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Abstract

This thesis is devoted to the mathematical analysis of the problem of motion of a fi-
nite number of homogeneous rigid bodies within a homogeneous incompressible viscous fluid.
Viscous fluids are classified into two categories: Newtonian fluids, and non-Newtonian fluids.
First, we consider the system formed by the incompressible Navier-Stokes equations coupled
with Newton’s laws to describe the movement of several rigid disks within a homogeneous
viscous Newtonian fluid in the whole space R?. We show the well-posedness of this system
up to the occurrence of the first collision. Then we eliminate all type of contacts that may
occur if the fluid domain remains connected at any time. With this assumption, the con-
sidered system is well-posed globally in time. In the second part of this thesis, we prove
the non-uniqueness of weak solutions to the fluid-rigid body interaction problem in 3D in
Newtonian fluid after collision. We show that there exist some initial conditions such that we
can extend weak solutions after the time for which contact has taken place by two different
ways. Finally, in the last part, we study the two-dimensional motion of a finite number of
disks immersed in a cavity filled with a viscoelastic fluid such as polymeric solutions. The
incompressible Navier—Stokes equations are used to model the flow of the solvent, in which
the elastic extra stress tensor appears as a source term. In this part, we suppose that the
extra stress tensor satisfies either the Oldroyd or the regularized Oldroyd constitutive dif-
ferential law. In both cases, we prove the existence and uniqueness of local-in-time strong

solutions of the considered moving-boundary problem.

Key words: Fluid-solid interaction, Navier-Stokes equations, strong solutions, contact

problem, viscous fluids, Oldroyd model.






Résumé

Cette these est consacrée a I'analyse mathématique du probleme du mouvement d’un
nombre fini de corps rigides homogenes au sein d’un fluide visqueux incompressible ho-
mogene. Les fluides visqueux sont classés en deux catégories: les fluides newtoniens et les
fluides non newtoniens. En premier lieu, nous considérons le systéme formé par les équations
de Navier Stokes incompressible couplées aux lois de Newton pour décrire le mouvement de
plusieurs disques rigides dans un fluide newtonien visqueux homogene dans l’ensemble de
I'espace R2. Nous montrons que ce probleme est bien posé jusqu’a I’apparition de la premiére
collision. Ensuite, nous éliminons tous les types de contacts pouvant survenir si le domaine
fluide reste connexe a tout moment. Avec cette hypothese, le systeme considéré est globale-
ment bien posé. Dans la deuxiéme partie de cette these, nous montrons la non-unicité des
solutions faibles au probleme d’interaction fluide-solide 3D, dans le cas d’un fluide newtonien,
apres collision. Nous montrons qu’il existe des conditions initiales telles que nous pouvons
étendre les solutions faibles apres le temps pour lequel le contact a eu lieu de deux manieres
différentes. Enfin, dans la derniere partie, nous étudions le mouvement bidimensionnel d’un
nombre fini de disques immergés dans une cavité remplie d’un fluide viscoélastique tel que
des solutions polymériques. Les équations de Navier Stokes incompressible sont utilisées
pour modéliser le solvant, dans lesquelles un tenseur de contrainte élastique supplémentaire
apparalt comme un terme source. Dans cette partie, nous supposons que le tenseur de con-
trainte supplémentaire satisfait la loi differentielle d’Oldroyd ou sa version regularisée. Dans
les deux cas, nous prouvons l'existence et I'unicité des solutions fortes locales en temps du

probleme considéré.

Mots clés: Interaction fluide-solide, équations de Navier-Stokes, solutions fortes, prob-

leme de contact, fluides visqueux, modele Oldroyd.






Apercu de la these

Cette these est consacrée a I'étude du mouvement d’un nombre fini de corps rigides ho-
mogenes dans un fluide visqueux incompressible. Ce probleme figure parmi les problemes
les plus populaires en sciences appliquées, car il comprend des applications biologiques telles
que la circulation sanguine dans les arteres et les veines, la coagulation sanguine et la mod-
élisation de la parole. En outre, il est couramment utilisé pour décrire le comportement des

pulvérisations et pour concevoir et développer des implants prothétiques.

Il existe plusieurs approches pour modéliser les interactions des particules avec les fluides.
Ces approches dépendent de la taille des structures (petite ou grande), des propriétés des
particules (déformables ou rigides), du type de fluide: compressible versus incompressible,
newtonien versus non newtonien, etc. On suppose que les particules sont volumineuses,
indéformable et avoir des limites lisses. En particulier, nous supposons que les particules
sont des disques de dimension 2 et sont des spheres de dimension 3. De plus, nous supposons
que le fluide est un fluide visqueux et incompressible homogene et se déplagant sous ’action

d’une force externe du corps.

Le probleme d’interaction fluide-solide peut étre divisé en trois parties: probleme du
fluide, probleme solide et condition de couplage. Nous utilisons I'approche eulérienne qui est

le point de vue habituel en mécanique des fluides pour décrire le mouvement du fluide. Plus



précisément, nous utilisons les équations incompressibles de Navier-Stokes pour décrire le
mouvement du flux. Nous utilisons également les lois de Newton pour le moment linéaire et
angulaire pour décrire le mouvement des particules. Le couplage entre le sous-systeme fluide
et le sous-systeme solide se fait via la ou les interfaces fluides-solides en supposant que la
vitesse du fluide a chaque frontiere fluide-solide est égale a la vitesse du solide qui s’y trouve.
Le déplacement du corps solide modifie le domaine fluide. Par conséquent, le domaine des

fluides est inconnu a priori et nous avons affaire a un probleme a frontiere libre.

les modeles fluide/particule décrits ci-dessus ont été largement étudiés ces 18 dernieres
années. Dans un premier temps, des solutions ont été construites localement en temps. «Lo-
calement» pour n’avoir considéré le systeme qu’avant d’éventuelles collisions entre particules.
En 2 dimensions, il est méme apparu que le contact est le seul phénomene empéchant de
construire des solutions globales [41]. Etude de la collision en temps fini s’est faite pour
ces 13 dernieres années. Des outils pour controler la distance entre les particules ont été
développées [12, 24]. Ils permettent de mettre en évidence ’absence de contact et ainsi de
fournir des solutions globales aux systemes Navier-Stokes + Newton dans les configurations
simplifiées (une sphere ou un disque se déplace dans une cavité de forme simple). Dans [24],
I’auteur montre que toute solution forte est globale sous 1’absence de forces externes dans le
cas d'un disque en mouvement dans le demi-espace Ri. Notre premier objectif dans cette
these est de généraliser les résultats d’existence locale de solutions fortes pour le cas d'un
seul solide [12, 40] au cas de plusieurs corps rigides se déplagant dans un fluide visqueux
dans toute l'espace R%. Plus précisément, nous montrons le caractére bien posé de ce sys-
teme jusqu’a I'apparition de la premiere collision. Ensuite, nous éliminons tous les types

de contacts pouvant survenir si le domaine fluide reste connexe a tout moment. Avec cette



hypothese, le systeme considéré est globalement bien posé. Nous soulignons que ’hypothese
sur le domaine des fluides doit étre connexe a tout moment est toujours valable dans le cas
de deux corps en mouvement et que des contacts multiples sont vraiment improbables si
nous partons d’une suspension suffissamment diluée. Cette non-collision est paradoxale. Elle
repose sur le fait que les limites des structures solides sont suffisamment réguliéres. Rien
n’est aussi lisse qu’un disque ou une sphere. Par exemple, les auteurs de [20] ont étudié 1'effet
induit par la rugosité du corps rigide et la limite du domaine sur le processus de collision.
IlIs montrent que la collision se produit pour le modele d'un corps singulier qui tombe sur

une rampe.

La question de l'existence de solutions faibles au probleme d’interaction fluide solide
indépendamment de la collision a été posée par San Martin et ses coauteurs dans [34] en
dimension 2 et par Feireisl [16] en dimension 3. Par la suite, [39] & étudié la question
de l'unicité des solutions faibles dans le cas a deux dimensions. Il a prouvé que 'unicité
des solutions faibles ne tient pas apres un contact en 2D. Ce résultat de non-unicité peut-
étre raisonnablement expliqué par le fait qu’il n’y a pas de loi de rebond pour décrire la
dynamique apres une collision. La question de 'unicité des solutions faibles en 3D est le
deuxieme resultat de cette these. Nous prouvons la non-unicité des solutions faibles au
probleme de 'interaction fluide-rigide en 3D pour un le fluide newtonien apres la collision.
Plus précisément, nous montrons qu’il existe des conditions initiales telles que nous pouvons
étendre les solutions faibles apres le temps pour lequel le contact a eu lieu de deux manieres
différentes. Pour la premiere solution, le corps s’éloigne du bord de la cavité, tandis que
la seconde solution est construite de telle sorte que le corps reste en contact avec le bord
de la cavité apres une collision. La nouveauté de ce travail est que nous prouvons la non-

xi



unicité des solutions faibles pour le probléeme du mouvement d’un corps rigide dans un fluide
visqueux en 3D apres un contact avec un terme de source raisonnable.

Enfin, nous étudions le mouvement bidimensionnel d’'un nombre fini de disques immergés
dans une cavité remplie d'un fluide viscoélastique tel que des solutions polymériques. Les
équations incompressibles de Navier — Stokes sont utilisées pour modéliser le flux du solvant,
dans lesquelles un tenseur de contrainte supplémentaire élastique apparalt comme un terme
source. Ici, nous supposons que le tenseur de contrainte supplémentaire satisfait a la loi
différentielle d’Oldroyd ou a sa version régularisée. Nous montrons 'existence et 'unicité
des solutions fortes locales. FEn 'absence de particules I'existence globale de solutions faibles
au modele Oldroyd standard sans diffusion dans le cas de corotation uniquement (a = 0)
est démontré [31] pour toutes les données. Dans le cas général, I'existence et 'unicité des
solutions fortes locales ont été présentées dans [22]; de plus, si le fluide n’est pas trop élastique
et si les données sont suffisamment petites, alors les solutions sont globales. L’hypothése
de petitesse a été supprimée plus tard dans [33]. Finalement, & notre connaissance, seuls
quelques résultats concernent l'existence et l'unicité de solutions solides pour le modele
diffusif d’Oldroyd: l’existence de solutions globales fortes en 2D pour le modele diffusif

Oldroyd-B (soit @ = +1) et unicité de la solution parmi une classe de solutions fortes [11].
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Fluid-structure interaction ((FSI) for short) is the interaction of some movable or
deformable structure(s) with an internal or surrounding fluid flow. Studying the interaction
between fluid and solid structure(s) is a crucial concern in many engineering systems. The
success or failure of a product depends on how well it handles interactions between fluids
and structures. When fluid solid interaction occurs, the flow of the fluid may cause the
structure(s) to move, spin or even change shape due to flow-induced pressure and shear

loads, which in turn changes the fluid flow. This two-way interaction loop continues through



Chapter 1. Introduction

multiple cycles, possibly resulting in structural damage or less-than-optimal flow. Tacoma
Narrows Bridge is one of the famous examples of large-scale failure. The bridge collapsed in
1940 because normal speed winds produced aeroelastic! flutter that matched the bridge’s

natural frequency [6] (see Figure 1).

Figure 1.1 — Tacoma Narrows Bridge roadway twisted and vibrated violently under 64 km/h
winds on the day of the collapse

Aircraft wings and turbine blades may also break due to resulting oscillations from FSI.
In an aircraft, as the speed of the wind increases, there may be a point at which the structural
damping is insufficient to damp out the motions which are increasing due to aerodynamic
energy being added to the structure. This vibration can cause structural failure and therefore
considering flutter characteristics is an essential part of designing aircraft. In wind turbines,
the trend nowadays is to design larger turbines to increase the power output. However,
manufacturing larger turbines presents new challenges for structural engineers and might
require blade materials that are both lighter and stiffer than the ones currently used. Wind

turbin designs with larger turbines and relatively softer blades and flexible blades introduces

1. Aeroelasticity is the branch of physics and engineering that studies the interactions between the inertial,
elastic, and aerodynamic forces (force exerted on a body by the air or other gases) that occur when an elastic
body is exposed to a fluid flow.
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Figure 1.2 — Size evolution of wind turbines over time [32]

considerable aeroelastic effects due to (FSI). These effects might cause aeroelastic instability
problems, such as edgewise instability and flutter, which result in devastating the blades and
the wind turbine. Therefore, designing larger turbins with flexible blades need a aprecise
(FSI) modelling [46]. We remark that such kind of FSI models will be not the subject of

this thesis.

White blood
celis

=S
. rﬂed biood cell

Figure 1.3 — Blood flow in arteries

Moreover, (FSI) is among the most popular problem in applied sciences and includes
biological applications such as blood flow in arteries and veins, blood coagulation and speech

modelling. More precisely, interactions of biological cells and tissues with flows are important

3



Chapter 1. Introduction

to the circulatory, respiratory and digestive systems. For example, understanding of the
complex interaction between the arterial wall and blood which consists of red blood cells,
platelets, and white blood cells in a circulatory system is crucial to understand the physiology
of the human circulation. In addition, fluid solid interactions are significant in medical field.
For example, FSI is commonly used to describe the behaviour of sprays and to design and
developing prosthetic implants. We emphasize that the density of air is much smaller than
that of the structure, and density of blood is comparable with density of the vessel. Therefore,
the coupling nonlinearity is much stronger in the biomedical applications (in a sense that

added-mass effect is much stronger) and numerical schemes are therefore different.

Normal Artery Artery Narrowed
by Arteriosclerosis

Pl R
aque 3
Normal

Interrupted
Blood Flow

Blood Flow

Figure 1.4 — Blood flow in normal and narrowed artery by arteriosclerosis

There are several approaches to model fluid-structure interaction depending on the the
size of structures (small versus large) and other properties such as deformable versus rigid,
etc... In this thesis, we focus on the macroscopic level to model a finite number of homoge-
neous rigid bodies immersed in a viscous fluid which is either a Newtonian or viscoelastic
fluid in dimension 2 or 3. In such models, the fluid solid interaction problem can be divided
into three parts: fluid problem, solid problem, and coupling condition. The equations used
to describe the fluid solid interaction problem are complex and challenging due to the high
nonlinearity of the problem. Not only the fluid equation exhibits nonlinearity, the displace-

ment of the solid body modifies the fluid domain which generates geometrical nonlinearity

4



1.1 The governing equations

as well.

In this chapter, we introduce the general framework of the thesis. In Section 1.1, we
write the governing equations of the fluid solids interaction problem. In Section 1.2, we give
an overview of recent works on fluid-solid interaction problem. The scope of this work is
addressed in Section 1.3. This introductory chapter ends with the outline of the thesis and

its main contributions, Section 1.4.

1.1 The governing equations

In this section, we write the equations of the motion describing the fluid solid interac-
tion problem. To fix the geometry, we consider k rigid bodies By (t),. .., By(t) in RY where
k is a positive integer and d = 2 or 3, immersed in a homogeneous incompressible viscous
fluid. We assume that the boundaries 0B;(t) for i = 1,...,k of the solids are circular in
dimension 2 and spheres in dimension 3. The spatial domain occupied by the fluid changes
in time and depends on the position of the k rigid bodies. Therefore, the domain occupied
by the fluid at time ¢, denoted by Qg(¢), is defined as the complement of the set of solids in

R? or in a bounded domain of R? if the solids are moving in a cavity.

We denote by h;(t) and w;(t) the center of mass and the angular velocity of the i—th
body at time ¢. We suppose that the rigid bodies are homogeneous and each has a constant
density p,. Hence the mass m; and the moment of inertia J; of the i—th body related to the

center of mass h;(t) are given by

m; = 7idx>
/Bi(t) P

J = / il — hi(t)|2dz, ifd=2
B;

J = /B pi(\x—hi(t)ﬁfg,—(x—hi(t))®(:c—hi(t)))d:c, itd = 3.

Since the rigid bodies are homogeneous spheres, then then the above quantities are time

5



Chapter 1. Introduction

independent. Moreover, we have

JZ-:(/ 5 —hith)[, ifd—3.
[l hPE)n,

For the sake of simplicity, Qx(0) and B;(0) will be denoted later on by Qg and B; respectively.
Furthermore, we assume that there is no contact initially between the rigid bodies and the
boundary of the flow. Precisely, we suppose that v = v(0) > 0, where

v(t) = min {d(B;(t),00r(t))) :i# j} > 0. (1.1.1)

1<i<k

There are two approaches to describe the motion of a fluid and its associated properties.
The first approach is based on following an individual fluid parcel as it moves through space
and time. This approach is called Lagrangian approach. More precisely, the fluid parcels are
labelled by some vector field zy which is often chosen to be the center of mass of the parcels
at some initial time ty. In the Lagrangian description, the flow is described by a function
X (x¢,t) giving the position of the parcel labelled zy at time t. The second approach is
the Eulerian approach which is based on identifying or labelling a certain fixed location in
the flow field and follow the change in its property, as different materials pass through that
location. For example, the flow velocity is represented by a function u (x,t) at position x
and at certain time ¢. The two approaches are related as they describe the velocity of the

parcel labelled zy at time t as follows

0X

u (X(X07 t)v t) = E (

XOat)a

In this thesis, we use the Eulerian approach which is the usual stand point in fluid me-
chanics. More precisely, we use the incompressible Navier—Stokes equations to describe the
motion of the flow. In terms of fluid velocity u, external body force f, the incompressible

Navier —Stokes equation are given by
pOu+ (u-Vu)=V-o+f, xe€Qpt), te(0,T), (1.1.2)

Vou=0, zeQp(t), te(0,T), (1.1.3)



1.1 The governing equations

where p denotes the density of the fluid.

Of course, one should add initial data and suitable conditions later at the boundary of the

fluid domain. Due to the isotropy, the Cauchy stress tensor writes

o= —pl+r, (1.1.4)

where the scalar p is the hydrostatic pressure (determined by the flow) and 7 is the extra-

stress tensor which satisfies a constitutive law depending on the type of the fluid. Mainly,

viscous fluids are classified into two categories:

a)

b)

Newtonian fluids: are fluids with no memory and the stress depends on the instan-
taneous value of the velocity gradient, not on the prior history of the deformation.

Thus the extra-stress is expressed as
T = 2nDlu], (1.1.5)

where 7 is the fluid viscosity and Dlu] is the rate of deformation tensor defined as
follows

Dlu] = ;(Vu + Vaul).

Water, air, mercury... are some of the examples of Newtonian fluids.
Non-Newtonian Fluids: are those fluids which do not follow the linear law of
Newton’s law of viscosity (1.1.5) and the relation between the shear stress and the
shear rate is non-linear. The viscosity of non-Newtonian fluid is not constant and it
depends on other factors such as the rate of shear in the fluid, the container of the
fluid and on the previous history of the fluid. The non-Newtonian fluids are further
classified into several classes.

For example, quasi-newtonian fluids are those for which the viscosity n satisfies the
power-law model

n—1

1
n(D) = m + 5 (trace(|Dlu] )
For n = 1 we recover the Newtonian fluid, whereas for n < 1 this equation describes

7



Chapter 1. Introduction

a shear thinning fluid. Latex paints, blood plasma, and syrup are examples of shear
thinning fluid. For n > 1, the viscosity is directly proportional with the shear rate
and the fluid is called a shear thickening or dilatant fluid [35]. Such fluids are rarely
encountered, but one common example of this fluid is oobleck which is a mixture of
cornstarch and water that hardens upon application of high enough forces, allowing
people to run across large pools filled with such mixture. A more natural example is
that of wet sand. Walk across it slowly and you will start to sink down but apply

enough force by running and the beach will harden beneath you.

Shear stress Viscosity

A I 1

Dilatant

Newtonian
Newtonian

Shear-thinning

Shear-thinning

(a) Shear rate (b) Shear rate

Figure 1.5 — Flow curves for Newtonian, shear thinning and shear thickening (dilatant) fluids:
(a) shear stress as a function of shear rate; (b) viscosity as a function of shear rate.

Another category of non- Newtonian fluids contains characteristics of both solids
and fluids and exhibit partial elastic recovery after deformation. These are known
as wiscoelastic fluids. Such fluids have memory. In other words, the value of the
extra-stress tensor at the present time ¢ of this type of fluids depends on the history
of the past deformations and not only on the present deformation. Many important
industrial fluids (polymer melts or solutions, metals at very high temperature...) and
biological fluids are examples of viscoelastic fluids as they exhibit both viscous and
elastic characteristics when undergoing deformation.

In this thesis, we focus mainly on a class of constitutive laws which are widely used
in the polymer community due to their relative simplicity, in particular for numerical

simulations, the differential models. These differential constitutive laws are basically

8



1.1 The governing equations

derived from molecular or continuum mechanics considerations. An important class
of them have the following differential form

T+ Al%z + B(r, D[u]) = 2n(D[u] v AQZ‘;(D[u])), v € Qp(t), t € (0,T). (1.1.6)

Here, A\; and Ay denote respectively the relaxation and retardation time, such that
0 < Xy < A1. As the considered fluid is viscoelastic, we restrict our study to the case

D,
when Ay > 0. The operator Dr is a kind of time derivative which is frame indifferent

D,t

Dt

= (@ + (u- V)u)T + g.(Vu, 1),
where g, (—1 < a < 1) is a bilinear mapping defined as follows
ga(Vu,7) = 7Wu| — Wlu]r — a(D[u]r + 7D[u]),

where Wlu] = ;(Vu — Vu®) is the vorticity tensor.

The particular cases a = —1,0,1 correspond respectively to the lower convected
derivative, Jaumann derivative and upper convected derivative. We focus here in the
Oldroyd constitutive law which corresponds to g = 0 and its transient version, known
as the regularized or diffusive Oldroyd model for which an additional dissipative term

eAT appears in the stress equation (1.1.6), see [4] .

The motion of the i-th body is governed by the balance equations for linear and angular

momentum (Newton’s Laws):

1"

mahl (t) = —/aBm ayidrﬁpi/B_(t)f(t)dx, te(0,T), (117)

T (t) = _/aBim(:” — ha(t)) X owdT +,0i/Bi(t)(x ~ (1) x f(D)dz, te(0,T). (1.1.8)

For d = 3, we have denoted by z x y the classical cross product for z,y € R?® whereas for
d =2, for z,y € R? and a € R, we have denotes x Xy = —x1ys +Toy; and a X x = a(—, 7).

The symbol v; stands for the unit normal vector directed toward the interior of the i-th body.

9



Chapter 1. Introduction

We impose the no-slip boundary conditions at the fluid/rigid body interfaces:
w(x,t) = hy(t) + wit) x (x — hi(t)) z € dB;(t), t€[0,T], ie€{l,... k}. (1.1.9)

Moreover, if the rigid bodies are suspended in a cavity O filled with viscous fluid, we assume
that
u(z,t) =0, x €00 x|[0,T]. (1.1.10)

To complete the system, we impose initial conditions at t =0 :

u(z,0) = up(x), = € Qp (1.1.11)
hi(0) = hY, KL(0) =h!, w;(0)=w? i=1,...,k, (1.1.12)
7(2,0) = 19(2), = € Qp. (1.1.13)

1.2 A brief historical overview

In this section we present a short historical overview of the Cauchy theory for fluid
solid interaction problem. We recall that we focus on the macroscopic level of modelling as
the moving particles contained in the fluid are assumed to be indeformable and sufficiently
large and we use the the Eulerian approach to describe the motion of the fluid. The coupling
between the fluid and solid subsystems is via the fluid-solid interface(s) by supposing that

the fluid velocity at each fluid-solid boundary is equal to the velocity of the solid at it.

The problem of motion of one or several bodies in a viscous Newtoninan incompressible
fluid was the interest of many studies (see [10, 13, 14, 27, 29, 36, 37|, and references therein).
These studies investigated the existence of weak solutions (in a sense which will be defined
below) up to "collision" of the fluid rigid body interaction problem. The question of existence
of global weak solutions regardless collision, was answered by San Martin and his coauthors
in [34] in dimension 2 and by Feireisl [16] in dimension 3. Thereafter, the author in [39]
investigated the question of uniqueness of such solutions in the two dimensional case. He

proved that uniqueness of weak solutions does not hold after contact in 2D. This non-
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1.2 A brief historical overview

uniqueness result can be reasonably explained by the fact that there is no bouncing law to
describe the dynamics after collision. The method used in [39] to prove the non-uniqueness
of weak solutions was to construct a weak solution, colliding in finite time, when the fluid
domain and the solid are two disks. Then one may extend this solution after contact by two
different ways so that one obtains two weak solutions with different behaviours: for the first
solution, the body moves away from the boundary of the flow, whereas the second solution
is constructed such that the body stays in contact with the flow boundary after collision.
Hillairet and his co-author give an example for which the solid collides with the boundary
of the flow in finite time in dimension 3 [25]. The question of uniqueness of weak solutions

in 3D is one of our interests in this thesis.

As far as we know, the problem of existence of strong solutions for (FSI) in the case of
single moving rigid body of arbitrary shape in a cavity is investigated in several studies. A
local-in-time existence result of strong solutions in this case was proved in [21], provided that
the inertia of the rigid body is large enough with respect to the inertia of the fluid. Further
development in this domain is the work of Takahashi in [40]. The author proves the existence
and uniqueness of global strong solution without taking in consideration the assumption
in [21]. The first no collision result for strong solutions was provided by T. Hesla [23] and
M. Hillairet [24]. In [24], the author shows that any strong solution is global under the
absence of external forces in the case of a moving disk in the half space R2. Thereafter,
it has been studied the roughness-induced effect of the rigid body and the boundary of the

domain on the collision process [20].

One of the available results in the case when the fluid domain is the exterior of a single
ringid body is due Takahashi and Tucsnak [41]. The authors in [41] prove the existence and
uniqueness of strong solutions for an infinite cylinder in dimension 2. A similar result has
been proved in Silvestre and Galdi [18] for a rigid body having an arbitrary form. Lately,
Cumsile and Takahashi improved the result in [41]. They established the existence and
uniqueness of strong solution globally in dimension 2 and also in dimension 3 if the data are
small enough [12]. A one-dimensional version of the problem of several rigid bodies is studied

in Vazquez and Zuazua [45] where the asymptotic behavior of solutions is also investigated.
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Chapter 1. Introduction

Recently, the problem of motion of rigid bodies in non-Newtonian fluids has attracted
great attention of many authors due to the wide applications of the fluid solid interaction
problem in many biological fields as well as in industrial fields. In the case of non Newtonian
fluid of a power-law type, Feireisl, Hillairet, and Necasova established in [17] the existence of
global-in-time weak solutions for the problem describing the motion of several rigid bodies
with such type of fluids. Lately, Geissert, Gotze, and Hieber investigated in [19] the fluid
solid interaction problem in the case of generalized Newtonian fluid of power-law type of
exponent d > 1. The authors prove the existence of a unique, local, strong solution in the LP
setting of the considered problem when p > 5. In the context that a fluid of viscoelastic type
occupies the whole cavity, that is in the absence of interaction with obstacles or particles,
global existence of weak solutions to the standard Oldroyd model without diffusion in the
corotational case only (a = 0) was proved in [31] for any data. In the general case, the
existence and uniqueness of local strong solutions was shown in [22]; besides, if the fluid is
not too elastic and if the data are sufficiently small, then solutions are global. The smallness
assumption was removed later on in [33]. However, as far as we know, only few results
concerning the existence and uniqueness of strong solutions for the diffusive Oldroyd model:
the existence of global strong solutions in 2D for the diffusive Oldroyd-B model (i.e. a = +1)

and uniqueness of the solution among a class of strong solutions was proved in [11].

1.3 Scope of this work

In this thesis, we focus on a common model used to describe the behaviour of sprays which
is based on modelling the carrier fluid by the incompressible Navier-Stokes equations and
assuming the particles it contains to be bulky and indeformable so that their displacements
are described by Euler equations for rigid body dynamics. A strongly coupled system is
thus obtained because the displacement of the particles fixes the area occupied by the fluid
as well as the value of the fluid velocity field at its edge. On the other hand, the stresses

exerted by the fluid influence the particle dynamics.

The first objective of the thesis is to show the well-posed character of the Navier-Stokes
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+ Newton system when we consider the displacement of an arbitrary number of spherical
particles in an infinite domain. We extend the known result of existence of solution in a
context where the cavity is infinite and generalize the tools to control the distance between
solids to complex configurations. We emphasize that this result is a major contribution be-
cause examples of contacts which has been built previously are for particular configurations.

This result illustrates how special they are.

The second objective of this thesis is to investigate the question of uniqueness of weak
solutions to (FSI) in dimension 3. We show that there exists some initial conditions for
which a weak solution for the (FSI) problem can be extended into two different ways after

contact.

Finally, we show the well-posed of the system composed of Navier-Stokes equations for
which the extra stress tensor satisfies a differential constitutive law of Oldroyd or regular-
ized Oldroyd type + Newton’s laws modelling the displacement of an arbitrary number of
spherical particles in a cavity filled with viscoelastic fluid such as polymeric solutions. Here,
we extend the known result on the existence of classical solution in a context that the fluid

occupies the whole cavity [22].

1.4 Thesis outline and main contributions

This PhD thesis is organized as follows. The main contributions of this thesis are
reported in Chapters 2, 3 and 4 and are summarized here below. In Chapter 2, we show
the well-posedness of the problem of motion of several bodies of circular form in a Newtonian
viscous fluid globally in time if the the fluid domain is connected domain in R? at any time.
In Chapter 3, we show that uniqueness of weak solutions to the fluid solid interaction
problem in three dimensional case does not hold after contact. The non-uniqueness result
is due to the lack of collision law in the model under consideration. In Chapter 4, we
investigate the well-posedness of the problem of interaction of rigid solids with a viscoelastic

fluid which obeys either differential constitutive laws of Oldroyd or diffusive Oldroyd type.
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1.4.1 Chapter 2. On the Motion of Several Disks in an Unbounded

Viscous Incompressible Fluid

In this chapter, we study the time evolution of a finite number of homogeneous rigid disks
within a viscous homogeneous incompressible Newtonian fluid in the whole domain R?. The
motion of the fluid is governed by Navier-Stokes equations (1.1.2)-(1.1.3) with the Cauchy
stress o given as in (1.1.4)-(1.1.5), whereas the movement of each rigid body is described by

the standard conservation laws of linear and angular momentum (1.1.7)-(1.1.8).

The regularity of classical solutions to the fluid solid interaction problem is computed
through a change of variable X which maps the Qp into Qg(t). The existence of such
transform will be discussed in greater details later. More precisely, for a function u(.,t) :

Qp(t) — R?, we set U(y,t) = u(X(y,t),t) and we use the following notations:

L2(0, T;HY(Qp(1)) = {u: U € L*(0,T;H(Qp))},
HY0,T;L2(Qp(t) = {u: Ue H(0,T;L2(Qp))},
(0, 7], B (Qp(1)) = {u: UeC(0,T],H (Qp))},
L0, T; H' (Qe(t) = {u: UeL*0,T; H (Qr))}.

Moreover, we define U(0,T; Qp(t)) as follows
U, T;Qr(t) = L*(0, T;HA(Qp(t))) N C((10, T), H(Qr(1))) N H' (0, T5 L (Qp (1))

We remark here that the definition of the above spaces is independent of the choice of the
mapping X, see for instance, [40]. In the above spaces, we have denoted the Lebesgue and
Sobolev spaces by LP(Q), 1 < p < oo, with norms | - || »(q) and H*(2), with norm || - || (-
L2(2) and H*(Q) are spaces of vector valued or tensor valued functions with components in
LP(Q) and H*(2) respectively.

Before stating our main results , it is convenient to introduce the following definition.

-----
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of problem (1.1.2)-(1.1.5), (1.1.7)-(1.1.12) if

k
and if (1.1.2)-(1.1.5), (1.1.7)-(1.1.12) are satisfied almost everywhere in (0,T) and in Qp(t)
or in the trace sense and

¥(t) = min {d(B;(t), B;(t)) :i # j} > 0.

1<i,j<k

Our first result is the following existence and uniqueness of strong solutions up to the first

collision.

Theorem 1.4.1 Suppose that f € L*(0,00; L*(R?)), v > 0, hY € R? h} e R?, W € R, ug €
H!'(R?), and that

V'UO = O, in QF,
up(z) = hl+wd(@—nd)t xedB;, Vie{l, ... k}

Then there exists Ty > 0 depending on ~y, hy, b}, w?, |uo|lm ) and || f|12(0,00:12(r2)) Such that
problem (1.1.2)-(1.1.5), (1.1.7)-(1.1.12) admits a unique strong solution (u, p, (hi, w;)icq1,.. k})
on [0,T] such that T < Tj.

