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Résumé

Dans cette these, nous nous intéressons a la modélisation et ’analyse mathématique de
certains problemes liés aux écoulements en suspension.

Le premier chapitre concerne la justification du modele de type transport-Stokes pour
la sédimentation de particules sphériques dans un fluide de Stokes ou I'inertie des particules
est négligée et leur rotation est prise en compte. Ce travail est une extension des résultats
antérieurs pour un ensemble plus général de configurations de particules.

Le deuxieme chapitre concerne la sédimentation d’une distribution d’amas de paires de
particules dans un fluide de Stokes. Le modele dérivé est une équation de transport-Stokes
décrivant 1’évolution de la position et 'orientation des amas. Nous nous intéressons par la
suite au cas ou l'orientation des amas est initialement corrélée aux positions. Un résultat
d’existence locale et d’unicité pour le modele dérivé est présenté.

Dans le troisieme chapitre, nous nous intéressons a la dérivation d’'un modele de type
fluide-cinétique pour 1’évolution d'un aérosol dans les voies respiratoires. Ce modele prend
en compte la variation du rayon des particules et leur température due a I’échange d’humi-
dité entre ’aérosol et I'air ambiant. Les équations décrivant le mouvement de I’aérosol est
une équation de type Vlasov-Navier Stokes couplée avec des équations d’advection diffusion
pour I’évolution de la température et la vapeur d’eau dans ’air ambiant.

Le dernier chapitre traite de I'analyse mathématique de I’équation de transport-Stokes
dérivée au premier chapitre. Nous présentons un résultat d’existence et d’unicité globale
pour des densités initiales de type L' n L® ayant un moment d’ordre un fini. Nous nous
intéressons ensuite a des densités initiales de type fonction caractéristique d’une gouttelette
et montrons un résultat d’existence locale et d’'unicité d’'une paramétrisation réguliere de
la surface de la gouttelette. Enfin nous présentons des simulations numériques montrant
I’aspect instable de la gouttelette.

Mots clés : écoulements de fluides multiphasiques, écoulements en suspension, écoulement
de Stokes, sédimentation, équations de (Navier) Stokes, équations de type Vlasov, équations
de transport, systeme d’interaction de particules, méthode de réflexions, théorie de champ
moyen, homogéneisation, existence locale et unicité.



Abstract

This thesis is devoted to the modelling and mathematical analysis of some aspects of
suspension flows.

The first chapter concerns the justification of the transport-Stokes equation describing
the sedimentation of spherical rigid particles in a Stokes flow where particles rotation is
taken into account and inertia is neglected. This work is an extension of former results for
a more general set of particles configurations.

The second chapter is dedicated to the sedimentation of clusters of particle pairs in
a Stokes flow. The derived model is a transport-Stokes equation describing the time evo-
lution of the position and orientation of the cluster. We also investigate the case where
the orientation of the cluster is initially correlated to its position. A local existence and
uniqueness result for the limit model is provided.

In the third chapter, we propose a coupled fluid-kinetic model taking into account
the radius growth of aerosol particles due to humidity in the respiratory system. We aim
to numerically investigate the impact of hygroscopic effects on the particle behaviour.
The air flow is described by the incompressible Navier-Stokes equations, and the aerosol
by a Vlasov-type equation involving the air humidity and temperature, both quantities
satisfying a convection-diffusion equation with a source term.

The last chapter is dedicated to the analysis of the transport-Stokes equation derived
in the first chapter. First we present a global existence and uniqueness result for L' n L*®
initial densities with finite first moment. Secondly, we consider the case where the initial
data is the characteristic function of a droplet. We present a local existence and unique-
ness result for a regular parametrization of the droplet surface. Finally, we provide some
numerical computations that show the regularity breakup of the droplet.

Keywords : multiphase fluid flows, suspension flows, Stokes flows, sedimentation, (Na-
vier) Stokes equations, Vlasov-like equations, transport equations, system of interacting
particles, method of reflections, mean field limit, homogenization, local existence and uni-
queness.



Table des matieres

Introductionl
[0.1 Principales équations en micro-hydrodynamique] . . . . . . . . . . . .. ..
011 Adimensionnement] . . . . ... ... ... 0L

)

[0.3  Description du contenu de la these, . . . . . . ... ... ... ... ....
[0.3.1 Seédimentation de particules dans un fluide de Stokes| . . . . . . ..
[0.3.2  Un modele pour la suspension d’amas de paires de particules| . . . .

WO OO k=W -

—_

[0.3.3 Modélisation de type Huide-cinétique pour des aérosols respiratoires

de taille et de température variables|. . . . . . . .. ... ... ...
[0.3.4  Analyse de I'équation de transport-Stokes| . . . . . . ... ... ..

(1 Sedimentation of particles in Stokes flow|
[L1 Tntroduction] . . . . . . . . . . . .
(1.1.1  Main assumptions and results| . . . . . . .. .. ... ... ... ..
(1.1.2  Discussion about the particle configurationset{ . . . . . . . . .. ..
(1.1.3  Outline of the paper| . . . . . . . .. .. ... ... ... ......

(1.2 Reminder on the Stokes problem| . . . . . . ... ... ... ... ... ..

[L.2.1 Particular Stokes solufiond . . . . . .. ... ... ... ...
(1.2.2  Approximation result| . . . . . . . . ... ..o

[L.2.3  Fstimation of the fluid stressletl . . . . ... ... ... ... .. .
(1.3 Analysis of the stationary Stokes equation| . . . . . . . .. ... ... ...

[1.3.2  Extraction of the first order terms for the velocities (V;, ). . . . .
(1.4  Control of the particle distance and concentration| . . . . . . . .. .. ...

1.5 Reminder on Wasserstein distance and analysis of the limiting equation| . .
1.5.1 Existence, uniqueness and stability for the mean-field equation| . . .
1.5.2 0" as a weak solution to a transport equation| . . . . . . . ... ..

[1.6.1 Step 1. Estimate of the distance between o and 0|




[1.6.2 Step 2. Estimate of the distance between 0" to o™ . . . ... ... 70

A ppend 77
LA Technical Temmas . . . . . . . . . . ... ... ... .. 7

2 A model for suspension of a cluster of particle pairs| 83
2.1 Introductionl . . . . . . . . .. 83
[2.1.1 Assumptions and main results| . . . . . . .. .. ... ... ... .. 85

[2.1.2  Outline of the paper| . . . . . . . . . .. ... ... ... .. .... 88

2.1.3 Notations . . . . . . . . . . . .. o 88

[2.2  T'wo translating spheres in a Stokes flow| . . . . . . . ... ... ... ... 89
[2.2.1 Restriction to the case of two identical spheres| . . . . . . . . . . .. 90

2.3 The method of reflectionsl . . . . . . .. .. ... ... . L. 94
[2.3.1 T'wo particular cases| . . . . . . . .. ... ... ... ... .. 96

2.4 Extraction of the first order terms for the velocities| . . . . . ... ... .. 104
2.4.1 Preliminary estimates|. . . . . . . . ... ... ... ... ... .. 104

242 Estimatesfor 2| . .. ... ... ... .. ... ... L. 107

2.4.3 Estimates for 2| . . . . .. .. 109
............................. 111

[2.5.1 Derivation of the transport-Stokes equation] . . . . ... ... ... 111

[2.5.2  proot of Theorem [2.1.1]| . . . . . . ... .. ... ... ... .... 112

2.6 Proof of theoremR. 1 2andR.1.3 . . . . . .. ... ... ... .. .. .... 112
[2.6.1 Derivation of the transport-Stokes equation] . . . . .. .. ... .. 112

[2.6.2  proof of Theorem [2.1.2(and [2.1.3] . . . . . . ... .. ... ... .. 115

2.6.3  Proof of Theorem2.1.2 . . . . . .. .. ... .. ... ... ..... 117
Appendices 119
2.A Some preliminary estimates| . . . . . . . . ... ... 119
2.B Estimates on K" o, Ko and control of the minimal distance| . . . . . . . . 120
[2.C  Existence, uniqueness and some stability properties) . . . . . ... .. ... 123

[3  Fluid-kinetic modelling for respiratory aerosols with variable size and |
[ temperature] 127
[3.1 Building the model| . . . . . . ... ... .00 128
[3.2 Checking the physical conservations . . . . . . . .. ... ... ... .... 135
(3.3 Numerical method| . . . . . . . .. ..o 136
B.4  Numerical simulationsl . . . . . . .. .. .. ... ... L 139
[3.4.1 Experimental context, reterence situation|. . . . . . . . .. ... .. 139

(.42 Numerical testsl . . . . . . . ..o 140

3.5 Conclusionl. . . . . . . . . 144
Appendices 149
[3.A  Values of the physical constants| . . . . . ... ... .. ... ... .. ... 149

1



[4  Analysis of the transport-Stokes equation|

M1 Introductionl . . . . . . . ...

4.2 Existence and uniqueness of the transport-Stokes equation| . . . . . . . ..

M21

Reminder on the Steady Stokes and transport equations| . . . . . .

122

proot of the existence and uniqueness result| . . . . . ... ... ..

[4.3  Analysis of the regularity of the contour of a blob{ . . . . . . ... ... ..

[4.3.1  Contour evolution: local existence and uniqueness| . . . . . . . . ..
[4.3.2  Case of spherical contour parametrization| . . . . . .. .. ... ..

APDP (
A Technical lemmas . . . . . . . . ..

(Bibliography|

1l

151
151
152
153
156
157
158
164

169
169

173






Introduction

Le travail effectué durant cette these traite de la modélisation et ’analyse mathématique
de certains aspects des écoulements diphasiques contenant une phase disperséeE]. Pour ce
genre d’écoulements, il s’agit de prendre en compte d’une part I'interaction entre le fluide et
les particules constituant la phase dispersée et d’autre part les interactions entre particules.
La prévalence d’un effet par rapport a I'autre détermine les caractéristiques principales
de I'écoulement. Ainsi, les particules sont en suspension dans le fluide si les interactions
fluide/particule sont prévalentes, tandis que 1’écoulement est granulaire si les interactions
particule/particule sont dominantes.

Dans cette these, nous nous concentrons sur les écoulements en suspensions et plus
précisément sur les effets micro—hydrodynamiquesﬂ La capacité de prédire le comportement
d’un grand nombre de micro-particules en suspension dans un fluide constitue un défi
crucial qui intervient dans plusieurs processus industriels et naturels. On cite par exemple
le transport de sédiments en géomorphologie, génie civil et génie de I’environnement, le
probleme de séparation des minéraux en génie minier ou le principe de fluidisation en génie
chimique. Ce probleme est aussi rencontré en biologie pour la modélisation du déplacement
de micro-organismes (micro-nageurs) a bas nombre de Reynolds ou les aspects micro-
hydrodynamiques sont importants [6, 4, 5, 48, [46] [49]. Une autre application est I’étude
du mouvement des aérosols dans les voies respiratoires [61, [17, 9, 40, [7, 63, [16]. Enfin nous
citons également la modélisation de certains fluides biologiques tels que le sang qui peut
étre vu comme une suspension de globules rouges, de globules blancs et de plaquettes dans
le plasma en négligeant les phénomenes de déformation pour une premiere approximation
[47, 26).

Dans cette these, nous considérons le cas d'un écoulement a bas nombre de Reynolds
et négligeons l'inertie des particules. Il s’agit d’étudier les forces de frottements exercées
par le fluide sur les micro-particules. A Déchelle microscopique, il est possible de décrire
la phase dispersée en calculant les trajectoires de chaque particule a travers les lois de
Newton. Cependant cette description peut s’avérer couteuse numériquement. Une autre
approche serait de négliger le caractere discret de la phase dispersée et de la considérer
comme une phase continue. La principale difficulté est alors de représenter les termes de
friction a I’échelle macroscopique ou mesoscopique en effectuant une moyennisation. Dans

1. Phase occupant une région non connexe du milieu.
2. L’étude du mouvement de micro-particules en suspension dans un fluide visqueux. Le terme a été
introduit par S. Kim et S. J. Karrila dans [44].



ce cas, plusieurs parametres décrivant la configuration de la suspension rentrent en jeu
. la taille des particules, leur nombre, leur géométrie, la fraction volumique de la phase
dispersée et la distance minimale entre les particules. La formation d’amas de particules
est aussi un phénomene a prendre en compte.

Dans la Section [0.1] nous commencons par rappeler les principales équations modélisant
la suspension de particules dans un fluide de Stokes a ’échelle microscopique. Un résumé de
I'état de I’art est réalisé dans la Section [0.2] Enfin dans la derniére Section, nous décrivons
les principaux résultats obtenus dans cette these.

0.1 Principales équations en micro-hydrodynamique
On considere N € N* particules sphériques rigides notées B; centrées en x; et de rayon

R > 0. On suppose que le fluide est Newtonien et incompressible. On note u sa vitesse et
p la pression associée. Ces quantités satisfont les équations de Navier-Stokes

{gf Pt (il = (o) = (.

ou ¢y est la densité du fluide et o désigne le tenseur des contraintes qui s’écrit dans le cas
Newtonien:

o(u,p) =2uD(u) — pl = p(Vu + V'u) — pl,

ol p est la viscosité dynamique du fluide. On complete en considérant des conditions de
non glissement

lim |u(z)] = 0,

|z|—00

{ u = Vi+Q; x (x—ux;),sur 0B;,

ol, pour tout 1 < i < N, V; € R? est la vitesse linéaire décrivant la translation de la
particule, Q; € R3 est la vitesse angulaire décrivant la rotation de la particule.

On note 6; orientation de la i®™¢ particule. Remarquons que comme les particules sont
supposées sphériques, leur mouvement est indépendant de 'orientation. En appliquant les

lois de Newton on obtient
i'i = ‘/2 P 97, = Qi7
. 4 )
m;V; = J o(u, p)ndo + gﬂ'R?’(Qp —or)g , Jil= f (x — x;) x [o(u, p)n]do,
9B; 3

B;

ou g, est la densité de la particule, g 'accélération de la pesanteur, n le vecteur normal
unitaire orienté vers l'extérieur de la particule. La masse m; et le moment d’inertie J; de

‘eme

la 7°™¢ particule sont définis par:

4 .
m; = gﬂRSQp, Jl = %WR5QP .



Les quantités notées
Fom [ otupndo, Ti= | (o) x lofu.puldo,
6Bi aBi

représentent respectivement la force de trainée et le couple appliqués par le fluide sur la
particule. Une définition et quelques importantes notions associées sont présentées dans la
section 0. 1.2

0.1.1 Adimensionnement

On considere L le diametre du nuage des particules, V' la vitesse moyenne de 1’écoule-
ment et T' = L/V le temps caractéristique du mouvement. On introduit le changement de
variable suivant:

. u _ L S_T t
u = — = — xr = — = —.
v EEwht T T
. R - X: -~ V. -
- X =2 V=0, =T
o K= Ti= g Q=T

en gardant la méme notation que précédemment on trouve
Au—Vp =Re(Gu+u-Vu),
ol Re est le nombre de Reynolds
o

Comme nous nous plagons dans le cas ou I’écoulement est tel que Re = « 1, on peut
négliger les effets inertiels du fluide. De méme, afin de simplifier I’étude, nous négligeons
I'inertie des particules.

Re

oy LU

Remark 0.1.1. Dans [38], l'auteur montre en particulier que le nombre de Reynolds est
négligeable pour des petites fractions volumiques de la suspension. D’autre part, une jus-
tification de [’écoulement de Stokes au voisinage d’une micro-particule est présentée dans
[30, Chapitre 1 Section 2].

En partant de ce modele sans inertie et en considérant une seule particule ayant une
vitesse V), la formule de Stokes pour la force de trainée F'

F = 67RV,, (1)

permet d’expliciter la vitesse de chute d’une seule particule sphérique sous l'effet de la
gravité qu’on note kg

2

Kg = 532(@]0 — 01)9- (2)

Comme on le verra par la suite, les hypotheses sur la configuration des particules qu’on
considere impliquent que la vitesse de chaque particule est comparable a kg. Ceci montre



que l'ordre de grandeur de la vitesse moyenne V' est de l'ordre de |kg|. D’autre part,
en suivant le modele décrit dans [24], on supposera que le rayon des particules R est
proportionnel & N~! de maniere & ce que I'accumulation des N forces de trainée définies
par la formule soit d’ordre un.

Finalement, pour N fixé, on désigne par (u”, pV) la vitesse et pression du fluide satisfaisant
I’équation de Stokes suivante

—AUN + va = O, 3 N
{ div(d) = o S R \iulBi. (3)
u = V;+Q x (x —x;), sur 0B;,
lim [u™(z)] = 0, (4)
|z|—>00
les centres (z;)1i<i<ny Vérifient les lois de Newton

o=,
= Fi+3mR%(0p — 05) 9, (5)

0 = T,.

Pour N fixé, les équations , , admettent une unique solution (u¥, pV) associée &
d’uniques vitesses (V;, ;)1<i<n. En effet, il est montré dans [54] que 'application linéaire

().~ (o)
T 1<i<N Qi 1<z<N7

est bijective. Cette application est appelée matrice de résistance de Stokes et prend une part
importante dans la modélisation. Dans ce qui suit, nous rappelons les principales définitions
et notions associées a la matrice de résistance et son inverse la matrice de mobilité.

0.1.2 Rappel/définition de la matrice de résistance et mobilité

Dans cette section on considere un fluide ayant une vitesse u et une pression p, on note
B une particule de forme quelconque centrée en a € R3.
Les principales forces qui sont appliquées par le fluide sur la particule sont la force de
trainée F' et les deux composantes du moment d’ordre un M qui sont le couple T et la
tension S.
La force de trainée est définie par

F = LBU(u,p)ndU, (6)

ou n est le vecteur normal unitaire sortant de 6B. Le moment d’ordre un est défini comme
suit

M = aB(x —a)® |o(u, p)n]do. (7)



La matrice M se décompose en une partie antisymétrique correspondant au couple 71" et
une partie symétrique correspondant a la tension S. Comme la partie antisymétrique d’une
matrice peut étre identifiée & un unique vecteur, le couple T' € R? peut aussi étre défini
comme le vecteur suivant

T = LB(x —a) X [o(u,p)n] do . (8)

Par linéarité de I’équation de Stokes et donc du tenseur o, on peut montrer que 'application

F U
T|—|Q],
S E

est linéaire. Cette application peut étre écrite sous forme d’une matrice par blocs

F RFU RFQ RFE U U
T|=—6r|RY R™ RTE|[Q]=-67rR[Q]. (9)
S RSV RS RSEJ\E E

R est appelée la matrice de résistance, voir [30, Section 3.5]. On définit également son
inverse appelée matrice de mobilité M = R~ qui satisfait des propriétés similaires a R.
Il est important de noter que RFY, RF? RTV et RT? sont des matrices 3 x 3 tandis que
RIE RTE RSV et R sont des tenseurs d’ordre trois et R°F est un tenseur d’ordre
quatre. La matrice de résistance est proportionnelle a la viscosité du fluide et vérifie cer-
taines symétries selon la géométrie de la particule. De plus, en utilisant des arguments de
scaling standards, on peut montrer que la matrice R¥Y dépend linéairement de la taille
de la particule B, les tenseurs (RTQ, RTE RS RS5F) dépendent de maniere cubique de la
taille de la particule tandis que (RF?, RTV, R5V RFF) sont proportionnels au carré de la
taille de la particule.

Des formules explicites pour la matrice de résistance ont étés étudiées pour certaines
géométries particulieres du solide. La premiere formule est due a Stokes pour la relation en-
tre la force de trainée F' et la vitesse de translation U dans le cas d’une particule sphérique.
Cette formule est connue sous le nom de la loi de Stokes. Toujours dans le cas d’une sphere,
en 1922, Faxen étend la formule en calculant les termes additionnels correspondant a la
vitesse de perturbation causée par d’autres spheres de la suspension. Cette formule est
appelée la premiere loi de Faxen. La seconde loi de Faxen représente la relation entre le
couple T' et la vitesse angulaire ). Enfin, la troisieme loi de Faxén mettant en évidence
la relation entre la vitesse de déformation E et la tension S est calculée par Batchelor et
Green dans [12]. Plus précisément, dans le cas d’une particule a forme sphérique ayant un
rayon R, la matrice de résistance est diagonale par bloc et on a
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Toujours dans le cas sphérique, Jeffrey et Onishi [42] ont étudié la matrice de résistance et
de mobilité associées a une paire de particules. En particulier, ils fournissent des expressions
analytiques des matrices en fonction de la distance entre les deux centres et le quotient
des rayons des deux particules. En 1971, Brenner et O’neill [18] ont calculé les formules
explicites pour le cas d'une particule ellipsoidale.

0.2 Etat de D’art

Dans cette these, on s’intéresse a la dérivation mathématique du modele mésoscopique
partant du modele microscopique. Il s’agit d’étudier le comportement asymptotique des
équations (3)), (), lorsque le nombre de particules N tend vers l'infini et le rayon R
tend vers zéro. Le but est de mettre en évidence la dépendance du modele limite par rap-
port & certaines caractéristiques des particules (distance minimale entre les particules et
présence d’amas). Une analyse du modele limite obtenu est aussi effectuée.

Nous présentons dans cette section un apercu des principales contributions liées a la dy-
namique des suspensions. Nous citons premierement les ouvrages [32] [10} 44}, 30] regroupant
plusieurs aspects théoriques de I'hydrodynamique et des écoulements en suspension. Les
différentes questions concernant la modélisation microscopique/mésoscopique de particules
en mouvement dans un fluide visqueux ont généré une littérature tres riche.

Lorsque l'on cherche a extraire le modele mésoscopique partant du modele micro-
scopique, une premiere étape est de considérer uniquement 1'équation de Stokes statique
— et d’étudier le comportement asymptotique du couple (u, pV) lorsque le nombre
de particules N tend vers 'infini et le diametre des particules tend vers zéro. Ce processus
de moyennisation est appelé homogénéisation et a été introduit par A. Bensoussan, J. L.
Lions et G. Papanicolaou dans [I3]. Une liste non-exhaustive des ouvrages traitant de ce
sujet est [2, 8, 60, 65, 69, 43], nous nous référons également au cours de G. Allaire [3].
L’application de 'homogénéisation aux équations de Stokes et Navier-Stokes dans un do-
maine perforé est étudiée par G. Allaire dans [1]. La méthode introduite par G. Allaire suit
celle de D. Cioranescu et F. Murat [22] pour I'homogénéisation de I’équation de Laplace.
Dans [I] 'homogénéisation des équations de Navier-Stokes et Stokes est effectuée pour un
domaine contenant plusieurs particules périodiquement distribuées avec des conditions de
type Dirichlet homogenes sur chaque particule. L’auteur distingue une caractérisation du
comportement asymptotique du modele selon le comportement asymptotique d’'une quan-
tité qui dépend de la distance minimale entre les particules et leur diametre. Le résultat
dans [I] montre que si les particules sont “denses” alors ’équation limite est une équation
de Darcy, si les particules sont “diluées” alors le modele limite est une équation de Stokes
et finalement, le modele limite est une équation de Brinkman si le régime de dilution est a
la frontiere entre les deux précédents. L’équation de Brinkman est une équation de Stokes
a laquelle on ajoute une force de trainée. Ce terme, appelé force de Brinkman, a été iden-
tifié¢ par H. C Brinkman [19] et représente la force de frottement collective qu’exerce les
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particules sur le fluide. Afin d’inclure I’évolution des particules dans le modele, une
importante étape est 'extension du résultat de 'homogénéisation pour des conditions au
bord non nulles (non-glissement). En effet, si on veut effectuer un relevement des condi-
tions au bord afin de se ramener au cas homogene etudié dans [1] cela génere un terme
source oscillant dans I’équation de (Navier) Stokes dont le traitement par la méthode de
[1] n’est pas immédiat. Cette extension a été effectuée par L. Desvillettes, F. Golse et V.
Ricci dans [24] ou les auteurs consideérent le cas d’une distribution non périodique de N
particules sphériques dans un domaine borné avec des conditions de type Dirichlet non
nulles sur les particules. Les principales hypotheses sur la dilution du régime des particules
concernent le rayon qui est égale a % tandis que la distance minimale entre les particules
est de l'ordre de N=/3. Une autre importante généralisation est due & M. Hillairet dans
[36] ot l'auteur étend le résultat de ’homogénéisation pour des configurations de partic-
ules ayant une distance minimale d’ordre strictement supérieur a 'ordre des rayons. En
particulier, ces hypotheses recouvrent le cas de particules aléatoirement distribuées dans
I'espace. Enfin, dans [37], M. Hillairet, A. Moussa et F. Sueur consideérent le cas ou la
rotation des particules est prise en compte et la géométrie des obstacles est quelconque.
Les auteurs montrent que dans ce cas, la force de Brinkmann se calcule par moyennisation
des matrices de résistance de Stokes.

Concernant 'homogénéisation, la difficulté de la résolution de ’équation de Stokes
- sur un domaine perforé par un large nombre d’obstacles a amené a l'utilisation
de la méthode de réflexions. Cette méthode a été introduite par Smoluchowski [67] en
1911. L’idée est de formuler I’écoulement autour des N particules comme la superposi-
tion des N écoulements autour d’une seule particule. Cette formulation n’est pas correcte
puisque I’écoulement autour d’une particule isolée génere une erreur sur les conditions aux
bords associées aux autres particules. L’idée est alors de corriger les conditions aux bords
en réitérant le procédé jusqu'a ce que le terme d’erreur soit assez petit. Formellement, la
méthode converge si la suite des termes d’erreurs successifs est strictement décroissante. On
définit ainsi un processus itératif qui a de bonnes propriétés de convergence selon le régime
de dilution des particules. Cette méthode récursive repose sur le principe de superposition
et est appliquée a plusieurs systemes physiques tels que les équations d’électrostatique. On
se refere a [32 Chapter 6 Section 1], [44, Chapter 8] ou [30), Section 4] pour une introduc-
tion. A notre connaissance, une preuve de la convergence de la méthode de réflexions pour
I’équation de Stokes dans un domaine perforé est fournie pour la premiere fois par J. H.
Luke dans [54]. La méthode décrite dans cet article est formulée grace a des opérateurs de
projection. On se réfere également a l'article de P. Laurent, G. Legendre et J. Salomon [45]
ol la preuve de convergence est effectuée dans un cadre plus général. On cite aussi 'article
de R. Hofer et J. L. L. Velazquez [39] ou une méthode de réflexions est développée pour
I’homogénéisation de I’équation de Poisson et Stokes dans un domaine perforé.

Pour le probleme d’évolution complet - , a notre connaissance, il n’existe que
deux résultats. Le premier est di a P. E. Jabin et F. Otto dans [4I] ou les auteurs con-
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siderent une configuration de particules diluées i.e. ayant une distance minimale tres grande
devant N~1/3 et montrent qu’il n’y a pas d’intéraction entre les particules dans ce cas et
que le régime est preservé au cours du temps. Plus précisément, ils montrent que la vitesse
de chute de chaque particule correspond au premier ordre a la vitesse de chute d’une seule
particule dans un fluide visqueux sous 'effet de la gravité. La preuve repose sur le controle
de la distance minimale entre les particules et I'utilisation de la méthode de réflexions. Le
second résultat connu est celui dia a R. Hofer [38] et qui étend le résultat dans [41] pour
des configurations de particules ayant une distance minimale de 'ordre de N~/3. De plus,
I’auteur fournit une preuve rigoureuse de la convergence de la densité discrete du nuage
vers la densité continue solution d’'une équation couplée de transport-Stokes.

L’étude du comportement asymptotique d'un systeme de N particules en interaction
est un probleme largement étudié en théorie des champs moyens (mean field theory). Pour
une introduction au sujet on se réfere au cours de F. Golse [29] et toutes les références
qui y figurent pour les nombreuses applications. Le principe est de dériver le modele limite
d’'un systeme de N particules lorsque N tend vers l'infini. Dans ce genre de problemes,
le systeme d’EDO caractérisant les trajectoires des particules est explicitement donné.
Le modele limite décrivant la densité des particules est une équation de type Vlasov qui
dépend de la force d’intéraction. Par exemple, une équation de Vlasov-Poisson pour la
force électrostatique de Coulomb dans la théorie des plasmas, un systeme Vlasov-Maxwell
pour la force électrique et magnétique dans la théorie du plasma magnétisé. Une autre
application concerne 'approximation de I’équation d’Euler en 2D formulée par le biais de
la vorticité. En effet, une version microscopique de I’équation formulée via une densité
discrete correspondant a une somme de vortexs (masse de diracs de vorticité) est souvent
utilisée en physique statistique pour approcher le modele continu. Dans ce cas, la force
d’intéraction est donnée par la loi de Biot-Savart. Les premiers résultats de convergence
sont dus a R. Dobrushin [25] dans le cas ou le noyau décrivant la force d’intéraction est
lipschitzien. Cependant, les forces d’interactions physiques sont souvent singulieres et les
estimations de stabilité a la Dobrushin ne s’appliquent pas. Une généralisation est alors ef-
fectuée par G. Loeper dans [50] pour I’équation de Vlasov-Poisson. D’autre part, la preuve
de convergence en champ moyen pour une classe de noyaux singuliers a été fournie par P.
E. Jabin et M. Hauray [34] [33].

En considérant le modele a ’échelle mésoscopique obtenu, la question de considérer une
goutte comme fonction de distribution initiale se pose lorsqu’on veut retrouver le comporte-
ment de la suspension a 1’échelle mésoscopique. Des études numériques et expérimentales
ont été effectuées dans [55, 58, [62] et menerent & la conclusion qu'une goutte, initiale-
ment de forme sphérique, évolue lentement vers un tore. Plus précisément, les particules
au sommet du nuage s’échappent et forment un filet vertical. La diminution du nombre
de particules sur ’axe vertical du nuage conduit a I'apparition de la forme toroidale. De
plus, il a été observé que le tore instable se brise en deux gouttelettes secondaires qui se
déforment en tores elles-mémes en cascade répétitive.



0.3 Description du contenu de la these

Dans cette these, nous nous intéressons a certains aspects liés a la modélisation des
écoulements en suspension. Les principales études sont décrites dans les chapitres un, deux,
trois et quatre et sont résumées ci-dessous. Le premier chapitre concerne la justification
de la convergence du modele microscopique décrivant la sédimentation de particules sans
inertie dans un fluide de Stokes vers un modele mésoscopique. Plus précisément, le premier
chapitre est une extension du résultat de R. M. Hofer [38] pour un ensemble de configu-
rations de particules plus général. Dans le deuxieme chapitre, nous nous intéressons a la
dérivation d’'un modele mésoscopique pour la description d’amas de paires de particules et
présentons un résultat d’existence et d’unicité pour le modele limite. La principale motiva-
tion de ce travail est de mettre en évidence I'influence des amas de particules sur la vitesse
moyenne de chute a travers les matrices de résistance de Stokes. Le troisieme chapitre est
dédié a la dérivation d’un modele pour le mouvement d’aérosols dans les voies respiratoires
en prenant en compte la variation du rayon des particules et I’échange de température dans
le systeme. Ce travail est une collaboration avec L. Boudin, C. Grandmont, B. Grec, S. Mar-
tin et F. Noél dans le cadre de la CEMRACS 2018. Une étude numérique de la déposition
des particules dans une bifurcation en 2D est présentée. Finalement, Le dernier chapitre est
dédié a I'analyse du modele limite dérivé dans le premier chapitre. Plus précisément nous
présentons un résultat d’existence et d’unicité permettant de traiter des densités initiales
de type L' n L™ ayant un moment d’ordre un fini. Nous nous intéressons ensuite a 1’étude
de la régularité du bord d’une gouttelette dans un fluide de Stokes. Nous montrons un
résultat d’existence locale et d’unicité d'une paramétrisation réguliere de la gouttelette et
présentons quelques tests numériques montrant ’aspect instable de la gouttelette.

0.3.1 Sédimentation de particules dans un fluide de Stokes

Dans ce chapitre, nous considérons N particules identiques rigides et sphériques notées
(B;)1<i<n en sédimentation dans un écoulement de Stokes soumis a une force gravitation-
nelle. Les effets inertiels du fluide et des particules sont négligés et la rotation des particules
est prise en compte. Pour N donné, la vitesse du fluide et la pression sont notées (u”, p™)
et satisfont I’équation suivante

—AuN +VpN = 0, N
{ diveN — o Sw R?’\UBZ», (10)
’ i=1

complétée par des conditions de non-glissement

u = Vi+Q x (x —x;), sur 0B;,

lim fu¥(z)] = 0, (1)
|| —00

ott (V;, ;) e R3xR3, 1 <i < N sont les vitesses linéaires et angulaires des particules. Les

particules sont définies comme suit

To
B;:= B(z;,R) , R="2
(@i, ) N



ou ry est une constante positive. On décrit le mouvement des particules (B;)i<i<ny en
considérant les lois de Newton ot on a négligé les termes inertiels

Bo= Vi
T = 0,

m est la masse de la particule normalisée afin de prendre en compte la poussée d’Archimede,
g laccélération de la pesanteur, la force de trainée F; et le couple T; sont définis par @,

Il a été montré dans [38] que la densité spatiale discrete du nuage ¢V définie par

1 N
QN(t,J}) = N;éﬂﬁi(t)(‘r) ’ Qév = QN(07I)>

converge vers 'unique densité continue p solution de ’équation couplée transport-Stokes
suivante 5 '
5 +div((kg +u)o) = 0,
—Au+ Vp 67mroKk09 ,
div(u) = 0,
0(0,:) = oo,
ou (u,p) sont la vitesse et pression du fluide. kg, définie par , est la vitesse de chute
d’une seule particule dans un fluide sous l'effet de la gravité.
L’auteur montre également 'existence et 1'unicité de la solution de I’équation de transport-

Stokes

Theorem 0.3.1 (R. Hoéfer). Soit gy € Xé pour 3 > 2. Alors il existe une unique solution
0€ WH*((0,T), Xg) pour tout T > 0. De plus Vo€ L*((0,T), X3).

(13)

L’espace Xp est défini par
Definition 0.3.1. Soit 8 > 0, on définit l'espace Xg comme suit
Xg:={he L7(R?), |7 x, < oo},

avec
] xp := esssup(1l + |x|ﬂ)|h(a:)|

De plus, on utilisera la notation h € Xé pour désigner les éléments h tels que h, Vh € Xg.

Le résultat de convergence de oV vers p présenté dans [38] est valable sous I'hypothese
que la distance minimale entre les particules est de 'ordre de N~/3. Cependant, le seuil
idéal pour la distance minimal entre les particules est N=2/3. En effet, ce seuil permet de
traiter le cas de particules aléatoirement distribuées. La motivation principale du premier
chapitre est donc d’étendre le résultat de convergence a un ensemble plus général de con-
figurations de particules.

Avant de présenter les principaux résultats de ce chapitre nous commencons par définir
I’ensemble des configurations de particules que nous considérons dans ce chapitre.
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Deﬁnltlon 0.3.2. Soit (X™)nens une configuration de particules oty X := (z1,-+- ,xn).
Etant donné deuz constantes positives M,E on définit X(M,E) comme l'ensemble des
configurations de particules pour lesquelles il existe une suite positive (\N) yens= telle que la
concentration (M™N)nen+ définie par

MY .= sup{#{ie {1,---, N} such that x; € By(x, \N)}},¥N € N*,

z€R3

et la distance minimale (dY; )nens définie par

min

v, = H;ln {lz; — x|}, YN e N*,
i#]

1<i,j<N

vérifient les hypotheses suivantes:

MY -
sSup ——= < M, 14
Nen NN (14
AT < € (15)
su < €.
NEII\)I |dm1n|2
AN wérifie les conditions de compatibilité suivantes:
dh. /2, lim AV =0. (16)
N—00

Remark 0.3.1. Selon la définition de M” et I’hypothése on a

m < M, (17)
ce qui implique grace a
T SN (18)
VEM'2 /N
Comme R ~ %, on a
lim R 0, (19)

N— dﬁm

ce qui garantit la non-collision des particules dans le régime X (M, E).

Enfin, nous avons besoin de ’hypothese suivante pour la preuve du second Théoréeme

0.3.3

lim AT =0 (20)
Nowodi, (0)

Exemple: Dans le cas oit AV := N=1/3 le régime X' (M, &) correspond aux particules telles
que leur distance minimale d¥;  est supérieure au seuil N~'/2 et leur concentration par cube
de longueur N~'/3 est uniformément bornée. Ce cas de figure correspond & une extension
des configurations de particules considérées dans les articles [41] et [3§].
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Le role de la suite AV est intimement lié & la notion de distance de Wasserstein infinie, voir
la discussion plus détaillée sur les hypotheses dans la section 1.2 du premier chapitre et le
lemme A4

Le premier résultat de ce chapitre est la conservation du régime sur un temps court
indépendant de N.

Theorem 0.3.2. Soit (XY (0))nen+ une configuration initiale de particules. Supposons
qu’il existe deux constantes M, € et une suite (A ) yen= telles que (X™(0))nen+ appartient
a Uensemble X (M, E) i.e. les hypothéses , , sont satisfaites initialement.

Si M'3rq est assez petit, il existe un rang N* = N(ro, M, &) € N* et T = T(ry, &, M, k|g|)
tels que pour tout t € [0,T] et N = N*

N ()= Lav (o),

min = 2 min
MY (t) < 8*MN(0).

Le second résultat est la justification de la convergence de la densité oV vers o lorsque
N tend vers I'infini.

Theorem 0.3.3. Considérons le temps mazimal T > 0 introduit au premier Théoréme
et l’hypotheése additionnelle . Soit B > 2, on suppose que gy € Xé est une densité
positive telle que SRB 00 = 1. On note par (o, u) unique solution de l’équation de transport-
Stokes (|13]).

Il eziste deux constantes positives Cy,Co = C(ro, M, E, ||0o|=, k|g|) indépendantes de N et
un rang N* = N(ro, M, &, | 00| 1=, x|g|, T) € N* tels que pour tout t € [0, T] et tout N > N*
Wl(QN(t, '), Q(t, )) < Cl ()\N + dI]Xm(O) t+ Wl(Q(), Qév)) eCQt.

Ceci montre que si la densité discrete initiale o) converge vers une densité gy alors
la densité discrete oV converge en tout temps 0 < ¢t < T vers la solution ¢ de I’équation
(13). De plus, le Théoreme fournit une estimation quantitative de la convergence en
fonction de la distance de Wasserstein initiale W (g, 0}).

L’ensemble des configurations de particules introduit dans le définition est basé sur
larticle [36]. Les hypotheses et assurent 'existence d’une densité discrete uni-
formément bornée approchant ¢". Ce qui suggere que la densité limite g est L® et que la
constante M est équivalente & | o]|c.

