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Chapter 1

Introduction

1.1 Context

In this thesis we study mathematical models coupling a fluid and a deformable elastic
structure. Such models are used to describe many physical phenomena such that the
air flow around aircraft wings or the blood flow in arteries. In these situations the
fluid applies a force on the structure and, in return, the displacement of the structure
impacts the fluid. The interactions between the fluid and the structure are driven by
this action-reaction principle and interface conditions.

The fluid—structure models considered throughout this thesis are system coupling the
incompressible Navier—Stokes equations in a 2D rectangular domain with a damped
Euler-Bernoulli beam equation, where the beam is a part of the upper boundary of the
domain occupied by the fluid. Motivated by the study of blood flow through human
arteries we prescribe pressure on the inflow and the outflow boundaries. Typically, one
can think about a fluid in a vessel where the value of the pressure at both ends is fixed.

Our study starts with the existence of strong solutions for this system. In Chapter [2| we
prove the local-in-time existence of strong solutions without any smallness assumption
on the initial displacement of the structure. This is done using a change of variables
adapted to this deformation.

We then consider in Chapter [3| the existence of time periodic solutions for this system.
These solutions correspond to the normal behaviour of arteries with the periodic impulse
prescribed by the heartbeat. Using regularisation properties of parabolic equations and
the time periodicity of the problem we are able to construct classical solutions that are
periodic in time.

Finally we study in Chapter [4] the stabilization of the previous system in a neighbourhood



of a periodic solution, with a control acting on a part of the fluid boundary. We construct
a parabolic evolution operator for the underlying linear system and we prove, using
Floquet theory, that the linear system can be stabilized.

1.2 Presentation of the results

In the following, spaces written in boldface correspond to the vector version (in dimension
2) of the standard space. So, for example, L*(X) = (L?(X))?.

1.2.1 Chapter Fluid—structure system with boundary conditions
involving the pressure

Background

In this chapter we consider a fluid—structure system involving the incompressible Navier—
Stokes equations in a 2D rectangular type domain where the upper part of the fluid
domain is a moving structure satisfying a damped Euler—Bernoulli beam equation (see
Figure . Let T > 0, L > 0 and consider the spatial domain € in R? defined by Q =
(0, L) x (0,1) with the boundaries I'; = {0} x (0,1), T, = {L} x (0,1), I's = (0, L) x {1},
I'y = (0, L) x {0} and the notation I'; , = I'; UT,. The domain of the fluid €, ;) depends
on the displacement of the beam 7 : T'y x (0,7) — (—1, 4+00),

Qn(t) = {(x,y) € R? | US (OaL)v O<y<l1 +77(‘T’1’t)})
F77(1§) = {(m,y) € R2 | T e (OvL)a y= 1 +77($a 1at)}'

Loy
n(z,t)
1
L'y
T I,
0 T, L

Figure 1.1: Domain )



The fluid equations are written in the space-time domains

E% = U Fn(t) X {t}, 777«: U Qn(t) X {t}
te(0,T) te(0,T)

5 =Tyx(0,T), Yo=T;x(0,T), %%=T,x(0,T), ¥%=T,x(0,T),
The fluid—structure system is described by the following coupled equations:

w, — div o(u,p) + (u-V)u=0 in Q7,
(NS){ divu=0 in Q7,
_ 0
u(0) =u’ in Qo
u(z,y,t) =ni(x, 1, t)ey for (z,y,t) € Lf,
(12.1)  (BC)S up =0 and p+ i[ul>=0 on ¥’
u=20 on E’},
Mt — Blzz — Vtwe + WNozes = _Jn(t)eQ ) U(uvp)\Fn(t)nn(t) on E%,
(EB){ =0 and n, =0 on {0,L} x (0,7T),
n(0) = nY and 7,(0) = 1Y in T,
(NS) are the incompressible Navier—Stokes equations. Here u = (uj,u2) is the fluid

velocity, p is the pressure, o(u,p) = —pI + v(Vu + (Vu)T) is the Cauchy stress tensor
and v is the viscosity of the fluid (assumed to be constant).

(BC) describes the boundary conditions of the fluid. The continuity of the fluid and
structure velocities at the fluid—structure interface imposes the Dirichlet boundary con-
dition on T',). For simplicity, the lower boundary of the domain is assumed to be
fixed. Finally we prescribe the dynamical pressure of the fluid at the inflow and outflow
boundaries.

(EB) is a damped Euler-Bernoulli beam equation. The term —.J, ez - o(u, p)‘n7 oM (t);

where
-1 —Nx (:‘Ua t)
() = o) ( 1 )

is the normal unit vector to the curve I'; ;) and J,;) = /1 + n2, describes the force that
the fluid exerts on the structure. The non-negative coefficients «, 3,y are parameters

relative to the structure. Throughout this thesis we only consider the case v > 0 and
a > 0 (see the discussion in Section [1.3.3)).

The fluid and the structure are coupled at three levels:

e The kinematic condition on I'; ().
e The dynamic condition involving o(u,p) in the beam equation.

e The geometrical coupling between the domain of the fluid and the (moving) struc-
ture.



The existence of weak solutions for this system is studied in [49]. Similar fluid-structure
systems with different boundary conditions on I'; , have been extensively studied. In
particular, for homogeneous Dirichlet boundary conditions on the in/outflow, the exis-
tence of strong solutions is established in [37]. Precisely, the results in [37] consist of a
local-in-time existence of strong solutions without smallness assumptions on the data,
and in the existence on fixed but arbitrary time interval [0, 7] for small data. For pe-
riodic boundary conditions, the existence of global strong solutions without smallness
assumptions on the data is proved in [28]. The proof is based on the local existence
result in [37] and new a priori estimates ensuring that the beam does not touch the
bottom of the domain.

The starting point of the thesis was to adapt the techniques in [37] to boundary condi-
tions involving the pressure of the fluid. These conditions enjoy interesting symmetry
properties that can be used to recover maximal regularity results.

During our initial analysis it appeared that the proof in [37] suffers some limitations. The
local-in-time existence result in this reference actually requires the initial displacement
ng of the beam to be small. This issue is purely nonlinear and does not depend on the
boundary conditions. After a careful study we found out that this limitation was related
to the reference configuration of the fluid.

The fluid equations, in Eulerian variables, are initially written in the moving domain
1) whereas the structure equation, with Lagrangian variables, is written in the refe-
rence configuration I'y. The first step in the analysis is to fix the domain using a change
of variables. One possible choice is to map the moving domain 2, ;) onto the rectangular
domain 2 = (0, L) x (0, 1), using the transformation

Qn(t) — 0

1.2.2 To(t) :
(1.2.2) o) (2,9) = (v, 775 ) -

This choice is made, for example, in [56, B37]. If we suppose that the initial displacement
of the beam 1) is small then T(¢) is ‘almost’ the identity at the time ¢t = 0. This is
not the case for an arbitrary 1. For these reasons, using the rectangular domain as
a reference configuration is suitable for the existence of strong solutions on [0,7] with
small data, but presents difficulties in the local-in-time existence result for arbitrary
data.



Contributions

The main result of this chapter, Theorem [2:4.3] can be formulated as follows.

Theorem 1.2.1. Suppose that
e ulc Hl(Qn?) with div u® = 0 in Qn?’ uy=0onT;,and u’ =0 on I},

T
T

o 10 € BY(T,) N HE(T,) with inf,e o 1) (1 + n(@)) > 0.
° 7](2) S H&( s).

e u’ and 79 satisfy the compatibility condition u®(z,1 + n?(x)) = nd(x)es for x €
(0, L).

Then there exists 7' > 0 such that ((1.2.1) admits a unique strong solution on [0, 7.

To prove this result, we tackle the question of boundary conditions involving the pressure,
and we solve the issue of local-in-time existence for an initial beam displacement 7? of
arbitrary size.

Our idea for solving this latter issue is to use a new change of variables, based on
the initial displacement of the beam (as it would be the case, for example, with a
parametrization by the flow). We consider the following change of variables

Q) — o)

1+’r]?(33) > ‘

To(t) :
(ﬂj‘,y) = (l’, 1+77(x,t)y

™

With this change of variables, the nonlinear terms which, with the change of variables

_n0
(1.2.2)), involved n and were therefore not small in general, now involve 7 = 717 +Zé, which
1

is small on [0, 7] for small T (since n(-,0) = 7{). The estimates of these nonlinear terms
then involve powers of T, and the Banach fixed point argument can be used by choosing
T small enough to ensure the contraction property of the underlying mapping.

Unfortunately, the new ‘curved’ reference configuration €2,y of the fluid complicates the
analysis of the problem. To solve the linear fluid—structure system we remove the pressure
with a Leray projector II adapted to our mixed boundary conditions (see Section .
Obtaining strong solutions to the resulting system requires to know that the projection
ITu of an H? velocity u also belongs to H2. On the curved domain this property was
not clear at all. The Leray projector is obtained by solving elliptic (steady) equations,
and recovering the H2-regularity for ITu requires to find H?3-solutions for these elliptic
equations, which are written in €2, ) which upper part is described by 79, a function
that belongs to H3(T's), not C>!(T's). The classical regularity results do not apply in that
case. However, using a suitable transport of H3-functions, a symmetry argument and a
bootstrap procedure we were able to establish this H3 regularity (see Lemma [2.5.4)).



The second contribution of this chapter is the handling of pressure boundary conditions.
These boundary conditions are introduced in [I7] in a variational framework (for weak
solutions) and higher regularity results are proved in [I1l 12] for smooth boundaries.
Here the fluid equations present a junction between a Dirichlet boundary condition and
a pressure boundary condition at a corner. To recover the expected H2-regularity for the
fluid in a neighbourhood of the corners, we start from the steady variational formulation
and use a symmetry argument. This result is stated in Theorem [2.5.4] in Section [2.5
Simultaneously, we also solve some interesting lifting questions for non-homogeneous
Dirichlet boundary conditions on the upper part of the domain. Finally we extend these
results to the unsteady Stokes equations. For regular data we directly obtain optimal
regularity results using semigroups theory. For weaker data, our result is not optimal
(optimality is a difficult and open question) but provides enough regularity to handle
the fluid—structure linear system, see Lemma [2.5.3

After all these preliminaries, we use a classical procedure (linearization, estimates of
the nonlinear terms, fixed point argument) to prove the existence and the uniqueness
of a local-in-time strong solution for the fluid—structure system without any smallness
assumptions on the initial data. Moreover, as a side result, we obtain the existence of
strong solution for arbitrary time interval [0, 7] for small data.

1.2.2 Chapter[3} Existence of time-periodic solutions to a fluid—structure
system

Background

The objective of this chapter is to prove the existence of time-periodic solutions for the
following system

w, —divo(u,p) + (u-V)u=0, divu=0 in Q7,
u = ey on X,

u=w; on X%,

u=0 on %4, u(0)=u(T) in Q0)5

Mt — Blax — Vitwx + Wazas = — Iy €2 - U(u,p)‘pw)nn(t) on X7,

n=0 and n, =0 on {0,L} x (0,7)

n(0) =n(T) and 7(0) = q(T) in L.

Periodic behaviours play a special role in biological phenomena. The blood flow through

arteries is driven by the heartbeat, which is, in normal condition, periodic. Hence one
can expect a periodic response to the system coupling the vessel and the blood flow.



To our knowledge, the existence of time-periodic solutions for ([1.2.3]) has not been studied
yet. For abstract evolution equations, existence and behavour of periodic solutions are
investigated, for example, in [13] and in [I8], 40} 411 [42] for time dependent operators.

Contributions

In Chapter (3| we prove the following theorem (Theorem [3.3.2)), in which the f symbol
indicates spaces of time-periodic functions.

Theorem 1.2.2. Fix § € (0,1) and 7" > 0. There exists R > 0 such that, for all
T-periodic source terms

(wi,w2) € (€4 ([0, T HY (D) N ¢ ([0, T HV2(T0)) ) x (10,71 H'2(T,))
satisfying

<R,

lwlles o ry.ea2 e+ o rm-r2ry) + 192lleg oz <

the system ([1.2.3)) admits a T-periodic strict solution (u,p,n) belonging to (after a
change of variables mapping €2, into (2)

e ue (0, T); H*(Q)) N ([0, T L*(Q)).
e peC{([0,T]; H'()).

e 1 €C{([0,T); HY(Ts) N HF(T)) NC/ ([0, T); H3(Ts)) N ;0 ([0, T); LA(Ts)).

The main idea to prove the existence of periodic solutions for the fluid—structure system
is to use the matrix formulation of the linear system introduced in Chapter [2, We can
then develop criteria on abstract evolution equations to ensure the existence of a periodic
solution for the linear system. The existence of a periodic solution for the nonlinear
system is then obtained by a fixed point argument (with smallness assumptions on the
periodic source terms). The fixed point procedure is as follows:

Choose a T-periodic triplet (u,p,n).

Compute the nonlinear terms of the system F'(u,p,n).

Take F'(u,p,n) as source term in the linear system and find a periodic solution
(u*, p*,n*) (this consists, for each source term, in finding an appropriate initial
condition that generates a periodic solution).

Use a Banach fixed point to find a solution such that (u,p,n) = (u*, p*,n*).



In Chapter [2| we were interested in the existence of strict solutions in L? (see Definition
for the terminology). Following this work, we initially aim at obtaining strict
periodic solutions in L? for the fluid-structure system. For an abstract periodic evolution
equation

y'(t) = Ay(t) + f(t), t € 0,7,

(1.24) y(0) = y(T),

the idea to prove the existence of a strict solution in L? is to use the Duhamel formula to
write an equation on y(0). A spectral criteria (satisfied by the fluid—structure system)
is then used to ensure that this equation admits a unique solution. This leads to the
existence of a periodic strict solution for when f belongs to L? (in time), see
Theorem [3.4.1] in the appendix of Chapter [3]

Motivated by the stabilization of the system around a periodic solution we then investi-
gate the existence of strict solution with a Holder regularity in time. In the continuous
framework of parabolic equations, the existence of strict solutions imposes very restric-
tive conditions on the initial data and on the source term at time ¢t = 0. However, using
the periodicity of the problem and the regularization properties of analytic semigroups,
we are able to prove the existence of strict periodic solutions with Holder regularity in
time.

The spectral criteria we utilize has already been established in [40] for time-dependent
operators A(t) and data with Holder regularity in time. Here we recover this criteria
with a simpler proof in the stationary case. In the case of periodic source terms that are
only L? in time, however, our existence result of periodic solutions seems to be new.

Let us finally remark that the techniques developed in Chapter [3] do not depend on the
boundary conditions taken at the inflow and the outflow, once the proper regularity
results for the linearized system have been established. The non-homogeneous Dirichlet
boundary condition that we consider on the inflow prepares the stabilization of the
system but does not impact the analysis of the existence of a periodic solution.

1.2.3 Chapter [4: Stabilization of a time-periodic fluid—structure sys-
tem

Background

Following the existence of a periodic solution established in the previous chapter, we are
now interested in the stabilization of the fluid—structure system in a neighbourhood of
a periodic solution with a control acting on the inflow boundary of the fluid.

Boundary control is studied in [44] for a fluid—structure system with periodic boundary



conditions and a structure driven by a damped wave equation. The system is exponen-
tially stabilized around the zero solution.

In the context of blood flow through arteries, the body has several tools to control the
flow rate. For instance, the vessel can contract or dilate to regulate this flow rate. In our
model this corresponds to a force term applied on the beam. This type of control is used
in [56] for the stabilization around the zero solution of the fluid-structure system with
homogeneous boundary conditions on the in/outflow. This result is based on a unique
continuation property for an eigenvalue problem proved in [50} 51].

When stabilized around a non zero solution, the fluid-structure mathematical model is
perturbed. For example, after linearization, Oseen equations appear in the fluid part.
The unique continuation property used in [50} 51] cannot be checked in these cases, but
can be verified using numerical techniques. This approach is applied in [23], 24] for a
fluid—structure system in a polygonal domain with mixed boundary conditions. In our
case, owing to the usage of a boundary control acting on the inflow, we can completely
prove the associated unique continuation property.

To our knowledge the stabilization around a non zero time-dependent solution is new. It
is also quite challenging. The perturbed solution and the time-periodic solutions evolve
in different domains. The several change of variables used to compare these solutions
in a fixed domain vastly complicate the system. In particular, the underlying linear
system involves an unbounded operator A(t) with a domain depending on time. The
construction of a parabolic evolution operator in this framework requires the use of
advanced theory on parabolic equations developed in [4].

Contributions

The stabilization result presented in this chapter, Theorem [£.7.2] is stated for a linear
system, specified below, that is at the core of the analysis for the complete non-linear
system; the stabilisation analysis for this complete model is an ongoing work (see the
perspectives in Chapter [5| for more details). Let (ur, pr, nz) be a T-periodic solution to

Ury + (ur - V)ug — div o(ur, pr) =0, divu, =0 in Q77
Ur(z,y,t) = nei(z, 1,t)es for (z,y,t) € 7,
u; = wj on E%,
Ur2 =0 and pr =wy on X,
(1.2.5) , ,
u; =0 on X7, ug(0) =ug(T) in Q, (),
Nrtt = Blimae — Vi toz + O gaes = —JIp.n€2 - 0(Un, Pr)ir, Moty O0 X,
e =0 and 7y, =0 on {0,L} x (0,7),
Nr(0) = nx(T) and 7z 1(0) = nre(T) in L,



where (w1, ws) are T-periodic source terms, and (u, p, ) be a perturbation of this system,
i.e. a solution to

w + (u-V)u—div o(u,p) =0, divu=0 in Q7,

u(z,y,t) = n(z,1,t)eq for (z,y,t) € X1,

u=w;+u. on ¥,

uz =0 and p =wy on X7,

(1.2.6) u=0 on %%, u0)=u"in Q,p,

Mt = Bllaw = Viwe + Wasaz = —JIypyez - o (0, p)ir, By on X
n=0 and 7, =0 on {0,L} x (0, 00),
7(0) =Y and 7;(0) = 79 in Ts.

with (u% n?,79) in a neighbourhood of (u,(0),7:(0),7:+(0)) =: (u2, 779“1, 772’2). We
want to stabilize around (U, pr, ) with a control u, acting on X% . The linear
system considered throughout this chapter is obtained after the following procedure (see
the dedicated Section for details on the different changes of variables involved):

e Step 1: Map Q) into ).

The solution (u,p,n) is written in €2, ) whereas the periodic solution is written
in Q, ). To compare the two solutions we write the perturbed solution in the
periodic domain.

e Step 2: Linearization.

We then consider the system satisfied by the difference of the two solutions, denoted
(4, p,7), and we linearize around (0,0, 0).

e Step 3: Map Q,, (1) into (0 E
The linear system is still written in the time-dependent domain €2, ;). To fix this
domain, we map 2, (;) into Qno E When doing so, the linear system is strongly
perturbed. At this step we add the following assumption:

Assumption: The periodic beam displacement 7, remains in a small ‘cylinder’,
i.e., nx(t) — nx(s) is small for all ¢, s.

Under this assumption we remove from the linear system the linear terms involving
the difference 0. (t) — 172(0), and we obtain the final linear system studied in this
chapter. The idea behind this removal is that these terms involving the small
coefficient 7, (t) — 1= (0) will be, later on, dealt with in a similar way as the (small)

non-linearities involved in (|1.2.6]).
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Following the previous steps we obtain the system

Vi+ (Ur - V)V+ (V- V)Ur + Crv, — VAV + Vg — Ay 171 — Aoifjp =0 in Qgg)o
div v = Az in QT0,
vV = g€y on Z&O,
vV =1u, on Eéo,
vg =0 and ¢ =0, on X
(1.2.7) v=0 on 2 v(0) =vY in Qrp,
= flz on X3,
N2t — BN gz — V2,02 + N zozs — Aa1T1
= —Jng’leQ co(v, q)|rn70n1nn?r71 in 37,
m =0 and 71, =0 on {0,L} x (0,00),
71(0) =7 and 7(0) =75 in .
where the operators Cr, A11, Aa, A3, As1 are perturbations of the system that come

from the linearization in a neighbourhood of the periodic solution and the changes of
variables (see Chapter [4] for the precise definitions and notations).

We can now present our main result (Theorem [4.7.2). This theorem is written for the
same linear system, in which the unknowns have been multiplied by e“! for some —w < 0.

Theorem 1.2.3. Let w be positive. For all (v¥,#?,79) € He, there exits
. € C7([0, +o00); H*(I';) N Hg (L)) N € ([0, +00); L*(Ty)),

satisfying
[[uc(t )||H2(F ynHL(T;) T (e, (t )HL2 r) = Kie™, vt >0,

with K7 > 0, such that the classical solution (v, q,7,72) to , which belongs to

o v €CO[0,400); L*(2r0)) N CO((0, +00); H*(20)) N C((0, +00); L*(Qr0)),

e ¢ €C%(0,+00); H (Qr0)),
o 71 € C°([0,+00); HF(Ts)) N CO((0, +o0); HA () N HE(T's)) NCH((0, +00); Hf (Ts)),
o 72 € CO([0,+00); L2(Ts)) N C°((0, +00); H(Ls)) N CH((0, +00); L*(Ls)),

satisfies, for all ¢ > 0 and some K2 > 0 depending on a

H(V(t)aﬁl(t)vn ( ))HH2 Qr0)xHA(Ts)xH2(Ts) < Koe™ wt , Vi > a.
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In the previous statement the space H.. is the space gathering the compatibility condi-
tions on the initial data (see (4.7.2)) for a precise definition).

Before presenting the general strategy developed to establish Theorem [1.2:3] let us add
some remarks on the smallness hypothesis of the difference 7, (t) — nx(s). If the periodic
solution is assumed to be small, the system can be linearized near the zero solution.
Indeed, using a fixed point argument, it can be proved that the feedback obtained with
this linearization stabilizes the fluid—structure system around any small solution.

On the contrary, without any smallness assumptions on the periodic solution, the spec-
trum of the linear system that we obtain after the change of variables cannot be com-

puted. For instance, the linear fluid equations involve perturbations proportional to
Au.

Our hypothesis on 7, (t) — nr(s) is an intermediary case between these two. It is more
general than simply assuming that 7, is small, but it allows us to compute the spectrum
of the underlying linear system.

The strategy to study (|1.2.7)) is as follows.
Construction of the parabolic evolution operator.

As done throughout this thesis, we begin with a reformulation of the linear system as a
matrix evolution equation. The unbounded operator A(t) that we obtain has a domain
that depends on time. This time dependency comes from the compatibility condition

(1.2.8) Iu — 1L (A3, %2) € V N H? (2 0),

where both A3 and L; depend on time (see (4.5.2))). This compatibility condition is fact a
compatibility condition on the trace of the function ITu and the function I1L;(A37;,72).

This time dependency of the domain noticeably complicates the construction of the
parabolic evolution operator (this operator is the equivalent to the semigroup in the
stationary theory). Fortunately, in [4], a theory is developed when the domain of the
operator depends on time. This theory requires a suitable interpolated space to be
independent of ¢. In that case, a parabolic evolution operator is constructed, with a
regularity subspace corresponding to the interpolated space that is independent of ¢.

In our case, the trace condition can be removed when considering the interpolation, with
a suitable parameter, between D(A(t)) and the ambient space H. A proper balance is
required between the Holder regularity of the periodic solution and the parameter used
to remove the trace condition in the interpolated spaces. We also faced challenging
questions regarding the time-dependency of the norm of the interpolated space. These
questions are solved in Theorem [£1.6.2]

Despite the time-dependency of D(A(t)), we prove in Theorem that the graph
norm on D(A(t)) is equivalent to the norm of a fixed Banach space D. This property is
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decisive for the stabilization of the system in strong norm.
Floquet theory: Hautus criteria for periodic system

After proving the existence of a parabolic evolution operator for our system, we can use
the Floquet theory to study the stabilization. The general idea is to use the eigenvalues of
the so-called Poincaré operator to split the state space into a stable part and an unstable
one. We then adapt the stabilizability results proved in [42], using the uniform-in-time
equivalence between the graph norm of D(A(t)) and the D-norm.

Stabilization of the system.

Finally we study the stabilization of the system. The matrix formulation of the problem
involves the derivative of the control. To solve this issue, and following [44], we include
the control variables in the unknown of the problem by considering an extended system.
Precisely, we search the control u. under the form u} + u? with

1 1_
U, — 2Au, =gy,

2 2 _
uc,t - Azuc = 82,

where A, is the one dimensional Laplace operator on the flat boundary I';. The variables
u! and u? are included in the extended system and the new control variable is (g1, gs).
Two ideas are applied here:

e The heat operator is used to ensure that the extended operator (4.7.6) still pos-
sesses a parabolic evolution operator.

e The control variable is ‘doubled’, and two heat equations with two different dif-
fusive coeflicients are introduced to increase the ‘richness’ of the control. This is
instrumental in proving the unique continuation property for the extended system.

Using these ideas and the unique continuation result in [21] 22] we prove that the time-
dependent Hautus test is satisfied, which ensures the stabilization of the linear system.

1.3 Toolbox

In this section we gather some tools and key techniques used throughout the thesis.

1.3.1 Configuration of the fluid domain

In fluid mechanics two techniques are commonly used to describe a fluid flow. Eulerian
coordinates associate to each point of the fluid a velocity vector. On the contrary, the
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Lagrangian coordinates are associated with a fluid particle and follow it through its
evolution.

One of the difficulties in the analysis of fluid—structure systems comes from the moving
domain. In the system that we consider, the structure equation is written in a refer-
ence configuration, which corresponds to a Lagrangian description, whereas the fluid is
described in Eulerian coordinates.

The usual technique to fix the fluid domain is to parametrise the fluid equations by the
flow. Consider a fluid flow written in Eulerian coordinates in a moving domain €(t).
The flow associated to the fluid velocity u is a map X (-, ¢) from £(0) to Q(t) satisfying
the differential equation

ot

{aX(y,t) — u(X(y,1),1) for all y € Q(0),
X(y,0) =y for all y € ©Q(0).

We then consider the parametrisation U(y,t) = u(X(y,t),t). The function u is now
defined in the fixed domain 2(0). This change of variables corresponds to the change of
viewpoint from the Eulerian to the Lagrangian description of the fluid.

u(z, t)

2 € Q) u(X(y,t),t)

y € Q(0)
Figure 1.2: Eulerian/Lagrangian configuration

The fluid—structure system that we consider in this thesis is initially written in the
domain €2, described in Figure Due to the specificity of the domain, of ‘rectangular
type’, and the regularity of the function 7, the domain 2, can be fixed with a smoother
change of variables that the one provided by the flow.

The classical change of variables performed for this system is

Q) — &
To(t) : y
(2,9) = (o ot )

where © = (0,L) x (0,1). This change of variables is the identity at time 7" = 0 if and
only if the initial displacement of beam, denoted by n(0) = n?, is equal to zero. This

14



leads to some difficulties in the local-in-time existence of strong solutions: to apply the
fixed point theorem on the complete nonlinear system, one has to assume that 77? is small
in an appropriate norm. The solution that we propose is to consider another change of
variables, namely:

ey — (o) .

(@)~ (o Ttz9)

This change of variables maps the moving domain €, onto the domain of the fluid
0y at the time 7= 0. At T'= 0, this change of variable is the identity, this is used in
Chapter [2] to ensure that the nonlinearities of the system are small for small T, which
enables the proof of the existence result.

Top(t) :

If ¥ is small the two changes of variables are similar. In this case, it is more practical
to work in the rectangular domain 2. This is the option chosen to prove the existence
of strong solutions over an arbitrary time interval [0, T] for a small enough initial beam
displacement.

In Chapter [3| we study the existence of periodic solutions for the fluid—structure system
with T-periodic source terms on the inflow and the outflow. Smallness assumptions
on the source terms are used to construct a periodic solution and we can choose the
rectangular domain {2 as a reference configuration.

A non-rectangular reference configuration is used again in Chapter [ for the stabilization
of the fluid—structure system in a neighbourhood of a periodic solution. The perturbed
solution is written in a domain €2, ;) and the periodic solution on a domain {2, ). To
compare the two solutions we perform a first change of variables mapping 2, ;) onto
LML
) — Qnﬂ1<t> "

+1x (2,
(:r,y) = (.’E, 1+77(ac,t) y) .
The perturbed solution is then defined in the domain 2, ;) and can be compared with
the periodic solution. However, the domain still depends on the time. The function
N, describing the geometry of the domain, is not an unknown of the system since
it represents the (beam displacement of the) given periodic solution around which we
want to stabilise the perturbed solution. Fixing the domain €2, ;) by another change of
variables therefore does not introduce any additional nonlinear terms but the underlying
linear system is strongly perturbed. In our analysis we assume that the periodic beam
displacement 7, stays in a small ‘cylinder’; i.e., 7 (t) — 7 (s) is small for all ¢ and s. We
use a change of variables mapping (2, () into Qng g where 772,1 = 1.(0):

T (1) -

oy — (o)
T () : 1+02 , (x)
" (@,y) = (=, Trn@n ¥ ) -
With this change of variables, the additional problematic linear terms involve the small
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difference 1. (t) — 72(0), which enable their treatment in a similar way as the nonlinear
terms. The different changes of variables used in Chapter 4] are summarised in Figure
L3l

Figure 1.3: The changes of variables used in Chapter (ur,ny) are the velocity and
beam displacement of the periodic solution around which we want to stabilise the per-
turbed solution, with velocity and beam displacement (u, 7).

1.3.2 Fluid equations
Stokes system

Consider the Stokes system in the rectangular domain €2,

—vAu+Vp=f1f divu=0 in (,

(1.3.1)
u=0onTs, u=0on I},

with either one of the following boundary conditions on the inflow and the outflow:

l.u=0onI;UTl,.
2. us=0and p=0on I'; UT,.
3. o(u,p)n=0o0n I’ UT,.
If f € L2(Q), the expected regularity for a pair (u, p) solution to (1.3.1]) is H?(Q) x H' ().

This expected regularity is however challenged by geometry of the domain, that has
corners, and by the mixed boundary conditions in case or .
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Case : For homogeneous Dirichlet boundary conditions on the velocity at the inflow
and the outflow, the solution (u, p) of (I.3.1)) belongs to H2(Q) x H'(Q). This results is
well known and can be found, for example, in the book of Maz’ya and Rossmann [47].

For non-homogeneous boundary conditions, continuity compatibility conditions are re-
quired at the corners of the domain. In Chapter [3|and [d] the Dirichlet boundary condi-
tion on the inflow is taken in Hg/z(Fi) = H2(I;) N HY(I;) to fulfil these compatibility
conditions.

Case (2): One of the main contributions of this thesis is the study of (1.3.1)) with a
junction between Dirichlet boundary conditions on the velocity and pressure boundary
conditions. We shall see in Chapter that the pair (u, p) once again belongs to H?(9) x
H(Q).

Inside the domain and in a neighbourhood of flat parts of the boundary, the H2-regularity
can be proved using cut-off functions and known results for Stokes with Dirichlet bound-
ary conditions on the velocity. The interesting issue is the behaviour of the solution
around the corners. The main idea to tackle this issue is to use a symmetry argument to
extend to a larger domain. The corners then ‘disappear’ in the extended domain
and we can use local regularity results to recover the H2-regularity for the fluid. As ex-
plained in the previous section, the geometry of the domain that we consider is usually
more complicated than the rectangular €2 and this symmetry technique therefore needs
to be adapted to the curved geometry of the domain.

This adaptation requires in particular to find a solution to the following lifting problem:

divw =0 in Q,
w = geg on [,

(1.3.2)
w =0 on I,

we =0on I UL,.

We prove that this equation can be solved for functions g belonging to HgéQ (T's). This
strict subspace of HS/ 2(FS) was introduced in the works of Lions and Magenes [38]. It
corresponds to the 1/2-interpolate space between H}(I's) and HZ(T's). Our interest in
this space comes from its properties with regards to the symmetry that is applied to

3/2

remove the corners. A function in Hy)“(Ts) preserves its H>/2-regularity after an odd

or an even symmetry. This property is not satisfied by functions in Hg/ 2 (T's) for even
Symimetry.

Case (3): Unlike the previous case, for mixed boundary conditions with a junction
Neumann/Dirichlet the solution of does not belong to H?(Q) x H'(Q). It is
shown in [47] that (u,p) belongs to weighed Sobolev spaces H3 () x H}(2) where § is
a non negative parameter describing the ‘explosion’ of the H2-norm around the corners.
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Expression of the pressure

The treatment of the pressure is a key point for incompressible fluid equations. The
pressure of the fluid can be seen as the Lagrange multiplier related to the constrain
div u = 0. Two different approaches are possible. A first one consists in keeping the
pressure in the variational formulation of , which leads to the so-called saddled
point formulation of the problem. The second approach consists in removing the pressure
from the fluid equations using a projector to ‘kill’ the gradient of H!'-functions. This
projector is called the Leray projector and corresponds to the Helmholtz decomposition
in L%-spaces,
L*(Q) = V() © VA (),

where V2(Q) = {v € L*(Q) | divv = 0in Q, v-n = 0on Q}. The previous de-
composition is used to study (|1.3.1)) with Dirichlet boundary conditions . For mixed
boundary conditions and ED, the appropriate decomposition is

L*(Q) = Vo r,(Q) @ VHr, (),

where I'; , =T UT,, I'g = I's UT', and

e VUL () ={veL*Q)|divv=0inQ, v-n=0on Iy}

TL,Fd

o HE (Q)={ge H(Q)|q=00nT;,}.

The Leray projector II : L*(Q) — V?z,l_‘ ,(€2) associated with this decomposition is

described through the solutions to two elliptic equations. For u € L2(Q), Ilu =
u — Vpy — Vg, with

pu € HY(Q), Apy =divue HYQ),

0
Gu € HII‘AO(Q)v Agqu =0, % =(u—Vpy) -nonly g,=0 on Lo

(1.3.3)

One could consider combining these two equations in one, writing ITu = u — V~, with
Yu = Pu + @u solution to

(1.3.4) Ya € HE (), Aqy = div u, Gl

=u-nonly, ya=0o0nlTI%,.
However, this equation is only well-posed if the normal trace u-n of u is properly
defined, which requires u to be in a more regular space than LZ(Q) (typically, div u
must belong to L?(Q)). For u € L?(Q), however, all the terms in make sense
since div (u — Vpy) = 0, which ensures that the normal trace (u — Vpy) - n is defined
in (H'2(0))'. We note from that, if u € L2(Q) and div u € L*(Q), (I — I)u
depends only on the divergence of u and its normal trace on I'y.
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In the fluid—structure model that we consider the pressure of the fluid appears in the
structure equation written on I's. To remove this pressure, it must be expressed in
terms of other unknowns u and 7, which can be achieved using the Leray projector. To
simplify the exposition, consider the unsteady Stokes system with boundary condition
([2). Applying (I —1II) to the first line u; — vAu + Vp = 0 leads to

Vp=v(l —II)Au— (I —II)u,

(note that (I —II)Vp = Vp since p € H%Z ,(£2)). Using (1.3.4), we have v(I —II)Au =
v(I —II)Allu = Vp with

Ap=0in Q,

dp

— =vAlIlu-n on I'y,
n

p=0onT;,.

Suppose that u = me2 on I's. Then, since e = n on Iy, (I — II)u; = V¢ with

Ag=0in Q,
0
%zntonfs,
0
a—ﬁ:OOHFb,
g=0onTI%,.

The pressure is then given by p = p — ¢,. This splitting method requires u to be in
H?(Q) to define the normal trace of Allu on Ty (this trace is indeed well defined since
Allu belongs L?(Q2) and has divergence div Allu = Adiv ITu = 0). This decomposition
is used in Chapter [2] and [3]

Another approach, developed in a recent paper of Fournié, Ndiaye and Raymond [23],
consists in multiplying the fluid equations with a suitable test function, and to use a
duality technique to recover an expression of the pressure. The main advantage of this
method is its applicability even if u does not belong to H2(Q) It was used by the
authors to deal with a fluid-structure system involving mixed boundary conditions (3).
This method is also more ‘compact’ than the traditional one, and will thus be preferred
in Chapter [4in which the fluid equations (after two changes of variables and with time-
dependent coefficients) presents many additional terms.

1.3.3 Structure equation

Throughout this thesis the structure is described by a damped Euler-Bernoulli equation
whose eigenvalue problem takes the following form (in which the time derivatives are
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replaced with multiplications by A € C):

A —mnz = Fpon Ly,
(135) )\772 - /6771,3::(: — VN2zx T O zrze = F5 on I,

m =0 and 7, =0 on {0, L}.
Here, 3,7, a are non negative parameters relative to the structure.
The regularity of the solutions to ([1.3.5]) depends on the (strict) positivity of the damped
coefficient v and of the elastic coefficient «.. In our study, we work in the most regular
framework and we suppose that v > 0 and 8 > 0. A complete discussion about these

coefficients, and consequences of removing the positivity assumption, can be found in
the recent work of Grandmont, Hillairet and Lequeurre [29].

The matrix form of ([1.3.5) is

m\ ([ O 1 m Fy
120 ()=l 5) G+ ()

where A, 3 = BA — aA? with A = 9,,. The associated unbounded operator A, in
Hy = H3(Ts) x L*(T) defined by

D(A) = (H'(T0) N H(T,)) x H(T), A= ( A 72>,

is studied, in a more general framework, in the paper of Chen and Triggiani [16]. In
particular we have the following result.

Proposition 1.3.1. The operator (Ap, D(Ap)) is the infinitesimal generator of an ana-

lytic semigroup.

