N

N

Quasisymmetric rigidity, carpet Julia sets and the
landing of dynamic resp. parameter rays

Jinsong Zeng

» To cite this version:

Jinsong Zeng. Quasisymmetric rigidity, carpet Julia sets and the landing of dynamic resp. parameter
rays. Data Structures and Algorithms [cs.DS]. Université d’Angers; Université de Fudan (Shanghai,
Chine), 2015. English. NNT: 2015ANGE0054 . tel-02131495

HAL Id: tel-02131495
https://theses.hal.science/tel-02131495
Submitted on 16 May 2019

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://theses.hal.science/tel-02131495
https://hal.archives-ouvertes.fr

Lu I'université
nantes
nam ... z
Ie mans uUniversite

POLE DE RECHERGHE ET D'ENSEIGNEMENT SUPERIEUR a 11 g e r S

These de Doctorat

Jinsong ZENG

Mémoire présenté en vue de 'obtention du
grade de Docteur de I’Université d’Angers
sous le label de L'Université Nantes Angers Le Mans

Ecole doctorale : ED STIM

Discipline : Mathématiques
Spécialité : CNU 25
Unité de recherche : LAREMA

Soutenue le 13 Mai 2015
Thése N°: 1421

Rigidité quasi-symétrique, tapis de Julia et le
débarguement de dynamique resp. parametres rayons

JURY

Rapporteurs : Guizhen CUI, Directeur de Recherche Chinese academic of Sciences (Chine)
Yongcheng YIN, Professeur des Université, Université de Zhejiang (Chine)

Examinateurs : Peter HAISSINSKY, Professeur des Université, Université Paul Sabatier
Xuecheng PANG, Professeur des Université, East China Normal Université (Chine)
Weiyuan QIU, Professeur des Université, Université de Fudan (Chine)
Lei TAN, Professeur des Université, Université d’Angers
Yongcheng YIN, Professeur des Université, Université de Zhejiang (Chine)
Gaofei ZHANG, Professeur des Université, Université de Nanjing (Chine)

Directeur de These : Lei TAN, Professeur des Université, Université d’Angers
Co-directeur de These : Weiyuan QIU, Professeur des Université, Université de Fudan(Chine)



i



Acknowledgements

Five years’” Ph.d study coming to an end, many people have helped me with this
project in one way or another, mathematically or not. Here I want to express my further
gratitude to some of them.

First of all, I would like to thank one of my advisor Professor Qiu Weiyuan. During
the three years in Fudan University, I was accompanied by his strict requirements, harsh
criticism, frank conversation and constant encouragement. He led me into the world of
mathematics research. He taught me how to read the articles, how to report the articles,
how to think the problems and how to write articles. These to me are a valuable asset.
As his student, I am feeling quietly warm and deep happiness all the time. The efforts
and time he poured to me and his tireless teachings will encourage me all my life.

[ am extremely grateful to my other advisor Professor Tan Lei. Because of her limit-
edless care and guidance, I was able to successfully complete this two-year study program
in France. She takes good care of my basic needs. She patiently explained to me the
mathematical concepts and theorems; she unreservedly share her rich life and scientific
research experience with me. she kindly recommended various academic conferences to
me. She gave very effective guidances on the topic of my Ph.D thesis, the research meth-
ods and the research directions. I will never forget her strong support and enthusiasm
help on my life and work.

I want to thank Professor Yin Yongcheng. He taught me complex analysis knowledge,
which lay a solid foundation for my entering the study of complex dynamic systems.

In the discussion sessions and daily communication, professor Yin demonstrated the
unique charisma, humility passionate quality, rigorous academic style and profound aca-
demic knowledge gave me a deep and unforgettable memories, and will guide my lifestyle.

I want to thank Cui Guizhen for his patient guidance, generous assitance and invalu-
able advice, all of which have been of inestimable worth to the completion of my thesis.

I would like to offer my thanks to professor Ren Fuyao for his help. He has too much
quality worthy of our young people to learn: optimistic, open-minded, healthy, positive,
academic heart. He gave me a beautiful interpretation of the essence of mathematics,
happy life.

Thank Professor Chen Jixiu for his precious advice in the seminars.

Thank Professor Liu Lixin for his encouragements.

1l



Many thanks go to Peter Haissinsky. He has carefully read the total draft of the thesis
and gave a lot of useful suggestion.

I also owe my sincere gratitude to my mathematical brothers and sisters: Su Weixu,
Xiao yingqing, Wang Xiaoguang, Yang Jinghua, Yang Fei, Gao Yan, Xie Lan, Fang caiyun,
Pan Hua, Zhu Guanzhou for their supports and encouragements.

I would also like to thank Li Ming, Shi Guanghua, Hou Yu, Lin Kui, Hu Long, Chen
Xin, Fu Hua Zhang, Jin Yan, Chen Yuning, and many others friends for their essential
helps.

I would like to appreciate the China Scholarship Council for support during the two
years’ studying in France.

Finally, my deepest gratitude goes to my parents for their understanding and support.

v



Contents

Contents| v
[(0__Introductionl 1
(0.1  Quasisymmetric rigidity of I, ,| . . . . .. .. ... 1
(0.2 Sierpinski carpets arising as Julia sets of rational maps|. . . . . . . . . .. 3
[0.3  Criterion for rays landing together|. . . . . . . ... .. ... ... .. ... 4
[0.4 A landing theorem on non-recurrent polynomials|. . . . . . . ... .. ... 6

(0.5 On the dynamics of a family of generated renormalization transtormations| 8

(Bibliography| 11
(1 Quasisymmetric rigidity of Sierpinski carpets r,, | 15
(L1 Introductionl . . . . . . . . . . L 15
(1.1 Motivation|. . . . . . . . . . .o 16
(1.2 Mamresults . . . . . . ..o 16
(1.1.3  Idea of the proofs| . . . . . . ... ... ... ... ... 18

(1.2 Carpet modulus| . . . . . . . .. ... ... 19
(L.2.1  Conformal modulusl . . . . . ... ... oo 19
(1.2.2  Carpet modulus|. . . . . . . . .. ... ... . ... ... 20
[1.2.3  Carpet modulus with respect to a group| . . . . ... ... .. ... 21
L.2.4 Existence of extremal mass distributionf. . . . .. ... ... .. .. 22

(1.3 Auxiliary results| . . . . . . . ... 23
[1.3.1 Quasiconformal extention of quasisymmetric map| . . . . . . . . .. 23
[1.3.2  Quasisymmetric uniformization and rigidity] . . . . . . . . . . . .. 23
[.3.3  Three-Circle Theorem| . . ... ... ... ... .. ... ...... 24
[1.3.4  Square carpets| . . . . . . . ... 25

(1.4 Distinguished peripheral circles| . . . . . . ... ... ... ... ... ... 27
(1.4.1  Distinguished pairs of non-adjacent peripheral circles| . . . . . . .. 27
[1.4.2  Quasisymmetric group QS(F,,,) is finite] . . . . . . ... ... ... 31
(1.4.3  Proof of Theorem 1.1l . . . . . . .. ... .. .. ... ... ..... 32

(1.5 Weak tangent spaces| . . . . . . . . . ... o 32




(1.5.1 Weak tangents| . . . . ... ... .. ... ... ...

[1.5.2  Quasisymmetric maps between weak tangents . . . ... ... ...

.6

Quasisymmetric rigidity| . . . . . .. ... ..

[1.6.1 Proof of main theorems|. . . . . . . . . . . . .. ... ... .. ...

(Bibliography/

2 Quasisymmetric geometry of the carpet Julia sets|

[2.3.2  Sutficiency for the property of uniform quasicircles.| . . . . . . . ..

[2.3.3  Sufficiency for the property of uniformly relatively separated. . . . .

[2.3.4 'T'he property of non-unitormly relatively separated.| . . . . . . . ..

(Bibliography|

[3  Criterion for rays landing together|

[3.1.2  Sketch of the proof and outline of the chapter| . . . . . . ... . ..

B2

Wandering Orbit Portrait| . . . . . . . ... ... ... ... ... .....

[3.3

Regulated arcs| . . . . . . . ...

[3.3.1 Extended rays|. . . . . .. ... oo

[3.3.2  Components of Jy \ {x} are arcwise connected| . . . . . . . ... ..

[3.3.3  Uniqueness of regulated arc| . . . . . .. ... ... ... ... ...

[3.3.4 Quasi-buried regulated arc| . . . . . ... ...

B

The topological polynomial | . . . .. ... ... .. ... ... ......

[3.4.1 Branched covering map|. . . . . . . . . . ... ... ... ... ..

[3.4.2  From polynomial f to topological polynomial £} . . . . . . . .. ..

vi

45

47
47
49
50
51
25
95
57
61
63
64
65

71



[3.4.3  Properties of the topological polynomial F| . . . . . .. . ... ...

[3.5 Partitions induced by critical portraits| . . . . . . . ... ... ...
[3.5.1 Supporting arguments resp. rays| . . . . ... ... ... ... ...
[3.5.2  Definition of critical portraits| . . . . . . ... ... ... ... ...
|3.5.3 Critical diagram associated to .le ...................
[3.5.4 Partition in the dynamic plane| . . . . . .. . ... ...
[3.5.5 Regulated arcs in the partition| . . . . . ... ... ... ... ...

3.6 Proof of the main theorem| . . . . . . . . . . . .. ... ... ... ...,
[3.6.1 No wandering regulated arcs| . . . . . . . ... ... ... ... ...
[3.6.2 Quasi-buried case| . . . . .. ...
[3.6.3 General casesl . . . .. ... ...

[3.7 Application to core entropy| . . . . . . . ..o
[3.7.1 Characteristicarc I.| . . . . . . . . . ...
[3.7.2  Dynamic ot biaccessible angles|. . . . . . .. ... ... ... .. ..
[3.7.3  Monotonicity of core-entropyl. . . . . . . . ... ... ..

(Bibliographyi

[4 A landing theorem on non-recurrent polynomials|

[4.2.1 Spherical metric|. . . . . .. ...

[4.2.3  Distortions of modulus, shape and turning| . . . . . . ... ... ..

[4.2.4  Convergence of rational map sequences| . . . . . . . ... ... ...

i3

A

5

Univalent maps off a finite nested disc system| . . . . . . . ... ... ...

[4.5.1 Nested disk system| . . . . . . . . .. ... ... 0.
4.5.2  The boundedness of Area,(E,W)| . . . . ... ... ... ... ...
[4.5.3  Univalent maps off m-nested and A-scattered nested disc system| . .

6

Application to rational maps|. . . . . . . . .. ...

[4.6.1 Assumption| . . . . . ...
[4.6.2  Shrinking Lemma) . . . . . . ... ... ... 0L
[4.6.3 A sequence of arbitrary small nice disks N, around o . . . . . . ..
[4.6.4 Pullback disk systems| . . . . . . ... ... . o 000000

vil



(4.6.5 The construction of {(Uy, Oy, By, Up(72), Un(17)) }pex, 0 W. |. . . . 134

[4.6.6  Properties of the desired pullback disk system. | . . . . . ... ... 136

[4.6.7  From pullback disk system to nested disk systems. | . . . . . . . .. 137

[4.6.8  Univalent maps off a pullback disk system| . . . . . ... ... ... 139

[4.7  'T'he existence and uniqueness for shift locus| . . . . .. .. ... ... ... 140
48 Prootoftheresults . . . . .. . . ... . 143
(Bibliography| 151
[ On the dynamics of a family of generated renormalization transforma- |
[tions| 153
O.1  Introduction| . . . . . . . .. 153
[5.2  'T'he location of critical points and the connected Julia sets| . . . . . . . .. 155
[>.3  The Julia set cannot be a Sierpinsk carpet| . . . . . ... ... ... 158
[5.4 Decomposition of the parameter space| . . . . . . ... . ... ... .... 159
[5.5 Quasiconformal conjugacy classes| . . . . . . ... ... 161
[5.6  Simply connectivity of the capture domains . . . . . ... ... ... ... 165
[5.7 Proot of the asymptotic formula) . . . . . . ... ... ... .00 166
6.8 Appendixl . . . .. L 172
(Bibliography| 177

viil



Chapter O

Introduction

0.1 Quasisymmetric rigidity of F),

The quasisymmetric geometry of Sierpinski carpets is related to the study of Julia sets
in complex dynamics and boundaries of Gromov hyperbolic groups.

Let S? be the unit sphere in R®. Let S = S*\U;», D;, where D;,i = 1,2, - -+, are open
Jordan domains with D; N D; = @ for distinct ¢, j. S is called a (Sierpiniski) carpet if S
has empty interior and the spherical diameter diam(D;) — 0 as i — oco. For each i, 0D;
is called a peripheral circle of S. S is called a round carpet if each D; is a round disk.

Topologically all carpets are the same |[W58|. Much richer structure arises if we con-
sider quasisymmetric geometry of metric carpets. The famous counjecture of Kapovich-
Kleiner predicts that if G is a hyperbolic group with boundary 9,,G homeomorphic to
a carpet, then G acts geometrically on a convex subset of H? with non-empty totally
geodesic boundary. The Kapovich-Kleiner conjecture is equivalent to the conjecture that
the carpet 0,,G, endowed with a visual metric, is quasisymetriclly equivalent to a round
carpet on S?2. The conjecture is true for carpets that can be quasisymmetrically embedding
into S?.

Let us recall the concept of quasisymetric map between metric spaces defined by Tukia
and Véisdld |[TV80]. Let f : X — Y be a homeomorphism between two metric spaces
(X,dx) and (Y,dy). [ is quasisymmetric if there exists a homeomorphism 7 : [0,00) —
[0, 00) such that

dy (f(z), f(y)) dx(z,y) o L
dy(f(x),f(z))§77<dx(xyz)>, Va,yzeX, v# 2

Let QS(X) be the group of quasisymmetric self-homeomorphisms of X.

Let S,, p > 3 odd, be the standard 1/p-Sierpinski carpets on the Euclidean plane.
In [BM13|, Bonk and Merenkov proved that for each S,, p > 3 odd, QS(S,) is finite
dihedral group. They further conjectured that, for any p > 3 odd, QS(S,) is a Euclidean



isometry group. When p = 3, they has showed that the conjecture is true. They also
established that a rigidity theorem that S, and S, are quasisymmetrically equivalent if
and only if p = q.

The aim of Chapter [1]is to extend Bonk-Merenkov’s results to a new class of Sierpinski
carpets F),,, (see the definition below). In particular, we are able to prove that the group
of quasisymmetric self-homeomorphisms of F,, , is a Euclidean isometry group.

Let 5 <n,1 <p < 7 —1 be integers. Let Qﬁ% = [0, 1] x [0, 1] be the closed unit square
in R?. We first subdivide Q%O;J into n? subsquares with equal side-length 1/n and remove
the interior of four subsquares, each has side-length 1/n and is of distance \/§p/ n to one
of the four corner points of Q).

The resulting set Qg}% consists of (n? — 4) squares of side-length 1/n. Inductively,
QU+ k > 1, is obtained from Qg“}), by subdividing each of the remaining squares in

’p
the subdivision of Qﬁfz)) into n? subsquares of equal side-length 1/n*+?

and removing the
interior of four subsquares as we have done above.

The Spierpinski carpet F,, , is the intersection of all sets QW e,

n,p’
400
k
Fop = ﬂ ng)a
k=0

See Figure

Figure 1: The carpet F3 .

In Chapter [I}, we improve the method in Bonk and Merenkov and prove the following

theorem,

Theorem 0.1. Let n > 5,1 < p < 3 — 1 be integers. Then



e the carpet I, , is not quasisymetrically equivalent to any standard Sierpiriski carpet
Sm, m >3 odd;

o QS(F,,) = Isom(F, ), that is, every quasisymmetric self-homeomorphism of F, , is
a Euclidean isometry;

o I, and F,y ,y are quasisymmetrically equivalent if and only if (n,p) = (n',p').

0.2 Sierpinski carpets arising as Julia sets of rational
maps

The first example of Sierpiriski carpet as Julia set of a rational map, called carpet Julia
set, was discovered by Tan Lei |[Mi93|. Later, carpet Julia sets appeared in many liter-
atures including examples of McMullen maps, generated McMullen maps and quadratic
rational maps, etc. [DFGJ14] [DLUO5| [QXY12].

There are two natural questions:

(@Q1) whether any two carpet Julia sets are quasisymmetrically equivalent?

(Q2) whether any carpet Julia set J; is quasisymmetrically equivalent to a round
carpet?

Let X be a metric space. The conformal dimension of X is the infimum of the
Hausdorff dimensions of all metric spaces which are quasisymmetrically equivalent to X.
For the question (@), Haissinsky and Pilgrim [HP12| constructed a sequence of hyperbolic
rational maps with carpet Julia sets such that their conformal dimensions tend to two.
This means there are infinitely many quasisymmetrically inequivalent carpet Julia sets.

For the question (Q), Bonk gave a sufficient condition on which the carpet in C =
C U {00} is quasisymmetrically equivalent to a round carpet.

The relative distance A(A, B) of two subsets A and B in C is defined as

dist(A, B)
min{diam(A), diam(B)}

A(A, B) =

in the spherical metric. A set of Jordan curves C = {v;}ien in C is called uniformly
relatively separated if their pairwise relative distances are uniformly bounded away from
zero, that is, there exists § > 0 such that A(y;,~;) > 6 for every distinct 4, j. The set C
are uniform quasicircles if there exists K > 1 such that each ~; in C is a K-quasicircle.
Bonk proved that, if the peripheral circles of a carpet S are uniformly relatively sep-
arated and are uniform quasicircles, then S is quasisymmetrically equivalent to a round
carpet. Recently, Bonk, Lyubich and Merenkov studied the carpet Julia set J; generated
by a postcritically-finite rational map f [BLM14]. They showed that J; is quasisymmet-
rically equivalent to a round carpet. They also proved that the group QS(Jy) is a finite

group, whose elements are restrictions of Mobius transformations on Jy.



In Chapter [2| we study carpet Julia sets in the case of postcritically-infinite rational
maps.

The w-limit set w(z) of a point € C under a rational map f is defined as the set of
accumulation points of the orbit of z. Obviously f(w(z)) C w(z). A critical point ¢ of f
is called recurrent if ¢ € w(c). A rational map f is called semi-hyperbolic if J; contains
neither parabolic periodic points nor recurrent critical points.

We prove the following theorem in Chapter [2]

Theorem 0.2. Let f be a rational map whose Julia set Jy is a Sierpiniski carpet. Let Cy
be the set of all peripheral circles of this carpet. Then

(1) If elements in Cy avoid the w-limit sets of all critical points, then

o J; 1s quasisymmetrically equivalent to a round carpet;

o QS(Jy) is discrete.

(2) If f is semi-hyperbolic, then

e clements in Cy are uniform quasicircles;

o C; are uniformly relatively separated if and only if elements in Cy are disjoint with

the w-limit sets of all critical points.

0.3 Criterion for rays landing together

Let f be a polynomials with degree d > 2. If .J; is connected, then the basin of infinity
1y, which consists of points with the orbit attracted by oo, is simply connected. Moreover,
there exists a unique holomorphic parameterization ¥, : Q; — C\ D such that ¥(o00) =
00, W(00) =1 and

Upo f(z) = (Ts(2))"

Define R() := W, {re*™ : r > 1} to be external ray with the angle 0. We say that
R(#) lands at z € Jy iflim,,1 ¥} (re?) = z. By a theorem of Carathéodory, U;' extends
continuously to dD with f(dD) = J; if and only if Jy is locally connected. Throughout
this thesis we only consider the case that J; is connected and locally connected.

Define a : R/Z — J¢, 60 — «(f) where «(6) is the landing point of ray R(¢). We have

the following semi-conjugation,

f(a(8)) = a(aa(0)),

where 0, : R/Z — R/Z is given by 6 +— df mod Z. Thus, in order to understand the
topology of the Julia set and the dynamics of f on Jy, it is necessary to figure out the
semi-conjugation o.

Chapter |3|is devoted to give an answer to the following questions.

(Q1) For any z in Jy, is the fiber a™*(z) finite?



(Q2) Give a condition under which 6,6’ are in the same fiber?

For the first question, if the orbit of z is finite, the fiber a~!(z) is finite [DH84]. If z
is wandering, Kiwi gave an upper bound #a~!(z) < 2¢ |[Ki02]. We estimate the cardinal
number in a more general case: a finite collection of wandering points with disjoint forward
orbits. We give a sharp upper bound in Theorem which is the same as that in Blokh
and Levin’s work [BL02|, by using a totally different argument.

For the second question, following [BFH92| [Po93| |Ki05|, we need the concept of
critical portrait of f.

e For a critical point ¢ in Jy, let O(c) be the set of angles of external rays landing
at ¢ such that o, maps O(c) onto exactly one angle and the external ray with this angle
landing at f(c).

e For a strictly pre-periodic critical Fatou component U, let ©(U) be the collection of
deg(f|v) angles of external rays supporting U such that all of them are pre-image of some
external ray supporting f(U).

e For a cycle of critical Fatou component Uy, -+ ,U,_1 with f4(Up) = Ui =1,--- ,p
and U, = Uy, let Uy, -+, Ui, 0 < kg < -+ < k < p —1 be critical with degree
no, -+ ,n. For 0 < i < p, choose (z;,0;), z; € OU; and R(6;) supporting U; at z; such
that f*(z) = z, f'(R(6h)) = R(6;) and fP(z,) = z,. Let ©(Uy,) be the set of angles of
external rays landing on 0Uy, which are inverse images of R(0,41), for 1 < j <.

Let A:={O(c1), -+ ,0(cn),O(U1), -+ ,0(U,)}, where {cy, - , ¢} and {Uy, - -+, U, }
are the set of critical points in J; and critical Fatou components, respectively. For any
O e A, let

6 :=J{©':Jachain O, ,0; = O in A such that ©;() 0,1, # 0}.

The collection A := {@1, e ,@N} is called critical portrait of f.

A simple case is that f is a polynomial with J; locally connected and all cycles
repelling. In this case the external rays with angles in ©; are landing at a same critical
point, and f maps these external rays to exact one external ray.

Let P :={I,---,1;} be a partition of the unit circle, where each [; is a finite union of
open intervals in R/Z\U;<;< O, with total length 1/d (See Section 3.5 for details). We say
that 6,60 € R/Z have the same sequence (itinerary) with respect to P if ok (6),o%(¢') € I,
for all £k > 0.

Biefield, Fisher and Hubbard showed that, for polynomials with all critical points
strictly preperiodic, if 0, 0" have the same sequence with respect to P, then a(0) = «(6’)
[BFH92|. Poirier extended the above result to critical finite polynomials that admit
periodic Fatou components [Po93|. In [Ki05|, Kiwi considered polynomials with all cycles
repelling and Julia set connected. He proved that if 6,6’ have the same sequence with

respect to P, then the impressions of R() and R(#') intersect.



The following result is our main result in Chapter 3]

Theorem 0.3. Let f be a polynomial with J; connected and locally connected. Let P be
the partition induced by a critical portrait A of f. If 0,0 have the same sequence with
respect to P, then either R(0), R(0') land at the same point or R(0), R(0") land at the

boundary of a Fatou component U, which is eventually iterated to a Siegel disk.

One of our motivation of the above study is to understand the core-entropy of poly-
nomials, which was first introduced and explored by Thurston. The core-entropy of poly-
nomial f is the topological entropy of f on its f-invariant set, the Hubbard tree. Let
Acc(f) be the set of all biaccessible angles 6, i.e., there exist at least two rays landing at
a(f). Then the core-entropy h(f) is related to the Hausdorff dimension of Acc(f) by the
following formula:

h(f) =log d - H.dimAce(f).

For more results on the core-entropy, we refer to [Do95| [Ti13| [Til4] [Gal3] [Li07] [Jul3].

As an application of Theorem [0.3] we prove the monotonicity of core-entropy for a
family of quadratic polynomials {f. : z — 2% + ¢, f. has no Siegel disks and J;, is locally
connected } (see Theorem [3.3). This generalizes Tao Li’s result on critical finite quadratic
polynomials [Li07].

0.4 A landing theorem on non-recurrent polynomials

Let f be a polynomial with degree d > 2. Let {1y be basin of infinity consisting of
points in C escaping to co. Denote the filled Julia set by K; := C\ Q. There exists a

Green function Gy that measures the escape rate of points to 0o, defined by

Gy :C—10,00), 2z lim

n—o0

log |/"()]

Note that G is positive and harmonic in Q. The derivative of Gy vanishes at z if and
only if z is a (pre-)critical point. Each locus G;'(r) = {z € C,Gy(z) = r} with r > 0 is
called an equipotential curve around the filled Julia set K.

There exists an unique normalized Béttcher map W, which conjugates f with z — 29
in a neighborhood of oo. \11]71 has an unique maximal radial extension to a subset of C\ D.
This radial extension terminates at a point w with |w| > 1 if and only if ‘~I!J71 extends
continuously to w and W;'(w) is a (pre-)critical point of f. Then external radius R(t)
with angle ¢ is given by

R(t) := Wt ((ry, 00)”™),

where \Ilfl(rteQ’”'t) is a (pre-)critical point of f if t;, > 1. If r, = 1, then R(t) is exactly
the external ray defined in Section [0.3]



Let P; be the set of monic centered polynomials of degree d. The shift locus Sy is
the subset of P; formed by polynomials with all critical points escaping to infinity. Let
Sy(r), r > 0, consist of polynomials f € S; such that all critical points of f are in the

same equipotential curve G7'(r) and let S := U, Sa(r).

A collection © = {Oy,--- ,0,} of finite subsets of R/Z is called an (abstract) critical
portrait of degree d if the following conditions hold.
(1) For every j, |©;] > 2 and |04(©,)| = 1, where o4 : 6 — df modZ and |A| denotes

the cardinal number of the set A.

(2) ©4,--+,0, are pairwise unlinked.
(3) 218,/ =1) =d - 1.
For another critical portrait © = {©},---,0/}, we say © = O’ if there exists a

permutation 7 such that ©; = @’T(i) for 1 <7 <d. Let A, be the collection of all critical
portraits of degree d. In |Ki05], Kiwi gave A, a compact-unlinked topology and proved
that A, is compact and connected. Critical portraits of polynomials with connected Julia
sets defined in Section [0.3] are obviously critical portraits defined here.

Now we consider the map
II : S& — -Ad

defined as following. Given any f € SJ, let {c;}i=1... » be set of critical points of f. For
each ¢j,j = 1,--- ,n, there are exact deg;(c;) external radius terminating at c;. Let ©;
be the set of angles of these external radius. Then © = {©;,--- 0, } is a critical portrait
in Ay. We set II(f) := ©.

In [Go94|, Goldberg proved that IT is surjective. Kiwi showed that IT is continuous and,
for any © € Ay, the preimage Sg = II"(©) is a one-dimensional real analytic manifold.
Precisely, the map G : Sg¢ — (0,00) which sends f to Gy(c¢;) is bijective and analytic.
Moreover, given r > 0, the restriction Il|s,) : Sa(r) — Aq is a homeomorphism [Ki05].

The connected locus C4 is the set of monic centered polynomials with degree d such
that all the critical orbits are bounded. We know that C; is a compact and connected
subset of P; |BH88|. For instance, Cs is the Mandelbrot set. To describe C4 we look at it
from outside S,.

The impression Ic,(O) of a critical portrait © is a subset of C,4, characterized by the
property that f € I, (©) if and only if there exists a sequence {f,} in S such that
II(f,) = © and f, converges to f.

Note that the impression here is slightly different from the definition in |[Ki05|, which
is bigger and containing I¢,(©) there. Kiwi proved that if all angles in © is strictly pre-
periodic, then the impression I¢,(©) is a singleton [Ki05|. He conjectured that there exist
critical portraits with aperiodic kneadings and non-trivial impressions.

In Chapter ] we give an elementary proof of the following theorem based on the tools



developed in |[CT15].
Theorem 0.4. (1) The map

P:A;x(0,00) = &) (0,7) = for

such that fo, € Su(r) induces the critical portrait ©, is well-defined, one-to-one and
continuous.

(2) Let Rg : (0,00) — S}, Ro(t) = P(O,t). Then Reg(t) forms a simple curve in S.
(Reo is called a parameter ray with the angle ©). Let f be a polynomial in Cq with no
recurrent critical points and all cycles repelling. Then Rg(t) lands at f if and only if ©

1s a critical portrait of f.

0.5 On the dynamics of a family of generated renor-

malization transformations

The statistical mechanical models on hierarchical lattices have attracted many interests
recently since they exhibit a deep connection between their limiting sets of the zeros of the
partition functions and the Julia sets of rational maps in complex dynamics [BL91,DSI83,
Qi11,|QL01,|QYG10]. The well-known Yang-Lee theorem in statistical mechanics shows
that the zeros of the partition function is dense in a line for many magnetic materials in a
complex magnetic field plane. This means that the complex singularities of the free energy
lie on this line, where the free energy is the logarithm of the partition function |[YL52].
By the works of Fisher and others [Fi65], it was generally believed that the zeros of the
partition function condense to some simple curve.

Until 1983, Derrida et al. showed that the zeros of the partition function condense
to the Julia set of the renormalization transformation of so-called standard hierarchical

lattices |DSI83|. They proved that the singularities of the free energy lie on the Julia set

<z2+/\—1>2
= ) .
22+ A —2

This means that the distribution of the singularities of the free energy is not as simple

of the rational map

as one desired. For the ideas formulated in renormalization transformation in statistical
mechanics, see [Wi71].
Recently, Qiao considered the generalized diamond hierarchical Potts model and

proved that the family of rational maps

z+A=1)"+A=1)(z— 1)m>n

Umnk(z) = < (Z + - 1)7" — (z — 1)m

are actually the renormalization transformation of the generalized diamond hierarchical

8



Figure 2: The non-escaping loci My and M3

Potts model |Qill, Theorem 1.1]|, where m,n > 2 are both integers and A\ € C* := C\ {0}
is a complex parameter. The standard diamond lattice (m = n = 2) and the diamond-like
lattice (m = 2 and n € N) are the special cases.

In this thesis, we will consider the case for d :=m =n > 2, A # 0. For simplicity, we
use Uy, to denote Uygy in (5.2)). The posteritical set of Uggy is

U Ui (0) UA1, 00}
k>0
Since both of 1,00 are superattracting fixed points of Uy, with local degree d. The

non-escaping locu M, associated to this family is defined by
Myg={AeC :UH(0) /4 1 and Ugy(0) # oo as n — oo} | J{0}.

We prove the following theorem in Chapter [f

Theorem 0.5. Let d > 2 be integer and A € C*. Denote by Jgy the Julia set of Uyy.
Then

(1) Jax is connected.

(2) If X € R, then Jyy is not a Sierpinski carpet.

(3) For sufficiently large ||, Jagx is a quasicircle and the Hausdorff dimension of Jg
18 given by .

dimp (Ja) = 1+ 410gd|)\|_di1 + O\ @),

(4) The non-escaping locus My is connected.
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Chapter 1

Quasisymmetric rigidity of Sierpinski

carpets Fj ,

1.1 Introduction

The quasisymmetric geometry of Sierpinski carpets is related to the study of Julia sets
in complex dynamics and boundaries of Gromov hyperbolic groups. For background and
research progress, we recommend the survey of M. Bonk [Bo06|.

Let S? be the unit sphere in R3. Let S = S* \ U;ey Di be the complement in S? of
countably many pair-wise disjoint open Jordan regions D; C S%. S is called a (Sierpiriski)
carpet if S has empty interior, diam (D;) — 0 as i — oo, and 9D;NID; = ) for all ¢ # j.
The boundary of D;, denoted by C}, is called a peripheral circle of S. A round carpet is a
carpet on S? such that all of its peripheral circles are geometric circles. Typical Examples
of round carpets are limit sets of convex co-compact Kleinian groups.

Topologically all carpets are the same [W58|. Much richer structure arises if we con-
sider quasisymmetric geometry of metric carpets. The famous conjecture of Kapovich-
Kleiner [KKO00| predicts that if G is a hyperbolic group with boundary d,,G homeomorphic
to a Sierpinski carpet, then G acts geometrically (the action is isometrical, properly dis-
continuous and co-compact) on a convex subset of H? with non-empty totally geodesic
boundary. The Kapovich-Kleiner conjecture is equivalent to the conjecture that the carpet
050G (endowed with the “visual” metric) is quasisymetriclly equivalent to a round carpet
on S?. The conjecture is true for carpets that can be quasisymmetrically embedding in
S? [Boll].

The concept of quasisymmetric map between metric spaces was defined by Tukia and
Viisald [TV80]. Let f: X — Y be a homeomorphism between two metric spaces (X, dx)

and (Y,dy). f is quasisymmetric if there exists a homeomorphism 7 : [0,00) — [0, 00)

such that
dy (f(z), f(y))
dy (f(z), f(2))

dX($7y>
dx(z,z)

< 1( ), Va,y,z€ X,z #z
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It follows from the definition that the quasisymmetric self-maps of X form a group QS(X).

A homeomorphism f : X — Y is called quasi-Mdbius if there exists a homeomorphism
n : [0,00) — [0,00) such that for all 4-tuple (z1,xs,x3,z4) of distinct points in X, we
have

[f(ml)a f(x2)7 f(xB)a f(l’4)] S 77([5751@27953’954])7

where
dx(ﬂfl, $3)dX(5172, 934)

dX(fL'h I4)dx($2, 903)

[xla Xo, T3, .CU4] —

is the metric cross-ratio.

It is not hard to check that a quasisymmetric map between metric spaces is quasi-
Mobius. Conversely, any quasi-M6bius map between bounded metric spaces is quasisym-
metric [TV80].

An important tool in the study of quasisymmetric maps is the conformal modulus of
a given family of paths. The notion of conformal modulus (or extremal length) was first
introduced by Ahlfors and Beurling |[Ah73|. It has many applications in complex analysis
and metric geometry [LV|He09].

1.1.1 Motivation

In the work of Bonk and Merenkov [BM11], it was proved that every quasisymmetric
self-homeomorphism of the standard 1/3-Sierpinski carpet S is a Euclidean isometry. For
the standard 1/p-Sierpiiiski carpets S,, p > 3 odd, they showed that the groups QS(S,)
of quasisymmetric self-maps are finite dihedral. They also established that S, and S, are
quasisymmetrically equivalent if only if p = ¢q. The main tool in their proof is the carpet
modulus, which is a certain discrete modulus of a path family and is preserved under
quasisymmetric maps of carpets.

The following question is inspired by the above results of Bonk and Merenkov [BM11]:

Question 1.1. Determining sufficient condition on a carpet S on S* such that QS(S) is
Isom(S), the isometry group of S.

Note that QS(S53) = Isom(S;) and QS(S,) contains Isom(S,) as a finite-index sub-
group. Bonk and Merenkov [BM11] conjectured that QS(S,) = Isom(S,) for any p odd.
The aim of this chapter is to extend Bonk-Merenkov’s results to a new class of Sierpinski
carpets [, (5 <n,1 <p <5 —1). We will show that QS(F,, ;) = Isom(F, ;). This is a
further generalization of the work of Bonk and Merenkov [BM11].

1.1.2 Main results

Unless otherwise indicated, we will equip a carpet S = S\ U,y D; with the spherical

metric. Note that when a carpet is contained in a compact set K of C C CU {oo} = S,

16



the Euclidean and the spherical metrics are bi-Lipschitz equivalent on K.

Let 5 <n,1 < p<%—1beintegers. Let Q) = [0,1] x [0, 1] be the closed unit square
in R?. We first subdivide Q{) into n* subsquares with equal side-length 1/n and remove
the interior of four subsquares, each has side-length 1/n and is of distance v/2p /n to one
of the four corner points of Qg’%

The resulting set Q{!) consists of (n? — 4) squares of side-length 1/n. Inductively,
Q;’f; Dk > 1, is obtained from Q;’f])? by subdividing each of the remaining squares in

k+1 and removing the

. o . k . .
the subdivision of Q%; into n? subsquares of equal side-length 1/n
interior of four subsquares as we have done above.

The Spierpinski carpet F,, is the intersection of all the sets Q%) i.e.,

n7p7
+o0o
_ (k)
Fn,p - ﬂ n,p*
k=0

See Figure

The following theorem will be proved in Section [1.4] It shows that, from the point of
view of quasiconformal geometry, the carpets F,,, are different with the standard Sier-
pinski carpets S,,,, m > 3 odd (note that the standard Sierpinski carpets S, is constructed

from a similar process, by removing the interior of the middle square in each steps).

Theorem 1.1. Let 5 < n,1 < p < 5 — 1 be integers. The carpet F,, is not quasisym-
metrically equivalent to the Standard Sierpiniski carpet S,,, m > 3 odd.

It was proved by Bonk and Merenkov [BM11] that for m > 3 odd the quasisymmetric
group QS(S,,) is a finite dihedral group. Moreover, when m = 3, QS(S3) is the Euclidean
isometry group of S3. In Section [1.6] we will show that

Figure 1.1: The standard Sieipinski carpet Ss.
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Theorem 1.2. Let f be a quasisymmetric self-map of F,, ,. Then f is a Euclidean isom-

etry.

Note that the Euclidean isometric group of F,,, (and S,,), consists of eight elements,
is the group generated by the reflections in the diagonal {(z,y) € R? : x = y} and the
vertical line {(z,y) € R? : o = 3}.

We will also prove that

Theorem 1.3. Two Sierpiriski carpets F,,, and F,y y are quasisymmetrically equivalent

if and only if (n,p) = (n',p).

1.1.3 Idea of the proofs

The main tools to prove the above theorems are the carpet modulus and the weak tan-
gent, both of which were investigated in [BM11]. Our arguments follow the same outline
as [BM11]. One of the most important observations in [BM11] is that a quasisymmetric
self-map f of S5 should preserve the pair { M, O}, where M and O are the inner and outer
peripheral circle of S5, respectively. By counting the orbits of points under the action
of QS(S3), Bonk and Merenkov [BM11| then showed that f maps distinguished points
(points of S5 on the corner or on the middle of peripheral circles) to distinguished points.
One the other hand, f induces a “tangent map” Df between weak tangents of distin-
guished points, which is also quasisymmetry. The study of carpet modulus with respect
to the normalized quasisymmetry group of weak tangent shows that f should map M to
M and O to O.

We will first concentrate on carpet modulus of the families of curves connecting the
boundary of the annulus domains bounded by pairs of distinct peripheral circles of F,, ,,.
The extremal mass distribution of such a carpet modulus exists and is unique (Propo-
sition . This, together with the auxiliary results in Section allows us to show
that (see Section 4) any quasisymmetric self-map f of F,, should preserves the set
{O, My, My, M3, My}, where O is the boundary of the unit square and M;, My, M3, M,
are the boundary of the first four squares removed from the unit square.

It is more difficult to see that f should maps O to O. To show this, we first study
the weak tangents of the carpets (this is our main work on Section [L.5). In Section
1.6, we prove that f(O) = O by counting the orbit of a corner of O or M; under the
group QS(F,, ). The proofs of Theorem and Theorem are given at the end of this
chapter. Theorem [1.2|is much stronger than the result of Bonk and Merenkov [BM11] for
Sm,m > 5 odd.
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1.2 Carpet modulus

In this section, we shall recall the definitions of conformal modulus and carpet modu-
lus. The carpet modulus was introduced by Bonk-Merenkov [BM11] as a quasisymmetric
invariant. There are several important properties of the carpet modulus that will be used
in the rest of this chapter. In many cases, we will neglect the proof and refer to [BM11]

instead.

1.2.1 Conformal modulus

A path ~ in a metric space X is a continuous map v : I — X of a finite interval [.
Without cause of confusion, we shall identified the map with its image (/) and denote
a path by v. We say that v is open if I = (a,b). The limits lim, ,, v(¢) and lim;_,;, y(t),
if they exist, are called the end points of v. If A, B C X, then we say that v connects
A and B if v has endpoints such that one of them lies in A and the other lies in B. If
I = [a,b] is a closed interval, then the length of v : I — X is defined by

length(v) := sup z”: |y(ts) — y(tic1)|

where the supremum is taken over all finite sequences a =ty <t; <ty <---<t,=0b. If

I is not closed, then we set
length(~y) := sup length(vy|J),
J

where J is taken over all closed subintervals of I and 7|; denotes the restriction of  on J.
We call v rectifiable if its length is finite. Similarly, a path ~: I — X is locally rectifiable
if its restriction to each closed subinterval is rectifiable. Any rectifiable path v : I — X
has a unique extension 7 to the closure I of I.

Let T be a family of paths in S2. Let o be the spherical measure and ds be the
spherical line element on S? induced by the spherical metric (the Riemannian metric on

S? of constant curvature 1). The conformal modulus of T is defined as
mod(T") := inf/SQ p’do |
where the infimum is taken over all nonnegative Borel functions p : S* — [0, oo] satisfying

/pdle
.

for all locally rectifiable path v € I". Functions p satisfying (1.2.1)) for all locally rectifiable
path v € I are called admissible.
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It is easy to show that (see |[Ah66])

mod(T';) < mod(T'y), (1.1)
if Fl Q FQ and
=1 =1

Moreover, if I'; and I'y are two families of paths such that each path v in I'; contains a
subpath +" € 'y, then
mod(I';) < mod(I'y) (1.3)

If f:Q — Q) is a continuous map between domains 2 and € in S? and I is a family
of paths contained in €, then we denote by f(T') = {f o~y | v € Q}.

If f:Q — Q) is a conformal map between regions €2, ' C S? and I' is a family of paths
in Q, then mod(I")=mod(f(I')). This is the fundamental property of modulus: conformal
maps do not change the conformal modulus of a family of paths.

In this chapter, we shall adopt the metric definition of quasiconformal maps ( [HK9S|,
Definition 1.2) and allow them to be orientation-reversing. Suppose that f: X — Y is a
homeomorphism between two metric spaces X and Y. f is quasiconformal if there is a
constant H > 1, s.t. Vo € X,

i s P @) S W) 2 )
0 mindd(f@). £w) < d(z.y)

<" g
>ry =

Quasiconformal maps distort the conformal modulus of path families in a controlled
way. Let Q and @ be regions in S? and let I' be a family of paths in €. Suppose that
f:Q — Q is quasiconformal map. Then

;(mod(r) < mod(f(I")) < Kmod(T), (1.4)

where K > 1 depends on the dilatation of f .
From (|1.4)), a quasiconformal map preserves the modulus of a path family up to a fixed
multiplicative constant. So if I'y C I" and mod(I'y) = 0, then mod(f(I'g)) = 0.

1.2.2 Carpet modulus

If a certain property for paths in I' holds for all paths outside an exceptional family
[y C T with mod(T'y) = 0, then we say that it holds for almost every path in T
Let S = S*\ U2, D; be a carpet with C; = dD;, and let T be a family of paths in S2.

A mass distribution p is a function that assigns to each C; a non-negative number p(C;).
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The carpet modulus of I" with respect to S is defined as
mOds(F) = H,z}f ZP(C1)2,

where the infimum is taken over all admissible mass distribution p, that is, mass distri-

bution p satisfies

Y p(C)>1

() Ci#0
for all most every path in I'.

