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ABSTRACT

This thesis proposes a general formalism to model the acoustic wave propagation in a
multilayer consisting of any combination of fluid, isotropic elastic solid, and isotropic poro-
elastic layers, the method having the flexibility to be extended to include other layer-natures.

At a first stage, a stable algorithm is developed, based on the recursive stiffness matrix
approach, to model the propagation of a plane wave incident on the multilayer as a function
of its incidence angle and frequency. This algorithm merges recursively the structure
individual layers stiffness matrices into one total stiffness matrix and allows then the
calculation of the reflection and transmission coefficients, as well as the displacement and
stress components inside the multilayer for every incident plane wave direction.

Secondly, to model the propagation of a bounded incident wave beam, the angular
spectrum technique is used which is based on the decomposition of this beam into a spectrum
of plane waves traveling in different directions. The corresponding reflected wave beam in
the incidence medium, and the transmitted wave beam in the transmission medium, as well as
the fields distributions (displacement and stress components) inside the multilayer are
obtained by summing the contribution of all the plane waves traveling in different directions.

As a numerical application, a three-layered solid-porous-solid structure immersed in
water is simulated. The resulting reflection and transmission as well as the displacement and
stress components in the multilayer corresponding to both, the incident plane wave in
different directions and the incident bounded beam reveal the stability of the method and the

continuity of the displacements and stresses at the interfaces.

Keywords: Wave propagation; layered media; stiffness matrix; porous media; Biot’s theory;

reflection and transmission coefficients; angular spectrum.
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RESUME

Cette thése propose un formalisme général pour modéliser la propagation des ondes
acoustiques dans une multicouche composée de toute combinaison de couches liquides,
solides élastiques isotropes et poro-¢lastiques isotropes, la méthode ayant la flexibilité d'étre
développée pour inclure d'autres natures de couches.

Dans un premier lieu, un algorithme stable est développé, basé sur I'approche récursive
de la matrice de rigidité¢, pour modéliser la propagation d'une onde plane incidente sur la
multicouche en fonction de son angle d'incidence et de sa fréquence. Cet algorithme fusionne
de maniére récursive les matrices de rigidité des couches individuelles de la structure en une
matrice de rigidité totale et permet ensuite le calcul des coefficients de réflexion et de
transmission, ainsi que les composantes de déplacement et de contrainte a l'intérieur de la
multicouche pour chaque direction d'incidence des ondes planes.

Deuxiémement, pour modéliser la propagation d'un faisceau délimité d'ondes
incidentes, la technique du spectre angulaire est utilisée, basée sur la décomposition de ce
faisceau en un spectre d'ondes planes se propageant dans des directions différentes. Par la
suite, le faisceau d'onde réfléchi dans le milieu d'incidence et le faisceau d'onde transmis dans
le milieu de transmission, ainsi que la distribution des champs (composantes de déplacement
et de contrainte) a l'intérieur de la multicouche sont obtenus en superposant la contribution de
toutes les ondes planes se propageant dans les différentes directions.

Comme application numérique, une tri-couche solide-poreuse-solide immergée dans
'eau est simulée. La réflexion et la transmission qui en résultent, ainsi que les composantes
de déplacement et de contrainte dans la multicouche, correspondants a 1’onde plane incidente
et au faisceau limité incident, révelent la stabilit¢ du procédé et la continuité des

déplacements et des contraintes aux interfaces.

Mots-clés: propagation des ondes; multicouches; matrice de rigidité; milieu poreux; théorie

de Biot; coefficients de réflexion et de transmission; spectre angulaire.
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GENERAL INTRODUCTION

The topic of elastic waves propagation in layered media has been, for the past half
century, the interest of many researchers working in several fields such as underwater
acoustics, seismology, geophysics, biomedical engineering nondestructive testing, etc...
Moreover, since many layered materials encountered in these fields include porous media, the
inclusion of porous materials in the study of the waves propagation in layered media has
gained considerable attention. Some of these studies have considered the case of multilayers
consisting of layers of the same nature but with different characteristics, while others have
dealt with a combination of a varied layer natures. However, the common point to all of them
is their focus on how the involved layers interact with each other, due to the propagation of a
plane wave through them, depending on their natures and properties, as well as the natures of
the interfaces separating them. Hence, the established methods in these studies for modeling
the plane wave propagation in a multilayer, whether analytical or numerical methods, have
been developed from formulations that combine the physical and mechanical characteristics
of each layer with the interaction conditions of the waves at the interfaces between every two
adjacent layers, or the so-called boundary conditions. For a given incident plane wave on a
multilayer, this interaction is usually investigated through the assessment of the amount of
reflection obtained in the originating medium, and the amount of transmission in the
continuing medium.

The purpose of this thesis is, first, to develop an analytical, stable, and general
formalism for plane wave propagation in layered media that could consist of a combination of

varied layer natures. The developed algorithm is based on the recursive stiffness matrix



method proposed by Rokhlin and Wang [1]. We consider only isotropic and homogeneous
materials with three possible layer-natures: fluid, isotropic elastic solid, and isotropic poro-
elastic material. However, this formalism has the ability to be extended and adapted to
include anisotropy and other layer natures in the future. The investigation in the study of the
plane wave propagation in the multilayer is not limited to the acquisition of the reflection and
transmission coefficients, but the developed formalism allows also to evaluate the wave
amplitudes inside the layers.

Then, since in real situations, an incident wave generated by an acoustic source is
usually not a plane wave, but rather a bounded beam, the technique developed in this work
for plane wave propagation in layered media is furthermore employed in the development of
the modeling of an acoustic beam propagation in a multilayer using the angular spectrum
method.

This manuscript is composed of four chapters.

In the first one, a historical background is presented for the different techniques that
have been developed by researchers for modeling plane wave propagation in layered media.
Then, a theoretical background is given for plane wave propagation in each of the three-
considered layer-natures, the Biot’s theory being used for the case of the porous material.

In the second chapter, the multilayer consisting of any combination of the three layer-
natures is defined. The displacement and stress components are then expressed in terms of the
partial plane waves amplitudes in every layer of the structure, depending on its nature. The
factorization of these expressions allows to obtain the characteristic matrices of the individual
layers of the structure, and subsequently their stiffness matrices, in terms of the layer
mechanical properties as well as the incident plane wave frequency and incidence angle.

In the third chapter, a recursive algorithm is developed to obtain the total stiffness

matrix of the multilayer. In this algorithm the individual layers stiffness matrices found in the



second chapter are combined into one total stiffness matrix, based on the boundary conditions
at every interface separating two adjacent layers of the structure. Subsequently, the reflection
and transmission coefficients are calculated considering the multilayer bounded by fluid
materials. Then, having the reflection and transmission coefficients, a back recursive
algorithm is developed in order to obtain the partial plane waves amplitudes inside the
structure layers. This allows afterwards to evaluate the displacements and stresses
components at any point in the multilayer. The expressions found for the reflection and
transmission coefficients, the amplitudes of the waves inside the layers, as well as the
displacement and stress components in the multilayer are all in terms of the incident plane
wave frequency and incidence angle.

Having modeled the propagation of a plane wave incident on the multilayer at a given
frequency and incidence angle, the propagation of an acoustic beam incident on the
multilayer is modeled in the fourth chapter using the angular spectrum technique. The latter is
based on the superposition of the contributions of monochromatic plane waves traveling in
many directions. Hence for an incident acoustic beam, the reflected and transmitted beams in
the incidence and transmission media are reconstructed. Furthermore, the displacement and
stress components fields distributions are obtained inside the multilayer. A numerical
example is applied in this chapter to simulate the algorithm, where the case of a three-layered
solid-porous-solid structure immersed in water is considered. So, first, the formalism
developed in the third chapter is applied in order to obtain the reflection and transmission
coefficients as well as the displacement and stress components at any position in the
multilayer, corresponding to each incident plane wave direction and at a given frequency.
Then, using the angular spectrum method, the reflected, and transmitted wave fields along

with the displacement and stress components fields distribution are obtained. Finally, the



presented work is summarized in the general conclusion, and perspectives for future works on

the subject are proposed.



CHAPTER 1

HISTORICAL AND THEORETICAL BACKGROUNDS

1.1 Modeling of a Plane Wave Propagation in a Multilayer

A multilayer is, by definition, a medium consisting of a stack of a given number of
media separated by interfaces. In particular, when these stacked layers or strata are
homogeneous and planar with parallel interfaces, the structure is referred to as a stratified
medium.

The investigation in modeling the propagation of elastic plane waves in stratified media
had been triggered long time ago [2, 3, 4, 5], however it has got a remarkable push after the
elaborated technique published by Thomson in 1950 [6]. In his method, Thomson studied
theoretically the transmission of an elastic plane wave at an oblique incidence through a
stratified medium consisting of an arbitrary number of parallel planar solid media of different
characteristics and thicknesses. He defined a matrix called transfer matrix that relates the
displacements and stresses at the bottom of a layer to the ones at the top of that layer. Then,
for two consecutive solid layers, by applying the appropriate boundary conditions at the
interface separating them, which are the continuity of particle velocities and normal and
shearing stresses, the stresses and displacements of these two layers can be related. Therefore,
the wave propagation across the layers of the structure is expressed through each layer
transfer matrix, and its propagation across interfaces in the structure is expressed via the

boundary conditions at each interface. In this manner, the displacements and stresses at the



bottom of the multilayer can be related to those at the top through a single matrix obtained
via a process of individual layers matrices multiplication. The equations derived by Thomson
were based on some assumptions such as that the shear modulus is the same in all the solid
layers, which made the method of limited validity to some particular cases. This issue was
fixed three years later by Haskell who proposed a more generalized formulation of
Thomson’s method [7], and since then it has been referred to as Thomson-Haskell method,
transfer matrix method, or propagator matrix method. Shaw and Bugl published in 1969 a
refined version of Thomson-Haskell matrix formalism [8], where they expressed the
displacements and stresses in terms of the layers parameters and they introduced the effects
of viscoelasticity by assigning complex values to the parameters of the solid layers. In
parallel to Thomson’s work, Brekhovskikh developed in 1960 another method for wave
propagation in layered media based on the layers and interfaces impedances [9]. However,
the equations he developed had also the problem of their limitation to the same particular
cases as those of Thomson. Folds and Loggins reconsidered the previously published results
from both methods and re-derived them in a more suitable and revealing way with few
modifications. In their work, they obtained the reflection and transmission coefficients for the
case of a plane elastic wave incident on a stratified structure consisting of viscoelastic layers
[10].

Following Thomson-Haskell work, and with the availability of computer resources,
there was an increasing interest of implementing the transfer matrix technique in numerical
methods for modal calculations of plane wave propagation in layered media. This revealed an
instability problem of the method when dealing with thick layers and at high frequencies.
These numerical instabilities are due to a loss of precision when performing arithmetic
calculations on the layers transfer matrices using computers. In fact, according to Thomson-

Haskell method, the total transfer matrix of a layered medium consisting of solids is obtained



by multiplying the layers transfer matrices. The greater the number of layers, the greater the
numerical loss of precision in the computer calculations due to its limited capacity (limited
number of digits). Moreover, as shown by Dunkin [11], the transfer matrices of individual
layers contain an exponential term whose power is proportional to the layer thickness and the
wave frequency. Therefore, at high frequencies and for thick layers, these small precision
errors will be considerably amplified by the exponential term. Consequently, an effort was
put by researchers to solve for this problem that became known as the “large fd problem”,
and thus improve the performance of transfer matrix method. In his paper, as a solution to the
issue, Dunkin introduced the delta operator approach which was used and improved later on
by other researchers such as Kundu and Mal [12] and Lévesque and Piché [13]. In this
method, delta matrices are calculated made up of 2 X 2 subdeterminants of individual layers
transfer matrices in order to avoid the accumulation of errors when multiplying the transfer
matrices to find the total one. The delta operator method, being only applied in previous
works on wave propagation through isotropic media, Castaings and Hosten [14, 15] published
an extension of this method to include anisotropic materials. In that case, the delta matrices
are constructed from 3 X 3 subdeterminants of individual layers transfer matrices. The delta
operator method has succeeded to heal the transfer matrix method from the loss of precision,
nevertheless, its problem is in the considerable increase of the computational time because of
the large number of subdeterminants introduced calculations. Balasubramaniam proposes an
alternative solution that is simpler and not computationally intensive: the numerical
truncation algorithm [16, 17]. The latter is an approximation algorithm that is based on
setting a maximum threshold value for the exponential terms involved, which limits the
amplification of the precision errors and prevents instabilities. This approach, which has been
referred to as the modified transfer matrix approach, has been shown to stabilize the

computation without requiring any extensive reformulation and without compromising the



original method efficiency. Nevertheless, this numerical truncation has exhibited instabilities
for very high fd values.

While the above-mentioned works adopted the transfer matrix method and developed
their own approaches to enhance it and make it robust, some other publications proposed
quite different computationally stable matrix formulations, alternative to the transfer matrix
method, for modeling wave propagation in layered media. Among these techniques we cite
the global matrix method that was first proposed by Knopoff in 1964 [18] for layered
structures consisting of isotropic solids, then implemented and validated by other researchers
[19, 20, 21, 22, 23, 24]. This method consists of mapping the equations for individual layers
into one global single matrix that includes all the unknowns related to the boundary
conditions. This algorithm proved to be stable and efficient with the disadvantage of
computation slowness in the case of several layers which increases the size of that global
matrix. A review of the technique and its comparison to the transfer matrix method was done
by Lowe [25].

A reformulated global matrix technique has been proposed by Kausel and Roesset [26]
where the system global matrix was obtained for isotropic solid layered media in terms of the
layers stiffness matrices rather than their transfer matrices. A stiffness matrix relates the
stress components to the displacement components at the top and bottom surfaces of that
layer. Thus, in this method, the total displacements and stresses are obtained instead of the
waves amplitudes.

Another stable different approach was developed by Kennett and Kerry [27] and
Kennett [28] for isotropic solid layered media, referred to as reflection matrix method or
transmission reflection matrix method. It consists of creating reflection and transmission
matrices for individual interfaces in the multilayer, then these matrices are mapped

recursively into global reflection and transmission matrices. The approach was extended later



on to generally anisotropic layered media by Fryer and Frazer [29, 30] and Rokhlin and
Huang [31]. This method has proven to be computationally stable and efficient and has been
widely used for wave propagation modeling in layered media in the fields of seismology and
geophysics.

An additional alternative stable method to the transfer matrix method was developed in
the beginning of the twenty-first century by Rokhlin and Wang who presented a recursive
algorithm they developed for the computation of a total stiffness matrix for layered elastic
anisotropic media [1, 32, 33], based on individual layers stiffness matrices. They proved their
method, referred to as stiffness matrix method, to be unconditionally stable at high
frequencies and for thick layers, keeping at the same time the computational efficiency and
simplicity of the transfer matrix method. A comparison was made between the stiffness
matrix method and the transfer matrix method by Balasubramaniam et al. [17]. A detailed
description of this approach will be provided later in this manuscript.

All of the above-mentioned techniques and their developments considered layered
media consisting either of isotropic or anisotropic elastic solids. However, the researches in
some specific fields such as geophysics and biomedical engineering necessitated modeling
wave propagation in layered media including porous material. Thus, the need to adapt the
previously developed techniques for the modeling of plane wave propagation in layered
media to the case of multilayers composed of either porous layered media or a combination
of various layer natures arose.

For instance, the sound propagation in layered porous media was described at normal
incidence by Allard et al. [34] and at oblique incidence by Allard et al. [35] using the transfer
matrix method. Schmitt [36] and Lauriks et al. [37] worked on the modeling of the
propagation of plane waves in a multilayered medium including fluid, solid and porous layers

based on the transfer matrix method as well. Vashishth et al. [38] studied the wave



propagation in a layered anisotropic poro-elastic structure bounded by an isotropic elastic
solid and a fluid using the transfer matrix technique. Jocker et al. [39] proposed an extension
of the Thomson-Haskell method to present closed-form analytical expressions for the
reflection and transmission coefficients of a layered isotropic poro-elastic medium, and they
investigated the stability of their approach.

Parra [40] calculated the dispersion and attenuation of acoustic waves in layered fluid
filled porous media based on the global matrix method. Brouard et al. [41] and Allard and
Atalla [42] presented a general method of modeling sound propagation in multi-layered
media including fluid, elastic solid, and porous layers using also the transfer matrix method.
In their approach, and in order to adapt the original method to the case of two adjacent layers
of different natures, they defined two matrices for every interface that relate the acoustic
fields from both sides of that interface.

Rajapakse and Senjuntichai used the global stiffness matrix method as proposed by
Kaussel and Roesset to study the dynamic [43] and quasi-static [44] responses of a layered
poro-elastic medium. Degrande et al. [45] studied the wave propagation in multi-layered dry,
saturated and unsaturated isotropic poro-elastic media using also the global stiffness matrix
method.

Moreover, Feng et al. [46] have recently proposed and extension of the transmission
and reflection matrix method to investigate about the reflection and transmission of plane
waves in a multilayered porous medium.

In this manuscript, we develop a general stable formalism for modeling plane wave
propagation in a layered medium consisting of layers of different natures, based on the
recursive stiffness matrix method. Three layer-natures will be considered in particular: fluid,

isotropic elastic solid, and isotropic poro-elastic medium, the method having the flexibility to
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be extended to include other layer-natures. Therefore, a background will be provided in the

coming section for the plane wave propagation theories in each of these three layer-natures.