This proposition enables the usage of the so-called isomorphism theorem, in the Hilber-
tian theory of analytic semigroup, to recover maximal regularity results on the evolution
equation

man ()= A )+ () () - ()

If (Fy, Fy) belongs to Hy, and (n?,79) belongs to (H3(T ) N HE(Ts)) x HY(Ts) then (1.3.7)
admits a unique solution (n1,72) € L2(0,T;D(A,)) N H(0,T; Hy).

1.3.4 Analytic semigroups

The theory of analytic semigroups is intensively used in this thesis. The semigroup
reformulation of the fluid—structure system is initially used to decouple the system.
Additionally, it gives access to the powerful tools of this theory. This framework is used:
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e In Chapter [2] to obtain maximal regularity results on the linear system.
e In Chapter [3| to construct a time-periodic solution of the linear system.

e In Chapter [4] to prove the existence of classical solutions and to use the Floquet
theory to stabilize the system.

We introduce some notations, mostly used in Chapter Let (Ey, E1) be a pair of densely
d
embedded Banach spaces Ey < Ey. Using the notations in [4], let

H(E1, Ep),

be the set of all linear operators A € L(E1, Ep) such that A, considered as an unbounded
operator in Ey with domain Fi, is the infinitesimal generator of a strongly continuous
analytic semigroup (S(¢))i>0 on L(Ep). Different definitions of analytic semigroups
exists. In our case we say that a strongly continuous semigroup (S(t)):>0 on L(Ep)
with infinitesimal generator A is analytic if there exits a sector S,p = {z € C | X\ #
a, larg(A —a)| < 7/2+ 0} with a € R and 6 € (0, §), such that {a} US, 9 C p(A) and

M > o, H(/\I - A)—lH < M e Sup-

L(Eo ’)\ — a\ ’

An operator A satisfying this estimate is said to be sectorial. The previous definition can
be found in [10]. The theory of analytic semigroups can be developed without assuming
that the semigroups are strongly continuous, as done for example in [43]. The difference
between the two definitions lies in the density of the domain D(A). A sectorial operator
A is the generator of a strongly continuous semigroup if and only if m = Fy. For all
these reasons some authors state that they are working with strongly continuous analytic
semigroups, see for example [4]. As we will always assume that D(A) = Ejy, the strong
continuity property is directly included in our definition of analytic semigroups, as in
[10, 52]. An equivalent definition of (A, D(A)) being the infinitesimal generator of an
analytic semigroup, used in [34]: A is densely defined, closed and there exists Ao € R
such that

(1.3.8) {Ae C|ReX > X\o} Cp(4),
and M > 0 with:

) M
(1.3.9) H(M—A) lHﬁ(Eo) ST

For M > 0 and A\g € R, we denote by 2/ ,(Eo) the set of all densely defined and closed
linear operators A in Fy such that (1.3.8]) and (1.3.9) hold.

We now present two fundamental results provided by the theory of analytic semigroups.
Let A € H(Eh, Ey). For T > 0, consider the Cauchy problem

u'(t) = Au(t) + f(t), t € (0,T),
u(0) = u®.

for all A € C with Re A > .

(1.3.10)



When Ejy and E; are Hilbert spaces, the following so-called isomorphism theorem ensures
the existence of strict solutions in L? for this problem.

Theorem 1.3.1. The map

L?(0,T; E1) N HY(0,T; Ey) — L*(0,T; Eo) x [D(A), Eoly 2
u— (v — Au,u(0)),

is an isomorphism. In particular, for all f € L2(0,T; Ep) and u’ € [D(A), Eo]1/2, the
Cauchy problem (1.3.10)) has a unique strict solution in L?(0,T; Ep).

This theorem can be found in [I0, Part II, Section 1.3, Theorem 3.1]. Remark that we
can take T' = 400 if and only if the semigroup generated by A is of negative type. In
that case, the system (1.3.10) is exponentially stable.

Concerning the existence of solutions in a continuous framework the following theorem
can be found in [4].

Theorem 1.3.2. Suppose that u® € Ey and f € CP([0,T]; Eg) for some p € (0,1).
Then the Cauchy problem has a unique classical solution u € C%([0, T]; Eo) N
CP((0,T]; E1) NCP((0,T); Ep). If u® € Ey then this solution is strict, i.e., u belongs to
([0, T]; 1) N ([0, T]; Eo).

This theorem is used in Chapter [3] to recover the Holder regularity of the periodic
solution. Remark that, in the previous theorem, the solution u is not Holder continuous
at t = 0. A sufficient condition to obtain this continuity is to assume that Au® + f(0) €
[E1, Epl,, see [43, Theorem 4.3.1].
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Chapter 2

Fluid—structure system with
boundary conditions involving the
pressure

2.1 Introduction

2.1.1 Setting of the problem

We study the coupling between the 2D Navier—Stokes equations and a damped Euler—
Bernoulli beam equation in a rectangular type domain, where the beam is a part of
the boundary. Let T > 0, L > 0 and consider the spatial domain  in R? defined by
Q=(0,L) x (0,1). Let us set I'; = {0} x (0,1) and T', = {L} x (0,1) the left and right
boundaries, I's = (0, L) x {1}, I';, = (0, L) x {0} and I' = 02 the boundary of Q. Let n
be the displacement of the beam. The function 7 is defined on T'y x (0,7") with values
in (—1,+00). Let Q¢ and T, be the sets defined by

Q77(15) = {(x,y) € RQ | TE (OvL)7 0< y < 1 +77($7 17t)}7
Loy = {(z,y) €R* |2 € (0, L), y = 1+ n(x, 1, )},
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n(z,t)
1
I's
I'; I,
0 T, L

Figure 2.1: fluid—structure system.

We also set I'; , = I'; UT',. The space-time domains are denoted by

55 =T, x (0,T), 25° =Ty x (0,T), £5 =Ty x (0,T),
Sp= U Ty x{th, Qr= U Qe x {t}

te(0,T) te(0,T)

We study the following fluid structure system coupling the Navier—Stokes equations and
the damped Euler—Bernoulli beam equation

w + (u-V)u—div o(u,p) =0, divu=0 in or,

u(x7 Y, t) = 77t(957 17 t)62 for (.%', Y, t) € i%a

upg =0 and p+ (1/2)[ul> =0 on £%°,

_ b _ .0
(2.1.1) u=0 on X7, u(0)=u’ in Q,0,
[ntt - 5”1% - VMtzx + anx:ﬁ.tz] (:C, 17 t)
= ¢[u,p,nl(z, 1+ n(x,1,1),t) for (z,t) € (0, L) x (0,T),

n(,1,-) =0 and 7,(-,1,-) =0 on {0,L} x (0,7),
0(-,0) =17 and n(-,0) =73 in T,

where u is the velocity, p the pressure, n the displacement of the beam and

O'(u,p) =-—pl+ V(vu + (vu)T)’
w[uvpa 77] (SL’, Y, t) = —U(u,p)(m, Y, t)(_nx(x7 17 t)el + e2) - €9,

for all (x,y,t) € 5. For a function f defined on the flat domain I’ or on (0, L) we use
the following abuse of notation : f(z) = f(z,1) = f(z,y) for (z,y) € (0,L) x R. This
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notation will typically be used for f =n or f = 1[u,p,n]. Hence the beam equation can
be written

Nt — Bna:a: — VMtzz + ONzzzx = ¢[u,p, 7]] on i%

In the previous statement e; = (1,0)7, es = (0,1)7, u = uje; + ugeq, v > 0 is the
constant viscosity of the fluid and v is a force term modelling the interaction between
the fluid and the beam (see [56], [49]). The constant 8 > 0, v > 0 and « > 0 are
parameters relative to the structure. This system can be used to model the blood flow
through human arteries, provided that the arteries are large enough (see [49]). The
homogeneous Dirichlet boundary condition on I'y is used to simplify the presentation;
the same system with two beams can be studied in the same way.

The existence of weak solutions to system is proved in [49]. Here we would like to
prove the existence of strong solutions for the same system. A similar system is studied
in [37] with Dirichlet inflow and outflow boundary conditions, and in [28] with periodic
inflow and outflow boundary conditions. In [37] a local in time existence of strong
solutions is proved without smallness assumptions on u’ and ng. The initial condition
n{ is not zero, but, as far as we understand, the proof in [37] is valid only if 7{ is small
enough (see below). Since some results in [28] rely on the techniques of [37], it seems that
the global existence result of [28] is also only valid if 7} is small. The existence of strong
solutions to the fluid-structure system with a non-small 1 therefore still seems to be an
open question. The present paper brings an answer to this question, by establishing the
local-in-time existence of strong solutions without smallness conditions on u’, 9 and

73.

We prove this result for , that is to say with boundary conditions involving the
pressure. However the issue raised by a non-small { is purely a nonlinear one, whose
treatment is independent of the boundary conditions (once the proper regularity results
for the linearized system have been established). The technique developped here, based
on a novel change of variables, therefore fills the gap in [37]. The existence of strong
solutions for relies on regularity results of the underlying Stokes system and Leray
projector. Three elements challenge this regularity here: the change of variable used to
deal with a generic 79, the corners of the domain, and the junctions between Dirichlet
and pressure boundary conditions. To overcome these challenges, we use symmetry
techniques and a minimal-regularity transport of H3 functions. We note that, for smooth
domains (no corner, no minimal-regularity change of variables), the regularity result for
the Stokes system was established in [I1, [12]. As a by-product of our analysis, we also
obtain the existence over an arbitrary time interval [0, 7] of strong solutions to system
, provided that the initial data u®, n? and 79 are small enough.

Let us detail the gap mentioned above. In [37], a key estimate, obtained through inter-
polation techniques, is

(2.1.2) 1l oo (sy + M2l oo (55 ) + 1l oo 5y < CTX |Ill a2z ) »
for some x > 0 and C > 0 (see Section for the functional spaces). If T goes to 0 the
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previous estimate implies that ||n{| oo,y = 0 and thus ng = 0. A careful study of the
interpolation techniques and the Sobolev embeddings used to prove shows that
the time dependency of the constants was omitted. The fundamental reason behind this
issue is related to the change of variables, used to fix the domain to 2, that introduces
additional ‘geometrical’ nonlinearities. These nonlinearities are not small for small T" if
the change of variables is not the identity at T = 0. To solve this issue we rewrite the
system in the fixed domain Qntl) instead of 2. The geometrical nonlinear terms

now involve the difference n — 7y which is small when T is small.

Since our technique fills the gap in [37], this means that the global-in-time existence
result of [28] for periodic boundary conditions is now genuinely established without
smallness assumption on 9. An interesting question is to consider if the result in [28] can
be adapted, starting from our local-in-time existence result, to obtain a global-in-time
existence of solutions with non-standard boundary conditions involving the pressure. To
do so, additional estimates should be proved to ensure that a collision between the beam
and the bottom of the fluid cavity does not occur in finite time.

Finally we would like to mention some references related to our work. The Stokes and
Navier—Stokes system with pressure boundary conditions was initially study in [I7], using
weak variational solutions. A first rigorous existence result for with periodic
boundary conditions goes back to [9] where an iterative method was used to handle
the coupled system. The feedback stabilization of with Dirichlet inflow and
outflow boundary conditions is studied in [56] and provides a semigroup approach for
the linearized system, based on a splitting of the pressure, that is used in the present
article. This semigroup framework was already used in [5l [6] for a linear model.

2.1.2 Main results

The main result of this paper is Theorem which proves the existence of a unique
local strong solution for the fluid—structure system without smallness assumptions
on the initial data. We also state in Theorem the existence of a unique strong
solution on the time interval [0, 7] with T' > 0 an arbitrary fixed time, for small enough
initial data. Several changes of variables are done on and these results are given

for equivalent system (see (12.2.6)).

The structure of the article is as follows. In Section we rewrite in a fixed
domain and we explain ideas of the proof which consist in studying a linear system
associated with and in using a fixed point argument. In Section we eliminate
the pressure in the beam equation by expressing it in terms the velocity. We then rewrite
the system as an abstract evolution equation and we prove that the underlying operator
generates an analytic semigroup. Finally we prove the nonlinear estimates, with explicit
time dependency, in Section [2.4] and we conclude with a fixed point procedure. All this
process is based on the extension to non-standard boundary conditions of known result

26



on the Stokes equations. This is detailed in the appendix.

2.2 Plan of the paper

2.2.1 Equivalent system in a reference configuration

In order to study system ([2.1.1)), we are going to rewrite the system in a reference

configuration which can be chosen arbitrarily. For that, throughout what follows, we

choose a function 7° belonging to H3(T's) N HZ(T), and satisfying 1 + n°(x) > 0 for all
€ (0,L). Set

QO = {(xvy) € RZ ‘ T € (O7L)a 0< y < 1 +770(CE)}7 QT = QO X (OvT)’

(221) FO _ {(x,y) c R2 ‘ = (O,L), y = 14+ no(x)}’ 291 = PO X (O,T)7

Iy =ToUTy and ¥4 =Ty x (0, 7). In order to rewrite system (2.1.1) in the cylindrical
domain Qr for all ¢ € (0,T") consider the following diffeomorphism

(222) T(t) : Q??(t) — QO’ L
n (g’y) — (l‘, Z) = (ZIT, 112(1(7?)1/) .

0 .
T~. We introduce

The variable z can be written under the form z = %

with 77 =

the new unknowns
(22,8 = u(T A, 2),8) and pla,2,t) = (T (w2, 1),
and we set 0°(z, z) = u0(7;731(m, z)). With this change of variables,
1

pla, 1+ (@, 0),) = 5l 1+ 10, 6),8) and (o, 1+ (o, 1)) = ulz, 1+ 1, 1), 1),
for all (z,t) € (0,L) x (0,T). The system satisfied by (u,p,n) is

u; — vAu+ Vp = G(u,p,n), divu=divw(u,n) in Qr,

u = me2 on E?p,

iy =0 and p+ (1/2)[6)*> =0 on 2%,
(2.2.3) i=0 on X%, 6(0)=1u" on Q,

Tt — anx — VMt + OMrxxr = ﬁ"‘ \I’(ﬁ, 77) on E%,
n=0 and n, =0 on {0,L} x (0,7,

n(0) = 77? and n,(0) = 773 in Ty,
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with

G(ﬁaﬁa 77) = _ﬁﬁt +

iz
Zﬁt+VZ <1jﬁ_ﬁxx>] u,

22 =~

~ ~ ~ z — 7 <

+ V| 2200, + MU, + Muzz
147

+ 2(N2Dz — Pz)er — (1 + M)ty + (27:U1 — Up) Uz,

wu,n] = —nuie + 27, ez,

and

~ Mo~ N 2NN — 2
v — _
(u,n) =v (1 e g 17 ¢ ,Z>

In Section in order to prove the existence of solution to system , derived from
system by a change of variables, we assume that 79 is equal to n°. In that special
case, the function 7) is equal to 0 at time ¢ = 0 which implies that 7 ) is the identity.
We also obtain that w(u,n) is equal to 0 at time ¢ = 0. But up to Section and in
the appendix, n° is chosen a priori, and not necessarily equal to 1.

2.2.2 Final system and linearisation

In order to come back to a divergence free system consider the function u defined by
u=u-—w(u,n). Set

U1 —nNuq

(2.2.4) M) =| 117 and N(un) = | L7
Ne _ _ Rz U1

—U1 + U2 —

147 1+7

The function 4 can be expressed in terms of U as follows
u=M(a,n) =u+ N(u,n).
To simplify the notation, we drop out the hat over p. Thus the system satisfied by
(w,p,n) = (@,p,n) is
u, — div o(a,p) = F(a,p,n), diva=0 in Qr,
u = nex — w(M(W,n),n) on X,
Wy = —wz(M(W,n),n) and p+ (1/2)[a+w(M(w,n),n)|* =0 on 7,
(225)  w=-w(M(un),n) on X, w(0)=a’—w(M(W,n),1)(0) in O,

Nt — Blee — Vtee + WNagee = p+ V(M (W, 1),n) on E%,
n=0 and 7, =0 on {0,L} x (0,7),

7(0) =n{ and n,(0) =79 in T,
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with F(u,p,n) = G(M (1, n),p,n) — 0:N(W,n) + vAN (4, 7).
Recall that w(u,n) = —nuie; + z1n,u1e2. Since 43 = 0 on E% and 7 = 77, = 0 on
{0,L} x (0,T), we have w(u,n) = 0 on 9Qy x (0,7). System becomes
u, — div o(u,p) = F(u,p,n), diva=0 in Qr,
u = 1e2 on ZOT,
Ty =0 and p+ (1/2)[w? =0 on X%,
(2.2.6) =0 on Y% w(0)=a" in Q,
Nt — Bew — Vtwz + WNazzz = p+ H(W, 1) on X7,
n=0 and 7, =0 on {0,L} x (0,7),
n(0) =17 and 7,(0) = 3 in T,
with H(d,n) = ¥(M(W,n),n) and @ = 6° — w(d,7)(0).
In order to solve the system with a fixed point argument, consider the following
linear system
u, —div o(u,p) =f, divu=0 in Qr,
u = ey on E?p,
us =0 and p= O on X,
u=0 on X%, u(0)=u’
(Mt — Blww — Vtwe + ONazas| (@, 1)
=p(z,1+n°(z,t),t) + h for (z,t) € (0,L) x (0,T),
n=0 and 1, =0 on {0,L} x (0,7,
n(0) =77 and 7,(0) = 3 in T,
with f € L2(0,T;L*(Q)), h € L*(0,T; L*(T's)) and © € L*(0,T; H'/2(T;,)).

(2.2.7) on {X,

2.3 Linear system

Recall that Q) is given by (2.2.1) with a fixed n° € H3(I's)NHZ(Ts) such that 1+n°(x) >
0 for all x € (0, L).

2.3.1 Function spaces

To deal with the mixed boundary condition for the Stokes system
—vAu+Vp=f1 divu=0 in Qg,

(2.3.1)
u=0only up=0andp=0 onlj,,
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introduce the space

V21 (Q0) = {veL3(Q) | divv=0in Qy,v-n=0onTy},

n,l"d
and the orthogonal decomposition of L?(Qg) = L?(Qo, R?)

L*(€0) = V) 1, () & grad Hy, (),

TL,Fd

where Hllio(Qo) ={u€ H(Q) | u=0o0nT;,}. Let IT: L*(Qp) — V2 () be the

TL,Fd
so-called Leray projector associated with this decomposition. If u belongs to LQ(QO) then
ITu = u — Vpy — Vgu where p, and ¢, are solutions to the following elliptic equations

pu € Hi (), Apu =divu e H (),

dq
Gu € HIl‘i,D (Q0), Agqu =0, 871111 =(u—Vpy)-nonly g=0 on Lio-
Through this paper the functions with vector values are written with a bold typography.
For example H?(Q) = H?(Q,R?). As the boundary Ty is not C>! it is not clear
that the operator II preserves the H?-regularity. However, with extra conditions on u,

this can be proved. Using the notations in [38, Theorem 11.7] we introduce the space
Hg’éQ(I‘o) = [Hj(To), H§(To)]1 /2. The following lemma is proved in the appendix.

(2.3.2)

Lemma 2.3.1. Let u be in H?(Q) satisfying div u = 0, u = 0 on T, and u = ges on
Iy with g € HgéQ(Fo). Then ITu belongs to H?(£).

The energy space associated with (2.3.1) is
V={ucH () |divu=0inQ, u=0o0n Ty ug=0o0nT;,}.

The regularity result for (2.3.1]) stated in Theorem in the appendix allows us to
introduce the Stokes operator A defined in V2 . (Qq) by

n,lg
D(A) = H*(Q) NV,
and for all u € D(A), Au = vIIAu. We also use the notations

V4 (Q) = {u € H*(Q) | divu =0}, V2 (Q) =V, (Q)NH(Q),

TL,Fd n’Fd

for s > 0. For the Dirichlet boundary condition on I'g set

L£2(Tg) = {0} x L*(Ty), Mo’ (To) = {0} x Hy*(To),
H5(Ty) = {0} x H*(Ty), H5(To) = {0} x H§(To) for s > 0.

For s > 0, the dual space of H*(Tg) with £2(Tg) as pivot space is denoted by (H*(I'g))’.

Let D € C(HSéQ(Fo), H?(Qp)) be the operator defined by Dg = w where (w,p) is the

solution to
—vAwW+ Vp =0, divw=0 in Qo,

w=gonly, w=0onIy wy=0andp=0 onl,.
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given by Theorem Using a weak regularity result (Theorem[2.5.7)) and interpolation
techniques (see [38, Theorem 12.6] and [38, Remark 12.6]), D can be extended as a
bounded linear operator in £(£2(To), H'/2()).

For space-time dependent functions we use the notations introduced in [39]:

L*(Qr) = L*(0, T; L*(Q)), HP9(Qr) = L*(0, T; HP(Q0)) N H9(0, T; L*(Q)), p,q > 0,
L*($%) = L*(0,T; L*(T'y)), HPY(S5) = L*(0,T; HP(T'y)) N H(0,T; L*(T's)), p,q > 0.

2.3.2 Semigroup formulation of the linear system

Let R € L(HY?(T;,), H'(Q)) be a lifting operator. Classically we transform
into a system with homogeneous boundary conditions (for the pressure) by looking for

a solution to (2.2.7) under the form (u,p,n) = (u,p1,7n) + (0,R(0),0) with (u,p1,n)
solution to

We want to prove existence and regularity results for the coupled linear system (2.2.7)).
©-2.7)

u; —div o(u,p;) =f— VR(O), divu=0 in Qr,
u = ey for 2.,
us =0 and p; =0 on Eg’f],
u=0 on %%, u(0)=u" in Q,
[t = Bea — Vtaa + ONaaaa] ()
= [p1 4+ R(O)] (2,1 +7°(2,0),8) + h for (z,1) € (0, L) x (0,T),
n=0 and n, =0 on {0,L} x (0,7),
1(0) =n) and 7,(0) =73 in Ts.

(2.3.3)

Set F' = f— VR(O). As the boundary I'g may not be flat and the beam equation is
written on 'y consider the transport operator U € L(L?(T), L?(T's)) defined by

Ug)(x,1) = g(z,1 +n°(x)) for all g € L*(Ty).
We can easily verify that U/ is an isomorphism from L?*(T) to L?(T's), and that
UG (@, 1 +7°(x)) = g(z,1) for all g € LX(T,).
Moreover U~! = U*, if L?(Ty) and L?(T's) are equipped with the inner products

(£ 9) 2y = (FC 102914+ 700) 2o

and

(f’ g)LQ(FS) - (f(" Dg(-, 1)>L2(0,L)'
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In order to express the pressure p; in terms of ITu and n we introduce the Neumann-to-

Dirichlet operator Ny € £(L?(Ty)) defined by N;(g) = 7|r, where g € L?(T) and 7 is
the solution to

Ar =0 in Qg,

on

0 =g(1+ (770)2)*1/2 on I'y and EE =0 on IY.

on

m=0 onlI},,

As in [56, Lemma 3.1}, Ny o is a non-negative symmetric and compact operator in L3(T).
Hence, as U € isom(L%(Tp), L*(T's)) and U~ = U*, the operator Ny = UNsoU ! is a
non-negative symmetric and compact operator in L?(I'y). Consequently, the operator
(Ir2(r,) + Ns) is an automorphism in L2(T).

We also define the operator Nog € L(H~Y2(I'y), L*(T')) by No(v) = U (p|r,) for all
v e H-Y2(I'y), where p is the solution to

{Ap =0 in Qo,

0
p=0onT;, and —p:v on I'y.
’ on

Finally set Ds(n;) = DU 'ne2). The following lemma is similar to [56, Lemma 3.1]
and is a direct application of Theorem in the appendix.

Lemma 2.3.2. A pair (u,p;) € H*(Qr) x L*(0,T; H'(Qp)) obeys the fluid equations
of (2.3.3) if and only if

Iu' = Allu + (—A)IID4(n;) + IIF, u(0) = u’,
(I —Mu = (I =MDs(n:), pr=p =g +pr,

where

e gc HY(0,T; H*(Qp)) is the solution to

dq

io O
Ag=01in Qr, p=0 on E;’f), 8—;11 :Z/{_lnteg-n on EOT, a—n:O on El:’p.
e p€ L%0,T; H'(Qp)) is the solution to
A _ : _ i70 8p _ d
p=01in Qr, p=0 on X, 8——VAHu~n on X7p.
n

e pr € L%(0,T; HY(Qp)) is given by the identity (I — II)F = Vpp.

Using Lemma the pressure in the beam equation can be decomposed as follows
p1 = vNo(Allu - n) — 9:Ns(n:) + U(pr|r,). Hence the beam equation becomes

(ILQ(FS) + Ns)ntt - /37795;1: — VMitxx + Ay = VNO(AHU : Il) + U[(pF + R(G))‘FO] + h.
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The system (2.3.3)) can be rewritten in terms of (ITu,n, n;) = (ITu, n1,72) as

p IIu IIu
(2.3.4) | m|=Alm | +F
2 2

(I —Iu = (I =)Dy (ne),
where A is the unbounded operator in
H =V} 1, (Q) x Hj (Ts) x L*(Ls),
with domain

D(A) = {(ITu,m,1m2) € Vi1 1, (Q0)x (H (Ts)NHG(Ts)) x H3 (Us) | TTu—TIDs(12) € D(A)},
defined by

I0 0 A 0 (—A)IID,
(2.3.5) A=10 1T 0 0 0 I ,
0 0 (I+Ng) 1) \vNo(A(-)-n) BA; — aA? 0A

with Ay = 9., and

11K
F = 0
(I+ No) 'U[(pr + R(O))Ir,] + k)

2.3.3 Analyticity of A

Let (Aq g, D(Aq ) be the unbounded operator in L?(I's) defined by D(A, 5) = HY(Ts)N
HE(Ts) and for all € D(Aap); Aa,pN = Baz — ONgaze. The operator A, g is self-adjoint
and is an isomorphism from D(4, ) to L?(I's). The space H will be equipped with the
inner product

((w,n1,m2), (v, Gy C)hm = (W VDo | (ag) + (11, mz ) + (02 G2) (),

with VY 1 (€g) endowed with the natural scalar product of L?(Qp) and

n,'q

{m, G mzr,) :/r (—Aap) Pm(=Aap) G :/r (Bm 2Cz + i zaClzz)-

s s

This scalar product on H2(Qp) is used to simplify calculations involving the operator
Ay p. The unbounded operator relative to the beam (Ag, D(As)) in

H, = H3(T,) x L*(T,),

is defined by D(A,) = (H*(T's) N HF(T's)) x H3(I's) and Ay = (AO 5i )
a,B s
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Theorem 2.3.1. The operator (A, D(A)) is the infinitesimal generator of an analytic
semigroup on H.

Proof. The idea of the proof is to split the operator A in two parts. The principal part
of A will be the infinitesimal generator of an analytic semigroup on H and the rest will
be a perturbation bounded with respect to the principal part. Set Ky = (I + Ns)~! — 1.
The operator A can be written

A=A + A,
with
A 0 (—A)IID,
./41 - 0 0 I )
0 Aup 0N,
and
0 0 0
Ay = 0 0 0

v(I 4+ Ng)"INg(A(+) - m) K Anp 0K A
According to [52, Section 3.2, Theorem 2.1], the result is a direct consequence of Theorem

2.3.2 and 2.3.3] O

Theorem 2.3.2. The operator (A, D(A;) = D(A)) is the infinitesimal generator of an
analytic semigroup on H.

Proof. The proof follows the techniques used in [56, Theorem 3.5]. The first part is to
prove that the semigroup A; is strongly continuous. This property, established using
regularity results on the unsteady Stokes equations, is proved in the appendix (Lemma
2.5.3)).

The next step is to estimate the resolvent of A;. Using a perturbation argument to
ensure the existence of the resolvent, we have, at least for Re(\) > 0,

(AT = A)7Y (0 (AT = A)"H(—A)ID,) (A — A,)~L
()\I—.Al) 1-( 0 ()\I—As)_l )a

where (Al — A,)~! is given by

_ VU - 0A,) V!
(AT = A;) < Vid,s AVl

with V = A1 — XA, — A, . From [16] we know that there exists a € Rand § < 6y <7
such that for all XA in S, 9, = {A € C| A # a, |arg(A — a)| < 0o}

Cs

07 =297y < 2y
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The Stokes operator A is the infinitesimal generator of an analytic semigroup on VQ,F ,(Q0)
and the proof of Theorem gives the existence of § < ¢ < = such that for all
A E S0,91

Ca

H(M B A)_luc(vgﬂrd(ﬂo)) s Al

Choose @’ > a and 0/ = min(6p, ;). For all X € Sy ¢ and all (f, ®) € V%Fd (Qo) x Hs we
have

_ A1 =1/ -
- Ay <£> _ ((AI A7+ (M (;fl)— és)AigDs((M A) @)2)

Remark that (A — A)~Y(—A)IID; = MDs; — MM — A)~'IID,. Using the previous
estimates for the resolvent of A and A; and the continuity of the operator IID,; we
obtain

o (i)
V%,rd(QO)

Ca Cnp.Cs CaCrp,Cs Cy
< ——|If] ——||® ——"||® ——||P .
= |>\ _ a/| H ||V91«Fd(QO) + |)\ _ (II| || HHS + |)\ _ (II| H ||Hs + |>\ _ a/| H ||Hs

Hence there exists a constant C > 0 such that

_ C
H()J—A1) IHL(H) < —a]

for all A € Sy g and A, is the infinitesimal generator of an analytic semigroup on H. []

Theorem 2.3.3. The operator (Az, D(Az2) = D(A)) is A;-bounded with relative bound
Z€ro.

Proof. We proceed as in [56]. Split the operator A in three parts Ay = As 1+A22+A2 3
with

0 00
Agg = 0 0 0},
v(I + Ng)"'No(A(-)-m) 0 0
0 0 0 00 0
Az2= 10 0 0|, Aes=|[0 0 0
0 KsAup O 0 0 6KAq

The following lemma is an adaptation of [56, Proposition 3.3].
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Lemma 2.3.3. The norm
(Iw, 71, m2) = [[(Ta, 1, 2) [ + AT+ (= A)IDsm2 [y () + 145 (1, m2)ll g, »
is a norm on D(A) which is equivalent to the norm

(ITa, 71, m2) ”Hu”Vi,rd(Qo) + ||771||H4(F5) + ||772||H§(FS)‘

For Az and Aj 3 we can use [56, Lemma 3.9] and [56, Lemma 3.10] to prove that there
exists 0 < 1 < 1 and 0 < 62 < 1 such that Ay (respectively Ajg3) is bounded from
D((—A1)%) (respectively from D((—.A1)%)) into H. Hence, according to [52, Section
3.2, Corollary 2.4], the operators Az and Ay 3 are Aj-bounded with relative bound
zero. It remains to prove that As; is Aj-bounded with relative bound zero.

Lemma 2.3.4. For all € > 0 there exists a constant C; such that
(2.3.6) INo(Au - )l ey < & lullve | g+ Ce lullya, (-

for all u € V2 1,(Q0).

Proof. Using the transposition method, a density argument (as in Theorem and
Theorem and interpolation, the operator Ny can be defined as a continuous op-
erator from H~!(T) into L?(T's). We prove the lemma by contradiction. Assume that
there exists a sequence uy € Vn r d(Qo) such that

[ No(Auy - n)HL2 ry =L ||ukHV0 ,(©0) — 0, ||u"‘||Vi,rd(Qo) < M,

with M > 0 a fixed constant. By reflexivity of the space Vn r,(€0), up to a subsequence,

there exists u € V2 r,(Q0) such that u, — uin A% 1,(80). Since ||ug ||y () — 0, we
n,Tg

obtain u = 0. Then Aug-n — 0in H~/2(I'y) and the compact embedding of H~1/2(Ty)

into H~(Ts) ensures that Auy-n — 0in H~}(Ty). Finally the continuity of Ny implies
that No(Auy, -n) — 0 in L?*(T's) which contradicts || No(Auy - n)|| 2,y =1. O

We come back to the proof that A1 is Aj-bounded. Using the estimate (2.3.6) and the
norm equivalence of Lemma it follows that for all (ITu,n1,n2) € D(A1)

IIu
Az | m <elMullyz - (a) + CelMullye - (ay)
2 H
< E(HHu”Vi,rd(Qo) + Il gae,y + In2llgzr,)) + Ce ||Hu||v0 ()
ITu ITu
<Cie|| A1 | m +Coc ||| m
2 H 2 H
This concludes the proof that Ay is A;-bounded with relative bound zero. O
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2.3.4 Regularity results

We have seen that the system (2.3.3) can be rewritten

J ITu ITu Tu(0) Tu?
(2.3.7) 7|l m|= Al m | +F, | m() [ = P |,
72 72 n2(0) 79

(I —Mu = (I = M)Ds(n2).

We remark that there is no condition on (I — IT)u®. As in [56], in order to satisfy the
equality (I — IT)u = (I — IT)Ds(n2) at time ¢t = 0, we introduce a subspace of initial
conditions belonging to VI(QO) X H, and satisfying a compatibility condition

He. = {(u’,n7,79) € V! (Q0) x Hy | (I = u’ = (I —T1)Ds(13)}.
To obtain maximal regularity results, introduce the space [D(A), H];» given by
[D(A), H]y 2 = {(TTu, n1,72) € Vi1, (Q0) x (H*(Ts) N HG(Ts)) x Ho(Ts) |
TTu — I1D4(n2) € V}.

It is equipped with the norm

1/2
(ITa, 1, m2) — (HHuH%—Il(QO) + H771H12L13(F5) + ”772”§{1(F5)>

If the initial condition (ITu®,7?,n9) belongs to [D(A),H]; /s, and if the compatibility
condition (I — I)u® = (I —II)Ds(nY) is satisfied, then (u°,7,79) belongs to

X(Q) = {(u’,77,73) € Hee | (T, 77,m3) € [D(A), Hy 0}
The space X () is equipped with the norm

1/2
zs(rs) * H”guip(m) '

We notice that the above mapping is indeed a norm since (I — II)u® = (I —1II)Ds(n9) if
x0 = (u,79,719) € X(Q). Defining Wr by

K= @) = g, = (00, +

Wr =L*(Qr) x L*(0,T; H'/?(Ty;,)) x L*(0, T; L*(T)),
we obtain the main theorem of this section.

Theorem 2.3.4. For all (u°,79,73) in X(£) and (f,©, h) in Wr, system (2.2.7) admits
a unique solution (u,p,n) € H>'(Qr) x L?(0,T; H'(Q)) x H*?(X%). This solution
satisfies

HUHHQJ(QT) + ||n||H472(ZST) + ||p”L2(0,T;H1(QO))

(2.3.8)
< Culf| ) o+ 1EO My
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Proof. According to [10, Part II, Section 1.3, Theorem 3.1] there exists a unique solution
(u,m,m2) to (2.3.7) and the following estimate holds

ITul[g21 (g + 1105 m2) | 20 20040 A E (0,738,
0,0 .0
< (| i) e+ Iz ra)

(1 — H)u||L2(O,T;H2(QO)) + (1 = H)“Hgl(o,T;Hm(Qo))
< C[(m, 772)HL?(O,T;D(AS))mHl(o,T;Hs) )

with the estimate on (I — IT)u coming from the properties of the operator Dy and the
identity (I —II)u = (I — II)nq. Estimate (2.3.8)) follows by writing F explicitly. O

Remark 2.3.1. Let Ty be a fixed time with T" < Ty. The constant Cp, in the previous

statement can be chosen independent of T' for all T' < Ty. If we extend all the nonho-

mogeneous terms on [T, 7p] by 0 (still denoted by (f, O, h)) the previous result implies
i

that there exists a unique solution (ﬁ, D, 7%) of (2.2.7) and the following estimate holds

o

u
H>!(Qr,

< Cr(To)(

o

+1p

) + H%‘ H42(25,) L2(0,To; H' (90))

a T IE 8 )l )-

[CRRT

The uniqueness yields (u,p,n) = (101, D, ?%) on [0, 7] and the constant Cf, in Theoremm
can be taken as Cr, = Cp(1p).

2.4 Nonlinear coupled system

Throughout this section, excepted for Theorem [2.4.4] which is stated in a rectangular
domain, Qg is given by for any fixed n° € H3(I's)NHZ(T's) such that 14+n°(x) > 0
for all x € (0, L). We prove the existence of strong solutions for the complete nonlinear
system . Let Ty > 0 be a given time, fixed for this section. Let X(€p) be the
affine subspace of X'(€)) defined by

X(Q) = {(u’ni,n3) € X(Q) | n) ="},

that is, the space where the initial data of the beam 7 and the geometric 7° are equal.
For T > 0, set

Yr = {(ﬁapa 77) € szl(QT) X L2(07T; Hl(QO)) X H472(2%) ‘
u=0on 2112“7 u= Tjt€2 on 2(1)“’ U = 0 on 2%07 (ﬁ(o)’n(o)a nt(O)) € ;%(QO)}

The usual norm on H*'(Qr) x L2(0,T; H () x H*?(X%) is denoted by ly,.-
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2.4.1 Estimates

For every x° = (u%,7?,79) € X(Q), R >0, x>0 and T > 0, define the ball
B(x, R, pi,T) = {(d,p,n) € Yr | (@(0),n(0),7:(0)) = x°, [|(@,p,n)y, <R,
11+ 77)_1HL<><>(2;) < 2uj.

For a given x° = (u®,7?,79) € X(Qo), Theorem ensures the existence of R > 0
and g > 0 such that B(x°, R, u,T) is non empty for T > 0 small enough (such a triple
(R, u,T) is explicitly chosen in the beginning of the proof of Theorem [2.4.2)).

Throughout this section, C(Tp, R, u, ||x°|| X(Q)) denotes a constant, depending on Tp,
R >0, u>0,[xY x(0) Which may vary from one statement to another, but which is
independent of T.

The following lemmas are used to estimate the nonlinear terms (see Theorem [2.4.1)).