It is straightforward to check that the carpet modulus is momotone and countably
subadditive, the same properties as conformal modulus in (1.1)), (1.2) and (1.3). An

crucial property of carpet modulus is its invariance under quasiconformal maps.

Lemma 1.1 ( [BM11]). Let D, D C S? be regions and f : D — D be a quasiconformal

map. Let S C D be a carpet and I be a family of paths such that v C D for each v € T'.
Then

modf(g) (f(F)) = modS(F) .

1.2.3 Carpet modulus with respect to a group

We also need the notion of carpet modulus with respect to a group.

Let S = S§?\ Usen Di be a carpet and C; = dD;. Let G be a group of homeomorphisms
of S. If g € G and C C S is a peripheral circle of S, then ¢g(C) is also a peripheral circle
of S. Let O = {g(C) : g € G} be the orbit of C' under the action of G.

Let T’ be a familly of paths in S?.. A admissible G-invariant mass distribution p :
{C;} — [0,400] is a mass distribution such that

1. p(g(C)) = p(C) for all g € G and all peripheral circles C of S;

2. almost every path v in I" satisfies

> p(C)>1

v Ci#0
The carpet modulus modg,(I") with respect to the action of G on S is defined as
— 2
modg/c(I") := Hpﬁ; p(0)*,

where the infimum is taken over all admissible G-invariant mass distributions. In the
above definition, p(O) is defined by p(C) for any C' € O. Since p is G-invariant, p(O)

is well-defined. Note that each orbit contributions with exactly one term to the sum

>0 P(O)z-
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Lemma 1.2 ( [BM11]). Let D be a region in S* and S be a carpet contained in D. Let
G be a group of homeomorphisms on S. Suppose that I' is a family of paths with v C D

for each v €T and f: D — D a quasiconformal map onto another region D CS2 We
denote S = f(S), T = f(T') and G = (f|s) o G o (f|s)™", then

mod F) = modg/g(F).

sal
Lemma 1.3. Let S be a carpet in S* and ¥ : S*> — S? be a quasiconformal map with
U(S) =8, :=T|g. Assume thatT is a V-invariant path family in S* such that for every
peripheral circle C' of S that meets some path in T' we have " (C) # C for all n € Z.
Then modg, ik (I') = kmodg ) (I') for every k € N.

This is ( [BM11], Lemma 3.3). In this Lemma, (1)) denotes the cyclic group of home-
omorphisms on S generated by v, and I' is called V-invariant if U(I') = I". This lemma
gives a precise relationship between the carpet modulus with respect to a cyclic group

and its subgroups.

1.2.4 Existence of extremal mass distribution

Let S = S*\ {D;},C; = 90D, be a carpet and ' be a family of paths on S?. An
admissible mass distribution p for a carpet modulus modg(T") is called extremal if modg(T")

is obtained by p:
mass(p) = Zp(C’i)2 = modg(I).

Similarly, an G-invariant mass distribution that obtains modg,(I") is also called extremal.

A criterion for the existence of an extremal mass distribution for carpet modulus
(with respect to the group) is given by [BM11]. Recall that the peripheral circles {C;}
are uniform quasicircles if there exists a homeomorphism 7 : [0,00) — [0, 00) such that

every C; is the image of an n-quasisymmetric map of the unit circle.

Proposition 1.1. Let S be a carpet in S? whose peripheral circles are uniform quasicircles,
and let T' be an arbitrary path family in S* with modg(T") < +o0c. Then the extremal mass

distribution for modg(T") exists and is unique.

This is ( [BM11], Proposition 2.4). The uniqueness follows from elementary convexity

argument.

Proposition 1.1. Let S be a carpet in S* whose peripheral circles are uniform quasicircles.
Let G be a group of homeomorphisms of S and T be a path family in S* with modg,(T") <
+00. Suppose that for each k € N there exists a family of peripheral circles C of S and
a constant Ny € N with the following properties:
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1. If O is any orbit of peripheral circles of S under the action of G, then #(ONCx) <
Ny, for all k € N.

2. If T'y 1s the family of all paths in T that only meet peripheral circles in Cy, then
I'=U, .

Then extremal mass distribution for modgq(I') exists and is unique.

This is ( [BM11], Proposition 3.2).

1.3 Auxiliary results

In this section, we collect a series of results obtained by M. Bonk and his coauthors
IBKM|Bol1|. The theorems and propositions cited here are the cornerstone of our later

proof (as well as they were for the proof in [BM11]).

1.3.1 Quasiconformal extention of quasisymmetric map

Proposition 1.2. Let S be a carpet in S? whose peripheral circles are uniform quasicircles
and let f a quasisymmetric map of S onto another carpet S C S2. Then there exists a

self-quasiconformal map F on S* whose restriction to S is f.

This is ( |[Boll|, Proposition 5.1).

1.3.2 Quasisymmetric uniformization and rigidity

The peripheral circles {C;} of S are called uniformly relatively separated if the pairwise

distances are uniformly bounded away from zero. i.e., there exists § > 0 such that

diSt(Ci, C]) S5

A, ) = min{diam(C;), diam(C;)} ~

for any two distinct ¢ and j. This property is preserved under quasisymmetric maps. See

( |Boll], Corollary 4.6).

Theorem 1.1. Let S be a carpet in S? whose peripheral circles are uniformly relatively
separated uniformly quasicircles, then there exists a quasisymmetric map of S onto a round

carpet.

This is ( |[Bol1|, Corollary 1.2). Recall that a carpet S = S?\ U D; is called round if

each D; is an open spherical disk.

Theorem 1.2. Let S be a round carpet in S* of measure zero. Then every quasisymmetric

map of S onto any other round carpet is the restriction of a Mobius transformation.
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This is ( [BKM]|, Theorem 1.2). Here by definition a Mobius transformation is a
fractional linear transformation on S? = C or the complex-conjugate of such a map. So

we allow a Mobius transformation to be orientation-reversing.

1.3.3 Three-Circle Theorem

Let S C S? be a carpet. A homeomorphism embedding f : S — S? is called
orientation-preserving if some homeomorphic extension F' : S? — S? of f is orientation-
preserving on S? (such an extension exists and the definition is independent of the choice

of extension, see the proof of Lemma 5.3 in [Boll]).

Corollary 1.1. Let S be a carpet in S* of measure zero whose peripheral circles are
uniformly relatively separated uniform quasicircles and C;,i = 1,2,3 be three distinct
peripheral circles of S. Let f and g be two orientation-preserving quasisymmetric self-

maps of S. Then we have the following rigidity results:
1. Assume that f(C;) = g(C;) fori=1,2,3. Then f =g.

2. Assume that f(C;) = g(C;) fori = 1,2 and f(p) = g(p) for a given point p € S.
Then f = g.

3. Assume that G is the group of all orientation-preserving quasisymmetric self-maps
of S that fix Cy, Cy. Then G is a finite cyclic group.

4. Assume that G is the group of all orientation-preserving quasisymmetric self-maps

of S that fix Cy and fix a given point q € Cy, then G is an infinite cyclic group.

Proof. The proof we given here is contained in [BM11]. Since its conclusion is important
for the rest of our chapter, we include it here for completeness.

By Theorem , there exists a quasisymmetric map h of S onto a round carpet S.
Using Proposition , we can extend h to a quasiconformal map on S?. Since quasicon-
formal maps preserve the class of sets of measure zero, S has measure zero as well. We
denote by G, and Gy the group of all orientation-preserving quasisymmetric self-maps of
S and S. , respectively. By the quasisymmetric rigidity of round carpets (Theorem ,
Gl consists of the restriction of orientation-preserving Mdbius transformations that fix S.

Now we look at the homomorphism A, induced by h:

h*:GO — é\-(/)v
Y +— hoyoh L

We can check that h, is well-defined and is an isomorphic. Since h,(f) and h.(g) are
orientation-preserving Mobius transformation and h.(f)o (h.(g))~! fixes distinct spherical

round circles h(C;), i = 1,2, 3, we know that h.(f) o (h.(g))™* =id and (1) follows.
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We can prove (2) from the fact that any orientation-preserving Mébius transformation
fixing distinct spherical round circles and a given non-common center point p € S? is the
identity.

To prove (3), it suffices to show that G= h.(G) is a finite cyclic. By post-composing
fractional linear transformation to h, we can assume that h(Cy) and h(Cy) are distinc-
t spherical round circles with the same center. Note that G consists of orientation-
preserving Mébius transformation, fixing h(Cy), h(Cs) and S. Moreover, G must be a
discrete group as it maps peripheral round circles of S to peripheral round circles. Hence
G is a finite cyclic group, then (3) follows.

For (4), similarly, by post-composing fractional linear transformation to h, we can
assume that h(C;) = RU{oo}, h(¢g) = 0 and S is contained in the upper half-plane. Then
the maps in G are of the form: z — Az with A > 0, fixing S. By the same reason as
(3), G is a discrete group. So there exists a Ag > 1 such that G = {z — \lz|n € N}. It
follows that é, and hence also G, is the trivial group consisting only of the identity or an

infinite cyclic group. Therefore, (4) follows. O
1.3.4 Square carpets
A C*-Cylinder A is a set of the form
A={2€Cr<|z| <R}

with 0 < 7 < R < +oo. The metric on A induced by the length element |dz|/|z]
which is the flat metric. Equipped with this metric, A is isometric to a finite cylinder of
circumference 27 and length log(R/r). The boundary components {z € C;|z| = r} and
{z € C;|z| = R} are called the inner and outer boundary components of A, respectively.

A C*-square @ is a Jordan region of the form
Q={pe” :a<p<ba<b<p}
with 0 < log(b/a) = f — a < 2m. We call the quantity
le«(Q) =log(b/a) = — «

its side length. Clearly, two opposite sides of ) parallel to the boundaries of A, while the
other two perpendicular to the boundaries of A.

A square carpet T in a C*-cylinder A is a carpet that can be written as

T=A\UJQ:
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where the sets );, i € I, are C*-squares whose closures are pairwise disjoint and contained

in the interior of A.

Theorem 1.3. Let S be a carpet of measure zero in S* whose peripheral circles are
uniformly relatively separated uniform quasicircles, and Cy and Cy two distinct peripheral
circles of S. Then there exists a quasisymmetric map [ from S onto a square carpet T in
a C*-cylinder A such that f(C}) is the inner boundary component of A and f(Cy) is the

outer one.

This is ( [Boll], Theorem 1.6).

Let S be a carpet in S? and C;,C, be two distinct peripheral circles of S. Soppose
that the Jordan regions D; and D, are the complementary components of S bounded by
C} and Oy respectively. We let T'(Cy, Cy) be the family of all open paths in S?\ D; U D,
that connects Dy and D,.

Proposition 1.3. Let S be a carpet of measure zero in S* whose peropheral circles are
uniformly relatively separated uniform quasicircles, and Cy and Cy two distinct peripheral
circles of S. Then

(1) modg(I'(Cy, Cy)) has finite and positive total mass.

(2) Let f be a quasisymmetric map of S onto a square carpet T in a C*-cylinder
A ={z € C;r < |z] < R} such that Cy corresponds to the inner and Cy to the outer

boundary components of A. Then the extremal mass distribution is given as follows:

e (f(CO))

p(C1) = p(C2) =0, p(C) = log(R/r)

with the peripheral circles C # C1,Cy of S.

This is ( |[Boll|, Corollary 12.2).
Let S be a carpet in a closed Jordan region D C C. S is called square carpet if D is
a peripheral circle of S and all other peripheral circles are squares with sides parallel to

the coordinate axes.

Theorem 1.4. Let S and S be square carpets of measure zero in rectangles K = [0, a] x
[0,1] C R? and K= 0,a] x[0,1] C R2, respectively, where a, a > 0. If f is an orientation-
preserving quasitsymmetric homeomorphism form S onto S that takes the corners of K to
the corners ofg with f(0) =0. Thena=a, S = S, and f is the identity on S.

This is ( [BM11], Theorem 1.4). Here the expression square carpet S in a rectangle K
means that a carpet S C K so that 0K is a peripheral circle of S and all other peripheral

circles are squares with four sides parallel to the sides of K, respectively.
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1.4 Distinguished peripheral circles

Let n > 5,1 < p < § —1 be integers. Let F,, be the Sierpinski carpet as we defined in
the introduction. We endow F}, , with the Euclidean metric in R2. Since F, p, is a subset
of [0, 1] x [0,1], the Euclidean metric (measure) is comparable with the spherical metric
(measure).

If @ is a peripheral circle of F,,,, we denote by {o the Euclidean side length of Q).
Denote by () the unit square [0, 1] x [0, 1].

Lemma 1.4. The carpet F, ,, is of measure zero. The peripheral circles of F, , are uniform

quasicircles and uniformly relatively separated.

Proof. It follows from the construction that F,, , is a carpet of Hausdorff dimension
log(n® —4)/logn < 2.

So the measure of F;, , is equal to zero.

Since each peripheral circle of F}, , can be mapped to the boundary of () by a Euclidean
similarity, the peripheral circles of F,, , are uniform quasicircles.

At last, the peripheral circles of F,, , are uniformly relatively separated in the Euclidean
metric. Indeed, consider any two distinct peripheral circles Cy, Cs of F), ,. The Euclidean

distance between C; and C, satisfies

dist(Cy,Cy) > min{l(C}),{(Cs)}

r . .
= 5 min{diam(C}), diam(Cs)}.

1.4.1 Distinguished pairs of non-adjacent peripheral circles

We denote by O the boundary of the unit square ()y. In the first step of the inductive
construction of F}, ,, there are four squares @, Q2, @3, Q4 of side-length %, i.e., the lower
left, lower right, upper right and upper left squares respectively, removed from )q. We
denote by M;,i =1,--- ,4 the boundary of Q);,7 = 1,--- |4, respectively.

In the following discussions, we call O the outer circle of F,,, and M;,¢ = 1,--- 4
the inner circles of F,, ,. We say that two disjoint peripheral circles C, C" are adjacent if
there exists a copy F' of F,,, (here F' C F,, can be considered as a carpet scaled from
F,,, by some factor 1/n*) such that C, C" are inner circles of F'. For example, two distinct
inner circles M; and M; are adjacent. Two disjoint peripheral circles C, C" which are not

adjacent are called non-adjacent.
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Lemma 1.5. Let {C,C"} be any pair of non-adjacent distinct peripheral circles of F, .
Then
mod p, ,(I'(C,C")) < mod g, ,(D(0, M)).

Moreover, the equality holds if and only if {C,C"} = {O, M} for some inner circle M =
M;.

Proof. Assume that {C,C'} # {O, M} for any inner circle M. By Lemma 1.4 and Propo-
sition , modp, ,(I'(C,C")) is a finite and positive number. Without loss of generality
we may assume that ((C') = 1/n™ < ((C"). Note that there exists a copy F' C F,,,
rescaled from F,, by a factor 1/n™!, so that C' corresponds to some inner circle, say,
M, of F,, ,.

Figure 1.2: Every path in T'(C, C”) must intersect with Cj.

Denote the outer circle of F' by Cy. Since C' and C” are disjoint and £(C') < £(C"),
(" is disjoint with the interior region of Cj. Hence every path in I'(C, C") must intersect
with C and then contains a sub-path in I'(C, Cp). See Figure Therefore,

modpg, ,(I'(C, C")) < modp, ,(I'(C, Cy)). (1.5)

On the other hand, since every path in I'(C, Cy) meets exactly the same peripheral circles
of F and F,

n.p, We have

moan’p (F(O, Co)) = modF(F(C, Co))
Moreover, by the similarity of F}, , and F,
modp(I'(C, Cy)) = modp, ,(I'(M, O)).

It follows that
mod g, (T'(C,C")) < mod g, (I'(M,0)).
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We next show that the equality case in ([1.7]) cannot happen. We argue by contradic-
tion. Assume that

mOan,p (P(C7 C/)) = mOan,p (P(O7 OO))

Note that all carpet modulus considered above are finite by Proposition and so
there exist unique extremal mass distributions, say p and p’, for modg, ,(I'(C,C")) and
modp, ,(I'(O, My)), respectively, by Proposition

Let C be the set of all peripheral circles of F),,. According to the description in
Proposition p and p" are supported on C \ {C,C’} and C \ {O, M; }, respectively.

By transplanting p’ to the carpet F' using a suitable Euclidean similarity between F
and F,, ,, we get an admissible mass distribution p for F' supported only on the set of
peripheral circles of I’ except C' and Cy. Note that the total mass of p is the same as
mass(p’).

We extend C' — p(C) by zero if C belonging to C does not intersect the interior
region of Cy. Then p is an admissible mass distribution for modg, ,(I'(C, Cp)), thus for
modp, ,(I'(C, C")) as well. However, p # p and mass(p) = modg, ,(I'(C, C")), we arrive at
a contradiction by Proposition

In summary, we get the following crucial inequality:
modpg, ,(I'(C,C")) < modg, ,(T'(O, My)) (1.6)

where {C,C"} # {0, M;}i =1,2,3,4 and non-adjacent. So the lemma follows. O

Proof. Assume that {C, C'} # {O, M} for any inner circle M. By Lemmal[l.4 and Propo-
sition (1.3), modp, (I'(C,C")) is a finite and positive number. Without loss of generality
we may assume that ¢(C') = 1/n™ < ¢(C"). Note that there exists a copy F' C F,,,

m—1

rescaled from F,,, by a factor 1/n™~", so that C' corresponds to some inner circle, say,

M1 of an.

Figure 1.3: Every path in T'(C, C’) must intersect with Cj.
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Denote the outer circle of F' by Cy. Since C' and C” are disjoint and ¢(C) < ¢(C"),
(" is disjoint with the interior region of Cy. Hence every path in I'(C, C") must intersect
with Cy and then contains a sub-path in T'(C, Cp). See Figure Therefore,

modp, ,(I'(C,C")) < modg, ,(T'(C, Cy)). (1.7)

On the other hand, since every path in I'(C, Cj) meets exactly the same peripheral circles

of F' and F},,, we have

modp, ,(I'(C, Cp)) = modp(I'(C, Cy)).
Moreover, by the similarity of £}, , and F,

modp(I'(C, Cy)) = modp, ,(I'(M, O)).

It follows that
mod 5, (I'(C,C")) < mod g, (I'(M;,0)).

We next show that the equality case in ([1.7]) cannot happen. We argue by contradic-

tion. Assume that

modpg, ,(I'(C, C")) = modg, ,(T'(C, Cy)).

Note that all carpet modulus considered above are finite by Proposition and so
there exist unique extremal mass distributions, say p and p’, for modp, ,(I'(C,C")) and
modp, ,(I'(O, My)), respectively, by Proposition

Let C be the set of all peripheral circles of F),,. According to the description in
Proposition p and p' are supported on C \ {C,C’} and C \ {O, M; }, respectively.

By transplanting p’ to the carpet F' using a suitable Euclidean similarity between F
and F, ,,

peripheral circles of F' except C' and Cy. Note that the total mass of p is the same as

we get an admissible mass distribution p for F' supported only on the set of

mass(p').

We extend C' — p(C) by zero if C belonging to C does not intersect the interior
region of Cy. Then p is an admissible mass distribution for modg, ,(I'(C, Cp)), thus for
modp, ,(I'(C,C")) as well. However, p # p and mass(p) = modg, ,(I'(C,C")), we arrive at
a contradiction by Proposition 4.9

In summary, we get the following crucial inequality:
modpg, ,(I'(C,C")) < modg, ,(T'(O, My)) (1.8)

where {C,C"} # {0, M;}i = 1,2,3,4 and non-adjacent. So the lemma follows. ]
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Corollary 1.2. Let f be a quasisymmetric self-map of F,,,. Then
f({()) M17 M27 M37 M4}) - {OJ M17 M27 M37 M4}

Proof. We argue by contradiction. Assume that f maps {O, M;} to some pair of periph-
eral circles {C,C"} € {O, My, My, M3, My} and f(O) = C. By Proposition f extends
to a quasiconformal homeomorphism on §?. In particular, I'(C,C")=f(I'(O, M;)). Then
Lemma [1.1] implies

modg, (I'(O, M;)) = modg, (I'(C,C")).

n,p n,p

We distinguish the argument into two cases depending on the type of the squares C' and
(', i.e., whether they are adjacent or not.

Case (1): C,C" are non-adjacent. This is only possible if {C, C'} C {O, My, My, M3, My}
by Lemma 1.5, Then we get a contradiction.

Case (2): C,C" are adjacent. Suppose C,C’ are inner circles of some copy F' C F, .
Consider f(M;), © = 2,3,4. They must be inner circles of F' as well. Otherwise, for
example, suppose that f(M3) is not an inner circle of F. Since C' and f(Ms;) are non-
adjacent, we can apply Lemma to show that

moan’p(F(C’,f(Mg))) < mOanyp(P(O,Ml)),
which is contradicted with the fact that
moan’p(F(C,f(Mg))) = mOanyp(F(O,M2>) = mOanyp(P(O,Ml)).

As a result, {f(O), f(My), f(Ms), f(Ms), f(M,))} are pairwise adjacent and all of them
are inner circles of F. However, F' contains exactly four inner circles. So Case (2) can
not happen.

By the same argument to pairs O and M;, i = 2, 3,4, the corollary follows. n

1.4.2 Quasisymmetric group QS(F,,) is finite

Let H denote the Euclidean isometry group which consists of eight elements: four
of them rotate around the center by 7 /2,7, 37/2, and 27, respectively; the others are
orientation-reserving and reflecting by lines z = 0, z = y, y = 0 and x4y = 0, respectively.
It is obvious that H is contained in QS(F, ).

Corollary 1.3. Let 5 < n,1 < p < § — 1 be integers. Then the group QS(F,,) of

quasisymmetric self-maps of F,, , is finite.

Proof. According to Corollary [1.2] {O, My, My, M3, My} are preserved under every qua-

sisymmetric self-map of F,, ,. The group G of all orientation-preserving quasisymmetric
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self-maps of F), , is finite by the proof of Case (1) in Corollary (1.1). Since G is a subgroup
of QS(F,,) with index two, QS(F,,) is finite. O

1.4.3 Proof of Theorem [1.1]

Recall that the standard carpet S,,, m > 3 odd, is obtained by subdivide [0, 1] x [0, 1]
into m? subsquares of equal size, removing the interior of the middle square, and repeating

these operations to every subsquares, inductively.

Proof of Theorem[I.1l Let M, O be the inner circle and outer circle of S, respectively.
Lemma 5.1 of [BM11] states that modg, (I'(O, M)) is strictly larger than the carpet
modulus of any other path family I'(C,C") with respect to S,,, where C' and C’ are
peripheral circles of S,,. While for carpet F},,, according to the symmetry, at least two
pairs of peripheral circles the maximum of {modpg, ,I'(Cy,C3) : C1,C; € C}. Since any
quasisymmetric maps from F), , to S, must preserve such a maximum property, there is

no such quasisymmetric map. O

1.5 Weak tangent spaces

The results in this section generalize the discussion in ( [BM11], Section 7).
At first, we explain the definition of weak tangent of a carpet. Then we show that
a quasisymmetric map between two carpets [}, , induces a quasisymmetric map between

weak tangents.

1.5.1 Weak tangents

In general, the weak tangents of a metric space M at a point p € M can be defined as
the Gromov-Hausdorff limits of the pointed metric spaces

lim (AM, p)

A—00

where AM is the same set of points with M equipped with the original metric multiplied
by A. If the limit is unique up to multiplied by positive constants, then the weak tangents
is usually called the tangent cone of M at p.

In the following, as in [BM11], we will use a suitable definition of weak tangents for
subsets of S? equipped with the spherical metric.

Suppose that a,b € C,a # 0 and M C C. We denote by

aM +b:={az+b:ze€ M}.
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Let A be a subset of C with a distinguished point zg € A, zg # 0o. We say that a closed
set Wa(z) C C is a weak tangent of A if there exists a sequence (\,) with A, — co such
that the sets A, := A\, (A — 2) converge to Wy4(29) as n — oo in the sense of Hausdorff

convergence on C equipped with the spherical metric. In this case, we use the notation
Wal(z) = nh_)rglo(A, 205 An)-

Since for every sequence ()\,) with A\, — oo, there is a subsequence (\,,) such that the
sequence of the sets A,, = \,, (A — zy) converges as k — 0o, A has weak tangents at each
point zg € A\ {oco}. In general, weak tangents at a point are not unique. In particular,
AW 4(2p) is also a weak tangent.

Now we apply the notion to our carpets F),,. In fact, the following arguments work
for a general class of carpets, such as the standard Sierpinski carpet S, and carpets which
satisfy some self-similarity property.

A weak tangent of a point zy € F,,, is a closed set an,p(zo) - C such that

. k
WFn,p(ZO) - ]11)11;.10(F7’L,p7 ZO? n ])7
where k; > 1 and k; — 0o as j — oo.
At the point 0 the carpet F;, , has the unique weak tangent

W, (0) = lim (F,,,0,n’) = {oo} U | n/F,,. (1.9)

—00 .
J JE€N

This follows from the inclusions n’ F,, C njHFn,p.

Similarly, at each corner of O there exists a unique weak tangent of F;, , obtained by
a suitable rotation of the set W, (0) around 0.

Let ¢ = p/n + ip/n be the lower-left corner of M;. Then at ¢ the carpet F,,, has

unique weak tangent

W, (¢) = lim (F,p,¢,n’) = {oo} U |J n/(iF,, U (—1)F,p U (=1)F,,).

Jj—00 jeNo
Note that W,  (c) can be obtained by pasting together three copies of W, . If z is a
corner of a peripheral circle C' # O of F),,, then F,,, has a unique weak tangent at z

obtained by a suitable rotation of the set W, (c) around 0.

Lemma 1.6. Let zy be a corner of a peripheral circle of I, ,. Then the weak tangent
Wenp(20) is a carpet of measure zero. If W, (2) is equipped with the spherical metric,
then the family of peripheral circles of W, ,(20) are uniform quasicircles and uniformly

relatively separated.

Proof. We can assume that zy equals 0. The proof works for other cases.
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First note that implies that W, (0) is a carpet of measure zero, since W, ,(0)
is the union of countably many sets of measure zero.

Let Q = {z € C: Re(z) > 0,Im(2) > 0}. Then 0% ia a peripheral circle of W, ,(0). It
is easy to construct a bi-Lipschitz map between 0f2 and the unit circle (both equipped with
the spherical metric). Hence 0f2 is a quasicircle. Note that all other peripheral circles
of W, ,(0) are squares. As a result, the peripheral circles of Wg, (0) are uniformly
quasicircles.

To show that the peripheral circles are uniformly relatively separated, we only need

to check the following inequality:

for any peripheral circles C,Cy # 0. Here dist(-,-) and ¢(-) denote the Euclidean
distance and Euclidean side length.

The inequality implies that the peripheral circles are uniformly relatively separated
with respect to the Euclidean metric. To see that they are uniformly relatively separated
property with respect to the spherical metric, we can apply an argument of ( [BM11],
Lemma 7.1).

O

1.5.2 Quasisymmetric maps between weak tangents

We are interested in quasisymmetric maps g : W — W’ between weak tangents W of
F,, and weak tangents W' of F), ,. Note that 0,00 € W, W'. We call g normalized if

Figure 1.4: The weak tangent Wg, (0).
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g(0) = 0 and g(c0) = oc.

Lemma 1.7. Let zy be a corner of a peripheral circle of F,, ,, and let wy be a corner of
a peripheral circle of F,,,,. Suppose that f : F,, ., — Fy,p, be a quasisymmetric map
with f(zo) = wo. Then [ induces a normalized quasisymmetric map g between the weak

tangent W, , (20) and Wg,, . (wo).

Proof. By Proposition [1.2| we can extend f to a quasiconformal self-homeomorphism F
of C. There exists a relative neighborhood N; of zy in F),, ,,, and a relative neighborhood
Ny of wy in F,, ,, with F(N;) = N; such that

2,P2

W, (0)\ {oo} = U ni(N1 — 20)

J€No

and
Wy (0)\ {00} = J nj (N2 — wo)

Jj€Ny
Pick a point ug € N — zg, ug # 0. Then for each j € Ny we have F'(z +n1_ju0)(7é wWo, 00)
in Iy, 5,
We consider the following quasiconformal self-map Fj of C with Fi(n] (N, — z)) =
k(3) N, — .
Ny’ (Ny — wyp):
F;:uw— nb9(F (20 + nyou) — wo)

for u € C, where k() is the unique integer such that 1 < |F(ug)| < no.

Note that k(j) — oo as j — oo and F(co) # wg. This implies that Fj(oco) — oo
as j — oo. We also have F;(0) = 0. So the images of 0,00 and uy under F; have
mutual spherical distance uniformly bounded from below independent of j. Moreover,
F; is obtained from F' by post-composing and pre-composing Moébius transformations.
Hence the sequence (Fj) is uniformly quasiconformal, and it follows that we can find a
subsequence of (F}) that converges uniformly on Ctoa quasiconformal map F,,. Without
loss of generality, we assume that (F}) converges uniformly to F..

Note that F,(0) = 0 and Fi(c0) = oco. To prove the statement of the lemma, it
suffices to show that Fo(Wr, , (z)) = WEg,,,,(wo), because then g := Fo|WF, , (20)
is an induced normalized quasisymmetric map between Wr,  (20) and W, . (wo), as
desired.

Let u be an arbitrary point in W,  (20). There exists a sequence (u;) with u; €
ni (N1 — z) converging to u. We have Fj(u;) € n}(Ny—wp) and a subsequence of (Fj(u;))
converging to some point v in Wg,  (wg). By the definition of Fi, we have F,(u) = v.
Hence Fio(WE, , (20)) € WE,, ,, (wo). |

For every point v in W, . (wp), there exists a sequence (u;) with u; € nj(N; — 2)
such that (F};(u;)) converges to v. Then we can choose a subsequence of (u;) converging

to some point u in W,  (20) and so Fio(u) = v.
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It follows that Fio(Wr, , (20)) = WF,, . (wo) and we are done. O

By Corollary , a quasisymmetric self-map f of F),,, maps {O, My, My, M3, My} to
{O, My, My, M3, My}. In the remaining part of this section, we will show that there is no
quasisymmetric self-map f of F),, with f(0) = ¢, where ¢ is a corner of an inner circle.
By Lemma [I.7], if such an f exists, then it would induce a normalized quasisymmetric

map from Wp, (0) to Wg, (c). However, the following proposition shows that:
Proposition 1.4. There is no normalized quasisymmetric map from W, (0) to W, (c).

To prove the proposition, we need two lemmas.

Let G and G be the group of normalized orientation-preserving quasisymmetric self-
maps of Wg, (0) and W, ,(c), respectively. By Corollary G and G are infinite cyclic
groups. Note that the map p(z) := nz is contained in G N G. We assume that G =< o >
and p = ¢° for some s € Z,. Since the peripheral circles of Wg, (0) are uniformly
quasicircles and uniformly relatively separated, there exists a quasiconformal extension
®:C — C of ¢. Let H be the group generated by the reflection in the real and in the
imaginary axes. We may assume that ® is equivalent under the action of H (see Page
42, [BM11] for the discussion).

Let Q2 = {z € C: Re(z) > 0,Im(z) > 0}. Then Cj := 09 is a peripheral circle of
Wk, ,(0). Since ®(Cy) = Cy and & is orientation-preserving, ®(2) = Q.

Let I" be the family of all open paths in €2 that connects the positive real and positive
imaginary axes. Since the paths in ) are open, they don’t intersect with Cy. For any
peripheral circle C' of W, (0) that meets some path in T, note that ¢*(C) # C' for all
k € Z\ {0} (otherwise, ¢ would be of finite order, contradicted with the fact that ¢ is the
generator of the infinite cyclic group G). So we can apply Lemma to conclude that

mOdWFnyp(O)/<u>(F) = mOdWanp(o)/<¢S>(F) = SmOdWFn,p(O)/G<P)'
Note that without the action of the group G, the carpet modulus modWan(O)(F) is
equal to infinity.

Lemma 1.8. We have 0 < modWan(o)/G(F) < 00.

Proof. Let us first show that mody,, (0)/<u>(I") < 00 by constructing an admissible mass
distribution of finite mass.

Let pr: C\ {0} — S' be the projection z é If C # Cy is a peripheral circle of
Wk, ,(0), we let (C) be the arc length of pr(C). We set

'rO, it C' = Cy;
C):= 1 ) '

L;(‘)(C’),lf C # Cp.
Note that p is < p >-invariant.
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Let 'y be the family of paths v € T' that are not locally rectifiable or for which
MW, ,(0) has positive length. Since Wy, (0) is a set of measure zero, we have mod(I'y) =
0, i.e., I'g is an exceptional subfamily of I'.

For any v € I" \ Ty, note that

> o0)=2 % o) =
YNCH#D T ync+#0
As a result, p is admissible.
Let Qo = [0,1] x [0,1]. Note that every < p >-orbit of a peripheral circle C' # Cj has
a unique element contained in the set F' = 1(Qo) \ Qo. There is a constant K > 0 such
that
0(C) < K{(C)

for all peripheral circles C' C F. It follows that

é Y 0(C) S D UC)? = Area(F) =n" — 1.
" ccrF CCF
Hence p is a finite admissible mass distribution for modw,, (o) J<ns> ().

To show that modw;, (o) J<u>(I") > 0, we only need to show that the carpet sat-
isfies the assumptions in Proposition Then the extremal mass distribution for
modWFnyp(o) J<u>(I") exists and this is only possible if T" itself is an exceptional family,
that is, mod(I") = 0.

In fact, for k € N we let Cj, be the set of all peripheral circles C' of W, (0) with
C C Fy, = 1 (Qo) \ n%(Qo). Then

1. Every < u >-orbit of a peripheral circle C' # Cj has exactly 2k elements in Cy.

2. Let I'y be the family of paths in I" that only meet peripheral circles in Cy. Then
I'=U, k.

As a result, the assumptions in Proposition [I.1] are satisfied. O

Let Q = C\ Q. The closure of Q contains Wk, ,(c) and Cy = 09 = 99 is a peripheral
circle of W, ,(c). Denote ¢ = ®@|w,, (. Then we have ¢ € G. Let T be the family of

all open paths in Q that join the positive real and the positive imaginary axes.
Lemma 1.9. We have mOdWFn,p(C)/<1/1> (F) S %mOdWFn,p(O)/G(F)-

Proof. Let p be an arbitrary admissible invariant mass distribution for modyy,, ,(0) /a(I),

with exceptional family 'y C I'. We set



if there is an a € H such that o(C') is a peripheral circle of W, ,(0) (such an « exits and
is unique).

Since ® is H-equivalent and p is G-invariant, p is < ¢ >-invariant.

Let T'y be the family of paths in T that have a subpath that can be mapped to a path
in I'y by an element of @ € H. Then mod(Iy) = 0.

Let v € . Note that ~ has three disjoint open subpaths: one for each quarter-plane
of Q and by suitable elements in H, the three subpaths are mapped to paths in I'. Denote
the images by 71,72,73. If v € T'\ Ty, then 7; € T'\ Tg,4 = 1,2,3 and

(G EES YD S (S}

Wl

Hence p is admissible for mody,, (¢)/<y>(I') and

- 1
modyy, , (o/<v>(T) < massw, )/<u>(P) < gmassw, ,0)/c(p)-

Since p is an arbitrary mass distribution for %modWan(g) sc(I), the statement follows.
]

Proof of Proposition[I.J]. Suppose not, there exists a normalized quasisymmetric map
[ Wg,,(0) = Wg, (c). Precomposing f by the reflection in the diagonal line {z = y}
if necessary, we may assume that f is orientation-preserving. Then G= foGo f~!and
¢ = fopo f!is a generator for G.

Let F : C — C be a quasiconfomral extension of f. Then I' = F (I'). By quasisym-

metric invariance of carpets modulus,
modyy,  oa(T) = modw, , 0)/6(T).

Assume that ¢ = (Em Then similar to our discussion before Lemma we have

modyy, (e)/<y>(I) = |m|modWFn (C)/é(F).

P

Hence by Lemma [I.9 we have

WFn,p(c)/é(F)
1 -
= WmOdWFn,p(C)/<¢> (F)
1

3|m|

modWFn’p(o)/G(F) = mod

IN

mOdWFW(O)/G(F)-

This is possible only if modyy,, p(o)/G(F) is equal to 0 or co. But this is contradicted with
Lemma [[.8
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1.6 Quasisymmetric rigidity

Let D be the diagonal {(x,y) € R? : z = y} and V be the vertical line {(z,y) €
R?: 2 = %} We denote the reflections in D and V by Rp and Ry, respectively. The
Euclidean isometry group of I}, , is generated by Rp and Ry.

Let QS(F,,) be the group of quasisymmetric self-maps of F,,. By Corollary [1.3]
QS(F,.p) is a finite group.

Proposition 1.5. Let f be a quasisymmetric self-map of F,,,. Then f({O}) = {0} and
f({M17 MQ) M37 M4}) = {Mb M27 M3a M4}

Proof. From Corollary [I.2] we argue by contradiction and assume that there exists a
quasisymmetric self-map f of F,, , and some ¢ € {1,2, 3,4} such that f({O}) = {M,;}. By
pre-composing and post-composing suitable elements in the Euclidean isometry group,
we can suppose that f is orientation-preserving and f({O}) = {M;}.

Let G be the subgroup of QS(F,,),

G ={9 € QS(F.;) | 9(O) = 0,g(My) = M}.
G has a subgroup G with index two consisting of orientation-preserving elements. Then
G =G| |G'oRp.

We denote by
Oc(z) ={9(2) : g € G}

the orbit of z under the action of G for arbitrary z € F,, . Let ¢ = (p/n,p/n) and
d=((p+1)/n,(p+1)/n) be the lower-left and upper-right corners of M, respectively.

Now we consider the map

(I)O : G,—>Og(0)
g — 9(0).

Note that @y is an isomorphism. In fact, for any ¢(0) € Og(0), if ¢ is orientation-
preserving, then ®4(g) = ¢(0); otherwise, ®o(g o Rp) = g(0). So Py is a surjection. On
the other hand, if ®¢(g1) = Po(g2)for any gi, go € G, then Case (2) of Corollary gives

g1 = g2. So Py is a injection.
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Similarly, we can also define the isomorphism

o, : G — Oglc)

g+ g(c).

These isomorphisms ¢, and ®,. imply that

#05(0) = #G" = #0¢(c) (1.11)
On the other hand, f induces the following isomorphism

fi + G—G

gr— fogo f

We denote by m = f(0). Then

Oc(m) = {g(m): g€ G} ={fogof'(m):geG}
= {fog(0):g9e€G}= f(Oa0)).

Hence

#0c(m) = #G' = #0c(0)

and so the orbits Og(m) and Og(c) have the same number of elements.

If G" # {id}, we claim that G’ is a cyclic group of order 3. Indeed, for any g # id in
G', g(M3) # Mj3, otherwise Case (1) of Corollary implies g = id. By Corollary [1.2]
either g(Ms) = My, g(My) = (Ms) or g(Ms) = M, g(My) = (My). In both cases, g is of
order 3, a.e., g° = id. Use Corollary again we know that G’ is generated by ¢g. So the
claim follows.

Hence, we have #Og(m) = #G’ = 1 or 3. There must be some h € G with h(m) =
cor ¢. Otherwise, Og(m) does not contain ¢,¢’. For any point p € Og(m), the point
Rp(p) € Og(m) and Rp(p) # p. Then #O¢(m) is even, which is impossible.

By Lemma [1.7, h o f induces a normalizaed quasisymmetric map between the weak
tangent W, ,(0) and Wi, ,(c) or W, ,(¢/). This contradicts Proposition [1.4} So we have
proved the proposition. O

1.6.1 Proof of main theorems

Proof of Theorem[1.4. We adopt the notations as in previous. The proof of Proposition
implies that G’ is a cyclic group of order 3 or a trivial group. To prove the theorem,
it suffices to show that the former case cannot happen. We argue by contradiction and

assume that G’ is a cyclic group of order 3.
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By Theorem , there exists a quasisymmetric map f from F),, onto some round
carpet S. After post-composing suitable fraction linear transformation, we can assume
that the f(O) is the unit disc D and f(M;) lies in D with center (0,0). Then f induces

the isomorphism

fo o QS(F,,) — QS(5)
g fogo fh

Combined with Theorem 7 f«(G") is a cyclic group of order 3 consisting of Mobius
transformations. Moreover, elements in f,(G’) preserves 0D and the circle O; = f(M;).

Hence we have
(G = {id, z = X372 2 e'T/32).

Claim: O, = f(My),03 = f(M3),04 = f(M,) are round circles with the same
diameter and equidistributed clockwise in the annuli bounded by dD and O;.

Proof of the clawm: In fact, by the proof of Proposition (1.5, we may assume that
G' =< g >, where g(M3) = My, g(M,) = My and g(Ms) = Ms. Note that

O3 = f(Ms)=fog(M))
= fogo fTH(Oy)

2mi/3,  Similarity, one can show that

where f o go f~! is equal to the rotation z +— e
Oy = fogo f71(03). As a result, O3 is obtained from O, by a rotation of angle 27 /3 and
O, is obtained from O, by a rotation of angle 47 /3. The claim follows.

Let R be the rotation in the isometry group of F),, with R(M;) = My, R(My) =

Ms, R(Ms3) = My, and R(M4) = M;. By Theorem , the composition
h=foRof':5—8

is also a Mobius transformation which maps 0D — 0D, 0y — 03,03 — O4. Such
a Mobius transformation must be ¢ = z — €>™/3z. If not, let ¢/ be other Mébius
transformation satisfy the conditions. Then ¢’ o p~! fixes three non-concentric circles
0D, Oy and O3 and so ¢’ o~ ! =id. Hence ¢’ = ¢. But h(O;) = Oy, which is impossible.
So the theorem follows. O

Proof of Theorem[1.53 Suppose there exists a quasisymmetric map f : Fy,, — Fp .
Firstly, we claim that f(O) = O’, f({My, My, M3, My}) = { M, M5, M, M;}. Indeed,
from Theorem 2, we know that every quasisymmetric self-map of F,, , and F}, ,y is isometry
and so preserves the peripheral circle O and O’. For any g in QS(F},,), fogo flisa
quasisymmetric self-map of F,y, and fogo f~1(f(O)) = f(O). So f(O) is fixed by any

element in QS(F,y,. Hence we have f(O) = O'. If for some inner circles M;, say M;,
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of F,,,, f(M;) is not an inner circle of F,/,, then by Proposition , f extension to a

quasiconformal self-map of S2. We have
modp, ,(I'(M1,0)) = modg, ,(I'(f(M:),0"))

and

In-Oan/J)/ (F(M{7 O/)) = mOan,pF(fil(M{)7 O)

While Lemma [1.5| implies
modp,, ,(T'(f(M1),0)) <modp, ,(T'(M,0))

and
moan,pF(f’l(M{), O) < modp, ,(I'(M;,0)).

Hence modp, ,(I'(M;, 0)) < modg, ,(I'(M;,0)) and we get a contradiction.

