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Introduction

Three related subjects: tensor models, Hurwitz numbers and Macdonald-Koornwinder
polynomials are studied in this thesis. I would like to make some general remarks about
these subjects and the structure of my thesis. More details will be given right below in
each dedicated section of this introduction and in the corresponding chapters in the main
text.

Tensor models are generalizations of matrix models as an approach to quantum gravity
in arbitrary dimensions (matrix models give a 2D version). Matrix models (and more gen-
erally, random matrices) have been playing an important role in mathematics and physics,
particularly in integrable systems, quantum field theories, string theory and statistical
mechanics. Tensor models are comparatively young, and their significance has been con-
tinuously rising due to their rich properties. In this thesis, I study a specific model called
the quartic melonic tensor model. The specialty of this model is that it can be transformed
into a matrix model, which is very interesting by itself. With the help of well-established
tools, I make an analysis of this equivalent matrix model and compute the first two leading
orders of its 1/N expansion.

Hurwitz numbers count the number of weighted ramified coverings of Riemann sur-
faces. They can also be interpreted as the number of ways of factorizing permutations in
the symmetric groups. They are important in enumerative geometry and combinatorics.
On one hand, there has been a sustained effort to obtain explicit formulas for them. My
main contribution lies in this direction. I found an explicit formula for a class of numbers
called one-part double Hurwitz numbers with completed 3-cycles. On the other hand,
Hurwitz numbers have been shown to have connection with a handful of other signifi-
cant objects such as matrix models, integrable equations and moduli spaces of complex
curves. The best understood case is single (or simple) Hurwitz numbers. As applications
of my explicit formula, I show that the one-part double Hurwitz numbers with completed
3-cycles satisfy some similar properties as in the case of simple Hurwitz numbers. This
suggests that there should be a deeper (algebraic/geometric) structure behind these new
numbers.

From their very definition, Hurwitz numbers are linked to symmetric polynomials
which are fundamental objects in algebraic combinatorics and representation theory. The
algebra of symmetric polynomials, as a vector space, has a particularly important basis
formed by the Schur polynomials. One of the most important advances in the theory of
symmetric functions is the introduction of a two parameter deformation of Schur poly-
nomials by Macdonald in 1987. He also realized that his polynomials can be defined as
multivariate orthogonal polynomials associated to the root system of type A and thus nat-
urally generalized to every root system. For the case of non-reduced root system BC,,,



the definition was made previously by Koornwinder, and thus the polynomials are named
after him. They are very general in the sense that all the Macdonald polynomials associ-
ated to the classical (i.e., non-exceptional) root systems are specializations of the Koorn-
winder polynomials. One of the most important problems in symmetric function theory
is to decompose a symmetric polynomial in the Macdonald basis (it is an established con-
vention that when one talks about Macdonald polynomials without further specifications,
one means those associated to the root system of type A). The obtained decomposition
(in particular, if the coefficients are explicit and reasonably compact) are called a Little-
wood identity. In this thesis, I study many recent Littlewood identities proved by Rains
and Warnaar by combining many old and new results about Macdonald and Koornwinder
polynomials. My own contributions include a proof of an extension of one of their iden-
tities and partial progress towards generalization of one another.

My thesis is organized as follows.

The first chapter studies the quartic melonic tensor model. In the first part, I review
some basic tools of matrix models. The tools are the 1/N expansion, the saddle point
method and the Schwinger-Dyson equations. Then a general introduction about tensor
models is given. The quartic melonic tensor model is then introduced and shown to be
equivalent to a multi-matrix model. Using the mentioned tools, I make an analysis of this
matrix model. The main results are stated and proved in Sect[I.5]and Sect[T.6

The second chapter collects some well-known material about symmetric functions that
will be used in the next two chapters. It also serves the purpose of fixing many notations.
In particular, the Schur polynomials, and their famous two-parameter deformation, the
Macdonald polynomials are discussed.

The subject of the third chapter is Hurwitz numbers. First, I recall some familiar
facts about the symmetric groups. The general Hurwitz numbers are defined in a com-
binatorial (and algebraic) way, and shown to count ramified coverings of Riemann sur-
faces. Then, I review some connections between (certain classes of) Hurwitz numbers and
integrable equations, moduli spaces of curves, matrix models and the Chekhov-Eynard-
Orantin topological recursion. Subsequently, in Sec[3.8] I define the double Hurwitz num-
bers with completed cycles. In fact, the special case of one-part double Hurwitz numbers
with completed 3-cycles will be studied in detail. In the last two sections, I present my
own contributions: an explicit formula for these particular numbers and some interesting
implications.

In the fourth and last chapter, I study Littlewood identities. First, I define the Koorn-
winder polynomials and recall some of their essential properties. Second, I define the
virtual Koornwinder integrals, which are the main technical tools. The known evaluations
of these integrals are stated. Third, I review the new bounded Littlewood identities dis-
covered by Rains and Warnaar. Finally, in the last section, I present a full proof of an
extension of one of these identities and some partial progresses towards another case.

The appendices contain some complementary materials on technical results used in
this thesis.
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0.1 Tensor models

The first part of this thesis is about tensor models, which were introduced in physics
as an approach to the fundamental problem of quantum gravity in arbitrary dimensions
[4,80]. Since the emphasis in the main text is their mathematical aspects, let us in this
introduction discuss their physics. As it is well known, the two pillars of modern physics
are quantum mechanics and Einstein’s general theory of relativity . While quantum me-
chanics governs the physical universe at small scales, general relativity governs it at large
scales. Both of them have been extensively confirmed by experiments. However, they
seem to contradict each other. Indeed, no one has been able to combine them into a sin-
gle consistent framework (while the combination of quantum mechanics and Einstein’s
special theory of relativity was a tremendous success). This is the problem of quantum
gravity.

Quantum mechanics carries the message that the physical world is inherently random.
The word "inherently" is crucial: the phenomena do not just appear random to us because
we lack information, they are random by nature. General relativity carries another mes-
sage, that the physical world is geometric: the stress-energy tensor equals a combination
of the Ricci tensor and the metric tensor. It then becomes natural to approach quantum
gravity via "random geometry". Not only the particles are behaving randomly, the space-
time itself can be random. Besides, not only matter is discrete, but space-time could also
not be smooth as it apparently appears. In other words, one wants a theory of a quantum
particle in a quantum space-time, if one is ready to take the language that far.

Among many problems, one is that it is already difficult to define what random ge-
ometry means. There may be not a canonical answer to that question. Indeed, at the
moment, the researchers pursue many different definitions. Tensor models give an ap-
proach. A good account of the state of the art can be found, for example, in [41,/79]]. The
fundamental idea is discretization of geometric "spaces" (I want to avoid the mathemat-
ical word "manifolds" because physicists also consider geometric objects which are not
manifolds in the mathematical sense). For example, in two dimensions, one can ask if one
glues randomly the triangles along the edges, what type of surfaces one will obtain at the
end? The same question is posed for higher dimensions.

Mathematically, a tensor model is an integral over the space of tensors. Ultimately it
is just a multiple (real or complex) integral. The main question concerning such integrals
is their behavior in the limit N — oo, where NNV is the dimension of the underlying vector
spaces (suppose that all the spaces involved are of the same dimension). More specifically,
the model considered in this thesis is called guartic melonic model. All the definitions
and notations will be explained in the main text. Let us here resume the main results.

The quartic melonic tensor model is defined by the following measure (Def[T.4.6):

D-1
dvp = —— exp {NQ (T~T)] dpr,



In particular, we want to study the partition function

1 1 Ao — _
Zp=— [ d NP (T -TY+2> T-:T)-.(T-:T
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Here, T - T and T -; T are certain sums over repeated indices of the tensors. Introducing
the intermediate Hermitian matrix fields, we can write Z; as a multi-matrix integral.
Technically, the transformation is via the Gaussian integral formula. Matrix integrals are
special cases of tensor integrals, and much more well studied. It turns out that the obtained
matrix model is very interesting on its own. The observables of the two models are related
explicitly via the Hermite polynomials in Thm[T.4.2]

Then the main result concerns the matrix model (Thm/[I.5.T]):

ND=L X
2 4

Y (T:T)o(T-T)

Theorem 0.1.1. The eigenvalue resolvent W.(x) of a matrix of any color ¢ € [1, D]
expands, up to next-to-leading order, as:

Wc(x)zxia+¢%(1—a2)(xi1/x2—ﬁ)+o<NDz‘2>. (1)

This is equivalent to the following statements concerning the "generalized" eigenval-
ues (the meaning of the word "generalized" will be clear in the main text). In the limit
N — oo, the eigenvalues of each matrix M () collapse to a point a € C in the leading
order, and are distributed with respect to the Wigner semi-circle law in the next-to-leading
order. However, as it will be explicitly mentioned and explained, my collaborators and I
have not succeeded in proving that the saddle point method used to derive this result is
rigorous. However, the final result is correct as an equivalent formulation of Thm][I.5.1]is
also made. It is Thm/[I.6.1] whose rigorous proof via the Schwinger-Dyson equations is
given:

Theorem 0.1.2. In the N — oo limit, the matrix resolvent Wc(z) satisfies
We(2)? = (1 — a®)zW,(2) — (1 —a?). (2)
One immediate corollary is the dominant (leading) order of Z (Cor. [1.5.2):

Corollary 0.1.3. The partition function Zr is given by:

2
Zp = cxprexp [ND (—DTO‘ —log (1+ iDom/)\/2>) +o (ND)} NG

where cy p \ is a certain constant.

In fact, the next-to-leading order behavior of the eigenvalues also give us the next
order inside the exponential of Z;. However, the expression is too cumbersome to be
recorded.
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0.2 Hurwitz numbers

The objects of the second part of the thesis are Hurwitz numbers, introduced by Hur-
witz in 1891 [46,47]]. They count automorphism classes of branched covers of Riemann
surfaces. Equivalently, Hurwitz numbers count the number of ways a permutation can be
factorized into others under certain constraints. This in turn implies formulas for them
which contain the irreducible characters of the symmetric groups. In this thesis, I will
start with the algebraic definition and show that the geometric interpretation holds.

It turns out the Hurwitz numbers are connected with a host of domains of contem-
porary mathematics. In the main text, I will discuss their connection with matrix mod-
els [13]], integrable systems [[72], moduli spaces of complex curves [29]] and the topologi-
cal recursion of Chekhov-Eynard-Orantin [32].

The direction that I pursue is to find explicit formulas. My main contribution is an
explicit formula for one-part Hurwitz numbers with completed 3-cycles (Thm/[3.9.1) (the
notations will be explained in the main text):

Theorem 0.2.1. Given g > 0, d > 0, let 3 be a partition of odd length of d and s be an
integer such that 2s = 2g — 1 + [((). Then we have:

o) _ slds—1 i (25 — 2h)! 2 [22(g_h)] H (sinh(iz/Q))Ci @

(). 25 £ hl(s — h)l12h o iz/2
sld*t G~ (25 — 2h)! 2 £9rSox
— ==, 5
v i X e ®)

A-(g—

From this theorem, I also prove some corollaries. The first is the strong polynomiality
of one-part Hurwitz numbers with completed 3-cycles (Cor[3.10.1).

Corollary 0.2.2. H (gd’§2ﬁ), for fixed g, is a polynomial of the parts of 5 and satisfies the
strong polynomiality property, i.e. it is polynomial in 31, B, ... with highest and lowest
degrees respectively 3g + W and g + W

Secondly, I define and compute some "combinatorial Hodge integrals" to give some
clues and supports to the conjecture that an ELSV-type formula should exist for one-part
Hurwitz numbers with completed 3-cycles. I find that these combintorial Hodge integrals
satisfy a property similar to the A\, theorem of Faber and Pandharipande [35]]. It is the
content of Thm[3.10.2

Theorem 0.2.3. Forb,+...+0b, =g+ "T’l the lowest combinatorial Hodge integral is
given by:

4l
(- emtaly = (172, ) Con ©

with o1
c _ (29 +mn — 1)1 (2%~ 1)|B | )
T (2g)) (g4 5h) 2

Furthermore, I prove that the lowest degree combinatorial Hodge integrals satisfy the
string and dilaton equations (Thm/3.10.3):




Theorem 0.2.4. String equation: Forg > 0,n > 1,nodd, b,...,b, > 0,b1+...+b, =
g+

n

(1370, - - To, Nag))g = (29 + 1) Z<<Tb1 oy Thi—1Tbysy - - TouNog))g- (8)

=1

Dilaton equation: For g > 0,n > 1, nodd, by,...,b, >0, b1 +...+b, = g+ %5+
(minus here is not a misprint):

n-+1
2

((ToT1Tpy - - T, Nag))g = (29 + 1) (g + > ((Toy - - Tp, Nag)) g )

Here we assume that ((.))=0 if there is some T inside.

Finally, I deduce an explicit formula for the top degree combinatorial Hodge integrals

(Thm3.10.4).

Theorem 0.2.5. Forby,...,b, >0,b;+...+0b, =39+ "T_l, we have:
<(Tb1---Tbn>>

g n—1
(25 — 2h)! Sar oy P, g+t +2h
27 Tt a . 10
239+7l 1 Zh] [3h Z Z |Aut>\| <b1—al,---7bn_an ( )

A}_ g h‘ aEDgg 2h b

0.3 Koornwinder polynomials and Littlewood identities

As we will see, Hurwitz numbers are by definition intimately connected to symmetric
polynomials. The third and final object of my study is symmetric orthogonal polynomials
associated to the (classical) root systems. Specifically, I study the most general family for
the classical root systems, the Koornwinder BC),, symmetric polynomials.

Symmetric polynomials have a long history and remain among the main objects stud-
ied in algebraic combinatorics and representation theory. It was realized very early that
certain symmetric combinations of the zeros of a polynomial are given neatly by its coeffi-
cients. However, the most interesting symmetric polynomials were discovered later. They
are called Schur polynomials (although first appeared in Jacobi’s works [49]). The main
reason for the particular importance of Schur polynomials is that they occur naturally in
the representation of the symmetric groups, general linear groups, and unitary groups. For
example, they are the characters of finite-dimensional irreducible representations of the
general linear groups (this significant fact is due to Schur).

Schur polynomials satisfy a lot of remarkable algebraic and combinatorial properties,
some of which will be described in Chapter[2] There are many generalizations (deforma-
tions by one or many parameters) of Schur polynomials. The most important may be the
two parameter deformation defined by Macdonald in 1987 [[64]. The Macdonald poly-
nomials also generalize many famous polynomials such as those of Hall-Littlewood [62]
and Jack [48]].
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Macdonald observed further that his polynomials can be defined as orthogonal poly-
nomials with respect to a certain density attached to root systems, the original case cor-
responding to the root system of type A. So Macdonald generalized his construction to
all root systems [[63]] (he also defined non-symmetric versions). For the non-reduced root
system BC,,, the definition was first given by Koornwinder [58]], thus the polynomials
in this case are named BC,, Koornwinder polynomials. They are very general as all the
Macdonald polynomials associated to the non-exceptional root systems are specialization
of the Koornwinder polynomials.

Beside being important objects of study by themselves, these polynomials are con-
nected to many other significant topics such as double affine Hecke algebra [24], discrete
integrable systems [11},20], Hurwitz numbers [43], elliptic hypergeometric series and
identities [77]].

In this thesis, I am interested in Littlewood identities. A Littlewood identity is a de-
composition of a symmetric polynomial in the basis of Macdonald polynomials Py (; g, t) E],
in particular if the coefficients of this decomposition are reasonably explicit and compact.
The origin of my work is the paper [75] of Rains and Warnaar. They use new properties
of Koornwinder polynomials to prove several new bounded Littlewood identities. As it
will be explained in the main text, their identities are indexed by rectangular partitions or
half-partitions of maximal length. They conjecture some identities indexed by partitions
or half—partitionsE] of different shapes, in particular, near-rectangular ones. I present the
proof of one of their conjectured formulas, and partial progress towards another.

For example, Rains and Warnaar proved the following decomposition of a (C,,, B,,)
polynomialﬁ] indexed by rectangular partitions of maximal length (times a simple factor)
into Macdonald polynomials of type A (all the notations will be explained in the main
text):

Theorem 0.3.1. For x = (z1,...,x,), m a nonnegative integer and a a complex number,

Z aodd()\) ())\L;lm(q? t)P)\(X’ q, t) = (H xT(l —+ aajj)> PY(nCT:mBn) (X, q, t) qt)7 (1 1)
) =1

where odd(\) is the number of odd parts of \ and

1 — q2m—a’(s)+1tl’(s)

i?m(cb t) = b())\a<Q7 t) H 1— q2mfa’(s)tl’(8)+1 ’

SEA
a’(s) odd

Indeed, the polynomial in the right hand side is indexed by the maximal rectangular
partition m™ (if A is a partition whose length exceeds n then PﬁC"’B”) (x;q,t,qt) = 0). As
one can see, the coefficients are uniformly given by a reasonably compact expression.

