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Introduction

Dans cette these, nous nous intéressons a I’étude théorique ainsi que numérique
du comportement des fluides dans des milieux poreux.

La description précise de ’écoulement des fluides est donnée par les équations
de Darcy Brinkmann Forchheimer, est importante a la réussite des modeles
dans plusieurs domaines. En particulier, dans les applications d’ingénierie
telle que I'industrie pétroliere et ’hydrologie souterraine. On peut citer :

le pot catalytique qui sert a réduire la nocivité des gaz d’échappement, les
condenseurs et les turbines a gaz combustion, c’est une apareil tournante
thermodynamique qui transforme 1’oxygene de ’air ambiante comme combu-
rant et lui fait subir des transformations pour produire de 1’énergie mécanique
ou cinétique.

L’écoulement des fluides dans des milieux poreux sont généralement décrits
par la loi de Darcy, ou le gradient de pression est linéairement proportionnel
a la vitesse du fluide. Dans certaines situations physiques cette loi n’est plus
suffisante tel que les écoulements des fluides possédants une vitesse élevée,
des écoulements turbulents, des écoulements inertiels ou lorsque les médias
contiennent des fractures.

Dans ce cas, des comportements non linéaires apparaissent et qui peuvent
étre modéliser par le terme de Forchheimer qui est une correction du modele
de Darcy. En effet, en (1901) [18] Forchheimer avait ajouté le deuxsieme
ordre du terme vitesse pour représenter 1'effet d’inertie microscopique.

Considérant 1'effet macroscopique entre le fluide et les parois des pores,
Brinkman (1947) [5] avait ajouté les dérivées secondes d’une vitesse a I’équation
de Darcy ce qui donne I’équation de Brinkman et qui peut étre considérer
comme un modele pour Mélanger deux matériaux.

L’objectif de ce travail est d’analyser des équations de Darcy Brinkman
Forchheimer :

—vAu + au + blu|*u +Vr=Ff sur Q

divu =0 sur Q.



ou wu, 7 représentent respectivement le champ de vitesse, la pression et f
représente le terme de force.

Les parametres v > 0, a > 0, b > 0 définissent respectivement le coefficient
de Brinkmann, Darcy et Forchheimer.

Sauf mention précise, {2 est un domaine simplement connexe.

les objectifs principaux de cette these peuvent étre scindés en quatres grands
axes :

e Le premier est consacré a I’étude de I’équation de Darcy Brinkman
Forchheimer stationnaire avec des conditions de type Navier sur le bord.

u-n=g, curluxn=~hxn. (1)

On suppose dans ce premier chapitre que oo = 1.

Plusieurs travaux ont déja été faites et qui traitent les équations de
Navier Stokes ou celles de Darcy Brinkman Forchheimer que se soit sur
le plan analyse ou approximation avec des conditions de type Dirichelet
sur les parois, ce qui confirme ’adhération du fluide aux parois du do-
maine. ( voir [21] V. Kalantarov et S. Zelik, [11] A.Celbi, K. Kalantarov
et [34] P.Skrzypacz et D. Wei).

Cependant, ce type de conditions sur les parois n’est pas toujours
rélaliste, notamment au niveau d’applications ou 'on se trouve face a
des situations physiques ot il est primordial de faire intervenir d’autres
types de condition sur le bord pour bien décrire le comportement du
fluide proche de la paroi. comme I’a signalé Serrin dans son travail [30].

En 1827, Navier [25] a proposé une condition dite de glissement avec
friction a la paroi qui permet de prendre en compte le glissement du
fluide pres du bord et de mesurer 'effet de friction en considérant la
composante tangentielle du tenseur des contraintes proportionnelle a la
composante tangentielle, désigné par 'indice 7, du champ de vitesses :

u-n=g, ((Du),+ pu),=nh.

ou 3 est un coefficient de friction, n est le vecteur normal exterieur sur

la frontiere et Du représente le tenseur de déformation défini par :

8’(1,7; 8'u,j
_.I_

a$j 8:13@

D(w); = 5

), 1<4,j7<3.



Dans une situation idéale, nous considérons ( nulle,
2

A((Dupm), = V. (wm) + (5, =S (G @)

u, représente la projection de w sur I'hyperlplane tangent a I' et u,
exprime la composante de u dans la direction normale comme.
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ou on

curlu x n =V, (u.n) <8_n)T le(a—sjuT)T] (3)
On obtient I’équivalence des conditions aux limites (2) avec curlu x
n+2(3%),.
En considérant les conditions (3), en supposant avoir le bord plan et
négligant la friction (5 = 0), nous obtenons les conditions limites suiv-
antes :

u-n =0, curlu x n =0.

Ce type des conditions aux limites est généralement utilisé pour simuler
I’écoulement des fluides a proximité d'un bord perforé ou de parois
visqueuses.

Nous donnons comme exemples W.Jagar et A.Mikelic [24], Y.Amirate,
D.Bresh, J.Lemone et J.Simon [1], M.Bulicek, Malek, K.R.Rajagopal
[10]. Nous mentionnons également que de telles conditions de glisse-
ment sont utilisées dans les simulations d’écoulements turbulents ap-
pliquées a I'aérodynamique, a la météorologie et a I’hémodynamique.

Récemment, une analyse des équations de Brinkman Forchheimer avec
des conditions de glissement-friction est proposée par J.K Djoko et
P.A Razafimandimby [17], ol I'existence et I'unicité de la solution, par
la régularisation combiné avec la méthode de Faedo-Galerkin, ont été
obtenus.

Supposons [ tends vers l'infini, g et h sont nulles, alors on retrouve la
condition classique de Dirichlet, autrement on dit que la paroi rigide
freine le fluide.

Dans tout notre travail, nous considérons le cas d’un bord plat avec

B=0.

La deuxiéme condition ci-dessus peut étre remplacée par une condition
portant sur la composante tangentielle du tourbillon :

u-n=g, curluxn=hxn.



e le deuxieme axe est dédié au cas ou la géométrie du domaine est to-
talement différente de celle supposée dans le reste de la these. Nous
considérons {2 comme un domaine non simplement connexe. Ce qui en-
traine I'apparition des composantes connexes définies par la contrainte

(u-n,1)r, =0.

Dans ce chapitre, nous nous sommes toujours aux équations station-
naires incompressibles

—vAu + blu|*u +u.Vu+Vp=f, et divu =0, surd

Dans de nombreuses applications d’autres conditions aux limites sont
introduites. On peut citer comme exemple les écoulements des flu-
ides dans un tuyau, dans le cas d’une bifurcation de ce tuyau en deux
tuyaux secondaires. Les conditions sur la pression ou sur les flux sont
indispensables pour controler la quantité de fluides dans chaque tube.
Pour cette raison, nous traitons ici les conditions aux limites :

uxXn=gxmn, w=m surl. (4)

Cette condition est connu par la pression statique dans le cas des
équations de Stokes, elle sera remplacée par la pression dynamique

1
UxXn=gxmn, 7r:7r0+§|u|2. (5)

dans le cas des équations non linéaires.

Certains applications ont soulevée des problemes ou les conditions aux
limites précédantes apparaissent naturellement. nous mentionons le
travail de C. Conca, voir [16], ou l'existence et 1'unicité de la solution
variationelle des équations de Stokes avec la pression et le flux de la
vitesse imposés, sont prouvées dans un cadre hilbertien.

Des résultats analogues ont été établis concernant les équations de
Navier Stokes stationnaires.

L’étude autour les probléemes stationnaires de Stokes ainsi que Navier
Stokes avec des conditions limites non standard, plus particulierement
la pression est donnée sur une partie de la frontiere, est déja fait par
Bégue et al [5].



Ensuite cette étude fus complétée en 2002 par Bernard [6] , qui a prouvé
des résultats de régularités dans H? puis W™ () avec m > 2 et r > 2.
L’approche dans 'analyse des équations de Navier Stokes repose sur
le Théoreme du point fixe et le probleme de Stokes non-standard.
Bernard a prouvé que 'unique solution du probleme linéaire non stan-
dard posséde un curl dans H'.

J. Bernard [7] a abordé certains problemes d’évolutions avec ce méme
type de conditions aux limites. L’auteur a adapté la méthode de Faedo-
Galerkin, combiné avec des résultats de régularité déja obtenus dans [6].

D’un autre coté, en 2009 Kozono et Yanagisawa ont pris la trace u x n
en considération dans leur papier [22], ou les résultats peuvent étre
considérer comme une extension de la décomposition Rham-Hodge-
Kodaira des formes C* (des formes infiniment continues et differen-
tiables) sur des variétés de Rimann compact & des champs de vecteurs
L sur €). En utilisant curl et div, des differents estimations de la
fonction w et ses dérivées sont établit.

Enfin cet axe peut étre vu comme une amélioration des résultats de
C. Amrouche et N. Seloula [2] reposant sur des propriétés relevant de
potentiels vecteurs. Certaines inégalités de Sobolev étaient prouvé en
addition aux résultats d’existence de solutions faibles, tres faibles ainsi
que la régularité des solutions dans la théorie LP.

La troiseme direction traite deux types d’équations non stationnaires.
la premiere est muni du terme de convection :

u—yAu+au+blulu+u.Vu+Vp=f, et divu =0, sur (6)

Nous analysons l'erreur du schéma numérique obtenu a partir d’un
modele perturbé du system DBF avec des conditions de type Dirichlet
sur le bord introduites par G.G.Stokes en 1845 [35].

’U,laQ = 0, vVt € [O,T]

La seconde équation considere un probleme légerement different de celui
qui est mentionné en (6).

u; —YAu +au +blu|*u+Vp=f, et divu=0, surQ (7)



mais avec d’autres conditions aux limites. Particulierement nous con-
sidérons des conditions de type Navier homogenes

u-n=0, curluxn=0. (8)

L’un des majeurs difficultés pour 'approximation numérique du solu-
tion de I’équation Darcy Brinkmann Forchheimer est liée a la contrainte
d’incompressibilité ” divu = 0 “ puisque le champs de vitesse u et la
pression sont dissociés.

Parmi les processus employés pour la relaxation de cette contrainte, on
peut citer les méthodes suivantes :

— La méthode de pénalisation, on peut mentionner comme références
T. Hughes, W. Liu, A. Brooks [20], J. Shen [33], R. Temam [36] :

divu® —ep® = 0.

— La compressibilité artificielle, nous rappelons les travaux de F.Brezzi
et J.Pitkaranta ainsi que celle de R. Temam [12, 37] :

divu® —epf = 0.

— La pression stabilisée, dans le cas stationnaire, nous donnons comme
référence M. Louaked, N. Seloula, S.Trabelsi [23], F. Brezzi, J.
Douglas [8], F. Brezzi, J. Pitkaranta [9], J. Hughes, L.Frnca,
M. Balestra [19], tandis que le cas d’évolution est réalisé par
R.Rannacher et J.Shen [26, 32]

div u® — Aep® = 0.

— La méthode de pseudo-compressibilité est considéré comme 1'un
des mécanismes les plus efficaces utilisés pour analyser 'erreur
de I'équation de Navier Stokes instable, nous citons le travail de
AJ.Chorin [13], et celle de E. Weinan et J. Liu [38] et finalement
le papier de J.Shen[31]

divu® — Aep; = 0.

Convaincu de 'efficacité du traitement par pseudo-compressibilité, nous
adoptons cette approche pour analyser les équations de Darcy Brinkman
Forchheimer. Notre résultat principal est I’établissement d’une estima-
tion d’ordre 2.



e Le dérnier axe est 'approximation par la méthode de Galerkin Discon-
tinue, les équations de Brinkman ainsi que les équations de Forchheimer
avec les conditions aux limites données précédement en (1).

Intialement, la méthode Galerkin discontinue est introduite par Hill et
Reed [27] en 1973 pour 'approximation des problemes hyperbolique.

Dans la littérature, des nombreux résultats relatifs a I’estimation d’erreur
optimal sont obtenus en appliquant la méthode de Galerkin Discontinue
aux problemes linéaires elliptiques. Richter [28] a proposé une exten-
sion des techniques hyperboliques aux problemes elliptiques.

Il avait montré que le taux de convergence atteint I’ordre k + % lorsque
on emploie des polynomes d’ordre k > 1.

En 2002 dans [15] B. Cockburn, G. Kanschat, D.Schotzau ont donné
I’estimation d’erreur pour les équations de Stokes stationnaires a été
établie en utlisant la méthode de Galerkin discontinue locale.

L’étude d’approximation en s’appuyant sur la méthode de Galerkin dis-
continue a été étendue aux problemes elliptiques non linéaires qui ont
suscité I'attention de nombreux chercheurs.

En 1996, Bassi et Rebay [4] avaient élargit 'utilisation de la méthode
des éléments finis de type Galerkin Discontinue aux équations ellip-
tiques non lineaires plus telles les équations de Navier Stokes par la
gestion du terme visqueux avec une fomulation faible mixte, ou la
méthode Galerkin Discontinue locale a été employée en introduisant
le vecteur auxiliaire § = Vu. En fait, la méthode de Gelerkin Discon-
tinue couple la méthode des volumes finis et celle des éléments finis.

Dans ce qui suit, nous détaillons le lien entre les axes mentionnés et les
chapitres de cette these.

Dans le premier chapitre, nous considérons les équations du Darcy Brinkman
et les équations du Darcy Brinkman Forchheimer avec les mémes conditions
sur le bord.

Nous traitons ces équations dans deux sections indépendantes.

La premiere section est consacrée a I’étude de I’équation de Darcy Brinkman
stationnaire dans  un domaine ouvert borné de R3,

—vAu +au+Vr=Ff dans (9)
divu =0 dans

7



avec des conditions aux limites de type Navier
u-n=g, curluxn=~hxmn, surT. (10)

Ici nous nous intéressons a prouver I'existence et I'unicité ainsi que la régularité
de la solution faible et forte.

Dans la premiere sous section, nous présentons quelques notions et espaces
fonctionnelles ainsi que certains résultats qui nous serons utiles dans 1’établissement
de nos résultats.

La deuxieme sous section traite le probleme linéaire dans differents situa-
tions. Nous étudions le cas homogene, le cas non homogene et enfin le cas la
divergence non-nulle.

En effet, cette sous section se focalise sur I'existence et I'unicité de la solution
de 'équation de Brinkman (équation linéaire) dans le cadre Hilbertien avec
des conditions aux limites (10).

La troisieme sous section est dédiée a la régularité de solution de I’equation
linéaire dans les espace L*.

Dans la quatrieme sous section, nous prouvons l'existence et l'unicité du
solution faible (u,7) € W'(Q) x LP(Q) avec f € [H} ™ (div,Q)] dans
les cas (homogéne, non homogéne et la divergence non nulle), ou espace
[H!7 (div, Q)] est définit comme suit :

[HL 7 (div, Q)] = {¢ + VF, ¥ € L'(Q), F € L(Q)}. (11)

Tout au long la deuxieme section, nous abordons les équations du Darcy
Brinkman Fochheimer

—vAu + au + blu| u + V7 = f dans (2
dive = 0 dans (2

avec les conditions aux limites données ci dessus (10).

La non linéarité se justifie par certains situations physiques telle que les flux
avec des vitesses élevées, les fluides turbulents, I'effet d’intertie ou lorsque un
média contient des fractures.

Cett section est divisée en deux sous sections secondaires. L’objectif de la
premiere sous section est de montrer l'existence et 1'unicité de la solution



faible du systeme linéarisé sur les deux échelles a la fois pour le cas hilbertien
ainsi que dans la theorie L?.
Nous montrons en plus, la régularité de la solution de ce probleme linéarisé.

La deuxieme section concerne les équations du Darcy Brinkman Forchheimer.
En utilisant la méthode de Faedo-Galerkin, nous prouvons l'existence de
la solution faible sur le plan hilbertien. Ensuite nous montrons que nous
aboutissons aux résultats analogues en considérant que les données f ap-
partenants & (HJ?(div,Q)). Pour p > 2 des résultats de régularités sont
prouvés avec f € (H 6/’7’ /(div,Q))’ or pour 3 < p < 2, nous établissons le
point fixe pour montrer I'existence de la solution faible du probleme Darcy

Brinkman Forchheimer.

Dans le deuxieme chapitre, nous nous intéressons a l’étude du probleme
Brinkman Forchheimer stationnaire avec des conditions au limites portant a
la fois sur la pression et sur la composante tangentielle du champ de vitesse
dans un domain toujours borné mais non simplement connexe.

Dans la premiere section, nous introduisons certains notations et nous offrons
le cadre fonctionnel que nous avons besoin d’utiliser dans I’ensemble de ce
chapitre.

Ensuite, la section suivante est consacrée au traitement du probleme Stokes
stationnaire avec toujours les mémes conditions limites ou nous alons améliorons
les résultats déja obtenus en (C. Amrouche [2])

—vAu+Vr=f et dive =0 dans(2,
(S)duxn=gxn et 7T=mg sur [,
(u-n, )r, =0, 1<i<I,

Particulierement dans notre travail nous n’exigeons pas que la pression initial
ait toujours une certaine régularitée bien précise. Cependant, nous cherchons
a rendre les hypotheses de la régularité sur la fonction 7y de moins en moins
faible a fin d’avoir finalement la pression 7 dans l’espace LP.

De maniere analogue que le chapitre précédant, nous utilisons le Théoreme
de Lax Milgram ensuite le Théoreme de Rham pour prouver que ce probleme
est bien posé dans le cadre hilbertien mais une fois nous passons a traiter ces
équations dans la theorie LP, nous avons besoin de faire apparaitre la con-
dition Inf-Sup qui joue un role primordial dans la solvabilité de la fonction w.



La derniere section concerne la régularité de la solution du probleme ho-
mogéne Brinkman Forchheimer muni du terme de convection dans la theorie
LP.

—vAu+u-Vu+bdulu+Vg=f e divu=0 dans ,

uxn=0 et g+iluP=gq swly et g+ 3ilul>=q +¢ sur Iy,
(u-n, )r, =0, 1<i<I.

telles que ¢ = (cy,...,cr) € R et a € [1,2].

En premier temps, nous signalons la nécessité d’utiliser la formulation faible
du probleme de Stokes qui satisfait les conditions de compatibilitées suivantes

Vo € K3(Q), (f, v)a —|—/7r0'v -n=0. (12)
r

Ou la solution (w, ) est déja donnée par C. Amrouche, C. Bernardi, M.
Dauge et V. Girault [3]. Par contre dans le cas ou les conditions de compat-
iblité ci-dessus ne sont pas vérifiées, cela implique d’introduire des variantes
au probleme linéaire comme suit :

—vAu+Vg=Ff et divu=0 dans €2,
uxn=0 et g=qy sur I'y et g=qyo+¢ sur [, 1<e<</
(u-n, 1)p, =0, 1<i<I.
(13)
En s’appuyant sur le travail de C. Amrouche et N. Seloula [3], nous établissons

la régularité de la solution du probleme (13) qui est une extension des
résultats obtenus dans la section précédente.

Concernant le probleme non linéaire, le fait de controler la partie tangentielle
de la fonction u qui s’annulle sur le bord et vue que

[ yu=5 [ u-nfu-n)

et avec I'abssence d’information concernant la partie normale du champs de
vitesse, nous pouvons pas controler ce terme. Pour surmonter cette difficulté,
nous considérons

1
u-Vu=curlu x u+§V|u|2.
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En posant m = ¢ + %]u|2, notre probleme se résume au probleme suivant

—vAu+curlu x u +bju|*u+Vr=Ff et divu=0 dansQ,
(BFP) Suxn=0 et w=msurly et m=m+¢ surT;,
(u-n, )r, =0, 1<i<]I.

Notre objectif dans la premiere sous section est de prouver l'existence de la
solution faible du probléme non linéaire (BFP). D’abord, nous commengons
I’étude par le cas p = 2 ou nous utilisons la méthode de Galerkin pour
montrer que ce probleme non linéaire est bien posé. Puisque 'application de
cette méthode nécessite d’avoir une base de ’espace hilbertien, nous constru-
isons une base d’un espace sous jacent hilbertien qui nous permet d’établir
une solution approchée ensuite nous vérifions une estimation a prioi concer-
nant cette solution u,, et finalement nous passons a la limite en s’appuyant
sur l'estimation a priori déja obtenue dans 1'étape précédante, donc nous
déduisons que la suite approchée u,, est bornée dans I'espace H'(f2), nous
sommes capables d’extraire une sous suite (w,,)., tel que u,, converge faible-
ment vers u dans I'espace H'((2), par ailleurs en utilisant 1'injection continue
de Sobolev de I'espace H'(2) dans L*(€2), nous concluons que la solution
approchée (u,,) converge fortement vers la solution exacte .

Il suffit de passer a la limite dans la formulation variationelle pour aboutir
au résultat désiré.

D’un autre coté, nous pouvons appliquer ici le théoreme de Rham a fin de
déduire I'existence et la régularité de la pression 7 € L*().

Ensuite, dans la sous section suivante, nous prouvons l’existence de la so-
lution faible sous la theorie LP avec les données f € (HJ ™ (curl,Q)),
nous traitons le probleme selon les différentes valeurs de p ( avec p > 2)
en s’appuyant sur les injections Sobolev.

La dérniere section concerne 1’étude de la solution forte (u,7) € W>P(Q) x

Whr(Q) avec p > £ et des hypotheses sur les données telles que f € LP(Q)

et la pression initiale my € Wl_%’p(F).

Dans le troisieme chapitre, nous avons considéré le systeme Darcy Brinkman
Frochheimer non stationnaire (le cas d’évolution) dans un domaine ouvert
borné de R? :

ou —yAu + au + blu|*u + uVu + V7 =f dans Qrp,

dive =0 dans Qr (14)
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avec des conditions aux limites de type Dirichlet
u=0 surl (15)

et des conditions initiales,
u(0) = uo (16)

Nous avons perturbé les équations Darcy Brinkman Forchheimer précédantes
(14)-(15)-(16), en utilisant une approche de type pseudo-compressiblité (i.e
I'ajout du terme eAp; a 1’équation de conservation de masse).

Prenons comme notation u€, 7€ respectivement le champ de la vitesse per-
turbée ainsi que la pression perturbée.
Le systeme obtenu, noté (17)-(18)-(19) est le suivant :

0wt — yAuS + au + bluf|*u + B(u,u) + V- = f dans Qp

divu® — eAp; =0 dans Qp (17)

Avec des conditions de type Dirichlet sur la vitesse et de type Neumann sur
la pression

Op*
on

€

u° =0,

=0 surl (18)
Et données initiales :
u(0) = ug, p°(0)=py dans Qp (19)

L’objectif est de traiter I'estimation d’erreur entre le systeme initial DBF
(14)-(15)-(16) et celui approché (17)-(18)-(19) sous les conditions

uo€ VNH?*Q), f,f,cL*). (20)

et
fta .ftt S C([OaTLLQ(Q)) (21)

qui est illustré dans le théoreme suivant

Theorem 0.1. On suppose (20) et (21) alors, il existe C > 0 dépendant au
donnée qui vérifie :

[ u(s)—u(s)|2 ds+e? |ult)—u () [P+e([[ult) —us () |2+ [p(t)—p ()]) < C.
° (22)

La démonstration de ce dernier repose sur les deux lemmes
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Lemma 0.2. On suppose que (20)-(21) sont vérifiés. Alors, il existe un
constant C' > 0 dependant au données qui vérifie :

/t €@ +e2 €12 + €@ + W @)[) < O, 9t € [to, To). (23)

Lemma 0.3. Si les hyotheses (20) et (21) sont valides. Alors il existe un
constant C' > 0 dependant des données qui satisfait :

t
In()I1* + 7/ IVn(s)|*ds + e(|[Vn(s)|* + IVo(t)|*) < O, Vit € [to, Ty)
t
° (24)
Mais en premier temps, il était nécéssaire d’établir quelques résultats impor-

tants qui étaient présentés dans la premiere section de ce chapitre, sur les
quelles nous nous appuyons dans la suite.

De maniere similaire au cas continu, nous avons traité le schéma numérique

discret par rapport au temps donnée par

un—i—l 4+ un
2

n+l _ ,n
% — %A(u"Jrl +u")+a
diva™ — BEA(p"T —p™) =0, dans €.

0 n+1 O
u"t =0, r___ 9 sur T

on n
(25)

Notons par u", 7™ le champs de vitesse et la pression a l'etape t,, (avec k est
le pas de discrétisation en temps et 3 est un constant).

Nous avons pu établir la convergence du schéma numérique discret au
probléme original . L’estimation d’erreur du probleme discrétisé par rapport
aux temps est réalisé dans le théoreme suivant

Theorem 0.4. On suppose que les données initiales (u°,p°) vérifient les
estimations :

lu” = ulto) | < CK*, [IV( = ulto))[| + [IV(p" — p(to))]| < Ck. (26)

De plus v’ € H*(Q)NV et f,f,, f € C([0,T], L*()), alors il existe C' > 0
satisfait :

k
k3 lultn) = a2 + B2V (ultn) — w™)1? + £ (| (p(tm) — p™)|I* < CE
(27)

{Pourtout I1<Sm<M=L% ona
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Nous avons validé cette étude par I'implémentation sous FreeFem++ d’un
test numérique classique (la cavité entrainée).

Dans la premiere section, nous présentons quelques concepts et résultats sur
I’estimation des termes non linéaires que nous utilisons dans le reste du
chapitre.

Dans la deuxieme section, nous montrons I'estimation d’erreur entre la solu-
tion (w, ) de I’équation de Brinkman Forchheimer incompressible (14)-(15)-
(16) et (uf, 7€) solution du probleme perturbé (17)-(18)-(19). La preuve sera
divisée en deux parties, I'une correspondante au probleme linéaire et l'autre
pour un probleme non linéaire.

La section 3 est consacrée a l'approximation en temps de l’équation de
Brinkman Forchheimer, ensuite a I’anayse d’erreur que nous montrons qu’elle
est d’ordre 2.

Dans la section 4, nous focalisons notre attention sur le cadre numérique
ou nous présentons la cavité entrainée correspondante aux équations de
Brinkman Forchheimer, de plus nous comparons nos graphes obtenus avec
les résultats de Ghia.

Le chapitre 4 se rapporte a ’étude des équations incompressibles non sta-
tionnaires sans le terme de convection.

ur — yAu+au +blul*u+Vp=f et divu=0 dans Q x[0,7]. (28)
avec des conditions aux limites non standards.
u-n=0, curlu xn=0 surI x[0,7]. (29)

D’abord, nous proposons une formulation variationnelle du probleme (28)-
(29) comme suit :

(ul (), w;) + y{curl u,,(t), curl w;) + a{w,,(t), w;) + b{|wm(t)|*wn(t), w;)

= (f(t), wi)o
Vi=1,...,m,t €0t

U, (0) = ugp,

(30)

L’objet de la premiere section est de prouver que ce probleme variationelle
possede au moins une solution, en utilisant la méthode de Faedo-Galerkin.
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La question concernant 'unicité de la solution faible ainsi que l'existence
de la solution globale dans un domaine de dimension 3 restent toujours des
problemes ouverts.

Dans la premiere sous section, nous introduisons une solution approchée

= Z Gim(H)w;. (31)

et nous considérons également un probleme approximatif de dimension fini

(ur,(t), w;) + y{curl u,,(t), curl w;) + a(w,(t), w;) + b{|wn (t)|“ um(t), w;)
= (f(t), wi)a

Vi=1,...,m,t €0ty
U (0) =

(32)

Ensuite, nous montrons certains estimations a priori concernant la solution
approchée u,,. Ces estimations sont indépendantes de m ce qui nous conduit
a conclure l'existence de la convergence faible des sous-suites et justifier par
la suite le passage a la limite. Durant cette dérniere étape, nous avons besoin
d’exploiter le Théoreme de compacité ainsi que la transformation de Fourier
pour aboutir au résultat requis.

Pour récupérer la pression, nous introduisons un opérateur fonctionel. Nous
réalisons par la suite que ce dérnier est bien linéaire et continue.

Dans la sous section 2, nous montrons des estimations a priori indépendantes
du paramétre e.

Nous obtenons des résultats analogues méme en présence du terme de convec-
tion. w.Vu = curl u x u+ 1|u|? puisque il suffit de considérer p = p+ L|ul?,
en plus, le fait que curl u x u-u = 0 ce qui maintient les résultats déja obtenus
durant cette section.

La section 2 de ce chapitre est dédié a 1’étude du probleme perturbé du DBF

{u§ — AU + au® + blu|*u + Vp = f, dans Q. (33)

divu® + eAp; =0, dans Q.
avec des conditions aux limites non standards données en (8).

cette section est divisée en deux sous parties. la premiere est consacrée a
I’étude du systeme d’évolution du DBF perturbé en utilisant la méthode de
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pseudo-compressibilité. Ensuite, on vérifie que le probleme est bien posé en
utilisant encore une fois la méthode de Faedo-Galerkin et le théoreme de
compacité.

A travers la deuxsieme partie, notre objectif est de prouver la convergence
de la solution des équations perturbées (33)-(8) vers celle du probléeme orig-
inal (7). Pour cette raison, on montre d’abord certaines estimations & priori
indépendantes de € que nous avons besoin plus tard pour établir I’estimation
d’erreur d’ordre 2 pour la solution u.

Contrairement au chapitre précédant qui concerne les conditions Dirichlet ou
I'inégalité de Poincaré est une clé essentielle utilisée souvent dans plusieurs
passages. Nous avons besoin tout au long ce chapitre des inégalitées pour le
champs de vecteur faisant intervenir les opérateurs curl et div.

D’abord, nous montrons en s’appuyant sur la méthode de Faedo-Galerkin
I'existence de la solution faible du systeme perturbé. Ensuite, nous prouvons
que la solution du probleme perturbé converge vers la solution du systeme
initial.

Par la suite, dans la troiseme section, une analyse d’erreur similaire au
chapitre précédant a été présentée ou nous avons établir des estimations
a priori indépendantes du € qui nous servent plus tard a montrer ’estimation
d’erreur d’ordre 2. Ce dernier résultat est établi en effectuant deux étapes.
La premiere étape concerne 'estimation d’erreur corréspondant au probleme
linéaire tandis que la deuxieme étape est liée a I’analyse d’erreur du probleme
non linéaire.

Dans le dernier chapitre, nous nous préocupons de 1’équation non linéaire
du Brinkman Forchheimer toujours stationnaire dans un domaine ouvert et
borné de R3 :

—yAu +au + blu|*u + V7 =f dans Q,

divu =0 dans (34)

avec des conditions aux limites portant sur la composante normale du champ
de vitesses et la composante tangentielle du tourbillon.

u-n=g, curluxn=~hxmn, surl.

le dérnier chapitre se focalise sur ’analyse numérique de 1’équation de Darcy
Brinkman Forchheimer linéairisé ainsi que 1’équation de Brinkman Forch-

16



heimer. I'idée principale dans ce travail est d’analyser la méthode de Galerkin
Discontinue pour le probleme linéaire ainsi que pour le probleme non lineaire.

La méthode de Galerkin Discontinue locale adapté pour le probleme d’Oseen
(le probleme linéarisé correspondant aux équations stationnaires de Navier
Stokes) était déja initié par B. Cockburn, voir [14]. Ensuite Cockburn et Al
ont étendu l'analyse aux équations de Navier-Stokes incompressible.

Le livre de Béatrice [29] introduit la méthode Galerkin Discontinue Directe
aux de Stokes stationnaires ainsi que les équations de Navier Stokes station-
naires.

Dans ce chapitre, le probleme est considéré dans un domaine polyédrique 2,
nous examinons et prouvons certains résultats théoriques relatifs au probleme
DBF linéarisé. Nous montrons que le probleme est bien posé ainsi que le
schéma du modele DBF non linéaire.

La convergence de la méthode DG est établie et des résultats numériques
sont présentés.
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(zeneral Introduction

This thesis is concerned with the study of the viscous fluid flow through a porous media.
Fluid flow and transport processes through porous structures is a topic of great interest in
various scientific fields. In particular, in several engineering applications such as petrolum
envirommental and ground-water hydrology. Fluid flow in porous media are usually described
by Darcy Brinkman Forchheimer equations. At first, Darcy’s law (where the pressure gradient
is linearly proportional to the fluid velocity) breaks down when the flow have high velocity.
Forchheimer (1901) [31] added a non-linear term which presents the inertial effect. Afterwards,
in 1947 [19] the second-order derivatives of velocity was added by Brinkman in order to
modelize the effect between the fluid and the pore of walls. This produced the widely used
Darcy Brinkman Forchheimer equations (DBF) :

ur — YAu + au + blu|“u +Vr=f and divu =0 in Q, (0.0.1)

where u and 7 present respectively the velocity and the pressure. « is Brinkman coefficient, a
denotes Darcy coefficient and b defines Forchheimer coefficient. f denotes the exterior forces
and « € [1,2] is a real number chosen appropriately throughout this work. If we do not say
otherwise, (2 is simply connected domain in R with smooth boundary I. The (DBF) system
must be completed by suitable boundary conditions. The most studied case is the no-slip
condition:

u=0, onl. (0.0.2)

However, as quoted by Serrin, the no slip boundary condition is not always suitable since
it does not yield to an accurate description of the physical boundary layer near the walls. In
1827, Navier [47] suggested another type of boundary condition (see 0.1.2), based on a balance
between the fluid velocity tangent to the surface and the rate of strain at the boundary. The
velocity’s component normal to the surface is naturally zero, as mass cannot penetrate an
impermeable solid surface.

The Navier boundary condition !, is defined by:

u-n=0 (or =g) and (v(Du-n)+au); =0 (or=h) onT, (0.0.3)

'The deformation tensor Du = (Dyj(u))i<i,j<s is defined by Dj;(u) = % (gz %). The outward
== J i

pointing unit normal vector at I' is denoted by n, and Vv defined on I'; v~ denotes its tangential component,

vr=v—(v-n)n.
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where the coefficient « in (0.1.2) is the friction coefficient.

This boundary condition is used to simulate flows near rough walls, such as in aerodynam-
ics, in weather forecasts and in hemodynamics [20,46] as well as perforated walls. Taking use
of the vorticity field w = curlu and using classical identities, one can observe that in the case

of a flat boundary and when av = 0 and g = 0, the conditions (0.1.2) may be replaced by:
u-n=0, and curlu xn =0 onl. (0.0.4)

We call them Navier-type boundary conditions. Moreover, in some real-life situations it is
natural to prescribe the value of the pressure at least on some part of the boundary, this can
arise in case of pipelines, blood vessels and different hydraulic systems involving pumps. It
should be montionned that there is no physical justification for prescribing only a pressure
boundary condition on the boundary and it must be completed by adding some boundary
condition involving the velocity. For exemple, we can consider the tangential part of the

velocity on the boundary
uxn=0, T = To on T, (0.0.5)

where 7 is a given function. See [8,14,16,28,42]. A part of this work will be focusing in
the LP—theory for the stationary (DBF) system regarding two different types of boundary
conditions for the velocity field: in the first chapter, the velocity field will have attached
the Navier-type boundary conditions (0.1.2), meanwhile in the second one, we consider the
boundary condition (0.0.5) involving the pressure. In the third chapter, we study the ap-
proximation of the time dependent (DBF) system with Dirichlet boundary condition (0.0.2)
by the pseudo-compressibility method. This approach is introduced in [57] as a numerical
approximation of the Navier-Stokes equations to overcome the difficulty that comes from the
incompressibility contraint. An extension of this approach to the case of the time dependent
(DBF) with Navier-type boundary condition (0.0.4) is given in the fourth Chapter. In the last
Chapter, we use a (DG) for solving (DBF) equations with Navier-type boundary condition
(0.0.4). This method is a finite element method which utilise discontinous basis functions
in the choice of approximation spaces. (DG) method was originally introduced by Reed and
Hill [51] for solving neutron transport equation. Extensive research was done on solving hyper-
bolic equations like Euler equations of gas dynamics. Then it was extended to solve convection
diffusion problems, using the so called Local Discontinuous Galerkin (LDG) [24 26] method.
(DG) method has been found to be a robust numerical algorithm to solve several varities of
problems. The greatest advantage of this method is its parallelizability and the capability to
handle complex geometries. It has been used to solve convection dominated problems, elliptic
problems and convection-diffusion problems.
To be more precise, we describe bellow the subsequent chapters.

In chapter 1, the stationary (DBF) system is studied with the Navier-type boundary

condition (0.1.2). The aim is to study the existence of generalized solutions in W 1(Q),
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strong solutions in W 2?(Q). We will consider here a simply connected domain © and we will
suppose that the Forchheimer coefficient @ = 1. This chapter has three sections. The first
section is dedicated to notations to be used along the chapter and gives some useful statements
playing an important role in the proof of the main result. The second section is concerned
with the LP— regularity results for the Hilbertian weak solution of the linear Darcy Brinkman

system (when the Forchheimer coefficient b = 0):

—~Au +au + Vr = and dive =0, in Q.
7 ! (0.0.6)

u-n=0 curluxn=0 onl.

The results are proved by using the regularity of the Stokes problem [6] and a suitable
bootstrap argument.
The goal of the third section is to establish the existence of weak and strong solutions for

the nonlinear Darcy Brinkamn Forchheimer:

—yAu + au + blu|u + Vi = and divae =0, in Q.
K [ul ! (0.0.7)

u-n=0 curlu xn=0 onT.

Firstly, we prove, via the Faedo Galerkin method, in the Hilbertian case the existence of weak
solutions (u, m) € H'(Q)x L?(Q). After, based on the Sobolev embeddings and the regularity
results in the LP theory given the second section, we prove the existence of generalized solutions
in W LP(Q) for p > 2 and strong solutions in W %P(Q) for p > 6/5. Furthermore, it is possible
to extend the regularity of the solution for 3/2 < p < 2 in W P(Q). The proof uses the
Brower’s fixed point theorem after establishing a complete LP—theory of the linearized Darcy
Brinkman Forchheimer problem.

Chapter 2 is concerned with the study of the stationary convective Darcy Brinkman
Forchheimer with boundary conditions (0.0.5), where the pressure is replaced by the dynamic
pressure:

p:7r+%|u]2 on I (0.0.8)

The non linearity u - Vu can be written using the following identity :
1 2
u-Vu=curlu x u+§V|u| .
Then, the problem reads as:

—yAwu +curlu X u 4+ blu|*u+Vp=f and divu =0 inQ,
uxn=0 and p=py onT, (0.0.9)
(u-n, Hr, =0, 1<i<I.

We take a € [1, 2] and we will consider here the general case where the domain is even-

tually multiply-connected. This leads us to supplementary difficulties in the mathematical
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analysis. The last condition in (2.3.1) is an extra boundary condition which is the flux
through the connected component I';, 1 < ¢ < I. The situation of bounded domains, even-
tually multiple-connected with boundary not connected, has been investigated by Begue-
Conca-Murat-Pironneau [14, 28| for the linear and nonlinear Navier-Stokes cases (see also
Ebmeyer-Frehse [30] for some mixed boundary conditions in polyhedral domains). Kozono-
Yanagisawa [42] and Amrouche-Seloula [7,55] completed this study by developing a complete
LP-theory to solve Stokes and Navier-Stokes equations by assuming that the datum verify
some compatibility conditions. They also introduce a variant of the Stokes and Navier Stokes
equations, where constants appear as additional unknowns on the boundary, when the com-
patibility conditions are not verified. In this chapter, we study analogously the following

variant of the Darcy Brinkman Forchheimer: find u, p and ¢ such that:

—yAu +curlu X u +blu|*u+Vp=f and divu=0 inQ,
uxn=0 and p=pg onTy and p =py+ ¢; onl;, 1+=1,..,1

(u-m, 1)p, =0, 1<i<I,

where ¢ = (c1,...,cr) € RL.

Unlike the result showed in [8], two important facts are taken into account. Indeed, the
results given in [8] require that the velocity and the pressure have the same regularity. First
we improve the regularity results concerning the pressure for the Stokes problem with (0.0.5).
Furthermore, it is possible to extend these regularity of the solution to the case of the Darcy-
Brinkamn system. Secondly, a study of the W 1P regularity for p > 2 (respectively the W %P
regularity for p > 6/5) and not only for 3/2 < p < 3, of the solutions for the nonlinear Darcy
Brinkman Forchheimer system with (0.0.5) will be carried out. The proof is done by taking

advantage of the new regularity results for the Stokes equations.

In chapter 3, we introduce the evolution (DBF) system

Ou —yAu +au + blu|“u + B(u,u) +Vp=f in Qp,

. . (0.0.10)
dive =0 in Qp,
with Dirichlet boundary conditions and the initial datum as follows :
u=0 onXr and u(0)= uo, (0.0.11)

where Qpr = Qx]0,T[, ¥7 = 002x]0,T[ and the bilinear forms B(u, v) is defined as follows:
B(u,v) = (u.V)v.

Many papers are devoted to the study of (DBF) equations. The existence and uniqueness
of the solution have been investigated in [40]. The continuous dependance of the solution
to the coefficients has been presented in [49]. Moreover, a numerical treatment of (DBF)
equations can be found in [35] where the system is solved using finite volume approach and a

numerical simulations have been investigated.
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It is well-known that the incompressibility constraint
divu =0 in Q x [0,T7, (0.0.12)

introduces a real challenge to solve the problem (3.0.1)-(3.0.2) numerically because it implies
to coupled the velocity and the pressure. There are several methods to overcome this difficulty

(see, for instance J. Shen 1996 |57| and references therein). We can mention for example :

1. The penalty method has been introduced in 1968 by Temam [59] where it was employed
to approximate Navier Stokes equations.
divu® +ep® =0, in Q x [0,7],

while recentley in 1995, J. Shen study again this method in [56] where optimal error
estimates of the penalized problem for the non stationary Navier Stokes system are

obtained.
2. The artificial compressibility method :
divu®+ep; =0, in Q x [0,T],
which is already suggested by Temam [60] and Chorin [21].

3. The projection method

€

Jp
on

divu® —eAp =0, in Q x[0,7T], =0on I x[0,7T]

that relax the divergence-free constraint, it was first provided by Temam [59] and

Chorin [21,22] which has a high computational cost.

4. The pseudocompressibility method given by :

86
divu — eAp; =0, in Q x [0,T7, 817)7,

=0onT x [0,7]. (0.0.13)

The aim of this chapter is to study the error estimate resulting after a perturbation of the

Darcy Brinkman Forchheimer equations by the Pseudo-compressibility method (0.0.13).

Here the pseudo-compressiblity method proposed below is the pseudo-compressibility method
is introduced in [57| for Navier Stokes equations, which helps us to approximate the incom-

pressible Darcy Brinkman Forchheimer equations by the following problem :

Oru — yAu 4+ aut + E(ue, u) + flu|®u +Vp-=f in Qp

. : (0.0.14)
divu® —eAp; =0 in Qr

)
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with the following boundary conditions and initial datum :

€ _ op¢ _
u¢ =0 and o, =0 on X

u(ty) = u(ty) and p(to) =p(to) in Q. (0.0.15)

The bilinear form B(u, v) is defined as follows: B(u,v) = (u.V)v + 3(Vu)v.

