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INTRODUCTION

Dans ce mémoire, nous allons vous présenter un ensemble de modélisations de
la turbulence mathématiquement justifiées. Le cadre d’étude sera principalement la
couche limite turbulente.

Contexte

L'étude de I'évolution de fluides en régime turbulent est un enjeu essentiel dans
notre époque. Tout d’abord, les systemes climatiques correspondent a des écoulements
turbulents, que ce soit 'océan ou l'atmosphére. Chaque échelle de turbulence
est importante, au niveau régional, des phénoménes locaux exceptionnels sont
susceptibles d’avoir des conséquences notables (épisodes cévenols, tempétes pouvant
provoquer des raz de maree, inondations etc). De plus, sur 'océan, une bonne prévision
est essentielle notamment pour assurer la sécurité en mer. Au niveau planétaire, I'étude
de la turbulence permet de comprendre I'évolution du systeme climatique et d’anticiper
au mieux les modifications anthropologiques. Une vue d’ensemble des échelles en
espace et en temps de différents phénoménes est présentée sur la figure 1.

La turbulence est un phénomene chaotique dépendant de chaque échelle. Calculer
un écoulement turbulent revient donc a saisir 'ensemble des tourbillons jusqu’a la plus
petite taille possible (dite échelle de Kolmogorov) ou ces derniers sont dissipés par la
friction moléculaire. A haut nombre de Reynolds, le calcul de ces tourbillons est un
probléme toujours complexe. Pour simuler correctement un écoulement atmosphérique
dans un domaine d’une superficie de 100km?, il est nécessaire d’utiliser un maillage
comprenant O(10'®) noeuds. Cela est irréaliste pour la puissance de calcul disponible.
A Theure actuelle, le systéme atmosphérique est calculé & diverses échelles, au
niveau mondial, le modéle WRF (Weather Research and Forecasting) utilisé par la
NOAA aux Etats-Unis admet des mailles de calcul allant de 15 a 2km de large a
I’horizontale [Skamarock et al., 2005]. Chez Météo-France, le modele ARPEGE (Action
de Recherche Petite Echelle Grande Echelle) est utilisé pour les simulations au niveau
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FIGURE 1 — Temps et longueurs caractéristiques de la turbulence dans 'océan (gauche)
et dans I'atmosphére (droite). (source : [Lemarie, 2008] [Von Storch et al., 2013])

mondial avec un maillage de résolution 7.5 km en moyenne en Europe. Pour calculer
des solutions plus fines, le modele AROME (Application of Research to Operations
at MEsoscale) est utilisé au niveau national avec une maille de taille 1.3 km en moyenne.

Pour montrer I'évolution et la quantité d’articles traitant de la turbulence, nous avons
résumé dans le tableau 1 le nombre d’articles disponibles sur la plateforme Google
Scholar qui incluent le mot clef "Turbulence".

Malgré le nombre d’études publiées, de nombreux probléemes sont soulevés pour
déterminer les profils de vitesse et des autres variables inhérentes aux équations de
turbulence dans la couche limite. De plus, afin qu’une loi soit valide, il est nécessaire
qgu’elle soit universelle, autrement dit qu’elle soit valide pour n'importe quel nombre de
Reynolds. Concernant les écoulements stratifiés, ces profils sont aussi dépendant des
nombre de Prandtl (de Rossby dans une couche d’Ekman), il s’agit des modélisation a
la Monin-Obukhov.

De surcroit, les systemes d’équations inhérents a la turbulence sont complexes. Les
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Début | Fin | Nombre d’articles sur la période
1910 | 1920 1230
1920 | 1930 1590
1930 | 1940 3380
1940 | 1950 5330
1950 | 1960 14100
1960 | 1970 27300
1970 | 1980 70100
1980 | 1990 195000
1990 | 2000 608000
2000 | 2005 528000
2005 | 2010 664000
2010 | 2014 479000

TABLE 1 — Nombre d’article paru contenant le mot "Turbulence" - référence Google
Scholar

équations de Navier Stokes sont de type advection - diffusion non linéaires, couplées
a une ou plusieurs variables (pression, énergie cinétique turbulente, dissipation,
température, salinité ...). Il est cependant impératif de s’assurer que le probleme
mathématique soit bien posé pour mener correctement des campagnes de simulations
numériques. Pour cela, dans ce manuscrit, chaque modéle sera associé a un
raisonnement mathématique cohérent.

Afin de répondre a la problématique exposée ci-dessus, nous avons mené un travail
de modélisation basé sur nos propres simulations numériques de références ainsi que
d’autres bases de données afin de tester 'universalité des théories, mais aussi assurer
la robustesse de nos propos.

Simulations numériques Depuis les années 1930, des expériences en laboratoire,
sur le terrain ou numeériques ont été menées afin d’obtenir les profils dans la couche
limite.

Les expériences In-Situ ont démarré avec des mesures par anémometres suivie
par des mesures par LIDAR (laser detection and ranging ) [Behrendt et al., 2015]
[Frehlich and Kelley, 2008]. Le caractére universel de la turbulence permet de
reproduire les écoulement de taille atmosphérique dans des souffleries. Parmi les

3



Chapitre 0 — Introduction

techniques éprouvées pour obtenir les informations nécessaires sur les statistiques de
la turbulence, citons les relevés anénomeétriques [Klebanoff, 1955]. Citons également la
PIV (particle image velocimetry) combiné au flot optique. Le principe est le suivant, un
écoulement est envoyé dans une soufflerie avec des traceurs les plus légers possibles,
par exemple, de la fumée de spectacle. Des images de I'écoulement éclairé par
laser sont prises a des intervalles trés courts ( ~ 1073s) [Carlier and Stanislas, 2005]
[Hambleton et al., 2006]. Suite a cela, le flot optique reproduit le champs de vitesses.
Concernant des fluides a échelles plus élevées comme 'océan, d’autres traceurs sont
utilisés et repérés par satellite, par exemple, la salinité, la température.

Au niveau numérique, les expériences de canal ont augmenté en nombre de Rey-
nolds depuis les travaux de [Kim et al., 1987]. Les simulations ont été menées par un
Re, = 590 par [Moser et al., 1999], a Re, =~ 1990 par [Del Alamo et al., 2004], a 5200
dans [Lee and Moser, 2015].

Aux débuts des années 2000, deux types de profil de vitesses prédominaient
dans la littérature, un profil logarithmique hérité de [Millikan, 1938] et un profil de type
puissance provenant de [George and Castillo, 1997] et [Barenblatt and Chorin, 1998].
Lexistence d’un profil logarithmique est aujourd’hui dominant dans la communauté
scientifique.

Dans un méme temps, des campagnes de simulations numériques ont été
développé pour des problemes de couche limite au-dessus d’une plaque. Citons les
simulation a Rey ~ 4200 [Schlatter et al., 2010], [Diaz-Daniel et al., 2017], Rey ~ 8300
[Eitel-Amor et al., 2014].

Chacune des simulations précédentes admettaient un fond plat. Plusieurs
campagnes de simulations sont aussi menés sur des fond rugueux, citons
[Orlandi and Leonardi, 2006] pour des rugosités composés de parallélépipedes
reproduisant un milieu urbain, [Busse et al., 2015] ou les auteurs ont testé des fonds
plus ou moins lisses.

Au cours des dernieres années, des DNS ont été menées pour des
écoulements stratifies en rotation qui simulent une atmosphére ou un
océan, [Colemanetal, 1992], [Spalartetal., 2008], [Taylor and Sarkar, 2008]
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J[Marlatt et al., 2011] et [Shah and Bou-zeid, 2014].

Enfin, nous pouvons évoquer les écoulements en interface. Un premier ar-
ticle mene des DNS avec un fond plat mais assurant la continuité a linterface
[Lombardi et al., 1996], puis avec une interface non stationnaire [Fulgosi et al., 2003],
[Kawamura, 2000]. De nombreuses simulations LES ont été menées sur le sujet, citons
dernierement [Lopez Castafio et al., 2018].

Modeles de turbulences Afin de résoudre les écoulements turbulents, il est néces-
saire de modéliser soit les tourbillons de tailles inférieures a la grille de calcul (LES) ou
de résoudre des variables statistiques (RANS).

Les premiers modeles LES héritent du modele de Smagorinsky [Smagorinsky, 1963].
Ce dernier est connu pour surévaluer la viscosité. Une pléiade de modéle ont été écrits
pour évaluer plus finement I'énergie sous-grille [Métais and Lesieur, 1992], une revue
des méthode est disponible dans [Sagaut, 2006].

Ces modéles sont trés régulierement utilisés en simulations atmosphé-
riques. [Kirkil et al., 2012] , [Gullbrand and Chow, 2003], [Zhou and Chow, 2011],
[Zhou and Chow, 2014], [Porté-agel et al., 2000], [Porté-agel and chi C., 2015],
[Zhang et al., 2013], [Cheng and Porté-agel, 2016], [Lu and Porte-Agel, 2013] ,
[Fang and Porté-Agel, 2015], [Shamsoddin and Porté-agel, 2017], [Lu and Porte-Agel, 2014].

Dans ce manuscrit, nous nous intéressons a la seconde famille de modéle de
turbulence. Les modéles RANS forment un ensemble de fermetures d’équations afin de
modéliser physiquement le tenseur de stress de Reynolds. Une revue sur les modeles
RANS est disponible dans [Argyropoulos and Markatos, 2015]. La capacité des
modeles RANS pour prédire les écoulements de couche limite (pipeline, canal, plaque)
a été étudiée dans de nombreux articles, [Sarkar and So, 1997], [Gorji et al., 2014] ou
sont testés un large éventail de systémes de fermetures a 2 équations.

Il est également proposé par des auteurs [Sogachev et al., 2012] des paramétrisa-
tions de modeles k — & pour des simulations d’atmosphéres stratifiées.
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Chapitre 0 — Introduction

Conditions de bords Différents types de conditions de bords sont utilisés en
simulations. Premiérement, quand la résolution de calcul est suffisamment fine, une
condition de type Dirichlet v = 0 est appliquée (no slip boundary condition). Une méme
condition s’applique pour I'énergie cinétique turbulente.

Parmi les conditions de Dirichlet existantes, citons [Richards and Hoxey, 1993],
[Blocken et al., 2007], [Parente et al., 2011]. Ces conditions de Dirichlet considerent
comme parametres un hauteur de rugosité ainsi qu’'un coefficient dépendant du
type de rugosité. Ces conditions de bords sont surtout applicables aux problemes RANS.

Afin d’apporter une physique supplémentaire au sein de la condition de bords, des
auteurs [Podvin and Fraigneau, 2011] utilisent des décompositions de type POD afin
de générer des conditions de bords pour produire des simulations dans un domaine
réduit.

Modélisations stochastiques Les raisonnements et simulations exprimés ci-dessus
sont basés sur des équations déterministes avec possiblement I'ajout d’aléatoire.
Cependant comme les modeles LES et RANS nécessitent de résoudre des équations
supplémentaires aux équations de Navier Stokes, ces derniéres sont gourmandes en
ressource et en temps de calcul. Pour des projets industriel ou de météorologie a court
terme, il est nécessaire d’approcher autant que possible du temps réel.

Plusieurs approches sont développées en ce sens, les méthodes dites de réduction
d’ordre ou la plus connue est la POD (proper orthogonal decomposition) dans laquelle
les équations sont résolus dans une base de Galerkin tronqués pour conserver les
niveaux d’énergie suffisants [Cammilleri et al., 2013], [Wang et al., 2012]. Un autre
cadre est développé et notre travail s’inscrit ici, est une formulation dans un contexte
stochastique des équations de la mécanique des fluides.

En 2014, le modéle "Under location uncertainty" [Mémin, 2014] est développé dans
ce sens. Ici, la modélisation de la turbulence se fait a travers des opérateurs aléatoires.
Plus récemment [Holm, 2015], a développé un autre systeme de loi pour des équations
de type Eulériennes.



Organisation du mémoire

Ce mémoire est organisé de la fagon suivante : Dans le premier chapitre, nous avons
redémontré algébriquement la regle fondamentale des -5/3 décrivant la décroissance
de la taille des tourbillons dans un écoulement homogene et isotrope. Pour arriver
au probléme algébrique, nous reviendrons sur I'obtention des modéles RANS avec
notamment le développement des équation développées par les moyennes de Reynolds.

Cette loi de puissance est toujours considéré comme une référence dans 'ensemble
des simulations proposées dans la littérature. Par un ensemble de simulations
numériques, nous montrons I'écart existant entre ce profil en -5/3 et le profil existant
dans un écoulement de couche limite, ce dernier n’étant pas spatialement isotrope. En
utilisant un canal a tres haut nombre de Reynolds, nous montrons I'évolution de cette loi
de puissance en fonction de la hauteur. Lévolution de la loi de puissance s’explique par
le changement de physique entre les différentes sections de la couche limite turbulente.

Dans le deuxieme chapitre, nous reviendrons sur des généralités sur la couche limite
turbulente. Ce chapitre est divisé en 3 sections. En premier lieu, nous présenterons les
autres modeles de turbulence (Large Eddy Simulations et le modeéle "Under Location
Uncertainty"), ainsi I'ensemble des modéles de turbulences évoqués dans ce manuscrit
seront présentés. En deuxiéme lieu, nous reviendrons sur la physique de la couche
limite turbulente, nous présenterons une ouverture vers la couche limite atmosphérique.
Dans cette section, nous reviendrons sur I'obtention des lois de profils dans la couche
limite. Ce chapitre sera conclu par un exposé des méthodes numériques implémentées
au sein des codes de calculs utilisés dans nos études.

Le troisiéme chapitre est consacré au développement d’une nouvelle formule uni-
verselle pour la longueur de mélange. Il sera testé dans un écoulement de canal, cette
longueur de mélange ainsi qu’une condition de bord obtenues a partir de I'analyse
dimensionnelle. De plus, nous avons testé tant les écoulements au dessus d’une plaque
ainsi qu’au dessus d’un fond rugueux. En fin de chapitre, nous démontrons 'existence
de solution au systéme NS-TKE inhérent a ce probléme. |l s’agit d’'un probleme EDP
avec un terme source dans L'(f2) avec une condition de bord de type Neumann et
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Chapitre 0 — Introduction

periodique.

Au quatrieme chapitre, nous utilisons le nouveau modeéle de turbulence "Under
Location Uncertainty" pour obtenir de nouvelles lois de profil au sein de la couche
limite turbulente. Nous allons utiliser nos simulations numériques tant eulérienne
qgue lagrangienne pour démontrer nos résultats. Les lois que nous obtenons seront
mathématiquement cohérentes.

Enfin, nous proposons en annexe un travail revenant sur la diffusivité numérique
générée par les schémas volumes finis dans le solveur OpenFoam utilisés ici. Ce travail
permettra de comparer la viscosité numérique et la viscosité physique.

Publications

Le travail fourni a mené aux publications suivantes :

— Lewandowski Roger, Pinier Benoit, Mémin Etienne, Chandramouli Pranav;
Testing a one-closure equation turbulence model in neutral boundary layers,
soumis a Journal of Computational Physics.

— Lewandowski Roger, Pinier Benoit ;

The Kolmogorov law of turbulence : what can rigorously be proved ? Part I,
The foundations of chaos revisited : from Poincaré to recent advancements,
2016.

— Pinier Benoit, Mémin Etienne, Laizet Sylvain, Lewandowski, Roger ;

A model under location uncertainty for the mean velocity in wall bounded flows,
soumis



CHAPITRE 1

THE KOLMOGOROV LAW OF
TURBULENCE. WHAT CAN RIGOROUSLY
BE PROVED ?

Nous apportons une justification algébrique de la théorie des -5/3 de Kolmogorov.
Cette loi utilisée pour caractériser la distribution des tourbillons dans un écoulement
est trouvée dans un article de 1949 écrit par Onsager [Onsager, 1949] et non pas dans
la série d’articles écrite par Kolmogorov dans les années 1940. Dans ces derniers;
Kolmogorov a introduit la loi des 2/3 via les échelles nécessaires dans le cas d'un
écoulement isotrope et homogéne.

Il est connu que cette loi est comprise dans l'intervalle inertiel (intervalle de nombres
d’ondes pour lesquels les tourbillons se dissipent en tourbillons de tailles inférieures
jusqu’a ce que ces derniers soient dissipés par la diffusion moléculaire). La densité
d’énergie pour un nombre d’onde k est donc E(k) = Ck=/5.

Dans la premiére partie de ce chapitre, il sera exposé l'algébre nécessaire a
'analyse d’'un écoulement homogéne et isotrope préparant a une démonstration
rigoureuse permettant d’obtenir la loi des —5/3 de Kolmogorov.

Dans la seconde partie du chapitre, nous mettrons en valeur la nécessité d’isotropie
d’un écoulement pour obtenir cette loi, nous menons une simulation dans un canal avec
une rugosité correlée dans la direction horizontale. Le spectre d’énergie calculé montre
une tendance assez éloignée des —5/3.



Chapitre 1 — The Kolmogorov Law of turbulence. What can rigorously be proved ?

1.1 Introduction

We focus in this paper on the law of the —5/3, which attracted a lot of atten-
tion from the fluid mechanics community these last decades, since it is a basis for
many turbulence models, such as Large Eddy Simulation models (see for instance
in [Germano et al., 1991, Germano, 2000, Pope, 2000, Sagaut, 2006]). Although it is
usually known as the Kolmogorov law, it seems that it appears for the first time in a
paper by Onsager [Onsager, 1949] in 1949, and not in the serie of papers published by
Kolmogorov in 1941 (see in [Tikhomirov, 1992]), where the author focuses on the 2/3’s
law, by introducing the essential scales related to homogeneous and isotropic turbulent
flows (see formula (1.32) below). In this major contribution to the field, Kolmogorov ope-
ned the way for the derivation of laws based on similarity principles such as the —5/3’s
law (see also in [Chacon Rebollo and Lewandowski, 2014, Lewandowski, 2016]).

Roughly speaking, the —5/3’s law states that in some inertial range [k, k5], the
energy density of the flow E(k) behaves like C*k=/3, where k denotes the current wave
number (see figure 1.1 below and the specific law (1.39)).

This paper is divided in a theoretical part and a numerical part, in which we aim at :

i) carrefully express what is the appropriate similarity assumption that must satisfy
an homogeneous and istropic turbulent flow in order to derive the —5/3’s law
(assumptions 1.4.1 and 1.4.2 below),

ii) to theoretically derive the —5/3 law from the similarity assumption (see Theorem
1.4.2 below),

iii) to discuss the numerical validity of such a law from a numerical simulation in a
test case, using the software OpenFoam and the ices turbulence database for
simulations at very high Reynolds number.

Before processing items i) and ii), we discuss on different results about the Navier-
Stokes equations (1.1) (NSE in what follows), that are one of the main tools in fluid
mechanics, as well as the Reynolds stress (1.13) derived by taking the expectation
of the NSE, once the appropriate probabilistic frame is specified. We then define the
density energy E(k), which is the energy of the flow in the sphere {k = |k|} in the
Fourier space. Furthermore, we introduce the concept of dimensional bases in order to
properly set Assumptions 1.4.1 and 1.4.2.

The numerical simulation takes place in a computational box (see 1.2a) with a
non trivial topography (see figure 1.2b), by using the mean NSE (1.12), the k£ — &
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' Log(E)

FIGURE 1.1 — Energy spectrum Log-Log curve

model (1.19), and appropriate boundary conditions supposed to model the dynamics
of the atmospheric boundary layer. Atmospheric boundary layer modeling is a modern
challenge because of its significance in climate change issues. We find in the literature
many simulations carried out in different configurations. Of course, this flows is not
homogeneous nor isotropic. However, the simulations shows that the curve of log,,(E(k))
exhibits an inertial range over 4 decades, in which the regression straight line has a
slope equal to —2.1424 # —5/3 (see figure 1.4), suggesting that the —5/3’s law is not
satisfied in this case. The deviation from the —5/3 law is also illustrated with a DNS of a
high Reynolds channel flow at the end of this chapter.

11
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1.2 About the 3D Navier Stokes equations

1.2.1 Framework

Let 2 C R3 be a C' bounded convex smooth domain, T its boundary, T € R,
(enventually T' = +o0), and @ = [0, T] x 2. The velocity of the flow is denoted by v, its
pressure by p. The incompressible Navier Stokes equation satisfied by (v, p) (NSE in
the remainder) are as follows :

ov+(v-V)v—V-(2uDv)+Vp = f in Q, (i)
Voo " e W

v =0 on I, (iii)

vV = vy at t =0, (iv)

where v is any divergence free vector fields such that v, - n|r = 0, v > 0 denotes the
kinematic viscosity, that we suppose constant for the simplicity, f is any external force
(such as the gravity for example), Dv denotes the deformation tensor, V- the divergence
operator and (v - V) v is the nonlinear transport term, specifically

1
Dv = 5 (VV + Vvt) s Vv = (ajvi)lgijgg, VvV = ('Ul, Vg, Ug), 8@ = 81’i’

V-v= aﬂ)i,
(V- V) V], =v;0;u,

by using the Einstein summation convention. We recall that it is easily deduced from the
incompressibilty condition (see [Chacon Rebollo and Lewandowski, 2014]) :

(v-V)v=V-(vav), vav=(uwz<s,
V- (2vDv) = vAv.

In the following, we will consider the functional spaces
W={veH;(2)?V-v=0}—>V={vel? 2> v-nr=0V-v=0} (1.2
Throughout the paper, we assume v, € V.

12



1.2. About the 3D Navier Stokes equations

1.2.2 Strong solutions to the NSE

Let P be the orthogonal projection L?(2)® — V, A and F the operators
Av = —vPAv, Fv=P((v-V)v).

By applying P to (1.1.i) in noting that P(Vp) = 0, we are led to the following initial value
problem

Cff{ — _Av + Fv + PE(t), (1) (1.3)
v(0) = vo, Y

where t — v(t) and t — f(t) are considered as functions valued in W and V respectively.

Definition 1.2.1. We say thatv = v(t) is a strong solution to the NSE in a time interval
[0, T*] if dv/dt and Av exist and are continuous in [0, T*| and (1.3.i) is satisfied there.

Remark 1.2.1. In definition 1.2.1, the pressure is not involved. It can be reconstructed
by the following equation

Ap=-V-((v-V)v)+V-f (1.4)
derived from equation (1.1.i) by taking its divergence.

The existence of a strong solution is proved in Fujita-Kato [Fujita and Kato, 1964].
It is subject to regularity conditions regarding the initial data v, and the source f. The
result is stated as follows.
Theorem 1.2.1. We assume
i) vo € VN HY2(02)3,
ii) £ is Hélder continuous in [0, T].

Then there exists T* = T*(v, ||vo||1/2.2,2, ||f||co(02)) Such that the NSE admits a unique
strong solution v = v(t). Moreover, if f = f(t,x) is H6lder continuous in Q) = [0,T*] x (2,
thenv(t,x), Vv(t,x), Av(t,x) and dv(t,x)/0t are Hélder continous in 0, T*[x (2.

Remark 1.2.2. The strong solution is solution of the equation
t t
v(t) = e vy —/ e~ IR (v(s))ds —i—/ e~ DA PE(s)ds, (1.5)
0 0

13
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which is approached by the sequence (v,),en expressed by

t t
v(t) = e vy — / e AP (v, 1 (s))ds +/ e~ DA PF(s)ds, (1.6)
0 0

The reader is referred to [Cannone, 2004, Chemin and Gallagher, 2009,
Lemarié-Rieusset, 2002] for more details concerning the question of strong solutions.

1.2.3 Turbulent solutions

Definition 1.2.2. We say that v is a turbulent solution of NSE (1.1) in [0, T if

i) veL*[0,T],W) N L>([0,T], L*(£2)),

ii) Oyv € LY3([0,T], W) = [LA([0,T], W)]" (by writing 0; = gt for the simplicity),
i) i [1v(-,£) = vo(*)lo.2.0 =0,

iv) Yw € L4([0, T], W),

T T T T
/ < BV, W > dt+/ / (vov) : Vw dxdt+/ / Vv : Vw dxdt = / <fw>dt,
0 0 02 0 2 0

where foru € W, F €¢ W/, < F,u > denotes the duality pairing between F and u,

v) v satisfies the energy inequality at eacht > 0,
1 t t
f/ |v(t,x)\2dx+y/ / Vvt x)[2dxdt’ g/ <f,v>dt.
2 /0 0 J0 0

Remark 1.2.3. Once again, the pressure is not involved in this formulation. It this frame,
it is recovered by the De Rham Theorem (see for instance in [Temam, 2001]).