Secondly, by pre-composing and post-composing with Euclidean isometries, we can
assume that f is orientation-preserving and f(M;) = M. We claim that f((0,0)) = (0,0)
and f((1,1)) = (1,1) or interchanges them and f(M3) = M. In fact, the orientation-

preserving quasisymmetric map
f'oRpofoRp: Fop— oy

fixes peripheral circles O and M;. Then, by Theorem , ftoRpo foRpisa Euclidean
isometry and so it is the identity on £}, ,. This implies f o Rp = Rp o f. Hence the claim
follows.

We now distinguish two cases to analyze.

Case (1) f((0,0)) = (0,0) and f((1,1)) = (1,1).

We denote the reflection in the line {(z,y) € R* : x +y = 1} by R},. Then the map
/7' o Ry o foR) is an orientation-preserving quasisymmetric map in QS(F,,), fixes
peripheral circles O, M, and the point (0,0). Hence this map is the identity on F},,, and
so fo Ry = Rp,o f. It follows that f fixes (1,0) and (0, 1) or interchanges them. Since f
is orientation-preserving, the latter cannot happen. By Theorem the map f must be
the identity. Hence (n,p) = (n/,p').

Case (2) f((0,0)) = (1,1) and f((1,1)) = (0,0).

The map g = Rpo fo R} : F,,, & F,yy is an orientation-preserving quasisymmetry
which fixes points (0,0) and (1,1) and peripheral circle O and maps M; to Mj. Similar
to Case (1), gt o R, ogo R}, is an orientation-preserving isometry map fixing (0, 0), (1, 1)
and O and so is the identity. Then ¢ fixes (1,0) and (0,1) or interchanges them. The
orientation-preserving of g implies the latter case is impossible. By Theorem the map
g is the identity, which contradicts with g(M;) = MJ. So case (2) can not happen.
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1.6.2 Remark

Figure 1.5: The carpet F7 2.

Our arguments in this chapter apply to a more general class of Sierpiniski Carpets
Foprr>1Lp>1n>51<p+r <% Let Q¥)  =[0,1] x [0,1]. Subdivide Q) into
n? subsquares and remove the interior of four bigger subsquares with side-length r/n and
is of distance v/2p/n to one of the four corner points of Q%%T. So the resulting set QSI)W
has (n?—4r?) subsquares with side-length 1/n. Repeating the operation to the subsquares,
we obtain Qﬁf’})m,. Inductively, we have Qﬁl’f%m. Then the carpet F,,, = Ni>o ng;)a,r- See
Figure[I.5 Note that F,, = F, 1.

Similarly, F}, , ., is not quasisymmetrically equivalent to S,,,m > 3 odd and QS(F}, ;)
is the isometric group. Moreover, F,, ,, and F, , ,, are quasisymmetrically equivalent
if and only if (n,p,r) = (n/,p',7’). Since the proof of the above conclusions are of no

essential difference from that of F}, ,, we shall omit it.
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Chapter 2

Quasisymmetric geometry of the carpet

Julia sets

2.1 Introduction

Let (X, dy) and (Y, dy) be two metric spaces. If there exist a homeomorphism f : X —

Y and a distortion control function 7 : [0, 00) — [0, 00) which is also a homeomorphism

e that & (F@).f0) _ (dx(z.y)
Y x), J\Y x\T,Y
dr (), 1(z) =" < >

dX (fL‘, Z)
for every distinct points z,y,z € X, then f is called a quasisymmetric map and (X, dy),

(Y, dy) are called quasisymetrically equivalent to each other. A basic question in qua-
siconformal geometry is to determine whether two given homeomorphic spaces are qua-
sisymmetrically equivalent to each other.

It is known that the question arises also in the classification of hyperbolic spaces and
word hyperbolic groups in the sense of Gromov |[BP}KI|. See also |[Bou] for examples of
inequivalent spaces modelled on the universal Menger curve. In this chapter, we focus
our attention on the Sierpinski carpets that arise as the Julia sets of rational maps.

According to [Wh], a set S € C is called a Sierpinski carpet (carpet in short) if S has
empty interior and can be expressed as S = C\ U,ey Di, where {D;} are pairwise disjoint
Jordan disks with diam(D;) — 0 as i — oo. The collection of the boundaries of the
Jordan disk {0D;};en are called the peripheral circles of S. If each peripheral circle 0D;
is a round circle, then S is called a round carpet. All Sierpinski carpets are homeomorphic
to each other, so the question about the quasisymmetric classification of the Sierpinski
carpets arises naturally.

Actually, the study of the quasisymmetric equivalences between the Sierpinski carpets
and round carpets was partially motivated by the Kapovich-Kleiner conjecture in the
geometry group theory. This conjecture is equivalent to the following statement: if the

boundary of infinity 0,,G of a Gromov hyperbolic group G is a Sierpinski carpet, then
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0-G is quasisymmetrically equivalent to a round carpet in C.

As the Julia set of a rational map, the first example of Sierpinski carpet was found
by Tan [Mil, Appendix F|. Later, the rational maps whose Julia sets are Sierpinski
carpets appeared in many literatures. Such as the McMullen maps [DLU]|, the generated
McMullen maps [XQY]| and the quadratic rational maps [DFGJ| etc.

Let f be a rational map whose Julia set J; is a Sierpinski carpet. Two questions arise
naturally: (Q1) Can one give another rational map g whose Julia set J, is a Sierpinski
carpet, but J, is not quasisymmetrically equivalent to J;? This question is equivalent to
ask whether there exist quasisymmetrically inequivalent carpet Julia sets. (Q2) Can J;
be quasisymmetrically equivalent to a round carpet?

Let X be a metric space. The conformal dimension of X is the infimum of the Haus-
dorff dimensions of all metric spaces which are quasisymmetrically equivalent to X. By
definition, it is easy to see the conformal dimension is invariant under the quasisym-
metric maps. For the first question stated above, Haissinsky and Pilgrim constructed a
sequence of hyperbolic rational maps with carpet Julia sets and showed that their confor-
mal dimensions tend to two [HP, Theorem 3]. This means that there are infinitely many
quasisymmetrically inequivalent Sierpinski carpets as the Julia sets of rational maps.

The relative distance A(A, B) of two sets A and B in C is defined as

dist(A, B)

A B) = i (dem(A), diam(B)}

(2.1)

where dist(A, B) := sup,c 4 pep |@ — ] is the distance between A and B, and diam(A) :=
SUD,, ayea |01 — a2 is the diameter of A. A set of Jordan curves C = {C;}ien is called
uniformly relatively separated if their pairwise relative distances are uniformly bounded
away from zero. Specifically, there exists 6 > 0 such that A(C;,C;) > § for every two
different ¢ and j. The set C are uniform quasicircles if there exists K > 1 such that each
C; in C is a K-quasicircle.

For the question (Q2), Bonk gave a sufficient condition on the carpets in C such that
they can quasisymmetrically equivalent to some round carpets. He proved that a carpet
S in C is quasisymmetrically equivalent to a round carpet if its peripheral circles are
uniform quasicircles and is uniformly relatively separated [Bon|, Corollary 1.2|. It is worth
to mention that quasisymmetric maps preserve the uniform quasicircles and uniformly
relatively separated properties. It is not hard to see that the peripheral circles of such S
must be uniform quasicircles but are not necessarily uniformly relatively separated.

Recently, Bonk, Lyubich and Merenkov studied the postcritically-finite rational maps
whose Julia sets are Sierpinski carpets. They proved that if the Julia set of a sub-
hyperbolic rational map is a Sierpinski carpet, then it is quasisymmetrically equivalent
to a round carpet [BLM|, Theorem 1.10]. They also consider the quasisymmetric group

between the carpet Julia sets of postcritically-finite rational maps and proved that any
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quasisymmetric map £ defined from a carpet J; onto a carpet J, must be the restric-
tion of a Mobius transformation, where f and g are postcritically-finite rational map-
s [BLM, Theorem 1.1]. As a corollary, they proved that the group QS(J;), consisting of
quasisymmetric self-map of Jy, is finite [BLM| Corollary 1.2].

In this chapter, we study carpet Julia sets in postcritically-infinite case.

2.1.1 Statement of the main results.

The w-limit set w(z) of a point * € C under a rational map f is defined as the
set of accumulation points in the orbit of x. More precisely, w(z) := {y € C : there
exists a sequence {k, nen such that lim,, .., f(x) = y}. Obviously, w(x) is f-forward
invariant. We establish a sufficient condition on the carpet Julia sets such that they are

quasisymmetrically equivalent to some round carpets.

Theorem 2.1. Let f be a rational map whose Julia set Jy is a Sierpiriski carpet. If
the boundaries of the periodic Fatou components are disjoint with the w-limit sets of the
critical points, then the peripheral circles of J; are uniform quasicircles and uniformly

relatiwely separated. In particular, Jg is quasisymmetrically equivalent to a round carpet.

Recall that a rational map is sub-hyperbolic if every critical orbit is either finite or
converges to an attracting periodic orbit. Note that the boundary of each Fatou compo-
nent cannot contain any critical point if the Julia set is a Sierpiriski carpet. By Theorem

2.1 we have following immediate corollary.

Corollary 2.1. Let f be a sub-hyperbolic rational map whose Julia set J; is a Sierpinski
carpet. Then the peripheral circles of Jy are uniform quasicircles and uniformly relatively

separated. In particular, J; is quasisymmetrically equivalent to a round carpet.

A critical point ¢ of f is called recurrent if ¢ € w(c). A rational map f is called
semi-hyperbolic if and only if the Julia set J; contains neither parabolic periodic points
nor recurrent critical points (see [Ma] and [Yin]). It was known that the Julia set of a

semi-hyperbolic rational map is locally connected and has measure zero or equal to C.

Theorem 2.2. Let f be a semi-hyperbolic rational map whose Julia set Jy is a Sierpiriski
carpet. Then the peripheral circles of Jy are uniform quasicircles. Moreover, they are
uniformly relatively separated if and only if the w-limit sets of the critical points are

disjoint with the boundaries of periodic Fatou components.

If a rational map is not semi-hyperbolic, then the boundary of some Fatou component
may not be a quasicircle although it is a Jordan curve. For example, one can construct
a rational map f whose Julia set is a Sierpinski carpet but the Julia set J; contains a

parabolic periodic point. The corresponding parabolic Fatou component contains exactly
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one petal and has infinitely many cusps on its boundary. Thus the boundary of this Fatou
component cannot be a quasicircle. In this case, J; cannot quasisymmetrically equivalent

to a round carpet. See Figure 2.1}

Figure 2.1: The Julia set of f(z) = 23 + A\/2% and an enlargement of a parabolic Fatou compo-
nent, where A ~ 0.02772313 such that J; is a Sierpinski carpet containing a parabolic periodic
point. The peripheral circles of J; are not uniform quasicircles but they are uniformly relatively
separated.

As a corollary, we have the following theorem.

Theorem 2.3. Let f be a semi-hyperbolic rational map whose Julia set J; is a Sierpiriski

carpet. Then the quasisymmetric group QS(Jr) is discrete.

2.1.2 Outline of the proof and the organization of this chapter.

We are mainly interested on the condition when a carpet Julia set is quasisymmet-
rically equivalent to a round carpet. By Bonk’s criterion, this motivates us to find the
condition when the peripheral circles of a carpet Julia set are uniform quasicircles and
when they are uniformly relatively separated.

In order to prove the peripheral circles of some carpet Julia sets are uniform quasicir-
cles, we first discuss the periodic Fatou components and prove that they are quasicircles if
their boundaries avoid the parabolic periodic points and the points in the w-limit sets of
the recurrent critical points (Lemma. Therefore, all peripheral circles are quasicircles
by using Sullivan’s eventually periodic theorem. In order to prove the uniformity, we dis-
cuss two cases. The first case, suppose that all the periodic Fatou components are disjoint
with the w-limit sets of the critical points. Then for each periodic Fatou component U,
one can find a large Jordan disk V such that V' \ U is an annulus and all components
of the preimages of V' \ U are annuli whose moduli have uniform lower bound. By using
a distortion argument, one can prove that all peripheral circles are uniform quasicircles
(Proposition . The second case, suppose that the rational map is semi-hyperbolic.

Then the corresponding Julia set (and hence all the periodic Fatou components) contains
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neither parabolic periodic points nor recurrent critical points. One can also prove that
all peripheral circles are uniform quasicircles by using Mané’s theorem and its variation
(Theorem 2.5 Lemma and Proposition [2.2]).

In order to prove the peripheral circles of some carpet Julia sets are uniformly relative-
ly separated, we first establish a lemma which asserts that the modulus can control the
relative distance (Lemma . Then we prove the peripheral circles are uniformly rela-
tively separated by showing that all moduli of the annuli between two different peripheral
circles have a lower positive bound (Proposition .

This chapter is organized as follows: In §2.2] we prepare some distortion lemmas for
the proofs of Theorems and Moreover, we prove that the modulus can control
the relative distance. In §2.3| we first prove some propositions about the properties of
uniform quasicircles and uniformly relatively separated. Then we prove Theorem
by using Bonk’s criterion and prove Theorem [2.2] by combining Bonk’s criterion and
Mané-Yin’s characterization on semi-hyperbolic rational maps. In the last section, using
the combinatorial method and renormalization theory, we construct a critically-infinite
semi-hyperbolic rational map whose Julia set is quasisymmetrically equivalent to a round

carpet.

2.2 Some distortion estimations

In this section, we give some distortion estimations and useful lemmas, which will be
used in the next section. We use D := {z : |z] < 1} to denote the unit disk on the complex

plane C.

Theorem 2.4 (Koebe’s distortion theorem, |[Pom| p.9|). Let f : D — C be a univalent

function. Then for every z € D, one has

|| 2|

|f’(0)|m <|f(z) = f(0)] < |f’(0)|m; and (2.2)
! 1- ’Z| (2 / 1+ ’Zl
POl s < 17 POl (23)

Let A be an annulus with non-degenerated boundary components. Then there exists
a conformal map sending A to a standard annulus {z € C: 0 < r < |z| < 1}, where r > 0
is uniquely determined by A. As an invariant under conformal maps, the modulus of A is
defined as mod(A) = 5-log(1/r). A set in Cis called a Jordan disk if it is homeomorphic
to the unit disk D and its boundary is a Jordan curve. Let A and B be two open sets in
C. We use the notation ‘A @ B’ if the closure A is contained in B.

Lemma 2.1. Let U; € V; # C be a pair of Jordan disks, where i = 1,2. Suppose that
mod(Vo \ Us) > m > 0 and f : Vi, — Vi a conformal map with f(Uy) = Uy. Then there
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exists a constant C(m) > 1 depending only on m such that for any x,y,z,w € Uy, one

has

L o=yl  F@) =Sl _ C(m) [ —yl
C(m) |z —w| = [f(2) = f(w)] |2 — wl
Proof. The proof is based on applying Koebe’s distortion theorem. Without loss of gen-
erality, suppose that x # y and z # w are contained in the interior of U;. If not, we
can enlarge U; appropriately. By Riemann’s mapping theorem, there exists a conformal
mapping g : (,D) — (U, V}) which maps the unit disk D onto V; and a simply connected
domain €2 onto U;. In particular, we require that g(0) = x.

We claim that there exists a positive constant r := r(m) < 1 depending only on m such
that Q C D, := {2z : |z] < r}. Let ¢ € 09 be the farthest point such that dist(0, 9) = |].
Then D\ © is an annulus separating 0 and ¢ from the unit circle. By Grétzsch’s module
theorem |LV| p. 54|, we have

m < mod(V; \ Uy) = mod(D\ Q) < u(|¢]),

where r — p(r) is a continuous and strictly decreasing function defined on the interval
(0,1). This means that |(| < g~(m) and the claim follows if we set r = u=*(m).

Now we consider fog: D — V; and g : D — Vj. For every n € ), by using in
Theorem 2.4 we have

L= 147

|f' ()] 1g'(0)] Aty =S (fog)ml=1f(glg ] <1 ()]lg'(0) A= (2.4)
Also, we have . .
/ =T ! ! +r
g (O)I(1 Y <lg'(ml <lg (O)IW- (2.5)
Combine and , it follows that for every & € Uy, we have
/ (1 — 70)4 / / (1 + T)4
P @l <O @I (2.6
Therefore, for x,y, z,w € Uy, by , we have
(1—}-7’)4 / (1_T)4 /
@)= FW)] € Tl @) e =yl and 1) = )] = gl @) |2 = ul.
Set C'(m) = (1 +7(m))%/(1 — r(m))®. The proof is complete. O

Let U be a hyperbolic disk in C and E a connected and compact subset of U containing

at least two points. For any zq, 29 € E, the turning of E about z; and z, is defined by

i FE
A(E; 21, 25) = diam(£)

B \21—22"
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It is easy to see that 1 < A(FE; 2y, 22) < oo and A(F; 21, 22) = oo if and only if 2y = 25.
By definition (see for example, |LV] p.100]), a Jordan curve C'is called a quasicircle
if there exists a positive constant K > 1 such that for any different points z,y € C, the

turning of v about x and y satisfies
Alyiz,y) < K,

where 7 is one of the two components of C'\ {z,y} with smaller diameter.

Lemma 2.2. Let U; € V; # C be a pair of Jordan disks, where i = 1,2. Suppose that
mod(Vo\Usy) > m > 0 and f : Vi — V, a conformal map with f(Uy) = Us. If OUs is a K -
quasicircle, then there is a constant C(K, m) > 1 such that OU; is a C'(K, m)-quasicircle.

Proof. By definition, if U, is a K-quasicircle, then there exists a constant C'(K) > 0

such that for any different points z1, 2o € 0U,, the turning of v about z; and 2z, satisfies

diam(7)

A(v;iz, ) = < C(K), (2.7)

B 121 - Z2|

where 7y is one of the component of OUs \ {21, 2o} with smaller diameter.

Let z,y € 0U; be two different points which divide the quasicircle dU; into two closed
subcurves a and 3. Without loss of generality, let o C OU; be the subcurve with smaller
diameter. Moreover, let z,w € a such that diam(a) = |z — w|. By Lemma [2.1] we have

/() = f(w)]
[f(x) = fW)l’

where C(m) is the constant appeared in Lemma 2.1l Note that f(z), f(y) divide the
quasicircle OUs, into two parts f(a) and f(5).

If diam(f(a)) < diam(f(f)), then by and (2.8)), we have

diam(f(«)) -
7@ — Sy = GO (29)

If diam(f(a)) > diam(f(p)), let 2/,w" € g such that diam(5) = |z’ — w’|. By (2.7) and

Lemma [2.I] we have

< C(m) (2.8)

A a;z,y) < C(m)

. (2.10)
diam(f(5))
C(m)———— < C(m)C(K
= Uy — s = M)
Combine (2.9) and (2.10)), the Lemma follows. O

Recall that the relative distance A(A, B) of two subsets A and B in C is defined in
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(2.1). Now we prove that relative distance of two disjoint Jordan curves can be controlled

by the modulus of the annulus between them.

Lemma 2.3 (Modulus controls the relative distance). Let A C C be an annulus with two
boundary components Cy and Co. If the modulus of A satisfies mod(A) > m > 0, then
there exists a constant C(m) > 0 depending only on m such that the relative distance of
Ch and Cy satisfies A(Cy,Cy) > C(m) > 0.

Proof. Without loss of generality, we assume that A C C, C}, Cs are not singletons and
0 < diam(C}) < diam(Cy) and

dist(Cy, Cy) = |a — y| (2.11)

for z € Cy and y € Cy. There exists a point z # z in C} such that |z —z| = sup,¢¢, |a—x|.
Therefore, we have
diam(Cy) < 2|z — z|. (2.12)

Consider the linear function h(t) = (t—x)/(x—z), which maps x,y, 2 to 0, (y—z)/(z—=z)
and —1. Then h(A) is an annulus separating the points 0 and —1 from A(y) and oo,
respectively. Let

R=hy)l = |y — 2)/(z = 2)].

By Teichmiiller’s Module Theorem (see for example, [LV] p.56]), we have

m < mod(A) = mod(h(A)) <2pu (\/E) ’

where r +— p(r) is a continuous and strictly decreasing map defined on the interval (0, 1).
By (2.11)) and (2.12)), this means that the relative distance of C and Cj is

AMOLC) =@ 22—z 222 <<u<m/2>> - 1) = C(m).

The proof is complete. O

Lemma 2.4 ( |[KL, Lemma 4.5]). Let U; € V; # C be a pair of Jordan disks, where
1 =1,2. Suppose that g : Vi — V45 is a proper holomorphic map of degree d > 1 and U is
a component of g~ (Us). Then

mod(V; \ Uy) < mod(Vy \ Uy) < d mod(V; \ Uy).

Let U be a hyperbolic disk in C and z € U. The shape of U about z, denoted by
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Shape(U, z), is defined as

maxyepy [W — 2|  Maxyepy [w — 2|

h = =
Shape(U, z) min,esy |w — 2| dist(z,0U)
It is obvious that Shape(U, z) = oo if and only if U is unbounded and Shape(U, z) = 1 if
and only if U is a round disk centered at z. In other cases, 1 < Shape(U, z) < 0.

Lemma 2.5 ( [QWY], Lemma 6.1|). Let U; € V; # C be a pair of Jordan disks with
mod(V, \ Uy) > m > 0, where i = 1,2. Suppose that g : Vi — Vs is a proper holomorphic
map of degree d > 1 and Uy is a component of g~ (Us). Then there are two positive
constants Cy(d,m) and Cy(d, m) depending only on d and m, such that

(1) For all z € Uy, the shape satisfies

Shape(U1, 2) < C1(d, m) Shape(Us, g(2)).

(2) For any connected and compact subset E of Uy with the cardinal number §E > 2

and any z1, 25 € E, the turning satisfies

A(Ea 21, 22) < C2<d7 TTI,) A(Q(E)7 g<21>, g(z2>>

Lemma means that the shape and the turning of the interior boundary of an
annulus can be controlled under a proper holomorphic map if the modulus of this annulus

has a lower bound.

2.3 Proofs of the Main Theorems

If a rational map f whose Julia set J; is a Sierpiiiski carpet, then f cannot be a
polynomial. In fact, the intersection of the closure of the bounded Fatou components (if
any) and the basin of infinity of f is non-empty provided f is a polynomial since the Julia
set Jy is the boundary of the basin of infinity. If we want to prove Theorem [2.1, we need
to prove that the peripheral circles of the carpets are uniform quasicircles and uniformly

relatively separated by Bonk’s criterion.

2.3.1 Mané’s Theorem and a lemma.

We first give a theorem due to Mané, which will be used frequently later.

Theorem 2.5 ( [Ma), Theorem II]). Let f : C — C be a rational map with degree at least
two. If a point x € Jy is not a parabolic periodic point and is not contained in the w-limit
set of a recurrent critical point, then for any € > 0 there exists an open neighborhood U,
of x such that:
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(C1) For alln >0, every component of f~™(U,) has diameter < €;
(C2) There exists d > 0 such that for all n > 0 and every connected component V' of
f~™(U,), the degree of f*:V — U, is < d.

When we pull back a Jordan disk U by a rational map f, there maybe exist a compo-
nent W of f~1(U) which is not simply connected. If the boundary U avoids the critical
values, then OW is the union of finitely many disjoint Jordan curves {C;}. Moreover,
we have f(C;) = 90U for each i. Note that W is a connected set whose boundary con-
sists of finitely many Jordan curves. We have C\ W = |, V;, where each V; is a Jordan
disk bounded by the Jordan curve C;. Since the restriction of f on V; is a holomorphic
branched covering and f(9V;) = AU, we have f(V;) = C or f(V;) = C\U. In other words,
the image of each component of the complement of W under f is either C or C\ U. See
Figure for an example.

Cy
W
f
3 s
Vi

Figure 2.2: The pull back of a simply connected domain U under the rational map f with degree
4, where f(W) = U and OW = C; U Cy U C5. The complement of W consists of 3 simply
connected components Vi, Vo and V3. In particular, f(V1) = f(Va) = C\ U and f(V3) = C.
Moreover, W contains 4 critical points of f and V3 \ W’ (the white annulus) contains two.

In the rest of this chapter, we only consider the rational maps whose Julia sets are
not the whole complex sphere. Therefore, after conjugating f by a suitable Mobius
transformation, we always assume that oo lies in the Fatou set. This means that J; is
a compact set in C. In the following, we equip J; the Euclidean metric if not special
specified. We use D(a,r) :={z € C: |z —a|] < r} to denote the round disk in C with the

center a € C and radius r > 0.

Lemma 2.6. Let f be a rational map with degree at least two and Jy C C. Suppose
that x € Jy is not a parabolic periodic point and is not contained in the w-limit set of a
recurrent critical point. Then there exists an open neighborhood U, of x such that

(C3) For all n > 0, every connected component of f~"(U,) is simply connected.

Proof. By the assumption that co ¢ J, the grand orbit of oo lies in the Fatou set of f.

Let 09 > 0 be a small positive number such that

0 < & < dist(f ! (00), Js)/2. (2.13)
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By Theorem [2.5] there exists an open neighborhood U, of = such that every component
of f~™(U.) has diameter < ¢, for all n > 0.

Let U, := D(z,d,) be the largest round disk which is contained in U.,. We claim
that every component W, of f~"(U,) is simply connected. If not, let V;, be a bounded
component of C \ W,,, where n > 1. Then 9V,, C 0W,, and so diam(V,,) < &. This
means that V}, cannot intersect f~!(0o). Inductively, one can easily check that f°*(V},) N
fHoo) =0 for 0 < k < n—1. It follows that co & f°*(V},), which is a contradiction
since f*(V;,) = C or f*(V,,) = C\ U,. Therefore, such V,, does not exist. This means
that W, is simply connected. The proof is complete. O

Lemma is useful in the following since we need to obtain the simply connected

preimages of a simply connected domain.

2.3.2 Sufficiency for the property of uniform quasicircles.

In this subsection, we prepare some lemmas and give two sufficient conditions such
that the boundaries of the Fatou components are uniform quasicircles. We first discuss
the regularity of the boundaries of the periodic Fatou components and then spread the

results to their all preimages.

Lemma 2.7. Let I' be a Jordan curve in the plane C. Then there exists a constant op > 0
depending only on T such that, for any Jordan subarc v C T' with diam(y) < or, one has
diam(vy) < diam(I"\ 7).

Proof. Consider the function h : I' x I' — R which is defined by h(z,y) = diam(L/(z,y)),
where L'(x,y) is one of the two components of I'\ {z, y} with larger diameter. Obviously,
the map h is continuous. Since I' x I' is compact, the function A has a minimum 6" > 0.
Then the lemma holds if we set op = §'/2. O

Lemma 2.8. Let f be a rational map with degree at least two and U a Fatou component

which is a Jordan disk. Then flou is a local homeomorphism.

Proof. The image V' = f(U) is a Fatou component and hence a domain. Since f maps the
boundary of U to that of V, it follows that V' is a Jordan disk as well and f(0U) = 9V'.
For an annulus A with the outer boundary 0V and the inner boundary surrounding all
the critical values in V, then A’ = (f|y) *(A) is also an annulus in U with the outer
boundary coinciding with U by Riemann-Hurwitz’s formula. Then f : A" — A is an

unbranched covering. Thus the restriction of f on QU is a local homeomorphism. ]

Lemma 2.9 (The boundaries of periodic Fatou components are quasicircles). Let f be a
rational map with degree at least two. Suppose that U is a periodic Fatou component of f
whose boundary OU is a Jordan curve and OU contains neither parabolic periodic points

nor the points in w(c) for any recurrent critical point c. Then OU is a quasicircle.
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Proof. After iterating f by several times, we can assume that the periodic Fatou compo-
nent U is fixed by f. Without loss of generality, we suppose that co & J;. Let € = §p > 0
be the number defined as in (2.13). For any = € oU, by Theorem and Lemma [2.6]
there exists an open neighborhood U, := D(z,d,) of z satisfying (C1), (C2) and (C3).
Since OU is compact and OU C U,coy D(2,0,/2), one can select a collection of finite
number of elements U = {D(xy, 04, /2), - . D(znN, 2, /2)} such that OU is covered by U.
Let 6; > 0 be the Lebesgue number of ¢. Then every subset of U with diameter < §;
must be contained in at least one open disk D(x;, d,,/2) for some 1 < i < N.

By Lemmal[2.8] the restriction of f on U is a local homeomorphism. This means that
there exists a number 2 > 0 such that for any subset £ C U with diam(FE) < 4§, the
restriction of f on F is a homeomorphism. Recall that ds > 0 is the number depending
only on OU which is defined in Lemma 2.7 We define

0= min{f\},ég,%]\;}, (2.14)
where M := 1+ sup{|f'(z)] : dist(z, Jf) < do} < +00.

Let x,y be two different points in OU. We use 7 := L(z,y) to denote one of the two
components of OU \ {x,y} with the smaller diameter. Now we divide the argument into
two cases.

Case 1: Suppose that diam(y) > §. Define E := {(£,n) € 0U x 90U : diam(L(&,n)) >
0}. Then E is compact and (&,€) € E. The function

diam(L(¢, 7))

h:0U x OU — R* defined by (£,7) — € |
—n

is continuous on E. Then A has a maximum K; on E since E is compact. In particular,

the turning of v about x and y satisfies

diam(7)

< K. (2.15)

Av;o,y) = p——

Case 2: Suppose that diam(y) < §. Denote 7, := f°"(y) for n > 0. Note that the

forward orbit of v will eventually cover OU. There is a smallest integer n > 0 such that
diam(v,) < ¢ and diam(7,+1) = diam(f(y,)) > 9. (2.16)

By the choice of § in (2.14), we know that f°™*V| is a homeomorphism and so 7y,

is a Jordan arc connecting f°"*V(z) and f°*1(y). Note that there exist two points
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21, 22 € 7Yn, such that

diam(yn41) = [f(21) — f(22)| < o1 20 |f/(2)] 1dz]

(2.17)
< M|z — 2| < M diam(y,,) < M§ < min{dq, dav },

where [21, 25| is the straight segment connecting z; and zs.

By the definition of dgy and Lemma [2.7 the Jordan arc 7,41 is one of the two com-
ponents of OU \ {f°"*1)(x), fo"*V(y)} with smaller diameter. Since diam(v,;,) > § by
, as discussed in Case 1 above, we have

A 200 (), 20V (y)) < Ko, (2.18)

By the definition of 01, there exists a disk D(x;, 0,,/2) such that v, 1 C D(x;, d,,/2) for
some 1 < i < N since diam(7,51) < d; by . Let B, 11(xi, 04,/2) and By, 11(x;, 0y, ), Te-
spectively, be the components of f~"~!(D(z;,d,,/2)) and f~"~1(D(z;,d,,)) both containing
7. Note that both of them are simply connected by the choice of ¢,,. Applying Lemma [2.5]
to the case (U, V1) = (Bna1(xi, 02,/2), Buy1(xi,04,)), (Us, Vo) = (D(z4,0,,/2), D(x;,0z,))
and m = ilog 2, together with , we have

A(yiz,y) < Co(di)A(ynar; £ (@), 2 (y)) < Co(dy) K, (2.19)

where Cy(d;) is a constant depending only on d; and d; > 0 is the number appeared in
Theorem [2.5| which depends on x;. Let

Then A(v;2z,y) < K holds for any different 2,y € OU by (2.15) and (2.19). By the

arbitrariness of x and y, this means that OU is a quasicircle. The proof is completed. [J

Now we need to consider when the boundaries of all the Fatou components are uni-
form quasicircles. According to Sullivan |Sul|, each Fatou component of a rational map is
eventually periodic. It is natural to consider the pull back of the periodic Fatou compo-
nents and then using some distortion lemmas to control the shape of pre-periodic Fatou
components. To do this, it is necessary to construct a larger simply connected domain
surrounding the periodic Fatou component such that all components of its preimages

under the n-th iteration are still simply connected.

Proposition 2.1 (Uniform quasicircles I). Let f be a rational map such that the boundary
of each Fatou component is a Jordan curve. Suppose that all the boundaries of period-
1c Fatou components are disjoint with the w-limit sets of the critical points. Then the

boundaries of all the Fatou components of f are uniform quasicircles.
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Proof. If all periodic Fatou components of f are disjoint with the w-limit sets of the critical
points, then f has no parabolic periodic points. By Lemma and Sullivan’s eventually
periodic theorem, all the boundaries of the Fatou components of f are quasicircles. We
only need to prove that they are uniform quasicircles.

Let U" be the collection of all the Fatou components such that each of them is ei-
ther a critical Fatou component (contains at least one critical point) or a periodic Fatou
component. We use U := OY(U') = {Uy,---,U,} to denote the union of the forward
orbits of all the Fatou components in &’. Note that the number of Fatou components in
U is finite since U’ is. Therefore, there exists a constant K; > 1 such that each 9U; is a
Ki-quasicircle. For each 1 < i < n, let V; be a Jordan disk such that V; \Ui is an annulus
which is disjoint with the w-limit sets of the critical points.

Let mod(V; \ U;) = m; > 0 for 1 < i < n. For each Fatou component U ¢ U, there
exists a minimal number k > 1 such that f°*(U) = U; € U for some i. Let V be the
component of f~%(V;) containing U. Then f°f : V' — V; is conformal and V is a Jordan
disk since V; contains no points in the critical orbits. By Lemma [2.2] the boundary oU is
a C(K7, m;)-quasicircle, where C (K7, m;) is a constant depending only on K; and m;.

Let K = maxj<;<, C(Kjy,m;). Then the boundary of each Fatou component of f is a
K-quasicircle. By the arbitrariness of U, this means that the Fatou components of f are

uniform quasicircles. The proof is completed. O

Recall that a rational map f is called semi-hyperbolic if and only if the Julia set Jy

contains neither parabolic periodic points nor recurrent critical points.

Proposition 2.2 (Uniform quasicircles II). Let f be a semi-hyperbolic rational map such
that the boundary of each Fatou component is a Jordan curve. Then the boundaries of all

the Fatou components of f are uniform quasicircles.

Proof. By Lemma [2.9) and Sullivan’s eventually periodic theorem, it follows that all the
boundaries of the Fatou components of f are quasicircles since f is semi-hyperbolic. We
only need to prove that they are uniform quasicircles. According to [Yin, Theorem 1.2],
the Julia set Jy is locally connected. Then for any € > 0, there are only finitely many
Fatou components with diameter > € [Mi3, Lemma 19.5].

Without loss of generality, we suppose that oo ¢ J;. Let € = §y > 0 be the number
defined as in (2.13). For any € J;, by Theorem [2.5|and Lemma [2.6] there exists an open
neighborhood U, := D(z,d,) of x satisfying (C1), (C2) and (C3). Since J; is compact,
there exists a collection of finite number of elements U = {D(x1, 6, /2), - - D(zn, 02y /2)}
such that Jy is covered by ¢. We use 6 > 0 to denote the Lebesgue number of .
Then every subset of J; with diameter < § must be contained in at least one open disk
D(x;,04,/2) for some 1 < i < N.

We divide the collection of all the Fatou components F of f into two classes as fol-

lowing. Let JFy be the collection of all the Fatou components such that each U € Fy is
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one of the following cases: (1) U contains at least one critical point; (2) U is periodic; (3)
diam(U) > 6. Let F| := O (Fy) be the set of the union of the forward orbits of all the
Fatou components in Fy. Define F; := F; U f~'(F]). By Sullivan’s eventually periodic
theorem, the number of Fatou components in F; is finite since JFy is also. Therefore, there
exists a constant K7 > 1 such that each Fatou component in F; is a K-quasicircle.

For any Fatou component U € F \ Fi, we have diam(U) < 0. There exists a minimal
ny > 1 such that fov(U) € f~1(F]) \ F; C Fi and diam(f°"v(U)) < 6. Moreover, the
map fo" : U — f°"(U) is conformal. By the definition of ¢, there exists some disk
D(x;,04,/2) in U such that fo"v(U) C D(x;,0,,/2). We use By and By, respectively, to
denote the components of f~"(D(x;,d,,/2)) and f~"v(D(x;,d,,)) both containing U.

Let x,y € OU be two different points such that OU \ {x,y} = 71 U~e. Then f°"v(v,)
and f°"(7y) are both Jordan arcs connecting f°"V(x) with f°"V(y). Applying Lemma
ﬁ (2) to the case (Uy, Vi) = (By, By), (U2, Vo) = (D(w4,65,/2),D(24,65,)), m = 5= log2,
g = f°" and E = v;, where 7 = 1,2, we have

Alysiz,y) < Coldi) ACS™ (75); f7 (), £ (),

where Cs(d;) is a constant depending only on d; and d; > 0 is the number appeared in
Theorem [2.5| which depends on z;. Then

min {A(y;;2,y)} < Co(di) min {A(f"V(v;); f7V (), 7 (y))} < Co(di) K.
je{1,2} je{1,2}
Let K = maxj<j<y C2(d;)Ky. Then OU is a K-quasicircle by the arbitrariness of x and
y. By the arbitrariness of U, we know that each Fatou component of f is a K-quasicircle

and K is a constant depending only on f. The proof is completed. O]

Figure [2.1| shows a rational map having a parabolic periodic point whose Julia set is a
Sierpinski carpet but the peripheral circles of J¢ are not uniform quasicircles. Note that
in Propositions and [2.2] we do not require the closure of Fatou components are disjoint
to each other. They can touch each other at the points on their boundaries. It seems that
the conditions in Proposition is much stronger than in Proposition However, it is
not true. One can construct a rational map with recurrent critical points, whose w-limit

sets are disjoint with boundaries of Fatou components, using similar method as stated in

Section [2.4]

2.3.3 Sufficiency for the property of uniformly relatively separat-
ed.

By Lemma [2.3] if the lower bound of the annuli between the boundaries of the Fatou

components can be controlled, then one can prove that the peripheral circles of the carpet
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Julia set are uniformly relatively separated.

Proposition 2.3 (Uniformly relatively separated). Let f be a rational map whose Julia
set Jy is a Sierpiriski carpet. If the boundaries of all periodic Fatou components contain
no points in w(c) for any critical point ¢ € Jg, then the boundaries of Fatou components

are uniformly relatively separated.

Proof. After iterating f by some times, we can assume that all the periodic Fatou com-
ponents X1, ---, X, have period precise one. For 1 <7 < n, let Y; be a simply connect-
ed domain containing X; such that Yj,--- Y, are mutually disjoint and each annulus
H; :=Y;\ X; contains no points in the critical orbits. Define m = min;<;<, mod(H;) > 0.

For any two different Fatou components U; and U,, there exist two minimal numbers
niy,ne > 0 such that f°"(U;) = Xi, and f"2(Uy) = Xy, for 1 < ky,ky < n, where
Xk, , Xk, are Fatou components with period one. Since Hj, contains no critical values
of fom for i € {1,2} and so the restriction of f° on each components of f~"(Hy,) is
an unbranched covering. By Riemann-Hurwitz’s formula, it follows that each component
of their preimages is an annulus. Therefore, there exist two simply connected domains
Vi, Va surrounding Uy, Uy such that V; \ U; is a component of f~"(H,,) and deg(f°™ :
V; = Y,.) = deg(f°" : U; — X,,.). Note that f/1(U;) N f2(U;) =0 for 0 < j; < jo < m;

on;

and f has only finitely many critical points. So the degree of f
number N > 1 depending only on f. Denote by A the annulus bounded by 0U; and 0U,

in C. We now divide the arguments into two cases.

v, is bounded by some

Case 1: Suppose that n; = ny. Then V; and V5, are two disjoint components of

f7 (Y, UY,,). By Lemma [2.4] we have
mod(A) > mod(V; \ U;) + mod(V, \ Uy) > mod(Hy,)/N + mod(Hy,)/N > 2m/N.

Case 2: Suppose that n; > ny. We claim that Vi and U, are disjoint. Otherwise, the
annulus V; \ Uy intersects Us and so f°"2(V; \ U;) intersects the fixed Fatou component
Xi,. Then Hy, = fem=m2)(for2(V; \ U,)) joints with Xj,, which contradicts with the

choice of Hy,. Then we have

R

mod(A) > mod(V; \ Uy) > m/N.

Above all, the annulus A has modulus not less than m/N. By Lemma 2.3} U; and U,
are relatively separated with the relative distance A(0U;, 0Us) depending only on m and
N. By the arbitrariness of U; and U,, the peripheral circles of the carpet Julia set are

uniformly relatively separated. The proof is completed. O

Note that the condition in Proposition does not exclude the existence of parabolic
points on the Julia set. Actually, the peripheral circles of the parabolic rational map

appeared in Figure [2.1] are uniformly relatively separated.
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2.3.4 The property of non-uniformly relatively separated.

If the peripheral circles of a carpet Julia set are uniformly relatively separated, a natu-
ral question is whether it implies that all the boundaries of pre-periodic Fatou components
avoid the accumulation points of the critical orbits in the Julia set. We give the answer

in the following proposition.

Proposition 2.4 (Non-uniformly relatively separated). Let f be a semi-hyperbolic ratio-
nal map whose Julia set is a Sierpinski carpet. Suppose that there exists a Fatou component
U of f such that OU Nw(c) # O for some critical point ¢ € J;. Then the boundaries of

Fatou components of f are not uniformly relatively separated.

Proof. Without loss of generality, we suppose that co & J;. Let € = d9 > 0 be the number
defined as in (2.13). Let 2 € U Nw(c). By Theorem [2.5 and Lemma [2.6] there exists a
number J, > 0 such that the open neighborhood U, := D(z,d,) satisfies (C1), (C2) and
(C3). Since OU Nw(c) # 0 and J; is a Sierpinski carpet, it follows that the forward orbit
of ¢ is infinite. Let ¢, := f°*"(c) be the point in the forward orbit of ¢ converging to
x. Set e, = |r — ¢, |. We have ¢, = 0 asn — oco. Given 0 < § < ¢, there exists
sufficiently large N such that D(cg,,0/2) C D(ey,,d) € D(z, d,) for any n > N.
Evidently, the round disks D(cy,, €, ), D(cx,, 6/2) and D(cg, , 0) satisty (C1), (C2) and
(C3) in Theorem and Lemma . Pulling these three disks back by f°* =1 and
foF respectively, we denote by Xy, 1, Yi, 1, Zk, 1, respectively, X , Vi, , Zy, the simply
connected components of their preimages containing the critical value ¢; and the critical
point c respectively. Let Uy, _1 be a component of f(kn—1) (U) such that 0Xy, _1NOUy, —1 #
(. Then we can choose a point xy, 1 € 90Xy, 1 NOU, 1. Note that such z, 1 may be

not unique. See Figure 2.3

Figure 2.3: Sketch illustration of the mapping relation.