1.2 Plane Wave Propagation in an Isotropic Elastic Solid
1.2.1 Stress and Strain in a Deformable Solid
Consider a cubical volume in a deformable medium. If a force is applied on the top of
the cube, this latter is compressed in the direction of the force, while the other sides are
bulged. Hence this force is converted into stresses in different directions, the stress being
obtained by dividing the force by the surface area on which it is acting. The normal stress
components applied on the solid face in a direction i are denoted by o;;, while the tangential
components acting on the plan j orthogonal to i are denoted by a;;. The first subscript refers
to the direction of the stress component, while the second refers to the normal direction to the
corresponding cube face. Hence, for example, the stress on the face xy of the cube in Figure
1-1 has three orthogonal components: the normal component a,, along the z direction, and
the two tangential components gy, and gy, along x and y respectively. Considering also the
stresses on the xz and yz faces, nine stress components are counted in total as shown in

Figure 1-1, and the stress tensor is defined as:

rxx Oxy sz}
o =|0yx Oyy Oyz]. (1.1)

I.sz Ozy O-ZZJ
An important property of this stress tensor is its symmetry, i.e.:
0ij = 0ji (12)

which reduces the number of the stress components to six.
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Figure 1-1: Applied stresses on the cube faces.

The strain is the deformation response of the volume to the applied force or stress in
terms of relative displacement of particles in the given volume. It is by definition, the average
change in two directions, i and j, of the deformed length within the volume that has
undergone deformation, denoted by ¢;;. If the displacement due to the elastic wave vibration
is defined by the vector u, the strain can be related to the displacement by the Cauchy

relationship as:

=2\ " ai ) (1.3)

It could be noticed from Eq. (1.3) that:

&j = & (1.4)
which makes the strain tensor also symmetrical. In the following, the values of 1,2,3 will be
attributed to each of the subscripts i and j representing the direction components of x, y, and

z, respectively, under the Cartesian coordinates.
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1.2.2 Stress Strain Relationship for an Isotropic Elastic Solid
The stress-stain relationships for an elastic solid are given by Hook’s law to be:

0ij = Cijer, L,k 1=123 (1.5)
where Cjji; is the elasticity or stiffness tensor of rank four, i.e. including 81 components.
However, since, with reference to Egs. (1.2) and (1.4), both of the stress and strain tensors are
symmetrical, then, Cjjx; = Cjiy and Cyji; = Cyjig, and the number of these components can
then be reduced to 36. Using Voigt notation allows expressing Hook’s law for elasticity in
matrix form. In this notation, the subscripts ij are substituted by the subscript I, while kl are
replaced by /, I and J varying from one to six, where the values of 1, 2, 3,4, 5, 6 for I and |
correspond respectively to the subscripts 11, 22, 33, 23, 31, 12 for ij and kl. Hence, Hook’s

law in Eq. (1.5) can be expressed in matrix form as:

In the case of an isotropic elastic solid, the number of independent elasticity
coefficients is furthermore reduced to two: C;; and C,,. Therefore, the relationship in Eq.

(1.6) can be explicitly expressed as:

0117 [C11 Gz Ciz 0 0 0 &1
Oyp Ciz Gy Cyp 0 0 0 €57
033 Ciz Gz Cyy 0 0 0 £33
, 1o o0 o cll;qz . . l (1.7)
ol |0 0 0 0 @ 0 |ley
ol [0 0 0 0 0 # e, ]

Thus, an isotropic elastic solid can be described by only the couple of coefficients C;;
and C,,. Alternatively, the behavior of the isotropic elastic solid can be also described by

other couples of coefficients related to C;; and C,,, such as the Lamé coefficients A and p,
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where p is sometimes denoted by G and is called the shear modulus of the material. Another
used couple of coefficients to describe an isotropic elastic solid is the Young’s modulus E
and the Poisson ratio v. These couples of coefficients are related together as summarized in
Table 1-1 [47]. The bulk modulus K, is another constant that describes the elastic property of

a solid related to the Lamé coefficients by:

2
Ks=A+3u. (1.8)

Table 1-1: Conversion formulas among elastic properties of an isotropic elastic solid.

(C11, Cr2) 4, ) (E,v)
2 c 2 Ev
12 14+v)(1-2v)
u €11 — (o u E
2 2(1+v)
2C;,° 31+ 2
E Cot — 12 u( %) E
€11+ Cyy A+u
y _ G2 _r v
Ciy + Cpp 21+

The stress-strain expression in Eq. (1.5) can be expressed for an isotropic elastic solid
in terms of its Lamé coefficients as:
0;j = 2ug; + 6;jAV.u, i,j =123, (1.9
where V. is the divergence operator, and §;; is the Kronecker delta such that:

6ij =1 lf i =j,
(1.10)

1.2.3 Wave Equation in an Isotropic Elastic Solid
For a linear elastic solid having a constant density p, and neglecting the body forces

applied to it, the equation of motion can be written as:
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(')Zui _ aO'ij
P2 ~ o

(1.11)

Substituting Egs. (1.3), (1.9), and (1.10) into Eq. (1.11) leads to the elasto-dynamic equation

describing the displacement in an isotropic elastic solid which can be expressed as [47]:

2

u
Poz = A+ V(. u) + uviu, (1.12)

where V is the gradient operator, V. is the divergence operator and V? is the Laplacian. In
order to decouple the three displacement components u,, u,, and u,, the displacement field
u can be decomposed into a scalar potential ¢ and a vector potential P using Helmholtz

decomposition, such that:
u=Vep +Vxy, (1.13)
with
Vx(Vgp)=0 and Vi =0, (1.14)
where V X is the curl operator.

Substituting the expressions in Eqgs. (1.13) and (1.14) into Eq. (1.12) yields to:

2

IP—MVZII)) = 0. (1.15)

9%¢
v<p -1+ zu)vqu) +V x <pm

ot?
In order to satisfy Eq. (1.15), the latter could be replaced by the set of two decoupled

equations in terms of ¢ and ¥:

(9 2¢ —
(1.16)
oy,

These two equations show that two types of wave propagate in the isotropic elastic solid
medium. The first equation corresponds to the propagation of longitudinal waves with a

speed c; such that:
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A+2
o= [~ £ (1.17)

The second equation corresponds to the propagation of shear or transverse waves with a

speed cr such that:

o= |- (1.18)

For the longitudinal waves, the medium undergoes compression and rarefaction in the
direction of propagation of the wave. Hence the direction of the displacement of the particles
in the medium, called polarization, is parallel to the direction of propagation as illustrated in
Figure 1-2 (a). As for the shear or transverse waves, the direction of the displacement of the
particles in the medium (polarization) is orthogonal to the direction of propagation of the

wave as shown in Figure 1-2 (b).

Polarization

(a)

Direction of the wave propagation

v

Polarization

(b)

Figure 1-2: (a) Longitudinal and (b) Shear waves proagation in an isotropic elastic solid.
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1.3 Plane Wave Propagation in a Fluid Medium
For the fluid medium, the equations could be deduced from the ones of the isotropic
elastic solid for a vanished shear modulus, i.e. ¢ = 0. Then, with reference to Eq. (1.8), the
fluid bulk modulus is found to be:
Ke=2. (1.19)
If the body forces applied to it are neglected, the elasto-dynamic equation describing

the displacement in a fluid can be expressed as:

2

u
o KV(V.u). (1.20)

The decomposition of the displacement field u in the case of the fluid includes only
irrotational deformations such that:
u=VyVop, (1.21)
with
Vx(Vp) =0. (1.22)

Substituting Eqgs. (1.21) and (1.22) into Eq. (1.20) leads to:

P = KV(V.V$) = KV(VZ¢). (1.23)
Eq. (1.23) can be reduced to:
0%¢
% <pﬁ — Kfvqu) =0. (1.24)

Therefore, the displacement potential should verify the following equation:

92¢

¢ _Krgep -0 (1.25)
otz p ’ )

which corresponds to the propagation of longitudinal waves with a speed ¢, such that:
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o= |2 (1.26)

In an ideal compressible fluid, the nonzero stress elements are equal to — P [42] where
Py is the pressure which is proportional to the dilatation of the fluid (that is the divergence of
the displacement vector), i.e.:

Pr = —K¢(V. ). (1.27)

1.4 Plane Wave Propagation in an Isotropic Poro-elastic Medium

1.4.1 Background

A porous material is a medium that consists of a solid frame, also called matrix or
skeleton, that incorporates pores typically filled with a fluid. Hence, such a material includes
two phases: solid and fluid. Interaction arises between these two phases when a sound wave
propagates in the medium which leads to various physical properties that are not common for
other classical media [48]. In real life porous materials are encountered in several fields,
which made the researchers interested in the investigation about the behavior of acoustic
waves in these media. For example, in the geophysics domain, the characterization of porous
rocks by the mean of acoustic wave propagation gives information about the rock and soil
constitution. In the biomedical field, the study of acoustic wave propagation in porous bones
allows the diagnosis of some bone diseases such as osteoporosis.

In the developed models by researchers for acoustic wave propagation in porous media,
two cases were distinguished regarding the rigidity of the porous structure. In the first case,
when the porous material is filled by a lightweight fluid such as air, the skeleton is considered
heavy with respect to that fluid. Hence, when an acoustic wave travels through the material,

the skeleton does not vibrate (stationary), the reason why the porous structure is called rigid.
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In this case, the wave propagates only in the fluid, with no displacement of the solid phase,
and the porous medium is approximated to an equivalent fluid, similar to a free fluid whose
characteristics are modified by the presence of the solid skeleton. The model developed to
describe this case is called equivalent fluid model. It was established by Zwikker and Kosten
in 1949 [49], who modeled the acoustic wave in materials incorporating air filled cylindrical
pores, taking into consideration the thermal and viscous interactions in the medium: the
viscous effects are taken into account by modifying the density of the fluid phase and the
thermal effects by modifying its dynamic compressibility modulus.

The second case is when the porous structure is elastic, which means that the acoustic
wave propagates in both the skeleton and the filling fluid. This case was elaborated by Biot
[50, 51] few years later on; in his model, Biot considers the separate motions of the elastic
solid skeleton and the fluid phase, taking into account the coupling between the two phases.
Since then, Biot’s model has been considered the most general model to describe the acoustic
wave propagation in porous saturated media. Contributions to Biot’s model were then
brought by Attenbourgh [52, 53], Johnson et al. [54], Champoux and Allard [55], and Lafarge
et al. [56], who introduced some parameters that extend the validity of Biot’s model to
include a larger frequency range, taking into account the thermal effects that develop when
the fluid filling the pores is a gas [57].

In the following we consider only isotropic homogeneous poro-elastic media saturated
by fluids (non-gazes), hence the viscous effects are only taken into consideration, while the

thermal effects are neglected.

1.4.2 Wave Equations in an Isotropic Poro-elastic Material - Biot’s Theory
As mentioned earlier, Biot’s model considers separate motions of the solid and fluid

phases in the porous material following an acoustic wave propagation. Thus, in Biot’s theory,
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the equations of motion for each of the fluid and solid phases are derived based on three types
of coupling between these two phases: inertial, potential and viscous.

For an isotropic porous medium, three propagating modes are predicted: two
longitudinal waves and one shear wave. One of the longitudinal waves is called first type or
fast wave, while the other is called second type or slow wave.

Thus, consider an isotropic medium consisting of a porous solid whose connected pore
space is saturated with a viscous compressible fluid. The fraction of the fluid volume over the
total medium volume is the porosity ¢, and it is assumed to have a constant value.

The fluid is characterized by its density py, its bulk modulus K¢, and its viscosity 7, while
the solid by ps, K, and its shear modulus pg.

The solid grains are assumed to form an elastic porous dry frame and characterized by a mean
bulk modulus K, a shear modulus p,,, and a permeability i,,.

The bulk porous material is formed when the dry matrix is saturated by the fluid and it is
characterized by its Lamé constants A, and p.

Furthermore, it is assumed that the shear modulus u of the porous saturated (wet) bulk
material is equal to the shear modulus of the dry matrix p,,.

The displacement of the solid matrix is designated by the vector u, while that of the
fluid by the vector us. According to Biot’s theory [50, 58, 59], the total mean displacement in
the porous saturated bulk material is given by:

pu;+ (1 —Pu=d(u —u)+u=w+u, (1.28)
where w is called the average fluid displacement relative to the frame measured in terms of

volume per unit area of the bulk material and is expressed as:

w = p(ur — u). (1.29)
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The strain tensor of the solid &;;(u) is related to the stress tensor of the bulk material
g;j(u, w) by [50, 58]:
0;j = 2ugij + 6;;(A.V.u+DV.w), i,j=xy,z (1.30)
Moreover, the liquid pressure Pr(u, w) can be expressed as:
P =—-DV.u—MV.w. (1.31)

The constants D and M in Egs. (1.30) and (1.31) are expressed as [60, 61, 62]:

D = aM,
Y a—¢+£ -1 (1.32)
K, K¢ ’
where
Kmn
=1-—. .
a X, (1.33)

The Lamé constant A, can be written as [58, 61]:

2
AC:KC—§ﬂ, (1.34)
where
K.=K, +a*M. (1.35)

The mass density p of the bulk material is defined as [59]:
p=(1-d)ps + oy (136)
Moreover, let g and b be the mass and viscous coupling coefficients between fluid and

solid phases, respectively, and S the structure factor. They are defined as [60, 63, 62]:
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¢ )
p=T

Km

s=3(1+3).

Then, assuming that the coefficients y, 1., D, and M in Egs. (1.30) and (1.31) are

(1.37)

constant, Biot’s equations of motion for fluid-filled porous medium can be written as [50, 58,

64, 62]:
0%u 0*w
V.o = HV(V.w) = uV x (VXu) + DV(V.W) = p—+ pr ==,
(1.38)
0%u 0*w ow
_fo =DV(V.u) + MV(V.w) = pfw-l_gﬁ"' b%!
where
He = +2u. (1.39)

1.5 Conclusion

In this chapter a historical background has been presented for the different methods that
has been developed by researchers to model a plane wave propagation through a multilayered
structure. Since our concern in this work is with three-layer natures that are fluid, isotropic
solid, and isotropic poro-elastic, a theoretical background has been provided for the plane
wave propagation in each of these types of media. For the porous material, the models
developed by researchers for acoustic wave propagation in such a medium have been
outlined, with a focus on the Biot’s theory which will be employed in this work to model an

isotropic poro-elastic material.
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In this thesis, we present a robust and general method for modeling plane wave
propagation in layered media including fluid, isotropic solid, and isotropic poro-elastic layers
using the recursive stiffness matrix technique as described by Rokhlin and Wang, which
proved to be computationally stable and efficient. The boundary conditions at the interfaces
will be assumed perfect and Biot’s theory will be used for the wave propagation in a fluid-
filled poro-elastic material. In most of the previous work done on multi-layered structures
including porous layers the porous media were modeled using the Biot’s theory based on
displacement potential rather than displacement amplitude, which limits some future
extensibility of the methods. In this work, the equations in the developed matrix formulation
will be expressed in terms of the displacement amplitudes.

Hence, at a first place, wave vector numbers will be calculated for each of the three
natures of media in order to obtain their characteristic matrices. The stiffness matrix for each
layer will be obtained afterwards and used to develop the recursive algorithm for obtaining
the whole structure total stiffness matrix. The algorithm developed allows the fusion of
consecutive layers stiffness matrices even if they were of different sizes, and it permits at the
end relating the displacements and stresses at the top of the structure to those at the bottom.
Having that total stiffness matrix, the reflection and transmission coefficients will be
calculated assuming fluid incidence and transmission media, which allows then the
calculation of the waves amplitudes inside each layer using a back recursive algorithm. The
obtained results for a plane wave propagation in the layered media permits subsequently the
modeling of an acoustic beam propagation through the layered media using the angular

spectrum technique.
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CHAPTER 2

DISPLACEMENTS AND STRESSES IN INDIVIDUAL LAYERS OF A

MULTILAYERED STRUCTURE

2.1 Introduction

Given a structure consisting of many layers of various natures, in order to model the
plane wave propagation in the whole multilayer, one should investigate first about the wave
behavior in every layer of the structure. Thus, in this chapter, the displacement and stress
components will be explicitly expressed inside each layer based on its physical nature. Three
layer-natures will be considered: fluid, isotropic solid, and isotropic poro-elastic medium.
These displacements and stresses are shown to be related to the amplitudes of the waves
propagating in that layer through a matrix called layer characteristic matrix, that incorporates
the medium physical parameters. Afterwards, another matrix, that is called layer stiffness
matrix, and that relates the displacements to the stresses at the top and bottom of each layer,

1s derived as a function of its characteristic matrix.

2.2 Layers Characteristic Matrices

Consider a multilayer consisting of N layers of various material natures and
thicknesses, bounded by two semi-spaces as shown in Figure 2-1. Each layer is assigned an

index i, with i varying from 1 to N, while the upper and lower semi-spaces are allocated
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indices 0 and N + 1, respectively. The interface separating layers i — 1 and i is attributed the

index i.

| Incidence Medium
| Fluid Case-Layer 0

2 b
! Layer 1
z, [ .
25 | | Layer 2
zi_ -
1 - | Layer i —1
| Fluid Case
Z; %
Layer i
Isotropic Elastic Solid Case
Zit1
Layer i +1

7 Isotropic Porous Case
i+2

ZN-1

zy Layer N —1

| Layer N

Transmission Medium
| Fluid Case-Layer N + 1

ZN+1

Figure 2-1: A Multilayered structure consisiting of N layers.

For an incident plane wave that hits the upper boundary or interface of the structure
(z = z1), scattered waves are generated: reflected waves propagate back in the incidence
medium, and refracted waves are transmitted into the continuing medium to fall incident on
the second interface at z = z,, and so on. The number and type of the scattered waves at each
interface depend on the natures of the two media around that interface and on its physical
characteristics. In the following, we will be considering only flat (planar) interfaces, with
rigid and smooth contacts. The superscript m is used to denote the corresponding excited
partial plane wave propagating in each layer.

In general, the total displacement vector in a given layer i (z; < z < z;,4) is the

summation of all displacements relative to each propagating partial wave, i.e.:

u;(x,y,2) = z al" pt e/ T-0) .1
m
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where,
T. . . .
u; = [uxi, Uy, Uy, ] is the displacement vector in the i‘" layer;
r = [x,y,2]" is the position vector in the Cartesian coordinate system;

T . ) . ,
k' = [k;’il, k;’l?, kg:] is the wave vector of the plane wave of index m in the i*" layer, and

k" = \/ (kX2 + (k31)? + (kZ})? is the corresponding wave number;
al™ is the amplitude of the displacement of index m in the i" layer;

pit = [p,’}il, Py pg;]T is the displacement normalized polarization vector of the plane wave of
index m in the layer i;
T denotes a vector transpose.

