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Résumé

Cette these se situe a 'interface entre combinatoire et probabilités, et contribue a I’étude
de différents modeles issus de la mécanique statistique : polymeres, marches aléatoires
inter-agissantes ou en milieu aléatoire, cartes aléatoires.

Le premier modele que nous étudions est une famille de mesures de probabilités sur les
chemins auto-évitants de longueur infinie sur un réseau régulier, construites a partir de
marches aléatoires biaisées sur ’arbre des chemins auto-évitants finis. Ces mesures, intro-
duites par Beretti et Sokal, existent pour tout biais strictement supérieur a l'inverse de
la constante de connectivité, et leur limite en ce biais critique serait I’'une des définitions
naturelles de la marche aléatoire uniforme en longueur infinie. Le but de ce travail, en
collaboration avec Vincent Beffara, est de comprendre le lien entre cette limite, si elle
existe, et d’autres chemins aléatoires notamment la mesure de Kesten (qui est la limite
faible de la marche auto-évitante uniforme dans le demi-plan) et les interfaces de perco-
lation de Bernoulli critique ; d’une certaine fagon le modele constitue une interpolation
entre les deux.

Dans une deuxieme partie, nous considérons des marches aléatoires en conductances
aléatoires sur un arbre quelconque, dans le cas ou la loi des conductances est a queue
lourde. L’objectif de notre travail, en collaboration avec Andrea Collevecchio et Daniel
Kious, est de montrer une transition de phase par rapport au parametre de la queue;
on exprime le parametre critique comme une fonction explicite de ’arbre sous-jacent.

Parallelement, nous étudions des modeles de marches aléatoires excitées sur des arbres
et leurs transitions de phase. En particulier, nous étendons une conjecture de Volkov et
généralisons des résultats de Basdevant et Singh.

Enfin, une troisieme partie en collaboration avec Vincent Beffara et Benjamin Lévéque
porte sur les cartes aléatoires en genre supérieur : nous montrons l'existence de limites
d’échelle, le long de sous-suites, pour les triangulations simples uniformes sur le tore,
étendant a ce cas les résultats d’Addario-Berry et Albenque (sur les triangulations
simples de la sphere) et de Bettinelli (sur les quadrangulations du tore). La question
de l'unicité de la limite et de son universalité restent ouvertes, mais nous obtenons des
résultats partiels dans ce sens.



Abstract

This thesis is at the interface between combinatorics and probability, and contributes to
the study of a few models stemming from statistical mechanics: polymers, self-interacting
random walks and random walks in random environment, random maps.

The first model that we investigate is a one-parameter family of probability measures on
self-avoiding paths of infinite length on a regular lattice, constructed from biased random
walks on the tree of finite self-avoiding paths. These measures, initially introduced by
Beretti and Sokal, exist for every bias larger than the inverse connectivity constant, and
their limit at the critical bias would be aamong the natural definitions of the uniform
self-avoiding walk of infinite length. The aim of our work, in collaboration with Vincent
Beffara, is to understand the link between this limit, if it indeed exists, and other random
infinite paths such as Kesten’s measure (which is the weak limit of uniformly random
finite self-avoiding walks in the half-plane) and critical Bernoulli percolation interfaces;
the model can be seen as an interpolation between these two.

In a second part, we consider random walks with random conductances on a tree, in
the case when the law of the conductances has heavy tail. Our aim, in collabration
with Andrea Collevecchio and Daniel Kious, is to show a phase transition in the tail
parameter; we express the critical point as an explicit function of the underlying tree.

In parallel, we study excited random walks on trees and their phase transitions: we
extend a conjecture of Volkov’s and generalize results by Basdevant and Singh.

Finally, a third part in collaboration with Vincent Beffara and Benjamin Lévéque con-
tributes to the study of random maps of higher genus: we show the existence of subse-
quential scaling limits for uniformly random simple triangulations of the torus, extending
to that setup fromer results by Addario-Berry and Albenque (on simple triangulations
of the sphere) and by Bettinelli (on quadrangulations of the torus). The question of
uniqueness and universality of the limit remain open, but we obtain partial results in
that direction.
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Chapter 1

Introduction

1 Percolation

1.1 A little bit of graph theory

In this section, we review some basic definitions of graph theory. We refer the readers
to [19, 37, 87, 88, 91] for more details.

Graphs

A graph is a pair G = (V, E) that satisfies the condition E C (‘2/), where (‘2/) denotes the
set of pairs of elements of V. The elements of V' = V(G) are called the vertices (or sites)
of G while the elements of E' = E(G) are called edges of G. If u and v satisfy {u,v} € E,
then u and v are neighbours (or adjacent) as well as the endpoints of the edge {u,v}. In
this case, we also says that the edge {u,v} connects u and v.

A subgraph of a graph G is a graph Ga which satisfies V(G2) C V(G1) and E(G2) C E(G1).
If V' is a subset of V(G) of a graph G, then the restriction of G to V' is the graph
v, (‘g) N E(G)). We also say that G induces the graph structure (V’, (‘g) NE(G)) on
V.

One can define the product of two graphs G; = (V;, E;) for ¢ € {1,2} in various ways.
One of the most popular ways is the Cartesian product G = (V,E) with V. = V] x V,
and

FE = {((’U,l,’LLQ>, (’Ul,vg)) : (U1 =1, (UQ,UQ) S Eg) or (UQ = V2, (ul,vl) S El)}

A morphism of G to Gy is a application ¢ from V(G;) to V(Gy) such that for any
{z,y} € E(Gi), we also have {¢(z),¢(y)} € E(G2). A isomorphism is a morphism
which is bijective and such that the reciprocal is a morphism. A automorphism is a
isomorphism from a graph to itself.

11
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Let G be a graph. If v € V(G), then the degree of v is the number of its neighbors,
denoted by degwv. A path in a graph is a sequence of vertices where each successive
pair of vertices is an edge in the graph. The path is called self-avoiding if no pair of
vertices are the same. In the remain of this thesis, we assume that we consider only the
self-avoiding paths.

A finite path with at least one edge and whose first and last vertices are the same is
called a cycle. A cycle is called simple if no pair of vertices are the same except for its
first and last ones. The length of a path (or cycle) is the number of edges of path (or
cycle). A graph is called connected if for all u,v € V', there exists a path joining u to v.
The distance between u and v is the minimum number of edges among all paths joining
u to v and denoted by d(u,v).

Finally, a graph is called locally finite if every vertex of G have finite degree, d-reqular
if each of its vertices is of degree d, and regular if there exists d € N such that it is
d-regular

Trees: Definitions and a few examples

A graph with no cycles is called a forest. A tree is a connected forest. In a tree, we can
choose a particular vertex, denoted by o, this vertex is called root of tree.

Let 7 = (V, E) be an infinite, locally finite, rooted tree with the root .

Given two vertices v, 1 of T, we say that v and u are neighbors, denoted v ~ p, if {v, u}
is an edge of T.

Let v, € V '\ {o}, the distance between v and p, denoted by d(v, u), is the minimum
number of edges of the unique self-avoiding paths joining x and y. The distance between
v and p is called height (or generation) of v, denoted by |v|. A vertex with no child is
called leaf. The parent of v is the vertex v~! such that v~! ~ v and [v7!| = |v| — 1. We
also call v as a child of v=1.

Denote by 7, the set of vertices at generation n. We define an order on V(7) as follows:
if v,u € V(T), we say that v < p if the simple path joining o to u passes through v.
For each v € V(T), we define the sub-tree of T rooted at v, denoted by 7" , where
V(T") = {u € V(T) s v < i} and E(T?) = E(Tlv(royev (o).

In the remain of this thesis, we only consider the infinite, locally finite and rooted tree.
A tree T is called spherically symmetric if for any vertex v of T, deg v depends only on

|v|. In the other word, all the vertices in the same generation have the same number of
children.

Remark 1.1. A regular tree is a spherically symmetric tree.
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Definition 1.2. Let N > 0: an infinite, locally finite and rooted tree 7 with the root
0, is said to be
— N-sub-periodic (resp. periodic) if for every v € V(T), there exists an injective
(resp. bijective) morphism f: T — T7®) with |f(v)| < N.
— N-super-periodic if for every v € V(T), there exists an injective morphism f :
T — T7 with f(p) € T and |f(0)| — |v| < N.

Example. Consider the finite paths in the lattice Z* starting at the origin that go through
no vertex more than once. These paths are called self-avoiding and are of substantial
interest to mathematical physicists. Form a tree Tz2 whose vertices are the finite self-
avoiding paths and with two such vertices joined when one path is an extension by one
step of the other. Then Tz2 is 0-subperiodic and we refer the interested readers to the
next chapter for more details on this object.

There is an important class of trees whose structure is periodic. Let G be a finite graph
and xog € V(G). We define a tree 7 in the following way: its vertices are the finite path
(xo, 21,22, -+ ,&y) satisfy x; # x;41 for any 0 < i < n — 2. Join two vertices in T by
an edge when one path is an extension by one vertex of the other. The tree T is called
universal cover (based on xg) of G. See Figure 1.1 for an example.

T

Figure 1.1 — A graph and part of its universal cover

Suppose that G is a finite directed multigraph and xy € V(G) is any vertex in G. That
is, edges are not required to appear with both orientations, and two vertices can have
many edges joining them. Loops are also allowed. We define a tree 7 in the following
way: its vertices are the finite paths (e1, ez, €3, ,€,) in G that starts at zg. The root
is the empty path. We join two vertices in 7 as we did in the case of universal cover.
The tree T is called directed cover (based on zp) of G. See Figure 1.2 for an example.
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(X

Figure 1.2 — A graph and part of its directed cover

Remark 1.3. All universal cover and directed cover are periodic trees. Conversely, each
periodic tree is a directed cover of a graph.

A infinite path starting at the root of a tree T is called ray. The set of rays of T is
called the boundary of T, denoted by 7. Define a distance on 97 in the following way:
if £,m € 0T have n common edges, we define the distance between &, n:

d(&m) ==e " (1.1)

Proposition 1.4 ([¢7], page 12). (0T, d) is a compact metric space.

Trees: Branching number and growth rate

Let 7 be an infinite, locally finite and rooted tree. A cutset in 7 is a set w of edges such
that every infinite simple path from a must include an edge in w. The set of cutsets is
denoted by II.

Example. If T is a tree, then for any n > 1, we have T, is a cutset.

Definition 1.5 ([87], page 81). Let T be a tree, the branching number of 7 is defined
by:

_ iy el
br(T) = sup {/\ > l,nﬁfz/\ > 0}

e€ll

where we take the inf on the cutsets.
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In general, it is difficult to compute the branching number of a tree. So, we will define
another quantity that is easy to calculate and to establish relations between this quantity
and the branching number.

Definition 1.6. (Growth rate)
Let T be a tree and we define:

gr(T) = limsup |7;L|% (1.2)
gr(T) = limint |T;,|" (1.3)

In the case of gr(T) = gr(T), we define the growth rate of 7, denoted by gr(T)
or(T) = 97T = gr(T). (1.4

Example. If T is a d-regular tree, then its growth rate is d — 1.

In the remain of this section, we establish some relations between the branching number
and growth rate of a tree.

Proposition 1.7. Let T be an infinite, locally finite and rooted tree. We then have

br(T) < gr(T) (1.5)

In general, the inequality in Proposition 1.7 may be strict. For instance, we construct a
tree T (called 1-3 tree) in the following way: its root is 0. We’ll have |T,| = 2", but we
will connect them in a funny way. List 7, in counterclockwise order as (z7,---, x5.).
Let 2 have one child if & < 2"~! and three children otherwise (see Figure 1.3).

By the definition of growth rate, we have gr(7) = 2. By using Definition 1.5, we can
prove that br(7) = 1. Indeed, it is suffices to prove that:

1, inf el = 1.
VA > 1, in ~Zen)\ 0 (1.6)

We fix A > 1. Consider x € V(T) and recall that 77 is the largest subtree of 7 rooted
at . For all n and 1 < i < 2", let x' denote the i—th vertex at generation n (see
Figure 1.4). We can see that for all £ > 0, there exists £ > 0 such that: for all n > ¢

and ¢ such that z ¢ 7415’“, then z7' have only one child. We define:

I o= {abs T\ 772 } Vi > ¢ (1.7)
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Figure 1.3 — Arbre 1-3

We then obtain .
—lel « + . ©
YN <Gt (1.8)

e:e€llk
k
where c is the cardinal of 7, \ 7"2*,n > ¢ which do not depend on n.
By letting n go to +00 and then k goes to +00, we obtain

inf —lel = . 1.
1% Z A 0 (1.9)

e:e€ll

It is easy to arise a question: When will the inequality in Proposition 2.4 become an
equality? In the remain of this part, we will answer this question in 3 particular classes
of trees: spherically symmetric, sub-periodic and super-periodic.
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Theorem 1.8 ([37] page 83). For all T spherically symmetric such that gr(T) exists,
we have br(T) = gr(T).

Theorem 1.9 ([37] page 85). For all sub-periodic tree T, the growth rate gr(T) exists
and gr(T) = br(T).

Theorem 1.10 ([37] page 87). For all super-periodic tree T with gr(T) < oo, gr(T)
exists and gr(T) = br(T).

1.2 Percolation

In this section, we review some definitions and properties of percolation theory. We refer
the interested readers to [26, 56, 91, ] for more details.

Percolation is a model of statistical mechanics that was introduced in 1957 by Broadbent
and Hammersley [206]. Let G = (V, E) be a graph. A percolation (or edge-percolation
on G is a probability measure on 2, the set of subsets of E. A site-percolation is a
probability measure on 2". When X denotes E or V, we identify 2% and {0,1}*. A
element of 2¥ or 2V will be denoted by w.

We think of a (site- or -edge) percolation as encoding a random subgraph of G. In the
case of an edge percolation, an element w € {0, 1} has an associated graph G, = (V,w).
An edge in w is called open while an edge in E'\ w is called closed. A open path is a path
formed by the open edges. For a site percolation, the graph associated to w € {0,1}" is
(V(G), (§) NE). A site in w is called open while a site in V' \ w is called closed, and a
path formed by open sites is called open path.

Bernoulli percolation

Given a parameter p € [0, 1] and a graph G = (V, E). We define the Bernoulli percolation
as:

P, := B(p)®” = (pé1 + (1 — p)dp)®¥.

This definition means that we construct a random configuration w € {0, 1}¥ by declaring
each edge open with probability p and closed otherwise, independently for different edges.
Fix a vertex 0 € V, denote {0 «— oo} the event that there exists an infinite open path
from 0, and we define:

0(p) = P,(0 +— o).

It is easy to see that 6 is an increasing function on [0, 1], then there exists an unique
parameter p. = p.(G) € [0,1] which depends on G, called critical parameter of G such
that
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=0if p < pe
0
(p){>0ifp>pc

We say that there is a phase transition at p.. But it is unsuitable to speak of a phase
transition if one of the phases is empty (or almost empty), it means p. is equal to 0 or
1. Peierls’ argument guarantees that p. is positive for every transitive graph.

Proposition 1.11 (Peierls, [100]). Let d > 2 and G be a graph satisfy every vertex of G
has degree at most d. Then, the critical parameter of G is at least ﬁ

Proof. Let p < 75 and o be a vertex of G. For any n > 1, there are at most d(d —1)"*
self-avoiding paths of length n starting at the vertex o. For Bernoulli percolation of
parameter p, the probability that there is an open self-avoiding path of length n starting
at o is at most d(p(d—1))"~! . Since p < -1, therefore d(p(d —1))"~! tends to 0 when
n goes to infinity, and hence p < p.. O

Remark 1.12. — One can use a similar argument to show that the critical param-
eter of Z? is not equal to 1. This time, one does not give an upper bound for
the number of paths starting at the origin but for the number of dual cycles that
surround the origin; see [26, 62, 61]. If we proved that p.(Z?) < 1, then for any
d > 2 we also have p.(Z%) < 1. Indeed, if d is at least 2, then the graph Z? conta
ins Z? as a subgraph, and therefore p.(Z) < p.(Z?) < 1.

— Note that if G is d-regular tree, then the inequality of Proposition 1.11 becomes
an equality. This is a consequence of Theorem 1.21 below.

— When is p. equal to 17 It is easy to see that the graph Z is an example of an
infinite transitive graph that satisfies p. = 1. What else? The tree in Figure 1.3
is an other example. Indeed, we proved that its branching number is equal to 1
and by Theorem 1.21 below, we obtain the result.

— When is p. equal to 07 By Proposition 1.11, the necessary condition for p. = 0 is
that the maximum degree of G is unbounded. Consider a spherically symmetric
tree T be such that for any « € V(T'), we have deg x = |z|. In this case, we obtain
its branching number is co and then its critical parameter is 0. For another reason,
for any d > 2, the tree T contains a d-regular tree as a subgraph and therefore
pe(T) < 745. As a result, when d goes to infinity, we obtain p.(7) = 0.

The set Q = {0,1}* has a partial ordering < defined by:

w1 <ws <= wi(e) <wsle) forall e € E.
An event A is called increasing if

w1 <wsgand w1 € A = wy € A.
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Example. Let x,y be two sites of G, the event that there exists a open path starting
from x to y, denoted by {x <— y} is an increasing event.

A function f : @ — R is called increasing if f(w) < f(w') for any w < w’. The
following theorem, due to Harris [67], which is often called FKG inequality, shows that
the incresing events have positively correlated:

Theorem 1.13 (FKG inequality). If A and B are two increasing events, then
Po(AN B) > Py(A) P (B)

More generally, if f and g are two increasing functions in L*(Py), then

Ep(fg) 2 Ep(f) Ep(9)~

Remark 1.14. Forgetting the case where B has probability 0, one can think of this
inequality in terms of conditional probabilities:

Pp(A|B) > Py(A).

This inequality is quite intuitive from a Bayesian point of view: “since B is increasing,
conditioning this event to happen prompts the edges to be more open than without
conditioning, which in return increases the probability of the increasing event A”.

The next inequality, known as the BK inequality , was proved by Van den Berg and
Kesten (see [116]), it provides an inequality in the other direction of the FKG inequality.
For any finite set S C F, we introduce the cylinder

[ws] :={w € Q: Vee S, W(e) =wle)l

Consider two events A and B depending only on the edges in a finite subset F =
{e1,e2,-+ ,en} C E. The disjoint occurrence of A and B is the event:

AoB:={weQ: 35 C F for which [w]s € A and [w]p\g € B}

This definition has a simple intuitive: It means that we can find a set of edges S such
that, at the same time, S is enough to ensure that A holds ( it means .A depends only
on edges of S) and S€ is enough to ensure that B holds.

Ezample. If A= {z1 +— y1} and B = {z2 +— y2}, then Ao B is the event that there
exist two open paths v and +/, from x; to y; and from x5 to ys, respectively, which have
no an common edge, but they can have a common vertex.
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Theorem 1.15 (BK inequality). Let A and B be two increasing events, and depend only
on finitely many edges, then we have

By(A o B) < Py(A) B,y(B).

Bernoulli percolation on the square lattice

In this paragraph, we review quickly the Bernoulli percolation on the square lattice.
Consider the bond Bernoulli percolation on Z2. As we have discussed in the previous
paragraph, the critical parameter is not trivial, i.e p. € (0,1). Moreover, the exact value
of p. was known (see [119], theorem 4.8): For the bond Bernoulli percolation on Z2,
we have p. = 1/2. A natural question is risen: What happens at p.?. The following
theorem is due to Harris [07]:

Theorem 1.16. For Bernoulli bond percolation on the square lattice, we have 6(1/2) =
0.

An important property of critical bond Bernoulli percolation is the box-crossing property,
which is often called "RSW?”. This result was first obtained by Russo [109] and Seymour
and Welsh [111]:

Theorem 1.17. For any t > 0, there exist two constant c(t) > 0 and N(t) > 1 such
that for every n > N(t), we have:

L—c(t) = Py [H([0, [2tn]] x [=n,n])] = c(b),
where H ([0, [2tn]] x [—n,n]) is the event that there exists an open horizontal crossing

in the box [0, |2tn]] X [-n,n].

In the case p < pe, let A, = [-n,n| X [-n,n] and consider the event {0 <> JA,}. We
know that li_)m P,(0 <> 0A,,) = 0(p) = 0. The following theorem give the speed that it

decreases to 0:

Theorem 1.18 (see [02], [2], [10]). Consider the bond Bernoulli percolation on Z*. For
any p < pe, there exists ¢ = ¢(p) > 0 and ng € N such that for all n > ng

P, (0 <+ OAy,) < exp (—cn).

We also have the similar result for the case p > p.:

Theorem 1.19 (see [119], page 80). Consider the bond Bernoulli percolation on Z2.
For any p > pe, there exists ¢ = ¢(p) > 0 and ng € N such that for all n > ng

P, (0 <> OAy,) < 0(p) + exp (—cn).
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At the critical parameter, we have no the exponential decay:

Theorem 1.20 (see [119], page 49). Consider the critical bond Bernoulli percolation on
Z2. There exists ng € N such that for all n > ng,

1
P,(0 < OA,,) > —.
Percolation on trees

In this paragraph, we review some result about percolation on trees. Consider the
Bernoulli percolation on a tree 7, thanks to Lyons [85], we can determine the value of
critical parameter p.(T):

Theorem 1.21. For every locally finite, infinite and rooted tree T, we have

The idea of the proof of Theorem 1.21 is to use the relation between percolation and
random walk on a network which we will introduce in Section 3.

We are interested in the number of survivors in Bernoulli percolation on a tree. The
following proposition give us a answer:

Proposition 1.22 (Surviving rays in Bernoulli percolation, see [37], Proposition 5.27).
For 0 < p < 1 and every tree T, the number of surviving ray from the root under
Bernoulli percolation on T a.s. either is 0 or has the cardinality of the continuum.
More generally, the same holds for every independent percolation on T such that each
ray in T individually has probability 0 to survive.

The idea of the proof of Proposition 1.22 is to use the Lévy zero-one law and FKG
inequality, we refer the reader to [37] for the proof of this proposition.

To finish this paragraph, we introduce an other type of percolation on a tree which play
an important role to study some non-markovian models (for instance, excited random
walk, see Chapter 5). Consider a tree T with the root 9. We call a percolation quasi-
independent if there exists M < oo such that for all z,y € V(T) with Plp <> x Ay] > 0,
then we have:

Plo < z,0 <> ylo < x Ay] < MP[o < z]o < x Ay]Plo < ylo < x Ay,

or equivalent, if P[o <> z|P[p +> y] > 0, then
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Plocrz 0oyl _ M
Plo <+ z]P[o <+ y] ~ Plo <> x A y]

Remark 1.23. The Bernoulli percolation is the percolation quasi-independent.

Example. Consider a family of independent random variables (Z(e))cep () that take
the values in {1,—1} with probability 1/2 each. Fix an integer N > 0. For any x € V,
we define S(x) =) ., Z(e). Consider the percolation

We can see that the component of the root in wy is the same as the component of the
root in the case of Bernoulli(1/2) percolation. Now, we wverify that for any N > 1,
the percolation wy is quasi-independent. Indeed, we write qi(n) for the probability that
simple random walk on Z stay in the interval [0, N] for n steps when it starts at k. It
is easy to see that there exists a constant M such that for any n > 0 and k, k" € [0, N],
we have qi(n) < Mqw(n). Fiz z,y and we let r = |x Ay|, m = |z| —r and n = |y| — r.
We also write py for the probability that simple random walk at time r is at position k
given that it stays in [0, N| for r steps when it starts at o. Then we have:

N N
Plo ¢ 2,0 ylo <z Ayl =Y qr(m)gr(n)pr < M minge(n) x Y gr(m)py
k
k=0 k=0
N N
<MY aqr(n)pr Y ar(m)py = MPo ¢ zlo < & Ay|Plo < ylo < z Ay,
k=0 k=0

this implies that wn is quasi-independent.

For this particular percolation wy, we define the critical parameter N, = inf{N > 1 :
Py, (0 > 00) > 0}. We have several questions:

1. What is the critical parameter for this percolation wy?
2. How is the number of surviving rays?
The answer for the first question is due to Benjamini and Peres [10]:
Proposition 1.24. If br(T) > 1/ cos(73), the root belongs to an infinite cluster with

probability positive whereas if br(T) < 1/cos(§73) then the root belongs to an infinite
cluster with probability zero.

Proof. See Exemple 3.3. 0

By inspiring the proof of Proposition 1.22, we can prove that:
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Proposition 1.25. For all N € N and every tree T, the number of surviving ray from
the root under the percolation wy on T a.s. either is 0 or has the cardinality of the
continuum.

2 Self-avoiding walks

In this section, we review some basic definitions and properties on self-avoiding walk; we
refer the reader to the books [11, 89] for a more developed treatment.

2.1 Some definitions

Self-avoiding walk (SAW) is a model in statistical mechanics which is defined easily but
not to study. This model was first introduced by the chemist Paul Flory [18] in order to
model the real-life behavior of chain-like entities such as solvents and polymers, whose
physical volume prohibits multiple occupation of the same spatial point. Although physi-
cists have provided numerous conjectures believed to be true and be strongly supported
by numerical simulations, there is still many openned questions on the self-avoiding walk
from a mathematical perspective.

Consider a regular lattice G with a particular site called origin (such that hypercube
lattice Z?, hexagonal lattice...), a self-avoiding walk on G is a path on G such that it
does not visit the same site more than once. Formally, an n-step self-avoiding walk v on
g, starting from a site z, defined as a sequence of sites [y(0) = z,v(1),--- ,v(n)], with
{v(0),7(i + 1)} € E(G) and ~(i) # ~(j) for all i # j. We write |y| = n to denote the
length of 7, and we denote 71 (j) for the first coordinate of v1(j). The number of n-step
self-avoiding walk starting from the origin is denoted by ¢, and by convention, ¢y = 1.

L

-

-

]

Figure 1.5 — A 111-step self-avoiding walk on Z?2

We will define a notion of concatenation of paths. If y! = [’y(l),’yll, ...,’y%l] and 72 =
['yg, V2, ... 7721] are two SAWs with !, = 42. We define v! ©+?2 to be the m + n-step walk
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(not necessary sel-avoding walk):
T8N = 10, M oo Vs Mo 125 oo V) -
An n-step bridge in Z% is an n-step self-avoiding walk ~ such that:
Vi=1,2,---n, 1(0) <7(i) <n(n).

The number of n-step bridge starting from the origin is denoted by b,, and by convention,

bo = 1.

I
0 [
Figure 1.6 — A 86-step bridge on Z?

2.2 The connective constant
Definition of connective constant

Recall that ¢, is the number of n-step self-avoiding walk starting from origin. One of
the first result on the self-avoiding walk is the speed that ¢, increase. This result was
first observed by Hammersley and Morton [63]:

Proposition 2.1 (Connective constant). There exists a constant p = pu(G) depending
on the lattice such that:

lim /™ =
n—o0

I

this constant is called the connective constant.

Proof. We claim that for any m,n € N, we have ¢4n < ¢ cn. Indeed, the product
Cm Cp 1s the cardinality of the set of (m + n)-step walks which are self-avoiding for the
m firts steps and the final n steps but not be completely self-avoiding. Then we have:

log cmtn < logcm + log cy,.

Then the existence of the limit is a consequence of lemma sub-additive. ]
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The concatenation of two bridges is an another bridge, so bp, b, < bp4yn and then
—log bmtn < —logb,, —logb,. By lemma of sub-additive, the limit

Mbridge = nh—>nolo bi/n’
exists. Moreover, it is clear that b, < c,, therefore ppriqge < p. In fact, Hammersley-
Welsh proved that piprigge = p (see Section 2.3).

The value of connective constant on some particular lattices

In the case G = Z?, by counting only walks that move in positive coordinate directions,
and by counting walks that are restricted only to prevent immediate reversals of steps,
we obtain:

d" < ¢, <2d(2d —1)", it implies that d < p < 2d — 1.

d | lower bound estimate upper bound
2 2, 62562% 2, 63815850 2,67919¢

3 4,43733¢ 4,6839066° 4, 7567

4 6, 718007 6, 77209 6,832/

5 8,821287 8,83861" 8,881/

6 | 10,871199¢ | 10,87879" 10,9037

Table 1.1 — Current best rigorous upper bound and lower bound of the connective con-
stant on hypercube lattice: a. Jensen[70], b. Guttmann and Enting[60], c. Ponitz and
Tittmann[105], d. Hara and Slade[65], e. Guttmann[59], f. Alm[6], g. Guttmann[57], h.
Guttmann[58].

In the case G is the hexagonal lattice, in 1982, the arguments based on a Coulomb
gas formalism led Nienhuis[99] to predict that on the hexagonal lattice the connective
constant is equal to /2 + v/2. This was proved by Duminil-Copin and Smirnov:

Theorem 2.2 (Duminil-Copin and Smirnov [39]). For the hexagonal lattice, we have

M:\/2+\/§-

2.3 The Hammersley-Welsh method

In this paragraph, we assume that G = Z¢. It is predicted that for each d there is a
constant v such that ¢, ~ Au®n?~1. The predicted values of v are:

Bif d=2
1.162 if d=3
1 with logarithmic corrections if d =4

1if d>5

’)/:
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In the case of d > 5, this conjection was proved by Hara and Slade. There is still no
rigorous proof of the critical value « in dimensions two, three and four. The best rig-
orous upper bounds is ¢,/u™ are essentially of the form exp (O(NP) for some constant
0 < p < 1. Tt is a major open problem to replace this bound by a polynomial in N.
In this paragraph, we review a bound on ¢, /u" which is called bound Hammersley-Welsh.

Definition 2.3. An n-step half-space walk is an n-step SAW ~ with 1 (0) < ~1(4), Vi.
We set h,, be the number of n-step half-space walk with v(0) = 0.

Definition 2.4. The span of an n-step SAW - is

Jfax (i) — Jnin. 71 (4).

We denote by, 4 is the number of n-step bridges with span A.

We have b, = ) by a.
A=1

Theorem 2.5 (Hardy-Ramanujan [66]). For n € N*, let Pp(n) be the number of way
to writen =ny +no + - -+ ng with ny >ng > -+ >ng > 1 for any k, then

In Pp(n) ~ 7T<%> * asn — 4oo.

Proposition 2.6. h, < Pp(n) - b, for alln > 1.

Proof. Set ng = 0, we define A;41 = max (—1)* (y1(j) —71(n)) and n; 41 = max{j > n; :

) Jj>ng
(=1 (@) —mn) = Ait1)}-
We set hy(a1,az,...,a;) be the number of n-step half-space walks with
A= k‘, Az = a.
We have
hn(al, as, ... ,ak) < hn(al +ag,as,... ,ak)
<...<
< hnlar + a2+ +ag) = bnaitast-tay-
Thus,

hn = > hn (a1, a2, ..., ak)

k>11<a1<a2<--<ag

< Z bn,a1+a2+--~+ak

k>11<a1<a2<...<ay
n

< S Pp(A) -+ bua < Pp(n)--- 3 baa
A=1

——
bn
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We obtain h,, < Pp(n) - by,.

O

(NI

Theorem 2.7 (Hammersley and Welsh [61]). Let d > 2. For any constant B > m(3)2,
there exist a constant By(B) independent of d such that:

Vn > By(B) : ¢y < by - eBvntl
Proof. We will prove that

n
cn < Z hp—m - 1.
m=0

We set x; = Jnax v (i) and m = max{i: (i) =xz1}. We erase the edge {vy(m —
1),7(m)} and add 3 edges {a1,as, a3} of the square .

The walk (v(0),v(1),...,v(m — 1), a1, az2) is a (m+1)-step half-space walk, and the walk
(as,y(m+1),...,7(n)) is (n — m)-step half-space walk. Thus,

n
Cn < Z hn—m . hm+1

m=0

By using Proposition 2.6, we obtain:
n n
cn < Zhn—m'hm—‘rl < ZPD(n_m) 'PD(m+1)‘bn—m'bm+1
m=0 m=0

< Z Pp(n—m)-Pp(m+1) byt
m=0

[N

1 ’

By Theorem 2.5, we have: Pp(n) ~ 7(%)? as n — 400, then Ja : Pp(n) < ael(3)

1
where B > B’ > ().
We obtain

B’ nom /L‘H] ,
Pp(n—m)-Pp(m+1) <a’e { : 2l <a?BVntt
thus
en < (n+1)a2eBVrtlop,
and
dBy(B),¥n > By(B) : ¢, < eBV"an_H.
O

Corollary 2.8. 1 = pipridge-
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By Theorem 2.7, we have:

1 n+1

n

1 B+y/n+
e <PV = el <e o b

"

= 1< .

—

Thus p = pp.

2.4 Some conjectures

In this section, we assume that G = 72, Consider the uniform measure on the set of
n-step self-avoiding walk. The average distance (squared) from the origin after n steps
is given by the mean-square displacement:

1
B[l = — Y el

n
w:|w|=n

The sum over w is the sum over all n-step self-avoiding walks beginning at the origin.
The first conjecture on the self-avoiding walk is the behavior of ¢, and E[|y,|?].

Conjecture 2.9. There exists four constants A, B, v and v that depend on the dimen-
sion, such that:

cn ~ Ap" 1™ and E[|y,|?] ~ Bn?.

The conjectured values of v and v are as follows:

( I8 ifd=2

1.162 if d=3
1 with logarithmic corrections if d =4
1 if d>5

and,
3 if d=2
0.59 if d=3
with logarithmic corrections if d =4
3 if d>5

[Nl

Currently the only rigorous results which confirm the conjectured values of v and p for
d>b.

In 1963, Kesten [71] proved that

. Cny2
lim —* w2

)
n—00 Cp

but it remains an open problem to prove that the limit CZ—:l exists.
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Conjecture 2.10. Let d > 2, the conjecture is:

. Cn+1
lim -t

n—o0o Cp

Currently the only rigorous results which confirm the conjecture for d > 5.

To finish this paragraph, we state a conjecture on the scaling limit of self-avoiding walk
in dimension two. Let € be a simply connected domain in R? with two points a and b
on the boundary. For § > 0, let {25 be the largest connected component of N §Z? and
let ag, bs be the two sites of {25 closest to a and b respectively. Let = > 0, on (s, as, bs),
define a probability measure on the finite set of self-avoiding walks in {25 from ags to bs
by the formula:

2

Py a5,5) (V) = m,
5,065,068

where Z(q; 45.5)(7) is @ normalizing factor. A random curve s with law

P(Qs ,as,bs)

is called self-avoiding walk with parameter z in the domain (£2s, as, bs). We are interested
in the scaling limit of self-avoiding walk with parameter x when § go to 0. The limit
will depend on the value of z.

When o < i, ~s converges to a deterministic curve which is the geodesic between a and
b in Q. We refer the reader to Ioffe [69] for the details.

When z = i, the scaling limit is conjectured to be the Schramm-Lowner Evolution of
parameter 8/3. In fact, Lawler-Schramm-Werner [78] proved that if the scaling limit
exists, then the limit is the Schramm-Lowner Evolution of parameter 8/3.

When z > i, the scaling limit is predicted in [112] that it should be the Schramm-
Lowner Evolution of parameter 8. In 2014, Duminil Copin-Kozma-Yadin [3%] proved a
result which quantifies how ~5 becomes space filling. In particular, the probability that
~s reaches the boundary of €2 tends to 1 when § go to 0. In chapter 2, we introduce a
new measure on the set of self-avoiding walk through the random walk on trees. This
measure depends much on the geometric of the self-avoiding walk. We also prove that
the self-avoiding walk reaches the boundary an infinite many times almost surely with
this new measure.

The model makes formal sense for x = 400, where it corresponds to a uniformly random
path of maximal length. In that case, the scaling limit is known to be a Schramm-
Loewner Evolution of parameter x = 8. For the super-critical measure in chapter 2, we



30 CHAPTER 1. INTRODUCTION

expect the scaling limit to be the same as for critical percolation, which is conjectured
to be a Schramm-Lowner Evolution of parameter x = 6.

3 Random walks on trees

Recall that our trees will usually infinite, locally finite and rooted. In this section, we
review some results of random walk on trees through an important tool which is the
theory of electric networks. This theory is also an important tool that I used in two-
thirds of my thesis (Chapters 2, 4 and 5), therefore I desire to review this theory in
detail. We refer the reader to the excellent book [37] in more details.

3.1 Random walks and electrical networks

Our principal interest in this section is to develop a mathematically rigorous tools from
electrical network theory, to study transience and recurrence of random walks on trees. A
network is a connected graph G = (V, E') endowed with positive edge weights, {c(€)}ccp
(called conductances). The reciprocals r(e) = 1/c(e) are called resistances.

Harmonic functions and voltages

Let G = (V, E) be a finite network. In physic, we know that when we impose specific
voltages at fixed vertices a and z, then current flows through the network according to
certain laws (such as the series and parallel laws). An immediate consequence of these
laws is that the function from V' to R giving the voltage at each vertex is harmonic at
each x € V'\ {a, z}.

Definition 3.1. A function h: V — R is called harmonic at a vertex z if:

W) = —— 3 e({a,y})hy where n(@) = 3 c({z,y}).

n() 2=, e

Let S C V, we say that h is harmonic on V if A is harmonic at any vertex x € S.

Instead of starting with the physical laws and proving that voltage is harmonic, we take
the axiomatically equivalent approach of definition of voltage to be a harmonic function
and deriving the law as corollaries.

Definition 3.2. Given a network G = (V, F) and two distinct vertices a and z of G. A
voltage is a function h : V' — R which is harmonic on V' \ {a, z}.

We finish this paragraph with an important property of voltage:

Proposition 3.3 (Uniqueness principle, see [37], page 20). For every o, 8 € R, if h, b/
are two voltages satisfying h(a) = h'(a) and h(z) = h/(z), then hy = hs.
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Here is a consequence of the uniqueness principle: If h, h; and hs are harmonic on
some finite proper subset W C V and aj,as € R with f = a;f1 + aafe on V '\ W, then
f =aifi 4+ asfo on V. This property is called superposition principle.

Flows and currents

Let G = (V, E) be a finite network and we denote E the set of edges of G and each edge
of G endowed with two orientations. We write (z,y) (resp. (y,x) ) for the orientation
of edge {x,y} from x to y (resp. from y to x). Given two subsets A and Z of vertices of

G.

Definition 3.4. A flow from A to Z in a network G is a function 6 : ﬁ — R satisfying

0(z,y) = —60(y,x) for all neighbors x,y and > 6(z,y) =0 for all x ¢ AU Z. The first
Y y~x
condition is called antisymmetry and the second condition is called Kirchhoft’s node law.

Definition 3.5. Given a voltage h, the current ¢ associated with A is defined by i(z,y) :=
c(z,y)[h(y) — h(z)].

In other words, the voltage difference across an edge is the product of the current along
the edge with the resistance of the edge. This is known as Ohm’s law.

Definition 3.6. The strength of a flow 0 is

lo1=3" 3" b(a.2)

a€EA T:x~a

The unit current from A to Z is the unique current from A to Z of strength 1.

Claim 3.7. The current i associated with a voltage h is a flow

Proof. By definition, it is easy to see that the current 7 is antisymmetric. For any
x ¢ AU Z, we have h is harmonic at x and therefore:

Y ily) = Y clwyhly) = Y clx,y)h(x) = w(x)h(z) - m(x)h(z) = 0.
Yy~ Yy~ Yy~
0

Claim 3.8. The current i associated with a voltage h satisfies Kirchhoff’s cycle law,
that is, for every directed cycle e_f, - a;, we have
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Effective resistance and probabilistic interpretation

In this paragraph, we assume that A = {a} is a singleton. Consider the Markov chain
{X,} on the state space V with transition probability

c(z,y)

p(z,y) = P(Xpp =yl Xy =) = (z)

This Markov chain is a weighted random walk. Note that if ¢(xz,y) = 1 for all (z,y) € E,
then this Markov chain is simple random walk. We write P, and E, for the probability
and expectation conditioned on Xy = x. For each vertex z € V, we define the hitting
time of x as follows:

Ty == min{n > 0: X, =z}
If the chain {X,} starts at x, then we define the hitting time of x by letting:
Tp+ :=min{n > 0: X,, = z}.

We also write 77 := min{n > 0 : X,, € Z} for the hitting time of Z. We want to
compute the probability that weighted random walk starting at a will hit Z before it
returns to a. We write it as

P[a — Z] = PQ[TZ < Ta+].

Impose a voltage of v(a) at a and 0 on Z. Since v(-) is linear in v(a) by the super
position principle, then we have P,[7, < 77] = v(z)/v(a), whence

-]

Pla — 2] = Y _pla,x) (1~ PBulra < 7)) = 3.,

1

Or equivalent,

2 i(a, )
v(a) = ————.
m(a)Pla — Z]
Since Y i(a,x) is the total amount of current flowing into the network at a, we may

X
regard the entire circuit between a and Z as a single conductor of effective conductance

Coff :=m(a)Pla — Z] =:C(a <> Z) (3.1)

If we need to indicate the dependence on network G, we will write C(a + Z;G). We
define the effective resistance R(a <> Z) to be the reciprocal of the effective conductance.
Finally, we have Pla — Z] = C(a +» Z)/n(a) and we will see some ways to compute the
effective conductance in the next paragraph.
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Network reduction

In this paragraph, we review some ways to calculate effective conductance of a network
between, say, two vertices a and z. Since we want to replace a network by an equivalent
single conductor, it is natural to attempt this by replacing more and more of G through
simple transformations, leaving a and z but possibly removing other vertices. There are,
in fact, three such simple transformations: series, parallel, and star-triangle. Remark-
ably, these three transformations suffice to reduce all finite planar networks according to
a theorem of Epifanov (see Truemper [115]). Recall that a conductor ¢ is an edge with
a conductance c.

Claim 3.9 (Parallel law). Two conductors ¢; and cy in parallel are equivalent to one
conductor ¢1 + co. In other words, if two edges e; and eo that both join vertices vi,vs €
V(G) are replaced by a single edge e joining c1 and ca of conductance c(e) := c(e1)+c(e2),
then all voltages and currents in G\ {e1,e2} are unchanged and the current i(e) equals
i(el) + i(€2).

Claim 3.10 (Series law). Two resistors r1 and o in series are equivalent to a single
resistor r1 + ro . In other words, if w € V(G) (AU Z) is a node of degree 2 with
neighbors uy, ug and we replace the edges (u;, w) by a single edge (uy,u2) having resistance
r(u1, w)+7r(w,us), then all potentials and currents in G w are unchanged and the current
that flows from uy to ug equals i(ui, w).

Claim 3.11 (Star-Triangle law). The configurations in Figure 1.7 are equivalent when
Vie{1,2,3} c(w,u;)c(ui—1,uir1) =1,

IT; c(w,uy)
> clw,ug)

uy Uy uy

where indices are taken mod 3 and v 1=

us,

Figure 1.7 — The star-triangle equivalence

Besides these three transformations, we have also an other operation which is called
gluing. The operation of gluing a subset of vertices S C V consists of identifying the
vertices of S into a single vertex and keeping all edges and their conductances. By this
operation, we can generate parallel edges or loops.
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Claim 3.12 (Gluing). Gluing vertices of the same voltage does not change the effective
conductance between A and Z.

Before finishing this paragraph, we give an example:

Ezxample. Consider a network G as in Figure 1.8, where each edge of G has conductance
1. By Following the transformations indicated in Figure 1.8, we have C(a < z) = 3/4
and then:

Cla<+rz) 3/4

P[a%z]zw—7:3/8.

1 1/2
1 1
¢ z a 1/2 z

1
i 1/2 z

a

1/4
a 1/2\ z

a 3/4 %

Figure 1.8 — The sequence of transformations

Energy

In this section, we review the ways to bound the effective resistance. Our Physics
intuition asserts that the energy of the unit current is minimal among all unit flows from
a to z. The notion of energy can be made precise and will allow us to obtain valuable
monotonicity properties. For instance, removing any edge from an electric network
can only increase its effective resistance. Hence, any recurrent graph remains recurrent
after removing any subset of edges from it. We will see in this section, the Thomson’s
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principle, which is used to bound the effective resistance from the above and Dirichlet’s
principle, allowing to bound it from below.

Definition 3.13. The energy of a flow 6 from A to Z, denoted by £(#), is defined by
1
£(0) = D r(@)0(2) = r(e)f(e).
2R e€cE

Theorem 3.14 (Thomson’s Principle). Let G be a finite network and A and Z be two
disjoint subsets of its vertices. Then we have

R(A+ Z)=1inf{€(F) : |0 = 1,0 is a flow from A to Z},

and the unique minimizer is the unit current flow.

The following powerful principle tells us how effective conductance changes, it is a con-
sequence of Thomson’s principle.

Corollary 3.15 (Rayleigh’s Monotonicity Principle). If {r(e)}ecr and {r'(e)}ecr are
edge resistances on the same graph G so that r(e) < r'(e) for all edges e € E, then

R(A > Z;(G.{r(e)}eer)) < R(A < Z;(G,{r'(€)}ecE)).

Proof. Let 6 be a flow on G, then we have

Zr(e)@(e)2 < Zr'(e)6(6)2.

ecl eclb

This inequality is preserved while taking infimum over all flows with strength 1. By
using Theorem 3.14, we obtain the result. O

Definition 3.16. The energy of a function h : V' — R, denoted by £(h), is defined by

Eh):= Y clay)(h(z) — h(y))*.

{zy}eE
The following theorem give us a lower bound of effective conductance:

Theorem 3.17 (Dirichlet’s Principle). Let G be a finite network and A and Z be two
disjoint subsets of its vertices. Then we have

1

R(A & Z) =inf{€(h); h:V — R such that hjy =0,hz = 1}.
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Infinite networks

The way to study an infinite network G is to take large finite subgraphs of G. More
precisely, for an infinite network G, let (G,)n>1 be any sequence of finite subgraphs of
G that exhaust G, that is, G, C G,+1 and G = UG,,. Each edge in G, is an edge in G,
so we simply give it the same conductance it has in G. We also assume that G, is the
graph induced in G by V(G,). Let Z, be the set of vertices in G\ G, . Let G}V be the
graph obtained from G by identifying Z, to a single vertex, z, , and then removing loops
(but keeping multiple edges). This graph will have finitely many vertices but may have
infinitely many edges even when loops are deleted if some vertex of G has infinite degree.
Consider the weighted random walk associated to the network G, if we stop it the first
time it reaches Z, , then we obtain a weighted random walk on G!V until it reaches z,.
Now for every a € G, it is easy to see that the events [a — Z,,] are decreasing in n, so the
limit limPla — Z,,] exists and it is the probability of never returning to a in G, which
we call the escape probability from a and it is denoted by Pla — oc]. This is positive if
and only if the random walk on G is transient. By Equation 3.1, we have

1
Pla — oo] = lim Pla — Z,] = —— lim C(a < Z,;GV).
n—00 m(a)n—oo

We call lim C(a <> Z,;GY) the effective conductance from a to oo in G and denote it
n—oo

by C(a <+ o0). Its reciprocal, effective resistance, is denoted R(a <> 00). Note that the
limit lim C(a > Z,;G)Y) do not depend on the sequence G,,. Finally, we obtain
n—oo

C(a ¢ o0)

Pla — oo] = ()

(3.2)

Theorem 3.18 (Transience and Effective Conductance). The weighted random walk
associated to on an infinite connected network is transient if and only if the effective
conductance from any of its vertices to infinity is positive.

Definition 3.19. Let G be an infinite network. A function 6 : £(G) — R is a flow from
a to oo if it is anti-symmetric and satisfies the Kirchhoff’s node law on each vertex v # a.

The following theorem is an easy consequence of Theorem 3.14.

Theorem 3.20 (Thomson’s principle for infinite network). Let G be an infinite network,
then

R(a <> o0) =inf{E(O) : ||0|| = 1,0 is a flow from a to o}

An infinite network G is called recurrent if the weighted random walk associated to G is
recurrent. Otherwise, it is called transient. The following corollary gives us a method
to study the recurrent/transient of a random walk:
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Corollary 3.21. Let G be an infinite network. The weighted random walk associated to
G is transient if and only if there exists a vertex a € V(G) and an unit flow 6 from a to
oo with £(6) < oo.

We have seen that effective conductance from any vertex to oo is positive if and only if
the random walk is transient. Thus, a lower bound on the effective resistance between
vertices in a network can be useful to show recurrence. Let A and Z be two disjoint
sets of vertices. A set II of edges separates A and Z if every path with one endpoint in
A and the other endpoint in Z must include an edge in II; we also call II a cutset. We
say that a set II of edges separates a and oo if every infinite simple path from a must
include an edge in II. In this case, we also call II a cutset.

Theorem 3.22 (Nash-Williams inequality). If a and z are distinct vertices in a finite
network that are separated by pairwise disjoint cutsets 11,11, ..., 11, then

-1
n

R(a > z) > Z Zc(e)

k=1 eclly

Theorem 3.23. If 11, is a sequence of pairwise disjoint finite cutsets in a locally finite
network G, each of which separates a from oo, then

0 -1
R(a <> 00) ZZ (Zc(e)) .

n=1 GEHn

-1
In particular, if Y o7, < > c(e)) = oo then G is recurrent.
CEHn

3.2 Biased random walks on trees

In this section, we use the tools from Section 3.1 to study the recurrent/transient of a
type of random walk which is called biased random walk. We refer the reader to the
book [87] for the details.

Firstly, we review some intuitions from the flow. Consider the tree as a network of pipes
and imagine water entering the network at the root. However, much water enters a
pipe leaves at the other end and splits up among the outgoing pipes (edges). This is
formalized in the previous section (see definition of flow in 3.4). We say that 6(e) is the
amount of water flowing along e and that the total amount of water flowing from the root
to infinity is Zle 0(o,x;), where the children of the root ¢ are x1, ..., x;. Notice that if
there is a flow from a to co of finite energy on some network with conductances c(e).cg(g)
and if it is the unit current flow with corresponding voltage function v, then we have
li(e)| = |e(e)(v(et) —v(e™))] < v(a)e(e) = R(a <+ oo)c(e) for all edges e. In particular,



38 CHAPTER 1. INTRODUCTION

there is a nonzero flow bounded on each edge e by c(e) (for example, the nonzero flow is
i/v(a)). Then the existence of flows that are bounded by the conductances allows us to
study the recurrent/transient of network. A flow 6 is called admissible if §(e) < c¢(e) for
every e € E. To determine whether there is a nonzero admissible flow, we use a powerful
theorem of Ford and Fulkerson which is often called maz-flow min-cut theorem.

Theorem 3.24 (Max-flow min-cut theorem, see [50]). If a is a vertex in a countable
directed network G, then

max { strength(0); 0 admissible flow from a to oo}

= inf {Zc(e); IT separates a and oo} .

e€ll
The max-flow min-cut theorem gives an equivalent of the definition of branching number:

br(T) := sup{); there exists a nonflow # on T with Ve € E(T) 0 < 0(e) < A7l}.

The Nash-Williams criterion gave a condition sufficient for recurrence, but it was not
necessary for recurrence. However, a useful partial converse to the Nash-Williams crite-
rion for trees can be stated as follows.

Proposition 3.25 (Lyons [35]). Let ¢ be conductances on a locally finite infinite tree
T and w, be positive numbers with Zn21 wy, < o0o. If 0 is a flow on T satisfying
0 < 0(e) < wgcle) for all edges e, then 0 has finite energy.

We define the biased random walk with parameter A on 7, denoted by RW) as the
weighted random walk associated to the network 7~ with the conductances A — A~I€l.
The following theorem give us the phase transion of biased random walk.

Theorem 3.26 (Lyons [35]). If T is a locally finite infinite and rooted tree. If X < br(T)
then RWy is transient and if X\ > br(T) then RW) is recurrent.

Proof. Let X\ > 0 and consider the network (7, cy) where ¢y (e) = A7ll for all e € E(T).
Assume that the network (7, ¢y ) is transient, then there exists a nonzero admissible flow
from ¢ to co. By Definition of branching number, we obtain A < br(7T). It remains to
prove that if A < br(7), then the network (7, cy) is transient. For A < br(7), we choose
N € (A br(T)) and set wy, := (A/N)"™. By Definition of br(T), there is a nonzero flow 6
satisfying 0 < f(e) < (V)~lel = w|e‘)\_|e‘ and since ), wy < 0o, then by Proposition 3.25,
this flow has finite energy. By Corollary 3.21, the network (7, cy) is transient. O

Remark 3.27. — Sometimes, we also define the biased random walk with param-
eter XA on T as the weighted random walk associated to the network 7 with the
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conductances A — A€l for any A\ > 0. In this case, the theorem 3.26 becomes: If
T is a locally finite infinite and rooted tree. If A < 1/br(7) then RW) is recurrent
and if A > 1/br(T) then RW) is transient.

— 1In the case c(e) = N, we write C()\) for the effective conductance of the network
(T, c), instead of C(p > 00).

3.3 Percolation and random walks on trees

The relation between percolation and electric network was studied in Lyons [84, 85, 80].
In this section, we review the idea of the proof of Theorem 1.21 by using this relation.
This method is very useful to study the phase transion of random walk. We refer the
reader to Chapter 5 for another application of this method.

Proposition 3.28. Given a general percolation on T, we have
Plo <+ oo] < inf {ZP[Q < e]; II separates o from inﬁnity}
ecll

Proof. For any Il separating o from infinity, we have

[0+ od] C | Jlo ¢ ]
ecll
Therefore, we obtain P[p <> co] < > Plo < €. O
ecll

In the case of Bernoulli percolation, we have P[p <+ e] = plel. Therefore, by Proposi-
tion 3.28 and the definition of branching number, we obtain

pe(T) >

el (3.3)

Given a general percolation on 7. The adapted conductances to this percolation is a
familly of conductances (c(e)).cg(r) be such that for any x € V(T), we have:

cle(x))=1if |z| =1
/P00 2] =1+ R(0 < x) if |z| > 1

or equivalent

)

{c(e(ac)) =1if|z|=1
1/c(e(z)) = JP>[01<—>x} - IP[Oelx—l] if |z| > 1
where e(x) is an edge such that (e(z))" = z and z~! is the parent of z.

These notions lead us to the following results:
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Theorem 3.29 (Lyons [35]). For an independent percolation and adapted conductances
on the same tree, we have
Clo <
Plo < 0] > @ %)
1+C(p 4> )
Theorem 1.21 is an immediate corollary of Theorem 3.29, Theorem 3.18, Theorem 3.26
and 3.3.

Theorem 3.29 is an important tool to study the independent percolations. A generaliza-
tion of this Theorem to quasi-independent percolation is obtained by Lyons [¢4]. This
generalisation is also one of the central elements of the proofs in Chapter 5.

Theorem 3.30 (Lyons [31]). For a quasi-independent percolation with constant M and
adapted conductances on the same tree T, we have
Clo ¢ o0)
Plo+>o0] > —— v —2 .
o=z e o o)
Example. We have seen the important role of Theorem 3.29 to study the phase transi-
tion of Bernoulli percolation on trees. Let’s apply Theorem 3.30 to the proof of Propo-

sition 1.2/ (see Chapter 5 for an other application of Theorem 3.30). This proof is due
Benjamini and Peres [10]:

If we consider simple random walk on [0, N| killed on exiting the interval, the corre-
sponding substochastic transition matriz P is symmetric and so real diagonalizable. Let
A be its eigenvalues and vy be the corresponding eigenvectors with ||vg|| = 1. Thus,

P(i,5) = > _Newk(i)ok ()
k

By the Perron-Frobenius theorem, |\i| < I, where | is the largest positive eigenvalue
and the corresponding eigenvector has positive entries. Since this Markov chain has
period 2, Then we obtain P™(i,j) ~ 2vi(i)vg(j)I™ when n and i — j have the same
parity. If n and i — j have no the same parity, then P"(i,j) = 0. In our case, the

top eigenvalue equals cos 775 (see Spitzer [11/], Chapter 21, Proposition 1), whence
||

P(0 <> ) ~ ay (cos ﬁ) as |x| — oo for some constants a,, which depends only on

the parity of m. This implies that for the conductances c(e) adapted to this percolation,
there exists ay and afy such that:

a) [ cos —= |6|<c(e)<a' cos — :
! N+2) — /70 N +2

Thus, by using Theorem 5.50, we have P(¢ «» 00) > 0 if br(T) > 1/ cos(y5). It remains
to prove that if br(T) < 1/cos({75) then P(o <> 00) = 0. It is an easy consequence
Proposition 3.28 and the definition of branching number.
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3.4 Self-avoiding walks and biased random walks on trees

The results that we state in this section will be proved in Chapter 2. We are inter-
ested in defining a natural probability measure on the set of infinite self-avoiding walks
(SAWs). Such a measure on the set of the infinite self-avoiding half-plane walks has
been constructed before as the weak limit of the uniform measures on the finite self-
avoiding walks relying on results by Kesten (see [39, 72]), and it is part of our goal to
investigate whether that measure and our construction are related.

We consider a one-parameter family of probability measures on SAW,,, denoted by
(Px))s,, defined informally as follows. Denote by H the upper-half plane in Z? and
by Q the first quadrant; let T2 (resp. T, T, with the appropriate modifications in
the definition which we will not specify in what follows) be the tree whose vertices are
the finite self-avoiding walks in the plane (respectively half-plane, quadrant), where two
such vertices are adjacent when one walk is a one-step extension of the other. We will
call this tree the self-avoiding tree on Z2.

Then, consider the continuous-time biased random walk of parameter A > 0 on Ty,
which from a given location jumps towards the root with rate 1 and towards each of its
children vertices with rate A. If A is such that the walk is transient, its path determines
an infinite branch in 772 which can be seen as a random infinite self-avoiding walk w§®;
we will denote by Py the law of w§°, omitting the mention of Z? in the notation, and
call it the limit walk with parameter A.

It is well known that there exists a critical value A. such that if A > A. the biased
random walk is transient and if A < A, it is recurrent. In the general case of biased
random walk on a tree, the recurrence or transience of the random walk at the critical
point depends in subtle ways on the structure of the tree. The value of A\. on the
other hand is easier to determine: indeed, Lyons [35] proved that it coincides with the
reciprocal of the branching rate of the tree. The following proposition give the critical
value for self-avoiding trees.

Theorem 3.31 (Beffara-Huynh, [13]). Let T2, Ty, Ty be defined as above. Then,
1
Ac(Tz2) = Ae(Th) = Ac(To) = ;7
where 1 is the connective constant of lattice Z2.

Notice that it is clear from the definition that p is the growth rate of Ty2; there are rather
large classes of trees, including 772, for which the branching and growth coincide (for
instance, this holds for sub- or super-periodic trees, cf. below, or for typical supercritical
Galton-Watson trees), but none of the classical results seem to apply to Ty or Tg.

We now state some properties concerned with the geometry of the limit walk for this
family of probability measures.
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Theorem 3.32 (Beffara-Huynh, [13]). For all A > \., under the P\ measure, the infinite
self-avoiding walk (in the plane or half-plane) reaches the line Z x {0} infinitely many
times almost surely.

Theorem 3.33 (Beffara-Huynh, [13]). For all A > \., then

Py (limsup RwS®(n) = +o00) = 1;  Py(liminf Rw®(n) = —o0) = 1.

These theorems are proved in Section 6.3. We are mostly interested in the behavior
of the limit walk as A — A, since this is a natural candidate to be in relation with
uniformly sampled long SAWs. We did not quite manage to prove the existence of the
limit, but were able to obtain a partial result in this direction by restricting the process
to paths formed of bridges of bounded height m, and letting m increase; see Theorem 7.3
for more details.

A useful tool in our proofs is the effective conductance of the biased random walk on a
tree T', defined as the probability of never returning to the root o of T' and denoted by
C(\,T). Along the way, we will be interested in several properties of it as a function of A.
Most important for us will be the question of continuity: in a general tree, the effective
conductance is not necessarily a continuous function of \. We will derive criteria for
continuity, which are forms of uniform transience of the random walk, and apply them
to prove that the effective conductance of self-avoiding trees is a continuous function
(see Section 5.4):

Theorem 3.34 (Beffara-Huynh, [13]). The functions C(\,Ty) and C(\,Ty2) are con-
tinuous on (Ae, +00).

A related question is that of the convergence of effective conductance along a sequence
of trees. More precisely, let (f,,), denote the effective conductances for a sequence (T7,)
of infinite trees, and we assume that (f,), converges uniformly towards f # 0. The
question is: is f the effective conductance of a certain tree? We study this question
on a class of particular trees, spherically symmetric trees (recall that T is spherically
symmetric if degx depends only on |z|, where |z| denote its distance from the root o
and deg x is the number of its neighbors). If S denotes the set of spherically symmetric
trees and m € N* is fixed, define

Ap ={T € S;Vx € T,degz < m} and
Fr == {f €C%0,1]) : 3T € A4, CN.T) = f(N)} .
Then (see Section 4.2):

Theorem 3.35 (Beffara-Huynh, [13]). Let (f,), be a sequence of functions in F,.
Assume that f, converges uniformly towards f # 0. Then f € F,,.
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4 Excited random walks and random walks in random
environment

We can define an interacting process as a random process evolving over time, such that,
at any moment, the future behavior of the process depends on its past trajectory. There
is the difference between these processes with Markov process: Unlike classical Markov
processes, the knowledge of the present state does not contain all the informations needed
to predict its future behavior. The study of these process is relatively recent and their
behaviors are still poorly understood except in the particular cases. The major diffi-
culty comes from the property non-Markovian of the dynamics that prohibits to use the
classical tools of Markov processes and therefore we need to develop new strategies. In
Sections 4.1 and 4.2, we study a process of this kind: Excited random walk.

The random walk in random environment is introduced in Section 4.3.

4.1 Excited random walk
Once-excited random walk on Z¢

The model of the once-excited random walk on Z¢ was introduced by Benjamini and
Wilson [17]. Roughly speaking, it describes a walk which receives a push in some specific
direction each time it reaches a new vertex of Z¢. More precisely, a random walk on Z¢
is excited (with bias €/d, e > 0) if the first time it visits a vertex it steps right with
probability (1 + ¢)/(2d), left with probability (1 —e/(2d)), and in other directions with
probability 1/(2d), while on subsequent visits to that vertex the walker picks a neighbor
uniformly at random. More formally, we therefore consider an excitation parameter
e € (0,1) and a process that the marginals verify:

P{Xn+1:Xn:|:6i|X0,'--,Xn}:{2111 if i=1 or Xn ¢ {Xo, -, Xn}

5d lfl%l or XnE{Xo,--~,Xn_1}

where (e1,--- ,eq) denotes the canonical basis of Z%. In [17], Benjamini and Wilson
proved that the once-excited random walk is recurrent in dimension 1 and it is transient
in the direction of bias in dimension d > 2, whatever the excitation value €. They also
showed that it possessed a non-zero speed when the dimension d > 4. These results
were completed by Kozma [76, 77] and by Bérard and Ramirez [18] who showed that
the speed of an once-excited random walk was also strictly positive in dimension 2 and
3 and they also proved the invariance principle:

Xn.e
n

thtj.e - ULntJ
vn

where B denotes a standard Brownian motion.

— v >0 and < ,t20>—>(Bazt,t20),
p.s (d)
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Multi-excited random walk on Z

In [120, 121], Zerner introduced a generalization of this model called multi-excited ran-
dom walk (or cookie random walk) where the walk receives a push, not only on its first
visit to a site, but also on some subsequent visit. More precisely, the model of multi-
excited random walk is defined as follows. Let us first fix two quantities, a direction and
a constant k. In the case d = 1, we always choose £ = e; € Z to be the first standard unit
vector. In the case d > 2, we choose | € R? be any direction with |¢|; = 1. The constant
k € (0,1/(2d)] will be a uniform lower bound for the probability of the walk to jump
from z to any nearest neighbor of z. We define an environment w for an multi-excited
random walk is an element of

0= {<<((w(:c,e,i))e|:1>i21>x62d k1 kdeNXZd'} |

satisfies two following conditions: For any = € Z% and i > 1, we have

oo w(z,ei)=1

e€Z4,le|=1
> w(z,ei)el >0
e€Z% |e|=1

A multi-excited random walk starting at z € Z% in an environment w is a Z%valued
process (X, )n>0 on some suitable probability space (€, F, P, )for which the history
process (Hy)n>o defined by H, := (Xin)o<m<n € (Z9)"*! is a Markov chain which
satisfies Py ,-a.s.