Since c; is a critical value, there exist at least two different Fatou components Uy, and
Uy, , which are both the preimages of Uy, 1 such that X, NUy, # 0 and Xy, NU'x, # 0.
Let z, € 0X}, NOUy, and z), € 0X;, N OU;, be the preimages of xy, ;. We will show

the relative distance between Uy, and Uj, converges to zero as e, converges to zero.
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Applying the Lemma (1) to the case (Uy, Vi) = (Ya,, Zk,), (U2, Vo) = (D(cy,,,d/2),
D(cy,,d)) and g = f°* we know that there exists a constant C;(d) > 0 such that

MmMaXeyedyy,, |U) B C‘ < Cl (d), (220)

Shape(Y},,c) = dist(c,0Y%,)

where d is the constant appeared in Theorem [2.5
Similarly, there exists a constant Cy(d) > 0 such that

maXueoxy, W — | Oy(d). (2.21)

Shape(Xj,, ¢) = dist(c, 0Xy,) ~

Now we estimate the relative distance of OUy, and 0Uj, by (2.20) and (2.21]).

dist (U, , OU}, )

Al0Us, 0V, ) = min{diam (90U, ), diam (90U}, )}

Tk, — %, | 2maxyeax,, |w — ¢l
— dist(c, 0Y%,) — maxyeox,, |w —c| T dist(c, Yy, ) — maxyeax,, |w — ¢ (2.22)
< 205 (d)dist(c, 0Xk,) B 2C5(d)
~ Cri(d) MaXyeay,, |W — ¢| — Ca(d)dist(c, X, ) %}M — Oy(d)
On the other hand, by Lemma , the modulus of Y}, \ Xy, satisfies
1 max,egy, |w — ¢ —
—1 o > mod (Y, \ X
27T Og diSt(cy ann) = 1o ( i \ k") (2 23)
1 - 1 1) ’
> —mod(D 0/2)\ D = log —.
— d mo ( (Ck'rﬂ / ) \ (Ckn7 6kn)) 27Td Og 2€kn

Note that e, — 0 as n — 0, it follows that the relative distance A(9Uy,,dU;, ) of
Uy, and OUj, tends to zero as n tends to oo by (2.22) and (2.23). This means that the

peripheral circles of J; are not uniformly relatively separated. The proof is completed. [

2.3.5 Proofs of the main results.
We now give the proofs of the main results in the introduction by combining some
propositions.

Proof of Theorem [2.1, By Propositions and [2.3] the peripheral circles of carpet .Jy
are uniform quasicircles and uniformly relatively separated. According to Bonk |Bon,

Corollary 1.2|, J; is quasisymmetrically equivalent to a round carpet. 0

Proof of Theorem The theorem follows immediately by Propositions [2.2] [2.3] and [2.4]
O

Proof of Theorem 2.5 By Theorem 2.1} let g : Jy — S be a quasisymmetric map sending
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J¢ to a round carpet S. According to |Bon, Theorem 1.1], one can extend g : Jr — S
to a quasiconformal map from C to itself. Since f is semi-hyperbolic, the corresponding
Julia set J; has measure zero by |Yin, Theorem 1.3|. It is well known that quasiconformal
maps on the plane preserve the measure zero. So the round carpet S has measure zero
as well. By the rigidity of Schottky sets (see [BKM, Theorem 1.1]), the quasisymmetric
group QS(S) consists of the restriction of Mébius transformations.

Note that ¢ induces a group isomorphism
g« : QS(J;) — QS(S) with g.(h) =gohog .
We are left to show that QS(Jy) is discrete, i.e., there exists § > 0 such that

infheQS(Jf)\{ide} (maxzle|h(x) — x|) > ).

If not, there exists a pairwise distinct sequence {hy}x>1 € QS(Jy) converging to idy,.
Let C4, Cy and C5 be three different peripheral circles of J¢. Then the Hausdorft distance
between C; and hi(C;) tends to zero as k tends to co. Since all hy(C;) are either disjoint
or coincides for k > 1 and i € {1, 2,3}, it follows that hy(C;) = C; for sufficiently large k.
This means, for sufficiently large k, the M&bius transformation g.(hy) fixes three disjoint
round disks bounded by ¢(C;), 1 <i < 3.

By the rigidity of Md&bius transformation, these g.(hx) must be the identity idg. It
follows that hy = idy,, for sufficiently large k. This contradicts the choice of {h}i>1.
The discreteness of QS(.Jy) is proved. O

2.4 An example of postcritically-infinite carpet Julia

set

In this section, we will construct a carpet Julia set of a rational map such that it is
quasisymmetrically equivalent to a round carpet. However, the rational map f is semi-
hyperbolic and has an infinite critical orbit in J;.

Let g : R/Z — R/Z be the doubling map defined by ¢(t) = 2t mod Z and

( .
o) — i 2t if0<t<1/2 (224

22t if1/2<t<1.

be the length of the component (R/Z)\ {t,1 —t} containing 0. Let T'(t) = min{2¢,2 — 2t}
be the tent map on the interval [0, 1]. One can easily check that

Tol(t)=1oq(t) (2.25)
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for all £ € [0,1]. Actually, the map [(¢) is equal to T'(t). We use these notations here by
following Tiozzo’s paper [T1, p. 24].

Lemma 2.10. Let 0 < a < 1 be a real number. Then a is rational if and only if v is

(pre-)periodic under the iteration of the doubling map q.

Proof. Obviously, this lemma holds for &« = 0 or 1. Hence we assume that 0 < o < 1. If
a is (pre-)periodic, then there exist two different integers ky, ks > 0 such that ¢°*'(a) =
¢°*?(a) mod Z. This means that there exists an integer ks such that 28a = 2% + ks.
Then o = k3 /(2" — 2*2) is a rational number.

Conversely, we only need to prove that, if & = m/n is a rational number with the
simplest expression, where n is odd, then « is periodic under ¢q. Consider the restriction
of ¢ on the set S :={0,1/n,---,(n—1)/n}:

t 2tmod n
h:=qls : —+— ———.
n n
We claim that h is injective. Indeed, if h(t;/n) = h(ta/n), then 2(t; — t2) = kn holds for
some integer k. Since n is odd, it follows that k is even and |t; —t5| = |§\ -n <n-—1. This
means that £ = 0 and t; = t5. The finiteness of the cardinal number of S implies every
element in S is pre-periodic under h. Then each element in S is periodic. Otherwise,
there will be at least two elements which are mapped to a same element. This contradicts

with that A is a injection. The proof is complete. O

In the following, based on the combinatorial theory of quadratic polynomials and
renormalization theory, we shall construct a semi-hyperbolic McMullen map whose Julia

set is quasisymmetrically equivalent to a round carpet.

Theorem 2.6. There exists a suitable parameter X > 0 such that the McMullen map
fr(z) = 2+ /24 (2.26)

18 sema-hyperbolic and the corresponding Julia set is quasisymmetrically equivalent to a

round Sierpiniski carpet, where d > 3.

Proof. We divide the construction into three main steps as following.

Step 1. For a given irrational number « € (0, 1), one can write it as an infinite binary
sequence o = 0.ajaga3 - - - by Lemma [2.10] where a; € {0,1}. Define a binary number

0 =001---10---01---10---0---
—— —— —— ——
100 by b bs

with b; = a; +1 for ¢« > 1. Then 1 < b; < 2 and we have:
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e The number 6 € (0,1/2) is irrational. If not, by Lemma [2.10} the number 6 will be
eventually periodic under the iteration of the doubling map ¢q. Then there exist m > 2
and p > 2 such that

¢"(0)=0.1---10---0---0---0,
N—— N—— N——

bm bm+1 bm+p71
where n = 101+b;+- - -+b,,—1. This means that the sequence by, byt1, -+, bygp—1, bmps -+ -
is periodic with period p. Therefore, the sequence a,,, @11, , Gmip—1, Gmtp, - - - 15 also

periodic with period p since a; = b;—1 for each i. Then o = 0.a1 - - - @yp—1GmGmi1 - Cmtp-1
is a rational number by Lemma [2.10] This is a contradiction since « is irrational.

e Define a rational number with the binary form

0 =001---1.
——
99

Then 0 < ¢ < 6 <1/2 and ¢',0 are very close to 1/2. We have

1(0)=0.1---101---Tand 1(A) =0.1---10---01---10---0Q---
———— S—— —— ——— —— ——
99 99 100 b1 b2 b3

For any n > 2, one can easily check that
0 <1(q(6")) < 1(g°"(0)), (g™ (¢")) < U(0) < (D). (2.27)
e Define a set
R:={teR/Z:T°"(l(t)) < I(t) for all n > 0}. (2.28)

By (2.25) and (2.27), we have ¢, 6 € R.

Step 2. Construct a quadratic polynomial P,(z) = z?+c with the following properties:

(1) The critical orbit OF (0) = {P"(0) : n > 0} is contained in the Julia set of P, and
the cardinal number of O}, (0) is infinite.

(2) The critical point 0 is non-recurrent and the w-limit set of 0 does not contain the
fixed point. Recall that a [ fixed point of a polynomial is the landing point of dynamical
external ray with angle zero.

The set R defined in is exactly the set of all angles of parameter rays whose
prime-end impression intersects the subset R N M = [—2,1/4] of the Mandelbrot set M
(see |Ti, Proposition 8.4]). By |Zal, Theorem 3.3|, there exists a real number ¢ := ¢(f) €
[—2,1/4] in the boundary of the Mandelbrot set such that c is contained in the prime-end
impression of the parameter rays Rj;(£6) since § € R. Moreover, on the dynamical plane,
the dynamical rays R.(+6) land at the critical value ¢ of P.(z) = 2? + c.

In fact, such ¢ is unique. Otherwise, suppose that there exists another ¢ # ¢, such
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that ¢ is contained in the prime-end impression of the parameter rays Ry/(£6). By the
density of hyperbolic parameters in RN M (see |GS| and |Ly]), there is a real hyperbolic
parameter ¢ between ¢ and ¢ with a pair of rational parameter rays landing at it. This
means that ¢ and ¢ cannot lie in the same prime-end impression of Ry/(£6) at the same
time, which is a contradiction.

Now we prove that the quadratic polynomial P, is the map what we want to find.
Again by [T, Proposition 8.4], the parameter rays Ry, (£6') land at a parabolic parameter
co € R since ' € R is a rational number. These two rays together with their landing point
Ry (0") U Ry (—6') U {co} bounds a wake W 5 {—2} with the following property: The
quadratic map P(z) = z? + £ has a repelling periodic point with exactly two dynamical
rays Re(£6') landing at if and only if £ € W (see [Mi2, Theorem 1.2|). By the construction
in Step 1, we have 0 < 6" < 0 < 1/2. Then Ry (£60) U {c} C W and hence R.(£6¢') land
at a repelling periodic point of P, on the real line. Also, the image R.(£q(¢")) of R.(£6')
land at some point on the real line.

Denote by H the simply connected domain bounding by the four dynamical rays
R.(£0") and R.(%q(0")). The two dynamical rays R.(0) and R.(0) are contained in dif-
ferent components of C \ H. Moreover, all the dynamical rays R.(+¢"(0)), where n > 2,
are contained in H by the definition of R and #’. This means that the collection of their
landing points U, P2™(c) are contained in H. Therefore, the critical value ¢ (which is
the landing point of R.(£6)) and the § fixed point of P, are not contained in the w-limit

set of the origin.

Step 3. Construct the semi-hyperbolic rational map f, whose Julia set is quasisym-
metrically equivalent to a round carpet. Consider the McMullen map fy(z) = 24 + \/2%,
where A € C\ {0} and d > 3. The free critical points of f) are 2d-th unit roots of A\. They
are either escaping to oo or have bounded orbits at the same time. The non-escaping

locus of fy is defined as
Ag:={X € C\ {0} : The free critical orbits of f\ are not attracted by oo}.

See left picture in Figure for the case when d = 3.

According to |Ste, Theorem 9|, there exists exactly one copy M of the Mandelbrot
set of order one in Ag N {\ € C* : |arg(\)| < 7/(d — 1)} (Note that there exists a
semiconjugacy between f, and the rational map discussed in [Ste, Theorem 9]). The
copy M is symmetric with respect to the positive real axis. Moreover, there exists a
homeomorphism ® : M — M such that, for every A € RT " M = Rt N Ay, there is a
corresponding parameter ®(\) € [—2,1/4] and the Julia set Jy, contains an embedded
set qu)()\), which is homeomorphic to the Julia set of the quadratic polynomial Pyy)(2) =
2% + ®(\). Moreover, the restriction of fy in a neighborhood of J Pyy 18 quasiconformally

conjugated to the restriction of Pg(y) in a neighborhood of Jp, .
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Figure 2.4: The non-escaping locus Az of f) (the left picture) contains infinitely many homeo-
morphic copies of the Mandelbrot set (the right picture).

Let A\g = @7 '(c) € M NR*, where ¢ = ¢() € (—2,1/4) is the real parameter on the
boundary of the Mandelbrot set determined in Step 2. By the symmetry of McMullen
maps, all 2d free critical points of f), are non-recurrent and they have infinite forward
orbits. This means that f,, is semi-hyperbolic (and not sub-hyperbolic). Let By, be the
immediate attracting basin of co of f,. Then qu)(ko) NBy = {2\, }, where z,, is the image
of the f fixed point of Jp, under the quasiconformal conjugacy stated above [QXY], Lemma
4.1]. Note that By is the unique periodic Fatou component of fy,, it follows that the
w-limit sets of the critical points of f), are disjoint with the periodic Fatou component of
fr, by the construction of P..

By [QXY], Lemma 4.4|, the Julia set of f), is a Sierpiniski carpet. By Theorem ,
the peripheral circles of Jy, ~are uniform quasicircles and uniformly relatively separated.
By Bonk’s criterion ( [Bon, Corollary 1.2]), the Julia set of f), is quasisymmetrically

equivalent to a round carpet, as required. O
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Chapter 3

Criterion for rays landing together

3.1 Introduction

Let f be a polynomial with degree d > 2 in the complex plane C. The filled Julia

set 1s

Ky :={z € C: The orbit {f"(2)}n>0 is bounded }

and the Julia set is the topological boundary of the filled Julia set
Jy = 0Kj.

Both of them are nonempty and compact, and the filled Julia set is full, i.e., the comple-
ment C \ K/ is connected. We call Qf := C\ K the basin of infinity which consists of
points with the orbit attracted by oco. If J; is connected. Then € is a simply connected
and there exists an unique holomorphic parameterization ¥; : Q; — C\ D such that
W (00) = 00, ¥ (0c0) = 1 and

Uyo fz) = (Typ(2))". (3.1)

By the external ray R(0) we mean the preimage of the radial line W, {re®™ : 7 > 1},
where § € R/Z is the argument of the ray. We say that R(#) lands at z € J; if
lim, ¥ ;(re?™) = 2. By the theorem of Carathéodory \11]71 extends continuous to 0D
with W1 (dD) = J; if and only if J; is locally connected.

Throughout this chapter we consider the case, J; is locally connected. Define « :
R/Z — Jg, 6 — «(#) where «(6) is the landing point of ray R(6). By (3.1]), we have the
following semi-conjugation,

f(a(0)) = afa4(8)), (3:2)

where 04 : R/Z — R/7Z with 6 — d 6 modZ. Thus, to study the topology of the Julia set

75



and the dynamics of f on J; is necessarily to figure out the semi-conjugation «.

There are two questions arising naturally,

(1) For any z in Jy, is the fiber a'(2) finite 7 In other words, are there only finite
rays landing at z 7

(2) Give a condition under which 6, 6" are in the same fiber. That is, when two external
rays R(0), R(¢') land at a same point ?

For the first question, if the orbit of z is finite, then the fiber a~!(z) is finite [DH84|. If
2z is wandering, i.e., the orbit is infinite, J.Kiwi gave an upper bound #a~1(2) < 24 |Ki02].
A.Blokh and G.Levin consider the more general problem: counting the number of external
rays landing at distinct wandering points with disjoint forward orbits. Blokh and Levin
worked the abstract modeling nvariant laminations and introduced a new tool called
growing tree [BLO2|. In this chapter, inspired by |Ki02|, we reprove the inequality in a
totally different way.

Theorem 3.1. Let zy,- - , z,, be wandering branched points such that their forward orbits

avoid the critical points and are parrwise disjoint. Then

> (v(z)—2)<d-—2.
1<i<m

In the above theorem, a point z is called to be a branched point if the fiber a=!(2)
contains at least three angles and the valence v(z) is cardinal number of a™1(z).

For the existence, W. Thurston proved that for quadratic polynomials there is no
wandering branched points. He asked a deep question concerning their existence for high-
er degree in the preprint [Th85]. A.Blokh and L.Oversteegen answered the question by
constructing an uncountable family of cubic polynomials, the Julia set of each one is a

dendrite and containing wandering branched points [BOO0S].

For the second question, following [BFH92|, [Po93| and |Ki05] etc, we need a concept:
critical portrait associated to a polynomial f.

e For critical point ¢ in Jy, ©(c) is the set of arguments of external rays which land
at ¢ and are inverse images of one ray landing at critical value f(c). Obviously, #0(c) is
deg;(c), the local degree of f at c.

e For strictly pre-periodic critical Fatou component U, ©(U) is a collection of deg( f|y)
arguments whose rays support U and are inverse images of one ray supporting f(U).

e For Fatou component cycle Uy, - -+ , U,y with f*(Up) = U;, U, := Uy, let Uy, -+ , Uy,
with 0 < kg < --- < k; < p—1 be critical with degree ng,--- ,n;. For 0 <14 < p, choose
(2i,0:), z; € OU; and R(0;) supporting U; at z;, such that f'(z9) = 2;, fP(2,) = 2, and
f{(R(6y)) = R(6;). Then ©(Uy,) is the set of arguments whose external rays land on 0Uy,
and are preimages of R(0,41), for 0 < j <.
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Let A:={0(c1), -+ ,0(cpm),O(U1),--- ,0(U,)}. For any © € A, set
0= | J{©' : F achain ©y =06, ,0, =0 in A such that ©;( )01 # 0}.

The collection A := {(:)1, e ,@N} is called critical portrait associated to f. In the unit
circle, there is a partition P := {Iy,--- ,Is} of R/Z\ Uj<;<n ©,. Each ; is a finite union
of open intervals with total length 1/d.

Given a partition, we say x, ' have the same itinerary respect to the partition under
a map g if and only if both ¢"(z) and ¢"(2’) lie in the same piece of the partition, for any
n > 0.

For polynomials with all critical points strictly preperiodic, B.Biefield, Y.Fisher and
J.H.Hubbard showed that, if #, 8’ have the same sequence respect to the partition P then
a(f) = a(f') |BFH92|. A.Porier extends this result to crtitical finite polynomials, admit-
ting periodic Fatou component [Po93|. Both of their proofs rely on the orbifold metric in
Julia set, on which f is expanding. In |Ki05|, Kiwi considered the polynomials with all
cycle repelling and Julia set connected. Based on the properties of mazimal lamination,
he proved that if 6,6 have the same sequence respect to P, then the impressions of R(6)
and R(#') intersect.

We prove the following theorem, which is the main result of this chapter.

Theorem 3.2 (Main Theorem). Let f be a polynomial with Jy locally connected. Let P
be the partition induced by critical portrait A. If 6,0" have the same itinerary respect to
P, then either R(0),R(0") land at the same point or R(0), R(6') land at the boundary of

a Fatou component U, which is eventually iterated to a siegel disk.

Note that S.Zakeri in [Za00| proved that for Siegel quadratic polynomial f, i.e., f :
2z — 2%+ c has a fixed Siegel disk, no points has more that two rays landing at and if two
rays landing at z then z must eventually hit the critical point 0.

The following Corollary holds immediately.

Corollary 3.1 (No wandering continua in J¢). Let f be a polynomial with Jy locally

connected. Then there is no wandering continua in Jy.

We have to point out that A.Blokh and G.Levin also proved the above corollary [BL02|.
And J.Kiwi proved that, for polynomials without irrational neutral periodic orbits f, Jy
is locally connected if and only if f has no wandering continua in Jy. Kiwi’s proof relies
on constructing a puzzle piece around each pre-periodic or periodic point of a polynomial

f with all cycles repelling [Ki04].
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3.1.1 Motivation

One of our motivation is to study the core-entropy of polynomials. Suppose X is a
compact metric space and g : X — X is continuous. The topological entropy of ¢ is mea-
suring the complexity of iteration from the growth rate of the number of distinguishable
orbits. The core-entropy of polynomial f is the topological entropy of f on its f-invaritant
set Hubbard tree, i.e., the convex hull of the critical orbits within the (filled) Julia set. Let
Acc(f) be the set of all biaccessible angles 6, i.e., there exist at least two rays landing at
a(f). Then the core-entropy h(f) is related to the Hausdorff dimension of Acc(f) in the
following way,

h(f) =logd - H.dim Acc(f). (3.3)

These quantities are according to W.Thurston who firstly introduced and explored the
core-entropy of polynomials.

For quadratic polynomials, G.Tiozzo showed the continuity of core-entropy along prin-
cipal veins of the Mandelbrot set M in [Ti13|. This result is generalized by W. Jung to all
veins [Jul3|. Recently, G.Tiozzo proves that the function 8 — h(fy) with fo(2) = 22 + ¢,
is continuous.

A.Douady proved the monotonicity of core-entropy along real vein M NR [Do95|.
The monotonicity for all postcritically finite quadratic polynomials is proved in Tao Li’s
thesis |Li07]. As an application of theorem we extend Tao Li’s result to a quadratic
family F := {f. = z* + ¢ f. has no Siegel disks and J;, is locally connected }.

Theorem 3.3 (Monotonicity of core-entropy). For any f., fo € F, if fo < fo, then
Acc(fe) € Ace(fe) and so h(fe) < h(fe).

For any f., fo in F, we say f. < fo if and only if I. D I, where I, is the characteristic
arc of f.. See section [3.7] for details.

3.1.2 Sketch of the proof and outline of the chapter

The proof of main theorem is based on the analysis in the dynamical plane. There
is a partition {II;};<;<q of C, induced by critical portrait. It has nice properties: for any
points x,y € II; N Jy, the regulated arc [x,y] C II; and Fy, is one-to-one, where F is a
topological polynomial which takes the same value as f in ;. Thus if z # y have the
same itinerary respect to {II;}, we obtain a sequence {F"[x,y]} of regulated arc. The
sequence will eventually meet U;<;<,0I1; N J;. However it is difficult to prove that the
partition {II; }1<;<q separates f™(x), f"(y) for some n. To overcome this difficult, we use

this sequence to construct a wandering arc in Jy, which is a contradiction.

In section [3.2] we prove theorem [3.1} This key result is useful to show the fact of no

wandering regulated arcs in Lemma |3.3]
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In section [3.3], we give the construction of regulated arcs and describe its properties.

In section we explain how to get a desired topological polynomial F' by modifying
f in Fatou set.

Section analysis the properties of partition induced by critical portrait in the
dynamic plane.

The main Theorem [3.2]is proved in section [3.6]

In the last section, we discuss characteristic arcs in details and give an application of

the main theorem to the monotonicity of core entropy for a quadratic polynomial family.

3.2 Wandering Orbit Portrait

If not otherwise stated, we assume f to be a polynomial with degree d > 2 and Jy

locally connected. Our objective is to prove the Proposition in this section.

3.2.1 Portraits

Now we give some definitions by following [Mi00] [GM93| [BFH92| [Ki02] etc.

For a point z in Jy, the valence of z, written v(z), is the number of external rays
landing at z. Then 1 < v(z) < oo. If v(z) > 3, z is called to be a branched point. z is
called to be wandering if f™(z) # f"(z) for m #n > 0.

Let T :={64,...,0,}, 0, € R/Z, 3 < n < co. T is called to be a portrait of z if all
R(6;) land at z. Denote by «(7T) := z the base point and v(T") := n the valence of T.
Obviously, we have 3 < v(T') < v(z).

Let T be a portrait of z. Each connected components of C \ Uger B() is called a
sector of T based at z. Evidently, any sector S of T" is bounded by two rays R(6,), R(6)
with 0,,0, € T. Let I(S) be the segment of R/Z \ {60,,0,} disjoint with 7". Then there
is a one-to-one correspondence betweens sectors based at z and the segments of R/Z\ T,
characterized by the property that R(t) is contained in S if and only if ¢ is contained in
I(S). Denote the correspondence by I : S +— I(S).

We define the annular size of a sector S, written [(S), by the length of the correspond-
ing arc I(S) in R/Z. Number the n sectors of T' by Sy(7T'),--- ,S,(T") according to their
length:

[(51(T)) < U(S2(T) -+ < U(Su(T)).

By means of critical sector or critical value sector if a sector S contains critical points

or critical values.

Lemma 3.1 (For portraits with distinct base points). Let T,T" be two portraits with
a(T) # o(T"). Let S resp. S’ be the sector of T resp. T' such that o(T") resp. a(T) is
contained in S resp. S’. Then all but S’ resp. S of the sectors of T" resp. S’ are contained
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Figure 3.1: Portraits T, 7" with distinct base points

in S resp. S" and so we have

I(S{(T") < 1(S) for S(T")# S and  U(S(T))) < U(S') for Sy(T) # S.

Proof. Set G := Ui<ij<yir) B(0:) U{a(T)} and G" = Ui<i<pirry R(9;) U {a(T")}. They
are disjoint close connected subset of C. So G’ is contained in exactly one connected
component of C\ G, that is, some sector of T. Since o(T”") € S and «(T) € S’, we have
G'C Sand G C 5. See figure Thus all sectors of T” resp. T except S’ resp. S are

contained in S resp. S’. The lemma follows. m

3.2.2 Sector maps

Lemma 3.2 (Properties of sector maps). Let T = {61, ,0,1)} be a portrait such that
the base point a(T) is not a critical point of f, here 0; are enumerated in cyclic order
around the circle. Then
(1) The map oq4 : t — dt mod Z carries T bijectively onto the portrait T' : = {o4(61),
-, 04 (Bury)} of f(a(T)) preserving cyclic order. Define the portrait map to be

oq: T —T.
(2) Let S be a sector of T bounded by R(0,) and R(6,). Then the sector map
oq: S~ 9,

where S" is the sector of T' bounded by R(04(0.)) and R(c4(6h)), is well defined and
one-to-one.
(3) l(04(S)) = dI(S) mod Z. Moreover, the integer ng := dl1(S) — l(04(S)) is the

number of critical points, counting multiplicity, of f contained in S.
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Figure 3.2: Sector maps

(4) If ng > 1, then 04(S) contains at least one critical values.
(5) If I(S) < 1/d, then l(04(S)) = d1(S) and the restriction of f on S is homeomor-
phic.

Note that we distinguish the distinct definitions of o4 by acting on different categories.

Proof. Let z := a(T'). Since z is not critical. f is a locally orientation-preserving homeo-
morphism at z. Note that the v(T) angles 6; in R/Z and rays R(6;) around z are identical
in order. Moreover, the order of R(f;) can be measured within an arbitrarily small neigh-
borhood of z. It follows that all rays with angels in 7" land together at f(a(T) and o4
sends angles in 7" onto 7" bijectively and keeping the order. Thus (1) and (2) follows.

For (3), suppose S is bounded by R(6,), R(,). Let v45(t) be a segment of equipotential
curve {z € C : Gy(z) = 1} which lies in S with v(0) = x, and (1) = 3, where
{z,} = YN R(0,) and {xp} = YN R(0y). Let Q be the close domain bounded by
R(6,), ey and R(6,). See figure [3.2]

Consider the image f(0Q). It starts at f(z) and goes along the rays R(o(6,)) until it
arrives at f(z,), then it rotates d [(S) angles, parameterized by angles of external rays,
along the equipotential curve {z € C: Gf(z) = d} to f(x}), finally it turns to f(z) along
R(c(6,)) and stops.

Let G4 := {2z € C: G¢(2) < d}. Let @ be the domain o4(S) (N G4. By the arguments
above, it is easy to see that f(74) surround 0G4 in ny times and overlap 0G4 0Q" one

time more. Thus,

Moreover, z € 0G4\ 0Q' has ng preimages in v, and z € 0G4 0Q’ has ng+ 1 preimages
in v4. The winding number of points in G4 \ f(0Q') are

(3.4)

w(z) =

{n0+1 ZEQ/
ino ZEGd\@.
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By the Arguments Principle, every point z € Gy \ f(0Q) has w(z) preimages, counting
multiplicity, in Q).

Now claim that every points z in 9Q" \ 0G4, consisting of two segments of external
rays, has ng + 1 preimages, counting multiplicity, in (). Since such z can not be a critical
value, choose sufficiently small enough neighborhood U, such that the restriction of f on
every component f~!U, is homeomorphic. Since U, N Q' has ny + 1 components in @) and
@ is closed, z must have ng + 1 preimages in @) as well.

Let vy,---,v, € f(Q) be the critical value of f|g. Let p; be the total multiplicity
of critical points in ¢ mapped to v;. Choose a cell subdivision A of f(Q) such that
the set of its 0-cells contains {f(z), vy, - ,v,} and the set of 1-cells contains 0Q’. Let
A; := {complexes of A contained in @'} and A, := A\ A;. It follows that A; is a
cell subdivision of Q'. Set x;,y;, z; to be the number of 0O-cell, 1-cell and 2-cell of A;.

Computing the Euler characteristic, we have
X@Q)=az1—y+2n=+1 (3.5)
and

X(f(Q) = (z1+22) — (Y1 + 92) + (21 + 22) = +1. (3.6)

After lifting every complexes in A by f|g, we obtain a cell subdivision A of (). Then

X(Q) =[(no + Dy +noxa — Y ] = [(n0 + Dy1 + noys)
1<i<n (3.7)

-+ [(no + 1)21 + 77,022] = +1
Combining (3.5)), (3.6) and (3.7), we have
Z Hi = To.

1<i<n
Thus (3) is completed.

For (4), we use the notations as above. If not, assume ()’ contains no critical values.
Then every component of f |51(Q’ ) is simply connected and f on the closure of which is
homeomorphic. Consider the component C' with 9Q \ 74 C C. f|z cannot be one-to-one,
a contradiction.

For (5), it follows directly by (3). O

3.2.3 Dynamics of wandering portraits

Portrait T is called to be wandering if and only if the point «(7) is wandering and
not iterated to critical points of f. We denote by T,, := o™ (T).
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Recall that Sy(T),-- -, Syr)(T) are the v(T') sectors of T" enumerated by the order of

their annular size. We have the following lemma. See also in [Ki02].

Lemma 3.3. Let T be a wandering portrait. Then
limy, o0l (Sp(ry—2(Th)) = 0.
Proof. If not, there exist a number a > 0 and an infinite sequence 7}, such that
5a/6 < U(Syry—2(Th,) < 7a/6.

The sectors Syr)—2(7},, ) can not be pairwise disjoint. Because otherwise the total length
of the infinite many intervals I(Syr)—2(Ty,) would be greater than 1.

Then there exist n; # n; such that Sy—2(T,) N Sery—2(Ty,) # 0. By Lemma ,
we can assume «(T,,) € Syr)-2(Ty,;) and both sectors Syr)—2(T},,) and Sy)-1(T},) are

contained in S,(r)—2(75,). Thus,

U(Sor)—2(Tn,)) > USor)—2(T1,)) + U(Suiry—1(Tn,)) > 5a/3,

a contradiction. O

By lemma [3.3] for any wandering portrait 7', the annular size of sectors T,,, except
the two large ones, will converges to zero. Furthermore, a similar argument can show
that liminf {(Syy-1(7,)) = 0. We will not use this fact. We are more interested in the
moment when a "wide" critical sector is mapped to a "narrow" critical value sector.

For any sufficiently small € > 0 and 1 < k < v(T) — 2, Set

Ner(T) = min{n : [(Sk(T})) < €}.

By lemma [3.3] 1(Sk(T)) will eventually be smaller than € as n — co. Thus n(T) is well
defined. We have the following,

Lemma 3.4. Let T be a wandering portrait. Then There exists & > 0 such that for any
€ < 6, denote by ney = nep(T), 1 <k < v(T) — 2, we have I(Sky1(T, ) > € and there

exists at least one critical value sector Sy, (T, ,) with 1 < ky < k.

Proof. By lemma [3.3] there exists an integer N > 1 such that, for any n > N,

Set
0 = miny<;<n{ 1(51(T})) }.
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For any € < 4, since n. is the first time that the k™ sector has length strictly less than
€. We have

€ SUSHTn 1)) < USum2(Tnes)) < 5o

By Lemma (5), f maps the v(T) — 2 sectors Si(Ty,_,-1), -, Sur)—2(Th.,—1) onto
sectors of T, , homeomorphic with their length multiplied by d. Then

U(0a(Sk(Th, ,-1))) > de > € and (Sk(Ty,_,)) <e

This means o4 must map at least one of the two sectors Syr)—1(Tn, ,—1) and Syy (T, 1)
onto a "narrow" sector S, (T, ,) with I(Sk, (T, ,)) < €. By lemma (4), Sko(Tn,,.) is
a critical value sector. Actually, there are only one of the above two sectors mapped to

such "narrow" sector. Because the total length of the v(7") — 1 images,

DO | —

Sk (Tn, )+ X2 Uoa(Si(Th, 1)) <

1<i<v(T)—2

It follows that the other sector is mapped to the widest sector Sy (T ¢ k) with length > %

Thus, we have

Sk1(T,

Ne k

) = 04(Sk(Th. 1)) > de>e€ and 1< ko <k.

The proof is completed. O

3.2.4 Proof of theorem 3.1

Proposition 3.1. Let TW ... T(™) be wandering portraits such that a(T™) have disjoint

forward orbits. Then
S ((T%)-2)<d-2. (3.8)

1<i<m

Proof. Let €y > 0 be smaller than any dpu), for 1 < i < m, as stated in the Lemma [3.4]
Firstly, applying Lemma to the case T =TW, k =1 and € = ¢, we obtain a critical

value sector Sy (T,S:g .) and
€:= Z(SI(TT(QJ)) <€ < Z(SQ(TT(L:z’l)). (3.9)

Let ng,; = ngyk(T(i)), for 1 <i<m,1<k<voTW). By the definition of ng; and

orbits of a(T™) disjoint in the condition, it is easy to see that
Ny i 7 Nhg,j 7 Nepn and O‘<T1§?k1) + &(Téﬁ?@) =+ @(Téfz,l)’ (3.10)

for 1 <i,5 <mand (i,k;) # (j, k2), 1 <k < 0(TW), 1< ky < o(TV). By Lemma
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again, we obtain N := Y1 ;<,,, (v(T?) —2) critical value sectors, denoted by S, (T ),

NE,i

and we have
USrey(TD)) < € < USkan (T ), 1< 7(k,i) < k. (3.11)

By and Lemma for any distinct two of the N + 1 critical value sectors
Si(T, 5131) and Sy (T}7,), they are neither disjoint or one contains the other.

We claim that the latter case can not happen. If not, suppose ST(;CMI)(T,EE)’”) are
contained in Sy, ,) (72 ). By Lemma , we have

Nkg,io

Sk1+1(T1§ill),i1> C ST(k2,i2)<T(i2) ) and Z(Sk1+1(T7E;11),1)) < Z(ST(k2,i2)<T(i2) ))

Nkq,ig Mkg,ig

This contradicts (3.11)). If one of them is Sl(Trg? ), similarly by || it is impossible.

01

Thus the N + 1 critical values sectors are pairwise disjoint and each of them contains

at least one critical value. Since it is known that, for degree d polynomials, there exist at

most d — 1 critical values. So N +1 < d — 1. The proof is completed. O
Proof of Theorem[3.1 The theorem follows immediately by Propositions [3.1] O

Actually the result in this section can extended to polynomials with Julia set connected

or not connected. We omit the details. See Appendix A in |Ki02].

Corollary 3.2. Let f be a polynomial with the Julia set Jy locally connected. Then the

number of grand orbits of wandering branched points is finite.

3.3 Regulated arcs

According to Fatou and Sullivan, every bounded Fatou components of polynomials
must eventually be mapped to the immediate basin of attraction of an attracting periodic
point, or to an attracting petal of a parabolic periodic point, or to a periodic Siegel
disk [Mi06| [Su83|. We refer to these cases simply as hyperbolic, parabolic and Siegel
cases.

For any two points x,y € Ky there usually exist more than one arc -y in Ky connecting
x and y. In the following, we will give the definition of internal ray and regulated arc
in Ky and show how to choose a canonical embedded arc between any two points in the
filled Julia set. Under certain condition, such arc is unique (See Lemma .

3.3.1 Extended rays

Now consider the polynomial f with J; locally connected. We have,
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Lemma 3.5 (Bounded Fatou components are Jordan domains). For any bounded Fatou

component U, OU s a Jordan curve.

Proof. Since J; is locally connected, then U is locally connected. Consider the Riemann
map: &y : D — U, it extends continuously to D by Carathéodory Theorem. Therefore,
U is the curve ®y(S1). If ®y|S! is not injective. Then there exists ¢ < ¢ in S with
dy(t) = By (). The two rays &y ([0, 1]e*™™) and &y ([0, 1]e?™) will bound a domain U,
which contains subset of the Julia set @ ({e*™ : ¢ < n < t'}. Since J; is the boundary of
infinity attracting domain €2y, some points in U’ will escape to infinity. This contradicts

the Maximum Value Principle. O

Given any bounded Fatou component U, pick a point ¢(U) in U as center point and
a Riemann map ¢y : U — D with ¢y (c(U)) = 0. Then extend it to a homeomorphism
@y : U — D by Carathédory Theorem.

An arc in U of the form ¢ {re? : 0 < r < 1} is called a internal ray of U with
angle 0. All these internal rays meet at the center point ¢(U). Each ray has a well defined
landing point in the boundary of U. Conversely, for any point z in the boundary of U,
there exists an unique internal ray of U landing at z. We denote this internal ray by
Ry(z). For any 6 € R/Z, if a(f) = z € OU, define the extended ray

—~

Ry (0) :== R(0)|J Ru(z).

3.3.2 Components of J; \ {} are arcwise connected

Recall that a topological space X is said to be arcwise connected provided that there is
a topological embedding of [0, 1] into X (called arc ) joining any two given distinct points.
If p € X, then X is said to be locally arcwise connected resp. locally connected at p,
provided that every neighborhood of p contains an arcwise connected neighborhood resp.
connected neighborhood of p. The space X is said to be locally arcwise connected resp.
locally connected, provided that X is locally arcwise connected resp. locally connected at

every point. We have the following well-know result.

Lemma 3.6. If a compact metric space X is locally connected, then it is locally arcwise

connected.
It follows directly by the Lemma 17.17 and Lemma 17.18 in |[Mi06).

Corollary 3.3. If a compact metric space X is connected and locally connected, then it is
arcwise connected. Moreover, every connected component of X \ {x} is arcwise connected

for any x in X.

Proof. Fix p € X, define Y as follows

Y = {p} | J{z € X : there is an arc in X joining p and z}
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Figure 3.3: Constructing regulated arc

Obviously, Y # . Since X is locally arcwise connected by Lemma/[3.6] A simple argument
show that both Y and X \ Y are open in X. Thus, since Y # () and X is connected, we
must have Y = X. So X is arcwise connected.
Let C be a connected component of X \ {z}, then C is open in X. Indeed, since
X is locally connected, every z in C has a sufficiently small connected neighborhood W,
avoiding x, thus W, C C.
Since X is locally arcwise connected by Lemma C' is locally arcwise connected as
well. Then one can show that C' is arcwise connected in exactly the same way as above.
O

Hence all Julia sets and filled Julia sets discussed in this chapter are locally arcwise

connected and arcwise connected.

3.3.3 Uniqueness of regulated arc

An arc v in K is called to be regulated if it joins two distinct points in J; and for
any bounded Fatou component U, the intersection v (U is an empty set or a point or

exactly two internal rays.

Lemma 3.7 (Uniqueness of regulated arc). For any two distinct points x,y in Jg, there

exists only one requlated arc in Ky joining x and y.

Proof. Let n(t) : [0,1] — K be the arc joining = and y with 7(0) = z and 7(1) = y. For
any Fatou component U whose closure intersects the arc n, set xpy = info<;<1{t : n(t) € U},
i.e., the first time 7 meets U, and yy = supy<,<,{t : 7(t) € U}, i.e., the last time 1 meets
U. If zy # yy. Then we replace the segment n((zy,yy)) starting at n(zy) ending at
n(yv) by the internal rays Ry (n(zv) and Ry(n(yv)), updating 1 = 1|0, zv]U Ry (n(zy)) U
Ry (n(yu)) Unlyu, 1]. After doing these processes for countable many Fatou components,

we obtain a regulated arc n connecting x and y as required.
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For the uniqueness, if " is the other one. Then C \ n U’ consists of several disjoint
connected components. Let W be one of the bounded component in Ky. Then W is a
Jordan domain and OW C n U n'. Applying the Maximum value Principle, W belongs
to the Fatou set. Let U be the Fatou component containing W. Thus W C U. Since
(nUn')N U consists at most four internal rays and all of the internal rays hit only at the

center point ¢(U). It is impossible for them to bounded a domain W, a contradiction. [

The regulated arc is denoted by [z,y|. The open arc (x,y) is defined by [z, y]\ {z, y},

and similarly the semi-open arc [z,y) and (x,y].

3.3.4 Quasi-buried regulated arc

A regulated arc vy is called quasi-buried if the intersection between v and the closure of
any bounded Fatou component is either empty or exactly one point. Obviously if K; = Jy,
every regulated arc is quasi-buried. But if Ky # J;, does there exist quasi-buried arc?
We conjecture that for some special locally connected J; such regulated arc exists.

Similarly as the quadratic case, for high degree polynomials, we still define £ fized
point as the landing point of external ray R(0). It can be a branched point with at most
d — 1 external rays landing at.

Let E' := U;so{f7(8)}, i.e., the preimages of 3 fixed points. Set E be the union of
E’ and branched points in J;. If J; is a segment, then £ = E. We know that E’ is dense
in J; [Mi06] and thus E is dense in J;. Moreover, we have the following,

Lemma 3.8 (Denseness of F in quasi-buried arcs). Let I := [z,y] be a quasi-buried

requlated arc in K. Then E is dense in I.

Proof. Let p be any point in I \ {x,y}. Since J; is locally arcwise connected by Lemma

3.0, we can choose sufficiently small arcwise connected neighborhood W), in J¢ such that
W,o(({z,y} =0 and peW,(I €l (3.12)

See figure 3.4, By the denseness of £ in Jg, W, E is not empty. Choose a point z in
W,NE. If zisin I, then we are done. If not, there exists an arc 7,, in W, joining z and
p, because W), is arcwise connected.

Let & be the point at which ~,, meets I at the first time. Then ¢ belongs to I\ {z,y}
by (8-12). Let 7.¢ be the subarc of ., joining z and &. It follows that the three arcs .,
[z, €] and [y, ], meeting at £, form a "Y" shape.

We are left to show that £ is a branched point. Due to the Theorem 6.6 in [Mc95|, we
only have to proof that Ky \ {{} has at least three connected components. Actually we
have the following.