In the following, the coordinate system is chosen such that the incident plane overlaps
with the x, z plane. Hence, the components of all vectors will be expressed only in terms of x
and z. Moreover, for each layer of the structure, a local coordinate origin is defined at the top
of the i™ layer (z = z;) for the waves propagating in the +z direction, denoted by the
superscript m*, and at the bottom of the i layer (z = z;,,) for the waves propagating in the
—z direction, denoted by the superscript m~ (i.e. m = m*, m™). The selection of this local
coordinate system is important since it ensures that the exponential terms are normalized and
that they are equal to unity at the interface where they are initiated, and decay to zero at the
opposite surface of the layer [1].

The corresponding wave vectors are:

Al [ g A Ly [ (22)

Applying Snell’s law, the projection on the x-axis of these wave vectors for all the plane
waves in all layers should be equal, which yields:

ki = ky, = kosin = ky Vi,m, (2.3)
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where 6, is the plane wave incidence angle at the interface z;, and k is the wave number in
the incidence medium. If the angles corresponding to the waves in a layer i are denoted by

6", these angles can be expressed using Eq. (2.3) in terms of the incidence angle 6, as:

(2.4)

ko sin 8
O™ = sin™? < 0 0>

kM)

If a symmetry is considered around the z axis, then,

K=k = /(k:”)z — (k2. (2.5)

Consequently, Eq. (2.1) can be written as:
u;(x,z) = e/ kx¥=00) (Z a§”+p§”+ejk?il+(z_zi) - z a{”_p{"_ejkgil_(z_zi“)). (2.6)
mt m~

It should be noted that the displacement amplitudes a{"+ and a® in Eq. (2.6) differ
from the amplitudes a* in Eq. (2.1) by a constant term that is factorized from the exponential
term due to the change of the coordinate system. However, for simplicity, the same symbol is
kept in the adopted local coordinate system.

Let A; be a column vector consisting of the displacements amplitudes aj"* of the partial
waves in the layer i, and U; a displacement-stress column vector including the total
displacement and stress components in the same layer. By factorizing the partial
displacements amplitudes in the displacement and stress components expressions in each

layer, the vector U; could be expressed in terms of A; as:

U;(x,z) = [B;][E;(2)] A; e/ *x X~ forz, <z < 7,4, (2.7
where, [E;(z)] is a diagonal square matrix in terms of z and that includes exponential powers
of the partial wave numbers (diag {[E;(2)] } = [ejk?fr (z-z)) ik} (z-zi+1)]), while [B;] is
a square matrix called layer characteristic matrix since its components depend only on the

layer physical characteristics and its orientation in the defined coordinate system. The
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components and size of each of the vectors and matrices in Eq. (2.7) depend on the layer
nature. The corresponding expressions will be developed in the following subsections for

three material natures: isotropic elastic solid, fluid, and isotropic poro-elastic media.

2.2.1 Characteristic Matrix of an Isotropic Solid Layer

In an isotropic elastic solid with a density p; and Lamé coefficients A and u, four

partial waves can propagate: longitudinal and transverse (or shear) waves each in both

positive and negative directions as shown in Figure 2-2. Hence, m* = L*,T* and m~

L=, T~ [42].

The angles relative to the longitudinal and transverse waves are denoted by 8" and 6],

respectively.

Zit1

Figure 2-2: Wave propagation in an isotropic solid layer i.

The wave numbers of the longitudinal and transverse waves in the solid layer i can be

expressed as:

K= — m=1LT (2.8)

where w is the radial frequency and c,, is the corresponding wave velocity defined for the

longitudinal and shear waves in Egs. (1.17) and (1.18), respectively.
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The components of the displacement normalized polarization vectors in this layer can
be expressed in terms of 6} and 0/ as:

L [sin BiL,O, cos BiL]T; piL_ = [sin BiL,O,—cos BiL]T;

=
I

(2.9)

piT+ [—cos 8] ,0,sin671T; pT = [cosO],0,sin6]]".
Since the boundary conditions at an interface that involves a solid layer reflects the
continuity of the x and z components of the displacement and the continuity of each of the xz

and zz components of the stress tensor [65], the displacement-stress column vector of a layer

i being an isotropic elastic solid is:
Ui(xl Z) = [uxi('x’ Z) u’Zi(x' Z) szi(x: Z) O-ZZi(xl Z)]T . (210)
The x and z components of the displacement vector can be expressed using Eq. (2.6)

as:

+ _
i _ + + iLm . _ _ am L
uxl.(x, z) = o) (kx x—wt) ( Z alm p;rll elkz; (z-zp) + Z alm p;rll L (z ZI.+1)> ,

mt=L+T+ m~=L",T~
2.11)
+ -
— ,j(ky x—0t m*t m* jk7 (z-z;) m~ . m” kT (z-Zi41)
uzi(x’ Z) = e]( X )( ai pZi e’ "% U4 ai pz,i e’z i i
mt=LtTt m—=L"T"

Using the stress-strain relationship of an elastic solid which is given in Eq. (1.9), the

stress components could be expressed in terms of the displacements amplitudes as:

. i _ + aomte - _ _oamT
axzi(x,z) =],uief(kxx wt) [(Z alm p;rc?JrkZ.lJre]kzi (z—zp) +Za}n p,’}} k;? ek Zl+1)>
mt m-—

. + _ _ am
thy (Z a py e e 1 el (Hi“))].
mt m-

(2.12)
. . mt _ _ _ gmT
0,0, (x,2) = jel x| (3, +2ui)(z a" pry keI 1 Y ap pr i ()>
m+ m=
oomt . _ — agmT
+Aik, (Z alm+ p_;rcr;+ejk2i (z—z) +Zalqn p;ril ejkzl. (z zl+1)>]'
m* m-
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The column vector A; that consists of the displacements amplitudes associated with the

four partial waves in the i isotropic elastic solid layer, is:

_ T
A =[a" o a a7 (2.13)

Thus, the factorization of the components of A; in each of the components of U; as
expressed in Egs. (2.11) and (2.12) leads to the 4 X 4 square matrices [E;(z)] and [B;] such
that:

diag {[E;(2)] } = [ejkél-Jr (z-2) ejszl-Jr @-2) ik (a=zis1) ik (z-zi11)],

m

pxi

Pz (2.14)
[Bilaxa = , m=L*"T* L, T".
Jri(px;kz; + pz; kx)

[ + 2u) T kD + Aipiky ]

2.2.2 Characteristic Matrix of a Fluid Layer
For a fluid layer characterized by its bulk modulus Kf, only longitudinal waves
propagate in the positive and negative directions (m = L* , L7) as illustrated in Figure 2-3.
The equations corresponding to the fluid layer could be deduced from those of the solid

by assigning to the shear modulus a value of zero and by letting A = K.

|
VA |
i ol | > x
i
Lt |
pi |kL+
i
L
- W k;
p; li
Zi+1 I}

Yz

Figure 2-3: Wave propagation in a fluid layer i.

The system is then reduced to the size of two, the vectors 4; and U; being:
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4T
A =[a" ],
(2.15)
Ui(xl Z) = [uZl'(xl Z) _Pfi(xl Z)]T,
where the pressure, Pr, in the fluid could be obtained in terms of the displacement vector

components as defined in Eq. (1.27).

The matrices [E;(z)] and [B;] are 2 X 2 and defined as:

ejké';— (z—-zp) 0
[Ei(2)] = ] .
0 ejk%i (z-2zi41)
. . (2.16)
2 2
[B;] = - . o B .
iji (péli kéz + péz kx) ijz (péi kéi + pJIéi kx)

2.2.3 Characteristic Matrix of a Poro-elastic Isotropic Layer

In this work, the porous medium is modeled based on the Biot’s theory as defined in
Section 1.4.2.

In a poro-elastic layer, six partial waves can propagate: two longitudinal waves each in
both directions (LT, L7, L} and L3), and shear waves in both directions as well (T+ and T ™)
as shown in Figure 2-4. Accordingly, the waves angles are denoted by 61, 8%2 and 7. The
partial waves Lf and T* are associated with the solid phase, while the partial waves L% are

related to the liquid phase in the bulk porous material.

Lt |
zZ; = ' >
¢ G x
lgle L3 \ZN ki+
i Db k:.“z
i lkiT+
pPi ]kz"_
i
6f b ki
L= i e ]k{‘l
l
Zit1 > - f
v P Pl |
Z

Figure 2-4: Wave propagation in an isotropic poro-elastic layer i.
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In order to obtain the medium characteristic matrix, the wave numbers must be
calculated first. For calculations simplicity purpose, and since the medium is considered to be
isotropic, the waves will be represented by their displacement potentials [64] instead of the

displacement vectors only to derive the wave numbers.

Wave numbers of longitudinal waves

Let @l and ! be the potentials of the solid and the relative fluid displacements,

respectively, associated with the longitudinal waves:

. L2
- - j[k x+k, " (z—z; )—wt]
, (le,Z — XLl»Ze X zZ +1 ,

J

,

L
R
QL2 = 2e

(2.17)

+
Lig, ) LT,
kxx+k, " (z=2;) “’t] iz = YLI'Ze][kxX+kZ (z—zi+1)—wt] ’

J

lpLI’z — YLJlr'Ze
where X'z and Y¥i2 are the amplitudes of the potentials of the solid and the relative fluid
displacements, respectively.
For longitudinal waves, the displacement vectors are related to their potentials by:
ul =vel,
(2.18)
wk = vyt .
After expressing the displacement vectors for the longitudinal waves in terms of their
potentials amplitudes, and then replacing them in the Biot’s equations of motion, i.e. in Eq.
(1.38), the following system of equations is obtained:

—H.(k1)? + pw? —D(k")? + prw?® XL

0
= [ ] (2.19)

-D(kY)? + prw? —-M(kY)? + gw? — jbw|LlyL 0
f

For the system to have non-trivial solutions XX and Y, the matrix determinant shall be

ZE€ro.
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—H.(k1)? + pw? —D(k")? + prw?
- 0. (2.20)
—D(k")? + prw® —-M(k")* + gw® — jbw

The expression in Eq. (2.20) leads to a fourth order equation of the following form:

GkH*+ F(kY)?+0=0, (2.21)
where
G =H.M - D?,
F = w*(—H.g — Mp + 2Dp;) + jwH.b, (2.22)

0 = w*(pg — p}) — jw’pb.
Eq. (2.21) could be expressed as a quadratic equation with a discriminant A such that:
A =F?—-4G60, (2.23)
which leads to two distinct solutions of the equation, that are the wavenumbers of the

longitudinal waves of types 1 and 2, respectively:

— VEZ —
e = |FEVF 460 (2.24)
2G
Subsequently, the z-component of the wave vectors of the longitudinal waves can be obtained
as follows:
LT L7
k,"* = —k,"* = kl12 cos 112, (2.25)

Besides obtaining the wavenumbers and the wave vector components, the system of
equations in Eq. (2.19) allows to determine a relationship between the amplitudes of the
potentials of the solid and the relative fluid displacements associated with the longitudinal
waves. This relationship is expressed as:

Ly2 2
yL = ylxt yL:_HC(k )"+ pw _
D(kL)?2 — praw?

(2.26)
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Wave numbers of shear waves

Let @7 and yT be the potentials of the solid and the relative fluid displacements,
respectively, associated with the transverse or shear waves:

; Tt - - -
(pTJr — XT+eJ[kxx+kz (Z—Zi—1)—wt] o7 =XT elllxx+kl (z-zp)-wt] ’

@
(2.27)

. + _
l/)T+ _ YT+e][kxx+k}" (Z—Zi_l)—wt] ’l/)T_ — YT—ej[kxx+sz (z-z)-wt] )

where XT* and YT are the amplitudes of the potentials of the solid and the relative fluid
displacements, respectively.

For shear waves, the displacement vectors are related to their potentials by:

opT 2pT T
u' =vxoel= [__ 0 —
¢ 0z 0x

)

(2.28)

T 71T
wr=yr <[22
0z ox

After expressing the displacement vectors for the shear waves in terms of their

potentials amplitudes, and then replacing them in the Biot’s equations of motion, i.e. in Eq.

0
= [ ] . (2.29)
0

For the system to have non-trivial solutions X7 and Y7, the matrix determinant shall be

(1.38), the following system of equations is obtained:

uk")? —pw®  —prw?

XT
YT

prw gw —jb

Zero:
u(k")? —pw?®  —prw?
=0, (2.30)
prw gw —jb
which yields:
w? p?
kT 2:_< - > (2.31)
(k) w\" T g—jb/w

Thus, the wavenumber of the shear wave propagating in the porous medium is:

34



N L pfz’_) 232
g ju(p g—jb/w) (232

Subsequently, the wave vector z-component of the shear wave could be obtained as follows:
kI" = —kI” = kT cos 07 . (2.33)
Moreover, the relationship between the amplitudes of the potentials of the solid and the
relative fluid displacements associated with the shear waves can be derived from the system
in Eq. (2.29), that is,

_ u(k")? + pw?

YT — TxT’ T
y 1 or?

(2.34)

Having determined the wave numbers in the poro-elastic layer i, the total solid

displacement vector in that layer can be expressed as:
wi(x,2) = Z u™(x,z) , m=L% Ly, T L], L5, "
m (2.35)
+ + - - _
= Vot +Vp? +Vx @] + Vol +Ve? +V x @l
The corresponding vector components are thus:

u}q(x’ Z) :jej(kxx—wt) K, z Xilf(_?]'ké‘;r (z-zp) + z Xil‘_ejk%i_ (z-2i41)

L+=1%,1% L™=L7,L;

_ k;i+XiT+ejk;i+ (z-z) _ k;l._XiT_ejk;i_ (z-2i41) )
(2.36)
u,.(x,7) :jej(kxx—wt) Z kIZ“.+XL-L+€jk%i+ (z-zp) + Z ké‘._XiL_ejk%i_ (z-2zi11)

L*=L1,L} L™=L1.L3

+ ke, (XiT+eijTi+ (z=2) 4 XiT_eijTi_ (Z_Zi+1)) .
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Similarly, the total relative fluid displacement in the poro-elastic layer i is expressed as:

w;(x,z) = Z wit(x,z) , m=1L}, L}, Tt L],L3,T"
m

(2.37)
LT L + LT L -
=V,  + V2 + VY] + VP + VP2 + VY],
The corresponding vector components are thus:
. itk 1+ kbt (z-z) - -kL_efklz'i_(Z—ziﬂ)
W (x,7) = jelloen e [N ypte Gy N ek
Lt=r%,1% L™=L7,L;
+o,T+ Tt (z—2;) T kI efklii_ (z-2444)
—_ k;‘l YL e] z; i/ __ k;l YL e] z; ,

(2.38)

ejk%i (Z_Zi+1)

i (Rex— oLt kL (z-z; -y kLT
Wzi(x' Z) — ]e](kxx wt) Z kél YiL e’z (z—2z¢) + Z kél YiL el *z;
L+:LJ1F,LJ2r L™=L7,L;

i

il (e
+ kx (Y'T+eijTi+ (z-2) + YL,T_e]'k;i P (z zl+1)> .

Since the boundary conditions at an interface involving a poro-elastic layer reflect the
continuity of the x and z components of the solid displacement, the continuity of the z
component of the relative fluid displacement, the continuity of each of the xz and zz
components of the stress tensor, and the continuity of the fluid pressure [60], the

displacement-stress column vector of a poro-elastic layer i is:
Ui(x,2) = [uy,(x,2) u,(x,2) w,(x,2) 0y, (x,2) 0,,(x,2) Pr(x,2)]7.(2.39)
By substituting Egs. (2.36) and (2.38) in Egs. (1.30) and (1.31), and taking into account
the amplitudes relationship as defined in Egs. (2.26) and (2.34), the stresses are expressed can

be expressed as follows:
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O (x,7) = efx=a) [_ 2k, (Z KL XiL+eJ‘k’z1-+ (-2 4 Z kL XE eIk (z—zi+1)>
Lt L=

g ([(RF7) = 2] KT I o0 4 [(r )P — 2| X7 e (Hi“))]'

%M@=wmwﬂzq4mwf4wfwﬁﬁwﬂﬁww“ﬁ)
.
+ 3 ([~2m(kE) = (Y (e +yF DY) XE I ) g 4
A
— 2uiky, (KETX] I 070 4 XTI (Z_Z”l))l’

. 2 7t
&y@=www%2wﬁﬁwmwvwwﬁwm

L+
£ D+ v M) (R YXE e <>>
=
The terms of Eq. (2.36) can be rearranged as follows:

. oLt _ _ N
Uy; (X, Z) = e](kxx—wt) ijiL+ sin 9%+ X%Jre]kzi (z—z;) + Z]le sin giL Xf‘ L (z—zi41)
T =

—jkiT cos ng (XZ"Jreier(Z—Zi) _ XiT_eij_ (Z_Zi+1))
(2.41)
. LT - - - LT
Uy, (x,2) = gl (kxx—wt) ijf cos 91.L+ X%Jre]klz“i (z—zp) _ Z]k{‘ cos QLL XiL ejkéi (z=2i41)
L* L=
. + — . -
+ jk sin 67 (XTefkgi (=) 4 X1 gl (Z‘Ziﬂ)) :

With reference to Eq. (2.6), the displacement vector components in Eq. (2.41) can be

expressed as:
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+ _

_ j(kpx—wt LY ¥ jkk (z-zp) L= L jkE (z-211)

uxi(x’ Z) = e]( xX—wt) (z a; px, el"z; 2 ai px, el i+1
Lt L~

+ p—
T+ T+ _jkI. (z-2) T T~ JjkE, (z2—z41)
+ ai pxi e] z; iy ai pxi e] z; i+1 ,

(K— + o+ kLY (z—z; - I kL (22
uzi(x, Z) = e](kxx wt) (Z alL pél e] Z; (z—-z;) + Z alL pé‘l e] Z; (z-zi41)
=

Lt

+ + ‘kT.+ . _ _ ‘kT._ .
+al Ple- elkz; (z-2) +al pZTl_ elkz; (z=zis1) |

(2.42)

By comparing Egs. (2.41) and (2.42), and identifying the terms, the displacement

vectors amplitudes and the waves polarization vectors can be expressed as:

al = jktxt, o =jkTXT,

pti2 =[singl1z 0 cos@h2]"; ptiz = [singlz 0 —cos@li2]T;

pT+ =[-cos8T 0 sin8T]1T; pT =[cos6T 0 sin@T]".

