ dx� κair

»
Ω

∇xT
n�1
air �∇xψ dx �

»
Ω

SnTψ dx.

Note that, in the considered air temperature range, the value of Dv, which theoretically
depends on Tair, only has a 2 % variation, so we choose not to update Dv with respect to
Tair in this equation.

Next comes the aerosol numerical solving. Since we use a particle method, we discretize
the distribution function f as a weighted sum of Dirac masses in the position, velocity,
radius and temperature variables. More precisely, we consider Nnum P N� numerical parti-
cles, each of them having the representativity ω P N�, so that the total number of physical
particles is Naero � ωNnum. Note that, for obvious computational cost reasons, Nnum must
be chosen to be small with respect to Naero, but large enough to faithfully represent the
distribution of the aerosol particles.
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The distribution function is then approximated by

fpt, x, v, r, T q � ω
Nnum̧

p�1

δxpptq b δvpptq b δrpptq b δTpptqpx, v, r, T q,

where xpptq, vpptq, rpptq, Tpptq are the coordinates, in the space phase of f , of the numerical
particle p P t1, . . . , Nnumu at time t.

The particle coordinates solve the following differential system

$''&
''%

9xpptq � vpptq,
9vpptq � αprpptqqpupt, xpptqq � vpptqq � g,
9rpptq � aprpptq, Tpptq, Yv,airpt, xpptqqq,
9Tpptq � bprpptq, Tpptq, Yv,airpt, xpptqq, Tairpt, xpptqqq,

(3.26)

supplemented with initial data chosen to fit the distribution of droplets given by finit.

The ODE on rp is solved thanks to a RK4 scheme, in order to remain very accurate for
the radii computations, involving the newly computed value Y n�1

v,air at the current position
of the particle xnp . The velocity and temperature ODEs are solved with a semi-implicit

Euler scheme, respectively involving un�1, and Y n�1
v,air , T n�1

air , all of them again being valued
at xnp . Eventually, the position xn�1

p is updated using the newly computed vn�1
p .

Once we know pxn�1
p , vn�1

p , rn�1
p , T n�1

p q for all p � 1, . . . , Nnum, we define the source
terms for the next time step tn�1 as

Sn�1
Y � ω%w

Nnum̧

p�1

4π
�
rn�1
p

�2
Ndprn�1

p , T n�1
air pxn�1

p q, Y n�1
v,air pxn�1

p qqδxn�1
p
,

Sn�1
T � ω

Nnum̧

p�1

4π
�
rn�1
p

�2
Qdprn�1

p , T n�1
p , T n�1

air pxn�1
p qqδxn�1

p
.

In order to take into account the deposition or exiting conditions from (3.2), in the previous
definition of the discrete source terms at time tn�1, we drop the indices p such that xn�1

p

is outside the domain Ωh in the sum p P t1, . . . , Nnumu. It means that, at time tn�1, the
corresponding particle p either deposited on the wall or went out of the domain through
the outlet (depending on its distance to Γwall and Γout at time tn) . Note that a particle p
is also considered to be deposited if the distance between xp and Γwall is smaller that rp.
The same goes for Γout for exiting the domain. Once the particle is deposited or out, it is
of course not treated numerically anymore.

It appears mandatory to perform a time-subcycling for the aerosol computations. With-
out that subcycling, the particle would be able to go across various cells during the same
(fluid) time step. Moreover, it is particularly relevant when dealing with the particle tem-
peratures because, if we compute the coefficients involved, we can check that the temper-
ature ODE is very stiff.
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3.4 Numerical simulations

In this section, we numerically investigate various situations. Let us first provide the
specific setting of our numerical experiments. Note that the values of the physical constants
appearing in our models are gathered in Appendix 3.A.

3.4.1 Experimental context, reference situation

The final time is set at τ � 1 s. Our domain is supposed to represent the trachea and
the first bifurcation in the human airways, see Figure 3.1). Its characteristic sizes and shape
are the ones described in [71, 68], taking into account a 3D-2D correction coefficient for
each branch length. More precisely, the diameter of the trachea is set at D0 � 1.80 cm, and
its length at `0 � 7.52 cm. The right-hand bronchus has an angle of 250 with the tracheal
axis, it is quite short (`10 � 3.75 cm), but its diameter quite large, D10 � 1.50 cm. The
left-hand bronchus has an angle of 450 with the tracheal axis, it is longer than the first
one (`01 � 6.75 cm), but its diameter is smaller, with D01 � 1.00 cm. Let us emphasize
that the right-hand bronchus is the left branch on Figure 3.1, and conversely: we have the
outsider’s view, not the patient’s.

The middle of the boundary inlet Γin is the origin of the space coordinate system, with
horizontal and vertical axes.

Let us now provide the boundary and initial conditions for the fluid equations. The
velocity fluid is initialized at uinit � 0, and, at the inlet, uin follows a Poiseuille law, i.e. it
is vertically oriented from up to bottom and its modulus is given, for any x P Γin, by

|uinpxq| � 4u0

D0
2

�
D0

2

4
� x1

2



,

where u0 � 50.0 cm.s�1. The air temperature uses the following values

Tair,init � 370C � 310 K, T in
air � 240C � 297 K, Twall � 370C � 310 K.

The initial and boundary values of Yv,air uses the ones of the relative humidities in the
airways, here chosen as RHlung � 0.990 and RHwall � 1.00. Then we write

Yv,air,init � RHlungPv,satpTair,initq
%airRvTair,init

, Y in
v,air � RHlungPv,satpT in

airq
%airRvT in

air
,

Yv,wall � RHwallPv,satpTwallq
%airRvTwall

.

Figure 3.1 shows the values of |u|, Yv,air and Tair at final time, where some kind of stationary
state is reached for the fluid. Let us next describe the computational and experimental pa-
rameters for the aerosol. We consider 5 injections in the domain of 100 numerical particles
each with representativity ω � 104, periodically released between initial time and t � 0.25 s.
Hence, we deal with Nnum � 500 numerical particles and Naero � 5 106 physical particles.
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VELOCITY

26.

 0

52
Yvair

0.028

0.018

0.038

Tair

304

297

310

(a) (b) (c)

Table 3.1 – Distribution of the velocity |u|, water vapor mass fraction in the air Yv,air and
temperature Tair at final time τ � 1 s.

All the numerical particles initially have the same vertical velocity vp,2p0q � �100 cm.s�1,
the same radius rpp0q � 2.25 10�5 cm, and the same temperature Tpp0q, equal to the air
temperature T in

air at the inlet. They are released from random positions xpp0q P Γin with its
first coordinate in r�D0{4, D0{4s, following a uniform law. We choose this latter interval
instead of r�D0{2, D0{2s so that it allows a larger deposition phenomenon. Since we use
a particle method, it is mandatory, in order to obtain meaningful results, to perform av-
eraging computations over several initial randomly chosen distributions of droplets, in our
case, 10 different distributions.
This parameter set defines what we name the reference situation, which was first used to
validate the code. Indeed, we checked, at the computational level, the total mass conserva-
tion in the water vapour exchange between air and aerosol and the thermal energy balance
implied by the thermodynamic state change of water vapour. The next subsection also lies
in the framework of the reference situation, in order to give an almost exhaustive overview
of all the phenomena.

3.4.2 Numerical tests

We first show, for the (ARAT) model, the behaviour of the air velocity u and temperature
Tair at different times, as well as the movement in the domain of the various aerosol releases,
in Figures 3.3–3.4. We do not provide snapshots for the water vapor mass fraction Yv,air

because they would look like Figure 3.1(b): Yv,air seems to reach a stationary state very
fast, whereas u and Tair only do so near time 0.48 s.
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Figure 3.5 – Local effects of the aerosol on the air temperature, here at time 0.25�∆t (in
seconds).

Figure 3.5, where the air temperature is shown just after the last aerosol release at
time 0.25 s, plotting or not the particle positions, allows to point out an effect which could
not be seen in the snapshots from Figure 3.4, because of the plotting of the particles
in the domain. Indeed, for all aerosol releases except for the first one, there is a local air
temperature increasing at the location of the particles. This effect is clearly not explained by
direct thermal phenomena, hence it comes from the water vapour mass exchange between
the humidified air and the droplets.

(a) (b) (c)

Figure 3.6 – Particle trajectories (a) towards the left branch, (b) towards the right branch,
(c) deposition.
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On Figure 3.6, we represent the particle trajectories obtained with the (ARAT) model.
In this example, most of the droplets (348 over 500) go out of the domain through the left
branch. A less significant number of particles (98) go out through the right branch, and a
smaller part of them (47) deposit on the wall (more precisely, on the “internal” wall of the
left branch). There are still 7 droplets in the domain at final time. The major exit at the
left branch is of course no surprise: because of its diameter, the branch is the most natural
way out for the aerosol.
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Figure 3.7 – Radius and temperature evolution of all the particles with respect to time.