My main result is the following extension to the case in which the polynomial is
indexed by near-rectangular partitions (ThmM4.4.5))

1. Without further specifications, Macdonald polynomials mean those attached to the root system of
type A.

2. A half-partition is a non-increasing finite sequence (a1, as, ...,a,) such that a; € {3,2,...} for
1<i<n.

3. As it will be explained, this polynomial is a specialization of an approriate Koornwinder polynomial.
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Theorem 0.3.2. For positive integers m, n and r an integer such that 0 < r < n, one has
Z B (0 O PA(T5 0, 1) = (21 2) " Pol) o (wig,tqt),  (12)
odd(,\)

where

1 — q2mfa/>\ (s)tllA (s)

())\amr(% )Z b())\u(%t) H

SEA/1T
al, (s)even

_ q2m—ai\ (s)—1 tl’)\ (s)+1

The previous theorem is the r = 0 case of this theorem. I also obtain some partial
results for the case (B, B,,) which will be presented in Subsec[4.4.3]

As applications, Rains and Warnaar show that their Littlewood identities, together
with the Weyl-Kac formula for the character of integrable highest-weight modules of
affine Lie algebras [53]] and hypergeometric identities associated to root systems, imply
new combinatorial character formulas. Under specialization of variables, these character
formulas become new Rogers-Ramanujan-type identities associated to affine Lie algebras.
They also conjecture many generalizations of their Littlewood identities. Studying these
questions is a future project of mine.
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Tensor models in mathematical physics

First, I will recall the necessary concepts and tools for matrix models. Then, I will
introduce the general framework of colored tensor models and define the quartic melonic
model that will be studied in detail. Using Gaussian integral formula, this model is trans-
formed to a multi-matrix model. With the help of well-known tools, I compute the first
two orders of the 1/N expansion of this matrix model. This in turn implies the corre-
sponding expansion of the tensor model. My new results are contained in Sec[I.5] and
Secll.6l

1.1 Introduction to matrix models

Before studying tensor models, we review its origin, matrix models for two reasons.
First, tensor models are direct generalizations of matrix models. Second, matrix models
have been more developed in the sense of that there are more tools and results. Indeed, in
this thesis, I translate a tensor model into a matrix model, and use tools for the latter to
obtain information about both of them.

To start with, matrix models are the name used by physicists for matrix integrals. A
matrix integral is simply an integral over a set of matrices. In the language of probability,
studying matrix integrals also means studying (particular classes of) random matrices.
Random matrices were first considered in statistics by Wishart [89]](the reader is invited
to consult the classic book by Mehta, one of the main contributors to the field [66]). Later,
physicists realized that matrix integrals could be used to investigate the two dimensional
case of quantum gravity (see for instance the survey [27] or the book [65]). Pursuing this
idea, tensor models were introduced to study quantum gravity in higher dimensions.

One of the most fascinating aspects of matrix integrals is that they are intimately
related to a whole range of important concepts of contemporary mathematics such as in-
tegrable hierarchies, enumerative geometry, orthogonal polynomials, intersection theory
of moduli spaces of complex curves, 2D topological field theories and Frobenius mani-

15



16 CHAPTER 1. TENSOR MODELS IN MATHEMATICAL PHYSICS

folds. Due to this universality, they might be named "special functions for 21st century".
Without trying to be exhaustive, I just want to direct the reader’s attention to a sample of
recent research [31/14,19,31]]. In another direction, random matrices are now a very active
topic in probability and applications. They pose challenging analytic and probabilistic
questions, and find a wide variety of applications in statistics, wireless communication,
statistical physics, and many other disciplines; see for instance [/1,5,92].

For this thesis, the most important tool is the 1//N expansion which was first observed
by ’t Hooft [85] (/V is the size of the matrices). It was a combinatorial observation based
on a fundamental concept in theoretical physics, namely Feynman diagrams. In subse-
quent developments, Feynman diagrams have invaded a significant part of mathematics
(even some domains which do not have direct connection with physics such as number
theory). This expansion enables elegant solutions to some difficult combinatorial and ge-
ometrical problems (for instance [7], [59, Chapter 3]). Computing the coefficients of the
1/N expansion is a problem which has led to important and surprising advances in many
other questions across mathematical physics, combinatorics and algebraic geometry.

The hope is that the same richness will be discovered in tensor models. However, at
the moment, despite many impressive advances, the corresponding analytic, algebraic and
combinatorial tools are still considerably less developed in the tensor models framework.

Finally, although not technically used in this thesis, I want to mention the two follow-
ing issues of matrix models whose corresponding versions for tensor models have been
the long term goal for this work.

The first is the widely open problem of studying the double (or more) scaling limits
of the models. This limit means letting the size of matrices tend to infinity and some
other parameters tend to certain critical values in keeping certain constraints between
them. In physics, the double scaling limit might provide a road to the non-perturbative
definition of string theory and thus has attracted activities from this area. In fact, physicists
have derived many results about this limit for various models using physical intuition and
arguments. Mathematicians have succeeded in proving many predictions of physicists,
but many physical results are still waiting for mathematical proofs.

The second is the Chekhov-Eynard-Orantin (CEO for short) topological recursion [33,
34]). Initially, this recursion of topological nature was found to solve certain classes of
matrix models. One now knows a handful of mathematical objects, some quite distant
to matrices at first look, which are governed by the same recurrence. The recurrence is
the same, only the initial data differ case by case! Our hope is that by solving tensor
models, we may someday discover some similar universal recurrences. Indeed, after this
work was done, Dartois et Bonzom [8] showed that the melonic quartic tensor model
considered in this thesis satisfies the blobbed topological recursion, a new extension of
the CEO recursion introduced by Borot [[17].
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1.2 A review of tools via specific models

In this chapter, given a (probability) measure dp and a function f, we denote the
expectation of f by

= [ fn

In physics language, such expectations are often called correlation functions or correla-
tors. I will often follow the physics terminology.

1.2.1 A prototypical matrix integral: Hermitian one-matrix integral
with polynomial potential

There is a natural measure on the space of N x N Hermitian matrices H  which is
invariant by conjugation:

N
dM = [JdMmy; [ dRMj)d(SMy,).
j=1 1<j<k<N

It is easily seen that a N x N Hermitian matrix M is uniquely parametrized by N? real
parameters

Let dyy be the following Gaussian measure on H

1
dpup

= — e 2 (M) gpr
— — 2
: ZOC

Y

where 7 is the constant such that duy; is a probability measure, i.e.

ZO:/ dM exp [—%Tr (MQ)]. (1.1)
HN

As it 1s well known, Gaussian integrals are the cornerstones of (perturbative) quantum
field theories. This is the reason for which this and other classes of integrals (measures)
were introduced in mathematical physics. In the case at hand, we want to study the
following integral:

1 1
Z[t, N] = —/ dM exp {—N (—Tr (M?) +Tr [V}(M)])} =: <6_NTY[V£(M)]> ,
Zo Hy 2 N KH
(1.2)
where t = (t1,1s,...,t,) for a fixed n € N is a set of parameters and

Vi(M) =Yt M".
k=1
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The parameters are chosen such that the integral converges. For example, we can assume
that n is even and ¢,, > 0. If the reader wants, she/he can assume that n = 4 and only 4
does not vanish. The function Z[t, N] is often called a partition function.

There are two approaches to study Z[t, N|. The first is the analytic approach in which
the first main question is about the global dependence on ¢, particularly in the limit N —
oo. Analytic questions are receiving much attention; however, in this work, I follow
the other route. I consider the integral as a formal integral. What this means is that I
essentially only try to compute the derivatives of the integral with respect to ¢ at ¢ = 0.
More generally, a formal identity of the form

00
formal k Em,
F(Zl,...,Zm) = E Fkl’m’kmz Loz /klll{}m'
ki,....km=

means simply

m(()) — Fkl,...,k:m .

1.2.2 1/N expansion

The most important result (although it has only been proved for a limited numbers
of models) that we will need is the 1/N expansion. It goes as follows. In the formal
interpretation, we have

formal = > 1 1 n n
2N 2N Y m(—m’w Fhaght | ghn <[Tr (MY T () >NH
k1=0 kn=0

(1.3)

Since Z[t, N| = 1 + O(t), we can define the free energy F'[t, N] = In Z|[t, N|, again as a
formal series in .

A surprising thing happens when F[t, N]| is considered as a series in N. Regrouping
the powers of /V order by order, we get

F[t, N] regroupingg)wers of N Z NQ_QgFg(D (14)

920

It is nontrivial that only the even powers N2~29 do not vanish. Such an expansion is called
a 1/N expansion. In this particular case, it is also aptly called a topological expansion,
with g playing the role of the genus of surfaces as explained below.

Notice that here, we have made two consecutive non-rigorous steps. First we ex-
changed the sum and the integral in (I.3)), and second we regrouped the powers of N in
(L.4). The interesting fact is that in this case, the final result is correct. That is the con-
tent of the following two theorems of Ercolani and McLaughlin [30]. The first theorem
justifies the asymptotic expansion.
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Theorem 1.2.1. [30] There is an open region U C R" containing 0, and Ny > 0, so
that fort € U and N > Ny, the N — oo asymptotic expansion

F[t, N] = N*Fy(t) + Fi(t) + N2 Fy(t) + ... (1.5)

holds true. The meaning of the expansion is that if terms up to order N2 are kept, the
error term is bounded by C'N ~*~2, where the constant C is independent of t for all t € U.
For each j, the function Fj(t) is an analytic function of the vector t in a neighborhood of
0. Moreover, the asymptotic expansion of the derivatives of F[t, N| can be calculated via
term-by-term differentiation of the above series.

The second theorem gives the following interpretation of F(t):

Theorem 1.2.2. [30] For g > 0, we have

1
ki>1
where my(ks, ..., ky,) is the number of maps of genus g with k; j-valent vertices for

j=1,...,n
Here, a map of genus g means a map on a surface of genus g.

Definition 1.2.1. A map M = (G, S) on a surface S is a graph G embedded in the surface
S such that if we cut S along the edges of G, all the pieces we get are homeomorphic to
the open disc D = {z € C, |z| < 1}.

The same phenomenon happens for many other matrix integrals. The proofs often
involve very technical analytic details. I do not try to survey the strongest results in this
direction; the interested reader can consult for instance the paper [15] in which strong
results are obtained via a delicate study of the Schwinger-Dyson equations. These equa-
tions, introduced below, are also important in my study. I will return to analytic issues
when we transform matrix integrals into ordinary multiple integrals for the eigenvalues.
What I am interested in is how to compute explicitly the expansion given its existence.

In general, the 1/N expansion of matrix integrals often counts interesting combinato-
rial and geometrical objects. In fact, many objects which seem totally unrelated to matri-
ces have been shown to be counted by (often ingenious) matrix integrals. The computation
of this expansion has led to many important results, one of which is the topological recur-
sion of Chekhov, Eynard and Orantin mentioned above. To be historically correct, Eynard
and Orantin put the solution of the Schwinger-Dyson equations in a universal form but
the solution had been obtained in important cases (but written in forms which obscured
its universal structure) in the works of Ambjorn, Chekhov, Jurkiewicz, Kristjansen and
Makeenko.

Let us discuss how we can compute Z|t, N] (in the formal sense). To make the dis-
cussion simple, yet retain the most essential points, suppose that n = 4 and only ¢, does
not vanish. Denote the partition function by Z[t4, N| for short. We have

00 k
Zts, N] f°2"‘1Zi0 (_T“) /H dM exp {—%Tr(z\ﬁ)} (Te(M*)*. (7
k=0 N
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We can identify Hy = RNQ, where M + (x1,...,xy2) suchthat zq, ... xy are My;
TNt1,--.,TN2 are JeMj,, My, (the order is not important here).
For M € Hy, one observes the following fact

N N
— Z M;;i M;; = Z i T2 Z (RMj)* + (SMj)?) = (Bz, z),

ij=1 i=1 1<j<k<N

where B = diagonal(1,...,1,2,...,2), where there are N entries equal to 1 and N2 — N
entries equal to 2. Thus the matrix integral is a Gaussian integral. Applying Eq.(B.1) in
the Appendix, one obtains

We also have

Lemma 1.2.3. For arbitrary indices i, j, k, [, we have
(M;j M) = 5i16jk- (1.8)

Now we can use the Wick formula [B.0.T] to compute any correlation functions of
interest. For example

(Te(MY)) = Z (M My Mg My;)
= Z k) (Mg Mug) + (M M) (M M) + (Miy M) (M Mya))

,7,k,l
1
=2N + —.
+N

The same approach can be used to compute more complicated correlation functions of the
form {(Tr (M?™))"), and eventually Z[t,, N|. However, this method cannot be carried
out very far in practice due to huge complexities as the power of 1/N grows. A more
efficient method is to transform the matrix integral into a multiple integral of eigenvalues
as follows.

Writing M = U~ DU where U is unitary and D = diag(\y, ..., Ay) and integrating
over the unitary group, one finds that Z[t, N| can be expressed in the eigenvalue variables
as (the proportional constant can be evaluated explicitly)

N N N
1
Z[t, N] /Hd)\iA({)\j})Zexp [—N (5 RS Vt(Aj)>] . (1.9
i=1 j=1 j=1
where A is the Vandermonde determinant:
A(Z‘l,...,fﬂn> = H (fﬂz—l’])
1<i<j<n

Then, one can use orthogonal polynomials to compute the integral on the right hand side.
This approach is very powerful for studying asymptotic behavior of this integral, see for
instance [[25,[26].
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1.2.3 Saddle Point Method

If we cannot compute all F, and Z,, we may set for ourselves the more modest goal
of computing the first few orders. Due to Eq.(1.9), one needs to study a multiple integral.
One basic tool to study the asymptotic of multiple integrals is the classical saddle point
method which is recalled in App|C]

The integral on the right hand side of Eq.(1.9) is nearly an integral of Laplace type.
The difference is that the number of variables is /N grows to infinity (by the way, the
parameter « in ThmJC.0.1equals NV in this case). The Laplace’s theorem does not work
in this situation. However, it can be used to get a quick understanding. Furthermore,
the results it gives are in many cases the right ones (this is true for the integral we are
considering and for the integral issued from the quartic melonic tensor model). Once one
gets the results, one may try to find a proof by other methods.

Let us apply the saddle point method for the integral on the right hand side of Eq.(1.9).
The integrand can be rewritten as exp (—N2S({\x})) where

St} = (ZA”Z% )—log(ij})Q)- (1.10)

In this case, the saddle point approximation gives the correct asymptotics. Thus one has
to look for the extremum of S({\x}). The equations for that are

1 1

=\, 1.11

0=yt ; N — /\ (11D
forv =1,..., N. These equations can be solved in the N — oo limit by introducing the
resolvent

e 1
w = —
(z) N ; T— N\

We have

1 1 1 1 1
W(r)* = — - — —W'(z).
CF=5 2 <x S - A) oy N@)

1<k,j<N
k]

The first term of the RHS can be computed from the saddle point equations, giving

N
2 Me V() 1
Wa@?=5> =5 &V @

k=1
Therefore
V() = Vi ()

1
W(z)?* =2(z + V/(z))W(z) — NW’ —2 + N (1.12)

The last term is a polynomial because V/ is a polynomial. At the leading order, the
second term of the right hand side of Eq(T.12)) can be discarded and the equation becomes
algebraic and solvable. We shall follow this strategy to compute the next-to-leading order
distribution of the matrix formulation of the quartic tensor model.
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1.2.4 Schwinger-Dyson Constraints (Equations)

Schwinger-Dyson constraints (or equations) are relations between correlation func-
tions coming from integration by parts. Simple idea as it may seem, these equations are
very powerful. In the subsequent section, I will use them to study the quartic melonic
tensor model. In a larger context, they are the starting point for the discovery of the
Chekhov-Eynard-Orantin topological recursion.

They are often derived from the fact the integration of a total derivative is zero (one
chooses the measures which satisfy this condition). Consider the following probability
measure on Hy (the Schwinger-Dyson equations are more cumbersome when written
with respect to the Gaussian measure)

1 1
dpg, = 7, P { N (§Tr (M?) + TrV}(M))} dM.

To keep the expressions compact, in this subsection, denote (f); simply by (f). With
proper assumptions about V;, we have

0= [ am 2

Zos S Man, {(M’““)ij exp (—N (%Tr(MQ)JrTth(M))ﬂ :

A simple manipulation of this equation gives

= %Z (Te(MO)Te(M*)) = (Te(M*2)) — (T (MMHV/(M))). (1.13)

=0

Define the connected resolvents by

1 1
Wiz, ..., z,) = <Tr M...Tr >C,

T — T, — M

Remark. For functions fi(M),..., f,(M), the number (f,(M)... fo(M)). is called a
Jjoint cumulant or a connected correlator. It is defined as follows

tkl tkn

Z : . fff">c = 10g<et1f1+--~+tnfn>_

Thus one has for example (f). = (f) and (fg). = (fg) — (f){9)-

Multiplying both sides of the equality (T.13)) for each value of k£ by x=*~2 and sum-
ming over k, we get

0=W(z,z)+ W) - (z+V/(x) W(z) — P(z), (1.14)

where P(x) is a polynomial. This is the first (lowest order) Schwinger-Dyson equation.
We can repeat the same trick by observing that

0= Z/ dMO, { M™), TrM™ . TeM™ exp [—N GTr (M?) + Tth(M))H .
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forevery ny, ..., ni. The manipulations are not too difficult, yielding the higher Schwinger-
Dyson equations

Wn+2($’x,1)—|—ZW1+|J|([E,J)W1+|[,J‘($,I—J)—|—2 ( ) ( )
=1

(9_5,51‘ r — T;
JCI
=N [(z+ V{(x)) Waia(z, 1) — Py(a;1)], (1.15)
where [ = (z1,...,x,) and P, is a polynomial.

At first sight, it seems impossible to solve these equations. However, under the hy-
pothesis that all the resolvents have 1/N expansion, it was shown that the coefficients of
these expansions can be computed by a simpler recursion called the topological recur-
sion. This is the important result of Chekhov, Eynard and Orantin [23,33]]. In fact, this
recursion works for more general matrix models; however one should know that in many
cases, the existence of the 1/N expansion has not been proven. Even more surprising
and important is the fact that this recursion is universal in some sense. It has been shown
to govern many combinatorial and geometric objects, several of which are not obviously
related to matrix models. Universality means different problems require different initial
conditions, but the recursion is basically always the same. Indeed, one motivation for our
work in tensor models is to see whether some new universal recursions can be discovered.