(2.43)

Hence, the remaining components of the displacement-stress vector of the poro-elastic

layer i, U;(x, z), can be expressed in terms of the displacement vectors amplitudes rather than

the potentials amplitudes as follows:
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+ -
_ i j(kyx—wt Lt Lt Lt kg (2-2) L™y L™ L™ JkE, (2=2i41)
wy, (x,z) = je (kax=w0) z a; v ps, e’ vt a; yi pz e’ i+1

L+=L1L3 L™=L7yL;

+ _
Tt Tt T+ _jkI. (z-2) T T~ T~ jkL, (z-Zi+1)
+(ai Yi Dz €% Y+al vl p; e 0

Oz (6, 2) = /00

P oLt Lt Ltk (o - LT L LT gkl (z—z
J2u; (Z ki af py, pf; e/t 0 +Z ki~ af i, pf el )>
L* L~

ot ([0 = G o () - Y )|,

; 2 ot
0y (0, 2) = el Kx=00) [Z}'ki“ [20i(p5))" + 26, +7E" D] alTel5 0
Lt
- N2 - - ikl (z—z:
£ (kb [2m(p)” + A, + v D] ab e/ Gmmer) (2.44)
C
] + ot ot ik TV, - 7= 1= kI (z-z
— j2uik{ (PZTL pLtal" ek @2 4 pIpl” gl glkz Z‘“))],

. Lo+
P, (x,z) = el kxx=00) (Z —j(D; +yF M) kLt qbt ke (-2
Lt

+Zﬁ@+ﬁMnggwﬂmm>
4

The column vector A;, consisting of the displacements amplitudes associated with the

six partial waves in the i'" isotropic poro-elastic layer, is:

LT L3 + L3 Ly 1"
A; = [ai1 a* al  a?* a? af ] : (2.45)
Thus, the factorization of the components of A; in each of the components of U; as

expressed in Egs. (2.42) and (2.44) leads to the 6 X 6 square matrices [E;(z)] and [B;] such

that:
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diag {[E;@)]} = [ kil ez ikt o2

. +
eIk (z=2)

17 Ly -
]kzl.l (z—zi41) e]kziz (z-zi44) ejk;l- (Z—Zi+1)],

e

[ Px; ] (2.46)
Pz
[B;] = ,m= L%, L3, T3,
Yo7
[ [c]
where:
(T J2uik (" px;pz; 1

je (2u(pg)" + 2, + Dm’”)' Sform = L, L3,

—j(D; +y{"M)k"
[C] =S (2.47)

k™ ()" = (2)°)

—j2u kI pI o ,form =T*,

(L 0 |

2.3 Layers Stiffness Matrices

In this section, the stiffness matrix of a layer i will be derived. By definition, this
matrix relates the stress components to the displacement components at the top and bottom
surfaces of that layer. It is to be noted that the time harmonic dependence term e~/ will be
suppressed in the subsequent expressions intentionally without any loss of generality.

In the following, the displacement-stress vector U; will be subdivided into two column
vectors each of length n;: U;(x,z) = [v;(x,2) T;(x,2)]", v; consisting of the displacement
vectors components, and T; comprising the stress components. It is to be noted that the

variable n; takes the value of 1, 2, or 3 for fluid, isotropic solid, and porous layers,
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respectively. Hence, if the square characteristic matrices obtained in Section 2.2 are

subdivided into four square matrices of the same size, i.e.:

[Bill]nixnl- [B%Z]nani
[Bi]ZniXZni = 21 22 4 (2'48)
[BL ]nixni [BL ]TliXTli

v; and T; can be expressed with reference to Eq. (2.7) as:

viCe2) = (B (BN [E:()] A, /),
(2.49)
Ti(x,z) = [[B'] [B*11[Ei(2)] A; /U™, forz; <2< 244 .

The displacement components vector at the upper (z = z;) and lower (z = z;,)

surfaces of the layer i can be then expressed as:

[Bi'1  [BP*I[H;1||Af| ,
_ elkx ) = [EV]|A;e/%=* | (2.50)

[ V; (x' Zi)
[Bi'1[H]  [Bi*] [[A7

v; (X, Zi41)

where [H;] and [H]] are square n X n diagonal matrices whose elements are diag{[H] ]} =

, + , -
e*5 M and diag{[H;]} = e /" ™ h; is the layer thickness i.e. h; = zj41 — z;, and A}
and A; are column vectors of length n; whose elements are the displacement amplitudes of

the partial plane waves in the 4+z and —z directions, respectively. If a symmetry is

considered around the z axis and by referring to Eq. (2.5), e’ k?iﬁh" = eIk _hi, and [H}] =
[H7].

Similarly, the stress components vectors obtained in Section 2.2 for the three layer-
natures can be expressed at the top and bottom surfaces of the layer i in terms of A and A;,
which yields:

T;(x,z) [B']  [B??1[H;]||Af

_ el ) = [ET]Ael*x* . (2.51)
2177 g+ 22 - l
[B{*1[H]  [Bf*] ||A;

Ti (xl Zi+1)
If the term A;e/*x* in Eq. (2.50) is substituted into Eq. (2.51), either the layer stiffness

matrix [K;],nx2n Or the compliance matrix [S;],,x2n can be obtained. These matrices relate
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the stresses to the displacements at the top and bottom surfaces of layer i as follows:

[ Ti(x,z) ] [ vi(x,z) ] [ v;(x,2) ]
= [ET][E7]™! = [K;] .
IT;(x,Z41)] v; (%, Zi11)] v, (X, Zi41).
(2.52)
[ vi(x,2) ] [ T;(x,z) | [ T;(x,z) |
= [EVI[ET]™! = [Si] ,
v; (%, Zi41) [T;(x, Z41)] [T;(x, Z41)]
where
[s:] = [K;]™". (2.53)

In the following subsections, the stiffness matrix derivation will be presented in details
for each layer nature based on the layers physical parameters and characteristic matrices

obtained in Section 2.2.

2.3.1 Stiffness Matrix of a Fluid Layer
For a fluid layer i, the displacements and stress components vectors are respectively:
v;(x,2) = uy(x,2),
(2.54)
Tl-(x, Z) = —Pfl.(x, Z).
Then, the stiffness matrix of the fluid layer relates the (z,z) component of the stress

tensor to the z component of the displacement vector at the top and bottom surfaces of the

layer as follows:

T;(x,z) —Pr,(x,2;) [ v;(x,z;)
] = = [K;]ox2
T;(x,2i11) =P, (x,2i11) v, (x,2141)
(2.55)
uzi(x: Zi)
= [Ki]ox2
_uzi(x' Zi+1)

If the fluid characteristic matrix in Eq. (2.16) is written as:
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B!t B}?
l L
[Bi]ox2 = ol (2.56)
B~ B;
its stiffness matrix [K;] can be expressed as:
[Kiloxz = [ET][EY]™!
B2t B22e Ik i Bt Bi2e ik M T 2s7)

+ +
21 JjkL R 22 11 ,jkE; Ry 12
Bi e 3 Bi Bi e 3 Bi

2.3.2 Stiffness Matrix of an Isotropic Elastic Solid Layer
For an isotropic elastic solid layer i, the displacements and stress components vectors

are respectively:

uy, (x,2)
vi(x,2) = )
uy, (x,2)
(2.58)
Oxz; (x,2)
Ti(x,2) = .
Ozz; (x,2)

Then, the stiffness matrix of the isotopic elastic solid layer relates the (x,z) and (z, z)
components of the stress tensor to the x and z components of the displacement vector,

respectively, at the top and bottom surfaces of the layer, as follows:

[ O-xzi(x! Zi) 1
Tl-(x, Zi) Jzzi(x: Zi) vi(x: Zi)
] = = [Ki]4><4[ ] (2.59)
Ti(x, Zi+1) zei(x, Zi+1) 'UL‘(X, Zi+1)

_Uzzi(x: Zi+1)_
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[ uxi (x, Zi) i

uy, (x,z;)
= [Ki]4><4 .
uxi (x' Zi+1)

_uZi (xl Zi+1)_
If the isotropic elastic solid characteristic matrix in Eq. (2.14) is subdivided into four

square matrices of the same size, i.e.:

[BL‘11]2><2 [Bi12]2><2
[Bilaxa = , (2.60)
[BL'21]2><2 [BLZZ]ZXZ

its stiffness matrix [K;] can be expressed as:

[K;laxs = [EI[E}]

[Bi'lxe  [BPloclHiloo|[  [Bi'loe  [BPloalHilae|  (261)
[Bi21]2><2 [H?-]sz [BIZZ]ZXZ [lel]sz[H;-]sz [B%Z]ZXZ
where [H] ] and [H ] are 2 x 2 diagonal square matrices whose elements are:
oLt ot
diag{[H{1} = [/ /M),
(2.62)
diag{[H;]} = [e_jk%i hi o ik hi].

2.3.3 Stiffness Matrix for an Isotropic Poro-elastic Layer
For an isotropic poro-elastic layer i, the displacements and stress components vectors

are respectively:
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[ (x, z)]
v;(x,2) = |uz(x,2) |,
w,, (x, 2)
(2.63)
Oxz; (%, 2)
T;(x,2z) =|0.2,(x,2) |.
L P, (x,2) |
Then, the stiffness matrix of the isotropic poro-elastic layer relates the (x, z) and (z, z)
components of the stress tensor and the fluid pressure to the x and z components of the solid

displacement and the z component of the relative fluid displacement respectively, at the top

and bottom surfaces of the layer, as follows:

[ szi(x'zi) ]
Uzzi(x:zi)
T;(x,z;) P, (x, z;) v;(x,z;)
= = [Kilexe
Ti(x,Zi+1) O-XZi(lei+1) UI(X,ZH_l)
Gzzi(x'zi+1)
| P, (%, Zi41) |
(2.64)
[ uxi(x'zi) i
uZi(lei)
WZi(x! Zi)
= [Ki]6><6

uxi(x: Zi+1)

uZi(x' Zi+1)

(W, (%, Zi41) ]
If the isotropic poro-elastic layer characteristic matrix in Eq. (2.46) is subdivided into

four square matrices of the same size, i.e.:
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[B%l]3><3 [B%Z]3><3
[Bilexs = ) - ) (2.65)
[Bi 'lsxs  [Bi"lsxs
its stiffness matrix [K;| can be expressed as:
[Kilexs = [E7I[E}]™!
- _ -1
[BF'13xs [B7*]3x3[H; 13x3 [B} 15 [B}*13x3[H7 13xs (2.66)
[BF'3xs[HT 13xs [B#13x3 [Bi13xs[H{ 1343 [Bi%13x3
where [H] ] and [H ] are 3 x 3 diagonal square matrices whose elements are:
L LT p—
diaglf) = [/ I ot
2.67)

. LT Ly e
dlag{[HL_] } — [e—szil hi e_JkZiz h; e—]k;i hi]'

2.4 Conclusion

The characteristic matrix of a layer has been derived for three layer-natures: fluid,
isotropic elastic solid, and isotropic poro-elastic. This matrix relates the displacements and
stresses in that layer to the displacement amplitudes of the partial plane waves propagating in
the layer. Its components have been found to be dependent on the layer physical
characteristics, as well as on the incident plane wave frequency w, and its incidence angle 8,
at the interface z;. Having determined the layer characteristic matrix, its stiffness matrix has
been derived and it relates the displacements to the stresses at the top of the layer to those at

its bottom.
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CHAPTER 3

DEVELOPED ALGORITHM FOR PLANE WAVE PROPAGATION IN

MULTILAYERED MEDIA

3.1 Introduction

In this chapter, a recursive algorithm is developed to model the propagation of a plane
wave that is incident on a multilayer with an incidence angle 6, and a frequency w. All the
layers of the structure are merged into a single equivalent layer by coupling the individual
layers stiffness matrices into one total stiffness matrix. This latter relates the displacement
and stress components at the top of the multilayer to those at the bottom and incorporates the
physical parameters of all the layers, taking into account the boundary conditions at every
interface separating two consecutive layers. Having computed the total stiffness matrix of the
multilayered structure, the reflection coefficient in the incidence medium and the
transmission coefficient in the transmission medium are calculated. Subsequently, the
displacement amplitudes of the partial plane waves inside each layer are calculated through a
back recursive algorithm.

Before proceeding with the derivation in details, the boundary conditions at interfaces
separating any two layers of the three considered natures (fluid, isotropic elastic solid, and

isotropic poro-elastic medium) are presented.
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3.2 Interfaces Boundary Conditions

Consider the interface z; between two consecutive layers i — 1 and i. If these layers are
of the same nature, the boundary conditions are expressed as the continuity of all the
components of the displacement-stress vector, i.e. U;_;(z;) = U;(z;).

However, when the two layers are of distinct natures, the boundary conditions are

expressed as listed hereinafter [46, 61, 66, 67].

3.2.1 Fluid-Isotropic Elastic Solid Interface:
The subscript F denotes the fluid layer, and S the solid layer. Hence, the boundary
conditions at the interface separating fluid and isotropic elastic solid layers are:
( Uz (2i) = Uz (20,
{ Oxzs(21) = 0, (3.1)

ko_zzs(zi) = _pr(zi)-

3.2.2 Fluid-Porous Interface:

In this work, a free flow is considered across the fluid-porous interface. In other words,
the fluid-porous interface is considered as an open-pores interface. The subscript F denotes
the fluid layer, and P the porous layer; Py, refers to the fluid pressure in the fluid layer, while
Pf,, designates the pressure of the fluid phase in the porous layer. The boundary conditions at
the interface separating the fluid and isotropic poro-elastic layers are expressed as:

(Ug, (2) + Wy, (2) = u,,(2),
Oxzp(21) = 0,

! (3.2)
O-ZZP(ZL') = _PfF(Zi):

\Pr,(z;) = Pr.(2)).
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3.2.3 Solid-Porous Interface:
The solid is impermeable and there is no free flow across the solid-porous interface.
That is, this latter is considered as a closed-pores interface. The subscript S denotes the solid
layer, and P the porous layer. Therefore, the boundary conditions at the interface separating
isotropic elastic solid and isotropic poro-elastic layers are given by:
((Uxp (2i) = Uy (2)),

Uyp (z) = Uz, (z),
asz (Zi)

T 0 = w,,(z) =0, (3.3)

O-XZP (Zl) = O-XZS(ZI:)I

\ Ozzp (z) = GZZS(Zi)-

3.3 Total Stiffness Matrix of Multilayered Media

In this section, the recursive stiffness matrix method proposed by Rokhlin and Wang
[1] is applied in order to merge the stiffness matrices of the structure individual layers
obtained in Section 2.3 into one total stiffness matrix.

In the original work, a recursive algorithm was developed to build the total stiffness
matrix of a multilayered structure based on the stiffness matrices of individual layers that
have the same nature, i.e. the sizes of these stiffness matrices should be equal and there is a
continuity of all the components of the displacement-stress vector at every interface.
However, in this work, a more general algorithm is developed that computes the global
stiffness matrix of a multilayer whose layers could be of any of the three types of physical
media (i.e. fluid, isotropic solid and isotropic poro-elastic media). Moreover, the developed
approach could be extended in the future to include more general cases such as anisotropic or

piezoelectric media.
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3.3.1 Algorithm Concept
Starting with layer 1, since no other precedes it, the first total stiffness matrix [Kgl]

will be nothing but the stiffness matrix of the layer 1 [K,], i.e.:

[K6,] = [Ki]. (3.4)

Then, moving to the interface at z = z,, as shown in Figure 3-1, each of the
displacements and stresses in layers 1 and 2, around that interface, (v, (x, z;), v,(x, z;) and
T,(x,z,), T,(x, z,)) can be related using the corresponding boundary conditions. Hence, the
displacements and stresses at the top of the layer 1 (v, (x,z;) and T;(x,2;)) and those at the
bottom of the layer 2 (v,(x, z3) and T,(x, z3)) can be related by excluding the previously

mentioned components at the interface.

Z .
17T vl(‘x’ Zl) 5 Tl(x; Zl) [Tl(x, Zl)] _ [K ] [vl(x, Zl)
Layer 1 Ty(x,2,) v, (x,2,)
Pl v1(x,2;) 5 T1(x, 2) Related by boundary [Tl(x, z)] _ [Ke,] [vl(x, Z)
v, (x, Zz) 9 Tz (x, Zz) conditions TZ (x! Z3) 2 L) (x! Z3)
Layer 2 [TZ (x' ZZ)] — [K ] [UZ (X, ZZ)
v,(x,23) ; T5(x, 23) T,(x,z3) 20 |, (x, z3)

Z3+
4

Figure 3-1: Merging of the stiffness matrices for the first two layers.

Thus, the coupling of [Kal] and [K,] will lead to the first two layers total stiffness
matrix [K Gz]' The same work can be done at the interface zz in order to combine the first two
layers total stiffness matrix [K Gz] with the third layer stiffness matrix [K3], and to obtain the
first three layers total stiffness matrix [K (;3]. Having [K (;3], it could be combined with [K,]
to obtain [K G 4]. The procedure continues recursively until layer N is reached, where its

stiffness matrix [Ky] is merged with the total stiffness matrix of the previous layers,

[K G N—1]’ to form the whole structure total stiffness matrix [KG N] as illustrated in Figure 3-2.

