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Résumé 

Les travaux réalisés au cours cette thèse ont eu comme objectif l’étude de l’interaction de la lumière polarisée avec 
des milieux et des particules diffusants. Ces travaux s’inscrivent dans un contexte collaboratif fort entre le LPICM et 
différents laboratoires privés et publics. Des aspects très variées ont été traités en profondeur dont le 
développement instrumental, la simulation numérique avancée et la création de protocoles de mesure pour 
l’interprétation de donnés à caractère complexe. 

La partie instrumentale de la thèse a été consacrée au développement d’un instrument novateur, adapté à la 
prise d’images polarimétriques à différents échelles (du millimètre au micron) pouvant être rapidement 
reconfigurable pour offrir différents modes d’imagerie du même échantillon. Les deux aspects principaux qui 
caractérisent l’instrument sont i) la possibilité d’obtenir des images polarimétriques réelles de l’échantillon et des 
images de la distribution angulaire de lumière diffusé par une zone sur l’échantillon dont sa taille et position peuvent 
être sélectionnée par l’utilisateur à volonté, ii) le contrôle total de l’état de polarisation, de la taille et de la 
divergence des faisceaux utilisés pour l’éclairage de l’échantillon et pour la réalisation des images de celui-ci. Ces 
deux aspects ne se trouvent réunis sur aucun autre appareil commercial ou expérimental actuel. 

Le premier objet d’étude en utilisant le polarimètre imageur multimodal a été l’étude de l’effet de l’épaisseur 
d’un milieu diffusant sur sa réponse optique. En imagerie médicale il existe un large consensus sur les avantages de 
l’utilisation de différentes propriétés polarimétriques pour améliorer l’efficacité de techniques optiques de 
dépistage de différentes maladies. En dépit de ces avantages, l’interprétation des observables polarimétriques en 
termes de propriétés physiologiques des tissus se trouve souvent obscurcie par l’influence de l’épaisseur, souvent 
inconnue, de l’échantillon étudié. L’objectif des travaux a été donc, de mieux comprendre la dépendance des 
propriétés polarimétriques de différents matériaux diffusants avec l’épaisseur de ceux-ci. En conclusion, il a été 
possible de montrer que, de manière assez universelle, les propriétés polarimétriques des milieux diffusants varient 
proportionnellement au chemin optique que la lumière a parcouru à l’intérieur du milieu, tandis que le dégrée de 
polarisation dépend quadratiquement de ce chemin. Cette découverte a pu être ensuite utilisée pour élaborer une 
méthode d’analyse de données qui permet de s’affranchir de l’effet des variations d’épaisseur des tissus, rendant 
ainsi les mesures très robustes et liées uniquement aux propriétés intrinsèques des échantillons étudiés. 

Un deuxième objet d’étude a été la réponse polarimétrique de particules de taille micrométrique. La sélection 
des particules étudiées par analogie à la taille des cellules qui forment les tissus biologiques et qui sont responsables 
de la dispersion de la lumière. Grâce à des mesures polarimétriques, il a été découvert que lorsque les 
microparticules sont éclairées avec une incidence oblique par rapport à l’axe optique du microscope, celles-ci 
semblent se comporter comme si elles étaient optiquement actives. D’ailleurs, il a été trouvé que la valeur de cette 
activité optique apparente dépend de la forme des particules étudiées. L’explication de ce phénomène est basée 
sur l’apparition d’une phase topologique dans le faisceau de lumière à cause d’un non-parallélisme du référentiel 
principal de l'échantillon et du référentiel utilisé par l'instrument pour mesurer la polarisation. Cette phase 
topologique dépend du parcours de la lumière diffusée à l’intérieur du microscope. L’observation inédite de cette 
phase topologique a été possible grâce au fait que l’imageur polarimétrique multimodale permet un éclairage des 
échantillons à l’incidence oblique. Cette découverte peut améliorer significativement l’efficacité de méthodes 
optiques pour la détermination de la forme de micro-objets. 

Dans le cadre de diverses collaborations avec différentes équipes, il a été possible de réaliser des études sur 
les réponses optiques des métamatériaux, des verres irradiés par des impulsions laser femtosecondes, et des 
cylindres sur un substrat de verre. Un résumé des résultats les plus significatifs, publiés dans des revues à comité de 
lecture, est également présenté dans la dernière partie du manuscrit.  
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Abstract 

The work carried out during this thesis was aimed to study the interaction of polarized light from the scattering 
media and particles. This work is part of a strong collaborative context between the LPICM and various private and 
public laboratories. A wide variety of aspects have been treated deeply, including instrumental development, 
advanced numerical simulation and the creation of measurement protocols for the interpretation of complex data. 

The instrumental part of the thesis was devoted to the development of an innovative instrument, suitable for 
taking polarimetric images at different scales (from millimeters to microns) that can be quickly reconfigured to offer 
different imaging modes of the same sample. The two main aspects that characterize the instrument are i) the 
possibility of obtaining real polarimetric images of the sample and the angular distribution of light scattered by an 
illuminated zone whose size and position can be controlled, ii) the total control of the polarization state, size and 
divergence of the beams. These two aspects are not united on any other commercial or experimental apparatus 
today. 

The first object of the study using the multimodal imaging polarimeter was to study the effect of the thickness 
from a scattering medium on its optical response. In medical imaging, there is a broad consensus on the benefits of 
using different polarimetric properties to improve the effectiveness of optical screening techniques for different 
diseases. Despite these advantages, the interpretation of the polarimetric responses in terms of the physiological 
properties of tissues has been obscured by the influence of the unknown thickness of the sample. The objective of 
the work was, therefore, to better understand the dependence of the polarimetric properties of different scattering 
materials with the known thickness. In conclusion, it is possible to show that the polarimetric properties of the 
scattering media vary proportionally with the optical path that the light has traveled inside the medium, whereas 
the degree of polarization depends quadratically on the optical path. This discovery could be used to develop a 
method of data analysis that overcomes the effect of thickness variations, thus making the measurements very 
robust and related only to the intrinsic properties of the samples studied. 

The second object of study was to study the polarimetric responses from particles of micrometric size. The 
selection of the particles studied by analogy to the size of the cells that form the biological tissues, and which are 
responsible for the dispersion of light. By means of the polarimetric measurements, it has been discovered that 
when the microparticles are illuminated with an oblique incidence with respect to the optical axis of the microscope, 
they appear to behave as if they were optically active. Moreover, it has been found that the value of this apparent 
optical activity depends on the shape of the particles. The explanation of this phenomenon is based on the 
appearance of a topological phase of the beam due to a non-parallelism of the main reference frame of the sample 
and the reference frame used by the instrument to measure polarization. This topological phase depends on the 
path of the light scattered inside the microscope. The unprecedented observation of this topological phase has been 
done by the fact that the multimodal polarimetric imager allows illumination of the samples at the oblique incidence. 
This discovery can significantly improve the efficiency of optical methods for determining the shape of micro-objects. 

In the framework of various collaborations which were created during the thesis with different research teams, 
it was possible to carry out studies on the optical responses from metamaterials, glasses irradiated with 
femtosecond laser pulses, and cylinders on a glass substrate. A summary of the most significant result, published in 
peer-reviewed journals, is also presented in the last part of the manuscript.  
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Chapter 1. 
Introduction 
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Why should we study light scattering? Because light scattering is everywhere in our life. A bluish or 
reddish sky, white clouds, and fogs, etc. Besides these common examples, light scattering is also shown 
in many technical applications and they have polarimetric properties. So, studying their polarimetric 
properties as well as light scattering brings us another idea to characterize the studied applications. Since 
different types of conventional scatterometers have been used to study light scattering but they have 
not considered the polarimetric properties. 

A polarimeter is an instrument used to measure the polarimetric properties of light after its 
interaction with a studied sample. Polarimetric instrumentation has seen an important development 
over the past decades accompanied by the rapid improvement of the technical performances of the 
optical and electronic devices uses to build them, and the progress in the capacity of computers used to 
control the polarimeters and to treat the polarimetric data. Thanks to that it has been possible to move 
from punctual measurements at a given configuration to spectral or even imaging polarimetric 
measurements at multiple wavelengths or multiple measurement configurations such as the angle of 
incidence or the orientation of the light respect to a given reference frame. The advent of complete 
polarimeters, capable of measuring the full proprieties of a partially polarized beam, has been based in 
the rapid development of ellipsometry, which can be considered as a particular case of polarimetry 
because it can be used to measure fully polarized light only. The development of ellipsometry has been 
driven by industrial applications such as the optical characterization of thin films used in the 
semiconductor industry followed by other ones such as pharmaceutical, biomedical, astrophysical, and 
food industries, etc.1–3  
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Nowadays polarimetry is widely formulated on the basis of an algebraic formalism, known as 
Mueller-Stokes formalism, introduced in 1943, by Hans Mueller, which is a complete way to represent 
the polarimetric properties of light.4 Therefore, Muller polarimetry is a measurement technique used to 
get the Mueller matrix of sample based on its polarimetric response.5 Because of its generality, Mueller 
formalism can be applied to multiple types of samples and physical situations. An important domain that 
can be explored using complete polarimetry, is the scattering of light by different types of material. 
When scattering takes place, an initial beam of light, which eventually had a well-defined polarization 
and propagation direction, will give rise to a distribution of scattered beams, each one, by a well-defined 
intensity, polarization and propagation direction. The distribution of the intensity, the polarization and 
the direction of light, is a characteristic of each type of sample and therefore, when properly measured, 
it can be used to study the properties of the latter. Based on this assessment, the measurement of 
scattered light with sensitive instruments, each one to extent to the polarization properties of light, has 
been developed since long time. One of the purposes of this Ph.D. was to develop and to present a 
particular type of polarimeter, capable of measuring the full polarimetric properties of light, and well 
suited to measure the distribution of polarization and intensity of a scattered light in a given range of 
directions. As it will be discussed in detail in a forthcoming section, the most remarkable characteristic 
of the instrument developed in this Ph.D. is the absence of moving parts, and the fact that the 
distribution of properties of scattered light is measured in a single shot using an imaging approach. This 
will be clarified and discussed further in the present manuscript and we refer to this instrument as a 
multimodal imaging Mueller polarimeter integrated with a microscope. 

In this chapter, light scattering is introduced with the representative scattering regime, which is 
called Mie scattering, in micrometric dimensional structures. We introduce several technical applications 
which show light scattering. At the following section, we show the conventional way to study light 
scattering. 

1.1. Scattering of light 

Light can be directed in many directions when it is scattered. This scattering depends on the wavelength 
of light, and dimensions of scattering media. Scattering takes place because the light encounters media 
with different refractive indexes. Let’s think in a different way. The light scattering can be explained by 
the combination of an excitation and a reradiation. When the incident light meets an object (or an 
obstacle) such as a single electron, an atom or molecule, a solid or liquid particle, electric charges 
oscillate by the electric field of the incident light. Those excited electric charges radiate electromagnetic 
energy in all direction which is called “secondary radiation”; that is called light scattering. If the excited 
charges transform into other forms of energy like thermal energy, we can call this phenomenon as an 
absorption. That is, the light scattering can simultaneously accompany the absorption. 

If we assume in the case of a simple reflection and refraction occurred by a glass matter, those 
reflected and reflected light from and through the matter is a result of the scattering. Material media 
are the result of the aggregation of many molecules. An incident light or field around a single molecule 
inside the matter induces the oscillation of dipole moment and it gives secondary dipole radiation. This 
secondary dipole radiation creates an excitation to other neighboring molecules, which looks like a 
collective oscillation. For the refracted light, according to the Ewald-Oseen extinction theorem6, the 
incident electromagnetic waves are fully extinguished inside of the media giving rise to the refracted 
wave with the propagation velocity 𝑐/𝑛, where c is the velocity of the light in vacuum and n is the 
refractive index. Since the refractive index depends on the number of molecules per unit volume and 
the polarizability of a single molecule, the refractive index is an exhibition of the scattering by the 
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molecules in concerned matters.7 For the reflected light, the waves result from the secondary dipole 
radiation on the surface of illuminated matters. 

We have discussed a microscopic description of light scattering. In a real life or practical 
measurement situations, we assume that the material media are homogeneous when the average 
number of their molecules in a given volume comparable to the wavelength of light is constant. However, 
when there is a local fluctuation in the density of molecules it induces a local variation of the associated 
refractive index of light, which indeed is at the origin of scattering when a light beam encounters it. For 
instance, a sugar solution in liquid such as water, juice or blood, can produce light scattering because of 
eventual local fluctuations of sugar concentrations, which can be characterized when measured with the 
adequate instrument. 

On the other hand, there is another type of scattering occurred by particles. When the incident light 
illuminates a single particle in a homogeneous medium whose molecular heterogeneity is small 
compared with the wavelength of the light, the dipole moment is induced on the molecules inside of the 
medium. The dipole moment generates the secondary radiation in all directions with the same frequency 
of oscillation as the incident light. Since the scattering by the dipole is coherent, the phase relation of 
each individual scattered ray can be different depending on the scattering angle when the particle is 
large compared with the wavelength. However, when the particle is small compared with the 
wavelength, the scattered rays in all directions (angles) are in phase. In this case angular dependence of 
intensity and polarization of light is almost constant. In contrast, when the size of particles increases, 
light radiated from different points of the particle have different phases, then interference phenomena 
can appear. Interference gives rise to complex angular distributions of light intensity and polarization 
which are characteristic of the wavelength of light, the size of the particle, and the refractive index of 
the media and the surrounding media. Scattering by particles smaller than the wavelength of light is 
known as Rayleigh scattering while scattering created by particles with a size comparable or bigger than 
the wavelength of light is known as Mie scattering. Since the typical size-range of particles considered in 
this Ph.D. is about some tens of microns, Mie scattering will be the dominant phenomenon and therefore 
a forthcoming section will be devoted to give an overview of its mathematical description. 

In the case of collective particles, the total scattered field is the superposition of the fields scattered 
from the individual particles under the condition of incoherent scattering; i.e. randomly distributed 
particles, except in the forward scattering which is coherent scattering. In this case, total irradiance from 
the collective particles is the sum of the irradiances from the individual particle. This is not valid when 
the multiple scattering is dominant between the particles; i.e. clouds. 

Since the two different types of scattering; scattering by fluctuations and scattering by particles, 
are expressed differently in a physical expression, we need to clarify the exact phenomenon of scattering 
that we are covering in this thesis. For example, the scattering by fluctuations involves thermodynamic 
arguments whereas the scattering by particles does not. Here we mainly focus on the scattering by 
particles. In practice, it is quite common to find examples which show light scattering, and since the way 
the light is scattered depends on the material properties, it is important to develop a compact and 
sensitive instrument to characterize the way light is scattered. 

1.1.1. Examples of scattering media 

There are many examples of light scattering by particles (or particles like structures) in the application 
point of view (Figure 1). Textured surfaces currently produced in industrial processes shows light 
scattering which can be used to create visual effects when the most part of the scattered light is sent 
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out to the sample, or in other cases it can be used for different purposed when the light is directed into 
the sample. An interesting application of scattered light engineering (or management) is the association 
of rough surfaces on top of solar cells. The idea is to use the scattering properties of the surfaces to 
direct a maximum of light inside of the solar cell to optimize the chances of absorption and thus the 
conversion of luminous energy to electric energy by the photovoltaic effect.8 In another typical 
application, the wettability of a surface of glass can be enhanced by adding a structured roughness. The 
latter can be used to turn a standard glass surface into a superhydrophobic surface.9 A third example 
corresponds to the optical texturing of surfaces using a femtosecond laser direct writing method, which 
show scattering because they create nano-fingerprint structures.10–14 A final example that we would like 
to mention is the light scattering occurring in natural surfaces as a cuticle structures of the scarab 
beetle15, wings of a Morpho butterflies16, or human tissues17. 

 

Figure 1. Different types of scattering media from the application point of view; surface texturing on photovoltaics, 
superhydrophobic micro-structured surfaces, optical manufacturing using the femtosecond laser, and biomedical 
imaging with human tissues, to the natural photonic structures; the scarab beetle and wings of a Morpho butterflies. 

1.1.2. Scattering Regimes 

As previously mentioned, scattering by particles can be classified in different regimes depending on the 
dimension of the particle, refractive index, and wavelength of the light. Figure 2 illustrates the different 
scattering regimes as a function of particle size. Roughly speaking when the refractive index of the 
particle is close to that of the air (1 < n < 2), a Mie scattering type is dominant when the particle size is 
comparable to the wavelength (Figure 2.a). When the particle size is small compared to the wavelength, 
a Rayleigh scattering becomes prominent. For very large particles compared to the wavelength, a 
geometrical optics approach can be used to describe the scattering of light. For the cases when the 
refractive index is close to zero or even very large, a Rayleigh-Gans scattering or total reflection occurs, 
respectively. 

Figure 2.a. shows a schematic view of the different scattering regimes as a function of two 
parameters, the refractive index, n, and the particle size parameter represented in the ordinate and the 
abscissa axes, respectively. The particle size parameter, X, is a unitless magnitude that is used in practice 
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to characterize the radius, a, and refractive index, n, of the particle with respect to the wavelength of 
light, 𝜆. The size parameter is defined as: 

𝑋 =
2π𝑎𝑛

𝜆
 (Eq. 1) 

Figure 2.b. shows another possible classification of the different scattering regimes as a function of 
the particle size and the wavelength of light. In particular it is shown that depending of the size 
parameter, i.e. the refractive index and the wavelength, a particle with a given size can scatter light in 
different regimes. The second interesting aspect that can be shown with the aid of Figure 2.b, is that the 
type of particles considered in this Ph.D., characterized by a few microns in size, refractive indexes 
ranging between 1.3 and 2, and, proved with visible light (450 nm to 650 nm) show an optical response 
determined by the Mie scattering regime. 

 

Figure 2. (a) Schematic representation of the different types of scattering regimes organized according the refractive 
index (ordinate axis) and particle size (abscissa axis) to the wavelength of light b) An alternative schematic 
representation of the different scattering regimes, now organized according the particle radius (ordinate axis) and 
the wavelength of light (abscissa axis). Dotted lines, which correspond, each one, to specific size parameters X, noted 
in the figure, are used to roughly indicate the frontiers between the different scattering regimes. Credit: W. Brune 
(after Grant Petty). 

1.1.3. Mie scattering 

The Mie scattering was firstly introduced by Gustav Mie in 190818 after the publishing of Rayleigh’s 
research19. The Mie scattering handles particle-light interaction by a homogeneous sphere as well as 
infinite cylinders, or other geometries. It proposes the solution of Maxwell’s equations which illustrates 
the scattering of an electromagnetic wave traversing particles whose size is comparable to the 
wavelength of the light. The solution of Mie scattering which represents the intensity of scattered light 
results in the infinite series of terms whereas the Rayleigh approximation gives a simple mathematical 
expression. 

By solving the Maxwell’s equations in the homogeneous sphere in the spherical coordinate system, 
the incident electromagnetic fields are expressed as20: 
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𝐻ሬሬ⃗ ௜௡௖ = −
𝑖𝑘௠

𝜔𝜇
෍ൣ𝐴௟,௠𝑁ሬሬ⃗ ௟,௠ + 𝐵௟,௠𝑀ሬሬ⃗ ௟,௠൧ (Eq. 2) 

𝐸ሬ⃗ ௜௡௖ =
𝑘௠

𝜔ଶ𝜖௠𝜇
෍ൣ𝐴௟,௠𝑀ሬሬ⃗ ௟,௠ + 𝐵௟,௠𝑁ሬሬ⃗ ௟,௠൧ (Eq. 3) 

, where 𝑘௠  is a wave vector in a surrounding medium, 𝜔  is an angular frequency, 𝜖௠  is an 
electric permittivity of a surrounding medium, 𝜇  is a magnetic permeability. 𝑁ሬሬ⃗ ௟,௠  and 𝑀ሬሬ⃗ ௟,௠ 
represent spherical harmonic functions corresponding to the nature of the dependence between the 
electric and magnetic fields. Since the 𝑁ሬሬ⃗ ௟,௠  and 𝑀ሬሬ⃗ ௟,௠ are functions of an associated Legendre function 
𝑃௟

௠(cos 𝜃),21 where the 𝜃 denotes a polar angle in a spherical coordinate system, the m and l represent 
an order and a degree, respectively. 𝐴௟,௠  and 𝐵௟,௠  are the expansion coefficients which are 
characteristics for an incident beam, which can be illustrated as below: 

𝐴௟,௠ = න 𝑀௟,௠
∗ 𝐸ሬ⃗ ௜௡௖𝑑Ω = −𝑖௟ାଵ

2𝑙 + 1

𝑙(𝑙 + 1)

(𝑙 − 𝑚)!

(𝑙 + 𝑚)!
Π௟,௠𝐸଴ (Eq. 4) 

𝐵௟,௠ = න 𝑁௟,௠
∗ 𝐸ሬ⃗ ௜௡௖𝑑Ω = −𝑖௟ାଶ𝑁௠

2𝑙 + 1

𝑙(𝑙 + 1)

(𝑙 − 𝑚)!

(𝑙 + 𝑚)!
T௟,௠𝐸଴ (Eq. 5) 

, where Ω = 4π𝑟ଶ is the surface area enclosed and 𝐸଴ is the field amplitude. Π௟,௠ and T௟,௠ are 
the angular-dependent terms expressed as: 

Π௟,௠ = 𝑚
𝑃௟

௠

sin 𝜃
 (Eq. 6) 

T௟,௠ =
𝑑𝑃௟

௠

𝑑𝜃
 (Eq. 7) 

The scattered and internal fields are expanded into spherical vector wave functions as: 

𝐸ሬ⃗ ௦௖௔௧ =
𝑘௠

𝜔ଶ𝜖௠𝜇
෍ൣ𝐴௟,௠𝑎௟𝑀ሬሬ⃗ ௟,௠ + 𝐵௟,௠𝑏௟𝑁ሬሬ⃗ ௟,௠൧ (Eq. 8) 

𝐻ሬሬ⃗ ௦௖௔௧ = −
𝑖𝑘௠

𝜔𝜇
෍ൣ𝐴௟,௠𝑎௟𝑁ሬሬ⃗ ௟,௠ + 𝐵௟,௠𝑏௟𝑀ሬሬ⃗ ௟,௠൧ (Eq. 9) 

𝐸ሬ⃗ ௜௡௧ =
𝑘௠

𝜔ଶ𝜖௠𝜇
෍ൣ𝐴௟,௠𝑐௟𝑀ሬሬ⃗ ௟,௠ + 𝐵௟,௠𝑑௟𝑁ሬሬ⃗ ௟,௠൧ (Eq. 10) 

𝐻ሬሬ⃗ ௜௡௧ = −
𝑖𝑘௠

𝜔𝜇
෍ൣ𝐴௟,௠𝑐௟𝑁ሬሬ⃗ ௟,௠ + 𝐵௟,௠𝑑௟𝑀ሬሬ⃗ ௟,௠൧ (Eq. 11) 

Mie coefficients, 𝑎௟, 𝑏௟, 𝑐௟, 𝑑௟, which form the expansion of the scattered and internal fields are 
determined by enforcing the boundary condition on the spherical surface. These coefficients are 
functions of the size parameter, a = r, which was mentioned in (Eq. 1). 

The scattered and extinction cross sections in m2
 can be obtained as below: 
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𝐶௦௖௔௧ =
𝑊௦௖௔௧

𝐼௜௡௖

 (Eq. 12) 

𝐶௘௫௧ =
𝑊௘௫௧

𝐼௜௡௖

 (Eq. 13) 

, where 𝐼௜௡௖  is an intensity of the incident light on the surface of the particle. 𝑊௦௖௔௧  and 𝑊௘௫௧  
are the scattered and extinction energies given by: 

𝑊௦௖௔௧ =
1

2
Re න න (𝐸௦௖௔௧ × 𝐻௦௖௔௧

∗ )𝑟ଶ sin 𝜃 𝑑𝜃𝑑𝜙
గ

଴

ଶగ

଴

 

=
1

2
Re න න ൫𝐸௦௖௔௧,ఏ × 𝐻௦௖௔௧,థ

∗ − 𝐸௦௖௔௧,థ × 𝐻௦௖௔௧,ఏ
∗ ൯𝑟ଶ sin 𝜃 𝑑𝜃𝑑𝜙

గ

଴

ଶగ

଴

 

(Eq. 14) 

𝑊௘௫௧ =
1

2
Re න න (𝐸௜௡௖ × 𝐻௦௖௔௧

∗ )𝑟ଶ sin 𝜃 𝑑𝜃𝑑𝜙
గ

଴

ଶగ

଴

 

=
1

2
Re න න ൫𝐸௜௡௖,థ × 𝐻௦௖௔௧,ఏ

∗ − 𝐸௜௡௖,ఏ × 𝐻௦௖௔௧,థ
∗ − 𝐸௦௖௔௧,ఏ × 𝐻௜௡௖,థ

∗
గ

଴

ଶగ

଴

+ 𝐸௦௖௔௧,ఏ × 𝐻௜௡௖,థ
∗ ൯𝑟ଶ sin 𝜃 𝑑𝜃𝑑𝜙 

(Eq. 15) 

, where 𝜙 and r are the azimuth and the radius in the spherical coordinate system. 

By applying (Eq. 14) and (Eq. 15) into the (Eq. 12) and (Eq. 13), we can derive the final scattered and 
extinction cross sections as: 

𝐶௦௖௔௧ =
2𝜋

𝑘௠
ଶ

෍(2𝑙 + 1)(𝑎௟ห𝐻௟,௠ห
ଶ

+ 𝑏௟ห𝐹௟,௠ห
ଶ

)

ஶ

௟ୀଵ

 (Eq. 16) 

𝐶௘௫௧ =
2𝜋

𝑘௠
ଶ

Re ෍(2𝑙 + 1)(𝑎௟ห𝐻௟,௠ห
ଶ

+ 𝑏௟ห𝐹௟,௠ห
ଶ

)

ஶ

௟ୀଵ

 (Eq. 17) 

, where 𝐻௟,௠ and 𝐹௟,௠ are the angular functions expressed as: 

𝐻௟,௠ =
2

𝑙(𝑙 + 1)
෍

(𝑙 − 𝑚)!

(𝑙 + 𝑚)!
หT௟,௠ห

ଶ
௟

௠ୀି௟

 (Eq. 18) 

𝐹௟,௠ =
2

𝑙(𝑙 + 1)
෍

(𝑙 − 𝑚)!

(𝑙 + 𝑚)!
หΠ௟,௠ห

ଶ
௟

௠ୀି௟

 (Eq. 19) 

We conclude that the intensity of the scattered or extinctic light depends on the polar angle, 𝜃, 
and the size of the particle, a = r, in the homogenous spherical particle. The scattering in this range of 
particle sizes differs from Rayleigh scattering in several respects: it is roughly independent of wavelength 
and it is larger in the forward direction than in the reverse direction. The greater the particle size, the 
more of the light is scattered in the forward direction whereas the Rayleigh scattering shows the same 
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portion of back- and forward-scatterings. This size dependent characteristic of Mie scattering makes it a 
particularly useful formalism when using scattered light to measure a particle size. The most work of this 
thesis has been done in the visible wavelength region with the micrometric sized samples, the Mie 
scattering is a major phenomenon. 

1.2. Analysis of scattered light 

The standard characterization of scattering media is currently done by measuring the angular 
distribution of the intensity of light scattered by the probed media. The instruments used to carry out 
such type of measurements, called scatterometers, show different types of configurations: integrating 
sphere, goniometric or conoscopic scatterometers. In this section, we introduce each conventional 
method and we compare them to the original instrument developed in the framework of this thesis, a 
multimodal imaging polarimeter which is coupled to microscope and which can work as a scatterometer. 

1.2.1. Goniometric scatterometer 

A word goniometer comes from the Greek words, gōnia, meaning angle, and metron, meaning measure. 
So, the goniometer is an instrument to measure an angle of a moving object. Even the first concept of a 
goniometer was introduced in 16th century for astronomers by the Dutch physician, Gemma Frisius, 
goniometric scatterometers have been developed for various applications thanks to their great precision 
to measure the scattered light from a sample at different angles (Figure 3).22–24 Since the goniometric 
scatterometers, consisting of a goniometer that has a fixed or moving light source and a moving detector 
around the sample following a polar angle, need much more moving components than other techniques. 
They require a huge effort in the mechanical design in order to guarantee stable, repetitive and precise 
movements without perturbing the alignment of the light beam. Goniometric scatterometers, also 
combined with Mueller polarimeter22,25–28, have been used for researches which do not care for 
measurement time but for high accuracy. 

 

Figure 3. Schematics on goniometric scatterometers with consisting of two arms for illumination and measurement 
respectively. In those systems the arms move independently of each other. 

1.2.2. Integrating sphere 

An integrating sphere (or Ulbricht sphere) is designed to collect the total scattered light which is 
reflected or transmitted from samples in a single measurement (Figure 4). A modern concept of an 
integrating sphere was firstly introduced in 1900 by a German engineer, Friedrich Richard Ulbricht.29 The 
light scattered from the sample can be uniformly diffused from the wall of the sphere and be collected 
by the detector so the accuracy of the system is mainly affected by the optical properties of the reflecting 
wall coating. This allows several diffuse reflections of the incident light, before the light strikes upon the 
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detector. As a result, the light flux becomes uniform and independent of the polarization and spatial (or 
angular) distribution of the scattered light. The standard scatterometers perform measurements with 
spectrometers which can be eventually combined with an integrating sphere. Although the 
scatterometers with the integrating sphere have advantages such as a fast measurement and a simple 
instrumentation, they do not offer the information on the angular distribution of scattered light from 
samples. So, this system has been used to specify some general (or total) information on optical 
metrology in a short time like haze in photovoltaic industry to monitor the level of texturing in-situ, or 
to measure the absorption, reflectivity, and transmittivity of samples, optical flux from light sources such 
as a light emitting diode, a bulb, and a laser diode. 

 

Figure 4. Schematics on the integrating sphere (a) in transmission mode and (b) in reflection mode, respectively. 
The specular can also be collected by tilting the sample in both configurations.  

1.2.3. Conoscopic scatterometer 

A term conoscopy comes from the Greek words, konos, meaning cone, spinning top, pine cone, and 
skopeo, meaning examine, inspect, look to or into, consider. So, the conoscopy is a method to measure 
the transmissive sample in a cone of converging rays of light with a series of lenses to collimate the beam 
and send it to the detector. A conoscopic scatterometer is an instrument designed to capture the angular 
distribution of the light scattered or transmitted from the probed samples (Figure 5). 

 

Figure 5. The trajectory of light in the conoscopic system where f is a focal length and f’ is the back-focal length of 
the objective length, respectively. 
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Conoscopic scatterometers allow to perform angle-resolved measurements, which are much more 
detailed and complete than those done with the integrating sphere configuration. Furthermore, this 
approach allows the collection of the scattered rays in different directions in a single measurement. The 
latter is an advantage with respect to goniometric approach for which a single direction is considered 
for each measurement, because it allows the retrieval of the full angular distribution in much less time. 
The drawback of the conoscopic approach is a reduced angular resolution (limited by either the 
diffraction of light, or the resolution of the camera used as detector) and a reduced range of angles that 
can be accessed (limited by the numerical aperture of the optics in the conoscope) compared to the 
goniometric configuration. In practice, the conoscopic configuration combined with simple polarimetric 
elements (crossed polarizers) is currently used to characterize the anisotropic response of minerals 
(anisotropy, direction of principal axis) in crystals in geology, mineralogy and gemology. 

In the framework of this Ph.D., the conoscopic approach has been followed to develop an innovative 
and versatile polarimetric scatterometer because of the absence of moving parts (which are very 
interesting to keep a good accuracy in polarization measurements) and the fact that a number of angle-
resolved measurements can be taken in a short lapse of time. 

1.2.4. Multimodal imaging polarimeter 

The instrument that has been developed in the context of this Ph.D. is based in the conoscopic 
configuration in order to profit the advantages of the absence of moving parts and the fact that multiple 
scattering angles can be accessed in a single measurement run. These characteristics contribute to 
improve the accuracy of the polarimetric measurements, and the measurement time. As it will be 
discussed in detail in a further section, the optical configuration of this instrument consists of an 
improvement of the standard configuration of a conoscopic scatterometer by adding the possibility of 
accessing the full polarimetric properties of the optical response of the sample, and also, the possibility 
of switching between different imaging modes, i.e. real plane and Fourier plane imaging by a minimal 
change in the optical configuration of the system, which can be easily done by the user of the instrument, 
in the framework of the development of imaging Muller polarimeters based on liquid crystals30–32 
combined with the switching-image-plane approach33–35 in the laboratory LPICM. 

In real space mode, as the name suggest, the instrument provides the image of the object with a 
magnification that can be controlled with the choice of lenses used before and after the sample used to 
illuminate and to image it respectively. The real imaging mode allows the visualization of the area of the 
sample to be analyzed by eventually selecting the size and position of the zone of interest. Moreover, 
this imaging mode allows a spatially resolved measurement of the polarimetric response of the sample 
with a very good resolution which is in principle limited by the diffraction of light inside of the instrument. 
In Fourier imaging mode, instruments provide angle resolved images which correspond to the angular 
distribution of light intensity (and polarization) emitted (or scattered) by the studied sample. Switching 
between the two imaging modes is done by the insertion (or removal) of a lens, called a Bertrand lens 
for historical reasons, in the optical train of the instrument. The insertion of the Bertrand lens in the 
instrument, if done properly, does not affect the alignment of the beam. In Figure 6, there is shown a 
schematic representation of the trajectories of rays imaged in the real mode configuration and the 
Fourier mode configuration, respectively. Moreover, a representative image is included for the two 
configurations to illustrate how the measurements look like. The image in the real plane corresponds to 
the total transmittance image from the surface of the semi-transparent plastic tape which has the rough 
surface, and the image in the Fourier plane corresponds to the total transmittance from the same sample 
but it illustrates the angular distribution of the light scattered by the plastic tape. A more detailed 
discussion about the information that can be gathered from polarimetric measurements in both imaging 
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modes is provided in the first part of chapter 5 of this manuscript by measuring a thin film of translucent 
scotch tape. 

 

Figure 6. Schematics of the principle of the multimodal imager illustrating the meaning of measurements in the real 
plane and the Fourier (or conjugated) plane respectively. (a) The real plane imaging mode allows seeing the real 
image of the sample. In real space the coordinates of the image correspond to the linear dimensions of the object. 
(b) The Fourier plane imaging mode shows the angular distribution of light transmitted or scattered through the 
sample. In Fourier mode the image is interpreted in terms or two circular coordinates: the polar angle, θ, related to 
the direction of propagation respect to the axis of the imager, and the azimuth, ϕ, which relates to the orientation 
of the light respect to a given direction normal to the optic axis of the imager. 

The full polarization measurement of the instrument is done by the incorporation of two 
sophisticated polarization control units. The first one is inserted in the illumination part of the 
instrument, and the second one in the imaging part. They allow to measure the Mueller matrix of the 
sample, and from which, as will be discussed further in the manuscript, all the fundamental properties 
of the sample (diattenuation, birefringence and depolarization) can be measured. Standard conoscopic 
instruments are usually used to access the diattenuation properties of the samples and only in some 
cases this information is completed with the birefringence of the sample because it requires a 
complicated manipulation of the instrument and an elaborated data analysis. In any case in standard 
instruments it is not possible to access information related to circular diattenuation and birefringence 
which can be eventually be present in the optical response of the samples. This drawback is not present 
in the instrument discussed in this work. An example will be given in chapter 4. 