Moreover, one of the following alternatives holds true:

1. TO = +OO,

1
2. Ty is finite and limsup — = +00.
t—To V(t)

The proof of Theorem 1.4.1 follows a standard scheme: existence and uniqueness of local
solution and analysis of blow up alternative. We emphasize that one key ingredient in the
blow up alternative is to show that under the only assumption that () is bounded by below
then [|[u(t)]/g (o)) i also bounded.

Our second result concerns the global existence and uniqueness of strong solution of the

tackled problem. More precisely, we prove:
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Theorem 1.4.2 Assume that the hypotheses of Theorem 1.4.1 hold true and that

the fluid domain is connected at any time. (H1)

Then problem (1.1.2)-(1.1.4), (1.1.7)-(1.1.12) admits a unique global strong solution.

The idea of proof of Theorem 1.4.2 is to act by contradiction. We assume that collision can
occur in finite time. We multiply (1.1.2) with a divergence-free vector-field v before collision.
We construct a multiplier v locally on the neighbourhood of contact point between the
colliding disks and then we extend it by a regular vector field. When two disks approach each
other, the viscous term dominates the acceleration term leading to a differential inequality
which can be integrated to obtain the no collision result.

We emphasize that the assumption (H1) is always valid in the case of two moving bodies
and that many body contacts are really unlikely if we start from a sufficiently dilute suspen-
sion of bodies. The main difficulty to handle the case of more than two rigid bodies is that
collision could possibly divide the fluid domain into several connected components. On such
situation, each neighbourhood of the contact point between the colliding particles inside
the fluid domain has two connected components. Unfortunately, the flux of the multiplier
v which we construct in these neighbourhoods does not vanish on each of the connected
components even if their sum does. This prevents us from extending the multiplier v to the

whole fluid domain by a divergence free vector field.

1.4.2 Chapter 3. Nonuniqueness of Weak Solutions to Fluid Solid

Interaction Problem in 3D

This chapter answers the question of uniqueness of weak solutions to the fluid-rigid
body problem in dimension three. We consider a single rigid body moving in an incompress-
ible homogeneous Newtonian viscous fluid. The rigid body is supposed to be a ball and the
fluid domain has exactly two holes, so that the moving ball can fill exactly the gap between
the holes if collision occurs. We prove that uniqueness of weak solutions to the fluid solid

interaction problem in three dimensional case does not hold after contact. More precisely,
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the full system of equations modeling the motion of the fluid and the rigid body reads as

Ou+ (u-Viu=V-o+ f, in Qpt), te(0,7), (1.4.1)
V.u=0, in Qp(t), t € (0,7), (1.4.2)

u(z,t) = G(t) +wx (x — G(t), z€dB(t)te(0,T), (1.4.3)
u(z,t) =0, x€00,te(0,T), (1.4.4)

mGi(t) = — /6 oy 0 /B [ Ode 1€ 0.7), (145)

Joo(t) = — /83@) (z — G(t)) x ondl + py /B(t)(x —GW) % f(t)dz, te(0,T)  (1.46)

In the above system, we denote by B(t) the domain occupied by the moving body with
center of mass G(t) at time ¢ and radius 1. The set Qg(t) = O\B(t) denotes the fluid
domain occupied at time ¢, where @ C R3 is a bounded open smooth set. For simplicity, we
suppose that the fluid has a constant density 1. To complete the system, we impose initial
conditions at t:

ulq, = uy, G(0) =Gy, G(0) =G, w(0)=wp. (1.4.7)

We suppose that there is no contact initially between the moving ball and the boundary of

the flow; that is v = v(0) > 0, where
+(t) = d(B(t), 00).

Before stating our result, we introduce the notion of weak solutions. To this end, we recall

that the global density p and the global velocity u of the system are given respectively by

p(t,r) = la,@(x) + pelee(z),

atr) = ult,z)lapm(c) + (G(t) +ow(t) x (z— G(t)))lB(t)(x).

For simplicity, we shall denote the global velocity by u instead of .
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Consider domains B and O in R? such that B C O. Let

V(O)={ueDO):V-u=0in O}, (1.4.8)

and denote by H(O) and V(O)the closure of V(O) respectively in L*(O) and H'(O). Ac-

cording to classical results (see [43]) we have

H(O) = {ueLl*0): V-u=0 in0O, u-n=0 on 90},

V(O) = {u€eHyO): V-u=0 in O}.

We introduce the following spaces which will be used in the sequel:

H(B,O) = {u€ H(O): Dlu]=0 in B},

K(B,0) = {ueV(0): Dlu|=0 in B}.

By Lemma 1.1 in [44], we have D[u] = 0 in B if and only if there exists a vector a and a

skew-symmetric tensor @ € RS such that

u(z) =a+ Qu, for x € B.

In particular, there exists a vector w such that Qxr = w x .

Definition 1.4.2 Assume that Gy € O such that v > 0 and uy € H(O). We say that (u, G)
is a weak solution to problem (3.1.1)-(3.1.8) on [0, T] if the velocity field w and the center of

mass of G satisfy

G e Wh>(0,T), with G(0) = Gy,
v(t) >0,
ue L0, T; HO))N L2(O,T; V(0)), with u(0) = uy,

u(w,t) = G(t) +w(t) x (x — G(t)), Vo € dB(t),
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and

/OX[OT) (Pu-@w+ﬂu®u : D[v] —2vD[u] : D[U]—i—pf.v)d:cds = _/OP(O)UO'U(O)dx, Yo €S,
(1.4.9)

where
S={peD(0,T)x0O):V-o=0o0nIx0O, D[p]=0 on a neighbourhood of B(t)}.

We remark that the test function ¢ used in the above weak formulation must be zero when B

touches the two holes whereas the velocity u need not.
Our result is the following:

Theorem 1.4.3 There exists initial conditions such that problem (1.4.1)-(1.4.7) admits at

least two weak solutions.

The geometry of the problem is crucial to prove the above theorem. We suppose that the
cavity O is symmetric with respect to some line (D) and has exactly two spherical holes B’
and B" each of radius 1. We assume that the holes are symmetric with respect to the line
(D) and separated by a distance equal to the diameter of the moving ball B so that the ball
B can fill exactly the gap between the two holes at collision. Moreover, we assume that 0O

is flat near 9D N 00O. An example of such geometry is represented in the following figure:

4 3 )

\ () | o Y,

Figure 1.6 — Example of the geometry
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The proof of Theorem 1.4.3 follows the same idea as in [39]. The idea of the proof is
based on the construction of a weak solution colliding in finite time to problem (1.4.1)-(1.4.7)
with O as described above. Then we extend this solution after contact by two different ways
so that one obtains two weak solutions with different behaviours: for the first solution, the
body moves away from the boundary of the flow, whereas the second solution is constructed
such that the body stays in contact with the flow boundary after collision. The novelty
of this result is that we prove the non-uniqueness of weak solutions for the problem of
the motion of a rigid body in viscous fluid in 3D after contact with external source term

f e L*0,T;LP(0)) with p < 2.

1.4.3 Chapter 4. Existence Results for the Motion of Rigid Bodies

in Viscoelastic Fluids

In this chapter, we study the two dimensional motion of a finite number of homogeneous
rigid disks in a cavity O filled with incompressible viscoelastic fluids such as polymeric
solutions. We shall consider the system composed of (1.1.2)-(1.1.4) to model the flow of the
solvent for which the extra-stress 7 satisfies the Oldroyd or regularized Oldroyd differential
constitutive law together with Newton’s laws to describe the motion of the disks and the
no-slip boundary conditions, and write it in a more mathematical tractable fashion. We
decompose the extra-stress tensor 7 into two parts: one corresponding to the Newtonian
part 7° (the solvent) whereas the other one corresponds to the purely elastic part 77 (the

polymer). In other words, we write

T=1"4+17, (1.4.10)
with

7 = 2n,D|ul, (1.4.11)

A
where 1, = )\—277 represents the solvent viscosity and 7 is the total fluid viscosity (n = 15 +1,,
1

7, denotes the polymer viscosity).
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Substituting (1.4.10) and (1.4.11) in (1.1.2) and (1.1.6), we obtain that

p(@tu—l— (uV)u) +Vp=nAu+V-1,+f, in Qpt), te(0,T), (1.4.12)

D, .
T + A sz = 21, D|ul, in Qp(t), t € (0,7). (1.4.13)

For simplicity, we shall denote from now on 7, by 7.

It is more convenient to write the considered problem using dimensionless variables so that

A
the physical parameters appear. We define the Weissenberg number We = U—Z, Reyonolds
UL U - JU _
number Re = p—, m; = mT and J; = T where U and L represent a typical velocity
n n n

and a typical length of the flow. We set

t,p= o, T = T = o W= 2w

g L L L?
L nU nU

Qll =

" u* ;
xr = -, u = =, g
L U

where stars are attached to dimensional variables.

Hence, in nondimensional variables system (1.1.2)-(1.1.4), (1.1.7)-(1.1.10) reads as (see,

for instance, [22]):

Re(O+u-Viu—(1—1)Au+Vp=V-7+f z€Qpt), te(0,T), (1.4.14)
V-ou=0, zeQpt),te(0,T), (1.4.15)

(@, t) = hi(t) +wi(t) (@ — ha(t)):, @ € OB(t), t € (0,T), (1.4.16)

u(@,t) =0, z €00, te(0,T), (1.4.17)

m;h; (t) = —/ ovdl; —i—ﬁi/ ft)dz, te€(0,7), (1.4.18)
9B,(1) Bi(t)

Tuwl(t) = _/aBiu)(I — hi(£))* - ovdT —i—p,-/Bi(t)(x C Rt - f(t)de, te (0,T), (1.4.19)

A
where the retardation parameter r is defined by r = 1 — )\—2 We remark the total stress
1

tensor o is given by

o= —pl+2(1 —r)Dlu] + 7.
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Moreover, the Oldroyd model without dimension reads as
We(@tT + (u- V)T + ga(Vu, 7')) +7=2rD[u], z€Qp(t),te(0,1), (1.4.20)

The Oldroyd model has a transient version known as the regularized or diffusive Oldroyd
model. In the latter case the elastic extra-stress tensor 7 is expressed as a solution of a

second order parabolic partial differential equation:

We(atT + (u- V)T + ga(Vu,T)) +7—eAT=2rD[u], x€Qp(t),te(0,T7), (1.4.21)

622(%75) =0, x€0dQp(t),te(0,T), (1.4.22)

The additional dissipative term A7 in the above stress equation corresponds to a center of
mass of diffusion term in the dumbell models. We refer the reader to [4] and the references
therein for the derivation of (1.4.21)-(1.4.22). In standard derivation of Oldroyd model from
kinetic models for dilute polymers, the diffusive term is routinely omitted on the grounds
that it is several orders of magnitude smaller than the other terms in the equation. To

complete the system, one should initial data at t =0 :

u(z,0) = ug(x), © € Qp (1.4.23)
hi(0) = hY, KL(0) =h!, w(0)=w? i=1,...,k, (1.4.24)
7(x,0) = 79(2), x € Q. (1.4.25)

To study the system of equations modelling the motion of the fluid coupled with either the

Oldroyd model or the regularized Oldroyd model, we introduce the following function spaces:

u©,T:9p(t) = L*0,T;H*(Qr(1)) N C([0,T], H'(Qr(1)) N H'(0, T; L*(Qr(1))),

T(0,T;9p(t)) = {reL*0,T;H*(Qp(t))NC(0,T), H' (Qp (1)) N H'(0,T;L*(Qp(t) : 7=7"}.

Before stating our existence result concerning the resolution of the regularized Oldroyd

model, we need to introduce the following definition.
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Definition 1.4.3 Suppose that T > 0. We say that (u,p, T, (hi,ws)ic(1,..k}) % @ strong

.....

solution of problem (1.4.14)-(1.4.19), (1.4.21)-(1.4.25) if

weU(0,T;Qp(t), pe L0, T; H(Qp(t))), 7 € T(0,T;Qp(t)),

(hi,ws) € H(0, T R?) x HY(0, T;R),

and if (1.4.14)-(1.4.19), (1.4.21)-(1.4.25) are satisfied almost everywhere in (0,7) and in

Qp(t) orin the trace sense and

(1) = min(d(B;(t), B;(t)), d(Bi(t), 00)) > 0.

We give the first existence result of local-in-time solutions to problem (1.4.14)-(1.4.19) cou-

pled with the regularized Oldroyd constitutive law.

Theorem 1.4.4 (Regularized Oldroyd model) Suppose that 0O € C?, f € L*(0,T;L*(Qr)),
up € HY(Qr), 70 € HY(Qr), v > 0, and that

V-u = 0, in Qp,
up(z) = hl+wd(x—nd)t xe€dB;, Vie{l, ... k},
up(z) = 0, x € 00.

Then there exists Ty > 0 such that problem (1.4.14)-(1.4.19), (1.4.21)-(1.4.25) admits unique
strong solution on [0,Ty] for all Ty € [0,Ty).
Moreover, one of the following alternatives holds true:

1. TO = 400,

. 1
2. limsup [lu(t)|[mr@p @) + 170 110000 + —77 = 00
t—To ")/(t)

However, when coupling the Navier-Stokes and Newton’s laws with the Oldroyd model,
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classical solutions belong to more regular spaces:

UO,T;:0pt) = {ue L0, T;H(Qp(t) N C([0, T), HA(Qp(1))) -
o' € L2(0, T H' (2 (1)) N C([0, T); L2 (Qr (1)) |

T0,T;Qr(t) = {T c C([0, 7], H*(Qp(1))) : 7 € C([0,T],H (Qp(t))) and 7 = TT}.

Definition 1.4.4 Suppose that T > 0. We say that (u,p, 7, (hi;w;)icq1,..k}) 5 a strong

-----

solution of problem (1.4.14)-(1.4.20), (1.4.23)-(1.4.25) if

w e U0, Th, (1), p € L2(0, Ty; HA(e (1)) N C([0, To), H (Qp(1))),

T € ‘E(O,Tl, QF(t)), (hi,wi) - W2’OO([O,T1] X ]R2> X Wl’oo([O,Tﬂ X R),

and if (1.4.14)-(1.4.20), (1.4.23)-(1.4.25) are satisfied almost everywhere in (0,T) and in

Qp(t) orin the trace sense and

9(t) = min(d(Bi (1), B; (1)), d(Bi(1),90)) > 0.

Our second result is the following local existence theorem.

Theorem 1.4.5 (Oldroyd model) Suppose that 00 € C3,y > 0, f € L*(0,T; H(O)),
e L*0,T; H(0)), up € H*(QF), 7o € H*(Qp), and that

v . ’LLO pr— O’ Zn QF,
up(z) = hl+wd(x—nd)t ze€dB;, Vie{l, ... k},
up(z) = 0, x € 00.

Then there exists Ty > 0 such that problem (1.4.14)-(1.4.20), (1.4.23)-(1.4.25) admits a
unique strong solution for all Ty € [0,Tp).
Moreover, one of the following alternatives holds true:

1. T() = 400,
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. 1
2. limsup [[u(t) | m2@p @) + 170 lB20000)) + 75 = +00.
t—Top ’y(t)

The movement of rigid bodies modifies the fluid domain and hence the first step to study
the models introduced above is to write the equations in a cylindrical domain. To do this,
we use a non-linear, local change of coordinates X which only acts on a neighbourhood of
the rigid bodies. The method used to prove the above local existence results is similar to
the one used in [22, 40]. First, we rewrite the full non-linear transformed problem corre-
sponding to each model as a fixed point of a mapping defined by solving linearzed problems
associated to the transformed models. After this reformulation, our approach is based on
maximal regularity estimates for the linearized transformed problem. Mainly, we study two
linearized problems, one for the velocity and the other for the elastic extra-stress tensor. Ex-
istence and uniqueness of classical solutions to the regularized Oldroyd model follows then
by implementing classical fixed point theorem. When considering the regularized model, we
apply a standard Picard iteration procedure. However, for the Oldroyd model we must turn
to a finer version: the Schauder fixed point theorem. We emphasize that one of the critical
difficulties in studying the Oldroyd model is that we are dealing with a hyperbolic equa-
tion whose transport coefficient does not vanish on the boundaries of the disks. However,
the change of variable X which is used to write the model in cylindrical domain has many
noteworthy features. Mainly, the transport coefficient in the transformed Oldroyd model is

orthogonal to the normal vector on the boundary of the flow.
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In this chapter, we consider the system formed by the incompressible Navier-Stokes equa-
tions coupled with Newton’s laws to describe the motion of a finite number of homogeneous
rigid disks within a viscous homogeneous incompressible fluid in the whole space R?. In
Section 2.1, we introduce the model describing the movement of solids in the fluid. Then, we
write our model in cylindrical domain in Section 2.2 as we are dealing with a free boundary
problem. In Section 2.3, we generalize the existence result of strong solutions of Takahashi
in [40] and that of Cumsille and Takahashi in [12] to the case of several rigid bodies. Section
2.4 is devoted to extend solutions up to collision. In the last section, we prove contact be-

tween rigid bodies cannot occur for almost arbitrary configurations by studying the distance



Chapter 2. On the Motion of Several Disks in a Viscous Incompressible Fluid

between solids by a multiplier approach [20].

2.1 Statement of the problem

We consider a finite number of homogeneous rigid bodies — each being represented by
a closed disk B;(t) C R?>- moving in a viscous homogeneous incompressible fluid which
occupies a domain Qg(t) at time ¢, where Qp(t) = RQ\OBi(t), with & € N* denoting the
number of rigid bodies. =

We suppose that the fluid is of viscosity v > 0, pressure p, velocity field v and for
simplicity, of density one. The motion of the fluid is governed by the Navier-Stokes equations

for incompressible fluids:

ou—vAu+ (u-Vu+Vp =f, xeQp(t), te(0,71), (2.1.1)
Vou =0, z€Qp(t), te(0,7), (2.1.2)

where f € L*((0,T) x R?) denotes an external body force.
For each rigid body, we define the density p,, the center of mass h;(t), the angular velocity
w;(t) and the inertia matrix J; related to the center of mass of the i-th body by

Pi = . hi(t) = / xdz, Jit:/ jx—hit2dx:/ p:ly|*dy,
PEBon Y T B@ e T O Ja P OTE = g P

where m; denotes the mass of the i-th body. Hence B;(t) is the closed disk of center h;(t)

and radius r;.
The motion of the ¢-th body is governed by the balance equations for linear and angular

momentum (Newton’s Laws):

Bt :—/ AT, 3./ tdz, te(0,7), (213
w0 == [ oudt,+p, [ (0 0.7), (21.3)

i

T (t) = —ABi(t)(x — hi()* - owdl —l—pi/Bi(t)(x )t f(t)dz, e (0,T). (2.1.4)

In the above equations, the matrix ¢ denotes the Cauchy stress tensor in the fluid and is
given by
o(u,p) = —pl + 2vDlu],
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2.1 Statement of the problem

where I is the identity matrix and D]u| denotes the rate of deformation tensor defined as
follows

Dlu] = 3 (Vu + V"),

We denote by (1, 79) = (—x2, 1) the orthogonal vector of (z1,x5) and we use the notation
0B;(t) to denote the boundary of the i-th body at time ¢. The symbol v;(z,t) stands for the
unit normal vector directed toward the interior of the i-th body. For simplicity, Qz(0) and
B;(0) will be denoted later on by Qr and B; respectively.

We impose the no-slip boundary conditions at the fluid /rigid body interfaces

u(z,t) = hi(t) + w;(t)(x — hy(t))*:, x € 0B(t), t€[0,T), i€ {l,...,k}. (2.1.5)
To complete the system, we impose initial conditions at ¢ =0 :
ulg, = uo, hi(0) =hY, hi(0)=hi, wi(0)=w) Vie{l,... k}. (2.1.6)

Throughout this chapter, we assume that there is no contact initially between the rigid

bodies; that is
7 =(0) = min {d(B(0), B;(0)) : i £ j} > 0. (2.1.7)

1<4,j<k

Since we are dealing with a free boundary problem, the regularity of classical solutions has
to be made precise. We recall that the regularity of classical solutions is computed through
a change of variable X which maps the fluid domain to its initial shape. More precisely,
for a function u(.,t) : Qr(t) = R? we set U(y,t) = u(X(y,t),t) and we use the following

notations:

L0, T; H2(Qp(t
HY0,T; L2(Qp(t
(0, 7], H (Qp(t
L*0,T; H (Qp(t

) = {u: UeL*0,T;H*(Qp))},
))) = {u: UeHY(0,T;L*(2r))},
))) = {u: UeC(0,T],H(Qp))},
))) = {u: UeL*0,T; H' ()}
In the above spaces, we have denoted the Lebesgue and Sobolev spaces by LP(Q2), 1 < p < o0,
with norms || - ||zro) and H*(), with norm || - ||gx). L*(2) and H*(Q) are spaces of

vector valued or tensor valued functions with components in LP(Q2) and H*(Q) respectively.
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Moreover, we define U(0,T;Qp(t)) as follows
U0, T;Qp(t) = L*(0, T;HX(Qp (1)) N C([0, T, HY (Qp(4))) N HY(0, T; L*(Qp(1))).

This chapter is devoted to prove the following two main results:

Theorem 2.1.1 Suppose that f € L*(0,00; L*(R?)), v > 0, hY € R? h} € R?, w) € R, ug €
H'(R?), and that

V-u = 0, in Qp,
up(z) = hl+wd(@x—nd)t xe€dB;, Vie{l, ... k}.

Then there exists Ty > 0 depending on vy, hY, hl, «?, ||uollmrm and || fll120,00:2(r2)) Such
that problem (2.1.1)-(2.1.6) admits a unique strong solution
k

on [0,T] such that T < Tj.

Moreover, one of the following alternatives holds true:

1. TO = 400,

1
2. Ty is finite and lim su - = 400.
0 is fi I mind(B,(1), B,(1)

The proof of Theorem 2.1.1 follows a standard scheme: existence and uniqueness of local
solution and analysis of blow up alternative. We emphasize that one key ingredient in the
blow up alternative is to show that under the only assumption that Igéljn d(B;(t), Bj(t)) is
bounded by below then [[u(t)|lg: () is also bounded.

Then we prove the global existence and uniqueness of strong solution of the tackled
problem by adapting the method of Gérard-Varet and Hillairet in [20] to our case and we

arrive to the following result:

Theorem 2.1.2 Assume that the hypotheses of Theorem 2.1.1 hold true and that
the fluid domain is connected at any time. (H1)

Then problem (2.1.1)-(2.1.6) admits a unique global strong solution.
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2.2 Equations in cylindrical domain

We act by contradiction and we assume that collision can occur in finite time. We multiply
(2.1.1) with a divergence-free vector-field v before collision. When two disks approach each
other, the viscous term dominates the acceleration term leading to a differential inequality
which can be integrated to obtain the no collision result. The main restriction of the global-
in-time existence result in Theorem 1.4.1 is that we need the fluid domain to be connected
at any time. However, this assumption is always valid in the case when we have just two
moving bodies and that many body contacts are really unlikely if we start from a sufficiently
dilute suspension of bodies.

The main difficulty to handle the case of more than two rigid bodies is that collision could
possibly divide the fluid domain into several connected components. On such situation, each
neighbourhood of the contact point between the colliding particles inside the fluid domain has
two connected components. Unfortunately, the flux of the multiplier v which we construct
in these neighbourhoods does not vanish on each of the connected components even if their
sum does. This prevents us from extending the multiplier v to the whole fluid domain by a

divergence free vector field.

2.2 Equations in cylindrical domain

This section is devoted to write the free boundary value problem (2.1.1)-(2.1.6) in cylin-
drical domain. First, we introduce a mapping X which maps the fluid domain into its initial
shape. Then, we reduce our problem to a problem in cylindrical domain using the transform
X. We fix k functions h; : t — h;(t) such that for i € {1,...,k}, we have h; € H*(0, T; R?).

Moreover, from now on we fix € such that 0 < & < ~. With this choice, we have

B, CcU, C U@ C B(h,(()),’l"l + ;/),
where
Ui = B(hi(0),7i + 15).
Consider a family of smooth functions /1, ..., ¥y, such that

e supp ¢; C B(h;(0),r; + )
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o ¢, =1inU,.

Finally, we define the mapping A : R? x [0, 7] — R? by

k
Az, t) =S v (hi(t) . xwi(@). (2.2.1)
i=1
Since the cut-off functions 1, ..., 1Yy are smooth and the center of masses of the rigid bodies

are H? in time, it follows that for all ¢ € [0, 7] the function A(t,.) € C>*(R?* R?) and that

for all x € R?, the function A(.,z) is of class H'(0,T; R?). Moreover, we have:

Lemma 2.2.1 The mapping A defined in (2.2.1) satisfies the following properties:

i. Ir >0, such that A = 0 outside B(0,r), for allt € [0,T],
i. VA =0 in R?x[0,T],

iii. Mz, t) = Ri(t) in B(hi(0),7; + 55%).

The mapping X is defined as the solution of the following Cauchy problem:

ox
ot
X(y,0) =yeR%

(yat) :A(X<yat)vt)a tG]OvTL

By Cauchy-Lipschitz-Picard theorem, we have:

(2.2.2)

Lemma 2.2.2 For all y € R?, the initial-value problem (2.2.2) admits a unique solution

X(y,.) : [0,T] = R?, which is C* on [0,T]. Moreover, we have the following properties:

i. For allt € [0,T)], the mapping X (.,t) is a C*-diffeomorphism from R* onto itself and

from B; onto B;(t) whenever Bi(t) C B(hy(0),r; + 157).

ii. Let Y(.,t) be the inverse mapping of X(.,t). Then, for all x € R?, the mapping

t = Y(z,t) is a C' function in [0,T].

iii. For all (y,t) € R? x [0,T); the determinant of the jacobian matriz Jx of the mapping

X(.,t) is one due to the classical result of Liouville (see, for instance [2]).
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Next, we define the functions U, P, and F using the transform X defined previously as

follows:

U(y7t) = JY(X(y7t>7t)u<X(y7t)vt)>
P(y,t) = p(X(y,1),1),

F(y7t) = JY(X(yat)7t)f(X(yat)7t)'

Formal computations implies that (U, P, (h;,w;)i=1. ) satisfies the following set of equations:

-----

aa(t] — V[LU] + [MU] 4+ [NU] + [GP] = F, in Qx]0,T], (2.2.3)
V-U=0, inQrx]0,T], (2.2.4)
Uly,t) = h(t) +wi(t)(y — hi(0))*, in 0B; x [0,T7, (2.2.5)
U(y,0) = uo(y), y € Qp, (2.2.6)
and for all i € {1,...,k}, we have:

malt) (t) = —/aBi Syl + pl-/aBi F(t)dy, t€]0,T], (2.2.7)
Jiw () = — / (y — hi(0))* - Swidl; + p; / (y — hi(0))* - F(t)dy, t €]0,T[, (2.2.8)

0B; 0B;
hi(0) = RY, R(0) = h;, w;(0)=w), Vie{l,... k}, (2.2.9)

where X(U, P) is the Cauchy stress tensor field associated to U and P. The operators
[LU], [MU], [NU] and [GP] that appear in the left hand side of (2.2.3) are defined as follows:

' =, 9y; 6y ok = 1 jkayé k=1 8yk M m=1 g
(2.2.10)

2 0Y;0U; & Yk dY; 9’ X,
[MU); = ; Ot oy, ; { ot T o, atayj}U' (2.2.11)
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INUL; =) U; + Z I UsUr, (2.2.12)
j=1 Yi  jr=1
2
[GPl; = Zg”af, (2.2.13)
o 9y
with for all 4, j, k € {1,2}, we have denoted
&Y 0Y; 20X, 0X 1 ‘ : 7
= GO gy = > O r Dy g S G Gk
— Oy, Oy, = dy; Oy, 2= dy;  Oyi Oy

Proposition 2.2.1 Suppose that for all i € {1,...,k}, we have h; € H*(0,T;R?) is such
that
v—¢

=1,..,

satisfies problem (2.1.1)-(2.1.6) if and only if

X k
(U, P, (hi,wi)iet.. ) € U0, T, Q) x L20,T, ' () x <H2(0,T;R2) « Hl(O,T;R)>

.....

satisfies (2.2.3)-(2.2.9).

Proof. We recall that the equivalence between (2.1.1) and (2.2.3) has been done in [28]. The

incompressibility condition follows by noting the following equality:
V Uy, t) = Vou (X (1), 8), Yy.t) € U x [0,7] (2.2.15)

Noting that JxJy = I, we have for all (y,t) € Qp x [0,T]

{ax] y’t)7t)uj(X(y,t),t)}

race(Jy 10, Jy)uj(X(y,t),t) +V-u(X(y,t),t).

-> 5
-3
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2.2 Equations in cylindrical domain

We recall Jacobi’s formula which expresses the derivative of the determinant of a matrix A
in terms of the adjugate of A and the derivative of A. If A is a differentiable map from the

real numbers to n X n matrices, then

(idetA(t) = trace((adj A(t))dilltt)>

Hence Jacobi’s formula implies that

)= 3 A (X000, 4 9 - (X))

Equality (2.2.15) the follows by noting that det(Jy) = 1.
From the definition of the mapping X in (2.2.2), we get for all y € Qp

U(ya 0) = JY(X(yv O)’ O)U(X(ya O)’ 0)
= JY(ya O)U(y, O)
= u(y,0).

Consequently, the initial condition (2.1.6) is equivalent to (2.2.6).
Using the fact that

it follows that for all y € 9B;

U(y,t) = u(y+ hi(t) — hi(0),1)
= hi(t) + w;(t)(y — hi(0))".

Hence, (2.1.5) is equivalent to (2.2.5).

By using the change of variable X, we get

/é)Bi(t) ovidls = /8B1- ( = p(X(y, 1), )] + 2vDu(X(y, 1), t)])VidFi.
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At this point the equivalence between (2.1.3) and (2.2.7) and that between (2.1.4) and (2.2.8)

hold by noticing again that

2.3 Local existence of solutions

The present section is devoted to prove the existence and uniqueness of strong solutions
to problem (2.1.1)-(2.1.6) up to collision or blow up of the H' norm of the velocity of the
fluid. For sake of simplicity, we suppose that the external body force f = 0 throughout this
section. First we consider the following linear problem in the fixed domain €2z obtained from

(2.2.3)-(2.2.9) by neglecting the non-linear terms.

%ZZ—I/AU—{—VP:F, in Qpx]0,T7, (2.3.1)

V.U =0, inQpx]0,T], (2.3.2)

mah (t) = —/88 S(U, P)ydl;, t €]0,T), i € {1,...,k}, (2.3.4)

Jel(t) = — /aB.(y — h(0)* - S(U, PYvdTs, t€]0,T), i€ {1,..., k), (2.3.5)

with initial conditions:

U(y,0) =uo(y), y € Qp, (2.3.6)

hi(0) = hY, RL0) = h},w;(0) =w?, i€ {1,... k}, (2.3.7)

where we keep the notation ¥ = —PI 4+ 2vD[U] as before and we suppose that there is no
contact between the rigid bodies. The unknowns in the above system are (U, P, (h;, w;)i=1,. k)

and whereas ug, (hY, b}, w)i=1...

where the authors studied a similar system, one can show the following theorem:
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Theorem 2.3.1 Let F € L*(0,T;L*(QF)) and ug € H'(Qr) such that

V-u =0, in O,
uo(y) =hi +wi(y—hi) ye B, Vie{l,... k}.

Then the system (2.3.1)-(2.3.7) admits a unique solution (U, P, (h;,w;)i=1....

UclU0,T;Qp), PecL?0,T; H(Qr)), h; € H*0,T;R?), w; € H'(0,T;R).

Moreover, there exists a positive constant K depends only on Qp and T'; non-decreasing with

respect to T', such that

Ul z20rm200) + Ul rm@p)) + Ul a1 010200 + VP20 m0208))

k
+ 3 hill oz + lwill mors < K (lluolle @) + I1F 2 0ra2@ry)-

i=1

.....

