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Thèse présentée et soutenue à Orsay, le 2 Juillet 2019, par

KE WANG

Composition du Jury :

Fabien CAVALIER
Directeur de Recherche - Université Paris-Sud (LAL) Président
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Résumé

Titre: Étude d’un accélérateur à champ de sillage laser-plasma avec un faisceau

d’électrons de 10 MeV injectés depuis un photoinjecteur

Mots clés: Accélérateur laser-plasma, compression de paquet d’électrons, trans-

port de faisceau d’électrons, simulations du début à la fin, capillaire diélectrique

creux.

Le champ électrique généré dans le plasma en raison de la modulation de la densité des

électrons du plasma peut atteindre l’ordre de 100 GV/m, soit trois ordres de plus que

celui des structures RF classiques, ce qui permet de générer rapidement des faisceaux

d’électrons de haute énergie intervalle. Le gain en énergie en une étape a récemment été

porté à 8 GeV, tandis que la qualité et la stabilité du faisceau d’électrons ne sont toujours

pas comparables à celles obtenues avec les accélérateurs classiques. Une des manières

possibles d’améliorer la qualité et la stabilité du faisceau au niveau des accélérateurs RF

consiste à combiner un injecteur RF classique avec une structure d’accélération laser-

plasma, c’est-à-dire générer une source d’électrons accordable, de haute qualité et stable

basée sur un injecteur RF et l’injecter dans le plasma pour obtenir une accélération

efficace, la qualité du faisceau peut être maintenue en faisant correspondre le groupe

d’électrons externe au sillage dans le plasma. Dans cette thèse, l’accélération d’une série

d’électrons de 10 MeV provenant d’un photoinjecteur RF dans un champ électrique à

fort gradient excité dans un plasma par un laser de forte puissance est étudiée. La

configuration d’une telle expérience est étudiée et des simulations de bout en bout sont

présentées. La mise en correspondance du groupe d’électrons avec le champ de sillage

du plasma est l’une des difficultés du schéma d’injection externe. Avant d’être injecté

dans l’onde de plasma, le paquet d’électrons doit être compressé pour être beaucoup plus

court (généralement plusieurs femtosecondes ou sous la femtoseconde) que la longueur

d’onde du plasma afin de minimiser la dispersion en énergie, la taille du paquet radial

doit être beaucoup plus petite (typiquement la taille du point laser pour obtenir une force

de focalisation constante dans la direction radiale est un défi pour le groupe d’électrons

dominé par la charge d’espace (10 MeV, 10 pC). Nous commençons l’interaction plusieurs

longueurs de Rayleigh avant le plan focal laser pour obtenir une taille de point laser plus

grande, la condition d’adaptation pour la taille transversale est assouplie à plusieurs

centaines de micromètres et un groupage de vitesse est également effectué entre le plan
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de départ et le plan focal du laser, la condition d’appariement pour la durée du paquet

longitudinal est assouplie à plusieurs centaines de femtosecondes (inférieure à la moitié

de la longueur d’onde du plasma). Dans le sens longitudinal, le groupe d’électrons

externe 10MeV est comprimé en deux étapes. La première étape est réalisée à l’aide

d’une chicane dogleg composée de deux dipˆoles, de quatre quadripˆoles et de deux

sextupoles; les quadripˆoles servent à ajuster la fonction bêta dans la chicane et à faire

correspondre les termes de dispersion de premier ordre R16 et R26 à zéro, les sextupˆoles

servant à faire correspondre T566 terme avec la courbure RF et d’accorder les termes de

dispersion de second ordre T166, T266. La chicane est conçue avec MADX, IMPACT-T

et CSRTRACK sont utilisés pour réaliser des études de simulation sur la dynamique du

faisceau avec effet de charge d’espace (SC) et rayonnement synchrotron cohérent (CSR)

inclus. Nos résultats montrent que l’écart d’énergie induit par le CSR est inférieur à

0.009% et a donc moins d’effet sur le paquet d’électrons. En conséquence, le groupe

d’électrons est compressé à 69 fs à la sortie de la chicane. La deuxième étape est réalisée

avec le groupage de vitesse dans le plasma, la phase d’injection ainsi que la distance

entre le plan d’injection et le plan focal laser sont ajustées pour optimiser le processus

de groupage de vitesse, un code PIC statique WAKE est utilisé pour étudier l’interaction.

En conséquence, le groupe d’électrons est compressé à 3 fs avant une accélération efficace

et près de 80% des électrons injectés sont piégés et accélérés. Dans le sens transversal,

le paquet d’électrons est focalisé avec un solénoide avant d’être injecté dans le plasma.

Une longue cellule est utilisée pour créer un plasma commençant plusieurs longueurs

de Rayleigh avant le plan focal laser, relâchant les contraintes sur la taille du paquet

transverse. La cellule s’étend sur plusieurs longueurs de Rayleigh après le plan focal du

laser pour supprimer la divergence angulaire du paquet d’électrons. Nous démontrons

que le paquet d’électrons à la sortie du plasma a une énergie de plus de 100 MeV, une

émittance inférieure à 1 µm, une charge supérieure à 7 pC et une dispersion d’énergie

FWHM inférieure à 1.5%. Afin d’étendre la section d’accélération et d’augmenter le gain

d’énergie, le guidage du faisceau laser avec un capillaire diélectrique creux est étudié.

Pour un tel guidage, le profil transversal de l’intensité du laser à l’entrée du capillaire

a une forte influence sur les fluctuations du champ de sillage du plasma transverse

pendant la propagation du laser. Les effets de ces fluctuations sur l’accélération d’un

paquet d’électrons sont analysés en détail. Nos résultats montrent que même dans les

meilleures conditions d’appariement, le profil transversal gaussien habituellement utilisé

conduit à de fortes fluctuations générées par la diffraction des arêtes du laser à l’entrée

du capillaire. Nous démontrons qu’en réduisant cette diffraction grâce à l’utilisation d’un

profil laser gaussien aplati, il est possible d’obtenir une accélération efficace du paquet

d’électrons sur plusieurs longueurs de Rayleigh, c’est-à-dire que dans la configuration

étudiée dans cette thèse, le paquet d’électrons est accéléré à 375 MeV dans un capillaire

de 15 cm.



Abstract

Title: Design study of a Laser Plasma Wakefield Accelerator with an externally

injected 10 MeV electron beam coming from a photoinjector

Keywords: Laer Plasma Wakefield Accelerator, electron bunch compression, elec-

tron beam transport, start to end simulations, hollow dielectric capillary.

The acceleration of an externally injected 10 MeV electron bunch coming from a RF

photoinjector in a high gradient electric field excited in a plasma by a high power laser

is studied. In this thesis the configuration of such an experiment is studied and start to

end simulations are presented. As an ultrashort electron bunch (several femtoseconds) is

required to maintain a low energy spread beam in the plasma, the 10 MeV electron bunch

coming from the photoinjector is compressed in two stages. The first stage is realized

using a dogleg chicane which compresses the electron bunch to 69 fs, the second stage

is realized with velocity bunching in the plasma that further compresses the electron

bunch to 3 fs before efficient acceleration. The electron bunch is transversely focused

with a solenoid before being injected into the plasma. A long cell is used to create a

plasma starting several Rayleigh lengths before the laser focal plane, allowing the velocity

bunching in the first part of the plasma and relaxing constraints on the transverse bunch

size. The cell extends several Rayleigh lengths after the laser focal plane to suppress the

angular divergence of the electron bunch. We demonstrate that the electron bunch at

the exit of the plasma has an energy of more than one hundred MeV, with an emittance

smaller than 1 µm, a charge greater than 7 pC and a FWHM energy spread smaller

than 1.5%. To extend the acceleration section, the guiding of the laser beam with a

hollow dielectric capillary is studied, the results show that even in the best matching

conditions, the usual laser Gaussian transverse profile is not optimum, mainly because

of the diffraction of the laser on the edges at the entrance of the capillary, a flattened

Gaussian laser profile is then suggested to suppress this diffraction and the electrons can

be accelerated over more than ten Rayleigh lengths.
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Chapter 1

Introduction

High energy electron beams have been one of the most important tools for scientific

research, facilities used to accelerate the electron beam are called accelerators. In con-

ventional accelerators, the electron beam is accelerated by a radio-frequency (RF) elec-

tric field inside a metallic cavity, the acceleration gradient is limited by the break-down

threshold of the cavity material (i.e. the SLAC S-Band Linac operated at 17 MV/m

[1], the X-band cavity of the Global Linear Collider (GLC) test facility operates at

65 MV/m[2], and the X-and cavity for CERN based Compact Linear Collider (CLIC) is

designed to generate an acceleration gradient of 100 MV/m [3]). Thus, many kilometers

long of acceleration structures are required to get a high energy beam of tens GeV [4, 5]

or TeV [6]. In order to make the facility more compact and cut the costs, a high gradient

acceleration structure is strongly desired.

The electric field generated in the plasma due to the density modulation of plasma elec-

trons can reach the order of ∼100GV/m, which is three orders larger than the maximum

field in conventional RF structures and provides the possibility to produce high energy

electron beams in meter range. The plasma electron density can be modulated by the

field of an intense laser beam or of a high-intensity particle beam, depending on the drive

beam, this acceleration process is known as Laser-driven plasma wakefield acceleration

(LPWA) or beam-driven plasma wakefield acceleration (PWFA). The LPWA was firstly

proposed by Tajima and Dawson [7] in 1979, however the laser intensity could not reach

the level required by LPWA until the development of the Chirped Pulse Amplification

(CPA) technique [8] in 1985, in some early experiments, the laser pulse had a duration

comparable with the plasma wave [9, 10], in the early 2000s high-power (∼10 TW) fem-

tosecond laser pulses began to be used in experiments, and an acceleration gradients

of 100GV/m, and an energy gain of 100 MeV have been demonstrated[11–14], however,
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Introduction 2

the beam were of poor quality with an exponential energy spectra. A dramatic break-

through was achieved in 2004, electron bunches of better quality (>100 MeV, with an

energy spread of few percent) were produced by three independent groups [15–17], while

the maximum energy is limited by the diffraction of the laser. Two years later, with the

laser pulse being guided by the plasma channel in a 3.3 cm discharge capillary, a GeV

acceleration has been demonstrated by experiment[18]. The energy gain in a single stage

has been further pushed to ∼ 4.2 GeV in 2014 [19, 20] and to 8 GeV recently [21]. The

dephasing between electron bunch and plasma wave as well as the depletion of the laser

become the new obstacles to go to higher energy. The quasi-phase-matched acceleration

(a periodic structure is used)[22] and the plasma density ramp [23–25] have the poten-

tial to compensate the phase mismatch between plasma wave and electron bunch, the

recently developed curved plasma channel [26, 27] provides an opportunity to study the

multi-stage acceleration scheme by experiment, with these techniques, a higher energy

gain is foreseeable.

In addition to the effort on the high energy gain, many researches aim at improve the

quality and stability of the electron bunch, that are greatly affected by the injection

process. In the breakthrough achieved in 2004, the electron bunch was injected by

the wave breaking induced self-injection, with this self-injection mechanism an electron

beam of high charge and narrow energy spread (a few percent to 10%) can be achieved,

but the process is affected by the non-linear self-focusing and self-compression [28–33]

of the laser pulse, the beam is unstable and untunable. Then injection mechanisms

such as ionization injection [34–37], density gradient injection [38–40] and laser colliding

injection [41–44] have been developed, they make the injection process controllable,

while the stability and quality of the electron beams are still not compatible with that

produced by conventional RF accelerators.

A possible way to improve the beam quality and stability is to combine the conventional

RF injector with a laser-plasma acceleration structure, that is to generate a tunable, high

quality and stable electron source with a RF injector, then inject it into the high gradient

plasma wakefield to get efficient acceleration. The beam quality can be maintained

by matching the external electron bunch with the plasma wakefield, to minimize the

energy spread growth during the acceleration, the duration of the external bunch should

be significantly shorter than the period of the plasma wave (typically of the order of

100 fs), thus a bunch compressor is usually implemented before the plasma to compress

the electron bunch to several femtoseconds or sub-femtosecond, to reduce the emittance

growth during the acceleration, the Twiss parameters of the electron bunch should also

be matched with the plasma wakefield [45], the matched bunch size is typically a few

micrometers. The beam stability relies on the precise control of all the sub-systems, eg.

the synchronization between the drive laser, the photo cathode laser, and the RF phase
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of the cavity (as they affect the time stability the electron beam arriving at the plasma

structure), the RF power, laser and plasma stability (directly affect beam parameters).

Though, the external injection system is much more complicated, it provides an oppor-

tunity to improve the beam quality to the level of the conventional RF accelerators,

there are several running and planned projects worldwide aiming to study the external

injection scheme [46–50], some of them will be shortly summarized below. In SINBAD

at DESY, a 100 MeV external electron beam will be compressed to sub-femtosecond du-

ration by velocity bunching and a magnetic chicane with a collimator located between

the second and third dipole[51, 52], with this configuration, most electrons are lost at

the collimator (i.e 2.7 pC out of 10 pC can pass), the bunch arrival time jitter is expected

to be smaller than 10 fs, the acceleration gradient in the plasma is expected to be larger

than 200 MeV/m [53]. In SPARC lab, the 20 pC, ∼100 MeV electron bunch will be

firstly compressed to 70 fs by velocity bunching and then to 29 fs by a dogleg chicane,

two configurations are planned in the plasma, one with the laser not being guided and

another with the laser being guided by a capillary tube, the final energy is respectively

120 MeV and 630 MeV with energy spread smaller than 1%[49, 54]. In REGAE, the

5 MeV electron bunch is compressed to few femtoseconds with ballistic compression, a

S-band gun and a S-band booster are used, the longitudinal phase space is linearised

with the help of the space charge effect [50, 55], the bunch charge at the plasma entrance

is of the order of fC, while some of the studies such as the design of the focusing solenoid

at the plasma entrance [56, 57] have important enlightenment for us.

In LAL, the photo injector PHIL [58] provides a low energy (5 MeV) short pulses (ps)

electron beam [58], while the Ti:Sapphire laser LASERIX [59] can produce a 2 J laser

beam, with these existing facilities, the ESCULAP project [60] was proposed to perform

experimental study on the external injection scheme. As the energy of the electron bunch

is quite low, the space charge effect which decreases with γ2
e is significant, it is expected

to work in a low charge range (∼10pC), a booster will be implemented after the gun to

accelerate the electron bunch to ∼10 MeV with an energy chirp, then a dogleg chicane

and a solenoid will be put downstream to match the electron bunch with the plasma

wakefield. The laser will be focused to a spot size of ∼50 µm which yield a Rayleigh

length of 1 cm, with a FWHM duration of 45 fs, the maximum intensity and amplitude

of the laser yield I0 = 1.04× 1018W/cm2, a0 = 0.70, the plasma wakefield field is in the

linear regime. The object of this thesis is to perform parameters studies for the project,

and propose a configuration that will be set up for the subsequent experimental study,

the beam manipulation before the plasma and the injection, acceleration process in the

plasma are all covered.
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In SINBAD and SPARC the beam energy is 100 MeV, both velocity bunching and

magnetic compression will be implemented, a two stages magnetic compression has also

been proposed for SINBAD. While for ESCULAP, the beam energy is low (10 MeV with

a booster), due to the limited space in the PHIL experiment room, it is difficult to add

Linacs or perform two stages compression, with only one stage magnetic compression, it’s

not realistic to compress the electron beam from ∼1 ps to several femtoseconds. Thus the

idea is to compress the electron bunch to ∼100 fs (shorter than half of the plasma wave)

with a magnetic chicane, and then perform velocity bunching with a relatively weak

wakefield in the plasma, after the electron bunch being compressed to few femtoseconds,

a strong wakefield will accelerate the bunch to higher energy.

The longitudinal compression chicane and the transverse transport line are designed

and studied in this thesis, normally the TWISS parameters after the magnet chicane

can be tuned by the TWISS parameters at the chicane entrance, thus several quadrupoles

can be set before the magnetic chicane to pre-match the TWISS parameters, this can

reduce the length of the transport line after the magnet chicane, and suppress the bunch

length growth there. While in the low energy case, the electron bunch is space charge

dominated, especially when it is compressed, the actual TWISS parameters vary a lot

from the optical design values, thus in our case the transverse matching and longitudinal

compression are performed separately. After the booster, a dogleg chicane is used to

compress the electron bunch to ∼60 fs, then a solenoid is used to focus the electron

bunch to a size of ∼25 µm much smaller than the laser spot size at the injection plane

(the injection plane is several Rayleigh lengths away from the laser focal plane).

In the plasma, the laser plasma interaction begins several Rayleigh lengths before the

laser focal plane, where the wakefield is weak, the electron bunch is injected near the

zero crossing phase of the electric field to perform velocity bunching. In the meanwhile,

the electron bunch slips backward due to the dephasing effect (electrons move slower

than the plasma wave). The electron bunch slips to the field crest and is compressed

to several femtoseconds close to the laser focal plane, then it is efficiently accelerated to

∼150 MeV. Here, the laser beam is not guided, the efficient acceleration section is only

within one Rayleigh length before and after the laser focal plane, the interaction ends

several Rayleigh length after the laser focal plane, thus the angular divergence of the

electron bunch is reduced, this is beneficial for the subsequent extraction beam line.

To further increase the bunch energy, the laser guiding with a hollow dielectric capillary

is studied, the simulation results show that with normal Gaussian radial profile, the field

at the capillary inner wall at the entrance is not zero, the diffraction at the capillary

entrance modulates the radial profile of the laser and excites a defocusing force at the

focusing phase, in that case most electrons are lost during the propagation. In this thesis
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a focused Flattened Gaussian beam[61] is suggested to eliminate the diffraction at the

capillary entrance, the propagation of the focused flattened Gaussian beam in a dielectric

capillary is investigated, with the focused Flattened Gaussian beam, the electron loss

during the propagation is efficiently suppressed. With the dielectric capillary and the

focused Flattened Gaussian beam, an upgrade configuration for the ESCULAP project

is studied.

This thesis is organized as follows. In chapter 2, the basic theory of beam dynamics and

frequently used bunch compression techniques are introduced. The generation of the

laser plasma wakefield, the technique related to bunch injection and the limitation of

the bunch energy are reviewed. In Chapter 3, the design of the dogleg and the transport

line as well as the simulation results are presented. In chapter 4, the laser-plasma config-

uration and the injection phase of the electron bunch are tuned to optimize the velocity

bunching process. The optimal injection conditions at different plasma densities are

presented, the evolution of the bunch parameters under the optimal injection condition

are investigated. In chapter 5, a hollow dielectric capillary is implemented to guide the

laser beam and extend the acceleration length, the propagation of the laser beam in a

dielectric capillary is studied. With a Gaussian and a focused Flattened Gaussian radial

profile of the drive laser, the propagation of the electron bunch in the plasma wakefield

is studied.



Chapter 2

Electron dynamics and

Laser-Plasma Wakefield

acceleration in the linear regime

2.1 Electron dynamics

2.1.1 Equation of motion

In particle accelerators, the electron beam is usually accelerated by an electric field and

guided by a magnetic field, the equation of motion for electrons in the presence of an

electromagnetic field takes the form

d~p

dt
= e ~E + e~v × ~B (2.1)

Without loss of generality, let’s assume that the electrons move in the z direction, x, y

are respectively the horizontal and vertical direction. For simplicity, the particles are

usually described using a Cartesian coordinate system that follows with the reference or

ideal trajectory (the reference electron is located at the origin of the coordinate O), a 6D

trace space (x, x’, y, y’, z, δ) can be used to fully describe the electrons. Recognizing the

momentum of the reference electron as (px0, py0, p0), and the momentum of a general

electron as (px, py, pz), then one has δ = (pz − pz0)/pz0.

With the reference coordinates, the equation of motion takes the form [62]:

x′′ = −(1 + kx0x)kx + kx0 (2.2)

6



Electron dynamics and Laser-Plasma Wakefield acceleration in the linear regime 7

Here kx0 =
eBy0

pz0
, kx =

eBy
pz

refer to the curvatures of the electron trajectory, and the

subscript ’x0’ indicates the parameters for the reference particle. A development of the

magnetic field in a magnet is:

By =B0y + gx+
1

2
s(x2 − y2) + ... (2.3a)

Bx =B0x + gy + sxy + ... (2.3b)

The three terms in the right hand of the equations are respectively the 0th order (dipole)

component, the 1st order (quadrupole) component and the 2nd order (sextupole) com-

ponent.

The 0th order component may exert a deflective force on the reference particle, while

the higher order components are related to the coordinates, they are invisible for the

reference electron (kx0 = 0), but they are capable of focusing the general electrons to

oscillate around the reference electron.

The momenta 1
pz

can be expanded w.r.t. the reference momenta 1
pz0

in the following

form
1

pz
=

1

pz0(1 + δ)
=

1

pz0
(1− δ + δ2 − δ3 +O(δ4)) (2.4)

Thus we have kx = kx0(1 − δ + δ2 − δ3 + O(δ4)), substituting it into equation 2.2 and

only keeping the linear term of δ we have x′′ = −k2
x0x + kx0δ + k2

x0xδ. Where kx0 can

be replaced with the magnetic field in the corresponding magnet shown in formula 2.3,

ignoring the cubic order of δ, x, the equations of motion in dipoles, quadrupoles and

sextupoles can be written with

x′′ +
x

ρ2
0

=
δ

ρ0
+
xδ

ρ2
0

(2.5a)

x′′ +
e

pz0
gx =

e

pz0
gxδ (2.5b)

x′′ = −1

2

e

pz0
s(x2 − y2) (2.5c)

Where ρ0 = pz0/(eB0y) is the bend radius in the dipole. For a monochromatic beam the

equations of motion in a dipole and a quadrupole become homogeneous equations, but in

real case we can never get a monochromatic beam, electrons with different energies are

focused differently and the image becomes blurred. While, according to the equation

of motion in a sextupole, it is independent of δ and is capable of compensating the

chromatic aberration introduced in the dipole the quadrupole. But one should note that,

here only the quadratic order of δ, x are included, if we go to higher order, sextupoles

will introduce higher order chromatic aberrations.
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2.1.2 Hill equation and Courant-Snyder (Twiss) parameters

If a monochromatic particle is considered, the equations of motion in previous section

can be written as Hill’s equation

x′′ +Kx = 0 (2.6)

The solution for Hill’s equation depends on the express of K, with a constant K in a

length of L, the solution follows

K>=0 [
x

x′

]
=

[
cos(
√
KL) 1√

K
sin(
√
KL)

−
√
Ksin(

√
KL) cos(

√
KL)

][
x0

x′0

]
(2.7)

K<0 [
x

x′

]
=

 cosh(
√
| K |L) 1√

|K|
sinh(

√
| K |L)

−
√
| K |sinh(

√
| K |L) cosh(

√
| K |L)

[ x0

x′0

]
(2.8)

if
√
KL << 1, the transfer matrix can be simplified with cos(

√
KL) ≈ 1, sin(

√
KL) ≈

√
KL, thus when K >= 0 one has[

x

x′

]
=

[
1 L

−KL 1

][
x0

x′0

]
(2.9)

Compare with a convex lens, where f = 1
KL is the focal length, the thin lens approxima-

tion is usually used in simple analysis of the transport line, it is a good approximation

when KL2 = L/f << 1.

The transport line can be described with the scalar product of a series of transfer matri-

ces. In the periodic system K(s) = K(s+C), C is the length of a period, Hill’s equation

has a solution as a harmonic oscillator[63]

x(s) = A
√
β(s)cos(ψ(s) + ψ0) (2.10)

where β(s) and ψ(s) are respectively the amplitude and phase functions which varies

along the beam line, while A and ψ0 are constants determined by the initial conditions.

ψ(s) and β(s) are related by

ψ(s) =

∫
1

β(s)
ds (2.11)

It is customary to define two other functions to describe the angular divergence

α(s) = −1

2

dβ(s)

ds
(2.12)



Electron dynamics and Laser-Plasma Wakefield acceleration in the linear regime 9

γ(s) =
1 + α(s)2

β(s)
(2.13)

α > 0 indicates that the particle is converging to the axis and vice versa, A
√
γ is the

angular divergence. α(s), β(s), and γ(s) are the so-called Twiss or Courant Snyder

parameters. The trajectory of particles satisfy the relation

γ(s)x2 + 2α(s)xx′ + β(s)x′2 = A2 (2.14)

With the Twiss parameters, equations 2.7, 2.8 can be rewritten as[64]

[
x

x′

]
s

=

 √
βx.s
βx.0

(cos(∆ψ) + αx.0sin(∆ψ))
√
βx.sβx.0sin(∆ψ)

− (1+αx.sαx.0)sin(∆ψ)+(αx.0−αx.s)cos(∆ψ)√
βx.sβx.0

√
βx.0
βx.s

(cos(∆ψ)− αx.ssin(∆ψ))

[ x

x′

]
s0

(2.15)

Equation 2.14 is the general equation of an ellipse centered at the origin of the x − x′

space, the ellipse varies along the transport line, but the area is kept constant. Equation

2.14 describes only a single particle, it can also be extended to describe the trace space

of a particle beam by replacing the oscillation amplitude with A
√
β =
√
< x2 >, defining

the area of the phase space as the trace emittance εx.tr = A2, then the corresponding

Twiss parameters are

β =
< x2 >

εx.tr
, γ =

< x′2 >

εx.tr
,−α =

< xx′ >

εx.tr
, (2.16)

And we have

εx.tr =
√
< x2 >< x′2 > − < xx′ >2 (2.17)

Obviously, the trace emittance decreases along with the acceleration of the beam, thus

it is customary to normalize the trace emittance with the energy

εx.n.tr =
p̄

m0c
εx.tr (2.18)

p̄ denotes the average longitudinal momentum, there are two other common ways to

define the emittance, the normalized RMS emittance and the geometric emittance

εx.n.rms =
1

m0c

√
< x2 >< p2

x > − < xpx >2, εx.rms =
εx.n.rms
p̄z/m0c

(2.19)

The normalized RMS emittance is usually used in numerical codes, thus the 6D phase

space (x, px, y, py, z, δ) is generally used instead of the trace space. According to Liou-

ville’s theorem, the 6D phase space is constant, and it is also valid to the 3 projected

planes if they are not correlated, and we have εx.n.rms = εx.n.tr close to the beam

waist[65].
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2.1.3 Beam optics

According to the solution for the equation of motion 2.7, 2.8, the evolution of a single

particle’s trajectory can be described with the transfer matrix[
x

x′

]
=

[
R11 R12

R21 R22

][
x0

x′0

]
(2.20)

The matrix R depends on the properties of the magnet, according to equation 2.20, the

transfer equation for a particle beam follows that

< x2 > = R2
11 < x2

0 > +R2
12 < x′20 > +2R11R12 < x0x

′
0 > (2.21a)

< x′2 > = R2
21 < x2

0 > +R2
22 < x′20 > +2R21R22 < x0x

′
0 > (2.21b)

< xx′ > = R11R21 < x2
0 > +R12R22 < x′20 > +(R11R22 +R12R21) < x0x

′
0 > (2.21c)

Compare with the definition of the Twiss parameters in equation 2.16, the transfer

matrix of the Twiss parameters is written as

εx.tr


βx

γx

αx

 = εx0.tr


R2

11 R2
12 −2R11R12

R2
21 R2

22 −2R21R22

−R11R21 −R12R22 R11R22 +R12R21



βx0

γx0

αx0

 (2.22)

Usually a matrix σ is defined by the Twiss parameters

σx = εx.tr

[
βx −αx
−αx γx

]
(2.23)

Refer to equation 2.22, the σx matrix evolves as

σx = Rσx0R
T (2.24)

This transfer matrix could be also extended to the 6D trace space, only considering the

linear optics (first order), we have

x

x′

y

y′

z

δ


=



R11 R12 R13 R14 R15 R16

R21 R22 R23 R24 R25 R26

R31 R32 R33 R34 R35 R36

R41 R42 R43 R44 R45 R46

R51 R52 R53 R54 R55 R56

R61 R62 R63 R64 R65 R66





x0

x′0

y0

y′0

z0

δ0


(2.25)
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The dispersion function R16 and it’s derivative R26 are coming from the δ
ρ0

in equation

2.5a.