Let us now focus on Figure 3.7. The plots show the time evolution of (a) the radius
and (b) the temperature of all the numerical particles from one of the initial distributions
we used, in the (ARAT) model. It is clear from Figure 3.7(a) that, at first, the droplets
from the first release do not behave in the same way as the ones from the other releases:
the size growth happens more slowly. The difference is confirmed by Figure 3.7(b): the
temperature plots for the first release again behave very differently from the others. In
particular, even if the temperatures of the first injected particles are initially 297 K, they
almost instantaneously become close to 310 K because they move in an air at 310 K, see
Figure 3.4(a). On the contrary, the other releases live in a cooler air, see Figure 3.4(b)–(e),
and hence are not submitted to a thermal shock. Then, we can check on Figure 3.7 that
each plot seems to have a characteristic time of behaviour change. It is definitively clear
on Figure 3.7(b). For all releases except for the first one, there is a temperature jump
which is, for the second one, located in time at approximately 0.25 s. If we observe the
temperature snapshot 3.4(d), we can see that the corresponding time, which is 0.24 s, is
approximately the one when the second release goes into the branches, where the diameters
are significantly smaller than in the trachea, and where the wall effect consequently appears
stronger. This explains the fact that the particle temperatures increase more.

Then, on Figures 3.8–3.10, we compare the radius and temperature evolution, with
respect to time, of particular droplets of the second release evolving in models (ARAT),
(ARST) and (SRST). Figure 3.8 focuses on a droplet exiting the domain through the left
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branch with the (ARAT) model, Figure 3.9 through the right branch, and Figure 3.10
on a droplet depositing. Note that those same particles share the same future in models
(ARAT) and (SRST), but are all deposited in the (ARST) model. Let us first comment
Figures 3.8(b)–3.10(b), i.e. the temperature plots. Of course, in the (ARST) and (SRST)
models, the temperature remains constant, whereas, in the (ARAT) model, the particle
temperature grows until it (approximately) reaches Twall. This may seem peculiar. Indeed,
the aerosol enters the domain at 297 K, and, except for the first aerosol release, it evolves
in a cooled air. Since the droplet temperature variations cannot be explained because of
the ambient air temperature, it means that they are triggered by hygroscopic phenomena.
This leads us to study more carefully Figures 3.8(a)–3.10(a). As one can see, in the three
situations, model (ARST) induces a larger size growth than model (ARAT): this may explain
the fact that the particle deposits in model (ARST). The hygroscopic effects imply radius
variations for both models, but a part of this variation existing in the (ARST) model also
has a temperature effect in the (ARAT) model, which justifies that the radius for (ARAT)
is smaller than the one for (ARST).

Let us finally provide some statistical behaviours of the aerosol for each model. In
Table 3.2, we first give the following values, all of them being computed from the 10 initial
aerosol distributions used to solve the Vlasov equation:

— the droplets mean radius and temperature at “final” time (in the sense that, when
a particle exits or deposits during the computation, its radius and temperature do
not change anymore until the end of the simulation),

— the mean percentage of deposited particles and of particles reaching the boundaries
Γout (right and left) among the 500 particles,

— the corresponding mean event time, i.e. the time when the particles exit or deposit.

Models (ARAT) (ARST) (SRST)
Mean radius (cm) 6.55 10�4 1.67 10�3 2.25 10�5

Mean temperature (K) 309 297 297
Deposited particles 7.6% 35.5% 0.0%
Left exiting particles 69.0% 64.5% 69.6%
Right exiting particles 22.4% 0.0% 24.7%
Mean depos. time (s) 0.409 0.270 –
Mean left exit time (s) 0.289 0.261 0.296
Mean right exit time (s) 0.509 – 0.461

Table 3.2 – Statistics in the reference case.

As seen in Figures 3.8(a)–3.10(a), the particle mean radius in the (ARAT) model is inter-
mediate between the ones from (SRST) and (ARST), and, as already emphasized, when we
neglect the temperature effects, the particle radius must bear the whole hygroscopic effect
in the (ARST) model. Besides, the size growth between (SRST) and (ARAT) is significant.
It seems to be the main reason for aerosol deposition in that case. Otherwise, (ARAT) and
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(SRST) models have closer mean behaviours, which may imply that the (ARST) model is
not relevant.

Finally, Table 3.3 gives the droplets mean radius at final time depending on their evo-
lution (deposition, left/right exiting) for (ARAT) and (ARST) models, since the radius
remains constant to 2.25 10�5 cm with the (SRST) model. There exists a significant varia-
tion of the radius, which can be linked to the mean event times in Table 3.2. In the (ARAT)
model, the particles going out through the right branch remain longer in the domain, thus
undergoing a larger radius growth. For the (ARST) model, deposition or exiting happen
more or less at the same time, leading to very similar radii for the particles.

Deposited Left exiting Right exiting
particles particles particles

Mean radius (cm)
with model (ARAT) 6.43 10�4 6.25 10�4 7.42 10�4

Mean radius (cm)
with model (ARST) 1.68 10�3 1.67 10�3 –

Table 3.3 – Statistics for the particles depending on their future (depositing/exiting).

3.5 Conclusion

The previous section allowed to point out the relevance of model (ARAT) compared to
(ARST) and (SRST) to properly take into account the hygroscopic effects on aerosols in
the airways.

Besides, in our opinion, there are plenty of situations remaining to investigate, which
should be addressed in further works. Let us mention some of them below.

First, observe that the source term modelled by function b given by (3.7), which drives
the behaviour of the aerosol particles, is naturally composed of two terms, which we may
denote by b1 and b2 (the first one involves Qd and the second one Nd). In fact, b1 and
b2 happen to have opposite signs and the same order of magnitude, around 2 105 K/s at
initial time, whereas b approximately equals 400 K/s (see Figure 3.11). Even if the model
seems to behave nicely with respect to temperatures (the temperature of the corresponding
numerical particle is given on Figure 3.12), it is only because we used a very fine subcycling
time step to guarantee numerical accuracy in the description of the thermal effects. From
the computational viewpoint, this can probably be improved.

We did not provide any numerical tests with the presence of excipient in the aerosol,
i.e. we chose rex � rdrug, though we wrote the (ARAT) model involving the excipient.
Nevertheless, since standard values of %drug and %ex are close to each other, it is unlikely
that the excipient implies major behaviour changes on the aerosol.
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Figure 3.11 – Order of magnitude of each thermal effect b1 and b2 for a given particle.
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Figure 3.12 – Temperature evolution of the chosen particle in Figure 3.11.

Moreover, the air flow we here studied was only related to the inspiration part of the
respiration. However, it seems difficult to tackle the expiration part, because boundary
conditions on f at Γout are then unclear.

The computational domain here represents the upper part of the airways, including
the trachea. It would be relevant to study the model behaviour within other domains, not
necessarily with a vertical main axis, to understand the effect of the geometrical variability.

Eventually, as it was emphasized in [17] where 3D computations are performed, com-
pared to [16] in a 2D domain, two-dimensional simulations tend to increase the aerosol
deposition phenomenon. In order to study the model very faithfully, it is probably manda-
tory to work in a 3D setting.
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Figure 3.3 – Dynamics of the particles with the air velocity, at time t � 0.00, 0.08, 0.16,
..., 0.80 s and at final time τ � 1 s.
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Figure 3.4 – Dynamics of the particles with the air temperature, at time t � 0.00, 0.08,
0.16, ..., 0.80 s and at final time τ � 1 s.

147



0 0.25 0.5
Time

0

0.5

1

1.5

R
ad

iu
s

10-3

ARAT
ARST
SRST

0 0.25 0.5
Time

300

305

310

T
em

pe
ra

tu
re

ARAT
ARST
SRST

Figure 3.8 – Radius and temperature evolution of a particular droplet which goes out
through the left branch, comparison in the three models.
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Figure 3.9 – Radius and temperature evolution of a particular droplet which goes out
through the right branch, comparison in the three models.
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Figure 3.10 – Radius and temperature evolution of a particular droplet which deposits,
comparison in the three models.
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Appendix

3.A Values of the physical constants

All the values of the physical constants used in our numerical simulations are given in
Table 3.A.1.