The outline of this chapter is the following. In the first section, we introduce some notations
and results concerning the nonlinear terms that we will use in the sequel. In section 2, we
consider the non perturbed problem and we prove some estimates for the velocity and the
pressure. These results will play an important role in the error analysis of the perturbed
problem. The section 3 is devoted to the study of the perturbed problem. By using the
standard Faedo-Galerkin method and the Compactness’s Theorem, we investigate some a
priori estimates which ensures the well-posedness of the approximate system. Next, in order
to ensure the convergence of the the perturbed system to the original problem (0.0.10)-(0.0.11),
we need first to establish some € independent estimates which we employ afterward to reach the
optimal error estimates. In Section 4, we prove the error estimate between the incompressible
Darcy Brinkman Forchheimer (0.0.10)-(0.0.11) and the perturbed problem (0.0.14)-(0.0.15).
The proof will be divided into two parts: the first one corresponding to the linear problem,
the second one to non linear system. Section 5 is devoted to a time discretization of Darcy
Brinkman Forchheimer equations and then to give a rigorous error analysis. The scheme can be
employed with any consistent space discretization associated with the pseudo-compressibility
methods. Finally, in section 6, we restrict our attention to the numerical framework where we
present a driven cavity to the compressible Brinkman Forchheimer equations.

In chapter 4, we suggest to study the evolution (DBF) system with Navier type boundary
conditions:

ur — yAu + au + blu|“u + Vp = and dive =0 in Q x [0,7].
V=1 ul*u+Vp = f 0T o

u-n=0, carlu xn=0, onTl x[0,T].

The well-posedness of this problem will be discussed by using Faedo-Galerkin method com-
bined with the compactness property and Fourier Transform. Moreover we establish some a
priori estimates useful to build the error analysis. Next, we focus on the following approxi-

mated problem via the pseudo-compressibility

u; — yAu +au® + blu|*u+Vp=f in .
divu® + eApf =0 in Q. (0.0.17)

u®-n =0, curlu* xn =20 on I’
with with the following boundary conditions and initial datum :

op° _
on 0 on ET

uc(tg) = u(to) and p(to) =p(tp) in €. (0.0.18)
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The well-posedness of the problem above will be investigated by using again Faedo-Galerkin
method combined with the Theorem of compactness. Next, in order to prove the convergence
of the perturbed equations (0.0.17) to the initial problem (0.0.16), we need some € independent

a priori estimates.

In chapter 5, we study an approximation of the Darcy Brinkman Forchheimer (DBF) with
boundary condition (0.0.4) by means of the Discontinuous Galerkin method (DG).

Recentely, the study of (DG) approximation method was extended to cover the nonlinear
elliptic problems which have been attracted the interest of many researchers. In 1996 Bassi
and Rebay [13] they expanded the Discontinuous Galerkin finite element method basically
considered for the hyperbolic system like Euler equations to the Navier-Stokes equations’s
state by the manage of the viscous term with a mixed weak formulation, where the (LDG)
local discontinuous Galerkin method has been employed by introducing the auxiliary vector
variable § = Vu. In fact, the DG method couples two methods: finite volume and the finite
element method. The paper of Brezzi, Manzini, Marini, Pietra and Russo in [18| nevertheless
restrected to treat the Laplace operator in a polygonal domain but it comes to follow, analyze
and give a solid background for the approach proposed by Rebay and Bassi in [13]. The analysis
of the Local Discontinuous Galerkin method for Oseen problem ( the linearized problem of the
stationary Navier Stokes equations ) was given by Cockburn in [24] while in [25] Cockburn,
Bernardo, Kanschat, Guido and Schétzau, Dominik studied the (LDG) local discontinuous
Galerkin method for the non linear incompressible stationary Navier-Stokes equations. The
book of Béatrice [53] analyzed the Direct Discontinuous Galerkin method for both of the
linear stationary Stokes equations and the nonlinear Navier stokes equations. The book of
Dolejsi [29] is concerned with (DG) and its applications to the numerical simulation of the

incompressible flow.

Along this chapter, the problem is treated in a polyhedral region 2. We prove some theoritical
results about the well-posedness of the linearized DBF and the nonlinear DBF model’s DG
scheme. The convergence of the Discontinuous Galerkin method is established. Finally, we

give some numerical tests to asses the validity of the method.

0.1 State of the art

Darcy Brinkman Forchheimer (DBF) equations take attention because it modelize, with high
accuracy, the behavior of the flow through porous medium. In [39], the authors prove the
existence and uniqueness of solutions for all a > 1 with Dirichlet boundary conditions and the
necessary regular initial data. The arguments are based on the maximal regularity estimate

for the linear problem and some modification of the non linear localization technique.
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The authors in [36] prove the global in time smooth solutions for the convective Brinkman

Forchheimer equations on 3D periodic domain
—vAu +au + blu|u +Vr =0 (0.1.1)

The theory of evolutionary systems developed by Cheskidov is used to investigate the exis-

tence of a strong global attractor.

The time behavior of solutions and the existence of global attractor to the unsteady Darcy
Brinkman Forchheimer equations has been studied in [48,63, 64| for some special values and
ranges of parameters «. Moreover, the existence, decay rates and some properties of weak

solutions are proved in [11].

In the paper [62], a model for two dimensional laminar steady flow and heat transfer are
solved numerically by a finite difference method with second error accuracy. Furthermore, the
authors cheked the fact that the inertial parameter or the viscosity parameter reduce the flow

and heat transfer charachteristics when one increases Darcy or Brinkman coefficient.

We mention also the paper of J.Kou and al [41] where the numerical simulation of DBF model
which describes a flow channel with high porosity are explored.
More precisely, the work suggested a semi-analytic time scheme that solves the evolution DBF

equations at each time step.

0.1.1 The Navier type boundary conditions: State of the art

Generally, DBF equations are treated under Dirichlet boundary conditions where are some-
times unrealistic. We need to study this model under other boundary conditions.

In [6] a large study of the stationary Stokes equations with Navier type boundary conditions
with flat boundary in a multiply-connected bounded domain © of R? is given. Based on the
inf-sup condition, the proof is established concerning the existence and uniqueness of weak

and strong solution.

On the other hand, in the thesis of Rejaiba [52], the author treated the stationary Navier
Stokes equations in an open bounded connexe domain € of R? with Navier type boundary

conditions defined as
u-n=0 (or =g) and (v(Du-n)+au)r =0 (or=h) onT. (0.1.2)

In this work, the existence of a different types of solutions for Navier Stokes model under the

boundary conditions given in (0.1.2) are proved.
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In our study, we are concerned by the stationary Darcy Brinkman Forchheimer with Navier
type boundary conditions through an open bounded simply domain Q of R3. We establish
the existence of the generalized solutions and strong solution for both of the Darcy Brinkman
equations and Darcy Brinkman Forchheimer equations in the hilbertian case and under LP

theory.

0.1.2 The pressure boundary conditions: State of the art

The imposed pressure and the tangential component of the velocity on the boundary are given
by

uxn=0, w=mg (0.1.3)
In 1995, Conca and al [28] consider both Stokes problem and Navier Stokes equations in a
bounded domain € of R? with the pressure and the tangential velocity given on some part
of the boundary. The authors prove the equivalent between the weak formulation and the

stationary Stokes system. Moreover, the authors extended the results obtained for the linear

problem to the non linear equations case.

This work inspired our numerical part to validate our Discontinuous Galerkin method where

the test (fluids in a pipes) served us as a validation model.

We cite also the paper [8] where the authors study the sationary Navier Stokes equations
through a bounded open set, connected domain of R3. The proof of the existence of the so-
lution was investigated by using the fixed point Theorem over the stationary Oseen system.

The authors have given a results in the hilbertian case and L? theory for 1 < p < cc.

We investigate the existence of solution for both of sationary incompressible Stokes equations
—vAu +Vr=f, divu=0 in
and the stationary incompressible Brinkman Forchheimer
—yAu +u-Vu+blul®u+Vr=f, divu=0 inQ

under the same boundary conditions through a bounded open multiply-connected domain.

The improvement that we give compared to the previous works is that we prove the existence
of weak solution (u, ) € W1P(Q) x LP(Q) instead of 7 € WP(Q).
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0.1.3 The pseudo-compressibility: State of the art

It is well-known that the incompressibility constraint presents one of the serious diffuclty in
the numerical scale. Because it combine both of the velocity’s space and the pressure’s space.
In the litterature, we find many papers study the differents ways to overcome this constraint.
We can cite as examples [17], [23] [38], [50], [12].

In [57], J. Shen presented a unsteady perturbed Navier Stokes equations by using the pseudo-
compressibility method which is obtained by introducing a pressure stabilization term in the

mass conservation’s equation. The author established the first error estimate for the velocity.

In our work, we use the same type of the pseudo-compressibility method to obtain the approx-
imate unsteady Darcy Brinkman Forchheimer equations with Dirichlet boundary condition on
the velocity and we prove the first order error estimate by using a similar procedure as in
the paper of J. Shen [57] however Forchheimer’s non linear term need to be controled with a

special care, in order to get this purpose we handle the Forchheimer term as
forany u € V, F(u) = |u|“u
[F(uw) = F(v)] < C[[V(u— o)

We should point out that in [58], the projection scheme to the approximate unsteady incom-
pressible Navier Stokes equations was proposed by J. Shen. The second error estimate for the

velocity is investigated.

In 2015 [44] the authors treat the unsteady Darcy Brinkman Forchheimer equations. They
prove the continuous dependence of the solution on the Brinkman’s and Forchheimer’s coef-
ficients as well as the initial data and external forces. They propose and study a perturbed
unsteady DBF problem by using the artificial compressibility method. Afterward the authors
checked a time discretization of the perturbed system by a semi-implicit Euler scheme and

next a lowest-order Raviart-Thomas element is applied for spatial discretization.

Louaked and al [45] introduce the pressure stablization method for the unsteady incompress-
ible Brinkman-Forchheimer equations. They present a time discretization scheme which can
be used with any consistent finite element space approximation. Second-order error estimate
is established.

In our thesis, we present a projection scheme associated with the perturbed unsteady DBF
problem. We estabish the second error estimate for the velocity. We implement the driven
cavity test and we observe the correctness of the method by comparing the different component
of velocity for b = 0 with Ghia’s results [32].

We extend the approach of the pseudo-compressibility method applied on the unsteady DBF

problem with Navier type boundary conditions. We use some suitables functional spaces to
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control the non standard boundary conditions. We obtain similar results by using different

tools and techniques.

0.1.4 The Discontinuous Galerkin method: State of the art

The discontinuous Galerkin (DG) method is a class of finite element methods using completely
discontinuous piecewise polynomial space. A key ingredient for the success of such method is
the correct design interface numerical fluxes.

The first local discontinous method was developed by Cockburn and al [27] for the convection
diffusion equations.

Later in 2002, Cockburn and al [26] interested to the LDG method for the Stokes problem in
a bounded domain  of R3. Then in 2004, the authors [24] give a similar study on Oseen’s
system. They established an a priori estimates for L2— norm of the errors in the velocity and
pressure. The optimal order estimate are reached when the polynomials of degree k are used

for each component of the velocity and polynomials of degree k—1 for the pressure with k£ > 1.

In 2004, a new LDG method has been applied to the incompressible steady Navier Stokes
system [25]. In view of the many features of this method (the stability, the local conservating,
high order accuracy), it is considered as one of the most important method.

The authors state the stability of the scheme and employ a discrete version of the classical
fixed point iteration to prove the existence of solutions of the incompressible steady Navier

Stokes equations by solving a sequence of Oseen problems.

While in 2008, B. Riviére in her book [53], gives a wide analyse on both of the elliptic
system and the parabolic one. We mention that the author proposed a DG discretization for
the non linear term (in particular the convection term) based on an upwind technique. She

used Brower fixed point’s theorem to check the existence of solution for Navier Stokes model.

The coupled incompressible steady Navier Stokes equations with Darcy equations was pro-
posed by B. Riviére and al [34]. The existence of solution and some a priori estimates under
some smallness conditions on the data are proved.

The authors suggested a discontinuous Galerkin scheme for discretizing the equations and

presented some numerical results.

An approximation of the steady Brinkman problem defined in the nonconvex L-shaped domain
Q =] — 1,1[\]0, 1[2 has been treated in [9] where the authors choose the values of the pyisical
parameters a and vy as a = 10 and v = 0.1. The approximate velocity and pressure displayed
for 57898 elements and 28950 vertices.
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Since the author could compute the solution analytically, the author present the Bercovier
Engelman test. The researcher meshed the domain =]0,1[x]0, 1] by different structured tri-
angulation and considering p, the different component of the velocity and w = curlu are
prescribed on the boundary. The velocity is taken vanish on the upper and lower boundary.

The researcher conclude a good agrement between the numerical results and the theoritical

results.

In our thesis, we lead with the stationary incompressible linearized Darcy Brinkman Forch-
heimer model
—vAu +au+bldlu+Vr=f, divu=0 inQ

then we introduce the discretization scheme associated to the weak formulation of the lin-
earized model and we prove the the existence of solution for the scheme obtained. The proce-
dure is quoted from the arguments given in [25]. After, we move to check the well-posedness
of the non linear steady DBF system’s scheme under some smallness condition on the data.
We give an approximation of DG method applied to the stationary DBF scheme in L shape
geometry.

In the last part of our work, the Bercovier Engelman test was displayed. We consider the
stationary DBF scheme in Q =]0, 1[* with different component of the veocity and vorticity
are given on the boundary. We choose the value of stabilization parameter as o = 50 to get

stable results.



Chapter 1

The Stationary Darcy Brinkman
Forchheimer equations (DBF) with

Navier-type boundary conditions

The work developed in this chapter is concerned with the existence, uniqueness and regu-

larity of the solution for the following Darcy Brinkman Forchheimer equations:

—vAu +au +blulu+Vr=f, inQ

(1.0.1)
divu = 0, in €,
attached with the Navier-type boundary conditions:
u-n=g, curlu xn="hxmn, (1.0.2)

where u is the velocity, m denotes the pressure, f are the external forces, h and g are given
functions. € is a bounded domain of R3 with smooth boundary I'. ~ > 0 is the Brinkman’s

coefficient, a > 0 defines Darcy’s coefficient and b > 0 denotes Forchheimer’s coefficient.

In our work, we are focused in showing existence, uniqueness and LP regularity of the weak
and the strong solution for the problem (1.0.1)-(1.0.2). In order to prove the regularity of the
weak solution in W P(Q) with p > 2, and strong solution in W *P(Q) with p > 6/5 for the
non linear Darcy Brinkman Forcheimer problem, we use the regularity results for the linear
Darcy-Brinkman and Stokes problems combining them with a bootstrap argument. To obtain
weak solution in W 12(Q) for % < p < 2, we study before the linearized problem and we can
conclude the existence result for the non linear problem with fixed point theorem.

This chapter is organized as follows: the first section introduce some results and prelim-
inaries that we need in the sequel of this chapter. The section 2 is restricted to treat the
linear equations where we give all details about the well-posedness of this problem. In the

last section, we deal with the study of the non linear Brinkman Forchheimer equations with
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18 boundary conditions

respect to the boundary conditions (1.0.2). Using the results of Section 2, we prove the reg-
ularity W 1P(Q) for p > 2 and in W 2P(Q) for p > 6/5. Finally, thanks to the study of the
linearized problem done in this section, we prove the regularity of the solution in WP () for
3/2<p<2.

1.1 Notations and Preliminaries

The aim of this section is to give the functional framwork and some results already obtained
which we need in this part of thesis.

For given u = (u1, ug, u3), we note the Laplace operator of vector field u as follow,
Au = V(divu) — curlcurlu.

We shall use bold characters for the vectors or the vector spaces and the non-bold characters
for the scalars.

Let us first define the spaces :

WP (Q) = {u € LP(Q); Vu c LP(Q)}.
WhP(Q)={uc WhP(Q); divu =0 inQ}, wherel < p < occ.

We note the norm of every vector field u belongs to WP(Q) :

3 =

lullwroey = (lullzr@) + 1Vullzo)

Let us consider W' (Q) as the dual space of Wé’p(Q) and (., .) the duality between them.

We introduce the spaces :
H?(div,Q) = {u € LP(Q);divu € LP(Q)}.
H?(curl,Q) = {u € LP(Q); curlu € LP(Q)};

which are equipped with the following norms respectively :

1
lllzn ey = (Il g + laivul?,q )

1
lullzneuro) = (8l + leurlulf, g, )’

Now, let us define the space XP(2) as X?(Q) = HP(div,Q2) N HP(curl, ?) with the norm,

A

lullxoey = (1l g + [divul?, g + leurlul, o)

We will denote D(Q) as the set of smooth functions with compact support in .

Recall that D(Q) is dense both in HP(div, ), HP(curl, Q) and X ?(Q) see [2,8].
1

Any function » in H?(div,2) has a normal trace u - n in W~ »"”(T") defined by :

Vo e WHP(Q), (u-n,v)r= / u - Vodr + / (divu) v dx; (L.1.1)
Q Q
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where the duality pairing is defined by : (., )r = (., .) 1 S T
w pPMyxw (D)
Moreover, any function w € HP(curl, ) has a tangential trace,
Yo € WIP(Q), (uxn,v)r :/ u - curlv dz — / curly - v dz. (1.1.2)
Q Q

We consider the subspaces :

HY(div,Q) = {v e H’(div,Q); v-n=0 onT}
H¥(curl,Q) = {v e H(curl,Q); v xn =0 onT}.

If 1 < p < oo, then p’ will denote the conjugate exponent of p, i.e., I% + % =1

Let f belongs to the dual space of H:’D),(div, Q), ie f € (Hg(div, Q)" then there existe

€ LP(Q) and x € LP(Q) such that f =1 + Vx. Moreover, f satisfies the estimate :

||¢”LP(Q) + HX”LP(Q) < ”'f||(Hgl(diV,Q))"
Now, let we give the subspaces X%.(Q) and V#.(Q) as follow,

X0(Q)={veXPQ); v-n=0 onl}.
VE(Q) ={v € X .(Q); divoe =0 in Q}.

For s be a real number such that s > 1, we define the following spaces,

Y 5P(Q) = {v € LP(Q); dive € W 1P(Q); curlv € W 2(Q); v x n € W »?(I)}.

N*P(Q) = {v € LP(Q); divo € W IP(Q); curlv € W 2(Q); v-n € W * »P(I)}.

Note that C'is a positive constant which represents a different value at its several occurences.

We recall the following result that we can find in [8, Theorem 3.4, Corollary 5.3].

Theorem 1.1.1. Let Q is of classe C1'. The space X%.(Q) is continuously imbedded in WP(Q)

and for any function v in X7.(Q), we have the following estimate :

vl wir) < C(l|v]lLr @) + [[eurly|| ) + [[divel| e )

(1.1.3)

Moreover if Q2 is of classe C*', we have the continuous imbedding of the spaces Y*P () and

N*P(Q) into W*P(Q) with the following estimates :

lellweri@) < Cllvlzr@) + leurlvllws-rr@) + [divollw srng) +loxnl ooy, ) (L14)

ol < Cllolzr@ + lleurto ooy + divollw sy + ol oy, - (115)
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Remark 1.1.2. If p = 2, we have the embedding X 2(Q) — H (Q) which allows to obtain the
estimate,

ull g1 < Clullp2@) + [leurlul[g2q) + [|divull;2q))- (1.1.6)

Moreover, for any u € H 1(2), with w-n = 0 on I, we have :

ullg2) < Cllullg1q)- (1.1.7)
We need some results concerning the solvability of the Stokes equations.

—~Au + V7 = and dive =0, in
K ! (1.1.8)

u-n=g, curlu xn=hxn on I

We now recall the following results concerning the weak solution and the strong solutions of
Stokes problem. These results will play an important role in the study of the LP-regularity of
the solutions to the Darcy Brinkman Forchheimer problem ( we refer to [6, Thoerem 4.4 and
Theorem 4.8| for the proof).

Theorem 1.1.3. We suppose ) is of classe C1'.
1. Let f € (Hg/(div,Q))’, g€ Wl_%’p(f‘), hxmne W_%’p(f‘); then the Stokes equations
(1.1.8) has a unique solution (u,7) € WIP(Q) x LP(Q) which satisfies the estimate :

Jullwrogey + o) < CU gy sy + 1911 gy + 1050 g ) (119

2. Furthermore, if Q is of classe C>' and
fe D), ge W HP(T), he W' r(D);
then the Stokes problem (1.1.8) has a unique solution (u,m) € W?2P(Q) x W P(Q)

satisfying the estimate :

ull w2p ) + [I7llw o) < CUIAlZr @) + Hgsz : Hlhxnll ))- (1.1.10)

1
BT TP

1.2 Darcy Brinkman equations with Navier’s type boundary

conditions

In this section, we are interested to the linear Brinkman problem

—vAu +au +Vr = and diveu =0 in ()
v ! (1.2.1)

u-n=g, curlu xn=hxn on I
We give some results concerning the existence and uniqueness of weak and strong solutions.
These results will be used in the following to show the existence of weak solution for the
nonlinear Darcy Brinkman Forchheimer problem. Since the Hilbertian case is different from

the general LP-theory, we study each case separately.
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1.2.1 Hilbertian Framework

The aim of this section is to prove the existence and uniqueness of weak solution for the

Brinkman problem (1.2.1) in the Hilbertian case.

Weak solution

The approach consists on dealing with Brinkman problem step by step, firstly beginning with
the homogeneous case, then the non-homogeneous one and finally with the divergence not free

case. The proof is fundamentally based on Lax Milgram’s Theorem.

In the following, we give a result concerning the well-posedness of the incompressible Brinkman

equations (1.2.1) with homogeneous boundary conditions :
u-n=0 curlu xn=0 onl.

Proposition 1.2.1. Let Q is of classe C' and we assume that f belongs to (HZ(div,))’
with g = 0 and h = 0, then the system (1.2.1) has a unique solution (u,m) € H1 () x L*(Q).
Moreover there exists C' > 0 depending on 2, a and v such that :

lull @) + I7llz2 ) < ClIAl m2(av.0))- (1.2.2)

Proof. The incompressible homogeneous Brinkman problem (1.2.1) is equivalent to the fol-

lowing weak formulation :

Findu € V2(Q), such that
(@) (1.2.3)

a(u, v) =l(v), forany v € V 2(Q),

where for given functions u,v € V%(Q), the both bilinear form a(., .) and the linear form
I(.) are defined as,

a(u,v) zy/curlu~curlvd:ﬁ+a/ u-vdr.
Q Q
l(v) ={f, v)a. (1.2.4)

The duality pairing is defined by (., )o = (., ) (2 (div,0)) x H2(div,2)-
It is clear that the forms a(., .) and I(.) are continuous on X %(Q).

For any function u € V4(Q), we have :
(o, w)| > min(y, a)(||(curlu) |32 q) + )72 ).
: 2
la(u, u)| > mln(%a)HuHX%(Q).

In view of the imbedding X 2.(Q) < H *(Q), we derive that the bilinear form af(., .) is coer-
cive and we can apply Lax Milgram Lemma to find solution « € H'(Q) to problem (1.2.3).
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Based on De Rham’s Theorem, one can derive the existence and uniqueness of m € L?(€),

which completes the proof of solution’s existence in the Proposition 1.2.1.

Finally, in order to achieve the proof of the Proposition 1.2.1, it suffices to prove the estimate
(1.2.2). Hence by using both the coercivity of the bilinear form a(.,.) and the continuity of

the linear form I(.), for any function u € V%(Q), it follows immediately,

el ) < CUF Il iz @) - (1.2.5)

Moreover, for given function 7 € L?(f2), using the fact that,
7|2 < CIVA|lg-1(a) < C(”HAU”H—I(Q) +allul g-10) + ||f||H—1(Q)>-

Since |f | g-10) < CIf l(m2(aiv )y 2nd [[Au|[g-1q) + [ull g-1q) < Cllullgro)-
The estimate (1.2.2) follows from (1.2.5).

Now, we move to study the incompressible Brinkman equations with non homogeneous bound-
ary conditions. The key of the proof based on the lifting which is used and combined with the

previous result in Proposition 1.2.1 about the homogeneous Brinkman equations.

Proposition 1.2.2. Let Q be of classe 1! and we assume that the datum fin (HZ(div,Q))’,
geH %(F) and h € Hfé(I’) with g satisfying the compatibility conditions:

/gda = 0. (1.2.6)
r

Then the non homogeneous Brinkman equations (1.2.1) has a unique solution (u,7) belongs
to H'(Q) x L*(Q) and satisfies the estimate :

Il zrioy + el 2e) < COMl ey + 19l gy oy + 1B X Ry )0 (127)

Proof. Let us consider the Neumann problem,

A =0in Q, =gonl.

20
on
For g € H%(F) satifying (1.2.6), this problem has a unique solution § € H?*(Q)/R satisfies
the following estimate :

101 z22(0) /e < CHQHH%(F)- (1.2.8)
Next, z = u — V0, satisfies the system :

—~vAz+az+Vr=f—-aVl and divz=0 inQ
7 ! (1.2.9)

z-n=0, curlz x n = h X n, on I
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The problem obtained above is equivalent to the weak formulation (1.2.3) with the right
hand side :

W(v) = v)(m2(aiv.0) x B2(@iv,o) T YR X7, U>H—%(r)xH%(r)‘

which is still a linear continuous form.

Thus, according to Proposition 1.2.1, we deduce the existence of a unique solution (z,7) €
H'(Q) x L?(Q) for problem (1.2.9), which satisfies the estimate :

121 o) + 7l g2 ) < CUF a2 @iv.0)p + 1R % nHHf%(F))- (1.2.10)

We claim that (u,7) = (z + VO, 7) € H(Q) x L?(Q) is the unique solution for the non-
homogeneous Brinkman equations (1.2.1). Finally, by combining (1.2.10) and (1.2.8), we
conclude the estimate (1.2.7).

O

We can now consider the following Brinkman problem where the divergence does not vanish :

—vAu +au+Vr=f and divu=yx in

(1.2.11)
u-n=gqg, curlu xn=hxn on .
We give the next Corollary,
Corollary 1.2.3. We assume that Q is of classe Cb'. Let f,x,g and h such that :
fe (Hidiv, Q) x € (@), g€ HA(T), he H2(I),

with the following compatibility condition :

/ xdz = (g, 1)r. (1.2.12)

Q

Then the Brinkman equations (1.2.11) has a unique solution (u, ) in H'(Q) x L?(Q).
Moreover, there exists C > 0 such that :

a0y + gy < OO gy + Ixllzzqay + gl g + 18 X w0l gy ) (1213)

Proof. This proof is slight different from the previous one. we consider the unique solution
6 € H*(Q)/R of the Neumann problem :

00

AG = in Q, —
x in €, o

=g onl.
Satisfying the estimate :

191120/ < CUIXIE2(0) + 19l 4 1n)- (1.2.14)
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We set z = u — V6. Then z satisfies the system :

—vAz+az+Vr=F and divz=0 inQ
(1.2.15)

z-n=0, curlzxn=hxn on I,
where the right hand side in the first equation is defined by F = f + vVx — aV# which
belongs also to the space (H3(div,Q))’. According to the Proposition 1.2.2, the problem
(1.2.15) has a unique solution (z,7) € H(Q) x L?*(Q) which satisfies the estimate (1.2.10).
One conclude that (u,7) = (z + V6, 7) € H(Q) x L*(Q) is the unique solution for Brinkman
problem (1.2.1). The estimate (1.2.13) follows direclty from the relation (1.2.14) and estimate
(1.2.10). 0

Strong solutions:

Now, we establish the existence and uniqueness of strong solution in H*(Q) x H(Q) of the

problem (1.2.1) when we impose more regular datum.

First, we consider the homogeneous case (¢ = 0, h = 0) and we have only to consider more

regular datum for the forces f.

Proposition 1.2.4. Let Q be of classe C>'. We assume that f € L*(Q). Then, the homoge-
neous Brinkman problem (1.2.1) has exactly one solution (u,m) € H?(Q) x H'(Q). Moreover

there exists a positive constant C such that :

lull z20) + 17l @1 Q) < Cllfl2(0)-

Proof. Let (u,n) € H'(Q) x L?() the solution given by the Proposition 1.2.1.

By setting z = curlu € L*(Q), it follows that divz = 0 and curlz € L?(Q) in Q. Moreover,
we have z x n = 0 on I'. Tt follows that z € Y12(Q).

According to the Theorem 1.1.1, we can conclude that z belongs to H*(Q). As a consequence,
u belongs to N>2(Q). Again, applying Theorem 1.1.1 we conclude that v € H?(1Q).

Let us consider the divergence of a first equation in Brinkman problem (1.2.1), so
div(Ve —f) =0 in €. (1.2.16)
Moreover, since curlu X n = 0 on I' implies that Au - n = 0 on I', we have :
(Vr—f)-n=0 on I (1.2.17)

Since f € L*(Q), due to the relations (1.2.16) and (1.2.17), we derive immediately that 7
belongs to H 1(€2) which achieves the proof of the Proposition 1.2.4.
O

Now, we are ready to treat the non homogeneous case.



1.2 Darcy Brinkman equations with Navier’s type boundary conditions 25

Proposition 1.2.5. We assume that Q is of classe C>'. Let f, g, h such that :

Ffe L2(Q), ge H2(T), he H2(T)

/ngZO
r

Then the non homogeneous Brinkman problem (1.2.1) has a unique solution (u,m) belongs to
H?(Q) x H'(Q) which satisfies :

and

el zraiey + Il < Oy + 9l 4y + 1 Xl gy 1)

Proof. Let (u,7) € HY(Q) x L?(Q) the solution given by Proposition 1.2.2. We proceed as in
the previous Proposition. We set z = curlu. Since z belongs to ¥ 1?(Q2). Thanks to Theorem
1.1.1, we have u € H?(Q).

For any function ¢ in H 2(f2), we have

(Au-n, ¢)r = (curlcurlu - n, ¢)r = —(curlu x n, Vo)r

= (divp (b x n), @)r. (1.2.18)
Because of the relation (1.2.18), 7 satisfies :
div(f — V) =0, in Q.
(f =Vnm)-n=—vydivp (h xn)—ag, onT.
Then, it infers immediately that 7 € H(Q). O

The following result gives the regularity of the solutions of the Brinkman problem (1.2.1) when

the divergence does not vanish.
Proposition 1.2.6. Let Q be of classe C>'. We assume that f € L*(Q), x € HY(Q), g €
H %(I‘) and h € H%(F) satisfying the following compatibility condition:

/ xdz = (g, Lr. (1.2.19)
Q

Then the unique solution (u, ) of the Brinkman equations (1.2.1) belongs to H?*(Q)) x H(Q),
furthermore there exists C > 0 such that :

gz + Il oy < CISp 2oy + oy + gl gy + 18 % 2l gy ) (1:2:20)

Proof. Let us consider 8 € H3(Q) to be a solution of Neumann problem :

AO =y inQ, =g onl,

90
on
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satisfying :
18lLzr50y < ClxlLaray + 3 ) (1221)

Note that z = u — V0, satisfies the following problem :

—vAz+az+Vr=F and divz=0 1in Q.
(1.2.22)

z-n=0, curlzxn=hxn on I,

with F = f +yVx — aV, since F € L*(Q), according to the Proposition 1.2.5, we have a
unique solution (z,7) € H?(Q) x H'(Q) which satisfies the estimate :

121l er2(e) + 17l r10) < CUSF 22 + 1R x nll gy o) (1.2.23)

One can conclude that (u,7) = (z + VO,7) € H*(Q) x H'(Q) is a unique solution for
the problem (1.2.1). Finally by combining the relations (1.2.23) and (1.2.21), we obtain the
estimate (1.2.13). O

In order to finish the treatment of the Brinkman equations in the Hilbertian framework, we
propose the following Corollary which gives an improvement of the regularity of the velocity.
Indeed, we still impose the same regularities for the boundary conditions h and g but we
consider the datum f in the dual space (H 2(div,Q))’ instead of L*(Q).

Corollary 1.2.7. We suppose Q is of classe C*'. Let f € (H3(div,Q)),g € H%(F) and
h e H%(F) satisfying (1.2.19). Then the non homogeneous Brinkman system (1.2.1) has a
unique solution (u, ) which belongs to H?(Q) x L2%(Q).

Proof. Note that f € (H3(div,)), then there exists 1 € L*(Q) and y € L?*(Q) such that :
f=v+Vyx. (1.2.24)
By setting § = m — x, the non homgeneous Brinkman equations (1.2.1) becomes :

—vAu +au+V0=1 and divu =01in Q (1.2.25)

u-n=g, curluxn=hxn onT

Since ¥ € L?(), according to Proposition 1.2.5, there exists a unique solution (u,6) €
H?2(Q) x H'Q) for the problem (1.2.25).

We also derive the existence of the pressure 7 solution of the problem (1.2.1) defined by
m = 0 + x which finishes the proof of the Corollary 1.2.7.
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1.2.2 L’-Theory

This subsection is devoted to the developement of an LP-Theory for the Brinkman problem
(1.2.1), for all 1 < p < co. We establish existence, uniqueness of weak and strong solutions.

The proofs are based on the regularity results for the Stokes problem [8]. However, we give
a complete proof in order to extend the results to the case of the non linear Brinkman-

Forchheimer equations.

Proposition 1.2.8. We suppose that Q is of classe C', p > 2 and let :
fe (HE (@iv,Q)), x € (@), ge W' 7(Q),he W r(D).

with the compatibility condition (1.2.19). Then, the Problem (1.2.1) has a unique solution
(u, ) which belongs to W1P(Q) x LP(Q) and satisfies the estimate,

+ ||h x nl| ).

ol ooy + Il o) < CUT gy + XKooy + g1l

1 1
TR WP

Proof. For p > 2, we know that :

(HY (div,Q)) < (H2(div,Q)), LP(Q) — L3(Q), W' »?(I) < H3(I') and W »"(I) —
H _%(F). Then according to the hilbert case ( see Corollary 1.2.3 ), there exists a weak solu-
tion (u,7) € H' () x L?(2) to problem (1.2.1), satifying the estimate (1.2.13).

Next, the regularity of the Brinkman problem will be deduced from the Stokes one. Indeed,
observe that au € LP(Q) for 2 < p < 6.

Since, LP(Q) < (Hg,(diV,Q))/, using the argument of Stokes regularity [6, Remark 4.6]
we deduce that (u,7) € WIP(Q) x LP(Q) for 2 < p < 6. Now, we suppose that p > 6.
Since F = f — au belongs to (I—Igl(div,Q))’, we have u € W10(Q). Using the fact that
W8(Q) — L>®(Q), we deduce again from the regularity of Stokes problem that (u,7) €
WP(Q) x LP(Q). O

It remains to treat the case when 1 < p < 2, which will be given in the following theorem.
Theorem 1.2.9. We suppose that Q is of class CY1, let 1 < p < 2, we assume that:
fe (HY (v, ), x € I/(Q), g € W' #P(Q),he W (T,

satifying the compatibility condition (1.2.19). Then, the non homogeneous Brinkman problem
(1.2.1), has a unique solution (u, ) which belongs to W1P(Q) x LP(Q).

Proof. We define the space :

EY(Q) ={ve W(Q); Av e [HY (div,Q)]'},
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equipped with the norm :

ol oy = 10l wrogey + 1800 gy oy
First, we consider that g = 0 and we write the weak formulation of the non homogeneous

Brinkman equations (1.2.1) as follow :
Find (u,7) € WP(Q) x LP(Q) where for any (1, q) € EP (Q) x L (Q), we have :

<u7 —AY + aw+vQ>H§(div,Q)X(Hg(div,Q))’ - /;2 m.divep do = <f7 ¢>(H8’ (div,Q))’XHg, (div,Q)

) _/Qx.qu.

Due to the Proposition 1.2.8, for any (F,€) € (Hb(div, Q)" x L” (Q), the following problem :

—~AY +ap+Vg=F and divip =& in Q)

(1.2.26)
Y- -n=0,curly xn=0 onT
has a unique solution (1, q) € WP (Q) x L¥' () satisfying the estimate :
1]l v oy + lall Lo ) < CUF [l a2 aivy + ||§HL§'(Q))-
Furthermore, for any numbers K, € R, we have :
KfﬁéR(HQp + MH WLP’(Q) + Hq + KHLP’(Q)) < C(”FH(Hg(div,Q))/ + Hg“LSI(Q))' (1-2-27)

Let T be a linear form defined from (Hp(div, Q))" x Lgl(Q) onto R by :

T : <F7£> — <f’1/)>(Hg,(div,Q))’XHg/(div,Q) + <h’ X n7¢>r - /S;Xq d.f

Note that for any K, € R :

‘T(F7§)| g ‘(f,'l,[) + M>(Hg/(diV,Q))/><Hg/(diV,Q) + <h X 'n’7¢ + N>F - /QX(q + K) dﬂ?|
Based on relation (1.2.27), we derive :
|T(F7§)’ gC(HfH(Hg,(div,Q))’ + ”h’ X ’I'lH Wﬁé’p(F) + HX”LZ’(Q))X
OV gy + 1l o)

Consequently, the linear form 7 is continuous on (H¥(div,Q))" x Lg(Q).
According to Riesz representation’s Theorem, we deduce a unique solution (u, ) € Hp(div, Q)%
LP(Q).

By writting the first equation of the non homogeneous Brinkman problem (1.2.1) as follow :

—yAu + V1 = G(u) where G(u) =f —au
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It follows that G(u) € [Hg/ (div, Q)])". According to theorem 4.2.6 in [55], we conclude the

existence of a unique solution (u,7) € W1P(Q) x LP().

We consider # € W2P(Q) to be a unique solution for the following Neumann problem :

Af =x inQ @:gonf
on

Note that z = u — V@, one can observe that z belongs to W1P(Q) which finishes the proof.
O

Proposition 1.2.10. We suppoose € is of classe C*'. Let we assume that p > 2 and :
1 2-1p 1—-1.p
fe’(Q), xe WP(Q), ge W= »"(T), he W ().
Then, Brinkman equations (1.2.1) has exactly one solution (u, ) € W2P(Q) x W LP(Q).

Proof. The idea of the proof is to use the regularity results for the Stokes problem.
According to Proposition 1.2.8, there exists a unique solution (u,7) € H*(Q) x L*(Q) solution
of the Brinkman equations (1.2.1).

We consider two cases :

e Case 2 < p < 6. Since au € LP(Q), the result follows immediatly using the regularity
for the Stokes problem [6, Remark 4.10]

e Case p > 6, we know that u € W(Q) — L>(Q).
Again using the Stokes regularity, we deduce that (u,7) € WP(Q) x WhP(Q).

O

Now, we prove the extension of the results given in the Corollary 1.2.7 from the Hilbertian
case into the LP-theory. Here we keep the datum f in the same space (H g/ (div, Q))" while we

improve the regularity of the boundary conditions.

Corollary 1.2.11. We suppose that Q is of class C*>' and Let we assume f, g, h such that :
f & (HY (div,9)),g € W>™»"(I), h e W'o"(D),

and satifying the compatibility condition (1.2.6). Then, the non homogeneous Brinkman equa-
tions (1.2.1) has a unique solution (u,7) € W2P(Q) x LP(Q).

Proof. Note that f € (Hg(div,Q))’7 it yields to obtain the functions ¥ € LP(2) and x €
LP(Q) such that f = + V.

By setting § = m — x, we reach the non homogeneous problem (1.2.1) with a datum .

Due to the Proposition 1.2.10, taking into account @ € LP(f2), we derive a unique strong
solution (u,0) € W 2P(Q) x WhP(Q), it follows that 7 = 6 + x € LP(), which completes the

proof.
O
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1.2.3 Extension for more general datum f € (H" ¥ (div,Q))

Here we need first to introduce the following spaces, for 1 < r,p < oo,
H (*(div,Q) = {¢p € L"(Q2), divep € LP(Q), ¥p-n =0on '}, (1.2.28)
+ %, which is banach space for the norm :

1l 77 @iv,0) = 1l r @) + IV r ()

The space D(1?) is dense in H 6/’pl(div, Q) and its dual space can be characterized as :
[H P (div, Q)] = { + VF, o L'(Q), F e L’(Q)}. (1.2.29)

In the sequel, we will investigate again the existence and uniqueness of a solution for the
Brinkman problem i.e we will prove that we are able to reach the same results with a datum f
belongs to (H Sl’p /(div, Q))" which can be observed as a space with lower regularity compared
with (HY (div,Q))’. We start with the Hilbetian case, then we move to check the results in

more general spaces 1 <7, p < 0.

Corollary 1.2.12. Let Q of class CY' and we assume a datum f belongs to (Hg’2(div,Q))’,
then the homogeneous Brinkman problem has a unique solution (u,m) € H(Q) x L?(€).

Proof. Due to the relation (1.2.29),
Jep € L5(Q), IF € L2(Q) such that f =1 + VF.

Using the Green’s formula, in addition to the fact that the test function v € V2(Q) — L5(Q),

we obtain

<fv v>(Hg"z(divﬂ))’ng’Q(divQ <'l»ba > Lt () x L8 () <F7 div v)LQ(Q)XLQ(Q)

+H{F, v n>H%(F)><H’%(F)'

Moreover, because of the function v € V4(1), it follows immediately that,

(s v >H62d1vﬂ))’><H62(d1vQ) (Y, v )Lg QX IS(Q)° (1.2.30)

From the relation (1.2.4), one can observe that (1.2.30) is a linear continuous form on the
space (H 8’2(div,Q))’.
Using exactly the same arguments in the Proposition 1.2.1, we can apply Lax Milgram Theo-

rem in order to prove the desired result. O

Now, we move to prove the extension of the results from the Hilbertian framework into the
LP theory,
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Corollary 1.2.13. We assume that Q is of class C1' and let we suppose that f € (Hgl’pl(div, 2)),
then the homogencous Brinkman problem (1.2.1) has a unique solution (u,7) € WP(Q) x
LP(Q)

Proof. Because of f belongs to (H Sl’pl(div, 2)), by relation (1.2.29), there exist f, € L"(Q),
fo € LP(Q) such that f = f, + Vf,.

On the one hand, we consider a function Vf, € (I—Igl(div, )’ to be a datum for the homoge-

neous Brinkman equations (1.2.1). According to proposition 1.2.8, we derive a unique solution
(UQ,WQ) S Wl’p(Q) X LP(Q).