Pm,w(XO = x) =1
Py (Xnt1 = Xp +elHy) = w(Xp, e, [{m <n: X, = X}

Thus w(z, e, ) is the probability to jump upon the i-th visit to = from z to x +e. In
the case of Z, to simplify the statements, we consider here only the case of deterministic
excitations. The model is now parametrized by an integer M which represents the
number of cookies per site and a vector

p=(p1,---pu) € [1/2,),

where p; is the transition probability after eating the i-th cookie of a site. The multi-
excited random walk on Z is defined as a process X moving to nearest neighbor with
transition probabilities:

3 otherwise
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In [121], Zerner introduced this model and he proved the following result for the phase
transition:

Theorem 4.1 (Zerner [121]). There is a phase transition according to the value of

M

alp) =Y (2pi - 1).

i=1

— If a <1 then X is recurrent, it means limsup X,, = — liminf X,, = 400
— Ifa > 1 then X is transient toward +00, it means lim X,, = +o0.

We can deduce from this theorem that if M = 1 then the walk is recurrent whatever the
value of p; € [1/2,1). The walk can become transient with just two cookies and «(p) is
enough. In the case of transience, it is natural to study the speed of the walk. In [121],
Zerner proved that:

Theorem 4.2 (Zerner, [121]). There exists a constant v = v(p) > 0 such that

. n
lim — =wv p.s.
n—oo n

In [121], Zerner also proved that if M = 2 then v = 0. Then Mountford, Pimentel and
Valle [96] proved v > 0 if M is large enough and a(p) is large enough. A natural question
is to understand this second phase transition by determining under what condition, we
have v(p) > 0. The answer is due to Basdevant and Singh [¢]:

Theorem 4.3 (Basdevant-Singh [3]). We have v(p) > 0 if and only if a(p) > 2.

Moreover, in the case « € (1, 2], Basdevant and Singh [9] proved that:

Theorem 4.4 (Basdevant-Singh [9]). Assume that the multi-excited random walk X is
transient and the speed v =0 i.e o € (0, 1].
— If a < 2, we have
Xn
o o Morz
where M, /o is a law of Mittag-Leffler with parameter c.
— If a =2, we have
logn

X, — C,

n prob

where C' is a strictly positive constant.
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4.2 Phase transition for multi-excited random walk on trees

It is natural to define the multi-excited random walk on a tree. This model was consid-
ered in [118] and [10]. Let us be a bit more precise about the model. We consider an
infinite, locally finite and rooted tree 7. At each vertex of the tree, we initially put a pile
of M > 0 "cookies” with strengths A1, ..., Ay € [0,1). The vector (Aq, ..., A\pr) € [0,1)¥
is called cookie environment. Let us also choose some other parameter A € (0,1) rep-
resenting the bias of the walk after excitation. Then, a cookie random walk on 7T is
a nearest neighbor random walk X = (X,,),>0, starting from the root of the tree and
moving according to the following rules:
— If X;, = 2 and there remain the cookies with strengths Aj, A\jy1,..., Ay at this
vertex, then X eats the cookie with attached strength A; and then jumps at time

n + 1 to the parent of x with probability W and to each child of = with
J

probability ﬁ;)/\j, where () is the number of children of z.
— If X,, =  and there is no remaining cookie at site x, then X jumps at time n + 1
1

to the parent of z with probability TN and to each child of x with probability

m, where 9(x) is the number of children of x.
This model is a particular case of self-interacting random walk: the position of X at
time n + 1 depends not only of its position at time n but also on the number of previous
visits to its present site. Therefore, X is not a Markov process.
We have some particular cases:

— If \j = 0 for all j, it is called M -digging random walk with parameter A, denoted

by (M-DRW,).

— If M =0, it is called biased random walk with parameter \ (RW)).

— If M =1, it is called once-ezcited random walk ((A1, \)-OERW).
This model was considered the first time by Volkov [1 18] on a tree 7 which is an infinite,
locally finite and rooted tree, with the property that each vertex, except possibly the
root, is incident to at least three vertices. The following theorem was proved by Volkov:

Theorem 4.5 (Volkov [118]). Assume that T is an infinite, locally finite and rooted
tree, with the property that each vertex, except possibly the root, is incident to at least
three vertices.
— Let \y > 0 and C = (M\1,1). Then the walk in the cookie environment C is
transient.
— Let C =(0,0,1). Then the walk in the cookie environment C is transient.

The most significant question left open by his paper, is what happens with the M-digging
random walk for M > 3. He conjectured that:

Conjecture 4.6 (Volkov [118]). Let T be an infinite, locally finite and rooted tree, with
the property that each vertex, except possibly the root, is incident to at least three vertices.
For any M > 3, the M-digging random walk on T is transient.
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The case of the multi-excited random walk on a regular tree (b ary tree) T}, was considered

by Basdevant and Arvind Singh in [10]. To state this result, we start with the following
definition:
Definition 4.7. — Given a cookie environment C = (A1,..., A3 A), we denote by

(&)i>1 a sequence of independent random variables taking values in {0,1,...,b},
with distribution:
ifi< M,

1
P(& =0) = {HM ifi>M

1
1+bA

M\ o -
i fi< M
P& =1)=..=P(¢&=>b) =4 Hpn =70
& =1 (& =9) { ey ifi> M,
We say that &; is a ”failure” when &; = 0.
— We call "cookie environment matrix” the non-negative matrix (\; ;)i ;>0 whose
coefficients are given by A(0, j) = 1{j—oy and for any i > 1, we have

Vi

A(i,j) = P{Z Lye,—1y=;j} where v; = inf{n, Z lie,—0y = i}
k=1 k=1

Thus, p(i, j) is the probability that there are exactly j random variables taking
value 1 before the i-th failure in the sequence (&1, &2, ...)

Definition 4.8. Given an irreducible non negative matrix @), its spectral radius is
defined as A = li_)In (¢™(i,7))/", where ¢™ (i, ) denotes the (i,j) coefficient of the
n o

matrix Q.

Theorem 4.9 (Recurrence/Transience criterion, Basdevant-Singh [10]). Let C =
(A1, .oy Aars A) be a cookie environment and let P(C) denote its associated cookie envi-
ronment matriz. This matriz has only a finite number of irreducible classes. Let A(C)
denote the largest spectral radius of theses irreducible sub-matrices.

— Ifﬁ < b% and A\(C) < %, then the walk in the cookie environment C is recurrent
i.e. it hits any vertex of Ty infinitely often with probability 1. Furthermore, if
AC) < %, then the walk is positive recurrent i.e. all the return times to the root
have finite expectation.

— If 1—1—% > 1L+b and M(C) > % then the walk is transient i.e. |X,| = +oc.

n—oo

The matrix P(C) of Theorem 4.9 is explicit. Its coefficients can be expressed as a rational
function of the ;s and A and its irreducible classes. However, we do not know, except
in particular cases, a simple formula for the spectral radius A(C):

Corollary 4.10 (Once excited random walk, Basdevant-Singh[10]).
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Let X denote a (p;q) cookie random walk (i.e M =1) on Ty, and define

W MO =DM N

. (4.1)
Then X is recurrent if and only if A < 1/b.
Corollary 4.11 (M-digging random walk, Basdevant-Singh [10]).
Let X denote a (p;q) cookie random walk (i.e M =1) on Ty, and define
B = \M+1 (4.2)

Then X is recurrent if and only if 5 < 1/b.

Note that Conjecture 4.6 is a consequence of Corollary 4.11.

In the remain of this section, we consider a general tree 7 and we want to extend
Conjecture 4.6. Here, we obtain a much finer description of the process and we can prove
that this random walk actually undergoes a phase transition on trees with polynomial
gowth, i.e. on trees 7 where the branching-ruin number br,.(7) is finite. The branching-
ruin number of a tree T, denoted by br,(T), is best described as the polynomial version of
the branching number: if a well-behaved tree has spheres of size n®, then the branching-
ruin number of this tree is b. We refer the reader to [33] for more details on the definition
of branching-ruin number.

Theorem 4.12 (Collevecchio-Huynh-Kious, [32]). Let T be an infinite, locally-finite,
rooted tree, and let M € N. If br.(T) < M +1 then M-DRW; is recurrent and if
br(T) > M + 1 then M-DRW, is transient.

Moreover, we generalize Corollary 4.11:

Theorem 4.13 (Collevecchio-Huynh-Kious, [32]). Let T be an infinite, locally-finite,
rooted tree, and let M € N, A > 0. Denote X the M-digging random walk on T with
parameters X > 0. We have that

1. in the case A =1, if br.(T) < M + 1 then X is recurrent and if br,.(T) > M + 1
then X is transient;

2. for any A > 1, if br(T) < MM+ then X is recurrent and if br(T) > MM+ then X
18 transient;

3. for any A < 1, X is transient.

Note that, for a b-ary tree Ty, we have br(Tp) = b and Theorem 4.13 therefore agrees
with Corollary 4.11. In [10], Basdevant and Singh proved that the walk is recurrent at
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criticality on regular trees, but this is not expected to be true in general. However, we
prove the critical M-digging random walk is still recurrent on a particular class of trees
which contains the regular trees.

Theorem 4.14 (Huynh, [68]). Let M € N and T be a superperiodic tree whose upper-
growth rate is finite. Then the critical M -digging random walk on T is recurrent.

Unlike the case of once-reinforced random walk in [33] or digging-random walk in [32],
the phase transition of once-excited random walk (OERW) does not depend only on the
branching-ruin number and the branching number of tree. In the case T is a spherically
symmetric tree, we give a sharp phase transition recurrence/transience in terms of their
branching number and branching-ruin number and others.

Recall that a tree T is said to be spherically symmetric if for every vertex v, degv
depends only on |v|, where |v| denote its distance from the root and degv is its number
of neighbors. Let 7 be a spherically symmetric tree. For any n > 0, let x,, be the
number of children of a vertex at level n. For any Ay > 0 and A > 0, we define the
following quantities:

n 1/n
.. )\2‘}‘(331 — 1))\1)\+)\1
a(T, A1, A) = hnniloréf (Zl;[l e . (4.3)
"4 (= DA A
T A, \) = li : ! ! . 4.4
BT X0, ) = limsup (H ErnY ) e

(1+ac¢)\1)i

_ Z?Zl In [1 _ M]

Y(T. A1) = limint — (4.5)
— s o |1 %
n(T, A1) = limsup [ (heid) } : (4.6)

n—o00 Inn

Theorem 4.15 (Huynh, [08]). Let T be a spherically symmetric tree, and let Ay > 0,
A > 0. Denote X the (A1, \)-OERW on T. Assume that there exists a constant M > 0
such that sup,¢y degv < M, then we have

1. in the case X =1, if n(T, A1) < brr(T) then X is transient and if v(T, A1) > br.(T)

then X is recurrent;

2. assume that A1 > 0, X # 1 and br(T) > 1, if B(T,\,\) < ﬁ then X is
recurrent and if (T, A1, A) > WIT) then X is transient.
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Note that, for a b-ary tree T}, we have br(T;) = b and

2
R I
and our result therefore agrees with Corollary 1.6 of [10]. In [10], the authors prove that
the walk is recurrent at criticality on regular trees, but this is not expected to be true
on any tree). For instance, if Ay = A, the (A, \)-OERW X is the biased random walk
with parameter A\. Therefore X may be recurrent or transient at criticality (see [13],

(4.7)

proposition 22).

Volkov [118] conjectured that, any cookie random walk which moves, after excitation,
like a simple random walk (i.e. A = 1) is transient on any tree containing the binary
tree. This conjecture was proved by Basdevant and Singh [10]. Here, we extend this
conjecture to any tree 7 whose branching number is larger than 1:

Theorem 4.16 (Huynh, [68]). Let (A1,...,A\y) € (R)M and consider (A1, ..., A3 1)
cookie random walk X on an infinite, locally finite, rooted tree T. If br(T) > 1, then X
18 transient.

4.3 Random walk in random environment

Random walks in random environments have been at the center of the probabilists’ in-
terest for several decades. This model is commonly used to represent some physical or
biological systems which it is essential to take account of the spatial heterogeneity of the
environment. Indeed, the presence of impurities in the environment leads to be different
behavior compared with observed one in the classical framework of a homogeneous envi-
ronment. The mathematical study of such models has grown considerably over the last
thirty years. This growth is due, on the one hand, to the desire to answer the questions
posed by physicists and biologists and, on the other hand, to the richness of observed
behaviors, we need to introduce the new tools to study these models.

A specific class of such random walks goes under the banner of the Random Conductance
Model (RWRC). Let us review some basic definitions on this models and we refer the
readers to [25] for more details.

We begin with the definition of the problem in the context of random walks in random
environments. Consider a countable set V and suppose that we are given a collection of
numbers (Wgy)z,yey with the following properties: wy, > 0 with

Tw(®) 1= Y way € (0,00), T €V, (4.8)
yey

and the symmetry condition
Wey = Wy, T,y € V. (4.9)
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The quantity is called the conductance of the pair (z,y).

When V has an unoriented-graph structure with edge set £, we often enforce w,, = 0
whenever (z,y) ¢ &; in that case, it is called the nearest-neighbor model. Such a model
is then called uniformly elliptic if there is « € (0,1) for which

1
@ < Wy < —, (x,y) € &. (4.10)

When V := Z¢, we use the phrase “nearest-neighbor model” for the situation when & is
the set of pairs of vertices that are at the Euclidean distance one from each other.

The random walk in environment w is technically a discrete time Markov chain with
state-space V and the transition probability:

Wy

Tw(T)

Let € be the space of all configurations (wg,) of the conductances. This space is naturally
endowed with a product o-algebra F. Let P be a probability measure on (2, F). Denote
by X := (Xp)n>0 a sample path of the above Markov chain and let P% denote the law
of X subject to the initial condition

PY(z,y) := (4.11)

PY(Xo=1)=1. (4.12)

We call PY the quenched law. Finally, we denote by P, the annealed law of the (RWRC)
started at x as the semi-direct product

P, :=P x P¥. (4.13)

We are interested in considering the model of (RWRC) defined in a tree. The first kind
we shall review have proved useful in the study of random fractals ([15, 46]). This model
was study by Lyons [85]; Pemantle [101]; Lyons and Pemantle [$6]. Let us define the
probability measure P of this model. Let 7 = (V, E) be an infinite, locally finite and
rooted tree with the root o. Assign to each edge o of 7 a nonnegative random variable
A,. Let

woe =[] Ar (4.14)

<o
this will be the conductance of the edge o.
For a vertex v € V, T'(v) stands for the return time to v, that is

T(v) = inf{n >0:X, =v}.

A RWRC is said to be recurrent if it returns to g, Pp-almost surely. This process is
transient if it is not recurrent, that is

P, (T(Q) = oo) > 0.
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Assume that the random variables {A,} are independent identically distributed, each
has mean p and let A be a random variable with this common distribution. By the Zero-
one law, a (RW RC)) is a.s transient or recurrent. We shall detemine the phase transition
of (RWRC). The branching number of a tree T, denoted by br(T), is a real number
greater than or equal to 1 that measures the average number of branches per vertex
of the tree. It was showed that, when A < 1, the (RWRC) is transient or recurrent
according to whether E(A) br(7) is greater or less than 1:

Theorem 4.17 (Lyons, [35]). Assume that A < 1. IfE(A)br(T) <1 then (RWRC) is
recurrent and if E(A) br(T) > 1 the (RW RC) is transient.

We define
pi= Orgnxngll]E(A ). (4.15)
Note that in the case of A < 1, we have p = E(A). In Theorem 2 of [101], it is shown

that if 7 is a homogeneous tree or the genealogical tree of a Galton-Watson process on
the event of nonextinction, then (RWRC) is a.s. transient or a.s. recurrent according to
whether pbr(7) is greater or less than 1:

Theorem 4.18 (Pemantle, [101]). Let T be a homogeneous tree or the genealogical tree
of a Galton-Watson process on the event of nonextinction. If pbr(T) < 1 then (RW RC)
is recurrent and if pbr(T) > 1 the (RW RC) is transient.

In [86], Lyons and Pemantle proved a generalized version of Theorems 4.17 and 4.18:

Theorem 4.19 (Lyons and Pemantle, [80]). Let T be tree. If pbr(T) < 1 then (RW RC)
is recurrent and if pbr(T) > 1 the (RW RC) is transient.

Now, we define a variant version of the probability measure P by the following way.
Instead of defining the random conductances as in Equation 4.14, we define

We = Ap. (4.16)

Assume that (we)ecp is a collection of i.i.d. random variables that are almost surely
positive. Moreover, assume that
tm

1
P <we < t> = L) for t > 0, (4.17)

where L : R — R is a slowly-varying function.
In order to see a phase transition, one needs to consider trees that grow polynomially fast,
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and therefore the branching number is not the quantity that would provide a relevant
information in this case. Indeed, the branching number does not allow us to distinguish
among trees with polynomial growth as the branching number of any tree with sub-
exponential growth is equal to 1. In [33], it was proved that the critical parameter for
the once-reinforced random walk on trees is equal to the branching-ruin number of the
tree (see (2.2)). The branching-ruin number of a tree 7, denoted by br,.(7), is best
described as the polynomial version of the branching number: if a well-behaved tree has
spheres of size n’, then the branching-ruin number of this tree is b. Now, we give a sharp
phase transition of this model in term of the branching-ruin number:

Theorem 4.20 (Collevecchio, Huynh and Kious, [32]). Fiz an infinite, locally finite,
tree T and let b = br.(T) € [0,00] be its branching-ruin number. If b < 1, then RWRC
is recurrent. Assuming b > 1, if mb > 1 then RWRC is transient and if mb < 1 then it
18 Tecurrent.

5 Random maps

In this section, we review some notions and results on random map. We refer the reader
to Grégory Miermont [93], Grégory Miermont and Jean-Francois Le Gall [32], Bettinelli
[22] for the details.

5.1 Some definitions

Here, we define maps in the geometric way as in Bettinelli ([22], Section 1.1.1) and
Grégory Miermont and Jean-Francois Le Gall ([82], Section 5.1). We refer the reader
to Bojan Mohar and Carsten Thomassen [95] for the other definition of maps and the

equivalence between these definitions.

The surface classification theorem states that the compact connected orientable surface
without boundary are characterized up to homeomorphism by an integer g > 0 which is
called genus. The surface of genus 0 is the sphere S? of R3, and for all g > 1, the surface
of genus g, which is denoted by T, and called g-torus, is obtained by connected sum of
g torus Ty. We also define the torus T, as the sphere S? to which we add g anses.

Let G be a compact connected orientable surface without boundary. An oriented edge in
G is a continuous mapping e : [0, 1] — G satisfy either e is injective, or the restriction of
e to [0, 1) is injective and e(0) = e(1). In the latter case, e is called loop. An oriented edge
will always be considered up to reparametrization by a continuous increasing function
from [0, 1] to [0, 1] and we will always be interested in properties of edges that do not
depend on a particular parameterization. The extremities of e is e~ = e(0) and et =
e(1). The reversal of e is the oriented edge € = e(1 — -). An edge is a pair e = {e, €}
where e is an oriented edge. The interior of e is e((0,1)). Consider a finite graph
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G = (V,E) in which V and E are finite and multiple edges and loops are allowed. A
graph G is called embedded graph in G if the following conditions are satisfied:

— V is a subset of G

— F is a set of edges in G

— The vertices incident to e = {e,e} € F areet,e” € V

— The interior of an edge e € E does not intersect V' nor the edges of E distinct
from e.

The support of an embedded graph G = (V, E) is supp (G) =V UU.gepe((0,1]). A
face of the embedding is a connected component of the set G\ supp (G). Now, we lead
to the following definition:

Definition 5.1. A map on G is a connected embedded graph on G. Equivalently, a
map is an embedded graph whose faces are all homeomorphic to the open disk in R2.

A rooted map is a pair (m ,e) where m = (V, E) is a map and e € ﬁ is a distinguished
oriented edge which is called the root of m.

Note that the root of a map can be a corner (see Section 5.2 for instance) of the map.
The genus of a map G on G is defined as the genus of surface G. Let m = (V, E) be
amap, and let £ = {e € e : e € E} be the set of all oriented edges of m. Since G is
oriented, it is possible to define, for every oriented edge e € FE, a unique face f. of m,
located to the left of the edge e. We call f, the face incident to e. We define the degree
of a face f as follows:

deg(f) = card {e€ E: f. = f}.

The oriented edges incident to a given face f, are arranged cyclically in counter-clockwise
order around the face in what we call the facial ordering. With every oriented edge e,
we can associate a corner incident to e, which is a small simply connected neighborhood
of the vertex e~ of e intersected with the face f.. It is easy to see that the corner of two
different oriented edges do not intersect. The degree of a vertex v € V is defined by:

deg(v) = card {e € Eie = v}.

An important property of maps which is called Euler formula. Euler’s formula says that
any map m on an orientable surface of genus g satisfies |V (m)|+ |F(m)|— |E(m)| = 2,
where V(m) F(m) E(m) denote respectively the sets of all vertices, edges and faces of
the map m.

Until now, the set of maps G is infinity. For the problems of combinatorial and prob-
ability, we must identify the maps up to isomorphisms. This lead us to the following
definitions.
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Definition 5.2. The maps m,m’ on G are isomorphic if there exists an orientation-
preserving homeomorphism h of S? onto itself, such that  induces a graph isomorphism
of m with m’.

The rooted maps (m, e) and (m’, ¢’) are isomorphic if m and m’ are isomorphic through
a homeomorphism h satisfy h(e) = ¢’.

Remark 5.3. If m and m’ are isomorphic, then the graphs associated to m,m’ are
isomorphic, but the reverse is not true.

An automorphism of a map m is an isomorphism of m with itself. It should be in-
terpreted as a symmetry of the map. An important property of automorphism is the
following.

Proposition 5.4. If an automorphism h of a map m that fires an oriented edge, then
h s identity.

In a rooted map (m , e), the face f, incident to the root edge e is often called the external
face, or root face. The other faces of (m ,e) are called internal. The vertex e is called
the root verter.

We end this section by introducing the notion of graph distance in a map m. A chain of
length k& > 1 is a sequence e(1), - - , e of oriented edges in (m) such that ea) = eéﬂ)
for all 1 < ¢ < k — 1, and in this case we say that the chain starting at the vertex e(_l)
and ending at e&). The graph distance between two vertices u,v € V is the minimal
k such that there exists a chain with length £ linking v and v. A chain with minimal

length between two vertices is called a geodesic chain.

5.2 Triangulations of the torus

A map m on the torus Ty is called toroidal map . The universal cover of the torus
is a surjective mapping from the plane to the torus that is locally a homeomorphism.
If the torus is represented by a square in the plane whose opposite sides are pairwise
identified, then the universal cover of the torus is obtained by replicating the square to
tile the plane. Given a property P defined on graphs, we say that a graph G embedded
on the torus is essentially P, if its universal cover (i.e. the infinite planar map G*°
obtained by replicating G in the plane) as property P. The notion of being essentially
”something” often appears naturally while considering toroidal maps.

Recall that a graph is simple if it has no loop nor multiple edges. Then a graph G
embedded on the torus is essentially simple if G*°. This is equivalent to the fact that
G has no contractible loops (i.e. an edge enclosing a region homeomorphic to an open
disk) nor homotopic multiple edges (two edges that have the same extremities and whose
union encloses a region homeomorphic to an open disk).
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We distinguish paths and cycles from walks and closed walks as the firsts have no re-
peated vertices. A triangle of a toroidal map is a closed walk of size 3 enclosing a region
that is homeomorphic to an open disk. This region is called the interior of the triangle.
Note that a triangle is not necessarily a face of the map as its interior may be not empty.
We say that a triangle is mazimal (by inclusion) if its interior is not strictly contained in
the interior of another triangle. We define the corners of a triangle as the three angles
that appear in the interior of this triangle when its interior is removed (if non empty).

Definition 5.5. We call triangulation is a map whose faces are triangle.

For n > 1, let T(n) be the set of essentially simple toroidal triangulations on n vertices
(up to isomorphisms) that are rooted at a corner of a maximal triangle.

5.3 Scaling limits

We are interested to the scaling limit of random maps. The concept of scale limit is
well known in probability theory and the general principle is as follows. Given a certain
class of combinatorial objects for which we have a notion of volume and a notion of
size. When the volume tends to infinity, we try to normalize the size to obtain an
interesting limit. More precisely, we choose a random object among the objects of
volume n belonging to this class. It may be that, once the size is properly renormalized,
this object tends in law towards a continuous limit object when n go to infinity. for
example, in the case of the standard random walk, if we call volume the number of
steps and size the value of the step, then the scaling limit of this object is Brownian
motion: We choose a path uniformly randomly among the paths consisting of n steps
of {+1, —1}, after renormalizing the time by n and space by /n, this path tends in law
towards a Brownian movement defined on [0, 1] according the Donker’s theorem. One
can also think of various models of trees, for which the volume is for example the number
of vertices and the size is the height.

Moreover, the limit object often has a interested property which is called universality:
one obtains the same scaling limit for several different (but similar) classes of objects.
For example, the Brownian motion which appears as the scaling limit of any random
walk which satisfy the law of its steps is centered and of finite variance. For two other
examples, the continuum real tree is the scaling limit of a lot models of random tree
(see David Aldous [1], [5]); or the Brownian map is the scaling limit of many classes of
random planar maps (see Le Gall [31]).

In our case, we consider the class of triangulation on torus T; with its size as be the
number of its vertices. Since 7, has the finite cardinality, then we can choose a trian-
gulation G, uniformly random on 7,. We must specify the space and its topology to
study the scaling limit of this class of maps. The space on which we work is then the
set M of classes of isometry of compact metric spaces. The topology of the space M is
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Gromov Hausdorff topology. We define formally the Gromov-Hausdorff distance between
two compact metric spaces. The Hausdorff distance between two non-empty subsets X
and Y of a metric space (G, d) is defined by

diaus(X,Y) = max{sup inf d(z,y),sup inf d(x,y)}.
rEX YEY yey 2€X
Equivalently,
diaus(X,Y) = inf{e > 0: X C Y.,V C X.},

where Z, denotes (J,c,{m € M : d(m, z) < e}.

The Gromov-Hausdorff distance between two compact metric spaces (S,0) and (5, ")

is defined by
dGH((Sv 5)> (S/> 5,)) = inf{dHaus(SO(S)7 90/(‘5’/)}’

where the infimum is taken over all isometric embeddings ¢ : S — S” and ¢’ : §" — S”
of S and S’ into the same metric space (5”,8”). The Gromov Hausdorff distance is a
distance on M (see [28], theorem 7.3.30) and the metric space (M, dgg) is a Polonais
space (see [28], theorem 7.4.15).

We are wondering if it is possible to normalize the metric space (V(Gy,), dg,, ) such that
it admits a convergence in distribution for the Gromov Hausdorff topology? We refer
the reader to Chapter 5.5 for a partial answer of this question.

5.4 Some recent results

Consider a random planar map G, with n vertices which is uniformly distributed
over a certain class of planar maps (like planar triangulations, quadrangulations or d-
angulations). Equip the vertex set V(G,) with the graph distance dg,. It is known
that the diameter of the resulting metric space is of order n'/* (see for example [30]
for the case of quadrangulations). Thus one can expect that the rescaled random met-
ric spaces (V(G,),n"/4dg,) converges in distribution as n tends to infinity towards a
certain random metric space. In 2006, Schramm [110] suggested to use the notion of
Gromov-Hausdorff distance to formalize this question by specifying the topology of this
convergence. He was the first to conjecture the existence of a scaling limit for large
random planar triangulations.

Jean-Francois Marckert et Abdelkader Mokkadem [90] were then interested to the prob-
lem of the convergence of uniform planar quadrangulations, by considering maps as
metric spaces with the graph distance renormalized by n~'/4. They proved a conver-
gence, in a certain sense, of the discret space to a limit space which they called Brownian
map. The problem of the convergence in the sense of Gromov Hausdorff topology is still
open. One year later, Jean-Francois Le Gall [80] showed the convergence of discrete
metric spaces to a random metric space, but only to extraction of subsequences. More
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precisely, he showed that the sequence of the laws of these metric spaces is tight, which
implies that it admits adherence values, and conjectured that the extraction is not re-
quired, this means that there is only one adherence value. This conjecture is often called
the uniqueness of the Brownian map. This conjecture was proved by Grégory Miermont
[94] and Jean-Francois Le Gall [81]. In particular, Jean-Francois Le Gall [$1] proved the
universality property of Brownian map and the Schramm’s conjecture for the scaling
limit of triangulation was also solved.

A question is risen in Jean-Francois Le Gall [81] and Jean-Francois Le Gall and Beltran
[15]: Does there exist the scaling limit for simple triangulation ? Addario-Berry Louigi
and Albenque Marie [1] obtained a positive answer for this question.

5.5 Scaling limits for random simple triangulations on the torus

We address the question of the existence of a scaling limit of random maps on higher
genus oriented surfaces. Chapuy, Marcus and Schaeffer [29] extended the bijection known
for planar bipartite quadrangulations to any oriented surfaces. This leads Bettinelli [22]
to show that random quadrangulations on oriented surface converges in distribution, at
least along a subsequence. He conjectured that there is the scaling limit for more general
classes of random maps. More precisely, the scaling limit still holds while replacing the
class of quadrangulations with some other “reasonable” class of maps. Moreover, he
believed that the extraction of subsequences is not required.

Our main result is the following convergence result:

Theorem 5.6 (Beffara-Huynh-Lévéque, [11]). Forn > 1, let G,, be a uniformly random
element of the set of all essentially simple toroidal triangulations on n vertices that are
rooted at a corner of a mazximal triangle. Then, from any increasing sequence of integers,
one can extract a subsequence (ny)r>0 along which the rescaled metric spaces

(V(Gu)onyVdar,, ) k>0

converge in distribution for the Gromov-Hausdorff distance.
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6 Outline of the main body of the thesis

The remainder of this thesis is organized into several chapters, most corresponding to
separate articles. We give a brief outline of each paper below for the convenience of the
reader, and refer them either to the introduction above or to each chapter for precise
statements of mathematical results.

Chapter 2: Trees of self-avoiding walks [13] (with V. Beffara) In this chapter,
following Berretti and Sokal, we investigate biased random walks on the tree of all finite
self-avoiding paths on a lattice as a tool to contruct a probability measure on infinite
self-avoiding walks.

Chapter 4: The branching-ruin number as critical parameter of random pro-
cesses on trees [32] (with A. Collevecchio and D. Kious) Here, we extend a previ-
ous criterion by Collevecchio, Kious and Sidoravicius to characterize the recurrence or
transience of a biased random walk in random conductances and that of a particular
multi-excited random process, both on a tree, in terms of a quantity that can be seen
as the effective degree of polynomial branching of the tree.

Chapter 5: Phase transition for the Once-excited random walk on general
trees [68] In this chapter, we generalize the previous construction to the case of non-
infinitely excited walks as a way to characterize the behavior of the once-excited random
walk on a tree of polynomial branching.

Chapter 6: Scaling limits for random triangulations on the Torus [14] (with
V. Beffara and B. Lévéque) In this last chapter, we prove the existence of subsequential
scaling limits, in the Gromov-Hausdorff topology, of suitably rescaled simple triangu-
lations of genus 1, thus extending previous works by Addatio-Berry and Albenque (for
simple triangulations in genus 0) and by Bettinelli (for quadrangulations in genus 1).
One of the crucial steps in the argument is to construct a simple labeling on the map and
show its convergence to an explicit scaling limit. We moreover show that this labeling
approximates the distance to the root up to a uniform correction of order o(n'/4) (see
Theorem 1.15).

In addition, Chapter 3 gathers some work in progress and ideas about future research
directions related to the results in chapter 2.
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Statistical mechanics
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Chapter 2

Trees of self-avoiding walk

Abstract

We consider the biased random walk on a tree constructed from the set of finite
self-avoiding walks on a lattice, and use it to construct probability measures on
infinite self-avoiding walks. The limit measure (if it exists) obtained when the bias
converges to its critical value is conjectured to coincide with the weak limit of the
uniform SAW. Along the way, we obtain a criterion for the continuity of the escape
probability of a biased random walk on a tree as a function of the bias, and show
that the collection of escape probability functions for spherically symmetric trees of
bounded degree is stable under uniform convergence.

This chapter is based on [17], which is joint work with Vincent Beffara.
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1 Introduction

An n-step self-avoiding walk (SAW) (or a self-avoiding walk of length n) in a regular
lattice I (such as the integer lattice Z?2, triangular lattice T, hexagonal lattice, etc) is
a nearest neighbor path v = (79,71, .. .,7,) that visits no vertex more than once. Self-
avoiding walks were first introduced as a lattice model for polymer chains (see [13]);
while they are very easy to define, they are extremely difficult to analyze rigorously and
there are still many basic open questions about them (see [$9], Chapter 1).

Let ¢, be the number of SAWs of length n starting at the origin. The connective constant
of L, which we will denote by u, is defined by

en = p"to  when n — oco.

The existence of the connective constant is easy to establish from the sub-multiplicativity
relation cpym < CpCp, from which one can also deduce that ¢, > p™ for all n; the
existence of p was first observed by Hammersley and Morton [63]. Nienhuis [99] gave
a prediction that for all regular planar lattices, ¢, = p"n®°1) where a = :%, and
this prediction is known to hold under the assumption of the existence of a conformally
invariant scaling limit, see e.g. [79)].

We are interested in defining a natural probability measure on the set SAW, of infinite
self-avoiding walks (i.e., nearest-neighbors paths (y;)r>0 visiting no vertex more than
once, see the sections 5.2 and 6). Such a measure was constructed before in the half-plane
case as the weak limit of the uniform measures on finite self-avoiding walks, relying on
results by Kesten (see [89, 72]), and it is part of our goal to investigate whether that
measure and our construction are related.

1.1 The model

In this paper, we consider a one-parameter family of probability measures on SAW,
denoted by (Py),.,,, defined informally as follows (see Notation 5.6 for a formal defini-
tion). Let 7z2 be the tree whose vertices are the finite self-avoiding walks in the plane
starting at the origin, where two such vertices are adjacent when one walk is a one-step
extension of the other. We will call this tree the self-avoiding tree on Z?. Denoting by H
the upper-half plane in Z? and by Q the first quadrant, one can define the self-avoiding
trees Ty and Tg accordingly, and all the constructions below can be extended to these
cases in a natural fashion which we will not make explicit in this introduction.

Then, consider the continuous-time biased random walk of parameter A > 0 on Ty,
which from a given location jumps towards the root with rate 1 and towards each of its
children vertices with rate A. If A is such that the walk is transient, its path determines
an infinite branch in 772 which can be seen as a random infinite self-avoiding walk w3®;
we will denote by P?Q the law of w}°, omitting the mention of Z? in the notation when
it is clear from the context, and call it the limit walk with parameter A.
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The idea of seeing the self-avoiding walk as a dynamical object is very natural, and not
new; it seems that the biased walk on the “self-avoiding tree” was first considered, mostly
for A < A, by Berretti and Sokal ([20], see also [113, 107]) as a Monte-Carlo method to
estimate connective constants and sample finite-size self-avoiding paths uniformly. The
model was discussed informally by one of the authors of the present paper (VB) with S.
Sidoravicius and W. Werner a number of years ago, as a failed attempt to understand
conformal invariance of the SAW model in the scaling limit, and in particular a proof
of Theorem 1.1 was obtained at that time but never written down; one of our informal
goals here is to revive this line of thought: even though the question of SAW proper
still seems out of reach, the link with critical percolation (cf. Section 6.2) could be a
promising direction for further research.

1.2 Main results

It is well-known that there exists a critical value Ao = A\.(Tz2) such that if A > A, the
biased random walk is transient and if A < A. it is recurrent (see Lyons [35]). In the
general case of biased random walk on a tree, the recurrence or transience of the random
walk at the critical point depends in subtle ways on the structure of the tree. The value
of Ac on the other hand is easier to determine: indeed, Lyons [35] proved that it coincides
with the reciprocal of the branching number of the tree (for background on branching
numbers and trees in general, see e.g. [27]). The following proposition gives the critical
value for self-avoiding trees.

Theorem 1.1. Let T2, T, Tg be the self-avoiding trees defined as above, respectively in
the plan, half-plane and first quadrant. Then,

Ae(Tz) = Aol Tat) = AelTy) = ;

where 1 is the connective constant of lattice 7> as defined above.

This is a direct consequence of Proposition 5.9 below. Notice that it is clear from the
definition that p is the growth rate of T;2; there are rather large classes of trees, including
Tz2, for which the branching and growth coincide (for instance, this holds for sub- or
super-periodic trees, cf. below, or for typical supercritical Galton-Watson trees), but
none of the classical results seem to apply to Ty or Tg.

The geometry of the limit walk is our main object of interest. As a first property of it,
we obtain the following (see section 6.3):

Theorem 1.2. For all A > \., under the measures ]P’%2 and IP’IEI, the limit walk almost
surely visits the line Z x {0} infinitely many times.
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A useful tool in our proofs is the effective conductance of the biased random walk on a
tree T, defined as the probability of never returning to the root o of 7 and denoted by
C(A, T) — see [87]. Along the way, we will be interested in several properties of it as a
function of \. Most important for us will be the question of continuity: in a general tree,
the effective conductance is not necessarily a continuous function of A. We will derive
criteria for continuity, which are forms of uniform transience of the random walk, and
apply them to prove that the effective conductance of self-avoiding trees is a continuous
function (see Section 5.4):

Theorem 1.3. The effective conductances C(\, Tg), C(A, Ta) and C(\, Tz2) are contin-
uous functions of A on the interval (Ac, +00).

A related question is that of the convergence of effective conductance along a sequence
of trees. More precisely, let (C,),, denote the effective conductances for a sequence (7,)
of infinite trees, again seen as functions of the bias parameter A, and assume that (Cy),,
converges uniformly towards a function C that is not identically 0. The question is: is
C the effective conductance of a certain tree? We study this question on the class of
spherically symmetric trees (a tree 7 is said to be spherically symmetric if for every
vertex v, degr depends only on |v|, where |v| denote its distance from the root and
deg v is its number of neighbors). If S denotes the set of spherically symmetric trees and
m € N* is fixed, define

Ap =A{T € S;Vv € T,degr < m} and

Fp o= {f € C°([0,1]) : 3T € A, YA > 0,C(\, T) = f(\)}.
Then (see Section 4.2):

Theorem 1.4. Let (fy), be a sequence of functions in F,,. Assume that f, converges
uniformly towards f # 0. Then f € Fpy,.

1.3 Open questions

One natural probability measure on the set of infinite self-avoiding walks is the limit of
]P’H;\I as A — A, assuming that this limit exists. We were not able to show convergence,
but obtained partial results in this direction by restricting the set of allowed paths. Our
conjecture is that the limit exists and has to do with Kesten’s measure, i.e. the weak
limit of uniform finite self-avoiding walks in the half-plane, in a way similar to the fact
that the two definitions of the incipient infinite cluster for percolation (seen as a limit
as p — pe or as a limit of conditioned critical percolation) coincide, see [74].

This is motivated by a few observations. First, the model for A < A, gives rise to a
recurrent random walk on 7Tg for which the invariant measure py is rather explicit (by
reversibility, the mass of a vertex v is proportional to )\|V|), in particular it depends only
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on the distance to the root, and on the other hand it tends to be concentrated on longer
and longer walks as A T A.. This means that the initial segment of a walk distributed
as the stationary measure can be seen as the initial segment of a uniform self-avoiding
walk with random total length, and we get convergence to Kesten’s measure as soon as
we can show that for all v, ux({r}) — 0 as A 1 Ac. On the other hand, the behavior
of the biased walk in a fixed neighborhood of the origin changes very little when A is
close to A, so for \ slightly larger than \. it seems reasonable to predict that the walk
will spend a long time close to the origin, following an occupation measure close to AT
before escaping to infinity. Unfortunately we were unable to formalize this intuition.

Another observation is that convergence of the law of the limit walk holds within the
class of paths for which the bridge decomposition involves only bridges of height less
than some fixed bound m > 0. More precisely: for fixed m, the critical parameter is
Ae;m > Ae, and the limit A | Ay, followed by m — oo leads to Kesten’s measure, while
the limit m — oo for fixed A\ coincides with the limit walk on 7y with parameter A
— see Theorem 7.3 for more detail. Exchanging the limits would lead to the claim.
Unfortunately, it is not true that this can be done in the general setting of biased walks
on trees, due to phenomena similar to those described in section 3, so it seems that a
deeper understanding of the structure of T would be necessary to conclude.

1.4 Organization of the paper

The paper is structured as follows. In Section 2, we review some basic definitions on
graphs, trees, branching number and growth rate of a tree, as well as a few classi-
cal results about random walks on trees. Section 3 gathers some relevant examples
and counter-examples exhibiting some similarities to the self-avoiding trees while being
treatable explicitly. The criterion for the continuity of the effective conductance is given
in Section 4. Then Section 5 provides some background on self-avoiding walks and the
self-avoiding trees, and some properties of the limit walks are obtained in Section 6.
Finally, we state a few conjectures and conditional results in Section 7.

2 Notation and basic definitions

2.1 Graphs and trees

In this section, we review some basic definitions; we refer the reader to the book [$7] for
a more developed treatment. A graph is a pair G = (V, E) where V is a set of vertices
and F is a symmetric subset of V x V (i.e if (v,u) € E then (u,v) € E), called the
edge set, containing no element of the form (v,v). If (v,u) € E, then we call v and pu
adjacent or neighbors and we write v ~ u. For any vertex v € V, denote by degv its
number of neighbors. A path in a graph is a sequence of vertices, any two consecutive
of which are adjacent. A self-avoiding path is a path which does not pass through any
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vertex more than once. For any (v,u) € V x V, the distance between v and p is the
minimum number of edges among all paths joining v and p, denoted d(v, u). A graph
is connected if, for each pair (v, ) € V x V, there exist a path starting at v and ending
at u. A connected graph with no cycles is called a tree. A morphism from a graph G;
to a graph Go is a mapping ¢ from V(Gp) to V(Gz) such that the image of any edge of
g1 is an edge of Go We will always consider trees to be rooted by the choice of a vertex
o, called the root.

Let T = (V, E) be an infinite, locally finite, rooted tree with set of vertices V' and set of
edges E. Let o be the root of 7. For any vertex v € V \ {0}, denote by v~ its parent
(we also say that v is a child of v=1), i.e. the neighbour of v with shortest distance
from o. For any v € V, let |v| be the number of edges in the unique self-avoiding path
connecting v to o and call |v| the generation of v. In particular, we have |o| = 0.

If a vertex has no child, it is called a leaf. For any edge e € E denote by e~ and e its
endpoints with |e™| = |e”| + 1, and define the generation of an edge as |e| = |eT]|. We
define an order on V(7)) as follows: if v, u € V(T), we say that v < p if the simple path
joining o to p passes through v. For each v € V(T), we define the sub-tree of T rooted at
v, denoted by 7" , where V(T") := {pn € V(T) : v < p} and E(T") = E(T)lv(1v)xv(T+)-

An infinite simple path starting at o is called a ray. The set of all rays, denoted by 97T,
is called the boundary of T. The set 7 UOT can be equipped with a metric that makes
it a compact space, see [37].

The remaining part of this paper, we consider only infinite, locally finite and rooted
trees with the root o.

2.2 Branching and growth

Definition 2.1. Let 7 be an infinite, locally finite and rooted tree. A E-cutset (resp.
V-cutset) in 7T is a set w of edges (resp. vertices) such that, for any infinite self-avoiding
path (v;);>0 started at the root, there exists a ¢« > 0 such that [v;_1,v;] € 7 (resp.
v; € m). In other words, a E-cutset (resp. V-cutset) is a set of edges (resp. vertices)
separating the root from infinity. We use II to denote the set of E-cutsets.

Definition 2.2. Let 7 be an infinite, locally finite and rooted tree.
— The branching number of T is defined by:

— >1:1i —le]
br(T) sup{)\_l 71r€11fiz:)\ >0}

ecT

— We define also

g7(T) = limsup \7;1\1/” and gr(7) = liminf \’7;\1/”.
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In the case g7(T) = gr(T), the growth rate of T is defined by their common value
and denoted by gr(T).

Remark 2.3. It follows immediately from the definition of branching number that if 7"
is a sub-tree of T, then br(T") < br(T).

Proposition 2.4 ([37]). Let T be a tree, then br(T) < gr(T).

In general, the inequality in Proposition 2.4 may be strict: The 1-3 tree (see [37], page
4) is an example for which the branching number is 1 and the growth rate is 2. There
are classes of trees however where branching and growth match.

Definition 2.5. The tree T is said to be spherically symmetric if degrv depends only
on |v|.

Theorem 2.6 ([37] page 83). For every spherically symmetric tree T, br(T) = gr(T).

Definition 2.7. Let N > 0: an infinite, locally finite and rooted tree 7 with the root
0, is said to be
— N-sub-periodic if for every v € V(T ), there exists an injective morphism f : 7" —
T/®) with | f(v)| < N.
— N-super-periodic if for every v € V(T), there exists an injective morphism f :
T — T/ with f(0) € T" and |f(0)| — |v| < N.

Theorem 2.8 (see [53, 87]). Let T be an infinite, locally finite and rooted tree that is

either N -sub-periodic, or N -super-periodic with gr(T) < oco. Then the growth rate of T
exists and gr(T) = br(T).

2.3 Random walks on trees

Let 7 be a tree, we now define the discrete-time biased random walk on 7. Working
in discrete time will make some of the arguments below a little simpler, at the cost of
a slightly heavier definition here — notice though that the definition of the measure Py
and the main results of the paper are not at all affected by this choice.

Let A > 0: the biased walk RW) with bias A on 7 is the discrete-time Markov chain on
the vertex set of 7 with transition probabilities given, at a vertex x # o with k children,
by

ﬁ if y is the father of z,
pa(z,y) == ﬁ if y is a child of =z,
0 otherwise.

If the root has k£ > 0 children, then py(o,z) is 1/k if = is a child of o and 0 otherwise.
The degenerate case T = {o} where the root has no child will not occur in our context,
so we will silently ignore it. We also allow ourselves to consider the cases A € {0, 00},
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with the natural convention that RW, remains stuck at the root and that RW, always
moves away from the root, getting stuck whenever it reaches a leaf.

Definition 2.9. Let G = (V, E) be a graph, and ¢ : E — R* be labels on the edges,
referred to as conductances. Equivalently, one can fix resistances by letting r(e) :=
1/c(e). The pair (G, ¢) is called a network. Given a subset K of V, the restriction of ¢ to
the edges joining vertices in K defines the induced sub-network G . The random walk
on the network (G, ¢) is the discrete-time Markov chain on V' with transition probabilities
proportional to the conductances.

Given a network (7,c¢) on a tree, let 7(0) be the sum of the conductances of the edges
incident to the root, and denote by T'(0) the first return time to the origin by the walk.
Following [37] (page 25), we can define the effective conductance of the network by

Ce(T) := m(0)Ce(T), (2.1)

where Co(T) := P[T(0) = +00]. The reciprocal Re(T) of the effective conductance is
called the effective resistance.

The particular case where, on a tree T, for an edge e = (z,y) between a vertex x and
any of its children y, ¢(e) is chosen to be el will play a special role, because in that case
the random walk on the network is exactly the same process as the random walk RW)
defined earlier. Is this setup, we will denote the effective conductance (resp. effective
resistance) by C(\,T) (resp. R(A,T)) to emphasize its dependency on the parameter
A. Let v be a child of o, we write 5()\, T,v) for the probability of the event that the
random walk RW) on T, started at the root (i.e Xy = 0), never returns to it and reached

v at the first step (i.e X1 =v).

Theorem 2.10 (Rayleigh’s monotonicity principle [37]). Let T be an infinite tree with
two assignments, ¢ and ¢, of conductances on T with ¢ < ¢ (everywhere). Then the
effective conductances are ordered in the same way: C.(T) < C(T).

Corollary 2.11. Let T,T' be two infinite trees; we say that T C T’ if there exists an
injective morphism f : T — T'. If this holds, then for every A >0, C(A\,T") < C(\,T).

In the case of spherically symmetric trees, the equivalent resistance is explicit:

Proposition 2.12 (see [37]). Let T be spherically symmetric and (c(e)) be conductances
that are themselves constant on the levels of T. Then Re(T) = 3,5, #m, where ¢, s
the conductance of the edges going from level n — 1 to level n.

The following corollaries are the consequences of Proposition 2.12:

Corollary 2.13. Let T be a spherically symmetric tree. The effective conductance
C(A\,T) is a continuous function on (A, +00).



2. NOTATION AND BASIC DEFINITIONS 71

Corollary 2.14. Let T be a spherically symmetric tree. Then RW) is transient if and
only if >, ﬁ < 0.

Theorem 2.15 (Nash-Williams criterion, see [97]). If (m,,n > 0) is a sequence of
pairwise disjoint finite E-cutsets in a locally finite network G, then

Re(T) 2 Z <Z c(e)) )

eCTy
In particular, if (Zeeﬂn c(e))_l = 400, then the random walk associated to this

n
family of conductances (c(e),e € E(T)) is recurrent.

We end this subsection by stating a classical theorem relating the recurrence or transience
of RW) to the branching of the underlying tree:

Theorem 2.16 (see [35]). Let T be an infinite, locally finite and rooted tree. If A < WlT)
then RW ), is recurrent, whereas if A > ﬁ, then RW), 1is transient. The critical value
of biased random walk on T is therefore A(T) = WIT)'

2.4 The law of the first k steps of the limit walk

Let T be a tree and (c(e)) be conductances on the edges of 7 such that the associated
random walk (X,) is transient. For every k > 0, the walk visits 7}, finitely many times:
we can define an infinite path w™ on T by letting w™ (k) be the last vertex of Ty visited
by the walk. Equivalently:

w®(k)=v < v e Tt and Ing,Yn >ngy: X, € T". (2.2)

Let k € N* and vy = o,v1,1s,. .., be k elements of V(T) such that (vg,v1,v,...,1vk)
is a simple path: we can then define

oc(Vo,v1, 12, ..o, vg) = P(w™(0) = vg,w™(1) = v1,...,w™(k) = v). (2.3)

We will refer to this function as the law of first k steps of limit walk. In the case of the
biased walk RW), we will denote the function by ¢™F; this will not lead to ambiguities.
We finish this section with the following lemma.

Lemma 2.17. The value of @ (1, ...,v) depends continuously on any finite collection
of the conductances in the network. More precisely, given a finite set U = {eq, ..., ez}
of edges and a collection (c(e)) of conductances, let ¢(uy,...,up) be the family of con-

ductances that coincides with ¢ outside U and takes value u; at e;: then the map

Yue: (UL, Ue) = Patuy,..up) (V05 - - -5 Vi)

. . * \0
is continuous on (R*)".

Proof. The proof is simple, therefore it is omitted. O
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3 A few examples

The self-avoiding tree in the plane, which we alluded to in the introduction and will
formally introduce in the next section, is sub-periodic but quite inhomogeneous, and the
self-avoiding tree in the half-plane sits in none of the classes of trees defined above. To
get an intuition of the kind of behavior we should expect or rule out, we gather here a
few examples of trees with some atypical features.

3.1 Trees with discontinuous conductance

Let 0 < Ao < 1. In the first part of this section, we construct two trees 7,7 with
Ae(T) = Xe(T) = Ao, such that the effective conductances C'(\,T) and C(A,T) of the
biased random walk RW) on T and T satisfy C(A\.(T),T) = 0 but C(A(7),T) > 0. In
the second part, we construct a tree 7 such that C'(A\,T') is not continuous on (A, 1).

Proposition 3.1. For every x > 1, there exist two trees T and T such that:

— br(T)=br(T) = z;

— RWy, is recurrent on T and transient on T.

Proof. We will construct spherically symmetric trees satisfying both conditions. Denot-
ing by |y]| be the integer part of y. We construct the sequence (¢;);en+ inductively as

z? 23 z"
61—L$J7 62—\‘61J7 63—\‘%J7 R en_\‘WJ’

and let T be the tree where vertices at distance ¢ from o have ¢; children, so that the
sizes of the levels of T are given by |T,| = []_; 4. We construct the tree 7 from the
degree sequence (£});en by posing £, = 2l; if i can be written under the form i = k2, and
¢} = {; otherwise. Notice that [T,| = 2lV™|T,,|.

follows:

We first show that both trees have branching number z. Since they are spherically
symmetric, it is enough to check that their growth rate is z; the case x = 1 is trivial, so
assume x > 1. From the definition,

n—1
N IE
i=1 i

¢; <x™ hence " —z" < |Tn] < 2™
1

n

so gr(T) = x; the case of T follows directly.

The recurrence or transience of the critical random walks can be determined using

1 1
AR T

lemma 2.14:
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so the critical walk on 7 (x) is recurrent, while for > 1,

1 1 T 1
— < = <
2 T S 2 S~ w1 2 ] <

so the critical walk on 7T (z) is transient. In the case = 1 one gets > 2~ vl <«
instead, and the conclusion is the same. ]

Proposition 3.2. For every k € N* and A\, € (0,1), there exists a tree T with critical
drift \e(T) = Ae such that the ratio C(\)/(A — A\e)¥ remains bounded away from 0 as
A — A

Proof. We construct a spherically symmetric tree 7 which satisfies the conditions of this
proposition in a similar way as before. Letting x = 1/A. > 1, define inductively:

x? z™
Zl—LJ»‘J, E2—LMJ> S fn—\‘wJ7

Let T be the spherically symmetric tree with degree sequence (¢;). It is easy to check
that br(7) = z like in the previous proposition; in a similar way,

" xnfl

n—1 n
m”—nkn&gnknﬁigx" hence — — —— < |T,| <
i=1 =1

xn
nk  (n—1)k nk

Recall that x = 1/, and by using Proposition 2.12, the effective resistance at parameter
A > A, is given by

R()\T)—Zil >y ” Cr
O MT T e (A= Ak

with a lower bound of the same order but with a different constant, leading to the

conclusion. H

We end this subsection with the following proposition, showing that discontinuities can
occur elsewhere than at A.:

Proposition 3.3. There exists a tree T such that the function C(\,T) is not continuous
on (Ae, 1), i.e it will discontinuous at a certain N € (A, 1).

Proof. Let 0 < A1 < Ay < 1. By proposition 3.1, there exist two trees H and G such
that A\e(H) = A1, Ae(G) = A2 and

C(A1,H) =0, C(A\,G) > 0. (3.1)
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We construct a tree T rooted at o as follows:
Ti={vi,n}, T"=H and T =G.

Hence,

)\C(T) = )\1.

Denote degr; (resp. degre) the degree of vy (resp. 12) in the tree 7. By an easy
computation, for any A € (A, 1), we obtain:
AC(A, H) deg 1y 1 AC(A, G) deg vy

1
CAT) =351 +AC(\, H) deg 1 LR AC(\, G)degry (32)

By corollary 2.13, the function C(\, H) is continuous on (A1, 1) and since C(A, G) = 0 for
any A € (A1, A2), therefore:

1 A2C(A2, H) degv
AETQ—C(A’T) — 277 +2)\2(C(2)\2,;L) feglul‘ (3:3)
By Equations 3.1, 3.2 and 3.3, we obtain:
lim C(A\,T) <C(A2, 7).
A=Ay
The latter inequality implies that the function C(\, 7") is discontinuous at As. O

Note that continuity properties at A > 1 are actually easier to obtain, and we will
investigate them further below.

3.2 The convergence of the law of the first & steps

If limy_,x, a>x, C(A, 7) > 0, by Lemma 6.13 the limit of o™ (y1, ..., y) when X decreases
to A¢ exists. If one has limy y, C(A, 7)) = 0, the situation is more delicate and we cannot
yet conclude on the limit of the function o™ (v, ..., ;) when A decreases to A.. Indeed,
convergence does not always hold, as we will see in a counterexample. The idea of
what follows is easy to describe: we are going to construct a very inhomogeneous tree
with various subtrees of higher and higher branching numbers, at locations alternating
between two halves of the whole tree; a biased random walk will wander until it finds the
first such sub-tree inside which it is transient, and escape to infinity within this subtree
with high probability.

Proposition 3.4. There exists a tree T such that the function ©™'(yo,y1) does not
converge as A — Ac.
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Notation 3.5. Let 7,7 be two trees and A C V(7). We can construct a new tree by
A
grafting a copy of 7' at all the vertices of A; we will denote this new tree by TEPT".
A
Note that for all x € A, (TE@T')* ~ T'. In the case A = {z}, we will use the simpler

x {z}
notation 7T for THT'.

Proof. Fix € > 0 small enough. By Proposition 3.1, for all 0 < a < 1, there exists a tree,
denoted by 7 (a), such that its branching number is 2 and C(a, 7 (a)) = 0. Let H = Z,
seen as a tree rooted at 0, so that the integers is the vertices of H (see the Figure 2.1).
We are going to construct a tree inductively.

Let (a;)i>1 be a decreasing sequence such that a; < 1. Denote a. := lima; and assume
that a. > 0. Choose a sequence (b;);>1 such that b; € (a;t1,a;) for all i. First, set

HO = (’HG;T(al))éT(aQ). We consider the biased random walk RW},, then it is
recurrent on 7 (a;) and transient on T (az). On HY, the biased random walk RWj, is
transient, and in addition we know that it stays eventually within the copy of T (a2).
There exists then N; > 2 such that the probability that the limit walk remains in that
copy after time N7 — 1 is greater than 1 — e.

Then we set H! = (H° élT(ag)). On H!, the walk of bias b; is still transient and still
has probability at least 1 — ¢ to escape through the copy of 7 (az), because T (a3) is
grafted too far to be relevant. On the other hand, consider the biased random walk
RW,,: it is still transient on H! but only through the new copy of 7T (a3). There exists
then No > 2 such that the probability that the limit walk remains in that copy after
time Ng — 1 is greater than 1 — ¢.

Na
We can set H? := (H'@T (a4)) and continue this procedure to graft all the trees T (a;),
further and further from the origin and alternatively on the left and on the right; we
denote by H> the union of all the H*.

T (a2)
T (a1)

) 0

Figure 2.1 — Tree H°

o

It remains to show that the function p*1(0,1) for the biased random walk on the tree
H> does not converge. We have br(H*>) = max; br(T (a;)) = % and ¥1(0,1) > 1 —¢

a
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if i is odd while ©%1(0,—1) > 1 — ¢ if i is even. Then,

b. 1 . .
o 1H)>1- fi=2k+1
Wk >0, @’ (0,1) > e ifs +
©"1(0,1) < ¢ if i =2k +2
This implies that the function ¢*!(0,1) does not converge when A go to a. O

The tree we just constructed is tailored to be extremely inhomogeneous. At the other
end of the spectrum, some trees have enough structure for all the functions we are
considering to be essentially explicit:

Definition 3.6. A tree T is called periodic (or finite type) if, for all v € V(T) \ {o},
there is a bijective morphism f : 7% — T/ with f(v) in a fixed, finite neighborhood
of the root of T.

Definition 3.7. Let 7 be a finite tree and L(T) be the set of leafs of 7. We set

L(T) L(T) LT
T'=TOT,T>’=TPT,....T"=T"1 @ T for every n > 2. We continue
this procedure an infinite number of times to obtain an infinite tree 7°>7. Note that
7°>T is also a periodic tree.

Fact 3.8 (see Lyons [35], theorem 5.1). Let T be a periodic tree and (vo = o,v1, V2, ..., V)
be a simple path on T. Then o™ F (v, v1,...,11) converges when X decreases to \.(T).

In the rest of this section we provide a new proof of a particular case (the case of 7°°7)
of fact 3.8:

Proposition 3.9. Let T be a finite tree and (vy = o,v1,va,...,V) be a simple path
on T°T. Then the function @ *(vo,v1,...,v) of T>T converges when X decreases to
(72T,

Before showing the proposition 3.9, we need to show the following lemma:
Lemma 3.10. Let T be a tree rooted at o such that dego = dy and

71 — {1/171/27...,7/d0}
Vie{1,2,...,do} , Ae(T) = Xe(T") = Ae and C( A, T) =C(Ae, T") =0
5 (dy, —1)AC(A,T¥4)

Then for all i, we have C(\, T,v;) = d0(1+(id T where d,;, = degv;.

Proof. Recall that C(\, T,v;) = P(A), where A is the event that the random walk RW)
on T, started at the root (i.e Xo = 0), never returns to it and reached v; at the first step

A= [JAx

k>0

(i.e X7 = v;). We can write
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where

A ={#{i>0: X =0} =0} n{X1 =v}n{#{j >1: X; =v;} = k}.
Let m = % and ¢ = C(\, 7). Note that the sequence (A, k > 0) are pairwise
disjoint and P(Ag) = W, therefore we obtain:

CNT ) = 22 " (m(1 ~ ) (dvi = DACA, T™)

—~ . D
do k=0 do(l + (dy, = 1)AC(\, T™))

Proof of proposition 3.9. First, since 7°7 is a periodic tree, therefore the biased ran-
dom walk RWy_ on 7°%7 is recurrent (see [35]). Recall that L(7) is the set of all leafs
of finite tree 7 and S’ be the set of all finite paths starting at origin, ending at one
element of L(7) and pass through v;. For all v € L(T), we have (7°>7)¥ = 7°7 and
we apply several times successive Lemma 3.10 to obtain:

CONTT,m) = (A s [N (T Ty,
yeS?
where f/(\) = mvj_1(1+7:;iic(/\77”)) and m,; = d,, —1if j > 1 and m,, = do. Moreover,
we have
COA (T2 ) = (A, TT)
then
CONT™T ) =Y [ e [ NC T,
yeS?

By Lemma 6.13, we obtain

00, T
Moy = SOTTH) S ) 20y 17 ).

0 T
()\7T ’YGSL

Note that for all v € S* we have m., = m(7},), this implies that ©™(0, ;) converges
when ) decreases towards A.(7°7) and

lim = > anl (3.4)

A=A (T T)
( ~eSi ]

Remark 3.11. The equation (3.4) gives us a way to calculate the critical value of RW)
on 7°7 | as the solution of the following equation:

Sy

i=1 y€St
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4 The continuity of effective conductance

We end the first half of the paper with a few results on the conductance functions of
trees, namely we prove a criterion for the continuity of C(A,7) in A (see Theorems 4.3
and 4.4 below) and study the set of conductance functions of spherically symmetric trees
of bounded degree (see Theorem 1.4).

4.1 Left- and right-continuity of C(7,\)
Lemma 4.1. Let T be an infinite, locally finite and rooted tree. Then C(\,T) is right

continuous on (0, +00).

Proof. Let (X,,,n > 0) be the biased random walk with parameter A on 7. We define
So :=1inf{k > 0: X} = o} and for any n > 0,

Sy :=1inf{k > 0:d(o, X}) =n}.

Recall that the random walk on a network (7, ¢), where c(e) = Ml is exactly the same
process as the biased random walk with parameter \. We use Equation 2.1 to obtain

CIA,T)=m(o) lim P(S, < Sp).

n—-+00

We set C(\, T,n) := w(0)P(S,, < Sp). It is easy to see that C(\,7,n) > C(\, T,n+1).
On the other hand, by Lemma 2.17, we obtain C(\, 7, n) is a continuous function. Hence,
C(A, T,n) is a continuous increasing function for each n. It implies that C(\,T) is the
decreasing limit of increasing functions. Therefore C(\, 7)) is right continuous. O

Definition 4.2. Let 7 be tree. For each v € T, we let X} denote the biased random
walk on 7% (i.e X§ =vand Vn > 0: X} € TV). We say that T is uniformly transient if

VYA > A, Jay > 0,Yv € T,P(Vn > 0, X, #v) > ay.

It is called weakly uniformly transient if there exists a sequence of finite pairwise disjoint
V-cutsets (m,,n > 1), such that

+oo
YA > Ae,3an > 0,90 € | mi, P(Vn > 0, XY # v) > ax.
k=1
It is easy to see that if Ac(7) = 1, then 7 is uniformly transient.

Theorem 4.3. Let T be a uniformly transient tree. Then C(\,T) is left continuous on
(A¢, +00).
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Proof. Fix A1 > A., we will prove that C(\,7T) is left continuous at A;. Choose \g €
(A, A1). By Theorem 2.10, we can find a constant o > 0 (does not depend on A € [A\g, \1])
such that

VA € Ao, M), Vv € V(T),P(Vn > 0,X] #v) > a.