Quantity Symbol Value Unit (cgs)
Gravitation |g| 980 cm.s�2

Air mass density %air 1.18 10�3 g.cm�3

Air specific heat cPair
1.01 107 cm2.s�2.K�1

Air thermal conductivity κair 2.60 103 g.cm.s�3.K�1

Air dynamic viscosity η 1.18 10�4 g.cm�1.s�1

Water mass density %w 0.997 g.cm�3

Drug mass density %drug 1.34 g.cm�3

Excipient mass density %ex 2.17 g.cm�3

Water molar mass Mw 18.0 g.mol�1

Drug molar mass Mdrug 577 g.mol�1

Excipient molar mass Mex 58.4 g.mol�1

Drug van’t Hoff coefficient idrug 2.10 –
Excipient van’t Hoff coefficient iex 2.10 –

Droplet specific heat cPd
4.18 107 cm2.s�2.K�1

Droplet mass Knudsen number correction Cm 1.00 –
Droplet temperature Knudsen correlation CT 1.00 –

Droplet Nusselt number Nu 2.00 –
Droplet Sherwood number Sh 2.00 –

Water vaporization latent heat Lv 2.26 1010 cm2.s�2

Droplet surface tension σ 72.0 dyn.cm�1

Water vapor specific gas constant Rv 4.61 106 cm2.s�2.K�1

Table 3.A.1 – Value of the physical constants.
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Chapter 4

Analysis of the transport-Stokes
equation

Abstract

This chapter is dedicated to the analysis of the transport-Stokes equation derived
in the first chapter. First we present a global existence and uniqueness result for
L1
X L8 initial densities with finite first moment. Secondly, we consider the case

where the initial data is the characteristic function of a droplet and investigate the
regularity of its surface. We present a local existence and uniqueness result for the
surface parametrization. Finally, we consider the case where the initial domain is the
unit ball and present some numerical computations that shows the droplet regularity
breakup.

4.1 Introduction

In this chapter, we consider the sedimentation of a cloud of rigid particles in a viscous
fluid. At the mesoscopic scaling, It has been showed that the equation describing the dy-
namics is the transport-Stokes problem in the case where inertia of both fluid and particles
is neglected: $''&

''%
Bt%� divppu� κgq%q � 0 , on R� � R3,

�∆u�∇p � 6πr0κ%g , on R3,
div u � 0 , on R3,
%p0, �q � %0 , on R3.

(4.1)

Here, the function % stands for the density of the particles, pu, pq are the velocity and
pressure of the fluid, r0 is the homogenized particles radius, g is the gravity vector and κg
represents the fall speed of one particle sedimenting under gravitational force. The rigorous
proof of convergence of this model starting from the microscopic one is established in [38],
[41], [57].
At the microscopic scaling, the motion and shape evolution of a blob has been studied
in [55, 58, 62]. Experimental and numerical investigations lead to the conclusion that a
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spherical cloud of particles slowly evolves to a torus. Precisely, the particles at top of the
cloud leak away from the cluster and form a vertical tail. The decrease of the number
of particles at the vertical axis of the cloud leads to the apparition of the toroidal form.
Moreover, it has been observed that the unstable torus breaks into two secondary droplets
which deform into tori themselves in a repeating cascade.
We are interested in observing this phenomena on the mesoscopic model. The idea is to
consider equation (4.1) when the initial density of the cloud is the characteristic function
of a bounded domain B0. Existence and uniqueness of (4.1) has been proved in [38] for
regular initial data %0. Hence, the first step of this study is to extend the result for less
regular data allowing to tackle blob distribution.
Note that, if p%, uq are solutions to equation (4.1), then

p%̃pt, xq, ũpt, xqq � p%pt, x� tκgq, upt, x� tκgqq,
is solution to $''&

''%
Bt%� divp%uq � 0 , on R� � R3,
�∆u�∇p � 6πr0κ%g , on R3,

div u � 0 , on R3,
%p0, �q � %0 , on R3.

Since 6πr0κg � �6πr0κ|g|e3, without loss of generality, we consider in this chapter the
following transport-Stokes problem:$''&

''%
Bt%� divp%uq � 0 , on R� � R3,
�∆u�∇p � �%e3 , on R3,

div u � 0 , on R3,
%p0, �q � %0 , on R3.

(4.2)

where e3 is the third vector of the standard basis in R3.
The organization of the chapter is the following one. The first section is dedicated to
the existence and uniqueness of the transport-equation (4.2). In the first subsection we
recall some classical results and estimates regarding the transport and Stokes equations.
The second subsection is dedicated to the proof of the first Theorem. The second section
concerns the analysis of the regularity of the contour of a blob. In the first subsection
we provide a local existence and uniqueness of a contour parametrization. In the second
subsection, we present some numerical results that show the droplet regularity breakup.

4.2 Existence and uniqueness of the transport-Stokes

equation

The main result of this section is the following Theorem

Theorem 4.2.1. Let %0 P L1pR3q X L8pR3q a measure with finite first moment. There
exits a unique couple p%, uq P L8p0, T ;L1pR3qXL8pR3qq�L8p0, T ;W 1,8pR3qq satisfying the
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transport-Stokes equation (4.2) for all T ¥ 0. Moreover, there exists a unique characteristic
flow X such that

%pt, �q � Xpt, 0, �q#%0.

In order to prove the main Theorem we recall some existence, uniqueness and stability
estimates for Stokes and transport equations.

4.2.1 Reminder on the Steady Stokes and transport equations

Equation (4.2) is a steady Stokes problem coupled with a transport equation. We recall
here some properties concerning the Stokes problem on R3 and the transport equations.

Proposition 4.2.2. Let η P L8pR3q X L1pR3q, The unique velocity field u solution to the
Stokes equation: " �∆u�∇p � η , on R3

divpuq � 0 , on R3,

is given by the convolution of the source term η with the Oseen tensor Φ defined in chapter
1, see (1.26) for the definition

u � Φ � η.
Moreover, u P W 1,8pR3q and there exists a positive constant independent of the data such
that:

}u}8 � }∇u}8 ¤ C}η}L1XL8 . (4.3)

A proof can be found in [38, Lemma 3.18] in the case η P Xβ where Xβ is defined in
[38, Definition 2.5] and recalled in the first chapter, Section 1.5.1. The proof is mainly the
same when considering η P L1 X L8. We recall now a stability estimate using the first
Wasserstein distance W1 which is well defined for measures with finite first moment. The
following Proposition uses arguments similar to [34, Proposition 3] and [33, Theorem 3.1].

Proposition 4.2.3 (Steady-Stokes stability estimates). Let η1, η2 P L1pR3qXL8pR3q and
denote by u1 and u2 the associated Stokes solution. For all compact subset K � R3 one can
show that there exists a constant depending on K such that

}u1 � u2}L1pKq � }∇u1 �∇u2}L1pKq ¤ CpKqW1pη1, η2q.

Moreover, given a density % P L1 X L8, there exists a positive constant independent of the
data such that: »

R3

|u1pxq � u2pxq|%pdxq ¤ C}%}L1XL8W1pη1, η2q (4.4)

Since similar computations will be used thereafter, we present the proof of the former
Proposition.
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Proof. According to [66, Theorem 1.5], there exists an optimal transport map T such that
η2 :� T#η1 and we have:

W1pη1, η2q �
»
R3

|T pyq � y| η1pdyq.

This yields:»
K

|u2pxq � u1pxq| dx �
»
K

����
»
R3

Φpx� yqη1pdyq �
»
R3

Φpx� T pyqqη1pdyq
���� dx

¤ C

»
K

»
R3

|T pyq � y|
minp|x� y|2, |x� T pyq|2qη1pdyqdx

¤
»
R3

»
K

�
1

|x� y|2 �
1

|x� T pyq|2


dx|T pyq � y| η1pdyq

¤ CpKqW1pη1, η2q.
The proof of the last formula (4.4) is analogous to the estimate above where we replace
CpKq by }%}L1XL8 .

Given a velocity field having the same regularity as above, we recall now an existence,
uniqueness and stability estimates for the transport equations. The stability estimate pre-
sented below is analogous to [34, Proposition 3] which is adapted from [50].

Proposition 4.2.4. Let u P L8p0, T ;W 1,8pR3qq and %0 P L1 X L8, for all T ¡ 0 there
exists a unique solution η P L8p0, T ;L1 X L8q to the transport equation" Bt%� divp%uq � 0 ,

%p0, �q � %0 .
(4.5)

Moreover, given two velocity fields ui, i � 1, 2, if we denote by %i the solutions to the
associated transport equation , we have for all t ¥ s ¥ 0:

W1p%1ptq, %2ptqq

¤
�
W1p%1psq, %2psqq �

» t

s

»
R3

|u2pτ, xq � u1pτ, xq| %1pτ, xqdxdτ


eQ2pt�sq, (4.6)

where Qi :� }ui}L8p0,T ;W 1,8q.