1.3 Introduction to tensor models in physics and combi-
natorics

In this and subsequent sections, I describe the general framework of tensor models
and study in details the quartic melonic model. My contributions, obtained with Dartois
and Eynard, are presented in Sec[I.5]and Sec[I.6] The results are published in [71].

Tensor models are generalization of matrix models. They were first studied in [4}/80]
in order to give a description of quantum gravity in dimension D > 2 as a field theory
of space-time (and not on space-time). Indeed, the field theory thus obtained generates
Feynman graphs that may have an interpretation as a D-dimensional space (but this space
is not a manifold in general).

Like in other quantum field theories, each of these graphs comes with a quantum
amplitude computed by the Feynman rules. Unfortunately, unlike the case of matrices,
these amplitudes turn out to be very difficult to handle analytically because of the lack
of tools and theoretical understanding of this new tensor world. In addition, it is a well
known fact that the geometry of three and higher dimensional spaces is considerably more
involved than the 2D geometry. This is the source of difficulties when one tries to give a
combinatorial and geometrical description of the theory.

To avoid these difficulties, colored tensor models were introduced by Gurau in 2011
[39]. Many seemingly unsolvable difficulties of the early tensor models can be overcome
in this setting. The most important issue solved by colored tensor models is the lack of
1/N expansion. Gurau [40] showed that colored tensor models possess 1/N expansion
and gave a combinatorial description of all the orders of this expansion. In contrast with
matrix models, this expansion is not topological. Indeed the parameter governing this
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expansion, called the degree, is not a topological invariant of the space corresponding to
the Feynman graph. This is expected since the topology of three dimensional spaces is
not simple. While the geometric interpretation of this parameter is still unclear, it can be
computed quite easily from the combinatorial description of the Feynman graphs.

Another important advantage of these new tensor models is that they enable a non-
ambiguous description of the observablesﬂ of the models [9]]. This allows leading as well
as next-to-leading orders computations. In fact, in our work, we recompute these orders
using matrix model techniques.

The tensor model which I will study is among the simplest ones. It is called the quartic
melonic model. It can be written equivalently as a multi-matrix model. The saddle point
equations and Schwinger-Dyson equations can then be used to study it.

The plan of our study of tensor models is as follows:

— Sec[I.4] introduces the general setting of colored tensor models. Then the quartic
melonic tensor model is defined and its matrix formulation is derived. We end
this section by establishing Thm[T.4.2] which gives a simple relation between the
observables of the tensor model and the associated matrix model.

— Sec[1.5]is devoted to saddle point computations of the eigenvalue distribution at
leading order and next-to-leading order (NLO).

— Sec/I.6|describes the Schwinger-Dyson equations, which are more suited for rigor-
ous computations. The results of Sec[I.5|are proved from these equations.

1.4 General framework of tensor models

In this section, I introduce the general framework of tensor models so that the reader
can appreciate their mathematical and physical significance. For more details, the reader
can consult for example the survey [79]] by Rivasseau, one of the main contributors to
this field. In this work, my collaborators and I transform the tensor model of focus into a
matrix model and entirely use matrix tools to analyze it.

1.4.1 Tensor invariants and generic 1-tensor models

We construct tensor models in a similar way to the construction of matrix models.
In almost every case, the integrand of a matrix model is constructed from the GL(N)
invariants of the matrices.

Consider a rank D tensor T and its complex conjugate 7', i.e., a tensor with complex
conjugated entries, once a particular choice of basis has been made. Thus 7" belongs
to the space V; ® --- ® Vp endowed with a Hermitian product and 7" belongs to the
canonical dual V}* ® --- ® V5. Here, Vi, ..., Vp are complex vector spaces. Fix a basis
of V1 ® --- ® Vp. Denote by T;,..;,, and Til...iD the components of 7" and T in this and
the dual basis. Require for simplicity that dim V; = N for all j.

1. An observable can be simply understood as an expectation value.
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Figure 1.1 — On the left the 4-colored fundamental melon. On the right, an example of a
3-colored melonic graph.

The tensor model should be invariant under the action of GL(V}) x --- x GL(Vp).
Let (g1,...,9p) € GL(V}) x --- x GL(Vp), denote by R(g;) the matrix representation

of g; on V;. The action of (g1, ..., gp) on the tensor T transforms it to:

T i, = R(91) i R(9D)jpip Tir-ipy- (1.16)
In the dual vector space, the action of (g1, ..., gp) on the tensor T is

_/ _ _ —

T]1]D = R(gl)]lil o R(gD)]DllDT’LlZD (1'17)

Here, and in the following, the repeated indices are summed. Thus all the polynomial
invariants are obtained by contracting the j* index of a 7" with the j** index of a T, in
which case all the R and R~' matrices cancel out. One obtains the tensor invariants as
TTTT---TT with a contraction pattern between them that respects the position. Such
invariants are often called trace invariants.

The index contraction patterns can be graphically represented by D-edge-colored bi-
partite graphs (hence the name colored tensor models).

Definition 1.4.1. A D-edge-colored bipartite graph is a graph with, say v black vertices
(standing for 7") and v white vertices (standing for T) such that only vertices of different
colors are connected by edges and exactly D edges of D different colors are attached to
each vertex.

The color of an edge indicates the position of the index being contracted. We draw
some examples of such graphs for D = 3 in Fig[I.1] The colors are indicated as numbers
along the edges.

Thus, the first graph corresponds to the invariant 75, ; 4Ti1.,_i , (remember that the re-
peated indices are summed), while the second graph corresponds to the following invari-
ant (see Fig[l.2] the example is intentionally complicated to illustrate that the graphical
representation is quite efficient to encode cumbersome algebraic expressions)

T; T T T T

J11273 Tj1 kojs Ti1 lals T??u lals Tm kons Tmpzps TQ1P2P3 TQ1 q2n3 Tmu]zis :

T;

11213

Note that until now, D-edge-colored bipartite graphs only serve the purpose of being
alternative encoding of tensor invariants which will appear in the definition of tensor
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Figure 1.2 — The second graph of Fig[I.T| with explicit indices.

models. The interesting and important fact is that the Feynman diagrams which encode
the 1/N expansion of colored tensor models are also D-edge-colored bipartite graphs.
Thus, the combinatorics of colored tensor models is the combinatorics of these graphs.
The two most important notions concerning these graphs are the jackets and the degree.
Since combinatorics is not the tool that I will use, I will only record here the formal
definitions without trying to clarify many associated conceptual and technical issues. The
definitions look quite abstract and unmotivated without deeper insights. The interested
reader is invited to consult the original paper [40].

Definition 1.4.2. Let 7 be cyclic permutation of D colors. A colored jacket J(7) is an
edge-colored ribbon graph associated to a D-colored graph G with as 1-skeleton the graph
G and with faces made of graph cycles of colors (7%(1), 79%1(1)), modulo the orientation
of the cycle (i.e. 7! leads to the same jacket).

As such there are @ jackets for a D-edge-colored graph. Each jacket 7 leads to a
cellular decomposition of a surface and thus comes with a genus g 7.

Definition 1.4.3. The degree w(G) of a colored graph G is defined as

w(G) =) 97, (1.18)
7@)

where the sum runs over all jackets associated to the graph.

Remark. For D = 2 (matrix case), the degree reduces to the genus of the only jacket
associated to the graph.

Now we can give a definition of tensor models. Denote by du the following measure
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The domain of integration is R*V? unless explicitly mentioned otherwise. Tensor models
are integrals of the following type

Definition 1.4.4. A D-dimensional tensor model is defined by the partition function:
Z[N, {ts}] = / dpur exp(—NDfl SN T B BT, T)), (1.19)
B

where B runs over certain D-colored graphs indexing the invariants. The ¢z are the cou-
pling constants; the one corresponding to the only invariant of order 2 is often fixed to
1/2. The number B(7T,T') is the invariant of 7" and 7" indexed by the graph B.

Remark. In this thesis, studying a model given by a partition function means firstly study-
ing the derivatives of the partition functions with respect to the coupling constants at 0.
As one can see immediately, it is equivalent to the problem of studying moments of a
certain measure (not always a probability measure).

Definition 1.4.5. A D-colored graph G is said to be melonic if and only if w(G) = 0.

In exact analogy with the matrix models case, the integral (I.19) can be interpreted
as a sum over certain Feynman diagrams. These Feynman diagrams are discretisation
of D-dimensional "pseudo-manifolds" [79]. It is for this reason that tensor models were
introduced to study random geometries and quantum gravity in arbitrary dimensions. The
interested reader is invited to consult the literature for more details. I just want to make
the following comment. The Feynman diagrams for colored tensor models are also D-
edge-colored bipartite graphs. It is proved in [40] that the 1/N expansion is ordered by
the degree of the Feynman graphs: the smaller the degree of a Feynman graph, the more
dominant it is. In other words, the degree plays the same role for tensor models as the
genus plays for matrix models.

1.4.2 Quartic melonic tensor models and intermediate field represen-
tation.

The specific model that I am going to study is the quartic melonic tensor model in
D dimension. The adjective "melonic" indicates that we choose as interaction terms the
simplest ones, i.e., represented by melonic D-colored graphs such as those in Fig. [I.1]

In order to write the model, let us introduce some notations. Denoteby C = {1,..., D}
the set of colors. We write 7" - T for the contraction of all the indices of T with all the
indices of 7. We also introduce the following partial scalar product between T’ and 7.
For Y C C, we denote by T -y 1" the contraction of indices of T and T which belong to V.
Moreover we denote )> = C — ). If Y contains one element, we denote it by its element
for simplicity.

2. Do not confuse Feynman graphs and graphs indexing the invariants in the definition of the models
although both of them are D-edge-colored bipartite graphs!
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i+ 1 i—1 i—1 i+1 1+1 1+1

Figure 1.3 — On the left: one of the interaction term. On the right: its splitting with the
intermediate matrix field M ) of color i (the image is just suggestive and does not contain
any "hidden" meaning).

Definition 1.4.6. Let \ be a positive real number. The quartic melonic tensor measure is
defined as follows

D
dvp = Zi exp [—NDl <%(T T + % Z(T o T) o (T ¢ T)) dpr,  (1.20)

T,0

c=1

where

ND—l_
Zro = /d,uT exp (— 5 T- T) . (1.21)

The quartic interaction term (the term following \) is represented graphically in Fig]I.3]
For any reasonable function f(7"), denote the corresponding correlator by (f)r. Of par-
ticular interest is the partition function of the quartic melonic model

ZT = ZT(N, )\) = <1>T

1 _ 1 — A D o B
:E d,uTeXp[—ND 1(—(T'T>+_Z(T'6T) 'c(T-aT)> . (1.22)

c=1

where A is a positive real number (the coupling constant).

Now we will write Z7 in terms of a matrix integral. For each color ¢ € C, we introduce
an intermediate Hermitian matrix field M(® to split the interaction terms (T-;T)-o(T-:T).
This is pictured on the right hand side of Fig. [I.3|(note that the image is just suggestive
and does not contain any "deeper" meaning). This allows us to construct a matrix model
that is equivalent to the tensor model under consideration; equivalent in the sense that all
correlation functions of the two models match.
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Technically, we use the following case of the Gaussian integral formula:

exp(~NP AT 1) (T 7))

~ ND—l
:C'N,D,,\/ dM@ exp [— 5 Tr ]\4(c \/7ND 1Tlr T T)M(C))
HN
(1.23)

where C~'N7 p,x 18 a constant, ¢ is the imaginary unit, and fHN dM'© is the integral over
Hermitian matrices as before.

Rewriting the tensor model using this representation of the interaction term, we get
the mixed form of the partition function:

_ CND)\/ / M(c
Z10 HN)D
NDP-1_ A
— T(1®P \/j T
9 ( +1 5 ;Mc)

where we have introduced the notation M, = 1201 @ M & 19(°=9 for any
c=1,...,D. The symbol ® denotes the Kronecker product. For our purpose, we will
only need the following property of this product.

D
exp [—%ZTr(Mi)] . (1.24)
c=1

Lemma 1.4.1. Suppose that A and B are two square matrices of size m and n respec-
tively. Let A1, ..., \,, be the eigenvalues of A and 1, . .., i, be those of B. Then the
eigenvalues of A x B are

)\Z-,uj, z:l,,m,jzl,n
It follows that
Tr(A® B) =TrA-TrB and det(A® B) = (det A)™(det B)".

Integrating out the 7" and 7”’s (using again the Gaussian integral formula), we obtain
the matrix form of Zp:

ZTZCN,D,A/ HdM det‘1<ll®D+ A/ ZM)
(Hn)P
1 D
X exp (-5 ZTr(Mi)), (1.25)
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where Cy p is a constant. This is the intermediate field representation of the T4
melonic tensor model.

Definition 1.4.7. The corresponding matrix model measure is defined to be

D D D
dl/M = CN,D,)\ H dM(C) det -1 <1®D + i\/ /\/2 Z Mc) exp <_% Z TI(M?))) '
c=1 c=1 c=1

(1.26)

For a reasonable function f (M WM (D)), denote by (f)as the corresponding
matrix correlator. The relation between the tensor and matrix correlators is given in the
following

Theorem 1.4.2. We have:

(Tt (0,)°),. = (2%_) (TrH, (M©)), (1.27)

and

(1 (o)) = <Ter (%@» , (1.28)

where O, = (T -z T) is a matrix, and H,, is the Hermite polynomial of order p.

Proof. Consider the mixed matrix-tensor representation One can write (Tr(O2)) as

(N—W) (1r(6R))

27

C D 1
=MD / d / dM@ (—- Tr(M?
= wr exp r(M3)) | X
Zo <HN>DH 2;
ap NDfl_ oD . \ D
(aMstQaM;;zs---aM;;zl exP(‘ A GO

with the convention that repeated indices are summed. Via integration by parts, one gets

(‘ZN VN 2) (TH(en))

2

C NP D
=( ND/\/d/LT/ HdM exp(—TT<]l®D+z )\/2ZMd)T>><
(Hy)P d=1
0 1 &
exp| —= Tr(M? )
(e, vz, (13m0 )
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Recall the definition of Hermite polynomials H,(z) = (—1)? exp(%) peT exp(—%) This
leads to:

<_iND_21 /\/2> (Te(O2))r = NPP D (H, (M) u

which simplifies to the first claimed equation. For the second equation it suffices to use the
Weierstrass transform. It is defined as the linear operator sending a monomial of degree
n to the corresponding Hermite polynomial /,,. Explicitly we have:

2
H,(z) = e T2 Vo € R.

Inverting the operator and using the property of Hermite polynomials - H,,(z) = nH,_;(z)
we get:

[n

\

o i n!

T (0 oy nee():

>
Il

0
This can be used to obtain:

[n/2]

e\ 1 n! VA o n—2k
<Tr (M) >M:]§4_k(n 2k) k! (21\/_> (IO

(e~ (m (o (552)),

So this Theorem helps us to transit easily between the two models. This is the equiv-
alence between the two models that I have mentioned.

hence

]

1.5 Saddle Point Equation of the Matrix Model

Although we could not prove that the saddle point method is rigorous for our problem,
it can give us a quick glimpse of the final results. In our case, it actually gives the correct
answer, as we will prove the results by the rigorous Schwinger-Dyson equations in the
next section. Without the results obtained by the saddle point method, it is difficult to
guess how to solve the Schwinger-Dyson equations. In the next two subsections, I am
going to carry out the saddle point computations for the leading and next-to-leading orders
of the eigenvalues of the matrices M (). In order to state the main result, let us prepare
some notations.
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For 1 < ¢ < D, denote the eigenvalues of M (©) by /\§-c), 7 =1,..., N. First we write
the matrix model (1.23) in terms of eigenvalues.

D N “ ND-1 B N )2
Z — CN7D7)‘/IRNDHHd>\jC exp(— 9 ZZ </\jc> )

c=1 j=1 c=1 j=1

N
D () HA({)‘§'C)}]‘:1--‘N>2, (1.29)

1
{jcll}_[c—lmD 1+ \% )\/2 Zczl je c=1

where cy p ) is a constant (which can be computed explicitly, though we do not need
that). This can be rewritten as:

D N
Z = expa /U TTT o exp (—NDS ({Agﬂ};z};;;g)) , (1.30)

e=1j=1
where
1 e 2 1 <
S(YTR) = =50 oo () + gl [ TT A }j1~~-N)2]
=1 j=1 . e=1 1

In the integral (T.30), we have changed the domain of integration RV” to a complex
domain U which contains the extremum of S. This is possible thank to the Cauchy theo-
rem. The )\E-C) are then not the eigenvalues of A/(® anymore. We will however call them
"generalized" eigenvalues.

Remark. With this change of the domain of integration, the physical meaning of each
term of S is well known. As usual, we have the Coulomb potential coming from the
Vandermonde determinant which separates the "generalized" eigenvalues away from each
other. The tensor product interaction between the different matrices leads to an interaction

term that pushes all the "generalized" eigenvalues towards z\/g Finally the Gaussian

term attracts all the "generalized" eigenvalues to zero.

Denote by {)\g-c)*}gjjjﬁ the critical point of S <{)\§C) }jjﬁ:jﬁ) (under the hypothesis
that S has a unique critical point).

Definition 1.5.1. For each color c, the corresponding eigenvalue resolvent W, is defined
as

Then the main result is



1.5. SADDLE POINT EQUATION OF THE MATRIX MODEL 33

Theorem 1.5.1. The eigenvalue resolvent W.(x) of a matrix of any color ¢ € [1, D]
expands, up to next-to-leading order, as:

1 1 1 D—2
We(x) = p— + \/W(l —a2)<xi- x? — m) —|—0(NT> , (1.32)

_ —1++/1+2DA
2iD\/N/2

In particular, W, does not depend on c up to the first two orders

The two next subsections are spent to derive this result.