La condition de petitesse sur 7oMY3 correspond au fait que l’on consideére une densité de
particules telle que | o/l est petite mais d’ordre un. En effet, dans ce cas, la vitesse u dans
I’équation de transport-Stokes est proportionnelle a | o|l« et peut étre vue comme une
perturbation (d’ordre un) de la vitesse de chute kg.

La deuxieme hypothese (15]) assure la conservation de la distance minimale au cours du
temps. En particulier, pour AN = N~1/3, le Théoreme m étend les résultats antérieurs a
des configurations de particules ayant une distance minimale de 'ordre d’au moins N~/
voir hypothese . Ce seuil minimal apparait naturellement dans nos calculs et est relié

12



aux propriétés de la fonction de Green de I’équation de Stokes. Nous soulignons que cette
distance minimale critique apparait également dans I'analyse de champ moyen effectuée
dans [33]. Ceci est dii au lien entre AV et la distance de Wasserstein infinie W, (0", 0).
Cette remarque est détaillée dans la section 1.2 du premier chapitre.

La preuve des deux théoremes repose sur le développement d’une méthode de réflexions
qui permet une approximation a l'ordre un des vitesses linéaires et angulaires (V;,€);) de
chaque particule.

Vi = kg + 6%% N — 2)rg + O (d,), R =0 (dY,), 1<i<A,

J#i

ou P est la fonction de Green de 1’équation de Stokes appelée tenseur d’Oseen, voir .
Une fois les trajectoires des particules connues, le controle de la distance minimale dY, et
de la concentration M* sur un temps court se font par un argument de Gronwall. Pour la
preuve du second théoreme, 1'idée principale est d’appliquer la théorie de champ moyens
développée par M. Hauray et P. E. Jabin dans [33] [34] pour le systéeme approché des N
particules.

0.3.2 Un modele pour la suspension d’amas de paires de partic-
ules

Dans ce chapitre, nous nous intéressons a la dérivation d’'un modele mésoscopique
décrivant la suspension d’amas de paires de particules dans un fluide de Stokes. La mo-
tivation principale est la mise en évidence de 'influence de I'amas sur la vitesse de chute
moyenne du nuage. La description de la configuration de I'amas se fait a travers les deux
variables suivantes : la position du centre de la paire de particules = € R3 et ’orientation
de la paire de particules ¢ € R3. Dans un premier temps, nous dérivons un modele limite
décrivant I’évolution des amas a travers la fonction f(t,z,£) représentant la densité des
amas de paires centrés en x et ayant une orientation ¢ au temps t. En particulier, on
montre que la vitesse de chute moyenne s’écrit en fonction de la matrice de résistance de
Stokes associée a une paire de particules. Dans un second temps, nous nous intéressons
a des données initiales pour lesquelles l'orientation du cluster est corrélée aux positions
i.e. £ = F(x). Le modele dérivé est alors une équation de transport-Stokes, portant sur
la premiere marginale de f notée p, la vitesse du fluide u et la fonction F' qui décrit
I’évolution de l'orientation de l’amas. Nous présentons également un résultat d’existence
locale et d’unicité pour le systeme dérivé.

Les équations de départ décrivent le mouvement du nuage a 1’échelle microscopique et sont
analogues a celles utilisées dans le premier chapitre. On note par N le nombre de paires de
particules définies comme suit

B':= B(z},R) u B(z},R) := B UB},1<i<N,
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ot i, x4 les centres de la 7°™e

de I'équation de Stokes:

paire, R est le rayon. On définit (u™¥, p™) I'unique solution

divu¥ = 0,

AU N N
{ Au ~|—‘Vp 8’ surR3\UB, (21)

complétée par des conditions de non-glissement

uN = Ujsur 0B(z%, R),
u = Ujsur 0B(zh, R), (22)
lim |u™(z)] = 0,
|| —a0
ot (U, U3) e R¥xR3, 1 <4< N sont les vitesses linéaires des particules. Dans ce modele,
on néglige la vitesse angulaire. On complete par les équations de mouvements de chaque
particule

o= Ul
¥ 4’ 2
Vi o (23)
Les lois de Newton impliquent les relations suivantes ou I'inertie des particules est négligée
F} mg
=— , (24)
F mg

ol m est la masse des particules normalisée afin de prendre en compte la poussée d’Archime-
de. g laccélération de pesanteur, FY, Fi sont les forces de trainée appliquées sur la °™me
paire

e AN S T B B AT
oB(zi,R) oB(z},R)

olt n est le vecteur normal sortant et o(u¥,pV) = (Vu + (Vu)") — pT est le tenseur

des contraintes.
Avant d’énoncer les résultats nous introduisons les principales notations et hypotheses.
On suppose que le rayon des particules est donné par
o
2N’
ou ry est une constante positive. Nous adopterons les notations suivantes pour une paire
de particules donnée B(zy, R), B(z2, R)
1 1 T
Ty = (1 +22), x_ = —(T1— T2), = —
+ 2( 1+ 22) 2( 1 —22), & 7

Soit T > 0 fixé, on définit la densité discrete p € P([0, T] x R® x R3) par

R =

Yt 2, €) = Za D) (#:6)
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On note par ¢V sa premiére marginale
1
NZ%Q(@ (z). (25)

On définit d,,;, la distance minimale entre les centres des paires xﬁr

dunin(t) := min {dy (t) := [ (1) = 2L (D)], i # ).
On suppose qu’il existe deux constantes M; > M, > 1 indépendantes de N telles que:
My <|&| <M, ,i=1,---,N Yte|0,T]. (26)

On suppose que p converge au sens des mesures vers une densité continue ju i.e. pour
tout 1 € Cp([0,T] x R? x R3) on a

T
J f Ut N (1 dr,dE)dt f f Ot Oplt, . du de dt. (27)
0 R3 JR3 R3 JR3

On suppose que la premiere marginale de i notée p est une mesure de probabilité vérifiant
o(t,-) € WHL(R3) n Wh(R3). On utilisera la notation

Woo(t) = Woo(QN(ta ')7 Q(t7 ))7

pour définir la distance de Wasserstein infinie entre oV et p, voir Définition [1.5.4, On
suppose qu'il existe une constante positive £ > 0 telle que pour tout t € [0, 7]

3

sup —— < &;. (28)

2
NeN#* dmm

Finalement, pour le second Théoreme, on suppose qu’il existe une constante positive & > 0

telle que pour tout t € [0,T]
3

sup —— < &o. (29)
NeN* dmln
Remark 0.3.2. La formule (27) implique
sup Wy (t) — 0. (30)
te[0,T] N—c0

De plus, comme o0 € L*, on a une borne inférieure pour la distance de Wasserstein

N

o (B(x, W

= < sup (B( wﬁ)sugnw-
NW3 ™ e |B(x, Wy)|

La définition de la distance de Wasserstein infinie assure que

WOO = dmin/2 ) (31)
ce qui implique en utilisant
sup dmin(t) — 0. (32)
t€[0,T7] N—ao
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On peut a présent énoncer les principaux théoremes de ce chapitre.

Theorem 0.3.4. Supposons que les hypotheses , , sont satisfaites et que
Toll0o| L1~ est assez petit. p satisfait I’équation de transport suivante

O+ dive[(A(E)) thg + w)u] + dive[Vu-Eu] = 0, sur [0, T] x R? x R3,
—~Au+Vp = 6rrokog, sur R3,
div(u) = 0, sur R3.

Le second théoreme concerne des données initiales pour lesquelles I'orientation des amas
est corrélée aux positions.

Theorem 0.3.5. Considérons les hypothéses du théoréme (0.3.4) et (29), supposons qu’il
existe une fonction Fy € WH*® telle que &(0) = Fy(2" (0)) pour tout 1 <i < N.

Il existe T > 0 indépendent de N et une unique fonction FYN € L®(0,T;WhH®) telle que
pour tout t € [0,T] on a

pN =N ®@0pn et FN(0,-) = Fp.

De plus, la suite (FN)y admet une limite notée F € L*(|0,T], W'*®) et la mesure limite
w est de la forme u = o® dp. Le triplet (o, F,u) satisfait le systéme suivant

([ OF +VF-(A(F) 'kg+u) = Vu-F, sur [0, T] x R3,
o0+ div((A(F) kg + u)o) = 0, sur [0, T] x R3,
—Au+Vp = 6rrosgo, sur R3,
) divu = 0, sur R3, (33)
Q(07 ) = Vo, sur R37
L F0,) = Fy sur R3.

Remark 0.3.3. La matrice A est définie par A := A1+ Ay ou Ay et Ay forment la matrice
de résistance associée a une paire de particules, voir section |2.2.1| pour la définition. Le
terme (A)"Lrg représente la vitesse moyenne de chute d’une paire de particules identiques
en suspension dans un flurde de Stokes.

Nous finissons par un résultat d’existence locale et d’unicité.

Theorem 0.3.6. Soit p > 3, Fy e W2P et oo € WP a support compact. Il existe T > 0 et
un unique triplet (o, F,u) € L®(0,T; WlP) x L®(0,T; W*P) x L®(0,T; W3P) solution du
systeme (33).

De méme qu’au premier chapitre, 'idée de preuve des deux premiers théoremes est
d’utiliser la méthode de réflexions pour effectuer une approximation de la trajectoire des
particules ’

H~ (A(E) Mg + e~ o,
. - (34)
& ~ <67%ZV‘I>($Z+ - xi)“Q) &

J#i
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La force d’interaction ® est le tenseur d’Oseen, voir formule . Comme la distance
entre deux particules formant la paire est comparable au rayon, la méthode de réflexions
utilisée ici consiste a approcher ’écoulement autour des /N paires par la superposition des
N écoulements autour d’une seule paire. Par conséquent, une analyse des solutions par-
ticulieres associées a 1’écoulement d’une paire de particules en translation est nécessaire.
De maniere similaire au premier chapitre, la convergence de la méthode de réflexions est
assurée sous 'hypothese de petitesse de 70| r1~1» et les hypotheses (26]), (27).

Dans ce chapitre nous nous concentrons uniquement sur la dérivation des modeles lim-
ite. Nous ne traitons pas la conservation de la distance minimale d,.;, et de la distance
de Wasserstein W,,. Les propositions [2.B.3] et 2.B.1] montrent que le controle de la dis-
tance minimale d;, dépend du controle de la distance de Wasserstein W,,. Cependant,
'apparition du gradient du tenseur d’Oseen V& dans la formule (34) qui a un ordre de
singularité de type # génere un terme en log dans les estimations permettant de controler
W, voir proposition [2.B.2] Ceci empéche 'utilisation d'un argument de Gronwall pour la
convergence en champ moyen dans 'esprit de [33], 34].

0.3.3 Modélisation de type fluide-cinétique pour des aérosols res-
piratoires de taille et de température variables

Dans ce chapitre nous nous intéressons a la modélisation du mouvement d’un aérosol
dans les voies respiratoires. Le but est de dériver un modele qui prend en compte la varia-
tion du rayon et de la température des particules. Cette variation est causée par I’échange
d’humidité entre ’aérosol et 'air ambiant dans les voies respiratoires. Ce travail a été ef-
fectué en collaboration avec L. Boudin, C. Grandmont, B. Grec, S. Martin et F. Noél dans
le cadre de la CEMRACS 2018.

L’étude du mouvement des aérosols dans les voies respiratoires est un sujet de recherche
qui a engendré une large littérature de par la complexité et les nombreuses possibilités
de modélisation. En effet, il est possible de considérer différentes échelles allant du mi-
croscopique, ou on suit la trajectoire de chaque particule, mésoscopique ou l'aérosol est
représenté par une fonction de densité ou enfin macroscopique, ou 1’aérosol est considéré
comme étant une phase continue et est caractérisé par sa concentration dans le fluide. Pour
plus de détails, on se réfere a la these de A. Moussa [61] dédiée a I’étude mathématique et
numérique du transport d’aérosols dans le poumon.

Dans cette étude, nous nous plagons a 1’échelle mésoscopique et nous considérons le modele
de type fluide-cinétique utilisé dans [I7]. Dans ce modele, le fluide représentant I’air est
supposé Newtonien et incompressible et on suppose que la fraction volumique de 1’aérosol
dans le fluide est négligeable afin de ne pas prendre en compte les collisions entre les par-
ticules. L’équation décrivant le phénomene est une équation de Vlasov Navier-Stokes [15].
On note (u,p) la vitesse et pression du fluide, f représente la densité des particules. On
note € = R? le domaine du fluide qui correspond & une bifurcation. Le bord du domaine
0€) est constitué de trois parties, 'entrée I'", la sortie I'°" et les parois 'V, voir Figure
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3.1} Les équations s’écrivent comme suit

Oair[Ort + (u - VIu] —nAu+ Vp = F, sur R* x Q,
O f +v-Vof +div, ([Oz(u —v) + (1 — %) g] f) = 0, surR*xQxR3 (35)
div(u) = 0, surR* xQ,

Ici @air, 04 sOnt les masses volumiques de l'air et des particules, 1 la viscosité dynamique, g
le vecteur gravité et F' le terme de rétroaction défini par

F(t,x) = —6mnr JRS (u(t,x) —v)f(t, z,v)dv.

La variable v € R3 représente la vitesse de 1’aérosol, r leur rayon et on a

6mnr

Y

m

ou m est la masse des particules. On complete avec des conditions au bord et des
conditions initiales

f 0, on RT x '™ x R3 ifv-n <0,
w = u",  sur RT x I'n,
_ wall
) u 0, sur Rt x Fom , (36)
o(u,p)-n = 0, sur Rt x ['out,
Uj—o = Uy, on €2,
L f|t:o = finit, sur €2 x R? .

Dans ce modele, la variation du rayon r n’est pas prise en compte. Le but de ce chapitre
est alors d’intégrer la variation de la taille des particules mais aussi leur température dans
le modele. L’idée est de considérer les articles [51], 52 53] ot un modele 0D est présenté
pour la modélisation de I’évolution du rayon et de la température d’une particule dans les
voies respiratoires via I’échange de température et de vapeur d’eau entre 1’aérosol et 1’air
ambiant dans le poumon.

Dans ce nouveau modele, la densité f est fonction de (¢, z,v,7,T) e RT x Q@ x R¥ x R xR
ou r est le rayon des particules et T' la température de la particule. Le rayon r est tel
que %7?7“3@ correspond a la masse totale de la particule. La masse volumique g4 est alors
une fonction de r, voir chapitre 3 formule . Comme la particule est composée de
médicament, d’excipient et d’eau, nous introduisons le rayon 74,z pour lequel %mﬁmggdmg
représente la masse du médicament dans la particule et 7, tel que %W(Tg’x — T(?img)gex soit
la masse de l'exicpient dans la particule, voir chapitre 3 Figure [3.2]

On introduit de plus la température de air (¢,z) — T, (¢, ) et la fraction massique de
vapeur d’eau dans l'air (f,z) — Y, . (¢, ). La nouvelle équation de type Vlasov pour la
densité f est exprimée comme suit

Of +v-Vof + ([Oz(u—v) + <1 - 9“) g] f) + Vo (af) + Vr(bf) =0,

Qd
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ol a est une fonction de (r,T,Y .x) et représente la variation du rayon des particules,
voir chapitre 3 formule pour la définition. b est une fonction de (r, T, Y air, Tair) €t
représente la variation de la température des particules, voir chapitre 3 formule pour
la définition. Les équations additionnelles sont alors des équations d’advection-diffusion
pour la température de I'air Ty;, et la fraction massique de vapeur d’eau dans 'air Y 4,

Qair[aty;,air + (u ' V)Y:/,air] - le(DV (Tair)vy:/,air) = SY;
Qaircpair [atTair + (U : V)jﬂ’air] - /ﬂairATair = ST)

ou Dy(Tui), Kair sont des coefficients de diffusion. Cp,;, est la capacité thermique de
I'air. Les termes sources Sy et S, sont définis dans le chapitre 3 par et
et représentent 1’échange de vapeur d’eau et de température entre ’aérosol et I’air ambiant
dans le poumon.

Une fois les équations établies, nous montrons que le modele couplé vérifie de bonnes pro-
priétés de conservation. Nous discrétisons ensuite les équations par un schéma explicite en
temps et effectuons des simulations numériques en deux dimensions dans une bifurcation.
Nous présentons alors une étude statistique de I'influence de la croissance en rayon sur le
dépot des particules sur les paroies.

0.3.4 Analyse de I’équation de transport-Stokes

Dans ce chapitre nous nous intéressons a l'analyse de 1’équation de transport-Stokes
(0.3.4]) dérivée au premier chapitre

% + div((kg + u)o) = 0,

—Au+Vp = 6mrokog,
div(u) = 0,
0(0,") = oo-

L’objectif principal de ce travail est ’étude qualitative de la solution de associée
a une condition initiale gy de type indicatrice d’'un domaine borné régulier. Ce travail
est motivé par les études expérimentales et numériques menées dans [55] 58, 62] et qui
mettent en évidence l'aspect instable d’une gouttelette en suspension dans un fluide de
Stokes qui se transforme en tore avant de se scinder en deux gouttelettes reproduisant le
méme comportement instable.
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Figure 1 — Torus formation [55, Figure 2]

Le premier résultat est un théoreme d’existence et d’unicité d’une solution de I’équation
(0.3.4) pour des données initiales de type L' n L® ayant un moment d’ordre un fini.

Theorem 0.3.7. Soit gy € L' L* une mesure ayant un moment d’ordre un fini. Pour tout
T > 0 il existe un unique couple (o,u) € L®(0,T; L*(R3) n L®(R3)) x L®(0,T; WhH*(R?))
solution de l’équation de transport-Stokes (0.3.4) et on a

Q(t7 ) = X(tv 0, ')#Q07
ou X est le flot caractéristique associé a l’équation ((0.3.4)).

Ce résultat montre en particulier que si gy = 1p,, By = R3 borné, alors o(t,-) = 1p,
ou B; est le transporté de By par le flot caractéristique associé a ’équation de transport-
Stokes. Il est important de remarquer que la régularité Lipschitz de u implique que le
flot caractéristique X est un difféomorphisme. Ainsi, ce modele ne permet pas la rupture
de la gouttelette ni la formation d’un tore. Nous nous intéressons alors aux propriétés de
régularité de la surface de la gouttelette. En définissant une paramétrisation de la surface
0B; comme suit

0B, = {X(t,w),w e $?},
nous dérivons une équation intégro-différentielle pour X ot u est défini par (4.15)
at{’z(t,W) = u(t,X(t,W)) 7 (37)
X(0,w) = Xo(w),
Nous avons le résultat d’existence locale et d’unicité suivant

Theorem 0.3.8. Soit X, € C'(S%; R?) telle que | Xo|. > 0. Il existe un temps T > 0 et une
unique paramétrisation X € C1(0,T;CH(S%:R?)) solution de I’équation intégro-différentielle
. De plus, Uexistence globale est assurée tant que l'on a un controle sur les quantités
| X et [VX]o.

La stricte positivité de la quantité | - |, définie pour tout X € C'(S?;R?) par

T, o e K@) = X@)

w#w' |w — w’|

)
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assure que la paramétrisation est bijective et que la surface ne se croise pas.

Afin de retrouver I’aspect instable remarqué lors des études numériques et expérimentales,
nous examinons le cas ou By = B(0,1). L’invariance du flot u et de la gouttelette B; par
rotation autour de l'axe vertical permet de considérer une paramétrisation sphérique pour
B, en tout temps

cos(¢) sin(0)
By =< c+r(t0) sm(¢)(s;)1(9) ,(0,0) € [0,m] x [0,27] ¢ ,

Nous dérivons 1’équation hyperbolique satisfaite par la fonction rayon r et le centre de la
gouttelette ¢ = (0,0, c3)
{ or+1r'Ailr] = Ajr], (38)

r(0,-) = 1

ou Ai[r] and Ay[r] sont définis par les formules (4.21)), (4.22) et c3 satisfait 1’équation
(4.23). Nous finissons le dernier chapitre par la présentation de calculs numériques pour
I’évolution de la gouttelette montrant ’aspect instable de la régularité de la surface.

0.3.5 Statut des travaux effectués lors de la these

Le premier chapitre a donné lieu a un article a paraitre dans le journal Kinetics and
related models. L’article associé au deuxieme chapitre a été soumis. Enfin le troisieme
chapitre a fait I'objet d’'un proceeding en collaboration avec L. Boudin, C. Grandmont, B.
Grec, S. Martin et F. Noél accepté au journal ESAIM: Proceedings and Surveys.
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Chapter 1

Sedimentation of particles in Stokes
flow

Abstract

In this paper, we consider IV identical spherical particles sedimenting in a uniform
gravitational field. Particle rotation is included in the model while fluid and particle
inertia are neglected. Using the method of reflections, we extend the investigation
of [38] by discussing the threshold beyond which the minimal particle distance is
conserved for a short time interval independent of N. We also prove that the particles
interact with a singular interaction force given by the Oseen tensor and justify the
mean field approximation in the spirit of [33] and [34].

1.1 Introduction

In this paper, we consider a system of N spherical particles (B;)i1<i<ny with identical
radii R immersed in a viscous fluid satisfying the following Stokes equation:

AN +VpY = 0, -
{ divaN — o o0 RY| JB;, (1.1)
’ i=1
completed with the no-slip boundary conditions
uY = Vi+Q; x (x —1;), on 0B;,
lim uN(z)] = 0, (1.2)
T|—00

where (V;, ;) € R®* x R?| 1 < i < N represent the linear and angular velocities,

We describe the intertialess motion of the rigid spheres (B;)1<i<ny by adding to the instan-
taneous Stokes equation the classical Newton dynamics for the particles (x;)1<i<n

o=V,
F,+mg = 0, (1.3)
T’i = Oa
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where m denotes the mass of the identical particles adjusted for buoyancy, g the gravita-
tional acceleration, F; (resp. T;) the drag force (resp. the torque) applied by the the fluid
on the " particle B; defined by

e
0B;

1= | e x (o )
0B;

with n the unit outer normal to dB; and o(u,p") = 2D(u’V) — pMT, the stress tensor
where 2D(uN) = Vu + Vu '
Note that the constant velocities (V;, €2;) of each particle are unknown and are determined
by the prescribed force and torque F; = mg and T; = 0. In [54], the author shows that the
linear mapping on R

(Vi, Qi)r<isn = (B, T i<isn,

is bijective for all N € N*. This ensures existence and uniqueness of (u,p") and the
velocities.

Remark 1.1.1 (About the modeling and nondimensionalization). Equations ([1.1])—(1.3])
describe suspensions sedimenting in a uniform gravitational field. Equations (1.1)), (1.2)
are derived starting from the Navier-Stokes equations and neglecting the inertial terms by
means of the Reynolds and Stokes number, see [30, Chapter 1 Section 1], [11l], [54)] and all
the references therein. Analogously, the ODE system 15 obtained by neglecting particle
inertia. We refer also to [2]|] where a formal derivation taking into account the slow motion
of the system is performed.

When considering one spherical particle sedimenting in a Stokes flow, the linear relation
between the drag force F' and the velocity V' is given by the Stokes law

F = —6rRV,

see Section for more details. Stokes law leads to the well-known formula for the fall
speed of a sedimenting single particle under gravitational force denoted by

m

- . 14
! (1.4)

Kg :
It is important to point out that in our model, a scaling with respect to the velocity fall
kg has been performed. This means that the drag forces (F;)i<i<y and the gravitational
force mg are terms of order R. Consequently, in this paper, kg is a constant of order
one. For more details on the derivation of the model, we refer to [38, Section 1.1] where
a nondimensionalization including physical units is provided. Moreover, as in [2]|], the
particle radius R is assumed to be proportional to % so that the collective force applied by
the particles on the fluid is of order one. This will be made precise in the presentation of
the main assumptions.
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Given initial particle positions z;(0) := 2%, 1 <i < N, we are interested in the asymp-

totics of the solution when the number of particles N tends to infinity and the radius R
tends to zero. The main motivation is to justifiy the representation of the motion of a
dispersed phase inside a fluid using Vlasov-Stokes equations in spray theory [31], [15].
The analysis of the dynamics is done in [41] in the dilute case i.e. when the minimal dis-
tance between particles is at least of order N~'/3. The authors prove that the particles do
not get closer in finite time. Moreover, in the case where the minimal distance between
particles is much larger than N~'/3 the result in [41] shows that particles do not interact
and sink like single particles. We refer finally to [38] where the author considers a particle
system with minimal distance of order N=3 and proves that, under a relevant time scale,
the spatial density of the cloud converges in a certain averaged sense to the solution of a
coupled transport-Stokes equation ((1.15)).
Since the desired threshold for the minimal distance is of order N~%°, which allows to
tackle randomly distributed particles, we are interested in extending the results for lower
orders of the minimal distance. Therefore, in this paper, we continue the investigation of
[38] by looking for a more general set of particle configurations that is conserved in time
and prove the convergence to the kinetic equation (1.15)). Also, we include particle rotation
in the modeling.

2/3

1.1.1 Main assumptions and results

In this Section, we describe the configuration of particles that we consider and present
the main results : Theorem [L.1.1] and Theorem [1.1.2]
We recall that the particles B; are spherical with identical radii R

Y

where

RZ%, ’f’o>0,

with ¢ a positive constant satisfying a smallness assumption (see Theorem [1.1.1)).

Due to the quasi-static modeling, the velocities (V;(t), €2;())1<i<n at time ¢ = 0 depend only
on the prescribed force (F;)1<i<n, torque (7;)i1<i<y and the particles position (z;(t)),;<n
at the same time t. Consequently, we drop the dependence with respect to time in the
definition of the set of particle configurations. Keeping in mind that the idea is to start
from a configuration of particles that lies in the set and show that it remains in it for a
finite time interval.

Definition 1.1.1 (Definition of the set of particle configuration). Let (X¥)yens be a
configuration of particles, where X~ := (z1,--- ,xy). Given two positive constants M,E,
we define X (M, E) as the set of configurations for which there exists a sequence (A\™) yens
such that the minimal distance dY. —defined by

min

min

A = min {|z; — a5}, YN e N,
i#]

1<6,j<N
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and the particle concentration MY defined by

MY .= sup{#{ie {1,---, N} such that x; € By(z,\N)}},VN € N*,

zeR3

satisfy the following assumptions:

MN _
S < M, 1.5
R DYE (1:3)
|/\N|3 < & (1.6)
su < . .
Neg |dgin|2

AN must satisfy the following compatibility conditions:

Moz=ah /2, lim AV =0. (1.7)
N—o
Remark 1.1.2. Note that, according to the definition of MY, assumption (1.5) ensures
that )
—— < M, 1.8
which yields thanks to assumption (|1.6))
1 1
o 1.9
Since R ~ %, this leads also
. R

min

which ensures that the particles do not overlap.

Furthermore, for the proof of the second Theorem [1.1.2] the following assumption must
be satisfied initially:

lim |)\N|2 =
Nﬁoodﬁin(()) a

0. (1.11)

Finally, we define oV the spatial density of the cloud by

1 N
N _ § N ._ N
0 (t,l’) = Ni:16a;i(t) (.CU) y Oy ‘=0 (0,"13)

In the rest of this paper, if needed, we make clear the dependence with respect to time by
writing for all N e N*, XN (t) for the particle configuration (z(t), - ,zyx(t)), dY.. (t) for
the minimal distance and M¥ (¢) the particle concentration at time ¢ > 0.

The main results of this paper are the two following theorems. The first one ensures that the
particle configurations considered herein are preserved in a short time interval depending
only on the data ro, M, £, k|g|.
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Theorem 1.1.1. Let (XN(0))yen+ be the initial position of the particles. Assume that
there exists M, € and a sequence (\Y)yens such that (XN (0))nen= lies in the set X (M, E)
i.e. assumptions (|L.5)), , hold true nitially.

If M'Pry is small enough, there exists N* € N* depending on (ro, M,E) and T > 0
depending on (ro, €, M, k|g|) such that for all t € [0,T] and N > N*

A1) = 2, 0).

min 2 min

MY (t) < 8*MN(0).

The second part of the result is the justification of the convergence of 0" when N tends
to infinity.

Theorem 1.1.2. Consider the maximal time T > 0 introduced in Theorem [L.1.1 and the
additional assumption . Let 09 be a positive reqular density such that SRg 0o =1. We
denote by (o0,u) the unique solution to the coupled equation .

There exists some positive constants Cy, Cy depending on (ro, M, &, ||0o| 1=, k|g|) and N* €
N* depending on (ro, M, &, | 0o| =, k|g|, T) such that for all N = N* and t € [0,T]

Wi(e™(t ). ot, ) < Cr (A + diyin (0) £ + Wi, 0 )) €

This shows that if the initial particle distribution g converges to gy then the particle
distribution oV converges toward the unique solution g of equation for all time
0 <t < T. Moreover, Theorem [1.1.2] provides a quantitative convergence rate in terms of
the initial Wasserstein distance Wi (g, 0}).

Remark 1.1.3. The regularity assumption on the initial density oo is the one introduced
by Hofer in [38] which is oo, Voo € Xg, for some > 2. See Section for the definition
of Xs. In particular, the assumption is satisfied if oo is compactly supported and C'.

The idea of proof of Theorem [1.1.2]is to formulate the problem considered as a mean-
field problem. The mean-field theory consists in approaching equations of motion of large
particles systems (X7, --- , Xy ) when the number of particles N tends to infinity. In mean-
field theory, the ODE governing the particle motion is known and is given by

X = %E (Xi = X5, (1.12)
Xz(o) = Xzoa

where the kernel F' is the interaction force of the particles. The limit model describing the
time evolution for the spatial density o(¢, x) is given by

00+ Ko-Vo=0,
(1.13)
= Sas F'( o(t, y)dy,
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In our case, the first difficulty is to extract a system similar to ((1.12)) for the particle
motion and to identify the interaction force F'. A key step is then a sharp expansion of the
velocities for large N. We obtain for each 1 <7 < N

‘/iZHg—l-GW%Z(I)(:Ei—x]’)Iig—I-O(dN ), 1<i<N, (1.14)

min
Jj#i

where @ is the Green’s function for the Stokes equations, also called the Oseen tensor (see
formula for a definition). kg is the fall speed of a sedimenting single particle under
gravitational force and is of order one in our model, see Remark [I.1.1] This shows that the
particle system satisfies approzimately equation (1.12)) with an interaction force given by
the Oseen tensor. Since the convolution term Ko appearing in ((1.13) corresponds to the
solution of a Stokes equation in our case, the limiting model describing , ,
is a coupled transport-Stokes equation

% + div((kg + u)o) = 0,
—Au+Vp = 67rrokog,
div(u) = 0,
Q(Oa ) = 00,

(1.15)

The proof of Theorem is based on the two papers [34], [33] where, in the first one,
the authors justify the mean field approximation and prove the propagation of chaos for
a system of particles interacting with a singular interaction force and where the ODE
governing the particle motion is second order. In [33] the author considers a different
mean-field equation where the particle dynamics is a first order ODE. The results obtained
hold true for a family of singular kernels and applies to the case of vortex system converging
towards equations similar to the 2D Euler equation in vorticity formulation. The associated
kernel in this case is the Biot-Savard kernel.

In order to extract the first order terms for the velocities (V;,€2;) we apply the method
of reflections. This method is introduced by Smoluchowski [67] in 1911. The main idea is
to express the solution u” of N separated particles as superposition of fields produced by
the isolated N particle solutions. We refer to 44, Chapter 8] and [30, Section 4] for an
introduction to the method. A convergence proof based on orthogonal projection operators
is introduced by Luke [54] in 1989. We refer also to the method of reflections developped
in [39] which is used by Hofer in [38].

In this paper, we design a modified method of reflections that takes into account the particle
rotation and relies on explicit solutions of Stokes flow generated by a translating, rotating
and straining sphere. To obtain the convergence of the method of reflections we need to
identify particle configuration that can be propagated in time. The particle configuration
considered herein is the one introduced in [36] to study the homogenization of the Stokes
problem in perforated domains. The novelty is that the author considers the minimal
distance d¥; together with the particle concentration M” as parameters to describe the
cloud. The result in [36] extends in particular the validity of the homogenization problem
for randomly distributed particles i.e. particle configurations having a minimal distance of
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order at least N=%/3. Note that the notion of particle concentration appears also in [34] to
describe the cloud.

1.1.2 Discussion about the particle configuration set

As stated above, the assumptions introduced in Definition are based on [30].
Assumptions (|1.5)) and ([1.7) means that there exists a uniformly bounded discrete spatial
density that approximates ¢". Indeed, if we define " by

N 1B (z4,AV)
Z|B STk (1.16)

one can show that
Wl(éNa QN) < >\N'

Assumption (1.5 ensures that there exists a sequence AV for which the infinite norm of
N'is bounded by M, see formula (1.93)). This suggests that [o||, and M are equivalent.
We recover the result of [41] in the case where AY = N=/3 and the mmlmal distance d¥.

is much larger than N~/3, the explicit formula for the velocities 4)) implies in this case

677 1 1 ./\/2/3
Vi — < —~ <« 1,

which is in accordance with the “non-interacting scenario” explained in [41]. In our case,
the smallness assumption on roM % means that we consider a density of particles such
that ||g| is small but of order one. Indeed, the second term in the velocity formula
can be seen as a perturbation of order one of the velocity fall £g in the case where M (or
the particle density |o|/«) is small. This can be also seen in the coupled equation
where the velocity term w is proportional to | gl|ew-

The second assumption ensures the conservation of the minimal distance, see Propo-
sition . In particular, for AN = N~3 Theorem extends the previous known
results to configurations having minimal distance at least of order N2, see assumption
. This lower bound for the minimal distance appears naturally in our analysis and
is closely related to the properties of the Green’s function for the Stokes equations. We
emphasize that this critical minimal distance appears also in the mean-field analysis due
to [33]. Precisely, computations in the proof of [33, Theorem 2.1] show the convergence for
a short time interval under the assumption that

W (00, 08 )3
|, (0)2

is uniformly bounded, see Definition for the definition of the infinite Wasserstein
distance. Standard measure-theory arguments show that the Wasserstein distance ensures
assumption ([1.5]), see Lemma |[1.A.4. In other words, one can take AV to be the infinite
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Wasserstein distance, which yields finally the same assumption . It is also important
to emphasize that one can obtain a global control on the minimal distance in Theorem
when considering W, (o, 0) instead of V.

The first assumption in formula ([1.7) means that we are interested in cases where there
is more than one particle per cube of length A. As pointed out by Hillairet in [36], one
can choose a larger sequence ()\N )nen# such that the compatibility assumption holds true.
Note also that, in the case where A" is the infinite Wasserstein distance, this compatibility
assumption is satisfied by definition.

Finally, assumption is needed for the control of the Wasserstein distance.

1.1.3 Outline of the paper

The remaining Sections of this paper are organized as follows.

In Section 2 we recall the classical results for the existence and uniqueness of the Stokes
solution uY. We recall also the definition of the drag force F}, torque 7T; and stresslet S; and
present in Section 2.1 the particular solutions to a Stokes flow generated by a translating, a
rotating or a straining sphere. Finally, the end of Section 2 is devoted to the approximation
of the stresslets 5;. In Section 3 we present and prove the convergence of the method of
reflections in order to compute the first order terms for the velocities (V;, €;)1<i<n. Section
4 is devoted to the proof of Theorem[I.1.1] In Section 5 we recall some definitions associated
to the Wasserstein distance. We present then the strong existence, uniqueness and stability
theory for equation . In the second part of Section 5 we show that the discrete density
oV satisfies weakly a transport equation. Section 6 is devoted to the proof of the second
Theorem [1.1.2| Finally, some technical Lemmas are presented in the appendix.

1.1.4 Notations

In this paper, n always refer to the unit outer normal to a surface.
The following shortcut will be often used

d2]2|$l—$]|,1<27ﬁ]<N7

where we drop the dependence with respect to N in order to simplify the notation.
Given an exterior domain €2 with smooth boundaries, we set

C*(Q) := {vja, ve CP(R?)},
and the following norm for all u € C*(Q)
lulls2 == [Vulr2@),

we define then the homogeneous Sobolev space D(2) as the closure of C®(Q) for the
norm | - |12 (see [27, Theorem I1.7.2]). We also use the notation D,(€2) for the subset of
divergence-free D(2) fields

D, () := {ue D(Q), divu = 0}.
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Which is also the closure of the subset of divergence-free C*(2) fields for the | - |12 norm.
Analogously, if QO = R? we use the notation

H)(R®) = D,(R?).
For all 3 x 3 matrix M, we define sym(M) (resp. ssym(M)) as the symmetric part of M
(resp. the skew-symmetric part of M)

smm@:;M+MU,$mm@:aM—MU

We denote by x the cross product on R?® and by ® the tensor product on R?® which
associates to each couple (u,v) € R® x R? the 3 x 3 matrix defined as

(U@U)Z’j = U;vy , 1 < Z,] < 3.
For all 3 x 3 matrices A, B, we use the classical notation
3 3
i=1j=1

In R?, | - | stands for the Euclidean norm while | - |4, represents the {® norm. We use the
notation By (z,7) for the ball with center x and radius r for the {* norm.