On the other hand, we observe f; as a datum for the homogeneous Brinkman equations (1.2.1),
by Proposition 1.2.10, we conclude the solution (uy,71) € W(Q) x W'(Q).

Using the fact that W 27(Q) — W'P(Q), where r > £ and p > 2, it infers (uy,m) €
W LP(Q) x LP(Q)

Consequently, we deduce a unique solution (u,m) = (u; + ug, 7 +m) € W LP(Q) x LP(Q)
for the homogeneous problem (1.2.1). O

Corollary 1.2.14. Let Q is of class C*' and we assume f € (HS/’p/(div,Q))’, then the
homogeneous problem (1.2.1) has a unique solution (u,7) € W27(Q) x LP(Q).

Proof. Because the datum f € (I—Igl’p,(div, Q)). So we note that f = F + V4, where
F e L"(Q2) and ¢ € LP(Q).
By taking 8 = m — ¢, due to the Proposition 1.2.10 the following system,

—Aug+aug+V0=F, and divu=0 in Q.
(1.2.31)

ug-n =0, curlug x n =0 on I'.

has a unique strong solution (ug,d) € W?2"(Q) x W17(Q). Then we can conclude that
T=0+1 e LP(Q). O

In the next Theorem, we treat the case where the divergence is not free.
Theorem 1.2.15. We suppose that Q is of class CV' and let we assume having :
s / P 1-1p —1p
fe (H) 7 (div,)), x € IP(Q),g € W' #¥(T), he W i(T)
Then there exists a unique solution (u, ) € WHP(Q)x LP(Q) for the steady Brinkman equations
(1.2.1).

Proof. We consider first f € (I—Igl’p, (div,2))" to be a datum for the problem (1.2.1).
Case 1l x =0:
On the one hand, because the test function v € VZ(€2), by the relation (1.2.29), we have,

(VF,v) =0.

(HY (div,Q))' x HY (div,Q)
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According to the Proposition 1.2.8, the following problem :

—vAuy +au; +Vry =VF and divu; =0 in

u1-n=g, curluy xn=hxn on I

has a unique solution (u1,71) € W HP(Q) x LP(Q).

On the other hand, one can observe 9» € L"(f2) as a datum for the homogeneous problem
(1.2.1), due to the Proposition 1.2.10, it infers a unique strong solution (w2, w2) which belongs
to W27 (Q) x W 7(Q), where W 27(Q) — W 1P(Q) and r > & because of p > 2.

Finally, by setting (u,7) = (u1 + ua, 71 +m2), we reach a unique solution (u,7) € W HP(Q) x

LP(Q) for a non homogeneous Brinkman problem (1.2.1).

Case 2 x #0:
We proceed similarly as the previous case. In fact, the slight difference appears when we take

the function VF belongs to (H g, (div,))" as a datum for the following Brinkman equations

—~Auy +au; +Vry =VF and divu; = x in Q

uy-n=g, curluy xn=hxn on I

According to the Proposition 1.2.8, the problem above has a unique solution (ui,71) €
W hP(Q) x LP(Q),
Next, the function ¥ € L"(Q) can be viewed like a datum for the homogeneous prob-

lem (1.2.1), using the same arguments in the previous case, we obtain a unique solution

(UQ,']TQ) S Wl’p(Q) X LP(Q).

In conclusion, we reach the desired result by considering (u,7) = (u1 + ug,m + m2) which
belongs to W1P(Q) x LP(Q). O

1.3 Darcy Brinkman Forchheimer equations with Navier-type’s

boundary conditions

In this section, we are interested to study the Darcy-Brinkman-Forchheimer equations (1.3.59)-
(1.0.2). In order to get this purpose, it requires first to have many results around the linearized

problem which can be deduced based on the first section.

This section is divided into two subsections. The first subsection is preserved to examine
the linearized problem. So, we check the existence of a weak solution under the both of
the Hilbertian case and the Theory LP. The subsection 2 is devoted to study the nonlinear

Brinkman Forchheimer equations.
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1.3.1 Linearized Darcy Brinkman Forchheimer problem

In this subsection, we study the existence of generalized weak solution for the linearized
Brinkman Forchheimer equations :

—yAu +au+bldlu+Vr=f and divu=0 in . (13.1)

u-n=0, curluxn=~hxn, on I,
where d is a given function.

Throughout this section, we prove first the existence of the weak solution for the linearized
problem, by using Lax Milgram Theorem and Rham’s Theorem when we take a datum f in
(H S’Q(div,Q))’. Next, a wide study of the regularity results for the linearized Brinkman

Forchheimer equations will be discussed.

Proposition 1.3.1. We suppose Q to be of class C1* and let d € L%(Q), fe (Hg’z(div, ),
and h € H_%(F).Then the linearized problem (1.3.1) has a unique solution (u,m) € V() x
L?() /R which satisfies the estimates :

a0 < COMM gy + I 7l oy ) (1.3.2)

Iz < CO+ Nl g o ) A sz @y + IR X Rl ) (133)

L3 Q) )
Moreover, if f € L%(Q) and h € Wéf(F), then there exists a unique pair (u,T) € WQg(Q) X
Wi (Q).

Proof. The problem : Find v € V#%(Q) solution of (1.3.1) is equivalent to the variational

formulation
Findu € VZ(Q), such that

(1.3.4)
a(u,v) = l(v), foranyv € V 2(Q),

where

a(u,v)zv/curlu'curlvdx%—a/u-vdx+b/d]u-vdx.
Q Q

U(v) = (f, ) (& 62(iv,0)) x H62(div,0) T 7 (kX 1, U>H_%(F)XH%(F).

It is easy to verify that [(v) is continuous linear form on V%(Q) . Moreover, since d €
L%(Q), the bilinear form af(.,.) is continuous on VA(Q) x VA(Q). Next, since
a(u, w) = 1flcurlulZs +a/ " dx+b/ dljul? do > Clully 10
Q

the bilinear form a(.,.) is elliptic on V%(Q) x V(). By applying Lax-Milgram Theorem,
we derive a unique solution u € V%(Q) for the problem (1.3.4). For the pressure, we note
that for any v € D(2) with divv = 0, we have:

(=vAu +au + bld|u — f,v)p(a)xp) = 0.
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Then, by using Rham’s Theorem, there exists 7 € L?(Q) unique up to an additive constant
such that:
—vAu +au +bldlu+Vr=f in Q.

Using the variational formulation and sobolev embedding, we obtain:(1.3.2) by

lallrsoy +b [ ldllulde < CU gy + 10 7l gy )

H3(I)

where C' is a constant depending on 2, v and a. On the other hand
IVl 1) < IFllm-1@) +YAul[g-1q) + allullg-1q) + bll|d|u g

Using the fac that:

IF 1) < CIF Nl (o2 (aiv )y
[Aul|g-10) + [[ullz-1) < Cllull g1

lidfullr-soy < Clldlul, g o) < Clldl, g o lullzo@) < Cldl, g g Il o

we obtain,

I7llz2() = inf llm + cllz2@) < CA+N1dll g o IUSF oo aipy + 17 x 2l )- (1.3.5)

3(r)

If f € L3(Q) — (H 5*(div, 0)) and h € WS (D) — H~2(T'), then we have u € H(Q).
Thanks to the fact that d € L 2(9), we have f — |d|u € L%(Q) Using the regularity of
the Brikman problem (see Proposition 1.2.10), we deduce that (u,7) belongs to W2g(Q) X
W L5 (Q). 0

Now, we want to prove some regularity results for problem (1.3.1) in LP-theory, 1 < p < oc.
These results will be used in the next subsection to show the existence and uniqueness of weak
solution for the non linear Brinkman Forchheimer problem by using fixed point theorem. We

begin with the case of strong solutions when p > g.

Theorem 1.3.2. Let Q is of class C*!' and we assume p > g,

FELP(Q), he W rP(I) and de L*(Q) with

3 3 3 3 3
s=35 ifp<§, s:§+s if pziand s=p ifp>§,
for some arbitrary ¢ > 0. Then, there problem (1.3.1) has a unique solution (u,7) in

W?2P(Q) x W LP(Q) satisfying the estimate

lull war @) + [I7llwir@r < CL+ ldl g ) (IFllze @) + [Ih X nHWP%,p(F))- (1.3.6)
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Proof. We use the same arguments in [4]. We know by Proposition 1.3.1, that (u,7) belongs
to WQg(Q) X ng(Q) We consider a sequence d) € D(Q2) such that dy — d € L°(Q).
Then, we seek for (uy, ) € W 2P(Q) x W1P(Q) solution of problem

—yAuy +auy +bldy|uy+ Vmy=Ff and divuy=0 inQ (13.7)

uy-n=0, curluyxn=hxn on I

As above, one can obtain a unique solution (uy,m)) € W 2%(9) x W 1%(9) for the problem
(1.3.7). Now, if 2 < p <6, then f — b|d)|u, € L%(9). Using the regularity of the Brinkman
equations (see Proposition 1.2.10), we conclude that (uy,my) € W 2P(Q) x W "P(Q). Next,
if p > 6, we still have a unique solution uy € W 25(Q) and then |d|uy belongs to L®(Q).
Using again the regularity for the Brinkman proplem, we conclude that (uy, 7)) belongs to
W 2P(Q) x W LP(Q) and satisfies:

luslw s + lImallwre@m < CUFllpr@ + R x nll o, o+ lldafuallrg)- (13.8)
Next, the proof of estimate (1.3.6) is based on obtaining of strong estimates for (uyx,my)

independently of A.
Let € > 0 with 0 < A < ¢/2. We consider:

dy=dj+d5, where di=dxp., and d5,=d)—d, (1.3.9)

being d the extension by zero of d to R? and p, /2 the classical mollifier. Using the decom-
position (1.3.9), we want to bound the term ||[d)|ux| zr(q)- Using the Hélder inequality and
the continuous imbedding

W 2P(Q) — L™(Q),

With%:% %1fp< 2,foranym>11fp—f and for any m € [1, oo] if p > 2,weobtaum
I1d5 aluallzr) < 14X ollps @) luallm @) < Clldx ollzs @) luall w2r ), (1.3.10)
where % = % — %, which is well defined because the definition of the real number s. Observe
that
145, 2l z+(@) < lldr = dllzso) + | — d % pepallpoo) S A+e/2 <. (1.3.11)
Then, we obtain
I1d3, 2lwallzr (@) < Celluxll w200, (1.3.12)
For df, we consider two cases.
i) Case p < 3/2. Let r € [3, oo such that 14+ dlandt>1suchthat 1+21=2+1
satisfying:
lldilurllzr @) < el @lleallgo@)
<

||dHL3/2(Q)||Ps/2||Li(R3)||U/\HL6(Q)
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Using the estimate (1.3.2), we have
15 s gy < Celldl gy (171 gorscay + I % mll g2y ) (13.13)
Thanks to the following imbeddings
LP(Q) — L°(Q), W =VPe(D) — H YT,
we obtain that

e sz < CelldlLzo(@) (1F Iz + 15 X 2l sy ) (13.14)

Using (1.3.12) and (1.3.14), we deduce from (1.3.8) by choosing € > 0 small enough:
lullw2r@) + Imallwir)ymr < C(L+|[@] L @) If |z @) + IR X 2| Wl_%,p(r))- (1.3.15)

ii) Case p > 3/2. Recall the imbedding:

W2P(Q) — W 232(Q) — L®(Q) — LS(Q).

As a consequence, for any &’ there exists C. > 0 such that

JuxllLee ) <€llunllwze @) +CerlluallLeq)- (1.3.16)

Moreover, we have
[ldiluallzr) < [l1]lzr@)llurllze@)- (1.3.17)
Thanks to (1.3.16), (1.3.2), we deduce from (1.3.17)

145l < €l @llurll w2y + ColdlLzoe (17 oo + 1 % nlly s sy )
(1.3.18)
Using (1.3.18) and (1.3.12) in (1.3.8), choosing € > 0 small enough and € > 0 such that
lld| e < 3 give the estimate (1.3.15), where we replace L(Q2) by L*(2) because in this

case s = p.

The estimate (1.3.15) is uniform on \, and therefore we can extract subsequences, that we
still call (uy)y and (7)) such that if A — 0,

u) — u weakly in W 2P(Q).

and for any k) € R, then
T + ky — 7 weakly in WP(Q).

Therefore, (u,n) is a unique solution for the linearized problem (1.3.1) which satisfies the
estimate (1.3.6). O
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The following result gives the existence of generalized solution for p > 2 in the case of non
homogenuous boundary condition and the case where the divergence does not vanish. Indeed,

we consider the non homogeneous linearized Darcy Brinkman problem :

—vAu +au+bldlu+Vr=f, and divu=yx in

(1.3.19)
u-n=g¢g, curlu xn=hxn on I
Theorem 1.3.3. Let Q is of class CY1. Suppose that p > 2 and % = %4— é Let f €
(H(T]/’pl(div,Q))’, he W_%’p(F), xeEWLr(Q), ge Wl_%’p(Q) where d € L*(Q) such that :
3 . 3 . .
525 if 2<p<3, s:§+5 if p=3, s=r if p>3.

Then, there ewists a unique solution (u,7) € WIP(Q) x LP(Q)/R for the problem (1.3.19)

which satisfies the estimate :
2
e o) + el < O (1 Nllec@) (Il ary ot vy + 18 2l

Hlgll o0+ IXlwey) (1:3.20)

1
175,;7(11

Proof. Taking into account that f € (H ™ (div,Q))" with p > 2 and 1= % + %, the Theo-
rem 1.2.15 assures the existence of a unique solution (ug, ) € WP(Q) x LP(Q)/R for the

following linear Brinkman problem :

—vAug+ aug+ Vmg=f and divug=yx in

up-n=g, curluygxn=hxn on I,

which satisfies the estimate :
lwollwirq) + [Imoll Le)/r < C(HfH(HS/,p'(div,ﬂ))/ + [k x nfl W@

Hlgll g0y + HXHWU‘(Q)). (1.3.21)

Moreover, we consider the following linearized Brinkman Forchheimer problem

—vAz +az +bld|z + Vm = —bld|up and divz =0 in
(1.3.22)

z-n=0, curlzxn=0 on T
First case: 2 < p < 3. We have ug € WH(Q) — LP*(Q) with ]% = % — %. Moreover,

d € I*/?(Q). This gives that |d|ug € L"(Q).

Second case: p = 3. We have ug € LP*(Q), for any px < oo. Since d € L°(Q2) with s = %—i—a,

we have |d|ug € L"().

Last case: p > 3. We have ug € L*°(Q2) and since d € L"(Q2) we deduce that |d| ug € L"(2).
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In view of the previous cases and due to the Proposition 1.2.10, it follows immediately that
the problem (1.3.22) has an unique solution (z,7;) € W27 (Q) x W (Q).

We recall that r > & because of p > 2 which infers that W>"(Q) — W'?(Q).

We consider that (u,7) = (ug + z,m +m1) € WIP(Q) x LP(Q2) to be a solution for (1.3.19),

which completes the proof of the existence.

Now, in order to check the estimate (1.3.20), we proceed as follow.
Based on the previous Theorem, it yields to get the estimate for the solution (z,7) of a
problem (1.3.22) as follow :

< C(+dlllps@)llldluollzr)-
<c(
< C+dlllLs @)l @]l s llwoll w1r(0)- (1.3.23)

|zl w2r@) + [Imllwir @

+ldllizs@)ldllzs@llwollLra)-

Due to estimate (1.3.21), we deduce the following realtion :

2l w2 @)+ Iy < Clldllze@) (1 4+ Ndllze@) (171 o ey + 105 Bl 0
ol gy + Ilwoe) (1.3.24)
The estimate (1.3.20) follows by combining the above inequality and (1.3.21). O

Now, The next Theorem investigates the existence of a solution for the linearized problem
(1.3.1) in the case when 3 < p < 2.

Theorem 1.3.4. Let §) to be of class C1! and we assume f € [Hgl’p, (div,Q)]’, h e W%’p(F),
then the problem (1.3.1) has exactely a unique solution (u,m) € LP*(2) x LP(12).

Proof. A/ We introduce the space :

M(Q) = {(w,0) € WP (Q) x LP(Q), divw € W'P*(Q), w-n =0, curlw x n =0}
Find (u,7) € WP(Q) x LP(Q) a solution of the system (1.3.1) is equivalent to find (u,7) €
W LP(Q) x LP(Q) with divee = 0 and u - n = 0 such that :

For any (w,0) € M(Q) :

(u, —yAw + aw — bld|w + V9>Qp*,p—/ m.divw dx = (f, w)q,
Q

(1.3.25)

+ v(h x n,’l.U)W I%’p(F)XW%’p/(F)'

Where the brackets (., .)qp«p represents the duality (. , '>H€*‘p(div,Q)><(H pep(giy,)) and (s )ar p

denotes the duality (., .>(H " (i) B (div,0)°
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Let (u,m) € W1P(Q) x LP(Q) be a solution of the linearized problem (1.3.1) and let consider
(w,0) € M(Q), according to Green’s formula, it yields :

—y(Au, w)op py = v/chrlu -curlw dr — y(curlu x n, w)pr
= fy/chrlu -curlw dx — y(h X n, w)r.
= vy(u, curleurlw)qp. , — y(h X n, w)r.
Because of Aw = V(divw) — curlcurlw, it follows that :
—y(Au, w)qr py = y(u, —Aw + Vdivw)qpp — 7(h X n, w)r.
On the other hand, since dive =0in Q and u - n =0 on I" then :
(u, Vdivw)ops p = —(divu, divw) + (u - n, w)r = 0.
Which gives that :
—v(Au, w)o y = Y(u, —Aw)opep —v(h X n, w)r. (1.3.26)

Next, one can observe that :

/u(aw)da?:a/uwda:.
Q Q

1,1 1 . _ '
Now because of < + »tm =1 the following integral is well defined :

b<|d|u,w>grr,p/:b/ ]d|u-'wd:r:b/ |d|w - udz.
Q )

Moreover, because of the fact that w - n =0 on I, we obtain :

(Vm, w)am = —/ mdivw dz.
Q

Furthermore, according to dive = 0in2 and w - n = 0 on I', we have :
0= —/ Odivu dz = (u, VO)qp p. (1.3.27)
Q

We recall that u € W 1P(Q) < LP*(Q), which infers u € H 5""(div, ). In order to arrange

our work, we have obtained that :

(f, w)gr p :7<u,—Aw>Qp*7p+a/ uwda:+b/ |d|w u
Q Q

- / mdivw dz — y(h X n, w)r. (1.3.28)
Q
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Consequently the pair (u,7) € LP*(Q) x LP(Q) represent a solution for the problem (1.3.25).
B/ Now, we consider A > 0, hy € C*°(I") and f, € D(f2). by applying the density of C°°(I)
in W rP(L), we have hy —» h in W »?(D).

Moreover, using the density of D(2) in (Hgl’pl(div, 2)), we observe fy — f in (Hgl’p/ (div, Q))".
Let (uy,my) € WIP(Q) x LP(Q) satisfying :

—vAuy + auy + bld|uy + Vr) = and divuy, =0 in Q.
YAuy A+ bld|uy A= fa A (1.3.29)

uy-n=0, curluyxn=hyxn on I'.
Now, we introduce the element w = (u, ) in the space E where E = H 5" (div, Q) x LP(9).

Moreover, the norm of w can be written as :
lwlle = lullgr-r@iv.o) + I7lle@)- (1.3.30)

We define the dual space E' = [H 5" (div, Q)] x Lgl(Q) such that for any element G € (F,¢)
, the norm is
Gl = 1P scawany + 1+ 210l o) BY applying Hahn Banach Theorem,
we obtain :
(G, w)|
lwllg= sup =t
cer,c+0 |Glle
_ - (F,u)opep + [odmda
reopd 10 T apep & (1 + [l 210l 1

(1.3.31)

Because of p’ > 2, according to Theorem 1.3.3, for any element (F,¢) € [H 5"P(div, Q)] x
LP'(2), the following system :

—yAw —aw —bld|lw + V0 =F, and divw=—¢ in Q.

(1.3.32)
w-n=0, curlwxn=hxn on I
has a unique solution (w,0) € W' (Q) x L¥' () and satisfying the estimate :
Vull gty + 100y < OO+ 1l zo()? X (IFllapep + 16l ) (13.33)
Now, we return to relation (1.3.31), one can observe that,
HUHHS*’I’(div,Q) + 7l ze (@) (1.3.34)
(ur —vAw —aw — bld|w + VO, w)qp.p — v(hx X n,n)p
= Sup .
F£0, 60 [Fllopsp + (1 + 1]l Ls ()10l 1o )
Fe(HY P (div,Q)), ¢eL? ()
(1.3.35)
Consequently,
[(Fxs w)ary —v(ha X n,n)p|
HuHHg*’p(div,Q) + H7T||LP(Q) = sup o

F#0, $:£0 1F|lopsp + (1 + (1]l Ls @) 210l 1o ()
Fe(HE"P(div,Q)), ¢eL? ()
(1.3.36)
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Now, we can see that :

[Fxs w)ary —v(ha x n,n)r| < IF Aoy llwll g g + Tha > 2l [Jwl]

1 1 .
_571’(1—\) WEvPl (F)

By using the relation (1.3.33), it follows :

[(F 3 w)ar = (ko x n,m)r| < C(L+ (Al s @) *(1F llapsp + [0l 1 o)) %

(1F Allearr r + (1 Fox x nIIW_%,p(F)). (1.3.37)

Therefore, we obtain :
lexllapes + Imall o < CQ+ Ndllps@) (I llory +Ihaxnl oy, ). (1.3.38)

So, we conclude that wy (respectively my) is bounded in LP*(§2) (respectively in LP(Q)).
Finally, we are able to pass to the limit (uy,m\) — (u,m) € LP*(2) x LP(Q) which is the
unique solution for the linearized problem (1.3.1).

U

The following Theorem treats the linearized Brinkman Forcheimer problem (1.3.1) when we
consider a datum f € LP(Q), where 1 < p < g.

Theorem 1.3.5. Let Q is of class C*' and 1 < p < g. We suppose that f € LP(Q) and

h e Wlf%’p(l“), then the problem (1.3.1) has a unique solution (u,7) € W2P(Q) x WHP(Q).

Proof. Let we have A > 0 and fy be a distribution in D(2) where fy — f in LP(Q).
On the boundary I'; we consider h) infinitly smooth such that :

l—l,p
hy < h e W p?(D).
Now, we observe (uy,m\) € W 2P(Q) x WP(Q) as solution for :

—vAuy + auy + |d|uy + V) = and divuy =0 1in
YAur Fauy + [d]uy A =5 A (1.3.39)

uy-n=0, curluyxn=hxn on I'.

That satisfies the estimate :

luxllw 220 +Imallwir@) < CUFALr @) + Tha x 2l +

)
lld|uxlLe@))-
For any 1 <p < % and s = 3, it follows that ¢ < p*, where 3 < px < 6 and we obtain :
|||d|u/\||LP(Q) < C||d||LS(Q)||U>\HLp*(Q)

Moreover, we have the compact embedding :

W2P(Q) < LI(9).
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Such that ¢ < px. Then there exists € > 0 and C, > 0 satisfying the estimate :

luallw2r@) + I7llwie) < CUIFAlLr@)+h X nﬂwl_%,p(F)ﬂL
Celld|| zsllull (o))

According to the previous Theorem, it yields that :

=

luslw s + lI7llwie@ < CUF B @ + TRl oy +

Colllg @I Al oot oy 1% 1))

(D)

Because of the embedding LP(Q)) — [Hgl’p/(div,ﬂ)]' and Wl_%p(F) — W_%’p(I‘) which
gives that :

luslw2o@) +lImllwrng) < CUFMEr@ + 1B xRl Loy, +

lallz =@ (I Az + 1< nll ooy, )

SCA + [dllza@)If Allzr) + [ x nllwl_%,p(r))-

O

In the following Theorem, we will seek for investigate the existence of solution for the linearized
problem (1.3.1) when 3 < p < 2.

Theorem 1.3.6. We assume that Q is of class C11. Let % <p<2ands= %, we assume
that :

:;9+§'

Then the problem (1.3.1) has a unique solution (u,7) € WIP(Q) x LP(Q) satisfying the

estimates:

! / —-1 1 1 1
FeHI Y div,Q), he W»*(T)  with -~
-

1. Ifh#0
2
ol ey + imlzniey < OO+ )2l gy gy + I8 - g (1340
2. If h=0 then u€ W2(Q) and we have
el ey + Il < O+ el @)l gy g (13.41)

Proof. To prove the existence, we proceed exactly as in the proof of Theorem 1.3.3.

Now, we return to prove the estimates :

1. Let h =0, because of f € (H Sl’p/ (div,Q))’, then there exists F € L"(Q), ¥ € LP(Q) such
that f = F + Vb,

with ||FHLT(Q) < ”fH(HSI’p/(div,Q))’ and HwHLP(Q) < ||fH(H6,’pl(diV,Q))"
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It follows that,
—vAu +au +bld|lu +Vr = F

and we can suppose that f € L"(€Q2). We consider the subsequence (f)x C D(2) where
fa— fin L"(Q). Let f be an extension by zero of f to R3, for any ¢ €]0, 1], we have

pexfy €DRY), lim lim pyxfy=F

pt—0 A\—r00

and Pt*},\h’l — f whent — 0,\ — o0.

Furthermore, because of % = % — %,

~ ~ 4 _3
|t *f)\HLg(Rg) < lpellpa@s) If Allr sy < 3™t 1 ANl L sy - (1.3.42)

We take ¢t = A~# with 8 > 0.
Now by putting F ) = p; *}:)\|Q, we obtain Fy — f in L"(Q2) when A — oo. Next, we know
that the following problem

—vAuy +auy +bldluy+Vry=F, and divuy=0 in
YAuy A+ bld|uy A A A (13.43)

uy-n =0, curluyxn=0 on I’

has a unique solution (uy,my) € W27(Q) x LP(Q), according to the embedding W27 (Q) —
W1P(Q) and using Brinkman regularity, it infers :

lurllwio) Flmalle@) < lluallwer @) +Imallze@) < CUIFAlzr @ +lld|ul[zr ). (1.3.44)
Now, we investigate the existence of a positive constant C' > 0 not depending on d, such that

||U)\||LP*(Q) < CHFAHLT’(Q)a for any A € Nx. (1.3.45)

So let assume per abssurdum the validity of the previous estimate. then for n € Nx there
exists k, € N, Fy, € Lg(Q) such that

fwAukn + aug, + b]d|ukn +Vmy, = Fy, and divukn =0 in ()

(1.3.46)
ug, -n =0, curlyy xn=0 on I

Where the following inequality hold

g, e (@) > nllF i, |l zr - (1.3.47)
Now, we put
F
Wy, = L, On = —Tka and G,=-——"» . (1.3.48)
HuanLP*(Q) HuanLP*(Q) Hukn”Ll’*(Q)
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For any n € Nx, we have

—yAw, + aw, + bld,|w, + V7, = G,, and divw, =0 in
(1.3.49)

wy-n=0, curlw, xn=20 onT.

Because of G, € L3 (Q) — (Hg’Q(diV, ), using the Corollary 1.2.12, it yields to obtain the

estimate :

C C ~
n < C Gn 6 ST T Fn 6 T TE— 6
(1.3.50)
According to the estimate (1.3.47), it follows :
ol < el Pl (1351)
nllH1(Q) S nHFanLT(Q) Pt knla L%(Q). 3.
Taking t = n~? with 0 < < %/, and according to the relation (1.3.42), it gives :
47 C ~

Wnl|lg1Q) < Q) 1.3.52
|| ||H () 3n17%’3 HFanLT(Q) ||fkn||L () ( )

When n — 0o, we conclude that w,, — 0 in H(Q). it means that w, — 0 in L(Q),
for any 1 < ¢ < 6.

On the other hand, due to relation (1.3.48), one can obtain that [|w,|gr+@) = 1 where
3 < px < 6, which leads to a contradiction, so consequently we affirm the validity of the
estimate (1.3.45).

Now according to estimate (1.3.44) and (1.3.45), we have :

luxllwrie) + Imalle@) < CA+ 1l s OIF Al ) (1.3.53)

L2(Q)

Then, we can extract a subsequence of u) and 7y, still denoted u) and 7 such that

uy—u in WYW(Q) my+ecy—n in LP(Q),

and (u,7) € WHP(Q)x LP(Q) satisfies the linearized problem (1.3.1) when h = 0 and establish

the estimate,

Jslrrcay + Ilocey < CO+ 1l oI5 g iy (13.54)
2. Let us consider h # 0, due to Theorem 1.2.15, the Brinkman problem

—~vAug + aug + Vg = and divug=0 in
YAug 0 o=1r 0 (1.3.55)

ug-n =0, curlugxn=hxn on I
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has a unique solution (ug, go) € WP(Q) x LP(Q) which satisfies the estimate

lollwrogey + oll o) < CUF lgr v gy + 11y ) (1.3.56)

Moreover, based on the results above, then there exists a unique solution (z,6) € W?2"(Q) x
WL (Q) of the problem (1.3.22) satifying the estimate

1zl w2 @) + 10w rr ) < CA A+l 3 ) < lllduollzr @)

<C
<O+ dl g 0) 1l 3 g ol 70
<C

1+ 1l 3 ) < Il g g w0l wrog:  (1357)

Now, because of the embedding W27 (Q) < WP(Q), it gives that (u,7) = (ug+2z,m+6) €
WLP(Q) x LP(Q) satisfies the problem (1.3.58), furthermore according to the relations (1.3.56)
and (1.3.57), the estimate (1.3.40) will be established. O

1.3.2 Darcy Brinkman Forchheimer problem

In this subsection, we use the results obtained in the previous sections to study the following

non linear Darcy-Brinkmann-Forchheimer equations:

—vAu + au + blu|u + Vi = and divu = in Q
7 [ul ! X (1.3.58)
u-n=g, curlu xn=hxmn on I

Where b is the coefficient of Forchheimer and the inertial term |u|u is a monotone operator.
This subsection is splited into three parts. The first one is devoted to check the existence and
uniqueness of the weak solution in H () for Brinkman Forchheimer problem based on Faedo
Galerkin’s method. Afterward, we prove the existence of solution (u,7) € W LP(Q) x LP(Q).
for p > 2. In the last part, the fixed point’s Theorem is employed to achieve the study of the
weak solution when % <p <2

Hilbertian case

We begin by proving the existence of a solution in H 1(Q) x L?(Q) for the Brinkman Forch-
heimer equations. We use Galerkin method and some compactness results.

Let us introduce the (DBF) with the homogeneous boundary conditions :

—yAu +au +blulu +Vr=f and divu=0 in
u-n=0, curluxn=20 on I.

(1.3.59)
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The variational formulation of Brinkman Forchheimer equations (1.3.59) with considering
v € V to be the test function such that the space :
V ={ve HYQ), divo =0inQ, v-n = 0onI'}, can be written as follow :

a(u,v) + O(u,u,v) =1(v), (1.3.60)
where

a(u,v)zv/curlu~curlvdl‘+a/ uvdr.
Q Q
O(u,u,v)—b/ |u|u v dx.

Q

l(v) = (f, "’>(Hg(div,9))/xH3(div,9)- (1.3.61)

The variational problem above (1.3.60) and the system (1.3.59) are equivalents, it means that
the existence of solution for the variational formulation leads naturally to the existence of

solution for the homogeneous (DBF) equations (1.3.59).
Step 1 : Construction of approrimating solutions :

We will approximate the above variational formulation using Faedo Galerkin’s method.

We define V', to be the orthogonal space to V with basis (w1, wa, ..., w,,). For each m > 1
fixed integer, we consider wu,, to be the approximate solution of the variational formulation
(1.3.60) such that,

m
Um = Zgi,mwiy Ei,m eR.
i=1
We can rewrite the variational formulation (1.3.60) as below :

Ay/curl um.curlfwidx+a/ U, widx+b/ | U | U, w; dx =
Q Q Q
Fow), i=1,..,m. (1.3.62)

Step 2 : A priori estimates :
We consider the operator : @, : V., < V,, such that for any u, we associate Q,(u).
Defined for any v and v belongs to V,, by :

/Qm(u).vdac :'y/curlu.curlvdw+a/uvdx+b/ |u|u v de+
Q Q Q Q

—(f, ’U>(Hg(div,fz))'xﬂg(div,ﬂ)-

It is clear that a(., .) and [(.) are continuous. So, it remains to prove the continuity for the

inertial term. Indeed, using (1.1.7)
ulu.vde < |l g2l 22 0)-
Q

<l 1o a1 .-
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Using the embedding H'(Q) < L*(2), we obtain

[ ulww ds < Clulipglolr o
Then, we deduce the continuity for the operator Q.
Next for v = u, we obtain :
| Qutw)wds = yllurtull 3o g, + allulag, + il = O ) arzmany s
> COna)llul g — 1F oy 1l o)
2 |ull g o) (COv a)llwll g ) — IF 1l m@2@iv.0)))-

So, it follows that [, Qm(u).udz > 0 for ||ul g1 ) =k > 0, with & > ﬁHfH(Hg(diV’Q))/.
Using a classical argument (see [61, Lemma 1.4] ), we derive the existence of the solution
Uy, € V, such that Qp,(uy,) = 0, which means that the variational problem (1.3.62) has a

solution .

We multiply the variational formulation (1.3.62) with &;,,, then summing up the result equation

from ¢ = 1...m, using Cauchy-Schwarz :
7|lcurl um”i’ﬂ(g) + a”umuzﬁ(g) + b”“m”?l);li(g) < HfH(H%(div,Q))’HumHLQ(Q)'
1 2 a 2
< %”f||(Hg(div7Q))/ + §HumHL2(Q)‘
Thanks to the Theorem 1.1.1, we obtain :
2 a 2 3 < 1 2
el sy + Gl + M350y < oo I iy (13:63)
Step 3 : Passage to the limit :
Now let m — oo, thanks to the last estimate, we can extract a subsequence (%, )., and some
u in V which satisfy the following convergence :
Uy, — 4 weak in V (1.3.64)
|Um | —> w  weak in L%(Q) (1.3.65)

Since the embedding H '(Q) — L2(f) is compact, we can extract a subsequence (W, )m
denoted again by (t4,,)n, which converge strongly to w in L*(Q2). Then, il follows from (1.3.65)
that w = |u|u. Hence, We have established that as m goes to infinity, the sequence (., )m
converges to u € H () the solution of the homogeneous Brinkman Forchheimer system
(1.3.59).

Next we turn to the pressure 7, taking v € D(Q2) such that dive = 0 gives:

(=Au +au +bluju — f, v)p (q)xp@) = 0.
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By using De Rham’s Theorem we can conclude the existence of the distribution 7 belongs to
D'(Q2) defined uniquely up to an addative constant such that —Awu + au + blu|u — f = V.
Since |u|u € L3(Q) < H'(Q), then V& € H ~}(Q2). Thanks to [3] the pressure 7 belongs
to L%(Q).

Proposition 1.3.7. We assume that Q) is of class C*! and the datum f belongs to (H3(div,Q))’,
hence we obtain at least (u,m) € H'(Q) x L*(Q) as a solution of the homogeneous Brinkman

Forchheimer equations (1.3.59).

Now we will move to prove the uniqueness of the solution for Brinkman Forchheimer equations

(1.3.59).

Proposition 1.3.8. Under the assumptions of the previous proposition, the Brinkman Forch-
heimer equations (1.3.59) has a unique solution (u,7) € HY(Q) x L?(Q)

Proof. Let assume having the existence of two different solutions (w1,71) and (ug,ms) for
Brinkman Forchheimer equations (1.3.59). We set u = u; — u2 and m = m; — ma. Then (u, )

satisfies the problem:

—yAu + au + blui| uy — bluz| ugy + 7 =0, in Q
divu =0 in Q (1.3.66)

u-n=0, curlu xn=0onT
Multiplying the first equation of (1.3.66) by u and integrating by parts, we obtain
fy||curlu|]ig(m + aHuHig(Q) + b/Q(|u1\u1 — |uglug).u dx = 0.
Due to the monotonocity of operator F'(u) = |u|u, we obtain:
fychrluHig(m + aHuHig(Q) <0,

which gives the uniqueness of the solution for the Brinkman Forchheimer equations (1.3.59).
O

Next, using exactly the same arguments in the proof of Proposition 1.3.7 and Proposition

1.3.8, we can prove the following result given with any function f in (Hg’Q(div, 0)).

Corollary 1.3.9. Let Q to be of class CY' and we assume f € (Hg’Q(div7 2)), then there
exists a unique solution (u,7) € H'(Q) x L2(Q)
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LP Theory

Now, we treat the general case 1 < p < oco. We start with the generalized solution for p > 2.

Theorem 1.3.10. ( Generalized solution forp > 2 )
We suppose that Q is of class CY! and p > 2. Let f € (Hg,(div,Q))’. Then, (1.3.59) has a
solution (u, ) € WHP(Q) x LP(Q). Moreover, we have the estimate :

||u||W1’p(Q) + HWHLP(Q) < CHfH(Hgl(dw Q)"

Proof. Since (Hgl(div,ﬂ))’ < (H3(div,Q))’, thanks to Proposition 1.3.7, problem (1.3.59)
has solution u € HY(Q), 7 € L?(Q). As a consequence |u|u € L3(Q). We write —yAu +

au + V7 = f — blu|u and we distinguish the following cases :

1.2<p<3: f—blulue (Hgl(div ,))'. As a consequence, using the regularity for the
Darcy Brinkman problem (see Proposition 1.2.8), we deduce that (u,7) € W MP(Q) x
LP(Q).

2. p> 3, We know that u € Wh3(Q) < L*(Q), t > 1. Then |u|u € L9(Q) for any finite
q with ¢ > 3. So, we have : f — blulu € (Hg/(div,Q))’. We apply again Proposition
1.2.8, we deduce that (u,7) € W LP(Q) x LP(Q).

Now, we give an extension for more general data f € (Hgl’p/(div ). O

Corollary 1.3.11. We assume that Q is of class CY'. We suppose that p > 2 and r >
Let f € (Hgl’p,(diV,Q))’. Then, problem (1.3.59) has a solution (u,7) € WLP(Q) x LP(

Moreover, we have the estimate :

[S3[en

~—

||u||W1’?’(Q) + HWHLP(Q) < C||ﬂ|(Hg/’p/(div Q)"

Proof. We suppose thatp > 2andr > g. Since (HS'J’/ (div,Q)) — (Hg’Q(div ,Q))", according
to Corollary 1.3.9, we have a solution (u,7) € H(Q) x L?(Q). Then, |u|u still belongs to

L3(Q). Next, we distinguish according to the values for r and p the different following cases :

1. If g < r < 3and p > 2, observe that f — blu|u € (HS/’p/(div,Q))' as a consequence,
using Corrollary 1.2.13, we deduce that (u,7) € W YP(Q) x LP(Q).

3 .7
2. If 3 < rand p > 2, we have f — blu|u belongs to (Hg’p (div,€Q))". Thanks again to
Corrollary 1.3.9, we deduce that (u,7) € W 1P(Q) x LP(Q).

O

We are interested now on strong solution for the Darcy Brinkamn Forchheimer problem
(1.3.59) for p > 2.
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Theorem 1.3.12. (Strong solution with p > g} We suppose that 2 is of class C*' and p > g.
Let f€ LP(Q). Then (1.3.59) has a solution (u,7) € W2P(Q)) x W LP(Q). Moreover, we have
the estimate :

ull wer@) + I7llwir@) < Cllfllze)-
Proof. The proof is based on the use of the regularity of the linear Darcy-Brinkman problem.
Since LP() — (HY*(div,Q))". Then, by Corollary 1.3.9, There exists (u,7) € H () x

L?(£2) solution of (1.3.59). we consider two cases :

1. 8 <p< 3. Wehave : f —blulu € LY(f), ¢ < 3 and the result follows directly from the

regularity of Darcy-Brinkman problem.

2. p > 3, we know that u € W 23(Q) and 7 € W 13(Q). Since W23(Q) — L>(Q), we
deduce that |u|u € L(Q) for any ¢ € [1, +oo].
Thanks again to the regularity of Darcy-Brinkman problem, we have (u, 1) € WP (Q) x
WLP(Q).

O

Weak solution of Brinkman Forchheimer problem for % < p < 2 via Banach’s fixed

point Theorem

The aim of this subsection is to treat the weak solution of a steady Brinkman Forchheimer
equations (1.3.58), with 3 < p < 2 and f € (Hj " (div,Q)).

Theorem 1.3.13. Let Q to be of class CY'. We suppose % <p<2and % =

assume that :

1 1

fe (HY (div,Q)), x € LP(Q), hx ne W rP(T), ge W' »P(I).
There exists a constant ap > 0 such that, if

1-1 gal.

I gz iy + Il ooy + NRx Il s, Loy

o+ ol

( w

Then (u,m) € WYP(Q) x LP(Q) is a solution for the problem (1.3.58) which satisfies the

estimate :

HUH WLP(Q) + H7THLP(Q) g C(HfH(HSI"p/(diV,Q))’ + HXHLP(Q) + Hh’ X ’n’waé,p I) + HQHWFLP )

( P(TY)
Proof. In order to prove the existence of a generalized solutions, we need to apply Bannach’s
fixed point Theorem over the linearized Brinkman Forchheimer equations.

We are searching for a fixed point for the mapping T',

T : Wh(Q) — WhP(Q)

d — u.
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Such that d € W1?(Q), T'd = wu is the unique solution for the non linearized problem (1.3.19).
In order to apply the fixed point Theorem, we have to introduce a neighborhood B in the

form :

By={de W'(Q), [|d]pisg <Ak

Now, let d1, d2 € B, using the contraction method, we must prove that there exists  €]0, 1]
such that :

In order to investigate the previous estimate, we denote that for each k£ = 1,2, we have
(ug, m) € WHP(Q) x LP(Q) satisfies the system

—yAug + aug + |di|up + Vo, =f and divup=x in Q

(1.3.68)
up-n=g, curluyxn=~hxn on I,
with
2
Jowell iy + Il oy < O+ il 0 PUF g ey + I+
(R T, (13.69)

Next, we consider (u,m) = (u; — ug,m — m2) and d = d; — d2 to be a solution for the

following system:

—yAu—l—au—l—b|d1|u—|—V7r:—b(\dl\—]dg\)uz, in Q
dive =0 in Q (1.3.70)

u-n=0, curluxn=0 on I,
which satisfies the estimate

[l ey + 7o) < CA+lda]l 3

s 01| = ldzuzl 7o)

So, we have

lullwir) + I7llze@) < CQ+lldill g o Dlllda] = ldall g o lTu2llze @)

3
L2(Q
< O+l 3 014143 g 12l o
Furthermore, let C7 > 0, such that
”d”L%(Q) < Gy d]] whe(Q)- (1.3.71)

Now, according to relations (1.3.69) and (1.3.71), we conclude the following estimate:

lullwini) < aC?*C1(1 + Cilldillw o)) |l w 1) (1 + Cillda]l w 10()*,
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where a = HfH(HS/ : +||h x n|| wie) + Hg”wl‘%”’(r)' Therefore the

,P/ (le’Q))/ + HXHW —%,p(Q
relation (1.3.67) will be established if we take A\ where :

C%2Cra(1+ C1N\)? < 1.