Proof. Classical transport theory ensures the existence and uniqueness. Precisely, the char-
acteristic flow satisfying" BtXpt, s, xq � ups,Xpt, s, xqq, @ t, s P r0, T s,

Xps, s, xq � x, @ s P r0, T s, (4.7)

is well defined in the sense of Carathéodory since u is L8 in time and Lipschitz regarding
the space variable. Moreover, the following formula hods true

%pt, �q � Xpt, s, �q#%ps, �q. (4.8)
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Now, consider two velocity fields ui P L8p0, T ;W 1,8q and denote by Xi its associated
characteristic flow. For all x � y, i � 1, 2 we have:

|Xipt, s, xq �Xipt, s, yq| ¤ |x� y| �
» t

s

|uipτ,Xipτ, s, xqq � uipτ,Xipτ, s, yqq|dτ

¤ |x� y| �Qi

» t

s

|Xipτ, s, xq �Xipτ, s, yq|dτ ,

which yields, using Gronwall’s inequality, for all t ¥ s ¥ 0:

LippXips, t, �qq ¤ eQipt�sq.

We recall that at time s ¥ 0, according to [66, Theorem 1.5], one can choose an optimal
mapping Ts such that %2psq � Ts#%1psq and

W1p%1psq, %2psqq :�
»
|Tspyq � y|%1ps, dyq,

on the other hand, thanks to the flows Xi we can construct a mapping Tt at time t ¥ s
such that %2ptq � Tt#%1ptq defined by

Tt :� X2pt, s, �q � Ts �X1ps, t, �q. (4.9)

According to the definition of the Wasserstein distance and formulas (4.8), (4.9) we have:

W1p%1ptq, %2ptqq ¤
»
|Ttpxq � xq| %1pt, dxq

�
»
|TtpX1pt, s, yqq �X1pt, s, yq| %1ps, dyq

�
»
|X2pt, s, Tspyqq �X1pt, s, yq| %1ps, dyq

¤ LippX2pt, s, �qqW1p%1psq, %2psqq �
»
|X2pt, s, yq �X1pt, s, yq| %1ps, dyq.

Now we have:»
|X2pt, s, yq �X1pt, s, yq| %1ps, dyq

¤
» t

s

»
|u2pτ,X2pτ, s, yqq � u1pτ,X1pτ, s, yq| %1ps, dyqdτ

¤ Q2

» t

s

»
|X2pτ, s, yq �X1pτ, s, yqq| %1ps, dyqdτ �

» t

s

»
|u2pτ, xq � u1pτ, xq| %1pτ, dxqdτ.

Gronwall’s inequality yields:»
R3

|X2pt, s, yq �X1pt, s, yq| %1ps, dyq ¤
�» t

s

»
R3

|u2pτ, xq � u1pτ, xq| %1pτ, dxqdτ


eQ2pt�sq.
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Finally we get

W1p%1ptq, %2ptqq ¤ LippX2pt, s, �qqW1p%1psq, %2psqq

�
�» t

s

»
R3

|u2pτ, xq � u1pτ, xq| %1pτ, dxqdτ


eQ2pt�sq,

with LippX2ps, t, �qq ¤ eQ2pt�sq.

4.2.2 proof of the existence and uniqueness result

Proof of Theorem 4.2.1. Let T ¥ 0 and %0 P L8 X L1 a measure with finite first moment.
We construct a sequence of solutions as follows : Given %N we define puN , %N�1q as the
solution to the system:$''&

''%
Bt%N�1 � divpuN%N�1q � 0 , on r0, T s � R3,

�∆uN �∇pN � �%Ne3 , on r0, T s � R3,
div uN � 0 , on r0, T s � R3,

%N�1p0, �q � %0 , on R3,

here uN is given by uN � �Φ�%Ne3 and pN its associated pressure. We choose %0pt, �q � %0 as
first step. Since %N is transported by an incompressible fluid we have for all time t P r0, T s:

}%Nptq}L1XL8 ¤ }%0}L1XL8 .

Formula (4.3) from Proposition 4.2.2 yields

}uN}W 1,8 ¤ C}%N}L1XL8 .

This shows that uN is uniformly bounded in W 1,8 and admits a weakly-* converging
subsequence to a limit u.
On the other hand, applying formula (4.6) from Proposition 4.2.4 together with formula
(4.4) from Proposition 4.2.3, we have:

W1p%N�1, %Nq ¤ eQN t
» t

0

»
R3

|uNpτ, xq � uN�1pτ, xq|%Npt, dxqdτ ,

¤ CeQN t}%N}L1XL8
» t

0

W p%Npτq, %N�1pτqqdτ,

with

QN :� sup
τ¤t

LippuN�1pτ, �qq ¤ sup
τ¤t

}uN�1pτ, �q}W 1,8 ¤ Csup
τ¤t

}%N}L1XL8 ¤ C}%0}L1XL8 .

Hence

}W1p%N�1, %Nq}L8r0,T s ¤
�
eC}%0}TC}%0}L1XL8T

�N }W1p%1, %0q}L8r0,T s. (4.10)
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Note that, if we set XN the characteristic flow associated to uN , we have»
|x|%N�1pdxq �

»
|XNpt, 0, xq|%0pdxq ¤

»
|x|%0pdxq � T sup

r0,T s
}uNpt, �q}8}%0}1,

which ensures that the sequence p%NqNPN is in the space of finite first moment measures.
If we take T small enough, formula (4.10) shows that %N is a Cauchy sequence in the
(complete) space of L8 functions from r0, T s in the complete space of finite first moment
measures metrized by the Wasserstein distance W1, see [70, Theorem 6.16]. Hence there
exists a limit % such that:

}W1p%N , %q}L8r0,T s Ñ
NÑ8

0.

Recall that for all compact sets K we have for all M ¡ N ¥ 0

}uN � uM}L8p|0,T s,L1pKqq � }∇uN �∇uM}L8p0,T ;L1pKqq ¤ CpKq }W1p%N , %Mq}L8r0,T s.
Hence, uN|K and ∇uN|K are Cauchy sequences in L8p0, T ;L1pKqq and admit a limit in

L8p0, T ;W 1,8pKqq. Finally u P L8p0, T ;W 1,8 XW 1,1
loc q.

Thanks to the convergence, in the space of measure-valued functions, of %N to % and the
strong convergence of uN towards u in L8p0, T ;W 1,1

loc q one can show that pu, %q satisfies
weakly the system: $''&

''%
Bt%� divpu%q � 0, on r0, T s � R3,
�∆u�∇p � �%e3, on r0, T s � R3,

div u � 0, on r0, T s � R3,
%p0, �q � %0, on R3.

Moreover, if we assume that there exists two fixed-points pui, %iq, i � 1, 2, then estimate
(4.10)

}W1p%1, %2q}L8r0,T s ¤ CT }%1}eC}%0}T }W1p%1, %2q}L8r0,T s,
ensures uniqueness for T ¡ 0 small enough. In order to show the global existence in time
we need to show that the solutions % and u do not blow up in finite time and this is ensured
by the following estimates:

}%ptq}L1XL8 ¤ }%0}L8XL1 ,

}uptq}L8 � }∇uptq}L8 ¤ C}%ptq}L1XL8 .

4.3 Analysis of the regularity of the contour of a blob

In this section we consider the special case where the initial measure %0 is the char-
acteristic function of a regular bounded domain B0. Since the measure %0 has finite first
moment and satisfies %0 P L8 X L1, Theorem 4.2.1 ensures the existence and uniqueness
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of % and classical transport theory shows that the measure % is transported along the flow
thanks to formula

%pt, �q � Xpt, 0, �q#%0,

where X is the characteristic flow satisfying equation (4.7). This ensures that %pt, �q is the
characteristic function of the transported domain Bt :� Xpt, 0, B0q. The aim now is to
investigate the behaviour of the blob Bt in time. Keeping in mind that the motivation is to
recover the instability properties described in the experimental and numerical investigations
[55, 58, 62] at the microscopic scaling. First, we emphasize that the regularity of the velocity
field u prevents the breaking of the blob Bt. Indeed, the flow X is a diffeomorphism in our
case. Hence, the idea is to investigate the behaviour of the regularity of the contour BBt.

4.3.1 Contour evolution: local existence and uniqueness

In what follows we use the notation S2 :� BBp0, 1q � R3. We consider X̃0 an initial
parametrization of BB0:

BB0 � tX̃0pωq, ω P S2u,
and we set:

BBt � tX̃pt, ωq, ω P S2u.
Since the domain moves with the flow, a natural choice of X̃ is the Lagrangian parametriza-
tion: #

9̃Xpωq � u
�
X̃
�
pωq ,

X̃p0, �q � X̃0 ,
(4.11)

where u
�
X̃
�
pωq :� upX̃pωqq and u is the solution to the Stokes equation associated to the

source term �e31Bt . We recall the convolution formula for the velocity field u

upxq � � 1

8π

»
Bt

1

|x� y|e3 � px� yq � e3

|x� y|3 px� yq.