The existence of a turbulent solution was first proved by Leray [Leray, 1934] in the
whole space, then by Hopf [Hopf, 1951] in the case of a bounded domain with the no

slip boundary condition, which is the case under conderation here. This existence result
can be stated as follows.

Theorem 1.2.2. Assume thatv, € V, f € L*3([0,T], W’). Then the NSE (1.1) has a
turbulent solution.

Remark 1.2.4. The turbulent solution is global in time, which means that it may be
extended to t € [0,00] depending on a suitable assumption on f. However it is not

14



1.3. Mean Navier-Stokes Equations

known whether it is unique or not. Moreover, it is not known if the energy inequality is
an equality.

The reader is also referred to [Constantin and Foias, 1988, Feireisl, 2004,
Lions, 1996, Temam, 2001] for further results on turbulent (also weak) solutions of the
NSE.

1.3 Mean Navier-Stokes Equations

1.3.1 Reynolds decomposition

Based on strong or turbulent solutions, it is known that it is possible to set a probabi-
listic framework in which we can decompose the velocity v and the pressure as a the
sum of the statistical mean and a fluctuation, namely

v=v+vVv, p=p+7p. (1.7)

More generally, any tensor field ¢ related to the flow can be decomposed as

at1/1 = 81?@7 (19)
VY = Vi, (1.10)

as well as
¢ =1 leading to ¥’ = 0. (1.11)

We have studied in [Chacon Rebollo and Lewandowski, 2014] different examples
of such filters. Historically, such a decomposition was first considered in works by
Stokes [Stokes, 1851], Boussinesq [Boussinesq, 1877], Reynolds [Reynolds, 1883],
Prandtl [Prandtl, 1925], in the case of the « long time average »(see also in
[Lewandowski, 2015]). Later on, Taylor [Taylor, 1935], Kolmogorov [Kolmogorov, 1941]
and Onsager [Onsager, 1949] have considered such decompositions when the fields
related to the flow are considered as random variables, which was one of the starting

15
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point for the development of modern probability theory.

1.3.2 Reynolds Stress and closure equations

We take the mean of the NSE (1.1) by using (1.9), (1.10) and (1.11). We find out the
following system :

OvV+ V- V)V—vAV+Vp = -V-a®4+f inQ,
v = 0 i
Vv in Q, (1.12)
v = 0 on I’
v = v at ¢ =0,
where
o™ =v v (1.13)

is the Reynolds stress. The big deal in turbulence modeling is to express o(® in terms of
averaged quantities. The most popular model is derived from the Boussinesq assumption
which consists in writing :

o® = DV + gkld, (1.14)

where

. 1 1 . .
) k= tr o® = §]v’|2 is the turbulent kinetic energy (TKE),

i) v, is an eddy viscosity.

In order to close the system, the eddy viscosity remains to be modeled.
We next mention the so-called TKE model, given by

vy = CplVk, (1.15)

which gives accurate results for the simulation of realistic flows (see for instance
[Lewandowski and Pichot, 2007]). In model (1.15), ¢ denotes the Prandtl mixing length,
C is a dimensionless constant that must be fixed according to experimental data. In
practice, ¢ is taken to be equal to the local mesh size in a numerical simulation, and % is
computed by using the closure equation (see in [Mohammadi and Pironneau, 1994])

vk
5

Ok +V-Vk —V - (V) = 1| Dv|* — (1.16)

16
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The reader will find a bunch of mathematical result concerning the coupling
of the TKE equation to the mean NSE in [Brossier and Lewandowski, 2002,
Bulicek et al., 2011, Chacon Rebollo and Lewandowski, 2014, Gallouét et al., 2003,
Lederer and Lewandowski, 2007, Lewandowski, 1997a].

Finally, we mention the famous k£ — & model that is used for the numerical simulations
carried out in Section 1.5. In this model, & denotes the turbulent dissipation

& = 2v|Dv'|?, (1.17)

and dimensional analysis leads to write

2
%:qg. (1.18)

The coupled system used to compute k£ and & is the following (see [?,
Mohammadi and Pironneau, 1994] for the derivation of these equations) :

8tk+VVk—V (l/th) = I/t|Dv‘2—@@.
&2 (1.19)
8tc5’) +Vv- V& —V - (l/tVé") = an|DV’2 — C@@?,

where C, = 0.09, cs = 1.92 and ¢,, = 1.44 are dimensionless constants.

1.4 Law of the —5/3

The idea behind the law of the —5/3 for homogeneous and isotropic turbulence is
that in the « inertial range », the energy density £ = E(k) at a given point (¢,x) is
driven by the dissipation &. In this section, we properly define the energy density E for
homogeneous and isotropic turbulent flows. We then set the frame of the dimensional
bases and the similarity principle in order to rigorously derive the law of the —5/3.

Remark 1.4.1. For homogeneous and isotropic turbulence, one can show the identity
& = 2v|DV'|? = 2v|Dv|? (see in [Chacon Rebollo and Lewandowski, 2014]).

17
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1.4.1 Energy density of the flow

Roughly speaking, homogeneity and isotropy means that the correla-
tions in the flows are invariant under translations and isometries (see in
[Batchelor, 1959, Chacon Rebollo and Lewandowski, 2014, Lewandowski, 2016]),
which we assume throughout this section, as well as the stationarity of the mean flow
for simplicity. Let

E:;]v\?, (1.20)

be the total mean kinetic energy at a given point x € {2, which we not specify in what
follows.

Theorem 1.4.1. There exists a measurable function E = E(k), defined over R, the
integral of which over R, is finite, and such that

E:/0 E(k)dk. (1.21)

Démonstration. Let B, be the two order correlation tensor expressed by :

B; = By(r) = (vi(x)v;(x + 1))1<ij<3 = (Bij(r))1<ij<s, (1.22)

which only depend on r by the homogeneity assumption, nor on ¢ because of the
stationarity assumption. It is worth noting that

E = ;tng(O). (1.23)

Let B, denotes the Fourier transform of B expressed by

. ~ 1 g .
vk e R®, By(k)= @y /RS B,(r)e~*"dr, (1.24)
We deduce from the Plancherel formula,
1 ~ .
VreR® By(r) = o /R By(k)e'rdk, (1.25)

which makes sense for both types of solutions to the NSE, strong or turbulent (see the
section 1.2). It is easily checked that the isotropy of B, in r yields the isotropy of B, in k.
Therefore, according to Theorem 5.1 in [Chacdn Rebollo and Lewandowski, 2014] we

18
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deduce the existence of two real valued functions B, and B,, of class C! such that '

kok ~

Vk e R®, |k| =k, Bsy(k)=(Byk)— B,(k)) o+ Bak)s. (1.26)

Using formula (1.26) yields

Bii(k) = By(k) + 2B, (k), (1.27)

which combined with Fubini’s Theorem, (1.23) and (1.25), leads to

/Rg Bi(k) dk = /oo ( ) Eii(k)da> dk = /Oo Ak (Ba(k) + 2B (k) dk,  (1.28)
0 k|=k 0

by noting do- the standard measure over the sphere {|k| = k}. This proves the result,
where E(k) is given by

E(k) = (%) (Ba(k) + 2B, (k)). (1.29)

O]

Remark 1.4.2. From the physical point of view, E (k) is the amount of kinetic energy in
the sphere Sy, = {|k| = k}. As such, it is expected that E > 0 in R, and we deduce from
(1.21) that E € L*(R, ). Unfortunately, we are not able to prove that E > 0 from formula
(1.29), which remains an open problem.

1.4.2 Dimensional bases

Only length and time are involved in this frame, since we do not consider heat
transfers and the fluid is incompressible. Therefore, any field ¢ related to the flow has a
dimension [¢)] encoded as :

()] = (length) %™ (time)® ¥, (1.30)

1. k already denotes the TKE, and from now also the wavenumber, £ = |k|. This is commonly used in
turbulence modeling, although it might sometimes be confusing.
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which we express through the couple

D(¥) = (de(¥), dr(¥)) € Q. (1.31)

Definition 1.4.1. A length-time basis is a couple b = (\, ), where X is a given constant
length and T a constant time.

Definition 1.4.2. Let ¢ = (t,x) (constant, scalar, vector, tensor...) be defined on
Q =[0,T] x £2. Let ), be the dimensionless field defined by :

p(t',x') = A H WOy (MK,

where
1

T
¢ x' :{o “0
(7X)€Qb 77_ X)\ )

is dimensionless. We say that 1, = 1,(t',x') is the b-dimensionless field deduced from

b.

1.4.3 Kolmogorov scales
Let us consider the length-time basis by = (Ao, 70), given by
Xo=vi&TE, 1o =v2E1, (1.32)

where & is the dissipation defined by (1.17) (see also Remark 1.4.1). The scale )\ is
kown as the Kolmogorov scale. The important point here is that

éabo = Vpy, = 1. (133)
Moreover, for all wave number &, and because

we get
E(k) = Nrg 2 Ey (Aok) = v1E1 By (Aok), (1.35)

by using (1.32). We must determine the universal profil £, .
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1.4.4 Proof of the —5/3’s law

The law of the —5/3 is based on two assumptions about the flow :

i) the separation of the scales (assumption 1.4.1 below),

ii) the similarity assumption (assumption 1.4.2 below).

Assumption 1.4.1. Let ¢ be the Prandtl mixing length. Then

Ao << L. (1.36)
Assumption 1.4.2. There exists an interval
2m 27
[kl,kQ] C [E, )\:| s.t. ky << ko andon [/\0]{31,)\0]{32],
0
Vb = (/\1,7'1), by = (/\2,7'2) S.t Cg;)l = (5%2’ then Eb1 = Eb2~ (137)

Theorem 1.4.2. Scale separation and similarity assumptions 1.4.1 and 1.4.2 yield the

existence of a constant C such that

wlot

Vk’/ S [)\okl, )\ol{Q] = Jr, Ebo(k/) - C(l{/)_ .

Corollary 1. The energy spectrum satisfies the —5/3 law

5

Vk € ki, ko], E(k)=CETk 3,

where C is a dimensionless constant.
Démonstration. Let
b = (o, a’mp).

As
(g;;(a) =1= g)bm

the similarity assumption yields
VE € J.,, Ya>0, Ey(k)=E,),

21
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which leads to the functional equation,
1
VK €, Ya>0, 5Ebo(lc’) = By, (oK),

whose unique solution is given by

Ao Ao

hence the result. Corollary 1 is a direct consequence of (1.35) combined with (1.38). O

VK €J,, En(K)=CK) 5, C= (kl) Eg (Zﬁ) :

1.5 Numerical experiments

1.5.1 Simulation setting

The computational domain (2 is a box, the size L, x L, x L, of which is equal
to (1024m, 512m,200m) (see figure 1.2b). The number of nodes is (256,128, 64). The
bottom of the box, plotted in figure 1.2b, has a non trivial topography modeled by
gaussian smooth domes, the height of which being equal to 50 m. We perform the
simulation with v = 2.10m?s~!, which yields a Reynolds number equal to 9.10". We
use the mean NSE with the Boussinesq assumption, coupled to the £ — & model, namely
the PDE system (1.12)-(1.14)-(1.18)-(1.19). We specify in what follows the boundary
conditions, by considering the following decomposition of I' = 9{? :

I =T,Ul;Ur,UT,UT;UT,,

where

— T is the top of the box,

— I’y is the front face,

— I, is the back face,

— T, is the bottom of the box (the ground),
— I is the inlet,

— I', is the outlet.
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The condition on I'; is prescribped by the Monin Obukhov similitude law
[Monin and Obukhov, 1954] :

t
vy, 20l = (i (20),0,0) (1.40)

K 20

where x = 0.4 is the Von Karman constant, = denotes the distance from the ground level,
the aerodynamic roughness length z, is equal to 0.1m, the friction velocity is expressd
by : X

wy = KUpes [111 (Hf“()ﬂ , (1.41)

20
by taking U,.; = 36ms~' and H,.; = 200m. The turbulent kinetic energy and turbulent
dissipation are setted by

Elp = u1/2c—1/2
3 1.42
Elp, = —>—. (1.42)
" k(2 20)

On T'y, velocity, TKE and turbulent dissipation are subject to verify the no slip and
homogeneous boundary conditions,

V|Fg = (anuo)ta

klr, =0, (1.43)
&lr, =0.
On the top and lateral boundaries, we put
v-1n =0 on FtUFbUFf,
Vk-n =0 on T'yUTZUTYy, (1.44)

V& -n =0 on T UL, UTy.
Finally a null gradient condition is prescribed at the outlet I,

V(v.m) =0 on T,
Vk-n =0 on T, (1.45)
V& - n =0 on T,.

Remark 1.5.1. The PDE system (1.12)-(1.14)-(1.18)-(1.19) with the boundary condi-
tions (1.40)-(1.42)-(1.43)-(1.44)-(1.45) yields a very hard mathematical problem. The
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(@) (b)

FIGURE 1.2 — Computational Box and the ground

existence and the uniqueness of a solution is a difficult issue, whether for global weak
solutions or local time strong solutions.

1.5.2 Results

The numerical scheme we use for the simulation is based on the standard finite
volume method (FVM) in space, and a Euler method for the time discretization. For
the simplicity, we will not write here this technical part of the work. The reader will find
comprehensive presentations of the FVM in [Jasak, 1996].

In figures 1.3a and 1.3b, are plotted the values of the streamwise and spanwise
components of the velocity at = = 50m, which corresponds to the dome height.

In Figure 1.4, we have plotted the energy spectrum of the flow at (z,y,2) =
(500,200, 50) using a log-log scale, together with a straight line whose slope is equal to
—5/3 = —1,666.... and the regression straight line of log,,(E(k)), whose slope is about
equal to —2.1424.

Then, we focus on the turbulent spectra built from channel flow at Re, ~ 5200
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FIGURE 1.3 — Streamwise and spanwise direction of the mean flow at the z = 50m
cutplane.

[Lee and Moser, 2015]. In figures from 1.5a to 1.7b we show turbulent spectra in the
streamwise direction. The figures 1.5a and 1.5b show the results in the viscous section.
In particular, the figure 1.5b show the E(k)k®/3 function, it highlights the difference of the
slope as the —5/3 section is the section where E(k)k*/? is constant. In 1.6a and 1.6b,
the spectra come from the middle of the logarithmic section and then in the figures 1.7a
and 1.7b, the spectra come from the top of the boundary layer (middle of the channel
here).

In order to summarize the optimal power laws at every sections of the turbulent
boundary layer, we show in figure 1.8 the optimal power laws at every heigh, the slope
begins at 0.5 in the viscous sublayer and converge toward the 1.5. As a consequence,
there are not any = where the spectrum from the streamwise section admits a —5/3
slope.

i) The simulation reveals a certain reliability of the code, which suggests the conver-
gence of the numerical method. However, the mathematical convergence of the
sheme remains an open question, closely related to the question of the existence of
solutions mentionned in Remark 1.5.1.

ii) The curve log,,(E(k)) is an irregular curve which substancially differs from a straight
line, so that we cannot conclude that numerically E(k) behaves like C**k* in some
interval [k1, k). Moreover, there is a gap between the slope of the regression straight
line of the curve and —5/3. However, something that looks like an inertial range can
be identified between k = 10~5m~! and k = 10~'m . This departure from the —5/3
law asks for the following comments and questions.
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FIGURE 1.4 — Energy spectrum at the point (z,y, z) = (500, 200, 50)
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FIGURE 1.5 — Spectra of turbulent kinetic energy in the streamwise direction in the
viscous section. The black line is the spectrum from the dns whereas the green line is
the slope of the optimal exposant, the red line is the —5/3 slope. The right figure is the
non dimensional spectrum

— The case under consideration yields a turbulence which is not homogeneous
nor isotropic, which may explain the slope equal to 1424 we found.

— This simulation does not validate the Kolmogorov law or any law like E(k) ~
C'k>. We cannot infer that such a law holds or not. Many parameters may
generate the oscillations we observe in the curve log,,(E(k)), such as any
eventual numerical dissipation, a wrong choice of the constants in the & — &
model which also may be not accurate, the boundary conditions we used and
which may be questionable.
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10!

E(k)/ E(0)

E(k)&3e-203

FIGURE 1.6 — Spectra of turbulent kinetic energy in the streamwise direction in the
logarithmic section. The black line is the spectrum from the dns whereas the green line
is the slope of the optimal exposant, the red line is the —5/3 slope. The right figure is
the non dimensional spectrum

10!

E(k)/ E(0)

E(k)&3e-203

FIGURE 1.7 — Spectra of turbulent kinetic energy in the streamwise direction in the top of
the logarithmic section. The black line is the spectrum from the dns whereas the green
line is the slope of the optimal exposant, the red line is the —5/3 slope. The right figure
is the non dimensional spectrum
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FIGURE 1.8 — Evolution of the optimal power law such that £ (k) = ck* in the channel
flow at Re, ~ 5200. The wavelength are only in the streamwise direction.






CHAPITRE 2

GENERALITES SUR LA TURBULENCE

Dans ce chapitre, nous introduisons les outils utilisés dans le reste de ce mémoire.
Premiérement, nous revenons sur les modeles de turbulence. Nous proposons, ensuite,
une introduction a la physique de la couche limite turbulente. Enfin nous expliquerons
les méthodes numériques implémentées dans les codes de simulations utilisés afin de
vérifier les théories de ce mémoire.

2.1 Modélisations mathématiques de la turbulence

2.1.1 Large Eddy Simulations

Lidée des Large Eddy simulation est de résoudre les grandes échelles (les grands
tourbillons) et de modéliser les tourbillons petites échelles. Cette séparation d’échelle
est effectuée par une opération de filtrage. Lécoulement s’écrit :

v =v(x,t) + V'(x,1), (2.1)

ou v(x,t) est dépendant du temps et représente les grandes échelles de I'’écoulement,
tandis que v'(x, t) représente le terme sous grille (subgrid-scale SGS dans le reste du
texte).

Le filtrage est effectué par convolution [Leonard, 1975] :

v=|[| G —r,t)dr. 2.2
v= [ Glrxvix—rt)dr (2.2)
Le filtre G est normalisé de sorte que :
/ G(r,x)dr = 1. (2.3)
2
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On peut citer comme filtres, le filtre "box"

1 . 1
Gux) =4 n  Slx=rlh<ss (2.4)
0 sinon.
Le filtre gaussien
G(r,x) = (6) —6pc —r|? (2.5)
r,X)= A2 exp Az . }

Le filtre "sharp spectral” :

sinrfx — rll/A)

mllx — |

G(x,r) = (2.6)

Une fois 'opération de filtrage effectuée, une équation de Navier Stokes est déduite
pour I'écoulement filtré.

o vv= @7)
ov+V-(vev)+Vp = -V.7+f.
Dans I'’équation , le terme 7 est un équivalent du tenseur de Reynolds.
T=VRV-VQRV. (2.8)

Au méme titre que pour les modéles RANS, I'objectif est de modéliser le terme
non linéaire convectif. Une modélisation classique est apportée par Germano
[Germano, 1986] :

=L +C) + R (2.9)

177

composée des stress de Leonard :
0 = =< =~ =
£ij = ViV; — V;Vy, (21 O)
qui représentent I'interaction entre les grandes échelles. Du stress croisé :
0 = o= = ~ =
Cij = Vivi +Viv; — vV ; — Vv, (2.11)
qui lui représente les interactions entre les grandes échelles et les petites échelles.
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2.1. Modélisations mathématiques de la turbulence

Enfin, le stress de Reynolds sous-grille représentant les petites échelles :

jo — VZ;;; — V;V/-. (21 2)

Historiquement, une autre décomposition était apportée par Leonard
[Leonard, 1975], de sortent que dans cette définition les termes étaient :

LY =Viv; —Viv;, (2.13)
Chy =V} + Vi, (2.14)
R?j = vV} (2.15)

Cette décomposition n’était pas invariante par transformation Galiléenne
[Speziale, 1985]. Cela fut corrigé par la décomposition de Germano, cette derniere est
préférée dans les modeles LES.

Modéle de Smagorinsky

Le modele de Smagorinsky [Smagorinsky, 1963] est le plus simple des modéles
de LES. Le "filtrage" généralement utilisé est la grille de calcul. Il n’y a pas de filtrage
explicite dans le modéle de Smagorinsky.

Le modele sous-grille s’écrit :

Vsgs = 205A|DV|DV (216)

Dans I'équation (2.16), le coefficient C, est une constante déterminée empirique-
ment. Par exemple, dans le cas d’un écoulement homogene et isotrope, Cy = 0.2
[Clark et al., 1979], tandis que pour un écoulement de couche limite, une valeur de 0.1
peut étre utilisée [Deardorff, 1970]. Enfin A est la racine cubique du volume de la cellule
de calcul.

Le modele de Smagorinsky est cependant trop dissipatif ne résolvant que des gros
tourbillons. De plus, il surévalue le stress pres des parois [Juneja and Brasseur, 1999].
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Chapitre 2 — Généralités sur la turbulence

Modeéle de Smagorinsky dynamique

Le probléeme du modéle classique de Smagorinsky est la détermination de la
constante C. Pour pallier ce probleme, des modeéles dynamiques ont été implémentée.
Un second filtrage est effectué par un filtre "test" de taille «A ou « est souvent aux
alentours de 2.

Dans cette partie, le filtre de la grille sera de taille A tandis que le filtre test sera de
taille A. Ici, v sera le champ des vitesses filtré par la taille de la grille et 'écoulement ¥
sera filtré par le filtre de taille A.

Le modeéle de Smagorinsky dynamique [Germano et al., 1991] est basé sur la dé-
composition de Germano, (2.9), (2.10),(2.11). Nous définissons ici une décomposition
de Germano pour les modeéles dynamiques [Germano, 1992] : Le stress pour le filtre A

Tz? = ViVj — Vﬁj, (21 7)
et le stress pour le filtre test :
On en déduit le stress :
- .
Li; =Ty — Tg (2.19)
=V, V; — ViV (2.20)

Nous écrivons le modéle de Smagorinsky pour la partie deviatorique des différents
stress :

. 1
T = 7‘5 — grﬁéij (2.21)
= —2¢,A°|[Dv|[Dv;. (2.22)
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A R .
De méme pour T} :

. 1
Tjj = Tij = 3Tl (2.23)
~2 —
= —2¢,A || Dv||Dvy;. (2.24)
Nous définissons le tenseur M tel que
oy ~2 —
M;; = —2¢,A°|[Dv|[Dvy; — 2¢,A || Dv|[Dv;. (2.25)

Il est maintenant possible d’exprimer la partie deviatorique de L en fonction des quanti-

tés filtrées.
L% = ¢ M. (2.26)

Par conséquent, dans un code LES, les quantités M et £ sont calculées en fonc-
tion de v. La constante ¢, est calculée comme un minimiseur d’erreur en spécifiant
[Lilly, 1992] :

= . 2.27
My Ly ( )

Cs

Modele WALE

Le modéle WALE pour Wall adaptive local eddy viscosity [Ducros et al., 1998] est
un modele dessiné pour adapter les modéles LES pour les problémes proche paroi
dans le cas des géométries complexes. En effet, il est a signaler que dans les zones
proches paroi, les tourbillons peuvent étre de taille inférieure au filtre.

La viscosité s’exprime comme :

(Sz‘jdsijd)g/Q

= CmAS 2 ol al ’
vsas = ( ) (S:7Si7)%% + (S;j2S,;54)5/4

(2.28)

2.2 Modeélisation "Under location Uncertainty"”

Le modele dit "Under location Uncertainty" décrit dans [larticle fondateur
[Mémin, 2014] revisite les équation de Navier Stokes. Lidée est la suivante. Dans une
simulation grossiérement résolu, d’'un point de vue Lagrangien, la position réelle de

35



Chapitre 2 — Généralités sur la turbulence

la particule est connu a une composante aléatoire prés. Cette position se décrit par
I’équation suivante :

dX, = w(t, X,)dt + o (t, X)W (¢) (2.29)

ou W (t) est un processus stochastique. Quelques ouvrages utiles sur le sujet
peuvent étre cités : [Kunita, 1997], [Jksendal, 2003], [Chow, 2007], [Protter, 2005].

W, est traditionnellement un processus de Wiener, c’est a dire qu’il correspond aux
critéres suivants :

— Wy =0,

— Les accroissements sont stationnaires et indépendants en temps,

— Continu a droite (Cadlag),

— Wiys — W suit la loi N(0, s).