Substituting higher order δ of equation 2.4 into the equation of motion, and recognizing

the elements of the second and third order transfer matrix as Tijk, Uijkl, the transfer

matrix is written as

xi =

6∑
j=1

Rijxj0 +

6∑
j=1

6∑
k=1

Tijkxj0xk0 +

6∑
j=1

6∑
k=1

6∑
l=1

Uijklxj0xk0xl0 +O(4) (2.26)

To study the the transfer matrix of a transport line, let’s recognize the transfer matrix

at the entrance of magnet A as Men (matrix elements at the entrance are recognized

with a subscript of en), and recognize the transfer matrix of A as MA (matrix elements

are recognized with a subscript of A), then the transfer matrix at the exit of A take the

form that

Rij.ex =

6∑
p=1

Rip.ARpj.en

Tijk.ex =
6∑
p=1

Rip.ATpjk.en +
6∑

p,q=1

Tipq.A (Rpj.enRqk.en +Rpk.enRqj.en) (2.27)

In general, a transport line is composed of dipoles and quadrupoles, the (x,x’) and

(y,y’) planes are uncoupled, they are analyzed separately, while for particle beams with

sufficient energy spread, the dispersion function should be considered.

2.1.4 Interaction between particles

So far, we have treated only the forces of external fields on a particle, another important

issue is the effects of the beam’s own electromagnetic field on itself, in this thesis, just

the space charge and the Coherent synchrotron radiation (CSR) are investigated, while

the wakefield is usually important for high repetition beam, it is out of the scope of this

thesis.

2.1.4.1 Space charge effect

Firstly, assume a long beam uniformly distributed in longitudinal and azimuthal direc-

tion, moving with velocity v, thus we have only the radial electric field and azimuthal
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magnetic field, in the particle beam they take the form that

Er =
q

ε0r

∫ r

0
ρ(r)rdr (2.28a)

Bθ =
qvµ0

r

∫ r

0
ρ(r)rdr (2.28b)

Where q is the charge of a single particle, ρ is the density of the particles, ε0 and µ0 are

respectively the vacuum permittivity and the vacuum permeability. The radial Lorentz

force is Fr = qEr − qvBθ = qEr(1− β2), β = v
c is the Lorentz factor and c is the speed

of light. For relativistic beams, 1− β2 ≈ 1
γ2 , thus

Fr =
q2

ε0rγ2

∫ r

0
ρ(r)rdr (2.29)

It’s a defocusing force and decreases with γ2, thus it is more significant in the low energy

regime.

In real case, particle beams have finite length, an ellipsoidal bunched model is usually

used to study the beam envelop, here we follow the model in [66, 67]

Consider a particle beam uniformly distributed in an ellipse, then the semi axes is related

to the RMS size by ri =
√

5σi =
√

5 < i2 >, i = x, y, z, the electric field inside the bunch

follows that

Ex =
3Iλ(1− f)

4πε0c(rx + ry)

x

rx
(2.30a)

Ey =
3Iλ(1− f)

4πε0c(rx + ry)

y

ry
(2.30b)

Ez =
3Iλf

4πε0crxry

z

rz
(2.30c)

Where λ is the RF wavelength, I is the average current over a RF period, f is the

ellipsoid form factor and is a function of the parameter p = γrz/
√
rxry, it is expressed in

equation 2.32 and shown in Figure 2.1. According to equation 2.30 the field is linearly

related to the coordinate, the envelop equations can be derived by substituting the field

expressions into Hill’s equation and they are given by [63]

σ′′x + kx(s)σx −
ε2x.tr
σ3
x

− 3K(1− f)

(σx + σy)σz
=0 (2.31a)

σ′′y + ky(s)σy −
ε2y.tr
σ3
y

− 3K(1− f)

(σx + σy)σz
=0 (2.31b)

σ′′z + kz(s)σz −
ε2z.tr
σ3
z

− 3Kf

σxσy
=0 (2.31c)
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f =
1

1− p2


1− p√

1−p2
arccos(p) p < 1

1− p√
p2−1

arccosh(p) p > 1
(2.32)

0 1 2 3 4 5
p

0

0.2

0.4

0.6

0.8

1

f 
(p

)

Figure 2.1: The ellipsoid form factor

Where K = eIλ/(20
√

5ε0mc
3γ3β2) is the 3-dimensional space charge parameter. This is

a good approximation for any distribution with ellipsoidal symmetry. In formula 2.31a,

2.31b and 2.31c, the second term represents the external focusing force, the third term

represents the outward pressure due to the normalized RMS emittance, and the fourth

term represents the space charge term.

In a space charge dominated beam (i.e in the gun), the term of emittance can be ignored,

one can easily derive the matching condition which lead to a constant envelop (σ′x,y,z =

0). i.e kx(s) = 3K(1−f)/(σx.match(σx.match+σy)σz). However, the geometry varies in the

longitudinal direction, thus the matching condition varies between slices, it is shown that

in a slightly mismatched slice the x envelop oscillates with sin
√

2kxz, while the emittance

oscillates with
∣∣sin√2kxz

∣∣. In a real electron bunch, the space charge effect varies along

the electron bunch, thus the betatron oscillation frequency is different between slices,

this may lead to the decoherence between slices, and increase the projected emittance,

an external force is required to compensate the emittance growth[68]. The mismatch

factor defined by [69] which can be used to check the decoherence between slices.

Ms = Bmag +
√
B2
mag + 1 (2.33)

where Bmag yield

Bmag =
1

2
(β1γ2 + β2γ1 − 2α1α2) (2.34)
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β1,2 and α1,2 are the Twiss parameters of two different slices, with Ms = 1 the phase

space of two slices are similar.

In an emittance dominated beam, the space charge effect can be ignored, the beam size

should be matched with the external force, and from equation 2.31a, one has

kx.match(s) = ε2x.tr/σ
4
x.match(s) = 1/β2

x (2.35)

For a precise study, a 3D numerical simulation is required.

2.1.4.2 Coherent synchrotron Radiation

Particles radiate energy when they are accelerated, in a curved trajectory, the radiation

field emitted by the particles in the tail may overtake the head of the bunch. The

radiation from a relativistic electron bunch moving in a magnetic field is usually in a wide

frequency spectrum, the spectral distribution is characterized by a critical wavelength

λrad.c = (4/3)πργ−3, the radiation power at wavelengths shorter than λrad.c is 50%

of the total radiation power [70]. The radiation is coherent in the frequency range of

ωrad � c/lb, c is the speed of light in vacuum, and lb is the bunch length, ρ is the

bending radius and γ is the Lorentz factor of the electron.

Here we simply review the theory of synchrotron radiation (SR) beginning with vector

and scalar inhomogeneous wave equations, in this section, all the equations are listed in

SI unit unless specified otherwise.

∆2 ~A− 1

c2

∂2 ~A

∂t2
= −µ0

~J (2.36)

∆2Φ− 1

c2

∂2Φ

∂t2
= − ρ

ε0
(2.37)

The retarded solution for equation 2.36, 2.37 can be derived with Green’s function [71]

~A(~r, t) =
µ0

4π

∫
~J(~r′, t′)

d~r′

|~r − ~r′|
(2.38)

Φ(~r, t) =
1

4πε0

∫
ρ(~r′, t′)

d~r′

|~r − ~r′|
(2.39)

In equations 2.38, 2.39, the vector/scalar in position ~r at time t is excited by the cur-

rent/electron source in position ~r′ at time t’, t− t′ = |~r(t)− ~r′(t′)|/c is the retard time.
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A

Figure 2.2: Radiation of an electron moving with velocity ~v

To describe it in detail, let’s start with considering an electron moving with velocity ~v,

referring to Figure 2.2, when the electron moves from P’, it radiates an electromagnetic

field, the radiation travels with velocity c, at time t the radiation arrives at P, while

the electron arrives at A. All the parameters in formulas 2.38, 2.39 with superscript ’

describe the state of the electron at time t’. In order to do the calculation we need to

transform them into the same time coordinate, assuming that from t′ to t, there is no

disturbance then the transformations follow that

~v′(~r′, t′) = ~v(~r′ + (t− t′)~v′(~r′, t′), t) = ~v (2.40)

~J(~r′, t− |~r −
~r′|

c
) = ~J(~r′ + ~v

|~r − ~r′|
c

, t) (2.41)

ρ(~r′, t− |~r −
~r′|

c
) = ρ(~r′ + ~v

|~r − ~r′|
c

, t) (2.42)

Let’s call the right hand of formula 2.41/2.42 the retarded current/charge, substitute

them into formula 2.38, 2.39, we have

~A(~r, t) =
µ0

4π

∫
~J(~r′ + ~v

|~r − ~r′|
c

, t)
d(~r′ + ~v |~r−

~r′|
c )

|~r − (~r′ + ~v |~r−
~r′|
c )|

(2.43)

Φ(~r, t) =
1

4πε0

∫
ρ(~r′ + ~v

|~r − ~r′|
c

, t)
d(~r′ + ~v |~r−

~r′|
c )

|~r − (~r′ + ~v |~r−
~r′|
c )|

(2.44)

If only one electron is considered, equations 2.43, 2.44 are reduced to the following

formalization

~A(~r, t) =
µ0e

4π

~v

|~r − ~r′|(1− ~n · β)
(2.45)

Φ(~r, t) =
e

4πε0

~v

|~r − ~r′|(1− ~n · β)
(2.46)

With the relation that E = −5 Φ− ∂ ~A/t, and B = 5 ~A, the electric field yields

~E =
e

4πε0
(

~n− ~β

γ2(1− ~n · ~β)3|~r − ~r′|2
+

~n× [(~n− β)× ~̇β]

c(1− ~n · ~β)3|~r − ~r′|
) (2.47)
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Figure 2.3: Two electrons move in a circular trajectory

Here, ~β = ~v/c is the normalized velocity, ~̇β = d~β/dt refers to the acceleration. It should

be noted that formulas 2.38, 2.39 are derived without assumption or approximation,

while formula 2.47 is derived with the assumption that from t’ to t, the velocity of

the electron didn’t change. The 3D electromagnetic field can be calculated from the

distribution of the electrons, however, it is usually time consuming.

For an electrons moving in a circular trajectory, according to the theory in [72], the

electron bunch can be treated as line distribution if the transverse size is so small that

the Derbenev criterion is satisfied, then the radiation force can be divided into 1D CSR

(the second part in equation 2.47) and Coulomb force (the first part in equation 2.47),

the Derbenev criterion is
σr
σz
�
(
ρ

σz

)1/3

(2.48)

Where ρ is the bend radius, with the 1D CSR model, consider two electrons moving in

a circular trajectory, see Figure 2.3, at time t′, they are located at s′ and s′1, at time

t, they reaches s and s1 and the electric field of the back electron produced at point s′

overtakes the front electron, the overtaken length is

∆s = s′1 − s′ = ρθ −
∣∣s′s1

∣∣β ≈ (1− β)ρθ + ρθ3/24 (2.49)

For an electron bunch, with a length of lb, in the total coherent regime where the

electron bunch is smaller than the critical radiation wavelength lb � λrad.c, the energy

loss gradient is given by [73]

dEe
dct

=
N2e2γ4

es

3πε0ρ2lb
(0 ≤ s ≤ lb) (2.50)

The total energy loss due to the radiation can be obtained from the integration

P = −
∫ lb

0
dsζ(s)

dEe
dt

(2.51)

Where ζ(s) is the line density of the electrons. The integration is proportional to N2e2γ4
e ,
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that means the electron in a short bunch radiates as a single particle with the charge of

Ne, the radiation power also depends on the energy of the electron bunch.

While if lb � λrad.c, there is still low frequency radiation, which is coherent, the energy

loss gradient along the bunch is given by [72, 73]

dEe
dct
≈ − 2e2

4πε031/3ρ2/3

∫ s1

−∞

1

(s1 − s)1/3

dζ(s)

ds
(2.52)

For a Gaussian distributed electron beam, the line density denotes ζ(s) = N√
2πlb

exp(−s
2

2l2b
),

the integrated result is derived in [72–74], it follows the form that

dEe
dct

=
Ne2

2
√

2π3/2ε031/3ρ2/3l
4/3
b

F (
s

lb
) (2.53)

Where F ( slb ) is given by

F (x) =

∫ x

−∞

dx′

(x− x′)1/3

d

dx′
exp(−x′2/2) (2.54)

The energy loss along the bunch dEe/dct is shown in Figure 2.4, the bunch head (right)

get energy while the bunch tail (left) lost energy. The total power loss can be obtained

by substituting equation 2.53 into 2.51, it yields

P = − N2e2

ρ2/3l
4/3
b

31/6(Γ(2/3))2

22/3π2ε0
(2.55)

Where Γ(x) =
∫∞

0
tx−1

et dt, the radiation is also proportional to the square of the electron

number, but the radiation power depends on the bunch length and is independent of the

bunch energy.

Thus CSR effect is significant for the case of short bunch length and high bunch charge,

assume the CSR induced energy deviation is δCSR, the bunch properties can be modified

with the dispersion terms i.e. x = x0 + R16δCSR, the effect of CSR should be checked

carefully in bending planes, especially in magnetic compressors.
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Figure 2.4: The CSR induced energy change of a line charge with Gaussian density
distribution, the bunch head is on the right side

2.1.5 Longitudinal compression of electron bunch

The general way to compress an electron bunch in the longitudinal direction is to utilize

the energy-position correlation, that is to properly match the R56 and R65 terms of the

transfer line. Assuming an electron bunch with initial energy deviation (uncorrelated)

δ0, an energy-position correlation is imparted as

δ = k0δ0 + k1zi + k2z
2
i + k3z

3
i + (4) (2.56)

When it traverses a dispersed beam line the transfer equation is

z = zi + h1δ + h2δ
2 + h3δ

3 + (4) (2.57)

h1, h2 and h3 are respectively R56, T566 and U5666 in the transfer matrix, while k1, k2

and k3 are respectively R65, T655, U6555. Usually k0 is introduced by the energy change

of the reference particle.

Only remain the terms zmi , δ
m, with m < 3, after the dispersed beam line we have

z2 = h1k
2
0δ

2
0

+ 2h1k0δ0(1 + k1h1)zi

+ [(1 + k1h1)2 + 2h1k0δ0(k2h1 + k2
1h2)]z2

i

(2.58)

The RMS bunch length is

σz ≈
√

h2
1k

2
0σ

2
δ0 + [(1 + k1h1)2 + 2R56k0δ0(k2h1 + k2

1h2)]σ2
zi (2.59)
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According to equation 2.59, the minimum bunch length can be achieved with the full

compression condition

h1 = −1/k1, h2 = −k2h1/k
2
1 (2.60)

Under full compression, the minimum bunch length is limited by the initial uncorrelated

energy spread.

Generally, the energy chirp terms ki, i = 0, 1, 2..., are generated by off crest acceleration

in a RF field, there are also studies on generating energy chirp with the space charge

effect[75].

The dispersion terms hi, i = 1, 2, 3... can be generated directly by the velocity difference

in low energy regime, and by the trajectory difference in the high energy regime.

2.1.5.1 Compression with velocity difference

The two frequently used compression methods in low energy regime are ballistic com-

pression and velocity bunching. The ballistic compression is to impart an energy chirp

(R65) by off crest acceleration in a RF field, the electron bunch will be compressed in the

downstream drift by the velocity difference, while velocity bunching relies on the longitu-

dinal phase-space rotation of the electrons and the phase slippage between the electrons

and the RF wave which both occur during the acceleration of non-ultra-relativistic elec-

trons.

2.1.5.1.1 Ballistic Compression To study the energy chirp generated by the

acceleration in a RF field, assume that the reference particle has an energy of Ei0 at the

entrance, and then is accelerated to the nominal energy Ef0 with an RF phase φ0. For

a general electron which is located at zi with respect to reference particle, and has an

energy of Ei at the entrance, the energy after acceleration yields

Ef = Ei +
Ef0 − Ei0
cos(φ0)

cos(φ0 + 2πzi/λ) (2.61)

λ is the wavelength of the acceleration field in the RF structure, generally, zi � λ/2π

and the relative energy deviation can be expanded as

δf ≈
Ei0
Ef0

δ0 − (1− Ei0
Ef0

)
2π

λ
zitan(φ0)− (1− Ei0

Ef0
)
1

2
(
2π

λ
zi)

2 + (1− Ei0
Ef0

)
1

6
(
2π

λ
zi)

3tan(φ0)

(2.62)

Here δf = (Ef − Ef0)/Ef0, δ0 = (Ei − Ei0)/Ei0.

Referring to equation 2.56, we have
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k0 = Ei0

Ef0

k1 = (1− Ei0
Ef0

)2π
λ tan(φ0)

k2 = (1− Ei0
Ef0

)1
2(2π

λ )2

(2.63)

The relative position of electrons can be modified by the velocity difference in the low

energy regime, consider a reference electron with a velocity v0, and a general electron

with velocity v0 + ∆v, they are coincident in z0, when the reference electron travels to

z, the longitudinal shift between the two electrons is

∆z = ∆v
z − z0

v0
=

∆β

β0
(z − z0) (2.64)

Where β = v
c is the normalized velocity, γ = 1√

1−β2
is the Lorentz factor. With the

momentum deviation being defined by δ = ∆βγ
β0γ0

, expanding equation 2.64 about the

center momenta β0γ0, we have

∆z =
1

β0
[
dβ

d(βγ)

∣∣∣∣
β0γ0

∆(βγ)+
1

2

d2β

d(βγ)2

∣∣∣∣
β0γ0

∆(βγ)2+
1

6

d3β

d(βγ)3

∣∣∣∣
β0γ0

∆(βγ)3+O(4)](z−z0)

(2.65)

Since we have 

dβ
dβγ = 1

γ3

d2β
dβγ2 = −3β

γ4

d3β
dβγ3 = −15β2−3

γ5

(2.66)

Substituting equation 2.66 into equation 2.65 and compare with equation 2.57 we have

h1 = z−z0
γ2

0

h2 = −3β2
0

2γ2
0
(z − z0)

h3 = [− β2

2γ2 + 5β4

2γ2 ](z − z0)
(2.67)

One should be aware that an assumption of β ≈ 1 was made in equation 2.62, so that
dβγ
dβ0γ0

≈ ∆γ
γ0

.

Only taking the linear order in equation 2.65, we have R56 = (z−z0)
γ2

0
, to obtain equal

shift, the required drift length increases with γ2
0 . Consider a 5 MeV (γ0 = 10) electron

beam with an energy spread of δ = 1%, the longitudinal shift in 1 m’s propagation

is ∆z =0.1 mm, while for a 50 MeV (γ0 = 100) electron beam with the same energy

spread, the longitudinal shift in 1 m’s propagation is only ∆z =0.001 mm. Normally

the electron bunch has a size of several millimeters, thus in the low energy regime, the
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velocity difference is capable of rearranging the longitudinal distribution over several

meters, by pre-setting a proper energy chirp R65, the bunch can be compressed. While

in the high energy regime, hundreds meter’s drift are required to achieve equal shift,

usually a bend section is used to generate sufficient R56 by trajectory difference.

To obtain a short electron bunch, usually the second order full compression condition

(see 2.60) should also be satisfied, usually another cavity is used to linearize the phase

space and match the second order terms[76, 77], the energy gain and the acceleration

phase in two cavities should meet the following conditions [78]

∆E1 sin(φ1)

λ2
1

= −∆E2 sin(φ2)

λ2
2

(2.68a)

∆E1 cos(φ1)

λ3
1

= −∆E2 cos(φ2)

λ3
2

(2.68b)

The parameters in two cavities are respectively identified with subscripts ”1” and ”2”,

λ is the RF wavelength, ∆E is the maximum energy gain in the cavity and φ is the

acceleration phase in the cavity. If λ1 = λ2, the energy gain in the two cavities are

canceled (∆E1 sin(φ1) = −∆E2 sin(φ2)) according to equation 2.68, thus usually a high

harmonic cavity is used to match the second order terms.

Another interesting topic is that the space charge effect may expand the longitudinal

phase space, and two cavities with the same frequency can also be used to linearize the

phase space, the detailed study can be found in [55], but the second cavity needs to work

at a deceleration phase, the bunch energy is quite low after compression.

2.1.5.1.2 Velocity bunching Velocity bunching is realized by off crest acceleration

in the RF field, electrons in the head get less energy while electrons in the tail get more

energy, the phase space rotates during the acceleration. Velocity bunching is beneficial

for high current where the space charge effect can be reduced by the acceleration, but

longer, multi-cavities are required for the compression.

The acceleration phase φ evolves as dφ = krf (ve − vrf )dt = krf (1 − vrf
ve

)ds, where krf

is the wave number of the RF field, vrf and ve are respectively the velocity of the RF

field and the electron, usually we take vrf ≈ c for simplification, energy γ in the RF

cavity evolves as dγ = akrf sin(φ)ds, and a = E0
krfmc2

is defined as dimensionless vector

potential amplitude of the wave, thus we have

dφ

ds
= krf (1− γ√

γ2 − 1
) (2.69a)

dγ

ds
= akrf sin(φ) (2.69b)
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Using a separation of variables approach, one can get[79]

a cos(φ) + γ −
√
γ2 − 1 = C (2.70)

Where C is a constant that can be decided by the initial condition C = a cos(φ0) +

γ0 −
√
γ2

0 − 1, usually the electron beam is relativistic after velocity bunching, two

approximations are made for simplification, γ −
√
γ2 − 1 ≈ 0, and γ0 −

√
γ2

0 − 1 ≈ 1
2γ0

,

substituting them into equation 2.70, one has

φ = arccos(arccos(φ0) +
1

2aγ0
) (2.71)

Expanding equation 2.71 to the first order of φ0 and γ0, one can get the final phase

extension

∆φ =
sin(φ0)

sin(φ)
∆φ0 +

1

2aγ2
0 sin(φ)

∆γ0 (2.72)

Ignoring the initial energy spread, the compression factor follows ∆φ
∆φ0

= sin(φ0)
sin(φ) , the

maximum compression is achieved with φ = 0.

2.1.5.2 Compression with trajectory difference

For an ultra relativistic electron bunch, the velocity difference is quite small, the com-

pression is usually realized with the trajectory difference in a bend section.

Dipoles are used to bend the electron beam, dispersion terms in a dipole can be achieved

by solving equation 2.5a, the first order horizontal dispersion term is R16 = ρ(1−cos(θ)),

ρ and θ are the bend radius and the bend angle of the dipole, the first and second order

longitudinal dispersion terms R56 and T566 are given by[80]

R56 = −
∫
R16

ρ
ds (2.73a)

T566 = −
∫ [

T166

ρ
+

1

2
R2

26 +
1

2

(
R16

ρ

)2
]
ds (2.73b)

The integration of the transverse dispersion gives the longitudinal dispersion, and usually

several dipoles are used to get a closed transverse dispersion. The frequently used

configurations are the Dogleg chicane, C-chicane, S-chicane, and FODO arc as shown in

Figure 2.5.

By convention the bunch head is the z < 0 direction, thus R56 is positive in the dogleg

and the FODO arc, and negative in the C-type and S-type chicane. Using thin lens
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LD LB
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(A) Dogleg chicane (B) C-chicane

(C) S-chicane (D) FODO arc

Figure 2.5: different types of magnetic compressor

approximation, the exact longitudinal dispersion value of C-chicane is given by

h1 = R56 = −2θ2(LD +
2

3
LB), h2 = T566 = −3

2
R56 (2.74)

For a dogleg chicane one has

h1 = R56 = 2ρ(sin θ − θ) +
∆s

γ2
(2.75)

The dogleg chicane and FODO arc are usually used to shift the beamline, and extra

quadrupole are used to close the dispersion, while in C-type and S-type chicanes, the

transverse dispersion is maturely closed, by tuning the phase advance in S-type chicane,

the CSR induced emittance growth can be suppressed[81–83].

2.2 Laser plasma wakefield acceleration

When a drive beam (i.e laser, electron or proton beam) is injected into a plasma cell

which is filled with gas, the electric field of the drive beam may ionize the gas into

ions and electrons, they have equal charge, and are locally uniformly distributed. After

ionization, they will be further driven by the external electric field and oscillate in the

plasma cell, electron and ion have different oscillation frequency due to the large differ-

ence in mass, thus the local electrical neutrality is broken, and a periodic electromagnetic

field is generated after the drive beam, this is the plasma wakefield.

The wakefield in the plasma can be described with Maxwell’s equation, in differential

form they can be written as

∇ · ~E =
ρ

ε0
(2.76)
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∇× ~E = −∂
~B

∂t
(2.77)

∇ · ~B = 0 (2.78)

∇× ~B = µ0ε0
∂ ~E

∂t
+ µ0

~J (2.79)

∇ · ~J = −∂ρ
∂t

(2.80)

Since ∇×∇~m = 0, ∇×∇· ~m = 0, ~m is an arbitrary vector, the magnetic vector potential

and the electric scalar potential are defined as

~B = ∇× ~A (2.81)

~E = −∂
~A

∂t
−∇Φ (2.82)

The scalar potential given in equation 2.82 can be derived with equation 2.77 and 2.81,

substituting 2.81 and 2.82 into 2.79, we have

∇×∇× ~A = ∇∇ · ~A−∇2 ~A = −µ0ε0(
∂2 ~A

∂t2
+∇∂Φ

∂t
) + µ0

~J (2.83)

With Lorentz gauge condition ∇ · ~A = −µ0ε0
∂Φ
∂t , equation 2.83 is reduced to the wave

equation

∇2 ~A− µ0ε0
∂2 ~A

∂t2
= −µ0

~J (2.84)

These formulas will be used in the subsequent derivation which follows the courses of S.

Karsch [84].

2.2.1 Basic properties of the plasma and the laser beam

The plasma wakefield is generated by the different distribution of electrons and ions ion-

ized from the gas, thus to derive the plasma wakefield one needs to study the ionization

of the gas and the motion of electrons and ions under the external field from the drive

beam (in our case, it is the laser pulse). In this section the ionization of the gas and the

properties of the plasma and the laser beam are briefly introduced.

2.2.1.1 Ionization of the gas

The ionization process of the gas atom (hydrogen in this thesis) under the external field

of the laser depends on the laser frequency and the laser intensity. In an atom, the

electron is bound to the nuclei by the Coulomb force, when the laser frequency is so
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high that ~ωL > Eion (~ is the Planck constant, ωL is the frequency of the laser, Eion is

the ionization energy of the material and it is 13.6 eV for the ground state of hydrogen),

the electron can overcome the potential barrier by absorbing one photon, this is called

the photoelectric effect. With a Ti:sapphire laser (λL = 800 µm), the energy of the

photon is ~ωL =1.6 eV, much smaller than the Coulomb potential between nuclei and

electron, thus the gas can’t be fully ionized by the photoelectric effect.