Lemma 2.4.1. There exists a constant Cy depending on Ty such that, forall 0 < T < Ty
and all u € H>'(Qr) satisfying u(0) = 0, the following estimate holds

[ull oo (0,717 (00)) T 1ell 20,7520 (20)) < Co llull 2.1y -

Moreover for all v € H42?(3%) satisfying v(0) = 0 the following estimate holds

[0l Lo o,7m3(r0y) < Collvllrazss ) -

If in addition v;(0) = 0, then

[0l Lo 0,01 00y F 10ell 20,7120y < Collvllazss) -

Proof. These estimates come from interpolation results (see [39]). The only thing to
prove is that the continuity constants can be made independent of T. Let u be the
function defined by @ = 0 on [T'— Ty, 0] and @ = v on [0,7]. As u(0) = 0, the function
@ is still in H*(Qr) and, using interpolation estimates, we have

1@ oo (1 111 (020)) < CT0) 1T L2y s 12020 )y (7= T522(020)) -

This implies that [|ull e .m0 < Collullg2igy With Co = C(Tp). The other
estimates follow from the same argument. O

Lemma 2.4.2. Let x° belong to .?\N,’(Qo), R > 0, and g > 0. There exists a constant
C(Ty, R, p, HXOHX(QO)) > 0 such that, for all 0 < T' < Ty and all (@, p,n) in B(x°, R, u, T),
the following estimates hold

1Tl] oo 0,88 (20)) + 1Tl Lo o, 7.0 (020)) T 176l Loo 07512 1)

+ H77tHL2(0,T;H2(FS)) + anxHLOO(O,T;Hl(FS)) < C(To, R, i, ”XOHX(Qo))-
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Proof. Let (u,7,p) be the solution to || on the time interval [0, Tp] with right-hand
side 0 and the initial condition (u®7?,79). We have

o

u 1 s

I o o = 8= 8] g o) *

then using that u(0) = w(0) and Lemma the following estimate holds with the
constant Cy = Co(Tp)

_ o
[a-u

»Sqwﬁ_aHM@ﬂ

< Co [[ullg21(g,) + Co

Lo (0,T;H (Qo

o
u

H>'(Qr)

< CoR+ Cy HaHHQ’I(QTo) .

The second part is estimated as follows

o]

u <
Lo (0,T;H (Q0)) —

o

u <
Lo (0,T0;H (Q0)) —

]
C’(’) uH

HZJ(QT()) )
Finally estimate 1| on u implies

The estimates on 7y and 7,, follow similarly. ]

Lemma 2.4.3. Set po = [|(1+ no)_lHLw(Fs). For n € H*?(%%) such that (0) = 7° the

~ — 0 . . .
function 7 = 1 +Z° satisfies the following estimates

(2.4.1) ”ﬁ”Loo(z;) < M0T1/2 H77tHL2(0,T;L°°(Fs)) )

T1/2

n

~ 2 1/2
(2.4.2) ||773;||Loo(st) < o ||nt2||L2(0’T7Loo(FS))+,U/O Loo(T') T/ ||77tHL2(O,T;L00(I‘S)) .

Proof. The estimates come from the fundamental theorem of calculus and Cauchy-
Schwarz inequality. O

Lemma 2.4.4. Let u be in L>(0,T; H(€)) and v be in H>'(Qr). The following
estimate holds

1/2 1/2
(243)  [[udiv]l g2 gy < CTY* lull oo o710 HUHL/OO(O,T;Hl(QO)) H’UHLQ(O,T,HQ(QO)) ’

with C independent of T', and i = 1, 2.
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Proof. We have

1/3 2/3
|orPior < ([ ) ([ jeel)
Q0 Q0 Qo

and, using Lebesgue interpolation, [[0;v|13q,) < ||8iv|]2/22(90) H&UH}:{?(QO). Sobolev em-

beddings then yield
1/2 1/2
HalvHL‘l(O,T;L?’(QO)) <C ||U||L/oo(()7T;H1(QO)) ||U”L/2(0,T;H2(Qo)) :

Then we use the estimate |[c|[ 2o ) < T4 llell L4 (o) to obtain

[udivl 1200, 12(00)) = NWll Lo 0,711 000)) 19501l L2 (07523 (020))

< Tl oo 0,500 200 1000 0,7 25(020))

1/2 1/2
< CTY* ull oo o 0 200y 12122 075813 60y 101 20,7 720520

O
Lemma 2.4.5. Let x belongs to X(Q), R > 0, and x> 0. For all 0 < T' < T and

(@,p,n) in B(x® R, u, T), the function M (W, 7) belongs to H*!(Qr) and the following
estimate holds

(2.4.4) 1M (T, 9) g2 () < C(To, B s 1))

Furthermore, for all (uy, p1, 1) and (Ua, p2, m2) belonging to B(x?, R, 1, T), the following
Lipschitz estimate holds
(2.4.5)

M (@1, m) = M (A2, m2) g2 ) < C(To, By s X% x(00) (@1, p1,m) = (W2, p2, 1)y, -

Proof. Through what follows we use the following basic estimate

H(l +171) 1HLoo<zST> B 11737 Lo (53) = Hl i HOHLN(FQ '
uy 20y

T
—, —=U1 —l—uQ) and its derivatives are
1+n 147

explicit L>® x L? estimates using the previous lemmas and the regularity of 7. To
estimate the second spatial derivative of ﬁ we compute Ngy:

o (e e (200 =)k — (= )iy | 20000 — )
‘m L+7° (1+7°)% (1+n0)

Most of the estimates of M(a,n) = (

Then

||77m||Loo(o,T;H1(F0)) < Ci(n°) + Ca (1) ”nzanOO(O,T;Hl(FS))
+ 03(770) HU:cHLoo(o,T;Hl(FS)) + 04(770) HUHLOO(O,T;Hl(FS))
< C(TOa Ra M, ||X0||X(Qo))'
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This estimate is more precise that the one needed here (it implies an estimate on
17z |l Loo(35.) using spatial Sobolev embeddings); we stated it because it is used in the
estimates of Theorem [2.4.1] For the time derivative we have

<o

A
| ey < O B 10l
Lo (%5)

(1417)?

Leo(53,

It follows from these estimates that

H -

< C(Ty, R 0 :
25 gy, = O ot Xl

The second component of M (W@, n) and its derivatives estimated similarly, except for the
terms o
ZNzxzUl o\ 1~ —
— < C(u, U .
1+ l20n (1, 1°) || N2z 1||L2(QT)
The term 7,4, is only in L?(I'y) and we cannot use Lemma, Let us write 7 = ND
with N =75 —n" and D = (1+7")~!. We have

When multiplied by IZTUIM the terms involving up to two derivatives can be estimated
n
directly. For
Z(n:c.tz B nga:x)ﬂl
T+ +7)

we have

2

T 2

L2(Ts

2(Neze — ngxm)ﬂl
(T+7°) (1 +7)

|Gz = n0) ()]

< C(p,n%) [, t)”iw(go) dt
0 )

L2(Qr)
S C(:uv 770) ‘ Nexx — Ugm

< O, n)T* |

2 2
LA4(0,T;L2(Ts)) 240,717 (020

2
. |2
Mox = Mza s o 7,2y 12124 O 70 @0))

and

0
Nzzx — Nyxx

1/8]],,0
oy < Il + T | HHS(FS)

< C(To, R, s |1X°)l e(620)) + TOl/S HUOHH?»(FS) '

This implies N

2Nz Ul 0

-/ - < C(Ty, R .
1+7 < C(To, R, p, ||x ||X(Qo))

L2(Qr)
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Thus ([2.4.4]) is proved. For the Lipschitz estimate we use the same techniques. Let us
make explicit the estimate on one of the terms, namely

2N,z _—_— 212,z U21=Z< Ma e )11 202,z (1 — Tian)
14+m 7 1+4+m 7 1+m 141 ’ e o

+
1412
Using the previous techniques and Lemma [2.4.1] we obtain

Zﬁ2,:p
1+

(Wi,1 —2,1)

< C(To, R, 1 I1X° | x620)) 101 — T ||g2.1 .
HQ’I(QT) ( 0) H (QT)

For the other term we write

ﬁl,x 772,1 . ﬁl,m - 772@ ﬁl,m(ﬁ2 - 771) ﬁl(ﬁl,x - ﬁ27$)

1+m  1+m (Q4+q)Q+m) Q+m)Q+m) Q+m)d+5)

and

H ( M .z
z

— - )u < C(To, R, ., ||x° - "
e Y| <O B ) I el

The nonlinearities in ([2.2.3]) can now be estimated.

Theorem 2.4.1. Let x° belong to X(€), R > 0, and p > 0. There exists a function
Pyo(T) = Yo T% with n € N* and 0 € (R%)""! such that, for all 0 < T' < T, and
all (w,p,n) € Bx’, R, u,T), (F(1,p,n),0(0), H(w,n)) belongs to Wy and the following
estimate holds

(2.4.6) I(E (@ p,n), ©@@), H (@), < C(To, R, 1X°] v (020)) Pon (T)-
Moreover, for (0;,p;,n;) € B(x°, R, u, T) (i = 1,2) the following estimate holds
[(F1,01, H1) — (F2, O2, Ha)||y,.

< C(To, R, 11, 1% ¢ (20)) Po,n (T) || (A1, prom) — (W, p2,m2) |y, »

with the notations (F;, ©;, H;) = (F (W, pi, 1), ©(Wi), H (W, 15))-

(2.4.7)

Proof. Step 1: Estimate of F (@, p,n). We recall the form of F(q, p,n):
F(ﬁvpv 77) = G(M(ﬁv 77)7p7 77) - 6tN(ﬁa 77) + VAN(ﬁv 77)

Set u = M (w,n). Thanks to Lemma we can prove the estimates with u and then
obtain estimates in terms of u. For

_ T
SWE RS
fﬁ—ﬁu]
1+7 7
+ 2(Mep> — Mpz)er — (1 + Nurug + (27,u1 — ug)us,

G(uupa 7]) = _ﬁut +

+v _2Zﬁxuxz + ﬁuxa} +
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we use L*° estimates on 77 to gain a factor T" for terms like the first one:

I=1llp2(qpy < 1l Lo sy ellLz gy
< pr'? 106l L2 (0.7: 100 (1)) 1all21 () < C(T0, R, 1, 1% (20 T2
For the product of functions in L>°(0, T; H'(Qg)) with derivatives of functions in H>!(Qr)
we use Lemma, for example:

1/2
HzntquL2(QT <CT 1/ HntHLOC (0,T;HY(Ts)) HuHLoo (0,T;H' (Q)) HuHL/2 (0,T;H2 ()

< C(T[)a Ra Ky ”X0||X(Qo))T1/4,

and

~ ~ 1/2 1/2
I=v2isaus L2 g,y < cr/t 1722 | o< (0,71 (20)) ”uHL/oo(o,T;Hl(no ||“”L/2 (0,T;H2(Q0))

< C(T07 R7 , ”XOHX(Q()))T1/47

where we have used the estimates on 7; and 7)., given in the proof of Lemma

The term N(u,n) = Ij_ui, inj_ui
n 7]

and the factor T is obtained with the previous techniques and Lebesgue interpola-
tion for the terms

T
) has already been estimated in the proof of Lemma

2(Nexe — Noa) T
(1+7°)(1 +7)
Step 2: Estimate of ©(@). In order to obtain an estimate in L2(0,T; HY/?(T';,)) we
study ©(1) = (1/2)[1]? on Qg and then look for the restriction to I'; ,. We have

and using Lemma [2.4.4
—113/2
v 22 gy < CTY M IIY2 o gt oy 1T 2002 00)) < 000 Rt [z T

which implies a L2(0,T; H(€)) estimate on O(w) and thus a L2(0,T; H'/2(T;,)) esti-
mate for the trace.

Step 3: Estimate of H(ua,n). We recall that H(a,n) = V(M (a,n),n) with

N2 NaMz? — 2
g = + - — .
(u,n) =v (1 nul 2t Neup 147 ug,z>
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For the terms without 1 we use directly the regularity of u to gain a factor 7. Us-
ing fractional Sobolev embeddings [I, Theorem 7.58] and trace theorems we know that
w,(z,14+n%(x),t),u,(z,1+n°(x),t) belong to H/>1/4(Qr) and L*(0, T;L3(T's)). Hence

< C(ps1”) |72
L2(0,T;L2(Ts))

U1,z

s))?

and

[y I e A T T
< H%H%oo(z;) T2 w2\ 70,020
< C(To, R, 1, |1%°| e 00) ) T2
The other terms are estimated with the previous techniques.

Step 4: Lipschitz estimates. The Lipschitz estimates are obtained with the same tech-
niques. Let us make explicit some inequalities.

e = 72uz il g,

<1 = m)uillpzg, + 172001 —u2e)llyz g,

< i = 2l e (5

@ T HﬁZHLoo(zST) Jare — u2,tHL2(QT)
< O(To, Ry i, 1|00 T2 (lm = mellpracagsgy + [0 = Vallgg21 gp)-

All the interest of working in the initial domain )y instead of the rectangular {2 comes
from the estimate (2.4.3)) on 7. With the usual change of variables, the term 73(u; —ug)
cannot be estimated without smallness assumption on 770. For vzn zoU1,, — V202 gz U2 -
we have

1/2 1/2

% (0,T;H (Q0)) HulHL2(0,T;H2(QU))
< C(To, R, oy |1X° | ey ) T . — 2l ez (ss )y

< cr'/t Hﬁl,m 72 mHLoo (0,T;H (Q)) HUIH

and

[v22,20 (01,2 — 12 Z)HL2(QT)

1/2
<CT 1/ 1772, x:JcHLoo(()THl(QO ) Jur — u2||Loo (0,T:H(Q)) ur — u2HL/2 (0,T5H2(Q0))

S C(T07 R7 :u7 HXOHX(QO))T1/4 Hlll - UQHHQ’I(QT) :

The Lipschitz estimates with lower regularity terms like 7., are obtained as in the proof
of Lemma [2.4.5] O
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2.4.2 Fixed point procedure

For all x* = (u®,79,79) € X(Qo), R >0, > 0 and T > 0 such that B(x°, R, u, T) # 0,
consider the map

(2.4.8) o\ T
(@, p,n) = (@, p",7%),

where (0*, p*, n*) is the solution to (2.2.7) with right-hand side (F(q, p,n), ©(1), H(a,n)).

In order to solve ([2.2.6)) we look for a fixed point of the map F.

Theorem 2.4.2. For all x° = (u®,7?,719) in X(Qp), there exist R >0, > 0and T > 0
such that F is a contraction from B(x", R, u, T) into B(x°, R, i, T). Hence F has a fixed
point.

_ { B(x°, R, i, T) — Yr,

Proof. Set p=||(1+ 7]0)_1||Loo(ps)- Let (101,%,]3) be the solution on [0, Tp] to (2.2.7) with
right-hand side 0. We choose R; such that ‘ N < R;. Writing
T

0

(u,n,p)

t
L+n(t)=1+7"+ / n,(s)ds,
0
we can choose 0 < T < Tj such that
e < T 1 ;
Le=5) 1+ 00 poor,y — T1C (1, To, R, (X0 x(020)

Thus the ball B(x", Ry, u, T1) is non-empty. From Theorems and it follows
that

(249)  |a+n

< 2u.
)

17 @ p.m)lly,, <Cr <H<“O’”?v”3)Hx

for all (ﬁ7p777) € B(X07R17M7T1)'

o+ O, B [ ) P (1) )

Then we choose Ry > R; such that Ry > 2C], H(uo, ny, 773)||X(QO), and Ty < T} such that

CLC(To, Ra p [X° x20)) Pon (T2) < Ci ||, 0, )| <2p.

yand () g, ) <

X(Q0

Therefore F is well defined from B(x°, Ry, u, T) into B(xY, Ry, 1, Tz). Still with Theo-
rems [2.4.1] and 2.3.4] it follows that

| F (@, p1,m) —]:(32,1727772)\’%2
< CLC(T(),RQ,,M, ||X0||X(Qo))P9,n(T2) ||(ﬁ1,p1,7]1) - (ﬁ2=p27772)||yT2 )

for all (W1, p1,n1) and (Wa, p2, n2) belonging to B(x°, Ra, i, T). We choose 0 < T3 < T
such that CLC(To, R, i1, |X°]| x () Pon(T3) < 1/2. The mapping F is a contraction
from the complete metric space B(x%, Ry, 1, T3) into itself, and the Banach fixed point
theorem concludes the proof. O
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Theorem 2.4.3. For all (u’,79,79) € X () there exists T > 0 such that the system
(2.2.6) has a unique strong solution (W, p,n) in H*'(Qr) x L2(0,T; H'(Q)) x H*?(Z,).

Proof. The existence is already proved. Set x* = (u% n?,19) and let (u,p,n) be the
unique solution to (2.2.6) in B(x°, R, u, T) with

)

p=|+ - R=20 |t )

)_1HL°°(FS) (Q0)

and T > 0, constructed by the fix point method in the previous Theorem. Let (@, p’,n’)
be another solution to (2.2.6) defined on [0,7] with the same initial data. Define the
constants Ry = [|(@,p’,7)|ly, and po = [|(1 —1—77’)*1HL00(25). Assume that T > 0 is
T
small enough such that ||(1+ nl)iluLOO(Es) < 2u. From Theorems |2.4.1| and |2.3.4|7 it
T
follows that

||(ﬁ/7p/7 77/)||yT1 < CL (H(uovn[l)a U(Q))HX + C(T07 ROvNO? ||X0||X(Qo))P9,n(Tl)) y

(©0)
for all 0 < T1 < T. Let us choose 0 < T} < T such that

CLC(To, Ro. o, [¥°l| ) P (T1) < Co |0, -

Hence (W, p',n') belongs to B(x°, R, 4, Ty) and (U, p,n) = (W,p’,n’) on [0, Ty].

Let 0 < T* < T be the greatest time such that the two solutions are equal. We then
consider the system starting at the time 7™, rewritten in €2, 7+, with the initial
conditions (W(T*),n(T*),n(T*)) = @ (T*), 7 (T*),n,(T*)). If T* < T, using the fixed
point procedure we prove the existence of a solution (W”, 7", 7)) on [T*, Ty] with T > T*.
The previous argument shows that there exists T3 > 0 such that the three solutions are
equal (after a change of variable in order to consider functions in the domain €, (7))
on [T, T3] which is a contradiction with the definition of 7*. Hence T™ = T and the
solution to ([2.2.6)) is unique. O

The previous ideas and techniques can be applied on system (2.1.1)) with the Dirichlet
boundary conditions u = 0 on I'; , and thus fix the gap in the proof of local existence in
137].

To conclude this section, we state the existence and uniqueness of a solution for
on [0,T], with T' > 0 a fixed time and smallness assumptions on the initial data. This
result is proved on the rectangular domain since the estimates of the nonlinear terms
are done through the radius of the ball in the fixed point argument. The existence
technique is similar to the one in [56, Theorem 10.1] and the uniqueness comes from
the local existence and uniqueness result. Let us notice that with this approach the
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nonlinear term in the beam equation in (2.2.3) with 7% = 0 writes

2
~ Ne . Nez — 2 .
g = _
(u, 77) v <1 T nul,z + Nz U2 2 1+ n U2,z>

I+n 1+n
= —2vly,, + ¥(1,n).

2
. . z—2n_
= 72VU27Z +v ( il Uy + NpU2e — T nu2,z>

After writing u = M (W, n) = u+ N(u,n) this nonlinear term becomes
H(ﬁv 77) = —2VlUg,; — 2VN(ﬁ7 n)Q,Z + @(M(ﬁ, 77)’ 77)7

and as divu =u;, + Uz, = 0in Q7 and Uy, = 0 on X% = E% we obtain Uz, = 0 on
2%. Hence all the nonlinear terms in the beam equation are at least quadratic.

Theorem 2.4.4. Let T' > 0 be a fixed time and recall that Q = (0, L) x (0,1). There
exists 7 > 0 such that for all (u% 7{,79) in X(Q) satisfying H(uo,n?,ng)nx(m < r, the

system (2.2.6)) admits a unique solution in H>'(Q7) x L(0,T; H'(Q)) x H*?(%%.).

Remark 2.4.1. Note that the initial condition is taken in X' (), not X'(£2), which means
that n} can be different from 0.

2.5 Appendix

2.5.1 Steady Stokes equations

Consider the steady Stokes equations
—vAu+Vp=f divu=0 in Qp,

u=gonlgu=0only, up=0 and p=~h onl,,

with f € L2(Q0), g = (0,9)7 € ’HgéQ(Fo) and h € HY/?(T;,). We prove in Theorem
[2.5.1)

(2.5.1)

the existence and uniqueness of a pair (u,p) € H?(Qg) x H'(Qy) solution to

An existence and uniqueness result for with weaker data is given in Theorem
The nonhomogeneous boundary condition on the pressure is handled directly
with a lifting operator R € L(H'?(T';,), H'(Qp)). For the nonhomogeneous Dirichlet
boundary condition we use the following theorem.

Theorem 2.5.1. For all g = (0,9)7 € HgéQ(Fo) the system

div w =0 in Qg,

(252) W =g on I‘07 w =0 on Fba Wo = 0 on Fi,o,

admits a solution w € H?() satisfying the estimate

Wiz ey < € lglgays ooy -
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Proof. We look for w under the form w = (—8x¢,01¢)T, which ensures the property
div w = 0. The boundary conditions on w imply the following conditions on ¢

O2¢ = 0 and 91¢p = g on Ty,

(2.5.3) 8¢> _ 61(25 =0 on Fz 05 62¢) 81(;5 =0 on Fb

Let n° be an H3(R) extension of 7°. We consider the change of variables

Gt { R? — R?
(@) e (@ y £ nd(@).

Let ¥ be a function in H3(R?). Thanks to the H3-regularity of n?, the function v o s
is still in H 3(R2). We search for ¢ solution to (2.5.3) under the form ¢ = ¢ o 1)~ with
¢ € H3((0, L) x (—00,1)) satisfying

82d> =0 and 81<;5 =g on [,

(2.5.4) 81<Z>—00n Fzm(ﬁ_()on (0,L) x (—00,1—=90),

with g = go 9" and

(2.5.5) 5 —  in (1+°(2)) i min (147°(2)) <1,

if min (1+7%z)) >1
ai mg(l(lflL)( +n°(z)) > 1,
for a fixed a € (0,1). This condition is used to ensure that the function ¢ = qAS o is
equal to zero near Iy, in order to fulfil the boundary conditions 01¢ = 02¢ = 0 on ['.
To build ¢ we first search for ¢, such that

o~

%‘f; =0on r U I‘o,
(2.5.6) bo(T,y) = = J3 g(s)ds for (z,y) € T,
¢o =0 on (O,L) (— oo,l—é),

The boundary conditions on I'gy are handled directly thanks to a lifting and a symmetry
argument is used to obtain the homogeneous Neumann boundary condition on I',. We

set
o { G*(z,y) = G(z,y) for (z,y) € s,

G*(z,y) = G(2L — z,y) for (x,y) € (L,2L) x {1}.

Denote by gs the odd extensionof gon I’y s = (0,2L)x{1}. Asg € Hg’é2 (T's), the function
G, belongs to H3/ 2(T's,s). Indeed odd and even symmetries preserve the H'-regularity
(resp. H?-regularity) for functions in Hg () (resp. in HZ(Ty)), thus, by interpolation,
the H3/?-regularity is also preserved for functions in Hg’éz(l“o) = [H{(To), HF(To)]1 /2

As 01G*(-, 1) = gs(-) we have G* € H*/%(T' ;). We still denote by G* a regular extension
of G* on R x {1}. The lifting results in [39] in the case of the half-plan give a function
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$1 € H3R x (—o0,1)) suAch that ¢; = G* and % =0on R x {1}. We then use cut-off
functions to ensure that ¢; =0 on (0,2L) x (—o0,1 —J).

Introduce the symmetric function 52 to gg with respect to the axis x = L defined by
¢2(z,y) = $2(2L — z,y) for (z,y) € (0,2L) x (—00,1). As the Dirichlet boundary
condition G* is symmetric, ¢o satisfies the same boundary conditions as ¢; on I's ;. We
finally set ¢, = % The function @, belongs to H3((0,2L) x (—00,1)) and admits
x = L as an axis of symmetry. Hence we have %‘f{’ = 0 on I', and the restriction on

(0, L) x (—o0,1) is a solution to (2.5.6).

Using the same tools we obtain a function ¢; € H3((0, L) x (=00, 1)) such that

%;;} =0onTI;Ul},
(2.5.7) (éi(x,y) = G(z,y) = [y g(s)ds for (z,y) € Ty,
¢; =0on (0,L) x (—o0,1—19).

Then we combine ¢, and ¢;. Let o be a function defined on [0, L] such that o = 1 near
I, @« =0 near 'y, and o € C*°(]0, L]). The function ¢ defined by

o(z,y) = al@)di(w,y) + (1 — a(x))do(x,y) for all (z,y) € (0, L) x (=00, 1),

is a solution to (2.5.4). Finally the restriction to 2y of the function ¢ = qAS ot~ is a
solution to ([2.5.3)). Indeed,

Ba¢p = Bap o)™ =0 on Iy,
81¢:81¢O¢7_77282¢0'¢7 :81¢Ow7 :./g\owf :gonFO’
% =01p=0o0nT;,, o¢p =019 =0o0nT}y.

and w = (=00, 010)" is a solution of (2.5.2). We have w € H?(Qp) and the estimate
follows from the continuity of the lifting operator in [39]. O

Let w € H2(Qp) be the lifting of g given by Theorem and H = R(h). By setting
(v,q) = (u,p) — (w, H) the Stokes system ([2.5.1]) is equivalent to
—vAv+Vqg=1f, divv=0 in Qp,

(2.5.8)
v=0onTly, v2=0 and ¢g=0 onI},,

with f = f+ vAw — VH. Using Green formula one can derive the following variational

formulation for (2.5.8)).

Theorem 2.5.2. Let (v, q) € H?(€)) x H'(Qg) be a solution to (2.5.8)). Then v satisfies
the variational formulation :

Find v € V such that 1// Vv: Ve = f-pforallpeV. (%)
Qo Qo
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Theorem 2.5.3. The variational formulation (x) admits a unique solution v € V.
Moreover there exists a pressure Q € L?(Qp), unique up to an additive constant, such
that —vAv+VQ="f in H!.

The pressure Q is mentioned as a pressure associated with v.

Proof. As the only constant in V' is the null function we can use a Poincaré inequality
to prove that the bilinear form

a(v,p)=v | Vv:Ve,
Qo

is coercive on V. Hence the Lax-Milgram lemma gives us the existence of a unique
solution v € V' to the variational formulation (x). For the pressure, we use the equality

<—1/AV —f, go>H_1 2 =0, for all ¢ € (H}(Q))? such that div ¢ = 0,

and [14, Chap 4, Theorem 2.3] to prove the existence of @ € L?(€)), unique up to an
additive constant and such that —vAv + VQ = fin H™!. O

We now state the main theorem of this section.

Theorem 2.5.4. For all (f, g, h) € L?(Qg) x Hgé2(f‘0) X Hl/Q(Fiyo) the equation (|2.5.1))

admits a unique solution (u, p) € H?(g) x H*(Qp). This solution satisfies the estimate

iz o) + Pl 00 < CUlElL2 (o) + 18ll53720g) + 1Pl 2, )

Proof. Let us work directly on the homogeneous system . We prove the existence
of a unique pair (v, q) € H2(Qp) x H'(Qp) solution to this system. According to The-
orems [2.5.2| and [2.5.3] v has to solve the variational formulation (x). Hence we start
with the solution of the variational formulation (x) and we prove that it is the solution
to (2.5.8)). The plan is the following:

e Step 1: We extend the variational formulation (x) on a larger domain Qg . with a
solution denoted by ve.

e Step 2: We prove that the solution v, to this new variational formulation is in H?
in a neighbourhood of T';.

e Step 3: We prove that the restriction of v, to the initial domain €} is the solution
v to (%) which implies that v is H? in a neighbourhood of T;, and finally that
v € H3(Qp).

e Step 4: We prove that all the pressures associated with v are in H'()) and are
constant on I'; ,.
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e Step 5: We conclude by taking the pressure satisfying ¢ = 0 on I'; ,, so that the

pair (v, q) is the unique solution to (2.5.8]).
Step 1: Let n° be the function defined by

o | n°(z) forall z € (0, L),
e n°(—z) for all x € (—L,0).

We recall that n° is in H3(0, L) and that 7°(0) = 7%(0) = 0. Due to the even symmetry
we have 72 (07) = n2(0%) = 0,70 ,(07) = 7, (0%) = 0,72 3, (07) = 0l ;,(0") and thus we
obtain n € H3(—L, L) and the curve I'g, = {(z,y) € R? |z € (-L,L), y = 1 +n°(z)}
is C2. We set Qo = {(z,y) €eR? |z € (-L,L), 0 <y < 1+n0(x)}.

Let v, be the solution to

v Vve:V¢:/ f. -4 forall ¢ €V,
QO,E QO,e

where

={ve Hl(Qoﬁ) |divv=0in Qpe, v=0o0nTg,, va=0o0nT},.},
Fd,e = (—L,L) X {0} ) F0,67 Fi,e = {_L} X (0’ 1)5 111’,0,6 = Fi,e ) ]-_‘07

and f. is the function defined by

=f in Qo,

( ) —z,y) for all (z,y) € Qo s,

:'{" !

with Qo s = {(z,y) € R? |x € (-=L,0), 0 <y < 1+n2(z)} .

Step 2: We use cutoff functions to prove the H? regularity result near I';. Let ¢ be a
function in C§°(IR?) such that ¢ = 1 on 2,1 and support(p) C Qg 2, with Q4,1 and Qo
two open sets with smooth boundaries such that ﬁ C @ C Qo and 2,1 containing
a neighbourhood of T';.

Let Q. be a pressure associated to v.. The pair (v.,q.) = (pve, Q) satisfies, in
Hi ! (99972) } _

—vAvV. + Vq. = —vApve — 2vVv, Vo + Q. Vi + of,.
Since (Ve, ¢.) belongs to H{(Q2) x L?(Qy2), the previous equality implies that (v, g.)
is a solution to the following Stokes equations (in the usual variational sense)

VAV, + V. = —vApv, — 20V v, Vo + Q. Vo + of, in Qg .2,

(2.5.9) . .
div ve = ve - Vo in Qg 2, v = 0 on 9, .
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We then use known results for Stokes equations with Dirichlet boundary conditions (see
for example [I4, Chap IV, Theorem 5.8]) to obtain (vc,q.) € H?*(Qp2) x H'(Q2). As
(Ve,qe) is equal to (ve, Q) on 2,1 we obtain the regularity result for (ve, Q) in a
neighbourhood of T';.

Step 3: We want to prove that the restriction to g of v. is the solution v to the
variational formulation (). Using the Lax-Milgram lemma we know that v, satisfies

1 - 1 _
2.5.10 71// VVQ—/ f. - v, = min 71// \Y% 2—/ f, - .
( ) 2" Jou,. Vvl .. e’ Ve = A0 (2 0.0 Vel 0.0 e’ P

Hence, using the symmetry properties of f, we can prove that the function v, defined by

vs(z,y) = ((1) _01> Ve(—z,y) for all (z,y) € Qo,

is also a solution to the minimization problem (2.5.10). As (2.5.10) admits a unique
solution we obtain that vy = v.. The symmetry properties and the regularity of v,

imply that ves = 0 on I';, We can now prove that the restriction to gy of v, is the
solution v to (%). Let ¢ be a test function in V' and denote by ¢, the function defined
by

e = ¢ on (o,

1 0
p(r,y) = (O _1> p(—z,y) for all (z,y) € Qos.

P

Thanks to the condition ¢ = 0 on I';, we notice that ¢, is in Hl(nge), and more
precisely in V.. Hence we can use ¢, as a test function in the variational formulation
satisfied by v., we obtain

v Vve: Ve, = / fe - p..

QO,& 0,e

Using the symmetry properties of v., ¢, and f. we have

Vve: Ve, = Vve: Ve,
QO,S Q0

and

Hence,

v Vve: Vp = f-p,
Qo Qo

for all ¢ in V, which proves that the restriction to €y of v, is the solution v to the
variational formulation (x). Hence v is H? in a neighbourhood of T;. The same technique
works for the boundary I', which implies the regularity result on the whole domain €.
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Step 4: Let Q be a pressure associated with v. The regularity of v and the equality (in
the sense of the distributions) ~
—VvAV+VQ=T{

imply that Q belongs to H'(Qg). We now have to prove that Q is equal to a constant
on I'; ,. Thanks to the regularity of (v, Q), the equality —Av+VQ = f holds in L2(Qo).
For all @ in V' we have

/Qof-'z,b:/QO(—VAV—I—VQ)-'l,b:/QOVVV:V?,b—l—/rm Q4 - n),
and, using the definition of v,
/F_ O(x-n) = 0.

This implies that Q is constant on I'; ,. To see this, it is sufficient to prove that for all
¢ € CX(I';,) satistying
[ e=o,
Fi,o

there exists 9 € V such that ¢ -n = ¢ on I'; ,. Let ¢ be the function defined by

¢ =0o0nTy,

Using [27, Lemma 2.2] the equations
divey =0 Qo,
Y =¢ Iy,

admit a solution ¢ in H(Qp). Such a 1 belongs to V and satisfies 9 - n = ¢ on Lo
Hence Q is constant on I'; ,.

Step 5: Among the pressures Q associated with v there exists a unique ¢ in H'(Qp)
satisfying ¢ = 0 in I'; , in the sense of the trace for Sobolev functions. The pair (v,q)
in H2(Qg) x H'(Qy) is the unique solution to and (u,p) = (v,q) + (w, H) is the
unique solution to . The estimate on (u, p) follows from classical estimate for the
Stokes equations and Theorem to estimate w. O

According to Theorem the Stokes operator A associated to (2.5.1)) with homoge-
neous boundary condition is defined by

D(A) = H*(Qo) NV,

and for all u € D(A), Au = vlIAu.
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Theorem 2.5.5. The operator (A, D(A)) is the infinitesimal generator of an analytic
semigroup on VO . (€). Moreover we have D(AY/2) = V.

TL,Fd

Proof. The bilinear form associated with the operator A defined by

V(iv,p) e VXV, a(v,p)=v [ Vv:Ve,
Qo

is continuous and coercive, hence [10, Part 2, Theorem 2.2] proves that the operator A is
the infinitesimal generator of an analytic semigroup. For the second part of the theorem
we have, for all u € D(A),

ully, = (—Au,u) = H(_A>1/2u‘

Vo, (20)

By density, the previous equality is still true for u € V' which concludes the proof. [

We now want to study (2.5.1)) for weaker data using transposition method. The following
lemma, used to solved non-zero divergence Stokes equations, is needed to obtain weak
estimates on the pressure in Theorem [2.5.6

Lemma 2.5.1. For all ® € H}(Qp) the system

divw =@ in Q,

(2.5.11) w=0only, wy=0 onl,,

admits a solution w € H?({)) satisfying the estimate

Wiz ) < C Il g1 -

Proof. If ® has a zero average the result comes directly from [58, Chap II.2, Lemma
2.3.1]. This lemma gives the existence of a function w € H3(Qp) such that div w = .
In the general case, the idea is to find a pair (wq, ®¢) solution to , where ®( has
a non zero average, and to use it to come back to the previous framework.

Let 6 > 0 be the constant defined by in Theorem and p € C*°(R) be a non
zero non negative function compactly supported in (0, ). Let 6 € C*°(0, L) be such that
6 = 0 near 0 and 6 = 1 near L. Define wo(z,y) = (p(y)0(x),0)T for all (z,y) € Q.
The function wq is smooth and satisfies the boundary conditions in . Finally,
set ®o(z,y) = div wo(z,y) = p(y)0'(x) for all (x,y) € Qy and remark that &y € H{ (o)
and

1
/ p(y)0' (x)dxdy = / p(y)dy > 0.
Q 0

0

We look for a solution to (2.5.11) under the form w = w + cwq with ¢ = [ ®/ [o, Po.
The function w needs to satisfy

divw =@ — cdq in Qy,
w=0 Oan, @220 OHFLO.
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The function ® = ® — ¢®; is in H () and has a zero average. The existence of w
follows from [58, Chap II.2, Lemma 2.3.1]. To prove the estimate on w remark that

c<V 1(820)

Jo, @0 11l 52 (20 -

O]

Theorem 2.5.6. For all (f, g, h) € L%(€) x Hg(/)Q(FO) x HY2(T; ,) the solution (u, p)
of the equation (2.5.1]) satisfies the estimate

(25.12) a2y + Pl g-1(00) < CUR@200)y + I8l a2 mo)y + 1Rl 32, )))-

Proof. The fluid part estimate is similar to [55, Lemma A.3] using as test function the
solution (¥, 7), given by Theorem to
— VAW + V7 =¢, div ¥ =0 in Qy,

(2.5.13)
¥=0only ¥2=0and 7#=0 onl},,

with ¢ € L?(). Let us prove the pressure estimate. For all ® € H} () consider the
system

—vAv+Vqg=0, divv=2® in Q,
v=0onTy v2=0and ¢g=0 onI},.