,,,,,

k
Wl + 1 QU 20, )y + D 105 220,02y + will 2075wy < R}-
i=1
into
U0, T;Qr) x L*0,T;H Q) x [H*(0,T;R?) x H'(0,T;R)}*
as follows

EEREE) e

-----

aa[t] —vAU +VP=F, inQpx]0,T], (2.3.8)
V.U =0, inQpx]0,T], (2.3.9)
Uly,t) = hi(t) + @(t)(y — hs(0))*, y € dB;, t € [0,T),i € {1,...,k}, (2.3.10)
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>n

mah (t) = —/8B'2(U, P)uidly, t€)0,T], i€ {1,... kY, (2.3.11)

(2

T@l(t) = — /aBi(y — h(0)* - S(U, P)vdTs, t€]0,T), i€ {1,..., k), (2.3.12)

with initial conditions at ¢ = O:

Uly,0) =uo(y), y € O, (2.3.13)
hi(0) = hY, R(0) = hl, @i(0)=w?, ie{l,... k}, (2.3.14)

and
F=v[(L—-AW] - [MW]+[(V—-G&)Q] - [NW]. (2.3.15)

We will see later that the source term F' is in the good space to apply Theorem 2.3.1 so that
the mapping N is well defined.

It follows from the following proposition that for 7" small enough and R large enough, the
mapping N has a fixed point in K.

Proposition 2.3.1 For T small enough and R large enough, we have:
i. N(K)cK

ii. the mapping N : K — K is a contraction.

The rest of this section is devoted then to prove Proposition 2.3.1. In the sequel, we denote

by Ky and Cy positive quantities which satisfies the following conditions:

(i) Ky isa positive function of (w, Al )=,

=1,...,

(ii) Cp is a positive function of (w, hi)i=1, ., ||uollm (), 7, and T which is non-decreasing

1'% =1,

-----

Proof of Proposition 2.3.1 We start by proving the first assertion in Proposition 2.3.1.

Let (W7 Q7 (hivwi>i=1 k) S ]Ca and set

.....

(U, P, (731'7032')1':1 k) =NW,Q, (hi,wi)i=1, k)

.....



2.3 Local existence of solutions

According to Theorem 2.3.1, there exists a positive constant K depends only on Q2r and T

non-decreasing with respect to 1" such that

Ul z20rm200) + Ul rm@p)) + Um0, 0200 + VP20, m02008))

k
+ 2 hillazorze) + lwill oz < K([Juolla@ey + |1 Fll2or2@py), (2-3.16)
=1

where the source term F' is given by (2.3.15).
To bound the source term F' in L?(0,T;L*(Q2r)), we need some necessary estimates for the
transforms X and Y. Using similar arguments as in [40], we get that there exists a constant

K satisfying condition (7) such that

0X,; Y,

< Ky, < Ky, (2.3.17)
Lo (R2x[0,T]) 0z |l Lo (R2 % [0,T))
0%Y;
H < TK,, < TK,, (2.3.18)
f)yﬁyk Loo(R2x[0,T]) 00z || Lo (r2 x [0,17)
PX; Y,
H <TKy, ||—S2710 <TKy. — (2:3.19)
0y, 00y, |l Lo (B2 x[0,T7) 0z ;0x,0xy, || oo (R2 % [0,T))
Moreover, one has
H — 6 < TKy, H S5t <TKy,  (2.3.20)
33/4 L°°(R2 x[0,T71) (9964 LOO(R2 x[0,T7)
g™ = 0u e @exor) < TKo,  |lgme — Opllzoe@exjor) < TKo, (2.3.21)

where ¢, denotes the Kronecker delta (Leopold Kronecker) function. It is easy to check that

2 N O*W; 2 0(g’%) ow; 2 - oW,
L — A v J 492 gkerz' J
K 3;1 ( )a%ayk k=1 8yj Mk j,ge:l T 9y
2
+ Z { I ("5 )+ > g“FﬂFZ,m} W;.
J,k =1 m=1

Combining the above relation with the above estimates, we get that the coefficients of the
W and its first derivatives are bounded in L*([0,7] x R?) by Ky and that of its second
derivative by T'Kj.
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Chapter 2. On the Motion of Several Disks in a Viscous Incompressible Fluid

On the other hand, we have
W 20,8 (00)) < Tl/Q”WHLOO(O,T;HI(QF))a
and thus for 7" small enough, we obtain
[[(L = M)Wl 20,m12(05)) < Ko T2, (2.3.22)
Using similar arguments, one has

1MW) 20112000 < KoT"?, (2.3.23)

I1[(V = G)P]|| 20112005y < KoT. (2.3.24)

It remains to bound the non-linear term [NW] in the expression of the source term F. By

Holdder’s inequality we have
IW - )W |2 0zw2@0y) < TV NW - V)W 120712 (00
Lemma 5.2 in [41] implies that there exists C' > 0 such that
W - V)W (20 m200) < CT W52 o gt ey W 240 riaz2 0

Consequently,

H(W * V>WHL2(O,T;L2(QF))) S KOTl/lo.

Combining the above inequality with the estimates (2.3.17) and (2.3.18), we get for 7" small
enough

IINW] 20752 () < KoT'0.

It follows from the above inequality and (2.3.22)-(2.3.24) that

|1 F|| 2011200y < KoTY*.
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2.3 Local existence of solutions

Therefore for T" small enough, there exists a constant K satisfying condition (i) and a

constant Cj satisfying condition (i) such that

Ul z20rm200) + Ul rm@p)) + Um0, 02000 + VP20 m02008))

k
+ Z Hh;’HHZ(O,T;R?) + ||(Di||H1(O,T;R) < Cy+ KOTI/IO,
i=1

Thus, for R > Cy and T is small enough, the above estimate implies that

|Ul20,m8200)) + 1U |z 0,m:m1 ) + Ul 0,mi2(00)) + IV Pl 220071200

k
+ > hillzzorze) + @il o < R.
=1

Therefore, for R > Cy and T is small enough we have

<U7 P7 (hz7 aji)i:l

.....

Thus for R > Cy and T is small enough, the mapping A/ maps the set K into itself.

We turn now to prove that for R > Cj and T is small enough, the mapping N : K — Kisa

contraction. To this end, we consider (W', Q', (h}!, w}!)i=1..

K and we denote by Y, X* T, U, P? etc. the terms corresponding to (W?, Q" (h},w!) ;=1 1)

I N 2] VRRa]
Also, we denote by (U?, P, (ﬁ;, @k)j=1,..k) the image of (W*,Q, (h},w;);=1,..x) by the map-

ping N. Moreover, we denote by Y =Y —Y? h; = h} — h?, etc. We get that the difference

.....

%[t] —vAU 4+ VP =F, inQpx]0,T], (2.3.25)

V.U =0, inQx]0,T], (2.3.26)

Uly,t) = hi(t) + @(t)(y — hig)™, y € 0By, t € [0,T),i € {1,...,k}, (2.3.27)
mih; (t) = — - Sudly, t€]0,T), i€ {1,...,k}, (2.3.28)

J@l(t) = — /aB,-(y — hig)t - Svdly, t€)0,T), i€ {1,...,k}, (2.3.29)
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with initial conditions at ¢ = 0:

U(y,0) =0, y € Qp, (2.3.30)
hi(0) =0, hi(0) =0,&;(0) =0, i€ {l,...,k}, (2.3.31)

and
F =v[(L* = AW+ v[LW?] — [M'W] = [MW?] + [(V - GHQ| + [GQ* + [N'W!] — [N?*W?].

Following similar arguments as in [40], there exists a constant Kj such that

H o < GT'? Xk: Al (2.3.32)
i 9,7 = 0 i I1L2(0,T,R2?); 9.
Oy 0ys | o= @2 x[0.17) = (OTE)
ai+jy k
— < C,T'? h!! . 2.3.33
‘ 81‘7161‘% L=(R2x[0,T]) " Z; H ' |’L2(07T7R2) ( )

Consequently,
k
LWl 2o razry < KoTY2D 101201 k2),
i=1

k
KoT'? > IR 207 R2)
=1

IN

1MW 20,712 00))
k

H[GQQ]HL?(O,T;L?(QF)) < K0T1/2ZHh;/HLz(O,T,R?)v
i=1

:
IINTW = [IN?W2)|l 20,702 (02 Ko (3 10 2o,y + W oo )-
=1

IN

Noticing that the transforms X! and its inverse Y'! satisfy (2.3.17)-(2.3.21), then one can

treat the other terms in the source term F' in a similar way as before. Hence, it follows that

k
1Pl rasan < Kol (IW o son HIQl o+ 3 [ll e+l oz )
i=1

According to Theorem 2.3.1, one has
1Ulleao,7:020) + IV Pl 2o, w200y + D Whill reorimey + 103l 2 075w
i=1
k
< K0T1/10<||W||U(O,T,QF) + 1@l 20 m @) + X il a20,mim2) + ||Wi||H1(0,T;R))« (2.3.34)

i=1
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2.4 Existence of solutions up to collision

Thus for T is small enough, we get that A is contraction on K. This ends up the proof. [J

Remark 2.3.1 By fized point theorem and Proposition 2.3.1, the mapping N admits a
unique fized point in the space K. Hence, problem (2.2.3)-(2.2.9) admits a unique strong
solution. Therefore, according to Proposition 2.2.1 existence of unique strong solution to
problem (2.1.1)-(2.1.6) follows using the inverse transform Y. We remark that according to
Theorem 2.3.1, we can extend our solution on [0,T1] as long as there is no contact between

the rigid bodies and ||u(t)||a (p ) s bounded for all t € [0,T1].

Remark 2.3.2 The assumption that all the rigid bodies have to be disks is not essential to
obtain the existence and uniqueness of local strong solutions of problem (2.1.1)-(2.1.6). Strong
solutions still exist if the rigid bodies are of arbitrary shape but still connected and closed
subset of R? with boundaries of class C3. However, to prove the that the solution of problem
(2.1.1)-(2.1.6) is global, we need the boundaries to be too smooth (see [20]). Therefore, we
have to assume that the rigid bodies are closed disks. Moreover, this assumption has simplified
the change of variable X as there is no need to introduce the rotation in the definition of the
change of variable to transform the fluid domain into its initial shape. Otherwise, on should

also transform (otherwise you should also transform h; and w;.

2.4 Existence of solutions up to collision

In the previous section, we have shown that there exists a time 7" > 0 such that problem
(2.1.1)-(2.1.6) admits a unique strong solution (u,p, (h;,w;)i=1,.x) in [0,7]. We define the

global velocity as follows:

u(t, x) in Qp(t),

i = Ri(t) + wi(t)(x — hy(t))t  in By(t),1 <i<k.

Moreover, if we define T such that:
Ty := sup {T € R’ : problem (2.1.1) — (2.1.6) admits a unique strong solution in |0, T]} :

then the following alternative holds true:
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Chapter 2. On the Motion of Several Disks in a Viscous Incompressible Fluid

1. To = +00
1
2. limsup ||@(?) || g1 ®2) + — i
msup 1a(t) |7 m2) min d(B;(t), B;(t))

For simplicity, we denote from now on the global velocity by u instead of @ and we fix ¢ such
that 0 < £ < . We focus here on the blow up alternatives. We prove that the H* norm of

the solution does not blow up in finite time as long as no the rigid bodies are not in contact.

Proposition 2.4.1 If T, < +oo and rr;éln d(B;(t),Bj(t)) > ¢ > 0 on [0,Tp], then the
i#]

mapping

t — |’u<t)HH1(R2)
is bounded on [0,Ty) by a constant that depends on e,7, || f| 1201, 12(r2)) and the initial data.

Remark 2.4.1 Theorem 2.1.1 is an immediate consequence of the above proposition and

Remark 2.53.1.

We split the proof of Proposition 2.4.1 into two lemmas. First, we control the L? norm of

the solution.

Lemma 2.4.1 Let (u,p, (hi,w;)i=1,..k) be the strong solution associated to problem (2.1.1)-
(2.1.6) on [0,T]. If Ty < oo, then there exists a positive constant M = M (To, (p;, Bi)iz1,...k),

.....

such that

k To
;gﬁow@mémﬂ+§]muwﬁ+mwww)+QVA 70 (8) [yt
540 =1
k

< M (11120 mnecey + ol gy + OB + ).

=1

Proof. By taking the inner product of equation (2.1.1) with u, and integrating over Qp(t),
we get that

/Q @(t) ~u(t)de — v Au(t) - u(t)dx + (u(t) - V)u(t) - u(t)dx

r(t) Ot Qp(t) Qp(t)
+ Vp(t) - u(t)de = f(t) - u(t)de. (2.4.1)
F(t) Qr(t)
By Reynold’s theorem, we have
ou 1d
Py ut)de = ~ / o — L / Ju(t)|2dT. 2.4.2
Joy o 30 ulde =5 [ fu(o)P zBm ) - i) u(®)] (2.4.2)
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2.4 Existence of solutions up to collision

By integrating by parts and noting (2.1.2), we have

/Q (w0 F)ult) - /8 » - ;D

The incompressibility condition (2.1.2) implies that
Au-u =2V - (Dlu]) - u=2V - (Dluju) — 2D[u] : D[u]. (2.4.3)

The above equality implies that

o Au(t) - u(t)dx = 2 o V- (Dlu(t)]u(t))dz — 2 - |D[u(t)]|*dx
' . : (2.4.4)
= 2; /aBi(t)(D[u(t)]u(t)) ~u(t)dl; — 2 - | Du(t)]|*dz.

By performing integration by parts; noting (2.1.2), and combining (2.4.2) with (2.4.4), we
obtain that

;jt [ [P+ 20 /Q » |D[u(t)]|2d:x—2yz / RGO ROIRZY
+Z / ydly = /Q 0 ultydr. (245)
Thus,
d
;dtgﬂwwaﬂwx+2KLF D |dx_§:/ %ﬂj+/;t u(t)dr.
(2.4.6)

Taking now the inner product of (2.1.3) with A}(t) and that of (2.1.4) by w;(t), we get that

2ﬁWU! fiWﬁWZ—AMJM@+M@Q—M®VWWWD

+ 7 /Bi(t)(hg(t) F st — ha(0)Y) - f(B)dz, Vi € {1, k). (2.47)
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Chapter 2. On the Motion of Several Disks in a Viscous Incompressible Fluid

The no-slip condition (2.1.5) implies that

J; d
Wi ()] + S |wi ()P = — /B(t) u(t) - ovdl;

2 di
+7 /Bi(t)mg(t) 4w (@ — ha())Y) - f(D)dr, Vi€ {1,... k). (2.4.8)

m; d
2 dt

Combining (2.4.6) with the k equations in (2.4.8) and noticing that the Cauchy stress tensor

field o is symmetric, we get that

it (L IR+ S0 + ) ) +20 [ Dluto)s

= [ p0 ultds o, [ (b)) et @ = h(B)Y) - (0)dr. (2.49)

Qp(t) B;(t)

Integrating the above inequality from 0 to t, we get for almost ¢ € [0, T)

k t
() eary + L (malli (O + e OF) + 20 [ [ u(t) Pdo
i=1

¢ k
< [ (1H5) B o+ S il ) P Hlen(9)2) ) s+ C (1 5) B, g s+ (O ey )
i=1
Therefore the energy estimate is then follows from applying Gronwall lemma. O

In the rest of the section, we keep the constant M as it is defined in the above lemma and

we define K7 by

Jun

k 1
2
K1 = (10 mynaqeey + ol gy + SR +12))

=1

Proposition 2.4.1 will be then deduced from the following lemma:

Lemma 2.4.2 Let (u,p, (hi,w;)i=1.. k) be the strong solution in [0,Ty], where Ty < Tg is

.....

small enough and depends on v, M and the initial data. Then there exists K > 1 such that

sup || Vu(t)|[feme) < K ([[Vu(0)]fome) + 1), (2.4.10)

t€[0,71]
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2.4 Existence of solutions up to collision

and

/Tl
0

where the constant K depends on Qp, B;, v, p;, To, ||[wollr2p), [Ri |, [wf| and || f]120,m:1.2R2))-

ou ||?

ot

ds+z(/ W (s + [ wi(9)Pds) < K(I7u0) e +1)°

(2.4.11)

L2(QF(s))

Remark 2.4.2 As the system is autonomous, then for allt > 0 the above proposition is still

valid on any interval [t,t + T1] C [0, Tp].

Before giving the proof of Lemma 2.4.2, let us see how it implies Proposition 2.4.1. Lemma
2.4.2 implies that the mapping ¢ — ||Vu(t)||r2(r2) is bounded on [0, 77] for T} is small enough.
We can choose T} such that Ty = NT7, for some N € N*. This implies that

||Vu(t)|]%2(Rz) < K”VU((H — 1)T1)||%2(R2) + K, a.e on [(TL - 1)T1, nTl[, n = 1, ceey N.

By induction, we get that

) ) Kn+1 - K
[Vu)llr2@ey < K"|[Vu(0)|l12ge) + — 7 v aeon [(n—1)Ty,nTy[,n=1,..., N,
and thus
KN—H - K
sup || Vu(t)[[femey < KN [[Vu(0)|fame) + ———
te[0,To[ K —1

Combining this result with Lemma 2.4.1, we get that for Ty < +o00, the mapping
t— ||u(t)||H1(R2)

is bounded on [0, 7y) whenever there is no contact between the rigid bodies.
We focus now on the proof of Lemma 2.4.2. To this end, we follow the method of Cumsille
and Takahashi in [12] and we start with defining some auxiliary functions.

We consider a family of smooth functions {(;}i=1._x ; each of compact support contained in

.....

B(h;(0),r; + £) and equals 1 in a neighbourhood of B;. For a fixed i in {1,...,k}, we set
Ui(x,t) = Gz — hi(t) + hi(0)) and we define the mapping A : R? x [0, 7] — R2 by

Az, t) = ;vi (hi(t) - 2t 4hi(, 1))
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Let X be the solution of the initial value problem

0X -

2y t) =AX(y,t),t), t€]0,T],

5 (U:1) (X(y,t),t), t€]0,T (2.4.12)
X(y,0) =yeR

Then for y € B;, we have

It is easy to see that
3C > 0 such that ||A||Wzoo(QF < C’Z M6

By Lemma 2.4.1, we get
A 1
HAHWQ,OO(QF(t)) < CMQKl.

Taking the inner product of equation (2.1.1) with dyu + (A - V)u — (u - V)A yields
8u 6u ~ au ~

A- V)N )dx—
:c—l—/QF o (( V)u— (V) )dx Vo (u, p)(

/Q " - (A-V)u—<u.V)A) dx
ou ou

N R <8t+(A-V)u—(u-V)A>dx+ ot <8t+(A V)u (u-V)A)dx.

Qp ()

Qr(t)

With similar arguments as in Lemma 4.3 in [12], we have

— ) [V -o(u,p)- (Zt + (A Vu— (u- V)A)dz
d , - o i
i [ DU (b OF AR | 2060000+l

+ 2 /w) Dlu] : (VuVA)dz — zy/ D[u] : D[(u- V)A])dx.

Qr(t)
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2.4 Existence of solutions up to collision

It follows that

k
v 2da + ( )P+ J; w )

— % /Q » (D[u] . D|(u - V)A] Dl : (Vuvﬂ))dx
+g/ uf@t)- (B0 + w0~ h0)*)

(2.4.13)
8u "
—/ <(A Viu— (u V)A)dw
) Ot
ou A
[ vy (G (V= (e V)R ) d
r(t
ou A
+ QF()f ((%—F(A V)u— (u- V)A)dx a.ein (0,77)
Lemma 2.4.1 implies that there exists a positive constant Cy; = C1(To, v, (p;, Bi)i=1,.. k), such

that the following holds true for almost ¢ € (0, 7))

2 /Q DIl Dl V)A] - D[] : (VuVA)de

< Cl((l + KD)IVullfz o, ) + Kf)7

— JZ ! mi "
< il fIRzs.0) + §|Wi(t)|2 + 7|hi (),

/Bi(t) pif(z,t) - <h;, (t) + w;(t) (z — hi(t))l

ou . 1) 0u|? ) ) )
— < Z||IZ= )
1) OF ((A Vu = (u V)A>d = 2Bt sy T TNV @e0) K7D,
ou A 1||Ou|?
- (A Vu—(u VA )| < 2|2 V)l
[, 9l (at A9 Dh)as| < (T sl Dl
+C K| Vaullf20,) + C1ET,
N (a“ + (A V)= (- V)R )da| < Hour ok v
Qr(t) ot = 8ot lhe@p) 1541 L2(Qp(t))

5
+§||f||%2(QF(t)) + 1KY

Combining the above estimates with (2.4.13), we obtain for almost ¢ € (0,7)

Dl + 5 S (b OF + L)

QH Ot L2 (1) dt Qp (1)

SO(KﬁuK% DIVulEz@pe + 1 e ) + 3l Dullagy ) (2419
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We are now in position to estimate the term (u-V)u in terms of the left hand side of inequality
(2.4.14). Here, we adapt the method followed by Cumsille and Takahashi in [12] to the case
of several rigid bodies. See [13] for an alternative approach. We state the following two

technical lemmas and we postpone their proof to Appendix A at the end of the thesis.

Lemma 2.4.3 Lety > ¢ > 0. Then there exists a strong 2-extension operator E for Qg(t).

Moreover, there exists a positive constant k = k(g) such that for u € H*(Qp(t)), we have:

||EU||L2(R2) S k||u||L2(QF(t))7 (2.4.15)
HEU/HHI(RQ) S kHuHHl(QF(t))? (2.4.16)

Lemma 2.4.4 Let u be the unique strong solution of problem (2.1.1)-(2.1.6). Then there

exists Ty small enough, such that for almost every t € [0,T1], we have

0@y < K (| St

L300 +||U(t)”i?(QF(t))HWU(t)\|i2(QF(t))+||f(t)\|L2(Qp(t))+||K||H2(R2)+1),

where K is a positive constant that depends on Qp, By, p;, v, To, ||uo||L2r2) and || f || 20,112 (r2)) -

We return now to complete the proof of Lemma 2.4.2. Lemma 2.4.3 implies that there

exists a strong 2-extension operator E for Qp(t)
(e - V)ullizop ) < I(EBu- V) Eulltage) < | Bullfoge) | VEU] g,

Moreover, using the continuous embedding of H'/?(R?) into L*(R?) and the interpolation

inequality in Lions-Magenes [30], we have that

1/2 1/2
12l are) < Call2llriremey < Collll ot 1203 zey, ¥z € HY(R?),
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2.4 Existence of solutions up to collision

where Cy = C5(R?) is a positive real constant. Hence, we get

1w V)ullfeuey < CollBulliee | Eulle ) |V Eullieee) |V Eullen g2
< Oolullezop @ lullm @pe) | Eulla @) || Eulla2 @2) (2.4.18)
< Collullez@pwllullfo o 12 @p )

< Collullez e (el ziap @) + 1 VulRe@p) lule@ew:

Let K > 1 be a constant that depends on Qp, By, p;, v, To, [|uol|2m2) and || f]z20,m:12®2))
that may changes between lines.

Combining (2.4.18) with Lemma 2.4.4, we get for 77 small enough

+||u||2
S L)

D) limpy < Kl (lelspon HIVeRaeon) (| 5

+ IVullF2p ) + 1 le2nm) + 1); a.e t €[0,Ty].

By Young’s inequality, we get for all € > 0

ou ||
ot

+||U||i2(QF(t))

L2 (Qp (1))

K
1(u-V)ul[F 20y ) < -

L ([ e T Py R

+ HVUHiQ(QF(t)) + HfH%Q(QF(t)) + 1>; a.e t €[0,T1].

1
By combining (2.4.14) with the above inequality taking e = 12’ then integrating the resulting

inequality with respect to t, and using Lemma 2.4.1 we get for almost ¢ in [0, 7}]

ds + = / |Vul*dz + = Z(mz/ |h; (s |ds+J/ lw; (s 2ds)
LQ(QF s))

< 2IVu(0) ey + K (1 +/0 V]2 sy s +/0 [Vullaqeeyds ). (24.19)
By Gronwall lemma and using again Lemma 2.4.1, we get that
V() 2y < K(\\vu(omi?(m + 1). a.c on [0, T, (2.4.20)

Moreover, by combining (2.4.19) with (2.4.20), estimate (2.4.11) holds. This ends the proof.
O
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Chapter 2. On the Motion of Several Disks in a Viscous Incompressible Fluid

2.5 Mechanism preventing from collision

This section is devoted to accomplish the proof of Theorem 1.2. We follow the approach
used in [20] and [24]. We act by contradiction and we assume that collision can take place
in finite time Ty under the assumption (H1). For T' < Tj, we recall that for any divergence

free w € H'((0,T) x R?), such that D[w] vanishes on the solid domain, we have
d
/ (pu -Oyw + pu®u : Djw] — 2vDlu| : D[w] + pf - w)d:v = £/ pu-wdx,  (2.5.1)
R? R?

where
k

k
pla,t) = pr(z,t) + D pi(,t) = Lapw (@) + D_Dilpe(@),
i=1 i=1
denotes the global density. The key-idea of the proof is to construct a proper candidate v
and use it as a test function in the weak formulation (2.5.1) leading to a differential equation

which can be integrated so that we get the no-collision result.

2.5.1 Construction and estimates for the test function

Figure 2.1 — Example of collision at time T

We suppose that Ty < 400 and we start to prove that collision in pair - as that between
the disks By and Bs or between Bg and By in Figure 2.1 - could not take place. Both cases
can be summarized by the assumption that one disk has a collision with only one other disk.

Up to renumbering, this assumption can be stated as follows:

d(Bl(To), BQ(TO)) =0, and d(Bl(T()), BZ(T())) > 0, Vi= 3,.. ., k. (HQ)

Since the disks By and By collide at time Tf, then we can choose an initial time ty < Ty

such that for all ¢ > ¢, and all j ¢ J, we have d(B(t), B2(t)) < 2r;, where J = {1,2}.

52



2.5 Mechanism preventing from collision

In other words, we can choose initial time ty such that there is no possibility to find a
disk separating the rigid bodies B;(t) and Bs(t) for all ¢ € [tg,Tp]. For all i € {2,... k},
we define dy ;(t) := d(By(t), B;i(t)). Since dy;(Tp) is positive as long as i ¢ J, then f :=

inf mind; ;(¢) > 0. Also contact at time T can only occur at a single point between any

to<t<Top ZQJ
pair of disks as the domains of the rigid bodies are convex.

Yo

B,

—20

Yo = 77btap(y1 Ash

Figure 2.2 — Geometry in the local coordinates

We will see later that the expression of the vector field v involves the boundary functions
of the disks in the neighbourhood of the contact point. Hence, it is more convenient to work
in a local orthonormal frame of origin attached to the center of mass h; of the disk By, and
whose associated orthonormal basis (e, es) are given by: e; = —e% and ey = H In
the new coordinates, Bj is the disk of center (0,0) and radius r; whereas Bs is }che dzisk of
center (0, —r; — 7o — h) and radius 7o, where h denotes the distance between B; and Bs
(see Figure 2.2). Moreover, we can always represent the boundaries of the disks close to the
contact point at collision by a suitable boundary functions of simple expressions in the new
frame: one is the lower boundary of the disk B; and the other is the upper boundary of the
disk Bs.

For any x € R?, we denote by (y1,%2) the coordinates in the new frame. More precisely,

we define Y = (y1,y2) as follows:

e m) - () — ha() (= ha(6) - (nt) — haft))
Y“"”‘( @ =@l () — ka0 ) 252)
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Chapter 2. On the Motion of Several Disks in a Viscous Incompressible Fluid

In what follows, we fix h € (0, dmax) Where dpax := sup diyo(t). Also, we fix 6 > 0 such

) to<t<Tp
that 20 < min(ry,73), and we define the bridge Aj), in the local coordinates by

Afs,h ={y € R? : ly1] < 260, ¥u(yh) < y2 < ?/ftop(Zh)},

where the boundary functions ., and v, of the disks By and B, respectively are given by:

wtop(yl) =y 7“% - y%a Vi € [—7’177”1]7
Yo(y1) = /75 —yi — 11— 71— h, Yy € [=ry, 7).

Moreover, we choose 9 such that
A5,d1,2(t) n Bj(t) = (Da Vit € [t07T0]7 vy ¢ {172}'

Before we proceed, we mention some properties of the boundary functions ., and 9 that

will be useful later on. It is easy to see that for all y € Aj,, we have:

Yo — Up(11) < Yiop(th) — u(y1) and b < Puop(y1) — Y(y1). (2.5.3)

Moreover, there exists a constant K = K (9,71, 79) such that

|1/J£op(y1)| < K|y1|7 W}é(yl” < K‘y1|7 vyl € [_267 26]7 (254>

[rop)] S Ko [ (un)| S K, Yy € [-26,20]. (2.5.5)

Furthermore, the following inequality

implies that
h+ay; < Yrop(y1) — Up(y1) < h+ 2ay?, Yy, € [~20,26] (2.5.6)

: _ 1 1
Wlth a = E —+ %
We turn now to define the test function v. To describe v in the neighbourhood of By, we

define a smooth function ¢ : R? — R with compact support included in B(0, «) such that
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2.5 Mechanism preventing from collision

¢ = 1 in a neighbourhood of By, where

a < min(r; + §,1/rf + 62).

By noting that the distance between the disks B; and B(0, «) equals to oo — ry, we get

a—1nr

1+ 5 < .
It follows that r 4+ a
< a,
2
and hence
B C B(O, nt a) c B(0,a).

Thus, we can choose ¢ = 1 on B(0, %5%). Then we introduce a smooth function x : R + [0, 1]

such that
] Lt <4,
o if | > 2.
We set
Ty = V' an, (2.5.7)

where g5 (y) = yi1n with @y, : R? — R is defined as follows:

on=¢ in R2\(45, U (BN B(0,0))),

o =) o o Y2 — Uu(y) in A
on = (1 x(yl))cb(y)+X(y1)<%p<yl)_%(yl)) (3 2¢top(y1)_¢b(yl)) Ashy

wn =0 in Ba N B(0, a).

Finally, we define
v(t,z) = Jx(Y(x,t),t)o(Y(x,t),1), (2.5.8)

where the mapping ¥ is defined from R? x [0, T,) into R? by

(Y, t) = Va, 500 () (2.5.9)
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Chapter 2. On the Motion of Several Disks in a Viscous Incompressible Fluid

Remark 2.5.1 We note that ¢ and hence vy are reqular up to h = 0 outside Afm, and

singularities at h = 0 correspond to

. Y2 — VoY1) 2 _ Y2 — y(y1) i
gn(y) = u <¢top(y1)—wb(y1)> (3 2%17(%)_%(%)), y € A, (2.5.10)

as it involves the difference term between the boundary functions ., and ¢,. Hence, all the
Sobolev norms of vy, are dominated by a constant in QRh\Ag’m where Qpy denotes the fluid

domain in the new geometry.

We state some properties of Ty, in the following lemma and in this respect, we refer the reader
to [24].
Lemma 2.5.1 Let h > 0, then v, € HY(R?) and has a compact support. Moreover, we have:
. V-u,=0 inRQ,
1. Uy = es on By.

141. T, = 0 on the other disks.

To prove that collision can not occur between disks in finite time, we need some estimates
on the test function v. The following lemma shows that we can perform such estimates on

the vector field T instead of v.

Lemma 2.5.2 Let u(t) € H'(R?) and v(t) € LP(R?) be two vector fields with p > 1. We
defineu(y,t) = Jy (X(y,t), t)u(X(y,t),t), where X denotes the inverse of the diffeomorphism
Y defined in (2.5.2). Then we have:

[v()|lLe@2) = [[0(t) e re), t € [0,T0),
D[u] : D[v] = D[q] : D[v], Vv e H'(R?).

The above lemma is straightforward from the fact that the diffeomorphism Y is an isometry.
Next, we state the following lemma which enables to estimate some terms in the weak

formulation, such as the non-linear term and the source term.

Lemma 2.5.3 Let h € (0,dnax) and consider the vector field vy, defined in (2.5.7). Then
there exists a constant K,, = K,,,(8,71, 79, dmax) such that the vector field v, € LP(R?) for all
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2.5 Mechanism preventing from collision

1 <p <3 and we have
[Tnl[Lr@z) < Ko (2.5.11)

Proof. By Remark 2.5.1, all the Sobolev norms of 7, in Qpn\Aj, are dominated by a

constant. From the definition of g, in (2.5.10), we have

() = V(11 (1= X)) + 9 (y) VX (¥) + X (1) V gn(y), Wy € Aj.