This instrument can thus be considered as a generalization of the classical conoscopic 
scatterometers and for this reason it has been called Multimodal polarimetric imager coupled to a 
microscope (or Multimodal polarimetric imager to make it shorter in the manuscript). 
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1.3. Polarimetric instrumentation 

Different types of polarimeter have been developed and they can be categorized depending on their 
applications and measurement techniques.36,37 The most basic concept of polarimeter is a Stokes 
polarimeter. Generally speaking, Stokes polarimeters consist of single optical arm which is equipped with 
a polarization state analyzer (PSA) and a detector to measure the Stokes vector components (I, Q, U, and 
V). In the most general configuration, the PSA is made of succession of retarders, used to get access to 
the different types of retardation (linear and circular) as well as their orientation, followed by a linear 
and polarizer, used to determine the diattenuation properties of the beam as well as its orientation. 
Since the Stokes polarimeters do not have an illumination arm to control the incident polarization states, 
they are applicable in the areas such as astronomy, remote sensing, or characterization of light 
sources.38–40 The first type of polarimeters are usually referred as Stokesmeters. 

In the second type of polarimeter, the polarization of both, the illumination and the analysis part 
can be controlled. In general, the second type of polarimeters are made of two arms and the sample to 
be studied is placed between them. Each one of the arms is equipped with optical elements to control 
the polarization of the light. In the first arm polarization states are generated, and in the second arm 
polarization states are analyzed. In normal operation, the sample is sequentially illuminated with a set 
of well-defined polarization states. Then, each one of these states, after being modified by the sample, 
is analyzed by the optical elements in the second arm. As a result, a collection of measurements is 
retrieved which allows to characterize the optical response of the sample. In general, the set of 
measurements are presented (or arranged) to form a matrix. Depending on the physical properties of 
the sample, and the instrumentation used to build the polarimeter, the formalism used to write the 
matrices will be different. 

If the interaction with the sample modifies the polarization state of the incoming light but preserves 
the polarization purity (or polarization degree) then by convention there is tendency to refer to the 
instrument used to do the measurements as an ellipsometer, and the technique, whose goal is to 
characterize the optical properties of the sample is called ellipsometry. Thanks to their fast, accurate, 
and precise properties, the spectroscopic ellipsometers have achieved great success in semiconductor 
industries or other in-situ real-time characterization in the process of a glass fabrication. However, they 
remain as an incomplete characterization technique since the Jones vectors are defined only for fully 
polarized states, so they cannot use conveniently to explore situations in which the interaction of the 
light beam with the sample and the instrument itself modifies to a given point its degree of polarization. 

A Mueller polarimeter, in contrast to an ellipsometer, is an instrument which is able to measure 
light which is partially polarized. Since a Mueller polarimeter can be also used as an ellipsometer to 
measure fully polarized light, a Mueller polarimeter can be understood as the most general and 
complete form of an ellipsometer. When working with partially polarized light, it is common to use a 
mathematical formalism representing polarization as a four-dimensional vector, the Stokes vector, and 
consequently the optical properties of the sample in the form of a 4 by 4 matrix, called the Mueller 
matrix.  

Regarding Mueller polarimeters, they can be sub-divided into two great categories: spectroscopic 
polarimeters or imaging polarimeters. The spectroscopic polarimeters give a multi-wavelength approach 
on the sample. The polarimetric imagers measure the spatial information of the sample. The spatial 
information can be a real surface of the sample when the system measures the real plane of the imaging 
lens. Another capability of the polarimetric imager is that it measures a spatial distribution of the 
scattered, transmitted, or reflected light when it focuses on Fourier plane of the imaging lens. As we 
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discussed in the previous section, the measurement in Fourier plane corresponds to the angle resolved 
measurement or the conoscopic measurement. 

1.3.1. Applications of polarimetry 

In the past decades, there have been plenty of applications and researches using the polarimeter. 
Astronomy is one of the applications.41 The light from the Sun through a telescope is polarized and is 
related with the magnetic fields in the Sun following a Zeeman effect.40 The structure of the magnetic 
field between stars has been acquired by measuring the polarization properties of the starlight42,43 , 
which can be useful to study a distance to external galaxies44 and planetary atmosphere45. 

The great success of ellipsometry in the multidisciplinary areas is a matter of course.46 The Mueller 
polarimeter has been applied in optical metrology, materials science, atmospheric remote sensing, and 
target detection.47–49 In biomedical imaging, the polarimeter has been considered as a useful technique 
to characterize biological tissues since the biological tissue itself has a nature that it shows polarimetric 
properties such as birefringence, diattenuation, and depolarization because of its specific structure.50,51 
Moreover, it can be extended to the applications for the freshness and quality control in food industries. 

1.4. Motivation and goal of thesis 

Why should we need to know the polarimetric properties of scattered light? Because the scattered light 
intensity is a function of polarization. It is well-known that sunglasses decrease the glare of reflected 
light because the reflected glare light has a much dominant horizontal polarization component than the 
vertical polarization component. So, the sunglasses which have vertically oriented polarizers block the 
horizontal component of reflected light. We can also find that the brightness is different when we see 
the blue sky by rotating the sunglasses between 0° and 90° since the light comes from the blue sky 
undergoes scattering so that it has more vertical polarization component. 

As it was already discussed in section 1.1, all the activities of transmitted or reflected light are the 
results from the scattering phenomena; light-matter interactions. Those two simple examples with 
sunglasses in our real-life show that the scattered light has a polarization property. When we analyze a 
desired sample which shows scattering, this polarization property can depend on the form of the sample, 
material indices, and the properties of incident light; an initial polarization, a wavelength, an amplitude 
(or number of rays), and an angle of incidence (AoI). Moreover, the polarization property accompanies 
a depolarization property depending on the measurement condition and this depolarization property 
will be illustrated in the following chapter. So, if the conditions of incident light are well controllable, the 
analysis of polarization and depolarization properties of scattered light can be useful to characterize the 
sample properties. 

The goal of this thesis is i) to design and describe an innovative multimodal Mueller polarimetric 
imager, ii) to introduce possible applications discovering an optical response with applicable parameters, 
iii) to explain the optical response from the studied sample with a proper theory and modelling. 

1.5. Overview of thesis 

In the present chapter, the light-matter interaction was illustrated as a scattering phenomenon. Some 
examples of scattering media with different scattering regimes were introduced depending on the 
material indices, the wavelength of light, and the dimension of the particles. Some scatterometry and 
polarimetric techniques are presented followed by the multimodal imaging approach. 
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In chapter 2, fundamentals of polarization properties are introduced based on Jones and Mueller 
calculus. A Mueller matrix and its decomposition are focused in the following sections. 

In chapter 3, the technical characteristics and optical configuration of the Multimodal imaging 
polarimeter developed in the framework of this Ph.D. and installed in the laboratory LPICM are described 
and discussed. A detailed description of the multimodal imaging Mueller polarimetric microscope is 
shown with the design principle of the polarization state generator (PSG) and analyzer (PSA). The 
multimodal imaging configuration is presented based on ray tracing modelling. The description of the 
operation mode is completed with a description of the method to calibrate the polarimetric and 
radiometric response of the system. Finally, a set of representative results used to illustrate the 
verification of technical capabilities of the polarimetric imager are shown in the end of this chapter. 

Chapter 4 is devoted to discussing the polarimetric properties of small particles observed at normal 
incidence (the standard configuration), or at oblique incidence. Different cases are discussed in depth 
including the ideal case of a linear dipole, a spherical particle of different sizes and spheroidal particles 
of different shapes. The modeling of polarimetric data makes use of a combination of the vectorial 
polarimetric approach with either exact methods such as the Mie theory for spherical particles, or 
approximated numerical methods for spheroidal particles. One interesting and unattended effect seen 
in the polarimetric data simulated or measured at oblique incidence is the development of an intense 
apparent circular birefringence which depends on the shape of the particles and the illumination 
conditions. The apparent circular birefringence is interpreted as a topological phase arising from the fact 
that the illumination and the observation frames are not collinear. The chapter ends with a comparison 
of experimental and simulated data of different types of particles and the demonstration that the 
topologic phase can be used to characterize the shape of the measured particles. 

In chapter 5, polarimetric responses on complex media are studied, which introduce birefringence 
and depolarization at the same time. In the first part, the method uses to analyze how polarization and 
depolarization properties depend on the size of the optical path that the light has travelled inside of the 
scattering medium. In particular it is shown that the polarization properties depend linearly on the 
thickness of the scattering medium and the depolarization (the loss of polarization) depends 
quadratically on this same thickness. The validity of this approach is illustrated with the use of simple 
samples used as a reference. The curious dependence of both, polarization and depolarization 
properties with the optical path length inside of the sample is used to study the thickness dependence 
of samples consisting on histological cuts of biological tissues. In particular a practical method is 
discussed that can be used to get rid of the effect of thickness fluctuations in histological cuts prepared 
in a biology laboratory, which can induce ambiguities in the interpretation of polarimetric data by a 
human operator. 

In chapter 6, we briefly review the main results obtained in the framework of various collaborative 
works developed during the Ph.D. with different research groups interested in the possibility of using 
the multimodal imaging polarimeter to characterize the optical response of different types of samples. 
The examples discussed include: i) nano-patterned samples to measure a pseudo-chirality caused by the 
plasmonic effect, ii) samples modified by a femtosecond laser direct writing (FLDW), and iii) cylindrical 
microparticles for a hydrophobic surface to analyze their structures. The interest that the multimodal 
microscope has created in persons appertaining at different communities is a proof of the added value 
of the use of fully polarimetric capabilities combined with a multimodal imager. They are included here 
to illustrate a part of the work done in the context of the Ph.D. and because the part of this work has 
been published in different articles and shown in international conferences. 
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In the last chapter, all the work done in the framework of the Ph.D. are summarized and concluded 
with some perspectives to guide future works in the field of polarimetric scatterometry and polarimetric 
microscopy. 
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Chapter 2. 
Fundamentals of polarization of light 
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Before discussing the optical design, characteristics and applications of the multimodal polarimeter, it is 
necessary to introduce fundamentals of polarization of light. In this chapter, the concept of polarization 
of light together with the basic polarimetric properties; dichroism, birefringence, and depolarization are 
introduced. We also discuss the Stokes formalism and the Mueller calculus formalism, which is a 
complete mathematical approach to describe the polarimetric light-matter interaction. We illustrate 
how the basic polarimetric properties are extracted through a post treatment method called 
decomposition based on linear algebra properties of Mueller matrices. We introduce different types of 
the decomposition methods depending on the sample structure, yielding a different mathematical 
description. A special emphasis is put to describe the logarithmic (also called by some authors 
differential) decomposition, since this latter will be extensively used to treat the simulated and 
experimental data discussed in the forthcoming chapters of the manuscript.  
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2.1. Mueller formalism 

The state of light of a fully polarized beam can be described using the Jones formalism which was 
discovered by R. C. Jones in 1941. Jones approach is simplest way to treat polarized light and uses a 
complex bidimensional vector to describe a given state of polarization, and the corresponding 2 by 2 
complex Jones matrix the transformation action of a sample or an optical element on the polarization 
state of an illuminating beam. Although the Jones calculus is an intuitive method to treat the polarization, 
it can be only applied when the light is the totally polarized light.  

Mueller calculus, which was completed in 1943 by Hans Mueller is a generalization of the Jones 
formalisms and can be used to represent any state of polarization including partially polarized light and 
the unpolarized light. The Mueller calculus is general and can always be applied but is mandatory when 
partially polarized light is to be treated. 

2.1.1. Stokes vector and the Poincaré sphere 

In the Mueller calculus, the polarization states of light can be represented with a four-dimensional vector 
which is called Stokes vector. Stokes parameters which are components of the Stokes vector describe 
the polarization states of electromagnetic radiation. They were defined by George Gabriel Stokes in 1852 
before the Mueller matrices were introduced. The Stokes vector, S, is composed of four Stokes 
components usually referred as, S0, S1, S2, and S3, or as I, Q, U, and V respectively. The different 
representations of the Stokes vector are specified in the following expression: 

𝐒 = ൮

𝑆଴

𝑆ଵ

𝑆ଶ

𝑆ଷ
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 (Eq. 20) 

, where ρ, I, 2α and 2χ are the spherical coordinates of the three-dimensional vector of Cartesian 
coordinates (S1, S2, S3). I is the total intensity of the beam. Ix and Iy are the intensities of the light linearly 
polarized along x and y directions. I45° and I-45° are for the light linearly polarized at 45° and -45° degrees 
to the x axis. IL is the circularly polarized light in counter-clockwise, while IR is for the clockwise circularly 
polarized light. The factor of two in front of α means that any polarization ellipse is indistinguishable 
from one rotated by 180°. Another factor of two in front of χ shows that an ellipse is indistinguishable 
from one with the semi-axis lengths swapped accompanied by a 90° rotation. 

The ρ is the so-called degree of polarization (DOP) and can be represented using the Stokes 
parameters as, 

𝜌 =
ඥ𝑄ଶ + 𝑈ଶ + 𝑉ଶ

𝐼
 (Eq. 21) 

The Stokes vector can be graphically shown, in a tridimensional space, which is called a Poincaré 
sphere shown in Figure 7. The point on the sphere (or inside the sphere) shows the polarization states 
of light. The point on the edge of sphere, for instance, is for the perfectly polarized light which has the ρ 
= 1. Conversely, the point inside the sphere is for the partially polarized light with 0 < ρ < 1. 
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Figure 7. The Poincaré sphere is a graphical tool for visualizing different types of polarized light using Stokes vector 
on the three-dimensional coordinates. 

2.1.2. Mueller matrix 

The Stokes vectors are accompanied by a four-dimensional matrix, called a Mueller matrix, M, which 
represents the polarimetric interaction of polarized light with a given sample. The incident beam as 
illustrated with Stokes vector Sin passes through an optical element M and comes out with Sout as below, 

𝐒௢௨௧ = 𝐌 ∙ 𝐒௜௡  (Eq. 22) 

This can be also represented using each component of Mueller matrix as below, 
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൲
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 (Eq. 23) 

2.2. Basic polarimetric properties 

Generally speaking, the polarimetric response of a given sample describes how the incident light 
polarization is changed due to the interaction with the sample. In spite of its apparent complexity, this 
response can be rationalized in terms of three fundamental properties, namely the sample diattenuation, 
retardation, and depolarization. In many cases of practical interest, among which the usual ellipsometric 
characterization of isotropic materials or thin films, all these properties can be unambiguously defined 
from the measured data. The fundamental polarimetric properties used as “building blocks” to 
characterize more complex systems are given by pure diattenuators, pure retarders and depolarizers. 
To understand these properties, it is useful to use the concept of pairs of fully polarized orthogonal 
eigenstates. Each eigenstate is characterized by its length and ellipticity. An ellipticity equal to zero 
corresponds to linearly polarized light, an ellipticity equal to ±1 corresponds to circularly polarized light, 
while other values of ellipticity correspond to elliptically polarized light. The sign of the ellipticity states 
the difference between clockwise or counterclockwise rotation. For the vast majority of usual 
polarization optical components, such as retardation plates or polarizers, these eigenstates are actually 
linearly polarized. 
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2.2.1. Dichroism and diattenuation 

According to this picture, linear diattenuators, which can be seen as partial linear polarizers, transmit (or 
reflect) each of their eigenstates without altering their ellipticity nor azimuth, but may change their 
intensities as shown in Figure 8. 

 

Figure 8. A change of the eigenstates by a diattenuator MD when the light propagates in the z direction. 

Diattenuation, the polarimetric property of the diattenuators, is defined in practice by a scalar, 
called D, characterizing the maximum variation of transmitted (or reflected) light intensity with as a 
function of the incident polarization state. Diattenuation is defined as follows: 

𝐷 =
𝐼max − 𝐼min

𝐼max + 𝐼min

 (Eq. 24) 

, where Imax and Imin accord with the intensities of the two transmitted or reflected eigenstates. This 
features the maximum variation of transmitted or reflected light intensity, corresponding to the incident 
polarization state.  

The amplitude ratio in ellipsometry, ψ, can be deduced from this definition. tan2ψ can be defined 
as Imax/Imin. Since the parameters can be decided, D for intensities and ψ for amplitudes of the 
electromagnetic field, the square is taken as below, 

𝐷 =
1 − tanଶ 𝜓

1 + tanଶ 𝜓
= cos 2𝜓 (Eq. 25) 

In case of the ideal linear polarizers, the Imin is almost 0 and the D is close to 1 and ψ is close to 0° 
or 90°. The diattenuation can be defined by a vector D. This provides the orientational information of 
the eigenstates from diattenuators as below, 

𝐃 = 𝐷 ൭

𝑑ଵ

𝑑ଶ

𝑑ଷ

൱ = ൭

𝐷horizontal
𝐷ସହ°

𝐷circular

൱ (Eq. 26) 
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, where 𝑑ଵ
ଶ + 𝑑ଶ

ଶ + 𝑑ଷ
ଶ = 1 and the polarization eigenstates of the Stokes vectors are given by, 

𝐒max
் = (1, 𝑑ଵ, 𝑑ଶ, 𝑑ଷ), 𝐒min

் = (1, −𝑑ଵ, −𝑑ଶ, −𝑑ଷ) (Eq. 27) 

The components of the vector D describe the horizontal, the 45°, and the circular diattenuation, 
respectively. In the Mueller matrix, the D of any sample can be represented as a simple function of the 
first row of Mueller matrix as below, 

𝐃 =
1

𝑀ଵଵ

൭

𝑀ଵଶ

𝑀ଵଷ

𝑀ଵସ

൱ (Eq. 28) 

The Mueller matrix of an ideal diattenuator MD can be defined with the scalar diattenuation D and 
the diattenuation vector D as below, 

𝐌ୈ = 𝜏 ൬
1 𝐃்

𝐃 𝐦ௗ
൰ , and 𝐦ௗ = ඥ1 − 𝐷ଶ𝐈ଷ + (1 − ඥ1 − 𝐷ଶ)𝐃𝐃் (Eq. 29) 

, where the first-row element and the first-column element are illustrated by the D. The md is a 
three-dimensional symmetric sub-matrix which is composed of the 3 × 3 identity matrix I3, the D, and 
the D. The τ shows the entire transmittance or reflectivity of the sample when the incident light is 
perfectly depolarized. 

2.2.2. Retardation and birefringence 

Linear retarders also called waveplates pass their eigenstates conserving their ellipticity, ε, and 
azimuth, α. and the intensities but modifying only their phases as shown in Figure 9. 

 

Figure 9. A change of the eigenstates by a retarder MR when the light propagates in the z direction. 

When light travels from one medium to another, the speed and wavelength change since the 
electric field of the light interacts with the electrons in the medium. The refractive index can also be 
stated in terms of wavelength. The refractive index shows different values depending on the type of 
material by the natural frequency. Even though the speed changes and wavelength changes, the 
frequency of the light will be constant. In Figure 10.a., the black circles represent the motion of electrons 
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which move to the opposite direction of the electric field in a medium when the light travels. So, the 
light which interacts with a bunch of electrons of atoms can be affected depending on the status of 
crystals in a medium. The spring means the amplitude of the relative force of the electric field which 
interacts with the electrons of the medium. 

 

Figure 10. (a) The motion of electrons when light travels from one medium to another, (b) the motion of electrons 
in the isotropic materials, and (c) the motion of electrons in the anisotropic materials. The spring represents the 
amplitude of the relative force of the electric field which interacts with the electrons of the medium. 

Figure 10. b. and c. show the motion of electrons in the isotropic and anisotropic materials, 
respectively. When a crystal has no specific directional property, the crystal structure is called isotropic 
material such as a cubic structure (ex. NaCl). On the other hand, when a crystal has a specific directional 
property, the electrical properties depend on the direction of the structure and that is called anisotropic 
material such as a trigonal structure (ex. calcite). In the isotropic material, the electric field oscillates in 
all direction. However, the oscillation of electric field which defines the speed and wavelength of the 
light depends on the direction of the incident light in the anisotropic materials. The oscillation of 
electrons decides the motion of electric field and the light trajectory and therefore the anisotropic 
materials have different refractive indices depending on the incident beam status such as an initial 
polarization state. 

This is called birefringence (or retardation) that is an optical phenomenon of split of the incident 
light at the single wavelength when the material shows different refractive indices depending on the 
polarization direction of incident light. We can say that the material is optically anisotropic or 
birefringent. 
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This birefringence can be expressed mathematically, 

Δ𝑛 = 𝑛௘ − 𝑛௢ (Eq. 30) 

, where no is the refractive index for an ordinary ray whose oscillation direction of the electric field 
(or a polarization direction) is perpendicular to the optical axis, ne is the refractive index for an 
extraordinary ray parallel to the optical axis. The ordinary axis is called slow axis through which the light 
propagates slower than in other axes. And the extraordinary axis is called the fast axis through which 
the light propagates faster than in other axes. The material which having a negative Δ𝑛 shows negative 
birefringence and the material having a positive Δ𝑛 shows a positive birefringence. 

Then the retardance, the difference in phase shift between two different polarization states, δ, is 
given by, 

𝛿 =
2πΔ𝑛𝑑

𝜆
 (Eq. 31) 

, where d presents the optical path length. 

In case of a half-waveplate, the orientation of the fast axis is what determines the orientation of 
the linearly polarized light emitting from the retarder. As a result, if a half-waveplate is rotated at 45° 
with respect to the linear polarized light incoming the waveplate, the transmitted light from the 
waveplate will be rotated at 90° with respect to the polarization direction of the incident light. 

As the diattenuation was defined in the previous section, the time delay between two eigenstates 
after they propagate through an ideal waveplate can be described by the scalar retardance, R, using a 
vector representation, R as below, 

𝐑 = 𝑅 ൭

𝑟ଵ

𝑟ଶ

𝑟ଷ

൱ = ൭

𝑅horizontal
𝑅ସହ°
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, where 𝑟ଵ
ଶ + 𝑟ଶ

ଶ + 𝑟ଷ
ଶ = 1. The components of R show the horizontal, the 45°, and the circular 

retardance, respectively. 

The Stokes vectors of the fast and the slow eigenstates Sf and Ss are respectively defined by, 

𝐒௙
் = (1, 𝑟ଵ, 𝑟ଶ, 𝑟ଷ), 𝐒௦

் = (1, −𝑟ଵ, −𝑟ଶ, −𝑟ଷ) (Eq. 33) 

An ideal retarder is illustrated geometrically as the rotation in the space of Stokes vectors. The 
Mueller matrix of an ideal retarder MR can be expressed as, 

𝐌ோ = ൬
1 𝟎்

𝟎 𝐦ோ
൰ , and (𝐦ோ)௜௝ = 𝛿௜௝ cos 𝑅 + 𝑟௜𝑟௝(1 − cos 𝑅) ෍ 𝜀௜௝௞𝑟௞ sin 𝑅
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 (Eq. 34) 
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, where the three-dimensional sub-matrix mR is an orthogonal rotation matrix with a unit 
determinant, det(mR) = 1. The vector 0 is the null vector. The εijk is the Levi-Civita permutation sign and 
the δij represents the Kronecker delta which are expressed as, 

𝛿௜௝ = ൜
0   if 𝑖 ≠ 𝑗
1   if 𝑖 = 𝑗

, 𝜀௜௝௞ = ቐ

+1   if (𝑖, 𝑗, 𝑘) is (1,2,3), (2,3,1) or (3,1,2)

−1   if (𝑖, 𝑗, 𝑘) is (3,2,1), (1,3,2) or (2,1,3)

0   otherwise: 𝑖 = 𝑗 or 𝑗 = 𝑘 or 𝑘 = 𝑖

 (Eq. 35) 

Scalar retardance and vector retardance can be defined from the experimental Mueller matrices as 
below, 

𝑅 = cosିଵ ൬
trace(𝐌ோ)

2
− 1൰ , 𝑟௜ =

1

2 sin 𝑅
෍ 𝜀௜௝௞(𝐦ோ)௝௞

ଷ

௝,௞ୀଵ

 (Eq. 36) 

, where the ‘trace’ is a sum of the diagonal elements. 

2.2.3. Depolarization 

Depolarization is a property related to the transformation of the polarized light into completely 
unpolarized light or partially polarized light. The pure depolarizers do not leave any polarization state 
invariant. They make perfectly depolarized states with decreasing the DOP defined in (Eq. 21). For totally 
polarized states, DOP becomes 1 and DOP becomes 0 for totally unpolarized light. Therefore, the DOP is 
between 0 and 1 for partially polarized light. Thus, the depolarizers change the eigenstates of the 
perfectly polarized states into those of the partially polarized states. After passing the depolarizer with 
a well-defined polarization ellipse, the motion of the electric field is not a perfect ellipse as shown in 
Figure 11. 

 

Figure 11. A change of the eigenstates by the depolarizer MδP when the light propagates in the z direction. 

When the depolarization is detected, the polarization is determined at any instant but varies 
considerably over time scale which is much shorter than the detector’s integration time. Consequently, 
the detector considers the temporal averages of the intensities, sequentially generated by different 
perfectly polarized states. 
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A multiple scattering makes depolarization of the incident polarized light, the depolarization 
depends on the way of illuminating the sample and the way of detecting the emerging light. The perfectly 
depolarized light needs that the detected signal is the sum of intensities because of various polarized 
contributions with different polarization states. As a result, this summation would be done temporally, 
spatially or spectrally. That is, the depolarization depends not only on the sample, but also on the 
characteristics of the illumination source and the detector. 

The Mueller matrix of an ideal depolarizer MδP can be defined as below, 

𝐌ఋ௉ = ൬
1 𝟎்

𝟎 𝐦ఋ
൰ (Eq. 37) 

, where the mδ is a 3 × 3 symmetric matrix and it would be simplified to a diagonal form in a suitable 
orthonormal basis defined by three eigenvectors vi. Consequently, in a basis represented by the four 
Stokes vectors as (Eq. 38), the Mueller matrix MδP becomes diagonal as expressed below, 

𝐒଴
் = (1,0,0,0),   𝑎𝑛𝑑  𝐒௜

் = (1, 𝐯௜
்), (1 ≤ 𝑖 ≤ 3) (Eq. 38) 

𝐌ఋ௉ = ൮

1 0 0 0
0 𝑎 0 0
0 0 𝑏 0
0 0 0 𝑐

൲ (Eq. 39) 

, where the eigenvalues of mδ (a, b, and c) are real numbers from -1 to 1. As we discussed the DOP, 
the MδP shows that the DOP decreases by a factor equal to the corresponding eigenvalue a, b or c, while 
the perfectly depolarized state remains unchanged. Namely, a general depolarizer has only one 
eigenpolarization, concerning the perfectly depolarized state. 

Since mδ is symmetry, the Mueller matrices of the ideal depolarizers MδP explicitly depend on six 
parameters. Due to this dependence on six parameters, depolarizers are more mathematically complex 
than retarders or diattenuators, which involve only three parameters each. However, the symmetry 
properties of the sample can considerably reduce the number of independent parameters. When we 
observe in forward or backward scattering geometries, a suspension of spherical (or statistically isotropic) 
scatterers acts as an ideal depolarizer with different depolarization powers for linearly and circularly 
polarized incident states. Furthermore, for the specific case of a suspension of spheres, the 
depolarization power for linear states is independent of the orientation of the polarization of incident 
light. These properties can be mathematically represented as, 

𝑎 = 𝑏 ≠ 𝑐,   and   𝐯ଵ
் = (cos 𝛼 , sin 𝛼 , 0), 𝐯ଶ

் = (−sin 𝛼 , cos 𝛼 , 0), 𝐯ଷ
் = (0,0,1) (Eq. 40) 

, where α can be chosen arbitrarily. 

It is convenient for practical reasons to define a single numerical function defining the entire 
depolarization power of a depolarizer to characterize the depolarizing properties of general Mueller 
matrices mathematically. The depolarizing power varies from 0 to 1. If the value is 0, it means that the 
matrix is non-depolarizing. If the value is 1, it means the matrix behaves as a total depolarizer. The first 
example of such function is the quadratic depolarization index, Pq, for the general Mueller matrix and 
the pure depolarizers expressed as below, 
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𝑃୯ = ඨ
∑ 𝑀୧୨

ଶ − 𝑀ଵଵ
ଶ

୧୨

3𝑀ଵଵ
ଶ = ඨ

trace(𝐌்𝐌) − 𝑀ଵଵ
ଶ

3𝑀ଵଵ
ଶ  (Eq. 41) 

A physically reasonable Mueller matrix is non-depolarizing, if any perfectly polarized input Stokes 
vector is converted into a perfectly polarized output Stokes vector without decreasing the DOP. 
Conversely, the DOP of output Stokes vector is smaller than that of input Stokes vector for depolarizing 
Mueller matrices. For any resulting Mueller matrix, the decrease of the DOP depends on the input state. 
For example, a given sample can be more depolarizing for input circular states than for input linear ones, 
or vice versa. It is unfeasible to specifically represent the depolarization power of a generic Mueller 
matrix M. The depolarization index, Pq, to illustrate the depolarization power of a sample represented 
by the M has a range between 0 (for a total depolarizer) and 1 (for non-depolarizing matrices). 

Another way to define this depolarization power has been studied specifically for depolarizers by 
Lu and Chipman as the expression below, 

Δ = 1 −
1

3
(|𝑎| + |𝑏| + |𝑐|),   0 ≤ ∆≤ 1 (Eq. 42) 

, where Δ is the average of the principal depolarization factors and indicates the averaged 
depolarization capability of the depolarizer. Thus, it can be also called the depolarization power.52 There 
have been many possible propositions on the definition of this depolarization53,54 and another way to 
define the depolarization using the logarithmic decomposition will be introduced in the following section. 

2.2.4. Polarizance 

Polarizance is an ability to transform the unpolarized light into the polarized light. In other words, the 
polarizance increases the DOP of an incident unpolarized or partially polarized light. When the incident 
unpolarized light travels through the sample, the out Stokes vector is expressed as below, 

𝐒out = 𝐌 ൮

1
0
0
0

൲ = ൮

𝑀ଵଵ
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൲ (Eq. 43) 

The scalar polarizance, P, can be described with the DOP of the output Stokes vector as below, 

𝑃 =
ඥ𝑀ଶଵ

ଶ + 𝑀ଷଵ
ଶ + 𝑀ସଵ

ଶ

𝑀ଵଵ
ଶ  (Eq. 44) 

Then the polarizance vector, P, can be expressed as below, 

𝐏 =
1
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൱ (Eq. 45) 
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In general, the diattenuation vector, D, and the polarizance vector, P, are equal when the system is 
homogenous. However, when the system is inhomogeneous, the D and P are not equal as shown in 
Figure 12. 

 

Figure 12. The concepts of the diattenuation and polarizance in the different order of the perfect depolarizer and 
the polarizer illuminating two different polarization ellipses. The red arrows represent the polarization direction and 
their length shows the intensity of the light. 

When a perfect polarizer is in front of a perfect depolarizer (Figure 12.a), the system shows 
diattenuation since the final intensity depends on the orientation of the incident polarization state 
showing no polarizance. Therefore, this system is considered as a strong diattenuator not a polarizer. 
However, when the perfect depolarizer is in front of the perfect polarizer (Figure 12.b), any incident 
polarized state is converted by the depolarizer into a perfectly depolarized state whose intensity is not 
defined by the initial polarization state. As a result, this system shows no diattenuation but strong 
polarizance (P = 1 for an ideal output polarizer) called a strong polarizer not a diattenuator. 

2.3. Extraction of polarimetric properties 

The Mueller matrix itself is too complex to illustrate the polarimetric properties at a glance. Some ways 
have been proposed to extract the polarimetric properties from the Mueller matrix, called Mueller 
matrix decomposition. The decomposition has been classified and needs to be considered properly 
depending on the type of studied samples. In other words, the choice of a given decomposition is mainly 
determined by the structure of the sample.47,55 In this section, three different types of the Mueller matrix 
decompositions will be discussed. 

2.3.1. Product decomposition 

Product decompositions need to be selected when the layers of different polarimetric properties are 
distinguishable in the plane parallel to the plane of incidence. The most widely-used product 
decomposition was proposed by Lu and Chipman52. In the product decompositions, the light interacts 
sequentially with different parts of the sample, each of which being characterized by a well-defined 
fundamental polarization property showing a random and complex Mueller matrix as a product of 
elementary Mueller matrices which are diattenuators, retarders, and depolarizers. 
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There are three kinds of Mueller matrices comprising a diattenuator, a retarder, and a depolarizer. 
The one way of ordering them is represented as below, 

𝐌 = 𝐌ఋ௉𝐌ோ𝐌஽ (Eq. 46) 

, where MδP is a Mueller matrix for a depolarizer, the MR is a Mueller matrix for a retarder, and the 
MD is a Mueller matrix for a diattenuator. 

When the diattenuator and the retarder are in the ideal forms, then the depolarizer cannot be an 
ideal form since the Mueller matrix, M, should not show the polarizance as shown in Figure 12.a. 
Consequently, the depolarizer has the non-zero polarizance and its Mueller matrix is illustrated as below, 

𝐌ఋ௉ = ൬
1 𝟎்

𝐏 𝐦ఋ
൰ (Eq. 47) 

Following these assumptions, the procedure would be numerically stable, and it would always 
provide physically possible elementary matrices MδP, MR and MD. If the order of the elementary 
components is changed, a simple calculation illustrates that the above results are simply generalized to 
the other two cases, 

𝐌′ = 𝐌ோ
ᇱ 𝐌ఋ௉

ᇱ 𝐌஽
ᇱ    or   𝐌′′ = 𝐌ఋ௉

ᇱᇱ 𝐌஽
ᇱᇱ𝐌ோ

ᇱᇱ (Eq. 48) 

Strictly speaking, the matrices of depolarizers conserve the form in the (Eq. 47) and the M' and M'' 
matrices are derived from those provided by the standard decomposition of the (Eq. 46) by the unitary 
transformations. This simple generalization, however, is no longer valid when the depolarizer is located 
before the diattenuator as shown in Figure 12.b. J. Morio and F. Goudail introduced a reverse 
decomposition for these three cases with the same definition of the depolarizer.56 However, this 
procedure could show unstable or unphysical results when there is strong depolarization. This issue has 
been solved by R. Ossikovski et al. assuming that the depolarizer is before the diattenuator.57 The 
standard reverse product decomposition is shown as below, 

𝐌 = 𝐌஽𝐌ோ𝐌ఋ௉ , where   𝐌ఋ௉ = ൬
1 𝐃′்

𝟎 𝐦ఋ
൰ (Eq. 49) 

2.3.2. Sum decomposition 

Sum decompositions or parallel decompositions should be considered when the beam comprises 
different polarimetric properties that is, the discrete polarimetric properties are in the plane vertical to 
the plane of incidence. The sum decompositions; a Cloude decomposition58 and a Le Roy-Brehonnet 
decomposition59, utilize the depolarizing Mueller matrix, M, as an incoherent addition of non-
depolarizing matrices, Mk, as shown in the equation below and Figure 13. 

𝐌 = 𝜆ଵ𝐌ଵ + 𝜆ଶ𝐌ଶ + 𝜆ଷ𝐌ଷ + 𝜆ସ𝐌ସ, 𝑤ℎ𝑒𝑟𝑒 𝜆௞ > 0 (Eq. 50) 
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Figure 13. In the sum (or parallel) decompositions, any depolarizing Mueller matrix, M, can be represented as a 
parallel combination of non-depolarizing components Mk. 

The sum decompositions can be widely utilized since they describe physical situations frequently 
encountered in ellipsometry. The incoherent superposition of differently polarized contributions may be 
caused by the sample or by the measurement system itself. Therefore, the sum decompositions are well 
adapted for the multiple reflections with the spatially inhomogeneous samples and the tightly focused 
beams.1 

2.3.3. Logarithmic decomposition 

A logarithmic or differential decomposition is suitable to describe uniform samples in which polarization 
and depolarization properties appear together and are well distributed across the sample in 
transmission configuration. The first logarithmic decomposition formalism was suggested for linear 
optically anisotropic media (non-depolarizing) by P. Soleillet60 in 1929, then reformulated by R. M. A. 
Azzam61 for fully polarized light and it has been completed for depolarizing media by R. Ossikovski62. An 
interesting historical revision of the development of the concept leading to the modern full formulation 
of the logarithmic decomposition has been recently done by O. Arteaga63. The logarithmic 
decomposition is for the samples which are not discrete systems, but rather continuous and 
homogeneous media as expressed in the following equation and Figure 14. 