Le mouvement Brownien est un processus de Wiener non différentiable en temps,
les équations ULU se dérive de :

Dans cette expression, les fonctions u(t, X;) et o(t,X;) sont déterministes. La
fonction o (¢, X;) est déterminée par un noyau & de sorte que dans un domaine 3D (2 :

o (t,X,)dB, = /Q & (%, x')dB} (x')dx’ (2.31)

Un mouvement brownien est a variation quadratique finie, on définit le tenseur de
variation quadratique qui se définie par :
N

<Xt7 Xt> = ZE[(Xti+1 - Xti)<Xti+l - Xti)t]' (232)

=1
Comme le mouvement brownien est un processus gaussien centré, décorrelé en
temps, il est possible d’écrire son tenseur de covariance :

=

Cov(x,y,t,t) = E [(o(x,t)dB,)(a (y, t)dB,)'] (2.33)

o(x,x)o(y,x ) dx'5(t —t). (2.34)
0
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2.2. Modélisation "Under location Uncertainty”

Une fois défini le tenseur de covariance, le tenseur de variance peut étre définie :

at =d <X;‘, Xg'> (2.35)
— / &6 (x, /)& (x, %) dx. (2.36)
2
Parmi les propriétés essentielles du mouvement brownien nous utiliserons I'iso-

métrie d’lt6. Cette derniére permet d’exprimer de fagon déterministes I'espérance du
mouvement des particules dans un fluide.

E [(/Otf(Xt,t)dBt>2] _E Uot fz(Xt,t)dt} . (2.37)

La différentielle d’'un processus stochastique ¢ est donnée par la formule d’lt6 : Soit
¢ un processus stochastique 2 fois différentiable

09 3,09 ;1S 9% i
do(t,X,) = E(t,Xt) + ;O %(t,xt)dxt +3 > md < Xi X! >, (2.38)

ij=1

Nous définissons une dérivée matérielle (ici stochastique). Elle est nommée d’lto-
Wendell dans le contexte d’un flot. Avant cela, nous définissons I'opérateur de transport
stochastique :

Soit un traceur 6 (température, salinité ...),

DO = dyf + (@* + odB,) - VO — V - (;ave)dt. (2.39)

Dans la partie droite de I'’équation précédente, le premier terme est I'incrément en
temps (nous rappelons que la fonction n’est pas différentiable en temps), le deuxieme
terme est I'advection et enfin le dernier terme est la diffusion.

Si le traceur est passif, par exemple un flotteur dans un courant (il ne modifie pas la
dynamique), I'expression de ses moments d’ordre 1 et 2 s’obtiennent par :

OE(6) + @ - E(6) = V - (;aw:(e)), (2.40)

OVar(@)+u*-Var(d) =V - (;aVVar(G)) + (VE(9))'aE(6). (2.41)
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Chapitre 2 — Généralités sur la turbulence

Si le traceur est actif, (C’est le cas de la température, salinité, polluant ...) il est néces-
saire de décomposer le traceur en deux parties, I'une réguliére de t la seconde oscillante
0" . Cette décomposition est appelée décomposition semi-martingale [Kunita, 1997].
Chaque composante satisfait donc aux équations de transport suivantes :

&0+ -0=V-(aVh), (2.42)
A0 + odB, - VO = 0. (2.43)

Nous utiliserons les expressions précédentes pour écrire les équation de Navier
Stokes avec un traceur menant aux systémes géophysiques.

Dans l'article [Mémin, 2014], 'équation de Navier Stokes stochastique est obtenue,
nous notons ici les principales étapes du raisonnement. La preuve est une adaptation de
la preuve habituelle d’obtention des équation de Navier Stokes dans un cas déterministe.

Premiérement, le théoréme de transport de Reynolds s’exprime par I'expression
suivante :

;ij/gq(x’t)dx = /Q [dtq + (V - (qu) — ;A(aq)dt] +Vgq- O'dBt] dx. (2.44)

A partir de ce théoreme, une équation de I'évolution de masse dans un fluide est
obtenue, de surcroit, comme il est attendu que la masse totale soit constante, la masse
volumique satisfait donc I'équation suivante :

1 1 )
dip+ V- () = 5 (Aap)lv.oms + 5 IVa|*p) dt = V - (pordBy) (2.45)

La seconde étape est la conservation du moment. Le principe fondamental de la
dynamique se litici :

d/ a(x,t)dt + o (x,t)dB;)dx _/ Fx,)d (2.46)

Comme I'accélération est trés oscillante, I'équation (2.46) doit étre vue au sens des
distributions, donc soit h € Cg°(R*

/ d/ xtdt—/wh() (xt)dBtdx—/ /fxt (2.47)
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2.2. Modélisation "Under location Uncertainty”

En joignant la conservation de la masse et le principe fondamental de la dynamique
stochastique, on obtient une équation pour la vitesse :

1 o2

- jvk . _ dt
e 2 0z;0xy, (" 1) [9.5=0

d /Q pwidx = /Q {dt@wi) +V - (pwidi) + || Ve | [2puw; —

+ V- (pw;odB;)dx (2.48)

Les forces agissant sur le fluide sont les efforts de surface, une extension stochas-
tique s’obtient par I'’équation suivante :

5= /Q —V(pdt + dp,) + p(AU + ;v (V-U)). (2.49)

Dans le premier terme du membre de droite, dp; est un processus stochastique
de moyenne nulle décrivant une contribution aléatoire a la pression provenant de la
composante aléatoire de la vitesse. Désormais, il est possible d’écrire une équation de
Navier Stokes stochastique :

817, JUN— 1 82’& 8(ai7j)p 8& . ( 2~ 1 ~>
((%+uvu>p_2%;ai’jp8xi8mj_z oz, axi—pV—ijLu Vu+3V(V u)

(2.50)
Vdp, = —ptaV'iedB, + (VQﬁ + ;V(V : a)) (2.51)

Dans le cas d’'un fluide incompressible avec une densité constante, la contrainte
appliquée est

V-u=0. (2.52)
Si de plus la composante de vitesse a grande échelle est a divergence nulle :
V-u=0, (2.53)

alors on obtient les contraintes suivantes :
— Contrainte sur la partie aléatoire :

V(edBv) = 0. (2.54)
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Chapitre 2 — Généralités sur la turbulence

— Contrainte sur la variance :
V- (V-a)=0. (2.55)

Nous écrivons donc une équation de la mécanique des fluides incompressibles a
densité constante :
ou __,. 1 i _
R +uV'u — 5 > 0i0;(aa) | = pg — Vp + p(Aw)
t i,j
Vdp; = —p(uV"odB; + nAodB,;.

(2.56)

En fonction du choix du tenseur de variance «, il est possible de simuler des Large
Eddy simulations.

2.3 Couche limite turbulente

La couche limite turbulente nait du frottement d’un fluide contre une surface ou un
autre fluide ('atmosphére sur le continent ou sur 'océan par exemple). La couche limite
est divisée en plusieurs section :

— Zone visqueuse : La turbulence y est majoritairement 2D.

— Zone "buffer"

— Zone logarithmique : Cette partie de la couche limite est aussi nommé turbulente,

la turbulence y est 3D. Le profil moyen de la vitesse y est logarithmique.

— Zone "wake" : C’est la zone tampon entre la couche limite et le reste de I'écoule-

ment, la turbulence y décroit continlment.

2.3.1 Section visqueuse

Dans la section visqueuse, la turbulence est 2D. Etant donné que I'’écoulement est
freiné par le mur, des zones d’écoulement sont ralentie par rapport au reste, c’est ce
que I'on nomme "low speed streaks" [Kline et al., 1967] [Smith and Metzler, 1983], ce
phénoméne est mis en valeur sur la figure 2.1.

En plus des structures streaks, des tourbillons "streamwise" sont présent dans la
section visqueuse [Kim et al., 1987] [Jeong et al., 1997]. Ces mouvements "streaks"
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2.3. Couche limite turbulente

FIGURE 2.1 — Champs de vitesse dans la zone visqueuse d’'un canal. Cette image
montre des zones plus rapides et plus lentes ce qui corresponds aux streaks. Image
tiré d’'une simulation a Reynolds 590 a distance 0.0033 H du mur (H étant la hauteur de
la couche limite).

sont capable de se maintenir et sont producteurs d’énergie cinétique dans la sous
section visqueuse. Les tourbillons cités avant sont le mécanisme qui permet de maintenir
les structures streaks. Lénergie cinétique turbulente provient d’un effet "lift-up". Un cycle
intervient alors pour les structures cohérentes, les streaks.

2.3.2 Section "buffer"

Entre la zone visqueuse et la zone turbulente, il y a une zone tampon : la zone
"buffer". Cette section est caractérisé par la tridimensionnalisation de la turbulence. En
effet, les streaks, présents dans la zone visqueuse, s"éloignent lentement du bord avant
de s’en échapper rapidement dans la section de buffer. Ce phénomene est nommé

LIx

3.643e-01
0.3

—0.2

0.08

3.134e-02

éjection. Il s’agit d’'une vitesse positive dans le sens du courant et en hauteur ( v'v'>0).

Comme la vitesse doit étre conservée, pour chaque éjection, un phénomene tel que
u'v'<0 coexiste, ce phénomeéne est appelé sweep.

Sur la figure 2.2, nous montrons une décomposition de I'énergie cinétique turbulente
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Production

Transport Turbulent ———
Transport Visqueux
Tension li¢ a la pression
Transport de pression
Dissipation visqueuse

0.25
0.2 i
0.15 - i
0.1 - i
0.05 ) :
—0.05 i

0.001 0.01 0.1 1

z/H

FIGURE 2.2 — Décomposition de la création et dissipation d’énergie cinétique dans un
canal Re, = 550

dans la couche limite. Ici c’est un canal a Reynolds 550 qui est proposé. La zone buffer
est dans l'intervalle 7 < [0.01,0.05]. On remarque que la production d’énergie cinétique
est bien effectuée dans la zone de buffer alors que la dissipation moléculaire est plus
forte dans la zone visqueuse.

2.3.3 Section logarithmique

Lobjectif des théories de similitude est d’exprimer de fagon universelle les pro-
priétés de la couche limite. Lanalyse dimensionnelle basée sur le théoréme de Vashy-
Buckingham permet d’exprimer les grandeurs physiques (longueur [L], temps [T], masse
[M], température [0]) par de nouveaux parametres.

Theorem 2.3.1. Si un probleme dépend de n paramétres a; tels que
f(ah ag, ..., an) =0

qui font intervenir p grandeurs physiques, alors, il existe (n—p) variables sans dimensions

42



2.3. Couche limite turbulente

O . R . L . L . L . L
0.1 1 10 100 1000 10000
Z+

FIGURE 2.3 — Profile de vitesse moyenne dans la couche limite d’'un écoulement au
dessus d’une plaque laissant apparaitre les différente section.

m; tel que
f(ﬂ'l, ...,Wn,p) =0

Une analyse dimensionnelle montre que les parametres suffisant pour exprimer les
grandeurs physiques sont :

— u, la vitesse de friction [L][T]*,
— v, 1, les viscosités moléculaires et turbulentes[L]?*[T] !
— 2z la coordonnée verticale [L].

Il est convenu que le profil de vitesse dans la section turbulente de la couche limite
suit un profil logarithmique. Différentes obtentions de cette hypothése sont écrites dans
[Millikan, 1938], [Monin and Obukhov, 1954].

. . : . Ju , :
Une analyse dimensionnelle du gradient de vitesse 9 montre que I'on peut construire
z

un parametre sans dimension :
z ou
= —— (2.57)
Uy 02
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Lobjectif est de définir une fonction sans dimension telle que

z Ou z
Il d 2.58
Uy 02 / ((5> ( )
ou ¢ est la hauteur de la couche limite.
z Ou N Z\? N4l

Lobtention de la loi logarithmique est dans ce cas, une troncature au premier ordre de
(2.59) ou «y est noté « la constante de Van Karman.
Plus récemment, de nombreux articles développent des fonctions empiriques sans
dimensions d’'un ordre supérieur, Mizuno et al [Mizuno and Jiménez, 2011], Jimenez
[Jimenez and Moser, 2007], Lee et al [Lee and Moser, 2015], [Mckeon et al., 2004], ré-
sumé aussi dans Marusic et al [Marusic et al., 2010, Marusic et al., 2013].

Dans [Lee and Moser, 2015], il est proposé une comparaison a tres haut nombre de
Reynolds de deux formulations de la fonction f :

. Z+ Z+2 2 60
f(Z )_ H(Z+—Cl1)+a2R6z, ( . )
ainsi que
feh = (L9 2 (2.61)
~ \k  Re, *Re, | '

[l est admis que la couche limite turbulente admet un profil logarithmique, d’autres lois
ont co-existé et furent source de polémiques [Cipra, 1996]. Dans leur article référence,
Moser, Kim et Mansour [Moser et al., 1999] citent une loi de puissance provenant de
[Barenblatt et al., 1997] dans laquelle

Us

7= A <y>". (2.62)

14
Ces profils ont été étudiés dans des écoulements de couche limite
[George and Castillo, 1997] qui a suggeré que la zone "overlap" contenait
cette loi de puissance.

Dans leur article, [Barenblatt et al., 1997] ont argumenté que les lois de puissance
contrairement a loi logarithmique ont été écarté sans fondement théoriques, ils vérifient
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leur profils sur les données de Nikuradse et le valide sur quasiment I'entiéreté du pipe.

Dans une expérience mené a l'université de Princeton, [Zagarola et al., 1997],
[Zagarola and Smits, 1998], ils ont montré la coexistence des lois logarithmiques
et de puissance. Pour un écoulement a bas nombre de Reynolds, il existe une
loi de puissance proche paroi alors que pour un écoulement a haut nombre de
Reynolds, il y a une de loi de puissance suivie d’une loi logarithmique. Baren-
blatt répondant que les données expérimentales de [Zagarola et al., 1997] sont
biaisées par une rugosité [Barenblatt and Chorin, 1998]. Cette argument sera
infirmé dans [Zagarola and Smits, 1998] et [Mckeon et al., 2004] qui ont répété cette
expérience avec un materiel et des méthodes améliorés. Les lois de puissance de
[Zagarola et al., 1997] ont été affirmées mais sur un intervalle plus restreint.

Entre temps, un essai mené dans [Wosnik et al., 2000] consiste a considérer que le
profil de vitesse est logarithmique dans la région "overlap" selon (1 — r) + ¢ ou ¢ est
un parameétre dépendant du nombre de Reynolds. Cependant, dans une étude plus
récente [Wu and Moin, 2008], cet essai s’avere infructueux.

Cette théorie est en terme de similitude incompléete puisque les quantités n et A sont
dépendantes du nombre de Reynolds [Pope, 2000].

2.3.4 Zone "wake"

Une fois sortie de la zone logarithmique, I'interface entre cette derniere section et le
reste de I'écoulement suit une autre loi et la turbulence y est plus libre et éparse. Le
profil de vitesse dans cette section a été étudiée par Coles [Coles, 1956]. Par argument
de similitude, le profil de vitesse est modifié :

7= L1in <z“) L (z) . (2.63)

v K )

Lexpression communément employée est : [Pope, 2000]

7= in <z“> AL <”> . (2.64)
K v K 290

Le paramétre II est dépendant du gradient de pression.
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Loi de paroi dans un écoulement stratifié

Dans le cas d’un écoulement de couche limite stratifiée, les hypothéses d’homo-
généités spatiales et de stationnarité sont toujours valables. Comme pour la couche
limite neutre, nous définissons les variables dimensionnelles qui pilotent la couche limite
turbulente stratifiée [Monin et al., 2007] :

Léquation de Navier Stokes simplifiée devient :

0 a0
Ce qui revient a noter B
00
(@ +au) 5~ = Qo. (2.66)

C’est I'hypothése de flux de température turbulente constant.
Par analyse dimensionnelle, il est possible d’exprimer les quantités physiques par 4
parametres :
Ju
— Uy — V—,
— Un parameétre de buoyancy ego,
— Flux de surface de température @,
— La hauteur z.
Une température et une longueur sont obtenues

L (2.67)
U
w? o oul
L= = ior (2.68)

La longueur (2.68) est la longueur de Monin Obukhov définie dans
[Monin and Obukhov, 1954]. Les gradients de vitesses et de températures sont
obtenus par des profils sans dimensions tels que

et _
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2000

Free Atmosphere

Capping Inversion

Entralnment Zone

Residual Layer
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FIGURE 2.4 — Cycle diurne de la couche limite atmosphérique, la journée est régie
par un régime convectif (instable) due au réchauffement du sol par le Soleil. La nuit,
le régime se stabilise bien qu'il subsiste un régime résiduel instable au dessus. La
couche d’inversion est une altitude a laquelle le gradient de température change de
signe (négatif en dessous et positif au dessus) assurant une stabilisation de la hauteur
de la couche limite.

Les fonctions sans dimensions ¢,, et ¢, définies dans les équations (2.69) et (2.70)
sont dépendants de I'état physique de la couche limite. Cet état est divisé en 3 catégo-
ries :

— Neutre : La température au sol est égal avec la température dans le reste de la

couche limite, dans ce cas, ¢, = 0 et le profil de vitesse reste classique.

— Stable : La température au sol est plus basse que dans la couche limite turbulente.
Dans ce cas, par effet de densité, la couche limite devient moins turbulente. C’est
le cas pour les écoulements atmosphériques au milieu de la nuit.

— Instable : La température au sol est plus élevée que dans le reste de la couche
limite. On parle d’'un écoulement convectif. C’est le phénoméne qui touche
I'atmosphére en journée, 'atmosphére au dessus d’un phénomeéne El-nino, ou
dans une casserole chauffée par le bas.

Les différents régimes au cours d’un cycle diurne sont résumés sur la figure 2.4.

Une atmosphére instable est régie par la force inhérente a la poussée d’Archiméde
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étant donné qu’il n’y a plus de cisaillement. Par conséquent, les profils de températures
et de vitesses sont formellement censés étre indépendants de ..
Le seul profil de température pouvant étre indépendant de u, est :

0= 0,QY337 13,713, (2.71)

Si 'atmosphére est stable, les gradients de vitesses sont différents du cas neutre.
En effet, une fonction dite de stabilisation est introduite, il s’agit dans le développement
en série entiere de pousser d’'un ordre supplémentaire par rapport a la loi logarithmique.
Les profils sont majoritairement obtenus par expériences sur le terrain, une revue est
disponible dans [Hégstrém, 1988]. Citons ici quelques profils souvent utilisés :

— by =14 4.7%, o = 0.74 + 4.7% [Businger et al., 1971],

— Gm=¢n=1+ 5% [Dyer, 1974].

2.4 Résolutions numériques des équations de Navier
Stokes

2.4.1 Meéthodes des différences finies

La méthode des différences finies est la méthode numérique la plus simple a
appréhender. Le principe est d’évaluer chacun des opérateurs différentielle d’une
équation différentielle par un schéma dépendant du voisinage d’un point de calcul. Bien
évidemment chacun des schéma s’écrit pour des ordres de précisions souhaités.
Lidée qui permet de construire des schémas est le développement de Taylor d’'une
fonction, cette derniere sera alors exprimée en fonction de ses dérivées.

Lélément central de la méthode des différences finies est la discrétisation des
dérivées Nous proposons ici une liste de ces schémas :

— centré
of _ flain) = f(wia) (2.72)
ox Tip1 — Ty -
— Décentré En-avant
ﬁ _ f(@ipr) — f(24) (2.73)

Oz Tit1 — T4
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Schema | « g ~y
CDS-2 | 0 1 0
CDhS-4 | 0 4/3 -1/3
CDS-6 | 1/3 14/9 1/9
Padé-4 |1/4 3/2 0
Padée-6 | 1/3 14/9 1/9

TABLE 2.1 — Coefficient des schémas compacts pour la dérivée premiére

— Décentré En-arriere
al _ f(z:i) = f(zim1)

81’ Ty — Ti—1

(2.74)

Pour des maillages réguliers, les schémas d’ordre superieur pour la dérivée d’ordre 2
sont [Ferziger and Peric, 2001] :

0 Tit1 x;) — Ti—1) + J(Ti—2 /

of - (2.75)
— Ordre 4 f —8f + fai— 7

af —J (xi+2)+8 ($i+1) (xl 1) ( : 2) (2.76)

or 12Az
Les équations de Navier Stokes utilisent également un opérateur de Laplacien, ainsi,
la dérivée seconde se discrétise par :

0 f _ f@im) (@i — wi1) — f(@a) (@i — @) + [ (@) (@1 — 25) (2.77)

Ox? %(fﬂiﬂ — 2 1) (@1 — ) (0 — @3-1)

Pour des maillages uniformes, des schémas compacts ont été écrits et sont utilisé
dans le solveur Incompact3d présentés a la fin de cette sous-section. Ces schémas
sont écris sous la forme suivante :

Of (@iy1) | Of(xi) | Of(wi1)
“ ox + ox ta ox

. f(@iy1) — f(xica) f(@ive) — f(xioa)
= A e (2.78)

La précision du schéma est uniquement dépendante des coefficients «, 3, v. Lavan-
tage est certain, il est possible d’augmenter I'ordre de précision en conservant une
matrice tri-diagonale et donc aisément inversible. Les coefficients sont notés dans le
tableau2.1.
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CDS-6  CDS-6 anti-aliasing
2/11  0.47959871686180711
12/11  0.42090288706093404
3/11 1.7020738409366740

0 0.16377929427399390

R ™S

TABLE 2.2 — Coefficient des schémas compacts pour la dérivée seconde

Il est également possible d’écrire un schéma compact pour la dérivée seconde :

aaf($i+1) L Of (w;) L aaf(f’?i—l) f(@iv1) — f(win)

Ox Ox or P 2A2
J(@iv2) — flaie J(@irs) — [z

Un schéma d’ordre 6 est obtenue par les coefficients présentés dans le tableau 2.2.
Le second jeu de paramétre est une discrétisation utile dans I'espace de Fourier pour
baisser I'aliasing [Laizet and Lamballais, 2009].

De trés nombreux autres schémas jusqu’a une précision d’ordre 10 sont listés dans
[Lele, 1992].

Enfin, il reste a écrire un schéma pour la dérivée en temps. Les schéma d’ordre 1
d’Euler sont soit implicite, soit explicite :

— Explicite
un-l—l — .
= ) (2.80)
— Implicite
un+1 —ut il
s = P (2.81)

D’autres schémas tels que, par exemple, Runge-Kutta, Adam-Bashford sont aussi
implémentables pour les schémas en différences finies.

Les DNS sont résolues par un solveur semi-spectral, autrement dit, résolu en
espace dans I'espace de Fourier et dans I'espace physique en temps.

Les équations de la mécanique des fluides étant un probléme couplée entre plusieurs
variables, de nombreux algorithmes existent, nous avons utilisé le solveur Incompact3d
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developpé par Laizet et Lamballais [Laizet and Lamballais, 2009]. Les équations réso-
lues sont :

GtV—F;[V-(V@V)—F(V-V)V]—v~(VVV)+Vp=f, (2.82)

V.v=0, (2.83)

ou f est le terme de force dans lequel est implémenté la méthode IBM modélisant
un fond rugueux, la vitesse y est imposée nulle, plus d’informations sur disponibles
dans Gautier [Gautier et al., 2014], Peskin [Peskin, 2002]. La pression est obtenu en
résolvant une équation de Poisson dans I'espace de Fourier. Le terme convectif est
écrit sous forme skew-symmetric afin de réduire les erreurs d’'aliasing et d’assurer la
conservation d’énergie [Kravchenko and Moin, 1997].

Premierement, une vitesse est prédite v* :

V*_A:(t) = apF(t) — b F(t — 1) — o, Vp(t) + e f (1),
ou F(t) = =1 [V - (v(t) @v(t)) — (v(t) - V)v(t)], ax, by et ¢, sont les constantes

décrivant le schéma temporel. Le terme de pression est obtenu par :

V** _ V*

— = Vp(?).
AL e Vp(t)
Afin de satisfaire a la condition de divergence nulle, p(t + At)est calculée par

I'équation suivante :
V.-v™

Ckét ’

Ap(t+ At) =
Enfin , la vitesse est corrigée de sorte que : u(x,t) = u**(x,t) + (Uy, — U;),0 =
v W = wrt.
La nouvelle vitesse est obtenue par :

v(t+ At) — v
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2.4.2 Méthodes des volumes finis

La bibliographie sur la méthode des volumes finis pour la résolution de la mécanique
des fluides est volumineuse [Krell, 2010], cette méthode est particulierement populaire
chez les ingénieurs, le logiciel Fluent utilise cette méthode. En plus d’Incompact3d,
nous avons dans ce travail mené des simulations avec le logiciel OpenSource
OpenFoam.[Hrvoje, 1996], [Moukalled et al., 2016] [Holzmann, 2016]. Les notations
de cette partie suivent le cours de Eymard, Gallouét et Herbin [Eymard et al., 2000]
[Herbin, 2011].