Using the fact that ∇y
1

|x�y| � x�y
|x�y|3 , the second term in the right hand side yields using

an integration by parts»
Bt

x� y

|x� y|3 px� yq � e3 �
»
Bt

�
∇y

1

|x� y|


px� yq � e3,

� �
»
Bt

»
1

|x� y| p�e3q �
»
BBt

px� yq � e3

|x� y| ndσpyq.

Hence, we get

upxq � � 1

8π

�»
Bt

2

|x� y|dye3 �
»
BBt

px� yq � e3

|x� y| ndσpyq


,
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for the first term in the right hand side we use the fact that divy
x�y
|x�y| � � 2

|x�y| to get

upxq � � 1

8π

»
BBt

�
�px� yq � npyq

|x� y| e3 � px� yq � e3

|x� y| n



dσpyq. (4.12)

We can now define u
�
X̃
�
pω̄q for all ω̄ P S2 using formula (4.12) and the parametrization

X̃ of BBt. We set p the stereographic projection of S2ztNu where N � p0, 0, 1q
p : S2 ÝÑ R2

w � px, y, zq ÞÑ pu, vq �
�

x

1� z
,

y

1� z



. (4.13)

Its inverse p�1 provides a parametrization of S2 and is defined as

p�1pu, vq � �
2u, 2v, u2 � v2 � 1

� 1

1� u2 � v2
. (4.14)

We define the surface integral on BBt using the parametrization X̃ � p�1 as follows

upxq � � 1

8π

»
R2

�px� X̃ � p�1pu, vqq � e3

|x� X̃ � p�1pu, vq| n
�
X̃
�
pu, vq

�
px� X̃ � p�1pu, vqq � n

�
X̃
�
pu, vq

|x� X̃ � p�1pu, vq| e3

	 ���s �X̃�
pu, vq

��� dudv,
where

s
�
X̃
�
pu, vq � Bu

�
X̃ � p�1pu, vq

	
� Bv

�
X̃ � p�1pu, vq

	
� ∇X̃ � p�1 � p�1

u pu, vq �∇X̃ � p�1 � p�1
v pu, vq.���s �X̃�

pu, vq
��� is the surface element of BBt and the unit normal vector n

�
X̃
�

on BBt is

defined as

n
�
X̃
�
�

s
�
X̃
�

���s �X̃���� ,
see for instance [64, Section 13.3]. Simplifying n

�
X̃
� ���s �X̃���� by s

�
X̃
�
, we get the following

formula

u
�
X̃
�
pωq � � 1

8π

»
R2

�pX̃pωq � X̃ � p�1pu, vqq � e3

|X̃pωq � X̃ � p�1pu, vq| s
�
X̃
�
pu, vq

�
pX̃pωq � X̃ � p�1pu, vqq � s

�
X̃
�
pu, vq

|X̃pωq � X̃ � p�1pu, vq| e3

	
dudv, (4.15)
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The problem encountered herein is similar to the global existence problem for the vorticity
formulation of the 2D Euler equations, see [21]. In this section, we state an existence and
uniqueness result for the contour X̃. We follow the idea of proof introduced in [14] or [56,
Section 8.3.2.] and assume that X̃0 P C1pS2;R3q and is such that :

|X̃|� :� inf
ω�ω1

|X̃pωq � X̃pω1q|
|ω � ω1| ¡ 0 , (4.16)

which means that the mapping is bijective.

Remark 4.3.1. Since ∇X̃ is invertible, we have

|s
�
X̃
�
| À |∇X̃|2|Bup�1 � Bvp�1|,

here |Bup�1 � Bvp�1| is the surface element of S2. Moreover, according to the definition of
p�1 in (4.14), one can show that ∇p�1 P L8 X L2. Indeed direct computations yield

|∇p�1pu, vq| ¤ C

1� u2 � v2
.

The main result of the subsection is the following Theorem

Theorem 4.3.1. Let X̃0 P C1pS2;R3q such that |X̃0|� ¡ 0. There exists a time T ¡ 0 such
that equation (4.11) has a unique local solution X̃ P C1p0, T ; C1pS2;R3qq. Moreover, global
existence is ensured as long as we have control on |X̃|� and }∇X̃}0.

The idea is to apply the method of proof of [56, Chapter 8]. Precisely, we apply the
following Picard Theorem [56, Theorem 8.3].

Theorem 4.3.2 (Picard Theorem on a Banach Space). Let O � B be an open subset of a
Banach space B and let F be a nonlinear operator satisfying the following criteria

1. F maps O to B.

2. F is locally Lipschitz continuous, i.e. for any X P O, there exists L ¡ 0 and a
neighborhoud UX � O of X such that

}F pX̃q � F pX̂q}B ¤ L}X̃ � X̂}B, for all X̂, X̃ P UX
.

Then for any X0 P O, there exists a time T such that the ODE

d

dt
X � F pXq, X|t�0 � X0,

has a unique (local) solution X P C1p0, T ;Oq.
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Proof of Theorem 4.3.1. We introduce the subspace

O :� tX̃ P C1pS2;R3q, |X̃|� ¡ 1

λ
, }∇X̃}C0   λu,

for some positive constant λ ¡ 1. One can show that the mapping | � |� is continuous for the
C0,1 norm and hence the C1 norm. This ensures that O is a non-empty open subset of the
Banach space C1pS2;R3q containing the identity map. We consider the mapping A defined
for any X̃ P B as follows

ApX̃q � u
�
X̃
�
.

where u
�
X̃
�

is given by (4.15). The idea is to show that ApOq � C1 and A is locally

Lipschitz. Theorem 4.3.1 is then a direct application of Picard Theorem 4.3.2. We set
z � pu, vq P R2 and define the following function on S2 � R2

Gpω̄, zq � pX̃pω̄q � X̃ � p�1pu, vqq � e3

|X̃pω̄q � X̃ � p�1pu, vq| s
�
X̃
�
pu, vq

�
pX̃pω̄q � X̃ � p�1pu, vqq � s

�
X̃
�
pu, vq

|X̃pω̄q � X̃ � p�1pu, vq| e3.

G is continuous in ω̄ for almost all z P R2 and we have using Remark 4.3.1

|Gpω̄, zq| ¤ 2|srX̃spzq| ¤ C}∇X̃}0|∇p�1pzq|2,

where ∇p�1 P L2pR2q according to Remark 4.3.1. This shows that ω̄ ÞÑ ArX̃spω̄q is contin-
uous. Moreover, ω̄ ÞÑ Gpω̄, zq is differentiable for almost all z P R2 and we have

|∇ω̄Gpω̄, zq| ¤ C
���∇X̃���

0

|Bup�1 � Bvp�1|
|X̃pω̄q � X̃ � p�1pzq| ,

¤ C

���∇X̃���
0

|X̃|�
|Bup�1 � Bvp�1|
|ω̄ � p�1pzq| ,

which is integrable. Indeed, for all ω̄ P S2

»
R2

|Bup�1 � Bvp�1|
|ω̄ � p�1pzq| dz �

»
S2

dω

|ω � ω̄| ,

is uniformly bounded with respect to ω̄ according to Lemma (4.A.1). Reproducing the same
arguments, the derivative is continuous and we have ApOq � C1pS2q. It remains to check
that A is locally lipschitz. A sufficient condition is to show that the operator is Fréchet
differentiable and that the derivative denoted by DA is bounded in O. Let X̃, h P C1 we
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have

� 8π
�
ApX̃ � hqpω̄q � ApX̃qpω̄q

	

�
»
R2

�
pX̃pω̄q � X̃ � p�1 � hpω̄q � h � p�1q � e3

|X̃pω̄q � X̃ � p�1 � hpω̄q � h � p�1| s
�
X̃ � h

�
� pX̃pω̄q � X̃ � p�1q � e3

|X̃pω̄q � X̃ � p�1| s
�
X̃
��

�
»
R2

�
�pX̃pω̄q � X̃ � p�1 � hpω̄q � h � p�1q � s

�
X̃ � h

�
|X̃pω̄q � X̃ � p�1 � hpω̄q � h � p�1| �

pX̃pω̄q � X̃ � p�1q � s
�
X̃
�

|X̃pω̄q � X̃ � p�1|

�

e3,

� I1rX̃sphqpω̄q � I2rX̃sphqpω̄q.