When ~ωL < Eion, the ionization process depends on the laser intensity, with a low

intensity laser beam, the electric field of the laser can be ignored in comparison with

the Coulomb force, the molecules are mainly ionized by absorbing multiple photons,

this is the multiple photon ionization (MPI)[85], the ionization rate is related to the

cross section of the atoms σa and the laser intensity IL, in the case where n photons are

needed for ionization, the ionization rate is given by

Γ = σna I
n
L (2.85)

As the increase of the laser intensity, if the electric field is comparable to the Coulomb

force, the barrier potential is modified, the electric potential created by an atom is

Φa(r) = − 1

4πε0

Ze2

r
(2.86)

The potential of the laser follows that

ΦL(x, t) = −eEL(t)r (2.87)

The superposition of the two fields forms a new potential barrier as shown in Figure 2.6,

due to the uncertainty principle, the electron at r1 may go to r2 and escapes from the

nuclei, this is called tunnel ionization[86, 87].
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Figure 2.6: The tunnel ionization

The tunneling rate is given by

Γ ∝ e
−2

∣∣∣∣∫ r2r1
√

2m(Φp(r)+ΦL(r)−Eion)

~ dr

∣∣∣∣
(2.88)

If the laser intensity is so high that the modified potential is below the ionization po-

tential, the electrons can leave the atom directly, without tunneling, as shown in Fig-

ure 2.7, this is the barrier suppression ionization (BSI) [88]. With the modified bar-

a

L

a
+

L

Eion

Figure 2.7: The barrier suppression ionization

rier potential being Φ(r) = Φa + ΦL, let dΦ/dr = 0, the maximum value of Φ yields

Φmax =
√
Ze3EL/(πε0). Let Φmax = Eion, and with IL =

ε0cE2
L

2 , the threshold laser

intensity for BSI can be derived

IL.BSI =
π2ε30c

2Z2e6
E4
ion (2.89)

For hydrogen Eion =−13.6 eV, IL.BSI yields 1.4×1014W/cm2.
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In a laser plasma wakefield accelerator, the laser intensity is usually stronger than 1 ×
1017W/cm2, three orders larger than the BSI intensity, thus the gas is fully ionized by

the raising edge of the laser, it can be treated as a plasma in the subsequent discussion.

2.2.1.2 Basic parameters of plasma

Plasma is a state of matter in which an ionized gaseous substance becomes highly elec-

trically conductive to the point that long-range electric and magnetic fields dominate

the behavior of matter. It is a an electrically neutral medium of unbound positive and

negative particles.

The thermal motion of the electrons and ions in the plasma are described by the plasma

temperature Te, Ti, and we have

1

2
mev

2
e = kBTe (2.90a)

1

2
miv

2
i = kBTi (2.90b)

Where kB is the Boltzmann’s constant, me, mi are the mass of the electron and the ion,

ve, vi are the velocity of the electron and the ion, for equal ion and electron temperatures,
ve
vi

=
√

mi
me
≈ 1

43AZ
, AZ is the proton number (AZ = 1 for hydrogen atom), thus ions are

almost stationary on the electron time scale. The oscillation frequency of the electrons

and ions are given by [89]

ωe =

√
ne2

ε0me
, ωi =

√
ne2

ε0mi
(2.91)

Where ε0 is the vacuum permittivity. As ve � vi, the current in the plasma is mainly

generated by the motion of the electrons, the frequency of the electron is used as the

plasma frequency.

The Debye length λD is a parameter that can define the quasi-neutrality scale in the

plasma, the electrons in the plasma may rearrange themselves under the external field,

and with one λD the externally applied potential drops to 1/e. Thus on scales L� λD,

the plasma is quasi-neutral, while for L ≤ λD a localized electric field can occur in the

plasma, it is given by

λD =

√
ε0kBTe
ne2

(2.92)
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2.2.1.3 Basic parameters of the laser

The LASERIX laser will be used as the drive beam, it has an energy of 2 J, the intensity

is distributed in the longitudinal and the transverse direction with a Gaussian profile

and takes the form

I(r, z, t) = Im(s)e
− 2r2

w(s)2 e−
2(ct−z)2

L2 (2.93)

Where, r is the radial distance to the laser center, z refers to the longitudinal distance

to the laser center, L is the laser length (defined as the laser intensity falling to 1/e2 of

the maximum value), w(s) and Im(s) are respectively the transverse size and maximum

intensity of the laser, they evolve as the distance to the laser focal plane.

The laser power P and laser intensity I are related by

P =

∫
2πrIdr =

∫
2πrIme

− 2r2

w(s)2 e−
2(ct−z)2

L2 dr =
π

2
Imw(s)2e−

2(ct−z)2

L2 (2.94a)

E =

∫
Pdt =

√
π

2

π

2
Imw(s)22L =

√
π/2PmL (2.94b)

The electric field of the laser is EL =
√

2I/(ε0c), the laser amplitude is defined as

a = eEL
mecω

, eEL
ω is the maximum oscillation momentum of the plasma electron in the

laser field (discussed in section 2.2.2), thus it indicates whether the electron motion is

relativistic or not.

Consider a laser with a Gaussian distribution in the longitudinal direction, the intensity

envelop and the corresponding electric field and field profile are shown in Figure 2.8, the

half laser duration L is ∼19 fs , with a wavelength of λL = 800µm, the peak intensity is

1.04× 1018 W/cm2.
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Figure 2.8: The laser intensity profile and the related electric field and field envelope

When propagating in an uniform media, the transverse envelop of a focused laser is

shown in Figure 2.9, the transverse size is given by

w(s) = w0

√
1 +

s2

l2r
(2.95)

lr is the Rayleigh length and it is given by lr = πw2
0/λL, w0 is the waist of the laser, λL

is the wavelength of the laser.

w0

lrlr

2w0 2w0

Figure 2.9: The transverse envelop of a focused laser beam
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2.2.2 Electrons move in a plane electromagnetic field

Let’s consider an electron moving in a plane electromagnetic wave which propagates

along the z axis, the momentum equation is:

d~p/dt = −e( ~E + ~v × ~B) (2.96)

In the plane electromagnetic wave, without loss of generality, let’s assume that the

electric field is in the x direction while the magnetic field is in the y direction, the

electric field can be depicted with Ex = Emcos(ωLt− kLz), ωL and kL are respectively

the angular frequency and wave number. According to the formula 2.79, 2.82, we have

By = Ex/c, Ax = Em
ωL
sin(ωLt − kLz), Bm = Em/c = ωL

c Am (Φ is due to density

modulation of plasma electrons, it is ignored here). Firstly, let’s compare the maximum

force exerted on the electron by the electric field and the magnetic field

FEmax = −eEm (2.97a)

FBmax = −ev ×Bm = −ev × Em
c

(2.97b)

We have FBmax
FEmax

= v
c , which indicates that if v � c, the magnetic field can be ignored

in the analysis, while if v is comparable to the speed of light c, the magnetic field must

be included in the analysis. To estimate the value of v, consider an electron at rest

at t = 0, it oscillates in the transverse direction under a periodic electric field Fx =

eEmcos(ωLt − kLz), integrating this formula with t, the oscillation momentum follows

that Pos = eEm
ωL

sin(ωLt). Then a conventionally used parameter a can be introduced as

the quotient of Pos and mc

a =
eEmsin(ωLt)

mωLc
=
eA

mc
(2.98)

The maximum value am = eEm
mωLc

= eAm
mc indicates whether the oscillation is in the

relativistic regime or not. If am > 1, the maximum oscillation velocity is comparable

with the speed of light c, the force of the magnetic field is comparable with that of

the electric field. To study the motion of an electron in a plane electromagnetic wave

(the laser intensity is constant in the 3D space volume), we will go to the momentum

equation. Substituting 2.82, 2.81 into 2.96, we have

d~p

dt
= e∇Φ + e

∂ ~A

∂t
− e~v × (∇×A) (2.99)
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With the relation that ∂ ~A
∂t = d ~A

dt − (~v ·∇) ~A, and substituting equation 2.81 into equation

2.99, we have

d~p

dt
= e

~A

dt
− e∇(~v · ~A) (2.100)

The second part in the right hand side is zero, thus we have the relation.

~p− e ~A = C1 (2.101)

Since ~A = (Amsin(ωLt−KLz), 0, 0), equation 2.101 is reduced to

px = eA (2.102)

Since the magnetic field has no contribution to the electron energy, we have

dγ

dt
= − e

mc2
~v · ~E = − e

mc2
vxE0cos(ωLt− kLz) = −amωLβxcos(ωLt− kLz) (2.103)

Let’s write the momentum equation 2.96 in the x,y,z direction respectively, for the sake

of convenience, the normalized momentum are used, i.e (p̂x, p̂y, p̂z) = (px, py, pz)/(mc) =

γ(βx, βy, βz)

d

dt
(p̂x) = −amωLcos(ωLt− kLz)(βz − 1) (2.104a)

d

dt
(p̂y) = 0 (2.104b)

d

dt
(p̂z) = −amωLβxcos(ωLt− kLz) (2.104c)

Comparing 2.104c and 2.103, we have

dγ

dt
=

d

dt
(p̂z) (2.105)

Integrating equation 2.105 yields

γ − p̂z = C2 (2.106)

For an electron which is at rest initially, C1 in equation 2.102 yields 0, C2 in equation

2.106 yields 1. Simultaneous γ2 = 1 + p̂2
x + p̂2

y + p̂2
z and equation 2.106, 2.102, we obtain

the relation p̂z = 1
2 p̂

2
x, the motion of the electron in a electromagnetic plane wave can



Electron dynamics and Laser-Plasma Wakefield acceleration in the linear regime 32

be described with

p̂x = a (2.107a)

p̂y = 0 (2.107b)

p̂z =
1

2
p̂2
x =

1

2
a2 (2.107c)

γ = 1 + p̂z = 1 +
1

2
a2 (2.107d)

The dimensionless parameter a takes the form that a = amsin(ωLt− kLz), to calculate

the electron trajectory, an integration is required, here a small trick is performed letting

ωLτ = θ = ωLt− kLz, then τ = t− z/c, this is the so-called laser co-moving coordinate,

we have the relation

d

dt
=

d

dτ

dτ

dt
=

d

dτ
(1− 1

c

dz

dt
) = (1− 1

γ
p̂z)

d

dτ
=

1

γ

d

dτ
(2.108)

Then equation 2.107a-2.107d can be rewritten with

dx

dτ
= camsin(ωLτ) (2.109a)

dy

dτ
= 0 (2.109b)

dz

dτ
=
c

2
a2
msin

2(ωLτ) (2.109c)

Assume the electron is initially located at the origin (x = y = z = 0), then it’s trajectory

follows

x =
cam
ωL
− cam

ωL
cos(ωLτ) (2.110a)

y = 0 (2.110b)

z =
ca2
m

8ωL
(2ωLτ − sin(2ωLτ) (2.110c)

Equation 2.110a and 2.110c, indicate that: in the x direction, the electron oscillates

with the frequency of the laser, and the amplitude depends linearly on am. In the z

direction, the electron drifts forward and also oscillates with twice the laser frequency,

the amplitude scales with the square of the laser strength a2
m. Let’s replace τ with

τ = t − z/c and ignore the oscillation part, we have z = ca2
m(t − z/c)/4, the drift

distance yields

z =
ca2
m

4 + a2
m

t (2.111)

In the laboratory frame, for am = 0.5, and am = 1, the electron trajectory in the x− z
plane is shown in Figure 2.10, the oscillation amplitude in the x direction is proportional
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to the laser amplitude am, while that in the z direction is proportional to a2
m. In a primed

frame, the coordinate moves with the mean velocity of the electron in the z direction,

the trajectory of the electron for different laser amplitude is shown in Figure 2.11, for

am = 1, the oscillation amplitude in the x direction is 0.127 µm, and in the z direction

is 0.016 µm.

With a laser of finite length, the electron may oscillate in the x direction driven by the

electric field at first, and then moves forward and oscillates in the z direction driven by

the magnetic field, however, the motion stops after been overtaken by the back of the

laser pulse, and returns back to static.
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Figure 2.10: The trajectory of an electron in a plane electromagnetic field in the
laboratory frame, with am = 0.5 and am = 1.0
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Figure 2.11: The trajectory of an electron in a plane electromagnetic field in the
primed frame, with am from 0.5 to 2
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2.2.3 Pondermotive force

In the previous section, the electron motion in a plane electromagnetic field has been

discussed, where the laser is assumed to be uniform. However, in the real case the laser

intensity has a distribution in the 3D volume, the pondermotive force introduced by the

laser intensity profile will be discussed in this section.

Rewriting the momentum equation 2.99 with the normalized parameters and note that
d
dt = ∂

∂t + ~v · ∇, we have

∂~̂p

∂t
+ (~v · ∇)~̂p =

e

mc
∇Φ +

∂~a

∂t
− ~v × (∇× ~a) (2.112)

This equation is usually solved order by order, i.e. ~a(~r, t) = ~a(r, t)|~r=0+(∆~r·∇)~a(r, t)|~r=0+

..., the first order is spatially independent, but it displaces the electrons, and a the second

order force is exerted on the electron and 2.112 can be divided into

∂~̂p1

∂t
=
∂~a

∂t
(2.113a)

∂~̂p2

∂t
= −(~v1 · ∇)~̂p1 +

e

mc
∇Φ− ~v1 × (∇× ~a) (2.113b)

The first order motion is driven by the periodic electric field, while the second order mo-

tion is driven by the gradient of laser intensity. Generally, the second order parameters

change much more slowly than the first order, the variables used in the second order are

the average values of the first order in a period.

Equation 2.113a indicates that ~̂p1 = ~a = γ~v1/c, the third term in the right side of 2.113b

can be written with ~v1×(∇×~a) = (~v1 ·~a)∇−(~v1 ·∇)~a. Without considering the restoring

force of the electron potential, we have

∂~̂p2

∂t
=
c

γ
∇ < −~a · ~a > (2.114)

With ~F = mcd
~̂p
dt , the pondermotive force is derived

~Fp =
mec

2∇~a2
m

4〈γ〉
(2.115)

The pondermotive force is introduced by the spatial distribution of the laser intensity,

with the pondermotive force, electrons are expelled from the higher laser intensity region

to the lower intensity region.
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2.2.4 Establishment of the laser plasma wakefield

In the previous sections, the electron motion in the laser field has been discussed, where

only the response of the electron to the laser is considered. In the plasma, the motion

of electrons will lead to a charge density modulation, this density modulation in turn

will introduce a coulomb restoring force to the electrons. The plasma density can be

described with the continuity equation, while the restoring force can be described with

Poisson’s equation, just taking into consideration the second order motion of electrons,

the electrons can be fully described with:

∂~βγ

∂t
=

e

mc
∇Φ− c

γ
∇〈~a

2

2
〉 (2.116a)

∂ne
∂t

+∇ · (~vne) = 0 (2.116b)

∇2Φ =
e(ne − αini)

ε
(2.116c)

Here ne, ni are respectively the electron and ion density, αi is the ion charge number,

taking hydrogen for example αi = 1. The ions can be treated as static when studying

the electrons motion, thus ni is constant. Let’s consider the case of the linear regime,

where a� 1, γ ≈ 1, and the electron density perturbation is small, recognizing ne − ni
with nd, equation 2.116a-2.116c yield

∂~β

∂t
=

e

mc
∇Φ− c∇〈~a

2

2
〉 (2.117a)

∂nd
∂t

+∇ · (~vni) = 0 (2.117b)

∇2Φ =
end
ε

(2.117c)

By further simplifying the previous equations, the three variable ~v, Φ, and nd can be

described as

(
1

c2

∂2

∂t2
+ k2

p)nd = ni∇2〈~a
2

2
〉 (2.118a)

(
1

c2

∂2

∂t2
+ k2

p)Φ =
nie

ε
〈~a

2

2
〉 (2.118b)

(
1

c2

∂2

∂t2
+ k2

p)v = − ∂

∂t
(∇〈~a

2

2
〉) (2.118c)

Because the laser and the wakefield propagates close to the speed of light, a co-moving

coordinate ξ = ct− z is used to simplify the equation, the wake potential Φ behind the

laser can be solved by using Green’s function [90]

Φ =
n0e

2ε

∫ ξ

ξ0

sin kp(ξ
′ − ξ0)〈 ~a(ξ′)

2
〉dξ′ (2.119)
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Where ξ0 is the front of the laser, 〈~a2〉 is the average value in a period, it only re-

lies on the spatial distribution of the laser, e.g ~a2 usually takes the form that ~a2(ξ) =

hr(r, s)hz(s)~a
2
m sin2(kLξ), while 〈~a2〉 = 1

2hr(r, s)hz(z)~am(s)2, here hr and hz are respec-

tively the transverse and longitudinal shape function of the laser intensity, and ξ refers

to the distance to laser front. For a Gaussian distribution, hr and hz takes the form

hr = exp(− 2r2

w(s)2
) (2.120a)

hz = exp(
2z2

L2
) (2.120b)

Where w(s) is the waist of the laser. z is the relative position to the laser peak, s is the

distance to the laser focal plane.

Substituting the form factors of the laser beam into formula 2.119, and integrating in

the laser duration, the wake potential after the laser yields

Φ =
√
π
a2
m

4
√

2

mec
2

e
kpL exp(−k2

pL
2/8) sin(kpξ) exp(

−2r2

w(s)2
) (2.121)

The expression x exp(−x2/8) takes a maximum value at x = 2, thus we can get a

maximum wake potential with L = 2
kp

=
λp
π , the amplitude of the wake potential

(normalized with the maximum value) versus L
λp

is shown in figure 2.12. That means

the laser duration should be matched with the plasma density to transfer maximum

laser energy to the wakefield. With E = −∇Φ, the longitudinal electric field and the

transverse electric field yield

Ez =
√
π
a2

0

4
√

2

mecωp
e

kpL exp(−k2
pL

2/8) cos(kpξ) exp(
−2r2

w(s)2
) (2.122a)

Er =

√
π

2
a2

0

mec
2r

ew(s)2
kpL exp(−k2

pL
2/8) sin(kpξ) exp(

−2r2

w(s)2
) (2.122b)
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Figure 2.12: normalized wake potential versus laser length

From equation 2.117c, the electric field reaches it’s upper limit when all the electrons are

expelled and the spatial oscillation amplitude is equal to the plasma wavelength λp, this

is the so called wave breaking amplitude, with ∇ · Ez = kpEz = ni−n0
ε , and ne = 0, the

electric field yields Ewb =
mecωp
e , however, in the relativistic case, this formula should

be corrected with

Ewb.r = Ew.b

√
2(
ωL
ωp
− 1) (2.123)

With ne = 2 × 1017/cm3, λL = 0.8µm, ωP /ωL = 0.0107, and Ewb =43.00 GV/m,

Ewb.r = 13.59Ewb=584.36 GV/m.

2.2.5 The self-focusing of the laser beam

Considering the propagation of an electromagnetic wave in a plasma, the electric field

EL and the magnetic field BL can be described with

∇× ~EL = −∂
~BL
∂t

(2.124a)

c2∇× ∂ ~BL
∂t

=
1

ε0

∂J

∂t
+
∂2 ~EL
∂t2

(2.124b)

Here J is the current generated by the electron motion in the plasma, the electrons are

driven by the electric field and one has

me
∂ve
∂t

= −eEL, J = −eneve (2.125)
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With ∂
∂t = iωL, ∂

∂z = ikL, combine 2.124 and 2.125 one has

(ω2
L − c2k2

L) ~EL =
nee

2

ε0me

~EL = ω2
p
~EL (2.126)

The dispersion relation in a plasma yields

ω2
L = ω2

p + k2
Lc

2 (2.127)

The phase velocity is then

vph =
ωL
kL

=
c√

1− ω2
p

ω2
L

=
c

η
> c (2.128)

Where η refers to the plasma refractive index, the group velocity yields

vg =
∂ωL
∂kL

=
kLc

2√
ω2
p + k2

Lc
2

= cη < c (2.129)

The phase velocity is larger than the speed of light while the group velocity is smaller

than the speed of light, with ωp > ωL the plasma reacts so fast that the external field is

shielded and can’t propagate in the plasma. For a given laser beam, the critical density

nc is given by

nc =
ω2
Lε0me

e2
(2.130)

When ne > nc the plasma is under dense, the laser can propagate in the plasma, when

ne < nc the plasma is over dense, the laser is completely reflected.

The refractive index depends on the ratio between the plasma frequency and the laser

frequency, in case ω2
p/ω

2
L � 1 the plasma has almost no effect to the propagation of the

laser beam.

However, if the effect of the plasma can’t be ignored, with ωp ∝
√
ne/me, both the

density of the electrons and the mass of the electrons (Lorentz factor γ in relativistic case

should be considered) have influence on the refractive index, the nonlinear relativistic

optics (i.e. transverse relativistic self focusing, longitudinal pulse compression, self-phase

modulation) should be considered.

The plasma density can be affected by the initial gas density, ionization process, and also

the pondermotive force from the laser, with the pondermotive force electrons are expelled

from the axis where the laser intensity is higher, thus the electron density increase with

the distance to the propagation axis. With r2 > r1, one has ne(r2) > ne(r1), thus
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η(r1) > η(r2), vph(r1) < vph(r2), the wave front of the energy flux is tilted to the axis,

the laser is focused by the electron density distribution.

The electrons are driven by the laser field and move with a Lorentz factor of γe = 1+a2/2,

the average value in one period is 〈γe〉 = 1 + a2
m/4, as am ∝ Iλ2

L, 〈γe〉 = 1 + a2
m/4

increases with the laser intensity. For the Gaussian distributed laser, with r2 > r1, one

has 〈γe(r1)〉 > 〈γe(r2)〉 and η(r1) > η(r2), the laser experiences a focusing force from

the relativistic effect (self-focusing), this focusing effect counteracts the defocusing force

from diffraction, and the balance takes place if

Pc[GW] = 17.4
ω2
L

ω2
p

(2.131)

With a given plasma density, the self-focusing effect increases with the laser power.

2.2.6 Injection of the electrons

In the previous analysis, the plasma electrons only oscillates under the electromagnetic

field of the laser and form the plasma wave, it is also an important issue to inject

electrons into the plasma wave and get efficient acceleration.

-2 -1 0 1 2
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100

102

Figure 2.13: The orbits of single particle in the phase energy space, the horizontal
axis ξ̃ is the acceleration phase and the vertical axis is the Lorentz factor of the electron

over that of the laser beam.

The longitudinal motion of the electrons in the plasma wave can be described with their

energy γe and the acceleration phase ξ, for simplicity, the phase ξ is normalized with

kp and we have ξ̃ = kpξ, the evolution of the (γe,ξ̃) depend on their injection phase,

injection energy and the strength of the plasma wakefield, the orbit of single particles

in the energy-phase space can be achieved by solving the 1-D equation of motion 4.6,

i.e with the normalized longitudinal electric field being set to Ẽz = Ez/E.wb = 0.13,
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the Lorentz factor of the laser beam being set to γL = 97, the orbits of electrons with

different injection phase and energy are shown in Figure 2.13, only the electrons in the

closed orbits can get efficient acceleration from the plasma wave. Thus the injection of

the electrons is to tune the injection phase, the energy of the electrons and the strength

of the plasma wakefield to make the electrons in the closed orbits.

A relatively simple injection method is the ”self-injection”, where the plasma wave

amplitude is close to the wave-breaking threshold, the velocity of the quiver motion

is close to the phase velocity of the plasma wave, the background electrons can be

trapped by the plasma wave and then be accelerated [11, 12, 15, 91], a high charge

electron bunch with energy spread of several percent can be produced. However, it is

difficult to control the injection process because the self-injection is usually related to

the non-linear effects of the laser (i.e relativistic self-focusing and self compression [30]),

the electron beam is untunable and usually unstable.

Other methods such as the ionization injection, colliding-pulse injection, density ramp

injection can also be used to inject electrons in the plasma wave. Ionization injection

takes places in high-Z gas, the electrons in low energy level can be ionized by the edge of

the laser field, where the laser intensity is relatively lower (typically I < 1016W/cm2), the

inner electrons are ionized near the crest of the laser, they may be trapped by the plasma

wave [34–37], however, the injection happens all along the propagation, thus the energy

spread of the electron bunch is relatively large. In colliding-pulse injection, two laser

pulses are used, one is for the excitation of the plasma wave, another is for the injection

of the electrons [92], the widely used scheme is that two laser pulses counter propagate

and collide in the plasma [41–44], the interference generates a laser beat-wave which

can accelerate the plasma electrons to help them to be trapped by the plasma wave, the

position of the interference point can be tuned to adjust the injection phase, the injected

electron bunch has a duration of several femtoseconds, the initial bunch volume can also

be tuned by the injection laser pulse, however, the system is quite complicated as two

laser pulses are used, femtosecond level synchronization and micrometer level alignment

are required. In plasma density ramp injection, a down density ramp is used to slow

down the phase velocity of the plasma wave, thus electrons are easier to be trapped,

it has been demonstrated to be an efficient and stable method for electrons injection

[38–40], the energy spread is in the 10% range.

However, with the previous injection methods, the stability, and quality (emittance,

energy spread) of the electron beam is still not comparable with that of the beam

produced by conventional RF accelerators. One possible way to improve the beam

quality is to combine the RF injector and the plasma structure, by injecting an external

electron bunch from the RF injector into the plasma wave, the electron bunch from the
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RF injector is more stable and tunable, it can be manipulated to match the electric field

of the plasma wave [93], thus the beam quality can be optimized, several running and

planned project are aiming to study the external injection scheme [46, 49, 50, 94]. Due

to the short period duration of the accelerating plasma buckets (typically on the order

of 10 fs to 300 fs,) synchronization accuracy of a few femtoseconds is required, the bunch

duration should also be compressed to femtoseconds level before being injected into the

plasma wave.

2.2.7 Limitation of the energy gain

One of the limitation to the energy gain of the electrons in the plasma wave is the

divergence of the laser, the effective acceleration section is only within one Rayleigh

length before and after the laser focal plane. Several methods have been developed to

extend the propagation length of the laser.

Relativistic self-focusing [95, 96] is one of the most commonly employed method, for the

simplicity of its implementation, the laser defocusing effect can be fully counteracted if

the laser power is larger than the critical power Pc = 17.4GWω2
L/ω

2
p. The principle of

relativistic self-focusing has been discussed before, the radial profile of the laser leads

to a radial profile of γe of the plasma electrons, thus the plasma refractive index varies

with radius, that acts as a positive lens and exerts a focusing force on the laser.

Hollow capillary tube is another tool used to guide the laser, the laser energy is main-

tained by the reflection at the inner walls of the capillary tube. The capillary tube can

be a metallic tube or a dielectric tube, a metallic tube can be used to guide the laser

without loss at the inner wall, while it’s surface is usually not optically smooth for the

interested laser wavelength and tube size. With a dielectric tube, the inner wall can be

easily manufactured to be optically smooth, but partial energy loss occurs at the inner

walls. These have been studied in [97, 98], in this thesis, the guiding of the laser beam

with a hollow dielectric capillary tube will be studied in chapter 5.

Another important topic on laser guiding is the plasma channel, the radial plasma

density profile is modified thus it is capable of compensating the diffraction of the laser,

the density is minimum on the laser propagation axis, the exact density profile required

to focus the laser is dependent on the laser profile. A parabolic plasma channel can

be used to guide a Gaussian beam with constant spot size, the radial density profile is

given by ne(r) = ne(0) + ∆nc(r
2/w2

0) [96, 99], where ∆nc = 1/(πrew
2
0) is the channel

depth [100], with re = e2/mc2 is the classical electron radius. The plasma channel is

usually generated by an external electrical discharge [101–104], or by a heating laser
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pulse [16, 105]. The plasma channel is formed by the expansion of the heated plasma,

thus the synchronization is quite important, and the system is more complicated.