Using the properties of the boundary functions ., and v, stated in the previous section,

we get that there exists K = K(9,71,72) > 0 and C > 0 such that

lgn(y)| < K, (2.5.12)
gn ‘ Y
I <C+K , 2.5.13
8y1 (y) 77Z}top (yl) - ¢b (yl) ( )
Ign ‘ |91
= <C . 2.5.14
ayQ (y o wtop(yl) - ¢b (yl) ( )
This implies that for all y € Aj;,, we have:
— 1] _ Ky%
v §0(1+K+ )andv SC’<1+K+ )
| h,l(y>’ ¢top(y1) _ %(yl) | h’2<y)| 1/)top(y1) - ¢b(yl)

For 1 < p < 3, there exists a positive constant K, = K,,(9, 71,72, dyax) such that

p

5
H@h(y)Hip(A(iS,h) = Km(l " /02 (wt (y1) ih%(yl))l’—ldyl)'

Using the inequality (2.5.6), we obtain

28 b 26 D
< dy < [y,
0 1% 0 NPT
(Vrop (1) — t(w)) (h+ ay?)

and thus

B 26 dyl
0o, < Kon (1 [ 55).

The integral in the right hand side of the above inequality is finite as |p — 2| < 1, Therefore
(2.5.11) holds. O
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Chapter 2. On the Motion of Several Disks in a Viscous Incompressible Fluid

To estimate the term that contains ;v in the weak formulation, we need the following lemma:

Lemma 2.5.4 Leth € (0, dyax). Then there exists a positive constant K,, = K,(0,71, 72, dmax)
such that

Loy < Ko (2.5.15)

Hahflh

Proof. From the definition of g, in (2.5.7) and by standard calculations, we have for all

Yy € A§7h:

~ _ (y2 — ¥u(yn))? _ (2 — ¥u(yn))” Y2 — u(y1)
R3u)W) = 0x(o0) (5 s T ) — it o) v )

Hence, there exists some C' > 0 such that

~ |y1‘ i
0 <(C , Yy e A, .
’ hgh(y)| > wtop<y1) —wb(%) Yy 5,k

Combining the above inequality with the fact that g, is smooth outside Af, and is with

compact support, we get that there exists K,, > 0 that depends on 9, 7,7, and dy.. such

that
/ 1000 ()| dy < Ko + C/% b dy.-
R? 0 Yrop(y1) — Yu(y1)
Hence, ,
/R2 |Ongn (y) [Py < K, + S /026 hf/;y%dyl,
and as ay? < h+ ay?, we get the estimate (2.5.15). O

From now on, we denote by V5, = (Vﬂl’i, Vgl) the translational velocity of the i-th rigid body.

The following proposition shows why the vector field v is a good candidate to our

problem.

Proposition 2.5.1 Let h € (0,dpax) and @ € HY(R?) such that for all i € {1,...,k}, we
have

U(y) = Vi +wiy — ya,)" on B(Gi,ri),

where G; denotes the center of mass of the i-th disk in the local coordinates. Then there

exists a pressure qn : Qpn — R, such that ¢, € Lz(QF,h) and a positive constant K,, =
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2.5 Mechanism preventing from collision

Km(57 Tl) T27 dmax) SuCh th(lt

2V/
A

Dlvy] : Dlaldy — 7y (h) (Vﬂ,l - Vﬂ,z) )

7
é,h

< Km(HEHLz(QM?) t [l Biuss) + [ Valae)), (2.5.16)

where

ni(h) = ./c’iAg’hmaBl (QVD[@L] - th)ndfl - es.

Moreover, there exists an absolute constant K = K (0,71,r3) such that

ni(h) >

%l =

Proof. Without loss, we may assume that ¥ = 1. By noting that
ATy, -u =2V - (D[vy]u) — 2D[v,] : D[q]

and performing integration by parts, we get

/i

for some pressure ¢,. The idea now is to find a good pressure field ¢, on Agh such that

i 7
é,h Aé,

(A@h — th) ~udy = —/ . D[vy] : D[u]dy + /zmgh (D[vh]n — qhn> cudl,  (2.5.17)

(2.5.17) holds. We start with computing laplacian of 7, and we find that

A@h _ _8112gh - (9222§h

8111§h + 81229}1

We construct the pressure field g such that

—23112§h - yl(l - X)3222¢

O110n

A, — Vg, =

To match this property, we define

an(y,t) = O2gn(y) + /_?4215 (wtopl(i)s—xgjj(s))

99
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On the other hand, we have

/i (—A@H—VC]}L) ‘udy = /Ai (28112%“1—8111§huz>dy+/m y1(1—x(y1))O2220(y)ur dy.
é,h d,h 5,h
(2.5.19)

By performing integration by parts, we obtain

ou, Ju _
/ , (231129hu1—3111ghuz> dy = / (911gh< ! —Q)dy+/ - Ondn (2H1n2—ﬂgn1)df.
Ash a Y2 3y1 045,

(2.5.20)
For y € Aj,,, we have
Ondn(y) = on (11(1 = x(1)ew)) + dx(n)gn(y) + 200X (¥1)Ogn(y) + X (y1)I119n(y)-

Hence there exists C' > 0 and K = K (d,71,72) > 0 such that

. 1]
01190 (y)| < K(l * Yrop(1) — wb(yl)) e

This implies that there exists a positive constant K, = K,,(0, 71,72, dmax) such that

25 2
) - %
||angh<s>||Lz<A;,h>SKm(” 0o ht yldyl)

and thus
Hangh(y)H%?(Agh) < Ko

The above inequality implies that

IR C et ) L e WO
é,h

o

. 2.5.21
Ay O Y LQ(Af;’h)) ( )

L2(A} )

We turn now to estimate the boundary term in (2.5.20) and in this respect we have

[yt (1) ®
‘/ 3119hU2”1dF’ < K (HUHLOO Bl)/% (U Eyl)t pwlt(yl))z
op

_ PRIAODIE
S /—za (Weop(1) — () 2"

dy,

/ ) allghUindFD. (2522)
9A% ,0{ly1]=26)
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2.5 Mechanism preventing from collision

Noting that 011gy, is odd, we get that

~ Yrop(26) _ - B
/ _ 011 gntgmdl’ = 0119126, y2) (U (20, y2) — Uz (—28, y2) ) dys
0A; ,,{ly1|=20} ¥y (26)
'l/Jtop(Q(s) ~ 20 .
= 0119r(26, o) O1a(s, Yo )dsdys.
%(25) —26

This implies that there exists a positive constant C' such that

’/8Ag,,m{|y1:26} 811§hu2n1dr‘ < C|01T2 || £2([=25,25) x [166 (26) tb10p (25)]) -

Combining (2.5.22) with the above inequality noting (2.5.4) and (2.5.6), we obtain that

’/am‘ 011%“2”16”‘ < Km(HUHLM(BlUBg) + H81U2||L2([25,25]x[wb(za),wtop(ga)})>. (2.5.23)
é,h

Moreover, we have

26
/a - Ongntngdl’ = [26 O11Gn (Y1, ¢top(yl))(V£1 — wy ¢top(yl)>dy1

5,h
20

) O gn(yr, %(yl))(val,g —wy (VoY1) + 11+ 12+ h)>dyl-

As 0116y, is odd with respect to y; in the time 4, and v, are even with respect to y;, we
get that
/  Ongymnedl = 0. (2.5.24)

5,h

Combining (2.5.21),(2.5.23) and (2.5.24) with (2.5.19) yields to

Ity
N ~ud’§Km(u )+ e +H
/Af;,h( h %) Y | HL?(AM) [l (5,082) Oyo 1245,
ou ot
’UQ +H“2 ) (2.5.25)
Oyrllzzcag,) 1Oy L2 (12626 [ (20).w0p (26)))

We turn now to compute the line integral on (2.5.17). It is not difficult to check that

8@71 a@h’z

and
oy 0y

qh;,
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Chapter 2. On the Motion of Several Disks in a Viscous Incompressible Fluid

are even with respect to y; whereas

(%h,l 8@}%2
and
Y2 o
are odd with respect to y;. This implies that
/ : <2D[@h]n B qhn) ~u(t)dl = ny(h) Vi - ea +a(h) Vaz ez + | <2D[@h]n - Qh”) -qdl’
A5 DA | Nly1|=26

with
= [ <2D[vh}n—qhn>dri-62, i—1,2.
AL NOB;

As V1, and g, are regular on dAj, N{|y1| = 20}, then there exists a constant K independent
of h such that

Do — > cadl < K iy
/‘9‘4% pNly1[=20 < [Uh]n Gt ) - U4k = HUHHI(Aa,h)

This implies that

‘2/1 D[@h] : D[ﬂ]dy — ﬁl(h)Vﬂ,l c €9 — ﬁQ(h)VH72 © €2
5,h

< Kn(llea@p) + lulliesom,) + [IV]a@s)). (2.5.26)

By integration by parts, we have

/i

(AT, — Vap)dy - €3 = —/ _
aAg,h

<2D[vh]n — qhn> drl’ - e,.

i
é,h

Since

Ytop(20) ov ov
/ , <2D[vh}n — qhn>dF ey = 2/ ( L (295, yp) + L (25, y2)>dyz
DAL, {ly1|=26}

b (26) Y2 Y2
Won(20) OV}, o Jp 9

2/ ( —25, ) + 202 (9. )d ,
25) o (—20,y2) I (20, y2) ) dys

v, Jv
and as ah’z and ah’Q are odd with respect to y;, then the above integral vanishes and
1 Y1
hence we get

[ (=24 Va)dy - e = in(h) + 7).

é,h
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2.5 Mechanism preventing from collision

Setting U = ey in (2.5.25), we get that

/Ai (AT, — Vap)dy - e5] < K.

S,h

This implies that

Combining the above result with (2.5.26), we obtain that

< Ko (2@ + 1l (5,08 +HI VT2 ).
(2.5.27)

‘Q/gh D[] : Dlldy—in (1) (Vs —Vas ) -e2

Thus, (2.5.16) holds.

By similar way, one has:

‘ / Doy, | dy — i (h)V5, 1 - e — o () V5, 2 - €2

00y, 2

oy

Ovp, 1
ys

L2(A} h)>'

< Km(HUhHL?(Af;,h)) + 1l guze) + ‘ L2(A}, ‘

By Lemma 2.5.1, we have 7, = e; on B; and vanishes on B,. This implies that

_ _ I 1 O 2
>2/ dy—K,, ( z- N ’ ’ )
S (L vl FL bl R
(2.5.28)
Standard calculations show that
JUp1 1 Yo — Up(y1)
’yz—yl—xy3¢—6yxy( -2 )
5y W)= (=Xt = bux )\ o SR T2 G G ()P

TIt follows that

7 (y)‘ : C(l " (wtop(yl)‘y—l‘wb(yl)ﬂ)'
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oo
Combining the above estimates with the fact that av M2~ —011Gn, we get that
Y1
Ju K,
‘ Uh,1 <om (2.5.20)
Oya lrzcay,) = hi
oo
‘ Uh.2 < K. (2.5.30)
Oy L2(A} )

, ov .
To bound from below D[v,] in L?(Aj%,), it suffices to bound from below % in L?(A%,).
) y2 k)

In this respect, there exists K = K (J,r1,r2) such that

8@;1,1
| 90 L2z, =

%

Combining (2.5.28) with (2.5.29), (2.5.30), and the above result, we obtain

ni(h) >

%/ =

2.5.2 No collision result

This subsection is dedicated to prove the following theorem from which we can deduce

the proof of Theorem 1.2.
Theorem 2.5.1 Assume (H2) holds true, then we have d(By, By)(Ty) > 0.

Proof. Since (hy, hy) € H?(0,T), the test function v defined in (2.5.8) satisfies v € H*((0,T) x
R?)). Because of Lemma 2.5.1, v is a good candidate to apply (2.5.1). We obtain:

/ (pu <O + pu®u : D] — 2vD[u] : D[v] + pf - v)dm = d/ pu - vdx, (2.5.31)
R2 dt Jr2

on (0,7Tp). We start to estimate each term separately. Lemma 2.5.2 and Lemma 2.5.3 imply

that there exists a positive constant K, = K,,(0, dyax) such that

L, #5)F(5) - o(s)da| < Konllplloeoimy s | e (2.5.32)
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We turn now to bound the non-linear term and we have

| [, psu©)2u(s) s Dlo()de| < Konllollqopes) (Il [ uls)eu(s) : Dlv(s)ldal).

5,d1,2(s)

By performing integration by parts, applying Holder inequality and noting that the vector

field v is uniformly bounded outside the Aj,, we get

IN

| /A u(s) @u(s) : Dlo(s)lds| < | /A (u(s) - V)u(s) - o(s)d| + /a ) o) () T
5,1 2() 5,1 2(s) 5,41 2()

IN

Clluls) e 22) 1T 2 () 11572 (a5 4 5oy T Em () E2mey + 1Vu(s) 1L (g2))-

Combining the above result with Lemma 2.5.3, we obtain

/RQ p(s)u(s) @ u(s) : Dlv(s)]dx| < KmeHL“’([O,TO)XRQ)(Hul|2L°°([O,TO),L2(R2)) + HVU(S)H%Q(RQ))'
(2.5.33)
For simplicity, we denote d »(t) by h(t). With this notation and from the definition of the

vector field v in (2.5.8), we have

/R? p(s)u(s) - dw(s)dx = /R2 p(s)u(z,s) - 8t<JX(Y(:c, s),s)v(Y (z,s), s))dx

_ /]R p(s)u(z,s) at(JX(Y(x, $),9) (Vi) (Y (z, 5)))@;_

By noting that

ag;f> (Y(z,s),s) = ; %);ﬂ (Y(x, ), 5)0%, (gh(s) (Y (z, 5))),
we obtain

Tx(Y (2,5),5) (Vi) (Y (2 8).8) = V2 (o (Y (2.9))).
and thus
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By performing integration by parts on the space variable, we get that

/R2 (z,5)- O Vy (gh(s)(Y(x, s)))dx = /R2 (gz_;(x,s) — ggj(az,s))ﬁt@h(s)(}/(m,3)))0[3;,

By noting that

2

at <§h(t) (Y(:L‘, 5)) = h/(t)ahgh(t) ((Y(x> t)) + Z Y;/(ZB, t)ayzgh(t) (Y(x7 t)),

i=1

and
aY;
Oz,

2
L 1Y oo w2y < ¢ |Ri(t)
=1

<1, |

H 3% L®(R2) LW(R2)

we get that there exists a positive constant C' such that

< CIIVuls) leaqeey {11(5)] (190 e,

w1,

8,h(s)

/]R?< 5) - OV ( (s (Y(z, ),8))dx

5,h(s ))

i Pds] ) + K, > I}

By Lemma 2.5.4, we get that

/R2 p(s)uls) - Qu(s)dz| < K| pll o ®2x(0,m)) ( s |1'(s) ’+Z |hi(t) > [Vu(s)ll2(re).-
(2.5.34)

Adding the term 7 (dy 2(s)) (Va1 — Vaz) - e2(h) to both sides of the weak formulation (2.5.31)

and combining the resulting equation with Proposition 2.5.1, Lemma 2.5.2 and the estimates

n (2.5.32), (4.2.13) and (2.5.34), we get that

d %) !
’dt /R? p(5>u(8) . ’U(S)dx + nl(d1,2<5)>(VE,l — Vﬂ,2> . 62(]1)’ S Km(l + ”u“chRQ) + ||VUH%Q(R2))7

where K, = (0, dar, |||l o0,1)x®2): || fllL2(r2)) is @ positive real constant.

By noting that

u(y,s) = Jyhi(s) +wi(s)y", y € 0B(Gy,r1),
U(y, s) = Jyhy(s) + wa(s)(y — ya,) ", y € OB(Ga,12),
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we obtain

!

(Via = Vi) - €2 = d 5(s).

This implies that

d ' _
o L) o)+ dy o (duals))| < K0 (14 [lagee) + [ VulEagen)

Integrating the above inequality from ty to t < T, we get that

[ ptut) - vty = [ p(tyults) - v(to)dw + /tt d,5(s)7n (dy 2(s))ds

t
<K (To+To sup ulfee + [ IVulie),
t€[0,70) to

Combining together Lemma 2.4.1 with Lemma 2.5.3, we get that there exists M > 0 that
depends on Tj and the initial data such that

5 (5)n (dyo(s))ds

to

< K/, M.

With the change of variable h(s) = dy2(s), we get that

dl?g(t)
/ ﬁl(h)dh’ <K' M.
d

1,2(to)

Again by Proposition 2.5.1, we get that

d1,2(t)
/ 1,2 @ < K&M}
di2(to) h2
and thus
1 1 ,
1 S 1 + KmM
[dia(t)]2  [dia2(to)]?
The last inequality implies that
1 1
sup < + K/ M.

i<To [dio(t)]2 ~ [dia(to)]?

Proof of Theorem 2.1.2 It follows from Theorem 2.1.1 that our proof reduces to obtaining

that no collision occurs in finite time under the hypothesis (H1). We act by contradiction
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2> N Qpn

.+1

Figure 2.3 — Collision between particles dividing the fluid domain into two connected com-
ponents.

and we assume that collision could take place in finite time. We define the the non-empty

set J of cardinal 2 < m < k as follows
J={je{l,....k}:3i#j,1<i<k, d(B;B;)(Tv) =0}
For ¢ € J, we define the non-empty set of indices J; by
Ji={jeJ:j#i, dB;,B)(Ty) =0}.

We claim that there exists i € J such that card(J;) = 1. Otherwise, we have card(J;) > 2
for all i € J. Hence for a fixed iy € J, there exists i; € J;, and as card(J;,) > 2, then there
exists i € J;, \{io}. By recurrence, we construct a sequence {is}sen such that for all £ € N,
we have ip1 € J;,\{i,—1}. Since card J is finite, then there exists two positive integers ¢ and

p such that i,4, = ;. Moreover, the center of masses h;,, ..., h;,, of the disks B , B

etp ey s Py
form a set of vertices of a simple polygon P, whose complement is the union of at least two
connected components C; and Cy. Furthermore, the fluid domain Qp)y C P° and we have
QpnNC; # 0, for i = 1,2 (see Figure 2.3). This contradicts the assumption (H1) in Theorem
2.1.1.

Let j denote the index of the disk that the disk B; only collide with at time 7j. Up to a
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2.5 Mechanism preventing from collision

renumbering, we assume that i = 1 and j = 2, so that (H2) holds true. We apply then

Theorem 2.5.1 and we obtain a contradiction. [l

Remark 2.5.2 To illustrate the difficulties which prevent from ruling out the further con-
nectedness assumption, we study the asymptotic behaviour of a moving body in a rectangular
domain when it is approaching the boundary of Q). In the orthonormal system (O,f,j’), we
set 2 =[0,5] x [0, 5] and we suppose that the moving body is a disk of radius 1 and its center
of mass G moves along the line (D) : y = x. We assume that there is no contact initially
between the rigid disk B and 02. We denote by h(t) the distance between the ball B and the
boundary of the flow at time t.

Qrp

ASh
::¥
b PQ\ = A
iy
)

Figure 2.4 — Description of the model

It follows that
G(t) = Gup) = (L + h(t),1 + h(t)).

The domain occupied by the fluid at time t is given by Qp iy = Q\B(t). If there exists some
time T, such that When h(T.) = 0, then fluid domain has two connected components at time
T,. We show that, for solutions to fluid-solid interaction problems, such configurations are
excluded. But, we obtain that the mechanism preventing from collision is different to the one
exhibited above. Let t € [0,T,) such that h(t) > 0 on [0,T.] and let consider v, € H'(Q)
such that

. V-v=0

ii. v(t) = h(t)e on B(t), with e = —%(;—l—j)

S
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Chapter 2. On the Motion of Several Disks in a Viscous Incompressible Fluid

741. v vanishes on Of).

as should be the fluid-velocity-field in our fluid-solid interaction problem. Let For 0 < § < 1

and given h > 0, we set
Ay ={r€Qpp: 1-6<a <144, 0<y<iua)},

and

Aih:{LEEQEh 1<y<1+57 0<$<wh(y)}a

where ¢h(s):1+h—\/1—(s—1—h)2.

Let us consider the domain
G={reQp,: 0<z<l+h—-960<y<l+h-—4}
The no-slip condition tmplies that
/ v-ndl = 0. (2.5.35)
oG
The boundary 0G of the domain G consists of 4 parts:
ag:F1UF2UF3UF4,

where I'y = 0GN{x =14+h—6}, I'y =0GNIB, I's =0GN{y =1+ h— 4}, and
I'y=0GN{x=0 ory=0}. Since v vanishes on I'y, we get that

/ v-ndl = —/ v-ndl — [ v-ndl. (2.5.36)
I'2 ' I's
Since v = h'(t)e on OB, then
\/ v ndl| = [()] %) — s,
1)

wherexy = (1+h—=0,1+h—+v1-062) andxo = (1 +h—+1—-0621+h—9).
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2.5 Mechanism preventing from collision

It follows that

V2(VI =082 — 0 (t) = — /Hhm

/1+h\/ 1-62

vi(14+h—94,y)dy — vo(z, 14+ h —d)dx.

0 0

Moreover, since 0 < dx < 0, then we get
1+h—/1—52 1+h—/1—62

Va1 = 62 — 8K (1) < / or(1+ h— 8, y)|dy +/ (a2, 1+ h — 8)|da.
0 0

By integrating the above inequality over § € (0,7) for r € (0,1) and using Cauchy-Schwartz

inequality, we obtain

1/2 r pl+h—v/1-62 1/2
W0 < Y sup <1 th—VI= 52> {(/0 /0 o1 (1 4+ h — &, y)|2dyd5>

C(é*) 6€(0,r)
r pl+h—v/1-52 1/2
+ (/ / |v2(m,1+h—5)|2dxd5> },
0 Jo

where ¢(0,) = /2|6 — /1 — 2.
Since v1(1+h —6,0) = v2(0,1 +h —9) =0, then by Poincaré we get that

3/2 r pl+h—V/1-62 1/2
WOl < Y sup <1+h— Vi —52> {(/ / 10,01+ h— 6, y)|2dyd6>
0 JO

0(5*) de(0,r)
P they/T=82 1/2
+ (/ / |0pvo(z, 14+ h — 6)|2dxd6> },
0o Jo

Therefore, we obtain

3/2 r pl4h—y/1-52 1/2
WO < Y sup <1+h— Vi —52) (/ / |Vv|2dxdy>
c(d4) s€(0,r) o Jo

One may check that
1+h—V1-=62<6+h, forall 6 €(0,r).

When h < 1, setting r = V'h, we get that

) 2h5/4
0] < 2 IV olhoiany
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Chapter 2. On the Motion of Several Disks in a Viscous Incompressible Fluid

Therefore, we obtain
h(t)

5

hi

< 2
~ ()

To conclude, in fluid interaction systems, we expect the fluid velocity-field to be bounded in

[V|lL2p)-

L0, T; HY(Qx(t))). The above computations entail that we should have a bound on 1/h'/*
preventing then from collision in finite time. However, we observe that we do not need to
involve the Newton’s law to prove the no-collision result. Moreover, the exponent (1/4) that
is involved is different to the one (1/2) we had in our previous proof. For these reasons, the

proof we give above does not adapt easily to this case.
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In this chapter, we consider the three-dimensional motion of a rigid body immersed in
an incompressible homogeneous viscous fluid. The rigid body is supposed to be a ball and
the fluid domain has exactly two holes so that it can fill exactly the gap between the holes if
collision occurs. With this geometrical configuration, we show that there exists at least two
weak solutions of different behaviours to this problem: the body either moves away from the
boundary of the flow or it remains in contact with it. The novelty of this work is that we
prove the non-uniqueness of weak solutions for the problem of the motion of a rigid body

in viscous fluid in 3D after contact with external physical source term f € L?(0,T;Lr(O))



Chapter 3. Nonuniqueness of Weak Solutions to Fluid Solid Interaction Problem in
3D

with p < 2.

The plan of this chapter is as follows: in Section 3.2 we construct a velocity field for
which the body touches the boundary of the cavity O at time t, € (0,7"). Then, we prove
that there exists an external body force f such that the constructed velocity field is a weak
solution of problem (3.1.1)-(3.1.8). After collision, we extend this solution so that the body
goes away from the boundary. In Section 3.3, we construct another solution with the same
function f. However, we extend the solution this time such that the body stays attached to

the boundary of the flow after contact.

3.1 Introduction

In this chapter we investigate the question of uniqueness of weak solutions to the
problem of motion of a rigid body immersed in an incompressible homogeneous viscous
fluid. We consider a homogeneous rigid ball B moving in a cavity in @ C R3 filled with a
homogeneous viscous Newtonian fluid. We assume that the motion of the fluid is described
by the classical incompressible Navier—Stokes equations, whereas the motion of the rigid body
will be governed by Newton’s laws. More precisely, the full system of equations modelling

the motion of the fluid and the rigid body reads as:

Ot (u-Vyu=V-o+f, in Qpt), t€(0,T), (3.1.1)
V-u=0, in Qp(t), t € (0,7T), (3.1.2)

u(z,t) = G(t) + w(t) x (z — G(t), = €dBt)te (0,T), (3.1.3)
w(w,t) =0, z€d0, te0,T), (3.1.4)

mGi(t) = —/aB(t) ondl + pp /B(t) f(t)dz, t € (0,T), (3.1.5)

Jo(t) = — /a o7 G(0) X omdT 4 /B = GO) x f()de, 1€ (0.7)  (3.16)

In the above system, we denote by B(t) the domain occupied by the moving body with
center of mass G(t) at time ¢ and radius 1. The displacement of the solid body B modifies
the fluid domain and makes it time dependent. The set Qp(t) = O\B(t) denotes the fluid

domain occupied at time t. We suppose that the fluid has a constant density 1 and that
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3.1 Introduction

it moves under the influence of a given body force f. We denote respectively by u and p
the velocity and the pressure of the fluid. The total stress tensor o (also called the Cauchy
stress) of the fluid is given by

o= —pl3+2vD[ul,

where p denotes the pressure, v > 0 is the fluid viscosity, and D[u] is the rate of deformation
tensor defined as follows:

Dlu] = ;(Vu + Vul).

Moreover, we suppose that the moving body is of constant density pp and has a mass
m = pp|B(0)|. The moment of inertia matrix J of B(t) related to the center of mass G(t)

at any time ¢ > 0 is given by

J— U pilr — G()Pde| I,
B(t)

The vector w denotes the angular velocity of the ball B and the sign x stands for the vector

product. To complete the system, we impose initial conditions at ¢,:

u(z,0) = ug(x), = € Qr(0), (3.1.7)

G(O) = G(), G(O) = Gl, W(O) = Wy- (318)

We suppose that there is no contact initially between the moving ball and the boundary of

the flow; that is v = v(0) > 0, where
() = d(B(t),00).

In this chapter, we show that uniqueness of weak solutions to the fluid solid interaction
problem in three dimensional case does not hold after contact. Before stating our result, we
introduce the notion of weak solutions. To this end, we recall that the global density p and

the global velocity u are given respectively by

p(t,z) = 1QF(t)(x)+pBlB(t)(x)7

at,e) = ult,r)lapm(c) + (G(t) +wlt) % (z — G(t)))lB(t)(x).
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3D
For simplicity, we denote below the global velocity by u instead of .
Consider domains B and O in R? such that B C O. Let
V(O)={ueDO):V-u=0 in O}, (3.1.9)

and denote by H(O) and V(O)the closure of V(O) respectively in L*(O) and H'(O). Ac-

cording to classical results (see [40]) we have

HO) = {ucl?0): V-u=0 inO, u-n=0 on 90},
V(O) = {ueHy(O): V-u=0 in O}.

We introduce the following spaces which will be used in the sequel:

H(B,0) = {ue H(O): D[u]=0 in B},
K(B,0) = {ueV(O): Dlu|=0 in B}.

By Lemma 1.1 in [44], we have D[u] = 0 in B if and only if there exists a vector a and a

skew-symmetric tensor @ € RS such that
u(z) =a+ Qu, for x € B.

In particular, there exists a vector w such that Qxr = w X .

Definition 3.1.1 Assume that Gy € O such that v > 0 and ug € H(O). We say that (u, G)
is a weak solution to problem (3.1.1)-(3.1.8) on [0, T] if the velocity field w and the center of

mass of G satisfy

G e Wh>(0,T), with G(0) = Gy,
(t) =0,
u € L0, T; H(O)) N L*(0,T;V(0)), with u(0) = ug,

u(w,t) = G(t) +w(t) x (x — G(t)), Vo € dB(t),
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3.1 Introduction

and

/(9x[0 - (Pu-atv+pu®u : D[v]—=2vDlu] : D[U]—i-pf'U)d:Cds =— /Op(O)u(O)-v(O)da:, Yo e S,
(3.1.10)

where
S={peD(0,T)x0):V-o=0o0nIx0O, D[p]=0 on a neighbourhood of B(t)}.

We remark that the test function ¢ used in the above weak formulation must be zero when

B touches the two holes whereas the velocity u need not. Our result is the following:

Theorem 3.1.1 There exists initial conditions and a source term [ such that problem

(3.1.1)-(5.1.8) admits at least two weak solutions.

The geometry of the problem is crucial to prove the above theorem. We suppose that the
cavity O is symmetric with respect to some line (D) and has exactly two spherical holes B’
and B" each of radius 1. We assume that the holes are symmetric with respect to the line
(D) and separated by a distance equal to the diameter of the moving ball B so that the ball
B can fill exactly the gap between the two holes at collision. Moreover, we assume that 0O

is flat near 9D N 00O. An example of such geometry is represented in the following figure:

4 § )

By B,

\ (D) | o Y,

Figure 3.1 — Example of the cavity O

The proof of Theorem 3.1.1 follows the same idea as in [39]. The idea of the proof is

based on the construction of a weak solution colliding in finite time to problem (3.1.1)-(3.1.8)
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with O as described above. Then we extend this solution after contact by two different ways
so that one obtains two weak solutions with different behaviours: for the first solution, the
body moves away from the boundary of the flow, whereas the second solution is constructed

such that the body stays in contact with the flow boundary after collision.

3.2 Construction of the First solution

In this section, we construct a weak solution u for which the moving ball B touches the
boundary of the cavity in a finite time then it moves away from the boundary. We assume
that the ball touches the boundary of the cavity at time ¢, € (0,7"). We start by describing
the geometry for which we build the weak solution. Let (eq, eq,e3) denote the orthonormal
basis such that e; is the direction of the line joining the centers of the two holes B, and B,
whereas the unit vector e is the direction holding the straight line (D). To be more precise,
we shall assume that the line (D) is confounded with the z — axis and the center of the
holes, denoted by G, and G, are placed at (—2,0,0) and (2,0, 0) respectively. Moreover, we
suppose that the ball B moves along (D). Hence, its center of mass G(t) at time ¢ is given

by the altitude d(¢). In other words,
G(t) = (0,0,d(t)).

It is important to point out that with this geometry, the only possible contact which may
occur is between the ball B and the two holes as other kinds of contact are ruled out due
to [26]. If we denote by h(t) the common distance between the ball B and the holes B, and
B, at time t (i.e h(t) = d(B(t), B') = d(B(t), B")), then standard arguments yield

d(t) = \/h(t)? + 4h(t). (3.2.1)

It follows that

G(t) = G () = (0,0, \/h(t)? + 4h(1)). (3.2.2)

From now on we replace G by Gj and we denote by Bj the moving ball of center Gy,

and radius 1. The fluid domain is then given by Qgj = O\ Bj,. We emphasize that with the
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3.2 Construction of the First solution

Figure 3.2 — Description of the geometry

above notations, collision occurs when the altitude d or the distance h between the ball B
and the holes vanish. Without loss of generality, we may assume that the ball is above the
holes before contact, i.e d(t) > 0 before collision. Moreover, since collisions between B and
0O\(0B, U 0B,) are impossible, then there exists . > 0 such that for all h € (0, hypaz]

we have

d( By, 00\(0B; U 0B,)) > do > 0.

We turn now to construct a velocity field u satisfying the weak formulation (3.1.10) in the

geometry described above and colliding in finite time. This field should satisfy the following:
u=0 ond0, V-u=0 inO and u=d(t)es in B(t). (3.2.3)

The authors in [25] show that there is a family of vector fields (w[h])s>¢ such that for all

h € (0, humaz]|, W[h] satisfies the following properties:

i. wlh] € C(O)
ii. V-wlh] =0
iii. w[h] =e3 on By, and w[h] = 0 on 0O
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Setting
u(z,t) = d(t)wlh(t)](z), (3.2.4)

we get that u satisfies (3.2.3).