For example, we choose

A= Cll[(20201)‘§ “1] and a< 201201 (1.3.72)
If the relations (1.3.72) are satisfied, then the fixed point ux € W1P(Q) assures
[w | wir) < Cal + Crllu = || yieq))- (1.3.73)
That is,
1w * [ wieg) < @ *. (1.3.74)
Such that zx characterizes the smallest solution of the equation Ciaz? + (2a — 1)z + o
with a = CCha, i.e zx = % where a < i. Consequently we obtain :

2 4
lu * || oy < - <
Cl(l—2a+\/1—4a) (&

which achieves the proof of the theorem. O



Chapter 2

The Stationary Brinkman Forchheimer

with pressure boundary conditions

Introduction

Through this chapter, we consider Q) as a bounded set of R3, possibily multiply-connected
with boundary I' such that I' = U I'; where I'; are the connected components of T

We suppose that there exsits J connected open surfaces, called cuts, contained in €2, such

that each surface 3; is an open part of a smooth manifold and the boundary of each ¥; is
_ ° J

contained in I". The intersections ¥; N ¥; are empty for i # j and the open set Q = Q '\ ‘UOE]-
j:

is simply connected.

Figure 1: The domain €2

For J =1, I = 3, see for exemple Figure 1.

The work developed in this chapter is concerned with the existence and regularity of solu-

tion for the following stationary convective Brinkman-Forchheimer system with a pressure

23
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boundary condition:

—yAu + curlu X u +blu|u +Vr=f and divu =0 in(Q,
uxn=0 and 7m=m only and 7=my+¢ onl', (2.0.1)

(u-n, )r, =0, 1<i<I.

where my, g and f are given functions. n is the unit outward normal on the boundary. v > 0
is the Brinkman coefficient and b > 0 defines the Forchheimer coefficient, o € [1,2].

In [28], Conca and al precise one of the situations where we found this kind of boundary
conditions which is the pipe flows. When we have a pipe bifurcates into two secondaries pipes
hence the condition on the pressure and the flux are indispensables to control the amount of

fluid flows into each pipe.

The boundary conditions on the pressure has interested many researchers such as Bégue
and al [14] where the authors study both of the stationary linear Stokes problem and the
stationary non linear Navier Stokes. This work was followed and completed by Bernard [15]
which present a regularity results in H? on the hilbertian case and regularity solutions in
W™ with m > 2 and r > 2 in L? theory. The outline of this chapter is as follows. In section
1, we introduces the functional framework and recall some usefull results that we need in the
sequel of this chapter. The section 2 is devoted to treat the stationary Stokes equations with
pressure boundary conditions where we improve the results already given in [8]. The section
3 is preserved to present the weak solution of BF problem (2.0.1) in the hilbertien case. The
last section contains the results related to (2.0.1) where we prove the existence of both of weak

solution and strong solution in LP theory.

2.1 Notations and some useful results

Through this work, we consider Q C R? a bounded domain with boundary I" of classe 1. In
the case that I' is more regular, we will point it out.

Let us consider the following Stokes problem :

—vAu+Vr=f and divu =0 in(),
(S)fuxn=gxn and 7=mg onT,
(u-n, )r, =0, 1<i<I,
and let us introduce the following spaces :
XR(Q) ={ve’(Q), curlve L’(Q), divu € LP(Q), v x n =0 onT'}. (2.1.1)
VE(Q) ={v e XX (Q), dive =0, and (v-n, 1)p,, 1 <i< I} (2.1.2)
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We state now the following well-known lemma, its proof can be found in [8]. It gives an
Inf-Sup condition on the space V §(€) which plays an important role on the solvability of the

velocity w.

Lemma 2.1.1. We have the following Inf-Sup condition:

fQ curl v - curl vdx

inf sup > 0. (2.1.3)
ve V]{’;(Q) ue Vo (Q) H U’H whr(Q) H UH wir' (Q)
v#0 u#0
Moreover, we consider the kernel space as
K (Q) ={v € X}(Q), curlv =0, divv =0 in Q}, (2.1.4)

which is of finite dimension and is spanned by the functions VqlN , 1 <14 < N, where qlN is
the unique solution in W*P(Q) of the problem ( see [8, Corollary 4.2] ).

~Ag¢Y¥ =01in Q,
¢Nlr, =0 and ¢N|Ty=Cy, 1<k <1,
<8nqiN’ 1>F0 = —1, and <a"qu7 ]‘>Fk =0k, 1< k<.

We introduce the space (Hg/(curl,Q))’ which can be characterized as : a distribution f
belongs to (Hgl(curl ,2)) if and ouly if there exist F € LP(2) and ¢ € LP(2) such that :

f =F +curly. (2.1.5)
More generally, we define the following Banach space :

1
Hy?(curl,Q) = {v e L'(Q), curlv € LP(Q), v xn =0, on T}, r <pand = <
,

"=
W

whose dual space can be charaterized as follows :
fe (Hgl’p,(curl ,Q))" if and only if there exists, F € L"(2) and ¢ € LP(Q) such that :

f=7F +curly. (2.1.6)

These characterizations are proven in |7, Lemma 2.5].
Then, the following Lemma are concerned with the existence and uniqueness of weak solutions
of the Stokes problem (S). See |7, Theorem 2.1] for details of the proof.

Proposition 2.1.2. 1. Let f, g, mo with
e [HY (curl Q) gx ne W), 1y € W' 3 (D),
satisfying the compatibility condition :

Vv e K’])\;(Q), (f, via+ / mov-n=0, (2.1.7)
r
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where (., o = (., '>(Hfj/ (curl Q) x H (curl )" Then the Stokes problem (S') has a unique

solution (u, ™) € WHP(Q) x WLP(Q) satisfying the estimate

e sy + Il 0y < C (15 e,y Il oy + g ml s ).

(2.1.8)

2. Moreover, if Q0 is of classe C*', f€ LP(Q) and g x n € WQ_%’p(F), then the solution
(u, ) belongs to W2P(Q)) x WHP(Q) and satisfies the estimate :

lull wer ) +lITllwir@) < C(||f||LP(Q) + Imolly 1-1/p0(r) + 119 % "HWQ_%,,,(F))- (2.1.9)

3. Furthermore, if divf=10 in Q, mo =0 and g x n= 0, then 1 = 0.

Observe that the condition (2.1.7) is a necessary compatibility condition for the existence of
solution for the Stokes problem (S). When the datum does not satisfy this compatibility
condition, we introduce the following variant of the Stokes problem (S’) ( see [7] ): Find

functions u, 7w and constants ¢;, for ¢ = 1, ..., I such that :

—~vAu+Vr=f and divu =0 in €,
(3/) uxn=gxn and w=mg only, t=mg+¢ only, 1<Li<]

(u-n, )r, =0, 1<i<I,
We recall the following results ( see |7, Theorem 2.3] and |7, Theorem 2.6] ).

Proposition 2.1.3. We suppose Q to be of class C'. Let f, g and mo such that

fe [HY (curl Q) gxne W rP(), m e W' wP(I), (2.1.10)

and constants cy, ..., cy satisfying the estimate :

w10 < € (I gy e+l 1-vimoey g3l oy )+ (2:111)

and where c1,...,cy are given by

ci = (£, Vg o —(m, Vg - m)r. (2.1.12)
Moreover, if Q is of classe C>', f€ LP(Q2) and g x n € W27%’p(1“), then u e W2P(Q).
Proposition 2.1.4. We assume that Q is of classe C*>', let f, g and 7y such that

FeHI Y (curl, Q) gx ne W rP(), me WI=+(I), (2.1.13)



2.2 Regularity results for the Stokes equations with pressure boundary conditions o7

1 1 1
withr <pand — < —+ 3 Then, the problem (S') has a unique solution uw € W'P(Q), 7 €
r p

WL (Q) and constants c1, ..., cy satisfying the estimate :

ey + 7100 < C (1 gy o e oy + [0l 110y + g 0l oy ).
(

1.14)
and ¢y, ...,cr are given by (2.1.12), where we replace the duality brackets on by :

<" >Q - <" '>(H6/’p,(curl,Q))’XHSl’p/(curl,Q)'

The following continuous embedding H! < L(Q) for any ¢ < 5, is obvious and it verifies the

estimate :
o € L9Q),  [vllpio) < o] g (2.1.15)

2.2 Regularity results for the Stokes equations with pressure

boundary conditions

We want to revise the results given in the previous section concerning Stokes problem (S'),

and to give some additional regularity results.
First we suppose that g = 0 and f, mg are given functions such that :
F € (HS?(curl,Q)), mo € H2(T).
We define the space :
VIQ) ={veH(Q),divu=0inQ, vxn=0onT, (v-n,1)p, =0, 1<i<I}.

We consider the following problem :

Find u € V(Q) such that for any v € V(Q) :

’y/gcurlu ~curlv = (f, v)qg — (7w, v - n)r. (2.2.1)
and find constants ¢ = (cq, ..., cr) satisfying :

ci=({, Ve )~ (m, Vg - n)r. (2.2.2)

where :

i) > = <'7 '>(Hg’2(cur179))’><Hg’2(curl,ﬂ) and <.7 .)F =

(s '>H*%(F)xH%(r)‘

Theorem 2.2.1. The variational formulation (2.2.1)-(2.2.2) is equivalent to find u € H ()
and © € L?(2) solution of (S).
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Proof. i) We begin by proving that if (u, m, ¢) is a solution of (S’), then w is a solution of the
variational problem (2.2.1) and ¢ satisfies (2.2.2). Multiplying the first equation in (S’) by v
in V(Q), integrating by parts in €, and using the fact that div e = 0 in 2, we obtain, taking
into account the boundary condition that verify the pressure m on I', that u is a solution of
(2.2.1). Tt remains to prove the relation (2.2.2). Let v € H}(Q) with v x n = 0 on T" and we

set
I

’U():U—Z(/ v-n)Vg'. (2.2.3)

i=1 /T
Observe that v belongs to V(€2). Multiplying the first equation of (S’) by v, integrating by

parts in © and using the relation (2.2.1) with the test function vg, we obtain

iﬁ;(/ﬂv'n)/&]f-vqfvdwzi(/

2.\, v - n)((c,) + (7o, V¢ - n>p>

It suffices to take v = Vqév, we deduce the required relation (2.2.2).

ii) Reciprocally, let u € V() a solution of (2.2.1) and ¢y, ..., c; constants satisfying (2.2.2).
To prove the first equation of the problem (S'), we take v € D, () as a test function in
(2.2.1) and we use the De Rham’s Theorem. Moreover, since A u € H ~1(Q), we deduce that
V71 € H1(Q). Due to [7], = belongs to L?(R2). Now, applying divergence operator to the

first equations of problem (S’), we obtain:
Am=divf e WH5/5Q). (2.2.4)

Since m € L?(Q), we can prove that the trace of 7 on T' belongs to H ~Y/2(T) (see [5]). It
remains to prove the boundary condition on the pressure. For this, we can use exactly the

same arguments in [8, Theorem 3.2].

Now, we discuss the solvability of the system (S).

Theorem 2.2.2. For any f € [H8’2(curl,Q)]’ and Ty € H_%(F), the Stokes system (S')
admits a unique solution u € HY(Q), # € L*(Q) and constants c1,...,c;. satisfying the
estimate :

Jullzs @y + 2@ < © (Il g eumnany + 1ol 17206y
and where ¢y, ...,cr are given by (2.2.2).
Proof. According to [8, Corollary 3.2], for any v € V(Q2), the seminorm v +— [[curl v|| 72 (g

is equivalent to the norm ||.|| x2(q)-

Then, applying Lax Milgram Lemma, problem (2.2.1) admitis a unique solution w € H(Q).
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Next, thanks to De Rham’s Lemma, there exsits a unique solution 7 € L?().

Now, we will consider the case where the external forces f belongs to (HSI’Q(curl , Q)" with
S<r<a.

We recall that there exist function : F € L"(Q) and + € L*(Q2) such that : f = F + curlq.
Observe that, using again the Lax-Milgram Lemma, the velocity u still belongs to H'(£2). But
the regularity of the pressure can be improved. Indeed , if we apply the divergence operator
to the both sides of the first equation of problem (8’), we find that the pressure is solution of
the problem :

Ar=divFinQ and w=mponly, #m=mg+c¢ onl} (2.2.5)

Hence, by choosing a convenient boundary condition 7, we can improve the reguralrity of the

solution . O
Theorem 2.2.3. Let f€ (HGI’Q(curl,Q))’ with ¢ <r < 2.

i) If mp € W1/ (1), with r* = L, then the solution 7 of (2.2.5) belongs to L™ (£2).

i) If my € WI=1/"7(T), then the solution 7 of the problem (2.2.5) belongs to W L7 (€2).

Proof. We write 7 satisfying (2.2.5) in the form : 7 = A + pu where X\ and p satisfy :
AX=divF in () and A=0 onl. (2.2.6)

Ap=0 in{ and w=m9 onlgand u=my+c; onT;. (2.2.7)

1. Since f € (HSI’Q(curl,Q))’, divf = div F belongs to W~17(Q). Then the solu-
tion A of problem (2.2.6) belongs to W(Q) — L™(Q). Next, it is clear that if
7o € W 1/77(T) then the solution p of problem (2.2.7) belongs to L™ (). So, we
deduce that the solution 7 of problem (2.2.5) belongs to L™ (£2).

2. Now, if mp € W I=1/"7(T), the solution u of (2.2.7) belongs to W1"(Q). Since the
solution of A of (2.2.6) still belongs to W17 (Q), we have immediatly 7 € W7 (Q).

O

Remark 2.2.4. Observe that we choose my. So that the solution p of (2.2.7) belongs to a class
of spaces containing spaces for A € W17 (Q) solution of (2.2.6).

For g < r < 2, the minimal regularity for A is Wl’g(Q) < L*(Q), while the maximal
regularity is H*(Q) — L°(Q).
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Now, we want to investigate the case 1 < p < oco. So, we will try to extend the previous
result with datum f only in (HSI’Q(curl,Q))’ to the case (Hgl’p/(curl , Q) with r < p and
L o141

r X p 3

We start by showing the existence and uniqueness of weak solution (u,7) € W P(Q) x LP(£).

7ot 1 1 1 _1
Theorem 2.2.5. For any f€ (Hy" (curl,Q)) withr <p, — < -+ 3 and mg € W »P(T).
T p

Then, the problem (S') has a unique solution (u, ) € WHP(Q) x LP(Q) and constants cy, ..., ¢;

satisfying the estimate :

lullw o) + ITlin@) < C(IF gyt eun cyy + 10l —vimoy ) (2:28)

and where ¢;, i = 1,..., I are given by (2.2.2) with the dualities :

oo = oo cunt, i # e o &0 = D ey e
(2.2.9)

Proof. Tt is easy to verify that (S') is equivalent to the problem :
Find u € V&(Q) such that, for any v € VIJD\;(Q) :

'y/ curlu -curlvdr = (f , v)g — (o, v-n)r (2.2.10)
Q

and find ¢;, ¢ = 1, ..., I satisfying (2.2.2) with the dualities defined in (2.2.9).

Since the bilinear form, a(u, v) = [, curlu - curl v dz satisfies the Inf-Sup condition (2.1.3)
and the right-hand side defines an element of (V%(2))’, applying Babuska-Brezzi Theorem,
(2.2.10) has a unique solution u € W1P(Q).

Next, the pressure is obtained by using a variant of De Rham’s Theorem ( see [3, Theorem
2.8] ). Indeed, since L"(R2) < W ~1P(Q), using the decomposition (2.1.6) the term f — Au
belongs to W ~1P(Q) and satisfies :

(f —Au,P)g=0, VD), divp)=0 inQ.

Then there exist m € LP(Q2) such that f — Au = V.
O

As previously, the regularity of the pressure can be improved by using the fact that 7 is
solution of (2.2.5) and then by choosing an convenient my. We write the pressure again in the
form 7 = A+ p with A and p satisfying (2.2.6) and (2.2.7).

’ o 1 1
Theorem 2.2.6. Let fe (H," (curl,Q)) withr <p, - < =+
r . p

W

i) If mp € W1/ (), with r < 3, then the pressure 7 belongs to L™ ().
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i) If r >3, and mg € W~1/99(T) with ¢ > p, we have = € L(Q).

ii) If mg € W1=1/77(T), we have m € WL (Q).

Proof. Since f € (H, 7 (curl,Q)), divf = divF € W~7(Q). The solution A of problem
(2.2.6) still belongs to W17 (Q). The regularity of i depends on the regularity choosen for mg.

1. If m;p € WY (I'), with » < 3, then u belongs to L™ () since A € WL (Q) —
L™ (Q), we deduce that m € L™ (Q).

2. For the values r > 3, if my € W_%’q(l") with ¢ > p, we have p € L9(2). In this case
A€ WHT(Q) < L*(Q) for any finite s if » = 3 and s = oo if 7 > 3.
we deduce that the pressure 7 belongs to LI(€2).

3. We use exactly the same argument in Theorem 2.2.3.

O

2.3 Brinkman Forchheimer equations with pressure boundary
conditions : L?—Theory

In this section, we are interested to study the regularity of solution for the homogeneous

Brinkman Forchheimer problem involving L? theory: find u, 7 and ¢ such that:
—vAu+u-Vu+bdu/*u+Vg=f and divu=0 in ),
uxn=0 and ¢+ %|u|2 =qo on Iy and ¢+ %\u|2 =qo+¢ onl;, i1=1,...,1
(u-n, )r, =0, 1<i<I.

Where ¢ = (c1,...,c7) € R

We trun to the non linear term. The fact that we have only the tangential part of the velocity

vanishes on the boundary, we have only

/Q(U.V)u:;/rm.m?(u-n).

Since we have no information about the normal part of the velocity, we do not know how to
control the last term. To solve this difficulty, we observe that this non linearity can be written

using the following identity :
1
u-Vu=curlu x u+ §V\u\2.

and to consider the total pressure m = ¢ + £|u|? absorbs the additional term |u|?. Then we

can rewrite the Brinkman Forchheimer problem as
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—yAu + curlu X u +blu|“v +Vr=f and divu =0 in(Q,
uxn=0 and m=mponly and w=my+¢ onl;, (2.3.1)
(u-m, 1)pr, =0, 1<i<I.

The use of this identity facilitate the existence theory. Indeed, in this case, the new non linear

term curl v X u vanishes when one considers energy estimates :
/ curl (u X u) - udxr = 0. (2.3.2)
Q

We should point out that this technique was presented in [1], [28] and [7].
The goal of this section is to establish the existence of a weak solution in the hilbertian case

for the Brinkman-Forchheimer system (2.3.1). The first, we give a variational formulation.

Theorem 2.3.1. Let f ¢ (Hg’z(curl,Q))’, o € Hfé(lj). Then the following two problems

are equivalent :
1. Find (u,7) € HY(Q) x L%(Q) and ¢; satisfying (2.3.1).

2. Find u € VN(Q) such that for all ve Vn(Q)

'y/ curlu-curlvdaz+/(curlu>< u) - vdaH—b/ |lu|u- vdx = (f, v)qg — (7o, v- n)r.
Q Q Q

(2.3.3)
and find constants ¢ = (c1, ..., cr) satisfying for any i =1,...,1

ci = {f, Vgl )a. (2.3.4)

Proof. We begin by proving that if (u,7) and ¢ are solutions of (2.3.1) then w solutions of
(2.3.3). Mutiplying the first equation in (2.3.1) by v € V 5(Q), integrating by parts in 2, we
obtain :

/(—7Au+V7r).vd1:+/(curlu X u).v daz+b/ |lu|uv.vde = (f,v)q. (2.3.5)
) ) Q

Observe that : —Awu + V7 belongs to (Hg’Q(curl ).

We introduce the space :
M(Q) = {(v,0) € HL(Q) x L*(Q), —Av + V0 € (HY*(curl,Q))'} (2.3.6)
equipped with the norm :

10 8)larc@) = lollzr1 oy + 1002y + 1| = A0 + A8l ooy - (237)

We can verify that D, () x D(£2) is dense in M (£2) (see |8, Lemma 5.5] for a similar proof).
Moreover, we have the following Green formula : for any (u,7) € M(2) and v € H(Q) with

vXxn=0onl:

/(—’yAu +Vr)vdr = / curlu.curlvdz + (7, v - n)r. (2.3.8)
Q Q
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Using the fact that
Vv e Vn(Q) : (m, v -n)r=(m, v-n)r, (2.3.9)

we deduce from (2.3.5) that u is a solution of (2.3.3). It remains to prove the relation (2.3.4).
Let v € HL(Q) with v x n =0 on T and set :

mzv—iy/zwmv#,

i=1 YT

observe that vy belongs to V x(€2). Multiplying the first equation of (2.3.1) by v and using
(2.3.3) with the test function vg, we obtain :

é(/mv.n)/g(curluxu).vqfv+bg: /v n /\U|O‘UVQZ
</F“”> (Ci+<7fo7quV-n>>- (2.3.10)

=S ([ oen)r Ve -
Testing with v = qu-v, we deduce the relation (2.3.4).

]~

i=1 T i=1

Reciprocally, let u € V 5(Q) solution of (2.3.3) and ¢y, ..., ¢; constants satisfying (2.3.4). In
order to check that u satisfies the first equation of the problem (2.3.1), we consider v € D(Q)
with dive = 0 as a test function in (2.3.8) and we use the De Rham’s Theorem. Moreover,
since Au € H™YQ), curlu x u € L¥2(Q) — H~1(Q) and |u|u € LI(Q) — H~1(Q) with
2 < ¢ < 3, we deduce that V7 € HY(Q). Due to [3], 7 belongs to L?(Q). Now, applying

divergence operator to the first equations of problem (2.3.1), we obtain:
Am =divf —div(curlu x u) — bju|*u € W ~15/5(Q). (2.3.11)

Since 7 € L*(), we can prove that the trace of m on I belongs to H ~1/2(T") (see [5]). Finally to
prove the boundary condition on the pressure, we can use the same arguments in |7, Theorem
3.2]. O

Next, we discuss the sovability of the variational problem (2.3.3)-(2.3.4) by means of the Stan-

dard Galerkin’s method. Nonethless, we state it for completeness.

Step 1: Construction of approximating solutions.
V={ve H(Q); dive =0 inQ, v xn =0 onT},

ZN(Q):{veHl(Q); vxn=0 onl, /

v-vqfvzo,1gz'§f}.
Q
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In order to apply the Galerkin method, we need a special base of the underlying Hilbert
space. While in the classical approach this base is constituted by the eigenfunction of the

Stokes operator, in our case, the base will be modified. Indeed, we consider the operator

A LF(Q)LK%3(Q) — Zny(Q) — L*(Q)L K3%(Q)

Fr—2z r— 2z

where z is the solution given by Theorem 2.2.2 which satisfies:
I
/ z -gradq;N = / qZN divz + Z(z ‘m, qZN>pk =0, (2.3.12)
Q Q —0
because ¢ |r, = 0, ¢V |r, = cste and (z - n, 1)p, =0 forany 1 <k < I.

We set M = L*(Q) L K3(Q). The operator A is clearly linear and continuous from M into
Z N(€2). Since Id is compact from Z (2) into M, the operator A is considered as a compact

operator from M into itself. This operator is also self-adjoint as

/AFl.ng/curlzl‘zgz/Fl.AFg,
Q Q Q

when AF; = z;, i = 1, 2. Hence, this operator A possesses a hilbertian basis formed by a

sequence of eigenfunctions zg:
Azk:/\kzk,kzl, )\k>1, )\k—>OO, k — oo

zp € V3(Q), /curlzk-curlfv = )\k/ zp-v, Yv e Vi(Q). (2.3.13)
Q Q

As usual

/ ZE 2] = 5kzl> / curlzk 2= )\kékl-
Q Q

Remark that (2.3.13) is also valid for any v € V. Indeed, let v be in V and we set

I
v=0v— Z(v n, D, V.
i=1

Then, we establish

/curlzk-curlv:/curlzk-curlﬁzkk/zk-ﬁzAk/zk-v,
Q Q Q Q

where we have used the fact that (see (2.3.12))

/zk-gradqlNzo, Vi=1,...,1.
Q
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Now, we can interpret (2.3.13) as follows: for each k, there exists 7, € L?(£2) such that:

VA zL, +V =Mz and divz, =0 in €,
zpxn=0 and m, =0 on I,

(zk-m, iy, =0, V1 <i<I.

Now, observe that L?(Q) = M @ K%(2). We note by (y,); an orthonormal base of K3,(9).
We know that each y; is a linear combination of V¢i¥,..., V ¢¥. Then, the sequence (w;);en
defined by

Y, if 1<i<I,

w; = (2.3.14)
Zi—T if 1 > I+1.

is a hilbertian base for the space L*(Q) and for any i € N*, w; € V. Using this base, we

introduce the space V,,, = (w1, ..., wy,) and we can define approximate solution u,, of (BFP)
as follows:
m
U () = gim (t) wi, (2.3.15)
i=1
such that:

fy/ curl u,, - curl w; dx +/(curl Uy X Upy) + W dm+b/ | U | “ U, - wide = (f, w;)q
Q Q Q
(2.3.16)

_<7T07 wi"n’>rv ]-EZva

Step 2: a priori estimates.

Let us define the mapping : &, : V,, — Vo, asforall u,v € V,,, :

/@m(u)-v :7/ curl u-curlv d:n—l—/ curluxu-vd:v+b/ |u|*u-v de—(f, v)o—(mo, v-n)r.
Q Q Q Q

(2.3.17)
The continuity of the mapping ®,,, is obvious. Using (2.3.2), we get :
/Qq)m(u) cu = ||curlu|]iz(ﬂ) + Huﬂgﬁ —{f, u)g — (mo, u-n)r

>Cllullgr gy = (If e eurtayy + 1ol gz 1wl g q),
(@)

where we have used both of (1.1.4) and (2.1.15).
Hence, (®m(u), w) > 0 for all ||ul|g1(q) = r with r > C(Hf”[HG,Q(curLQ)]/ + ||7r0\|H,1/2(F)).
Then the hypothesis of Brower’s Theorem (see [43, Lemma 4.3]) is satisfied and there exists

a solution u,, of (2.3.16). Moreover, the solution wu,, satisfies the estimate :

lmllzrs ) < € (I lgrozeunnay + Imoll vy ) (2.3.18)
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Step 3: Passage to the limit.
It follows from the last estimate that the sequence (), is bounded in the space H'(Q),

then we can extand a subsequence still denoted (w,)m such that:

Uy — u in HY(Q) weakly as m — oo.

Since the embedding of H () in L*(Q) is compact, we obtain that:

wy, — u in LY(Q) strongly as m — oo.

Next, by passing to the limit in (2.3.16); we obtain that w satisfies (2.3.3). Having obtained
the velocity, we shall indicate how the pressure is constructed. Since u € H '(Q), we have
curlu x u € L¥?(Q) — (I—I(?’z(curl, ) and |u|*u € LI(2) with 2 < ¢ < 3. Then :
—vAu + curlu x u + blu|®u — f € W ~1P(Q). Using De Rham Theorem, there exists a
function m € L2(f) solution of (2.3.1).

We then conclude the following Theorem,

Theorem 2.3.2. Let f€ (HO6’2(curl7 Q) and mg € H=Y/2(T'), such that

(151 2782 ou, ey + N0l pr-172y) <
then the Brinkman Forchheimer problem (2.3.1) admits at least a solution w € HY(Q) and

7 € L?(Q) satisfying the estimate

Il + Ilz@ < (1 o 2eum oy + IMoll g1y ). (2:319)

2.4 Brinkman-Forchheimer equations with pressure boundary
conditions : L’-Theory

In this section, we study the ILP regularity of weak and strong solution of the Brinkman-
Forchheimer problem (2.3.1).

2.4.1 General solution in W'?(Q)

In the sequel, we suppose that f belongs to [Hg/’p/(curl, 2))]" with 7 and p satisfying :

1
+ =

1 1
l<r<p, —<-
r p 3

and we restrict our attention to treat the case p > 2, where we use the regularity of the linear

Stokes problem.

Theorem 2.4.1. Let p > 2. We suppose f € [Hgl’p/(curl, )] with r € [;)Tpp» pl.
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(i) if 2 < p <3 and € WL/ (), then the solution (u, 7) given by Theorem 2.3.2
belongs to WP(Q) x L™ (Q).

(i) if p > 3, for prp <r <3 and mg € W), the pressure still belongs to L™ ().

For 3 <r < p, choosing mg € W4T with q > p implies that = € LI(Q).
Proof. According to Theorem 2.3.2, there exists a solution (u, 7) € H 1(Q) x L*(Q).

(i) First case: p < 3. We know that curlu x u € L3/2(Q). Since r varies between prp and
p. Moreover we have |u|u € L(Q) with 2 < ¢ < 3, we consider two cases and we will
use a reasoning based on the Stokes system:

(a) Caser € [;Tpp, %] Observe that L3/2(Q) — [Hg/’p/ (curl, Q)]" and the embedding
L3(Q) — [Hg/’p/(curl, Q)] then f —curl ux u—b|u|*u belongs to [Hg/’p/(curl, ).
Using the Stokes regularity, we deduce from Theorem 2.2.6 (i), that (u, 7) belongs
to WhP(Q) x L™ (Q).

e 3
(b) Caser € [3, 6‘%]. Since u € W P(Q), the term curl 4 x u belongs to Lﬁ(Q)

i. If p < 3, then we have |u|*u € L(Q2) such that ¢ = %. Because of
q((i:;—pp) > 1 then f — curlu X u — blu|“u € [Hg/’p/(curl, Q). Hence, the
Stokes regularity allows us to conclude that (u, 7) € W 1P(Q) x L™ (Q).

ii. If p = 3, hence we obtain |u|*u € L'(Q), for all ¢ > 1, which follows that
f —curlu x u — blu|®u € [Hg/’p/(curl, Q)]'. Using again the regularity of
Stokes problem, we deduce that (u,7) € W 1P(Q) x L™ ().

(ii) Second case: p > 3. We know that u € W 13(Q) and then curlu x u € L37¢(Q2), with
e >0 and |u|%u € LY(Q) for t € [1,+00]. We consider two cases :

(a) Caser e [33Tpp’ ]. Observe that f — curlu x u — blu|%u € [I—Igl’pl(curl, Q). We
make use of (i) of Theorem 2.2.6 and we conclude by using the regularity on the

Stokes problem.

(b) Case r € [3, p]. We know from the last case that « € W 1P(Q). Then curlu x u
belongs to LP(Q) and |u|*u € LY(Q) with t € [1,00]. For mp € W Y9I, we
apply the result (ii) of Theorem 2.2.6.
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2.4.2 Strong solutions in W??(Q)

Theorem 2.4.2. Let p > 6/5,
fe IP(Q), m e Wi-t/pr(T),

Then, there exist a solution (u, ) € W2P(Q) x W LP(Q) to problem (2.3.1) and satisfies the

estimate:

lull w20y + lI7llw o) < CUIFllzr@) + lImollw 1-1m0r))- (2.4.1)

Proof. We will use a raisonement based on the Stokes problem. We observe first that:
L5°(Q) < [H?(curl, Q)), and W=VPP(D) — HYX(D).

Thanks to Theorem 2.3.2, there exists a solution (u, 7) € H(Q) x H'(Q). We consider three

cases:

i) Case 6/5 < p < 3/2. Since curlu x u belongs to L¥%(Q) and |u|*u € LI(Q) where
2 < g < 3, the result follows imediately using the regularity for the stokes problem.

ii) Case 3/2 < p < 3. We know that u € W 2%2(Q) and 7 € W 3/2(Q). Recall that
W 23/2(Q) WP (Q) — IP(Q)

where p* = 3 and then p*” € [1,00[. This implies that curlu x u belongs to L(Q) for any
q € [1,00[ and |u|*u € L¥(Q), for any k € [1, 00, however, we should bound ¢ and k according
to p = 3, so for this reason we have to take ¢ < 3, k < 3. Next, we apply the regularity for
the Stokes problem.

iii) Case p > 3. We know that u € W23(Q) and 7 € W13(Q). Since u € W3(Q) —
W 1°°(Q), the non linear term curlu x u € LY(Q) for any ¢ € [1, oo] and |u|*u belongs to
LY(Q) with t € [1,00]. Here also, we conclude using the regularity for the Stokes problem.



Chapter 3

Approximation of the (DBF)
equations with Dirichlet boundary

conditions by pseudo-compressibility
method

In this chapter, we treat the non stationary incompressible Darcy Brinkman Forchheimer
(DBF) equations :

Ou —yAu +au + flu|“u + B(u,u)+Vp=f in Qrp,

. . (3.0.1)
dive =0 in Qp,
with Dirichlet boundary conditions and the initial datum as follows :
u=0 onXr and u(0)= uy, (3.0.2)

where Qpr = QOx]0,T[, £7 = I'x]0,T[ with Q is a bounded domain of R? (d = 2,3), with
suffficiently smooth boundary I'. Here u, p represent respectively fluid velocity and pressure.
The constant v > 0 defines Brinkman coefficient, a > 0 is the Darcy coefficient and 8 > 0 is
the Forchheimer coefficient. o € [1,2] is a given number. The bilinear form B(u,u) can be
define as B(u, u) = (u.V)u.

3.1 Preliminaries

In this section, we introduce some notions and results that we will use in the remainder of
this chapter.

We denote by ||.||,||-|l1 and ||.]|2 respectively the norms in L*(Q2), H'(Q) and in H*(Q).

The inner product in L?(2) will be denoted by (.,.).

69
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We consider the space :

L2(Q) = {w € L*(Q), divw =0, on, Q, w-n=0o0n I}

Let V be the space :
V ={vecH})Q), dive=0}

We define the bilinear form B(u, v) as follow:
B(u,v) = (u.V)v + 3(Vu)v.
We recall the property of the monotonicity for any mapping F defined as
F : z+—|x|% :
(|lu|w — |v|%v,u —v) > 0. (3.1.1)

The following Sobolev inequality is useful to deal with the nonlinear form F.

[oll, <[[Vol,  1<p<6. (3.1.2)

Moreover, under some conditions, the mapping F' satisfies an important ineqality which is a
key tool used in our work. This result is presented in the next lemma (for the proof see for
instance [44]) :

Lemma 3.1.1. Assume that u,v € H}(Q) satisfy the estimates (3.1.2). Then
[1F(w) = F(v)]| < C[V(u—v)]. (3.1.3)
Now we give the variational formulation of the system (3.0.1)-(3.0.2). For any v € V:
(u,v) +7(Vu, Vo) +a(u,v) + b(u, u,v) + (|u|u,v) = (f,v) (3.1.4)

We denote by P the orthogonal projection operator of L*(2) onto L2(Q). The variational

formulation equation (3.1.4) is equivalent to :

u; +vAu + au + B(u,u) + fG(u) = f

3.1.5
u(0) =0, ( )
where Au = —PAu = Au is the Stokes operator and G(u) = PF(u).
We know that for T’ smooth enough, we have for any v € V N H%(Q) :
lvll2 < o] (3.1.6)

Moreover, in the following we will use the following algebraic result.

(u—v,v):%(\U\Q—\v|2—]v—u\2). (3.1.7)
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The inequalities below help us to bound one of the nonlinear terms:

Clullzllvlllwlh,  Yue H(Q)NH(Q), v, w e Hy(Q)
~ Cllull1]|v||2]|w], Vo € H2(Q)NHYNQ), u,we HI(Q
o) < A Clu vl (@) N H(©) oo
Clulzllvlllwl,  Yue H*(Q)NH{(Q), v,w e Hy(Q)
Clulillvolllwllh,  Vu,v,w e Hy(Q)
b(u, v, w) < |ul||v]|w]| V,v,weH Q) d<A4. (3.1.9)
b(u,v,v) =0, Yu,ve H Q). (3.1.10)

3.2 Analysis of the problem

The existence and uniqueness of a solution for the system (3.0.1)-(3.0.2) has been already
proved in [44] by combined Faedo Galerkin method.
In the next lemma, we provide the estimate for the velocity’s second derivative, the velocity’s

derivative with respect to time and the pressure.
Lemma 3.2.1. We assume that the given datum ug and f satisfy the following reqularity
w € VOH?*(Q), f f,cL*9Q). (3.2.1)
Then there exists Ty < T such that the solution of the system (3.0.1) satisfies:
lu()ll2 + [[w @) + o)) < C, Vi€ [0,T]. (3.2.2)

Proof. Multiply the projection equation (3.1.5) with Aw and integrate the resulting equations

to obtain:

2dt|NuHQ+7HAuH2+aHVuH2 —b(u, u, Au) — B(|u|u, Au) + (f,Au).  (3.23)

Using Gagliardo Nirenberg inequality in combination with Young inequality, the non linear

terms can be estimated by

b(w, u, Au) < 4|Au||2+c’uvfu||6 (3.2.4)

B(|lu|u, Au) < —||Au|]2+C’HVuH2 (a+1), (3.2.5)

Substituting (3.2.4) and (3.2.5) into (3.2.3) and using the fact that

(fsAu) < *IIAUIIQ WHfHQ,
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we obtain
1EHVUHQ + 2 1Au]? + o] Vu)? < C'|Vul® + illfHQ- (3.2.6)
2dt 2 - 27y

In particular, we have the following differential inequality (by supposing that C’ > 1):

d

PTIAGRS Cy(t)®,  with y(t) = [[Vu(t)|* + C1, y(0) = [Vu(0)|* + C1

and C; = % sup ||fI%
0<t<T

Solving the above inequality, we have a solution defined on [0, T7] where T; < W = CLO
and
y(t) <V2y(0), teo, Tl
So, for all ¢ € [0, T1] with T} = min{77, Cio}, we have
IVu®)]? < V2(|Vu(0)|* + C1) = Cs, (3.2.7)
Therefore, by (3.2.6) and (3.2.7), we have:
A
sup ||Vu(t)||* + fy/ |Aw(t)||?dt < C, vt € [0, T1]. (3.2.8)
0<t<Ty 0

Differentiating the first equation of the system (1.3.58) with respect to ¢, we obtain
uy — YAuy + aur + SF' (uw)uy + B(ug, u) + B(u, ur) + Vpr = fi. (3.2.9)

Taking the inner product of the relation (3.2.9) with u;, we have :

1d

5 gl + Y IVedl® +allud® = =B(F (w)u, we) = bws, u, wp) + (fi, wr).

Since (F'(w)uy) - uy is positive definite, we have by applying Gagliardo Nirenberg’s, Holder’s

and Sobolev’s inequalities:

1d 1 1 1
iallw\IQ + Ve < ella [ 13 [V ae]| + Ellft||27
¥ 1
< 5||Vuw:H2 + C (Il fJwll2)fwel® + @HftHQ. (3.2.10)

Next, by Cauchy-Schwarz inequality, estimates (3.1.6) and (3.2.8), we have:

/oT1 w(s)|l1]lu(s)]|2ds < (/OTl ||“(5)||%d5)§</0

Then, applying Gronwall Lemma to (3.2.10), we obtain:

T 1
II'M(S)chlS)2 <cC. (3.2.11)

T
s +7/0 IVui(s)|Pds < C, Ve e [0, Til. (3.2.12)
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Next, taking the inner product of (3.1.5) with Au, we obtain:
YAu? = —al|Vul® — (ur, Au) — B(|ulu, Au) — b(u, u, Au) — (f, Au)
TR a, X KoM 4 IR
al| Vul* + gIIAUH2 + 29[ w|? + BI(lulu, Au)| + [b(u, u, Au)| + gIIAUII2 + 29| F1%.

IN

The nonlinear terms can be controlled as in (3.2.5) and (3.2.4). So using (3.2.7), (3.2.12) and
(3.1.6), we deduce that:
lull2 < C, vt € [0, T1]. (3.2.13)

In order to get the pressure estimate, we use the first equation of (3.0.1) to derive:

IVl < (el + IVl + allul| + B[l + | B(u, u)]])- (3.2.14)
Using the Hoélder’s and Galiardo-Nirenberg’s inequality, the estimates (3.2.7) and (3.2.13),
since H'(Q) — L*(Q), we obtain :

1B(u, w)|* <Clluflat2l| Vel 2z
(ars)
SClluflarallAully ™™ flullys

a(leme)  3(2E2)
SCOlAufly ™ o5 < C.