Claim that z,y and z lie in distinct connected components of Ky \ {¢}.
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Figure 3.4: illustrating the proof of lemma

Proof. If not, suppose x,z in the same component C. By Corollary C' is arcwise

connected, thus there exists an arc v,,(t) in C joining = and z with 7,.(0) = x and
Y2-(1) = y. Set

te 1= SUPg<ic1 1t Vex(t) € [7,€]} and t. := infocici{t : 72 (f) € Vae}-

Denote by 2’ = 7,.(t;) and 2’ = 7,.(t,). Note that 2/, 2" are contained in [z,&) and
vze \ {€} respectively. Let 7, be the subarc in +,, joining 2’ and 2’. It follows that
N = Ve U2, €] U[2',€&] bounds a Jordan domain V. By the Maximum Value Principle,
V must be contained in some Fatou component U. Then [z/,&] C 0U. This contradicts
the definition that I N U is either empty or only one point. A same argument show that

y, z and z,y cannot lie in the same component of K\ {{}. The claim is completed. [

Thus ¢ is a branched point. The proof is completed. O

3.4 The topological polynomial F

The regulated arcs in Ky may not be preserved by the dynamic of f. In this section,
we will construct a nice topological polynomial F' by modifying f in each bounded Fatou
set. F' will coincide with f on the basin of infinity and the Julia set J;. The above
difficulty can be most conveniently overcome by investigating F' instead of f. Since we
only interest in the Julia set and the combination of external angles. These changes make

no essentially differences.
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3.4.1 Branched covering map

Let X and Y be domains in C, g : X — Y be a continuous map. Then g is called a
branched covering map if we can write it locally as the map z — 2" for some n € N after
orientation-preserving homeomorphic changes of coordinates in domain and range. More
precisely, we require that for each point ¢ € Y and any preimage p in ¢g~!(q) there exists
n € N, open neighborhoods U of p and V' of ¢, open neighborhoods U’ and V' of 0 € C
and orientation-preserving homeomorphisms ¢ : U — U’ and ¢ : V' — V' with ¢(p) = 0
and 1(q) = 0 such that

(Wogod™)(z) = 2" (3.13)

for all z € U'.

The integer deg,(p) := n > 1 is uniquely determined by g and p and called the local
degree of g at p. A point ¢ € C with deg,(c) > 2 is called a critical point of g and its
image ¢(c) critical value. Moreover, g is an open and surjective mapping. If the set of
all critical points only consists of finite isolated points, then ¢ is finite-to-one, i.e., every
point has finitely many preimages under g. More precisely, if deg(g) is the topological
degree of g, then

> deg,(p) = deg(g)

pEg~'(q)
for every ¢ € Y. A branched covering with no critical point is called unbranched covering.
A branched covering map g : C — C is called topological polynomial if g=*(c0) = oo,
that is , co is a fixed point with local degree deg(g).

3.4.2 From polynomial f to topological polynomial F

For polynomial f, a bounded Fatou component is called critical Fatou component if it
contains critical point of f. Its image is critical value Fatou component. Given a bounded
Fatou component U, f maps U to Fatou component U’ holomorphic. f|sy : OU — OU’ is
an unbranched covering map with degree deg(f|v)-

Recall that ¢y : U — D ¢(U) — 0 is a conformal parameterization . Set
puur = o fowy'|on : OD — ID.
Now we extend ¢y to be
2mif (627”'9).

oy D —D re”™ w— rogy

One can check that ¢y is a branched covering. Define Fy; := gol}/l oy oy U — U’
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by the following communicate diagram,

(U, c(U)) " (U, e(U"))

ol Jov

By the construction, Fy; satisfies

e I'ylov = flov-

e [y sends ¢(U) to ¢(U").

e Fy is a branched covering with degree deg(f|y) and the critical point can only be
c(U).

e [y sends internal rays to internal rays, more precisely, Fiy(Ry(z)) = Ru/(f(2)).

Now we define the topological polynomial F : C — C,

( .
Fy(z) If z in some bounded Fatou component U,
(2) = i (3.14)

| f2) Otherwise.

Evidently, F' takes the same value as f in the Julia set and the basin of infinity. Further-

more, we have the following.

3.4.3 Properties of the topological polynomial F'

Lemma 3.9. (1) F is continuous.
(2) F is a branched covering map.
(3) For any x #y € Jy, [F(z), F(y)] C F([z,y]).
(4) F(Ry(0)) = Ry(04(0)), where U' = F(U), for any extended ray Ry (6).

Proof. (1) We only have to show that, for any z € J;, F' is continuous at z. Let {z;} be
an arbitrary sequence such that z; — 2z as £k — oo. We continue the discussion into three
cases,

o If {2} € Q. Since Flg, = f and f is continuous, then F'(z;) — F(z) as k — oo.

o If {2z} are contained in C\€;. Let {Uy} be a sequence of bounded Fatou components
such that z, € Uy and U := {Uy : k > 1}. If #U < oo, since F' is continuous in any
Fatou component, we f(z,) = f(2) as k — oo. If #U = oo, since J; is locally connected,
the diameter of Fatou component F'(Uy) converges to zero as k — oo (See for example
Lemma 19.5 in [Mi06]). Thus,

|F(z) = F(2)] < [F(z) = f(z)| + [ f(2) — F(2)]
< diam F(Ug)+|f(z) — f(2)| = 0 as k — oc.
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e In other cases, decompose {z} into two subsequence {z,}, contained in Q, and
{zké} in Fatou set. By the former arguments, both of the image of the two subsequence
converge to F'(z) as k — 0o0. So F(z;) — 0 as k — oo.

Thus F' is continuous.

(2) Let Crit(F') to be the union of critical points of f in J; and the center of critical
Fatou components.

Firstly, claim that £ : C\ F~Y(F(Crit(F))) — C\ F(Crit(F)) is an unbranched
covering. We only have to show that F is locally homeomorphic on C\ Crit(F). For any 2
in some Fatou component U, It follows by the construction of Fy;. For any z € J;\Crit(F),
choose a sufficiently small neighborhood W, such that

e f on W, is injective,

o Fly. v is injective for any critical Fatou components,

e f(U) # f(U') for any distinct Fatou component U and U’ which intersect W.,.

By the definition of F'; We know that F|y. is injective. Therefore, F'|y. is a homeo-
morphism by the domain invariance theorem. The claim follows.

Secondly, consider point z in the finite set Crit(#"). Let W be sufficiently small topo-
logical disk around F'(z) and

oW =D F(2)—0

the topological parameterization. Let W’ be one of the component F~'W containing z.
Since F': W'\ {2z} - W\ {F(z)} is an unbranched covering by the claim. The Riemann
Hurwitz formula implies W’ is a topological disk around z. Denote by ¢ := deg(F|wn(2})-

Consider the following communicate diagram,

W —{z} —2 D-{0}

/| Jows

W —{F(z)} —%= D - {0}

where 1 is a homeomorphism obtained by Lifting ¢ through F and z + 2°. Set (2) = 0.
Thus F' satisfies (3.13)) at z.

Therefore, F' is a branched covering. The critical points set is Crit(F).

(3) F([x,y]), consisting of internal rays, is a curve connecting F'(z) and F'(y). There ex-

ists a regulated arc v C F([z,y]) joining F(z) and F(y). By Lemmal3.7, v = [F(z), F(y)].

(4) Let z € OU to be the landing point of R(#). Then F(z) = a(oq(d)) € OU’. Since
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Fy maps internal ray Ry(z) to internal ray Ry/(F(z)) and F(R(0)) = R(o4(#)). Thus
F(Ry(0)) = Ryr(64(0)). The proof is completed. O

3.5 Partitions induced by critical portraits

In this section our objective is to divide the plane into several simple connected do-
mains by external rays and extended rays. These rays land at Crit(F") and collide together

after F. The restriction of F' on each pieces is homeomorphic.

3.5.1 Supporting arguments resp. rays

Following [P0o93|, we give the definition of supporting arguments resp. supporting rays.
Let U be a Fatou component and p € U with total k rays R(6,),--- , R(fx) landing at.
These rays, numbered in counterclockwise cyclic order, divide the plane into k sectors.
Suppose U belong to the sector bounded by R(6;) and R(f2). The argument 6, resp.
the ray Ry, is called the left supporting argument resp. left supporting ray of the Fatou
component U. We can also define the right supporting arguments resp. right supporting

rays in analogous way. If only one ray lands at p, then the two supporting rays coincide.

Lemma 3.1. For any U and p € OU, the left resp. right supporting ray of U at p exists
and is unique. Let R(0) be a ray land at p, then R(6) is the left resp. right supporting ray
of U at p if and only if F(R(0)) is the left resp. right supporting ray of F(U) at F(p)

Proof. Firstly, there are at least one and at most finite many rays landing at p by [DH84|
and Theorem [3.1] Thus it exists and is unique by definition.

Let R(¢) be the right (left) supporting ray of U at p. Lgy := R(6) U{p} U R(#’") bounds
a domain V' containing U. The map F|y is locally homeomorphic at p. So F(R(f)) and
F(R(¢)) are rays supporting F(U). Since F preserves the orientation. F(R(6)), F(U)
and F(R(#')) are in the same cyclic order around F(p) as R(6),U and R(¢’) around p.
Thus the lemma follows. ]

3.5.2 Definition of critical portraits

Firstly we define O(c), O(U) resp. R(c), R(U), for critical point ¢ in Jy and critical
Fatou component U by the following way.

e [or any critical point ¢ € Jy, we set

O(c) == {01, Oacg (0} and R(c) :={R(01), -, R(Oacg, ()}
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such that the total degp(c) external rays meet at ¢ and F' maps them onto exactly one
external ray.

e For any strictly pre-periodic Fatou component U, we denote by

OU) := {1, ,bacgyy,,} and R(U) :={Ry(61),-- , Ro(Baca(rio))}

such that the deg(F|y) external rays R(6;) support U and collide onto one after F'. Clearly,
by Lemma [3.1], they are supporting U in the same direction.

e For any critical Fatou component cycle Uy, -+, U,_; with F*(Uy) = U, U, := Uy, it
can only be attracting or parabolic [Mi06]. Let Ugy, -+ , Uy, 0 < kg < -+ < kb < p—1,
be critical with degree ng, - -- ,n; respectively.

Firstly, For 1 < ¢ < p, choose (z;,6;), z; € OU; and R(0;) landing at z;, such that
F'(z) = z, FP(zy) = z,, F'(R(6h)) = R(6;) and R(6,) supporting U, at z,. Since
F?P 90Uy — 0Uy is 6 :== ng---ny to 1 branched covering, there exist 6 — 1 distinct choices
of z,. By Lemma , all the p external rays supports the Fatou cycle in the same direction.

Secondly, for critical Fatou component Uy,, 0 < i <[, O(Uy,) is the set of n; angles of
external rays, which are supporting Uy, and lie in the preimages of R(6, 1), and R(Uy,)
is the collection of n; extended rays of Uy, with angles in ©(Uy,).

After finishing the choice of ©(Uy,) and R(Uy,) in critical Fatou cycle, we now state

the following lemma by adopting the same notations as above,

Lemma 3.2. If z, 2’ € 0Uy have the same itinerary respect to R(Uy,), -+ , R(Uy,), then

z=2.

Proof. Consider the covering F? : 9Uy — OU,. There are § preimages of z, in dU,. These
points cut dUj into open segments 7y, - - - ,Vs5_1, numbered in positive cyclic order which

starts at zp. Denote by
(S0, 8] == son1 -y sing -+ s + sy,

where 0 < sg<ng—1,---,0< g <n;— 1.

Let Yk.00 s Vk;m;—1 be the segments of OUy, \UGGG(U;%) a(f), numbered in positive
cyclic order which starts at zj,. Then F' maps i, ; onto Uy, 11 \ {2zk,41} one to one.

By the construction above, we can see that £ € s, ... 5, if and only if F¥ () € s,
for 0 <4 < [. Hence by the condition, {F'P(z), F’P(z")}, for arbitrary j > 0, are always
contained in one segment of 7o, -+ ,v5_1. Now we show that it is impossible.

Let .. be the component of U \ {z, 2’} contained in some segment ;. Since F? is
expanding on 0Uy. There must exist a minimal positive s such that F*(~,,/) can not lie
in one of 7, ,vs_1. Let FCYP(y,.,) C ~,,. Since EP|,, covers OUy \ {z,} by sticking

the two endpoints into z,, which is the common boundary of v; and 7(j11)moed s for some
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0 <j<d6—1 Thus F*P(z) and F*P(2') must be in distinct segments. The proof is
completed. O

It is easy to see that all the R(c) and R(U) defined above are in star shape with a

critical point in the center.

Lemma 3.3 (Properties of R(c) and R(U)). (1) R(c)NR(¢) = 0, for distinct critical
points ¢, in Jy.

(2) If R(c)NR(U) # 0, then ¢ € OU and the intersection is exactly either a point
{c} or one ray together with the landing point c. The latter happens if and only if
O(c)NOU) # 0.

(3) If R(U)NR(U") # O, for distinct critical Fatou component U, U’, then the inter-
section is exactly either a point {p} = OU N OU’ or one ray together with the landing
point p. The latter happens if and only if ©(U)NO(U") # 0.

Proof. By definition, (1) and (2) follow immediately.

(3) Since for any two distinct Fatou component U, U’, the intersection U N U’ is at
most one point. R(U)NR(U’) # () implies UNT" := {p}. f O(U)NO(U’) # 0, then the
latter case happens. Otherwise, we have R(U) NR(U’') = {p}. O

In R/Z, let A:={O(c1),---,0(cm),OU;), - ,0(U,)}. For any © € A, let
0= J{©':Fachain ©y:=0,---,0;:= 06" in A such that 6;() ;41 # 0}.

The collections A := {(:)1, ....,0 ~} are called critical portrait of F'. One can check that
the following conditions are satisfied.

(1> 219‘31\/(% @z - 1) =d-1 R R

(2) ©4,---,0n are pairwise unlinked, that is, for each i # j the sets ©; and ©; are
contained in disjoint sub-intervals of R/Z.

(3) 04 sends ©; onto exactly one argument.

3.5.3 Critical diagram associated to A

Given critical portrait 24\, one can construct a critical diagram D C D as follows. See
figure [3.5

Start with the unit circle R/Z, for each ©;, mark all of the points ¢2™ with 6 € ©;.
Let 2; be the center of gravity of the marked points, and join each of these points e*™ to
Z; by a straight line segment ly. Then we obtain a closed set D; := Jlp in the unit disk.
It follows easily by Conditions (2) that distinct D; and D; will not cross each other. Let

D := Ui<i<q D; be critical diagram associated to A
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The Condition (1) implies that D \ D are d simply connected domains Wy, --- Wy,
Denote by I; the interior of W; N OD. Then {I;}1<;<q4 is a partition of R/Z, each elements
of which consists of finite open intervals with total length 1/d by Condition (3).

Figure 3.5: An example of critical diagram D

3.5.4 Partition in the dynamic plane

Let £ := {R(c1), -~ , Rlcm), R(UL),---, R(U,)}. For any R € L, set R := U{R’ :
there exists a chain Ry :=R, -+, Ry := R’ in L such that, for R; and R, 1, the latter
case in Lemma [3.3|(3) happens}.

By Lemma , each R corresponds to a @, characterized by the property that R(6)
is in R if and only if 6 € O.

Lemma 3.10 (Properties of R ). (1) T := R\ Ky is a tree. Namely, any z,2 € T J;
can be joined by a regulated arc in 'T'. Moreover, the branching points in the tree must be
critical points in J¢ or c¢(U) in critical Fatou component U.

(2) Suppose R(0y),--- ,R(6,) be all the external rays in R, numbered in counter-
clockwise order. Let Lo,,,, := R(0;)UR(0;41) Ula(6;),(0i11)], 1 <0 <, Opyq = 01
Then Lg,,,, cuts the plane into two domains Y, Y'. Let'Y be the one disjoint with
R(0;),1 < j <. Then for any x,y € YN J;, [z,y] CY and Fleynoy is one-to-one.

(3) The image F(Lg,g,,,) has only three types:

e Type I: one ray union the landing point,
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e Type II: one extended ray union the landing point,
o Type III: two internal rays and one external ray, which looks like "Y".
(4) For another R/, ifﬁﬂ R/ =+ (), then the intersection is a point.

Proof. (1) By the construction of R, it is clear that [z, 2] C T if 2,2’ € T J;. The lem-
ma implies that regulated arcs cannot form a loop in K. Thus T is a tree. Branched
point z in Fatou component U is obviously a critical point ¢(U). If z is in J¢, there are at
least three critical Fatou component U; such that z € R(U;) C R, i € {1,2,3}. If z is not
critical, R(U;) share a common external ray which landing at z. Since one ray supports

at most two Fatou components. It is impossible.

(2) Consider [«(6;), @(6;+1)]. It has only three possibilities

(2.1) a(b;) = a(f;+1), then [«(6;), a(0;11)] is degenerated.

(2.2) [a(6;),(B;11)] C U passes through one critical Fatou component, consisting of
two internal rays.

(2.3) [a(0;), a(0;+1)] passes through two critical Fatou component U and U’, consisting
of four internal rays.

In fact, if [a(0;), a(6s)] passes through more than two critical Fatou component. Let
U be one of them with U N{«(6;), a(0;i+1)} = 0. Then the supporting properties imply
that there exists a external ray in R(U) contained in Y, impossible.

Assume [z,y] \' Y # 0, otherwise, (2) follows. Let v(t) := [z,y] with v(0) = z and
(1) =y. Set t; := infocic1{t : 7(t) € C\ Y} and ty := supg;<;{t : 7(t) € C\ Y'}. Then
y(t;) € Y, i € {0,1} and so [y(to),v(t1)] € Le,e,,,- We have [z,y]NOY = [y(to), 7(t1)]
and [z,y] = [,7(to)] U [y(to),v(t:)] U[v(t1),y]. Thus [z,y] C Y.

Now we have to show that F|[y ) ) is one-to-one. Note that [y(ty),v(t1)] consists
exactly several internal rays.

In case (2.2), at least one of R(6;), R(f;+1) is supporting U, because R(U) C R.
So [v(to),¥(t1)]N U is either a point or one internal ray. Thus F'|p ) 1S one-to-one
immediately.

In case (2.3), let {p} = UNU’. We have R(0;), R(;11) supporting U, U’ respectively.
Otherwise, there exists a ray in R(U) or R(U’) landing at p contained in Y, impossible.
Thus the intersection between [y(t),v(t1)] and U resp. U is at most one internal ray.

We are only left to consider the case [y(to),v(t1)] = [c(U), c(U")]. Suppose F|w,cw]
is not one-to-one. Then F([p,c(U)]) = F([p,c(U")]), thus p is a critical point. There
exists at least a external ray in R(p) contained in Y. Otherwise, consider the section S
of C\ R(p) containing U, U’, F|g is locally homeomorphic at p, thus it can not paster
[p,c(U)] and [p, c¢(U)] together. This contradicts the choice of R(6;) and R(;1). There-

fore F|w)wry is one-to-one.
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(3) By the discussion in (2), it follows easily that F'(Lg,,,,) is in Type I, Type II or
Type III if and only if [a(6;), a(0;11] is in case (2.1), (2.2) and (2.3), respectively.

(4) It holds directly by the definition and Lemma [3.3] O

1T,

I3

/

Figure 3.6: An example of partition corresponding to critical diagram in figure . Here the
critical Fatou components are Uy, Uy, Us and Uy. There exists a critical points ¢y with degp(co) =
2.

Let £ := {7/3\1, e ,7/€\N}. For simplification, the elements are numbered in such fine
order that R; consists of (extended) rays with their arguments in ©;. Let P := C\
Ur<i<n 7/€Z consists of finite unbounded pieces P, - - - , Ps.

Consider the critical diagram D. Given W;, suppose it is bounded by U;<;<y, (lo; U l@;)
with 6;,6; € ©; and ly, Uly C D;. Then, in the dynamic plane, Lo, 1 < j < k;, in
Lemma m (2) are well defined. As in Lemmaw (2), let YUY} := C\ Ly,p. where Y]
be the component disjoint with Ugc; R(6).

Now we define the partition {II; }1<;<4 of the dynamical plane by setting

I, :=C\ U ?j’
1<j<k;

We have

o P=Uieqll and TLNTL = 0 if i # 5.

e cach II;, maybe not a domain, consists of finite pieces P; and OII; are the union of
several (extended) rays.

e there is an one-to-one correspondence between { I; }1<;<q4 and {II; }1<i<q by the
property that 6 € I; if and only if R(f) C Il;. See figure and figure [3.6]

Based on the topological argument principle, we shall prove the following,
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Proposition 3.2. The restriction of F' on each 11; is homeomorphic.

Proof. Recall Gy : C — [0,00] is the Green’s function which vanishes precisely on K
and Gy := {z € C: G(z) < t} a simply connected domain. Set ; = G;NIl;, which is
bounded by edges in two types,

e The segments of the equipotential cure G;(z) = ¢ which lies in II;. Each one
corresponds to an arc in I;. We denote by I'; the union of all these segments.

e The segments of ng.g;_, 1 < j < k; satisfying the potential inequality G;(z) < t.

Each segments in T'; is mapped to equipotential curve v4 = {z € C : G(z) = dt}
locally homeomorphic. Since F' pastes the segments of the latter two types together as
in Lemma m (3). It follows that 4 is covered by I'; at least once. We know that
Fly : v = v is d to 1 and ~; is the union of I';, 1 <4 < d, with their interiors disjoint.
Thus F(I';) covers 4 exactly once.

Let 2o be any point of C which does not belong to the image F(0@Q);). By the Topo-
logical Argument Principle, the number of solutions to the equation F(z) = z, with
z € @y, counted with multiplicity, is equal to the winding number of F(9Q;) around
z9. By the arguments above, it is not hard to check that this winding number is +1 for
2o in G \ Ui<j<r, F(nggg_) and zeros for 2o in C\ Gg. So F|g, is one-to-one. By the
arbitrariness of ¢, F' on II; is homeomorphic.

m

3.5.5 Regulated arcs in the partition

Lemma 3.4. For any distinct x,y € II; N J;, the requlated arc [z, y] is contained in II;.
Moreover,
F:|x,y] = [F(x), F(y)] is homeomorphic. (3.15)

Proof. We adopt the notations as before. For 1 < j
3.10[ (2) gives [z,y] CY;. Thus [z,y] C Micjcr, Y =

Consider the set

ki, x,y € Y;. Then the Lemma

<
IT;.

X :={z € F([x,y]) : there exist 21 # 22 € [z, y] such that F(z) = F(23) = z}.

Since F|p, is one-to-one by Proposition 3.2, X C F([z, y] N JIL;).

We claim that X C F([z,y]N0IL;NJf). If not, let 2 € XNU for some bounded
Fatou component U. Then there exists two distinct z; € U; such that F(z;) = z. Firstly,
If Uy = U,, then U; must be critical. z; and z, are contained in two internal rays of
R(Uy). It is impossible by Lemma [3.10] (2.2). If U; # Us, consider the branched covering
F:U; — U. The image F(U;(N1L;) is either U or U \ R for some internal ray. In both of
the cases we have

F(UNIL)(F(U,N1L) # 0.
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This contradicts the fact that F' is one-to-one on II; in Proposition [3.2] The claim follows.
Since [z,y] N OII; N J; is finite, then X is finite as well. This means F'([z,y]) has only
finite many self-intersection points. If X # (), then we can easily obtain a loop in F([z, y]),
consisting of regulated arcs by Lemma (3). Lemma gives a contradiction. Thus

we have X = (). Therefore, F' : [z,y] — [F(x), F(y)] is homeomorphic.
[

3.6 Proof of the main theorem

In this section we aim to prove the main theorem, applying the tools prepared in the

previous sections.

3.6.1 No wandering regulated arcs

Proposition 3.3. For any regulated arc [z,y] in Ky, there exist two integer m # n > 0
such that F™[x,y] N F"[z,y] # 0.

Proof. For any critical point, if [z, y] is mapped onto it twice, then of course we are done.
So, by iterated [z, y| suitable times, we can assume f k|[x,y] is homeomorphic. We continue
the analysis by distinguishing the regulated arc into two case.

e [z,y] is quasi-buried, i.e., #[x,y] U < 1, for any bounded Fatou component U.

e there exists a bounded Fatou component U such that #[x,y]NU > 2.

In the first case, [x,y] C Js. Recall that E is the union of branched points and
preimages of § fixed points in J;. By Lemma .8 F is dense in [z,y]. If some (pre-
)periodic point lies in [z,y], we are done. Then EN[z,y| contains infinitely many wan-
dering branched points. Since the number of grand orbits of wandering branched point is
finite by Corollary [3.2] So there is at least a branched point z such that its grand orbit
intersects [z, y] infinitely many times. Choose any two distinct 21, 25 € [z, y] in the grand
orbit. Then we have f™(z1) = f"(22) for some m,n > 0. Therefore f™[x,y] N [*[x,y] # 0.
Since |z, and f"|[z, is injective. We must have m # n.

In the second case, let [2/,y/] := [x,y] U, consisting of two internal rays, particu-
larly containing ¢(U). By Sullivan’s no wandering Fatou components, U will eventually
be periodic. Then ¢(U) € [2/,y] is pre-periodic. So there exists m # n such that
[, y'1N f*[2',y'] # 0. The proof is completed. O
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3.6.2 Quasi-buried case

Proposition 3.4. Let {II; }1<i<q be the partition of C induced by the critical portrait of f.
Let [x,y] be quasi-regulated arc in Ky. If x,y have the same itinerary respect to {I1; }1<i<a,

then v = y.

Proof. We argue by contradiction and suppose x # y. Denote by z, := F™(z) for any
z € C. By Lemma [3.4] for any m > 0,n > 1,

F" : [, Ym] = [Tmtns Yman] 18 homeomorphic. (3.16)

Firstly, we claim that there exist M # N > 0 and £ such that
e & € [zaym]| Nz, ynl,
e The orbit of £ is disjoint with the finite set X := U;<;<4(01L; N Jy).

Proof of Claim. Consider the set
Y :={z €[z,y]: there exist m,n > 0 and 2’ # z € [z,y| such that F™(z) = F"(2')}.

Since there is no wandering regulated arc by Proposition Y is dense in [z,y].

For any z € Y, there exist m # n > 0 such that z,, € [, Ym| N[Tn, yn]. If the orbit
{zi}i>0 never hit X, we are done. If z,, € X and the orbit {z,,+;}i>0 is infinite, then
there exists a large number N, such that the orbit {zy,+;}i>0 avoids the finite points X.
Let M = Ny+m,N = Ny +n and £ = 2, n,, Wwe are done.

Otherwise, we can suppose that all Y are eventually iterated to Xy C X and points
in Xy are (pre-)periodic. Then there exist a periodic point w with period p and infi-
nite many points in Y iterated to w. Thus we have (2/,n) and (2", n"), 2/ # 2" € Y,
such that F™ (') = F"'(2") = w and n’ = n"modp. Let n” = n' + kp, k > 0. Then
F'(2') = F™(2") = w, which contradicts . The claim follows. O

For simplicity we write [z,y] = [xar,ym]. Let £ € [z,y]N[zn,yn], N > 1, such that
its orbit never hits the boundary of the partition {II;}1<;<4. Let

H = [z, yl Ulzn, ynv] Ulzon, von] -+ (3.17)

Then,
e For any (,n € H, [(,n] C H. Indeed, suppose ¢ € [Ty, N, Yn,n] a0d 1) € [Ty, Ynon]
with integers n; < ns. Then the path

Yen = [Cv fnlN] U[me? f(m—l—l)N] U T U[fTLQN? 77]

joins ¢ and 7. By the uniqueness of regulated arc in Lemma , It follows that [¢, 7] C ¢
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Figure 3.7: Relations of [£,{n] and [£n, &an]

Since [CafnlN] - [l'mNayngNL [fk;N,f(kH)N] - [$kN,y(k+1)N] and [CngNyﬁ] - [$n2N,yn2N],
then ~, € H. Thus [(,n] C H.

e For any n > 0, if F(§) € I, then F"(H) C II,. Indeed, since £ is never
mapped into U;<;<4 O11;, such I, exists. We claim that zyn, §en, §k+1)w, Yrn have the
same itinerary respect to {Il;}. Since §,&{n € [z,y], then &n, {pinn € [Ten, Yrn]. By
Lemma and , [ZkN+j, Yen+j] must be contained in some IIj(, for any j. In par-
ticularly, we have F7(zyn), F7 (&kn), F? (Egsryn)s F7 (yen) € (. By the arbitrariness of
j, the claim follows. Therefore we obtain a sequence &, &y, &N, -+ 5 Exny TN, Y, Which
have the same itinerary. Thus if F"(¢) € I1;, F"[xn, yen] C I;. By the arbitrariness of
k, it follows that F™(H) C II,.

e For any n > 0, F|y is homeomorphism and F¥(H) C H. The latter follows imme-
diately by definition. For the former, if not, there exists a minimal number ny > 0 such
that we have ¢ #n € F™(H) with F'(¢) = F(n). By the above conclusions, we see that
[¢,n] € F™(H) and is contained in some II;,). Since [¢,n] is quasi-buried, there exists
(¢, n®] C [2,y] with ¢, n® € I, such that () — ¢, ¥ — n as i — co. Then
F'l{¢ti) ) is one-to-one by Lemma . Thus F[(,n)] is a loop. It is impossible by Lemma
B.7

Now we pay attention to the two regulated arc [, &n] and [{y, {on]. Both of them are

contained in H. Their relations are in one of the following five possibilities. See figure
B.7
(1) [§,EnIN[En, San] = {En -
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2) [& Enl=[En, Can]-

(2) |

(3) [€n, San] C 1€, En].

(4) [€,&n] C [En, Sanl.

(5) [€, En] N[N, Ean] = [, En] for some n € (€, &n).

We will show that all of them are impossible and so the proof is completed.

For case (1), we have [£, &on] = [§, En]U[EN, §on] € H. Then Fi,,] is homeomorphic.
Note that FN[¢, En] = [En, &an]. Tt follows that [San, En] N [En, Con] = {Ean}. We also
have [&an, &3] N[E, En] = 0. Otherwise, the three arcs [, En] U[¢N, Lan] Uéan, Esn] would
form a loop. By induction, it follows that [&,n, §m41)n] N[E, &nn] = {&an} for n > 0. Then
(¢,€y) is a wandering regulated arc of FV. By Proposition , it is impossible.

Case (2) can not happen. Indeed, otherwise FV : [£,&n] — [€, En] is homeomorphic.
Choose any subarc I in [€, Ey] such that FN(I) I = (). Then [ is a wandering regulated
arc of IV,

For case (3), choose an arbitrary subarc I in (§,&y). Then FN(I) C (En,&n).
Since FN : [€,én] — [En, &on] is homeomorphic and [Ey, &on] C [€,€n], T is a wandering
regulated arc of F'V, a contradiction.

For case (4), by the intermediate value theorem, there is a fixed point v € (£,{y) of
FN. Then [v,€] C [v,&n] and the map F?V : [v,€] — [v, €] is homeomorphic. Let
& on € [v,€] such that FPN (£ ox) = € Then [€ on, &) N[, Ean] = {€}. Similar to case
(1), it is impossible.

For case (5), let n_n € [§,&n] with FYN(n_y) = n. We distinguish three possibilities
to analyze.

(5.1) n-n € (§,n). Then ny € (9, &n). Therefore [n_n,n] N[n, nn] = {n}. By case (1)
again, it is impossible.

(5.2) n_n = 1. Then 7 is a fixed point of F¥. We claim that there exist v € (n,¢)
and ny > 3 such that F™N[n v] C [n,€]. Indeed, since F3N[n,&] = [n,&n] and FN|g
is injective, hence [0, &n] N([0, En] U [, &n]) = {n}. If [n,&n] NN, &l # {n}, the claim
follows. Otherwise, continue the process to [n,&sn] -+, until [, &y N[N, €] # {n}. Oth-
erwise, we obtain an infinity sequence {(7,&n]} x>0 which are pairwise disjoint. This
contradict Proposition [3.3] Hence the claim follows.

Choose V' € (n,v) such that v, y # V. If v, x € (n,7), similarly in case (3), it is
impossible. If v, v € (v, &), let v/, v € (,V) be the preimage of F"N|; 1, then similar
in case (1), (., y, V) is a wandering regulated arc of F"°V. It is impossible.

(5.3) n_n € (&n,7m). Applying intermediate value theorem to F' : [n_n,n] — [1,nn], we
obtain a fixed point v € (n_y,n). Since [v,En] N[V, &an] = {v}. So this is the case (5.2),
impossible. The proof is completed. O
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3.6.3 General cases

Proposition 3.5. Let {Il;}1<;,<q be the partition of C induced by the critical portrait of
f. If x,y € J; have the same itinerary respect to {11;}1<;<q, then either v =y or x,y are

in the boundary of a Fatou component, which is mapped to a siegel disk.

Proof. Suppose = # y. Consider the regulated arc [z,y]. Let
U :={U : U is a Fatou component such that U [z,y] # 0}.

Then [z, y]\Uyey U consists of several disjoint quasi-buried regulated arcs. By Proposition
3.4) each such arcs is a single point.

Firstly, U is finite. If not, since there is no wandering Fatou components and the
number of periodic Fatou components is finite. Infinite many elements in ¢/ will eventually
be mapped onto a periodic one. This contradicts .

Secondly, any U € U is mapped to a siegel disk. If not, let (z’,y') = U N[z, y]. If there
exists NV > 0 such that orbits of 2’y and yj avoid the finite set X := U;<;<4(J¢ N OIL),
then 2y and yj have the same itinerary. Lemma gives zy = yj. This contradicts
(3.16). Thus there exist N and a periodic point £ € X such that z/y = € or ¢y = &.
Suppose z’y = €. Let & € ©(Uy) and p the period of €. Then F? fixes 2y and iterates yjy
to at least two distinct segments of Uy \ ©(Uy). By properties of supporting rays, ,, Y,
must be separated by O(Uj) for some n, a contradiction.

Finally, U consists of only one Fatou component. If not, let U # U’ € U. Let M, N
be integers such that FM(U) = FMTN(U), FM(U") = FMTN(U’). Then

FYNe(U), co(U)] = FY[e(U), o(U")).
By Lemmal3.7, & := OFM (U) N FM[c(U), c(U")] is periodic. Since FN|ypu (1) conjugates a
irrational rotation. Thus £ can not be periodic, a contradiction. The proof is completed.

[]

Proof of Theorem[3.4 The theorem follows immediately by Propositions [3.5] O

3.7 Application to core entropy

Consider a quadratic polynomial family F := {f. = 2 +c: f. has no Siegel disks and
Jy, is locally connected }. As an application of Theorem [3.2] we shall prove the mono-

tonicity of core entropy.
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3.7.1 Characteristic arc I,

In order to introduce a partial order on F, we need the following definition of charac-
teristic arc I..

(C1) If f. has a parabolic or attracting Fatou cycle of period p > 1. Then there exists
a unique point z in the boundary of critical value Fatou component U such that f?(z) = z.
Let S be the sector containing U and bounded by supporting rays of U at z. Then set
I..={0 € R/Z: R(#) C S}. Obviously, I. = R/Z if and only if exactly one ray lands at

Z.

(C2) In other cases, we have ¢ € Jy. Then there is a unique sector S based at ¢
containing critical point 0. Set I. := R/Z\ {0 € R/Z: R(#) C S}. Evidently, I. is a
single angle if and only if only one ray lands at critical value c.

For any f., f» in F, we say f. < f~ if and only if I, D ..

If I. # R/Z, denote by [n.,&] := I.. Let I'UI" := oy '(1,) with I’ := [, €] and
1 = [ €], where {1’} = 05" (n) and {€, &} = 03" (€.). The above [s,e] are
measured in positive cyclic order and we distinguish it from the notation of regulated arc

by acting on distinct categories. Evidently, I and I/ are symmetric respect to origin with
length [12] = |17] = 1|L.]

Lemma 3.11 (Properties of characteristic arc). For any f. € F, then

(1) If f. is in case (C2), then

(1.1) The rays R(n.), R(nY), R(&.), R(&!) land at critical point 0.

(1.2) If I. is not a single point, let S resp. S! be the sectors bounded by R(n.) and
R(&L) resp. R(n!) and R(E!) and S. the sectors bounded by R(n.) and R(.) avoiding
the critical point. Then (S.USY)NS. =0 and f maps S, resp. S! conformally onto S..
Denote by H. := S.USY.

(2) If f. isin case (C1) and I. # R/Z, then

(2.1) L,.¢. separates critical point 0 and critical value c. Recall Ly, ¢, := R(n.) U R(&:) U{z}.
Therefore, |I.| < 3.

(2.2) R(n.) and R(&!) resp. R(n!) and R(&)) land together at z' resp. 2" with
{2,2"} = f71(2).

(2.3) Let S, be the sectors bounded by R(n.) and R(.) avoiding the critical point and
H. the domain bounded by Ly¢v and Ly, then H.NS. = 0 and f : H. — S, is a

branched covering of degree two.
(3) For any fe, fo € F, if fo < fo, then I, U1 CI/UI.

Proof. (1) Since both R(7.), R(&.) land at critical value ¢. Then, at the critical point 0,
there exist preimages, rays R(n.), R(nY), R(&.), R(&Y). If I. is a single point, we have
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Figure 3.8: illustrating the proof of Lemma Left: case (C1). Right: case (C2)

n. = &,n) = ¢/ If I. is not a single point, consider the sectors S. and S! based
at 0. By lemma (StUS)NS. = 0. Since flg resp. flgr is conformal. Thus
1(f(S.) = 20(S.) = 2I(SY). Note that I(C\ S.) > (S + 1(SY). Tt follows that
f(S0) = f(ST) = Se.

(2) Let p be the period of the critical value Fatou component U and zy := z,2; :=
f(z), -+, % = fP(z) with z, = 2. Since this orbit is disjoint with critical point, we can
set L., the preimage of f~®~9L, . at each z;. Obviously, L,, = L., because both of
them support Fatou component U. Let S,, be one of the components C \ L,, containing
0 and S’ the other.

For (2.1), suppose L, does not separate 0 and ¢, then S, contains both of them. For
1 = p— 1, By Lemma (4), the sector map o, must send the critical sector S, _, to
critical value sector S,,, and thus o9(S, ) = S, . We have I(S] ) = :1(S%,). Claim
L., , cannot separate 0 and c. Otherwise, using Lemma and properties of supporting
rays, we have S;;H D S, thus Z(S;p,l) > [(S?,), impossible. For i = p —2,---,0, the
same argument as above implies 1(S) = 3I(S.,, ) and S., contains both 0 and c. Thus
1(5%,) = 551(S.,), a contradiction.

For (2.2), since z is not a critical value. We have two 2’ # 2" preimages of z. We
discuss by contradiction and assume R(7.), R(£.) resp. R(n”), R(¢/) land at 2’ resp. 2”.
Then consider the sector S; := Ugey, R(0) tesp. S; := Ugerr R(0). We have 03(S;) =
02(SY) = S.,. Since I(S) = I(S)) = I(I}) = I(I!) < 3, by Lemma flsy, flsy are
conformal. Therefore, the image S, cannot contain critical value c¢. This contradicts
(2.1).

For (2.3), note that both of L,,¢» and L,ye support the critical Fatou component and
are symmetry respect the original. Then the fact |I.| > |I.| = |I| implies H.N S. = 0.

For (3), one can easily check it by definition. ]
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3.7.2 Dynamic of biaccessible angles

Given f, € F, an angle 0 in R/Z is called to be biaccessible, if there exists 6’ # 6 such
that R(#) and R(#') landing together. Evidently, if 6 is biaccessible, then the preimages
03 ' (6) are biaccessible. Inversely, if 6 is biaccessible and a(6) is not the critical point,

then 0,(0) is also biaccessible. Denote by Acc(f.) the set of all biaccessible angles of f..
Then if I, = R/Z, Acc(f.) =0 by lemma [3.2]

Lemma 3.12. Let I. # R/Z and not a single angle. Let 6 be a biaccessible angle of f. and
the orbit of the landing point (s := «(0) avoid critical point 0. Then there exists a N > 0
such that the orbit of (n = fN(Co) is disjoint with H,, where H, is defined in Lemma
3.11 (1.2)(2.3). Therefore, there exists ¥ # O = o (0) such that, for any v € (9., &), U

and Oy have the same itinerary respect to R/Z \ o5 ' (v).

Proof. Let 0" # 0 with a(0") = a(f) = (y. Since (p will never meet the critical point. For
n >0, Lg,er = f"(Lge) bounds two sectors S, and St where we assume S, is the one
containing 0.

Firstly, there exists a N > 0 such that L@NQ;V separates 0 and c. If not, for each n > 0,
oy must send S, to Se,,, and S to S, therefore, I(S; ) = 2I(S;,) by Lemma
(2), (3) and (4). It follows that I(S{,) — oo as n — oo, impossible.

By Lemma (1.2)(2.3), points in H. will be mapped to S.. Thus we only have to
show that ¢, ¢ S, n > N. Claim [(S ) > [(S.). If not, let ng > N be first integer such
that 1(S¢, ) < I(Sc). Thus S¢ —must be a critical value sector. This means S;, 2 S.
or S¢, 2 C\ S, both of which imply (S, ) = I(Sc), a contradiction. Therefore,
(o & Se,n > N. O

3.7.3 Monotonicity of core-entropy

Proof of Theorem[3.3 If I. = R/Z, Acc(f.) =0

If #I. = 1, then I, = I, hence I, = I/, and I/ = I/;. By Theorem [3.2] Acc(f.) =
Acc(fe).

In other cases, we have either I. = I, or I, C I..

If I € I.. We can assume 1 € (1.,&.). For any 6 € Acc(f.), if the orbit of «(f)
is disjoint with critical point 0, by Lemma [3.12] there exist N and ¢ # 6y such that
On and ¥ have the same itinerary respect to partition R/Z \ 05 '(n~). By theorem ,
in the dynamic plane of f., external rays with arguments 6y,9 land together. Thus
0 € Acc(fo). If a(0) is iterated to 0, then critical point is not periodic. Evidently, the
above N and ¥ exist as well.

If I. = 1,. For any 0 € Acc(f.), if a(n.) is not periodic, by the same argument as
above, such ¥ and N exist. If a(n,) is periodic. If the orbit of a(6) avoids a(n.), then such
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v and N exist. If a(f) is mapped to a(n.). Then @ is iterated into {n.,&.} C Ace(fo).
Thus 6 € Ace(f.). The proof is completed. O
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Chapter 4

A landing theorem on non-recurrent

polynomials

4.1 Introduction

In this section we give some notations and recall some results of polynomial dynamics.
We refer to [Mi06], [Go94] and [Ki05| for details.

Let f be a monic polynomial with degree d > 2. Let Q; be basin of infinity consisting
the set of all points in C escaping to oo and the filled Julia set Ky := C\ Q. There exists
a green function Gy measures the escape rate of points to oo, defined by
log [ f"(2)]

T :

G;:C—1[0,00) z+ lim

n—oo

It is a continuous function which vanishes on the filled Julia set and satisfies

Gy (f(2)) = dG(2).

Moreover, G is positive and harmonic in €. In €, the derivative of G vanishes at z if
and only if z is a pre-critical point. Each locus G;'(r) = {z € C,Gy(z) = r} with r > 0

is called an equipotential curve around the filled Julia set K.

Near oo, there exists an unique normalized Bottcher map Wy which conjugates f with
z — 2% in a neighborhood of oco. \11]71 has an unique maximal radial extension to a subset
of C\ D. This radial extension terminates at a point w with |w| > 1 if and only if ¥;'
extends continuously to w and \Ilfl(w) is a (pre)critical point of f. Then external radius
R¢(t) with argument ¢ is
Ry(t) = W} (1, 00)e2™)

where W (re®™) is (pre)critical point of f. If all critical points has bounded orbits, then
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r, = 1 and so {2y is simply connected.