Even when the laser is properly guided, the energy gain of the electron bunch is limited

by the dephasing length of the electrons [106] and the depletion length of the laser

[107]. The dephasing length is defined as the length over which the electrons slip to

the decelerating phase of the electric field. Recognize the velocity of the electron and

plasma wave as ve and vp, thus in the 1D (only considering the longitudinal direction)

linear regime the dephasing length Ld is given by∫ Ld

0
(1− βg/βe)ds = λp/2 (2.132)

In the ultra-relativistic case, it can be simplified to Ld = λp/(2(1− βp)) ≈
ω2
L
ω2
p
λp, if the

transverse field is taken into consideration, the acceleration and focusing phase region

is λ/4, the dephasing length denotes Ld =
ω2
L

2ω2
p
λp. While, it has been found that this

dephasing process can be compensated with an up plasma density ramp, the plasma

wavelength decreases with the increase of the plasma density, with proper plasma density

profile, the acceleration phase can be fixed during the propagation [25, 108, 109].

The laser pump depletion length is defined as the length Lpd over which the energy

contained in the plasma wave equals that of the laser beam, in the linear regime, it is

given by [107]

Lpd =
ω2
L

ω2
p

cτL
a2

0

(2.133)

Where τL is the laser duration, the Lorentz factor of the plasma wave γp, the dephasing

length and the depletion length in the linear regime, the nolinear regime and 3D bubble

regime are summarized in [110], and are shown in Table 2.1

Table 2.1: The dephasing length and the depletion length in different regimes.

a0 γp Ld Lpd

Linear <1 ωL
ωp

ω2
L

2ω2
p
λp

ω2
L
ω2
p

cτL
a2

0

1D nonlinear >1
√
a0

ωL
ωp

4a2
0
ω2
L
ω2
p
λp

1
3
ω2
L
ω2
p
cτL

3D nonlinear >1 1√
3

ωL
ωp

4
3
ωL
ωp

√
a0

kp

ω2
L
ω2
p
cτL

In the linear regime, if λp/2 > cτL/a
2
0 then the energy is mainly limited by the laser

depletion, otherwise the energy gain is limited by the dephasing of the electron.



Chapter 3

Electron bunch compression and

matching before the plasma

The RF gun PHIL has a photo cathode and a 2.5 cell standing wave cavity that can

generate an electron beam up to an energy of 6 MeV, and another S-band booster is

available to accelerate the electron beam to more than 10 MeV, the bunch duration at

the gun exit is ∼1 ps RMS, it is much longer than the plasma wave packet, thus an

efficient compression of the electron bunch is required.

In this chapter, a dogleg chicane is designed to compress the electron bunch longitudi-

nally before the plasma. The dogleg is composed of two dipoles, four quadrupoles and

two sextupoles, the dipoles are used to bend the electrons thus the electrons with higher

energy (bunch head) travels a longer trajectory than the electrons with lower energy

(bunch tail), this is the principle of the bunch compression. The quadrupoles are mainly

used two cancel the transverse dispersion terms R16 and R26 which lead to the emittance

growth. The sextupoles are capable of matching the second order terms T566 with the

RF curvature, and suppressing the emittance growth caused by T166 and T266. The beam

optics is studied analytically with thin lens approximation, and then numerically with

the optical designing code Madx, the beam dynamics is studied with the combination

of four different codes: ELEGANT, ASTRA, IMPACT-T and CSRTrack.

In the simulation, the effects of space charge and CSR are mainly checked, to verify the

simulation result, Impact-T and CSRTrack are used for cross-checking.

After the dogleg chicane, the electron bunch should be transversely focused to match

the plasma wakefield, we present the design of a transfer line composed of a quadrupole

doublet and a quadrupole triplet that matches the αx,y to 0 and βx,y to 0.1. While

referring to the subsequent acceleration in the plasma, it’s difficult to define the matching

43
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condition at the plasma entrance, the electron bunch is just need to be focused to a size

much smaller than the laser beam, thus a solenoid is used to focus the 10 MeV beam.

3.1 The PHIL Beam line

The AlphaX gun PHIL[111] will be used as the external electron source, it is composed

of a copper photocathode and a 2.5 cell S-band standing wave cavity located just after

the cathode, a layout of the beginning of the PHIL beamline is shown in Figure 3.1.

B1 solenoid B3 solenoid
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Figure 3.1: The layout of the original PHIL beamline.

Three solenoids B1,B3 and B5 are used, the B3 solenoid is located 14 cm after the

photocathode, it is used to optimize the bunch transverse emittance at the RF-gun exit

by emittance compensation process [68, 112]. The transverse emittance at the entrance

of the B5 solenoid versus the maximum magnetic field of B3 is shown in Figure 3.2.

The B1 solenoid is used to cancel the magnetic field on the photocathode produced by

B3, B5 is located 2.18m after the cathode, it is used to transversely focus the electron

bunch, that will be used to tune the beta function at the dogleg entrance.
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Figure 3.2: The transverse emittance at the entrance of the B5 solenoid versus the
maximum field of the B3 solenoid.

The profile of the on axis normalized acceleration field is shown in Figure 3.3, at a field

gradient of 92 MV/m, the gun is expected to deliver electron beams with an energy of

up to 6 MeV [58].
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Figure 3.3: Normalized profile of the on axis longitudinal electric field of the PHIL
2.5 cell photocathode RF-gun.

For the ESCULAP project, the PHIL photo-injector will be upgraded by implementing

a S-band accelerating section downstream of the gun, and then extract the beam with

a dipole at z =2.5 m. The accelerating section is capable of accelerating the beam to

∼10 MeV and also generating an energy chirp, the normalized profile of the on axis

longitudinal field of the accelerating section is shown in Figure 3.4.
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Figure 3.4: Normalized profile of the on axis longitudinal electric field of the standing
wave booster.

3.2 Generating an energy chirp in a standing wave cavity

In a traveling wave structure, the longitudinal field takes the form E = E0cos(ωt−krfz),
the electron beam moves together with the RF wave and rides on a specific phase, assume

the reference electron is riding on phase φ0, then the electric field witnessed by a general

electron at the same time is shown in formula 2.61, and the energy-position correlation

can be described with formula 2.62. But in a standing wave cavity, the acceleration phase

witnessed by the electron is changing along the cavity, the energy-position correlation

in a standing wave structure will be discussed here.

The longitudinal electric field in a standing wave cavity is Ez = E0(z)cos(ωrf t), E0(s)

is symmetric with respect to the midpoint of the structure, the field witnessed by the

reference particle is

Ez = E0(z) cos(ωrf t+ φ0) (3.1)

φ0 is the reference phase, and concerning that the velocity of the reference electron ve is

approximately equal to the phase velocity of the RF wave vph.rf , 3.1 can be written as

Ez = E0(z) cos(krfz+φ0) (3.2)

z is then the position of the reference electron, thus the electric field witnessed by a

general electron at the same position is

Ez =E0(z) cos(krfz+krf∆z + φ0)

=E0(z) cos(krfz) cos(krf∆z + φ0)− E0(z) sin(krfz) sin(∆z + φ0) (3.3)
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Ignoring the relative longitudinal position change in the short cavity (in a long cavity, this

should be considered, and which results in the velocity bunching), then ∆z is constant,

by integrating the longitudinal electric field along the cavity, the energy gain of a general

electron yields

∆Ee = e

∫ L/2

−L/2
[E0(z) cos(krfz) cos(krf∆z + φ0)− E0(z) sin(krfz) sin(∆z + φ0)] dz

(3.4)

L is the length of the cavity, then E0(z) and cos(krfz) have even symmetry, while

sin(krfz) has odd symmetry, thus the sin term vanishes. Identify
∫ L/2
−L/2 e[E0(z) cos(krfz)dz

as the maximum energy gain ∆Ee.max, the energy gain of a general electron is then

∆Ee = ∆Ee.max cos(krf∆z+φ0), it has the similar form with that in the traveling wave

cavity. The energy change of the reference electron is then Ee0 = ∆Ee.max cosφ0, the

energy position correlation after the cavity is then

δ =
Ei0
Ef0

δ0 −
∆Ee0
Ef0

tan(φ0)krfzi −
1

2

∆Ee0
Ef0

krf2z2
i +

1

6

∆Ee0
Ef0

tan(φ0)k3
rfz

3
i (3.5)

The parameter used here has the same definition as that in a traveling wave cavity, that

is, Ei0 and Ef0 are respectively the energy of the reference electron at the cavity entrance

and exit, ∆Ee.max cos(φ0) = Ef0 − Ei0, δ0 refers to the normalized energy deviation at

the cavity entrance.

The RF gun PHIL is capable of producing a stable electron beam at 5 MeV, Ef0 is

set to 10 MeV considering the capture of the electrons in subsequent plasma wave, thus

∆Ee0 = 5 MeV, the corresponding R56 for full compression is R56 = 2/(krf tanφ0). By

setting ∆Ee0 =5 MeV, the required field gradient of the booster and the R56 required

for full compression versus acceleration phase in the booster is shown in Figure 3.5.
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Figure 3.5: Energy gain in the gun and the booster are both set to 5 MeV, then the
field gradient needed for the booster versus the acceleration phase, and the correspond-

ing R56 that satisfying the full compression condition.

The required gradient increases with the acceleration phase, while the full compression

R56 decreases with the acceleration phase, a relatively small R56 may reduce the re-

quirement to the bend dipoles, and also suppress the radiation in a bend section. But

the gradient can not go beyond 100 MV/m, thus to get a full compression, the minimum

longitudinal dispersion should be R56 > 0.028, i.e with a gradient of 90 MV/m, one

should have R56 = 0.033m.

3.3 Beam optics of a dogleg chicane

3.3.1 Emittance growth in a dogleg chicane

The longitudinal matching of R56 and the energy chirp has been discussed in the previous

section, since an energy chirp should be imparted to the beam before the dogleg, the

beam has a relatively large energy spread, the transverse emittance caused by transverse

dispersion terms should be studied. Identify the x-x’ plane as the bending plane, identify

the status of the electron at the dogleg entrance as X0 = (x0;x′0), and recognize the first

and second order of transverse dispersion terms as ηx = (R16;R26), Tx = (T166;T266),

thus the emittance after the dogleg takes the form that

εx.tr
det
= < XXT >

det
= < (RX0 + ηxδ0 + Txδ

2
0)(RX0 + ηxδ0 + Txδ

2
0)T > (3.6)
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Assume no correlation between x0, x′0 and δ0, then formula 3.6 reduced to

εx.tr
det
= < RX0X

T
0 R

T + ηxη
T
x δ

2
0 + TxT

T
x δ

4
0 > (3.7)

The first term in equation 3.7 results from the initial emittance and it is invariant,

the second term is the first order dispersion, it can be matched to 0 with quadrupoles

between two dipoles, while the third term is the second order dispersion, extra sextupoles

are needed to eliminate it.

Assume that the first order has been eliminated, the emittance in the x direction is then

εx.tr
det
=

〈
εx0.trR

[
βx0 −αx0

−αx0 γx0

]
RT + TT T δ4

0

〉

det
=

〈
εx0.tr

[
βx −αx
−αx γx

]
+ δ4

0

[
T 2

166 T166T266

T166T266 T 2
266

]〉

=
√
ε2x0.tr + εx0.trδ4

0

(
T 2

166γx + T 2
266βx + 2T166T266αx

)
(3.8)

While in the y direction, there is no dispersion terms, thus the emittance is invariant

from the beam optics of view. However, as will be discussed later, sextupoles will be

introduced to tune the second order longitudinal dispersion T566, the sextupoles will

also introduce second order aberration terms (i.e T336, T346, T436, T446), and also the

coupling terms (i.e T331, T332, T341, T342, T431, T432, T441, T442), that will contribute to

the emittance growth in the y direction, by defining that Y = [y, y′], Ty = [T336, T346;

T436, T446], the formula for emittance growth shall be quite complex if all terms are

included, ignoring the coupling terms, the emittance follows that

εy.tr
det
= < Y Y T >

det
= < (R+ Tyδ0)Y0Y

T
0 (R+ Tyδ0)T > (3.9)

By submitting the Twiss parameters into Y0Y
T

0 , the emittance in the y direction after

the dogleg yields

ε2y.tr/ε
2
y0.tr = 1 + (T346T436 − T336T446)2δ4

0

+ γy0(βyT
2
446 + 2αyT346T446 + γyT

2
346)δ2

0

+ βy0(βyT
2
436 + 2αyT336T436 + γyT

2
336)δ2

0

− 2αy0(βyT436T446 + αyT336T446 + +αyT346T436 + γyT336T346)δ2
0 (3.10)
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Because the longitudinal dispersion term R56 determines the longitudinal compression,

while the transverse dispersion determines the emittance growth, the design of the dogleg

chicane is mainly focused on matching the dispersion terms.

3.3.2 Linear optics in thin lens approximation

In this section the dispersion terms R16, R26, R56 will be derived under thin lens ap-

proximation. The 6D transfer matrix of a dipole, a quadrupole and a drift take the

form

MB(ρ, θ) =



cos(θ) ρsin(θ) 0 0 0 ρ− ρcos(θ)
−sin(θ)/ρ cos(θ) 0 0 0 sin(θ)

0 0 1 ρsin(θ) 0 0

0 0 1 0 0 0

−sin(θ) ρcos(θ)− ρ 0 0 1 ρθ
γ2 + ρsin(θ)− ρθ

0 0 0 0 0 1


(3.11)

MQ(f) =



1 0 0 0 0 0
−1
f 1 0 0 0 0

0 0 1 0 0 0

0 0 1
f 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1


(3.12)

MD(L) =



1 L 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 L
γ2

0 0 0 0 0 1


(3.13)

Where ρ and θ are the bend radius and bend angle of the dipole, ρθ is the path length

in the dipole, f is the focal length of the quadrupole, and L is the length of the drift.

One should note that the transfer matrix of a quadrupole in thin lens approximation

should be MQ.thin(LQ, f) = MD(LQ/2)MQ(f)MD(LQ/2), here we only show the focus-

ing term MQ(f), to be more accurate, the quadrupole can be described with several

slices.



Electron bunch compression and matching before the plasma 51

Several quadrupoles are usually arranged between two dipoles to tune the dispersion

terms and the beam size [113, 114], the transfer matrix between two dipoles can be

assumed to be

Mtune =



Mtune.11 Mtune.12 0 0 0 0

Mtune.21 Mtune.22 0 0 0 0

0 0 Mtune.33 Mtune.34 0 0

0 0 Mtune.43 Mtune.44 0 0

0 0 0 0 1 Mtune.56

0 0 0 0 Mtune.65 1


(3.14)

Thus the transfer matrix of the dogleg is Mdl = MB(ρ, θ)MtuneMB(−ρ,−θ), by calcu-

lating with Mathematica, the R16, R26 and R56 are given by

R16 =ρ− sin θ ∗ (Mtune.12 cos θ +Mtune.22ρ sin θ)− ρ cos θ

− (Mtune.11 cos θ +Mtune.21ρ sin θ)(ρ− ρ cos θ) (3.15a)

R26 = sin θ − (Mtune.21 cos θ − (Mtune.11 sin θ)/ρ)(ρ− ρ cos θ)

− sin θ(Mtune.22 cos θ − (Mtune.12 sin θ)/ρ) (3.15b)

R56 =Mtune.56 − 2ρθ + 2ρ sin θ + (2ρθ)/γ2 + (Mtune.21 +Mtune.11 sin θ)(ρ− ρ cos θ)

+ sin θ(Mtune.22(ρ− ρ cos θ) +Mtune.12 sin θ) (3.15c)

Comparing equation 3.15a, 3.15b and 3.15c, one can easily find that

R56 = Mtune.56 − 2ρθ + 2ρ sin θ + (2ρθ)/γ2 −R16 sin θ +R26ρ(1− cos θ) (3.16)

Where Mtune.56 ≈ Ltune/γ
2 refers to formula 2.67, thus Mtune.56 + (2ρθ)/γ2 ≈ Ldl/γ2 is

the terms resulted by velocity difference, where Ltune is the length between two dipoles,

and Ldl is the total length of the dogleg.

It is notable that from 3.16 if the transverse dispersion R16 and R26 vanished, R56

depends only on the bend angle and bend radius of the dipoles (ignore the dispersion

introduced by velocity difference), thus one can only tune the R56 at the expense of

unclosed transverse dispersion.

Normally the transverse dispersion terms are tuned to zero, then the longitudinal dis-

persion yields R56 = 2ρ(sin θ − θ). Due to the limited space in PHIL, the dogleg has

a length of ∼2 m, θ should not beyond 50◦. The magnetic field is related to the bend

radius by B = Ee/(ρc), Ee is the energy of the electron beam, considering a 10 MeV
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electron beam, the magnetic field versus bend radius is shown in Figure 3.6, the corre-

sponding R56 with a bend angle of 40◦, 45◦, 50◦ are also shown in Figure 3.6. The bend

radius should be larger than 0.28 m with the premise that the iron of the dipole begins

to saturate at 1200 Gs (the dipole in the lab that is available now), it has also been dis-

cussed in the previous section that R56 should be larger than 2.8 cm due to the limited

acceleration gradient of the cavity, considering also the dipole size, the bend radius is

set to 0.32m with a bend angle of 45◦, then the R56 yields 4.5 cm, the simulation results

have been published in [115].
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Figure 3.6: The longitudinal dispersion terms R56 and the required magnetic field
versus bend radius.

Considering the first order matching, the dogleg shown in Figure 3.7 will be used for

bunch compression, in this symmetry configuration, according to equation 2.27, if R16

is matched to 0 in the middle point, then R16 and R26 yield 0 at the end of the dogleg.

Figure 3.7: The analytical model of the symmetry dogleg, with the middle
quadrupoles chops into 2 slices
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Thus the required condition to eliminate the transverse dispersion reduced to

Mhf.16 = 0, Mhf = MD(L3/2)MQ(f2)MD(L2)MQ(f1)MD(L1)MB(−ρ,−θ) (3.17)

According to space available in the PHIL, the variables are set with θ = 450, ρ = 0.32m,

L1 = 0.45m, L2 = 0.3m, L3 = 0.12m, then the quadrupole strength that satisfying

equation 3.17 is shown in Figure 3.8

0 0.5 1 1.5
f2

0.228
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0.232

0.234

0.236

0.238
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X: 0.29
Y: 0.2364

Figure 3.8: The focal length of the quadrupoles, that vanishes the first order trans-
verse dispersion and it’s derivative.

With the quadrupoles having a thickness of LQ = 0.1m, and a focal length f = 0.25m,

this doesn’t satisfy the hypothesis of the thin lens approximation LQ/f << 1, however,

this can be a good estimation, and the conclusion that the longitudinal dispersion only

depends on bend angle and bend radius when the transverse dispersion vanishes also

applies to the general case.

Another feature of this symmetric configuration is that, if αx = 0 in the midpoint, the

beta function βx has mirror symmetry and therefore returns to it’s initial value at the

exit, this has been studied by[114]. Even without this symmetry, the Twiss parameters

at the dogleg exit can also be tuned by the quadrupoles before the chicane, for example

in the SINBAD beam line, this is beneficial for the transverse matching after the chicane

(i.e. reduce the length of the transport line). However, in our case, as the energy is low,

the space charge effect is significant, the simulation results are different to the design

results, thus the longitudinal compression and transverse matching will be performed

separately.
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3.3.3 Optical matching with MADX

The first order transfer matrix has been studied in the thin lens approximation, and one

know that, in this symmetric configuration, if R16 in the dogleg middle is tuned to zero,

then one can get a closed transverse dispersion and it’s derivative, that is R16 = R26 = 0

at the dogleg exit. With a closed transverse dispersion, the longitudinal dispersion is

constant at the dogleg exit and takes the form R56 = 2ρ(sin θ− θ)− Ldl
γ2 . In this section,

the codes MADX and ELEGANT are used to do the matching with the second order

terms included.

The bend angle and bend radius are set to θ = π/4, ρ = 0.32m according to the

previous analysis in Figure 3.5 and 3.6. Two free variables are available in the dogleg

(the strength of the two outer quadrupoles, and of the inner quadrupoles), but there is

only one constrain R16 = 0 in the dogleg middle, thus another variable can be used to

tune the betatron function.

As shown in Figure 3.8, for each pair of (f1, f2) in the curvature, the transverse dispersion

can vanish, there is still one degree of freedom to control the beam size, here we use

this freedom to minimize the angular divergence in the midpoint, to get nearly mirror

symmetry for the envelop in the dogleg. The Twiss parameters at the dogleg entrance

are βx = 1.47 m, βy = 1.47 m, αx = 2.36, αy = 2.36, in a matched result, the quadrupole

strength are respectively kq1 = 39.665/m2, kq2 = −15.758/m2, for a 10 MeV electron

beam, this corresponds to a field gradient of 1.397T/m and 1.015T/m, it’s easy to

achieve. The transverse dispersion and it’s derivative are shown in Figure 3.9, the

nominal beta function is shown in Figure 3.10.
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Figure 3.9: The dispersion terms along the dogleg, matched with MADX, where Dx

refers to R16, and Dpx refers to R26.

Figure 3.10: The nominal beta function along dogleg.

The beta function is smaller than 5.50 m, that corresponds to a RMS transverse size of

0.43 mm for a 10 MeV electron beam with a normalized emittance of 0.65 µm (the actual

emittance at the dogleg entrance).

The R56 of the dogleg is 0.0449 m, according to formula 3.5 one can get the exact

acceleration phase in the booster φ0 and the second order dispersion terms for the

matching condition, they are summarized in Table 3.1
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Table 3.1: The desired value of the parameters to meet the match condition

R56 k1 φ0 k2 T566

0.0449 m 22.8/m 38.5070 987.339m 0.063m

Figure 3.11: The layout of he dogleg with sextupoles to tune the second order dis-
persion.

At the dogleg entrance, the RMS energy spread is σδ0 = 6.60 × 10−4, while the RMS

transverse beam size and RMS angular divergence are respectively xrms = yrms =

2.02 × 10−4m, x′rms = y′rms = 2.90 × 10−4mrad, when going to second order matrix,

the energy deviation δ2 is much larger than the other terms, thus two sextupoles are

implemented as shown in Figure 3.11 to tune the second order dispersion T166, T266,

T566. The emittance growth in x,y direction are estimated with the formula 3.8, 3.10, it

is shown again here

εx.tr =
√
ε2x0.tr + εx0.trδ4

0

(
T 2

166γx + T 2
266βx + 2T166T266αx

)
(3.18)

ε2y.tr/ε
2
y0.tr = 1 + (T346T436 − T336T446)2δ4

0

+ γy0(βyT
2
446 + 2αyT346T446 + γyT

2
346)δ2

0

+ βy0(βyT
2
436 + 2αyT336T436 + γyT

2
336)δ2

0

− 2αy0(βyT436T446 + αyT336T446 + +αyT346T436 + γyT336T346)δ2
0 (3.19)

Recognize the factor
(
T 2

166γx + T 2
266βx + 2T166T266αx

)
as cofex, and identify ε2y.tr/ε

2
y0.tr

as cofey then the strength of sextupoles that can match the second order longitudinal

dispersion terms are shown in Figure 3.12, with each pair of the sextupole strength,

the corresponding cofex, cofey are also shown in Figure 3.12. With ks1 = −600/m3,

ks2 = 245/m3, one can get the minimum value of cofex, which yield 0.775 m, while the

strength of sextupoles has less effect on cofey
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Figure 3.12: The strength of two sextupoles that vanish the T566 terms, and the
corresponding emittance growth factor δe.

One should note that, the sextupoles can also couple the x plane to y plane, the emit-

tance growth formula here only consider the energy correlated terms. With the initial

emittance being εx.n.tr = εy.n.tr = 0.617µm, the emittance at dogleg exit can be cal-

culated according to formula 3.18 and 3.19 and is shown in Figure 3.13, the emittance

calculated from ELEGANT (up to 3rd order matrix) are also shown in Figure 3.13 for

comparison.
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Figure 3.13: With sextupoles strength that tune the longitudinal term T566 to full
compression condition, the corresponding emittance at dogleg exit in x and y directions

are calculated with ELEGANT, the initial emittance are εx0 = εy0 = 0.617µm.
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According to Figure 3.13, on the hypothesis that T566 term has been matched by sex-

tupoles, the emittance growth in the x direction can be suppressed by tune the sex-

tupoles strength, while the emittance growth in y direction are not sensitive to sex-

tupoles strength. The emittance growth by analytical estimation in x direction is in

good agreement with the result in Elegant which perform the tracking with transfer

matrix up to 3rd order.

3.4 Study of the beam dynamics in the dogleg

The dogleg has been designed on the basis of beam optics, however, the collective effects

like space charge and coherent synchrotron radiation (CSR) still need to be studied.

ElEGANT is used to check the optics design and estimate the CSR effect, then the

codes Impact-T[116] and CSRtrack[117] are used to study beam dynamics in the dogleg.

ELEGANT is capable of tracking the 6D phase space with transfer matrix up to the

3rd order, longitudinal space charge impedance can be included in the drift space, and

a 1-D CSR model is available in bend sections, while the transverse space charge effect

is not included.

Impact-T is a fully three-dimensional quasi-static beam dynamics code in the time do-

main, the Liénard–Wiechert (L-W) potential is divided into space charge and the 1-D

CSR. In CSRTrack both the 1-D CSR model as in Impact-T and the sub-bunch model

are available, in the 1-D model the particles are projected to the z axis, and the 1-D

L-W potential is calculated, thus both space charge and CSR effect has only one dimen-

sion, in the sub-bunch model, all the particles are projected onto the bending plane, the

retarded positions are derived by backtracking excluding the self-force, then the macro

electrons in retarded positions are replaced by 3-D Gaussian sub-bunches, the sub-bunch

to electron L-W potential is then calculated.

3.4.1 Benchmark of the codes

As discussed before, different models are implemented in the codes Impact-T and CSR-

Track for the calculation of self-force, they are however expected to give consistent results

when tracking particles in a straight line (where there is no CSR). These two codes have

already been bench marked by [113] in detail, it is shown that the vertical space charge

is absent due to the symmetry of the sub bunches, but the volume of the beam depends

on the vertical size of the sub-bunch σv.sub, if σv.sub is smaller than the bunch size, then

the space charge effect will be overestimated, thus σv.sub should be set to the vertical

bunch size.
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As the benchmark in [113] was done using an electron bunch of 1-5 pC with a duration

between 1-5 fs, and we are aiming at studying an 10 pC electron bunch with a duration

of several tens of fs to 100 fs, a new benchmark is done here, for a detailed comparison

of the two codes one can refer to[113].

In a drift space, the acceleration terms in L-W potential is absent, thus the self force

of the two codes are expected to be the same, a 10 pC 10 MeV electron bunches with

a duration of 30 fs, 60 fs,100 fs are tracked by ASTRA, IMPACT-T, and CSRTrack in

a 0.1m drift, ASTRA here is used as a reference. The initial emittance and transverse

bunch size are respectively set to εnx0 = εny0 =0.6 µm, σx0 = σy0 =300 µm. Referring to

the sub-bunch model in CSRTrack, all the horizontal sub bunch size is set to 15 µm, all

the longitudinal sub bunch size is set to 0.05 of the local bunch size, while the vertical

sub bunch sizes are set to 1, 0.2, 0.1, 0.05 of the local bunch size for comparison.

The horizontal and vertical bunch size growth after the drift are shown in Figure 3.14,

from Figure 3.14a, the three codes are in good agreement if the vertical sub bunch size

σv.sub is set to the vertical bunch size σv, but with σv.sub much smaller than σv, the

horizontal bunch size growth calculated by CSRTrack is larger than that calculated by

ASTRA and Impact-T, the space charge is overestimated. Referring to Figure 3.14b,

the bunch size growth in vertical direction, ASTRA and Impact-T is in good agreement,

while in CSRTrack the vertical bunch size seems to be constant, the space charge effect

is absent.
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(a) Increase of transverse bunch size.
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(b) Increase of vertical bunch size

Figure 3.14: The increase of the bunch size in a 0.1 m drift, tracked by ASTRA,
Impact-T and CSRTrack with different vertical sub bunch size.