Finally, in the whole paper we use the symbol < to express an inequality with a multi-
plicative constant independent of N and depending only on 75, M, £ and eventually on
r|g| which is uniformly bounded according to Remark [I.1.1]

1.2 Reminder on the Stokes problem

In this Section we recall some results concerning the Stokes equations. We remind that
for all N € N we denote by (u¥, p) the solution to - . Keeping in mind that the
linear mapping, that associates to the linear and angular velocities the forces and torques,
is bijective (see [54]) together with the classical theory for the Stokes equations yields:

Proposition 1.2.1. For all N € N, there exists a unique pair (u™,p™) € Dy (R*\| JB;) x
LA(R3\(JB;) and unique velocities (Vi, Q) 1<i<n such that
f o, pM)n+mg = 0,¥1<i<N,
B,
| =)o M) = ov1<isw,
B
and u realizes
inf f Vul?, UEDU(R?’\UE), v=Vi+Qx(xr—x;) ondB;, 1 <i<N
RAUB; i
(1.17)
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The velocity field u” can be extended to V; + Q; x (z — x;) on each particle B;. This
extension denoted also u® is in H(R?).
We recall the definition of the force F; € R? torque T; € R? and stresslet S; € M;3(R)
applied by the particle B; on the fluid (see [30, Section 1.3])

F, = J a(u®, p™)n.
oB;

M; = aB.(m — ;) ® [o(uV, pV)n]. (1.18)

The matrix M; represents the first momentum which is decomposed into a symmetric and
skew-symmetric part

the symmetric part S; is called stresslet, see [30), Section 2.2.3]. Since the skew-symmetric
part of a 3 x 3 matrix M has only three independent components, it can be associated to
a unique vector T such that

ssym(M)z =T x z, Voe R

In this paper, we allow the confusion between the skew-symmetric matrix ssym(M) and
the vector T'. Hence, we define the torque T; € R? as being the skew-symmetric part of the
first momentum M, which satisfies

T; = ssym(M;) = LB.(x — ;) x [o(u", pM)n],

S; = sym(M;). (1.19)

1.2.1 Particular Stokes solutions

The linearity of the Stokes problem allows us to develop powerful tools that will be used
in the method of reflections. In particular, we investigate in what follows the analytical
solution to a Stokes flow generated by a translating, a rotating or a straining sphere. The
motivation in considering these cases is that the fluid motion near a point xy; may be
approximated by

u(z) ~ u(zo) + Vu(zo) - (x — x9),
hence, if we replace the boundary condition on each particle by its Taylor series of order
one, we can use these special solutions to approximate the flow u. The results and formulas

of this Section are detailed in [30, Section 2] and [44], Section 2.4.1]. In what follows B :=
B(a,r) is a ball centered in a € R? with radius r > 0.
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Case of translation

Let V € R3. We consider the unique solution (U, g[V], P.r[V]) to the following Stokes
problem:

—AU,r[V]+ VP, g[V] = 0, G o1
{ divU,p[V] = 0. on R\ B, (1.20)

completed by the boundary condition

{ Ua,R[V]
|

V, on 0B,

lim U, z[V](z)] = 0. (1.21)

|z| >0

U, r[V] is the flow generated by a unique sphere immersed in a fluid moving at V. The
explicit formula for (U, g[V], P.r[V]) is derived in [44, Section 3.3.1] and also in [30,
Formula (2.12) and (2.13)]. Explicit formulas imply the existence of a constant C' > 0 such
that for all z € R*\B(a, R)

UunlV1@) < CRY L VU AIVI@)] + [Pas[V](@)] < CRAY (1.22)

|z —al’ lo—al?”

Vi

v —al*

IV2U.z[V](2)| < CR (1.23)

On the other hand, the force F', torque 7" and stresslet S exerted by a translating sphere
B as defined in (|1.18)) read

F=-—6rRV,T=0,S=0. (1.24)

We recall now an important formula that links the solution to the Green’s function of the
Stokes problem. For all z € R*\ B(a, R) we have

R2
Usr|V](z) = — (<I>(a: —a)— FA@(Z’ = a)> F, (1.25)
where ® is the Green’s function for Stokes flow also called Oseen-tensor
1 1 1
d = — | —I — ) 1.2
@ = 5 (s o) (1.26)

The 3 x 3 matrix AP represents the Laplacian of ® and is given by

1 2 6

The first term in the right-hand side of (1.25)) is the point force solution also called stokeslet,
see [30, Section 3.1]. In this paper we use the term stokeslet to define the whole solution

U.[V] which can bee seen as an extension of the point force solution.
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Remark 1.2.1. Formula 15 closely related to the Faxén law which represents the
relations between the force F' and the velocity V.. We refer to [30, Section 2.3] and [{4,
Section 3.5] for more details on the topic.

Remark also that in the point force solution retains the most slowly decaying portion,

which is of order %. This property is useful in order to extract the first order terms for the

velocities (V;)1<i<n, see Lemma .

Moreover, we recall a Lipschitz-like inequality satisfied by the Oseen tensor

[z —y|

- , Vo, y+#0. 1.27)
(gl |2 (

|[B(x) - @(y)| < C

Finally, in this paper, the velocity field U, g[V] is extended by V on B(a, R).

Case of rotation

Let w € R®. Denote by (ASI)12 [w], Pé% [w]) the unique solution to

" on R*\B(a, R), (1.28)

—AAN W] + VP[] = 0 e
div Al lw] = 0,

completed with the boundary conditions

Ag%[w] = w X (z —a), on dB(a, R),
lim [A}[w]] 0.

|x|—00

(1.29)

Ai%[w] represents the flow generated by a sphere rotating with angular velocity w. In

particular we have Pé}])%[w] = 0 due to symmetries. The drag force F' and stresslet S also

vanish

On the other hand, the hydrodynamic torque resulting from the fluid traction on the surface

defined in ([1.19) is given by
T = -8tRw. (1.30)

Finally, there exists C' > 0 such that for all x € R3\B(a, R)

jwl

A < OR 2 VAL + [Pl < CR? Gl
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Case of strain

Let E be a trace-free 3 x 3 symmetric matrix.
Denote by (Ag%[E], Pflzz [E]) the unique solution to

A A®2 2 — -
I o e
1v a,R = )

completed with the boundary conditions

A(QI)QE = F(x—a), on dB(a, R),
o il ]| ) 0.( ) (a, R) (1.32)

The velocity field A((IQ%-{[E] is the flow generated by a sphere submitted to the strain F(z—a).
In this case, the drag force and torque vanishes

F=0, T=0. (1.33)

On the other hand, the symmetric part of the first momentum S as defined in ([1.19) is
given by
20 5
S = —gﬂ'R E. (1.34)
Finally, there exists C' > 0 such that for all x € R®\B(a, R) we have
|E

ADE] < 033#, VAL [E]| + [PA[E) @) < CR* 2L (1.35)

Final notations

Now, assume that D is a trace-free 3 x 3 matrix. We denote by (A, g[D], P.r[D]) the
unique solution to

—AA,r|D]+ VP, gr|D] = 0, =y
{ div A, u[D] = 0, on R°\B(a, R), (1.36)

completed by the boundary conditions
A, r|D] = D(x—a), on dB(a,R),
{ lim |A, z[D]| = 0. (1.37)

|| —c0

We set then D = E + w with £ = sym(D) and w = ssym(D). As stated in the definition
(1.19), w represents also a 3D vector. Hence, the boundary condition (1.37) reads

Ao r|D)(z) = D(x —a) = E(x —a) +w x (x —a), forall x € dB(a,R).
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We have, thanks to the linearity of the Stokes equation, that
1 1 2 2
(AurlD], PurlD]) = (ASRlw). PRlw]) + (AZLLE] PRLE)).

Since the two solutions have the same decay-rate, this yields for all z € R*\ B(a, R)

D
Ao sl D]l < OR%, V Ay [ D] + |ParlD](2)| < CRALZ,. (1.38)

Analogously, for the second derivative we have

D]
v —alt

VA, r[D](z)| < CR? (1.39)

1.2.2 Approximation result
In this part we consider the unique solution (v, p) of the following Stokes problem:

N
—A/U + Vp = O, 3 >N
{ dive — o OUR \Z-UlB” (1.40)

completed with the boundary conditions

v = V+D(x—x), on 0By,
v = 0, 0n0B;,i#]1, (1.41)
lim |v(z)] = 0,

|| =00
with V e R? and D a trace-free 3 x 3 matrix. We set
vy := Uy, r[V] + Asy r[D].

We aim to show that the velocity field v; is a good approximation of the unique solution
.

Lemma 1.2.2. For N sufficiently large, we have the following error bound:

R3

R
va - vv1”L2(R3\UiE) < \/TT|V| + |dN |3/2

|D.
Proof. We have

HVU — VleiQ(Rg\UiE) = ||VU||%2(R3\U1_E) — QJ Vv : V’Ul + ||VU1||312(R3\U1_E)7

RAU; B

as v and v; satisfy the same boundary condition on 0B; this yields

JRS ~ Vou:Vu = —J (Cpv1 —pin) - v = —f (Opvr — p1n) - vy = ||Vv1||2LQ(R3\Ui§i),
\U1 Bi aBl 631
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hence
Vo = Vol y,m = IVol sy, 5 — IVoilies g, 5

In order to bound the first term we construct an extension v of the boundary conditions
of v and apply the variational principle. We define

- !
vi=X <m) v — B, AN /4, dgm/z[f]

where x is a truncation function such that xy = 1 on B(0,1) and x = 0 out of B(0,2). In

what follows, we use the following shortcut A, := B(xy,dY. /2)\B(xy,dY. /4). Thanks to
formula ((1.10]), for V sufficiently large we have R < dN. /4 and thus supp v < B(xy,dY. /2).

f is defined as follows
Fa) =)V [I - (tﬁ)]

and B,, gx 44 4v 1 denotes the Bogovskii operator satisfying for all f € Lj(A:1) , g € (0, 00)

leBxldN J4dN. /Q[f]:f7

min

we refer to [27, Theorem II1.3.1] for a complete definition of the Bogovskii operator. In
particular, from [36, Lemma 16], there exists a positive constant C' independent of d¥. .
such that

IVB,, v jan. ol Flzcay < Clfle2can, (1.42)

min

With this construction v is a divergence-free field satisfying the same boundary conditions
as v. Moreover, applying formula ([1.42)), there exists (another) constant C' > 0 such that

7l G o)

Vo

+ f VB, ray, oL@ s
R3\|J, B;

Tr — T
-2 Vi iz— N VBJH N N d:E,
J}RS\U-B [ X (dr]Xin/4) 1( )] in/ 44 """/2[f]( )
< X Vo 2dx
L@\Bl' ( mln/4) 1(@)

1
+C<L1 o+ g [T ()| )'2> "
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Since x (dN /4> =1 on B(zy,dY, /4) we get

min

Vo = Vorl ooy, 70y < IVl sy, 30y — V01l 22y, 5

$f |V, (7)]2dz
Aq

1
d
- J:41 |dm1n|2 VX (dgm )‘ |U1| o

Thanks to (1.22) and (1.38) we have:

! 1 145 |DJ?
\Y ul® < Vx| J <R2 + RS :
J\Al |dmln|2 X (dN )‘ | 1| ” XH Ay |dmm|2 |£L' o '1'1|2 |.T - 113'1|4

1 dIII\]rll]/2 D 2
QJ (R2|V|2 Yl 2| )dr,
|dm1n| dN. /4

min

! 2 6| DI
S <R VPN, + R ) .

min

Reproducing an analogous computation for the first term we obtain finally

R6

R?
||VU VU1||L2 ®R3\ |, B:) < dN |V|2 |D|2 (143)

min

FANE

min

This yields the expected result. ]

1.2.3 Estimation of the fluid stresslet

In this part we focus on approaching the stresslet S;, 1 < ¢ < N, see ) for the
definition. Unlike the drag force F; and torque T;, the symmetric part of the ﬁrst momentum
does not appear in the ODEs governing the motion of particles, see [30, Section 2.2.3| for
more details. However, in order to approximate the velocities (V;,€2;), we only need to
estimate its value. Precisely we have

Proposition 1.2.3. For N sufficiently large, there exists a positive constant C' > 0 inde-
pendent of the data such that we have for all1 <1< N

3

R
RS |dN 3/21<

max (|V| + R|]) .

Proof. We fix i = 1. Let E be a trace-free symmetric 3 x 3 matrix. We define v as the
unique solution to the following Stokes equation

{ —Av+ Vp

divo

0 N
3 3
o onR \UB,-, (1.44)

9
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completed with the boundary conditions

v = E(x—x), on dBy,
v = 0, ondB;,1#1, (1.45)
lim |ju(z)] = 0.

|z|—00

We also denote by (vq, p1) the special solution (A;? rlE] PS)R[E]) We have thanks to the
symmetry of E

S1:E = LB sym ([o(u™,p")n] ® (z — z1)) : E,
- LB (™, pMyn] - Bz — 1),
- LB (™, pM )] -,

QJR?’\UiBiD(UN) : D(v),

= ZJRg\Ui&D(U ) : D(U — U1) + QJRS\UiBiD(u ) : D(Ul) . (1.46)

Using an integration by parts we have for the second term in the right hand side

QJR3\Ui&D(uN) :D(vy) = —; LBi[U(Ul’pl)n] Vit O x (& — 1)),

_ _i (LBi[a(vl,pl)n]) V- (LBi[a(vl,m)n] « (o — :m-)) -,
~0,

since v; corresponds to a flow submitted only to a strain, see ([1.33)). For the first term in
the right hand side of ((1.46)), using Lemma we have

N R
< [|Vu HLQ(R3\UZ»E) an |3/2|E|‘

JR3\Ui&D(uN) : D(v— )

It remains to estimate |Vu" | L2m3\ |, B)- One can reproduce the same arguments as for
the proof of Lemma or follow the same proof as [36, Lemma 10] to get

HVUNH;(R:;\UE) < mlax(|vi|2 + RYP).

Gathering all the estimates we obtain
R3

min

this being true for all symmetric trace-free 3 x 3 matrix E, we obtain the desired result. [

39



1.3 Analysis of the stationary Stokes equation

This Section is devoted to the analysis of a method of reflections and computation of
the unknown velocities (V;, ;)1<i<n. We remind that, for fixed time, u” is the unique
solution to the stationary Stokes problem

divue¥ = 0,

—AuN + VPN = 0, 3 N
{ . o onR \UBZ»,
completed with the no-slip boundary conditions

lim |u¥(z)] = 0,

|z|—00

{ uV = Vi+Q x (x —x;), on 0B;,
where (V,€);) are the unique velocities satisfying
Fi+mg=0, T,=0, Y1<i<N. (1.47)
In this Section, we show that at each fixed time ¢ > 0, the convergence of the method

of reflections toward the unique solution u" holds true in the case where (X™(t))nen €
X (M, ) and under the assumption that roM'? is small enough.

1.3.1 The method of reflections

In this part, we present and prove the convergence of a modified method of reflections
for the velocity field u” for arbitrary N € N*, we remind that u” is the unique solution to
the stationary Stokes problem (L.1]), (1.2)), with unique velocities (V;,€);) satisfying (1.47).
The main idea is to express ¥ as the superposition of N fields produced by the isolated
N particle. Thanks to the superposition principle, we know that the velocity field

Z )+ Az] [Q]](x)) )

satisfies a Stokes equation on ]R?’\U E But this velocity field does not match the boundary

conditions of u¥. Indeed, for all 1 < 1 < N and z € B; we have
N
ul(z) Z ) + Auy m[](2))

= _Z z;,R + Ax; [Q]](I)) )

i#]
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which represents the error committed on the boundary conditions when approaching u®
by the sum of the particular Stokes solutions. In this paper, for all u, € C*(| JB;) we use
i

the notation Ulu] to define the unique solution of the Stokes problem

-Au+Vp = 0, 3 N
{ dive = 0 onR\UBi, (1.48)

completed by the boundary conditions

u = u.(z), on By,
{ lim |u(z)] = 0, (1.49)

|x|—00
hence, we can write

¥ = S0, AV + Ay A1) + UTY]

i=1

(1) -

Note that the boundary condition uy’ is not constant on each particle B;, thus, the idea

is to approach u* by
ulM () ~ ulD(x;) + Vul (z;) - (z — z3), (1.50)

on each particle B; and write U [uil)] as follows:

i( U, VL + Au, o V$01) + UL

where

VI = ulD (@) = =3 (Us, m[Vi1(@:) + Agy £[Q5](22))

J#i

v = vl (z) = = (VU rlVil(z:) + VAg, /] (2:)) |

J#i
remark that Vgl) has null trace due to the fact that
divul)(z;) = 0.
We set then U [ug)] the new error term satisfying
N N
1 1
= 2 Uy lVi1 + Any 1) + 3 (Unyrl VP + Ayl V501) + Ui,
j=1 j=1
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where for all 1 <7 < N, and x € B;
N
u?) () -3, (Ve nlVN@) + ey 1))

— (@) =V = V0@ = 2) = 3 (U nlVV)@) + Au n [V (@)

We iterate then the process by setting for all 1 <i < N

V;(O) =V, VE‘” = (), (1.51)
and for p > 1,
@ ._ ,,® (. () ._ ® (.
VP = wP (), V=V (x), (1.52)
for the error term we set
N

%

and define forall p=> 0,1 <t < N, x e B;

u (@) = uP (@) = Y (Uny alV;7N@) + Avy n VP (2))

= uf(x) — () = Vuf @) (& — 2:) = 3 (UnyrlVN(@) + Ar, V(@) ).

With this construction the following equality holds true for all k£ > 1

ZZ ( o’V + Ay, g[V ]) + UulF0]. (1.55)

p=0j=1

Remark 1.3.1. This method of reflection is obtained by expanding the error term wu, up
to the first-order

U () = U (73) + Vg (23) (@ — ;) + 0 (|2 — 24]?),

which leads us to formula (1.55). If one consider an expansion of u. up to the zeroth-order
then one obtain only a stokeslet development:

k N

UN _ ZZUJ?],R[V;@)] + U[ugkk-‘rl)]
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The main difference between these two expansions is that the first one allows us to tackle
the particle rotation. It also helps us to obtain a converging method of reflections for a
more general assumption on the minimal distance.

k k

We emphasize that we only need to show that the series (Y] V;(p))keN and (] V?’))keN for
p=0 p=0

all 1 < i < N converge to obtain the convergence of the expansion (1.55)), see Lemmam

and Proposition[1.3.9. Precisely, the only assumptions needed to obtain the convergence of

the series are the smallness of M'/3rq, assumption (L.5)) and the fact that

AN 3

AT L RNP
lim —~— =0, lim 77— =0,
N—o0 dmln N*)(X)‘ min|

which 1s less restrictive than .

The second step is to show that the expansion is a good approximation of the unique solution
N This is ensured by Propositz'on. Precisely, in addition of the previous assumptions,

we need the following uniform bound

R|)\N|3
sup < +00.
NeN* |dm1n|

One can show that this assumption is less restrictive than (1.6) and allows us to consider
smaller minimal distance. To reach lower bound for the minimal distance, one may develop
Uy at higher orders.

Preliminary estimates

Recall that the dependence in time is implicit in this Section. All the following estimates
hold true under the assumption that there exists a sequence (A")yen+ and two positive
constants M, € such that (XV)yens € X (M, E), see Definition and M'3ry is small
enough.

Lemma 1.3.1. Assume that there exists {\_4,5 and_a sequence (M) nens such that the
particle configuration (X™)nens lies in X(M,E). If MY3rq is small enough, there exists a
positive constant K < 1/2 and N(rog, M,E) € N* such that

max|V,? V] + Rmax| VP | < K (maxV;”| + Rmax|VP])

for all N = N(TO,M,g).
Proof. Using formulas (1.52)) and (1.54) we get

V;(:D'H) _ u(p—&-l)(xi) 7

=—Z( AlVIPN) + Ae, 2l V) (w) (1.56)

i
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and

VO = wulrt (),

= —i (Vij,R[Vj(p)](xi) + Vij,R[Vgp)](a:i)) . (1.57)

J#i

This yields, for all 1 < i < N, using the decay-rate of the special solutions (1.38)), (1.22)
and Lemma [LA T with £ =1 and k = 2

o p>| v
V) < CZR + R
J#1 v
AVP3 RIAY
< Cry (maX|Vi(p)| + Rmax|V§p)|) (|| i~ | |M + MYy | d' ||2 + RM2/3)
similarly, using (1.10]), we have for all 1 <i < N
o VoL, !V
v 3
VY| < CZR z +R e
i
<C (maX|V-(p)| + RmaX|V(»p)|) (Zﬁ = Z )
S < i s i d2 dN )
G 1] min ;-4
R R
=C (m?x|‘/;(1))| + Rmiax|vl(,p)|) (Zd_2> ( N ) ;
j l min
AP
< Cry (max|‘/;(p)| + RmaX|V§-p)|) (|d M+ M2/3) .

Finally

maXI‘é(p+1)| + RmaX|Vz(-pH)| < Cry (maX|Vi(p)| + Rmax|vgp)|)

| 3

™ | N|3M+ M1/3 |
dN |dmin|2

min

M + RM2/3>

For the second term on the right hand side we have

IANI3 RNV APy
= d). + R
mln |dm1n|2 |dgin|2 ( min ) ’

which vanishes when N tends to infinity according to (T.6) and (T.7]). Moreover, if 7o M'/3
is small enough, this ensures the existence of a positive constant K < 1/2 such that

max|V"V| + Rmax| VP | < K (max|1/;(p)| + Rmax|vgp)|) :
for N large enough and depending on ro, M and &. [
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We have the following estimate.

Proposition 1.3.2. Let (U;); 1<i<n be N vectors of R3 and (D;)1<i<n be N trace-free 3 x 3
matrices. There exists N(rq, M,E) € N* such that for all N = N(ro, M,E) we have

Z z;, R + Amz [DZ])

< nax (|U | + R|Dy).

I ENB)
Proof. Considering only the stokeslet expansion we have

N 2

> U, r[UI]

i=1

L (RNE)

Z Hsz HHl R?’\UB ) + ZZJ

i=1j%#1 S\UBZ

[U]: VU, s[U;]. (1.58)

The first term in the right hand side of (| - can be computed using the fact that
U, r|Ui] = U; on B;, 1 <i < N and formula

N
ZHUQ; ||H1(R3\U3l \ZL\B (U] : VU, z[Ui],

_Z LB/ [0(Us, r|Uil, Pe, r[Ui])1] - U,

N
= Y 6rR|U|*,

i=1

2
< 677 (max \U; |) .
1<i<N

For the second term in the right hand side of ([1.58|) we write for all ¢ # j

N

J _ VU r[Ui] - VU, [U;] = —ZJ [0(Usi,2[Ui], oy, r[Uil)n] - Uy, m[U]
R3\uBl l 0B,

Z47TR2 lo(Us,,r[Ui], PxivR[Ui])||LZ‘(5Bl) HijvR[Uj]HL““(aBl) )
=1

N

Z WRQOZ

=1
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According to the decay properties of the stokeslet ((1.22)) we have

Uil Uil
|oWUa;, U], PolUi]) | poomy = B 5 (1= 0) + 50,
il
R|U;
U, 2 U 05,y < —C|l-z]|(1 —5;) + |U;1651, (1.59)
J

where ¢;; is the Kronecker symbol. On the other hand, we recall that the triangle inequality
dij < dil + djl ylelds for all 7 #* ] # [

1 1 1 1
< — =+ —7. 1.60
dadj — dyj (dil djl) (1.60)
Using (1.59)), formula (1.60) twice and Lemma we obtain for all i # j

N
Z47‘(’R2O£’j = Z 47TR2Ol +47R*O;; + AT RO}
-1

I#i,5 v
R|U| R|U;| IUIRIUI RIUI
< R I L R U;
S LRy R dy 2 Ul
#1,]
R3 1 R R
< — | — — + — |+ \U;||Us|
21U |Us] 3|U||U|
+R 0 +R Z
R? AN AN
< — M+ MYB3) + M+ M3 U U
- dij <d1] (dﬁm + ) |dmm|2 + | ]|| |
Uj||Us] \U:i||Uj]
R2| J R3 J
d; U Ta
B MY3r3 U 1[Us] Uil U]
M M2/3 2 3
d (8 + - 0 4 )|U||U|+R dw +R d?] ,
1 R> R?
s|Ea |,

where we kept only the largest terms using the fact that dY, vanishes according to (1.7)
for N large enough. Hence, the second term in the right hand side of ((1.58) yields using

46



Lemma LA

| U+ Vsl 22[ v+ |,

i=1j5%#1 B\UBI i=1j5%#1
R? 1
< max Z - max |U| :
1<i<N d dmm 1<z<N

N |N|3M M3 |/\N|3M RN o)
) T Tyt T Ul )

min min mln|
2
< (max \Ui |> :
1<i<N

where we used the fact that d% < 1 thanks to (|1.10) and |2,]\,V‘3 < DI gy < according

~ N
min min |d ‘2 min ™~

to (1.6) and (1.7). The term involving rotating and straining solutions. A, r[D;] is handled

analogously. m

k k
Since the series ), V;(p ), > VE” ) are convergent, we denote their limit by
p=0 p=0

Ve =Y v ve= vl

7

Thanks to the linearity of the Stokes equation and Proposition [1.3.2] the expansion term

i <Uxi,R iVE’”D ,

i=1 p=0

k

p=0

+ AR

converges in H'(R?\ Y B)) uniformly in N to the expansion where we replace the series by

their limit. This shows that the error term U [u* ] has a limit when & — co. In order to
quantify the error term, we begin by the following estimate

Proposition 1.3.3. For all k > 1 we set

n® = max|Vj<k)| + R maX|V§k)|.
J J

Under the same assumptions as Lemma there exists N(ro, M,E) € N* such that for
all N =z N(ro, M,E) and 1 <i< N

)\N
[V2ul D) oy < (1+|'dN'3+|log<M1/3AN>|) max(|Vi| + RI),

R|V2ul Y gy + 0™,
R [V2ul Y o) + ™.

[Vud s

|ul || e (5,
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Proof.
1. Estimate of |V2u{""" ||LT(B)
Let = € B;, using formula (1.10)) we recall that for ¢ # j
1

@ = 25| 2 |2i — 2] = o — 25| = S di.

Applying this, formula ([1.10]), the decay properties of the second gradient of single particle

solutions ([1.23]), (1.39) and the iteration formula (1.54) together with Lemma for
k = 3 yields

k k
V2l ()] < [V2P (@)] + Y[V, [V (@)] + [V2As, 1 [V ()]
J#i
Vol I
S” ”L ©(B;) +Z 3 R+ i R3,
ds d?.
VE) tj v

2, (k (k) (k)
<[V ui)umw@ s )(m?XIVj |+ Fmax]V |),

j#i zg min j£; z]

R
— |72, (F) E (k)
- ”v - ”LI‘(B < #zd‘?]) ( dr]Xm) 1 ’

N 3
< ||V2u55k)||Lf(Bl) + TOM (||dN | : + |10g(M1/3)\N)| + 1) n(k)’

min

hence, we iterate the formula and use the fact that v2ul” =0 according to formula (|1.53)),

to get
AP

|dN

||V2uik+1)‘|Lw(B) ( —|— |1 g M1/3)\N ) Zn(p

which yields the expected result by applying Lemma [1.3.1]
2. Estimate of ||Vug,k+l)HLm(Bi)
Let x € B;, again, the decay properties of the gradient of the special solutions ((1.22)), (1.38)),

formula ([1.54) and Lemma yields
IVl (2)] < [Vul? (@) = Vul (@:)] + Y VU, 2V (@) + [V Az, 2V ()],

min

j#i
Vil 19
<RIV Lsrio + Y R
VESD ]
< RV ey + (Z o 2 ) (max|vj(k)| +Rmax|v§k)|) ’
i Z] min j-z; z] J J
R IAN]? 2/3 (k)
< R|V*uP| o + L+~ v |2M+M ron™®,
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again, according to ([1.10)), note that for N large enough, 1 + d% < 2. We conclude using
assumption ([1.6) to bound the right hand side by 7*) up to constants depending on M,
8, To.

3. Estimate of ||uik+1)||L-f,‘(Bi)

Let = € B;, again, the decay property (|1.22)), (1.38) and formula (1.54)) yields

k k
w0 (@) < RV2ulP |y + > U, m [V 1(@)] + 1 Au, 1[VSO1 ()]

i
vk v
S RZHVQUgC)”L»/(BZ) + Z| J |R + | ]2 |R3,
i dij dij
2 2, (k) |)\N|3 \ 4 r1/3 ]:')“|)\N|3 \ 4 r2/3 (k)
SRHV U, ||L‘Z(Bi)+7ﬂ0 dTM+M + |dN |2M+RM n.

Using (1.6)) and (T.7), the right hand side can be bounded by 7*) up to constants depending
on M, &, . ]

Approximation result

We can now state the main result of this Section.

Proposition 1.3.4. Assume that there exists M,E and a sequence (A\N)yens such that
(XM nenx € X (M, E). Assume moreover that M3ry is small enough.

There exists a positive constant C' = C(rg, M, &) and N(ro, M,E) € N* satisfying for all
N = N(ro, M, &)

T [VU [ 2y 5y < CRmae ([Vi] + RI),
—>0 1

Proof. The aim is to estimate | VU [uikﬂ)]ﬂ L2(r3\ | B;)- 10 this end, we construct a suitable
extension F [ugﬁl)] of the boundary conditions of uikﬂ) and apply the variational principle
(1.17). By construction, Y s regular and well defined on each particle B(x;, R). Hence,
we construct the extension piecewise in each B(z;, 2R). Let 1 <i < N, for all x € B(z;,2R)
we set
v'(2) = (@) + ) (),

where the first term ugi) matches the boundary condition on B(xz;, R) and vanishes outside
B(z;,2R). The second term is the correction needed to get divv; = 0. In order to obtain

an extension of u{® on B (xi,2R) we set

),ﬁu—mzR,
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with x a truncation function such that y =1 on [0, 1] and y = 0 outside [0, 2].
We have then

i 1
19 e a2y < 5, (1900 e oty + 5 1 eoimy ) - (160

In what follows we introduce the notation A(x,r, R) := B(z, R)\B(z,r) for r < R. For the
second term we set:
u® = By, g an(—divu”),

)

where B is the Bogovskii operator, see [36, Appendix A Lemma 15 and 16] for more details.
The construction satisfies:

— supp ul(~2) c A(z;, R,2R)

— divy; =0

— ;= ugl) = u® on B(z;, R)

We set then
N

E[u$*™] = 0" (2)1p(,2m),

and thanks to the variational formulation we have

|‘VU[US<]€+1)]||%Q(R3\UB¢) < HVE[uSkk—i_l)]H%%R3\UB¢) )
N
= Z”vviH%Q(A(:ci,R,QR))’

where we used the fact that the v; have disjoint support.
Thanks to the properties of the Bogovskii operator By, r 2r we get

IV 0 < f VP,
A(z;,R,2R)

< RgHvugl)H%“‘(B(A(xi,RQR))) ;
1 2
< 8 (1Vu® iy + 1Py )
Finally
N 1 2
“VU[Uik+1)]||%2(R3\UBi) S ZRB (Hvuik)”m(&) + E“@L"‘(BJ) .
Thanks to Proposition we have

") 1 RIAN|3
IV ey + pluslesy < max((Vil + RI[) | B+

| anin?
1
— 41 p®
+ (1)

20

+ R 10g(]\_41/3/\N)|)



Since
" < Krmax(JVi] + RIQ)),
with K < 1 according to Lemma [1.3.1], we get
RIAYP

VORI ey < mas(1V] + Rl {1 (e + TG

+ Rllo g<M1/3AN>|)
+(1+R) K’“}Q.

Since K < 1 for N large enough the second term on the right hand side, which is uniformly
bounded with respect to N, vanishes when k — co. This yields
AV

|dY

Jin [ VUL oy S Ranax(Vi 4RI (R4 05+ Rlos(053)] )
—00 (2

|3
min

The second term on the right hand side can be bounded using assumptions (|1.6)), (1.8)) and

(T.10)
AV

|dﬁin |3

Finally we obtain

] log M| + log N
+R|log(M1/3)\N)|SR+dN g+ o8 |N+ 8l <y,

min

R+

Tin [ VUL 0]| agaony 5y € Ruax((Vi] + RIS,
— 00 3

which is the desired result. O]

Remark 1.3.2. According to Proposition we have for all1 <i < N

Vg S RATHE ooy + 1
RN
< max((Vi| + RI2) B s

+ R| 1og(M1/3AN)|) + K’“} :

min |

as for the proof of Proposition the second term vanishes when k — oo and we obtain
kli_m [0l 15,y < max([Vi| + RISU|)R
—00 1

Some associated estimates

We recall that we aim to compute the velocities (V}, §2;) associated to the unique solution
u™ of the Stokes equation:

divu® = 0,

_AyN N _ N
{ Au +va B 87 on RS\UBZ,
i=1

51



completed with the no-slip boundary conditions

lim [u¥(z)] = 0,
|z|—c0

{ uN = V;+Q; x (x —x;), on 0B,

with
F,+mg=0, T;,=0, VI<i<N.

The method of reflections obtained in this Section helps us to describe the velocity field

vV in terms of explicit flows

¥ — ]ZNl (Uayr [V] + Auyr | 957]) + Jimn U]

k—00

In order to extract a formula for the unknown velocities (V;,€;), 1 < i < N we need to
compute first the velocities V;(OO)
and writing the force, torque and stresslet associated to the unique solution u
different ways we get the following result.

and matrices Vl(-oo). Applying the method of reflections
Nin two

Lemma 1.3.5. Under the same assumptions as Proposition[1.3.4}, there exists
N(ro, M,E) € N* such that for all N = N(ro, M,E)

RIVEl=  O(max([Vi|+ RIQu|) " 5m ) . 1<i<N,
) 5 N |3/

min

where kg is defined thanks to formula (1.4)).

Proof. For the sake of clarity we fix ¢ = 1 and the same result holds for all 1 <7 < N.
Let V € R3, D a trace-free 3 x 3 matrix.

The main idea is to apply an integration by parts with a suitable test function v €
D, (R*\|JB;) such that v =V + D(z — z1) on ¢B; and v = 0 on the other 0B;, j # 1. We

(2
choose v the unique solution to the Stokes equation:

N
—A/U + Vp = O, 3 >N
{ dive — o MR \Z-UlB” (1.62)

completed by the boundary conditions

v = V+D(x—u1z), on 0By,
v = OondBy, i1, (1.63)
lim |jv(z)] = 0.

|z|—0
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We extend u” and v by their boundary values on all B;, 1 <i < N. We set £ = sym(D),
) = ssym(D). An integration by parts yields

QJRB\UBi D) : D(v) = _Zi: J@Bi [o(u®, p™)n] v,
- _ LBl [o(u™,pM)n] - (V + Q x (z —21) + B(z — 11)),
=-V. LBi a(u™,pM)n — Q- LBZ_ (z =) x [o (™, pM)n] ,

—E:j (2 — ;) ® [o(u™, pM)n] |
dB;
=V -F-Q-T,—-E: S, (1.64)

see (1.18)) and ([1.19) for the definition of the force F}, torque 77 and stresslet S;. On the
other hand, we apply the method of reflections to get

LﬁﬁDw%«mm=

Z JR?)\UB_(D(UM,R[VJ.OO]) + D(V A, z[VT])) : D(v) + lim D)) : D(v).

k—o0 Rs\UBz
%

For the first term we integrate by parts to get for all 1 < j < N

DU, rlV;"]) - D(v) = — 0(Us, r[V?], Py, vV | - v.
QJRS\Q&U[JJ) 0 = X [l Pl
2 DA:B'RVQO D) = — O-Am'Rvgo,PmRvo-o nl-v.
fm\g& (et V7D D0 = X[ [0, al V7). Byl 95 ]

Recall that v vanishes on 0B;, ¢ # 1 and hence, the sums above are reduced to the first

term. Applying (1.34) (1.30) and (1.24]) there holds for all 1 < j < N
J [U(ijyR[Vjoo],ijyR[V;OO])n] v = —6mTRV? -V,
0By
20
[ (o0 a1 Py a7 D] -0 =l (8ssym(VE) -2+ (V7)) by
0B

where 4;; is the Kronecker symbol.
For the second term on the right hand side of formula (1.65), we consider vy := Uy, g[V] +

23



Ay, r[D] and write

f DU : D(v) — f D(UTE]) : Dwy) + f D(UTE]) : D@ — ).
R3\|J, B R\, B:

To bound the last term we apply Lemma and Proposition [I.3.4]

< max(V) + RODR [ —Levi+ —Fip)
A RV A N A

2

lim
k—o0

j D(UTt) : D(v — v)
R3\|J, B
<

- V dgin

We focus now on the first term on the right hand side of formula (1.66)), we have

J DU[u]
R3\UB;

(VI + R|D]) max(|V;| + R[€]).

U1,p1 ] : ngk)

< Z47TR2HU(U1,Z71) Ugek)HL‘”(Bi)v

using the decay properties (|1.22)), (1.38) we have

RV
HU(U1,pl)HLo@(Bi) < d|2 | d3 |D| fori # 1,
71
4]
lo(vr, p)llLesy < 7 + |D|,

hence

[, PO : D)< ROVI+ BDDI -

r|\V|  R'ID
RZ ( d2 dd maXHU HLT(B )5
i#1 il il

< R(V| + RID]) max|ul|(s,).

According to Remark , we have forall 1 <i < N
T [ 25y < Runax(Vi] + RI).
—00 (2

Finally we get

lim f D(U[u¥]) : Voy | + J D(U[uk]) : V(v —v)| <
k=0 | JRs\|J, B R3\U, B
R2
max(|Vi| + RI|) —=m= (V] + RIDI). (1.67)

min
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Identifying formula (1.64) and ((1.65)) and gathering all the inequalities above we have for
all V', Q € R? and symmetric trace-free 3 x 3 matrix £

20
—VJ}%LQ—E:&:&mwﬁv+&m%me?yQ+§mﬁwmwﬂ:E
R2
V dr]Xin
with F; + mg = 0, T3 = 0. Note that the value of the stresslet S;, see (1.19)) for the

definition, is unknown. However, we only need to approximate its value using Proposition
1.2.3] We conclude by identifying the terms involving V' € R? to obtain

+0 (m?X(IViI + RICL]) (V] +R|DI)>,

0

m R
%@;§]¢”=@ﬁg+0<mqu+3mm———>,

p=0 V dﬁin

for the skew-symmetric part we get

R
Rlssom(V)| € ms(Vi + RIS (V] + FIOU)
and for the symmetric part using Proposition [I.2.3]
R
Rlym(vE)| = 0 (max(Vi + B e )
which concludes the proof. ]

Corollary 1.3.6. Under the same assumptions as Lemma there exists a positive
constant C = C(kl|g|) and N(ro, M,E) € N* such that for all N = N(ro, M,E) we have

max. (IVi] + R|€4]) <

1<

Proof. recall that Vi(o) = Vi, Vi =, for all 1 < ¢ < N, according to Lemma and
Lemma we obtain for all 1 <¢ < N

< VL R+ K (Zw) mex(Vi] + B,

p=0
< Klg| + <|d
mll’l

R K
B2 TIK

Hence, according to Lemma we have & < 1. Moreover, assumption (1.9 ensures

that

0

Vil + RIU| < V2| + RIVE| + Z(

p)

+RIVP))

)mumq+mmu

R - E3/A N 3/4
aN P2~ NUA

which vanishes when N goes to infinity. [

min
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1.3.2 Extraction of the first order terms for the velocities (V}, {);)

In order to control the motion of the particles, we want to provide a good approximation
of the unknown velocities (V;, ;). Thanks to the method of reflections, the velocity field u™¥
can be approached by a superposition of analytical solutions to a Stokes flow generated by
a translating, a rotating and a straining sphere (See Proposition with the associated
velocities (V;**, V). This allows us to compute the first order terms for (V;, ;) applying
Lemma and Corollary Keeping in mind that all the computations are done for
a fixed time ¢t > 0, the main result of this Section is the following Proposition.