𝑑𝐌(𝑧)

𝑑𝑧
= 𝐦 ∙ 𝐌(𝑧) (Eq. 51) 

, where m is a differential Mueller matrix, M(z) is the Mueller matrix of the anisotropic sample, 
dM(z)/dz is a gradient of M along the direction of light propagation, z. 

 

Figure 14. The logarithmic decomposition is for the samples which are not discrete systems, but rather continuous 
and homogeneous media. 



32  

The Mueller matrix, M, can be represented with the exponential function as below, 

𝐌 = exp(𝐦 ∙ 𝑧) (Eq. 52) 

and can be rewritten to define the logarithmic of Mueller matrix, L, as below, 

𝐦 ∙ 𝑧 = ln𝐌 = 𝐋 (Eq. 53) 

The differential Mueller matrix, m, contains the elementary polarimetric properties of the sample 
per unit of distance; linear dichroism along the x-y coordinate axes 0° - 90° (LD), linear dichroism along 
the x-y coordinate axes 45° - 135° (LD’), circular dichroism (CD), linear birefringence along the x-y 
coordinate axes 0° - 90° (LB), linear birefringence along the bisectors of the x-y coordinate axes 45° - 135° 
(LB’), circular birefringence (CB) and isotropic absorption (α). 

For depolarizing media, the values of the differential Mueller matrix can be assumed to randomly 
fluctuate around an average value, <m>. The brackets stand for a statistical averaging of the matrices, 
necessary to consider the multiple realizations, or paths that a photon can follow across the sample. The 
fluctuations can be interpreted as the statistic variances of the elementary polarimetric properties, Δm, 
of the sample as below, 

𝐦௙ = 〈𝐦〉 + ∆𝐦 (Eq. 54) 

Assuming the fluctuations to be sufficiently small, a first-order approximation relating the Mueller 
matrix to the exponential of the matrix m times the thickness, z, leads to the following expression 
relating the polarization and the depolarization properties with the matrices and <Δm>, respectively, 

𝐋(𝑧) = 𝐋௠(𝑧) + 𝐋௨(𝑧) = 〈𝐦〉𝑧 +
1

2
〈∆𝐦ଶ〉𝑧𝟐 (Eq. 55) 

The matrices Lm and Lu are the G-antisymmetric and G-symmetric parts of L according to, 

𝐋௠ =
1

2
(𝐋 − 𝐆𝐋்𝐆)   and   𝐋௨ =

1

2
(𝐋 + 𝐆𝐋்𝐆) (Eq. 56) 

in which G = diag(1,-1,-1,-1) is the Minkowski metric matrix. 

If the sample is non-depolarizing, <Δm2> = 0 so that the Lu = 0 leaving L(z) = Lm. The matrix Lm 
contains the elementary polarization properties of the sample; LD, LD’, CD, LB, LB’ and CB, evolving 
linearly along z axis as shown below: 

𝐋௠ = ൮

0 LD LD′ CD
LD 0 CB −LB′
LD′ −CB 0 LB
CD LB′ −LB 0

൲ (Eq. 57) 
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However, if the sample is depolarizing, <Δm2> ≠ 0 and the diagonal elements of Lu show the 
depolarization coefficients, diag(Lu) = (0, α1, α2, α3), which depend quadratically on the propagation 
distance along z. 

2.4. Conclusion 

In this chapter, we introduced the fundamentals of polarization of light with a linear algebra called 
Mueller calculus. The three main polarimetric properties are introduced; the dichroism (or 
diattenuation), the birefringence (or retardation) and the depolarization. For the depolarizing power 
which shows the capability to decrease the DOP, there have been many studies to define it. We mainly 
focused on the parameters from the logarithmic decomposition such as the polarization properties (LD, 
LD’, CD, LB, LB’ and CB) and the depolarization coefficients that were discussed in the previous section, 
since the configuration of the polarimeter in this thesis is in transmission and the studied samples are 
transparent without discrete layers which show separated polarimetric responses. As a perspective, 
different type of decomposition method can be applied depending on different type of sample structures 
to compare errors.  
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Chapter 3. 
Instrumentation 
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The present chapter is devoted to discussing instrumental aspects of polarimeters, and in particular the 
multimodal imaging polarimeter developed in the framework of this thesis. Firstly, the original 
prototypes of imaging polarimeters developed in the laboratory LPICM previously to the one discussed 
here are shortly introduced. The imaging system that I have contributed to develop, called Multimodal 
imaging Mueller polarimetric microscope, is illustrated in a transmission mode. We show the design 
principle of the optical elements and methods of the system; the polarization state generator and 
analyzer (PSG and PSA), the multimodal imaging approach, and the calibration methods called an 
eigenvalue calibration method (ECM) and a radiometric calibration are also discussed. The spatial 
homogeneity and the repeatability analyses are done from the acquired images from the system to verify 
the stability of the system.  
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3.1. Original prototypes 

In the research context of the group, applied optics and polarimetry (AOP), in the laboratory, laboratoire 
de physique des interfaces et couches minces (LPICM), at Ecole polytechnique in France, two different 
types of polarimeter both in reflection and transmission modes had been developed. In this section, we 
introduce the two conventional polarimeters and their specifications to explain the motivation of our 
approach. 

3.1.1. Mueller microscope in reflection mode 

The first prototype of the in-house Mueller polarimetric microscope worked in reflection mode (Figure 
15). This system is in the conoscopic mode and it has a multimodal imaging system. It allowed to switch 
between real plane and the Fourier plane imaging configurations with the use of a Bertrand lens. This 
system was designed to use two types of source; a laser 532 nm and a second laser at 633 nm. A 
polarization state generator (PSG) and a polarization state analyzer (PSA) based on the ferroelectric 
liquid crystal waveplates were used to control the polarization of light. The Mueller microscope in 
reflection mode was developed in the framework of S. Ben-Hatit64 and it was further updated and 
improved as part of the Ph.D. thesis of C. Fallet65. 

 

Figure 15. The first set-up of the multimodal imaging Mueller polarimetric microscope in reflection mode. 

The Mueller microscope has been mainly used to characterize diffraction gratings used in 
microelectronics. The goal was to use the polarimetric data in combination with electromagnetic models 
representing the optical response of the samples to solve an inverse problem and to extract the physical 
dimensions of the gratings from the analysis of the optical data. The instrument was also used to 
characterize biological samples such as the cuticle of scarabs and the wings of butterflies.  
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3.1.2. Mueller macroscope in transmission mode 

Even though the system in reflection mode which was introduced in the previous section had been 
tested and verified with the nano-material applications, there have been some demands to find other 
possible applications in transmission. In this context, the second prototype of the in-house Mueller 
polarimetric macroscope was developed in transmission (Figure 16).66 This system could be extended to 
a microscope for a micrometric application.67 

Although this system follows the similar path of conjugated planes of the illuminating and imaging 
arms of the previous system in reflection mode using a series of lenses, it doesn’t contain the Bertrand 
lens. Therefore, it works in a real plane only. Furthermore, the system only has a LED source with some 
spectral filters such as a 533 nm filter with a 15 nm of full width half maximum (FWHM). 

 

Figure 16. The set-up of the Mueller polarimetric macroscope in transmission mode.66 

3.2. Multimodal imaging polarimetric microscope 

In the context of my Ph.D. I have contributed to improve the optical configuration of the microscope in 
transmission up to a point that it has developed a full Multimodal polarimetric imager which can be used 
to characterize not only the angular distribution of transmitted or scattered light by a sample as standard 
scatterometers do, but also its polarization state.68 The main difference between the multimodal 
microscope and the goniometric scatterometer is the absence of moving parts since the multimodal 
microscope functions as a conoscopic scatterometer. 

Furthermore, the multimodal microscope can be operated in two imaging modes, real plane and 
Fourier (or conjugate space) plane. In a real plane imaging mode, the microscope produces images of 
the studied sample, while in Fourier imaging mode the images correspond to the angular distribution of 
light transmitted or scattered by the sample. Thanks to a ray tracing simulation, it is possible to define 
where we put the relay lenses in the real plane imaging and the Fourier plane imaging, respectively. We 
proceed the proper alignment and calibration methods in Cartesian coordinates and polar coordinates 
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both in the real plane and in the Fourier plane, respectively. We illustrate those steps in the following 
section. 

3.2.1. System design 

The optical configuration of the multimodal polarimetric microscope is illustrated in Figure 17. The 
system is coupled to a light emitting diode (LED) as a source of light, followed by a narrow-band spectral 
filter (S.F.). The spectral filter centered at a wavelength of 533 nm with a spectral width of 15 nm (FWHM) 
is selected. The microscope is mounted in transmission configuration. The sample is located between 
two identical microscope objectives (one for imaging and another for illuminating). The microscope 
objectives can be selected among different magnifications; 50x, 20x, 10x, and 5x depending on the needs 
of a specific resolution and a numerical aperture of a desired image. When polarization control is needed, 
a polarization state generator (PSG) and a polarization state analyzer (PSA) are respectively placed just 
before and after the illuminating and imaging microscope objectives. The PSG is composed of a linear 
polarizer, a first ferroelectric liquid crystal (FLC), a quarter waveplate (QWP), and a second FLC.69 The 
role of FLCs is to generate desired stokes vectors and the QWP located between the two FLCs allows to 
optimize a broad condition number in function of wavelength of the light.70 

The PSA is in the reverse order of PSG. When we acquire images sensitive to polarization, the 
microscope produces sixteen images corresponding to the matrix elements of a 4x4 dimensional Mueller 
matrix, which represents the polarization response of a sample. For a sensor to detect the light, we use 
a charge coupled device (CCD, Stingray F-080B). 

 

Figure 17. Schematic illustration of the multimodal imaging Mueller polarimetric microscope in transmission 
configuration. The position of conjugate images corresponding to the back-focal planes (BFP) of the two objectives, 
as well as the conjugate planes of the object (sample) in the illumination and imaging arm are shown. The position 
of the retractable Bertrand lens, the PSG, the PSA, the light source, and the detection camera are also indicated. 
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Thanks to the use of a series of relay lenses, it is possible to create conjugate images of the back-
focal planes (BFP) of the objectives in both, the illumination and imaging parts. Therefore, we can insert 
apertures in the conjugate plane of the BPF of the illuminating objective with different shapes and sizes 
to simultaneously control the direction and the angular aperture of the illuminating beam. For the 
apertures, we use different sized pinholes or printed polar masks. In analogy, the insertion of the pinhole 
or polar mask at the conjugate plane of the BFP of the imaging microscope objective, allows controlling 
the direction and aperture of the detected scattered beam. 

It can be shown that the direction of the beam, defined by the mean oblique angle of incidence, or 
polar angle, 𝐴𝑜𝐼തതതതത , at which the light illuminates the sample, depends on the focal length, fob, of the 
microscope objective, and the off-axis distance measured from the center of the pinhole to the optical 
axis of the microscope in the following way: 

𝐴𝑜𝐼 = asin (
𝑝𝑜𝑠௢௙௙ି௔௫௜௦  

𝑓ை௕

) (Eq. 58) 

For instance, if a pinhole is placed in the plane conjugated to the illuminating objective BFP, and, 
this same pinhole is shifted to a given distance to the optical axis, then the sample can be illuminated 
with an oblique incidence. When the pinhole is aligned to the microscope optical axis, the sample is 
illuminated at normal incidence. 

Moreover, once the mean polar angle, 𝐴𝑜𝐼തതതതത,  is known, the divergence (div in radians) of the 
illumination, or alternatively the imaging beam, can be expressed as a function of the corresponding 
pinhole diameter, 𝜙pin, the microscope objective focal length, and the mean polar angle according to: 

𝑑𝑖𝑣 =  (
𝜙௣௜௡

cos (𝐴𝑜𝐼തതതതത)𝑓ை௕

) (Eq. 59) 

The relay lens system also provides a conjugate of the object plane (the sample) in both; the 
illumination and the imaging arms, therefore, the use of pinholes or polar masks in those planes, helps 
to define the shape and size of the illuminated and imaged area of the sample, or, in other words, the 
field of view (FOV). The insertion of a Bertrand lens in the optical path of the microscope allows to easily 
switch between the real and the Fourier imaging modes.71 When polarization analysis is needed, the 
system can be calibrated according to the eigenvalue calibration method.72 In this paper, we do focus 
on characterizing the far-field distribution of the total intensity from the sample regardless of its 
polarization. 

3.2.2. Design of PSG and PSA 

As described in the section 3.2.1., the multimodal polarimetric microscope makes use of ferroelectric 
liquid crystals (FLCs) in the PSG and PSA. Models used as FLCs are from Micron Technology, Inc. An optic 
axis (or a fast axis) of the FLCs can be found with a simple optical set-up. The FLC desired to know its 
optic axis is located between two orthogonally oriented polarizers. The fast axis of the FLC is + 45° or - 
45° from the angle that shows the maximum intensity by rotating the FLC. To know whether it is the fast 
axis or the slow axis, the FLC is measured again by a commercial spectroscopic polarimeter (Smart SE) 
by Horiba. 



39 

For the PSG, two FLCs are set after a linear polarizer, which are called FLC1 and FLC2 and they work 
as a quarter waveplate (QWP) and a half waveplate (HWP), respectively. They have retardances δFLC1 = 
90° and δFLC2 = 180° at 510 nm of wavelength. A conventional QWP is located between the two FLCs, 
whose retardance, δQWPW, is 90° at 633 nm and fast axis is oriented at Φொௐ௉ௐ  from the referenced 
laboratory coordinates; a counter-clockwise is positive. The optic axes of the two FLCs are oriented at 
Φଵ and Φଶ (Figure 18). 

 

Figure 18. The schematic design of PSG with the orientation of each element. 

Since the PSA is in the reverse order of the PSG, the first element of PSA, FLC3, works as a HWP with 
its retardance δFLC3 = 180° with the orientation of the optic axis Φଷ. The second element of PSA is a QWP 
with the retardance, δQWPA, is 90° at 633 nm and the fast axis oriented at Φொௐ௉஺ followed by the last 
FLC, FLC4, plays as a QWP with the retardance δFLC4 = 90° with the orientation of the optic axis Φସ 
(Figure 19). 

 

Figure 19. The schematic design of PSA with the orientation of each element. 
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The angles of optic axes in PSA oriented from the referenced laboratory coordinates satisfy the 
relations below since the PSA is a mirror shape of the PSG, 

Φଷ = 180° − Φଶ, Φସ = 180° − Φଵ, Φொௐ௉஺ = 180° − Φொௐ௉ௐ  (Eq. 60) 

In the ideal case, the optic axis of the FLCs rotates 45° between in the negative biased state and in 
the positive biased state. However, the optic axis of the FLC products that we used represent slightly 
different rotation angle of the optic axis; for the PSG, 46° of rotation between -3V and +3V in the QWP 
and 43° of rotation between -5V and +5V for in the HWP, for the PSA, 45° of rotation between -3V and 
+3V in the QWP and 41° of rotation between -5V and +5V for in the HWP (Figure 20). 

To get the Mueller matrix of the measured sample, the 16 different polarization states are 
necessary by changing the state of PSG and PSA. As shown in Figure 20, the 16 intensities are measured 
by sequencing the four FLCs. 

 

Figure 20. The chronogram of the signal control of liquid crystals with the definition of the 16 elements of intensity 
to build a Mueller matrix. 

3.2.2.1. Condition number 

The condition number in Linear algebra has been studied to increase the precision and accuracy of the 
measured data. In the Mueller matrix polarimetric imager, optimizing the condition numbers of the 
matrices of PSG and PSA, W and A respectively, is important since they are directly related to the signal 
to noise ratio on the image.72,73 

Let’s say we have a system of linear equation, 
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𝐀𝐗ሬሬ⃗ = 𝐁ሬሬ⃗  (Eq. 61) 

, where the A is a certain matrix and the 𝐗ሬሬ⃗  and the 𝐁ሬሬ⃗  are the vectors. The solution of 𝐗ሬሬ⃗  can be 
determined by the inversion of the A. The condition number can be roughly thought as the rate at which 
the solution of an equation will change with respect to the change in initial members. So, the large value 
of the condition number may cause a large error on the 𝐗ሬሬ⃗  even a small change in 𝐁ሬሬ⃗ . On the other hand, 
the small condition number cause small errors on 𝐗ሬሬ⃗  which is not bigger that the errors on 𝐁ሬሬ⃗ . If we 
represent this error of 𝐁ሬሬ⃗  as δ𝐁ሬሬ⃗ , the relative error of 𝐗ሬሬ⃗ , ฮ𝛿𝐗ሬሬ⃗ ฮ/ฮ𝐗ሬሬ⃗ ฮ, can be illustrated as below, 

ฮ𝛿𝐗ሬሬ⃗ ฮ

ฮ𝐗ሬሬ⃗ ฮ
≤ ‖𝐀ି𝟏‖‖𝐀‖

ฮδ𝐁ሬሬ⃗ ฮ

ฮ𝐁ሬሬ⃗ ฮ
 (Eq. 62) 

, where the symbol, ‖ ‖, represents the vector or matrix norm. The condition number of the 
matrix A is defined as below, 

𝜅(𝐀) = ‖𝐀ିଵ‖‖𝐀‖ =
𝜎௠௔௫

𝜎௠௜௡

 (Eq. 63) 

, where the 𝜎௠௔௫  and 𝜎௠௜௡ are the maximum and minimum values of the matrix A different from 
zero.74 In the Mueller polarimeter, we need to vectorize the equation below to get the condition number, 

𝐌 = 𝐀ିଵ𝐈𝐖ିଵ (Eq. 64) 

, where the M is the Mueller matrix of the sample, the I is the intensity matrix, A and W are the 
matrices of the PSA and the PSG, respectively. After the vectorization of the (Eq. 64), the following 
equation in produced, 

𝐌ሬሬሬ⃗ = ((𝐖ିଵ)୲⨂𝐀ିଵ)𝐈 (Eq. 65) 

, where the symbol ⨂ represents the Kronecker. The (Eq. 65) can be rewritten like below, 

𝐌ሬሬሬ⃗ = ((𝐖ିଵ)୲⨂𝐀ିଵ)𝐈 = ((𝐖୲)⨂𝐀)ିଵ𝐈 = 𝐐ିଵ𝐈 (Eq. 66) 

, where the (𝐖୲)⨂𝐀 is equal to Q. So, the (Eq. 73) can be illustrated using the elements, Q, M, 
and I. 

ฮ𝛿𝐌ሬሬሬ⃗ ฮ

ฮ𝐌ሬሬሬ⃗ ฮ
≤ 𝜅(𝐐)

ฮδ𝐈ฮ

ฮ𝐈ฮ
 (Eq. 67) 

, where the 𝜅(𝐐) = ‖𝐐ିଵ‖‖𝐐‖ is the condition number of matrix Q. So, if we want to minimize 
the error of the Mueller matrix, M, we need to minimize the condition number of Q. The condition 
number of the inverse of a matrix is equal to the condition number of the matrix. The condition number 
of a product is the product of the condition number. So, we can get the equation below, 
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𝜅ଶ(𝐐) = 𝜅ଶ(𝐖)𝜅ଶ(𝐀) (Eq. 68) 

, where the 𝜅ଶ designates the condition number of matrices using the 2-norm or Euclidean norm73 
and the condition numbers of W and A need to be optimized.75 The theoretical limit of the condition 
number is 1 when the matrix is unitary. However, the matrices A and W are special matrices: their rows 
(or columns) are Stokes vectors representing totally polarized states which implies some theoretical 
bounds. The condition number of the PSG and the PSA is bounded by √3. To get the minimum value of 

the condition numbers (maximum value of 1/κ2), the optimized values of azimuth angle of the optic axis 
and the retardance of the optical elements in PSG and PSA which are illustrated in the Figure 18 and the 
Figure 19 are illustrated in Figure 21 with the inverse of the computed condition number using the 
referred elements. 

 

Figure 21. The inverse of the calculated condition number, 1/κ2, of the PSG and PSA and the proposed values for 
the retardance and the azimuth of the optical elements to minimize the condition number. 

3.2.3. Multimodal imaging 

Since the system works as a multimodal imaging system as we discussed in section 1.2.4., it is capable 
to measure the Fourier plane and the real plane of the microscope objective in the imaging arm thanks 
to the Bertrand lens. In this section, we explain the design principle of the imaging arm in the Fourier 
(back-focal) plane and the real plane. Some specifications depending on the microscope objectives and 
calibration methods are also described. 
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3.2.3.1. Fourier (back-focal) plane imaging mode 

Thanks to a 2D ray tracing simulation software based on geometrical optics (ray optics), OptGeo, we can 
build the imaging arm based on a sophisticated design using the Bertrand lens71; defining where to locate 
the PSA, lenses, and the CCD sensor (Figure 22). To avoid focusing on the dust particles or even the shape 
of LC states on the PSA, the PSA (or a mirror) should be in the area where the rays are not converging 
both in the Fourier plane and the real plane configurations. The CCD should be at the point where the 
concerned rays are converged. In the Fourier plane imaging mode, the red rays refer to an aperture in 
Fourier plane (FoV). So, to capture all the incident rays, neither to lose the incident rays, the red rays 
should be filled with the size of CCD sensor as much as possible. 

 

Figure 22. The blue rays which introduce the Fourier plane imaging start to diverge from the Fourier plane of the 
microscope objective and converge to the several planes (conjugated) and to the CCD sensor; Fourier plane imaging 
mode. When we change the Bertrand lens to the lens which has 80 mm focal length, then the red rays will be 
converged to the CCD sensor; real plane imaging mode. 

An angular coordinate system in Fourier plane is defined depending on the numerical aperture of 
an imaging microscope objective. The polar angle of the coordinate system is calibrated using a simple 
diffraction grating equation (Eq. 73) by measuring a well-known diffraction grating (Figure 23), 

𝑑௚ sin 𝜃௠ = 𝑚𝜆 (Eq. 69) 

, where the dg is the period between each grid, 𝜃௠  is the diffracted angle of m-th order of 
transmitted light, m is the number of the order, and the λ is the wavelength of the incident light. This 
equation can be rewritten as below to know the 𝜃௠, 

𝜃௠ = sinିଵ ቆ
𝑚𝜆

𝑑௚

ቇ (Eq. 70) 
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Figure 23. (a) Schematics of the light interaction before and after passing the diffraction grating, (b) the geometrical 
information (a top view and a cross-sectional map) of the diffraction grating which is used to calibrate the system. 

Since the diffracted orders with their angle 𝜃௠  are imaged at specific coordinates on the CCD 
sensor resulting in the polar angle of the system, we can define the aperture of the system (Figure 24). 
When we measure the diffraction grating as shown in Figure 23.b. using the 20x microscope objective, 

the CCD image shows the 0th and the ±1st diffracted orders with the corresponding polar angle, i.e. 
𝜃ଵ ≈ 12.63°. 

 

Figure 24. (a) Schematics showing that the diffracted orders with the 𝜃௠ generate the image on the CCD sensor of 

the system, (b) the Fourier plane image with 20x objective generated by the diffracted orders (0th and ±1st orders) 
using the diffraction grating as shown in Figure 23.b. 

To practically assign the polar coordinates from the measurement of the diffraction grating we 
define a constant G as shown in the equation below, 

𝐺 =
𝑟௠

sin 𝜃௠

 (Eq. 71) 

, where the rm is the number of pixels between the 0th order and the m-th order. If we calculate the 
𝜃௠ from the (Eq. 70) and measure the 𝑟௠  from the CCD image, the G value can be resulted so that we 
can mark the polar coordinate using the following equation below, 

𝑟 = 𝐺 sin 𝜃 (Eq. 72) 

, where the G is the constant defined from the (Eq. 71) and the 𝜃 is the desired polar angle to mark 

on the image, and r is the distance (in pixels) from the center (0° polar angle) to the desired polar angle 
𝜃. In this way, we can draw the polar grid such as the white dotted line in the Figure 24.b. Since we use 



45 

different type of the microscope objectives depending on the different magnification factors, the 
specifications of microscope in the Fourier plane are represented in the following table. 

Table 1. Specifications of microscope in the Fourier plane depending on the magnification factor of microscope 
objectives. 

Magnification 
factor 

Numerical 
aperture 

Theoretical aperture 
in polar angle (°) 

Actual aperture 
in polar angle (°) 

20 x 0.45 27.1 ~ 24 
50 x 0.85 58.5 ~ 45 

3.2.3.2. Real plane imaging mode 

Since the Bertrand lens is switched to the lens with f = 80 mm in the real plane imaging mode, all the 
rays from the same point at the sample plane should be reached to the same point on the CCD sensor 
regardless of the angle of the outgoing beams (Figure 25). The specifications of the microscope in the 
real plane imaging mode are illustrated in the Table 2 with the different type of the objectives. 

 

Figure 25. The red rays which introduce the real plane imaging start to diverge from a single point of the sample 
plane and converge to the several planes (conjugated) and to the CCD sensor; real plane imaging mode. When we 
change the Bertrand lens to the lens which has 40 mm focal length, then the blue rays will be converged to the CCD 
sensor; Fourier plane imaging mode. 

Table 2. Specifications of microscope in the real plane depending on the magnification factor of microscope 
objectives. 

Magnification factor FoV (µm) Pixel size (µm) 
20x ~ 600 ~ 1 
50x ~ 300 ~ 0.5 
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3.3. General calibration method 

In this section, we introduce two general calibration methods; the eigenvalue calibration method (ECM) 
and the radiometric calibration. The ECM is considered to eliminate the effect of the optical elements of 
the system to extract only the Mueller matrix of the sample. 

3.3.1. Eigenvalue calibration method (ECM) 

A modulation matrix, W, is a sequence of the four stokes vectors from PSG. An analysis matrix, A, is a 
transpose of W. 

𝐖 = ቂ𝑆ଵ 𝑆ଶ 𝑆ଷ 𝑆
ସ

ቃ, 𝐀 = 𝐖𝐭 (Eq. 73) 

The matrix A can be easily calculated once W is determined. So, the first step of the ECM is to 
measure the air which gives a unitary matrix B0. 

𝐁𝟎 = 𝐀 𝐈 𝐖 (Eq. 74) 

, where 𝐈 is an identity matrix. The analysis matrix, A, can be illustrated as below: 

𝐀 = 𝐁𝟎 𝐖ି𝟏 (Eq. 75) 

𝐁𝒊 = 𝐀 𝐌𝒊𝐖   (i = 1, …, n) (Eq. 76) 

, where Bi are the measured intensity matrices for known calibrating samples, n is the number of 
calibrating samples (n = 3). The Mueller matrices of the calibrating samples are illustrated in the equation 
below: 

𝐌𝒊(𝜏௜ , Ψ௜ , 𝛿௜ , Φ௜) = 𝜏௜𝐑(Φ௜) ൦

1 − cos 2Ψ௜ 0 0
− cos 2Ψ௜ 1 0 0

0 0 sin 2Ψ௜ cos 𝛿௜ sin 2Ψ௜ sin 𝛿௜

0 0 − sin 2Ψ௜ sin 𝛿௜ sin 2Ψ௜ cos 𝛿௜

൪ 𝐑(−Φ௜) (Eq. 77) 

, where 𝜏௜  is a transmission coefficient of the sample for the totally depolarized light, Ψ௜  is a 
linear dichroic angle of the sample, 𝛿௜ is a retardance of the sample, and Φ௜  is a rotation angle of the 
optic axis of the sample. We can define the eigenvalues of the Mueller matrix of each sample which 
doesn’t depend on the rotation angle Φ௜  as below: 

𝜆ோଵ௜ = 2𝜏௜ cosଶ Ψ௜ , 𝜆ோଶ௜ = 2𝜏௜ sinଶ Ψ௜ , 𝜆஼ଵ௜ = 𝜏௜ sin 2Ψ௜𝑒ା௝ఋ೔ , 𝜆஼ଶ௜ = 𝜏௜ sin 2Ψ௜𝑒ି௝ఋ೔  (Eq. 78) 

𝜆ோଵ௜  𝜆ோଶ௜

𝜆஼ଵ௜  𝜆஼ଶ௜

= 1 (Eq. 79) 

We define 𝐂𝒊 from the (Eq. 75) and (Eq. 76). 

𝐂𝒊 = 𝐁𝟎
ି𝟏 𝐁𝒊 = 𝐖ି𝟏 𝐌𝒊 𝐖 (Eq. 80) 
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Ci have the same eigenvalues as Mi. Mi can be calculated except for the rotation angle Φ௜. We can 
derive following equations: 

𝐌𝒊 𝐖 − 𝐖 𝐂𝒊 = 0 (Eq. 81) 

𝐌𝒊 𝐖 𝐈 − 𝐈 𝐖 𝐂𝒊 = 0 (Eq. 82) 

A vectorization of the (Eq. 82) gives the following equation: 

(𝐈 ⨂ 𝐌𝒊)𝐖ሬሬሬ⃗ − (𝐂𝒊
𝒕 ⨂ 𝐈) 𝐖ሬሬሬ⃗ = 0 (Eq. 83) 

and this can be simplified as below: 

𝐇௜𝐖ሬሬሬ⃗ = 0ሬ⃗  (Eq. 84) 

, where the error function 𝐇௜ = 𝐈 ⨂ 𝐌௜ −  𝐂௜
௧  ⨂ 𝐈. The Hi represents experimental errors, that is, 

there is no experimental errors when the Hi is null. The 𝐖ሬሬሬ⃗  is a linear vector (16 x 1), and the Hi is a 16 x 
16 real matrix. If we multiply the transpose of 𝐇௜  on the (Eq. 84), the following equations are derived: 

𝐇௜
௧  𝐇௜𝐖ሬሬሬ⃗ = 𝟎ሬሬ⃗  (Eq. 85) 

𝐊 𝐖ሬሬሬ⃗ = 𝟎ሬሬ⃗  (Eq. 86) 

, where 𝐊 = ∑ 𝐇௜
௧௡

௜ୀଵ 𝐇௜  . K is symmetric and semi-definite positive, that is, K is diagonalizable. So, 
K can be represented as below: 

𝐊 = [𝐩ሬሬ⃗ ଵ 𝐩ሬሬ⃗ ଶ ⋯ 𝐩ሬሬ⃗ ଵ଺] ൦

𝜆ଵ 0 ⋯ 0
0 𝜆ଶ ⋯ 0
⋮ ⋮ ⋱ ⋮
0 0 ⋯ 𝜆ଵ଺

൪

⎣
⎢
⎢
⎡

𝐩ሬሬ⃗ ଵ
௧

𝐩ሬሬ⃗ ଶ
௧

⋮
𝐩ሬሬ⃗ ଵ଺

௧ ⎦
⎥
⎥
⎤
 (Eq. 87) 

, where 𝜆ଵ ≥ 𝜆ଶ ≥ ⋯ 𝜆ଵ଺ ≈ 0. In the ideal case, if the matrices of the calibrating samples, Mi are 
well reconstructed, the matrix K has 15 non-null eigenvalues (𝜆ଵ … 𝜆ଵହ) with a null eigenvalue (𝜆ଵ଺). This 
is, the solution vector 𝐖ሬሬሬ⃗  corresponds to the null eigenvalue 𝜆ଵ଺ . We can represent this as the 
following equation: 

𝐖ሬሬሬ⃗ = 𝐩ሬሬ⃗ ଵ଺ (Eq. 88) 

To find W, we minimize 𝜆ଵ଺/𝜆ଵହ ≪ 1 by changing the rotation angle Φ௜. Once 𝐖ሬሬሬ⃗  16 x 1 vector 
is determined, we can reconstruct the W (4 x 4) matrix and we can also calculate the A matrix by recalling 
the (Eq. 75). 

We use three types of calibrating sample. Two polarizers whose transmission axes are oriented at 
0° and 90° (P0 and P90) from the referenced laboratory coordinates, respectively, and a quarter 
waveplate whose optic axis is oriented at 30° (L30) from the referenced laboratory coordinates; a 
reference x-axis (Figure 26). 
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Figure 26. The three different types of the calibrating samples are illustrated with their optimized orientations of 
their optic axes with respect to the reference x-axis. 

3.3.2. Radiometric calibration 

The Mueller matrix results are normalized. However, to keep the information of the total intensity of 
the light after penetrating the studied samples, we replace the M11 to the total intensity. The total 
intensity, B, depends on a constant, C, multiplied by M11 as shown in the following equation, 

𝐵 = 𝐶 ∙ 𝐌ଵଵ (Eq. 89) 

The constant C of the air, Cair, is presented as below, 

𝐶௔௜௥ = 𝜏௜௡௦௧ ⋅ 𝑔 ⋅ 𝑡 (Eq. 90) 

where the 𝜏௜௡௦௧ is the total transmittance of the instrument (𝜏௜௡௦௧ = 1 at the air), the g is the gain 
of the camera, and the t is the exposure time of the camera. The total transmittance of the studied 
sample, 𝜏௦௔௠௣௟௘ , is calculated by the following formula, 

𝜏௦௔௠௣௟௘ =
𝐵௦௔௠௣௟௘ ⋅ 𝐶௔௜௥

𝐵௔௜௥ ⋅ 𝑔௦௔௠௣௟௘ ⋅ 𝑡௦௔௠௣௟௘

 (Eq. 91) 

where the 𝐵௦௔௠௣௟௘  is the total intensity of the sample, the 𝐵௔௜௥  is the total intensity of the air, 
the 𝑔௦௔௠௣௟௘  is the gain of the camera with the sample, and the 𝑡௦௔௠௣௟௘  is the exposure time of the 
camera with the sample. 

3.4. Verification of system 

As the three different types of the calibrating samples; polarizers oriented at 0° (P0) and at 90° (P90) of 
their transmission axes with respect to a reference x-axis, and a waveplate oriented at 30° (L30) of its 
optic axis with respect to the reference x-axis, are used to calibrate the system (Figure 26), the system 
can be verified by measuring those calibrating samples. However, when we use the objectives with a 
high magnification (50x), we cannot put the conventional waveplate for the calibration whose thickness 
is thicker than 2 mm because there is no enough space (less than 2 mm) between the two microscope 
objectives. To overcome this problem, we use a commercial thin transparent plastic film which acts as a 
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waveplate with the properties which are measured by a commercial spectroscopic Mueller polarimetry 
and an imaging polarimetric microscope. The results are represented in Figure 27. 

Since the polarimetric imager uses the spectral filter with the wavelength of 533 nm using LED 
source, the retardance of the thin transparent plastic film as a waveplate at the same wavelength @ 533 
nm shows 0.9 rad (51.6°) measured by a commercial Mueller polarimetry and 0.99 rad (56.7°) measured 
by the polarimetric imager from the value in the center (~0° in polar angle) in Fourier image, showing 
9.9 % error. This error can be occurred because of the tilted angle of incidence (in polar angle) at each 
instrument. The quality of the calibration can be bad using 50x objective because the retardance of the 
plastic film at the edge of the image (maximum polar angle in Fourier plane) is close to null value. 

 

Figure 27. The measured retardance in radians of the thin transparaent plastic film in different views. (a) the 
retardance in the spectroscopic view measured by a commercial Mueller polarimetry, (b) the image of the 
retardance in the Fourier plane at 533 nm of the wavelength measured by the multimodal polarimetric imager with 
the 50x objective, (c) the cross-sectional plot of figure b (black dashed line). 

The other results of the measurement on the calibrating samples are shown in the following 
sections with different function of variables such as a spatial homogeneity and a measurement time to 
verify the stability of the system. The parameters are the condition number of PSG and PSA, 
1

𝜅ଶ
ൗ (W), 1

𝜅ଶ
ൗ (A), the transmittance of the polarizers, τP0, τP90, the azimuth of the transmission axis of 

the P0 and P90, θP0, θP90, the retardance of the waveplate, ΔL30, and the azimuth of the optic axis of L30, 
θL30. 

3.4.1. Spatial homogeneity analysis 

Since the instrument is working in imaging mode, it is important to analyze the spatial homogeneity of 
each image. This analysis has been done with the spectral filter with the wavelength of 533 nm using a 
LED source and the image plane is the real plane using the 20x microscope objective. The measurement 
results from the calibrating samples are shown in the following figures. 