The bunch length growth is shown in Figure 3.15, Impact-T and ASTRA are in good

agreement with each other for all the cases. The result from CSRtrack is dependent

on the initial bunch duration, in the case σz0 =100 fs, the result coincides with Impact-

T and is independent of the sub-bunch size, in the case σz0 =60 fs the result is in

agreement with Impact-T only with σv.sub = σv, a slightly larger duration growth is

resulted with σv.sub � σv, in the case σz0 =30 fs, the duration growth is underestimated
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with σv.sub = σv and is overestimated with σv.sub � σv. This can be explained because

with a longer bunch the space charge effect is not significant, the absence of the vertical

space charge or the overestimation of the horizontal space charge has less effect on

the bunch duration, while with a shorter bunch, the space charge effect is significant,

with σv.sub = σv the vertical space charge effect is absent, thus the bunch duration

growth is underestimated, with σv.sub � σv the vertical space charge is still absent but

the horizontal space charge is overestimated and this leads to a growth of the bunch

duration.
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Figure 3.15: The growth of the bunch length in a 0.1 m drift, tracked by ASTRA,
Impact-T and CSRTrack with different vertical sub bunch size.

In our case, the electron bunch has a duration of ∼60 fs after the magnetic compression,

thus in the subsequent simulation with CSRTrack, the vertical sub-bunch size is set to

the local vertical bunch size, as a result, the horizontal bunch parameters and the bunch

duration is expected to be in agreement with Impact-T, while the vertical bunch size

should be smaller than that in Impact-T.

3.4.2 Beam dynamics in the dogleg chicane

From photo cathode to the dogleg entrance the electron bunch is tracked with ASTRA,

50000 macro particles are used in the simulation, the longitudinal phase space at the

dogleg entrance is shown in Figure 3.16, the chirp is calculated with

k1 = 〈zδ〉 / < z2 > (3.20)
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Figure 3.16: Longitudinal phase space of the electron bunch at the dogleg entrance.

In the dogleg, the electron bunch is firstly tracked with Impact-T without space charge

or CSR effect, the longitudinal phase space at the dogleg exit is shown in Figure 3.17, the

electron bunch is compressed to 28.5 fs FWHM and 63.3 fs RMS, with a peak current of

∼200 A one should note that the FWHM value is smaller than the RMS value, because

the electrons are distributed with a sharp peak and long tails, thus the FWHM value is

more meaningful for subsequent study in the plasma.
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Figure 3.17: Longitudinal phase space of the electron bunch at the dogleg exit, tracked
with Impact-T without self force.

Then the space charge effect is turned on in Impact-T, the phase space of the electron

bunch at the dogleg exit is shown in Figure 3.18, the FWHM duration increased to

170.6 fs and the peak current reduced to ∼ 50 A.
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Figure 3.18: Longitudinal phase space of the electron bunch at the dogleg exit, tracked
with Impact-T with space charge included.

According to the phase space distribution, the electron bunch is over compressed, this

is due to the fact that, the space charge may stretch the electron bunch and increase

the energy chirp, this can be compensated by further decreasing the initial energy chip

at the dogleg entrance, and an optimized result is shown in Figure 3.19 , the energy

chirp at the dogleg entrance is k1 = -22.17/mm, after compression, electron bunch has

a duration of 69.5 fs RMS and 53.2 fs FWHM, with a peak current of ∼ 150 A.
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(a) Phase space at the dogleg entrance.
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(b) Phase space at the dogleg exit.

Figure 3.19: Longitudinal phase space of the electron bunch at the dogleg entrance
and the dogleg exit, tracked with Impact-T with space charge included and CSR ex-

cluded

ELEGANT is used to estimate the energy loss along the electron bunch in the two

dipoles caused by CSR. In the first dipole, the electron bunch is relatively longer ∼
0.27 mm and the CSR effect is weaker, the maximum energy change is approximately

25 eV, while in the second dipole, the electron bunch is compressed by a factor of ∼ 10,

the maximum energy change along the electron bunch is 900 eV, much larger than in the

first dipole, however that corresponding to only 0.009% of the reference beam energy,

thus it can be ignored.
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Figure 3.20: The CSR induced energy change along the electron bunch in two dipoles
of the dogleg, the CSR effect is estimated with steady state model in ELEGANT.

With both SC and CSR turned on in Impact-T, the phase space of the electron bunch at

the dogleg exit is shown in figure 3.21a, comparing with Figure 3.19b, CSR has almost

no effect on the phase space distribution. This is then cross-checked with CSRTrack,

the longitudinal phase space is shown in Figure 3.21b, it is slightly different than that

in Impact-T, because different self force models are used in the two codes. However,

in both codes the electron bunch is compressed to several tens of femtoseconds, this

confirm the validity of the bunch compression.
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(a) Phase space at the dogleg exit, tracked with
Impact-T.
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(b) Phase space at the dogleg exit, tracked with
CSRTRack

Figure 3.21: Longitudinal phase space of the electron bunch at the dogleg entrance
and the dogleg exit, the electron bunch in the dogleg is tracked with Impact-T with

Space charge and CSR effects included.

The transverse emittance growth and the bunch size after the compression is shown Table

3.2, the initial emittance and bunch size are εnx0 = εny0 = 0.62µm, σx = σy = 0.22mm.

According to our simulation result with ImpactT, SC leads to significant emittance

growth (∼ 76%) in the x direction (bend plane), while only 4.7% in the y direction. The

CSR induced emittance change in the X and the Y directions are both smaller than 4%,

and can be ignored.
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Table 3.2: Emittance growth and bunch size after compression.

code SC CSR ∆εnx
εnx0

∆εny
εny0

σx(mm) σy(mm)

ImpactT off off 3.65% 4.73% 0.23 0.22

ImpactT on off 79.40% 7.31% 0.29 0.21

ImpactT on on 82.61% 4.42% 0.30 0.21

CSRtrack on on 85.13% 4.26% 0.30 0.21

The emittance growth in the y direction is ∼ 4% in both Impact-T and CSRTrack, and

it is interesting that in Impact-T, the emittance in the vertical plane is slightly reduced

by the CSR effect.

In the previous simulation, the electron bunch is fully compressed at the dogleg exit,

while after the dogleg, the electron bunch will be transversely focused to match the

plasma wakefield, a significant increase of the bunch duration is expected due to the

space charge effect and the velocity difference (the bunch head moves faster than the

bunch tail), i.e. with γe = 20, energy deviation δ = 0.005, the relative position shift after

1 meter drift is ∆z/c = (/γ2
ec)δ =41.67 fs according to equation 2.67, it is comparable

to the bunch duration . The evolution of the bunch duration is shown in Figure 3.22,

with the dogleg exit located at 5.03 m, after the dogleg it is a drift space.
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Figure 3.22: The evolution of the bunch duration, with the dogleg located at 2.5 m
to 5.03 m.

To suppress the increase of the bunch length, a short focus line is desired, here we also

try with an over compressed bunch, that is at the dogleg exit, the bunch head has less

energy while the bunch tail has more energy, the bunch length may be slightly reduced

downstream of the dogleg. To get an over compressed bunch, we slightly increase the

phase of the booster, the electric field is also increased to keep a constant energy of

10 MeV, with different phase, the evolution of the RMS bunch length after the dogleg
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is shown in Figure 3.23. One can find that the optimal condition is depend on the ex-

traction position (the plasma entrance), if the plasma entrance is before 5.4 m, a shorter

bunch can be achieved with a full compressed bunch, otherwise, an over compressed

bunch is preferable.
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Figure 3.23: The evolution of the bunch duration in the subsequent drift space down-
stream of the dogleg.

It is notable that, according to the bunch length evolution after the dogleg, if the plasma

entrance is set close to s = 5.4m, the bunch length is less sensitive to the acceleration

phase of the booster, this will makes the tuning of the dogleg easier, a solenoid will be

used to focus the electron bunch quickly, the plasma entrance is set to 5.46 m, this will

be discussed in the section 3.5. With a full compression condition at the dogleg exit

(5.03 m), the bunch duration at 5.46 m (plasma entrance) is 78.6 fs RMS, 60 fs FWHM,

the longitudinal phase space is shown in Figure 3.24a, with the booster phase increased

by 0.39 ◦, a minimum RMS bunch duration of 77.4 fs is achieved at 5.46 m, while the

FWHM duration increased to 65 fs, the longitudinal phase space is shown in Figure 3.24b.

At 5.46 m, there is less difference between the full compression and over compression case,

the FWHM bunch duration is slightly shorter with the full compression case, the full

compression will be applied in the subsequent study.

Considering the whole line from the gun to plasma entrance, since the gun and the

booster are powered by the same klystron, they have the same phase error, for different

phase errors, the RMS bunch duration at the plasma entrance (5.62 m) is shown in

Figure 3.25, to obtain a bunch duration shorter than 100 fs, the phase error should be

smaller than 1.5 ◦, that corresponding to 1.38 ps.



Electron bunch compression and matching before the plasma 66

(a) Full compression at dogleg exit. (b) Over compression at dogleg exit.

Figure 3.24: Longitudinal phase space of the electron bunch at 5.46 m, the dogleg
exit is located at 5.03 m.
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Figure 3.25: The bunch duration at the plasma entrance versus the RF phase error.

3.5 Transverse focusing before the plasma

The longitudinal phase space of the electron bunch has been manipulated to improve the

capture in the plasma, however, before being injected into the plasma, the transverse

parameters should also be tuned to suppress the emittance growth in the plasma.

The transverse motion of the electrons can be described with the Hill’s equation 2.6, with

d2x/dz2 = Fx/(γemec
2), we have K = Fx/(γemec

2x), for a mono energetic, and short

beam, if the focusing force is linear related to the transverse coordinate (K in equation

2.6 is independent of the transverse or longitudinal coordinate) then the beam emittance

is conserved during the propagation [45, 118]. But this assumption usually doesn’t hold

in reality, i.e. if the initial electron bunch length can’t be neglected comparing with the

plasma wavelength, then K varies between bunch slices, the phase space ellipses of bunch

slices will rotate with different betatron frequencies, this will lead to the decoherence

between bunch slices and increase the project emittance. Also the beam is usually not

mono energetic, concerning the energy spread, the correlated energy spread may lead

to the decoherence between slices while the uncorrelated energy spread may lead to
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the decoherence in bunch slices, they both lead to the degradation of the projected

emittance.

In a constant focusing channel (the focusing filed varies much slower than the betatron

function), the emittance growth from betatron decoherence can be efficiently mitigated

by matching of the beams with the electromagnetic field. The matching condition can

be derived from the beam envelop equation 2.31a, in emittance dominated beam (the

space charge effect can be neglected), the matching condition is given by [93, 119]

αx,y = 0, βx,y =
1

kβ.x,y
=

1√
K

(3.21)

αx,y, and βx,y are the Twiss parameters in x and y direction, while kβ.x,y is the mean

betatron oscillation wave number of the electrons, K is the focus strength of the plasma

wakefield, it yields K = e
γemec2

∂rEr |r=0 , Er is the transverse electric field as giving in

equation 2.122b. For r � w(s), the matching condition in the linear regime follows that

αx,y = 0, 1/βx,y =

〈
4

√
π

2

√
a2

0

γew(s)2
kpL exp(−k2

pL
2/8) sin(kpξ)

〉
(3.22)

Where w(s), a0(s) are the waist and the amplitude of the laser, kpξ is the acceleration

phase in the plasma wave. But one should note that this matching condition is valid

for the case of a uniform focusing channel, where the acceleration phase varies slowly

during the propagation, the relative position of the electrons are fixed (decide the average

value). Usually the betatron function needs to be tuned to a small value (few µm), it

has been shown that an up ramp of the plasma density[120] and the focusing of the laser

as shown in Figure 3.26 may relax the requirement for βx,y, since the plasma wakefield

helps to focus the electron bunch.

laser focal plane

Figure 3.26: The focusing laser configuration.

Referring to the focusing laser configuration, the matching condition in equation 3.21

is for the uniform acceleration section (after the laser focal plane in Figure 3.26), the

matching condition at the injection plane can be found by backtracking a matched

electron bunch from the uniform acceleration section.



Electron bunch compression and matching before the plasma 68

While for the plasma configuration in ESCULAP, the laser focusing section is mainly

used to perform velocity bunching, the initial bunch length is almost half the plasma

wave length, the relative longitudinal position of electrons are rearranged and many

electrons are lost during the propagation, also the laser beam will not be guided for the

first experiment, thus there is no uniform acceleration section. The matching condition

is not validate in our case, but it is still necessary to focus the electron bunch to be

much smaller than the laser beam.

The 10 MeV electron bunch can be focused with several quadrupoles or a solenoid, with

quadrupoles the TWISS parameters in x and y plane can be tuned separately, but several

quadrupoles are needed to focus the beam in both direction, electrons may require strong

defocusing before focusing, thus a long space is required. With a solenoid, the electron

bunch experience the same focus force in x and y plane thus it can be focused directly,

but the problem is that x-y plane can’t be tuned separately.

A transport line composed of a quadrupole doublet and a quadrupole triplet has been

designed and presented in [115], it matches αx,y to 0 and βx,y to 0.1 m. The matching

is performed with MADx, the space charge effect is compensated by slightly tuning the

quadrupoles strength referring to the mismatch factor Ms in equation 2.33, the Twiss

parameters are shown in Figure 3.27, the dogleg exit is located at 5.03 m.
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Figure 3.27: Betatron function along the transfer line.

However, as discussed before, it’s hard to define the matching condition at the plasma

entrance in our case, here the electron bunch is just focused to a size much smaller than

the laser beam. The bunch size at dogleg exit is ∼300 µm (see table 3.2), the spot size

of the laser beam at the laser focal plane is w0 =50.46 µm, assume the injection plane

is 4 Rayleigh lengths from the focal plane, the laser beam size at the injection plane
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is ∼200 µm, here a solenoid with
∫
B(z)2dz = 0.045T2m is put at s =5.3 m to focus

the electron beam, the transverse beam size and the emittance from the dogleg exit

to plasma entrance is shown in Figure 3.28. The transverse beam size at the plasma

entrance are σx=26.2 µm, σy=25.3 µm, the emittance in the y plane increases fast due

to the aberrations and the coupling between x-y plane.
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Figure 3.28: The evolution of the transverse bunch size and emittance by focusing
with a solenoid.

The bunch length increases to 82 fs at the plasma entrance as shown in Figure 3.29, the

longitudinal phase space at the dogleg entrance is shown in Figure 3.30
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Figure 3.29: The evolution of the bunch length by focusing with a solenoid.
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Figure 3.30: The longitudinal phase space of the electron bunch at plasma entrance.

3.6 Summary

The optical design of the dogleg chicane and the simulation study of the beam dynamics

has been presented, the beam dynamics is studied with Impact-T and CSRTrack for

cross-checking, the results are in good agreement. The duration of the electron bunch

at the dogleg exit is 65.9 fs RMS, 50 fs FWHM.

After the dogleg, the bunch length increases quickly so that it should be injected into

the plasma quickly, a solenoid is used to focus the electron bunch to a smaller size with

respect to the spot size of the laser beam at the injection plane. The dogleg exit is at

5.03 m, while the solenoid is set at 5.3 m, and the plasma entrance is located at 5.46 m.

At the plasma entrance the RMS bunch duration is 83 fs, while the FWHM duration is

60 fs.



Chapter 4

Beam capture and acceleration in

the plasma wakefield

In this chapter, the electron bunch injection and acceleration in the plasma are studied.

At the plasma entrance, the electron bunch has been longitudinally compressed to ∼83 fs

RMS, it is comparable with the linear plasma wavelength (i.e 249 fs@2 × 1017 cm−3),

if it is directly accelerated, the energy spread will be large, thus a further compression

before the acceleration is strongly desired.

The external electron bunch has an energy of ∼10 MeV, due to this low energy, the

relative longitudinal positions of the electrons are not frozen, velocity bunching can be

performed, that is to inject the electron bunch at a specific phase where the bunch tail

gets more energy than the bunch head, thus the bunch will be compressed during the

propagation, this has already been discussed in the first chapter, lower electric field and

longer propagation length is beneficial for the compression. By analogy with the curve of

sine like electric field, maximum compression can be achieved at the zero crossing phase

where the field gradient is maximum. Whereas for the acceleration process, the electron

bunch is expected to lie in the acceleration field crest to get efficient acceleration with

minimum energy spread.

So different phases are required for compression and acceleration, this can be realized

by dephasing, the external electron bunch moves slower than the laser initially and slips

backward, then due to the acceleration in the plasma wakefield it will catch up the laser

beam and slip forward. The electron bunch is expected to be injected at the zero crossing

phase of the longitudinal field to get maximum compression, and then slips to the field

crest to get maximum acceleration. Since the relative position change of the electron in

1 m’s propagation is proportional to δ/γ2
e , the acceleration field at the injection plane

should be weaker to keep the small γe. On the other hand, a strong electric field is

71



Beam capture and acceleration in the plasma wakefield 72

required to accelerate the bunch to catch up the laser beam before slipping into the

defocusing phase, when the electron bunch catches up the laser beam a strong electric

field is also desired to efficiently accelerate the bunch to higher energy before it slips

forward away from the field crest.

The weak electric field at the injection plane, and the strong electric field at the acceler-

ation section is realized by starting the laser plasma interaction several Rayleigh length

(assume n Rayleigh length) before the laser focal plane, thus the electric field at the in-

jection plane is 1/n2 the electric field at the laser focal plane. It will also be shown that

by ending the laser plasma interaction several Rayleigh length after the laser focal plane

may significantly reduce the angular divergence of the electron bunch thus increase the

chromatic length and relax the requirement on the magnets of the subsequent extraction

line.

The evolution of the longitudinal phase space of the electron bunch is of vital importance

in our case, it is tuned by varying the injection phase of the electron bunch and the

distance between the plasma start plane (injection plane) and the laser focal plane.

The evolution of the longitudinal phase space is studied by solving the 1-D equation of

motion and then with PIC (particle in cell) simulation, the optimal injection condition

are achieved for several plasma densities, the evolution of the energy spread, emittance,

transverse size and longitudinal duration of the electron bunch are also studied.

4.1 Simulation code

The ESCULAP project aims at studying the acceleration of an externally injected elec-

tron bunch in quasi linear regime, with a plasma cell of length of ∼10 cm. To perform

studies over a large ensemble of parameters in a long interaction distance, very heavy

calculations are expected with the commonly used 3D particle in cell (PIC) simulation.

Thus, a quasi-static code WAKE-EP [121], an upgrade of the code WAKE [122] is used

to model the interaction in the plasma.

WAKE is a 2D (Cartesian/Cylindrical) fully relativistic, non-linear code, it is valid in the

case ωp/ωL � 1, ωp and ωL are respectively the angular frequency of the plasma and the

laser. In WAKE, the electron motion is separated into a fast quiver motion driven by the

high frequency laser field and a slow varying motion driven by the pondermotive force,

the laser is assumed to be fixed when a plasma electron transit through the laser, thus

the time scale in the simulation is the plasma period. WAKE-EP is an improved version

of WAKE, in which the fields generated by the relativistic electrons are calculated and

added to the wakefield, following the same procedure as in [123]. As an example, the
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laser intensity and electron density calculated by WAKE-EP in linear regime is shown

in 4.1.
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Figure 4.1: The laser intensity and the plasma electrons density in WAKE-EP.

In fact, the laser amplitude in our study is a0 = 0.7, it is in quasi linear regime, the

nonlinear effect has contribution to the wakefield, the longitudinal wakefield calculated

by WAKE-EP, and by the linear theory are shown in Figure 4.2. The acceleration field

crest tilts forward while the deceleration field crest tilts backward under the effect of the

nonlinearities.
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Figure 4.2: Longitudinal electric field calculated by WAKE-EP and the linear theory,
with laser amplitude a0 = 0.699, plasma density ne = 2× 1017cm−3.

To perform parameters study, a code named WAKETRAJ[124] was also developed,

that can calculate the linear plasma wakefield, or read the field potential calculated by

WAKE-EP, then do the particle tracking with space charge effect excluded. For the same

laser-plasma configuration, the wakefield is fixed, we can use WAKE-EP to calculate the
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field potential, then use WAKETRAJ to read the field potential and search for the

optimal injection phase, this further reduce the computation time. With the optimal

injection phase found by WAKETRAJ, the space charge effect is checked with WAKE-

EP.

4.2 Density profile in the plasma cell

Before the simulation study of the interaction between laser and plasma, the plasma

density is checked. A plasma cell will be used in the experiment as shown in Figure 4.3

(a preliminary design for ESCULAP that will be used to produce an uniform density

profile), the plasma density we are concerned is around 2 × 1017/cm−3(this will be

discussed in next section).
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Figure 4.3: The plasma cell and the on axis plasma density.

In a gas, molecules not only strike the wall but also undergo frequent collisions, let ω

denote the collision frequency, consider a gas with N0 molecules, after a period t, there

are still N particles that have not undergone collision, then we have −dN = Nωdt,

integrating this equation, we have

N = N0e
−ωt (4.1)

t can be replaced by l/va, l is the path that has been traversed by a molecule without

suffering collision during interval t, va is the average velocity, the mean free path length

L is defined as the mean path length over which molecules travel without collision, thus

ω = va
L , then the fraction of molecules that are still traveling without suffering a collision

in the distance l follows that

φ(l) =
N

N0
= e−l/L (4.2)
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In a plasma cell, the gas flow can be described by three regimes depending on the ratio

of mean free path length (L) and the transverse size of the tube (a).

(A) viscous regime: L/a < 0.01.

(B) molecular regime: L/a > 1.

(C) transition regime: 0.01 < L/a < 1

In the viscous regime collisions mainly happen between molecules, thus it is easily to

reach thermal equilibrium, the flow is continuous. In the molecular flow, the gas density

is quite low thus the collision mainly happens between molecule and the wall. The

molecular motion in different regimes are shown in Figure 4.4

(a) viscous regime. (b) transition regime. (c) molecular regime.

Figure 4.4: The motion of molecules in different regimes.

The mean free path length is related to the temperature T , the molecular cross section

σ and pressure P , is given by [125]

L =
2.331× 10−17T

PTorσ2
(4.3)

For hydrogen at T = 298.15K, with a density of 1 × 1017/cm−3 (corresponding to an

electron density of 2 × 1017/cm−3 under full ionization), one has L ≈ 29.8µm. With

a = 0.9cm, L/a ≈ 0.0031, the gas density in the plasma cell should be studied with the

viscous flow model.

The laminar flow model is used and a finite element method (FEM) is applied to calculate

the gas density, the velocity of the gas molecules in the main cell is lower than 10 m/s,

the density profile is shown in Figure 4.3.

4.3 Considerations related to the configuration

4.3.1 Energy gain in the plasma wave

The advantage of the LWFA is the high acceleration gradient, thus it is important to

have a basic understanding of the magnitude of the achievable acceleration field and
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the energy gain, for the first step of ESCULAP, the laser is not guided, thus the energy

gain is mainly achieved within one Rayleigh length before and after the laser focal

plane. It has been discussed before, to efficiently excite the field potential in the plasma,

the length of the laser beam L should be matched with the plasma density ne (which

further decides the plasma wave number kp), with a fixed laser amplitude, the resonant

condition was shown in Figure 2.12, while for a laser with fixed energy, the shape factor

i.e the laser length L, laser waist w also decides the laser amplitude and directly affect

the amplitude of the potential, one has a ∝ 1
wωL

√
EL/L according to the discussion in

section 2.2.4. Consider a laser beam laser which has an energy EL = 2J (the case of

LASERIX), with a Gaussian distributed profile in both longitudinal and radial direction,

by setting the spot size to w0 = 50.46µm at the focal plane, the Rayleigh length yields

LR = πr2
s0/λL = 1cm, the wakefield potential, wakefield strength versus plasma density

ne and laser duration are show in Figure 4.5.

(a) Wakefield potential. (b) Wakefield strength.

Figure 4.5: With the LASERIX laser EL =2 J, by setting the laser waist to rs =
50.46µm, the achievable maximum wake potential and longitudinal electric field with

various plasma density and laser length.

Compare Figure 4.5a with Figure 4.5b, the resonant condition for the wake potential

and the wakefield are different, since the wakefield can be described with the product of

wake potential and the field of the wave breaking Ewb, Ewb is also related to the plasma

density by Ewb ∝
√
ne. However, a shorter laser duration is desired to achieve both

higher wakefield potential and wakefield, with a laser duration of 20 fs, an acceleration

gradient as high as 90 GV/m can be achieved with a plasma density of ne ≈8×1018cm3.

The laser beam has a wavelength of λL = 0.8 µm, the critical density nc = ε0meω
2
L/e

2

yields 1.74× 1021cm−3, the plasma density should below this value for the propagation

of the laser, this is not conflict with the resonant condition.

However, for the ESCULAP project, the external electron bunch achieved in the previous

chapter at the plasma entrance is shorter than ∼85 fs, the plasma wave duration should

be at least longer than 170 fs, thus most electrons are injected at the focusing phase.
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The plasma wave period Tp is proportional to
√

1/ne, Tp versus ne is shown in Figure

4.6.
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Figure 4.6: The plasma wave duration versus plasma density.

According to Figure 4.6, with a plasma density of 4×1017/cm3, the plasma wave duration

yields 176 fs, it is two times the electron bunch duration. With the 2 J laser beam, by

setting the density range to ne <4×1017/cm3, the laser amplitude versus laser duration

is shown in Figure 4.7a, the wakefield potential, wakefield strength and energy gain of

the electron within two Rayleigh length versus the laser duration and plasma density

are respectively shown in Figure 4.7b, 4.7c and 4.7d.

From Figure 4.7a, with a laser duration longer than 20 fs, the laser amplitude is smaller

than 1, that is the linear regime, according to Figure 4.7b, 4.7c, 4.7d , in the interested

density range, shorter laser duration and higher plasma density is desired to obtain

higher acceleration field and energy gain. With a plasma density of ne =4×1017cm3,

and a laser duration of 20 fs the maximum longitudinal electric field is ∼12 GV/m, the

efficient energy gain of the electron bunch within one Rayleigh length before and after

the laser focal plane yields ∆γe ≈ 460.

However, given the current status of LASERIX, the pulse duration is 45 fs FWHM,

without additional compression of the laser pulse, only the laser waist spot size w0 can

be tuned, w0 has effect on the field potential and the field strength but has less effect on

the energy gain of the electron bunch since a2
0LR (the acceleration field is in proportional

to a2
0) is independent of the laser waist. With the FWHM laser duration being fixed to

45 fs, the laser amplitude versus laser spot size is shown in Figure 4.8a, the wakefield

potential, wakefield strength and energy gain of the electron over two Rayleigh lengths

versus the laser duration and plasma density are respectively shown in Figure 4.8b, 4.8c,

4.8d.
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(a) The amplitude of the laser versus laser dura-
tion.

(b) Plasma wake potential versus plasma density
and FWHM laser duration.

(c) Longitudinal electric field of the plasma wave. (d) Energy gain of an electron in 2 Rayleigh length.

Figure 4.7: With the LASERIX laser EL =2 J, by setting the laser waist to rs =
50.46µm, the amplitude of the laser versus laser length at focal plane is shown in A).
The achievable maximum wake potential and longitudinal electric field with various
plasma density and laser length are shown in B and C, the longitudinal electric field

multiplied by two Rayleigh length is shown in D.

One can find from Figure 4.8 that, by tightly focusing the laser to a spot size of 25µm,

with a plasma density of ∼4×1017cm−3, an accelerating electric field as high as 40 GV/m

can be achieved in the quasi-linear regime. While the spot size of the laser has no effect

on the energy gain.