Using Lemma and Theorem this system admits a unique solution (v,q) in
H?2(Q) x H'(Qp) which satisfies

(2.5.14)

IVIle2(a) + el @) < C IRl EL ) -

Using Green’s formula the following computations hold

0:/ (—vAv +Vgq)-u
Qo

=-—v Au-v—y/ u-(an)—l—u/ v-(Vun) + q(u-n)
Qo Qo 00 00

= f-v— Vp-v+u/ u-(Vvn)+ [ ¢(u-n)
890 FO

Qo Qo
:/ f-v+/ p<I>—/ h(v-n)—i—l// u-(an)+/ q(g-n),
Qo Qo Fi,o 890 1—‘0

and

/(mou-(an)Z/Fog.(an)—k/Fi’ou.(vvn)

= g P>(Vvn) +/ u101v1,
F() Fi,o
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where g = (0,9)7 and P, is the vectorial projection on the second component. As

01v1 + Ovg = ® and vy = 0 on I'; , we notice that djv; = P onI';, and as ¢ € H&(QO)
we obtain 0jv1 = 0 on I'; ,. Finally

[ 28| < Ol gy IVl + Wllgrm, oy vl
0
+ 8l a2 (royy 1P2(V V) g2 (rgy + I8l 3172y 1P2(@m)l[3172(0g))
< CUI gy + sy + Wellrsrae, ) 191y

which implies the pressure estimate. O

As for [55, Theorem A.1] we now define a notion of weak solutions for (2.5.1]). For (f, g, h)
in (H?(Q))" x (HY2(Ty))" x (H3/*(T;,))" consider the following variational formulation:

Find (u,p) € L?(Q9) x H~(Qp) such that

= (f,¥ , + (h, ¥ - S22
(2.5.15) /nou ¢ = (& W) w20, 12 00) T 0¥ M) 1/2r, ) 1321 )

—(g, (VW n)>(H1/2(Fo))’,H1/2(Fo) + (g, P2(7Tn)>(H1/2(F0))’,H1/2(F0)7

for all ¢ € L?(€) and (¥, ) solution of (2.5.13)), and
(2.5.16)

(P, ‘1)>H—1(QO),H5(QO) = - V>(H2(QO))',H2(QO) + (h,v- n>(H3/2(Fi,o))’,H3/2(Fi,o)
—(&, P2(Vvn)) (30/2(00)y 11/2(1g) + (8 P2(am)) (31/2(00)y 41 /2(1g)
for all ® € H{(Qp) and (v, q) solution of ([2.5.14)).

Theorem 2.5.7. For all (f,g, h) € (H*(Qp))’ x (H'/?(T))" x (H3/*(T;,))" there exists
a unique solution (u,p) € L*(Qp) x H~'(Qp) of (2.5.1) in the sense of the variational
formulation (2.5.15))-(2.5.16)). This solution satisfies the following estimate

(25.17) a2y + Pl g1 < CUR@200)y + I8l a2 o)y + 1Rl 32, )))-

Proof. See [55, Theorem A.1]. O

2.5.2 Unsteady Stokes equations

Consider the unsteady Stokes equations

w —vAu+Vp=f divu=0 in Qr,

0 b

u=gon Xy, u=0 on Xy,
(2.5.18) ’ T
uz =0 and p=0 on X7,

u(0) = u’ on Q.
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As for the steady Stokes equations, a nonhomogeneous boundary condition on the pres-
sure p = h in can be handled directly with a lifting, hence through this section
we assume that h = 0. We prove the existence and uniqueness of a solution to in
Theorem Then we transform to prove existence uniqueness and regularity
result when the Dirichlet boundary condition g is less regular (see Theorem . We
use this result to prove Lemma [2.3.2] Finally we specify the regularity result used in
the study of the fluid structure system in Theorem and we apply this result in
Lemma

Writing the equations satisfied by u — Dg and using standard semigroup techniques we
obtain the following theorem. Remark that the assumption u® — Dg(0) € V is equivalent
tou’ € V1(Qp), u’ = g on I'y and u3 = 0 on T,

Theorem 2.5.8. For all g € LQ(O,T;H%Q(FO)) N HY0,T; (HY*(y))), f € LYQr)
and u® € H'(Qy) satisfying the compatibility condition u® — Dg(0) belongs to V, the
equation admits a unique solution (u,p) € H>*(Qr) x L*(0,T; H'(Qp)). This
solution satisfies the following estimate

[ullg21gp) + 1Pl 220,780 (020)

0
< C(flu ||H1(QO) + ”gHLz(QT;Hgé?(pO)) + ||g/HL2(0,T;(H1/2(F0)))/ + Hf||L2(QT))'

We now want to study (2.5.18) for g € L?(0,T;£%(Tg)). We follow the approach of
[55]. The operator A, using extrapolation method, can be extended to an unbounded

~

operator A defined on (D(A*)) with domain D(A) = V2 1 (Q).

n,'g

Definition 2.5.1. A function u € L?(Q7) is called a weak solution to (2.5.18)) if ITu is
a weak solution to the evolution equation

(2.5.19) v’ = Allu + (—A)[IDg + IIf, Tu(0) = IIu°,
and (I — IT)u is given by

(2.5.20) (I—-T)u = (I-1)Dg in L*(Qr).

Remark that A = A* (the operator A is symmetric and onto from D(A) into V2 1 (Qp)).

TL,Fd
By definition to a weak solution for (2.5.19) (see [10]), ITu € L?(0,T, V%,rd(QO)) is

solution to (2.5.19) if and only if for all & € D(A*) = D(A) the map t — [ TTu- &
belongs to H'(0,7) and

d ~ ~
(2521) % o IIu-® = <AHu, (I>>ID(A)/7D(A)+<—AHDg, (I)>'D(A)’7'D(A)+<Hf7 @)’D(A)IV’D(A).
0

Using Green formula we compute the adjoint of the operator D.
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Lemma 2.5.2. For all f € L?(Qp) the adjoint operator D* of D is defined by
D*f=(—vVv+¢q)n
where (v, q) € H?(Qg) x H' () is the solution to
—vAv+4+Vg=1 divv=0 in Qq,
v=0only, v2=0 and ¢g=0 onI,.

Using that A =Aon D(A) the variational formulation (2.5.21]) becomes

d/ M- ¢ = Mu-A®+ | g-D*(-A)®+ [ IIf-®
dt QO QO FO Qo

= [ Hu-A®+ | g - (—vV®+¢)n,+ [ IIf- P,
Qo T'o Qo

with Vg = v(I — II)A®. The previous equality follows from the uniqueness of the
stationary Stokes system and the identity —vA® + v(I — II)A® = —A®P. Finally Iu is

a weak solution to [2.5.19|if and only if
(2.5.22) [Mu-¢ = Hu-A<I>+/ g (—vVo+q)n+ [ TIf-® for all ® € D(A).
Qo Qo FO Q0

We can now state a theorem analogue to [55, Theorem 2.3].

Theorem 2 5. 9 For all TTu® € V¢ r,(Q0), g € L*(0,T; L2(Ty)) and f € L*(Qr) the
equation admits a unique weak solution u in the sense Definition m This
solution satisﬁes the following estimate

(2.5.23)

||Hu||L2 0TV1/2 () + ||Hu||H1/4,5/2(0,T;Vo(90)) + (T - H)uHLQ(QT;Vl/Q(QO))

< C (HHU-O”VO () + HgHLz (0,T;£2(To)) + HHfHLz OTVO T (Qo))> 5 for all € > 0.
Proof. See [55, Theorem 2.3]. O

As in [55] we can prove that for g € L?(0,T; 7-[3/2( L)) NH(0,T;H/?(Ty)) a function
u is solution to (2.5.18)) in the sense of Theorem if and only if u is a weak solution
to (2.5.18))(in the sense of Definition [2.5.1)). The following theorem characterize the
pressure.

Theorem 2.5.10. For all g € L2(0,T; 12X (To)) N HY(0, T; (HY2(Ty))), £ € LA(Qr)
and u’ € H'(Qy) satisfying the compatibility condition u® — Dg(0) belongs to V, a pair
(u,p) € H>Y(Qr) x L*(0,T; H'(Qp)) is solution of (2.5.18) if and only if

IIu' = Allu + (- A)IIDg + IIf, u(0) = u’,
(I_H)u: (I_H)Dg7 pP=p—q+ps

where
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e g€ HY0,T; H(y)) is the solution to

. o 04 9q
(25.24) Ag=0in Qr, p=0 on X7’ g non 29, o =0 on X4
e p€ L*0,T; H(Qp)) is the solution to
2.5.25 Ap=0in Qr, p=0 on Zi’o, @ = vAllu-n on %%,
n

where vAllu - n is in L?(0,T; H=Y/?(I'y)) thanks to the divergence theorem.

e pr € L2(0,T; HY(Qp)) is given by the identity (I — IT)f = Vpy.

Proof. Writing u = ITu + (I — IT)u in Equation (2.5.18]), we have
u; — vAu+ Vp = ITuy + (I — IMMuy — vAllu — vA(I - ITu+ Vp = 0.

By definition of (I —II) there exists g € Hlll ,(€o) such that Vg = (I —I)u. Using the
condition div u = 0 and (I — IT)u = (I — IT) Dg we obtain that ¢ is solution to (2.5.24).
As g e H'(0,T;H /?(Ty)) the function ¢ belongs to H*(0,T; H*(Qo)).

The function ITu is solution to the equation
Mu; — vAllu+ Vp =0,

with p = p — vAq+ qt = p+ ¢. Taking the divergence of the previous equation and the
normal trace on I'y (which is well defined as AlTu is in L?(0, T; L?()) with a divergence
equal to zero) we obtain (2.5.25) and p € L?(0,T; H*(Q)). O

We conclude this section with a regularity result, coming from the interpolation of the
regularity results stated in Theorem and Theorem and an application to the
operator A defined in Section [2.3.3]

Theorem 2.5.11. For all g € L(0,T; H4(To)) N HY2(0,T; £2(Ty)), f = 0 and ITu® = 0,
the solution u to (2.5.19))-(2.5.20|) satisfies the estimate

||HuHH3/2_5,3/4_5/2(QT) < O(Hg||L2(O,T;H(1)(FO)) + ||g||H1/2(o,T;£2(p0)))a for all € > 0.

Lemma 2.5.3. The operator (Aj,D(A;)) is the infinitesimal generator of a strongly
continuous semigroup on H.

Proof. The first part is to prove that the unbounded operator (Zl, D(.Zl)), defined by

~

D(Ar) = {(Iu,71,7m2) € Vy, 1, (Q) x (H(s) NHG(Ls)) x H§ (s) | Iu—1Dy(n2) € V'}

n,l'q
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and
N A 0 (—A)IID,
A1=10 0 I ,
0 Aup 0N,

is the infinitesimal generator of a strongly continuous semigroup on V~! x H,. Here,
V1 is the dual of V endowed with the norm

Vi <<(—A)—1v, V>V,V1) v .

This proof is similar to [56, Theorem 3.5]. Then we consider the evolution equation

d ITu _ (IIu ITu(0) M’
(2.5.26) m [ =Am | [ mO) =] 7
t 0
72 72 12(0) 2

The solution to can be found in two steps. First we determine (11, 72) and then
ITu. We recall that (As, D(As)) is the infinitesimal generator of an analytic semigroup
on Hy (see [16]). Let (ITu® 7{,79) be in V! x Hy. Using [0, Chap 3, Theorem 2.2] we
obtain 1, € H*3/2(25) and 1y € HYY/2(%.). Now let us assume that (ITu®, 7?,79) € H.
We have to solve

(ITu)’ = Allu + (—A)IID4(n2), TTu(0) = Mu’.
We split this equation in two parts IIu = ITuy 4 ITuy with
(Muy)" = Allu; + (—A)IDs(n2), TTuy(0) =0,

and
(TTug)’ = Alluy, TTu(0) = M.

Using Theorem we remark that ITu; € H3/275’3/47€/2(QT). For ITug, [10, Chap
3, Theorem 2.2] shows that ITuy € L2(0,T; V)N H(0,T; V~1). Interpolation result [39,
Theorem 3.1] ensures that ITuy € C([0, T7; V%Fd(ﬂo)).

Hence (TTu,71,72) € C([0,T); H) and the restriction to the semigroup (e*1),cp+ to H
is a strongly continuous semigroup on H. Finally we can verify that the infinitesimal
generator associated with this restriction is exactly the operator (Ay, D(A1)). O

2.5.3 Elliptic equations for the projector Il

In this section we prove higher regularity result for an elliptic equation, which implies
the regularity result on the projector II given in Lemma [2.3.1
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Lemma 2.5.4. Let f be in H!(£)) such that f =0 on I';, and g be in H§é2(FO). Then
the elliptic equation

Ap=f in Qo,
dp _ ap

2.5.27 - 0y2y~1/2 2

( ) o =90+ (") 7Y% onToand o =0 on Ty,
p = 0 on Fi,o,

admits a unique solution p € H3(Qyp).

Proof. H? regularity far from the corners of € is obtained through classical arguments.
To prove the H?3 regularity at the corners, say along « = 0, we first perform a symmetry
with respect to z = 0 (step 1) and then a change of variables to transport the PDE on
(—L,L) x (0,1) (step 2).

Step 1: Using the notations of step 1 in the proof of Theorem for n?, Lo, £20,s and
g we define f, and g. by

f {fe:fin Qo, {ge:gin Lo,
e: . Ge : .

fE(xay) = _f(_may) m QO,Sa g€(m7y) :9(_3379) m FO,E\F0~
Assumptions on f and g ensure that (fe, ge) is in H'(Qp,) x H3/2(F07€). Define p,. by

pe = p in o,
pe = —p(—z,y) for all (z,y) € Qo s.

Pe -

Then p, € HQ(QO,E) and satisfies

Ape = fe in QO7
Ope 0\2\—1/2 Ope
o ge(1 4+ (n.)%) on I'g . and o 0 on (—L, L) x {0},

pe =0 on ({—L} x (0,1))UT,.
Step 2: Let Q. = (—L, L) x (0,1) and ¢ be the change of variables

QO,e — Qe7

e @)= (5 )

As in Theorem the function ¢ transports H3(Q.) to H3(€2). Hence it is sufficient
to prove the H? regularity after transport. Let J o be the Jacobian matrix of . Setting
e=poe ™ Jo= s fe oot and G(e,1) = ge(z,1 + n2(x)) the function p; is
solution to
(2.5.28) B
div(AVpe) = fe in Qe,
AVpe -n=g. on (—L,L) x {1} and A(z,2)Vpe-n =0 on (—L,L) x {0},
pe=0on ({—L} x (0,1))Ul,,
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where the matrix A = (4;;)i<ij<2 = \det(J¢)]_1J¢J£ is uniformly positive definite
symmetric with coefficients in W1 N H2.

Step 3: Deriving (2.5.28)) with respect to = shows that 0,p, satisfies (with 9, = 9, and
0o = 0,)

(2.5.29) div(AV(0:pc)) = O fe — F(A, pe),
with

F(A, pe) = (011411) 01pe + (01A11) O11pe + (011 412) Oape + (01 A12) O12pe
+ (012421) O1pe + (01A21) O21pe + (O12A422) Dape + (01 A22) D22pe,

in the sense of the distributions on 2. From here on, we localize near (0,1).

Step 4: We use a bootstrap argument. The first step is to find an L™ estimate on Vp,.
In the right hand-side of the least regular terms are under the form (011 A11) Oxpe
or (012422) 0,pe. Sobolev embeddings show that these terms are in L" for all 1 < r < 2.
Moreover the Neumann boundary condition involves 0;ge — (01A421) Oxpe — (01A22) 0, pe
where the least regular terms are traces of W' functions. Using the results of [2]
and [3] we obtain that d,p, is in W2". Then the embeddings W' ¢ W™ c L*®

with r* = % > 2 show that the terms under the form (811A411) O.pe are in L? and

(01A21) Bppe is in HY? (on the boundary). Moreover using the equation we
obtain that 9,.p, is in L and thus 0,p, € WL C L. Finally the right hand-side
is in L? and the Neumann boundary condition in H'/2? and thus 9,p, is H? near (0, 1).
For the regularity with respect to z we can use the equation and p, is H? in a
neighbourhood of (0,0).

Step 5: The strategy applies for (0,0). If we come back to the initial equation on the
domain €y we have proved that p is H? near I';. The same proof can be used for the
regularity near I', and finally p € H3(Q). O
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Chapter 3

Existence of time-periodic
solutions to a fluid—structure
system

3.1 Introduction

In this chapter we are interested in the existence of time-periodic solutions for a fluid—
structure system involving the incompressible Navier—Stokes equations coupled with a
damped Euler-Bernoulli beam equation located on a part of the fluid domain boundary.
This system can be used to model the blood flow through human arteries and serves
as a benchmark problem for FSI solvers in hemodynamics. When the system is driven
by periodic source terms, related for example to the periodic heartbeat, we expect a
periodic response of the system. In this article, we prove the existence of time-periodic
solutions for the fluid—structure system subject to small periodic impulses on the inflow
and outflow boundaries. The study of this fluid—structure model in a periodic framework
seems to be new.

For L > 0 consider the domain  in R? defined by € = (0,L) x (0,1). The different
components of the boundary 0§ are denoted by: I'; = {0} x (0,1), I', = {L} x (0, 1),
I'y=(0,L) x {0}, s =(0,L) x {1} and 'y = Ts UT; UT}. Let T' > 0 be a period of the
system, the domain of the fluid at the time 0 < ¢ < T is denoted by 2, ;) and depends
on the displacement of the beam 7 : I'y; x (0,T") — (—1,400). More precisely

QT](t) = {(1’,:[/) € RQ ‘ T e (07L)a O0<y<l1 +?7(.Z‘,t)},
Fn(t) = {($7y) € R® ‘ S (07L)a y=1 +77($7t)}'

For space-time domain we use the notations
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0 Ty L
Figure 3.1: Fluid—structure system.

25 =T, x (0,T), 8% =T; x (0,T), 23 =T, x (0,T), B4 =T, x (0,T),

20 =Ty x (0,T), %0 = |J Tyo x{th, @ = U Qu x {t}
te(0,T) te(0,T)

Consider the T-periodic fluid—structure system

w + (u-V)u—div o(u,p) =0, divu=0 in Q7,

u = e on L7,

u=w; on Egﬂ,

up =0 and p+ (1/2)|ul* = wy on X%,

u=0 on X%, u0)=u(T) in Q0)5

Mt — Blax — Vitzx + Wazax = — Iy €2 - U(U,p)\pw)nn(t) on X7,
n=0 and n, =0 on {0,L} x (0,T),

1n(0) =n(T) and 7:(0) = m(T) in T,

where u = (u1,u2) is the fluid velocity, p the pressure, n the displacement of the beam
and

(3.1.1)

o(u,p) =—pl +v(Vu+ (Vu)T)7
1 [ (1)
() = Ty < 1 ) )

with J,q) = 1+ n2. The constants 3 > 0, v > 0, « > 0 are parameters relative to
the structure and v > 0 is the constant viscosity of the fluid. The periodic source terms
(w1,ws) play the role of a ‘pulsation’ for the system and can model the heartbeat.

The fluid-structure system (3.1.1) has been investigated with different conditions on the
inflow and outflow boundaries:
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(DBC) homogeneous Dirichlet boundary conditions.
(PBC) periodic boundary conditions.

(PrBC) pressure boundary conditions.

For (DBC), the existence of strong solutions is proved in [9, 37, [56]. The first result,
stated in [9], is the existence of local-in-time strong solutions for small data. This result
is then improved in [56], where the stabilization process directly implies the existence
of strong solutions, on an arbitrary time interval [0,7] with 7" > 0, for small data.
Finally, in [37], the existence of strong solutions for small data and of local-in-time strong
solutions without smallness assumptions on the initial data is proved. As specified in
[15], the strategy developed in [37] works for zero (or small) initial beam displacement.
This difficulty, purely nonlinear, was solved in [I5] and more recently in [29].

For (PBC), the existence of global strong solutions without smallness assumptions on
the initial data is proved in [2§]. For a wide range of beam equations, depending on
the positivity of the coefficients 3, ~, «, the existence of local-in-time strong solutions
without smallness assumptions is proved in [28], 29].

The third case (PrBC) is introduced in [49] where the existence of weak solutions is
proved. We investigated, in Chapter [3], the existence of local-in-time strong solutions
without smallness assumptions on the initial data, which includes non-small initial beam
displacement, and the existence of strong solution on [0, 7] with 7' > 0 for small data.

Here we are interested in the existence of time-periodic strong solutions. The term
‘strong solutions’ is related to the spacial regularity of the solution, which is typically,
for the fluid, H?. In the semigroup terminology of evolution equations, the solutions
considered in [9, 28, 29, 37, (6] correspond to strict solutions in L? (see Definition
m in the appendix). Motivated by the stabilization of in a neighbourhood
of a periodic solution, we prove the existence of a time-periodic strict solution in C°
for with Holder regularity in time. Our result can be directly adapted for the
boundary conditions (DBC)—(PBC)—(PrBC). The Dirichlet boundary condition on the
inflow is motivated, once again, by stabilization purpose.

Let us describe the general strategy to construct a periodic solution for (3.1.1]). First, we
perform a change of variables mapping the moving domain €2, into the fixed domain (2.
We then linearize and we rewrite the coupled system as an abstract evolution equation
driven by an unbounded operator (A, D(.A)) in Section We prove that (A, D(A)) is
the infinitesimal generator of an analytic semigroup and that its resolvent is compact. At
this stage we use the abstract results developed in the appendix to ensure the existence
of a time-periodic solution for the linear system. Finally, we study the nonlinear system
in Section with a fixed point argument in the space of periodic functions. The main
theorem of this chapter, where the notation § denotes time-periodic functions, can be
formulated as follows.
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Theorem 3.1.1. Fix 6 € (0,1) and T" > 0. There exists R > 0 such that, for all
T-periodic source terms

(wi,we) € (€410, T); HY (D) N ¢ (0, T HTV2(T0)) ) x (10, 7] H'2(T,)),
satisfying
leHC?([O,T];HS/Q(Fi))ﬁ0;+‘9([07T};H71/2(Fi)) + ||w2||Cg([O,T];H1/2(FO)) <R,

the system (3.1.1)) admits a T-periodic strict solution (u,p,n) belonging to (after a
change of variables mapping €2, ;) into )

e ue (0, T); H*(Q) NC([0, T L*(Q)).
e peCl([0,T); H(2)).

e 1 €C([0,T); HTs) N HF(T's)) NC/H([0, T); H3(Ts)) N C;H0([0, T); L*(Ts)).

The functional spaces are introduced in Section [3.1.2l In the appendix we present
existence results for time-periodic abstract evolution equation. For a periodic evolution
equation
{y’(t) = Ay(t) + f(t), for t € [0,T7,
y(0) = y(T),

with 7" > 0, the existence of a solution is related to the spectral criteria 1 € p(S(T))
where (S(t))¢>0 is the semigroup associated with A. This simple criteria follows from
the Duhamel formula and is well known. It is stated, for example, in [20, [19] for 7-
periodic mild solutions and in [40, 41] for strict solutions in C° with Hélder regularity
in time (and for time-dependent operator A(t)). Our approach, however, specifies the
different regularities that we can expect on the periodic solution, depending on the
source term f. We also provide explicit conditions on the pair (A,T") to ensure that
the spectral criteria is satisfied. Remark that the previous results always assume that A
is the infinitesimal generator of an analytic semigroup. For abstract periodic evolution
equations with weaker assumptions on A we refer to [13].

Let us conclude this introduction with a brief history on the existence of time-periodic
solutions for the Navier—Stokes equations. This question was initially considered in 1960s
in [31, 53, 54, 57]. In particular, in [31) 53] 54], the authors obtained a periodic weak
solution by considering a fixed point of the Poincaré map which takes an initial value and
provides the state of the corresponding initial-value problem at time T'. The existence of
strong solutions for small data is proved in [32] in 3D and without size rectriction in [59]
in 2D. For more recent results with non-homogeneous boundary conditions see [33], [48].
The existence theory for the periodic Navier—Stokes equations in bounded domain is now
as developed as the existence theory for the initial value problem. For unbounded domain
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the question is still delicate and was investigated, with zero boundary conditions at the
infinity, in [25] 26], B35, 45l [46], 61]. For further references on the existence of periodic
solutions for the Navier—Stokes equations we refer to [36].

The method developed in this chapter corresponds to the Poincaré map approach, ap-
plied on the whole coupled fluid—structure system. Note that the periodic solution ob-
tained for the Navier—Stokes equations is usually unique. Here the free boundary makes
the analysis of the uniqueness more complicated. For instance, we cannot considered the
difference of two periodic solutions in their respective time-dependent domains, which
may be different. The difference has to be taken after a change of variables mapping
both periodic solutions in the same domain. In that case, energy estimates are difficult
to obtain due to the higher order ‘geometrical’ nonlinear terms. The uniqueness question
remains an open question in our work.

3.1.1 Equivalent system in a reference configuration

To fix the domain we perform the following change of variables

e —
(3.1.2) To(t)'{(x,y) %(:v,z)Z(%#@:,t))‘

Setting Qr = Q% (0,T), t(x, 2,t) = u(Ty *(t)(x, 2), t) and p(x, z,t) = p(Ty ' (t)(z, 2), 1),
the system (3.1.1)) becomes
0 — vAtu+ Vp = G(1,p,n), divi=divw(l,n) in Qp,

v
0 = e on X7,

2 =0 and p+ (1/2)[0)* = wo on %4,

=0 on X%, @(0)=1a(T) on N

Nt — Bez — Vtwe + WNzzzz = P — 2002, + ¥(G,7) on X7,
n=0 and 1, =0 on {0, L} x (0,7

n(0) = n(T) and n(0) = n(T) in T,

(3.1.3)
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with

G(ﬁvﬁa 77) = _nﬁt +

,'72
e + vz <1fn _nxx>] 0,

2,.2
N N z /N
—22n,0g> + Ny + Muzz
1+7n

- Zn]amel - (1 + n)ﬁlﬁx + (znxﬁl — 'ELQ)ﬁz,

+v + zn2p-e1

A

w(d, n] = —nlier + 2t e,

2
N Nz . . Nz — 21 .
W p— I .
(u7 77) v <1 + nul,z + Nz U2 1+ 1 uQ,z)

We first study the linear system associated with (3.1.3) and then use a fixed point
technique to prove the existence for the nonlinear system.

3.1.2 Function spaces

To deal with the mixed boundary conditions introduce the spaces

VO (Q)={vel?Q)|divv=0inQ,v-n=0on T4},

n,l'y
and the orthogonal decomposition of L?(Q) = L?(€, R?)

L*(Q) = Vi 1, (@) @ grad Hy (9),

n,Fd
where Hl (Q) = {u € H'(Q) | u = 0onT\,}. Let II : L*(Q) — V) 1 () be the so-
called Leray projector associated with this decomposition. If u belongs to LQ(Q) then
ITu = u — Vpy — Vgu where py and ¢ are solutions to the following elliptic equations

pu € HY(R), Apy =divue H1(Q),

Iqu
Gqu € H%O(Q), Agy =0, c")iqn =(u—Vpy) nonly ¢g,.=0 onT,.

(3.1.4)

Throughout this chapter the functions and spaces with vector values are written with a
bold typography. For example H?(Q) = H?(,R?). As in Chapter [2and using the nota-
tions in |38, Theorem 11.7], we introduce the space Hg’gQ(FS) = [H§(Ts), H3(Ts)]1/2- This

space is a strict subspace of HS’/Q(FS) = H32(I's) N H{(T). 0Odd and even symmetries

preserve the H*-regularity for functions in H¥(T's) with k = 1,2, thus, by interpolation,
the H3/2-regularity is also preserved for functions in HgéQ (T's). This property is used in

Chapter 2] to handle the pressure boundary condition.

For the boundary condition on the inflow, we use the results developed in [47] for elliptic

equations in a dihedron. In our case, the angle between I'; and T'sp is equal to 5. If
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w (resp. g) denotes the boundary condition on I'; (resp. I's), the Laplace and Stokes
equations possess solutions with H2-regularity near Co,1 = (0,1) provided that the data
are regular enough and that the compatibility conditions w(Cp1) = g(Co,1) is satisfied.
To ensure these conditions, the non-homogeneous boundary condition on I'; is chosen in
Hg/ 2(Fi). Consider the Stokes system

—vAu+Vp=1_f divu=0 in €,
u=0only us=0and p=0 on [,.
The energy space associated with is
V={uecH(Q)|divu=0inQ, u=0on Ty, up =0 on T,}.

The regularity result for (3.1.5) is similar to Theorem and we define the Stokes
operator (Ay, D(As)) in VO 1 (Q) by

n,lq

(3.1.5)

D(A,) = H3(Q) NV, and for allu € D(A,), Asu = vIIAu.

We also introduce the space V*(Q2) = {u € H*(Q) | div u = 0} for s > 0. To describe
the Dirichlet boundary condition on I'g set

£3(0) = {0} x L*(T), Hh*(Ts) = {0} x Hop*(T's),
H¥(Ts) = {0} x H*(Ts), Hy(Ts) = {0} x Hj(T's) for k > 0.
For x > 0, the dual space of H"(T's) with £2(I's) as pivot space is denoted by (H"(Ts))’.
For space-time dependent functions we use the notations introduced in [39]:
L*(Qr) = L*(0, T517(Q)), HM(Qr) = L*(0, T; HP(Q)) N H'(0, T3 1L*(2), p.g > 0,
L*(2f) = L*(0, T5 L*(Ty)), HP(3) = L*(0, T; H(Ty)) N H(0,T; LA(Ts)), p,q > 0.
If X is a space of functions and p > 0 we set
Cﬁp([O,T]; X) = {vo,r) | v € C°(R; X) is T-periodic},
HE(0,T; X) = {vjjo,r) | v € Hf,.(R; X) is T-periodic}.

3.2 Linear system

3.2.1 Stokes system with non-homogeneous mixed boundary condi-
tions

In this section we consider the Stokes system

Au—vAu+ Vp=f divu=0in €,
(3.2.1) u=gonl,, u=w onT},
ug =0 and p=0on T, u=0 on I},
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with A € C, f€ L}(Q), g € Hgé2(Fs) and w € Hg/Q(Fi). The following lemmas provide
suitable lifting of the non-homogeneous Dirichlet boundary conditions on I'y and T';.

Lemma 3.2.1. There exists 5 € E(Hg(/)2(FS),H2(Q)) such that, for all g € HSéQ(FS),
w = &y (g) satisfies

divw =0 in ,

(3.2.2)
w=gonly,, w=0onI';UIy, wy=0o0nT,.

Proof. The idea to solve (3.2.2)) is to use a Stokes system with Dirichlet boundary con-
ditions on an extended domain. We set Q. = (0,2L) x (0,1), I's. = (0,2L) x {1},
I'ye =(0,2L) x {0}, ', = {2L} x (0,1) and

AL g:gOH(O,L)X{l},
& g(z,1) = —g(2L — z,1) for z € (L,2L).

Thanks to the properties of the space Hgé 2 (T's) with respect to symmetries, the function

gisin HgéQ(Fsve). Moreover, it has a zero average by construction. Consider the Stokes
system

—VvAv+Vqg=0, divv=0 in .,

3.2.3
( ) v=gonls, v=0 ondQ.\ ..

This system admits a unique solution (v, q) € H?(Q) x H' () (see for example [47];
note that one could not find w directly by solving (3.2.3]) on €2, since g does not neces-
sarily have a zero average on I'y, contrary to g on I'y .. We introduce the function

vs(z,y) == (é _01> v(2L — z,y) for all (z,y) € Q..

The function v, € H?(€,) still satisfies

div vy = 0 in €.,

vi=gon ., vi=0o0n 00 \ I,

and v := ¥H¥s verifies 09(L,y) = 0 for all y € (0,1). The restriction to Q of ¥ is solution
to (3.2.2)). The linearity of the mapping g — w is obvious from the construction above,
and its continuity (that is, an estimate [[W|gzq) < C ||gHH3/2(F )) follows from the
00 S
classical estimates for the Stokes system with Dirichlet boundary conditions. O

Lemma 3.2.2. There exists ®; € E(Hg/Q(Fi),HQ(Q)) such that, for all w € Hg/Z(Fi),
w = ®;(w) satisfies
divw =0 in €,

(3.2.4)
w=wonl;,,w=0onIT';UTl, wo=0o0nT,.
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Proof. Once again we construct w by solving a Stokes system with Dirichlet boundary
conditions. First, we have to compensate the non-zero average of w - n on I';. Consider
the function w™ € 7—[3(/)2 (T's) defined by

w (z) = —}i(ii (/Flw . n) ey, Vze(0,L),

where ¢ € C5°(T's) satisfies [ ¢ # 0. Consider then the system

—vAv+Vqg=0, divv=0in {,

v=wonly,,v=w only, v=0onT,UT,.

Using [47], we obtain a solution (v,q) € H?*(Q) x H'(Q) to this system. Finally
w = v — & (w™) satisfies (3.2.4). Once again, the linearity of ®; : w +— w is trivial
by construction, and its continuity follows from the classical estimates for the Stokes
equations with Dirichlet boundary conditions, and from the construction of w™. ]

We can now specify the regularity results for (3.2.1]).

Theorem 3.2.1. For all (£, g, w) € L2(Q) x H,2(Ty) x HY2(T;), (B-2.1) admits a unique
solution (u,p) € H*(Q) x H'(Q) which satisfies

Ity + Il < CULL2() + Il + 1@l

Proof. Consider v =u — ®4(g) — ®;(w). The pair (v,p) is solution to

AW —vAv+Vp=1f divv=0inQ,
v=0onTIy us =0 and p=0on I,

with £ = f4+vA®D,(g) + vAD;(w) — AD,(g) — A®;(w) € L2(Q). The H2-regularity of v in
a neighbourhood of T'; is well known for Stokes with homogeneous Dirichlet conditions.
The lower order term Av does not impact the regularity of the system and can be
dealt with a bootstrap argument. The regularity on a neighbourhood of I',, is proved in

Theoremm Hence, (v,p) € H?(Q) x H'(Q), and thus (u,p) € H3(Q) x H'(Q) with
the desired estimates. O

We introduce the lifting operators:

o L€ L(HIAT,), HX(Q) x HY(Q)) defined by

L(g) = (L1(g), L2(g)) = (W1, p1),

where (w1, p1) is solution to (3.2.1)) with (f,g,w) = (0,g,0) and A = 0.
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o Lr, € L(HY*(T;), HX(Q) x HY(Q)) defined by
Lr,(w) = (Lr,1(w), Ly, 2(w)) = (W2, p2),
where (wg, p2) is the solution to with (f,g,w) = (0,0,w) and A = 0.
e Lp, € L(HY?(T,), H(Q)) a continuous lifting operator.

In order to express the pressure, we also need the operators:

o N, € E(Hgé2(Fs),H3(Q)) defined by Ng(g) = p1 with

Ap; =0 in Q,

0

% =g-n on [,
(3.2.5) 8“

% —0 onT;UTY,

p1 =0 on I,

e N, € L(H*(Q), H'(Q)) defined by N,(u) = py with

Aps =0 in Q,

0

P2 _ JATlu-n on Ly,
n

p2 =0 on I',.

o N, € L(L*(Q), H] (Q)) defined by N,(f) = pg with (I — II)f = Vp;.

Lemma 3.2.3. The operator N, can be extended as follows:

o N, € LMY, L3(Q)).
o N, € L(HVA(T,), HY ().

Proof. The first result is obtained by duality. The second follows from interpolation
techniques. O

To prepare the matrix formulation of the fluid—structure system, we recast the Stokes
system in terms of ITu and (I — IT)u.

Theorem 3.2.2. Suppose that w = 0 and (f,g) € L*(Q) x HgéQ(Fs). A pair (u,p) is
solution to (3.2.1)) if and only if

Allu — AgITu + AL, (g) = IIf,
(3.2.6) (I —)u = VN,(g),

p = —ANs(g) + No(ITu) + Ny (f).

74



Proof. Remark that u — Li(g) belongs to D(A;,) and

(3.2.7) —vIlAu = —vIIA(u — Ly(g)) + vIIAL(g)
= _Asﬂ(u — Ly (g)) = —AsIlu + AGIILy (g)

In the previous identities we have used the extrapolation method to extend A; as an
unbounded operator in D(A*)" with domain V2. (Q). Applying II on the first line of

TL,Fd
(3.2.1) we obtain
AMIu — vIIAu = IIf,

which, using (3.2.7)), provides the first line in (3.2.6). The second line follows directly
from the elliptic equations (3.1.4]) used to compute (I — IT)u. Finally the pressure is
obtained by applying (I — II) to the first line of (3.2.1]). O

3.2.2 Beam equation

Let (Aq g, D(Aq ) be the unbounded operator in L?(I's) defined by D(A, 5) = H4(Ts)N
HE(T,) and, for alln € D(Ang)s Ao pN = Pze—Ngzre. The operator A, g is self-adjoint
and is an isomorphism from D(A, 5) to L*(I's). It can be extended by duality as an
isomorphism from L?(Ts) to D(A4p) and, using interpolation, A, 5 € L(HT/?(Ts) N
Hg(Ty), H2(Ly)).

The space H3(Ts) is equipped with the inner product

(m, k1>H§(FS) = /r (—Aa,ﬁ)l/Qm(—Aa,g)l/gkl.

s

The unbounded operator (Ap, D(Ap)) associated with the beam, in H, = HZ(Ts) x
L?(Ty), is defined by

D(Ay) = (HY(T's) N H (L)) x H§(Ts) and A, = (ASB 7&) :

Theorem 3.2.3. The operator (Ap, D(Ap)) is the infinitesimal generator of an analytic
semigroup on Hp.