2(57%)

Collecting the above bounds (3.2.7), (3.2.12) and (3.2.13) to (3.2.14), we obtain the pressure
estimate. The proof of Lemma 3.2.1 is finished. O

In the case where the initial data %(0) and f(0) satisfy some nonlocal compatibility con-
ditions, we take ¢y > 0 and we assume that we have an initial data (ug,po) such that
lwo — u(to)|| < CK*, [[V(uo — u(to)ll + IV (po — p(to))|| < Ck.
Lemma 3.2.2. Under the same assumptions of the lemma 3.2.1, we suppose in addition that
Fi, fu € C([0,T], L*()). (3.2.15)

Then, the solution of the system (1.3.58) satisfies :

t
lue ()13 + [ Ve +/t (lua ()13 + llpa(8) [T ds < C, V€ [to, Ta. (3.2.16)
0
Proof. Differentiating the first equation of the system (3.1.5) with respect to ¢, we obtain
Uy — yAuy + aug + BG (w)uy + B(uy, u) + B(u, ug) = fi. (3.2.17)

Taking the inner product of the relation (3.2.17) with Awu,, we obtain:
1d

5 dtHVUtH2 + | Aug|? = — a|| Vue|® — (fis Aug) + by, u, Aug) + b(u, ug, Auy)

+5(F/(U)Ut,zut)
<a||Vul® + %M’M\Q + 20 fell® + [blur, w, Aug)| + [b(w, uy, Auy)]

+ BI(F' (w)ug, Auy)| (3.2.18)
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The nonlinear terms can be controlled with the same arguments as in the proof of Lemma
3.2.1 as follows:

b, Aug)| < A2 + O3l Va2 (3.2.19)

®©[|=2 ool

b, e, Auwy)] < )| Bug |2 + O 3V (3.2.20)

Next,
A @ A YA o
BIF (wyur, Awy)| < Cla+ DufgwflAw] < Sl Aw|? + CllullE [V ]* (3.2:21)
Gathering the above estimates together and using (3.1.2), (3.2.7) and (3.2.13), we obtain
d ~
S IVudll® + A Au® <4l fi]]* + O V|, (3.2.22)

Thanks to Gronwall’s inequality, we have

t ~
sup ]Vut(t)HZ—i—v/ A (s)|2ds < C, Vi€ fto, Til. (3.2.23)
to

to<t<T1

Now, differentiating the equation (3.2.9) with respect to ¢, we obtain

i —yAuy+avy+BF" (w)|w*+BF () wy+2B(uy, up)+ Buy, u)+B(u, uy)+Vpy = fu.
(3.2.24)
Taking the inner product of the relation (3.2.24) with u, we obtain :

1d
5@“’“%”2 + YN Vuul?® = — alluwl® — BE" (w)|wil?, uw) — BIF' (u)uy, we)

— 2b(we, ug, i) — b(wp, w, wi) + (fre, wee)-
Since (F'(u)u¢t) - uy is positive definite, using Young’s inequality, we have:

1d

1
§%||Utt||2 + | Vuy? S@HfttHQ + [BF" (w)|wel, wee)| + 2]b(ws, we, upr)]

+ b, w, wgt)|. (3.2.25)

On the one hand, thanks to (3.1.2), (3.2.7) and (3.2.23), since H*(Q) — L*(Q),

(" (w)lue®, )| < aor+ 1)l g, )
<o+ Dull el wel
<

Clluwl? + Clul3 VI Vu|* < Cllul* + C. (3.2.26)

On the other hand, using Young, Hélder, Gagliardo-Nirenberg inequalities and estimate
(3.2.2), we have

b(uet, w, uee)| < [lweell ullzlwe| < 2 Vue|? + Clull (3.2.27)
2
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1b(we, we, wir)| < JJwellofwell1[|uel] < Ol Vael|* + w3 wel®. (3.2.28)

Then, inserting (3.2.26)-(3.2.28) in (3.2.25), using (3.2.23) and applying Gronwall Lemma
yield

T
||| +’y/ Vg (s)||>ds < C. (3.2.29)
to
Taking the inner product of (3.1.5) with Awu;, we obtain:
VAw? =(wsr, Aug) — a| Ve |® = (i, Aug) — B (w) g, Aug) — b(ug, u, Auy)
—b(u, ut,ﬁut).
5 ~ ) ~
< el + 2wl + N Foll + all Ve > + B (F'(w)ur, Auy)|
+ [b(we, w, Awg)| + [b(u, uy, Auy)].

Using the estimates (3.2.19)-(3.2.21) for the nonlinear terms, thanks to (3.1.6), (3.2.29) and

(3.2.23), we can deduce the following uniform bound:
lwell2 < C, Vit € [to, Th]. (3.2.30)

The verification of the remaining estimates in (3.2.16) can be obtained by repeating the same
arguments of Lemma 3.2.1. Notice that (3.2.23) is an analogue of fti) | Ay (s)|2ds for uy
instead of u;.

O

3.3 Study of the perturbed problem

In this section we focus on the existence, the uniqueness and the regularity for the perturbed
equations (0.0.14)-(0.0.15) .

3.3.1 Faedo-Galerkin approximation and a priori estimates

Theorem 3.3.1. For Given u§ € H'(Q),p5 € H'(Q) and f € L>(0,T, L*(Q)). Then there
ezists Ko = Ko (v, T, Q, f, u), p) such that for,
2
To = min{T, ?0}
The perturbed problem has a unique solution (u,p¢) € L*(0, Ty, H*(Q)) N L= (0, Ty, H(Q)) x
L>(0, To, H'(2))

Proof. We first denote K; to be constants depending on vy, the datum f, uf, pj and the domain
Q) while C; are the constants depending only on €.
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The key of the proof is based on some a priori estimates. For this purpose we proceed as
follow,

Multiplying (0.0.14); with u© and (0.0.14), with p, adding the results obtained, taking into
account the relation (3.1.10) and using both of Cauchy-Schwarz’s inequality and Young’s

inequality, we derive
14 )2 + [ V] + alluc | + bllu)ST3 + 5 IIVp I = (f, u).
2 dt o2 24t
g €2 1 2
< =V — . (331
SV + I (33

By integrating the last result from 0 to ¢ with ¢ € [0, 7], we obtain :
@l [ Ivus) P dsta [T+ [ 63 Eds 9 0 < Ko. (332

Where Ko = 2| £l + [[u§]® + [IVPH>-
In order to reach more a priori estimates, we observe the relation (0.0.14), as follow

u$ — YAu + au’ + bluf|*u’ + B(u, u) = f — Vp-. (3.33)
u®(0) o

We take the inner product of (3.3.3) with —Awu€, then we obtain :

1d

5 g IVul? + Al Aw? + ol Vur|® = b(ju|*u’, Auf )+ b(uf, u, Au) = (f = Vp<, Auf)

g
< ) a4 (IF12 + IVpI). (3.3.4)
6 2y
By using Cauchy Schwarz and Young’s inequlaity, we derive

b(|uf["u, Auf) < blluﬁll‘”lHAuéll

<z HA U1 + b2 HV [Pty
Because of 1 < a < 2, it infers that,
b(|lu®|“u®, Au®) < HAsz2 + C||VuS. (3.3.5)
On the other hand, according to Agmon’s inequality, we obtain

b(u, u, Au) < Ofa|oo]a[|1 ]|l (3.3.6)

Yiamen2 o+ C e
< 8||Au 12+ = || Vue| . (3.3.7)
Y
Because of (3.3.2) and by collecting the results (3.3.6) and (3.3.5) in relation (3.3.1), we reach

d € € € K €
SV o Au|? + a VP < =L+ Ko Vue|® (33.5)
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We consider y(t) = ||Vu€||? + Cy.

So, we can observe the following differential inequality with ( K’ > 1),
%y(t) < K'y(t)3, where y(t) = |[Vu(t)|| + C1  and y(0) = ||[Vug||* + Ci. (3.3.9)

Due to (3.3.8), we derive a solution defined on ¢ where 0 < t and satisfies,

1 1
P =
2K'y(0)? K

Which leads to :
y(t) < V2y(0).

Hence, for a given t € [0, Tp] with Ty = min{T', %3} We reach
[Vu @) < V2([Vu(0)|* + C1) := C2.

To recap, we rearrange the results (3.3.2) and (3.3.8), then we conclude that,

T() TO
sup ||Vu5(t)|]2+7/ \Auf(t)H?dHa/ IVu@)|2dt < C. VEe[0,Ty.  (3.3.10)
0 0

0<t<Top

O

3.3.2 ec-independent a priori estimates

In this subsection, we begin with the following result that is necessary for the subsequent
investigations and provides e-independent a priori estimates for the solution of (0.0.14) —
(0.0.15).

Lemma 3.3.2. Assume (u€, p¢) to be the solution of the perturbed problem (0.0.14)-(0.0.15).
Provided (3.2.1) and (3.2.15) are satisfied, we have the following a priori estimates:

lus@)13 + [ @OIF + s (DIF < C, Vi € [to, To] (3.3.11)
luf(t) — w(t)|> < Ce, Vit € [to, Th)] (3.3.12)

Proof. The proof of this lemma requires estimates for the errors e = u—u€ and ¢ = p—p° in dif-
ferent norms. For this, we use the corresponding known results for the system (3.0.1)-(0.0.15)
given in Lemma 3.2.1 and Lemma 3.2.2. So, subtracting the perturbed system (0.0.14)-(0.0.15)
from the Brinkman Forchheimer equations (3.0.1)-(3.0.2), we get :

e —yAe +ae + Vq+ B(u, e) + B(e, u) + flu|*u — fluf|*ut =0,
dive — eAq; = —€eApy,

e(to) =0

q(to) =0

(3.3.13)
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Multiply (3.3.13); by e, (3.3.13)2 by ¢ and integrate the resulting equations, we obtain:

ld
2 dt

cd

5 37 IVall? =e(Va. V) — ble,u, e) = Blul"u — [u|*u’, ¢)

lel* + v Vell* + alle]* +

Thanks to (3.1.1), Gagliardo Nirenberg’s and Young’s inequalities, we obtain

1d
2 dt

ed

2 2 2
\Y
lell? + Vel +alle]* + 5 =

IVal? << [Vpl® + [ VallP* + 2| Vel
2 2 2

+ Cllull | wllllel*. (3.3.14)

Applying Gronwall Lemma’s to the above inequality, using (3.2.2) and (3.2.11), we obtain

t t t
el + [ I¥e()ds +a [ llet)Pds+ VoI < e [ [9pi(s)Ids < C=. (33.15)
to to to

Next, proceeding as in Lemma (3.2.1), we show that ||Ve|| is uniformly bounded with respect
to time. For this purpose, we multiply the equation (3.3.13); by —Ae and integrate over {2
to get

Ld

55 |Vel® +allAel® +a|Ve|* =(Va. Ae) + b(u’ e, Ae) + ble, u, Ae)

+ B(lu%u — [u]|*u’, Ae). (3.3.16)
<%HA6H2 + 3HVqH2 +[b(e — u, e, Ae)| + |b(e, u, Ae)|
+ Bl(Ju"u — [u"uf, Ae)]. (3.3.17)
Observe that
b(u, e, Ae)=b(e,e,Ae) — b(u, e, Ae).

Then, we deduce as in (3.2.4)

1 1
303 gl
ble, e, Ae)| < Clellllelf le]3l|Ael < Sl Ael +C[[ Vel

Next, using the Sobolev inequalities and the uniform bound in the H?-norm of the velocity

given in (3.2.2), we have

Y
bu. e, Ae)| < Cllullalleli|Ae] < Al + C[[Vel?
and similarly,
Be,u. Ae)| < L[ AelP + O Vel

Moreover, Using the property (3.1.3), we treat the last nonlinear term as below:

(63 €|, € ’7
[(lul*e = |uf[us, Ae)| <C[|Ve[||Ae] < Sl Ael* + C[[ Vel
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Substituting the above inequalities in (3.3.16) and using (3.3.15) yield
d
Vel +]Ael” + 20| Ve[ <Ci + C|[Ve|* + Cl|Ve|. (3.3.18)

Then, as in the proof of Lemma 3.2.1, we have a differential inequality

d
Z(C1+[Vel?) <C(CL+[[Ve|?)?,
which has a solution defined on [to, Tp] satisfying:
1
IVe()||> < C,  where Ty = min{T1, m}. (3.3.19)
Using this last estimate in (3.3.16), it follows that
t
|Ae(s)||?ds < O, Vt € [tg, T (3.3.20)

Differentiating the first equation of (3.3.13) with respect to ¢t and taking the inner product
with e, we obtain
ld 2 2 2 7 7 €
5@”‘%“ + Ve + alled|” + (Var, er) =—b(et, u, er) — ble, uy, e) — b(ug, e, e;)
= B((lu|*u = |uf|*u);, e).
(3.3.21)
Differentiating now the second equation of (3.3.13) with respect to ¢ and taking the inner

product with ¢, we obtain
. ed
(dives, qt) + §£\W%H2 = e(Vpu, Var). (3.3.22)

Summing (3.3.21) and (3.3.22) yields:

1d
Srled® + Ve + afles] +

cd
2dt

—b(uy; e, e0) = B((Ju|"u — [u["u), er).

IVal? = e(Vps, Var) — bler, u, er) — b(e, g, e;)

€ € >~ ~
< SIVPull® + SIVall* + bler, u, e)] + be, ur, e))]

+ [b(us, e, e0)] + BI((|u]*u — |uf|®us),, ). (3.3.23)

Invoking Young, Hélder, Gagliardo-Nirenberg inequalities and estimate (3.2.2), the nonlinear

terms can be bounded as:

[b(er, u, er)| < Clled|][ull2]le]] < %IIVBtII2 +Cled. (3.3.24)

g
ble, ut, )| < Cllelhflucllleds < gl Ve + Cllefilluel. (3.3.29)
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|b(u§,e,et)] ﬁ;(utaeaet) _Z(etaeaet”
1 1
Clluclllellrlletllr + Cllel el [l ell3 [V exll

g
sIVed?® + Cludiilleli + Clle:llelli[e]l.. (3.3.26)

NN

(| — || u)s, e0)] < ([F'(w)u — F'(u)ug], |ed])
= (IF'(w)uy — F'(u)(u — €], |ed])
< ((F'(u) = F'(w))wl, led)] + (|F' ()l led], [ex])
=T + To.

Let us estimate each of the terms T, T5. Since |F'(v)| < (a+1)|v|%, using Holder and Young

inequalities, we have:

T < 2(a+D((Jul™ + [w[")|ul, |ed)|
Cla+ D)([ull§e + luclS) luclslled < (o + 1) (llulla + llu[50)*uell§ + Cllecl*.

VAN

Since 1 < a < 2, we use the Sobolev inequality (3.1.2), estimates (3.3.19), (3.2.7) and (3.2.16).
We obtain:

T < C+Clled]”. (3.3.27)
Similarly,
Tp < Cla+ 1)|luf(3, ] edllellec]] < %W%M2+0Wfﬁﬁmﬂw
< Vel +Cled. (3.3.28)

Thus, inserting (3.3.24)-(3.3.28) in (3.3.23), using (3.2.16) and applying Gronwall Lemma
yield

To
!%@N2+A‘CNV%®W2+MBK$Wﬁk+ﬂV%@W2SC@ (3.3.29)

where we have used the following estimate for the nonlinear term in (3.3.26)

[ re@hlewia <o [

0 0

To i
le(s)l3ds)* < c. (3.3.30)

which follows from the Cauchy-Schwarz inequality, (3.3.19) and (3.3.20). Next, in order to ob-

tain the uniform bound in the H2-norm of the error on the velocity, we need an e-independent
a priori estimate for e;. For this, we start from the equation (3.3.21), we consider the term
(Vqt, e4) in the right hand side and we use the e-independent estimate for V¢, given in (3.3.29)
together with (3.3.24)-(3.3.28). Then, we rewrite the first equation of (3.3.13) as follows:

—yAe + B(uf, e) + B(e, u) + flul®u — flu|*u = —e; — ae — V.
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Taking the inner product of the above equation with —Ae, thanks to the above estimates, we

conclude that :
|Ae®)|* < C,  Vte€to, To) (3.3.31)

O

Now, we move to check the error estimate for the perturbed system.

3.4 Error analysis

3.4.1 Error estimates for a linearly perturbed problem

Primarily, we will focus on the analysis of the error for the linear case. We follow the strategy

proposed in [57].

Let (u, p) be the solution of the system (3.0.1)-(3.0.2) and let (v, ) be the solution of the
perturbed linearly problem :

0w — YAV +av  + Vre = f — Blu|*u — B(u,u) in Qp
divo® —eAry =0 in Qp
=0 and %:O on Xrp

ve(tg) = u(ty) and 7r°(tg) = p(tp) in Q.

(3.4.1)

The equations for the error (&, ¢) := (u — v, p — r¢) are:

& —YAE+aE+ VY =0 inQp
div€ — eAyYy = —eAp;  in Qp
£E=0 and 3%23% on X
&(to) =0 and ¢(tr) =0 in Q.

(3.4.2)

Thanks to the previous study in Lemma 3.3.2 we have the following estimates:
[o€ll2 + I @)l + Irf (Bl < C, Vi € [to, To] (34.3)
I1€&:()1* < Ce, Wt € [to, To] (3.4.4)

The result in the Lemma below describes the behavior of the linear error part.

Lemma 3.4.1. Assume that the assumptions (3.2.1) and (3.2.15) are valid. Then, there exists

a constant C depending on the given datum such that the following estimate holds true:

I€() 1% + €2 [P + (€@ + 9 (DII?) < Ce2, ¥t € [to, To). (3.4.5)

to
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Proof. In order to prove a convergence result for the velocity field in the L?(tg, To; L%())-

norm, we use a parabolic duality argument: Let (w, ¢) be a solution of:

ws+vAw —aw +Vg=£&(s) and divw =0 in Qp, s € [to,1]

(3.4.6)
w=0 on 00N and w(t)=0.
We can easily verify the following bound for the solution of (3.4.6):
t
[ e+ 1 vaPas < ¢ [ eolPas (3.47)
0

Taking the inner product of the first equation in (3.4.6) with &(s), since & is solution of (3.4.2)

and divw = 0, we obtain:

lEs)* = d%(w,E(S))—(w,fs(S))—’Y(VWVE(S))—a(waé(S)Jr(Vq, £(s))

_ dils(w, £(s)) + (Vi, w) — (g, dive(s))
- dii(w,g(s)we(q, Aps) — €(q, Ars)

- %W’f@)ﬂ(qv Arf) = i<w £(s)) — e(Vq, Vro).

Integrating from ¢ to t, since w(t) = 0 and &€(tp) = 0, using (3.4.7) we have for ¢ > 0:

t t
lE@)Pds < / IV () (s)]| ds
to to
t 62 t
< ¢ [ |Va(s)Pds+ & / 17 (s)]12 ds,
to € to
<

! 2 e [ 2
()P as + 5 [ 1vrs(o) P ds.
to € to
We conclude by choosing ¢ < % and using (3.4.3) that:
t
1€(s)||2ds < Ceé2. (3.4.8)

Our next goal is to show the error bound for the velocity field in the L>(tq, Tp; H*(2))-norm.
For this, we take the inner product of the first equation in the system (3.4.2) with &, we

obtain

el + L NvelR + & Llel? = (v, divy). (3.49)

At the same time, we differentiate the second equation in (3.4.2) with respect to time and test
with :

(¢7diV£t) = €(¢7Awtt)_€(wvAptt)

_ —e%(w, Vo) + e[ Ve |® + e(Veb, Vpre). (3.4.10)
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Substituting (3.4.10) in (3.4.9) and integrating the previous equation from ¢ to ¢, since ¥ (tg) =

0, we deduce :

/||£t||2d3+ IVE)? + ||§||2 Cell ()l lle(t ||1+C'€/ ()3 ds

e / (pa()? + [()P)ds.  (3.4.11)

to

Thanks to the estimates (3.2.2),(3.2.16) and (3.4.3), we conclude:

t
€% ds + min(y, a)ll€(®)[|T < Ce, Vi € [to, To]. (3.4.12)

to

We consider now the dual problem (3.4.6) with &€4(s) instead of &£(s) in the right hand side:

ws+7Aw —aw + Vg =E&(s) and divw =0 in Qp, s € [to,1] (3.4.13)
w=0 on 90 and w(t)=0. o
The solution (w, ¢) of the system (3.4.13) satisfies:
/t (IAw]? + ||Vl?)ds < C / [€.(s)]2ds. (3.414)
0

By taking the inner product of the first equation in (3.4.13) with &(s) and using (3.4.2), we
find

1d d
§£II€(S)II2 = dfs(&w) — €(Vg, Vrg).

Integrating the above equation from ty to t, thanks to the initial conditions for w and &,
estimates (3.4.3) and (3.4.14), we have

t t
JE@)]? < /2 / |Vq|ds + /2 / IVrE2ds < CE2, Vit € [to, To]
0 0

Finally, we prove the error bound for the pressure. For this, using equations (3.4.2), we have

o)) <C  sup (&(t), v) +7(VE(t), Vo) + a(€(t), v)
T vemi@) ol

Next, we have just to use the previous estimates to deduce the following bound:
I (1)l < Ce?, (3.4.15)

which completes the proof of this lemma.
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3.4.2 Error estimates for the nonlinear perturbed system

This subsection is devoted to the transfer of the results that have been derived above for the
linear case to the nonlinear case.
We use the notation n = v¢ —u® , ¢ = r€ — p°. Subtracting the perturbed system (0.0.14)

from the equations (3.4.1), we obtain :
e —YAD + an + Vo = B(u€, u¢) — B(u, u) + fluf|*uf — flul*u in Q, (3.4.16)
with Dirichlet boundary conditions on the function 17 and Neuman boundary conditions on ¢,

divn —eA¢; =0, in

34.17
n=0, =0 on Iy (3.417)

such that the initial data are given as :
n(to) =0 and ¢(ty) =0. (3.4.18)

In the following lemma, we illustrate the control of the error through the non-linearities.

Lemma 3.4.2. Assume that assumptions (3.2.1) and (3.2.15) are valid. Then, there exists a

constant C depending on the given data such that the following error bound holds true:
t
In(t)]2 ++ / IVn(s)12ds + e(IVn()|P + [Vo(@)[2) < O, VEe [to,Ty]  (3.4.19)
to

Proof. Taking the inner product of (3.4.16)-(3.4.17)-(3.4.18) with (53, ¢) leads to:

1d

1d ed
2dt

5 3 IVeI? = —alnll® + b(u®, & m) = b(€ +n, u,n)

+ B(|uf|%u — |u|%u,n), (3.4.20)

Inl* +~I[Val® +

where we have used the fact that e = & + n and

b(u, u,n) — b(u, u,n) = b(u, & n) — b(€ +n,u,n). (3.4.21)

Applying the Gagliardo Nirenberg, Young and Sobolev’s inequality, the non linear terms in
the right hand side of (3.4.21) can be bounded as

7 € ’y €
b(u, & m)l < lIVal* + Cllu|3lIE]* (3.4.22)
7 v
b(& +m, w,m)| < S IVnl* + Cllul3 (€] + [Inl®)- (3.4.23)
There remains to bound the last term in (3.4.20). On the one hand

B(uut — |ul"u,m) = B(luut — |00, n) + B(lo v — |u[*u,m)  (3.4.24)



3.4 Error analysis 85

Thanks to (3.1.1), we have
(Ju[*u = [v[%0,n) <O.
On the other hand, observe that:

Blv "o — |u|*u,n) = B([v|*v" — [u]"uS n) + B(lu’|*u’ — |u[u, e = §).

Using again (3.1.1), we have:

(luf]"u® = [u["u, e) <0;
Then, coming back to (3.4.24), we have:
Bl(luf|*u® = |u|%uw,n)| < B(Jo°[* 0 = Ju"u n)[ + B (|ul"u — [u["u, §)| := A1 + Aa.

Using (3.1.3) and Young inequality, we obtain:

A < C”VUHHWH<%||V77H2+CH77||2 (3.4.25)
Ay < CIVE+ )|l < CUVall + IVED £l
gl
< gIvnl® + CliEl’ + Clveligl (3.4.26)

Substituting (3.4.22),(3.4.23), (3.4.25) and (3.4.26) in (3.4.20), using (3.2.13) and (3.3.11) we
obtain: 4 J
*HUHQ +7IVal® + 6*HWﬁIIQ < ClE|l” + ClIVENIEN + Climl>.

Using Gronwall’s Lemma together with the bound (3.4.5) and the following estimate:

/ws JllE(s |ds<ce/ l€s)]| < Ce /|s ()2ds)* <O Ve [to. T

leads to .
In(t)|* + 7/ IVn(s)[[*ds + €| Vo (t)||> < Ce*, Vi € [to, Ty). (3.4.27)
to

To end the proof, we are going to verify the estimate ||Vn(t)|| < Ce, for any ¢ € [tg, Tp]. For
this purpose, we take the inner product of the equation (3.4.16) with —An and we obtain:

Vnl” + vl An|* + al| V> = (Vé, An) + (& +n, u, An) + b(u, & +n, An)
+ B(|uf|%u® — |u|u, —An). (3.4.28)

2dt|

Using the same arguments as in the begining of the proof, we have the following estimates

[(V¢, An)|| < HAnII2 +C|IVel?, (3.4.29)

b€ +m,u, An)| < ClE +nll]ullz]| Azl
g
< glAnlP + CllulR(IENT + lInll), (3.4.30)
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7., € g €
b(u, € +n,An)| < gHATlH2 + Cllul3(1EN17 + [Inll), (3.4.31)

Bl = ul"u, —=An) < C[[Vel|An]
g
< glanl®+ vl + [vall?). (3.4.32)

Gathering estimates (3.4.29)-(3.4.32), thanks to (3.2.2) and (3.3.11), we get

d
IVl + A Anl + 20 Val* < CIIVE* + CIVEI* + [[Vall*),

and by in virtue of Gronwall’s Lemma and (3.4.27), we get the desired estimate.

We are now in position to prove the basic result of this section.

Theorem 3.4.3. Assume that assumptions (3.2.1) and (3.2.15) are valid. Then, there exists

a constant C depending on the given data such that the following estimate holds true:
t
€ 1 € € €
t lu(s) —u(s)I* ds+e [[u(t) —u (@) +e(|u(t) —u(@)|[T+]p(t) —p (D)) < C. (3.4.33)
0

Proof. Since e = £ + m, it suffices to apply the triangle inequality and to use the estimates
(3.4.5) and (3.4.19). O

3.5 Error estimates for time-discretization

In this section, we check the error analysis for the time-discretized Darcy Brinkman Forch-

heimer problem.
n+1 n
g _ut

Firstly, we consider u" and u(t, 1) = $(u(tns1) + u(ty)). Let us define k
2

to be a time step where tpyl = (n+ 3)k.

Let us first consider the projection scheme of the original problem as follow :

u”*lk— u %A(am-l +um) + F(u”+12+ u”) N E(U"H;— u”7 u"+12+ u”) LY — f(tn—&-%)'
(@™ +u™)|p =0
(3.5.1)
Ch- ik VT ) =0,
divu"t =0, (3.5.2)
u" M nlp =0
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We define P to be the projection in L?*(2) onto the divergence free-subspace :
M = {v € I*(), dive € L*(Q), v - n|r = 0}.

We derive from (3.5.2) that u"*! = Pa""!. By summing up (3.5.1) at step n and (3.5.2) at

step n — 1. Moreover, by applying the divergence operator to (3.5.2), one can obtain:

% _ %A(ﬂnJrl + Pﬂn) —I—F(%)—F
~wtl e Pt @ty Pt 1 _
B(———5—, 5 )tV =Pt = Ft,1): (3.5.3)
@+ Pa")|r =0 (3.5.4)
aanrl _ apn

1
di ~n+1 *k‘A n+l . n —

The previous system gives a second-error time discretization to the perturbed problem :

Orut — yAuS + au + B(u, u) + Blu®u + Vp = f in Qr

. . (3.5.5)
divu® —eAp; =0 in Qp

The purpose behind approximate the perturbed problem by time-discretized system is that to
establish the second error estimate for the velocity when ¢ ~ %kQ.

We are able to approximate again the perturbed problem by the following scheme :

1 1
e L N S B S e S

2 5 5 +F(u”+%) +§(u”+%,u"+%)
TV = f(t,1), i Q

divu™ — SEA(P™T —p") =0, in Q.

ot _ oy
on  on’

ntl —q, on T (3.5.6)

Such that 0 define a constant that we search afterward. We assume having the initial
data (u® p°) of the approximate system reviewd above to be very close to the initial data
(w(to),p(to)) for the Brinkman Forchheimer system (1.3.58) :

lu® = u(to)| < CK?, V(6 = u(to)] + [IV(p” — p(to))I| < Ck. (3.5.7)

Moreover, the Lemma 3.7.1 holds if we assume some regularity conditions on the velocity and

the pressure which can be characterized by,

T
/ {HutttHEl + Jluwl? + ’ptt’} < M. (3.5.8)
0
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Let R™ be the truncation error and R™, R™? the velocity (resp. pressure) error in R™ such
that : R = R™ + R™. More precisely we denote by

g =MD =80 T N (u(10) 4 () + S u(tann) + u(t) (3.5.9)
4 Blia(t,, 1) ult,,1)).

n2 _ 7>
R —Vp(tn_’_%).

1
2

In the sequel, we will need to use the following algebric relation :

n n— n 1 n n—
(V(@"™h = a"™),Va") = S{[|Va"H|* = [Va" %}
) (3.5.10)
+5{IV(@" —a" D = [V (@™ = a")[*}

We need first to check the stability of the scheme given above, so we establish the following

lemma.

Lemma 3.5.1. If§ > i, then there exists a constant C' > 0 such that for 1 <m < % —1, we

have :
1 mt1y2 , vk - u N - n+1 ny2
(0 gl TS ) S (3.5.11)
46 4 — 4 —
5k - n+1 n||a+2 112 6 2
WZHH + [ < 2wl +—<||Vp 12+ 11V 12) + A1 (3.5.12)

Proof. By summing the second equation of (3.5.6) with :
divu™ — SkA(pP" —p" 1 =0, inQ
It gives :
div (™ + u™) — SkA(P" T —p" ) =0 (3.5.13)

We take now the inner product of the first equation in (3.5.6) with k(u"*! + u") and of
(3.5.13) with kp™, it follows

" ak
w2 — a2+ 22 IIV( w )P+ (e P+ o

+ 5k2 2V T = p" ), V") = k(u - u” f ()

n+1 + un||a+2

[K

By adding up the last result for n = 1 to m, we obtain :

m ’Yk n n n Bk - n nja
[u™ 1% + Zuv )2 + Znu P g D 4w (35.14)

= n=1 n=1

&vm+12 vpm 12 2 %V12 V02 %vm+1im2
+ =V + V™ [?) < Sl + 1A+ == UVe P+ 1VPRIT) + -1V ™)l

By using the second equation of (3.5.6), we have :

m m 1 m
ORIV = p™)I” < Sl
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Moreover, we consider

S k2

5 IVE™ =™l < llw™ 1 +

k m
— V@™ + ™)

1 5k

e = Ve P+ Ve )

By using the last result and the relation (3.5.14), we reach the desired estimate.

The Theorem below provide the fundamental result of this section.

Theorem 3.5.2. Let u be a solution of problem (3.5.6) and u™ solution of the system (3.0.1)-
(3.0.2). We assume that the initial data (u°,p®) satisfies the estimate condition (3.5.7) more-
over u’ € HX(Q)NV and £, f.,f,; € C([0,T],L?(RY)), then there exist C > 0 satisfies :

For all 1<m<M:%, we have

(3.5.15)
ke omy lutn) — w|? + K[V (ultn) — u™)|1* + k|| (p(tn) — ™) < CE*.

Now we will provide the following auxiliary lemmas which help us to establish the proof of
the Theorem 3.5.2.

Lemma 3.5.3. Under the same assumptions of the Theorem 8.5.2 and the initial conditions
(3.5.7), we have :

Va2 + AT 4+ u)|)? + |V T <0, YO<n<N-—1. (3.5.16)

Proof. Let us define 0" = u(t,) — u™, X" = p(t,) — p".
First by subtracting the discrete time Darcy Brinkman Forchheimer equations (3.5.6) from
the original problem (1.3.58), we have :
6n+1 L
— %A(G”“ +0") + g(H"Jrl +6™) 4+ VX" = R" 4+ Q". (3.5.17)
dive™™ — SEA(X"T — X)) = —5kA(p(tns1) — p(tn)).

such that :
R" — u(tny1) — u(ty)

k
(t,y1)s ult,
+1
2

n+2 u

— 2A(ulta) + ulta)) + 3
1)+ Flult,, 1) + Va(tn).

)= Blulty 1), ult,y 1)) + F(u"2) = Flu(t, 1)
=—B<u”+§,e"+§> BO™ 3, ut, 1)) + F(u""2) = Flu(t, ).

S (ultnsr) — ultn)

N |

B(u
B(u

Taking the inner product of the system (3.5.17) respectively with k(6! 4 60") and kx", then

summing the result :
O™ = 0711 + S 1V (0™ 4 0™+ 107 4+ 07 + kA (VT = X", VX7

= (R" + Q" 2k6""2) + 6k (V(p(tns1) — plta—1)), VX
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We treat the terms at right hand side as follows :
[k(R", 0™+ 3)| < CK||Ra? + %Hve’”% 12
(@, 2k0™5)| < [B(2K0™ 3, ult, 1), 2667 3)]
+I(F(ult, 1)) - F(u"3), 2607 3)].
< CR6™ 2 1 lult, y )ll2672]
+ Ck|[Vomtz||||omT2 .
< TIVOrHP + CRlen P
IVg"[|” + CKIV (p(tn+1) = (ta-1))I?
+ CK? || Vpe(t,, 1))

We collect the estimates above to our relation, we summing the result from n = 1 to m,
using the equation (3.5.10) and thanks to the initial conditions (3.5.7), the relation (3.2.2),
the results (3.7.1), (3.7.32) given in Lemma 3.7.1 and Lemma 3.7.2, we obtain :

|(kNVEV (p(tny1) = p(tn-1)), VEVX™) < &
<K

1
2

6742 + IV + M) + L6 + 072 4+ (I + VX
. m - n nt L
< OR + 2 [V O = X)) + CR YRV + 10743 ]). (35.18)

n=1
Before applying the Gronwall lemma we need to estimate : ||V (x™" — x™)||?
So taking the inner product of the second equation in the system (3.5.17) with x"*! — x" |

using the convexity, then we reach the following result :
K[V ™ = xXM)IIP = (0, VT = ™)+
5k (V (p(tms1) = pltm) , VO = X™)).

ok, . - N
< IO = XM+ 10+ (3.5.19)

L
40k
5k m+1 m\ |2 2
T IVOTT =X+ SRV (p(tmer) = p(tn)) ™

Because of V(p(tm+1) —p(tm)) = kVpe(sm) and by multiplying the last result with k, one can
obtain

Sk? 1
THV(XWH —xX™)|? <4T$”9m+1”2 + 5K Vpe(sm) |- (3.5.20)

Now, in order to estimate the derivate of the pressure with respect to time, we need first
to estimate the second derivate of the velocity function, so we derivate the first equation of
Darcy Brinkman Forchheimer system with respect to time then we take the inner product of
the result with Awuy.

YA + al|Vuel|* + Blalul®Huelu + [u*uy, Aug) + (4. Vu + Vg, Auy)
+(th, A‘U,t) = (ft, A’U,t)
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Then, using Agmon’s inequality, we obtain directly that

A Auel? <al| Vel + Ol el s el wllg | Aael] + (asell gy Il gy + llocl Vel A
T 1fllAu
.
< all Vg + 2 A2+ Cllul 2oyl wl135 + ClasllZ 1l 20

+ O([[ul %V * + C. (3.5.21)
Hence, due to Lemma 3.2.1 and Lemma 3.2.2, we conclude that
YAw? < C. (3.5.22)

Based on the first equation in Brinkman Forchheimer problem in (1.3.58) and by taking the

derivate with respect to time, we have
Vpi(t) = fy + vAuy — auy — Blu|*u; — af|ul* Huu — u,Vu — Vuu.
Consequently, we obtain,

IVPell <IFell + Al Awe] + allwell + Bllwl*luell + aBllwl s @) lluell L2 1l s @)+
+ (V][]

According again to Lemma 3.2.1, Lemma 3.2.2 and the result (3.5.22), we conclude that
Vel < C. (3.5.23)

Now, we return to the equation (3.5.18), using the relations (3.5.19), (3.5.20) and (3.5.23),

one can obtain,

ok?

(L= IO 2 SF T @+ 0 + 0™ 4+ 077 + == (19 4+ VX %)

< OR? ++Ck Y (RVX"? + 1672 ). (3.5.24)
n=1
Due to Gronwall Lemma, we have
07748 VO™ +0m)P + K07+ 677 + BV TP < CR, Vi<m < M -1,

n=1

(3.5.25)

Using the above inequality and relation (3.2.2), we obtain :

|V (u™ +u™) >+ | Vp"? < CE}, Vi<m<M-—1, (3.5.26)
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Taking the inner product of the first equation in the discrete system (3.5.6) with
—2kA(u™t! + u™), so we obtain :

2V P = 2 V|2 + k| A"+ )P+ ak]| V(" 4w
1

= 2h(F (it 1)) + F )~ Fult, ) A+ ut) + 2w 200+ h)
+ 2k(Vp", A(u"Jrl + u"))
k
< ORIV (ulty ) — w57 + P A@ 4 w2+ OKIF (utyy )
vk n n n vk n n
+ §||A(u w4+ CK|IVP™ P + @llﬁ(u g uw™)?

fyk‘l n n n 1
+ g A u) P+ Chllun 2 |
Hence we can deduce that :
k
20Vu P = 2 Va4 A 4w+ ak|[V (! 4 )]
< Ok VO™ 2| + Ck|[F(u(t, 1) + CE|Vp"|]* + Cllu™ 2§

Summing up the above from n = 1 to m, using the results above (3.5.25) and (3.5.26) we

obtain :

m m
Ium 2+ ey D AW+ w2+ ak Y - wm)? < C

n=1 n=1

Which finish the proof of this Lemma.

O
Lemma 3.5.4. Under the assumptions of the previous lemma, we have :
1"+ — ™[] + K[V (" = pM)|| < CK.
Proof. First we define :
e — 9" — en—l w" = u" — un—l P = Xn _ Xn—l
Bl =R'— R, El=Q"—Q", Bl = (p(tnr1) — p(tn)) = (pltn—1) — pltn—2))-
We infer from (3.5.17) that :
n+l _ n
% — %A(E"+1 +e") + %(s”“ +e")+ V' = E) + E} (3.5.27)

div(e™™! + ") — SkA(r" T — ") = SEAE]
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Taking the first equation in (3.5.27) with 2%ke™ s = k(e™*! 4+ €") and the second one with

kr™ then we summing the result :
€12 = €™ + 2vk||Ve™ 2 ||2 + 2ak|[e™ 2 ||% + 6k3(V (" — 1), Vi) =
2k(EP + EI',e"2) + 6k (VEL, Vi)

k
< G IV + CRIBLIE + KBS + CR V2 + 25| (5, €74

We rewrite the last term in the right hand as follow :

n+%)

N

El'=Q"— Q"' = —B(w"*2,0"3) - B(u""2,¢

= B(e"™ 2, ut,, 1)) — BO" %, ut,,1) — ult, 1))
+ F(u"2) = Fu(t,, 1)) - F(u"™2) + F(u(t, 1)).

Hence we can observe :

(Eg;sn+%)::—Emun+%,9n+%7€n+%)—ikgn+%7uaﬁ+%%€n+%)
_N n—3 _ n+l n+i _ n+l
b(0" 2, ult, 1) —u(t,_1),e""2) + (F(u"">) = F(u(t, 1)),e""2)
+ (F(ut, 1)) = F(u""2),e""2).

Now we can treat the previous term as follow :

1 1

nTs nr—s5 f}/k n 1 n 1
FI(F(u™"2) = F(u(t, 1)), €™ 2)| < [ Ve 2| + CR|VO™ 2 |
k
) = F(u'"2),e" )] < [ Ve 3 + CR| V6™ 2 1,
~ k
Klp(w™ 2,672, &7 2)| < [ Ve + CRY V"2 |2 4 Chlle™ 3,
1

~ k
FB(E" 2 ultyy), €7 2) < T IVET P+ CRllem 31,
2

k
D), 2)| < X2 verta |2 4 ok v e .

n—3

k|b(o™ 2, u(t, 1) = ult
Using the property (3.5.10), we obtain :

n n— n 5k2 n n—
SRV (=), V) = SV — 9

+VE" =TI = Ve =T

Now we summing the equation from n = 2 to m, thanks to the results above we can conclude
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that :

2 4k S Ve 2 4 ak S et 2 4 O
2

n=2 n=0

(V™2 + 1V )2)

ok? m m
<[ + == (Ve P + Vet 1P + IV e = rm)))

+FOR Y (€™ 22 + | Vo3| + |3 |?)

n=2

+Ck Y _{IIE} 21 +IVES P} + Ck* Y [V,

n=1 n=2

Now using the estimates (3.7.1) and (3.7.32), we can deduce that :

€™+ 2 ST IVt +ak S e E P 4 %
n=2 n=0

o8
2

(V™2 + 1™ )2)

IV = ™)[2 + Ck Y (eI + &2V ?).

n=2

< OK* +

It remains to estimate : ||V (r™+! —™m)||2,

1+37
IVt =M < ﬁl!e””‘“ll2 + k|| Vi |®

1—2
+ =5 ORIV V).
Using the above relation and the relations (3.2.16) and (3.7.32), we reach :

k>

k m m
Sl R+ Y IV P ak Y e + I (Ve 2 4 V)
n=2 n=0

2(v+1)

< Ck?4 +Ck Z(H€n+1H2 + k2HV’I“n||2).

n=1

Applying the Gronwall lemma we conclude :

le™ Y2+ Ck ST Ve 3|2 + ak S e 3|2 + K2(| V2 + Ve ?) < Ok

n=2 n=0

Which finishes the proof of Lemma.

O

In the next subsection we will analyze the second order error within the original problem

(1.3.58) and the linearly Darcy Brinkman Forchheimer.
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3.5.1 Error estimate for the linear Brinkman Forchheimer problem

Let us consider (w(tp+1),p(tn+1)) to be the solution of the Brinkman Forchheimer equations
(1.3.58) at the instant t,,11 :

Ueltns1) = YAU(Ens1) + (1) + F(w(tin)) + Blu(turs), w(tr))+
Vp(tn_H) = f(tn+1). (3.5.28)
div u(tp+1) = 0.

We set (v™,r™) the solution of the linear Brinkman Forchheimer with v° = u® and 7* = p°.

vn+1 — "
k
div o™ — SEA(r"tt — ") =0, in Q.

orntl  gpn

Y n n a, n n n ~ D~ ~
—§A(v +1—|—v )—F*(v +1—|—v )+VT :—F(u(thrl))—B(u(thr%),u(thr%)).

2

\)

n+l _ -
v =0, an_ " om on I
(3.5.29)
We summing the second equation in relation (3.5.29) with
div o™ — SEA(r™ —r"1) =0, inQ,
which follows,
div (v" 4 0™) — SEA( T — 1) = 0. (3.5.30)

Defining £" = u(t,) — v™ and ¢"™ = p(t,) — r".
In particular, the auxiliary linear system satisfies the Lemma 3.5.4 and Lemma 3.5.3, so we

have,

m+1 _ ¢m
ISR R e T < OR Y1 <m < M -1 (3531)

Vo™ 12 + k| A(e™ T + o™ |Z+ |lr™ T2 <O, VI<m < M —1. (3.5.32)

Now subtracting respectively the first equation in the linear Brinkman Forchheimer (3.5.29)
and the equation (3.5.30) from the original problem (1.3.58), hence we obtain :
n+l _ ¢n
8 T e+ LT e VS R (3539
div(g"H +&") + kA" — ") = 0.