It is notable that in our case, the capture of the electrons and the final beam quality

depends on the velocity bunching process in the plasma, according to the previous

discussion a low electric field and long distance is preferred for the velocity bunching,

that calls for a large laser waist. Thus, in the following study, the laser FWHM duration

and laser waist are respectively fixed to τL = 45fs, w0 = 50.46µm (giving a Rayleigh

length of 1 cm), the injection configuration for different plasma densities are studied.
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(a) The amplitude of the laser versus laser waist.
(b) Plasma wake potential versus plasma density

and FWHM laser waist.

(c) Longitudinal electric field of the plasma wave.
(d) Energy gain of an electron within 2 Rayleigh

length.

Figure 4.8: With the current LASERIX parameters, the energy is EL =2 J, the
FWHM laser duration is 45 fs, the amplitude of the laser versus laser waist at focal
plane is shown in A). The achievable maximum wake potential and longitudinal electric
field with various plasma density and laser waist are shown in B and C, the longitudinal

electric field multiply two Rayleigh length is shown in D.
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4.3.2 Longitudinal capture and compression of the electron bunch in

the plasma wave

The external electron bunch has an energy of 10 MeV which corresponding to a Lorentz

factor of γe = 20, with a uniform plasma density, the phase velocity of the plasma wave

is the group velocity of the laser, as the Lorentz factor is used to describe the energy and

velocity of the electron bunch, for consistency it is also used to describe the velocity of

the laser beam, in a plasma the Lorentz factor of the laser γL is proportional to
√

1/ne,

with the LASERIX laser beam, γL versus ne is shown in Figure 4.9. For the density

range of interest ne <4×1017cm−3, we have γL > 65, thus the external electrons moves

slower than the plasma wave and slips backward at the entrance of the plasma.

0 2 4 6 8 10

n
e
  [/cm3] 1017

0

100

200

300

400

L

X: 4.04e+17
Y: 65.66

Figure 4.9: The plasma wave duration versus plasma density

The electric field of the plasma wakefield in the linear regime in the co-moving frame

has been derived in formula 2.122, they are shown again here

Ez =
√
π
a2

0

4
√

2

mecωp
e

kpL exp(−k2
pL

2/8) cos(kpξ) exp(
−2r2

w(s)2
) (4.4a)

Er =

√
π

2
a2

0

mec
2r

ew(s)2
kpL exp(−k2

pL
2/8) sin(kpξ) exp(

−2r2

w(s)2
) (4.4b)
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Note that there is a phase difference of π/2 between the longitudinal electric field and

the transverse field, thus we have

2nπ + 0 < kpξ < 2nπ + π/2 focus and deceleration

2nπ + π/2 < kpξ < 2nπ + π focus and acceleration

2nπ + π < kpξ < 2nπ + 3π/2 defocus and acceleration

2nπ + 3π/2 < kpξ < 2nπ + 2π defocus and deceleration

The electric field calculated with the linear theory are shown in Figure 4.10, with negative

value of Ez referring to the acceleration field, positive value of Er refers to the focusing

field. For the sake of simplicity, the terms 2nπ is ignored in the following analysis, the

kpξ refers to the acceleration phase, it is recognized as φ for simplicity. In the regime in

which we are interested, the external electron bunch is slower than the plasma wave, thus

when injected, the electrons slip backward behind the plasma wave, the phase increases

during the propagation. The electron bunch is expected to be injected between 0 and

π, in transverse direction the electrons are focused, in longitudinal direction, the bunch

head get less energy than the bunch tail, it is compressed. Consider the wakefield, at

phase φ = π/2 a maximum field gradient is achieved thus the electron bunch gets a

maximum compression there, at phase φ = π, a minimum field gradient but a maximum

field strength is achieved, the electrons can be accelerated with higher energy and smaller

energy spread.

0 0.5 1 1.5 2 2.5 3

[ ]

-1

-0.5

0

0.5

1

E
r,
E
z
a.
u
.

E
r

E
z

acceleration

focusing

Figure 4.10: The radial and longitudinal electric field from the linear theory, with
amplitude not to scale, φ = 0 refers to the middle of the laser, laser tail is in right side.

The longitudinal motion of the electrons in the plasma wave can be described with the

acceleration phase φ = kpξ and the normalized electron energy γ = Ee/mec
2,
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dpi
dt

= eEi (4.5a)

dφ

dt
= kp(vg − ve) (4.5b)

Where i = x, y, z, in the x and y direction, Ex,y = Ex0,y0 sinφ, while in the z direction

Ez = Ez0 cos (φ+ φ0), in the following study, normalized parameters are used and they

are distinguished with the symbol ˜ , they yield p̃ = p/mec, t̃ = ωpt, Ẽi = Ei/Ewb =

Ei
e

mecωp
, ξ̃ = kpξ, s̃ = s/LR , note that ξ refers to the distance to laser peak while s

refers to the distance from the electron bunch to the laser focal plane and it is normalized

with the Rayleigh length. Thus the normalized motion equation in the z direction yield

dp̃z

dt̃
= Ẽz (4.6a)

dξ̃

dt̃
= βg − βe = βg −

p̃z√
1 + p̃2

z

(4.6b)

Where βe, βg are respectively the velocity of the electron and the group velocity of the

laser normalized by c. As shown in formula 4.4, one has Ez0 ∝
ω2
p

ω2
L

1
w2

0(1+s̃2)
, the plasma

density and the distance between the injection plane (the plasma start plane as shown

in Figure 4.11) and the laser focal plane s̃f , and also the injection phase can be adjusted

to tune the evolution of (ξ̃, p̃z) phase space of the electron bunch in the plasma.

For the sake of clarity, the configuration of the laser envelop as well as the parameters

ξ̃, s̃ are shown in Figure 4.11, and LASERIX parameters will be used in the study, the

laser waist is set to w0 = 50.46µm (giving a Rayleigh length of 1 cm).

laser focal plane

electron injection plane

Figure 4.11: The configuration of the laser laser envelop and the plasma cell.

The motion equation 4.6 can be solved with the Runge-Kutta method. Here an ellipse

is used to represent the envelop of the phase space of the initial electrons as shown in

Figure 4.12, it is initially distributes in 0 < ξ̃ < π. By setting the plasma density to
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2×1017 cm−3, with various s̃f , the phase space envelop at the laser focal plane is shown

in Figure 4.13. With the increase of s̃f , the electron bunch is closer to the field crest,

and is more compressed at the laser focal plane, however, part of the electrons slips to

the next wave period when s̃f = 5. It is also notable that, in the range of π < ξ̃ < 2π,

the transverse field has a defocusing force, particles slips close to this range may get lost

(i.e the case of s̃f = 5). With s̃f = 4, the electron bunch can catch up the laser before

slipping into the deceleration phase, and can be efficiently compressed by the plasma

wakefield, then it can to be accelerated by the subsequent plasma wakefield with smaller

energy spread.
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Figure 4.12: The phase space envelop of the initial electron bunch.
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Figure 4.13: The phase space envelop of the electron bunch at the plasma entrance
and after being accelerated to the laser focal plane, the distance from the electron
injection plane to laser focal plane s̃f is varied, the plasma density is uniformly 2 ×

1017cm−3.

Regarding the ESCULAP project, the uniform plasma density is then replaced with the
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density profile in Figure 4.3, and the maximum density is set to 2 × 1017cm−3. The

phase space envelop at the laser focal plane with various s̃f is shown in Figure 4.14.
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Figure 4.14: The phase space envelop of the electron bunch at the plasma entrance
and after acceleration to the laser focal plane, the distance from electron injection plane
to the laser focal plane s̃f is varied, the plasma density profile is from figure 4.3 with a

maximum density of 2× 1017cm−3.

Referring to the plasma density profile, it starts from 0 and rises to 90% of the maximum

density at 0.75cm, the length of the rising edge is comparable with the Rayleigh length,

thus it has effect on the electric field. Comparing Figure 4.13 with Figure 4.14, one can

find that the envelop is more stretched in the latter case, because in the rising edge the

electric field is weaker, the plasma wavelength is longer, electrons are not distributed

in the desired phase range. One can also note that the rising edge has more effect on

the electron bunch energy if s̃f is small, this is due to the fact that if the interaction

starts near the laser focal plane, the electric field with uniform density is sufficient high

to accelerate the electron bunch, the low density in the rising edge may affect the final

energy, if the interaction starts far away from the laser focal plane, the electric field is

weak, the rising edge has less effect on the final energy.

Thus the electron bunch is more compressed with uniform density, it’s better to shorten

the rise edge of the plasma density profile. With a smaller aperture at the ends of the

main plasma cell, one can get a sharper rising edge, but this has more requirement on

the mechanical manufacture.

In the previous discussion the transverse field is absent and the longitudinal electric field

is assumed to be uniform in the radial direction, for an accurate study, a PIC simulation

will be performed in the next section.
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4.4 Simulation study of the electron-plasma wakefield in-

teraction in the plasma cell

It has been discussed in the previous section, with the linear wakefield, by setting the

injection plane (plasma start plane) several Rayleigh length before the laser focal plane,

the external electron bunch which is injected in a phase range of 0 ≤ ξ̃ ≤ π can be

efficiently compressed when propagating towards the laser focal plane, while the effect

of the transverse field was not included. In this section, the interaction in the plasma is

simulated with the WAKE-EP code, the best injection configuration for different plasma

densities are studied, the effect of the space charge is analyzed.

The initialization of the moving window in WAKE-EP is shown in Figure 4.15, in the

radial direction, the size of the simulation window Riar is set to 20 times the laser waist

at the focal plane Riar = 20w0, the grid number in w0 is larger than 60. In longitudinal

direction, we have zbl = 4L and zwake = 15L the grid number in L is larger than 60.

laser

zbl zwakeL

R
ia
r

Figure 4.15: The moving window in WAKE-EP

4.4.1 Longitudinal Phase space manipulation with the laser configu-

ration

In the previous study, only the 1-D longitudinal electric field is considered, the electrons

are injected in the phase range 0 ≤ ξ̃ ≤ π, where the transverse electric field exerts a

focusing force on the electron bunch. For the simulation with WAKE-EP, the s̃f defined

in Figure 4.11 and the injection phase ξ̃0 are tuned to find the optimum configuration,

note that ξ̃0 = kpξ0, kp is the nominal plasma wave number, ξ0 is the distance from the

injection position to the laser peak. The plasma density profile in Figure 4.3 is used in

the following study, it is uniform in the main cell (9 cm in length), this uniform density

is recognized as the nominal plasma density n0.
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With different s̃f and ξ̃0 the longitudinal distribution of the electrons at the laser focal

plane is shown in Figure 4.16. We can see that with the increase of s̃f the electron

bunch is more compressed at the laser focal plane, and slips more backward, when s̃f is

increased to 4.75, the peak current starts to decrease, this is consistent with the result

in Figure 4.14. Here 2π refers to the nominal plasma wavelength 74.66 µm (249.04 fs in

duration), the peak current at the laser focal plane reaches 1166 A with s̃f = 4.5 and

ξ̃0 = 0. With ξ̃0 = 0, some electrons are injected in the defocusing region, this may

be due to the fact that at the start position both the laser amplitude and the plasma

density is low, the electric field is weak thus the low energy electrons slip quickly to the

focusing region before getting lost.
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Figure 4.16: The longitudinal distribution of the electrons at laser focal plane, with
different start position and injection phase, bin size is 0.005π.

With the electron bunch being compressed near the laser focal plane, the energy spread

is expected to be relatively small after the acceleration, with all the configuration in

Figure 4.16, the energy distribution of the main electron bunch at the plasma cell exit is

reported in Figure 4.17, one can find that with the electron bunch being well compressed

at the laser focal plane, the energy spectrum is more sharp at the plasma exit.
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Figure 4.17: The energy distribution of the electrons at the exit of the plasma cell,
with different start position and injection phase, bin size is 1.

Regarding to the optimal injection configuration (s̃f = 4.5, ξ̃ = 0), the longitudinal

phase space (ξ̃, γ) (left axis) together with the values of Ez (right axis) at four different

positions are reported in Figure 4.18.

At the entrance of the plasma both the plasma density and the laser amplitude is low,

thus the electric field is not sufficient to change the electron energy.

When propagated to near 0.8 cm the plasma density rises to 0.9n0, the laser amplitude

is approximately 0.18, the plasma wakefield field is excited in linear regime. The first

deceleration peak is located at ξ̃ = 0.1π, while the first acceleration peak is located at

ξ̃ = π, thus the first half period is shorter under the effect of the laser. The core of the

electron bunch is situated at ξ ≈ 0.15π, the electrons are mainly distributed between ξ̃ =

0.1π and ξ̃ = 0.7π, in this phase region, the electrons experiences a transversely focusing

force from the transverse electric field, while in the longitudinal direction, electrons at

the bunch head get less energy (deceleration) than that at the bunch tail, thus the

phase space is rotated and longitudinally compressed during the propagation. Most of
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the electrons are slightly decelerated w.r.t the energy at the plasma entrance and are

slower than the plasma wave, they will slip backward (toward large phase) during the

propagation.

Near the laser focal plane, the laser amplitude increased to ∼0.7, the maximum acceler-

ation field increased to 0.137Ewb corresponding to 5.89 GV/m, thus the electron bunch

can get an efficient acceleration. The electron bunch has already been compressed in the

previous propagation and slipped just to the acceleration field crest (the derivative of

the field is minimum), thus the electron bunch can be accelerated to higher energy with

smaller energy spread. One may find that the first acceleration field crest tilt slightly

backward (located at ξ̃ ≈ 1.085 π), because at the laser focal plane the laser amplitude

is 0.7, the nonlinearity has effect on the electric field.

At the plasma exit, the electron bunch slips slightly forward from ξ̃ = π w.r.t the

distribution at the laser focal plane, because the electron bunch moves faster than the

plasma wave (γL > 93.3) since the laser focal plane. A short electron bunch with high

energy is clearly identified at the plasma exit, a small part of the electrons slip to the

second period, they are also accelerated to high energy, however they are only 1.26% of

all the electrons.

(a) At the plasma entrance. (b) After 0.8 cm’s propagation.

(c) At the laser focal plane. (d) At the plasma exit.

Figure 4.18: With s̃f = 4.5, ξ̃ = 0.2, the longitudinal phase space of the electron
bunch and longitudinal electric field in reduced units at four positions, (A) at the
entrance of the plasma, (B) after 0.8 cm’s propagation where the plasma density rise to

0.99n0, (C) at the laser focal plane, (D) at the plasma exit.
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The bunch charge at the plasma entrance is 10 pC, 50000 macro particles are used in

the simulation, 39713 macro particles survived to the plasma exit. Due to the long tail

in both energy and position, the energy spread calculated with all the particles seems

meaningless.

The longitudinal position distribution of the electrons at the plasma exit is shown in

Figure 4.19, almost 95% electrons are distributed at ξ̃ < π, while 98.5% electrons are

distributed at ξ̃ < 1.5π. With the consideration that a few high energy electrons are

distributed near ξ̃ = π, thus the electrons distributed at ξ̃ < 1.5π are assumed to belong

to the main bunch, their energy distribution will be discussed in the subsequent study.

Due to the long bunch tail, the bunch duration is described with it’s FWHM value, it

is approximately 0.045π at the plasma exit, which yields 5.6 fs (2π refers to the period

of the plasma wave 249fs).
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Figure 4.19: The longitudinal distribution of the particles at plasma exit (blue line,
left axis), bin size is 0.005π, and the sum of the particle number normalized with the
total particles number (red line, right axis). The figure at the right side is the zoom of

the left one.

Only consider the main bunch with ξ̃ < 1.5π, the distribution of the γe is shown in

Figure 4.20.
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Figure 4.20: The energy distribution of the selected particles at the exit of the plasma
cell (blue line, left axis), bin size is 1, and the sum of the particle number normalized
with the total particles number (red line, right axis), the figure in the left is the zoom

of left one.

In the main bunch, the average γe yields 282.67, ∼ 90% electrons have a γe larger than

260, the energy spread of these electrons is σδ = 3.27%, ∼ 95% electrons have a γe larger

than 230, they yield an energy spread of σδ = 4.48%. Because the energy spectrum has

a sharp peak and long tails, the energy spread is quite sensitive to the selecting window,

in the previous paper in [126], 95% high energy electrons are selected to calculate the

energy spread, here the FWHM energy spread is calculated to avoid the effect of the long

tails, the full width of the half maximum value of the energy spectrum is considered as

the absolute energy spread, it is then normalized with the average energy and recognized

as σδ.fwhm, it yields 1.2% at the plasma exit.

Cutting the low energy tail is reasonable since they have a larger radial size and angular

divergence, and may be lost or can be easily collimated during the subsequent transport.

The distribution of the main bunch in the transverse plane is shown in Figure 4.21a,

more than 94% of the electrons are distributed in a radius of 90 µm (see the red circle in

the figure), the distribution of these electrons in the circle in the ξ̃ − γe plane is shown

in Figure 4.21b. Comparing with the distribution of all the electrons in Figure 4.18d,

one can find that the electrons with lower energy are distributed at larger radial size,

they surround the bunch core as a halo.
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(a) distribution in x-y plane. (b) distribution in ξ̃-γe plane.

Figure 4.21: (A)The distribution of the electrons in the transverse plane, the red line
shows a circle with a radius of 90 µm, (B) the longitudinal phase space of the electrons

in the circle.

To check the evolution of the bunch length and the energy spread during the propagation,

only the 94% high energy macro particles in the main bunch are counted, the RMS and

FWHM bunch duration and the energy spread are respectively shown in Figure 4.22a

and Figure 4.22b. The evolution of the RMS value and the FWHM value have the same

trend during the propagation, a sharp peak and long tails in the distribution is indicated

if the RMS value is larger than the FWHM value. The bunch length reduces quickly

between 1 cm and 4 cm, that means the velocity bunching is mainly performed in this

range. The energy spread increases between 0 and 2.5 cm, because the energy chirp for

the velocity bunching is generated in this range, then the energy spread decreases from

3 cm to 5.5 cm due to the near crest acceleration. It can be inferred that with a longer

on crest acceleration range, the energy spread may decrease to a smaller value.
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(b) The energy spread of the main bunch during
the propagation.

Figure 4.22: Evolution of the bunch length and energy spread in the plasma cell.

The average Lorentz factor of the electrons 〈γe〉 during the propagation in the plasma is

shown in Figure 4.23, 〈γe〉 slightly decreases before 1 cm, and continuously increases to
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283 at the plasma exit, that means the bunch center is suited at the zero acceleration

phase ξ̃ = π/2 after 1 cm of propagation, and then slips to the acceleration field crest and

get efficient acceleration during the propagation. The energy gain is mainly happened

between 3.5 cm to 5.5 cm, within one Rayleigh length before and after the laser focal

plane.

0 2 4 6 8 10 12
propagation length  [cm]

0

100

200

300

Figure 4.23: The average Lorentz factor of the electron bunch versus the propagation
distance in the plasma.

The optimal configuration is searched with WAKETraj with space charge effect excluded,

and then confirmed with WAKE-EP with space charge effect included. Near the laser

focal plane (4.5 cm), the electron bunch has a minimum volume thus the space charge

effect is most significant. The value of the longitudinal field at 1 cm after the laser

focal plane is shown in Figure 4.24a, the difference in the longitudinal field values with

and without beam loading is shown in Figure 4.24b. The electric field excited with the

plasma is ∼5000 times that excited by the electron bunch, thus the space charge can be

ignored in our case.
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Figure 4.24: Longitudinal on axis electric field Ez in units of Ew.b = mecωp/e, at 0.5
cm after the laser focal plane. The electric field excited with laser plasma interaction is
reported in (A), while the difference in Ez with and without beam loading is reported

in(B).
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In the previous study, the injection phase is scanned, however, only the electron bunch

being injected in the first period of the plasma wave are studied, the optimal injection

condition is s̃f = 4.5, ξ̃ = 0. Actually we can get a mostly similar compression with the

electron bunch being injected in the subsequent period, i.e. with s̃f = 4.5, ξ̃ = 2π, the

phase space of the electrons is shown in Figure 4.25, the distribution of the main bunch

is almost similar with that in the previous simulations, the major difference is that a

few electrons (less than 1.5%) are captured before the main bunch and form a pre-pulse,

from this point, it is prevalent to inject the electron bunch in the first period.

Figure 4.25: The longitudinal phase space of the electron bunch at plasma exit, with
the configuration s̃f = 4.5, and the injection phase ξ̃ = 2.2π.

4.4.2 Evolution of the transverse parameters of the electron bunch

In previous chapter, we discuss mainly the longitudinal parameters. In this section,

the evolution of the transverse parameters in the plasma are checked. To calculate the

transverse parameters, the 94% high energy electrons in the main bunch are used. The

transverse size and the emittance of the main bunch during the propagation is shown in

Figure 4.26, the bunch size evolves smoothly and is almost symmetric to the laser focal

plane. The oscillation of the emittance is only significant before 6 cm, at the plasma

exit, the emittance in x and y plane are smaller than 1 µm. Note that, only the captured

7.35 pC higher energy electrons are counted in the analysis, thus the the bunch size

at the entrance is smaller than the 10 pC injected bunch σx =26.2 µm, σy=25.3 µm as

shown in Figure 3.28.
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(b) The emittance during the propagation

Figure 4.26: Evolution of the transverse size and emittance of the 95% high energy
electrons, the beam size at plasma entrance are σx =26.2 µm, σy=25.3 µm

Actually, different beam sizes have been tried to minimize the emittance growth, we

noticed that, with a larger or smaller beam size, significant oscillation of the beam size

before the laser focal plane can be observed, the emittance at the plasma exit is larger

than the case shown in Figure 4.26. i.e by slightly increasing the solenoid strength,

the beam size at the focal plane is σx=13.8 µm, σy=15.4 µm, the transverse size and

the emittance of the main bunch during the propagation is shown in Figure 4.27, the

oscillation of the bunch size and the emittance go worse, a larger emittance is obtained

at the plasma exit, i.e εnx≈ 1.4 µm.
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Figure 4.27: Evolution of the transverse size and emittance of the 95% high energy
electrons, the beam size at plasma entrance are σx =13.8 µm, σy=15.4 µm

The evolution of the angular divergence is shown in Figure 4.28, it decreases from

2.5 mrad at the laser focal plane to 0.17 mrad at the plasma exit, this may relax the

requirement on the magnets of the subsequent extraction line.
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Figure 4.28: The evolution of the transverse angular dispersion in the plasma cell

.

4.4.3 Optimization of the injection configuration for different plasma

densities

With the previous analysis, the region before the plasma focal plane is mainly aimed

to manipulate the longitudinal phase space of the electron bunch, and the region after

the plasma focal plane is mainly for the extraction of the electron bunch. With the

same plasma cell, the longitudinal optimal injection configuration with plasma density

of 1.5, 2.5 ×1017 /cm−3 are also studied, the energy distribution of the electron bunch

at the plasma exit with different injection condition (s̃f and ξ̃) for plasma density of 1.5,

2.5 ×1017 /cm−3 are respectively shown in Figure 4.29 and Figure 4.30. The optimal

injection condition and the corresponding bunch charge and energy spread at the plasma

exit is summarized in Table 4.1.
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Figure 4.29: The energy distribution of the electrons at the exit of the plasma cell,
with different starting position and injection phase, bin size is 1, the plasma density is

1.5× 1017/cm3.

280 300 320 340 360 380
0

2000

4000

N
e 

280 300 320 340 360 380
0

2000

4000

N
e 

280 300 320 340 360 380
0

2000

4000

N
e 

280 300 320 340 360 380
0

2000

4000

N
e 

280 300 320 340 360 380
0

2000

4000

N
e 

Figure 4.30: The energy distribution of the electrons at the exit of the plasma cell,
with different starting position and injection phase, bin size is 1, the plasma density is

2.5× 1017/cm3.
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Table 4.1: The optimal injection configuration and the corresponding bunch charac-
teristics at various plasma densities.

ρ

[1017/cm3]

s̃f ξ̃0 < γ > Q [pC] σδ σδ.FWHM

1.5 4 -0.06 201.86 7.99 4.65% 1.19%

2.0 4.5 0.00 282.67 7.89 4.48% 1.17%

2.5 4.75 0.13 355.17 6.88 4.18% 1.17%

With higher plasma density, the optimal injection plane is farther away from the laser

focal plane, this may due to the fact that the electric field is stronger in higher density

plasma, while the velocity bunching is more efficient with lower electric field and long

interaction distance, thus the optimal injection plane moves farther from the laser focal

plane to decrease the electric field.

The initial bunch charge is 10 pC, we can observe in this table the general trend of an

increase in energy with a plasma density, compensated by a reduction of the trapped

electron percentage. Because the electric field increases with plasma density while the

plasma wavelength decreases with plasma density, however there are still more than 68%

of electrons that can be captured.

4.5 Summary

In this chapter, the capture and the acceleration of the electron bunch in the plasma

wakefield have been studied. A plasma cell is used as the plasma media, the density map

is calculated with a laminar flow model by FEM, the laser-plasma-electron interaction

is simulated with the PIC code WAKE-EP.

In the plasma, by starting the interaction plane several Rayleigh length before the laser

focal plane, and injecting the low energy electron bunch near the zero crossing phase,

the electron bunch can be efficiently compressed to ∼3 fs at the laser focal plane, optimal

injection configuration for different plasma densities have been found. By terminating

the interaction several Rayleigh length after the laser focal plane, the angular divergence

is efficiently reduced, i.e 0.17 mrad@ne = 2 × 1017/cm3. The energy spectrum of the

electron bunch has long tails, with a plasma density of ne = 2×1017/cm3, at the plasma

exit the RMS energy spread of 95% high energy electrons is ∼4.5%, while the FWHM

energy spread is ∼1.2%.



Chapter 5

Extending the acceleration length

with the laser being guided by a

hollow dielectric capillary

In the previous study, the energy of the electron bunch is mainly limited by the diffraction

of the laser, the efficient acceleration range is only within one Rayleigh length before

and after the laser focal plane, it has also been discussed under Figure 4.22 that the

energy spread may decrease with a longer range acceleration. Thus, in this chapter, a

dielectric capillary is introduced from the laser focal plane to guide the laser.

It will be shown that with Gaussian radial profile of the laser, even in the matching

condition [97] (capillary radius being 1.55 times of the laser waist), the diffraction of the

laser edge at the capillary entrance may lead to a fast fluctuation of the laser intensity,

and further modulate the laser radial profile, as a result, the near axis electric field exerts

a defocusing force on the electrons in the focusing phase, most electrons are lost during

the propagation.

The using of a Flattened Gaussian beam (FGB) is then proposed to reduce the diffraction

at the capillary entrance, the FGB here refers to the beam that has a Flattened Gaussian

radial profile, it is actually the superposition of a series of Laguerre Gaussian beams with

the same waist size. By focusing the Flattened Gaussian beam, the radial intensity falls

fast to zero at the focal plane, thus the diffraction at the capillary entrance can be

eliminated. The FGB and it’s focusing will be shortly reviewed, the propagation of a

focused Flattened Gaussian beam in the capillary tube is studied.

The acceleration of the electron bunch with drive laser beams of different radial profiles

(Flattened Gaussian and Gaussian) are studied. For a general study, the simulation

98
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starts from the capillary entrance, with a matched electron bunch being injected into

the plasma, then based on the simulation results, an upgrade configuration for the

ESCULAP is studied.

5.1 Capillary guiding of a laser beam with a Gaussian ra-

dial profile

It has been studied in [97] that, to guide a laser beam from the focal plane, that has a

Gaussian distributed intensity profile in the radial direction, the radius of the capillary

should be 1.55 times the laser waist (Rcap ≈ 1.55w0), thus the maximum laser energy

(98%) is coupled to the fundamental EH11 mode which has interesting properties for

the laser wakefield excitation, 1% of the energy is coupled to higher order modes and

the remaining 1% is outside the capillary tube.