A l'instar des autres méthodes de résolution numérique d’équations différentielles

aux dérivées partielles, la méthode des volumes finis a pour objet la transformation d
un probléme d analyse en un probléme algébrique de la forme AU = b.
A cette fin, le domaine de calcul noté (2, un convexe borné de dimension d, est divisé en
volumes finis dont nous décidons que les points de calculs sont les centres de gravites
de ces volumes. Nous adopterons dans la suite de ce document les conventions
suivantes :

— Soit une famille d’ouverts convexes polygonaux de dimension d (dimension
du probleme) {K;,Vi € {1, N} = I} telle que 2 = U,c;K;, nous notons .7 =
{K;,Vi € I} le maillage.

— Chacun des K € .7 est un volume de contrdle,

— VK € .7, nous notons x;, les coordonnées du centre de gravite de K,

— VK € 7, nous noterons ¢x I'ensemble de ses bords c’est a dire ex = 0K =
K\ K =U,e,0,

— VK € Z,nous notons A = {L € 7\ KN L # ()}, 'ensemble des volumes de
contréles voisins de K,

— Y(K,L) € (7, 4%), nous notons le bord commun o ; telque K N L =5k,

— V(K,L) € (7, /%), notons Dk . le segment liant xx et x,.. A cela nous associons
la distance di , entre zx et le bord o = {0 € ex|ex N Dk 1, # 0}.

Remark 2.4.1. Par souci de simplicité, le segment [x i, x| est une médiatrice de o. C
est le cas pour les maillages structurés.

52



2.4. Résolutions numériques des équations de Navier Stokes

L,
oL
&

o J] Olr

EO’Z IC EO-T
dic |,

Ao #

L,

FIGURE 2.5 — Représentation d’un volume de controle K avec les nomenclatures écrites
ci-avant. Ses bords sont o; et £,, sont les volumes voisins associés a chaque bord.

Le temps est divisé en N intervalles réguliers de longueur At de sorte que
[0, 7] = UX [iAt, (i + 1)At]

Nous prenons comme exemple la résolution d’un probléme de convection diffusion
avec condition de Dirichlet nulle sur le bord ou I'inconnue est le champ scalaire
convecté par une vitesse v

aﬂ+v-(v¢)—v-(yv¢) = f 0,

ot (2.84)
v = 0 T

Nous recherchons une approximation de ) constante par morceaux ou dans chaque
volume de contréle K € .7, et pour n € [0, N|

Vx € K, (tn,Xx) =k
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Remark 2.4.2. Nous cherchons une approximation a 'ordre 2 quand le probleme le
permet.

La méthode des volumes finis se base sur une discrétisation de la forme intégrale
du probléme, la ou la méthode des différence finie discrétise les formes différentielles
et ou la méthode des éléments finis utilise une forme faible. Le probléeme 2.84 en forme
intégrale s’ écrit :

/ PO LG v) - V- (v dtdx — / A / fdtdx (2.85)
tn K Ot tn K

La transformation de la forme intégrale vers un probléme algébrique en fonction de

{Y%, (n, K) € ([0,T],.7) sera d’'abord en espace puis en temps.

2.4.3 Discrétisation spatiale

Pour le moment, nous nous focalisons sur le probleme en espace, nous notons

Vi = Yk.

La premiere étape dans le processus est d’approcher 'intégrale calculée. Pour cela,
nous avons a disposition I'ensemble des formules de quadrature de Newton-Cotes, de
Gauss etc. La méthode la plus élémentaire et la plus simple en terme de calcul est la
méthode du point milieu qui utilise la valeur de ¢y, comme polynéme d’interpolation.
En se rappelant que x est choisi pour étre le centre de gravité de K, nous avons la
formule suivante :

/K (x — xx)dx = 0 (2.86)

Proposition 2.4.1. Soit K un volume de contréle, siy est la valeur de i) au centre de
gravité de K, alors la méthode du point milieu est une méthode de quadrature d’ordre 2

Démonstration. Nous tachons de calculer 'erreur commise en utilisant

[ wx)dx ~ Kk
K

ou nous notons | K| le cardinal de K (volume en 3D, aire en 2D, longueur en 1D). En
utilisant une formule de Taylor d’ordre 2 centre en z, il vient :
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h(x) = ¥ + (x = xx) - Vih(xr) + O(|[x — xx|[*).
Ainsi, en injectant cette série dans
] 060 = v,
K

il vient

[ 000) = e = [ (=) - Voeae) + Ol = e )

Nous savons que zx est le centre de gravité de K, donc

[ 60 e = [ Ol — el P

[ ) = K + O(KT). (2.87)
[

La méthode des trapézes est une autre méthode de quadrature d’ordre 2 trés utilise,
si K est un pavé et nous nommons a; ses sommets, 'intégrale sera calculée par

w0~ 53 wix

Lordre de I'erreur est similaire, cependant, il est nécessaire par cette méthode de
connaitre les valeurs sur 8 points de qui ne sont pas des points de calculs qui devront
donc étre interpolés. Ainsi, pour un gain en précision négligeable, la complexité du
calcul serait bien trop augmentée. Le probleme de la complexité est augmenté si I'on
cherche a approcher l'intégrale par une formule d’ordre encore plus élevée. Ainsi, dans
le reste de ce document, nous utiliserons la formule de point milieu pour 'ensemble des
intégrations.

Le terme source de notre probléme est calculé ainsi :

/ fix = |K|fx. (2.88)
K
ou fx désigne la moyenne de f dans le volume K.
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Terme de convection

Dans cette sous partie, mous nous intéressons a la discrétisation du terme de
convection, nous utilisons la formule de la divergence

[ V- (viue)dx = [ vxu(x)dx

K
Le bord de K est divise en hyperplans réguliers de sorte que

|V (vux)dx = ¥

oCeEK

/ v(X) - ng (%) (x)dx.
Ou ng , le vecteur normal sortant de K sur le bord o. Nous approchons chacune des
intégrales par une formule de point milieu

[V (vxppx)dx = 3 (0v(xa) - nico (xa)iis + Olfo]?)
[A]57¢
A ce stade, nous devons exprimer les valeurs de v, en fonction des points de calculs.
Pour cela, diverses techniques d’interpolation de 2e ordre ont été développées avec
chacune leurs caractéristiques.

Interpolation linéaire Notons L le volume de contréle adjacent a K partageant o
comme bord. La méthode la plus évidente pour interpoler v, est de prendre une
moyenne de v et ¢y.

TRt (1 - dL’”) v (2.:89)

T diy di 1
Dans la littérature, ce schéma est nomme "central differencing”" (CD), nous montrons
c’est un schéma d’interpolation d’ordre 2. Cependant, ce schéma n’est pas borne, au
sens ou il fait apparaitre des oscillations numériques n’ayant aucun sens physique
rendant nulle toute simulation pour lesquelles la résolution serait trop faible, nous
verrons quel sont les caractéristiques permettant d’assurer la cohérence du schéma.

Proposition 2.4.2. Dans le cas d’'un maillage structure, le schéma d’interpolation
linéaire est une approximation d’ordre 2.

Démonstration. Soit V- le vecteur directeur du segment reliant les points x;, et xy.
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Reprenons un développement de Taylor centre en xx a l'ordre 3 de ¢ (x)
D) = e+ (6= xK) - Txac) + 5 06— x5 V2 xsc) + o x = x|,
En écrivant ce développement en x,, et en remarquant que (x, — xx) = dx V- il vient
o = e+ dica(V -V xx0)) + 5, (T2 5 V2 xr) + ol )
De méme pour vy, :
V1= e dig (V- V) + 5 (T2 V200c0)) + ol )

Utilisant ces deux derniéeres formules, nous concluons par :

dL,o

dk,r

Yy = Ao Vi + (1 -

1
=4 ) vy, — EdL7adK,U(V'2 : V2¢(XK)) +o(dp odk )
K,L

Terme de diffusion

De la méme fagon que nous avons discrétisé le terme de convection, nous utilisons
le théoréme de la divergence :

/KV (v(x)Vip(x))dx = EZ /UV(X)VT/)(X)dX
On utilise la formule de point milieu :
J ¥ C00VE)Bx = 3 Jolv(x,) (V) + Ol (2.90)

Pour conclure le processus pour la diffusion, il nous faut exprimer (V),, en fonction
des points de calcul. Dans le cas ou la viscosité est connue, I'interpolation pour la
viscosité a une importance moindre, une interpolation linéaire suffira. Dans le cas
contraire, le schéma choisi dépendra des variables en jeu (énergie cinétique turbulente,
dissipation etc ...).

A partir de 13, il est possible d’écrire une procédure résolvant I'équation de Navier
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Stokes couplée avec des équations de fermeture a la RANS.

La procédure pour résoudre ce probleme est I'algorithme SIMPLEC, acronyme pour
"Semi-Implicit Method for Pressure Linked Equations”, la lettre C signifie consistant,
c’est une amélioration de I'algorithme présenté dans [Patankar, 1980].

Input : Vitesse v
pressionp
I'énergie cinétique turbulente &
Viscosité turbulente v, (k)
Initialisation : v aux bords
p aux bords
k aux bords
while Les variables ne convergent pas do
Prédire une vitesse a divergence non nulle v
Appliquer les conditions de bords
Calculer le champ de pression
Correction de la vitesse pour la rendre a divergence nulle
Calculer les équations de fermetures Mise a jour de la viscosité turbulente
end
Algorithm 1: Etapes de 'algorithme SIMPLEC

Nous expliquons en détail I'algorithme. Les prochaines étapes sont répétées tant
que la convergence n’est pas achevée.

Predictor Tout d’abord, nous prédisons la vitesse par :
V.- (v® v _v. [(21/ + v (ED)) Dv(”)} + VprD = £ (2.91)

Léequation précédente est discrétisée par le formalisme suivant : Soit 7 le maillage, K
un volume de contrble, I'objectif est d’exprimer chaque vecteur de (2.91) comme :

Vi = Z \IJ(VE). (292)
LEN(K)

ou NV(K) est le voisinage de K.
Léquation du moment est résolue dans chaque triangle K par :

/KV-(V(X)(”)(X)V(x)(”_l))—V-((ZV—H/t(k(x))(”_l))V-v(x)(”))—i—Vp(”_l)(x)dx:/ f(x)dx.
(2.93)
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Par application de la condition de divergence nulle, 'équation précédente devient :

[ 6 @v(a) )= (20414 ((30) ) Vv (30) ) omae (x) e | Vp(oe) Ve = [ (),
(2.94)

ou nyx est le vecteur normal extérieur a K. Dans la suite, le terme R, est I'erreur

provenant de la discrétisation due au schéma d’ordre 2. Les schémas d’advection sont :

[ v @ve)t ax = 3 [ (V)™ @ve)™ ) mGdx. (2.95)
oK ocedk
Ou o est une face du volume K, Un schéma centré mene a :
[ I & v i = 3 ol @ v ) molx). (296)
oK e

Ou v, est la valeur de v au centre de o.

[ (v @vx) " dx = 3 Jol(vi) @ v D) g (x) + R (2.97)
oK s€dK
[ v @v(x) ") = 3 [olvi) np vl D+ Ry, (2.98)
oK o€k

Nous notons ¢, = |o|v(*~Y - n, le flux & travers o, cependant, il manque une équation
pour résoudre cette variable. Il reste a exprimer v, comme une fonction de v, pour
chaque K € T. Par exemple, un schéma linéaire peut étre utilisé :

v = frevidd + (1= fovi), (2.99)
ou p
— ‘CO—
Jro = deoi’

d., est la distance entre les barycentres des volumes L, (voisinage de K) séparés par

g.
Soit O = [, (v(x)™ ® v(x)™~Y), nous obtenons :

C =3 oo (fevid’ + (1= f V). (2.100)

oceok
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Le terme de diffusion est discrétisé par :

/8K<<2v+vt<k<x><"—”>V-v<x><”>>]-naK<x> = > |ol(2v+ue)(Vv™)sn,+ Ry, (2.101)
o€k

ou v, est la viscosité turbulente sur la face. Afin de conserver la linéarité, la viscosité
turbulente est calculée ultérieurement. Le gradient est calculé de la fagon suivante :

(n) (n)

o(VV) -y, = || Le YK (2.102)
de,x
Soit D = [, ((2v + v (k(x) ™ D)V - v(x)™)] - ngg (x), nous obtenons,
OO
D=3 |o](2v + y) Lo —L (2.103)
oedk dLUK

Dans l'esprit de [Rhie and Chow, 1983],le gradient de pression n’est pas discrétisé
a ce stade. Lintégrale de force est :

fr
/Kf(x)dx = %7 (2.104)

Nous utilisons I'ensemble des équations (2.100),(2.102) and (2.104) pour former le
probléme algébrique
AVl = (V" K" + Vp™ !, (2.105)

ou Ay est la matrice des inconnues et des conditions de Dirichlet, ®(v) est le vecteur
contenant les informations sur les voisins.

Le probléme algébriqgue méne a une solution prédite v(™ nommée v(»~1/2 qui
n’assure pas une condition a divergence nulle.

Pressure equation Nous nous intéressons maintenant a I'obtention du champ de
pression a travers la résolution de I'équation de Poisson suivante :
Ap" = =V (V- (v @ v ) = V- [(2v + (k")) Dv] — £) . (2.106)

Proposition 2.4.1. Le champs de pression est une solution du systéeme algébrique
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suivant :

1 n 1/2
(™)~ (B
((AIC — Yoeox Ac,) Ak UEZQIC

1 1
——- v Wl/”)]. 2.107
(A/c Ak — Yoeox AL, b ( )

Démonstration. Considérons I'équation suivante (2.105) :

AevE = S0 A VO gpe D), (2.108)
oceok

Soit vk la correction de la vitesse telle que :
Vi) = v v, (2.109)
est une solution a divergence nulle de
V- (v @ v ) = V- [@2u 4+ (k")) DV + Vp™ =, (2.110)

qui est discrétisée comme suit :

Aevi = 3 Ap v 4 wp, (2.111)
oedk

Nous soustrayons (2.108)et (2.111) pour obtenir :

Aevi = > Ag vz, + VD, (2.112)
oeok

ou p est la correction de la pression. Le point particulier de I'algorithme SIMPLEC qui
provient de [Van Doormaal and Raithby, 1984] est de soustraire Y, .o« Ax dans chaque
coté de I'équation 2.112. Cette équation devient :

(AK -y Acf,> Vi = > Ag, (Vz, — k) + VP (2.113)
ocedk ocedk
Lexpression suivante est consistante :
> Ag, (vz, —vk) =0. (2.114)
oceok
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Nous écrivons la condition de divergence nulle dans le triangle K comme

v-v® =o. (2.115)

Nous arrangeons I'’équation (2.108), pour obtenir (2.113) avec I'approximation
(2.114) et la contrainte (2.115).

1
(n) _ (n— 1/2 (n—l)
Vi = Vp+ — g Ap vy -V ) 2.116
* (Ax — Xoeox Ac,) P A (aealC g ) ( )

Nous arrangeons la partie droite de I'équation (2.116) de sorte & obtenir p(™ :

(n) _ 1
(Ax — Zaeazc Ac,)

1 1
Ap w0 ( _ v <"1>>. 2.117
Ay ( 2 Ac,v ) Ak Ax — Xscox Az, b ( )

oeok

Vp!m+

Finalement, nous appliquons 'opérateur divergence a I'équation (2.117) pour obtenir
I'équation sur la pression.

1 n 1/2
V- vp<”>> = [ Ar
((A/C - ZUE@K A['a) AK agﬁ:lC

1 1
. \V4 WU)]. 2.118
<AIC A — Ypeox A, P ( )

O

A ce stade, les flux sur les bords ¢! sont mis a jour.

Correction Maintenant, nous avons une vitesse non corrigée qui ne satisfait pas
I'incompressibilité ainsi qu’une pression, nous allons utiliser cette pression pour corriger
la vitesse :

V- (v @ v ) = V- [(2v + 5 (kD)) D] 4+ vpt) (2.119)
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Nous obtenons une vitesse a divergence nulle v. Dans l'algorithme SIMPLEC ,la
correction est réalisée ainsi : nous considérons I'équation (2.117) de sorte que :

W= Ve g

n) _ 1 (n—1/2) 1 1 n—1 1
V' = 4c (ZUGBIC A, Ve, ) - (A)c — S A Ac”) Vpn—b — (AK—deam v Vp) .

(2.120)
Ceci termine le couplage entre la vitesse et la pression.

Equation de fermeture La derniére tAche est de résoudre les variables de fermetures
turbulentes.

Prenons une modélisation a 1 équation, I'énergie cinétique turbulente est calculée
par I'équation suivante :

V0™ V) = V- (24 k() ") VG0 ) -
k(x)™
I

Les termes d’advection et de diffusion sont discrétisés comme ci-dessus. Le probléme
algébrique a résoudre devient :

k(x (n—1)
X)( " = /}C 20, (k(x)™ | Dv(x)™|?dx. (2.121)

Bk = 3 Be kY + w(vi). (2.122)
o€

Ceci termine le calcul de £, p™ and v™.

2.5 Fonction a la paroi (wall-functions)

La turbulence est régie par deux sections différentes. Cependant, c’est la section
visqueuse qui génére par friction la turbulence. Cependant, cette zone est tres confinée
et donc afin de la résoudre correctement, il est nécessaire d’avoir un maillage trés
raffiné au niveau du sol, cela est trop colteux. Voir la figure 2.6 . De fait, dans
I'ensemble des simulations géophysiques, le premier point de calcul est dans la section
turbulente. Par conséquent, au lieu d'implémenter une condition v = 0 au sol, il est
nécessaire d’écrire une autre relation. Cette propriété est aussi vraie pour les autres
variables de la turbulence.
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FIGURE 2.6 — Résolution en z d’'un maillage de DNS a gauche et d’'un maillage de LES
ou RANS a droite.

Citons par exemple Blocken [Blocken et al., 2007], dans cette publication, les cher-
cheurs se sont intéressés a I'implémentation des fonctions a la paroi dans le cas ou
cette derniére n’est pas plate. La rugosité de la paroi est quantifiée par un parametre k,
(qui est nul si la paroi est lisse), ils obtiennent pour un écoulement non stratifié les lois
suivantes :

u? Eu*y,
_ T 2.12
Ur Ru* I <V<1 + C’J{;j)) ( 3)
2
u
k, = — (2.124)
P ﬁcu
3
€p = —— (2.125)
KYp

Dans I'équation 2.123, la modification due a la rugosité est le terme (1 + Csk), on
deduit aisément la fonction sans rugosité, E est une constante empirique ~ 9.793 selon
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les auteurs) et u* = C\/*k}/? est une autre vitesse de friction.

Concernant les équations des modéles RANS, Kalitzin [Kalitzin et al., 2005] publie
un ensemble de conditions pouvant étre satisfaites au dessus ou dans la zone visqueuse.
Par exemple, pour le modele k£ — w, ils obtiennent

" 1
W, = —F——
LAVACH Ty

o L

p \/a
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CHAPITRE 3

A NS-TKE MODEL WITH WALL LAW AND
PHYSICAL MIXING LENGTH

Dans le troisiéeme chapitre de ce manuscrit; nous nous focaliserons sur le modeéle
RANS a une équation de fermeture. Lintérét d’'un tel modele par rapport aux modeéles a
2 ainsi que 3 équations réside dans la quantité de calcul économisée. Le modele RANS
a une équation dépend de la longueur de mélange de Prandtl. Cette notion provenant
de la cinétique des gaz, I'analogie en turbulence n’est pas triviale. Plusieurs solutions
simples existent, premiérement en considérant la longueur comme étant égale a la
longueur du maillage, c’est une propriété utilisée par les modéles de Smagorinsky
(LES); cependant, elle n’utilise pas les différences de physique a travers la couche
limite. Une autre modélisation populaire est une longueur de mélange linéaire, celle-ci
meéne algébriqguement a la loi logarithmique suivie par le profil des vitesses. Nous allons
proposer dans ce chapitre une nouvelle formule universelle obtenue par simulations
numeériques pour des écoulements de canal allant jusqu’a Re, ~ 5200.

Une autre levée dans la résolution des problemes a haut nombre de Reynolds
est la condition de bords aux parois. En effet; une condition écrite de sorte que la
vitesse de I'écoulement v = 0 et son énergie cinétique k& = 0. Le profil des vitesses est
connue pour étre logarithmique en fonction de la hauteur a la paroi, ainsi la condition
de bords sans glissement imposerait une condition trop forte au profil. Nous utiliserons
dans les simulations numériques proposées un modele dit de Glaucker-Manning
[Gauckler, 1867] pour le champ des vitesses. Nous allons aussi proposer une nouvelle
condition de bords de type Neumann, obtenue a travers I'analyse dimensionnelle pour
I'énergie cinétique. Les conditions de bords habituellement proposées pour I'énergie
cinétique ainsi que pour les autres variables de modeles RANS sont de type Dirichlet
[Blocken et al., 2007]. Nous proposons ici une condition de Neumann.

67



Chapitre 3 — A NS-TKE model with wall law and physical mixing length

Avec une condition de bords de type Neumann pour la vitesse et pour I'énergie
cinétique turbulente ; nous démontrons I'existence d’une solution faible au systéme
d’équations découlant du probleme :

(¥ V)V = V- |(2v+ Ctvk) DV + Vp = f,

V.-v=0,

V- Vk = V- ((n+ CutVE)VE) = CotVE|IDV — 7'k /IR, (3.1)
v-n=0, —[2v+ur)Dv- n], = q)lV|V,

9% = Ak).

La preuve de I'existence d’une solution faible est rendue difficile par le terme source
de I'équation résolvant I'énergie cinétique turbulente ; en effet ce terme est dans L! ce
qui nous empéche d'utiliser le contexte variationnel habituel. Nous proposons donc
une preuve pour un probléme de Neumann elliptique avec un terme source dans L.
[Andreu et al., 2007], [Andreu et al., 2008], [Chabrowski, 2007].

La validation de ce modele avec ces lois de parois sera validée a travers des
simulations numériques ayant pour objectif de reproduire des résultats de DNS.
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3.1 Introduction

The simulation of a turbulent flow by a direct numerical simulation using the Navier-
Stokes Equations (NSE) remains today out of reach for a high Reynolds number Re.
Indeed, the Kolmogorov’s laws imply that O(Re”*) degrees of freedom are necces-
sary to do so, which is too large in term of computing power for realistic turbulent
flows, such as geophysical flows, the Reynolds number of which is larger than 102,
This is why turbulence models are always essential until now. Among all turbulence
models, two main classes can be distinguished : the Large Eddy Simulation models
(LES), such as the Smagorinsky’s model, and the Reynolds-Averaged Navier-Stokes
(RANS) models, such as the k£ — ¢ model [Chacon Rebollo and Lewandowski, 2014,
Mohammadi and Pironneau, 1994, Pope, 2000, Sagaut, 2006].

The aim of this paper is to investigate the ability of one of the most basic incompres-
sible RANS model to faithfully reproduce a neutral boundary layer. The model under
consideration is a by-product of the £ — e model with only one closure equation, specified
by the following PDE system :

(¥-V)¥ =V [(2v+ Ctv/k) DV| + Vo =,
Vv =0, (3.2)
Yk = V- (1 + CotvE)Vk) = CotVEI DV — 07k |K],

<l

where “V-" is the divergence operator and

i) v = (u,v,w) is the long time average of the flow [Berselli and Lewandowski, 2018,
Lewandowski, 2015] (or any stationnary statistical mean, which does not make
any difference thanks to the ergodic assumption about turbulent flows, see for
instance in [Frisch, 1995]), p the mean pressure, k the turbulent kinetic energy
(TKE), Dv = (1/2)(Vv + VvT) the deformation tensor,

ii) v > 0 is the kinematic viscosity of the flow, 1 > 0 a diffusion coefficient, f a source
term expressing possible external forces,

iii) v, = C,¢\/k is the eddy viscosity, 1, = Ci.l+/k the eddy diffusion, ¢ the Prandtl mixing
length, C, > 0 and C;, > 0 are dimensionless constants.