As the first calibrating sample, a polarizer oriented at 0° of the azimuth of its transmission axis, P0, 
is analyzed in the Figure 28. The Figure 28.a shows the total transmittance of the sample based on the 
(Eq. 91). The thin film polarizer is manufactured from Thorlabs (model: LPVISE2X2) and it shows 38 % of 
the average unpolarized nominal transmittance over the specified wavelength range (400 - 700 nm). 
Since the transmittance of P0, τP0, shows 41.44 % of with the 0.2 % of the standard deviation, it shows 
the error less than 10 %. The Figure 28.b shows 0.02° of the azimuth of the transmission axis with 0.24° 
of standard deviation, which is well matched with the 0° of reference value. 
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Figure 28. (a) A spatial image of the total transmittance and its histogram, (b) a spatial image of the azimuth angle 
of the transmission axis with respect to the reference axis and its histogram, all the measured data are from the 
polarizer oriented at 0° (P0) in azimuth with respect to the reference axis. 

For the second calibrating sample, a polarizer oriented at 90° of the azimuth of its transmission axis, 
P90, is analyzed in the Figure 29. The total transmittance is 39.3 % showing 1.3 % of difference comparing 
with the nominal value. The azimuth of the transmission axis is 89.89° with 0.19° of standard deviation. 

 

Figure 29. (a) A spatial image of the total transmittance and its histogram, (b) a spatial image of the  azimuth angle 
of the transmission axis with respect to the reference axis and its histogram, all the measured data are from the 
polarizer oriented at 90° (P90) in azimuth with respect to the reference axis. 
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A waveplate oriented at 30° of the azimuth of its optic axis is presented in the Figure 30. The 
retardance is 57.49° which is comparable to the 51.6° from the commercial spectroscopic polarimetry 
and 56.7° from the same system but with 50x objective in the Fourier plane. The azimuth is 28.5° and 
the error is inevitable since the sample is put and rotated by hand. 

 

Figure 30. (a) A spatial image of the total retardance and its histogram, (b) a spatial image of the azimuth angle of 
the optic axis with respect to the reference axis and its histogram, all the measured data are from the waveplate 
oriented at 30° (L30) in azimuth with respect to the reference axis. 

 

Figure 31. (a) A spatial image of the inverse of the condition number of PSG and its histogram, (b) a spatial image of 
the inverse of the condition number of PSA and its histogram, which can be comparable to the calculated results in 
Figure 21. 
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For the last spatial analysis, the images of the inverse of the condition number from PSG, 1
𝜅ଶ

ൗ (W), 

and from PSA, 1
𝜅ଶ

ൗ (A), are illustrated in the Figure 31. The values can be comparable to the results in 
the Figure 21. For the condition number of PSG, the calculated value shows 0.53 and the measurement 
value is 0.3 in average with 0.004 of the standard deviation. For the condition number of PSA, the 
calculated value shows 0.5 and the measurement value is 0.43 in average with 0.005 of the standard 
deviation. The differences; 0.23 for PSG and 0.07 for PSA can be from the misalignment of the optical 
elements in the PSG and the PSA. 

3.4.2. Repeatability analysis 

Figure 32 shows the evaluation of the measurement results of the calibrating samples in the average 
values of the images. All the scales are set to their average values ± standard deviation of each spatial 
image which is discussed in the previous section. The upper x-axis presents the temporal progress in 
minutes after the first measurement to see the temporal stability of the system. 

The polarizer at 0° shows 41.43 % of the transmittance and the values vary around 0.02 % for 59 
minutes and the azimuth shows 0° with 0.002° of variance in average (Figure 32.a). The polarizer at 90° 
shows 39.35 % of the transmittance and the values vary around 0.05 % for 55 minutes and the azimuth 
shows 89.88° with a high repeatability (Figure 32.b). The Figure 32.c illustrates that the retardance of 
the waveplate shows 57.6° fluctuating around 0.1°. The azimuth shows 28.5° in average with a small 
variation around 0.1° for 47 minutes. From this result, it seems that all the measurements show stable 
responses whose values fluctuate in the range of the standard deviation around the average values. 

 

Figure 32. The results of the calibrating samples extracted from the measured Mueller matrices; a) for the polarizer 
oriented at 0°, b) for the polarize oriented at 90° between their transmission axes and the reference x-axis, and c) 
for the thin transparent plastic film which acts as a waveplate oriented at 30° between the fast axis and the reference 
x-axis. 

For the analysis of the condition number, the inverse of the condition numbers from the PSG and 
the PSA are evaluated in average value in the Figure 33. The top x-axis in the figure designates the time 
of calibration to verify the stability of the system in a function of the calibration time. Even the first 
calibration was done at the beginning of March in 2018, the last calibration which was done at the 
beginning of July in 2018 shows stable condition numbers (less than 5 % of deviation for 4 months) from 
A and W. 
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Figure 33. The evolution of the average values of the inverse of the condition number from PSG (red) and from PSA 
(blue). The top x-axis represents the calibration time in month. 

3.5. Conclusion 

In this chapter, the detailed history of the development in the framework of the laboratory research and 
the specification of the polarimetric microscope system has been illustrated. We developed a 
multimodal imaging polarimetric microscope in transmission mode which is based on the calibration 
methods called ECM and radiometric calibration. The system works correctly in the two different 
imaging modes; the real plane and the Fourier plane, which are validated with the well-known diffraction 
grating. The system has been verified in the sense of spatial homogeneity of the image by measuring the 
basic calibrating samples; P0, P90, and L30. The azimuth varies maximum 2° and the retardance vary 
maximum 3° in an image. The inverse of the condition number varies maximum 0.02 in an image. After 
that, the repeatability analysis has been done to verify whether the system keeps the same average 
value under the same measurement conditions. The analysis shows that there is no huge difference in 
an hour according to the evolution of the parameters from P0, P90, and L30. Even the four months 
evolution of the inverse of the condition number from PSG and PSA has been done, the values vary 
maximum 0.03, which give stable responses.  
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Chapter 4. 
Polarimetric imaging in oblique incidence and geometric 
phases 
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In this chapter, we introduce the polarimetric imaging in a normal incidence and an oblique incidence, 
yielding an apparent optical response which can be related to geometric phases. We describe a 
reference frame to explain the scattering configuration. An explanation of standard scattering 
experiment is illustrated, which is implemented in the multimodal polarimetric imager configured to 
make images in the Fourier (reciprocal space) mode. After that, a detailed description the above-
mentioned intuitive ideas will be given such as mathematical formalisms to explain the transformation 
of a radiation beam when it is focused and then reimaged by a pair of high numerical aperture objectives 
based on a vectorial ray tracing. Thanks to the vectorial description, the effect of the interaction of the 
focused beam is discussed with a single dipole. Moreover, it has been shown that the logarithmic 
decomposition can be very useful to disentangle the polarimetric properties and, therefore, it is 
systematically used in combination with the respective Mueller matrix to interpret the results. We 
applied this approach to the Mueller matrix measurement of spherical and spheroidal particles and 
compared the Mueller matrices from the combined Finite-difference time-domain (FDTD) method 
approach, which is validated by benchmarking other commercial ellipsometry software. 
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4.1. Scattering configuration in oblique incidence 

The concept of oblique incidence when discussing light scattering by small objects illuminated by well 
collimated beams can seem ambiguous at first glance if not properly defined. The object of this 
introductory section is to clarify this point specifying what is understood by oblique incidence in the 
context of the woks discussed in this manuscript and to discuss how it is related to a more standard 
description of light scattering by small particles used in multiple reference works about this topic. 

4.1.1. Standard description of radiation beam by single object 

The classic description of light scattering starts by defining the probed object, a reference frame, the 
illumination and the scattered beams which are written in terms of the said frame. A “smart” choice of 
the reference frame allows simplifying the mathematical description of the problem and in some cases, 
when the probed object has a particularly simple shape; it is possible to derive closed-form expressions 
for the incident and the scattered fields respectively. This is the case, for instance, of light scattering by 
small spherical particles described by the Mie theory. In most cases, the chosen reference frame 
coincides with the position of the scattering particle and it is kept fixed. Another important magnitude 
to describe the scattered field is the scattering angle, defined as the angle between the wave vector, ki, 
associated to the incident beam, and the wave vector, ks, associated to the scattering wave. The 
scattering plane is defined as the plane containing the wave vectors ki and ks respectively. When 
polarization of light is necessary, an additional reference frame is usually defined which is in general 
attached to the direction of propagation of light. A unitary transformation, usually a rotation, relates the 
fixed reference frame to the frame attached to the propagation direction. In that way it is easy to 
describe the polarization properties of light and to express them in one of the reference frames. 

In typical scattering experiments, a radiation beam impinges on a particle and then the radiation 
scattered by it is measured by a detector which is positioned at different angular positions respect to 
the indirect direction. In this way, the angular distribution of scattered radiation is obtained. The 
addition of polarizers to the incident beam and to the detector helps to measure the polarization 
dependent angular response of the scattered radiation. A natural choice to express polarization is the 
scattering plane; therefore, it is customary to find polarization sensitive measurements according to 
directions parallel (sometimes referred as H) and perpendicular (also called V) to the scattering plane. 
According to this experimental method the classic choice to describe the scattering of light is to position 
the fixed reference frame in the particle and to orient it in a way that the incident beam coincides with 
one of the axes of the fixed reference frame (usually designed as z, although not mandatory). The 
description of the scattered beam is referred to the fixed reference frame and it is usually expressed of 
a few coordinates (Cartesian, spherical, cylindrical…) with captures the symmetry and the main 
geometry of the problem. For the well-known of the scattering by small spherical particles, the spherical 
coordinate system is used, and the scattered field is written in terms of the angular coordinates (Theta 
and Phi) corresponding to the polar angle (scattering angle) and the azimuth angle respectively. 

In conclusion, in standard experiments and the related theoretical descriptions i) a principal fixed 
(or sometimes two) reference frame are used, ii) the direction of the illuminating beam corresponds to 
one of the axes of the reference frame, and, iii) the scattered fields are written in terms of angular 
variables and functions referred to the directions defined by the fixed reference frame. Figure 34 shows 
a schematic representation of a typical scattering scenario described according to the standard 
approximation. The fixed reference frame, the scattering angles (im and im) and the scattering plane 
are indicated at normal incidence while the angles of illumination (il and il) will be defined later. 
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Figure 34. A schematic representation of a typical scattering scenario described according to the standard 
approximation. 

4.1.2. Scattering measurement with multimodal polarimetric imager 

A standard scattering experiment can be implemented in the multimodal polarimetric imager configured 
to make images in the Fourier (reciprocal space) mode. An illumination of a highly collimated beam can 
be achieved by creating the image of a small circular pinhole in the entry pupil of the illuminating 
objective. A transparent sample holder in placed between the two microscope objectives and carefully 
focused. Finally, the light scattered by the object is collected by the imaging microscope objective. The 
final light recorded by the CCD detector corresponds to an image of the exit pupil (the Fourier plane) of 
the imaging microscope objective. 

The polarimetric data measured by the multimodal imager is related to a reference frame fixed to 
the optic axis of the instrument. When working in Fourier space mode, one can consider that the 
reference frame is placed just before the entry pupil of the illuminating microscope objective. At this 
position, the illuminating beam can be considered as “paraxial”, thus, propagating with a small 
divergence in a direction parallel to the optic axis of the instrument. Under those conditions the 
electromagnetic field of the beam can be essentially decomposed in two components perpendicular to 
the propagation direction. Moreover, if the reference frame is oriented with one of its axes parallel to 
the optic axis, the other two axes can be used to write the components of the electromagnetic field. 

The fact that the reference frame of the multimodal imager is fixed respect to the optic axis (i.e. 
the instrument body) instead to the sample to be imaged, as customary in standard scattering 
experiences, is of prime importance to properly interpret the results obtained with the multimodal 
imager when measuring the polarimetric properties of scattered light with this instrument. In the 
following I discuss two types of illumination modes and their corresponding relation to the standard way 
to represent data in scattering experiences. 

Illumination of the sample at normal incidence. According to this illumination mode the pinhole 
defining the small aperture of the beam is positioned and aligned centered at the optic axis of the 
multimodal imager. Accordingly, the illumination beam travels parallel to the optic axis of the beam and 
also parallel to one of the axes of the reference axis. After being scattered by the probed particle in the 
sample, the beam is decomposed in a distribution of multiple plane waves which in turn are captured by 
the imaging microscope objective. If the sample is properly focused, the plane waves are bent by the 
imaging microscope objective and collimated in a direction parallel to the optic axis of the instrument. 
Figure 35.a represents schematically the normal incidence configuration in the multimodal imager. In 
the figure it can be seen the illuminating beam, and one of the multiple plane waves into which the 
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scattered beam can be decomposed. As can be seen, comparing Figure 34 with Figure 35.a, the 
illumination mode at normal incidence in the multimodal imager, without being identical to the classical 
configuration, produces identical results because the orientation of the incident beam respect to the 
particle and the scattered beam respect to the collecting microscope objective is identical in the two 
configurations. 

Illumination of the sample at oblique incidence. This illumination mode can be produced thanks to 
the characteristics of the multimodal polarimetric imager. In this configuration, the pinhole defining the 
small aperture at the entry pupil of the first microscope objective cannot be centered on the optic axis. 
In consequence, the beam arrives to the entry pupil of the illuminating beam with a direction parallel to 
the optic axis but slightly sifted. After passing through the first microscope objective, the beam impinges 
the probed particle with well-defined angle of incidence and an azimuth respect to the optic axis. The 
angle of incidence is defined by the off-axis distance of the beam respect to the optic axis at the entry 
pupil of the first objective, and, the focal distance of this objective. Figure 35.b shows a schematic 
representation of the trajectory of light between the two microscope objectives. In particular, one can 
see the trajectory of the illuminating beam, which can be considered as collimated, arriving to the 
sample with a given angle of incidence. After being scattered by the sample, the light propagating in 
multiple directions reaches the imaging microscope objective and it is bent and collimated respect to 
the optic axis in order to be conducted to the CCD detector. In the figure, and for the sake of clarity, only 
one particular ray, corresponding to one of the infinite plane waves on which the scattered light can be 
decomposed, is shown. 

 

Figure 35. Schematic representation showing a portion of the multimodal polarimetric imager, between the PSG 
and the PSA. In the illumination mode at normal incidence the beam is parallel and aligned with optic axis of the 
microscope. Once it is scattered it is collected by the imaging microscope objective a). In the oblique illumination 
mode, the direction of the illuminating beam makes a well-defined angle with the optic axis of the microscope. After 
being scattered the light is collected by the imaging microscope objective and directed to the detector b). 
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When comparing Figure 34 (or Figure 35.a) with Figure 35.b, it is clear that the two optical setups 
cannot produce analog results. The comparison between the two setups suggests the following intuitive 
ideas concerning the differences between the two setups. First of all, when one considers non-polarized 
intensity it is easy to realize that the radiation pattern produced by the scattering object in the 
experience shown in Figure 35.b is rotated respect to that of Figure 34 (or Figure 35.b). In addition, and 
as consequence of the limited numerical aperture of the imaging microscope objective, the distribution 
of scattering angles that can be captured in the configuration represented in Figure 35.a is different than 
that of Figure 35.b. When considering polarized light, additional differences between the two 
configurations will arise. Since the reference frame is the same for the two configurations, the fact that 
the radiation pattern of scattered light has been turned, will produce an apparent rotation of the 
polarization of some components of the scattered beam when measured with one configuration respect 
to the other. This latter difference between illuminations at normal and at oblique incidence can explain 
the observation of an apparent optical activity in measurements done at oblique incidence respect to 
that done at normal incidence. At this point it is worth to note here that the origin of the differences 
between the two configurations is purely topological (or geometrical) and it is due to a rotation of the 
physical scenario respect to the observer. Consequently, the apparent optical activity will be connected 
to a topological phase in circularly polarized light (or a rotation of linearly polarized light). The value of 
the topological phase will be connected to the particular path that each component of the beam has 
followed in the space from the point of emission by the particle, to the point of collection by the imaging 
microscope objective.  

In the forthcoming sections of this chapter, a detailed description the above-mentioned intuitive 
ideas will be given. In particular, it will be discussed how to model and represent the Mueller matrix of 
a sample when measured in normal illumination configuration and in oblique incidence configuration 
respectively. 

4.2. Vectorial ray tracing and polarization transformation by high NA lenses 

In this section, the formalism is described to explain the transformation of a radiation beam when it is 
focused and then reimaged by a pair of high numerical aperture objectives. In the following, it will be 
assumed that the two high numerical systems are aplanatic and identical, that the system is perfectly 
aligned and focused. Accordingly, it is assumed that when an ideal well-collimated beam with 
homogeneous polarization and intensity is incident on the entry pupil (or back focal plane 1) of the first 
objective, it is focused up to the diffraction limit, to a point placed at a focal distance, f, from this 
objective. The sample to be studied must be eventually positioned at this focal point. Moreover, the 
light focused at the focal point is collected by a second-high numerical aperture microscope. The second-
high numerical aperture objective, being placed at a distance, f, from the focal point, produces a well-
collimated beam at the exit pupil (or back focal plane 2, BFP2). This ideal physical situation is depicted 
in Figure 36 where the high numerical aperture objectives are schematically represented together with 
the respective back-focal planes and also the position of the focal point. The optic axis is represented by 
a line and a Cartesian reference frame with coordinates x, y and z is placed at the focal point of the first 
objective. Moreover, two angular coordinates  and  are also represented. Those coordinates are the 
spherical coordinates associated to the Cartesian frame and are useful to represent the distribution of 
plane waves on which either the focused beam or the imaged beam, can be decomposed in order to 
provide a convenient mathematical analysis of the polarization transformation. The coordinate  
represents the polar angle and it is associated to the angle of incidence before the sample or the 
scattering angle after the sample. The angle  is related to the azimuthal angle measured from the x axis. 
The range of the angle  goes from 0 rad (normal incidence) to a maximum value, asin(NA), given by the 
numerical aperture (NA) of the microscope. The range of  goes from 0 to 2. 
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Figure 36. Schematic representation of the transformation of light beam when it is focused and reimaged by a pair 
of identical high numerical aperture objectives. The Cartesian coordinate system (x, y, z) centered at the focal point, 
as well as the spherical coordinates  and  are also represented. The distance between the two objectives is equal 
to 2f, the sum of their respective focal lengths. 

The transformation of light after passing through the two microscope objectives can be 
conveniently modelled using the vectorial ray tracing approach, instead a rigorous solution of the 
Maxwell equations. Vectorial ray tracing has the advantage of avoiding the tedious modelling of the 
interaction of the light beam with the complex stack of lenses used to build the microscope objectives. 
The method has been successfully used by other authors and discussed in depth therein.76–79 Here I 
discuss the basic equations needed for the purposed of the present work. The vectorial ray tracing is a 
method based on the use of 3D rotations to account for ray focusing, or scattering, and, Fresnel 
equations to describe the transformation in the polarization state when the beam interacts either with 
the microscope objectives or with the sample. Coming back to the schema shown in Figure 36, the 
transformations of the beam can be divided in two parts, the first one corresponds to focusing of light, 
and corresponds to the portion of space between the entry pupil of the first high NA objective and the 
focusing point. The second part corresponds to the portion of space between the focusing point and the 
exit pupil of the microscope. In the absence of sample, the two parts are complementary, however when 
a sample is present, it must be considered independently between the two parties of the microscope. 

In the first part, let’s consider a beam of polarized radiation illuminating a small part of the entry 
pupil of the high NA objective. The fact of illuminating a small portion of the entry pupil produces a ray 
converging to the focal point on the optic axis of the objective with a well-defined direction characterized 
by the spherical coordinates il and il respectively. Figure 37 shows a schematic representation of the 
geometry of the first part of the optical system, the optic axis, the reference frame and also the spherical 
coordinates are also represented. 

According to the vectorial ray tracing, if the electric field (and thus the polarization) of the incident 
beam, 𝐸଴

ሬሬሬሬ⃗ , it is known, then, using the resulting electric field of the beam at the focal point, 𝐸ଵ
ሬሬሬሬ⃗ , can be 

calculated using the following expression: 

𝐸ଵ
ሬሬሬሬ⃗ = 𝑹(−𝜑௜௟)𝑳(௜௟)𝑹(𝜑௜௟)𝐸଴

ሬሬሬሬ⃗  (Eq. 92) 

, where 

𝑹(𝜑) = ൭
cos𝜑 sin𝜑 0

−sin𝜑 cos𝜑 0
0 0 1

൱ and, 𝑳(𝜃) = ൭
cos𝜃 0 sin𝜃

0 1 0
−sin𝜃 0 cos𝜃

൱ (Eq. 93) 



60  

 

 

Figure 37. Diagram of the light focused by a high NA system. The origin of the spherical coordinate system is in the 
geometrical focus of the objective. 

The matrices in (Eq. 93) are known as the generalized Jones matrices and they are valid to express 
the polarization rotation of a 3D field. The matrix R(), represents a rotation of the coordinate system 
of the field with the z axis as a pivot. Please recall here that the z axis is parallel to the optic axis of the 
microscope according to the schema of Figure 37. This rotation aligns the reference frame of the electric 
field of the beam to the meridional plane corresponding to the selected plane wave. The meridional 
plane is the plane passing thorough the optic axis and the ray containing the considered plane wave. The 
matrix L() is a rotation around a direction orthogonal to the meridional plane by an angle . It is used 
to make the incident field orthogonal to the ray that goes from a point in the pupil to the geometrical 
focus. The matrix R(-il) is the inverse of R(il) and it is used to obtain the focused E field components in 
the global Cartesian (x, y, z) system. 

The action of the second part of the optical system on the electric field propagating from the focal 
point in a direction specified by the spherical coordinates can be described as follows. 

𝐸ଶ
ሬሬሬሬ⃗ = 𝑹(−𝜑௜௠)𝑳(−௜௠)𝑹(𝜑௜௠)𝐸ଵ

ሬሬሬሬ⃗  (Eq. 94) 

, where the meaning of the matrices R(im) and L(im) is the same as those used in (Eq. 92) and (Eq. 
93). When put together, (Eq. 92) and (Eq. 94) describe the transformation of the electric field associated 
to a beam propagating from the entry pupil of the first high NA objective to the exit pupil of the second-
high NA objective. The resulting equation is: 

𝐸ଶ
ሬሬሬሬ⃗ = 𝑹(−𝜑௜௠)𝑳(−௜௠)𝑹(𝜑௜௠) 𝑰 𝑹(−𝜑௜௟)𝑳(௜௟)𝑹(𝜑௜௟)𝐸଴

ሬሬሬሬ⃗  (Eq. 95) 

In (Eq. 95), the identity matrix, I, represents the fact that no sample is included between the lenses. 
When a sample is present, the identity matrix must be substituted by the matrix representing the 
interaction of the electromagnetic field with the sample. When there is no sample the direction of the 
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incident beam is not modified, thus the value of the spherical components in the illumination space and 
the imaging space are related as follows: 𝜑௜௠ = 𝜋 − 𝜑௜௟  and ௜௠ = ௜௟. In this conditions, (Eq. 95) says 
that if diffraction effects due to for instance, the finite size of the aperture of the pupils of the objectives, 
or, the fact some high spatial frequencies are not transmitted by the limited aperture of the objectives, 
then the resulting field, 𝐸ଶ

ሬሬሬሬ⃗ , must be identical to the incident field, 𝐸଴
ሬሬሬሬ⃗ , thus polarization is not modified.  

In the present section the general frame of the vectorial polarization ray tracing has been reviewed. 
In the following section this framework will be used to discuss the interaction of the focused beam with 
a very simple and ideal sample, a single dipole. 

4.3. Vectorial polarimetry applied to linear radiating dipole 

In this section, the effect of the interaction of the focused beam is discussed with a single dipole. Despite 
of the fact that single dipole represents a situation which is to some extent quite ideal, it has a relatively 
simple mathematical representation therefore can be used as an illustration of the effect of the normal 
incidence illumination, as well as oblique incidence illumination in the angular distribution of the 
polarization of the scattered beam. Moreover, since the single dipole approximation also represents 
reasonably well the scattering of light by very small real particles compared to the wavelength of light, 
it can be used as a benchmark to test the accuracy of more complex models. 

The scattered field 𝐸௦
ሬሬሬሬ⃗  in the far-field region of a single dipole characterized by a dipole moment, 

𝑝, which is proportional to the incident field 𝐸ଵ
ሬሬሬሬ⃗  s given by the following expression80: 

𝐸௦ሬሬሬሬ⃗
(௫,௬,௭) = −

1

4𝜋𝜖଴

ቊ
𝑘ଶ𝑒௜௞௥

𝑟
𝑟 × (𝑟 × 𝑝)ቋ (Eq. 96) 

This expression says that the field radiated by the dipole is a spherical wave, whose absolute phase 
is proportional to the product of the wave vector, k, and the distance, r, between the point at which the 
field is observed and the position of the dipole. The amplitude of the field is inversely proportional to 
the distance from the dipole, and the polarization is a complex vectorial function of the space 
coordinates (x, y, z) at which the field is observed and the orientation of the dipole moment. Assuming 
that the dipole moment is proportional to the incident field, and that the position vector, 𝑟, can be 
written as a function of the spherical coordinates, 𝑟(௫,௬,௭) = (sin 𝜃 cos 𝜑, sin 𝜃 sin 𝜑, cos 𝜃)், then (Eq. 
96) can be rewritten in the following form: 

𝐸௦ሬሬሬሬ⃗
(௫,௬,௭) =

−𝑘ଶ𝑒௜௞௥

4𝜋𝜖଴𝑟

⎝

⎛

1 − sinଶ 𝜃 ∙ cosଶ 𝜑 −1
2ൗ sinଶ 𝜃 ∙ cos 2𝜑 −1

2ൗ sin2𝜃 ∙ cos 𝜑

−1
2ൗ sinଶ 𝜃 ∙ cos 2𝜑 1 − sinଶ 𝜃 ∙ sinଶ 𝜑 −1

2ൗ sin2𝜃 ∙ sin 𝜑

−1
2ൗ sin2𝜃 ∙ cos 𝜑 −1

2ൗ sin2𝜃 ∙ sin 𝜑 1 − cosଶ 𝜃 ⎠

⎞ 𝐸పሬሬሬ⃗
(௫,௬,௭) = 𝑱𝒅𝒊𝒑 ∙ 𝐸పሬሬሬ⃗

(௫,௬,௭)   (Eq. 97) 

The subscript (x, y, z) is to recall that the components of the corresponding vector are written in 
the (x, y, z) reference frame attached to the optic axis of the microscope. In the following, the global 
phase in (Eq. 97) will be dropped since it does not affect the final result when formulated in the Stokes-
Mueller formalism. Moreover, since the particle is considered to be smaller than the focal distance, f, at 
which the field is collected by the imaging high NA lens, and that we assume that the particle is always 
observed in focus, the dependence of the field amplitude with, r can be considered as a constant and it 
will also be omitted. 
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The interest of (Eq. 97) is that it represents the action of a dipole on an incident field in a matrix 
form, which can be understood, as the extended Jones matrix of the dipole. The extended Jones matrix 
is derived for treating the transmission of off-axis light81–83 and this matrix can be used in (Eq. 95) to 
simulate the optical response of a single dipole when illuminated by a beam focused by a high NA 
objective. Accordingly, (Eq. 95) can be modified as follows: 

𝐸ଶ
ሬሬሬሬ⃗ = 𝑹(−𝜑௜௠)𝑳(−௜௠)𝑹(𝜑௜௠) 𝑱𝒅𝒊𝒑 𝑹(−𝜑௜௟)𝑳(௜௟)𝑹(𝜑௜௟)𝐸଴

ሬሬሬሬ⃗  (Eq. 98) 

, where the identity matrix, I, has been substituted by the extended Jones matrix of the dipole Jdip. 
In (Eq. 98), a distinction is done between the direction of the illumination beam and the propagation 
direction of scattered wave.  

The extended Jones matrix of the entire system i.e. the illumination high NA objective, the dipole 
and the imaging high NA objective can be easily obtained by evaluating the components of the scattered 
field when the dipole is sequentially illuminated by a beam with orthogonal polarizations to each other 
respectively. The use of (Eq. 98) is particularly useful because it connects the components of the field in 
the paraxial region, just before and just after the two high NA objectives. In those conditions, the 
longitudinal component of the electric field (along the propagation direction, z) vanishes, and therefore 
the only non-null components of the scattered electric filed correspond to the transversal ones, which 
can be used to build a standard 2 x 2 Jones matrix. Once the Jones matrix is known, it can be converted 
to a Mueller matrix using the following transformation: 

𝑴 = 𝑨(𝑱 ⊗ 𝑱∗)𝑨ିଵ, where 𝑨 = ቌ

1 0
1 0

0 1
0 −1

0 1
0 𝑖

1 0
−𝑖 0

ቍ (Eq. 99) 

, where the matrices M and J correspond to the Mueller and the Jones matrix respectively, the 
symbol ⊗ is for the Kronecker product and the superscript * means conjugate transpose.  

The choice of the two orthogonal polarizations to be transformed by the dipole as well as the 
reference basis on which they are expressed depends on the problem. In the case of the system 
considered a natural and easy choice is the Cartesian (x, y, z) frame and the two orthogonal polarizations 
directed along the x and the y directions respectively. The combination of (Eq. 98) and (Eq. 99) allows 
calculating the Mueller matrix of the scattered light of the dipole, for an illumination direction specified 
by the spherical coordinates il and il, and a scattering direction specified by the coordinates im and 
im respectively. In the following the Mueller matrix of the single dipole is discussed in the cases of 
interest: illumination in normal incidence and illumination in oblique incidence. 

Case of normal incidence 

All the Muller matrix images in this chapter are described in the polar coordinates (, ) in the back-focal 
(Fourier) plane which are comparable to far-field distribution. The polar angle, , corresponds to the 
distance from the center of the circle and the azimuth, , corresponds to the anticlockwise rotation 
angle as previously shown in the Fourier plane coordinates in Figure 6.b. At normal incidence, both, il 
and il are equal to 0°. If the Mueller matrix of the scattered light in the forward direction is of interest, 
then the variables im and im that can be used are bounded respectively to 0 ≤ im ≤ 90° and 0 ≤ im ≤ 
360°. Figure 38 shows the result of the evaluation of the Mueller matrix of the dipole in forward direction. 
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The basis vectors used as a reference to measure the polarization are the ones along the x and y 
directions, respectively. 

 

Figure 38. Mueller matrix of the forward scattered light by a dipole illuminated in normal incidence. All the matrix 
elements have been normalized respect to the element, M11, which corresponds to the total unpolarized light 
intensity scattered by the dipole. 

The matrix shown in Figure 38 is very well known since the characteristics of the light scattered by 
dipoles have been intensely studied theoretically and practically by different authors.7,80,84–87 The values 
of this Mueller matrix are in accordance with results of other authors, which confirm the accuracy of the 
vectorial ray tracing approach to represent the optical response of objects seen in non-paraxial 
conditions. The polarimetric response of the single dipole is characterized by a non-negligible linear 
dichroism. This is evidenced by the fact that the non-null elements of the Mueller matrix, are those in 
the main diagonal as well as M12, M13, M23, M21 M31 and M32. Moreover, it can be observed that the value 
of the dichroism monotonically increases with the scattering angle, im, being null for directions close to 
the strict forward scattering (im = 0°). The azimuthal patters with the characteristic cross and four 
“petals” in the elements M12, M13, M21 and M31 are mainly due to the choice of reference basis on which 
the polarization properties are expressed. This particular choice also affects the value of elements M23, 
and M32 which show an eight-petal pattern. The fact that the elements M23, and M32 are non-null does 
not mean that circular birefringence is also present.  

In the Mueller matrix representation, the polarimetric properties are entangled and can appear in 
different matrix elements simultaneously. In the present case, the non-null values of M23, and M32 is due 
to an influence of the linear dichroism of the dipole. A further insight on the polarimetric properties of 
the light scattered by the dipole can be obtained by decomposing the corresponding Mueller matrix 
using the logarithmic decomposition method. As previously discussed in chapter 2, section 2.4.3, the 
application of this method allows disentangle the influence of the different polarimetric properties and 
to show them in the so-called differential Mueller matrix. Since the Mueller matrix shown in Figure 38 
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has been obtained from a Jones matrix, is by definition non-depolarizing. In consequence, the 𝐋௨ 
matrix in (Eq. 56), will be null and the 𝐋௠ matrix (also in (Eq. 56)), can be associated to the differential 
matrix. Accordingly, in Figure 39 shows the 𝐋௠ matrix corresponding to the Mueller matrix shown in 
Figure 38. 

 

Figure 39. Differential matrix of the forward scattered light by a dipole illuminated in normal incidence. The element, 
M11, corresponds to the logarithm of the total, unpolarized, light intensity scattered by the dipole. 

The matrix elements of the differential matrix of the dipole are null with the exemption of m12, m13, 
m21 and m31, which according to interpretation given in (Eq. 57), mean that the optical response of the 
dipole shows only linear dichroism. The fact that the linear dichroism appears in the form of LD and LD’ 
it is not due to a given anisotropy in the dipole, it is just due to the fact that the polarization basis is 
written according to the Cartesian x-y frame, if a different frame was chosen the representation of the 
matrix would be different. Since the radiation emitted by a dipole in the far-field region can be 
approximated by a spherical wave, the transversality condition of the electromagnetic waves 
propagating in free space imposes that the polarization be perpendicular to the propagation direction, 
and therefore it can be decomposed, for any direction of propagation, in two components, parallel, p, 
and perpendicular, s, to the scattering plane. Therefore, a curvilinear s-p basis can be chosen to 
represent the Mueller matrix of the dipole. The s-p basis is curvilinear because its orientation is not fixed 
but depends on the direction of propagation of the beam. The transformation of a Mueller matrix from 
the fixed x-y coordinate system to the curvilinear s-p coordinate system is quite straightforward provided 
that the azimuthal coordinate im of the scattered beam is known. The transformation is the following: 

𝑴௦௣(𝜑௜௠) = 𝑹(𝜑௜௠)𝑴௫௬𝑹(𝜑௜௠)் with 𝑹(𝜑௜௠) = ൮

1 0
0 cos 2𝜑௜௠

0 0
sin 2𝜑௜௠ 0

0 −sin 2𝜑௜௠

0 0
cos 2𝜑௜௠ 0

0 1

൲ (Eq. 100) 
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The transformation given by (Eq. 100) can be applied to the matrix shown in Figure 38 easily, the 
result is plot in Figure 40. 

 

Figure 40. Mueller matrix of the forward scattered light by a dipole illuminated in normal incidence in s-p 
coordinates. All the matrix elements have been normalized respect to the element, M11, which corresponds to the 
total unpolarized light intensity scattered by the dipole. 

In this representation, the Mueller matrix of the scattered light by the dipole looks even simpler 
than the same matrix represented in the x-y basis. In particular, the elements M13, M23, M31 and M32 
become null. Moreover, the “cross” pattern in matrix elements the M12, M21 in the x-y basis (Figure 38) 
has been replaced by another one showing a radial pattern which depends on the polar coordinate im 
only. The absence of azimuthal dependence of the matrix elements is in connection with the fact that 
the radiation of the dipole illuminated in normal incidence shows circular symmetry, i.e. is isotropic in 
the azimuthal direction. The simplification of the matrix has an additional advantage; the optical 
properties have been disentangled. The only polarimetric effect, which is present in the radiation of the 
dipole, linear dichroism, now manifests in a single couple of matrix elements, M12, and M21. The Mueller 
matrix in s-p coordinates, can eventually been decomposed using the differential method to extract the 
polarimetric properties in the form of the differential matrix, the result is shown in Figure 40. 
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Figure 41. Differential matrix in s-p coordinates of the forward scattered light by a dipole illuminated in normal 
incidence. The element, M11, corresponds to the logarithm of the total, unpolarized, light intensity scattered by the 
dipole. 