Given a family of conductances ¢ = c(e)eep(r) € (0,+00)F, let YV, be the associated
random walk. Let A C (0, +00)¥ be the subset of elements of (0, +00)¥ such that Y;, is
transient for those choices of conductances. Then we define the function ¢ : A — R as

W(c) = Ce(T).

Recall that 7 is the collection of all the vertices at distance k from the root: then we
have

CONT) =B\ A, . A A A2 02,
—_——— ——— ———
71 [72]

We will abuse notation until the end of the argument, writing

PALASL NS, ) for (A, AL, AL AR NSNS L)
171 173

so that in particular C(\, T) = (X, A2, A3,..0).

Let ¢ > 0, we choose L € N such that (1 — a)* < e. For A € (Ao, A1) we have

IC(AL,T)—C\T)| = |¢(A1, AN ) — (N A20N3, L )} and by the triangular in-

equality, we get

|C()‘17T) - C()‘v T)‘ < ‘7[)()‘17 SRR A%? bl) - w()H s )\Lv b1)|

A b)) — (A, AR D) (4.1)

where b := (\LF),51 and by := (ALTH)5 ;.

Let X € [\o, A1] we denote S the first hitting point of 7, by the random walk with

conductances

CRS YO RIS TR LIRS TN O L NN 0 X e S
—_—— -
173 |73 72| |41

We can see that the law of 521 and the law of S} are identical. Since 7 is uniformly
transient, then when the random walk reaches 7y, it returns to o with a probability
strictly smaller than (1 — ). It implies that

[b(A, . AE B — (AL AR B)]) € 2(1 — ) < 2e (4.2)

It remains to estimate W(/\h A D) — (L AR bl)‘. By Theorem 2.10, we have

VA1, A b)) > C(No, T) > 0 and (X, ..., A b) > C(X\, T) > 0.
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We apply the Lemma 2.17 to obtain

35> 0,YA € (M — 8, M, [0(A, . AL ) — (A, AR by)| < (4.3)

We combine (4.1), (4.2) and (4.3) to get
36 > 0,V € [Ao, A1] such that A\ — A < :|C(\,T) —C\,T)| < 3e.

This implies that C(X, T) is left continuous at A;. O

In the same method as in the proof of Theorem 4.3, we can prove the slightly stronger
result (the proof of which we omit):

Theorem 4.4. LetT be a weakly uniformly transient tree: then the effective conductance
C(\,T) is left continuous on (A, 1].

4.2 Proof of Theorem 1.4

Definition 4.5. Let (7", n > 1) be a sequence of infinite, locally finite and rooted trees.
We say that 7™ converges locally towards 7 if Vk, Ing, Vn > no, 72y, = 725, where T<j
is a finite tree defined by:

V(T<k) == {v € V(T),d(o,v) < k}
E(T<k) = Elv (7<) x v (T<y)

Recall from the introduction that IF,, denotes the collection of all effective conductance

functions for spherically symmetric trees with degree uniformly bounded by m.

Lemma 4.6. Let (fn,n > 1) be a sequence of functions in F,,. Assume that f,, converges
uniformly towards f. Then, there exists a function g € F, such that, for any A > 0,

fN) < gV,
Proof. Let (T™,n > 1) be a sequence of elements of A, such that, for any n > 0,
Ja(X) =CAT™).

Since the degree of vertices of 7" are bounded by m, we can apply the diagonal extraction
argument. After renumbering indices, there exists a subsequence of (7™, n > 1), denoted
also by (7™,n > 1), converges locally towards some tree, denote by 7°°. Moreover, we
can assume that for any n > 0,

T2, =T (4.4)
Since for any n > 0, we have 7™ € A,,, then

T €A, (4.5)
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We set g(\) = C(A, T°°), it remains to show that for any A > 0,
) <g(N).

Assume that there exists Ag such that f(Ag) > g(A\o) and we set ¢ = f(N\g) — g(Ag) > 0.
Since the sequence (f,(A\g),n > 1) converges towards f(Ag), hence

301 > 0,90 > £, fu(Xo) > f(Ao) — 2 (4.6)

Recall the definition of the function C(\g, 7, n) in the proof of Lemma 4.1, the sequence
(C(Ao, T%°,m),n > 1) decreases towards g(Ao), it implies that

30y > 0,¥n > £r,C(No, T°°,n) < g(ho) + Z. (4.7)
Let £ := {1 V £5, we use 4.6 and 4.7 to obtain:

c c
fg()\o) > f()\o) 1 and C()\o,Too,f) < g()\g) + 1 (4.8)
On the other hand C(\g, T%,£) = C(\, T°°,¢) and by 4.8 we obtain:

fiRo) > F(o) = 7 and €0, T, 0) < g(h) + 7. (49)
The sequence (C(Ao, T% k), k > 1) decreases towards fy(Xo) when k goes to +oo. Hence,
fe(20) <€, T, 0) < M) + 7. (4.10)

We combine 4.9 and 4.10 to get:

f()\()) — % < fg()\()) < g(/\()) + %

Hence,
c= f(Ao) = 9(ho) <

this is a contradiction. O

)

=1

Proof of theorem 1.4. Let (T™,n > 1) be a sequence of elements of A,, such that, for
any n > 0,
fa(A) =C(N\,T).

Fix a sub-sequence of (7",n > 1) which converges locally towards 7°° and such that
4.4 holds as in the proof of the Lemma 4.6. We set g(A) = C(\, T*°) and we need to
prove that f = g.
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By Lemma 4.6, we have f(A) < g(\). Assume that there exists Ao such that 0 < f(X\g) <
g(Xo). We prove that for any A < Ag, we have f(\) =

We set 5y = /\% and we use Proposition 2.12 to obtain

k

R(Ao, T%°) = 32514 |7—oo|

(4.11)

We write

-y

k<n

3

k>n

AO’ jz:‘7m

On the other hand, for any & < n we have |77€”] = |72°|, hence

R(Xo, T" Z }TOO‘ Z |T” (4.12)

k<n k>n

w1

Since f, converges to f, then

lim R(Ao, T") = 2~ < 00
ot iy
A R, T%) = 500 < 70w
By using 4.12 and 4.13, we obtain
. & 1 1
lim Z} = - > 0. (4.14)

2 o) g(o)

Now we take 8 > By and we apply the Proposition 2.12 in order to get

< ) f‘frn Zﬁn —< )Z\Tn (4.15)

‘We combine 4.14 and 4.15 to obtain:

. 1 e
lim R <B, T") = (4.16)

n—oo

. . T 1 1 . .
It implies that f (1/5) = nlgn;o fn ( ﬂ> = 71113010 g (1 7’"> = 0. Therefore, we proved that:

VA < Ao, f(A) =0.
As f # 0, we define A\, :=inf {0 <A < 1: f(A) > 0}. We proved that

VA > A F(N) = g(N). (4.17)
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As the sequence ( f,,),, converges uniformly to f, then f is continuous, and then f(\.) = 0.
By Lemma 4.1, g is right continuous. Then we obtain:

FOA) = lim f(A) = lim_g(A) = g(A.) = 0. (4.18)

PG PG

On the other hand, by Lemma 2.10 we obtain g is an increasing function, then:
YA < Ae, g(A) =0= f(N) (4.19)

We combine 4.17, 4.18 and 4.19 to obtain f = g. O

5 Self-avoiding walks

The main goal of this section is to prove Proposition 1.1 (Section 5.3) and Theorem 1.3
(Section 5.4).

5.1 Walks and bridges

In this section, we review some definitions on the self-avoiding walk, bridges and con-
nective constant (see [39]). Denote by ¢,, the number of self-avoiding walks of length n,
starting at origin on the considered graph. If G is transitive, the sequence c,ll/ " converges
to a constant when n goes to infinity. This constant is called the connective constant of

g.

Definition 5.1. An n-step bridge in the plane Z? (or half-plane H) is an n-step self-
avoiding walk (SAW) ~ such that

\v/i:]-aQa"'an? 71(0)<71(l)§71(n)

where 7 (7) is the first coordinate of (i). Let b, denote the number of all n-step bridges
with v(0) = 0. By convention, set by = 1.

We have by, 1y, > by, - by, hence we can define

. 1 1
py = lim b,» =supby.
n—+00 n

Moreover, b, < ' < p'".

Definition 5.2. Given a bridge 7y of length n, v is called an irreducible bridge if it can not
be decomposed into two bridges of length strictly smaller than n. It means, we can not
find i € [1,n — 1] such that V[0,i]> V|[i,n] are two bridges. The set of all irreducible-bridges
is denoted by iSAW.
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5.2 Kesten’s measure

For this section, we refer the reader to ([72],[11]) for a more precise description. Denote
by SAW,, the set of all self-avoiding walks on the plane Z? or half-plane H. In this
section, we review the Kesten measure. He defined a probability measure on the SAW,
of half-plane from the finite bridges. We use B (resp. I) to denote the set of bridges
(resp. irreducible bridges) starting at origin. Let p,, denote the number of irreducible
bridges starting at origin, of length n.

We define a notion of concatenation of paths. If y' = [y*(0),7*(1),...,7'(m)] and
7% = [¥%(0),7*(1),...,~7*(n)] are two SAWs, we define v @ 4 to be the (m + n)-step
walk (not necessarily self-avoiding walk)

eyt =091, m), v (m) + 92 (1) = 2(0), .. v (m) + 92 (n) —22(0)] .
Similarly, we can define v @~2 @ - -- @ +*. We begin with the following equality

Fact 5.3 (Kesten [72], Theorem 5). We have
“+oo
n=1 ®
Remark 5.4. We have also ZweHﬂM <xif B < i and if 8 > i then ZweHﬂM = 00.

Let us now define the Kesten measure on the SAW, in the half-plane. We fix § <
and let Q° denote the probability measure on I defined by

1
n

B :@ I
Q" (w) ZB’“’E

where Zg = Zweﬂﬁw. By Fact 5.3 and Remark 5.4, Z3 is finite and thus QP is a
probability measure on I.

Let k > 1, we consider the product space I*¥ and define the product probability measure
Qg . We write Qf for an extension to SAW in H as follows, Q®(w) = 0 if w is not of
form w! Pw? @ --- P wF and

QUEN\T*) =0, Q) (w' W’ @ - ®wk) = QP(w!) x QP(w?) x -+ x QP (wF).
We define ng on [, it is called the S-Kesten measure on SAW, in the half-plane.

Fact 5.5. Under the 5-Kesten measure, the infinite self-avoiding walk, denoted by w?’ﬁ,

almost surely does not reach the line Z x {0}.

Proof. 1t follows immediately from the definition of S-Kesten measure. O
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5.3 Proof of Proposition 1.1

Notation 5.6. Consider the self-avoiding walks in the lattice Z? starting at the origin.
We construct a tree Tz2, which is called self-avoiding tree, from these self-avoiding walks:
The vertices of T2 are the finite self-avoiding walks and two such vertices joined when
one path is an extension by one step of the other. Formally, denote by 2, the set of
self-avoiding walks of length n starting at the origin and V := U:i% Q. Two elements
x,y € V are adjacent if one path is an extension by one step of the other. We then define
Tz2 = (V, E). In the same way, we can define other self-avoiding trees Ty, Ty, where H
is a half-plane and Q is a quarter-plane.

Remark 5.7. Note that each vertex (resp. a ray) of Tz2 (or Tm, 7o) is a finite self-
avoiding walk (rest. an infinite self-avoiding walk). Moreover, it is easy to see that the
number of vertices at generation n of Tz (or T, Tg) is the number of self-avoiding walks
of length n in Z? (resp. H, Q).

Notation 5.8. In [72], Kesten proved that all bridges in a half-plane can be decomposed
into a sequence of irreducible bridges in a unique way. For every m € N*, we set:

Ap ={w € 1SAB, |w| < m}.

An infinite self-avoiding walk starting at origin, is called ”m-good” if it possesses a
decomposition into irreducible bridges in A,,. Denote by G,, the set of infinite self-
avoiding walk which are "m-good”. Let 7™ be the sub-tree of 772, which we will refer
to as the m-good tree, defined by E(T™) := E(Tzz2)|ym)xv7m) Where,

V(T™) :={w € V(Tz2) : there exists v € Gy, such that 7| )= w}-
Proposition 5.9. Let Ty, Ty be defined as above. Then,
gr(Tzz) = br(Tz2) = gr(Th) = br(Tw) = gr(Tg) = br(Tg) = p,

where 11 is the connective constant of the lattice Z.2.

Proof. As explained in the introduction, there are rather large classes of trees, including
Tz2, for which the branching and growth coincide (for instance, this holds for sub- or
super-periodic trees, cf. below, or for typical supercritical Galton-Watson trees), but
none of the classical results seem to apply to Ty or Tg.

Note that 772 is a sub-periodic tree, by Theorem 2.8 and the definition of connective
constant, we have

gr(Toz) = br(Toz) = . (5.1)
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We know that (see [11], [64]) there exists a constant B and ng € N such that for any
n > ng, we have:

cn < by eBVn (5.2)
We use 5.2 to obtain:

< lim (by)* < gr(Ti) < gr(Tz2) = . (5.3)

Hence,

gr(Ta) = p. (5.4)
By Proposition 2.4, we have:

br(Ta) < p- (5.5)

Let b%m) be the number of bridges of length n which possess a decomposition into irre-
ducible bridges in A,,. Recall that (7™), is the number of vertices of 7™ at generation
n. Then for any n > 0, we have

(T > B4 (5.6)

Note that 7™ is also a sub-tree of Ty, then by Remark 2.3 we have :
br(T™) < br(Ta)- (5.7)

On the other hand, 7™ is m-super-periodic, so we can apply Theorem 2.8 to get gr(7™)
exists and,

br(T™) = gr(T™). (5.8)

We use 5.7 and 5.8 to obtain, for any m > 0,

br(Ta) = gr(T™). (5.9)

It remains to prove that li_)rn gr(T™) = p. By using 5.3 and noting that the concatena-
n [e.9]

tion of two bridges is an another bridge, we see that for any m,n:

brin > bby and B> BB and  lim (by)T = p. (5.10)

n1+n2 n2 n—60

By 5.10 and super-additivity lemma, we can define:
1

o := lim (bg’”)z and  b{™ < ()" for all n > 0. (5.11)

n—o0

Fix € > 0, by 5.10 there exists mg such that for all m > my,

-

’u — (b) 7| < e (5.12)
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As we know (see paragraph 5.8) all bridges in a half-plane can be decomposed into a
sequence of irreducible bridges in a unique way. Therefore each bridge in a half-plane
of length m possesses a decomposition into irreducible bridges in A,,. Hence, for any
m > mo,

by = ™. (5.13)

We use 5.10, 5.11, 5.12 and 5.13 to obtain, for any m > my,

1

[l > (b(m))km > ((b(m))k)W _ (b(m))%

km - m m

(b)) > p— €. (5.14)

(m)

km

By 5.11, the sequence (bém))% increases toward p,,, when ¢ goes to infinity, then (b )ﬁ o
— 00

tm- By using 5.6 and 5.14, for any m > mg, we have p > gr(T™) > pym > p — € and
then,
lim gr(7™) = p. (5.15)

n—oo

We combine 5.5, 5.9 and 5.15 to obtain br(7g) = p. By following a strategy similar to
the proof of the case Ty, we obtain gr(7g) = br(Tg) = u. O

Proposition 1.1 is a consequence of Theorem 2.16 and Proposition 5.9.

5.4 Proof of Theorem 1.3

Now, we apply the results in Section 4.1 for the self-avoiding trees Tg, Tg and Tzz.

Notation

For any n € N, let A, := [-n,n]? be a subdomain of Z2. Denote by dA,, the boundary
of A, i.e,
OAy, :={(a,b) € Ay, : |a] =n or |b| =n}.

We write Kn := A, \ OA,, for the interior of A,,.

Let v be a finite self-avoiding walk. We say that v is a self-avoiding walk of domain A,
if for any 0 < k < |v|, we have y(k) € A,. Denote by 2(A;) the set of self-avoiding
walks starting at origin of domain A,,.

Lemma 5.10. The functions C(\,Tg), C(A\, Ta) and C(\, Tz2) are right continuous on
(Ae; +00).
Proof. 1t follows immediately from Lemma 4.1. O

Lemma 5.11. The functions C(\, Tg), C(A, Ta) and C(X, Tz2) are left continuous on
(Ae, +00).
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/

v

? h\% =

o o

oH, Yyl oH,

/

Figure 2.2 — The boundary of H, is green and the self-avoiding walk ~ is red. Recall
that ~y is a vertex of the tree 7. On the left (resp. right), we can add a new quadrant
Q (resp. new half-plane H) rooted at 7|,|. Hence, on the left (resp. on the right) the
sub-tree (7g)” contains the tree Tg (resp. Tm).

Proof. We prove this Lemma for the case T and we use the same argument for other
cases (Tg and Tz2). Note that 7p is not uniformly transient, therefore we can not use
Theorem 4.3. Fortunately, we can prove that Ty is weakly uniformly transient. For this
purpose, we define a sequence of cutsets (m,,n > 1) as follows. Set H,, := A, [H and
OHL,, := (0A,) [ H (see Figure 2.2). Recall that 2 (H,,) is the set of self-avoiding walks
of domain H,,. For any n > 1,

Ty = {'y € Q(H,) : for any 0 < k < |y|,v(k) € Hy, and 7}, € 8(Hn)}

Since H, is a finite domain of H, therefore any infinite self-avoiding walk starting at
origin of H, must touch the boundary of H,,. Hence, for any n > 1, we have 7, is a

V-cutset of Tg. We set I' := |J 7, it remains to verify that:
n>1

1
YA > A(= ;), Jay > 0,Vv € T,P(Vn > 0, X, # v) > . (5.16)

Note that for any v € I', the sub-tree (7g)” contains the tree Tiy or Ty (see Figure 2.2).
Hence, 5.16 is a consequence of Proposition 1.1 and Theorem 2.10. We use Theorem 4.4
to complete the proof of Lemma. O

Theorem 1.4 is a consequence of Lemmas 5.10 and 5.11.

6 The biased walk on the self-avoiding tree

We now begin the study of our main object of interest, which is the biased random walk
on the self-avoiding tree. We will use the results that were obtained in the previous
section to prove the properties of the limit walk. In the next section, we will gather a
few natural conjectures.
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6.1 The limit walk

Let A € [0,+o00] and consider the biased random walk RW) on T where 7 = Tg or
T = Tz2. For A > A, the biased random walk is transient so almost surely, the random
walk does not visit T anymore after a sufficiently large time. We can then define the
limit walk, as denoted by w$® in the following way:

:BiE'n }

O\ .
wi (i) =z = {Hno,Vn >ng: X, €T

ws° is a random ray. Let IP’]E\iI denote the law of w$® in the half-plane H and IP’%Q, the law
of w$® in the plane 7Z2. We can see IP’H;\I (respectively P%z) as a probability measure on
SAW in the half-plane (respectively the plane).

For what follows, it will be useful to have the following definition: removing all the finite
branches of Tr (where R is a regular lattice), leads to a new tree without leaf, which we

will denote by Tg.

6.2 The case A = 400 and percolation

First, we review some definitions of percolation theory. Percolation was introduced by
Broadbent and Hammersley in 1957 (see [26]). For p € [0,1], we consider the triangular
lattice T, a site of T is open with probability p or closed with probability 1 — p, indepen-
dently of the others. This can also be seen as a random colouring (in black or white) of
the faces of hexagonal lattice T* dual of T.

We define the exploration curve as follows (see [119], section 6.1.2 for more detail). Let
Q be a simply connected subgraph of the triangular lattice and A, B be two points on
its boundary. We can then divide the hexagonal cells of 02 into two arcs, going from
A to B in two directions (clockwise and counter-clockwise). These arcs will be denoted
by B and W such that A, B, B,W is in the clockwise direction. Assume that all of the
hexagons in B are colored in black and that all of the hexagons in W are colored in white.
The color of the hexagonal faces in 2 is chosen at random (black with probability p and
white with probability 1 — p), independently of the others. We define the exploration
curve 7y starting at A and ending at B which separates the black component containing
B from the white component containing W.

Then the exploration curve v is a self-avoiding walk using the vertices and edges of
hexagonal lattice T*. We can define this interface v in an equivalent, dynamical way,
informally described as follows. At each step, v looks at its three neighbors on the
hexagonal lattice, one of which is occupied by the previous step of v. For the next step,
~ randomly chooses one of these neighbors that has not yet occupied by . If there is
just one neighbor that has not yet been occupied, then we choose this neighbor and if
there are two neighbors, then we choose the right neighbor with probability p and the
left neighbor with probability 1 — p.
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We know that there exists p. € [0, 1] such that for p < p. there is almost surely no infinite
cluster, while for p > p. there is almost surely an infinite cluster. This parameter is called
critical point. It is known that the critical point of site-percolation on the triangular
lattice equals % The lower bound of critical point was proven by Harris in [67]. A
similar theorem in the case of bond percolation on square lattice was given by Kesten
in [73], and the result on the triangular lattice is obtained in a similar fashion.

Now, take 2 = T7 , the half-plane of hexagonal lattice. The hexagons on the boundary of
Q (09) and on the right of origin (denoted by 97Q) are colored in black and the hexagons
on 0N and on the left of origin (0~ ) are colored in white. In this case, the exploration
curve is an (random) infinite self-avoiding walk. Denote by ’Erjr the self-avoiding tree
constructed from the self-avoiding walks in T .

In the case A = +o00, one can reinterpret the second construction of the exploration curve
as the limit walk w™ on ﬁri' This is very useful because every feature of the curve « is
also one for w™ and can therefore be restated in terms of the biased walk on the self-
avoiding tree. One of these properties is that v almost surely reaches the boundary of 2
an infinite times, which follows from Russo-Seymour-Welsh type arguments. As we will
see below, this property is still valid in the case RW), for all A > A, (see Theorem 1.2).

6.3 Proof of Theorem 1.2

In this section, for any z € Z2, we write Rz (resp. 3z) for the real part (resp. imaginary
part) of z. To prove the theorem 1.2, we need the following function (the “head of the
snake” ):

p:x € V(T) = xpy € Z? where T = T or T = Tp2. (6.1)

The proof of theorem 1.2 has several steps. In the first step, we study the trajectory
of the biased random walk X,,. We prove that, under the measures IF’]/}\H and ]P’ZQ, p(Xn)
almost surely reaches the line Z x {0}. In the second step, we prove that it almost surely
reaches the line Z x {0} an infinite number of times. In the third step, we prove that
under P?z, the limit walk almost surely reaches the line Z x {0} an infinite number of
times. In the last step, we prove that under IF’]EI, the limit walk almost surely reaches the
line Z x {0} an infinite number of times. For simplicity, we will write Y;, for p(X,,).

The first step

In this step, we study the trajectory of RW). We begin with the following simple lemma:

Lemma 6.1. Let A > A, and consider the biased random walk RWy on Tz2 or Tg. Then
almost surely limsup |R(Y,,)| = +oo.

Proof. We prove the lemma in the case Tg; the result for 772 can be obtained in a
similar way. The idea of the argument is straightforward: if the real part of p(X,,) is
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Figure 2.3 — Illustration of the proof of Lemma 6.1

constrained, then its imaginary part has to take large values and every time it visits a
new height, the real part has a chance of becoming large: what follows is a formalization
of this. Assume that a := P(limsup |R(Y,)| < +00) > 0, then there exists a constant
ng > 0 such that,

B :=P{foraln>0:-—n) <RY,) <no}>0. (6.2)

For any i > 0, define
T(i):=inf{n >0:3(Y,) =1i}. (6.3)

Note that T'(i) < 400 on the event {for all n > 0: —ng < R(Y;,) < ng}. We remark that,
at time 7'(¢), X can always go towards the left or the right. For any i > 0, define

Si={3k | R(Yi)| =no+ 1,3(Xg) =iand Vn # k : —ng < R(Y,) < no}.
If the walk is at time 7T'(7), then we go towards the left or the right to reach the domain

{%z:no—i-l}U{?Rz:—no—l},
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and after, we go back to Xp(;) (see Figure 2.3). We need at most 2ng steps to do this.
Then, there exist a constant ¢ > 0 such that for any i > 0,

P(S;) > ¢p. (6.4)
On the other hand, we have

+o0o
USZ-C{foralanO:—no—lgifi(Yn)Sno—i—l}. (6.5)
=0

Since these S; are pairwise disjoint, by using 6.4 and 6.5 we obtain:

o0 o0
P(foraln>0:-ny—1<R(Y,) <np+1)> ZP(Si) > Zcﬁ = 4o0.
i=0 i=0
This is a contradiction and therefore almost surely lim sup |R(Y,)| = +oc. O

Lemma 6.2. Let A > \. and consider the biased random walk RW)y on Tz2 or Tuy. Then
#{n>0:3(Y,) =0} > 1 almost surely.

Proof. We again deal separately with two cases.

Case I: The tree Tz2. Assume that o :=P(Vn > 0,3(Y,) > 0) > 0, hence

YS+1

s e . T R

Ep/\

—
ISH
=

Figure 2.4 — Tllustration of the proof of Lemma 6.2

0<P(En>0,3Y,)=0=1-a<l1. (6.6)
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Given that the sequence ({3k € (0,n] : 3(Y)) = 0}),,5, is an increasing sequence,
l—a=PEn>0:3(Y,) =0) = li7ILn P(3k € (0,n] : (Yg) = 0). (6.7)
Let € > 0, by using 6.6, then there exist ng such that for all n > ny,
P(Fk € (0,n] : S(Yr) =0)>1—a—e. (6.8)

We know that the biased random walk does not reach the line Z x {0} with a prob-
ability p > 0. By Lemma 6.1, the random walk X, must reach the domain H :=
{R(z) = no} U{R(z) = —np} with a probability 1. We consider the first time S, that
the random walk X, reaches H and we assume that it reaches the line {R(z) = ng}. We
continue one step on the random walk to reach the line {R(z) = ng + 1}.

The key observation, which we will use several times in similar forms in what follows, is
that the behavior of the walk after time .S, and until its first visit to the parent Xgl,
matches the similar process defined in the domain Z2? \ {Xg(k) : 0 < k < |Xg|}. Here,
this domain contains the half-plane

Ys:={(z,y) € 7% x> R(Ys)}

and our running hypothesis implies that the random walk after the time S will stay in
this half-plane with probability « (see Figure 2.4). As a shortcut, we will later refer to
this kind of construction as considering a new half-plane with origin Yg.

From the previous discussion,

a2
143\

P(VE <mng:3(Yx) > 0and 3k > np : S(Ye) =0) = (6.9)
Because the two events {Vk < ng : 3(Y;) > 0 and Ik > no : 3(Yx) = 0)} and {3k € (0,n0] :
I(Yx) = 0} are disjoint and included in the event {3n > 0: X(Y,,) = 0}, we use 6.8 and
6.9 to get

Aa?
143\

l—a=P{aIn>0:3(Y,)=0}) >1—a—c+

If we take small enough ¢ , then we obtain a contradiction.

Case II: The tree Ty. Now, we prove that [{n:(Y,) =0} > 1 a.s for the tree Tg.
We set o = P(Vn > 0 : S(Y,) > 0). Assume that p > 0, because the random walk in
the domain {(z) > 0} of the half-plane has the same law as the random walk in this
domain of the plan. This implies that the random walk X, on the plan does not reach
the line Z x {0} with a positive probability. This is a contradiction with step 1 and then
p=0. ]
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The second step

The goal of this step is to prove the following lemma:

Lemma 6.3. Let A > \. and consider the biased random walk RW)y on Tz2 or Tu. Then
almost surely #{n > 0: 3(Y,) =0} = +oo.

0 €y, 0 €y,

Yo Yo,

Gl a

O/

Figure 2.5 — Illustration of the proof of Lemma 6.3, case Ty

Proof. We again need to deal separately with two cases.

Case I: the tree Tg. We denote by A the following event:
A:={#{n>0:3Y, =0} =o0}.

Or equivalently, A = {Vk,3n > k: Y, =0}. Assume that P(A) < 1, we have then
P(A°) > 0. Hence, there exists ng > 0 such that,

P(Vn > ng : Y, > 0) > 0. (6.10)

Now, consider the random walk until time ng. Denote by €2, the set of all configurations
(Yo,Y1,...,Y,,). For each w € §,,,, we define the event A, as follows:

A, = {for all n > ng, we have ¥(Y,,) > 0 and (Yp,Y1,...,Y,,) = w}. (6.11)
Hence,
P(Vn > ng: Y, >0) = Y  P(A,)>0. (6.12)
UJEQnO

Since the cardinal of Q,,, is finite, there exists wg € Qp, such that P(A,,) > 0. We add
a new line under the line Z x {0} and consider a new half-plane H’ with origin O’ (see
the Figure 2.5 and the discussion in the proof of Lemma 6.2).

Observe the biased random walk X/ with parameter A on 7y and denote Y, = p(X)).
Conditioned on the events {Yy = O', Y] = wo(1),--- ,Y'(ng) = wo(no)} and Ay,, X and
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X' have the same law. This implies that the random walk X’ on 7T does not reach the
line Z x {0} of H' with a positive probability. This is a contradiction and then P(A4) = 1,
which concludes the proof of Lemma 6.3 in the case Ty.

Case II: the tree Tz2.

B

As B
Y A, Dy, O \
\ l_ | L | Bi=A \ X .

~!

12

Figure 2.6 — Illustration of the proof of Lemma 6.3, case Tz2

B
D2 C] D] =A
]

00
"

W

W= w D ws D ws wr =0

Figure 2.7 — Illustration of the proof of Lemma 6.3, case T2

Assume that the random walk reaches the line Z x {0} an infinite number of times with
a probability strictly less than 1. By using the same argument as in the case Ty, there
exists a configuration wy and a positive number ng such that P(A,,) > 0 where A, is
defined as in 6.11.

Let Ay = (a1,0), By = (b1,0)..., A = (ax,0), By = (bg,0) be 2k points of intersections
of the line Z x {0} with w along the curve w such that for any 1 < ¢ < k, there exists
a self-avoiding walk ~; in w starting at (a;,0) and ending at (b;,0) which is below the
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line Z x {0}. Denote by (a,0) the last point of intersection of the line Z x {0} with
w before that the random walk does not reach the line Z x {0}. Let A := (z,0) to
be (a;,0) or (b;,0) which maximises the first coordinate and we set B = (z,1) (see
Figure 2.6, on the left).

Consider a new plane Z? with an origin at B and consider the random walk RW) on
the tree Ty starting at B. Let I' = (v1,7%2,...,7) be a set of k self-avoiding walks
in w which connect (a;,0) to (b;,0). If there exist 4,j such that [a; Abj,a; V] C
la; A bs,a; V b;], then we remove the self-avoiding walk 7; from I'. Finally, we obtain a
subset IV = (71,75, ...,7,) of I in which there are no i, j such that [a; A bj,a; V b;] C
[a; Abi,a; V b;]. We can assume that ~} connect C; = (¢;,0) to D; = (d;,0) and for all
i€ {l,---,m}, we have ¢; > ca > -+ > ¢, and ¢; < d; (see Figure 2.6, on the right).

Define a self-avoiding walk w starting at B as follows (see the Figure 2.7):

Set u=sup{l <i<m:c¢; > a} and define the three following self-avoiding walks:

w2 = [(Cw 1)7 (Cm, 1)] D [(Cm, 1)7 (C’fm 0)} D ym D [(dTm 0)> (Cm—h 0)} c D Yutts [(du+17 0)> (a7 O)}

{ wi = [BA] & @ [(d2,0), (c1,0)] & 72 @ [(d3,0), (2,0)] & - .., v & [(cu, 0)(cu, 1)]
W3 1= W|[t,ne) Where w(t) = (a,0),

and we define w := w1 G wy D ws.

Consider the biased random walk X,, with parameter A\ on Ty, where H is the half-
plane with the origin B. Recall that Y,, = p(X,,). Note that, conditioned to the event
{(Yo, ..., Y)y|) = w}, with a positive probability, the random walk reach a finite number
of times the half-plane H. This is a contradiction with the case Ty above. O

Remark 6.4. All of results that we proved in the first step and second step for 772 and
Tm, are still valid for Ti and 7'22. Note that it is sufficient to prove the theorem 1.2 in
the case Ty and 7~'Zz, which means the biased random walk on 7y and 7~’Z2 almost surely
reaches the line Z x {0} an infinite number of times).

The third step

In this step, we give a proof of Theorem 1.2 in the case IP’%Q. We start with the following
definition

Definition 6.5. Let C be a closed, simple curve of Z2. The interior of C, denoted by
I(C) is a sub-domain of R? which is surrounded by C (see Figure 2.8). Where S(C)
denotes the area of this domain. The exterior of C is defined by

E(C) :=R*\ I(C).

Lemma 6.6. Let ((a1,0), (a2,0),..., (a2,,0)) be a sequence of points on the line Z x {0}
such that ay < ag < --- < agy. For each i, we denote v; as the self-avoiding walk starting
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Figure 2.8 — A closed, simple curve C of Z? with its interior in red

at (a2;—1,0) and ending at (ag;,0) which is below the line Z x {0}. Suppose that for any
1, we have
YN =9.

We set A :=Jv; and B = 0AJ (U, [azi—1, a2i]) x {0}) where,
0A = {z €7%:3rc A0 <d(z,2) < \@} and d is euclidean distance.
Then there exists a self-avoiding walk in B starting at (a1 —1,0) and ending at (ag,+1,0).

Proof. The statement is intuitively clear. The proof is a simple but tedious issue of
book-keeping, and is omitted here. ]

v

To

Figure 2.9 — The tree T

Proof of Theorem 1.2 in the case of IF’%Q. We denote by A the following event:

A:={#{n>0:Q%w(n) =0} = oco}.
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=

v

Figure 2.10 — The self-avoiding walk w is colored by red; the domain D is the union of
two quadrants « and S and the set V is colored by green.

Assume that P(A) < 1, by using the same argument as in the second step, there exist
no > 0 and a self-avoiding walk w := [w(0),w(1),...,w(ng)] starting at 0 such that the
following event has a strictly positive probability (see Figure 2.10):

g 49X (0)=w(0),w(1) =w(1),..., wi(no) = wlno)
. Vn > ng : Swse(n) <0

Define
D := {(:C,y) €Z:y>0and z ¢ {Rw(i): 0<i < no}}.

and let V' be a subset of Z\ D such that for all z € V, there exists an infinite self-avoiding
walk in half-plane {3z < 0}, starting at z and it does not reach the self-avoiding walk
w (see Figure 2.10).

For each = € V', we denote by I';, the set of self-avoiding walks starting at z, which does
not reach the path (w(0),...,w(ng)), and reaches the domain D at only one point and
such that, for each z € ~,, z belongs to the line Z x {0} or z belongs to the boundary
of self-avoiding walk (w(0),w(1),...,w(no)). By Lemma 6.6, I'; is not empty. We then
set p := sup ey SUP,er, [V]-

Let T be an infinite, locally finite and rooted tree defined by (see Figure 2.9):
|Ti|=1foralli<p
Tp = {v}
T =T
We apply Lemma 6.3. Almost surely, the random walk reaches the line Z x {0} an
infinite number of times and, thus, it almost surely reaches the line Z x {0} at least k
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times. Every time it reaches the line Z x {0} at a point , we can go on the random walk
at most p steps to reach the domain D (we can do this because T'SLz2 have no leaf and
then z belongs to V). Then, the limit walk stays within the half-plane {3z < 0} after
the step ng with a probability smaller than (1 —C(\, 7)), where C(\, T) is the effective
conductance for the network (7, ¢) with ¢(e) = Mlel. Hence, for any k > 0, we have

P(B) < (1—-C(\T))k

Because we have C(A,7) > 0 (and because it contains the tree Tg), then P(B) = 0. This
is a contradiction and implies Theorem 1.2 in the case Q)-measure. ]

The last step

In this section, we give a proof of Theorem 1.2 in the case IP’[EI.

A
4

4

Figure 2.11 — A bridge of a strip By

Notation 6.7. A strip By of size £ is a sub-domain of Z?, which is limited by two lines
{Qz = a} and {Sz = b} (or {Rz = a} and {Rz = b}) such that |a — b] = ¢. Fix an
origin O € {3z = a} | J{Sz = b} (or {Rz = a} | J{Rz = b}) of By. Let v be a finite
self-avoiding walk starting at O. We say that ~ is a self-avoiding walk of the strip By if
for any 0 < k < |y|, we have y(k) € B;. We define the self-avoiding tree 7p, from the
self-avoiding walks starting at O as in Notation 5.6.

Consider a strip By. We define the bridge (resp. irreductible bridge) of By in the same
way as the definition of bridge (resp. irreductible bridge) in half-plane. (see Figure 2.11).

Lemma 6.8 (The subadditivity property). Let £,n be two positive natural numbers,

(©)

denote by py,’ the number of bridges of length n starting at origin of the strip By. For
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any £,n,m,k € N¥,
20 2¢
p0, = PP and pi) > (pO)F.
Proof. Divide the strip By, into two small strip Bi,, B3, of size ¢ (see Figure 2.12). For
any z € Z?, denote by L(z) the line goes through z and orthogonal to Z x {0}. Denote
by S, the orthogonal symmetry with respect to L(z).

L(ma(|vzl)

S(73)
o Y- o SO
V2 V3
Yy
T Ma(|r2l)
841
By B3,

Figure 2.12 — A concatenation of 3 bridges in Bi; .

Consider 71,9 two bridges of the strip B%e of length m and n, we concatenate ~v; and o
to obtain a new bridge 12 := 71 @ 2 of length m + n of the strip By, (see Figure 2.12).
Hence, for any ¢,n, m € N*,

p, = p p?.
If one takes the third bridge 3 of B%e of length ¢, we concatenate 12 and =3 as follows
(see Figure 2.12):

{ Y123 = Y12 ® 3 if M12(]712]) € By
Y123 = Y12 @ 5712(|712\)(73) if y12(712]) € Bg@

Note that 7193 is a bridge of length m 4 n+ p of the strip By, . Hence, for any ¢,n,m,t €
N*
20 Y Y J4
p£L+37’L+t > Pgn) p%)pg )'

By repeating the same strategy, we obtain the result of Lemma 6.8. ]

Lemma 6.9. Denote by pu(¢) the connective constant of the strip By. Then we have,

lim 11(€) = p,

{—00
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where  is the connective constant of 7.

Proof. Denote by bY the number of bridges of length n of Q, starting at origin. Note
that for any ¢, we have:

lim (p%))% = () and py) = b?. (6.13)

n—oo

Moreover, we also have:
1

. Q\n _
nlgrgo (bn> = . (6.14)
By using Lemma 6.8, for any £, n, k:
14
P > (0). (6.15)

Fix ¢ > 0 and by 6.14, there exists ng such that for any n > ng, we have
1
’ (bg) " u’ <e. (6.16)

Let £ > ng and k£ > 0. By 6.13, 6.15 and 6.16, we have:
(20)\ 7 O\ 7 7
(M) = (W) = () 2 p-e (6.17)
(20)

Since the sequence (p,, )ﬁ converges towards p(2¢) when k goes to infinity, we use 6.17
to obtain:

B> p2e > — €, (6.18)

where inequality p > pog is obvious. Hence, the sequence (u(¢),¢ > 1) converges towards
1 when £ goes to +oo. O

Proposition 6.10. Denote by br(Tp,) the branching number of Tp,. Then we have,
eliglobr(TBZ) —
where  is the connective constant of 7.2.
Proof. Recall the definition of A,, in the proof of Proposition 5.9:
Ap = {w € 1SAB, |w| < m},

where iSAB is the set of irreducible-bridges in half-plane H. Let v be an infinite self-
avoiding walk starting at origin of By, it is called ”m-nice walk” if it possesses a decompo-
sition into irreducible bridges in A,,. Denote by G,,(By) the set of infinite self-avoiding
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walk of B, which are ”m-nice”. Let ’ng) be a sub-tree of 7p,, which we will refer to as

the m-nice tree, defined by E(TE(}T)) = E(TBMV(Tém))xV(Tém)) where,
4 4

V(TS) i={w € V(Th,) : there exists 7 € G (By) such that 1o )= w}.

Denote by p% ™) he the number of bridges starting at origin of By, of length n which

possess a decomposition in A,,. Recall that p% ) is the number of bridges of length
n starting at origin of the strip By and (ng))n is the number of vertices of TB(Zn) at
generation n. Then for any n > 0, we have

‘(E(;T))n‘ > p{m). (6.19)
By using Lemma 6.8, for any £, m,n, k we have:
p > () and o™ > (i), (6.20)

As we know (see paragraph 5.8) all bridges in a half-plane can be decomposed into a
sequence of irreducible bridges in a unique. Therefore each bridge in By of length m
possesses a decomposition into irreducible bridges in A,,. Hence, for any m, ¢ > 0,

) = plm. (6.21)
Fix ¢ > 0, by Lemma 6.9, there exists £y such that for any ¢ > ¢,
> pu(20) > p—e. (6.22)

Moreover, since j(2¢) = li_>m (p%%))%, then there exists ng such that for any n > ng:
n o0

(p29)% > u(20) — . (6.23)
Hence by 6.21, 6.20, 6.22 and 6.23,

(pmymm > (pREMYE = (p29)a > w(20) — € > p— 2, (6.24)

n
Therefore for £ > ¢y and n > ng(¢) (i.e nop depends on ¢), we have
gr(Tg,) = n— 2. (6.25)
On the other hand, note that Ty, is (n 4 4¢)-super-periodic and m < +00, we
use Theorem 2.8 to get:
gr(Tg,,) exists and gr(7Tg,,) = br(Tg,,)- (6.26)
Since Tﬁu C TB,,, by using 6.25, 6.26 and Proposition 2.4 we obtain for any ¢ > {y:
pu>br(Tp,,) > 1 — 2, (6.27)

where we used Tg,, C T for the first inequality. Therefore, the sequence (br(7g,))r>1
converges towards p when £ goes to infinity. O
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Proposition 6.11. We consider the biased random walk RW) on ’E.H. Let (Bg)e>1 be
the sequence of strips of H where By is the strip between two lines Sz = 0 and Sz = n.
Suppose that \ > i, where u is the connective constant of H. Then, there exists £ > 0
such that the limit walk wS° almost surely touches the strip By an infinite number of
times.

Proof. We fix A > % Assume that, for all £ > 0, the limit walk reaches the strip By
a finite number of times with a strictly positive probability. By Proposition 6.10, there
1

exists ¢y such that A > 75" We use again the same argument as in the second step,
‘o

there then exists ng > 0 and a self-avoiding walk w = [w(0),w(1),...,w(ng)] such that
the following event has a strictly positive probability:

B {w§°(o) — w(0),w(1) = w(1), ..., ws(ng) = w(ng)
Vn > ng : Swe(n) > 4

By Lemma 6.3, we know that the random walk almost surely reaches the line Z x {0} an
infinite number of times and then it must reach the line {3z = ¢y} an infinite number
of times almost surely. By using the same argument as in the third step, for any k > 0,
we have:

P(B) < (1—C(A, Tg,, )"
Because we have C(X, T, ) > 0 (and because we have taken A > A;(T, ), then P(B) =

0. This is a contradiction. We conclude that there exists ¢ > 0 such that the limit walk
on the tree Ty almost surely reaches the strip By. O

Proof of Theorem 1.2 in the case of IP’H;I. By Proposition 6.11, we can fix a number ¢
such that the limit walk almost surely reaches the domain B, an infinite number of
times. Now, we prove that the limit walk almost surely reaches an infinite number of
times the line Z x {0}.

Assume that P(#{n : Sw™(n) = 0} < 4+00) > 0, then there exist ng and a self-avoiding
walk w of length ng starting at origin such that the following event occurs with a strictly
positive probability:

(95 0) = (0 (1) = (1) (o) = i)
C V> ng: Sws®(n) >0

Let 7* be a tree defined by
|T¥|=1forallt <¢
T ={v}
(T*)U - TBe

Recall that Y, := p(Xy,,). Let U be a set of naturals n such that: RY,, = supo<;<,..y;e, RYi
or RY,, = info<i<n;v;en, NY;. For each n € U, we go on the walk in the vertical direction



104 CHAPTER 2. TREES OF SELF-AVOIDING WALK

until it reaches the line Z x {0}. When it reaches the line Z x {0}, it remains in reach of
the line Z x {0} with a probability that is greater than ¢ x C(\, 7*) where ¢ is a constant
that does not depend on n.

Because the walk almost surely touches the line Z x {0} an infinite number of times, we
then have |U| = +o00,p.s. This implies that P(C)) = 0. This is a contradiction. O

6.4 The law of first k-steps of limit walk

We consider the biased random walk RW) on 7. Recall that w$® is the associated limit
walk and ]P’IEI denotes its law.

Let k € N* and y1,92,...,yx be k elements of V(7g) such that (o,y1,y2,...,yxk) is a
simple path starting at o of Tg. For each A > A, recall that the law of first k-steps is
defined by:

Oy, u) = PR (L) = 91, w8 (2) = g2, R0 (K) = yr). (6.28)
We prove the continuity of this function.

Theorem 6.12. For every k € N* and (yi,v2,...,yr) € V¥, the function o™ is a
continuous function of X on (A¢, +00).

Let 7 be an infinite, locally finite and rooted tree and v is a child of the root. Recall

the definition of C(A\,7) and C(A,T,v) in Section 2.3. To prove the theorem 6.12, we
need the following lemma:

Lemma 6.13. We have

CIN\T, C(\, T, C(\, TYe—1,
Oyt y2, o Yk) = A Tom) O v2) o CATH )
CONT) CON, T C(\, Tur-1)

Proof. We prove this lemma in the case k = 1, and leave the (slightly more complicated,
but following the same lines) cases k > 2 to the reader.

The case k = 1 We let C:—(A, T) denote the probability return to origin k times before
going to infinite for the biased random walk on the tree 7. We define the events A :=
{w$(1) = y1} and A; denote the random walk return to origin k times before it goes to
infinity by passing through y;. In other words,

A i ={w(1) =y and #{n > 0: X,, = o} = k}.

The events A; are disjoints, we can then see that

+oo
A=A (6.29)
1=0
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On the other hand, by the Markov property, for any ¢ > 0, we have
P(A;) =C\, T, 1) (1 —C(\, T)) : (6.30)

By 6.29 and 6.30, we obtain:

—+00 5
()‘7 T7 yl)
A ZZ:; . CAT)
Therefore, oM (y1) = P(A) = 5%/\()\77'%1) -

Proof of Theorem 6.12. By Lemma 6.13, we have

CIM\T, C(A,TY, C(A, TYe—1,
Y1, Y25 - Yk) = AToy)  CAT™ys) o COTH )
CI\T) C(\,Tyr) C(\, TYx-1)

M (

It is enough to prove that C(X\, 7%, y;11) and C(\, T¥#) are continuous. For the continuity
of C(\, TY), we use the same method as in the proof of theorem 1.3 (see Section 5.4).

For the continuity of C(\, T¥%,y;+1), this function can be written in terms of A and

CON, TH). 0

Remark 6.14. Theorem 6.12 is still valid in the case Tzz.

7 The critical probability measure through biased
random walk

7.1 The critical probability measure

H

l

(@]

Figure 2.13 — The upper-half plane on the left and the tree 7y on the right.
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In this section, H is the upper-half plane (i.e H = {3z > 0} |[J{(0,0)}) and consider the
self-avoiding tree T which is defined from finite self-avoiding walks on upper-half plane
H (see Figure 2.13). Note that the root o of T has only one child, denoted by y.

We aim to construct a critical probability measure through the biased random walk on
self-avoiding tree. First, we review the construction of Madras and Slade (see [39] for
detail). Recall that b, is the number of all n-step bridges that begin at O and B5,, denote
the set of all n-step bridges that begin at O. Given n > m and an m-step self-avoiding
walk v in H. Let ]P’%n (7) denote the fraction of n-step bridges that extend -, it means

_ |[Fn(v) N By _ | Fn ()|

P5 1

where F, () is the set of all n-step bridges which extend . The equality (7.1) is the
probability that a long bridge (uniformly chosen from among all n-step bridges) is an

extension of . Define
P5 (w) := lim P& (7). (7.2)

n—oo

Fact 7.1 ([89], Theorem 8.3.1). Let v be an m-step self-avoiding walk in H. Then the
limit (7.2) exists.

The existence of the measures P5, allows us to define a measure P2 on the set SAW,, of

H. For each v € SAW,, v*° [0, m] denote the initial segment (7>°(0),v>°(1),...,7*°(m)),

then
PB (v°°[0,m] = ) = PB (v), for every 7.

Fact 7.2 ([39], Theorem 8.3.2). P& is the i—Kesten measure, where i is the connective
constant of the square lattice.

Recall that for all m > 1, 7™ is the m-good tree (see Notation 5.8). Fix k > 1
and yo = 0,41 = ¥, Y2, ..., yx € V(Tm), the function ™M (yo,y1,...,yr) (respectively
ONE (Yo, y1, ..., yx)) denotes the law of first k-steps of RWy on T™ (respectively Tg)
(see 1.8). We write A.(= %) for the critical parameter of RW) on Ty.

Theorem 7.3. We have

1. The function gom’)"k(yo, Y1, .-, Yk) converges towards a limit, denoted by cpm’/\m’k(
when X decreases towards Ay, = \e(T™).
2. The function @™ ™k (yo, y1,...,yx) converges towards a limit, denoted by @ (

3. Moreover, we have the following diagram:

m,\k m—+00 Ak
@ (907?/17-'-,?/k)/\m)90 (y07y17"'7yk)
)\—>)\C(Tm)l l?
(pm’)wmk(y()v Yty - yk) o SOACJC(yOv Yt, - - 7yk)

‘m——+00

Yo, Y1, - -

Yo, Y1, - - -

S Yk)

>yk’)



7. THE CRITICAL PROBABILITY MEASURE THROUGH BIASED RANDOM
WALK 107

Proof of points 1 and 2 of Theorem 7.3. 1t is suffices to prove the theorem in the case
k = 2 and we use the same method for all k > 3.

Proof of item 1: By using the same method as the proof of Proposition 3.9, for all
i € {1,2,3}, we have:
lim ™ (0,y, x;) Z A (7.3)

A=A (T™) Jesi

where 1, x9, x3 are three children of y and S is a set of all irreducible bridges which
pass through z; and A.(7™) = Ay,. Let p;, be the number of irreducible bridges of
length n which are pass through z;. We use 7.3 to obtain:

li mAZ( AT 7.4
om0,y w) sz n (7.4)
Hence,

(pm)\m’ O Y, 1:1 sz n)\n (75)

Moreover, for all m we have Ay, > Ao(= Ae(Tm)) because 7™ C Tg. Therefore,

m
@mAm2 (0 4y ) > Zpiyn)\g. (7.6)

n=1

Proof of item 2: We need to prove that ¢"™*m2(0,y,z;) converges to *<%(o,y,x;)
when m goes to infinity. Assume that there exists a subsequence (my)x such that for
any 7 € {1,2,3}, we have:

lim @™ 20y, 2;) = . (7.7)

k—+o0

Moreover, we assume that there exists i € {1,2, 3} such that

“+oo
a; > Zpiﬂ)‘?' (78)
n=1

mAms2(o . x;), therefore,

For any m > 0, we have 327 | ¢
a1 +az+az =1 (7.9)

By 7.6, for any i € {1, 2,3}, we have:

+o0
(673 2 Zplm)\?. (710)
n=1
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We use Fact 5.3 to obtain
3 4o

DD pindi=1. (7.11)

i=1 n=1

By 7.8, 7.9, 7.10 and 7.11, we obtain the following contradiction:

3 4o
1=al+a2+a3>ZZPi,n)\?=1

i=1 n=1

m,Am,2<

We conclude that ¢ 0,Yy, ;) converges towards :g DinmAe When m — +oo. [

Proof of point 3 of Theorem 7.3. It remains to prove that

m,)\,k( H,A,k(

Yis-- - Yk)-

lim © Yy Uk) =@

m—+00,A> A (1)

It is enough to prove the theorem in the case k = 2, we use the same method for k > 3.
Fix A > A\:(7g) and € > 0. By Proposition 6.10, we have

lim  A(T™) = Ae(TR). (7.12)

m—-+00

Therefore, there exists mg > 0 such that for any m > my,

A>A(T™) and (1—C\T™)™ <e. (7.13)

Let T be the tree defined by:

|7i| =1 for alli <m

Tp = {v}
TO = Tm

We choose ng (depends on m) such that for all n > ng, we have
1-C\T"))"<e¢

By considering the self-avoiding walks in the rectangle whose vertices are (—nq, 1); (—no, mo); (no, mo); (r
and by a simple argument, we can see that for all n > mgny,

n,)\,k( ]H[,/\,k(

@ yla"wyk)_gp y17"'7yk) < 2e.

Since ¢ is arbitrary, this complete the proof of theorem. O

Remark 7.4. Theorem 7.3 allows us to define a critical probability measure Py, on Ty.
Note that this critical probability measure is exactly Kesten’s measure as in Section 5.2.
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7.2 Conjectures

lel
If we take a sequence of cutsets m, := 7, and we set c(e) = (i) , then

) (Zc@)_l e

n ecTy

If the prediction of Nienhuis [99] holds, we obtain

+@)Nn +oo 1
§ —=c i — 100
-1 En —1 ns2

By Theorem 2.15, we can establish the following conjecture.

Conjecture 7.5. The biased random walk RW)y, on Ty (or Ty2) is recurrent.

Finally, we believe that for every & > 1 and y1,¥2,...,yx € V(Tn),

lim H Ak e = ok - .
| W uk) = ™" (Y, yr)
Conjecture 7.6. The following convergence diagram holds
mAk m—+00 Ak
2 (y07y17"’7yk))\>)\c(TEH)<p (y07y17"'7yk)
/\—>)\C(T’”)l J{)\—MC
@n%An“k(y07y1>"-,yklﬁ:;;gzpruk(y07yl>'"7yk)
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Chapter 3

Perspectives and conjectures

1 A coupling between random walk and supercritical
percolation

Recall the definition of the self-avoiding tree ﬂ-: as in (chapter 2, section 6.2). For any

vertex v of ﬁi, it has either two children, denoted by v, 5 or just only one child,
denoted by 7. The parent of v is denoted by p(v) or v~!. Denote by d(v) the number
of children of v.

Let A > 0 and n € [0,1/2] be such that

S 11
1ron 1= (1.1)

Define a stochastic process X := (X,,)n>0 on some probability space, taking the values
in 7&1 with the transition probability defined by the following way.

P(Xo=0) =1,

— If 9(X,,) = 2, then

P(Xn+1 = (Xp)1|Xo, -+, Xn) = 1 _:\2)\ -7 (1.2)
P (Xn+1 = (Xn)2|Xo, -+, Xn) = :2)\ +1 (1.3)
P (Xn1 = (X)X, o+, Xn) = 5 +12A (1.4)
— If 9(X,) =1, then
P (Xnt1 = Xn|Xo,- -+, Xn) = 1_);)\ (1.5)
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_ 1
P (Xn+1 = (Xn) I‘XOa e ’X”) - m (1'6)

(1.7)

Denote by ws, the limit walk associated with the random walk X (see Chapter 2,
Equation 2.2).

Remark 1.1. — If n =0, then X is the biased random walk with parameter .
— If A = oo, by the same argument as in (chapter 2, section 6.2), the limit walk
wi‘fn has the same law as the exploration curve of supercritical percolation with
parameter 1/2 + 7.

We prove that if A is large enough, then the limit walk wi‘}] has some properties that
are similar to the exploration curve of supercritical percolation with parameter 1/2 + 7.

Theorem 1.2. Denote by B := C(%,N) the effective conductance of biased random walk
with parameter % on N. We then have,

1
Vn>O,V)\>max( ),38>0,C>O,Vn21,

1+2n" 287
P((w™ N [n,2n]) # @) > (1 —cn™)3.

In order to prove Proposition 1.2, we compare the limit walk w® with the exploration

curve y of site-percolation on the triangular lattice by the coupling method. Now, we

recall some results of site-percolation on the triangular lattice. We denote A [2n, n| being

the event that exists a path formed of the open sites which is contained in the rectangle
[0,2n] x [0,n] and connects to {0} x [0,n] to {2n} x [0,n].

Theorem 1.3 (RSW [12]). For any p > 1, there ezists € = e(p) > 0 and ¢ = c(p) > 0
such that for all n > 1,

P,(A2n,n]) > 1—cn".
Theorem 1.4 (FKG [51]). For any p € [0,1] and A, B are two increasing events,
P,(A1 B) 2 P, ()P, (B)

Let k € N* and y1,¥9,...,yr be k elements of V(’7~Ey*+) such that (o,y1,y2,...,yr) is a

simple path starting at o of ﬁri' For each A > )., recall that the law of first k-steps is
defined by:
Ak %Jrj_ 00 o) 00
28 (yhy?v"':yk):P)\ (w)\ (1):y17w)\ (2):y27"'7w)\ (k):yk) (18)

Recall Lemma 6.13 of Chapter 2:
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Lemma 1.5. We have

CIN\T, C(\, T, C(\, TYR—1,
Oy, y2, - k) = N Ty CO v2) o CAT )
C\T) C(\,Tyr) C(\, TYx-1)

Theorem 1.6 (Rayleigh’s monotonicity principle [87]). Let T be an infinite tree with
two assignments, ¢ and ¢, of conductances on T with ¢ < ¢ (everywhere). Then the
effective conductances are ordered in the same way: C.(T) < Cz(T).

Lemma 1.7. Let p > %, there exists € = €(p) > 0 and ¢ = ¢(p) > 0 such that for any
n>1,

P,(v 01 ([, 2n] x {0}) £ @) = (1 - en%)? (1.9)
Proof. Consider the following rectangles:
Ry = [-2n,—n] x [0,2n]; Ry = [-2n,2n] x [0,2n];R3 = [n,2n] x [0, 2n].

Denote by A; (resp. Aa, A3) the event R; is crossed vertically (resp. R is crossed hor-
izontally and R; is crossed vertically). By Theorem 1.3, there exists ¢ = ¢(p) > 0 and
¢ = ¢(p) > 0 such that for any n > 1,

Py(A1) >1—cn° (1.10)
Py(A2) >1—cn"° (1.11)
P,(As) >1—cn° (1.12)

The events Aq, As, A are increasing, we use Theorem 1.4 to obtain:

3
Py(A1 N Ay N Ag) > [[Po(Ai) > (1 —en¢)>. (1.13)
=1

It is simple to see that if there exists a path of open sites that joining [—2n, —n] x {0}
to [n,2n] x {0}, then the exploration curve v must touch the interval [n,2n] x {0} (see
Figure 3.4). This implies that

3
(4 € {yn([n.2n] x {0}) # &} . (1.14)

i=1

We concludes the proof of Lemma by combining 1.13 and 1.14. O
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Fix n € [0,1/2] and A > max (ﬁ, %) For each finite path w of 7~§1~1 starting at o,

such that wy,| has two children, then we set
Q=P (wﬁalel] =wd e(w|w|)2‘wﬁ87|wu = w> : (1.15)
By Lemma 1.5, we have

P (ot =@ @ e@lu)2)  COLT0D, ewyy))
e += 0 - =
P =) GO, T(D)

(1.16)

Denote by A the set of finite paths w of 7~5r*+ such that «, is well defined. We need the
following lemma:

Lemma 1.8. We have

4 1 1
Vn > 0,VA > max <1+2777 2&7) ,Ja=a(\n,B) > Q,Vw ceA:a,>a. (1.17)

Proof. Fix n > 0 and A > max { T2 2ﬂn} It is simple to see that for any w € A

—_
—_

5 1
w(|w]) >si_tr 1
CINT ve(ww))2) 2 5 =5y O T (1.18)

By Rayleigh’s monotonicity principle (see Theorem 1.6), for any w € A, we have
C(\, TW@l2) > 3. (1.19)
By 1.18 and 1.19 we have:

1 1

~ 1
A, 7l - - 1.2
By using 1.16 and 1.20, for any w € A we have:
1 1 1
w3 1.21
W=y T TN (1.21)

Because \ > %, therefore o, > % uniformly in w. Hence, there exists o > % depends
on A and 1 such that for all w € A, we have oy, > a. O
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w>®(n—1) w>®(n—1)
w®(n+1) w®(n+1)
w™(n) w™(n)
< »
° ¢
. . w>(n)
<
w®(n—1)

' N

Figure 3.1

Proof of Theorem 1.2. Consider the supercritical Bernoulli percolation with param-
eter a(\,n) > % Given a configuration of percolation, we will construct the limit walk
wion thank to Lemma 1.8 by the following way:

Assume that we have constructed the limit walk wi‘fn until the step n. We construct the
(n + 1)-th step by the following way:

1. If there is only one possibility to extend wif’n from n-th step to (n+ 1)-th step, we
take this extension.

2. Asumme that there are two possibilities to extend wy, from n-th step to (n+1)-
th step. In this cas, we look at the color of the hexagon that is in front (see
Figure 3.1):

— If it is red (open), we will turn right.
— If it is green (closed), we have two possibilities:

— We turn right with probability %((;‘:)) > 0 (by Lemma 1.8).
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. .- 11—

— We turn left with probability T(;m

It is simple to see that this is a construction of limit walk. Denote by A,, the event there
exists a path of open site that joining [—2n, —n| x {0} to [n,2n] x {0}. By Lemma 1.7,
we have

Po(An) > (1 —cn®)3 (1.22)
We need to prove that

Py (g, 1 (10, 20]) x 0}) # 2) > Pa(4y) (1.23)
Fix a configuration 6 of A,,. Consider the path ¢ formed of red hexagons (open) which
minimizes the area of the domain between the path ¢ and the real axis. Denote by Uy
the domain limited by path ¢ and the real axis. We consider the first time that the limit
walk wi’n leaves the domain U; (i.e touch the black path, see Figure 3.4). We prove that
the limit walk will hit the black path the first time in point of intersection between the
path ¢ and the interval [n,2n] x {0} (see Figure 3.4). If it does not, it will hit the black
path the first time at another point. There are possibilities, in every possibility, one find
a contradiction.
Case 1: In the Figure 3.5 and 3.6, it touches the black path the first time at step n
(the green arrow). Assume that the step n — 1 is like in these figures. In these cases, we
arrive a red hexagon after the step n—1. According to the construction of the limit walk
wi‘fn, we turn to the left if we can not extend the path to the right (it will be blocked
if we turn to the right). By analyzing the previous steps, we obtain: in Figure 3.5, the
limit walk wif’n is not a self-avoiding walk and in Figure 3.6, it touches the black path
the first time by the purple arrow that is not no green arrow. These are contradictions.
Case 2: In Figure 3.7, 3.8 and 3.9, it touches the black path the first time at step n
(the green arrow). Assume that the step n — 1 is like in these figures. By analyzing the
previous steps, we obtain the following contradiction: the limit walk touches the black
path at a step k < n.

We then obtain

Pfri (wi‘fn N ([n,2n] x {0}) # @) > Py(A,) > (1 —cn )3 (1.24)

In particular, we have

lim P(w3, N ([n,2n] x {0}) # @) = 1. (1.25)

n—-+o0o
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By using the same argument as in the proof of Theorem 1.2, we obtain the following
theorem:

Theorem 1.9. Denote by  := C(%,N) the effective conductance of biased random walk
with parameter % on N. We then have,
: 0o o _
ngrfooP(w)\m N ([-2n, —n] x {0}) # @) = 0.
If n = 0, then X is the biased random walk with parameter \. It is hoped that by

comparing with the critical percolation, we can prove the property Russo-Seymour-
Welsh for this case:

Conjecture 1.10. For any A > \., there exists a constant ¢ > 0 such that for alln > 0,

T
Py " ((wo N [n,2n]) #£ @) > c. (1.26)

2 The locality property

2.1 The space of continuous curves

In this section, we review some definitions on the space of continuous curves. We refer
the reader to [3] for more details.

We regard continuous curves as equivalence classes of continuous functions, modulo
reparametrizations. More precisely, two continuous functions f; and fo from Ry into C
describe the same curve if and only if there exist two monotone continuous bijections
i : R+ — R4, i = 1,2 such that fi(p1(t)) = fa(pa(t)) for all t € Ry.

The space of curves in a closed subset 2 of C is denoted by Sq. In the remain of this
section, we take Q the half-plane H of C and €' is a bounded, simply connected domain
of C (for example the unit disk) such that there exists a conform application, denoted
by f, from Q onto €. The distance between two curves C; and Csy of Sq is measured by:

da(C1,C2) = inf sup [f(filp1(t))] — f(falp2(t))]], (2.1)

P12 teR

where f; and fo is any pair of continuous functions representing C; and Co, and the
infimum is over the set of all strictly monotone continuous functions from R onto itself.