Thus, starting with [K G1] = [K,], then using the recursive algorithm N — 1 times, leads to
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the total stiffness matrix of the multilayer [K G N] that relates the stresses and displacements at

the top and bottom of the structure as follows:

(3.5)

[ Tl (.X', Zl)
Ty(x, Zy4+1)

- v;(x,2z1)
B [KGN] [VN(x’ Zy41)

VX, Z
T1 (x’ Zl) 1 ( 1)
= [KGN] .
TN(.X, ZN+1) vN(leN+1)
T . T.(x,2,) )
171 (x! Zl) ) Tl(xl Zl) [ ! 11
“1 Layerzlz 1 = Ty_1(x,zy)
= [KG _ ][ vl(xﬁzl)
Zy-14 N1 vy (%, zy)
Layer N — 1 . Related by
Zy __vN—l(x' zy) s Ty-1(x, zy) boundary conditions
vy (x,2zy) 5 Ty (x, zy)
Layer N Ty(x, zy) vy (x, zy)
VN (%, Zy41) 5 T (X, Zn 1) = [Ky]
ZN+1 T o * Ty (x, zy+1) vy (%, zy 1))
\4

Figure 3-2: Coupling of the stiffness matrices at the level of layer N.

In general, for a given layer i with 2 < i < N, if its 2n; X 2n; stiffness matrix [K;] is

subdivided into n; X n; submatrices, i.e:

Ki,l;l Ki,l;ni Ki,l;(ni+1) Ki,l;Zni
Ki,nl-;l Ki,ni;ni Ki,ni;(nl-+1) Ki,ni;Zni
[Ki]ZnL-Xan- =
Ki(n;+1)1 Kin+0im; | Kim+1)ini+1) Ki (n;+1)2m;
(3.6)

L Ki,Zni;l Ki,an-;nl- Ki,an-;(nL-+1) Ki,Zni;Zni i
[ 1711 12
[Ki ]niXTli [Kl ]Tlani

21 22
_[KL ]nixni [KL ]niXTli

(the subscript notation x; y denotes the element in the x" row and y™ column, respectively),

the stress-displacement relationship of that layer can be expressed as:

Ti (xl Zi)

T;(x,2i41)

[Kill]nixni [Kllz]nixni

[Klzl]nixni [Klzz]nani
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Moreover, at the layer i — 1, the displacement and stress components vectors v;_; and
T;_,, of length n;_;, can be related to v; and T,, the displacement and stress components
vectors in the first layer with a length n,, through the total stiffness matrix of the layers 1 up

toi—1, [K Gi—l]' If the latter is subdivided into four square matrices as follows:

K.
[ Gl_l](n1+ni—1)x(n1+ni—1)
KGi—1,1;1 KGi—1,1;n1 KGi—l,l;(n1+1) KGi—l,l;(n1+ni_1)
KGi—l,nl;l KGi—l,nl;nl KGi—l,nl;(n1+1) KGi—l,nl;(n1+ni_1)
KGi—l,(n1+1);1 KGi—l,(n1+1);n1 KGi—l,(n1+1);(n1+1) KGi—l,(n1+1);(n1+ni_1) (3.9
_KGi—l,(n1+ni_1);1'" KGi—l,(n1+ni_1);n1 KGi—l,(n1+ni_1);(n1+1)'" KGi—1,(n1+ni_1);(n1+ni_1)_

12
K& s K& ]

|k KZ_.]

Gi- 1n _1Xnq

ni{Xn;j_q

)

Nj—1XNj—1

the corresponding stress-displacement relationship can be expressed as:

Tl(xl Zl)
]= IKe, ]

v (x, Zl) ]

(ny+ni_1)xmy+n;_4) [

Ti—l(xl ZL') vi—l(xl ZL')

- (3.9)

K., nXTyy [ v (x, 21) ]

22 )
xnl [KGi_l]ni—lxni—l vl—l('x’ Zl)

1
[ nqXny

21
[KGi_l]ni—1

In order to obtain the total stiffness matrix of the layers 1 up to i, the relationships in
Egs. (3.6) and (3.9) should be merged by eliminating the vectors at the interface z;. This is
achieved by expressing the displacement components vectors v;_;(x,z;) and v;(x,z;) in
terms of v, (x, z;) and v;(x, z;;,) through a matrix [V;] using the boundary conditions at the

interface z; as presented in Section 3.2. The relationship involving the matrix [V;] is:
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vi_1(x,z;) vy (%,21)
= Vi +noxmg+np

v;(x, ) v (X, Zj41)

(3.10)
[V%l]ni_anl [V%Z]ni_lxni [ vl(xl Zl) ]
[Vlzl]nixnl [Vlzz]nixni v;i(x,Z41)
The derivation of the matrix [V;] will be detailed in the following section.

Then, using Egs. (3.7), (3.9), and (3.10), the stress components vectors T;(x, z;) and

T;(x,z;,1) can also be expressed as a function of v, (x, z; ) and v;(x, z;,,) as follows:

T1(x,21) ] [KG_, |+ [K&:, ]V [KE, |vi?] [ v, (x, 1)

. 311
T;(x,zi+1) [K[VE] [KFVE] + [KP2] lvi(x, Zi+1)]

Thus, starting with [Kgl] = [K,], the i™ total stiffness matrix [Kgi] (i.e. the total
stiffness matrix for the layers 1 up to i) with 2 < i < N is defined as:

K, ] (ke |+ K& Jvit] (K& ]Vi*]
iy tnpxngtny

(K] [V?"] KPR+ K2 G.12)

for 2 <i<N.

3.3.2 Computation of the Matrix [V;]

As defined in Section 3.3.1, for a layer i with 2 < i < N, [V;] is a matrix that relates
the displacement components vectors v;_;(x,z;) and v;(x,z;) to the displacement
components vectors v, (x, z;) and v;(x, z;,1), depending on the boundary conditions at the
the interface z;. Given the three-layer natures, nine combinations are possible at the interface
z;, three of which correspond to same nature consecutive layers (i.e. layers i and i — 1 are of
the same nature) leading to the same expression of [V;]. As for the six other possible
combinations, [V;] should be obtained for each of them based on the corresponding boundary

conditions. Thus, in total, seven different matrices [V;] are to be derived in order to account
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for all possible interfaces associated with the three-layer natures. The derivation of the matrix

[V;] for each case is detailed in the following subsections.

3.3.2.1 Interface Separating Two Layers of the Same Nature

Given an interface at z; (2 < i < N) that separates two layers i and i — 1 of the same
nature (i.e. fluid-fluid, solid-solid, or porous-porous interface), the boundary conditions imply

the continuity of all the components of the displacement-stress vector at z = z;, that is:

vi-1(x,z) = vi(x,2)

. (3.13)
Ti_1(x,z;) = Ti(x,2)
With reference to Egs. (3.9) and (3.7), T;_1(x,z;) and T;(x,z;) are expressed

respectively, as:

— 21 22
Ti_l(x, Zi) —_ [KGi—l Ny XNy vl(x, Zl) + [KGi_l]ni_lxni_l vi_l(x, Zi)l

(3.14)
Ti(x,2) = [KiTnyxn; ©i(%, 2) + [KP L, 0i (X, Zi40),

where n;_1; = n; = 1,2,3 for fluid, isotropic elastic solid, and isotropic poro-elastic medium
respectively.
Applying the equalities in Eq. (3.13) into Eq. (3.14), v;_,(x, z;) or v;(x,z;) can be
expressed in terms of v; (x, z;) and v;(x, z; 1) as:
v(x,z) = vi_1(x,7;)

v Goz) | O

nix(ng+n;) [vi(x, Zi+1) '

= (k%] - K“]] -lxE]
Hence, the matrix [V;] will be:

(x| -] [-[KEL] k2]
Vilenoxmatny = : (3.16)
(k2 ] -] [Flxz] &)
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3.3.2.2 Fluid - Isotropic Elastic Solid Interface
With reference to Eq. (3.1), in the case of a layer i — 1 of fluid type followed by a layer
i that is an isotropic elastic solid, the boundary conditions at the interface z; imply that:

uZi(xl Zi) = uZi_l(xl Zi)p
0 ] (3.17)
Ti—l(x! Zi)

Ti(x' Zi) =

Using the expressions of T;(x, z;) and T;_,(x, z;) as defined in Eq. (3.14) with n;_; =
1 and n; = 2, and applying the conditions in Eq. (3.17), v;(x, z;) can be expressed in terms

of v, (x,2,) and v;(x, z;,,) as:

_uxi(xnzi)
vi(xl Zi) =
_uZi(eri)
0 0 [0]1><n1 v (x,2,)
= |- [K}'] , [K1?) (3.18)
0 K¢ —|Kk3! (x, z;
B Gima 2x2 [ Gi_l] 2x(ny+2) vl(x’ZH-l)
v,(x,2;)
= [Wi]ZX(n1+2) .
vi(xiZi+1)

Since v;_1(x,2;) = u,,_ (x,2;) = u,,(x,2), then v;_1(x, z;) is the second component

of v;(x, z;). Thus, if the matrix [W;] as defined in Eq. (3.18) is subdivided as follows:

[W%]lx(n1+2)
[Wiloxeu+2) = , , (3.19)
[Wi ]1><(n1+2)
v;_1(x, z;) can be expressed in terms of v; (x, z;) and v;(x, z;,) as:
v,(x,2,)
vi—l(xl Zi) = uZi_l (x! Zi) = [le] (320)
vi (xl Zi+1)

Therefore, the matrix [V;] will be:
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(Wil (,12)
[Vilsxny+2) = : (3.21)
[Wi]ZX(n1+2)

3.3.2.3 Isotropic Elastic Solid - Fluid Interface
With reference to Eq. (3.1), in the case of a layer i — 1 that is an isotropic elastic solid
followed by a layer i of fluid type, the boundary conditions at the interface z; imply that:

Uy, (x,2) = uy,(x, z),
0 ] (3.22)
Ti(xl Zi) .

Ti—l(x' Zi) =

Using the expressions of T;(x, z;) and T;_(x, z;) as defined in Eq. (3.14) with n;_; =
2 and n; = 1, and applying the conditions in Eq. (3.22), v;_;(x, z;) can be expressed in terms

of v;(x,z,) and v;(x,z;;) as:

_uxi_l(xnzi)
vi—l(xizi):
_uzi—1(x'Zi)
o o _ 0 vy (x,2;)
= 22 21
= [ 11]—[Kai_1] [[Kai_l] [ Klz” [ ] (3.23)
- 0 Ki 2x2 TR Mok (ng+1) v;(x, Zi11)
vl(X,Zl)
= [Wi]Zx(n1+1)
v;(x, Zi41)

Since v;(x, z;) = u,(x,z) = u,,_, (x,z), then v;(x,z;) is the second component of
v;_1(x, z;). Thus, if the matrix [W;] as defined in Eq. (3.23) is subdivided as follows:

(W11,
[Wiloxtnen = , : (3.24)
[Wi ]1><(n1+1)

v;(x, z;) can be expressed in terms of v, (x, z;) and v;(x, z;,) as:
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vl (x, Zl)
v;(x,2;) = u,,(x,2;) = [W7] (3.25)
v;(x, Zi41)
Therefore, the matrix [V;] will be:
[Wi]ZX(n1+1)
Vilsxusn) = , : (3.26)
[Wi ]1><(n1+1)

3.3.2.4 Fluid - Isotropic Poro-elastic Interface
With reference to Eq. (3.2), in the case of a layer i — 1 of fluid type followed by a layer
i that is an isotropic poro-elastic medium, the boundary conditions at the interface z; imply
that:

(’LLZL(X ZL) + Wz (x ZL) = Uz, (x: Zi);
| 0
I
{Tl(x z;) —| Ti_1(x,2) |
l l T;_1(x,z) J

Using the expressions of T;(x, z;) and T;_;(x, z;) as defined in Eq. (3.14) with n;_; =

(3.27)

1 and n; = 3, and applying the conditions in Eq. (3.27), v;(x, z;) can be expressed in terms

of v1(x,z;) and v;(x, ;1) as:
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Uy, (X, ;)]

vi (x, Zi) = uZi(xl Zi)

Wy, (x, ;)]
[0 00 r (01,10, ]
0w K| [—[Kzu ) [()] 628)
llo K., —K&.l RiL-a . Vi)

vy (x,2)
= [Wi]3><(n1+3)
v; (X, Zi11)

As for the vector v;_1(x,z;), v;_1(x,2;) = u,,_ (x,2;) = uy,(x,z) + w,,(x,z). Thus,
if the matrix [W;] as defined in Eq. (3.28) is subdivided as follows:
[[W%]lx(n1+3)-|

[Wi]SX(n1+3 [Wiz]lx(n1+3) |, (3.29)

_|
"
|

[W?]lx(n1+3)J

v;_1(x, z;) can be expressed in terms of v; (x, z;) and v;(x, z;,) as:

41 (x, Zl)
vi_1(x,z) = [[W?] + [W?]] : (3.30)
v;(x,Zi11)
Therefore, the matrix [V;] will be:
Wi+ w2l
[Vilixues = pxmt3) ], (3.31)
[Wi]3><(n1+3)

3.3.2.5 Isotropic Poro-elastic - Fluid Interface
With reference to Eq. (3.2), in the case of a layer i — 1 that is an isotropic poro-elastic
medium followed by a layer i of fluid type, the boundary conditions at the interface z; imply

that:
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(uzi—l (.X, Zi) + WZi_l(x! Zi) = uzi(x! Zi)l

0
Ti_1(x,z) = [ T;(x,z;) } (3.32)

—T;(x,z)
Using the expressions of T;(x, z;) and T;_,(x, z;) as defined in Eq. (3.14) with n;_; =
3 and n; = 1, and applying the conditions in Eq. (3.32), v;_; (x, z;) can be expressed in terms
of v;(x, z;) and v;(x, z;,,) as:
l[uxi_l (x, Zi)]l

vi_1(x,z) = |uzi_1 (x,z) |

WZi_l(lei)
[0 0 0 ]‘1 0
v,(x,2,) (3.33)

o O S | I I Y I
| » " | i v;i(x,Zi41)
|_0 —Ki* -K; J3X3 K; 3% (ny+1)

vl(X,Zl)

= [Wi]3><(n1+1)
vi(xlzi+1)

As for the vector v;(x, z;), v;(x, z;) = u,,(x,2) = u,,_ (x,2) + w,,_ (x,z). Thus, if
the matrix [W;] as defined in Eq. (3.33) is subdivided as follows:
(W11, 0)
Wil = [ Wiixuan | (3.34)
(W31, 0)
v;(x, z;) can be expressed in terms of v; (x, z;) and v;(x, z; ;1) as:

vl (X, Zl) ]
. (3.35)

vi(x,zl-)=uzi(x.zi)=[[w%]+[w?]][ o
Vil\X, Zi41

Therefore, the matrix [V;] will be:
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[Wi]3><(n1+1)

Vilixusn = [ (3.36)

w2+ wi]]

1x(nq+1)

3.3.2.6 Isotropic Elastic Solid - Isotropic Poro-elastic Interface
With reference to Eq. (3.3), in the case of a layer i — 1 of solid type followed by a layer
i that is an isotropic poro-elastic medium, the boundary conditions at the interface z; imply
that:

vi—l(xl Zi)
(vi(xlzi)z [ ];
0

{ Oxz; (%, Z;) (3.37)
= Ti—l (xr ZL')-
0z2,(X, 2;)

According to Eq. (3.37), the fluid phase pressure in the porous medium is excluded
from the boundary conditions at the interface z; (i.e. Py (x, ;)); moreover, the relative fluid
displacement in this medium should be zero at z =z (i.e. w,(x,z) = 0). Hence, to

calculate the matrix [V;], the third row and column of the stiffness matrix [K;] of the porous

layer i will be excluded in this case. Consequently, referring to the stiffness matrix expansion

in Eq. (3.6) withn; = 3, a 2 X 2 submatrix [K}ll] and a 2 X 3 submatrix [K}ZI] are defined

such that:
Ki,l;l Ki,1;2
[K:.ll’] =
l 2%2 9
* Ki,Z;l Ki,2;2
(3.38)
Ki,1;4 Ki,l;S Ki,1;6
[k . =
t I2x3
Ki,2;4 Ki,2;5 Ki,2;6

Then, with reference to Eq. (2.64), the normal and tangential stresses in the porous

layer i at z = z; can be expressed in terms of [K}ll] and [Kilzl] as:
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= [k}, , + K] (e zi). (3.39)

Using the expression of T;_;(x, z;) as defined in Eq. (3.14) with n;_; = 2 along with
the stresses expressed in Eq. (3.39), and applying the conditions in Eq. (3.37), v;_,(x, z;) can

be expressed in terms of v, (x, z;) and v;(x, z; ) as:

_uxi_l (x, Zi)
vi—l(x! Zi) =
_uZl'_l (xl Zi)

-1 vl(x! Zl)

= [IKe.]- k], e K2, ., [

] (3.40)

v; (X, Zi11)
vl(xrzl)

= [Wi]2><(n1+3) [ ]

v; (X, Zi41)

As for the vector v;(x, z;), it can be expressed in terms of v, (x, z;) and v;(x, z;,1) as:

uxi (.X, Zi)

[Wi]ZX(n1+3) v, (xl Zl)
v;(x,z;) = |ug,(x, z) | = . (3.41)

[O]lx(n1+3) v; (%, Zi11)

|-WZL' (‘xl Zi)

Therefore, the matrix [V;] will be:

(Wilox(ny+3)

[Vi]SX(n1+3) = [Wi]2><(n1+3) . (3.42)

I. [0] 1x(ng+3) J

3.3.2.7 Isotropic Poro-elastic - Isotropic Elastic Solid Interface
With reference to Eq. (3.3), in the case of a layer i — 1 that is an isotropic poro-elastic
medium followed by a layer i of solid type, the boundary conditions at the interface z; imply

that:
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vi(xl Zi)]