Proposition 1.3.7. Assume that, for a fized time, we have the existence of a sequence
(AN)vens and two positive constants M, E such that (X™)yens € X (M, E). Assume more-
over that MY3ry is small enough. Then, there exists N(ro, M,E) € N* such that for all
N = N(ro, M,&), for all 1 <i < N we have

N
Vi = kg + GWRZ(I)(ZEZ' —z;)kg + O (dN ) , RO =0 (dN ) ,

min min
J#i

We begin by the following lemma:

Lemma 1.3.8. For all trace-free 3 x 3 matrices (D;)1<i<n, for all W eR3 and1 <i < N

we have N
D67 RD (x5 — ) W — Uy, m[W] ()| < RIW].
J#i
Z [Aw, [D;)(w:)] £ Rmax RID;|.
J#i
Proof of Lemma[1.3.8. Thanks to formula (1.25) we have for i # j
1 R 3 s(xj—x) W
_ N = O(r: — W _ZIRZYYL W (o
Uz, r[W](2;) = 67 R®(z; — 2))W + Py P— 4R P—— (z; — ),

this yields
R3
Uy, r[W](z;) — 67 RO(z; — )W < E|W|.
1]

Applying Lemma with & = 3 yields

R3

Z\Ux] ;) — 67RO (v; — 2)W| < ng lid
VE VECRRX)
N 3
< RroM ( |d| ||3 + R(|log M| + |1og)\N|)> W
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We have thanks to assumptions ((1.6)), (1.8)) and ((1.10)

BATP N R
vt R(|log M| + [log AV|) < —x—€ + R|log M| + Rlog N < 1.
Analogously, we obtain the second bound by applying with & = 2 this time. ]

We can now prove the main result.

Proof of Proposition[1.3.7. Let fix 1 < i < N. According to Lemma and Corollary

[.3.6] we have
X (p) m () f%
N VAL ).
pz_gz ot -

As VZ-(O) =V, we get

0
V;: V(P) 0]
B ato (i)

Formula (1.56)) for the velocities Vj(p ) yields

=1j+#i

6Rg+2 ;R[] ](xi)+ij,R[V;O]($i))+O< 1 );

j#i

we apply Lemma|1.3.8] Lemma and Corollary together with (1.9) and ([1.10]) to

get:

DAL /[VE ()] < RmaxR|VE|,
J#i
R
s
N £3/4 3/
= “min N1/4 )
dﬁll’l

Now, we rewrite the sum as follows:

Zij,R[ ZUxJ /{g xz +ZU$J _Rg]( )

J#i J#i J#i
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and we bound the error term using the decay rate (1.22)), Lemma and Lemma [I.A.]]
with k =1

ZU:):] - Hg] ( )

J#i

R (o8]
< (Zd_w> m]aX‘Vj — /fg‘ ,
J#1l
R
dN
< dV.

min*

A

;

We conclude by replacing the stokeslets by the Oseen tensor thanks to Lemmal|l.3.8 Finally

we have forall 1 <i < N

N
Vi=krg+ 67TRZCI)(5U¢ —x;)kg + O (dﬁm) .
J#i

For the angular velocities we obtain thanks to Lemma and formula ([1.57)) for ng’ )
p=1

- R
ROy = —ZRssymvgp) +0 ( ) ,
V dﬁin

p=1

= Rssym (ZVU%R [V*](z1) + VAg, r[VT ](x1)> +0< dRN ) .

Jj#1

As before, using Lemma [1.3.5 we bound the first term by

ZVU,EJ (1) + VAL, r[VT (1)

R R? o o
<R (Zd2 7 )max(ﬂ/ , RIVY]),

Jj#1

j#1 L

<1~°m|N|31\4+J\‘42/3
|CZI’I‘IIH|2 ’
(R|/\ K JrMz/:z) 7

|dN 3

min

dN

min

dN

min ?

where we used the fact that @'ﬁ ‘|3 is uniformly bounded according to (1.6) and ([1.10)).

min
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1.4 Control of the particle distance and concentration

In this Section, we make precise the particle behavior in time. Precisely we want to
prove that if initially there exists two positive constants M, & and a sequence (AV)yen+
such that (XN (0))ven+ € X(M,E) (see Definition [1.1.1]), then the same holds true for a
finite time. Recall that the initial distribution of particles satisfies:

— The minimal distance is at least of order |[AV|3/2.

— The maximal number of particles concentrated in a cube of width AV satisfies as-

sumption (|1.5)).
We aim to show that there exists a small interval of time [0,7] independent of N on
which the particle distance and concentration stay at the same order. The idea is to use
a Gronwall argument and the computation of the velocities (V;)1<i<ny at each fixed time
t = 0.

1.4.1 Proof of Theorem [I.1.1]

We assume that initially there exists two positive constants M,E and a sequence
(AM) yen# such that (XN(0))yens € X (M, E). Let T > 0 be such that

1
dij(t) = 5dij(0) V1 <i#j <N, vte[o,T] (1.68)

This maximal time T > 0 exists and we aim to prove that it is independent of N. As long
as t < T we have a control on the particle concentration.

Lemma 1.4.1 (Control of particle concentration M¥). As long as t € [0, T[ we have:
MY () < 8*M™N(0).
Proof. We recall the definition of M (t)

MN(@t) = sup{#{i € {1,---, N} such that z:(t) € By (x, )\N)}}.

zeR3

We introduce the following quantity:

LN(t) .= m?x# {je{l,...,N} such that |z;(t) — 2;(t)| < AV)}. (1.69)

One can show that the two definitions of concentration L (t) and M (¢) are equivalent in
the sense that
LN(t) < MM (t) < 8LN(t)

see Lemma for the proof. We also need to introduce the following notation for all
5> 0:
L3 (t) := max# {j € {1,..., N} such that |z;(t) — z;(t)| < BAY)},
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and
MY (#) = sgp{#{i € {1+, N} such that z(t) € Bu(z, AV))}},

with the notation
MY (1) = MY (1), LY () = LY ().
We have for all § > 0 and all a > 1
Lis(t) < 8la’LE (1),

where [-] denotes the ceiling function. See Corollary for the proof.
The idea is to show that the concentration LV is controlled in time and hence, the same
applies to M according to Lemma [1.A.2] Recall that we have for all ¢ € [0, 7|
1
Now, fix 1 <4 < N and consider j # i satisfying |2;(0) — 2;(0)|c > AV, then

1
[2i(t) = 2;(8)| = ZElailt) = 5 (],

1
> Wg

Which means that

/\N
' 1 <k < N, such that |z;(t) —xp(t)| < —= ¢ .
i o) ~ (8] < 5=

We obtain

)\N
1 <j < N, such that |z;(t) — z;(t)| < —=
fi<; i) — (0 < 57 |

< {1 <j <N, such that |2;(0) — 2;(0)| < AN}. (1.70)
Hence taking the maximum over 1 < ¢ < N we obtain

LN, (6) < LN(0
" (1) < L(0),

thus, we apply Corollary [L.A.3| with 8 = ﬁg and o = 871 = 24/3 to get

LN (t) < 8*LN(0).

According to Lemma [1.A.2| the equivalence between M™ and L% yields finally for all
tel0,T]
MY () < 8*M™N(0).

This ends the proof. ]
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This shows that as long as t < T we have (X (¢))yens € X (8*M, 4€). This implies the
following control.

Proposition 1.4.2. Assume that there exists two positive constants M, E and a sequence
(AM)nens such that (XN)nens € X(8TM,4E). If roM'Y3 is small enough, there exists
N(rg, M,&) and a positive constant C = C(ry, M, &, k|g|) independent of N such that
for all N = N(ro, M, &), for all i # j we have

Vi = V;| < Cdy.

Proof. For the sake of clarity we fix ¢ = 1 and 7 = 2. The computations below are inde-
pendent of this choice. Thanks to Proposition we obtain :

N
Vi — Vo =67R Z (®(zy — 25) — P(zo — 1))kg + O(dY.).
i#1,2
Hence, according to assumption (1.6]), formula ([1.27) and using Lemma for k = 2 we
obtain

YN/ N
Vi—Val SR ), o1 = x5 + O(diyin)

&
i#1,2 Li 2

- AP ~r2/3 N
<7y M|dN B +M |z — x| + O(d;,)

min
< djs.

We set then C' > 0 the universal constant implicit in the above estimate. O

We have the following control.

Lemma 1.4.3 (Control of particle distance). For all 1 <i # j < N, for all t € [0,T] we
have
dij(t) = dij(0)e ",
Proof. Thanks to ([1.68) and Lemma we have for all t < T that
(XN(t))NeN* € X(84M7 45)
Hence, all computations from Proposition hold true up to time 7. In other words,

there exists a positive constant C' = C(rg, M, €, k|g|) such that for all indices 1 <i # j < N
we have

Vi(t) = Vi(D)] < Cdij(t) vt € [0, T,

thus,
d
Sdig(t) = —IVi(t) = Vi (o),
> —Cd;; (t).
This entails
dij(t) Z dij(0)6_0t7
which is the desired result. ]
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Conclusion
Thanks to Lemma and Lemma we have for all 1 <i# j < N, te[0,T]
dij(t) = di;(0)e™",
MY(t) < 8'MY(0),

log(2)
c

this shows that 7" is independent of N and is at least of order
(T07 M7 87 "i|g|)

where C' depends on

1.5 Reminder on Wasserstein distance and analysis of
the limiting equation

In this part we recall some important results of existence, uniqueness, regularity and
stability concerning the mean-field equation . We recall also the definition of the
Monge-Kantorovich-Wasserstein distance of order one and infinite. We refer to [70), Part
I, chapter 6] for definition and properties of the order one distance Wj. To define the
infinite Wasserstein distance we start with some associated notions. We refer to [20] for
more details.

Definition 1.5.1 (Transference plan). Let i, v € P(R?) be two probability measures. The
set of transference plans from p to v denoted I1(u, v) is the set of all probability measures
e P(R3 x R3) with first marginal p and second marginal v i.e.

melluv) = | | @@+ v)ndady) = | olontin)+ | i)

for all ¢, 1 € Cp(IR3).
Recall that for all probability measure A € P(R? x R?) we have
Definition 1.5.2 (Essential supremum).
A —esssup |z —y| == 1inf{t = 0 : A\({(z,9) e R* x R® : |z —y| > t}) = 0}.
We recall also the definition of the support for a (non-negative) measure.

Definition 1.5.3 (Measure support). Given € P(R3) a non-negative measure, then the
support of v is defined as the set of all points x for which every open neighbourhood of x
has positive measure

suppp = {r e R* : VvV e V(z), u(V) > 0},
where V(x) denotes the set of open neighbourhoods of x.
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With this definition for the support one can show that there holds
A —esssup |x — y| :=sup{|r — y| : (z,y) € supp A}).
We can now define the infinite Wasserstein distance We:

Definition 1.5.4 (Infinite Wasserstein distance). The infinite Wasserstein distance be-
tween two probability measures . and v is defined as follows:

Weolp, v) = inf {m —esssup | = yl}.

A transference plan 7 € T(u, v) satisfying
Welp, v) =n* —esssup |z — y|,

is called an optimal transference plan.

We recall also the definition of a transport map.
Definition 1.5.5 (Transport map). Given two probability measures p and v, a transport
map T is a measurable mapping T : supp p — R3 such that

v="Tyup.
We emphasize that T(R?) < supp v u - almost everywhere. Indeed

p{z € R : T(x) ¢ supp v } = p{T " (“supp v )},
— {esuppu},
= 0.
Remark 1.5.1. Note that, for all transport map T from p to v one may associate a
transference plan (Id, T)#u € Il(, v) i.e. the pushforward of p by the map x — (x,T(z))
and we have
(1d, T)dtps — esssup |z — y]
=inf{t =0 : (Id, T)#u({(v,y) e R* x R® : |z —y| = t}) = 0},
=inf{t >0 : u((Id,T) ™ {(z,y) e R®* xR® : |z —y| =
=inf{t>0: pu({zeR®: |z —-T(2)|=1t}) =0},
= u —esssup [z — T'(x)|.
Note that this yields

IiII(lf ){71' —esssup |z — y|} < inf{u —esssup |T(x) — x|, T :suppp — R*, v = T#u}.
mell(p, v

It is then natural to investigate in which conditions one has the existence of a transport map
T associated to an optimal transference plan. As in [34] we refer to [20] for the following
existence result.

Theorem 1.5.1 (Champion, De Pascale, Juutinen). Assume that p is absolutely contin-
uous with respect to the Lebesque measure. Then there exists optimal transference plans,
and at least one of them is given by a transport map T. If moreover v is a finite sum of
Dirac masses, this optimal transport map is unique.
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1.5.1 Existence, uniqueness and stability for the mean-field equa-
tion
Consider the following problem
%\ g _
{ 5 + div((kg + Ko)o) 0, (1.71)
(Q(()? ) = o,
recall the definition of the kernel IC

Kn(z) = 6mrok f ®(z —y) gn(y)dy,

for all n € L®(R3) x L'(R?). We refer to the existence and uniqueness result due to Hofer
[38, Theorem 9.2] in the case where the initial data gy and its gradient V gy are in the space
Xp for some 3 > 2 where

Xg:={he L*(R’), ||h|x, < o},
with
|h| xp := esssup(l + |x|ﬁ)|h(x)|

Theorem 1.5.2 (Hofer). Assume that oo, Voo € Xg for 8 > 2. There ezists a unique
solution o € WH*((0,T), Xs) to equation (L.71) for all T > 0 and a unique well defined
flow X satisfying

kg + Ko(s, X(s,t,x)), Vs,te]0,+o0],

0s X (s,t,x)
{ X(t,t,2) = Vi e [0, +o0], (1.72)
such that
o(t,z) = 0o(X(0,t,2)), Y(t,)e [0, +oo[xR>. (1.73)

Remark 1.5.2. The flow X is measure-preserving i.e. for a test function ¢ € Cy(R?) we
have

f o(v)ols, y)dy = f H(X (s, 1,y))o(t, y)dy,

forall s, t €[0,T]. This allows us to separate the dependence of time s in the integral with
respect to the measure o(t, ).

Remark 1.5.3. Note that for all n e L®(R3) n LY(R3), the velocity field Kn is Lipschitz

K@) (@) = KW < (Il + [nle=) le —yl, Vo+yeR’

Moreover, if one assume that g is only Lipschitz and compactly supported, then one
can show the existence and uniqueness of the solution ¢ to equation in the space
L*((0,T); L*(R?) n L*(R?)). The method of proof is related to the stability result due to
G. Loeper in [50] which gives a stability estimate in terms of Wasserstein distance for the
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Vlasov-Poisson equation. This result is adapted by M. Hauray in [33, Theorem 3.1] for a
more general class of kernels K satisfying a (C®) condition with aw < d — 1 where d is the
space dimension

div K = 0, |[K(@)], |2 VE@)| < 2=, ¥z 0, ()

|

see [33]. This condition being satisfied by the Oseen tensor ® we have the following result.

Theorem 1.5.3 (Hauray-Loeper). Given T > 0, consider two solutions ¢; € L*((0,T),
LP(R3) n LY(R?)), i = 1,2, of equation (1.71)) associated to two initial data o} € L®(R3) N
LY(R3), i = 1,2. There holds

Wioi(t,-), 02(t, ) < W1(g(1), Q(z])ecmax(lle?llmm,HQSHLle)t' (1.74)

We refer to [33, Theorem 3.1] for a complete proof which introduces the main ideas
used also in [34] for the mean field approximation result.

1.5.2 ©" as a weak solution to a transport equation

According to Theorem [1.1.1] there exists a time 7' > 0 independent of N for which the
particles do not overlap. This shows that the empirical measure

1 N
oM (t,x) = Nz%i(t)(w%
=1

is well defined on [0,T]. Recall that we are interested in the limiting behaviour of o™ €
P([0,T] x R?) when N — co. According to Proposition [1.3.7, particles (z;)1<;<n satisfy
the following system:

l

T, =V,
{ Vi kg + 6mRY O(z; — ;).
i#j

In order to prove Theorem we want to compare the particle system to the continuous
density o which is solution to equation (I.71)). Hence, we need to express oV as a weak
solution to a transport equation. The remainder of this Section is devoted to establish such
a formulation.

Analogously to the continuous case, we are interested in giving a sense to the quantity

Ko™ = 6mrok f P(x —y)go™ (¢, dy),

which is not well defined because @ is singular. On the other hand, as the only values of ¢
that matters are the terms ®(x; — ), i # j we define the following regularization

VNO(2) = O(a)" (@),
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where () := 9 (ﬁ) and ¢ is a truncation function such that ¢» = 0 on B(0,1/4)

min

and ¢ = 1 outside B(0,1/2). We can now define the operator IV

KNoM(t, x) := 67rok 3 WNO(z —y) g o™ (¢, dy),
R

_ &T%ZM@@: — )y,

%

Since Theorem ensures that the particles satisfy

1
(1) — 2;(t)] = 5 dmn(0), Vi, ¥te[0,T],

2 min
we have for z = z;(t), t € [0,T], 1 <i < N
_ bk

KN QN (8 24() = == 2 @l (t) — wi(t))g.

Jj#i

Now, it remains to check that ¢ is a weak solution of a transport equation. We recall that
o" is a weak solution of a transport equation £ + div(Vo") with V € C([0,T],C}(R?)) if
for all test function ¢ € C([0,T] x R?) we have

T
J f (0vp(t,7) + Vo(t,x) - V(t,z)) o™ (dx,t)dt = 0.
0 Jrs
Note that this integral yields
T
J J (0d(t,7) + Vo(t,z) - V(t,z)) o™ (dx,t)dt,
0 Jz 1
= JO NZ (@r(t, (1)) + Vo(t, zi(t)) - V(L z:(1))) -
In particular if we choose V' such that V (¢, x;(t)) = Vi(t) one has

zﬁﬁip@@@wwwwwm@ww,

:%EL%WMWW’
—0.

On the other hand, we recall that from Proposition we can write forall 1 <7< N

N
Vi=kg+ 67TRZ¢(%‘ —x;)kg + Ei(t),
J#i
= kg + KN o™ (t,2:(t)) + Ei(t),
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with E(t) = O(dY

min

). Hence if we construct a divergence-free vector field EVV such that
EN(t, 2i(1)) = Ei(t),

we can define V as
V(t,z) = kg + KN (t,x) + EN(t, 7).

Construction of FY We fix x a truncation function such that x = 1 on B(0,1) and
x = 0 on “B(0,2). For all i we set

Ei(t,z) := curl (X (“Tf(t)) Ei(t) % ""C_Tx(t)) .

By construction, &; is a divergence-free compactly supported vector field satisfying
Ei(t,zi(t)) = Ei(t).

Furthermore, &; is supported in B(xz;(t),2R). Thanks to Theorem [1.1.1} this entails that
supp(&;) nsupp(&;) = & for i # j. We set then

EN(t,x) =Y &(t,x).
By construction, this velocity field is divergence-free and is regular EV € C([0,T] x R3),
EN(t,-) € CL(R?) for all 0 <t < T. Moreover is satisfies for all ¢ € [0, 7]
EN(t,x;(t)) = By(t) for all 1 <4 < N,
BN o < Cymax | Ei(t)] S diyin- (1.75)

The only statement that needs further explanation is (1.75)). For all x € B(x;(t), R;) we
have

and for all x € B(z;,2R)\B(x;, R), direct computations yields

Ei(t ) = %[QX <$_Tf(t)> I, — %vx <“”_Tf(t)> ® ( — 2:(t))

Therefore
&t 2)| < Cllxllo + IVXlleo] |Ei(t)].

We can now state the following proposition.
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Proposition 1.5.4. For arbitrary N we have that kg + KN o™ + EY € C([0,T] x R?) and
VKN + VEN € C([0,T] x R3). Moreover, the velocity field satisfies

kg + KN (t,2) + EN(t,2)| < C, Y(t,z) € [0,T] x R, (1.76)
for some positive constant C' independent of N.

Proof. As the kernel is regularized, the two first properties are satisfied by construction.
For all (¢t,z) € [0,T] x R we have

/CN N 67?7‘0/121/}]\, B(x — i(t)),

{lzi(t)—=[> “‘“ }

67roK N
=N Zi:?/) ()1 o 2z — (1))

We set Z(t,z) = {1 <i< N, |z;(t) — x| > m”‘ } Reproducmg the arguments of Lemma
for k = 1 together with assumptions (.6 and Theorem [1.1.1] yields

‘}CNN <_Z
I(t )|x_$’
AP

<M + M3,
diin(0)
< M |)‘N|3 dN ( ) Ml/?)
| O ’
<1.
Furthermore, the velocity field EV is uniformly bounded according to (1.75)). O

This allows us to state the following result.

Theorem 1.5.5. ¢V is a weak solution of

N .
{ % + div((kg + KNV + EV)oY) = 0, (1.77)

QN(07 ) = Qév )

on [0, T] x R3. Moreover, the characteristic flow associated to the velocity kg + K™ o™ + EN
is of class C! for all N =1

XN(t,t, ) T, Vte[0,T],
(1.78)

{83XN(3,t,x) = kg + KV (s, XV (s,t,2)) + EN(s, XV (s,t,x)) Vs,t€]0,T],

and the following classical formula holds true:
oN(t,-) = XV(t,0,-)#ap Yt e0,T]. (1.79)
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Proof. As V(t,x) := kg + KNoN(t,z) + EN(t,z) € C*([0,T] x R3) is defined such that
V(t,z;(t)) = Vi, V1 <i+# N this ensures that for all test function ¢ € C*([0,T] x R?):

Jo y (Gro(t,z) + Vo(t, z) - [kg + KN N (t, ) + EN (¢, z)]) oV (dz, t)dt = 0,

thus, oV is a weak solution for (1.77)).

According to Proposition the ode governing the characteristic flow satisfies the as-
sumptions of the Cauchy-Lipschitz theorem. Therefore, the ode admits a unique maximal
solution X € C*([0,T] x [0, T] x R?) thanks to formula (1.76). Equality holds true
thanks to the classical theory for transport equations. O

1.6 Control of the Wasserstein distance

At this point, we proved that the particles interact two by two with an interaction force
given by the Oseen-tensor with an additional error term.

zi(t) = Vi(t),
Vilt) = kg +6rRY®(ai(t) — (1)) + BV (¢, ai(1)). (1.80)

We want to estimate the Wasserstein distance W (o™ (t,), o(t,-)) for all time 0 < t < T.
To this end, we follow the ideas of [33] and [34] and show that the additional error term
EN can be controled. As in [34], we introduce an intermediate density o' .

1.6.1 Step 1. Estimate of the distance between p and p"
We define g)’ as the regularized density of o
20 =00 *Xan

where y v (x) = WX ()\LN) a mollifier compactly supported. Note that the support of x

is not important, we consider for instance x such that supp x = B(0,1). We emphasize
that the regularized density is uniformly bounded

Qo f |)\N|3X (x)\—Ny> 9 (dy)

N|AN|32X< ) |

1 .
s N|)\N|3HX||00 sup#{ie {1,...,N}, 2;(0) € B(z, )\N)}’

< [l M, (1.81)
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according to assumption ((1.5). Moreover, we have

J, 2 e = N|AN|3ZJ oA (x_A—fV(O)) o
_ 1 (1.82)

Now, we define gV as the unique solution to equation ([1.71]) associated to the initial data
0. The stability Theorem allows us to compare ¢ and o™:

Wie(t,), 8" (t,-)) < Wileo, 29 e,

where C = C(||X|lw; M, | 00]w). We split the distance Wi (g, 85') as follows

Wl(@o: @év) < Wl(zQOa Qév) + Wl(géva @E])V)v

and use the fact that
Wl(Q(])Vv éév) < WOO(Q(])V7 @év)a
together with [34], Proposition 1]

Wel(oy , ) < CAY, (1.83)

to get
Wl(Q(ta ')’ EN(t’ )) < (/\N + WI(QOa Qév)) et (184)

1.6.2 Step 2. Estimate of the distance between gV to o

It remains to estimate Wi(o™(¢,-), 8" (¢, -)). We have the following result.
Lemma 1.6.1. For N large enough, there exists a positive constant C' such that for all
€ [0,7]
Wi(e™(t,), 8" (¢, ) £ (A + tdpyy,) €.
Theorem is a consequence of estimate (|1.84) and Lemma The rest of this

Section is devoted to proving the above lemma.

Proof of Lemma[1.6.1. According to Theorems [1.5.2] and [1.5.5] we have the explicit formu-
las for all s, t € [0, 7]

oN(t,) = X(ts,)#o,,
QN(t7') = XN@?&')#Q?'

At t = 0 we have the existence of an optimal transport map Ty from g} to g} thanks to

Theorem [L.5.1]
Qé\] = To#ééva

70



satisfying
We(2y's 00 ) = 0o — esssup|Ty(z) — .

We construct then a transport map 7} from g" to o™ at all time ¢ € [0, T| by following T}
along the two flows X and XV

T, = XN (t,0,-) 0 Ty 0 X(0,t, ).
One can remark that for all 0 < s < ¢:
T, = XN(t,s,-)oT,0X(st-)
oV(t,) = Ti#a"(t.).
As in [34] we set then

N (t) :=sup o™ (t,-) — esssup |Ty(z) — z|,

s<t

so that
WOO(QN(ta ')7 @N(ta )) < fN(t)a
and thanks to (1.83) we have

FN0) = Wiy, 0)) < CAN. (1.85)

We reproduce the same steps as in [34] and introduce the following notation for a generic
“particle” of the continuous system with position x; at time ¢ such that

xs = X(s,t,2),
we fix in what follows 0 < ¢ < #; and recall the following formula
Ty, 0 X (1, ta,-) = XN (t1, ta, ) o T,
We aim now to estimate |1}, (zy,) — @, | for all test particle x,

7—;51 (:Eh) — Ty = XN(tlatQairtg(:Utg)) - X(tlat27$t2)a

tl . .

= ,I;52 (th) — Ty, + XN(87 Lo, T;fg (l'tg)) - X(S7 ta, l’t2)d8,
to
t1

Ty (y) — 1y + f (V6™ + EV(s, XY (5,02, Ty (),
— K@N(S,xs)))ds,

=T, (x,) — T4, + L ([ICNQN + EN|(s, Ty(zs)) — Ko™ (s, xs)))ds,

=T, (zy,) — x4, + J EN(S,TS(.Z‘S))dS,

t

+ Ltl JRS 6mrok <¢NCI>(TS(xS) —Ts(y)) — (x5 — y)) g0” (s, dy)ds,
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where we used the fact that oV = T,#0" to get

KN 0N (s, Ty(z)) = 6mror | N O(Ty(zs) — y)go® (s, dy),

Rlﬂ

= 6mrok | N O(Ty(xs) — Ti(y))ga™ (s, dy).

RS

We set then ty =t and to =ty — 7=t —7, 7> 0. We obtain for almost every z;
Ty (we) = 2| < |Tomr(0=7) = e | + T EY (1) oo
Fommonlal [ [ YOI~ 1) - 00— )| 2. s,
< Yt =7) + 7BV (1) o
0 [ e - 1) - 0t -l 2 du)as,
here we used Remark with ys = X (s,t, ). In addition we defined

IB¥ (D)o := sup BV (5, ) o-

0<s<t

This being true for almost every x; we obtain
O < = 1) + 7| BV ()]

—i—Cesssupf L@ [N O(Ty () — Ti(ys)) — ®(zs — ys)| 0~ (¢, dyy)ds. (1.86)

Hence, it remains to control the last quantity. We split the integral on R? into two terms:
the first one denoted J; is the integral over the subset I and the second one denoted J,
the integral over R3\I where

I = {?Jt : |xt - yt| = 4fN(t)€TL}7

where L will be defined later.

Step 1: Estimate of J;
For all t — 7 < s < t, we have

t
|xs - ys| 2 |xt - yt| - f |X(t/7 t? xt) - X(t,7t7 yt)|dt,7
t
= |xt - yt| - f |’C@N(t,a X(t,7 ta "L‘t)) - K@N(t/7 X(tlv t? yt))|dtlv

t
= |xt - yt| — Lip (K@N)f |X(tla tvxt) - X(t’,t, yt)|dt/-
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Using Remarks |1.5.2| and [1.5.3] formula (1.73]) and the uniform bounds ([1.81]), (1.82)), the
Lipschitz constant of gV is uniformly bounded. This allows us to define the constant L
as

Llp (IC@N) < C”@(])V”L’ﬁ(L’ﬁle) < L .
Applying Gronwall’s inequality yields for all 0 <t —7 < s <t

|xs - ys| = |xt - yt|€7L(t78)'

We can make precise now the constant L := Lip (Kg") which is uniformly bounded with
respect to N and t € [0, 7.
We have for all 0 <t —7 < s <t and 7 small enough

—L(t—s) Lt

_ 1
[z — Ys| = |zt — yile = |2, — yile >~y — yyl. (1.87)
2

Analogously, for almost all x5 and y,
Ts(s) = Ts(ys)| = |vs — ys| — [Ts(xs) — 25| = |Ts(ys) — sl
> |rs —ys| - 2fN(3) > |zs —ys| — 2fN(t)7

where we used the fact that f™(t) > f¥(s). According to the definition of I = {y,
lzs — ;| = 4fN(t)e™ '}, this yields for 7 small enough

1
|TS(CUS) - Ts(ys)| Z 4_1|It - yt|- (188)

Moreover, recall that T,(z,) and Ty(ys) are in the support of o™ (s,-) i.e. there exists i, j
such that Ty(x,) = x;(s) and Ts(ys) = =;(s). In addition, estimate (1.88)) and the definition
of I ensures that ¢ # j. We have then

¢N¢(TS($S) = T(ys)) = ®(Ts(zs) — Ts(ys))- (1.89)

Finally, using estimates ([1.87)), (1.88)), formula (1.89)) and the Lipschitz-like estimate (|1.27))
for & we obtain

= j j T ) = To(ys)) — B, — )| dsa™ (t, dys).

|l‘5— ()|+|ys_ s(y)|
Cf o i = L = L)

< CF¥()r f| 0 (1),

TfN(t NOLE
SN0 Lonrr
CTfN( )

where we used Remark [1.5.2] formula ((1.73)) and the uniform bounds (1.81]), ([1.82)).
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Step 2: Estimate of .J;
We focus now on

t
Jy 1= esssupf [N O(T(s) — To(ys)) — Pl —ys)| 0™ (¢, dy,)ds.
t—r JeIl

Tt

Again T,(z,) and T,(y,) are in the support of o"(s,:) i.e. there exists i, j such that
Ts(zs) = xi(s) and Ti(ys) = x;(s). Moreover if i = j then N ®(Ty(xs) — Ts(ys)) = 0. Hence
in all cases we have

(o0 — ) — SV B(Ta(ws) — Tuln))] < [D(oe — )] + VB(Tu(e) — Tulws))].
1 1
<¢ (m ol T anG >) ’

applying the change of variable y; = X (¢, s, ys) we get

t 1 - - t 1
j f L g dy) <10V J J s,
el Jt—1 |5L‘8 - y8| t—7 Jerl |x5 - ys|

t 1
= CJ f ——dy.ds.
t—7 JX(t,s,°1) |$8 - y8|

Denote K = X(t,s,¢I), as the flow X preserves the Lebesgue measure we have | K| = |°I|.
For all s € [t — 7,t] and a > 0 a direct computation yields

1
[we( o[ )itm
|'r8 ys KnB(zs,a) KncB(x,a) |x8 - y8|

1
< Ca® + —|K|,

we choose then a® = |K| = [*I| < C'|fN(t) ‘ 3T to get

1
JJ rdséN(t,dyt < Ct| (1) \2 2L, (1.90)
el Jt—7 |ts T s

For the remaining term we apply Theorem [I.1.1] and get for all t — 7 < s <t

J f dsg (t,dy;) < f f dso™ (t, dy,),
cl tT mm mln el Jt—1

37’L N
<C dN ( ‘f ‘

min

Conclusion
Gathering these bounds, there exists a constant K > 0 independent of N such that for 7
small enough and 0 <t < T

Y@ < NE=7) + T BV @)oo + KN () [1+ Ny O ]

diyin (0)

min
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We can now apply a discrete Gronwall argument: Note that at time ¢ = 0, assumption
(1.11]) and formula (L.85]) ensures the existence of a positive constant C; > 1 such that

N 2
C
1+ fY(0) + EN(‘)\#’

hence, we define T* < T as the maximal time for which

N 2
L+ V() + ‘;N (())‘) < % vt e [0,T*]. (1.91)

Note that T™* a priori depends on N, the purpose is to show that this is not the case. We
obtain for all ¢ € [0, 7%]

) < fRE=7) + Cr Y () + 7 Yoo

If 7 is small enough we can write

PN < Q=) =)+ e B

1-C

iterating the formula we obtain for M € N*
N < (1 —Cir)™MfN(E— MT) + 72 5 1B o,

<A =Cr) ™M - Mr) + T262017k||EN||00.

k=1
Thanks to the bound ﬁ < 297 for T small enough. We set then t — M7 = 0 to get

My <-at

M
t ¢
)MV O0) + =D EY o
M Mk:1

As €203tk < 201t for all 1 < k < M the second term vields

M
LS erehi Y < 12| B,
Mkzl

and for M sufficiently large

(1 o CH%)M < 62017&.

Finally for all t € [0, 7]
FY0) < YO 4102 BN,
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In particular we have for all ¢t € [0, T*|

2 2
@) N ,2C1t N ot |V et 4 | EN|2 T2
< fH0)eX + | BT o Te™ " + 2 :
a0y ST O IET T )
YO + 1BV
dr]r\lfln(o) .

Fr) +

< N2+ T+ 277) <fN(O) + | BNl +

Since we have fV(0) = O (A") and thanks to (L.75)

2
OB WP
B T, "

min

which vanishes according to assumption (1.7)) and (1.11]). This shows that we can take N
large enough and depending on 7', K and C; such that 7% — T and formula (1.91]) holds
true up to time 7'. Hence, for N large enough we have for all t € [0, T

fN(t) < fN(O)e201t + teQClt”EN”oo.

Using (1.85) and the fact that Wi(o",a") < Wy(oV, oY) < f%, this implies Lemma
61l O
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Appendix

1.A Technical lemmas

We state here an important lemma which is the extension of [41, Lemma 2.1] to the new
assumptions on the dilution regime introduced in [36]. We introduce " an approximation
of oV defined as

i LB, (22N /3) (1.92)
4| Bo (4, AN /3)| '

N'is L™ and using (1.5)), one can check that

16N 2= < sup# {ie{l,---, N} such that z; € By (z,\"/3)} <

N|)\N|3 A
<M. (1.93)

Moreover, ¢ is L' and we have |g"|;1 = 1 by construction.

Lemma 1.A.1. For all k € [0,2], under assumptions (1.5)), (L.7), if N is large enough,
there exists a positive constant C' > 0 such that for all fited 1 < i < N:

R AN M (1.94)
N&dh ™ |dN. |k ‘ '
VE AR min
Moreover, if k = 3 we have
iZi <CM AP + |log(MY3AN)| + 1.
N d3 |dmin|3

Proof. We fix ¢+ = 1 and the same holds true for all 1 < ¢ < N. We use the following
shortcut

={je{l,---, N} such that |z, — 2], < AV}
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The sum can be written as follows:

lewl 1w 1 1«1
dek :dek +N2d_’f’

J#1 J€Lx J¢11
j#1
1 MV 1 1
LRI
k k
N |dm1n| NjéI d j
)\N|3
|dm1n _Z dk .

For the second term in the right hand side, note that, for all y € Be(x;, \V/3), j ¢ 71 we
have
171 = Yl = |71 — 4]0 — |75 — Yloo = 2/3)‘N7
this yields
|21 = @il = |21 =yl = AV/3 = 21— yloo/2.
Hence, we have for all constant L > 2/3\N

1 J 1 1
dy,
N Z ) | Boo(w, AN /3)| |21 — y|F

e N b,

1 -
< f 0" (t,dy),
cB(x1,2/3AN) 21—yl

L
- _ 1 -
<lgler |t [ V),
2/3|AN| ¢B(x1,L) |71 — |

_ 3—k ~
el U L N

< 6N -

181 " T
_L3—k 1

< M —

SMETE T I

Since lim AV = 0, this

N—-w
Hence, we obtain

One can show that the optimal constant L > 2/3\N is L = Ml/g

choice of L is possible for N large enough such that \V <

_Z — < Mk/3
J$Zld N

2M1/3

If k = 3, we integrate the term 7! keeping the same value for L as before

1
1 1 w3 dr
Il @Nnmf o +j
N Z d3- 2/3‘)\N‘ r cB(:B1

1 N
j@N(ta dy)
iz, M1 Y

1 x
7M1/3) | 1

_ 1 _
< 2M (|log(M'PAM)| + 1),

3 1
for V large enough to ensure 3 < TN ]
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The following results are used for the control of the particle concentration M :

MY (t) = sup{#{z’ e{l,---, N} such that z;(t) € By(x, )\N)}}.

T€R3

We recall the definition of L introduced in (1.69)):
LN(t) := max# {j € {1,..., N} such that |z;(t) — z;(t)[w < AV}.

The following lemma shows that the two definitions are equivalent.

Lemma 1.A.2. We have
LN(t) < MM (t) < 8LN ().

Proof. The first inequality is trivial. To prove the second one note that we have:

sup{#{i € {1,---, N} such that z; € m}} <

z€eR3

8 sup{#{i e{l,---, N} such that z; € By(z, )\N/Q)}}.

z€R3

Indeed, for all z € R3 there exists Z;, k = 1,--- , 8 such that

(x, )\N UB (xk, >
this yields
{ie{l,---, N} such that z; € Bo(z,A\N)}

8
c U{z € {1,---, N} such that z; € Bo,(Ti, AV /2) }.
k
Taking the supremum in the right hand side and then in the left one we obtain

sup{#{z' € {l,---, N} such that z; m}} <

z€R3

8 sup{#{z’ e{l,---, N} such that z; € By(z, )\N/Q)}}. (1.95)

z€eR3
Moreover, we remark that the supremum in the right hand side over all x € R? can be
reduced to the supremum over UB (i, %5 AY). Now consider z € | JBoy (7, 2 5 AY), there exists
7 [

1 < ip < N such that |z — ;)| < 25, we have then for all j # 4y such that |z — 2] < )‘;:

|xj _xi0|00 < |xj _x|00 + |x_xi0|00 < )‘Nv
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which means that for all x € | JBy(;, %) there exists 1 < 9 < N such that
5

{1 <j <N, such that z; € Byo(z, A\V/2)} = {1 < j < N, such that |z; — 2] < AV}

Taking the maximum over all 7y in the right hand side, and then the supremum over all
x € |JBoo (w4, %) we obtain

sup{#{i €{l,---, N} such that x; € Boo(x,/\N/Q)}} <

max# {j € {1,..., N}\{i} such that |z; — ;] < AV}. (1.96)

Gathering inequality (1.95)) and ((1.96) concludes the proof. O
More generally we define for all g > 0:

Ly (t) := max# {j € {1,..., N} such that |z;(t) — 2;(t)]w < BAV},

and
ME(t) := Sup{#{i e{l,---, N} such that z;(t) € Boo(x,ﬁ)\N)}},

z€R3

with the notation
MY () = MY (@) LN (1) = LN ().