Lemma 2.1 (see [3]). Equation 2.1 defines a metric on the space Sq.

Proof. Clearly, d(C1,C2) is nonnegative, symmetric, satisfies the triangle inequality and
d(C,C) = 0. To prove strict positivity, assume d(Cy,C2) = 0, and choose parametrizations
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f1 and fo. We need to show that f; and fs describe the same curve, i.e., C; = C3. We
may choose f; and fa to be non-constant on any interval. Under these assumptions,
there exist sequences of reparametrizations ¢i1 and qﬁé such that

sup}!f10¢§0(¢%)‘1(t)ffz(t)! = sup |f1od\(t) — fa0 dh(t)] —imee 0. (2.2)

te(o,1 t€[0,1]
Monotonicity and uniform boundedness imply (Helly’s theorem) that there are subse-
quences (again denoted ¢! and ¢) so that ¢4 o (¢7)~! and their inverses ¢} o (¢5)~!
converge pointwise, at all but countably many points, to monotone limiting functions
¢ and gg, with fi = foog and fo = f1 0 q~5 To see that ¢ has no discontinuities, note
that jumps of ¢ would correspond to intervals where 5 is constant. But q~5 cannot be
constant on an interval, since, by our choice of parametrization, fs is not constant on
any interval. O

Lemma 2.2 (see [3]). The space (Sq,dq) is polonais (metric, complete, separated) but,
even for compact Q2 it is not compact.

2.2 The locality property of limit walk
First, we review the definitions of Fortet distance and total variation distance.

Definition 2.3. Let (S,d) be a metric space, with the Borelian tribu. We define a
distance between two probability measures u et v, sometimes called the Fortet distance:

dp(p,v) = sup{|u(f) —v(f)l, f € Lipy(S), || fllzip < 1, ([ flloc < 1}, (2.3)

where Lipy(S) is the set of Lipschitz and bounded functions , from S into R, the total
variation distanceis defined by:

dvr(p,v) = supt|u(f) = v, f € Fo(9), [[flleo < 1}, (2.4)

where F(S) is the set of bounded functions from S into R.

Fact 2.4. Equations 2.3 and 2.4 define the metrics on the set of probability measure on
SH.

Fact 2.5. Let (S, d) be a separated metric space with the Borelian tribu. Then dp(pn, 1) —
0 if and only if u, converge weakly toward p.

Lemma 2.6 (Skorokhod’s theorem). Let (S, d) be a metric space, with the Borelian tribu
B(S) and (pn)n>1 be a sequence of probability measures on S such that p, converges
weakly to some probability measure oo, on S as n — co. Suppose that the support of
oo 18 separable. Then there exists random variables X,, and X~ defined on a common
probability space (Q, F,P) such that:
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— X, = Xoo almost surely.
— For alln € N, the law of X, is pn and Xoo has law fioo-

For each n € N, denote by H" the discrete half-plane with size % Fix A > A, and consider
the biased random walk with parameter A on Tg» and w}~™ is the limit walk associated.
Assume that w{™" converge weakly in (Su,dm) toward a (random) continuous curve

A H
R

Theorem 2.7. For any A > 1, the continuous curve v has the locality property.

Proof. Let A be a subset of H such that H \ A is simply connected. We need to prove
that

d) AH\ A

(
L(( Dosezra) = L0 Do), (2.5)
where 74 := inf{t : v € A}.
In the remain of this proof, we set
1
n= — 2.6
= n (2.6)
and
A" = A(H (2.7)
A" i={z e R xRy :d(z,A) <e,} (2.8)
AmEn = (A A)[(YH™ (2.9)

Note that A™ and A™*" are discrete subsets of C; A and A®" are simply connected
subsets of C. Consider (X{)r>1 (resp. (X2)r>1) the biased random walk on 7Ty (resp.
Ten4)- We define

Tan = inf{k : p(X}) € A"} (2.10)
Tane = inf{k : p(X}) € A"} (2.11)

where p is defined as in (chapter 2, equation 6.1). It is simple to see that
LOXR,k < 7an) = LIXR, b < Tan)., (2.12)

Because the branching number of N is equal to 1, we then have

B :=C(\N) > 0. (2.13)
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For any 74n.e < k < 7an, we have
N C (Tpn PR (2.14)

N C (T an )P (2.15)

We use Equations 2.13, 2.14 and 2.15, for any 7ane < k < 74n, we have:

C O (Tan)POD) > B et € (A, (T an )P > 8. (2.16)

Consider X 2‘ and X ,;\ until the time 74~. If after this time, the random walks X 2‘ and
X{) do not come back to X2 then

TANE )
n Hn A’"/
W10, rane] = WPE A0, 7ane). (2.17)
Define on the same probability space, a coupling (X, Y) such that X has law £(w3>™" [0, 74n.en])
and Y has law [Z(wio’Hn\AnO, Tanen]). We then obtain:

dry (L0, 7anen]), LT[0, 7ancn])) S P(X £ Y) < 2(1 — g)r(Tamen —7an),

(2.18)
We use Equation 2.6 to obtain:
e — Tan > ;ﬁ (2.19)
By combining Equations 2.18 and 2.19, we obtain:
dry (L@ 10, manen]), L0, 7ane])) S 20 - BYF (2.20)
Because dr < dry, therefore:
dp (LT[0, Tanen]), LT 0, Tanen])) < 2(1 = B)V™ (2.21)
By hypothesis, we have
wio’Hn (E; V"H and wio’Hn\An (LQ V"H\A. (2.22)

Because (Sm, dp) is a polonais space, by Lemma Fait 2.6, we can assume the convergences
in 2.22 are almost surely. We then have

oo, H™

w10, Taneu] il

PEAMH[0,74] et W [0, Tamen ] 23 AMVAID, 741 (2.23)

—
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Because (Sp, dyy) is separated metric space, by Fact 2.5, we have:

dp(L@W™ 0, Tanen]), L(yME[0,74])) — 0. (2.24)
dp (L0, 7amen]), L0, F4])) — 0. (2.25)

By triangular inequality, for any n > 0,

dp (L0, 7a)), LA, 74))) < dp(L(F0,74)), L@ [0, Tanen]))
+ dp (L@ 0, Tanen]), L@ [0, Tana]))
+ dp (LT[0, 7 anen]), LA, 7o),

By 2.21, 2.24 and 2.25 we have:

dp (L0, 7a]), L0, 7a))) = 0. (2.26)

Hence,
L0, 7a]) = LGAFA0,74]), (2.27)
this completes the proof of Theorem. O

Theorem 2.8. For any A\ > A, the continuous curve v has the weakly locality property.

Proof. This is a consequence of Lemma 2.9 and the same argument as the proof of
Theorem 2.7, therefore we omit the proof. O

Consider a sequence of rectangles (B?);>1 such that for each i, the rectangles B* has the
size L x ¢;. We set £ = min;>q ¢; and we consider an infinite domain from these rectangles
by the following way: We attach a vertex of B! to a vertex of B’ such that B[ B*+!
has only one element for all i > 1 and B*(\ B/ = @ if |i — j| > 1 (see Figure 3.2). We

then obtain an infinite domain which is denoted by Bzo’g.

Consider the self-avoiding walks of Bzo’é which have the following property. It starts
from a vertex of one side of B!. If it touches the opposite side of B, it will follow that
side up to the common vertex between B! and B2. The following steps of the path are in
B? and repeat the procedure. The tree is built from these self-avoiding walks is denoted
by TBzo,Z. Recall that By, (resp. Tp, ) the strip of size L (resp. the tree is built from the

self-avoiding walks in the strip Bp).
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Figure 3.2

Lemma 2.9. For all A > A\(Tp, ), there exist o > 0 and h(L) € N, such that m¢ > h(L),
we have

CO Tyoei) = (2.28)

Before proving this Lemma, we need the following theorem:

Theorem 2.10 (Thomson’s principle [37]). Given disjoint vertex sets A and Z in a finite
network (T, c), we may express the effective resistance between A and Z by Thomson’s
principle as

R(A + Z) = min E r(e)f(e)?
0
ecE(T)

Proof of Lemma 2.9. Fix A > \.(7p, ) and we choose 6 such that:

R\ Ts,) = Y <0(6)2> : (2.29)

le]
ecE(T) Al

We can rewrite Equation 2.29:

RO\ Ts,) =) % > 6e)?|. (2.30)

n>0 le]l=n

We take ¢ = 1/2, there exists h(L) > 0 such that for any ng > h(L):
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1 ek
3 " > 0e)?] < - (2.31)

n>ng le]=n

Define a flow ¢’ on Tpe, by the following way: For each finite self-avoiding walk

in BZO’Z, one can decompose in the unique ways into self-avoiding walks (7;)1<i<i, and
(Bi)1<i<i, such that v; is a self-avoiding walk in B' which intersects the side that does
not contain the starting point of this walk in B?, in at most 1 point and 3; := (v\ ;) (| B

(see Figure 3.3).
g m

— 1 .

Y2

T

B2 ]

3
Figure 3.3

For each 4, we have B is a sub-domain of By, and then ~; is also a self-avoiding walk of
the strip Br,. Then we set:

0'(v) = [ [ 6Uen. (). p(en, (i)}, (2.32)

i=1

where p(¢p, (7)) is the parent of pp, (7;) in the tree Tg,. We can see that 0’ is a flow
on T geee. We want to estimate the following difference:
L



124 CHAPTER 3. PERSPECTIVES AND CONJECTURES

R(A, ’TBzo,e) - R\ TB,) (2.33)
Because Tyoo.c C Tp,, by Theorem 2.10, we have:
L
R(A, TBEO") >R\ Tp,) =E(8) (2.34)
Moreover, by Theorem 2.10, we have:

R ()\, TBEO,Z) < &), (2.35)

We then obtain:
EO)>R </\, TBOO,E) >R(\Tg,) =E(0). (2.36)
L

We use Equation 2.36 to obtain:

‘R ()\, TBZO,Z) — RO\ Ts,)| < |€0) - £(0)]. (2.37)
By the construction of ¢, if £ > h(L) we have:
, co 1 iL )\iL ]
0)—E(00)| < Lo — —e' < 1. 2.
£(0) 5()\_@2? <A) e < (2.38)
By Equations 2.37 and 2.38, if £ > h(L), we have:
R (A,TBEOQ <R\ Tp,) + 1. (2.39)
Therefore, for any ¢ > h(L),
C\,TB,)
C(NTpoow)>——""L >0 2.40
( 7TBL’£)—1+C(A’TBL)> ’ ( )

this completes the proof of lemma. O
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Figure 3.4

Figure 3.5

Figure 3.6
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Figure 3.7

Figure 3.8

Figure 3.9
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Random walks in random
environment
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Chapter 4

The branching-ruin number as
critical parameter of random
processes on trees

Abstract

The branching-ruin number of a tree, which describes its asymptotic growth and ge-
ometry, can be seen as a polynomial version of the branching number. This quantity
was defined by Collevecchio, Kious and Sidoravicius (2018) in order to understand
the phase transitions of the once-reinforced random walk (ORRW) on trees. Strik-
ingly, this number was proved to be equal to the critical parameter of ORRW on
trees.

In this paper, we continue the investigation of the link between the branching-ruin
number and the criticality of random processes on trees.

First, we study random walks on random conductances on trees, when the con-
ductances have an heavy tail at 0, parametrized by some p > 1, where 1/p is the
exponent of the tail. We prove a phase transition recurrence/transience with respect
to p and identify the critical parameter to be equal to the branching-ruin number of
the tree.

Second, we study a multi-excited random walk on trees where each vertex has M
cookies and each cookie has an infinite strength towards the root. Here again, we
prove a phase transition recurrence/transience and identify the critical number of
cookies to be equal to the branching-ruin number of the tree, minus 1. This result
extends a conjecture of Volkov (2003). Besides, we study a generalized version of
this process and generalize results of Basdevant and Singh (2009).

This chapter is based on [71], which is joint work with Andrea Collevecchio and Daniel
Kious.
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1 Introduction

Let us consider a random process on a tree which is parametrized with one parameter p.
We say that this process undergoes a phase transition if there exists a critical parameter
pe such that the (macroscopic) behavior of the random process is significantly different
for p < p. and for p > p.. This is, for instance, the case of Bernoulli percolation on

trees, biased random walks (see [35, 86, 87]) or linearly edge-reinforced random walks
[101] on trees.
In [25], R. Lyons proved the following beautiful result. Bernoulli percolation and bi-

ased random walks (among others) share the same critical parameter which is equal to
the branching number of the tree. The branching number, defined by Furstenberg [53],
is, roughly speaking, a quantity that provides a precise information on the asymptotic
growth and geometry of a tree, at the exponential scale (see (2.1) for a definition). For
instance, for trees that are “well-behaved” (such as spherically symmetric trees) and
whose spheres of diameter n have size m'™, the branching number is equal to m. This
description is actually not accurate as some trees have a peculiar geometry, and the size
of their spheres is not a good indicator of their asymptotic complexity.

The phase transition of the once-reinforced random walk was studied in [33]. In order to
see a phase transition, one needs to consider trees that grow polynomially fast (see [75]),
and therefore the branching number is not the quantity that would provide a relevant
information in this case. Indeed, the branching number does not allow us to distinguish
among trees with polynomial growth as the branching number of any tree with sub-
exponential growth is equal to 1. In [33], it was proved that the critical parameter for
the once-reinforced random walk on trees is equal to the branching-ruin number of the
tree (see (2.2)). The branching-ruin number of a tree is best described as the polynomial
version of the branching number: if a well-behaved tree has spheres of size n®, then the
branching-ruin number of this tree is b. Again, this fact is not true in general because
of the possible complex asymptotic geometry of trees.

The purpose of the current paper is to emphasize two other examples where the branching-
ruin number appears as the critical parameter of a random process, as it was done for the
branching number. We study random walks on random conductances with heavy-tails
and a model of excited random walks called the M-digging random walk. In the next
two subsections, we describe our results. In the first one, we relate the branching-ruin
number to the critical weight of the tails of the conductances. In the second result,
we relate the critical number of cookies per site to the branching-ruin number and, in
particular, our result extends a conjecture of Volkov [118].

1.1 Random walk on heavy-tailed random conductances

First, we study random walks on random conductances in the case where the con-
ductances have heavy tails at zero. Consider an infinite, locally finite, tree 7 with
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branching-ruin number b (see (2.2) for a definition). Even though our results hold for
any branching-ruin number, for the sake of the following explanations, let us temporarily
assume that b > 1, so that simple random walk is transient on this tree (see Theorem
1.2, or [33]). Assign i.i.d. conductances, or weights, to each edge of 7 and let us de-
fine a nearest-neighbor random walk which jumps through an edge with a probability
proportional to the conductance of this edge. This model is very classical and has been
extensively study on various graph, including Z and Z?. The behavior of the walk de-
pends on the common law of the conductances.

For instance, if the conductances are bounded away from 0 and from the infinity, the
behavior of the walk is close to the one of simple random walk and it will therefore be
transient on 7, moving at a speed similar to that of simple random walk.

If the conductances can be very large, i.e. unbounded and for instance with an heavy-tail
at infinity, this should not affect the transience of the walk. Nevertheless, this would
have an important impact on the time that the random walk spends on small areas of
the environment. We do not prove anything in this direction in this paper as our main
interest is in the recurrence/transience of the walk, but we would like to describe here
what should happen. If the conductances can be extremely large with a not-so-small
probability, then the walker will meet, here and there, an edge with an overwhelmingly
large conductance and will cross this edge back-and-forth for a very large number of
times before moving on. The consequence of this mechanism is that the random walker
will spend most of its time on these t¢raps and will move at a speed much smaller than
simple random walk on the same tree. This phenomenon is reminiscent of Bouchaud’s
trap model, see [19, 12, 44, 13], or [52] where an explicit link is made between Bouchaud’s
trap model and biased random walk on random conductances.

The last possible scenario is when the conductances could be extremely small, which is
what we are mainly interested in here. The extreme case would be percolation where
the random walk is recurrent as soon as the percolation is subcritical. In our case, the
conductances remain positive but have an heavy-tail at 0. This creates “barriers” of
edges with atypically small conductances that can make the walker come back to the
root infinitely often, even when the tree is transient for simple random walk. Let us now
describe our results.

Recall that T is an infinite, locally finite, tree and let E be the set of all its edges. Let
(Ce)eer be a collection of i.i.d. random conductances that are almost surely positive.
Moreover, assume that

P <C’e < 1) = iﬂ?, for t > 0, (1.1)

where L : R — R is a slowly-varying function. For simplicity, we will also assume that
P (C. > 1) > 0 without loss of generality.
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For a realisation of the environment (C.), we can define a random walk on these con-
ductances which jumps through an edge e with a probability proportional to C.. For
a formal definition of this random walk on random conductances (RWRC), we refer to
Section 2.3. In the following, we say that a walk is transient if it does not return to
its starting point with positive probability. If a walk is not transient, it comes back to
the root almost surely and it is called recurrent. We also give a formal definition of
recurrence and transience in Section 2.3.

Finally, the branching -ruin number of 7, formally defined in (2.2), is denoted by br, (7).

Theorem 1.1. Fiz an infinite, locally finite, tree T and let b = br,(T) € [0,00] be its
branching-ruin number. If b < 1, then RWRC is recurrent. Assuming b > 1, if mb > 1
then RWRC is transient and if mb < 1 then it is recurrent.

1.2 The M-digging random walk

Our second main result concerns a model of multi-excited random walks on trees, also
known as cookie random walks.

Excited random walks were introduced by Benjamini and Wilson in [17] on Z¢, and
have been extensively studied (see [7, 18, 76, 77, 117]). Zerner [121, 120] introduced a
generalization of this model called multi-excited random walks (or cookie random walk).
These walks are well understood on Z, but not much is known in higher dimensions.
Here, we study an extreme case of multi-excited random walks on trees, introduced by
Volkov [118], called the M-digging random walk (M-DRW). We also study its biased
version and generalize a result by Basdevant and Singh [10], see Theorem 3.3, who stud-
ied it on regular trees.

Assign to each vertex M cookies, where M is a non-negative integer. Define a nearest-
neighbor random walk X as follows. Each time it visits a vertex, if there is any cookie
left there, it eats one of them and then jumps to the parent of that vertex. If no cookies
are detected, then it jumps to one of the neighbors with uniform probability. We refer
to section 2.3 for a formal definition of this process.

Volkov [118] conjectured that this process is transient on any tree containing the binary,
which was proved by Basdevant and Singh [10]. Here, we obtain a much finer description
of the process and we can prove that this random walk actually undergoes a phase
transition on trees with polynomial gowth, i.e. on trees 7 where the branching-ruin
number br, (7)) is finite.

[118]

Theorem 1.2. Let T be an infinite, locally-finite, rooted tree, and let M € N. If
br.(T) < M + 1 then M-DRW is recurrent and if br.(T) > M + 1 then M-DRW is
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transient.

We refer to Theorem 3.3 for the more general result on the biased case and Theorem 3.1
for the case where the number of cookies on each vertex is inhomogeneous over the tree.

2 The models

In this section, we define relevant vocabulary and conventions. We then recall the
definition of the branching number and branching-ruin number of a tree, and finally
we formally define the models.

2.1 Notation

Let 7 = (V, E) be an infinite, locally finite, rooted tree with set of vertices V' and set of
edges E. Let g be the root of T.

Two vertices v, u € V are called neighbors, denoted v ~ p, if {v,u} € E.

For any vertex v € V \ {o}, denote by v~! its parent, i.e. the neighbour of v with
shortest distance from p.

For any v € V, let |v| be the number of edges in the unique self-avoiding path connecting
v to g and call |v| the generation of v. In particular, we have |g| = 0.

For any edge e € E denote by e~ and e™ its endpoints with |e*| = |e”| + 1, and define
the generation of an edge as |e| = |e™].

For any pair of vertices v and u, we write v < p if v is on the unique self-avoiding path
between ¢ and p (including it), and v < p if moreover v # p. Similarly, for two edges
e and g, we write g < e if g7 < e™ and g < e if moreover g* # e'. For two vertices
v < p €V, we will denote by [v, u] the unique self-avoiding path connecting v to p. For
two neighboring vertices v and u, we use the slight abuse of notation [v, u] to denote the
edge with endpoints v and p (note that we allow p < v).

For two edges e1,eo € E, we denote e; A es the vertex with maximal distance from p
such that e; A ey < ef and e1 Aeg < e;.

2.2 The Branching Number and The Branching-Ruin Number

In order to define the branching number and the branching-ruin number of a tree, we
will need the notion of cutsets.

Let 7 be an infinite, locally finite and rooted tree. A cutset in 7 is a set w of edges
such that, for any infinite self-avoiding path (v;);>¢ started at the root, there exists a
unique ¢ > 1 such that [v;_1,v;] € m. In other words, a cutset is a minimal set of edges
separating the root from infinity. We use II to denote the set of cutsets.
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The branching number of 7 is defined as

b = 0: inf “lel > o 1, 0l 2.1
r(T) = sup {7 >0 inf GEZWW > } € [1, o0] (2.1)
branching-ruin number of 7 is defined as
br, = 0: inf >0 0, . 2.2
r(T) = sup {v >0 inf ;Ie > } € [0, oc] (2.2)

These quantities provide good ways to measure respectively the exponential growth and
the polynomial growth of a tree. For instance, a tree which is spherically symmetric (or
regular) and whose n generation grows like 0", for b > 1, has a branching number equal
to b. On the other hand, if such a tree grows like n®, for some b > 0, its branching-ruin
number is equal to b. We refer the reader to [37] for a detailed investigation of the
branching number and [33] for discussions on the branching-ruin number.

2.3 Formal definition of the models
The random walk on heavy-tailed random conductances

In this section, we provide a formal definition of the random walk on random conduc-
tances (RWRC).

First let us define the environment of the walk. To the edges of T, we associate i.i.d. ran-
dom conductances C, € (0,00), e € E, with common law P, where E denotes the
corresponding expectation. We will assume that

P (Ce < 1) = I;(nt)’ for t > 0, (2.3)

where L : R — R is a slowly varying function.

Given a realisation of the environment (C.)ccr, we define a reversible Markov chain
X = (X,)n. We denote P the law of this Markov chain when it is started from a vertex
v € V. Under Py, we have that Xo = ¢ and, if X;, = v and pu ~ v, we have that

Cluul
) = o
ZMM/ Clow)

We call P¥ the quenched law of the random walk and denote E* the corresponding

Py (Xpq1 = p| Xp =v)=P; (X1 =

expectation. We define the annealed law of X started at ¢ as the semi-direct product
P, = P x Py, that is the random walk averaged over the environment. We denote E,
the corresponding annealed expectation.

For a vertex v € V', T'(v) stands for the return time to v, that is

T(v) = inf{n >0:X, =v}.
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A RWRC is said to be recurrent if it returns to g, P,-almost surely. This process is
transient if it is not recurrent, that is

P,(T(0) = ) > 0.
AsP, (T(g) = oo) =E (P;’J (T(g) = oo)), X is transient if, with positive P-probability,
we have that

pe (T(g) - oo) > 0.

Finally, as X is a Markov chain under P“, we have that it is transient if and only if the
walk returns finitely often to the root ¢ and, using a zero-one law on the environment, we
can prove that this happens with probability 0 or 1. Therefore, the notions of recurrence
and transience are well defined in the quenched and annealed sense.

The M-digging random walk

Let T = (V,E) be an infinite, locally-finite, tree rooted at a vertex p. We are going
to define a biased version of the M-DRW described above, which will also allow for an
inhomogeneous initial number of cookies.

Let M = (m,,v € V) be a collection of non-negative integers, with m, = 0, and fix
A > 0. For convenience, for e € E, we denote m, = m+.

Let us define a random walk X = (X,),>0 as follows. For any vertex v € V, define

lo(v)=|{k€{0,...,n}: X =v}|. (2.4)
For each edge e € E and each time n € N, we associate the following weight:
Wa(e) = (1= Lgyeyzm, ) AT (2.5)

As can be seen in (2.6) below, the model remains unchanged if, in the above definition,
we use A\7l¢l instead of A7I¢IT1. Our choice turns out to be convenient in the proofs.
For a non-oriented edge [v, u|, we will simply write Wy, (v, u) = Wy (u,v) = Wy ([v, u))
We start the random walk at Xg = p. At time n > 0, for any v € V, on the event
{X,, = v}, we define, for any p ~ v,
Wi (v, 1)

P(Xpny1 = u| Fn) Zuwy W (v, 1) ) (2.6)
where F,, = 0(Xop,...,X,) is the o-field generated by the history of X up to time n.
We call this walk an M-digging random walk with bias A and denote it M-DRW,.
It will be very convenient to observe X only at times when it is on vertices with no more
cookies. For this purpose, let us define X = ()A(:n)n a nearest-neighbor random walk on
T as follows. Let og = 0 and, for any n € N,

Opt+1 = inf {k >0y X # Xgn,gk(Xk) > mx, + 1}. (2.7)



CHAPTER 4. THE BRANCHING-RUIN NUMBER AS CRITICAL PARAMETER
136 OF RANDOM PROCESSES ON TREES

We define, for all n € N, )?n = X5,
Next, we want to define notions of recurrence and transience for X. As above, we define
the return time of X, or X, to a vertex v € V by

T(v) = inf{k >1: X} =v}. (2.8)

In words, we consider that a vertex v is hit by X when it is hit by X in the usual
sense. The fact to choose this time to be greater than 1 will be convenient technically
to accommodate with the particularities of the root.

We say that X, or )Ni, is transient if

P (T(0) = c0) > 0. (2.9)

Otherwise, we say that X, or )~(, is recurrent.

Note that if we choose m, = M € N for all v € V' \ {p} and A = 1, then X is the
M-DRW described in Section 1.2.

3 Main results

We are about to state a sharp criterion of recurrence/transience in terms of a quantity
RT(T,X), first introduced in [33].
For a function ¢ : E — R, we define the quantity

o

RT(T,v) := supq vy > 0;2{_{2 Hw(g) >0. (3.1)

ecm \g<e

As we will see, for the relevant function v, the recurrence or transience of the walks will
be related to this quantity being smaller or greater than 1.

3.1 Main results about RWRC

It is straightforward to see that the two following results together imply Theorem 1.1.
The proof of Proposition 3.1 is given in Section 5.

Let us define, for any e € E, ¥pco(e) =1 if |e] = 1 and, if |e| > 1,

~1

_ §:g<ecz .
E:gge(zgl
Proposition 3.1. Fiz an infinite, locally finite, tree T and let b = br,.(T) € [0,00] be

its branching-ruin number. If b < 1 then RT(T,vrc) < 1, P-almost surely. Assuming
b > 1, we have that

Yre(e) (3.2)
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1. if mb > 1 then RT(T,v¥rc) > 1 with positive P-probability;
2. if mb < 1 then RT(T,vrc) < 1, P-almost surely.

The following result is a direct consequence of Theorem 5 of [33], recalling the discussion
at the end of Section 2.3 and noting that condition (2.5) in [33] is trivially satisfied
by Markov chains, which in that context is translated into non-reinforced environments.
Therefore, we will omit its proof.

Proposition 3.2 (Theorem 5 of [33]). Fiz an infinite, locally finite, tree T. We have
that

1. if RT(T ,v¥rc) > 1 with positive P-probability then RWRC is transient;
2. if RT(T,v¥rc) <1 P-almost surely then RWRC is recurrent.

3.2 Main results about the M-DRW

The following Theorem is more general than Theorem 1.2 in the introduction and deals
with the homogeneous case where M = (m,;v € V) is such that m, = 0 and m, = M
for all v € V' \ {o}. Let us emphasize that, in item (1) below, the phase transition is
given in terms of branching-ruin number whereas, in item (2), the phase transition is
given in terms of branching number.

Theorem 3.3. Let T be an infinite, locally-finite, rooted tree, and let M € N, X > 0.
Denote X the M-DRWy, on T with parameters X > 0 and M = (m,;v € V) such that
my =0 and m, = M for allv € V' \ {o}. We have that

1. in the case A =1, if br(T) < M + 1 then X is recurrent and if brp.(T) > M + 1
then X is transient;

2. for any A > 1, if br(T) < AM*1 then X is recurrent and if br(T) > MM+ then X
18 transient;

3. for any A < 1, X is transient.

Remark 3.4. If, for a tree T, br(T) > 1, then we have that br.(7) = oo, as proved of
Case V of the proof of Lemma 3.2. Therefore, the items (1) and (2) in Theorem 3.3 are
not contradictory.

Note that, for a b-ary tree, br(7) = b and our result therefore agrees with Corollary
1.7 of [10]. In [10], the authors prove that the walk is recurrent at criticality on regular
trees, but this is not expected to be true in general.

We are about to state a sharp criterion of recurrence/transience in terms of a quantity
RT(T,-) as defined in (3.1), which will apply to the general case M = (m,;v € V) € NV,
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We will then prove that Theorem 3.3 is a simple corollary of this general result.

For this purpose, we need some notation. Let us define a function 1y, x on the edges of
E such that, for any e € E, ¢ps1(e) =1 if |e] =1 and, for any e € E with |e| > 1,

)\|e|—1 1 me++1
Yua(e) = ST ifA#£1,

_ 1 me++1
Yua(e) = (e‘ ) if A =1.

le]

(3.3)

As we will see in Section 7, 1y (e) corresponds to the probability that X, or f(, when
restricted to [o,e™] (i.e. the path from the root to e™), hits e™ before returning to o,
after having hit e™.

We will prove the following result in Section 8.

Theorem 3.5. Consider an M-DRW, X on an infinite, locally finite, rooted tree T,
with parameters A > 0 and M = (my;v € V) € NV, If RT(T,¢¥n) < 1 then X is
recurrent. If RT (T, v ) > 1 and if

dM € N such that supm, < M, (3.4)
veV

then X s transient.

The following result concerns the homogeneous case. Theorem 3.3 is a straightforward
consequence of Theorem 3.5 and Lemma 3.2.

Lemma 3.6. Consider an M-DRW, X on an infinite, locally finite, rooted tree T,
with parameters A > 0 and M = (my;v € V) such that my, = 0 and m, = M for all
v e V\{o}. We have that

1. for X\=1, if brp(T) < M + 1 then RT(T,¥mx) <1 and if brp(T) > M + 1 then
RT(T ., ¢Ymn) > 1;

2. for A > 1, if br(T) < MMFL then RT(T,¢n) < 1 and if br(T) > AM*L then
RT(T,%m ) > 1;

3. for A <1, we have RT(T ,¢¥m ) < 1.

The proofs of Theorem 3.5 and Lemma 3.6 are given in Section 6.

4 Preliminary results

Proposition 4.2 below can be proved following line by line the argument in Section 8 of
[33]. For the sake of completeness, we give an outline of the proof in the Appendix 9.
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It relies on the concept of quasi-independent percolation defined as below (see also [37],
page 144). In the following, we denote by C(p) the cluster of open edges containing the
root o.

Definition 4.1. An edge-percolation is said to be quasi-independent if there exists a
constant Cg € (0,00) such that, for any two edges ei,ex € E with common ancestor
e1 A e, we have that

P(e1,e2 € C(o)|e1 Aea € C(0)) <CoP(e1 € C(o)|e1 Aea € C0))

x P( ez €C(o)|e1 Aea €C(0)). (4.1)

This previous notion is useful when one tries to prove the super-criticality of a correlated
percolation.

Proposition 4.2. Consider an edge-percolation (not necessarily independent), such that
edges at generation 1 are open almost surely and, for ey € E with |e1] > 1,

P (e1 € C(o)]eo € C(0)) = th(e1) > 0, (4.2)

where eg ~ e1 and ey < ey1. If RT(T,v¢) < 1 then C(p) is finite almost surely. If the
percolation is quasi-independent and if RT(T,v) > 1 then C(o) is infinite with positive
probability.

The proof of Proposition 4.2 above is postponed in Appendix 9.

Let us first apply this to a particular percolation in order to obtain a sufficient criterion
for subcriticality.

Corollary 4.3. Let T be a tree with branching ruin number br,(T) =b € [0,00]. Fiz a
parameter 6 > 0 and perform a percolation (not necessarily independent) on T such that
(4.2) holds and assume moreover that 1)(e) = 1 — dle|™" as soon as |e| > ng, for some
integer ng > 1. If 6 > b then the percolation is subcritical.

Proof. For a cutset 7, let |7| = inf{|e|: e € 7}. First, note that for any a > b,

inf Z\era >ng* >0,

well:|r|<ng e

and therefore

inf Z le]™ = 12%2 le|”* = 0.

mell:|r|>ng pymd e
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Second, for any v > b/J, we have

1nf Z H < weHizlerfbno Z H (¥(9))”

eE7r g<e ecm g<e
< inf (1-14]g/™")
7r€H || >no ; g1:[e
(4.3)
inf exp | —y0
B 7r6H |7r\>no Z P 7 Z
inf 7 = 0.
7r€H |7r\>n0 Z ’ ‘

Hence RT(T,1) < 1 and by using Proposition 4.2 the cluster 7 is finite, almost surely.
O]

Next, we use Proposition 4.2 and Corollary 4.3 to prove the following result.

Proposition 4.4. Let T be a tree with branching ruin number br,(T) =b € [0,00]. Fix
a parameter 6 > 0 and perform a quasi-independent percolation on T such that (4.2)
holds and assume moreover that (e) > 1 — dle|™! as soon as |e| > ng, for some integer
ng > 1. Let T be the connected cluster containing the root 9. We have that

1. if § < b then Ts is infinite with positive probability;
2. for any 6 € (0,b) we have that, with positive probability, br,(Ts) > b — 24.

Proof. First we prove (1). For 7 € II, we define |r| = min{|e|;e € 7}. Notice that, for
any v > 1, as ¥(e) > 0 for every e € E,

WEHi:ErﬁSnO Z H (¥(9))" > 0. (4.4)

ecm g<e

If 0 < b, then for any v € (1,b/6), we have

inf Y J[w(@) > inf S T[@-0dlgl™")"

II: II:
mell:|m|>ng e g<e mell:|m|>ng een g<e

> ci - 1 4.5
_C;glﬁ;exp v6 Y i (4.5)

where ¢ is some positive constant. Putting (4.4) and (4.5) together, we have that
RT(T,v) > 1. By Proposition 4.2, as the percolation is quasi-independent, the cluster
Ts is infinite with positive probability.
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Next, we turn to the proof of (2). Consider the previous percolation, with § < b and fix
p<b-—2J.

On the event {75 is infinite}, which has positive probability, we perform an independent
percolation on 7; for which an edge e stays open with probability (1 — ple|~!). We
proved that if p < br.(75) then the percolation is supercritical and if p > br,.(75) then it
is subcritical. We denote 7} +p the resulting cluster of the root.

On the other hand, performing this percolation on 75 is equivalent to performing a quasi-
independent percolation on the whole tree 7 where an edge e stays open with probability
()1~ plel V). As p(e)(1 - ple 1) = (1 - dle[ (1~ plel ™) = 1 = (5 + p)lel Y, for
le|] > ng, if p+ § < b, this percolation is supercritical, i.e. 7;’ . is infinite with positive
probability.

This implies that, on the event {75 is infinite}, the cluster T ', is infinite with positive
probability. Therefore, by Corollary 4.3, br,(Ts) > p with positive probability. As this
holds for any p < b — d, we obtain the conclusion. O

5 Proof of Proposition 3.1 and Theorem 1.1

First, note that Theorem 1.1 is a straightforward consequence of Proposition 3.1 and
Proposition 3.2. Therefore, it remains to prove Proposition 3.1.

5.1 Transience: proof of the first item of Proposition 3.1

In this section, we will prove that RT(T,9¥rc) > 1, where we recall that this quantity
is defined in (3.1) and 1 gc is defined in (3.2).

In particular, we can rewrite

A

1

RT(T,¢rc) =sup{ A >0 inf () >0y. (5.1)
mell eem Zige C; !

Besides, notice that 1(e) represents the probability that a one-dimensional random walk
on the conductances (C¢)ccp, restricted to the ray connecting o to e’ and started at e,
hits e™ before returning to o.

Proposition 5.1. For any p € N, and for any 7 > 0, there exists a positive finite
constant K,  such that

E

(iC’il)p ‘ ﬁ{C’;l < szT}] < Kpﬁnp(lv%), for all m € N. (5.2)
; i=1

Proof. Recall that for any non-negative random variable Z we have, for a > 1,

E[Z%] = / au® 'P(Z > u)du.
0
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For any b > 0 we have that any slowly varying function L(u) is o(u®), as u — co. Hence,
for any 7 > 0, there exists a constant K,,ig > 0 depending only on L and 7, such that,
for 4 > i(),

PSS
T vm L 1
E[C7 | Ci_l < 2%} < |1 ‘|’/ a“a_lﬂd“ B
1 um™ 1— i_(H‘T)L(i = )

S 2 <1 + Lia(l-ﬁ-T)Q/m—l _ 1)

a—m

. plaT)
= b,

For simplicity we drop 7 from the notation, and use (bia))i. Notice that the sequence

(bi”);, when a > 1, is O( )
L, a and 7 such that

~1v 1), that is there exists K, > 0 depending only on

b < K, (7< " 1\/1),

for all ¢ € N. In order to prove the proposition, we proceed by double induction. First
we prove that (5.2) holds for p = 1 and all n € N. In fact, for m > 0, we have

(i(%l)m{c <Zm}]<z v — o). (5.4
=1

Note that, in the previous inequality, we use that P[C. > 1] > 0 for any e € E, so that
the conditional probability on the left-hand side is well-defined.
Assume that (5.2) holds for all p < 5 —1 and for all n € N. Notice that (5.2) is trivially

true for n = 1 and p = 3. 2Suppose it is true for all n < N and for p = 8. To simplify
(1+7)
V
m

the notation, set n = 1. Next we prove the result for N + 1. We can suppose

that Kpg is larger than
B ~
KKg_; 5.5
0<jB1 <j JRe (5:5)
where Ko = 1. We have

(;o) | ﬂ{c <itn}

al 1 p -B = B al B+ Nt 147
—E (ZC;) +CN+1+Z(]> » oot CNH]‘ ﬂ{c <im}
i=1 j=1

=1

ps—1 N . N4+1
< KgNo 40+ NE o1y cl<i b=
S Kp +tOon T j i ﬂ{i <im N+1
j=1 i=1 i=1

B5—1

~ T2 ) 2

(5.6)

J=1
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In the step before the last one, we used independence between Cnyq and (Cj)i<n. As
we can choose Kz to be larger than (5.5), we have

N+1 8 N+1 L
E (Zc;l) ‘ ﬂ{qlgir}] < K, (Nﬁu(NH)ﬁﬁ—l). (5.7)
=1 =1

It remains to prove that the right-hand side of (5.7) is less than Kz(N + 1)%". Notice
that the right-hand side of (5.7) equals

1 Bn 1
N+ 1P (1= =) + ) < Ka(N +1)%
(N +1) 5< N1 N+1)_ s(N +1)77,
where we used (1 —2)* <1 —z for all z € (0,1) and a > 1. O

Corollary 5.2. For any ¢ € (0,1), any t > 0, there exist C.y > 0 such that, for any
e € E, we have that

P00 s v (VLo < 1ol ) ) < Curlel ™

g —_—
g<e g<e

Proof. Using Proposition 5.1 and Markov’s inequality gives that, for any p € N,
1y ate)?

PZq5M<m%WH$SWQsmMW.<w

g<e g<e

This gives the conclusion by choosing p = [t/e] and by noting that (1 v %) +e<
(1v )4 mise O

m

Next, we will define a quasi-independent percolation on the tree 7. Let us fix ¢ € (0, 1Ab)
small enough, such that the following conditions are satisfied

(1+a)1+(7:;+3)5

(I4+4e)(1+¢)<b—2¢ if b> 1. (5.10)

<b—2  ifbm>1, (5.9)

Let us define the percolation such that, for e € F with |e| = 1, e is open almost surely
and if |e] > 1 then

m—+3 c

{e is open} := {c;l < ye\%}m Yoyt < |V (5.11)

g<e
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We will denote by 7o the cluster of open edges containing the root. Let us define the
function ¢ on edges such that ¢)c(e) = 1 if |e] = 1 and, if |e] > 1 and e is the parent
of e, that is the unique edge such that e('f = e, then

Yo(e) == P(eeTeoleo € To). (5.12)

Proposition 5.3. The percolation defined by (5.11) is quasi-independent. Moreover,
RT(T,v¢) > 1 and, with positive P-probability br,.(Tc) > b —e.

Proof. Let us prove that there exists a constant pg > 0 such that, for any e € E,

P eeTc‘ﬂ{Cglﬁfgfle} =P ﬂ{ge%}m{q;lS'g'l:f}

g<e g<e g<e

(5.13)

2 Po-

Indeed, the conditioning in the above expression is equivalent to picking a sequence of
independent conductances (C});>1 under a measure P such that C; is picked under the

conditioned law P(-|C}” L<y 1mj), and looking at the events corresponding to the second
event on the right hand side of (5.11), that is

Ay ={3ot < jva)eete

i<j

By Corollary 5.2 (applied with ¢ = 2 for instance) and Borel-Cantelli Lemma, there
exists k£ € N (deterministic) such that P (N,>rA,) > 0. Now, if one replaces C; by
C; = max(Cj, 1) for 1 < j <k, and let A,, be the the same event as A, but where C;

is replaced by C'j, then A, ..., A; always happen and P (ﬂnzlfln> > P (Np>kApn) > 0.
Finally, we can choose

po=P(Np>14,) =P (ngIAn> x P (M<j<k {C; > 1}) >0,

which proves the claim (5.13).

Let us prove that the percolation is quasi-independent. Let eq,es € E and let e be their
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common ancestor with highest generation. We have that

P (e1,e2 € To)
P (e € 7o)
B . L P (61762 € TC" Ny<er.en { 0D })
= H P (Cg < g ) (e i TC‘ ﬂg<e {C’ < |g|1+e })

e<g<e; or e<g<es

gplo x I1 P (C;l < |g|1:f>

P (61,62 € Tc‘e € TC> =

e<g<e; or e<g<es
LI o<, P (C L gl ) [g<e, (C*I < \g\lif)
oo (Ci sl HE) (5.14)
<i Hg<e1 (C 1<‘g‘
P [l<. P (C < ’9‘ ) I,< (C’l < ]g\if)
Plemine =0 e
P (ceTo|N,e {Cs

ngP(eleTc‘ee%)><P(62€7'c‘€€7'0>7

ow

where the first equality simply uses the definition of conditional probability, the second
uses (5.13) and bounds the probability in the numerator by 1, the third is a simple
re-writing, the fourth uses again (5.13) and bounds the probability in the denominator
by 1 and, finally, the fifth one is just using the definition of conditional probability.
This proves that the percolation is quasi-independent.

Let e be a generic edge with |e| > 1, and denote by eg its parent. Using (5.13), (5.11)
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and again Corollary 5.2, we have that, there exists cg > 0 such that
-1 1de
P (e ¢ 70,00 < Jel 5 e0 € T0)
P (Ce_l <le|™ e € Tc)

eé¢ TC‘C'Q_I < |e|%,eo € Tc) =

(
P (¢ 70,00 <l e0 € TC)
P (co € To) P (C2 < e )
P<6¢TC,CQ1§|6]7€,6067'C) . (c;
P(co€Tc)P (ﬂg<e {0‘1 < Igl%}) g<eo
P (8T, C < el My {05 < 115 ) P (N {65
) P (N, {Co" 1ol Pleo €7c)
P (e ¢ To| Nyee {7 < |g|”5})
P (e0 € To| Nyey { G < Lol }) oEg

lif} (5.15)

)

Thus, we obtain that
1—vyco(e) =P (e ¢ Toleo € Te)
<P (C;1 > |e|1#> +P (e ¢ TC‘Cgl <le|™ e € Tc)

1te
< co + L(le| ™)
‘e‘l—i-a

(5.16)

Therefore, there exists ng > 1 such that, for any e € E with |e| > ng, we have that
€, _
Yole) 21 SJel ™.

By Proposition 4.4, as the percolation defined by (5.11) is quasi-independent and € < b,
we have that br,(Tc) > b — ¢ with positive probability. O

Let us consider different cases and prove that RT(7T,v¢rc) > 1, where we refer to (5.1)
for a definition of this quantity.

Proposition 5.4. If m € (0,1) and bm > 1 then RT(T,v¥rc) > 1 with positive P-
probability.

Proof. Recall the percolation T¢ defined in (5.11). Let us denote Ilg the set of all
the cutsets in To. By Proposition 5.3, we have that br.(7¢) > b — ¢ with positive
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P-probability. On this event, we have that

1 1+e 1 14¢
inf () S ()
mell ecm Eiﬁe Ci melle eem Zgﬁe Cg
m 1+
> inf (\eri*%%) : (5.17)

T relle =

> inf Z le|~(b=22) > 0,

eIl
T c ecTm

where we used (5.9). This implies that RT (T, ¥ rc) > 1 with positive P-probability, as
defined in (5.1). O

Proposition 5.5. If m > 1 and if b > 1 then RT(T,vYrc) > 1 with positive P-
probability.

Proof. Recall the percolation 7¢ defined in (5.11). By Proposition 5.3, we have that

br,.(Tc) > b — e with positive probability. Let us denote Il the set of all the cutsets in
Tc. On this event, we have that, if b > 1,

1 1+e 1 1+¢
nf S (=———— ) > i S -
mell eEm ZiSE Cl rello ecm ZQSG Cg

> inf > (je| %) (5.18)
mello =7

> inf e|~(=29) >

T nelle ; ‘ |

where we used (5.10). This implies that RT(T,v¥rc) > 1 with positive P-probability,
as defined in (5.1). O

5.2 Recurrence: proof of the second item of Proposition 3.1

We will again consider different cases and prove this time that RT(T,¢¥rc) < 1, where
we refer to (5.1) for a definition of this quantity.

Proposition 5.6. Ifb>1 and bm < 1 then RT(T ,v¥rc) < 1, P-almost surely.

Proof. Fix two positive parameters 0 and ¢ such that (1/m) —J > 0 and

(1 — 5) (1—¢)>b+0. (5.19)

m

The latter is possible as mb < 1.
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We have that

P(Y Cit<lefn?| <P (Gl <em?
i<e i<e

(5.20)

m

1_5 le|
=11- L|€(|(’Z_6)m) < exp {—|e]5mL <|e|%*5>} .

By the definition of branching-ruin number, there exists a sequence of cutsets (m,,n > 1)
such that for any n > 0,

Z |e|:lt+5 < exp{—n}. (5.21)

eCcTy

On the other hand, for any n > 0 we have,

PlU{Xa sk} < Yp (o <leln

e€mn  i<e e€mn  \i<e (5.22)
<> exp{-lefmr (jen )}
ecTn

Note that there exists ng such that for any n > ng, we have,
5 1 1
> oo { el (e 7) } < 3 1y < elon)
eCTy eCTy

Therefore, we have that

SelU et <} <o

n>1 e€Tmy 1<e

In virtue of the first Borel Cantelli Lemma, all edges e € |J m,, with the exception of
n>1

finitely many, satisty

SOt s efm e (5.23)
i<e
Hence, for n large enough
Y =5 S Y g < O i < eplon)
“1\(1-¢) — I _ 5 (1-2) — 5 S 5.24
ecTn (Zi§6 Cl )(1 ) ecmn |e|(711 9)(1-e) ecTn |€|b+ ( )
where we used (5.19). Hence,
. 1
lim (5.25)
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Therefore, we have that

1 1—e 1 1—e
0 < inf <1> < inf <1> =0. (5.26)
mell e€m Ziﬁe Cl nzl e€my, Zige Cz
Hence RT(T,v¢rc) <1—ce¢. O

The next result concludes the proof of Theorem 1.1.

Proposition 5.7. If b < 1 then RT(T,v¥rc) < 1, P-almost surely.

Proof. First, fix 6 € (0,1) such that
(1-6)>>0b+04. (5.27)

The latter is possible as b < 1. Then, note that, for any € € (0, 1), there exists n > 0
such that
P(Cy'>n)>1-c. (5.28)

In the following, we denote (C});>0 a sequence conductances distributed like a generic
conductance Ce. There exists a constant cs5. > 0 such that, for any e € F,

lel/Llel] kllel’]

PIY cl<nle ] <P| J N {Cj_l < n}

i<le| k=1 j=(k=1)[le|’]+1

‘€|176P (CO—I < n)|e|6

IN

2

1—¢ (5.29)
2

Tglel' e

e| 770,

IN

< Cé,s‘

Indeed, to prove the first inequality above, note that

Cc

lel/Llel] kllel’] lel/Llel®) kllel’]

N A{ogr<afp=N U {g'>n

k=1 j=(k=1)Je|*]+1 k=1 j=(k=1)[Jel*|+1
ceS Ot sale 0 =8> Ot < plef'?
i<le| i<le|

(5.30)

By the definition of branching-ruin number, there exists a sequence of cutsets (m,,n > 1)

such that for any n > 0,
1 1
> P exp{—n}. (5.31)
€

eCTmy
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We use (5.29) and (5.31) to obtain

Pl {ch—l < n|e|1—5} <cse Y Jel P70 < exp(—n). (5.32)

ecm, g<e eETn
Therefore, by Borel-Cantelli Lemma, as soon as n is large enough, we have that

ﬂ {ZCZ'_I > n‘e‘l—é}

ecmn  1<e

holds, which implies that

1 1 1 1 1 exp{—n}
Z (i G HE=9 : =0 Z |e|(1=0)(1=0) = nl=o Z BB < -

1-6
ecTy ecTy ecTy, 06,577
(5.33)
where we used (5.27). Hence, following a strategy similar to (5.25), (5.26), we have that
RT(T,vrc) <1— 0, P-almost surely. O

6 Proof of Theorem 3.3 and Lemma 3.6

In this section, we prove Lemma 3.6. With this in hand, Theorem 1.2 and Theorem 3.3
will then trivially follow from Theorem 3.5 (proved in Section 8) by noting that (3.4) is
satisfied when m, = M € N for all v € V'\ {p}.

For any e € E, we define

Uarale) == []vmalg)- (6.1)

g<e

As we will see in Section 7, Wy (e) corresponds to the probability that X, or )~(, when
restricted to [p,e™] and started from p, hits e™ before returning to o.

Proof of Lemma 3.6. Here, we assume that (m,;v € V) such that m, = 0 and m, =
M e N for all v € V' \ {p}. Thus, by (3.1) and (3.3), we have that, if A # 1,

A—1 \ M
Uara(e) = <)\6_1> ) (6.2)
and, if A =1,
Wara(e) = lef M (6.3)
We will proceed by distinguishing a few cases.
Case I if A > 1 and br(T) < AM+L,
By (2.1), there exists § € (0,1) such that
inf <A<M+1><1—5>>_‘6' = 0. (6.4)
well

e€ll
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For any 7 € II, we have that

_ _ 1
> Wyale) 0 = (A - DI R ()\Iel —1

ecm ecT

>(M+1)(1—6)

- A~ lel(M+1)(1-3)
= (A — 1)M+D(A-9) Z (ST (6.5)
ecTm

(A — )M +DE=0) —le|(M+1)(1—5
= (1 — A H)AHD(I-9) ZA Do),

ecm

Therefore, by (6.4),

. 1-6 _
71r€11f_I eezﬂ Uara(e) 2 =0, (6.6)

which implies that RT (T, ¥ar)) < 1.

Case I if A < 1 or if A > 1 and br(7) > AM+L,
Next, we prove that there exists 6 > 0 and € > 0 such that

inf (MM“)(H‘”)_‘&‘ > . (6.7)

well
ecll

To prove the previous inequality, first note that this holds trivially if A < 1; second, if A >
1, we use the definition of the branching number and choose § such that AI+TOM+1) <
br(T). A computation similar to (6.5) yields
inf U e 1+9 >(\—1 (M+1)(1+49) inf >\—|e|(M+1)(1+6)
“EH;T Al Ay el (6.8)
> €.

Therefore, we have that RT (T ,¢arx) > 1.

Case IIL: br.(T) > M +1 and A = 1.
By (2.2) , we have that there exists 6 > 0 and € > 0 such that

inf > " Je| HIMHD > ¢, (6.9)

mell
eEm

Therefore, by (6.3), we have that

inf N, 1+6 _ £ —(148)(M+1) 1
nf 2 (Tax(©) ;gneezﬂ\e! > e, (6.10)

which in turn implies that RT (T, ¥ ) > 1.
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Case IV: br(T) < M +1and XA = 1.
We have that there exists 6 > 0 such that

inf » " Je| "M =g, (6.11)

mell
ecT

Therefore, by (6.3), we have that

inf /] 1—(5: inf —(1-0)(M+1) —0. 12
;gneezﬂ( 1A (e)) ;gneezﬂ\el 0 (6.12)

Therefore, we have that RT(T, ¥ 5) < 1.

Case V: br(T) > MM+ and A = 1.
Let us prove that br(7) > 1 implies that br,.(7T) = oo, which gives the conclusion by
Case III. We have that there exists d > 0 and € > 0 such that

inf S (146)71 > e (6.13)

well
ecll

Therefore, for any v > 0, there exists a constant ¢y > 0 depending only on v, § and &,
such that

Z le] ™7 > ¢ Z(l + )7l > e (6.14)

ecm ecm

Taking the infimum over 7 € II allows to conclude that br,.(7T) > =, for any v > 0, hence
br,(T) = oc. O

7 Extensions

Here, we define the same construction as in [31] and [33], which is a particular case of
Rubin’s construction. A large part of this section is a verbatim of Section 5 of [33].
The following construction will allow us to emphasize useful independence properties of
the walk on disjoint subsets of the tree.

Let (2, F,P) denote a probability space on which
Y = (Y(v, 1,k) : (v, 1) € V? with v ~ p, and k € N) (7.1)

is a family of independent random variables, where (v, 1) denotes an ordered pair of
vertices, and such that
— ifv=p~'and k = 0, then Y (v, 1, 0) a Gamma random variable with parameters
m, + 1 and 1;
— otherwise, Y (v, 1, k) is an exponential random variable with mean 1.
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Remark 7.1. Recall that a Gamma random variable with parameters m, +1 and 1 has
the same distribution as the sum of m, + 1 ii.d. exponential random variables with
mean 1.

Below, we use these collections of random variables to generate the steps of X. Moreover,
we define a family of coupled walks using the same collection of ‘clocks’ Y.

Define, for any v, u € V with v ~ p, the quantities

r(v,p) = ATWIVIkEL (7.2)

We are now going to define a family of coupled processes on the subtrees of 7. For
any rooted subtree T’ of T, we define the extension X7 - (V!,E") on T as follows.

Let the root ¢’ of T’ be defined as the vertex of V'’ with smallest distance to . For a
collection of nonnegative integers k = (k) pifppeer s let

AT (XM =vin () (#1<j<n: (XTX7)) = w,0)} = k)

wlv,ple B
(T
kn,
Set X(gT) = ¢’ and, for v, v/ such that [v,v/] € E' and for n > 0, on the event

Note that the event A , deals with jumps along oriented edges.

ku .
) Y
AI%T) N v = argmin { M} , (7.3)
v pller L= r(v, p)

we set )?7(17:1) = v/, where the function r is defined in (7.2) and the clocks Y’s are from
the same collection Y fixed in (7.1).

Thus, this defines )NC(T) as the extension on the whole tree. It is easy to check, from
properties of independent exponential and Gamma random variables, the memoryless
property and Remark 7.1, that this provides a construction of X on the tree 7.

This continuous-time embedding is classical: it is called Rubin’s construction, after
Herman Rubin (see the Appendix in [34]).

Now, if we consider proper subtrees 7’ of T, one can check that, with these definitions,

~ ~ T/
the steps of X on the subtree 7 are given by the steps of x7) (see [31] for details).
As it was noticed in [31], for two subtrees T’ and 7" whose edge sets are disjoint, the
~ (T’ ~(T"
extensions X( ) and X( )
collections of Y.

are independent as they are defined by two disjoint sub-

Of particular interest will be the case where T’ = [p, V] is the unique self-avoiding path

connecting o to v, for some v € T. In this case, we write i(y) instead of f(([g’y]), and we
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denote T )() the return times associated to )NC(V). For simplicity, we will also write )N((e)
~ (et
and T(°)(-) instead of X" and T () for e € E. Finally, it should be noted that, for

any e € F and any g < ¢,
aa(9) = P (TO(g7) 0 8r gy < TO(0) 0 b0 ) ) - (7.4)
Wua(e) = P (T0(*) < TC)(0)) (7.5)
where 6 is the canonical shift on the trajectories.

Remark 7.2. Note that, for any vertex v, only the clocks Y (v, u,0) with p ~ v, v < p,
have a particular law. They follow a Gamma distribution instead of following an Expo-
nential distribution. This resembles what would happen for a once-reinforced random
walk (see [33]). In this case, these clocks would still have an Exponential distribution
but with a different parameter than the other ones (related to the reinforcement).

This means that an M-DRW  is, in nature, very close to a once-reinforced random walk.

8 Proof of Theorem 3.5

In this section, we follow the blueprint of Section 7 of [33]. In order to prove transience,
the idea is to interpret the set of edges crossed before returning to ¢ as the open edges
in a certain correlated percolation.

A key step is to prove that this correlated percolation is emph quasi-independent, which
will allow us to conclude its super-criticality from the super-criticality of some indepen-
dent percolation.

Note that we will prove the transience of X which is equivalent to the transience of X.

8.1 Link with percolation

Denote by C(p) the set of edges which are crossed by X before returning to o, that is:

Clo)={ec E:T(e") <T(0)}. (8.1)

This set can be seen as the cluster containing ¢ in some correlated percolation. Next, we
consider a different correlated percolation which will be more convenient to us. Recall
Rubin’s construction and the extensions introduced in Section 7. We define:

Coplo) ={e € E:TW(eh) < T (o)}. (8.2)

This defines a correlated percolation in which an edge e € E is open if e € Cop(p).
Lemma 8.1. We have that

P(T (o) = o0) = P(IC(0)| = o0) = P(|Cop(e)| = o0). (8.3)
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Proof. We can follow line by line the proof of Lemma 11 in [33], except that one should
replace X by X. O

8.2 Recurrence in Theorem 3.5: The case RT(T ., ,) <1

The following result states the recurrence in Theorem 3.5.

Proposition 8.2 (Proof of recurrence in Theorem 3.5: the case RT(T, ¢ n) < 1). If
RT(T,vm) <1 then X is recurrent.

Proof. This follows directly from Lemma 8.1 and Proposition 4.2. O

8.3 Transience in Theorem 3.5: The case RT(7,v¥nn) > 1

Now, we want to prove the transience in Theorem 3.5. For this purpose, we need to
check that the assumptions in Proposition 4.2 are satisfied.

For simplicity, for a vertex v € V, we write v € Ccp(p) if one of the edges incident to v
is in Cop (o). Besides, recall that for two edges e; and ey, their common ancestor with
highest generation is the vertex denoted e; A es.

Lemma 8.3. Assume that the condition (3.4) holds with some constant M. Then the
correlated percolation induced by Cop is quasi-independent, as defined in Definition /.1.

Proof. Here, we need to adapt the argument from the proof of Lemma 12 in [33].
Recall the construction of Section 7. Note that if e; A e = g, then the extensions on
[0,€1] and [, e2] are independent, then the conclusion of Lemma holds with C' = 1.

Assume that e; Aey # p, and note that the extensions on [g, e1] and [o, e2] are dependent
since they use the same clocks on [, e; A ez]. Denote by e the unique edge of 7 such
that e™ = e1 A ea. We define the following quantities

)

Ne) = [{0<n < TO(0) 0 brer) + (X, X)) = (eF67)}

NOD y (ot o (8.4)
= Y SE
=0

where |A| denotes the cardinality of a set A and 6 is the canonical shift on trajectories.
Note that L(e) is the time consumed by the clocks attached to the oriented edge (e*,e™)
before X(e>, X (e or X(e2) goes back to p once it has reached e™. Recall that these three
extensions are coupled and thus the time L(e) is the same for the three of them.

For i € {1,2}, let v; be the vertex which is the offspring of e lying the path from g to
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e;. Note that v; could be equal to e;. We define for i € {1,2}:

~ + ~ +
we(e) = [{o<n < T R R = .
*(e;)— . 8.5
L*(e')—Ng 1Y(€+7€77‘]) ( )
VT2 i)

Here, L*(e;), i € {1,2}, is the time consumed by the clocks attached to the oriented
~ (e: et

edge (e, v;) before X' 2), or X[6 “ }, hits e

Notice that the three quantities L(e), L*(e1) and L*(e2) are independent, and we also

have:

{e1,e2 € Copo)} = {T(e+) < T (0)} N{L(e) > L*(e1)} N {L(e) > L*(ea)}. (8.6)

Now, conditioned on the event {T€)(et) < T(¢)(p)}, the random variable N (e) is simply
a geometric random variable (counting the number of trials) with success probability
Ael=1/ > g<e M9l=1 " The random variable N (e) is independent of the family Y (e™,e™, ).
As Y(eT,e™,j) are independent exponential random variable for j > 0, we then have
that L(e) is an exponential random variables with parameter

-1
N a1

- - 8.7
Zgge Algl—=1 Zgge Agl—=1 (8.7)

pi=

A priori, L*(e;) and L*(e2) are not exponential random variable, but they have a con-
tinuous distribution. Denote f; and fa respectively the densities of L*(e;) and L*(e2).
Then, we have that

+oo  pr+
_ / / pe P f1 (21) folws)dtdz dzs
0 0

r1Vxo

+o0o +o0
= / / eip(xlvm)fl(wl)fz(xg)d.rldl‘g.
0 0

+oo +oo
S / / €Tp(x1+x2)f1(I‘l)fg(xg)dxldwz.
0 0
(8.8)

Thus, one can write

P(ey,ea € Coplo)| e1 Ne2 € Cop(p))

< ( / - e—pil/gfl(ml)m) - ( / " 2 fQ(mQ)dm) | 59
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Note that, for i € {1,2},
—+o00 ~
/ e—pmi/2fi(xi)dg;i =P (L(e) > L*(ei)> , (8.10)
0

where L(e) is an exponential variable with parameter p/2. Note that, in view of (8.7),
L(e) has the same law as L(e) when we replace the weight of an edge ¢ by A~19'+1/2
for ¢’ < e only, and keep the other weights the same.

For g € E such that e < g, define the function 1; in a similar way as 1, except that we
replace the weight of an edge g’ by A~19'1*1/2 for ¢’ < e only, and keep the other weights
the same, that is, for g € F, e < g,

_ /| mg+1
Y= 2p~" + 2 vie<g'<g AN
7 2p~1 + sz:e<g’§g Alg’I=1

‘We obtain:

/ mg+1
T * o 2p_1 + Zg’:e<g’<9 A= "
]P)(L(e) > L (61)) = H /llz)(g) = H <2p1 + Zg/:e<g/<g )\|g’|—l

g:e<g<ei g:e<g<ey

_ mg+1
=P(L(e) > L*(e1)) x  [] <1+ ! )

-1 lg’l-1
gre<g<ei Pt Z:9'5€<g'<9 A

1 mg+1
x| 1— P
2071+ o<y Alg'l=1

—1ylgl-1
X H 1+ b
g:e<g<ei (p_l + Zg’:e<g’<g Alg ‘_1) (zp_l + Zg’:e<g’§g Alg |_1)

mg+1

(8.11)
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Hence,

P(L(e) > L*(e1))
< P(L(e) > L*(e1))

xexp | (M +1) Z ptAlgl—t
ge<g<ey (pil + Zgl:e<gl<g )\|g’|71> (pfl + Eg’:e<g’§g )\|g’|71)

—1ylgl-1
<P(L(e) > L*(e1))exp | (M +1) Z ,p ;
ge<g<ei (Zg’:g’<g A9 ‘_1) (Zg’:g’gg Mg |_1)

_ I.gl )\'g/|71 — ’ )\|gl|*1
SB(L) > Dle)esp (M Y 2w T S
g:e<g<ey <Zg/:g/<g Alg ‘_1> (Zg’:g’gg Mg |—1>

1 1
< P(L(e) > L*(ex) exp |(M +1)p~" Y~ ( 1 = >
gre<g<ei Zg’:g’<g AlgI=1 Zg’:g’ég Al
< P(L(e) > L*(e1)) exp -(M +1)p L 1
> 1 n—_1 /| —
L Zg/:g/Se A=t Zg’:g’ﬁel A=

<exp(M + 1) x P(L(e) > L*(ey)),

(8.12)
where we used condition (3.4), the fact that we have a telescopic sum and where we used
the definition (8.7) of p.