For later purpose, it is more convenient to recall the definition of the vector field w|h]
constructed in [25]. The vector field w[h| was built first in the half space Py := {(x1, 2, 23) €
R3; 2, < 0} and it was then extended by symmetry in the other half space P, := {(x1, 72, 23) €
R3; 21 > 0}. In each half space, it is more convenient to work in a local orthonormal frame
attached to the moving ball B. The origin of this local frame is G and the associated direct

G -Gy

orthonormal basis is (€, és,€3) are such that é; = ey and é; = S We denote the

coordinates of any x € R? in the new frame by Z = (I, I, Z3). More precisely, we have

T=Qur—G) or x=G+Q,'7,

with @, is the rotation with axis Rey and angle o = (e3, G — G).
In the following, for any set S C R? the following holds:

S=Q.S-G) or S=G+Q;'S.

Actually, in the new frame the ball B is fixed and centered at 0 whereas the center G, of B,
has moving coordinates (0,0, —2 — h). For this reason, we prefer to use B, for the image of
B and B, for the image of B,. Relate the cylindrical coordinates (7,6, 2) to (i1, %, &3) by
setting:

1 =rcos(f), To=rsin(d), T3 = z.

When h = 0, the fluid domain becomes singular. Hence, in order to surround the singularities
we introduce a family of neighbourhoods Qh,(; of the points realizing the distance between

B, and By, Precisely, for h € (0, hypa) and § € (0,1), we define:
Qs = {(,0,2) € Qpj 17 €[0,8), 2 € (—(2+ h),0)}.

We remark that there exists o > 0 such that QM C P,. Moreover, the upper and lower
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boundary of Qh,g are parametrized respectively by:

(r,0,2) € Q5N B, <= {re[0,6) and z = d,(s)},

where
5.(s) = —V1—s2, Vs €[0,1),
and
(r,0,2) € 05N By, < {r€0,6) and z = d,(s)},
where

n(s)=—(2+h)+Vv1—s2 Vse0,1).

Without loss of generality one may assume § = 1/2. Since the geometry outside Qh,l /418
regular, then for any h € [0, hy,q.] there exists a width hg surrounding the boundaries of B,
and the hole By, such that if d(z, Bh) < hg then 7 € P,.
In the local frame of local orthonormal basis (€1, €, €3), consider the vector field W [h] defined
by:
curla), in R?’\(B* U Bh),
Wy [h] = &, in B,
0, in Bh,

where @ is defined in R3\ (B* U Bh> as follows:

771/2(7“)6~lﬁ +(1- U1/2(T))dﬁ, in Qh,l/%
ai, in R3\<Qh7l/g UB,U Bh>,

aj =
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with ajj and a7 are given as follows:

s M2+ (0,0,2+h)[—1)/ z+2+h rsind Nho (|Z] — 1)

aj = 5 (0.5 )+
1 -

éﬁ(r,@,z) = (0,¢H(7‘, z), 57’ sinf), V(r,0,z) € Qp/2- (3.2.6)

€1 x &), V& € R®, (3.2.5)

For all > 0 we have denoted by nz = n(./) where 1 : [0,00) — [0, 1] a smooth function
such that
1, if s < 2,

0, if s >1,

n(s) =

We stress that we have chosen hgy such that if Z ¢ QM /4, then at most one of the functions
Mho (|2 +(0,0,2+ )| —1) and np, (|| — 1) is different from zero. Moreover, ¢ is a truncation

function enabling Ww|[h] to be & on OB, and zero on 9B,. To match this property, we set

o(r, z) = —P(Ag’z))(é*(r) — 6u(r)) + Tl, (3.2.7)
with
Py(s) =25 —2s+1, Vs €0,1], (3.2.8)
where A is defined as follows
A(r,z) = = onlr) (3.2.9)

8u (1) — On(r)

From [25, Proposition 3], we have for any h > 0 the vector field w[h] € C(R?) and satisfies
wi[h]=¢é on B, and Wy[h]=0 on By. (3.2.10)
Moreover, in the neighbourhood of P, we have

7] - 1)

Wy [h][E] = Curlj(nhO( R GE ;z)).

We remark that W[h] is regular up to h = 0 outside Qh,l s2 and singularities at A = 0
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corresponds to the "diverging part"

v~v|c|l(7",9,z) = curl &ﬁ[h] = (; — 0.9 (r,2),0,cos00,¢(r, z)), V(r,0,z) € Qh,1/2- (3.2.11)

We turn now to introduce the normal component W, [h] of the vector field w[h]. We set

curla,, in R3\ (B* U Bh)7

Wl[h] = ég, in B*,
0, in B;“
where
mya(r)at + (1 —mp(r))as, in Qpipe,
a, = 5 ' - .
aj, m RS\(Q}ZJ/Q U B* U Bh),
with

| — 1
oo mallE = 1)

S = 5 (63 x ), VI € R®.

In cylindrical coordinates, d‘i is defined in Qh,l /2 as follows:
at (r,0,z2) = ( — ¢ (r,2)sinb, ¢, (r, z) cosb, 0), Y(r,0,z) € thl/g,
where
¢o(r,z) =rP (N
with A as in (3.2.9) and
P (s) = ;52(3 —2s), Vs e€]0,1]
Again from [25, Proposition 4] we have for any h > 0, W [h] € C(R3) and satisfies

Wwilh|=¢é5 onB, and Ww.[h|=0 on B,. (3.2.12)
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Moreover, in the neighbourhood of 8P, we have

7] - 1)

Wy [hl[E] = Curlj(nhO( A GE ;z)).

Furthermore, W, [h] is regular up to h = 0 outside Qh,l /2 and singularities at h = 0 corre-

sponds to the "diverging part":

w4 (r, 0, 2) = curl dﬁ[h] = ( — 0,01 cosl, —0,¢, sinf,0,¢, + gb;)) Y(r,0,z) € thl/g.

(3.2.13)
Since the ball B is moving along the straight line (D), then the velocity vector field w|h]

should be collinear with the unit vector es;. By noting that
es = cos(a)ég — sin(a)éy,

with a € (0,7/2) given by

2 Vh2+4h

sin(a) = i h and cos(a) = ik (3.2.14)
we set
W[h](Z) = cos(a)W [h](Z) — sin(a)W[h](Z). (3.2.15)
In the global frame of basis (eg, e, e3), W[h] reads:
wlh](z) = Q_aW[h] (Qa(z — Gy)). (3.2.16)

More precisely, for all x € P, we have:

wlh](z) = cos(a) QoW L[] (Qalz — G1)) — sin(@)Q_aW) 1] (Qu(z — G1)).
In the remainder of the geometry, we define w[h| by symmetry. Mainly, we set

wlh](x) = Sp[w[h]|(z), Vz e P,

84



3.2 Construction of the First solution

where the symmetric mapping Sp around axis (D) of a vector field v is given by

Splv](x

~—

= (_/Ula —U2, U3)(_x17 —XT2, xd)

Let us study some properties of the vector field wu.

Lemma 3.2.1 For allt € [0,t.) the vector field u defined in (3.2.4) satisfies:

Il < C (3.2.17)

IVullpzo) < C hét(i)(1+\/ln(1/h(t))>, (3.2.18)

L
lovul}ao) < o(“;((tg)) +<Z§23 +(f”;b((tg)) (1+h(1t)+h(1t) 1n(1/h(t)))>,(3.2.19)

1 2
(- Vyul2eo) < c(];((tg) (1+(1/n(t), (3.2.20)

Proof. According to Proposition 5 in [25], for all h > 0 the vector field w[h] satisfies:

[,y <C. (3:2.21)
IV l2gs, 0 < Cy/m(1/R). (3.2.22)

where C' is a positive positive constant independent of h.

Moreover, it was shown in the above reference that

1
N ~d
|W||| <C, |VW||’ < Cma

T r 1
7l | < wd | < ( )
|wL|_0<1+ ) vl < OG5 iy

Noting that
|cosa| < CVh and |sina| <1,

we get
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Lemma 1 in [25] implies that

2

| (¥[h] - V)[h]

< 0(1 + ln(l/h)).

L2(Qp170)

At this point, estimates (3.2.17)-(3.2.18) follow by noting that @, is a unit transformation

and .
~ h(t)
|d(t)] < CT(z)’
By chain rule, we compute
Oyu(t,x) = d(t)w[h(t)](:c) + d(t)h(t)@hw[h(t)](x). (3.2.23)

By Proposition 6 in [25], we have

C
HahW[h]HL%Pl\QhJM) < N

1 T .
Opw[h]| < c<1+ ot )2), in Oy

By Young’s inequality and noting that

h+1?<6,(r) —6n(r) < h+2r* Vre(0,1),

we get that
r h + r? 1
< < .
(0x = 0n)% = 2V/h(6, — 01)2 ~ 2V/h(6. — )
Consequently,
1 .
gl <o(is 1)
|Onw(h]| \/5(5* 50 m Ylp1/4

Using again Lemma 1 in [25], we get that

1
|0 {h] s, ) < € (14 5 (1M ).

Therefore,

1 1
|Onw[B] |22, < 0(1 e 1n(1/h)>. (3.2.24)
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Hence, estimate (3.2.19) follows by noting that

i 2 (h(t))*  (A(t))*
4(2)] SO( h(t) * h(t)3 )

O
In the following lemma, we construct a suitable pressure field so that the external body force

f belongs to L*(0,T; LP(O)) for all 1 < p < 2.
Lemma 3.2.2 Given h > 0, there exists a smooth function §, such that

— Aw[h] + Vi, = O+ f1 + 2, (3.2.25)
with

Hfo”i%ﬂh’m) < Cln(1/h),
712
||f ||L2(§2h71/4) = Ca

1P, 0 < G V1<p<2

AN

Proof. Following similar arguments as those in [26, Lemma 3.8], we construct a pressure §,
such that
~A%! +V§, = fi, in P,

with

- r2 1
il = C((a* AT W)‘

It follows then from Lemma 1 in [25] that

~ 1
1l oga 0 < C (5 +(1/m). (3.2.26)

From the definition W we have

0 A(0:¢,/) 0
—Aw) = 0 + 0 - 0
—c05(0)0,..0, —c0s(0)0rrr @)/ cos(0) (%E)Mgb// — T%argb//)
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We remark here that

204(r) O A\(r, 2).

arzz¢//(ra Z) = _m 2

Consequently, setting
. 257, (r)
r,0,z) = cos(Q)\(r, z (h),
QII( ) ( ) ( ) (5*<T) _5h(r)
we get

0.q) = — cos(0)0,..9,,.

Noting that
- ) .1 ) N
Vi el = (cos(@), sm(@))&qn + ;( — sin(0), COS(@))@@(]H,

with

. 510 (5,0)° 3 (r)
o = 2000 (505 55 250 - 60D 50 a0 )
26,0
0,(r) = 0n(r)

0pqy = —sin(0) A(r, 2),

Using Lemmas 2 and 4 in [25] we get that

~ 1 /r2
Va0 < 0(5*(7») —on(r) o) - 5h(r))'

Consequently,

| c08(0)0;..9€3 + Vzq)| < 0(5*(7") i Sn(r) * d4(r) r— 5h<7"))'

Therefore, we get

| cos(0)0,..¢yE3 + Vi ||§2(Qh71/4) < Cln(1/h). (3.2.27)

Finally, setting
qn = cosaqy +sinaq,

]EO = Siﬂ&( — A(&Z¢H),O,cos Qarrr@‘),

fl = sina(cos(@)@mzqﬁuég + Vqu) + cosaf,
1 1

f? = sinozcos@((()rrgb” — 2&@)63,
r r
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and noting that

C
A <
|A0:0))] < 5
C
<
| cos 00,0 < 55
1 1
C059<8rr¢||_267‘¢||>‘ < g>
r T T
lcosa| < CVh,
and (3.2.26)-(3.2.27), we get that
171320, < Cn(i/h),

170 < €1+ m0/M) <
||f2||Lp(Qh%1/4) < C, Vp<2

IN

Consider the following function h given by;

h(t) = . (3.2.28)

It is not difficult to check that |h(t)| < 1 for all ¢ € [0,7T] and vanishes at time ¢,. With this
choice, Lemma 3.2.1 implies that the constructed vector field u € L>(0,t,; H) N L?(0,t,; V)
and its time derivative u; € L?*(0,t,;L*(0). By Aubin Simon theorem [8], we get u €
C([0,t.], H). In other words, we can extend u by continuity to ¢t = t.. For ¢ > t,, we define
u by

u(x,t) = —d(t)wlh(t)](z), (3.2.29)

where h is as in (3.2.28). Therefore, the vector field u has the following regularity:

u€ L0, T; HYN L*(0,T;V), and u, € L*(0,T;L*(O). (3.2.30)
Moreover, we have

u € L*0,T; K(B(t),0)), and (u-V)u € L*(0,T;L*(0)). (3.2.31)
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Furthermore, according to Lemma 3.2.2 there exists a pressure p such that
6
—Au+ Vp € L*(0,T;LP(Qx(t))), Vp such that £ <p< 2.

Consequently, with h, u, and G are given by (3.2.28), (3.2.4),(3.2.29) and (3.2.2) respectively
the pair (u,G) is a weak solution to problem (3.1.1)-(3.1.8) with external body force f €
L2(0,T;LP(Qp(1))) (2 < p < 2) defined by

f=0u+ (u-V)u—Au+ Vp. (3.2.32)

It remains to construct f on the disks. If f is constant, then from the definition of center of

mass, we have

— G(t) x fdx = 0.
[ (e = CO0) x S
Also, Since the solution u is symmetric with respect to the z-axis, then one has
xr—G(t)) x ondl’ = 0.
(7= G0

Thus, if f is constant then (3.1.6) is satisfied as w = 0.

Now, we move to construct F' such that

mG(t) = — /8B(t) o(u, p)ndl’ + F,

with F' = pB/ ft)dx.
B(t)
Again, since the solution is symmetric with respect to the z-axis and G(t) = d(t)es we get

that F} = F5 = 0. Therefore, F' = F3e3 where F3 satisfies

Fy = md(t) + d(#) /8 s, Ol @0 exdl
h,1/2

But
/ o(w,q)n - ezdl’ = —/ (—Aw + Vq) - wdz + / |D[w]*dz.
Q172 Qn,1/2 Qp1/2
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By using Lemma 3.2.1 and Lemma 3.2.2, we get that

1
g)n - esdl <c(1 1 )
‘/amt)manh,w o(w gn- e ‘ - + n(h)

Therefore,

. . 1
[Fal < mld(t)] + Cld(0) 1+ In(;) ).
1
This implies that |F3| < C. Setting f = —F on B(t) with F' = Fses, we get that
m
PB / » f(t)dz = F and hence our solution satisfies Newton’s law for linear and angular
B(t

momentum as f is only time dependent.

3.3 Construction of the second solution

In the previous section, we have constructed a weak solution for problem (3.1.1)-
(3.1.8) which moves away from the boundary of the flow after ¢, with external body force
f € L*(0,T;L?*(0)). In this section, we construct a second weak solution of problem (3.1.1)-
(3.1.8) with same external body force f. The second weak solution, denoted by v, is another
extension of the vector field u defined in (3.2.4) such that the ball B stays near the boundary

after contact. In other words, we set
v(t,x) = u(t,z), forall t € [0,t,],

and we assume that

B(t) = B, = B(t,), forall t € (t.,T].

More precisely, the center of mass G of the ball B is defined on [0, T] by:

d(t)es, if 0 <t <t,
0, if t, <t<T,

G(t) =

with d is given by (3.2.1)-(3.2.28).
Consequently,

o(t,x) =0, if z € B(t),t € (t., T). (3.3.1)
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In the domain O\B,, we define the function v to be the weak solution of the Navier-Stokes
equation with zero boundary and initial data (v(z,t.) = wu(x,t,) = 0 for any =z € O)
and external body force f € L*(0,T;LP(0O)) defined as in (3.2.32). Although the domain
O\ B, is not smooth, we still able to prove that there exists a unique vector field v €

L>(t,, T; HO\B,)) N L3(t,, T; V(O\B,))satisfying

/tT /(D\B* (pvt o= (pr@v —=2vD]) : Dlg] —pf - so)d:cdt —0, (3.3.2)

for all ¢ € D((t.,T) x O\B,) such that div ¢ = 0, by using similar arguments as in
Proposition 3.1 in [16].

Proposition 3.3.1 The pair (v, G) is a weak solution to problem (3.1.1)-(3.1.8) with given
source term f defined in (3.2.32).

Proof. From the definition of the function v and the external body force f, it follows that v

satisfies

/Ot* /O <pv.8t<p—|—pv®v : D[p]—2vD[v] : D[<p]—|—pf.g0>dxdt = —/Op((])y(()).gp(o)dx, (3.3.3)

for all ¢ € {p € D([0,t+) X O) : V-p =0 on [0,t,) x O, D[p] =0 on a neighbourhood of B;(t)}.

Since v(t,) = u(t,) = 0, then it remains to check that v satisfies

/tT /o (P”t = (pr®@v —2vD[v]) : D]p] — pf - go)dxdt =0, (3.3.4)

for all p € {p € D((t+,T) x O) : V-9 =0o0n (t.,T) x O, D[p] = 0 on a neighbourhood of B;(t)}.

Since v satisfies (3.3.2), then one has only to realize that any test function
pe{peD((t,T)xO):V-po=0o0n (t.,T) x O, D[p] =0 on a neighbourhood of B;(t)}.

belongs to D((t.,T) x O\B,). This end the proof. O

3.4 Conclusion

It is clear that the first solution u constructed in Section 3.2 is different from the second
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solution v which is given in the previous section. It follows that the solution of problem
(3.1.1)-(3.1.8) is not unique after contact. Thus, Theorem 3.1.1 is proved.
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In this chapter, we study the two dimensional motion of a finite number of homogeneous
rigid disks in a cavity filled with incompressible viscoelastic fluids such as polymeric solutions.
The incompressible Navier—Stokes equations are used to model the flow of the solvent, in
which the elastic extra stress tensor appears as a source term. The extra stress tensor, which
stems from the random movement of polymer chains in the solvent, satisfies a differential
constitutive law. We focus here in two types of differential constitutive laws: The first
one corresponds to the regularized Oldroyd model whereas the other one corresponds to

Oldroyd model. The movement of the rigid disks are described by the standard conservation
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laws of linear and angular momentum. We prove the existence and uniqueness of local-in-
time strong solutions of the considered moving-boundary problem in the case of regularized
Oldroyd constitutive law as well as in the Oldroyd Model. This chapter is structured as
follows: In Section 4.1, we introduce the Oldroyd and the regularized Oldroyd models. Then
since we are dealing with a free boundary problem, we rewrite the models in cylindrical
domain. Section 4.2 is devoted to study two linear problems associated to the transformed
regularized Oldroyd model in cylindrical domain. We end this section by proving the local-
in-time existence of strong solutions in the case of the diffusive Oldroyd model. In Section 4.3

we investigate the local-in-time existence of strong solutions in the case of Oldroyd model.

4.1 Introduction

In this chapter we study the movement of several homogeneous rigid disks inside a cav-
ity filled with an incompressible viscoelastic fluid such as polymeric solutions which obeys
constitutive laws of differential type. Due to the elasticity, viscoelastic fluids have memory
and hence in contrast with Newtonian fluids, the dynamic of the flow at a given time de-
pends on the past deformations and not only on the present deformations. We suppose that
the considered solvent of the viscoelastic fluid is a homogeneous incompressible, viscous, and
Newtonian fluid. Hence, the governing equations for the fluid are the classical incompressible
Navier-Stokes equations in which the elastic extra stress tensor appears as a source term,
whereas the motion of the rigid bodies is governed by the balance equations for linear and

angular momentum (Newton’s laws).

Let O C R? be an open bounded set representing the domain occupied by the fluid and
the k rigid bodies. We recall that Qp(t) denotes the domain occupied by the fluid and by
B;i(t), i = 1,...,k the domain occupied by the rigid bodies at time ¢t. In the sequel, we
concentrate on two models: namely the Oldroyd model and its transient version which is

known by the regularized Oldroyd model or the diffusive Oldroyd model. In dimensionless
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variables, the Oldroyd model can be written as (see, for instance, [22]):

Re(Oy+u-Vu—(1—r)Au+Vp=V -7+ f x€Qpt),tec(0,T), (4.1.1)
Vou=0, z€Qp(t),te(0,T), (4.1.2)

u(z,t) = hi(t) 4+ wi(t)(x — hy(t)):, 2 € dB;(t), t € (0,T), (4.1.3)

u(z,t) =0, z=€00,te(0,T), (4.1.4)

ﬂMt:—/ iﬂi*Ji Hdz, te(0,T), (415
A== [ owdlip, [ e, te@T), (115

Tuwi(t) = — /8 N hi(t))* - ovdT; + 7, /B S hi()* - f(tyde, t€(0,T), (4.1.6)

u(z,0) = up(x), z€Qp(0), (4.1.7)
hi(0) = b7, hi(0) = hi, w;(0) =}

(4.1.8)
We(@tT + (u- V)T + ga(Vu, 7')) +7=2rDlu], x € Qp(t), t € (0,T), (4.1.9)
7(z,0) = 10(z), x € Qp(0). (4.1.10)

However, the elastic extra-stress tensor 7 in the regularized Oldroyd model is expressed
as a solution of a second order parabolic partial differential equation. More precisely, in the

diffusive model we replace the stress equation (4.1.9) in the above system by

We(0r + (u- V)7 + ga(Vu, 7)) +7 — A7 = 2Dlu],  x € Qp(t), t€ (0,7), (4.1.11)

gg;(x,t) _0, 2 €du(t), te(0,T). (41.12)

The additional dissipative term e A7 with € > 0 in the stress equation (4.1.11) corresponds

to a center of mass of diffusion term in the dumbell models. We refer the reader to [4] and the

references therein for the derivation of (4.1.11)-(4.1.12). In standard derivation of Oldroyd

model from kinetic models for dilute polymers, the diffusive term is routinely omitted on the

grounds that it is several orders of magnitude smaller than the other terms in the equation.

However, the omission of the diffusive term in (4.1.11) changes the type of equation from
parabolic into hyperbolic (first order transport) equation.

In both models, the unknowns are wu(t,z) (the velocity vector field of the fluid), (¢, x)

(the symmetric elastic extra stress tensor), p(t,z) (the hydrostatic pressure of the fluid),
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hi(t) (the position of mass center of the i-th rigid body) and w;(t) (the angular velocity of

the i-th rigid body). For all x = (1, 72), we denote by ! the vector x+ = (—x, 71).

Moreover, we have denoted by 0O the boundary of the cavity O, by 0B;(t) the boundary
of the i-th body at time ¢, by v; the unit normal vector directed toward the interior of

UL A
the i-th disk, and by f(t,z) the force acting on the fluid. Re = pT and We = U—lL are

respectively the well-known Reynolds number and Weissenberg number. Here, U and L
represent a typical velocity and a typical length of the flow, p and n are respectively the fluid

density and viscosity, and A; > 0 is a relaxation time. Further, the dimensionless numbers

m; and J; are given by m; = ?ZL7 J; = 2R

density, the mass and the moment of inertia of the i-th rigid body.

where p,, m; and J; denote respectively the

We recall that the total stress tensor o (also called the Cauchy stress) is given by
o=—pl+2(1 —r)D[u] + T,

where 7 is a retardation parameter and Du] = 1(Vu + Vu') is the deformation tensor (A”
denotes the transpose of the matrix A). Also, g, is a bilinear tensor-valued mapping defined
by

ga(Vu,7) = 7Wu] — Wlu]r — a(D[u|r + 7D[u]),

1
where Wu] = =(Vu — Vu?) is the vorticity tensor and a is a real number satisfying —1 <
2

a<1.

Finally, we suppose that there is no contact initially between the rigid bodies and between

them and the boundary of the cavity; that is v = v(0) > 0, where

A(t) = min_d(By(t),0Q%(1)).

i=1,...,k

The movement of rigid bodies modifies the fluid domain and hence the first step to study
the models introduced above is to write the modeling equations in a cylindrical domain. To

do this, we use a non-linear, local change of coordinates X introduced in Section 2.2. Next
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for (y,t) € Qr(0) x [0,T], we set
(4.1.13)

where Jx and Jy are respectively the Jacobian matrix of the diffeomorphism X(.,¢) and
the Jacobian matrix of inverse Y'(.,t), the inverse mapping of X(.,¢). We recall that the
mapping Y maps the fluid domain into its initial shape Qg(0) [40]. For simplicity, Qz(0)
will be denoted throughout this chapter by Qr and B;(0) by B;.

Formal computations show that (U, P, T, (h;,w;)i=1..x) satisfies the following set of equa-

.....

tions:

Re(aU + [MU] + [NU]) — (1= pP)[LU] 4+ [GP] = [divT] +F, in Qpx]0,T[, (4.1.14)

ot

V-U=0, inQpx]0,T[, (4.1.15)
Uly,t) = Ri(t) + w;(t)(y — hi(0)):, in 0B; x [0,T], (4.1.16)
Uy, t) =0, in 00x]0,T[, (4.1.17)
Uly,0) =up(y), ye€Qp, (4.1.18)

and for all i € {1,...,k}, we have:
mshl (1) = — /a Sv,dT; + 7, / F(t)dy, t €0, T, (4.1.19)

Bi Bz‘

Jiw;(t) = —/63i(y — hi(0))" - Bwydly +E~/B (y = hai(0))" - F(t)dy, t€]0,T[, (4.1.20)

i

hi(0) = hY, RL0) = h}, w;(0)=w. (4.1.21)
In the case of regularized Oldroyd model, T solves
oT oYy .
We(a +((v+ E> V)T +[Ga(U, D)) + T —e[ET) = 2[DU], in Qpx]0,T[,  (4.1.22)
6(9—7.(3/,15) =0, on 0Npx]0,T[, (4.1.23)
on
T(ya 0) = TO(y)a Yy e QFa (4124)
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whereas in the case of standard Oldroyd model, we have

(Z+ ((U+8—Y> .V)T+[GG(U,T)]) +7 =2r[DU], in Qpx]0,T[,  (4.1.25)

We( 5

T(y,0) =70(y), ye€p. (4.1.26)
We remark that the total stress tensor field associated to U, P and T is given by
X(UP,T)=—-PI+2(1—r)DIU|+T.

The operator [LU] is the transform of Au , [MU] is the remainder term in the expansion of
Oyu, [GP] is a term related to the pressure p, [div 7] denotes the transform of V - 7, whereas
[NU] is a non-linear term corresponding to (u - V)u in equation (4.1.1). Moreover, the
operators [LT], [DU], [WU]| and [G,(U,T)) in the transformed stress equation are related
respectively to rewriting of A7, D[u], W[u] and the bilinear function g,. We precise the
expression of these operator in due course. We construct below a functional framework
in which the equations (4.1.1)-(4.1.6) are rigorously equivalent to (4.1.14)-(4.1.21) and the
regularized Oldroyd differential law is equivalent to (4.1.14)-(4.1.24) whereas the Oldroyd
differential law is equivalent to (4.1.25)-(4.1.26). Namely for a function u(.,t) : Qr(t) — R?,

we set U(y,t) = u(X(y,t),t) and we define the following functional spaces as follows:

L0, T HAQp (1)) = {u: U € L0, T;HEQp)),
HY0,TsLAQp(1)) = {u: U € HY(0,T:LAQR)),
C(0, TLHQp (1)) = {u: Ue C(0,T),H ()},
L0, T3 HYQp(1)) = fu: U e LX0,T: H'(2p))).

In the above spaces, we have denoted the Lebesgue and Sobolev spaces by LP(Q2), 1 < p < o0,
with norms || - || s () and H*(Q), with norm || || gr(o). L*(€2) and H*(2) are spaces of vector
valued or tensor valued functions with components in LP(2) and H*(Q) respectively. We
remark here that the definition of the above spaces is independent of the choice of the

mapping X.
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Moreover, we introduce the following function spaces:

UO,T;Qr(t) = L*0,T;B*(Qr(1) NC([0,T), B (Qr(1) N H'(0, T; L2 (Qr(1))),
T0,T5Qrp(t) = {re L0, T;H*(Qr(t))) NC([0,T], B (Qr (1)) N H'(0,T;LX(Qp(t))) : 7= 77},
UO,T;Qrt) = {ue L*0,T;H*(Qr(t) NC([0,T), H*(Qr(t))) :

o' € L2(0,T; HY (Qr () NC([0,T); L2(Qr (1))},

T(0,7;9p(t) = {rec(0,T],H* Q) : 7 € C([0,T],H (2p(t))) and 7 =77},

In the rest of the chapter, we focus mainly in studying the transformed regularized Oldroyd
constitutive law and the transformed Oldroyd model. Classical solutions of the original models are
then computed through the change of variable X.

We focus first in studying the local existence and uniqueness of strong solutions of the regular-

ized Oldroyd model. In this respect, our first result reads:

Theorem 4.1.1 (Regularized Oldroyd model) Suppose that 00 € C?, f € L? (0,00; L%(0)),
ug € HY(Qp), 70 € HY(QF), € >0, v > 0, and that

v-uo g 07 ZTL QF,
uo(z) = hi+wd@—h)t, 2€0B;, Vie{l,... k},
up(z) = 0, xz € 00.

Then there exists Ty > 0 such that problem (4.1.1)-(4.1.8), (4.1.10)-(4.1.12) admits unique strong

solution
ueU(0,T;Qp(t)),p € L*(0,T; H (Up (1)), 7 € T(0,T;Qp(t)), (hiyw;) € H*(0, T;R*)x H' (0, T; R),

on [0,T] for all T € [0,Tp).

Moreover, one of the following alternatives holds true:

1. 1-‘0 — OO;
. 1m Su u t 1 7 t Hl Q :

Our second result concerns the resolution of the Oldroyd model.

Theorem 4.1.2 (Oldroyd model) Suppose that 0O € C3, f € L2 (0,00; HY(O)),

loc
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fleL? (0,00;HY0)), up € H*(Qr), 10 € H2(QFp), v > 0, and that

loc

V-u = 0, mn Qp,
uo(z) = hi +wd(x—h)t, 2€oB;, Vie{l,...,k},
uo(z) = 0, x € 00.

Then there exists Ty > 0 such that problem (4.1.1)-(4.1.10) admits a unique strong solution

u € U0, T,Qp(t), p € L0, T; HX(Qr (1) N C([0,T], H(Qp(t))),

7€ (0, T;Qp(t)), (hi,w;) € W22([0,T] x R?) x Wh>°([0,T] x R),

for all T € [0,Tp).
Moreover, one of the following alternatives holds true:
1. Ty = +o0,

1
2. 1i t +|Im(t T T e
im sup le@ g2 @ @) + 17Ol @r ) S -

4.2 Existence of local solutions to the regularized OIl-

droyd model

The present section is devoted to prove Theorem 4.1.1. As already mentioned, the method
used to prove existence of local unique strong solution to the regularized Oldroyd model is based on
the application of the classical fixed point theorem to the mapping N defined by solving linearzed
problems associated to the transformed problem in cylindrical domain. Let us first deal with two

linear problems which will be the key ingredient to prove Theorem 4.1.1.

4.2.1 The linearized problem

We study here two linearized problems, one for the velocity U and the other for the elastic

extra-stress tensor 7. In the following, we endow the Banach space U(0,T;Qp) with the norm

1Ulesco,m500) = Ul L200,m82(020)) + U lleqo,1,81 (20)) + U 51 0,7:12 (000

and the Banach space ¥(0,7"; Q) with the norm

1T lz0.7:00) = T Iz200,m:82(00)) + |1 T leqomr @) + 1T 1 0751200 ))-
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4.2 Existence of local solutions to the regularized Oldroyd model

Let T be a positive real number, we consider the following linear problem associated to the velocity:
Given initial data ug, (hY, h} w?)izlyl_”k and source terms Fy, [y ; and Fy ;. Find (U, P, (h, w;)i=1,... k)

1))

such that

RedU — (1—r)AU + VP = Fy,  inQpx]0,T],
V-U=0, inQpx]|0,T],
Uly,t) = hi(t) + wi(t)(y — hi(0)) ", (y,1) € OB;ix|0,T], i =1,... .k,
U(y,t) =0, (y,t) € 00x]0,T],

m;h; (t) = — . Sv;dl; + Fi,, t G]O,T], 1€ {1, R ,k‘},

Tt == [ (=0 Tudl+ Foi, 1 €0,T), i€ {1, k),
0B

i

(4.2.1)

U<y7 0) = uO(y)a Yy e QF;
hi(0) =AY, RBL(0) =hl, wi(0)=w, i=1,...,k,

7

where ¥ = —PI +2(1 — r)D[U].