The previous results yields

Corollary 1.A.3. For all B> 0 and all o > 1 we have
Lys(t) < 8laP’ Ly (1),

where [-] denotes the ceiling function.

Proof. For sake of clarity we set § = 1 and the proof remains the same for all 5 > 0. The
idea is to show an equivalent formula for MY and use Lemma [1.A.2] Analogously to the
proof of Lemma [1.A.2] for all x € R3 there exists Z, k = 1,--- ,|\]® such that

[a]?
Boo (x,aMN) & | | Boo (24, AV).
k=1
This yields, with the definition of M}:
MY < Ta]PM™(t).

[0

Finally, we apply Lemma to get
Ly (t) < MJ'(t) < [aP MM (t) < 8a’LY(1),

which completes the proof. ]
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We finish with the following Lemma showing the relation between the sequence ()\N ) NeN
and the infinite Wasserstein distance.

Lemma 1.A.4. If there exists a constant C' such that
Wi (o™, 0) < OV,

then Assumption holds true.

Proof. We recall below Assumption ([1.5))

MN .

sup <M.

N NV
Thanks to the definition of M, we have

MY (B AY)
N|)\N|3 z |)\N|3

Hence, we aim to estimate o (B(x, AY)) for all z € R3. According to the definition of the
infinite Wasserstein distance, there exists an optimal transport map T such that oV = T#p
and

W (0", 0) := 0 — esssup |T(z) — z|.

Let z € R3, since o is the pushforward of ¢ one can write
o™ (B(a, \)) = o(TH(B(xz,\™))).
We have for almost all y € T71(B(z, \"))
o=yl < le =T +T() —yl <AV + Wal(", 0)-
This shows that T~ (B(z, \V)) © B(z, AN + Wy (0", 0)) i a.e. and yields

W (0N, 0)?
AN 3 '

MY T (B AY))
g =t b (1
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Chapter 2

A model for suspension of a cluster
of particle pairs

Abstract

In this paper, we consider N clusters of pairs of particles sedimenting in a viscous
fluid. The particles are assumed to be rigid spheres and inertia of both particles and
fluid are neglected. The distance between each two particles forming the cluster is
comparable to their radii % while the minimal distance between the pairs is of or-
der ﬁ We show that, at the mesoscopic level, the dynamics are modelled using a
transport-Stokes equation describing the time evolution of the position and orienta-
tion of the clusters. We also investigate the case where the orientation of the cluster
is initially correlated to its position. A local existence and uniqueness result for the
limit model is provided.

2.1 Introduction

We consider the problem of N rigid particles sedimenting in a viscous fluid under
gravitational force. The inertia of both fluid and particles is neglected. At the microscopic
level, the fluid velocity and the pressure satisfy a Stokes equation on a perforated domain.
In the analysis of the associated homgenization problem, it has been proved that the
interaction between particles leads to the appearance of a Brinkman force in the fluid
equation. This Brinkman force depends on the dilution of the cloud but also the geometry
of the particles (see [Il, 24 [36, [37]). In the dynamic case, the justification of a mesoscopic
model using a coupled transport-Stokes equation has been proved in [4I] where authors
show that the interaction between particles is negligible in the dilute case ¢.e. when the
minimal distance between particles is larger than ﬁ In [38, 57] the justification has
been extended to regimes that are not so dilute but where the minimal distance between
particles is still large compared to the particles radii. The coupled equations derived are:

oo+ div((kg + u)o) = 0
—Au+Vp = 6rrokgo, (2.1)
div(u) = 0.
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Here u is the fluid velocity, p its associated pressure, p is the density of the cloud. ro = RN,
where R is the particles radii, g the gravity vector. The velocity kg = =g represents the
fall speed of a sedimenting single particle under gravitational force. The derivation of this
model is a consequence of the method of reflections which consists in approaching the flow
around several particles as the superposition of the flows associated to one particle at time,
see [67], [44], Chapter 8], [54], [30, Section 4], [45], [39] for more details. This approximation
is possible in the case where the minimal distance between particles is larger than the par-
ticles radii. Consequently, the velocity of each particle corresponds to the fall speed of one
sedimenting particle kg to which we add the velocity contribution of all the other particles
which is smaller but of order one.

In this paper, we are interested in the case where the cloud is made up of clusters.
The main motivation is to show the influence of the clusters configuration on the mean
velocity fall. A first investigation in this direction is to consider clusters of pairs of particles
where the minimal distance between the particles forming the pair is comparable to their
radii. The cluster configuration is determined by the center x and the orientation & of the
pair. Starting from a microscopic model, the first result of this paper is the derivation of
a mesoscopic fluid-kinetic model describing the fluid velocity and pressure (u,p) and the
function f(¢,x, &) representing the density of clusters centered in x and having orientation
& at time t. The mean velocity fall of clusters is formulated through the Stokes resistance
matrices. The second result of this paper corresponds to the case where the orientation of
the cluster is correlated to its center i.e. £ = F(t,x). We obtain a system of coupled equa-
tions on ¢ the first marginal of f, the fluid velocity and pressure (u, p) and the function F
describing the evolution of the cluster orientation. A local existence and uniqueness result
for the former system is also presented.

The starting point is a microscopic model representing suspension of N € N* identical
particle pairs in a uniform gravitational field. The pairs are defined as
B':= B(z},R)u B(z5,R), 1 <i <N,

where x¢, 2% are the centers of the i*® pair and R the radius. We define (u,p") as the
unique solution to the following Stokes problem :

—AuN +VpN = 0, N
{ dvuN — o OO0 R JB', (2.2)
’ i=1

completed with the no-slip boundary conditions :

uN = Ujon 0B(x%, R),
uY = Ujon dB(zy, R), (2.3)
lim [u(z)] = 0,

|z| >0

where (U, U3) € R® x R¥, 1 < i < N are the linear velocities. In this model, the angular
velocity is neglected and we complete the PDE with the motion equation for each couple
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of particles :
{ _ U (2.4)

Newton law yields the following equations where inertia is neglected :

Fj mg
F} mg

where m is the mass of the identical particle adjusted for buoyancy, g the gravitational
acceleration, I}, % are the drag forces applied by the fluid on the i*! particle :

Ff=J @M, F= f oy,
5B(zzl,R) 6B(m2, )

with n the unit outer normal and o (u™, p") = (Vu" + (Vu™)") — pMI the stress tensor.
In order to formulate our results we mtroduce the main assumptions on the cloud.

2.1.1 Assumptions and main results

We assume that the radius is given by R = 3. In this paper we use the following
notations, given a pair of particles B(z1, R) and B(zs, R):

1 T_
Ty o= 5(3:1 +xy), xo=3(x—x), &= 7

Let T' > 0 be fixed. We introduce the empirical density pu € P([0,T] x R3 x R3):

1N
p(t ) —N; 060 (©:6);

and set oY its first marginal:

1
z) = NZ%‘% o (@). (2.6)
We denote by dp,;, the minimal distance between the centers x@

dinin (1) := min {dy; (1) := |2, (1) — 2L (B)], i # j}.
We assume that there exists two constants M; > M, > 1 independent of N such that:
My <|&| <M, ,i=1,--- N Yte|0,T]. (2.7)
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We assume that V' converges weakly to a measure p in the sense that for all test function
e Cy([0,T] x R® x R3?) we have:

JTJ Ut 2, O (¢ de, )t — ff Otz Ot o, E)du de dt. (2.8
0 JR3 JR3 R3 JR3

We assume that the first marginal of u denoted by o is a probability measure such that
0€ Wh® A Wl We use the shortcut We(t) := Wy (0™ (¢, ), o(t,-)) to define the infinite-
Wasserstein distance between ¢ and g, see [20] for a definition.

We assume that there exists a positive constant & > 0 such that for all N € N* and
€ [0,T]:

sup = < &. (2.9)

Finally, we assume that there exists a positive constant & > 0 such that for all N € N*

and t € [0,T]:
3

sup ——= Wee < &. (2.10)
NeN*d

Remark 2.1.1. Note that, formula (2.8)) ensures that:

sup Wy (t) — 0. (2.11)

te[0,T] N—aw
Since p € L™, this yields a lower bound for the infinite Wasserstein distance:

N
L @B )
NWE ~ S |Bla, Wa)P?

< [olo- (2.12)

The definition of the infinite Wasserstein distance ensures that

Woo = dmin/2 ) (213)
which yields according to (|2.11])
sup dmin(t) — 0. (2.14)
t€[0,7] N—ao

Assumption (2.10) is only needed for the second Theorem .

Our main results read:

Theorem 2.1.1. Assume that (2.7)), (2.8) and (2.9) are satisfied. If ro| 001> is small

enough, p satisfies the following transport equation :

O + dive[(A(E)) kg + w)u] + dive[Vu - Ep] = 0, on [0,T] x R? x R3,
—Au+Vp = 6mrokog, onR3,
div(u) = 0, on R3.
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Remark 2.1.2. Analogously to the model (2.1)), local existence a uniqueness result can be
shown for the former model following the result of [38].

The second result concerns the case where the vectors along the line of centers &; are
correlated to the positions of centers ', .

Theorem 2.1.2. We consider the additional assumption (2.10]). Assume that there exists
a function Fy € WY such that &(0) = Fy(2'.(0)) for all 1 < i < N. There exists T > 0
independent of N and unique FN € L®(0,T; WbY®) such that for all t € [0,T] we have:

p = oV ®0pn and FN(0,) = F,.

Moreover, the sequence (F™)y admits a limit denoted F € L*(0,T; Wh®). The limiting
measure [ s of the form p = o ® 0p and the triplet (o, F,u) satisfies the following system

( O F +VF-(A(F)'kg+u) = Vu-F, on[0,T] xR3
oo+ div((A(F) 'kg + w)o) = 0, on [0,T] x R3,
—~Au+Vp = 6rrgrgo, on R3,
) divu = 0, on R3, (2.15)
9(07 ) = 0o on R37
\ F(0,:) = F, on R3.

Remark 2.1.3. The matriz A is defined as A := A1+ Ay where Ay and Ay are the resistance
matrices associated to the sedimentation of a couple of identical spheres, see Section|2.2.1
for the definition. The term (A)~'kg represents the mean velocity of a couple of identical
particles sedimenting under gravitational field. We assume herein that A= ¢ W?®,

We finish with a local existence and uniqueness result for the limit model.

Theorem 2.1.3. Let p > 3, Fy € W?P and oy € WP compactly supported. There ex-
ists T > 0 and unique triplet (o, F,u) € L®(0,T; WhP) x L*(0,T; W?P) x L*(0,T; W3»)
satisfying (2.15)).

As in [57], the idea of proof of Theorem [2.1.1}and [2.1.2]is to provide a derivation of the
kinetic equation satisfied weakly by p”V. This is done by computing the first order terms
of the velocities of each pair:

B~ (A&) Ry + S Y O( — o )wg,
j#i

S D » (2.16)
& VL VO —al)kg | - &

Jj#i

The interaction force ¢ is the Oseen tensor, see formula . This development is a
corollary of the method of reflections which consists in approaching the solution uv of
2N separated particles by the superposition of fields produced by the isolated 2N particle
solutions. We refer to [67], [54], [44, Chapter 8] and [30}, Section 4], [45] for an introduction
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to the topic. We also refer to [39] where a converging method of reflections is developed
and is used in [3§]. In this paper we reproduce the same method of reflections developed
in [57, Section 3]. However this method is no longer valid in the case where the minimal
distance is comparable to the particle radii. The idea is then to approach the velocity
field «"v by the superposition of fields produced by the isolated N couple of particles
B’ = B(x%, R) u B(x}, R). This requires an analysis of the solution of the Stokes equation
past a pair of particles. In particular, we need to show that these special solutions have
the same decay rate as the Stokeslets, see [57, Section 2.1].

The convergence of the method of reflections is ensured under the condition that the
minimal distance d,,;, between the centers a:ﬁr satisfies

we W2
o By

min

<+,

and that the distance |z} — x| for each pair satisfies formula (2.7)).

In this paper, we focus only on the derivation of the mesoscopic model. Precisely, we do not
tackle the propagation in time of the dilution regime and the mean field approximation.
We provide in Propositions [2.B.3| and [2.B.1] some estimates showing that the control on
the minimal distance d,;, depends on the control on the infinite Wasserstein distance W.
However, the gradient of the Oseen tensor appearing in equation leads to a log term
in the estimates involving the control of Wy, see Proposition [2.B.2] This prevents us from
performing a Gronwall argument in order to prove the mean field approximation in the
spirit of [33], 34].

2.1.2 OQOutline of the paper

The remaining sections of this paper are organized as follows. In section 2 we present an
analysis of the particular solution of two translating spheres in a Stokes flow. In section 3
we present and prove the convergence of the method of reflections. In section 4 we compute
the particle velocities (&', &;)1<i<n. Sections 5 and 6 are devoted to the proofs of Theorem
[2.1.1} [2.1.2] and [2.1.3] Finally, we gather all the preliminary estimates in the appendix.

2.1.3 Notations

In this paper, n always refers to the unit outer normal to a surface.
We recall that the Green’s function for the Stokes problem also called the Oseen tensor is

defined as:
1 I T®x
S(zx)=— | —+ —+ 2.17
0= (%) 247
its associated pressure P reads:
1 =z
Plr)= ——.
(%) 47 |x|?
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See [27, Formula (IV.2.1)] or [44, Section 2.4.1].
Given a couple of velocities (U, Us) € R? x R? we use the following notations

Ui+ Uy
D)

U= UI_U2.

U, :
+ 2

Finally, in the whole paper we use the symbol < to express an inequality with a multiplica-
tive constant independent of N and depending only on rg, | 0ol/z1~z=, €1, 2 and eventually
on k|g| which is uniformly bounded, see [57].

2.2 Two translating spheres in a Stokes flow

In this section, we focus on the analysis of the Stokes problem in R? past a pair of
particles. Given z1, 25 € R® and Ry, Ry > 0, such that |z; — 25| > R; + Ry, we consider
two spheres B, := B(z,, Ry) o = 1,2 and focus on the following Stokes problem:

—Au + Vp 0, LN =
{ dive = 0, " RA\B; U By, (2.18)

completed with the no-slip boundary conditions:

u U,, on 0B,, a =1,2,
lim |u(z)] = 0, (2.19)

|z|—0

where U, € R? for a = 1,2. Classical results on the Steady Stokes equations for exterior
domains (see [27, Chapter V] for more details) ensures the existence and uniqueness of

equations (2.18)) — (2.19)). In this section, we aim to describe the velocity field u in terms
of the force applied by the fluid on the particles defined as:

F, = J o(u,p)n , a=1,2.
2B,

We refer to the paper [42] for the following statements. Neglecting angular velocities and
torque we emphasize that there exists a linear mapping called resistance matrix satisfying:

F Ay Agg Uy
= —-37(R1 + R , 2.20
(7) = -t ema (30 32) () 220

where A,p, 1 < o, < 2, are 3 x 3 matrices depending only on the non-dimensionalized

centre-to-centre separation:
1 — T2

S TR+ Ry

and the ratio of the spheres’ radii:
Ry

A= %
Ry’
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each of these matrices is of the form:

sS® s
Aug = g5 N+ haa(s], )75 (2.21)

where T is the 3 x 3 identity matrix and ¢, s, ha s are scalar functions. We refer to the
paper of Jeffrey and Onishi [42] where the authors provide a development formulas for g, s
and h, s given by a convergent power series of |s|!. Note that the matrices satisfy

AQZ(Sy )\) = A11(87 Ail)a
Alg(S, )\) = A21 (8, A s (222)
Alg(S, )\) = Alg(s, )\_1).

Inversly, there exists also a linear mapping called mobility matrix such that

Ui 1 aix a2 Fy
= . 2.23
(Uz) 3m(R1 + R2) (azl az ) \F2 (2.23)
The matrices a3 depend on the same parameters as matrices A, g and satisfy a formula

analogous to (2.21). They are also symmetric in the sense of formula ([2.22)).
The resistance and mobility matrices satisfy the following formula:

A Ag ai; a2 o
= 2.24
(A21 Az ) \ag1 az 0 1)’ (224)
Again, we refer to [42] for more details.

2.2.1 Restriction to the case of two identical spheres

We simplify the study by assuming that Ry = Ry = R i.e. A = 1. This means that the
resistance matrix depends only on the parameter s which becomes:

1 — T

R

= 2¢,

S =

and we have:

AQQ(S, ].) = AH(S, 1)

Hence we reformulate the resistance matrix as follows:

() =-omn (3 56) (). 229

and the mobility matrix:

(1) = -omn (29 =9) (7).

90



Formula (22.24)) yields the following relations

{ A1a1 + AQCLQ = ]I, (227)

A1a2 + A2a1 = (.

We are interested in providing a formula for the velocity v and showing some decay prop-
erties. In this paper we use the notation (U[Uy, Us], P([Uy, Us]) for the unique solution

to
—AU[Uy, Us] + VP[U,Uy] = 0,
diVU[Ul,UQ] = O,

completed with the no-slip boundary conditions:

on R3\Bl (&) BQ,

UlU,Uy] = U,, on 0By, a=1,2,
T |—0

We have the following preliminary result:

Proposition 2.2.1. For all x ¢ By U By the following formula holds true:

u(z) = —f (¢ — ) [o(u,p)n)[(€)dE — | (§ — ) [o(u,p))n)](§)dE.  (2.28)
0B, 0B
Proof. Without loss of generality we assume that the pair of particles is centered in the
origin i.e. z, = 0. In what follows we use the following shortcut

(u,p) = (U[Uy, Us], P[Uy, Us]).

In order to prove the main property we need some preliminary decay rates. We keep the
notation u for the extension of the velocity field on R3 by U, on B,, a = 1,2. Since
Vu € L?(R3), the classical steady Stokes regularity results (see [27, Theorem IV.4.1])
combined with some Sobolev embeddings ensures that (u,p) € C*(B(0,3d/2)\B(0,d)) x
CY(B(0,3d/2)\B(0,d)), where d is large enough to have B; U By < B(0,2|x_|) < B(0,d).
Hence, the idea is to consider v = yqu, m = ygp where x4 a regular truncation function
such that x4 = 0 on B(0,d) and x4 = 1 on B(0,3d/2). The couple (v, ) satisfies a Stokes
equation with a source term f and a compressible condition ¢ depending on the data and
supported in B(0, 3d/2)\B(0, d). Hence, the convolution formula with the Oseen tensor(see
[27, Formula (IV.2.1)]) holds true and we emphasize that for |z| large enough we have:

1
[o(@)] = |u(@)] < Tl m(@)] = p(@)] € G- (2.29)
The proof of formula (2.28) relies on the Lorentz reciprocal theorem, see [44], Section 2.3],
which stands that for a given domain 2 = R? and two divergence free vector fields v, v on
), there holds

J v-(0'n) —i—f v-diva'%—f V' (on) —i—f v -dive =0, (2.30)
o9 Q o9

Q
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where o, o’ the respective stress tensor of v and v'. On the other hand, we recall the
definition of the Oseen tensor ® and its associated pressure P:

_i l _x@x =1 z_
o0 =5 (Gt ) PO

We denote by ¥ its (triadic) associated stress tensor :

Lyl jTg
2

Yijk = (Pijp + Prji) — 6iP; = —6
where ®;;, = 0, ®;;. Since ® is the Green’s function, its stress tensor satisfies

(le E)U = Z aa:kZZJk = (50(1’)5,']‘,
k

in the sense that for all regular divergence-free vector field v

o [w(0) ifoeq,
L divyoe = { 0 if0¢Q. (2.31)

We apply the reciprocal theorem, formula (2.30)), for v = u and v = ®(x — ), we obtain
for all domain €2 and all x € 2:

) = = |06 =) [t p)ml(do©) = | (e = a)n(e) u)dn(e)
We may then apply this formula by choosing 2 = B(0, R)\B; U B, with R large enough
to satisfy By u By < B(0, R). We obtain then for all z € Q:

wa) == [ ae—a) oIl ©dr©) - | nE - an(@) u(date)

0B1w0B2

0B(0,R)

_ L son (& — ) [o(u, p))n)|(§)do () — f $(€ — 2)n(€) w()do(€)

The two last terms on the right hand side vanish when R — oo. This is due to the fact
that @ (resp. ) scales like O(5) (resp. O(gz)) and, according to the decay rate (2.29),
u, Ro(u,p) — 0 for large R .

For the term involving the stress tensor ¥ and the velocity field v on 0By U 0By we recall
that uw(z) = U, on 0B, a = 1,2. And as x ¢ B; u By we have then:

| =e-ame o
9Ba
Finally for all z ¢ B; u By the following formula holds true:

u(e) = — f (e o) ot — | ate o ot p)ml(E)ds

0B>
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Corollary 2.2.2. The following development holds true up to order 2:
U[Ul, UQ](I) = —(1)(1' — l’l)Fl — (D(I‘Q — ZL‘)FQ (232)

There exists a function [ independent of the data such that the unique solution
(U[Uy, Us], P|Uy, Us)) satisfies the following decay property for all x ¢ B(xy,2|x_|):

U0, Uz ()] max(|Uh], |Us)

+ |[VU[Uy, Us](x)| + |P[Uy, Us](2)| < 67 R|f(|€])] 5 (2.33)
|7y — |2y — ]
Precisely, we have for all x ¢ B(xy,2|x_]):
U] U]+ |U-]
< _ 2.34
U[ULUQ](x) ~ 67TR|f(|§|)| <|$+ —.I'| + |er _$|2 |3j | ) ( 3 )

where £ = _\th\ and Uy = —UlgUQ, U_ = —UlgUQ.

Proof. As in [44, Section 2.5], we take the Taylor series of ®(z — ) in £ to obtain an
approximation of the velocity field u that holds true up to the order 3. We recall that if
we neglect the torque we have:

L [t~ F (2.35)
LB (o (u, ))WI(E) % (€ — za)dE = 0. (2.36)

Replacing ®(z — &) by its development:
O —x)=P(ryg—x) + VO(2y —2) (£ —24) + ...
in formula (2.28)), we thus obtain the following formula which is exact up to second order:

u(z) ~ — Z O(z — x4)F,,

recall that the forces are given by the following formulas:
Fi = 6rR(AU; + AsUs),
F, = 6mR(AU; + AUs).
We have then the existence of a scalar function f independent of the data such that:
|Fa| < 6xR[f([€])] max(|[U4], |Us]).
This yields the following decay rate for all x ¢ B(z1, R) U B(xs, R):

1 N 1
|z — 21| |x — a9

u(e)| < 67TR( ) ()] max(|Ua], [T, (2.37)

The remaining estimates are obtained using direct computations and the following formu-
las:

Fi=F,+F, F,=F,—F_. (2.38)
O
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2.3 The method of reflections

In this section, we aim to show that the method of reflections holds true in the special
case where the minimal distance and the radius R are of the same order. The idea is to
approach the velocity field uV by the particular solutions developed in the section above.
We recall that u"V is the unique solution to the following Stokes problem :

—AuN N N
{ Au —i-.VpN 8’ on R3\UBl,

divu® = 0,

completed with the no-slip boundary conditions :

uY = U, on 0B(xi, R),
uY = U, on 0B(x}, R),
lim [u¥(x)] = 0,
|| —o0

where (U, Ul) e R?* x R®, 1 <i < N are such that:

Fj mg

Thanks to the superposition principle, the sum of the NV solutions Zfil U[U?, U] satisfy a

N
Stokes equation on R3\| J B?, but do not match the boundary conditions. Hence, we define
i=1
the error term:
N

UlulD] = u— > U[U}, U3],
1=1

N
which satisfies a Stokes equation on ]R3\U B? completed with the following boundary con-
=1

ditions for all 1 <i < N, a = 1,2 and z € B(z', R) :
ul () = = Y UU, Ug] ().
J#i

We set then for a = 1,2 and 1 <7 < N:
UM = uld (@),
and reproduce the same approximation to obtain:
N
w= Y (Ulvs,ug) + ooy, vy,
=1
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which satisfies a Stokes equation with the following boundary conditions for all 1 <7 < N,
a=1,2 and z € B(z!,, R):

u@ (@) = u® (@) — u(al) - Y UloyW, vy V) ().
J#i

By iterating the process, one can show that for all £k = 1 we have:

k N
w= 3 U U0y + U],

p=01i=1
where for alla =1,2, 1 <+ < N and p > O:

W (2) = (@) —u (@) = Y U[oP?, Uy (@),

j#i
N ) .
ul = 3 Uilpeim + Uslpuir)
1=1
Us® = ()
GO o (2.39)

The convergence is analogous to the convergence proof in [57, Section 3.1]. We begin by
the following estimates that are needed in the computations.

Lemma 2.3.1. Under assumptions (2.7), (2.9) we have for all1 <i# j< N,1<a,f <
2:

|zt — :cé| > §|96fF — . (2.40)

The first step is to show that the sequence max(max(|UI® |, |UX®)|)) converges when
(2

p goes to infinity.

Lemma 2.3.2. Under assumptions (2.7)), (2.8), (2.9) and the assumption that ro|ool|p1 1=
is small enough, there ezists a positive constant K < 1/2 satisfying for all1 <1< N, p >0

max(max(|U7?* V11U V))) < Kmax(max(U77], [0;7))),

for N large enough.

Proof. According to formulas (2.33)) and Lemma [2.3.1] we have for all @« = 1,2 and 1 <
1< N:

UL < DU P, g ()

o
J#i

6770 | F(& D] J0)1 (775.0)
<o (2 DI e 2, 1057

W3
< Crollollprar» <d—°o + 1) ;
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where we used Lemma and the fact that for all 1 < j < N and N € N*

[F(&DI < sup [ f(Is])],

2<‘S‘<M1

according to assumption (2.7). Hence, the first term in the right-hand side vanishes ac-

cording to (2.9)) and (2.14]).

Finally, if we assume that 7|0 1~r» is small enough, we obtain the existence of a positive
constant K < 1/2 such that:

max(max(|Uy 7], [U77))) < Kmax(max([U7™), [057))).

We have the following result.

Proposition 2.3.3. Under the same assumptions as Lemma we have for N large
enough:

. (kD)7 < i
B [VUu™ Ve < R max [Ug .
a=1,2

Proof. The proof is analogous to the convergence proof of [57, Proposition 3.4]. This is due
to the fact that the particular solutions have the same decay rate as the Oseen-tensor. [

2.3.1 Two particular cases
First case

Given W e R? we consider in this part w the unique solution to the Stokes equation
(2.2) completed with the following boundary conditions :

1
1

w=1{ —W on B(x} R), (2.41)
1

We denote by Wé’(p), a=1,2,1<i< N, pe N the velocities obtained from the method
of reflections applied to the velocity field w. In other words :

k
w = ZZU[WI%(ZJ)’ W;»(p)] + U[wikﬂ)].
p=0 1

We aim to show that, in this special case, the sequence of velocities W and the error
term U [w,(kk)] are much smaller than before. This is due to the initial vanishing boundary
conditions for ¢ # 1. Indeed we have :
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Proposition 2.3.4. There exists two positive constants C, L > 0 such that for N large

enough:
i,(p+1) R|x£| .
max [WEPHD| < C(2CTL|| 00| 2 mpt )P W], i#1,p=0,
a=1,2 |zl — :(:1+|2
max| Wy | < 0%)%momemhu>uw — W], p>1,
max| WO | + max|WhW| = 0,7 1.

Proof. We show that the statement holds true for p = 0 then we prove it for all p > 1 by
induction. According to formula (2.39) we have for p = 0:

Wl = Wiy — Wiga,
and for i # 1, a = 1,2, UX” = 0. This yields for i # 1, a = 1,2:

wa® = w0 Wy O)(ay),
= ®(a} —a)) ] + (o} —l)F,

where:
F! = —67R(A;(s") — Ao (s"))W, F)} = —6mR(Aa(sh) — Ay (sH))W.
Hence, F} = —F} we have then using Lemma [2.3.1}
(Wl < [@(a) —a3) — B2y — )] |FY|,

Bl 4y (s = aa(sh) W

<6mR dﬂ

thus, we denote by C' > 0 the global positive constant appearing in the estimate above.
This shows that the first statement holds true for p = 0. For the second estimate we have
|W01/(1)| = 0 and for p = 1 we have:

Wr@| = Do wi @l
J#1
Z—meUWW%
J#l
CR?|x! |
<C - W’
;( z) Jw
' |R

97



where we used Lemma for k = 2 and assumption (2.9)). In what follows we define the
constant L > 0 as the constant satisfying:

1 1 1 1 1
o (A5 0) 45 () < e
ji N #1,

J

Now for all p > 1, ¢ # 1 we have:

|W§{’(p+1)| — ZU[Wf’(p)7W§’(p)](x’La)

J#i
< OX P (W, ),

j#i

, Rlz

C(Z L0207 L| 0o o )P %

j#i,l 7’3 1j
R R|z! _ 3
2B oo oLl ) W)

using the fact that dijldk, S (t + ﬁ) we obtain

. R|zt B 1 R R R
Wi < (Pl oon e (d—r S(mri)t 2 d—)
J

il Uil j#i 1L
R Rzt
| |02p 2(T‘UCLHQOHL”’mL1)p 1)|VV|
dzl dmln
R 1 L PN
< o= (o Lol my (OQC'}—L)
il Li
R p—2 p—1
+ d_-CQ (roCL| ool L ~rr) )|W|,
R|zt 1, Rds - -
< T (Ontlml e y2 + F2 oLl ) 7],
il min

Since gjilrf &« roL||go||z» 1, the second term can be bounded by (CroLl o] zn~r1)P 2772

which yields the expected result because 2P~ 4 2P=2 < 2P,
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We prove now the second estimate. Let p > 1 :

Wa D] = U W),
#1
OZ—maX ](p| |W](p ),
J¢1
Rzt
Z —C(2CToL| ool L mrt )P c|i2 | W1,
j#1 dj v

< C(2CroL|go]p» )P 'C | - (Zdz ) W,

j#1

< CQp*l(CTOLHQOHLIle)p L |[W].

dmin
O]

According to these estimates, if we assume that 7¢]0o/|z=~z1 is small enough to have
2L 00|l ~11Cro < 1 then the following result holds true :

Corollary 2.3.5. Under the assumption that o) 00| L=~ is small enough we have :

- ,(p) R|l‘1| .
maX|W p| S 1—Z2|W|,Z7’51,
pfoa 1,2 |.Z'+ - 513'+|
R 1
Smwio] s B,
147 1,2 dmin

for N large enough.

This result shows that we can obtain a better estimate for the error term of the method
of reflections in this particular case:

Proposition 2.3.6. We set n := 2C||go|r»~r1 Lo < 1 the constant introduced in Proposi-
tion[2.5.4. For all i # 1 we have

A
=

IV o s,
Hw(k+1 || L®(B;) < Rva,(kk)HLT(B d% |:1;1 |77k 1|W|

And for i =1 we have :

R w3
Fullrmy = let] (= + g Wil ) W1,
(k+1) < (k) R =13y
Doy S RIVOD o + o W,
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Proof. Estimate for |[Vw”|.
Let x € B(z!,, R), with a = 1,2 and i # 1, formula (2.39)) yields:

V()] < [Vald (@) + X VU g V) @)),

J#i

k
< YN Vo wi®) ),

p=0j#i

k k
< 20 2 VU WP @) + 3 VU, wy ()]

p=07#1,1 p=1

+ VU0 Wy ().

We estimate the first term applying Corollary [2.3.5}

k . . R
> 3 Ul < 03 3] (e o e

p=0j#i,1 » 0];&1 1 |2y — 2l 2

<203 3] () mag i

p=0j5+#1,1

R R|z! |
<Y (25 )W

j#i,1

R|x1| D ( d@) wl,

1z j#il

We reproduce the same for the second term applying Corollary [2.3.5¢

k
Z|VU L) e 202 (|x )max(|W1 @) Wy,
+

R

Tk = 2L )2 din

et .

For the last term we recall that:
VUWHD Wy D) () = VO(2! — 2)F + Vo (2l — ) F),
as (Wll’(o), W21,(0)) = (W, —W) we have:

{Fll = —67TR(A1(€1
F21 = —67TR(A2(£1)W—A1(£1)
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Thus F) = —F} and we obtain since z € B(x', R), i # 1:

)

VUIWE® w0 )‘ — [(VO(x! — 2) — VB(z} — 2)) F}
R|z!|

~ s - 4 W .
o]
Gathering all the inequalities we have for ¢ # 1:
R|$1 |
IVl |15, < o —a |3-|W|
+

Analogously for ¢ = 1 we obtain:

[Vl (@)] < Vol (@) + 3 VU, wi )],

Jj#1

k
< YN VUi wi ()],

p*Oj;él

Q(JZZ < >max (W@ | W)y,

p=0j#1

NZ(RR|x1|)|W|

j#1 1J

R|x1|
S a <d3 + |log W, |) |W.

min

Estimate for ||w>(kk)||oo. Let z € B(a',R), a = 1,2, i # 1. We have according to formula
@239) :

w0 ()] = [w® () ) = DU Wi (@),
g#i
<mwmww+2ﬁmwwmw“mm,
J#i
< R|Vw® Hoo—i-CZ—maX(|W](k)| w®)y,
J#i di

R R R R
< BRIV | + ( LT g kld.>|x1||W|.
]7511 3 min

where n = 2CroL < 1 is the constant appearing in Proposition [2.3.4] Reproducing the
same computations as before yields:

R .
(Wi lr(sy < BRIV o + |22 I W,
1z
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In the case ¢ = 1 we have:

D (@) = [wP(z) — w® () = ST wi®) @),
j#
< R|Vw®| + OZ—maxﬂWﬂ ), W),
7#1 1
< (k) R k 1 1
R|Vuw! HwZ = T,
]9&1 1j

< RIVel?w + d—_|335|77’“’1|W|-

min

Thanks to these estimates we have the following convergence rate:

Proposition 2.3.7.
lim [VOTw{ V]2 < Rl [|W].

Proof. Reproducing exactly the same proof as in [57, Proposition 3.4], the main difference
appears in the last estimate where we apply Proposition [2.3.6}

1 2
VUL < RF (190 lriay + gl o)

R* 1
3 e L ok—1)
<[ (i )

1#1

R (W3 S
b (g og Wl )+ et P

A2 \ 3, ” 42
R R? _ w3
< <d3_. ot ”) (CF,—?O + |10gWoo|) 2|2
R (W3 >R
et P (5 g Wil )+ DLt P,

Taking the limit when k goes to infinity we get:

R (W3 R (W3 2
VUTWl O < Rl PV {d3 (32 + gl ) + 2 (5 + log i } .
The term inside brackets is bounded as follows:

R: (W3 R (W3 2
B (d3 + |log W, |) o (d3 + |log W, |)

min min min min

R W3 R (R W} ’
St R|log W | + o (dmln BT R|10gWOO|) :
we recall that 7°- < +o0 and - - < %’HQOHLI‘QB% according to (2.12)). O
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Second case

Given W e R? we consider in this part w the unique solution to the Stokes equation
(2.2) completed with the following boundary conditions :

1
1

w=< W on B(zi, R), (2.42)
1

Denote by Uoi;(p), a=1,2,1<17< N, pe N the velocities obtained from the method of
reflections applied to the velocity field w. In other words :

w =Y YUy wy®]+ O(R).

p=0 ¢

We aim to show that, in this special case, the sequence of velocities Wé’(p ) are also smaller
than the general case. This is due to the initial boundary conditions which vanish for ¢ # 1.
Indeed we have :

Proposition 2.3.8. There exists two positive constants C, L > 0 such that :

: R
max [WECTD| < C(2CrL|oo|prnr)? 74— [W|,i# 1, p=0,
a=12 |zt — 2|

max|WEPD| < 02 HroCL|go|prnr)PR|IW|, p = 1,

max|WI| = 0,
for N large enough.
Proof. The proof is analogous to the one of Proposition [2.3.4] O

According to these estimates, if we assume that 7¢]0o||z=~z1 is small enough to have
2LCrollo| L=~z < 1 then the following result holds true:

Corollary 2.3.9. Under the assumption that rol|go|r=~r1 is small enough we have for N
large enough:

o) ' R
max |Wo7y(p+1)| Il |W| y
=12 |x+ - xz+|

A

i1,
k=0

o0
> max|WyPt| < R|W.
k=0 *
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2.4 Extraction of the first order terms for the veloci-
ties

In this section, we apply the method of reflections to the velocity field vV as presented
above and we set :

e o]
ZU;’<I’)=U§°O,1<O¢<271<i<Na

we also use the following notations for the forces associated to the solutions U[U}™, Uy®]:

Fi7 = —6rR(A(&)UT + AU, ),
Fi® = —6mR(Ao (&)U + Ay (6)UE®). (2.43)

2.4.1 Preliminary estimates

Proposition 2.4.1. If assumptions (2.7), (2.8) (2.9) hold true and ro|oollr<nrr s small
enough we have for N large enough and for all1 <i< N

Ui +Uj om
= (A1(&) + A2&)  —5
= )+ ) e
5,00 775,070 ,.1 5,00 775,070 ,.1 i
+ Z (077, U3 ®) (1) + ULUT", U3 ™ (23)) +O(R)1EIZE?](V|U |-
];ﬁl a=1,2
U™ +Uy™ Z
— =&+ As(&)) ™ - Rg + O(R) max |U .
a=1,2
Proof. We prove the formula for i = 1 and the same holds true for all 1 < i < N. We set

w the unique solution to the Stokes equation ([2.2)) completed with the followmg boundary
conditions :

W on B(xl, R),
w=<{ W on Bz} R), (2.44)
0 on B(z},R)u B(z4,R), i # 1,

with W an arbitrary vector of R3. We use the method of reflections to obtain :
2mg - W = 2JD(uN) : Vw

—(F"* + F)°)-W + hm2JD [u1]) @ V.

k—a0

For the last term we apply again the method of reflections to the velocity field w, see

Section 2.3.11 We set: .
wy = Y YU, Wy,

p=0i=1
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with
|Vw — le”L?(Ri%\uE < R|W|.
We obtain :

JD [u1]) : Vo = ZJVU [ D] D (wy) + 2JD (Uu1]) : V(w — wy).