1.5.1 Leading Order (LO) 1/N Computation

To keep the writing reasonably neat, since now, denote )\gc)* simply by )\gc) (we will
not need to use )\(C with the meaning of being integration variables so it is hoped that
no confusion W111 arise). The saddle point equations are given by -2 (C) = 0 for (k,c) €

[1, N] x [1, D]. Thus we obtain the following equations:

0=—- (1.33)

A9 1 1
= - = _|_ R _
D c c b
N T NP T Al =\l {J,,Zl}# i/AL2( + Zlgblch D)

Suppose that the eigenvalues can be expanded in the powers of N in the large N
limit. The expansion of the eigenvalues in the powers of N coming from the tensor model
scaling can be very different from that of matrix models. Since we do not know how to
solve these equations exactly, we make some hypotheses. First we see that the equations
are symmetric under the permutations of the color index c. This indicates that the saddle
point might obey )\5:) = )\,(Cd) forany c,d = 1---D. So we postulate this property. With
this in mind the equations rewrite:

0— A( Z VAR i )
D 1<l<N )\(C) )\(C ND {j'rzl}rzlymyD_l 1 + N(A(C) + ZD ! )\(c )

Tk
(1.34)

Assume the following Ansatz concerning the expansion of the eigenvalues )\gf) in
1/N:
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In fact, this Ansatz will give us reasonable results, although I do not claim that this is the
only possible expansion (but I have tried many). Under this assumption, the first and third
terms of the right hand side are leading whereas the second term is a sub-leading O(ﬁ)
term, by a simple counting argument.

First we compute )\](52) = [ (which do not depend either on k or ¢ because the formula-
tion of the matrix model in terms of eigenvalues is totally symmetric with respect to their
exchange). As just discussed, we can neglect the second term in Eq. and obtain:

5, —LEVITIDA
T 2D A2

We have to choose the '+’ root in order to get a finite limit when A — 0. This is « in
Thm|[I.5.1] Note that since we changed the domain of integration, the fact that « is com-
plex is not contradictory, i.e. /\,(:) are no longer interpreted as eigenvalues of Hermitian
matrices M (). In resume, the term ﬁ in W,(x) is explained.

The immediate consequence is

(1.35)

Corollary 1.5.2. The partition function Zr is given by:

2
Zr = cn.prexp [ND (—DTO‘ —log (1 + iDom/)\/2>> Yo (ND)] (1.36)

We also get the 2-point function of the tensor model.

Corollary 1.5.3. The 2-point function G2(X\) = ~(T - T)r is given in the N — oo limit
by:

. .1 2iv/2 2
Jim Go() = lim S(T0)r =~ a = 5 (—1 VI 2D>\) . (137

Proof. Recall the relation in Thm|[I.4.2]

(Tr(02))r = (@f) (Te(Hy(M)))ar.

In the N — oo limit, we can compute (Tr(M()),, at the saddle point approximation as
>_;Aj = Na. Since H(z) = z, we get

2i\/2

Na.
VA

(Tr(8c))r =

Remark. Tt is also feasible to compute the leading order of all the Tr(©PF).
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1.5.2 Next-to-Leading Order (NLO) Computation.

In this section, we want to compute )\,(:)1. In particular we see that it has interesting
e : . . by
"statistical distribution" properties. Inserting the expansion )\,(f) =a+ \/% +O(5p=)

in Eq. [1.34] we get, forevery k =1,..., N,

0=2 4 oy 2 3 L (1.38)
N \/ND \/NDH 1<IKN )‘1(:)1 - )‘1(61)
£k
i/ N2 al i/ N2
e .
N {jr=1}r=1.. (Agl + ZD 1/\ 1+ O(l/ND—2)>

Keeping the dominant terms, we obtain

N

NG 2 2 1 o*(D —1) ©
0=XN101-0a%) -5 > @ T N > A9 (1.39)
1§l;l£§k:N k1T AN {jr=1}r=1,... D_1

By antisymmetry of the Vandermonde factor, summing over k gives

N

0=(1-Da Z)‘l(:1z>z)‘§:1:

k=1 k=1

Thus the third term of the right hand side of the Eq. (1.39)) vanishes. We therefore obtain:

_aep@ o2y b
(1=a)Ni -5 Do @ =0 (1.40)
1§l7l£§kN k1 1,1

which is the well known equation determining the critical point of the action for the GUE
ensemble and describing the large /N limit of the Wigner’s semi-circle law. In order to
solve it, we introduce the (colored) resolvent for the NLO eigenvalues

1
:NZ

C
k=1 T — >‘,

)’
k,1

As it is done in Subsec[T.2.3] Eq.(1.40) becomes

V(e = (1 - a))(aVile) — 1)~ $ Vi)

In the N — oo limit, the second term of the right hand side is subleading and can be
discarded. Hence the last equation becomes quadratic:

Vo(z)? = (1 — ®)(2Ve(x) — 1), (1.41)
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and has the following solutions

Ver(z) = (1 -a?) (:c 422 — ﬁ) (1.42)

The correct answer is the one with the minus sign because of the behavior of V() at the
limit x — oo, and we denote it simply by V.. This explains the second term in W, (z).

Remark. One notices that the NLO term for the 2-point function vanishes in this context.
Indeed the resolvent is the generating function of the traces of the matrix and the term in
front of 1/ is vanishing in the expansion of W, (z).

1.6 Schwinger-Dyson Equations.

In this section, we use the Schwinger-Dyson equations to give a rigorous proof of an
equivalent result to Thm@ In order to state the result, we need some new notations.

As suggested by the above study, we will consider the loop equations in terms of new
renormalized variables /(¢ defined by

M© =al +

In fact the previous study showed that in the N — oo limit, all the "eigenvalues" collapse
to a point o and the next to leading order term follows a distribution which is more regular

for a matrix model. The partition function Z; can be written in the following form:

D D 12
_ () -1 ®D . - 2

Zr = Cnpax /(HN)D EdM det <Il —|—z\//\/22/\/lc> exp( 5 ZTr(/\/lc))

_CNDA/HN HdM exp(——ZTr Trlog<1®D+z\/_ZM)>.

c=1

(1.43)
In the new matrix variables, it becomes
exp 5
Zr =CNpr»—cr 5 Hd]\/[ exp[——ZTrM —aN?% ZTrM
(Hn)P
. A ~
—Trlog((l—i—zx/)\/Zoz)Il@D—i-z WZMC”
c=1
(1.44)

with the obvious extension of the previous notation: M, = 191 @ M, @ 19(P~9), For
simplicity, and because no confusion can arise, let us denote the correlators according to
the M measure simply by (-).
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Definition 1.6.1. For each color ¢, define the matrix resolvent

We.(z) = % <Tr (ﬁ) > :
Then we have the following equivalent to Thm[I.5.T]
Theorem 1.6.1. In the N — oo limit,
Wo(2)? = (1 —a®)zW,(2) — (1 —a?). (1.45)
In other words, W, satisfies the same Eq.(??) as V..

Proof. First, we construct the Schwinger-Dyson equations in terms of the M’s matrices.
Forc=1,..., D and for every positive integer £, it follows from
N

0= Z:/ HdM(d [(M(C))fj eXp{—giTer

ij=17 (HN)P G4 d=1

—aN? Z TrMy — Trlog <1®D N(D 2)/2 Z Md) H

d=1

0= <:Tr <M(C)>nTr <M<C>)“">
- N <Tr <M<C>>k+l> —aN? <Tr (M(C))k>
(Sl B (o)) T ()

{¢:}i=1..D i#c
> i 4i=p
The third term cancels with the p = 0 term of the last sum and gives us the Schwinger-
Dyson equations which are constraints between correlators

0= <§Tr (M(C)>nTr <M<C>)k_1_"> N <Tr <M<c>)k“>
(Sl £ (7)) T (),

p=21 {¢i}i=1...0 i#c
> 4=p
(1.46)

In the sum of the Eq.(1.46)), the only leading term in the N — oo limit is the p = 1 term.
In this limit, the relevant equations read:

k-1 i -  en
O:<;Tr <M< ) Tr (M< >> >—N<Tr (M< >> >
+a®N <Tr (M(C>)k+1> +a?y <Tr (M@)k TrM<J')> . (1.47)

jte
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In the limit N — oo, the correlators factorize. It means that for [ # m

<Tr (210 <M<m>>t> = (e (310)") <Tr (M<m>)t> +0 (N-(P-2)  (148)

This factorization property can be proved by looking at the Feynman graphs of the
model Let us compute the contribution of a Feynman graph G. Let E, ',V be
respectively the number of edges, faces and vertices of GG. It can be easily seen that the
edges contribute as N %, and the faces contribute as N*'.

The contribution of the vertices is more involved. Expanding the potential we no-
tice that the linear term of the expansion vanishes with the term a/NV T D TrM,. The
remaining term of the expansion can be represented as vertices of Feynman graphs that
are themselves made of k fat vertices of different colors ¢ € S C [1, D], |S| = k for
1 < k < D. Each fat vertex of color c is of valence p. > 2. Each of this vertex comes
with a factor N >3~ X Pet(D=k) (where D > 3).

Since we are interested in the N — oo limit we focus on graphs that are made out of
"leading" vertices. These are the ones for which £ = 1 and p := p. = 2 for a given c. The
factor coming with these vertices is [V, it is the usual scaling for matrix models. One can
extend the argument for p > 2 and find the scaling for such graphs G with E edges, I
faces and V' vertices is

NF-E+Y,ccl2=D)+(py—2) 252 +(D-1)] _ p\x(G)—(D=2)(E-V) 7

with y(G) the Euler characteristic of G. The leading graphs are thus the ones for which
(E — V) vanishes and y is maximum. Finally this scaling favors at leading order discon-
nected contributions maximizing x(G). Thus the observables factorize as above.

The Eq.(I.47) becomes thus

o= (B me) o))
N <Tr <M(C)>k+1> +a’}, <Tf (M(C)>k> <TrM(j)> . (149)

J#c

Because of the symmetry, we have (Tr(M()) = 0 for every c. Therefore Eq.(T.49)
becomes

k—1

0= <Tr (319) " 7 <M<C>>“"> —N(1-a?) <Tr (M<C>)k“> . (1.50)

n=0

Summing Eq over k weighted with z* and applying the same manipulation tricks as
in Subsecl[I.5.2] we obtain the desired claim. Thus we have completed the proof of the
results obtained by saddle point computations.

]
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1.7 Conclusion and perspective

In this chapter, I have presented the computation of the leading and next-to-leading
orders of the quartic melonic tensor model via techniques from matrix models. The natu-
ral next step is to compute all the subsequent orders, and/or to show that they satisfy some
structural properties. Indeed, Bonzom and Dartois [8|] have developed further this tensor-
matrix interplay initiated in this work and proved that the all-order correlation functions
of the quartic melonic tensor model satisfy the blobbed topological recursion defined by
Borot [12]]. Are more general tensor models also linked to the topological recursion? This
is a question for the future.






Symmetric functions

This chapter serves the purpose of recalling well-known facts and fixing notations
about partitions and symmetric functions. Most of the material is taken from the classic
book of Macdonald [64]. The reader can go directly to the next two chapters for new
results.

2.1 Partitions

A (half-)partition ) is a sequence of non-increasing positive (half-)integers containing
only finitely many non-zero terms. To simplify the writing, we will only discuss partitions
if the analogues for half-partitions are obvious.

Let A = (A1, A, ...) be a partition. The length of )\, denoted by [()\), is the number
of non-zero terms. The weight of A\, denoted by |\|, is the sum of its part. We say A is a
partition of | A| and denote this by A - |\|. We identify two sequences which differ only by
a string of zeros at the end. Denote the set of partitions of n by P,,, and let P = U,,>(P,,.

Another convenient way to write the partition A is A\ = (1™12™2...) which says
that exactly m,; parts are equal to 7. A partition can be visually represented by a Young
diagram (also called Ferrer diagram by some authors) (for example Fig[2.T). We identify
a partition and its diagram. The coordinate (7, j) of the boxes follows the same convention
as with matrices.

The conjugate of ) is the partition A’ whose the diagram is obtained by reflection in
the main diagonal. For example, if A = (4,3,2) then ' = (3,3,2,1).

If A and p are partitions, we write A O pu if \; > pu; for all + > 1, i.e. the diagram A
contains the diagram p. The set-theoretic difference # = A\ — p, more often denoted by
A/, is called a skew diagram.

A skew diagram 6 is called a horizontal m-strip (resp. a vertical m-strip) if |0] = m
and 0; < 1 (resp. 6; < 1) for all ¢« > 1. In other words, a horizontal (resp. vertical) strip
has at most one square in each column (resp. row).

41



42

CHAPTER 2. SYMMETRIC FUNCTIONS

Figure 2.1 — Young diagram A\ = (4, 3, 2)

113]4]7]
2519
6]8

Figure 2.2 — A standard tableau of shape (4, 3, 2).

For a diagram A, a tableau of shape ) is obtained by filling the squares of A\ with
symbols taken from some alphabet. In this thesis, the alphabet is always taken to be the
set of integers from 1 to |\|. A semi-standard tableau of shape ) is a tableau of shape
A such that the entries increase weakly along each row and strictly along each column.
A standard tableau is a semi-standard tableau such that each number 1,2, ..., |)\| appears
exactly once (for example Fig[2.2).

Further definitions on partitions/diagrams are listed below. Let A and p be parti-
tions/diagrams.

1.

A

Wedefine p < Nif g + -+ +p; < A\ +---+ N foralli > 1. If p < X\ and
w1 # A, we write i < . This gives a partial order, called the natural or dominance
order, on the set of partitions. One total order which extends this partial order is
the reverse lexicographic ordering: A >pgy p if the first non-vanishing difference
A — ju; 18 strictly positive.

The sum of two partitions A and y is defined as A + = (A + 1, Ao + po, - . . ).
The number of even/odd parts of A is denoted by even(\)/odd ().
IfACm"thenm™ — X :=(m— A\, ...,m— \p).

The arm-length, arm-colength, leg-length and leg-colength of the square s = (i, j) €
A are defined as follows (the subscript A can be added if ambiguity needs to be
avoided):

afs) = aA(S) Ai — J} a'(s) = ay(s) =j—1
I(s) :=Ix(s) = X\ — 1 I'(s):=10(s)=17—1.

Thus a(s) (resp. a'(s)) is the number of squares on the row ¢ which are on the
right (resp. left) hand side of s. Similarly, [(s) (resp. [I’(s)) is the number of
squares on the column 5 which are below (resp. above) s. The hook length of s is
h(s) = a(s) + I(s) + 1. The statistic n(\) is given by

S =S - =3 (2)

sEA i>1 i>1
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6. For x,q,t € C, define

CXL(% q,t) = H (1 _ in-&-j—lth)\;.fix)

(i,5)EN
T et et
B 2N 42—21 - At A £2—i—j pee 5 .
1<i<i(\)=l (427225 oo 1<icj<l (@Mt 2; ) oo
Cy(zig.t) == J] Q=78 ")
(3,7)EAN
. )\i—Ajtj—i .
=1 —A(QIJL?).OO 11 o .,Zf’?)“’ , 2.2)
s CHTT oo | (T )
Cwiq,t):= ] 1 —¢ "' a)
Gg)er
=[] ¢ z0)s. 2.3)
1<i<l

In particular, for A = (r), we have

r—1
Chy(x39,1) = O (w39,1) = [[(1 = /=) = ().,
j=0
r—1
Chwiqt) =] = qP2) = (¢"z;9)s,
7=0

As usual, the Pochhammer symbols are defined as

(@;q)n:=(1—a)(l—aq)...(1—ag""),
(4;Q)oe : = (L —a)(1 —aq)(1 —ag®) ...,
(alaa%---aamQQ)n L= (al;Q)n -(a/m;Q)Tm
(a1,a2, ..., am; @)oo : = (015 @)oo - - - (Am; @)oo
7. For s € )\, let
1 — qa(s)tl(s)-‘rl
ba(s;q,t) == [proEmaL (2.4)
and
ba(q.t) = [ [ oals; 0,1). (2.5)

SEA

2.2 The algebra of symmetric functions

Let I be a field of characteristic 0. Consider the algebra F'[z1, . .., x,] of polynomials
in n independent variables z1, ..., z, with coefficients in F'. The symmetric group S,



44 CHAPTER 2. SYMMETRIC FUNCTIONS

acts on F'[zy,...,x,] by permuting the variables. A symmetric polynomial is one that is
invariant under this action. The symmetric polynomials form a subalgebra, denoted by
A, = Flxy, ... ,xn]S".

It is a graded ring:
An = @k’zo Afw

where A% contains the homogeneous symmetric polynomials of degree k and the zero
polynomial.

We also often want to work with symmetric functions in infinitely many variables.
Define the algebra of symmetric functions as the projective limit

A = limA,,,
—

where the projective limit is taken in the category of filtered algebras with respect to the
homomorphism which sends the last variable to 0. Concretely, an element of this algebra
is a sequence f = {f @} 451, £ € Ay such that the polynomials f@ are of uniformly
bounded degree and stable under the restriction, i.e f (d+1)|x 4e1=0 = f (@), However, if
confusion is absent, we will use the same notation for polynomials and their projective
limit version.

The algebra A has the following bases which are all indexed by partitions.

1. Monomial symmetric functions

For each o = (ovq, ..., ) € N7, let

=2t

QOn
n -

For a partition A of length no more than n, the monomial symmetric polynomial m
is defined as

ma(zy,...,x,) == Zxo‘,

where the sum is over all distinct permutation o of A. We shall use the same notation
m, for the infinite variable version. The polynomials {m,,/(\) < n} form an F-
basis of A,,. The symmetric functions {m,, A\ € P} form a F-basis of A.