The proof of existence of solutions of system (4.2.1) is based on semi-group theory. For more
details, we refer the reader to [40] where the authors studied a similar linear problem. In order to
state the existence and uniqueness result of system (4.2.1), it is convenient to extend ugy over the

rigid disks by setting ug(z) = h} + wl(y — h?)* over B;. More specifically we have the following.
Theorem 4.2.1 Assume that 00 € C%, Fy € L*(0,T;L?(Qr)), F1,; € L*(0,T;R?), F»,; € L*(0,T;R)

foralli=1,...,k, and ug € H*(Qp) such that

V-u =0, mnQp,
uo(y) :h'}—i_w'?(y_h?)L? yEBZ,szl,,k‘,

Then problem (4.2.1) admits a unique solution (U, P, (h;,w;)i=1.. ) with

UeclU(0,T;Qr), P e L*0,T; H (QF)), h; € H*(0,T;R?), w; € HY(0,T;R).

Moreover, there exists a positive constant K depending only on Qp and T; non-decreasing with

respect to T, such that

k
1Ullcom:00) + 1P 20,501 0y + D Will 2002y + lwill 0.7
=1
k

< K(Jluollm o) + 1 Foll 2070200y + O 1FLill 220.772) + 1F2ill 22(0.7,%)) -
=1
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We turn now to study the linearized problem associated to the differential constitutive law of

regularized Oldroyd model:

Wea((;—FT—EAT:Q, in Qpx]0,T],
oT
€5, = 0, ondQpx]0,T], (4.2.2)

T(0) =1, inQp,

where G and 79 are given functions.

Concerning the resolution of the above system, we have the following proposition.

Proposition 4.2.1 Let G € L*(0,T;L?(Qr)) and 70 € HY(Qr) such that G = G and 7§ = 0.
Then problem (4.2.2) admits a unique solution T € T(0,T;Qr). Moreover, there exists a positive

constant K depending only on Qp and T'; non-decreasing with respect to T', such that

1T 20,782 (00)) + 1T oo (@p)) + 1T e o,mm2 ) < K(ll7olla ey + 191 20,7:02(05))) -

The proof of the above proposition follows from semi-group theory and Theorem 3.4.3 in [3].

4.2.2 Proof of Theorem 4.1.1

We define the closed set K for T' and R > 0 as follows:

k

W0, m:00) + 1@l 20,771 (0)) T Z A llz2 0,72y + Wil 20,7m) + 1T 50, 13500) < R}~
i=1

For all T > 0, K # 0 if R is sufficiently large say R > |luollg(,) + 70l @p)- We choose
T such that the regularized Oldroyd model in [0,7] is equivalent to the transformed problem
(4.1.14)-(4.1.24) in cylindrical domain. We emphasize that this is equivalence always holds as long
as y(t) > 0, that is in absence of collision so that the fluid domain is non-singular. For simplicity,
we assume that the external body force f = 0 throughout this chapter. = Consider the mapping
N defined from the set K into

U0, T;Qp) x L2(0,T; H'(Qr)) x T(0,T; Qr) x (H2(0,T;R?) x H (0, T;R))"

as follows:

NW,Q, T, (hi,wi)iz1, k) = (U, P, T, (hi,@)i=1.... k),
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4.2 Existence of local solutions to the regularized Oldroyd model

where (U, P, T, (hi,@i)i=1... k) is the unique solution of system (2.3.1)-(4.2.2) with source terms:

Fo = (1-r)[(L-A)W]+[(V—G)Q] - Re]MW] — Re[NW] + [divT],  (4.2.3)

Fl,z' = — TVZ'CZFZ‘, (4.2.4)
0B;

Poi = - /63. Tvi - (y — hi)>dly, (4.2.5)

G = 2r[DW] = We([GaW, T+ (W +6,Y)-V)T) +¢[(E — A)T]. (4.2.6)

The operators [LU|, [MU], [NU], [GP], [divT], [LT] and [G4(U,T) in (4.2.3) and (4.2.6) are given
by:

29 aU 2
Z . ]k + ) Z kZF] X ay] 4 Z { k’ﬁ l + Z gk’EI\ } U
k= 1

1 8y] i Jiko=1

]7 ],k,f
(4.2.7)
dY; 8U 2 Yk dY; 82Xk}
Z dy; J;l{ 5t T Bay, otoy; | 7
6 2
[NU]i: Z I U, Us, (4.2.9)
j=1 Yi =
[GP); = f: g" or (4.2.10)
Z j=1 dy;’ -
2
AY; OY,, OThe
[divT]; = 4.2.11
7l kgn: ) oxy. Oxg 3ym ( )
LT = m ! AY, 4.2.12
EThy = 2 9" Gy 2 o (42.12)
2
[Ga(U, )i = S WULTaj — TaWUk; — a([DULik T + Tar[DUL; ) (4.2.13)
k=1
where
dY; dY; 0Xy 0 1p _ 1 2 0 [0gic  Bgie  Ogis
g = : S Je Y 4.2.14
Z < Oy, Ozy’ 9ij = Z Ov; Gy] L 2;9 y; + oy, Oy |7 ( )

where X (.,t) is a C*°-diffeomorphism from Qp into Qp(t) for any ¢ € [0,7] and Y(.,t) denotes
its inverse. Moreover, the operators [DU] and WWU] represent the symmetric and skew-symmetric

part of Vu with
22: 9?X; Yy - dX; Y, OU,,
8y58ym axj OYm 8:1;, Oy

(4.2.15)
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We will see later that the source terms Fy, F1, F5 and G are in the good spaces for applying Theorem
4.2.1 and Proposition 4.2.1, and hence the mapping N is well defined. A fixed point of A" in K is
clearly a solution of problem (4.1.14)-(4.1.24). First, we prove that for R > N¢ and T small enough,
we have so that N () C K. Then, we show that for T small enough, the mapping N : K — K
is a contraction. Hence, existence and uniqueness of strong solutions of problem (4.1.14)-(4.1.24)
follows from the classical Picard’s fixed pont theorem to the mapping A on the convex set K. The
conclusion of Theorem 4.1.1 is then obtained using the transform X.

In the sequel, we denote by Nx and N¢ positive quantities which satisfy the following conditions:

i. Nk is a positive function of (h},w?)i=1__ k. |uollat (), 170/t (@), T and R which is non-

decreasing with respect to T, R, ||[uol|g1(q,) and (IR91, [hE, [0 izt k-

ii. N¢ is a positive function of (h},w?,)izlw,k, |uollat (), 7 and T which is non-decreasing

with respect to T, [|uo|[e (), [70llm: (o) and (IB2], ], 6P ])i=1,...k-

We are now in position to prove that for T' small enough and R > N¢, the mapping N maps
KC into itself. Let (W, Q, T, (hi,wi)i=1,..k) € K, Fo, F1,i, F>; and G be the source terms defined in
(4.2.3)-(4.2.6). We focus on the terms involved by the new elastic extra-stress tensor and we move
fast on the other terms which are classical due to [40, p. 19-20]. Using Lemma A.1.1 and following

similar arguments as in the former reference, we get that there exists a constant Nx satisfying (i)

such that
I[(L = 2)W]lz20 L2 0p)) < NkT'?, (4.2.16)
[IMW]l20,m200)) < NgT'?, (4.2.17)
(V= G)Pllz20r1zp)) < NkT, (4.2.18)
[INW]llzz0,rL2@p)) < NgT', (4.2.19)

Moreover using Lemma A.1.1 and Holder’s inequality, it follows that there exists a constant

Ng > 0 satisfying (i), such that

IA

IdivT ]| 20,7512 (20)) Ni|| Tl 20,781 (20)

A

< NKTY*|| Tl e o (0p)-
Since (W, Q, T, (hi,wi)i=1,..k) € K, we get that

I[divT]l 20 71200y < NxTY2. (4.2.20)
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4.2 Existence of local solutions to the regularized Oldroyd model

It follows from (4.2.16)-(4.2.20) and the definition of Fp in (4.2.3) that for small 7', one has

IFoll 207 r2) < NxTHP.

Using the continuity of trace mapping and Holder’s inequality, one has

|1l 20,72y < NgT'2,

I F2llp2(0,rr) < NgT'2,

By applying Theorem 4.2.1, there exists a constant N satisfying (i) and a constant N¢ satisfying

(ii) such that
k ~
U100 + IVPll 20z iz + 2 Wil g2 rze) + 1@ more) < NeTY0 + Ne.

i=1

Using again Lemma A.1.1, Holder’s inequality and classical Sobolev embeddings, we obtain

(£ = A)Tz20r120p) < NkT, (4.2.21)
10Y - V)Tl 20702(0) < NgT'?, (4.2.22)
W - V)T 207020 < NgT'V1, (4.2.23)
IPT 20,2 (r (1)) < NgT'2, (4.2.24)

We move now to bound [G,(W, T)] in L?(0, T; L?(Qr)). Lemma A.1.1 implies that

F F

By Holder’s inequality and classical Sobolev embeddings, it follows that

VWit Trjll 720 7220y < NK{TQHWH%OC(O,T,Hl(QF))HTH%Q(O,T;Hl(QF))

2/5 8/5
+ T1/5 (HTH%OO(O,T;Hl(QF)) ||W||L/°°(0,T;H1(QF)) ||W||L/2(O,T;H2(QF))) } (4225)

Hence,

IVW ) Tas 12002 0py) < NieTV0.
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We estimate the other terms of [G,(W,T)] in similar way and we obtain
IGa(W, Tl 2200512 20 (1)) < N&TH10. (4.2.26)

It follows from (4.2.21)-(4.2.24), (4.2.26) and the definition of the source term G in (4.2.6) that for
small T', we have

1G] 20512 @ty < N T,

Therefore according to Proposition 4.2.1 there exists a constant Ny satisfying (i) and a constant
N¢ satisfying (ii) such that
1T lls0,00) < NeT'° + Ne.

Choosing R = 3N¢, then one has
k

) ) 3 2
100,00 HIV Pllzozaey+ 2 hill morze @il mo.rzy I T lsor0n < NeTV 0+ R.
=1

It follows that for 7" small enough

k
1Ulluoram + IVPl20mr20)) + D 1hill a2 0,02y + 18l g10mm) + 1T lsor00) < R,
i=1
and thus (U, P, (Ei,wi)izlmk,’f) € K. Therefore, N(K) C K holds by choosing R > N¢ and T
small enough.
We turn now to show that for 7' small enough, the mapping N : K — K is a contraction. Let
(Wt Qb T, (h},w})i:h,_’k) and (W?2,Q%, T2, (h?,w?)izl’m,k) in IC. Denote by Y, X, I‘j-]fg, etc. the

terms corresponding to (W*, Q%, T?, (h;,w;)jzlwyk), with ¢ = 1,2 and by

(Ui7 Pi? 7-i7 (iL;?w;)j:l,,k) - N(WZ7 Qia Ti7 (hl wi)j:L...,k)-

g

Also, we denote by Y = Y1—Y?2 h; = hl —h? etc. We get that the difference (U, P, T, (izi, @i)i=1,..k)

satisfies system (4.2.1)-(4.2.2) with zero initial data and source terms given as follows:

Fy = (L=r)((L' = AW+ [(L! = LYW?) + [(V = Q] = [(G" = GH)Q?] — Re([M'W]
(M = MW+ [NTW] = [N2W2]) + [div! T] + [(div' — div?)T?],
G = 2(DW]+[(D' - DHW?)) - We([GLW, TY] - [G2(W2, T?)] - (W V)T

W2 V)T (@Y )T + [0 - V) T) +e((® — A)T] + (B —E2)T?),
(4.2.27)
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4.2 Existence of local solutions to the regularized Oldroyd model

Fl,i = — TVidFi, (4228)
0B;

Fy;, = —/ Tvi - (y — h)dT;. (4.2.29)
0B;
Lemma A.1.2 implies that there exists a constant Nk satisfying (i) such that

k
||[(L1 - L2)W2]HL2(0,T;L2(QF)) < NKT1/2 Z Hh;/HLZ(O,T,]R?)v

i=1
k
”[(Ml - M2)W2]HL2(0,T;L2(QF)) < NKT1/2 Z Hh;/HL?(O,T,]R?)a
=l (4.2.30)
I(G' = GHQHr20r120m)) < NkTY2D 0] 120772
i=1

k
[[NTW] = [N*W?][| 200012000y < NKTI/IO(Z 173 | 22 (0,7,m2) + HWHu(o,T,QF)>-
)

We refer the reader to [40] for a detailed proof of similar estimates. It is not difficult to check that

2 1 2 2
[(div! — div?)T2]; = Z {35/; (Xl)(%(Xl)-i-%(Xl) oY, Non (x )>

it oxy oxy oxy oxy
Vi o L OVE YR L\ ovE o, TR
* (E)xk(X )+ oxy, (X7) = oxy, (X%) Oxy (X%) O

2
By applying mean value theorem on the mapping a—m(x, .) and using Lemma A.1.1, we get
g

ay2 X1 8Y 1 2
H axg a‘fl’/’e HLoo [0,T]x ]RQ) KHX -X ”LOO([O,T}X]RQ)'
k
Noting that the difference X = X' — X2 satisfies | X||p(o.rjxr2) < NeT"2 3 [ (8)] 12 (0.17x22),
=1
we obtain
8Y2 X ay "
H a$£ 83:4 HLOO([O,T]xRZ) < NkT Z Hh HLQ( [0,T]xR2)

It follows from Lemma A.1.2 and the above estimate that there exists a constant Ng satisfying (i)

such that

k
I(div' = div?) T2l 2 0mm20ry) < NeTY2 D 107 |120.7,2)- (4.2.31)
i=1

Combining the above estimate with (4.2.16)-(4.2.20) and (4.2.30), we get that for 7" small
k

| Foll 20wz @r) < NeTYO(IW o man + 1@l 2oz mm@en + 3 Ihillmores + lwillm o) )
=1
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Moreover, by the continuity of trace theorem there exists a constant C' > 0 depending on Q2p such

that

1Pl L2 0,mm2) < CT1/2||THL°°(O,T,H1(QF))7

1Bl z20.7m) < CTY2|T | oo o1 () -

Theorem 4.2.1 implies that

HU||L2(0,T;H2(QF)) + ||U||L°°(O,T;H1(QF)) + ||U||H1(0,T;L2(QF)) + HVPHLQ(O,T;L?(QF))

k
+ 3 il 2orimey + @il 0rim) < NeTY(IW oo + 1@l 208 )
=1
k
ITls0mer + D Ihillmoree + lwillmors). (4232)
=1

Moreover, it follows from Lemma A.1.2 that there exists a constant Ny satisfying (i) such that

k
IE = )T 202y < N&TY2 Y10 (20,02, (4.2.33)
i1
k
I(3Y - V)T 20 r12(@p) < NgT'/? S 1R |22 0.1.R2) (4.2.34)
i—1
k
I[(D* _D2>W2]HL2(O,T;L2(QF)) < NKT1/2ZthHL?(o,T,R?), (4.2.35)
i1

(W )T = (W2 V)Tl ez < NkTY (W luoran + 1T lsoron).  (4:2:36)

We collect the terms of the difference [Go (W, T1)] — [Ga(W?2,T?)] as follows:

[GaW, TG —[GEW?, T2)i; = (W W T — VW2 T3 + (T WV W g = T W2 W2)
—a([D'Wa T — [D*W2iTi5) — a(Tip D' Wiy — TRID*W?]iy).  (4.2.37)

We rewrite

W T — WPW2a T3 = W Wa Ty + VWi Ty + (W = WHW? R TS (4.2.38)
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4.2 Existence of local solutions to the regularized Oldroyd model

Returning to inequality (4.2.25), we obtain:

IV W T 20200y < NeTY W lyo,1,050)» (4.2.39)

IV W2 Thsll 2070200y < NeTY T ls(0,1.00)- (4.2.40)

By Lemma A.1.2 and using classical Sobolev embedding, we have

K
IOV = WAOW T N 2002y < NeTH2Y kg ()| 20,2 -

i=1
Combining the above estimate with the estimates in (4.2.39) and (4.2.40), we get

k

IV W T =V W2 T | 22 0,15 02(0m)) < NKTMO(HWHu(o,T;QF)+|\T||T(0,T;QF)+Z A (t)HL2(0,T;R2))~
=1
By estimating the other terms in (4.2.37) in a similar manner, we obtain
k
I[GL W, TH=[G2(W?, T 20,712 0r)) < NKTl/IO(HW||u(o,T;QF)+||7-||$(0,T;QF)+Z ([ (t)HL2(O,T;R2))~
i=1

Combining the above inequality with (4.2.21)-(4.2.24), (4.2.26), (4.2.33)-(4.2.33), it follows that
g q y Y 9 )
k; 1"
1G ls0,7,00) < NKTl/lo(HWHu(o,T;QF) + 1T lror0m + 2 7 (t)HL2(o,T;R2))-
i=1
According to Theorem 4.2.1, there exists a constant Ny satisfying (i) such that
~ k "
I TNz < NIV (IW o rar + 1T lrorom + 3 1 Ol 20182 )-

=1

Gathering the above inequality with inequality (4.2.32), we get that

U 20 rm2@p) + 10l rm @p) + 10l o rm2@p) + IVPl2oraz@e) + 1 Tllso.ram

!
+ > Nhillzzorze) + 1@l m0.rR) < NKTl/lo(HWHu(o,T,QF) @l 20,71 (07))
=1
k
ITlsrae + Y Il a2orzs + lwillmors) )-
i=1

It follows that for T' small enough, the mapping N is a contraction mapping. This completes the
proof. O
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4.3 Local existence to standard Oldroyd model

In this section, we show the existence and uniqueness of strong solutions locally in time of the
Oldroyd model. The main difficulty here is that the Oldroyd differential law exhibits hyperbolic
behaviour and hence the study of strong solutions to the coupled problem requires one to work
with velocity fields u that have Sobolev regularity at least in L'(0,7, H?*(Qg(t))). We are then

enforced to start with more regular data to improve the regularity of the transport coefficient .

First, we start by improving the regularity result in Theorem 4.2.1. To achieve this, we extend

the velocity field U over the rigid disks by setting

It is thus natural to define the following spaces:

H = {$cL*(0):V-¢=0in0, D[¢| =0 inB;,i=1,...,k, ¢-n=00nd0},
V = {9cH}0O):V-¢=0in0, D[¢] =0 inB;,i=1,...,k},

(
D(A) = {$p€H)O): dla, €eH*(QF), V-¢=0in0O, D[p] =0 inB;, Vi=1,...,k}.

According to Lemma 1.1 in [44], for any ¢ € H, there exists (Vy;,wg ;) € R? x R such that
d(y) = Vi +wgi(y — AL, in By, ie{1,...,k}.

The space H is equipped with the scalar product

k
(o, ) = Re/Q o-Ydy+ Zmiv(;s,i Vi + jiqu,z‘ Wap 4
F i=1
and the space V with
k JR—
.0y =Re [ o-vdy+ [ VoV dy+ DTV Vi + Tuson i
F F

i=1

We denote by V* the dual space of V' and we equip the Banach space V* with the norm

1]

v« = sup [(F,¢)y«v|
llollv=1

We recall that if (U, P) is a solution of problem (2.3.1), then U is a solution of the following
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4.3 Local existence to standard Oldroyd model

Cauchy problem [41]:
U'+ AU = PF,
Uu) = Uy,

where operator A : D(A) — H, such that

AU = PAU, YU € D(A),

with P denotes the orthogonal projection from L?(0) onto H in [-ll2(0), and

(4.3.1)

(4.3.2)

(4.3.4)

1—
AU,
AU = 2(1@1") 2(1—r)
— D[U]yidFiJr( = / (y—h?)L-D[U]z/idFi) (y —h)*, on B,
and
LR in 0
Re 0 maip,
"= LR+ 2R (y —h))E, onB;,Vie{l k}
; 1,0 jz 2,i\Y 7 ) n Hj, Vi R .

Moreover, the initial velocity Uy is defined as follows:

k

UO('Z') = uﬂ(x)lﬁF (:L') + Z (hzl + w?(y - h?>L)1Bi (x)
=1

(4.3.5)

In the following we show that a solution of (2.3.1) is more regular, if the data are more regular.

Proposition 4.3.1 Suppose that 00 € C3, F € C([0,T);L?(0)), Fi; € L*(0,T;R?)), Fy; €
L?(0,T;R)), foralli=1,....k, Fy € L*(0,T; H*(Qr)), F' € L*(0,T;V*) and ugp € H*(r) such

that
VUO :07 'Ln QF,
UO(y) = 07 Yy e 00.

Then problem (2.3.1) admits a unique solution (U, P, (hi,w:)icq1,... k}) with

Uecl(0,T,Qr), P e L*0,T; H*(Qr) N HY(QF)), VP € C([0,T],L2(QF)),

VP € L*(0,T; H 1(Qp)), h; € W»>(0,T;R?), w; € WH>(0,T;R?).
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Moreover, there exists a positive constant K depending only on Qp and T'; non-decreasing with

respect to T, such that

1Ullgo,r00) + IPlz20mm200) + VPl 0 r12(05)) + 10V P L2071 (005)
! K

Y Nhillwzooo.7:r2) + lwillwrec o,rr) < K(||F0HL2(O,T;H1(QF))+ 1 F1ill 20, mm2) + | Fa,i
=1 =1

‘LQ(O,T;R)

I 20,70 + 1AU0) [l + HPF(O)HH)-

Proof. Consider the following Cauchy problem:

7'+ AZ =PF,
Z(0) = Zo,

(4.3.6)

where Zy = PF(0) — AUy with Uy is defined as in (4.3.5).

By noting that Uy € D(A) and F € C([0,T]; L%(0)), we get that AUy and PF are well defined and
belongs to H and hence Zy € H.

Suppose that Z is a classical solution of problem (4.3.6), then we get by continuity and density

that
d

Z(Z(8),Y)n+2(1—7) /O DZ(t)]: D[Y]dy = (F'(1),Y),. ,, VY € V. (4.3.7)

This leads to the following weak formulation:

For F' € L*(0,T;V*) and Zy € H, find Z € L*(0,T;V) such that Z(0) = Zy and

a
dt

(Z(6), V) +2(1 — ) /O D[Z(t)] : D[Y]dy = %(F(t), Yy, VY €V. (4.3.8)

It is important to point out that it is not clear whether Z(0) has sense if Z has the above regularity.

Consider the mapping A defined as follows

AV 5 Vv
Z = AZ: 'V — R
Y = <AZ,Y)V*7V:2(1—7~)/ D[Z] : D[Y]dy.
O

The mapping A is a linear and continuous mapping from V into V*. Indeed for Z € V one has

[AZ]lv- = sup [(AZ,Y)v-v| < ClZ]v
1Yl <1
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4.3 Local existence to standard Oldroyd model

Moreover, if Z € L?(0,T,V), then AZ € L*(0,T,V*) and hence PF' — AZ € L?>(0,T,V*).

Furthermore, the weak formulation (4.3.8) implies that

VA
—.Y =(F —AZ,Y)y-y. 4.3.9
(G Doy = Yivey (4.3.9)
Consequently, we get Z' € L*(0,T,V*) with
1Z" || 20,17+ < C(HZHLQ(O,T;V) + 1 F | 20,m5v+))- (4.3.10)

It follows that Z € Fao = {u € L*(0,T;V) : «' € L*(0,T;V*)}. Using the fact that Epo <
C([0,T7, H) (see, for instance, [8]), we get that Z € C([0,T], H) and thus Z(0) has sense in (4.3.8).
Therefore, problem (4.3.6) is equivalent to:

For F' € L*(0,T;V*) and Zy € H, find Z € L>(0,T; H) N L?(0,T; V) such that Z(0) = Zy and

d

Z(Z(8),Y ) +2(1 - 7“)/ D[Z(t)] : D[Y)dy = (F'(t),Y)y-y, VY € V. (4.3.11)
(@]

Since the space V' is separable, we use Galerkin method to prove that problem (4.3.11) admits a
unique solution Z € C([0,T], H) N L*(0,T); V) such that

12| o< o,17,1) + I 2 20,0v) < ClIF 200+ + [ Zoll )
Combining the above inequality with (4.3.10), it follows that
1Z" | 20,1,y + 112 Lo o), 1) + 12| 200,730y < CUIF | 220,17+ + 1 Zoll 1) (4.3.12)

t
We set U(t) = / Z(s)ds + Up. It follows that
0

U'(t) + AU(t) —PF(t) = Z(t)+ A /0 " Z(s)ds + AUp — P /O "9, (s)ds — PF(0)

— [ (2/(s) + AZ(s) — PF'(s))ds + Zo + AUy — PF(0).
Al )

It follows from (4.3.6) that
U'(t) + AU(t) — PF(t) = 0.
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Hence, U is the primitive of Z and solves (4.3.1). Therefore, (4.3.12) implies that
U ec(jo,T),H)NL*0,T);V), U" € L*0,T,V*),
and satisfies

1T | 20,mv+) + 10 | oo om0,y + 10" p20,0vy < CIAUo| 1 + 1| L20,75v+) + IPF(0) | 21).
(4.3.13)

Consequently, we get
U e L*(0,T; H'(Qp)) NnC([0,T], L2(QF)), h; € W?>(0,T;R?), w; € W1°°(0,T;R),

and

k

10| L0120y + U 20 mm () + D 1P w2 0mr2) + il 0.0m)
=1

< K(IF |20 + AUl + [PF(O) 1) (4.3.14)

Moreover, we find

—(1 — T)AU +VP=F— Reaag S Lz(O,T; Hl(QF)), in QFX]O,T],

V.U =0, in Qrx]0, 7],

U(y7t) = h;<t) +w’b(t)(y - hz(0)>L7 (y7t) € 8BZX E]OaT]v (&S {17 s 7k}7
U(y,t) =0, (y,t) € 00 x]0,T).

Using the regularity results of the steady Stokes equations [43], we deduce that U € L?(0,T; H3(QF)),
P € L*0,T, H*(Qr)) such that / P(y)dy = 0 and
Q

F

1Ul 220,083 0)) + 1Pl 20,1, 52(00)) < C<||F0||L2(0,T;H1(QF)) + 10" 20,7511 (921
k
+> kil o,rr2) + HwiHLZ(O,T;R2))a

i=1
where C' is a positive constant that depends on r and Qp.
Thanks to (4.3.14) and Theorem 4.2.1,
101220 im0 + 1Pz ey < K (IBF 2oz + I 20 ) + [BEO)]|a + | AU 1),
(4.3.15)
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4.3 Local existence to standard Oldroyd model

where K is a positive constant that depends on r, Qp and T
Noting that U € L?(0,T; H3(Qp)) with U’ € L?(0, T; H (Qr)), it follows that U € C([0, T], H?(QF))

and there exists a positive constant K depending on r,Q2p and T, such that

HU||L°°([D,T];H2(QF)) = K(||U||L2(0,T;H3(QF)) + HU/HLQ((LT;Hl(QF)) + HUOHH)-

By Proposition 5.3 in [40], we have ||U|g2(q,) < C||AU||r2(q,), where C' is a positive constant.
This implies that

HU||L°°([O,T];H2(QF)) = K(||U||L2(0,T;H3(QF)) + ||U/HL2(O,T;H1(QF)) + HAUOHH)-
Thanks again to (4.3.14) and (4.3.15), we get
1Tl o (o, 1m2(05)) < K (IPF 20,70y + 1E [ L20,50+) + IPEO) |1 + | AUol| )
By noting that VP = Fy — ReU’ + (1 — r)AU and (4.3.14), we get that
VP cC([0,T),L*(Qp)), 0;VP € L*(0,T;H 1 (QF)).

Consequently we obtain

N

VPl qomzr)y < KUFIz2ormi @) + 1F 20,00+ + IPFO)|[1 + | AUl 1),

10V P20 rm-1r)y < KIFL20mve) + IPFO)lg + [[AUo[| ).
Since / P(y)dy = 0, then by Proposition 1.2 in [43] we get that
Qp

P ec([0,T], H(Qp)), OP € L*(0,T; L*(Qp)),

and
[Pz qomr@eyry < K(IFz20rmi@p) + 1F 20, + IPFO) ||z + [|[AUo| 1),
10ePl 202 mym) < K IF 20,0+ + IPF(O)]|1 + [|AUo||#)-

This ends the proof. O
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We proceed by defining the mapping N for which a solution to problem (4.1.14)-(4.1.21),(4.1.25)-
(4.1.26) is a fixed point of . For T >0, R > 0 and R’ > 0, we define the set

K= {(W,Q,’f’ (hiywi)i=1,.. k) € S0, T, Q) : [Wlizoram 1T 01820 HIQl 20182 (2))
!

+IVQl o120y + 10:VQl 2o rm-10y) + D 1 oo (0.11x2) + 6]l Lo (0,77 xR) < R,
=1

1T oo (0,712 () < R’},
where
S(0,T;0p) == U(0,T; Qp) x L2(0,T; HX(Qp)) x T(0,T; Qp) x (W22(0,T; R?) x W (0, T; R))".
We note that if R is large enough, then K # ) for all T > 0 (see for instance, [22]). Moreover, by
Aubin-Simon’s theorem [8], the set K is convex, closed and compact in X7, where

X7 = C([0,T], H' () x C([0,T], L*(Qr)) x C([0,T], H'(2r)) x (C'([0,T],R?) x ([0, T],R))".

Consider the mapping

N: K — XT
(Wa Qa T? (hz7 wi)iZl,...7k) - (U7 P> 7~—a (FLH (Di)i:L...,k)’

where (U, P, T, (hi,©;)i—1...x) satisfies equations (2.3.1), (4.2.3)-(4.2.5) and the following transport

-----

equation:
oT oYy - - 1~  2r .
o ((w+ E) V)T = ~[Ga(W, T)] - T+ [DW], in Qpx]0.T],  (4.3.16)
T(y,0) =70(y), ye Qe (4.3.17)

For the rest of the paper, we use Einstein convention for summation. Moreover, we denote by Kj
and Cpy which satisfy the following assertions:

i. Ky is a positive function of (h},w?

)i=17...,]€7 HUOHHz(QF), HTOHHQ(QF):T and R which is non-
decreasing with respect to T R, [[uo||a2(q,) and (1R, |RH, [w?))iz1... k-

)

ii. Cj is a positive function of (h},w?, )iz1. &, |uoll2(qy), and T' which is non-decreasing with
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4.3 Local existence to standard Oldroyd model

respect to T, |[uol|m2(q,), |70llm2(,) and (A7), b, [wf])iz1,.. k-
Before proceeding, we need some results which will be used in the course of proof Theorem 4.1.2.

It can be shown using Lemma A.1.3 the following proposition:

Proposition 4.3.2 Suppose that (W, Q, T, (&,wi)i=1

=1,..,

¥) € K, then there exists a constant K

satisfying (i) such that

I[(L = AWl 20,031 (0p)) < KoT"?,
H[MW”|L2(O,T;H1(QF)) < K0T1/27

I[(V = G) Pl 20,11 () < KoT,
IINW 2ot () < Ko™,

I[div T2 0. m1 () < KoT2,
IF1ill 20 rme) < KoT?,

12l 20,7R) < KoTY2.

Proof. By Lemma A.1.3, one can prove easily that the terms [(L — A)W],[MW],[div T],F1;
and Fy; are bounded by KoT'/? in L?(0,T;L?(QF)). Using similar arguments as in [40], we get
that [(V — G)P] is bounded by KoT in L?(0,T;L3(QF)), and [NW] is bounded by KoT'/10 in
L?(0,T;L?(QF)). Hence, to complete proof of the above estimates, it remains to bound the first
order derivatives in space of these operators.

Let p € {1,2}. We start by computing Oy,[(L — A)W];:

L Y Y
+ Qai)(gkgfﬁ',k)%zj +29MF§”“BZZ)V3;
3?/19 {00+ TR W+ { (6T ) + DT %Zj,
where

9Y;

3 aY;
9" (y,t) = D (X (y,t),t) =~

Dy,

. aY; 0?X,
X e = X
( (ya t)a t) and 7,k (y7 t) 8%’@ ( (yv t)a t) 6ykay]

(y,1).

By Lemma A.1.3, Corollary A.1.1, and using the fact that W/l 7., < I we get that

10yp[(L — A)W il 20,1, 22 () < KoT/2.
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Hence, estimate (4.3.18) holds true.

By chain rule, we have

0%Y; 0X,0W; 0Y; 0*°W; -0y, 0Y; 02Xy | oW

Ay, [MW); = = —4.22L - L A
0tdzy Oy, Oy; ot 0y,0y; "ot 0wy 0tdy; | Oyp

8F§-7k% ri 0%Y;, 0X, 0%Y; 09X, 0°X,, Yy, 93X, 4
dy, Ot Pk Dty Oyp  Oxy0xy, Oyp OtOy;  Oxy, OtOY,0y; 7

Lemma A.1.3 implies that there exists a constant K such that

10yp MWl 20,7522 < KT ?[W | oo (07182 (021))-

This implies that [|0y,[MWIillz20.1.020p)) < KoT2.
From the definition of [GQ], we have:

9%Q
8yp3yj .