In analogy to the Mueller matrix, the change of polarization base has modified and simplified the 
structure of the differential matrix (Figure 41). The differential matrix has just two non-null elements 
m12 and m21, which are related to linear dichroism. Moreover, the circular symmetry around the 
azimuthal angle, already shown in the elements M12 and M21 of the original Mueller matrix is also 
maintained in the angular distribution of values of the elements m12 and m21 in the differential matrix.  

In summary, the above discussed results confirm that the optical response of the dipole when 
illuminated at normal incidence, shows a linear dichroism which depends on the polar angle. The results 
also show that for a given polar angle, the dichroism of the scattered beam does not depend on the 
azimuthal direction. Figure 40 and Figure 41 also show that a change of polarization basis from x-y to s-
p, does not change the physics (the conclusions extracted from the matrices), but in some cases, it 
simplifies the structure of the Mueller matrix and makes easier the interpretation of the polarimetric 
information. For this reason, in forthcoming examples, the s-p basis convention will be used by default. 
Moreover, it has been shown that the logarithmic decomposition can be very useful to disentangle the 
polarimetric properties and, therefore, it will be systematically used in combination with the respective 
Mueller matrix to interpret the results in the following sections. 

Case of oblique incidence 

In oblique incidence the response of the dipole depends on both, the matrix Jdip, and the illumination 
direction, i.e. the coordinates il and il. For the sake of simplicity, the following discussion considers an 
arbitrary illumination characterized by 𝜃௜௟ ≠ 0° and 𝜑௜௟ = 0° in first instance and then the effect of 
𝜑௜௟ ≠ 0° will be shown at the end of this section. 
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The effect of an oblique illumination is illustrated in the Mueller matrix shown in Figure 42. The matrix 
has been evaluated in s-p polarization basis, with a polar angle 𝜃௜௟ = 45°  The polarization of the 
scattered light has been simulated for all directions in the positive half space, corresponding to light 
propagating in the forward direction, which means 0 ≤ im ≤ 90° and 0 ≤ im ≤ 360°. 

 

Figure 42. Mueller matrix of the forward scattered light by a dipole illuminated in oblique incidence (𝜃௜௟ = 45°, 𝜑௜௟ =
0°) in s-p coordinates. All the matrix elements have been normalized respect to the element, M11, which corresponds 
to the total unpolarized light intensity scattered by the dipole. 

The values and the structure of the matrix shown in Figure 42 are very different to that shown in 
Figure 40, corresponding to normal incidence. Concerning the structure of the matrix in Figure 42, the 
most relevant characteristic is the lack of symmetry (or anti-symmetry) between the elements of the 
upper half respect to the main diagonal respect to the corresponding ones in the lower half of the matrix. 
This is in contrast with the matrix shown in Figure 40, where evident symmetries between matrix 
elements were observed. The lack of symmetry is a clear indication of the presence of circular 
birefringence to some amount, as will be discussed in what follows. A second feature in the matrix 
elements shown in Figure 42 is the complex dependence of the values as a function of both the polar 
and the azimuthal coordinates. Due to the particular illumination and the complex optical configuration, 
it may not be impossible that more than one optical property affects the value of the elements of the 
Mueller matrix together with an additional influence from the particular topology of the problem. In 
order simplify the interpretation of the polarimetric data; the logarithmic decomposition can be applied 
to the Mueller matrix. The resulting differential matrix is shown in Figure 43, and as can be shown, this 
matrix looks simpler than the original Mueller matrix. Similar to the case of illumination at normal 
incidence, the fact that the elements m12 and m13 are non-null, evidences the presence of linear 
dichroism in the scattered beam by the dipole. Moreover, the novelty in the oblique illumination 



68  

configuration case, is the non-null values of elements m23 and m32, which indicate the presence of a 
(quite strong indeed) circular birefringence. Since the linear dipole considered here has no optical 
activity, the circular birefringence can be attributed, not to the intrinsic properties of the dipole, but to 
the particular geometry (or topology) of the illumination and observation geometry as will be discussed 
in the following, therefore, in this text the term apparent circular birefringence is preferred to the term 
circular birefringence. Therefore, in view of the differential matrix, the optical response of the dipole in 
oblique incidence is characterized by both, linear dichroism and apparent circular birefringence. 

 

Figure 43. Differential matrix in s-p coordinates of the forward scattered light by a dipole illuminated in oblique 
incidence (𝜃௜௟ = 45°, 𝜑௜௟ = 0°). The element, M11, corresponds to the logarithm of the total, unpolarized, light 
intensity scattered by the dipole. 

Concerning the linear dichroism, and despite of having represented in s-p polarization basis, it may 
seem, that the angular distribution of dichroism is quite complex, compared to the simple circular 
symmetry when measurements were done in normal incidence. The apparent complexity is just a 
geometric effect due to the fact that the direction of the illumination beam and the axis of the 
microscope are not collinear. A powerful and easy way to remove the effect of the geometry in the linear 
dichroism is to consider the absolute value of the total dichroism, TotalLD, calculated as follows: 

𝑇𝑜𝑡𝑎𝑙𝐿𝐷 = ඥ𝐿𝐷ଶ + 𝐿𝐷′ଶ (Eq. 101) 

Since the absolute value of the linear dichroism is a polarimetric invariant, then it must be 
independent of the basis and the reference frame chosen to observe the polarization. Total linear 



69 

dichroism represented in Figure 44 together with the corresponding values of LD and LD’, shown in 
Figure 43. 

 

Figure 44. Linear dichroism components (LD and LD’) together to the corresponding Total LD for a dipole illuminated 
at oblique incidence with: 𝜃௜௟ = 45° and 𝜑௜௟ = 0°. 

 

Figure 45. Linear dichroism components (LD and LD’) together to the corresponding Total LD for a dipole illuminated 
at oblique incidence with: 𝜃௜௟ = 22.5° and 𝜑௜௟ = 0°. 

 

Figure 46. Linear dichroism components (LD and LD’) together to the corresponding Total LD for three different 
cases a dipole illuminated at normal incidence with: 𝜃௜௟ = 0° and 𝜑௜௟ = 0°. 

The pattern of the TotalLD is considerably simplified, and now it resembles to the pattern of LD 
shown for illumination at normal incidence. In order to illustrate the interpretation of the angular 
dependence of the TotalLD at oblique incidence, the data shown in Figure 44 should be compared to 
that shown in Figure 45 and Figure 46. In the latter figures the values of LD, LD’, TotalLD and the log of 
M11 is shown for oblique illumination at lower polar angle (22.5°) and normal incidence respectively. It 
is curious to see that when observed from top to bottom the patterns in LD’, TotalLD and log(M11) seem 
to “rotate” to the left. This effect can be easily understood as an effect of the illumination angle of 
incidence and can be explained considering the illumination and the scattering processes as seen from 
the point of view of the dipole and the microscope respectively. This situation is schematically depicted 
in Figure 47. 
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Figure 47. Schematic representation of the intensity pattern of light scattered by a dipole in the far-field and a 
reference frame attached to it. The light beam is assumed to follow the z1 direction. Case of normal incidence (a), 
and oblique incidence (b). Reference frame attached to the optic axis of the polarimeter (c) and combination of the 
reference frame of the polarimeter (orange - red) and frame attached to the dipole in oblique incidence (blue - 
violet) showing the relation of the angular coordinates related to them d). 

The first physical fact is that when a dipole is shinned by a radiation beam, the scattered light will 
show a characteristic angular emission that can easily be related to the direction of the incident beam. 
As shown in Figure 47.a, in terms of intensity, the angular distribution the scattered light by a dipole 
shows a circular symmetry around the axis parallel to the incident beam (z1). The beam intensity has a 
maximum in the directions of strict forward and back scattering, and it decreases with the scattering 
angle reaching a minimum for any direction of propagation perpendicular to the incident beam, one 
could say that it looks like a peanut. 

The second physical fact is that the angular distribution of the intensity of the scattered radiation 
does depend only on the orientation of the incident beam as shown in Figure 47.b. Therefore, if the 
incident beam changes direction, the angular distribution of scattered light also changes direction in the 
same way than the incident beam. 

Those two physical properties suggest that the optical properties of the light scattered by the dipole 
can be described with a reference axis attached to the incident beam (x1, y1, z1). For convenience one of 
the axes of this frame, z1, is chosen to be parallel to the direction of the incident beam. 

When the dipole is illuminated at normal incidence, the scattered light is captured by the high-NA 
imaging objective and once it is projected into the 2D camera, it produces a circular pattern with 
azimuthal symmetry around the center of the image (see for instance, element M11, in Figure 40). In the 
same way, the polarimetric properties such LD, also show a well-defined azimuthal symmetry (see for 
instance LD in Figure 46). In those illumination conditions the reference frame attached to the particle 
and the reference frame of the polarimeter, attached to the optic axis, coincide. However, at oblique 
incidence, the two reference frames are decoupled because one is rotated respect to the other as shown 
in Figure 47.d. In those conditions, the projection of the scattered light on the 2D detector by the high-
NA objective does not produce a pattern with azimuthal symmetry. If the numerical aperture of the 
imaging objective is high enough (close to 1 such in the simulated images) then in the projected image 
it is possible to observe the regions of minimum intensity and even those that, from the point of view of 
the dipole, correspond to back-scattering. In the simulated Mueller matrix at oblique incidence, shown 
in Figure 42 (or in the corresponding differential matrix in Figure 43), the angular directions 
corresponding to the minimum of intensity appear as a portion of circle (or a belt) in the left part of the 
image corresponding to the element M11 (or to log(M11) respectively). When comparing the images in 
Figure 44 to Figure 46 corresponding to the log(M11), of the light scattered by the dipole when 
illuminated at different angles of incidence, the angular position of the belt in the image depends on the 
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illumination angle. For normal illumination, and since the images have been simulated assuming a NA=1 
(90° field of view) the belt is hardly visible because it is at the edges of the image, however, it becomes 
progressively more visible when the angle of incidence (θi) of the incident beam increases.  

The polarimetric properties “seen” by the polarimeter also depends on the relative orientation 
between the reference axis attached to the dipole and that of the imager. When illumination is at normal 
incidence, and since both reference axes coincide, the polarization properties measured correspond to 
those measured by the reference attached to the direction of the illumination. This axis can be thought 
of a sort of “principal axis” which describes the optical response of the dipole independently of the 
observer and respect to the dipole. According to the information shown in Figure 41, it can be said that 
the dipole does not induce any retardation between the s-p components of the scattered light. In other 
words, when illuminated with a linearly polarized beam, the dipole just bends the light to create the 
scattered beam but by keeping it linearly polarized. The bending of light is done in a way to satisfy the 
transversal condition for the propagation of electromagnetic waves in free space. For instance, it can be 
said that in the direction normal to the illumination beam, which corresponds to a minimum of intensity, 
the light is fully “s” polarized thus giving a maximum value of dichroism. For a general direction of 
scattering, the polarization of light remains linear, but the transversality condition makes that it could 
be decomposed in a component “p” and “s” respect to the scattering plane, thus gradually modifying 
the dichroism as a function of the polar angle (θ1 in Figure 47). In the direction parallel to the incident 
beam, (north pole of the peanut shown in Figure 47) the dipole does not modify neither the original 
polarization, nor the direction of the light; therefore, the dichroism is null. On the basis of the optical 
response of the dipole in the frame linked to the beam (principal axis) it is easier to understand the 
response measured in the microscope reference frame. 

The key point to interpret the physical meaning of Mueller matrices of the dipole at oblique 
incidence is to understand that a given polarization vector will look different when measured either from 
the reference frame (x1, y1, z1), of from the system (x2, y2, z2) (see Figure 47). Since the relation between 
frames (x1, y1, z1) and (x2, y2, z2) is a rotation defined by the direction of the illumination beam respect 
to the optics axis, then any polarization vector in the frame (x1, y1, z1) will appear rotated when seen in 
the frame (x2, y2, z2). In the case of the dipole, all polarization vectors are real, because they are linearly 
polarized, therefore going from one frame to the other, will rotate the linear polarization by some 
amount determined by the rotation transformation between frames. In polarimetry, any transformation 
which results in a rotation of a linearly polarized light is interpreted as the effect of circular birefringence. 
As such, this circular birefringence will have a signature in the Mueller matrix representing such a 
transformation. In the case of the dipole, the effect of the circular birefringence can be seen by the loss 
of symmetry of the corresponding Mueller matrix (Figure 42) or by the fact that elements m23 and m32 
in the associated differential matrix are non-null. Moreover, the non-uniform distribution of the values 
of circular birefringence in elements m23 and m32 is due to the fact that depending on the observation 
direction, the projection of the components “s” and “p” from frame (x1, y1, z1) in frame (x1, y1, z1) depends 
on the direction of the scattered way, and therefore creates a non-uniform distribution of values of the 
apparent optical rotation measured by the imaging system. 

4.4. Vectorial polarimetry applied to spherical particles 

The formalism described in the previous section is general and can be applied to samples other than the 
single linear dipole, provided that the interaction of that sample with the incoming beam can be 
expressed in terms of an extended Jones matrix. In that case, the method to evaluate the polarization 
of the scattered beam as seen from the imager using the vectorial polarimetry approximation is analogue 
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to that described in (Eq. 98), but with the difference that the matrix  𝑱𝒅𝒊𝒑 must be substituted by the 
one describing the sample, 𝑱𝒔𝒂𝒎𝒑, thus giving: 

𝐸ଶ
ሬሬሬሬ⃗ = 𝑹(−𝜑௜௠)𝑳(−௜௠)𝑹(𝜑௜௠) 𝑱𝒔𝒂𝒎𝒑 𝑹(−𝜑௜௟)𝑳(௜௟)𝑹(𝜑௜௟)𝐸଴

ሬሬሬሬ⃗  (Eq. 102) 

At this point it is important to recall that the matrix  𝑱𝒔𝒂𝒎𝒑 in (Eq. 102) must be expressed in the 
reference frame of the polarimetric imager. In order to keep the analogy with the case of the simple 
dipole, in the forthcoming, the reference frame of the polarimetric imager will be referred as (x2, y2, z2). 
The optical response of a sphere of a given size and refractive index is well described by the Mie 
formalism as discussed in the introduction of this manuscript. According to Mie theory, the expression 
of the electric field scattered by the particle is given by (Eq. 8). Recalled here for convenience, 

𝐸ሬ⃗ ௦௖௔௧ =
𝑘௠

𝜔ଶ𝜖௠𝜇
෍ൣ𝐴௟,௠𝑎௟𝑀ሬሬ⃗ ௟,௠ + 𝐵௟,௠𝑏௟𝑁ሬሬ⃗ ௟,௠൧ (Eq. 8) recall 

The symbols 𝑁ሬሬ⃗ ௟,௠  and 𝑀ሬሬ⃗ ௟,௠  represent spherical harmonics, which for a sphere made of an 
isotropic material embedded in an isotropic medium, depend on Legendre polynomials 𝑃௟

௠(cos 𝜃), 
which are in turn function of the polar angle 𝜃 . The symbols 𝐴௟,௠  and 𝐵௟,௠  are the expansion 
coefficients which are characteristic of the incident beam and given in (Eq. 4) and (Eq. 5), respectively. 
Finally, Mie coefficients, 𝑎௟, and 𝑏௟, which form the expansion coefficients of the scattered fields and 
are determined by the boundary conditions at the spherical surface. They depend on the size of the 
particle, the refractive index of the particle and the refractive index of the medium.  

In the standard formulation of the Mie theory the spherical particle is assumed to be placed at the 
origin of a Euclidean reference frame and for simplicity the illumination beam is assumed to propagate 
along one of the axes (usually the axis z) of said frame. The components of the scattered field evaluated 
using (Eq. 8) are referred to the same Euclidean frame. The choice of this frame is important because it 
simplifies the mathematical expressions used to evaluate the spherical harmonics 𝑁ሬሬ⃗ ௟,௠ and 𝑀ሬሬ⃗ ௟,௠  and 
the different expansion coefficients, 𝐴௟,௠, 𝐵௟,௠, 𝑎௟, and 𝑏௟. If a different reference frame was chosen, 
the value of the spherical harmonics and the expansion coefficients would be modified. The standard 
formulation of the Mie scattering theory is nowadays a well-stablished method and multiple numerical 
packages are available which allow the efficient evaluation the spherical harmonic functions and the 
expansion coefficients and that can be easily adapted to any computer software. In the context of this 
work a software package developed by C. Mätzler and adapted for MatlabTM, has been used. The package 
is free and available online.88 

The way to evaluate the Jones matrix associated to the light scattered by the sphere is 
straightforward. First a linearly polarized light with a direction according to a given direction (x for 
instance) is sent to the particle, then (Eq. 8) is applied and the resulting field is decomposed in 
components p-s respect to the scattering plane. Second, the same procedure is repeated but illuminating 
the sphere with a linearly polarized beam with a polarization direction (y for instance) perpendicular to 
the polarization used in the first step. The resulting scattered field is evaluated with the help of (Eq. 8) 
and projected over the s-p directions respect to the scattering plane. The four components obtained 
correspond to the non-null matrix elements of the extended Jones matrix used of the scattered light. 
The matrix elements involving non-transversal components of the electric field are null because (Eq. 8) 
assumes that the filed is evaluated in the far-field region, and moreover, that the scattered light 
propagates as a spherical wave. 
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The reference frame respect to which the Mie equations are written can be defined as the “main 
axis” of the spherical particle because polarization is written from the point of view of the latter. This 
main axis has the same characteristics as the main axis discussed in the previous section for the linear 
dipole, i.e. it is attached to the particle and the illumination direction is always parallel to one or the axes 
(z axis), moreover the scattering field is written respect to this frame (eventually in spherical coordinates 
(s and s). Therefore, in analogy to the treatment and discussion done for the linear dipole (see Figure 
47), the axis used to write the electric field according to (Eq. 8) will be defined as the axis 1. 

Since (Eq. 102) allowing the evaluation of the electric field seen by the imager polarimeter is written 
in the reference frame of this latter, a coordinate transformation must be applied to write the extended 
Jones matrix obtained with the help of (Eq. 8). In analogy to the discussion and treatment done for the 
linear dipole, the reference frame of the imager polarimeter can be identified as the frame 2 shown in 
Figure 47. Since the illumination geometry is the same either for the spherical particle or the linear dipole, 
the relation between the reference frame 1 (x1, y1, z1) and (x2, y2, z2) is a rotation which is defined by the 
direction of the illumination direction (il and il) respect to the optic axis of the microscope. The 
transformation matrix can be calculated as a product of two successive rotations (Euler approximation) 
around the z axis of an angle (il) and around the new axis perpendicular to the plane of incidence of the 
illumination beam by and angle (il). 

𝑇ଵିଶ = ൭
cos (𝜃௜௟) 0 −sin (𝜃௜௟)

0 1 0
sin (𝜃௜௟) 0 cos (𝜃௜௟)

൱ ൭
cos (𝜑௜௟) −sin (𝜑௜௟) 0

sin (𝜑௜௟) cos (𝜑௜௟) 0
0 0 1

൱ (Eq. 103) 

The Jones matrix 𝑱𝒔_𝟐 written in the reference frame of the imager can thus be written as function 
of the Jones matrix 𝑱𝒔_𝟏 in the main axis of the sphere as: 

𝑱𝒔𝟐
(𝜃ଶ, 𝜑ଶ) = 𝑇ଵିଶ(−𝜃௜௟ , −𝜑௜௠) 𝑱𝒔𝟏

(𝜃ଵ, 𝜑ଵ) 𝑇ଵିଶ(𝜃௜௟ , 𝜑௜௠) (Eq. 104) 

In (Eq. 104) the matrix 𝑱𝒔_𝟐  depends on the angular coordinates (𝜃ଶ, 𝜑ଶ ) and the matrix 𝑱𝒔𝟏
 

depend on the angular coordinates  (𝜃ଵ, 𝜑ଵ) . Although not explicated in (Eq. 104), the two sets of 
coordinates are not independent, indeed, coordinates (𝜃ଵ, 𝜑ଵ) correspond to coordinates (𝜃ଶ, 𝜑ଶ) in 
the reference frame 2 as “seen” from reference frame 1. Assuming that the direction of propagation of 
any wave in the reference frame 2 can be described by the position vector 𝑟(𝜃ଶ, 𝜑ଶ) =
(𝑠𝑖𝑛𝜃ଶ cos 𝜑ଶ , 𝑠𝑖𝑛𝜃ଶ sin 𝜑ଶ , 𝑐𝑜𝑠𝜃ଶ)்  then the relation between the two sets of components can be 
written as: 

൭

𝑠𝑖𝑛𝜃ଵ cos 𝜑ଵ

𝑠𝑖𝑛𝜃ଵ sin 𝜑ଵ

𝑐𝑜𝑠𝜃ଵ

൱ =  𝑇ଵିଶ(𝜃௜௟ , 𝜑௜௠) ൭

𝑠𝑖𝑛𝜃ଶ cos 𝜑ଶ

𝑠𝑖𝑛𝜃ଶ sin 𝜑ଶ

𝑐𝑜𝑠𝜃ଶ

൱ (Eq. 105) 

Figure 48 shows an illustrative example of the application of (Eq. 105) to three particular cases. The 
first case corresponds to the normal illumination (il = 0°, il = 0°) and the second and third ones to 
oblique incidence at an angle equal to 45°. The difference between the second and the third case is the 
fact that the illumination is oriented parallel to the x axis of the microscope (il = 45°, il = 0°) in the 
second case, whereas it is oriented at 45° respect to the x axis of the microscope in the third case (il = 
45°, il = 45°). For each case the figure shows a map of the radial and azimuthal coordinates  and  as 
seen from the reference frame 1. The radial and azimuthal coordinates in the reference frame 2 used to 
evaluate the figures are bounded between the following values: 0 < 2 < 90° ; 0 < 2 < 360°.  
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Figure 48. Color coded diagram showing the values of the coordinates (1, 1) seen in the reference frame 1 for an 
ensemble of coordinates (2, 2) in the reference frame 2. In the first case, normal incidence, the two reference 
frames (and associated coordinates) coincide. Cases 2 and 3 correspond to an illumination at oblique incidence with 
il = 45° and two different orientations respectively.    

Since the transformation matrix in (Eq. 104) assumes that the electric filed is written in s-p 
coordinates rather in x-y coordinates, (Eq. 102) must be slightly modified to take this particularity into 
account giving: 

𝐸ଶ
ሬሬሬሬ⃗ = 𝑹(−𝜑௜௠)𝑳(−௜௠)𝑇ଵିଶ(−𝜃௜௟ , −𝜑௜௠) 𝑱𝒔𝟏

(𝜃ଵ, 𝜑ଵ) 𝑇ଵିଶ(𝜃௜௟ , 𝜑௜௟)𝑳(௜௟)𝑹(𝜑௜௟)𝐸଴
ሬሬሬሬ⃗  (Eq. 106) 

(Eq. 106) is the fundamental equation relating the polarization of a collimated beam before the first 
high-NA objective, to the polarization of the scattered beam by a spherical particle just after being 
collimated by the second high-NA objective. The method to obtain the Jones matrix of the sphere (and 
the subsequent Mueller matrix) is the same as described in the previous section therefor it is not going 
to be discussed here again. In the following a two case studies are presented in order to illustrate the 
use of the vectorial polarimetric method to study the polarization properties of light scattered by 
spheres of different sizes when illuminated either at normal or at oblique incidence respectively. The 
case studies are the following: 

 1) Small sphere (n = 1.6, radius 0.5 nm) compared to the wavelength (533 nm) of the beam. This 
example is chosen to be compared with result corresponding to the linear dipole,  

2) Big sphere (n = 1.6, radius 5 µm) in order to compare the results of the simulations with 
experimental data measured with the multimodal imager in Fourier imaging mode.  
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4.4.1. Polarimetric response of a small sphere 

In the following the case of a small sphere is discussed. The refractive index (1.67) and the diameter of 
the particle (d=1 nm) have been chosen in order to get a scattering regime which falls in the Rayleigh 
region, when the particle is shinned with a beam with a wavelength of 533 nm, and thus can be 
compared to response of the ideal dipole discussed in section 4.3. The goal is to show that the results 
based in the Mie equations are in accordance with the results based on the ideal model given by (Eq. 
96). In order to compare the results, the scattering matrix of the particle has been calculated assuming 
either at normal illumination, or at oblique illumination in the same conditions discussed for the linear 
dipole. Figure 49 and Figure 50 show the Mueller matrix and the corresponding differential matrix (after 
logarithmic decomposition) for the case of normal incidence. Alternatively, Figure 51 and Figure 52 show 
the Mueller matrix and the corresponding differential matrix for oblique incidence (il = 45°, il = 0°). 

 

Figure 49. Mueller matrix of the forward scattered light by a small sphere illuminated at normal incidence (𝜃௜௟ =
0°, 𝜑௜௟ = 0°) in s-p coordinates. All the matrix elements have been normalized respect to the element, M11, which 
corresponds to the total unpolarized light intensity scattered by the sphere. 
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Figure 50. Differential matrix in s-p coordinates of the forward scattered light by a small sphere illuminated at 
normal incidence (𝜃௜௟ = 0°, 𝜑௜௟ = 0°). The element, M11, corresponds to the logarithm of the total, unpolarized, light 
intensity scattered by the small sphere. 

 

Figure 51. Mueller matrix of the forward scattered light by a small sphere illuminated at oblique incidence (𝜃௜௟ =
45°, 𝜑௜௟ = 0°) in s-p coordinates. All the matrix elements have been normalized respect to the element, M11, which 
corresponds to the total unpolarized light intensity scattered by the sphere. 
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Figure 52. Differential matrix in s-p coordinates of the forward scattered light by a small sphere illuminated at 
oblique incidence (𝜃௜௟ = 45°, 𝜑௜௟ = 0°). The element, M11, corresponds to the logarithm of the total, unpolarized, 
light intensity scattered by the small sphere. 

Comparison of the results for the linear dipole (Figure 40 to Figure 43) and for the small sphere 
(Figure 49 to Figure 52) respectively, shows no differences to the numerical error of the computer, with 
validates the method to use Mie scattering theory combined with the vectorial polarimetry approach to 
represent the optical response of small spherical particles. 

4.4.2. Polarimetric response of a big sphere 

In this section the case of a relatively big sphere is discussed. The radius of the sphere is fixed to 5 µm 
(10 µm diameter) and the refractive index equal to 1.63 in order to make compatible the simulations 
with the optical response of real latex spheres which were measured experimentally. In this section we 
describe the characteristic response of a single sphere illuminated either at normal incidence or at 
oblique incidence with beam (533 nm wavelength). When the size of the sphere exceeds several times 
the wavelength of the probing beam resonant interference phenomena, also known as Mie resonances, 
happen for well-defined propagation directions. From a geometric optics point of view the Mie 
resonances are interpreted as the result of the interaction of multiply refracted beams inside the particle, 
which give rise to either constructive or destructive interferences when the respective optical paths 
equal a multiple of the wavelength of light. Geometric approach is admitted being fully valid for particle 
sizes exceeding 100 times the wavelength, however, for those particles whose size is between 1 and 100 
times the wavelength, other effects related to the undulatory nature of light must be also considered. 
Those effects mainly comprise diffraction at the boundaries and surface waves. An attempt to explain 
and to analyze the origin of the different Mie resonances that may happen in a particle of 10 µm, exceeds 
the purposes of the present study. However, it is important to mention them because they have a sharp 



78  

and intense polarimetric response which can substantially modify the optical response of the particle in 
the angular vicinity of the position where the resonance takes place. Figure 53 shows the Mueller matrix 
of the scattered light by the spherical particle of 10 µm illuminated at normal incidence. The matrix 
shows some characteristics in common to that of a small sphere and a linear dipole: It is block diagonal 
and symmetric. It is characterized by a distribution of polarization which depends radially on the 
scattering angle and does not depend on the azimuthal coordinate (circular symmetry). Besides of those 
resemblances, the Mueller matrix also shows some particular characteristics due to the presence of the 
Mie resonances. Mie resonances manifest themselves in the Mueller matrix elements as sharp rings with 
polarization properties very different than those of the surrounding background. The optical response 
of the spheres at angles for which Mie resonances are active, shows both, diattenuation and retardance 
whereas only diattenuation is non-null for angles out of the resonance. Each resonance shows circular 
symmetry which is in accordance with the geometric symmetry of the particle and the absence of 
anisotropy in its refractive index. Moreover, since the matrix is symmetric and the matrix elements M23 
and M32 are null it seems that the optical response of the particle illuminated at normal incidence does 
not show any (intrinsic) or main circular birefringence. Again, this result is compatible with the absence 
of anisotropy in the refractive index, the fact that according to previous discussions, at normal incidence, 
no topological phase is expected and also this is in accordance with the known optical response of this 
type of particles, which is usually measured in experimental conditions compatible with this illumination.           

  

Figure 53. Mueller matrix of the forward scattered light by a big sphere illuminated at normal incidence (𝜃௜௟ =
0°, 𝜑௜௟ = 0°) in s-p coordinates. All the matrix elements have been normalized respect to the element, M11, which 
corresponds to the total unpolarized light intensity scattered by the sphere. 

Figure 54 shows the differential matrix associated to the Mueller matrix shown in Figure 53. As 
expected, this matrix confirms that the optical response of the sphere is characterized by a diattenuation 
which has a radial symmetry and that increases with the scattering polar angle. At some particular 
angular positions, Mie resonances substantially modify the value of the diattenuation and also are 
characterized by a non-negligible linear retardance. The fact that matrix elements m23 and m32 are null 
confirms the absence of circular birefringence in the optical response.     
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Figure 54. Differential matrix in s-p coordinates of the forward scattered light by a big sphere illuminated at normal 
incidence (𝜃௜௟ = 0°, 𝜑௜௟ = 0°). The element, M11, corresponds to the logarithm of the total, unpolarized, light 
intensity scattered by the sphere. 

 

Figure 55. Mueller matrix of the forward scattered light by a big sphere illuminated at oblique incidence (𝜃௜௟ =
45°, 𝜑௜௟ = 0°) in s-p coordinates. All the matrix elements have been normalized respect to the element, M11, which 
corresponds to the total unpolarized light intensity scattered by the sphere. 
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When the sphere is illuminated at oblique incidence (45°), the optical response is considerably 
modified, because of the change of reference frames, as it happened with the small sphere and the 
dipole. The resulting Mueller matrix is shown in Figure 55. 

As in previous cases, the presence of an apparent circular birefringence manifests its effects by the 
lack of symmetry between the matrix elements of the Mueller matrix and also by the fact that the 
elements M23 and M32 are non-null. The presence of Mie resonances in the optical response of the 
sphere is also clearly visible by sharp features which are no more azimuthally symmetric in the reference 
system of the polarimeter. Interestingly, the presence of Mie resonances does not only induce linear 
birefringence, but also slightly modifies the angular distribution of the values of circular birefringence. 

Figure 56 shows the differential matrix associated to the Mueller matrix shown in Figure 55. As 
expected, this matrix confirms that the optical response of the sphere is characterized by a diattenuation 
which has a radial symmetry and that increases with the scattering polar angle. The fact that matrix 
elements m23 and m32 are non-null confirms the presence of circular birefringence in the optical response 
which is symmetric. 

 

Figure 56. Differential matrix in s-p coordinates of the forward scattered light by a big sphere illuminated at oblique 
incidence (𝜃௜௟ = 45°, 𝜑௜௟ = 0°). The element, M11, corresponds to the logarithm of the total, unpolarized, light 
intensity scattered by the sphere. 

The rich structure of the polarization response of the sphere is even better seen when the matrix 
elements of the differential matrix are combined to evaluate the TotalLD and the total linear 
birefringence as 𝑇𝑜𝑡𝑎𝑙𝐿𝐵 = √𝐿𝐵ଶ + 𝐿𝐵′ଶ . The interest of these two observables is that they are 
invariant under rotations, which means that they are not affected by the coordinate transformation used 
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to go from the coordinate axis of the particle and that of the polarimeter. The resulting values are shown 
in Figure 57.       

 

 

Figure 57. Rotation invariant observables related to the polarimetric properties of the big sphere illuminated at 
oblique incidence.  

The presence of Mie resonances is clearly seen by circular rings. They are not centered in the image 
because they have been projected from the coordinate frame of the particle to the coordinate frame of 
the polarimeter. Keeping this on mind it can be easily seen that the coordinate transformation preserves 
the physics of the scattering, i. e. the resonances as well as the overall optical response keep a circular 
symmetry respect of the axis of the illumination beam. When all the artifacts due to the coordinate 
transformation are considered, or even removed, the physics that can be explored from images taken 
with an illumination at normal incidence and with an illumination at oblique incidence are quite similar. 
The advantages of the images in oblique incidence are that the tilt of the illumination gives access to a 
range of angular coordinates that cannot be explored in normal incidence. Moreover, the fact of 
measuring the apparent circular birefringence can in some cases enhance information aspects related 
to the optical response of the sample that would be difficult to measure otherwise.  

The interest of measuring the circular birefringence is further discussed and illustrated in the 
following sections. The goal is to show the sensitivity of the angular distribution of the apparent optical 
activity to the shape of particles. 
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4.5. Vectorial polarimetry applied to characterize spherical and spheroidal 
particles 

Optical metrology is a technique concerning measurements using light to define the properties of 
the measured samples; dimensions, refractive indices, etc. with a high precision of micro- and nano-
meters. In this section, we show how the light scatters on spheres differently and how this difference 
affects their respective polarimetric response. In particular it is studied the influence of shape 
parameters on the angular distribution of the apparent optical activity measured at oblique incidence 
for a collection of spherical and spheroidal particles respectively. In the case of spheroidal particles, the 
origin of the apparent optical activity is the same as discussed in previous sections, the topological 
transformation from a given reference frame used to illuminate the particle to another one used to 
measure its optical response. 

The mathematical description of the optical response of a spheroid is more complicated than that 
of a perfect sphere and in the context of the present work it has not been possible to find a software 
package equivalent to the one used for spheres allowing to calculate the angular distribution of the 
electromagnetic beam scattered by a spheroidal particle. For that reason, it has not been possible to 
apply an analogue approach to that discussed in the previous chapter to obtain the Mueller matrix of 
the scattered light by an ellipsoid. In order to circumvent this problem an alternative solution has been 
found. The electromagnetic field scattered by a spheroidal particle with a given volume and aspect ratio 
has been calculated by directly solving the Maxwell equations using a finite element approach. According 
to this approach, the particle has been illuminated by a Gaussian beam with well-chosen physical size 
and temporal duration. The numerical approach called FDTD allow to evaluate the scattered field in the 
far zone and subsequently, to evaluate the Jones matrix associated to the particle. Once the Jones matrix 
was known a similar approach as the one discussed in previous sections has been performed to obtain 
the respective Mueller matrices and to derive the optical properties of the spheroidal particles.  

In the following a description of the procedure used to calculate the scattered fields from the 
particle using the FDTD approach is provided. Since the software package used to run the numerical 
calculations is a commercial software with its own conventions, special care is taken to describe how the 
fields provided by the software have been transformed in order to represent the case of a particle placed 
between two high-NA aperture objectives. Prior to the description of the study of the dependence of 
the optical response of the spheroidal particles on their shape, a short section is included to show a 
series of results used to benchmark the results obtained with the FDTD method and to prove that there 
are compatible with the results obtained in the basis of the exact Mie theory combined with the vectorial 
polarimetry approach.       

4.5.1. Finite-difference time-domain (FDTD) method 

In this section, it is discussed how the optical response of small spherical and spheroidal particles 
was modeled using a finite-difference time-domain (FDTD) method to solve the exact solutions of 
Maxwell’s equations. We use a commercial software package (Lumerical FDTD Solution, Inc., Canada). 
Since the theoretical models to explain the light scattering from spherical particles have been proposed 
in a far-field domain, which is introduced in the previous sections, we performed the FDTD modelling in 
far-field domain. To do so a Fourier transform of near-field is required. The procedure to retrieve the far 
filed components of the scattered field is schematically shown in Figure 58. 
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Figure 58. Schematics to illustrate the evaluation of the far-field scattered field from FDTD modelling. The near field 
is firstly calculated, and the far-field projection is performed to get the far-field 1 m far from an object. This far filed 
is equivalent to the one measured with the multimodal polarimeter in the Fourier imaging configuration. 