We have

s
�
X̃ � h

�
� srX̃s �∇X̃ � p�1

u �∇h � p�1
v �∇h � p�1

u �∇X̃ � p�1
v � srhs. (4.17)

We write I1 as follows

I1rX̃sphqpω̄q

�
»
R2

pX̃pωq � X̃ � p�1q � e3

|X̃pωq � X̃ � p�1|
�
s
�
X̃ � h

�
� s

�
X̃
�	

�
»
R2

�
pX̃pωq � X̃ � p�1 � hpω̄q � h � p�1q � e3

|X̃pωq � X̃ � p�1 � hpω̄q � h � p�1| � pX̃pωq � X̃ � p�1q � e3

|X̃pωq � X̃ � p�1|

�
s
�
X̃ � h

�

For the first term we get using (4.17)

»
R2

pX̃pω̄q � X̃ � p�1q � e3

|X̃pω̄q � X̃ � p�1|
�
s
�
X̃ � h

�
� s

�
X̃
�	

�
»
R2

pX̃pω̄q � X̃ � p�1q � e3

|X̃pω̄q � X̃ � p�1|
�
∇X̃ � p�1

u �∇h � p�1
v �∇h � p�1

u �∇X̃ � p�1
v

	

�
»
R2

pX̃pω̄q � X̃ � p�1q � e3

|X̃pω̄q � X̃ � p�1| ps rhsq ,

� O1,1rX̃sphqpω̄q � E1,1rX̃sphqpω̄q.

Analogously, for the second term in the right hand side of I1 we have

»
R2

�
pX̃pω̄q � X̃ � p�1 � hpω̄q � h � p�1q
|X̃pω̄q � X̃ � p�1 � hpω̄q � h � p�1| �

pX̃pω̄q � X̃ � p�1q
|X̃pω̄q � X̃ � p�1|

�
� e3 s

�
X̃ � h

�
� O1,2rX̃spω̄q � E1,2rX̃sphqpω̄q.
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with

O1,2rX̃spω̄q �
»
R2

�phpω̄q � h � p�1q � e3

|X̃pω̄q � X̃ � p�1|

�

�
pX̃pω̄q � X̃ � p�1q � phpω̄q � h � p�1q

� �
pX̃pω̄q � X̃ � p�1q � e3

�
|X̃pω̄q � X̃ � p�1|3



s
�
X̃
�
.

The operators O1,irX̃s, i � 1, 2 are linear on C1 and we have using estimates similar to the
previous ones

}O1,irX̃sphq}1 À }∇X̃}0

�
1� }∇X̃}0

|X̃|�
� }∇X̃}2

0

|X̃|2�

�
}h}1.

For the error terms we get

}E1,1rX̃sphq}C1 � }E1,2rX̃sphq}C1 À }h}2
1

�
}∇X̃}2

0 � }∇h}2
0

	
p1� }h}1q

�
1� 1

|X̃|�



���

1� 1

|X̃|�
� 1

|X̃|2�
� 1

|X̃|3�

�
p1� }∇X̃}0q

� 1

|X̃|�|X̃ � h|�

�
1� }∇X̃}0

|X̃|�
� }∇pX̃ � hq}0

|X̃ � h|�

�

. (4.18)

This shows that the term corresponding to I1 is Fréchet differentiable. The term I2 is

analogous to the first one with the role of e3 and s
�
X̃
�

reversed and we denote by E2,irX̃s,
i � 1, 2 the associated error terms for future reference. Finally, A is Fréchet differentiable
and we have

}DArX̃s}1 À }∇X̃}0

�
1� }∇X̃}0

|X̃|�
� }∇X̃}2

0

|X̃|2�

�
. (4.19)

Moreover, given X̃1, X̃2 P O, we set h � X1 �X2 and we have

ArX̃1s � ArX̃2s � ArX̃2 � hs � ArX̃2s

� DArX̃2sphq �
2̧

i�1

E1,irX̃sphq � E2,irX̃sphq.

Using (4.18) for the error terms and (4.19) for the derivative we get

}ArX̃1s � ArX̃2s}1 ¤ Cp}∇X̃2}0, |X̃2|�, |X̃2 � h|�, }∇h}0q}rX̃1s � rX̃2s}1,

we conclude using the fact that X̃2 and X̃2 � h � X̃1 are in O to get a uniform bound
depending only on λ.
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4.3.2 Case of spherical contour parametrization

In this part we investigate the contour evolution in the case where the initial blob is
the unit ball. We would like to compare the behaviour of the contour with the observations
encountered in the microscopic model, see [58], [55], [62]. We set then

B0 � Bp0, 1q,

and keep the same notation Bt for the domain at time t. We set cptq the position at time t
of the center of the domain and write Bt � cptq � B̃t. The center cptq is transported along
the flow meaning that 9c � upt, cq. Using the change of variable x � cptq � x̃ P Bt, the weak
formulation of the transport equation writes» T

0

»
B̃t

Btψ �∇ψ � pupcptq � �q � 9cqdx̃ � 0 , @ψ P C8c pr0, T s � B̃tq.

Since the flow preserves the rotational invariance, we define the spherical parametrization
of B̃t as follows:

B̃t � tp%, θ, φq , r ¤ rpt, θqu .
Note that the function r is independent of the azimuthal angle φ thanks to the rotational
invariance. The weak formulation of the transport equation yields:

nt � pu� 9cq � n � 0 , on BB̃t ,

where n (resp. nt) is the unit normal on the boundary of B̃t with respect to space (resp.
time). Since BB̃t � tpr, θ, φq , r � rpt, θqu, this yields:

Btr � pupc� �q � 9cqr � r1pupc� �q � 9cqθ :� A2rrs � r1A1rrs.

Using the convolution formula for the velocity field u and the spherical parametrization we
get

Lemma 4.3.3. r satisfies the following transport equation" Btr � r1A1rrs � A2rrs,
rp0, �q � 1.

(4.20)

where A1rrs and A2rrs are defined as follows

A1rrspθ̄q :� � 1

8π

» 2π

0

» π

0

rpθq sinpθq � r1pθq cospθq
βrrspθ, θ̄, φq r sinpθq

�
rpθ̄q cospφq

� rpθq
!

cospθq cospθ̄q cospφq � sinpθq sinpθ̄q
)	
dθdφ

� 1

4
sinpθ̄q

» π

0

r2pθq sinpθq
�

1� 1

2
sin2pθq



dθ. (4.21)
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A2rrspθ̄q :� � 1

8π

» 2π

0

» π

0

rpθq sinpθq � r1pθq cospθq
βrrspθ, θ̄, φq r sinpθq

�
� rpθq sinpθ̄q cospθq cospφq

� rpθq cospθ̄q sinpθq
	
dθdφ

� 1

4
cospθ̄q

» π

0

r2pθq sinpθq
�

1� 1

2
sin2pθq



dθ . (4.22)

βrrspθ, θ̄, φq2 � r2pθq � r2pθ̄q � 2rpθqrpθ̄qpsinpθq sinpθ̄q cospφq � cospθq cospθ̄qq.
Moreover, the center of the droplet c � p0, 0, c3q satisfies$&

% 9c3ptq � �1
4

» π

0

r2pθq sinpθq
�

1� 1

2
sin2pθq



dθ,

c3p0q � 0,
(4.23)

The computations for the proof of the former result are gathered in the Appendix.
Note that, we have non negativity of the radius.

Lemma 4.3.4 (non-negativity). If there exists a time t� ¥ 0 and θ̄� P r0, πs such that
rpt�, θ̄�q � 0, then

Btrpt�, θ̄�q � 0.

Proof. We keep the same notations as in the proof of Lemma 4.3.3. If rpt�, θ̄�q � 0, then:

Npθ, θ̄�, φq �
�
rpθq sinpθq � r1pθq cospθq

	
sinpθq,

hence the terms in formula (4.20) involving φ vanish and we obtain:

Btrpt�, θ̄�q � �1

4

» π

0

�
rpθq sinpθq � r1pθq cospθq

	
rpθq sin2pθqdθ �

�
r1pt, θ̄qq sinpθ̄q � cospθ̄q

�
�
�

cospθ̄q � r1pθ̄ sinpθ̄qq
	

9c3 ,

� �1

4

"» π

0

�
r2pθq sin3pθq � 1

2
r2pθqp� sin3pθq � 2 sinpθq cos2pθq

	
dθ

*

�
�
r1pt, θ̄qq sinpθ̄q � cospθ̄q

�
�
�

cospθ̄q � r1pθ̄q sinpθ̄q
	

9c3 ,

� 0,

according to formula (4.23).