With the configuration found in the previous chapter, ne =2 × 1017cm−3, s̃f = 4.5,

ξ̃0 = 0, a capillary tube with radius Rcap = 1.55w0 = 78.4µm is put at the laser focal

plane (s = 0), the on axis laser intensity and the accelerated macro particles along the

propagation length is shown in Figure 5.1.
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Figure 5.1: The number of trapped electrons and the maximum laser intensity during
the propagation with laser focal plane and capillary entrance at s=0.

The low frequency oscillations of the laser intensity with a period of∼ 2.4 cm is due to the

dephasing between hybrid modes this will be discussed later, while the fast fluctuation

of the maximum intensity which is introduced at the capillary entrance, then gradually

damped during the propagation, is due to the diffraction of the laser edges at the capillary

entrance. Referring to the electrons, almost 20% of the electrons are lost at the capillary
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entrance, and another 40% lost during the propagation in the capillary. The electrons

lost at the capillary entrance have a radial size larger than the capillary radius and have

lower energy, thus they are essentially not captured by the plasma wave, the capillary

works as a collimator, while the loss of electrons in the capillary is mainly due to the

fast fluctuation of the laser intensity, this will be discussed in the following text.

Between s = 0 and s = 2cm where the fast fluctuation is more significant, the radial

laser profiles are shown in Figure 5.2, the radial laser profiles are modulated by the

diffraction, and at some positions, the maximum laser intensity is no longer situated

at axis, thus the plasma wave exerts a defocusing force on the par-axial electrons at

focusing phase. For the sake of clarity, the radial electric field at s=0 and s=0.2 cm are

shown in Figure 5.3 for comparison.
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Figure 5.2: The radial laser profile during the first 2 cm of propagation in the capillary
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verse electric field at s=0.2cm

Figure 5.3: The radial laser profile and the excited transverse electric field at different
positions
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At s=0, as shown in Figure 5.3a the radial laser intensity profile is in Gaussian dis-

tribution, the transverse electric field is positive along the radial direction, that exerts

a focusing force on the external electrons, while at s=0.2 cm, the radial laser profile is

modulated, the near axis transverse electric field is no longer linearly related to the radial

size, the emittance is not conserved during the propagation, worse still, the transverse

electric field changes sign at r =13.5 µm, the electrons at r <13.5 µm will be kicked from

the axis, while electrons with larger radial size are focused towards the axis, thus the

electron bunch is divided according to the phase and amplitude of the betatron oscilla-

tion (radial decoherence). As the decoherence of the electron bunch in radial direction,

the emittance increases during the propagation and at some places an electron ring can

be observed. As shows in Figure 5.4 the distribution of the electrons in the x− y plane

at the capillary entrance and 3 cm after the capillary entrance, an electron ring is clearly

identified at s=3 cm.

(a) The electron distribution in x-y plane at s=0 (b) The electron distribution in x-y plane at s=3 cm

Figure 5.4: The transverse distribution of the electrons at different positions.

The longitudinal electric field is proportional to the laser intensity which varies also in the

radial direction, but normally the energy of the electrons are independent of the radial

size due to the betatron oscillation, even though the slice energy spread may increase

during the propagation [127]. However, if the electrons are divided into several sub

bunches, and the amplitude of the betatron oscillation varies between the sub bunches

as shown in Figure 5.4b, then the longitudinal phase space of the electrons may also

be split into several parts during the propagation, the longitudinal phase space at s=0,

s=1.3 cm, s=3 cm and s=9.5 cm are shown in Figure 5.5.

It is notable that the low frequency oscillation of the laser intensity also has contribution

to the loss of electrons, the acceleration field crest tilted backward due to the nonlinearity

at high laser intensity as shown in Figure 4.2, the acceleration field crest is the zero

crossing point of the transverse field, it separates the focusing and defocusing force, thus

the boundary of the focusing force also moves with the laser intensity. It tilts toward

larger phase (away from electron bunch) at higher laser intensity and returns at lower
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laser intensity (close to the electron bunch). Thus when the laser intensity decreases,

the transverse field exerted on the electrons decreases not only due the laser amplitude

but also due to the shift of the zero crossing point, some electrons may even situated at

the defocusing phase when the laser intensity decreased to the local minimum value. As

the electron bunch moves faster than the plasma wave in the capillary, thus the electron

bunch is closest to the acceleration field crest when the laser intensity decreased to it’s

first minimum value, that is s=1.3cm according to Figure 5.1, the longitudinal phase

space of the electron bunch and the electric field of the plasma wave at s=1.3 cm are

shown in Figure 5.5b, only few electrons are in the defocusing phase, most electrons,

especially the bunch core is still in the focusing phase.

(a) The longitudinal phase space at s=0 (b) The longitudinal phase space at s=1.3 cm

(c) The longitudinal phase space at s=3 cm (d) The longitudinal phase space at s=9.5 cm

Figure 5.5: The longitudinal phase space of the electron bunch and the longitudinal
electric filed of the plasma wave at different positions.

Comparing Figure 4.18c with Figure 5.5a, the longitudinal phase space of the electron

bunch at the laser focal plane without and with capillary tube, the electrons at the

defocusing phase are collimated by the capillary entrance. Then, as shown in figure 5.5c

and 5.5d the energy distribution is stretched and split during the propagation in the

capillary.

However, one may note that in Figure 5.1 the laser intensity is slightly larger than

the nominal laser intensity at the capillary entrance, this is due to the self-focusing of

the laser in the plasma, thus the radial laser size is smaller than the nominal size at

the capillary entrance, the matching capillary size is changed. To eliminate this effect,
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a laser beam with Gaussian radial profile starting at it’s focal plane with a radius of

w0 =50.46 µm propagating in a capillary tube with a radius of Rcap = 1.55w0 =78.21 µm

is studied, with vacuum in the capillary the laser intensity during the propagation is

shown in Figure 5.6
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Figure 5.6: The maximum laser intensity during the propagation in the capillary
with matching condition, w0 =50.46 µm, Rcap = 1.55w0 =78.21 µm, with vacuum in

the capillary.

The fast fluctuation is still obvious in the first 3 cm and then damped during the prop-

agation, the self-focusing has less effect on the laser propagation in the capillary tube,

the radial profiles in the first 2 cm are shown in Figure 5.7, the modulation of the radial

profile still occurs during the propagation.
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Figure 5.7: The radial laser profile during the first 2 cm propagation in the capillary
which is filled with vacuum

.

As discussed before, the loss of electrons may result from the joint effect of the fast

fluctuations, lower frequency oscillations of the laser intensity, and also the non-linearity

induced field crest tilt.
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To evaluate their effects for general case, we do simulations starting from the capil-

lary entrance (also is the laser focal plane), an electron bunch in transverse matching

condition is used, firstly a laser beam with Gaussian radial profile is used, while the

electron bunch is injected on different phases 0.92π and 0.87π for comparison, 0.92π is

the acceleration phase at the focal plane in the previous study, 0.87π is to make sure

all the electrons are in the transverse focusing phase even with the existing of non-

linearities. Then a laser beam with Airy-like profile (available in WAKE-EP) [128] is

used, with the electron being injected at 0.92π, the Airy-like beam takes the form that

E(r) = AJ1(u1r/Rcap)/r, Rcap is the radius of the capillary, it is set also to 1.55 times

of the Gaussian beam waist, the radial profiles for the Gaussian and Airy-like beam are

shown in Figure 5.8, since the field falls to zero at the capillary wall with the Airy beam,

thus there is no diffraction at the capillary entrance.

The properties of the electron bunch and the laser beam are set according to the param-

eters at the laser focal plane in the previous study. The laser amplitude is a0 = 0.699,

the Lorentz factor of the initial electron beam is γe = 150 with an energy spread of 1%,

the bunch size and duration is set according to according to Figure 4.22a and 4.27a, the

RMS transverse bunch size is set to 5 µm, RMS bunch duration is set to 3 fs, the Twiss

parameter is calculated according to the matching condition in equation 3.21.
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Figure 5.8: The radial profile of the Airy beam and the Gaussian beam.

The maximum intensity of the laser during the propagation in the capillary for the

Gaussian beam and the Airy beam are shown in Figure 5.10 for comparison, the radial

profiles of the Airy laser during the first 2 cm’s propagation are reported in Figure 5.9

for comparison with the Gaussian case in Figure 5.7.
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Figure 5.10: The evolution of the maximum laser intensity during the propagation,
the initial radial profile of the laser are respectively in Gaussian and Airy-like distribu-

tion.

The fast fluctuation of the laser intensity is eliminated with the Airy beam, the modula-

tion of the radial profile is efficiently suppressed. Then the trapped electrons during the

propagation for Gaussian beam with injection phase of 0.87π, 0.92π, and for Airy beam

with injection phase of 0.92π are shown in Figure 5.11, with the Airy profile, almost

no electrons are lost during the propagation, while with the Gaussian profile more than

50% of the electrons are lost. For the Gaussian profile, more electrons are lost for the

case injected at 0.87π, this indicates that the tilt of the acceleration peak has less effect

on the electron loss.
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Figure 5.11: The number of electrons normalized with the initial number of electrons
during the propagation

.

With the electron bunch being injected at 0.92π of the plasma wave, the longitudinal

electron phase space at the capillary entrance and at 1.3 cm, 9.5 cm after the entrance,

driving by a laser beam with Gaussian radial profile are shown in Figure 5.12a, 5.12c

and 5.12e, for comparison, the phase space at same position but driving by a laser beam

with Airy radial profile are shown in Figure 5.12b, 5.12d and 5.12f. With the Airy

intensity profile laser, an energy chirp is introduced to the longitudinal phase space of

the electron bunch by the field gradient, while with the Gaussian intensity profile drive

laser, the chirp is only identified in the core at s=1.3cm, and then the phase space is

stretched by the laser intensity fluctuation.

It’s notable that the laser amplitude is the same for Gaussian and Airy laser beam

(compare the electric field at Figure5.12a and 5.12b), while the energy difference of the

electron bunch is due to the difference of the laser intensity oscillation amplitude as

shown in Figure 5.10.

In conclusion, with a Gaussian driven beam, a fast fluctuation of the laser intensity

is introduced by the diffraction at the capillary entrance even in the best matching

condition, the self focusing has less effect on the laser propagation. The fast fluctuation of

laser intensity may modulate the radial laser profile so that that a transverse defocusing

force is excited near the axis and a focusing force is excited far away from the axis in

the focusing phase region, as a result, the electron bunch is separated into several sub-

bunches according to the betatron frequency and amplitude, the electrons with large

betatron amplitude get less energy from the wakefield, thus the energy distribution is

stretched. With the fast fluctuation and low frequency oscillation of the laser amplitude,

most electrons may be lost during the propagation, while with an Airy-like laser, the

laser intensity falls to zero at the inner capillary wall at the capillary entrance, the

diffraction induced fast fluctuation can be eliminated, then almost no electrons are lost
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(a) The longitudinal phase space at s=0, driving
by an Gaussian radial profile laser

(b) The longitudinal phase space at s=0, driving
by an Airy radial profile laser

(c) The longitudinal phase space at s=1.3 cm, driv-
ing by a Gaussian radial profile laser.

(d) The longitudinal phase space at s=1.3 cm, driv-
ing by an Airy radial profile laser.

(e) The longitudinal phase space at s=9.5 cm, driv-
ing by a Gaussian radial profile laser.

(f) The longitudinal phase space at s=9.5 cm, driv-
ing by an Airy radial profile laser

Figure 5.12: The longitudinal phase space of the electron bunch and the longitudinal
electric filed of the plasma wave at different position, the injection phase is 0.92π for

all case.

during the propagation. In the next section, the generation of the laser profile with field

amplitude falling to zero at the capillary entrance will be mainly studied.
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5.2 Capillary guiding of a laser beam with flattened Gaus-

sian radial profile

The radial laser profile may be modulated by the diffraction of the laser edge at the

capillary entrance, to eliminate this diffraction the laser intensity should fall to zero at

the capillary entrance. According to the results shown in [61], this can be realized by

focusing a Flattened Gaussian beam [129], for the sake of clarity, the flattened Gaussian

beam and it’s focusing will be shortly reviewed and then it’s propagation in a capillary

tube will be studied.

5.2.1 Properties and the focusing of Flattened Gaussian beams

The Flattened Gaussian beam (FGB) is defined in [129], the electric field takes the form

that

EN (r) = A exp (−(N + 1)r2/w2
0)

N∑
m=0

1

m!
(
(N + 1)r2

w2
0

)m (N = 0, 1, 2...) (5.1)

With the relation that [130]

x2m =
m!

2m

m∑
n=0

(−1)n

(
m

n

)
Ln(2x2) (m = 0, 1, 2...) (5.2)

Where Ln is the nth Lauguerre polynomial, and (BA) is the binomial coefficient, they

follow that (
m

n

)
=

m!

n!(m− n)!

Ln(x) =
n∑
k=0

(
n

k

)
(−1)k

k!
xk

With equation 5.2 formula 5.1 can be rewritten as

EN (r) = A
N∑
n=0

cNn Ln(
2(N + 1)r2

w2
0

) exp (−(N + 1)r2

w2
0

) (5.3)

Where the coefficients c
(N)
n take the form that

c(N)
n = (−1)n

N∑
m=n

1

2m

(
m

n

)
(5.4)
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According to formula 5.3, the Nth order FGB is the superposition of the first N Laguerre

Gauss beams (LGB) with weights of c
(N)
n . The waist of the LGB is

wLGf−N =
w0√
N + 1

(5.5)

The Profiles of FGB of different orders are shown in Figure 5.13
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Figure 5.13: The profiles of FGB of orders 0, 1, 4, 10, 20, 50.

Then the focusing of the FGB is studied in [61], the field at focal plane takes the form

that

EN (r) =
−iAkw2

0

2(N + 1)f
exp (i(kf +

k

2f
r2)) exp (

k2w2
0

4(N + 1)f2
r2)

N∑
n=0

cNn (−1)nLnc(
k2w2

0

2(N + 1)f2
r2)

(5.6)

The waist of the Laguerre Gaussian beam at he focal plane is

wLG0−N =
2
√
N + 1f

kw0
=

2f

kwLGf−N
=

fλ

πwLGf−N
(5.7)

Where wLGf−N indicates the waist of the Laguerre Gaussian beam before focusing. Note

that, the Gaussian beam is a special case of the FGB with N = 0, in that case, the waist

before focusing is wGf = w0, the waist at the focal plane is wG0 = fλ/(πw0), thus the

waist of the LGB before focusing and at the focal plane are respectively wLGf−N =

wGf/
√
N + 1, wLG0−N = wG0

√
N + 1. The radial profiles of the focused FGB at the

focal plane are shown in Figure 5.14
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Figure 5.14: The radial profiles of the FGB of orders 0, 1, 4, 10, 20, 50 at the focal
plane, with maximum field normalized to 1

.

At the laser focal plane, the field falls fast to zero near r ≈ 1.9wG0, the capillary radius

can be set to the first zero crossing radius of the field to eliminate the diffraction at the

capillary entrance.

5.2.2 Propagation of a laser beam in the dielectric capillary

The propagation of the laser in the capillary tube can be studied by solving the wave

equation with the dielectric capillary wall describing the continuity of the field, the eigen

modes in the capillary can be obtained, and an incident linearly polarized laser beam

can be efficiently coupled to the linearly polarized family of EH1m modes (m=1,2...),

this has been studied in[98]. For the sake of clarity, it is shortly discussed here, in the

par-axial approximation (λ� Rcap), the field for EH1m modes takes the form [97]

E1m = AmJ0(k⊥mr)exp(−klmz)cos(ωLt− kzmz) (5.8)

For the mode of order m, Am is the amplitude, J0 is the first kind of Bessel function of

order zero, k⊥m and kzm are respectively the transverse and longitudinal wave number,

k =
√
k2
⊥m + k2

zm, k = ωL/c is the wave number in free space, recognize the mth root

of J0 as um, then k⊥m = um/Rcap. While klm is the damping coefficient and it follows

that klm = u2
m(1 + εr)/(2k

2R3
cap

√
εr − 1), εr is the dielectric constant of the wall. The

damping coefficient increases fast with m, thus the higher modes damp faster than the

fundamental mode.
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Figure 5.15: The electric field of the first three EH1m modes

The amplitude coefficient Am can be calculated by making the scalar product, they are

given by [97]

Am =

∫ 1
0 xEN (x)J0(umx)dx∫ 1

0 xJ0(umx)J0(umx)dx
=

2
∫ 1

0 xEN (x)J0(umx)dx

J2
1 (um)

(5.9)

Where x = r/Rcap, refer to formula 5.6 EN is the field of the laser with the amplitude

normalized to 1, the energy percentage of different modes can be calculated by

Cm =

∫ 1

0

(AmJ0(xum))2xdx∫ 1
0 xE

2
N (x)dx

=
2[
∫ 1

0 xEN (x)J0(umx)dx]2

J2
1 (um)

∫ 1
0 xE

2
N (x)dx

(5.10)

Another important parameter is the energy percentage of the incident laser that can be

coupled into the capillary, it can be derived as

η =

∫ 1
0 xE

2
N (x)dx∫∞

0 xE2
N (x)dx

(5.11)

Consider a FGB, the field in focal plane has been described in formula 5.6, the first zero

crossing radius r0 in unit of the corresponding Gaussian beam waist wG0 for different

orders N are calculated. With the capillary radius equal to r0, the percentage of en-

ergy coupled into the capillary η and the coupling coefficients Cm can be calculated by

substituting formula 5.6 into formula 5.11 and 5.10, they are summarized in Table 5.1,

N = 0 refers to the Gaussian beam, r0 is set to 1.55 times of the waist.
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Table 5.1: Coupling coefficients and first zero crossing radius of FGB of different
orders

N 0 1 2 4 5 8 10 20 50

r0 1.5500e0 2.0000e0 1.9503e0 1.9278e0 1.9241e0 1.9195e0 1.9183e0 1.9165e0 1.9160e0

η 9.9181e-1 9.9634e-1 9.8894e-1 9.7447e-1 9.6834e-1 9.5377e-1 9.4640e-1 9.2346e-1 8.9698e-1

C11 9.8884e-1 9.4498e-1 9.6925e-1 9.8250e-1 9.8514e-1 9.8902e-1 9.9027e-1 9.9268e-1 9.9406e-1

C12 5.2060e-3 5.4851e-2 3.0427e-2 1.7167e-2 1.4538e-2 1.0697e-2 9.4601e-3 7.0820e-3 5.7360e-3

C13 1.4628e-3 1.2630e-4 2.7386e-4 2.8530e-4 2.7392e-4 2.4473e-4 2.3143e-4 1.9919e-4 1.7627e-4

C14 9.1461e-4 2.8377e-5 3.6387e-5 3.5241e-5 3.3793e-5 3.0413e-5 2.8907e-5 2.5250e-5 2.2619e-5

C15 6.2400e-4 6.6581e-6 8.1100e-6 7.7660e-6 7.4497e-6 6.7250e-6 6.4039e-6 5.6235e-6 5.0599e-6

C16 4.4520e-4 2.0679e-6 2.4674e-6 2.3527e-6 2.2574e-6 2.0409e-6 1.9452e-6 1.7125e-6 1.5442e-6

C17 3.3131e-4 7.7842e-7 9.1906e-7 8.7442e-7 8.3916e-7 7.5936e-7 7.2411e-7 6.3841e-7 5.7636e-7

C18 2.5531e-4 3.3640e-7 3.9472e-7 3.7509e-7 3.6000e-7 3.2594e-7 3.1092e-7 2.7436e-7 2.4788e-7

C19 2.0239e-4 1.6128e-7 1.8849e-7 1.7897e-7 1.7179e-7 1.5559e-7 1.4845e-7 1.3107e-7 1.1848e-7

A11 8.7024e-1 7.3881e-1 8.0175e-1 8.4890e-1 8.6046e-1 8.7963e-1 8.8659e-1 9.0150e-1 9.1116e-1

A12 9.6339e-2 2.7158e-1 2.1673e-1 1.7120e-1 1.5948e-1 1.3958e-1 1.3221e-1 1.1617e-1 1.0560e-1

A13 6.4013e-2 -1.6335e-2 -2.5774e-2 -2.7665e-2 -2.7440e-2 -2.6463e-2 -2.5921e-2 -2.4422e-2 -2.3204e-2

A14 -5.9107e-2 9.0417e-3 1.0971e-2 1.1354e-2 1.1255e-2 1.0894e-2 1.0698e-2 1.0154e-2 9.7067e-3

A15 5.4947e-2 -4.9291e-3 -5.8291e-3 -5.9987e-3 -5.9473e-3 -5.7652e-3 -5.6668e-3 -5.3930e-3 -5.1669e-3

A16 -5.1064e-2 3.0224e-3 3.5376e-3 3.6327e-3 3.6021e-3 3.4945e-3 3.4363e-3 3.2745e-3 3.1406e-3

A17 4.7728e-2 -2.0091e-3 -2.3392e-3 -2.3995e-3 -2.3795e-3 -2.3094e-3 -2.2716e-3 -2.1661e-3 -2.0788e-3

A18 -4.4894e-2 1.4152e-3 1.6426e-3 1.6840e-3 1.6700e-3 1.6212e-3 1.5949e-3 1.5216e-3 1.4608e-3

A19 4.2472e-2 -1.0412e-3 -1.2061e-3 -1.2360e-3 -1.2258e-3 -1.1902e-3 -1.1710e-3 -1.1175e-3 -1.0731e-3

According to Table 5.1, η decrease with N , that means by setting the capillary radius

to the first zero crossing radius of the FGB at the focal plane, less energy can enter

the capillary with higher order FGB. For the Gaussian beam (N = 0) there is a slow

decrease of the amplitude with the mode number, so a large number of modes can

contribute to the field in the capillary, while for a focused flattened Gaussian beam the

decrease is much faster. The amplitude of the fundamental mode increases with N while

the amplitude of the higher modes decreases with N, thus with higher order FGB, a

more approximate mono mode beam can be obtained in the capillary with the sacrifice

of the total energy.

Since the diffraction at the capillary entrance can be avoided with the FGB, in our case

(low plasma density and laser amplitude), the radial profile of the laser in the capillary

depends on the evolution of hybrid modes. To study the evolution of hybrids modes,

their phase velocities and the damping are mainly concerned. In order to be consistent

with previous studies, the laser wavelength is set to λ =0.8 µm, the laser waist of the

Gaussian beam before focusing and at the focal plane are respectively set to wGf =2.5 cm

and wG0 =50.46 µm, the dielectric constant of the glass capillary is εr = 2.25.

According to the previous discussion, the longitudinal wave number of the EH1m modes

are

kzm =
√
k2 − k⊥m2 =

√
k2 − u2

m/R
2
cap ≈ k(1− u2

m

2k2R2
cap

) (5.12)



Extending the acceleration length with the laser being guided by a hollow dielectric
capillary 113

The beating length Lhbm is defined as the propagation length, over which the phase shift

between the fundamental mode EH11 and the EH1m mode is 2π, that is

Lbm = 2π/(kz1 − kzm) =
4πk2R2

cap

(u2
m − u2

m−1)
(5.13)

Thus after a propagation length of n2Lbm, n = 1, 3, 5... the field of the E1m mode changed

sign, the radial profile may be modulated by the phase slippage between the hybrid

modes.

The damping length of the modes is defined with the reciprocal of the damping coefficient

klm in formula 5.8, that is Ldpm = 1/klm, it refers to the propagation length, over which

the field decreases to 1/e,

With N = 4 as an example, the capillary radius is then Rcap = 1.9278wG0, the beating

length then yield Lb2 =3.78 cm, Lb3 =1.35 cm. The damping length yield Ldp1 =6.76 m,

Ldp2 =1.28 m, Ldp3 =0.52 m, thus the damping in several centimeters’ propagation can

almost be ignored. By substituting the coefficient in Table 5.1 into formula 5.8, with

t = zkz1/ωL, only consider the first two modes the radial profile of the laser field at

z = 0 and z = 0.5Lb2 are calculated and shown in Figure 5.16
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(a) The radial profiles of the laser field at s = 0,
where the phase shift between EH11 and EH12

modes is 0.
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(b) The radial profiles of the laser at s = 0.5Lb2,
where the phase shift between EH11 and EH12

modes is π.

Figure 5.16: The radial profile of the laser field at s = 0 and s = 0.5Lb2, started with
a focused FGB with order of N=4.

One can find that at 0.5Lb2 the amplitude of the field decreases to 0.68 of the initial

value, this only results from the dephasing between the first two hybrid modes. Refer

to the radial profile, the maximum field is no longer located at the axis (r = 0), there is

a flat top near the axis. To study the contribution of higher modes, the evolution of the

radial profile with the first 50 modes are checked, we find that near s =1.7 cm we get
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the minimum on axis field, the field profile at s =1.7 cm calculated with first N orders

are shown in Figure 5.17, with N = 2, 4, 8, 10, 20, 50.
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(a) The radial profiles of the laser field calculated
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Figure 5.17: The radial profile of the laser field at s =1.7 cm, starting with a focused
FGB with order of N=4

According to Figure 5.17a, the field far away from the axis can be approximately cal-

culated with the first 2 modes, while the higher order modes may contribute to the

field near the axis since their energy are mainly distributed near the axis, according to

Figure 5.17b, the near axis field can be estimated with the first 8 modes, the energy

percentage and normalized amplitude of the EH18 mode are respectively 3.75×10−7 and

1.68 × 10−3. Thus referring to the coupling coefficients in Table 5.1, even with a FGB

up to 50th orders, the higher modes may contributes to the field profile, with N = 50,

the radial profile of the laser field at 1.64 cm is shown in Figure 5.18, the field near axis

is also modulated. Thus a real mono mode profile is required to completely eliminate

this radial profile modulation, and according to the table 5.1, with a FGB the energy of

the higher modes decreases faster than the GB, thus the dephasing induced modulation

of the radial profile in a GB is more serious.
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Figure 5.18: The near axis field of the laser at s =1.64 cm, starting with a focused
FGB with order of N=50

.

Comparing Figure 5.17 with Figure 5.18, the modulation of the radial profile exists in

both cases, but with higher order FGB, the difference between the on axis field and

the maximum field is much smaller, that means the defocusing force near the axis is

smaller, since the field far from the axis is focusing, the electrons may not lost due to

the defocusing field. However, due to the fast oscillation of the field profile, the emittance

of the electron bunch may increase during the propagation, this may further lead to an

increase of the bunch size, thus electrons may be lost during the propagation. As an

example the evolution of the near axis radial profile in Figure 5.18, from s =1.61 cm to

s =1.68 cm are shown in Figure 5.19. The acceleration of the electrons will be studied

in the next section.
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Figure 5.19: The evolution of the near axis field of the laser from s =1.61 cm to
s =1.68 cm, starting with a focused FGB with order of N=50

.

5.2.3 Simulation of the laser propagation and the acceleration of the

electrons in the hollow dielectric capillary

The evolution of the laser intensity profile when propagating in a capillary without

plasma has been analytically discussed in the previous section, it shows that the laser

intensity profile is dependent on the propagation of the hybrid modes, the dephasing

between hybrid modes may modulate the radial intensity profile. In this section, the

laser propagation in the plasma and the acceleration of the electrons will be studied by

simulation.

The simulation starts from the capillary entrance, where is also the focal plane of the

laser beam, firstly the propagation of a FGB of order N = 4, N = 20 and N = 50

without plasma in a capillary are studied to compare with the analytical results, the

laser parameters are the same with that in the previous study, that is wG0 =50.46 µm,

a0 = 0.699, the capillary radius Rcap is set according to r0 in table 5.1, the evolution of

the maximum laser amplitude during the propagation is shown in Figure 5.20.
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Figure 5.20: The evolution of the laser amplitude of the Flattened Gaussian beams
of order N = 4 and N = 50 in the capillary without plasma.