Where R" is the truncation error introduced in (3.5.9) :

R = M) 28] DA )+ ) + S (wltnsn) + ultn)) + Tt

+ B(ﬂ(tn+%)? ﬁ(tn—i-%)) + F(ﬂ(tm_%))

[\
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Lemma 3.5.5. We assume the same assumptions as in the Theorem 3.5.2, then we have :
m
> llu(tn) — v"|IP < CE?, VI<m< M.
n=1

Proof. We want to prove that Y., ||€"||* < Ck3. For this purpose, we can write :

267 = (gntl — gn) 4 (g7t 4 €7). Using the convexity’s inequality :

2k € TP < kY €M — €M P+ kY 1€M + €77 (3.5.34)
n=1

n=1 n=1

Thanks to the estimate (3.5.31), it remains to estimate : > v |71 + &2
Here we need to use the following duality problem with the initial condition w™¥*! = 0 where
1I<NSM-1.:

n+l1 _ ,.n
w - w +%A(wn+1+wn)_%(wn+1’wn)+vqn:£n+1+£n'
divew™ =0,  inQ. (3.5.35)
w" =0, on I

Taking the inner product of the first equation in the dual system (3.5.35) with £&"*! 4 £€", we

summing the result equation from 1 to N :

N
D llEmt e = %Kw”“f"“) — (w', £} (3.5.36)
n=1
N N
+ Z(wnJrl + ,wn’ (Rnl + RnZ)) — 5k Z(vqn’v(rnJrl _ rnfl))
n=1 n=1

Since (w™ + w™, R™) = 0 and w™N*! = 0, using the estimates (3.7.1),(3.7.32) and (3.5.31),

we obtain :
N N N
EY 1€ + P < pllw'|> + CE D lw™™ + w4+ pk? Y Vg™ |® + Ck*.
n=1 n=1 n=1

Such that p is a sufficiently small. For second time, taking the inner product of the same dual
problem (3.5.35) with V¢", since divw™ =0 in Q :

N N
EY IV < ChY_IIg™ + &%
n=1 n=1

Now we will move to estimate [|w![|? and 32 [w™! + w™|2.
For this purpose taking the inner product of the dual problem (3.5.35) with A(w"*! 4+ w™)

we reach :

(1w |[* = [[Vw™ %) + A"+ w™)|* + [ V(@™ + w™)]* < ;HE e
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Since the initial condition vanishes ( w™¥*! =0 ) then ||[w™*!|; = 0, hence for n = N we can

rewrite the last inequality as below :
k a k
w2+ S Aw Y2 T < 26N + €
IVw™|* < Chlg" + €7

Now for n = N — 1 we have :

N
a _ _
SV @™ + w2+ VeV T <R Y e+
n=N-1
So using the same reasoning (successively on n) and thanks to Poincare’s inequality we can
deduce that :

N N
DIV ™+ wh) P+ w! | < Ck Y |IENT + €Y
n=1 n=1

Which completes the proof of Lemma 3.5.5.
O

Lemma 3.5.6. Under the same hypotheses of the Theorem 3.5.2, we obtain the following
estimate :
lu(tn) = o"|1F + llp(ta) — "> < CK*, ¥ 0<n <M.

Proof. Firstly we check the estimate for the velocity’s first derivate.

For this purpose, taking the inner product of the first equation in (3.5.33) with &1 — ¢" :

1
e — €2+ S(Ive T — [VEMP) + 16 — [1€7%) = (67 div(€™! — €M)

+ (Rn’EnJrl o Sn)
(3.5.37)

We summing up the above equation from n = 1 to m, using the estimates (3.7.1),(3.7.32) and

the assumption concerning the initial condition on the velocity (3.5.7), we obtain :

1 S n n m a m % noq: n n
S IE = €7+ TIVETR 4+ e < OF + Y (67, div(€m — 7). (3.5.38)
n=1

n=1

By the definition of the linear Darcy Brinkman Forchheimer system (3.5.29), we can reach :
div(€"T! — ") = —SkA( T — 27" 4 7L,
Then we can observe :

(6", div(g"™ —€")) = 0k(V", V(r" T — o)) = 6k(Ve "L, V(" —r"71))
— 0k(Vo" — Vo™ L V(" — "),
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We summing up the above equation from n = 1 to m, then we collect the result to the
inequality (3.5.38), using the estimate (3.5.31) :

1 — a
% > llgmtt — e + %IIVSWHH2 + 5H€’”+1II2 < CK + E{|[Vo™ > +IVe°[*}. (3.5.39)
n=1

Then we need to control the first derivate for the pressure term.

Using the initial assumption for the pressure (3.5.7), the estimate (3.5.31) and because of :

m

Vo™ =D V(o™ —¢" ) + V°||* < ZHV — " P +(IVe°|?
n=1

We conclude that :
IVe™|* < CK.

Now, we return to the relation (3.5.39), we deduce directly that :
IVemH* < Ck?.

Which completes the velocity part in the proof of lemma 3.5.6.

Next we move to prove the estimate for the pressure ||¢"] :
Using Poincaré’s inequality :

lo"l < sup VOhY)
L S e

Thanks to the equation (3.5.33), we obtain :
gntl _gn
k
Thanks to the estimate (3.7.1), (3.5.31) and results above , we conclude that :

VO l[a-1() < NB™ -1+ [F——— -1 + SIIV(€ e M+ 5 11€ e
[¢"[| < Ck.
O

The next paragraph will be concerned with the error estimate for the nonlinear problem. For

this purpose let notice n™ = v™ — 4™ and ¥" = r" — p".

3.5.2 Error estimate for the nonlinear Darcy Brinkman Forchheimer equa-
tions

Lemma 3.5.7. Under the same assumptions of the Theorem 8.5.2 :

™1 + k| V (™ 4+ 0™ + B2 V| < Ck*
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Proof. We begin by subtracting the equation (3.5.6) from the linear discrete equation (3.5.29),
we obtain :

n+1 n

_ a n n n

Such that :

~ ~ 1

Q" = Blult, ) ulty, 1)+ Fu (n+%))—=B(u"+%,un+%)—aF(u"+§)

: 1 1 1 1 :
Since €"t2 = wu(t, 1) — u"t2 =" + "2, we can rewrite the error as follow :
2

Q"= B(u" 2, €5 ™) 4 BE™ 40" 2 ult, 1))+ F(ut,, 1)) - F(u"2) (3.541)

We infer from the last equation in the discrete Darcy Brinkman Forchheimer (3.5.6) and the
equation (3.5.30) that,

div(n" ™ 4+ n") — kA" — ") = 0. (3.5.42)
: . . . : n" "
Taking the inner product of equation (3.5.40) and (3.5.42) with respectively k‘# and
k™, summing the result from n =1 to m, we get :
m n+1 n
O s/ S T n
@ T L et i) 4+ 2 S
n=1 n=1
_'_%i” n+1+ n||2
1 1 n n
5k2 - n n+1 n—1
+221<vw VT — ).

We can observe :

1 - n+1 n—1 n 1 mi|2 m—+12 1 0

5 DVt =), vy =2 (V™2 + [Ty 2 - 2(Vyt, vy)

n=1
— IV = ™)),
Furthermore, we have that,
k i L NN o U S SPRTE SIS S n+3
- Z(@ T - _1{ )+ (Pt 1)), ) }
_ [ n+i n+3 n+i _ n+i ntl
BBt 0),m ) - (F(umtE), ) |

n=1

Using young’s inequality, it infers :

Y k
Rb(w" 2, €75 " 2) < VA E |+ CH|E
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Using convexity and young’s inequality :

~ k
RB(E™ 2 43t 1) 2) < [V P 4 CR (117432 + 731,
~ 1 1 ~ 1 1
B(F(a(t, 0 — w™5)), 0" 8) S RIV(@(, 1) = w5 [ln" )
IV €2+ 2) "2

kry 1 1 3k 1
< Bwierts e - e

N

N

ky 1 ey 1 1
< G v a P+ IVE 3| o+ [l

Because we considering the initial condition as : 1 = 0, thanks to the relation (3.7.32) and

previous lemma we have :
- 1 - 1 ok?
™1+ by DIV 2 2k Y [l 2P+ (1Y P+ [V
n=1 n=1

ok?
f||V<w’"+1 — ™) + Ck>.

Subtracting the last equation of the linear Brinkman Forchheimer system (3.5.29) from the
last one of the discrete Brinkman Forchheimer then taking the inner product of the result
with (™*! — ™) hence we reach :

K|V (™ —y™)|? < H U

We consider § =~ + %, so we can see that :

Sk2 +3

v =2 = ok (A E) vt et e () [T g

Thanks to convexity’s inequality :

V@ =P < () 2 4ok (1) (Ve )
Then :
7y +112 - +12 - +1 2
—|In™ k vn" 2ak "
sl I+ ;H n"2|* + 24 ;Hn 2|
5k? 1+7 " " "
L) w2 + Vo) < RS R + O,

n=1

By applying Lemma of Gronwall, we get the result.
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Proof of Theorem 3.5.6

In order to establish the Theorem 3.5.2, we need to combine the results given in Lemma 3.5.5,

Lemma 3.5.6 and Lemma 3.5.7. Moreover, it remains to check the estimate
V0> < Ck?, YO<n<M. (3.5.43)
For this purpose, we take the inner product of the equation (3.5.40) with (n"*t! —n"),

1 ¥ a
" - 77"H2+5(HV?7”+1||2 — V0" |*) + 5(\\?7”“!!2 = [ln"1*) =

k
— (V" + Q" 0" — ™). (3.5.44)
1 n n k n n n n
< gl P 5V 1> =@, "t = ™). (3.5.45)

Based on the relation (3.5.41), we have

(Qn7 ,r]nJrl - 77”) :g(un+%7£n+% + nn+%7nn+1 - 77”)
-~ 1 1
+O(E 2 A"t ) T ")

+ (F(u(t,, 1) = Fu™ ), q™ 1 —nn). (3.5.46)

Because of the result given in (3.1.8), we obtain

1 1 1 1
Q0" =" <O(|yu”+z I31€™T2 )1 + [|€7 T2 +n"tz H1Hu(tn+%)H§) (3.5.47)
1 1
+VET + 0" 2) |0 =7 (3.5.48)
1 1 1
gl =P+ Ch(ll€" 2 + i1} (3.5.49)

By summing up the last result on n from n = 1 to m and according to Lemma 3.5.5, Lemma
3.5.6 and Lemma 3.5.7, we derive the relation (3.5.43).
Finally, we will move to the last section, where we will illustrate some numerical results

concerning the unsteady Darcy Brinkman Forchheimer problem.

3.6 Numerical results

In this section, we present a numerical experiments related to the approximated (DBF) equa-
tions (0.0.14)-(0.0.15) which is in a good agreement with the theoretical results in the previous

part of this chapter.

For this purpose, we focus on the spatial discretization which allow us to carry out the finite
element approximation of (DBF) equations. We consider a regular triangulation 7p of the

domain 2, depending on a positive parameter h > 0, made up of triangles 7,. Let V} and
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Q) represent the finite element spaces which approximate the velocity and pressure fields,

respectively.

Let V}, consist of CY piecewise polynomial functions P™, (m = 2 in the present simulations)
over the triangulation 7, and we define Vi, = (V3)? such that V,, € Hg () and for some
m > 2,

inf {|lv = onll+2l[V(v = wn)l[} < CR™[v]lm, Vv € Hy(Q)NH™(Q), (3.6.1)
v h

Let @y consist of C° piecewise polynomial functions P*, (k = 1 in the present simulations)
over the triangulation 7y, such that Q, C H(Q) N LZ(Q) and for some k > 1,

Jof g —aull + RlIV(g —an)l]} < Ch*|lallk, ¥ q € L5 () N H*(Q), (3.6.2)

We give the variational formulation for the approximated system (3.5.6):
Find (ui“,pi“) € V1, x @y, such that for all v), € Vi

<uk+1,h

— 2 V) + %(Vukﬂ’h, Vo) + g(uk+1’h, vp)

—I—<uk+1’h.Vuk+1’h, Uh> + b<|uk,h|o¢uk+1,h’ 'Uh>

—<pk’h, divuy) + <divuk+1’h, qn)+

kb
Sk(VPIR Vg = <“k’”h>

a
—Q(uk’h, vp) + 51{:(Vpk’h7 Van),Yqn € Qp

We implement the above scheme in FreeFem++ which is used to solve partial differential

- %Wu’f’h,vm

equations using the finite element method. The problem for which we present results involves
the lid-driven cavity flow (a widely-used benchmark case for testing Navier-Stokes flow).
Fluid past through a square domain is considered with three stationary sides except the top
one moving, what making the fluid in rotation’s situation.

We impose having the vanish velocity : u = 0,v = 0 at all the boundaries except at the
boundary y = 1 where we impose u = 1.

We run a large number of time steps to ensure that we reach the steady state solution. In all
example, we set € = 0.000001, a = 1, « = 0.1, v = 1/Reynolds, Reynolds = 100 and 5 = 0

(for comparaison with Ghia’s data) or § = 1 (including Forchheimer’s term).

We are interested to display the behavior of the velocity at the center of driven cavity’s domain,
the results obtained will be compared with Ghia’s data [32] (when Reynolds number equal to
100), it is found that the results are in good agreement with Ghia’s data, which validate the
correctness of our numerical code.

Figure (1) illustrate the behavior of the laminar incompressible fluids into the cavity and the

figures (2a) and (2b) below, the velocity’s profils at the cavity’s core.
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Figure 2: The velocity behavior in the center of domain including Forchheimer’s term.

3.6.1

Conclusions

The modeling of the fluid flow in porous media system has been performed using open source

software FreeFem-++. The results have been compared with Ghia’s data. They show a very

good agreement.
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3.7 Appendix

Lemma 3.7.1. Under the same assumptions as in the Theorem 3.5.2, we have

T
|

T
B IR, < oK / (eI 1 + lee(3)]12 + lpee(s) 2l < MK, (3.7.1)
n=0 0
M—1 T
ESC BRI < ok / ()2 ds. (3.7.2)
n=2 0
n 3
1R < Ok (o [ (0] + o [ (0)] + gmace e (6)]1). (3.73)

Proof. Let us begin by rewriting the first equation in Darcy Brinkman Forchheimer system at

timet:thr% :

ut(tn+%) — 'yAu(thr%) + au(tn+%) + F(u(tn+%)) + B(u(tn+%), u(tn+%)) (3.7.4)
+VP(tn+%) = f(thr%)

We define the truncation error as follow :

u(tn—l-l)k_ u(tn) _ fyA(U(tn+%)) + aﬂ(thr%) + E(ﬂ(thr%)v ﬂ(thrl))

2

+Vp(t, 1) + Fu(t, 1)) = f(ult, 1))

R" =

Which can written as :

o {u(tn+1)k— u(t,) ut(tn_,_%)} B V{Aﬂ<tn+%) 3 Au(%%)}

tafilt, 1) = wltyy ) b+ { @l 1) V), 0) = (ult,g0)-V)ult,, 1)}
(@t 1) — Fult, ) + (V3,0 1) = Volt, )
In order to estimate the truncation error ||R"||, we will dived it into many terms A}, A3, A7,

AL, AT

EES

A}, treating one by one as follow :

u(tni1) — u(ty)

ATl = k: —ut(thr%).
Thanks to the integral formula of series’s Taylor for u(t,+1) and u(t,), we infer that :
1/ [t ) tar} )
- E( / (bt — 8)2us(s)  ds — / (5 — tn) 2w (5) ds). (3.7.5)
t t’n.

n+%

Using Schwarz and convexity’s inequality to the above result, we reach :

n||2 2 [t+d 4 tut} 2
[AT[IZ; < w2, (s —tn)"ds t | wtet(s)[|Z 1 ds
2 tn+1 tn+1
+ ]{:2/ (tn+1 — S)4d8/ Huttt(s)Hz,lds
t 1 1

ntgy t”+§

tn+1
< Ckg/t Huttt(s)H%lds.
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Consequently, we deduce that :
A

K T
By A2, < cz#/o wsze ()2 1. (3.7.6)
=0

3

Next we introduce a new variables £y}, E,’ which help us to handle the rest of terms, we define
E3, E} as follow :

2

Again, we proceed as before in the estimate of ||A}| :

= /t:"*%(s ) (s)ds + /t " s — ) (s)ds). (3.7.7)

1 "
| toil tnt1
E} = 4(/ 2 p"(s)ds +/ (tn+1 — s)p"(s)ds). (3.7.8)
tn tn+%
We conclude that :
. tnt1 tn+1
IEGI? < Ck‘}/t lu(s)[Pds, — |EpI* < C’fg/t " (s)|%ds. (3.7.9)
(3.7.10)
We move to the term A7, Let denote : A} = a(ﬂ(thr%) - 'u,(tm_%))
Using the estimate above of || E}}|| we can conclude directly that :
tn+1
Az < on [ )P s
tﬂ/
Now, in order to handle A%,, we can observe that :
A2, = Bt )it ) — Blult, )| ult,, )
= BF(u(t, 1)) = BF(u(t, 1))
We have :
[ALN = BIE(u(t, 1)) = Fu(t, 1))l
< BIVEL. (3.711)
Thanks to the residual integral of Taylor series for £}
1 tn+% tnt1
VE] = 4(/ (s — tn)Vu'"(s)ds + / (tnt1 — S)Vu"(s)ds). (3.7.12)
tn t

n+%
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We obtain :
tn+1
IVE"|? < cz&/ V0" ()2 ds. (3.7.13)
tn
and conclude that :
tn+1
JALIP < [VE|? < Ck3/ V()| ds. (3.7.14)
tn

Let define A3, A} to be :

Ay =Ault, 1) - Au(tn_i_%), Ay = vﬁ(tn—i-%) - VP(tn-i-%)'

1
2

According to the established estimates of ||E}|| and || £} ||:

£-1 £-1 T
B A5%, < Gk S BRI < Ok /0 " ()| *ds.
n=0 n=0
T _ T _
iy iy (VE], w)

weni(@) |w|]?
1

T
<CE S BN < cz#/o 10" (5)2ds.
n=0

kY A2, < Ck mazx
n=0

It remains to estimate A% defined by:
Ay = (EZ.V)ﬂ(t,H%) + (u(thr%).V)Eﬁ. (3.7.15)

Thanks to (3.1.9) with [[&(t,, 1) < M,and ||u(t, 1)|| < M', we observe:
2 2

(A5, w) = (R, Tt 1), 0) + b0, 1), L w)
< OB wllf(tyy )]l + CIEZ ol et 1)1
< O\ 2wl

It follows:

T T
| I

. » ,
EY (145112, < Ck maz M
n=0 =0 weHL(Q) ”wH
Ly
k

<Ck > |IER? < CK.
n=0
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which gives the result (3.7.1).

Now, let us recall that

Ep = (p(tnt1) = p(tn)) — (p(tn—1) — p(tn—2))- (3.7.16)

By applying Taylor’s formula for the second order of the function p, taking into account that

tht1 —tn = th—1 — th—o = k, it gives

pltnsn) — pltn) = kpa(tn) + /t () (s — 5 ds. (3.7.17)
p(tn_g) —p(tn_l) = —kpt(tn_l) -+ /t " ptt(s) (tn—l — S) ds. (3.7.18)

Based on the previous results (3.7.16), (3.7.17) and (3.7.18), one can observe that

E" = k(pi(tn) — pr(tnr)) + /t " () (tgs — 5) ds + / " () (tns — 5) ds.

tn—2
tn o1 tn—1
By = k/ pu(s)ds + / Pit(8)(tns1 — s)ds + / pit(s)(tn—1 — s) ds.
tn—1 tn tn—2
Due to Cauchy Schwarz’s Theorem and by taking the square of the result, we reach on the
one hand

tn tn tn
(k?/ pu(s)ds)® < k‘2/ ||tht(s)||2ds/ 1ds.

tn—1 tn—1 tn—1
tn
<k [ IVpal)ds. (3.7.19)

tn—1

On the other hand, if t, o < s <t,_1 or t, < s < t,41, then we obtain (¢,_1 — s)? € [0, k?]
and (t,41 — 5)% € [0, k%]. So we have

tn—1 k3
/t (th_1 —s)*ds < 3 (3.7.20)
n—2
tn kj3
/t (tni1 — 8)*ds < 7 (3.7.21)
n+1

By applying again Cauchy Schwarz’s inequality and taking the square of the result, using the
previous relations (3.7.20) and (3.7.21), it follows:

tnt1 tn—1
/ pit(8)(tnt1 — ) ds + / Pit(8)(tn—1 — ) ds <
tn

tn—2
tn tnt1
[ 1) [ - o7 as
tn+1 tn
tn—1 tn—1
+/ HthtHst/ (tn_1 — 8)*ds. (3.7.22)
tn—2 tn—2

1 3 tn+1 tn—1 5
<R [P ds (3.7.23)
tn t'n72
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By summing the results (3.7.19), (3.7.23) and multiplying with k, the result (3.7.2) can be
established.

Now, we return to prove the truncation error (3.7.3). So based on the relation (3.7.5) and

using Cauchy-Schwarz and the convexity’s inequality to the result (3.7.5), we get:
g g
2 tn+l tn«l»l
ApiE < 5 [ e tds [ (o) ds
tn tn

2 tn+1 A tn+1 5
b [ = 9tds [ fu(s) P ds
1 t.1

t"+§ nt3

2
< Ok’ maz un(t)]|*.

Hence we can deduce :
AT < Ck'zomtgx Jun (). (3.7.24)

\\

Next due to the relation (3.7.7) and (3.7.8), we conclude that :

n n|2 < 7
B2 < Ch2 maz Jui(@)l, |E; < Ok mag ipu(t)|. (3.7.25)

According to the estimate ||E][|, it follows that A7 can be handled as,
n
7.2
I47) < Ok mag (0] (3.7.20

Moreover, due to the relations (3.7.11), (3.7.12), (3.7.13) and (3.7.14), we deduce that

| AL | < Ck? [nag HVut( ) (3.7.27)

Based on Taylor’s formula for AE;;, one can obtain

1 tn+% bni1
AE" = = (/ (s —tn)Au"(s)ds + / (tny1 — s)Au"(s) ds).
tn

4 ey
Using Cauchy-Schwarz’s inequality, we have
IAE?|| < Ck2 max | Aw(t)]).
0<t<T
Consequently, we deduce that

1AZ]] < Ck:2maxHAut( ). (3.7.28)

By using the definition A% given in relation (3.7.15), we have,
1431l < 1B IIValt, Ol + llu,  DIIVe @]
< Ck2 maz ||ue(t)|| + Ck2 maz |V (1))
0<t<T 0<t<T

3
< 2 . .
< C’k?&t&agﬂ”ut(mh (3.7.29)

bx
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Because of A} = VE) = V(ﬁ(tmr%) - p(tn_%)) and using again Taylor’s formula, it follows:
1 tn-‘,—% tn+1
VE, = 4(/ (tn+% — 5)Vp"(s)ds —|—/ (tnt1 — s)Vp”(s)ds). (3.7.30)
tn tn+%
We conclude that :

3
n < 5
|43 < CK gmaz [Vpi(0)]| (37.31)

Consequently, the relation (3.7.3) can be established by summing the results (3.7.31), (3.7.29),
(3.7.28), (3.7.27), (3.7.26) and (3.7.24). O

Lemma 3.7.2. Under the same assumptions of the previous lemma, there exist C > 0 such
that:
lu(ty) = o[> + K|V (p(t;) = p")II* < CK', 5 =0,...,m, (3.7.32)

where (W, p) is the solution of Darcy Brinkman Forchheimer’s time discretization (3.5.6)

Proof. Taking the inner product of the equations (3.5.17) at first step n = 0 respectively with
the terms k(0 + 6°) and kX, using the algebraic equation (3.1.7), then summing the result
we obtain :
612 = 16012 + 22196 + 002 + 2L 07 + 072 + (6, V") + T ot =
PN + IV = XOIP) + F(E 81+ 6°) + (@, 0" + )
LRV (kpu(t,), V)
Now we need to handle the terms below :
KI(R?, 0"+ 6°)] < K[| R°|* + C|6" + 6°|°.
RI(Q°, 0"+ 0°)] < K[(02, u(ty), 0" + 6°)| + k|(F(u?) — F(u(t,)), 6" +6°)
< Ck|02 |1 [[uty) 210" + 6] + k([ Vo2 [[]6* +6°].
< CR2|VOz | + C|6° + 6%
Moreover, thanks to the result (3.5.20) and the derivate of the pressure’s regularity given in

the relation (3.5.23), we can observe that :
T = O < 012+ O,
Using the relation (3.7.3) and the initial conditions reviewed in relation (3.5.7), we can conclude
that : ,
04 + 190t + ) + Lo+ 001 + 2 ox 2 < ok,
In order to establish the result (3.7.32), it suffices to repeat the above procedure m + 1

times. O



Chapter 4

Approximation of (DBF) equations
with Navier’s type boundary
conditions by pseudocompressibility
method

In this chapter, we treat the approximation of the evolution incompressible DBF equations

with Navier-type boundary conditions via the pseudo-compressibility method.

This chapter is splitting into three parts, the first one is devoted to the non stationary
DBF problem with non standard boundary conditions where we give some regularity results.
In section 2, the existence of solution for the perturbed unsteady system is investigated and
the convergence to the initial unsteady DBF problem is checked. The last part of this chapter

presents the optimal error analysis.

4.1 Study of the time-dependent DBF equations with Navier’s

type boundary conditions

The mathematical description of the unsteady incompressible fluid flow in saturated porous
medium is given by Darcy Brinkamn Forchheimer equations. This model system in a bounded

domain Q C R3 takes the following form
ur +yAu +au + |u|*u+Vp =0, inQ, (4.1.1)

With this notations w = u(x,t) denotes the velocity field and p = p(x,t) the scalar pressure

function and f = f(x,t) is the given volume force.

111
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Beside the incompressibility condition :
divu =0 in. (4.1.2)

Instead of Dirichlet boundary conditions which is classical conditions of adherence on the

boundary , we provide here Navier’s type boundary conditions,

u-n=0 curlu xn=0, onT, (4.1.3)

4.1.1 Preliminaries and notations

This section is dedicated to present some basic notations and functional spaces which are
needed for this chapter. In what follows, We assume that the boundary I' is connected and
Q) will be considered as an open bounded simply connected domain of R? of classe C1'! and
sometimes of classe C>!. Let us recall that the unit exterior normal vector to the boundary
will be denoted by m. Note that the vector-valued Laplace operator of a vector field u =

(u1, ug2, ug) is equivalently defined by:
Ay = Vdiv u — curl curl u. (4.1.4)
In particular, if divu = 0, thus it gives immediately that :
Au = —curl curl u. (4.1.5)
The space L,(2) defined by:

L,(Q) ={v e L*(Q),dive =0 inQ}.

Because 2 is a bounded and simply-connected domain and thanks to [65], it is well known

that there exists a positive constant C' where,
91320 < OV 0320 + lourl vl q)). Vo € X3(9), (116)
moreover, this vector field satisfies,
Vo[ < C (Hdiv v|? + chrl’uHQ) (4.1.7)

which implies that v is necessarily belongs to the space H 1((2)
For any mapping F' defined by F' : 4 — |u|“u, we have the following monotonocity property:

(|lu|%u — |v|*v, u —v) = 0. (4.1.8)
Proposition 4.1.1. For given u, v € HI(Q), such that v-n=0and u-n =0 on I', we have
[lu]*u —[v]%] < C[|V(u—wv)]. (4.1.9)

Where C > 0 is dependent only on Q) and dimension.
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We introduce the following compact Theorem that we need in the sequel of this chapter.

Theorem 4.1.2. If Xy, X, X1 are Hilbert spaces with the continuous embeddings
Xo = X — X1 and the embedding Xo — X is compact.
For a given v > 0, we define the Hilbert space :

M7 := M7 (R; Xo, X1) := {¢ € L*(R; Xo), D]y € L*(R; X1)}

with the norm : )

.

_ 2 Yol
e (T e (L]
Such that zZ denote the Fourier transform. For any set K C R, we define

M. .= M}.(R; Xo, X1) = {¢p € M",supporty C K}. (4.1.10)
Hence, we obtain the following compact embedding :

M} (R; Xo, X1) — L*(R; X). (4.1.11)

4.1.2 Analysis of the problem

In this section, we focus on the study of the following evolution incompressible Darcy Brinkman

Forchheimer equations with Navier’s type boundary conditions given as,
ur —yAu +au+blul/u+Vp=f and divu=0, inQ x [0,7]
u-n=0, curl u xn= 0, onT x [0,7T] (4.1.12)
u(z,0) = uo ,p(x,0) = po, in L*(Q),
with the following assuptions on the data f and wug:
f € L*0,T; (H(div,))") (4.1.13)
ug € Ly (Q). (4.1.14)
Based on the Green’s formulas (1.1.2) and (1.1.1), we prove that any solution
(u, p) € L*(0,T; X7(Q)) x L*(0,T, L*(Q))
of the system (4.1.12) is a solution of the following weak variational formulation :

Find u € L?(0,T; X%(Q)) which satisfies that :

d

—(u, v) + y(curlu, curl v) + a(u, v) + b{|u|%u, v) = (f,v)q, Vv € X2(Q).
Gl) +91 )+ alu,v) + b(ul"u.v) = f. o) MO )
u(0) = u,

Such that the duality on € is given by

<'7 >Q = <'7 '>(H[2)(div ,Q)),XH(Q)(diV7Q).
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Note that unlike the Brinkman problem with Dirichlet boundary conditions, for any ¢ € [0, T,
the space H ~1(Q) for f(t) is not suitable to reach the weak solutions. In fact, the test function
v belongs to H3(div,Q) which implies to assume that the datum f(¢) belongs to the dual
space (H(div, Q))/ which is a subspace of H1(1Q).

The first main objective of this section is to show that the previous variational problem (4.1.15)
has at least one solution. To this end, we apply Faedo-Galerkin’s method. We deal with a
classic techniques, inspired from Lions [43] and Temam [61].

Currently in the three-dimensional case, the question of the uniqueness of weak solutions as
well as the global existence of regular solutions are still open question inspiring a large amount
of research.

We will solve the equivalent formulation (4.1.15) on [0,T]. The plan is the following : we
introduce a finite dimensional approximate problem, then we prove estimates on the solutions
of this approximate problem which are uniform with respect to the approximation parameter.
Finally, we use the compactness theorem in order to obtain the strong convergence and justify

the limit in the non linear term.

Faedo-Galerkin approximation and a priori estimates Weneed to describe the Galerkin
approximation. Let m be a positive integer. We consider an orthonormal basis of X% (Q) con-
stituted of w1y, wa, ..., w,,. We introduce the space V,, = (w1, wo,...,w,,), we define an

approximated solution w,, of (4.1.15) with :
m
U (t) = Zgim(t)wi. (4.1.16)
i=1

and divu,,(t) = 0 where u,, () satisfies,

(ul (t), w;) + y{curl u,, (t), curl w;) + a{uwp(t), w;) + b{|wm (t)|“wm (t), w;) = (f (1), wi)q
Vi=1,...,m,t€0,tn], (4.1.17)

U (0) = uom,

Such that wg,, is the orthogonal projection of ug on the space V.

Observe that the equations (4.1.17) arise a nonlinear differential system for the functions
9ims -« - Gmm.-

Using a classical arguments see [61, Theorem 3.1, page 283-284], the problem (4.1.17) admits

at least one solution u,, defined on [0, ¢,,] with ¢, < T .

We now move to establish a priori estimates on the approximate function u,, which are
independents of m that leads to conclude the existence of weakly convergent subsequences
in appropriate spaces and then justify the passage to the limit in the approximate problem
(4.1.17). We start with the following Lemma.
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Lemma 4.1.3. For any given f, ug satisfying (4.1.13) and (4.1.14), then the solutions u,

satisfy the following a priori estimates:

sup |Jum(t)||> < Cy, (4.1.18)
t€[0,T]

T

T T
(T2 + 27 / lcurl u (H)|%dt + a / e (£) 2+ 20 / lum (B2 < C1, (4.1.19)
0 0 0

With
T
C1 = [luo|® +/ (6 1 eaz s 0y - (4.1.20)
0
Proof. Let us first Multiply (4.1.17) by gim(t) and summing these equations for i = 1,...,m,

using the both Cauchy-Schwarz’s inequality and Young’s inequality, it follows to obtain :

1d .
5 g7 [em O+ Allewrlun (O] + allum Ol + 0l wnl515 = (F (1), um(®)a-

1 2, @ 2
< t - t)]“. 4.1.21
L IF @I+ S (@2 (11.21)
Hence, we have

d «
(812 + 2 eurl (O] + all i () + 20 (D513 < CUF gz e ) (4:1:22)

By integrating (4.1.22) from 0 to ¢ with ¢ € [0,¢,,] , we obtain in particular :

T
sup ([|um(t)|?) < C / 1) a2 vyt + o1 (4.1.23)
te[0,tm] 0

It is clear that the right hand side of the above result (4.1.23) is independent of ¢,,. so
consequently, the estimate (4.1.23) holds with ¢,, = T" which gives the estimate (4.1.18).

Next, by using the simple integration of (4.1.22) over time, from 0 to 7', we obtain :

T

T T
lam(T)] + 24 /0 lcurl up(8)]2 dt + a /0 ()] dt + 25 /O lm I <

1

a

T
| 1O eyt + Tl (4120
0

Which achives the proof of this Lemma.
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Passage to the limit On the one hand, due to the a priori estimate (4.1.18), it follows the
existence of an element u € L°°(0,T; L2(£2)) and a subsequence still referred to as (w,)m to

simplify the notation, satisfying :
u, — u weak star in L(0,T; L2(Q)). (4.1.25)

On the other hand, the estimate (4.1.19) shows the existence of some u, in L?(0,T; X2(Q))

and some subsequence (still denoted (%) ) such that :
Uy — U, weak in L2(0,T; X2(Q)). (4.1.26)

The both convergences (4.1.25) and (4.1.26) yield to obtain the convergences in the distribution
sense. So note that, because the limit of a sequence in the distribution sense is unique, it gives
that u, = u.

In order to reach the limit of the nonlinear term, it is necessary to obtain first a strong
convergence result. We will closely follow the classical arguments in [61, Chapter 3] to prove
the following estimate of the fractional derivative with respect to time of the approximate

solution:
/ 2 (P2 dr < C,  for some 4 > 0. (4.1.27)
R

We proceed as follow to prove (4.1.27), we give first the extension of the function w,,,

_ um(t), te€[0,T]
Uy =
0 outside,

Note that u,, the Fourier Transform defined by :

U (1) = /R e BT (t) dt.

Because of the discontiuities on the both moment 0 and 7', then we observe the following

equations with §(7y and §(g) defined respectively the dirac distributions at 7" and 0.,
d . _ ~ ~ e~

£<umv ¢k> + 7<Curl U, curl ¢k> + a(“my ¢k> + b<‘um‘ Um, 'l;bk>

= (£, 1) + (Wom, i) 00y — (tn (7)) (.

The fourier transform of the derivate function u,, with respect to time can be given as follow,

—

D} g, (t) = (2in7)"w;, (1), for some fixed real +.

Which leads to obtain the following system

(4.1.28)

{ 20T (Um, i) +y{curl G, curlghe) + althm , i) + b{[tm| "t , i)+
= <J?, ) + (wom, Vi) — <um(T)7¢k>e—2mTT
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It remains to check that:
U € MJL(R, X2(Q), L*(Q)).

By considering X := X%(Q) and X = X; := L*(Q), due to Theorem 4.1.2, we conclude
that,
um € L2(0,T, X2(Q)).

We move to prove that the derivate of ., with respect of time belongs to the space L?(0, T, L?(Q))

to establish the compactness Theorem.

We multiply (4.1.28), with gj, with i = 1...m, so we reach :

207 |G| + 7 eurl @l + allGml|* + 0 @nl313 = (F, @) + (wom, G (7))

— (7). T (7)) e 27

Due to Cauchy-Schwarz’s inequality, we have
2ier |2 < |[F]| el + s | 1@ () + €27 s (T [ (]

Because for any u € R,

le]] < 1.
Then it follows strightforward to obtain
~ 12 S~ ~ ~
27 [ |2 < ||F|| Wi | + 1 tom | 1G]+ et (T) | ()] (4.1.20)
For given v €]0, 1|, we observe that,
172 < (27 + 1)1+7|T|. (4.1.30)
1+ |7|1=27
Hence, we reach, with (4.1.30) :
-~ 2 ~ 2
_ 2y +1 2y + 1
L1 ol ar < 202 [ el gy 20 [IEEDL o7
R 2 Jrltr[t=> 2 Jr 14|71 (4.1.31)

= Ay + As.
Then, let us handle A; as follow :

2y +1 ~
A < 72 / [T (7)| 32 dT
R

2y+1 (T
=T [ ) it < oo
0
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Using the inequality (4.1.29) and Cauchy-Schwarz :

\

27+1/Hf dr + (2y+1) \/02/ W (T

1+ ||t 2’7

<cC /O TICa I —

+C(/R<1+\f|:—zw)z)é (/R<Hﬂm<7>\\2d7f < o0,

Consequently, we conclude that

712|812 < co. 4.1.32
R

Based on (4.1.27) and (4.1.26), according to the compactness Theorem 4.1.2 , we can exctract

a subsequence of (uy,), still denoted (wy,)m, such that
w, — u strongly in L2(0,T; L*(2)). (4.1.33)

We can now pass to the limit in the weak formulation and show that u satisfies (4.1.15).
Note that to pass to the limit in the non linear term, we can use a general method (see for

instance [43, Lemma 1.3]). Hence we drop the proof at this step.

We move now to construct the pressure. We consider v € X2(Q) and we introduce the

functional:

T
H(v)(t) = / [(f,v)q — v{curlu,curl v) — a(u, v) — (|u|“u, v)]ds
- <u(t)7 ’U> + <u07 ’U>.

The functional H is continuous and linear for v, which vanishes on X2(Q2) thanks to variational

formulation.

Following, there exists a function p(t) € L%(Q) and C > 0 such as for all v € X2(Q) :

H(v)(t) = {div v, p(1)).

We derivate H with respect to time and if we put p(t) = p.(t), the pressure p is well defined.

We can summarize the results of this section in the following Theorem :

Theorem 4.1.4. Let f and wy satisfying (4.1.13) and (4.1.14), then the problem (4.1.15)

admaits at least one solution such as :

we L20,T; X2(Q) N L¥(0,T; L2(Q)) , pe L*0,T; L*(Q))
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4.1.3 Some regularity results

For the error analysis, we need e-independent a priori estimates. We need also the following

regularity results:

Proposition 4.1.5. Assuming ug € H*(Q) N X2(Q) and f € C([0,T]; L*()). Then, there
exists T1 < T such that the solutions of (4.1.12) satisify :

Ju(@)lly + [u (O] + VP < C, ¢ €0, Th. (4.1.34)

Moreover, for any to €]0,T1[, if , f., i € C([0,T]; L*(Q)), we have :

t
e (1) 12+ lpe ()34 / () 2y H 1920 |20y ) A5 <Cy £ € o, TH]. (4.1.35)

to

Proof. We take the inner product of the equation (4.1.12), with curlcurl . So consequently,
because of 4 < 2a + 2 < 6, we reach :

1
|curl u||? — 7||curl curl u||> + al|curl u|* < %chrl curl u||® + = |If|* + CHqugig
v

1
2 dt
Y 9 1 2 6
< g llcurlcurl uf] +§Hf|| + C|Vul]”.

Due to (4.1.7), we conculde that,

d
%chrluH2 — yllcurl curl w||? + 2a||curl u|* < C||curl curl u||® + C. (4.1.36)

Particularly, we consider the following differential inequality,

() < Coy*(0).

We take here y(t) = [|curl u|? + Cy and

y(0) = ||curl u(0)||? + C;.

With ¢y = %OiltlgTHsz

By solving the last differential equation, we obtain a solution defined on [0,7}] such that

T < = Cio and y(t) satisfies

1
202y(0)2
y(t) < V2y(0). te[0,T
Then, for a given t € [0,T}] with 77 = min{T7, Cio}, we have

|curl w(t)]? < V2(||lcurl u(0)||? + Cy) := Cs, (4.1.37)
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Therefore, by (4.1.36) and (4.1.37), we have:

Ty
sup ||curl u||? +’y/ |curl curl u||? dt + 2a||curlu||®* < C. t € [0,T]. (4.1.38)
0<t<Ty 0

By differentiating the equation (4.1.12); with respect of time ¢, then we have
uy — yeurl curl uy + auy + OF' (u)uy + Vpy = fi. (4.1.39)

Multiplying the previous equation with u;, we obtain :

1d

2 yleurl g2 + ol = (f, w) = (' (w)ug, w)

Because the term (F’(u)u¢, u) is positive defined which infers that,
d 2 2 2 1 2
gplluell” + 2ylleurla | + aljue|” < |11 (4.1.40)

By integrating the previous result, we reach :

T T
| (t)]]? + 27/ |lcurl ug(t)||* dt + a/ lus(t)]|?dt < C. telo,T). (4.1.41)
0 0

T
Where €' — c'/ I ()12 dt.
Now in order to obtain the regularity of the second derivate of the function u, we take again

the inner product of (4.1.12); with curlcurl u, using the same previous arguments, it gives :
v 2 2a? 2 2
Yleurleurlu|* < o lcurl curl u]* + ;IIUtH2 + TIIUII2 + ;IIUII%gﬁ + ;HfHZ-

Based on the results (4.1.38), (4.1.41

~—

, (4.1.7) and Poincaré’s inequality, then we obtain,

4 4a? 4 2
Yllcurlcurl || < —|lugl|* + —[lul* + =[|Vu|® + =|f]

Y Y Y Y
4a? 4

< i||curl u||2 + —||curl u||6 +C.
Y Y

< C.

Which leads us to deduce :
|lu(t)]e < C. Vte|0,T1] (4.1.42)

Due to Agmon’s inequality, we have :
lullo < C, Vte[0,T1]. (4.1.43)

To conclude the proof, we need to check the pressure’s regularity, so we derive from (4.1.12)

the following statement,

Vp=f—u+vAu —au — blu|“u.
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Using (4.1.42), (4.1.41) and (4.1.38), it infers to get

IVl < IFI+ el +llullz + allull + blfe] 2

<
< C. (4.1.44)
Which is the desired estimate.

We move now to prove the second estimate given in the Proposition 4.1.5, for this purpose we

deal as follow. We multiply the equation (4.1.39) with curl curl u;, we obtain :

d 2 2 _3a® 2 3 2,7 2
%chrlutH + ||curl curl u,|| <T||cur1utH +§HftH +§chrlcurlut||

+ b(|F'(u)]|ug|, curl curl uy), (4.1.45)

where F'(u) can be handle by |F'(u)| < (o + 1)|u|®.

Then, we obtain

a+ )| u||S%||u|||curl curl w,|.

((Ju|*u)¢, curl curl ug) < (
<J
6

3
|curl curl u;||* + %(a 4 1) ]2 e |2
According to the result given in (4.1.43) and (4.1.41), we obtain
b((|u|*u)s, curl curl uy) < %chrlcurl ut||? + C||curl ug||% (4.1.46)

By collecting the last relation (4.1.46) in the inequality (4.1.3), one can get

d
aﬂcurl ue||? + v||curl curl u||> < C|jcurl ug||* + C;.