Numerical simulations In what follows we set T ¡ 0. In order to provide a qualitative
behaviour of the contour we consider N,M,L P N� and define

pdt, h1, h2q �
�

T

N � 1
,

π

M � 1
,

2π

L� 1
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we set for i � 1, � � � ,M , j � 1, � � � , L, n � 1, � � � , N

θi � h1pi� 1q, φj � h2pj � 1q, tn � dtpn� 1q.

pθiq1¤i¤M is a subdivision of r0, πs, ptnq1¤n¤N a subdivision of r0, T s and pφq1¤j¤P a subdi-
vision of r0, 2πs. We discretise the radius and the center by setting

rpt, θq � prni q1¤n¤N1¤i¤M , rni � rptn, θiq , cptq � pcnq1¤n¤N
Given prni q1¤i¤N we define prn�1

i q1¤i¤N as

rn�1
i � rni
dt

� Ai,n2 � Ai,n1 ∆rni �
�

cospθiq �∆rni sinpθiq
	

∆cn , i � 2, � � � ,M ,

with rn�1
1 � rn�1

2 and

∆ri � rni � rni�1

h1

, i � 2, � � � ,M, ∆cn � 9c3ptnq , (4.24)

Ai,n1 � � 1

8π

M̧

k�1

Ļ

j�1

h1h2
rk sinpθkq �∆rk cospθkq

βni,j,k
rk sinpθkq

�
ri cospφjq

� rk

!
cospθkq cospθiq cospφjq � sinpθkq sinpθiq

)	
� sinpθiq∆cn,

Ai,n2 :� � 1

8π

» 2π

0

M̧

k�1

Ļ

j�1

h1h2
rk sinpθkq �∆rk cospθkq

βni,j,k
rk sinpθkq

�
� rk sinpθiq cospθkq cospφjq

� rk cospθiq sinpθkq
	
� cospθiq∆cn,

βni,j,k �
b
prni q2 � prnk q2 � 2rni r

n
k psinpθiq sinpθkq cospφjq � cospθiq cospθkq,

cn�1 � cn

dt
� ∆cn � �1

4

M̧

k�1

h1r
2
k sinpθkq

�
1� 1

2
sin2pθkq



.

We present below the evolution of the shape of the blob on the interval time r0, 50s with a
time step of dt � 0.01. Figures 4.1 and 4.2 corresponds to the vertical section of the surface
of the droplet defined by θ ÞÑ prpt, θq sinpθq, rpt, θq cospθqq. We remark the formation of a
singularity at the north and south points of the droplet. Precisely, the value of rpt, 0q
increases in time whereas rpt, πq is decreasing. A numerical loss of the droplet volume is
noticed. We gather in Table 4.1 the evolution of radius value at θ � 0, θ � π and the
volume relative error E.
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Figure 4.1 – Droplet evolution for t � 0, 2.5, � � � , 35
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t � 37.5 t � 40 t � 42.5

t � 45 t � 47.5 t � 50

Figure 4.2 – Droplet evolution

t 0 20 40 60 80 100
rpt, 0q 1 1.62 2.2 3.7 7.44 17.19
rpt, πq 1 0.4 0.12 3.510�2 1.610�2 3.1610�2

Eptq 0 0.01 0.07 0.14 0.2 0.25

Table 4.1 – Evolution of rpt, 0q, rpt, πq and the volume relative error Eptq
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Appendix

4.A Technical lemmas

We recall the following lemma

Lemma 4.A.1. There exists a positive constant C ¡ 0 such that

sup
ω̄PS2

»
S2

dω

|ω � ω̄| ¤ C.

Proof. Let px̄, ȳ, z̄q � ω̄ � p�1pū, v̄q P S2, without loss of generality, we can assume that
z̄ ¤ 0 and consider the stereographic projection p as defined in (4.13). Using Remark 4.3.1
we get for fixed α   1{2

Ipω̄q �
»
S2

dω

|ω � ω̄| ,

�
»
R2

|∇p�1|2
|p�1pu, vq � p�1pū, v̄q|du dv,

¤
»
Opω̄,αq

|∇p�1|2
|p�1pu, vq � p�1pū, v̄q|du dv �

C

α

»
R2

dudv

p1� u2 � v2q2 ,

¤
»
Opω̄,αq

|∇p�1|2
|p�1pu, vq � p�1pū, v̄q|du dv �

C

α
,

where
Opω̄, αq � tpu, vq P R2, |p�1pū, v̄q � p�1pu, vq| ¤ αu.

This yields

|pu, vq � pū, v̄q| � |ppωq � ppω̄q|,
¤ sup

Bpω̄,αq
|∇p| |ω � ω̄|,

¤ α sup
Bpω̄,αq

|∇p|.

Since z̄ ¤ 0 we have Bpω̄, αq � tω P S2, z ¤ αu, we get

sup
Bpω̄,αq

|∇p| ¤ sup
tωPS2,z¤αu

|∇p| ¤ L1pαq, (4.25)
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this shows that

Opω̄, αq � Bppū, v̄q, αL1pαqq.
Moreover, since z̄ ¤ 0 this yields pū, v̄q P Bp0, 1q and hence

Bppū, v̄q, αL1pαqq � Bp0, 1� αL1pαqq,

this yields a uniform bound for ∇p�1

sup
Bppū,v̄q,αL1pαqq

|∇p�1| ¤ sup
Bp0,1�αL1pαqq

|∇p�1| ¤ L2pαq. (4.26)

finally we get using (4.25), (4.26)

»
Opω̄,αq

|∇p�1|2
|p�1pu, vq � p�1pū, v̄q|du dv ¤ L2pαq2

»
Opω̄,αq

sup
Bpω̄,αq

|∇p|

|pu, vq � pū, v̄q|du dv,

¤ L2pαq2L1pαq
»
Bppū,v̄q,αL1pαqq

du dv

|pu, vq � pū, v̄q| ,

this yields the desired result since x ÞÑ 1
|x| is locally integrable on R2.

We present now the computations related to Lemma 4.3.3.

Proof of Lemma 4.3.3. We recall that r satisfies

Btr � pupc� �q � 9cqr � r1pupc� �q � 9cqθ, (4.27)

with 9c � upcq. We have for all x P R3:

upxq � � 1

8π

»
BBt

�px3 � y3q
|x� y| npσq �

px� yq � npσq
|x� y| e3



dσpyq.

We reformulate the integral using a spherical parametrization of BB̃t. We set y � c � ỹ,
where ỹ � rpt, θqepθ, φq, θ P r0, πs, φ P r0, 2πs with:

epθ, φq �
�
� cospφq sinpθq

sinpφq sinpθq
cospθq

�

.

Direct computation yields

n � Bθỹ � Bφỹ � r2 sinpθq epθ, φq � r1pθq rpθq sinpθq Bθepθ, φq.

We set:

x � c� x̃ � c� rpt, θ̄q epθ̄, φ̄q P BBt , pθ̄, φ̄q P r0, πs � r0, 2πs.
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Hence, the velocity field is given by

uprpt, θ̄qepθ̄, φ̄qq � � 1

8π

»
r0,πs�r0,2πs

��
rpθ̄qepθ̄, φ̄q � rpθqepθ, φq� � e3��rpθ̄qepθ̄, φ̄q � rpθqepθ, φq�� nrrspθq

�
�
rpt, θ̄qepθ̄, φ̄q � rpθqepθ, φq� � nrrspθq��rpθ̄qepθ̄, φ̄q � rpθqepθ, φq�� e3

�
. (4.28)

For sake of clarity we use the shortcut

β � |x� y| � |x̃� ỹ| � |rpθ̄qepθ̄, φ̄q � rpθqepθ, φq|,
and we have:

β2 � r2pθq � r2pθ̄q � 2rpθqrpθ̄q
�
cospφ� φ̄q sinpθq sinpθ̄q � cospθq cospθ̄q

	
. (4.29)

This yields:

u1 � � 1

8π

» 2π

0

» π

0

rpθ̄qcospθ̄q � rpθq cospθq
β

rpθq sinpθq

�
�
rpθq sinpθq � r1pθq cospθq

	
cospφqdθdφ ,

u2 � � 1

8π

» 2π

0

» π

0

rpθ̄q cospθ̄q � rpθq cospθq
β

rpθq sinpθq

�
�
rpθq sinpθq � r1pθq cospθq

	
sinpφqdθdφ ,

u3 � � 1

8π

» 2π

0

» π

0

rpθq sinpθq � r1pθq cospθq
β

rpθq sinpθq

�
!
� rpθ̄q sinpθ̄q cospφ� φ̄q � rpθq sinpθq

)
dθdφ

We also recall that ur � u � epθ̄, φ̄q and uθ � u � Bθepθ̄, φ̄q. We get:

ur � � 1

8π

» 2π

0

» π

0

rpθq sinpθq � r1pθq cospθq
β

r sinpθq
�
� rpθq sinpθ̄q cospθq cospφ̄� φq

� rpθq cospθ̄q sinpθq
	
dθdφ , (4.30)

uθ � � 1

8π

» 2π

0

» π

0

rpθq sinpθq � r1pθq cospθq
β

r sinpθq
�
rpθ̄q cospφ� φ̄q

� rpθq
!

cospθq cospθ̄q cospφ� φ̄q � sinpθq sinpθ̄q
)	
dθdφ . (4.31)
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This shows that uθ and ur do not depend on φ̄. On the other hand, since 9c � upcq we get:

9c � upcq � � 1

8π

»
BB̃t

��ỹ3

rỹ| npσq � e3
ỹ � npσq
|ỹ|



dσpỹq

recall that |ỹ| � rpθq and since e K Bθe we get:

ỹ � npσq � rpθqepθ, φq � �r2pθq sinpθq epθ, φq � r1pθq rpθq sinpθq Bθepθ, φq
�

� r3pθq sinpθq.