2. Elementary symmetric functions
For each integer » > 1, the rth elementary symmetric function e, is

€p = E Tiy oo Tj = M(1ry-

i1 <ip<iy

Also, let e := 1. For each partition A = (A1, Ao, ... ), define
exi=€xExn -

The functions {e, A € P} form a F-basis of A. One also has
A= Fley,ea,...|

and the e, are algebraically independent over F'.

1. The word "function" is just conventional. They are in fact (formal) power series.
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3. Complete symmetric functions
For each integer r > 0, the rth complete symmetric function h,. is defined by

h, == Z my.

A7
As before, let hy := hy, hy, .... Then the {hy,\ € P} form a F-basis of A. One
also has
A = Flhy, hy,...]

and the h, are algebraically independent over F' as in the case of elementary sym-
metric functions.

4. Power sums
For each r > 1, the rth power sum p, is

Dr = Zx: = M.

As before define py = py,p, - - -- The {px, A € P} form a F-basis of A. One also
has

A:F[p17p27"‘]

and the p, are algebraically independent over F'.

5. Schur functions

Let § be the partition (n — 1,n — 2,...,0). For a partition A of length at most

n, define the following homogeneous anti-symmetric polynomials of degree |\| +
n(n—1)/2inzy,...,x,

ayys = det (x?ﬁn*i)

In particular

1<i<j<n

is the Vandermonde determinant that we have seen in the precedent chapter. Since
ax+s is divisible by each of the differences z; — (1 < i < j < n), a;s is divisible
by as. The Schur function s, is thus well defined by

SA(T1, ... Tn) = anys/as.

It is obvious then that s, € A,,. In fact, the Schur polynomials s, (x1, . . ., z,) where
[(A\) < n form an F'-basis of A,,. Their infinite-variable version, also denoted by s
for convenience, form a basis of A.

Proposition 2.2.1. We have

sy = det(ha,—itj)1<ij<n
for every n such that [(\) < n, and

sx = det(ex _ipj)i<ij<m

for every m such that [(\') = A\ < m.
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2.3 Properties of the Schur functions

The Schur functions form perhaps the most important basis of A. In fact, they have
a fundamental significance in the representation theory of Lie groups, i.e., they are the
irreducible characters of the general linear group GL,,. However, we shall not discuss
this story; instead, we shall discuss its properties related to the symmetric groups and
orthogonal polynomials of several variables.

Proposition 2.3.1. (Cauchy). The following identity holds

L1 —ziy)™ =D s(x)sn(y),

i?j
where the sum is over all partitions.

Define a symmetric scalar product on A by declaring that

<px7pu> = 5>\;LZ)\-

Then the Schur functions form an orthonormal basis for this pairing. This orthonormality
is equivalent to the Cauchy identity.

The Schur functions are intimately related to the combinatorics of Young diagrams
and tableaux. This connection makes them one of the most important objects in algebraic
combinatorics. Let us discuss some classic results in that direction.

For a tableau 7 filled with positive integers, write 27 for [I,cr zs- Let X and p be
partitions, define the skew Schur functions s/, by requiring that the relation

<5/\/u751/> = (s, 5u5V>
holds for all the partitions v. In particular, s/ = sy. We have
Sx/u = det (A, —p—itj)1<ij<n
for every n > [(\), and
S\/p = det(ekéfu;fiﬂ)lﬁi,jém

for every m > [(\'). It follows from either of these identities that s/, = 0 unless A D f.
The following result establishes a very nice relation between Schur functions and tableaux

Proposition 2.3.2. Let A\ D i be diagrams, we have
S\/p = Z l’T,
T

where the sum is over all semi-standard tableaux T’ of shape \ — y.

We have the Pieri’s rule for multiplying s, with h,. and e,
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Proposition 2.3.3. For i a partition and r > 1,

Suhr = g S\,

A—p vertical r-strip

Spuer = E Sy.

A—u horizontal r-strip

Finally, the Schur functions satisfy various Littlewood identities. Studying Littlewood
identities for more general classes of symmetric functions constitutes the main objective
of Chapter ] Here are some examples from [64} p.76-79]

Z 5y = H(l — )t H(l — xixj)_l,

1<j
Z 5y = H(l — )t H(l — xr;)
A even i 1<j
> sv=[[0—wy),
A even 1<j
Z(—l)"(’\)s,\ = H(l — ;) H(l + z2) 7"
A i i<j

Among many applications, these identities can be used to find explicit generating func-
tions of plane partitions [64, p.80]. In the next section, the ¢, ¢-deformation of these
identities will be stated and proved.

2.4 Macdonald polynomials

The Macdonald polynomials are two-parameter deformation of the Schur functions
which preserve many essential properties.E] Let ¢q,t be complex parameters, and ' =
Q(q, t). To keep the notations simple, denote again by A,, be the sub-algebra of symmetric
polynomials in F[zy, ..., z,]. All the bases above are also bases of this new A,. In the
following, an element of F[xq, ..., x,] is denoted by f(;q,t) if the dependence on ¢, ¢
needs to be emphasized.

Definition 2.4.1. For any partitions A and p of length less than or equal to n, define the
q, t-Hall scalar product on A,
(P2 Pudat = Oap2n H 1T (2.6)

where zy == [ m;(\)lim™ ™),
i>1

2. When one says Macdonald polynomials without any other specifications, it is implicitly supposed
that one is talking about those attached to the root systems of type A. As it will be explained soon, there
are Macdonald polynomials attached to other root systems.
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Theorem 2.4.1. There is a unique family of symmetric polynomials Py(x1,...,%y,;q,1t)
indexed by partitions of length less than or equal to n and depending on two parameters
q,t such that the following two conditions hold

1. Triangularity: Py(;q,t) = mx + >_,_\ cumy, and
2. Orthogonality: (P\(;q,t), P,(;¢,t))qt = 0 if X # p.

Definition 2.4.2. The polynomials P, in the previous theorem are called the Macdonald
polynomials. If I[(\) > n, we set Py(z1,...,2,;q,t) = 0.

When ¢ = t we recover the Schur polynomials, i.e.,
Pr(x;t,t) = sa(x).

Other specializations of ¢, ¢ give well known families of polynomials such as those of
Hall-Littlewood and of Jack. Currently, there are many families of multivariate symmet-
ric and/or orthogonal polynomials related to the Macdonald polynomials which play a
crucial role in various domains such as integrable probability, algebraic combinatorics
and asymptotic representation theory (see for instance [|10]]).

The skew Macdonald polynomials Py ,(; ¢, t) are defined by requiring that

(Pau(a:t), PG a, 1) g = (PAG 1), Pu( 1) P (50,1)) g (2.7)

for every partition v. One can prove that Py/,(; ¢,t) = O unless u C .

The Macdonald polynomials are also orthogonal with respect to another scalar product
associated to type A root system. This property has been generalized to define (symmetric
and non symmetric) multivariate orthogonal polynomials associated to all root systems.
Such a generalization to the non-reduced root system BC,, is described in ChapH4] In that
case, the polynomials are called the Koornwinder BC), symmetric polynomials. In fact,
all the Macdonald polynomials associated to classical (i.e., non-exceptional) root systems
are specialization of the Koornwinder polynomials.

Definition 2.4.3. Let |¢|, |t| < 1, define the Macdonald density

Axigt) = ] ((xi/fffmxj/xi;Q)oo_

1<i<j<n txi/xj’txj/xi;q>oo

Definition 2.4.4. Let |q|, |t| < 1, define the following scalar product on Fxy, ..., z,]:

=g [ 1000 Alxsa. )T
1

:E[l]f(x)g(x_l)A(x; q,1), (2.8)
where T" is the torus {|z1| = ... = |z,| = 1}, [1]f means the constant term of f, and
JT — dxq dx,,

2mixy  2miT,

We have
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Proposition 2.4.2. For any partitions \ and |,

(PAGq: 1), Pui g, t))h, =0 if X% p

The polynomials Py(q,t) satisfy many remarkable properties. I only list here the
results that will be needed later. First, we can explicitly compute the quadratic norm for

<'>q,t
Proposition 2.4.3. We have

1
<PA(aQ7t>aPM<7Qat)>q,t = mé)\uy (29)

where by(q,t) is introduced in Eq.(2.5).
This equation is equivalent to the Cauchy-Macdonald identity:
Proposition 2.4.4. Let m,n be positive integers. Then
Z (=) Py(z1, .. 2 o ) Py (yts - - Ymi t q HH 1 — ;). (2.10)
ACmn i=1 j=1
Second, we have the g- and e-Pieri rules:

Proposition 2.4.5. Let 1 be a partition and r a positive integer.

1. g-Pieri rule: Let g,(x; q,t) be the symmetric polynomials defined by the generating
function

i=1 k>0
Then we have
Pug, = Z oa/uPh, (2.11)
2. e-Pieri rule: We have
Pue, =Y P (2.12)
A

In 2.11)) (resp. (2.12))), the sum is over partitions \ such that A/ is a horizontal (resp.
vertical) r-strip. The coefficients are given by

b)\ S
Pr/u = H bﬂ%v

SGC)\/M

, b,\S
W = H b(i

SEC)\/H_RA/H

Here, for \ and ju such that X\ O i, Cy,, (resp. Ry,,) is the union of the columns (resp.
rows) that intersect A\ — |i.
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The Cauchy-Macdonald identity gives the branching formula for Macdonald polyno-
mials

Proposition 2.4.6. Let x1,...,x,, 21, ..., 2y be variables. Then
Pz, ... T, 21,y Zms g, ) = ZPA/M(IM s T )Pz, - 2y g, t). (2.13)
HCA

In particular, in combination with the Pieri rules, we have

Corollary 2.4.7. Let n € N. Then

Py(x1,. - 0, Y, ) = > Wy Py, g, t) (2.14)

I
A/ is a horizontal strip

The Macdonald polynomials satisfy the following Littlewood identities, which can be
viewed either as evaluation of their generating functions or decomposition of symmetric
functions into the Macdonald basis. The following theorem is due to Macdonald [64,
p-349], and written in the following form by Warnaar [88].

Theorem 2.4.8. Letn € N and a € C. We have

n

0 oa 1+6LZ‘ t.’l??, 2 o8] tl‘ll’, 00
2O @ 6 0,1 S[UEe i e Ui g g

i=1 (@7 4)oo 1<i<j<n (353 q)oo
o o - atxi, q)so T2 q)oo
§ WA (g, 1) Pa(x; ¢, 1) = H% % (2.16)
X i1 i54) oo 1<i<j<n il554 )0

Here, we define (oa (resp. el) stands for odd arm (resp. even leg))

b3%(q, 1) : H br(s;q,t) and b5 (q,t): H ba(s;q,t)
SEA SEX
a(s) odd 1(s) even

Proof. The two identities are in fact dual to each other via the involution wy ¢
watPAG g, 1) = by (t,q) Py (51, q).

The reader is invited to consult Macdonald’s book for more information concerning this
duality. Given this, we thus only need to prove the second identity Eq.(2.16). First, let us
prove the case a = 0, i.e.,

T35 q)oo
Z b§l<q7t)P>\(I17'"7xn;Qat) = H % (217)

M even 1<i<j<n ( t j;Q)oo

Denote the left hand side of (2.17) by A(z1, ..., x,;q,t). The case n = 1 trivially holds
because both sides of (2.17) equal 0. So by induction, we need to prove that

n

th
Az, .. xn,y5¢,t) = A1, ..., 205 g, t H yyqq
o1\
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We have
“r (t2iy; q)oo
Alxy, ...,z q,0) | | ~———
H (7Y @)
:Zgr(xlw"axn;Qat)yr Z bEl(qa ) (331, '7$n;Qat)
r>0 v/ even

=D b)Y (@1, @ P, T g, )

r>0 v/ even

= Z b (0 )y o (q.8) Bu(a, .. wni g, ) (Eq.ETT))

v’ even )
w/v honzontdl strip

= Z S v e e Y Py, i g,t)

v’ even
/v horizontal strip

For a given partition p, there exists a unique partition v satisfying both conditions in the
inner sum, i.e., v/ = 2|u;/2|. There exists also a unique partition A such that \’ is even
and \/p is a horizontal strip, i.e. A, = 2[u}/2]. It is easy to show that for A, u, v related
in this way, one has

b?(Qa tﬁﬂ)\’/u’ (t> q) = ble/l(Q> t)gp,u/l/((b t)

Given this equality, one can write

T (t73Y5 @)oo
A<x17 R 7xn; q7 t) N

_Z Z bi\l(qvt>¢)\’/u’(t7q)ylﬂ/wp,u(xly cee 7xn7Qat)

Ne
A horlzontal strip

= Z b, ) (8, )Y Py, - s 0, 1)

M even )
A horlzontal strip

= Z 05(q, 1) Pa(z1, ..., 2n,y50,1)  (Eq.214))

A even

=A(z1,...,T0,Y;q,1).
Thus Eq.(2.17) is proven. For the case a arbitrary, we just need to expand the product
u at:cl,
H = a'g (w1, 203 q,),
(az;; q
r>0

and use the g-Pieri rule (2.11]) again. The details are analogous to the above manipula-
tions. 0

Another identity was conjectured by Kawanaka in [54] and proven in [60]. The proof
is via a new identity of theta functions.
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Theorem 2.4.9. [54,160] Let n € N, we have

" —trs 2 e 2
Zb;(q,t)]-—’)\(x; ¢ 1) = H M H M) (2.18)
A

i @0 (3556

where

- 14+ qa(s)tl(s)—l-l
by (q,t) = H 1= o)
SEX

In [75]], Rains and Warnaar prove many generalizations of these identities. They also
prove that their identities imply new combinatorial character identities for affine Lie al-
gebras, which in turn, imply new Rogers-Ramanujan-type identities associated to affine
Lie algebras. These Littlewood identities of Rains and Warnaar are the object of study in
Chapl4] In particular, I have been able to prove one of their conjectured identity and make
partial progress on another.



Hurwitz numbers

The symmetric groups are very classical objects. Indeed, they are the genesis of mod-
ern group theory. After a quite long dormant time, they have become again, since the
eighties of the twentieth century, a central object of study, particularly in algebraic combi-
natorics, (ordinary and modular) representation theory and probability. Hurwitz numbers
play an important role in the renaissance of this interest. These numbers are beautifully
connected with other parts of mathematics such as matrix models, integrable systems and
enumerative algebraic geometry. After some general discussions about the whole context
of Hurwitz numbers, my own contributions are described in the sections[3.9]and[3.10] The
main results are an explicit formula for one-part double Hurwitz numbers with completed
3-cycles and its implications.

3.1 Irreducible characters of the symmetric groups

I will briefly recall the representation theory of the symmetric groups (for a detailed
account, see for instance [22]]). The main objects that we need are actually (complex)
irreducible characters, not irreducible representations themselves. The reader can skip
this section and the next one if the material is familiar to her/him. We always assume that
the ground field is C.

Let S, be the symmetric group, i.e., the group of all permutations of {1,2,...,d}. It
is well-known that the irreducible representations of a finite group G are indexed exactly
by its conjugacy classes. In the case of Sy, a conjugacy class consists of permutations
with identical cycle factoring structure. Thus, the irreducible representations of S; are
indexed by the partitions of d.

For A and p partitions of d, denote by Xﬁ the evaluation of the irreducible character
x* at the conjugacy class p. It can be shown that XZ\L 1s an integer (a priori, it is a complex

53
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number). In particular, the dimension of the irrep A is given by
dim \ = XE‘I 2y
The dimension can be computed by the following nice combinatorial rule

Proposition 3.1.1. For \ - d, dim X is the number of standard tableaux of shape ).

The dimension of A can also be computed by the famous hook-length formula of
Frame, Robinson, and Thrall [|36]:

|
dim A = L (3.1)

HseA h(s)’

where for each box s € A, h(s) is its hook length. Later, it will be convenient to have the
following normalized characters:

)A()\ N X/);
£ dim N’
and
A
o Xp A
Q) = leye(p)[ 5= = leye(w)[Xg, (3.2)

where cyc(u) is the set of permutations whose cycle structure is ;. The irreducible char-
acters satisfy the following orthogonality relations

Proposition 3.1.2.
1
o1 D leye@)oxt = o, (3.3)
" vkd
and
cyc(p
% > X0 = b (3.4)
) A-d

The irreducible characters can be calculated by the following formula of Frobenius,
although it is not the most efficient way.

Proposition 3.1.3. (Frobenius) For i1 = n, we have
Pu= Y Xpsx, (3.5)
AFn

where p and s are the power sums and the Schur polynomials respectively.

Reciprocally, by the orthogonality of irreducible characters, Frobenius’s formula is
equivalent to

Sy = Z z;lxﬁp#. (3.6)
pEn

Although the irreducible characters x* are classical, they remain largely mysterious,
mostly because of their great combinatorial complexity. I list below some open questions
that have attracted my attention. It might be helpful for the readers of this thesis.
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1. The Kronecker coefficients g(\, p, ), for A, u, v partitions of n, are defined as
the multiplicity the irreducible representation v in the representation A ® u. By
definition, they are non-negative integers. They are the coefficients in the following
decomposition

XX =D g )y

vkn

It is not obvious from the definition but it can be shown that g(\, i, v) is symmetric
in all three arguments. Some experts have called them the most challenging, deep
and mysterious objects in Algebraic Combinatorics [74]. The outstanding open
question is to find a combinatorial or geometrical description for these coefficients.
Their cousin, the Littlewood-Richardson coefficients have indeed beautiful combi-
natorial and geometrical interpretation. In particular, the problem of positivity, i.e.,
deciding whether g(\, i1, v) > 0 is still unsolved (while the same question for the
Littlewood-Richardson coefficients has been answered).

A concrete version of the positivity problem is the Saxl conjecture which states that

9(prs s A) > 0
forall \ - k(k+1)/2and pr, = (k,k—1,...,1).