Then, we apply Gronwall Lemma to reach,

T
sup ||curl ug|® + fy/ |curl curl us(t)||*dt < C, ¥Vt e [0,T). (4.1.47)
0

0<t<To
We derivate again the relation (4.1.39) with respect to time, so we have

ugt — yeurleurl uy + auy + bF" (w)uy + bF' (u)ug + Vi = fir- (4.1.48)

Next, we take the inner product of the previous result with uy, we have

1d
5 g7 lwll” + ylleurlup|* = = allun|* = b(F" (w)wr, wn) = b(F' (), wi)

— (Vpu, wgr) + (F oy usr)- (4.1.49)
Using Green’s Formula, it is obvious that

(Vpi, ) = —(pue, divug) + (pee, e - 1) = 0.
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Furthermore, we observe that (F'(u)uy, uy) is positive definite, then we reach

1d 1
5 lual® +lleurlugl* < Ifpl* + (a+ Z)HuttHQ +O(F" (w)uy, |unl). (4.1.50)

2dt
Based on (4.1.43) and the result (4.1.41), the non linear term can be controlled as follow,
b(E" (w)ug, [ua]) < ala + 1) 20D e |||
< iHUttIP + Ol 3D e
< flual? + 0 (4.151)

We collect the last relation (4.1.3) in the result (4.1.3), then we obtain

d
@Huttﬂz +vllcurl uy||? < Clluyl* + C1. (4.1.52)

By applying Gronwall Lemma on the previous result, we reach that,
T
| + 7/ leurl gy (8)||2 dt < C. (4.1.53)
to

We move now to prove that ||u]|2 < C, we proceed as follow.

Taking the inner product of the result (4.1.39) with curl curl u;, we obtain :
2 2a?
7| lcurl curl u,||* < %chrl curl ug||? + §Hutt||2 + THutHz + O |12 )| e ]2
According to the results (4.1.53), (4.1.6) and (4.1.47), we have

7||curl curl u:||* < C. (4.1.54)

Finally to conclude the remainder estimates in (4.1.35), we use a similar proof as the previous

arguments while we switch us by wy. O

Remark 4.1.6. We claim to obtain the same results when we treat the convective case where
the nonlinear term u.Vu is replaced by curl u x u + %V\UP in the first equation of the system

and then we consider teh dynamic pressure p = p + %|u|2

4.2 Study of the perturbed system

Let us consider the following non stationary perturbed compressible DBF equations with

€ €]0, 1] is a parameter :

{u;—vAuE+auf+|u€\aue+Vpﬁ:fa in 2> [0, 7] (42.1)

div u® — eAp; =0, inQ x [0,7]
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and satisfy the boundary conditions and the initial data :

{ue'n:(),curluexn:O7 onT' x [0, 7] (4.22)

u(z,0) = ug ,p(x,0) =pg € L2(Q)

We need first to write the variational formulation of problem (4.2.1). Then, we deal as in the
previous chapter, so we derive some a priori estimates and we reach the existence of solutions

by means of Galerkin-Faedo approximation.

Taking the inner product of (4.2.1); with a test function v € D(Q2) and (4.2.1)9 with ¢ € D(),
integrating by parts over € and based on the continuity argument, for any v € X%(Q) and

q € L?(2), we obtain the following variational formulation :

For € > 0 fixed, the datum f, the intitial function ug given satisfying (4.1.13),(4.1.14) as in
Chapter 3 and

po € L*(9), (4.2.3)

Find u¢ € L?(0,T; X2(Q)) and p¢ € L?(0,T; L?(Q)) such as, for almost all ¢ € [0, 7] :

d
%(ue, v) + y(curl u®, curl v) + y(div u*, div v) + a(u®, v) + b(|u|*u®, v) — (p*, dive)

— v v 2 .
= (f,v), Yve X%(Q) (4.2.4)

d
e%<Vp€, Vq) + (divu, ¢)o =0, Vqe L*(Q).

[ u(0) = wo, p(0) = po.

4.2.1 Existence of weak solutions

The main result of this section is the following theorem, ( see [43] ):

Theorem 4.2.1. Let € arbitrary in (0,1]. Given (4.1.138), (4.1.14) and (4.2.3), the problem

(4.2.4) admits at least one solution. Furthermore,

u € L*(0,T; X7.(Q)) N L¥(0,T; L*(R)), p° € L*(0,T; L* ().

Now, in order to prove the Theorem 4.2.1, we use again Faedo-Galerkin method to get a
similar a priori estimates with a slight difference that we keep the pressure in the approximate

weak formulation.

Proof. Faedo-Galerkin approximation:
we first consider (14;) an orthonormal basis of X () and (r;) an orthonormal basis of L2(£2).
Let Vo, =<41,...,%y > and W,,, =< rq,..., 1y >. We denote by:
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ue, () = gim(¥;i  and  pL(t) = &mt)ry,
i=1 j=1

the approximated solutions which satisfy :

¢ d
2 (Umy Y) + y(curlug,, curlpy) + y(div ug,, div gor) + afu, i) + +b{lus, [ us,, i)

— (P divep) = (f r)o, k=1,...,m.

d
e%<fon,Vn> + (divug,,r) =0, I=1,...,m.

€

7, (0) = wom 5 P, (0) = pom,

(4.2.5)

where wg,, is nothing but the orthogonal projection of %(0) on the space V,, and pg,, the
orthogonal projection of p(0) on the space W,,.

For the functions gipm, - - -, gmm and &im, - - -, Emm, the system (4.2.5) is a non-linear differential
system.

Based on theory of ordinary differential equations, the problem 4.2.5 admits at least one
solution on [0, ¢,,] with ¢, < T and next we will check the fact that ¢,, = T. d

A priort Estimates: Below, in the usual way, we will make some a priori estimates and then
pass to the limit. This procedure is standard in the case of the DBF problem with Dirichlet
boundary conditions while we give here all details for a complete analysis in the case of the

Navier-type boundary conditions. We have the following Theorem :

Theorem 4.2.2. € arbitrary in (0,1]. Given (4.1.13), (4.1.14) and (4.2.83), the solutions u,,

and pm, satisfy the following a priori estimates:

sup ([l ()1 + €[V, () < Co, (12.6)
t€[0,T]
T T T T
3 [ lleurtug, (01 deoy [ v s, O dtva [ @) ders [ @l de < o
0 0 0 0
(4.2.7)
where -
Ca = gl + 19251 + | 10 v, (12.8)

Proof. We multiply (4.2.5); by gem(t) (kK =1,...,m), and (4.2.5), by &, (t) I =1,...,m)
and then adding these resulting equalities, we obtain:

1d

2 2 . 2 .
5 g lemll” v lleurl g, |+ fldiv || + allug,|* 4 bllus, 515 — (P, divas,)
= <f7 U%)Q
€d

> dt HVPqEnHQ + (div uy,, py,) = 0.
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Now, by adding the both last equations, we have
1d
2dt

Due to Young’s inequality :

ed
_|_77

e 12 _ €

g I+ llewrl ag, ||* 4+ || div g, I* + alleg, | + bl s, 1515

d c 112 2 . 2 2 2 d 2
@ 2 1u 2 ||div u ¢ 2b)| s, 1575 + e [V,
g Vil + 2 leurtu |+ 2y i ol 2+ 20 155 + g 1990

<C ||fH?H8(div Q)

By integrating the laste equation from 0 to t with ¢t < ¢,,,

T
e (Il + IV 1°) <0 / 1 Otz vy @+ 0 ll® + VD6, 184:2.10)
€0,tm

Then the estimate (4.2.10) holds with ¢,, = T', which establishes the estimate (4.2.6).

Note, it follows from (4.2.10) that the sequences (uS,) and (pf,) still bounded in L>(0, T; L*(2))
and L>(0,T; L?*())

By integrating again the relation (4.2.9), one can obtain :

T
27/ |curl uf, (¢)|? dt+a/
0 0

T T

T
||u§n(t)||2dt+27/ |div w€ (¢)]? dt+2b/ ||Ufn(t)|gi%dt
0 0
T ) ,
<0 [ 15O g oy e+ 5,0
+ V5, (0)]1%,

which is nothing but the estimate (4.2.7), due to the relations (4.1.6)-(4.1.7), we conclude that
the sequence ¢, remains in a bounded set of L?(0,T; X2(f2)). O

Estimates on the fractional derivative with respect to time:

In order to pass to the limit in the nonlinear term in (4.2.5), we need a strong convergence.
We proceed as in Section 4.1. Indeed, we are going to bound a fractional derivative in time
of the functions us, by applying the Fourier transform. Let us first extend the both functions

us, and pf, as follow :

. _{uﬁn(t), te[0,T]

0 outside,

. {pfn(t), te[0,7]
P, =

0 outside.

Note uy, the Fourier transform given by:

i (1) = /R e 2TTRE (1) dt.
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Thanks to the discontinuities on 0 and 7', one can obtain the following system,

%(ﬂfm i) + y({curlug,, curl ) +v(div uy,, div pr) + aluy,, i) + b(|ay, | uy,, Yr)
(VDo ) = (Fobr) + (woms ¥)d(0) — (us (1), %r)d(r),

d Py €
e%<v;f?fm, V) + (div ug,, 1) = €(Vpom, Vri)éy — e(Vpy,(T), Vri)der),

where d(7) and §(g) defined respectively the dirac distributions at 7" and 0.
Now, we consider the Fourier transform of the derivate function wf, with respect of time as

follow :

—

D} g, (t) = (2in7)us, (1), for some fixed real +.
It yields to obtain :

2irT(u;,, ¥r) + y(curlu,,, curl ) + v(div u;,,, div ¢x) + a(us, , Vi)
B[S, 0TS, L ) + (Vo ) = (F, k) + (wom, 1) — (us, (1), pp)e 27T (4.2.11)
€2imT(V,, Vi) + (div g, 1) = e(Vpom, Vrr) — e(Vpp, (T), Vrg)e 7T

In order to prove that u§, € ML (R, X%(Q),L*)), we need to apply the Compactness
Theorem 4.1.2, so for this end we take Xg = X%(Q) and X = X := L*(Q2), based on (4.2.7),

it follows immediately that
uy, € L2(0,T; X7()),
Then, it remains only to check that
Djut, € L*(0,T; L*(Q)).

After extending g;m, and &, in R with g, and gjm, we take the inner product of the first
equation in (4.2.11) with gy, (¢t) (i = 1,...,m) and the second equation with gjm(t) (j =
1,...,m), consequently by summing the resulting equations, one can reach,
. ~€ 12 2 ~¢e |12 s ~€E 12 ~¢ ~€
it (111> + € VBl )+ llewrl g, |+ ldiv g, | + alig, | + bl @, 513
=(fs Up) + (om, Uy, (7)) + €(VP0om, VP, (7))
= ((wea (7). 55, (7)) + (V0 (T), VBl (7)) )27

According to Cauchy-Schwarz’s inequality, we have :

. ~e 112 |~ ~ . € ~
e a5 |2 <||F | 15850+ lsom | 15, (7)1 + €[ Vo | 1955 (7) | + 2im s, (7)1 [ ()

+ 2imre || Vs, (T || || VD5, (T)]] -
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Due to relation (4.2.6), Minkowski and Young’s inequalities, we obtain :

_ LAz o R
27 g2 < S([F]|” + 15 + 20/ Callig, (1)1 + €1V 5, (1)) (4.2.12)
In fact, if we have v €]0, [, then we obtain
1+ |7
v+ ) —— 4.2.13

Hence, we reach, with (4.2.13) :

~ 2y + 1 U 2 2y + 1 U
/\TI”!Ufn(T)IIiQ g Ot Hum(Tillgz g 7] ||y, g )2H ir
R 2 Jrl+|r|t=> 2 Jr 1H|7i7 (4.2.14)

=11 + 5.

So on the one hand, we have :

2v+1 ~
< ol ar
R

2y +1 (7
=T [ ) de < oo
0

Based on relation (4.2.12) and Cauchy-Schwarz’s inequality :

2v+1 2 27+1 VC H D+ ellVDR (Tl ,
s f T 1+|Tyl 2 !

< C/ ||f(T)||§10 (div )/

+c\// T <\// (a5l dr+e\// V55,011 dT><oo.

Consequently, we recapitulate our results, so we note that

/Rmﬁnamﬁ < o0. (4.2.15)

We pass now to the limit, so we proceed as follow.
Let us take € > 0 a fixed positive number and we are only concerned with the passage to the

limit as m — oo.

According to (4.2.6) and (4.2.7), then we can derive the existence of a subsquence (still denoted
(@m)m ) such that :

ul, — u¢ weakin L*(0,T; X%(Q)), (4.2.16)
ul, — u° weakstarin L>(0,T; L*(Q)), (4.2.17)
S [PuS, — w® weak starin Lat1(0,T; Lo+ (), (4.2.18)
VpS, — Vp¢ weak starin L0, T; L*(Q)). (4.2.19)
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Moreover, using (4.2.15) and (4.2.16), we can apply the compactness Theorem 4.1.2, to deduce

the existence of a subsequence of (u€,), (still denoted by (uf,)m) such that
ul, — u¢  strongin L2*(0,T; L*()) (4.2.20)

Now, we just need to investigate that (u,p®) is a solution for the weak formulation (4.2.4).
In order to get this end, we proceed as follow :

Taking the inner product (4.2.5) with ¢(¢) € C°°(0,T") such that ¢(7') = 0, by integrating

from 0 to T', we obtain :

T T
(curlusg,, ¢(t)curl ) dt + ~ / (div us,,, ¢(t)div i) dt
0

T

( —/0T<Ufn,¢k>¢>’(t) dt+7/0

T T
ta /0 (uS, S(E)ab) dt+ b /0 (s, (0 ihe) + /O (Vo 0t i)

T
0

(4.2.21)
:/ (f, o(t)abr) dt + (wom, ¥r)d(0)

T T
e/ (Vp,, ¢ (t)Vr) + / (div us,, ¢(t)r;) dt = €(Vpom, Vr)¢(0).
0 0

It is obvious to pass to the limit m — oo in the linear terms of (4.2.21). Tt suffies to use the
previous convergence results. We return now to check the convergence of the nonlinear term.
We proceed as in [43, Lemma 1.3|, so based on (4.2.20), it follows to obtain :

S |PuS, — |u|%u  weak in Lati (0, T; Lati (). (4.2.22)
We now use the result (4.2.18) and the fact of the uniqueness of the limits, it infers that :
w = |u|%u. (4.2.23)

Consequently, we are able to pass to the limit of (4.2.21) when m — oo, then we obtain for
any ¥ € X2(Q) and r € L?(Q).

T

—/0 <u671b>d>(t)dt+'y/0
T T T

ta /O (u, S(t)ep) dt +b /0 (| ue, $(t)ep) + /0 (T p(E)) dt

T T
(curl u®, ¢(t)curly) dt + ’y/ (div u®, ¢(t)div ep) dt
0

g (4.2.24)
_/0 (f, p(t)) dt + (uo, )p(0)

T T
; / Ve, & (H)Vr) + / (div uS, $(t)r) dt = e(Vpy, Vr)6(0),
0 0

which is nothing but the weak formulation (4.2.4) without the initial conditions. Hence it re-

mains only to investigate that the solutions (u¢,, p,) satisfy the intitial conditions (u(0), pc(0)),
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for this end, we take a test function ¢ € C*°(0,7T") with ¢(7') = 0 and then we exactly use the

same arguments in [61] to obtain :

{ (g — u(0),%)$(0) = 0
{po = p(0),r)¢(0) = 0
with ¢(0) = 1, then we deduce from the last result that u$,(0) = u(0) and p5,(0) = p*(0).

Then, we summarize our results in the following Theroem,

Theorem 4.2.3. Let f, ug and py given functions satisfying (4.1.13), (4.1.14) and (4.2.3).

The perturbed system (4.2.1) admits at least one solution such as :

ut € L*(0,T; X7.(2)) N L0, T; L2() ), Vp© € L*(0,T; L*(92)).

4.2.2 Convergence of solutions of the perturbed system to the initial in-
compressible DBF system

We check now that the solutions of the evolution compressible (DBF) equations (4.2.1) con-
verge to the solutions of the non stationary incompressible system (DBF'). Because we consider
here that limit e — 0, then we take € €]0,1]. It is useful to establish some a priori estimates
for u€ and p€, independent of e.

Thanks to estimates (4.2.6), (4.2.7) and (4.1.24), the lower semi-continuity of the norm,

we reach the following results for any € €]0, 1], independent of € :
u (| oo (0,702 (02)) < lirrggigof 5l oo (0.71.2(02)) < 00
I 20,7, x2.0)) < Hminf [lug, [l 120 7, x2 () < 00 (4.2.25)
VelIVP oo 0.1v22(0) < HE VDL Lo (0 1:12()) < 00

As previously, by taking 6 €]0, ;[ and € €]0, 1] , we have :

20 || ==, _+||? o 20 || ~e 2
|T|7 [|us(7)|| dr <liminf [ |7|7 ||u;,(7)]]” dr < C. (4.2.26)
R R

m=—00
We want to prove the following Theorem :
Theorem 4.2.4. Under the same assumptions in Theorem 4.2.2, there exists a sequence
(€n)n €]0,1] such as €, — 0" asn — oo, and the solutions {u,p™} are convergent to {u,p}
where {u,p} are solutions of initial Navier-Stokes problem with damping (DBF) with :

ut —u in  L*0,T; X%(Q)) weak

ut —u in  L®(0,T; L*(Q)) weak star

u* —u in  L*0,T; L*(Q)) strong

Vp¢ —Vp in L%>(0,T;L*(Q)) weak star.

(4.2.27)
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Proof. According to (4.2.25)-(4.2.26), we have :

u — u*in L*(0,T; X%(Q)) weak.

u — uw*in L°°(0,T;L2(Q)) weak star.
u — u*in L*(0,T;L%*(Q)) strong.
VenVp™ — x in L(0,T; L*(Q)) weak star.

(4.2.28)

We have, in the distributions sense :

Ven(Vp V) — (Vxyg, Vr), Vre L*(Q),
Then, we have :
e(Vpy", Vr) = Ven/en(Vpi", Vr) = 0
This implies that (divu*, r) = 0 for all » € L*(2) and shows that :
divu® = 0.

We now show that u* verifies the variational formulation (4.1.15). Taking ¢ € X%(1),
multiplying in the weak formulation of perturbed problem with ¢ € C§°(0,T") and integrating
from 0 to 7', it gives :

T T
- / (u )¢’ dt + 7/ (curl u*, ¢pcurlap) dt
0 0

T

T T T
+7/0 <divuﬁn,¢divw>dt+a/0 <u€n,¢¢>dt+b/0 <ru6"|“uﬁn,¢¢>dt=/0 (o) dt

We can easily pass to the limit by using the following convergence for the nonlinear term
T T T
/ (a2 us | gop) dt - / (" u”, gop) dt = / (Ju”[u”, gop) dt
0 0 0

Consequently, we reach using furthermore the fact that divu* =0:

T T T T
- / (u*, )¢’ dt + / (curl u*, pcurl ) dt + a/ (u, ¢p) dt + b/ (|lu[*u ™, Ppop) dt
0 0 0 0

=/OT<f7¢w>dt

Observe that the last relation is the same as (4.1.15) in the distribution sense which established
the proof. O
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4 Y

4.3 Error analysis

In this section, we derive the error estimates for the pseudocompressibility method using

different techniques than those used in [58].

The main result of this section is the following Theorem:

Theorem 4.3.1. We assume f€ C?([0,T); L*(Q)) and uy € H*(Q) N X%(Q). We have :
! € 2 1 €(4)]12 €(4)]12 € 2 2
t Ju(s) — u(s)]|” ds + €= [lu(t) — w (@) + 6( [u(t) = ()5 () + IV () = p @) ) < Ce
0

4.3.1 e-independent a priori estimates

Let us first define e = u — u€ and ¢ = p — p*. We deal here to derive some e-independent a

priori estimates.

By subtracting the perturbed (DBF) from the initial (DBF), we have :

e —vAe +ae +b(|u|u — |[u|%u) + Vg=0 in Q. (4.3.1)
dive — eAq = —eAp; infl. o
and
%:O7 OnFX[tO,T].
on (4.3.2)

e(to) = q(to) =0
We summarize all the results of this subsection in the following Proposition :

Proposition 4.3.2. Under the same assumption of Theorem 4.3.1, there exists Ty € (to, To)
such that :

1w )72 + 1O < C, Vit € (to, To]
2. Ju 166 ()| 2y ds + 16 (D] 71 ) + D5 710y < Cs VE € (b0, To)
3. lle®)|* < Ce, V€ (to, Ty,

where Ty is defined in (4.3.8).

Proof. We take the inner product of (4.3.1); with e and (4.3.1)2 with ¢, then we sum the both
results to obtain, with the monotoncity property given in (4.1.8) and (4.1.7) :

1d
**II@H +v|divel® +vcurle|” +ale ()|!2+2dt IVl

= (97,5 = bllu O u(®) = W O, e0)
<3 19pill* + 5 vl
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By applying Gronwall Lemma and using the result (4.1.34), it follows :

eI +v | (lleurl (o) + [div e ) ds +a [ e(s)|P ds + e [Ta(o)

. (4.3.3)
< Ce/ IVpe||? < Ce.
0

Next, in order to estimate ||e\|3{1(9), we take the inner product of (4.3.1) with —Ae, using
Young’s inequality, it gives :

1d 1d
|div e|* + 5 llewrl ell> + v||Ae|? = (Vq,Ae) + ale, Ae) + b(|u|*u — |uf|*u®, Ae).

2dt
v 1 a? 4.34
<Zlae|?+ — 2,47 2 (4.3.4)
el + 5 [ Vall? + o el
+ 07 [llulu — | uc .
Based on the previous result (4.3.3), we have :
1 d . 2 1 d 2 14 2 2 2
1d Ld YiAel? < ]y , 435
s v el + 5 S leurt el + 2 [Ael® < 82 uf"w — u | uP + O (435)
Due to relations (4.1.9) and (4.1.7), we bound the nonlinear term, so we obtain :
d d
— ||div e|]* + v— |lcurl e|® + v || Ae]|* < b?||Ve|> + C.
dt dt (4.3.6)
< b*(||div e||* + [|curl e]|?) + C.
Consequently,
d . 2 2 . 2 2 4.3.7
o7 C + ||dive|” + ||curle||” ) < Ci(]|dive|]” + |curle]]”) + C. (4.3.7)
By taking y(t) = C + ||dive||® + ||curl e||?, we use the Gronwall Lemma, with ¢ € [to, Tp]
where
1
Tp = min{T, —— 1, 4.3.8
Then, we can conclude that :
t
|dive|® + |curl e + y/ |Ae(s)|ds < C. (4.3.9)
0
Now, we take the time derivative of perturbed system, so we have :
ew — vAer + ae + blugl(a + 1u|* Tu + |ul*) + Vg =0 (4.3.10)
div €y — EAqtt = —EAptt o

and we obtain :

{ erlfo) =0 (4.3.11)
q+(to) = pe(to)
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We multiply (4.3.10); with e; and (4.3.10)2 by ¢, it follows to obtain :

1d
s lled® + v lleurl e + v |div e[ + £ Vai

2dt’
e(tht,Vqt)—a\|etHZ—b<\ut|(a+1]u\a 1u+]u\ ), et). (4.3.12)
6 —

§||tht||2 *llV(JtHQ+aHet||2+b(!Ut|(\a+1!U\a Y+ ul®)], feq).

Let us handle the non linear term with F'(u) = ofu|* 1u + |u|* and

F'(u€) = alu|* tuf + |u|® as follow,

(Juel (o + 1ul* "+ ul), er) = ((Ju[*u)e — ([u|"u):, er)
(IF (u)us — F'(u)ugl, led)

(1F (u)us — F'(u)(us + 1), leq]).

NN

Consequently,

(Juel(a + 1ul* " u+[u]®), er) < ((F(u) — F'(u)w, lec]) + (| F'(u)]|ec, [ec]) = Ty + .
(4.3.13)
Now, we estimate each terms Ty, T5, because of |F'(u)| < (o + 1)|u|®, Then by Hélder and

Young’s inequalities, we reach :

T < 2(a+ D{luf® + [uf[*)]u®]; |e).
Cla+ )([ullsy + lulS) lulslled] < (o + 1) (Jullfa + llul50)*well§ + Clecl*.

(4.3.14)

<
<

Since 1 < a < 2, by applying Sobolev’s inequality and the estimates (4.1.34), then we have :
Ty < C+Clled))?. (4.3.15)
Similarly, by using the result (4.1.7), we obtain
T < Cla+ V) Salledlslled < 2 1Vedl? + Ol e
< Ljeurteql? + 2 diver? + Cllucl3edl
< %chrl e + %HdivetHQ + Ole% (4.3.16)

By collecting (4.3.12), the both of results (4.3.15) and (4.3.16), which give :

d
S lleal? + v leurl e + v |div el +alled? + ¢ 5 19al? < e Vpall + Cllea? (43.17)

Using the estimate (4.1.35) and Gronwall Lemma, we have :

t
led| + y(/ leurl e,(s)|” + |[div e,(s)|* ds) + €| Var|* < Ce. (4.3.18)
to
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The estimate on the pressure derivative in the Proposition 4.3.2 follows from the previous
result (4.3.1) and (4.1.35).

Next, we mutiply the first equation in (4.3.10) with —Ae, using again the results (4.1.9) and
(4.1.7), we get

v]|Ael* = (e, Ae) +a(e, Ae) + b(|u|*u — |u[*u’, Ae) + (Vg, Ae).
v 4 4 4a? ,
<V nel? + 2 fed? + 2 1vall + el + 0 (Jaiv e + eurlef?).
v v v
Based on the estimates (4.3.9), (4.3.18) and (4.3.3), we conclude that :
|Ae|® < C. (4.3.19)

In order to achieve the proof of the Proposition 4.3.2, we should check the following statement
t
2
||etH%{1(Q) +/t ||et(8)||H2(Q) dS < C s Vt € [tO,T]
0

So for this purpose, we take the inner product of (4.3.1); with —Ae,, taking into account the
result (4.1.34) and we proceed similarly as in (4.3.13) to bound the non linear terms, then we
have :

1d

oY IVed* + v [|Ae]” = —al|Ve(®)|* + bl (@ + Lu|* " u + |u]), Aer) + (Var, A(it)g

. 20)
<5 e +al|Ve(t)|* + C.

Hence, it is obvious to obtain :

t
Het||§{1(g) +’Y/t ||et(s)||§{2(m ds § C s Vt c [to,To].
0

4.3.2 Error estimates for a linearly perturbed system

In this subsection, the error analysis associated to the linear perturbed problem was discussed

here, so let us first consider the linear perturbed problem:
v; — VAV 4+ av + Vr® = f — blu|%u.
{ ! f = tlul (4.3.21)

dive® —eAr; =0

with the boundary conditions and the initial data

86
v -mn=0,curlv xn =0, "t _gonT
on (4.3.22)
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Such that w is nothing but the solution of the initial problem and (v€,r¢) defines the solution
for the linear perturbed problem:.
We denote & = u — v€ and ¢ = p — r¢, By substracting this problem from initial system, we

have :

& —vAE+a€+ VY =0

div€ — €AYy = —eApy (4.3.23)
£(0) =v(0)=0
Due to the Proposition 4.3.2, it gives immediately that,
10132 () + 1P 121 () + I 1 2 ) < C. (4.3.24)
Moreover, we have
1€:(8)])? < Ce. (4.3.25)

Now, we should estblish the following Lemma,

Lemma 4.3.3. Under the same assumptions of Theorem 4.8.1. We have :

/0 I ds + €2 €N + (1€ 0 + IVE@)]2) < O (4.3.26)

Proof. Here, we need to employ a parabolic duality argument, given ¢ € [to, Tp].
let (w), q) solution of the dual problem :

ws + vAw — aw + Vg = &(s) for s € [tg,t
q=4&(s) [to, ] (4.3.27)
divw =0
and
w-n=0,curlw xn=0onTI x [t
(4.3.28)
w(t) = 0.
We need first to prove the following result,
t t
| awl + vays < ¢ [ e as (4.3.29)

We multiply (4.3.27); with Aw = —curlcurl w (since divw = 0), using Young’s inequality,
then it yields to obtain :

Ld 2,V 2 2 1 2
—5 g leurlw ()" + S |Aw]” + a[leurlw(s)[|” < o~ [I€]"
Next, by integrating from g to ¢, we derive :

t t t
chrlw(tg)\z—i—uf HAw(s)Hst—i—%/ curl w(s)u2ds<c/ 1€(s)| ds.
to to to
< Ce. (4.3.30)
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Now, we take the inner product of (4.3.27); with w, to obtain :

vd ad 1 1
sl + 2 lleurl w]? + £ 2 eurlw]? < 5 €17 + 3 1w, .
Then, integrating from ¢y to t, we have the following result :
t t
|ws(s)|?ds < C [ [€(s)]]*ds < Ce. (4.3.31)
to to

We mutiply (4.3.27); with Vg, because of divw = 0, according to (4.3.30) and (4.3.31), we
reach the end of (4.3.29) :

t t
/ IVal? < © / 1€(s)]I? ds.
to to

We move now to take the inner product of (4.3.27); with £(s), we have :
1€() 1 = (ws, &(5)) + v{Aw, &(s)) — al§, w) + (V, &(s)).
Where,

—(divg, q) = —e(Aiy, q).

= e(Ar, q).
= —€(Vr, Vg).
Then, taking into account the relations on &(s) given in (4.3.23) and the fact that divw =0,
we obtain :
d €
[6()1” = (& w) = (&5, w) + V(A& w) — alw, &) — Vg, V).
d
= £<€a ’U)> + <7£S + VA£ - CL&, w> - €<V(Ja Vr§>
d
= $<€a ’U)> + <V¢a ’U)> - €<VQa VT§>

d €
= $<€a w> - €<VQ7 VT‘S>-

We integrate from tg to t with ¢ sufficiently small, so we have :
t ) ¢
1€(s)[I” ds < 6/ IVa(s)I[ [Vrel ds.
to to
t t
<5 [ 19ats) P ds + ) [ Vi) ds.
to to
Due to (4.3.24) and (4.3.29),

t
1€(s)||*ds < Ce® , Yt € [to, T (4.3.32)
to
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Let us consider, for given t € [tg, Tp] , (w,q) solution of the next dual problem :

ws +vAw + Vg =E&s(s) for s € [ty,t
q=&s(s) [to, t] (4.3.33)
divw =0
and satisfy :
w-n=0, curlw xn=0onT x [t,1]
(4.3.34)
w(t)=0
Similarly to (4.3.29), we have :
! 2 2 ! 2
/t ([Aw(s)[I” + [[Va(s)[[")ds < C t 1€s(s) ]| ds. (4.3.35)
0 0

We take the time derivative of the second equation in system (4.3.23)2, hence :
div€; — eAy = —eApy.

Now, mulitplying the first equation of (4.3.23); with & and using the previous equation, we

obtain:

vd
2 dt

ad

5 71617 = (¥, divé)

= (V) Vi) — e(V), Vbt
= (V4 Vpu) — e (V8. V) + € [Vl

. vd
el + 2 S ivel? + 2 S leurt el +

Now, for given Vt € [to, Tp], we integrate this equation from ¢y to ¢ and, because of ¥ (tg) = 0,

we have

t
/t!&(s)HQde\divé(t)H2+chur1£(t)H2+a\|£(t)\|2
t
< C€/t (IVpa(s)|” + [Ve(5)[%)ds + Ce [V (0| [V (B)]|
t
+Ce [ ||V(s)|* ds.

to

Using (4.1.35),(4.1.7) and (4.3.24), we obtain in particular :

|div &€()||* + |lcurl £(2)]|?) < Ce. (4.3.36)

v (€013 ) < Cr(
Now, we take the inner product of (4.3.33) with £(s) to obtain :

1d

d
Sd I1€(s)|I* = &@, w) — e(Vq, V).
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By integrating the previous equation from ¢y to ¢t and due to results (4.3.29), (4.3.24) and
(4.3.25), we have for all ¢ € [tg, Tp] :

1&(t) / IVa(s)] 1975(s) | ds

SIS

t 3
<& [ Vel ds+62/ V<2 ds
to

t

< Cer | ||&y(s)|ds + Ce2
to

< Ce%.

We can conclude, with (4.3.25) and (4.3.35), for ¢ € [to, Tp] :

@I < ClIVYl g

co wp TV
vEH}(Q H"’HHl )

<C sup (&), v) + (V& Vo) +a(g, v)
vEH(l)(Q) HUHHl(Q)

Consequently, we obtain

()]l < C(!&( I+ IVE@I + €D (4.3.37)

< Ce2.

4.3.3 Error estimates for the nonlinear problem

Let us denote n = v — u€ and ¢ = r¢ —p°. We substract (4.2.1)-(4.2.2) from (4.3.21)-(4.3.22),

then we reach :

—vAn +an+ Vo = Bluf|®u’ — Blul®u
ult n+an+ Vo = Blu’| Blu| (4.3.38)
divn — eA¢; =0
and
folol
-n = 07 - — 0 on F X t ,t
K on to. ] (4.3.39)

n(to) =0, ¢(to) =0

The second order error estimate for the non linear problem will be discussed in the following

Lemma.
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Lemma 4.3.4. Under the same assumptions of Theorem 4.3.1. We have:
t
In@®)[1* + € [n(®) 130 ) + / (ldivn(s)|* + eurln(s)[*)ds + €[ Vo(t)|* < O, Vit € [to, To]
to

Proof. We take the inner product of (4.3.38); with 7, due to the equation obtained by taking

¢ as a source term in (4.3.38)2, hence we reach :

1d d
5 Il + v div ) + v eurl p)2 + £ V6
= B{lu|"u — [u|"u,n) — a|n|*.
So it remains to bound the last non linear term, we have
B{ue[ut — |ul™u,m) = Bllutous — [0 *v,m) + (00" — [ul*u,m).  (43.40)

because of the property (4.1.8) :
(Julut — oo, m) < 0.
Since e = £ + n, we observe that,
Bllv v —[u|u,n) = B(lv [0 = [u"u,n) + B{lu’|"u’ — |u|"u, e — §).
Thanks again to (4.1.8), we have,
(|lu|“u® — |u|u, e) < 0.
To recap, we rearrange the previous results into (4.3.40), then we obtain
Bllu*u® — [u|u,n) < B(v "0 — [u[*u,n) + B{lu|"u — [uu®, n) := O1 + Os.
Based on (4.1.9) and (4.1.7) , we reach :

01 < C||Va|1n]
. v .
< C(|ldivn]| + [leurln|)n] < % (|[divn| + eurly|2) + C ).
Similarly

Oy < C(IVE+mDIIE]

<
< C(Jdiv(& +m)] + lewrl (€ +m)DIE].
<(lldive] + lleurt €] + [divn]| + lcurl ) €]

14 . .
<= (Ildivn|? + [leurln]) + Cllg]]? + (lldive] + leurLe] ) €]l

Using Gronwall inequality, we use the regularity of the solution and the following estimate :

t t %
Clgl+(livel+lourtel)) gl < Ce [ eI ds < e [ eI ds)” < o, vee [,
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Hence, we obtain:
t
()11 + V/ (lleurln(s)|* + [[divn(s)[*)ds + € [ Vo(t)[|* < Ce. (4.3.41)
to

In order to check the estimate of ||divn||* + ||curln||?, we proceed as previously then we take
the inner product of (4.3.38) with —Amn to have :

[n(8)]131 0y < Ce.
O

To achieve the proof of Theorem 4.3.1, we take into account that u — u® = & + 1 and
p—p° =1 + ¢ and combine Lemma 4.3.3 and 4.3.4.



Chapter 5

Discontinuous Galerkin method for
DBF problem

5.1 Introduction

The main idea in this work is to analyze the discontinuous Galerkin Finite Element meth-
ods (DGFEM) for the linear as well as the nonlinear problem. The first introduction of DG
method applied to the hyperbolic equations was given by Reed and Hill [51] in 1973.

This chapter can be considered as an extension of the results in [10] where the Discontinuous
Galerkin method is employed in order to study the velocity’s approximation of the fluid flow
through porous medium which is supposed to be governing by Darcy’s law (linear elliptic
problem), so this work allow us to extand the results given in [10] to the Direct Discontin-
uous Galerkin method (DDG) established for the nonlinear problem with non homogeneous
boundary conditions.

Here, we essentially focus on the famous Discontinuous Galerkin schemes about (SIPG) sym-
metric interior penalty Galerkin. The objective of this chapter is to establish the error esti-
mates for both the velocity and the pressure of an incompressible flow fluids in porous medium,
in particularly Darcy Brinkman Forchheimer model, by using the Discontinuous Galerkin (DG)
finite element method to discretize the problem (5.3.1)-(5.3.2)-(5.3.3).

One of the most advantage of DG method is the fact that we are able to treat a discontinuous

functions on the boundary of each element (on the triangular surfaces of each mesh).

The organization of this chapter is as follow, in the first Section, we introduce the weak formu-
lation of the considered linearized model, then we provide some notations and results about
the DG discretization such as the definitions of the finite dimensional spaces Vj, and @y, the
discretization of the domain 2 into small grids and we recall properties of interpolation theory.
After that the DG finite element scheme of the linearized problem is derived. Through the
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theorem 5.2.7, the well-posedness of the linearized model’s DG approximations is investigated.
The Section 5.3 is devoted to study the DG approximation nonlinear problem. By applying
Brouwer’s fixed point theorem, the existence of the approximate solution (wp,pp) is estab-
lished.

In Section 5.4, we introduce some auxiliary results needed for the subsequent analysis, more-
over this Section contains an error estimate of both the velocity and the pressure. The last

section presents some numerical results.

5.2 Discontinuous Galerkin method for the linearized problem

Firstly, we introduce the weak formulation of the linearized model which is obtained by mod-
ifying the non-linear term in Darcy Brinkman Forchheimer equations. Then, the existence
of solution for the linearized problem’s (DG) discontinuous Galerkin approximation will be

investigated.

5.2.1 Model problem and weak formulation
Let introduce the following linearized Forchheimer problem

—vAu+au+blwlu+Vp = f, inQ, (5.2.1)
divu = 0, inQ, (5.2.2)

with a non-standard boundary conditions

u-n=g, curluxn = hxn, onl. (5.2.3)

Here u is the velocity, p the pressure, w stands for a convective velocity field, f an external
prescribed body force, v is the kinematic viscosity of the fluid and Q denotes a Lipschitz
bounded domain of R? with the boundary 99Q. Finally, n denotes the outward unit normal
vector to Of).

We denote by H;(Q) and H1(Q) the spaces:

1 _ 1 . —
H,(Q)={veH (Q); v-n=g onl},
HYQ)={ve H (Q); v-n=0 onT},
The variational formulation of (5.2.1)-(5.2.3) is:
Find (u,p) € H;(Q) x L2(£2). such that

A(u, v) + F(w,u,v) + B(p, v) =l(v), Vv e HL(Q), (5.2.4)
B(g, u) =0, Vg € L*(Q),
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where A is a bilinear form defined from H é(Q) x HL(Q) into R, by
A(u,v) = V/ curlw - curlvdz + a/ uv dz.
Q Q
Moreover, the trilinear form F' can be defined from L%(Q) X H;(Q) x HY(Q) — R, as
F(w,u,v) = b/ |lw| u v dzx.
Q
The last bilinear form By(.,.) : L*(Q) x HL(Q) — R, satisfies
B(p,v) = —/ pdivo dz.
Q
The linear form I, defined from the space H:(Q) into R, by

l(v) = /Qf ‘v +v(h X n, v)H_l/Q(F)XHl/z(F).

The well posedness of probelm (5.2.4) can be done by lifting the inhomogeneous boundary
condition g to turn into the homogeneous case stated in (1.3.59) and then apply Corollary
1.3.9.

5.2.2 DG discretization

In order to establish the DG method for the linearized problem, we need to introduce some
notations and results which are used throughout this chapter.

So let we begin with discontinuous finite element subdivision 7 of the computational domain
Q C R? (i.e Ty, is the family of the regular shape tetrahedra of the polyhedral domain ).

For each tetrahedron 7', we denote by hr its diameter, by |7 its volume and let h = Imax hr.
S

Moreover, the meshes are supposed to be shape-regular i.e, there is a constant ¢ > 0, inde-
pendent of A, such that :

h

L <C, Yh>0, YT ET,.

pPT

Here pr denotes the diameter of the largest sphere inscribed in 7T'.

I'y, denotes the set of triangular surfaces situated on the boundary 9€). While we denote by

Ci"* the set of internal triangular surfaces of 7.

We introduce the standard definitions of jumps and averages for scalar and vector functions.
For any interior triangular surface e shared by two mesh elements 77 and 15 i.e e = 3171 NIT5,
having normal vectors n; and ns pointing exterior to 77 and T5 respectively, then the average

(.) and jump [.] on e for a vector v and scalar ¢ are defined, respectively, as :

1
(vn) = 5(171 +vy), [v]=wv1-n1+ vy no.



144 Chapter 5. Discontinuous Galerkin method for DBF problem

1
(q) = 5(611 +a2), [d=an+q@ns:
Where v; = (v|1;)|e and ¢; = (¢|7;)]e, for i = 1,2.

When e is a triangular surface on the boundary 9€), we define the average and jump of a

vector v as follow :

The average and the jump of a scalar ¢ can be noted by

(@)=q¢ ld=q n

Such that n is nothing but an unit exterior normal vector to the boundary 9f2.

We denote P,,(T') the space of polynomial functions of degree less than or equal to m defined
on 7.

The following trace inequality will be frequently used in the sequel of the work.