According to the analysis in the previous section, the amplitude oscillation is due to

the dephasing process between the hybrid modes, the beating length increases with the

hybrid mode number while the energy decreases fast with the mode number, thus the

low frequency oscillation of the amplitude is the result of the dephasing between EH11

and EH12 modes, the period should be the beating length of the EH12 mode Lb2, it

is proportional to R2
cap as shown in to formula 5.13. The capillary radius for FGB of

higher order is slightly smaller than hat of lower order(i.e. 1.916wG0 for N = 50 while

1.928wG0 for N = 4), thus the oscillation period for the case N = 50 (solid black line in

figure 5.20) is slightly shorter than that of case N = 4 (dashed blue line in figure 5.20).

The minimum amplitude occurs near the half beating length of the EH12 mode, the

amplitude of the oscillation decreases with the order of the FGB, because less energy

is coupled to second modes and higher modes according to table 5.1, and also can be

found by comparing figure 5.17 and Figure 5.18. However, for N = 20 and N = 50, the

oscillations of the laser amplitude is quite similar.

In the previous analysis, even with a FGB of order N = 50, the modulation of the

radial profile occurs near 1.7 cm, this is verified by simulation results, the evolution of

the radial profile in the first 2 cm is shown in Figure 5.21, the modulation is clearly

identified at 1.7 cm.
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Figure 5.21: The evolution of the radial profile of the Flattened Gaussian beams of
order N = 50 in the capillary without plasma.

The simulation results are in agreement with the analytical results, comparing with

the Gaussian beam, the diffraction induced fast oscillation of the laser amplitude is

eliminated with the FGB, and with less energy being coupled to higher order modes

which calls to the modulation of near axis field, thus the FGB is expected to have

advantages on driving the wakefield in the dielectric capillary.

Then the effects of the plasma to the laser propagation is checked. With a FGB of order

N = 4, the propagation in the capillary with plasma density of 1, 2, 3, 5× 1017cm−3 are

studied, the maximum laser amplitude during the propagation is shown in Figure 5.22,

the self-focusing effect is more prominent with the increase of plasma density, and below

a density of 3× 1017cm−3, the plasma has less effect on the laser propagation.
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Figure 5.22: The evolution of the maximum amplitude of the Flattened Gaussian
beams of order N = 4 in the capillary with different plasma density.

Since the potential of the plasma wave excited by the the laser is related to the integration

of the laser profile as shown in equation 2.119, the radial profile of a FGB varies from

a Gaussian beam, with the plasma density being set to 2 × 1017/cm3, the longitudinal

and radial electric field at capillary entrance excited by a Gaussian beam and a FGB
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of order 4 with the same laser amplitude is shown in Figure 5.23 and Figure 5.24. The

longitudinal field is almost the same because they both follow a Gaussian distribution,

while the transverse field changed a lot, Er/r is smaller for the FGB.

As the focusing strength K of the wakefield is related to Er/r, for a FGB of order N ,

K has been derived and is given by KN = Kcof.NK0, where K0 is the focus strength of

the Gaussian case (N=0), Kkof.N takes the form that

kcof.N =
1

(N + 1)3

N∑
n=0

(−1)nCNn (
N∑
n=0

(−1)nCNn +
N∑
n=0

(−1)nCNn (−n)) (5.14)

But one should be noted that the period of betatron oscillation is in a length scale of

several 0.1 cm refer to Figure 4.26a and 5.26a, neither the laser amplitude nor the radial

profile of laser is fixed in this scale refer to Figure 5.20 and 5.19, the ’uniform focusing

channel’ condition for the transverse matching condition in equation 3.21 is not valid

here.
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Figure 5.23: The excited longitudinal electric field with a GB and a FGB of order 4,
with the same laser amplitude.
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Figure 5.24: The excited radial electric field with a GB and a FGB of order 4, with
the same laser amplitude.

To study the acceleration of the electrons, an electron bunch is injected at phase ξ̃ =

0.92π at the capillary entrance, the electron bunch is the same as that in the previous

study with a Gaussian laser profile in Figure 5.12. The trapped electrons versus propa-

gation length is shown in Figure 5.25, almost no (0.002%) electrons are lost with a FGB

of order N = 4, no electrons are lost in the capillary with a FGB of order N = 20 and

N = 50 . This is a significant improvement compared to the Gaussian case in Figure

5.11
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Figure 5.25: The electrons number during the propagation with plasma wave excited
by FGB of order N = 4, 20, 50.

The evolution of the RMS bunch size, the normalized emittance and the energy spread

of the electron bunch are shown in Figure 5.26, there is less difference between N = 20

and N = 50, for N = 4 electrons lost at s = 6.2cm, where the bunch size has a maximum

value. The emittance doesn’t increase at 1.8cm and 5.4cm where the radial laser profile

is modulated, that means the defocusing field is weak and has less effect on the electrons.

The emittance has a sharp increase from s = 3cm and s = 7cm, where the phase shift

between EH11 and EH12 mode is ∼ 3/2π, dE/ds reaches it’s maximum value, thus

the field varies fast, and also the amplitude of the field is increasing, the fast change

of the field amplitude and profile lead to the increase of emittance. But referring to
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the final emittance of the electron bunch, the FGB of order N = 4 seems has a better

performance, this may due to the relatively lower electric field.

The energy spread increases from 1% to ∼ 4% during the 10 cm’s propagation due to

the gradient of the electric field, the longitudinal phase space of the electrons at the

capillary entrance and the capillary exit with a driven FGB of N = 4, 20, 50 are shown

in Figure 5.27
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(a) The RMS bunch size during the propagation with plasma wave excited by FGB
of order N = 4, 20, 50.
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(b) The normalize emittance during the propagation with plasma wave excited by
FGB of order N = 4, 20, 50.
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(c) The energy spread during the propagation with plasma wave excited by FGB
of order N = 4, 20, 50.

Figure 5.26: Evolution of electron bunch parameters during the propagation with
plasma wave excited by FGB of order N = 4, 20, 50.
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(a) The longitudinal phase space of the electron
bunch at the capillary entrance.

(b) The longitudinal phase space at the capillary
exit with a driven FGB of N = 4.

(c) The longitudinal phase space at the capillary
exit with a driven FGB of N = 20.

(d) The longitudinal phase space at the capillary
exit with a driven FGB of N = 50.

Figure 5.27: The longitudinal phase space of the electron bunch at the capillary
entrance and exit, with a driven FGB of order N = 4, 20, 50.

With a drive FGB of order N = 20 and N = 50, the phase space of the electron bunch

at the capillary exit is similar. For both case, especially for N = 4, there are a few

electrons who get less energy and falls to the low energy region, since they are kicked

by the defocusing force induced by the radial profile modulation, the same as the case

of a Gaussian drive beam discussed in section 5.1, but the number of kicked electrons is

significantly decreased with a higher order Flattened Gaussian driven beam.
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5.3 Extending the acceleration length for the ESCULAP

frame

In the previous section, we have shown that, to extend the acceleration length with a

dielectric capillary tube, the laser radial profile has a large effect on the acceleration

process of the electron bunch. With a Gaussian radial profile, the diffraction at the

capillary entrance and the dephasing between hybrid modes leads to the oscillation of

the laser profile and amplitude, more than 50% electrons are lost during the propagation.

While with a focused FGB the diffraction at capillary entrance can be eliminated, and

also less laser energy is coupled to higher modes, almost no electrons are lost during the

propagation. In this section, the Flattened Gaussian laser and the dielectric capillary

are used to extend the acceleration range for the ESCULAP project.

Looking at the guiding of the laser beam with a hollow dielectric capillary for the ES-

CULAP project as shown in Figure 5.28.

Figure 5.28: The upgraded configuration of the ESCULAP project with a dielectric
capillary to guide the laser

However, one should note that, with the same laser energy, the laser amplitude at the

focal plane and the evolution of the on axis laser amplitude are different for the Flattened

Gaussian beam and the Gaussian beam, thus the best injection condition are changed.

With the parameters of the LASERIX laser beam (EL=2 J τL=45 fs FWHM duration,

wG0 =50.46 µm), the laser amplitude at the focal plane are summarized in Table 5.2, N

is the order of the FGB, N = 0 indicates the GB.

Table 5.2: The laser amplitude at the focal plane with different radial profile

N 0 1 2 4 5 8 10 20 50

a0 0.69876 0.62499 0.59591 0.56906 0.56147 0.54747 0.54176 0.52743 0.51481

Since the laser plasma interaction starts several centimeters before the laser focal plane,

the radial profiles of the FGB of different orders at 5 cm before the focal plane are shown

in Figure 5.29.
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Figure 5.29: The radial profiles of the laser intensity at 5 cm before the laser focal
plane. The radial profiles before focusing follow a Flattened Gaussian distribution of

order 1, 4, 5, 8, 20.

With N larger than 4, the near axis field is modulated near the injection plane, thus

N should be smaller than 4 for the configuration of the ESCULAP project as shown

in Figure 5.28. With the increase of N , less energy is coupled to the higher engine

modes when propagating in the capillary, this is beneficial for the electron beam quality,

however, the laser amplitude decreases at the focal plane, more laser energy is collimated

by the capillary according to Table 5.1 and 5.2. One should make a compromise between

the energy efficiency and the beam quality, in the following study, N is set to 4 mainly

concerning on the beam quality.

The optimal injection condition depends on the evolution of the on axis laser amplitude

from the injection plane to one Rayleigh length before the focal plane. In the following

study, the laser energy is fixed to 2 J, the laser amplitude at the focal plane yields

a0 = 0.56906.

The on axis laser intensity versus distance to focal plane for a GB and a FGB of order

N = 4 are shown in Figure 5.30, due to previous simulation results, the velocity bunching

mainly takes place from −4.5 cm to −1 cm for the GB case, the laser intensity of the

FGB is higher than that of the GB in this section, however by shifting the evolution

curvature of ′FGB@N = 4′ 0.5 cm to the right, it almost coincides with that of the

Gaussian case between −4.5 cm and −1 cm, that means the same velocity bunching can

be achieved with the FGB, by injecting the electrons 5 cm before the laser focal plane.
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Figure 5.30: The upgraded configuration of the ESCULAP with a dielectric capillary
to guide the laser.

The self-focusing effect should also be checked to set the capillary radius, the simulation

is done without and with plasma (plasma density 2 × 1017/cm3), when it propagates

to the laser focal plane, the radial profiles of the laser are shown in Figure 5.31. With

plasma, the zero crossing radius is ∼93.99 µm, without plasma, the zero crossing radius

is ∼ 97.28 µm.
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Figure 5.31: The radial profile of the laser at 5 cm before the

By setting the capillary radius to ∼93.99 µm, and start the interaction 5 cm before the

laser focal plane (s̃f = 5), The laser intensity and the captured electrons during the

propagation is checked in Figure 5.32, the laser intensity is shown with the left axis, the

fast fluctuation is efficiently suppressed. The trapped electron numbers is shown with the

right axis, the low energy electrons are collimated by the capillary entrance, and 6.58 pC

out of the 7.81 pC of electrons are accelerated to 15 cm after the capillary entrance. The

electrons are mainly lost when the laser intensity reaches it’s local minimum value, since
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the radial profile of the laser beam changes fast there, and the focusing field is relatively

weaker.
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Figure 5.32: The maximum laser intensity during the propagation and the number
of the accelerated electrons

The longitudinal phase space of the electron bunch at the capillary entrance, 2.6 cm

after the capillary, 5 cm after the capillary and 14 cm after the capillary are reported in

Figure 5.33.

From the evolution of the phase space, one can find that, at the capillary entrance, the

bunch head has more energy than the bunch tail, while the bunch tail get more energy

from the plasma wave during the propagation, at 2.6 cm after the capillary entrance,

the bunch head has the same energy with the bunch tail, the energy spread reaches it’s

minimum value, after that the bunch tail may have more energy than the head, the

energy spread increases during the propagation. The normalized FWHM bunch energy

spread is shown in Figure 5.34.

The energy distribution at 2.6 cm and 14 cm after the capillary entrance is shown in

Figure 5.35.

Thus to get a minimum energy spread, the capillary length should be set to ∼2.6 cm,

the FWHM energy yields ∼1.20%. However, without capillary guiding and with the

Gaussian radial laser profile, the γe at plasma exit is also ∼280, the same with the

2.6 cm capillary guiding. With a long capillary, the electrons can be accelerated to

higher energy, but the energy spread increases fast during the propagation, i.e. with

a 15 cm capillary, the electron bunch is boosted to 370 MeV, with an FWHM energy

spread of ∼10%.

The increase of the energy spread is mainly due to the gradient of the acceleration field.

Note that, during the propagation in the capillary tube, the electron bunch is faster
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(a) capillary entrance (b) 2.6cm after capillary entrance

(c) 5cm after capillary entrance (d) 14cm after capillary entrance

Figure 5.33: The longitudinal phase space of the electron bunch when propagates in
the capillary
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Figure 5.34: The normalized FWHM energy spread of the electron bunch during the
propagation in the capillary

than the plasma wave and moves away from the acceleration field crest (see Figure 5.35)

where the field gradient is minimum.

To achieve a higher energy electron beam with smaller energy spread, the electron bunch

should be accelerated to higher energy before slipping away from the field crest, thus a

stronger wakefield at the laser focal plane is required. This can be realized by focusing

the laser beam to a smaller size, while in this case, the electron bunch should also be

focused to a smaller size at the plasma entrance, a stronger solenoid is required (0.85 T

in previous study). As the electron bunch after acceleration has a small volume (∼3 fs

in duration and ∼3 µm in radius), a second stage acceleration with higher acceleration
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Figure 5.35: The distribution of the electron energy at different position

field can also be implemented. These will be the investment of the future. In this thesis,

we tried to suppress the increase of the energy spread by an up plasma density ramp,

this will be discussed in the next section.
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5.4 Compensating the dephasing effect with a plasma up

density ramp

With the Flattened Gaussian laser beam being guided by a hollow dielectric capillary,

the electron bunch can be accelerated to 370 MeV in 15 cm’s propagation as discussed

in previous section, while the electron bunch moves away from the field crest and the

energy spread increases during the propagation. It has been shown in [25, 108, 109] that

with a tailored plasma density profile, the electron bunch can be fixed at the field crest.

Here a linearly increased plasma density is used to partially compensate the dephasing,

the linearly increased density profile is generated with the cell shown in Figure 5.36, the

density ramp can be adjusted by changing the gas flux in ”inlet2”.

gas
inlet1 inlet2

glass capillary

Figure 5.36: The cell used to generate a linearly increased plasma density in the glass
capillary

Assume a liner density ramp with ne(s) = n0(1 + ks), according to 4.5, the equation of

motion is given by

dβeγe
ds

= −
√
π
a2

0

4
√

2
kp(s)kp(s)L exp(−kp(s)2L2/8) cos ξ̃ exp(

−2r2

r2
s

) (5.15a)

dξ̃

ds
= d(kp(s)dξ) =

∂kp(s)

∂s

ξ

kp(s)
+ kp(s)

(
βg(s)−

βeγe√
1 + β2

eγ
2
e

)
(5.15b)

Where kp(s) = 1
c

√
ne(s)e2

ε0me
, the first part in 5.15b is the phase slip induced by the

density gradient, while the second part is introduced by the velocity difference between

the electron bunch and the plasma wave. The first part is approximately 0.5kφ, in

proportional to the density gradient and the initial phase, that means, to achieve equal

dephasing compensation, the electron bunch can be injected in the wave packet far away

from the laser pulse to reduce the required density gradient. However, in this thesis the

electron bunch is injected in the first wave packet to avoid the generation of a pre electron

bunch as discussed in section 4.4.1.
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Equation 5.15 is solved with the initial phase being ξ̃ = 0.92π, the initial energy being

γe = 155, and a0 = 0.57, with n0 = 2×1017/cm3, ne(s) = n0(1+ks), The φ−γe evolves

from s = 0 to s = 10 with different density ramp k is shown in Figure 5.37
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Figure 5.37: The evolution of the electron momenta βeγe and acceleration phase in
the 10cm capillary tube after laser focal plane, various plasma density ramp are studied,

the electron starts with βeγe = 155, ξ̃ = 0.92π

.

A density gradient larger than 0.05/cm is required to make the electron bunch close to

the field crest.

With k =0.001, 0.005, 0.007, 0.009 in unit of /cm, a density ramp is introduced from

2.6 cm after the capillary entrance, the number of captured electrons is shown in Figure

5.38, the corresponding energy spread is shown in Figure 5.39
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Figure 5.38: The number of the captured electrons during the propagation in the
capillary tube, with different plasma density gradient

.
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Figure 5.39: The evolution of the energy spread in the capillary tube, with different
plasma density gradient

.

More electrons are lost with the increase of the density gradient k, because the electron

bunch is closer to the field crest, some electrons are situated in the defocusing force.

The increase of the energy spread can be efficiently suppressed with a larger density

gradient, however, the FWHM energy spread after 15 cm’s propagation in the plasma is

still larger than 5%. To reduce the loss of electron and the increase of the energy spread,

a shorter electron bunch is strongly desired

5.5 summary

In this chapter, the guiding of the laser beam with a hollow dielectric capillary is studied,

the simulation results show that with a Gaussian radial profile of the laser intensity,

even in the best match condition, the diffraction at the capillary entrance leads to a fast

fluctuation of the laser intensity. As a result, the radial profile is modulated, at some

positions, the maximum laser intensity is not suited on axis, a transverse defocusing

force appears at the focusing phase, electrons are lost during the propagation.

To eliminate the diffraction at the capillary entrance, the use of a focused Flattened

Gaussian profile is proposed, the intensity of a focused Flattened Gaussian profile falling

fast to zero at the laser focal plane. The simulation results show that with a focused

FGB the diffraction at the capillary entrance can be efficiently suppressed, thus electrons

can be accelerated in more than 10 Rayleigh length without loss.

In the capillary, the laser energy is coupled to a family of hybrid modes EH1n, the

dephasing between hybrid modes may also modulates the radial profile of the laser

intensity and lead to an increase of the electron beam emittance, this can only be

suppressed with a real mono mode beam.
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For the ESCULAP configuration, a Flattened Gaussian radial laser profile is then used to

drive the plasma, and a hollow dielectric capillary is used to guide the laser. More than

83% electrons can be accelerated to high energy, i.e. 370 MeV in 15 cm. However, the

energy spread increases quickly during the propagation due to the large field gradient,

i.e. the energy spread increased to ∼10% after 15 cm’s propagation. A minimum FWHM

energy spread of 1.2% is achieved at 2.6 cm after the capillary, with < γe >=∼280.

To suppress the increase of the energy spread, an up plasma density ramp is used to

reduce the plasma wave length, thus the electron bunch is closer to the field crest where a

minimum field gradient is achieved. With the increase of the density gradient, the energy

spread can be suppressed to ∼5 after 15 cm’s propagation. However, more electrons are

lost during the propagation, because more electrons are situated at the defocusing phase,

a shorter electron bunch at the laser focal plane is strongly desired to suppress the loss

of the electrons and the increase of the energy spread.
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Conclusion

With the low energy electron bunch (10 MeV) from the RF gun PHIL and the 2 J

(41.8 TW) laser beam from LASERIX, the overall design of a Laser Plasma Wakefield

Accelerator has been studied by simulation. The laser beam has a duration of 38 fs, it

is focused to 50 µm in the focal plane yielding a laser intensity of 1× 1018W/cm2.

Normally the external electron bunch should be compressed to a small volume (several

femtoseconds in duration, several micrometers in radius) to match the high gradient

electric field in the plasma, this is very challenging for a 10 MeV 10 pC electron bunch

since the space charge effect is significant. While with the configuration concerned in

this thesis, the plasma starts several Rayleigh lengths before the laser focal plane to

focus the electron bunch transversely and compress the electron bunch longitudinally,

the required bunch volume at the plasma entrance is relaxed to tens of femtoseconds

(half the plasma period) in duration and tens of micrometers in radius.

A dogleg chicane has been designed to compress the electron bunch before being injected

into the plasma, space charge effect and CSR effect have been mainly checked in the

simulation, the results indicate that the space charge effect may stretch the electron

bunch and lead to an over compression, this can be compensated by slightly reducing

the energy chirp of the electron bunch at the dogleg entrance, the CSR has less effect

on the electron bunch due to the low charge. As a result, the electron bunch has been

compressed to ∼70 fs, whereas it lengthens quickly after the dogleg, thus it should be

injected in the plasma quickly. The plasma density has been chosen to achieve a plasma

wave which is longer than two times the length of the electron bunch. The plasma starts

several Rayleigh lengths before the laser focal plane, in this section, velocity bunching

is performed to compress the electron bunch since the relative position of the electrons

is not frozen, the injection phase and the distance between the plasma start plane and

the laser focal plane have been varied to optimize the velocity bunching process, the

133
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optimal injection condition for plasma densities of 1.5 × 1017/cm3, 2.0 × 1017/cm3 and

2.5 × 1017/cm3 have been summarized in this thesis. With a plasma density of 2.0 ×
1017/cm3, the electron bunch has been compressed to 3 fs at the laser focal plane (3.4 fs

at the plasma exit), the energy spectrum at the plasma exit has a sharp peak and long

tail, the FWHM energy spread yields 1.2%. The simulation results also indicate that,

the tolerance to the injection timing error of the electron bunch is 12 fs with respect to

the resulted energy spectrum with various injection phase as shown in Figure 4.17.

In the velocity bunching process, ∼25% of the electrons are lost and the relative positions

of electrons changes, so it is difficult to define a transverse matching condition at the

injection plane. Thus a solenoid has been used after the dogleg to focus the electron

bunch immediately to reduce the distance between the plasma and the dogleg exit (the

electron bunch lengthens quickly). The transverse beam size has been varied to suppress

the oscillation of the bunch envelop and the emittance in the plasma, with the optimum

case presented in the thesis, the emittance at the plasma exit is smaller than 1 µm. While

it is notable that, to focus the electron bunch with a solenoid, the bunch size at the focal

point depends on the position of the focal point, this makes the tuning of the bunch size

more complicated. The angular divergence of the electron bunch after acceleration has

been efficiently reduced to 0.17 mrad, by terminating the plasma 5.5 cm after the laser

focal plane, where the bunch size increases linearly with the propagation length.

The guiding of the laser beam with a hollow dielectric capillary has also been studied

to extend the acceleration length, the laser beam in a capillary has been described with

a family of hybrid modes EH1n. It has been presented that with a Gaussian intensity

profile for laser, the diffraction at the capillary entrance and the dephasing between

hybrid modes will modulate the laser profile and lead to the loss of electrons. While

with a focused Flattened Gaussian profile, the diffraction at the capillary entrance can

be efficiently suppressed, electrons can be accelerated over ten Rayleigh lengths, while

the emittance increases fast due to the modulation of the laser profile resulting from

dephasing between hybrid modes. To maintain the low emittance, a mono mode laser

beam should be used, a plasma channel or some other technique can also be considered

to guide the laser beam.

The tolerance to the synchronisation error and alignment error are still need to be

checked in the future.
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Titre : Étude d’un accélérateur à champ de sillage laser-plasma avec un faisceau d’électrons de 10 MeV
injectés depuis un photoinjecteur

Mots clés : Accélérateur laser-plasma, compression de paquet d’électrons, transport de faisceau d’électrons,
simulations du début à la fin, capillaire diélectrique creux

Résumé : Nous étudions l’accélération d’un faisceau
d’électrons provenant d’un photoinjecteur RF lorsque
celui-ci est injecté dans le champ électrique à très
fort gradient crée par un laser de forte puissance
dans un plasma. Dans cette thèse la configuration
d’une telle expérience est étudiée et des simula-
tions du début à la fin sont présentées. Étant donné
qu’un faisceau ultra-court d’électrons (quelques femto
secondes) est nécessaire pour atteindre une faible
dispersion en énergie dans le plasma, le faisceau
d’électrons de 10 MeV provenant du photoinjecteur
est comprimé en deux étapes. Le premier étage
utilise une chicane coudée qui comprime le pa-
quet d’électrons jusqu’à une durée de 69fs, puis un
deuxième étage qui utilise la méthode de regroupe-
ment par différence de célérité dans le plasma et
qui comprime le paquet jusqu’à 4 fs avant qu’il ne
soit accéléré. Le paquet d’électrons est comprimé
transversalement avant d’être injecté dans le plasma.
Le paquet d’électrons est focalisé transversalement
avant d’être injecté dans le plasma. Une longue cel-
lule plasma est utilisée pour créer le plasma en
commençant plusieurs longueurs de Rayleigh avant

le plan focal du laser, ce qui permet un regroupement
par différence de célérité dans la première partie du
plasma avec des contraintes relâchées sur la taille
transverse du paquet d’électrons. La cellule plasma
s’étends plusieurs longueurs de Rayleigh après le
plan focal du laser pour supprimer la divergence an-
gulaire du paquet d’ électrons. Nous démontrons que
le paquet d’électrons à la sortie du plasma a une
énergie de plus d’une centaine de MeV avec une
émittance plus petite que 1 um, une charge plus
grande que 7pC et une dispersion en énergie plus
petite que 1.5% (largeur à mi-hauteur). Pour étendre
la longueur d’accélération nous avons étudié le gui-
dage du laser par un capillaire diélectrique creux et
les résultats montrent que même dans le cas optimal
le profile Gaussian usuel d’un laser n’est pas optimal,
principalement à cause de la diffraction du laser sur
les bords à l’entrée du capillaire. Un profile gaussian
aplatit est donc suggéré pour supprimer cette diffrac-
tion et il est montré que dans ce cas les électrons
peuvent être accélérés sur plus de 10 longueurs de
Rayleigh.

Title : Design study of a Laser Plasma Wakefield Accelerator with an externally injected 10 MeV electron
beam coming from a photoinjector

Keywords : Laer Plasma Wakefield Accelerator, electron bunch compression, electron beam transport, start
to end simulations, hollow dielectric capillary

Abstract : The acceleration of an externally injec-
ted 10MeV electron bunch coming from a RF pho-
toinjector in a high gradient electric field excited in a
plasma by a high power laser is studied. In this the-
sis the configuration of such an experiment is studied
and start to end simulations are presented. As an ul-
trashort electron bunch (several femtoseconds) is re-
quired to maintain a low energy spread beam in the
plasma, the 10MeV electron bunch coming from the
photoinjector is compressed in two stages. The first
stage is realized using a dogleg chicane which com-
presses the electron bunch to 69 fs, the second stage
is realized with velocity bunching in the plasma that
further compresses the electron bunch to 3 fs before
efficient acceleration. The electron bunch is transver-
sely focused with a solenoid before being injected into
the plasma. A long cell is used to create a plasma
starting several Rayleigh lengths before the laser focal

plane, allowing the velocity bunching in the first part of
the plasma and relaxing constraints on the transverse
bunch size. The cell extends several Rayleigh lengths
after the laser focal plane to suppress the angular di-
vergence of the electron bunch. We demonstrate that
the electron bunch at the exit of the plasma has an
energy of more than one hundred MeV, with an emit-
tance smaller than 1µm, a charge greater than 7 pC
and a FWHM energy spread smaller than 1.5%. To
extend the acceleration section, the guiding of the la-
ser beam with a hollow dielectric capillary is studied,
the results show that even in the best matching condi-
tions, the usual laser Gaussian transverse profile is
not optimum, mainly because of the diffraction of the
laser on the edges at the entrance of the capillary, a
flattened Gaussian laser profile is then suggested to
suppress this diffraction and the electrons can be ac-
celerated over more than ten Rayleigh lengths.
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