We are working in the parameter space P; = C4~! of monic centered polynomials,
that is polynomials z — 2% + ag_22%72 + - -+ 4+ ag. The shift locus S; is the subset of Py
formed by polynomials with all critical points escaping to infinity. Then K is cantor set
for each f in Sy. Let Sy(r), r > 0, consist of polynomials in Sy such that all the critical

points are in the same equipotential curve G7!(r) and let S} := U,~ Sa(r).

A collection © = {Oy,---,0,} of finite subsets of R/Z is called a critical portrait of
degree d if the following conditions hold,
(1) for every j, |©;] > 2 and |04(©;)| = 1, where 04 : 6 — d - fmod 1.

(2) ©1,---,0, are pairwise unlinked.
(3) £6; 1) =d 1.
For another critical portrait © = {©/,--- ,0/}, we say © = O’ iff there exist a per-

mutation 7 such that ©;, = @’T(i) for 1 < i < d. Let A; be the collection of all critical
portrait of degree d. In [Ki05|, Kiwi gave A, a compact-unlinked topology and proved

that A, is compact and connected.

Now we consider the map
I:8,— Ay f— 0.

Indeed, since there are deg;(c;) external radius with argument ) terminating at c;. De-
note these arguments 6, by ©;. Then II(f) := {©,---,0,} is the critical portrait
induced by f.

In [Go94], L.R.Goldberg proved that II is surjective. Indeed, for each © € A, she con-
structed a degree d topological polynomial g which maps X, (r) onto X,(dr) conformally.
All the critical points of g are in 0X,(r). Moreover, ¢g induces the prescribed critical

portrait ©. Then g pullbacks the standard complex structure on X,(r) to the space

R={]g"(X,)
n>0
Thus g : R — R is a complex analytic map. Since R is a planar Riemann surface, it can
be conformally embedded in C by Koebe’s general uniformization Theorem 9.1 in [Sp81|.
The complement C\ R is a holomorphically removable Cantor set [SN70]. Thus g extends
to a holomorphic map f : C — C which is a degree d polynomial with the required critical
portrait ©.
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In |Ki05|, Kiwi showed that IT is continuous and, for any ©, the preimage Sg = II71(O)
is a 1-real dimensional analytic manifold. Precisely, the map G : Sg — (0, c0) which sends

f to G(c;) is bijective and analytic. Moreover, given r > 0, the restriction
H|Sd(r) : Sd(r) — .Ad
is a homeomorphism.

The connected locus C4 is the set of monic centered polynomials with degree d such
that all the critical orbits are bounded. We know that C; is a compact and connected
subset of P, |BH88|. For instance, Cs is the Mandelbrot set. To describe C4 we look at it
from outside S,.

The impression Ic,(©) of critical portrait © is a subset of C,4, characterized by the
property that f € I, (O) if and only if there exists a sequence {f,} in S/ such that
II(f,) = © and f, converges to f.

Note that the impression here is slightly different from the definition in |[Ki05|, which
is bigger and containing I¢,(©). J.Kiwi proved that if all arguments in © is strictly pre-
periodic, then the impression I¢,(O) is a singleton [Ki05|. He conjectured that there exist

critical portraits with aperiodic kneading and non-trivial impressions.

Main results. In this chapter, we shall give an elementary proof of the following
two theorems based on the tools in [CT15].

Theorem 4.1. The map
P: Ay x(0,00) = S (©,r) = for

where fo, € Sq(r) induces critical portrait ©, is well-defined, one-to-one and continuous.

The well-defined and one-to-one properties are proved by quasiconformal surgery. In

parameter space we will call the simple curve
Re(t) := P(O,:): (0,00) = S}

parameter ray in Sy with argument ©. For quadratic polynomials, Rg is exactly parameter
ray outside of Mandelbrot set. We will say that Reg lands if and only if the impression
Ic,(0) is a singleton.

In dynamical plane, let f be a polynomial in C; with J; locally connected and all
cycles repelling. A critical portrait © = {Oy,---,0,} is called a critical portrait of f if
each external rays with arguments in ©; lands at critical point ¢;, for 1 < i < n.

We have the following landing theorem.
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Theorem 4.2. Let f be a polynomial in Cq with non recurrent critical points and all
cycles repelling. Then the parameter ray Reg(t) lands at f if and only if © is a critical
portrait of f.

The only if part comes from combinatorial continuity [Ki05| Theorem 1.

4.2 Preliminaries

In this section, we collect some known result on spherical metric, the distortions of
modulus, as well as shapes and turning, by holomorphic maps. The convergence of rational

maps on C is also discussed. These preliminaries will be used in the rest of this chapter.

4.2.1 Spherical metric

We will denote by B.(z,r), dist.(z,y), diam,W Area.S the Euclidean balls, distances,
diameters and Euclidean area. While B(z,r), dist(x,y) and diam W are measured in
spherical metric.

Recall that the spherical line element and spherical area element on C are

2|dz|

ds = and do = M
1+ [2]2 (1+]2]?)2

So we have

o 2|dz| < ds < 2|dz| on B.(0,2),

e the holomorphic map « : z — 1/z preserves the spherical distance and spherical
area,

e let ¢g = dist (B.(0,1),9B.(0,2)), then any subset S of C with diam S < ¢ is either
contained in B,(0,2) or C\ B.(0,1).
{mod B(z,2r)\ B(z,r)} > mg > 0.

e inf & 0<r<eo/2

4.2.2 Mané Lemma

Lemma 4.1 ( [Ma93|, Theorem I1). Let f : C — C be a rational map with degree at least
two. If a point x € Jy is not a parabolic periodic point and is not contained in the w-limit
set of a recurrent critical point, then for any € > 0 there ezist 6 = §(x,€) < € and integer
= n(z,€) such that for any r < § and any n > 0,

(1) every component of f~"B(x,r) has spherical diameter less than e,

(2) for every component W of f~"B(x,r), degree of f*: W — B(x,r) is less than n,
(3) every component of f~"B(x,r) is a topological disk.
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4.2.3 Distortions of modulus, shape and turning

Lemma 4.2 ( |[KL09|,Lemma 4.5). Let U; C V; in C be a pair of Jordan disks, where
i = 1,2. Suppose that g : Vi — Vs is a proper holomorphic map of degree d and Uy is a
component of g~*(Us). Then

mod V; \ U; <mod V,\ Uy < d mod V; \ U;.

Let U be a domain in C and 2z € U. The Shape, resp. Shape of U about z is defined

as

max,egydiste(w, z) max,,cpydist(w, z)

Shape, (U, z) = resp. Shape(U, z) =

min,esydiste(w, 2) min,ecpydist(w, z)

Obviously, B(z,r) C U C B(z, kr) for some r, where k := Shape(U, z). Thus U is a round
disk centered at z if and only if Shape(U, z) = 1.

Let F be a compact set in C and z;, 2o € E, the turning is defined as

diam,F diamFE
ASE, 21, 29) = —8Mel COA(E, 2, z) = —amE
(.21, 2) diste (21, 22) resp (B2, 2) dist(z1, 22)

We have the following lemma,

Lemma 4.3 ( [QWY12|, Lemma 6.1 ). Let U; C V; in C be a pair of Jordan disks with
mod(V, \ Uz) > m > 0, where i = 1,2. Suppose that g : Vi — Vy is a proper holomorphic
map of degree < d and Uy is a component of g~ *(Uy). Then there are two positive constants
Ci(d,m) and C4(d,m) depending only on d and m, such that

(1) for all z € Uy, the shape satisfies

Shape, (Uy, z) < Ci(d, m)Shape,(Us, g(2)), (4.1)

(2) for any connected and compact subset E of Uy with the cardinal number #E > 2

and any z1, 2y € E, the turning satisfies

Ae(E; 21, 20) < Cold, m)Ae(g(E); 9(21), 9(22)). (4.2)

Remark. If we give additional condition that diam U;, diam V; and diam E are less
than €. Then there exist positive constants C(d, m) and Cy(d,m) such that (4.1)) and
(4.2) hold by replacing Shape,, A. and C!(d, m) with Shape, A and C;(d, m) respectively.
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From now on when we apply Lemma 4.3 we always assume U;, V; and FE satisfying this

additional condition.

4.2.4 Convergence of rational map sequences

Throughout this chapter, if not otherwise stated, the convergence of maps on C is
measured in spherical metric.

If a sequence of rational maps {f,,} uniformly converges on C, then it converges to a
rational map g and deg (f,) = deg (¢g) as n is large enough. Moreover, the coefficients of
fn converges to that of g as well. For more results, we have the following lemma. See also

in [CT15).

Lemma 4.4. Let {f,} be a sequence of rational maps with constant degree d > 1. Let
U C C be a non-empty open set and { f,} converge uniformly to a map g on U as n — oo,
then g is a rational map and deg g < d. Moreover, deg g = d implies that { f,} converges

uniformly to g on C as n — oo.

Proof. By composing Mo6bius transformations, we may assume that oo € U and f,(c0) —

1. Thus as n is large enough, the function f,, has the form

(z—an) - (2 —aaqn)

(z—=b1n) (2 —ban)’

fn(z) =k,

and

k, — 1 asn — oo, (4.3)

Since fr?1<0) = {al,n" o 7ad,n}7 f;1<00) = {bl,m e 7bd,n} and fn(OO) — 17 both {ai,n}
and {b;,} are bounded in C. Passing to a subsequence { f,,, }, we have

(Aimgs 5 Qding; D1y 5 by ) — (@, s aa; by, -+ bg) as ng — o0, (4.4)
Without loss of generality, we assume that a; # a;, b; # b; for ¢ # j and
Adg+1 = bag+1, -+ ,aq = ba, a; # b; for 0 < 4,7 < dy (4.5)

for some 0 < dy < d. Let

(z—a1)--- (2 — aay)
(2 =01) - (2 = bay)

a(z) = or gi(z)=11ifdy = 0.

We claim that f,,, converges locally uniformly to g; on C\ {ag,+1, - ,aa}.
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Proof. Consider the metric d(-,-) on C

2|z — 2/
d(z,2) = a
( ) \/1+|Z|2'\/1+‘Z/’2

nd d(oo, z) := éim d(&, z)

for z, 2" € C. We know that it is equivalent to the spherical metric on C.
For any z € C, the distance d(f,,(2), g1(%)) equals

2 ‘kn H1§i§d(z — Qi) H1gz‘§do(z —bi) — ngigdo(z — a;) H1§z’§d(z — biny)

\/‘kn ngigd(z - ai,nk) i H1§igd(z - bi,nk) E \/‘ngigdo(z — a;) i + ‘ngigdo(z —b;)
A/

2Nk

"
ZNg

2

+

By assumption the claim follows at the point oo.
Let
§i=—- min dist (z,2").
3 a#a'e{ar,,aq,b1, bay 00}

For any x € C\ {agy+1, - , a4}, B(z,d) C C. Moreover, by ,

/
2N

sup AL —0ask— o0

z€B(z,0)

and there exists 9, > 0 such that

inf A7 >0,
2€B(x,6),k>0
This is because, as k large enough, at most one sequences of {a;,,} and {b;,,} stays
in the disk B(z,26). Therefore, {f,,} is uniformly convergent on B(z,d). The claim is
proved. O

Since { f,,} converges uniformly to g on U, we have { f,,} converges uniformly to g(= ¢;)
on any compact subset in C\ {ag 11, - ,aq} by the claim and hence g is rational map
with deg(g) = dy < d. Moreover, deg(g) = d implies dy = d and { f,,} converges uniformly
to g on C. The lemma is finished. O

4.3 Modulus distortion dominates the spherical distor-
tion

In this section, for our purpose we introduce a new quantity, namely the mazimal
distortion of modulus in |[CT15|, to control the distance between univalent map and

Moébius transformation. Although there are many existent measurements, such as the
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norm Schwarzian derivative, or the maximal distortion of cross-ratios or extremal lengths

etc.

4.3.1 Maximal distortion of modulus

Let V be an open set in C and ¢ : V — C a univalent map. For any two disjoint full
continua Ey, Ey in V, we denote by A(E1, Ey) := C\ (E, U E,) which is annulus induced
by By, Ey.

Define the mazimal distortion of modulus ©(¢,V'), as follows

D(p,V):= sup |mod A(Ey, Ep) —mod A(¢(E1), d(E2))],
E1,E2CV
where F, Ey are disjoint full continua in V' with mod A(FE1, Ey) < oo.

This quantity may not be finite, the first example being 2% acting on the right half
plane (see the theorem below for a proof). Also, although it is clear that ©(¢,V) = 0 if
¢ is the restriction of a Mdbius transformation on V', but it is not at all obvious that the
converse is also true.

In order to understand the following theorem, let us look at a guiding example: con-

sider V' a neighborhood of {0, 00} and define a univalent map ¢ on V as

'{)\oz, near 0 )
o(z) = { with Ao, Ao 7 0.
{

2/Aso, TmeEar oo

For e sufficiently small, let Fy = {z € C: |2] < ¢} and E» = {z € C: [z| > 1}. We
have A(¢(E1), ¢(E2)) = {|Xole < |2] < ===}. So

[Aoo €

mod A(E,, By) — mod AG(E), o(E)| = 5-log Nodecl] < D(6,V).

™

4.3.2 Properties of maximal distortion of modulus

Theorem 4.3. Let ¢ : V — C be an univalent map on open set V.

(1) For any Mdébius transformations «, 3, we have
D(aogof,f7HV)) =D(e, V).
(2) If V contains 0,00 and ¢ fizes 0,00, then, setting ¢'(oco0) := lim =

2—00 (z) )

217r [log [¢/(0)¢/ (c0)]| < D(6, V).

120



(3) If V contains 0,1,00 and ¢ fizes 0,1 and oo, then, for any z € V' \ {0},

1 ,
< llog |/(2)]| < (6, V)

(4)
(5) If an extension of ¢ has a critical point on the boundary of V', then ®(¢, V') = +oo.
(6) If V' contains 0,D(1,ry) and co. Then there exists constant 0 < C(rg) < oo such

that, for any univalent map ¢ fixing 0,1 and oo, we have

D(p, V) =0 if and only if ¢ is the restriction of a Mdbius transformation on V.

sup{dist (¢(2),2)} < C(rg) - D(p, V).

zeV

Proof. (1) It follows evidently. Because Mébius transformations preserve the modulus of
annulus.
(2) Let My(e), mg(e) be the supremum and infimum of |¢(z)| on the circle {|z| = €},
and M. (€), ms(€) be the supremum and infimum of [i(z)| on the circle {|z| = 1/€}.
Set By :={]z| <€}, By :={z€C:|z] > 1} and Ay := A(¢(E), ¢(E,)). Then

{Mo(e) < [2[ <moo(€)} € Ag € {mo(€) < [2] < Moo(€)}

and

1 €M (€) 1 €2 My (€)
—1 <mod Ay —mod A < —log —————=.
or ° My(e) — oG e T mod A = 508 mo(€)
Since
. Mo(ﬁ) . mo(ﬁ) . 1 . 1
/ _ _ / _ _
|¢(O)|_11_I>% € _11_{% € a‘nd |¢(OO)|_11_I)%EMOO(E) _ll_];%ﬁ'moo(ﬁ)’
we get

L Jlog |¢/(0)¢ (00)|| = lim [mod A, — mod A| < D(¢, V).
2 e—0

(3) For arbitrary distinct z,w € V' \ {oo}, there exist Mo6bius transformations

E—0(2)
5 $(w)

with a,b € C* such that ¢, := o 0 ¢ 0 3, fixes 0 and co. By (1) and (2), we have

w-&+z-a

t1a and (&) =

Bal§) =

MQWZQWWﬁfW»>—ﬁ%WMU%J )|

¢ (2)¢ (w)]|z — 1
log | = 20w, (4.6)

Set § : =D (¢, V), Ao = |¢/(0)], A1 = |¢'(1)] and Ao = |¢'(c0)|. Apply for the pairs

2
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(0,1) and (1,&) as & — oo, we get |log \;A;| < 276 for i # j. It follows that
llog \;| < 37§ for i€ {0,1,00}

For any z € V'\ {oc}, choose w,, — 0o as n — oco. By (4.6), we have [log |¢/(2) A|| <
27d. Thus |log |¢/(2)|| < 5mo.

(4) Without loss of generality, we can assume ¢ fix 0,1,00 on V by (1). Then (3)
implies ¢/(z) = 1 on V. Therefore ¢ = id.

(5) It follows directly by (3).

(6) See Theorem 8.1 (b) in |CT15].

4.4 Controlling modulus distortions by areas

In this section, firstly we recall some classic results on modulus of annulus without
proof. Then we give a lemma, which provides a way to control the maximal distortion of

modulus.

4.4.1 Modulus of annulus

Notations C* :=C\ {0,00}, D, :={z € C: |z| < t}, A(z0;r1,7m2) :={2€C:1 <
|z — 20| <mo} and A(ry,re) :={2€ C:ry <|z] <mry} for zp € Cand 0 <1 < 79.

Let A C C be annulus. Let Iieigne be the family of all locally rectifiable curves in A
joining the two components of C\ A and T'wig, the family of all locally rectifiable closed
curves in A separating the two components of @\ A.

Let p: A — [0,00] be a non-negative Borel measure function on A. The p-area of A
is

Area (p, A) := /A P (2)dxdy.

The p-length of a locally rectifiable curve v in A is

Length (p,7) := /7 p(2)|dz].

Height(p, A) is the infimum of Length (p,~) over all v € T'heigne. Width (p, A) is the
infimum of Length (p,7) over all v € I'wiqen.
The modulus of annulus A is defined to be the modulus of the family of curves I'wiqtn,
that is,
mod A := inf Area (p, A), (4.7)
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where the infimum is taken over all nonnegative Borel functions p with Width (p, A) > 1.

There are some well-known facts about modulus of annulus.
e [t is preserved by conformal maps.

o It equals the extremal length of the family of curves 'height, that is,

Height (p, A)?
Area (p, A)

mod A = sup

(4.8)

where p is taken over all nonnegative Borel function p with 0 < Area(p, A) < oo.
e If mod A < oo, there exists an unique conformal map x4 : A — A(1, e2™d4) yp
to a post composition of a rotation.

e pg reaches the infimum in (4.7) if and only if

(=) = 1(5 - log o xa) (2,

which is the pullback of Euclidean metric in C. pq is called extremal metric on A.

e Extremal metric pg realizes the supremum in (4.8)), thus
mod A = Height (pg, A) = Area (py, A) and Width (pg, A) = 1. (4.9)

o If A in C is annulus with mod A > 512"—752. Then there exists an annulus A(zg;r1,r2)

contained essentially in A such that

5log2
mod A(zg;r1,72) > mod A — 20g )
s

A conformal metric p, i.e., nonnegative Borel measurable function, on A is called to

be length increasing if
Width (p,A) > 1 and Height (p, A) > Height (po, A). (4.10)

4.4.2 Area difference controls modulus distortion

Lemma 4.5. Let Z be a compact set in C and ¢ univalent on C\ Z. Let Ey, Ey be disjoint
full continua in C\ Z. Then

lmod A(E}, Es) — mod A(p(E1), ¢(Es))| < Area(p, A) — Area(pg, A)

for arbitrary length increasing conformal metric p on A(Ey, E) with p|z = 0.

Proof. We write A := A(E1, Es) and A, = A(¢(E1), p(E2)). Let py be an extremal

metric on A.
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For arbitrary length increasing conformal metric p on A with p|z = 0, set

0, on Ay \ ¢(A\ Z)

1,
e ono(A\2).

(
pl=) =4
\

Then it is not difficult to check that
o Area (p, A) = Area (p, Ay),
e Width (p, A,) > Width (p, A),
e Height (p, Ay) > Height (p, A).
Combining with (4.7), (4.§), and ([(£.10]), we have

mod Ay —mod A < Area (p, Ay) —mod A = Area (p, A) — Area (po, A)
and

mod A —mod Ay = Area (py, A) —mod Ay
_ Height (p, Ay)

< Area (pg, A)

Area (p, Ay)

Helght P, A ?

< Area (po, A) — Area ((p A))
Height 7A ’

< Area (pg, A) — A%ea EZJOA))

< Area (p, A) — Area (po, A).

The last inequality holds by the fact Height (pg, A) = Area (pg, A) and the Cauchy In-
equality. Thus the lemma is proved. O]

4.5 Univalent maps off a finite nested disc system

The result in this section generalizes the discussion in ( |[CT15|, Section 8.2). At first,
we give the definition of nested disk systems, the m-nested and A-scattered properties.
Then we pay great effort to prove Theorem

4.5.1 Nested disk system

Let Y be a finite set in C. A collection of open topological disks {D,},cy is called

nested disk system if
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e each D, contains x,
e if D, N D, # 0 then ecither D, C D, or D, 2 D,.

Let {D,}.cy be a nested disk system. Let {D”},cy and {D!},cy be topological disks.
Then {D?, D, D, }.cy is said to be m-nested if

execD'CD. CD,

e for any D, # D, with D, D # 0, we have D, C D!,

e inf,cy{mod D, \ D.} >m > 0.

Let W be an open set in C such that U,y D, € W. Let V, be the union of all
D,(# D,) contained in D, and W, the component of W containing =. Then the nested
disk system {D, },cy is said to be A-scattered in W with A € (0,1) if and only if for each
x € Y and any univalent map h : W, — C*,

Area(ps, h(V,)) < X - Area(ps, h(D,)),

1

—— is a planar metric on C*.
2m|z|

where p, :=

4.5.2 The boundedness of Area,(E, W)

The following lemma will become natural by the end of the proof of Theorem [4.4]

Lemma 4.6. Let W C C be an open set with #C \ W > 2. Suppose E is a measurable
set with E C W. Then

Area,(E, W) := sup Area (p., ¢(E)) < oo,
¢

where the supermum s taken over all univalent maps ¢ : W — C*.

Proof. Without loss of generality, assume W C C*. Let d = dist.(E,0W) > 0. Let
¢ : W — C* be any univalent map. For any z € FE, consider the univalent map ¢ :
B.(z,d) — C*. By the classic Koebe’s 1/4-Theorem, we have

Be(¢(2), W(Z)‘d) C ¢(B.(2,d)) C (W) C C*.
Then .
16()] = dist.(6(2),0) > 12 Ef) |
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We estimate,

Area (p., ¢ // 27r\€| /ﬁs 47‘2,@ 2 dvdy

Area.(F) < o0 (4.11)

<
- 7T2d2

By the arbitrariness of ¢, the proof is completed. m

4.5.3 Univalent maps off m-nested and )-scattered nested disc

system

Theorem 4.4. Let Y be a finite set in C. Let {(D",D., D,)}scy be m-nested and -
scattered disk system in open set W C C. Let D := U,ey D, and D" := U,ey DY. Then

For any sufficient large m, there exists C'(m,\) > 0 with C'(m,A) — 0 as m — oo, such
that

D(p,C\ W) < C(m, ) - Area, (D, W)
for any univalent map ¢ : C\ D" — C.
Proof. Firstly, we define a partial order on the finite set Y. For any x,y € Y,

x <y <= eitherx =yor D, C D,.

Let I be the set of all maximal elements in Y. Inductively, I, k > 2, is set of all

maximal elements in Y\ Uy<;<j_; ;- Then
Y=nL{ULU UL
We denote by Dy, := U,¢;, D2 and D} := U,¢;, Dy. Obviously, it follows that
D=Dy 2Dy -2 D,. (4.12)
Secondly, for 2 < k < n, set
I ={z€ly: D, (\DI=0forany ye L |J---|JLt—1} C Ik

and
I :=={x €I, : D, (DI #0 for some y € L | J---|JLe-1} C Ii.

For k =1, set I} := I; and I} := (). Obviously, [ is the union of the two disjoint sets I},
and ;.
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Thirdly, for any disjoint full continua E;, Ey in C\ W, we write A := A(E}, E»).
Suppose mod A < co. Let x4 : A — A(1, e>™°4 4) be conformal. Then

polz) = l(-log o xa) 2)

is an extremal metric on A and satisfies (4.9)).
Define pi(z) on A for 1 < k < n inductively by

(o, 2 € User D,

i p0(2)(1—e™) 7%, 2 €Uy D:\ D,
pr(2) =

i pk:—l(z)v KAS Ua:el;g’ D,

'(pk_l(z), ZGA\Dk.

When reaching the deepest nest, the metric stabilizes to p,. This is the metric we were

looking for.

Claim 1. For 1 <k <n, pr(z) < po(2)(1 —e™)7% on A.

Proof. 1t is obviously true for k = 1.

By induction, for £ > 2, we have

pi(2) < max {po(2)(1 — e ™), pa(2)}
< max {po(2)(1 — &™), po(2)(1 — &) k1)
< po(z)(1 — &)k

for any z in A. Thus the Claim follows. O
Claim 2. For 2 <k <mn, pi(2) = pr-1(2) = 0 on Upesr Ds-

Proof. For any z € Uzelg D,, by {D there exists an unique sequence {z;}1<i< in Y
with z; € I; such that
z2€D,, C---C D,

G ¢ D, (4.13)

2 1°

Since z, € I}/, then there exists z;, with 1 < [; < k — 1 such that D,, ngll # (). By
4.13)), for I; — 1 < i < k, we have D,, ﬂD’z/l1 # () and thus z; € I!'. Therefore,

pr(2) = pr—1(2) = -+ = pi, (). (4.14)
The m-nested property gives

2 €D, G D, G Dy . (4.15)
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If 2;, is contained I;, . We have p;, (2) = 0 by and the definition of p;,. Otherwise we
have z;, € I]/. Then we continue the discussion and obtain l; > Iy > [3 > --- satisfying
and . After at most k — 1 steps, we must have some x;, in Iz/j such that
x € D;lj C Dy, . This is because 17 = 0. So pr(2) = pi,(2) = 0. The Claim is proved. [

Claim 3. p,(z) =0on D".

Proof. Recall that D" = U,y DZ. For any x € Y and any z € D”. Suppose = € I;. By
(4.12)), there exist a maximal k <1 < n and sequence {z; }r<;<; with z; € I; and x} = x
such that

—=

ZEDUCZCDILAQ'”QD%'

It follows that D, (D% # 0 and so z; € I’ for k <14 <. By Claim 2, we have

The Claim is proved. n

Claim 4. Let x € I, with 1 < k < n. Then for any curve v C D, with endpoints
7(0),v(1) € dD,, there exists a curve ¥ in D, with 7(0) = v(0) and 5(1) = (1) such
that

Length (px,v) > Length (pr—1,7). (4.16)

Proof. If x € I}/, let 5 := =y, by definition of py, it follows. Thus we assume x € I;. Since
pr(2) = po(2)(1 — e ™)7F > p,_1(2) by Claim 1. We also assume v D/, # ().
Let h, : D, — C be a univalent branch of the map ilog o xa (See figure . Let
H, = h,(D, \ D). Then py(z) = |hl,(z)| and
5log2

mod H, = mod D, \ D! >m > 5
m

So there exists an annulus A(z,;r,, R,) essentially contained in H, such that

1 R, blog2

mod A(zy;7s, Ry) = 2—log > (4.17)
T

m
Ty 2w 2

Let A, := h;'(A(24;74, Ry)). Let to :=inf {t: y(t) € A,} and t; :=sup {t: v(t) € A, }.
Set 5 = ’y(tO)vn = 7(t1)7’71 = 7‘[0,t0}a72 = ’Y|[to,t1} and 73 = ’y|[t1,1]- Then V1,73 C
D, \ D, and ~, crosses A, at least two times. For i € {1, 3},

Length (px, i) > Length (pr_1,7:)- (4.18)
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Figure 4.1: Illustrating the proof of Claim 4

Together with (4.17)), we estimate

Length (pe, 1) = [ po(2)(1 =™ Hdel = (1 =) [ ]
> (1-— e*”m)*k(2Rw —2r,)
2 (1 i 6—7rm)—k+12Rz

Z (1 . e—rrm)—k+1/ |dZ|
,7/
= |, pr—1(2)|dz| = Length (pr—1,73), (4.19)
Y2

where 7/ C h,(D,) is a straight line segment connecting h,(€), h.(n) and 4 := h;'(v').
Set ¥ := v U7 U~s. By (4.18) and (4.19), the Claim follows. O

Claim 5. p, is a length increasing conformal metric on A with p,|p» = 0.

Proof. By Claim 3 p,|p» = 0. For arbitrary v € I'neignt, applying Claim 4, we have

Length (pn, ) = Length (pn,v( A\ Dy) + > Length (p,,v () D.)

IEI’VL

Z Length (pn—lv 8 ﬂ A \ Dn) + Z Length (pn—lv ,733)
Ieln

= Length (py-1,7) > --- > Length (po, 7).

where 7/ € I'yeignt. Hence it follows that Height (p,, A) > Height (pg, A) > 1. By the
same arguments, we have Width (p,, A) > Width (pg, A). The Claim is proved. ]

Since {D, },ey is A-scattered. By (4.12), for any 1 <k <n —1,

Area (po, Dyt1) < Mrea (po, Di) < --- < XArea (po, Dy) (4.20)
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Now applying Claim 5, Lemma [£.5, Claim 1 and ([£.20]), we have

0 < Area (p,, A) — Area (po, A)

—// pn = po)drdy + Y //Dk\DM — pp)dady

1<k<n—1
=[], %~ sy + > / | — p2)dudy
1<k<n k\DkH
12
< ~ Pdady + / / P 24
// W (1 —emmm)2n G 1<kz<: Di\Dyy1 (1 — e7mm)2k Podray
1
S 1<;< <(1_€7T1n>2k - 1> Area (po, Dk)
< Z <€7rm)2k - 1> N1 Area (po, D1).
k>1

If m is sufficient large such that (1 —e™)? > A. Then the last term of the above

inequalities is

eTm(2 — e ™)
(L= [1—em)> =}

Area (pg, Dy) := C(m.\) - Area (po, D1).

By the arbitrariness of F, By in C \ W, Lemma [4.6] and Lemma [4.5, we have proved
the theorem. O

4.6 Application to rational maps

The aim of this section is to construct a sequence of myg-nested A-scattered nested disk
systems from pullback disk systems with m; — oo as k — oo. We require the nested disk
systems are uniformly A-scattered. Moreover, each one contains a pullback disk system.
See Proposition for details.

One of our challenge is to deal with the situation that one critical point ¢ is contained
in the w-limit set of another critical point ¢’. Thus for arbitrary small disk B(c,r), after
pulling it back, the preimages will eventually meet ¢/. This makes it impossible to obtain a
desired nested disc system from pullback disk system directly. To overcome this problem,
we select nice disks B(c;, ;) and discard all of the "bad" components in preimages, namely
the component containing points of lower level. The remaining components still contains

all the preimages. See (|4.32)).

Throughout this section, we shall adopt the assumption in the following subsection.
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4.6.1 Assumption

Let f be a rational map with degree d > 2 and no empty Fatou set. Denote by
Orb(S) := Upso f¥(S) for set S C C. Let X, := XU X{ be a finite set in C such that

e X is contained in J; and X{ in Fatou set,

e for distinct x, 2" € Xy, = ¢ Orb(a2'),

e X, has no recurrent points, that is, ¢ w(x) for any = € X,

e Orb(X}) is disjoint with the w-limit set of all recurrent critical points,

) m is disjoint with the parabolic cycles,

e for any critical point ¢ ¢ X, w(c) N X} = 0,

e X contains no periodic points.

Thus X are disjoint with the immediate rotation domains, such as periodic Siegel
disks and Herman rings, and there exists dy > 0 such that

(1) B(x,d0) N B(y, o) = 0 for any = # y € X,.

(2) For any = € X{,, B(x,d9) N Orb(c) = 0 for any critical point ¢ ¢ X,.

(3) For any z € X[/, B(z,d0) \ {z} is disjoint with critical orbits and Julia set , thus
every component of f~"B(x,d) is open disk and in Fatou set.

(4) For any = € X[/, B(x,09) NOrb(fB(z,d)) = 0. Because each points in X is
iterated into either periodic rotation domains or converging to periodic points. Hence

[ B(x,80) N f™B(x,00) = 0 for any ny # ng > 0.

4.6.2 Shrinking Lemma

Lemma 4.7 (Shrinking lemma). Let K := Orb(X))UX[. Then for any ¢ > 0, there
exist 0 < 6 < € and integer n > 1, such that, for all x € K andn > 1,
(1) any component of f~"B(x,0), written B~"(x,0), is an open disk,
(2) diam B~ "(x,0) <€,
(3) sup,cx{diam B~"(z,8)} — 0 as n — oo,
(4) degree of the covering g, = f" : B~"(x,d) — B(z,9) is less than 1,
(5) for any ball B(z,r) in B(z,d), Shape(B™"(z,1),£) < C; = Cy(n,mg), where
“(z,7) 1s a component of g B(z,r) and g,(§) = z,
(6) for any two balls B(Z',r") C B(z,r) in B(z,9), let B7"(2',r") C B™™(z,1) be
components in B~"(x,d), Cy := Cy(n, myg), then

B

d.iam B™"(z,r) <G T
diam B—"(z',1") r!

Recall that mg is a constant in subsection and C(n,mg), Ca(n, mo) in Lemma
4.0l
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Proof. Firstly, we claim that for any = € X, diam B~"(z,09/2) — 0 as n — o0.

Proof. Since Uy>q f “*B(z,d0) contains at most finite critical points. Thus the degree of
covering map f" : B™"(z,d9) — B(x,dp) is uniformly upper bounded by a integer 7,. By

Lemma [4.3]
Shape(B™"(x,d0/2)) < C1(nz, mo).

We know that all disks {B~"(x, 8y/2)}»>0 are pairwise disjoint (see Subsection [1.6.1] (4)).
Then the claim follows. [l

For any z € X[/, choose n, and 6, < d9/2 satisfying (1)-(4) by the claim. For any
z € Orb(X}), let 8,,7, be in Lemma 4.1 E Then {B(z,d,)}zcx covers the compact set K.
Thus there exists finite set ¥ such that K C U,cx, B(z,d,).

Let 30 be the Lebesgue number of the finite open covering and
n = max {n,, r € X}.

Then any B(x,2d) with z € K is contained in a ball B(¢,d¢) with { € X. Therefore,
(1)(2)(4)(5)(6) hold by Lemma |4.1| and Lemma

For (3), if not, there exists a sequence of disks { B~ (z,0) }x>0, x € K,nx — 00 as
k — oo, such that their diameters are greater than some positive number. Since shapes
of these disks are bounded by Cj(n,mg). There exist a ball B(z,79) With zo, € J¢
contained in infinitely many disks of {B~"*(xy,d)}. This contradicts the fact that J; C
IN(B(20,10)) for sufficiently larger N. ]

4.6.3 A sequence of arbitrary small nice disks N, around z

Lemma 4.8 (Key lemma). Let x be a point in Xy such that w(x) is disjoint with the
subset Yy of Xo. Then there exist Ny = {(Epn 2, Onzy Uni) bns1,00 > 0, and Cp > 1, such
that

(1) Op sy Una are open disks with x € O, C U,

(2) 2 ¢ Fny C O, and B, is contained in the Fatou set,

(3) Shape (E,4,&) < Cy, for some & € E, ,, and diam U, , < C,, - diam E,, ,,

(4) diam U, , — 0 as n — oo,

(5) If B™*(y,6,)NOU, . # 0, then B~*(y,8,)NOpx = 0 for anyy € Y,, k > 1 and
components B~*(y,d,) of f*B(y,d,),

(6) BnaNf*B(y,6,) =0 for anyy € Y, and k > 1.

Proof. If x € X{/. Then {f"(x)} either locally uniformly converges to a periodic cycle or

eventually conjugates to a irrational rotation. Thus there exists a neighborhood B(z, )
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in Fatou set with § < dy such that Orb(fB(z,d))NY, = 0. Let

0y = ; -dist (Orb(fB(z,9)), Yz).

Then B(x,8)Nf*B(y,6,) = 0 for any y € Y, and k > 1. Indeed, if not, suppose
¢ € B(z,0)Nf*B(y,d,). We have f*(¢) € Orb(fB(z,6))N B(y, d.), a contradiction.
Set

Onz :=U,, :=B(2,6/2"), E,,:=B(,,§/(3-2") CO,, withz ¢ E,,
and C, := 3. Then N, §,, C, satisfy the conditions (1)-(6).
If x € X{. Denote by z,, := f"(z) and
1 .
€ =5 dist (Orb(f(z)),Yy).

Applying Lemma by setting € = €y, we obtain § and n;. Let B~"(z,,d) be the
component of f~"B(x,,d) containing x. Then we have

e := _inf {dist (f*B"(x,,0),Y,)} > 0. (4.21)

n>1,1<k<n

Every ball B(z,d/5) with z € Orb(z) intersects the Fatou set. Thus there exists a
sufficiently small ball E, C B(z,d/5) such that F, is contained in the Fatou set and

Orb(E,)NY, = 0. Let {B(z,0/5)}.ex be a finite open covering of Orb(z). Using Lemma
4.7 again by setting

€ = min {e;, mingexdist (Orb(E,),Y,),d/2}, (4.22)

we obtain ¢, and 7,. Let  := max {1y, 2}
Now we set U, , := B "(xy,0) and O,,, = B "(z,,d/2), both of which contain x.
Since there must exist £ € ¥ such that

E¢ C B(&,0/5) C B(xy,6/2),
we can set I, , to be a component of f~"E¢ in O,, ;.

We are left to check that N, := {(Fy.,Onz, Uns)n>1 is as required. For (3), by
Lemma [4.7] (6),

diam U, 20 20

< Cz(ﬁymo)m < Ca(n, mo)

O,
diam E, , —

min,ex{diam £,} B
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We claim that for any y € Y, and k > 1, if U, . N f*B(y,d,) # 0, then k > n + 1.
Indeed, if not, we have dist (f*U, ., {y}) < 6, < €1, this contradicts (4.21)).

Thus, for (5), we have f"B~*(y,6,) = B *(y,6,) with ¥ := k —n > 1 and
B~%(y,0,) N 0B(zn,0) = 0. Since diam B~¥(y,0,) < 6/2 by (4.22). We have
B (y,6,) N B(w,,0/2) = 0. It follows that B™*(y, 8,) N Op. = 0.

For (6), since Orb(E, )N B(y,d,) = 0 for any y € Y, by and the claim. Tt
follows evidently. |

4.6.4 Pullback disk systems

For n > 1, let X, := f7"(Xo) \ Up<pcn_1 X and X := U, 5o Xn. Let n(z) > 0 be the
integer such that r € X, ;).

Let {U,}.ex, be a collection of pairwise disjoint open disks with « € U, such that,
for any y € X with f*%)(y) = z, the component U, of f~"®)(U,), which contains y, is an
open disk. Then we say that {U, }.cx is a pullback disk system of f induced by {U, }.ecx,-

Let {U,}.ex be a pullback disk systems. For each z € X with y = f*(*)(z), define

Xr:zxyof"(x):Uz%D x — 0,

and U,(r) the component of x; (D) containing =, where x, : U, — D with y +— 0 is a
conformal map. It is easy to check that

(1) F(U()) = Upgo(r) for () = 1, 7 € (0,1),

(2) either U, NU, = 0 or U, = U, for distinct x,y with n(x) = n(y) > 0,

(3) if Upy(r)NS # 0 resp. OUL(r)NS # 0, then Uy(r)N f*(S) # 0 resp. oU,(r) N
@) (S) # (), where y = f@(z), for any x € X and set S C C.

4.6.5 The construction of {(U,,O,, E,,U,(r,), Ux(r’))}xeXO in W.

X

Let W be an open set on C such that X C W. Let m be a given positive number.

Firstly we define a partial order on X,. For arbitrary z, 2z’ € X,

r < 1’ <= either x =z’ or z € w(z').
One can check that this order satisfies transitivity property, because of the fact that if
x € w(z') then w(z) C w(a').

Let L be the set of all maximal elements in Xy. Inductively, Ly, k > 2, is the set of

all maximal elements in X \ Uj<;<;_; Li;- Then

Xo=LJLJ---U Ln-
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It is not difficult to check that x ¢ w(2’) for any x € Ly, 2’ € Ly with 1 <k <k’ < N.
Applying Lemma [4.7] by setting

= L {3y, dise (W X)),

we obtain ) < €, 1. For each z in Xy, let Y, be the collection of points y in X, such
that y ¢ w(z). Let Ny = {(Erz, Okz, Ukz) }e>0, 02 > 0 and C, satisfying the conditions
(1)-(6) in Lemma [4.8] Set

/.= mi = > 1. .
5 leél)l(lo{(;m} >0, Cp: max {C.}>1 (4.23)
Let A, be the forward orbits of points y € X, with = ¢ w(y). Set

6 := min dist(z, A, \ {z}). (4.24)
z€Xo

Inductively, for each x € Ly, k = 1,2,--- , N, by Lemma (2) and Lemma (4), we

Figure 4.2: A sketch of the open sets Uy, Oy, Ey, Uy (1) and U, (r)). The shaded domains are
pullback disks.

can choose (E,,O,,U,) € N, such that

diam U, " < min {6, 4,0, 1,00 1} (4.25)
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where U_ " takes over all components of f~"U,, n > 0.

Let X, : U, — D be a conformal map with x,(x) = 0. We denote by U,(r) := x; 'D,.
Since x ¢ E,, we can choose r, sufficiently small such that U,(r,) C O, and U,(r,) N E, =
(), moreover,

mod O, \ Uy(r;) >n-m (4.26)

For any components U, ™ of f™"U,, y € L1U---U Lg,n > 1, since it can not contain
x by (4.24), there exists ), < r, independent of y,n such that if U, ™ N OU,(r,) # 0 then
U, ™ C Uy(r:) by the Shrinking Lemma {4.7] (3).

Set
! e . . St . St 1! e . .
0 = IELlliLlJlur'lULk{dlst (Ey, Jg),dist (B, x)}, o) = xeLrlrLlPuLk{dISt (O, 0U,)}, (4.27)
and
"o . . ’ . ’
O = xeLI1rL1J1~~r~luLk{dISt (x,0U, (1)), dist (Uy(rs,), OUx(r4)}. (4.28)

4.6.6 Properties of the desired pullback disk system.

Let U := {U,},ex be the pullback disk system in W induced by {U,}.cx, as con-
structed above. Let X” be the collection of elements z in X such that there exists some
y € X with y € U, and n(y) < n(z) and X' := X \ X”.

Consider the sets U" := {U, }rex and U" := {U, }oexr.

(1) For any U, in U’, it does not contain points 2’ in X of lower level, that is, 2’ ¢ U,
if n(2") < n(z).

(2) U' is a forward invariant set, that is, f(U,) = Uy € U" if U, € U' and n(z) > 1.
While U” is a backward invariant set, that is, U, € U" if Upy € U".

(3) For U, € U', critical points of the covering mapping

for= "0 U, - T,
can only be the point x, where y := f,(x). Thus we can define

O, = £ 10,),ry ==1,,7. =1/ (4.29)

x x Y

and F, any one of the component f,(E,).
(4) For any « € X', set

Z(r) :={y € X', U, [ 0U.(r) # 0 and n(y) > n(z)},r € (0,1].