Since we have two different coordinates; (x, y, z) and (s, p) coordinates systems in the detector’s 
plane, shown in Figure 59, we need to consider whether the Mueller matrix is in the correct coordinates 
system. The (x, y, z) plane is presented as (U୶, U௬, U௭) coordinates and the (s, p) coordinates is shown 
as (U஘, Uம, U୰) in the detector’s plane. When we perform the FDTD modelling, two different linear 
polarized Gaussian beams are used to calculated Jones matrix of the sample. 

 

Figure 59. Two different coordinates systems in the detector’s plane, (a) the (x, y, z) coordinates, (b) the (s, p) 
coordinates. 

The first linear polarization state is parallel to the plane of incidence denoted as “p-pol” (along the 
x axis in the Figure 59) and the second polarization state is perpendicular to the plane of incidence 
denoted as “s-pol” (along the y axis in the Figure 59). In the numerical modelling, the far-field of the 
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specific direction of the electric field can be extracted. For example, when the p-polarization beam is 
launched, the far-field of 𝐸ሬ⃗ ୶,୮, 𝐸ሬ⃗ ௬,௣, 𝐸ሬ⃗ ௭,௣ can be extracted and also for the s-polarization beam; yielding 
𝐸ሬ⃗ ୶,ୱ, 𝐸ሬ⃗ ௬,௦, 𝐸ሬ⃗ ௭,௦. In this way, the Jones matrix in the (x, y, z) coordinates is intuitionally obtained as below 
equation, 

𝐉𝒙𝒚𝒛 = ൬
𝐽ଵଵ 𝐽ଵଶ

𝐽ଶଵ 𝐽ଶଶ
൰ = ൭

𝐸ሬ⃗ ୶,୮ 𝐸ሬ⃗ ୶,ୱ

𝐸ሬ⃗ ௬,୮ 𝐸ሬ⃗ ௬,ୱ

൱ (Eq. 107) 

However, in reality the commercial ellipsometry measurement is performed in the (s, p) 
coordinates system, considering the z axis component to the U஘ . The electric fields in the (x, y, z) 
coordinates can be transformed to the electric fields in the (s, p) coordinates through the simple rotation 
matrix. The description is illustrated in Figure 60. 

 

Figure 60. Description of the coordinate transformation from (x, y, z) to (s, p), (a) rotation along the polar angle, 𝜃, 
(b) rotation along the azimuth, . 

𝐸௣ and 𝐸௦ corresponds to the same direction along U஘ and Uம, respectively. Figure 60.a shows 
the rotation along the polar angle, 𝜃, which can be derived in the following equation, 

ቌ

𝐸௣ᇱ

𝐸௦ᇱ

𝐸௥ᇱ

ቍ = ൭
𝑐𝑜𝑠𝜃 0 −𝑠𝑖𝑛𝜃

0 1 0
𝑠𝑖𝑛𝜃 0 𝑐𝑜𝑠𝜃

൱ ቌ

𝐸௫

𝐸௬

𝐸௭

ቍ = ቌ

𝐸௫𝑐𝑜𝑠𝜃 − 𝐸௭𝑠𝑖𝑛𝜃
𝐸௬

𝐸௫𝑠𝑖𝑛𝜃 + 𝐸௭𝑐𝑜𝑠𝜃
ቍ (Eq. 108) 

Figure 60.b shows the rotation along the azimuth, , which can be derived in the following equation, 

ቌ

𝐸௣ᇱᇱ

𝐸௦ᇱᇱ

𝐸௥ᇱᇱ

ቍ = ൭
𝑐𝑜𝑠𝜑 −𝑠𝑖𝑛𝜑 0
𝑠𝑖𝑛𝜑 𝑐𝑜𝑠𝜑 0

0 0 1
൱ ቌ

𝐸௫𝑐𝑜𝑠𝜃 − 𝐸௭𝑠𝑖𝑛𝜃
𝐸௬

𝐸௫𝑠𝑖𝑛𝜃 + 𝐸௭𝑐𝑜𝑠𝜃
ቍ = ቌ

𝐸௫𝑐𝑜𝑠𝜃𝑐𝑜𝑠𝜑 − 𝐸௬𝑠𝑖𝑛𝜑 − 𝐸௭𝑠𝑖𝑛𝜃𝑐𝑜𝑠𝜑

𝐸௫𝑐𝑜𝑠𝜃𝑠𝑖𝑛𝜑 + 𝐸௬𝑐𝑜𝑠𝜑 − 𝐸௭𝑠𝑖𝑛𝜃𝑠𝑖𝑛𝜑

𝐸௫𝑠𝑖𝑛𝜃 + 𝐸௭𝑐𝑜𝑠𝜃

ቍ (Eq. 109) 

Finally, the corrected Jones matrix is derived in the (s, p) coordinates as below, 
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𝐉𝒔𝒑 = ൬
𝐽ଵଵ 𝐽ଵଶ

𝐽ଶଵ 𝐽ଶଶ
൰ = ൭

𝐸ሬ⃗ ௣ᇱᇱ,୮ 𝐸ሬ⃗ ௣ᇱᇱ,ୱ

𝐸ሬ⃗ ௦ᇱᇱ,୮ 𝐸ሬ⃗ ௦ᇱᇱ,ୱ

൱ (Eq. 110) 

, where the second letter of the subscript (s and p) refers to the polarization state of incident beam. 
The Mueller matrix can be easily transformed from the Jones matrix by the simple transformation rule.37 

Following this approach, the Mueller matrix of air which shows diagonal matrix (Figure 61) and the 
Mueller matrix of a glass substrate (n = 1.5 @ 533 nm, thickness 10 µm) which shows the linear dichroism 
on M12 and M13 (Figure 62) are calculated by the FDTD method. The divergence angle of the incident 
Gaussian beam is set as 40°. 

 

Figure 61. Mueller matrix of air (n = 1 @ 533 nm) in the (x, y, z) coordinates in the Fourier plane showing the diagonal 
matrix whose elements are 1. 



86  

 

Figure 62. Mueller matrix of a glass substrate (n = 1.5 @ 533 nm, thickness 10 µm) in the (x, y, z) coordinates in the 
Fourier plane showing the linear dichroism on M12 and M 13. 

To verify the diattenuation of the Mueller matrix of the glass substrate, which is evident on M 12 in 
(x, y, z) coordinates (Figure 63), we transformed the Mueller matrix from the (x, y, z) to the (s, p) 
coordinates.  

 

Figure 63. Comparison of M12 which is related to the linear dichroism between the air (a) and the glass substrate (b) 
in the (x, y, z) coordinates. 

Figure 64.a shows the M12 of the glass substrate (Figure 63.c) but in the (s, p) coordinates. The red 
arrow in the Figure 64.a presents the region of interest when we show the cross section of M 12 in Figure 
64.b along the polar angle, θ. Since we extract the far-field response of a single wavelength using the 
FDTD tool, the Muller matrix of FDTD can be partially coherent and they needed to be verified whether 
they can be comparable to the measurement data. Therefore, to compare and validate the FDTD 
modelling data with another commercial ellipsometry software (DeltaPsi2, DP2 from Horiba) and also 
with the measurement data of a glass substrate using the multimodal microscope, we plot the cross 
section of M12 as shown in Figure 65.  
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Figure 64. (a) M12 of the glass substrate (Figure 63.c) but in the (s, p) coordinates, the red arrow denotes the region 
of interest of the cross section of M12 in (b). 

 

Figure 65. The cross section of M12 of the glass substrate from the different modelling approaches and the 
measurement using the multimodal Muller polarimetric microscope. The black dashed line represents the 
measurement data using the polarimetric microscope. The blue, red, green dashed lines represent the modelling 
data from the commercial ellipsometry software (DP2) in a coherent condition (lc = 0.1 m) and the pink, orange, 
purple solid lines represent the data also from the DP2 but in an incoherent condition (lc = 2 µm). The blue, red, 
green solid lines show the modelling data from the FDTD which gives partially coherent result. 

The measurement in Figure 65 (black dashed line) is done in an incoherent condition since the 
coherence length of the measurement source (λ = 533 nm, Δλ ≈ 15 nm FWHM) is around 19 μm 

(𝑙௖ ≈ 𝜆ଶ

Δ𝜆ൗ ), while the thickness of the glass substrate is around 1 mm which is much longer than the 
coherence length of the source. This can explain “no ripples” on the measurement data. All the 
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modellings in Figure 65 are performed with different thicknesses of the glass substrate (t = 10 µm, 10.02 
µm, 10.04 µm). 

The blue, red, green dashed lines represent the modelling data from the DP2 in a coherent condition 
since the thickness of the glass substrate is much shorter (t = 10 µm) than the coherence length of the 
source (lc = 0.1 m), showing ripples. They also show the different optical responses (shift of ripples) 
depending on the thickness of the glass substrate because the thickness difference (0.02 µm) is also 
shorter than the coherence length. 

The pink, orange, purple solid lines represent the data also from the DP2 but in an incoherent 
condition, which is similar to the measurement condition, since the thickness of the glass substrate is 
much longer (t = 10 µm) than the coherence length of the source (lc = 2 µm) without any ripple, showing 
the same optical response regardless of the thickness of the glass. Therefore, these data can be 
comparable to the measurement results. 

The blue, red, green solid lines show the FDTD modelling data which are partially coherent by the 
ripples with small amplitudes. The reason that the data from the FDTD modelling show almost no 
difference, even the source look like partially coherent, can be explained that the mesh size of the 
calculation is 0.03 µm, the uppermost limit because of the limited computing power, which is slightly 
bigger than the thickness difference of the glass substrate (0.02 µm). That can also explain the slight shift 
in the position of the ripples between the different thicknesses of the glass substrate. Consequently, the 
FDTD modelling data can be comparable to the measurement data regardless of the thickness change 
of the glass substrate. 

After the simple verification of the FDTD modelling of the glass substrate in a monochromic 
wavelength (533 nm) using the different technics in a normal incidence but with a divergence angle of 
the incident Gaussian beam as 40°, the detailed benchmarking using the commercial ellipsometry 
software is done with more complex structures such as a c-Si substrate, a c-Si substrate covered with 
SiO2 layer, SiO2 gratings on the c-Si substrate in a different azimuth (Figure 66) to test a behavior in 
oblique incidences. For the SiO2 gratings, we used an additional commercial tool called Rsoft Full WAVE 
FDTD. 

 

Figure 66. Modelling structures; a c-Si substrate in x-z view (a), a c-Si substrate covered with SiO2 layer in x-z view 
(b), SiO2 gratings on the c-Si substrate in a different azimuth in x-y view (c - f). 
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Since we want to validate the behavior in multi-oblique incidences, the divergence angle of incident 
beam is limited as 4° which is the same condition as the measurement system and we perform the 
modelling in multiple angle of incidences (AoI) from 0° to 50° with a step of 10° as shown in Figure 67. 

 

Figure 67. Total intensity, M11, of the Mueller matrix in the Fourier plane in the (s, p) coordinates of air calculated 
from FDTD method in a different angle of incidence (AoI). 

Figure 68 to Figure 73 show the full Mueller matrix results from the different modelling approaches 
which correspond to the structures presented in the Figure 66.  

 

Figure 68. Full Mueller matrix of a c-Si substrate in the function of angle of incidence from the FDTD method and 
the commercial ellipsometry software called delta-phi 2 (DP2). 



90  

 

Figure 69. Full Mueller matrix of a SiO2 layer on a c-Si substrate in the function of angle of incidence from the FDTD 
method and the commercial ellipsometry software called delta-phi 2 (DP2). 

 

Figure 70. Full Mueller matrix of a SiO2 gratings on a c-Si substrate in 0° of azimuth in the function of angle of 
incidence from the FDTD method, the commercial ellipsometry software called delta-phi 2 (DP2), and the 
commercial FDTD method called Rsoft FullWAVE FDTD. 
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Figure 71. Full Mueller matrix of a SiO2 gratings on a c-Si substrate in 10° of azimuth in the function of angle of 
incidence from the FDTD method, the commercial ellipsometry software called delta-phi 2 (DP2), and the 
commercial FDTD method called Rsoft FullWAVE FDTD. 

 

Figure 72. Full Mueller matrix of a SiO2 gratings on a c-Si substrate in 45° of azimuth in the function of angle of 
incidence from the FDTD method, the commercial ellipsometry software called delta-phi 2 (DP2), and the 
commercial FDTD method called Rsoft FullWAVE FDTD. 
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Figure 73. Full Mueller matrix of a SiO2 gratings on a c-Si substrate in -45° of azimuth in the function of angle of 
incidence from the FDTD method, the commercial ellipsometry software called delta-phi 2 (DP2), and the 
commercial FDTD method called Rsoft FullWAVE FDTD. 

Since the results from the commercial ellipsometry software (DeltaPsi2, DP2 from Horiba) and the 
commercial FDTD tool (Rosft FullWAVE FDTD) show good agreement with the results from the FDTD 
modelling, we conclude that the FDTD modelling that we developed to calculate the image of the 
Mueller matrix works well in a multiple angle of incidence condition. The reason that some mismatch of 
the datapoint at 0° of AoI can be from the coordinate transformation since we extracted the central 
datapoint from the detected beam. This is not a serious problem since our main interest will be to 
analyze the results in oblique incidence condition. 

4.5.2. Sample preparation 

In this section, we show the way to prepare the sample of spheres on glass substrate to apply the 
approaches which are introduced in the previous sections (FDTD modelling and measurement). For the 
exact structure of spheroid on modelling.  For this experience latex spheres of radius, r = 5 µm, and of 
refractive index, n = 1.59 have been selected. The spheres are deposited on a glass substrate and baked 
over 200 °C with the time step of ~30 seconds, so that different degrees of melting are achieved (Figure 
74). To verify the exact dimension of the melted structures, we measure them with an atomic force 
microscope (AFM) as shown in Figure 75. 
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Figure 74. Microscopic images and melting models in the function of heating time using latex spheres with r = 5 µm, 
n = 1.59. 

 

Figure 75. AFM images of Melted 1 (a) and Melted 2 (a) structures from the Figure 74, cross sections of the structures 
correspond to the orange and blue solid line on the AFM images, and the final drawings of the modelling structures 
for the FDTD modelling. 

4.5.3. Measurement and modelling 

Figure 76 shows the images of the full Muller matrix from the measurement of non-melted spherical 
particles and Figure 77 shows the images of the full Muller matrix from the FDTD modelling of a non-
melted single spherical particle. The modelling data and the measurement data are both in the Fourier 
plane, and the maximum apertures are both at ~45° of polar angle. 

At a normal incidence (Figure 76.a and Figure 77.a), the linear dichroism is observed in the 
simulated data (M21, M31) but not in the measurement data. This can be discussed when we explain 
Figure 78.b. At an oblique incidence (Figure 76.b and Figure 77.b), the linear birefringence is apparently 
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observed (M32, M23) in both modelling and measurement data. It is evident that this birefringence comes 
from the effect originated from a single particle since the modelling is performed with a single particle. 
As we mentioned previously, when samples are illuminated at oblique incidence, the effect of a 
topological phase becomes visible. The topological phase creates an apparent circular birefringence 
which causes the elements M23 and M32 of the Mueller matrix to be non-null. 

 

Figure 76. (a) Measured Mueller matrix by multimodal polarimetric imager of the forward scattered light by a big 
sphere illuminated at normal incidence (θil=0°, φil=0°) in s-p coordinates, (b) measured Mueller matrix by multimodal 
polarimetric imager of the forward scattered light by a big sphere illuminated at oblique incidence (θil=30°, φil=0°) 
in s-p coordinates. All the matrix elements have been normalized respect to the element, M11, which corresponds 
to the total unpolarized light intensity scattered by the sphere. 
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Figure 77. (a) Calculated Mueller matrix by FDTD modelling of the forward scattered light by a big sphere illuminated 
at normal incidence (θil=0°, φil=0°) in s-p coordinates, (b) calculated Mueller matrix by FDTD modelling of the forward 
scattered light by a big sphere illuminated at oblique incidence (θil=30°, φil=0°) in s-p coordinates. All the matrix 
elements have been normalized respect to the element, M11, which corresponds to the total unpolarized light 
intensity scattered by the sphere. 
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Following the same approach as in previous sections, the Mueller matrices, either measured 
experimentally or simulated are decomposed using the logarithmic decomposition method to 
disentangle the optical properties. In that way the values of the linear dichroism, LD, linear birefringence, 
LB, and circular birefringence, CB, can be treated independently without ambiguities.  

In Figure 78.a, we plot the CB along the azimuth from 0° to 180° at the fixed polar angle at 30° with 
CB from the calculated topological (or geometric) phase (pink solid line) from the Mie model of the small 
particle (d=1 nm) and the FDTD modelling (blue solid line) of the big particle (d=10 um), and the 
measurement of non-melted particles (d=10 um) at an oblique incidence (θil=30°). The measurement 
was done using the different sources; a LED with a spectral filter 533 nm (black solid line) and a Laser 
with the wavelength of 532 nm (red solid line). Although the measured data are noisy especially using 
the laser source, the comparison of measured to simulated data shows good agreement. Figure 78.b 
shows the trace of LD measured with an illumination at a normal incidence along the polar angle. Since 
the Mie scattering occurs depending on the micrometric particle’s size, which was discussed in the 
section 1.1.3., the coherent FDTD modelling can show the agreement with the result of the 
measurement using the coherent laser source (laser). However, the use of coherent source brings 
practical technical problem on the in-house instrument in terms of dusts, fringes, calibration, so it needs 
to be further studied. 

 

Figure 78. (a) Trace of CB along the azimuth at the fixed polar angle at 30° in an oblique incidence (AoI = 30°) from 
the FDTD modelling (blue solid line) and the geometric phase modelling (pink solid line) and the measurements 
using different types of sources; LED (black solid line) and Laser (red solid line), (b) trace of LD along the polar angle 
at the fixed azimuth at 0° in a normal incidence from the FDTD modelling (blue solid line) the measurements using 
LED (black solid line) and Laser (red solid line). 

Figure 79 shows the trace of CB (after the differential decomposition) along the azimuth from 0° to 
180° at the fixed polar angle at 30° which is the same as the angle of incidence. Figure 79.a represents 
the evolution of CB depending on the degree of melting of the spheroid particles, which means the 
birefringence originated from the geometric phase comes from the spherical shape of the particles; and 
the latter decreases as the particles become flat. Figure 79.b and Figure 79.c present that the 
measurement and the modelling show good agreement in terms of the shape of the spheroidal particle. 
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Figure 79. (a) Trace of measured CB along the azimuth at the fixed polar angle as AoI = 30°, (b) trace of CB for non-
melted particle from the measurement and the FDTD modelling, (c) trace of CB for Melted 1 particle from the 
measurement and the FDTD modelling, (d) trace of CB for melted 2 particle from the measurement and the FDTD 
modelling. 

4.6. Conclusion 

In this chapter, we have shown the scattering configuration in a normal and an oblique incidence 
to explain the vectorial ray tracing for the multimodal polarimeter with high NA objectives. We 
illustrated the effect of the interaction of the focused beam with a single dipole, showing that the 
logarithmic decomposition works well to disentangle the polarimetric properties. 

Afterwards, we applied this concept to the real measurement of spherical and spheroidal particles 
in the Fourier plane. Moreover, the FDTD method to calculate the Mueller matrix in an oblique incidence, 
which we develop, is successfully demonstrated in the proper reference frame like the polarimeter by 
benchmarking other commercial ellipsometry software. 

We finally concluded that the polarimetric imaging in an oblique incidence gives more sensitivity 
giving an access to apparent optical responses such as topological phases which can be related to 
geometric phases. These phases depend on the form of the spheroidal particle, which can be applied to 
an optical metrology in the future. 

For the perspectives, the control of the temperature on the deformation of spherical and spheroidal 
particles can be enhanced quantitively using the transparent electrodes. The further studies on the 
topological phases can be done to apply this technique in the various area not only biomedical imaging 
application but also any application involving microparticles; varying sizes and shapes of radiative 
transport in meteorology for climate prediction, pollutant detection, or assessment of the visual 
appearance of materials (optical metrology).  
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Chapter 5. 
Imaging of complex media and biomedical tissues 

 

Contents 
 

5.1. Introduction ........................................................................................................... 99 

5.2. Anisotropic turbid media: Scotch tape analysis .................................................... 99 

5.2.1. Sample description .............................................................................................. 100 

5.2.2. Results ................................................................................................................. 101 

5.3. Ex-vivo analysis ..................................................................................................... 107 

5.3.1. Human basal tissues ........................................................................................... 107 

5.3.1.1. Sample description and results .................................................................... 107 

5.3.2. Artificial tissues .................................................................................................. 114 

5.3.2.1. Sample description and results .................................................................... 114 

5.4. Conclusion ............................................................................................................. 120 

 

This chapter shows the application of the multimodal Muller polarimetric microscope for an imaging of 
complex media such as biomedical tissues since the biomedical tissues show the scattering with the 
polarimetric properties such as depolarization and birefringence. Firstly, the system is tested in 
transmission mode with anisotropic turbid media; semi-transparent rough stretched plastic sheets called 
Scotch® magicTM tape, applying the differential decomposition of the measured Mueller matrices. The 
validation of the system that the polarimetric data extracted from the measured Mueller matrix of the 
plastic tape with the different configurations is published in a peer-reviewed journal68. Following the 
same approach with the plastic tape with differential decomposition, we perform an ex-vivo analyses of 
the different types of biomedical tissues such as human basal tissues and artificial tissues thanks to the 
international collaborations to verify whether the biomedical tissues follow the mathematical model of 
the differential decomposition. We also proposed practical way to enhance the contrast of the 
polarimetric images by eliminating the effect of the inhomogeneous thickness, which can be simply 
applied. These analyses can pave the way, giving the possibility to use the Mueller matrix polarimeter to 
offer polarimetric indicators to distinguish abnormal pathological changes of the biomedical tissues. 
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5.1. Introduction 

In general, natural and manmade scattering media exhibit polarization and depolarization properties. In 
such media, both properties manifest themselves simultaneously in an entwined way, and they evolve 
differently with the thickness of the sample. In this section, we present major optical responses from 
the biological tissues; the depolarization and polarization properties. The scattering induces the 
depolarization which originates from light that has been multiply-scattered inside the sample, whereas 
polarization (mainly linear birefringence) is created by aligned fibers made of long anisotropic molecules 
such as collagen, in the tissue. For this reason, studying the biological tissue with polarized light may 
bring important information on the optical properties of tissues.89,90 The evolution of these properties 
with the disease (e.g., inflammation, degeneration, cancer, etc.) suggests using them for diagnostics in 
clinical settings. However, before using these optical parameters as disease markers one needs (i) to 
understand the fundamental processes of interaction of polarized light with tissue and (ii) to find the 
optimal marker (or combination of markers) which will increase the accuracy of diagnostics. 

5.2. Anisotropic turbid media: Scotch tape analysis 

Our first goal to study the biological tissues was to study the influence of sample thickness on the 
polarization and depolarization properties of light when it propagates through of uniform anisotropic 
turbid media using transmission Mueller matrix polarimetry. For the purposes of the studies carried out 
with the multimodal polarimetric imager, we consider that in such media, light is mainly scattered inside 
the bulk of the material and the effects of the surfaces are not considered. Since the instantaneous 
direction of propagation and the polarization of light change after each scattering event, each photon of 
the illuminating light beam emerges from the sample with a trajectory, and a polarization state that can 
be very different from those of the other photons in the same beam. The physical properties of the 
sample can strongly influence both, the rate of change of polarization of photons propagating inside it, 
and the angular distribution of polarization states of the light emerging from it. 

As a preliminary model of the samples representing anisotropic turbid media, rough stretched 
plastic sheets, Scotch® magicTM tape, are used showing the retardance and the depolarization (Figure 
80). The plastic sheets are stacked in different orientations to create different distributions of form 
birefringence, which in turn give rise to different polarimetric properties such as linear (0° - 90°, 45° - 
135°) and circular birefringence. We show that the dependency on the values of the polarization and 
depolarization properties follow the theory of the fluctuating medium model, formulated in the 
framework of the differential Mueller matrix formalism, which was explained in the section 2.4.3. These 
results are used as a validation of the polarimetric imager to show the interest of transmission Mueller 
matrix polarimetry to characterize samples showing scattering, which can be typically found in the 
biomedical tissues. 
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Figure 80. The rough stretched plastic sheets have the polymer chain that they show the fast axis and the slow axis 
generating the linear birefringence. They also make the depolarization by scattering. 

5.2.1. Sample description 

As discussed in the previous section, all samples are produced by stacking on glass substrates, a few 
scotch tape films cut in rectangular strips to control the path length of the light. They show moderate 
linear retardance that can be used to control polarization properties, it is an affordable standardized 
material, because it has a roughened surface that efficiently scatters light, giving to the tape films a 
glossy aspect. In a preliminary study it was found that the linear birefringence on a single film was 
approximately oriented along the strip axis of the films. For clarity, the birefringence axes of individual 
films and the geometrical axes of tape strips have been indicated by dashed lines and solid lines, 
respectively, in the schemes shown in Figure 81. 

 

Figure 81. Different types of unit blocks of rough stretched plastic sheets stacked up in various azimuth orientations 
of unit block with 2 layers (a, b), unit block with 3 layers (c), unit block with 4 layers (d), with the solid lines for 
geometrical axes of tape strips and the dashed lines for birefringence axes. 
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A single film behaves as a depolarizing linear waveplate, and therefore it shows LB when observed 
individually. By stacking the films according to different directions, it is possible to artificially create a 
sort of “form birefringence” which results in non-null LB, LB’ and CB. Since our goal was to study a 
maximum number of polarization properties (not only LB) to validate theoretical predictions, we 
fabricated four types of samples arranging the tape films according to different patterns as shown in 
Figure 81. Sample 1, (Figure 81.a) was made by stacking the films in successive “unit blocks”. Each block 
consisted of two crossed films. Sample 1 is expected to show depolarization and no net retardance 
because the retardation produced by the first film in each unit block, is compensated by the retardation 
created by the second film in the same unit block. The second type of unit block used in sample 2, (Figure 
81.b), was made of 2 layers with their axes oriented at an angle of 45° to each other. This type of block 
is expected to create LB, LB’, CB properties, and depolarization. The first film in each block contributes 
to LB, the second one to LB’ and the fact that each block has a chiral structure, lack of simultaneous 
vertical and horizontal symmetry planes, contribute to the generation of CB. The third type of unit block, 
sample 3, shown in Figure 81.c, consisted of 3 layers. Two of them, the first and the third ones, were 
vertically oriented, whereas the second layer was horizontally oriented. Sample 3 is expected to show a 
net LB, because the retardation produced by the first and the third layers of each block can only be 
partially compensated by the second film of the block. The last type of unit block, shown in Figure 81.d, 
consists of 4 layers piled-up according to a helical pattern. Each layer in the block is oriented at an angle 
of 45° respect to the layers on top and beneath of it. Since the linear retardation of the first layer in each 
block is compensated by that of the third one, and the retardation of the second layer in the same block 
is compensated by the fourth one, sample 4 is expected to show depolarization and CB, because each 
block has a chiral structure. The “rightness” or the “leftness” of the spiral structure determines the sign 
of the CB. 

5.2.2. Results 

The four samples were measured in both, the real and Fourier planes. The measurement process started 
with the bare glass substrate, then for each sample, one “unit block” was stacked and the sample 
measured again, in the real and Fourier planes respectively. Once the sample was measured, another 
“unit block” was added and the measuring process was successively repeated. An increase of the number 
of “unit blocks” was accompanied by an increase of light scattered by the sample, resulting in a decrease 
in the signal detected by the camera in both measuring configurations, real and Fourier plane imaging. 
Therefore, the number of “unit blocks” was increased until the signal level measured by the CCD, was 
high enough to produce polarimetric data with accuracy better than 1 %. Each experimental Mueller 
matrix in either, the real or Fourier plane and the corresponding differential matrices Lm and Lu, were 
extracted. 

According to an optical configuration of the microscope, images in the real plane allow the study of 
the spatial distribution of the sample properties with a lateral resolution below 1 µm. On the other hand, 
images in the Fourier plane allow studying the angular distribution of polarized light with a polar and 
azimuthal resolution better than 0.1°. However, since in this study we are interested in exploring the 
dependence of the global properties of the sample instead of either, spatial-resolved or angular-resolved 
ones, we average the information on all pixels of a given polarimetric image to obtain a single, global, 
Mueller matrix. In a polarimetric image, each pixel is associated to an individual Mueller matrix. Since 
the camera used had 800 * 600 pixels, a polarimetric image contains 240,000 pixelated Mueller matrices! 
When it comes to average multiple Mueller matrices it is important to consider the specific “weight” of 
each one to make that the averaged matrix be physical, and to retain the main properties of the sample. 
The relative weight of each Mueller matrix is given by the value of the corresponding matrix element 
M11, which is related to the total intensity of light impinging on each pixel of the detector. The intensity 
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distribution of images recorded in the real plane is very different than that of images measured in the 
Fourier plane. For illustration purposes, Figure 82 shows the Mueller matrix element M11 obtained from 
images of the same sample taken in both, the real and Fourier planes. 

 

Figure 82. Images of the Mueller matrix coefficient M11 (a, c), and degree of polarization (b, d). Images a), and b) are 
taken in the real plane and images c) and d) in the Fourier plane. All images are taken from the sample 2 (Figure 
81.b) with 3-unit blocks. 

In the real plane, the intensity shows a rather uniform distribution with random fluctuations around 
a given mean value. In the Fourier plane, light intensity shows a non-uniform distribution. At low polar 
angles, the intensity is very high, whereas at higher polar angles, it decreases considerably. Figure 82 
also shows the degree of polarization associated with the two M11 elements shown in the same figure. 

The degree of polarization is defined here as the norm of the depolarization factors, ටఈభ
మାఈమ

మାఈయ
మ

ଷ
, 

deduced from the logarithmic decomposition. In both cases, the real and Fourier planes, the degree of 
polarization is correlated to the values of the matrix element M11. According to the characteristics of the 
sample, it is plausible that pixels showing high values of the element M11 are illuminated with mostly 
non-scattered light, while pixels showing low values of the element M11 values are illuminated with 
scattered light. Accordingly, pixels illuminated with direct light show a polarization degree higher than 
pixels shined with scattered light. For instance, in Figure 82.c, non-scattered light falls in the center of 

the Fourier plane (polar angle around 8°) and the scattered rays which exhibit depolarization are in the 
corner of the Fourier plane. Figure 82.d shows the depolarization corresponding to Figure 82.c. In the 
zone of the image corresponding to non-scattered rays, the depolarization coefficients are close to zero, 
that is, the light is fully polarized. The rays which undergo multiple scattering shows higher 
depolarization coefficients than those of specular region. 

Averaging the information contained in all pixels of a polarimetric image into a single matrix can be 
compared with what would happen if the CCD camera in the above described instrument was 
substituted by a punctual detector. In that case, all rays captured by the optical system coming from 
different parts of the sample with possibly different polarization states, would converge into a single 
detector and their respective contributions would sum incoherently to create a partial polarized beam. 
The sum of light rays would be weighted in the real system by their respective intensity in the same way 
as the Mueller matrices of each one of the pixels were averaged in our experiment to study the global 
properties of the sample. Averaging the information of all the pixels implies a loss of information related 
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to the bi-dimensional distribution of light in the surface of the CCD detector. The bi-dimensional 
distribution is what makes the difference between the real plane image and the Fourier plane image. 
Since the collection mode (i.e. the type of image) does not affect the optical properties of the sample, 
when the bi-dimensional information is collapsed in a single point, the information about the sample 
brought by an image in the real plane and another image in the Fourier plane must coincide. If the 
polarimetric microscope has been properly built, no information should be lost or modified when 
switching between the real and Fourier planes. Therefore, if the result of averaging the Mueller matrices 
from an image in the real plane is equivalent to averaging the Mueller matrices from an image in the 
Fourier plane, can be considered as an indication that the optical system works correctly. To quantify 
the global value of the polarimetric properties and the depolarization, we decomposed the averaged 
Mueller matrix and we extracted the value of the birefringence (LB, LB’ and CB) and the depolarization 

coefficients (α1, α2 and α3) as a function of the number of unit blocks present in the sample. For 
illustrative purposes, Figure 83 shows the three birefringence properties, and the three depolarization 
coefficients extracted from an image taken from sample 3 (three-unit blocks) in the real plane. 

 

Figure 83. Images of the birefringence properties LB (a), LB’ (b) and CB (c) and depolarization coefficients α1 (d), α2 

(e) and α3 (f). The images were extracted from the polarimetric image of the sample 3 (Figure 81.c) with 6-unit 
blocks in the real plane. 
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Figure 84 shows the three birefringence properties, and the three depolarization coefficients 
extracted from an image taken from sample 3 (three-unit blocks) in the Fourier plane. Despite of the fact 
that the polarimetric information is displayed differently, depending on the optical plane imaged, the 
averaged images show equivalent information as will be discussed in what follows. 

 

Figure 84. Images of the birefringence properties LB (a), LB’ (b) and CB (c) and depolarization coefficients α1 (d), α2 

(e) and α3 (f). The images were extracted from the polarimetric image of the sample 3 (Figure 81.c) with 6-unit 
blocks in the Fourier plane. 

The results for sample 1 are shown in Figure 85.a and e. As expected, no global retardation is 
observed, neither in the real nor the Fourier plane because of compensation of vertical and horizontal 
orientations, and only depolarization is apparent. A parabolic fitting of the depolarization coefficients as 
a function of unit blocks shows a quadratic dependence, in perfect agreement with the theoretical 
predictions. The error bars correspond to the standard deviation of the spatial distribution. No significant 
differences were found between the results obtained from measurements in the real and Fourier planes, 
as expected. 
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The polarimetric properties of sample 2 are shown in Figure 85.b and the corresponding 
depolarization factors in Figure 85.f. The sample shows both, LB and LB’, which show a linear 
dependence with the number of unit blocks. A linear fit of the data shows a perfect agreement with the 
theory. The fact that the slope of the regression corresponding LB’ is much smaller (0.02 rad/block) than 
that corresponding to LB (0.25 rad/block) indicates that the retardation axis was not perfectly oriented 
with the reference frame of the microscope. Since the tape strips were well aligned with the microscope 
frames during measurements, we explain the non-null values of LB’ as a misalignment between the 
retardation axis and the geometrical axis of the tape strips. This angle can be estimated from the 

expression, 0.5 × tan−1(LB’/LB), to be 5°. From the slopes of the regressions corresponding to LB and LB’, 
it is possible to deduce a retardation of 0.26 rad/block using the following formula; Total LB =

√LBଶ + LB′ଶ, where Total LB stands for linear retardation. Since only one of the three tapes in the unit 
block contributes to the retardation, it is possible to deduce that the retardation of a single tape strip to 
be 0.26 rad, and since the thickness of a single tape sheet is 60 µm, it is possible to estimate the 
birefringence of the tape to 0.00038 at a wavelength of 550 nm using the well-known relation; ret = 

2πΔnd/λ, where ret stands for retardance, d, sample thickness, λ, the wavelength of light, and, Δn, the 
birefringence. The depolarization coefficients were fitted assuming a parabolic dependence. The good 
agreement between experimental and fitted data proves the quadratic dependence of depolarization 
parameters with the number of unit blocks. 

Sample 3 shows the richest polarimetric response since the three birefringence properties LB, LB’ 
and CB, are non-null. From the data in Figure 85.c it is possible to see a linear dependence of the three 
birefringence properties with the number of unit blocks. The results are equivalent for data obtained in 
the real and Fourier planes. Indeed, if the alignment of the retardation axis of tape strips respect to the 

polarimeter reference frame was perfect, i.e. 0° for the first strip in the unit block, and 45° for the 
second strip in the same block, both LB and LB’ values and regression slopes must be identical, however, 
the fact that the slope of regressions corresponding to LB and LB’ is different, can be explained, as for 
sample 2, because of the slight misalignment between the retardation axis and the cut direction of each 
tape strip. 