Thanks to the method of reflections, the second term on the right hand side can be bounded
by R2|W|1m'a>]<:v|Ug| (see Proposition [2.3.3]). For the first term we write :
IS

a=1,2
lim 2 f D (U[u™]) : Vw, =

k—o0
o0}

IR T W) U]

p=0 5 1 0B(x1,R)u0B (x4, R

We have
R .,
oW, WD oo myomos iy < g max(WEP], W), i 5

max(|Wf’(p>l, Wy @)
) o~ R .

o el | PP

for the sake of clarity we set
0]
Fz,j = ZHJ(U[W{’(”), Wg’(p)])”L‘f (0B(z%,R)uéB(zh,R))"
We have then

lim
k—oo

JVU[US}“H)] : D (wy)

< 47 R? <ZZF”> kh_)T{)lOHUgekJrl)Hoo-
i g

Recall that ||u(k+1)HOO = O(R) max |Ui| when k goes to infinity. Thus, we focus only on the

1<is<N

a=1,2
remaining terms by splitting the sum as follow :

PIRITEDY ( DT +T+ FiJ) + D Ty + T
v g

i#l \j#l, j#1

For the first term, we have thanks to Corollary and the estimates for I'; ;:

1R
Z(Z Fi,jJFFi,iJrFi’l) Z<Z Rdzl+di )|W|

i#1 \j#l,i i#l j#li
1

<>y —|W|.
di



For the second term we have:
R R

Z I'; < Z — W[ < [W].

° ° dl ; dlj

j#1 j#1 L
The third term gives finally:

1
' < ER|W| < |W.

Gathering all the inequalities we obtain:

lim
k—o0

JU[ugf”l)] : Vwy

1 . ,
<R (Z —) |W| max |U| < R*|W| max |U.|.
e~ . I<i<N I<ieN
il a=12 a=1,2

Finally, we have:

2mg - W = —(F\"" + Fy”) - W + O(R%)|W| max Uy ].
a=1,2

This being true for all W € R3 it yields:
2mg = —(F"° + Fy™) + O(R?) max |U!|.

1<i<N
a=1,2

Using the definitions of F*® and F,'®, see (2.43), this becomes:
g = G R(AL ) + Ax(E)) (U + UF) + O(RY) ma U]

a=1,2

Recall that A;(¢) and Ay(&) are of the form hy (€)1 + h2(|§|)%. Moreover, according to

formulas (2.27) A; + Ay (resp. Ay — As) is invertible and its inverse is (a; + aa) (resp.

a; — ay). Thus :

UF +Uy™ = 2(A1(6) + Aa(6) ™ =g + 6i7T<A1 (61) + A2(6)) "' O(R) max |U3. (2.45)
a=1,2

We use the fact that [|(A;(&1) + Aa(&1))7Y| is uniformly bounded independently of the
particles and N to get

0 0 -1 m i
UP® + Uy® = 2(A1(&) + A3(&)) ' —=g + O(R) max |U’|.

6m R 1<i<N
a=1,2
On the other hand, as (Ull’(o), U;’(O)) = (U}, U;) we rewrite formula ([2.45)) as :
S () () m
Ul Ul = — UL P UL P A A -1
1+ U I;( AU + (Ad(6) + Aa(8) i’

1 — 7
+ 2 (A1(6) + Aa(6)) T O(R) ma [U3.
a=1,2
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Using again formula (2.39) this yields :

UL+ Uy = Y D00, 03P V) @) + U[ud® Y ud® V) (),

p=1j#1

F2AAN () + As(€)) g (A () + As(€)) T O(R) max UF),

6 R 6 1<i<N
a=1,2
. , -
= 3 (U™, U3\ (wh) + UTUT™, U3 ) (a3)) + 2(41(&) + A()) ™ .
izl
1 - 1
+ E(Al(fl) + As(&)) IO(R)lrgégcvw |.
a=1,2
We conclude by emphasizing that |(A; + As) '|| can be uniformly bounded. u

Applying the same ideas we obtain the following result:

Proposition 2.4.2. for all 1 <i < N we have :
Ui - Uy = (U0, U3 (a}) — U7, U3} (23)) + O(Rla |) ma U

— 1<i<
J# a= 12

’i700 o i,CD — 1
Ui — U3 = O(RJa|) max U],
a=1,2

Proof. The proof is analogous to the one of Proposition [2.4.1l The idea is to consider
this time w the unique solution to the Stokes equation (2.2)) completed with the following
boundary conditions :

1
1

w=4{ W on B(xy R), A (2.46)
1

with W an arbitrary vector of R?. Using the method of reflections, Propositions and
we obtain the desired result. O

2.4.2 Estimates for 7',

Propositions [2.4.1] and [2.4.2| yields the following result:

Corollary 2.4.3. For all1 <i < N we have :

= (A6) oo + TS (, — g + O(R),

j#i

where A = A, + As.
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Proof. First of all, from Propositions [2.4.1{ and [2.4. 2| we can show that the velocities U?
are unlformly bounded with respect to N for all 1 < ¢ < N and a = 1,2. Indeed, using

formula (2.39) together with the decay properties (2 and Propositions [2.4. 1} u and |2 -

we have :

max |U3] < max (U] +[U]),
1<i<N

< 4,00 %,00 7
< 1+ max (U374 U2°) + O(R) max U],
1<i<N

<1+ O(R) max UL
a=l,
1<i<N

This allows us to bound the terms max |U¢| by a constant independent of N in the esti-
a=1,

1<i<N
mates of Propositions [2.4. 1| and [2.4.2] From Proposition we have
Ul = (Ai(6) + Aa(6)) ' o9 + —Z ULOT>, U3 (xy) + U[UT™ + U3%](3)) + O(R),

with:
OO, U3 (1) + UTUP™, U3 7Y (23) = =@ — a9) F{” — @ (1 — ) 3
<I>(:v% = o) F” = @(wy — ) 7,
—(®(ay — o) + D(wy — 29)) 77
(‘I)(ﬂfi 1) + P(ay — 13) F37,
recall that: ) , . 4
F® = FI® 4+ F2% FL” = —mg+ O(R?)
Fy* = FI°—F* 7 | 2" = O(R?)
see proof of Propositions |2.4.2| and |2.4.1|. Hence, we replace Ff and F2J by their formula
and bound the sum of terms involving the error term O(R?) by O(R). We get

UL, U3 ™)) + ULUT™, U] (a3) =

Jj#i

67TRZ — )+ Ozl — 2)) + d(at — ) + Pzl — 2)))kg + O(R), (2.47)

where mg = 6mrRkg. Now the idea is to replace each of the four terms by ®(z} — 7).
Direct computations shows that for all 1 < o, 8 < 2 we have:

1

|z, —xé e I P e Pl

which yields for all 1 < o, § < 2

- N LRt
+ T2y
Hence the error term can be bounded by (|2 | + |2’ |) which is of order R. O
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2.4.3 Estimates for i’

Analogously, Propositions 2.4.1] and [2.4.2] yields the following result:

Corollary 2.4.4. For all 1 < i # N we have:

Ui — Ul 67ro j i i
1 5 2 = ( ;VCD — xﬁ)mg) 2t 4+ O (Ja" |dmin) -

Proof. The first formula of Proposition together with the uniform bound on the
velocities (U, U"), see proof of Corollary [2.4.3 yields:

Ui — Uy = Y U[UP™, UF™)(a) — UIUT™, UF™)(2h) + O(R|z"|).

j#i

We want to estimate the first term, we have:

U[UT, U3 (2}) = U[UP, U3 ) (ah) = =@ (o) — af) FY™ — D(a) — a3) F}”
+ (2 — o) FT7 + @y — 03) B,
= — (P(ay —af) — D(ah — 27)) F{™
— (®(a} — a}) — ®(ah — a})) T,

= —2[VP(ry — 1) - L] F}”
+2[VO(xh, — ) - 2t |FY* + L

’Lj’

—2VO(zh — &) - 2t (FP° + FJ) + gL+ &L
Now recall that, from the proof of Proposition we have:
F)® 4+ FJ* = —2mg + O(R?).
Thus, we get the following formula:
UIUY™, U37)(2h) = UIUT™, U] (2h) = 2[Ve(al, — ) -l lmg + £ + £2; + €],

with ‘ . ‘ A ‘
&= 2[Ve(z' — ) - 2" J(FI™ + F3™ + 2mg).

Finally we obtain:

Ui_Ui .
L2 N[V, — ) -2t Jmg + Zslj+82j+8§+O(R|xZ_|).

2 —
j#i 25
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It remains to bound the error terms. We begin by the first one:
€51 < 2 ( sup  (|V2@(a —y)| + [V?D(x3 — y)l)) [ PO+ F)).
ye[],a5]
We emphasize that for all y € [z}, 3]

jy =il 2 Joi — ol = |2 — gl > fol — ol — 2| > gl — o,

where we used the fact that

c 1 , ;
|$Z_| <E<§dm1n\§|xl+ xi|a
and )
|1’21 - le = _|J"3- I’i_|7

This yields :

YE! |\CZ —|7" [*Rrg| < Clat | < Cdpin2™|.

R
Zd2 < Clat |
]?ﬁ’b ];é’t l] mm ?EZ 1] mln

For the second error term we have:

8& = 2[VO(zh — a]) — VO(a' —a?)] -2’ - FP®
— [V®(zh — z%) — Vo(z' — xﬁr)] b - FP

where

. 4 . . 1 1 . .
VO (2t — 27) = VO(2', —2)| < C | — — + — : |zt + 27 |
2 — 1 + T T P J3 i i3
|2 — a1 |7y — 2|
As |27 | ~ R ~ |2' | the second error term is bounded by:

Mlezl < O et PRlgl,
J#i j#i W

which yields the same estimate as for the first error term. Finally, the last error term gives:

SVEL) < 2V o)t ||+ 4 2mg),
Jj#i
< CR.
where we used the fact that F)"* + FJ* = —2mg + O(R?) and |z* | ~ R. O
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2.5 Proof of Theorem 2.1.1]

In order to derive the transport-Stokes equation satisfied at the limit, the idea is to
show that the discrete density ;i satisfies weakly a transport equation. We introduce the
following notations. Given a density o, we define the operator Ko as:

Ko(z) := 67T7”0J Oz — y)kg o(dy).

RS

The operator is well defined and is Lipschitz in the case where p € L' n L®. Moreover, note
that ICp satisfies the Stokes equation

—AK (o) + Vp = 6mrokgo,

on R®. Analogously, we define KV o" as:

KN oY () 1= 61 f ®(@ — y)rg o (dy),
R3

where y®(-) = x ( :

dmin

x =1on“B(0,1/2).

) ®(-), x is a truncation function such that y = 0 on B(0,1/4) and

2.5.1 Derivation of the transport-Stokes equation

The transport equation satisfied by pV is obtained directly using the ODE system
derived for each couple (27, &;). We recall that:

U, = (A&)) 'kg + KNoM(x})) + O(R),
Ut
R

Following the idea of [57, Section 5.2], one can show that we can construct two divergence-
free velocity fields EY and EY such that :

= VICNQN(xﬁr) &+ O (duin) -

UL = (A&) vy + KN N () + EY (2), (2.48)
i Z. i
R VICNQN(33+) &+ EN (&),
and there exists a positive constant independent of N such that
I1EVwe = O(R), [EVw = O (duin), [VEV oo + [VEY o < C. (2.49)

This construction yields the following result

Proposition 2.5.1. ' satisfies weakly the transport equation:

O™ + div, [(A(€) kg™ + KN oV (@) + BN pN] 4 dive [VEN o () - €p™ + EN N = 0.
(2.50)

We can prove now Theorem [2.1.1]
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2.5.2 proof of Theorem [2.1.7]

The proof is a corollary of Proposition [2.5.1} Indeed, we want to show that for all
1 € CP(R?) we have:

L f y {0(t,2,€) + Vatb(t,2,€) - [(A(€)) g + 2K0()))]

+ Vet 2, €) - [VKo(x) -5]}u(t, d, d€)dt. (2.51)

which is obtained directly by passing through the limit in each term of formula ([2.50).
Indeed we recall that we have the following estimates:

”]CNQN - ’CQHOO S Wom
||V/CNQN —VEollow < We(l+ |logWy)),
|EY|w =O(R) . [EY]w = O (dumin) -

2.6 Proof of theorem 2.1.2 and 2.1.3

This section is devoted to the proof of Theorem [2.1.2] and [2.1.3] The Lipschitz-like
estimates proved in Proposition suggests a correlation between the vectors along
the line of centers & and the centers 2’.. In this section, we show in particular that this
correlation is well propagated in time.

2.6.1 Derivation of the transport-Stokes equation
We assume now that there exists a lipschitz function Fy such that
&(0) = Fy(21.(0)), 1<i<N,

which means that p = 0/ ® dr,. In order to propagate this correlation we search for a
function FV(t,-) € WhH® such that for all ¢ € [0, 7] we have

&(t) = FY(t,2'.(t), 1<i<N.
According to the ODE satisfied by &;, see , FN must satisfy the following equation
{ OFN + VEN . (A(FN) kg + KNV + EN) = VKN FN 4+ EN(FV),
FN0,) = F.
The following proposition shows the existence and uniqueness of F*V.

Proposition 2.6.1. There exists T >0 such that for all N € N*, there exists a unique
(local) solution F™N € L®(0,T; WL*(R?)) of the following equation
{ OFN + VEN . (A(FN)'kg + KNV + EN) = VKNV - FN 4+ EN(FV),

N0 = B (2.52)

112



Proof. The idea is to apply a fixed-point argument. We define the mapping A which as-
sociates to any F' € L®(0,T; W'*(RR?)) the unique solution A(F) = F' to the transport
equation

{ OF + VE - (AF)'kg + KNV + EN) = VKNV . F + EN(F), (2.53)

PO = F,
We define X as the characteristic flow :

0 XN (s, t,x) = A(F(s,XN(s,t,2)) kg + KN (s, XV(s,t,2)) + EN(s, XN (s,t,x)).
XNt t,x) = z.

The Lipschitz property of A~!, F, KV oV and E” ensures the existence, uniqueness and reg-
ularity of such a flow, see Proposition and formula (2.49). Moreover, direct estimates
show that for all 0 < s < t:

IVXY(s,t, Vo < exp([IsglIVA™ ool Floe ooy + ¥ + E¥ oo o] (¢ — )
(2.54)

Hence, we can write
F(t, ) = Fo(XN(0,t,2))

+ Lt VKN oV (s, XN (s,t,2)) - F(s, XN (s,t,2)) + E(s, F(XN(s,t,2)))ds.

Direct computations yield
A 2012 < [Folloo + TINVKN M oo 20 [F | o 0 0522y + 1BV 0.3,
and
VA oo i) < ol + T{IVEY 0¥ 1on o rawnon
+ HEN||LI‘(0,T;wM)}HFHL‘I‘(O,T;WM)]||VXN('7 t, )=o),

Gathering all the estimates and using Proposition and the uniform bounds (2.49)),

there exists some constants independent of N such that:
AP =iy < (Folwrs + TCUF e graroegop)e™™.  (2.55)

On the other hand, given Fy, Fy € L®(0,T; WH®(R3)) we set X; the associated character-
istic flow and we have

AR (L) = AR (L)oo <
(IV Folle + Rl omawnon IV 0 |mio gy ) 1X1 (0,6, ) = Xa(0, ) o
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The characteristic flows satisfies

t
[Xi(s,t,2) = Xo(s,t,2)] < [VA o f [E3 (T, ) = Fo(Ts ) oo+

(|‘F1“wa(0’T;wa)|I{g| + 2||V’CNQN + VENHLTJ(O,T;LI))|X1(T, t, ZE) - XQ(T, t, Q?)|d7',

hence

t
005,09 = X500 = ( [ VAl i) = Pt ) 0
This yields
HA(Fl) - A(FQ)”L/ OTL/(RS)) C(”FlHL” (OT wi®o R3 )T ||F1 FQ”LT‘(O,T;L“‘)' (256)
We construct the following sequence (F)ren = L*(0,T; W1*(R3)) defined as

FF1 = A(FF) keN,
F° = F.

For T small enough and independent of N, using estimates (2.55]) and (2.56)), the sequence
(F*);, is bounded in L®(0, T; WH*(R?)) and is a Cauchy sequence in the Banach space
L*®([0,T], L*(R3)). There exists a limit ' € L*(0,T; W1*(R3)) such that F* — F in

L*(0,T, L*) and VF* — VF weakly-* in L*®(0, T, L®). It remains to show that F' = A(F).
The weak formulation of the transport equation writes

fOT . (O +div (¥ - [A 1 (F) kg + KN o)) FF = JT JR3 (VICNQN - Fk 4 EN(Fk)) -,

for all ¢ € CL((0,T) x R3). Using the strong convergence of IV to F and the weak-*
convergence of its derivative, we get

T
J (0 + div (¥ - [AT (F)rg + KN o™]) )sz (VICNQN-F+EN(F)) 1P,
R3 0o JR3
Uniqueness of the fixed-point is ensured thanks to estimate ) and - ]

Proposition and formula (2.48)) yield the following result

Corollary 2.6.2. There exists a unique solution of (2.52) FY e L®([0,T], W%) such
that pN = (id, FN)# 0" and oV satisfies weakly

oo™ + div[(A(FN)) kg + KN oV (2) + EN)o"] = 0. (2.57)
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2.6.2 proof of Theorem and

In the previous part we showed the existence of a unique function F'V such that:

In order to provide the limiting behaviour of the system, we need to extract the limiting
equation satisfied by F = hm FN and to estimate and specify the convergence. It is

straightforward that the hmlt functlon F' should satisfy the following equation:

OF + VF - (A(F) kg + Kg) = VKe-F, on [0,T] x R, (2.58)
FO,) = R |

We begin with the proof of local existence and uniqueness of the solution to system ([2.15)).

Proof of Theorem[2.1.3 Let p > 3, Fy € W*P, g5 € WP having compact support. The
idea is to apply a fixed-point argument. We define the operator A which associates to each
u e L®(0,T; W3P) the following divergence free velocity

u = Fu) = o(u) — A(u),

where F(u) € L*(0,T; W*P) is the unique solution, see Proposition [2.C.1] to the following
equation
OF +VF - (A (F)kg+u) = Vu-F, onl0,T]xR?
F(0,) = Fp, on R3.
o(u) € L®(0,T; WP) is the unique solution, see Proposition to the transport equa-
tion
dro + div((A™'(F(u))kg + u)o) = 0, on [0,T] x R3,
0(0,) = g, onR3
and A(u) = Ko(u) = 67ro®=(rx0(u)g). The mapping is well-defined, indeed, since gy € W
we have o € L®(0,T; W'?), see Proposition [2.C.2, Consequently, applying [27, Theorem
IV.2.1] shows that V3A(u), V2A(u) € L? and we have

IVPA@W)], < CIV o), [V2A)], < Cllo(w),-

On the other hand, since o(t,-) € L? and is compactly supported, see Remark [2.C.1] ‘ we
have in particular Q( ,+) € L9 n L% with

3p 3p
€l3/2, = 1,3/2].
0= 1o €323l e = g L3

We apply again [27, Theorem 1V.2.1] for ¢ = ¢; (resp. ¢ = ¢2) to get VA(u) € LP (resp.
A(u) € L?) and we have according to [27, Formula IV.2.22] (resp. [27, Formula IV.2.23])

VAW, < Cle(w)g, AW, < Clow)lg
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Hence, since ¢, q2 < 3 < p, Holder’s inequality yields

VA + [A(w)], < (FOU%I supp o(u)(t, )" + Fougl supp o(w) (t, )[7*) o(w) .

where sup|supp o(u)(t, -)| depends on T, [|A™" o, | F'|| 1= 0,7;w20) and ||ul| 1 (o 7;w2y accord-
[0,7]
ing to Remark

diam(supp(o(u)(t,-)) < C(o, T\ [ull L= rw2ey, | FllL=0,mm22)), (2.59)

Finally we have

AW rwsny < COL+ M(T))|o(w)] = ©rwia), (2.60)
|A@) [z rwzey < C(L+ M(T))e(w)] = (0.1:L9), (2.61)

M(T) = sup| supp o(u)(t,)[*(1 + sup|supp o(u)(t, -)|"/?).
[0,1] [0,T]

We recall the following bounds, see Proposition and Proposition
lo(w) |z rwiey < loolipe™ s C = CUF(u)]eorweey, [ul o= orwsn).  (2.62)
According to Proposition [2.C.1], for a small time interval we have for a fixed A > 1

[E(u)]2p < Al Foll2- (2.63)

On the other hand, gathering the stability estimates of Proposition and Proposition
and we get for u; € W3 i =1,2
|A(u1) — A(uz)| = (0,T;W2:p)
<C(1+ M(U17U2)( ))||Q(U ) = Q(UJ?)HL“(OTLP)
< O(1 + M (ug,ug)( (HF ur) — Fug) | poo iy + [lur — U2HL‘”“(O,T;W1»P)) €
< C(1+ M(uy, ug)(T))T(l + T)|ur — w2 o, rweay e,

T

where C' depends on || =0, rway, | F(ui)| e, mm20), [lo(ui) | e o,rw10) and

M (uy, up)(T) = [sur;| supp(o(u1)) U supp(o(ug)[/3(1 + [Sup]| supp(o(u1)) U supp(o(uz)|*?),
0,7 0,7

< C(T, |uill = o.0;w20y5 | Fi| L 0,752, SUPP(00))-
We consider the following sequence

ubFtl = A(uk) ke N,
u = ICQO

We set F¥ := A(u*), o* := o(u*). Previous estimates show that the sequences (uy)gen,
(Fi)ren, (0r)ren are uniformly bounded in L®(0,7T; W3P), L®(0,T; W*P), L®(0,T; Wtr),
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respectively, and are Cauchy sequences in L®(0,T;W?*P), L®(0,T; WhP), L*(0,T;Lr),
respectively for 7" small enough. Consequently, there exists (u, F, o) such that

b —wuin L0, T; W?P),
F* — F in L*(0,T; W'?),
oF — o in L®(0,T;LP).

This allows to pass through the limit in the weak formulations of u* and ¢*. In addition,
we use the fact that V Fy converges weakly-* in L*(0,T’; L*) in order to pass through the
limit in the weak formulation of F*. Hence, the triplet (u, o, F) satisfies equation (2.15). We
recover the regularity of each term using the a priori bounds. Uniqueness is a consequence
of the previous stability estimates. ]

2.6.3 Proof of Theorem 2.1.2

Proof of Theorem|[2.1.3 Since ¢V — p weakly in the sense of measure, this yields that
W (0™, 0) — 0. We want to show that the triplet (o, FN, KV o) converges to (o, F, Ko)
the unique solution of equation . From Proposition and using the same argu-
ments as in Proposition we have

t W?2(s ~
P50 = F(t ) < C [ Walo) (14 1o W) + 2 ) 4 1B + 1B
0 min
where W (s) := Wx(0™(s,), 0(s,-)). Hence FN — F in L*(0,T; L*) and KV oV — Ko
in L*(0,T; Wh®) if the Wasserstein distance is preserved in finite time. This allows us to
pass through the limit in the weak formulation of o

L JRS (@@b + V) - (A_l(FN)/@g + ICNQN)) oY =0.
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Appendix

2.A Some preliminary estimates

This section is devoted to the proof of the following lemma which is analogous to [41],
Lemma 2.1].

Lemma 2.A.1. There exists a positive constant C' such that for k € [0, 2]

3

1 1 Wy
dek < Clofrinz= (dk_ + 1)

G#i min
W3
st < C||QHL1QLVJ <d3 + |10gWoo|) .

j#i min

Proof. We introduce a radial truncation function y such that y = 0 on B(0,1/2) and y = 1
on °B(0,3/4). We have for all k& > 0:

Ti—Y 1 N
X o (t,dy),
;dfj JRS ( dmin ) |z — y|* ( )

T — T(?J)) 1
= t? d b
J;R3 X ( dmin |:L‘Z - T(y)|k Q( y)
T — T(IU)) 1
= + X < o(t, dy) .
(JB(xi,BWT) J;B(xi,i’ny)) Amin [zi — T(y)|* ( )

Recall that Wy, > dpin/2. Since y (I—T(y)) = 0if |z; — T(y)| < dumin/2, the first term

yields:
T — T(y)) 1 w3
X o(t,dy Cllo )
JB(xi,qu;) ( i~/ |2 = T(y)* (dy) < Cleloge

min

For the second term, we have |x; — T'(y)| = |z, —y| — |y — T (y)| = @ and we get:

1
Ti—Y 1 1
X o(t,dy) <ol f ——dr + oz,
J;B(Ii73an) ( dmin ) |x1 _T(y)|k ” 3We rk 2

which yields the desired result. ]
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2.B Estimates on "oV, Ko and control of the minimal
distance

In this part we present some estimates for the convergence of the velocity field KV oV
and its gradient towards Ko and its gradient. We estimate the oo norm of the error using
the infinite Wasserstein distance between ¢ and  in the spirit of [33] 34].

We recall that, according to [20][Theorem 5.6], at fixed time ¢ > 0, there exists a (unique)
optimal transport map 7' satisfying :

Weo := We(o(t, ), 0™ (t,-)) = 0 - esssup |T(x) — x|,

with o™ (t,-) = T#o(t,-). This allows us to write KV oV as follows

K N () = 6rr, j B — T())o(y)dy.

This important property allows us to show the following results.

Proposition 2.B.1 (Boundedness). Under the assumption that o € Wt n Wh®  there
exists a positive constant C' > 0 independent of N such that:

w: o owE Wi
||’CNQNHW2,m <C L+ 200 + 300 HQ”WLx‘mwl,l.
min ~ d d

min min

Remark 2.B.1. The term ;/;/3 appears only for the second derivative of K™ o™ which is

needed for the proof of Theorem [Z1.3

Proof. Let x € R3, we have :

K0 ()] < C [ [xble = T)etw)d.

< Clelo j

B($,3W~L)

@@ — T())| + f @ — T(y))| lo(y)|dy.

CB(ZE,W'[ )

Recall that for all y € B(x,3W) such that |x — T(y)| < diin/2 we have y®(x —T(y)) = 0.
Hence in all cases we have the following bound for all y € B(x,3Wy):

C

;
dmin

IX®(z —T(y))| <

this yields the following bound

w3
f Xz —T(y)| < C =
B(x,3Wy) min
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For all y °B(z, W) we have that |x — T'(y)| = |z — y| — |T(y) — y| = 2Wx = dpin. This
ensures that x®(z — T'(y)) = ®(z —T'(y)) on °B(x, WOO). Moreover we have

e =Ty = |z —y| =Wy = Ifrf—yl

which yields

dy
| e - ) ey < Clol. | Y+ el
B(z,Wy) ¢B(x,Wx)nB(z,1) lz — |

< C”QHLlﬁL‘f"

Analogously we obtain a similar bound for VAV. We focus now on the bound for V2K o,
We have

VN M) < Clele | |V - T(w)dy

B(z,3Wy)

_l’_

JB( y )V2x‘1>(w—T(y))Q(y)dy :

We use the same estimates as before to bound the first term by | o]e = d3 <. For the second
term we write

.[«B( - )V2X@(‘” - T(?J))Q(y)dy‘ <

[ ey

cB(x,Wx)

—i—f V2x®(z — T(y)) — V?®(x — y)||o(y)|dy. (2.64)
¢B(z,Wx)

Using an integration by parts for the first term in the right hand side of ([2.64) we get

[ G- y)g(y)dy\ < V(o - y)Vg(y)dy\
¢B(z,Wx)

cB(z,Wx)
H Ve =)l lew)ldo),
2B (x, W)

< CIVe|rinr- + ol

Finally, for the second term in the right hand side of (2.64) we have

| 9 - 7)) - VG - o) etwldy
¢B(z,Wx)

1 1
S + y—T(y)|lo(y)|dy
ﬁB(x,Ww (|96’—y|4 Ix—T(y)|4)| W)lle()|

< Clofzraz=.
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The following convergence estimates are used in the proof of Theorem [2.1.2]

Proposition 2.B.2 (Convergence estimates). The following estimates hold true:

Woo (0", 9)2> ,

KN =Kol 5 olatVele® o) (14 212

W N, 2
VKY0" = VKol = lolaWale".0) (Jlos Wl ) + T2 1 1)

min

Proof. We use in the proof the shortcut Wy, := Wy (0", 0). Let 2 € R?, we have

N o™ () — Ko(x)| < 67 f (@ — T(y)) — Bz — v)]| o(y)dy.

supp ¢

We split the integral into two disjoint domains J := {y € supp o, |z — y| < 3W} and its
complementary. Note that on J, according to the definition of the truncation function Yy,
we have x®(z — T(y)) = 0 for all y € J such that |z — T(y)| < @i . We can then bound
directly the first integral as follows

L IXx®(z —T(y)) — ®(z —y)| o(y)dy < L IX®(z —T(y))| o(y)dy + L (2 —y)| o(y)dy

4 1
< lolleo (|B(x, 3Ww)|—d . +JB( § )—|m_y|dy).
min x,3Wo

3

[ oo =T - 0 -l < el (= 4 2).

Direct computations yields

We focus now on the remaining term, note that for all y € ©J := “B(z, 3W,) we have
[z =T )| = |z =yl = [T(y) =yl = 2Weo = dumin;

which yields that x®(z—T'(y)) = ®(z—T(y)) on °J. Moreover, we have |z —T(y)| = 5|z —y|
on “J. We have then

| o -re)-sw—ni- [ @e-Te) =06yl

cJ

1 1
<K + > y = T(y)le(y)dy,
=rae ) - Tl
1
SWolel | — sy
ey |z =yl
< Woo”QHoo-
In the last line we use the fact that ﬁ is integrable on °B(z,3W,). The proof for

the second estimate is analogous to the first one. The main difference occurs for the last
estimate where the log term appears. This is due to the fact that we integrate ﬁ on

“B(z,3Wy). ]
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We present now an estimate for the conservation of the particle configuration. This
estimate combined with Proposition shows that the dilution regime is conserved
provided that we have a control on the infinite Wasserstein distance.

Proposition 2.B.3. For all 1 <i < N and j # i we have
&1 < IVEY 0" lo &l + O (dunin)
< VKoM oy — 24| + 16 = & + O(R),
VN 0 I = &1+ VKN 0 o[22 = ] + O (dn).

i
[, — &

&—§

A

where
Wy = WOO(AQ(tv ')7 @N(t7 )) = 0 - esssup |ﬂ($) - $|

We remark that the conservation of the infinite Wasserstein distance, which is initially
of order ﬁ, ensures the control of the particle distance. Unfortunately, due to the log
term appearing in Proposition we are not able to prove the conservation in time of
the infinite Wasserstein distance.

2.C Existence, uniqueness and some stability proper-
ties
In this section we present some existence, uniqueness and stability estimates.

Proposition 2.C.1. Let p > 3. Given Fy € W?? and u € L®(0,T; W3P), there exists a
time T > 0 such that F € L®(0,T; W?*P) is the unique local solution of

{ OF +VF- (A (F)kg+u) = Vu-F, on[0,T] xR, (2.65)

F(0,) = Fp, on R3.
We have the following stability estimates
|y — FQ”Lf‘(O,T;WLP) < 1T luy — ugl| (o,T;WZP)eCQTa

with Cy and Cy depending on |A™

200 Ui L=, rswswy, | Fill Lo, rw2m)-

Proof. Since p > 3, we have Fy € W?P — W1® and u € W, We can apply the existence
proof analogous to the existence proof of Proposition to get a unique solution F' €
L0, T; Wh®) for a given T > 0. It remains to show that F' € L®(0,T; W?P) for a finite
time interval. We have for a = 0,1, 2

& D*F + VDF (A" (F)rg +u) = —=VF - D* (A" (F)kg + u) + (D*Vu)F + (Vu)DF.
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Multiplying by |[D*F|P~! and integrating by parts the second term using the fact that
div(u) =0, we get

J|D°‘ P = J|D°‘ Pdiv (A~ (F)) + VF - [ D*F|P~" (D* |[A™(F)]| kg + D*u)

+ (D*Vu)F|D*F[P~' + (Vu)D*F|D*F [P~
< IF, (IVA™ oo Fllue + Vo)

+ [ DUF P (JA™ 20 + 1) (VFoo {IVFl, + [VF | VE|, + [V F, + | D%l }
# P10l ).
Since |Flliwo < |Fl2ps 6100 < [F2,, we get up to a constant depending on |A |2
%DO‘FHﬁ < |DFIR (1Fll2p + [ullsp) + [D*FI~ N Fllap (Fll2p + Juls,p) -
Applying Young’s inequality and summing over o = 0, 1,2 we get

|Flieorvas) S [FolapeC@IFleetdsptt s,

which shows that F'e L®(0,T; W??) for a finite time T' > 0. Now consider two divergence
free velocity fields uy, uy € L®(0,T; W3?) and denote by F; the solution to ([2.65). We have

ﬁt(Fl — Fg) + (VFl — VFQ)(Ail(Fl)KJg + Ul)
= VFQ (Ail(Fl) — Ail(Fg) + Uy — 'LLQ) + (Vul — VUQ)Fl + (Fl — FQ)VUQ.

Multiplying by |F} — F5|P~! and integrating by parts the second term in the left hand side
using the divergence free property of u, we get

d _
1= Bl s B = B (IVA oIV o + [V w) + [Vuz|w)
+ [ Fy = o2 lur — w22 p(IVFi o + [V Faoo).
For the derivative we have

0{(VF, —VF) +V(VF, — VE) (AT (F)kg + uy)

—(VF = VE) (VAT (F)VEFKg + V) + V2E (AT(F) — AT () +w — u)
+ VF ({[VAT(F) = VATY(E)| VF + VAT (F)(VF — VE)} kg + Vg — V)
+ (VZuy — V2u)Fy + (Vuy — Vug)VEF + Vuy(VF, — VE) + Viuy(F) — F).

Using the same estimates as previously, we obtain
d 1
%”Fl — B, < Ci|Fy = By}, + Col|[FY — F2|T, w1 — g2y,

where Cy, Cy depend on [|A™Y a0, [[wil3,, [|Fi2p- We conclude by integrating with respect
to time and apply Gronwall’s inequality. ]
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Proposition 2.C.2. Let T > 0, p > 3. We consider oo € WP, u € L®(0,T; W3?) and
F e L®(0,T;W?P). There exists a unique solution o € L®(0,T; WP) to the transport
equation

{ o + div((A™ (F)kg + u)o) = 0, (2.66)

Q(Ov ) = 0o,
for all T > 0. o satisfies
lo(t, Mzeomwny < |oofipe,

where C depends on p, |A™ ow, |F|r=©mrw2ey, |u|r2©mrw2ey. In addition, we have the
following stability estimate

HQl - Q2||L’L(O,T;LP) <O\T (Hul - U2HL‘”’~ (0,7;wie) Tt HFl - F2HL%(0,T;WLP)) €CQT7

with constants depending on A1 w0, [0l 0.1 10y, 1 F5| Lo omswir) -

Remark 2.C.1. If we assume in addition that oy is compactly supported then classical
transport theory ensures that o(t,-) is compactly supported and using the characteristic
flow, which is well defined since F, uw€ WY®, one can show that

diam(supp(o(t,-))) < diam(supp(go))e”",

with C' = C(”VA_IHOO, HVFHL““(O,t;L““)a HVUHLI‘(O,t;LI‘))-
Proof. Since g = —|g|es, we have the following formula
div(A™H(F)rg) = =VAF'(F) - VFxlg],

where Az is the third column of AL, Note that since p > 3, we have the following Sobolev
embedding

[Flleo < 1Fl2p Nl < lul2p, ol < ol (2.67)

The idea is to apply a fixed point argument. We define the operator A which maps any
o€ L0, T; W?) to the unique density A(g) solution of

0/ A(0) + VA(o) - (A" (F)kg +u) = (VAF'(F) - VFklg|) o. (2.68)

Thanks to (2.67), v € W'® and F € W'*®_ hence DiPerna-Lions renormalization theory
ensures the existence of A(g) € L*(0,T; L?). Multiplying (2.68) by |A(0)[P~!, integrating
by parts and using Young’s inequality we get

1

LA@I < Hlanlg + 3 [ 1A@RIA o VFL + j A e VFLalelbl A1
1
< g+ 0 [ (H1a@k + Lol + Al

1 C
<ol +C [ 1A+ tn@\\%@p)
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with C' = C(|A™ e, [VF|1=0r;=)). Hence, Gronwall’s inequality yields
lA(@)p < (loolls + TCelp)e".

Moreover, we have

0V A(0) + V(VA(0) - (AN (F)rg + u)
= VA V(A (F)kg +u) + V? A (F)k|g|VFV Fo
+ VA (F)k|g|V?*Fo+ VAJY(F) - VFk|g|Vo.

Multiplying by |[VA(g)[P~! and reproducing the same computations as before we get

€CQt

VA, < (IVeol, + TChlle

Lp)

)

where we used (2.67)). Hence, the constants Cy, Cy depend on p, |A™" 200, |ullLoo.;w2e),
|F| =0, 7;w2py and |[o] L= o, ryw1.r). Gathering the two estimates we obtain

[ Ao rawiry < (looll1p + TC:lel1p)e™" (2.69)

Given g1, 02, since equation is linear, A(p1) — A(02) satisfies the same equation with
0o = 0. Consequently, for T" > 0 small enough, estimate shows that the mapping
A is a contraction and hence there exists a unique fixed point. Estimate shows also
global existence.

Let uw; € L®(0,T,W?3P) and F; € L*(0,T,W??) for i = 1,2. Denote by p; the unique
solution to equation . We have

0i(01 — 02) + V(01 — 02) - (AT (F))kg + wi)

= —Vos- ([Al(Fl) — AN Ey) kg +uy — u2)

+ (01 — 02) VA (F1)klg]

+ o1 ([(VASH(FY) = VA () VR + VAT () (VR = V) kg

Multiplying by |01 — 02/P~! and integrating we get
d _
aHQl — 2|2 < Chlor — 0|2 + Co (Jur — walleo + | Fy — ol + |[VFL — VEp) |01 — 02|27,

with constants depending on |A ™Y o, [|0i]1.,|Fill1,- We conclude using again the embed-
ding ||F} — F3|e < C|F1 — F3|1, and analogously for |u; — s e- O
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Chapter 3

Fluid-kinetic modelling for
respiratory aerosols with variable size
and temperature

Abstract

In this paper, we propose a coupled fluid-kinetic model taking into account the
radius growth of aerosol particles due to humidity in the respiratory system. We
ailm to numerically investigate the impact of hygroscopic effects on the particle be-
haviour. The air flow is described by the incompressible Navier-Stokes equations, and
the aerosol by a Vlasov-type equation involving the air humidity and temperature,
both quantities satisfying a convection-diffusion equation with a source term. Con-
servations properties are checked and an explicit time-marching scheme is proposed.
Two-dimensional numerical simulations in a branched structure show the influence
of the particle size variations on the aerosol dynamics.