We have just proved that

+oo
/ e P2 f1 (@) dzy < exp{M + 1} x P(e1 € Cop(o)|er A ez € Coplo)).  (8.13)
0

By doing a very similar computation, one can prove that

+oo
/ e PT2/2 f) (25)dao < exp{M + 1} x P(ey € Cap(o)|er Aes € Cop(o).  (8.14)
0
The conclusion (4.1) follows by using (8.9) together with (8.13) and (8.14). O

Proof of transience in Theorem 3.5: The case RT(T,var,x) > 1. This follows directly from
Lemma 8.1, Lemma 8.3 and Proposition 4.2. O
9 Appendix: Proof of Proposition 4.2

As above, we define a function ¥ on the set of edges such that, for e € F,

U(e) = [ w(o. (9.1)

g<e
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By (4.2), we have that
Ple € C(o)] = ¥(e). (9.2)

9.1 Proof of Proposition 4.2 in the case RT(T,¢) < 1

Proposition 9.1. If RT(T,v) < 1, then a percolation such that (4.2) holds is subcriti-
cal.

Proof. We use a first moment method. For any cutset w, we have

Lio(g)=+o0} < D Neec(o)}

ecm

and then

P(IC(o)| = +o0] = E [Ijic(g—toc}] < D E [Mieecio)y] = >_Ple € C(o)]

ecm ecm

Therefore
P(|C(o)] = +00] <> W(e).

ecT

Taking the infimum over 7 € II allows to conclude that:

PlIC(o)| = +oc] < inf 37 w(e). (9.3)

ecm

If RT(T,v) < 1, the definition of RT(T,1) (see (3.1)) implies that

71rI€11f_[ U(e) =0 (9.4)
ecm
We conclude the proof of proposition thanks to (9.3) and (9.4). O

9.2 Proof of Proposition 4.2 in the case RT(T,¢) > 1

As we are considering a quasi-independent percolation, we are able to lower-bound the
probability of this correlated percolation to be infinite by the probability that some in-
dependent percolation is infinite. We do this by proving that a certain modified effective
conductance is positive.
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Definition 9.2. For any edge e € E, let c(e) = 1 if |e| = 1 and, if |e|] > 1, define the
adapted conductances

1
cle) = —U(e). 9.5
)= o (95)
Define Ces¢ the effective conductance of 7 when the conductance c(e) is assigned to
every edge e € E. For a definition of effective conductance, see [37] page 27.

Proposition 9.3. Let C(p) be the cluster of the root in a percolation such that (4.2)
holds. If the percolation is quasi-independent, then there exists Cq € (0,00) such that

1 Cery
—ox =l <p — 50).
Co T3y, = (IC(o)| = o0)

Proof of Proposition 9.3. We can use the lower-bound in Theorem 5.19 (page 145) of
[37] to obtain the result. O

Recall that a flow (6¢) on a tree is a nonnegative function on E such that, for any e € E,
0, = deE:g_:ﬁ 6. A flow is said to be a unit flow if moreover Ze:|e|=1 0. =1.

A usual technique in order to prove that some effective conductance is positive is to find
a unit flow with finite energy. This is the content of the following statement, which is a
simple consequence of classical results.

Lemma 9.4. Assume that (3.4) is satisfied. Consider the tree T with the conductances
defined in Definition 9.2 and assume that there exists a unit flow (0¢)ecp on T from o
to infinity which has a finite energy, that is

(6e)*
Z c(e) < Q.

eck

Then, a quasi-independent percolation such that (4.2) holds is supercritical.

Proof. Using Proposition 9.3, if Cery > 0 then a quasi-independent percolation such that
(4.2) holds is supercritical. By Theorem 2.11 (page 39) of [37], Cefs > 0 if and only if
there exists a unit flow (f¢)ecrp on 7 from p to infinity which has a finite energy. O

The following result, from [33], is inspired by Corollary 4.2 of R. Lyons [85], which is
itself a consequence of the max-flow min-cut Theorem. This result will provide us with
a sufficient condition for the existence of a unit flow with finite energy.

Proposition 9.5. For any collection of positive numbers (ue)ecp such that Ze:\e\:l Ue =
1 and

inf Zuec(e) >0, (9.6)
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there exists a nonzero flow whose energy is upper-bounded by
lim max E Ug.
n—oo ecE:le|=n
g<e

The proof is ended once we have proved the following proposition.

Proposition 9.6. If RT(T,1) > 1, then a quasi independent percolation such that (4.2)
holds is supercritical.

Proof. This proof follows line by line the proof of Proposition 18 in [33].
Fix a real number v € (1, RT(7T,v)) and, for any edge e € E, let us define u, = 1 if
le] =1 and, if |e| > 1,

ue = (1 =4(e) [T (w(a)) ™.

g<e

On one hand, we have that, for any e € F,

D ug <. (9.7)

g<e

Indeed, for each e € E, we can apply Proposition 17 of [33] to functions f. defined by
fe(0) =1 and, for n > 1, fo(n) =1 — ¢(g) with g the unique edge such that g < e and
lg| = n A |e|]. We emphasize that (9.7) holds with a uniform bound.

On the other hand, using (9.5), we have

inf 3 weele) = fnf 5 (1 w(e)) (¥(e)) ™)

— g
= TIFIellf:[ 2 (T(e))” > 0.

Proposition 9.5 and (9.7) imply that there exists a nonzero flow (6.) whose energy is
bounded as

(0.)° .
<1 < (C,.
D oy Shm max > uy <0,
ecl g<e

Therefore, there exists a unit flow with finite energy and Lemma 9.4 implies the result.
O






Chapter 5

Phase transition for the
Once-excited random walk on
general trees

Abstract

The phase transition of M-digging random walk on a general tree was studied by
Collevecchio, Huynh and Kious [32]. In this paper, we study particularly the critical
M-digging random walk on a superperiodic tree that is proved to be recurrent.

We keep using the techniques introduced by Collevecchio, Kious and Sidoravicius
[33] with the aim of investigating the phase transition of Once-excited random walk
on general trees.

In addition, we prove if T is a tree whose branching number is larger than 1, any
multi-excited random walk on 7 moving, after excitation, like a simple random walk
is transient.

This chapter is based on [05].
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1 Introduction

Excited random walks were introduced by Benjamini and Wilson in [17] on Z¢, and
have been extensively studied(see [7, 18, 76, 77, 117]). Zerner [121, | introduced a
generalization of this model called multi-excited random walks (or cookie random walk).
These walks are well understood on 7Z, but not much is known in higher dimensions.

In this paper, we study a particular case of multi-excited random walks on trees, intro-
duced by Volkov [118], called the once-excited random walk.

Let M € N, (A1,...,\n) € (Ry)M and A > 0. Let 7 be an infinite, locally-finite, tree
rooted at 9. The (A1,...,A\p, A)-ERW on T, is a nearest-neighbor random walk (X,,)
started at ¢ such that if X,, is on a site for the ¢-th time for ¢ < M, then the walker
takes a random step of a biased random walk with bias A; (i.e. it jumps on its parent with
probability proportional to 1, or jumps on a particular offspring of v with probability
proportional to A;); and if ¢ > M, then X,, takes a random step of a biased random
walk with bias . In the case of M = 1, it is called the once-excited random walk with
parameters (A1, A). We write (A1, \)-OERW for (A1, \)-ERW. A formal definition of
multi-excited random walk will be showed in Section 2.3.

The phase transition of once-reinforced random walk (see [33]) or digging-random walk
(see [32]) can be performed via the branching number and branching-ruin number.
Whereas the phase transition of OERW does not depend only on the branching-ruin
number and the branching number of tree (see Section 4 for more details). It can be
such that there is no explicit formula for the phase transition of OERW, except that
T is a spherically symmetric tree, we give a explicit formula for the phase transition
in terms of their branching number and branching-ruin number and others (see Theo-
rem 1.1 below). We refer the readers to Theorem 3.1 for the more general result about
once-excited random walk on a general tree.

In the following, we denote br(7) the branching number of a tree 7 and br,(T) the
branching-ruin number of a tree T, see (2.1) and (2.2) for their definitions. Let us simply
emphasize that, for any tree 7, its branching number is at least one, i.e. br(7T) > 1,
whereas the branching-ruin number is nonnegative, i.e. br,.(7) > 0.

A tree T is said to be spherically symmetric if for every vertex v, degv depends only
on |v|, where |v| denote its distance from the root and degv is its number of neighbors.
Let T be a spherically symmetric tree. For any n > 0, let z,, be the number of children
of a vertex at level n. For any A\; > 0 and A > 0, we define the following quantities:

n 2 L 1/”
(T, M, \) = lim inf (HA + (@i mlAJFAl) . (1.1)

i=1
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n 2 o 1/n
B(T, A1, ) = limsup (HA + (@ ”A““l) . (1.2)

n—o00 i1 1427

—> i In {1 - m]

WA= Inn (1.3)
3 In |1 - @zl
n(T,Ar) = lim sup ! [ (I+zid1) } _ (1.4)

n—00 Inn

Theorem 1.1. Let T be a spherically symmetric tree, and let Ay > 0, A > 0. Denote
X the (AM,\)-OERW on T. Assume that there exists a constant M > 0 such that
sup,cy degv < M, then we have

1. in the case X = 1, if n(T, A1) < br.(T) then X is transient and if y(T, A1) > bry(T)
then X is recurrent;

2. assume that \y > 0, X # 1 and br(T) > 1, if B(T,\,\) < ﬁfr) then X is

recurrent and if a(T, A1, A) > Wlfr) then X is transient.
Note that, for a b-ary tree, we have br(7) = b and

A2+ (b—1)AA + A
(T A1, A) = B(T M, ) = (Hng 1

and our result therefore agrees with Corollary 1.6 of [10]. In [10], the authors prove that

(1.5)

the walk is recurrent at criticality on regular trees, but this is not expected to be true
on any tree). For instance, if Ay = A, the (A\,\)-OERW X is the biased random walk
with parameter A. Therefore X may be recurrent or transient at criticality (see [13],
proposition 22).

Volkov [118] conjectured that, any cookie random walk which moves, after excitation,
like a simple random walk (i.e. A = 1) is transient on any tree containing the binary
tree. This conjecture was proved by Basdevant and Singh [10]. Here, we extend this
conjecture to any tree 7 whose branching number is larger than 1:

Theorem 1.2. Let (A1,..., ) € (RO)M and consider (M1, ..., Ay, 1)-ERW X on an
infinite, locally finite, rooted tree T. If br(T) > 1, then X is transient.

The techniques used our paper rely on the strategy adopted in [33] or [32]. In particular,
for the proof of transience, we here too view the set of edges crossed by X before returning
to o as the cluster of the root in a particular correlated percolation.

There are two key ingredients that allow us to use the rest of the strategy from [33].
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First, we need to define extensions of X, which are a family of coupled continuous-
time versions of X defined on subtrees of 7. As in [33], we do this through Rubin’s
construction in Section 7. But we will see in Section 7, this construction is actually very
different to a once-reinforced random walk in [33] or M-digging random walk in [32].
Second, we need to prove that the correlated percolation mentioned above is in fact a
quasi-independent percolation, see Lemma 8.3. From there, the problem boils down to
proving that a certain quasi-independent percolation is supercritical.

We refer to Theorem 3.1 for the more general result on a general tree.

2 The model

First, we review some basic definitions of graph theory and then we define the model
of multi-excited random walk on trees which was introduced by Volkov[118] and then
made general by Basdevant and Singh[10].

2.1 Notation

Let T = (V, E) be an infinite, locally finite, rooted tree with the root .

Given two vertices v, of T, we say that v and u are neighbors, denoted v ~ p, if {v, u}
is an edge of T.

Let v,u € V' \ {o}, the distance between v and p, denoted by d(v, u), is the minimum
number of edges of the unique self-avoiding paths joining x and y. The distance between
v and g is called height of v, denoted by |v|. The parent of v is the vertex v~! such that
vl ~vand |yl = |v| — 1. We also call v is a child of v~ 1.

For any v € V, denote by 9(v) the number of children of v and {v1,...,vs,} is the set
of children of v. We define an order on T by the following way. For all v and u, we say
that v < g if the unique self-avoiding path joining ¢ and p contains v, and we say that
v < p if moreover v # .

Denote by T, the set of vertices of 7 at height n. For any v € T, denote by 7" the
biggest sub-tree of T rooted at v, i.e. T* = T[V"], where

Ve i={veV(T):u<v}.

For any edge e of T, denote by et and e~ its endpoints with |et| = |e”| 4+ 1, and we
define the height of e as |e| = |e™|.

For two edges e and g of T, we write g < e if g™ < e™ and g < e if moreover g # e*. For
two vertices v and p of T such that v < u, we denote by [v, u] the unique self-avoiding
path joining v to p. For two neighboring vertices v and p, we use the slight abuse of
notation [v, u] to denote the edge with endpoints v and p (note that we allow p < v).
For two edges e; and ey of E, denote by e; A es the vertex with maximal distance from
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the root such that e; A ey < ef and e; Aeg < e;

Finally, we define a particular class of trees, which is called superperiodic tree. Let
Ti = (V1,E1) and To = (Va, E2) be two trees. A morphism of Ty to T3 is a map
f:T1 — Tz such that whenever v and p and p are incident in 7;, then so are f(v) and
f(p) in 7.

Let N > 0. An infinite, locally finite and rooted tree 7 with the root g, is said to be
N -superperiodic if for every v € V(T), there exists an injective morphism f : 7 — 77
with f(o) € TV and |f(0)| — |v] < N. A tree T is called superperiodic tree if there exists
N > 0 such that it is N-superperiodic.

2.2 Some quantities on trees

In this section, we review the definitions of branching number, growth rate and branching-
ruin number. We refer the reader to ([53] , [37]) for more details on the branching number
and growth rate and [33] for more details on the branching-ruin number.

In order to define the branching number and the branching-ruin number of a tree, we
will need the notion of cutsets.

Let 7 be an infinite, locally finite and rooted tree. A cutset in 7 is a set 7 of edges such
that every infinite simple path from a must include an edge in 7. The set of cutsets is
denoted by II.

The branching number of 7 is defined as

b = >0: inf “lel > 0% e[1,00]. 2.1
r(T) = sup {7 inf ;rv } [1, o] (2.1)
The branching-ruin number of 7 is defined as
b (T) = >0 inf 1 >0% 0,00 2.2
re(T) = sup {7 inf ;\el > } € [0, o] (2.2)

These quantities depend on the structure of the tree. If 7 is spherically symmetric, then
there is really no information in the tree than that contained in the sequence (|7,[,n > 0).
Therefore, a tree which is spherically symmetric and whose n generation grows like "
(resp. n®), for b > 1, has a branching number (resp. branching-ruin number) equal to b.
For more general trees, this becomes more complicated. In the other word, there exists
a tree whose n generation grows like b” (resp. n?), for b > 1, but its branching number
(resp. branching-ruin number) is not equal to b. For instance, the tree 1-3 in ([87], page
4) is an example.
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Finally, we review the definition of growth rate of an infinite, locally finite and rooted
tree 7. Define the lower growth rate of T by

gr(T) = liminf [T, . (2.3)
Similarly, we can define upper growth rate of T by
gr(T) = limsup \’7;1\% . (2.4)

In the case gr(T) = gr(T), we define the growth rate of T, denoted by gr(T), by taking
the common value of gr(7) and gr(T).

Now, we state a relationship between the branching number and growth rate of a super-

periodic tree.

Theorem 2.1 (see [87]). Let T be a N-superperiodic tree with gr(T) < oo. Then the
growth rate of T exists and gr(T) = br(T). Moreover, we have |T,| < gr(T)" V.

2.3 Definition of the model

Now, we define the model of multi-excited random walk on trees. Let C = (A1, ..., A\a; ) €
(R)M x R* and T = (V, E) be an infinite, locally finite and rooted tree with the root
0. A C multi-excited random walk is a stochastic process X := (X,,),>0 defined on some
probability space, taking the values in 7 with the transition probability defined by:

A i< M
: J =

P(Xn+1 = (Xn)z|X()7 . 7Xn) _ {1+6(i{n)/\] P u
Foxagx T >

]P’(Xnﬂ = X;1|X0,... aXn) _ {HB(i{n)AJ oy
FoGoy HJ >

where i € {1,--- k}and j = [{0 <k <n: X, =X,}|
We have some particular cases:
— If C = (0,...,0; \), then C multi-excited random walk is M-digging random walk
with parameter A\ (M-DRW)), which was studied in [32].
— If M = 0, then C multi-excited random walk is the biased random walk with

parameter \, which was studied in [35].
— If C = (A\1; M), then C multi-excited random walk is (A1, \)-OERW.
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The return time of X to a vertex v is defined by:
T(v):=inf{n>1: X, =v}. (2.5)

We say that X is transient if
P(T(p) = o0) > 0. (2.6)

Otherwise, we say that X is recurrent.

3 Main results

3.1 Main results about Once-excited random walk

Let Ay > 0 and A > 0 and we consider the model (A;, A\)-OERW on an infinite, locally
finite and rooted tree 7. First, we define the following functions. For any e € E, we set
P(e,\) =1 and ¢(e, \1,\) = 1if |e| =1 and, for any e € E with |e| > 1, we set

Ael-1 _

Pl ) = S AL,
] _I (3.1)

e, \) = B it A=1.

_ A1 1 -1 (0(e”) — DA
(b(ea Al, )‘) - 1+ 8(6_))\1 + 1+ 8(6_)A1¢(e7 )‘)1/)(6 7A) + mw(& )‘) (32)
Finally, for any e € F, we define:
Ule, A, A) = [ o9, M N (3.3)

g<e

We refer the reader to Lemma 7.2 for the probabilistic interpretation of these functions.

In the following, we assume that

dM € N such that sup{degrv:v eV} < M. (3.4)
Let us define the quantity RT(7,X) which was introduced in [33]:

RT(T,X) =sup{y>0: ;ggz (T(e))” > 0}. (3.5)

Theorem 3.1. Consider an (A1, \)-OERW on an infinite, locally finite, rooted tree
T, with parameters \;y > 0 and A > 0. If RT(T,X) < 1 then X is recurrent. If
RT(T,X) > 1 and if (3.4) holds, then X is transient.
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In the following, we consider the case T is spherically symmetric.

Lemma 3.2. Consider a (A1, \)-OERW X on a spherically symmetric T, with pa-

rameters \1 > 0 and X > 0. Assume that there exists a constant M > 0 such that
sup,cy degrv < M. We have that

1. in the case X = 1, if n(T, 1) < br,(T) then RT(T,X) > 1 and if (T, 1) >
br.(T) then RT(T,X) < 1;

2. assume that \y > 0, X # 1 and br(T) > 1, if B(T, A1, A) < ﬁ then RT (T, X) <

)
1 and if (T, A1, A) > ﬁ then RT(T, X) > 1.

Note that Theorem 1.1 is a consequence of Theorem 3.1 and Lemma 3.6.

3.2 Main results about critical M-Digging random walk

Let M € N*, A > 0 and we consider the model M-DRWj on an infinite, locally finite
and rooted tree 7. In [32], Collevecchio-Huynh-Kious was proved that there is a phase
transition with respect to the parameter A, i.e there exists a critical parameter A.. A
natural question that arises: what happens if A = A\.? As we said in the introduction,
there is no a good answer for this question.

In [10], Basdevant-Singh proved the critical M-digging random walk is recurrent on
the regular trees. In this paper, we prove the critical M-digging random walk is still
recurrent on a particular class of trees which contains the regular trees.

Theorem 3.3. Let M € N* and T be a superperiodic tree whose upper-growth rate is
finite. Then the critical M -digging random walk on T is recurrent.

4 An example

In this section, we give an example to prove that the phase transition of once-excited
random walk (A1, \) — OERW on a tree T does not depend only on the branching-ruin
number and the branching number of 7.

If 7 is a spherically symmetric tree, recall that x,(7) is the number of children of a
vertex at level n.

Let 7 (resp. T) be a spherically symmetric such that for any n > 0, we have z,,(T) = 2
(resp. x,(T) =11if n is odd and z,,(7) = 4 if not). Then we obtain :

br(T) =br(T) = 2. (4.1)
bro (T) = br(T) = 0. (4.2)
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Lemma 4.1. Consider a (1,(v/3 —1)/2)-OERW X (resp. Y) on T (resp. T). Then
X is recurrent, but 'Y is transient.

Proof. Note that T is a binary tree, then we can apply Corollary 1.6 of [10] to imply
that X is recurrent. On the other hand, by a simple computation we have

a(%,l,\/g_1>:ﬂ<%,1,\/§_l>>;. (4.3)

2 2

By Theorem 1.1 and 4.3, we obtain Y is transient. O

5 Proof of Theorem 1.2

Lemma 5.1. Let T be an infinite, locally finite and rooted tree. If br(T) > 1 then
br,.(T) = 4o0.

Proof. See ([32], proof of Lemma 8, Case V). O

Lemma 5.2. Let (A, ..., A\y) € (R)M and T be an infinite, locally finite and rooted
tree. If M-DRW; is transient, then (A1, ..., Ay, 1)-ERW is transient.

Proof. See ([10], Section 3). O

Remark 5.3. Let T'(p) (resp. S(p)) the return of of M-DRW; (resp. (A1,..., Anr, 1)-
ERW) to the root g of T. It is simple to see that

P(T(0) < o0) < P(S(0) < 00). (5.1)

Proposition 5.4. Let (A, ..., A\y) € (RO)M and consider (M, ..., A\, 1)-ERW X on an
infinite, locally finite, rooted tree T. If br(T) > 1, then X is transient.

Proof. Note that if \; =0 for all 1 <i¢ < M and A =1, then X is a M-digging random
walk with parameter 1 (M-DRW;). On the other hand, we have (A, ..., Aas, 1)-ERW is
more transient than M-DRWjy, i.e if M-DRW], is transient then (A1, ..., Az, 1)-ERW is
transient. We complete the proof by using Lemma (5.1) and Theorem 2 in [32]. O

6 Proof of Lemma 3.2 and Theorem 1.1

In this section, we prove Lemma 3.2. Theorem 1.1 then trivially follows from Theorem
3.1.
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Lemma 6.1. Recall the definition of U(e, A1, A) as in 3.3. We have that, if X # 1, for
any le| > 1,

1+0(g )\ 1— Al

140(g7)A
1 A4+ (@(g7) = DAA+ /\1) 1 (1 - A (A2+(8(g)g1)/\11>\+h>>
9<e,|g[>1
(6.1)

\IJ(B, )\1, )\) = (

g<e, |g|>1

and if X\ =1, for any |e| > 1,

B (@(g) — DA 12
v = ]I <1 |g|<1+a<g>A1>>' (6.2)

g<e,|g|>1

Proof. We compute the quantity W(e, A\, A1) by using (3.1), 3.2 and (3.3). We will proceed
by distinguishing two cases.

Case I: A # 1.

By (3.1), 3.2 and (3.3), we have

\Ij(€7)\1,)\) = H ¢(g,>\1,)\)
g<e,|g|>1
— )\1
- 1l (1 +0(g7 )\ 1y ag~)

g<e,|g|>1

- (9(g~7) — DM
)\11/1(@ (e, N) + W¢(67 A))

( 1 m) [T Ot wleryie™ )+ @) - Dawle )

g<e,|g|>1 g<e,|g|>1

By 3.1, we have:

)\1 + ¢(9> )\)?ﬁ(g_l’ )\) + (6(.9—) - 1)>\1¢(97 )‘)
1—(1/))lel=2 _ 1—(1/\)lel=1
=Mt ( 1= (1/\)d] ) + (Wg S YN[ )

Al — )2 B Mgl —
=\ + (M_l) +(0(g7) — DA <Ag|_1) (6.3)

N4 (0(7) = DAA+ A = A9 (L4997 )M)

1 — Mgl
1 — A9l 1+§(g*)>\1
- ()‘2 +(0(g7) = DMA+ A1) ( </\21+(8(ig)|_1)>‘1>‘+>‘1) ‘
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Therefore we obtain 6.1.

Case II: A =1.
By (3.1), 3.2 and (3.3), we have

Ule, A, )= [ ¢lg. M0

g<e,|g|>1

_ A1 1 - (9(g7) — DX\
= T (anmm * rragom @00+ Qv )

( 11 1) [T OuteleNoe N +07) — Di(e,N)

g<e,|g|>1 L+9(g7)M g<e,|g|>1

By 3.1, we have:

A+ 1(g, V(g™ A) + (0(g7) — DAie(g, A)

lg| —2 - lg| — 1
=1 + ] + (g7 )— D\ r
_Mlgl+1gl =2+ (0(g7) —Dh(lgl - 1) (6.4)
9|
g - @) DA 2
lg]
Therefore we obtain 6.2. O

Proof of Lemma 3.2. We will proceed by distinguishing a few cases.

Case I A # 1, br(T) > 1 and (T, A1, A) < 57y
By (2.1), there exists § € (0,1) such that

inf BA=9lel — g (6.5)
T ecll

As 8 < B(1=9) there exists ¢ > 0, for any n > 0,

A2+ —DMA+ A (1-5)
", 6.6
H 1 + xiM <ch ( )

i=1

By 6.1 and 6.6, there exists C' > 0 such that for any = € II,

Swe) <oy g (6.7)

ecm ecll
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Therefore, by (6.5),
inf § W(e) 0 = '
nell £ (€)'~ =0, (6.8)

which implies that RT(7,X) < 1

Case I A # 1, br(T) > Land (T, A1, A) > 47
First, note that if A > 1 and br(7) > 1 then X is transient. Now, assume that A < 1,
br(T) > 1 and o(T, A, A) > WIT) We have that there exists § > 0 and € > 0 such that

inf (9%l > ¢ (6.9)

mell
ecll

By 1.1 and X\ < 1, we obtain a < 1, therefore a!*® < . We have that there exists ¢ > 0,
for any n > 0,

n )\2 + (l‘l — 1))\1)\ + )\1 2 ca(1+6)n,

1
palie} 1+ .731')\1 (6 0)
By 6.1 and 6.10, there exists C' > 0 such that for any 7 € II,
144 (146)?e]
DU =C) ol (6.11)
eem ecll
Therefore, by (6.9),
; 146
71161% 2 U(e) ™ >0, (6.12)
which implies that RT(7,X) > 1
Case III: A =1 and n(T, A1) < br.(T).
We have that there exists § > 0 and € > 0 such that
1nf Z le| = (1+0)*n ¢ (6.13)
667r
Asn < (1+0)n, by 1.4 there exists ¢ > 0, for any n > 0,
e — 1A +2 _
S T L) 6.14
11;1 [ 1 + a:z)\l) :| =en ( )
By 6.2 and 6.14, there exists C' > 0 such that for any 7 € II,
DU 2O e T, (6.15)
eem e€ll
Therefore, by (6.13),
inf T(e)t? >0, (6.16)
TE

ecm
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which implies that RT(7,X) > 1.

Case IV: A =1 and v(T, \1) > br(T)
We have that there exists 6 > 0 such that
inf Y Je] 710" = 0, (6.17)

mell
ecm

As n > (1 —0)n, by 1.4 there exists ¢ > 0, for any n > 0,

n (z; — )M\ + 2} —(1-6)
11— AT < n, 6.18
:1{ Atangi | =" (6.18)

(2

By 6.2 and 6.18, there exists C > 0 such that for any 7 € I,

1-6 —(1-6)2
;‘I’(e) < C;I\e\ (=07, (6.19)

Therefore, by (6.17),
inf Y w(e)l0 >0, (6.20)

which implies that RT(7,X) < 1. O

7 Extensions

First of all, let us describe the dynamic of this model. If X visits a vertex v for the first
time, three cases can occur for visiting v; (see Figure 5.1):
— It eats the cookie at v and returns to the parent of v (i.e. 1) with probability

1 It then visits v for the second time, and goes to v; with probability

1+8(l/))\1 :
A
1+0(v)\”
— It goes directly to vy with probability HB/\(W'
— It goes to one of the chidren of v except for vy, with probability ﬁ”a_(igii . It then

visits v for the second time, and goes to v; with probability m.

Now, we introduce a construction of once-excited random walk by using the Rubin’s
construction. Let (2, F,P) denote a probability space on which

Y = (Y(v,11,k) : (v, 1) € VZ, with v ~ p, and k € N) (7.1)
Z=(Z(v,p) : (v,p) € V?, with v ~ p)

are two families of independent mean 1 exponential random variables, where (v, 1) de-
notes an ordered pair of vertices. Let

U=(U,:veV) (7.3)
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14 19} V3

Figure 5.1 — The movement of X to v; after visiting v.

is a family of independent uniformly random variables on [0, 1] which is independent to
Y and Z.

For any pair vertices v, u € V with v ~ u, we define the following quantities

AL <,

Nel=1 05y < (74)

) =

Let 7' be a sub-tree of T, we define the extension X7 = (V' E') on T" in the following
way. Denote by ¢ the root of 77 which be defined as the vertex of V/ with smallest
distance to the root of 7. For any family of nonnegative integers k = (k) pilvple B, We
let

AT = (xT =vin () (#1<j<n: (XTLXT) =) = k. (75)

km, Jj=1>
wi[v,u]€E’
— ; (T _
tu(n) =#{1<j<n:X;" " =v} (7.6)
hy :==1inf{i > 1:t,(i) = 2}. (7.7)

AT — {Xr(LT/) =}n ﬂ {#{h, <j<n: (X(T;)’X(T/)) =(v,pu)} =k.}. (7.8)

l%,n,u J J
wlv,pleE’
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TT(w) =#{ie{1,2,---,00)} :v; € V(T')}. (7.9)

Set XéT) = ¢/ and on the event A( N{t,(n) <1}
then we set X' ) = 1.

7n7
— U, < m’ n+l =

e [ ] € ), e e T = 0y

14+(—DA j .
— If U, € [ 11((]9(”1))/\11, 1+1§(]3>1AJ for some j ¢ Z7 (v) and

v = argmin {M} ,
v, | €E’ T(”? H

we set X(H)—l/

On the event

i Y(V
A;CT N{t,(n) >2}N < = argmin { ol } , (7.10)
v wvpleE ~ 2, T
we set = V', where the function r 1s defined 1n (7.4) and the clocks s are from
X T') = /| where the function r is defined in (7.4) and the clocks Ys are f

the same collection Y fixed in (7.1).

Thus, this defines X(T) as the extension on the whole tree. By using the properties of
independent exponential random variables, it is easy to check that this construction is
a construction of (A1, A\)-OERW on the tree 7. We refer the reader to ([32], section 7)
for more discussions on this construction.

In the case T’ = [p, V| for some vertex v of T, we write X ®) instead of XD and we
denote T)(.) the return times associated to X ™). For simplicity, we will also write X(¢)
and T (-) instead of X(¢") and T(¢")(.) for e € E.

Remark 7.1. Let 77 be a proper subtree of 7. Note that X(7") is not (A1, A)-OERW on
T, that is different with M-digging random walk (see [32], section 7) and once-reinforced
random walk (see [33], section 5).

Finally, we give a probabilistic interpretation of the functions ¢ and W:

Lemma 7.2. For any e € E and any g < e, we have
P(g, A1, A) =P (T(e) (97) 0 Op gy < T(0) © 70 (g*)) , (7.11)
W(e M, \) = P (T(e)(e+) < T(e)(g)> : (7.12)

where 0 is the canonical shift on the trajectories.
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Proof. Let e € E and g < e. For simplicity, we set

A= {Tg") 0 gy < T(0) 0 gy 1

I:[lJr(j—l))\l 1+ M }
N T DY IR TR DON

w00 ([F55 mrauw U ot )

where j € {1,...,0(¢g7)} such that (¢g7); = g*. We have that

+P (A|Z1) x P (U,- € Th) + P(A|Ly) x P (U,- € Ip) .

On the other hand, we have the following equalities:

1 1 1
PlAU, < ———— | xP(U,- < = NY(g™h A
(4lor < a) <P (O < rram) ~ T e
(7.14)
A
P(A|Z P —el))=—F77——. 1
(AIZy) x P (Uy- € Th) 1500 ) (7.15)
(0(g7) — XM
P(A|Z PU,- €)= —+—" A). 7.1
( | 2)X ( g € 2) 1—1-5(9_))\1 w(g7 ) ( 6)
We use (7.13), (7.14), (7.15) and (7.16) to obtain the results. O
8 Recurrence in Theorem 3.1: The case RT(7,X) < 1
Proposition 8.1. If
7yellf_[ Ue) =0, (8.1)
eem
then X is recurrent.
Proof. The proof is identical to the proof of Proposition 10 of [33]. O

9 Transience in Theorem 3.1: The case RT(7,X) > 1

In order to prove transience, we use the relationship between the walk X and its associ-
ated percolation.
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9.1 Link with percolation
Denote by C(p) the set of edges which are crossed by X before returning to g, that is:
Clo)={e€ E:T(e") <T(0)} (9.1)

We define an other percolation which will be more easy to study. In order to do this, we
use the Rubin’s construction and the extensions introduced in Section 7. We define

Coplo) ={e e E: T () < TE(p)}. (9.2)

We say that an edge e € E is open if and only if e € Cop(p).
Lemma 9.1. We have that
P(T'(0) = 00) = P(|C(0)| = o) = P(|Ccr(0)| = o0). (9.3)

Proof. We can follow line by line the proof of Lemma 11 in [33]. O

For simplicity, for a vertex v € V', we write v € Ccp(p) if one of the edges incident to v
is in Cop(p). Besides, recall that for two edges e; and ey, their common ancestor with
highest generation is the vertex denoted e; A es.

Lemma 9.2. Let Ay > 0, A > 0 and T be an infinite, locally finite and rooted tree
with the root p. Assume that the condition (3.4) holds with some constant M. Then the
correlated percolation induced by Cop is quasi-independent, i.e. there exists a constant
Cq € (0,+00) such that, for any two edges ey, ez, we have that

P(e1, ez € Cop(o)ler Nea € Cap(o)) <CoP(e1 € Cop(o)ler A ez € Cop(p))

(9.4)
x P(eg € Cop(o)|er A ez € Coplo)).

Proof. Recall the construction of Section 7. Note that if e; Aes = p, then the extensions
on [g,e1] and [p, e2] are independent, then the conclusion of Lemma holds with C' = 1.
Assume that e; Aey # p, and note that the extensions on [, e1] and [p, e2] are dependent
since they use the same clocks on [g,e; A ez]. Denote by e the unique edge of 7 such
that et = e; A es. For i € {1,2}, let v; be the vertex which is the offspring of e lying
the path from p to e;. Note that v; could be equal to e;. Let i; (resp. iz) be an element
of {1,...,0(e")} such that (e™);; = vy (resp. ()i, = v2).

As the events {e € Cop} and U, pe, are independent, therefore:

P(e1,ex € Cop(p)le € Cop(o) = A+ B+ C+ D,

where

1 1
A=P . P
<61,€2 € CCP(Q) ee CCP(Q)a Ue+ < 1+ 6(€+))\1> <Ue+ < 1 +6(6+))\1>

(9.5)
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B 14 (i1 — DA T4itA

1+ (1 — DA 1+i\
P .
X <U€+ € [ 150N ’1+8(e+))\1]>

(9.6)

1+ (39 — 1)\ 14 1d9)
c=Pr (61762 € CCP(Q)‘e € Cop(0), U+ € [ 1 +(8(e+)i\1 "1+ 9(et >\1D
1+ (ia— DA 1+i2\
P
% <Ue+ < [ 1+ a(eH)N "1+ (et /\ID

[1+(i—1))\1 1+ i\

D=P (61,62 € C(;p(g)’e € Cop(p), U+ € U T o) T+ 0N

1€{1,,0(eT)\{i1,i2}

U | L+ (-0 141N

xP o+ € [ , ]) ‘
14+ 0(et)A1 "1+ 0(et)A

( i€{1,,0(v) P\ {i1,iz} (ef)M (e

(9.8)

In the same way, for any j € {1,2}, we have:

P(e; € Ccp(o)le € Cop(o)) = E; + Fj + Gy,
where
1 1
Ej =P €4 S CCP(‘Q))Q S CCP(Q), U6+ < m P Ue* < m (99)

14+ (i, — 1A 144
F; :IP’(ej GCCP(Q)‘(E € Cop(0), Ugt € [ 1+((‘)](6+)3\117 1+3(6]+)1)\1]>

1 + (ij — 1))\1 1 + ij/\l
<P (Ue* < [ 1+ 0(eP)h 1+ d(et)

(9.10)

i€{1,,0(et) I\ {45}

L L+ (i —Dh 140N
xP | U+ € [ ’ ]) .
14+0(et)A1 ' 14+ 9(et)A
( i€{1,+ 8(eH) N\ {i;} (et)h (eP)M
(9.11)

1+(@E—1)A 1+ @A
Gy =P ( cCerloeccorotoe ) [TEUEIM MD

Lemma 9.3. There exists four constants (a1, g, as,«) depend on T, X\ and A1 such

that:
A S OélElEQ. (912)

B < asFiEs. (9.13)

D
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C < asFE;. (9.14)

D < ayG1Go. (9.15)
We deduce from Lemma 9.3 that
A+B+C+D SO&(E1+F1+G1)(E2+F2+G2),

where @ = max;e 1234} @;. The latter inequality concludes the proof of Proposition. [

Proof of Lemma 9.3. Now, we will adapt the argument from the proof of Lemma 12
in [33]. We prove that there exists a; such that A < «a;E1FE, and we use the same
argument for the other inequalities.

First, by using condition 3.4, note that,

1 1
P| U, = > then obtain:
( et <7 +8(e+)/\1) T4 0(e )\ = 1+ Mxy o vhenobtaim
P|U, <; <(1+M\) P, <; 2 (9.16)
ST TEE PV ! 1+ 0(et)M ' '
On the event {e € Cop(0), Uet < Wle*)kl} we have X;i)e)(eﬂﬂ = e~ . We then define

T (et) := inf {n >TE(et) +1: X% = e*}. We define the following quantities:

N(e) = Hf(e)(e+) <1 < T (0) 0 830 pe - (X1, X = (e, e*)}

N1y, et e ] (9.17)
L= 3 S

§=0

where |A| denotes the cardinality of a set A and 6 is the canonical shift on trajectories.
Note that L(e) is the time consumed by the clocks attached to the oriented edge (e*,e™)
before X, X (1) or X(2) goes back to g once it has returned et after the time T(¢) (™).
Recall that these three extensions are coupled and thus the time L(e) is the same for
the three of them.

For i € {1,2}, recall that v; is the vertex which is the offspring of e™ lying the path from
0 to e;. Note that v; could be equal to e;". We define for i € {1,2}:
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~ +
V(e = {0 < n < T (X = e ]
e 9.18
L*( )_N(z% 1Y(€+,€_,j) ( )
e;) = 2 )

Here, L*(e;), i € {1,2}, is the time consumed by the clocks attached to the oriented
edge (e™,v;) before X or Xletel hits el

Notice that the three quantities L(e), L*(e1) and L*(ez) are independent, and we also
have:

1
P <€1,62 S CCP(.Q) e c CCP(Q), Ue+ < 1+8(6+)>\1>

= (e, \)P(L(e) > L*(e1) V L*(e2)) .

(9.19)

P (61 € Ccp(g)}e € Cop(p), U+ < =1(e, \)P(L(e) > L*(e1)). (9.20)

1
1+ 8(e+))\1>

P (62 € CCP(Q)’G € Ccpl(p), U+ < =¢(e, \)P(L(e) > L*(e2)). (9.21)

1
1+ 8(e+))\1>

Now, the random variable N(e) is simply a geometric random variable (counting the
number of trials) with success probability A1=lel/ 32 g<e A=l9l, The random variable N (e)
is independent of the family Y (e*,e™,-). As Y(eT,e™, ) are independent exponential
random variable for j > 0, we then have that L(e) is an exponential random variables
with parameter
pe M e L
D g<e AL-=lgl D g<e P
A priori, L*(e;) and L*(e2) are not exponential random variable, but they have a con-
tinuous distribution. Denote f; and fs respectively the densities of L*(e;) and L*(e2).
Then, we have that

(9.22)

+oo +oo
P(L( )> L* (61 \/L 62 / / / pe pfl l‘l)fg(l‘Q)dtdwldxg
T1VT
+o0 +o0 ’
N / / e PV £y (21) fo(wa) dwy divs. (9.23)
0 0

+oo +oo
< / / e @1F22) £ (1)) fo (20 dary das.
0 0
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Thus, one can write

P(L(e) > L*(e1) V L*(e2))

400 +oo 9.24
S </0 e_px1/2f1($1)d$1> . </0 €_p$2/2f2(.%'2)d.%'2> . ( )

+00 -
/ e P2 (2))day = P (L(e) > L*(el)) , (9.25)
0

Note that:

where L(e) is an exponential variable with parameter p/2. Note that, in view of (9.22),
L(e) has the same law as L(e) when we replace the weight of an edge ¢’ by A~l9'+1/2
for ¢’ < e only, and keep the other weights the same.

For simplicity, for any g € E, we set w(g) = M9l=1 For g € F such that e < g, define
the functions 7:/; and 5 in a similar way as ¢ and ¢, except that we replace the weight of
an edge ¢’ by )\*|gl|+1/2 for ¢ < e only, and keep the other weights the same, that is,
forge E, e < g,

DgrgW(g) T+ g wlg) !

S PSR RS SR
(9.26)
3000 = T30+ Toa e )+ TS,
(9.27)
We obtain:
PE(e) > L) = [ drn= ] o@rmn ] (W)
_ \ 7 M+ (g, A;J(g‘l, A) + (5(9:1) — DAieh(g,A)
=P > e I (Al Tl g LA+ @l ) — Db, A))

=P(L(e) > L*(e1))
< I <1+ D(g, Mg~ N) — (g, V(g ™! ?) +(@(g~H = DMa(dh(g, M) —1/1(9,/\))> .

)\1 + w(ga )\)1/1(9_17 A

e<g<ei

(9.28)

Now, we compute the product:

T (14 2ol N = 9lg Nolg N + (05 = Dxilb(g ) — (g N)
A A 99, Mg ) + (00971 = Dhatd(g, A)

e<g<ei



CHAPTER 5. PHASE TRANSITION FOR THE ONCE-EXCITED RANDOM
184 WALK ON GENERAL TREES

<

1 (1 L PN = (9, Nl N + (0lg™h) = DM, A) — o, A)))
A1 '

e<g<ei

< exp (; > (Ble. Mg N (g Vg N + (g7 — DM, ) wg,»)))

e<g<ei

Lemma 9.4. There exists a constant ¢ = c¢(A1, ) which do not depend on e, e; and e,
such that:

> (Wg N —wlg ) <e (9.29)

e<g<ei
On the other hand, by using Lemma 9.4, for any e and e; we have that
> (Vg NN = (g, (g A)) < 2. (9.30)
e<g<ei

By using 9.30, Lemma 9.4 and condition (3.4), we obtain:

I (i P9, NP(g™ 5N = (g, V(g™ N) + (0(g™Y) — DM((g, \) — 9(g, )
/\1 + 1/1(97 A)w(g_la /\) + (a(g_l) - 1)A1w(gv )‘)

e<g<ei
2c
1
(9.31)

We have just proved that

o0 9
/ e P2 f 1 (z1)dzy < exp <Mc + )\C> x P(e; € Cop(o)ler Nea € Cop(o)). (9.32)
0 1

By doing a very similar computation, one can prove that

“+oo
/ e PP2/2 £ (29)dag < exp <Mc + ic> x P(eq € Cop(o)|er Nea € Cop(o)). (9.33)
0 1

Moreover, we have
A

P(e,A) > )

. (9.34)

The conclusion (9.4) follows by using (9.16), (9.24), (9.34), together with (9.32) and
(9.33). O
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It remains to prove Lemma 9.4.

Proof of Lemma 9.4. By a simple computation, for any e < g < ey,

_ (Lyeewlg) ™) wio)™!
V(g \) — (g, A) = (

We will proceed by distinguishing three cases.
Case I: A < 1.
By (9.35), we have that

1 1

~ (1*W)W 1>‘

B9, \) — (g, ) = (B . « (11

Hence, there exists a constants c; such that

0 < J(ga )‘) - Ql}(g7 >\) < Cl>\|g|_|e|-

Therefore we obtain

Z (7;(97)\) — (g, A)) <a Z Algl=lel < ¢ Z)\i < 0.

e<g<ei e<g<ei 120

Case II: A =1.
By (9.35), we have that

- l¢]

Wa D) =9 N = e ey

Therefore we obtain

> (Fen-v) < Y (i) < 2 (G- o)

e<g<e n>le| n>le|
2le|]—1

<y

n=le|

S |-

On the other hand, we have:

Qn—ll n—1 1 1n—1 1 1 dx
li — | =1 = lim (=) ——— | = :
nz%o(Z k) klfso@mk) ;3;<n21+k/n> ==

k=0

k=n
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(9.35)

(9.36)

(9.37)

(9.38)

(9.39)

(9.40)

(9.41)
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We use (9.40) and (9.41) to obtain the result.

Case III: A > 1.
By (9.35), we have that

- B (“ﬁ)w% 1
¥(g,A) —¥(g,A) = (l—ﬁﬂ—ﬁ) (1_ ) X (1—A>. (9.42)

Hence, there exists a constants cs such that

0 <9(g,\) — (g, A) < R (9.43)
Therefore we obtain
> (J(gk)—w(gk))<02 > R S A (9.44)
’ ’ Mgl — Y :
e<g<ei e<g<ei >0
O

9.2 Transience in Theorem 3.1: The case RT(7,X) > 1

Proposition 9.5. If RT(T,X) > 1 and if (3.4) is satisfied then X is transient.

Proof. The proof is now easy, we can follow line by line the Appendix A.2 of [32]. O

10 Proof of Theorem 3.3

This section is independent with the previous sections. In this section, we prove a cri-
terion which can apply to the critical M-digging random walk on superperiodic trees.
We will use the Rubin’s construction (resp. the definition of C(g), Ccp(0)) from section
7 (resp. section 8.1) of [32]. We will allow ourselves to omit these definitions and refer
the readers to [32] for more details.

The main idea for the proof of Theorem 3.3 is that the number of surviving rays of the
percolation Cop(0) almost surely is either zero or infinite. This property was proved
in the case of Bernoulli percolation (see [37] proposition 5.27) or target percolation (see
[102], lemma 4.2). The main difficulty that we have to face is that the FKG inequality
is not true for our percolation.
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10.1 Some definitions

Let A > 0, M € Nand 7 be an infinite, locally finite and rooted tree. For each v € V(T),
recall the definition of subtree 7% of 7 from Section 2.1. Let X" be the M-digging
random walk on TV. We say that T is uniformly transient if for any A such that the
M-digging random walk on 7 with parameter ) is transient (i.e. X2 is transient),

Jay > 0,Yv € V(T),P(Vn > 0, X2 #v) > ay. (10.1)

It is called weakly uniformly transient if there exists a sequence of finite pairwise disjoint
7, such that
Jay > 0,V € | JV(mn), P(vn > 0, X0N # v) > ai (10.2)
n

where V(m,) ={e” :e € my}.

Remark 10.1. — If 7 is uniformly transient, then 7 is also weakly uniformly tran-
sient, but the reverse is not always true.
— The superperiodic trees are uniformly transient.

An infinite self-avoiding path starting at ¢ is called a ray. The set of all rays, denoted
by OT, is called the boundary of T. Let ¢ : Z* — R be a decreasing positive function
with ¢(n) — 0 as n — oo. The Hausdorff mearsure of T in gauge ¢ is

limHian o(|v)),

vell
where the lim inf is taken over II such that the distance from p to the nearest vertex in
IT goes to infinity. We say that 7 has o-finite Hausdorff measure in gauge ¢ if 07 is the
union of countably many subsets with finite Hausdorff measure in gauge ¢.

Finally, If X is such that the M-digging random walk X with parameter A on 7T is
transient, on the event {T'(9) = oo}, its path determines an infinite branch in 7", which
can be seen as a random ray w™, and call it the limit walk of X. Equivalently, on the
event {T'(g) = oo}, we define the limit walk as follows: For any k > 1,

w®(k)=v < v €Tt and Ing,Yn >ngy: X,, € T". (10.3)

Note that P (w>*(0) =) = 1. For any k > 1, we call the k-first steps of w™ is
(w™>(0),- - ,w™>(k)), denoted by W0,

10.2 Proof of Theorem 3.3

We begin with the following proposition:
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Figure 5.2 — The proof’s idea of Proposition 10.2. The limit walk w* is in red. Condi-
tioning on the event {w™>(0) = o, w™(1) = vy, ...,w™(6) = vg} and denote by £ the last
time the critical M-digging random walk X on 7 visits vg. For each 1 <4 < 6, running
the walk XVi*¢ on 7. The property of uniformly transient implies that there exists a
surviving ray (in green) in 7 with probability is larger than a constant which do not
depend on i.

Proposition 10.2. Let X be a M-digging random walk with parameter A\, on an uni-
formly transient tree T and recall the definition of Cop from X as in ([32], Section 7).
Consider the percolation induced by Cop and let ¢(n) = P(o <> v) for v € Tp,.

1. Almost surely, the number of surviving rays is either zero or infinite.

2. If OT has o-finite Hausdorff measure in the gauge {¢(n)}, then P(p +» oco) = 0.
In particular, X is recurrent.

The overall strategy for the proof of Proposition 10.2 is as follows. First, if X is recurrent,
then the percolation induced by Cop almost surely have no surviving ray. Next, assume
that X is transient. On the event {T'(g) = oo}, the limit walk w™ is a surviving ray
of Cop(o). Given n € N and conditioning on wﬁ’n], by using the Rubin’s construction

and the definition of uniformly transient, we prove that there exists a surviving ray in
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T+ with probability larger than a constant ¢ which do not depend on i and w™ (see
Figure 5.2). The following basic lemma is necessary:

Lemma 10.3. Let A\ > 0 and T be an infinite, locally finite and rooted tree. Let
M := (my,v € V(T)) be a family of non-negative integers. Denote by X the M-digging
random walk with parameter X and Y the M-digging random walk associated with the
inhomogeneous initial number of cookies M with parameter \ (see [72], section 2.3.2
for more details on the definition of M-digging random walk). Denote by TX(o) (resp.
TY(0)) the return time of X (resp. Y) to 0. Assume that m(v) < M for allv € V(T),
we then have

P (T%(0) < 00) <P (T(0) < o0) . (10.4)

Proof. The proof is simple, therefore it is omitted. O

Proof of Proposition 10.2. Let Ay denote the event that exactly k rays survive and as-
sume that

P(Ay) > 0, (10.5)

Hence,

P(|Cop(0)] = o0) > 0. (10.6)
By (10.6) and Lemma 22 in [32], we have that:
P(T(o) = o0) > 0, (10.7)

and therefore X is transient.

On the event {T'(p) = oo}, the limit walk w™> of X is well defined and it is a surviving
ray. Let n be a positive integer and v := (y0 = 0,71 = v1, -+, = vp) be a path of
length n of 7. Denote by B, , the following event:

By = {wlo[an] =~} (10.8)

For any 1 < k < n, define a sub-tree 7" of T in the following way (see Figure 5.2).

— The root of 7% is the vertex v;.

— If O(v;) < 2 then 7% is a tree with a single vertex v;: for example, 7% in
Figure 5.2.

— If 9(y;) > 2, choose one of its children which is different to v; 41, denoted by wv.

We then set:
{<T ") = {v}
(TW)U =TV
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Note that for every pair (i,5) € [1,n]%, we have V(T NV (T%) = @.
Now, conditioning on the event B, ,. Let £ be the last time X visits v,, i.e.

C:=sup{k>0: X =uv,}. (10.9)

By the definition of limit walk, ¢ is finite on the event B, . For each i € [1,n] and for
all v € V(T"), denote by m*(v) the remaining number of cookies at v after time ¢, i.e.

m'(v) = (M — #{k < {: X}, =v}) V0. (10.10)

By using the extensions introduced in ([32], Section 7), the next steps on the tree 7 are
given by the digging random walk associated with the inhomogeneous initial number of
cookies (m'(v),v € V(T")) and the same parameter A, as X, denoted by Xv™" A (see
[32], section 2.3.2 for more details on the definition of X ¥+ A¢). Denote by T%™" e the
return time of XU ¢ to the root v; of TV . By the definition of uniformly transient
and Lemma 10.3, there exists a constant ¢ > 0 which do not depend on n and ~ such
that for any 4,

i (T”ivmiv% < oo) > e (10.11)

On the event {T%™"* < 00}, note that Cop contains a surviving ray in 7. By (10.11),
we have

P(Ag|Br.y) < (Z) (1— )+ (10.12)

On the other hand, we have A, C J By, ~, therefore by (10.12) we obtain:

vilvl=n

k
P(Ap) = > P(AkIBny) xP(Bny) < (Z (’Z)) 1=0" > P(B,,) < (Z <Z‘>> (1—c)"
] =1

=1

Yilyl=n Yily[=n
<1
(10.13)
Since 10.13 holds for any n then we obtain the following contradiction
P(Ag) = 0. (10.14)
For part (2), the proof is similar to part (ii), Lemma 4.2 in [102]. O

In the same method as in the proof of Proposition 10.2, we can prove the slightly stronger
result (the proof of which we omit):



10. PROOF OF THEOREM 3.3 191

Proposition 10.4. Let X be a M-digging random walk with parameter A, on a weakly
uniformly transient tree T and recall the definition of Cop from X as in ([72], Section
7). Consider the percolation induced by Cop and let ¢p(n) =P(p <> v) for v € T,.

1. With probability one, the number of surviving rays is either zero or infinite.

2. If OT has o-finite Hausdorff measure in the gauge {p(n)}, then P(p <> 00) = 0.
In particular, X is recurrent.

The following corollary is an immediate consequence of Proposition 10.4.

Corollary 10.5. Let M € N and T be a weakly uniformly transient tree such that
OT has o-finite Hausdorff measure in the gauge {¢p(n)} = (ﬁ) if br(T) > 1 and
{¢(n)} = nM% ifbr(T) = 1. Then the critical M -digging random walk on T is recurrent.

Proposition 10.6. Let M € N* and T be a superperiodic tree whose upper-growth rate
is finite. The critical M-digging random walk on T is recurrent.

Proof. This is a consequence of Corollary 10.5 and Theorem 2.1. O

Remark 10.7. If M = 0, then M-DRW, is the biased random walk with parameter
A. The recurrence of critical biased random walk on T is a consequence of Theorem 2.1
and Nash-Williams criterion (see [37] or [97]).
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Chapter 6

Scaling limits for random
triangulations on the Torus

This chapter is based on [1/], which is joint work with Vincent Beffara and Benjamin
Lévéque.

Abstract

We study the scaling limit of essentially simple triangulations on the torus. We
consider, for every n > 1, a uniformly random triangulation G,, over the set of
(appropriately rooted) essentially simple triangulations on the torus with n vertices.
We view G,, as a metric space by endowing its set of vertices with the graph dis-
tance denoted by dg, and show that the random metric space (V(G,,), ()Y*dg,)
converges in distribution in the Gromov—Hausdorff sense when n goes to infinity, at
least along subsequences, toward a random metric space. One of the crucial steps in
the argument is to construct a simple labeling on the map and show its convergence
to an explicit scaling limit. We moreover show that this labeling approximates the
distance to the root up to a uniform correction of order o(n'/4).

195
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1 Introduction

1.1 Some definitions

Recall that the Hausdorff distance between two non-empty subsets X and Y of a metric
space (M,d) is defined as

daus(X,Y)=inf{e >0: X C Y. and Y C X.},

where Z. denotes {m € M : d(m,Z) < €}. The Gromov-Hausdorff distance between
two compact metric spaces (5,0) and (S5’,0") is defined as

der((S,0),(8',8")) = inf{dmaus (0 (), ¥'(5)},

where the infimum is taken over all isometric embeddings ¢ : S — S” and ¢’ : &’ — §”
of S and S’ into a common metric space (S57,0”). Note that dgg((S,d), (S’,0")) is equal
to 0 if and only if the metric spaces S and S’ are isometric to each other. We refer
the reader to e.g. ([!], section 3) for a detailed investigation of the Gromov-Hausdorff
distance).

In this paper, we are considering some random graphs seen as random metric spaces and
consider their convergence in distribution in the sense of the Gromov-Hausdorff distance.
In general, the graphs we consider may contain loops and multiple edges. A graph is
called simple if it contains no loop nor multiple edges. A graph embedded on a surface
is called a map on this surface if all its faces are homeomorphic to open disks. In this
paper we consider orientable surface of genus g where the plane is the surface of genus
0, the torus the surface of genus 1, etc. For p > 3, a map is called a p-angulation if
all its faces have size p. For p = 3 (resp. p = 4), such maps are respectively called
triangulations (resp. quadrangulations).

1.2 Random planar maps

Let us first review some results on random planar maps. Consider a random planar map
G, with n vertices which is uniformly distributed over a certain class of planar maps (like
planar triangulations, quadrangulations or p-angulations). Equip the vertex set V(G,,)
with the graph distance dg,,. It is known that the diameter of the resulting metric space is
of order n'/4 (see for example [30] for the case of quadrangulations). Thus one can expect
that the rescaled random metric spaces (V(G,),n *dg,) converge in distribution as
n tends to infinity toward a certain random metric space. In 2006, Schramm [110]
suggested to use the notion of Gromov-Hausdorff distance to formalize this question by
specifying the topology of this convergence. He was the first to conjecture the existence
of a scaling limit for large random planar triangulations. In 2011, Le gall [31] proved the
existence of the scaling limit of the rescaled random metric spaces (V(G,,),n~"/*dg,) for
p-angulations when p = 3, or, p > 4 and p is even. The case p = 3 solves the conjecture
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of Schramm. Miermont [91] gave an alternative proof in the case of quadrangulations
(p = 4). Addario-Berry and Albenque [!] prove the case p = 3 for simple triangulations
(i.e. triangulations with no loop nor multiple edges). An important aspect of all these
results is that, up to a constant rescaling factor, all these classes converge toward the
same object called the Brownian map.

It is natural to address the question of the existence of a scaling limit of random maps
on higher genus oriented surfaces. Chapuy, Marcus and Schaeffer [29] extended the
bijection known for planar bipartite quadrangulations to any oriented surfaces. This
lead Bettinelli [22] to show that random quadrangulations on oriented surfaces converge
in distribution, at least along a subsequence. More formally:

Theorem 1.1 (Bettinelli [22]). For g > 1 and n > 1, let Gy, be a uniformly random
element of the set of all corner-rooted bipartite quadrangulations with n vertices on the
oriented surface of genus g. Then, from any increasing sequence of integers, one can
extract a subsequence (ng)i>0 along which the rescaled metric spaces

~1/4
(V(G”’“)’nk dG”k)kzo
converge in distribution for the Gromov-Hausdorff distance.

Contrary to the planar case, the uniqueness of the subsequential limit is not proved
there. Nevertheless, a phenomenon of universality is expected: it is conjectured that the
sequence does converge and that moreover, up to a deterministic multiplicative constant
on the distance, the limit is the same for many models of random maps of a given genus.
In genus 1, the conjectured limit is described in [22] and referred to as the toroidal
Brownian map.

The goal of the present article is to extend Theorem 1.1 to the case of (essentially simple)
triangulations of the torus. In that respect, it is comparable to the paper of Addario-
Berry and Albenque [1] which did the same in the planar setup and contributes to the
understanding of universality for random toroidal maps.

1.3 Main results

A contractible loop is an edge enclosing a region homeomorphic to an open disk. A pair
of homotopic multiple edges is a pair of edges that have the same extremities and whose
union encloses a region homeomorphic to an open disk. A graph G embedded on the
torus is called essentially simple if it has no contractible loop nor homotopic multiple
edges. Being essentially simple for a toroidal map is the natural generalization of being
simple for a planar map.

In this paper, we distinguish paths and cycles from walks and closed walks as the firsts
have no repeated vertices. A triangle of a toroidal map is a closed walk of size 3 enclosing
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a region that is homeomorphic to an open disk. This region is called the interior of the
triangle. Note that a triangle is not necessarily a face of the map as its interior may be
not empty. We say that a triangle is mazimal (by inclusion) if its interior is not strictly
contained in the interior of another triangle. We define the corners of a triangle as the
three angles that appear in the interior of this triangle when its interior is removed (if
non empty).

Our main result is the following convergence result:

Theorem 1.2. For n > 1, let G, be a uniformly random element of the set of all
essentially simple toroidal triangulations on n vertices that are rooted at a corner of a
mazximal triangle. Then, from any increasing sequence of integers, one can extract a
subsequence (ny)g>o0 along which the rescaled metric spaces

converge in distribution for the Gromov-Hausdorff distance.

Remark 1.3. The reason for the particular choice of rooting in Theorem 1.2 is of a
technical nature due to the bijection that we use in Section 2. It is a natural conjecture
that compactness, and thus also the existence of subsequential scaling limits, would
still hold e.g. for triangulations rooted at a uniformly random angle. This is based on
the following reasoning: if the inside of every maximal triangle has diameter of smaller
order than n'/4, then rooting inside such a triangle rather than at one of its corners
would affect distances by a quantity that would be smoothed out by the normalization.
On the other hand, having one maximal triangle containing an vertices has very small
probability, because of the relative growths of the number of triangulations of genus 0
and 1. The remaining obstruction would be the existence of a maximal triangle with
an inside containing much fewer than n vertices but having diameter of order n'/4,
which would presumably be ruled out by a precise control of the geometry of simple
triangulations of genus 0. This is a possible direction for future work, but we chose not
to investigate it further due to the already large size of the present paper.

We also show in an appendix that with high probability, the labeling function that we
define as a crucial tool in our argument (see Section 3 for a formal definition) approx-
imates the distance to the root up to a uniform o(n'/*) correction (see Theorem 1.15).
Such a comparison estimate is an essential step in proving the uniqueness of the sub-
sequential scaling limit, and thus the convergence, in frameworks similar to that of our
main result — see [1] for the case of genus 0, it is also likely that a similar argument
would be applicable to quadrangulations of the torus [23] (those two quantities are actu-
ally equal in the case of bipartite quadrangulations on any surface with positive genus,
but it seems that a bound of the order o(n'/4) is enough).
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The overall strategy for the proof of Theorem 1.2 is the same as in [22], as well as in [31]
and [94]: obtain a bijection between maps and simpler combinatorial objects (typically
decorated trees), then show convergence of these objects to a non-trivial continuous
random limit from which relevant information can then be extracted about the original
model. As a result, most of the structure of the paper is largely inspired by [22] (for the
main argument) and [!] (for methods specific to triangulations).

The bijection that we use here is based on a recent generalization of Schnyder woods to
higher genus [55, 54, 83]. One issue when going to higher genus is that the set of Schnyder
woods of a given triangulation is no longer a single distributive lattice like in the planar
case, it is rather a collection of distributive lattices. Nevertheless, it is possible to single
out one of these distributive lattices, in the toroidal case, by requiring an extra property,
called balanced, that defines a unique minimal element used as a canonical orientation for
the toroidal triangulation. The particular properties of this canonical orientation leads
to a bijection between essentially simple toroidal triangulation and particular toroidal
unicellular maps [30] (a unicellular map is a map with only one face, i.e. the natural
generalization of trees when going to higher genus). Then the main difficulty that we
have to face is that the metric properties of the initial map are less apparent in the
unicellular map than in the planar case or in the bipartite quadrangulations setup. In
particular, lower bounds for the graph distance are more difficult to extract from the
labeling function, requiring a delicate argument involving rightmost paths and precise
control of its relation with shortest paths.