[”i-1(x' z;) = [
0

axzi_l (x: Zi) (3'43)

= Ti (xl Zi)-
Ozz;_, (X, Zi)

According to Eq. (3.37), the fluid phase pressure in the porous medium is excluded
from the boundary conditions at the interface z; (i.e. Py, | (x, z;)); moreover, the relative fluid
displacement in this medium should be zero at z = z; (i.e. w,,_ (x,z;) = 0). Hence, in this
case, to calculate the matrix [V;], the last row and last column of the total stiffness matrix
[K Gi—l] corresponding to the case of a porous layer i — 1 will be excluded. Consequently,
referring to the global stiffness matrix expansion in Eq. (3.8) with n;_; =3, a 2Xn,

submatrix [K é;‘_ll] and a 2 X 2 submatrix [K f;f_ll] are defined such that:

) ,] KGi—l,(n1+1);1 KGi—l,(n1+1);n1

Gi-1 lpun, — ’
1

KGi—l,(Tll‘l'Z);l o KGi—l,(n1+2);n1

(3.44)

, KGi—l,(n1+1);(n1+1) KGi—l,(n1+1);(n1+2)
22 —
it ]2><2_

KGi—l,(n1+2);(n1+1) KGi—l,(n1+2);(n1+2)

Then, with reference to Eq. (3.5), the normal and tangential stresses in the porous layer

i — 1 atz = z; can be expressed in terms of [Kf;;‘_l'] and [Kéf_ll] as:
O-xzi_l(x: Zi) , , uxl-_l(x: Zi)
—_ [g21 22
= [KZ. . ]anl vi(oz) +[KE, | (3.45)
Gzzi_l(x: Zi) uzi_l(x: Zi)

Using the expression of T;(x, z;) as defined in Eq. (3.14) with n; = 2 along with the
stresses expressed in Eq. (3.45), and applying the conditions in Eq. (3.43), v;(x, z;) can be

expressed in terms of v; (x, z;) and v;(x, z;,) as:
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-uxi (xl Zl)

vi(x'Zi):
_uzi(x'zi)
1422 ' 117] 7 21 ' 12 o) 3.46
o | B | R O 1 B oo | R 26 Z10) A0
I71(le1)
= [Wi]2><(n1+2) X ]
v;(x,Z41)

As for the vector v;_, (x, z;), it can be expressed in terms of v, (x, z;) and v;(x, z;,,) as:

Uy, (x,2;)
[Wi]ZX(n1+2) vl (xl Zl)
vi_1(x%,2) = Uz, (6,2) | = (3.47)
[0]1><(n1+2) Vi (x, Zi+1)
WZi_l (x! Zi)
Therefore, the matrix [V;] will be:
[[Wi]ZX(n1+2)]
[Vi]SX(n1+2) = [[0]1x(uyv) | (3.48)
[Wi]2><(n1+2)

3.4 Reflection and Transmission Coefficients
In this section, for a plane wave originating from the reference plane (z = z,) with a
frequency w and an incidence angle 6, at the top of the multilayered structure whose total
stiffness matrix is [KGN], the reflection in the incidence medium and the transmission in the
substrate will be calculated assuming a unity incidence.
It is to be noted that the term e/®x® will be omitted intentionally in the following

equations since it will be simplified in the calculations.
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In the incidence medium (denoted by the subscript zero), n, partial plane waves
propagate in the positive direction, and n, partial plane waves are reflected in the negative
direction. Let I be a column vector of ones corresponding to the amplitudes of the incident
partial plane waves, and R another column vector consisting of the amplitudes of the partial
plane waves reflected back in the incidence medium at the interface z,. For this medium, the
local coordinate origin is selected at z = z; for waves traveling in both directions. Then, the
displacement and stress components vector in this medium can be related to the incident and

reflected partial plane waves amplitudes through the medium characteristic matrix [B,] as

follows:
vO (Z) 1
= [Bo]zm,xm0 [EO(Z)]ZnOXZnO , (3.49)
Ty(2) R
where [E(z)] is a diagonal 2n, X 2n, matrix such that:
diag {[Ey(2)] } = e/ (z=70), (3.50)

If the characteristic matrix decomposition defined in Eq. (2.48) with i = 0 is used,
expressing Eq. (3.49) at z = z,; yields:
vo(z1) = [By'] + [B*]R
. (3.51)
To(z,) = [B§'] + [BF’IR
In the transmission medium (denoted by subscript N + 1), the partial plane waves
propagate only in the positive direction and their amplitudes will be grouped in a vector T, of
length ny 44 . Then, the displacement and stress components vectors in this medium can be
related to the transmitted partial plane waves amplitudes through the medium characteristic
matrix [By,1]. For this medium, the characteristic matrix will include only the coefficients
corresponding to the waves propagating in the positive direction, i.e. [By;1] is only

composed of the submatrices [B3}.;] and [B%%,] that have been defined in Section 2.2.

Consequently, by selecting the origin of the local coordinate system in this medium at z =
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Zy4q for the propagating waves, the displacement-stress vector can be related to T, as

follows:

11
[vN+1(Z) [BN+1]TLN+1X71N+1

TN+1(Z) B [321 [EN+1(Z)]nN+1><nN+1 Tr' (352)

N+ ny s xnne
where [Ey.1(2)] is a diagonal ny,, X ny,q matrix such that:
diag {[En41(2)] } = [o/¥0 G-2n40) |. (3.53)
Expressing Eq. (3.52) at z = zy ., yields:
Un+1(Zys1) = Byl Tr
. (3.54)
Tyy1(zZys1) = [Bzzvl+1] T,
Moreover, the multilayer total stiffness matrix relationship in Eq. (3.5) can be re-
expressed using the total compliance matrix, [SG N], as:

| n |- fse

vy (Zy+1)

T,(z,) ]
. (3.55)

Ty(zy+1)

The multilayer global compliance matrix is related to the global stiffness matrix through:

[Sey] = [Key] - (3.56)

The displacement and stress components vectors in the incidence medium and the layer
1 of the structure around the interface z; (i.e. vo(z,), v1(21), To(2z1), and T,(z;)) can be
related through the boundary conditions at that interface.

Similarly, the displacement and stress components vectors in the layer N of the
structure and the transmission medium around the interface zy,; (ie. Vy(Zy41),
Un+1(Zn+1), Ty (Zy41), and Ty, 1(Zy41)) can be related through the boundary conditions at
that interface.

Consequently, the system of equations in Egs. (3.51), (3.54), and (3.55) can be solved

and the reflection and transmission coefficients are thus obtained.
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At this stage, fluid incidence and transmission media will be considered. Hence, Egs.

(3.51) and (3.54) can be reduced to:

Uy, (1) = B3 + RBg?

)

—Py, (zy) = Bgl + RBg2
(3.57)
uzN+1(ZN+1) = TrB;\L/il

_PfN+1 (zy+1) = TrBI%I%i-l |
Since the calculation of the reflection and transmission coefficients depends on the
boundary conditions at the interfaces z; and zy 1, these coefficients depend on the natures of
the layers around these interfaces. Having considered the incidence and transmission media
both fluids, then, for the three possible layer natures for each of the first and last layers of the
multilayer, nine different cases will be developed for the computation of the reflection-
transmission coefficients. The boundary conditions at the interfaces z; and zy,, are

summarized in Table 3-1.

Table 3-1: Boundary Conditions at the Upper Surface of the Multilayer (z = z,) for a Fluid

Incidence Medium.

Uz, (z) = Uz, (z1)

P, (z1) = Py, (21) (3.58)

Layer 1 Fluid {

u21 (Zl) = uzo (Zl)
Layer 1 Isotropic Elastic Solid < 0xz,(z;) =0 (3.99)
O0zz, (z1) = _Pfo (z1)

Uy, (z1) + wy, (21) = uy (21)
O'le(Zl) =0

02z, (z1) = _Pfo (z1)

Pf1(21) = PfO(Z1)

Layer 1 Isotropic Poroelastic Medium 4 (3.60)
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Table 3-2: Boundary Conditions at the Lower Surface of the Multilayer (z = zy, ) for a Fluid

Transmission Medium.

U, (Zyi1) = Uy, (Zyi1)
Layer N Fluid { v NELE T AN N (3.61)
Pry(Zn+1) = Py, (Zn41)
Uzy (zn+1) = Uzniq (Zn+1)
Layer N Isotropic Elastic Solid < 0z (Zy+1) = 0 (3.62)
O'ZZN(ZN+1) = _Pf,\,Jr1 (Zn+1)
Uz (Zy11) + Wopy (Zhs1) = Uz, , (Zh41)
Oyyo(Zye1) =0
xzZy \“N+1 (363)

02z (Zn+1) = =Py, (Zns1)

Layer N Isotropic Poroelastic Medium J
lpfzv (zy+1) = PfN+1 (Zyn+1)

3.4.1 Layer 1 Fluid — Layer N Fluid
Given a multilayer whose first (i = 1) and last (i = N) layers are fluids, the compliance

matrix relationship in Eq. (3.55) can be expressed as:

Uz, (1) —Py, (z1)

= [SGN] :
2x2
Uzy (Zn+1) * —Pry (zn+1)

(3.64)
By applying the boundary conditions in Egs. (3.58) and (3.61) into Eq. (3.57) and
substituting the resulting displacement and stress expressions into Eq. (3.64), the following
system of equations is obtained:
B} + RB}? = SGN’L,l(Bg1 + RB?) + .S'GN’L,ZTrB,%ﬁr1

(3.65)
TTBI%I%I—l = SGN_z;l(Bgl + RBgz) + SGN_z;ZTTBI%I%I-l

where Sg, . corresponds to the clement in the x" row and y™ column of the matrix [S¢ N].

Solving for the reflection and transmission coefficients leads to:
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-1
12 22 21 21 11
BO - SGN_l;lBO _SGN_l;ZBN+1 SGN’l;lBO - BO
_ . (3.66)
22 11 21 21
_SGN’z;lBO BN+1 - SGN‘2;23N+1 SGN‘Z;;LBO

[R
T
3.4.2 Layer 1 Fluid — Layer N Isotropic Elastic Solid

Given a multilayer whose first layer is a fluid and last layer is an isotropic elastic solid,

the compliance matrix relationship in Eq. (3.55) can be expressed as:

Uy, (1) — Py, (21)
uxN(ZN+1) = [SGN]3><3 szN(ZN+1) . (3.67)
uzN(ZN+1)J lazzN(ZN+1)J

By applying the boundary conditions in Egs. (3.58) and (3.62) into Eq. (3.57) and
substituting the resulting displacement and stress expressions into Eq. (3.67), the following
system of equations is obtained:

B + RB}? = SGN'l;l(Bgl + RBZ%) + SGN’1;3TTB,%,11

(3.68)
TTBI}I}I-I = SGN’3;1(Bgl + RBSZ) + SGN’3;3TTBI%I}I-1
Solving for the reflection and transmission coefficients leads to:
-1
R Béz - SGNll;lBgz _SGN’1;3BI%I:-L+-1 SGN’l;lBgl - Bél
_ ) (3.69)
Tr _SGN’3;1B32 BI%I%I-l - SGN’3;3B1%I}I—1 SGN‘3;1B(§1

3.4.3 Layer 1 Fluid — Layer N Isotropic Poro-elastic Medium
Given a multilayer whose first layer is a fluid and last layer is an isotropic poro-elastic

medium, the compliance matrix relationship in Eq. (3.55) can be expressed as:
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[ Uy, (z1) ] [ — P (z1) ]
uxN(ZN+1) szN(ZN+1)
U (asn) | Sorlue Grae1) | o
W,y (Zy+1)] | Pry(Zn+1) |

By applying the boundary conditions in Egs. (3.58) and (3.63) into Eq. (3.57) and
substituting the resulting displacement and stress expressions into Eq. (3.70), the following
system of equations is obtained:

I( B3' + RBY® = Sgy 1 (B3 + RBE) + (Sep 1.5 — Se14) TrBiba
T,B3% = (Sepgs + Sonas) (BE: + RBZ?) . BT
+ (SGN.3;3 ~Senza T Senzz T SGN,3;4) T B4

Solving for the reflection and transmission coefficients leads to:
R ]
T,
12 22 21
By® — SGN,l;lBO _(SGN,1;3 - SGN,1;4)BN+1

- 22 11 21 (3.72)
_(SGN,3;1 + SGN,4;1)BO Byi1 — (SGN,3;3 - SGN,3;4 + SGN,3;3 - SGN,3;4)BN+1

21 11
SGN,I;lBO — B

21|
(SGN,3;1 + SGN,4;1)B0

3.4.4 Layer 1 Isotropic Elastic Solid — Layer N Fluid
Given a multilayer having whose first layer is an isotropic elastic solid and last layer is

a fluid, the compliance matrix relationship in Eq. (3.55) can be expressed as:
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[ Uy, (z1) ] [ Oxz, (z1) ]
| | | |
| Uy, (Zl) | = [SGN]3><3 Ozz, (z1) |
|.uzN (ZN+1)J |._PfN (ZN+1)J

(3.73)

By applying the boundary conditions in Egs. (3.59) and (3.61) into Eq. (3.57) and

substituting the resulting displacement and stress expressions into Eq. (3.73), the following

system of equations is obtained:
Bg' + RBy® =S¢, ,.,(B§" + RB§?) + Sg 5. T Bisa
TTBI:\LI:EI-I =SGN’3;2(B +RB§2) +SGN33T BN+1

Solving for the reflection and transmission coefficients leads to:
[ R
T

3.4.5 Layer 1 Isotropic Elastic Solid — Layer N Isotropic Elastic Solid

12 22 21 -1 21 11
BO _SGN’2;230 _SGN’2;3BN+1 SGN’Z;ZBO _BO

2 21
_SGN’3;2B0 N+1 SGN3 3BN+1 SGN’3;ZBO

(3.74)

(3.75)

Given a multilayer whose first and last layers are isotropic elastic solids, the

compliance matrix relationship in Eq. (3.55) can be expressed as:

[ ux1 (Zl) 1 [ szl (Zl) 1
Uz, (z1) Ozz, (z1)
= [SGN]4><4_ )
uXN(ZN'I-l) O-XZN(ZN'I-I)
_uzN (ZN+1)_ -O-ZZN (ZN+1)_

(3.76)

By applying the boundary conditions in Egs. (3.59) and (3.62) into Eq. (3.57) and

substituting the resulting displacement and stress expressions into Eq. (3.76), the following

system of equations is obtained:
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B3' + RBg® = Sy ,,(B§' + RB§?) + Sg 5., Tr Bivi1

(3.77)
T, Byt = SGNA;Z(Bgl + RB§?) + SGN’4;4TTBI%I%I-1
Solving for the reflection and transmission coefficients leads to:
-1
R B(:;Z _SGN_z;ZBgZ _SGN_2;4BI%I:-L+-1 SGN’z;ZBgl - B(:;l
= . (3.78)
TT _SGNA_;ZB(%Z BI%I}I-I - SGN’4;4B1%I%I-1 SGNA_;ZBgl

3.4.6 Layer 1 Isotropic Elastic Solid — Layer N Isotropic Poro-elastic Medium
Given a multilayer whose first layer is an isotropic elastic solid and last layer is an
isotropic poro-elastic medium, the compliance matrix relationship in Eq. (3.55) can be

expressed as:

[ Uy, (21) ] [ Oxz, (21) ]
Uz, (z1) Ozz, (z1)
Uy (Zys1) | = [SGN]st Oxzn (Zns1) |. (3.79)
uzN(ZN+1) GZZN(ZN+1)
[ Wz (Zn+1)] [ Py (Zn+1) |

By applying the boundary conditions in Egs. (3.59) and (3.63) into Eq. (3.57) and
substituting the resulting displacement and stress expressions into Eq. (3.79), the following
system of equations is obtained:

B3 + RB32 = Sgy 5., (B3 + RB3?) + (Siy 5.4 — Sep s ) TrBEha
TBi4s = (Sayas + SGN_S;Z) (B2 + RB??) . (3.80)
+ (SGN,4;4 - SGN.4;5 + SGN,5;4 - SGN,S;S) T, Bit1

Solving for the reflection and transmission coefficients leads to:
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R]

T;

Bi? —§ B2? —{S -5 B3l

0 GN,2;270 GN,2;4 GN2;5 )7 N+1

N 22 pili1 21 (3.81)
_(SGN,4;2 + SGN,S;Z)BO By — (SGN,4;4 o SGNA-;S + SGN,5;4- o SGN,S;S)BN+1

21 11
SGN,z;zBO — By

(SGN,4;2 + SGN,s;z)Bg1 |

3.4.7 Layer 1 Isotropic Poro-elastic Medium — Layer N Fluid
Given a multilayer whose first layer is an isotropic poro-elastic medium and last layer

is a fluid, the compliance matrix relationship in Eq. (3.55) can be expressed as:

[ Uy, (21) ] [ Oxz,(21) ]

Uz, (21) 022, (1)

e (2 = [SGN]4X4 B (2 . (3.82)
Uz (Zw+1)] | Pry (Zy+1).