This type of one-closure equation model can be a good alternative to the full two-
closure equations k — ¢ model, which one is expensive and very hard to be imple-
mented in a code, although very accurate and effective. Evolutionary versions of
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(8.2) have been used for large scale oceanic simulations ([Blanke and Delecluse, 1993,
Lewandowski, 1997a]), and also in marine engineering to simulate a 2D flow around a
fishing net [Lewandowski and Pichot, 2007].

A natural question is : how far can such one-closure model be used instead of the
full £ — e model ? It depends strongly on how the mixing length ¢ and the boundary
conditions are set.

In [Lewandowski and Pichot, 2007], simulations are performed at Re = 10°. In this
work, the mixing length ¢ = /; is constant on each triangle K; € T,, where 7, is the mesh,
¢; the length of the longer edge of K;. We have used in [Lewandowski and Pichot, 2007]
the software FreeFEM++, http://www.freefem.org/, based on the finite element me-
thod. Data were provided by a measurement campaign performed in IFREMER Bou-
logne, France. At the domain input, v = (w;,0,0) is given according to the data and
k = 0, at the domain output v-n = 0 and k£ = 0. At the top, the bottom and the lateral
boundaries, the boundary of the fishing net, v = 0 and k£ = 0, which is like doing a
DNS in a 2D boundary layer. Although this strategy provided excellent results compared
with the experimental data in this 2D framework, it will not work in a 3D case for high
Reynolds numbers. Therefore, we must consider another approach.

To fix ideas, let us consider a 3D flow over a plate, placed at = = 0. The flow domain
is the half space {z > 0}, divided in two regions :

i) the boundary layer {0 < z < z}, 2o being the height of the boundary layer,
ii) {z0 < z}, where a turbulent model is implemented.

At z = 2z, the boundary condition satisfied by the mean velocity is usually
a wall law, one of the most popular being the Glaucker-Manning law (see in
[Chacon Rebollo and Lewandowski, 2014, Chapter 5]) ' :

v-n=0, —[(2v+1)Dv- 1}, =q,|V|V. (8.3)
When the model involves the TKE, people used to set at =z = 2,
k= |v]% (3.4)

The boundary layer is often modeled by a given continuous steady profile depending
on z, most of the time linear in the viscous sublayer and then logarithmic. Howe-

1. Let n denotes the outward normal vector at the boundary, and for a given vector w, w, = w—(w-n)n
its tangential part. We refer to v; as any eddy viscosity.

70


http://www.freefem.org/

3.1. Introduction

ver, there are several different models [Chacon Rebollo and Lewandowski, 2014,
Schlichting and Gersten, 2000, Spalding, 1961], more or less sophisticated, de-
pending on the desired degree of accuracy and the available computing power.
When stratification occurs, such as in the atmosphere, the Monin Obukhov theory
[Monin and Obukhov, 1954] applies, yielding to add stabilizing functions to the log
profile, which may be controversial [Pelletier, 2018]. Moreover, in the case of the ocean,
there are many other boundary layer models, as for instance the Pacanowski-Philander
model, based on closure equations with eddy viscosities, functions of the Richardson
number [Bennis et al., 2010].

Therefore, there is no universal boundary layer model. This is what motivates that we
aim to evaluate the performances of the model (3.2) in a boundary layer, which means
taking z, at least of order of the height of the viscous sublayer. We will do so in the case
of a flat bottom, then in the case of a non trivial topography as displaids in figure 3.1,
called the rough case.

FIGURE 3.1 — Non trivial topography, the rough case

A natural option is solving (3.2) with the boundary conditions (3.3)-(3.4) inside
the boundary layer, provided that the mixing length ¢ is specified. However, we
know that the resulting boundary value problem, for a given smooth function
¢ = [((x), yields serious mathematical and numerical complications (see in
[Chacon Rebollo and Lewandowski, 2014, Chapters 7,8] and additional comments
in section 3.5.1 below), mainly because of (3.4), that must be reconsidered. In this
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perspective, we have modeled in this paper an alternative boundary condition for the
TKE k, which is a non linear Neumann boundary condition, see (3.18) below. We get a
more affordable mathematical struture than that provided by (3.4) (see section 3.5). The
resulting model, (3.2)-(3.3)-(3.18), is appointed by the acronym NSTKE.
For running the NSTKE model, the mixing length ¢ must be determined. In the full
k — e model, it is deduced from k and ¢ by the standard formula
(= ﬂ/Q (3.5)

3

which cannot be directly used in our NSTKE model, since we do not have an equa-
tion to compute <. Noting Re, the frictional Reynolds number (see definition (3.23)
below), we choose to determine ¢ = /(z, Re,) from direct numerical simulation (DNS)
and interpolations, based on the formula (3.5), in both flat and rough cases (see
formula (3.39) and (3.40), complemented by (3.41), (3.43) and (3.44) for the calcula-
tion of the different coefficients)2. Our DNS are compared to the DNS of Moser et
all [Lee and Moser, 2015, Moser et al., 1999], which serve as the benchmark for our
results.

We could have checked the method of [Lewandowski and Pichot, 2007], taking ¢
equal to the size of the local mesh size, which is cheap in terms of computational cost.
However, this would not have taken into account the structure of the flow that we study,
although the comparison between both options could be interesting.

We have carried out several numerical simulations with the NSTKE model, up to
Re, = 10000, in both flat and rough cases, with ¢ interpolated from the DNS. The first
series of simulations yields mixed results. We finally get correct profiles in a large part
of the boundary layer, but at the price of significant corrections in the formula for ¢. This
is what makes us think that this one-closure equation RANS model cannot be used
as a universal model for more complex situations, like the turbulent ocean-atmosphere
mixing layer, where buoyancy and stratification must be included. This suggests that a
customized full £ — e model should be designed for the ocean-atmosphere interaction,
if one believes the Monin-Obukhov theory to be wrong, and if one prefers the RANS
models to the LES models.

The organization of the paper follows the plan of the introduction : TKE boundary

2. In the process, we also calculate the values of the constants C, and Cj, involved in the eddy
viscosities
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condition modeling, DNS and mixing length formula, NSTKE simulations and analysis
of the results and convergence. The paper ended by and apendice, in which one proves
the existence of a weak solution to the NSTKE model, by a proof that can be extended
to the evolutionnary case, which is a clear theoretical advantage of the model.

3.2 Boundary condition modeling

The aim of this section is the derivation of the boundary condition (3.17) for the
turbulent kinetic energy, TKE in the following. Before doing this, we set up the geometrical
framework and recall the log law.

3.2.1 Geometry and boundary layers assumptions

The computational box (2 is defined by (see figure 3.2)
2 =10,L,] x [0, Ly] x[0,L,].

For the simplicity, we assume that the flow field (v,p, k) satisfies periodic boundary
conditions in the = and y directions. To be more specific, (v, p, k) is defined on R?x [0, L.],
and when it is at least of class C?, for ¢ = v, p, k,

V(m,n) S ]N27 V(l’,y, Z) € “Qa ¢(9U + Nany + mLya Z) = ¢(5L’>?/7 Z) (36)

To carry out the modeling process, we assume that in the boundary layer, the mean
velocity v has a constant direction, v = (@, 0,0), and is homogeneous in the x-y axes.
Therefore, u = u(z), which is a standard assumption.

It is generally accepted [Chacon Rebollo and Lewandowski, 2014, Lewandowski, 1997a,
Mohammadi and Pironneau, 1994, Pope, 2000] that there exists 0 < z; << z; such
that in the absence of stratification or buoyancy effects, @ has in [0, ;| the following
profil,

Vz €0, z), u(z) = —— (3.7)

Vielnal  w()=2 <log (2) + 1) , (3.8)
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FIGURE 3.2 — 3D Representation of {2

where u, denotes the friction velocity, given by

ou
Uy = V&(O)a (39)

and « is the Van Karman constant, the numerical value of which is estimated between
0.35 and 0.42 [Foken, 2006]. Here z; denotes the height of the boundary layer.

3.2.2 Boundary condition for the TKE

We model in this section a boundary condition for the TKE at z = z,, alternative to
(3.4). In order to proceed, we first must :

i) Determine the eddy diffusion coefficient y; in [0, z],
ii) Settle the profile of the TKE % in the same region, in which we assume k = k(z).

i) According to standard uses, we assume that in [0, 2], the flow is driven by the
mixing length ¢ and the friction velocity u,, and that

! = k2.

Therefore, as z and u, are dimensionaly independant, (z, u,) is a dimensional basis (see
[Chacon Rebollo and Lewandowski, 2014, Chapter 3]). We deduce from straightforward

74



3.2. Boundary condition modeling

calculation based on dimensional analysis the usual formula :
Vzel0, 2], wm(z)=ruuz, (3.10)

where x,, is a dimensionless constant.
ii) It is natural to set £(0) = 0 and k(zo) = u?(20), which yields, by (3.7),

2

k(0) =0, k(z) = . (3.11)

K2

Following (8.7) we enforce k to be linear in the viscous sublayer, which leads by (3.11)

to
u? z

Vze|0,2], k(z)= (3.12)

K2z
We derive from these modeling hypotheses the following result.
Proposition 3.2.1. Assume that (3.12) and (3.10) hold. Then the following expansion
holds :

20

vz €]0, 2], ;Ltzlz = KKy <2)2 kVE + o(2). (3.13)

Démonstration. We expand k(z) between 0 and z :

kE(0) = k(z) — z;”;(z) + 0(z2). (3.14)

By (3.12), we get ,
zzlz(z) = % <ZZO> + o(2). (3.15)

We combine (3.10) and (3.15), and we get
utzlz(z) = %ui’ (;) + o(z). (3.16)

The relation (3.12) can be rewritten for z > 0 as

Uy = K (Zof k(2),

z

that we insert in (3.16) to eliminate u,, which yields (3.13). O

When we neglect the remaining term in (3.13), we getat I';, . = {z = 2} the following
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boundary condition for & :

dk
g = ok VE, (3.17)

where oy, = kk,. By symmetry, a similar analysis can be carried out at the top of the
computational box. Therefore, we can summarize the results in the following general
setting :

Ok
—Hig = akVE at R?2x ({z=2}U{z=L, —z}) = G.. (3.18)
Let Om. denotes the infinite strip

Om, = R? x [z, L. — 2). (3.19)

We are led to introduce the following boundary value problem :

(V-V)V=V - [2v+uwnk)Dv]+Vp = f in Om,,
V-v =0 in Om,,

v-Vk:—V-[(qum(f)Vk] = w(k)|DV] = 7'ky/|k| in Om,, 3.20)
—[Q2v+w(k))DV-n], = V|V on G,
v.n = 0 on G,
—(u+ (k) VE-m = ayky/Jk| on G.,

with periodic boundary conditions in the x and y axes, as defined by (3.6). The proof of
the existence of a weak solution to the system (3.20) is postponed to appendice 3.5.

Remark 3.2.1. We have replaced (.. by 11 + u; to avoid degeneration issues in the TKE
part of the system, where 1. > 0 is a small stabilizing mathematical parameter.

Remark 3.2.2. In the context of the modeling assumptions of this section, the wall law
(3.3) becomes

(2v + Vt)?;: =aq,u° at z=z, (3.21)
(2v + Vt)g: =—auu® at z=1L.—z (3.22)

Remark 3.2.3. The coefficients o, > 0 and oy, > 0 involved in the boundary conditions
of (3.20) must be set. This point is discussed in section 3.4.1 below.
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3.3 Direct Numerical Simulations

We perform and validate in this section several DNS, in order to derive a universal
formula for the mixing length ¢ as a function of the frictional Reynolds number
Re, = 8 (3.23)

14

the friction velocity u, being given by (3.9), H = L, /2. The frictional Reynolds number is
the main control parameter in this study. To close the set of parameters, we enforce u to
be equal to 1 at = = H. We will use the following standard relation between w, and Re, :

1 —1
"y = (041 log Re, + 5.5) , (3.24)

which is a byproduct of the log law. Therefore, Re, yields u, and then v from (3.23)

re-written as
v H

Uy Re,

(3.25)

Note that v /u, is the natural length scale of the flow.

3.3.1 Settings and results

To begin with, we set data and parameters for the simulations.

i) Software and equations. The direct numerical simulations (DNS) are
performed by using the parallelised flow solver Incompact3d (see at https:
//www .incompact3d.com/). The numerical shemes implemented in this software
are detailed in [Laizet and Lamballais, 2009, Laizet and Li, 2011, Lele, 1992]. The
equations, solved in 2 = [0, L,] x [0, L,] x [0, L.], are®:

atV—i-;[V'(V®V)+(V'V)V]—V'(VVV)—i-Vp:f,

Vv =0, (3.26)
V],—0 = v|.—r. =0, v periodic in the z — y axes,

V‘t:(] = Vjy.

3. numerically more convenient, theoretically equivalent to the standard Navier-Stokes equations
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The source term f is constant and given by

u2
f= (H’O’O> . (3.27)
ii) The initial data. The initial data v, is a random pertubation of the field
Ulz,y,2) = (3) 0.0 (3.28)
ZL', y7 zZ)= H » Y 9 .

where Z = min(z,2H — z). The corresponding profile coincides more or less with the log
profile, without the singularity at = = 0 and z = L.. In order to get a flow that is not too
trivial and looks like a turbulent flow, we take v, such that

;I)% 1 1) . (3.29)

The function n € [—1, 1] is a zero mean Gaussian random variable : at each point (z, y, z)
and each run labelized by w, the code randomly picks a number 7(z, y, z,w), thanks to a
standard numerical random generator. This field is not divergence free, but the code
automatically corrects this error at the first time step.

vo = U+ 0.1257(z,y, Z,w) ((

iii) Parameters of the simulations. They are the same as those of Moser et al
[Moser et al., 1999], which is our benchmark. We have performed four DNS : three of
them are in the flat case (see figure 3.2), for Re, = 180, 360, 550, and one in the rough
case (see figure 3.1) for Re, = 180.

Let At denotes the time step, 7" the final time of the simulation, (n,, n,, n,) determines
the mesh size, which means that the discretization space-step Aa in the a-axis (a =
x,y, z) is given by

L,
Aa = —.
Ng
Run (Ly, Ly, L) (Mg, My, M) At T

DNS-FLAT-180 | (47, 4/37,2) | (128,128,128) | 0.005 | 36000/u?
DNS-FLAT-360 | (27,2/37,2) | (256, 128,192) | 0.0025 | 36000/u
( ) | ( )

( ) | (

DNS-FLAT-550 | (2r,2/37,2) | (256,256,257) | 0.00125 | 1800w /u?
DNS-ROUGH -180 | (4, 4/3r,2) | (128,128,128) | 0.005 | 3600 /u2

TABLE 3.1 — Parameters for each DNS

78



3.3. Direct Numerical Simulations

Since the Kolmogorov scale is getting smaller as Re, increases, the computatio-
nal cost is dramatically expensive for large Re,. This is why the dimensions of the
computational boxes in DNS-FLAT-360 and 550 are smaller than the dimensions in
DNS-FLAT-180.

iv) Results in the flat case.* Our results are reported in figure 3.3 where we have
plotted the mean adimensionalized streamwise component of the velocity as well as
the results of Moser et all [Moser et al., 1999]. In particular, if vons = (ons, Uonss Wons)
denotes the calculated field by the DNS,

T/At Ny ny

ZZZuDNS<nAt]L kLy )

Ny =0 j=0 k=0

(3.30)

2

Tn;B

We observe a very good correspondance between our results of those of

25
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///////////++++++++ N NS
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S N
i Moser Re, = 180
/ DNS FLAT 390
0 Moser Re, = 390 |
5 L I ) MOSeI’ _Re* — 55q -
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FIGURE 3.3 — Streamwise velocity profile compared to those of [Moser et al., 1999].

[Moser et al., 1999], at least in average. This validates our DNS in the flat case, which
allows us to think that our DNS in the rough case®, outlined below, is accurate.

4. For the simplicity, the overline always means an average which will be specified case by case, to
avoid the risks of confusion. We also may use (- ) for time averages.
5. So far we know, there is no avaible data in the litterature for such a rough case.
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v) The rough case. The rough topography displayed in figure 3.1 is built in three
steps as follows.

1) We construct regularly spaced gaussian domes centered at (xl,yz) with random
heights A; and variances o;, leading to the primary topography = = A(z, y) given by

Aol i)?+(y—vi) )]/ (407) (3.31)

Mz

Az, y) =

=1

2) This topography remains regular. In order to make it more chaotic and we pick
gaussian domes A; again, as well as random angles 6; and aspect ratio a;. Then we
perturb A(z,7) as follows :

N
Az, y) = A(x, y) + ZAje—ch(x—mj)+sj(y—yj)]Q/a?-*-[Cj(y—yj)—sj(x—mj)]QaJQ-]/(%f-))7 (3.32)
j=1
where ¢; = cos(0;), s; = sin(d;), a;. The A;’s, the #;’a and the a,’s are all gaussian as
well.

3) The roughness field is normalized such that maz(A(x,y)) = hmee = 0.1. Therefore,
the bottom is the surface given by : z = A(z,y).

To perform the simulation, we use the “immersed boundary method" (IBM), initialy
developed by Peskin [Peskin, 2002] (see also in [Lewandowski and Pichot, 2007]). This
consists of solving the Navier-Stokes equation in 2 = [0, L,| x [0, L,] x [0, L,], by adding
in the Navier-Stokes equations (3.26) the additional source term

1
—g]l{ogng(z,y)}V, (3.33)

for a small value of ¢, which does not change the standard results and analysis about
the Navier-Stokes equations®. This additional term enforces v to be negligible for
z < A(z,y), and does not affect the system in the domain A(x,y) < z < L,. The results
of the simulation are reported in figure 3.4. We also have plotted on the same figure the

log profil given by
1

h 1
(2) =031 n<0025>+70

Our simulation yields a mean streamwise profile that perfectly matches with this log law

6. The comprehensive mathematical analysis of the |IBM is carried out in
[Lewandowski and Pichot, 2007].
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FIGURE 3.4 — Steamwise velocity profile compared to a log profil.

for z € [0.3,0.8], thereby validating our DNS.

3.3.2 Determination of the mixing length and the constants

The aim of this section is to derive from the DNS a formula to determine the mixing
length ¢. We also settle the values of the constants C, and C}, involved in the boundary
conditions at I, for v and k.

General methodology
Let & denotes the total mean dissipation, given by
& = 2v|Vv|2. (3.34)

It is common in turbulence modeling to assume that 7 is a function of £ and &, that is
¢ =((k,&). A straightforward dimensional analysis yields the formula

(= k\(/ﬁ (3.35)
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on which the determination of 7 is based. We assume that ¢ does not depend on x and
y. Therefore in this framework, the means are calculated from the data by the same
formula as (3.30). To be more specific, if ¥ is any field related to the flow, ¥, the
corresponding calculated field, then

T/At n, ny
Tn Z ZZ\DDNS (nAt j— k:— z) (3.36)

nynOJOkO

Of course, only numerical values of ¥ at z = qL./n. (¢ = 0,--- ,n.) can be calculated
by (3.36). Based on this, our procedure is the following :

i) we compute v = v(z) by (3.36),
ii) at each grid point, we form the field v/ _,, = vons — ¥,

iii) we extract from the data the numerical TKE denoted by ...+, given at each =z =
qL,/n, by the quantity k,e.«(z) = (1/2)|V]el?(2),

iv) by the standard finite difference scheme, we calculate &,..; = &,eri(2) by (3.34),

v) we get at each z = ¢L./n, the mixing length ¢ = ¢(z) by forming the quotient

kvert(z) \/ kvert(z)/éavert(z)

Remark 3.3.1. The function k,.,.(z) calculated above is the horizontal mean of the TKE.
This is the appropriate quantity for the determination of ¢, according to the horizontal
homogeneity assumption. To calculate the full TKE from the DNS, we must use the time
average over the simulation time :

| T/AT

() (x) = T z_: Vons(nAT, x). (3.37)

Then the Reynolds decomposition is written as voys = (v) + v, yielding
Kons(x) = (1/2)<|V:ws|2>- (3.38)

We have plotted in figure 3.5 the curves of ¢ we have obtained by this way, in terms of
the non dimensional variable 2’ = z/H.
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FIGURE 3.5 — Profiles of ¢ calculated from the DNS

Universal formula for the mixing length

We observe that the mixing length is increasing in the beginning of the turbulent
layer (until z ~ 0.6) and slighly decreases until = = 1. Our goal is to interpolate these
curves to get a universal formula in terms of the Re, and z, by an empirical method.

Figure 3.5 suggests to seek for exponential profiles. However, it is usually accepted
that near = = 0, ¢ is of the form ¢ = kz. Therefore, we multiply this exponential profile
by a hyperbolic tangent function, which is an approximation of the Heaviside function.
Finally, since ¢ is non-zero within the viscous sublayer, we add a term that depends on
the natural length scale v/u, = H/Re,. These considerations have led us to introduce
the following empirical formula by trial and error :

<z zi>2
== H
¢ = K tanh (A (Re*z _ B)) exp | —Re2ANH_H) | 4 75

H * 20 Re, (3.39)

where z; = 0.6H m. In the rough case, by comparing the red line to the dark line in
figure 3.5 (DNS-FLAT 180 and DNS-ROUGH 180 ) we apply a correction that takes the
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topography into account, which gives :

zZ2+zZRr

2
)|
— B)) exp | —Re; il il + 75

= h{A N
¢ = K tan < (Re 5 Re.

(3.40)

where zp = 0.5H m is the mean value of the roughness, estimated from Figure 3.5. It
remains to settle the coefficients A, B, ¢ and K. They are sought to be function of Re,
only. As we shall show it in the following, we get the following laws for large values of
Re, (valid from Re, = 900, depending on the coefficients) :

A = 3.05Re%%%, (3.41)
B =0, (3.42)
o =0.3Rel%, (3.43)
K = 0.32Re% 2. (3.44)

Moreover, it is accepted that near z = 0, ¢ = kz where « is the von Karman constant.
However, according to figure 3.7, although ¢ follows well a linear law near z = 0, its
slope looks non constant when Re, varies. Indeed, we obtain from our graphs (see
Figure 3.12 below) the following law, valid from Re, = 800 :

k= rk(Re,) = 0.25(Re,)’** hence (= 0.25(Re,)"**z. (3.45)

However, we observe in Figure 3.12 that the usual law is valid for instance when
Re, = 180. The law (8.39) must be checked for high values of Re,, which is done by
applying the algorithm to the results of Moser and al in Figure 3.7, and also yields the
laws satisfied by the coefficients A, B, ¢ and K for high values of Re,, also used in the
rough case.

In Figures 3.8 and 3.9, we have plotted the values of the constants A and B.

Figure 3.10 shows that the coefficient o follows a linear law for all Re,, hence (3.41).
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FIGURE 3.6 — Dotted lines draw the mixing length calculated from the DNS, Crosses
draw curves from formula (3.39) and (3.40)

Determination of the constants

We recall that the eddy viscosities/diffusion v, and y, are given by
w(k) = CoVk, (k) = CplVk.

Now that we know how to compute ¢ thanks to (3.39), we are able to estimate the
constants C, and C}, as follows. In this section, (/) denotes the time average over the
time simulation defined by (3.37), and the TKE £ in the formulae below is given by (3.38).
Because of the horizontal homogeneity, we focus on the vertical components of the
Reynolds stress, linked to the eddy coefficients by :

/ / o(u o(u
(Ul \Whs) = 14 <aZNS> = Cyl\/kions <82“S>, (3.46)

and o o
(ConsWons) = Hu (;;NS = Cyl kDNsTD;S~ (3.47)
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from formulae (3.39) and (3.40)
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FIGURE 3.8 — A = A(Re,). The green dotted line is the 0.065 slope.

Hence, C, is the value that minimizes the error in (3.46) whereas C, is the value that
minimizes the error in (3.47). By the least square method, C, is such that

Z <<U/DNSwé)NS><Xi) — Cul(2) kDNs(Xi)({xgj‘S)(Xi)> (3.48)
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FIGURE 3.10 — 0 = o(Re,). The green doted line is the 1.05 slope.

is minimum, and C}, is such that
al / / a]CDNS 2
Z <€DNstNs>(Xi) - Ckg(zi) kDNS<Xi)W<Xi> (3.49)

i=1
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FIGURE 3.12 — k = k(Re,). The green dotted line is the 0.32 slope.
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is minimum, where {x;,--- ,xy} denotes the grid points set, x; = (x;,¥;, ;). This
optimization problem has been solved by the brute-force method, based on the results
of DNS-FLAT 180, DNS-FLAT 550 and the corresponding profiles for /. We get :

Cp=0.15 C,=0.105 (3.50)

Remark 3.3.2. We find in [Mohammadi and Pironneau, 1994, Chapter 4] : C,, = C), =
0.09. However, these values have been calibrated for the full k — & model, which can
explain the slight difference with our results.