Structure of the paper

The bijection between toroidal triangulations and particular unicellular maps is pre-
sented in Section 2 with some related properties. In Section 3, we define a labeling
function of the angles of a unicellular map and prove some relations with the graph dis-
tance in the corresponding triangulation. In Section 4 we explain how to decompose the
particular unicellular maps given by the bijection into simpler elements with the use of
Motzkin paths and well-labeled forests. In Section 5, we review some results on variants
of the Brownian motion. The proof of Theorem 1.2 then proceeds in several steps. In
Section 6, we study the convergence of the parameters of the discrete map in the scaling
limit. In Sections 7, 8 and 9 we review and extend classical convergence results for
conditioned random walks and random forests. Finally, in Section 10, we combine the
previous ingredients to build the proof of the main theorem. In Appendix 1, we exploit
the canonical orientation of the triangulation to define rightmost paths and relate them
to shortest paths, thus obtaining the announced upper bound on the difference between
distances and labels.

This work has been partially supported by the LabEx PERSYVAL-Lab (ANR-11-LABX-
0025-01) funded by the French program Investissement d’avenir and the ANR project
GATO (ANR-16-CE40-0009-01) funded by the French Agence National de la Recherche.
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2 Bijection between toroidal triangulations and
unicellular maps

For n > 1, let G(n) be the set of essentially simple toroidal triangulations on n vertices
that are rooted at a corner of a maximal triangle.

Consider an element G of G(n). The corner of the maximal triangle where G is rooted
is called the root corner. Note that, since G is essentially simple, there is a unique
triangle, called the root triangle whose corner is the root corner (and this root triangle
is maximal by assumption). The vertex of the root triangle corresponding to the root
corner is called the root vertex. We also define, in a unique way, a particular angle of
the map, called the root angle, that is the angle of G' that is in the interior of the root
triangle, incident to the root vertex and the last one in counterclockwise order around
the root vertex. Note that it is possible to retrieve the root corner from the root angle
in a unique way (indeed, the root angle defines already one edge of the root triangle
and the side of its interior, thus it remains to find the third vertex of the root triangle
such that the interior is maximal). Thus rooting G on its root corner or root angle is
equivalent. We call root face, the face of G containing the root angle. We introduce in
the rest of this section some terminology and results adapted from [36] (see also [33]).

2.1 Toroidal unicellular maps

Recall that a unicellular map is a map with only one face. There are two types of toroidal
unicellular maps since two cycles of a toroidal unicellular map may intersect either on a
single vertex (square case) or on a path (hexagonal case). On the first row of Figure 6.1
we have represented these two cases into a square box that is often use to represent a
toroidal object (its opposite side are identified). On the second row of Figure 6.1 we have
represented again these two cases by a square and hexagon by copying some vertices and
edges of the map (here again the opposite sides are identified). Depending on what we
want to look at we often move from one representation to the other in this paper. We
call special the vertices of a toroidal unicellular map that are on all the cycles of the map.
Thus the number of special vertices of a square (resp. hexagon) toroidal unicellular map
is exactly one (resp. two).

Given a map, we call stem, a half-edge that is added to the map, attached to an angle
of a vertex and whose other extremity is dangling in the face incident to this angle.

For n > 1, let 7,(n) denote the set of toroidal unicellular maps T rooted on a particular
angle, with exactly n vertices, n + 1 edges and 2n — 1 stems distributed as follows (see
figure 6.2 for an example in 7,(7) where the root angle is represented with the usual
"root” symbol in the whole paper.). The vertex incident to the root angle is called the
root vertex. A vertex that is not the root vertex, is incident to exactly 2 stems if it is
not a special vertex, 1 stem if it is the special vertex of a hexagon and 0 stem if it is
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Figure 6.1 — The two types of toroidal unicellular maps with two different representations
for each case.

the special vertex of a square. The root vertex is incident to 1 additional stem, i.e. it is
incident to exactly 3 stems if it is not a special vertex, 2 stems if it is the special vertex
of a hexagon and 1 stem if it is the special vertex of a square. Moreover, one of the stem
incident to the root vertex, called the root stem, is incident to the root angle and just
after the root angle in counterclockwise order around the root vertex.

Figure 6.2 — Example of an element of 7,(7).
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2.2 Closure procedure

Given an element of T' of 7,.(n), there is a generic way to reattach step by step all the
dangling extremities of the stems of T' to build a toroidal triangulation. Let Ty = T,
and, for 1 < k < 2n — 1, let T}, be the map obtained from Tj_; by reattaching one of
its stem (we explicit below which stems can be reattached and how). The special face
of Ty is its only face. For 1 < k < 2n — 1, the special face of T}, is the face on the right
of the stem of Tj_; that is reattached to obtain T} (the stem is by convention oriented
from its incident vertex toward its dangling part). For 0 < k < 2n — 1, the border of
the special face of T}, consists of a sequence of edges and stems. We define an admissible
triple as a sequence (e1, €9, s), appearing in counterclockwise order along the border of
the special face of Ty, such that e; = (u,v) and es = (v,w) are edges of T} and s is a
stem attached to w. The closure of this admissible triple consists in attaching s to u,
so that it creates an edge (w, u) oriented from w to u and so that it creates a triangular
face (u,v,w) on its left side. The complete closure of T consists in closing a sequence of
admissible triples, i.e. for 1 < k < 2n — 1, the map T} is obtained from 7} by closing
any admissible triple.

Figure 6.3 is the hexagonal representation of the example of Figure 6.2 on which a
complete closure is performed. We have represented here the unicellular map as an
hexagon since it is easier to understand what happen in the unique face of the map.
The map obtained by performing the complete closure procedure is the clique on seven
vertices K.

A unicellular map of 7, 5 4(7) The complete closure gives K7
Figure 6.3 — Example of the complete closure procedure.
Note that, for 0 < k < 2n — 1, the special face of T}, contains all the stems of Ty. The

closure of a stem reduces the number of edges on the border of the special face and the
number of stems by 1. At the beginning, the unicellular map Ty has n + 1 edges and
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2n — 1 stems. So along the border of its special face, there are 2n + 2 edges and 2n — 1
stems. Thus there is exactly three more edges than stems on the border of the special
face of Ty and this is preserved while closing stems. So at each step there is necessarily
at least one admissible triple and the sequence T} is well defined. Since the difference
of three is preserved, the special face of T, s is a quadrangle with exactly one stem.
So the reattachment of the last stem creates two faces that have size three and at the
end T5,_1 is a toroidal triangulation. Note that at a given step there might be several
admissible triples but their closure are independent and the order in which they are
closed does not modify the obtained triangulation 75, _1.

When a stem is reattached on the root angle, then, by convention, the new root angle
is maintained on the right side of the extremity of the stem, i.e. the root angle is
maintained in the special face. A particularly important property when reattaching
stems is when the complete closure procedure described here never wraps over the root
angle, i.e. when a stem is reattached, the root angle is always on its right side in the
special face. The property of never wrapping over the root angle is called safe (an
analogous property is sometimes called ”balanced” in the planar case but we prefer to
keep the word ”balanced” for something else in the current paper). Let 7, ¢(n) denote
the set of elements of 7,(n) that are safe.

Consider an element T of 7, s(n) with root angle ag. Then for 0 < k < 2n — 2, let s be
the first stem met while walking counterclockwise from ag in the special face of Tj. An
essential property from [30] is that before s, at least two edges are met and thus the last
two of these edges form an admissible triple with s. So one can reattach all the stems of
T by starting from the root angle ag and walking along the face of T in counterclockwise
order around this face: each time a stem is met, it is reattached in order to create a
triangular face on its left side. Note that in such a sequence of admissible triples closure,
the last stem that is reattached is the root stem of T

2.3 Canonical orientation and balanced property

For n > 1, consider an element T of 7,(n) whose edges and stems are oriented w.r.t. the
root angle ag as follows (see Figure 6.4 that corresponds to the example of Figure 6.2):
the stems are all outgoing, and while walking clockwise around the unique face of T
from ag, the first time an edge is met, it is oriented counterclockwise w.r.t. the face of
T. This orientation plays a particular role and is called the canonical orientation of T.

For a cycle C of T, given with a traversal direction, let v(C') be the number of outgoing
edges and stems that are incident to the right side of 7" minus the number of outgoing
edges and stems that are incident to its left side. A unicellular map of 7,(n) is said to
be balanced if v(C) = 0 for all its (non-contractible) cycles C. Let us call 7, ;p(n) the
set of balanced elements of 7y s(n).

Figure 6.4 is an example of an element of 7, 4;(7). The value 7 of the cycles of the
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Figure 6.4 — Orientation of the edges and stems of an element of 7,.(7).

unicellular map are much more easier to compute on the left representation.

A consequence of [36] (see the proof of Theorem 7 where 7, 5(n) is called M7’,7bﬁo (n)
and G(n) is called 7, (n)), is that, for n > 1, the complete closure procedure is indeed a
bijection between elements of 7 s(n) and G(n), that we note ® here:

Theorem 2.1 ([36]). Forn > 1, there is a bijection between Ty sp(n) and G(n).

The left of Figure 6.3 gives an example of a hexagonal unicellular map in 7 5 5(7). Note
that on the right of Figure 6.3, the face containing the root angle, after the closure
procedure, is indeed a maximal triangle, so the obtained triangulation is an element of
G(7) if rooted on the corner of the face corresponding to the root angle.

Given an element 7" of 7 5 p(n), the canonical orientation of 7', defined previously, induces
an orientation of the edges of the corresponding triangulation G of G(n) that is also called
the canonical orientation of G. Note that in this orientation of G, all the vertices have
outdegree exactly 3, we call such an orientation a 3-orientation. In fact this orientation
corresponds to a particular 3-orientation that is called the minimal balanced Schnyder
wood of G w.r.t. to the root face (see [33] for more on Schnyder woods in higher genus).
We extend the definition of function « to G by the following. For a cycle C' of G, given
with a traversal direction, let v(C') be the number of outgoing edges that are incident
to the right side of T" minus the number of outgoing edges that are incident to its left
side. As shown in [33], the canonical orientation of G as the particular property that
~(C) = 0 for all its non-contractible cycles C', we call this property balanced.

Figure 6.5, gives the canonical orientation of K7 obtained from the canonical orientation
of its corresponding element in 7, 5 ;(7) after a complete closure procedure.
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Figure 6.5 — The canonical orientation of K.

2.4 Unrooted unicellular maps

Given an element T of T, (1), we have seen that the root stem sg can be the last stem
that is reattached by the complete closure procedure. Consequently, if one removes the
root stem sg from T to obtain an unicellular map U with n vertices, n + 1 edges and
2n — 2 stems, one can recover the graph T5,_s by applying the closure procedure on U.

For n > 1, let U(n) denote the set of (non-rooted) toroidal unicellular maps, with exactly
n vertices, n + 1 edges and 2n — 2 stems satisfying the following: a vertex is incident to
exactly 2 stems if it is not a corner, 1 stem if it is the corner of a hexagon and 0 stem if
it is the corner of a square. Thus, given an element T' of 7,(n), the element U obtained
from T by removing the root angle and the root stem is an element of U(n).

Since an element U of U(n) is non-rooted, it has no ”canonical orientation” as define
previously for elements of 7,(n). Nevertheless one can still orient all the stems as outgo-
ing and compute 7 on the cycles of U by considering only its stems in the counting (and
not the edges nor the root stem anymore). For a cycle C' of U, given with a traversal
direction, let v(C) be the number of outgoing stems that are incident to the right side
of U minus the number of outgoing stems that are incident to its left side. A unicellular
map of U(n) is said to be balanced if v(C) = 0 for all its (non-contractible) cycles C.
Let us call Uy(n) the set of elements of U(n) that are balanced.

As remarked in [30], an interesting property is that an element U of ¢(n) is balanced if
and only if any element 7" of 7, (n) obtained from U by adding a root stem anywhere in U
is balanced (recall that in U we use the canonical orientation to compute 7). Moreover,
given an element 7' of 7, p(n), then the element U of U(n), obtained by removing the
root angle, (the canonical orientation,) and the root stem is balanced.

Figure 6.6 is the element of U(7) corresponding to Figure 6.4.
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Figure 6.6 — Example of an element of U (7).

3 Labeling of the angles and distance properties

3.1 Definition and properties of the labeling function

For n > 1, let T be an element of 7, 54(n), and G = ®(T) the corresponding element of
G(n) by Theorem 2.1. Let V' (resp. E) denotes the set of vertices (resp. edges) of G. Let
ao be the root angle of T" and vy be its root vertex. We use the same notations for the
root angle and vertex of G (while maintaining the root angle on the right side of every
stem during the complete closure procedure, as explained in Section 2). In this section,
we prove a relation between the graph distance in the triangulation G from a vertex to
the root vertex and a particular labeling of the vertices defined on the unicellular map
T as follows.

Let £ = 4n+1 be the number of angles of T'. We add a special dangling half-edge incident
to the root angle of T', called the root half-edge (and not considered as a stem). Let I" be
the obtained unicellular map. We define the root angle of I' as the angle of I just after the
root half-edge in counterclockwise order around its incident vertex. Let A = (ao,...,ar)
be the sequence of consecutive angles of I' in clockwise order around the unique face of
I' such that ag is the root angle. Note that a; is incident to the root half-edge. For
0 < <Il—1, two angles a; and a;; are either consecutive around a stem or consecutive
around an edge of I'. We define a labeling function A : A — Z as follows. Let A(ag) = 3.
For 0 <i<1—1,let A(aj+1) = A(a;) + 1 if a; and a;41 are consecutive around a stem,
and let A(a;+1) = A(a;) — 1 if they are consecutive around an edge. By definition, the
unicellular map I" has n + 1 edges and 2n — 1 stems. While going clockwise around the
unique face of I', each edge is encountered twice, so A(ag) = 2n—1—2(n+1)+ A(ag) = 0.
Figure 6.7 gives an example of the labeling function of the unicellular map of Figure 6.4.

Given a stem s of I', we define the label A(s) of s as the label of the angle that is just
before s in counterclockwise order around its incident vertex.



3. LABELING OF THE ANGLES AND DISTANCE PROPERTIES 207

Figure 6.7 — Labeling of the angles of the unicellular map.

The complete closure procedure is formally defined on T but we can consider that it
behaves on I' since the presence of the root half-edge in I" does not change the procedure
as T is safe (the root half-edge is maintained on the right of every stem during the
closure). Let Ty =T, and, for 1 < k < 2n —1, let I'y, be the map obtained from I'y_; by
closing an admissible triple of I'y_1. By the bijection ® we have that I'o,_1 is the graph
G with an additional dangling half-edge incident to the root angle, we call this graph
G™T. We propagate the labeling X of I during the closure procedure by the following. For
1 <k <2n—1, when the stem s of I'y_; is reattached, it splits an angle a of I';,_; into
two angles of I'y, that both inherit the label of @ in I'y_1. In other words, the complete
closure procedure just splits some angles that keeps the same label on each side of the
split. We still note A the labeling of the angles of I'y. It is clear that the labeling of
GT = TI'y,_1 that is obtained is independent from the order in which the admissible
triples are closed. We denote .A(7) the set of angles of G which are splited from a; by
the complete closure procedure. Note that for all a € A(7), we have A(a) = A(a;). Given
a stem s of I', we denote a(s) the angle of I' corresponding to where s is reattached
during the complete closure procedure (i.e. s is reattached to an angle that comes from
some splittings of a(s)).

Consider a stem s of T. Let i, 7, be such that a; is the angle just before s in counter-
clockwise order around its incident vertex and a; = a(s). The fact that T" is safe implies
that 0 <i<j </

Lemma 3.1. For 0 < k < 2n — 1, the rules that are used to define the labeling function
A are still valid around the special face of I'y, i.e. the root angle of I'y, is labeled 3, and
while walking clockwise around the special face of 'y, the labels are increasing by one
around a stem and decreasing by one along an edge until finishing at label 0 at the last
angle.
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In particular, for each stem s of I', we have A(a(s)) = A(s) — 1. Moreover, all the angles
of I' that appear strictly between s and a(s) in clockwise order along the unique face of
I’ have labels that are greater or equal to A(s).

Proof. We prove the first part of the lemma by induction on k. Clearly the statement is
true for kK = 0 by definition and properties of A\. Suppose now that for 1 < k < 2n — 1,
the statement is true for I',_;. Let s be the stem of I',_; that is reattached to obtained
['k. Let (e1, ea, s) be the admissible triple of I'y_; involving s, when s is reattached. Let
g, a1, 2, az be the angles of the special face of I'y_; that appears along the admissible
triple (e1, eg, ), such that ay, s, a1, €1, ag, ea, aig appears consecutively in clockwise order
around the special face. So we have that the dangling part of s is attached to the angle
as to form I'y. Since T is safe, the root angle of I'y_; is distinct from g, 9. So,
by induction, the rules of the labeling function applies in I'y_1 from ag to as. Thus
Mai) = Mag) + 1, AMag) = Mag) — 1, Mag) = AMaz) — 1. So A(as) = AM(aq) — 1, and
the rules still apply in the special face of T'y.

A direct consequence of the above paragraph, is that for each stem s of I', we have
Aa(s)) = A(s) — 1.

Suppose by contradiction that there is a stem s and an angle of I' that appear strictly
between s and a(s) in clockwise order along the unique face of I' whose label is less or
equal to A(a(s)). We choose such an angle o whose label is minimum. With the same
notations of the angles a, aa as above, since A(az2) = A(a(s))+1 and May) = Ma(s))+2,
we have that neither a; nor as comes from a splits of a. So there exists an admissible
triple s’, closed before s is the complete closure procedure, and whose one of the two
internal angles o, o/, (with analogous notations as above) is « (or comes from a split of
«). By the rule of the labeling, we have A(«) € {A(a(s"))+1, A(a(s"))+2} (depending on
which internal angle it is, either o) or o). Thus by minimality of a, we have a(s’) = a(s),
but then A(«) € {A(a(s)) + 1, A(a(s)) + 2}, a contradiction. O

Lemma 3.2. Consider a (non-contractible) cycle C of T' of length k that does not contain
the root vertex. Then there is exactly k — 1 stems attached to each side of C.

Proof. As explained in Section 2.4, when one remove from T the root stem, the canonical
orientation and the root angle, one obtain an element of Uy(n). So we have that the
number of stems attached to the left and right side of C' are the same. In both cases,
whether I is a square or hexagonal unicellular map, we have that C'is incident to exactly
2(k — 1) stems, so there is exactly k — 1 stems attached to each side of C. O

Note that if vg € C then the conclusion of Lemma 3.2 is not true since there is an
additional stem attached to the root vertex.

Lemma 3.3. For 0 <i </{—1, we have X\(a;) > 0.
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Proof. Assume that there exists 0 < ¢ < ¢ — 1, such that A(a;) < 0. Let k =
max {0 <i<l—1:A(a;) <0}. If ap and ag4q are consecutive along an edge, then
we have A(ag+1) = A(ag) — 1 < 0. If ax and ap4q are separated by a stem, then, by
Lemma 3.1, we have A(a(s)) = A(ag) — 1, so there exists ¥ > k such that A(ag) < 0.
In both cases, there is a contradiction to the definition of k. O

Let Vg be the set of special vertices of I' (defined in Section 2). We call proper the edges
and vertices of I' that are on at least one cycle of I'. Let Vp (respectively Ep) be the
set of proper vertices (respectively edges) of I". Note that Vg C Vp.

We call root path the (unique) shortest path of I' from the root vertex to a proper vertex.
Note that the root path might have length 0 if vy is proper. The sequence of vertices
along the root path is denoted Vg = (19,71, ...,75), with s > 0, 79 = vy and ry is proper.
The set of edges of the root path is denoted Er. Let Viy = V' \ (Vp|J VRr) be the set of
normal vertices of ' and Exy = E'\ (Ep|J ERr) be the set of normal edges of T.

The canonical orientation of I' is the orientation of the edges and stems of I' that
corresponds to the canonical orientation of T' (the special dangling half edge added in
the root angle has no particular orientation). Consider an edge e of I with its orientation
in the canonical orientation, then by the orientation rule, the angles of - incident to e
that are on its right side have greater indices in the set A than the angles that are on its
left side, i.e. they are seen after while going in clockwise order around the unique face
of I' starting from the root angle.

Lemma 3.4. Consider an edge e = uv of I' that is oriented from u to v in the canonical
orientation of I'. Let 0 < 1 < j < { such that a;,ai41,a;,aj41 appear in this order in
counterclockwise order around e with a;,ajy1 incident to v and a1, a; incident to u.
Then we have the following (see Figure 6.8):

0 ifee En
Majy1) —Mag) = -3 ifee Ep and

6 ifec Ep

>—2 ife€ En
Mair1) = Maj) =S +1 ife€ Ep

+4 ife€ ERr

Proof. Note first that by the labeling rule we have A(aij+1) = A(a;) — 1 and A(aj4+1) =
Aaj) = 1. So (AMaiy1) — Aay)) + (A1) — Aag)) = —2.

Suppose first that e € En. While going clockwise around the unique face of I' starting
from a; to a;41, we encounter only normal vertices and edges. So we go around a planar
tree whose edges are encountered twice and whose number of stems is equal to twice the
number of edges. This implies that A(a;4+1) — A(a;) = 0 and so A(ai+1) — A(aj) = —2.
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The case where e € ER is quite similar. While going clockwise around the unique face
of I' starting from a; to a;y1, we are in the same situation as above except that we go
over the root vertex. The root vertex is incident to 1 more stem than normal vertices
and there is a jump of 3 from the label of a, to ag around the root vertex. This implies
that A(ai+1) — A(aj) = 4 and so A(ajy1) — A(a;) = —6.

It only remains to consider the case where e € Ey. We suppose here that I' is hexagonal.
The case where I is square can be proved similarly.

The value A(aj4+1) — A(a;) is equal to the number of stems minus the number of edges
that are encountered while going clockwise around the unique face of I' starting from a;
to ajq1, with ¢ < j. Each normal edge that is met is encountered twice and the number
of stems that are met and attached to normal vertices is equal to exactly twice this
number of edges. So there number does not affect the value A(aj+1) — A(a;). Thus we
just have to look at proper edges and stems attached to proper vertices.

Let s be the first special vertex that is encountered. Note that s is encountered twice
along the computation and the other special vertex only once. Let P be the unique path
of T between v and s with no special inner vertices. Let k be the length of P. All the
stems attached to inner vertices of P are encountered exactly once and all the edges of
P are encountered exactly twice. Since each inner vertex of P is incident to exactly two
stems, and there one more edges in P than inner vertices, this part results in value —2
in the computation of A(aj;+1) — A(a;).

It remains to look at the part encountered between the two copies of s. This corresponds
to exactly a cycle C of I of length k', where all its edges and all the stems incident to
one of its side are encountered exactly once. Note that vy does not belong to C since
i < j. Then by Lemma 3.2, there are exactly ¥’ — 1 stems attached to each side of C.
So this part results in value (k' — 1) — k' = —1 is the computation of A(a;t1) — A(a;).

Finally, in total we obtain A(a;+1) — A(a;) = —3 and so A(aij+1) — A(a;) = 1. O

One can remark on Figure 6.8 that an incoming edge of I' corresponds to a variation of
the labeling in counterclockwise order around its incident vertex that is always < 0.

By Lemma 3.4, we can deduce the variation of the labels around the different kind of
possible vertices that may appear on I'. They are many different such vertices, the 12
different cases are represented on Figures 6.9.(a) to (¢). The stems are not represented
on the figures, except the root stem, but their number is indicated below each figure.
These stems can be incident to any angle of the figures, except the angles incident to the
root symbol that are marked with an empty set. Recall that each of this stem results
in a 4+1 in the variation of the labels while going counterclockwise around their incident
vertex. The incoming normal edges are not represented either. There can be an arbitrary
number of such edges incident to each angle of the figures. By Lemma 3.4, there is no
variation of the labels around them. When v = vg, i.e. v is the root vertex, we have
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u u U
® ® ®
a; Ajq1 a; Ajt1 a; Ai+1
—2 +1 +4
V En V Ep V Er
0 -3 —6
Aj41 a; Aj+1 a; Aj41 a;
(
v v v

Figure 6.8 — Variations of the labeling around the three different kind of edges of T'.

represented the root stem and the special dangling root symbol. In this particular case,
there is no stem nor incoming normal edges incident to the angles incident to the root
symbol by the safe property.

For each u € V, let A(u) be the set of angles incident to u, let m(u) = minge 4¢,) A(a),
and let M(u) = maxgea() A(a). On Figures 6.9.(a) to (¢) we have represented the
position of the label M (v) and m(v) wherever the missing stems are. We also have given
the value of M (v) — m(v) or an inequality on it. This case analysis gives the following
lemma :

Lemma 3.5. For allv € V, we have M (v) — m(v) < 6.

Lemma 3.6. For all {u,v} € E(G), we have |m(u) —m(v)| < 7.
Proof. Let e € E(G) with extremities u and v. We consider two cases whether e is an
edge of I" or not.

— e is an edge of I': While walking clockwise around the special face of I' from the
root angle, there is an angle « incident to u and an angle § incident to v that
appears consecutively. By definition of the labels, we have A\(3) = A\(a)—1. More-
over by Lemma 3.5, we have m(u) € [A(a) — 6, \M(«)] and m(v) € [A(B) — 6, A(5)]-
This implies that |m(u) —m(v)| < 7.

— e is not an edge of I': Thus e comes from the reattachment of a stem s of
I" by the complete closure procedure. W.l.0.g., we may assume that s is inci-
dent to w. By Lemma 3.1, we have A(a(s)) = A(s) — 1. By lemma 3.5, we
have m(u) € [A(s) — 6,A(s)] and m(v) € [A(s) —7,A(s) — 1]. This implies that
|m(u) —m(v)] < 7.

O
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Ex Ep
m(v) L M) . T . T

v M(v) | m(v)

Ep
—_ =
-3 -3
v e VN veEVp,v¢g Vs, v¢g Vg v € Vg, v ¢ Vg, hexagonal
2 additional stems 2 additional stems 1 additional stem
M((v) — m(v) =2 M(v) —m(v) =3 M(v) —m(v) =3
(a) (b) ()
+1 +4 +4
_ T _ T _ T
Eg
+1 +1 v -3 -3
M(v) | m(v) Ep v Ep
Egr
S
-3 —6
v € Vg, v ¢ Vg, square vE VR, v#T0, V#TSs v=rs,s>0,v¢g Vs
0 additional stem 2 additional stems 2 additional stems
M(v) —m(v) =3 M(v) —m(v) =6 4 < M(v) —m((v) <6
(d) (e) (f)
-3 -3 -3 -3
v=rs,s>0,v € Vg, hexagonal v=rs,s>0,v € Vg, square v=wvg,v & Vp
1 additional stem 0 additional stems 2 additional stems
4 < M(v) —m((v) <5 M(v) —m(v) =4 M(v) —m(v) =6

() (h) @

-3 =3

+1

v=wg,v € Vp,v¢g Vg v = vg, v € Vg, hexagonal v =g, v € Vg, square
2 additional stems 1 additional stem 0 additional stems
4 < M) —m(v) <6 4 < M@w)—m((v) <5 M(v) —m(v) =4
() (k) (£)

Figure 6.9 — Variations of the labeling around the different kind of possible vertices of
r.
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3.2 Relation with the graph distance

For (u,v) € V, we denoted by dg(u,v) the length (i.e. the number of edges) of a shortest
path in G starting at u and ending at v.

Given an angle o of I, let v(a) denote the vertex of I' incident to .

Lemma 3.7. For allv € V, we have @ < dg(vo,v) < m(v).

Proof. We proof first the left inequality. Let P = (wq, w1, ..., w) be a shortest path in
G starting at wp = v and ending at wy = v, thus dg (v, v) = k. We want to prove that
k> @ By Lemma 3.6, for all 0 < ¢ < k — 1, we have m(w;4+1) > m(w;) — 7. Thus we
have m(wg) — m(wy) = Zfz_ol(m(wiﬂ) —m(w;)) > —T7k. Moreover m(wy) = m(vg) =0

and m(wp) = m(v). This implies that k > @

We now proof the right inequality. We define a walk W = (w;)i>0 of G, starting at v by
the following. Let wy = v and assume that w; is defined for ¢ > 0. If w; = vy, then the
procedure stops. If w; is distinct from v, we consider an angle « incident to w; such
that A(a) = m(w;). Let o be the angle of the unique face of T, just after a in clockwise
order around this face. If @ and o/ are separated by a stem s, we set w;+1 = v(a(s)).
If @ and o are consecutive along an edge of I', we set w;1+1 = v(a’). In both cases,
we prove that m(w;+1) < m(w;) — 1. When « and o’ are separated by a stem s, then,
by Lemma 3.1, we have m(w;+1) < Aa(s)) = AM(a) =1 = m(w;) — 1. When « and o
are consecutive along an edge of I', then, by the definition of the labeling function, we
have m(wi+1) < M) = Ma) — 1 = m(w;) — 1. So, the sequence (m(w;))i>o is strictly
decreasing along the walk W. By Lemma 3.3, the function m is > 0, and equal to zero
only for vg. So the procedure ends on vy. Let k be the length of W, we have k < m(v).
So finally, we have dg(vo,v) < k < m(v). O

Recall that A = (ag, a1, ...,ar) is the set of angles of I and for v € V, we have A(v) is
the set of angles incident to v. For v € V, let b(v) = min{i : a; € A(v)}.

For v € V, we define the sequence J(v) = (j(7))i>o of elements of N by the following. Let
j(0) = b(v) and assume that j(i) is defined for i > 0. If j (i) = ¢, then the procedure stops.
If j(i) # ¢, then we define j(i + 1) by the following. If the two consecutive angles a;;
and a;(;)41 of A are separated by a stem s, then let j(i + 1) be such that a;(;11) = a(s).
If aj(;) and aj(;)41 are consecutive along an edge of T', then let j(i + 1) = j(i) + 1. Note
that in both cases, by Lemma 3.1 or the labeling rule, we have )\(aj(Hl)) = /\(aj(i)) —1.
So (A(aj()))i>o is decreasing by exactly one at each step. Let & = A(ap)). Then
for i > 0, we have A(aj;) = k —i. Thus the procedure ends on ¢ after k steps, i.e.
J(v) = (j(4))o<i<k. Moreover we have that the sequence J(v) is strictly increasing since,
as already remarked, by the safe property, a stem s is always reattached to an angle with
greater index than the index of the angles incident to s. We also define the corresponding
walk W;(v) = (v(aj;@)))o<i<k of G.
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We have the following lemma:

Lemma 3.8. Consider v € V with k = AMay,) and J(v) = (j(i))o<i<k- Then, k >0,
and for 0 <i <k, we have j(i) = min{z > b(v) : AN(a,) =k —i}.

Proof. First, suppose by contradiction that k& = 0. Then we have b(v) = £, so v = vy
and thus b(v) = 0. This contradicts £ = 4n + 1 and n > 1. So k > 0.

Let y be such that 0 < y < k. We claim that for all z such that j(y) < z < j(y + 1),
we have A(a;) > k —y. Recall that we have A(a;)) = k — y so the claim is true for

z = j(y). If the two consecutive angles a and aj,)41 of A are consecutive along

i(y)
an edge of I', then we are done since j(y + 1) = j(y) + 1. Suppose now that a;(,) and
ajy)+1 are separated by a stem s, then we have a;,11) = a(s). By Lemma 3.1, for
J(y) <z <j(y+1), we have A(a.) > Maj;(,)) = k —y. This concludes the proof of the

claim.

Let @ be such that 0 < 4 < k. So, by the claim applied for 0 < y < ¢, we have the
following: for b(v) < z < j(i + 1), we have A(a;) > k —i. Since Aa;it1)) =k —i— 1,
we have j(i + 1) = min{z > b(v) : A(ay) = k — (i + 1)}. Moreover, we clearly have
j(0) = min{z > b(v) : A(a.) = k}. O

We say that a vertex v is the successor of a vertex w if b(u) < b(v) and denote this by
u =< v. Then for all u,v € V, we define

INA
2
£
+
3
=
|
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©
=
+
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Lemma 3.9. For all u,v € V, we have dg(u,v

Proof. By symmetry, we can assume that v = v. If u = v, then, by Lemma 3.5, we have
m(u,v) < m(u) + 6 and the lemma is clear since dg(u,v) = 0. If u is equal to v, then
m(u,v) < Ab(vo)) = Map) = 3 and the lemma is clear by Lemma 3.7. We now assume
that u is distinct from v and vy. Thus v is also distinct from vy since © =< v. Then, by
Lemma 3.3, we have m(u,v) > 0.

Let k = A(b(u)) and k" = A(b(v)). Consider the two sequences J(u) = (j(i))o<i<k and
J(v) = (§'(i))o<i<k’- By definition, we have m(u, v) < k and m(u,v) < k’. Moreover we
have m(u,v) > 0. Let ¢t > 0 and ¢’ > 0 be such that k — ¢t = k' — ' = m(u,v) — 1. By
Lemma 3.8, we have j(t) = min{z > b(u) : M(a,) = k —t} and j/(t') = min{z > b(v) :
Aa,) = k' —t'}. By definition of m(u,v), we have j(t) > b(v) and so j(t) = j/(¢'). So the
two walks W;(u) and W;(v) of G are reaching vertex v(aj;)) = v(aj ) in respectively
t and t’ steps. So dg(u,v) <t+t <k+k —2m(u,v) + 2.

By Lemma 3.5, we have k < m(u)+6 and k' < m(v)+6. So finally we obtain dg(u,v) <
m(u) +m(v) — 2m(u,v) + 14 O
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4 Decomposition of unicellular maps

4.1 Forests and well-labelings

We introduce a formal definition of forest from [95].

Let N={0,1,2,...} and N* = N\ {0}. Let F be the set of all n-uplets of elements of N*
forn > 1, i.e.:

F=UJan
n=1

For n > 1, if u € (N*)", we write |u| = n. Let u = ujug...u, and v = vy v2...v, be
two elements of F, then uv = uqug ... u, v1 v2...v, is the concatenation of u and v. If
w = uv for some u,v € F, we say u is an ancestor of w. In the particular case where
|v| = 1, we say that u is the parent of w, denoted by pa(w), and w is a child of w.

For F C F and i > 1, we denote F; ={u € F : |u| =i} and F>; ={u e F : |u| > i}.

Definition 4.1. A forest is a non-empty finite subset F' of F satisfying the following
(see example of Figure 6.10):

1. There exists t(F) € N such that F; = [1,¢(F) + 1].
2. If u € F>9, then pa(u) € F.

3. For all u € F, there exists ¢, (F') € N such that: for all i € N*, we have ui € F' if
and only if i < ¢, (F).

4. ey (F) =0.

Given a forest F' € F. The integer t(F') of Definition 4.1 is called the number of trees of
F'. The set Fj is called the set of floors of F'. For n > 1, if u = uj us ... up is an element
of F', then we denote fl(u) = u;. Note that fl(u) € F' by Definition 4.1 (item 2.). So
fl(u) is a floor of the forest that we call the floor of u. The set of ancestor of u in F'
is denoted A, (F). For 1 < j < t(F), the j-th tree of I/, denoted by F7, is the set of
elements of I’ that have floor j. We say that j is the floor of F7. The set of all forests
F with 7 trees and p + 7 + 1 elements is denoted by F%.

A plane rooted tree is a connected acyclic graph represented in the plane that is rooted
at a particular angle. We represent a forest as a plane rooted tree by the following
(see example of Figure 6.10). The set of vertices are the elements of F. The set of
oriented edges are the couples (u,v), with u,v in F, such that pa(v) = u, or there exists
i € [1,t(F)] such that u =7 and v =i+ 1. The tree is embedded in the plane such that
it satisfies the following:

— Around the vertex 1 appear in counterclockwise order : the root angle, then, if
c1(F) > 1, the vertices 11 to 1¢1(F'), then vertex 2.
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— Around a vertex i € [2,¢(F)] appear in counterclockwise order : the vertex (i—1),
then, if ¢;(F') > 1, the vertices i 1 to i ¢;(F'), then vertex (i + 1).

— Around a vertex u € F>9 appear in counterclockwise order : the vertex pa(u),
then, if ¢, (F') > 1, the vertices u 1 to uc,(F).

One can recover the set of floors of F' from the plane rooted tree by considering, as on
figure 6.10, the left most path starting from the root angle. A vertex which is not a
floor, is called a tree-vertexr. An edge between two floors is called floor-edge. An edge
which is not a floor-edge is called tree-edge

Note that there is indeed a bijection between F%, and, plane rooted trees with 7 + 1
floors and p tree-vertices.

1111

F={1,11,111,1111,112,2,21, 3,31, 32,321, 4,5,51,511,6,61, 611,612, 7}

Figure 6.10 — Representation of a forest of Fé3.

Definition 4.2. A labeled forest is a pair (F,¢), where F' is a forest and ¢ : F' — Z such
that for all u € F;, we have ¢(u) =0,

Definition 4.3. A well-labeled forest is labeled forest (F, ¢), where ¢ satisfies the follow-
ing conditions (see example of Figure 6.11):

1. For all u € F3, we have {(u) = —1,

2. For all u € F>9 and ¢,(F) > 1, we have f(u) — 1 < l(ul) < L(u2) < --- <
lucy(F)) < l(u) + 1.

The set of all well-labeled forests (F,¢) such that F' € F7 is denoted by F~.

The function d of a well-labeled forest (F, ¢) can be represented on the plane rooted tree
representing F' by adding two stems incident to each tree-vertex of F' (see figure 6.12).
A variation into the value £ of two consecutive children indicates the position of a stem.
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0 0 0 0 0 0 0

Figure 6.11 — Example of a well-labeled forest of ]-"613.

Note that there is a bijection between F7, and, plane rooted tree with 7 + 1 floors and
p tree-vertices each being incident to two additional stems.

Figure 6.12 — Representation of the well-labeled forest of Figure 6.11 by a plane rooted
tree with two additional stems incident to each tree-vertex.

We now encode forests and well-labeled forest similarly as in [22]. To do this, we need
to define the contour and labeling functions.

Consider a forest F of FZ.

We define the vertex contour function of F' as the function rx : [0,2p + 7] — F, such
that rp(0) = 1 and for 0 < i < 2p + 7, we have the following;:
— If rp(7) have children which do not belong to the set {rz(0),...,rp(i — 1)}, then
rr(i+1) =rp(i)j where j = min{k €e N* : rp(i) k ¢ {rr(0),...,rp(i — 1)} }.
— If all children of 7 (7) belong to {rg(0),...,rp(i—1)} then, rp(i+1) = pa(rp(i))
if |rp(i)] > 2, and, rp(i + 1) = rp(i) + 1 otherwise
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Note that rp(2p 4+ 7) = 7 + 1 by a simple counting argument.

The vertex contour function of a forest corresponds to a counterclockwise walk around
its representation, starting from the root angle. For the example of Figure 6.10, one
obtain the following vertex contour function:

rr([0,2p +7]) = (1,11,111,1111,111,11,112,11,1,2,21,2, 3,31, 3, 32, 321, 32, 3,
4,5,51,511,51,5,6,61,611,61,612,61,6,7)

We now define the contour function of F as the continuous function Cr : [0,2p+7] — R
defined for ¢ € [0,2p + 7] by

Cr(i) = f(re(i) — re ()]

and linearly interpolated between integer values. Note that Cr(0) = 0 and Cr(2p+7) =
T.

For example, the contour function of the forest of Figure 6.10 is defined on its integer
values by:

CF([[(]? 2/) + T]]) = (07_17_27_37_27_17_27_17 07 17 07 17 27 17 27 170) 17 27
3,4,3,2,3,4,5,4,3,4,3,4,5,6)

Note that one can recover a forest F' from its contour function Cp.
Now consider (F, /) a labeled forest with F' € F%.

We defined the labeling function of (F,{) as the continuous function Lg ) : [0,2p+7] —
R defined for i € [0,2p + 7] by

L (i) = L(rp(i))

and linearly interpolated between integer values.

For example, the labeling function of the well-labeled forest of Figure 6.11 is defined on
its integer values by:

Lr([0,2p+ 7]) = (0,-1,-2,-1,-2,-1,-1,-1,0,0,-1,0,0,-1,0,-1,-1,-1,0,

07 07'17'27'17 07 07'17'17'15'1a'170’ 0)

Note that one can recover (F,£) from the pair (Cr, L(f,)). This pair is called the contour
pair of (F,{).
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4.2 Relation between well-labeled forests and 3-dominating binary
words

In this section, we show how to compute the value of |F7|.

Consider b € {0,1}P. If b =b; ... by, then we define the inverse of b by b= = b, ... by.
For z € {0,1}, we denote |b|, = [{1 <i < p:b; = z}|. We say that b is k-dominating, for
k> 0,if for 1 <1i < p, we have |by...b;Jop > k|by...b;|1. For example, the sequence 01001
is not 1-dominating and the sequence 000011001 is 1-dominating but not 2-dominating,.
We have the following lemma from [35]:

Lemma 4.4 ([35]). Consider b € {0,1}P* with |blg = p and |bl; = q. For k € N*, if
p > kq, then there exist exactly p — k q elements of {bj bj41...bp4qb1ba...bj_1:1<j <
p+ q} that are k-dominating.

The set of elements b € {0,1}P*9 with |blo = p and |b|; = ¢ that are 3-dominating is

denoted D3 ) 4. The elements whose inverse is in Ds ), , are called inverse 3-dominating
—1

binary words and their set is denoted Ds 4

Lemma 4.5. There is a bijection between F¥ and Dg%wﬂ_p.
Proof. As already mentioned F¥ is in bijection with plane rooted tree with 7 floors and
p tree-vertices each being incident to two stems.

Similarly as in [106], we encode these plane rooted trees by the following method. Let
« be the (unique) angle of the last vertex of the left most path from the root angle. We
walk around the tree starting from the root angle in counterclockwise order, and ending
at a. We write a ”1” when going along an outgoing tree-edge, and a ”0” when going
along an ingoing tree-edge, or around a stem of F, or along an outgoing floor-edge (see
Figure 6.13). By doing so, we obtain an element b of {0,1}**7 with |b|; = p such that b
is the inverse of a 3-dominating word. Indeed, while walking around the tree in reverse
order, i.e. starting from «, walking in clockwise order around the tree and ending at
the root angle, we go along an outgoing tree-edge e, and the two stems incident to its
terminal vertex before going along this tree-edge e in the other direction. Thus we have
seen three ”0” before the ”71” corresponding to edge e. Moreover, this walk starts by
going along an ingoing floor-edge, therefore we start with an additional ”0”. Thus b~!
is 3-dominating so b € Dy é pirpe Asin [106], one can see that the rooted plane tree can
be recovered from b. Moreover, it is easy to see that any b € Dy ?1) ot

such a tree. So there is a bijection between F¥ and D?)_ép-i—Tp' O

corresponds to

Lemma 4.6. For p € N* and 7 € N*, we have:

7= ().
dp+ 71 P
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0 0

0 0 0 00 0 0 0 0 0 0
0k1

o\ 1941 © oks 00,00 00 0 (\ig0

0 0 0 0

0al 0¥ Oh1 V) S TRV § 0A1
0 0 0 0 0 0

b = 1100100000100000010000100010100000001100000001010001000000

Figure 6.13 — Encoding a forest with two stem at each tree-vertex.

Proof. By Lemma 4.5, it is suffices to prove that

T dp+ T
D ol = .
D3,3p47,p s < ) >

4
The number of elements b € {O, 1}4p+7’ with |b|0 = Sp + 7 and ‘b‘l =p is < p+ T) .
p

By Lemma 4.4, for each such element b, there are exactly 3p + 7 — 3p = 7 elements of
{bjbjq1...04p17b1ba...bj—1 : 1 < j < 4p+ 7} that are 3-dominating. Thus we obtain
the result. O

4.3 Motzkin paths

A Motzkin path of length o € N, from 0 to v € Z, with |y| < o, is a sequence of integers
M = (M;)o<i<o, such that My = 0, M, = ~, and for all 0 < i < o — 1, we have
M1 — M; € {—1,0,1}. The set of Motzkin path of length o from 0 to v is denoted
M3

An example of a Motzkin path in /Vlg2 is the following;:

M =(0,1,0,0,—1,—2) (4.1)

Consider M € M.

We define the extension of M as a sequence of integers denoted M = (]\’Zi)ogigggﬂ
and defined by the following. We obtain M from M = (My,...,M,) by considering
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consecutive values M;, M; 1, for 0 < i < 0. When M; ;1 = M; we add the value (M;+1)
between M; and M;,; in the sequence of M. When M; 11 = M;+1 we add the two values
(M;+1), (M;+2) between M; and M;;1 in the sequence of M. When M1 = M;—1 we
add nothing between M; and M;; in the sequence of M. So at each step ¢, the number
of values that are added to obtain M is exactly M;;1 — M; + 1. Note that the extension

of an element of M is an element of M3 oy

With this definition, the extension of the example of Motzkin path M given by (4.1) is
the following element of Mg? (where added values from M are represented in red):

M = (07171701707_17_2) (42)

We also define the inverse of M as a sequence of integers denoted M = ((M);)o<i<o
and equal to (M, — v, My—1 —,..., My — ). Thus informally, M is the Motzkin path
obtained by ”reading” the variation of M in reverse order. Note that the inverse of an
element of MY is an element of M, ".

With this definition, the inverse of the example of Motzkin path M given by (4.1) is the
following element of M2:

M =(0,1,2,2,3,2) (4.3)

Then one can consider the extension of the inverse of M, that is defined by the compo-
sition of the inverse then the extension of a Motzkin path. It is thus denoted by (M)
or M for simplicity. Note that the extension of the inverse of an element of M} is an
element of M;J_,Y.

The extension of the inverse of the example of Motzkin path M given by (4.1) is thus
the extension of the Motzkin path M given by (4.3), and thus the following element of
M3, (where added values from M are represented in red):

M:(Oaa71a77277277a372) (44)

4.4 Decomposition of unicellular maps into well-labeled forests and
Motzkin paths

Consider n > 1, and U an element of U(n) or 7,(n). As in Section 3, we call proper the
set of vertices of U that are on at least one cycle of U. The core C of U is obtained from
U by deleting all the vertices that are not proper (and keeping all the stems attached
to proper vertices). In C, or U, we call mazimal chain a path P whose extremities
are special vertices and all inner vertices vertices of P are not special. Then the kernel
K of U is obtained from C by replacing every maximal chain P by an edge (and thus
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removing the inner vertices and the stems incident to them). Note that we keep the
stems incident to special vertices in the kernel.

Let Uyr(n) be the set of elements U of U(n) that are rooted at a half-edge of the kernel
that is not a stem. Note that if U € U(n) is hexagonal there is 6 such half-edges, and
if U is square there is 4 such half-edges. Let U, ;(n) be the set of elements of U, (n)
that are balanced. Finally, let L{fb(n), Z/lfb(n), ﬁfgb(n) and 7?:;1;(”) be the elements of
U p(n) and Ty 5p(n) that are respectively hexagonal and square.

Next lemma enables to avoid the safe property while studying 7, s 5(n).

Lemma 4.7. There is a bijection between [1,3] x Ty sp(n) and
([1,3] x Uy (n)) [ ([L,2] x Ufh(n)).

Proof. Let Z(n) be the set of elements of 7, 5 ,(n) that are moreover rooted at a half-edge
of the kernel that is not a stem. Let Z7 (n) (resp. Z°%(n)) be the set of elements of Z that
are hexagonal (resp. square). Given an element of ﬂg}b(n), there are 6 possible roots.
So there is a bijection between Z (n) and [1, 6] x ﬁzb(n) Given an element of ﬁi,b(n),

there are 4 possible roots. So there is a bijection between Z°(n) and [1,4] x 7;55,](71)

Given an element U of U, ,(n), there are four angles where a root stem can be added
to obtain an element of Z(n). Indeed, these four angles corresponds to the four angles
remaining in the special face when the complete closure procedure is applied on U. So
there is a bijection between Z°(n) and [1,4] x Usb(n) and a bijection between Z (n)
and [1,4] x Z/{fb(n). Finally 7, ss(n) = 7;Ssb(n) U ﬁgb(n) and we obtain the result. [
Let n > 1. There are different possible kernels for element of U,.(n), depending on the
position of the possible stems. All the possible kernels of elements of U, (n) are depicted
on Figure 6.14 where the root half-edge of the kernel is depicted in pink. There are
exactly 10 such possibilities and, for 0 < k < 9, we say that an element of U,.(n) is of
type k if its kernel corresponds to type k of Figure 6.14. We decompose the elements
U € U, p(n) depending on their types.

Given an element of U € U,.;(n) of a given type, we decompose it into its core C' and a
set, of forests. We orient and denote the maximal chains of U as on Figure 6.14. Each
of these maximal chain as two sides. For ¢ = 3 when U is hexagonal and ¢ = 2 when U
is square, we define 2t particular angles aq, ..., a9 of U as depicted on Figure 6.15 and
moreover we set agrr1 = . Note that the angles ay, ..., a1 are formally defined on
U but with a slight abuse of notations, we also consider them to be defined on C' (with
exactly the same definition as Figure 6.15).

Let [a, B] denote the set of angles of U between a and 3, while walking along the border
of the unique face of U in clockwise order, including « and excluding . Let [a, B[NC
denote the set of angles of [«, ] that are also incident to the core C. For 1 < i <t, let
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Figure 6.14 — The ten possible types of kernels for an element of U,.(n). The red half-edge

indicates the root half-edge.

S; (resp. Si+t) be the maximal chain W; with all the stems of U that are incident to an
angle of [, a;+1[NCi (resp. [its, @iti+1[NC). Then U is decomposed into its core C'
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Figure 6.15 — Definition of the angles aq, ..., agy.

plus 2t parts where the i-th part is the part of U “attached to (the right side of) S;”.
More formally, for 1 < i < ¢, the i-th part (resp. the (i + t)-th part) corresponds to
all the components of U \ C' that are connected to the rest of U via an edge of U that
is incident to an angle of [a, a;11[NC (resp. [aite, airi+1]NC). Each of these 2¢ parts
can be represented by one well-labeled forest (see Figure 6.16 where S; is represented in
green): the floor vertices of the forest corresponds to the angles of C' in [o, o;41[ and
the tree-vertices, tree-edges and stems of the forest represents the part of U “attached”
to S;. Thus, the unicellular map U is decomposed into its core C plus 2t well-labeled
forests ((Fj,4;))1<i<2t. For 1 < i < 2t let 7; be the number of angles [a;, a1 [NC and
p; be the number of vertices of the part of U attached to S;. So we have (F;,¥;) € Fr!
for 1 <7< 2¢.

iyl @i

Figure 6.16 — The forest ”attached” to S;.
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We now decompose the core C' of U.

For 1 <i <t, we define R; as the maximal chain W; of U with all the stems of U that
are incident to an inner vertex of W;. Note that the “union” of S; and S+, almost gives
R; except that R; contains no stems incident to special vertices. Then we decompose C'
into the type of its kernel (see Figure 6.14) plus (R;)1<i<¢-

For 1 <4 <, all the inner vertices of R; are incident to exactly 2 stems. Let v; be half
of the number of stems incident to the right side of R; minus half of the number of stems
incident to the left side of R;. Note that ~y; is an integer. Let o; be the number of inner
vertices of R;.

When U is square, we have v; = 79 = 0 by the balanced property of U. In this case, for
1 <7 < 2, the total number of angles of R; and incident to inner vertices of R; is 40;.
So the number of angles of R; on one of its side and incident to inner vertices is 20;. So
for 1 < i <2, 7, = 749 = 20; + 1. For convenience, let 71 = 79 = 0 in this case.

When U is hexagonal, the value of 71 + 2 and 72 + 3 is given by the type of U and
the fact that U is balanced, see Table 6.1. As for the square case, we have a relation
between 7 and o, but this times it depends on the type and of the ~;’s. For 1 < i < 6,
let ¢; € {0, 1} such that ¢; = 1 if and only if there is a stem incident to the angle «;. The
value of ¢1,...,cq is given in Table 6.1. For 1 < ¢ < 3, we have 7; = 20; + 1 + v; + ¢,
and 7314 = 205 + 1 — v; + c344.

Y1+7v2 | y2t+7v3 | Cc1|c2|c3|ca|C5| Ce
Type 1 1 0 O(o0|O0|1]11]0
Type 2 1 1 0Ojo0jO0|0|1]1
Type 3 0 0 0/1]0]0|11]0
Type 4 0 -1 oOjoj11107]0
Type 5 0 0 0,0]1]00]1
Type 6 -1 -1 0O/1]1]0]07]0
Type 7 0 0 1{0]01 1010
Type 8 0 1 1170701 0]0]1
Type 9 -1 0 1{1]010[0]O

Table 6.1 — Values of 1 + v2, v2 + 73, c1, - - ., cg, depending of the type.

For 1 <4 <t, we represent R; by a Motzkin path M; of length o; from 0 to ~;, thus
M; € M. Two stems on the right (resp. left) side of R; corresponds to a step of 1
(resp. —1) in the Motzkin path. A stem on each side of R; corresponds to a step of 0 in
the Motzkin path.

The path R; corresponding to the example S; of Figure 6.16 is represented on Figure 6.17
with the corresponding Motzkin path in /\/lg2 (from right to left). This Motzkin path
is precisely the example given in (4.1). Note that from Figure 6.16, the stem that was
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incident to «; has been removed since R; contains no stems incident to special vertices
(the Motzkin path M; represents only the stems incident to inner vertices of W;).

(07N} —2 -1 0 0 1 0 (67

Figure 6.17 — The Motzkin path corresponding to R; (from right to left).

Finally, we have a relation between the number of vertices n and the value o; and p;:
n=pi+---+pyt+or+---+o+({t-1)
Definition 4.8. For n > 1, let

RO(n) = U 7o x PR MO x MY,

(p1,-,pa)EN?
(7’1,...,7’4)6(N*)4
(01,02)€EN?

where
n=p1+--+ps+or+oz+1

and for 1 <+¢ <2, we have 1, = 194; = 20; + 1.

Thus, for n > 1, there is a bijection between the set of (square) unicellular maps U2, (n)
and RY.

Definition 4.9. Forn > 1and 1 <k <9, let

k _ P o ... 06 7 Y2 3
RF(n) = U FPUX oo X FPO x ML X MPE x M)
(p1,--.,p6)ENS
(71,...,76)E(N*)6
(v1,v2,73)€Z®
(01,02,03)EN3

where
n=p+--+pgtort+oxtoz+2

for 1 <¢ <3, we have i3, =20; + 1+ +¢; and 134 = 20; + 1 — v; + 344
for 1 <i <3, we have |v;| < o;
with v1 4+ 2,792 + 73, ¢1, .. ., cg given by line k of Table 6.1.
Thus, by above discussion, for n > 1 and 1 < k < 9, there exists a bijection between
elements of Llfb(n) with kernel of type k and R (n).

So by Lemma 4.7 we have the following:
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Lemma 4.10. For n > 1, there exists a bijection between [1,3] X Ty sp(n) and

(I,31 xR°m)) |J |21 x | RF(n)

1<k<9

4.5 Relation with labels of the unicellular map

We use the same notations as in previous section where U is an element of U, ;(n) that
is decomposed into the type k of its kernel, 2¢ well-labeled forests ((Fj, £;))1<i<2t, with
(FZ,EZ) € ff—?, and t Motzkin paths (Mi)lgigta with M, € Mgi

We explain in this section how the well-label forests Motzkin paths and type are linked
to the labeling function A defined in Section 3.

As in the proof of Lemma 4.7, there are four angles of U where a root stem can be
added to obtain an element of 7, s,(n) (after forgetting the root of U). Consider one
such element T € T, 53(n). Let G be the image of T' by the bijection ® of Theorem 2.1
and V the set of vertices of G. Let I" be the unicellular map obtained from T by adding
a dangling root half-edge incident to its root angle. Let A be the labeling function of the
angles of I" as defined in Section 3. For all u,v € V, let m(u) and m(u,v) be as defined
in as defined in Section 3.

Recall that the labeling function A is defined on the angles of I" by the following: while
going clockwise around the unique face of I' starting from the root angle with A equals
to 3, the variation of A is “41” if going around a stem and “-1” if going along an edge.

Recall that, for 1 < ¢ < ¢, the Motzkin path M; is used to represent the part R; of
the unicellular map U (see Section 4.4). Consider the extension M; of M;, defined in
Section 4.3. Note that M, can be used to encode the variation of the labels along the
path R; between «; (excluded) and ;41 (included) as if we were computing A around
R;. Figure 6.18 is an example obtained by superposing the example R; of Figure 6.17
and the extension of the corresponding Motzkin path given by (4.2). One can check
that, from «; (excluded) to a;4+1 (included), we get “+1” around a stem and “-1” along
an edge, like in the definition of A.

Qiy1 =2 -1 0 110 1 2 0 o

Figure 6.18 — The extension of the Motzkin path (from right to left).

Note also that E encode the variation of the labels along the path R; between a;y4
(excluded) and ;1411 (included). Figure 6.19 is an example obtained by superposing
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the example R; of Figure 6.17 and the extension of the inverse of the corresponding
Motzkin path given by (4.4).

Qi 0 2 1 3 2.3 2/\4 3 2 i

Figure 6.19 — The inverse of the extension of the Motzkin path (from left to right).

For convenience, we define ]\AfZ = ]/\4;:5 for t +1 <7 < 2t. So the sequence ]\Z, e ,]\f@
corresponds to the parts of the R; appearing consecutively while going clockwise around

the unique face of U.

Now we need to extend a bit more ]\AfZ so it also encodes «; and a possible stem incident
to o;. For a Motzkin path M € Mga—i—'y and ¢ € {0, 1}, we define the c-shift of M as the

following Motzkin path in Mg;ﬁ:ic E

MC: (0’(M)1_17"'7LM)20'+7_1) lfCZO
(0,1,(M)1,...,(M)20.+,y) 1fC:1
For 1 <k <9and1<i<6,let ¢;(k) be the value of ¢; given by line k of Table 6.1.
We also define ¢1(0) = ¢2(0) = ¢3(0) = c4(0) = 0. If £k =0, let v1 = 72 = 0. For
t+1 <1 <2t let v, = —v;—+ and o; = 0;_+. With these notations, for 1 < ¢ < 2¢, we can

—~c;(k . e (k)— o
consider the Motzkin path Mic ®) that is an element of Miﬁcl(k) ! (see Definitions 4.8

—~c;(k
and 4.9 for the relation between 7, 7, o, ¢). Now M,-C *) encode “completely” R; from
a; to a1 (both included) with also the stems incident to special vertices depending on

the type.

Now we explain the links between A and the well-labeled forests. Consider a tree of a
well-labeled forest (F,{). Figure 6.20 gives an example represented either with its labels
(on the left side) or with its stems (on the right side). Note that it is the first tree of
the well-labeled forest of Figures 6.11 and 6.12 (i.e. the one on the right).

If one computes the variation of A on the angles of the tree “above the floor line”. Then
one can note that the first angle of each vertex that is encountered receive precisely
the label given by the function ¢ of (F,¢). Figure 6.21, show this computation on the
example of Figure 6.20 where the correspondence with the values of ¢ is represented in
red.

Now with the help of the c-shift extensions of Motzkin paths we can encode completely
the variation of the labels around the well-labeled forests. For 1 < ¢ < 2t, consider the
vertex contour function r g, and contour pair (Cr,, Lg, ¢,)) of (Fi, £;). For 0 <t < 2p;+,
let CF,(t) = maxs<¢: Cr,(s). Note that for 0 < ¢ < 2p; + 7; the value of Cr,(t) + 1 is the
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Figure 6.21 — Computation of the label A around a tree of a well-labeled forest.

floor of the vertex rg, (t). For 0 <t < 2p; + 7;, we define

(k)

Si(t) = Lig 0y (t) + M;" (Cr, (1)).

With this definition, if one computes the variations of A around Fj, starting from «;
with value 0, an ending at ;41 then the first angle of each vertex v that is encountered
receives the value S;(t) where t is any value 0 < ¢t < 2p; + 7; such that g, (¢) = v.

For f,g two functions defined on [0, s] and [0,¢] respectively, taking values in Z and
such that ¢g(0) = 0. We define the concatenation of f,g, denoted f e g, as the function
defined on [0, s + ¢] by the following:

£(9) if0<i<s
fls)+g(i—s) ifs<i<s+t

(feg)(i) = {
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Let I =) 1 ;c01(2pit+Ti). Let S® = Sye---05s; be the function defined on [0, > ) ;<o (2pi+
7i)]. Note that S*(0) = S*(I) = 0. Note also that I = >, ;.5,(20i + 7)) = (2n +2) +
2x (o144 0p) + 2 X L.

As in Section 3, we call proper, the vertices of U that are on at least one cycle of I'. Let
P be the the unicellular map obtained from U by removing all the stems that are not
incident to proper vertices. We still denote by asq, ..., ag the angles of P corresponding
to the angles a,...,as of U. Note that P has precisely I angles. So we see S°® as a
function from the angles of P to Z by starting at a7 and walking clockwise around the
unique face of P.

We define the vertex contour function of P as the function rp : [0,I] — V as follows:
while walking clockwise around the unique face of P, starting at aq, let rp(i) denote the
i-th vertex of P that is encountered.

Recall that for u € V', m(u) is the minimum of the values of A that appears in the angles
incident u.

We explain that S®(7) is almost equal to m(rp(i)) — m(rp(0)). On one hand, we have
explain above that S® almost acts as computing a “variation” of A around U from «7. On
the other hand the value of m is obtained by computing A around I' from its root angle
ap. This angle ag can be anywhere in U. Since we are considering m(rp(i)) — m(rp(0))
we have shifted m so its corresponds to “computing A from «a;. Let ag,aq,...,ay denote
the angles of I' as in Section 3. There is a jump of 4 in the computation of A from ay
to a1. Thus in the “variation” of A computed around the well-labeled forests we can
get a +4 at some place. Moreover in such computations, we match the computation
of A just at the first angle of each vertex that is encountered around the forest. So by
Lemma 3.5, at the other angles it can differ by £6. Thus in total we have, for i € [0, I,
|S®(i) — (m(rp(i)) —m(rp(0)))] <4+ 6+ 6 = 16.

Note that P contains exactly 2x (o1 +---40¢)+2 X Lo stems. Let @ be the unicellular
map obtained from P by removing all its stems. We also denote by «j,...,as the
corresponding angles of ). Note that @) has exactly 2n + 2 angles. We now define the
vertex contour function of @ as the function rg : [0,2n 4+ 1] — V as follows: while
walking clockwise around the unique face of W, starting at «, let rg(7) denote the i-th
vertex of () that is encountered.

We define the sequence (S(7))o<i<2n+1 as the sequence that is obtained from (S°®())o<i<r
by removing all the values of (S®) that appear in an angle of P that is just after a stem
of P in clockwise order around its incident vertex. So we see S as a function from the
angles of ) to Z by starting at a; and walking clockwise around the unique face of Q.
We call S the shifted labeling function of the unicellular map U.

For i € [0,2n + 1], we have

15() = (m(rq(i)) — m(rq(0)))] < 16. (4.5)
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We now introduce the following pseudo-distance function. For 7,j € [0,2n 4 1], let
d°(i,j) = m(rq(i)) +m(rq(s)) — 2m(rq(i),rq(j))
By (4.5), we obtained the following: for i,j € [0,2n + 1],
|d°(i, 7) — (S(i) + S(7) — 28(i, 5))| < 64 (4.6)

where S(i,7) = min;<;<; S(t).

5 Some variants of Brownian motion

Let

H - U C([va]vR)’

$€R+
where C([0, z], R) is the set of continuous functions from [0, z] to R.

We use the following standard notation: z Ay = min(x,y) for 2,y € R%. For an element
f € H, let o(f) be the only x such that f € C([0,z],R). Then we define the following
metric on H:

dy(f,g) =lo(f) —o(g)| + sup [flyAna(f))—glynalg))l

Given a function f :[0,2] = R, for 0 <t < x, let f(t) = sup,cpo,q f(r)-

Let p (resp. ps) denote the density of the standard Gaussian random variable (resp.
2

the centered Gaussian random variable with variance a), i.e. for x € R, p(z) = %e%

resp. pa(z) = -=p(<=)). Let p/, denotes the derivative of p,.
Vatiya a
Let 3 be the standard Brownian motion.

Consider 7,p € R’.. Intuitively, the Brownian bridge B&)_)]T is the standard Brownian
motion on [0, p| conditioned to take value 7 at time p and the first-passage Brownian
bridge F[%_’}T is the Brownian bridge conditioned to take value 7 at time p for the first
time. Since the probabilities of these conditioning events are equal to 0, these processes
need to be more formally defined. There are many equivalent definitions (see for example

[21, 24, 108]) and we use the following one (as explained in [17], lemma 1).