_ 997 0Q

owl(V -Gl =55 -

+(g7 - 5)

Hence,

10yp[(V = G)Qlill 20,702 (25)) < TEolQl L2(0,7552(025)»
and using the fact that [|Q||z2(0,r;m2(0,) < R, We get
10yp[(V = G)Qlill L2 0,1:2(07)) < KoT'

To show (4.3.18), we calculate:

owW; ow; 92w,
+ W;
Oyp Oyj J

(%‘;;J'WHW]-M).

kw4 1
iVVk + 7.k 8yp

By Holder inequality and the Sobolev injection of H'(Qr) into L*(Qr), we get

IWiWll 20,7520 < CT1/2||W||200(0,T;H2(QF))’

aWk 1/2 2
H J Oy ’LQ(O,T;LQ(QF)) < O AW = O.TH@r))
OW; OW; 1/2 2
H dy; Ayp ‘LQ(O,T;L2(QF)) )

where C' is a positive constant that depends on Qp.

Again by Holder inequality and the Sobolev injection of H2(Q2r) into L>°(Qf), there exists C > 0
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4.3 Local existence to standard Oldroyd model

depending on Qp such that:

O*W; O*W;
— CIIW;j|| oo | 5=
Wigy 5 lisony = CMWillim@n g5 o,
< ClWjllg2@m IWill 20
< ClWie@q,):
This implies that
O*W;
AL < CT|W||? sorq -
H 7 Oyp0y; lL2(0,1;22(08)) ~ Wi (0. T5H (@)
and thus
2117
H IWi < KoT.
0ypOy; 1L2(0,1:L2(F))

We deduce that

10Yp [NW il L2(0,7:22(00)) < CTl/QHWHZQ;[(O’T;QF)?

and thus estimate (4.3.18) holds.
Estimate (4.3.18) is straightforward by calculating the first order derivatives of [div 7] and Lemma
A.1.3. More precisely, we have:

) 0 ;0Y; OYy\ 0Ty 0Y; 0Y5, 0%Thy
Oyp|divT]; = —( > .
Oyp \Oxy, Oy / Oym Ok Ox¢ 0YpOym
The last two estimates are easy to derive and we leave the verification to the reader. O

It can be deduced from the following that the time derivative of the function F' defined throughout
(4.2.3)-(4.2.5) and (4.3.4) is in the good space to apply Proposition 4.3.1.

Proposition 4.3.3 Suppose that (W,Q, T, (&, w;i)i=1..x) € K, then there exists a constant Ky

satisfying (i) such that
I F" || 20,mv+) < Ko(1+ R)TY/?. (4.3.18)

Proof. Let F' be the source term defined throughout (4.2.3)-(4.2.5) and (4.3.4). and let ¢ € V.

Then we have

, d
<F’¢>V*,V = %<F7 ¢>V*,V

d
:—F *

dt< 7¢>V ,V
d
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This implies that

(F.6)yy = / Fo- oy + 3" FL, Vs + B, i
i=1

It follows that there exists a positive constant C depending on 2z such that

e and  |Foi| < OIT [l ap)-

Hence, we obtain

IF' v+ < sup Fo- ¢ dy|+CR. (4.3.19)

Iglly=1 ‘dt QF

Classical computations implies that 0,[(L — A)W];:

0 L OPW; dg’* 02w, 0%g7k oW;  Ogi* W
L= AW = 5 (g = 6) oot ) + = o o+ o i0m
Yj Yk t Oy;jO0y, Oty Gyk Oy; Otoyy,
. OW - OPW; 8
2 k[rz‘ J 2 MI‘Z, J k‘f 7, k‘er
+ 20 (g j,k)—aye +2g ﬂ”“atayfrat ay ) + Zg W;

0 ke ke 8W
+{8y Ny +Zgr 5

It follows from Lemma A.1.3 and Corollary A.1.1 in Appendix A and performing integration by

parts that

d L 02W 06y | 82,
il _ Y < | Jk _ 57 v / jk _
‘dt /QF[(L A)W]Zgbzdy‘ < ’ / (g 5k)8t8yk ay; dy + . (g &7 )8t8 njdf‘

+ KoIW () + [0V iz + T 2o

9llL2(020)-

OtOyy, L2(QF))

Noting that the term ¢/* — 5% vanishes on the boundary of the fluid and using again Lemma A.1.3,

we get

d
i 10— AWy < KT oW s s

+ Ko(IWllaz@p) + 10:W 2@y + TNOW 12 (0p)) s
and thus

H¢|| P ’dt/g (L — A)W]i¢idy‘ < Ko(IWllazap) + 10:W lle2py + TI0W lar@py) - (4:3.20)
= F
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4.3 Local existence to standard Oldroyd model

Moreover, from the definition of the operator M, N and [div7] in (4.2.8),(4.2.9) and (4.2.11), we

have

% - JY,  0Y; 0%X,, oW
MW]|; = j
W[ MWT]; = 0O [( ot V>W} { 3k + oxy, 8t6yj} ot

. 9Y; aY; 0% X,
(X X = W,
+8t{ g (X80 + 55 (y,t>,t>8t8yj<y,t>} j

ori oW, oW,

Zdky. i J k

S W Wi+ T, (6t Wi+ Wy )

82Y; 82Y; 8Xj) 0¥ OTir , OY; (a Y, 82, an)aTM L 0Y; 9%, 2Ty

ONTL: = (g5 + updz; Ot ) Dxy Oyp | Oap \Ozgdt | dzj0m; 0t ) Dye | Oay, Oy Oyt

OINW]; = O [(W - V)Wi] +

From Lemma A.1.3 and (4.3.20) it follows that for all ¢ € V such that ||¢||y = 1, we have

‘dt/ Fy- ¢dy’ < Re‘dt /QF ((%—};JFVV)-V)W-(M@/‘ +)5t/QF[(G—V)Q]~¢dy‘+Ko(IIWjWkHL?(QF)

+K0TH S 1T et o) 1T et 2y +IW N2 ) 10V 2, + T IO 112 )-

L2(QF)
(4.3.21)

We remark that from the definition of Y in Appendix A, we have

V(T X 1),0) + W 1) =0,

By performing integration by parts, we get
/ ((ngFW) )W'Wy _/QFW ((aatJrW) ¢dy+/ w- ¢>—+W) ndl,

- _ i iy _ st (bl ij _ i .
[ a-valo = = [ (o %)Qayjdw/m(gf ) Qodr

We remark that W = h/(t) + w;(t)(y — h?)* on B; and vanishes over 0. Hence, (A.1.3) implies
that

((?;(X(W)) +W(y,t)) -n =0, forall (y,t) € 9 x [0,T].

Moreover, since g*/ — ¢; vanishes on 9Qr we get

/((?;H/V) V)W -gdy = / 7+W V)6 W dy,
-,

_ g 001
J G -val-ody = 5, 07~ 35
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It follows that

d ov 0%Y; | 0*Y; 0Xjy\ 0¢;
dt/QF ((aze+W)'v)W'¢dy__/§2F ( 222 T dtoxy, ot )%Widy—/%(atW-V)gb-Wdy

—/Q ((% 1 W) : v)¢ -0, Wdy,

and

£ G —V)Ql - d:—/ i _ i d—/ (g — ) 2,
I /QF[( Q] - ¢ dy S (9 J)Qayj S (97 —93) ot ;Y

By Holder Inequality and using the embedding of H?(Q2r) into L*°(Qr) we get that

‘% /QF ((% + W) 'V)W : ¢d3/‘ < KO(HWHHl(QF) +10eW L2 () (W 12 (0p) + 1)) lollv (4.3.22)

d
%[ [(6=9)Q) o dy| < KaT (1@l +10:Qlxea oy, (4.3.29)

Moreover, by Holder’s inequality and the Sobolev embedding of H!(Qf) into L*(Qf) one can show
that

IWiWillz2@r) < ClIIW Iy (4.3.24)

ow;
wak v Wl (4.3.25)

0
;<

L2(Qr
Combining (4.3.22)-(4.3.25) with (4.3.21), we obtain

sup Fo - ¢ dy| < Ko (Wl o) + W a2y + (4 W g2 10V 120

’i
l¢lv=1"dt Jar
+ Q@) + I Tl @) + 17l 01

+ Ko (1 + W e ,) 10:W 11 ) + 10 Q120 ) - (4:3.26)

Returning to (4.3.19), we get

[F'|lve < KO(HWH%F(QF) +IWleaz@p) + 1+ Wz 10W 2o + 1@t ()

+ 1T e () + HT,HHl(QF)) + KOT((l + Wl @) O W [l o) + THatQHL2(QF))~ (4.3.27)

Therefore, estimate (4.3.18) follows by noting that (W, Q, T, (&, wi)i=1,.. k) € K. O

Next, we prove the following lemma.

Lemma 4.3.1 Assume that 00 € C', 1o € H2(Qr), and (W, Q, (hi, w;)i=1 k)€ K. Then problem

g
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4.3 Local existence to standard Oldroyd model

(4.3.16)-(4.3.17) admits a unique solution T in C([0,T], H2(QF)). Moreover, there exists a positive

constant ¢ such that

~ 2r 1/2
170 mm@) < (Im0llzop) + 557, ) exp (KoT™?). (4.3.28)

Furthermore, we get T belongs to C([0,T], H'(QF)) and satisfies

+ 2r
177l o 81 () < Ko (Ilollir2(er) + %) exp (KoT"?2). (4.3.29)

Y
Proof. First we recall that transport coefficient W + 5 € LY(0,T; H3(QF)) and globally Lipschitz.

Moreover, the transport coefficient satisfies (see (A.1.3) in Appendix A)

(W t) + Z(X(y,t),t))) n=0, Y(y,t) € 00 x [0, T]. (4.3.30)

Therefore the existence of a unique solution of the hyperbolic partial differential equation (4.3.16)
follows by applying the method of characteristics. We turn now to prove estimate (4.3.28). To
this end, we multiply scalar equation (4.3.16) by T in H?. By performing integration by parts and
using (4.3.30), we get

?%Hﬁw!\%mﬂ 1T Oleap) = 27 (PW] Ty ~ We(lGaWo D] T gz
~We {/QF gzk(Wz(y,t) + %(X(y, t),t)) ‘ZZ (y,t) ZZJ (y, t)dy
Qp ayf;ym (Wf(y’ t)+ %}E(X(% t), t)) %ZJ (y’t)aj:?yjm (y,t)dy
+2 /QF %(Wﬁ(y,t) + ?(X(y,t),t))aijg;n (y,t)aj:g;jm (y,t)dy}. (4.3.31)

Using the Sobolev embeddings H2(Qp) < L>(Qp) and H'(QF) < L*(Qr), it follows from Lemma
A.1.3 that there exists Ky such that

We d

5 gt T Ol + 1T Ol < KoWe(+ WOl @) 170 g

+2r Ko |[W (t) 3 (0,0 I T () 11222

This implies that

2r

= d, -~ 1 = ~ -
17O ey 1T O 00+ 51T OB < Ko (I @) 1500 17O ey (T @) e+ )-
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Consequently

2r 2r

d - 2 ~ 2
ZIT Ol +572) < Ko+ IW Ol (ITOlmeen +557,) - (4:3:32)

N =

Integrating (4.3.32) over (0,t) C (0,7, we obtain

2r

2r\2 1
r) We

1/, =~ 2 t ~ 2r \2
2 (T ewn+55) < 5 (Inllwen ) +Ko [ AW s (1T len + ) ds:

We
Gronwall lemma implies that

- 27 \2 27 \2 T
(IOl + 3572) " < (Il + 55) exp ([ 0+ IW Ol ds).

and as [|W/| r20.rm3(0,)) < R, we get

2r

170 ke + 577, < (Il +

2r

We) exp(KoT"/?). (4.3.33)

To prove T € C([0,T],H%(QF)), we define the characteristics y that pass through yo at time t as
follows:

d dY
£y(37t>y0) = W(say(satay())) + E(&X(‘g,y(&tv yO)))> y(t7t7y0) = Yo,

d 1 - .
T y(s, ) = o (2DW] = T = WelGa(W.T)]) (s y(s. £.0)).
Integrating the last inequality over (0,%¢) C (0,T), we get

~ ~ 1

T(t.(t,to) = TO.5(0,,90) = 7= [ (2r(DW) — T = WelGa(W. )] (5, (s, o).

We
Consequently, we obtain

T(ta yO) =170 (y(07 L, yO)) + % /Ot <2T[DW] - 72 - W@[GQ(W, 7-)]) (57 y(s, t, yO))ds'

The above formula implies that 7 € C([0, 7], H(Qr)) (see [7]).
Moreover, since W € C([0,T],H2(r)) and Y’ € C([0,T],R?), we get that 7" given by (4.3.16)
belongs to C([0, 7], H!(QF)) and

1

||7~ﬂ/(t)”H1(QF) < KO(HW(t)HHz(QF) + (1 + K0W€)> (H%(t)”HQ(QF) + %)
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4.3 Local existence to standard Oldroyd model

Inequality (4.3.33) implies that

T 1 2r 1/2
HT/(t)HHl(QF) < (KO + m) (HTOHHQ(QF) + m) eXp(K()T / )

With these preliminaries in mind, we turn to prove that N maps K into itself.

Corollary 4.3.1 For T small enough, R and R’ sufficiently large, we have N'(K) C K.

Proof. Let (W,Q,T, (hi,wi)i=1,..k) € K and denote by (U, P, T, (i},-,wi)i:l,._,,k) € K its image by
the mapping N. It follows from Proposition 4.3.2 that

T1/2

I Foll 20, rm1 p)) + 1 FLill20,0m2) + [ F2,ill 2 0,7R) < Ko

Moreover, since

IPEO)||rr < C([luollmzp) + ITollE20))

it follows from Proposition 4.3.1 and Proposition 4.3.3 that for T" small enough, we have

1Ullgo,r00) + IPlz20mm200) + IVPllze0r12(00)) + 10 VP 220751 (005)
k

+> " hillweee o) @i I o.7:) < K(HAUOHH+K0(1+R'>T1/2+HU0HH?(QF)JFHTOHHZ(QF))-
=1

Therefore, by choosing 7' small enough and R > 2K (|| Auol|z + [[wolla2(@,) + I T0llm2(0,)) We get

U000 T IPIz20rm2050) + VPl o0 m12(00) + 10V Pl 2200 71 (0010))
K

+ > hillwezeeorre) + 1@ llwreo.rr) <
=1

(4.3.34)

ol 5

Moreover, for T' < (In2)?/Ky in Lemma 4.3.1, we have

= 2r
170 leeer < 2(imllizen + 557, ) V€ 0.7
= 1 2r
1T Ol < 2<Ko + m) (HToHH2(QF) + m), vt € [0, T].

) and R > 2(Ko + i) (Irolle2er) + %) imply that

' 2r
Choosing R > 4<H7'0”H2(QF) + o We

We

B R -
Il m@e) < 55 and [Tl qom o) < R
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Chapter 4. Existence Results for the Motion of Rigid Bodies in Viscoelastic Fluids

Combining the last inequality with that in (4.3.34), we get (U, P, T, (hi,@i)i=1.. %) € K. O

Next, we prove the following:

Proposition 4.3.4 The mapping N : K — Xr is continuous for the topology of Xr.

Proof. To prove the continuity of the mapping N for the topology of X7, it suffices to prove the

continuity of A from (K, ||.||x,) into (X7, ]|.|lv;.), where

Yr = C([0, T LA(Qp) x C((0,T): *(Qr)) x C([0, T LX) x (€10, T):R?) x C([0, T); R))".

Assume for instance that the mapping A is continuous from (K, |.|[x,) into (X7, ||.|lv;). Let
W, Q, T, (hi,wi)i=1,..k) € K and consider the sequence (WmQ™, T™, (h,wi)i=1,..k) € K such

(2

that

(W™Q", T", (hi,wi)i=1,.k) — (W, Q, T, (hi,w;)i=1,..k), asn — +oo, in the topology of Xr.

2

We denote by X", Y™, gim r%n . the terms corresponding to (W™, Q", T", (h},w}")i=1,.. k) and

’ i,j7

by X,Y, g%, ¥, ... the terms corresponding to (W, Q, T, (hi,w;)i=1..k)-

Z?]’

Consider the sequence:
(Un7 an 71”7 (E?>@?)i:17...,k) = N(an Qna Tna (h;na W?)i:l,...,k)a

and let
(U, P, T, (hiy@i)ie1,.. k) = NOW,Q, T, (hiywi)ie1...k)-

By Corollary 4.3.1, we obtain

(Un7 an 71”7 (En7wn)i=1,.‘.,k> c K.

K3 K3

Since K is closed, convex and bounded set in Xr, then by Ascoli’s theorem K is compact in Xrp.

This implies that there exists (U*, P*, T*, (fLZ*, OF)i=1,..k) € K, such that

(Un7 Pn77-n7 (ﬁ?v(bn)iZL...,k) — (U*a P*77-*7 (Ezyw:)iZL...,k); asn — +OO,

(2

for the topology of X7, and thus for the topology of Yr.

128



4.3 Local existence to standard Oldroyd model

The continuity of the mapping N in the topology of Y7 implies that

", P, T, (iL" O )i=1,..k) — (U, P, T, (hi,&)i=1,.. k), asn — 400, in the topology of Yr.

(ARt

By uniqueness of the limit, it follows that

on, P, T™, (ﬁ?,@")zzlk) — (U, P, T, (ﬁi,dji)izl k), asn — +oo, in the topology of Xrp.

7 3ty

Thus the mapping N is continuous from (K, ||.||x,) into (X7, ||.||x;)-
Now we are in position to prove the continuity of the mapping A from (I@, Xr) into (X7, Yr). To

this end, we define:
Ur=U-U", P"=P—P", Z"=T —T" H'=h; — h?, and W' = &; — Q.

Since the Cauchy stress tensor field i(ﬁ " ]5”) is symmetric and using the fact that

n n

(X" 0),1)) = 0 and (W"(y,0) + —

dy
v (W, t) +

dt (X (y7t)7t)> 'n|8QF = 0,

it follows that
1d 8 k . o 5
§£(R€||Un(t)”%2(m) + Y ml(EPY O + T W @)2) +2(1 - 7) /O \D[U™(¢)]|2dy
=1

=, Fo®): U™ (t)dy + Fi';(t) - (H}')' (1) + F3()W]'(1),  (4.3.35)

and
Wed

52 (12" OlF20p) + 12" O 20,0 < 16" Oz 00 12" Ol (4.3.36)

Fpo= (1=n)([(L = 2) W = W]+ [(L— LYW") +[(V - G)(Q - Q)] - [(G - G")Q"]
—Re([M(W = W™)] + [(M = M")W"| + [NW] — [N"W"]) + [div(T — T™)] + [(div — div") 7],

Fr, = —/aBi(T—T")uidF,-,
B = = [ (T =T (= W)
6" = we{lG W, T - Guw. D] = (W =W+ Tox(w.0.0 - 2 (X w.0.0) - V) T

+2r([D(W = W™)] + (D - D")W™)).
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Chapter 4. Existence Results for the Motion of Rigid Bodies in Viscoelastic Fluids

To proceed we need to bound the terms in the right hand side of (4.3.35) and (4.3.36) in terms of
the terms in the left hand side of each one of them. However, before deriving these estimates, we

shall introduce some new notations which we are going to use fro now on. We define

2
y aY; oY oy”n
(Xt = S(X Ny ), 6) L (X y, 1), 1), ¢7(XE) = (X (y, 1),
g (X" kz&vk( (1), 8) 5o (X, ), ) k; (1), 8) o (X (9,0), 1),
° gijn(XE) — (XZ) ijn(XZ)’
2 2 2 2
0“X ; oYy o“ X"

7 AN m M l _ 7 Y4 m

o I, (X%) = Py t)—aykayj (y,1), T5H(XY) m§::1 o (X (y,1),t) Sondy; (y,t).

Proposition 4.3.5 Suppose that (W, Q, T, (hi,w;)i=1,... k) € UO,T;Qp)x L0, T; H (Qr))xZ(0, T; Q) x
(W20, T; R?) x W (0, T} R))k Then there exists a positive constant Ko satisfying (i) such that

k
(L = LYW]llL2 ) < KoTIW g2 Y 10 = (B[l oo (0.11x0). (4.3.37)
i=1
k
I[(M = M™)W]|lL2p) < Kol W e e O 1175 — ()| L (j0,11x0)» (4.3.38)
i=1
k
I(G = G"Qlllrz2@p) < KoTlIQ i p D 17 — ()|l Lo (j0,11x0)» (4.3.39)
i=1
k
I[(div— div”) T[22y < KoT I Tl @p) D 105 = (B |2 (to,11x0)» (4.3.40)
i=1
k
I(D = D) Wl < KoTIW e ) D 10 = () | L= j0,11x0) (4.3.41)
Proof. We start by computing [(L — L™)W] and we ﬁnld:,}chat
IOV = W) W[l < KoT W et @p) D 17 = (bl 2o (po.11x0)- (4.3.42)
2 2 1=
: : 2w, O : oW;
L —L" ;= ik X) — jk.mn X" 2 I v 1 X) — jkmn X" 2
(L= whi= 32 (6700 =g (X)) 5+ 5, (6700 =g () o
2 ke i klnyn\pin/ yn 8W] 2 0 ke i kén  yn\Thn vy
+2 ,; (6" () = M (XT3N 5 2 § {5, (60T (0= (X (Xm)
j7 Y :1 j7 b :1

2
+ 30 (M COTT(X)Th n(X) — g™ (XTI (XM (X)) W5, (4.3.43)

m=1
It is not difficult to check that
g™ (0T} (X) =g (XX = g (X0) (T3 (0 =T33 (X™) ) + (97 (X) g7 () ) T (™).

Lemmas A.1.3 and A.1.4 imply that

g™ (0TS (X) = g* " (X™MTFR (X | e (0.11x0) < KoT Z 1B = (i) [l £ 0,71x 0) -

m=1
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4.3 Local existence to standard Oldroyd model

Next, we move to bound the coefficients of W in the expression (4.3.43). To this end, we write

O (gH(X0)TE () — g (X (x7)

Oy,
_ aik(gkf(x))(r ((X) =T (X”)) (X)(;;(Fﬁ-,z(X) Iy (m) (4.3.44)
+6‘Zk(gk€( kﬁn (X™) )F ( ké(X) —gkf’n(Xn)>£€(F;”?(Xn)>'

By using the estimates in lemmas A.1.3 and A.1.4, we obtain

Mx)r < KoT Z 1, — (hy)' || Lo (0,71 x 0) -

m=1

j7

LX) = g (XM (X™)

Haiyk(g HLoc ([0,T]xO)

The second coefficients of W in (4.3.43) can be rewritten as follows

k,m

gF COTTL(OT] () — g*m (XM (XL (X7) = (g7() — g (X)) T (0T (X)

+ {70 (T (X) = T3, (X)) + (TF(X) = T (X™) )T (X™) } g7 (X™). - (4.3.45)
By using again the estimates in lemmas A.1.3 and A.1.4, we get

HQM(X)FTZ(X) }Lc,m(X) Mn(Xn)an(Xn)F ||L°° ([0,T]xO) < KoT Z ||h/ hn) ||L°o ([0,T1x0)-

m=1

By combining Lemma A.1.5 and all the proceeding estimates with the expression in (4.3.43), we
deduce that

k
(L = L"YW]llep) < KoTIWllazp) D 1 = (A7) | o go,11x0) - (4.3.46)
=1
One can write
2
n - oY; oy X, 8Yk o) SL.
(M —M >W1@—jzl(at<x,. 5 (X )ayj p3 1{ )5 (6 )-TH (X 5 (X7 )
dY; 92X, oYy 92X]
(X, — (X", EAW;. (4.34
5w N Gtdy; Gy ’)atayj}wﬂ (4.3.47)

i .

0
We start by estimating the coefficient of

n (4.3.47). One can easily prove that

Yj
9V, o OV VR oy vy
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Chapter 4. Existence Results for the Motion of Rigid Bodies in Viscoelastic Fluids

The above identity implies that

oY oy oy™m - 2%y
—(X,.) — (X",. X" oo —_— .
at ) at ‘ = H HLOO([O TIx0) X ([O’T]XO)H otoz HLOO([O,T]XO)
By writing down the Cauchy problem satisfied by Y, we get
oy n
H HL°°(0T><O <KOZ||h, () | o= (0,11x 0)»

and thus

aY; ovy n

SLE) = )| < KOZ 1R = (B || L= (0,11 x0)- (4.3.48)

It is easy to verify that

0T ) TR S () = T (0 TR (X, )
i oy;" o' . i in,on\OYE  on
1500 (T () = T (X)) o+ (T (%) = T (X)) E (X7, ).

By mean value theorem, we have

oY
ot

oy

k
S(X" )| < KoT Y iy = (Y Nl o:71x0)

m=1

I (0 SR (X, ) - Tin(xm)

+ Kol X™[| oo (j0,11x0) |10:VY || Lo 0, 11x 0) + Kol 4(X) — FézZ(X”)\.

Lemmas A.1.3 and A.1.4 imply that

i aYk i,n n 8Yn n i / n\/
O SE) =T (X ZE (X, )| < KoY I = (Y i~ ooy (4:3.49)
i=1
By writing
I’ Xy, dY; 82Xk ovr . 9’ X, oy
?Xn 8Yi” P2Xn oy ay;"r .
iy, ) g (X0, + Z5 () (G (X0, 8) = F2-(X"(0.1),0),
and using mean value theorem, we get
82Xk Y, D NG ¢ ,
1 n < n o
iy @D g, (X000 = S5k ) (1), 0)| < Ky Z IFi = () 1< 01x0)
(4.3.50)

132



4.3 Local existence to standard Oldroyd model

Gathering together the estimates (4.3.48), (4.3.49), and (4.3.50) with the identity in (4.3.47), we
obtain the desired estimate (4.3.38).
From the definition of the operator G in (4.2.10), we have:

0Q
8y]

(G- Q=Y (67(X) = gm(x™) 5=

=1
By Lemma A.1.5, we get
’
I(G' = G*)Qlill 20 < KoTIVQlr2iry Y 115 — () || L (po.1)x0)-
7=1

Moreover, the definition of the operator [div7] in (4.2.11) implies that

[(diV—diV”)ﬂi(yat)Z{(g?:(X(y,t),t)Jr(Z;:(X(y,t),t)—%};:(X”(y, ), >>‘2 (X(y,0),1)
e 0.0 (G (K0, = S (0.0 + X }8

Consequently, we get
k
I[(div — div™) T]ll2p) < KT T limpp Y 1R — (B Lo (jo.71x0) -
i=1

The last two estimate follows analogously. O

In the following proposition, we estimate on the difference [NW] — [N"W"] in L%(Qp).

PI'OpOSitiOl’l 4.3.6 Let (VV7 Q7T7 (hi7wi)i:1,...,k) and (Wn)QnaTn ( ?7 Zl)ifl,...,k) € ,6 Then

there exists a positive constant Ko satisfying condition (i) such that
k
IINW] = [IN"W"[[L2(0p) < KollW = W2 {lm ) + KoT Y 187 — (A1) | o< 0,11x0)  (4:3.51)
i=1

Proof. It is easy to check that

[NW]; = [N"W"]; = (W - V)(W; = W) + [(W = W") - VW

(T (30 = TR (X)) W Wi 4+ T (X7 (W) = W) Wi+ W] (Wi — WE)).

133



Chapter 4. Existence Results for the Motion of Rigid Bodies in Viscoelastic Fluids

By Holder inequality and the Sobolev injection of H?(Qr) into L>®(QF), we get

W -N) Wi = Willl2ep) < WL @m IVIWi = Wiz

< CIWlmmlW = W™ la1(Qp)-
By similar way, one can show that
I[W =W") - VIW | L2y < (W =Wl o) W l12(00)-

Combining the last two inequalities and using the estimates in Lemma A.1.5 and Lemma A.1.3, we

get that

k
IINW] = [N"W™[lL2(ap) < KollW = W lm gy + EoT Y 18 — (8| oo (011 0)-
=1

We return now to complete the proof of Proposition 4.3.4. Lemma A.1.3 implies that

| (=2 =W Oy < > | /Q %((gﬂ“m - 5%)W)dey]

i,5,k=1

+ Ko [W = W [l (0 10" L2 (-

By performing integration by parts noting that gi = 5i on OB; for all i = 1,..., k and vanishes on

00, we obtain

‘/QF[(L—A)(W— W) - U”dy’ < 22: ‘/QF (g7 (X) _5i)6(Wza;kWin) %(yf;"“‘dyl

ij k=1

+ Ko|[W = W™l @ 10" L2
Using again Lemma A.1.3 and Young’s inequality, we get that there exists ¢’ > 0 such that
n rTn n TN 6/ rTn
| /QF[(L = D)W = W) T"dy| < KollW = W73, + 10732y + 5 190" 220

By performing again integration by parts noting that gi = 6i on 0B; for all i = 1,...,k and
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4.3 Local existence to standard Oldroyd model

vanishes on 00, we obtain

n T _ agij L n\Tm o i 1] n aUzn
L5 =6r@ @0y = [ T @ - @iy — [ (55~ g)(@i - @)

By Lemma A.1.3 and using Young’s inequality, we get that there exist ¢’ > 0 such that
n S50 n g T S50
[ (V=0)Q-@- 0| < KiTIQ = Qe+ IV ) + 107 e

Furthermore, it follows from lemmas A.1.3, and Corollary A.1.1 in Appendix A at the end of this
thesis that

Idiv(T = T)lrz@p < Kol T = T a1 op): (4.3.52)

MW = W)Lz )

IA

KO(ZHh' (Yl or10) + W = WLy ) (4.3.53)

Combining the above inequalities with Proposition 4.3.5 and Proposition 4.3.6, we get that

| E ) 0@ dy| < Ko(IW = W o + IV(Q = @100 + 1T = Tl 0
F

- Z 17 = (B [ oizix0)) + 31T 20 + €IV O™ 20,
and thus by Young’s inequality, we obtain that

1d TN u —_ rrn Tt rrn
5 o (RelT™ D20,y + STl ATV ()P + TWPOF) + 200 = 1) [0 (1) o)
=1

k
< KO(HW = Wi +IVQ = Q)10 +IT = T 0 + D 17 — (h?),H%oo([o,T]xo))
=1

Re n i —_— rrn ToTn TN
(N0 W2y + Somal (HEY OF + T (0)F) + < IVT" 0l

=1

+E

By choosing ¢’ small enough, we get

1d

k
5 i (RN Olitaa,) + o ml(HEY @OF + TV (0F) + 20 =) = )IVT Ezco)

4 /Re ~. LA - I )
= E<7HU (t)‘|i2(QF)+Zmi|<Hi ) (1)) +Ti| W (t)‘2)+K0<||W—W ”%—Il(QF)+|’T_TnH%-Il(QF)
i=1

K
+ V(@ = Qf-1(0p) + 2 I — (h?)/H%w([o,T]xo))- (4.3.54)
=1
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By integrating the above inequality over (0,¢) C [0, 7], we get that for almost ¢ € (0,7):

1 §i0 k— rrn TTin
5 (RellT" ()12 + XMl (7Y (O + Ti W7 ()
=1
4 [trRe ~n o kmiNnIZjiNnQ n2
S}%A(QHU(@hmm+Z;2(%)@N+2U%®H)%+KJ@W—WHmmmmmm

K
+IV(Q = QN i~rm-1p) + 1T = T2 rmm 0y + O 11 — (h?)/H%oo([o,T]xm)-
=1

By Gronwall’s lemma, we obtain for almost ¢ € (0,7)

1 n n T Tn
5 (Rell T (0)132 0, +ZWUf OF + LW @)2)
+ Z 17— (B 3oz ) (4:3.55)
Thus (U7, (H?, W)i—1._x) — 0, as n — +o0 in L®(0, T3 L2(Qr)) x (L2(0, T; R?) x 00(0, T; R2))".

We set
u™( /U” )ds and F(t /Fo

We note that 4™ and F§ belong to C([0,T]; H~(QF)). By integrating (4.3.1) from 0 to ¢ and since
U™(0) = 0, we get that
(1—7) VU™ : Vo = (Re U™(t) + FY', ) H-1(02p) H! Q)

Qp

for all ¢ € H'(Qp) such that V-¢ = 0 and ¢ € [0,7]. By applying De Rahm theorem, for each
t € [0, T, there exists P"(t) in D(Qr) such that

ReU™(t) — (1 — r)AU™(t) + VP (t) = Fo(1).