This yields:

9c1 � � 1

8π

» »
�cospθq �r2pθq sinpθq cospφq sinpθq � r1pθq rpθq sinpθq cospφq cospθq� � 0 ,

9c2 � � 1

8π

» »
�cospθq �r2pθq sinpθq sinpφq sinpθq � r1pθq rpθq sinpθq sinpφq cospθq� � 0 .

9c3 � � 1

8π

» 2π

0

» π

0

�
� cospθq �r2pθq sinpθq cospθq � r1pθq rpθq sin2 pθq�

� r2pθq sinpθq
	
dθdφ ,

� �1

4

» π

0

�
r2pθq sin3pθq � r1pθqrpθq cospθq sin2pθq� dθ ,

� �1

4

» π

0

�
r2pθq sin3pθq � 1

2
r2pθq

�
� sin3pθq � 2 cos2pθq sinpθq

	

dθ ,

� �1

4

» π

0

1

2
r2pθq

�
� sin3pθq � 2 sinpθq

	
dθ ,

� �1

4

» π

0

r2pθq sinpθq
�

1� 1

2
sin2pθq

	
dθ   0.

Thus,

9cr � cospθ̄q 9c3 , 9cθ � � sinpθ̄q 9c3. (4.32)

We conclude by replacing formulas (4.30), (4.31), (4.32) in (4.27).
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Résumé. Dans cette thèse, nous nous intéressons à la modélisation et l’analyse mathématique de certains
problèmes liés aux écoulements en suspension. Le premier chapitre concerne la justification du modèle de
type transport-Stokes pour la sédimentation de particules sphériques dans un fluide de Stokes où l’inertie
des particules est négligée et leur rotation est prise en compte. Ce travail est une extension des résultats
antérieurs pour un ensemble plus général de configurations de particules. Le deuxième chapitre concerne la
sédimentation d’une distribution d’amas de paires de particules dans un fluide de Stokes. Le modèle dérivé
est une équation de transport-Stokes décrivant l’évolution de la position et l’orientation des amas. Nous
nous intéressons par la suite au cas où l’orientation des amas est initialement corrélée aux positions. Un
résultat d’existence locale et d’unicité pour le modèle dérivé est présenté. Dans le troisième chapitre, nous
nous intéressons à la dérivation d’un modèle de type fluide-cinétique pour l’évolution d’un aérosol dans les
voies respiratoires. Ce modèle prend en compte la variation du rayon des particules et leur température due
à l’échange d’humidité entre l’aérosol et l’air ambiant. Les équations décrivant le mouvement de l’aérosol est
une équation de type Vlasov-Navier Stokes couplée avec des équations d’advection diffusion pour l’évolution
de la température et la vapeur d’eau dans l’air ambiant. Le dernier chapitre traite de l’analyse mathématique
de l’équation de transport-Stokes dérivée au premier chapitre. Nous présentons un résultat d’existence et
d’unicité globale pour des densités initiales de type L1

X L8 ayant un moment d’ordre un fini. Nous nous
intéressons ensuite à des densités initiales de type fonction caractéristique d’une gouttelette et montrons un
résultat d’existence locale et d’unicité d’une paramétrisation régulière de la surface de la gouttelette. Enfin
nous présentons des simulations numériques montrant l’aspect instable de la gouttelette.

Mots clés. Écoulements de fluides multiphasiques, écoulements en suspension, écoulement de Stokes,
sédimentation, équations de (Navier) Stokes, équations de type Vlasov, équations de transport, système
d’interaction de particules, méthode de réflexions, théorie de champ moyen, homogéneisation, existence
locale et unicité.

Abstract. This thesis is devoted to the modelling and mathematical analysis of some aspects of sus-
pension flows. The first chapter concerns the justification of the transport-Stokes equation describing the
sedimentation of spherical rigid particles in a Stokes flow where particles rotation is taken into account and
inertia is neglected. This work is an extension of former results for a more general set of particles configura-
tions. The second chapter is dedicated to the sedimentation of clusters of particle pairs in a Stokes flow. The
derived model is a transport-Stokes equation describing the time evolution of the position and orientation
of the cluster. We also investigate the case where the orientation of the cluster is initially correlated to
its position. A local existence and uniqueness result for the limit model is provided. In the third chapter,
we propose a coupled fluid-kinetic model taking into account the radius growth of aerosol particles due to
humidity in the respiratory system. We aim to numerically investigate the impact of hygroscopic effects on
the particle behaviour. The air flow is described by the incompressible Navier-Stokes equations, and the
aerosol by a Vlasov-type equation involving the air humidity and temperature, both quantities satisfying
a convection-diffusion equation with a source term. The last chapter is dedicated to the analysis of the
transport-Stokes equation derived in the first chapter. First we present a global existence and uniqueness
result for L1

XL8 initial densities with finite first moment. Secondly, we consider the case where the initial
data is the characteristic function of a droplet. We present a local existence and uniqueness result for a
regular parametrization of the droplet surface. Finally, we provide some numerical computations that show
the regularity breakup of the droplet.

Keywords. Multiphase fluid flows, suspension flows, Stokes flows, sedimentation, (Navier) Stokes equa-
tions, Vlasov-like equations, transport equations, system of interacting particles, method of reflections, mean
field limit, homogenization, local existence and uniqueness.


	Introduction
	Principales équations en micro-hydrodynamique
	Adimensionnement
	Rappel/définition de la matrice de résistance et mobilité

	État de l'art
	Description du contenu de la thèse
	Sédimentation de particules dans un fluide de Stokes
	Un modèle pour la suspension d'amas de paires de particules
	Modélisation de type fluide-cinétique pour des aérosols respiratoires de taille et de température variables
	Analyse de l'équation de transport-Stokes
	Statut des travaux effectués lors de la thèse


	Sedimentation of particles in Stokes flow
	Introduction
	Main assumptions and results
	Discussion about the particle configuration set
	Outline of the paper
	Notations

	Reminder on the Stokes problem
	Particular Stokes solutions
	Approximation result
	Estimation of the fluid stresslet

	Analysis of the stationary Stokes equation
	The method of reflections
	Extraction of the first order terms for the velocities (Vi,i)

	Control of the particle distance and concentration
	Proof of Theorem 1.1.1

	Reminder on Wasserstein distance and analysis of the limiting equation
	Existence, uniqueness and stability for the mean-field equation
	N as a weak solution to a transport equation

	Control of the Wasserstein distance
	Step 1. Estimate of the distance between  and N
	Step 2. Estimate of the distance between N to N


	Appendices
	Technical lemmas

	A model for suspension of a cluster of particle pairs
	Introduction
	Assumptions and main results
	Outline of the paper
	Notations

	Two translating spheres in a Stokes flow
	Restriction to the case of two identical spheres

	The method of reflections
	Two particular cases

	Extraction of the first order terms for the velocities
	Preliminary estimates
	Estimates for +i
	Estimates for -i

	Proof of Theorem 2.1.1
	Derivation of the transport-Stokes equation
	proof of Theorem 2.1.1 

	Proof of theorem 2.1.2 and 2.1.3
	Derivation of the transport-Stokes equation
	proof of Theorem 2.1.2 and 2.1.3
	Proof of Theorem 2.1.2


	Appendices
	Some preliminary estimates
	Estimates on KN N, K  and control of the minimal distance
	Existence, uniqueness and some stability properties

	Fluid-kinetic modelling for respiratory aerosols with variable size and temperature
	Building the model
	Checking the physical conservations
	Numerical method
	Numerical simulations
	Experimental context, reference situation
	Numerical tests

	Conclusion

	Appendices
	Values of the physical constants

	Analysis of the transport-Stokes equation
	Introduction
	Existence and uniqueness of the transport-Stokes equation
	Reminder on the Steady Stokes and transport equations
	proof of the existence and uniqueness result

	Analysis of the regularity of the contour of a blob
	Contour evolution: local existence and uniqueness
	Case of spherical contour parametrization


	Appendices
	Technical lemmas

	Bibliography