Then, the Brownian bridge B[O_;]T is the unique continuous process (B);c|o,p) taking value
T at time p and satisfying, for every p’ € [0, p[ and every continuous f : H — R, the

identity
E[f(Bljo,n)] =E f”'[@m’”W
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Similarly, the first-passage Brownian bridge F[%_p}f is the unique continuous process

F})ic0., taking value 7 at time p for the first time and satisfying, for every p’ € [0, p
€[0,p]

and every continuous f : H — R, the identity

p ;—p’ (-

By)
[o,p/])lw)p%p,a] :

E[f(Flp,p)] =E [f(ﬁ

For convenience we define:

- 1 N
0—71 __ 0—1 0—T1
05 =5 (F[o,p} + Fo )
Given a function f :[0,p] = R, for 0 < s <t < p, let f(s,t) = inf,ep5.q (F(r) = f(r)).

We now define the Brownian snake’s head driven by a first-passage Brownian bridge.
To simplify the notation, let ' denote the first-passage Brownian bridge F[%;}T. The
Brownian snake’s head Z = Z[B’p} driven by F is, conditionally on F', define as the
centered Gaussian process satisfying, for 0 < s <t < p:

Cov(Z(s), Z(t))= F(s,t)

We can assume that Z[TO 2] is almost surely (a.s.) continuous.

Now, define an equivalence relation as follows: for any 0 < s < ¢t < p, we say that
s ~p tif F(s,s) = F(t,t) = F(s,t). Then the Brownian continuum random forest
(Tr,d7:.) is defined as the space Tp = [0, p]/ ~F equipped with the distance function
dr.(s,t) = F(s,s) + F(t,t) — 2F(s,t) for any pair (s,t) such that 0 < s <t < 2p.

Remark 5.1. Note that if s ~p ¢ then E[(Z] ](s) — Z7,)(t))?] = 0, meaning that as

[0,p
usual Z[T0 g can be seen as a continuous Gaussian process defined on Tp.
We now give some definitions and results from ([22], see also [104]):

The mazimal span of an integer-valued random variable X is the greatest h € N for
which there exists an integer a such that almost surely X € a + hZ.

Consider (X;)i;>0 a sequence of independent and identically distributed i.i.d. integer-
valued centered random variables with a moment of order ry for some ry > 3. Let n? =
Var(Xy), h be the maximal span of X; and a be the integer such that a.s. X; € a + hZ.
Let B = 8 X; and Qi) = P(3g = 4).

Lemma 5.2 ([22]). We have:

sup
i€ka+hZ

IVEQu() —p (nzﬁ)] = o(k™2),

and, for all 2 < r < g, there exists a constant C' such that for alli € Z and k > 1,
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C

i
1+’77\/E

‘%\/EQ’C(Z.)’ <

T

Consider (p,) € N¥ and (7,,) € ZY two sequences of integers such that there exists
p, T € RY satisfying:

Pn Tn
— = pand —= =T

n P nv/n
Let (By(i))o<i<p, be the process whose law is the law of (3;)o<i<,, conditioned on the
event

Xpn = Tn,
which we suppose occurs with positive probability.

We write B, the linearly interpolated version of B, and define its rescaled version by:

B _(Bn(ns)>
(n) wn 0<osen

Lemma 5.3 ([22]). There exists an integer ng € N such that, for every 2 < q < qo,
there exists a constant Cq satisfying, for alln >ng and 0 < s <t < L2

E[| By (£) = By (5)|%] < Cylt — s[2.

Theorem 5.4 ([22]). The process By converges in law toward the process BR)?]T, in
the space (H,dy), when n goes to infinity.

6 Convergence of the parameters in the decomposition

For all n > 1, consider a random pair (u,, Uy) that is uniformly distributed over the set
[1,3] x Ty sp(n). Let (ry,, Ry) be the image of (uy,U,) by the bijection of Lemma 4.10.
Let k, € [0,9] be such that R, € R**(n). We have r,, € [1,3] if k, = 0 (i.e. U is a
square) and 7, € [1,2] otherwise (i.e. U is hexagonal). In what follows, we need some
rather heavy additional notation, and the cases k, = 0 and k, > 0 have to be treated
slightly differently, even though the general approach is parallel between both.

Ttk = 0, let (p),...,p2) € N4, (71,...,74) € (N*)4, (0, 02) € N2, ((EL,1),... (F% 04 ¢

n’ n n»-n n»=n
FOp s x FO0 and (M}, M2) € M3 x M} besuch that Ry = ((F,£4)... (F4 £4), M}, M)

(see Definition 4.8). If k,, # 0, let (pL,...,p8) € N6 (7},...,78) € (N")S, (y},~2,43) €
73 1 .2 3 N3, ((F1. o FS,¢9) }—pk ]_—02 (ML, M2, M?)

) (Un70nvgn) € ) (( n’ n)ﬂ"'7< n’ n) = Th x x T8 n> Mp, My) €
M3 x M5 x M4 be such that R, = (B}, €h),..., (FS, £8), M}, M2, M3) (see Defini-

n e n»=n n»-n
tion 4.9).
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We define t(k), for k € [0,9], such that ¢(0) = 2 and t(k) = 3 if &k € [1,9]. For
convenience again, we write t, for t(k,).

When k,, = 0, let 7; =2 = 0; for k, € [0,9] and i € [t,, + 1,2t,], let 42 = —. "t and

i
o, =0

i—tn,
1tn,
We often denote simply by z the vector (z!, ..., z%)
the families (P%)1§i§2tna (Tﬁ)lgigmn, (’7%)1§i§2tn, (0%)1§i§2tn, respectively. For k €
[1,9], let (c'(k),...,c%(k)) € {0,1}% denote the constants given by line k of Table 6.1.
Moreover, let ¢'(0) = --- = ¢*(0) = 0. Let c(k) = (c'(k),..., ™) (k)). For convenience,

we write ¢, = c(ky), i.e. (ch,...,clr) = (ct(kn),...,ct"(kp)).

; in particular, p,, T, Yn, 0n denote

With these notations, by Definitions 4.8 and 4.9, we have the following equality:
Tn = 20, + Y0 +cn + 1. (6.1)

Conditionally on the vector (kn, pn, Tn, VY, On), the forests and paths F}, ... F2» M M2 M
are independent and:

— for every i € [1,2t,], the well-labeled forest (F}., £},) is uniformly distributed over
the set .7:7’_) fl,
— for every i € [1,t,], the Motzkin path M} is uniformly distributed over the set
M
ol’

For every n > 0, we define the renormalized version p(,), Y(n), 0(n) by letting pg,) = %",
In_

V) = ()49, and o,y = T

For k € {0,...,9}, we repeatedly use two vector spaces in what follows, a “small space”
(R )2HR) =1 5 REF)I=2 5 (R, )UK) and a “big space” (R )2H*) x R2F) x (R, )21F) | and use
the terms “small” and “big” in what follows as shortcuts for these spaces. The small
space can be seen as a subspace of the big one by imposing the following relations between
coordinates in the big space. Every triple (p, v, o) € (Ry)2F) =1 x RUF)=2 5 (R, )HF) can
be extended into a triple in (R4 )%®) x RZ(*) x (R, )%*) by letting:

— PR =1 R

— fori € [2,2t(k)], v' = (-1)" "1,

— for i € [t(k) + 1,2t(k)], 0" = o*tH),
The idea is that combinatorial constraints coming from our previous constructions will
impose these relations on the scaling limits: the natural limit takes place in the big
space, but the degrees of freedom correspond to the coordinates in the small space and
so will the integration variables in what follows. As a particularly useful notation, we
several times extend functions from the small space to the big space, more precisely:
if (p,7,0) € (Ry)2HR=1 5 RHK)=2 5 (R, )HK) is a point in the small space and f :
(R)2Hk) 5 R24K) 5 (R, )2HF) — R, we denote by f(p,~, o) the value of f at the point in
the big space obtained by computing the extra coordinates as above.
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We make use of
2t (k)

Ap={ ze (Ry)2H . Z zi=1y,
i=1

the simplex of dimension 2¢(k)— 1. Note that p lies in the simplex A, as long as p?/(%) >
0. Now, define a probability measure 1 on the set £ = Uyco 9] ({k} x Ag x R24K) (]RJF)%(’“))
as follows: for every non-negative measurable function ¢ on L, let

9
1
() =T E /X (]]'pGZO X p(k, p,y,0)%
k=1

o 2 “@h? g\ SRy 3 .
[1 <\/§pi x RS <3> x [[poi(v') | dX

=1 67Tp2

where like above (c!(k),...,c%(k)) is given by line k of Table 6.1, where dX is the
Lebesgue measure on
X = (Ry)° xR x (R})’,

and where the renormalization constant

) S [ o 2 —@h? g\ @R 3 .
T = / 1,6 - X - X e 30 ><<> x| 1psi(7') | dX
; e zog ir < o 3 [1r0()

=1

is chosen so that p has total mass 1. Note that u is supported on a subspace of the big
space. The goal of this section is to prove the following convergence result:

Lemma 6.1. The law p, of the random variable (kn, p(n), Y(n)> O(n)) converges weakly
toward the probability measure L.

We say that a random, infinite Motzkin path (M;);>o is uniform if its steps are inde-
pendent and uniformly distributed in {—1,0,1} (which means that for every ¢ > 0,
the restricted path (M;)o<i<, is uniformly distributed among Motzkin paths of length
o). There is a relation between Motzkin paths with prescribed final value and uniform
Motzkin paths:

M| = 37P(M, = 7). (6.2)

Consider n > 1 and k € [0,9]. Let CF C N2(%) » (N*)2(k) x 72t(k) 5 N2U(F) be the set of
t-uples (p, 7,7, o) satisfying the following conditions:

when £ =0: ' =42 =0; (6.3)

when k # 0: 4! +42,~7% +~3, are given by line k of Table 6.1;  (6.4)

for i € [t(k) +1,2t(k)]: ~' = ="' and ¢ = o' H0); (6.5)
n=p 4+ Lol 4o 4ot k) -1 (6.6)
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T=20+7vy+ck)+1 (6.7)
for i € [1,2t(k)]: || < o' (6.8)

For (k,p,7,7,0) € [0,9] x C*, we define:
Po(k, p, 7,7, 0) = P((kn, prs Ty Yoy o) = (K, p, 7,7, 0))

Then, by Lemmas 4.6 and 4.10, Definitions 4.8 and 4.9, Equations (6.1) and (6.2), we
have:

941 2t(k) .
k=0 v
Pn(kava’% ) 3|7— |H| |H|MZZ
=1
(6.9)
24 Ik Xzﬁ) 7! 4p' + 7 H3U — )
BE O = R A

where (M;);>0 is a uniform Motzkin path. To get a grasp on this quantity, we now
collect a few combinatorial results.

Lemma 6.2. Fora,b € N, we have
<4a—|—b) - (4a> § (4)” AL (0 4)
= — b—.
a a 3 Hp:l (1 + 3%,)

Proof. A straightforward computation shows that

<4a + b>
a ) (a+b)! (@G} ([a+b)!  Ga) l(atp)
4a (a)! (3a + b)! (4a)! (4a)! (3a +b)! ngl(Sa +p)
a
(M0 The (4 ) <4>b [T 0+ £) -
(3Q)b szl (1 + %) 3 HZ:1 (1 + 3%)
By Lemma 6.2, the binomial term in (6.9) can be rewritten:
<4pi + ri> B <4pi +20" +' + (k) + 1)
pi pi
B <4p’ + 20" + ’yz> (1—)[“ 4p"' + 20"+~ +p
pi 3p¢ +20% + i +p (6.10)

p=1

) i i 772000 i(k . ) )
N <4p’> <4>% = IRS (14 4) “9F i 4 gt 44 p
ot ) \3 H?gl-wl (1 i 3%1'> s 3pP+ 200+~ +p

For x € R, let |z] denote the largest integer that is bounded above by z.
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Lemma 6.3. For (p,7v,0) € RT x R xR, asn goes to infinity

no n/9)1/4
L R T) e
(& .
L\/%UJ+\_(87L/9 1/4'yJ )
HP* (1 + 3|_an>

Proof. For n > 1, let a, denote the left-hand term in the statement of the lemma. By
Lemma 6.2, we have:

- fo A ) G )

_ (lnp] +2[V2n0] +|(8n/9)"])! B np))! <3>2L 2o | +[(8n/9)!/*]
(3np] +2 [V2n0| + [(8n/9)/*y|)! (4 [np])! 1 '
Using the Stirling formula, we obtain:
[np] +2 [V2n0 | + | (8n/9) /4y | ) el +2 V2o [+ [ /975 ] (3| g y3Lne)
Inp) + 2 [V2no | + | (8n/9) /4y | )RLrelt2[Vone [+ [En/Y [ (g p |yl
QL 2noJ+L(8n/9)l/4 J
>< ()

4
<4anJ +2|v2n0 |+ (8n/9)1/ 1] ) 4{np)]

4[np]

~

3|np|+2| V2no |+] (8n/9)1/4 | 3[np)
3[np]

( lnp) +2|V2no| + L(8n/9)1/4,”)QL\/%UJ-i-L(Sn/Q)l/‘LYJ
( n,o | +2 [ 2n0 | + [(871/9)1/47J)QL\/%UJH(SWS))”%J

3 +[(8n/9)/4y|
(B

4ln 2| V2no |+ (8n/9)1/4
(1 2| Vano |+ ($n/9)1/y J) e (1+2£ 2noJ+L(8n/9)1/47J) [VEna ]+ ] (8n/9)/4

4[np] 4[np]
X
3|np] 2 L\/ ZnJJ + {(Sn/g)l/‘*vJ
2| v2no |+ (8n/9)1 /4] 2|v2no | +| (8n/9)1/4y
(1 + 3[np] > <1 4 2o 3[&,;] J

We have the following estimates as n — oo:

(1 | 2[v2nd] ﬂ U?”/ 9)!/4+ | )WJ ~ 2LV B9 ] o (g1
np
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3np]
2|V2 8n/9)1/4 o2
<1+ | naJ;—UEE)Jn/) ’YJ> ~ 2LVEna /9] -4 (6.12)
2| V2no |+| (8n/9)'/4y]
2 V2 8n/9)4/4
(1 [v2no] 4+L7”E£>Jn/ ) ﬂ) — e2’lp, (6.13)
QL 27wJ+|_(8n/9)1/4'yJ
2 |V?2 8n/9)/4 o’
(12105l oyt LE e
Combining these completes the proof. O

We are now ready to prove Lemma 6.1:

Proof of Lemma 6.1. Let ¢ be a bounded continuous function on the set £ and define
En(¢) = E (o(kn, P(n)» Y(n)» a(n))). We need to prove that E,(¢) converges toward p(p)
as n goes to infinity.

Let n € N. For a given value of k, we identify (p,~,0) € N2k =1 x 7tk)=2 » NHK) with
an element p(p,v,0) = (p, 7,7, 0) of (N2F) =1 7) x (N*)2Hk) x 72t(k) 5 N24(K) by setting
the missing coordinates so that they satisfy the conditions (6.3) to (6.7). Note that p?*(¥)
depends not only on n and the p’ for i < 2t(k) — 1 but also on the o’. Note also that
p(p,7,0) is an element of C¥ provided that the conditions lead to p?(*) > 0 and for any

i € [1,2t(k)] we have |y!| < o*. By Equations (6.9) and (6.10) we have

: p 9\ o
En(cp) = Z Z (Pn(k7p7 7-7770-)90 <k7 Ea <8n> v, m))

k=0 (p,,y,0)€Ck

S 2+1
= N (i(k, p.v,0) x g(k,7,0) x h(k, p, 7, 0))

k=0 3Trseln)] (pmyy,0)€CE

where we introduced the functions

oy = T ({2050 eI 1 () (Y7

=1
20+t P\ (k)41 - -
| il (1+47i)c()+ 4p' 4 20+~ 4 p
20t 4t i i 7
24 (1 + 31;) o1 P20

k)
g(k,v,0) = [[ 37 P(M,: =+,
=1

b (O o
h(k =o(k L (= ——1.
( 7p7’)/70—) (p 7n7 <8n) 77\/%
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In order to derive the asymptotic behavior of the discrete objects above, we are going
to compare discrete sums to integrals. To do that, we need some more notation.

For k& € [0,9], » > 0 and (p,v,0) € (Ry)?F =1 x RME=2 » (R, )!*) | we define
(lpl, 1], Lo]) € (N#R) =1 7) x 721F) x N21(K) by the following. For everyi € {1, ..., 2t(k)—
1}, let [p]? = [p*]. Ifk # 0, let |y|! = [y!]. Foreveryi € {1,...,t(k)}, let o]’ = |o?].
Then we choose |p|21F) |y |tR=1 |~ 2HK) g |HEF1 1o |2HR) so that [p], |v],
|o| satisfies the relation (6.3), (6.4), (6.5), and (6.6).

Note that the set of all preimages of a given joint integral value for (|p], o], |v]) is a
unit cube in the “small space”. Note as well that this definition does not coincide with
first computing the extra coordinates as before and then taking integral parts coordi-
natewise on the big space: we choose this particular definition so that the constraints
on coordinates match better between the discrete and continuous versions.

Writing the sum over C¥ in the form of an integral, we have:

2241
Bn9) =3 517 (] Je (e 121 71) X 6 o) ) L)

g(k, [7)s o)) x bk, L), (7], Lo]))) dX*
where dX* is the Lebesgue measure on X% = (R)2HR) =1 5 RUF=2 « (R )HF) and

&k ={(p,7,0) € RO X RUD2 5 (R )0

Lp)*® >0 and Vi € [1,t(k)], |+'] < Ui} :

We now do a change of variables by setting p’ = £, 7/ = (%)i% o = \/% (but still write
the new variables as (p, 7, o) below for simpler notation). The change of variables is linear
and acts like a multiplication by n on p € (Ry)%*®)=1 by (8n/9)1/4 on ’y 6 (R)!*)=2 and
by v2n on o € (R} )% so its Jacobian is equal to n2*)=1(8n/9)#k)=2)/4(\/2p)Hk),
Therefore we obtain:

(=3 gt 0| [, (e (1ol | (s0/9)% ] . [ v20o]

k=0
( 2t(k)— t(k‘)*_z (\/ﬁ)t(k)
% £ (I, [np), L(sn/g)iJ |V2no|)

xg (k L(Sn/Q)ZvJ , [\/%UJ)
<b (k, [np), [(8n/9)15), |V2no]) ) dX*.

M»—‘
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Note that, for every k € [0, 9], due to the way we defined |- |, we have:

H 3 L 2nUiJ
=1

2t(k) <4>2L\/%UJ | (8n/9)1 /457 | t(K)

= 1

En(p) = imn@g (\/i)t(k) <Z)1/2 <22576> (k) +1 /Xk
Ly (anL {(871/9)&»4 7 W%UD

b (k. Lnpl, L(8n/9)7), |V2no
2“’“ (( |VZnot| + | (8n/9) /47| + ¢i(k) + 1 )

an + 2 [V2not| + |(8n/9) /4y | + ¢i(k) + 1

<256>M (o)

ot 8n/9 1/47J

(1+4anj)

( J(l + W)
2[ 2na' | + [(8n/9)'/*y'] +p
3 an +2[V2nat| + [(8n/9)Y 4| +p
t(k)
U

81/9)" P (M| i) = {(871/9)1/4@))

2n
2m7 (8n/9)1/4

dx*

We are now going to use dominated convergence to show that every integral term ap-
pearing in [E,, converges. We have the following: ‘

— |np)H*®) = — Z?i(f)_l lnp|* — fol) | 27”L<7JZ — (t(k) — 1), and therefore
™ _ S )t §R VB -1, ““Z G

n

n

i=1 i=1
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On the other hand, for every i € [1,¢(k)] we have: H{H(Sn/%%“/ﬁ < 2naiJ} —
1¢si>0}, and hence,
1
Leg (Lnol, | 8n/9) ], |[V2no|) = 1wy
1
- 1 N lnp) | B/977] | V2o
h(ku anJ,L(8n/9)4ny’ L QTZO'J) = (k’n’ (8n/9)% ) \/ﬁ _>90(k‘7p7f}/70-)'
— By Lemma 6.3, we obtain:
2| V200t |+ (8n/9)1/ 41 .
Hp£1 I+l v (1+ 4an J) _(U?Q
2|_ 2naiJ+L(8n/9)1/47¢J —> e 3
Hp:l (1 + 3anij)

— By Lemma 5.2 with (n,h) = (\/g, 1) , we obtain (with some simple calculus) :

(82/9) /1P (M) i) = | (82/9) 49| ) = poi (7).

— If p' > 0, then

27\ " (4 |npi] 2
256 |npt ] \/ 67 p
ci 4| npt|+2| v2not |+ (8n/9)1 /4yt |+ ci(k)+1
*H(k)HLpJ L ]+ vjp_>(%)()+'

p=1 3an'J+2|_ 2na'J+\_(8n/9)1/4 'J_A,_p

- \f L 2no* J {(811/9 Y1/ Ay J+c )+1 i
4[np| +2L 2not J L (8n/9)1/4 J—i—cz(k)—&-l V2pt”
It remains to prove domination of the summand, which follow from the following bounds:

1
(8n/9)17| | vno|
k [np] L <
@(7 n (871/9)% ) /2n > —||90Hoo

— If [np'] =0, then \/np* < 1. Hence,

aw(5) ()=

256 [npt |

If on the other hand |[np’] > 0, by using Stirling formula, there exists a constant
¢ do not depend on n, p’ such that:

a(Z) " ()<=

Let C = max{1,c}. For all n > 1 and 0 < p’ < 1, we obtain:

(g (o)< 7
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— Since H(Sn/9)1/4fyiﬂ < |V2na'|, ¢(k) € {0,1} and |V2no'| > 1, we get ¢’ +
1<2<2 L\/Znaij. By using the inequality m_l < 2/x for all x > 1 and
| |z] | < |z|+ 1, then we obtain:

. 2 [V2no'| + | (8n/9)Y/ 4| + ci(k) + 1 _ 520!
4|np'] +2|V2n0t| + [(8n/9)V/ 4| + ci(k) + 1|~ 20"

et Alme 2 VIRt S/ e+
p=1 3\_npzj+2£ QTLO'J \_(Bn/g 1/4’YJ+p —\3
— By using Lemma 5.2 with r» = 2, there exists C1R4, such that

(8n/9) /4P (ML Vo] = L(Sn/9)1/4'yiJ) < \Cﬁl <1 + Wf) B

p o
_ Maf] o Y : 1
For any p € N, we have PR =2 g and therefore, since ‘ L(Sn/Q) ~ J ‘ <
3[net] 3[npt]
L 2nJiJ
2| v2not |+ (8n/9)1/ 4~ Lvan!] 4P
Hp\—l J I_ J(1_|_4anj) Hp { 2no J( 4\_an)
QL 2naiJ+L(8n/9)1/4'yZJ L 2not
| | = 1+ 3007) Hp Voo zJ(l + 3557)
e\ 122
L+ g )
N =
1+ S5

By the dominated convergence theorem, the integral in the term of index k in E,(¢)

/.

Qﬁ) o 9 —(o)2 4 ct(k)+1 1(_’1)

i i k
2t(k) >0 o(k,p,,0) ( 7 s X € 3p X() )X pei(7") | dX.
{P } V2p \/ 67p 3 im1

The term n° 7 is equal to n /2 if k = 0 and 1 if k € [1,9] (so in the end the case
k = 0 will not contribute).

converges to

Choosing ¢ = 1 provides the estimate

Traatwl ~27 (20)"



7. CONVERGENCE OF UNIFORMLY RANDOM MOTZKIN PATHS 243

Finally, we obtain the convergence of E,(¢) to

1 9
T;/X

( ﬁ o 2 —(c%)? 4\ ¢ 0+ ﬁ . )

Lpes0y X (ks p,7y,0) x - X X e %X () L par ) X5
"= i=1 V2pi o \/bmp 3 i=1 ’

For k € [1,9], we have X* = X which completes the proof of the lemma. O

An immediate consequence of Lemma 6.1 is the following;:

Corollary 6.4. There exists two constants c,c’ € RY. such that for alln > 1,
c<nxP (Hi,i’ € [1,2t,] : pb, :pf;> </d,
c<VnxP (am’ eL,t] : of = a;';) <.

In the proof of Lemma 6.1 we compute an asymptotic of 7, s;(n); by Theorem 2.1,
we obtain a reformulation of the asymptotic of the number of rooted essentially simple
triangulations:

Corollary 6.5. Forn > 1, the set G(n) of essentially simple toroidal triangulations on
n vertices that are rooted at a corner of a maximal triangle satisfies:

256\ "
gl ~21 (57)

where Y is the constant defined earlier.

It is possible that the formula defining Y could be amenable to an explicit computation,
but we did not manage to find a simple way to do it.

7 Convergence of uniformly random Motzkin paths

Consider (0,,) € (N*)N, (v,,) € ZN such that, there exist ¢ € R* and v € R satisfying :

On
V2n

Let M, be a uniformly random element of MJ" and let M, also denote its piecewise

1/4
— o and <) Y —> Y-
8n

linear interpolation which is therefore a random element of H. Let M, denote the
rescaled process defined as:

My = ((;;)1/4 Mn(\/ﬁs)>
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By Theorem 5.4 with (n,h) = (\/g, 1), we have the following:

Lemma 7.1. The process M, converges in law toward the Brownian bridge B> in
(n) [0,0]

the space (H,dy), when n goes to infinity.

Recall from Section 4.3 that /]\E is the extension of M,, and let /M; also denote its
piecewise linear interpolation. When 20,, +v, < 2v/2no, we assume that M, is extended
to take value v, on [20, + Yn,2v2no]. Then we define the rescaled versions:

— g\ V4 __
My = <) M, (V2ns)
8n <g< 20n+vn
Oisimax< Vo ,20’)

—_~—

Lemma 7.2. The process M, converges in law toward the Brownian bridge B
the space (H,dy), when n goes to infinity.

00—y

0.20] "

Proof. Let t € [0,0,]. By the construction of /Z\Z;, we have

n

My, (t) = My (2t + My (t))

Let ¢, s be distinct element of [0, 20, + 7,]. Note that there exist 1, s; distinct element
of [0, 0y,] such that

|t — (2t1 + My(t1))] <2 and |s — (251 + My, (s1))| < 2

Therefore, we obtain
(Mo () = M(s)|

= )M(t) — My, (2t + My (1)) + My, (2t + My (t1)) — My (251 + My (s1))

M, (251 + My(s1)) — Mj(s)‘

< )Mvn(t) — M, (2t + Mn(tl))’ + ‘Mvn (2t1 + Mp(t1)) — My (251 + Mn(s1))
+ ’/M; (281 + My, (s1)) — ]\A/[;(s)‘

<4t ‘1\7; (2t1 + Mi(t1)) — My (251 + My (s1))
<4 + [ My (t1) — My(s1)]

The convergence of M(,) by Lemma 7.1 implies that there exists a < 1/2 such that

Ve>0 3C Vn P(|Mpylle<C)>1-c¢. (7.1)
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Consider € > 0. Let C be such that (7.1) is satisfied.
Conditioned on || M,)||o < C, we have

«

Mo(t) = Ma(s)| < 4+ C <8:> v

tl S1

L (7.2)
V2n  V2n

Since a < 1/2, there exists a constant C; which do not depend on ¢; and s; such that:
tl S1

g\ /4
p<o () |l 5L
- 1<9) V2n  V/2n

By using (7.2) and (7.3), there exists a constant Co such that:

(%

(7.3)

tq 81

Van  von

Note that |t; — s1]| < |t — s| +4 < 5|t — s|. So there exist a constant C3, such that:

5 () ()

This inequality is satisfied for 0 < x < y < 2“"# such that 2nz,2ny € N. It is also

3Eatt) - 3Ealo)| < € (8;’>/

a

t S

Ven  von

satisfied for all 0 <z <y < 2‘”’# by linear interpolation. So we have:

Vi P(|Mplla < C3) > 1 —e.

Therefore the family of laws of (%) . is tight in the space of probability measures
nz

on H.

Let 0 <t < 20 and € > 0. Since Mﬁ converge toward 20, there exists N such that

t <miny>n 2””# Note that there exists 0 < s < ¢ such that

)L\/%tj - (2L\/%3J + M, (L\/%J))‘ <2.

Therefore we obtain:

(V) 7 2B+, (150 <2

Since My, (2[v2ns| + M, ([v2ns])) = M, (|v/2ns]) and |v2ns| = 1 ([v2nt] — M, (|v2ns]))+
e, with e = O(1). We then obtain:

E(L\/ﬁﬂ) ~ M, B (L\/%tj ~ M, (L\/%SJ)) —i—e] .
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Since the family of laws of (M(,))n>1 is tight, there exists a constant c¢; such that

inf P sup |M,(k)| <en'/*) >1—c. (7.4)
n>N k€[0,0n]

Let &, the event:

sup | My (k)| < exnt/*
ke[0,0n]

Now we define a random variable Y;, as follows:

Yn_M[ (Lftj n(L\/%sJ)ﬂgn>+e]

9 \1/4 0—
By Lemma 7.1, we have <(8—n) Yn) .y converge toward B[07U}’(t/2) when n goes to

infinity. Let f be a bounded continuous function from R to R. Thus by (7.4), there
exists ng > N such that for all n > ng:

ELf (M)~ E [ (51 t/2))]|

9 1/4
! ((8”) Yn)
2E[1 = 1g,] [[fllo +€
2] fllo + Ve

< |E[f(Mny(t)] — E +|E

() )

~E[f (B 0*(1&/2))]'

IN N

This implies that <E[f(]\%(t))])n>N converge toward E [f (B(HV(t/Q))}

We now prove the finite dimensional convergence of m Let £ > 1 and consider

0<t <ty <..<tr<20. Let N such that t;; < min,>y 2‘7"% By above arguments,

for 1 <i < k, we have (]\/4\(:)( ti))n>N converge in law toward B(H'Y(t /2)
It remains to deal with the point 20.

—_~—

—— 200 + Tn
My (20) = | = |Miz) <20 A 7) - 7’

V2n
— M (204220 20 (20 T ) | s (20 )
( )( /on (n) fon (n) on v

— 20, + 1, —— (20, + 7,
< | M) (20/\ :L/%n> — My <H> ‘ + [ =
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Consider € > 0. Since the family of laws of ]\/Z[E;) is tight, there exists a and C such that
for all n: P <HM o < C) > 1 —e. Condition on the event {HM ylla < C}, we have

— 2 — (2 2 2 @
‘M(n) (20_/\ Un+7n)_M(n)( U"—F%)'gC‘QU/\ On + Tn On + Tn

n 2n B

Vo Von

a

204 +Yn

<C |20 —
o ‘U V2n

Since 2””% — 20 and vy, — v, for n large enough, we have:
‘M(n 20) ’ <e
Therefore we obtain for n large enough:
P (‘% (20) — 'y‘ >e) <P (Ml >C) <<

This implies that ]Tf(:) (20) converges in probability toward the deterministic value
v. So Slutzky’s lemma shows that ]\/Z(Z) (20) converges in law toward 7. Note that

Byl (1) d (B4 1/2) have th law. Thus we h d th
( 0, 20}() 0<t<2 an (t/2) 0<t<2 ave the same law us we have proved the

convergence of the finite-dimensional marginals of M(n) toward B Moreover, M(n)

(0,20 ]
is tight so Prokhorov’s lemma give the result. O

8 Convergence of uniformly random 3-dominating binary
words

Consider (p,) € NY (7,) € N¥ and recall that Dj ép tr.pn 18 the set of elements b €
{0,1}PT% with |blo = 3p, + 7 and |b|; = p, that are inverse of 3-dominating binary
words (see Section 4.2). The goal of this section is to prove the convergence of uniform
random elements of the set D5 in which we assume that, there exists p, 7 € R,

such that:

33p +Tn,pn?

n Tn
Pn) = pn —>pandr(n)———>7'

vn
Given a element b of Dy é pntrn.pn WE can replace the bits “17 by —3 and the bits “0”
by 1, getting an encoding of a (random) inverse 3-dominating binary word of length
4p, + 7, by a (random) path of the same length w = (w(0), w(1),...,w(4py + 7)) in Z
such that

w(0) = 0, w(4pn + Tn) = Tn, W(4pn + Tn) < 7o and w(i + 1) — w(i) € {=3,1}(Vi),
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where W(t) = sup,; w(s). If b is uniformly distributed in D:;’:,l,anrTn’pn,
formly distributed in the set Ps33,, 47,0, Of all paths of length 4p,, + 7, starting at 0,

with increments in {—3,1} and taking value 7,, at their last step for the first time.

then w is uni-

Let W, be a uniformly random element of P53 35, 1, p, and let W, also denote its piece-
wise linear interpolation which is therefore a random element of H. Let W/, denote the
rescaled process defined as:

Wn(2ns)>
Wiy =| ——— 8.1
(n) < v 3n OSSS%% ( )

The goal of this section is to prove the following convergence result:

Lemma 8.1. The process W,y converges in law toward the first-passage Brownian bridge

F[%_g;} in the space (H,dy), when n goes to infinity.

8.1 Review and generalization of a result of Bertoin, Chaumont and
Pitman

We are going to extend a result in [21], showing that its proof is still valid for the case
of a random path with increments in {—3,1} as above. Fix two integers 5 and n such
that 1 < 8 <n, and let (X;)1<i<n be a sequence of i.i.d. random variables of law:

1
P(X; = ~3) = ; and B(X; = 1) = z

Let S = (Si)o<i<n be the random path started at 0 and with increments given by the
X, conditioned on the event {S, = }. For any k = 0,1,...,n — 1, define the shifted
chain:
Sick — S if0<i<n-—k,
6,(5); = J Sk =S fosisn
Skti—n +Sp =8 ifn—k<i<n.
For kK =0,1,...,8 — 1, define the first time at which S reaches its maximum minus k as

follows:

mg(S) = inf {z :S; = max S; — k:} :

0<j<n
For convenience, we write fy,, (S) for 0,,, (5)(S) in what follows.

Denote by I' the support of the law of S. For every v € I, define the sequence A(s) =
(5,01(8),...,0n_1(s)). Let A(s) be the subsequence of the paths in A(s) which first hit
their maximum at time n. We need the following lemma.

Lemma 8.2. For every s € I', A(s) contains ezactly 3 elements and more precisely:

A(8) = By 1(5), 00Oy (5)) -
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Proof. One can see that the path 6,,, (s) is contained in A(s) and the cycle lemma gives

us that the cardinality of A(s) is exactly 3. O

The following is an extension of a result of Bertoin, Chaumont, Pitman [21]:

Lemma 8.3. Let v be a random variable which is independent of S and uniformly dis-
tributed on {0,1, ..., —1}. The chain 6,,,(S) has the same law as that of S conditioned
on the event {mo = n} and independent from m,,.

Proof. For every bounded function f defined on {0, 1,...,n} and every bounded function
F defined on Z™*!, we have

B-1
E [F (6, (5))f(m,)] => P(S = 8); > F (0 (5))f(my). (8:2)
sel’ 7=0
By Lemma 8.2, we obtain
ps—1 n—1
Z F(0m;(s))f(my) = Z F(0r(5)) f (k) Lo (04 (s))=n}
j=0 k=0

Replacing in (8.2), we get
E[F (0, (5))f )] = SE [F(O0(S))/ (U)o (5]
where U is uniform on {0,1,...,n — 1} and independent of S. This can be rewritten as
E[F (6, (S))f(m,)] = E[F(S)[mo(S) = n] E[f(U)],

which concludes the proof of the lemma. O

8.2 Convergence to the first-passage Brownian bridge

In this section, we prove Lemma 8.1. Let a € (0,1) and let (X2),>1 be a sequence of
i.1.d. random variables with distribution ad_s+ (1 —a)d; (i.e. whose steps are in {—3,1}
with probability a for “-3” and (1 — a) for “1”). We define S§ = 0 and S% = > | X2
We begin with the following basic lemma.

Lemma 8.4. For all a € (0,1) and p, 7 € N, we have:
L((S"o<i<ap+r|Sipsr = 7,8%psr—1 < T) = U(P33p+7,),

where S, = maxo<i<k S5 and U(P33p1r.p) 15 the uniform law on P33,4r p.
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Proof. Let w = (wg = 0, w1, ooy Whptr = T) € P3 30470

(1 _ a)3p+7' aP

A~ )
(SZ,DJrT =7,5%p4r—1 < 7)

P((Sa)0§i§4p+7 = W|Schp+r =T, §4P+7’—1 <7)= P
which does not depend on w. This concludes the proof of lemma. ]

We are now ready to prove Lemma 8.1:

Proof of Lemma 8.1. Let S, = (Sn(%))o<i<4p,+r, be the random path started at 0 and
with increments given by the X; (defined in section 8.1). Let F}, be the random path S,
conditioned to take value 7, at time 4p,, +7, for the first time. Let the same notations S,
and F;, denote their piecewise linear interpolation which is therefore a random element
of H. When 4p, + 7, < 4np, we assume that F,, is extended to take value 7, on
[4pn + Tn,4np]. Let S(n) and F(;,) denote the rescaled processes:

S . (Sn(2ns)>
(n) N V 3n 0<s< 40227%

o <Fn(2ns))
") vV 3n Ogsgmax(%%ﬂp)

Let F; = 0 {Sn(k),0 < k < i} be the natural filtration associated with S.
By Lemma 8.4, the law of W, is the same of F),,. By Donsker’s theorem and Skorokhod’s

theorem, we may assume that as n — 0o, S(,) converges almost surely toward a standard
Brownian motion (8s)o<s<2, for the uniform topology.

Claim 8.5. Suppose p > 0 and consider 0 < p’ < 2p. Forn large enough 2np’ < 4p,+7,

and (F(,)(s))o<s<y converge in law toward (F[%sz})OSSSP“
Proof. Tt is clear that for n large enough we have 2np’ < 4p, +7,. Let f be a continuous
bounded function from H to R. We have

E[f((Fn)(8))o<s<p)] =

E[f((s(n)(5))0§s§p’)’5n(4pn +Tn) = Tn, Sn(4pn + 70 — 1) < Tn]-

By the definition of conditional probability and the fact that (S(,)(s))o<s<, is measur-
able with respect to F,,/, we have:

E[f((Fny(8))ogs<p)] =

E f((S (S)) )P(Sn(4pn + Tn) = Tna§(4pn + Th — 1) < Tn|f2np’)
() Os=p P(Sn(4pn + Tn) = Tnvsin(llpn + Th — 1) < Tn)
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Recall the notation Qf (i) = P(Sy, = i); by Lemmas 8.2, we have:

_ TTL

B(Sn(4pn +7a) = Ta, Saldpn + 70 = 1) < o) = T P(Sn(4pn + Ta) = 7).

Using the Markov property, we obtain, denoting by 7}, an independent copy of .Sj,:

P(Sn(4pn + T0) = Tny Sn(dpn + 70 — 1) < Tn | Fony)
=P(T},(4pn + T — 2np') = T — Sn(2np"), T, (4pn + T — 2np — 1) < 7, — Sn(2np'))

Sn(2np’)<Tn
 Tn— Sn(2np')
Cdpp 4+ TH — 2np’

P(Tn(4pn + T — anl) =Tn — S”(znpl))]lﬁ(Q”P')<Tn‘

We now verify that the ratio

P(Sn(4pn + ™) = Tny Sn(4pn + T — 1) < Tn|Fony)

P(Sn(4pn + ) = Tn, Sn(dpn + 1 — 1) < 1)

converges almost surely to Wﬂﬁ(p’)«“ Indeed, by using the Lemma 5.2 for the
2p
random walk S with (1, h) = (v/3,4), we obtain:
3
\4f 4pp, + 7 X P(Sp(4pn + Tn) = Tn) — p (%) and
V3 By
g VArnt T =g X B(Tadpn + 70— 1) = 7o = Sa(np') = 0 | o= )

We can see also that:

Tn — Sn(np') 4pn+ 70 VApn + T
dpn+71h —np' T Apn + T —np

_ dpp + Vapn + T T — Sn(np/)
4pp + T — np’ Tn Vapn + 1 — np’
converges toward 8(;69')3. This implies that
T(2p—p')2

P(Sn(4pn + Tn) = Tn, Sn(dpn + Tn — 1) < 70| Frpr)

P(Sn(4pn + Tn) = Tn, Sn(4pn + T — 1) < Tn)

pép_p/ (T_Bp/ )

ph(T) 1

converges toward and the Lemma 5.2 ensures that this convergence

BPI <7’
is dominated. So,

E[f((Fn)(s))o<s<p)] = E f((ﬂs)oﬁsﬁﬁl)wlﬁ(p’)<’r
0
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—F [f <(F[(())7—2>;;}(8)>0<8<P/>:| '

Claim 8.6. There exists a constant o« > 0 such that
Ve>0 3JC Vn P(”F(n)Ha < C) >1—e.

In particular, the family of laws of (F(n))n>1 1s tight for the space of probability measure
on H. a

Proof. For any o € (0,1/2) and X = (X(s))o<s<z € H, we write
X()—X(s
e wp XO-XG)
0<s<i<e |t — 5]

its a-Holder norm. We prove a stochastic domination of the a-Holder norm of F{, by
that of B(,), where B,, denotes the random walk S;, conditioned to have the appropriate
final value 7, at time 4p, + 7, and B(n) is the rescaled version of B,,. By Lemma 8.3,
we can assume that F, is realized as 6, (B,) . We consider the following two cases,
noticing that

1
|Eny (t) — Fny(s)] = N |Om,,, (Bn)(2nt) — O, (Br)(2ns)] .

— 0 <s<t<dentm B hen by the definition of 6, we have:
emun (Bn)(2nt) = Byp(my, (Bn) + 2nt) — By(my, (By)),
Omun (Bn)(2ns) = Bp(my, (By) + 2ns) — Bp(my, (By))

and we get:

1
‘F(n) (t) — F(n)(s)‘ = E]Bn(m,,n(Bn) + 2nt) — By, (m,, (By) + 2ns)|

My, (Bn) My, (Bn) o
= ‘B(n) <2n +t) ~ Bw) <2n +3)‘ < 1Bl 1t = sl

— If 4’)’5;”” — m”gng") <s<t< 4”’5%, then by the definition of #, we have:

Orm,, (Bn)(Bn)(2nt) =
Bp(my,, (Bn) + 2nt — (4pn + 7n)) — Bn(my, (Br)) + Bu(4pn + T0)),
emyn(Bn) (Bn)(QTLS) =
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By (my, (By) +2ns — (4pn + 7)) — Bn(my,, (Br)) + Bn(4pn + m0)),

and we get:
| Eny () = Fiy (3)]
— J;nwn(myn(Bn) 420t — (4pn + 7)) — Bu (o, (Ba) + 215 — (4pn + 7))
B my,, (Bn) (4pp, + ™) my,, (Bn,) (4pn + 70)
_'B(")< 2n Tt 2n >_Bn< 2n T 2n >‘

< 1Bl 1t =51
Using the triangular inequality to deal with the third case, i.e. 0 < s < 4%% B
vn B, n n i
m 2( ) <t < 1t ye obtain |Ewll, <2|Bwl,

n

Let £ > 0, thanks to Lemma 5.3 and Kolmogorov’s criterion, we can find some constant
C such that
sup P([| Fip)lla > C) <e.
n

By Ascoli’s theorem, this implies that the laws of F{,)’s are tight. %

Claim 8.5 shows that for any p > 1 and 0 < 51 < s2--- < 5, < 2p,

(F(n)(sl)v F(n)(32)7 SR F(n)(sp)) — (F[%E;](Sl)vF[%E;}(SQ)v s 7F[%3;](Sp)) .

It only remain to deal with the point 2p. Consider € > 0. By Claim 8.6, there exists «
and C such that for all n, we have P ({||F(y)lla < C}) >1—e.

Condition on the event {||F,lla < C}, we have

(67

4p, + T, 4pn + T 4py + T, 4py + T,

2n 2n 2n
«
<c }2 p_ tont T
2n
Since 4'”’5% — 2p and 71, — 7, for n large enough, we have:

|Fny (20) — 7| <e

Therefore we obtain for n large enough:
P (|Fny (20) = 7| > €) <P (|Fmylla > C) <e.

This implies that F{,) (2p) converges in probability toward the deterministic value 7. So
Slutzky’s lemma shows that F{,) (2p) converges in law toward 7. Thus we have proved
the convergence of the finite-dimensional marginals of F{;,) toward ﬁ[%’—g;}. By Lemma 9.2,
Fly) is tight so Prokhorov’s lemma give the result. O
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9 Convergence of the contour pair of well-labeled forests

Consider (p,,) € NY, (7,,) € N such that, there exists p, 7 € R* satisfying:

.
p—”—)pand—n%r
n

NG

For n > 1, let (F,,¢,) be a random well-labeled forest uniformly distributed in F£r.
For convenience, we write (Cp, Ly) the contour pair (Cr,, L(g, ¢,)) of (Fn,fn) (see Sec-
tion 4.1 for the definitions). Let the same notation C,, L, denote its piecewise linear
interpolation. When 2p,, + 7, < 2np, we assume that C, is extended to take value 7,
on [2py + Ty, 2np]. Then we define the rescaled versions:

Cr(2ns) L, (2ns)
3n / o<s<max(2entma o) n 0<s<Zonten

The goal of this section is to prove the following lemma:

Lemma 9.1. In the sense of weak convergence in the space (H,dy)? when n goes to
infinity, we have:

0—=7 T
(C(n%L(n)) - (F[o;;] ’Z[U,p]> .
9.1 Tightness of the contour function

Recall that || - ||, denotes the a-Hélder norm.

Lemma 9.2 (Tightness of contour function). There ezists a constant o > 0 such that
Ve>0 3JC Vn P (||C(n)||a <C)>1-e.

In particular, the family of laws of (C(n))n>1 is tight in the space of probability measures
on H. B

Proof. By the bijection of Lemma 4.5 and Section 8, we can consider W,, the element
of P33, +7m,pn cOrresponding to (Fy,%,). Note that W, is a uniform random element of

,P373,0n +Tn,pn

The convergence of W, (see Lemma 8.1) implies that:

Ja>0 Ve>0 3C Vn P(|[Wplla<C)>1-¢

Note that an integer k such that 0 < k < 2p,, + 7, corresponds to an angle a(k) of the
plane rooted tree representing F' (see Section 4.1). While encoding (F, d) with a binary
word of D5 é pntn,py SEAIEING from the root angle, we denote k the number of bits written
before reaching angle a(k).
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One can check that for all k, k" € [0, 2p,, + 7,,], we have:

|Co(k) — Cr(K)] < [Wi (k) — Wi (k)]

and
k— K| < |k—K|<3|k—F|

We use the definition of function f and rz defined in Section 4.1

Consider 0 <z <y < 2’)3% such that 2nz,2ny € N. Let s = 2nx and t = 2ny. It is
always possible to choose u,v € N, such that s < u < v <t, and satisfying:
— if fl(rr(s)) # fUrp(t)), then rp(u),rp(v) € F1, rp(u) = fl(rp(s) and rp(v) =
fl(re(?))

— if fi(rp(s)) = fl(rp(t)), then u = v and rr(u) is the nearest common ancestor of
rp(s) and rp(t).
Using the triangular inequality, we get:

|Cn(s) = Cn(t)] < |Cn(s) = Cp(u)| + [Cnlu) — Cp(v)| 4+ |Cr(v) — Cu(?)]
< Wi (3) = Wi ()| + [Wa (@) — Wi (0)] + |[Wa (V) — Wa(t)]

We obtain

|Ciny(@) = Ciy ()| < Wiy (5/2n) — Wiy (W)] + [Wiy (@) — Wiy (0)]
+ Wiy (0) = Wiy (8)]
<C(|5/2n— "+ [a — 0" + [ — ¢|")

3 (0%
<C (271) (|s — u|® + |u — v|* + |v —[*).

Using the inequality a® + b* + ¢ < 3(a + b+ ¢)®, we get

|Cny (%) = Clmy (9)| < 3C (2?;) (Is — ul + [u— o] + v — £])°

3 [0
<3C|— —t]*
< <2n) s~ 1]

< 3a+10|$ _ y|a

This inequality is satisfied for 0 < z < y < 2‘)3% such that 2nz,2ny € N. It is also
satisfied for all 0 < x <y < 2%% by linear interpolation. O
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9.2 Conditioned Galton-Watson forest

In this section, we introduce the notion of Galton-Watson forest which allows us to
present the law of uniform random well-labeled forests.

Let (F, /) be a well-labeled forest in F¥. For convenience, in this section, we extend the
function d to the set of tree-edges of F' by letting: for all u € F' such that ¢, (F) > 1, for
alli € {1,---,cu(F)}, we define:

(({u,ui}) = L(ui) — L(u)
Note that the value of £ on the set of tree-edges of F' is sufficient to recover /.

For 7 € N, let F2* = > F2.

Let G be a random variable with geometric law of parameter 3/4 (i.e. P(G =¢) = % (%)C
for ¢ € N). Let B be a random variable with law given by:

() PG =¢)
G+2
E (%)
Definition 9.3. For 7 € N, a 7-Galton-Watson forest is a random element F’ of F'>°

such that, independent for each u € F’, we have ¢,(F’) has law G if u is a floor and
cu(F') has law B if u is a tree-vertex.

P(B=c)= , for ce N.

Let H be a 7-Galton-Watson forest conditioned to have p tree-vertices. For each tree-
vertex v of F/, we add two stems incident to v, uniformly at random from among the
(C”(FZ/)H) + (C”(Fl/)ﬂ) = (C“(F2l)+2) possibilities. Let (H, /) be the resulting forest of Ff
(see Section 4.1 for the correspondence between stems and the function ¢).

Lemma 9.4. (H, /) is uniformly distributed over F~.

Proof. Let (F,¢') € F£. For each 1 < i < 7, assume that the list of vertices of F" (the
i-th tree of F' as in Section 4.1) in lexicographic order is v;1, vi2, ..., Vin;. Then (H,{)
is equal to (F,¢') if and only if all the vertices of H and F have the same number of
children and the stems are inserted at the right place to obtain (H,¥¢) from H. Hence
we have:

P((H,0) = (F.0) <[] P(Gzcvil(F))f[w
2

i=1 =2

(0 BG = e, (F)

T
~T1 PG =TT
'Uzl CU” F)+2

i=1 i=2 ( ) E :(Géﬂ)}
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30+

= . (E [(03-2)]>p

Since the last term does not depend on (F, ¢’), this concludes the proof of the Lemma. [

Definition 9.5. Consider (p,7) € N2, and p = (ux)k>1 where py is a probability
measure on R¥. Let LGW (i, p, 7) be the law of the well-labeled forest (F,£) € F¥ such
that:
— F has the law of the 7-Galton-Watson forest conditioned to have p tree vertices,
— Conditionally on H, independently for each tree-vertex v of H such that ¢,(H) >
L, let (£({v,v37}))1<j<c,(m) be a random vector with law g, ()

Consider v = (v} ),>1 where v}, is the uniform law over non-decreasing vectors (X1, Xo, ..., X) €
{=1,0,1}* (ie. X1 <... < Xp).

Remark 9.6. A consequence of Lemma 9.4, is that if (F,¢) is uniformly distributed on
F£, then the law of (F, () is LGW (v, p,T).

9.3 Symmetrization of a forest

We adapt a notion first applied in the case of plane trees [I] to well-labeled forest. We
begin this section with the following definition.

Definition 9.7. Let u be a probability measure on R¥. The symmetrization of p,
denoted by i, is obtained by uniformly permuting the marginals of . In other words,
if (X1, Xo, ..., Xx) has law u, and o is a uniformly random in the set of permutations of
{1,2,...,k}, then (Xo(1)7 XU(Q), e Xg(k)) has law [i.

We now describe the symmetrization of v = (v4)>1 where vy, is the uniform law over non-
decreasing vectors of {—1,0, 1}k (as in previous section). Assume that (X, Xo,..., Xi)
has law v, and o is a uniform random element of the set of permutations of {1, 2, ..., k}.
Then, for = (x1, 29, ..., 2) € {—1,0,1}*, we have:

U{a} =P {(X1, X2, ., Xit) = (Torp(1): Top(2) - Tog(k)) : T = 0Oa ),
where o is a permutation of {1,2,...,k} such that (T4, (1), Toy(2)s > Toy(k)) 1S nDON-
decreasing. Thus, for x = (1, x2, ..., z1) € {—1,0,1}*, we have:

Bi{a} o (n_1 ()l no()!(m ()",

where n_j(x), no(z),n1(x) denotes the number of occurrences of —1, 0, 1 in x, respec-
tively. Note that the marginals of 7y are not i.i.d, but that each of them has uniform
law on {—1,0,1}.
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Let (F,¢) be a well-labeled forest in F¥ for p,7 € N. We define the following set of
vectors of permutations:

P(F) = {(Pv)veF, co(F)>0 : Pv is a permutation of {1,2,...;¢,(F)}}.

The symmetrization of F with respect to p € P(F) is the forest F}, obtained from F' by
permuting the order of the children at each tree-vertex v according to p,. More formally,
we have

Fp = {p(v) sv e F},

where for v = vy ... v in F, we define
T)(U) = U1 Puvy (U2) Puivs (U3)'-- Pou;y..v_4 (Uk)

Note that F' and F}, are isomorphic in terms of (non-embedded) graphs (the image of a
vertex v of F' is precisely p(v) in Fp). We now define two variants of labeling function
Eg, 611, of Fp, by the following: for each tree-edge {u,ui} of F, let

(B(u). B(w)i) = £(u, ui)
£4,(p(u), Blui)) = €(u, ui).

Informally, for 6},, the labels of F' are attached to edges during the permutation of the
children and for Eg, the labels stay at their initial position and do not move.

The partial symmetrization of (F, ) with respect to p € P(F') is the well-labeled forest
(Fp, £3). The complete symmetrization of (F,f) with respect to p € P(F) is the labeled
forest (Fp,£},). Note that (Fp, /) is not necessarily a well-labeled forest.

Lemma 9.8. Let (F,{) be a random element on Ff with law LGW (v, p,7) and p be
a uniform element on P(F), then (Fp,)) has law LGW (v,p,7) and (Fp, ;) has law
LGW (v, p,T).

Proof. Tt follows from the branching property of Galton-Watson processes that F' and
F, have the same law. The rest follows from the definitions of Eg, E%,, v. O

Recall some notations from Section 4.1. For w € F, with |u| > 2, pa(u) denotes the
parent of u in F'. For u € F'; A,,(F) denotes the set of ancestors of u in F'. For u,v € F,
we say that v < u if v € A, (F). Similarly, we say that v < u if v € (A, (F) U {u}).

Let U be a set of tree-vertices of F'. We denote Ay (F') = Uyey Ay (F'). Let Oy (F) denote
the set of vertices of F' that have exactly one child in Ay (F). Note that Oy (F) C Ay(F).
We define Py (F') as the subset of vectors p of P(F') such that for all v € (F'\ Oy (F)),
we have p, is equal to identity. For p € Py (F), we define p(U) = {p(u) : v € U}.



9. CONVERGENCE OF THE CONTOUR PAIR OF WELL-LABELED FOREST9

Lemma 9.9. Let (F,?) be a random element on F¥ with law LGW (v,p,7). Let k €
[0,p+7+1] and U be a set of k independent and uniformly random vertices of F. Let
p be a uniformly random element of Py (F). Then (F,¢,U) and (Fp,ﬁg,ﬁ(U)) have the
same law.

Proof. Let (F',0') € F2, U’ be a set of k vertices of F’. We have:

1

P(F,¢,U) = (F',0',U"] =P|(F,¢) = (F', ()] x TS

P((Fp, b, B(U)) = (F',0,U")]
=S [PlEn ) = (F,0); BU) = U's p = ']
p’eP(F,U)
= > [Pl(Fp8) = (F,0)|pU) =U"; p=p| xPp(U) =U'|p=p) x Plp = p'|]
p’eP(F,U)
for all p’ € Py(F) we have P[(Fp, (9) = (F',¢) |p(U) =U'; p = p'] = P[(F,{) = (F', )]
and

Pp(U)=U'|p=p'] = m thus we obtain the result. O

We obtain the following lemma (similar to [1, Corollary 6.7]).

Lemma 9.10. Let (F,¢) be a random element on F¥ with law LGW (v,p, 7). Let k €
[[0 p+T+ 1] and U be a set of k independent and umformly random vertices of F. Let
(F,0) be a random element with law LGW (D, p, 7). Let U be a set of k independent and

uniformly random vertices of F. Let U = {ux,...,up} and U = {@y, ..., Uy} such that
U, ..., u and Uy, ..., U are lexicographically om’ered. For1 <1<k, let
S; = Z l(w,v)
v<u;
’LUGOU(F)
w=pa(v)
S; = Z U(w,v)
’USaZ‘A
weOg (F)
w=pa(v)
Then (|u1l, ..., |ukl,S1,...,Sk) and <|i21\, o Ukl S §k> have the same law.

Proof. Let p be a uniformly random element of Py (F) and consider (Fp, €5, p(U)). For
v € Fso, if {pa(v),v} is a tree-edge of F such that pa(v) € Oy(F), then the partial
symmetrization of (F,¢) with respect to p uniformly permutes the children of pa(v)
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but the labels are not permuted. Consider two distinct vertices u,v € F' such that
cu(F),cy(F) are at least 1. If u/,v" are children of u, v, respectively, then the values of
l(u,u’) and £(v,v") are independent. It follows that the random variables

{Eg(ﬁ(w),ﬁ(v)) v € F,weOy(F) and w = pa(v)}
are independent and uniformly distributed on {—1,0,1}.
Thus, by Lemma 9.9, the random variables
{{(w,v) : ve F,w e Oy(F) and w = pa(v)}

are independent and uniformly distributed on {—1,0,1}.

Finally, the trees F and F have the same law, so (|u1, ..., |uz|) @ (lasl, ..., |ugl|)-

Nt

Moreover, by the definition of 7, the random variables
{Z(w,v) cveF,we Oﬁ(ﬁ) and w :pa(v)}

are independent and uniformly distributed on {—1,0, 1}, and the result follows. O

9.4 Tightness of the labeling function of a symmetrized
Galton-Watson forest

Recall that v = (v4)g>1 where v is the uniform law over non-decreasing vectors of
{-1,0, 1}k and 7 is the symmetrization of v as defined in previous section.

By Remark 9.6, (F,,¥,) is a random element with law LGW (v, 7, p,). Now consider
(Fy, £y) arandom element with law LGW (U, 7, p). For convenience, we write (Cy,, Ly,)
the contour pair (Cg L, g, )) of (Fn,?n). As before, we consider that C,, and L,

are linearly interpolated. We extend én to be equal to 7, on [2p, + T, 2np|] when
2pn + T < 2np. Then we define the rescaled versions:

~ An 2 ~ En 2
Gy — <0<>> and Ty = <</>>
\/3771 OSSSmaX(%M}) n 0§5§2p75:‘m

The aim of this section is to prove the tightness of the labeling function E(n).

Since F;, and ﬁn do not depend on v and 7, they have the same law. So the contour
functions C,, and C,, have the same law (but not necessarily L,, and L, ). Thus we can
couple the two labeled forests (F,,, ¢,) and (Fy, ¢, ) so that C,, = C,.

We need the following classical inequality:

Lemma 9.11 (Rosenthal’s inequality, [103]). For each p > 2, there exists a constant
Cp > 0 such that for k > 1 we have the following. Consider X, X1, ..., X} a sequence of
i.4.d. centered random variables in R. Let 3 = Zle X;. Then:

E(ISP) < Gy (RE(IX7)) + (RE(X)P/2)
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We now prove the main result of this section:

Lemma 9.12 (Tightness of the labeling function). The family of laws of (E(n)) . is
tight for the space of probability measure on H. B

Proof. By Lemma 9.2, there exists a constant o > 0 such that

Ve>0 3C Vn P([|Cuplla <C)>1—c.

Let € > 0 and C that satisfies the above inequality.
We assume that C,,) is conditioned on ||C,lle < C.

Let X be uniformly distributed in {—1,0, 1} Recall that the marginals of U, for k > 1,
have the same law as X. So for all a,b € F with a = p(b), we have 0y (a,b) and X have
the same law.

One can check that for all 4, j € [0,2p, + 7], with u =rg (i), v ="rf (j), u € Av(ﬁn),
we have:
Ln(j) = Lu(i) = > fn(a,b)
u<b<v
a=p(b)
Let k& = |v| — |u|. Note that & = C,,(j) — Cy(i). Then by Lemma 9.11, we have, for
p > 2, there exists a constant C,, > 0 such that:

B(

La() = La(@)]") < &, (RE(XP) + (RE(X)72)
< Gy ((Cal) = Cald)) E(XT]) + ((Calj) — Cal)) E(X))??)

<C cf( E(|X7|) + <‘j2;" i E(X2)>p/2>

As in the proof of Lemma 9.2, consider 0 < z < y < 2”3% such that 2nx,2ny € N.
Let s = 2nz and t = 2ny. Let u = rp(s) and v = rp(t). It is always possible to choose
p,q € N, such that s <7< j <t, and satisfyiilg:

S fl(u) # fU(0), then rp(i), ra(j) € (F)1, (i) = fi(u) and ra(j) = f1(v)

— if fl(u) = fl(v), then i = j and rz(7) is the nearest common ancestor of u and v.
Note that Ly (i) = Ln(j) = 0, so we have:
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s—1i|® s—il® 9 p/2
<37 C, C'V3n E(X7)+ (|, E (Xx?)
. e . el /2
j_t P j_t 2 P
+‘2n E(IX !)+<‘2n E (X ))

Thus for the rescaled version, we have:

s —1 s—1

e+

E (X2)>p/2>

<n P43, O Van (Jo — yI* E(IXP) + (o - ol* E (X2))")

) E (X2)>p/2

E HE(") () — E(n) (y)m <n P/Agp C,C\3n (

« j—t
]E Xp <
@+ (|5

Consider p such that p > 10. So we have n P/4+1/2 < 1/n?. Since 2nz,2ny € N,

and z # y, we have [z —y| > £. So n P2 < 4z —y>. Moreover, we have

|z —y| < 2’)3% which converge to p. So there exists a constant C’, such that:
~ ~ p
E[|Zo(@) ~ Lay@)| ] < Cla—yl?

Since fn is linearly interpolated, the above inequality holds for for all z,y € [O, 2’”’5%} .

By Billingsley ([24], Theorem 12.3), the family of laws of (Z(n)) is tight, which

n>1
completes the proof of the Lemma. O
9.5 Convergence of the contour function

We consider F,,, £, Ly, L) as in previous section.

Here, we prove the convergence of the contour function by using the convergence of
uniformly random 3-dominating binary words from Section 8 and the tightness of L)
from Section 9.4.

We need the following bound:

Lemma 9.13. For all € > 0, there exists a constant C' such that

sup P (sup |0 (V)| > Cn1/4> <e.
n veF),

Proof. For any € > 0, by Lemma 9.12, there exists a constant C' such that:

sup P (sup |l7n(v)| > Cn1/4> <e.

n ’UEFn
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Let p be a uniform random element of P(F,). Denote by (¢,),, the labeling function of
(Fu)p as defined in Section 9.3. For convenience we write £;, = (£,)}, and F}, = (F},)p.
Note that for all v € F,,, we have £, (v) = £,,(p(v)). Then we have

sup |fn(v)| = sup |€,(v)]-

vEF, veF),
By Lemma 9.8, we have (F!,¢,) has law LGW (U, T, pn), i-e. (F.,,¢.) and (F),, ) have
the same law. So

sup [ln(v)| = sup [€n(v)].

veF, vEF,
This completes the proof of the Lemma. O

Lemma 9.14 (Convergence of contour function). The process C,) converges in law

toward F[%_}]T in the space (H,dy), when n goes to infinity.

Remark 9.15. Note that the limit in this lemma is indeed F| [0_;}7 and not F; [0_)}7 as the
corresponding result in [22] would seem to indicate. This is due to the fact that our
decomposition of the unicellular map into Motzkin paths and well-labeled forests is not
exactly the same as in the case of quadrangulations.

Proof. Let f be a bounded continuous function from R to R. Let 0 <t < p and € > 0.

2pn +7n
2n

Since converge toward p, there exists N such that ¢ < min,>x p"+7” . Forn >N,

we define
T,(t) = min{k € [0,2p, + 7] : rr, (k) = fl(rg,([2nt]))}.
Note that rg, (T,,(t)) is an integer that we denote by iy,.