Concerning depolarization coefficients, shown in Figure 85.g, they show a clear quadratic 
dependence with sample thickness, i.e. with the number of unit blocks stacked in the sample. The 
quadratic dependence is confirmed by the good agreement of data fitted with a parabolic model. 
Because of the helical structure of the pile of tape strips in sample 4, only CB is noticeable with very 

weak LB and LB’. Since the angle between two consecutive tape strips in the same unit block is 45°, the 
same as it happens in sample 3, the rotatory power of both samples is the same. 

Sample 4 does show a very low, almost non-measurable, values of LB and LB’ because of the mutual 
compensation of those properties by the four strips in the same block. Despite of being small, LB and LB’ 
are non-null because the helical structure is not continuous but made by discrete steps. The dependence 
of CB with the number of unit blocks is linear, as can be seen from the good agreement between the 
experimental values and the fitted linear regression. Sample 4 also shows depolarization, because of 
scattering occurring in each tape strip. As can be seen in Figure 85.h the dependence of depolarization 
with sample thickness, is quadratic, since the fit of experimental data to a polynomial function of order 
2 provided a very good agreement. 
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Figure 85. Comparison of the dependence of the polarization and depolarization properties with sample thickness 
in the real and Fourier planes for samples 1 (a, e), sample 2 (b, f), sample 3 (c, g) and sample 4 (d, h). Panels a, b, c 
and d correspond to polarization properties whereas panels e, f, g, and h correspond to depolarization coefficients. 
In panels a, b, c, and d, the dependence of the properties LB, LB’ and CB are plotted in black, red and blue, 
respectively. In all panels, solid symbols represent properties from images in the real plane whereas open symbols 
correspond to properties from images in the Fourier plane. 
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5.3. Ex-vivo analysis 

After the validation of the system both in the real and the Fourier plane with a proper model with the 
rough stretched plastic sheets as the artificial anisotropic turbid media, the system was further applied 
to the analysis for biological tissues. An ex-vivo analysis is the first step to an in-vivo analysis as an 
eventual objective of this analysis. In this section, we present several types of biological tissue including 
human basal tissues, artificially grown tissues, and human corneal tissues. Tissues were provided by 
different partners from the Bulgarian Academy of Sciences and the Max Planck Institute in Germany. 

5.3.1. Human basal tissues 

In the context of the collaboration with the Bulgarian Academy of Sciences, human basal tissues with 
different nominal thickness have been measured. We analyze the polarization and the depolarization 
properties of the human basal tissues verifying whether they follow the fluctuating medium model after 
the logarithmic decomposition likewise the plastic sheets measurement. After that, we measured the 
specific spot which contains a cancerous tissue called basal cell carcinoma (BCC) and a normal tissue to 
analyze in an image point of view. 

5.3.1.1. Sample description and results 

The samples are prepared by a specialized pathologist to cut in different thickness and marked with the 
corresponding thickness. They are paraffinized before cutting and deparaffinized after cutting. We received the 5 
different samples prepared with a histological cut each, the difference between samples was the nominal thickness 
of the cut which was 5, 10, 16, 20 and 30 µm respectively. In Figure 86 the five samples are shown. Images were 
taken with a mobile phone camera with an illumination consisting on white unpolarized light. The samples show a 
white color because multiple scattering in the Mie regime and because they weren’t colored with a dye. 

 

Figure 86. Histological cuts of studied samples with the nominal thickness. 

A key point to verify if the polarization and depolarization properties from the five samples above 
mentioned follow the predictions of the random fluctuation model, it is of prime importance to be sure 
of the real thickness of the samples. Therefore, the first step consisted in the measurement and 
characterization of the profile and the thickness of the five samples using a conventional mechanical 
profilometer. The goal was to verify that the real thickness of the samples was compatible with their 
respective nominal thickness. The second step consisted on measuring each sample and to obtain 
averaged values of the polarization and depolarization properties in an area of the sample where the 
thickness can be considered as constant. The finals step consisted on plotting the averaged value of the 
polarization and depolarization properties as a function of the thickness retrieved with the profilometric 
analysis for each sample and to study the dependence of those values with the thickness of the samples. 
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In the following the results obtained for each one of the above-mentioned steps are discussed in 
detail. 

5.3.1.1.1. Profile analysis 

The optical properties vary with sample thickness which is directly related to an optical path length in 
transmission configuration. Therefore, the precise thickness of the sample must be known for a correct 
assessment of the dependence of optical properties on thickness. To ensure whether the actual 
thickness is matched with the nominal thickness, we used a stylus profilometer (Bruker DektakXT) to 
measure the actual thickness of the samples. A fixed stylus follows the relief of the sample, positioned 
on the moving stage. As it is a contact measurement, the stylus detects the surface profile along the scan 
line directly. To measure the thickness of studied samples, a reference’s surface (e. g. bare glass) should 
be included on the both sides of the tissue sample in the whole measurement area. The number of depth 
scans for a generation of the 3D image was set to 10, and the length of each scanned line was set to 500 
μm, i.e. comparable to the FoV of Mueller microscope as shown in Figure 87. The resulting 3D image 
from one of the samples provides the information on homogeneity and uniformity. The values on each 
step have averaged each other to get the single cross section of the sample profile (Figure 88). 

 

Figure 87. The studied samples are measured by the profilometer in the direction of the arrows with the 50 µm of 
10 vertical steps. The areas highligned in red on the surface of each one of the samples corresponds to the area 
where the mechanical measurements were taken. Each sample was measured at two different points in order to 
check for possible variations of thickness and lack of homogeneity. 
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Figure 88. 3D profile image from one of the samples (spot 5B in the Figure 87) measured by the stylus profilometer 
(Bruker DektakXT). The inset shows a single cross-sectional plot by averaging each step (10 step in total). 

Figure 89.a and c show the microscopic images of the samples. The highlighted regions of interest 
(ROI) with a yellow rectangle correspond to each spot in the Figure 87. We measured the 3d profile at 
those regions of interests using the profilometer and all the measurement steps are averaged by the 
same approach shown in Figure 88 to have the single cross-sectional plot on each spot. Figure 89.b and 
d show this averaged cross-sectional plot with their mean values and standard deviation (SD) on the top 
of each plot. 
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Figure 89. a, c) The microscopic images of the spots in Figure 87. The highlighted ROI (yellow rectangle) is measured 
with the profilometer, b, d) mean value of 10 steps of the scan by profilometer at each ROI. The mean value and the 
SD of the selected region (yellow color) is presented on the top of each plot. 
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Figure 90. The mean values and the standard deviations which are represented in the Figure 89 are illustrated. 

The mean values and the standard deviations (length of the error bars) for each measured region 
are plotted in Figure 90 against the corresponding nominal values. It was found that the nominal 
thickness was over estimated respect to the real thickness (almost by a factor 5!). Moreover, it was 
found that in some cases the nominal and the real thickness were not correlated. This is the case of 
samples with nominal thickness 16 and 20 µm respectively, for which the real thickness resulted to be 
almost 3µm for each one. Finally, it was also found that the thickness of the areas of the samples labelled 
as “A” showed better proportionality respect to the real thickness than the areas labelled as ”B”. 
Therefore, for this reason, we selected areas labelled as “A” to perform the thickness dependent analysis 
of the optical data as described in the following section. 

5.3.1.1.2. Thickness dependent analysis 

The differential decomposition of the Mueller matrices is done and Figure 91 shows the total linear 
birefringence, Total LB, in the function of the measured thickness from the set of A parts (5A, 10A, 16A, 
20A, and 30A) of selected ROI at each sample. The polarization property such as Total LB shown in Figure 
91.a is linearly proportional to the measured thickness with the linear fit (dotted lines with the same 
color). The depolarization coefficients ( 𝛼ଵ, 𝛼ଶ, and 𝛼ଷ ) shown in Figure 91.b are parabolically 
proportional to the measured thickness with the parabola fit (dotted lines with the same color). The 
absolute values of each depolarization coefficients follow the order of |𝛼ଵ| > |𝛼ଶ| > |𝛼ଷ|, this optical 
response can be further studied in terms of the depolarizing orientations. It is clear that the linear 
dependence with polarization properties (Total LB) and the parabolic dependence with the 
depolarization properties (𝛼ଵ, 𝛼ଶ, and 𝛼ଷ) show a good agreement with the logarithmic decomposition 
theory. 
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Figure 91. a) The total linear birefringence, Total LB, is linearly proportional to the measured thickness, b) the 
depoarization coefficients are parabolically proportional to the measured thickness after the differential 
decomposition of the measured Mueller matrices. 
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5.3.1.1.3. Removal of thickness effect 

If we know the real thickness of the sample, we can use the differential decomposition to see the 
different behavior depending on the different type or illness of the sample. However, if we are not sure 
about the thickness or if the sample is not homogenous, we cannot use this protocol to analyze the 
sample. We try to eliminate the effect of thickness by dividing the logarithmic of the transmittance of 
the sample based on a Beer-Lambert law. We focus on a spot which contains both cancerous and normal 
types of skin as shown in Figure 92, and the Mueller matrices of each spot are decomposed with the 
differential decomposition. Since the polarization properties (birefringence for this sample) are linearly 
dependent on the thickness and the thickness or optical path length is proportional to the ln(M11), we 
can remove the thickness dependency of the polarization properties. For the depolarization properties 

(the depolarization coefficients; α1, α2, and α3) 

 

Figure 92. Microscopic images from one of the studied sample including both the BCC area and the healthy area. 

 

Figure 93. Image of the Total LB and the depolarization coefficients on the spot shown in the Figure 92. a) the 
untreated images after the differential decomposition, b) the treated images which are divided by logarithmic of 
intensity image (logM11) for the polarization property (Total LB), divided by squared of logarithmic of intensity image 
(log2M11) for the depolarization properties (α1, α2, and α3) to remove the dependence of the thickness effect. 
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5.3.2. Artificial tissues 

We had difficulties on the thickness control and the positioning of the same spot when we analyzed the 
real skin models in the previous section. For instance, we couldn’t locate the microscopic spot with the 
same carcinogenic area as the Figure 93. Moreover, the thickness of each sample is not homogenous as 
well showing the huge difference between the nominal and the measured thickness. To overcome these 
problems, here we present artificially-made tissues from Fraunhofer Institute. Theses samples have 
been studied by our internal collaborator, a team of Dr. Novikova Tatiana.91 

5.3.2.1. Sample description and results 

The artificially-made tissues were prepared by a team of Dr. Sofia Dembski at Fraunhofer Institute. They 
are made from epidermal keratinocytes, forming a multilayered epidermis on top of collagen I 
hydrogel with dermal fibroblasts.92,93 The tissues are rinsed with phosphate buffered salt solution and 
fixated with Roti®-Histofix 4 % for 4 hours at room temperature. After the fixation process, they are 
paraffinized in an embedding machine. After this paraffinizing process, the samples are cut using 
microtome blade, controlling the thickness. The dimension of each rectangular-shaped sample is ~ 1 cm 
× 0.5 mm. We named each sample as “long side” or “short side” depending on the orientation of the 
cutting blade. The long side cut is for the case that the cutting direction is parallel to the long side of the 
sample, while the short side is for the case that the cutting direction is set parallel to the short side of 
the sample. After the cutting process, the samples are deparaffinized for 20 min in Roticlear® and we 
get the samples as shown in Figure 94. 

 

Figure 94. Artificially-grown phantom tissues with the nominal thickness after the deparaffinized process. 

Likewise, the previous section 5.3.1. with the human basal tissues, we perform the similar process 
of analysis protocol for the artificial phantom tissues. For the profile analysis, these artificial tissues are 
predicted to have more homogeneous thickness and closer to the nominal thickness than the human 
basal tissues which are introduced in the section 5.3.1. The thickness dependent analysis shows again 
whether the tissues follow well the differential decomposition model. Since we have the better 
measured thickness homogeneity with these artificial tissues, we can check if the removal of the 
thickness effect works well by checking the linearity in the function of the thickness or the image of each 
spot, which it classifies the area of different type of tissues. 



115 

5.3.2.1.1. Profile analysis 

The microscopic images of total intensity, M11, from the “short side” cuts are illustrated in Figure 
95. The samples are composed of the substrate part, the dermis part, and the epidermis part. 

 

Figure 95. The microscopic images of total intensity, M11, from the “short side” cuts with the nominal thickness on 
the top of each image. 

The reason that we have focused on the “short side” cuts is that the profiles get more homogenous 
in this cutting direction. To verify this, first, we selected one of the nominal thickness to compare the 
effect between the two different cutting directions, the “long side” and the “short side”. We measured 
one set of the samples which have the nominal thickness as 16 µm with the profilometer. We found that 
the “short side” cutting direction shows better homogeneity and uniformity in terms of thickness 
because of the mechanical pressure of the blade interacted with the collagen fiber (Figure 96). Since the 
“short side” cutting direction shows the better quality, we analyze the polarimetric image in the “short 
side” condition in the following sections. 

 

 

Figure 96. 3D profiles of the “long side” (a) and the “short side” (b), cutting directions of the artificial tissue are 
illustrated in the green arrows with their microscopic images on the right side of the profiles from the samples 
having 16 µm nominal thickness. 
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Figure 97. The comparison between the measured thickness and the nominal thickness of the “short side’ cuts. The 
error bar length corresponds to two times the standard deviation of thickness in the measured area. 

Figure 97 shows the comparison between the measured thickness and the nominal thickness of the 
“short side” cuts. The measured thickness is proportional to the nominal thickness, but they are not 
directly proportional to each other. The reason that the measured thickness has always the less thickness 
than the nominal thickness can be the deparaffinizing process if the cutting process is correctly done. In 
the following sections, we show the results of the analysis of the same areas in the samples measured 
with the profilometer. 

5.3.2.1.2. Thickness dependent analysis 

We measured the short-side cut samples using the multimodal Mueller polarimetric imager in the real 
plane. The measured Mueller matrix images are decomposed to have the pure polarimetric properties 
using the logarithmic decomposition. The total linear birefringence, Total LB, are shown in Figure 98 
depending on the different thicknesses. Since the dermis layers are controlled to have well oriented 
collagen fibers during the fabrication process, they show strong total linear birefringence while the 
epidermis layers show low or almost zero birefringence. 

 

Figure 98. Images of the total linear birefringence, Total LB, in radians calculated from the differential decomposition 
of the measured Mueller matrices from the “short side” cuts with the nominal thickness on the top of each image. 
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We got the depolarization coefficients from the logarithmic decomposition. Figure 99 shows the 
images of α1 which is one of the depolarization coefficients presenting the linear depolarization. The 
lower absolute value around the center of the sample can be from the contribution of misalignment of 
the instrument in terms of the conjugation planes between the Fourier and the real planes. It makes the 
contribution of the parasite forward scattering which is more polarized with less scattering becomes 
dominant. We exempt these regions from the region of interests to avoid this parasite effect. On the 
whole, the evolution of the α1 is observed that the absolute value of α1 is proportional to the thickness 
both in the dermis and epidermis parts. Since the thicker sample brings more scattering of light, it is 
reasonable that the absolute value of depolarization coefficient increases in the function of the thickness 
of the sample. Moreover, since the contrast of α1 between the dermis and the epidermis is different, we 
can distinguish the two different types by the different depolarizing properties. 

 

Figure 99. Images of the depolarization coefficient, α1, calculated from the differential decomposition of the 
measured Mueller matrices from the “short side” cuts with the nominal thickness on the top of each image. 

We selected the region of interest at the dermis and epidermis respectively, to observe the 
polarization and the depolarization properties in the function of the measured thickness. Figure 100 
shows the total linear birefringence, Total LB, and the depolarization coefficients, α1, α2, and α3, of the 
dermis part and the epidermis part, in the function of the measured thickness. The Total LB linearly 
depends on the measured thickness and the depolarization coefficients quadratically depend on the 
measured thickness. The linear fittings of Total LB of the two different tissues show two different linear 
fitting slopes because only dermis has well-aligned collagen fibers. Therefore, the linear fitting slopes of 
the Total LB can be even useful to distinguish different types of cellular structures in terms of the 
presence of the aligned collagen.94 The depolarization coefficients of epidermis part are illustrated in the 
same plot in the Figure 100.b with the open symbols. They show agreement with the parabola fits (solid 
lines in the same color) since the depolarization coefficients depend quadratically on the optical path 
length of the sample following the logarithmic decomposition theory. The absolute values of each 
coefficients keep the same order (|𝛼ଵ| > |𝛼ଶ| > |𝛼ଷ|), which have the similar responses from the human 
basal tissue at the previous section, but in the different fitting slopes depending on the types of sample. 
The detailed depolarizing activities from this set of samples need to be further studied depending on the 
different depolarizing orientations. However, it is obvious that the analysis of polarization and 
depolarization properties in the function of the sample thickness can be used to distinguish different 
type of tissues. 
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Figure 100. (a) The total linear birefringence, Total LB, is linearly proportional to the measured thickness in the 
dermal part, (b) the depoarization coefficients are parabolically proportional to the measured thickness after the 
differential decomposition of the measured Mueller matrices. 
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5.3.2.1.3. Removal of thickness effect 

Although the samples are artificially grown and well controlled in terms of the thickness, the measured 
profile of each sample shows imperfection presenting the fluctuation of the thickness. So, we tried to 
remove the effect of the thickness by dividing the polarization properties such as Total LB by the 
logarithm of M11. In analogy, the dividing the depolarization coefficients by the square of the logarithm 
of M11 allows to remove the thickness dependence from the images. The three images shown in first 
row in the Figure 101 represents the Total LB for different nominal thickness. As expected, the values of 
the retardation increase with the thickness of the sample. The three images in the second row represent 
the Total LB/log(M11) function evaluated for the corresponding images shown in the first row. The first 
feature fact that can be observed is that the three images are very similar among them, despite of they 
have different thickness. This is because the effect of the thickness has been removed and the only 
remaining source of contrast is the birefringence variations across the analyzed area, which is directly 
related with the fibrillar structure of the dermis. Since the only source of contrast is now due to structural 
variations, the contrast between dermis and epidermis has been enhanced respect to images showing 
Total LB only. Furthermore, and for the same reason the alignment and structure of the collagen fibers 
is more visible and remarkable in the images of Total LB/log(M11) than those of the Total LB. 

 

Figure 101. Images of general retardance (rad), Total LB; the first line, and the images of general retardance divided 
by the logarithmic of M11, Total LB/log(M11); the second line. 

 

Figure 102. The “Total LB/log(M11)” in the function of the measured thickness at the dermis and epidermis. 
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When we plot the mean values of Total LB/log(M11) at each type of tissue in the function of the 
measured thickness as shown in Figure 102, we can verify that the dependency of the birefringence 
property on the thickness as shown in Figure 100.a. is removed. 

5.4. Conclusion 

We validated the use of the multimodal polarimetric microscope in both, the real and Fourier modes, by 
to characterize the optical properties of scattering media by measuring simple samples such as Scotch® 
which can be considered as reference samples because of his homogeneity and standard optical 
properties were used to experimentally verify the theoretical predictions given by the random 
fluctuating model. According to it the polarization properties of the sample depend linearly on the 
optical path length travelled by the light inside of a scattering medium, whereas the depolarization 
properties vary quadratically. After performing a series of measurements with different sets of samples 
it was possible to verify that the dependence of both, polarization and depolarization properties with 
the sample thickness, were in perfect accordance with the predictions of the theoretical model. 

The experimental studies of two different types of histological tissue cuts; both the human basal 
tissue cuts and the artificial tissue cuts, with the polarimetric Mueller microscope have confirmed the 
validity of the phenomenological model of the randomly fluctuating media for the description of the 
dependence of both polarization and depolarization properties with tissue thickness. Accordingly, it was 
possible to experimentally show that whenever the studied tissue had a homogeneous thickness,  the 
retardance of tissue depended linearly on the thickness while the depolarization properties showed a 
parabolic dependence with it. Moreover, it was show that the coefficients describing either the straight 
lines or the parabolas related to the dependence of the polarization or depolarization properties 
respectively, varied from a type of type to another. Therefore, it was shown that these coefficients could 
be used as a tool to discriminate among different types of tissues. 

An important issue, overlooked by many researchers working in the field of polarized light histology, 
appears to be the control and characterization of real thickness of studied tissue cuts. The pathological 
changes of tissues (cancer, fibrosis, inflammation, etc.) will affect measured polarization and 
depolarization properties of a sample. However, changing the optical path length will also affect these 
properties. Thus, for reliable diagnostics of tissue with polarized light, the impact of the varying optical 
path length on polarization and depolarization optical markers of the specific disease must be considered. 
In this context, we proposed the method to remove the effect of the thickness in such inhomogeneous 
samples by dividing the polarimetric properties by the total intensity, M11, to suggest a different 
analytical point of view. Following this method, we could enhance the contrast of the image to 
distinguish better the type of the tissue and the composition, i.e. orientation of the collagen fibers, than 
the untreated birefringence image.  
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Chapter 6. 
Other applications 
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In the framework of various collaborations which were created during the thesis with different research 
teams, it was possible to carry out studies on the optical response of a variety of samples including meta-
materials, glasses irradiated with femtosecond laser pulses, or micro-patterned surfaces. A summary of 
the most significant results of these studies illustrating three possible applications using the polarimetric 
microscope is presented in this chapter, which corresponds to the last part of the manuscript; i) nano-
patterned samples to measure a pseudo-chirality caused by the plasmonic effect, ii) samples modified 
by a femtosecond laser direct writing (FLDW), and iii) cylindrical microparticles for a hydrophobic surface 
to analyze their structures. Most of the cited works have been published in peer-reviewed journals or 
international conferences, and as such they are can be found in the forthcoming chapter summarizing 
the list of publications.  
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6.1. Optical properties of nano-patterned samples 

Thanks to the localized surface plasmon resonance, metallic nano-scatterers can interact with the 
incident light. In the area of anticounterfeiting applications, there have been many studies to generate 
covert images using this effect using the grating effect, called Plasmonic colors, with dielectric or metallic 
sub-wavelength structures.95–99 Since the plasmonic effect is very limited in terms of spectral range, 
however, it is important to study the way to give additional degrees of freedom. Furthermore, a very 
important point is to produce effects that are specific to one structure and that would not be reproduced 
by low-cost process such as inkjet printing. 

We collaborated with Institut des NanoSciences de Paris (INSP) at Sorbonne Université to study a 
palette of luminance which is suggested for anticounterfeiting applications. This U-shaped palette is 
observable only in circular dichroism by engineering the shapes and positions of the resonators. In the 
following sections, the basic theory of CD induced by pseudo chiral nano-antennas is explained followed 
by the observation of the variations of the image of the Mueller matrix with different angle of incidence. 

6.1.1. Introduction to pseudochiral metasurfaces 

Pseudochiral resonators are nonchiral resonators exhibit an optical activity which originates from a 
magneto-electric coupling between the electric and magnetic components of some resonances in well-
defined spectral ranges.100–103 A characteristic unique to pseudochiral resonators is that the sign of the 
optical activity depends on the direction of propagation of the incoming light. Among the different types 
of resonators that exhibit this property, U-shaped resonators are the most commonly used since they 
feature strong magnetoelectric coupling and are easy to fabricate (Figure 103).102–105 

 

Figure 103. (a) Sketch of the dipole moments excited in an isolated U-shaped resonator associated with the current 
distribution at resonance, (b) influence of an array of U-shaped resonators on the reflected polarization. 

The subject of the collaboration was how plasmon resonances with magnetoelectric coupling can 
be used to encode images in circular polarization with contrast reversal depending on the direction of 
observation. The results of the study were illustrated by the realization of practical demonstrator in 
which a series of U-shaped resonators were realized in a way that they created a grey level image of 
Mona Lisa by Leonardo Da Vinci when observed at oblique incidence. The goal was to demonstrate that 
the grey level of the Mona Lisa were visible only when circular polarization was considered and invisible 
otherwise. Moreover, it was important to show that the grey scale could be inverted by modifying the 
direction of observation. 
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6.1.2. Sample preparation 

The plasmonic resonators were fabricated with electron beam lithography followed by a 
conventional lift-off method. A 130 nm thick layer of poly methyl methacrylate (PMMA) was spin-coated 
on a clean glass substrate (BK7), and a thin layer of aluminum was thermally evaporated on the PMMA 
to avoid any charging effect during the exposure with electrons. After exposure and before the 
development of the resist, this conductive layer was removed in a KOH bath. After development, a 4 nm 
chromium layer was evaporated to ensure the adhesion of the 40 nm gold layer on the glass substrate. 
The resist was then lifted-off with acetone, and the substrate subsequently rinsed in ethanol to reveal 
the U-shaped scatterers. Such resonators exhibit a resonance with magneto-electric coupling near 770 
nm excited by the component of the electric field of light parallel to the y-axis. To investigate the 
dependence of the scattered intensity in circular polarization as a function of the resonator’s density, a 
palette of pixels was prepared where pixels consisted of a 3 × 3 matrix of resonators with a total footprint 
of 1.4 × 1.4 μm2 per pixel. The number of U-shaped resonators in each pixel varied between 1 and 9 
(Figure 104.a). When only U-shaped resonators are used, the transmittance of the surface scales 
inversely with the number of resonators. To keep the transmittance constant across all pixel 
configurations, the missing resonators were replaced by circular resonators in each pixel, and all the 
surfaces in between the palette were also filled with circular resonators. In this way an encoded pattern 
observed with unpolarized light will be invisible, whereas it will be clearly visible when seen between 
crossed polarizers at oblique incidence. 

Figure 104.b shows that the absorbance was approximately constant across all configurations and 
that the U-shaped resonators could not be distinguished from the circular ones with a diffraction-limited 
resolution. In contrast, Figure 104.c presents a microscopy image of the palette of Figure 104.b taken 
between crossed linear polarizers at an oblique incidence. It can be seen that light was transmitted in 
these conditions in the area containing the U-shaped resonators, with a luminance scaling approximately 
with the number of U-shaped resonators in each pixel. The topmost row of the palette in Figure 104.c 
contains arrays of pixels containing 3 × 3 resonators, among which are three U-shaped resonators but 
with different positions in each pixel. 

 

Figure 104. (a) SEM image of a pixel with three U-shaped resonators and six disks placed on a square lattice with a 
constant of 400 nm, (b) optical microscopy image in transmission at normal incidence (×50) using unpolarized white 
light of the palette made of U-shaped resonators and disks. The area containing pixels with three U-shaped 
resonators has been highlighted with dotted lines for illustration purposes. (c) the same palette as in (b) but 
observed between crossed polarizers at oblique incidence. The orientations of the linear polarizer (P) and linear 
analyzer (A) are indicated in the figure. The number of U-shaped resonators per pixels is indicated for each array 
(labeled 1 to 9). On the top row, four different configurations of U-shaped resonators are displayed (labeled 3a to 
3d). 
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6.1.3. Mueller imaging measurement results with modelling 

Considering the orientation of the dipole moments in a U-shaped resonator and assuming point-
like dipole moments, it is possible to determine the total electric field scattered in the plane containing 
the bottom arm of the resonators.106 As a consequence of the presence of the magnetoelectric coupling 
in the polarizability tensor, the circularly polarized transmitted light can be occurred, except at normal 
incidence, and the handedness of the polarization rotation changes sign when the angle of incidence is 
changed. 

To investigate more quantitatively the influence of the number of U-shaped resonators per pixel on 
the circular dichroism observed at oblique incidence, accurate measurements of the circular dichroism 
have been performed on the palette. We define here the circular dichroism, CD, as the transmittance 
difference between right, TRCP, and left circular polarization, TLCP, for unpolarized incident light. The 
symmetry upon time reversal states that this definition yields the same result as measuring the 
difference of the total transmitted intensities for incident right and left circular polarizations. The circular 
dichroism measured in transmission (objective 50×) at a wavelength of 650 nm by the multimodal 
Mueller polarimetric imager is presented with the simulation results using finite element method (FEM) 
by a commercial software (HFSS, ANSYS, Inc., USA) in the Figure 105. The circular dichroism increased 
steadily with the number of U-shaped resonators, and the values were exactly opposite when changing 
the angle of incidence θ from +35° to −35°, showing the sign reversal with respect to the direction of 
propagation with respect to the normal to the surface which is expected because of sin 2𝜃 factor in the 
equation below,106 
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, where the 𝑎௘௘ , 𝑎௠௠, 𝑎௘௠  are the electric, magnetic, and magnetoelectric polarizability tensors, 
respectively. No circular dichroism should be measured neither at normal incidence nor at oblique 
incidence with light propagating in a plane containing the lateral arms of the resonators (x-z plane). In 
contrast, when light propagates at oblique incidence and in the plane containing the bottom arm of the 
resonators (y-z plane), a significant signal should be observed in circular dichroism. 

 

Figure 105. Circular dichroism measured on the palette (symbols) and calculated by the FEM (solid lines) for different 
numbers N of pseudochiral resonators per pixel at +35° (blue line and symbols) and −35° (red line and symbols) of 
incidence. The dotted lines are simple linear interpolations of the measured values. The inset shows the images of 
the palette (50×) observed in circular dichroism. 
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An excellent agreement between measured and calculated values shows that it is possible to 
encode images in circular polarization using pseudochiral U-shaped resonators. The encoded image 
would appear only at oblique incidence as a bright image on a dark background created by the crossed 
polarizers provided that the absorbance of the U-shaped resonators is compensated for by achiral 
plasmonic disks. 

To illustrate the potential of pseudochiral resonators to encode image contrasts with a resolution 
of 1.4 μm in circular polarization, we have transformed a grayscale image of a detail of the painting Mona 
Lisa in a luminance image observed in circular polarization dichroism. The original grayscale image of 
Mona Lisa, which is shown in Figure 106.a, was pixelized with 10 values of gray as shown in Figure 106.b. 
Each pixel was then replaced by an array of 3 × 3 resonators with U- or circular shape. The number of U-
shaped resonators per array ranges between 0 and 9. The metasurface containing the covert image of 
Mona Lisa was observed in unpolarized optical microscopy (Figure 106.c). The grayscale image of Figure 
106.b was concealed, and only a darker area could be observed at the location of the pixels. The inset in 
Figure 106.c shows a magnified SEM image of 2 × 2 pixels with different compositions of the resonators. 
The metasurface was then observed between linear crossed polarizers. When observed at normal 
incidence, no image could be seen (Figure 106.d). As soon as the metasurface was tilted about the x-axis, 
the bright image of Mona Lisa was revealed on a dark background (Figure 106.e). 

 

Figure 106. Illustration of the transformation from a (a) grayscale image of a detail of the painting Mona Lisa 
(iStock.com) to (b) the same image after pixelization (63 × 64 pixels) and reduced to 10 grayscale levels, (c) 
metasurface observed in optical microscopy where each gray level has been replaced by a 1.4 × 1.4 μm2 pixels 
containing array of nine scatterers (U-shaped and circular, see inset), and (d) image observed between crossed linear 
polarizer (P) and analyzer (A) at a normal incidence and (e) at an oblique incidence. 

To confirm that the image can truly be encoded in circular polarization, the second metasurface 
was realized where the pixels were obtained by replacing the disks by upside-down U-shaped resonators, 
as illustrated in Figure 107.a. It can be seen that in unpolarized transmission the image was concealed 
(Figure 107.a). But now the image was barely distinguishable between crossed linear polarizers at 
oblique incidence as well, as shown in Figure 107.b, in contrast with what was observed when the pixels 
were coded using U-shaped resonators and disks (Figure 106.e). However, the covert image of Mona 
Lisa was revealed in circular dichroism at an oblique incidence. Figure 107.c and d present the images 
observed in circular dichroism at 650 nm at negative and positive oblique incidences, respectively. 
Because of the combination of U-shaped resonators and upside-down U-shaped resonators, the images 
appeared in one particular circular dichroism on a background with opposite circular dichroism, and the 
contrast in circular dichroism was reversed upon change of the angle of incidence from -35° to +35° as 
displayed in Figure 107.c and d, respectively. 
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Figure 107. (a) Unpolarized transmittance image of Mona Lisa with pixels encoded with right and upside-down U-
shaped scatterers (see inset), (b) the same metasurface observed between crossed linear polarizers at an oblique 
incidence, (c) circular dichroism measured in transmission at a wavelength of 650 nm at a negative oblique incidence, 
(d) circular dichroism measured in transmission at a wavelength of 650 nm at a positive oblique incidence. The 
symmetric grayscale ranges from negative (black) to positive (white) values of circular dichroism. 

6.1.4. Conclusion 

We have shown how the contrast of images could be encoded in circular dichroism by using the 
magnetoelectric coupling yielded by plasmonic resonances of pseudochiral metasurfaces. We have 
shown the possible application of the multimodal Mueller polarimetric imager to verify the dependency 
of the intensity observed in circular dichroism and between crossed polarizers of an image built from 
pixels containing U-shaped resonators. We have confirmed experimentally the theoretical results using 
a palette of 10 levels of contrasts. The possibility to design covert images revealed only between crossed 
polarizers and with contrast reversal in circular dichroism was shown by creating a pseudochiral 
metasurface containing a representation of Mona Lisa. 

These results evidence that pseudochiral resonators present an additional degree of security 
compared to images encoded in linear polarizations, which would not possibly show such contrast 
reversal upon angle of observation changes. Different colors may be obtained by using different 
materials expanding the accessible resonances to the blue part of the spectrum and combining different 
types of resonators in the same pixel. Better contrast variations may also be obtained by increasing the 
number of resonators in each pixel, to the detriment of lateral resolution. 

  



127 

6.2. Optical properties of samples modified by femtosecond laser direct 
writing 

Thanks to a Femtosecond laser pulses, it is possible to locally modify properties of materials such as a 
refractive index, volume nanogratings, or even void,107,108 with a lateral resolution limited by the 
diffraction of the optics used to focus the laser. This technique, called Femtosecond laser direct writing 
(FLDW), can be applied to various domains for health109, optical data storage110, optical components 
such as 3D optical waveguide, and polarizing optical components.111 Especially, this technique can be 
useful to the optical manufacturing since it increases the refractive index in the localized bulk materials 
through nonlinear effects. Although this effect has been studied the nanogratings with the objective to 
reveal the origin of their fascinating structural self-organization and linear polarization features112,113, 
there have been no study to measure circular optical properties. The recent studies have reported that 
the silica glass which is an achiral material shows chiral properties such as circular attenuation using a 
circular dichroism spectrometer after the treatment of the FLDW.114,115 It seems that the circular optical 
properties depend on the beam asymmetry and the polarization direction of the femtosecond laser. 

In this context, we collaborate with the team of Dr. Lancry Matthieu from Institut de Chimie 
Moléculaire et des Matériaux d’Orsay (ICMMO) at Université Paris Sud to study the effect and the origin 
of the circular dichroism from the silica glass treated by the FLDW. The promising research is on going 
with the recent publication on a peer-reviewed journal.14 Here we show the main results using a Mueller 
matrix spectroscopic ellipsometry (Figure 108), as a powerful tool to examine structural and optical 
properties of surfaces, thin films, and multilayered materials that exhibit both linear and circular optical 
properties from a single measurement, which can be a preliminary research to use the multimodal 
Mueller polarimetric imager. The main work was to investigate the circular optical properties using 
differential matrix formalism on transmission Mueller matrices measured on femtosecond laser-induced 
modifications in silica within type I and type II regimes. This allows quantifying the effective or equivalent 
circular birefringence (CB) and CD in the presence of strong linear optical properties. 

 

Figure 108. Visible to near infrared Mueller matrix spectroscopic ellipsometry to measure the 16 elements of the 
whole Mueller matrix (Smart SE, Horiba). 