Proof. See [16]. O

3.2.3 Semigroup formulation of the linear fluid—structure system

Consider a period 7' > 0. Set 6 € (0,1) and

(wi,wn) € (CF(10, T H () N e ([0, T HTYA(1y) ) x ([0, T]; HYA(D,)).
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For (£,0,h) in CJ(0, T;L*(Q)) x C{([0,T]; H'/*(T',)) x €{([0,T]; L*(T's)) and
w e C/ ([0, T); L2(Q)) N ¢ ([0, T); H () NHy(Q)),
consider the following linear system
w —vAu+Vp=f divu=divw in Qr
u=r1ne on Xy u=wp on E%,
ug =0 and p=wy + O on X7,
(3.2.8) u=0 on X%, u(0)=u(T) in Q,
Nt — BNwx — Vtwz + WNzgs = p — 20Uz, + h in X7,
n=0 and 1, =0 on {0,L} x (0,T),
n(0) =n(T) and 7:(0) = m(T) in T.
For a scalar function 7 defined on I's we use the notation Li(n) = Li(ne2). We look
for a solution to (3.2.8) under the form (u,p,n) = (v,q,n) + (W + Lr, 1(w1), Lr, (w2) +
Ly, (©) + Lr, 2(w1),0) with (v, g,n) solution to
vi—vAv+Vg=F, divv=0 in Qp,
v =1e2 on X3, v=0 on ZiT,
vy =0and ¢ =0 on X%,
(3.2.9) v=0 on X%, v(0)=v(T) in Q,
Nt — Blaz — Vtwz + Mpzee = ¢+ H in X7,
n=0 and n, =0 on {0,L} x (0,T),
1n(0) =n(T) and n:(0) = m(T) in T,

where F' = f—w;+vAw—0,Lr, 1(w1)—VLr, (w2)—VLr, (0) and H = wy .+ L, 2(w1)+
LFO(OJQ) + LFO(@) + h.

Theorem 3.2.4. Suppose that 7, € cﬁl+9([0, T); L*(T's)) N C{([0,T); H3(T's)). A pair
(32.10)  (v,g) € (¢}*7(0, T LA() nef ([0, T} HA(2))) x ¢f ([0, T]; H' ()
obeys the fluid equations of (3.2.9) if and only if

IIv; = AJlv — ALy (1), v(0) = v(T),
(3.2.11) (I — v = VN, (1),
q = —Ns(ne)e + No(Ilv) + Np(F).

Proof. A pair (v,q) as in (3.2.10)) is solution to the fluid equations in (3.2.9)) if and only
if
—VvAv+Vqg=F — vy, divv=0in Qr,

v =1ey on X3, v=0 on X%,

vy=0 and ¢g=0o0n %%, v=0 on X5.
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Apply then Theorem to conclude. O

Introduce the space
H =V, (Q) x H3(T,) x L*(T,),

n,Fd

equipped with the inner product
((w,m1,m2), (v, €1, G2))m = <u7V>L2(Q) + (U17C1>Hg(rs) + (2, C2) 2(ry)-

Owing to Theorem System (33.2.9)) can be recast in terms of (ITv,n,n:):

p IIv IIv Iv(0) IIv(T)
|| =A [ TFE | 00) [ = ) |,
(3.2.12) Nt Nt n:(0) ne(T)

(I = )v = VNs(n),
q = —Ns(m)t + No(Ilv) + Np(F),

where

a
F= 0 ,
(I + Ng)~'(Np(F) + H)

and A is the unbounded operator in H defined by

D(A) = {(Ilv,n1,1m2) € V5,1, (Q) x (H'(Ts) N HG(Ls)) x H§(Ts)

n,Fd
[IIv — I1Ly (1) € D(As)},
and
I 0 0 As 0 —AJILy
(3.2.13) A=10 I 0 0 0 I ,
0 0 (I—FNS)_1 N, Aup 0N,
with Ag = 0.

3.2.4 Analyticity of A

The unbounded operator A has already been studied, with small variations related to
the boundary conditions, in Chapter

Theorem 3.2.5. The operator (A, D(A)) is the infinitesimal generator of an analytic
semigroup on H. Moreover, the resolvent of (A, D(A)) is compact.
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Proof. We write A = A; + Ay with
Ag 0 —AJIL;

Al - 0 0 I )
0 Anp  OA,
0 0 0
Ay = 0 0 0 ,

(I+Ny)™'Ny, KAnp KA

where K = (I + Ng)~! — I. We start with the resolvent of A;. Let A\, € R be such that
{AeC|Re A >N} C p(Ap). For A € C such that Re A > )y, consider the system

Au—vAu+ Vp=F;, divua=0 in Q,
u=r19ey; only, u=0 on I},
ug =0and p=0 on I'y,

(3.2.14) u=0 on I},
A —n2 = Fy on Iy,
A2 = B gz — V2,02 + O gaze = F3 on X7,
m =0 and =0 on {0,L} x (0,T),

for (Fy, Fy, F3) € H. This system is triangular: the beam equation can be solved first,
and its solution used then to solve the Stokes system. The assumption on A ensures the
existence of (n1,72) € (HYT's) N H3(Ts)) x HZ(T's) solution to the beam equations and
such that

1Ml ynmz e + Im2llgze,y < CUFRl g2,y + 1E3l L2(0,))-

The Stokes system can then be solved, and we find (u, p) € H*(Q) x H*(Q) solution to

(3.2.14), , such that

lallg @y + 1Pl ) < Cllmllapqe, + I1F @)
< CI iy + 1Bl gz + 1F5l e,y

System (|3.2.14]) is equivalent to

ITu ITu F
AMm | =Am [+ ]| F,
72 72 F3

(I = Mu = VNy(n2),
b= _)\NS(TIQ) + Nv<Hu)7

and the reasoning above shows that {\ € C | Re A > A} C p(A1). The resolvent
estimates on A; are similar to Theorem and (A;, D(A;1) = D(A)) is sectorial. Using
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a similar technique as in Lemma we prove that (Ap,D(A;)) is the infinitesimal
generator of a strongly continuous semigroup on H. Finally, the previous properties
imply that (A;, D(A;)) is the infinitesimal generator of an analytic semigroup on H.

As in Theorem the term Ay is Aj-bounded with relative bound zero. Using
[52, Section 3.2, Theorem 2.1], we thus obtain the analyticity of (A, D(A)). The Rellich
compact embedding theorem ensures that D(.A) <% H and the resolvent of A is therefore
compact. ]

3.2.5 Time-periodic solutions of the linear system

In this section we apply the existence results of periodic solutions developed in the

appendix to the system (3.2.8]).

In the appendix, we prove the existence of time-periodic solutions for abstract evolution
equations y'(t) = Ay(t) + f(t) under the assumption (3.4.4). This assumption is a
restriction on the period T of the system depending on the eigenvalues of A lying on the
imaginary axis. Here, this condition does not restrict the choice of T" as we are able to
prove that all the non-zero eigenvalues of A have a negative real part. Indeed, let A € C
be a non-zero eigenvalues of A and (ITu,n;,n2) € D(A) be an associated eigenvector.
The system

ITu ITu
Mo | Al m | =0,
12 2

is equivalent to
Au—vAu+Vp=0, divu=0 in Q,
u=1me only, u=0 on I},
ug =0 and p=0 on I,

(3.2.15) u=0 on I,
Anp —n2 =0 on T,
A2 — BN1ze — VN2,20 + 0N gzee = P on Ly,
m =0 and i, =0 on {0,L},

with u = TTu 4+ VNs(n2) and p = —ANs(n2) + Ny(ITu). Multiplying the first line of
(3.2.15) by u (the complex conjugate of u) and integrating by part we obtain

A 1al 4w [ (val+ [ pm =0
w Q Ty

Then, multiplying the second line of the beam equation by 75, using the identity An; = 2
and integration by part we obtain

/ Py = /\/ Im2|? +5X/ [ +7/ n2.0/? +04X/ 72|
T Ts s Ts T's
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Combining the previous energy estimates we obtain

M [re s [mP] R [ e s a [ me?| +o [ [9uR s [ <o
Q I's Iy s Q I's

Taking the real part of the previous identity we deduce that Re A < 0. It is easily
verified that 0 ¢ o, (A) (recall that 0,(A) = o(A) as the resolvent of A is compact) and
we can apply Theorem to solve the linear system ([3.2.12)) without restriction on
the period T. Let W be the set defined by

W = ¢ (0, T LA(9)) x (¢f0(0, T); LA(9)) N ¢f ([0, T); HA(Q) N H(92)) )
x C{([0,T); HY*(T,)) x ¢ ([0, T]; L*(Ts)).
The regularity space for the beam is denoted by
Cheam = C{ ([0, T]; HY(T's) N HE(Ts)) N CH([0, T1; Hy (Ts)) N C;H0([0, T); L2 ().

Theorem 3.2.6. For all T > 0 and (f,w,0,h) € W, (3.2.8) admits a unique periodic
solution

(u,p.) € (C ([0, T LA(Q)) N ([0, T HA(Q)) ) x ¢ (10, T); H'(2)) % Che

Moreover (u(0),n(0),n:(0)) is given by

IIv(0)
u(0) =IIv(0) + VN4(1:(0)) + w(0) + L, 1(w1)(0) and | 7(0) | = Puf,
1:(0)
where Py is defined in Lemma Finally, the following estimate holds
Hu"C;*"([O,T};Lz(Q))ﬂC,‘f([O,T];Hz(Q)) + Hp|’c§([07T1;H1(Q)) t HHHC{feam
(3.2.16) =Cp { leHC’?([O,T};Hg/z(I‘i))mcﬁe([o,T};H*l/Q(I‘i)) T ”w?”C?([O,T];Hl”(Fo))

+ 1w, 0, 0)lw |-

3.3 Nonlinear system

In this section we prove the existence of classical solutions for the nonlinear system ([3.1.3])
using a fixed point argument. Without additional source terms in the model, here given
through the inflow and outflow boundary conditions, the solution obtained with the fixed
point procedure is the null solution. Hence, in what follows, the pair (wi,ws) is assumed
to be non trivial, eventually small enough, and represents the ‘impulse’ of the system.
The period T of (w1, ws) determines the period of the whole system.
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LetTERJ“\{ZIfT”|kEZ,OngNA}beaﬁxedtimeand

(wi,we) € (€10, T): HY (D) n ¢ (0, T HTV2(T0) ) x ([0, T): H'*(T)).
Consider the Banach space X defined by
x = (C((0, T LA(2)) N ¢f([0, T HE()) x €410, TT: H' () X Clrg

and

B(R.j) = {(wp,m) € X| [(wpn)ly < B [(@+m)7"), < i},

([0,T]xT)

with R > 0 and p > 0.

Theorem 3.3.1. Let R > 0, > 0 and (u,p,n) € B(R, ). There exists a polynomial

Q € RT[X] satisfying Q(0) = 0 and a constant C(u) > 0 such that the following
estimates hold

1 (G(u,p,n), w(u,n), (1/2)[ul?, ¥(u,n)) lw < C(0)Q(R) [|(a,p, )|l ,

=:F(u,p,n)

and for (w;,p;,m;) € B(R,pn) (1 =1,2)

(331> HF(ul,Plﬂh) - F(uQap27n2)”W < C(M)Q(R) H(ulaplanl) - (u27p27772)HX

Proof. The nonlinear terms (G(u,p,n),w(u,n),(1/2)[ul?, ¥(u,p)) were already esti-
mated in Theorem [2.4.1] with explicit time dependency for Sobolev regularity in time.
Here the time dependency is straightforward as all the functions involved in the estimates
are Holder continuous and 7' is fixed. For example:

In(t)we(ty) — n(t2)ue(t2)llLzq)
[maelleo o,z )y = IImelle o2y + Sup i = f]f v

and the following estimates hold

Imaelle o,y < Inlleqo,ryzee o) 1atlleqo ez )

In(t1)ue(tr) — n(t2)ue(t2)ll2 o
sup 7
t1#t2 [t — t2]

In(t1) — n(t2)ll Loor,) [l (t1) — wi(t2)llp2(q)
TRSNT It lle o,z + Sup TRSEAL Inlle om0 ()

< su
t1#£t2

< nlleo o, 77; 000y 10elleqo,minziy) + Ielleo o, mn2e) IMlleqo ;oo .y

<2 ”77”69([0,T];H4(FS)) ||utHC9([0,T];L2(Q)) .
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The other ‘ball” estimates and the Lipschitz estimates (3.3.1]) are obtained through the
same techniques using the following Sobolev embeddings
1nlleofo,13;200 00y + IMelleo o,1psL00 0y F 12z lleo o100 02y + M2z lleo o700 ()
limelleo o, ryzoe iy + Imizlleo ooy < Clinlleo qorsmarapnerso oz -

Finally remarks that all the nonlinear terms are at least quadratic and thus are bounded
by [|(w,p,n)||% for a > 2. Writing ||(u,p,n)||% < R*7L||(u,p,n)| v, with @ —1 > 1,
concludes the proof. O

For R > 0 and p > 0 introduce the map

B(R, — X,
(3.3.2) F: { (.11 o
(w,p,n) (0", p*, "),
where (u*, p*,n*) is the solution to (3.2.8) with right-hand side

(f,w,0,h) = (G(u,p,n), w(u,n), (1/2)[uf*, ¥(u,n)).

Theorem 3.3.2. There exists R* > 0 and p* > 0 such that for all
3/2 —
(wi,w2) € (CZ([0,T1; Hy (o)) N ¢ ([0, T H- V(1)) x ¢f([0,T]; HY2(T,)),

satisfying

R*
leHC,?([O,T};Hﬁ/Q(Pi))mc;“’([o,T];H*1/2(ri)) + szHcg([o,T];Hlm(ro)) < 20,

where C7, is the constant involved in (3.2.16)), system ([3.1.3) admits a unique solution
(u,p,n) in the ball B(R*, u*).

Proof. Let Ry > 0 and p* > 1. In order to ensure that the map F is well de-
fined from B(R*,p*) into itself (with R* to be defined) we control the estimate on
(1 + 77)_1||C([0,T]xrs) with the parameter R;. Precisely, for all (u,p,n) € B(Ry, u*), the
following estimate holds

nlleqo,r1xr,,r,) < CooRa,

with Cx > 0 a positive constant. Then we choose Ry < g?_#l* and for all (u,p,n) €
B(R2, 1*) the following estimate holds

_ 1
H(l +) 1HC([O,T}><F5,FS) = 1—CxRo

The linear estimate [3.2.16| implies that, for all (u,p,n) € B(Rs, p*),

*

< ut.

H}—(uapm)Hx < CL(le"Cg([O,T];HS/Z(Fi))ﬂC;+9([O,T];H_l/z(l"i)) + HwQHC?([O,T];Hl/Q(Fo))

+ C(p")Q(R2) [[(w,p, )l )
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We choose 0 < R* < Ry such that C'(p*)Q(R*) < min(ﬁ, 3). Finally choose (w1, ws)
such that
R*

H“’lHcg([o,T};H3/2(ri))mcﬁl“’([o,T];H—W(ri)) + ||W2Hcg([07T];H1/2(Fo)) = 201"

At this point we proved that F is well defined from B(R*, u*) into itself. Moreover, using
(3.3.1)), the Lipschitz estimate

H]‘_(Ulaplam) - ]:(112,172,772)||X < CLC(M*)Q(R*) H(Ulaphm) - (uzap277l2)”;(

1
<3 (a1, p1,m) — (uz,p2,m2)| 5 -

for all (w;,pi,m) € B(R*, ) (i = 1,2) shows that F is a contraction from B(R*, u*)
into itself. The Banach fixed point theorem then ensures the existence of a solution to
(13.1.3). O

Remark 3.3.1. Notice that all the previous work can be done similarly with data
(wi,wp) in (L2(0, T HY* (1)) 0 HJ(0, T, HTYA(D)) ) x L2(0, T5 HY2(D,)). Indeed the
existence of a solution for the linear system is similar and the nonlinear estimates are
provided in Theorem We obtained a solution

(u,p,n) € HY (Qr) x L*(0,T; H'(Q)) x H{*(55).

This proof of existence also applies to other boundary conditions. For instance, as soon
as the Stokes problem admits a solution in H?(Q) (e.g. for pressure boundary condi-
tions on the inflow and the outflow, Dirichlet boundary condition, periodic boundary
conditions...) the results are valid.

3.4 Appendix: Abstract results on periodic evolution equa-
tions

Let H be a Hilbert space (with norm ||-||) and A be the infinitesimal generator of an
analytic semigroup S(t) on H with domain D(A). In this section we are interested in
the existence of a T-periodic solution to the following abstract evolution equation

(3.4.1) y'(t) = Ay(t) + f(t), for t € R,

where f : R — H is a T-periodic source term with a regularity to be specified. A T-
periodic function y is solution to (3.4.1)) if and only if its restriction to [0,77] is solution
to

(3.4.2) Ay(t) + f(t), for all t € [0, T,

—N—
< <
= o~
S =
I
<
—~
S
~—
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In this section, two frameworks are considered to study . The Hilbert case, when
f € L?(0,T; H), and the continuous case when f € C([0,7]; H) (or f is Hélder continu-
ous). The Hilbert case provides powerful tools to study through the existence of
isomorphism theorems [I0, Theorem 3.1, part II, section 1.3]. This framework is used
to prove the existence of a unique solution to under additional hypothesis on the
operator A. The previous strategy is developed in Section When f is continuous
or Holder continuous, we use the continuous theory for evolution equations to improve
the regularity of this solution. In both case we are interested in the existence of strict
solutions. For 4 € H and f € L?(0,T; H) consider the evolution equation

{y’(t) = Ay(t) + f(t), for all ¢t € [0, T,

(3.4.3)
y(0) = 4°.
Definition 3.4.1.

(i) y is a strict solution of (3.4.3) in L2(0,T; H) if y belongs to L?(0,T;D(A)) N
HY0,T; H), y'(t) = Ay(t) + f(t) for a.e. t € [0,T], and y(0) = y°.

(ii) y is a strict solution of (3.4.3) in C([0,T]; H) if y belongs to C([0,T];D(A)) N
CH(0, T} H), y/(t) = Ay(t) + £(2) for all £ € [0,T], and y(0) = 0.

(7ii) y is a classical solution of (3.4.3) in C([0,T]; H) if y belongs to C((0,7];D(A)) N
C1((0,T]; H) 1 C([0, T); H), /() = Ay(t) + £(t) for all ¢ € [0,T], and y(0) = 3"

(iv) The function
t
y(t) = S + [ S(t=s)(s)ds.
0
is called the mild solution of problem (3.4.3) if y belongs to C([0,T]; H).

In what follows we assume that the pair (A,T) satisfies the assumption:
(3.4.4)

2k
The resolvent of A is compact, 0 & ,(A) and T € R™ \ {b—ﬂ |ke€Z,0<j<Na}
j

where {ib;}o<j<n, denote the non zero eigenvalues of A on the imaginary axis iR
with Ny € N and bj € R* with 0 < j < Ng.

Remark that the assumptions A generates an analytic semigroup and has a compact
resolvent directly imply that N4 is a finite number.

3.4.1 Hilbert case

In this section we obtain a simple criteria to ensure that the problem (3.4.2)) admits a
unique strict solution in L?(0,7T; H).
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Lemma 3.4.1. The evolution equation (3.4.2)) admits a strict solution in L?(0,7T; H) if
and only if the equation

T
(3.4.5) (I—S(T))z = /0 S(T — 5)f(s)ds.

admits at least one solution z € [D(A), H]; /.

Proof. Suppose that (3.4.2)) admits a strict solution y € L?(0,T;D(A)) N H*(0,T; H).
We recall, see [38], that L?(0,T; D(A)) N H*(0,T; H) C C([0,T]; [D(A), H];/2). As this
solution coincides with the mild solution given by the Duhamel formula we have

T
y(0) = y(T) = ST)y(0) + [ S(T = 5)7(s)ds,

and thus z = y(0) satisfies (3.4.5). Reciprocally if z € [D(A), H]; /5 satisfies the equation
(3.4.5) then consider the evolution equation

{y’(t) = Ay(t) + f(t), for all ¢t € [0, T,
y(0) = z.

The isomorphism theorem [10, Theorem 3.1, part II, section 1.3] shows that (3.4.6)
admits a unique solution y € L?(0,T; D(A))NH(0,T; H). Finally this solution satisfies
(3.4.2) by choice of z. O

(3.4.6)

Introduce the function v defined by

o) = [ 8- 9)f()ds,

and remark that v(t) € [D(A), H], /5 for all ¢ € [0, T7.

Lemma 3.4.2. Suppose that the pair (A, T) satisfies the assumption (3.4.4]). Then the
equation (3.4.5) admits a unique solution z € [D(A), H]; /5. Moreover the operator Pa
defined by

T
Paf = (1= ST [ ST =)f()ds,
0
is a bounded linear operator from L?(0,T; H) into [D(A), H]; .
Proof. First remark that as the semigroup S(¢) is analytic we have S(T)z € D(A") for

alln > 0 and z € H. Hence a solution z to (3.4.5) has the same regularity to v(T) i.e.
is in [D(A), H]l/?'

The assumption that A has a compact resolvent implies (see [52, Theorem 3.3] and
recall that S(t) is analytic and thus differentiable, which implies the continuity for
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the uniform operator topology for ¢t > 0) that S(t) is a compact semigroup. Hence
o(S(T)) = 0,(S(T)) and the spectral mapping theorem e’?»(4) = 4,(S(T)), coupled
with the assumption (3.4.4)), shows that 1 € p(S(T)). Thus (I — S(T))z = w for
w € [D(A),H]i/2 C H can be rewritten z = (I — S(T))"'w € H and this z be-
longs to [D(A), H];/2. We have proved that the operator (I — S(T)) is a bijection
from [D(A), H], /o into itself. By definition S(T') € L(H). Moreover, using the graph
norm on D(A) and a classical estimate for analytic semigroups, we have for all u € D(A)

C
1S(T)ullpay = I15(T)ull g + IAST)ull < IS giay el + 7 lully < Cllullpia) -

Hence (I — S(T)) € L(D(A)) and by interpolation (I — S(T)) € L([D(A), H]13). Fi-
nally the bounded inverse theorem implies that (I — S(T))~! is a bounded linear oper-
ator on [D(A), H] /2. From the continuous embedding L*(0,T;D(A)) N H(0,T; H) C
CO([0,T; [D(A), H]; j2) we obtain that

lo(D)lipay ), o < CUN 20 m004)) + 1012 0. 7:00)) < C Nl 220 7380 5

and
-1
1PAT o o, < € [T = SO oy, oy 200

Hence we have proved the following theorem.

Theorem 3.4.1. Suppose that the pair (A, T') satisfies the assumption (3.4.4)). Then the
periodic evolution equation (3.4.2)) admits a unique strict solution y € L2(0,T; D(A)) N
H/(0,T; H) in L*(0,T; H). The following estimate holds

HyHLQ(o,T;D(A))mH;(o,T;H) < Cfll 20 -

Proof. Tt remains to prove the estimate. Using [10, Theorem 3.1, part II, section 1.3]
and Lemma [3.4.2] we obtain

HyHLQ(O,T;D(A))ﬂHﬁl(O,T;H) < C(HQOH[D(A)’H]W + HfHLQ(O,T;H))
< C(||PAf”[D(A),H]1/2 + 120, m))
< Cllfllzeo.z:m) -

O]

Using the regularization properties of analytic semigroup for ¢t > 0, that is S(t)z € D(A™)
for all n > 1 and z € H, we can prove that the regularity of the solution solely depends
on the source term f. Hence the previous result can be improved when f is more regular.
We introduce the space H" = [D(A"T!), D(A™)]1_o with » = n + «, n > 0 an integer
and 0 < a <1 a real number.
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Lemma 3.4.3. Let f be in L2(0,7;H"~!) with » > 1 and suppose that the pair (A,7)
satisfies the assumption (3.4.4). Then the unique strict solution g in L?(0,7T; H) belongs
toy € L?(0,T;H") N Hﬂl(O,T;HT_l) and y(0) € [H", 1"~y 2.

Proof. We split (3.4.2)) in two parts

{yi(t) = Ayu(t) + £(t), for all t € 0,7,
y1(0) =0,
and
{yé(t) = Ayy(t), for all t € [0,T],
y2(0) = z.

Using the analyticity of S we have y2(T') = S(T)z € D(A") for all n > 1. On the
other hand [10, Theorem 2.2, part II, section 3.2.1] (and the remark following the the-
orem on the extension of the isomorphism theorem) implies that y; € L?(0,T; H") N
HY0,T; H™1) < CO([0, T); [H", H™ ']y /2). Hence y(T') = y1(T)+y2(T) isin [H", H" "1, 5.
Then we use the periodic condition y(7T") = y(0) and again |10, Theorem 2.2, part II,
section 3.2.1] to obtain y € L2(0,T;H") N Hﬁl (0,T; H™1). O

3.4.2 Continuous case

Let us recall the fundamental existence and regularity result (see [4, Theorem 1.2.1,
Section IIJ):

Theorem 3.4.2. Suppose that f € C*([0,T); H) with p € (0,1) and y° € H. Then the
Cauchy problem (3.4.3)) possesses a unique classical solution y in C([0,7]; H) and

y € CP((0,T]; D(A)) NCPH((0,T); H),
with the estimate, for all € > 0,
Hy||CP([5,T];’D(A))FWCP+1([e,T};H) < C(HZ/(E)HD(A) + ||f||CP([0,T];H))'

If y¥ € D(A) then the solution is strict.

Proof. The estimate can be obtained following the steps of the proof in [4, Theorem
1.2.1, Section II], see in particular [4, Theorem 2.5.6, Section III]. O

We are now able to prove the existence of a strict periodic solution in C([0,T]; H). More-
over, the previous Hoélder regularity result and the periodicity show that the periodic
solution possesses Holder regularity up to t = 0.
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Theorem 3.4.3. Let f € C*([0,T]; H) with p € (0,1) and suppose that the pair (A,T)
satisfies the assumption (3.4.4)). Then the periodic evolution equation (3.4.2)) admits a
unique strict solution y in C([0,7T]; H). Moreover

y € C7([0,T]; D(A)) NCPH([0, T); H),
and the following estimate holds

(3.4.7) 1llee o m:pannce+1 (o) < C I flleo o -

Proof. We already know that there exists a strict solution in L?(0,T; H). Keeping the
notations used in Lemma we split y = y1 + y2. For yo we still have yo(T) €
D(A). Theorem implies that y; € C*((0,T);D(A)) NCPHL((0,T); H), thus y;(T) €
D(A). Then the periodic condition y(0) = y(7T') implies that y(0) € D(A) and Theorem
ensures the existence of a strict solution in C([0,7]; H). Finally, considering the
T-periodic extension § of y on [0,27] the Holder regularity result implies that § €
C?((0,2T); D(A)) N CPL((0,2T]; H). Hence § is Holder in a neighbourhood of T', which
implies that y € C*([0, T]; D(A)) NCPTL([0,T]; H). Tt remains to estimate y with respect
to f. Let us fix ¢ = % We have

u(e) = SE + [ (e = s)p(5)ds
The homogeneous part was already estimated in Lemma [3.4.2]
[st@n e, < "]
The integral part in Duhamel can be estimated as follows
/05 AS(e — 8) f(s)ds = /O AS(e — )(F(s) — f(g))ds+/0€ AS(e — 8) f(e)ds,
and

= (SE) = DFEly < C 1 leworym

/OE AS(e —s)f(e)ds

d
where we have used %S (t) = AS(t). Finally

/ T AS(e— 8)(f(s) — f(2))ds

and [ly(e)llpay < C || flleo(o,ry;r)- The estimate in Theorem implies that

e C
" < /0 mk‘—s!ﬂ Hf||c;z([o,T];H) ds <C HfHCP([D,T];H) ’

19llco (e 21y A) ACo+1 (e 20y < Hf cr([0,2T);H)

where f is the T-periodic extension of f to [0,27]. Then, taking the restriction to a
period T', we obtain the estimate (3.4.7]). O
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Chapter 4

Stabilization of a time-periodic
fluid—structure system

4.1 Introduction

4.1.1 Setting of the problem

We study the stabilization of a fluid-structure system coupling the Navier—Stokes equa-
tions with an Euler—Bernoulli beam equation around a T-periodic solution with 7" > 0.
For L > 0 consider the domain Q in R? defined by 2 = (0,L) x (0,1). The different
components of the boundary 92 are denoted by: I'; = {0} x (0,1), I', = {L} x (0,1),
I'y =(0,L) x {0}, T's = (0, L) x {1}. The domain of the fluid at the time ¢t > 0 is denoted
by €2,y and depends on the displacement of the beam 7 : I's x (0, +00) — (=1, +400).
More precisely

Uy = {(z,y) €ER* |2 € (0,L), 0 <y < 1+n(z,1,1)},
I‘77(15) = {(x,y) € R2 | TE (OvL)a Yy = 1 +77(.%’, 17t)}'
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n(z,t)
1
I's
I'; I,
0 T, L

Figure 4.1: Fluid—structure system.

For space-time domain we use the notations
¥ =T, x (0,00), B¢, =T x (0,00), ¥% =T, x (0,00), B2 =T} x (0, 00),
= U Ty x{th QL= U Qu x{t}

te(0,00) te(0,00)

The previous notations are also used with +o0o replaced by a finite time. The fluid
structure system is described by the following equations.

w + (u-V)u—div o(u,p) =0, divu=0 in Q7,
u(z,y,t) = n(z,1,t)ey for (z,y,t) € X1,
u=wj+u. on Zéo,
uz =0 and p =wy on X7,
(4.1.1) u=0 on %% u(0)=u"in Q,p,
Mt = Bllez — Vtaw + Mazes = —Jp@y€2 - 0(W,P)r, Dy o0 33,
n=0 and n, =0 on {0, L} x (0,00),
n(0) =77 and 7,(0) =73 in T,

where u = (u1,ug) is the velocity, p the pressure, n the displacement of the beam and

o(u,p) = —pl + v(Vu + (Vu)"),
_1 [ —nz(z,t)
ny) = Ty ( 1 ) )

with Jy) = /1 +n2. The pair (w1,ws) represents a T-periodic forcing term for the
system. The constants 8 > 0, v > 0, a > 0 are parameters relative to the structure
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and v > 0 is the constant viscosity of the fluid. As in Chapter [2] we use the following
abuse of notation for a function f defined on the flat domain I's or on (0,L): f(z) =
f(z,1) = f(z,y) for (z,y) € (0,L) x R. Let (ur, pr,nx) be a time periodic solution to
(4.1.1)). Our purpose here is to stabilize around this periodic solution through
the Dirichlet boundary control u.. The analysis presented here is restricted to the linear
system associated to the control problem. The stabilization of the nonlinear system
using the ideas of this chapter is ongoing.

To our knowledge, the stabilization of this 2D fluid—structure model around a time-
dependent solution is new. In [56], the system with homogeneous Dirichlet
boundary conditions on the inflow and the outflow is exponentially stabilized, locally
around the zero solution. The feedback control corresponds to a force term in the beam
equation. For a similar system with periodic boundary conditions and a structure driven
by a damped wave equation, an exponential stabilization result around the zero state is
proved in [44] with a Dirichlet control acting on the lower part of the domain. The sta-
bilizability around a non zero stationary solution, for a fluid—structure system evolving
in two dimensional polygonal domain with mixed boundary conditions, is established in
[23]. As in [56], the feedback law corresponds to a force term in the beam equation. In
[56] it is shown that the stabilization follows from a unique continuation property proved
in [50]. In [23], due to the additional terms coming from the linearization around a non
zero solution, the corresponding unique continuation problem leads to an open question
in the field. Therefore, this property is an assumption in [23], which can be verified
numerically.

Let us mention some references on the stabilization of abstract evolution equations. In
[40, [42], the author develops an infinite dimensional Floquet theory for time dependent
parabolic equations. These results are then used in [41] to study the stability of fully
nonlinear parabolic equations. In these papers the control operator is bounded. The
feedback stabilization of periodic parabolic equations with unbounded control is studied
in [8]. We also refer to [20] for a general presentation of periodic evolution equations.

4.1.2 Plan of the chapter

The stabilization of around a periodic solution presents several challenges. For
each t > 0, the perturbed solution (u,p,n) evolves in (1) whereas the periodic solution
is written in §, ;. To compare these two solutions we perform a change of variables
to write the perturbed solution in the time-periodic domain €2, (). We then linearize
the difference of the two solutions around (0,0, 0). We obtain a perturbed linear system
involving the periodic solution.

The domain of the linear system still depends on the time. When the domain is fixed with
a change of variables, the linear system is strongly perturbed. To study the spectrum of
the underlying operator we require assumptions on the periodic solution. Precisely we
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suppose that the beam displacement of the periodic solution stays in a small ‘cylinder’
i.e. nr(t) — ne(s) is small for all ¢, s. We choose a second change of variables mapping
Q.1 into Q). Asin Chapter the coefficient 1, (t) —7-(0) appears in the additional
linear terms. Using the smallness assumption on 7 (t)—nx(s), these terms can be initially
removed, and then re-introduced as perturbation terms.

This first step is done in Section The linear system that we obtain depends on
time. In Section [4.3] we introduce the tools required for our analysis of time-dependent
parabolic equations. One of the key point when studying a parabolic system y/(t) =
A(t)y(t) + f(t) is the existence of a parabolic evolution operator associated to A(t).
We introduce the theory developed in [4] to construct an evolution operator when the
domain of A(t) may depend on ¢ but a suitable interpolation space is independent of
t. We then adapt the stabilization results presented in [42] to this framework when the
graph norm of D(A(t)) is equivalent to the norm of a fixed Banach space D.

The Section [4.4] presents preliminary results on a perturbed Oseen system which are
used in Section to obtain a matrix formulation of the linear system with an operator
A(t). The existence of the parabolic evolution operator for A(t) is proved in Section
Finally we study the stabilization of the linear system through a Dirichlet boundary
control in Section [£.7. The matrix formulation of the problem involves the control and
its derivative. We consider an extended system to solve this issue and we prove that the
system satisfies the Hautus criteria introduced in Section [£.3]

Throughout this chapter, the periodic solution (uy, pr, 1) that we consider is more reg-
ular, in time, that the one constructed in Chapter [3] This is due to technical conditions
in [4] and to the non-homogeneous divergence condition of the system after change of
variables. However, and contrary to the solution obtained in Chapter [, we do not
require any smallness assumptions on this periodic solution, expect for the ‘cylinder’
condition on 7.

4.2 System in the reference configuration

4.2.1 Function spaces

For n° belonging to H3(I's) N HZ(T's) and satisfying 1 + n°(x) > 0 for all = € (0, L) set

Qo={(z,y) eR? |2z € (0,L), 0<y<1+n°x)},
FSO = {($7y) € RQ | T € (O’L)v Yy = 1+770(5U)}a

)

and I'y =T o UT'; UT',. To deal with the mixed boundary conditions, let us introduce
the spaces

VO L () ={veL*Q) |divv=0in Qyv-n=0onTy},

n,I'y
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and the orthogonal decomposition of L?(Qg) = L?(Qo, R?)

L?(Q) = V9 1 (Q0) @ grad H (o),

TL,Fd

where Hf, (Q0) = {u € H'(Q) | u=0onT,}. Let IT: L% (Q) — V?z,rd(QO) be the so-
called Leray projector associated with this decomposition. If u belongs to LQ(QO) then

[Tu = u — Vpy — Vgy where py and ¢, are solutions to the following elliptic equations

pu € HY (), Apy =divue H1(Q),
(4.2.1) 94u

Gu € H%O(Qo), Agu =0, I (u—=Vpy) nonly gu,=0onT,.

Throughout this chapter the functions with vector values are written with a bold ty-
pography. For example HZ(QO) = H?(,R?). As in Chapter [2| and using the notations
in [38, Theorem 11.7], we introduce the space HgéQ(Fs) = [Hg(Ts), H3(Ts)]1 /2. This
space is a strict subspace of HS/Q(FS) = H32(I's) N H}(T,). 0Odd and even symmetries
preserve the H*-regularity for functions in H¥(T's) with k = 1,2, thus, by interpolation,

the H3/2-regularity is also preserved for functions in HgéQ (T's). This property is used in

Chapter 2] to handle the pressure boundary condition.

For the boundary condition on the inflow, we use the results developed in [47] for elliptic

equations in a dihedron. In our case, the angle between I'; and T'sp is equal to 5. If

w (resp. g) denotes the boundary condition on I'; (resp. I'sp), the Laplace and Stokes
equations possess solutions with H2-regularity near Cp; = (0, 1) provided that the data
are regular enough and that the compatibility conditions w(Cp 1) = g(Co,1) is satisfied.
To ensure these conditions, the non-homogeneous boundary condition on I'; is chosen in
Hg/ 2 (I';). Using the previous remarks, the following lemma is obtained as Lemma

Lemma 4.2.1. Let u € H*(Qp) be such that

e divu=w in Qo with w € H{ (Q),

e u=geyonlyywithge H(%Q(Fs’o) and u=w on I'; with w € Hg/Q(Fi),

e u=0onIy and us =0 on I',.
Then TTu belongs to H?(Qp).

Consider the Stokes system

(4.2.9) —vAu+Vp=1 divu=0 in Qq,
o u=0onTly upo=0andp=0 onT,.

The energy space associated with (4.2.2)) is

(4.2.3) V={ucH(Q)|divu=0in Qy, u=0on Ty, ug =0 on T,}.
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The regularity result for (4.2.2)) is similar to Theorem which enables us to define
the Stokes operator (A, D(Ay)) in V2 (Q) by

TL,Fd
(4.2.4) D(A,) = H3(Q0) NV and, for u € D(A,), Asu = vIIAu.

We also introduce the space V2 1 () = V2 . (Q)NH*(Q) for s > 0.

n,I'y n,I'y

To describe the Dirichlet boundary condition on I'; g set

L2(Ty0) = {0} x L*(T50), M) (Ts0) = {0} x Hip*(Ts0),

)

H(Dsp) = {0} x H*(Ty0), HE(Ts ) = {0} x HE(Ts0) for k> 0.