2. A reciprocal view of Xﬁ was put forward by Kerov and Vershik [87]] to study their
asymptotics (the normalised version turns out be more suitable than the original
one for this purpose). Rather than considering f(l’) as function of 1, these authors
consider them as function of \. Fixing the "shape" of u, they ask questions about
the asymptotics of f(ﬁ when n = || tends to infinite. Of course, one does not expect
to get a uniform answer for the limits, i.e., certainly the way we fix x and let A grow
influences the final limit.

To fix the idea, let us state the celebrated Kerov-Vershik asymptotic formula, al-
though it might not be the strongest one available currently. A good exposition
of this and relevant results is given in the book [22]. Let i be a positive integer
and p = (p1,...,pn) be a partition such that p, > 2. Let u = (p,1""”l) and
o= —1,...,pn—1).

Proposition 3.1.4. We have the following asymptotic formula

1

A _ PL---Ph on L
i = S Pieom +0 ().

where the constant in O <‘—§\|

Cont(\) = {{i — 7, (i,7) € A}} is the multi-set called the content of )\, and

) depends only on p. Here p, is the power sum,

)y :=nn—-1)...(n—k+1)
forn, k € Z.

Similar asymptotic problems for generalizations (deformations) of the characters
of the symmetric groups have also been studied (the reader can start with the short
survey article [84]).
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3. A vaguer question concerns explicit formulas for the characters Xﬁ- In fact, there is
only one explicit formula which was discovered ten years ago by Lassalle [22,61].
Unfortunately, the formula is extremely complicated (as expected!).

3.2 Group algebra of the symmetric groups

Let S; be the symmetric group. Rather than following the convention for composing
functions, we multiply the elements of S,; from left to right. As usual, for a ring R, define
the R-group algebra R.S; as the set of formal linear combinations of elements of S; with
coefficients in R. The addition and multiplication on RS, are naturally defined. In this

thesis, I will only use R = Q. Let QS = @@Sd. Let Z,; be the center of QS,; and
d=0

7 = @Zd. An element a € Z, is also called a central element.
d=0

Definition 3.2.1. For a partition o of d, let C), := 37 () 9-
The following result is fundamental.
Proposition 3.2.1. The elements {C,,, u = d} form a basis for the algebra Z,.

Proof. We observe that an element A = ) | 9ESy
g1 fOr every w, g € Sy. Since the conjugate action of S, on itself, i.e. w.g := wgw™
is transitive, every element C, is central and every central element is a linear combination
of the C),. Furthermore, it is obvious from the definition that the elements C), are linearly
independent. Thus they make a basis of Z,.

agg of QSy is central if and only if a, =
1

]

The main problem concerning us is to study the structure constants of the commutative
algebra Z, (and Z) with respect to the basis C),, and related ones. These constants can be
interpreted as counting factorization of a permutation into others with certain conditions.
They (with different normalisations) are commonly called (connected or disconnected)
Hurwitz numbers (the precise definition will be given in the next section).

The algebra Z, has another basis consisting of elements F, A - d defined as follows

dim(\)
Fy=—> xCu 3.7)
pHd

Equivalently, due to the orthogonality of the irreducible characters, one has

= [eyc(u)| ) XuFh

A-d

Proposition 3.2.2. The central elements F\ form a basis of orthogonal idempotents, i.e.,
F\F,, = 05, F\.
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Proof. Let )\ and y be two partitions of d. Let V* be the irreducible module corresponding
to A. Each central element acts on V* as a multiplication by a scalar due to the Schur
lemma. Thus the matrix representation of C), on VA is blgim \, Where b is a complex
number and [ is the identity matrix. We have

This equation, together with the definition of F), and the first orthogonality of the irre-
ducible characters, implies that that F acts identically on V*, and trivially on V" for
v # . This is equivalent to the claim. ]

For each a € Zg, let g,(\) be the coefficients in the decomposition

a=Y g.(NF,

A-d

ie., aF\ = g,(\)F\. The number g,()\) is the constant by which the element a acts
in the irreducible representation A as multiplication. We have the following proposition
which will be used to connect the combinatorics of the symmetric groups with integrable
equations:

Proposition 3.2.3. For any element
=Y e,
pk-d |cy e

the following equation holds

Z AuPpiPus ** Z ga dlm (p)v

pd A-d
where p and s are respectively the power sums and the Schur functions.

Proof. By definition,

ga(A) = Z auf(f;-

I

Thus, we have
Zga ) dim(A)sy = Z Z au X3 (p) = ) aups
“w

according to the Frobenius character formula Eq[3.5] [

We will often need to compute g, () for an arbitrary central element a and irreducible
representation \. The tool is the Jucys-Murphy elements [|52,68].
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Definition 3.2.2. The Jucys-Murphy elements of the group algebra Z, are the following
sums of transpositions: X; := 0 and

Xe =Lk +--+(k—-1k) fork=2,...,d (3.8)
These elements are not central, however we have the following results

Proposition 3.2.4. 1. The elements X, ..., X, commute pair-wise and thus generate
a commutative subalgebra of QS,.

2. An element of QS, is central if and only if it can be written as a symmetric polyno-
mial of the elements X1, ..., X,

3. Leta= P(Xy,...,X4) € Zy, where P is a symmetric polynomial. Then
P(Xy,...,Xq)F\ = P(Cont()\)) Fh,
where Cont(\) is the content of the Young diagram \. In other words,
ga(N) = P (Cont ().

Proof. 1. Let 2 < k < | < d. The difference between X;X; and X;X; can only
happen at the multiplications (jk)(jl) versus (j1)(jk) and (jk)(kl) versus (kl)(jk)
for j < k. However one has

(k)G + (Gk)(Rl) = (G + (k) = (KD)(GF) + (D (GF)-
Thus Xle = Xle

2. First to prove that symmetric polynomials in the JM elements are central, let us
prove a stronger statement. For 1 < 5 < d, we have

(X1, Xo, .. Xg) = Y X Xy = > Ch
1<i1<-<is<d ukd
l(p)=d—s

This follows from the fact that for a permutation of cycle structure y, the min-
imal number of transpositions in its factorization as product of transposition is
k = |u| — I(p); and there is a unique minimal factorization (a1b;) ... (axby) such
that b < --- < by (we always write a transposition (ab) with convention a < b).
Since the elementary symmetric polynomials e, generate the algebra of symmet-
ric polynomials, it follows that every symmetric polynomial of the JM elements is
central.

Now we prove that every central element is a symmetric polynomial of the JM ele-
ments. It suffices to construct a set of linearly independent symmetric polynomials
in X5, ..., X, indexed by the partitions of d. For u = (p1, ..., ) = d with gy > 0,
let

_ p1—1 ur—1
Xu_ E Xi1 ...Xil ,

where the sum is over all distinct monomials with iy, ...,; distinct indices in
{2,3,...,d}. Then it can be verified that X,’s are linearly independent. However,
the verification is long. The reader is invited to consult [22] for details.
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3. To prove this equation, we need to invoke some representation theoretic results.
The irreducible QS; module V* has a Q-basis {v7} indexed by the set of standard
Young tableaux 7" of shape A, called the Young’s orthogonal basis. It is an important
fact that these vectors are eigenvectors of the JM elements

Xpvr = CT(k)U% (3.9)

where cr(k) is the content of the box numbered &k of T' (remember that for a stan-
dard tableau 7, there exists a unique box of 7" which is numbered k). Thus for any
polynomial f(X7,...,X,), we have

f(le---7Xd)UT = f(CT<1),...,CT<d)) Ur. (310)

In particular, if P is a symmetric polynomial (such that P(X, ..., X,) is central)
then we can write

P(Xl, . ,Xd)F)\ = P(Cont (/\))F)\

3.3 Combinatorial definition of Hurwitz numbers

Let 1!, ..., ¥ be partitions of d. Define the number N (d; 1, ..., 1i*) by
N (dipths o i) = [Cao] G e O = | =2 | G Ol
AN o = fege(an) O

i.e., the coefficient of C(;4y in the linear decomposition of C1 ... C\x. With varying
normalization, these numbers are called Hurwitz numbers.
From the definition of C),, one immediately notices that

N (dyp', . p1®) = #{(wr, ..., wy) € cye(u') x ...cye(p®) |wy...wp =1}
= #{(wo, ..., wi) € cyc(p?) x ...cyc(u®) | wy ... wy € cyc(p)}.

In general, a problem of counting permutation factorization is called a Hurwitz enumera-
tion problem. One has the following "explicit" formula due to Frobenius and Burnside:

Theorem 3.3.1. With the same notation as above,

N(d,/.il,,/lk) — ‘cyc(u ) ‘Cyc |Zd1m . (3.11)

AFn

Proof. The formula follows immediately from the formula expressing C,, in terms of F
and the idempotency of F). [



60 CHAPTER 3. HURWITZ NUMBERS

This formula looks compact and is a useful theoretical tool, but of course not prac-
tical in most cases due to the lack of simple formulas for the irreducible characters.
Besides, there are just too many summands (the number of partitions of n grows as
exp(m+/2n/3)/4n~/3). However, in certain cases, most of the terms vanish and the for-
mula simplifies a lot. I will exploit this observation to calculate explicitly the one-part
double Hurwitz numbers with completed 3-cycles.

A surprising property of Hurwitz numbers is that while the dependency of each sum-
mand on £’ is virtually incomprehensible, the final sum can be very nice. For example, a
proper normalization makes the sum polynomial (or piece-wise polynomials) in the parts
of 1’ in some cases.

We now give a geometric definition (in fact it was the original definition given by
Hurwitz [46]) and prove its equivalency with the combinatorial one.

3.4 Hurwitz numbers count ramified coverings of the 2-
sphere

Let Covy(ut, . .., u¥) be the set of isomorphism classes of weighted degree d (both
connected and disconnected) coverings of P! ramified over k fixed points of P! with
ramification profiles given by !, ..., u*. The weight of a covering is defined to be the
inverse of the order of its finite automorphism group.E] The disconnected Hurwitz number
H(d;pt, ..., p¥) is defined to be the weighted sum over Covg(p!, ..., u¥), ie.,

1

H(d: ', ... u¥) = S — 3.12

CATSNTY > AP (3.12)
fECOVd(N17~--7Mk)

If we restrict ourselves to connected coverings, we have connected Hurwitz numbers, de-
noted by H*(d; u!, ..., u*). The connection between connected and disconnected num-
bers follows the general inclusion-exclusion principle of enumerative combinatorics. That
is, the generating function of disconnected numbers is the exponential of a well chosen
generating function of connected ones.

The Riemann-Hurwitz formula gives us the Euler-Poincaré characteristic of the cover:

2—2g=1(u")+ - +1(1") — (k- 2)d. (3.13)
Thus one might prefer keeping track of g rather than d. We will denote H, (i}, ..., u*) =
H(d;put, ..., p*) in such occasions (and always suppose that the Riemann-Hurwitz for-
mula holds).

Theorem 3.4.1. We have the following equality between geometric and combinatorial
Hurwitz numbers:

1
H(dplsooph) = SN (ds et pif)

1. Let f,g : X — Y be two coverings of Riemann surfaces. They are called isomorphic if there is
a biholomorphic mapping ¢ : X — X such that f = ¢ o g. An automorphism of f is a biholomorphic
mapping 7 : X — X such that f = 7 o f. Two isomorphic coverings have isomorphic automorphism
groups, Eq[3.12Jis thus well defined.




3.5. HURWITZ NUMBERS AND INTEGRABLE HIERARCHIES 61

Proof. For each tuple of permutations (w1, . .., wy) € cyc(ut) x. .. cyc(u¥), the Riemann
existence theorem assures that there exists a covering of the sphere with branching at the
points Pj,..., P, € CP! specified by w;’s precisely when w; ... w, = 1. For each
tuple (wy, ..., wy) satisfying this property, the corresponding covering is unique up to
isomorphism. It follows that one has a well-defined map

U {(wy, .. wg) € cye(pt) x . .eye(uF) | wy .. wp = 1} — Cova(pt, . .., 1F).
Since for each f € Covy(it, ..., u*), |071(f)| = d!/|Aut(f)|, it follows that

|
H(d; s i) = H{(wr, o) € eye(p) x . eye(pf) [ wr . wg = 1.
O

Remark. — The cover corresponding to wy, . .. wy is connected if and only if theses
permutations generate a transitive subgroup of Sj.

— The counting of covering of surfaces of higher genus is also linked to the counting
of permutation factorization. Let Cov¥(u', ..., u*) be the isomorphism classes of
coverings of degree d of a surface S of genus g ramified at exactly k points with
profiles !, ..., u* - d. Then

1
2 |Aut(f)|

JFECovi(pl,..., %)

1
:E#{(al,...,ag,bl,...,bg,wl, ~wy) € 879 x eye(pt) x .. eye(uF) |

la1,b1] ... [ag, bglwy ... wy, = 1}

=(d")*|cyc(iu)| . . . [eye(u) yz dlm'A' ,'Mg) . (3.14)

There are still at least two other ways to view and compute Hurwitz numbers. The
first one is about maps on surfaces (see Def. For a ramified covering 7 : X — P!,
we can associate two maps on X. Let yy,...,yx € P! be the ramification points and an
arbitrary pointy € P! — {yy,...,yx}. Let P be a polygon whose vertices are vy, . . . , Y.
Then 7—1(P) is amap on X. Alternatively, let St(y, y1, . .., yx) a "star" connecting y with
Y1,---,Yr. Then m71(St) is a also map on X. With careful definitions, we can interpret
Hurwitz numbers as numbers of maps satisfying certain conditions. See [59] for a gentle
introduction, and [28,(81]] for newer results.

Another way to interpret Hurwitz numbers is via tropical graphs [21]. The advantage
of the graph-theoretic approaches is that one can sometimes obtain elementary proofs via
explicit bijections. Furthermore, these graphs and bijections are interesting subjects of
study by themselves.

3.5 Hurwitz numbers and integrable hierarchies

The first connection between Hurwitz numbers and integrable equations was made ex-
plicit by Okounkov [72], although the general connection between enumeration problems
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and integrable equations had been known before. More specifically, Okounkov proved
the following theorem about the double Hurwitz numbers. In our notation, they are

H ( d;pw, (21772), . (219°2)

J

g

k

Theorem 3.5.1. Let q,u, p1,p2, ..., P}, Py, ... be variables. The generating function

Hp,p' u,q) = Y ¢"dpup, H | dip,v,(2177),...,(2172) | /!

TV
d.k,p.v k

is a tau function of the Toda lattice hiearchy (where the "time" variables are py, pa, ..., D], Db, - - - ).
The sum runs over all d, k € Z., and p, v partitions of d such that

k=) = 1(v)
2

As usual p, := Py, Dy, - - E]

A particular case of this result is that the generating function of single (or simple)
Hurwitz numbers is a tau function of the Kadomtsev-Petviashvili (KP) hierarchy (which is
a reduction of the Toda lattice hierarchy). To simplify the exposition, I will restrict myself
to this special case. The Toda lattice hierarchy is in fact defined in the same framework,
with slightly more complicated details. Further developments concerning the connection
between Hurwitz numbers and tau functions can be found for example in the works of
Alexandrov, Guay-Paquet, Harnad, Natanzon, Orlov among others [2,38./43,44,/69]. The
basics of KP integrable hierarchy are recalled in App[Al

Theorem 3.5.2. Let u, py, po, ... be variables. The generating function

k

o0 o0 - - u
Hospm )= 3 S8 [ @), ) g,

k=0 d=0 p-d

is a KP T-function.

Proof. Denote for short the central element C(514-2) by C». Applying Prop. [3.2.3|for the
element ¢« = C¥, we obtain

H(U;Pbpz,--- ZZ !pulpm.. [ C :|€U02

eve(s)

dim(p
= 2692(“ ! >5/\(p)

2. Do not confuse p,, for power sums, although there is eventually a reason to use this notation. In this
theorem, just consider p; as variables.



3.6. CONNECTION WITH MODULI SPACES OF CURVES 63

where go(12) is a constant such that C5F), = go(p)F),. Since Cy = Xy + - - - + X4, Prop.

[3.2.4]implies that
I(p) 2 2
1 o1 o1
g2(p) =D els) = 5 [(Ni_l+§) - <—z+§>

SEW i=1

Thus the generating function H (u; p1, pa, - . . ) belongs to the Orlov-Shcherbin family de-
scribed in Thm with y; = e¥“. O

Remark. The function g, is a shifted power sum that will be introduced in a subsequent
section. We also have

dld—1)

92(/\) = TX(@ 1,172)'

3.6 Connection with moduli spaces of curves

The celebrated Ekedahl-Lando-Shapiro-Vainshtein (ELSV) formula connects single
Hurwitz numbers with intersection numbers on the moduli space of stable curves

Theorem 3.6.1. [29] For any partition B of d whose length is n, we have

1=+ — ... —1)9
Hig.p) =11 | 45,172, 1)) = o) [ s O

(3.15)

where

Here, the parameters are connected by the Riemann-Hurwitz formula
k=29g—2+d+n.

The space ﬂgyn is the moduli space of stable curves of genus g with n marked points. On
this space, \; is a certain cohomology class of dimension i, and 1); is a certain cohomology
class of dimension 1.

The integral on the right hand side of Eq.(3.15)) are certain intersection numbers on
this moduli space. The precise definitions are not needed for us. The reader is invited to
consult the book [59] for a excellent exposition of this important result.