For v € HY(T) and for any triangular surface of the element T, we have,

Velvlloe < Cllvflor + [lvlhr). (5.2.5)

Let us recall the monotonocity property, for any mapping G : u — |u|“w, then
(|lu|lu — |v|v,u —v) > 0. (5.2.6)

We search an approximation velocity uj, and pressure py, in the discontinuous finite dimensional
spaces V', and Qp,
Vi ={v, € L*(Q), vplr € P, VT € Tp},

Qn = {an € LA(Q), qulr € Poor, VT € To},

Moreover, for any function vy belongs to the discontinuous finite element space V3, we give

the application,

1
2

vnllpe = ( > (ldiv g 1§ p+ leurl vl 7)+a > HUhH(QLT‘f‘U(Jl(Uh?'Uh)+=]2('Uh7'Uh))>
TeT, TET,,
(5.2.7)

Where o is the penalty parameter. In order to stabilize the scheme, we have added Ji(., .)
and JQ(., )

1
Ji(up, vp) = Z |e]/[uh X M| - [vp X Me]ds, (5.2.8)
ecCint €
1
Ja(up, vp) = Z el /[uh ‘e - [vp - meds. (5.2.9)
6€CihntUFh ¢

It is well-known that for any 7' € Tj, and for any commun surface e € I', UC;" the continuous
orthogonal operator Ry, defined from H'(Q) into V', satisfies the following equations, with

m=1,2 or 3 and
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qdiv(Rp(v) —v) =0, Vv HYQ), Vq&P,. (5.2.10)

S—

gcurl (Ry(v) —v) =0, VYoec HY(Q), Vg€ Pn_1, (5.2.11)

S

/q [Rp(v)] =0, Yo € HY(Q), Vq€ P, 1, (5.2.12)

€

Moreover, Let 7, be the L? continuous projection defined from LZ(£2) to Qn(Q),

Wp e L3(), Vg€ Py, /T a(r(p) —p) = 0, (5.2.13)

By the usual interpolation theory, the operator Ry, satisfies the following approximation prop-
erty
Yo € H™(Q), |Rn(v) — v, < CR"|0|mi1 T, (5.2.14)

Furthermore, the following pressure’s interpolation estimate holds:
For any p € H™(Q) N L3(£2), we have

7 (p) = Pllor < CAE [Pl - (5.2.15)

The next lemma discusses the fact that the mapping given above in (5.2.7) is a norm on the

space Vp,.
Lemma 5.2.1. The mapping v, — ||vn||pa is a norm on Vi,

Proof. For any function vy, € V', it is easy to derive that |v,|pg = 0 implies vy, = 0.

Let we assume [|vp, %, = 0, then immediately it follows to note that

lonllbe = Y (Ildives |5 r+lcurl vallg 7)+a > loall§ r+o (Ji(vh, vi)+J2(vh, va)) =0,
TeTh TeT,
(5.2.16)

Due to definition of the stabilization terms Ji(., .), Ja2(., .) in (5.2.8), (5.2.9), we observe that
the energy norm of any function vy is the sum of square numbers which equals to zero, this

implies that every piece is vanish, then consequently v, = 0. O

5.2.3 DG scheme

Now, based on the variational formulation already given in the previous subsection (5.2.4),
we are in front to define the DG finite element scheme in the compact form, corresponding to
(5.2.1)-(5.2.2)-(5.2.3) problem which is given by

Find (up, qn) € Vi x Qp such that

Ap(up, vp) + Fp(w, wp, vy) + Br(pn, vn) = h(vn), Vo, € Vi, (5.2.17)

By(qn, wn) = gn(an) Van € Qn,
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Where the trilinear form F}, can be defined from V, x Vi x V, into R as

Fp(w,up,vp) =0 Z / |w|up.vp, de.
T

TeT

We rexwrite the bilinear and the linear forms in a useful manner. We begin by Ay (.,.) defined
from V), x Vy into R,

Ah('7 ) = aO('> ) + al('> ) + a2('7 ) + U(Jl('v ) + J2('7 ))
Such that, for any up, vy € Vi, we have
ap(up, vp) =v Z (/ curluy, - curl vy, dz +/ div up, div vhda:> +a Z / uvde.
TeTs T T TeTs T
We give some details on the forms aq(., .), as(., .) as follow :

ai(up,vp) = —v Z </e<curluh>[vh X nelds+ /(curlvh>[uh X ne]ds).

int e
ecCy

as(up,vp) = —v Z (/(divuh>[vh “me]ds + /(divvh>[uh : ne]ds>.

eecintury,  “°¢ ¢

For given qp, € Qp and vj, € V', we define the bilinear form By(.,.) : Qn x V), — R,

By (gn, vp) = — Z /thdivvh dz + Z /(qh> (v, - ne]ds,

TeTs eeCint

Now, we return to the linear forms, where I, is defined from V' into R, by

1
lh(vh)zz/vah+VZ/hxn-vhxnds+ Zw/g.vh.nds
e e

T€7'h EGFh eEl"h

— Z (divvp)g ds.

eEFh €

And the last linear form gy, is defined from the approximate finite element space Q, — R as,

gn(an) = > [ an- gds.

ecl'y, €

In the sequel, we focus on the well-posedness of the discrete formulation (DG), so we inves-
tigate the coercivity of Aj and the fact that F}, is a positive-definite operator. Moreover the
continuity property of the bilinear forms Ay, By, the trilinear form Fj and the linear forms

lp, gn will be established in this section, Furthermore, we check the Inf-Sup condition of Bj,.
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5.2.4 The well-posedness of DG linearized problem

First, we state some special result useful in the subsequent analysis. In the following, we
assume the the following discrete inequality: For any v € L4(Q), then there exists a constant
cy > 0, such that

vl < erllvllpe- (5.2.18)

Let us check the coercivity of Ay, and treat the trilinear form F} in the following lemma.
Lemma 5.2.2. If o is large enough, there exists a constant o > 0 such that
Ap(up, up) = valul|bg, Yu, € V. (5.2.19)

Furthermore,
Fh(w, Up, uh) >0, Vu,ecV, (5.2.20)

Proof. Based on the definition of the bilinear form Aj and the energy norm, we have

For any up € Vi,
ao(uh, ’U,h) + O'(Jl(’u.h, uh) + Jz(uh, uh)) > 1/||uhH2DG (5.2.21)
So, we observe that

Ah(uh, uh) = ao(uh, uh) + U(Jl('u,h, ’U,h) + Jg(uh, uh)) + al(uh, uh) + ag(uh, uh) (5.2.22)

> vl|lunlbe + a1(wn, un) + az(un, up). (5.2.23)

Let we recall that

as(up, up) = —2v Z div wp, [up.ne|ds. (5.2.24)
6€C;LntUFh ¢

According to Cauchy-Schwarz and the trace inequality (5.2.5), one obtains

v Z div up [up.ne]ds <1/< Z le| (div up)?ds )é

ecCimtury, ecCimtury,
1 1
( 3 /[uh.ne]>2. (5.2.25)
eGC}L"tUFh ¢ ‘6|

(5.2.26)

Let e € C}L"t such that < e >= 0Ty N 0Ty € Ty, we write

2

. \V € .
Vellldivugllo.e < 2' |Z||(d1v wp)7: |lo.e- (5.2.27)
i=1

< S(||div up

lo,ry + [[div uplloz,)- (5.2.28)

N o
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This result holds, even if the triangular surface e belongs to the boundary I'y,.

Then, we obtain

v Z /dlv up [up.neld V(C Z ||div uh]OT)é (Jg(uh,uh)> .

e€Cintury, TETh

(SIS

Consequently, we get

1 1
as(un, wn) > —v(= D7 divunlf ) * (oo (un un) (5.2.29)
TeT
l
> —uﬁnuhu%c. (5.2.30)

Using the similar argument, we observe ,

1

ai(up, up) = ( Z |lcurl |2 T) <0’J1(Uh,’u.h))2. (5.2.31)
TeTh
> —V—HU;LHDG (5.2.32)

Vo

Hence, by rearrange the relation (5.2.22) and results (5.2.30)-(5.2.32), we reach,
An(un, up) = VHuhHDG—VfHuhllDG (5.2.33)

For large enough o, the result (5.2.19) is established and we deduce the coercivity of the bi-

linear form Ay,

By definition of the trilinear form Fj, : Vi x Vi, x Vj, — R, we have

Fr(w, up, up) =b Y / |w|u? dz, (5.2.34)
TeTh
and the trilinear form Fj, is an operator definite positive.
O
Now we study the continuity of the bilinear forms Ap(., .) and By(., .).
Lemma 5.2.3. For any uy, v, € V), there exists c4 > 0 and cg > 0 such that
[ A (un, v)| < callunl|pallvnllpa (5.2.35)
|Br(qn, vn)| < cgllanll2@)llvnllpe- (5.2.36)

Proof. Let up, v, € Vi, by applying Cauchy-Schawrz, one can see immediately that ag(., .),

can be controled
o(tp, vp) =v Z (/curluhcurlvh dx+/d1vuhdlvvhdm> +a Z / u.v dx.
TET;, TET,
< Cllunllpgllvnllpe- (5.2.37)
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Moreover, using again Cauchy-Schwarz and the trace inequality, we obtain

. 1 1 1
v Y [ ndds< @ Y ldldvalBote Y lvenlf)?

e€CIntUTY, eeCimtury, e€Cintury,
. 1 1
<(Cv Y |divusl§ )2 (Ja(un, va))2.
=

< Cllunllpellvnllpe-

Consequently, we have
ag(uh, ’Uh) g C’Huhﬂngvthg. (5238)

similarly, we have
al(uh, ’Uh) § CH'U'hHDGH'UhHDG- (5239)

the two stabilization terms are controled as:

Ji(up,vp) = | /uh X M| - [vp X neds, (5.2.40)
Ecmt
1 1 1 1
<0 X il xnelBobe X ol el o} (5.2.41)
eeCint eeCint
< Cllurllpellvnlipe, (5.2.42)
and
Ja(up, vp) = e ’/uh ne| - [vp - nelds. (5.2.43)
ecmtur
< Cllunlpellvnllpe- (5.2.44)

This completes the proof of the continuity of the bilinear form Aj,.

Next, to obtain the continuity of By, it follows for any (qp, vp) € Qp X Vi

> [ endds< (3 ellanl)” (alwn. va)?. (5.2.45)

eecmt Cmt

1(J2(vh, v1))2 (5.2.46)

< OBllanllr2@)llvnllpe, (5.2.47)

which states the continuity property of the bilinear form Bjy,.

We shall derive the continuity of the trilinear form F},.



150 Chapter 5. Discontinuous Galerkin method for DBF problem

Lemma 5.2.4. Let uy, vy, € Vy, and w € Vy, then there exists a positive constant Cp > 0
such that

| Fr(w1, up, vp) — Fp(we, up, vp)| < Crl|lwr — wa|| pellunl| pellvnl pe- (5.2.48)

Proof. For given w1, wa, up, vy € Vj and based on the definition of the trilinear form Fj,

we obtain
]Fh(wl, Up, Uh> — Fh(w2, Up, ’Uh)‘ = ’b Z / ]wll.uh.vh dr —b Z / ]wgluh.vh d.%"
TeT, /T TeT;, /T
(5.2.49)
=|b Z /(|'w1| — |wa|)up.vp d (5.2.50)
1€y’ T
<b Y / lwi — wa|up||vs| de. (5.2.51)
TeT, T
< bllwy — w2 (o [unll L3 ) llvall La(o)- (5.2.52)
Because of the result (5.2.18), we have
|Fi(w1, un, va) — Fy(wa, up, v3)| < b cfl|lwi — wallpe ||unllpe |vnllpe- (5.2.53)
The proof is completes by taking Cp = bc?. O
The next lemma treats the Inf-Sup condition of Bj,.
Lemma 5.2.5. There exists § > 0, independent of the mesh size h and v, such that
B
inf sup (an: ) (5.2.54)

€Qun v, v;, lanll 2o llonllpe ~

Proof. The approach is rather classical. With any ¢, € @}, we shall associate v, € V', such
that

B(gn, vi) = b0 (5.2.55)
lvnllpe < cllgnllo- (5.2.56)

For this purpose, we make use of the continuous inf-sup condition for the linearized problem.
Thus, let g5 € Qp C L2(Q) and let z € H{(Q) such that:

divz = qp
Izll1.0 < Cllgnllo.q-

Then we put vy, = Ry(z) € V. By construction, we have according to (5.2.10) and (5.2.12)

on every T € Tj, and every surface e € CJ":

/ an div o d = / gdivz = [|ga]2.0.
T T
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/(qh>[vh . ne]ds =0.

e

Consequently By, (qn, vi) = thH%:Q' Next, since [z - me] = 0 we have
Ji(vp,vp) = Ji(z—Rpz,z— Rpz)
1
= Y illl(z = Raz) x nls.

eGC;;”t ’€|

< C\Zﬁ,g-

The last inequality is obtained in a classical way by using (5.2.14) after passing to reference

element and by making use of the trace inequality. Similarly, we can check that
Jo(vp, vp) < C'zl] o
Therefore, by using the interpolation estimate (5.2.14), we get

lonlbe = Y lldiv(Raz)llg o + Y lewl (Ruz)[IF o + allonllZe,

TeTh Te€Th
+ o (Ji(vh, va) + Jo(vh, v))
< Cllzl3 o

Hence,

lvallpe < Clignllo.o;

which yields to

2
Bu(an, vn) o Bnlan, on) gnll5.0

o oo = Tonloa = Cyillanlon = 1o
O
Finally, it remains to discuss the continuity of the linear forms [;, and gp.
Lemma 5.2.6. We assume that v, € Vy, then there exists ¢, > 0 and ¢y > 0 such that
|In(vn)| < allvonlpe- (5.2.57)
|gn(vn)| < cgllvn]|DG. (5.2.58)

Proof. Let us begin by proving the continuity of I;,. Using Cauchy-Schwarz inequality, we note
that

/Qf.vda;g(z /Tf2dg;)%(z /Tvi dz)? (5.2.59)

TeT, TeTh

<Y IF1B 7 )2 lonll e (5.2.60)

TeTh
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Thanks again to Cauchy-Schwarz inequality, we have

uZ/hxnvhxnds Z/|e (hxmn)? ds) (ZH(vhxn) ds)é (5.2.61)

ecl’y, ecly,
VIES” 1B % n2 )2 (J1(vh, v4))2. (5.2.62)

ecl'y,

Due to the trace inequality (5.2.5), it yields

1
vy / hxnoy < nds < X b xnle) foaloe. (5.2.63)

ecl’y, TeTh

Now in order to control the third term in the linear form, we proceed with a similar argument,

so we have,
1 1 5 . \3 1 5 \3
Zm g.vp.nds < ( Z E(g) ds) ( Z g””h-"eHo,e) : (5.2.64)
EFh € EEFh € EEFh

Based again on the trace inequality (5.2.5), we obtain

ir > Lomenas< (3 Il I lc. (5265)

TeTh

The last term in l; can be handled by using the same approach, we reach,

v Z /le V. gdr < ( Z | ) llvnll G- (5.2.66)
eEFh T€7-h
Similarly, we obtain inequality (5.2.58) and then the continuity of gj is established. O]

Theorem 5.2.7. We assume that o is large enough then there exists at least a solution

(up,pr) € Vi X Qp, for the linear problem(5.2.4).

Proof. Based on Babuska-Brezzi’s theorem and using the lemma 5.2.2, forms continuity proven
in lemma 5.2.3, lemma 5.2.4, lemma 5.2.6 and the condition inf-sup in lemma 5.2.5 then there

exists (up,pn) € Vi X Qp solution of the linearized problem (5.2.4). O]

5.3 Discontinuous Galerkin method for the non linear problem

In this section, we give the DG discretization of DBF problem, in order to establish an error
estimate between the continuous solution (u,p) associate to (5.3.1)-(5.3.2)-(5.3.3) equations

and the approximation solution (w,ps) of the discrete problem (5.3.6).
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5.3.1 Model problem
Let we have the incompressible DBF problem in an open bounded domain €.

—vAu+au+blulu+Vp = f, inQ, (5.3.1)
dive = 0, in(, (5.3.2)

which satisfy the following boundary conditions :
u-n=g, curluxn = hxmn. onl. (5.3.3)
A weak formulation of the previous system (5.3.1)-(5.3.2)-(5.3.3) can be discribed as follow

Find (u,p) € Hy(Q2) x L*(Q). such that
A(u, v) + F(u,u,v) + B(p, v) =l(v), VYve HLXQ), (5.3.4)
B(g, u) =0, Vg € L2(Q),

Where the trilinear form F(u,w,v) is given by
F(u,u,v) = b/ |lu|lu.v dx. (5.3.5)
Q

Here, the well posedness of probelm (5.3.4) can be also done by lifting the inhomogeneous

boundary condition g to turn into the homogeneous case.

5.3.2 DG scheme

The DG finite element approximation for (5.3.1)-(5.3.2)-(5.3.3) equations can be defined as
Find (up, qn) € Vi X Qp

Ap(up, vi) + Fp(up, un, v) + Bu(pn, vn) = h(vp), Yo, € Vi, (5.3.6)

By(qn, un) = gn(an) Van € Qp,

Such that (up,pp) is the approximate solution of the problem above (5.3.6).

Now, we will apply the fixed point’s theorem (Brouwer’s theorem) in order to check that
(wp, pr) is the unique discret solution for problem (5.3.6) .
The next theorem gives one of the main result of this chapter, where we discuss the existence

and uniqueness of the approximation solution.

Theorem 5.3.1. Let we have )
0= —3gcerac<lL (5.3.7)

Then, there exists a unique solution (wn,pn) € Vi X Qp for the discontinuous Galerkin method
(5.3.6), which satisfies the estimate :
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l
|un|lpe < — (5.3.8)
Vo
Ipnll 2y < (cacr+ o) (5.8.9)
<(—caq+ ——=crc +q). .3.
Moreover, we have
1
Fh(uh,uh,uh) < %C% (5310)
Proof. Let introduce the following space,
K = {Uh e Vy, Bh(vh,qh) =0, qn € Qh} (5.3.11)
Which allows us to neglect the pressure, so we obtain
Ap(up, vp) + Fp(up, up, vy) = lp(vp). (5.3.12)

We proceed with an operator S which characterizes a contraction on a sphere K} whose only
fixed point is the velocity up,.

To obtain the pressure properties, we use the identity:
Bh(vh,ph) :lh(vh) —Ah(uh,vh) —Fh(uh,uh,vh), V’Uh S Vh/Kh. (5.3.13)

Step 1: A construction of the operator S
Let S to be an operator defined from K}, into itself, such that for any w € Kj, S(w) = up,

which is the solution of the following variational formulation.

Find uy € Ky, where
Ap(up, vp) + Fp(w, up, v) = lp(vp). (5.3.14)

Thanks to the previous theorem, the problem (5.3.14) has a unique solution u, € V.
Now, by applying the coercivity of the form Aj, from lemma 5.2.3 and the continuity of I

from lemma 5.2.6,

Ap(un, up) + Fyp(w, up, up) = lp(vp) (5.3.15)
cllun| pe (5.3.16)

vollup|be <
<

Then the solution uj, satisfies the estimate,
)
lunllpe < —, (5.3.17)
ro
which infers that the operator S is well defined from Z} into Z; with

C
Zy ={vn € Kp, |lvnlpe < i} (5.3.18)
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Step 2: The operator S characterizes a contraction

Now, taking into account the smallness condition in the expresion of 6, we prove that S is a
contraction.

In order to check that, let w1, wa be in Zj, moreover we put uj = S(w1) and u} = S(ws).

For the sake of simple notations, we set u,ll = U, u}% = uo.

Now, due to the coercivity of the bilinear form Ay in the lemma 5.2.2
Ap(uy — ug, uy — ug) > valluy — usl|bHg. (5.3.19)
Because, for any vy, € Ky, we have
Ap(ug — ug,vp) = —Fp(w1, w1, vp) + Fp(wa, ug, vp). (5.3.20)
Next, putting vy = u1 — w2, it gives that

vallup — u2H2DG < — Fp(wa, w1 — u2, u1 — u2) (5.3.21)

+ Fh(UIQ, U, U1 — U,Q) — Fh(wl, U, U1 — UQ) (5.3.22)

In the one hand, using the fact that the form Fj, is a positive definite operator in
lemma 5.2.2,
—Fh(’wg, Uy — Uz, U1 — ’ll,g) § 0. (5323)

In the other hand, according to the continuity property of the form Fj in lemma 5.2.4, we get

+Fp (w2, ut, u1 — uz) — Fp(wi, u1, w1 — u2) < cpllwr — wallp2)lluillpa)llur — wellpaq)-
(5.3.24)
Using the relation (5.3.17) and because of (5.2.18), we obtain

1
Fr(wsg, w1, u1 —u2) — Fp(wi, w1, ug — uz) < o CF Allwy — wal|pellur — usl|pe. (5.3.25)

Consequently, we conclude

1
Hu1 — UQHDG < WCF q C%le — wQHD(;. (5.3.26)
1
Hence, the operator S is a contraction if 0 = ——cp ¢ ¢? satisfies the estimate (5.3.7).
Vo

Remark 5.3.2. Thanks to the contraction S defined from V', into itself with the smallness
condition 6 < 1, we have S(uy) = uy, is the fixed point which satisfies (5.3.6).

Step 3: The existence and uniqueness of the pressure p; € Qy,
To study the pressure py, case, we note that for any v, € Vi /Ky,

Bp(vh, pr) = In(vn) — Ap(un, vi) — Fp(w, up, vp). (5.3.27)
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According to the continuity property of the form [, A, and F} in lemma 5.2.6, lemma 5.2.3

and lemma 5.2.4, we infer that

In(vn) — Ap(up, vp) — Fy(w, up, vi) <(a + callunl|pe)llvnlpe

+ crllwllpz@)llunll L@ llvnl g (5.3.28)

Because of the result (5.2.18), for any vj, € V,/ K}, and using the relation (5.3.17),

1
In(vn) = Ap(un, vn) — Fu(w, up, vp) <(c + oA a)llvnlpa
1
+ —crct allw|pallvnlpe- (5.3.29)
vo
We conclude that

1 1
lh(vh) — Ah(uh, ’Uh) — Fh('w, up, ’l)h) < Cl(l + ECA + ECF C% wa||Dg)th||Dg. (5330)

~ 1 1 : o "
Taking @ = ¢;(1 4+ —ca + —cp ¢4 |lw||pg), we obtain the continuity of Bj,. Tn addition to
vo va

the Inf-sup condition in lemma 5.2.5 which gives the existence of a unique solution p, € Qp
to the problem (5.3.27) [33, Theorem 1.4].

To recap, the couple (up,pn) € Vi /Kp X Qp is a unique solution to the discrete Galerkin
method in (5.3.6).

Step 4: The stability bound for u; and py,

Because of up € Z},, so immediately the bound of uy, in (5.3.17) is obtained.

Now, in order to bound the form Fj, we use the same arguments as in step 1, i.e taking into
account the coercivity property of Ap in lemma 5.2.2 and the fact that I is a continuous form

(see lemma 5.2.6) with v;, = uj and by using Holder’s inequality,

vallunlbe + Fr(un, un, un) < alunllpe- (5.3.31)
1 cl2 vo 9

X 5. o . .3.32

570 T3 lunlDe (5.3.32)

Consequently, it gives
Fr(up, up, up) < 5——. (5.3.33)

Next, we move to bound the pressure for any pp € Q.
Bh(vhaph) = —Ah(uh, ’Uh) — Fh(uh, Uy, Uh) + lh(vh). Yup, vy € V. (5.3.34)
Due to the continuity of Ay, F} and the linear form [, one can obtain,

By(vn,pn) < callunlpcllonlpe + crllunlbellvnlpe + cllvnlpe- (5.3.35)
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Using the result

1 1
By (vh,pn) < oA allvnllpa + 22 CF llvnllpe + cllvnllpe (5.3.36)

and thanks to the Inf-sup condition of the bilinear form Bj, we have

1 1
Iprllc2i) < (Socaa+ 55 cr & +ap). (5.3.37)

Which finished the proof.

5.4 A priori error estimates

In this section, we study the error estimate for both velocity and pressure related to the re-
placement of H'(Q) by the finite dimensional subspace V,. For this purpose, we give firstly

some auxiliary results.

In the next lemma, we discuss the error analysis between the velocity uw and the velocity
obtained after applying the orthogonal projection Ry, (u), which is resided in the bilinear form
Ap.

Lemma 5.4.1. Let w € H™!, then there exists a positive constant ¢ independent of mesh
size h such that

For any v, € Vp,

]Ah(u — Rh(u), ’Uh)‘ < C]’LmH’UhHDG‘U’Hm+1. (5.4.1)
Where ¢ = max(a,v).
Proof. Let us recall that
Ap(cy D =ao( ., )+ai(., )+a(., )+ N(, )+ I, ). (5.4.2)

First, we restrict our attention to estimate ag(.,.) based on the relation (5.2.3), it follows

ao(u — Ra(w), vy) <v( Y lleurl (u — Ry(u HOT) (> chrlvhHOT)

T€Th TETh
1
(X v u - Ra(w)lE) (3 ldivonli )’
TETh TET,
a( Y llu -~ Ra(u HOT) ( ) - (5.4.3)
TETh TET,

By the definition of the norm on V', we obtain,
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M

ao(u — Ri(w), vr) <{w (Y leurl (u — Ry(u)lFr)* + (3 div (w— Ru(w) 3 7)?)

TeTh T€ETH
(5.4.4)
1
a( > ll(w = Ru(w)Br)? } Y- (5.4.5)
T€eTh T€eTs
Now, due to relation (5.2.14), it follows
ap(u — Rp(u), vy) < ch™|u|gm+1||vn|pa- (5.4.6)

Such that ¢ = maz(v, a).

Using Cauchy-Schwarz inequality in the first jump term, we obtain
1/2
M= R < el O il Reullf, | oo
eeCint
Let e be an internal surface common to the tetrahedrons 77 and T5. The proof is completely

similar for a boundary triangular surface. using the Trace inequality:

il B mllo < e (e Rl + - +Ju— Ryl
+ Ju-— Rhu\17TI> (5.4.7)
Thanks to (5.2.14), it follows
1/2
Ji(w — Ryu,vp) < ch™ | Y B ’”[Ivh]HOe [tlmt1,0 < ch™||lvnlDe [w]mer0-

eeCint

We can easily check that the same bound follows for the second jump term Ja(-, ).

On the one hand, the property (5.2.11) of the interpolation operator Rj gives
Z / (curlvyp) - [(u — Rpu) X ne| =
eecmf €
And on the other hand
Z / (divwp) - [(u — Rpu) - ne| =
eGC”“‘UF

Because of (curlvy) and (divwy) belong to P,,_; on every surface.

So, we only have to bound the remainning parts of the terms a; and as respectively

vy /curl u — Ryu)) - [v), X n,] (5.4.8)

ee(l”‘t
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and
vy (div(u — Rpu)) - [vp, - ne). (5.4.9)

eEC;;”tUFh ¢
For this purpose, let us introduce the classical Lagrange interpolation operator of polynomial

degree m, denoted by Ly, and let us insert it in the two last terms. Then, we can write that

/(curl(u — Rpu)) - [vp, X nelds = /(curl(u — Lpu)) - [vp X nelds

e

+ /(curl (Lyu — Ryu)) - (v, X nelds

IN

Ifon < ne]floell{curl (u — Lyw))llo.e

+ lon x nellloell{carl(Lpu — Rpu))foe.

Thanks to the same trace inequality as in (5.4.7), one obtain

[{curl (w — L))o, < ch™ ' |t|ms1,1ums-

1
Vel

Then,
1/2
1
> ftewtw-Lyw) o xndds < a2 Lo xnd | fulneso
eecint € eeCint

IA

ch™||vrllpa [6|mt1,0-

Next, using that Lyu — Rpu is a piecewise polynomial, we obtain by means of a scaling

argument that :

1 1 1
—=|{curl (Lpu—Rpu)}| o, < c (Tchrl (Lpu — Rpuw)llor, + ||curl (Lpu — Rhu)||0,T2> .
1

Vel h hr
By means of the triangle inequality, we can deduce that on any tetrahedral T,
lewrl(Lyu — Ryu)llor < |Lpw —uly 7+ [u — Ryuly ¢

< Ch%‘u’mﬁ-l,AT

So finally,
> /<cur1 (Rpu — L)) - [op, x nelds < ch™(J1(vn, v1)) 2 [t|mgt.0.
eGCZ"t ¢
The term in (5.4.9) has the same structure as the one in (5.4.8), thus it satisfies the bound
. m 1
> (div (Rpu — Lypu)) - [y, - nelds < ch™(Jo(vh, v4))? [t|me1.0-
eEC,i”tUFh ¢

It is now sufficient the rearrangement of the previous estimates in order to end the proof. [
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Lemma 5.4.2. We assume that p € H™(QQ), then there exists a constant ¢ > 0 independent
of h, then
For any v, € Vi, Br(p — 7n(p), vn) < c ™|l wpl|[plam. (5.4.10)

Proof. We recall that

Bu(p —rhp,vn) = — 3 /(p—rhp)diV’Uhd«%’Jr > [ —rwp) [vn - ne]ds
TeTh T eeci',bnt e
= > /(p—rhp> [vg, - me] ds.
eeCint ¢
Then,
1/2
1Bu(p —rip, vl <e | D lel (o —rnp) I3, lvalpe-
eeCint

int

On each triangular surface e € C;™ such that e C 9T, we bound the term [[(p — 74p)]

0,e a8
in the proof of the previous Lemma. Denoting by Lj the Lagrange interpolation operator on

P,,_1 for m =2 or 3, we obtain:

N

Vielllp = ruplloe < Vlel(llp — Lrplloo + | Lup — rrpl
c(llp— Lnp
§ Chm|p|m,T-

0,Q)

IN

lo,r + holp — Lapli,r + || Lap — mapllo,r)

For m = 1, we directly have:
Velllp = rrplloo < e(llp — rupllor + hrlp — ruplir) < chlplir.
So the announced result holds. O

Now, we move to analyze the error estimate of both the approximation velocity uj; and the

pressure py,.

Theorem 5.4.3. Assume that (u,p) € H™"1(Q) x H™(Q) is a solution for (5.3.1) problem,

then there exists a positive constant ¢ such that
I — wnlbe < ch®™ulh iy + ch®™pl7, (5.4.11)

Proof. Let us begin by putting u = Rp(u) and p = r,(p).
We denote that

X=up—U,  E=pp—D (5.4.12)
E=u— u, n=p-—p. (5.4.13)
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Because of £ and 1 have been already controlled by the interpolation operator (5.2.14) and

(5.2.15), then we need only to estimate the remainder terms.

The error equations give,

Ap(up, — u, vp) + Fp(up, up, vy) — Frp(u, w, vy) + By(pn — p, vp) =0, Vo, € Vi,

Bi(qn, v — up) = g5,(qn) =0 Van € Qn,
(5.4.14)

Because for any q;, € Qp,, we have By (qn, u — up) = 0.

Moreover, due to the orthogonality of the operator R}, we have By (qn, u — u) = 0.
Then, it infers immediately Bp(qn, up — u) =0

Since € = pp, — p € Qp, which implies that Bj(vp,e) = 0, we obtain the error equations,

An(X, vn) + Fp(un, up, vy) — Fp(u, u,vy) = Ap(§, vi) — Br(va,m),  Yop € Vi,

By(qn, x) = Bulan, §) =0 Van € Qn,
(5.4.15)

Now, we set v;, = X, the error equations becomes

Ah(X7 X) = _Fh(ufw uhaX) + Fh(“’v U,X) - Ah(ga X) - Bh(Xa 77) (5416)

By applying the coercivity of A and using the lemma 5.4.1 and lemma 5.4.2,

valxlbe < Filu, w, x) = Fy(un, un, x) + ch™ x| p6|tlms10 + ™ xllpelplma. (5.4.17)

Due to Holder’s inequality,

|40 | 46%
vallx|he < Fu(u, u,x) — Fy(wp, up, x) + §HX|’2DG + ™ ulf, o + §HXH2DG + Ch2m|p\12n7sz-

140%
< ZHXH%G +eh®™uls, 1o+ cBPMplE o + Fu(w, w,x) — Fy(up, up, X).

(5.4.18)

Then, it remains to estimate Fj(u, u,x) — Fp(up, up, x), Obviously,
Fp(u, u,x) — Fy(up, up, x) = (Ju|*u — Jup| up, X). (5.4.19)
= (Ju|uw — |up|%up, up — u + u — u). (5.4.20)

= (|u|%u — |up|%up, up — ©) + (|u|u — |up|“up, v — w).
(5.4.21)

Because of the monotonocity relation (5.2.6), it infers

(Ju|u — [up|*up, up —u) <O0. (5.4.22)
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Hence, we should only treat the term (Ju|“w — |up|*up, —§), so for this purpose, we proceed

as follow

(Ju|%u — |up|un, —§) = Fa(un, up, &) — Fu(u, u, ).
= Fh(uh’ uhag) - Fh(ua U — up + uhag)‘
= _Fh(u7X + gag) + Fh(“ha uh>€) - Fh(u7 uha&)' (5423)

Now, by using the continuity of the form Fj}, we control the first term

Fin(u, x +§,€) < crllulpellx + €llpeliél pe- (5.4.24)

Thanks to the triangle inequality, and using the approximation property (5.2.14), one can see

Fu(u, x +€,¢) < crllulpa(lxlpe + €l pa)l€llpe-
< cpC eh™|ulmy1llX| DG + er C ch®™|ul?, 4. (5.4.25)
By applying Hélder’s inequality,
F < YY2 B2 (]2 5.4.26
n(u, X+ & 8) < X+ h ™ uln - (5.4.26)

Where p; = £2CCF c.

Finally, let us control the estimate Fj,(up, up, &) — Fp(u, up,§).

One can observe that

F(up, up, &) — F(u, up, &) = ((Jup| — |u]).up, §). (5.4.27)
< (Jup — ulup, §). (5.4.28)
— Fu(x 6 un €). (5.4.29)

Using again the trivial inequality and according to the continuity of the form Fj in

lemma 5.2.4, it gives

Fr(x + & un, &) < cr(lxllpe + [€llpa)[wnl pelléllpe- (5.4.30)

Based on the bound of the approximation velocity in relation (5.3.8) and the approximation
inequality (5.2.14),

1
Ep(x+& un, &) < o —cra(llxlpe + ch™ [ulmr1)eh™ [ulmy (5.4.31)
< LGP ch™| | m+1llx|lpa + SCF G ch™™uls, 1. (5.4.32)
Due to Hoélder’s inequality, we obtain

vo m
Fi(wn, wn,§) = Fi(w, un, €) < —=lIxlIbg + pah™"uff 1 (5.4.33)
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Such that pe = max( Vsig c% 012, iCF ).

To recap, using relation (5.4.18), (5.4.22), (5.4.26) and according to results (5.4.23) and
(5.4.33), we reach

IXI[De < vt (eh® ™ ulf, 4y + ch®™[pl7,). (5.4.34)

Which completes the proof. O

Theorem 5.4.4. Under the same assumption of the previous theorem, then there exists a
constant C > 0 such that,

lp = prlle, < CP"(|ulmi1 + |plm). (5.4.35)

Proof. Based on the inf-sup condition

_ 1 By, (vn, pr, —
Ipn — PllQ, < 7 sup Bn(on,pn —P) (5.4.36)
B w0 lvnllpa
veVy

Due to the error equation, it gives that, for any vy € V.

By(vn,pn — D) = — Ap(up — u, vp,) + Fi(u, w, vp,) — Fp(up, up, vp) (5.4.37)
+ Bp(vh,p — D). (5.4.38)

Thanks to lemma 5.4.1, lemma 5.4.2 and the continuity of Ay, it gives

Bu(vh, pn — p) < ch™||vallpglulm+1 + callvnllpellx|lpe + k™ |vnlpalplm — (5.4.39)
+Fh(uau>vh) _Fh(uhauhavh)- (5440)

It remains to treat the term Fj,(u,u,vy) — Fp(up, up, vp,), so for this purpose, let

Fy(u,w,vy) — Fp(un, wp, vy) = Fp(u, x + & vp) + Fip(u, up, v) — Fp(up, wp, vp).
< Fh(ua X + 57 Uh) + Fh(X + 67 Up, 'Uh)'

< crllullpellx +€Ellpcllvallpe + crlix + Ellpallunllpallvnllpe-
(5.4.41)

According to the previous theorem, the bound of the approximation velocity (5.3.8), it gives

1
Fy(u,u,vp) — Fy(up, up, vp) < cp C (ch*™|ulZ, 1 + ch®p|2,) 2 ||vnl e (5.4.42)

1 1
+ Echl(Cthm’%”H + ch*™|p|2)2 ||vn | De- (5.4.43)
Consequently,

1
Fp(w, w, vp) — Fy(up, wp, vp) < ch™(ul? 0 + pl) 2o pe- (5.4.44)
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Hence, we obtain

~ . 1 11 1
Ipn — DPllg, < 3 ch™|ulpmir + Foav e 2ch™(Julh, 1 + |pl7,)? (5.4.45)
1 1 1
+ Echm\plm + B chm(\uﬁlﬂ + ]p|%1)2 (5.4.46)
1
< h™([wlmi1 + [plm) + ch™ (Juliy + Ipl5)2 . (5.4.47)

We conclude that the announced result in lemma (5.4.35) holds.

5.5 Numerical tests

In this section, we present a several numerical experiments with the Discontinuous Galerkin
(DG) method implemented with FreeFem-++ software to prove that the method is well suited
for the construction of robust high-order numerical schemes on unstructured grids for a variety

of problems.

FreeFem+-+ is a partial differential equation solver that has an advanced automatic mesh
generator, it uses fast algorithms such as the multi-frontal method UMFPACK, Super LU.

Several triangular finite elements, including discontinuous elements.
FreeFem+-+ provides tools to define discontinuous Galerkin finite element formulations. The
known types of finite element are:

e Pldc piecewise linear discontinuous,

e P2dc piecewise quadratic discontinuous,

e P3dc piecewise cubic discontinuous (need load "Element P3dc"),

e P4dc piecewise quartic discontinuous (need load "Element P4dc"),

and keywords: jump, mean, intalledges, nTonEdge, lenEdge.

From the viewpoint of the user, this lead to a more readable code:

fespace Vh(Th,P2dc); // Discontinous P2 finite element

intalledges(Th)(...)// loop on all edge of all triangle

nTonEdge // gives the number of adjacent triangle of the current edge
=1 on border edge and =2 on internal

jump ((N.x*v1+N.y*v2) // N.x,N.y is the normal to the edge

lenEdg // gives the length of the current edge
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5.5.1 Example 1 : Application on the current work in L shape geometry

Let us consider a nonconvex L-shaped domain Q = [~1,1]?/]0,1[>. The forcing term is

f = (x2,0) and the following boundary conditions.

3 —1, if z1=-1,-1<2y<1,
curlu =curlugon I'and u-n = —8zo(1 +x2) if z1=1,-1< 22 <0, (5.5.1)
0 elsewhere on T'.

We focus first on the behavior of the scheme (5.3.6) which corresponding to the problem
(5.3.4). We set the parameters values: v = 0.01, a = 1, 0 = 50 and b = 1. The approximation
solution wuy, illustrated in the Figure 1 is computed by using refined mesh ( 758 triangles and
424 vertices ).

0,400

0.zu0

-0.200

-0.400

L Shape Mesh
- - Lo

-0y -0.800 0200 L0400 -0.200 5.552-010.200 0.-og 0.200 0,400 L.og

Figure 1: L shape geometry.
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Figure 2: Contour plots of the approximated velocity components.

5.5.2 Example 2 : Flow fluid through a bifurcate pipe

Let consider a bidimensional pipe network with T shape geometry. The boundary is splitted
into I'1 and I's. T’y composed of three components. The bottom of T is defined by I'1; the
inflow part while I'1o and I'y3 introduce the outflow which are located the two extremes of
the horizental branch. I'y is constitued of the laterals surfaces of the pipes. The objectif
of this example is to illustrate the approximating velocity wu; while the exacte solution wu
correspondaing to the non linear BF problem (2.3.1) given in chapter 2 which modelize the
flows in a network of pipes.

To solve numerically the problem (2.3.1), we set the phsical coefficients v = 0.025, a = 1,
b=1,0 =50 and thedata f =0, mg=C; on I'y;, 1 =1, 2, 3.

In order to get the Figures below we should use a refined mesh with 1800 elements and 871

nodes.
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Figure 3: Mesh fot the T-shaped geometry.
5.5.3 Example 3 : Bercovier-Engelman test
Let us first introduce the vorticity w = curlu. We are interested to treat the following
problem :
vyeurlw + au + bjluju + Vr =0 and divu =0in Q,
with the boundary conditions :
U-Nn=1uy N, W=wy onTI.
In this example, we solve the following scheme :
An(up, vp) + Fo(wh, up, vp) + Br(ph, vn) = h(vn),  Vop € Vi, (5.5.2)
By (qn, un) = gn(qn) Van € Qn,

Le us consider © =]0,1[x]0,1[. The vorticity w and w are given on the boundary. We take

dataas: v=0.1,a=1,b=1, 0 = 50. To realize this implementation we use 3800 elements

with 1981 vertices.
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Figure 5: Mesh for the square cavity.
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5.5.4 Conclusions

Numerical validation was provided by testing the method against a number of well-known
problems. In all cases, the robustness and the accuracy of the method seems to be present

with respect to other methods.
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Analyse mathématique et approximation numérique de modéles d’écoulements

en milieux Poreux

Résumé : Cette thése est consacrée a 1’étude des équations du Darcy Brinkman Forchheimer
(DBF) avec des conditions aux limites non standards. Nous montrons d’abord I’existence de
différents type de solutions (faible et forte) correspondant au probléme DBF stationnaire dans un
domaine simplement connexe avec des conditions portants sur la composante normale du champ de
vitesse et la composante tangentielle du tourbillon. Ensuite, nous considérons le systéme Brinkman
Forchheimer (BF) avec des conditions sur la pression dans un domaine non simplement connexe.
Nous prouvons que ce probléme est bien posé ainsi que 'existence de la solution forte. Nous
établissons la régularité de la solution dans les espaces LP pour p > 2.

L’approximation du probléme DBF non stationnaire est basée sur une approche
pseudo-compressibilité. Une estimation d’erreur d’ordre deux est établie dans le cas ou les conditions
aux limites sont de types Dirichlet ou Navier.

Enfin, une méthode d’éléments finis Galerkin Discontinue est proposée et la convergence établie
concernant le probléme DBF linéarisé et le systéme DBF non linéaire avec des conditions aux limites

non standard.

Mots clés : Equations de Darcy Brinkman Forchheimer, Conditions aux Limites, Pseudo-Compressibilité,
Eléments Finis, Méthode de Galerkin Discontinue.

Mathematical analysis and numerical approximation of models for flow in porous media

Abstract : This thesis is devoted to Darcy Brinkman Forchheimer (DBF) equations with a non
standard boundary conditions. We prove first the existence of different type of solutions (weak and
strong) of the stationary DBF problem in a simply connected domain with boundary conditions on
the normal component of the velocity field and the tangential component of the vorticity. Next, we
consider Brinkman Forchheimer (BF) system with boundary conditions on the pressure in a non
simply connected domain. We prove the well-posedness and the existence of a strong solution of this
problem. We establish the regularity of the solution in the L spaces, for p > 2.

The approximation of the non stationary DBF problem is based on the pseudo-compressibility
approach. The second order’s error estimate is established in the case where the boundary conditions
are of type Dirichlet or Navier. Finally, the finite elements Galerkin Discontinous method is
proposed and the convergence is settled concerning the linearized DBF problem and the non linear
DBF system with a non standard boundary conditions.

Keywords : Darcy Brinkman Forchheimer equations, Boundary Conditions, Pseudo-compressibility,

Finite Elements, Discontinuous Galerkin Method.