)

For £ > 0, the dual space of H*(I'so) with £2(I'so) as pivot space is denoted by
(H"(Ts0))"-

If X is a space of functions and p > 0 we set

Cﬁp([O,T];X) = {vjjo,m | v € C°(R; X) is T-periodic}.

4.2.2 System in the periodic domain (2,

Let p € (0,1) and
3/2 _
(wi,wn) € (CL(0, T H (D) n e ([0, T H-V2(0)) ) x ([0, T); HYA(T)).
The regularity space for the beam equation is denoted by

CP

beam

= C{ ([0, T); H*(T's) N Hg (T's)) N ¢, ([0, T]; Hy (Ts)) N € ([0, TT; L(Ty)).

Let (Ur,pr,nr) € (Cﬁlﬂ’([O,T];Hz(Q)) mc§+P([0,T];L2(Q))) x C ([0, T]; HY(Q)) x
CP.... be a periodic solution of (4.1.1)), that is, a solution to

beam
U+ (ur - V)ur — div o(ur, pr) =0, divu, =0 in Q77
u(z,y,t) = ez, 1, t)ey for (z,y,t) € T,
u; = w; on XY,
Ur2 =0 and pr = wy on X7,
(4.2.5)

u; =0 on EbT, u,(0) =u,(7T) in Q. 0)5

Mgt = Blirga = Viintoa + Wnaces = — Iy, 1)€2 - 0(Un, D) r,_ Bye(r) OR X7,
e =0 and 7y, =0 on {0,L} x (0,7),

1(0) = 12(T) and 14(0) = 7 (T) in T,

and (u,p,n) be a ‘perturbed’ solution i.e. a solution to (4.1.1) where (u° 7?,79) is in a
neighbourhood of (ur(0),7:(0),7r+(0)) =: (u9r,779r’1, 772’2).
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The Holder regularity in time of the periodic solution plays a crucial role in the stabi-
lization of the system. Indeed, after linearization, the underlying dynamics involve the
periodic solution and depend on time. In order to study the linear system we rewrite it
as a matrix evolution equation driven by an operator A(t) with a non constant domain.
Techniques in [4] are then used to prove the existence of a parabolic evolution operator.
We shall see that it requires some assumption on p. For our analysis we fix p € (0,1)
and we postpone the precise assumption to Section 5. Finally remark that additional
time regularity is required on u, compared to the regularity of the periodic solution
obtained in Chapter This is due to the non-zero divergence that appears when the
perturbed solution is written in the domain of the periodic one. However, the periodic
solution constructed in Chapter [3| has a small u,, an assumption that is not required in
our analysis here.

To write the difference between (u,p,n) and (ur, pr, ) we perform the change of vari-
ables

Qyiey — o)

7;777 (t) : 1+777r(t7x) ) .

(z,y) = (z,5) = (f'?a Trn.n Y

To obtain arbitrary exponential decay after control, we introduce the parameter w > 0
and the new variables

((z,s,t) = e [u(T,, (t) " (z,s),t) — u(z, s, t)],

ﬁ(wa S, t) = ewt[p(,ﬁ?n (t)_1($7 S)a t) - pﬂ(xa S, t)]7

) = e n(a,t) = ne(z, 1)), Aoz, t) = e [ne(, t) — 1 (2, 1)),
)

The quadruplet (1, p, 71, 72) satisfies the system

W+ (up - V) + (- VIug — vAG+ VP — Ay — Agily — wi
= e “'F(0,p, 71, 72) in QL
div &t = Azfy 4+ e “tdiv w(i, 9;) in Q'r,
a = 7pey on X7,
=1, on X,
G2 =0 and p =0, on X7,
(4.2.6) . b oA .0
a=0 on X, 4(0)=1a"in Q, (
Mt —win — A2 =0 on X2,
Aot — Wiy = Bt ae — V2.a + QN arae — Aai
= —Jy. €2 U(ﬁ’ﬁ)anw<t)n?7w(t) + e*“tG(ﬁ, f]l)mm(t) on X5 _,
1 =0 and 71, =0 on {0,L} x (0,00),

71(0) =7} and 72(0) =73 in T,
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,73) = (u o Ty (0)™F —ul,mf — 02 1,m5 — 113 o). Using the notations

ﬁlzewt<m—m>: mo :ewt<771_777r) _ T Mmain
1+ nx 1‘*'777r7 L+nr /4 L+ (1+777r)2,

the additional linear terms in (4.2.6) are

Ay = —28M1 2 Ur zs — ST zzUr,s — 2N Ur ss + ST1,2Pr,s€1 + 71Pr,5€2

- ~ 7771',7&771

— SUn 1M ,zUrs + Ug 21 Ug s — S0 g Unms
(14 1x)
a ﬁ2
A2772 =S Ur s
147,

Az = div(—iur€1 + s gUn,1€2) = —Ur 1,z + ST2Un,1,s

A4771 = Vﬁl,xuﬂ,Q,x + 2Vﬁ1u7r,2,s + V'fll,xuw,l,s - Vf]lnw,:cuw,l,s - V57]7r,:c77/1,:cu7r,2,s-

The genuinely non-linear terms are

w(a, ) = —mter + si gle,

se”“' i1 G S 28€_wt771771,mﬁ

1+ e—wip, ST e—wtiy 8 M,z Uzs 1+ e—wtp, zs
25717 i 2 T 2 L

+ ﬂuﬂ_@s + oWt (3W> Ugs + (8”) U ss — ST aals

14+ 6_"‘)tﬁ1 1+ G_thl 1+ e‘“’tﬁl
77177/1,3733 i s ﬁlﬁl,mz u s e_wtﬁ%,x fi. — s ﬁ%,x u
1+ e—wtﬁl s 1+ e—wtﬁl ™S5 (1 + e—wtﬁl)Q s (1 + e—wtﬁl)Q S

e wind 4 2e 2053 372 4 253 se i . .

F(Q,p, M, M2) = spt —

+ se vt

— 2 u ST zPs€1 —
MUss + (1 i efwtﬁl)Q ss (1 i efwtﬁ1)2 m,ss T SN zDs€1 1+ e,wtﬁl bs
. w2 9 -9
SN2 A € thl A Ui Ur 277
- e + € — ——— " Ps€2 — ——— € — ———u
1+ 6,wtnlpw,s 1T 1N1Ps€2 1+ et 1ps 2 1+ efwtnlpﬂ,s 2 1+ eimt'r]l T,5
SUz 1T 2 N L e, W11 Un 1Mz
PR i ik ke — (u- v u— Si’u — 57’11 — Sé
1 + e—wtﬁl ™S5 ( ) 1 + e—wtﬁl s 1 + e—wtﬁl ™8 1 + e—wtﬁl s
e Mg 4 Qo w UM
T+e @i ° 14e @t 7 14e vt
and
G(a, M) = vij ploy — 721/77% U + 721/771 i 71/777“3:77% U
> M,zU2 .z 1+ eiwtﬁl T,2,8 1+ eiuﬁ'f}l 2,5 1+ eiwtﬁl 1,8
NP d . — ve gl . Vi __Viwall
M,zU1s 1+ e_wtﬁl 1,s 1+ e_wtﬁl 1,8 1+ e_wtﬁl 1,s
Vnﬂ,xﬁlﬁl,x _ VSG_Wtﬁl,xﬁl,xﬁ _ Vsﬁl,xﬁl,x B Vsnﬂ,zﬁl,x N
1+ e_wtﬁl 2,8 1+ e_wtﬁl 2,8 1+ e_wtﬁl T,2,8 1+ €_Wt7~]71 2,8+
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Remark 4.2.1. The coefficients of the linear operator 144, which involve u,, must be
understood in the sense of the trace on I', (;) parametrized on I's. To make things
explicit

A4ﬁ1 = Vﬁl,xuw,Q,z(x7 1+ 777r($7 t)) + 27/77/1“%,2,3(1;7 1+ 777r($, t))
+ Vﬁl,xuﬂ,l,s(xv 1+ nx(z,t)) — Vﬁlnw,xuml,S(fca 14 nx(z,1))
— VST 21,2 Ur,2,s (2, 1 + 0 (2, 1)).

The same abuse of notations is done in Section 2.3 when the system is written in a fixed
domain. That is with n, replaced by 17271.

Keeping the same notations for (1, p, 71, 72) we linearize (4.2.6]) near (0,0,0,0).

W+ (ur - V)a+ (- V)uy — vAG+ Vp — A1y — Agfiy —wit = 0 in Q7
diva = 12137?1 in Qgg,

ﬁ:ﬁQGQ on Zgg,
a =10, on X,
G2 =0 and p =0, on X2,

(42.7) 14=0onXl, a(0)=1" inQ, @),
Mt —wi — 2 =0 on X%,
fog — Wity — Bt wx — V2,ex + O gaws — Adlit
=—Jp.we2 oD, M) o0 X,
1 =0 and 71, =0 on {0,L} x (0,00),
71(0) =7} and 72(0) =73 in T\

4.2.3 System in the fixed domain (2, ()

To study the linear system (4.2.7) in a fixed domain we perform another change of

variables:
Qn.ty — Qn2 1

To (t): ’ 0 (2
772,1( ) (x,s) —> (:L‘,Z) = <:C 71""777“1( )S> s

’ 1+777\'(x7t)
where we recall that 77271 = 1(0). To simplify the notations, set Qo = Q,0 . I'ro=

0 0
0 " 0_ 7 :
Lo, Q7 =Q7" and ©7" = ¥77". Introducing the new unknowns
U
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the linear system (4.2.7) becomes

Vi+ (Ur - V)V+ (v-V)U; + Crv, —vAvV+ Vg — A 17
= Lr(v,q) + A1271 in QT

div v = Az in Q&O

VvV = fjses on Zg(;o,

v=v. onX_

vg =0 and ¢ =0, on X2,

v=0 on X%, v(0)=v" in Q,

M —wi — 72 =0 on X5,

(4.2.8)

2t — wih2 — BN ge — V2,22 + 0N geee — Aa1M

= _Jnﬁ,leQ . U(V’Q)Wy,g’ln??g@ + Ay +Cv in X2,
m =0 and 71, =0 on {0,L} x (0,00),
71(0) =77 and 72(0) =75 in .

with v¥ = 4°, v, = G, and
i = Ne — 779r
=
L4 n)
_ 277]7r,t
T4,
Al,lﬁl = _2Zﬁ1,xﬁ7r,xz - Zﬁl,:c:cﬁw,z - Qﬁlﬁw,zz + Zﬁl :BT% -€1
. eg— 2 et o T g, — Tt o
1P s€2 (1 n 777r)2 T2 7,211 U 2 (1 n 7771_)2 T,2
227z 22%M e e+ T .
A1 97 rz+ Ur ., + 22— MUr
1,271 = 1 +7]7r771:p z 1+ 7, M,z0r 22 (1 +777T)2771 22
LS Pr €2 — 2 mu
1+ 7, T,z 1 + i T,z
P
Aoty = z2———
2772 1+, Ur
Az = div(—iTUr,1€1 + 201 2Ur,1€2) = —MUr1,0 + 271 ,20n 1,2
A4,1771 = V771,x“7r,2,a; + 2V771u7r,2,z + an,l‘uﬂ' 1,2 — Vi Nz 2Ur 1z — l/znﬂ,l‘ﬁl,l‘ﬂﬂ',Q,Z
A, ofit = _Vzﬁl,mﬁﬂ,zf 0 — QVﬁrﬁlu ) an z777rf + Vﬁlnw,xﬁwf .
, 1+ 17, 2,2 1417, 2,2 — 1+, Uz 1,z 1117, m, 1,25
and
2UNg 2 200 Nz
Cv =v(n: —n2 v v(ny — 12 1 )av1, — v Vg, — =
(7771' 7771-71)33 2,z 1 (N 777771):5 1,2 1+ 7, 2,z 1+ 7, 2,2 1+ 7,
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— = . - o
Un 12N 2 Ur 271 V12N — V2T 27 + Nz

Ly(v,q) = ——v, + —V, + Uy, + ——Ur, + =

7r( Q) 1+77w z 1+777r z 1+777r T,z 1+777r T,z (1+777T)2 2z
2Zﬁﬂ,xv N ( Zﬁ?‘(,l‘ )2 + zﬁmxzv N Zﬁw,z v, + Zﬁw,x q 777r q
T+ 7 \1+i) 7 140 7 (40027 140 14

System involves additional linear terms of higher order, and therefore resists to
the standard analysis (for example, computing the spectrum). However, these terms
involve the difference 7, — n2. To solve this issue we first study a system where these
higher order terms have been removed. These terms can then be re-introduced in a
future study of the nonlinear system with a suitable smallness assumptions on 7, — 9.
The linear system that we study, with w = 0, is

Vvi+ (U - V) v+ (v-V)Ur + Crv, —vAv+ Vg — Ay 171 — A2l =0 in Q&O,
div v = Az in ng,
vV = flaey on 23;;0,
v=v. onX_,
vy =0 and ¢ =0, on X2,

(4.2.9) v=0 on »2, v(0) =Y in Qg
e = fl2 on X,
N2t — B gz — V2,02 + N zoar — Aa1T

= _Jﬂg,1e2 : U(v,q)uﬂng’lnngy1 in 35 _,

1 =0 and 71, =0 on {0,L} x (0,00),
71(0) =) and 7(0) =75 in L.

4.3 Time-dependent evolution equations

4.3.1 The parabolic evolution operator

In order to study we apply the semigroups techniques used in Chapter [2| which
were introduced in [56] for different boundary conditions. The present case is more
complicated as the linear system presents time-dependent coefficients. Moreover, as we
will see in Section the domain of the family of operators governing the linear system
also depends on time. In this section we use the notations introduced in Section [I.3.4]
in Chapter I We present two different situations:

1. A family of operators (A(t), D(A(t)))o<t<r where D(A(t)) = D is independent of
t.
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2. A family of operators (A(t), D(A(t)))o<t<T where D(A(t)) depends on ¢.

For each case, we describe the functional framework considered to construct the parabolic
evolution operator associated to (A(t), D(A(t)))o<t<T)-

d
Let (Ey, E1) be a pair of densely embedded Banach spaces Fy — Ey. We introduce the
notion of parabolic evolution operator. For T' > 0 we use the following notations:

Ar:={(t,s)|0<s<t<T} and Ap:={(t,s) |0 < s <t <T}.

We use the notation Ls(FE1, Ey) to denote the space of bounded linear operator from E;
to Ey equipped with the strong operator topology.

Definition 4.3.1. Suppose that F' — Ey and let (A(t), D(A(t)))o<t<r be a family of
closed linear operator such that D(A(t)) C F. A map U : Ar — L(Ep) is said to be a
parabolic evolution operator for (A(t), D(A(t)))o<t<r with regularity space F' if

(Ul) U e C(AT; ﬁS(Eo)) N C(AT, ﬁ(Eo, F))

and Range(U(t,s)) C D(A(t)) C F for all (t,s) € Ar.
(Ug) U(t,t) =1, U(t,r) =U(t,s)U(s,r) forall 0 <r <s<t<T.
(Us) [(t,5) = A(£)U(t,5)] € C(Ar; L(Ep)) and
sup (¢ = s) [AOU(, )l £ () < +00-

(t S)GAT
(Uy) U(-,s) € C'((s,T]; L(Eyp)) for each s € [0,T) and, for all ¢ € (s, T],
hU(t,s) = —A)U(t,s),

Ul(t,-) € C1([0,t); Ls(F, Ey)) for each t € (0,T] and, for all s € [0,1),
RU(t,s) D U(t,s)A(t).

We can now state sufficient assumptions on (A(t), D(A(t)))>0 to ensure the existence of
the evolution operator when the domain is constant. We assume that (A(t), D(A(t)))r>0
satisfies the following properties:

(A1) D(A(t)) = E; for all t € [0,T],
(Ag) There exists A\g € R and M > 0 such that A(t) € Ans z,(Eop) for all ¢t € [0,T].
(A3) There exists a constant p € (0, 1), such that A(-) € C*([0,T]; L(E1, Ep)).

The following theorem can be deduced using [4, Section III]; see also [34].

Theorem 4.3.1. Suppose that the family of closed linear operators (A(t), D(A(t)))o<t<T
satisfies Assumptions (A;)—(A3). Then there exists a unique parabolic evolution opera-
tor U with regularity subspace Ej.
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The second case (2), that is when the domain D(A(t)) is not constant, was investigated
in [4, Section IV]. One of the idea is to consider a family of operators (A(t), D(A(t)))+>0
where the domain of A(t) may vary with ¢ but a suitable interpolation space is constant.
The author then proves the existence of an evolution operator where the densely injected
Banach couple (E1, Ey) has been replaced by (E,, Ey) with E, a interpolation space
between D(A(t)) and Ey.

Let us give some details. Given A : [0,T] — Apra,(Eo) we set E(A(t)) := D(A(?))
endowed with the graph norm of A(¢). Remark that A(t) € H(E1(A(t)), Ep). We
assume that:

(B1) There exists constants # € (0,1), C' > 1, and a Banach space Fy with norm |-[|,
such that, for all ¢ € [0, T7,

Eyg(A(t)) == [E1(A(t)), Eoli-9 = Ep,

and
CHlzllg < 2l gyeamy < Cllzlly, € Ep.

(B3) There exists p € (1 —6,1) such that (\g — A)~% € CP([0,T); L(Ey, Ep)).

The following theorem is proved in [4].

Theorem 4.3.2. Suppose that A : [0, 7] — Apr z, (Eo) satisfies Assumptions (Bq)—(Bz2).
Then there exists a unique parabolic evolution operator U with regularity subspace Fjy.

Remark 4.3.1. In [4], the family of operators A : [0,7] — Apsx,(Ep) is chosen with
Ao = 0. This choice is made for simplicity. Indeed setting Ay, (t) := A(t) — Aol we see
that Ay, (t) € Apr,0(Ep). Then [4, Theorem 2.3.2, Chapter IV] implies the existence of a
parabolic evolution operator Uy, for Ay, and U(t, s) := e*)‘o(t*S)U,\O (t, s) is the evolution
operator for (A(t), D(A(t)))o<t<T-

4.3.2 A perturbation result

Theorem 4.3.3. For \g € R and M > 0 suppose that A : [0,7] — Ay 5,(Ep). For
k € (0,1) suppose that B : [0,T] — L([E1(A(t)), Eoli—x, Fo) with

sup ||B(t < +00.
te[O?T] 1B 251 (A@)), o)1 o)

Then there exists Ay € R and M’ > 0 such that A+ B : [0,T] — Ay x (Eo).

Proof. For all A € C such that Re z > A consider the resolvent equation with z € Fjy:

(4.3.1) Au— A(t)u — B(t)u = z.
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Setting v = Au — A(t)u the previous equation becomes

(4.3.2) v = B(t)R(\, A(t))v + z,

where R(\, A(t)) = (M — A(t))~!. Consider the interpolation inequality [43, Corollary
1.2.7]

(4.3.3) 11y o). zon e < CO) N ey 1"

We set Cp = supycio, 1) B £(mya),Bolr v, Bo)- Using (4.3.3) and the resolvent esti-
mate on A(t) we obtain, for all ¢ € [0,7],

1B R, AW £(5g) < 1B 210 a@)),Eolr e, E0) IR A 2B 11 (A1), o1 v)
< CpO(K) [RON, AWz By, 21 (a@)) 11N, A(t))HZgO)

1-k
< Co0) (1) (ROCAD ey + IADROAWD) s

Then, using that A(t)R(\, A(t)) = AR(\, A(t)) — I we obtain

1-kK
IBORA, Al < CpC(k) (M +1)7 (1 J]YIM) '

This shows that, for Re A" > A large enough, [[B()R(N', A())l 2 (s, < 1. Hence
admits a unique solution v € Ep with the estimate ||v||g < 2]z[/z,. Coming back
to u we have proved that the resolvent equation admits a unique solution u =
R(N,A(t))v € D(A(t)) which satisfies the following estimate

2M

[ullg, < 1V 2]l g, -

The theorem is proved with M’ = 2M. O]

4.3.3 Periodic framework and stabilisation

Consider a family (A(t), D(A(t))i>0 of closed linear operators satisfying the assumptions
(Bl)*(Bg) and
A(t+T) = A(t) for any t > 0.

Suppose additionally that Fy is compactly embedded in Fy. Setting
A:={(t,;s) eR?|s<t} and A:={(t,s) e R?|s < t},

and using Theorem [4.3.2] we know that there exists a unique parabolic evolution operator
U: A — L(Ep) satisfying (U1)—(Us) on A,r for all n € N*. We then introduce the
Poincaré map, defined for ¢t > 0 by

V() =U(t,t +T).

Let us recall some basic properties of V(+) [20, Proposition 6.2, Section II].
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Lemma 4.3.1. The following properties hold:

e The map V(-) is T-periodic.
e o(V(t))\ {0} is independent of ¢ > 0.
e 0,(V(t))\ {0} is independent of ¢t > 0.

The spectrum of the Poincaré map plays a crucial role in the stabilization theory. In
order to investigate the behaviour of the evolution equation y/'(t) = A(t)y(t) + f(t) we
want to split the state space in two parts, one stable and one unstable. When the
operator A does not depend on time this is done considering the eigenvalues of A with
a real part smaller than 0 on one side, and larger than 0 on the other side. Here the
eigenvalues of A(t) may depend on time. Hence we introduce the Poincaré operator to
study the evolution of y on a period T'. Its spectrum does not depend on time and the
splitting used in the constant case is replaced by considering the eigenvalue of V' with
an absolute value smaller than 1 on one side and larger that 1 on the other side.

In order to study the spectrum of V in C we complexify all the operators and spaces,
keeping the same notations.

Lemma 4.3.2. For t > 0, o(V(t)) \ {0} = 0,(V(¢)) \ {0} and the eigenvalues of V()
have finite algebraic multiplicity. The eigenvalues of V' (), denoted by {); | j € N}, can
be ordered such that

e S Al < A< <A,

and |\;| = 0 when j — 4o0.

Proof. We have to prove that V() is a compact operator. This result follows directly

from Assumption (U;), which implies that V(t) = U(t,t +7T) € L(Ey, Ep), and from the
. c

compact embedding Ey — Ejy. O

Recalling that —w < 0 is the decreasing rate let N = N, € N be such that
< A < e T < AN < < A

Without loss of generality we suppose that [Ayi1| < e T < |Ay|. For t > 0, the
unstable part of the spectrum of V(t) is given by {\; | 0 < j < N} and the stable part
is outside the disk D,, := D(0,e “T) = {2 € C | |2] < e™*T}. Setting T' = 9D,,, we
introduce the projections, for ¢t > 0,
1

(4.3.4) Pu(t) = 7/ R(zV(D)dz, Pu(t)=1I- P,

2w Jr
The projector Ps(t) is defined via a Dunford’s integral. Using the functional calculus
associated with Cauchy’s formula, we have Ps(t) = 1p,(V (t)) where 1p, is the indicator
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function of D,,. The projection properties follow directly from the previous identity and
the associated functional calculus [62, Theorem, Section VIIL.7]. Moreover we have
o(1p,(V(t))) = 1p,(c(V(t))). For t > 0, setting X,(t) := Ps(t)Ep and X, (t) :=
P,(t)Ey we obtain a decomposition of Ey,

(4.3.5) Ey = X(t) & Xu(t).
The restriction of V() to X;(t) is denoted by V;(t) for i € {s,u}.

Lemma 4.3.3. The following properties hold:

1. For (tl,tg) € A, U(tl,tQ) S E(Xs(tl),Xs(tQ)).

2. For (tl,tg) €A, U(tl,tg) S ISO(Xu(tl),Xu(tg)).

3. For t > 0, the decomposition (4.3.5) of Ey is V(¢)-invariant.

4. For t >0, o(Vu(t)) = {Xj}ogjen and o(Vs(t)) = {Aj}j=n11-
Proof. The points (1)—(2) are proved in [20, Lemma 7.1, Section II]. The point (3) is
a direct consequence of the previous ones, and (4) follows from the spectral mapping
theorem. 0
For (t1,t2) € A and i € {s,u}, define

Ui(t1,t2) = U(t1, t2) Pi(t2),

We have obtained the following decomposition for the parabolic evolution operator U :
A — £(E0),

U(tl,tg) = Us(tl,tQ) D Uu(tl,tg) : Xs(tg) (&) Xu(tg) — Xs(tl) ) Xu(tl).

To specify the estimates and decreasing properties of the stable part we use the following
essential assumption.

Assumption 1: We assume that the graph norm of D(A(t)) is uniformly-in-time equi-
valent to the norm of a fixed Banach space D.

The estimates and stabilisation properties proved in [42] can be adapted directly to this
framework, replacing the graph norm of the operator with the D-norm. Indeed the
assumption that the domain of A(t) is constant in [40, 42] is used to ensure the existence
of an evolution operator. The asymptotic behaviour of Us(t1,t2) in Ey, for € > 0 small
enough,

(4.3.6) Us(t1,t2) | (i) < Fr(e)e” @HIETR) gy >y,
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is proved in 40, Proposition 2.3]. The estimates in higher norm follow from (4.3.6) using
Us € C(A; L(Ey, D)) when the graph norm of D(A(t)) is equivalent to the D-norm; see
also Remark [£.6.1] We obtain, for ¢ > 0 small enough,

(4.3.7) ”Us(tht?)”ﬁ(Eo,D) < k1(e)(t — 5)716*(w+e)(t17t2)’
using the property (Uy) of the parabolic evolution operator.

Consider now the parabolic evolution equation

Y (t) = Alt)y(t) + Bt)f(t), t>0,

y(0) =z,

where B € Cé)([O,T];E(Y, Ep)) is the control operator with Y a Hilbert space. Let

f €CP([0,400);Y). Using [4, Theorem 2.5.1, Section IV], for every = € Ej the Cauchy
problem (4.3.8]) admits a unique classical solution

(4.3.8) {

y € C([0;+00); En) NC'((0,+00); Eo),

with y(0) = z and y(t) € D(A(t)) for all ¢ > 0. Using the uniform-in-time equivalence
of the graph norm of D(A(t)) and the D-norm, the fact that ' € C((0,00), Ey), and the
equation y/(t) = A(t)y(t) + B(t) f(t), we deduce that

y € C([0; +00); En) NC((0,+00); D) N C*((0, +00); Eo).

Following [40] we introduce the spaces, and related norms, of exponentially decaying
functions:

Cuw, ([0;+00); D) = {u € C(]0, 400); D)’ stgg Hu(t)ewlt

<+oo},
D

w1t
)

O

Co ([0, +00); D) = {u € Cyu, ([0, +00); D)‘ sup Hu(t)e““t —u(s)e*r?
0<s<t

5 (t—s) < +oo} ,

+ sup Hu(t)e‘”lt —u(s)e“r®
0<s<t

lllezs (0,400y0) = 5P [a(t)e

t—s) P,
t>0 D( )

with w; > 0 and 0 < p; < 1. If w; = 0, Cp([0; +00); D) consists of bounded functions,
and C{" ([0, +00); D) of uniformly Hélder continuous functions.

The following theorem can be deduced from [42, Theorem 3.1] in our framework.

Theorem 4.3.4. Suppose that the following implication holds:
(4.3.9)
VA EC, A >e T, (A\=V*(0))z* =0, B*(-)U*(T,-)z* =0 on [0,T] = z* =0.

Then there exists f € C/(]0; +00);Y) such that the classical solution y to (4.3.8) belongs
to Cy([a, +00); D) for all a > 0.
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Remark 4.3.2. A sufficient condition to obtain (4.3.9)), that we use later to stabilise
the linear fluid—structure system, is the following implication:

(4.3.10) —q¢ =A*(t)qin [0,T], B*(-)¢=0o0n [0,T] = ¢=0in [0,T].

Indeed ¢(t) = U*(T,t)x* is a solution to —¢' = A*(t)q in [0, T.

4.4 The perturbed Oseen system

In this section we study the properties of a perturbed Oseen system. The objective is
to rewrite the fluid equation in without the pressure. This can be done using
the Leray projector. To remove the pressure term in the beam equation we also need to
express the pressure in terms of the velocity of the fluid.

For t > 0 and A\g > 0 consider the system

Aou — vAu+ (Ux(t) - V)u+ (u- V)ur(t) + Cr(t)u, + Vp=f in Q o,
(4.4.1) divu=w in Qrp, u=g onlyp, u=u, only,

uo =0 andp=0onT,, u=0 on I}.
The perturbation terms, with respect to the Stokes system, are denoted by

Dr(t)
D (t)

(U:(t) - VIu+ (u- V), (t) + Cr(t)u,
—( W, (t) - V)u+ (Vg (t)Tu — udiv(u, () — Cr.(t)u + Cr(t)u,,

u=
u =

where D%(t) is the perturbation term in the adjoint equation of (4.4.1)) (see Theorem
14.3).

Lemma 4.4.1. Let u be in H' (2, ) and v be in H'**(Q o) with ¢ > 0. The following
estimates hold

(- V)Vliez (o, o) + (V- Vulliz, ) < Cllulla o, ) Ve @, ,) -

Proof. The term (v-Vu) can be estimated directly as an L> x L? product. For (u-V)v
we use [30, Proposition B.1] which implies the estimate

I V)Vllgz, o) < €l o) 19V, oy < C Il o) IVl o -

We fix A\g > 0 such that the following inequality holds
(4.4.2) )\0/ |uy2+u/ |vu|2+/ D,r(t)u-u+/ D (tyu-u> L),
QW,O QT\',O QW,O Qﬂ',O 2
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for all £ > 0 and all u € V. We consider non-homogeneous divergences belonging to
Hii (Qr0) == {div u | u € H*(Qr0) N Hj(Qr0)}-

Taking this space simplifies the lifting of the non-homogeneous divergence, which be-
comes a translation. The term Ag#); in the fluid—structure system (4.2.9)) belongs to this
space.

Theorem 4.4.1. For all (f,w,g,u,) € L2(Qr0) x Hi (o) x Hol2(Tro) x HY2(Ty),

(4.4.1) admits a unique solution (u,p) € H*(Qr ) x H' () which satisfies
(44.3)  ullgz2q, o) + 1Pl 710,
< ClMllz(, ) + Nl gy + I8lgara e )+ Ielgars o)

Proof. The theorem can be proved in three steps:

e Step 1: We lift the non-homogeneous terms in (4.4.1]).

o Step 2: We study a variational formulation associated to (4.4.1) and we prove the
existence of weak solution.

e Step 3: We use the strong regularity result proved in Chapter [ for the Stokes
system with pressure boundary conditions and a bootstrap argument to conclude.

Step 1: Consider the system

div ® =0 in Q,,
(4.4.4) '
P=gonl;g, ®=00onl;Uly, ®2=0o0nT,.

Let us perform the change of variables

Q — 0

Nr,0
To

e (z,y) = (z,2) = (90, 1+n931(:v)y> :
With &(z, ) = <1>(7;7§i (z,2)), system (#.4.4) becomes

A

div & = div(w(®)) in Q,

(4.4.5) . R -
P=gonl;, =0o0nT;Uly, &3=0o0n I,

with g = go7:751 and w(®) = —n0 , &1e;+210 | ,P1es. Then we consider another change
7‘_’1 b 1y

of unknown to lift the non-homogeneous divergence v = <i>—w(<i>) The previous relation

can be written .
v\ 14+ ’179“1 0 @1
V2 —2 i, 1)\ @)
—_——
=1A(779r,1)
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The matrix A(n9 ;) is invertible and, noticing that w(®) = 0 on 99, the system (4.4.5)
is equivalent to

div v=201in §,

(4.4.6) R
v=gonly, v=0onI;UIly, va =0o0nT,.

In order to solve (4.4.6)) we consider a Stokes system with Dirichlet boundary conditions
on an extended domain. Set

— . { g=gon (OaL) X {1}7
| g,1)=—g(2L — 1) for z € (L,2L).

Thanks to the properties of the space HgéQ (T's), the function g is in HgéQ((O, 2L) x {1}).
Moreover the function g has a zero average. We set Q. = (0,2L) x (0,1), I's . =
(0,2L) x {1}, Ty = (0,2L) x {0} and ', = {2L} x (0,1). Consider the Stokes system

—vAgp+Vqg=0, divg =0 in Q,

4.4.7
( ) ¢p=gonls. ¢=0 ondQ \I,.

This system admits a unique solution (¢, q) € H?(Q,) x H' () (see for example [47]).
We introduce the function

G (z,2) = ((1] _01> ¢(2L — x, z) for all (x, z) € Q..

The function ¢, € H*(Q,) still satisfies

div ¢, = 0 in £,
¢, =gonls., ¢, =0o0n 00 \Tse.

Finally set = % Noticing that ¢4(L, z) = 0 for all z € (0, 1) the restriction to £ of
¢ is solution to (4.4.6)). Hence, coming back to the initial system, we have proved the
existence of ® = ®£ | € H?(Q, ) solution to (4.4.4).

To lift the non-homogeneous Dirichlet boundary condition on the inflow we want to use
the regularity results of [47] for the Stokes system in a dihedron. The first step is to
‘compensate’ the non zero average of u.-n. Consider a function ¢ € C§°(I'r o) such that

Jr., ¢ #0. Let u, € Hg(/)z(Fmo) be the function defined by

up(z,y) = _fff::)SD (/Fl u,. - n) e, Y(z,y) € I'rp.

Consider the Stokes system

—vA¢p+Vqg=0, dive =0 in Qrp,
¢=u, onl'zp,¢p=u.only, p=0o0nIT,UL,.

108



Using [47] we obtain a solution (¢, q) € H*(Q0) x H'(Qr0). We then consider ® =
¢ — @), where @) is a solution to (4.4.4) with ® = uy, on I'z o, to obtain the desired
lifting for u.

The non-homogeneous divergence condition in (4.4.1]) can be lifted directly as we choose
w under the form div w with w € H?(Q, o) "H{(Qr0). If we set T = u— P, @ —w,
the pair (u,p) satisfies (4.4.1) if and only if the pair (W, p) is solution to

Aot — VAU + (Ux(t) - V)u+ (- V)ur(t) + Cr(t)u, + Vp=F in Q,

(4.4.8) oo
diva=0in Qrp, u=0 on 020 \Ty, up =0 and p=0, on I'y,

with F = £ — A(®70 + @ + w) — D (t)(®70 + 2 + w).

Step 2: Following the study of the Stokes system with pressure boundary condition in
Chapter [2] we introduce the variational formulation:

Find w € V such that

4.4.
(4.4.9) )\0/ ﬁ-go—ku/ Vﬁ:Vgo+/ D,,(t)ﬁwp:/ F-p, forall peV.
Q7\',0 Qﬂ,O QW,O Qﬂ',D

Using the Lax-Milgram theorem, and to ensure the coercivity of the bilinear
form, the variational formulation admits a unique solution u € V. Moreover,
proceeding as in Theorem there exists a pressure P € L? (Q2r,0), unique up to an
additive constant, such that Aot — vAU + D, (t)u+ VP = F in H Q).

Step 3: Defining the linear form on V'

b(so)z/ F'<P—)\0/ ﬁ'so—/ D(t)ii- .
QTI’,O Qﬂ—’o Q7'r,0

the function u satisfies

I// Vu: Ve =b(p), forall peV.
Qﬂ',O

Hence, using Theorem we recover that u € HQ(Q,“O) and its associated pressure P
isin H I(pr) and is constant on I',. We then conclude as in the steps 4-5 in Theorem
by taking the only pressure p in the class of P which satisfies p = 0 on T',,. O

Remark 4.4.1. The lifting of the non-homogeneous boundary condition on I'x o that we
build in the first step of the proof of Theorem provides another proof of Theorem

Indeed if ®; is solution to (4.4.4) and P is solution to (4.4.4) where the boundary

conditions on I'; and I', have been switched, we can find a convex combination of ®;
and P9 that satisfies (4.4.4) and with second component that vanishes on I'; U T',,.
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4.4.1 Expression of the pressure

In order to express the pressure several approaches are possible. The method used in
Chapter [2, which consists in applying (I — IT) on the fluid equations and use the elliptic
equations defining II, can be applied here as the perturbed Oseen system possesses H2-
solutions.

Another technique to express the pressure, introduce in [23], consists in multiplying the
fluid equation by test function x¢ defined as follows. For £ € L?(Qy ) let x¢ € H*(Qxr0)
be the solution to

AXE :é in Qﬂ'707

)

(4.4.10) IXE _ 0 on Iy,
on
Xe =0 on I',.

This method was introduced by the authors to compensate the lack of regularity induced
by the mixed boundary conditions. In our case the Stokes/Oseen system still possesses
a solution in HQ(QW,O) thanks to the symmetry argument in Chapter The second
method is however more ‘compact’ in that case and directly provides the expected reg-
ularity result, so we use this approach for our problem. Multiplying by Vx¢ and
integrating over (0 o we obtain

)\0/ u-vxg+/ Dw(t)u-ng—y/ Au-VX§+/ V]TVXgZ/ £ Vxe.
Qﬂ',O QW,O QW,O Q71',0 QW,O

Using integrations by parts

/ pfz—/ f-VXg-l—V/ Vu:V2X5—1// (VuVxe¢) -n
Qﬂ-,o Q71-,0 QW,O 8971‘,0

—1—/ Dﬁ(t)u-ng—)\o/ xgdivu—{—)\o/
Qmo Qﬂ',O

F7r,0

(4.4.11)
Xgu-n—l—/\o/r Xeu-n.