By applying the boundary conditions in Egs. (3.60) and (3.61) into Eq. (3.57) and
substituting the resulting displacement and stress expressions into Eq. (3.82), the following
system of equations is obtained:

I( B3+ RB = (Say 55 = Sonza + Sonsn — Senss) (BE* + RBZ?)
+(Sepza + Sinza) TrBite . (3.83)
T.By%, = (SGNA;Z - SGN_4;3) (B§' + RB§*) + SGN’4;4TTBI%I}I-1

Solving for the reflection and transmission coefficients leads to:
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R]
Ty

12 22 21
By” — (SGN,Z;Z - SGN,2;3 + SGN,3;2 - SGN,3;3)BO _(SGN,2;4 + SGN,3;4)BN+1

) ~(Sex2 = S a)BE BiLy — Sy, 4B2k .
GNA-;Z GN,4—;3 0 N+1 GN,4—;4— N+1

— _ 21 _ pl1
(SGN,Z;Z SGN,2;3+SGN,3;2 SGN,3;3)BO By

_ 21
(SG N,4;2 Se N,4;3)BO

3.4.8 Layer 1 Isotropic Poro-elastic Medium — Layer N Isotropic Elastic Solid
Given a multilayer whose first layer is an isotropic poro-elastic medium and last layer

is an isotropic elastic solid, the compliance matrix relationship in Eq. (3.55) can be expressed

as:
[ Uy, (21) ] [ Oz, (21) ]
Uy, (z1) 022,(21)
w, (21) | = [Seyl, | Pa(z) | (3.85)
Uy (Zy41) Oz (Zn+1)
[, (Zy41)] 020 (Zn 1))

By applying the boundary conditions in Egs. (3.60) and (3.62) into Eq. (3.57) and
substituting the resulting displacement and stress expressions into Eq. (3.85), the following
system of equations is obtained:

11 12 _ 21 22
(BO +RBi? = ( ~ Sor2st Sonan — SGN’SB) (B2! + RBZ?)

SGN,Z;Z
4 + (SGN,Z;S + SGN,g,.s) T B : (3.86)

l 1834 = (Sensiz — Sensss) (BE: + RBE) + Sgy o TrBEhs

Solving for the reflection and transmission coefficients leads to:
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12 _ _ _ 22 _ 21
By (SGN,Z;Z SGN,2;3 + SGN,3;2 SGN,3;3)BO (SGN,Z;S + SGN,3;5)BN+1

R]
T,

_ _ 22
(SGN,S;Z SGN,5;3)BO

— _ 21 _ pl1
(SGN,Z;Z SGN,2;3+SGN,3;2 SGN,3;3)BO By

11
BN+1 - SGN’5;5BN+1

_ 21
(SGN,S;Z SGN,5;3)BO

3.4.9 Layer 1 Isotropic Poro-elastic Medium — Layer N Isotropic Poro-elastic

Medium

(3.87)

Given a multilayer whose first and last layers are isotropic poro-elastic media, the

compliance matrix relationship in Eq. (3.55) can be expressed as:

[ Uy, (21) ]
Uz, (1)
wy, (21)

Uy (Zy+1)

uZN (ZN+1)

(Wzy (Zy41)

= [SGN]6><6

[ Oxz,(21) ]
02z, (z1)
Pf1 (z1)

Oxzy (Zn+1)

O-ZZN (ZN+1)

| Pry(Zyy1) |

(3.88)

By applying the boundary conditions in Egs. (3.60) and (3.63) into Eq. (3.57) and

substituting the resulting displacement and stress expressions into Eq. (3.88), the following

system of equations is obtained:
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(Bg' + RBy* = (SGN,Z;Z ~Senzst SNz T SGN,3;3) (B§" + RB;*)

+ (SGN.Z;S ~ Senpe T Senzs SGN_3;6) T, Bt
\ . (3.89)

11 _ 21 22
T Byy1 = (SGN,S;Z - SGN,5;3 + SGN,6;2 - SGN,6;3) (B§* + RB§*)

_ _ 21
+ (SGN,S;S SGN,5;6 + SGN,6;5 SGN,6;6) TrBiia

Solving for the reflection and transmission coefficients leads to:

)

12 22 21
By - (SGN,Z:Z ~Sens T Senza SGN,3:3)BU _(SGN,Z:S ~Senge T Senzs SGN,3;6)BN+1 (3.90)

22 11 21
_(SGN,S;Z - SGN,5;3 + SGN,6;2 - SGN,ﬁ;S)BO Byy1 — (SGN,S;S - SGN,S;B + SGN,6;5 - SGN,e;e)BNH

-1

21 11
I(SGN,Z;Z - SGN,2;3 + SGN,3;2 - SGN,3;3) By — By ]

21
(SGN,S;Z - SGN,5;3 + SGN,6;2 - SGN,6;3) By

3.5 Wave Amplitudes Inside the Structure Layers

In this section, a back recursive algorithm is developed in order to determine the
displacement amplitudes of the partial plane waves inside any layer i of the multilayered
structure.

Having obtained the reflection coefficient R in Section 3.4, T(z;) and v,(z;) in Eq.
(3.51) can be evaluated. Then, T,(z;) and v;(z;) can be deduced according to the
corresponding boundary conditions at the interface z;. Similarly, having the transmission
coefficient T, Ty 41 (zy+1) and vy ,1(zy41) in Eq. (3.54) can be evaluated, then, Ty (zy,4)
and vy (zy41) can be deduced using the boundary conditions at the interface zy ;.

Let Q; be a column vector such that:
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v1(z1)
Q= [ ] (3.91)

V;(Zi41)

In the following, in the characteristic matrix relationship as expressed in Eq. (2.7), the
exponential term e/ x*=®%) will not be shown. Hence, when it will be mentioned that the
displacement amplitudes of the partial plane waves in a layer i are being evaluated, what is
implicitly calculated is not just the vector 4;, but indeed the product 4; e/*x*=%® However,
the latter product will be referred to as A; for simplicity. Therefore Eq. (2.7) will be regarded
as:

v;(2)

T (2)

U,(z) = = [B;1[E;(2)] A;, forz; <z < z,,. (3.92)

3.5.1 Wave Amplitudes Inside Layer N
Starting with i = N, Qy can be obtained using Eq. (3.55) having the multilayer total
compliance matrix [S'G N], and the vectors T1(z;), and Ty (zy41):

Qn =[ . ]= [Senl

vy (Zy+1)

T.(z,) ]
. (3.93)

Ty(zy41)

Then, using the characteristic matrix relationship as expressed in Eq. (3.92) for the layer N at
Z = zy, the following can be written:

vy(2zy)

Uy(zy) = [ = [By][En(zn)] Ap. (3.94)

Ty(zy)
In order to get the displacement amplitudes of the partial plane waves in the layer N,

(i.e. Ay), the vectors vy (zy) and Ty (zy) are needed.

With reference to Eq. (3.10), vy(zy) could be expressed in terms of Qy using the matrix

[Vy] as follows:
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vy(zy) = [[szvl [V12v2]] Qn- (3.95)

Then, using the stiffness matrix relationship of the layer N,

Ty (zy) vy (zn) [KN'] [Ky vy (2zy)
= [Ky] = , (3.96)
Ty(zy+1) vy (Zy+1) (K] [K3]| lon(zns1)
Ty (zy) can be also expressed in terms of Q using Egs. (3.95) and (3.96):
vy (zy)
Ty(zy) = [[K§'] [K¥]
vy (Zy41) (3.97)

= [[KF1IVR]  [KN1IVE] + (KA1 @w.
Therefore, back to Eq. (3.94), the partial plane waves displacement amplitudes Ay in the

layer N are found to be:

[y (2y)
Ay = {[Byl[Ey(z0)]} 7!
[Ty (2y)
(3.98)
Vit %3
= {[BN][En(zp)]} 7! Qn.
[KNVIIVE']  [KN1IVE?] + [KY
3.5.2 Wave Amplitudes Inside Layers N — 1 to 2
At the layer N — 1, the vector Qy_; is:
v1(21)
Qn-1 = (3.99)
vy_1(2y)

With reference to Eq. (3.10), vy_;(zy) can be expressed in terms of Qy using the matrix

[V y] as follows:

vn-1(zy) = [[VA Ty ixny [Vl i | @ (3.100)

Therefore, Qy_1 can be deduced from @y using the relationship:
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[, xn, [0], xny
Qy_1 = » . Qu, (3.101)
[VN ]nN_1Xn1 [VN ]nN_lan

where [I] is an identity matrix. Then, similarly to the process performed at the layer N, the
displacement stress components vector in layer N — 1 at z = zy_; can be expressed in terms
of Qu_1, [Ky—1] and [Vy_4] as:

Vi~ Vi,

= Qu_1. (3.102)
(KN VRS [KN-.DIVRELD + (KR,

vy-1(Zy-1)

Uy_q = [
Ty_1(zy-1)

Thus, the displacement amplitudes of the partial plane waves of the layer N — 1, Ay_4, are:

Vit V2,
Ay = {[Byl[Ey-1(zy-D]} 7" Qy-1- (3.103)
[K11\11—1][V12v1—1 [K11v1—1][V12v2—1] + [Kll\lz—l]
The displacement amplitudes of the partial plane waves of the other layers can be
obtained by applying the same procedure recursively from the layer N — 2 back to layer 2.
Hence, in general, for any layer i with 2 < i < N — 1, and having already determined
the vector Q,,, of the layer i + 1, Q; can be deduced recursively from the latter according to

the following recursive relationship:

Uln,xn,  [0]n,xny,,
Q=

u b ] Qi1, 2<isSN-L (3.104)
[Vi+1 [Vi+1

Then, having obtained @;, the displacement amplitudes of the partial plane waves inside the

layer i can be expressed as:

vt V]
A; ={[B/][E;(z)]}* Q;, 2<i<N-1. (3.105)
KTV [KPVE?] + [KE2
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3.5.3 Wave Amplitudes Inside Layer 1
With respect to the first layer T((z;) and vy(z;) can be obtained by substituting the
reflection coefficients R into Eq. (3.51). Consequently, T,(z;) and v;(z;) can be deduced
using the corresponding boundary conditions at the interface z;. Then, applying the
characteristic matrix relationship as expressed in Eq. (3.94) for layer 1 at z = z;, the

displacement amplitudes of the partial plane waves inside the layer 1 are found to be:

Ay = {[B4][E,(z)]} "

v1(Z1)]
(3.106)

T1(z,)

3.6 Conclusion

The propagation of a plane wave into a multilayer whose layers could be of any of the
three natures, fluid, isotropic solid, or isotropic poro-clastic materials, has been modeled
based on the recursive stiffness matrix method. First, a total stiffness matrix has been
constructed through a recursive algorithm that combines all the structure layers into one
single layer based on their physical parameters and the boundary conditions at the interface
separating every two adjacent layers. Having obtained the multilayer total stiffness matrix,
the reflection coefficient in the incidence medium and the transmission coefficient in the
substrate can be obtained. Their calculations have been presented in details for the case of
fluid incidence and transmission media. Then, a back recursive algorithm has been
implemented to determine the displacement amplitudes of the partial plane waves

propagating inside each layer.
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CHAPTER 4

WAVE BEAM PROPAGATION THROUGH LAYERED MEDIA USING

THE ANGULAR SPECTRUM METHOD

4.1 Introduction

In the previous chapter, the propagation of a plane wave incident on a multilayered
medium bounded by fluid media has been developed. After calculating the reflection and
transmission coefficients of the plane wave in terms of the incidence angle and frequency, the
displacement amplitudes of the partial plane waves inside each layer of the multilayered
structure has been determined.

However, in real situations, an incident wave generated by an acoustic source is usually
not a plane wave, but rather a bounded beam. In this case, an efficient solution to study the
reflection-transmission of an acoustic beam and its propagation in the multilayered medium is
by the implementation of the angular spectrum technique that is based on the superposition of

plane waves.

4.2 Modeling of the Wave Beam Propagation

In this section, the propagation inside a multilayer of a wave field created by a planar
acoustic source will be modeled based on the angular spectrum approach [68, 69, 70, 71, 72].

In this method, in order to model the propagation of a monochromatic wave field from a
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plane surface to another parallel plane at a distance z, this wave field is first decomposed by
the discrete Fourier transform into an equivalent spectrum of plane waves. Then, to account
for the wave propagation, each component of the spectrum is multiplied by a suitable phase
factor depending on the distance z and the medium characteristics. An inverse Fourier
transform is applied to the resulting propagated spectrum in order to reconstruct the wave
field at the plane z. The method will be applied in order to obtain the incident wave field
generated by the acoustic source, the corresponding reflected and transmitted wave fields, as

well as the displacement and stress components distributions inside the layers of the structure.

4.2.1 Incident Wave Field

Consider a planar monochromatic acoustic source located at the reference plane (z =
zo = 0) and generating a pressure wave field with a frequency w in a fluid medium. The
coordinate system is chosen so that the incident plane coincides with the (x, z) plane and the
wave is propagating in the +z direction. Let py(x, zy) represent the pressure field distribution
of the source wave at the z, plane. The objective is to find the resulting incident field
distribution (for the waves propagating in the +z direction) at any parallel plane in the
incidence medium, i.e. at any plane z such that z, < z < z;. Thus, first, the discrete Fourier
transform is applied to the source pressure wave field p,y(x, z,), and the transform is denoted

by PO (kXI ZO):
+o0

Po(ker 20) = F(po(x, 20)) = j po (%, 20) €5 dx. @)

where k, is the x component of the incident plane wave vector k,. The Fourier transform
decomposes the source pressure wave field into a spectrum in which the magnitude and phase
at every k, represent the magnitude and phase of a plane wave traveling at a given directional

angle 8, k, and 6, being related with reference to Egs. (2.3) and (2.8) by:
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w -
k, = —sin 6y, 4.2)
Co

where ¢, is the wave speed in the incidence medium.

The propagation of the plane wave spectrum can be modeled by multiplying each
component by a phase propagation factor to account for the plane wave propagation in its
corresponding direction. For the case of a propagation in the +z direction, this factor is

expressed as:
G(kx,Z _ Zo) — ej kg_kpzc (z—z9) — eij()(Z_ZO)’ (43)

where k,, = m is the z component of the incident plane wave vector k.
Hence, if the angular spectrum of the field at z, for every k, is multiplied by its
corresponding phase factor, the resultant wave spectrum in the incidence medium at any
plane z, denoted by P, (k,, z), will be:
Py (ky, z) = Py(ky, zg)e k20 =20, Zy = Z = 7. (4.4)
Then, the incident pressure wave field p;(x, z) at the plane z can be reconstructed by

applying the inverse Fourier transform of the angular spectrum P, (k,, z):
1
pi(x,2) = F(Pr(ky, 2)) = o f Pke2) e/ dky,  zp<z<z.  (45)

The steps for obtaining the incident pressure wave field distribution in the incidence
medium, p;(x, z), knowing the pressure field distribution of the source wave at z,, p;(x, z),
are summarized in the diagram of Figure 4-1, where FT denotes the Fourier transform, and

IFT its inverse.
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Figure 4-1: Diagram of the steps followed for obtaining the incident pressure wave field in the incidence

medium (zy < z < z,).

4.2.2 Reflected and Transmitted Wave Fields

In Section 3.4, the reflection and transmission coefficients have been obtained for a
plane wave originating from the reference plane (z = z;) with a frequency w and incident
with an incidence angle 6, at the top of a multilayered structure. Thus, the obtained
expressions for these coefficients are functions of the incidence, layered, and transmission
media physical parameters, as well as the incident plane wave frequency and incidence angle.
This means that one can find the reflection and transmission coefficients for an incident plane
wave traveling in any direction angle 8, or correspondingly having any wavenumber k,, 6,
and k, being related by the expression in Eq. (4.1). Hence the expressions found for these
coefficients are nothing but angular spectra. The reflection coefficient angular spectrum at the
plane z; will be denoted by R(6,, z,) or equivalently R(k,, z,), and the angular spectrum of
the transmission coefficient at the plane zy ., by T;- (6, Zy41) or equivalently Ty (ky, Zy11)-

The main goal is to determine the reflected pressure wave field in the incidence
medium, pg(x,z), and the transmitted pressure wave field in the transmission medium,

pr, (x, z), due to the incident pressure wave field at the top of the multilayer (i.e. at the plane

z1), p;(x, z;). The latter can be decomposed into a spectrum of plane waves P;(k,, z;). Then,
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to each component of this spectrum (i.e. at every k, ), or equivalently to every plane wave of
the spectrum incident with the directional angle 6,, one can associate the appropriate
reflection and transmission coefficients expressed at the same angle 6, (or equivalently same
value of k).

Therefore, the corresponding reflected pressure wave spectrum at the plane z,
Pg(ky, z1), will be the incident pressure wave spectrum at the plane z;, P;(k,, z;), weighted
by the reflection coefficient spectrum R(k,,z;). Similarly, the transmitted pressure wave
spectrum at the plane zy.q, Pr,(ky, Zy41), Will be Py(k,, z;) weighted by the transmission
coefficient spectrum T, (k,, Zy 41).

However, the reflection and transmission coefficients have been calculated in terms of
the displacement amplitude of the incident partial plane wave and not its pressure. Thus, the
reflected and transmitted spectra will be first calculated in the form of displacement
amplitude spectra denoted by Ag(ky,2z;) and ATr(kx, Zy+1) respectively, and then will be
converted into the corresponding pressure wave spectra. Ag(ky,z;) and A (ky, zy44) are
found by multiplying the incident displacement amplitude wave spectrum A;(k,,z;) by
R(ky, z,) and T, (ky, Zy4+1), respectively.