136



Then the followings hold by ([4.25)), (4.27)), (4.28), subsection [4.6.4(1)(3), and the choice
of Uy,(rl),

UyEZz(T‘fr)Uy g U.’L'(TLL'> = O:E g U{L’ \ U Uy~ (430)
N YEZ4(1)
and
UNE: =0 if yeX\{z}and n(y) > n(z). (4.31)

(5) For any = € X", there exists { € X' with n(§) < n(x) such that U, C Ug(r¢).
Indeed, there exists k such that f*U, € U” and f*'U, € U’'. Then f*U, contains a
point y in X,. By and (4.28), we have f*™®)(z) € w(y) and f*U, C U,(r}). So
U, C Uy, (r,,) with W (y,) =y and n(y;) < n(x). If y; ¢ X', continue the same process
to Uy,, Uy,, ---. Since n(xz) > n(y1) > n(y2) > --- > 0. After finite steps, we have
& =y, € X'. Thus it follows that, for any n > 0,

U & U G (4.32)

ze€X" n(z)<n zeX' n(x)<n

4.6.7 From pullback disk system to nested disk systems.

Let U’ be the pullback disk system of X’ as mentioned above. Given n > 0, for
n(z) =n with z € X', set D, := U,. Obviously O, C D, C U,.
Inductively, for k =n—1,n—2,--- /0 and n(x) = k with x € X', let

bi(z) :={y € X",k +1 <n(y) <nand D, U, # 0}.

By (4.26) (4.30) and (4.31)), there exists a Jordan domain D,, which is the component of
Uz \ Uyen, () Uy containing z, such that the following holds

x e Uy(r) CUyr,) €O, C D, CU,. (4.33)

Moreover,

mod D, \ U,(r,) >m and E, C D, \ U,(r,). (4.34)

By the construction, it is not difficult to check that { D, },,(z)<nzex is a nested disk system.

In summary, we have the following proposition.

Proposition 4.1. Let W be an open topological disk in C such that X C W. Then there
exists uniform A € (0,1) such that, for any m > 0 and any integer n > 0, we have

e m-nested system {(D%, D, D,)}zcy, and A-scattered {D,}.cy, in W, where Y, is a
subset of {z € X;n(x) < n},

e pullback disk system {By}zex induced by disks {B(x,0)}rex,, where 6 := §(m) is

independent on n,
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such that
U B, C U D!. (4.35)

n(z)<n,zeX z€Yn

Proof. Given m > 0, construct {(D,, U, O, Ey, Up(r2), Us(7}) }rex in W as above.
Let Y, :={z € X';n(x) <n}, D, :=U,(r,) and D) := U,(r),). The equations (4.30)),
(4.33) and (4.34) imply that {(DZ, D., D,)}.ey, is m-nested.

For the A-scattered property, by pre-composing a Mobius transformation, we may
assume D is bounded in C and W C C. Recall that D := J,cy D,. Let V, be the union
of all D,(# D,) contained in D, and h : W — C* arbitrary univalent map.

By (L31), (33) and (@E39), we have
E,C D, and Exﬂ‘/}c = (.

Consider the map @ : U, — U,, where y := f"@(z). The Lemma (5)(6), Lemma
[1.8(3) and equations ([4.23)) (4.33) give

Shape (E,,¢) < Cy - Shape (E,, f"®)(¢))
< 10y

and
diam D, < diam U, < (5,C), - diam E, < C2C) - diam E,.

Thus we have
Area.D, < C - Area FE,. (4.36)

for some constant C' > 1 independent of x, m and n.
Let W’ be another open topological disk in C such that D C W’ C W. Applying the

Koebe distortion therorem to h, we get a constant C3 > 1 such that

max, 7| h' (§)] < Cs - min |2 (€)]. (4.37)

Since h preserves modulus of annulus, we have mod h(W)\ h(W’) = mod W\ W’. There

exists constant Cj independent of h such that
diam h(W') < Cy - dist(Oh(W), Oh(W')).
Let &, be in W’ such that |h(&,)| = max, gdist(h(£), 0). Then for any § € W', we have

(Al _ P(E)] + diamch (W) _ ) diam h(WW’)
]~ [P (©)] - diste(OR(W), OR(W))

<1+4Cy (4.38)
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Now we estimate, using equations (4.36), (4.37) and (4.38]),

h/
Area (p,, h // / | el
rea (p () 47r2|§|2 5, 47r2|h

W (&n) \2
- 02 /E;C 42| h(&, d:vdy

|h’<sh>|2
I, oG

>
= CO§

1 W (€)]?
= CCHI+Cy) / D, 47r2|h(§)|2dxdy

=: (1= A) Area (p., h(Dv))
Therefore,
Area (p., h(V,)) < Area (pi, h(D,)) — Area (p., h(E;)) < - Area (p., h(D.,)).
To prove ([4.35)), let {B,}.ex be the pullback disk system by choosing

§ 1= mingex, {7, }.
Then it follows by (4.29)) and (4.32). O

4.6.8 Univalent maps off a pullback disk system

Theorem 4.5 (Controlling distortion of univalent map). Let V' be a Jordan domain on
C such that X C C\' V. Let 21,29, z3 be three distinct points in V.. Then for any ¢ > 0,
there exists 0 > 0 such that

sup {dist (¢(z2), 2)} < e,

zeV

for any univalent map ¢ : C\ Un@)<n Be — C fizing 21, 22, 23, where {By}trex is the
pullback disk system in C\'V mduced by {B(x,0) }rex,-

Proof. Let W’ be Jordan domain on C such that W/ C W := C\ V and X C W’. By
Proposition ([.1), there exist m-nested system {(D”, D}, D,)},ey,, A-scattered {D, },ev,
in W’ and pullback disk system {B,},cx induced by disks {B(z, ) }.ex,-

Let a be the M6bius transformation sending 0, 1, 0o to z1, 29, 23 respectively. Suppose
D(1,79) € a (V). Denote by ¢ :=a ' opoa.

Applying Theorem [£.3(1)(6), equation (4.35]), Theorem and the monotonicity of
Area,(D,W) on D, we have, for any z € a1 (V),

dist (¢(Z)7 Z) < C(TO> ’ ©(¢a a_l(v)) = C<T0> ’ ©<¢7 V)
< C(r9)C(m, A) - Area, (D, W)
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< C(ro)C(m, ) - Area, (W', W).
By Proposition [£.1) and Theorem [£.4] we may assume m — oo and thus

sup dist (¢(z),2) — 0.
z€a~ (V)
Since « is uniformly continuous on C equipped with spherical metric. Therefore, the

theorem follows. ]

4.7 The existence and uniqueness for shift locus

In this section, we discuss the existence and uniqueness of shift locus in S}, for a given

critical portrait and escaping rate. The main tool is quasiconformal surgery.

Theorem 4.6. Let © = {Oy,--- ,0,} be arbitrary critical portrait and r > 0, then there
exists an unique f in Sq(r) such that II(f) = ©.

Proof. Based on quasiconformal surgery, we shall prove the theorem by the following four

steps.

Step I. Construct a topological polynomial F' realizing ©.

Start with the closed disk I, mark all of the points e*™ with § € ©,. Let z be the
center of gravity of the marked points, and join each of these points to z; by a straight
line L. Lo, := Ugeo, Lo is a closed subset in D. Set 7 := e and € > 0 sufficiently small.

Define the quotient map 7 : C — C pinching Le, into a point z;. See figure [4.3|

I{ z if z€ C\ Dy,
W(Z)Z:{Zi if z € Lo, for 1 <i <n,
l homeomorphism otherwise.
Then the interior of 7(D) is a disjoint union of d topological disk D, --- , Dy where

D; N D; contains at most one point. For any 0 € ©;, R'(0) :== r({t = re*? t > 1})is a
ray landing at z;. Then U,<;<,{R'(0),0 € ©,} cuts D,,_. into D, --- , D} pieces. Set Dy
Jordan domains such that D7 C D; C D). For convenience, we may assume the above
R'(0), 0D;, 0D, and 0D are C* smooth except at the finite points z;.

Since DY is topological disk, there exists a conformal map Fj : D} — Dy, . Let v; =
roe?™0d®i) 7 = {z,--  2,} and Z; = D;NZ. We set Fy be a differentiable branched
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Figure 4.3: Graph of the map m, domains and rays explaining the construction of topological
polynomial F'.

covering from n-connected domain H :=D,,_ \ Ui<j<a ﬁ;»/ to the annulus ﬁ(ro_g)d \D,,_.
satisfying the following condition,
[ ] FO’&ETO*E 4 |_> Zd-
oFoszon(‘?D;’,forlgjgd.
o Fy(R'(O)NDy, ) = R, = {te*™74®) ry <t < (rg — €)?} for 6 € ©;.
o I|,, N is a diffeomorphism and its image is the set I
J J

R' with z; € 0D;.

Vi

ro—a)d \ Drg—c minus several
e [y sends the critical points z; to v; locally holomorphic.

Now we can define the topological polynomial F' as following

Zd le E@\DTO—tE?
Fi(z2) if z € D} for 1 <i<d,
( Fo(z)  otherwise.

Step II. Pulling back complex structure to construct polynomial f.
We define a new complex structure x4 on C which is preserved by F as follows. Let

denote the standard complex structure on C. Set

:{ to(2) if z€ C\ Dy,
ple) =4 (P ) (uo)(z) i 2 € Uyso F(H),
L #o(2) otherwise.

Since F"(H)NF~™(H) = 0, n # m, p is well-defined. p is F-invariant. Actually, for any
z € F"(H), we have F(z) € F7""Y(H) and u(z) = (F"™)*(uo)(2) = (F" o F)*(10)(2) =
F* o (F™)*(uo)(z) = F*u(z). Since F is analytic except on H, it follows that u has
bounded distortion on C. By the Measurable Riemann Mapping Theorem, there exists
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an unique normalized quasiconformal map ¢ : C — C such that p, = p, ¥(00) = oo
and ¢'(c0) = 1. Let f :=1 o Fot~!. Then f*(up) = po. So f is a rational map. As

f~Yo0) = oo, f is a polynomial.

Step III. f realizes the given critical portrait © and r.
Since “#”@\DTO = 1o, ¥ is holomorphic on C\ D,,. By post-composing suitable Mcbius

transformation, we can assume
a1 a2
W) =z+—+ G+
z z

at oo. By simple computation, f is a monic centered degree d polynomial. Moreover, ¢~
is the unique Béttcher coordinate of f at the neighborhood ¢(C \ D,,) of co normalized
by tangent at infinity. Since f o1 = 1 o F, the critical points of f are 1)(Z). Then the
critical value are contained in 1 (9D,,) with the same equipotential logry = dr. Thus
f e Sar).

Now we show that TI(f) = ©. Let ¢ be the Bottcher coordinate of f. Then ¢ = 1!
on Y(C\D,,), ¢ o(Dy, \ 7(D)) = D,, \ Der. Moreover, F and z — 2% are conjugated by
o1 on C\ m(D). By the definition of F' and external ray, it follows that ¢)(R'(9)) is the
external ray R() of f landing at the critical point 1(z;), for any 6 € ©;. Thus I1(f) = ©.

Step IV. The uniqueness of f. Assume that f; and f, are polynomials in Sy(r) with
the same critical portrait ©. The idea is to construction quasiconformal conjugacy h
between f; and f, which is conformal in the basin of f. Since J; has Lebesgue measure
0, we can argue that h : C — C is conformal and so h is an affine map.

Denote by Xy, (t) := {z € C,Gy,(2) > t}. Recall that G}, are the Green functions
measuring the escape rate of points to oo and Wy, are the Bottcher coordinates of f;.
Then the following diagram commutes,

_ N ho:=¥7 ol o _
C\D. 2 X;(r) —22% X,(r) —25 C\D.

1 "

C\ Do 2 X (dr)  —M  Xp(dr) —25 C\ D

Extend hg to C\ Xy, (r) so that hg is a K-quasiconformal map on C. Inductively, for

n=20,1,---, use the following diagram to lift hg,

Xp(dmr) 2 X (drr)

A E

Xy (d7m ) s X (d7m ).
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Actually, we know that f; : C\ fz-_(nH)Pfi — C\ f;"Py, is an unbranched covering. Since
h,, conjugates between f; and f> on f; " Py,, we may choose h, 1 to be the unique lift such
that, after extended to f; (1) Py, it satisfies h,41 = h,, on f7" Py |[Ha02, Proposition
1.30]. Since f; is conformal on C\ Xy, (d™"r). We can extend h,.1 to C\ Xy, (d"r),
such that h, o fi = fy 0 hpy1 on C. Then h,; is holomorphic on X fl(d_("“)'r’) and is a
K-quasiconformal map.

Therefore there is a subsequence of {h,} which converges uniformly to a limit qua-
siconformal map h of C. Then f,oh = ho f; and h is holomorphic in U,so Xy, (d""r)
which is the Fatou set. Since the measure of Julia set of f is zero, h is holomorphic on
C. Since h fixes oo, we have h = az + b. Note that a = h'(c0) = ¥/, (c0) - (\IIJTQI)’(OO) =1
and b = 0 because f; are centered. Thus h = id and so f; = f. O]

4.8 Proof of the results

In this section, we focus on a simple case, that is, all critical points escaping at the
same rate (See theorem [4.7). During the proof we apply theorem at the situation
X{ =0 in Assumption {4.6.1] For general cases, the technique is almost the same.

Let us start with a simple lemma.

Lemma 4.9. Let T be a topology space and S be a subset of T. Let h; : T — T, i € {1,2},
be maps such that the restrictions of h; on S have the same image, i.e., hi(S) = ha(S),
and hi|m\s = ha|r\s, then for any n >0,

U mfS) = U k().
0<k<n 0<k<n
Proof. If n = 0, it follows obviously. We suppose Ug<pen b1 (S) = Ugcpen bz "(S) by
induction.

Firstly, Uo<k<ntt hl_k(s) C Uo<k<nt hgk(s)- For any = € Uy<p<ni hl_k(s)> hi(z) €
Uocien P1°(S) = Upcnen h2¥(S). If @ € T\ S then x € hy' o hy(z) and so z €
Uo<kengt h2¥(S). If 2 € S, then it is obviously true.

Secondly, Up<r<ns1 P2 (S) € Uocrenst b1 ¥(S). It follows by the same arguments as

above. The lemma is proved.

]

Let S := Upcr<oo Sa(r) and fo, be the unique polynomial in theorem [1.6] We have

the following theorem.
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Step 1 Step II & Step III

f 45 Jris
" Surgery i c-equi.via {Ps.n fn>0 '

Step IV

Step V
wé,n =
ThAlg ng’n}nzo

1
67 .
" by = dsz + Bs

Step V e
fé,n f5

converging

Figure 4.4: Relation of maps in the proof of Theorem

Theorem 4.7. For any critical portrait ©,
Ro : (0,00) = S, 1 for

is a simple arc in S.

Proof. Given 0 < r < oo and critical portrait ©, by Theorem [£.6] we only need to show
that Re is continuous at r. Given dy > 0 sufficiently small, for any [0] < o, let

fr(2) = 2% 4 ag 022+t arz +ag

and
fras(2) = 2% + bsa 029+ 4 bs12 + bsg

such that f, € S)(r) and f,45 € Sj(r + 6) with critical portrait ©.

Step 1. Surgery to construct topological polynomial F;. ;.

Let Wj,. be a Jordan domain containing critical value v; := ®~'(e?"€*™%) such that

o V5 = O (eI ) € Wi

o Ws,, NW;, =0, for distinct critical values v;, vy

o diam(Wj, ) — 0as d — 0.

Then every components of f,~*(Wj, ) is Jordan domain. Let W;., be one of them
containing critical point ¢;. Let (5 : C — C be a quasi-conformal map such that (s is
identity outside all UJ; Wgwj and sends v; to vs; on each Wivi. See figure .

Set W5 := Uececrit(r) Ws.e and define a quasi-regular map

( : —

L fr(2), if z€ C\ W;
Fris(z) = 1 .

kC(;OfT(Z), leGW(s.
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Then it satisfies the following,
(1) F 5 = f, on C\ W;.
(2) Crit(F,4s) = Crit(f,) and all the them escape to infinity at the same speed.
(3) Uiso Frys(Ws) = Uiso £,/ (Ws) by Lemma -

Figure 4.5: Perturbation F, s of f.: 2z — 23 — (1.081921 — 0.0875137) 2z + 0.130061 + 1.446914i

Step II. F, s is c-equivalent to f,ys via (¢s0, Ps1)-
Let Us := Xy (d(r + 0)) resp. Us := Xy, (d(r 4 0)). The critical values F'(Crit(F))
resp. fris are in the boundary of Uy resp. Us. Set

(_ .
%O::{'\I/fiaollffr(z) if z € Us,
7 kg(;(,z) if z € C\ U,

where g5 : C\ Us — C\ Uj is a quasi-conformal map which coincides with U3 oWy on
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the boundary of Us. We can define ¢;; via the following lift

?s,1 _ _
F5Us)\ FoNPr,, — f5UD N\ £25P

FT+6JV Jf'r«‘ﬁé

U\ Pr.; % U\ Py,
We choose the lift that agree with ¢s50 on Us. Since ¢50 © Frps = fris © ¢50 on Us,
such ¢ exists. Extending ¢s1 to F. 5P, and C\ F}(Us) homeomorphic such that
¢500 Fris = fris 0 ¢s1 on C. we know that $s1 on C \ Us is homeomorphic and so is
isotopic to ¢ rel OUs by the Alexander’s trick. Therefore, globally we have
(1) ¢50 0 Fris = fris0 ds1 on C.
(2) ¢s0 and ¢s; are isotopic rel Us which contains Pp,, ; := U;sy Ly 5(Crit(Fr4s)).

(3) ¢pso = ¢s1 on Us and maps it onto U’s holomorphic.

Step III. From c-equivalence to isotopies { Hy }n>0 and {¢sn }n>o-

Let Hy: C x I — C to be an isotopy rel Us such that Hy(-,0) = ¢s0, Ho(-,1) = 51,
and Hoy(z,t) = ¢so(2) if z €Us and 0 < ¢ < 1.

It follows from Step II (1) that

ds1(F 75 (Us)) = [ U's)

So the map ¢5’1|@\ Pl () Can be considered as a lift of Hy(-, O)|@\% by the non-branched
r+

covering maps
Frps : C\ F5(Us) = C\Us and  frys: C\ f55U'5) = C\ U,

By the homotopy lifting theorem for covering maps, the isotopy Ho(-,t)|z\z, lifts to a
unique isotopy Hi(+,t) between C\ F3%(Us) and C\ f,2%5(U'5) such that

Hi(,0) = &1leyp @y

Since Hy(-,t) is constant in ¢ on Us, each map Hy(-,t) has a continuous extension to C,
also denoted by Hi(-,t). Then H,(-,t)|, does not depend on t. Moreover, each map
Hi(+,t) is a homeomorphism, because an inverse of Hy(-,t) can be obtained by lifting the
isotopy Ho(+,t)~!. Thus we obtain an isotopy H; : C x I — C rel F_(Us) such that

o Hi(-,0) = ¢s,1.

o Hi(-,1) =: ®5.2-

o Hi(z,t) = ¢s1(2) if z€ F'(Us) and 0 <t < 1.

® ¢510 Fri5= fris0 ds2 on C and ¢52(F, 5(Us)) = [ 5Us).

Repeating this argument we get quasi-conformal map ¢;,, and isotopies H,, between
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4) ¢5n 0 Fris = fris © Gsmi1 on C and @51 (F5(Us)) = f,75U's).

Step IV. Apply Thurston Algorithm to obtain {7;, }n>0 and polynomials {fs, }n>o-

Let 750 = id. Then 759 o F,4s defines a complex structure on C by pulling back the
standard complex structure on C. The uniformiaztion theorem guarantees the existence
of an unique homeomorphism 75 : C — C, normalized to fix 21, 29, 00 with 2; close to oo,
such that fso := 1500 Fris 0775_,11 : C — C is holomorphic. Moreover 7;; is quasi-conformal
and holomorphic except on Wy, because F, s is quasi-regular and holomorphic on C\ W.

Recursively, there exist quasi-conformal map 75, and polynomial fs,,, for n > 0, such
that

(1) 15m © Fris = fon© Nspta on C,

(2) 541 is holomorphic on C\ Uo<i<n FJE(WB) 2 C\ Uiso fH(Ws),

(3) M5 fixes 21, 2o and oo.

Step V. The uniformly convergence of fs,, and 5,
Let 25, := ¢sn(z) @ € {1,2}. By Step V (3), 25, are independent of n. Set

¢6,n ‘= MNsn © gbé_ﬁlz (439)

to be quasi-conformal map. Then, combining with Step V (3) and Step VI (1), we have

¢6,n o fr—}—(s = f(s,n o ¢6,n+1- (440)

Suppose 50 be Kjs-quasiconformal. Choose V' to be a neighborhood of oo such that 5,
is holomorphic on V and f,,s5(V) € V. By ([4.40), s, is K;-quasiconformal and v, is
holomorphic on Uy<;<, fii's(V). It follows that {t;,} is a normal family.

For any sequence {15, } there is a subsequence locally uniform converging on C to a
K;-quasiconformal map v : C — C. Moreover, 5 is holomorphic on U;> f,75(V), which
is the Fatou set. Thus 15 is holomorphic on C since the measure of the Julia set of f,
is zero. Combining with the conditions that v;(25;) = 2; i € {1,2} and ¢5(c0) = o0, we
know that s is the affine map

Vs 12— asz + Bs (4.41)

which sending 2, to z;. Since 95 is independent of any locally uniform converging sub-

sequence in {15, }, we know that the entire sequence {5, } locally uniform converges on
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C to 5.

Applying the same method to sequences {1/15,(1/2)} and {151}, we know that {¢s,, }
and {1/15,1} uniformly converge on C equipped with spherical metric.

It follows that the thurston sequence { fs,} uniformly converges to a polynomial ﬁ; on
C, that is, for any € > 0, there exists N := N(J, ¢) such that

sup  dist (f5n(2), f5(2)) <e (4.42)

n>N,zeC

Moreover, ﬁ; and f,.s conjugate by the affine map ¥5 by 1) that is,
s 05(2) = V5 0 frys. (4.43)

We denote by

~

fo(2) = 542" + asa—12""" + -+ as1z + aso.

Step VI. Estimate the distance between f, and ﬁ;.
Let V, := Xy, (Cy), where Cj is sufficient large number such that V., C Vs, for any

|0] < éo, and z; € V,.. By Step I(1) and Step IV(1), we know that 7;,, is holomorphic on
V;. The theorem [4.5] guarantees the following crucial distortion,

sup dist(nsn(2),2) = 0 as 7 — 0, (4.44)
[6|<T,n>0,z€V;

Thus there exists a neighborhood V), of oo such that V. C n;,,(V,), for any |[0] < ¢y and
n > 0, and
sup  dist (n;,(2),2) =+ 0 as 7 —0, (4.45)

|6|<7,n>0,z€V).

Since

dist (fé,n(z)a fr(z)) = dist (775,71 o fr o ngrlwrl(z)a fr(z))
< dist (16 © fr © Myny1(2), fr © Mspa (2)) +dist (£ 005 (2), £r(2)).

Combining with (4.44]) and (4.45]), we have for any € > 0, there exist 7 := 7(€) such that

sup dist (fsn(2), fr(2)) <e. (4.46)

|6]<7n>0,2€V)
By (4.42) and (4.46)), for any € > 0, there exist 7 := 7(¢) < dp such that

sup dist (f5(2), fr(2)) < sup dist (f5(2), fsne)(2)) + dist (fsn)(2), fr(2))

|0|<T,2z€V]. [6|<T,ze VL

< 2, (4.47)
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where N(0) = N(J,¢) is defined in (4.42)). By Lemma , { f(;} uniformly converges to f,
on C. Therefore
asqg — 1,a54-1 — 0 as 6 = 0. (4.48)

Step VII. Estimate the distance between ﬁ; and f,s.
By Step VI and (4.44)), the sequence {7s |y, }n>0 is holomorphic and locally uniformly
bounded on V, \ {oco}. Thus it is a normal family and the entire sequence converges to a

holomorphic map 75|y, , i.e., for any € > 0, there exists N = N (6, €) such that for n > N

sup dist (95(2), ns.n(2)) <e. (4.49)
n>N,zeV,

The new sequence {7y, } converges to id on V, as well. Because, by (4.44]) and (4.49),
for any € > 0, there exists 7 = 7(€) such that

sup dist (n5(2),2) < sup dist (95(2), ns,n ) (2)) + dist (7555 (2), 2)
[6|<T,2€ V0 [6|<T,2€Vr

< 2 (4.50)

where N(6) = N(J,¢) is defined in (4.49)).
Note that ¢5,(co) = 1 in Step II. Then (4.39), (4.41), (4.49), (4.50), Weierstrass

convergence theorem and the chain rule give

a5 = Yh(00) = lim 4§, (c0)

— lim 1;,,(c0) - (¢52)'(00)

= T}erolongn(oo) =ns(c0) > 1 as 0. (4.51)
Now consider §s. By (4.43)), (4.48]) and (4.51)), a simple computation implies
5527%@71.% —0 as §—0
d- as d

Thus both 95 and ;' uniformly converge to identity on C. Since f,,s conjugates ﬁ; by

s in (4.43), we have

sup  dist (f45(2), f5(2)) =0 as 7T — 0.

|6|<T,2€C
Therefore, by Lemma and (4.47)), we have

sup dist (f(2), fre6(2)) = 0 as 7 —0.

|6|<T,2€C

This completes the proof. n
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Proof of Theorem [{.1 By theorem [4.6] the map P is well-defined and one-to-one. The
continuity at (O,r) follows nearly the same as Theorem . We only need to change

27ri04]i )

slightly in Step I. The surgery & sends v; to W' (ed(r+oe € Wj,,, as © is close

enough to © and |d] is sufficiently small. We omit the proof. O

Proof of Theorem [4.4 We know that J; is locally connected [Yin99]. If Re(t) lands at
f, Theorem 1 in [Ki05| implies that the external rays of f with arguments in ©; land at
a common point ¢; which must be critical. By the unlinked property of critical portrait,
we have ¢; # ¢; if i # j. Thus the local degree of f at critical point ¢; is #0;. Therefore,
© is a critical portrait of f.

For the sufficiency, we adopt exactly the same method as Theorem [1.7] Indeed, in
dynamic plane R(¢}) with 0, := 04(0;) lands at critical value v;. We can construct Fy,
d > 0, exactly the same in Step I of Theorem Both of the distance dist (f, Fs) and
dist (Fy, fs) converge to 0 as § — 0. Thus the parameter ray Rg(t) lands at f. We omit
the details. U
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Chapter 5

On the dynamics of a family of
generated renormalization

transformations

5.1 Introduction

The statistical mechanical models on hierarchical lattices have attracted many interests
recently since they exhibit a deep connection between their limiting sets of the zeros of
the partition functions and the Julia sets of rational maps in complex dynamics |[BLLDSI,
QLIQLLQYG]|. The well-known Yang-Lee theorem in statistical mechanics shows that the
zeros of the partition function is dense in a line for many magnetic materials in a complex
magnetic field plane. This means that the complex singularities of the free energy lie on
this line, where the free energy is the logarithm of the partition function [YL|. By the
works of Fisher and others |Fi|, it was generally believed that the zeros of the partition
function condense to some simple curve.

Until 1983, Derrida et al. showed that the zeros of the partition function condense
to the Julia set of the renormalization transformation of so-called standard hierarchical

lattices |DSI|. They proved that the singularities of the free energy lie on the Julia set of

2Z24A—1\"

This means that the distribution of the singularities of the free energy is not as simple as

the rational map

one desired. Henceforth, a lot of works related on the Julia sets of this renormalization
transformation appeared [AY], BL,|Ga, HL,|Os,|Q1, |QL, QYG, WQYQG]. For the ideas
formulated in renormalization transformation in statistical mechanics, see [Wi.

Recently, Qiao considered the generalized diamond hierarchical Potts model and
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proved that the family of rational maps

z+A—1)m+(>\—1)(z—1)m>" (5.2)

_ (!
Upna(2) = < (z+A—1)m — (2 —1)m

are actually the renormalization transformation of the generalized diamond hierarchical
Potts model |Qi, Theorem 1.1|, where m,n > 2 are both integers and A € C* := C\ {0} is
a complex parameter. The standard diamond lattice (m = n = 2) and the diamond-like
lattice (m = 2 and n € N) are the special cases of (5.2)).

In this chapter, we will consider the case for d := m = n > 2. For simplicity, we use
Ugy to denote Uggy in . We not only study the properties of the Julia sets of Uy, but
also consider the connectivity of the non-escaping locus of the parameter space of this
renormalization transformation.

If A = 0, then Uyy degenerates to a parabolic polynomial Uy(z) = 4 whose

( z+d—1 )
d
Julia set is a Jordan curve. For the connectivity of the Julia sets of Uy, we have following

Theorem.
Theorem 5.1. The Julia set of Ugy is always connected for every d > 2 and A € C*.

Note that Qiao and Li proved that the Julia set of Uy is connected for d = 2 and
A € R |QL]. We would like to remark that if m # n, then there exists parameter A\ € C*
such the Julia set of Uy,,» defined in (5.2)) is disconnected (see |Qi, Figure 3.1] for example).
The Mandelbrot set of quadratic polynomials f.(z) = 2% + c is defined by

M={ceC: f"(0) /A oo as n — oco}.

Douady and Hubbard showed that M is connected [DH]. For higher degree polynomials
with only one critical point, there are associated Multibrot sets. For rational maps, one
way to study the parameter space is to consider the connectedness locus, which consists of
all parameters such the corresponding Julia set is connected. However, the connectedness
locus makes no sense in our case since every Julia set is connected.

For X\ # 0, then 1 and oo are two superattracting fixed points of Uyy. The non-escaping
locus My associated to this family is defined by

Mg={AeC":U}(0) A 1 and U (0) /A oo as n — oo} U {0}. (5.3)

Obviously, “non-escaping" here means the collection of those parameters such that the
orbit of 0 cannot be attracted by 1 and co. Note that 0 is a critical value of Upy.

The non-escaping locus M can be identified as the complex plane cutting out infinitely
many simply connected domains, which will be called “capture domains" later (see Figure
and Proposition . There exist many small copies of the Mandelbrot set M in My

which correspond to the renormalizable parameters.

154



For the connectivity of Mandelbrot set M,, Wang et al. proved that M, is connected
in [WQYQG|, Theorem 1.1]. We now generate this result to all M, where d > 2.

Theorem 5.2. The non-escaping locus My is connected for d > 2.

The proof of the connectivity of My in [WQYQG] is based on constructing Riemann
mapping from the capture domain to the unit disk I, which is tediously long. Here, we
give a proof of Theorem by using the methods of Teichmiiller theory of the rational
maps which was developed in [McS|. The proof is largely simplified and there are lots of
additional results. For example, we show that the Julia set of Uy is a quasicircle if and
only if A lies in the unbounded capture domain H, (Proposition and each bounded
capture domain contains exactly one center (Theorem [5.10)).

If X is large enough, then the Julia set of Uy, is a quasicircle (see Proposition [5.2).
Hu and Lin observed that these circles becomes more and more “circular" as A tends to
oo in the case of d = 2 [HL|. In |Ga|, Gao proved the Hausdorfl dimension of the Julia
set of Us,, tends to 1 for every n > 2, which gave an affirmative answer of Hu and Lin
proposed in 1989. In this chapter, we consider the asymptotic formula of the Hausdorff

dimension of the Julia set Jy, of Uy, as the parameter A tends to oo.

Theorem 5.3. Let d > 2. For large \ such that Jgy is a quasicircle, the Hausdorff

dimension of Jgy is given by

dimy (Jn) = 1+ leigdwdil Lo, (5.4)

Theorem [5.3[is a generation of [Os| in which the asymptotic formula of the Hausdorff
dimension of Js) was calculated.

This chapter is organized as follows. In Section [5.2] we analyse the location of the
critical points of Uyy and show that the Julia set of Uy, is always connected and prove
Theorem [5.1] In section we show that the parameter plane of Uy, can be decomposed
into the non-escaping locus M union infinitely many capture domains. In section we
give a complete classification of the quasiconformal conjugacy classes of Uyy. In section
5.6, we show that each bounded capture domain is simply connected and the unique
unbounded capture domain is homeomorphic to the punctured disk and prove Theorem
. We will prove the asymptotic formula of Theorem in section but leave

the complicated calculations to the last section as an appendix.

5.2 The location of critical points and the connected

Julia sets

Firstly, we give a splitting principle for Ugy. This principle is not exist if one considers

Upnx with m # n. This is the reason why we set m = n in this paper. For every \ € C*,
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it is straightforward to verify that Uy, = Tyy o Ty, where

A= 14+ (A= 1D)(z = 1)4\? s A—1\¢
Ud)\(z): << —I—(Z+)\)_;—)C§_(z>_(1)d )> and Td)\(z): <1—_1> . (55)

A direct calculation shows that the set of all critical points of Ty is {1,1 — A}, and
both with multiplicity d — 1. Note that

d—1 d—1
Ugn (00) = Tl (1) = (U {&} and Uyl (0) = T3t (1= A) = [J{we}, (5.6)
k=0 k=0
where s s
ed +A—1 1—Nide @ +1—1
§k = —mm——— and wy, = ( ) T ) (5.7)
e7a —1 (1—=XNae a —1

It follows that &, and wy are critical points of Uy, with multiplicity d — 1, where 0 < k <

d — 1. In particular, £ = co. Therefore, the set of all critical points of Uy is

d—1 d—1
Crit(Ug) = {1,1 = X, 00} U | J{&} U [ {wi}- (5.8)
k=1 k=0

Since Ty\(1) = oo, Tyr(00) = 1 and 1, 00 are both critical points of Uyy, it means that
there exist two fixed immediate superattracting basins Agy(1) and Ag(0c0) of Uyy with
centers 1 and oo respectively. Under the iteration of Ty, we have the following forward

orbits:
Gl oo I oo - and wp =1 —-A= 0= (1-N)— ... (5.9)

for every 0 < k < d — 1. Since the dynamical behaviors are determined by the critical
forward orbits essentially, we only need to focus on the free critical orbit of 1 — A (or
equivalently, the forward orbit of 0) under the iteration of Ty or Ugy. This is the reason

why we define the non-escaping locus M, as in (5.3).

Lemma 5.1. Let U and V be two domains on C and assume that V is simply connected.
If f : U — V is a branched covering with only one critical value in V' (counted without

multiplicity), then U is also simply connected.

Proof. Let v be the unique critical value lying in V. Consider the unramified covering
f:U\ f(v) = V\{v}. Since V \ {v} is an annulus with Euler characteristic 0, it
follows that U \ f~!(v) is also an annulus by the Riemann-Hurwitz formula. This means

that U is a topological disk, which is simply connected as desired. O

In order to prove a rational map has connected Julia set, one often needs to exclude

the existence of Herman ring. The following lemma was proved in [Ya].
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Lemma 5.2 ( |Ya, Corollary 3.2|). The renormalization transformation Ugy has no Her-

man Ting.

The proof of Lemma relies on the quasiconformal surgery and the arguments are
divided into two cases: Herman ring with period 1 and period at least two. However, the

prove idea is different from [Mi2, Appendix A].
Theorem 5.4. The Julia set of Ty is always connected for every d > 2 and A € C*.

Proof. The proof idea is more or less similar to the case of quadratic rational maps in [Mil),
Lemma 8.2]. Note that the Julia set is connected if and only if each Fatou component
is simply connected. By Sullivan’s classification of the periodic Fatou components, every
periodic Fatou component of T}, is either a Siegel disk, a Herman ring, or an immediate
basin for some attracting or parabolic point. By Lemma [5.2] it is known Ty, has no
Herman ring.

By |[Mil, Lemma 8.1|, we know that if all the critical values of a rational map are
contained in a single component of the Fatou set, then the Julia set is totally disconnected.
However, the Julia set J;, cannot be totally disconnected since Ty) has a superattracting
periodic orbit of period 2. Therefore, the critical points 1 and 1 — A lie in different Fatou
components and each Fatou component of Ty, contains at most one critical value (co or
0 by EB.9).

Now we prove each Fatou component of Ty, is simply connected. Firstly, we assume
that every periodic Fatou component of T}, is simply connected. Note that the periodic
orbit 1 <+ oo is superattracting. There leaves only one critical point 1 — A needing to
consider. According to Lemma [5.1], the preimage of a simply connected region under a
branched covering with only one critical value is again simply connected. This means
every Fatou component of Ty is simply connected by induction.

Then suppose that there exists a periodic Fatou component U of T, which is not
simply connected and the period is p > 1. This means that U is an attracting basin or a
parabolic basin since T, has no Herman ring. Let zy be the attracting periodic point in U
or parabolic periodic point on OU. We use V to denote a simply connected neighborhood
or a simply connected petal of zy such that T, (V) C V according to U is attracting or
parabolic. Let Vj be the component of Td_/\kp(V) containing V. Then U = Uy Vi and
Vier = Tax(Viegr) = - = T;§71<Vk+1) — V} is a successive branched covering under
Ty, with at most one critical value in each codomain since each Fatou component of T
contains at most one critical value. Suppose V4, is simply connected (at least ko = 0 is
satisfied). By Lemma we know that 757" (Viy+1), - » Tux(Vig41), Vigs1 are all simply
connected since Vj, is also. Inductively, it follows that each Vj is simply connected and
hence U is also simply connected. This contradicts the assumption that U is not simply

connected.

157



Therefore, in any case, the Julia set of Ty, is always connected. This ends the proofs
of Theorems [5.4] and (.11 O

5.3 The Julia set cannot be a Sierpinsk carpet

In this section, we will prove that if the parameter A\ lies on the real axis, then the
Julia set of Ugy can never be a Sierpinsk carpet by showing there always exist two Fatou

components of Uy, whose boundaries are intersecting to each other.

Lemma 5.3. For everyd > 2 and X\ € R, there exist two Fatou components Vi, Vo of Ugy
such that V1NV, # 0.

z+d—1
d

Julia set Jyo is a Jordan curve. Let V; = Ay (1) and Vo = Agy(oo) be the immediate
superattracting basins of 1 and oo respectively. We have VN Vy = Jyo # 0.
In the following, we assume that A € R\ {0}. The dynamics of Uy, will be restricted

Proof. If A = 0, then Uy, degenerates to a parabolic polynomial Ug(z) = ( )® whose

on the real axis and the arguments will be divided into several cases. Let z € R, by a
direct calculation, we have
B ANz - DNz + A =D (e + X =D+ (A= 1)(z — 1)4)d1

Uan(z) = (A1) (o 1)) . (5.10)

() Let A > 0. Ifz > 1,wehavex—1 >0, 2+ A—1 > 0, (z+A—1)4+(A=1)(z—1)¢ > 0
and (r + A — 1) — (x — 1) > 0. This means that U}, (x) > 0 and Uy, is increasing on
[1,400). Moreover, Uy, (z) = 0 if and only if x = 1. We claim that there exists at least
one fixed point of Uy lying in (1, 4+00). Otherwise, we then have 1 < Uyy(z) < z for every
x > 1since Ugy(1) = 1 and UJ, (1) = 0. This means that the interval (1, +00) is contained
in the attracting basin of 1, which is a contradiction since oo is a superattracting fixed
point of Uyy.

Let 1 =29 < 27 < -+ < x, < +00 be the collection of all the fixed points of Uy,
lying in [1,+00), where n > 1. It is easy to see Ugy(z) > z if > x,. In particular, we
have (2, +00) C Ag(o0). Note that Uj,(z,) > 1. If U}, (x,) = 1, then z,, is a parabolic
fixed point of Uy, and Agy(x,) contains a small interval on the left of x,, where Agy(z,,)
is the immediate parabolic basin of z,. Let V} = A\ (x,) and Vo = Agy(co). We have
r, € ViNVsy If Uy(x,) > 1, then x, is a repelling fixed point of Uy and z,_; is an
(or parabolic) attracting fixed point of Ugy. Moreover, [z, 1,7,) C Ag(2,_1), where
Aan(z,—1) is the immediate attracting (or parabolic) basin of x,_;. Let Vi = A\ (2,-1)
and Vy = Ag\(00). We have z,, € VN V.

(2) Let A< 0. f0<z <1, thenzx—1<0Oandx+A—1<0. Ifd > 2is even,
then (z + A= 1)+ A=D1 —-1)*>0, (x+A—1)%—(z—1)% > 0 and U}, (z) > 0.
If d > 2 1is odd, then U}, (z) > 0. This means that U,y is increasing on [0, 1] for every
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d > 2. Moreover, U}, (x) = 0 if and only if x = 1. By a straightforward calculation, we
have 0 < Ugr(0) < 1. Now we divide the arguments into two cases.

If there exists no fixed point of Uy, in (0, 1), then we have 0 < x < Ug\(z) < 1 for every
0 < x < 1. This means that 0 lies in the immediate attracting basin of 1. By Lemma
(5), we know that Jy is a quasicircle. In particular, Ag(1) N Agr(co) = Jgn # 0. If
there exists at least one fixed point of Uy, in (0, 1), we denote all of them by 0 < 27 <

<o < x, < 1, where n > 1. By a completely similar argument as the case A\ > 0, one
can show that the fixed point z,, is contained in the boundaries of two different Fatou

components. Therefore, the proof is complete. O
Theorem 5.5. For every d > 2 and X\ € R, the Julia set Jy is not a Sierpinsk carpet.

Proof. Note that if J;, is a Sierpinski carpet, then the closure of any two Fatou compo-
nents of Uy, cannot be intersecting to each other. But this contradicts Lemma [5.3] The
proofs of Theorems [5.5] and ?7 are finished. m

By computer experiments, it is shown that Agx(1) N Agx(oco) = {2} for A € C, where

2o is a repelling fixed point of Uyy. Therefore, the Julia set .J;, can never be a Sierpinsk
carpet for any A € C (see Figures and [5.2)).

5.4 Decomposition of the parameter space

In this section, we divide the parameter space of Ty, into the non-escaping locus
M union countably many capture domains. Recall that Ay (1) and Agy(oco) are the

immediate superattracting basins of 1 and oo respectively.

Lemma 5.4. For each A € C*, the following conditions are equivalent:

(1) The Julia set Jgy of Ty is a quasicircle; (2) & € Agn(o0) for all0 < k < d—1;
(3) wr € Aga(1) for all0 <k <d—1; (4) 1 =X € Ag\(o0); (5) 0 € Agr(1).

In particular, w, € Agx(1) if and only if w, € Agn(1), where 0 < k1 < d—1.

Proof. We first prove (1) = (2)(3)(4)(5). If Jy\ is a quasicircle, the Fatou set of Ty,
consists of two simply connected Fatou components Agy(1) and Agy(co) whose common
boundary is Jg\. Since Ty, permutes 1 and oo, by , it follows that (2) holds and
{w1, -+ ,wq} lies in a single Fatou component. Applying the Riemann-Hurwitz formula
to Ugy : Aax(00) = Agr(00), it follows that {wr, -+ ,wq, 0} C Agn(1) and 1— X\ € Agy(00).
Therefore, (3)(4)(5) hold.