3.4 NSTKE simulations and conclusions

3.4.1 Algorithm and settings

Our code is based on the SIMPLEC algorithm (Patankar [Patankar, 1980], Issa
[Issa, 1986]), that we have adapted to the NSTKE equations, leading to encode the
following iterations. At step n, (v*~1,p"~1 k"~1) being known, we first solve the velocity
equation

v V)Vt =V - [2v + (k")) DV + Vp ! = f in Om,,
V-v" = 0 in Om,,
—[@v + v (k" 1)) DV" - n], = v Hv" onG,, (3.51)

n

vien = 0 on G,

which is a standard elliptic equation, with the added difficulties presented by the incom-
pressibility constrain and the boundary condition ¥ - n|s, = 0. Once v" is calculated,
we solve the TKE equation :

kn k n—1
VO VE =V (4 g (kOVEY =y (kY DYE - VIR om.,

l
ok™
—(p+ Mt(kn*l))ain = ogk"y/|k| on Ge..
(3.52)
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Finally, the pressure is calculated by the Poisson equation :

{ Ap" = =V (V- (v'@v" ) =V [2v+un(k"))Dv"] —f) inOm,,

op"

= 0 on G..
(3.53)

System (3.51)-(8.52)-(3.53) for a given n, satisfies periodic boundary conditions in the
x — y axes. The source term f is given by (3.27). We implement this scheme in the
OpenFoam solver (see at https://www.openfoam.com), based on the second order
finite volumes method.

Remark 3.4.1. Although we observe a good numerical convergence, we have no
mathematical proof of the convergence of this scheme to the NSTKE model, which
is a hard open question. Usually, we know that such scheme does converge when
the eddy viscosity is close to a constant and when the source term is small enough
in some sense (see in [Lewandowski and Odin, 2018]). However, It is likely that the
homogeneous Neumann boundary condition for the pressure in the equation (3.53) may
yield serious complications in a mathematical convergence analysis.

We have carried out four simulations in the flat case for high Reynolds numbers,
namely Re, = 990, 2000, 5200, 10000. Then we have tested the rough case for Re, =
5200, 10000. The mixing length is given by (3.39) and (3.40), the constants C, and C}, by
(3.50). The iterations (3.51)-(3.52)-(83.53) are initialized by

vl = (u%0,0), w=1ms" k°=10"2m?s% p’=0Pa (3.54)

The parameter settings are given in Table 3.2. The coefficients a, and «; have been

Run (Ly, Ly, L)
NSTKE-FLAT-990 (6.28,4.18,2)
NSTKE-FLAT-2000 (6.28,4.18,2)
NSTKE-FLAT-5200 (6.28,4.18,2)
NSTKE-FLAT-10000 | (6.28,4.18,2)
NSTKE-ROUGH-5200 | (6.28,4.18,2)

(Ngy My, M) Ql oy,
(16,16,32) | 0.000125 0.04
(16, 16,32) | 0.0000525 | 0.01
( )
( )

)

2
2 16,16,32) | 0.000035 | 0.0005
16,16,64) | 0.000035 | 0.0005

(32,24,64) | 0.000035 | 0.0005

TABLE 3.2 — Parameters settings
determined up to Re, = 5000 by solving the minimization problem

min{HVNSTKE - VDNSH% + HkNSTKE - kDNSH§}~ (3.55)
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3.4. NSTKE simulations and conclusions

The resolution of Problem (3.55) is based on a standard dichotomy algorithm (see for
instance in [Teghem, 2012]). We have kept the same values for Re, = 10000, since the
the obtained results are quite good. Moreover, we conjecture that these coefficients
remain constant from a critical Re,. Notice that the mesh sizes in this case are much
coarser than those used for the DNS, which is an undeniable advantage of the model.
However, considering the height of the viscous sublayer compared to this resolution, we
have taken z, = 0 in these simulations. The number of iterations is of order 1000.

3.4.2 Numerical Results in the flat case
Streamwise velocity

The results we get are compared to those of the high Reynolds numbers DNS
provided in [Lee and Moser, 2015], up to Re, = 5200. For Re, = 10000, we have com-
pared our result to the log law, in the absence of anything better. When Re, = 990,

28
26 -
24
22 +
20

§ 18 Fi/.+ A

16 L/ 7 NSTKE Re, =990 -
1/ DNS Re, =990 ——

14 U4/ NSTKE Re, = 2000 +

DNS Re, = 2000 ——

12 U/ NSTKE Re, = 5200
Js DNS Re, = 5200

10 ‘:‘ NSTKE Re, = 10000

gl ‘ ‘ ‘ ‘ log Profilg Re, = 10090 ‘ ‘

0 0.2 0.4 0.6 0.8 1 1.2

z

FIGURE 3.13 — Non dimensional streamwise velocity

the results seem to be close from those of the DNS. However, this is not the case for
Re, = 2000, 5200. Moreover, the NSTKE model yields a significant departure from the
log law when Re, = 10000. To corroborate these observations, we have calculated the
non dimensional mean shear defined by

Kz Ou

® = (3.56)

Uy 02
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FIGURE 3.14 — Comparaison of the non dimensional mean shear ® computed by the
NSTKE model for the High Reynolds number simulations.

which is equal to 1 when the profile is logarithmic. The results are plotted in Figure 3.14.
The streamwise velocity given by the NSTKE model has a serious lack of shear at the
top and the bottom of the boundary layer.

Turbulent kinetic energy

The turbulent kinetic energy is plotted on Figure 3.15, compared with the DNS
results. The model overestimates the TKE at the bottom of the boundary layer.

Convergergence analysis

The convergence of the SIMPLEC algorithm for the NSTKE problem is shown in
figure 3.16 for the Re, = 900, 2000, 5200 cases. The black lines indicates the slope of the
decreasing rate, which is proportionnal to n=2/3 for the first 300 iterations and increases
up to »n=® until n = 1000, which is a good convergence result.

Corrected mixing length

The previous sections show that the NSTKE model does not perfectly reproduce
the standard boundary layer profiles. It may come from the mixing length formula (3.39)
and the law (3.41) that determines the main coefficient in the formula for ¢, denoted by
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FIGURE 3.15 — Turbulent kinetic energy
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FIGURE 3.16 — Convergence analysis.
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A. To fix this issue, we have replaced A by another coefficient of the form A\ A, the best
choice of X being equal to 0.608. As shown by the figure (3.17), the model reproduces
accurately the log profile up to z = 0.7H, wich is quite satisfactory. Moreover, the TKE
calculated from the NSTKE model matches with the one calculated from the DNS.
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FIGURE 3.17 — Mean shear ¢ with the corrected mixing length profile.
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FIGURE 3.18 — Turbulent kinetic energy with the corrected mixing length profile.
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3.4.3 Numerical results in the rough case

The simulation is carried out from 2z, = 0.1. This is as if we have put a flat plate over
the domes, starting the simulation from z, as in the flat case, the information about
the topography being contained in the formula for ¢, the boundary condition and the
corresponding coefficients. We have applied the same correction for the coefficicent
Ain formula (3.40) as in the flat case. The results are reported in Figure 3.19, Figure
3.20 and Figure 3.21, following the same order as in the flat case. Without any DNS,
the only way to analyse the results is the comparison with log profiles. We observe a
departure from the log law outside the interval [0.5,0.7]. Considering the TKE profiles,
the intensity of the turbulence for Re, = 1000 and Re, = 5000 looks to be different only
from z/H = 0.5.

28
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24
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/1wy
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NSTKE Re, = 5200
18 Iolgé)rofile Re, = 5200

TKE Re, = 10000
16 ‘ log ‘profilc‘a Re, = 10000

01 02 03 04 05 06 07 08 09 1 1.1
z/H

FIGURE 3.19 — NSTKE Rough case. Non dimensional streamwise velocity.

3.5 Theoretical analysis of the NSTKE model

We aim to prove the existence of a weak solution (v, p, k) to the boundary value
problem (3.20). Standard a priori estimates yield v, (k)| Dv|* € L'(£2), so that (3.20)
couples a steady-state Navier-Stokes like equation to an elliptic equation with a right
hand side in L.

Throughout this theoretical section, the mixing length ¢ = /(x) is a given strictly non
negative bounded continous function, » > 0, u > 0, o, > 0, a;, > 0 are constants, the

95



Chapitre 3 — A NS-TKE model with wall law and physical mixing length

0

01 02 03 04 05 06 07 08 09 1 11
z/H

FIGURE 3.20 — NSTKE Rough case. Mean shear
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FIGURE 3.21 — NSTKE Rough case. Turbulent kinetic energy

eddy viscosity v, = v,(k) > 0 and u, = (k) > 0 are continuous function of k.

3.5.1 Brief state of the art

The NSTKE model was first studied in [Lewandowski, 1997b], where 2 Cc R? (d =
2, 3) is a smooth bounded domain, with homogeneous boundary condition in the whole
boundary of (2, that is v|s, = 0 and k|s, = 0, and where v, and y, are bounded
continuous functions of k. Steady state and evolutionary cases were considered in this
paper, in which various existence and stability results are proved.
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In [Buli¢ek et al., 2011], the model was studied in 2 ¢ R?, v satisfies the (linear) Na-
vier Law at 042, k satisfies mixed homegeneous Dirichlet/Neumann boundary condition
at 042, v, and u, are continuous functions of &, with growth condition at infinity, covering
the case v, i, = O (kl/Q). In this paper, the k-equation is replaced by the equation for
the total energy e = 1/2|v|*> + k, and the existence of a weak solution to the (v, p, ¢)
system is proved.

In [Chacon Rebollo and Lewandowski, 2014], we have studied the NSTKE model
in 2 c R? with the boundary conditions (3.3) (wall law) and (3.4) (ks = [v|?) at the
whole boundary. To carry out this study, we have set ¥’ = k — |v|> and considered the
equation for £’ in place of that for k. The advantage is that £’ satisfies an homoge-
neous Dirichlet boundary conditions at 02, suggesting that the method developed in
[Lewandowski, 1997b] might be adapted. The disavantage is that additional coupling
terms appear in the equation for £’.

In the steady state case, we have proved in [Chacon Rebollo and Lewandowski, 2014,
Chapters 7] the existence of a weak solution to the (¥, p, k') system when v, = v, (k)
and u; = u(k) are continuous bounded function of £, by a very long and technical proof.
When v;, 11, = O (k*/?) at infinity, we still get an existence result when the equality in the
k' equation is replaced by a variational inequality. The method fails in the evolutionary
case, which still remains an open problem. In this evolutionary case, we have been able
to obtain existence results when k|s, = 0 and v satisfies the wall law (3.3).

In comparison with the former studies, the boundary value problem (3.20) is charac-
terized by

i) mixed boundary conditions, in the sense that they are periodic in the = — y axes,
and of flux type in the z-axis (wall law, Neumann),

ii) the non linear Neumann boundary condition (3.18) for & in the z axis.

In what follows, we will limit ourselves to focus on these special features, to avoid
repeating arguments already written in former works. In particular, it will be enough to
carrefully detail the functional setting, and to study the Laplace equation with a right
hand side in L', periodic boundary conditions in the (z, y)-axes, and (3.18) in the z-axis,
which was not already carried out elsewhere, up to our knowledge.
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3.5.2 Functional spaces

This section is devoted to define the functional spaces we are working with, which
will be done step by step. Let us first set

Q.= [0, L,] % [0, L,] % [20, L — 2], (3.57)
Tye = [0, Ly] x [0, L,] x {z =z} (bottom), (3.58)
oo =[0,Ly] x [0,L,] x {z =L, — 2} (top), (3.59)
T. =Ty, UT,.. (3.60)

i) Suitable space for the periodic boundary conditions in the (x,y)-axes. It is natural to
introduce the following functional space :

W = {w S OOO(RQ X [Zo, L, — Zo],R) S.t.

V(m,n) € N*, V(2,y,2) € 2, ¥(x+nLy,y+mL,,2)=(z,vy, z)} ,
(3.61)
that means the smooth function defined in the strip zg < z < L, — 2, periodic in the
(x,y)-axes by the [0, L,]| x [0, L, ] box. Given any ¢» € W, we still denote by ¢ its restriction
to (2., so far no risk of confusion occurs.

Let us consider on W the following norm :

1

tha = ([ 1902)" + ([, 10F)" = il (3.62)

Generally speaking, for any s > 0, 1 < p < oo, we set

1llsp = [¢]sp.2, (3.63)

where ||||; .. denotes the WP norm of the restriction of ¢ to (2.. Due to the periodicity
in the (x, y)-axes, these are norms on W. We denote by W?:? the completion of W with
respect to the || - ||, norm.

Remark 3.5.1. Let W*?|, be the space of the restrictions to (2. of functions of W5,
Then W3P|, is a closed subspace of W*?((2,.).
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We will write in the remainder :
HY =W [P =Wo, (3.64)
ii) Vertical homogeneous space. We will need the following space :

Wy = {77/) e W st
36 >0, V(z,y) € R? Vz € 20,20 + 0] UL, — 20 — §, L. — 2], (3.65)
U(x,y,2) = 0}.

In other word, W, is the set of functions in VW vanishing in a neighbourhood of the
bottom z = z; and the top z = L, — z,. We denote by W,&;g the adherence of W, in W1»,
It easy checked that given any v € Wl», then ¢ € W;;g if and only if ¥|r, = 0 (see
[Brezis, 2011]). Moreover, the following Poincaré’s inequality holds

Vi e Wk, |[¥llope. < CoallVYllopa. (3.66)

where C, . is a constant that only depends on p and (2.. Note that in view of the
geometry of (2., a straightforward calculation using Fubini’s theorem allows to check
that (3.66) can be improved by :

o

- o, (3.67)

v¢ S W;:(I))v HwHO,p,Qc < C%Lz 02

iif) Norm with the trace. Because of the boundary conditions involved in problem
(3.20), it is convenient to consider norms on W? that take the traces on T'.. into account.
The general framework is the following :

: 3p . "
— Givenany 1 <p<3,p" = 3 P_is the critical exponent for the space W*P(12.),

— For all vy € WP, tryyp (resp. tryb) denotes the trace of ¢ at the bottom T,
(resp. at the top I';.). In this case, according to the theory of traces (see in
[Adams and Fournier, 2003]) tr,y» € W'=/»»(T, ) for a = b,t. Because of the

Sobolev embedding theorem, try) € L4(T',.) for any
2p ox
1<g< o—=p7, (3.68)
3—p

where try)(x) = tr,¢(x) if x € I', ., for a = b,t.
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Lemma 3.5.1. Let1 < p < 3,1 < g < p*. Then the application

Wir — R
pq:{ T B (3.69)

v — [[Vellopa. + [[tr¢]|oqr.
is a norm on W'r, equivalent to the standard W*'?-norm.

Déemonstration. The application NN, , is obviously a semi norm. To check that it is a
norm, let us consider ¢y € W such that N, ,(v/) = 0. In particular ¢ |r, = 0. Therefore,
(TS W;;g, hence as ||V¢||op.n. = 0, we get from Poincaré’s inequality, ||1||o,.. = 0.
Then |, = 0, and by periodicity, 1) = 0.

To prove that N, , is equivalent to the W*'? norm, it is enough to prove that there
exists a constant C' such that

Vw € W;’pv HwHO,p,QC < CNp,q@p)' (3-70)

If (3.70) would not hold true, there would be a sequence (¢,),en in WP such that
l|[nllopo. = 1 and N,,(¢¥,) — 0 as n — oco. Such a sequence is bounded in W!».
Therefore, up to a subsequence, it converges weakly in W!* to some . By Remark
3.5.1 and the compact Sobolev embedding theorem, v, — 1 in L2 strong (eventually
up to another subsequence). In particular, ||||o,0. = 1. By a similar argument, as
q < p**, tryp, — try strongly in L4(T',), and from N, ,(¢,) — 0, we obtain ¢ € W;;g.
Finally, always by N, ,(¢,,) — 0 and ||V¢||op.0. < liminf, . |[V¢n||op.a. SINCE ¥, — ¢
weakly in W17, ||Vil|o,0. = 0, and by Poincaré’s inequality, [|¢||o,.2. = 0, which is in
contradiction with |[¢||o.2. = 1, hence (3.70), ending the proof. O

Remark 3.5.2. The application N,, is also a norm on W'?((2.), equivalent to the
standard W'* norm.

Space for the velocity. The boundary conditionv-n=0atz=z,and z = L, — z
must be considerd in the functional setting. We remark that if w = (w,, w,,w,) is a
vector field defined over IR? x [z, L, — 2] that satisfies w - n|.—,, = w-n|,—;._., =0,
then w,(x,y, z0) = w,(z,y, L, — z9) = 0. In other words, w,|r, = 0. Therefore, according
to this fact and in view of the standard variational formulations involved in the general
Navier-Stokes equations framework, we are led to seek for the mean velocity in the
space

W =H, x H x H_,, (3.71)
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Note that the proof of Lemma 3.5.1 combined with Korn’s inequality (see
[Chacon Rebollo and Lewandowski, 2014, Appendice A]) shows that W equipped with
the scalar product

(u,w) = / Du:Dw+ [ tru-trw, (8.72)

Te

is a Hilbert space, and that the norm u — /(u,u) is a norm on W equivalent to the
standard H' norm.

3.5.3 Weak solutions

Weak solutions are solutions of the variational problem deduced from the initial
boundary value problem. They are usually deduced from a priori estimates, based on
the Stokes formula and interpolation inequalities. Given the previous studies and the
results already known, we must :

i) Study the action of general operator ) — —V - (AV) on the I !*-spaces, for any
positive definite matrix A = A(x) of class C*, periodic in the (z,y)-axes,

i) Set the appropriate variational formulation for the system (3.20) and check that it
falls within the framework of problems already studied before, in particular the one
considered in [Chacon Rebollo and Lewandowski, 2014, Chapter 7],

iii) Check if W' (1 < ¢ < 3/2) estimates “a la Boccardo-Gallouét" (see the initial paper
[Boccardo and Gallouét, 1989]) can be deduced from the equation satisfied by .

From now, the source term f in (3.20) is in the dual space W'.

Turbulent operator

In this section, A = A(x) is a C' (z,y)-periodic matrix, positive definite uniformly in
x = (z,y,2) € 2. = R? X [z, L, — 2], that is

VueR? Vxe 2, (Ax)uu)>vu (8.73)
Let ¢, ¢ € W. By the Stokes formula over (2., which is a Lipchitz domain, we have
/ V- (AVY)$ = —/ ¢Av¢.n+/ AVY - V. (3.74)
2 892 Q2
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Using the notations of figure 3.2, we decompose the integral on 9f2. as

/arzc:/f/frfnfm (3.75)

We have : n|r, = —n|r, and n|r,, = —n|p,. As ¢AVYy is a C* function, periodic in
the (z,y)-axes, we also have ¢AVY|r, = ¢AVY|r, as well as pAVY|r,, = dAVY|r,, .
Therefore, aside the term on T, all other terms in the boundary integral (3.75) are
vanishing, hence (3.74) yields

(=V - (AVY)9,¢) = /Q V- (AVY)¢ = —/arc ¢Avw.n+/gc AVY - V. (3.76)

Unfortunately, the operator
W — L*(T,),
Y — tr(AVy) -n

is not bounded, whatever the choice of p > 1. Therefore, Formula (3.76) cannot be
extended for any ) and ¢ in 1V !» spaces. However, the structure of our problem suggests
to introduce the following. Let F : R — IR be a function which satisfies the growth
condition

[F()] < C(L+ [¢]9), (3.77)

for some ¢ that be specified later, and let us consider
Mp={¢Y eW; x(AVY) -n=—F(¥)}.

Let M denotes the adherence of M with respect to the W'? topology. For ¢ € Mp,
¢ € W¥ the equality (3.76) becomes

(V- (AVE)o.0) = [ 6F@)+ [ AV Vo, (3.78)
We observe on one hand that as V¢ € L?(£2,) and V¢ € L¥ (f2.), the volume integral in

(3.78) is also well defined as soon as A € L”'(£2,). On a second hand, straightforward
calculations based on Hélder and Sobolev inequalities, yield the following rules for the
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right choice of ¢ to make the boundary integral well defined in (3.78) :

. 2
if 1<p<3/2, qép“zgfpz%,

if p=3/2, q¢q<2=xq,, (3.79)

3
if 3/2<p<3 < —— =gq..
/2 <p<3, L

In the equation for v/, A = (2v + v;(k))Id, p = 2 and
F(¥) = a,|V|V. (3.80)

then ¢ = 2 and ¢. = 3. This case is well covered by the classification (3.79). In the
k-equation®, A = (u + p(k))Id, p = 3/27,

F(k) = agky/|Kl, (3.81)

then ¢ = 3/2 and ¢. = 2, which is also well covered by the classification (3.79).

Variational formulation

For the sake of simplicity, we only consider the case of bounded eddy viscosities.
We define the following operators, suggested by the results of the previous section :

a(v,w)=2v [ Dv:Dw, ac(k,l)=p [ Vk-VI,

2 Q.
s(k;v,w) = /Q v (k)Dv : Dw, s.(k;q,l) = /Q we(k)Vq - VI, (3.82)
G(v,w) = 041,/ v|v|w, Ge(k, 1) = ak/ kVEL

I'e e

As we are not working with a space of free divergence field, following
[Chacon Rebollo and Lewandowski, 2014, Chapter 6], we use the transport

7. Things are a little bit more technical with vector fields and laws such as (3.3), but the calculation
and the final result are similar to the scalar case, changing V by D, and thus we will not repeat it.

. 1,37 .
8. When we write k € W;'2 , we mean k € ﬂ W, When we write ¢ € W!3", we mean
r<3/2

q € U Wi’p
p>3
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operator b(z; v, w) defined by

b(z;v,w) = ; </QC(Z-V)V~W—/QC(Z'V)W'V). (3.83)

By similar calculations as those carried out in section (3.5.3) and arguments of the proof
of Lemma 6.3 in [Chacon Rebollo and Lewandowski, 2014], we easily get :

Lemma 3.5.2. The form (z,v,w) — b(z; v, w) verifies the following properties.

i) b is trilinear and continuous on (H')?, then on W, and in particular,

\V/Z, vV, w € (H;)Bv |b(Z7V7W)| S C ||Z||1,2,QC V||1,2,QC W||1,2,Qc7 (384)
for some constants C only depending on (2.
ii) b is antisymmetric,
Vz,v,w e (H) b(z;v,w) = —b(z;w,Vv), (3.85)
iii) we also have
Vz,w € (H!)? b(z;w,w)=0. (3.86)
iv) Foranyz € W such thatV -z =0 (in L2), we have
Vv, w € (H})?, b(z;v,w) :/ (z-V)v-w, (3.87)
2
as well as
Vw € (H)?, b(zz,w) = —/ Zz®7z:Vw. (3.88)
Qc

We also introduce the following transport operator, with similar properties in the
appropriate spaces :

be(z; k1) = = [(z- VEk,1) — (z- VI, k)], (3.89)

1
2

where / oy = (¢,1). More generaly, given any Banach space E, ¢ € E, ¢ € E’, then
02

so far no risk of confusion occurs, (¢, ) denotes the duality product between ¢ and .

These results yield the following variational problem corresponding to the system
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3.5. Theoretical analysis of the NSTKE model

(3.20) (we write v instead of ¥ for the simplicity) :

.
Find (v,p, k) € W x L2 x Hy? st forall (w,q,0) € W x L2 x H-3",

b(v;v,w)+a(v,w) + s(k;v,w) + G(v,w) — (p,V-w) = (f,w), (3.90)
(¢, V-v) =0, (3.91)
be(Vik, 1) + au(k, 1) + so(ks b, 1)+ Go(k, 1) = (ua(R)[ DV = ¢k D). (3.92)

Any solution to the variational problem (3.90)-(3.90)-(3.90) is a weak solution to the
system (3.20). The calculation carried out before ensures that any strong solution to
(3.20) is a weak solution. Conversely, it is easily checked that if (v, p, k) is a weak solution
which in addition satisfies (v, p, k) € (H?)® x H! x H2, and v, u; are C! functions, then
(v,p, k) is also a strong solution to (3.20).