A relationship between the pressure spectrum and the amplitude spectrum for each of
the incident, reflected, and transmitted waves is needed for the conversion. Referring to Eq.
(2.16), for a plane wave propagating in a fluid medium, its pressure can be related to the

corresponding displacement amplitude through:
+ . EpE- + + ., Wt
P = —jKe(pZ, ez, +px, ki)ai™ = —jKp, —ai. (4.6)
L

Hence, for the incident plane wave at z = z;, A;(ky,z;) and P;(ky,z;) can be related

through:
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)
Pr(ky, 2,) = —jKp, — A1k, 22). 4.7)
0
Thus, the reflected displacement amplitude wave spectrum at the plane z; will be:
Ag(ky, z1) = R(ky, 21) X A;(ky, 21). (4.8)
Then, the reflected displacement amplitude wave spectrum is converted into a pressure wave
spectrum using Eq. (4.6) as follows:
L w
PR(kleI) = _]KfOC_XAR(kX'ZI)' (49)
0
Substituting the expression of A (ky, z1) in Eq. (4.8) into Eq. (4.9) yields:
L w
Pl 21) = —jKp, — X Ry, 21) X A1 (ky, 22)- (4.10)
0

Then, using Eq. (4.7) to express A;(ky, z;) in terms of P;(k,, z,), the reflected pressure wave
spectrum is found to be related to the incident pressure wave spectrum and to the reflection

coefficient spectrum through:
Pp(ky,z1) = R(ky, 21) X Py(ky, 7). (4.11)
Similarly, for the transmitted plane waves at the surface zy,, if a fluid transmission
medium is considered, their displacement amplitude spectrum is:
A, (ky, zy41) = Tr(ky, Zy+1) X Aj(ky, 21). (4.12)
Using the relationship in Eq. (4.6), the transmitted displacement amplitude wave spectrum is

converted into a pressure wave spectrum as follows:

)
PTr(kx' Zyy1) = —JjKg . P ATr(kx' Zy41)- (4.13)

N+1

Substituting the expression of Ar. (ky, z;) in Eq. (4.12) into Eq. (4.13) leads to:

W
PTr(kx: Zys1) = —jKs, ., C_Tr (kxs Zy 1) X A (ky, z1). (4.14)

N+1
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Then, using Eq. (4.7) to express A;(ky,z;) in terms of P;(ky,z,), the transmitted pressure
wave spectrum becomes related to the incident pressure wave spectrum and to the

transmission coefficient spectrum by:

K
Pr, (ky, Zy41) = ML T (ky, Zy 1) X Pr(ky, z1). (4.15)
cn+1 Ky,

If the incidence and transmission media were identical, Eq. (4.15) can be reduced to:
PTr(kx' Zy+1) = Tr(ky, Zy 1) X Pr(ky, 29). (4.16)
It is to be noted that all the spectra multiplications are performed term by term for every k,.
Having obtained the reflected pressure wave spectrum at the plane z,, Pg(ky, z;), the
corresponding propagated pressure wave spectrum in the incidence medium, Pg(k,,z) (i.e.
the pressure wave spectrum at any parallel plane z such that zy < z < z;) is found by
multiplying each component of the spectrum at z = z; by the appropriate phase propagation
factor to account for the plane wave propagation in the —z direction, that is:
Pr(ky, z) = Pplky,z;) X e TK20@™2) 7, <7< 7). 4.17)
Similarly, having the transmitted pressure wave spectrum at the plane 2zy,q,
Pr (ky, zy4+1), the corresponding propagated pressure wave spectrum in the transmission
medium, Pr (ky,z) (i.e. the pressure wave spectrum at any parallel plane z such that
Zy+1 < z) is found by multiplying each component of the spectrum at z = zy,; by the
appropriate phase propagation factor to account for the plane wave propagation in the +z
direction, that is:
P, (ky,2) = Pr, (ky, 2y 1) X e/¥enna 7200 gy < 7, (4.18)
Thus, finally, the reflected pressure wave field in the incidence medium, and the
transmitted pressure wave field in the transmission medium, due to the source incident
pressure wave field, are reconstructed by applying the inverse Fourier transform to their

angular spectra, and they are expressed respectively as:
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+00
1 )
pr(x,z) = ?‘1(PR(kx,z)) = f Pr(ky, z) /% dk,, Zy < 79,

(4.19)

+ 00

1 )
pre2) =7 (Pru) = 50 | Prlud e dk, 2y Sz

The steps for obtaining the reflected pressure wave field distribution in the incidence
medium, pg(x,z), and the transmitted pressure wave field in the transmission medium,

pr, (x, z), knowing the incident pressure wave field at the plane z;, p;(x, z;), the reflection

coefficient spectrum at the plane z;, R(k,, z;), as well as the transmission coefficient angular

spectrum at the plane zy 4, Ty-(ky, Zy4+1), are summarized in the diagram of Figure 4-2.

4.2.3 Displacement and Stress Distribution in the Multilayer

In Section 3.5, the partial plane waves displacement amplitudes vector, A;, has been
obtained for all the layers of the structure. Subsequently, using Eq. (3.92), the displacement
and stress components defined in the displacement-stress vector U;(z) can be found in any
layer and at any plane surface z. The resulting vector U;(z) corresponds to an incident plane
wave with a given incidence direction angle (i.e. given 8, or k,) and a unity amplitude.

In the case of an incident beam on the multilayer, the displacement and stress
distribution inside the multilayer can be also obtained using the concept of angular spectrum.
In fact, the incident beam being the superposition of planes waves traveling in many
directions, the distribution of each component of U;(z) will be the summation of the
contribution of each plane wave component of that incident beam. Hence, if the value of the
plane wave incidence angle 6,, or equivalently k,, is considered as a variable in the

calculation of the displacement-stress vector, then, U;(k,, z) is nothing but a vector whose
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Figure 4-2: Diagram of the steps followed for obtaining the reflected pressure wave field in the incidence

medium (zy < z < Z,), and the transmitted pressure wave field in the transmission medium (zy,; < z).

components are the displacement and stress amplitudes spectrum at any plane z in the

multilayer.

In order to account for the incident plane waves amplitudes, U;(k,, z) is weighted by

the incident displacement amplitude wave spectrum at the top of the multilayer, i.e.

A;(ky,zy). Thus, each component of U;(k,, z), at every k,, is multiplied by the

corresponding component of the spectrum A;(ky,z;) (i.e. at the same value of k,). The

resulting displacement-stress spectrum vector, denoted by Ay, (ky, z) is:
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AUi(leZ) = Ui(kXI Z) X Al(kxp Zl)

¢ (4.20)
. 0
:]wa Ui(kXIZ) XPI(kXIzl):

0

where P;(k,, z,) is the incident pressure wave spectrum at z;, related to A4;(k,, z;) according
to Eq. (4.7).
The field distributions of the displacement and stress components in the multilayer at

any plane z, grouped in a column vector ay, (x, z), are obtained consequently by applying the
inverse Fourier transform of each component of Ay, (ky, z), i.e.:
+00
1 .
ay (x,2) = F1 (AU.(kx, z))=— f Ay (ky, 2)el** dk,,,
L L 2w ) 4.21)

1<i<N, Zy £z < Zyy

4.3 Numerical Application

In this section, an acoustic monochromatic wave beam with a frequency of 1 MHz
incident on a three-layered structure immersed in water is simulated. This multilayer consists
of a water-filled poro-elastic layer sandwiched between two elastic solid layers having the
same mechanical properties as the solid grains of the porous material. The physical
parameters of the media are listed in Table 4-1. In order to obtain the corresponding reflected
and transmitted beams, as well as the distributions of the displacements and stresses inside
the multilayer, the angular spectrum method will be applied as detailed in Section 4.2.

Therefore, at a first stage, the algorithm developed in Section 3.3 is applied in order to
obtain the three-layered structure total stiffness matrix for incident plane waves traveling with
various directional angles 6,. Then, the multilayer having its first and last layers elastic

solids, the corresponding reflection and transmission coefficients are obtained for every value
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of 6, as per Section 3.4.5. Figure 4-3 shows the magnitude and phase of the reflection and
transmission coefficients as a function of the incidence propagation angle. The results reveal

the stability of the method for all the incidence angle values.

Table 4-1 Parameters for the simulated medium layers.

Incidence/Transmission Bulk modulus, K¢ 2.25 GPa
Medium (Water) Density, ps 1000 Kg/m?
Elastic Solid Layers Thickness, h 3 mm

Bulk modulus, K 37 GPa

Shear modulus, yg 6.5 GPa

Density, p 2650 Kg/m?
Poro-elastic Layer Thickness, h 5 mm

Bulk modulus, K 37 GPa
Solid Grains Shear modulus, yg 6.5 GPa

Density, p 2650 Kg/m?

Bulk modulus, K,, 8.66 GPa
Matrix Permeability, k,, 1.9 darcy

Porosity, ¢ 0.297

Bulk modulus, K¢ 2.25 GPa
Fluid Viscosity 15 0.01 Poise

Density, p¢ 1000 Kg/m?

Having obtained the reflection and transmission coefficients of all the incident plane
waves directions, the partial plane waves displacement amplitudes vector, A;, can be
consequently evaluated inside all the layers of the structure, and for all the incidence angles,
by the back recursive algorithm as presented in Section 3.5. Afterwards, the displacement and
stress components can be found in any layer, at any plane surface z, and for the
corresponding incident plane wave direction by using Eq. (3.92). In order to test the
developed algorithm, the magnitudes of the displacement and stress components u,(z),

u,(2), w;(2), 0y,(2), 0,,(2), and P¢(z) corresponding to the plane wave incident on the
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three-layered structure with an incidence angle 6, = 30° are plotted inside the whole

structure and shown in Figure 4-4.
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Figure 4-3: Magnitude and phase of the Reflection and Transmission coefficients as a function of the

plane waves incidence angles for the three-layered medium and for f = 1 MHz.
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plane wave incident on the multilayer with a frequency of 1 MHz and an incidence angle 8, = 30",
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The results plotted in Figure 4-4 show the continuity of all the displacement and stress
components at each of the solid-porous interfaces, i.e. at z, and z3. It is to be noted that the z
component of the average relative fluid displacement, w,(z), and fluid phase pressure, Pr(z),
are nonzero only in the poro-elastic layer.

Figure 4-5 illustrates the real part of the displacement-stress vector components inside
the whole multilayer corresponding to the incident plane waves traveling at various
directional angles 8, with 0 < 6, < 90°. The graphs are plotted in gray scale, with the black
and white colors corresponding to the minimum and maximum values, respectively. The
plotted results also show a continuity of the displacement and stress components at the
interfaces and for all values of the plane wave incidence angle.

Having calculated, for all the incident plane waves directions, the reflection and
transmission coefficients as well as the displacement and stress components inside the
multilayer, the reflected and transmitted wave fields, as well as the displacements and
stresses distributions inside the multilayer can be obtained by applying the angular spectrum
method as presented in Section 4.2. Figure 4-6 to Figure 4-10 show in gray scale the incident
pressure fields for a beam generated by the acoustic source with the steering angles, 15°, 30°,
45°, 60°, and 75, respectively. These figures show the evolutions of the corresponding
reflected pressure fields in the incidence medium, and the transmitted pressure fields in the
transmission medium, along with corresponding displacements and stresses distributions
resulting inside the structure layers. The acoustic source size is 7.5 mm and it is placed at
40mm from the multilayer, i.e. hy = 40 mm. Similarly, the black and white colors

correspond to the minimum and maximum values, respectively.
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layered structure as a function of the plane waves incidence angles.
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Figure 4-6: The magnitude of the incident pressure field with the corresponding magnitudes of the
reflected and transmitted pressure fields, along with the corresponding displacements and stresses

distributions in magnitudes inside the multilayer, for an acoustic source with a steering angle of 15°.
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Figure 4-7: The magnitude of the incident pressure field with the corresponding magnitudes of the
reflected and transmitted pressure fields, along with the corresponding displacements and stresses

distributions in magnitudes inside the multilayer, for an acoustic source with a steering angle of 30°.
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Figure 4-8: The magnitude of the incident pressure field with the corresponding magnitudes of the
reflected and transmitted pressure fields, along with the corresponding displacements and stresses

distributions in magnitudes inside the multilayer, for an acoustic source with a steering angle of 45°.
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Figure 4-9: The magnitude of the incident pressure field with the corresponding magnitudes of the
reflected and transmitted pressure fields, along with the corresponding displacements and stresses

distributions in magnitudes inside the multilayer, for an acoustic source with a steering angle of 60°.
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Figure 4-10: The magnitude of the incident pressure field with the corresponding magnitudes of the
reflected and transmitted pressure fields, along with the corresponding displacements and stresses

distributions in magnitudes inside the multilayer, for an acoustic source with a steering angle of 75°.
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The algorithm is furthermore tested to investigate the behavior of the propagating modes
in a multilayered medium. Hence, the same three-layered medium immersed in water is
considered, but with a varying porosity of the porous layer solid matrix. Figure 4-11 shows
the magnitudes of the reflection coefficient diagrams with varying frequency and incidence
angle and for various porosities, namely =0, 0.3, 0.6 and 1. The graphs are plotted in gray

scale the black and white colors corresponding to a zero and a one, respectively.
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Figure 4-11. Magnitude of the reflection coefficient in terms of the frequency and incidence angle of the

incident plane wave on the three-layered structure with porosities: (1) ¢ = 0, (2) 0.3, (3) 0.6, and (4) 1.
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With a very negligible porosity (i.e. ¢ = 0), the porous medium tends towards a solid
with the same properties as the surrounding solid layers. Hence, the three-layers structure
becomes like a single solid layer with its thickness equal to the total thickness of the three
layers. Figure 4-11 (1) reflects the guided wave modes dispersion of that single solid layer.
Since in the case of a zero porosity the fluid phase or the slow longitudinal mode in the poro-
solid vanishes, the modes observed in the diagram (1) of Figure 4-11 are only formed by the
longitudinal and shear modes of the solid. The longitudinal mode can be verified at normal
incidence (for theta = 0) by the resonance periodicity in frequency.

The guided wave modes evolution with a progressive increase of the porosity of the
middle layer (for ¢ = 0.3, 0.6 and 1) is illustrated in the subplots (2) to (4) of Figure 4-11.
When the porosity is increased to 0.3, the long light vertical lines appear as shown in the
subplot (2) of Figure 4-11, reflecting the additional propagating mode relative to the fluid
phase in the porous medium. As the porosity increases furthermore to 0.6, the effect of the
fluid phase becomes stronger, which is reflected by the darker vertical lines as shown in
subplot (3) of Figure 4-11. When the porosity reaches a value of 1, the middle porous layer
tends to behave as a fluid medium, and the effect of the fluid phase in this case is the
strongest which is illustrated in subplot (4) of Figure 4-11. Moreover, the speed of the various
propagating modes increases with an increase of the porosity, this is reflected by the
progressive increase of the periodicity of the frequency of the corresponding modes in the

subplots (1) to (4) of Figure 4-11.

4.4 Conclusion

The propagation of an acoustic beam incident on a multilayer consisting of any

combination of fluid — isotropic elastic solid — and isotropic fluid-filled poro-elastic materials
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has been modeled based on the angular spectrum technique. In this method, in order to model
the propagation of a monochromatic wave field, the latter is decomposed into its spectrum of
plane waves traveling in different directions. Then, the propagation of each plane wave is
treated separately based on the algorithm developed in the previous chapter. In order to
reconstruct any resulting wave field distribution, the contributions of all these plane waves
are superposed. In this way, the reflected and transmitted waves fields have been obtained,
along with the displacement and stress components distributions inside the multilayer.

Then, in order to test the developed algorithm, a numerical example of a three-layered
solid-porous-solid medium has been simulated. The algorithm has been first applied on plane
waves traveling in different directions. So, first, the global stiffness matrix has been obtained
for every incidence directional angle. Then, the reflection and transmission coefficients have
been calculated and the displacement and stress components have been evaluated afterwards
at any plane inside the multilayer, for every value of a plane wave incidence angle as well.
The plots of the displacement and stress components at a particular value of the incidence
angle, and in general for all the values of incidence angles, have showed a continuity of each
of these components at the interfaces which validates the algorithm. Then by superposing the
contributions of the plane waves traveling in various directions, the reflected and transmitted
pressure wave fields, as well as the displacement and stress components distributions inside
the multilayer have been obtained and plotted for two steering angles of the acoustic source.
Furthermore, the effect of the porosity of the porous layer on the partial modes propagating in
the three-layered structure has been investigated by simulating the reflection coefficient as a

function of the frequency and incidence angle of the incident plane wave.
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CONCLUSION

In this work, a general method has been developed to model the acoustic wave field
propagation inside a multilayer that consists of any combination of fluid, isotropic elastic
solid, and isotropic fluid-filled poro-elastic materials. The propagation of a bounded incident
wave beam has been modeled using the angular spectrum method which is based on the
decomposition of this field into an equivalent spectrum of plane waves traveling in different
directions. The corresponding reflected wave beam in the incidence medium, and the
transmitted wave beam in the transmission medium, as well as the displacement and stress
components distributions inside the multilayer can be found by adding the contributions of
the plane waves traveling in different directions.

Hence, at a first stage a stable and general algorithm has been developed, based on the
recursive stiffness matrix approach, to model the propagation of a plane wave incident on the
multilayer with a given incidence angle. So, first, each layer of the structure has been
characterized: the characteristic and stiffness matrices have been obtained for every layer in
terms of the incident plane wave frequency and incidence angle. Three layer-natures have
been considered: fluid, isotropic elastic solid, and isotropic poro-elastic material. Then, a
recursive algorithm has been implemented to merge the whole multilayer into a single layer
characterized by its total stiffness matrix obtained in terms of the incident plane wave
frequency and incidence angle. Having the multilayer total stiffness matrix, the reflection and
transmission coefficients have been calculated considering fluid incidence and transmission
media, which allows then to evaluate the partial waves displacement amplitudes inside every

layer of the structure. Consequently, the displacement and stress components could be
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deduced at every point of the multilayer corresponding to every plane wave incidence
direction.

Afterwards, using the angular spectrum method, the contributions of the plane waves
traveling in all the directions are superposed to find the reflected and transmitted wave fields,
along with the displacement and stress components distributions.

Finally, the method has been simulated on a three-layered solid-porous-solid structure
immersed in water and different results have been plotted.

It is true that the algorithm developed in this work has included only three layer-
natures, however, the fact that all the displacements and stresses are expressed in terms of
waves amplitudes, rather than potentials, makes it a general and extensible method. Indeed,
this allows a future expansion of the formalism to include other material natures, such as
anisotropic solids, anisotropic porous media, or piezoelectric materials. The introduction of
an additional layer nature to the formalism requires defining its characteristic matrix, and
then deriving additional matrices [V;] corresponding to the interfaces separating this layer
nature from the others. In general, for n layer-natures, the number of required matrices [V;]
for the formalism is n? — (n — 1), and n? cases are needed to be developed in order to
compute the reflection and transmission coefficients for fluid incidence and transmission
media. A further development of this algorithm would be by considering other natures for
incidence and transmission media, which would lead to additional cases development for the

reflection and transmission coefficients.
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