The right-hand side of the equation is a linear form on £&. We introduce the following
operators:

e For 0 < g9 < 1/2, N, € LHY?0(Q, ), [*(Qr0)) is defined by N,(u) = ¢
where ¢ is given by the Riesz representation theorem and the identity, for all
g € LQ(QﬂUO)v

(4.4.12) / @ &= 1// Vu: V2X5—1// (VuVXg)‘n—F/ Dr(t)u-Vxe.
QW,O QW,O 89#,0 Q71',0
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o N, € L(L*(Trp), L)) is defined by Ny(g) = g2 with

Agz =0 in Qg p,

Iq2 .

8——g-n on I'z o,
(4.4.13) 8“

84’5 —0 onT;UTY,

g =0 onI,.

o N; € L(L*(T;), L?(Qrp)) is defined by Ny(g) = g2 with

AQ3 =0 in Qmo,

% =u-n on I}y,
(4.4.14) g;;

— =0onI';qgUTlYy,

On ’

q3 =0 on T',,.

e Nyiv € L(L*(Qr0), H (Qr0)) is defined by Ngiy(w) = g4 with

Agy =w in Qrp,

0

(4.4.15) T _ ) on Ty,
on
qs =0 on T,

o Ny € L(L*(Qrp), HE () is defined by Ny (f) = g5 with (I — II)f = Vgs.

Lemma 4.4.2. Let (u,p) € H*(Q,0) x H' (2 0) be a solution to (4.4.1). Then the
pressure p is determined by

P = —AoNaiv(w) — AoN;(uc) — AoNs(g) + Ny(u) + Ny(f).

Proof. Using that Vx¢ € VH%O (Q2r,0) and Green formula, the following identities hold

V= [ UemEVxe=— [ VN0 V= [ N0E
Q,r’o er,O Qﬂ,(}

1// Vu: Ve — V/ (VuVxe) - n+/ Dr(t)u-Vyxe = / Ny(u)é,
Q‘rr,O 697\',0 Q7\',0 Q‘rr,O

—)\0/ Xg divu= —)\0/ Xg h = —/\0/ Xg ANdjV(h) = —)\0/ Ndiv(h) {,
Q7r,0 QTA’,O Qﬂ' 0

ON.(g
)\0/ Xgu-n:)\()/ Xe a( _)\0/ Ve - VN :—Ao/ N(
FW,O FT\',O n 7r0
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ON;(u.)
)\/ u-n:)\/ :)\/ Vxe - VN;(u. :—)\/ N;(u.) €.
0 Jp, Xe 0 Jr X o 0 Jo Ve (uc) " Jo s () €
Hence (4.4.11]) becomes

/ pé = / [~ Ao Naiw (w) — AoNs(g) — AoNi(ue) + Ny(u) + N, (F)] €,
Qr.0 Qr.0

which concludes the proof. O

We specify some regularity results for the operators Ny, N; and Ng;, which are useful in
the study of the fluid structure system.

Lemma 4.4.3. The operator Ny and N; can be extended as follows:

o N, € LMY (Tr0), H3(Qr0)), Ny € LOHY (L), H3 (Qr ).
o N, € LOH (Do), L2(Rm0)), Ni € LOHT3/2(Ty), L(Qr ).

o Ny € L(HY?(Dro), H (), Ny € LHVAT,), H ().
The operator Ng;y can be extended as an operator in E(H%O(Qmo), H3(Qr0))-

Proof. See Lemmal[2.5.27]for the first regularity result on N;, N; and the regularity result
on Ngiy. The extension of Ny (respectively N;) to H™3/2(Tr0) (respectively H3/2(Ty))
can be done by duality. Finally the last statements on Ng and NV; are interpolated
versions of the previous results. O

4.4.2 The perturbed Oseen operator

Let (Aa(t), D(A2(t)))t>0 be the operator in V%,Fd(er,O) defined by D(Ax(t)) = V and
As(t)u = —IID,(t)ufor all u € V. Introduce the perturbed Oseen operator (A(t), D(A(t)))t>0
in VO . (Qr0) defined by D(A(t)) = VN H?*(Qrp) and A(t) = As + As(t) where Ag is

n,l'y

the Stokes operator on {1 o defined as in (4.2.4]).

Theorem 4.4.2. The family of closed operators (A(t), D(A(t)):>0 satisfies the assump-
tions (A1)—(As) and there exists a unique parabolic evolution operator with regularity
subspace V N H?(Q ).

Proof. First notice that D(A(t)) = V N H?*(Qy0) does not depend on ¢. As in Theorem

it can be proved that the unbounded operator (Ag, D(As)) is the infinitesimal
generator of an analytic semigroup on V%’F ,(Q70) and that D(Aé/ 2) = V. Hence there

exists A € R and M > 0 such that As € QlM’,\(Vg,Fd(Qmo)). The family of unbounded
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operator (Asa(t), D(A2(t)))e>0 is in L(V V%,Fd(QmO)) and ”Az(t)Hﬁ(V,V?L,rd(QmO)) <C

where the constant C' does not depend on t. Indeed for all u € V, using Lemma m
the following estimates hold

[TI(ar () - V)uHVQ,rd(Qmo) + [[H(u- V)ﬁw(t)va,Fd(Qmo) < Clrllen o.r1:m2 (0 0)) utlly -

Let us recall that

2Nt 2Nt
C.(t)u, = o, = 2
71'() Z 1+77ﬂ z 1+177T

and define pr = ||(1 + Uw)il“Loo(EsT). Then

Z

||HC7r(t)u2”Vg7Fd(Qmo) < Cux ||77W||CP([0,T];H4(FS)) [[ally .

The previous estimates also prove that A(-) € C?([0,T]; L(D(A), V° (Q2r0))). Finally

n,lq
using Theoremm (with kK = 1/2) we obtain that A;+A4s : [0,T] — App x (Vg,rd(QmO))
for M € R and M’ > 0 independent of ¢. O]

Let Ly, € L(HY?(T',), H'(0)) be a lifting operator and set L,(u) = Lr, (T (t)-n)uy).
Theorem 4.4.3. The adjoint of (A(t), D(A(t)))¢>0 in V%,Fd(er,O) is defined by
D(A*(t)) = VN H?*(Qr ) and, for u € D(A*(t)),
A*(t)u = II(vAu — Di(t)u — VL,(u)).

Proof. The proof relies on integration by parts. The computations provided in Lemma
for the coupled system directly imply that the adjoint equation of (4.4.1) (with
w=0,g=0and u. =0) is

AoV — VAV + Dy (t)v + Vg =@ in Qr,
divv=0in Qr9, v=0onIy;y, v=0 onl},

ve =0 and ¢ = (U;(¢t) -n)vy, on Ty, v=20 on I'.
Finally, remark that ¢ — L,(v) € H} (Qr0) and so IIVq = IV L,(v). O

Remark 4.4.2. Thanks to the choice of A\g in (4.4.2) the adjoint equation of (4.4.1)
satisfies the same regularity properties and estimates as the primal system.

We introduce the lifting operator L € L(Hpg (Qr0) X 7—[362(1“”70), H?(Q0) x H' (Qr0))
defined by

(4416) L(w7g> - (Ll(wag)’LQ(w7g)) = (u7p)7

where (u,p) is the solution to (4.4.1) with f = 0 and u, = 0. We also introduce
Lr, € LHY2(T;),H%(Qy)) defined by

(4.4.17) Ly,(u.) = u,
where (u,p) is the solution to (4.4.1)) with f=0, w =0 and g = 0.
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Theorem 4.4.4. A pair (u,q) € H*(Qr0) x H'(Q) is solution of system (4.4.1)) if
and only if

(Aol — A(t)ITu + (A(t) — o)LLy (w, 8) + (A(t) — AoI)ILLr, (u.) = IIf,
I —I)u = VN,(g) + VNgiv(w) + VN;(u.),

(4.4.18) (
q= _)\ONdiv(w) - )\ONs(g) - )\ONi(uc) + Nv(u)'

Proof. For the fluid part, remark that @ = u — Li(w,g) — Lr,(u.) is in D(A(t)) and,
applying II to the first equation of (4.4.1)),

Ao — A(t)IIa = IIf,
where we have used that It = G. Then we obtain
(Aol — A(t))Tu + (A(t) — Xol)IIL1(w, g) + (A(t) — AoI)IILr,(u.) = IIf.
By definition, (I — II)u = Vp, where p, is solution to the equation

Ap, =divu=w in Qg ,

0
81;: =g-n on 'y,
0

(4419) 81:1} =1u.-n on I,
0
a]zf —0 on Ty,
p’U = 0 on POJ

that can be split in the three equations (4.4.15), (4.4.13) and (4.4.14). Therefore we
obtain p, = Ngiv(w) + Ns(g) + Ni(u.). The expression of the pressure was proved in
Lemma [4.4.2) n

4.5 The Linearized system

4.5.1 Stationary system

In this section we study a stationary system that is used later to reformulate the (4.2.9))
as a matrix evolution equation.

Remark 4.5.1. The ‘stationary’ system (for each t) that we study in this section
is different from the stationary system directly associated with , that is where
(Ve, M, Tlo,e) is replaced by A(v,71,72). The reason for this difference comes from the
time dependency of the term As in the divergence of the fluid. Precisely, the difference
between the two is the additional term Ngiy(As;71) in the beam equation. This term
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does not appear in the usual stationary system associated with (4.2.9) but appears in
the evolution problem, because of the replacement of the pressure by its expression in
terms of the velocity.

For A € C and t > 0 (implicit in the coefficients of the following stationnary system),
consider

Au+ Dyu—vAu+ Vp — Ay 17 — Aafjp = F1 in Qg ,
div u = Az in Qrp,
u = 7gey on 'z,
u=0 onlTl},
uo =0 and p=0on I,
(4.5.1) u=0 on T,
Afjp — 72 = F on T,
A2 — Bitze — V2,20 + 0N gree — As11 — Ash
= —Jn27162 : U<u’p)‘Fn9r’1n”9r,1 + F3 in ['.

m =0 and 71, =0 on {0, L},

with (Fy, Fy, F3) € L*(Q0) x H3(T's) x L*(T's) and Aj a linear operator, described below,
on 7); that corresponds to the term Ngiy(As71) appearing in the pressure of the evolution
problem. The boundary I'; o may not be flat, hence we use the techniques introduced
in Chapter [2} Consider the transport operator U € L(L*(Tr ), L*(T's)) defined by

Ug)(x,1) = gl,1+n31(x)) for all g € L*(Trp).

The operator U is an isomorphism from L?(T'zq) to L?(T's) which satisfies U1 = U*
(see Chapter [2| for details).

In order to express the pressure on I's; we also introduce the following operators:

No(n) = UN,(Unes).

N giv(w) = UNgiy (w).

o Ny(u) =UNy(u).

N, =UN,.

The linear operator As is given by

Asf = —Naiy(As ).

115



Lemma 4.5.1. The differential operators Ay 1, Az, Az, A41 and As satisfy

Al,l € Cﬁp([ov T]; 'C(Hg(rs)a L2(Q7r,0))) 9 A2 € ijp([ov T]§ 'C(L2(Fs)’ L2(Q7r,0)))’
Az € C ([0, T); LHF(Ts), HY(Qr0))), Aaa € CL([0, T; L(H(T), HYA(TS))),
A5 € Cﬁp([o’ T]; E(Hg(rs)v H5/2(Fs)))'

Proof. These results rely on direct estimates and Soboblev embeddings using the regu-
larity of the periodic solution (U, D,,nx) (see Section |4.2.2). O

For t € (0,T), the dual operators of Aj1(t), Aa(t), Az(t) and A41(t) are denoted by

Aj1(t) € LIL*(Qro), H2(T)),  A5(t) € L(L*(Qrp), L(T)),
A5(t) € LIL*(Qr0), H2(Ls)), A7y (t) € L(LA(TS), H72(Ty)),
A5(t) € L(L(Ts), H2()),

where H2(Ty) is the dual space of H3(Ts).

4.5.2 The family of operators (A(t), D(A(t)))i>0

Let (Aq g, D(Aq ) be the unbounded operator in L?(I's) defined by D(A, 5) = H4(Ts)N
HE(Ts) and, for all € D(Anp); Aapn = Blze — QNgare. The operator A, g is self-
adjoint and is an isomorphism from D(A, g) to L?(T's). It can be extended by duality as
an isomorphism from L?(T) to D(A,, )" and using interpolation A, 5 € L(H/?(T) N
H3(T), HV2(T,)).

The space H3(Ts) is equipped with the inner product

(s k). :/F (—Aap)"/*m(=Aa) k1.

We also introduce the spaces
H = L*(Qr0) x H3(Ts) x L*(Ty), H=V9 (o) x HJ(Ts) x L*(T),
both equipped with the inner product
((w,m1,m2), (v, €1y Q) = (W, V)p2q, o) + (11 GO (e, + (2, Q) 2y

The unbounded operator (A, D(Ap)) related to the beam, in Hy = HZ(T's) x L3(T), is
defined by

D(Ay) = (H*(T's) N H (L)) x H§(Ts) and A, = (ASB 7&) :
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Lastly we introduce the space

D(A(t)) := {(Ilu, 71,72) € VZ,Fd(QmO) X (H4(FS) ﬂHOQ( s)) X Hg(PS)

(4.5.2)
| TTu — TILy (Asfy, 72) € D(A(E)}.

The operator N, is initially defined with values in L?(2; o). The following lemma shows
that we can improved its regularity in special cases.

Lemma 4.5.2. For all ¢ > 0, the following regularity results hold.

e For all (TTu, 71, 12) € D(A(t)),

Ny[u + VNs(72) + VNaiy (Asfn)] € H (Qrp).

e Forall 0 < e < 1/2and (ITu, iy, i) € HY245(Qr0) x (HT/>*2(T5) N HF(T,)) %
H3/2+E(F3),
Ny[ITu + VNy(f2) + VNaiw (Ash)] € L* ().
e There exists £ < k < 1 and g9 > 0 such that for all (ITu, f;,72) € [D(A(t)), H];_,

Ny[ITu + VN, (f12) + V Naiv (Asin)] € HY2T20(Qr0).

Proof. The first point is similar to [23, Lemma 5.5]. If (ITu, 7y, 72) belongs to D(A(t))
then there exists G € VO . (Qr0) such that

TL,Fd
()\0[ — A(t))Hu + (A(t) — )\0[)HL1(A3771, ﬁg) =(d.

Setting u = Ilu + VNs(ﬁQ) + VNdjv(Agﬁl) and p = —)\oNdiV(Agﬁg) — )\ONS('f]Q) + Nv(u)
we remark that (u,p) is the solution to the system

Aou+ Dr(t)u —vAu+ Vp =G in Qg ,
divu = A3z in Qrp, u=1per onI'zp, u=0 on I},

us=0and p=0 onTy,, u=0 onI}.

Using the regularity result in Theorem we deduce that p € H'(Qrp). Finally,
noticing that Asn; € H%O(QW,O) and using Lemma the terms A\gNgiyv(Asfz) —
/\0]\75(772) and NU(U.) =p+ )\()NdiV(Agﬁg) — )\ONS(ﬁQ) belong to Hl(Qm()).

For the second point we use Lemma to show that Ns(fl2) € H3(Qr0) and Ngiy (Ashy) €
H3(Q7r70). Hence ITu+ V N (7)2) + V Naiv(A371) belongs to H3/2+e0 (Qr0) and we use the
the definition of IV, to conclude.

Finally, the last point comes from interpolation techniques. O
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Theorem 4.5.1. A pair (u,p) € H*(Q0) x H'(Q0) obeys the fluid equation in
if and only if
Allu — A(t)ITu + (A(t) — Ao)ILL1 (Azip, )2) — ILA1 171 — ILA9f) = 11Fy,
(I —Iu = VNs(2) + VNaiy(Asi),
p = —ANaiv(A3M1) — ANs(7j2) + Ny(ITu) + Ny (V Naiy (A1) + VN (72))
+ Np(Ar1) + Np(A2fiz) + Ny(F1),

where N(7)2) := Ng(Uijges).

We introduce the operator By € L(H?(Q, ), H'/?(Ty)),

By(u) = _Jng,leQ - (Vu+ VuT)‘pno n,o

n .
7,1 ,1

The beam equation in (4.5.1) becomes

iy — g = Fy,

AT 4+ Ng(9)h2 + ANaiv(Ast) — BN ge — YN2,00 + 0N gazs — Aa11 — Asf

= By(Ilu) + By [V Ns(72) + VNaiv(Asi)] + Ny[TTu + VN (72) + V Naiv (A371)]
+ Np(A11M) + Np(Agia) + Np(Fy) + Fs,

which we can rewrite as

Mo + Fy
T 0 R Aa,ﬂﬁl + 'YAﬁZ + (A4,1 + As)ﬁl + By (Hu)
gl X ;
N = + Bv(VN; + V Ngiv(A
A <Ndiv(A3) <I+Ns('>)> <ﬁ2> v(VNs(2) aiv(AsM1))

+ NU(HU + VNs(72) + V Naiv(A371))
+ Np(A1101) + Np(Aaip) + Np(F1) + F

Let us introduce the ‘added mass’ operator My € L£L(H) defined by

I 0 0
(4.5.3) 0 1 0
0 Naiw(4s) (I+Ns(-))

Lemma 4.5.3. The operator M, is an automorphism in H and

0 0
1 0
—(I+Ns()'Naw(4s:) (I +N,())™

Ms_l::

O O M~

Proof. As in Chapter [2|the operator (I 4+ N) is an automorphism in L?(T'). The result
follows. o
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Introduce the family of operators (A(t), D(A(t))¢>0 where D(A(t)) is defined by (4.5.2))
and A(t) = A;(t) + Ax(t) with

A(t) (Aol — A(2))IIL1(As3-,0) (Aol — A(2))IIL1 (0, -)

(4.54)  Ai(t):=M;"| 0 0 y ’
0 Aa,b’ A
and
(4.5.5)
0 HALl HA2
0 0 0
_ . B VNS :
v No(VNaiv(4s)) + Np(Ai) | WU(A )S
p\A2°

For strong solutions, system (4.5.1) can be rewritten in terms of (ITu, 7y, 72),

ITu ITu IIFy
Mo | =A@ | i | +M! Fy
72 72 N,(F1) + F3

(4.5.6) A )
(I - H)u = VNs(HQ) + VNdiV(A3n1)7
p =

_)‘Ndiv<A3ﬁ1) - A]\[(9(772) + Nv(u)
+ Np(A1,171) + Np(Aaijz) + Np(Fr).

4.5.3 Adjoint of (A(t), D(A(t))>0

In order to compute the adjoint of A(t) consider the system, for A € C and ¢ > 0 (implicit
in the coefficients of the system),

Au+ Dyu—vAu+ Vp — Ay 17 — Aafjp = F1 in Qg ,

div u = A3 in Qrp,

u = 7gez on 'z,

u=0 on I},

uo =0 and p=0on I,
(4.5.7) w=0 onT,,
Ay —7)g = F on I,
Mg = B,z — Vi2.ee + M gowe — Aa1 — Asi

= _‘]772,162 : a(u,p)‘pngr 1n779r,1 + F3 in ['.

m =0 and 71, =0 on {0, L},

with (F1, Fy, F3) € H.
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Lemma 4.5.4. Let (Fy, Fy, F3) € H and
(u7p7ﬁ17ﬁ2) € H2(Q7T,U) X Hl(Q) X (H4(PS) N Hg(rs)) X HO2(FS)7

be the solution to (4.5.7)). Then the following identity holds

Fy v u 51
(4.5.8) |, |k = m|, | P2
F3 k2] ) & Up 3/ ) 5

for all (&1, o, P3) € H and
(v,a, k1, kz) € HA(Qr ) x H'(Q) x (HY (D) 0 H(T,)) x HF(T)

solution to
(4.5.9)
AV —vAvV + Dy (t)v + Vg = @ in Qg ,

div v =10 in Qr,

v = koeoy on 'z,

v =0 on I},

ve =0 and ¢ = (Ur(t) -n)v; on Ty,

v =0 on I,

Nt + ks — (—Aag) ALY — (—Aag) (A5 + AfL + ADE2 + (~4as) T Afg

= ®9 on I',

(>\ + N + Cﬂ'(t))k;Q + ﬁkl,mﬁ - 7k2,1‘:1: - akl,xzxz - ;V + Jnfi 1e2 : O'(V, Q)\Fno nng L
, o1 ,

= (I)3 in FS.
k1 =0 and k1, =0 on {0, L}.

Proof. The proof is based on integration by parts. We come back to the stress tensor

notation through the identity
—vAu+ Vp = —div o(u,p) + vVdiv u = —div o(u, p) + vV As7;.

As a preliminary, remark that for a function f € LTy )

/ fea-mn= | Uf.
I—“rr,O s

To simplify the presentation we split F; into two parts

Fy =X u—div o(u,p) + vV Asij + Dru — Ay 111 — Aoila .

Fi1 Fy o
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Step 1: Using the Green formula, the tensor part in F7 1 - v becomes

_/Qﬁ,o div o(u,p) - v = / o(u,p): Vv —/ (o(u,p)n) - v

Qw,O 8971‘,0

1
— [ Vuiota) -5 [ plio(va)
QW,O er,O

2v

1
50 | aliotwp = [ (olup)n) v,
v Qﬂ',O 8Q7\',0

where we have used the symmetry of o(u,p) (respectively of o(v,q)) to write

o(u,p): Vv = 1U(U,p) (Vv 4 Vv,

2

Moreover

! / I:0(v,q) ! I:0(u,p) / div v / div u

— co(v,q) — — co(ua,p) = vVV-— v

2V QTF,O p q 21/ Qﬂ',O q p Qﬂ',O p Q‘/r,O q

= */Q q Az = =M, A3q) 2 (v, m-2r,) = — (0, (*Aa,ﬂ)_lAE@Hg(FS)-
7,0
Finally
—/ div o(u,p) - v = —/ u-div o(v,q) — (o(u,p)n) - v
Qﬂ-,O QW,O 6977,0
g (0(v,@)n) - u+ (M, (~Aap) A3 21,
7,0

Moreover the terms (o(u,p)n) - v and (o(v,q)n) - u vanish on I'; UT', asu = v =0 on
I'; Uly. On Iy, since vo = 0 and p = 0, we have

(o(u,p)n) - v =2v01uqv;.

Remark then that, on I'y, dous = 0 and d1u; = div u = Asn; = 0. Hence (o(u,p)n) - v
also vanishes on I',. The same reasoning can be done on (o(v, ¢)n)-u except that ¢ # 0
on I',. Hence,

(4.5.10) (o(v,q)n)-u= —qu; on I,

Using the boundary condition on ¢ this quantity will simplifies with another boundary
term on I', coming from the Oseen terms.

Step 2: The term F o involves the perturbations, that is,
/Q (VVAsi + Dyu — Ay 1 — Aailg) - v,
7,0

with
/ Dyu-v = / (Wr (£) - V)u + (u- V)0s () + Cor(t)us) - v.
Qﬂ—’o QTF,O
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Using duality,

—/Q Apii - v ==L AL V) g2, a2 = — (0 (—Aa,ﬂ)flAT,1V>Hg(r5)7
7,0

—/ Aot - v = —/ Tl A5 V.
Qﬂ70 F.s

For the Oseen terms we have

AJ“VWW%vé/ILNwam

and

Qr0
and /Qmo(un(t) Vu-v=— /Qﬂ,o u-vdiv (ur(t)) — /Qm0 u- (Up(t) Vv
+ /<997ro(u -V)U,(t) - n,
with 7

/ (u-v)u,(t) - n= / (U (t) -m)vyug + / koflomy€o - 1.
8&’27“0 1—‘7'r,0

o

Using the boundary condition on g, the first term simplifies with (4.5.10]). For the second
term

/ kzﬁznwez-HZ/ kafony .
F7r,0 Fs

Finally,

/ Cr(tu, -v = —/ u- (Cr.(t)v+Cr(t)vy) + (u-v)Cr(t)n - ey,
Q‘/r,(] Q7'r,0 aQ7'r,0

where, with a similar reasoning as above and using that C(¢) =0 on I',,

/ (W-V)Cr(t)n-e2 = | fokaCi(t).
Or o s

The only term that remains in Fi o is

V/Q V Az - v = */F Aziikoey - n = /r Asfitks = (i1, (—Aap) " ASk2) g2 (r,)-
7,0 7,0 s

If we summarize the previous results we obtain

/ - v—/ Dy - u—/ (o(u,p)n V+/ o(v,g)n
TrO 7rO 7T0 TrO

+ (1, (—Aa, >1A*(Q+k2)>H2( S (M, (—Aap)” A1,1V>H§(Fs)

—Aﬁﬁw+£ﬁwh+®@wx
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Step 3: For the structure,
(Fa, k1) gz (p,) = (1, Ak1) () _/r f2Aa, gk,
and
Foky = A | oks =8 [ inacks =7 [ foaaks 4 [ iaacks
T, T, r. r, T,
- /1“ (A1 + As)iiks + /1“ Ty €2 U(u’p)\anylnnS,lkZ
= /r N2 (Nkz — ko) + (s k2) g2 e,y — (0 (= Aag) T Al ko) g2
+ Jn271e2 . J(u,p)‘png’lnng’lkg.

Step 4: Finally, adding all the terms in (4.5.8) and putting u, 7; and 7js in factor we
obtain

/ Fy v+ (Fy k1) gz e, +/ Fsko = / Py - u+ (P2, M) p2(r,) +/ D372,
Q7\',0 0 T's Qﬂ',O 0 s

which concludes the proof. O

In order to express the pressure in (4.5.9) we introduce, for 0 < g9 < 1/2, the operator
Ny € LHY?720(Qr0), L*(Qr0))

defined by N,.(u) = ¢1 where ¢ is given by the Riesz representation theorem and the
identity, for all £ € L?(Q0) and x¢ € H%(Qx ) solution to (4.4.10),

/ € = 1// Vu: Vgxg + 1// (VuVxe) -n —1—/ D7 (t)u- Ve
QW,O Qﬂ',O 8Q71',0 QW,O

+ (U (t) -n)v1 Vxe - n.
T

We also introduce the operator D € E(HgéQ(Qmo), H?(Qr0) X H' (Qr0)) defined by
D(g) = (D1(g), D2(g)) = (W, p),
where (w, p) is solution to

Aow — VAW + Dy (t)w + Vp =0 in Q. ,
divw =0 in Qr9, w=0onIzg, w=0 onl},

wy =0 and p = (W;(t) -n)w;, on 'y, w=0 on I}
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Lemma 4.5.5. The adjoint of the operator My in H is

I 0
M!=10 I —(—Aap) "Ny
00 (I+ Ny)
and its inverse
I0 0
(M) =10 I (—Ayp) 'A5N(I + Ng)™!
0 0 (I+ Nyt

Proof. The proof is similar to [23, Lemma 6.1].

Lemma 4.5.6. Let (&1, ®y, §3) € H, then
(., k1, ko) € HA(Qr0) x H'(Q) x (H(T) 0 HF(Ts)) x HF(T),

is solution of (4.5.9)) if and only if

IIv IIv 11d,
AMI | k| = MJA) | ky | + | @2 — (—Aap) LASN,(P1)
(4.5.11) ko ko Pg +Np(q)1)

(I —TI)v = V Ng(ka),
q = —ANg(ka) + Ny«(v) + Np(q)l)a

where (A, (t), D(A(t)))i>0 is the family operators defined by

D(A(1)) = {(I1v, k1, ko) € V2, (Qrg) x (H(Ts) N HF(Ts)) x HF (L)
| Tlv — 1Dy (k2) € D(A*(1))},
and A, (t) = AL(t) + A2(t) with

A5 0 (Mol — ADIID; ()

(4.5.12) ALlt)y:= M1 o 0 ~I
0 —Aup YA
and
(4.5.13)
0 0 0

(—Aa,ﬁ)_ll‘q,l

(0 = 08| = (g g () | O] T AT C ) 4G

— (= Aa,p) " AZNw (VNS ()

(—Aap)” 1AT1VN() + (= Aa,ﬁrlAZ,l

(777r + Cr) + A5V N,(-)

A5+ By+ Ny |0
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Proof. Using the same techniques as T heoremwe can prove that (v, q) € H*(Qy ) %
H1(Q ) is solution to the fluid part of if and only if

AV — A* )TV + (A*(t) — AgD)TID; (ks) = 11,

(I —1II)v = VN, (k2),

q = —ANs(k2) + Nys(v) + Np(P1).

Finally we replace the pressure in the adjoint beam equation to conclude. O

Theorem 4.5.2. The adjoint of the family of operators (A(t), D(A(t)))t>0 in H is the
family (A*(t), D(A*(t)))i>0 defined by

D(A*(1) = {(v, k1, k2) € V21, () x (H' (L) MHF(Ts)) x HF (L)

n,I'y

(4.5.14) 7
| v — IID; (I + N) ko) € D(A*(1))},

and

AX(t) = MyA() (M)

Proof. To compute the adjoint of (A(t), D(A(t)):>0 we use the identity for data
in H. Precisely let (Fy, Fa, F3) be in H and (u,p,1,7%2) € H2(Qr0) x H (Qrp) x
(HY(Ts) N HE(Ts)) x HZ(L's) be the solution to (#.5.7). For (v,ki1,ks) € D(A*(t)),
becomes

Fy IIv ITu dq
Bl |k =] [P
F k2 ) ) 712 3/ )
We then use ([{.5.6), with IIFy = Fy and N,(F;) =0 (since Fy € Vg)rd(ﬂmo)),
Fy ITu ITu
Py [ =AM | i | = MsA(E) | i |,
F 72 72
and ([{5.11), with II®; = &1 and Ny(P®1) = N,(P1) =0 (since &1 € VI 1 (Qrp)),
P, IIv IIv
By | = AMF | by | = MEAL) | B
3 ko ko
Replacing these identities in (4.5.8) we obtain
IIu ITu IIv
/\MS 771 - MsA(t) 771 5 kl
up 72 k2 ) ) &
ITu IIv IIv
= | AMS | k1 | — MJA(E) | ka
72 ko k2 ) ) u
Hence (AMs — M A(t))* = AMF — MFA(t) so (MsA(t))* = MIA(t). O
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4.6 Existence of the evolution operator for (A(t), D(A(t)))0

In this section we prove the existence of a unique parabolic evolution operator for the
family (A(t), D(A(t)))i>0. Recall that, even though D(A(t)) = V N H?*(Q, ) does not
depend on time,

D(A(t)) == {(TTu, 71,72) € Vi 1, (Qr0) x (H(Ts) N HE(Ts)) x Hi(Ts)

‘ ITu — HLl(A3ﬁ1, 772) S D(A(t))},

genuinely depends on time through A3 and L; that involve the periodic solution at time
t. Since II has co-domain V%F ,(Q70), this compatibility condition only imposes zero
values on the tangential trace of ITu — ITL;(Asfj,72) on 'y UT,. Now, assume that, for
6 € (0,1), the compatibility condition in [D(.A(t)), H];_g becomes “Tlu—IIL; (A3, 2) €
[D(A(t)),V?L,Fd (Qr0)]1—¢”. 1f 0 € (0,7), then the expected H?’-regularity of elements
in [D(A(t)), V,%,Fd(Qmo)]l_g makes it impossible to define their tangential trace (only a
normal trace, already accounted for in Vg,r ,(£70)), and thus to impose zero values on
that trace. We therefore expect, for these 6, that the compatibility condition actually

disappears, and that [D(A(t)), VO 1 (Qr.0)]1_s is independent of ¢.

n,I'y

This argument is used to construct the parabolic evolution operator for A(t). However, a
balance is required between the Holder regularity in time and the exponent 6 as specified
in [4, 2.2, Section IV]. Precisely, the exponent p of the periodic solution, which provides
the Holder regularity of A(t), should be in the interval (1 — 6, 1). From here on we fix a
pair

1
(4.6.1) (8, p) € (0,1)% such that 6 € (0, 4) and p€ (1—-0,1).
We introduce the space
(4.6.2a) D = V21 () x (H'(T) N HF(Ty)) x H(T),

equipped with the norm

1/2
(4.6.2b) [(TTw, 71, )| p = (HHUH%Q Qo) T 1157y + Hﬁﬂ\fqg(rs)) :
n,Ty s

Theorem 4.6.1. There exists Ay € R and My > 0 such that A : [0,T] — 2y, ar, (H).
Moreover the graph norm on D(A(t)) is uniformly-in-time equivalent to the norm |-||p
of D.

Proof. Recalling the definition (4.5.4) of A;(¢), let us split this operator into A (t) =
A171(t) + ./4172 (t) with

A(t) (Aol — A(t)IIL1(A3,0) (Aol — A(t))IIL1(0, -)
A 1(t) == M A (t)=| 0 0 I ,
0 Anp A



and

./41,2(25) = (]\48_1 — I)A1,1(t).

For all ¢ > 0 we denote by (D(A1,1(t)), |||lgg + | A1,1(t)]|z) the domain of the operator
./4171(t), with D(Al,l(t)) :=D(A(t)).

Arguing as in [56, Proposition 3.3] and using uniform-in-time estimates on the periodic
solution we can prove the existence of C; > 0 and Co > 0 independent of ¢ such that,
for all (ITu, 71, 72) € D(A11(t)),

2 A 112 ~ (12
Cl(HHuHVipd(Qr,o) + 1) + 19205z 0,))
2
< (T, A ) [ + [ Ava () (T, )T

2 ~ 12 ~ (12
< CQ(”HuHVi,rd(Qmo) + 1oy + 19202 0,)-
The plan of the proof is the following:

e Step 1: We prove the existence of A\; € R such that {A € C | Re A\ > \i} C
p(Aq1(t)) for all ¢ > 0.

e Step 2: We prove the existence of My > 0 such that A;q : [0,7] — Ay, ar, (H).
e Step 8: We prove that there exists k € (0,1) such that
Ao+ A2 : [0, 7] — L([D(A11(t)), H)1—, H),
and

We then deduce, using Theorem the existence of \s € R and My > 0 such
that A : [0, 7] — 2y, ar, (H).

e Step 4: We use the previous splitting of A(t) to prove the uniform-in-time equiv-
alence between the graph norm of D(A(t)) and ||-||p-

Step 1: Let Ay € R be such that {A € C | ReA > N} C p(Ap) and suppose that
A1 > max(Ap, Ag), where A\ is given by (4.4.2)). Consider the system, for A € C such
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that Re A > Aq,

Au+ Dyu—vAu+ Vp = Fy in Qrp,

div u = A3z in Qrp,

u = fgeg on 'z,

u=0 on I}y,
(4.6.4) up =0 and p=0on I,

u=20 on I',

Afy —fl2 = Fy on Iy,

Ao = B ex — Y20z + Q1 zaze = F3 in Ty,

1 =0 and A1, =0 on {0,L},
with (Fy, Fy, F3) € H. The beam equation of this system is decoupled from the fluid
equations. Hence we can solve in two steps. First, as A € p(Ap), there exists a

unique solution (f1,72) € (H4(Ts) N HE(Ts)) x H3(Ts) to the beam equation with the
estimate

Il sy + el 2y < € (1Ballmze, + 185l e, ) -

Then, using that Asfj; = diV(—ﬁlﬂmlel + Zﬁl@ﬂmleﬂﬁl € Hllift(QmO) and 7o € Hg(FS),
Theorem implies the existence of a unique (u,p) € H*(Q, ) x H(Q o) satisfying
the fluid equation in (4.6.4), with the estimate

iz, ) + 1P 0, 0) < CUELVG | (0,0) + 148 10 0) + 120l 2 1,)
< C||(F17F27F3)||H

Finally remark that (4.6.4)) is equivalent to

IIu IIu F1
AM o | =A@ | m |+ | B
(4.6.5) Tl M2 F3

(I —II)u = VNy(7)2) + V Naiv(Azi),
b= _)\Ndiv(A?)ﬁl) - )\Ns(ﬁ2) + Nv(u)-

Hence {A € C|ReA > A1} C p(A;11(t)) for all ¢ > 0.

Step 2: For all A € C such that Re A > A, from the construction in Step 1 it can be
seen that the resolvent of A; ;(¢) is given by the following formula

A = ((/\I - Sl(t))l (Aﬁ(ﬁw—l) |

with
(M — A(£)) " (Aol — A()TIL1 (As-,0)\ B
T = ( (AT = A(0)~ (T — ABIITLL(0, ) ) (T = 47"
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There exists M > 0 such that, for all A € C such that Re A > Ay,

T Y CTRPU

LV 1 (O, LHy) — 14|\
It remains to estimate the term T()\). Remark that
(M — A(t)) Y (Nl — ALy = (Ao — N)(AT — A(t)) ' TILy + T1L,.

Moreover, the following estimates hold, for all ® € Hy,

Cr, M
V%,Fd(Q‘n,O) B 1 + |A|

[z - Aty 191l 17, »

where C'p,, is the continuity constant of L;. Additionally

[0 = N = A@®) L (A = Ap) ' @),)|

Vg,rd (Qx.0)
Cr, M? M’

<|Ao—A—""= || < —||®

with M’ > 0. Combining all the estimates we have proved that there exists a constant
M > 0 such that ./4171 : [O,T] — Ql)li (H)

Step 3: The idea is to prove that all the operators involved in A; o(¢) and Ajg(t) are of
lower order compared to A; 1(t). In order to described the regularity of the perturbation
we use the constant x € (0,1). Instead of using various k1, K2, . .. for all the operators,
we keep the general notation «, taking at the end s sufficiently close to 1.

We first consider A; »(t), that is,

0 0 0
Al,?(t) =10 0 o 70 ’
0 KsAa,,B _(I“‘Ns('))ilNdiv(Afi') +K87A

with Ks = (I + Ng(-))~! — I. We already know that (I + N,) is an automorphism
of L?(T's) and Ngi,(A3-) € E(Hg(rs),H5/2(Fs)). Hence (I + N4(-))"'Ngiv(As-) can
also be defined from H2(*+1)(T'y) N HZ(T,s) with value in L?(T;) for all x € (0,1). For
the terms KA, 3 and KyyA we refer to [56, Lemma 3.9] where it is proved, using a
Fourier decomposition of the operator, that K A, g € L(H*"+1)(T) N H3(Ts), L*(Ts))
and KyA € L(HZF(T,), L3 (Ty)) for 2 <k < 1.