Theorem 3.5.1. The system (3.20) has a weak solution.

The analysis carried out above shows that the weak formulation of system (3.20) is
formulated as that considered in [Chacon Rebollo and Lewandowski, 2014, Chapter 7],
which was one of our goal. Therefore, the proof is similar to that of Theorem 7.1 in
[Chacon Rebollo and Lewandowski, 2014]°, once we will have checked that estimates
“a la Boccardo-Gallouét’ hold in this case, which is the aim of the next section.

Remark 3.5.3. When v, and 1, are of order k'/? as it is the case in the real life, arguing
by approximation like in section 7.5.3 in [Chacon Rebollo and Lewandowski, 2014], we
also get an existence result in which the equation for k is replaced by a variational
inequality.

Remark 3.5.4. It is easily proved by standard arguments that the TKE k is non negative.

3.5.4 Elliptic equation withar.h.sin L!

Basically, the k-equation is an elliptic equation with a r.h.s in L! (see for instance
[Boccardo et al., 1989, Boccardo and Murat, 1994] ). Indeed, taking w = v in (3.90)

9. In fact it is much more simpler in this case, since we do not have many additional terms coming
from the boundary condition, in which v is involved. These terms are replaced by the boundary term
G.(k,1), which is easily treated, just as the term G(v, w) in the v-equation.
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and using the result of Lemma 3.5.2, in particular b(v; v, v) = 0, we get
/'@y+y4@ﬂpvﬁ+a,/|vﬁz(ﬂvy (3.93)
.QC Fc

We deduce from Lemma 3.5.1 combined with Korn’s inequality the existence of a
constant C' such that

2 2 3
ﬂwmvgbA%WW—H%AJW. (3.94)

Therfore, by Young inequality, (3.93) yields

Coy , 1
S VI [ )|V < 8] (3.95)

Hence v;(k)|Dv|? € L'(£2.). The derivation of W estimates for such an equation is
based on taking [ = H (k) as test, for suitable continuous Lipchitz functions H. The term
—6—1k\/m has the correct sign, and is not involved in this process. Moreover, we also
have b.(v;k, H(k)) = 0. Finally as u; € L>, the term —V - [(u + 1. (k)]VE) behaves as

—Ak, at least from this viewpoint. Therefore, we are left with the following basic elliptic
problem :

—Ak=gelLl,
1 3.96
o |r, = —auklHl} 2%

which has not been studied before, so far we know. We will have finished this section
once we will have proved the following formal a priori estimate :

Lemma 3.5.3. for all1 < q < 3/2, there exists a constant C, = C,(||g||11.¢.) such that
any solution k to (3.96) satisfies

& |1,q,0. < Cy (3.97)

Démonstration. The proof follows a formal procedure, which is standard in this context.
Given any n € IN, let H, : R — IR be the odd continuous Lipchitz function defined by

H,(z)=0 if x € [0, n],
H,(z)=x—n ifz€nn+1], (3.98)
H,(z)=1 ifx € [n+ 1,00

106



3.5. Theoretical analysis of the NSTKE model

Taking H, (k) as test in (3.96) yields
[ HARR? o [ KEEHLGE) = [ gL 0) <llglhie. (399
As H, is odd, k|k|2 H, (k) > 0. Therefore, (3.93) yields
[ AVkE < lglha (3.100)
n<|k[<n+1

From this estimate, we can use the result of Boccardo-Gallouét [Boccardo and Gallouét, 1989]
turnkey to get the existence of C, = C,(]|g]|1.1.2.) such that

|IVEo,q,2. < Cy, (3.101)

forall 1 < ¢ < 3/2. To conclude, it is enough by Lemma 3.5.1 to find an L" estimate at
I'., for whatever r < 2 = (3/2)**. To do so, given any ¢ > 0, let S. be the odd function
defined by

= _1 'f
Se(r)=¢""x | x €[0,¢], (3.102)
Se(x) =1 if v € [e, 00],
and take S.(k) as test in (3.96), which leads to
! 2 3 —
[, SOIVHE +an [ kRES() = [ 95.00) < llglhvc (3.103)
As S. is non decreasing, S.(k)|Vk|> > 0. Hence (3.103) yields
a [ KIKIES-(R) < gl e (3.104)
I
which gives by Fatou’s Lemma, since S.(k) — sign(k) where k # 0 as ¢ — 0,
[kl <l BIRIES:(8) < gl
.n{k#0} e=0  Jr.n{k#0}
leading to
1k < gl (3.105)
hence a L?? estimate for k at I, which conludes the proof. O
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CHAPITRE 4

A MODEL UNDER LOCATION
UNCERTAINTY FOR THE MEAN VELOCITY
IN WALL BOUNDED FLOWS

Dans le quatrieme chapitre du manuscrit, nous revisitons le profil de vitesse dans
la couche limite turbulente. Habituellement, les profils de vitesses sont obtenus par
analyse dimensionnelle. Le schéma est le suivant : en considérant que I'écoulement
dépend de la vitesse de friction w,, la viscosité moléculaire v et la hauteur z ; 'expression

suivante est obtenue :
R2OU _ (%)
u, 07 H)

Si I'écoulement ne dépend pas d’'un gradient de température, alors F' = 1. Dans l'autre
cas, le profil est obtenu par le développement en série entiére de F, 'argument est
inférieur a 1 (z < H).

Deux problemes sont majeurs dans cette méthode, premiérement il se base
sur I'hypothese que la viscosité turbulente est linéaire en fonction de la hauteur,
deuxiemement, il est impossible d’obtenir une loi unique dans I'ensemble de la couche
limite, il y a bien une loi pour la zone visqueuse puis la zone logarithmique mais rien
pour la zone intermédiaire. Jusqu’a ce jour, la référence mélant au mieux théorie et
experimental est [Reichardt, 1951].

Nous allons utiliser le formalisme stochastique développé par Etienne Mémin
[Mémin, 2014] pour développer une loi de paroi qui soit continue et dérivable dans
toute la couche limite. Puis nous la validerons par rapport a des DNS.

Par des simulations lagrangiennes, il sera également démontré dans ce chapitre
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que la modélisation de I'équivalent de la viscosité turbulente (ici un tenseur de variance)
est cohérent. Il est remarqué que cette quantité est une distribution suivant une loi
statistique log-normale a chacune des hauteurs.

Concernant les fluctuations dans la couche limite, les variances de vitesses sont
parfaitement documentées [Jimenez and Moser, 2007]. Cependant, peu de théories
sont disponibles pour caractériser ces variances sur des temps courts. Nous apportons
un calcul de cette variance a temps court dans la zone visqueuse.
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4.1. introduction

4.1 introduction

The study of mean velocity profiles in turbulent boundary layers (TBL) is generating
an intense research effort. Their knowledge is as a matter of fact an immense source
of information for many industrial applications and in geophysics to model the inter-
face between atmosphere and ocean. Since the seminal work of [Prandil, 1925] and
[von Karman, 1930], the mean velocity profile is known to be linear in a viscous sublayer
near the wall and logarithmic within a turbulent sublayer, located before a region of uni-
form mean profile. These models have been derived from different theoretical arguments
and confirmed in a wide variety of experiments [Marusic et al., 2010, Klewicki, 2010,
Marusic et al., 2013]. Between the viscous layer and the logarithmic layer, within an
interfacial region, referred to as the buffer zone, no robust model is yet available.

The lack of a model with clear theoretical foundations for the buffer zone is essentially
due to a change of the dynamical regime between the viscous and turbulent sublayers. In
the former, the molecular friction dominates while in the latter it is a large-scale turbulent
mixing dissipation which governs the flow. A transitional mechanism is necessarily
acting in between these two regions. In this study we show that by taking properly
into account the uncertainties associated to the unresolved (turbulent) components
of the TBL dynamics, it is possible to introduce a theoretically well-defined model
for the buffer zone. This model is directly associated to a statistical eddy-induced
velocity. Such a drift correction corresponds to the so-called turbophoresis phenomenon
associated with small-scale inhomogeneity, which drives inertial particles toward the
regions of low turbulent diffusivity [Reeks, 1983]. It is also akin to the velocity correction
introduced for tracer mean transport in oceanic or atmospheric circulation models
[Andrews and Mclintyre, 1976].

The model used in this study is derived from a large-scale stochastic repre-
sentation recently proposed by [Mémin, 2014] and has been applied with success
for various turbulent flows [Chandramouli et al., 2018, Kadri H. and Mémin, 2017,
Ressegquier et al., 2017]. The formulation referred to as modeling under location
uncertainty (ULU) incorporates a random component as a model of the unresolved
small-scale velocities. We briefly describe hereafter its principles.

The velocity is decomposed in a large-scale smooth component, «, and a highly
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oscillating random component

u(z,t) = u(x,t) + oz, t)d(]i:?t. (4.1)

The first term represents the large-scale velocity component whereas the second one,
written (formally) as the time derivative of a Brownian random field, stands for the small-
scale velocity component. The divergence-free random field involved in this equation is
defined over the fluid domain, 2, through the kernel & (., ., t) of the diffusion operator
o(.,t)

Ve € 2, (o(x,t)f Z/ (z,y,t)f/(y,t)dy, i,j=1,...,d. (4.2)

This operator is assumed to be of finite norm and function 1B, denotes a d-dimentional
Brownian function (formally an infinite dimensional vectorial Brownian motion). The
covariance of the random turbulent component is defined as

Qij(m, @ t,) = E((o(x, 1)dB,);(o (2, )dIB,);) = c;j(x, &/, 1)3(t — )dt,

and the diagonal of the covariance tensor, defined as a;;(x, t) = ¢;;(x, ,t) is of crucial
importance in the following. It has the dimension of a diffusion (m?/s) and plays the role
of a generalized matrix-valued eddy viscosity.

The evolution of the large-scale component follows a modified Navier-Stokes system
of equations [Mémin, 2014]

Incompressible Navier-Stokes equations ULU

Momentum equations
_ 1 1 _ 1 o
O, + ((u _ §(V . a)) . V>u _ 5V . ((aV)u) = —;Vp +vV-<u, (4.3a)
Pressure random contribution

Vdp, = —p(adB, - V) + vV2edB,, (4.3b)

Mass conservation

1
V. (edB)=0, V-a~_V-(V-a)=0. (4.3¢c)
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This system corresponds to a large-scale description of the flow with an unresol-
ved random turbulent component. A quite intuitive representation results from this
formulation. It includes in a neat theoretical basis both a generalized eddy-viscosity
subgrid model, (aV)u, together with a correction of the advection term associated with
turbulence inhomogeneity (V - a). These two terms depend on the variance tensor,
a(x). The term dp; corresponds to the pressure term associated to the random tur-
bulent component, whereas p is the large scale pressure, p is the density and v the
kinematic viscosity. The last constraint stems from mass conservation and imposes a
divergence-free effective advection.

In the next section, we recall the ideal flow conditions pertaining to the classical
derivation of the TBL mean velocity profile and develop its expression for the model
under location uncertainty. In this paper, the x direction is the streamwise direction, y
the spanwise direction and z the wall normal direction.

4.2 Boundary layer and wall laws

The derivation of the wall laws relies on the following hypothesis : the large-scale
component u is parallel to the wall plane {z = 0} ; the large-scale and small-scale
velocity components are stationary and depend only on the distance to the wall, z; on
the wall the whole flow velocity is zero (u = 0 and o = 0) ; the large-scale pressure p
is constant. At fixed depth, the random field is homogeneous with a constant variance
tensor. This assumption, which considers no particular dependence on the horizontal
plane of the variance tensor seems reasonable.

The tangential cumulated friction exerted by the flow on the wall per time interval, At,
is expressed from the shear stress at the wall, which according to our model involves a
large-scale component and a small-scale random component

) (4.4)

z=0

t+At  Ou oo

Invoking Ito isometry for the Brownian term, we infer that its mean magnitude reads
E||S, |2 = (o)At / |Oni[2dt + (pr)? / tr(0,0(x) 0,0" (x))dt. (4.5)
Assuming that both the normal derivative of the diffusion tensor 0,0 and velocity 0, u
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are constant, we get

1/2

(B[[S:]%)? = (o) (|0nul* (A1) + 2At) (4.6)
In this expression, €% = tr (8n0'(:c) 8n0'T(w)) stands for the variance of the small-scale
shear stress (where the dimension of the normal derivative is [0, 0] = [T]~'/?).

The friction velocity U é;; in the direction & is now defined from the shear stress as

1/2

ov1/2\ 1/2 1/2
UT:<E(”§L) ) :[u<lanal2+A1te?> ] . (4.7)

It can be checked this quantity scales as a velocity (~ (L?/7?)'/?) and for a null uncer-
tainty €2 = 0, we obtain the usual definition of the friction velocity : U = (v|d,u|*/?). For
a non null uncertainty, we get a modified expression with a deviation from the standard
definition depending on At. It is immediate to observe that when At — oo, U, — U™,
However, for small time interval and large small-scale velocity stress at the wall, the
deviation from the standard definition can be important. The friction velocity U, ~ U™
is recovered only when the shear stress variance is much smaller than the time interval :
€2 < At.

4.2.1 Boundary layer structure

As classically admitted, the boundary layer is formed of two main sublayers : the
viscous sublayer and the turbulent layer. The former corresponds to a region of contact
between the wall and the fluid, where the flow is driven mainly by the molecular shear
stress. In the latter, the flow is dominated by the large-scale shear stress associated to
the small-scale random field. For the flow dynamics ULU and the TBL ideal configuration
described above, the stationary equations for the mean velocity component in these two
sub-layers are described below

114



4.2. Boundary layer and wall laws

Viscous sublayer - € [0, z] Turbulent sublayer = € [z, z{]

Large-scale component

Large-scale component
— 0.0..0.% — 0. ((az. + 2v)0.0) = 0 (4.92)

vWVia=0= 0.a=0C (4.8a)
Small scale component
vV?eadB,=0 = V%7 =0 (4.8b)

Turbulent pressure horizontal gradients
Vudp, =0.u(edB,),+vV?(adB,)y =0 (4.9b)

Turbulent pressure vertical gradient

Turbulent pressure

dpr = Cy (4.80) 0.dp, = vV?(adIB,), (4.9¢)
Incompressibility Incompressibility

V- (odB;) =0 a.8q)| Y (@dB) =0, V- (V-a)=0 (4.9d)

In the viscous sublayer molecular viscosity dominates at all scales. Therefore the large-
scale drift component exhibits a constant variation depth. The small-scale component is
spatially very smooth (harmonic) and the random turbulent pressure diffusion term is
constant.

In the turbulent sublayer, the dynamics is driven by the combination of the large-
scale diffusion with the molecular friction. The eddy-induced velocity term caused by
an eventual inhomogeneity of the turbulence is also involved in equation (4.9a). The
second term of this equation represents the diffusion due to the molecular friction and
the small-scale mixing activity. From these two systems, the expressions of the mean
velocity profile can be inferred for both regions.

4.2.2 \Velocity expression in the viscous sublayer

At the interface between the two sublayers (z = z;), the large-scale normal derivative
of the velocity being constant, a null advection of w by the random field (0,u(odIB,), = 0)
in the turbulent pressure equation (4.8c) implies that (odIB;).|,_. = 0. The null boun-
dary condition of the random field at the wall and the harmonic condition (4.8b and the
strong maximum principle) indicates that the turbulent component is necessarily 2D
(i.e.(odIB;), = 0) and incompressible (4.8d) everywhere in the viscous layer. Further-
more, integrating below the viscous layer depth the harmonic condition of this horizontal
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random field (V% (adB,)y = —0?%, (odIB,)z) we get

Z=Z0

v2, /O (0dBy)y = — 8.(odBy) |

The left-hand side term corresponds to an empirical mean along the vertical direction.
Since it is a zero-mean random variable, it tends to zero (discretizing the interval with
enough points) and thus

9.(odB,) .., = (3,01B,) .

The right-hand term is an homogeneous random field with variance e2dt. The left-hand
side random field has the same characteristics. Again due to the harmonic constraint
and the strong maximum principle, its variance increases linearly with z. Therefore, the
whole random field can be defined from a unitary 2D divergence-free Gaussian random
field, n,, on the whole viscous layer and can be expressed as

(o(2)dIB,) = e2Vdt m,(x), Vz € [0, z). (4.10)

This allows us to state : in the viscous sublayer the small-scale component is a 2D
divergence free random field characterized by a variance, which depends on the wall
Shear stress variance with a linear increase in time and with the square of the sublayer
depth. Its vorticity is slanted, V x o (z)dB; = ev/dt(—n,, 1., 2(0un, — Oyn.))” and its
mean magnitude intensifies linearly with the distance to the wall. As a result, it forms
curved cones of vorticity.

Besides, from the friction velocity definition (4.7), (4.8a) and because d.u = 0,u = C}
we have (with 0,u > 0)

L ié)maa _oa, (4.11)
1%

0. = (ﬁ At

where U, = (v|0,u|)'/? stands for the friction velocity associated to the large-scale
component. Integrating along = and since u(0) = 0, we therefore get

1~
u(z) = —~U?z &4 (4.12)

1%
Gathering the large-scale and small-scale components, the whole infinitesimal displace-
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4.2. Boundary layer and wall laws

ment field over time interval, At, in the viscous layer finally reads
1~
Vz € [0, 2] u(2)At = —U2z duAt + ez(At)/?n. (4.13)
1%

The small-scale zero-mean random component has a variance V = ¢2z2At. The mean
velocity profile is given by (4.12) and the usual linear expression is retrieved. It is
interesting to note that this profile can be specified from the friction velocity associated
to the long-time average velocity field (if it can be computed), or from (4.7) if only
smooth velocity snapshots on a given period of time together with an estimation of the
small-scale shear stress variance are available. This latter case corresponds to the
situation often encountered for the study of oceanic or atmospheric flows.

4.2.3 Velocity expression in the buffer and turbulent sublayer

In the vicinity of the viscous sublayer the molecular friction still dominates whereas
at the end of the turbulent sublayer the large-scale shear stress is predominant. This
stress depends directly on the small-scale variance. We assume that at the end of the
turbulent sublayer the turbulence is isotropic with no influence of the wall. According
to this hypothesis, the variance tensor tends toward a constant diagonal expression.
As a consequence, at the end of the turbulent layer the dynamics of the large-scale
component (4.9a) corresponds to an eddy-viscosity formulation

;(@azz)az w + ;8(2 ((a, +2v)0,u) =0, (4.14)

which leads to the logarithmic profile. The log law is however known to poorly fits the
transitional buffer region coming into play just after the viscous layer. For that reason,
we choose to separate the turbulent layer into a logarithmic region and a buffer zone.

Buffer zone

In the buffer zone, we assume a strict independence of the variance tensor with
respect to the horizontal directions. With this assumption, the small-scale component is
a 3D homogeneous random field for a given depth. From the incompressibility constraint
we get

V-Vea=0 = 92a=0 = 0.a,.=C". (4.15)
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At the interface a..(zy) = 0, which yields a..(z) = C'(z — z,) where C’ scales as a
velocity. From similarity principles and as the variance tensor is assumed stationary for
all z in the turbulent sublayer, we define

azz(z) = EUT(Z - ZO)? (416)

where % denotes a constant, which is different from the usual von Karman constant
attached to the logarithmic region.
At the interface z = z, let us recall that we have from (4.12)

0.i(z0) — iﬁfaa, (4.17)

and a null value for the vertical variance tensor (a,. = 0). Integrating (4.9a) with the
above boundary condition (4.17) gives an expression for 0,u. A second integration of
the same equation gives the following velocity profile within the buffer zone

~ 4p 1 1
u(z) =u —U,— | —= — — | u. 4.1
Vz € [20,21] u(z) =u(z) — U = <RUT(z )2 2y> o (4.18)
It can be checked that u(z) and 0,u(z) are indeed positive and therefore verify the fun-
damental properties of the large-scale velocity in the TBL. The buffer zone is restricted
to an area located between the end of the viscous zone (at z = z,) and the beginning of
the logarithmic region (at z = z;).

Logarithmic region

To reach a logarithmic profile from two successive integrations of (4.9a) the variance
tensor cannot be linear anymore. It necessarily scales as the square-root of the wall
distance (a.., ~ /z). Because the flow is continuous in the whole turbulent boundary
layer, we get the following expression

a,,(z) = %ﬁT(zL — ZO)’/zZL’ Vz € [z, 21), (4.19)

for the vertical variance tensor value. To satisfy the incompressibility condition (4.9d),
such an expression comes to relax the strict independence on z and y of the crossed
vertical variance terms (a,. and a,.). For the region located between the buffer zone
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limit (z1,) and the end of the turbulent sublayer (z;), we have

@(z) = @(zr) + Ouii(z) 2 In (;) 5. (4.20)

L
This profile differs slightly from the usual logarithmic law. We notice that the von Karman
constant, which weights the usual log-law, has here a more complex expression that
depends among other things on the separation limit between the buffer zone and the

logarithmic region.

4.3 Numerical validation

This section is devoted to the numerical assessments of the velocity profiles and
of the expressions of a..(z). Benchmark flows have been built from Direct Numerical
Simulations of turbulent channel flows for two Reynolds (tau) numbers, Re, = 182 and
536, with Re, = ’ZTH where H denotes the half of the channel’s height and U, is the
long-time averaged friction velocity. The dimensions of the channel for the Re, = 182
case are (L,, L, L,) = (4w, 2,4x/3) and the resolution is (n,, n,,n,) = (128, 129, 128).
The dimensions of the channel used in the Re, = 536 case are (L,, L., L,) = (2,2, 2m)
and the resolution is (n,,n,, n,) = (256,257, 256). The simulations have been performed
with the high order finite-difference solver Incompact3d [Laizet and Lamballais, 2009].
In addition to these three channel flow simulations, a turbulent boundary layer up
to Rey = 1808 — with Rey = U,.0/v based on the free-stream velocity U,, and the
momentum thickness 0 = [7° U/Us (1 — U/U)dy — has been simulated in the same
setup as [Diaz-Daniel et al., 2017].

Particles trajectories have been computed from the Eulerian velocity fields, and
a set of 4096 particles have been launched at every computationnal z—points and
at 5 different times. The integration of the Lagrangian velocities has been performed
using a fifth-order 3D-Lagrangian interpolation of the Eulerian fields and a second-order
Adam-Bashford temporal scheme.

4.3.1 Variance evaluation in the viscous sublayer

We first assess the expression of the small-scale component random field in the
viscous sublayer (4.10). Figure 4.1 depicts the variance of the velocity (in log-log plot)
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FIGURE 4.1 — A, averaged streamwise velocity variances in the viscous sublayer for
the channel flow Re, = 182 (a) and the turbulent boundary layer at Re, ~ 550 (b). The
square, triangle, cross and star dots are the variance profiles at ™ = 2U, /v = 1,2,3
and 4 respectively. The lines correspond to the theoretical profile V = e2?(A,).

in the streamwise direction for different time interval and different heights. Lagrangian
velocity fields have been integrated on different windows of size A, to provide different
samples for these variances. The final variance corresponds to the empirical mean of
these samples. The 2? linear variance increase in the viscous sublayer is well recovered.
The experimental rate is close to the one predicted by the model. The variance of the
vertical velocity component is negligible (of the order from 107° to 1073, see also figure
4.3) as well as the vertical-horizontal cross correlation (not shown for concisness).

4.3.2 Variance tensor

The variance tensor can be evaluated through the integration of the Lagrangian
velocity covariance up to the Lagrangian integral time scale T}* (for velocity component
i) :

TE(2)ATE(2) .
a;;(z) = /0 <vj(t, z)vi(t, z) > dt, with a A b = max(a, b). (4.21)
This definition is similar to the definition of the Prandtl mixing length from a Lagrangian
free path [Prandtl, 1925]. In figure 4.2, we show an example of the probability density
of the value of a.. for a given distance to the wall. As it can be observed this empirical
distribution roughly behaves as a log-normal distribution (with a sharp peak and a heavy
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FIGURE 4.2 — Empirical probability density function of a,, as crosses. The line is the
log-normal profile which best fits to the data : (a) at the center of the turbulent boundary
layer at Re, ~ 550; (b) in the buffer of the channel Re, = 536 and (c) at the center of
the channel Re, = 536.
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FIGURE 4.3 — Vertical component of the variance tensor for the channel flows (a)
Re, = 182, (b) Re, = 536 and (c) the turbulent boundary layer Re, ~ 550. The purple
curve stands for the a..(z) value at the distribution mean, the blue curves denote the
theoretical model whereas the green curves show a..(z) value at the distribution mode.

tail). In figure 4.3, we show, for each different flow configuration, the plot of the theoretical
a,,(z) profile (a.. < 0; a,. x z; a,, x y/z in the viscous, buffer and logarithmic zones
respectively) and compare it to the empirical mean and mode distribution values. The
theoretical curves lie in between the mean and the mode of the distribution but remains
clearly closer to the mean. This indicates a reasonable approximation of the vertical
value of the variance tensor.