In other words, P? () := H(g,3)/C(g, ) is polynomial in /3, ..., (3, and the (lin-
ear) Hodge integrals are given by:

(Toy o T dyg o= [ e = (=1)F [B) ... 8] P9(B). (3.16)
Mgn
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Another ELSV type formula has been found for the so-called orbifold Hurwitz num-

bers, i.e, double Hurwitz numbers H | d; o, 3, (21%72),...,(2177?) | with o = (a™) by

N J/
-

k
Johnson, Pandharipande and Tseng [S1]]. And more recently, some special cases of the

orbifold version of Zvonkine’s 7-ELSV formula are proved by Borot and collaborators
in [16]], which are based on the anterior works of Shadrin and collaborators (cited in the
preprint). The 7-spin Hurwitz numbers studied in this preprint are the single version of
Hurwitz numbers with completed cycles, whose double version will be the object of my
study in later sections. It is an important and challenging problem to find other ELSV
type formulas.

To widen the perspective and connect with the first chapter, it is worth mentioning that
the intersection numbers can be calculated via a matrix integral. This is a classic result of
Kontsevich [57]. Again, an excellent exposition is available in the book [59]. For the sake
of completeness, let us state Kontsevich’s theorem. Let A be a diagonal N x N matrix
with positive entries Ay, ..., Ay on the diagonal. Consider the Konsevich model given by
the following integral

1 s
K :=log { / e TrMP =3 TMA g r | (3.17)
AN Sy
where
Can = / e~ s M A g N r (3.18)
HN
It is obvious that K is a symmetric function of Ay, ..., Ay. We will regard it as a function
in a different set of variables. Let ¢y, 1, ... be the following variables

ti=—(2j — DITr (A~271).
Kontsevich proved the following

Theorem 3.6.2. The function K is a formal power series in the variables ty,t,, ... with
rational coefficients and a T- function of the KdV hierarchy (which is a reduction of the
KP hierarchy). Furthermore

tho . ths
s K (tg, b, ) = (180 LThe). (3.19)
bo! ... b,

3.7 Hurwitz numbers, matrix models, and the topologi-
cal recursion

Single Hurwitz numbers can be computed from a matrix integral. Let u, ¢, p1,po, . ..
be variables, consider the following generating function for the disconnected single Hur-
witz numbers H (g, p):

g
(29 =2 + [l + L)

Z(p,u,t) = Z Z H(g, p)pu®—? (3.20)

9=0 p
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The generating function for the connected numbers is

il
(29 = 2+ |p| + U(p))!

F(p,u,t) =Y Y H*(g, p)pu

9=0 p

=log Z(p,u,t). (3.21)

Borot, Eynard, Mulase and Safnuk [13] proved the following theorem

Theorem 3.7.1. [|I3|] Let N be a positive integer and V : C — C be the function

V(z) = —% +u(N —1/2)x + (log(u/t) +im)x — ulog (I'(—z/u)) + C},

with

1 1
C, = —§u2 (N2 - gN + 2) +5u(N = 1)log (u/t).

Then we have the following equality

u N A(R) .
7 £ — — L T(V(M)-MR) g\ f
.t = "R Aw) /H ‘ ’
where v = (v1,...,vy) is a tuple of N parameters such that

k
pk:UE Ui

i=1
and, R := diag(logvy, ..., loguy).

Finally, Hurwitz numbers have been shown to satisfy the topological recursion by
Eynard, Mulase and Safnuk [32]]. The proof is based on the cut-and-joint equations. To
state this property, we need to use yet another generating function. Let ¢, z1, x5,... be
variables. For each n € N, define

n M (2, T,
H(g)(l‘l"”’xn) = Z tlltl H'L:llu M(wla , L )H(Q,M),

29 — 2 !
2= g2 )
where M, (x) == s I, ;) are the un-normalized symmetric monomials.

Theorem 3.7.2. Let £ = (L, x,y) be the following Lambert spectral curve L = {(x,y) €
C2lyev = te"}, 2(2) = —z + log(z/t) and y(z) = z Denote by w (z1,. .., 2,) the
symmetric differential forms defined by the topological recursion as in Def]D.0.4|with the
initial data being the Lambert spectral curve. Then the following equations hold true

(9)
HO (o ) = wn (21«5 Zn)
V1, ) dr(z1)...dx(z,)’

where the variables v; are such that v; = e*#).
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3.8 Double Hurwitz numbers with completed cycles

In this and the remaining sections, I describe my own results concerning double Hur-
witz numbers with completed cycles [[70]. First, I follow closely the exposition in [82] to
give an algebraic definition of these numbers.

3.8.1 Shifted symmetric functions

Let Q[x1, .. ., z4] be the algebra of d-variable polynomials over Q. The shifted action
of the symmetric group Sy on this algebra is defined by:

o(flxy =1,...,2q4—d)) = f(xeq) — 0(1),..., 25 — o(d)) (3.22)
for 0 € S, and for any polynomial written in the variables z; — 7.
Example 3.8.1. o(2322) = (z,01) — (1) + 1)*(2o2) — 0(2) + 2).

Denote by Q[z1,. .., x4|* the sub-algebra of polynomials which are invariant under
this action. It is isomorphic with the usual algebra of symmetric polynomials. Define the
algebra of shifted symmetric functions as the projective limit

A* = lim Q[qjl, O ,l’d]*,
H

where the projective limit is taken in the category of filtered algebras with respect to the
homomorphism which sends the last variable to 0. Concretely, an element of this algebra
is a sequence f = {fD}ys1, f@ € Q[zy, ..., x4]* such that the polynomials f(?) are of
uniformly bounded degree and stable under the restriction, i.e f(4+)|, a=0=f @,

3.8.2 Two bases of the algebra of shifted symmetric functions

Definition 3.8.1. For any positive integer k, define the corresponding shifted symmetric

power sum:
pe(z1, 20, .. ) = 2; ((w — i+ 5) — (—i + 5) ) . (3.23)

In the following, we are only interested in evaluating these functions on partitions.
That is, for a partition A = (A} > Ay > ....), we define pr(A) = pp(A1, Ag,...). As
usual in symmetric function theory, for any partition y, define p,, = p,, pp, - - -

The functions {p,,, x € P} form a basis of A*. Another important basis is given in the
following proposition of Kerov and Olshanski [56].

Proposition 3.8.1. The functions {f,,;n € P} given in Eq.(3.2) are shifted symmetric
functions, and form a basis of \*.
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3.8.3 Completed cycles
Consider the following linear isomorphism

¢: 7 — N*
O, £ (3.24)

Definition 3.8.2. For any partition p, the completed pi-conjugacy class 6M is defined as

Cpi= ¢71<pu>/H/M!'
i>1

Of special interest are the completed r-cycles (r) := C(,,r € N. Here, (r) is the 1-part
partition of r.

Some first completed cycles are:

01(1) = (1)
11(2) = (2)
21(3) = (3) + (1,1) + %(1)
31(4) = (4) +2(2,1) + 2(2)

3.8.4 Double Hurwitz numbers with completed cycles

Let o and [ be two partitions of a positive integer d, whose lengths are m and n
respectively. Let g, r and s be three non-negative integers such that rs = 2g — 2 +m +n.

Definition 3.8.3. Disconnected double Hurwitz numbers with completed (r + 1)-cycles
are defined by the following formula

r 1 Dr 1<>\) ’
ng( ) = A + )\ .2
P Lo i[5 5 ZXQ ((7" +1)! X8 6:25)

A-d

We often omit the superscript (7) if it is fixed in advance. Since the completed 2-cycle
is equal to the ordinary 2-cycle, the double Hurwitz numbers H g:g) are just the ordinary
double Hurwitz numbers.

We are mostly interested in the dependence of H z:g) on (the parts of) o and 3, given
fixed g,r,{(«) and [(f3). The numbers obtained in the case m = 1, i.e. a = (d) are
called one-part double numbers. In this case, the sum is simplified a lot, and we can get
an explicit and compact formula for r = 2.

The double Hurwitz numbers with completed cycles are the answers for the following
factorization counting problem. We just need a simple adaptation of what Shadrin, Spitz
and Zvonkine did for simple Hurwitz numbers with completed cycles in 83} Section 2.2].
Define a (g, r, o, 3)-factorization fac(g, r, o, ) as a factorization in S, of the following
form:

hi...hsg1g2 =1, (3.26)
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where s = 2g — 2+ l(a) + 1(B), g € Z, g1 € cyc(a), go € cyc(B), and each h; € Sy
appears in (r + 1) with a coefficient ¢; # 0. The weight of this factorization is defined as

s

w(fac) = Hci.

=1

Proposition 3.8.2. We have the following equality:

d!
= ae, 3.27

2. wlae) = e 621

fac €{(g,r,a,8)—factorizations}

Proof. Since {C,|\ F d} form a basis of ZQS,, we can write:

(r+1)CaCs = > _arCh. (3.28)
rd
By definition,
> w(fac) = [Chay] (r+1)...(r +1) CaCs,

fac €{(g,r,a,B8)—factorizations}

v~
S

where the right hand side means the coefficient of C'j4) = Id = 1 in the product following
it. Consider the left regular representation of Q.S,, i.e. the action of QS, on itself by
multiplication on the left. A main theorem of the representation theory of the symmetric
groups [59, Thm.A.1.5] gives us the decomposition of this representation into irreducible
ones:

QS = @ dim(\)Vj.
A-d

Here, dim(\) is the dimension of the irreducible representation \ of S; (as we defined in
the section [3.8.2) and dim V), = dim(\). The action of an element B € ZQS, in V), is
multiplication by a number L, (B), i.e. the matrix L(B) representing B is diagonal:

L(B) = diag, 4 [ La(B)
dim()\)2times

In particular, we can compute:

A

Ia(Ca) = JaV) = leye(a) [,

L F1) = ﬁpmu) _ ﬁg ((A L %>r+1 i (_H %>T+l> |

Now let us take the trace of the action in the left regular representation of the two sides of
the equation (3.28)). The right hand side gives d!a ,a) since

' 1 pumm
TrL(g):{ dl ifg=1,

0 otherwise,
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while the left hand side gives

Tr (L((r T 1)L(C, ) 3 dim(A)2La(Ca) La(C) La((r + 1))

A-d

Finally, we get:

[Can] (r+1)...(r +1) CaCp = Zdlm C)LA(Ce)La((r 4+ 1))°
D d! M-d
_ |Per(a ||Per )| Pri1(N))
- > (i)
!

— Hgv(r).
|Aut(a)||Aut(B)] "

In the last line, we used:
d!

el R T

3.9 One-part numbers with completed 3-cycles

This section contains my main contribution, an explicit formula for one-part double
Hurwitz numbers with completed 3-cycles, i.e. the case r = 2. Let [ be a partition of d
of odd length n (the constraint rs = 2g — 2 + I(a) + () forces so). Let s = g + %
We write 3 in three ways, each of which is convenient in each specific context.

(B1, Bay...) = (1272 ) = (0™ ... q"). (3.29)

Here, ¢ and q are the smallest and greatest numbers appearing in 5. If a number ¢ does not
appear in 3, we have n; = 0. For later use in the proofs, introduce also ¢; = n; for i > 2
andc; =n; —1. Wehave ) ,¢; =n—1and ) ic; =d— 1.

The main theorem that I obtained is

Theorem 3.9.1. [70] Given g > 0, d > 0, let 3 be a partition of odd length of d and s
be an integer such that 2s = 2g — 1 + I((3). Then we have:

'ds T (25 —2h)! sinh(iz/2)\“
9 2 _ S 2h [.2(g—h) _
@. Z:: uzhd ] 11 iz/2 (3-30)

sld*~ 12 (28—2h 2h Z 52)\52)\
T 25t “— hl(s — h) '3h |Aut)\|'

(3.31)
A-(g—

There is strong similarity with the case of ordinary one-part double Hurwitz numbers
obtained by Goulden, Jackson and Vakil [37, Thm.3.1]. Their formula is
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Theorem 3.9.2. [37, Thm.3.1] For g > 0, S Fdand s =29 — 1 + (),

g,(1) _ s—1 .2 sinh(iz/2) “
Hp 5= sld [2%] H (—22/2

1>1

_ slds1 Z EarSan
|Aut)\|
Mg

For the proof of Thm[3.9.1] we need the following preparatory results. First, one
computes that:

ps ((d—k,1%)) = (d—k—%>3— (—k—%>3:3d<(k—%) +f—;>.

(3.32)

Remark. The fact that ps ((d — k,1%)) has the form a(k + b)* + ¢, where a, b, ¢ do not
depend on k turns out to be crucial for my method. Unfortunately, p,.((d — k, 1¥)) for
r > 3 do not have the form a(k 4+ b)" 4 ¢, so I could not obtain a compact formula by the
same strategy.

Lemma 3.9.3. We have the following irreducible character evaluation:
Xgl—’fvl’“) = (—DF [ Q42+ A= T =2

1>4+1
= (=DF [ ]J -2

1>1

{—1 ng—1 meq1 1 Nest ng
S 3 SnenEe () (1) (s

h=0 j,=0 jg+1=0 Jq=0 Jer Ja

(3.33)

Here, 0,, := 1if z = y, and 0 otherwise. This lemma is well known, and can be
derived from the Murnaghan-Nakayama rule (see, for instance, [37, p.59]).
For j > 1, let &; = [#%]log(sinh z/x) and

= ijQjck = —1+Z/€2jnk =-1 ‘I'Zﬁk%a

k>1 k>1 k>1

i.e. Sy; is a power sum for the partition, shifted by 1. For a partition A, let {; = &,y - - -
and Sy = Sy, Sy, ... and 2\ = (2A1, 2\, .. .).

Lemma 3.9.4. The following formula holds true:

ok sinh(iz/2 _ o2k EonS2x
E HI(W) 2 Taun] -39

i>1 A=k




3.9. ONE-PART NUMBERS WITH COMPLETED 3-CYCLES 71

Proof. We have

ih(i ci o : S
H (smm(zx)) — exp (Z . Z&jizjxw) — exp (Z §2j52j$2]> — z}\: lé;i’\u—ti)iﬁlx\ .

i>1 >l j>1 j>1
The proof is finished upon setting z = z/2. 0
Lemma 3.9.5. Let S,(k, ) := S.1_L (h + x)P. Then
S (k _ 2P zz (] z (k—1)z 3.35
Lk, x) = He (1+e+...+e ). (3.35)
Proof. Indeed,
0 P k—1
z
Sy lh) 2 = S = (1 e )
p=0 p: h=0
O
Let us now prove Thm[3.9.1]

Proof. By definition, we have

It is well known that X(Ad) = 0 except for A\ = (d — k,1%),k = 0,...,d — 1, in which case
itis equal to (—1)*. So

go-1 4l di—1\2 &2\ .
g,(2) . o 1\k (d—k,17)
H(d)ﬁ 9s Hﬁj Z ((k 2 ) + 12 (—1) Xp

k=0

pCRE N P d—1\> & ok
_ | — t k__ _ _1k (d kvl)
s [ et ((s- ) ) o

_ S!ds_l [ts] exp (@
2511 8;

We first treat the sum separately:

d—1 2
d—1 ko (d—k,1%)
A=) ex { (lf—T)}(—l)Xﬁ
=0
-1

ng—1 MNgy1 g 2
X:: i Zexp t(h‘f—ziji_%)

0jey1=0  jg=0

X (—1)Xizidi (W - 1> (W“) (%) (Lem/3.9.3).
Je Je+1 Jq

h=0
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. Now expand the exponential and sum over / first :

J

ng—1 Ne41 00 /—1
I I Y (‘1) () ()53 (e -5
3e=0jer1=0  jg=0 Je Jet1 Ja/ =0 P 5o >t
_ Z 2p ltp (1te+...+ (Z—l)z) S o
p=0
ng—1 Ngq1 1
X Z Z Z F2ize Ui 1) iz di (W B ) (n.g+1> (@) (Lem|3.9.5)).

Je+1 Jq

Je=0 je4+1=0 Jq=0

! . . o
S OO 0 gy ety (1 ) T (L )

p!

p=0 i>0+1
o0
| 1)z . )
I R | (ETO
p=0 1>1

Finally we get:

lds~1 td*\ <= (2p)'t? (d=1) o~
B
(d)vﬁ S .
25115, 12 s p! P
slas=1 td®\ <= (2p)ItP - sinh(iz/2)\“
— t p—n+1
25 Hep(u)z G ]H( i2/2 )
p=0 i>1
s‘ds 'S~ (25 —2h)! sinh(iz/2)\ "
— d2h 2s—2h—n+1
Z hl(s — h)!12" [Z } E iz/2
To pass from the first line to the second, we write 1 — ¢ = —2¢%*/2sinh(iz/2) and use

Siei=mn—1,5ic; =d—1and [[,i% = [] 8;. There is also the factor (—1)>¢ =
(—=1)"1 =1 since n is odd.

Note that 25 = 2g — 1 4 n, so we are taking the coefficient of 22(9~"). Because
the lowest degree of the series in z is 0, the summing index A actually runs from O to g.
Finally, we get the first claimed equality:

g L o
(2) s'dS ! (25 —=2h)! o+ a(g-n) sinh(iz/2)\"
A8 = Z ulghd Exaiil| Ciz/2

i>1

The second equation in the theorem follows from Lem[3.9.4]. O

3.10 Some corollaries

As it was done in [37]], I will prove some fairly important implications of Thm[3.9.1]
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3.10.1 Strong Polynomiality

Our formula gives immediately the strong polynomialty of 1-part double Hurwitz
numbers with completed 3-cycles. In fact, double Hurwitz numbers with completed
cycles of any size satisfy the strong piecewise polynomiality, i.e. they are piecewise
polynomial with the highest and lowest orders respectively (r + 1)s + 1 — m — n and
(r+1)s+1—m —n — 2g. This is proved in [82]. For one-part numbers, piecewise
polynomiality becomes polynomiality. Our formula can be viewed as an illustration of
this fact through an explicitly computable case.