6.2.1. Introduction to femtosecond laser direct writing (FLDW) 

Femtosecond laser has a wavelength typically 800 nm to 1 µm with an ultrashort pulse-width around 
hundreds of femtoseconds. It has an extremely high peak intensity (~1015 W/cm2). Due to this high peak 
intensity, it induces the nonlinear absorption in the transparent materials such as silica glass. When the 
femtosecond laser pulses, whose photon energy (~1.5 eV) is less than the bandgap of the silica glass (~9 
eV), are absorbed in the silica substrate, nonlinear photoionization mechanisms occur changing its 
properties.13,116 Typically multiphoton absorption is regarded as the ionization mechanism that creates 
the free electrons.117 
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6.2.2. Sample preparation 

The laser radiation was produced by a femtosecond laser system operating at 1030 nm and delivering 
pulses of 250 fs at a repetition rate f of 10–500 kHz. The beam was focused within 300 μm below the 
front face (FF) of 1 mm thick silica glass plates (Suprasil1) using a numerical aperture (N.A.) of 0.6 
aspheric lens. Based on preliminary investigations that we made with a CD spectro-polarimeter, we 
chose to investigate a specific writing configuration in terms of polarization orientation. As shown in 
Figure 109.a, when the laser was moving along x axis (horizontal direction on the laser) and the linear 
polarization was oriented + 45° from the writing direction, we define it as “x + 45°” configuration of 
writing. Then, by moving the sample along the + x axis with at a scanning speed v of 1 mm/s, creating 
several squares (3 × 3 mm2) made of a set of lines with a line spacing of 1 μm to have a uniform scanned 
region and to avoid diffraction effects. Figure 109.b shows the x-z cross section of the silica glass after 
the treatment using FLDW, which is measured using a field-emission gun scanning electron microscope 
(FEG-SEM ZEISS SUPRA 55 VP) when the laser propagation direction and the polarization direction are 
presented as 𝑘ሬ⃗  and 𝑒 vectors, respectively.10 Figure 109.c shows the magnification of the Figure 109.b  
image at the different views; the laser propagation direction and the polarization direction are marked 
on the right of each image, yielding a finger print nanoplasmonic structure as a form birefringence. This 
is a result of the ultrafast decomposition of SiO2 into x.O2 and SiO2(1-x).10 

 

Figure 109. (a) Schematics of different writing configurations of FLDW scanning along x axis, linear polarization of 
the beam can vary from 0° to 360° with the various energy from 0.5 µJ/pulse to 6 µJ/pulse, (b) FEG-SEM image of x-
z cross section of the sample after the FLDW, (c) the magnification of b image at the different views generating 
porous glass because of the ultrafast decomposition of SiO2.10 

6.2.3. Spectroscopic Mueller ellipsometry measurement with modelling 

To study anisotropic optical properties of the silica glass treated with FLDW, the commercial Mueller 
matrix spectroscopic ellipsometry is used in the spectral range of 450 - 1000 nm in a transmission 
configuration. Since the preliminary studies have reported the asymmetric characteristics in 
transmission115,118, we decided to measure the sample in different configurations called a front face (FF) 
and a back face (BF). 

Figure 110 shows the experimental results using the Mueller matrix spectroscopic ellipsometer. The 
Mueller matrix is decomposed by the differential decomposition formalism yielding Lm matrix (Figure 
110.a) with a unit in radians. Since the linear properties (LD, LB) change when the sample flipped; 
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between the FF and the BF, but not with the circular properties (CB, CD), that is to say the sample shows 
non-reversibility on the linear properties and reversibility on the circular properties. 

 

Figure 110. (a) Experimental differential Mueller matrix, Lm, corresponding to a sample written according to the “x 
+ 45°” configuration. The correspondence between the polarimetric properties and the matrix elements is shown in 
the upper-left inset, (b) zoom of linear polarimetric properties from Lm, (c) zoom of circular polarimetric properties 
from Lm. 

Apart from the multi-spectral behavior, a second series of measurements were done at fixed 
wavelength, by changing polarization directions of laser writing to see the effect of flip in the function 
of the polarization directions of laser writing. Figure 111 presents the experimental polarimetric 
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properties (LB, LD, CB, and CD) in radians at the wavelength of 550 nm. Figure 111.a and Figure 111.b 
illustrate that the linear properties show maximum values around every 45° of polarization angle of laser 
writing and they show non-reversibility since their values are mismatched. Figure 111.c and Figure 111.d 
present that the circular properties also show maximum values around every 45° of polarization angle 
of laser writing and they show reversibility since their values look more matched than those of the linear 
properties. 

 

Figure 111. (a, b) Experimental linear properties (LB, LD), (c, d) experimental circular properties (CB, CD). 
Measurements are done in two conditions (FF, BF) in the function of the polarization directions of laser writing with 
the unit of radians. 

To verify the experimental results with a simple analytical modelling, we proposed double-layer 
modelling for the structure composed of two dichroic retarders on the silica glass as shown in Figure 112. 

 

Figure 112. Schematics of simple double layers (dichroic retarders) on the silica glass substrate. 

We define a dichroic retarder as each layer as shown in following equation, 

𝐌𝐃𝐑(Δ, 𝜓) = ൮

1 − cos 2𝜓 0 0
− cos 2𝜓 1 0 0

0 0 sin 2𝜓 cos Δ sin 2𝜓 sin Δ
0 0 − sin 2𝜓 sin Δ sin 2𝜓 cos Δ

൲ (Eq. 112) 



131 

, where the ∆  and 𝜓  represent the retardance and the dichroism, respectively. The simple 
equation is then derived based on the composition of two previous matrices. 

𝐌 = [𝐌ோ(𝛼ଵ) ∙ 𝐌𝐃𝐑(1௦௧l) ∙ 𝐌ோ(−𝛼ଵ)] ∙ [𝐌ோ(𝛼ଶ) ∙ 𝐌𝐃𝐑(2௡ௗl) ∙ 𝐌ோ(−𝛼ଶ)] (Eq. 113) 

, where the MR is a rotation matrix in the function of α which depends on the polarization direction 
of the writing laser. When we set the α2 as 2α1, meaning the 2nd layer turns twice faster than the 1st layer, 
the results from the modelling agree with the experimental data as shown in Figure 113. Figure 113.a 
and Figure 113.b show the LB and LB’ in BF condition from the measurement and the modelling, 
respectively. Both experiment and modelling show the maximum value of LB and LB’ at the same 
polarization direction but they show a small mismatch in the area of triangular inset (black solid line). 
Figure 113.c and Figure 113.d show the CB in FF and BF conditions from the measurement and the 
modelling, respectively. Both experiment and modelling show the reversibility. We conclude that this 
double-layer model can explain the existence of polarimetric properties but cannot explain the non-
reversibility. 

Since there was a previous result of CD measurement with different distance between sample and 
detector that the amplitude of long-distance measurement is much higher than the close one and the 
scattering may affect this phenomenon, there can be a scattering because of the porous from oxygen. 
The mismatch between the ellipsometric measurement and the double-layer modelling can be 
overcome using multimodal Mueller polarimetric imager because it can check if the sample is more 
scattered to the left/right polarized light. 

 

Figure 113. (a) Experimental LB and LB’ in BF condition, (b) LB and LB’ from the double-layer modelling in BF 
condition, (c) experimental CB in FF and BF conditions, (d) CB from the double-layer modelling in FF and BF 
conditions. 



132  

6.2.4. Conclusion 

We've seen experimentally non-reversibility on the linear properties (LD, LB) and reversibility on the 
circular properties (CD, CB). The double layer modelling to explain the existence of the circular and linear 
polarimetric properties of silica glass treated by the FLDW process works well explaining the existence 
of polarimetric properties. 
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6.3. Optical properties of cylindrical microparticles 

Nowadays, many researches have been done on surfaces with the deposition of micro- and nano-
particles. Thanks to microstructures on a glass surface, an application of hydrophobic surface can be 
achieved as shown in Figure 114. In the visual aspect, the optical properties such as light scattering and 
diffraction are non-negligible. For instance, when there is a periodicity on the deposited structures, they 
generate the diffraction order depending on the wavelength and their lattice constant. Apart from this 
“collective” optical effect, there should be other scattering effect such as halo pattern or haze and gloss 
which are distinguished from the specular transmission or reflection. 

In the context of collaboration with Saint-Gobain Research (SGR), we analyze the optical responses 
from cylindrical micro-pillars, which are ordered and disordered and can be applied on the purpose of 
fabricating the hydrophobic surfaces, on a glass substrate using the multimodal imager that we 
developed combined with the FDTD modelling with complementary methods such as hazemeter and 
glossmeter, and goniospectrophotometer from SGR. This study can be a preliminary study to show a 
possibility to apply our polarimeter to optical metrology also on the microstructures on hydrophobic 
surfaces. 

 

Figure 114. Application of hydrophobic surface using microparticles deposited on the glass surface.9 

6.3.1. Introduction to scattering on cylinders 

The light scattering on cylinders has been firstly studied by Lord Rayleigh119 in 1881 and extended to the 
case at oblique incidence by James R. Wait120 in 1955. The different studies depending on the orientation 
of cylinders have been done. The light which comes from the cylinder parallel to a substrate, when the 
plane of incidence is perpendicular to the substrate, is studied121, with its arbitrary configuration122–126 
and also with elliptical cross sectional cylinder127. The scattered light comes from the cylinder 
perpendicular to the substrate while the plane of incidence is perpendicular to the substrate is 
considered128,129 also with its arbitrary configuration126,130 and at the oblique incidence120,131. The range 
of the application using cylinders are quite large from semiconductor industry to material science. 
Optical properties of such samples exhibit non-negligible features related to light diffraction on the 
periodic arrangement of the micropillars and to the light diffraction through an individual micropillar. 
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6.3.2. Sample preparation 

All the samples are fabricated in SGR. The micropillars are deposited on a glass slide whose thickness is 
around 2 mm for majority of samples, and 1 mm in samples dedicated to the measurements with 
multimodal microscope because of the insufficient space between the two microscopes whose working 
distance is 1 mm with 50 x objective. A detailed description is illustrated in Figure 115.a; a height of the 
pillar h of 10 µm and a diameter d of 10 µm. Both periodic and random arrangements are used, and the 
periodic arrangements are hexagonal. The lattice constant, a, of periodic arrangements (hexagonal) can 
vary from 20 to 80 µm, which in terms of the surface coverage rate132, , represents a variation within 
the range between 1.4 % (a = 80 µm) and 22.7% (a = 20 µm) for the pillars with 10 µm diameter. Random 
arrangements have the same surface coverage rate as the periodic ones. In the random case, the centers 
of the pillars are chosen to be uniformly distributed in such a way that two pillars could not be closer 
than a minimum center-to-center distance. About 300 nm residual silica layer between the glass surface 
and pillars base provides the adhesion to the substrate of pillars to the surface. Samples are produced 
in sol-gel silica with nanoimprinting technique.133 Figure 115.c and Figure 115.d are the microscopic 
images taken with 20 x objective of periodic arrangement and random arrangement, respectively. They 
have the same surface coverage rate. 

 

Figure 115. Description of the samples fabricated in SGR, (a) side view of the structure with the dimensions, (b) SEM 
image of the square shaped micropillar structures taken from SGR, (c) microscopic image (with 20x objective) of 
hexagonal ordered (periodic) arrangement micropillar structures, (d) microscopic image (with 20x objective) of 
disordered (random) arrangement micropillar structures with the same surface coverage rate as the periodic ones. 
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6.3.3. Optical response based on haze and gloss 

In this section, we introduce the conventional measurements of the samples on a haze and a gloss 
which have been done in the framework of research in SGR. The haze is defined as percentage of 
transmitted light, passing through a specimen, which deviates from the incident light more than 0.044 
rad (2.5°) by forward scattering. 134 The gloss describes specular component of reflected or transmitted 
light, while haze describes the integrated scattering either from the surface (haze in reflection) or 
through the sample (haze in transmission). The gloss can be measured at three different incidences: 20°, 
60° and 80°.135 For historical reasons, the haze measurement is generally performed in transmission at 
normal incidence, while the gloss is measured in reflection at various angles of incidence. A model of the 
hazemeter is “BYK Gardner Haze-gard plus” in transmission and a model of the glossmeter is “Enrichsen-
Pico Glossemaster Model 500” in reflection. 

Figure 116 shows the results of haze and gloss measurements as a function of lattice constant and 
pillar coverage ratio, showing the difference between haze and gloss from the periodic hexagonal 
arrangement sample (Figure 116.a). The gloss is measured at an oblique incidence of 20°. Figure 116.b 
shows the different on haze between ordered and disordered arrangement samples. According to these 
results, the haze increases while the gloss decreases as a function of the pillar coverage ratio and this 
behavior indicates the increase in the amount of light transmitted out of the specular direction. It can 
be assumed that the specular component progressively decreases while the diffuse component 
increases regardless of the arrangement of the pillars. This observation is consistent with the decreasing 
level of measured gloss level. However, these standard approaches using the glossmeter and the 
hazemeter have a difficulty to observe angle-resolved optical response.132 Since the angle-resolved 
optical responses are the non-negligible parameter in terms of an aesthetic issue on glass products, the 
angle-resolved measurements using an imaging system in the Fourier plane are necessary to complete 
this analysis  

 

Figure 116. (a) Experimental haze and gloss levels of micropillars. Gloss measured at 20° of angle of incidence and 
haze measured at normal incidence on periodic hexagonal arrangements of micropillars, (b) comparison of 
experimental haze between the periodic hexagonal and random arrangements of micropillars. 
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6.3.4. Optical response based on BTDF and non-polarimetric microscope 

Since the previous section shows the integral optical properties on the sample, we decide to 
measure the periodic and random arrangement samples (a = 30 μm with pillar coverage ratio of ~10 %) 
using the angle-resolved measurement systems, a goniospectrophotometer; done by SGR, and the 
multimodal microscope. For the measurement using the multimodal microscope, only non-polarimetric 
data are presented to simply validate and benchmark the result from the goniospectrophotometer. 

A bidirectional transmittance distribution function (BTDF), which was presented by F. O. Bartell136 
after the introduce of a bidirectional reflectance distribution function (BRDF) by F. E. Nicodemus137, is 
the most general function to quantify scattered light patterns from uniformly distributed scatter sources 
such as roughness in transmission. The goniospectrophotometer (OMS4) based on the BTDF consists of 
the sample holder, two arms with an ensemble of light sources, and a photomultiplicator detector. The 
sample holder and detector arm can be moved automatically with the help of one and two precise 
motors, respectively. This allows to scan the whole space around the sample and thus, to measure the 
angular distribution of the scattered light, at any angle of incidence in the range from 0° to 85°. This 
system is used in transmission mode for half space scans with an angular resolution of 0.5° around the 
specular direction. Measurements were performed with 3 coherent laser sources (RGB) and an 
incoherent Xenon lamp light with and without color filters. The BTDF of the samples is then evaluated 
at several angles of incidence: 0°, 10°, 30° and 60°. All contour plots of the far-field intensity transmitted 
through the sample and measured with OMS4 are plot with SPEOS software provided by OPTIS company. 

Figure 117 presents contour plots of the measured far-field intensity transmitted through a 
patterned sample and measured by the goniospectrophotometer (Figure 117.a) and the multimodal 
microscope (Figure 117.b). The angle of incidence is set as 30° with the azimuth at 0°. The illuminating 
sources is set as a Xenon lamp with 10 nm-width spectral filter centered at 535 nm for the 
goniospectrophotometer, while the multimodal microscope uses a laser with a spectral width less than 
1 nm centered at 532 nm. 

As shown in Figure 117.a, the specular peak of the highest intensity is observed, and scattered 
beams are observed as one moves away from the specular direction. The diffraction orders are also 
presented when the arrangement of the pillars is periodic, marked (1) in Figure 117.a, showing the 
pattern corresponds to the reciprocal lattice of the hexagonal periodic arrangement. However, the most 
interesting unexpected feature is the circular region marked by (2) in the Figure 117.a, which we named 
the “diffuse ring (or halo)”. This diffuse ring appears only at the oblique incidence and getting intense as 
a function of the angle of incidence, i, as shown in Figure 118. We also note the ripples observed in the 
angular distribution around the specular peak and outside the circular region of high intensity, marked 
as (3) in Figure 117.a, spreading to large scattering angles. We refer to these ripples as “concentric 
patterns”. The origin of the diffuse ring and the concentric patterns around the specular transmission is 
the scattering of light by individual pillars and this will be further discussed in the forthcoming 
paragraphs with the FDTD modelling. Our recent study also discovered that the concentric patterns 
observed at large scattering angles are caused by light guiding effects inside the glass. Their angular 
positions thereby depend on the thickness of the substrate and the arrangement of the pillars, but do 
not depend on the illumination angle or size of pillars. Accordingly, the intensity distribution of those 
patterns not only depends on the wavelength, the illumination/observation angle, but also on the size 
and shape of the individual pillars. 
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Figure 117. Measurement of the periodic hexagonal arrangement micropillars with a = 30 µm at 30° of angle of 
incidence, with 10° divergence angle of the incident Gaussian beam. (a) Experimental far-field transmission intensity 
from the goniospectrophotometer at 535 nm of wavelength (inset of the zoom of roughly ±20° around the specular 
direction), (b) the multimodal microscope image in the Fourier plane at 532 nm of wavelength using the laser. The 
dashed circles indicate to the polar angles of transmission 10°, 20°, 30° and 40° (from inner to outer). 

In Figure 117.b, the diffraction orders using the multimodal microscope are weakly visible since the 
diffraction orders overlap each other because of the limited divergence angle of the beam. The 
concentric patterns are not visible due to the combined effect of the sensitivity limitations of the imaging 
camera and the small numerical aperture of the microscope objective compared to that of the 
goniospectrophotometer. However, the other patterns such as the specular peak and the halo are clearly 
seen like the result using the goniospectrophotometer. 

Figure 118 presents contour plots of the measured far-field intensity transmitted through a 
patterned sample and measured by the goniospectrophotometer (Figure 118.a) and the multimodal 
microscope (Figure 118.b) at different angle of incidences, i. In Figure 118.a, the measured samples are 
patterned with random arrangement (upper half) of periodic arrangement (bottom half). In Figure 118.b, 
the measured samples have random arrangement. The illuminating sources is set as a Xenon lamp with 
10 nm-width spectral filter centered at 535 nm for the goniospectrophotometer, while the multimodal 
microscope uses a laser with a spectral width less than 1 nm centered at 532 nm. 

The results in Figure 118 show that the angle of incidence is a main parameter make the diffuse 
ring appear. Since this diffuse ring is presented regardless of the arrangement of the pillars, this effect 
can be related to the individual pillar. As we already discussed in the section 6.3.2., the origin of the halo 
can be attributed to rays which have been directly transmitted through a single cylinder, or which have 
been directly reflected (or scattered) by the outer surface of the single cylinder. The fact that the polar 
angle at which the halo is visible is equal to the angle of incidence of the illuminating beam fulfills the 
well-known Snell-Descartes law for transmission and reflection and supports this interpretation. The 
detailed analysis of the halo will be published elsewhere together with proofs on the hypothesis that it 
is due to simple reflections or transmission of light by the cylinder and it is not due to any effect of the 
substrate such as multiple reflections or leaky guided modes (Figure 122). 
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Figure 118. (a) BTDF measurement of the sample with periodic hexagonal (bottom half) pattern of micro-pillars of 
the lattice constant 30 µm and the equivalent random (upper half) pattern. θi of 10°, 30° and 60°, measured with 
filtered Xenon lamp (535 nm). The insets show zoom of roughly ±20° around the specular direction. (b) Measured 
in Fourier imaging mode, far-field distribution of the normalized total intensity, transmitted through glass patterned 
with random arrangement of micropillars with surface coverage ratio of 10%. Illumining beam was set at three 
different angles of incidence 0°, 10°, 20° and 30°. The angular aperture of the illumination beam was set to 10° in all 
the three cases. All measurements were done at 532 nm. 
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After the analysis with the measurement data, the FDTD modelling is done with a single pillar to 
focus on the optical response from the individual pillar. Figure 119 shows the normalized far-field 
intensity transmitted through a single cylinder at an oblique incidence, θi = 30° (a) and θi = 60° (b), 
calculated using the FDTD method with the wavelength of 532 nm. There are no diffraction orders since 
the modelling is done with a single pillar but the other patterns such as specular peak, diffuse ring, and 
concentric patters are clearly visible. 

 

Figure 119. Modelling of normalized far-field intensity transmitted through a single cylinder at an oblique incidence, 
θi = 30° (a) and θi = 60° (b) using the FDTD method. 

In Figure 120, we model by changing the diameter (d = 10 µm, 5 µm) of a single pillar to verify how 
the concentric patterns change as a function of the diameter of an individual pillar. Figure 120.a and 
Figure 120.b show the normalized far-field intensity transmitted through a single cylinder at an oblique 
incidence, θi = 30°, varying the diameter of single pillar, d = 10 µm, d = 5 µm, respectively. If we compare 
the values in the region of interest as a function of the plane of incidence marked as orange solid square, 
it is obvious that the frequency of the concentric patterns varies with the diameter of individual pillar 
(Figure 120.c). According to this, like the diffuse ring, the origin of the concentric patterns can also be 
understood in the framework of either the extended Mie theory for non-spherical particles131, or the 
Debye series approach138. 

 

Figure 120. Modelling of normalized far-field intensity transmitted through a single cylinder at an oblique incidence, 
θi = 30°, varying the diameter of single pillar, d = 10 µm (a), d = 5 µm (b), and the cross-sectional plot (c) along the 
plane of incidence at 0° of azimuth in the region of interest (orange solid square) using the FDTD method. 

 



140  

Another modelling is done in Figure 121 to verify the optical response from the glass substrate. 
Figure 121.a and Figure 121.b show the normalized far-field intensity transmitted through a single 
cylinder at an oblique incidence, θi = 60°, with and without the glass substrate, respectively. If we 
compare the values at 0° of azimuth as a function of the plane of incidence, it is shown that the glass 
substrate affects the intensity of diffuse ring both near the specular peak and around the large scattering 
angle but not too much; ~1.7 % near the specular peak, ~0.6 % around the large scattering angle (Figure 
121.c). This can be the interaction between the glass and the pillar, which can be a small fraction among 
the total scattered beam as shown in Figure 122. 

 

Figure 121. Modelling of normalized far-field intensity transmitted through a single cylinder at an oblique incidence, 
θi = 60°, with (a) and without (b) the glass substrate, and the cross-sectional plot (c) along the plane of incidence at 
0° of azimuth using the FDTD method. 

 

Figure 122. Schematics to illustrate the origin of the halo and the parasite scattering from the glass-cylinder 
interaction mentioned with the fraction of the total incident light based on the FDTD modelling. Since we are 
working with incoherent source, the interference effect of glass can be negligible. 
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6.3.5. Conclusion 

In this section, the angular-resolved optical response of glass substrates uniformly covered 
cylindrical micropillars. Although in practice, these microstructures are interesting for they wettability 
properties, when integrated in building elements such windows, they optical response may have a visual 
effect that may impact the esthetic properties of the final product and therefore it is necessary to 
understand and to control them. The general protocol to characterize the optical response of glossy (or 
scattering) surfaces is done with integral measurements, however, it was found that due to the complex 
optical response of the micropillars the integral measurements do not provide enough information 
reason why angular-resolved measurements were used. 

Thanks to the use of two complementary angle resolved instruments; the goniospectrophotometer 
from SGR and the multimodal polarimetric microscope, it was possible to identify three different optical 
features: diffraction orders when the micropillars are deposited in ordered patters, a diffuse ring, and 
interference patterns. 

We concluded that the halo and the concentric patterns around the specular transmission come 
from the light scattered by every individual pillar. The intensity distribution of those patterns not only 
depends on the wavelength, the illumination or observation angle, but also on the size and shape of the 
individual pillars. The effect of glass substrate was also studied. It was concluded that it has a minor 
effect on the intensity distribution of the interference patters near the specular peak and around the 
large scattering angles. This is due to the fact that the substrate has a low refractive index and also this 
index is well-matched with that of the micropillars. 

It has been shown that the multimodal polarimetric microscope combined with the FDTD numerical 
modelling can provide equivalent information than the BTDF measurements with the 
goniospectrophotometer, which is a well stablished technique in optical metrology. Therefore, these 
results show that the multimodal polarimetric microscope can be considered as a valid approach for in-
situ or ex-situ characterization of patterned samples with microstructures showing a complex optical 
response. 
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Chapter 7. 
General conclusions and perspectives 

The main objective of this thesis was to study the interaction of polarized light from the scattering 
media and particles. A variety of aspects have been treated, including the basic theory on Muller 
polarimetry, the instrumental development, the advanced numerical simulation, and the creation of 
measurement protocols for the interpretation of complex data. In the first part of the present 
manuscript prior to the presentation of the different aspects treated during the Ph.D., a general 
overview is provided on basic concepts of polarimetric instrumentation, mathematical formalisms, the 
three main polarimetric properties which were extensively used in the Ph.D. together with the concept 
of logarithmic (or differential) decomposition used to disentangle polarimetric information from Mueller 
matrices. 

The first part of the Ph.D. was devoted to the development of an innovative instrument, called 
Multimodal Muller Polarimetric Imager, which is suitable for taking polarimetric images at different 
scales (from millimeters to microns) and which can be quickly reconfigured to offer different imaging 
modes. The multimodal imaging allows obtaining polarimetric images in either real or Fourier planes, 
which is equivalent to get information about the spatial resolved, or the angular-resolved polarimetric 
response of the sample. The system also allows a precise control of the size of the sample that it is 
illuminated, and the aperture of the beam used either to illuminate or to analyze the sample by the use 
of pinholes in the conjugated planes of i) the object and ii) the Fourier planes of the two microscope 
objectives. The system has been characterized to determine its repeatability, precision and accuracy. 

An important effort has been put to study the polarimetric response of particles of micrometric size. 
The selection of the particles studied was done in analogy to the size of the cells in biological tissues, 
and which are responsible for the dispersion of light. This choice is motivated by the fact that we believe 
that the multimodal polarimetric microscope can be successfully applied in the area of biomedical optics 
to study and characterize the optical properties of thin histological cuts which are frequently used by 
pathologists and medical doctors to study or to diagnose pathologies. To do so the polarimetric 
properties of light scattered by the microparticles was analyzed when they were illuminated at either 
normal incidence or at oblique incidence respect to the axis of the microscope. The illumination at 
normal incidence showed consistent results with previous studies, which were used to validate the 
operation mode of the multimodal microscope and the data analysis protocol. The illumination at 
oblique incidence was a novelty since none other study in the literature has been performed in such 
conditions. This was possible thanks to the unique characteristics of the multimodal polarimeter, which 
allows a precise control of the direction and aperture used to illuminate the sample. The results of the 
measurements at oblique incidence show a surprisingly strong apparent optical activity in the optical 
response of the microparticles. Interestingly it was found that the apparent optical activity was sensitive 
to the illumination direction but also to the shape of the proved particles. A very precise and meticulous 
modelling of the transformations of light polarization due to the sample and the focusing and imaging 
by high aperture objectives was needed to conclude that the origin of the apparent circular birefringence 
was due to topological phase due to the fact that the main axis of the particle and the polarimeter are 
not parallel for illumination at oblique incidence. In order to prove the topological origin of the apparent 
circular birefringence as well as its sensitivity to the shape of the proved particles the following case 
studies were extensively analyzed: the single linear dipole, the spherical particle and the spheroidal 
particles. The linear dipole and the spherical particles were treated with an exact formalism, whereas 
the spheroids were modelled using a numerical solution of Maxwell equations. In all cases the results 
consistent results were obtained, and the model predictions were confirmed by experimental results. 
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 The further studies on the topological phases can be done to apply this technique in different 
areas, not only biomedical imaging, but also any application involving the use of microparticles such as 
meteorology for climate prediction, pollutant detection, or assessment of the visual appearance of 
materials. 

A second topic related to the use the multimodal polarimetric imager to study the dependence of 
the polarization and depolarization properties of a scattering media with their thickness, was also 
extensively explored. The motivation of the work is that the polarization response of complex media 
such histological cuts of biologic tissues is not only affected by the intrinsic properties of the proved 
media but also other parameters such as their thickness. In practice unexpected, unknown or 
uncontrolled thickness variations (less than 1 µm) in preparation of histological cuts can cause great 
uncertainty when it comes to interpret polarimetric data measured from them. Thanks to the approach 
followed in this work it has been possible to devise a method to eliminate the effect of the sample 
thickness from the polarimetric response of the sample. The method is based on the validity of the 
randomly fluctuating medium model. According to the latter, the polarimetric properties are 
proportional to the thickness of the sample whereas the depolarization is proportional to the square of 
this latter one. The model was first validated with reference samples and then applied to real tissues. In 
all cases the results predicted by the model were in accordance with the experimental observations. 
Those results allowed to develop a method which allowed to efficiently remove the effect of the 
thickness from the polarization properties of the sample. This discovery could be used to develop a 
method of data analysis that overcomes the effect of thickness variations, thus making the 
measurements very robust and related only to the intrinsic properties of the samples studied. 

For other possible applications of our multimodal imager, we carried out the study on the optical 
responses from the pseudo-chiral metasurfaces as an application of anticounterfeiting. We have shown 
how the contrast of images could be encoded in circular dichroism by using the magnetoelectric coupling 
yielded by plasmonic resonances of pseudochiral metasurfaces. We have shown the possible application 
of the multimodal Mueller polarimetric imager to verify the dependency of the intensity observed in 
circular dichroism and between crossed polarizers of an image built from pixels containing U-shaped 
resonators. We have confirmed experimentally the theoretical results using a palette of 10 levels of 
contrasts. The possibility to design covert images revealed only between crossed polarizers and with 
contrast reversal in circular dichroism was shown by creating a pseudochiral metasurface containing a 
representation of Mona Lisa. These results evidence that pseudochiral resonators present an additional 
degree of security compared to images encoded in linear polarizations, which would not possibly show 
such contrast reversal upon angle of observation changes. Different colors may be obtained by using 
different materials expanding the accessible resonances to the blue part of the spectrum and combining 
different types of resonators in the same pixel. Better contrast variations may also be obtained by 
increasing the number of resonators in each pixel, to the detriment of lateral resolution. 

In addition to the main topic of the Ph.D., the development of the multimodal polarimetric imager 
attracted the attention of a number of researchers, and as a result, a number of new collaborations were 
created. The results of the work done in the framework of three of these collaborations have been 
summarized in the last chapter of the manuscript. The three collaborations were selected because of 
the extent of the work done, and also for the relevance of the explored topics to illustrate the multiple 
applications of multimodal polarimetric imager. 

In the first case it has been shown how contrasts of images could be encoded in circular dichroism 
by using the magneto-electric coupling yielded by plasmonic resonances of pseudo-chiral metasurfaces. 
The modeling the optical response of pseudo-chiral plasmonic resonators it was possible to derive the 
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equations yielding the dependency of the intensity observed in circular dichroism and between crossed 
polarizers of an image built from pixels containing U-shaped resonators. The theoretical predictions 
were proved experimentally with the design of a palette of resonators showing 10 levels of contrasts. 
The possibility to design covert images revealed only between crossed polarizers and with contrast 
reversal in circular dichroism, was shown by creating a pseudo-chiral metasurface containing a 
representation of Mona Lisa and fully characterized with the multimodal imager. 

In the second case, the object of study focused on the characterization of the optical properties of 
glasses which had been irradiated with femtosecond laser pulses. The effect of the femtosecond laser 
pulses was to locally modify the structure of the glasses, which induced form of birefringence which 
could be measured with a spectroscopic polarimeter. It was found that some of the samples studied 
showed an unexpected non-reversible optical response which could be explained with the use of a 
double layer model describing a non-uniform distribution of birefringence in the direction of 
propagation of the femtosecond laser pulse. The non-uniform birefringence induced a strong circular 
retardance, which was responsible of the observed non-reversibility. The significant linear and circular 
properties induced by the irradiation of laser pulses on glasses open the possibility to use them to design 
innovative optical elements to control the transmission and polarization properties in a non-
conventional way. 

Finally, in the third case, the multimodal imaging polarimeter was used to study the optical 
properties of glass substrates with surfaces patterned by an ensemble of micropillars. The multimodal 
imaging polarimeter was used to complete with angularly resolved measurements the information 
retrieved with standard techniques based in the evaluation of gloss and haze which are integrated 
observables. As a result, it was possible to identify three different optical effects induced by the presence 
of the micropillars on the surface of the samples. The results obtained with the multimodal imaging 
polarimeter were in accordance those obtained with a goniospectrophotometer, which is considered a 
standard instrument to perform angular-resolved measurements. The latter result demonstrated the 
validity of the multimodal imaging polarimeter to be used for in-situ and ex-situ characterization of 
patterned surfaces showing complex optical responses. 

I have shown many possible applications of the Muller polarimetric microscope developed in the 
framework of this Ph.D. The successful application of the Mueller polarimetric imager to a variety of 
studies is very encouraging and suggests plenty of research topics that hopeful will be developed in the 
near future. Among them it is possible to cite for example: 

i) the application of different Mueller matrix decompositions on different samples to 
further improve our understanding of how different scattering process contribute to 
explain the polarization and depolarization properties of light,  

ii) the detailed explanation on the topological phases with well-defined or controlled 
spheroidal curvatures to improve the precision and accuracy with which the polarimetric 
measurements can be used to characterize the shape of micrometric objects,  

iii) to develop new observables and image process methods to improve the analysis 
efficiency of polarimetric images of thin sections of histological tissues which can be used 
to develop either basic science in biology or to the diagnosis of pathologies by medical 
doctors,  
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iv) to further study the origin of reversibility and non-reversibility on the polarimetric 
properties on FLDW application,  

v) the development of robust and easy to use FDTD based scripts and software applications 
to model the optical response of complex samples in terms of Mueller matrices 

In any case at the end of this Ph.D., I’m sure that the fact that the multimodal Muller polarimetric 
microscope is a promising tool for many uncovered applications in science and technology is beyond 
question. 
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Pour ce faire, un imageur polarimétrique 
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dans le cadre de la thèse. Cet instrument a été 
appliqué à l’étude de l’effet de l’épaisseur des 
milieux diffusants sur leur réponse optique 
polarimétrique. Ainsi, il a été possible de 
développer une méthode d’analyse qui permet de 
s’affranchir de l’effet des variations d’épaisseur 
des milieux, rendant ainsi les mesures très 
robustes et liées uniquement aux propriétés 
intrinsèques des échantillons étudiés. 

Concernant la réponse optique d’un objet unique, 
il a été montré pour la première fois que lorsque 
des microparticules sont éclairées en incidence 
oblique, une phase topologique apparait, créant 
ainsi une activité optique apparente. La phase 
topologique dépend de la forme des 
microparticules et peut être utilisée pour améliorer 
l’efficacité des méthodes optiques de métrologie. 
Dans le cadre de diverses collaborations avec 
différentes équipes, il a été possible de réaliser des 
études sur les réponses optiques des 
métamatériaux, des verres irradiés par des 
impulsions laser femtosecondes, et des cylindres 
sur un substrat de verre. Un résumé des résultats 
les plus significatifs est également présenté. 
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Abstract : The purpose of this thesis is to study the 
interaction of polarized light from scattering media 
or particles. Given the scale of this area, only a few 
cases with a strong fundamental or applicative 
interest have been studied. To do this, a unique 
and innovative multimodal polarimetric imager 
was developed. This instrument has been applied 
to study the effect of the thickness of scattering 
media on their polarimetric optical response. Thus, 
it became possible to develop an analysis method 
that makes it possible to overcome the effect of 
variations in thickness of the media, making the 
measurements very robust and related only to the 
intrinsic properties of the samples. 

Concerning the optical response from a single 
object, it has been shown for the first time that 
when microparticles are illuminated at an oblique 
incidence, a topological phase appears, creating an 
apparent optical activity. The topological phase 
depends on the shape of the microparticles and 
can be used to improve the efficiency of optical 
metrology methods. In the framework of various 
collaborations which were created during the 
thesis with different research teams, it was 
possible to carry out studies on the optical 
responses from metamaterials, glasses irradiated 
with femtosecond laser pulses, and cylinders on a 
glass substrate. A summary of the most significant 
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