4.3.3 Drifts profiles

The velocity profiles come from two different databases. The turbulent boundary
layer simulation are provided from the Universidad Politecnica de Madrid. The
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turbulent boundary layer lies to a range Re, € [2780 — 6650] and an equivalent
Reynolds friction number Re, € [1000,2000]. More details are available in the articles
[Sillero et al., 2013, M. P. Simens J. Jimenez, 2009, G. Borrell, 2013].

The velocity profiles of the pipe flow experiments are provided by the royal Ins-
titude of technolgy of Stockolm (KTH). We use the profiles from the experiment at
Re, = 180, 360, 550, 1000. The explanations of the simulations are noticed in the article
[El Khoury et al., 2013].

Methodology The main issue is to fit the near wall profile, since the database provides
more points inside this section, the designed objective function to minimize is :

N
f(z0, 21, 8) = Y (u(zi) — trep(2:))? (4.22)
=0
In the equation (4.22), the function w is the profile computed with the set of variables
(20, 21, ©) Whereas u,. is the profile provided by the database. The limit N is the height
where reference velocity profile does not fit to the logarithmic profile (the begin of the
wake section).

We briefly explain the procedure. The starting point 2° = (20, 2, x°) of the algorithm
is a manually derived profile which fits the data. The fixed step « for each problem is
setted at 10~8. The gradient of the objective function is computed by a 1st order gradient
scheme. At each step the next solution is

2"t = (zé”’l, ZZ”H, K”H) =a" 4+ aVf(z, 2, k").

The limit of the viscous zone (z;) is estimated in a classical way as the first point
departing from the linear velocity profile (with a relative error of 0.02). The constant
k and the limit of the buffer zone are estimated through a nonlinear least-squares
procedure from (4.18) and (4.20) respectively. In figure 4.4, we show the mean velocity
profiles for each flow configuration. We considered also a very high Reynolds number
case (Re, = 5200) provided by [Lee and Moser, 2015] (figure 4.4c). For each case, the
parameters are (24,27, k) = (4.75,50,0.145) at Re, = 182; (5,52,0.152), at Re, = 536
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FIGURE 4.4 — Mean velocity profiles for the channels flow (a) Re, = 182, (b) Re, = 536,
(€) Re, ~ 5200 [Lee and Moser, 2015] and (d) the turbulent boundary layer at Re, ~ 550.
The green curves are the reference velocity profiles computed by the DNS ; the blue dot
lines are the classical laws (linear then logarithmic) and the red dots corresponds to the
profile of the model under location uncertainty.
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(5,45,0.16), at Re, ~ 5200 and (5,45, 0.155) for the TBL at Re, ~ 550. The profiles of the
new model are compared to the classical wall laws : @ = zU2/v in the viscous sublayer,
and u = u, (i ln(z%) + B) above the viscous sublayer, where the constants x and B
are optimally set from the data. In the viscous sublayer, there is no difference between
the classical models and the new one (4.12). Both of them perfectly superimpose with
the experimental data.

In the buffer region, where a..(2) is linear, there is no theoretically well grounded
model available for the velocity profile. In this transition area both the linear profile or
the logarithmic profile deviate significantly from the experimental profiles. At variance,
the new model fits well the data. The modeling under location uncertainty, unlike adhoc
formulation Spalding1961, enables us to devise a physically coherent model from a
large-scale representation of the Navier-Stokes equation.

In the logarithmic region, both the classical log-law model and the modified one
provide similar results. This highlights the validity of the connection between the linear
and square-root profiles of a..(z) as the velocity profile highly depends on 0.u(z;) (4.20).

Turbulent boundary layer The table 4.23 summarizes the optimal triplet of parame-
ters for the tubulent boundary layer experimentation. First of all, for each experimentation,
the values belongs to a tiny interval.

Re, za z K
1306 | 4.94 |48.22| 0.158
1437 | 4.97 |48.29 | 0.157 (4.23)

1709 | 5.08 [49.01| 0.161
1989 | 4.8976 | 50.38 | 0.15776

Pipe Flow In this paragraph the results for the pipe flow experimentations are shown.
The optimal parameters are shown in the table 4.24. Few properties are shown, the
value of z; is decreasing when the friction Reynolds number increases, z; inscreases
and « is constant except for the first simulation.

Having a look to figures 4.9,4.10, 4.11, 4.12. Contrarly to the channel flow simulation,
the pipe flow exhibits a larger deviation from the logarithmic profile at high Reynolds
number, hence the range of validity of the current profiles is a few restricted. However,
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FIGURE 4.8 — Velocity profiles for the turbulent boundary layer at Re, = 1989
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near wall, the velocity profiles fit well with the references.
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FIGURE 4.11 — Velocity profiles for the pipe flow at Re, = 590
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CONCLUSION

Dans la premiere partie de ce manuscrit, nous nous sommes intéressé a une
nouvelle formulation de la longueur de mélange de Prandtl. Cette derniere a la
particularité de prendre en compte des simulations a tres haut nombre de Reynolds.
De plus, cette formule est universelle au sens ou chacun de ces coefficients est une
fonction du nombre de Reynolds. Via un ensemble de simulations numériques menées
sur le solveur volumes finis OpenFoam, nous avons démontré que cette longueur de
mélange était a méme de reproduire I'énergie cinétique turbulente ainsi que le champ
de vitesse moyen dans la couche limite. Nous avons poussé le Reynolds de friction
a 10000 pour veérifier ces résultats. De plus, nous avons développé une modification
prenant en compte un fond rugueux pour un canal. A partir de ce travail, nous avons
montré que I'obtention d’'une formule correcte pour la longueur de mélange malgré
'ensemble des données disponible est trés sensible.

De plus, nous avons démontré I'existence d’'une solution pour le probléme
mathématique associé en utilisant les techniques a la "Boccardo-Gallouet" pour des
probléemes avec un terme source dans L'. Il semble possible de faire une extension au
cas parabolique.

Il est possible de pousser le raisonnement écrit ici pour un écoulement stratifié.
Des DNS existent a haut nombre de Reynolds depuis les 5 dernieres années. Il est
probable qu'un parametre de stratification 5 modifie 1égérement la formule de la
longueur de mélange. Mathématiquement, le probléme associé (a premiere vue en im-
posant une condition mixte sur un champ de température) semble lui aussi démontrable.

La modélisation under location uncertainty a donc apporté un profil de vitesse
moyenne qui colle parfaitement bien avec les données obtenues par des DNS y compris
a haut nombre de Reynolds. Nous avons vérifié cette expression pour des couches
limites ainsi que des écoulements de canal. Il est important de noter le caractere C'! du
profil obtenu y compris dans la zone de buffer.
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Les lois utilisées pour obtenir ce profil sont mathématiquement et physiquement
cohérentes. En effet, les hypothéses faites sur le tenseur des variances ont été vérifiées.
Contrairement a ce qui est souvent admis, cet équivalent a la viscosité turbulente n’est
pas limité a une valeur, c’est une distribution qui suit une loi log-normale. Le tenseur
de variance est compris pour toutes les altitudes entre le mode et la moyenne de
cette distribution. Dans la zone de buffer, la croissance linéaire de a., suit le mode et
converge vers la moyenne en se rapprochant du sommet de la zone turbulente.

La démonstration utilisée met en avant le r6le de I'advection modifiée, en effet, c’est
ce terme qui permet de faire le lien entre la zone visqueuse et la zone logarithmique.

Nous nous sommes également intéressé a I'expression de la variance a temps court
dans la zone visqueuse qui suit une loi inversement proportionnelle au temps, cela
permet de générer des profils de vitesses a temps court physiquement cohérents. Les
corrélations spatiales (streak) sont gérées par le noyau o.

Les perspectives ouvertes sont intéressantes pour I'obtention de profil a temps
court dans le cas neutre mais aussi dans le cas d’un fluide stratifié, en effet, le systéme
atmosphérique ne conserve pas assez longtemps sa propriété thermique pour converger
vers une moyenne uniforme.

Enfin, il sera intéressant de tester ce modele sur des écoulements industriels (pipeline,
ailes d’avions ...).
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ANNEXE A

DETERMINATION OF THE NUMERICAL
VISCOSITY AND DIFFUSIVITY INHERENT
TO THE DISCRETIZATION FOR THE
ADVECTION TERM IN OPENFOAM

A.1 Numerical framework

We introduced some useful notations summarized in the figure 2.5 :
— Let a family of convexe opens of dimension d , {K;,Vi € {1, N} = I} such that
2 = Ui K;, we notice 7 = {K;, Vi € I} the mesh.
— Each K € .7 denotes a control volume,
— VK € .7, we notice x;, coordinates of the gravity center of K,
— VK € 7, we notice ex the set of its faces, that is ex = 0K = K\ K = U,¢. .0,
— VK € 7, we notice 4 = {L € 7\ KNL # ()}, the set of control volumes which
are the neighbourhood of K,
— VY(K,N) € (7, #%),we notice the common face ok ; such that K N N =5 v
— V(K,N) € (7, /%), we notice Dk, the line between zx and zy. We associate
the distance dx , between z, and the face o = {0 € ex|ex N Dr v # 0}.
In this study, we make an important assumption about the mesh, V(K,L) €
(7, k), Dk, is orthogonal to o such that the classical scheme used to compute the
gradient is second-order.

We consider in this study two problems, a transport of a scalar field and a fluid
problem computed by a Navier Stokes equations.
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The Navier Stokes problem expressed in finite volume framework is :

d
%(’K|VK)—|— S heve — Y |o|(2v + 1)V, + |K|Vpx = |Kl|fx + Ry 12,
oE€eK OEERK
Zwa =0 _Q,
oECER

(A1)

Because the convection term is nonlinear, we notice ¢, = |o|v, - ng(x) as the
interfacial flux, the pressure gradient is considered as a data since it is computed
during another step of the algorithm to ensure the divergence free constraint. The issue
raised from the spatial interpolation to express the v, in term of v, K € 7 essential to
determine the convention term and diffusion. Furthermore, the term R, denotes the
error inherent to the schemes.

In our framework, the interpolation schemes are expressed as :
T, = (T,)') + w(r)[(T,)"" —(T,)"] (A.2)

and
Vo = (VU)(U) + lI’(T)[(VJ)(L) - (VU)(U)} (A.3)

where (v,)©) is the interpolated value computed by the spatial upwind scheme as
(vo)U) = a, (v — vy) + vy Where o, = 1if 1), > 0 and 0 otherwise. This scheme is
well known to be bounded but it brings a huge amount of numerical diffusion. The other
term (v, )" denotes the interpolated value computed by the linear interpolation such
that (v,)) = d,vg + (1 — d,)vy, this is a third order scheme, however it produces
spurious oscillations. According to the previous observations, theses schemes make
the computed solution less physical.

The determination of the limiter functions ¥ (r) is divided in two ways, a first one
devoted to the scalar field and another one to the vectorial fields.

Let T being a scalar field. The parameter r of the flux limiter is

drs - (VD)s

_9
" Ty — T

1 (A.4)
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where dKJJ = XKg — XN and

VT ’Lf 1/10 >0

(A.5)
VTN else

(VI),; = {
This formulation derived from the original method presented in [Sweby, 1984]. A first
modification for unstructured grid was provided in [Bruner and Walters, 1997] and ano-
ther improvement was brough in [Darwish and Moukalled, 2003].
Now, let v a vector, the parameter could be obtained by the same way as a scalar
field, in that case, one can consider T' = ||v||?. This is the way used when a numerical
scheme like 'SuperBee’, 'MUSCL, 'Minmod’ are used for a vector field. The specific way
to compute the parameter of a the limiter function is :

. 2(VN —vk) - (dgr 'Q(VV)J) 1 (A6)
vy — vil|
where dx ;, = xx — Xy, and
(Vv), =] YK e =0 (A7)
Vvy else

The equation A.6 is used for the numerical schemes called with the suffixe 'V"
e.g. 'MinmodV’;SuperBeeV’ etc. In this study, we will deal with the SuperBee scheme
[Roe, 1986]

Y(r) = max(min(1,2r), min(2,r)), (A.8)

the MUSCL scheme [Van Leer, 1979] :

|
b= (A.9)
The vanLeer schemes [Van Leer, 1974]
r+|r|
=— A1
by = (A-10)
The MinMod scheme [Harten, 1983] :
P(r) = min(1,r), (A.11)
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and the vanAlbada scheme [van Albada et al., 1997]

r 4 r?

o) =173 et (A.12)

A.2 Expression of the numerical viscosity

In the case of an interpolation process described as in A.3, a numerical viscosity
is obtained and as a consequence, we get a modified system explained in the next
proposition.

Proposition A.2.1. If the scheme uses for the interpolation of v, d admit a form as in
A.3 in the convection discretization, so the first equation of ?? becomes :

d
%(|K|VK) + Y o|(vo)™® ngove — 3 |02V + Vs + Vium) Ve + |K Vg = |K|fc + Ry 02

(A 7¢ TEER
(A.13)
where ”
Vnum = |7U|dK,L (Is = ¥(r)) (o, — dy), (A.14)
I3 is the three dimensionned identity matrix and
U(r) 0
)= 0 wr) o |. (A.15)
0  W(r)

Démonstration. To get the expression of the numerical viscosity, we need to get an
expression like
Vo = (Vo)(L) + Vnum(vv)a ‘N o
We begin by modifying A.3 to get
Vo = (Vo)™ + (Is = ¥(1)[(vo)") = (vo) "] (A.16)
We combine with (v,)Y) = a,(vk — vy) + vy and (v,)E) = d,vi + (1 — dy)vy to
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get:

Vo = (vo) P+ (Is — ¥ (1))[(vi) = (viv)] (v — do) (A.17)

Since the mesh is orthogonal, the approximation (Vv), - ng, = (Vvk—vy)/(dk k)
admits a second order error, we can note :

Ve = (Vo)) + (I — (r))dg..(VV), - ng o (0 — dy) (A.18)
Now, coming back to the convection term in ??

> Wovo = 3 U [(vo) P + (Is = ®(1))dic £(VV)o - nxo (0 — dp)]  (A19)

oEeK OEER

We focus on the second part and the right hand side of the previous equation,

Z Vo (Is — ¥ (r))d 1, (, — dy) (VV)ong,, = Z |J|Tf:|(l3 —W(r)dgL(Vv), (o, —dy) Dk o
T T (A.20)

such that
5 ol — W) (0 — dy) (VW)gmic, = 3 [ (‘ﬁ”‘(h C ()i 1 (v — dy) (V). - nKJ)
o€ex ree (A.21)
And so

> Uo(Is — ¥ (r))dg,p (o — do) (VV)giig g = /

oCeK

V (Tiﬁ] (Ig — lI’(T'))d]gL (Oéu — do') (VV)K>
(A.22)
then, we are able to identify

Vi = fi"‘as — W ()i, (0 — d) (A.23)

The modified equation is obtained considering Y~ 4, (v,)® = / vk @ vk With a
A1 K

second order error. O

According to the same procedure, on can get a proposition for the scalar problems :
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Proposition A.2.2. If the interpolated value T, between the cells K and L in the
convection term is A.2, equation ?? becomes :

(IK|Tk) + 3 |ol(e) -0k o T — 3 |01um VT, =0 2 (A.24)

OEER OECEK

L
dt
where T\") s the interpolated value of T by a linar method and

Vpum = de,L (1 - \Il(r» (Oéu - do)' (A25)

A.3 Verification of the expression

In order to test the validity of the formulation obtained for the numerical viscosity,
we compare results obtained from a solver computing the classical transport equation
where the convection term is computed as in A.3 and another solver which compute the
solution a transport-diffusion problem where the convection term is discretized by CDS
and the viscosity for the diffusion term is leaded by the numerical viscosity.

The code used to validate our result is an implementation of a Runge Kutta projection
method presented in [Vuorinen et al., 2014] and used in an atmospheric boundary layer
simulation [Vuorinen et al., 2015].

A.3.1 Scalar case
1 step profile

The benchmark is based on the 2D-step profile, it consists of a 2D square with side
of length unity. The tested resolution is 46 x 46 x 1. The advected quantity is initialized
as 1 at the left and top and 0 at the bottom and right boundaries. The scalar quantity is
advected by a constant velocity u = (1,1, 0)”. The problem converges to a step profile.
We will test the CDS, Upwind and the TVD schemes based on the superbee, minMod
and VanLeer limiter functions.

In figure A.1, we present the contour plot of the solution for the 2D step-profile
problem where the interpolation schemes are upwind (A.1a) and Minmod (A.1Db).
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(a) Upwind (b) Minmod

FIGURE A.1 — Plot of the solution for the 2D Step profile problem, left : Upwind, right :
minMod

Since the upwind scheme is described by ,(r) = 0, it corresponds to the maxi-
mum numerical viscosity, as a consequence, the diffusion in maximum and it is
illustrated by the smoothness of the solution. In the case of the Minmod limiter,
0 < ¥(r) < 1 so the diffusion is weaker as in the upwind scheme and according to
A.23, the numerical viscosity remains positive, there is no anti-diffusion added to the
problem. As a consequence, the smoothness of the solution is lower as the upwind case.

We present on figure A.2 the profile of the advected quantity for both the transport-
diffusion and the transport problems. The profile correspond to the values at the arbitrary
chosen cutting plane y = 0.5. With both solutions perfectly matches for every tested
schemes (other schemes were also tested), we can conclude that for the benchmark
problem, the numerical viscosity A.23 is correct.

The numerical viscosity are presented in figure A.3a at the line y = 0.5 for the
schemes upwind, Minmod, superb and MUSCL. It shows the numerical viscosity is
higher far away from the discontinuity and reduce until the reaches its minimum at the
discontinuity. Furthermore, it is interesting to notice the numerical viscosity is high for
region where the gradient is null, this curiosity has no effect since the diffusion term
V - (tnumVT) = 0. The limiter functions presented in figure A.3b shows the region
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T T
——MinMod
— Superbee

Upwind
- - -Solution |

FIGURE A.2 — Comparison of the advected quantity profile 7" for the cutting plane y = 0.5,
the lines correspond to the solution computed for the transport-diffusion problem and
the cross correspond to the solution for the transport problem using upwind, Minmod,

superBee schemes for the interpolation

0.0027- —— MinMod

1 T
—— MinMod

0gl. — Superbee
| MUSCL

Upwind

—— Superbee
MUSCL
Uppind ‘ ‘ '

(a) Numerical Viscosity (b) Limiters function

FIGURE A.3 — Plot of the solution for the numerical viscosity and the limiters function at
the line y = 0.5 for the schemes upwind, Minmod, superb and MUSCL
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where the gradient is null since the function depends on the variations of the gradient.

Furthermore, in this problem, the gradient are not high enough to make the limiter
function superior to 1 for the superBee and MUSCL, because theses functions are
bounded by 2, they could bring numerical anti-diffusivity and do not ensure a monotone
solution. A modification in the interpolation process where the limiter function is divided
by 2 ensure a positive numerical viscosity and as a consequence the absence of
spurious oscillations, it is illustrated in [Bidadi and Rani, 2014] in the context of the
Roe-MUSCL schemes.

A.3.2 Vectorial cases in 2D

We now turn to the study of the numerical viscosity and effect of the numerical
schemes for the incompressible Navier Stokes equation. In the first experimentation,
we will focus in the shear layer experience and then, we will be interested in 2D Taylor
Green experience.

For both shear layers and taylor-Green experience, we will be interested in some
statistics. First of all, the total kinetic energy in computed as

1
E,=— : A2
% 2|Q‘/QV vdx (A.26)

The viscous dissipation is
v / Avd (A.27)
€viscous = T A7 vV - AvVaAT .
2] o2
and the numerical dissipation induced by the numerical schemes is :

Emum = |é| /Q V-V (VaumVV) do (A.28)

We recall that the equations A.26, A.27 and A.28 come from the procedure known
to compute the kinetic energy equation. It is derived by taking the scalar product of v
with Navier Stokes equation.
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25 25 22

FIGURE A.4 — Initial profile of the velocity field (left : «, right : v) for the shear stress
experimentation. In the red section u(z, z) = Uy and in the blue section u(x, z) = —Uj.
The intermediate section, which is the regularization to get a derivative u—profile, is
dependant on the Reynolds number.

Shear layer flow

The first problem to study the numerical dissipation induced by the discretization of
the convection term is the shear layer flow. This problem is known to generate vorticies
at the shear interface [Lesieur et al., 1988]. The problem takes place in a numerical blox
with size (L., L,) = (4H,4H). The initial condition for the velocity field is :

u(z, z) = Uptanh (Z _52H) (A.29)
and 5
v(x,z) = ozsin(47rx)8—: (A.30)

where o = 0.046. We use the length ¢ to generate a Reynolds number as Re = U%‘s

In this study, the Reynolds number is setted as 202500. We show an example of the
initial flow in figure A.4. In the current simualtion U, = 10. The timestep is At = 0.001 to
ensire that the maximum Courant number in less than 1. The simulations are runned
until ¢ = 10.

In the figures A.5, we show the dissipation in the simulations. The top picture
summarize every run including the extrem case upwind. The highly diffusive
characteristic of the upwind scheme is clear, at t = 10, the simulation dissipates
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FIGURE A.5 — Normalized dissipation for the shear layer flow. At the top, we show the
results with the upwind and SuperBee problems (purple and blue respectively) and at
the bottom, we focus on the solution from the vanLeer, vanAlbada and MinMod problem.

around 22% whereas the MinMod schemes, which is the second more dissipative
scheme, disspiates only 3.75% of the initial kinetic energy. Contrary the upwind
scheme, the anti-dissusivity of the SuperBee scheme is visible while €= > 0. Fur-

dt
thermore, according to the plot, 2= > 0, which proves the high instability of the solution.
d?t

At the bottom of the figure A.5, we focus on the effect of the stable TVD-schemes on
the dissipation according to the time. It was clear that the MinMod scheme was more
dissipative than the vanLeer and vanAlbada schemes from the previous picture. With
the bottom one, we can conclude that thhe vanLeer scheme brings less dissipation than
the vanAlbada one.

In the figure A.6, we show the decomposition of the diffusity into the viscous and
the numerical parts. For this experimentation, the numerical viscosity is very higher
than the molecular viscosity when the vortices are organized. At the beginning of the
simulation, when the Kelvin Helmotz vortices are not organized, it is the modelcular one
which dominates. Because the numerical viscosity needs strong gradients to increase,
this fact is explained by the abscence of strong gradient in the initialization period.

Having a look to the particular SuperBee case in figure ??, itis clear that the negative
viscosity is brough by the numerical scheme which is (in magnitude) also very stronger
than the molecular viscosity. The same feature than the other schemes is visible at the
beginning of the simulation, the physical diffusion dominates the numerical one.
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FIGURE A.6 — Viscous (crosses) and numerical (lines) dissipation, of the shear layer
experience, induced by a vanLeer, vanAlbada, MinMod and MUSCL schemes. In this
case, the numerical viscosity are positive unlike in the SuperBee case.
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Titre : Application de la théorie des similitudes en turbu-

lences

Mot clés : Couche limite, lois de parois, Analyse fonctionnelle

Resumé : Le modéle RANS a une équa-
tion de fermeture est utilisée avec une nou-
velle longueur de mélange. par interpola-
tion, notre loi est universelle. Nous avons
étendue ce résultat pour considérer les
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trée, c’est un probleme elliptique avec un

terme source dans L'. Nous utilisons le
modele "under location uncertainty" pour
obtenir un profil de vitesse cohérent dans
toute la couche limite turbulente. Le raison-
nement que nous apportons ici lie un terme
sous-grille a ce profile. Nous apportons
également une estimation des variances a
temps courts dans la zone visqueuse

Title : Application of the similitude theory in turbulence.

Keywords : Turbulent boundary layer, wall laws, Functionnal analysis

Abstract : The RANS one-closure equa-
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