We emphasize that VP" € C([0,T]; H ' (QFr)) and hence P" € C([0,T];L?(Qr)). Moreover, it
follows (4.3.54) from that VU™ — 0 as n — oo in L?(0,T;L?(0)) and hence

VP" =0, asn — oo in L*(0,T;H 1(QF)).
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4.3 Local existence to standard Oldroyd model

Setting B
~,  dP"
Codt’
we obtain
Re U™ — (1 —r)AU™ + VP" = FJ', in Qp x (0,7),
and

VP" -0, asn — +oo, in H1(0, T; H(Qp)).

The pressure P", defined as above, appears in general as a distribution on Qp x (0, 7). By Propo-

sition 1.2 in [43], we get that
P" -0, asn — +oo, in H~1(0,T; L*(Qr)/R).

Since A maps K into itself, then we have P™ is bounded in L>°(0,T; H'(QF)) and 8; P" is bounded
in L?(0,T;12(2F)). By Aubin-Simon theorem in [8], there exists a subsequence denoted also by
{P"},, such that

P" — P*, asn — 400, in L°(0,T; L*(QF)).

By the concept of uniqueness of limit, we get P* = 0.

To conclude the continuity of the mapping A, it remains to show that Z™ — 0, as n — +00
in L>([0, 7], H'(2F)). To this end, we move now to bound 16" lL2(p) in the right hand side of
(4.3.36).

We collect the terms of the difference [GT(W™, T™)] — [Go(W, T)] as follows:

[Gr (W™, Tij — [Ga(W, Ty = (W W™ T — WWlieTi) + (TEIV W™k — Tae WW ;)

— a([D"W" T — [DW i Trg) — a(TRD"W™kj — Tie[DWk;).  (4.3.56)
It is not difficult to verify that
W W™ T — VW Ty = VW™ = W) T + IV W Z3 + (V" = W)W i T

This implies that

IV W™ Ty = VWi Tl 2y < IV W™ = Wikl 2200 | T3 2 (21

+ [V Wikl oo () 1285 20y + ITOV™ = W)W ikl 2 | Thj o (02)-
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By the Sobolev injection of H?(Qr) into L>®(2r), we get that

IV W™ Tis = VWi Tl 200,y < IV (W™ = W)]llz@m 1T 2 (@)

H IV Wikl oo @) 12" L2 () + IOV = W)W L2 @ I T 12 (021 -

Using again Lemma A.1.3 and Proposition 4.3.5 noting that ||7;||H2(QF) < R as the mapping N

maps K into itself, we obtain

IV W™ Tt = VWi Tl 22

k
< Ko(IW™ = Wle ) + IW e 127 Iz + 2 155 = (Bl (o17x%) ) -
=1

The other terms in (4.3.56) can be treated in similar way, and thus we obtain

IGa W™, T)] = [Ga(W. T]llL2 ()

k
< K0(||W" — Wla @ + IWlas@m 12" 2@ + D 1 — (hzn)/HLOC([O,T]XO))- (4.3.57)

i=1

Moreover, by Holder’s inequality and using the Sobolev injections noting that ]\7’]\1{2(9 o) <R, we

obtain

(W =wm+ ?;(X(.,t),t) - a;;n (X"(.,),1)) - V)T o
k
< Ko([IW = W™l ) + 3 (h) = (o11x0)))- (4.3.58)
Using similar arguments as above, we get
k
(P =D") W l[L2p) < KOT; 175 = (hi")ll o= (0,11x 0) (4.3.59)
DWW = W)z < KollW — Wi q,)- (4.3.60)

Putting together inequalities (4.3.57)-(4.3.60), we deduce that

k
I OllLary < Kof (We+2r) (W () = W)l @) + Y 1 — (B2) |2 (o11x0) )

=1

+ We|W(@)|lus o) ||Z"(7f)||L2(QF)}-
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4.3 Local existence to standard Oldroyd model

By combining the above estimate with inequality (4.3.36), we obtain that

We

d n n n
(12" Oz 0,)) + 12O e,y < KoWel Wlhas o 12" Ol

k
+ K0(||W = Wl p) + > 110G — (h?)/HLoo([o,T]xo)) 12" () |lL2(p)-
=1

By Young’s inequality, we get that

We d

7%HZ”(t)H%Q(QF) < Ko (We||W(t)||H3(QF)HZn(t)H%?(QF)

k
H W (@) = W) e + 2 10— B2 1 =(o11x0))-
=1

Integrating both sides of the above inequality with respect to time on (0,t) C (0,7), we get that

t
120 a0,y < KaWe [ 1W(s) s 127(5) o, ds

k
+ KoT (W = W3 o iz @) + D 15 = (W) e 0,110 )
=1

Gronwall’s lemma implies that
k
1Z™()F20p < KOT(HW = W E oz ) + 2 I0E = (h?)'H%w([o,T]xo))-
i=1

The above relation implies that
T" =T, as n— +oo in L>(0,T;L*(QF)).

We deduce from Corollary 4.3.1 and Proposition 4.3.4 that the mapping N admits at least one
fixed point by applying Schauder fixed-point theorem . Consequently, we obtain the local existence
of a strong solution of problem (4.1.14)-(4.1.21), (4.1.25)-(4.1.26). Therefore, to prove Theorem
4.1.2 we need to show the uniqueness of the solution in its class of existence.

Suppose that the mapping N admits two fixed points (W', Q', 71, (hl, w})iz1,..k) and
(W2,Q% T2, (h?,w?)i=1,. %) in K. This implies that

N(Wla Qla Tla (hzla wil)iil,...,k) — (Wla le Tla (h’zlv w})i:l,...,k‘)a
N(W2> Q27 T27 (h?, w?)iil,...,k) = (W27 QQa T27 (h‘?a w?)iil,...7k)-

139



Chapter 4. Existence Results for the Motion of Rigid Bodies in Viscoelastic Fluids

Denote by Y, X? gkt?, I‘kz,U’ P?, etc the terms corresponding to (W*, Q°, T°, (h} s g)J=1,~--,k’)-

Moreover, we denote by Y = Y1 — Y2 h; = hi1

— h?, etc. We get that the difference (W, Q, T,

(hi,wi)i=1,..k) satisfies system (2.3.1) and
oT 1, ovt _ .
5+ ((w+ S (X0, D)-V)T =G, inQpx]0,1], (4.3.61)
with zero initial conditions and source terms:
Fy = (1=r)((L" = 2)W]+[(L = LYW?) + [(V - GHQ] - [(G* - G*)Q?] — Re([M'W]
+H(MY = MHYW?] + [N'W] — [N?W?)) + [div' T] + [(div — div?) T2,
Fl,i = - Tuidl“i,
oB;
Py = —/ Tvi - (y — hY)dry,
oB;
oy'? oy? . - 5
G = —((W+ (X, 0),0) = S (X2, ),1)) - V) T2 = [Ga(W, TH] + [Ga (W2, T2)]
8t ot
L 2w 4 2ipt — Dy
WeT—l-We[D W]—i—We[(D DYYW=].
Using similar arguments as previously, we obtain
1d ()2 2
5 37 (Bl (D)]E 0,y me )2+ Tilw(®)2) + (1 = ) [VW (B2 0)
= Fo(t) - W(t)dy — T(t)n-W(t)dl'. (4.3.62)
Qr o p
By performing integration by parts, one has:
o (oY} )&
div'T]- W d :—/ (XD (XYW Tredy + T(t)n-Wdl. (4.3.63
J T Wy = [ (G T W) Tdy + [ T(0) (43.63)
However, we have by Lemma A.1.3
9 0V 1.0V 4 2 2 /
oy G XD G XOWa) Ty < KollW ey + 1T gy + &I VW lhizcoy- (4364
Moreover, using again Lemma A.1.3 we get
| /Q (L= A)W]-Wdy| < KoT|W g (4.3.65)
F
[V =6hQlway| < KaTI9Qlu-10 W e (4:3.66)
F
| I Way| < IVl + W (4.3.67)
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4.3 Local existence to standard Oldroyd model

Replacing X by X! and X™ by X? in propositions 4.3.5 and 4.3.6, we get that

k
1L = LYWLz < KoT > 1Rl 2 (j0,11x0)
=1
k
I[(MY = MWz < Ko D il Lo jo.71x0)
=1
k
I(G" = G*QMIl2p) < KoT Y 1hill Lo jo.71x0)
=1
k
I[(div! — div®) Ttz < KoT Y IRl e o.71x0)-
=1

Moreover, we have

k
[, (VW= VW21 W] < KollWI o, + IV I + KT 32 181 o0y
(4.3.68)

De Rham theorem implies that

IVQlla-1r) < CUIWlla(@p + 1 Folla-10p))- (4.3.69)

Hence, by using the above estimates and choosing € and T' small enough we get

|

k
(RelW (1)) + Dl ()2 + Tilw(®)?)
=1

k
< Ko(Rel|W () 320, + S~ ori<o) + 1T Reqy) (43.70)

DN | =
IS

t

By multiplying equation (4.3.61) scalar by 7 in L?(Qr) and using similar arguments as above, we

get

We d
T%HT(&H%?(QF) + HT(t)H%Q(Qp)

k
< Ko((l W) s @) 1T Oz + € IW Ol 0 + D Hh;(t)H%N([O,T]XO))'
=1
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It follows that

|

k
(RellW (0) 22y + SRS + Tiw(®)? + Wel T(0)32(0,)
=1

DO | =
U

t

k

< Ko(1+ W (t)llus () (Re”W(t)Hi?(QF) + > TR F o (0.17%0) + WeHT(t)”%%QF))'
=1

Integrating the above inequality over (0,t¢) C [0,7], and applying Gronwall lemma we get that for
T small enough

(W7 vaTv (hiawi)i:L...,k) = 07 in QF X [OvT]
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Appendix

In the first part of this appendix, we recall some properties of the transforms X. The second
part is devoted to show that there exists a strong 2-extension operator E for Qp(t). We end this
part by bounding the H? norm of the velocity field u. Finally, we prove Proposition 4.2.1 in the

last part.

A.1 Technical details on the change of variables X

In this section, we recall the the transform X and some easily verified properties of X and its
inverse mapping Y. To this end, we fix k functions h; : t — h;(t) such that for i € {1,...,k}, we
assume that h; € H%(0,T;R?). Moreover, we define a family of regular cut-off function {¢;}%_; such
that each has a compact support contained in B(h;(0),r; + 3) and equal 1 in a neighbourhood Vp,
of i-th disk contained in B(h;(0),; +4), where r; denotes the radius of the i-th disk. Furthermore,

we define the mapping A : R? x [0, 7] — R? by

k
Az, t) = ZVL(h;(t) -xtabi(x)).
i=1



Chapter A. Appendix

The mapping X is defined as a solution of the following Cauchy problem:

W) = AX(0.0, t o1

X(y,0) =yeR.

(A.1.1)

For all y € R?, the initial-value problem (A.1.1) admits a unique solution X(y,.) : [0,7] — R2,
which is C! on [0, T]. Moreover, the mapping X (.,t) is a C*°-diffeomorphism from O into itself and

from B; onto B;(t) whenever B;(t) C Vp,. Furthermore, the inverse mapping Y of X satisfies

oY
5 (@:8) =AY (2,8),t =), t€]0,T], (A.1.2)

Hence, one can easily verify that for all ¢ such that B;(t) C Vp, we have

Y(z,t) =z — hi(t) + hi(0), ifx € OB;(t),

Y(z,t) =0, ifze 00.

Moreover, we have

%(m,t} = —hi(t), ifz € dB;(t), (A.1.3)
%(z,t) =0, ifze€00. (A.1.4)

First, we recall that for T" > 0,

k
IWlwo,r:00) + HQ”LZ(O,T;HI(QF)) + Z 2 |20, 7ir2) + ||w'£||L2(O,T;R) + 1T lz0,1500) < R}~

1=1
We recall also that Ng and N¢ be two positive quantities which satisfy the following conditions
(see Chapter 4):
i. Nk is a positive function of (h},w?)iz1 k. ol (), 170/l (@), T and R which is non-
decreasing with respect to T, R, ||[uol|g1(q,) and (1R, |RE s |w?])iz1.... k-
ii. N¢ is a positive function of (hl,w?, )iz _k, |uollat (), 7 and T" which is non-decreasing

with respect to T, [|uo|le (), [70llm: (o) and (IB2], ], [P )i=1,...k-
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A.1 Technical details on the change of variables X

The following lemma allows us to bound the coefficients of the operators in the source terms in
the linearized problem corresponding to problem (4.1.14)-(4.1.24). We refer the reader to [40] for

a similar proof.

Lemma A.1.1 Suppose that (W, Q, T, (hi,w;)i=1,..kx) € K, then there exists two constants Ni and
N¢ satisfying conditions (1) and (ii) respectively, such that

8i+jX . .
H87y L>([0,T]x O) < Nk, Hay%ayg ’LO"([O,T]XO) < NkT, 1<i4+j5 <3,
Y 8i+jy . .
H% Lee([0.T]x0) = N Haxﬁﬁx ’Loo([o Tx0) SNk, 1<i+5<3,
0?X,, %Y,
H@T?yg Lo ([0,T]xO) < Nk, Hm }LO"([O,T]XO) < Nk, L,m,n € {1,2},
| =] < NiT, |2 - < NKT, 6me {12},

ayg Oxyp L>([0,T]x O)
g™ = 6nll oo o 1x0) < NKT,  Nlgme — 65l 2o o,11x0) < NxT,  £,m € {1,2}.

L ([0,T]x0)

By using Cauchy-Schwartz inequality and mean value theorem, one can easily check the following.

Lemma A.1.2 Suppose that (Wl,Ql,’Tl, (h},w})izl’m’k) and (W2 Q2,72 (h?,w?)izl,m,k) mn IC,
and let Y",Xl,I’;kg, etc. the terms corresponding to (W* Q% T, (h;, ;)J=1k) Then there exists
a constant Nk satisfying condition (i), such that the functions h; = h} — h?, X =X'— X2, and

Y =Y —Y? satisfy the following inequalities:

k
Ihll e oryxo) < N TV (lhill 2 rmey, 1< €<k,
=1
HM <NKT1/2Z||h lr2rme), O0<m+n<3
Ay oYL lLe([0,T]x0) P pou= -

omrny

H Az 9z |l L ((0,7]x0)
*Xm

H 8t8yn < ([0,T]x O)

<NKT1/2Z||h lz2(0,rir2), 0<m+n<3,
=1

< NKT1/2Z ||h ||L2 (0,T;R2)> m,n € {LQ}
=1

<NKT1/QZ||h ||L2 (0,T;R2), m,n € {1,2}

H 8t81‘n >=([0,7]1x0) i=1
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Next, we recall that

K= {(W,fo, (hiywi)i=1,...k) € S0, T, Q) : Wiz rap) TIT |01 @) @l 220182 (21))
k

+ ||VQ||L°°(0,T;L2(QF)) + HatVQHLZ(o,T;H—l(QF)) + Z A ”Lw([O,T}xRQ) + HWZI‘HLOO([O,T]X]R) <R,
i=1

TNl oo 075112 (24)) < R/}7

Also, we recall that Ky and Cj are two positive constants which satisfy the following assertions
(see Chapter 4):
i. Ko is a positive function of (hj,w)i=1,...k, [uollm2(p), 170/l g2, T and R which is non-
decreasing with respect to T, R, HUOHHQ(QF) and ([h9], [h}], [wd])iz1, k-
ii. Cj is a positive function of (h},w?, )i=1. &, |uolla2(0y), and T' which is non-decreasing with
respect to T, ||uo||mz(ap), 170l (e and (JAF], [Ri], |wf])iz1,... k-
The following lemma is essential to prove that the source term Fy defined in (4.2.3) is in the good

space to apply Proposition 4.3.1. We refer the reader again to [40] for a similar proof.

Lemma A.1.3 Suppose that (W, Q, T, (hi,w;)i=1,..k) € K and let A, X, and Y be the terms corre-
sponding to (W, Q, T, (hi,w;)i=1..x) € K. Then then there exists a constant Ko satisfying (i) and

a constant Cy satisfying (ii) such that

17 Lo 0,11x 0) < Co + KoT, H;;t;ﬁ HLOO(()T}XO) <Co+KoT, 0<i+j<4,1<l<Ek,
0X 9t X o
Hi L= ([0,T]xO) < Ko, Byi 0yl HLOO (0.71x0) < KoT, 1<i+j<4,
oY oty o
Hi Lo ([0,T]xO) < Ko, Ot O HL"C(OT]xO) < KoT, 1 <i+j <4,
H =K o Xon H <K L,m,n € {1,2}
8’58?” r=(omx0) = 9Dy Dyn | L= (0.11x0) = o A
Yy,
Hataxg Lo ([0,T]x0O) < Ko, HWHLOC( [0,T]x0) < Ko, £;m,n € {1’2}7
Ha;f)?( Le=([0,T]x0O) = Ko, Ha;t};HLoo ([0,T]xO) < Ko,
HTZM - mHLO@([O,T]xO) < Ko, H Oxy mHLOO([O,T]xO) < KoT, {,me{l,2}.

We recall that the functions g%, 9i; and Fﬁ ; are defined as follows:

”_Z 8Y 8Y Zanan k - 1igk£{8gw+8gjg _891-3}.

By 0z, T T dy; Oy;’ bi=3 Oyj  Oyi Oy

(=1
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By noting that ¢"/(0) = ¢;;(0) = 6} and using mean-value theorem, we get
9 — 5 s < KoT, ||gij — 64|l 1 < KoT, Vi,j € {1,2 Al
] k) - bl -
19" = 83l (o.11x0) < K0T, [|gij — 05l Lo (jo,1)x0) < KoT, Vi, j € {1,2} (A.1.5)

Moreover, we get the following as a direct consequence of Lemma A.1.3 .

Corollary A.1.1 There exists a constant Ky satisfying (i) such that

197\ L (o.11x0) < Koy 0% 4l oo o.11x0) < KoT,
dq ort
H E;;g ‘LOO ([0,T]xO) < KoT, H angk HLoo ([0,T]x O) < KoT,
024
H@yg(gym HLOO([O,T]X(’)) < Ko, H@ygaym HLoo ([0,T]xO) < KoT-
og’k or
H ; HL@O ((0,T]%x0) < Ko, H ]kHLoo ((0,T]x0) < Ko,
829]k <K < K,
HatakaLw([o,T]xo) =0 H 8t8yg Lo ([0,T]x O) 0

We move now to derive some estimates which will be helpful in bounding the terms in the right
hand side of (4.3.35) and (4.3.36) in terms of the terms in the left hand side of each one of them.
For (W™, Q",T", (h},w?)i=1,. k) and (W,Q, T, (hi,w;)i=1,..k) € K, we denote by X™, Y™, gm,
I’f]”, the terms corresponding to (W™, Q™, T™, (h?*,w);—1...x) and by X, Y, g% Fzy? ... the terms
corresponding to (W, Q, T, (hi,w;)i=1,...k)-

It is important to note that the transforms X and X" satisfy the estimates in Lemma A.1.3

independent of n. We denote by X" = X — X™ and Y™ = Y —Y™. Then using arguments identical
to that given in [40] shows that X™ and Y™ satisfy the following.

Lemma A.1.4 Assume that (W, Q, T, (hi,w;)i=1,.. k) and (W™, Q",T", (h}',w})i=1,.. k) € K, for
alln > 1.

Then there exists a constant Ky satisfying (i) and a positive constant C such that

k
< KOTZ 1 — (h?)/HL‘”([O,T]XO), 0<l+m <3,
i=1

aEerXn
H 8y18y2 Lo ([0,T]xO)

a€+myn k , o

|5oramm ooy < FOT oM = () ooy 0 E+m <3,
1 2 ’ =1

81+£+an

Aia A < K ! n o 1< <
H Otoyt oYy lL==([0,11x0) 0 Z 175 = (Bi")'l| Los (jo,11%0) </l+m <3,

H 31+€+m}7n

P < K, Rl — o 1</ < 3.
otox{ oz Lo (j0,11x0) OZ” ) l=(t0,11x0) Se+ms
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Finally, the following is a direct consequence of Lemma A.1.4.

Lemma A.1.5 There exists a positive constant Ky satisfying (i) such that

k
197 (X) = g™ (X" eo.mix0) < BoT D 1 = ()|l o= (0,11x 0.
/=1
0 . - k
Y (g _ijn n I pmy
H@yk (g (X> g <X ))HL"O([QT]X(’)) < KOTezzl th (hﬂ) HLOQ([O,T]XO)u
k
I, (3) = Ty(X™) Miseqorioy < BoT Y l1he = (h) | o=(po,r1x0).
/=1
0 ) i,m n ! n
H@(F%Z(X) - Fj[ (X ))HL"’O([O,T]XO) >~ [)T Z ||h h HLoo OT]XO)

A.2 Proof of Lemma 2.4.3 and Lemma 2.4.4

Let X be the transform defined in (2.2.2) and consider the operators [LU|,[M U], [NU], and
[GP] are defined as in (4.2.7)-(4.2.10) (see Chapter 2). First, we show the existence of a strong

2-extension operator E for Qp(t).

Lemma A.2.1 There exists a strong 2-extension operator E for Qp(t). Moreover, there exists a

positive constant k = k(e) such that for u € H2(Qp(t)), we have:

[Bullrzmey < Ellulle@p @) (A.2.1)
[Eullgrey < kllulla@p @) (A.2.2)
[Eullgzrey < kllullaop@)- (A.2.3)

proof. Let t < Ty, 0 < & < v and u € H?(Qp(t)). We consider a family of smooth functions
Xi Fi—=1.... 1 each of compact support included in [—r; — £, r; + £] and equals to one on [—r;, r;]. For
s 2 2

cach i € {0,...,k}, we define the function v : Qp(t) — R?, such that
u® (@) = xille = hi(t)Ju(z), 1<i<k

and

W = u— 3,

i=1



A.2 Proof of Lemma 2.4.3 and Lemma 2.4.4

Moreover, for i € {1,...,k}, we define the function v : B(h;(0),r; + §)\B;(0) — R? by
0@ =@ (2 + hi(t) — hi(0)).

We note that v € H?(B(h;(0),7; + §)\B;(0)) for all i € {1,...,k}. We set 5 = Ev(®, where E

is a strong 2-extension operator for Qz. By Theorem 5.22 in [1], there exists a constant k = k(e)

such that
T 2@z < ku@L2p ), (A.2.4)
T e gey < klle® e @p), (A.2.5)
H@(i)HH%R?) < EJu® |20, (1)) - (A.2.6)

We note that 7¥) vanishes outside B(h;(t),r; + $) for all j # i. Finally, we set
k .

where 7 (z) = 79 (x — hi(t) + h;(0)),Vi € {1,...,k} and (% is the extension of u(®) by zero over
the disks. We remark here that @) € H?(R?) and for simplicity we remove the tilde.

Hence, for x € Qp(t) we have

k
Bu(z) = v (2) + > 79 (x — hi(t) + hi(0)).
i=1
Ifz e B(hj(t),’l“j + %)\B](t), then x — hj(t) + h](O) S B(hj(O),’r‘j + %)\B](O) and x Q_f B(hi(t),ﬁ +
5)\B;(t) for all 7 # j. Hence, for all i # j, we have x — h;(t) + h;(0) & B(h;(0),r; + 5)\B;(0) and

thus
Eu(z) =u(2) 470 (x — h;(t) + h;(0))

k
Now, if x € Qp(t)\ U B(h;(0),r; + %), then z — h;(t) + hi(0) & B(hi(0),r; + 5) and thus
i=1

Eu(z) = u(z) = u(z).
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Moreover, there exists a positive real constant k = k(e) such that
k

IBullrz@ey < 0@ lpzme) + 3 1189 |22
= 1

< kllullL2@pey) + Z P92 g2)-

This implies that
k

1BullL2@ey < klullez@pe) + 5 Y 4@ lle2@p
=1
Hence, we get
| Eull2mzy < kllullLz@p ) (A.2.7)
In a similar way, we can prove
|Bullg 2y < kllulla @p @) (A.2.8)
[Eullmzmey < kllullazop@)- (A.2.9)

Next we prove the following Lemma.

Lemma A.2.2 Let u be the unique strong solution of problem (2.1.1)-(2.1.6). Then there exists

Ty small enough, such that for almost every t € [0,T}], we have

lu(®)llr2p ) (H )| + a2 0p ) + 1V 2@p) + 17O lz@ea) + 1),

L2(Qp (1))

where K is a positive constant that depends on Qp, Bi, p;, v, To, ||uollL2wey and || f]l 20,112 (R2)) -

proof. We can consider that the solution (u,p) is a solution of the following problem at a fixed

time ¢ > O:
u—vAu+ Vp = f, in Qp(t),
V-u=0, in Qp(t), (A.2.10)
u(z,t) = hi(t) + wi(t)(x — hi(t))t, x € B;(t), Vi € {1,...,k},
where
. ou
f:—a—(u-V)u+f+u. (A.2.11)



A.2 Proof of Lemma 2.4.3 and Lemma 2.4.4

We define for (y,t) € R? x [0,7] and i € {1,...,k}, the mappings:

wily, 1) = W(1) -+ 0y~ mi(o))2

Finally, we define the mapping A : R? x [0, T] — R? by
B k
A(:Iil,wg,t) = ZVJ‘(@ZCZ) (A.2.12)
i=1

We note here that
Ay, t) = hj(t) + wi(t)(y — hi(0))*, Vy € B;,

and

A [2(0,0 ¢ <CZ|h' )|+ wi(®)]), vt € [0, Tp).

Lemma 2.4.1 implies that
- 1
Al 52 (p ) < CMZK;.

By using the change of variables X defined in (2.2.2), we see that (U, P) as defined in Chapter

2 (see Section 2.2) satisfies the following problem:

U—-vAU+VP =g, in Qp,

V.U =0, in Qp, (A.2.13)
Ulos, = Mos,, Vie{l,... k}
with
- oUu
=v[(L =AU =[G =V)P] = [MU] = [NU] = -+ F + U, (A.2.14)

where [LU], [MU],[NU], and [GP] are defined as in (4.2.7)-(4.2.10).
By Theorem 2.1 in [15], there exists a unique (U, P) € H?(Qp) x H'(Qr) solution of problem
(A.2.13). Moreover, there exists a constant Cg = C3(v, ) > 0 such that

U202 + IV P2z < Ca(lgllpz@ez + 1Al m2m@e)2)- (A.2.15)
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We start with estimating the first term in the expression of §. We have:

L— AU < 3 — 5 Ui
L= 80kl ey < 32 1™ = Bl 5y 5
2 ik 2
g’ oU; ke i oU;
+J%::1H Dy, HLoo Q) Hayk L2(QF)+2,]%:: lg HLOO(QF)HFJ”“HLW(QF)H 8yg‘L2(QF)
2
kL
+]21{H N R T e
2
+ 3 16"z (@) 1Tl e (@) I Tkl 2o 02y HIUi 2020
m=1
(A.2.16)

In what follows, we denote by K a positive constant that depends on Qp, B;, p;, v, To, [|[uol|L2®2)
and || f[|2(0,7p;2(r?)) that may changes between lines.

From the definition of ¢%, g; j and F ; respectively in (2.2.14), and by applying the same technique
of proof of Lemma 6.4 and Corollary 6.5 in [40], we get for all 1 <i,j,k < 2:

97 = GGll e mey < KT1,  lgij — 0jll oo me) < KT,

0g" 0

|= <KTi, |22 < KTy,
8yk L (R2) 8yk Lo (R2)
k

T35 1 Loo (r2) < KT, H aye o) S < KTy.

Combining the above estimates with (A.2.16), we obtain that

1L = AUl 20y < KT3IV ler2 - (A:2.17)

By the same way, we get that there exists some positive constant C' such that

[[(V-G)P HLz Qr) < KT1||VP||L20p),

H i||L2(QF) SCHUHHl(QF)a

INULil oy < U D)V leaag) + KT U2 gy

and thus

I5llcz e < | o]l o+ MU - DYliaqap) + KT (U lkge) + IV Pleea)

L2(Qr)

+ C(IFle2p) + 101200 + IVU 20,y + 1) (A2.18)
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A.3 Proof of Proposition 4.2.1

Combining the above inequality with the estimate in (A.2.15), we obtain for 7} is small enough:

Cy (10U
Ul IV Pl < o | 5

2 2
L) U -VUll2 ) + U1 200 + VU 12001

+1Flleop + [ Alaege) + 1} (A.2.19)

Bounding the transform X and its derivatives up to order 3 from above as in Lemma 6.4 in [40],

we get that

lullterey) < KlUllL2op): (A.2.20)
U2y < KllullLzp): (A.2.21)

ou ou
HE’ L2(QF) = K(Ha‘ L2(Qp(t)) + HUHHl(QF(t)))’ (A222)
IV VWl < Kl (A42.23)
IVulliz@ee = KlUla@p), (A.2.24)
IV?uliz@pps < KlU[e20p)- (A.2.25)
By combining these estimates with that in (A.2.19), the proof of Lemma 2.4.4 is complete. U

A.3 Proof of Proposition 4.2.1

For completeness, we recall the statement of Proposition 4.2.1.

Proposition A.3.1 Let G € L?(0,T;L2(QF)) and 79 € HY(QF) such that 7§ = 79. Then problem

WeZ+T5AT=Q, in Qpx]0,T],
oT
€5y = 0, on 9Qrx]0,T], (A.3.1)

T(O) =170, z’nQF.

admits a unique solution T € T(0,T;Qr). Moreover, there exists a positive constant K depending

only on Qr and T'; non-decreasing with respect to T', such that

I TN 220,12 0)) + 1T 2o 0,080 () + 1T it 0,mm2000)) < K (170l ) + 191 200,702 (000))) -
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Chapter A. Appendix

Before giving the proof of the above proposition , let us define the following spaces:

Lgym = {TELQ(QF)TT:T}a

Hslym = {T € HI(QF) : 7—T = T}7
oT

D(An) = {TeB*(Qp):TL =T, 5, = 0on ONp}.

For T and ¢ in L2

sym» we define the scalar product (., .) r2,, as follows:

(T o)z, =We [ T :ody. (A.3.2)
ym O

Hence, Problem 2 is equivalent to the following Cauchy problem:

T+ ANT = G,

(A.3.3)
T(O) = 170,
where Ay : D(Ay) — L2, is defined as follows
1
and § = ——g
nd G = —4G.
We
We use semi group theory to solve problem (A.3.3). For (T,0) € [D(An)]?, we have
(ANT o) —e / VT : Vody + / T : ody. (A.3.4)
sm Qp Qp

Thus Ay is symmetric and we are almost ready to prove that Ay is self -adjoint. To do so, it
suffices to show only that it is maximal monotone [9].

Setting o = 7 in (A.3.4), we get that Ay is monotone. Now, we are in position to show that Ay
is maximal monotone. This is equivalent to show that for all g € Lgym, there exists 7 € D(An)

such that
(I+AN)T =g. (A.3.5)
To this end, we multiply scalar (A.3.5) by o € L2 and we get that

sym

(Tv O-)Lgym + (ANTv O)Lgym = (97 J)L (A36)

2 .
sym
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A.3 Proof of Proposition 4.2.1

In particular for o € Hslym, we have

(We+1) T:ody+e VT :Vody = We/ g:ody. (A.3.7)
Qp Qp QF

By Lax-Milligram theorem, there exists unique 7 € Hslym satisfying (A.3.7).
Equation (A.3.7) holds for all o € D(QF) such that 07 = ¢. This means that

(We+1)T —eAT =Weg, in Qp,

holds in the sense of distribution.

By continuity and density, the above equation implies that for all o € H(2), we have

(We+1) T:ody+e¢ V’T:chdy—a/ 8—7-~adI“:We g:ody.
Qp Qp a0y On Qp

0
By comparing the above equation with that in (A.3.7), we get that saT =0.
n

Thus T satisfies the following problem:

(We+1)T —eAT = Weg, inQp,
oT

587 :O, on@QF.

By Theorem 3.4.3 in [3], we get that 7 € H?(2r) and thus Ay is a maximal monotone symmetric

operator. Consequently, Ay is also self-adjoint. The proof is accomplished by recalling the known

identification
D(AY") = H' ()
from [5] and the application of Propostion 3.3 in [41]. O
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