Introduction

Aerosol therapy is one of the major curative way to treat chronic obstructive pulmonary
diseases (COPD). Since in vivo observations of drug delivery in the human airways induce
many difficulties, it appears crucial to model and to be able to numerically simulate the
aerosol flow in the lung with a good enough accuracy, the main question being linked to
the deposition phenomenon, and particularly its location.

The aerosol constitutes a set of very numerous particles. Those particles happen to
have hygroscopic properties, i.e. abilities to exchange water with the bronchial air, which
is full of humidity. Consequently, the aerosol particle sizes may vary in time, as it was
assessed in [53], [51), [52]. Assuming that the droplets remain spherical, we intended to study
the influence of radius growth on deposition (number of deposited particles, characteristic
times of propagation/deposition inside a given realistic geometry, deposition areas...). It is
worth noticing that those hygroscopic properties strongly rely on thermal effects, and the
model we investigate involves both air and aerosol temperatures.
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There are several kinds of models allowing to describe the aerosol motion in the air,
two-phase models, agent-based ones and kinetic ones. In the first situation, the aerosol
droplets are considered as a fluid which constitues a mixture with the ambient air in the
lung. Then one focuses on the aerosol concentration in the air, see [7, 23] for instance.
Nevertheless, with those models, it may be difficult to determine the aerosol deposition
areas. The second situation, which is used in [63], [72] for instance, raises many difficulties
to track the trajectory of numerous particles, in particular when there is a strong coupling
between the particles and the air flow.

We here choose to use a kinetic approach, as in [9, 28], which is relevant from the
modelling point of view: there are lots of particles in the aerosol, but their volume is
negligible compared to the airways volume. In this framework, the aerosol behaviour is
described through a distribution function which depends on macroscopic variables (time,
space position) as well as on microscopic ones (velocity, for instance). The Vlasov-type
equation satisfied by the distribution function is usually coupled with the incompressible
Navier-Stokes equations to describe the airflow [I7]. The model we present here is an
extension of the latter one, where the air temperature, the mass fraction of the water
vapour in the air and the dependence of the distribution function on both the size and
temperature of the particles are taken into account. Note that it is also investigated from
the mathematical point of view in [59].

This article is divided into four main parts. The first one aims to present the model(s)
we study. In the brief second one, we formally check some relevant balance properties of our
model. Then we discuss the numerical method we use to discretize our model in the third
section. Eventually, the last section is dedicated to numerical experiments which point out
the aerosol size growth importance in the deposition phenomenon.

3.1 Building the model

As stated above, this section aims to explain and present a model describing the be-
haviour of a therapeutic aerosol in the respiratory system, where the size of the aerosol
particles can vary because of the ambient water vapour in the airflow.

We use a simplified fluid domain, denoted by €2: in our setting, €} can be chosen as
a cylinder or a branch, and is assumed not to depend on time. Its boundary I' = 0€) is
divided into three subsets, the wall [ the inlet I'™ and the outlet I'°"*, see Figure

As we already stated, we use a kinetic viewpoint to model the aerosol, which constitutes
a dispersed phase. Let us consider a distribution function f representing the density of
particles per unit volume in the domain of interest < R3. It depends on time t > 0,
position x € €, velocity v € R3, radius r > 0 and temperature T > 0. The usual dependence
of f with respect to the variables t, x, and v is supplemented by the one with respect to the
size and temperature of the droplets. Indeed, the condensation phenomenon which induces
the size variation involves matter and thermal exchanges between the aerosol and the air.
Note that we assume that the particles remain spherical and do not interact with each
other. The latter hypothesis relies on the fact that there are not enough particles for their
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Figure 3.1 — Domain {2

collisions to be significant.

In the respiratory system, the aerosol moves in the air, which can be assumed to be
Newtonian and incompressible. In particular, this means that the air mass density 0a;
is constant. The air flow is then classically described through the air velocity v and its
pressure p.

In order to consider the growth of particles and describe the matter and thermal ex-
changes with the air, we also need to work with the water vapour mass fraction in the air
Y, air and the air temperature T,;,. All those quantities indexed by “air” depend on ¢ and
x (except 0., of course). Note that the water vapour mass density in the air considered
as a gaseous mixture can be computed as Qair Yy air-

Let us now focus on the various equations satisfied by the aerosol and air-related quan-
tities, starting with the dispersed phase.

The aerosol density f satisfies a Vlasov-type equation, which can be written as:

Of +v-Vaf +div, [(a(u —v) + (1 - di) g)f] + 0.(af) + or(bf) =0, (3.1)

where ¢ is the gravitational field, a(u — v) the drag acceleration undergone by the aerosol
from the air, a and b respectively represent the radius and temperature growth evolutions
of the particles, g, the mass density of the air and p; the mass density of the particle
defined further by . The Vlasov equation is supplemented with the following boundary
and initial conditions

f ™ on Ry x '™ x R? x R* x R*,
flt,) =0 on " x R3 x R* xR*, ifv-n<0, aet, (3.2)
f0,)) = fine onxR®xRY xR%,
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Figure 3.2 — Equivalent radii in a droplet

where f™: Ry x I'™ x R?® x R* x R* — R and fiyi : @ x R? x R* x R* — R are given.
The boundary condition on I'"*! is standard, it ensures that any droplet landing on the
wall remains deposited on the wall afterwards.

We still need to define the functions «, a and b in . In order to do so, it is important
to first understand how a particle behaves and what kind of phenomenon we deal with.

The main new phenomena taken into account in the model are the water vapour conden-
sation on the droplet surface and the water evaporation from the droplet surface. In each
particle, one can find active products (drug), excipient and water. Let us introduce some
equivalent radii to simplify the situation. Denote by g, the radius such that %Wrgmggdmg
is the drug mass inside the droplet and by re, the one such that %W(rg’x — r?lrug) Oex 1s the
excipient mass inside the droplet (see Figure . Obviously, 04rue and gex respectively are
the (constant) drug and excipient mass densities. The latter equivalent radius re, will also
be named the particle dry radius, in the sense that there is no water in a dry particle.

Denoting by o, the water mass density, assumed to be constant in the situations we
investigate, it is now possible to define the mass and mass density of the particle, which
both depend on 7, i.e.

4
m(r) Y [Tgruggdrug + (TSX - Tgrug)gex + (7,,3 - TSX)QW] ’ (33)

™
3
1
0a(r) = 5 [Fdruglarug + (rex = Pirug)0ox + (1 = o) 0w - (3-4)

For the definition of « we have, as in [17],

_ G6myr

a(r) : (3.5)

m(r)
where 7 is the constant air dynamic viscosity, so that the drag force satisfies the Stokes
law.

We rely on [52] to build the functions a and b. Since we want to take into account
condensation and evaporation, the key physical quantities are the heat fluxes between the
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air and the droplets, the convective one (4 and the evaporating one L, Ny, where L, is the
latent heat of water vaporisation. The convective flux depends on 7, T', but also on ¢t and
x through T,;.. The evaporating heat flux involves the water mass flux N4 at the droplet
surface. This flux depends on r, T, and also on ¢t and z again, but this time through Y, .,
and also governs the size evolution of the droplets. The expressions of the functions a and
b can then be written in terms of Ny and Qq as

Nd(ra Ta Y;/,air(ta ZL‘))

G(T’, Ta Yv,air(ta :L‘)) = - s (36)
Ow

b(r7 T7 Y;/,air(t’ l’), Tair(t7 .T)) =
3

———(—Qa(r, T, T (t,x)) — Ly Na(r, T, Yy ai(t, x))), (3.7)
oa(r)ep,r

where cp, is the constant specific heat of the droplet.
Let us now detail the expressions of ()4 and Nyq. We can first write

Nu Rair CT
2r

where Nu is the droplet Nusselt number in the air, k,;, the thermal conductivity of the
air as a gaseous mixture, and Cp the Knudsen correlation for non-continuum effects, all of
them being considered as constants in our case.

Second, the water mass flux Ny involves Y, . and also the mass fraction Y gt of
water vapour at the droplet surface, which depends on r and 7. That quantity Y, g is
quite intricate to be defined from the modelling viewpoint. We do not provide any detailed
explanation on the model itself, the reader is invited to refer to [52] for more details. We
first need the water vapour saturation pressure, which depends on 7', and is here expressed
in the cgs unit system:

Qalr, T, T (t,x)) = (T — Toie(t, ), (3.8)

(3.9)

3816.44
Py a(T) = 10exp (23.196 - ) .

T —46.13

Then the influence of the Kelvin effect on the droplet surface concentration of water vapor
is expressed thanks to

K(r,T) = exp (wd(iﬁ) | (3.10)

where R, is the gas constant of water vapour and the droplet surface tension o is assumed

to be constant too in our framework (in particular not depending on T'). Eventually, we
need the water activity coefficient given by

Ow (TB - TSX)
M
S(r) = w , (3.11)
Ow (7"3 — Tgx) T erugrgrug Oex (TSX B r(?iYUg)
M. drug Mdrug ex M.,



where My, Mgy and M.y respectively denote the molar masses of water, drug and excip-
ient, and the constants iqmg and ¢ex are the so-called van’t Hoff factors of the drug and
the excipient, allowing to take into account the molecular dissociation during dissolution.
Note that the previous expression S is different from the one in [52]. Indeed, S equals 0
when the particle is dry, i.e. when r = 74, which was not possible in [52], but otherwise,
of course, we recover the same value for S. We can now write the expression of Y, gy, that
is

S)K (. T) P (T)

Yosut(r, T) = 3.12
) = T T 1)
The expression of the water mass flux subsequently comes
Sh Dv Tair Cm Y;; sur ) T) — Yv air ta
Na(r, T, Yoinlt, ) = o o2t Lai) O Yot 1) = Vosiell, 2) (3.13)

2r 1— K/,surf (7’, T) 7

where Sh is the Sherwood number describing the water transfer between the air and the
droplet, C,, is the mass Knudsen number correction, and the binary diffusion coefficient
D, of water vapour in the air is given, in the cgs unit system, by

Tair(tux) e
Do (Tye(t, 2)) = 0.216 ( 222V} 14
(Taie(t, )) =0 6( 273.15 ) (3.14)

Remark 3.1.1. The definitions (3.6)) f and of a, b, Qq and Nq allow to deter-
mane lower bounds for the support of the distribution function with respect to both r and T'.
We know that a governs the time evolution of this support. Assume that, at initial time,
the droplets all have a radius greater than rec. In that situation, if r somehow reaches the
value Tex, as we already pointed out, we have S(re) = 0 and subsequently Yy, st = 0, which
implies Nq < 0 and a = 0. That ensures that r cannot go below re. in the model. For
the support of f with respect to T, from the mathematical viewpoint, even if the formu-
lae leading to (3.13)) do not hold in the considered temperature range, one can check that
if T somehow reaches 46.13 K (the value in P, ), Na is non positive, since Yy gur = 0
again. And Qq s clearly non positive too. That ensures that T cannot go below 46.13 K in
the model. Anyway, if all the functions involved are smooth enough, if finie s chosen with
a compact support in all its variables, that compactness property should hold at least for
small times. Note that, from the physical viewpoint, it seems relevant to assume that all
the temperatures remain around 300 K, and that Y, i memains positive.

Remark 3.1.2. Thanks to formula (3.4) and the fact that r = re; = 740y according to
Remark we have

min(Qwa Oexz» erug) < Qd < maX(Qw; Qex» erug)>

this allows us to neglect the term 2= appearing in equation (3.1)) in our numerical simula-

tions due to its smallness, see for the physical values of 04rug, Oczy Ows Qair-
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Let us now tackle the air equations. To begin with, the fluid velocity u(t,z) € R* and
its pressure p(t,z) € R classically [I7] satisfy the incompressible Navier-Stokes equations

Oair [t + (u - Vou)] = nAgu+ Vep = F, (3.15)
div,u = 0, (3.16)

on R, x €, completed with the following boundary and initial conditions:

= u™  onR, xI'n

= 0 on R, x ™l

o(u,p)-n = 0 on R, x [out,
w(0,+) = wpy on £,

b (3.17)

where o(u,p) = V,u + (V,u)T — pld is the stress tensor, n is the outgoing normal vector
from ', ™ : R, x I'™ — R3 is chosen to be a Poiseuille flow and i : Q2 — R? is the
initial datum. Eventually, the aerosol retroaction F' on the air is given by

Ft,z) = — Hj m()a(r)ult, ) — v) (2, 0,7, T) do dr dT

R3xR4 xR

_ ”f Grenr(u(t, z) — ) f(t, 2, 0,7, T) dv dr dT.

R3xR* xR¥

Remark 3.1.3. In our numerical simulations, that latter term will be neglected (F = 0)
because of its smallness related to the investigated particle size range, see [17], but we keep
it for the time being, in order to remain consistent with respect to the total momentum
conservation of our system.

We still need to write equations to describe the evolution of the air temperature T;,
and the water vapour mass fraction Y, ,;; in the air. The water vapor mass fraction Y ai
satisfies an advection-diffusion equation including a source term Sy which accounts for
the water mass exchanges between the bronchial air and the aerosol. Other effects such
as turbulence effects could also be taken into account (see [53, [51]). Thus, we write, on

R, x €,

Qair[atK/,air + (u . Vgc)va,air] - divx(Dv(Tair)va;/,air) = SY7 (318)
completed with the following boundary and initial conditions
Yoair = Yvi,r;ir on Ry x I'™,
K/,air = va,wall on R+ X Fwall’
VoYoair-n = 0 on R, x I'out, (3.19)
Y:z,air(ou ) = }/V,air,init on Q7

where Y5 air init, yin. Y, wan > 0 are given. The boundary condition on Y2l ensures that

the wall continuously provides water vapour to the air mixture. The source side term Sy
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of (3.18)) is defined, very similarly to the one from [52], as

Sy (t,x) = oy ij 47r* Ny (r, T, Yy air(t, @) f(t, 2,0, 7, T) dv dr dT. (3.20)

R3xR% xR%

Finally, the air temperature also satisfies an advection-diffusion equation on R, x §2, which
writes
QairCPair [&fTair + (U : vz)Tair] - ﬁairAa:Tair = ST; (321)

completed with the following boundary and initial conditions

T = T on R, x I'n,
Tair = Twall on R+ X PW&H,
Viluir-n = 0 on R x [out, (3.22)

Tair(oa') = Tair,init on Qa

where Thir init, T Twan > 0 are given. The source side term Sy of (3.21) represents the
heat transfer between the air and the aerosol through the water vapour, and is given, again
very similarly to the one from [52], by

Sp(t,x) = Jff 41 Qa(r, T, Toie (t, 7)) f(t, 2, 0,7, T) dv drdT. (3.23)

: ® ok
R3xR¥ xR¥

In what follows, equations —, which include all the effects related to aerosol
size and temperature variation, will be referred to as the (ARAT) model, see Remarks m
and for the neglected terms. If we drop the temperature effects, the (ARST) model
is given by (B.1)—(3.6) and (3.9)—(3.20), with b = 0. And for the (SRST) model, where
no aerosol size or temperature variation is allowed, we consider equations f and
— with @ = 0 and b = 0. To summarise the models under study, we rewrite
below the PDEs for each one of them, without the boundary and initial conditions:

Ouf +v-Vof +divy[(a(u—v) + g)f]+,(af) + or(bf) =0,
Qair [615“ + (u ) Va:u)] - 77Aa:“ + pr - O’ lex w= O’
Qair [ath,air + (u ) vx)va,air] - dlvﬂC(DV (Tair)vxy;,air) - SY’

varying size
and temperature

0airCP,;, [atTair + (U ' V:L‘)Tair] - 'LiairAxTair = STa (ARAT)’

Orf +v-Vuf +divy[(a(u —v) + g)f] + d-(af) =0, varying size

Oair[ O + (u - Vou)| —nAzu+ Vep =0, divyu =0, no temperature

QOair [&‘tYwir + (U . Vx)YvV’air] — lex(DV (Tair)vxK,,air) = Sy, Variation (ARST),
no size

nor temperature

{ Of +v-Vof +divy[(a(u—v) +g)f] =0,
variation (SRST).

Oair[ Ot + (u - Vu)| —nAzu+ Vep =0, divyu =0,
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3.2 Checking the physical conservations

In this section, we discuss the physical conservations of various quantities related to
the (ARAT) system, and we focus on two quantities which involve water vapour. The first
one focuses on the water vapour mass exchange. More precisely, the water vapour coming
from the air is supposed to lead to a size variation of the aerosol droplets. That property
is stated in the following proposition.

Proposition 3.2.1. Assume that u = 0 and V.Y, .x -n = 0 on 0, and that f = 0 on
00 x R* x R* x R*. Then we have

d
1 f Qalr valr t SC ij t xr,v,T, T) dvodrdT |dz | = 0.
at | Jg

R3xR% xR*

Proof. On the one hand, multiplying (3.1)) by m(r), integrating with respect to all the
variables except t, and eliminating the conservative terms through integrations by parts,
we obtain

J Jff ft, z,v,r, T)dvdrdT de
dt

R3 xR* xR¥

J Hf a(r, T, Yy aie(t, ) f(t, 2, 0,7, T) dvdr dT dz.

R3 xR* xR*

On the other hand, integrating (3.18)) on €2, we get, thanks to (3.20)),

d
dt lj Qalrlfv alr(t x dCC:| f SY t $)d

- J m Amr? 0 Na(r, T, Yo air(t, @) f(t, 2, 0,7, T) dvdr dT dz
Q

R3 xR¥ xR¥

J Uf a(r, T, Yy aie(t, 2)) f(t, 2, 0,7, T) dvdr dT dz.

R3 xR* xR¥
That clearly concludes the formal proof. ]
The exchanges of thermal energy associated to water transfers between the air and the

aerosol are more intricate to understand. The following proposition holds.
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Proposition 3.2.2. Assume that uw = 0 and V, T, -n = 0 on 00, and that f = 0 on
00 x R* x R* x R*. Then we have

d

@ J 0airCp,;, Taix (T, ) ij (ryep, T f(t,z,v,r,T)dvdrdT | dzx
Q

]RJXR* XR*
_ _J Jff 4rr?(Ly + cp, TYNa(r, T, Yy i (t, ) f(t,z,0,7, T)dodrdT dz. (3.24)
Q

R3 xR* xR¥
Proof. On the one hand, we integrate (3.21]) over Q to obtain

d
1. lf QaircPairTair(ta [IZ’) dl':| = J ST(t, IE) dzx.
a | J, X

Then we multiply (3.1]) by m(r)cp, T and integrate it with respect to all the variables except
t to get

% f ”J m(r)cp, T f(t,z,v,7,T)dvdrdT dz
Q

R3 xR* xR¥

f Hj (r)ep, T a(r, T, You(t, ) f (8 2,0,7,T)

R3 xR xR%

+m(r)b(r, T, Y, ai(t, ), T (t, 2)) f(t, 2, 0,7, T)] dvdrdl de.

Then we sum both previous equalities to recover (3.24)), noticing that the term involving
(Qq vanishes, keeping two terms involving Ng: one with L, to take the change of physical
state into account and one with the added thermal energy in the aerosol due to the mass
exchange. O]

For the total momentum conservation, when the retroaction term is involved, in fact,
the formal proof is exactly the same as in [I7]. We do not present any more details about
the conservation of this quantity and the total kinetic energy decreasing.

3.3 Numerical method

Before studying some relevant physical situations from the computational viewpoint, let
us describe, in this section, the numerical scheme we implemented to solve system (ARAT).
We proceed in the same way as in [17], by using a time-marching scheme and uncoupling
the fluid and aerosol equations. First, we solve the three fluid equations ([3.15)—(3.16]), (3.18))
and with the source terms computed at the previous time step for both equations
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for Yy i and Ty, (recall that F is chosen equal to 0). Then we solve the Vlasov equation
(3.1) using the updated fluid quantities. For the fluid equations, we use a finite-element
method, and the aerosol is computed thanks to a particle method. All the computations
are performed in a two-dimensional setting with FreeFem++ [35], on a time interval [0, 7],
where 7 > 0 is given. For a time step At > 0 such that 7/At € N*, we denote t" = nAt for
any n, with 0 < n < N. The domain € is discretized as a tetrahedric mesh €.

Let us provide more details about the numerical solving. As already stated, we start
by solving the fluid equations, and use a finite element method to do so. If we write weak
formulations of those equations, we introduce the following test functions: x € L?(Q) for
3.16), and v, ¢, ¢ € H'(2), vanishing on '™ and I'"!!, respectively for (3.17), and
3.21)). Then, for the discretization, we are led to use Py functions for the velocities u and
v and Py functions for p, Y5 air, Tair, X, ¥ and ¢.

To go from " to t"*!, assume that u”, Y., Tit., S and S§ are known. In order to
handle the convective term in (3.15)), we introduce the approximated characteristic flow
X™ which approximates the solution X to the Cauchy problem, set on [¢", "],

X(s) =u"(s, X(s)), X" =z,

for any = € ;. The approximation X" is computed thanks to the FreeFem++ command
convect. Hence, we define u"*! as the solution to the following discrete weak formulation

un+1 —uo X
Qairf cvdx + nj Vu"t Vorde
Q At Q

— J p"div, vdz + J div, v xdz = 0. (3.25)
0 0

We proceed in the same way to define Y'V”;jrl and T7*! as the solutions to the discrete weak
formulations

Y;/n;grl - }/vnair o X" 1
Qairf d ’ odx + DVJ VIYV";r -Veodr = f Sy o de,
Q At 0 ’ Q

n+1 n n
OninCp,, f L AT;‘“ °A e+ ﬁairf VI Vahde = J na da.
Q Q Q
Note that, in the considered air temperature range, the value of D,, which theoretically
depends on Ty, only has a 2% variation, so we choose not to update D, with respect to

T, in this equation.

Next comes the aerosol numerical solving. Since we use a particle method, we discretize
the distribution function f as a weighted sum of Dirac masses in the position, velocity,
radius and temperature variables. More precisely, we consider Ny, € N* numerical parti-
cles, each of them having the representativity w € N*, so that the total number of physical
particles is Naero = WNpum. Note that, for obvious computational cost reasons, Ny, must
be chosen to be small with respect to Naeo, but large enough to faithfully represent the
distribution of the aerosol particles.
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The distribution function is then approximated by

Nnum
f(ta z,v,r, T) =W Z 5J:p(t) ® 5vp(t) ® 5rp(t) X 5Tp(t) ($, v, T, T)7

p=1

where x,(t), v,(t), rp(t), T,(t) are the coordinates, in the space phase of f, of the numerical
particle p € {1,..., Npum} at time t.
The particle coordinates solve the following differential system

(1),
(ra(1)) (ult, = < ) = 0,(1)) + g,

(rp(£): Ty (1), Yepie (£, 2(1))), (3:26)
(o (1), Ty (1), Yot (D)), Tt 7, (1)),

[
2 o .

[~

supplemented with initial data chosen to fit the distribution of droplets given by finit.
The ODE on r, is solved thanks to a RK4 scheme, in order to remain very accurate for
the radii computations, involving the newly computed value YV”;rl at the current position

of the particle zj;. The velocity and temperature ODEs are solved with a semi-implicit
Euler scheme, respectively involving u"*!, and Y"1, T7%1  all of them again being valued

v,alr ? air

at x7. Eventually, the position 27" is updated using the newly computed v+,
Once we know (zp*', on™t rptt T0H) for all p = 1,..., Noym, We deﬁne the source

terms for the next time step t"*! as

Nnunl

S}@-&-l W 0w Z 47‘(‘( n+1)2Nd( p+1 Tn—H( n+1) Yn—i—l( n+1))5 n+1

air v,air
p=1
IlllIIl

S$+l = W Z 47T n+1 ( n+1 Tn+1 Tn+l( n+1))5 n+1

p air

In order to take into account the deposition or exiting conditions from ([3.2)), in the previous

definition of the discrete source terms at time "1, we drop the indices p such that :17;”1
is outside the domain  in the sum p € {1,..., Nyum}. It means that, at time t"*!, the

corresponding particle p either deposited on the wall or went out of the domain through
the outlet (depending on its distance to IV and I'" at time ") . Note that a particle p
is also considered to be deposited if the distance between z;, and T is smaller that r,.
The same goes for I'°"* for exiting the domain. Once the particle is deposited or out, it is
of course not treated numerically anymore.

It appears mandatory to perform a time-subcycling for the aerosol computations. With-
out that subcycling, the particle would be able to go across various cells during the same
(fluid) time step. Moreover, it is particularly relevant when dealing with the particle tem-
peratures because, if we compute the coefficients involved, we can check that the temper-
ature ODE is very stiff.
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3.4 Numerical simulations

In this section, we numerically investigate various situations. Let us first provide the
specific setting of our numerical experiments. Note that the values of the physical constants
appearing in our models are gathered in Appendix [3.A]

3.4.1 Experimental context, reference situation

The final time is set at 7 = 1 s. Our domain is supposed to represent the trachea and
the first bifurcation in the human airways, see Figure . Its characteristic sizes and shape
are the ones described in [71] 68], taking into account a 3D-2D correction coefficient for
each branch length. More precisely, the diameter of the trachea is set at Dy = 1.80 cm, and
its length at ¢y = 7.52 cm. The right-hand bronchus has an angle of 250 with the tracheal
axis, it is quite short (19 = 3.75 cm), but its diameter quite large, Djy = 1.50 cm. The
left-hand bronchus has an angle of 450 with the tracheal axis, it is longer than the first
one (¢y; = 6.75 cm), but its diameter is smaller, with Dy; = 1.00 cm. Let us emphasize
that the right-hand bronchus is the left branch on Figure [3.1] and conversely: we have the
outsider’s view, not the patient’s.

The middle of the boundary inlet I'"™ is the origin of the space coordinate system, with
horizontal and vertical axes.

Let us now provide the boundary and initial conditions for the fluid equations. The
velocity fluid is initialized at ui,;; = 0, and, at the inlet, u!® follows a Poiseuille law, i.e. it
is vertically oriented from up to bottom and its modulus is given, for any x € I'™®, by

in 4uO D02 2
)= o (2 - at).
where ug = 50.0 cm.s™!. The air temperature uses the following values

Toieinit = 370C = 310 K, T2 = 240C = 297 K, Tiyan = 37°C = 310 K.

alr

The initial and boundary values of Y, ., uses the ones of the relative humidities in the
airways, here chosen as RHyne = 0.990 and RHyan = 1.00. Then we write

Y. . RHlungPV,sat (Tair,init) in RHlunng,sat(T;{‘r)
v,air,init - 9 v.,air ~ - R Tin 9
QaierTair,init ’ Caix v

air

RHwalva,sat (Twall)

Oair RvTan
Figureshows the values of |u|, Y, air and T, at final time, where some kind of stationary
state is reached for the fluid. Let us next describe the computational and experimental pa-
rameters for the aerosol. We consider 5 injections in the domain of 100 numerical particles
each with representativity w = 10%, periodically released between initial time and t = 0.25 s.
Hence, we deal with Nyum = 500 numerical particles and Nuero = 5 10° physical particles.

Yy wall =
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VELOCITY

[52
226.

b

(a) (b) ()

Table 3.1 — Distribution of the velocity |u|, water vapor mass fraction in the air Y ,; and
temperature T,; at final time 7 =1 s.

1

All the numerical particles initially have the same vertical velocity v,2(0) = —100 cm.s™ ",

the same radius r,(0) = 2.25 107 cm, and the same temperature 7,(0), equal to the air
temperature T'% at the inlet. They are released from random positions z,(0) € I'™ with its
first coordinate in [—Dy/4, Dy/4], following a uniform law. We choose this latter interval
instead of [—Dy/2, Dy/2] so that it allows a larger deposition phenomenon. Since we use
a particle method, it is mandatory, in order to obtain meaningful results, to perform av-
eraging computations over several initial randomly chosen distributions of droplets, in our
case, 10 different distributions.

This parameter set defines what we name the reference situation, which was first used to
validate the code. Indeed, we checked, at the computational level, the total mass conserva-
tion in the water vapour exchange between air and aerosol and the thermal energy balance
implied by the thermodynamic state change of water vapour. The next subsection also lies
in the framework of the reference situation, in order to give an almost exhaustive overview
of all the phenomena.

3.4.2 Numerical tests

We first show, for the (ARAT) model, the behaviour of the air velocity v and temperature
T, at different times, as well as the movement in the domain of the various aerosol releases,
in Figures We do not provide snapshots for the water vapor mass fraction Y, i
because they would look like Figure (b): Y, air seems to reach a stationary state very
fast, whereas u and T,;; only do so near time 0.48 s.
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Figure 3.5 — Local effects of the aerosol on the air temperature, here at time 0.25 + At (in
seconds).

Figure |3.5, where the air temperature is shown just after the last aerosol release at
time 0.25 s, plotting or not the particle positions, allows to point out an effect which could
not be seen in the snapshots from Figure because of the plotting of the particles
in the domain. Indeed, for all aerosol releases except for the first one, there is a local air
temperature increasing at the location of the particles. This effect is clearly not explained by
direct thermal phenomena, hence it comes from the water vapour mass exchange between
the humidified air and the droplets.

(b) (c)

Figure 3.6 — Particle trajectories (a) towards the left branch, (b) towards the right branch,
(c) deposition.
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On Figure we represent the particle trajectories obtained with the (ARAT) model.
In this example, most of the droplets (348 over 500) go out of the domain through the left
branch. A less significant number of particles (98) go out through the right branch, and a
smaller part of them (47) deposit on the wall (more precisely, on the “internal” wall of the
left branch). There are still 7 droplets in the domain at final time. The major exit at the
left branch is of course no surprise: because of its diameter, the branch is the most natural
way out for the aerosol.

1 x10
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et
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Figure 3.7 — Radius and temperature evolution of all the particles with respect to time.

Let us now focus on Figure 3.7 The plots show the time evolution of (a) the radius
and (b) the temperature of all the numerical particles from one of the initial distributions
we used, in the (ARAT) model. It is clear from Figure [3.7(a) that, at first, the droplets
from the first release do not behave in the same way as the ones from the other releases:
the size growth happens more slowly. The difference is confirmed by Figure (b): the
temperature plots for the first release again behave very differently from the others. In
particular, even if the temperatures of the first injected particles are initially 297 K, they
almost instantaneously become close to 310 K because they move in an air at 310 K, see
Figure [3.4[a). On the contrary, the other releases live in a cooler air, see Figure [3.4(b)—(e),
and hence are not submitted to a thermal shock. Then, we can check on Figure that
each plot seems to have a characteristic time of behaviour change. It is definitively clear
on Figure (b) For all releases except for the first one, there is a temperature jump
which is, for the second one, located in time at approximately 0.25 s. If we observe the
temperature snapshot (d), we can see that the corresponding time, which is 0.24 s, is
approximately the one when the second release goes into the branches, where the diameters
are significantly smaller than in the trachea, and where the wall effect consequently appears
stronger. This explains the fact that the particle temperatures increase more.

Then, on Figures [3.8H3.10], we compare the radius and temperature evolution, with
respect to time, of particular droplets of the second release evolving in models (ARAT),
(ARST) and (SRST). Figure focuses on a droplet exiting the domain through the left
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branch with the (ARAT) model, Figure through the right branch, and Figure m
on a droplet depositing. Note that those same particles share the same future in models
(ARAT) and (SRST), but are all deposited in the (ARST) model. Let us first comment
Figures [3.§(b)-3.10|(b), i.e. the temperature plots. Of course, in the (ARST) and (SRST)
models, the temperature remains constant, whereas, in the (ARAT) model, the particle
temperature grows until it (approximately) reaches Ty,y. This may seem peculiar. Indeed,
the aerosol enters the domain at 297 K, and, except for the first aerosol release, it evolves
in a cooled air. Since the droplet temperature variations cannot be explained because of
the ambient air temperature, it means that they are triggered by hygroscopic phenomena.
This leads us to study more carefully Figures [3.8(a){3.10[(a). As one can see, in the three
situations, model (ARST) induces a larger size growth than model (ARAT): this may explain
the fact that the particle deposits in model (ARST). The hygroscopic effects imply radius
variations for both models, but a part of this variation existing in the (ARST) model also
has a temperature effect in the (ARAT) model, which justifies that the radius for (ARAT)
is smaller than the one for (ARST).

Let us finally provide some statistical behaviours of the aerosol for each model. In
Table [3.2] we first give the following values, all of them being computed from the 10 initial
aerosol distributions used to solve the Vlasov equation:

— the droplets mean radius and temperature at “final” time (in the sense that, when

a particle exits or deposits during the computation, its radius and temperature do
not change anymore until the end of the simulation),

— the mean percentage of deposited particles and of particles reaching the boundaries

vt (right and left) among the 500 particles,

— the corresponding mean event time, i.e. the time when the particles exit or deposit.

Models (ARAT) | (ARST) | (SRST)
Mean radius (cm) 6.55 107% | 1.67 1073 | 2.25 10°
Mean temperature (K) 309 297 297
Deposited particles 7.6% 35.5% 0.0%
Left exiting particles 69.0% 64.5% 69.6%
Right exiting particles 22.4% 0.0% 24.7%
Mean depos. time (s) 0.409 0.270 -
Mean left exit time (s) 0.289 0.261 0.296
Mean right exit time (s) | 0.509 - 0.461

Table 3.2 — Statistics in the reference case.

As seen in Figures[3.8|(a)-3.10|(a), the particle mean radius in the (ARAT) model is inter-
mediate between the ones from (SRST) and (ARST), and, as already emphasized, when we
neglect the temperature effects, the particle radius must bear the whole hygroscopic effect
in the (ARST) model. Besides, the size growth between (SRST) and (ARAT) is significant.
It seems to be the main reason for aerosol deposition in that case. Otherwise, (ARAT) and
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(SRST) models have closer mean behaviours, which may imply that the (ARST) model is
not relevant.

Finally, Table [3.3| gives the droplets mean radius at final time depending on their evo-
lution (deposition, left/right exiting) for (ARAT) and (ARST) models, since the radius
remains constant to 2.25 107> cm with the (SRST) model. There exists a significant varia-
tion of the radius, which can be linked to the mean event times in Table In the (ARAT)
model, the particles going out through the right branch remain longer in the domain, thus
undergoing a larger radius growth. For the (ARST) model, deposition or exiting happen
more or less at the same time, leading to very similar radii for the particles.

Deposited | Left exiting | Right exiting
particles particles particles

Mean radius (cm)
with model (ARAT) | 6.43 107* | 6.25 1074 7.42 1074
Mean radius (cm)
with model (ARST) | 1.68 1072 | 1.67 1073 -

Table 3.3 — Statistics for the particles depending on their future (depositing/exiting).

3.5 Conclusion

The previous section allowed to point out the relevance of model (ARAT) compared to
(ARST) and (SRST) to properly take into account the hygroscopic effects on aerosols in
the airways.

Besides, in our opinion, there are plenty of situations remaining to investigate, which
should be addressed in further works. Let us mention some of them below.

First, observe that the source term modelled by function b given by , which drives
the behaviour of the aerosol particles, is naturally composed of two terms, which we may
denote by b; and by (the first one involves Q)4 and the second one Ng). In fact, b; and
b, happen to have opposite signs and the same order of magnitude, around 2 10° K/s at
initial time, whereas b approximately equals 400 K/s (see Figure [3.11)). Even if the model
seems to behave nicely with respect to temperatures (the temperature of the corresponding
numerical particle is given on Figure , it is only because we used a very fine subcycling
time step to guarantee numerical accuracy in the description of the thermal effects. From
the computational viewpoint, this can probably be improved.

We did not provide any numerical tests with the presence of excipient in the aerosol,
i.e. we chose rex = Tamg, though we wrote the (ARAT) model involving the excipient.
Nevertheless, since standard values of ggre and oex are close to each other, it is unlikely
that the excipient implies major behaviour changes on the aerosol.
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Figure 3.11 — Order of magnitude of each thermal effect b; and by for a given particle.
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Figure 3.12 — Temperature evolution of the chosen particle in Figure m

Moreover, the air flow we here studied was only related to the inspiration part of the
respiration. However, it seems difficult to tackle the expiration part, because boundary
conditions on f at ' are then unclear.

The computational domain here represents the upper part of the airways, including
the trachea. It would be relevant to study the model behaviour within other domains, not
necessarily with a vertical main axis, to understand the effect of the geometrical variability.

Eventually, as it was emphasized in [I7] where 3D computations are performed, com-
pared to [I6] in a 2D domain, two-dimensional simulations tend to increase the aerosol
deposition phenomenon. In order to study the model very faithfully, it is probably manda-
tory to work in a 3D setting.
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Figure 3.4 — Dynamics of the particles with the air temperature, at time ¢ = 0.00, 0.08,
0.16, ..., 0.80 s and at final time 7 =1 s.
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Figure 3.8 — Radius and temperature evolution of a particular droplet which goes out
through the left branch, comparison in the three models.
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Figure 3.9 — Radius and temperature evolution of a particular droplet which goes out
through the right branch, comparison in the three models.
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Figure 3.10 — Radius and temperature evolution of a particular droplet which deposits,
comparison in the three models.
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Appendix

3.A Values of the physical constants

All the values of the physical constants used in our numerical simulations are given in

Table B.A Tl

Quantity Symbol | Value | Unit (cgs)
Gravitation 9] 980 cm.s 2
Air mass density Oair 1.18 1072 | g.cm™3
Air specific heat cpy, 1.01 107 | em?s™2.K™!
Air thermal conductivity K air 2.60 10° | g.cm.s™ 3. K™!
Air dynamic viscosity n 1.18 107* | g.em tst
Water mass density Ow 0.997 g.cm 3
Drug mass density Odrug 1.34 g.cm 3
Excipient mass density Ocx 2.17 g.cm 3
Water molar mass M, 18.0 g.mol !
Drug molar mass Mrug Y g.mol ™!
Excipient molar mass My 58.4 g.rnor1
Drug van’t Hoff coefficient ldrug 2.10 —
Excipient van’t Hoff coefficient Tox 2.10 -
Droplet specific heat cp, 418107 | cm?s 2K ™!
Droplet mass Knudsen number correction Cm 1.00 -
Droplet temperature Knudsen correlation Cr 1.00 -
Droplet Nusselt number Nu 2.00 -
Droplet Sherwood number Sh 2.00 —
Water vaporization latent heat L, 2.26 1010 | cm?.s72
Droplet surface tension o 72.0 dyn.cm™!
Water vapor specific gas constant R, 4.61 10° | em?s—2.K !