By (6.9), we have (3) = (4) = (5). Now we prove (5) = (1). Suppose that 0 € Ay (1).
By , we have U;,(0) = U%;é{wk}. Since Ugy(Aaa(1)) = Aan(1), there exists some kg
such that wy, € Ay (1) and hence 1 — A € Ayy(00). Note that Tyy @ Aga(1) = Aga(o0) is
d to 1. We claim that wy, € Ag\(1) for every 0 < k < d — 1. In fact, if not, then 1 — X has
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at least d + 1 preimages under Ty, (counted with multiplicity, d in Ay (1) and at least
one elsewhere), which is impossible. The same argument also shows that wy € Agy(1) if
and only if w; € Agx(1), where 0 < k,I < d — 1. Then, Ay (1) contains critical points
{wi, -, w4, 1} of Ugy. This means that Agy(1) is completely invariant under Uyy.

Since 1 — A € Ayn(00), it means that Ty, @ Agn(o0) — Aga(1) is d to 1. Therefore,
& € Agr(00) for every 1 < k < d— 1 since & = oo € Agy(o0) and Ty (&) = 1. Moreover,
Aqgx(00) contains critical points {&;,- -+ ,&q, 1 — A} of Ugy. This means that Agy(o0) is
also completely invariant under Ugy. Therefore, Jg) is a quasicircle since T} is hyperbolic
and Ty, has exactly two Fatou components. This ends the proof of (5) = (1).

To finish, we prove (2) = (4). If §& € Aga(oo) for all 0 < k < d — 1, then Tg :
Agr(00) = Agn(1) is d to 1. This means that 1 — A € Ay, by Riemann-Hurwitz formula.
The proof is complete. O

Lemma 5.5. For every A\ € C*, we have 0 & Agy(00) and 1 — X &€ Agn(1).

Proof. 1t 0 € Ag\(00), then 1 — X € A\ (1) by (5.9). Note that 1 lies also in Agy(1). This
means that Ty, has 2d — 1 preimages in Agy(1) for each point in Agy(oo) by Riemann-

Hurwitz formula, which is a contradiction. Moreover, 0 € Az (c0) means 1 — A & Agy(1)
by (5.9)- O
Since 1 and oo are always periodic with period 2 under Ty, the non-escaping locus
M, associated to Ty, can be defined as
Mg={A€C* :T33"(0) 4 1 and T5"(0) A 1 as n — oo} U {0}. (5.11)
Definition 5.1. Define Hy :={\ € C*: 0 € Ayx(1)}. For every n > 1, define

Ho = {A € C*: T3(0) € Aga(1) and T~ (0) & Agx(o0)}. (5.12)

FEach component of H,, is called a capture domain of depth n, where n > 0.

Proposition 5.1. The parameter space of Tyy has the following decomposition:

C=MaU(|]|Hn) (5.13)
n>0

Proof. By definitions of the non-escaping locus and H,,, we have My N (U0 Hn) = 0.
We need to show that two capture domains with different depths are disjoint and each
A € C\ M belongs to H, for some n > 0. First, suppose that A\ € H,, N H, for
m # n. Without loss of generality, assume that m > n > 0. By Definition [5.1 we
have T57(0) € Aga(1) and T7"(0) & Agx(o0). This means that 757" (0) € Agr(1) and
hence T5{*(0) € Agr(o0), which contradicts T57(0) € Aga(1). Therefore H,, NH,, = O for
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By (5.11), if A & M, there exists a minimal & > 0 such that T;¥(0) € Ag(1). If
k=0, then A € Ho. If k = 1, then Ty, (0) € Agx(1). Lemmal5.5 asserts that 0 & Agy(00).
Therefore, A € H, in this case. If k > 2, we claim that T8 *(0) & Agr(00). In fact, if
not, we have Ty 2(0) € Agx(1). This contradicts the choice of the integer k. So we have
A € Hy in this case. The proof is complete. O

See Figure [2| for the non-escaping loci My and Mj3. There some capture domains are

also clearly visible (blank regions).

5.5 Quasiconformal conjugacy classes

Let R4 be the collection of all T,y, where A € C*. In this section, we give a complete

characterization of the quasiconformal conjugacy classes in Ry.

Definition 5.2. Let A be a complex manifold. A holomorphic family of rational maps
parameterized by A is a holomorphic map fy : A x C — C such that fi\(z) is a rational
map for fived X € A and depends holomorphically on X\ € A for fized = € C.

The parameter A € A is called a J-stable parameter of a holomorphic family of rational

maps f if the total number of attracting cycles of f) is constant in a neighborhood of A.

Theorem 5.6. The boundary OMy, is the set of parameters such that Ty are not J-stable
m Rd.

Proof. By |Mc, Theorem 4.2], Ty, is J-stable if and only if both critical sequences {75 (1—
A Frso and {T5%(1) }x>o0 are normal for X in a neighborhood of \g. Since {T58(1)}n>0 lies
in a finite orbit 1 <+ oo, we only need to consider the orbit of 1 — A. If Ay € H,, for some
n > 0, the orbit of 1 — )y will be attracted by the cycle 1 <+ co. For X close to Ay, the
orbit of 1 — X still converges to the cycle 1 <> co. By Montel’s theorem, {798 (1 — A) }xso
is normal at \g. Similarly, {T5%(1 — \) }x>0 is normal at each point in the interior of M,
since {T5¢(1 — A) }xso is disjoint with the attracting basin of 1 <+ co. This means that
Ty is J-stable in C\ OM,.

On the other hand, if A\g € My, then {Tg§ (1 — A) }x>o omits the attracting basin of
1 <+ co. However, there are arbitrary small perturbation of \g such that {T58(1 — X\)}x>0
converges to the cycle 1 <+ oo. This means that T}, is not J-stable on OM,. O

Corollary 5.1. Let W be a component in the interior of M. If there exists \g € W such
that 1 — Ao converges to an attracting cycle, then every A\ € W also has this property.

Proof. By Theorem [5.6] every T, € W is J-stable. This means that there exists a small
neighborhood of A such the number of attracting cycles is constant. Since 1— \y converges

to an attracting cycle, this means that the constant is 2. The corollary follows. O]
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In the case of Corollary W is called a hyperbolic component. Otherwise, W is
called a queer component. It was generally believed that queer components do not exist.
But if they do, then every T, admits an invariant line field on its Julia set and the Julia
set has positive Lebesgue area. See Figures [5.1] and for various Julia sets of Jy,.

Figure 5.1: Julia sets of T5) with A\ =~ 1.319448 + 1.6331707 and Ay ~ 1.5 + 0.866025:. The
critical orbit 1 <+ oo captures the critical orbit 1 — A\; — 0 +— a +— b+ 1 and disjoint with the
critical orbit 1 — Ao > 0—c+— 1 — Ao,

Figure 5.2: Julia sets of Th) with A3 ~ 2.046736 + 1.5890697 and Ay = 4.0. T3y, has a Siegel disk
with periodic 4 and Js), is a quasicircle.

Now we state a theorem of parameterization of quasiconformal conjugacy classes.

Theorem 5.7. Let Tyy,, Tar, € Ry be two different maps and let ¢ : C — C be a K
-quasiconformal homeomorphism which conjugates Tyy, to Ty, such that p(Xg) = ;.

Then there exists a holomorphic map t — X from an open disk D(0,r) (r > 1) into C*
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which maps 0 to Ao and 1 to Ay, such that for every t € D(0,r), Ty, is conjugate to Tyy,
by a K, -quasiconformal mapping ¢, : C — C. Moreover, K, — 1 ast — 0.

The idea of the proof of Theorem is standard in holomorphic dynamics. One can
refer |Za, Theorem 5.1| for a proof in the similar situation. As an immediate corollary,

we have

Corollary 5.2. Quasiconformal conjugacy classes in Ry are either single points or open

and connected. In particular, the conjugacy classes on OMy are single points.

A holomorphic family of rational maps f : A x C — C is quasiconformally constant if
fn, and fy, are quasiconformally conjugate for any A\; and As in the same component of
A. We call the family f, has constant critical orbit relations if any coincidence fy"(c1) =

™ (c9) between the forward orbits of two critical points ¢; and ¢y of fy persists under

perturbation of A\. The following theorem was proved in [McS, Theorem 2.7].

Theorem 5.8 ( [McS|). A holomorphic family fy of rational maps with constant critical

orbit relations is quasiconformally constant.

Proposition 5.2. The Julia set Jgy of Ty is a quasicircle if and only if A € Hy. Moreover,

Ho is unbounded and connected.

A more precise characterization of the structure of Hy will be given in Theorem [5.10]

Proof. By the definition of Hy and Lemma [5.4] it follows that if A € Hy, then Jgy is a
quasicircle. Conversely, if Jy, is a quasicircle, then 1 — A € Agy(o0). This means that
Tyn and Ty, have the same critical orbit relations, where A\g € Ho. By Theorem [5.8 Ty
and Ty, are quasiconformally conjugate to each other. By Corollary [5.2] it follows that
A € Hy and H, is connected.

To finish, we only need to show that H, is unbounded. Let o = A”# and val(2) =

a?(z — 1) be a linear transformation. By a straightforward calculation, we have

d—1 Cz Ozi 1 C’la Cladfl
o(2) =@, 0T, 1 = a7 — 4 TdT oy d '
f (Z) Pa © Ldx © Pq ; Ld—i ~d Ld—1 + + e

If & # 0 is small enough, then the Julia set of f, is a quasicircle since the Julia set of

z — 1/2% is the unit circle. This means that Jg is a quasicircle if ) is large enough. [

By definition, the parameter A € U,,>¢ Hy if and only if the critical orbit 1 — X+ 0
(1 — A4+ --- tends to the attracting periodic cycle 1 + oo +— 1. A point A\ is called a
center of a hyperbolic component W C My if the critical point 1 — A is periodic. On the
other hand, A is called a center of a capture domain of U,,»; H,, if the critical point 1 — A

is eventually mapped to 1.
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Lemma 5.6. Every hyperbolic component in My and capture domain in H,, has a center,

where n > 1. Meanwhile, Hy has no center.

It will be proved in next section that every hyperbolic component in M, and capture
domain in H, has exactly one center, where n > 1 (Theorem [5.10)).

Proof. Let W be a hyperbolic component in M,. For every A € W, let m(\) be the
multiplier of the attracting periodic orbit of Ty, other than 1 <+ oco. It can be checked
as in [Dol Theorem 4, p.46] and [?, Theorem 2.1, p.134| that the multiplier mapping
A — m(A) defined from W to D is proper and holomorphic. This means that W has at
least one center.

Let W be a component of H,,, where n > 1. Then for every A € W, T9{(0) € A (1)
and n is the smallest integer satisfying this property. Let ¥ : A4\ (1) — D be the unique
Béttcher map define on the immediate basin of 1 such that ¢ 0 Ugy = (12 (2))%, 1¥a(1) =0
and ¥,(1) = 1. By the definition of 1y, it follows that ¢, depends holomorphically
on A € W. Define a map m : W — D by m(A\) = ¥\(T3%(0)). It is clearly that m
is holomorphic. We then prove m is proper. Let A\, € W be a sequence converging to
A € OW asn — oco. Suppose that there exists a subsequence of \;, denote also by A, such
that m(\x) converges to an interior point w € . Since the family of univalent mappings
{1/);; : D — C} is normal, we can suppose that 7,0);1 — 17! locally uniformly on D. So
(D) C Agx(1). This means that ¢! (w) = limy_e Y5 (m(M)) = limy_oe T (0) =
T2v(0) € Agn(1). Hence Ty, is hyperbolic. This is a contradiction since A € OW.

Finally, by the definition of Hy and Lemma , Ay (1) contains only one critical point
1 (counted without multiplicity). Note that Agy(1) lies in a superattracting periodic Fatou
component and Ty (1 — A) = 0 # 1, it follows that the orbit of 1 — A is disjoint with the
orbit 1 <+ co. The proof is complete. O

Now we give a complete characterization of the quasiconformal conjugacy classes in
Ra.

Theorem 5.9. Quasiconformal conjugacy classes in Ry can be listed as follows:
(1) Hyperbolic components in the interior of Mg with the center removed.
2) Capture components of H,, with the center (if any) removed, where n > 0.
3) Centers of hyperbolic or capture domains.
1)
)

5) Single points on the boundary of M.

(
(
(4) Queer components in the interior of M.

(

Proof. By Corollary [5.2] the five cases stated in the theorem are disjoint to each other and
(4)(5) are indeed quasiconformal conjugacy classes. (1)(2) are quasiconformal conjugacy

classes by Theorem [5.8 As every queer component is a conjugacy class, one can get a

proof in |Za, Theorem 3.4| by a word for word analysis. O
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5.6 Simply connectivity of the capture domains

In this section, we prove that the non-escaping locus M, is connected. This amounts
to showing that #H, is homeomorphic to the punctured disk D* := D\ {0} and each of the
component of H,, is homeomorphic to the unit disk for n > 1.

One way to do this is to follow the standard way of Douady-Hubbard’s parameteriza-
tion of the hyperbolic components of the quadratic Mandelbrot set [Do|. This method was
developed by Roesch to study the parameter space of the cubic Newton maps [Rol,Ro2|
and Qiu, Roesch, Wang and Yin to study the parameter space of the McMullen map-
s [QRWY]|. Moreover, this parameterized method was generated and then used in the
proof of My is connected [WQYQG, Theorem 1.1].

However, to prove Hg is homeomorphic to the punctured disk D* and each of the
component of H,, is homeomorphic to the unit disk for n > 1, it would be much easier to
use the methods of Teichmiiller theory of the rational maps which was developed in [McS]
(in which, a different proof of the connectivity of the Mandelbrot set was given).

We first recall some definitions in |[McS|. By definition, the Teichmiller space
Teich(Tyy) of Ty, consists of all pairs (T, [¢]), where ¢ : C — C is a quasiconformal
mapping which conjugates Ty to Tyy. Here [¢] means the isotopy class of ¢. The modular
group Mod(Tyy) is the group of isotopy classes of quasiconformal homeomorphism com-
muting with 7,. The modular group Mod(7},) acts on the Teichmiiller space Teich(Tyy)
properly discontinuously by [¥](Tux, [¢]) = (Tan, [0 © ¢]). The moduli space of Ty is
defined as the quotient Teich(7yy)/Mod(7}y), which is isomorphic to the quasiconformal
conjugacy class of Ty,.

Moreover, one can define the Teichmiiller space Teich(U, Ty) on an open set U which is
invariant under Tyy. The set Teich(U, Tyy) consists of all the triples (V, Ty, [¢]), where V/
is open and invariant under Tyy/, and the quasiconformal mapping ¢ : V' — U conjugates

Tux to Tyn. Here [¢] denotes the isotopy class of ¢ relative ideal boundary of V.

Theorem 5.10. Fach component of H,, is homeomorphic to D and contains exactly one

center, where n > 1. Moreover, Hy is homeomorphic to the punctured disk D*.

Proof. Let W be a component of H,, with all centers removed. Then the forward orbit of
1 — X under T}, is infinite for A € W. By Theorem 5.9, W denotes a single quasiconformal
conjugacy class.

For any basepoint A € W, it follows that the critical point 1 — A belongs to the
attracting basin of the cycle 1 +— oo+ 1. In particular, 797 (0) € Ag(1) and T3 (0) # 1.
Define the Green function on A4 (1) by

Gar(z) = —klim d ¥ log U (2) — 1|, where z € Agy(1).
—00
Note that G4, can be extended to the Fatou set of Ty, by pulling back.
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Let v be the equipotential of G4, passing through the critical point 1—\ (In particular,
it is homeomorphic to the figure 8 if d = 2). Define

Jaxn = Jan U U Tax (v u{0}).

ne”L

Then Jy is the closure of the grand orbits of all periodic points and critical points of
Tyn. The complement U := @\ jd)\ consists of countably many annuli with finite modulus

which lie in a same grand orbit. By [McS, Theorem 6.2], we have
Teich(TdA) >~ Teich(U, Td)\) X Ml(Jd)qu)\)a

where M (Jy, Tyn) denotes the unit ball in the space of all Tyy-invariant Beltrami differ-
entials supported on Jy,.. Note that every hyperbolic rational map carries no invariant
line fields on the Julia set, it follows that M;(Jgy, Tyy) is trivial since Ty, is hyperbolic
when A € W C H,,.

Since W denotes a single quasiconformal conjugacy class, we have
W ~ Teich(Tyy)/Mod(Tyy) ~ Teich(U, Tyy)/Mod(Tyy) ~ H/Mod(Tyy)

by [McS, Theorem 6.1]. Note that every quasiconformal self-conjugacy 1 of Ty, fixes the
grand orbits of the critical points 1 and 1 — A and hence fixes the boundaries of each
annulus of U. Moreover, v is the identity on Jgy. Therefore, [¢)] € Mod(T},) is identity
on Jy and it is possibly a power of a Dehn twist in the annuli of U. This means that
Mod(T}y) is a subgroup of Z.

By Lemma [5.6] each W cannot be simply connected is a component of H,, for n > 1.
On the other hand, W is not simply connected if W = H, by Proposition So
Mod(Tyy) = Z. This means that W is homeomorphic to a punctured disk. This means
that each W contains exactly only one center if W # Hy. The proof is complete. ]

Proof of Theorem[5.4 This is a direct corollary of Proposition [5.1] and Theorem [5.10} O

5.7 Proof of the asymptotic formula

By Proposition [5.2] if the parameter A lies in the unbounded capture domain Hg, then
the Julia set J;) is a quasicircle. In this case, J;, moves holomorphically in H, and its
Hausdorff dimension depends real analytically on A by a classic result of Ruelle. The

following Theorem is a weak version of [Ru, Corollary 6].

Theorem 5.11. Let f, : A x C — C be a holomorphic family of hyperbolic rational maps

parameterized by A, where A is a complex manifold. Then the Hausdorff dimension of the
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Julia set of f\ depends real analytically on A € A.

Let € be a closed subset of R”. A map S : 0 — Q is called a contraction on € if
there exists a real number ¢ € (0, 1) such that |S(z) — S(y)| < c|lz — y| for all z,y € Q.
A finite family of contractions {S, S, , Sy} defined on Q@ C R, with m > 2, is called
an iterated function system or IFS in short.

To compute the Hausdorff dimension of Jg, with A € H, we need the following result
(see |Fa, Theorem 9.1, Propositions 9.6 and 9.7]).

Theorem 5.12 ( |Fa|). Let {S1,...,Sn} be an IFS on a closed set @ C R"™ such that
|Si(z) — Si(y)| < ¢z —y| with 0 < ¢; < 1. Then:

(1) There ezists a unique non-empty compact set J such that J = U7, Si(J).

(2) The Hausdorff dimension dimg(J) of J satisfies dimp(J) < s, where 31", ¢ = 1.

(3) If we require further |S;(x) — S;(y)| > b;|x —y| for 0 < b; < 1, then dimpy(J) > ¢,
where Y™ b5 = 1.

=1

The non-empty compact set J appeared in Theorem m( 1) is called the attractor of
the IFS {Sy,..., S}

Let f be a rational map with degree at least two. We use Fix(f) to denote the set of
all the fixed points in the Julia set of f.

Lemma 5.7. Let f be a hyperbolic rational map whose Julia set J is a quasicircle. Then
the Hausdorff dimension D := dimg(J) of J is determined ngI lim,, o0 An(D) = 1, where

An(D) = > (R (5.14)

z€ Fix(fon)

The notation Fix(f°") in (5.14) denotes the collection of all the repelling periodic
points of f with period n (the period is not necessary the smallest). The Julia set of a
hyperbolic rational map can be seen as the limit of a sequence of IFS which are defined

in terms of the inverse branches of the iterations of the rational map.

Proof. Let d > 2 be the degree of f. Since f is hyperbolic and the Julia set J of f
is a quasicircle, there exist a pair of closed annular neighborhoods Wi, W5 of J and a
quasiconformal mapping ¢ : Wi — A, such that ¢ conjugates f : W; — W to z — 2% or
z+ 279 where A, :={z:1—¢ < |z] <1+¢} is a closed annular neighborhood of the
unit circle and € > 0 is small enough. Without loss of generality, we only consider the
first case since the completely similar argument can be applied to the second one.

In order to define IFS, it is more convenient to lift J and f under the exponential
map. Hence we assume further that J separates 0 and oo. Define a curve v := ¢~ 1([(1 —
)e, (1 + €)4]) C W,. Fix a component of exp~! (W5 \ v) and denote it by U. Then U is

IThe statement and the proof of this lemma were not correct in the previous version. We would like
to thank Peter Halssinsky for pointing out to us. See [WBKS), §4, (4.2)] for the same statement.
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topologically a strip and exp : U — W5\ 7 is conformal in the interior of U, whose inverse
is denoted by log : Wa \ v — U (see Figure [5.3)).

@, @

-~

Figure 5.3: Sketch illustration of the construction of the IFS.

Let V,, be the unique component of f~"(W5) containing J. For each n > 1, the map
for : V,, — Wy has d" inverse branches, say 11, - - - , Tyn, each maps W5\ vy onto a half open
quadrilateral such that their images are arranged in anticlockwise order one by one. Let
S; :=log oT; o exp be the map defined in U, where 1 < ¢ < d". It is easy to see each S; is
conformal in the interior of U and can be conformally extended to an open neighborhood
of U.

By the definition, {S}, -+, Sz} is an IFS defined on U for large n since f°" is strictly
expanding on W in the Euclidean metric if n is largd’l For the convenient of the argument,
we assume that f°" is expanding in the Euclidean metric for all n > 1. The attractor J’
of {S1, -+, Sgn} is a closed set satisfying J = exp(J’). Moreover, J\ {z;} is the conformal
image of J' with two ends removed, where z; € J N~ is a fixed point of f. This means
that the Hausdorff dimensions of J" and J satisfy dimg(J') = dimg(J).

Let F,|ly = |_|f-li1 St s,y be the lift of " under exp. Then each S;(U) contains
exactly one fixed point (; € J' of F), in its interior for 1 < ¢ < d" and on its boundary for
=1 and d".

By Koebe distortion theorem there exist two sequences of numbers 0 < A, <1 < B,
such that

An  _1S@) = SWI _ B

< < L, V1<i<d', z,yeU, (5.15)
| E7(G) |z =y | F7,(G)

and lim, o A, = lim,_,o, B, = 1. See also [Mil, Theorem 2.7].
By Theorem the Hausdorff dimension D = dimpy(J') = dimg(J) satisfies 0 <

2The map f is expanding in the hyperbolic metric in a neighborhood of J.
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Sp1 < D < 5,9 <2, where

é <|Fj(2i)|>sm1 =1and é <|5€9&)|>8n’2 — 1.

Then, we have

an 1

1
Yo S 5.16
n2 — Z |F/ Cz |5n2 — Z |F/ CZ |D — Z |F/ |5n1 An’n, ( )
The d" — 1 fixed points of f° in the Julia set J are {z; = exp((;) : 1 < i < d"}. In
particular, z; = exp((;) = exp((sm). Since F), is conformally conjugate to f°" in the
interior of each S;(U), we have F)((;) = (f°")'(z;) for 1 < i < d". Therefore, by (5.16)),

we have

1 1

TN T ND —lasn— o0
Z(f) ((for)'(2) Z Z 1B @ AR
since lim,_,o0 An"' = lim, oo Bn™? = 1 and lim,_,o |F/ ({4 )| = +00. The proof is com-
pleted. O

As the parameter A tends to oo, the diameter of the Julia set J;, of Ty, becomes
larger and larger in the Euclidean metric and the shape of J;, becomes more and more
circular (see Figure |5.4). Therefore, one can make a scaling of J;y (or equivalently, make

a conjugate), such the new Julia set converges to the unit circle.
-/\

{

L

Figure 5.4: The Julia sets of Th), both are quasicircles, where A = 30 and 1000, respectively. It
can be seen that the Julia set becomes more circular as the parameter A becomes more larger
(compare the right picture in Figure[5.2). Figure ranges: [—10,16] x [—13,13] and [—125,125] x
[—125,125].

k\mw /{N
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Specifically, define
Tin={NT1(z=1) 2 € Jur). (5.17)

The following Lemma has been proved in [Qi, Theorem 4.3| as a special case.

Lemma 5.8. The scaled Julia set J}, converges to the unit circle in the Hausdorff topology

as A tends to oo and the Hausdorff dimension of Jy\ tends to 1 as A tends to oco.

Although Lemmal[5.8)is significant, however, we want to know further about the asymp-
totic formula of of the Hausdorff dimension of J;, as A tends to co. In order to calculate
the Hausdorff dimension of J;y, we do some setting first.

Recall that in Proposition , a = A\"77. Then Ao = a~L. Let va(2) = a(z — 1)

be the linear transformation as before. We define a new rational map with parameter o«

as
d—1 i i 1 1, d-1
-~ Cta 1 Ca Cha
foz(’z) = gpaon)\ngalzz lcil_i :7 % 4 . <518>
rar iV z z z

This means that there exists a small € > 0 such that f, : D, x C — C is a holomorphic
family of hyperbolic rational maps parameterized by D., where D, := {z : |z] < }. Note
that the Hausdorff dimension is invariant under a conformal isomorphism. This means
that we only need to calculate the Hausdorff dimension of the Julia set .J, of f, with
a € D, since dimpy(J,) = dimg(J4,). We would like to remark that J, = Jj,.

Let E be a subset of C and (A, \g) a connected complex manifold with basepoint Ag.
A family of maps hy : £ — C is called a holomorphic motion of E parameterized by A
and with base point \g if: (1) For each A € A, h, is injective on E; (2) For each z € E,
hy(z) is a holomorphic function of A € A; and (3) h,, is identity on E (see [Ly|, |[MSS|
or [Mc, Chap.4]).

Proof of Theorem . By , it follows that the Julia set J, is the unit circle if & = 0.
For z € Jy = T, we have fo(z) = 2~ Note that f, is a holomorphic family of hyperbolic
rational maps with parameter o € ID,. There exists a holomorphic motion ¢, : J, — C
of Jy parameterized by D. and with base point 0 such that ¢,(Jy) = J, and

fao© ¢a<z) = (o © f0(2> = (ba(/zid) (519)

for all z € Jy, see [Mc, Chap. 4|. Since every point on .Jy moves holomorphically, we can

write ¢, (2) in power series of «v as
ba(2) = 2 (1 +uy(2)a + us(2)a® + O(a?)), (5.20)

where z € Jj.
In the following, we adopt the notation ¢ := —d since the negative sign is boring in

the expressions during the calculation. Meantime, we assume that d > 3 first. If « is
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small enough, we can expand f, in ([5.18]) in power series of a as
1
fal2) = 27 — g2 a + q(q;— >zq+2oz2 + O(a?). (5.21)

Substituting (5.20) and (5.21)) into (5.19)), then comparing the terms to the second

order in «, we obtain the following equations:

ui(z?) —qui(z) = —qz, (5.22)

ua(29) — qua(z) = ! u%<z>—q<q+1>zu1<z>+q<q; Do (523

For each non-zero integer | € Z, the functional equation

u(2?) — qu(z) = —¢2' (5.24)
has the formal solution
+o00 Zlqk
u(z) =% —. (5.25)
k=0 4
Note that the solution (5.25)) is convergent if |z|] = 1. This means that the solution of
(.22) is
+00 qu
u(2) =Y — (5.26)
k=0 4

Therefore, the equation (5.23]) can be reduced to

up(27) — qua(2) = —q <(q +1) io quﬂ a1 <+Z ~ ) q;r122> . (5.27)

=0 1=0 q

By (5.24) and ([5.25)), the solution of us is

us(z) = ) ((Q+ 5Dy quHkq — (ngkl) (Z < l ) —~ (q2:k1)22qk> . (5.28)

k=0 1=0 -0 4

For each n > 1, the collection of the fixed points of f" on the Julia set J, forms the

finite set

Fix(f3) = {0u(e™) s, =

By (5.19) and the chain rule, we have (fo")(¢a(e2™)) = TI"_, £/ (da (™ ). The
calculation in Appendix (§5.8]) shows that for every D > 0 and all sufficiently large n, the
following holds:

n_1
lg" =1 n—1 gmqmtj))‘*D _ |q|’”D <
j=1 m=0

+ O(a3)> (5.0
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Let D, := dimg(J,) be the Hausdorff dimension of .J,. One can write the corresponding

" of fa in Lemma as

n —nD Din 2 3
An(Da) = |" = 1f]a]™" (14 ==l + O(a”) ) . (5.31)

Fix some large n, when « is small enough, (5.31)) is equivalent to

2

D
lim exp <n (4"‘|a|2 — (Do — 1) log |q|> + O(a3)> = 1. (5.32)

By Theorem [5.11| and Lemma [5.8] D, depends real analytically on « in a small neigh-
borhood of the origin and Dy = 1. This means that in a small neighborhood of 0, the

Hausdorff dimension of J, can be written as
D, = 1+ aya + agn@ + axa® + agpd@® + ayi|al* + O(a?). (5.33)
Substituting into and comparing the corresponding coefficients, we have
a9 = agy = ago = age = 0 and ay; = 1/(41og |q|). (5.34)

This means that

0]
D,=1+ + O(a?). 5.35
4log |q| () (5.35)

Note that ¢ = —d and a = A"@ 1. This ends the proof of Theorem in the case of
d> 3.

If d = 2, then (5.21)) can be written as f,(z) = 29 — gz9" . Following the calculation
process of d > 3 and carefully omitting some corresponding terms, it can be checked that
Theorem still holds for d = 2. The proof is complete. [l

5.8 Appendix
This section will devote to proving ([5.30)). From (5.21)), we have

(g+1)(g+2
2

fl(z) =gt —qlg+1)2% + 1 )zq“a2 + O(a?). (5.36)

Substituting ((5.20]) into (5.36)), we have

[i(9a(2)) = @271 + 2" (g — Dua(2) = (g +1)2] a + g2 {(q+1)2(q+2)22

(q—1)(g—-2) ,

(5.37)
5 ui(2) —q(qg+ Dzui(2) + (¢ — 1)u2(z)} o + O(a?).

+
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Define 0 := o(t) = €*™ € T. Then 05 = 1. For 0 <m < n — 1, by (5.37), we have

[fa(@a(@™ NP = fal(9a(0™) fo(balo?))

_ o - (5.38)
=@+ Apa + Aja+ AnAylal? /¢ + Bno® + Ba? + O(a?),
where
Am = (g — D u(c”) — g+ 1) " (5.39)
and
2 1 2) om  (g—1)(qg—2 m
B, — Tt D@+2) o a(a= g )u%(aq )
2 2 (5.40)

— g+ D)o ur (07" + ¢*(q — Dug(a?™).

For every D > 0, by ((5.38]), we have

n—1

nl:_[O FACHCE el | NGACNCES)] Y

m=0

_D
2

D
2

m@ + Apa + Bpa? + Bpa? AL AnLlal?
2 + 4
q q

1
—nD 3 A
P T <1+
m=0

n—1
= |q| ™" — 12)|qy"D2 2_:0 (Ao + An@ + Bpo® + Ba)

+ O(a3)>

D - _
— g TP ( > (A, Apy0® + A AL, a0 + > AmlAm2|a|2>

2 0<mi<mo<n—1 0<mi,ma2<n—1
D(D +2)
_|_ -~ @@ 7

3 g 7P <nzl (Ama + Ama)>2 + O(a?).

m=0

(5.41)

Lemma 5.9. Let m,mqy,mo € N. If n > 1, then:
(1) ¢™ # 0 mod ¢" — 1.
(2) ¢™ 4+ ¢™ # 0 mod ¢" — 1.
(3) ¢™ — ¢™ =0 mod ¢" — 1 if and only if my — mg = kn for some k € 7Z.

Proof. Since (q,q" — 1) = 1, it means that (¢, ¢" — 1) = 1 for m > 0. Then (1) follows.
To prove (2), it suffices to show that ¢™ + 1 # 0 mod ¢" — 1 for m > 0 since ¢" — 1 is
relative prime to ¢™ for m’ > 0 by (1). Set m = kn+r, where k > 0and 0 <r <n—1.
We have
"+ 1l=¢""" ¢+ ¢ +1=¢"+1%£0mod ¢" — 1

since 0 < |¢" + 1] < |¢" — 1].
The proof of (3) is similar to that of (2). Since ¢" — 1 is relative prime to ¢™ for

m’ > 0, we need to find out the condition on m such that ¢™ —1 = 0 mod ¢™ — 1 for fixed
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n > 1. Set m = kn +r, where k > 0 and 0 <r <n — 1. We have
"—1=¢""" ¢ +¢ —1=¢ —1mod ¢" — 1.
This means that ¢ — 1 =0 mod ¢" — 1 if and only if r = 0 since |¢" — 1| < |¢" — 1|. O

Following [WBKS, § 2], it is convenient to introduce the average notation

Z G(t)), (5.42)

where G is a continuous function defined on the interval [0,1) and ¢t; = j/(¢" — 1) is
defined in ([5.29)).

In order to prove , we only need to prove for every D > 0 and sufficiently large
n, the following holds

D*n, 3
1 la|* + O(a )) (5.43)

<ﬁ f;<¢a<aq”>>\‘D> ~lg 7 (1+

m=0 n

For each n > 1 and any k € Z, it is straightforward to verify the average in (5.42)) has
the following useful property:

(1 ifk=0modq"—1,

. (5.44)
0 otherwise.

Lemma 5.10. For 0 < m,my,my < n — 1, we have (¢7"), = 0, (uy(c?")), = 0,

(g7 H072), =0, (07 ur (077))n = 0, (wr (0 )ur(07))n = 0 and (uz(0?")), = 0.

Proof. By (5.26) and ([5.28)), the average property (|5.44) and Lemma (1)(2), the equa-

tions stated in the Lemma can be verified directly. O
As an immediate corollary of Lemma [5.10} from (5.39)) and (5.40)), we have

Corollary 5.3. (4,,), = <Z’">n =0,(Bn), = <§m>n =0, (An, Anm,), = <Zmlzm2> =0

n
for0 <m,mq,mg <n—1.

By (5.41)) and Corollary we have

n—1 . D2 —
< HO |fc,x(¢a(gq ))|_D> = |q|_ND <1 + T|q|_4 Z <Am1Am2>n|a|2> + O(a?))'
m= 0<mi1,ma<n-1
(5.45)

n

By (5.39)) and (5.40)), we have

(A Amy),, = ¢ (a = DX (w0 )ur(07™))n + ¢* (g + 1) (0™ 7),

) mq _am2 T _omgy __g™Ml1 (546)
= ¢ (@ = D (o™ )o™" " +ur (07 )0 )y
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Since 0 < mq,my < n — 1, it follows that m; — my = kn for k € Z if and only if
my = my. By Lemma [5.9(3), we have

( .
<0‘q 1-g 2> _ 1 my ‘mQ, (547>
n 0 otherwise.

This means that

Y. (e =0 (5.48)

0<mi,ma<n-—1

Similarly, by Lemma [5.9(3), we have

+00 <Uq’“+m1 —q"m2 )

(u(0™)o™"™), =32

n

k
SR (5.49)
{ —k;‘rO?) (m11m2)+kn = q”;i:T2 lf my > ma, ‘
n—(mg—mq) .
i E qm2— m1+kn =4 qnil ' lf my S ma.
This means that
- o qml—mz qn—(mg—ml)
Z (ui(o® )o™ 7)), = Z n_ 1 + Z n_1q
0<mi,mz<n—1 0<ma<mi<n—1 4" 7 0<mi<mo<n—1 4" T (5.50)
— " g4+ g =2
= oqlata )=
Moreover, by Lemma [5.9(3), we have
+oo 400 qk1+m17qk2+m2>
<u1(‘7q Jur(od™?) > Z Z %1+ -
pok (5.51)
2+4n . .
. r (qmllfmg + qn—(mll—mg))(qQ,ql)(qnil) lf ml > m27
- 2+4+n .
i (qmzl—ml + qnf(m127m1))(q2_ql)(qn_1) lf m]. S m2'
This means that (similar to the reduction process of ([5.50)))
M\ ma ng?
Yoo (@™ (07), = - (5.52)
0<mi,ma<n—1 (q - 1)
By substituting (5.48]), (5.50)) and (5.52)) into ((5.46)), we have
> (A Ay =ng". (5.53)

0<my,mz2<n—1

By (5.45) and ([5.53)), it follows that ([5.43]) holds. The proof of ([5.30)) is completed.
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Rigidité quasi-symétrique, tapis de Julia et le débarquement de dynamique

resp. parametres rayons

Quasisymmetric rigidity, carpet Julia sets and the landing of dynamic resp.

parameter rays

Résumé

Cette theése est constituée de cing parties distinctes.

La premiére partie est consacrée au probleme de rigidité
guasi-symétrique associé a un nouveau modele de tapis
de Sierpinski, qui ne sont pas quasi-

symétriguement équivalent aux tapis de Sierpinski
usuels.

La seconde partie est une discussion portant sur la
géomeétrie quasi-symétrique des ensembles de tapis de
Julia, incluant en outre le quasi-cercle uniforme, ainsi
gue certaines propriétés de séparation uniforme.

Lors de la troisieme partie, nous déterminerons une
condition permettant de savoir quand deux rayons
externes d'un polyndme tendent vers un méme point.
Comme application, nous montrerons également la
monotonie de l'entropie associée a une famille de
polynémes quadratiques.

La quatrieme partie est inspirée du travail récent de Cui
Guizhen et Tan Lei. En utilisant des outils classiques
(module d'anneau et chirurgie quasi-conforme), nous
étudierons la convergence de certains rayons en
campagne locus espace des parametres.

Enfin, la derniere partie pore sur la famille des
transformations de renormalisations générées. Plus
précisément, cette partie abordera la connexité de ces
ensembles de Julia, et le lieu de confinement dans
'espace des paramétres, ainsi que la formule
asymptotique de la dimension d'Hausdorff des
ensembles de Julia.

Mots clés
rigidité quasisymétrique, sierpinski usuels, tapis de Julia,

rayons externes, rayons parametres, transformations de
renormalisations générées.

Abstract

The thesis consists of five parts.

The first part is concerned with the quasisymmetric
rigidity of a new Sierpinski carpet, which are not quasis-
ymmetrically equivalent to the standard Sierpinski
carpets.

The second part discusses the quasisymmetrically
geometry of the carpet Julia sets, including the uniformly
quasicircle and uniformly separated properties.

The third part is to determine when two external rays of
a polynomial land at the same point. As an application,
we also show the monotonicity of core-entropy on a
family of quadratic polynomials.

In the fourth part, following Cui and Tan's work, we use
the classic tools modulus of annulus and quasi-
conformal surgery to study the landing of some
parameter rays in shift locus parameter space.

The last part discusses a family of generated renormal-
ization transformations. Specifically, it is on the connec-
tivity of its Julia sets and the non-escaping locus in its
parameter space, the asymptotic formula of the
Hausdorff dimention of the Julia sets.

Key Words

Quasisymmetric rigidity, sierpinski carpets, carpet Julia
sets, external rays, parameter rays, generated
renormalization transformations.



	Contents
	Introduction
	Quasisymmetric rigidity of Fn,p
	Sierpinski carpets arising as Julia sets of rational maps 
	Criterion for rays landing together
	A landing theorem on non-recurrent polynomials
	On the dynamics of a family of generated renormalization transformations

	Bibliography
	Quasisymmetric rigidity of Sierpinski carpets Fn,p
	Introduction
	Motivation
	Main results
	Idea of the proofs

	Carpet modulus
	Conformal modulus
	Carpet modulus
	Carpet modulus with respect to a group
	Existence of extremal mass distribution

	Auxiliary results
	Quasiconformal extention of quasisymmetric map
	Quasisymmetric uniformization and rigidity
	Three-Circle Theorem
	Square carpets

	Distinguished peripheral circles
	Distinguished pairs of non-adjacent peripheral circles
	Quasisymmetric group QS(Fn,p) is finite
	Proof of Theorem 1.1

	Weak tangent spaces
	Weak tangents
	Quasisymmetric maps between weak tangents

	Quasisymmetric rigidity
	Proof of main theorems
	Remark


	Bibliography
	Quasisymmetric geometry of the carpet Julia sets
	Introduction
	Statement of the main results.
	Outline of the proof and the organization of this chapter.

	Some distortion estimations
	Proofs of the Main Theorems
	Mañé's Theorem and a lemma.
	Sufficiency for the property of uniform quasicircles.
	Sufficiency for the property of uniformly relatively separated.
	The property of non-uniformly relatively separated.
	Proofs of the main results.

	An example of postcritically-infinite carpet Julia set

	Bibliography
	Criterion for rays landing together
	Introduction
	Motivation
	Sketch of the proof and outline of the chapter

	Wandering Orbit Portrait
	Portraits
	Sector maps
	Dynamics of wandering portraits
	Proof of theorem 3.1

	Regulated arcs
	Extended rays
	Components of Jf{x} are arcwise connected
	Uniqueness of regulated arc
	Quasi-buried regulated arc

	The topological polynomial F
	Branched covering map
	From polynomial f to topological polynomial F
	Properties of the topological polynomial F

	Partitions induced by critical portraits
	Supporting arguments resp. rays
	Definition of critical portraits
	Critical diagram associated to A"0362A
	Partition in the dynamic plane
	Regulated arcs in the partition

	Proof of the main theorem
	No wandering regulated arcs
	Quasi-buried case
	General cases

	Application to core entropy
	Characteristic arc Ic
	Dynamic of biaccessible angles
	Monotonicity of core-entropy


	Bibliography
	A landing theorem on non-recurrent polynomials
	Introduction
	Preliminaries
	Spherical metric
	Mañé Lemma
	Distortions of modulus, shape and turning
	Convergence of rational map sequences

	Modulus distortion dominates the spherical distortion
	Maximal distortion of modulus
	Properties of maximal distortion of modulus

	Controlling modulus distortions by areas
	Modulus of annulus
	Area difference controls modulus distortion 

	Univalent maps off a finite nested disc system
	Nested disk system
	The boundedness of Areap(E,W)
	Univalent maps off m-nested and -scattered nested disc system

	Application to rational maps
	Assumption
	Shrinking Lemma
	A sequence of arbitrary small nice disks Nx around x
	Pullback disk systems
	The construction of {(Ux,Ox,Ex,Ux(rx),Ux(r'x))}xX0 in W. 
	Properties of the desired pullback disk system. 
	From pullback disk system to nested disk systems. 
	Univalent maps off a pullback disk system

	The existence and uniqueness for shift locus
	Proof of the results

	Bibliography
	On the dynamics of a family of generated renormalization transformations
	Introduction
	The location of critical points and the connected Julia sets
	The Julia set cannot be a Sierpinsk carpet
	Decomposition of the parameter space
	Quasiconformal conjugacy classes
	Simply connectivity of the capture domains
	Proof of the asymptotic formula
	Appendix

	Bibliography
	covering page.pdf
	JURY
	Abstract
	Résumé
	Thèse N  000000000
	JURY