As in the proof of Lemma 9.2, we consider W), the element of P33, 4-r,,p, corresponding
to (Fy,¢n). Note that for k € [0,2py, + 7], such that rg, (k) is a floor of F,,, we have
Cy (k) = Wy, (2k — rg, (k). So in particular:

Cn(Tn(t)) = Wn<2Tn(t) + 171)

For convenience, let j, = L,(|2nt|) and k,, = i, — jn + |rE, ([2nt])|. Note that we have:

_

Cn(I_QnH) - Cn(Tn(t)) = 5 (Wn(2 L2ntJ + kn) - Wn(2Tn(t) + Zn) - ]n) .

Thus we have:

Co(12nt]) = = (Wi (2[20t] + En) + Wi (2T (t) + in) — jn) -

DO |

Note that W, (215, (t) + in) = MaXs<o|ant|+k, Wn(s), therefore:

Cn([2nt]) = (Wn(Q |12nt] + k,) + max  W,(s) — jn> .

s<2|2nt | +kn

DN | =
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By Lemma 9.2, there exists a constant c¢; such that
inf P sup  |Cp(k)| < en'/?) >1—c. (9.1)
n>N k?EIIOyQpn"FTnﬂ

Moreover, by Lemma 9.13, there exists a constant ¢y such that

inf P sup  |Lp(k)] < con/* | >1—e. (9.2)
n=N \ ke[0,20n+74]

By (9.1) and (9.2), there exists a constant ¢ > 0 such that:

inf P sup  |Cp(k)| < en'/? sup  |Lp(k)| < en'/t) >1— 2.
nzN -\ ke[0,2pn+7n] k€[0,2pn+7n]
So we have:
lI>1f P<|Z | < en?|jn] < ent k| < cn1/2> >1—2e. (9.3)

Let &, the event:
{linl < ent’2, |jn] < ent/, | < en®/2}.

Now we define a random variable Y;, as follows:

1
Y, =— n(2]2 n L n — a1 .
5 (W (2[2nt] + knlg,) +s§2$¢%ﬂ{+knw (s) —j gn>

> [0,2p] [0,2p] [0,0]
when n goes to infinity. Thus by (9.3), there exists ng > N such that for all n > ng:

By Lemma 8.1, we have (\}/?%n>n>N converge toward 3 (FOHT (2t) + F2o (2t)> FO=7 (1)

B (Con @]~ E [£ (Fg0)]|

socnonep ()|l () G
2E[1 - 1¢,] If].
(41 e + Dz

IN

<
<

This implies that (E[f(C()(t))]) converge toward [E [f (ﬁo_"(t)ﬂ.

[0.p]
We now prove the finite dimensional convergence of C(,). Let k > 1 and consider
0<t <ty <..<t<p. Let N such that ¢} < min,>y 2"’”+T" By above arguments,

n>N

for 1 <i< k, we have (C,)(ti))n>n converge in law toward F[%%}T( i)
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It remains to deal with the point p.

2pn + T
|Cmy (p) = 7| = |Cw) (P/\ 2n> —T’

_ W0t ¢ (20t 20t _
= [con (o225 ) =i (P57 ) <o (#5572 =

2pn + Tn 20n + T
Cn) (P/\ p2n) = C) (p>’+\Tn—T|

IN

Suppose that

Consider ¢ > 0. By Lemma 9.2, there exists a and C such that for all n: P ([|C(lla < C) >
1 — . Condition on the event {||C,)|la < C}, we have

27’1 n 27’7, n 27’7, n 2n n
‘C(n) (pA””>_c(n) (W)‘gc'[m PntTn _ 2pn T

[0}

2n 2n 2n 2n
<c ' o 2ont Tl
2n
Since 2’)’5% — p and 7, — 7, for n large enough, we have:

Cimy () — 7| <&
Therefore we obtain for n large enough:
P (|Cwy (p) =7 > ) <P(|Cimlla > C) <e.

This implies that C,) (p) converges in probability toward the deterministic value 7. So
Slutzky’s lemma shows that C(;,) (p) converges in law toward 7. Thus we have proved the
convergence of the finite-dimensional marginals of C,) toward ﬁ[%_p)f. By Lemma 9.2,

C(n) is tight so Prokhorov’s lemma give the result. O

Remark 9.16. In the case when 7, = 1 for all n, this provides an alternative proof of
a particular case of a theorem of Aldous ([!], Theorem 2).

9.6 Convergence of the contour pair

We consider F,, ¢, C,, Ly, F,, £,, L,, as in previous sections.

By Lemma 9.14, the rescaled contour function Cj,) converge. So as in [22, Corollary 16]
one obtain the following lemma which proof is omitted:

Lemma 9.17. In the sense of weak convergence in the space (H,dy)* when n does to
infinity, we have:

(Cons L) = (T 20 -
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Lemma 9.18. The family of laws of (Ln))n>1 is tight in the space of probability mea-
sures on H.

Proof. We prove that for all ¢ > 0, there exists d > 0 such that

lim sup P sup |Ln(i) = Ln(j)| > en'/* | <& (9.4)
n Ii_j|§6(2pn+7'n)

For n > 1, let p,, be a uniformly random element of P(F,) and let (F},, £,) = ((Fp)p,, (¢n)s,,)
be the complete symmetrization of F,, with respect to p, (see Section 9.3 for the defini-

tion).

By Lemma 9.17, we have
((3n)12C, n™ YA Ly) — (F T, 2 1) (9.5)

This implies that for all € > 0, there exist & > 0 and § > 0 such that:

sup P sup |L(i) — L,(j)| > en'/* | <& and (9.6)
n li—j|<a(2pn+7n)

sup P sup Lo (i) — Ln(j)| > en/* | <e. (9.7)
n 7’7]€|1072pn+7'nﬂ
dpy (B(rp, (1) P(rr, (4))<pn'/?

Indeed, the existence of « is a direct consequence of the convergence of the sequence

(n=Y*L,) seen as functions on the integers, while the existence of § follows from the

continuity of Z[B g on T = TF[%ﬁ]T equipped with the distance d7 (see Remark 5.1 and
) 2P

the paragraphs before it): fix ¢ > 0 and > 0, ng after which dy ((3n)~1/2C,,, F[(())_,;]T) <n

and dy (n~VAL,, Z§,) < /3 and use the domination of dr by dp (the limit of d,) to
write for n > ng

N 2e
sup |Ln (i) — Ln(4)| < 3+ sup 1Z 5y (w) = Zpg 5 ()| (9.8)
i:jE[[(],QanrTn]] U7U€[07p]
dpy, (T, (1),7F, (7)) <Bnt/? dr(u,w)<B+2n

which can be made smaller that ¢ by choosing /5 and 7 appropriately; the (finitely many)
cases n < ng can be taken into account by making 5 even smaller if needed.

Next, one can see that, for all i,j € [0,2p, + 7,]:
dp,(re,(i),rr, (7)) = dp,, (P (re, (1), P (re, (7)), and

|La()) =L (§)] = € (rr, (1) —La(rp, ()| = 1€, (rE, () =L, B (rF, ()] = | La(@)—Ln(5)]-



10. CONVERGENCE OF UNIFORMLY RANDOM TOROIDAL
TRIANGULATIONS 267

We have for all n > 1 and § € [0, 1]:

P sup  |Ln(i) — Lo (j)| > en'/*
27]6[[072Pn+7'n]]
|i*j‘§5(2pn+7n)

=P sup | Ln(i) — Lu(j)| > en'/*
1,7€[0,2pn+7n]
|i_j‘§6(2pn+7'n)

<P (3i.j .5 € 10,200 + 7l diy (B (v, (1)) B (s, (1)) < B2, | L(6) = Ln)] > en/*)
+P (30,52 4,5 € 10,200 + 7l li = | < 8200+ 7). diy (B (1, (1) B (7, (7)) = Bn'/2).

<c+P (32',]' 24,7 € [0,2pn + 1nl s 1 — G| < 8(2pn + 1), dp, (75, (§), 7, (7)) > Bnl/z) .

Moreover, we can see that

Sup {dFvL(TFn(Z‘>7rF7L<j>) : 7’7.7 e HO72pn + Tn]] ) ‘Z _j‘ S 6<2pn + Tn)}
§3sup{]Cn(i) - Cn(])’ 11,] € [[O,Qpn + Tn]] , ‘Z _]’ < 5(2Pn + Tn)}

20, + T 20, + T
<svBnsup {|Cloa) = Conlw)] sy € 0. 225572 ] ooy < o2 0
By Lemma 9.14, C,) converges in law toward ﬁ[%?f. Since ﬁ[%?}T is almost surely

continuous on [0, p|, there exists § small enough such that:
supP(i,j < 4, j € [0, 200 + 7l [ = j| < 6(2pn + ), dp, (rF, (1), 75, (7)) = Bn'/?) < e
n

For this 4, we have:

sup P sup |Ln(i) = Ln(5)| > en'/* | < 2e,
n 27]6H07297L+Tn}]
[i—j|<6(20n+7n)

this completes the proof of the Lemma. O

Then the proof of Theorem 9.1 follows from Lemmas 9.17 and 9.18 by applying exactly
the same steps as in [1]. We omit the details.

10 Convergence of uniformly random toroidal
triangulations

In this section, we prove our main theorem. Combining the results of previous sections,
we have all the necessary tools to adapt the method of Addario-Berry and Albenque ([1],
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lemma 6.1); we extend the arguments of Bettinelli ([22], Theorem 1) and Le Gall [30] to
obtain Theorem 1.2.

For n > 1, let Gy, be a uniformly random element of G(n). Let V,, be the vertex set
of G),. Recall that ® denotes the bijection from 7y s,(n) to G(n) of Theorem 2.1. Let
T, = ®1(G,,). Therefore T}, is a uniformly random element of Trsp(n).

We now consider t, that is uniformly distributed over [1,3]. Then, the random pair
(tn, Ty,) is uniformly distributed over the set [1,3] x 7y 54(n). Then we consider (7, Ry,)
be the image of (t,,T,) by the bijection of Lemma 4.10. Let k, € [0,9] be such that
R, € RFn(n), so that we have r,, € [1,3] if k, = 0 (i.e. T is a square) and 7, € [1,2]
otherwise (i.e. T is hexagonal). By Lemma 6.1, almost surely k # 0 so we can consider
that T}, is always hexagonal.

By the discussion on the decomposition of unicellular map in Section 4.4, the elements
of Up<j<oR7(n) are in bijection with U, ,(n). Let U, be the element of U.,(n) that is
decomposed into R,,.

As in Section 4.5, we define @,, the unicellular map obtained from U,, by removing all
its stems and let r,, = r, be the vertex contour function of @,.

We define a pseudo-distance d,, on [0,2n + 1] by the following: for 7,5 € [0,2n + 1]?, let

dn(i, ) = de, (rn (i), mn(j))-

Then we define the associated equivalence relation: for i,5 € [0,2n + 1], we say that
i~y j if dn(i,7) = 0. Thus we can see d,, as a metric on [0,2n + 1]/ ~,. We extend
the definition of d,, to non-integer values by the following linear interpolation: for s,t €
[0,2n 4 1], let

dn(s,t) = stdn([s], [t]) + stdn([s], [t]) +Stdn(|s], [t]) +5tdn(|s], [t]),

where |z] =sup{k € Z: k <z}, [z] = |z]+1,z=2—|z] and T = [z] —x. We define

its rescaled version by the following:

g = dn((2n 4+ 1)s, (2n + 1))
= nt/4 s,t€[0,1]2 .

Note that the metric space (Tlﬂ[[(), 2n + 1]/ ~n, d(n)) is isometric to (Vn,n*1/4dgn).

Therefore we obtain
1 —1/4 _
don <<2n+1[[0, on + 1]/ Nn,d(n)> : (Vn,n dGn)> —0. (10.1)

The goal of this section is to prove the following lemma which implies Theorem 1.2
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Lemma 10.1. There exists a subsequence (ny)r>0 and a pseudo-metric d on [0, 1] such
that

L% (0.11/ ~a.d)

<2nk n 1 [[0, 27”Lk + 1]]/ Nmmd(nk))

for the Gromov-Hausdorff distance, where for x,y € [0,1]?, we say that © ~q y if
d(z,y) = 0.

10.1 Convergence of the shifted labeling function of the unicellular
map

Let (pp,. -, p5) €NO, (15, 70) € (N)%, (.77, 7) € 22, (0p, 0, 00) € N2, (B, 6y), o, (B, 6)) €
FPrsc o x FPR (MY, M2, M3) € M x MY% x M be such that R, = ((F1,£L),..., (FS,8), M}, M2, M?)
(serza Definition 4.9). As in SectionnG, for i € [[47:6]], let 7% = —~i=3 and of = oi73.

Moreover, for every n > 0, we define the renormalized version p(,),V(n), 0(n) by letting

Py = 22 Yn) = (%)1/4%1 and o(,) = "éln For 1 <k <9and1<i<6,let ¢;(k) be

the value of ¢; given by line k of Table 6.1.

ﬁ

As in Section 4.5, we need several definitions. For j € [0,2p! + 7.], we define

Sp(d) = Ligi o)) + My, (Cri(4)),

Let S8 = Sle-.-e52 Let P, be the the unicellular map obtained from U,, by removing
all the stems that are not incident to proper vertices and its vertex contour function rp, .
We see Sy as a function from the angles of P, to Z

Note that P contains exactly 2 x (o1 + -+ + 0¢) + 2 X Lo stems.

We define the sequence (S (i))o<i<ant+1 as the sequence that is obtained from Sy by
removing all the values that appear in an angle of P, that is just after a stem of P, in
clockwise order around its incident vertex. So S, is the shifted labeling function of the
unicellular map U, (as defined in Section 4.5) and is seen as a function from the angles
of Q,, to Z.

We consider that S, is linearly interpolated between its integer values and define its

Sp((2n + 1))
S(n) =\ 1a
nt/4 0<z<1

Lemma 10.2. S,y converge converge in law toward a limit S in the space (H, dy) when

rescaled version:

n goes to infinity.

Proof. By Lemma 6.1, the vector (kn, P(n)s V(n)s a(n)) converges in law toward a random
vector (k, p,7y,0) whose law is the probability measure p of Section 6.
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For convenience, for 1 < i < 6, let (CZ, L!) denote the contour pair (Cpis Lpi gy) of

the well-labeled forest (F?, ¢%). As usual, (C%, L%) is linearly interpolated and we denote

the rescaled version by (C(in), L%n)) as in Section 9. By 9.1, conditionally on (k, p,, o),
. ) . iy 0 i

we have (C’En),[ﬂ(n)) converge in law toward (C*, L") = (F[O;;T} ’Z[To,pi])

Similarly as in Section 7 we consider that M} and M}lc () are linearly interpolated and

we define their rescaled versions:

— 9\ V4 —
M! | = — M (vV2ns)
(n) 8n 201 4~
0<s< 2IntIn

V2n
—~——ci(kn) 9\ V4 —ci(kn)

ogsgL\%ﬂiﬁ
—— ~ i ——c;(kn)
By Lemma 7.2, M (Zn) converges in law toward M?! = BE)_;ZZ‘]' Note that M (’n) also

converge toward the same limit.

Note that the processes (C’i, Li), i € [1,6] and Mvi, i € [1, 3] are independent. Moreover,
by Skorokhod’s theorem, we can assume that these convergences hold almost surely.

We consider that S¢ is linearly interpolated between its integer values and we define its

i S%(2ns)
Sin) = <

nl/4 > 0<s< 2p%+m€
- n

rescaled version:

We have
i L i
Sy (8) = Wsn(2ns)

= L L.@ns)+ "
= n( ns)+n1/4 K

8 1/4 /-\i-/ci(k:n) 3

So Sén) converge in law toward a limit S* : [0, p!] — R in the space (H,dy), where, for

SU(t) = L'(t) + (S) v Mi <\/§Ci(t)>

We consider that S; is linearly interpolated between its integer values and we define its

() (Cr(2ns))

t € [0, p'], we have:

rescaled version:
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51 - (S

n 1/4 > o
n / OSSS 2n+22;’al+4

Therefore we have that the rescaled version of S% converge in law toward S® = Sle.. .56

in the space (H, dy).

It remains to show the convergence of S,y given that of S{n). This is done by noticing
that S, is within bounded distance (in the uniform topology on continuous functions)
from a time-change of S5, where the time change itself is within O(y/n) from the identity.
This and the tension of both sequences (or a priori bounds on their moduli of continuity)
imply that S,) and S('n) converge to the same limit. O

10.2 Subsequential convergence of the pseudo-distance function of
the unicellular map

We now introduce several definitions similar to those in Section 3. Let a) be the root
angle of T,, and vg be its root vertex. Let ¢, = 4n + 1. Let I',, be the unicellular
map obtained from 7, by adding a special dangling half-edge, called the root half-edge,
incident to the root angle of T;,. Let A\, be the labeling function of th angles of I'), as
defined in Section 3. For each u € Vj,, let A,,(u) be the set of angles of I';, incident to w.
For all u,v € V, let m(u) and m(u,v) be as defined in as defined in Section 3.

As in Section 4.5, we define the following pseudo-distance: for i, j € [0,2n + 1],

dy, (i, 5) = mn(rn (i) + mn(ra(5)) = 2mn(ra(i), rn(4))-

We extend the definition of df, to non-integer values and define its rescaled version dfn)

as for d,,.

For s,t € [0, 1], we define:

d°(s,t) = S(s) + S(t) —2 min S(z).

Z€|[s,t]

Lemma 10.3. d?n) converges in law toward d° when n goes to infinity.
Proof. By (4.6) we have: for 7,5 € [0,2n + 1],
|y, (3,5) — (Sn(@) + Sn(j) — 25n(i, )] < 64 (10.2)
By Lemma 3.6 for any 4, j € [0,2n + 1], we have
dy(i+1,7),d, (4,5 +1),d,(i+ 1,5+ 1) € [dy (i, 5) — 28,4, (4, 5) + 28].

Thus, for s,t € [0,2n + 1], we have
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|dp(s,t) — dp(ls], [¢])] < 28

So, for s,t € [0,1]2, we have:

o o |(2n+1)s| [(2n+1)¢] 28
— <

Since every vertex is incident to at most two stems and the variation of S® is at most 1,
we have for s,t € [0,2n + 1]:

[Sn(s) = Sn(ls])] <3
|Sn(s,) = Sn(ls], [t])| < 6

So, for s,t € [0,1]2, we have:

= /4

‘S(n)(& N ( L(2n+1)s] [(2n+1)s) > ‘ _ .6

2n+1 7 2n+1 — pl/4

Then by (10.2), for C =28 +3 + 3+ 2 x 6 + 64 = 110, we have, for all s,t € [0,1]%:

|40 (5:8) = (S (8) + Sy (1) — 25y (5,1)] < (10.3)

nl/4

where g(n)(s, t) = maxX,e(s Sin)(T)-
By Lemma 10.2, S, converge in law toward S in the space (H,d). So d,

(n
in law toward d°. O

) converges

10.3 Convergence for the Gromov-Haussdorf distance

We use the same notations as in previous sections. We first prove the tightness of d,)
and then the convergence for the Gromov-Haussdorf distance.

Lemma 10.4. The sequence of the laws of the processes

(d(n)(sv t)>ogs¢§1

is tight in the space of probability measures on C([0,1]% R).
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Proof. For every s,s',t,t' € [0,1], by triangular inequality for d¢, , we have:

S
2
—~
»
~
~—
IN
S

n)(s, S,) + d(n)(sl, t/) + d(n) (t/, t)
(n) (S/, S) + d(n) (S, t) + d(n) (t, t/)

S
2
—~
CIJ\ -
“@#
—
IA
L

Therefore we obtain:
‘d(n)(sa t) - d(n)(sla t/)’ < d(n)(37 3/) + d(n) (ta t/)'

By Lemma 3.9, we have, for s,t € [0, 1]

14
diny(5,1) < dfy)(5,) + —77.
So we have:
[y [ / o / 28
‘d(n)(s, t) — d(n)(s ,t )‘ < d(n)(s, s') + d(n)(t,t ) + m—rt

Consider ¢, > 0. By Lemma 10.3, d?n) converge toward d°, so by using Fatou’s lemma,
we have for every § > 0,

limsup P ( sup dfn)(s,s’) > 17) <P ( sup d°(s,s’) > 77) . (10.4)

n—>00 |s—s'|<8 |s—s'|<é

Since d° is continuous and null on the diagonal, therefore there exists . > 0 such that:

P ( sup d’(s,s’) > 77) <e. (10.5)

|s—s|<ée

By (10.4),(10.5) there exists ng € N such that for every n > ng we have:

P ( sup dz’n)(s,s’) > n> <e.

|s—s|<de

By taking ng large enough (if necessary) such that % <1, we have for every n > ng:

P ( sup ‘d(n)(s,t) - d(n)(s',t’)’ > 377) < 2e.

[s—s|<de;|t—t'|<de

By Ascoli’s theorem, this completes the proof of lemma. O

We are now able to prove the main result of this section.
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Proof of Lemma 10.1. By Lemma 10.4, there exists a subsequence (n)r>0 and a func-

tion d € C([0,1]?,R) such that

diny) 2 d. (10.6)

By the Skorokhod theorem, we will assume that this convergence holds almost surely.
As the triangular inequality holds for each d(,) function, the function d also satisfies
the triangular inequality. On the other hand, for s € [0,2n + 1], note that we have
din)(s,8) < 1. So for x € [0, 1], we have d,(z,r) = O(n~*). Therefore the function d
is actually a pseudo-metric. For x,y € [0,1]%, we say that x ~g y if d(z,y) = 0.

We use the characterization of the Gromov-Hausdorff distance via correspondence. Re-
call that a correspondence between two metric spaces (S,6) and (S’,¢") is a subset
R C S x S’ such that for all x € S, there exists at least one 2’ € S’ such that (z,2') € R
and vice-versa. The distortion of R is defined by:

dis(R) = sup {|6(z,y) — 5’(x’,y’)| :(z,2), (y,v') € R}.
Therefore we have (see [28])

don((5,6), (5", 8)) = § nf dis(R),

where the infimum is taken over all correspondence R between S and S’.

We define the correspondence R,, between (#H[[O, 2n + 1]/ ~n, d(n)) and ([0, 1]/ ~g, d)

as the set
Ry = {(”“ (L(2n + 1)“),%(@) zelo, 1]},

2n+1

where m, the canonical projection from [0,2n + 1] to [0,2n + 1]/ ~,, and =7 is the
canonical projection from [0,1] to [0, 1]/ ~g.

We have

dis(R,) = sup
0<z,y<1

|2n+ 1)z| [(2n+ 1)y]
dn) < m+1  2n+1 > _d(x’y)‘

By 10.6, we have dis(R,, ) converges toward 0 and thus the following convergence for
the Gromov-Hausdorff distance:

1 (d)
(21% +1 [0: 2nk +1]/ ~ny., d(nk)> P ([0,1]/ ~a,d) .
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1 Approximation of distance by labels

In this appendix, we show that with high probability, the labeling function defined in
Section 4.1 approximates the distance to the root up to a uniform o(nl/ 4) correction. As
we mentioned in the introduction, we believe that this is an essential step toward proving
uniqueness of the subsequential limit in Theorem 1.2. The proof is quite technical and
the estimate itself is not needed in the proof of Theorem 1.2; since it exploits the same
rather involved combinatorial construction, we chose to include it here as an appendix
rather than to write it as a separate article.

1.1 Rightmost walks and distance properties
Definition and properties of rightmost walks

We use the same notations as in Sections 2 and 3.

For n > 1, let T be an element of 7, 5(n), and G = ®(T') the corresponding element of
G(n). The canonical orientation of G is noted Dy. Recall that, as already mentioned,
every vertex of G as outdegree exactly three in Dy.

For an (oriented) edge e of Dy, we define the rightmost walk from e as the sequence
of edges starting by following e, and at each step taking the rightmost outgoing edge
among the three outgoing edges at the current vertex. Note that a rightmost walk is
necessarily ending on a periodic closed walk since G is finite.

We have the following essential lemma concerning rightmost walks:

Lemma 1.1. For any edge e of Dy, the ending part of the rightmost walk from e is the
root triangle with the interior of the triangle on its right side.

Proof. The proof is based on results from [33]. Let e be an edge of Dy. By [33,
Lemma 37], i.e. by the balanced property of the orientation Dy, the end of the rightmost
walk from e is a triangle A with the interior of the triangle on its right side. By [83,
Lemma 25], i.e. by minimality of the orientation Dy, the interior of A must contain the
root face fo of G. The root face is incident to the root triangle Ag by definition. Since
the outdegree of all the edges is three, a classic counting argument using Euler’s formula
gives that all the edges in the interior of Ay and incident to it are entering Ag. So it is
not possible that A is entering in the interior of Ag. Since fy is in the interior of both A
and Ay, we have that the interior of A contains the interior of Ag. Then by maximality
of Ag, we have that A = Ay. O

By Lemma 1.1, any rightmost walk visit the root vertex. For an edge e of Dy, we define
the right-to-root walk, noted Wg(e), as the subwalk of the rightmost walk started from
e that stops at the first visit of the root vertex vy.
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Recall that, for 0 < i < ¢, the set A(i) denote the set of angles of G which are splited
from a; by the complete closure procedure. Let f be the mapping that associate to an
angle a of G the integer i such that o € A(i). Let g be the mapping that associate to
an angle a of I' the integer ¢ such that o = a;.

Depending of the type of the unicellular map, i.e. hexagonal or square, and the fact that
rs is special or not, we define three particular angles x1, x2 and x3 of I, as represented on
Figure .22. Note that in the particular case where 74 € S, we have x1 = x2. Moreover,
let zo0 = ap and x4 = ay. Then, for 1 < j < 4, let X; = Ug(xj,1)§i<g(xj)“4(i)- Note
that Xy = @ if 1 = x5. Thus the set of angles of G is partitioned into the four sets
X1,..., X4 such that if « € X; and o/ € X, with i < 7, then f(a) < f(c/).

Ts

Ts

Ts Ts Ts Ts

i)

Ty

Ts Ts

Figure .22 — Definition of the angles x1, zo and z3 depending on the type of unicellular
map.

The partition (X1, -, X4) has been defined to satisfied the following property. Consider
an edge e = uv of EpU ER, oriented from u to v in the canonical orientation, with angles
a,a’ of GT incident to e that appears in counterclockwise order around v. Then, one
can see on Figure .22 that a € (X; U X3). Moreover if a in X (resp. in X3), then a’ is
in XoU X3U Xy (resp. in Xy).
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Given an edge {u,v} of GT, we note a’(u,v) (respectively a”(u,v) ) the angle incident
to u that is just after {u,v} in counterclockwise order (resp clockwise order) around w.

Consider e € Dy, and Wg(e) the right-to-root walk starting from e, whose sequence of
vertices is (u;)o<j<k, with & > 0. We define two sequence of angles of G incident to
the right side of Wg. For 0 < i < k —1, let oy = a"(us,uj+1). For 1 < i < k, let
B; = a‘(ui,u;_1). Note that, for 0 < i < k, we might have a; = §; if there is no edges
incident to the right side of Wgr(e) at u;.

Lemma 1.2. For 0 <i < k—1, we have A(fi+1) — Moy) = —1. For 1 <i<k—1,
we have —6 < A(a;) — A(Bi) < 0. Moreover |{i € [1,k — 1] : AMaz) < A(Bi)} < 2 and
flao) < f(B1) < flon) <+ < f(Be-1) < flow—1) < f(Br)-

Proof. Let 0 < ¢ < k — 1 and consider the edge {u;,ui+1}. We have {w;,u;y1} is
either in E(T") or not. If {u;,u;y1} ¢ E(T), let s be a stem such that we reattach s
to an angle that comes from a(s) to form the edge {u;,ui+1} of G. By Lemma 3.1,
we have A\(Bi+1) = Aa(s)) = M) =1 = A ;) — 1. Moreover since U is safe, we
have f(Bit1) > f(a;). If {uj,uip1} € E(T), we also have A\(Bi+1) = A(a;) — 1 and
f(Biv1) > flai).

Consider 1 < i < k —1. By Lemma 3.5, we have —6 < A(a;) — A(8i). Let (7f,...,75.),
with p; > 1, be the set of consecutive angles of G between 5; = 7{ and o; = 7121- in
counterclockwise order around u;. Since Wg(e) is a right-to-root walk, if p; > 1, then
all the edges that are incident to u; between two consecutive angles 'y; and 'yj» 41, With
1 < j < p, are entering u;. So, by Lemma 3.4, for 1 < j < p;, we have /\(fyjz»+1)—/\(fy§) <0.
Moreover, we have A(vj1) — A(7;) < 0 if and only if the edge entering u; between ;
and 7}, is in Ep U Eg. Thus we have Mai) — A(Bi) <0, and, for 1 < j < p;, we have
f(Vi) =2 F())-

We obtain that the sequence

(fp)OSPST = (f(OZO)?f(PYll)? s 7f('7;1)7 s 7f(7{€_1)7 s 7f(7£;;11)7 f(ﬁk))

is increasing and thus f(ag) < f(51) < flan) < -+ < f(Br—1) < f(ag—1) < f(Br). This
also implies that the sequence I = ({i : f, € X;})o<p<r is increasing.

If there is a couple (i,7), with 1 <i < k—1, and 1 < j < p;, such that the edge incident
to ’y]"- and fy;._H is in Ep U ER, then either 'y} € X; and ’y§+1 € XoUX3U Xy, or, ’yji- € X3
and 7;- 41 € Xy. Since [ is increasing, this implies that there is at most two such couples
(4,7). So {i € [1,k — 1] : Mau) < AM(B)}] < 2. O

Lemma 1.3. For all e = uv € Dy, we have

m(u) — 18 < |[Wg(e)| < m(u) + 6.



CHAPTER 6. SCALING LIMITS FOR RANDOM TRIANGULATIONS ON THE
278 TORUS

Proof. By Lemma 1.2, the sequence (A(ap), AM(B1), A1), ..., A(Br—1), A(ag—1), A(Bk)) is
decreasing by one between «; and B;11, for 0 < i < k — 1, it is constant between [3; and
a;, for 1 <1¢ < k—1, except for at most two value 1 < i < k—1 where it can decrease by
at most 6. So M) — A(Bk) —2x6 < |[Wg(e)| < AMag) — A(Bk). By Lemma 3.5, we have
m(u) < AMap) <m(u)+6 and 0 < \(Bg) < 6. So m(u) — 18 < |[Wg(e)] < m(u)+6. O

We define

3 if I is hexagonal and rs ¢ S

‘P 4 if I is hexagonal and r5 € S

4 if I" is square and 75 ¢ S

5 if I' is square and r; € S
and ¢ — 1 particular angles y1,...,y:—1 of I, as represented on Figure .23. Moreover, let
yo = ap and y; = as. Then, for 1 < j <t let Y; = Ug(yj_1)§i<g(yj) A(7). Thus the set of
angles of GV is partitioned into the t sets (Y1,---,Y;) such that if « € ¥; and o/ € Y],

with i < j, then f(«a) < f(d).

The partition (Y7,---,Y;) has been defined to satisfied the following property. For any
vertex v, each set of consecutive angles around v that is delimited by edges of Ep U ER
lies in a different set Y.

We define the right-to-root path Pr(e) starting at e and ending at vy, obtained by deleting
edges from Wg(e) by the following method. We follow Wgr(e) from e, the first time we
meet a vertex v that appears twice in the sequence of vertices (u;)o<i<i of Wr(e). Let
m =min{i : u; = v} and M = max{i : u; = v}. Then we delete all the edges of Wr(e)
between u,, and uy;. We repeat the process until reaching vy. Note that Pr(e) is not
“rightmost”. For e € Dy, let h(e) be the set of inner vertices of Pr(e) that have outgoing
edges on the right side of Pr(e).

Lemma 1.4. |Pr(e)| < |[Wr(e)| < |Pr(e)| + 24 and |h(e)] < 4.

Proof. Consider a vertex v appearing at least twice in the sequence (u;)o<i<k. Let
m = min{i : u; = v} and M = max{i : u; = v}. We have 0 < m < M < k. By
Lemma 1.2, we have f(am,) < f(Bm) and A(By) < AMam) — (M —m). By Lemma 3.5,
we have A\(ay,) — 6 < A(Bar). So M —m < 6.

Suppose by contradiction that there is 1 < p < ¢, such that a,, and ,, are in Y.
Then « and B lie in the same set of consecutive angles around v delimited by edges of
Ep U EpR. Since f(am) < f(Bm), there is no edge of Ep U Epg incident to v in the
counterclockwise sector from a,,, to Bys. Moreover, all the edges of En incident to v in
this sector are entering v. So By Lemma 3.4, the sequence of labels from «,, to Bjs is
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T

Ts

T's

- L -
Y1

Ts Ts Ts

Figure .23 — Definition of the angles y1, ..., yi—1.

increasing around v in counterclockwise order. So A(au,) < A(Bar), a contradiction. So
there exists 1 < p < ¢ <'t, such that a,,, € Y, and Sy € Y.

With the same notations as in Lemma 1.2, the sequence

(fodosp<r = (F(@0), F()s - FOup)s - FOE s L), £ (BR))

is increasing. Thus the sequence I = ({i : f, € Yi})o<p<r is increasing.

The path Pg(e) is obtained by following Wx(e) from e, each time we meet a vertex v
that appears twice in the sequence of vertices of Wg(e), then we delete all the edges of
Wr(e) between u,, and ups. Since M —m < 6, we have deleted at most 6 edges from
Whr(e). Since there exists 1 < p < ¢ <t <5 with ay, € Y, and Sy € Y}, and the
sequence [ is increasing, there is at most 4 such steps of deletions. Thus in total, we
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have deleted at most 24 edges to obtained Pgr(e) from Wg(e) and there are at most 4
inner vertices of Pg(e) that have outgoing edges on the right side of Pg(e). O

Finally we obtain the following lemma by combining Lemmas 1.3 and 1.4:

Lemma 1.5. For all e = uv € Dy, we have

m(u) — 42 < |Pgr(e)| < m(u) + 6

Relation with shortest paths

Let e = uv € Dy. Consider Pgr(e) = (ug = u,u; = v, ...,u, = vg) the right-to-root path
starting at e and h(e) the set of inner vertices of Pr(e) that have outgoing edges on the
right side of Pgr(e). Recall that |h(e)] < 4 by Lemma 1.4.

Let S = (wo, w1, ..., wp) be a path of G with distinct extremities and meeting P(e) only
at wo and wy, such that wg = u; and w, = u; for 0 <i < j < k. Let C = (wo,...,wp =
uj, ..., u;) be the cycle formed by the union of S and (u;, . .., u;), given with the traversal
direction corresponding to S oriented from wg to wy,.

We say that S leaves Pr(e) from the right if i > 0 and S leaves Pgr(e) by its right side.
Otherwise, we say that S leaves Pr(e) from the left. In particular, if i = 0, then S leaves
Pr(e) from the left, by convention. Likewise, we say that S enters Pr(e) from the right
if j < k and S enters Pg(e) by its right side. Otherwise, we say that S enters Pr(e)
from the left. In particular, if j = k, then S enters Pg(e) from the left, by convention.

We define different possible types for S, depending on whether S is leaving/entering on
the left or right side of Pr(e), whether C' is contractible or not, and whether C' contains
some vertices of V' (e) or not. We say that S has type LR (respectively type RR, type RL,
type LL) if S leaves Pr(e) from the left (respectively right, right, left), enters Pg(e) from
the right (respectively right, left, left). When C' is contractible, we add the subscript ¢
or r depending on whether C' delimits a region homeomorphic to an open disk on its left
or right side. When C' is non-contractible, we add the subscript n. When C' contains
some vertices of h(e), we add the superscript h. Thus we have define twenty-four types
LRy, RRy, RLy, LLy, LR, RR,, RL,, LL,, LR,, RR,, RL,, LL,, LRZL, RR?, RLQ,
LL?, LRM RR! RLP, LL! LRM RR! RL! LL! sothat a path S as defined above is
of exactly one type.

We show the following inequality between p, ¢ and j depending on the type:

Lemma 1.6. We have p > j — i+ c where ¢ is a constant given in Table .2 that depends
on the type of S.

Proof. Suppose first that C' is contractible. Let R be the region homeomorphic to an
open disk that is delimited by C. Let t be the size of C, sot = j — i+ p. Let G’ be the
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LR, | RRy | RLy | LLy | LR, | RR, | RL, | LL, | LR, | RR,, | RL,, | LL,
-2 0 -3 -5 4 6 3 1 1 3 0 -2

LR} | RRY | RLY | LL} | LR! | RRM | RLM | LL! | LR | RR! | RL! | LL?

n n n

-10 -8 -11 | -13 -4 -2 -5 -7 -3 -1 -4 -6

Table .2 — Values of ¢ in Lemma 1.6.

planar map formed by all the vertices and edges that lie in R (including its border). Let
n',m’, f' be the number of vertices, edges, faces of G’ respectively. By Euler’s formula,
we have n’ —m/ + f' = 2. All inner faces of G’ have degree three and its outer face has
degree t, so 3(f'—1) = 2m/ —t. Let y be the number of edges in the interior of R incident
to C and leaving C'. Since G is 3-orientation, it follows that m’ = 3(n’ —¢) +y +t. So,
by combining the three equalities, we have

y=t—3 (1.1)

Assume that S is of type LRy;. For i < m < j, the number of edges that are in the
interior of R and leaving u,, is 0. Then we obtain y < 3p —p — 1. By (1.1), we obtain
p=j—t—2

Assume that S is of type RRy. For i < m < j, the number of edges that are in the
interior of R and leaving uy, is 0. Then we obtain y < 3(p — 1) — p. By (1.1), we obtain
p=j—t.

Assume that S is of type RLy. For i < m < j, the number of edges that are in the
interior of R and leaving w,, is 0. Then we obtain y < 3p — p. By (1.1), we obtain
p=j—i-3.

Assume that S is of type LLy,. For i < m < j, the number of edges that are in the
interior of R and leaving u,, is 0. Then we obtain y < 3(p+1) —p — 1. By (1.1), we
obtain p > j — ¢ — 5.

When S is of type LR;}, RR?, RL", LL?. The argument is exactly the same as above
except that there might be some vertices of h(e) along C. Each such vertex has at most
2 edges leaving in the interior of R and there is at most 4 such vertices along C. So we
obtain a difference of 8 between the two rows of Table .2 for these cases.

Assume that S is of type LR,. For i < m < j, the number of edges that are in the interior
of R and leaving w,, is 2 if m < j and 3 if m = j. Then we obtain y > 2(j —¢ — 1) + 3.
By (1.1), we obtain p > j — i+ 4.

Assume that S is of type RR,. For i < m < j, the number of edges that are in the
interior of R and leaving u,, is 2 if m < j and 3 if m = j. Then we obtain y > 2(j —1i)+3.
By (1.1), we obtain p > j — i+ 6.
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Assume that S is of type RL,. For i < m < j, the number of edges that are in the
interior of R and leaving u,, is 2. Then we obtain y > 2(j —4). By (1.1), we obtain
p>j—i+3.

Assume that S is of type LL,. For i < m < j, the number of edges that are in the
interior of R and leaving w,, is 2. Then we obtain y > 2(j —¢ —1). By (1.1), we obtain
p>j—i+1.

Again, when S is of type LR, RR", RL", LL". The argument is exactly the same as
above except that there might be some vertices of h(e) along C. Each such vertex has
at most 2 edges leaving on the right side of Pg(e), i.e. outside R, and there is at most 4
such vertices along C. So we obtain a difference of 8 between the two rows of Table .2
for these cases.

Suppose now that C' is non-contractible

Assume that S is of type LR,,. For ¢ < m < j, the number of outgoing edges that are
incident to u,, and leaving C' by its right side is equal to 2 if m < j and 3 if m = j.
So the number of edges leaving C' by its right is at least 2(j — i — 1) 4+ 3. Moreover the
number of edges leaving C' by its left side is at most 3p — p — 1. Since Dy is balanced,
we have exactly the same number of outgoing edges incident to each side of C'. Then we
obtain p > j —i+ 1.

Assume that S is of type RR,,. For i < m < j, the number of outgoing edges that are
incident to u,, and leaving C' by its right side is equal to 2 if m < j and 3 if m = j. So
the number of edges leaving C' by its right is at least 2(j — i) + 3. Moreover the number
of edges leaving C' by its left side is at most 3(p — 1) —p. Since Dy is balanced, we obtain
p>7—i+3.

Assume that S is of type RL,. For ¢ < m < j, the number of outgoing edges that are
incident to u,, and leaving C' by its right side is equal to 2. So the number of edges
leaving C' by its right is at least 2(j — ¢). Moreover the number of edges leaving C' by
its left side is at most 3p — p. Since Dy is balanced, we obtain p > j — i.

Assume that S is of type LL,. For i < m < j, the number of outgoing edges that are
incident to u,, and leaving C' by its right side is equal to 2. So the number of edges
leaving C by its right is at least 2(j — i — 1). Moreover the number of edges leaving C
by its left side is at most 3(p+ 1) —p — 1. Since Dy is balanced, we obtain p > j —i — 2.

Again, when S is of type LR, RR", RL" LL". The argument is exactly the same as
above except that there might be some vertices of h(e) along C. There is a division by
two in the computation of these cases that results in a difference of 4 between the two
rows of Table .2 for these cases. O

Let @ be a shortest path from u to vy that maximizes the number of common edges
with Pg(e). Subdivide @ into edge-disjoint sub-paths S1, S, ..., S¢, each of which meets
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Pr(e) only at its (distinct) endpoints. For 1 < ¢ < ¢, note that S, is not necessarily
edge-disjoint from Pr(e), but if S, share an edge with P(e) then it has length 1. We
assume that S, 59, ..., S; are ordered so that @ is the concatenation of St, S, ..., .S, so
in particular, ug is the first vertex of S1 and wy is the last vertex of S;. For 1 < ¢ <'t,
note that S, is not necessarily of a type define previously since such a path might starts
(resp. ends) at a vertex w; (resp. u;) of Pr(e) such that j < i.

For 4,7 in {0,k}, the sub-path of Pr(e) between u; and wu; is denoted by Pr(e)li, j].
Likewise, if u;,u; are vertices of (), then the sub-path of ) between u; and u; is denoted
by Q[i, j].

Lemma 1.7. Consider 1 < g < ¢+ 9 < ¢ <t such that Sy starts at a vertez u;, ends
at vertex uj, with i < j, and (uy,uj) are the extremities of Sy with i' < j' (note that
Sy may starts at uy or uy ). Then we have j < 7.

Proof. Suppose by contradiction that i/ < j. We define:
q1 = min{q € [1,t] : S, starts at u;, ends at w;r with " < i < j"}

Note that ¢; < ¢. Let (i1,71) be such that S, starts at u;,, ends at u;. For 2 <
r < 8, let ¢ = q1 +r. Note that gs < ¢+ 9 < ¢. Let py,---,ps be the lengths
of Sg,,--+,8¢ respectively. By Lemma 1.6, we have p; > ji — i1 — 13. Moreover,
we have |Qli1,?]| > p1 + -+ +pg > p1 + 7. Since @ is a shortest path, we have
|Pr(e)[i, 71]| = |Q[j1,7]] = p2+ -+ + ps > 7. We obtain the following contradiction:

|Pr(e)[i1, ]| = |Pr(e)[i1, j1]| — |Pr(e)[i', j1]| < j1 — i1 — 7 < p1 +6 < |Q[iy, ]| — 1.

O

For all types ¢ € {LR,, RRy, RLy, LL;, LR, RR,, RL,, LL,, LR, RRy, RL,, LLy}, let
ne(Q,e) = |{j € {1,....t} : Sj has type &}.

Lemma 1.8. nrr,(Q,e) <2

Proof. Suppose by contradiction that nrr,(Q,e) > 3. Let ¢i1,¢2,q3 be three distinct
elements of {1,--- ,t} such that S, Sq, and Sy, have type LL,. For 1 < r < 3, let
(ui,,u;, ), be the extremities of S, , such that S, starts at u;, and ends at u;,. Let p1, pa
and p3 be the length of S;,, Sy, and Sy,. We assume, w.l.o.g., that i < iy < i3. Then,
one can see that 1} < i3 < i3 < j3 < j2 < 71. By Lemma 1.6, we have p; > j; — i3 — 5.
Let ¢, = min{q1, q2,q3} and gy = max{q, ¢2,q3}. Since @ is a shortest path we have
IPale)li1,imll + [Pa(€) s, 111 = |Qlim, ir)l + QL1 ju]l. Moreover, whenever i = g,
1 = qp O Gm < q1 < qur, one can check that |Q[i,, i1]| + |Q[j1, 7] > 4. We also have
|Q[im, jm]l = p1+p2 +p3+2 > p1 +4.
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Then we obtain the following contradiction:

|Pr(e)[im, jm]| = |Pr(e)lir, j1]| — |Pre)[i1, im]| — |Pr(e) i, j1]|
< (1 —i1) = [Qlim, i1]| — [Q[j1, jm]|
< (j1—i1)—4
<p1+1
< |Qlim, jul] — 3

For 1 < z < |h(e)|, we define
t, =min{q € [1,t] : Sy ends at u; with Pr(e)[0,u;] contains at least z elements of h(e)}

Let X = Uj<,<p(e)ltz t-+18[and Y = [1,¢]\ X and Z = [1,¢]\Y. So [1, ] is partitioned
into Y, Z. By Lemma 1.4, we have h(e) < 4, so |Z| < 4 x 18 = 72. Note that Y has been
defined so that it satisfies the following by Lemma 1.7: if ¢, ¢’ € [1,¢] are such that ¢ € Y,
¢—9 < ¢’ < ¢, and Sy has extremities (u;, u;), then Pr(e)[s, j] contains no vertex of h(e).
For g € {1, ..., t}, we say that S, has type h if S is of one of the type LRZ‘, RR?, RLZ, LL?,
LR! RRM RL' LL! LR" RR" RL! LL!.

Lemma 1.9. Consider q1,q2 € Y, such that 1 < g2 and Sy,, Sy, are of type LL,. If
i1, 1,12, j2 are such that Sq,, Sg, have extremities (u; ,uj;) and (ui,,u;,) with iy < ji
and iy < jo, then j1 < ig.

Proof. Suppose by contradiction that io < ji1. Let p1, po be the length of Sy, and Sg,.
By Lemma 1.6, we have p; > j1 — i1 — 2. Since q1 < g2 we have i1 # jo, i1 # o and
J1 # ja. We consider the four following cases: jo < i1 or iy < jo < j1 orio < i1 < j1 < jo
or 11 < i3 < J1 < jo.

— Ifjo <ii: Let o = max{q € [1,q1[ : Sy starts at u;, ends at u; with ¢ < jo < j}.
Let (uy,uj,) be the extremities of Sy, with ip < jo < jo. Let pg be the length
of Sy, Since 79 < j2 < jo, by definition of ¥ and Lemma 1.7, we have that
Sqo is not of type h. By Lemma 1.6, we have py > jo — ip — 5. Moreover, we
have |Q[io,j2]| > po +p1 +p2+1 > po+ 3. Since @ is a shortest path, we
have |Pgr(e)[j2, o]l > |QJjo,j2]l > p1 +p2+1 > 3. We obtain the following
contradiction:

| Pr(e)[io, jo]| = |Pr(e€)[io, jo]| — | Pr(e)[j2, jo]| < jo—i0—3 < po+2 < [Qlig, j2]| -1

— If i1 < j2 < j1: We have |Q[i1, j2]| > p1 +p2+ 1 > p1 + 2. Since Q is a shortest
path, we have |Pr(e)[j2, j1]| > |Q[j1,72]] = 1+ p2 > 2. We obtain the following
contradiction:

|Pr(e)li1, jo]| = |Pr(e)[i1, j1]| — |Pr(e)[j2, j1]| < j1 — i1 — 2 < p1 < |Qix, j2]| — 2
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— Ifip < iy < ji1 < jo: Let go = max{q € [1,q1[: Sy starts at u;, ends at u; with ¢ <
io < j}. Let (u4,uj,) be the extremities of Sq, with iy < iy < jo. Let pg be the
length of Sy,. Since ig < i2 < jo, by definition of ¥ and Lemma 1.7, we have that
Sqo is not of type h. We consider two cases depending on whether j < jo or not.
— jo < jor By Lemma 1.6, we have pg > jo — i9p — 5. Moreover, we have

|Q[i0,j2]| = po+p1+p2+2 > po+ 4. Since @ is a shortest path, we have
|Pr(e)[jo,j2]| > p1 + p2 +2 > 4. We obtain the following contradiction:

|Pr(e)io, j2l| = |Pr(e)lio, jol| — [Pr(e)[j2; jo]| < jo —io —4 <po+1

S |Q[Z07]2” -3

— Jo < j2: We have ig < i3 < jo < j2 so one can remark that Sy, is not of type
LLy. By Lemma 1.6, we have pg > jo —i9 — 3. Moreover, we have |Q[ig, i2]| >
po+p1+1>po+2 Since @ is a shortest path, we have |Pg(e)[iz, jo]| >
|Q[jo, i2]| > p1 + 1 > 2. We obtain the following contradiction:

| Pr(e)io, i2]| = |Pr(e)[io, jo]|—|Pr(e)liz, jo]| < jo—io—2 < po+1 < [Qlio, i2][—1

— i1 < iy < j1 < jo: We have |Q[i1,i2]| > p1 + 1. Since Q is a shortest path, we
have |Pg(e)[iz, j1]| > |Q[j1,i2])| > 1. We obtain the following:

|Pr(e)[ir, ia]| = [Pr(e)[ir, j1]| = [Pr(e)liz, n]] < j1 — i1 =1 <p1 +1 < |Qfin, ]|

Since @ is a shortest path, we obtain |Pr(e)[i1,i2]| = |Q[i1,i2]|. Consider the
walk @' obtain by replacing the part Q[i1,i2] in @Q by Pg(e)[i1,i2]. Thus Q' is
a walk from ug to vy that have the same length as @, so @’ is a shortest path.
Moreover @ has strictly more edges of Pg(e) than @, a contradiction.

O

Let n}L/Ln (@, e) be the number of integers in ¢ € Y such that S, has type LL,.

Lemma 1.10. nELn(Q,e) <2

Proof. Suppose by contradiction that nan(Q,e) > 3. Let ¢1,q2,q3 be three distinct
elements of Y such that Sy, , Sy, and Sy, are of type LL,, and q1 < ¢2 < g3. Let (u;;,u;,),
(Wiy, ujy) and (ug,,uj,) be the extremities of Sy, Sy, and Sy,. Then by Lemma 1.9, we
have i1 < j1 <9 < jo < i3 < j3. Let Cy (resp. Ca, C3) be the cycle formed by the
union of S} (resp. So, Sg) and PR(G)[il,jl] (resp. PR(G)[iQ,jQ], PR(B)[ig,jg]). The two
non contractible cycle C7 and C3 are vertex disjoint. Thus we are in the situation of
Figure .24, where C, Cs are homotopic but with opposite traversal direction. Then the
union of C1, C3 and Pgr(e)[j1,43] delimit a contractible region whose interior contain all
the edges of S5. Then Cj is contractible, a contradiction. O
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Figure .24 — Situation of Lemma 1.10.

Lemma 1.11.
Q| > |Pr(e)| — 2nrr,(Q,e) — 3nrL,(Q,e) — 922.

Proof. By Lemmas 1.6, we have

t
QI =D IS4 = |Pr(e)|—2nLr,(Q, €)=3nre,(Q, ¢)=5nr1,(Q,¢)=2n], (Q,¢) =13 x |Z].
q=1

Thus we obtain the lemma by Lemmas 1.8 and 1.10 and since | X| < 72. O

Lemma 1.12. Consider q1,q2 € Y, such that g1 # q2 and Sy, , Sy, are both of type LR,
or RLy. If Sy, Sq, have extremities (u;,,uj,) and (ui,,uj,) with i1 < ji, iz < ja and
11 < ig, then q < Q2.

Proof. Suppose by contradiction that g1 > go2. Let p1, p2 be the length of S, and Sg,.
By Lemma 1.6, we have p; > j1 — i1 — 3 and pa > jo — i9 — 3. Since g < g1, we have
i9 # j1. We consider the two following cases: iy < j1 or ji < io.
— If is < ji1: We have |Qliz2, j1]| > p1 +p2 +1 > pa + 2. Since @ is a shortest
path, we have |Pgr(e)[j1,j2]| > |Q[j2,71]| = p1 +1 > 2. We obtain the following
contradiction:

|Pr(e)[iz, j1]| = |Pr(e)[iz, jo]|=|Pr(e)[j1, j2]| < ja—i2—2 < pa+1 < [Qliz, j1]|—1.
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— If j1 < ip: Let go = max{q € [q1, ¢2] : the extremities i, j of S, are such that i <
J1 < j}. Let (uj, uj,) be the extremities of Sy, with ip < j1 < jo. Let po be the
length of Sg,. Since ig < ji < jo, by definition of ¥ and Lemma 1.7, we have
that Sy, is not of type h. By Lemma 1.6, we have py > jo — 790 — 5. Moreover, we
have |Q[ig, j1]| > po + p1 +p2 +1 > po + 3. Since @ is a shortest path, we have
|Pr(e)[jo, J1]| > p1 +p2 +1 > 3. We obtain the following contradiction:

|Pr(e)lio, j1]| = |Pr(e)lio, jo]|—|Pr(e)[jo, j1]| < jo—io—3 < po+2 < |Q[io, j1]|—1.
O

We now state two lemmas which are analogous to Proposition 11 and Proposition 12

of [1].

Consider C' a contractible cycle of G, given with a traversal direction. Then C' separates
the map G into two regions. We define V;(C) (respectively V,.(C)) the set of vertices
lying in the region on the left (resp. right) side of C, including C. The graphs G[V;(C)]
and G[V;(C)] denotes the subgraph of G induced by these set of vertices.

Lemma 1.13. Ifnpg,(Q,e) > 0 (resp. nrr,(Q,e) > 0), then there exists a contractible
cycle C of G, given with a traversal direction, such that G[Vy(C)] and G[V.(C)] both
have diameter at least |npg,(Q,e)/2] —1 (resp. |ngrr,(Q,e)/2] —1), and, for all v €
{€,7}, we have max,cy,(cym(u) —min,ey, (cym(u) is at least [npg,(Q,e)/2] =79 (resp.

LnRLz(Q> e)/QJ - 79)'

Proof. We prove the lemma for npg,(Q,e) > 0 (the proof for ngr,(Q,e) > 0 is similar).
For 1 < ¢ <t, let npg,(q) be the number of sub-paths of type LR, among {S1,--- , S}
Let s = [nrg,(Q,€)/2], and let ¢ € [1,t] be minimal such that npr,(¢) = s. Note that
Sy is of type LRy and s < ¢q. Note also that ¢ < t —s. Let S; = (wp,...,wp) with
wo = u;, wp = uj for some 0 < i < j <k and let C = (wo,...,wp = uj,...,u;). Since
s <q <t—s, we have |Q[0,i]| > s —1and |Q[j,k]| > s — 1. So G[V¢(C)] and G[V,(C)]
each have diameter at least s — 1

Finally, by Lemma 1.12, one of G[V;(C)] or G[V,(C)] contains all sub-paths of type
LRy among (S1,--+,5¢){Uiey Si} and the other contains all sub-paths of type LRy
among (Sg, -+, S) {U;ey Si}. Therefore, each of G[V;(C)] and G[V;(C)] contains at
least s — 18 x 4 vertices of Pg(e). By Lemmas 1.2 and 3.5, we obtain max,cy;, () m(u) —
min, ey, () m(u) > s — 727 for all L € {{,7}. O

Lemma 1.14. Ifnpg,(Q,e) > 3 (resp. nrr,(Q,e) > 3), then there exists a contractible

cycle C in G, given with o direction of traversal, of length at most % + 2
Z b

(resp. % + 3) such that G[Vy(C)] and G[V,(C)] both have diameter at least

e k)
InLr,(Q,e)/3]—1 (resp. |ngL,(Q,e)/3]—1 ), and, for all. € {¢,r}, we have max,ecy, (o) m(u)—
min, ey, () m(u) is at least [npgr,(Q,e)/3] — 79 (resp. |ngrr,(Q,e)/3] —79).
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Proof. We prove the lemma for npg,(Q,e) > 3 (the proof for ngr,(Q,e) > 3 is similar).
The proof is very similar to that of Lemma 1.13 and we use the same notation nrr,(q)
as in Lemma 1.13. Let s = |npg,(Q,e)/3]|. Let Z be the set of elements 1 < ¢ < ¢,
such that S, is of type LR, and s +1 < npp,(q) < 2s. Let ¢* € Z such that |Sy| =
min{|S,| : ¢ € Z}. Let Sg» = (wo, ..., wp) with wg = u;, wy, = u; for some 0 <i < j <k
and let C = (wo, ..., wp, = uj,...,u;). Then

NLR Qae -3
Q| > sp > 4(3)]9

. _ . 6/Q)|
By Lemma 1.6, we have p > j —i — 2. Then |C|-p+]—z§2p+2§m—|—2

edges.
From now, the rest of the proof is similar to the proof of Lemma 1.13 (with ¢* playing
the role of ¢) and is omitted. O

1.2 Approximation of distances by labels

As in Section 10, for n > 1, let G, be a uniformly random element of G(n). Let d,
denote the graph distance dg,. Recall that ® denotes the bijection from 7, s,(n) to
G(n) of Theorem 2.1. Let T}, = ®~1(G,,). Therefore T}, is a uniformly random element
of 7;7 571,(77,).

We need several definitions similar to Section 3. Let V,, be the set of vertices of T;,. Let
ag be the root angle of T;, and vg be its root vertex. Let ¢,, = 4n + 1. We define I';, as
the unicellular map obtained from T,, by adding a special dangling half-edge, called the
root half-edge, incident to the root angle of T},. The root angle of Iy, still noted a9, is

the angle of '), just after the root half-edge in counterclockwise order around its incident
0

S
order around the unique face of T, starting from a?. Let ), be the labeling function of

'), as defined in Section 3. For each vertex u of V,,, let m,(u) be the minimum of the

vertex. Let A, = (a . ,af;) be the sequence of consecutive angles of I'), in clockwise

labels incident to w.

The main result of this section is the following:

Theorem 1.15. For all € > 0, we have

lim P (Elu € Vit |dn(u, v0) — mp(u)| > 5n1/4> =0.

n—o0

Before going into the proof, we need some additional notations. For 0 < i < £, let 7,(7)
be the vertex of V;, incident to angle a?, (i.e the vertex contour function of I'). Given an
integer 0 < i < ¥, and A > 0, we denote

pn(i, A) = max({0} U {j <i:[mn(ra(j)) — mn(ra(i))| = A}),
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gn (i, A) = min({€y} U {j > i: |mp(rn(j)) — mn(ra(i))| > A}) and
No(i,A) = [{rn(5) : 3j € [pali, A), gn (i, A)]} -

The proof of the following lemma is omitted, it is almost identical to [I, Lemma 8.2]:

Lemma 1.16. For all € > 0 and 8 > 0, there exists a > 0 and ng € N such that for
every n > no,

P <inf{Nn(i,ﬁn1/4) 0< e <2n+ 1} > om) >1-—c.
We are now ready to prove the main theorem of this section.

Proof of Theorem 1.15. By Lemma 3.7, for n > 1 and u € V,,, we have d,(v),u) <
mp(u). So it suffices to prove that for all € > 0

lim P (Elu €V i dp(v2,u) < my(u) — 5n1/4) =0.

n—oo

This is equivalent to show that for all £ > 0,

limsup P <3u € Vyy : dp (02, 1) < m(u) — 15en'/* + 964) < Ade.
n—oo

Denote by diam(G,,) the diameter of the graph G,,. Consider € > 0. By Lemma 10.4,

there exists y > 0 such that P{diam(G,,) > yn'/*} < e.

Now, assume that there exists ng € N, such that for all n > ng, there exists u,, € V,, such
that dg, (un,v?) < m(u,)—15en'/* —964. Consider the canonical orientation of G, and
let e, be an outgoing edge of u,. With the notations of Section 1.1, let P,, = Pg(ey)
be the right-to-root path starting at e,. Let Q, be a shortest path from u, to vQ that
maximizes the number of common edges with P,.

By Lemmas 1.5 and 1.11, we have

2nLRg (Qna en) + 3nRLg (Qna en) > ‘Pn’ - |Qn| — 922
> (my (u) — 42) — (my,(u) — 15en!/* — 964) — 922
>15en!/4

Thus for ng large enough we have (for each n > ng) either npg,(Qn, €,) > max(3, 3en'/?)
or nrr,(Qn, en) > max(3, 35n1/4). We call B,, the event (G,, contains a contractile cycle
C of length at most (2y/e + 4), given with a traversal direction, such that for both
v € {l,r}, we have

max my(u) — min my(u) > en'/* —79.
ueV,(C) ueV.(C)
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We deduce from Lemma 1.14 that, for ng large enough and all n > ng, either diam(G,,) >
yn1/4 or B, occurs.

Therefore it suffices to prove that

P(B, diam(Gy,) < yn'/*) < 3e.

Consider n > ng such that B occurs. Let C' be as in the definition of B. Let F be
the subgraph of T,, induced by V(G,) \ V(C). Recall that G,,[V;(C)] (resp. G,[V;(C))])
is the sub-graph of G,, induced by V;(C) (resp. V,(C)). Then each component of F'
is contained in G,[V;(C)] or G,[V,(C)]. By Lemma 3.6, for {u,v} € E(G,) we have
|m(u) — m(v)| < 7. It follows that, for « € {l,r}, there exists one component F, of F'
such that

n(u) — min mp(u) > e2n'/1/(2y + 4¢) — 79.
uglvé%g)m(w Lo, m (u) = e™n "/ (2y + 4e)

By using Lemma 3.6, then for ¢ € {l,r}, there exists v, € F, such that

£2p1/4
i L) — > — 2—-7—(2 2
Uénvl(%)]m(v) m(v)| > e 79| /2—-7—(2y/e+2)x7
£2p1/4
> —19 — 14y /e.
4y 4+ 8e ) y/e

Now for ¢ € {£,7}, let j, = inf{0 < i < £, : 7,(i) = v,}. Fix any 8 € (0,£2/(4y + 8¢)).
By Lemma 1.16, there exists a > 0 such that for n large enough,

P (win{|No (e, B0/, [No (G, Brt/4)]} < an) <.
ZZ’:‘:Q —19—14y/e > fn'/*. Then we have for v € {£,7},
N(j., fn'/*) € V,(C). Tt follows that for n large enough,

For n sufficiently large, we have

P(B, diam(G,,) < yn'/) <

e + P (3C contractile cycle, |C| < 2y/e + 4, min{|V;(C)|, |V;(C)|} > an).

The event {3C' contractile cycle, |C| < 2y/e+4, min{|V;(C)|, |V;-(C)|} > an} means that
G, contains a separating contractile cycle of length at most 2y/e + 4 that separates G,
into two sub-triangulations both of size at least an. It remains to prove that this has
probability going to 0 when n goes to infinity. Let py  (resp. ¢, ) be the number of
simple triangulation of an m-gon with n inner vertices (resp. the number of essentially
simple toroidal maps on the torus with n vertices, such that all faces have size three
except one that has size m), rooted at a maximal triangle. From previously known
estimates, there exist two constants A,, (see [27]) and B,, (by Corollary 6.4) such that

_ 256\" 256\"
Prym < Apn 5/2 <27> and  tp;m < By (27>
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(the upper bound for py, ,, estimates the number of arbitrarily rooted triangulations, of
which there are more than the type counted by py, r, itself).

Let '), be the event G,, contains a separating contractile cycle of length at most 2y /e +4
that separates GG, into two sub-triangulations both of size at least an. We have:

_n |2y/e+4] |(1—a)n]

_1 (256
P(Fn) <7T ! (27> Z Z Dekln—tk

= {=|an|
—n [20/e+4] [(1-a)n] n—t
256 256 256
<71 (=2 Aplo/? B =
= ( 27 > kzzg , ;J 27 ) TR\ 27

[2y/e+4] L[(1—a)n] [2y/e+4]

<YTU Y ABe > P <yt Y ABin (an) 2,

k=3 {=|an| k=3

Therefore P(I',,) converges towards 0 when n goes to infinity, which concludes the proof
of the Theorem. O
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