Table 3.A.1 — Value of the physical constants.
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Chapter 4

Analysis of the transport-Stokes
equation

Abstract

This chapter is dedicated to the analysis of the transport-Stokes equation derived
in the first chapter. First we present a global existence and uniqueness result for
L' n L initial densities with finite first moment. Secondly, we consider the case
where the initial data is the characteristic function of a droplet and investigate the
regularity of its surface. We present a local existence and uniqueness result for the
surface parametrization. Finally, we consider the case where the initial domain is the
unit ball and present some numerical computations that shows the droplet regularity
breakup.

4.1 Introduction

In this chapter, we consider the sedimentation of a cloud of rigid particles in a viscous
fluid. At the mesoscopic scaling, It has been showed that the equation describing the dy-
namics is the transport-Stokes problem in the case where inertia of both fluid and particles
is neglected:

oo + div((u + kg)o) = 0, on R* x R3,
—Au+Vp = 67mrgrog, on R3
divu = 0, on R3, (4.1)
0(0,) = o0, on R3.

Here, the function p stands for the density of the particles, (u,p) are the velocity and
pressure of the fluid, r( is the homogenized particles radius, g is the gravity vector and kg
represents the fall speed of one particle sedimenting under gravitational force. The rigorous
proof of convergence of this model starting from the microscopic one is established in [3§],
[41], [51].

At the microscopic scaling, the motion and shape evolution of a blob has been studied
in [55, 58] [62]. Experimental and numerical investigations lead to the conclusion that a
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spherical cloud of particles slowly evolves to a torus. Precisely, the particles at top of the
cloud leak away from the cluster and form a vertical tail. The decrease of the number
of particles at the vertical axis of the cloud leads to the apparition of the toroidal form.
Moreover, it has been observed that the unstable torus breaks into two secondary droplets
which deform into tori themselves in a repeating cascade.

We are interested in observing this phenomena on the mesoscopic model. The idea is to
consider equation (4.1)) when the initial density of the cloud is the characteristic function
of a bounded domain Bj. Existence and uniqueness of has been proved in [38] for
regular initial data py. Hence, the first step of this study is to extend the result for less
regular data allowing to tackle blob distribution.

Note that, if (o,u) are solutions to equation (4.1]), then

(@(t,:c),ﬂ(t,x)) = (Q(t,l‘ + t/fg),u(t,x + Zflig)),

is solution to

Oro + div(ou) = 0, on Rt x R3,
—~Au+Vp = 6rrgrog, on R3,
divu = 0, on R3,
0(0,9) = oo, on R3.
Since 67rokg = —6mrok|gles, without loss of generality, we consider in this chapter the

following transport-Stokes problem:

0i0 + div(ou) = 0, on Rt x R3,
—Au+Vp = —pes, on R3
divu = 0, on R3, (42)

0(0,9) = oo, on R3.

where e3 is the third vector of the standard basis in R3.

The organization of the chapter is the following one. The first section is dedicated to
the existence and uniqueness of the transport-equation . In the first subsection we
recall some classical results and estimates regarding the transport and Stokes equations.
The second subsection is dedicated to the proof of the first Theorem. The second section
concerns the analysis of the regularity of the contour of a blob. In the first subsection
we provide a local existence and uniqueness of a contour parametrization. In the second
subsection, we present some numerical results that show the droplet regularity breakup.

4.2 Existence and uniqueness of the transport-Stokes
equation

The main result of this section is the following Theorem

Theorem 4.2.1. Let gy € L'(R3) n L®(R?®) a measure with finite first moment. There
exits a unique couple (0,u) € L®(0,T; L*(R*)nL®(R?)) x L®(0, T; WH®(R?)) satisfying the
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transport-Stokes equation (4.2)) for all T = 0. Moreover, there exists a unique characteristic
flow X such that

Q(t7 ) = X(t7 07 )#QO

In order to prove the main Theorem we recall some existence, uniqueness and stability
estimates for Stokes and transport equations.

4.2.1 Reminder on the Steady Stokes and transport equations

Equation (4.2)) is a steady Stokes problem coupled with a transport equation. We recall
here some properties concerning the Stokes problem on R? and the transport equations.

Proposition 4.2.2. Let n € L*(R?) n LY(R®), The unique velocity field u solution to the
Stokes equation:
~Au+Vp = n, onR?
{ diviu) = 0, onR?,

s given by the convolution of the source term n with the Oseen tensor ® defined in chapter

1, see (1.26)) for the definition
u=®xn.

Moreover, u € WH®(R3) and there exists a positive constant independent of the data such
that:

[ulee + [Vule < Clnlprar (4.3)

A proof can be found in [38, Lemma 3.18] in the case n € X3 where X3 is defined in
[38, Definition 2.5] and recalled in the first chapter, Section m The proof is mainly the
same when considering n € L' n L®. We recall now a stability estimate using the first
Wasserstein distance W; which is well defined for measures with finite first moment. The
following Proposition uses arguments similar to [34, Proposition 3] and [33, Theorem 3.1].

Proposition 4.2.3 (Steady-Stokes stability estimates). Let ny, ne € L'(R?) n L®(R3) and
denote by uy and uy the associated Stokes solution. For all compact subset K < R3 one can
show that there exists a constant depending on K such that

|lur — ua| L1y + [ Vur — Vug| pixy < CUK) Wi, n2).

Moreover, given a density o € L* n L®, there exists a positive constant independent of the
data such that:

y jur () — ua(z)]e(dr) < Clofpiar=Wilm, 1) (4.4)

Since similar computations will be used thereafter, we present the proof of the former
Proposition.
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Proof. According to [66, Theorem 1.5], there exists an optimal transport map 7" such that
1o := T'#n; and we have:

Wilm.m) = | 1) = slm(ay)
This yields:

[ tuste) — (o) de - "

P(z —y)m(dy) — JRS Oz —T(y))m(dy)

T(y) — yl
J JRs min |x —yJ2, |x — T(y)|2)771(dy)d:v

JRJ (|:E—y|2 [z — ()| >d$|T(y)—y|?71(dy)

K)Wi(ni,m2).
The proof of the last formula |D is analogous to the estimate above where we replace
C(K) by [ofrrar~- O

Given a velocity field having the same regularity as above, we recall now an existence,
uniqueness and stability estimates for the transport equations. The stability estimate pre-
sented below is analogous to [34, Proposition 3] which is adapted from [50].

Proposition 4.2.4. Let u € L®(0,T; Wh*(R3)) and oo € L' n L®, for all T > 0 there
exists a unique solution n € L*(0,T; L* n L®) to the transport equation

Oro + div(ou) = 0
’ 4.5
e T (45)
Moreover, given two wvelocity fields u;, 1 = 1,2, if we denote by o; the solutions to the

associated transport equation , we have for allt = s = 0:

Wi(ei(t), 02(t))
< <W1(Q1( ), 0a(s J ng s (7, ) — un (. 2] 01 (1, x)dxah) Q=9 (4.6)

where Ql = ||uiHL‘x‘(0,T;W1,‘x).

Proof. Classical transport theory ensures the existence and uniqueness. Precisely, the char-
acteristic flow satisfying

oX(t,s,xr) = wu(s,X(t,s,2)), Vt,sel0,T],
{ X(s,s,2) = =, Vsel0,T], (4.7)

is well defined in the sense of Carathéodory since u is L™ in time and Lipschitz regarding
the space variable. Moreover, the following formula hods true

Q(tv ) = X(tv S7')#Q(S7')' (48)
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Now, consider two velocity fields u; € L®(0,T;WH®) and denote by X; its associated
characteristic flow. For all = # y, i = 1,2 we have:

t
|Xl(t7 S, x) - Xz(t7 S, y)| < |.T - y| + f |u’i(7—7 Xi(Tv S, 37)) - ui(Ta X’i(7—7 S, y))|d7—
t
< |£17 - y| + QZ J |Xi(7—a S, 33) - Xi(Ta S, y)|d7— )
which yields, using Gronwall’s inequality, for all t > s > 0:

Lip(Xi(s,t,-)) < %072,

We recall that at time s > 0, according to [66, Theorem 1.5, one can choose an optimal
mapping T such that ga(s) = Ts#0:1(s) and

Wi (91 J|T |Q1 S dy)

on the other hand, thanks to the flows X; we can construct a mapping 7T; at time ¢t > s
such that go(t) = Ty #01(t) defined by

T, = Xa(t,s,) o Ty 0 X1 (s, 1, ). (4.9)

According to the definition of the Wasserstein distance and formulas (4.8)), we have:
Wilea(0). ea(t) < | 1Ti(a) = )| et )
— [ 1) = Xt eatsudy)
— [ Xa(t.s 7)) = Xt ea(sudy)
< Lip(Xa(t, 5 DWi{eas) 2(5) + | 1Xalt,5.) = Xatt.s,)] x5 ).
Now we have:
| a5 = Xt sl s
< f J fus(r, X (7, 5.9)) — w7, X, (7, 5, 9)] ea (s, dy)dr
< Q2 Jt J | Xo(7, 8,y) — X1(7, 8,9))| 01(s, dy)dT + Jt J |ua (T, ) — uy (7, 2)| 01 (7, dz)dT.
Gronwall’s inequality yields:
JRS | Xo(t, s,y) — Xa(t, s,9)| 01(s,dy) < <J L@ |ug (T, ) — uy (1, 2)| 01 (T, dx)ch‘) Qalt=s),
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Finally we get
Wi(o1(t), 02(t)) < Lip(Xa(t, s, ))Wi(01(s), 02(s))
+ <J JR3 |ua (7, 2) — wi (1, 2)| 01 (7, d:r)dr> ¢@2(t=3)

with Lip(Xy(s,t,-)) < e@2(t=9), O

4.2.2 proof of the existence and uniqueness result

Proof of Theorem[[.2.1. Let T = 0 and gy € L* n L' a measure with finite first moment.
We construct a sequence of solutions as follows : Given ¢V we define (u, oV "!) as the
solution to the system:

G0N + div(uN Nt = 0, on [0,7] x R3,
—AuN +VpY = —oNes, on [0,T] x R3,
dive = 0, on [0,T] x R?,
QN+1(O7 ) = 0o, on R37
here v is given by uV = —®xpNeg and pN its associated pressure. We choose o° (t,-) = oo as

first step. Since ¢ is transported by an incompressible fluid we have for all time ¢ € [0, T:
[o™ O 1nrs < ollzinre.

Formula from Proposition yields
[ wr < Clo™|nre.

This shows that «" is uniformly bounded in W%® and admits a weakly-* converging
subsequence to a limit u.
On the other hand, applying formula (4.6) from Proposition together with formula

(4.4) from Proposition {4.2.3] we have:
¢
WiVt o) < eQNtf j [N (1, 2) — N (7, 2)| 0" (¢, dx)dT
0 Jrs

t
< CeW || 1 f W (N (), o (7)) dr.
0
with

Qn := sup Lip(uV (7, )) < sup [u¥ (7, ) lwir < Csup 0¥ 2mre < Clooliinss
Tt Tt Tt

Hence
N
||W1(QNH’QN)HL“¢‘[0,T] < (ecngonTcHQOHleL%T) le(Qla QO)”LI‘[O,T]- (4-10)
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Note that, if we set XV the characteristic flow associated to u”, we have

J 1) = 16760, 2lon(r) < [ belotle) + Tsupla (ool
which ensures that the sequence (QN Jnven is in the space of finite first moment measures.
If we take T' small enough, formula shows that oV is a Cauchy sequence in the
(complete) space of L* functions from [0, T] in the complete space of finite first moment
measures metrized by the Wasserstein distance Wy, see [70, Theorem 6.16]. Hence there
exists a limit o such that:

HW1(QNa Q)HL”J[O,T] — 0.

N—o

Recall that for all compact sets K we have for all M > N > 0

[ —w™ | e oy, sy + VU™ = VM| e )y < COK) [Wh(e™, o)L o.11-
Hence, uf and Vufy are Cauchy sequences in L*(0,7;L'(K)) and admit a limit in
L2(0,T; WH*(K)). Finally u e L2(0, T; Wb A WL,

Thanks to the convergence, in the space of measure-valued functions, of 0" to o and the
strong convergence of uV towards w in L*(0,T;W,-!) one can show that (u, o) satisfies

loc
weakly the system:

00 + div(ug) = 0, on [0,T] x R3,
—Au+Vp = —pes3, on[0,T] x R3,
divu = 0, on [0,T] x R3,

0(0,)) = oo, on RR3.

Moreover, if we assume that there exists two fixed-points (u;, 0;), ¢ = 1,2, then estimate
@.10)

||W1(Q1, Q2)HL“L 0,1 < CT”Ql||€CHQ°HT||W1(Q1> Q2)HL%[0,T],
ensures uniqueness for 7' > 0 small enough. In order to show the global existence in time

we need to show that the solutions ¢ and u do not blow up in finite time and this is ensured
by the following estimates:

HQO HL“WL%

Clo(®)zrar=-

lo) 1z
()| + [|[Vu(t)] -

NN

]

4.3 Analysis of the regularity of the contour of a blob

In this section we consider the special case where the initial measure gy is the char-
acteristic function of a regular bounded domain By. Since the measure g, has finite first
moment and satisfies gy € L® n L', Theorem ensures the existence and uniqueness
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of ¢ and classical transport theory shows that the measure p is transported along the flow
thanks to formula

Q(t7 ) = X(t, 07 ')#Qﬁa

where X is the characteristic flow satisfying equation . This ensures that o(¢,-) is the
characteristic function of the transported domain B; := X (t,0, By). The aim now is to
investigate the behaviour of the blob B; in time. Keeping in mind that the motivation is to
recover the instability properties described in the experimental and numerical investigations
[55, 58], 62] at the microscopic scaling. First, we emphasize that the regularity of the velocity
field u prevents the breaking of the blob B;. Indeed, the flow X is a diffeomorphism in our
case. Hence, the idea is to investigate the behaviour of the regularity of the contour dB;.

4.3.1 Contour evolution: local existence and uniqueness

In what follows we use the notation S? := 8B(0,1) ¢ R®. We consider X, an initial
parametrization of 0By:
0By = {Xo(w),w € S?},

and we set:
0B, = {X(t,w),w e S?}.

Since the domain moves with the flow, a natural choice of X is the Lagrangian parametriza-
tion:

{ K@) = u|X] @), (4.11)
X(0,) = Xo,

where u [X ] (w) := u(X(w)) and u is the solution to the Stokes equation associated to the
source term —e3lp,. We recall the convolution formula for the velocity field u

u(x)z—if 1 63+(x—y)-e3(x_y)'

87 Jp, |z — 9 |z —y[3

Using the fact that Vy|x = ‘x y|3, the second term in the right hand side yields using

an integration by parts

- U g LBt(m—)meS ndo(y).

R R e ]
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for the first term in the right hand side we use the fact that div, i%z‘ = —ﬁ to get

u(r) = ! <— (z=y)- n(y)€3 + (x=y)- egn) do(y). (4.12)

8 OBy |1'—CU| |93—y|

We can now define u [f( ] (w) for all w € S? using formula (4.12) and the parametrization
X of @B,. We set p the stereographic projection of S*\{N} where N = (0,0, 1)

p: S? — R?
T )
— = ) 4.13
w= o) o o) = (1) (1.13)
Its inverse p—! provides a parametrization of S? and is defined as
1
—1 _ 2, 2
p (U,U) = (2U, QU,U + v — 1) m (414)

1

We define the surface integral on @B, using the parametrization X o p~* as follows

o=k [ (e ]
@ Xop () n [X} (u, )
|z — X op~1(u,v)|

63) ‘s [X] (u, v)‘ dudv,
where

s [X'] (u,v) = 0, ()Z' op’l(u,v)) X O (X' Op’l(u,v)>
=VXop ™ p (u,v) x VX op™ - pr (u,v).

‘S [f( ] (u, v)‘ is the surface element of 0B, and the unit normal vector n [f( ] on 0B, is
defined as

see for instance [64, Section 13.3]. Simplifying n X ‘s [X' ” by s [)N( ], we get the following

formula

-~ 1 (X(w)—Xop ' (u,v))-e5 [
u[ 5w - Rz( X(w) —Xip_l(u,vﬂ [ %] wo

(X)X eop () s [ X] ()
X (@)= X op~'(u,0)

63) dudv, (4.15)
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The problem encountered herein is similar to the global existence problem for the vorticity
formulation of the 2D Euler equations, see [21]. In this section, we state an existence and
uniqueness result for the contour X. We follow the idea of proof introduced in [I4] or [56,
Section 8.3.2.] and assume that X, € C'(S?;R?) and is such that :

T, o e K@) = X@)

w#w! |w — w’|

>0, (4.16)

which means that the mapping is bijective.

Remark 4.3.1. Since VX is invertible, we have
s [X] 15 V8P a7,

here |0,p~t x 0,p™Y| is the surface element of S*. Moreover, according to the definition of
p~tin (4.14), one can show that Vp~' € L™ n L?. Indeed direct computations yield

C
vp? < ——.
| p (U,U)| 1+U2+U2
The main result of the subsection is the following Theorem

Theorem 4.3.1. Let X, € C'(S%;R?) such that |{~(0|* > 0. There exists a time T > 0 such
that equation ([4.11) has a unique local solution X € C(0,T;C'(S*;R*)). Moreover, global
existence is ensured as long as we have control on |X |, and |V X||o.

The idea is to apply the method of proof of [56, Chapter 8]. Precisely, we apply the
following Picard Theorem [56, Theorem 8.3].

Theorem 4.3.2 (Picard Theorem on a Banach Space). Let O < B be an open subset of a
Banach space B and let F' be a nonlinear operator satisfying the following criteria

1. F maps O to B.

2. F is locally Lipschitz continuous, i.e. for any X € O, there exists L > 0 and a
neighborhoud Uxy < O of X such that

|F(X) — F(X)|s < L|X — X|g, for all X, X € Ux

Then for any Xg € O, there exists a time T such that the ODE

d
EX = F(X), X,_, = Xo,

has a unique (local) solution X € C1(0,T;0).
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Proof of Theorem[{.3.1 We introduce the subspace
- N 1 s
O :={X eC'(S}R?%), |X|. > 1o [VXleo < A},

for some positive constant A > 1. One can show that the mapping |- |, is continuous for the
C%! norm and hence the C' norm. This ensures that O is a non-empty open subset of the
Banach space C'(S?;R?) containing the identity map. We consider the mapping A defined
for any X € B as follows

AX) =u [X] .

where u [f( ] is given by (4.15). The idea is to show that A(O) < C' and A is locally

Lipschitz. Theorem is then a direct application of Picard Theorem [1.3.2] We set
z = (u,v) € R? and define the following function on S§? x R?

(X(@) -
X(@)

G(w,z) =

P (u,0) e T
ey S [X] (u,v)
(X@) - X op H(w0) 5| X] (w.0)

B X@) - Xopiwo)

G is continuous in @ for almost all z € R? and we have using Remark
G(@, 2)] < 2Is[X](2)] < CIVX[o| VP~ (2)]%,

where Vp~! € L?(R?) according to Remark [4.3.1] This shows that @ — A[X](@) is contin-
uous. Moreover, w +— G(®, 2) is differentiable for almost all z € R? and we have

|0up™t % Opp !
0|X (@) — X op~i(z)]

Y

IV.G(@,2)| < C Hva

VX -1 -1
<o R

Y

which is integrable. Indeed, for all & € S

J |0up~! x Oyp™ ! J dw
- 1 dz = —
g2 |@—p'(2)| s2 |w — &
is uniformly bounded with respect to @ according to Lemma (4.A.1]). Reproducing the same
arguments, the derivative is continuous and we have A(O) < C'(S?). It remains to check

that A is locally lipschitz. A sufficient condition is to show that the operator is Fréchet
differentiable and that the derivative denoted by DA is bounded in O. Let X, h € C' we
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—hop)-e3 & (X@)—XopY-es [o
ERTEoE SELN R op S[X])

—Xop '+ h(@) —hop)- [X—i—h] _(X(w)—Xopl)-s[X]
X(@) = Xopt + h(@) —hop| X@) -Xop )7
= LX) () (@) + LIX](h)(@).

|
TN T N
><

s [5( + h] = S[X]+ VX p X Vhepy 4 Vit x VX - pot + s[h). (4.17)
We write I; as follows
LIXI(h) @)
[ Gl ] [ )
+JR2 <<X<w> Xop™ +h< )

For the first term we get using (4.17))

[ S (e[ ] - [5)
:J (X(@) = Xop™) e
w [X@) - Xop

(X@) =K op™)-e
[ s e h e,
= OX](0)®) + E[X](0)(@).

(Vf(-p;l x Vh-p,' +Vh-p,* xvf(-p;l)

Analogously, for the second term in the right hand side of I; we have

R2 IX(@) Xopt+hw) - hOp*1| IX(@)— X op

= 01[X](@) + & 2[X](h)(@).
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with

(@) - Xop - (@) ~hep )| [(X@) - Kop ey o
- X (@) — X op~1|3 )S[ ]

The operators Oy ;[X], i = 1,2 are linear on C' and we have using estimates similar to the
previous ones

. ; VXl , IVXIS
[OLIXT(W)]1 = IV XTo (1 + =t == | Ihl
| X - | X2

For the error terms we get

B0+ [E0aLS10 e < W (19X 13-+ 19003) 1+ 1ol (14 =)

1 1 1 -
1+ — +— + — ](1+||VX||O)
([ X[ X2 X

L VX | IV(E + Bl )
| X || X + D« | X |+ | X + hl.

(4.18)

This shows that the term corresponding to I; is Fréchet differentiable. The term I is
analogous to the first one with the role of e3 and s [f( ] reversed and we denote by & ;[ X],

1 = 1,2 the associated error terms for future reference. Finally, A is Fréchet differentiable
and we have

(4.19)

~ ~ \ 12
IDA[X], < [VX]o (1 L VXl ”VX”0> ,

| X1« RF
Moreover, given Xl, )~(2 € O, we set h = X; — X5 and we have

A[X ] — A[Xo] = A[X, + h] — A[X,]

= DA[X2](h) + 2511[X](h) + 521[X](h)

Using (4.18)) for the error terms and (4.19)) for the derivative we get
[A[X] = A[X:] 1 < CUVXafo, [ Xolu, [Xo + Al [VA[)I[X1] = [Xa][l1,

we conclude using the fact that X, and Xy + h = X, are in O to get a uniform bound
depending only on A. N
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4.3.2 Case of spherical contour parametrization

In this part we investigate the contour evolution in the case where the initial blob is
the unit ball. We would like to compare the behaviour of the contour with the observations
encountered in the microscopic model, see [58], [55], [62]. We set then

BO = B(Oa 1)a

and keep the same notation By for the domain at time t. We set ¢(t) the position at time ¢
of the center of the domain and write B, = ¢(t) + By;. The center ¢(t) is transported along
the flow meaning that ¢ = u(t, ¢). Using the change of variable z = ¢(t) + Z € By, the weak
formulation of the transport equation writes

L JE Onp + Vb - (u(c(t) +-) — &)di = 0,¥ € CP([0,T] x By).

Since the flow preserves the rotational invariance, we define the spherical parametrization
of B, as follows:

Bt = {(Qv 97 ¢) T < T(t> 9)} .
Note that the function r is independent of the azimuthal angle ¢ thanks to the rotational
invariance. The weak formulation of the transport equation yields:

n+(u—¢)-n=0, ondB,

where n (resp.~nt) is the unit normal on the boundary of B, with respect to space (resp.
time). Since 0B; = {(r,0, ¢),r = r(t,0)}, this yields:

or = (u(c+ ) —¢)p — ' (ulc+ ) — é)g := Ag[r] — r' Ay[r].

Using the convolution formula for the velocity field u and the spherical parametrization we
get

Lemma 4.3.3. r satisfies the following transport equation

{ or + ' Ai[r] = As|r],

H0) = 1 (4.20)

where Ay[r] and As|r] are defined as follows

A,[11(5) QWJ )sin(f 0;(2‘308( Lrsin(6) (1(8) cos(¢)
—r(6 ){ COS(Q) Cos(é’) cos(¢) + sin(6) sin(f })d@dqf)
— isin(@) JW r%(6) sin(0) (1 — %sinQ(é)) dh. (4.21)

0
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~ 1 (*" (" r(0)sin(0) —r'(0) cos(6) . -
As[r](0) = ) 30110.0.0) r sm(é’)( — r(0) sin(0) cos(#) cos(9)

+ 7(6) cos(0) sin(&)) dfd¢

+ L eos(d) r r2(0) sin(6) <1 - %sinQ(Q)) do. (4.22)

0

B[r](0,0,¢)* = r2(0) + 1r2(0) — 2r(0)r(9)(sin(0) sin(A) cos(p) + cos(8) cos(h)).
Moreover, the center of the droplet ¢ = (0,0, c3) satisfies

{ &) = — LWTQ(G)Sin(Q) (1—%Sin2(9)> ao, (4.23)
c3(0) = 0,

=

The computations for the proof of the former result are gathered in the Appendix.
Note that, we have non negativity of the radius.

Lemma 4.3.4 (non-negativity). If there ezists a time t* > 0 and 0* € [0,7] such that
r(t*,0%) = 0, then

dyr(t*,0%) = 0.

Proof. We keep the same notations as in the proof of Lemma [4.3.3] If r(t*,6*) = 0, then:
N8, 6%, 6) = (r(@) sin(9) — 1 (6) cos(e)) sin(6),

hence the terms in formula (4.20)) involving ¢ vanish and we obtain:

T

o (t* 5% = —H

— (cos(e‘) (@ sin(é)))c'g ,
— —i {Lﬂ <r2(6’) sin®(0) + %TQ(Q)(— sin®(6) + 2sin(6) 0082(9)> dQ}

X [r'(t, 0)) sin(6) + cos(é)] — (cos(é) +1'(0) sin(é))é3,
— 0,

(7“(9) sin(6) — 1 (8) cos(e))r(e) sin?(6)df x [r’(t, 0)) sin(9) + cos(é)]

according to formula (4.23)). ]

Numerical simulations In what follows we set 7" > 0. In order to provide a qualitative
behaviour of the contour we consider N, M, L € N* and define

T T 27
(dt, b, o) = (N—l’M—l’L—1>
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weset fori=1,--- ,M,j=1,---,L,n=1,--- N

(0;)1<i<m 1s a subdivision of [0, 7], (")1<n<n @ subdivision of [0,T"] and (¢)i<j<p a subdi-
vision of [0, 27]. We discretise the radius and the center by setting

r(t,0) ~ (nSiS o = (" 0:) , c(t) ~ (Miznen

Given (r7)1<i<n we define (r*h) <<y as

TTH'l — . .
Zd—tl = Ay" — ATMAr — (COS(@Z') + Ar} sin(&i)> Ac"i=2,--- M,
with 77t = 72! and
Ar; = %z =2, M, Ac = ("), (4.24)
1
1 e A
Al — __22h1h2 T sin(6y,) — _ Tk Cos(ek)ﬁc sin(6,) (T‘z cos(6)
Tz 1j=1 .5,k
— rk{ cos(8x) cos(8;) cos(¢;) + sin(6y) Sin(Gi)}) — sin(6;) Ac",
2r M L
; - A 6
A" = Z Zhlhg P sin(6 ~ T cos(6) ), sin(6y,) ( — 7, sin(6;) cos(6y,) cos(¢;)

k=1j5=1 1,5,k

+ 7y cos(6;) sin(@k)) + cos(6;)Ac”,

k= \/(r?)Z + (r)? — 2riri(sin(6;) sin(0y,) cos(d;) + cos(6;) cos(Oy),

CnJrl — "

1, o 1
— = Ac" = —Z;hlr,z sin(6y,) (1 —5 81n2(0k)) .

We present below the evolution of the shape of the blob on the interval time [0, 50] with a
time step of dt = 0.01. Figures 4.1 and 4.2 corresponds to the vertical section of the surface
of the droplet defined by 0 — (r(t, 0) sin(0), r(t,8) cos(#)). We remark the formation of a
singularity at the north and south points of the droplet. Precisely, the value of r(t,0)
increases in time whereas r(t,7) is decreasing. A numerical loss of the droplet volume is
noticed. We gather in Table the evolution of radius value at § = 0, § = 7 and the
volume relative error E.
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Figure 4.1 — Droplet evolution for t = 0,2.5,--- ,35
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10 10 10
S
. T .
t=237.5 t =40 t =425
18 18 — 18
10 10 10
6 6 6
i) i i
2 1 2 4 2 4
t =45 t =475 t =50

Figure 4.2 — Droplet evolution

t 0] 20 [ 40 60 80 100
r(6,0) |1]1.62] 22 | 37 7.44 17.19
r(t,7) | 1| 04 [0.12 ] 3510 2| 1.610 2| 3.1610 2
E({) |0]001]007| 014 0.2 0.25

Table 4.1 — Evolution of r(¢,0), r(¢t,7) and the volume relative error E(t)
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Appendix

4.A Technical lemmas

We recall the following lemma

Lemma 4.A.1. There exists a positive constant C > 0 such that

d,
supJ d <C.
S

(I)ES2 2 |w—@|

Proof. Let (7,9,2) = @ = p Y(u,v) € S, without loss of generality, we can assume that
Z < 0 and consider the stereographic projection p as defined in (4.13). Using Remark
we get for fixed av < 1/2

_ dw
I(w) = f ?,
2 |w— @

—11|2
:J — VP |71 ———du dv,
R2 |p (U,’U) -Dp (U,U)|

|Vp!? C dudv
< i L ULl I arw vl
O(w,a) |p7 (U7U) -p (uav)| a Jgr2 (1 +u“+v )

< —
J\O((I),oz) |p—1(u,v) _p_l(ua U)|

where

This yields
|(u, v) = (@,0)] = [p(w) — p(@)],

< sup |Vp||w -,

B(w,a)

< a sup |Vpl.
B{w,a)

Since z < 0 we have B(w,a) < {w e S?, 2 < a}, we get

sup |Vp| < sup |Vp| < Ly(a), (4.25)

B(@,a) {weS?,z<a}
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this shows that
O(w,a) € B((u,v), aL(a)).

Moreover, since z < 0 this yields (u,v) € B(0,1) and hence
B((u,v),aLi(a)) € B(0,1 + oLy (),
this yields a uniform bound for Vp~!

sup  |VpTl < sup  |Vp7| < Ly(a). (4.26)
B((w,v),aL1(a)) B(0,1+aLi(a))

finally we get using (4.25]), (4.26))

sup |Vpl
Vp ' p j B(@.0)
——dudv < Ly(a) ———dudv,
fO(w,a) |p_1(u7 U) _p_l(u7v)| O{@,a) |(U,U) - (U,U)|

dud
< Lo(a)*Ly () J e
B((@,9),aL1(a)) |(u,v) — (u,v)|

this yields the desired result since x — ﬁ is locally integrable on R2. ]
We present now the computations related to Lemma [4.3.3]
Proof of Lemma[{.3.3 We recall that r satisfies
or = (u(c+ ) —é), —r'(ulc+ ) = ¢)g, (4.27)

with ¢ = u(c). We have for all z € R3:

ue) = -2 LBt (—@3 8,y - @ 9) nlo) ”(")63) do(y).

8 lz — 1y |z — |

We reformulate the integral using a spherical parametrization of 0B;. We set y = ¢ + ¢,
where § = r(t,0)e(0, ¢), 0 € [0, 7], ¢ € |0, 27| with:

cos(¢) sin(h)
e(0,6) = | sin(0) sin(0)
cos(0)
Direct computation yields

n = gy x Oy = 1 sin(0) e(6, p) — 1'(0) r(0) sin(0) dpe (6, ¢).

We set:
r=c+i=c+r(t0)eld ¢) edB, , (0,0)e][0,x]x[0,27].

170



Hence, the velocity field is given by

(e, 00e0.0) =~ | ][02]<(7“< K0 10

For sake of clarity we use the shortcut

B=lz—yl=Iz =g =Ir(®)e® ¢) —r(0)e(0,9)],

and we have:

B2 = r2(0) + r(0) — 20(0)r(8) (cos(6 — 6)sin(6) sin(@) + cos(0) cos(d)).  (4.29)
This yields:
J”J” 9)cos (0 COS(G)T(Q) sin(0)
X (7‘((9) sin(6) — r'(9) COS(@)) cos(¢)dOdg ,
J”J’r ) cos(6 COS(G)T(G) sin(0)

x (r(@) sin(0) — 1 (0) cos(e)) sin()dods

L (% (" r(6)sin(0) —7'(0) cos(h) ,
% L L 3 () sin(6)

X { — 7r(0) sin(0) cos(¢ — @) + r(6) sin(@)}d@dqb

We also recall that u, = u - e(6, ) and ug = u - dpe(f, ¢). We get:

= —i T 7”(9) Sln(e) _ T,(e) COS(G)?"SiH - T sin 4 COS COSs b —
w=-o || . (6)((— r(6) sin(@) cos(#) cos(é — )

+ 7(6) cos(f) Siﬂ(@)) dfd¢ , (4.30)

v _é sz L” () sin(0) —57“’(9) COS(Q)rsin(H) (r(@) cos(é — )
— 7"(9){ cos(6) cos(6) cos(¢ — ¢) + sin(6) sin(d )})d@dgb (4.31)
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This shows that uy and u, do not depend on ¢. On the other hand, since ¢ = u(c) we get:

¢ =u(c) = —é . <_[—?3n(0) et n(a)) do(y)

7l

recall that |y| = r(0) and since e L dye we get:

g-n(o) =r(0)e(d, ) - (r*(9) sin(d) e(8, ¢) — r'(6) r(0) sin(6) dye(b, ¢))
= 73(0) sin(9).

This yields:
f J —cos( ) sin(0) cos(@) sin(6) — 1*(6) r(6) sin(6) cos(@) cos(8)) = 0,
JJ—COS sin(0) sin(¢) sin(@) — '(0) r(6) sin() sin(¢) cos(d)) = 0.

| —

foﬂ fﬂ — cos( 0) sin(0) cos(9) + r'() r(9) sin® (9))
sin( 0 d9d¢

2

N
oo
5_9 3

+r

h

r2(0) sin®(0) — r'()r(0) cos(6) sin*(6)) df ,

P(0) s’ (0) + 31(6) ( — sin’(6) + 2c08%(0) sm(e))) a0,

2

e 3

r?(@)( —sin®(6) + 2 sin(@))de,

D —
3

e e N e »J>I'—

e 3
<
(3]

(0)sin(6) (1 - %sm%e))de <0.

Thus,

¢ =cos(0)cs , ¢g = —sin(F)és. (4.32)

We conclude by replacing formulas (4.30)), (4.31)), (4.32)) in (4.27). O
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Résumé. Dans cette thése, nous nous intéressons & la modélisation et ’analyse mathématique de certains
problemes liés aux écoulements en suspension. Le premier chapitre concerne la justification du modele de
type transport-Stokes pour la sédimentation de particules sphériques dans un fluide de Stokes ou l'inertie
des particules est négligée et leur rotation est prise en compte. Ce travail est une extension des résultats
antérieurs pour un ensemble plus général de configurations de particules. Le deuxieéme chapitre concerne la
sédimentation d’une distribution d’amas de paires de particules dans un fluide de Stokes. Le modele dérivé
est une équation de transport-Stokes décrivant 1’évolution de la position et 'orientation des amas. Nous
nous intéressons par la suite au cas ou l'orientation des amas est initialement corrélée aux positions. Un
résultat d’existence locale et d’unicité pour le modele dérivé est présenté. Dans le troisieme chapitre, nous
nous intéressons a la dérivation d’un modele de type fluide-cinétique pour I’évolution d’un aérosol dans les
voies respiratoires. Ce modele prend en compte la variation du rayon des particules et leur température due
a ’échange d’humidité entre 1’aérosol et ’air ambiant. Les équations décrivant le mouvement de ’aérosol est
une équation de type Vlasov-Navier Stokes couplée avec des équations d’advection diffusion pour I’évolution
de la température et la vapeur d’eau dans I’air ambiant. Le dernier chapitre traite de I’analyse mathématique
de I’équation de transport-Stokes dérivée au premier chapitre. Nous présentons un résultat d’existence et
d’unicité globale pour des densités initiales de type L' n L® ayant un moment d’ordre un fini. Nous nous
intéressons ensuite a des densités initiales de type fonction caractéristique d’une gouttelette et montrons un
résultat d’existence locale et d’unicité d’une paramétrisation réguliere de la surface de la gouttelette. Enfin
nous présentons des simulations numériques montrant 1’aspect instable de la gouttelette.

Mots clés. Ecoulements de fluides multiphasiques, écoulements en suspension, écoulement de Stokes,
sédimentation, équations de (Navier) Stokes, équations de type Vlasov, équations de transport, systeéme
d’interaction de particules, méthode de réflexions, théorie de champ moyen, homogéneisation, existence
locale et unicité.

Abstract. This thesis is devoted to the modelling and mathematical analysis of some aspects of sus-
pension flows. The first chapter concerns the justification of the transport-Stokes equation describing the
sedimentation of spherical rigid particles in a Stokes flow where particles rotation is taken into account and
inertia is neglected. This work is an extension of former results for a more general set of particles configura-
tions. The second chapter is dedicated to the sedimentation of clusters of particle pairs in a Stokes flow. The
derived model is a transport-Stokes equation describing the time evolution of the position and orientation
of the cluster. We also investigate the case where the orientation of the cluster is initially correlated to
its position. A local existence and uniqueness result for the limit model is provided. In the third chapter,
we propose a coupled fluid-kinetic model taking into account the radius growth of aerosol particles due to
humidity in the respiratory system. We aim to numerically investigate the impact of hygroscopic effects on
the particle behaviour. The air flow is described by the incompressible Navier-Stokes equations, and the
aerosol by a Vlasov-type equation involving the air humidity and temperature, both quantities satisfying
a convection-diffusion equation with a source term. The last chapter is dedicated to the analysis of the
transport-Stokes equation derived in the first chapter. First we present a global existence and uniqueness
result for L' n L® initial densities with finite first moment. Secondly, we consider the case where the initial
data is the characteristic function of a droplet. We present a local existence and uniqueness result for a
regular parametrization of the droplet surface. Finally, we provide some numerical computations that show
the regularity breakup of the droplet.

Keywords. Multiphase fluid flows, suspension flows, Stokes flows, sedimentation, (Navier) Stokes equa-
tions, Vlasov-like equations, transport equations, system of interacting particles, method of reflections, mean
field limit, homogenization, local existence and uniqueness.
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