For the second part, we summarize the regularity of the operators involved in As(¢):
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Operators Domain Codomain
1A Hi(Ts) Vg r,(Qr0)
1Ay L*(Ts) Vo, (Qx0)
By H>(Qrp), 1/2 <Kk <1 L2( s)
Ay Hi(Ts) L*(Ty)
As HE(Ts) L?(Ts)
By (VNgiv(As°)) Hi(Ts) L*(T)
Np(Ar1) Hi(Ts) L*(T)
By (VN(+)) HZR(Ty), 3/4< k<1 L?(T)
NP(AT) LZ(FS) L2(FS)

The terms involving N, cannot be estimated separately. If we apply As(t) to (ITu, 71, 72) €
D(A11(t)) the term with N, is

(4.6.6) Ny[MTu + V Naiy (A371) + VN (72)]-

To estimate this term we use Lemma and find £ < x < 1 such that (4.6.6) belongs
to L*(Ts) for (ITu, 71, 72) € [D(A11(t)), H]1 .

Finally we have proved the existence of k € (%, 1) such that A;2 + Ay : [0,T] —
L([D(A11(t)),H]1—, H). All the estimates mentioned above can be made independent
of t by using the L°-norm in time of the periodic solution and the uniform-in-time
equivalence between the graph norm of A;(t) and [|-||p. This yields (4.6.3). We can
then use Theorem to prove the existence of A € R and My > 0 such that A :
[O7T] - Ql)\z,Mz (H>

Step 4: The existence of Cy > 0 independent of ¢ such that

2
(T, 1, )+ A (T, 7)< Co (0T, 7, )

for all (ITu,n,72) € D(A(t)) is obtained through direct estimates using the regularity
of the periodic solution. For the reverse inequality we already know that there exists
C’ > 0 independent of ¢ such that, for all (ITu, 71, 72) € D(A(t)),

2

(4.6.7) C"[[(Thw, 7y, ) [y < (10w, 7, ) 13 + | Av2 () (T, i, )|

Using that Aj 9+ A : [0,T] = L([D(A1,1(t)), H)1—., H) (with uniform estimate (4.6.3))
on the norm) and the interpolation inequality in [43, Corollary 1.2.7] we obtain

2
[ (Av2®) + Ao @) (T, 7, )T | < C 1T, 7, 7)o O

< O(m) (T, 7, i) 5 (T, 71 12) [, o
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Using the young inequality with a parameter € > 0,

1

o ) 1\ == A
H(-ALQ(t) | Ay(t))(ITu, 771’772>THH < C(k)(1— k) (E) (T, A1, 72) I3
—+ C(K,)KJ&H ||(Hll, ﬁla ﬁ2)||'2D(.Al,1(t)) ’

The rest of the calculations are standard. Taking € > 0 small enough and using (4.6.7)
we obtain a constant C; > 0 independent of ¢, such that

2
Co (T, 1, 72) [, < (T, 1, 72) 35+ || A (T, 7y, 7) |

)

H
which concludes the proof. ]

We are now able to prove the existence of a parabolic evolution operator for the family

(A(t), D(A(1)))e>0-

Theorem 4.6.2. There exists a unique parabolic evolution operator U for the family
(A(t), D(A(t)))e>0 with regularity subspace

Ey =V, x (Hy"D(T) 0 H3 (1)) x HF(Ty),

n,l'y

where 6 is defined in (4.6.1)).

Proof. We have to prove that A(t) satisfies (B;)—(B2). For all ¢ > 0 consider the
isomorphism

D(A(t)) = D(A(1)) x (H (L) M HF(Ts)) x HF (L)

(T, 91, f)2) = (ITa — T1L1 (A3, 72), A1, 7)2).-

(4.6.8) O(t) : {

Using Lemma the operator L; can be defined from H'(Q, ) x L%(T's) with values
in L?(Qy0). Hence O(t) is also an automorphism in H. Using Lemma we deduce
that

©(t) is an isomorphism
[D(A()), H1 g = [D(A®)), Vi1, (Qmo)lio x (H2HHD(T) 0 H(D,)) x HE(T).

For 6 € (0, 1), recalling that D(A(t)) = V N H?*(Qxo) and [V N H*, V) 1 (Qr0)]1/2 =
D(A;m) =V, Lemma implies

[D(A®)), Vo r,(Qm0)i-0 = [V N H?*(Qr0), Vi1, (2r0)li-6 = Vir, (o).
Finally, for all ¢ > 0,

[D(A®)), Hl1—p = {(TTw, i, ) € VI, (Qr0) x (H2OTD(Tg) 0 HF(T,)) < HE'(T)

n,'y

| TTu — Ly (A3, 72) € Vip, (Qx0)},

TL,Fd
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is algebraically equal to Ey as the compatibility condition does not impose conditions on
the data. It remains to prove that the norm on Ey(A(t)) = [D(A(t)), H]1—p is uniformly-
in-time equivalent to the norm of Ey. For all ¢ > 0 the map O(t) is described by the
matrix

I —TILy(As-,0) —IIL4(0,-)
o) = |0 I 0 ,
0 0 I

and its inverse is
I TILi(As-,0) IIL4.(0,-)
o) t=1o0 I 0
0 0 I

Using Lemma we deduce uniform-in-time estimates for the operator L; and there
exists a constant C'r,; > 0, independent of ¢, such that

H@ '(ITa, A1, %) H C2H@ (T, iy, ) HD

< C2CL1 H(Huv n, ﬁQ)HD
< CoCiCry ||(Ta, A1, 72) | pagey

D(A(t))

for all (ITu, 1, M2) € D(A(t)) x (HYTs) N HE(Ts)) x HZ(T's), where C; > 0 and Cy > 0
are the constants, independent of ¢, appearing in the equivalence between the graph
norm of D(A(t)) and ||-||p. We also have Cro > 0, independent of ¢, such that

H@ Hu7 /’717772) H S CL2H<Hu7 ﬁhﬁ?)HH:
for all (ITu, 71, 72) € H. Using interpolation we obtain

H@(t)_lHﬁ(Eg,Eg(A(t))) < (OG0,

Similar result can be proved on O(t). Finally,
(T, 7, 7)) | g ey = || OB O (T, s, ) |
< C|e) i),
6

< O (110, 1, 99) | 5, + | (~TIL1(Asiin, 72). 0,0)]l 5, )

Ep(A(t))

and, using interpolation on L;, Lemma [£.8.4] and uniform estimates on the periodic
solution for the term As, we find Cr3 > 0, independent of ¢, such that

[(=T1L1(As%1,72),0,0)|| g, < Crs||(Tu, 7)1, 72) 5, -

The other inequality in the equivalence between the norm of Ey(A(t)) and Ejy is similar.
Hence A(t) satisfies (Bj).
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It remains to prove (Bz2). We introduce the operator (A(t), D(A(t))):>0 in H defined by

D(A(t)) = D(A(®)) x (H*(Dy) 0 HF(T,)) x H3(Ty),
and the formula A(t) = .jl(t) o O(t). Remark that D(.;l(t)) does not depend on ¢ since
D(A(t)) = VNH?*(Q,0). Setting, for an operator B, By = B—\I, the following diagram
comimutes:

o(t)
D(A(t)) ——— D(A(t))
A (1) ‘ Ay ()
H —_— H
I

We want to prove that A;; € CP([0,T]; L(H, Ep)). As the domain of A(t) depends on
time we cannot directly utilise the Holder regularity of A(t). To get around this issue

we show that A € C2([0, T]; Iso(D(A(t)), H)) and that ©~1 € ¢2([0, T]; L(D(A(t), Ey)).
Finally we conclude using that A;; =071o (A4,

The Holder regularity of the operator ;l(t) follows directly from the regularity of the
periodic solution and standard properties of compositions, products and sums of Holder
functions. The Holder regularity of © follows from Lemma [£.84] and the previous
uniform-in-time equivalence between the norm of Fy(A(t)) and Ey.

Hence A(t) satisfies (Bz) and Theorem yields the existence of a parabolic evolution
operator with regularity subspace Ejy. O

Remark 4.6.1. Consider the Cauchy problem

(4.6.9) {Y/(t) = AQ)y(t), for T > ¢ >0,

y(0) ==z,
Using [4, Theorem 2.5.1, Chapter IV] we know that, for z € H, (4.6.9) has a unique
solution y € C([0,T]; H) N C*(]0,T); H) and, for all t € (0,T], y(t) € D(A(t)). In

particular A(t)y(t) € C((0,T];H) and the uniform-in-time equivalence of the graph
norm on D(A(t)) and of |-||p gives y € C((0,7]; D).
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4.7 Stabilization of the linear system

In this section we study the stabilisation of the linear system

Vi — VAV + Dy (t)v — A1 — A2 + Vg —wv =0 in Q;g“,

div v = Agﬁl in Qgéo,

v = fpep on X0,

v=v. on X,

vag=0 and ¢ =0, on X2,
(4.7.1) v=0 on X, v(0)=v" in Q,,

e —win — Az =0 on X2,

772,15 - wﬁ? - /Bﬁl,acac - ’Yﬁ?,xac + aﬁl,mmxw - A4,1771

= —JngyleQ o (v, q)‘pns)T 1nn271 in 32,

M1 =0 and 71, =0 on {0, L} x (0,00),

71(0) = 7Y and #2(0) =3 in Is.
The objective is to stabilize (4.7.1)) with a control v, acting on an open interval T', C T;.
System (4.7.1]) can be written as a matrix evolution equation. We are interested in the
stabilisation of classical solutions for this problem. For parabolic evolution equations,
we refer to [40] for the definitions of solutions on unbounded intervals, and to [4] for
the general definitions when the underlying operator has a non-constant domain. By
extension, the term ‘classical solutions’ is also used for (4.7.1). Typically, for classi-
cal solutions of (&.7.1)), the velocity of the fluid v belongs to C°([0, +00); L(2x0)) N
CY((0,4+00); H*(Q4:0)) NCL((0, +00); L2(2r0)). The initial data (TIv%, 79, 79) in the ma-
trix formulation are chosen in H. To ensure the continuity of v at time ¢t = 0 we
introduce the space

(4.7.2) He:= {(v%,0],79) € H [ v’ = Li(0)(A3(0)7?, 49) € V{1, (2r0)},
where L;(0) is the operator L; computed at time ¢ = 0 i.e. with u,(0).

Proposition 4.7.1. A pair (v, q) such that

o v € C[0,400); L*(Qr0)) N CO((0, +00); H*(20)) N C((0, +00); L*(Qr0)),
e ¢ €C(0,+00); H' (Qr0)),

satisfies (4.7.1)),—(4.7.1))4 if and only if
(4.7.3)
vy, = (A(t) + w)IIv + (Mol — A(t))IIL1 (A3, fi2) + (Aol — A(t))IILy, (ve),

(I — TD)v = VN,(f) + VNaw (Asii) + VNi(ve),
q = —Naiv(A3(M1,t — M) — Naiv(Az71) — N(24 — wila) — Np, (Ver — wve) + Ny(IIv)
+ No(V Naiv(Asin) + VNG (12)) + Ny (VN;(ve)).
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Proof. The proof is similar to Theorem [£.4.4] O

We are going to reformulate as a matrix evolution equation. The regularity of
the operator IV, is increased in Lemma when the operator is applied to specific
functions. When w € HQ(QmO), using the definition of N, and a reverse of the
integration by part that led to , the function N,(w) € L?(2: ) can be defined as
a continuous linear form on L?(£, ) endowed with the (H' (2, ¢))-topology. Using the
Hahn-Banach theorem, this form can be extended as a continuous form on (H(Qy0))".
The reflexivity of H'(Qy) and the definition of the duality with L?(, o) as a pivot space
then show that N,(w) € (H'(Qr0))" = H(Qr0). Hence N,(VN;(v.)) € H(Q ) and
its trace on I'y o is well defined. This is required as this term is treated separately in the

coming formulation (4.7.4)).
For classical solutions, system (4.7.1]) is equivalent to

(4.7.4)
p v v v (0) 0
dt m|= (A(t) + wl) m | +Beve + Baver, m(0) | = ﬁ? )
fl2 72 72(0) Ui

(I - H)V = vNS(ﬁQ) + V]Vdiv("43ﬁl) + vNi(uc)a
q = —Naiv(A3(M1+ —M)) — Naiv(Az01) — Ns(24 — wig) — Np, (Ver — wve) + Ny(v).

with
(Ao — A(t))ILr,(vc)
B.ve = 0
w(l + NS)_l[NFi (ve) + NU(VNi(VC))]
0
dec,t = 0

—(I 4+ Ng)™'N;(ve)

In the previous formulation the time derivative of the control variable v. appears. To
fit into the standard control framework for evolution equation we adapt the techniques
developed in [44]. Let us mention that the strategy used in [44] cannot be directly
applied to our parabolic evolution equation since it involves non-constant operators. We
split v, into two control variables that will be considered as state variables: v. = vi+v2.
Consider g; = v}, — 2A.v} and g, = vZ; — A,v2. The pair (g;,8,) is the new control
variable. The idea to consider two heat equations with different diffusion coefficients is
crucial to solve the continuation problem associated with this formulation. This idea to
‘double’ the control variable already appears in [44] in a discrete case. Remark that the
heat equation is used here to ensure that the extended operator remains analytic (or,
more precisely, that we can still construct a parabolic evolution operator). The idea of
considering an extended system with a heat equation on the boundary was already used
in [7] for the Navier-Stokes equations.
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We introduce the space
H, = H x L*(T;) x L3(T;).
The extended system, equivalent to (4.7.4) is

IIv IIv IIv(0) 0

41 m i o 71(0) 7

(4.7.5) | | =AM | 0 +Be< 1>, M(0) | = | 79
vl vl &2 v1(0) 0

v2 v2 vZ(0) 0

=
=
D
=
D
P
&
=
S
P
4]

t))e>0 is the unbounded operator on H, defined by

A(t) + wI (Bc 1+ 2ByA, Be+ BdAZ)
(4.7.6) Ac(t) = . 29A, 0 :
0 A,

(4.7.7)
D(Ac(t)) = {(1Iv, A1, iz, ve, vE) « TIv € Vo (o), i € (HY(Ds) N H (L)),

2
in € HY(T,), (v, v2) € (HA(T) N HY(TY)) |
Iu — Ly (Agin, fi2) — Ly, (ve + v2) € D(A(1))}
and the control operator B, € L’(LZ(I‘,;) X LQ(Fi)7 H.) is defined by

0
0
(4.7.8) B. <g1> = [ (I +Ns)"'Ni(g; + g2)
g2
g1
g2

Let us calculate the adjoint operators of A (t) and Be.
Proposition 4.7.2. The adjoint of (A(t), D(Ac(t)))e>0 is defined by
D(AL(t)) = {(IIw, k1, ky, Wi, w2) € V) 1 (Qr0) x (H*(Ls) N HG(Ts))

n,lg
(4.7.9) CHE(L) (HQ(FZ-) . H})(Fi))z | ITw — TID; (I + N,) "V)ka) € D(A*(1))}-
and
A*(t) + wl 0
(4.7.10) As(t) = (Be 2848, Bot Ba.)' G% 2)’

where (Be+2B4A. B+ ByA.) € L(D(A* (1)), L3 () x L3(Ty)) is defined by

A" (~o(w,g)n
(Bc+28dAZ Bc+BdAZ) k| =
ko

for (IIw, k1, ko) € D(A*(t)) and w = IIw + VN (k2), ¢ = —Ns(k2) + Ny=(v).
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Proof. The proof is done using the same techniques, based on integration-by-parts, as

in the proofs of Lemma and Theorem O

Proposition 4.7.3. The adjoint of B, is the operator B} € L(H.,L*(T;) x L*(I;))
defined by

k1 1 ~ -1
B ke | = < 5 NS((I+NS)_ k2)|1"in) )
c

k1
<Be <g1> | ke > = —/ (I +Ny) "' Ni(g) + 82)] k2 +/ g - w, +/ 8 " We-
8o 1 H, s i T

oONO

The integral on I's becomes

& \— ON ~ \—
[ N+ )+ N e = [ Nil +82) G (L + N ),
Iy Iy n
and using that

0= /Q AN,((I +Ny) ko) Ni(g) + g2)
7,0

= [ Nl + ) D+ N ) — [ (@ + ) N7+ W) e
Ts n T,

7

[ AN+ EN(+ V) k),
7,0

we obtain the desired result. O

Theorem 4.7.1. For all (IIv", 47,99, vl ,vZ) € Hc there exists

(21.82) € (40, +00) LA(T1))

such that the classical solution (IIv, 71, iz, vi, v?) to (4.7.5)), which belongs to

o IIv € C°([0, +00); Vi 1, (Qr,0))NCO((0, +00); V7 1, (Qr,0))NCH (0, +00); Vi 1, (2 0)),

e i € CO([0, +00); HE(T)) NCY((0, +00); H(T,) N H(T,)) N CL((0, +00); HA(T),
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o 7z € C°([0, +-00); L*(Ts)) N CO((0, +00); HE(T's)) NCH((0, +00); L*(Ts)),
o vl € [0, +00); L3(I;)) N CO((0, +00); HA(T;) N H(T,)) N CH((0, +o00); LA(TY)),

e V2 € CO([0, +00); LA(I')) 1 CO((0, +o00); HA(T',) A HA(T,)) N1 CL((0, +00); LA(T),

satisfies, for all a > 0,

(T0v (), 71 (1), 7o (1), vE (), v2(1))

sup
t>a

with D, = D x [H*(T;) N H}(T;)]? (recall that D and its norm are defined in (4.6.2)).

Proof. The matrix describing the unbounded operator A.(t) is triangular. Using sim-
ilar arguments as in the proofs of Theorems and the analyticity of the
heat equation, we can prove the existence of an evolution operator U, for the family
(Ae(t), D(Ac(t)))e>0 with regularity subspace Ep. = Ep x [H*(I;)]?, where we recall
that 0 < 0 < i is defined by . The Rellich theorem shows that Fy . is compactly
embedded in H,. Moreover, using the same reasoning as in Theorem the graph
norm of D(A.(t)) is uniformly-in-time equivalent to the D.-norm. We can therefore use
the results presented in Section Let us prove the condition from Remark
Let y = (ITw, k1, k2, w., w?) be a classical solution to

—Y'(t) = AZ(t)y(t) in [0, +o0).
Owing to Proposition [£.7.2] this solution satisfies the following system

—w; — VAW + De(t)w + Vg —ww = 0 in Q7

00
7,0
00 )

divw =0 in
w = kges on Z&O,
w=0 on X',
wy =0 and ¢ = (Wr(t) - n)w; on X,
w =0 on X%,
(4.7.11) — K1yt ky— (—Aap) ! 1w — (—Aap) ' (— A5+ Ajr + A5k
+ (—Aap) T AL — wki =0 on X5,
— kot + (Nx + Cx(t)) k2 + Bki ze — Yh2 2o — Okt gaze — A5W

+J0 ex-0(w,q)r, no —wky=0 in X3
777r,1 7]7Orl 1

n

k1 =0 and k1, =0 on {0, L} x (0,400),

— wét — QAZWi = —o(w,q)n on X% _,
2 2 i
—wo; — A,w, = —0(W,q)n on X,
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with w = IIw + V Ng(k2) and ¢ = —Ns(k2) + Ny« (w). Suppose that

0\ . k1 ~(wl = Ny((I+DNs) ko) p,n
- Be k2 - 2 V-1 ’
0 wiz — Ns((I + Ngs)"'k2)r,n

W
w

where the second equality comes from Proposition [4.7.3). Then w! = w? = N ((I +
Ny)tka)r,m. Setting ® = Ny((I + Ng) 'ka)jr,n, the difference between the last two

equations in (4.7.11)) shows that
~A,w!l=0o0n¥.

Moreover, for all t > 0, wl(t) € H*(I';) " H}(T;). We deduce that w! = 0 on X . The
last equation in then shows that o(w,q) = 0 on X¢_. Flnally, the conditions
w = 0 and o(w,q¢)n = 0 on X¢_ imply, using the unique continuation result proved in
[22, 21], that (w,q) = (0,0) on QT". The Dirichlet boundary condition w = kges on
¥70 then ensures that ko = 0 on 32, and the second equation of the beam provides
provides k1 = 0 on X3 . We use Theorem to conclude the proof. O

Using Theorem we can now state a stabilizability result on the system (4.7.1]).

Theorem 4.7.2. For all (v?, 79 79) € H. there exits
ve € C2([0, +00); HA(T) N Hy(I'y)) N €' ([0, +00); L*(I:)),

satisfying
i;lg HVC(t)HH2(Fi)ﬂH(1)(Fi) + Stgg ||Vc,t(t)||L2(Fi) < +00,

such that the classical solution (v, q,71,72) to (4.7.1), which belongs to

o v € C[0,+00); L*(Qr,0)) N CO((0, +00); H2(Qr0)) N C((0, +00); LA(Qr ),

o ¢ €C((0,+00); H'(Qr0)),

o i € CO([0, +00); H3 (I's)) NCO((0, +00); HA(I's) N HG () N CH((0, +00); H(I's)),
(

o iz € CO([0, +00); LA(T,)) N CO((0, +00); HE(TL)) N CL((0, +00); LA(T)),

satisfies, for all a > 0,

iggH(V(t)vﬁl(t)aﬁ2(t))HH2 Qo)X HA(Ts)x H2(Iy) < 100

Remark 4.7.1. The unique continuation result of [22] 21] is a local argument. Hence,
in the previous analysis, the control v, can be localised on an open set I'. C T';.
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4.8 Appendix

We gather in this appendix a few general results used in the rest of the chapter.

Lemma 4.8.1. Let Fj, F» be Banach spaces, p € (0,1) and ® € CP([0,T];Iso(F}, F»)).
Then the map ®~! defined as ®~1 : [0, T] — ®(¢)~! belongs to C?([0, T]; Iso(Fx, FY)).

Proof. TIso(F1, F») is an open set of the Banach space L£(F}, F») and the map

ISO(Fl,FQ) — ISO(FQ,Fl)
Inv : 3
A— A

is C*°. Since ®(]0,T]) is compact in Iso(F}, F3), we easily deduce that Inv is Lipschitz
continuous on ®([0,77]), with constant C_;. This shows that, for ¢ # s,

v (@ (t)) — Inv(P(3)) [l £y, ) [2(t) — ()|l 2(py, )

< C_
|t — 5] = |t — 5]

and the proof is complete since Inv(®(r)) = ®~!(r) by definition. O

Lemma 4.8.2. Let (E1, Ey) and (F1, F») be two pairs of densely injected Banach spaces.
Let @ € Iso(Fq, F1) N1so(Fsy, Fy). Then, for all 6 € (0,1), ® € Iso([E1, Eq)g, [F1, F2lg)-

Proof. By property of the interpolation we already know that ® € L([E1, Es]g, [F1, F2lg)-
The only thing to prove is that the isomorphism property is preserved. Consider, for
y € [F1, Fy)g, the equation ®x = y. Since [F1, Fy]g C Fy and ® € Iso(Es, F») there
exists a unique x € F5 such that ®x = y. Moreover ®~! € Iso(Fy, 1) NIso(Fy, Ey) and
thus, by interpolation, @~ € L([F1, F2]g, [E1, F2]g). Thus x = @1y € [E}, Fs]g, which
concludes the proof. O

For 6 > 0 consider the space HZ (Q,0) := {u € H’(Q,0) |u=0o0n T4, ug =0 on I,}.
Reasoning as in the proof of [38, Theorem 11.1] we see that

(4.8.1) HY (Qr0) = H Q) if 0 <0 < L.

Lemma 4.8.3. For 6 € (0, 1), recalling the definition (4.2.3)) of V, the following equality
holds

(4.8.2) [V, VO, (Qr0)]1—9 = HY,(Qr0) NV 1 (Qr0).-

In particular, if 6 € [0, 3),

(4.8.3) v, V%,pd(m,o)hfe = Vi,rd(ﬁw,o)-
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Proof. We first remark that V is equal to H{ (Qr0) N Vg,Fd(QmO)' As Vg,rd(Qw,O) =
MTL?(Q,0) we can use [60, Theorem 1, Section 1.17.1] to obtain

[Ht}r(Qﬂ,O) nvy (Qﬂ,0)§ LQ(QW,O) nvy (QW,O)]l—H

n,l'q n,l'q

= [H%r(Qﬂ,O)v LQ(QW,O)]l—G N VO (QW,O) = ng(QW,O) N VO (QW,O)'

n,I'y n,I'y

This concludes the proof of (4.8.2)). The relation (4.8.3) simply follows from (4.8.2),
(43.1) and the definition of V}, 1 (Qr0) = H?(Qx0) N V5 1, (Qr0)- O

The next lemma investigates the Holder regularity in time of the operator L;. We also
use a transposition method to extend the result for weaker data.

Lemma 4.8.4. The operator L defined by belongs to
€7 (10, Tl; £(Hig(2m0) * Hp” (Tr0), H (20))),
and can be extended as an operator in
CP([0, TT; L((H' () x (H?(Tr0))'; L2 (Qr0)))-
Proof. The lifting operator L depends on time and we specify this dependency with the

notation L(t)(-,-). For (w,g) € Hig(Qrpo) X 7—[3(/)2(1“,“0) and 0 < s <t < T the pair
(v,q) = L(t)(w,g) — L(s)(w, g) is solution to

AoV — VAV + Dy (s)v+ Vg = (Dy(s) — D (t))L1(t)(w, g) in Qr,
divv=0inQr9, v=0onI;g, v=0onTI},

vp=0and ¢g=0onTl,, v=0onlIY}.

The uniform-in-time estimates on the periodic solution (U, pr,nr) show that the con-
stant C in Theorem does not depends on time. Hence, the pair (v, q) satisfies the
following estimate

Wl o) + 1l a1, o) < CI(Da(s) = Da(®) Li®)(w,)llgz(cr o -

The Hélder regularity of the periodic solution implies Dr(-) € C/([0,T]; L(V, L*(Q0))),
which yields

IVl o + lall 1, 0y < Clt = sl 1Z1(8) (w0, &)l o
< Pt = s (0l s ) + el o )

where we used Theorem again to estimate ||L1(¢)(w, 8)|lg2(q, ,)- The first part of
the lemma is proved.
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To extend the operator L1 we use a transposition method. For ¢ > 0 and ® € L2(Qﬂ70)
let (op(t),v(t)) € H*(Q0) x H'(Qr0) be the solution to

Mo (t) — vAG(H) + DA(H)p(t) + TA(t) = B in O,
(4.8.4) div ¢(t) =0 in Qrg, @(t) =0 onT'rp, @(t) =0 on I},
@2(t) = 0 and y(t) = (@r(t) - m)1(t), on Lo, @(t) =0 on I

For (w,g) € Hly(Qmo) x M2 (Tro) set (u(t),p(t)) = L(t)(w,g). Using the Green
formula (see the proof of Lemma [4.5.4), we obtain
[u@ o= [ ut)- Qop(t) — vAe() + Diltye() + V(1)
7,0 7,0
[ goteatn- [ wi.
Fﬂ-’() QW,O

For (w,g) € (H'(Qr0)) x (H'/2(T10))" consider the following variational formulation:
Find u(t) € L*(Qy ) such that

(4.8.5) /97, . u(t) - @ = (g, ((c((t),7(t)) n) - 92>(H1/2(rﬁ,0))/,yl/2(rmo)

— (w, 'V(t»(Hl (Q2r,0)) s H(Qr0)>

for all ® € L?(Qr ) and with (¢(t), ¥(t)) solution to ([{.8:4). Using a density argument as
in [55, Theorem A.1] we can prove that admits a unique solution. Hence we have
extended the operator L1 on (H'(Qy0)) x (H'/?(T'z0))". To prove the Holder regularity
in time of Lj on the weaker space we note that, for 0 < s < ¢, v = Li(t)(w,g) —
Li(s)(w, g) satisfies

/Q . v-® = (g, ((o(p(t) —p(s),7(t) —7(s))n) - e2>(HI/Q(FW,O))CH”Q(FW,o)

= {w, y(t) = () (71 (0 H (@ 0)

for all ® € L?(Q,0) and (¢(t),7(t)) (respectively (¢(s),v(s))) solution to ([&8.4) at time
t (respectively at time s). We then write
||VHL2(Q,T,O) = sup

v-®
DL (2r0) /Qﬂ,o ’

< Cllgllrrzr, o)y (Ilw(t) —p)lm2, ) T I - V(S)Hm(m,o))
+ Clwll iz, 0y 1@ = () g, o) -

The adjoint system (4.8.4]) satisfies the same estimates as (4.4.1)) and the Holder depen-
dency of the solution is similar. Hence,

(4.8.6)

le(®) — @)l o+ 170 = 1 a0y < Clt = 5 [z
which, coupled with (4.8.6)), concludes the proof. O
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Chapter 5

Conclusion and perspectives

In this thesis, we studied fluid—structure models with boundary conditions involving the
pressure. To conclude this thesis, we present a brief summary of each chapter and give
some perspectives related to this work.

Fluid—structure system with boundary conditions involving the pressure

In the first chapter we developed the general framework required to study the Navier—
Stokes equations with mixed Dirichlet/pressure boundary conditions. We also studied
the fluid—structure model in the initial domain of the fluid. These techniques were used
to prove the existence of local strong solutions without assumptions on the initial data,
and of strong solutions on arbitrary time intervals for small data.

A natural extension of this work is to investigate the existence of global strong solutions
without smallness assumptions on the initial data. This was done in [2§] for a similar
system with periodic conditions on the inflow and outflow boundaries. The proof, based
on a blow-up alternative, requires additional estimates showing that the beam does not
‘touch’ the bottom of the fluid domain in finite time. It could be interesting to adapt
these estimates for pressure boundary conditions.

Existence of time-periodic solutions to a fluid—structure system

The second part of this thesis was dedicated to the study of periodic behaviours for
fluid—structure system. When the system is subjected to small T-periodic source terms,
where T > 0 is arbitrary, we prove the existence of T-periodic responses. The solution
that we obtain has different time regularity properties depending on the regularity of the
sources. In particular we prove the existence of solutions with Hélder regularity in time.
Obtaining a solution with this regularity was directly motivated by the stabilization
question for this system. However, as seen in Chapter 4] the regularity that we obtain
is not sufficient for the stabilization analysis of the fluid—structure system around this
periodic solution (unless we assume that this periodic solution is small enough to be
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stabilized by the feedback law coming from the linearization around the zero solution, a
situation which is much easier to study).

This limitation is only due to the non-homogeneous divergence when we stabilize the
system in a neighbourhood of a periodic solution. Two options are then possible: try
to remove this divergence condition using, for example, a different change of variables,
or increase the time-regularity of the periodic solution constructed in this section. The
second option seems complicated as the time-regularity is related to the continuity con-
dition in the fluid—structure system, which does not provide the continuity of higher
derivatives.

Another open question concerns the uniqueness of the periodic solution. The strategy
used in Chapter [2] to prove the uniqueness was to start with the local uniqueness pro-
vided by the Banach fixed point and to use a ‘Cauchy-Lipschitz’ continuation technique.
For the periodic solution, the fixed point argument provides the uniqueness only for suf-
ficiently small solutions. It is not clear if other periodic solutions, with higher energy,
could exist. One idea may come from the energy estimate for the periodic system. Con-
sider the fluid-structure system studied in Chapter [3] with inflow and outflow boundary
conditions involving the pressure (and a source term w;/, on I'; ). The following energy
identity is proved in [49]

1d
2dt
+gHVu+(Vu)T’

[”UHi%Qn(t)) + 10l + 1000 2, + ”8903377’&2(1“5)}

2 9 _

L2 Q1)) T 1kenllzar,) = Lifo “ife

Integrating the previous identity over a period shows that the dissipative part of the
system exactly compensate the energy coming from the source terms (as expected for a
periodic system). This information may be use to recover the uniqueness of a periodic
solution.

Stabilization of a time-periodic fluid—structure system

The last chapter of the thesis is a first and important step towards the stabilization of
the fluid—structure system in a neighbourhood of a non-small periodic solution. The
stabilization of the nonlinear system is ongoing. Our next objective is to obtain the
control under a feedback form. The usual method consists in considering the associated
quadratic problem and to solve an infinite dimensional Riccati equation. For time-
dependent operators with constant domains this was investigated in [I9]. In our case,
the operator A(t) does not satisfy the assumptions considered in [I9] and the proofs need
to be adapted. Another strategy is to used the Floquet representation to autonomize the
unstable part of the system. Using the notation of Section[£.3.3]in Chapter[4] we consider
the operator B := _Tllog(‘/] x.(0)(0)) (B is well defined as the operator V' has discrete
spectrum and we can define a branch of the logarithm defined on a neighbourhood of
{\j}o<j<n). We then introduce the operator Q(t) = U,(t,0)e'? for t € R. The Floquet
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representation of the unstable part is given by the relation

Uu(t,s) = Q(t)e"1BQ(s) ™.

The operator U, is then associated to the evolution operator of the time-independent
equation y' + By = 0 on X,(0). This reduction enables the study of the stabilization
by feedback law on a time-independent, finite-dimensional system. This approach is
developped in [8] to recover a finite-dimensional feedback law.

Another component of the stabilization analysis of the nonlinear system is the choice of
spaces in which to write a proper fixed point theorem. The nonlinear system is quasi-
linear and requires maximal regularity results. Hence, we want to study the nonlinear
system in the space of Holder-in-time decaying functions. This Holder regularity, up
to t = 0, imposes compatibility conditions between the initial data and the nonlinear
terms, which is almost impossible to satisfy as mentioned in [4I]. The idea is to consider
spaces of functions which are not necessarily continuous up to ¢ = 0, but which satisfy
the expected regularity on a time interval [a,4+00). These ideas were used in [41] to
study the stability of fully nonlinear periodic systems and could be adapted to our case.
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Résumé : Le sujet de la these porte sur 'étude (existence, unicité, régularité) et le controle de
problemes fluide-structure possédant des conditions limites sur la pression. Le systéme étudié couple
une partie fluide, décrite par les équations de Navier—Stokes incompressibles dans un domaine 2D et
une partie structure, décrite par une équation 1D de poutre amortie située sur une partie du bord
du domaine fluide. Dans le Chapitre 2, on étudie 'existence de solutions fortes pour ce modele.
Nous démontrons des résultats de régularité optimale pour le systeme de Stokes avec conditions de
bord mixtes sur un domaine non régulier. Ces résultats sont ensuite utilisés pour prouver l'existence
et 'unicité de solutions fortes, locales en temps, pour le systéme fluide-structure sans hypothese de
petitesse sur les données initiales. Le Chapitre 3 réutilise ’analyse précédente dans le cadre de so-
lutions périodiques en temps. Nous développons un critere d’existence de solutions périodiques pour
un probleme parabolique abstrait. Ce critére est ensuite appliqué au systéme fluide-structure et nous
obtenons l'existence de solutions strictes, périodiques et régulieres en temps, pour des termes sources
périodiques suffisamment petits. Le quatrieme volet de la theése porte sur la stabilisation du systéeme
fluide-structure au voisinage d’une solution périodique. Le systeme linéarisé sous-jacent est décrit a
laide d’un opérateur A(t) dont le domaine dépend du temps. Nous démontrons I’existence d’un opéra-
teur parabolique d’évolution pour ce systeme linéaire. Cet opérateur est ensuite utilisé, dans le cadre
de la théorie de Floquet, pour étudier le comportement asymptotique du systeme. Nous adaptons
la théorie existante pour des opérateurs a domaine constant au cas de domaine non constant. Nous
obtenons la stabilisation exponentielle du systéme linéaire a ’aide d’un contréle sur la frontiere du
domaine fluide.

Mots-clés : Intéraction fluide—structure, contréle frontiere, stabilisation, équations de Navier—Stokes,
équation de poutre, conditions de bord sur la pression, systémes périodiques en temps.

Abstract : In this thesis we study the well-posedness (existence, uniqueness, regularity) and the con-
trol of fluid-structure system with boundary conditions involving the pressure. The fluid part of the
system is described by the incompressible Navier-Stokes equations in a 2D rectangular type domain
coupled with a 1D damped beam equation localised on a boundary part of the fluid domain. In Chapter
2 we investigate the existence of strong solutions for this model. We prove optimal regularity results
for the Stokes system with mixed boundary conditions in non-regular domains. These results are then
used to obtain the local-in-time existence and uniqueness of strong solutions for the fluid-structure
system without smallness assumption on the initial data. Chapter 3 uses the previous analysis in the
framework of periodic (in time) solutions. We develop a criteria for the existence of periodic solutions
for an abstract parabolic system. This criteria is then used on the fluid-structure system to prove the
existence of a periodic and regular in time strict solution, provided that the periodic source terms are
small enough. In Chapter 4 we study the stabilisation of the fluid-structure system in a neighbourhood
of a periodic solution. The underlying linear system involves an operator A(t) with a domain which
depends on time. We prove the existence of a parabolic evolution operator for this linear system. This
operator is then used to apply the Floquet theory and to describe the asymptotic behaviour of the
system. We adapt the known results for an operator with constant domain to the case of operators
with non constant domain. We obtain the exponential stabilisation of the linear system with control
acting on a part of the boundary of the fluid domain.

Keywords : Fluid-structure interaction, boundary control, stabilization, Navier—Stokes equations,
beam equation, pressure boundary conditions, time-periodic systems.