Corollary 3.10.1. Ho () 5, for fixed g and n, is a polynomial of the parts of 3 and satisfies
the strong polynomiality property z e. it is polynomial in [y, Ps, ... with highest and
lowest degrees respectively 3g + “52 and g + "3 " n=3,

The polynomial is divisible by dsfl, but unlike the case of ordinary double Hurwitz
numbers, 2°H fé% /s!d*~1 depends on the number of parts of 3 for g > 1. See the com-
ment after [37, Corollary 3.2].

3.10.2 Connection with intersection theory on moduli spaces of curves
and ''the )\, theorem"

In [82], the authors conjecture that for every > 1, there exist moduli spaces X éTT)L of
complex dimension 2¢g(r + 1) + n — 1 such that we have the following ELSV formula:

S [ 1= At e+ (1)
790 _ _/ 2 g 3.36
@74 o T A). (- BT, (-3

where we fix the degrees of the rational cohomology classes Ay, € H4™* (Xﬁ) and
U, € HY (Xéj",l).

A similar conjecture was previously made by Goulden, Jackson and Vakil [37] for
ordinary double Hurwitz numbers, i.e. the case r = 1. To support their conjecture, they
made a thorough combinatorial study and found many similarity between "combinatorial
Hodge integrals" and the "real" ones such as those defined by Eq.(3.16) .

Following them, let us define the combinatorial Hodge integrals for by,... b, > 0
and0 <k <g:

9,(2)

(
e M <d ffﬁ)

9,(2)
(d),8

(
(1B ] <d(g+—g_1)!> . (3.37)

We will not keep the superscript (2 ) save space. This "intersection" number vanishes
unless by + ... 4 b, + 2k = 3g + "5=. The order of ({7, ...y, Aax)), is defined to be
by + ...+ by.
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We are going to evaluate the lowest order terms, i.e. the terms with £ = g. In [35],
Faber and Pandharipande proved the so-called )\, conjecture (which is also a consequence
of the unresolved Virasoro conjecture):

29—3+n>

<7_b1 e 7_bn)‘g>g = Cg( by, b, (3.38)

Recall the left hand side notation in Eq.(3.16). By computing (72972),),, they found

221
Cg = 229_1(29)! |B29|7

where By, is a Bernoulli number (By = 1, B, = 1/6, B, = —1/30, B = 1/42,...). In
analogy with Eq.(3.38)), the following combinatorial version is proved in [37, Prop.3.12]:

29 =3+ ”> . (3.39)

(o) = (0

Their symbol ((.))7=" is defined in a similar way as in Eq (3.37)), with a different normal-
isation; for precise details, see [[37, Eq.25]. It is quite remarkable that the same constant
¢, appears in both cases.

Here, thank to Thm[3.9.1] we can also easily evaluate ((7,, ... 75, Agg))g.

Theorem 3.10.2. Forb, + ...+ b, = g+ "T_l, the lowest combinatorial Hodge integral
is given by:

4ol
((Thy + - T, Nag))g = <bf 2b )cg,n, (3.40)

with
c _ (29 +n —1)1(22971 —1) Byl (341)
" gt (g -

Proof. To compute ((7y, ... 7y, Aag)),, We have to do two steps. The first consists of

extracting the lowest term in the polynomial d H (945223 /s!, i.e. the h = 0 term in the sum

ey

(3.30), and extracting the constant term of Sy, which is (—1)""Y, in the sum over all

partitions A of g. The result is:

L Z (—1)'WVe&y  (29+n—1D)ldot"s (—1)Wéyn
5125429 £~ |Aut)| (g + 25t) 12805 - |Aut)\|

Then the second step is computing the coefficient of Bfl ... 3% of this expression. The
final result is

g+ ”T_l ) (29 +n—1)! (—1)IN gy, (3.42)

<<7-b1 .. .TbnAg >> = (_1)g< o
9rrg bl; .. ,bn (g + %4)!239+Tl g \Aut)\|
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On the other hand, using (3.30), we have:

((Tglag))g = (—1)7 [d] AH ), (@)

[220] z/2 sinhdz/2

29¢! sinhz/2 dz/2
2g—1

Bl

(3.43)

o
Comparing (3.42) and (3.43), we obtain the explicit evaluation for the sum } _, . |AT)\|§2A
and get the desired claim.

We observe a strong similarity with the results quoted above. The main difference
is the dependence on n of the factor C,,,. A geometric explanation would be of great
interest.

3.10.3 Dilaton and string equations

Goulden, Jackson and Vakil proved that their combinatorial Hodge integrals for or-
dinary double Hurwitz numbers satisfy the string and dilation equations [37, Prop.3.10].
Here I prove that the lowest terms satisfy the (modified) string and dilaton equations for
every genus g. The situation for higher terms is not clear to me.

Theorem 3.10.3. String equation: For g > 0, n > 1, nodd, by,...,b, >0, by + ...+
b, =9+ "T“

n

{137y T, Nag))g = (29 + 1) Z<<Tb1 e Thy 1 Toy—1Tbysy - - - TonNag))g- (3.44)

i=1

Dilaton equation: For g > 0, n > 1, nodd, by,...,b, > 0,by +...+b, = g+ ”7*1
(minus here is not a misprint):

n+1
2

<<7_07_17_b1 '--TbnA2g>>g = (29+n) (g+ ) <<Tb1 ---TbnA2g>>g- (345)

Here we assume that ((.))=0 if there is some T inside the brackets.

Proof. For the string equation:

g+ ntl
S AT

(g "T_l).(b1+...+bn) (29 +n+1)(2
by!...b,! g ( ntl

n)

g+
)

= (29+1) > ((Toy -+ oy To1Tbiys -+ T ag) ) -



76 CHAPTER 3. HURWITZ NUMBERS

For the dilaton equation:

4 ntl
<<70717'b1 .- -TbnA29>>g = ( g 2 )Cg,nﬂ

0717b17"'7b25+1
9+ 5t n+1
_ (bl’.”’bn)cgm@g—l—n) (g+ )
n+1
=g+ (o4 "5 ) (el

]
Finally, let us make the following remark concerning the Virasoro constraints. Con-
sider the following generating function

ty, .oty

1 .
Fi=> = > ({ty o 7o Nag)) g (3.46)
e n! om0 (29 +n —2)!!
Then the string and dilaton equations can be written as follows:
02 - 0
—— tivi=— | F: =L F=0 3.47
( BT + ; +1 825,») 1 (3.47)
0? = 0
—— 41 ti— | F = LoF" =0 3.48
( oot L aa-) ° (5:48)

It is easy to check that [Lg, L_;] = L_;. They look like two lowest Virasoro constraints.
It would be interesting to investigate if we have higher Virasoro-like constraints as well.
And of course, it would be of great interest to investigate string and dilaton equations for
higher order integrals, i.e. for (7, ... 7, Agx) With k < g.

3.10.4 Explicit formulae for top degree terms

Finally, let us show how to compute the top degree terms

(Toy -+ To))g = ((Toy - - T, No) ) g-

They are sometimes called Witten terms because of the celebrated Witten’s conjecture
[90]. In order to state the result, we need some notations. For any partition A, we have the
expansion of py in the monomial symmetric functions m,,:

pr= > Rym,. (3.49)
BEA|

From the definition of p) and m,,, one can see that 12, is equal to the number of ordered
partitionsw = (Aiy,..., Ayy) of the set {1,...,I()\)} such that for 1 < j < I(u):

iGAj

3. Do not confuse between a partition of a number and a partition of a set. A partition of a set .S is a set
of pairwise disjoint subsets {57,592, ...} of Ssuchthat S =S USaU. ...
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For2j < b; + ...+ b,, denote
D2j( ) —{(al,...,an),aieven,aiSbi,a1+...+an:2j}.

For a vector @, denote P; the associated partition, i.e. the rearrangement of the compo-
nents of @ in non-decreasing order.

Theorem 3.104. Forb,,...,b, >0,by + ...+ b, =39+ %, we have:

<<Tb1 .. .Tbn>>

9 n—1
(25 — 2h Sonlon P, g+ "5 +2h
ey L L Al et

Al_(g h) GGDgg 2h b

(3.50)

Proof. To compute ((7, ... T, ))s We have to do two steps. First, we need to extract the
highest degree term in dH A, /s!. The result is:

d 23 - Qh §arD2x
a 3.51
28+2g Z hl |3h Z ]Aut)\] ’ ( )

where poy = por(f1, B2, ...) is the power sum. Then we compute the coefficient of
b1 ... B of this expression to obtain ((7y, ... 7y, ).
ay _.as

Using the obvious fact that [z{'x5*...]m,(z) = 1if 4 = F; and 0 otherwise, we
obtain the desired result. [

In particular, for g = 1, we have

Corollary 3.10.5. Forn > 1, by,...,b, > 0and by + ... + b, = 55

C(n) 1 2B - i
W mdh = 2m +; biy o bty by — 2, b, b ) |
(3.52)

n+1

2 = / Pppp—
biyesbiz1,bi=2,big 10, bn) 0ifb; —2 <.

where (

One can compare this formula with the following Hodge integrals over M, ,, which
can be found, for instance, in [59, Prop.4.6.11]:

Proposition 3.10.6. For d, + ...d, = n, we have:

1 " (i =) (n— 1)
<Td1 c 'Tdn>1 = wldl te wgn = ﬂ(dl n dn> <1 - i (Z ) (n Z) ei(db' c 7dn>> )

Min

[|
N

where e; is the i-th elementary symmetric function:

ei(dl,...,dn): Z djl"‘dji

J1<..<Js






Koornwinder polynomials and
Littlewood identities

The subject of this chapter is bounded Littlewood identities. First, I define and prove
some basic properties of Koornwinder polynomials. Then the virtual Koornwinder inte-
grals are introduced. Their known evaluations are the main technical tool. After that, I
discuss several new bounded Littlewood identities proved by Rains and Warnaar in [75].
My main results, presented in the last section, concern the extension of two of these iden-
tities. More specifically, I give a full proof of a conjectured formula stated in their paper,
and make partial progress towards another (see Subsec[4.4.2]and Subsec4.4.3)).

4.1 Koornwinder polynomials

The polynomials which concern us are the BC,, symmetric Koornwinder polynomials,
which were introduced by Koornwinder in [58]]. There are many equivalent ways to define
them. One of those is via a g-difference equation as follows.

Let q,t,t = (o, t1, to, t3) be complex parameters and K = Q (¢, ¢, t). Let n be a pos-
itive integer and X = (=1,...,x,) be indeterminates. We denote x~' := (z7%,..., 2, 1),
X=(T1,. s Tn1,2,").

Let W = S,, X (Z/27)" be the hyper-octahedral group, which is the Weyl group of
the finite root system of type B,, (and C},). The group W can be viewed as the group of

permutations of {1,T,...,n,7} such that w(i) = w(i) forany w € Wandi = 1,...,n

(with the convention that ¢ = ). This group acts on x by permutation and inversion.
More specifically, each w € W is a permutation of 2n symbols {x,x '} which satisfies
w(x; ') = w(z;)"". As usual, it acts on K [x*'] by transposition, i.e.,

(w1, ... xn) = flwzy, ..., wxy,).

79
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Denote by A% = K [x*!]" the subalgebra of Laurent polynomials which are in-
variant under 1. It has the following basis indexed by the partitions of length less than
or equal to n:

my = Z X = Z (wz)M ... (wz,). 4.1)

weWw weW

The polynomials m are called monomial BC), symmetric functions.
Definition 4.1.1. Define the Koornwinder difference operator

D(n) = D(n)((]’ t, to, P ,tg)

X X

\E

[a;(z1, . 20) (T, g — 1) + 05278 27Y) (T g — 1], 42)

j=1
where
1 —tox: ) (1 —ti2:) (1 —tox; ) (1 — tax;
a](xla 71'71) :( Oxj)( 1«'23)( Qi:])( 31'3)
(1 —af)(1 —qz3)
y H (1 —tajog)(1 — tx]xkl )7 43)
1<k<n (1 —zjmp) (1 — 52, )
k#j
and (T$j7qf)(x17 te 71:”) = f(xla <o qTg, .. ,$n> for any function f of n variables.

For each partition A of length less than or equal to n, define the Koornwinder eigen-
value

B = B\ (q,tito, .. t3) = Y [totatatsg 2" (¢ — 1) + 7 (¢ = 1)),
j=1

4.4)

It is not obvious from the expression of D" that the image of a BC),, symmetric Lau-

rent polynomial is a Laurent polynomial since a priori, the images are rational functions.
In fact, one can prove that

Proposition 4.1.1. D is an endomorphism of the vector space AP,

Proof. Let f € AB%. Since D" is BC, symmetric, g := D f is BC,, symmetric.
One thus only needs to verify that g is a Laurent polynomial, that is the denominators in
D are finally all canceled. From the expression of D,(c"), what we have to prove is that
for every j, the function g, considered as a complex function of x;, has vanishing residue

at the following points

v, = +1,+¢"2 +¢7 V2 2 (VE £ ).
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We compute the residue at z; = 1, z;, to illustrate; the remaining points are completely
analogous. For z; = 1,

(I =t) (A = t) (1 = t)(1 — t3) (1 —tag) (1 -tz ")
Resg = 2(1—q) 1<1;[<n (1—2)(1—2))
k#j
X (f(xy,.oyq, o xn) — flog, .o 1,00 xy))
(1 —to)(1 — 1) (1 —t5)(1 — t3) (1 —tay) (1 —tz; ")
" 2(1—q) H (1—a)(1— 2 ")

1<k<n
k]

x (flor,....q7 . m) = flon, .. 1 my)

since

flzr, o0, ) :f(xl,...,qfl,...,xn).

Now for x; = x;, (without loss of generality, suppose that j < k), we first prove that

Res (a5 (Toy = 1)+ au(x) (Lo = ] S = 0.

k

Indeed, this residue is equal to

(1 —tozg) (1 — tyxg) (1 — toxg) (1 — taxy) H (1 — tzpay) (1 — toga; ")

(1 =) (1 = q7) (2ien (L= @) (1 =z )
£k
(1 —ta2) (1 —t
X Kl 2l )[—f(a:l,...,qwk,...,xk,...,xn)—i—f(xl,...,xk,...,qrz:k,...,wn)]

1—a?
=0,

due to the symmetry of f. By the same calculation, we also have

xR:e;pS [aj(x_l) (Tmi,qfl - 1) + ak(x_l) (ka7q71 - 1)} f=0.

Thus Res g = 0. 0
Tj=T

Remark. A more conceptual proof based on the language of root systems is given in the

original paper of Koornwinder [58].

The operator D" has the following property which is essential for the construction
of the Koornwinder polynomials.

Proposition 4.1.2. The operator D is upper-triangular in the basis {m,}, more specif-

ically

Di(n)m)\ = Z C)\M(qv ta tO) tl; t?a t3)mﬂ'
p<A

Its eigenvalues (diagonal entries) are Ei"). The eigenvalues are generically (i.e., for
generic values of parameters) pairwise distinct.
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Proof. The partial order on partitions defines a natural partial order on monomials. One
simply defines z* > z* if and only if A\ > p. First, we show that only partitions j such
that ;» < A enter into the decomposition. It is equivalent to showing that every monomial
ot =it ok in D,((")m,\ such that iy > ps > --+ > p, > 0 satisfies x# < 2. This
follows immediately from the observation that the factors in front of the scaling operators

T, of D all have the form ggg where for every j, the degree of x; in P is equal to its
degree in ().

Now we show that the diagonal entries are E/(\n

) (n)

. The coefficient of m ) in Dx ‘m, is
(n)

equal to the coefficient of z* in Dy”2*. For 1 < j < n, we have

aj(z1, ..., 20) (Toyq — 1) 27" .2
—ed L (¢ — 1) (1 —tox;)(1 — ta;) (1 — to;) (1 — ts;) 11 1 — tojo, o — ta;
" (1 —25)(1 — qx3) e R ST T
5

T — tx;
=totitatsq” 't (g% — 1) o H k79 4 Jower terms

=totitatsq 1" (¥ — 1) 2 L Lapn

" (1+ (1—t)37j) <1+ (1—t)37j) <t— (1—t)$j+1) (t— (1—t)37n)
Ty — Ty Tji—1— Ty Tj— Tj41 Tj— Tp
+ lower terms

:totltgtgq_thn_j_l (q’\j — 1) xj\l .. ..T,/}b" + lower terms.

In the above equations, "lower terms" are understood in the sense of the mentioned partial
order on monomials. The last equation is just the natural consequence of this partial order
that for 7 < j, x; is privileged in calculating the higher term. Similarly

aj(xyt, o ay) (Toyqr — 1) )t
(¢ — 1)z (25 — to)(z; — t1)(z; — 1o)(z; — t3) (jap — t)(x; — tay)

(zF —1D(a} —q) e, (@ime — 1) (x; — )

k#j
¢t
(¢ — 1)z H LI 7T 4 Jower terms
Tj— Tk
1<k<n
k#j

(v = 1)’

I O M

+ lower terms

(¢ — D)#7 2> + lower terms.

Summing over j the two results, we get the desired claim about Eg"). [

The main consequence is that this operator is generically diagonalisable with 1-dimensional

eigenspaces. It leads us to the following
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Definition 4.1.2. For each partition A of length less than or equal to n, the BC), Koorn-
winder polynomial K)(x) = K)(x1,...,2,;q,t; g, ..., t3) is the unique solution of the
g-difference equation

[Dg%—Eﬁqkag)zo 4.5)
such that
Ka(x) = ma(x) + > exumy(x) € Kix*". (4.6)
p<A

If I(\) > n, we set K, = 0.

In particular, { K} form a basis of K[x*!|". It is clear from the definition that Ky
is invariant under permutations of %y, 1, t2,t3. In the following, in order to make the
expressions look neat, we shall often omit the parameters whenever no confusion can
arise. Without explicit writing, we always assume that the parameters q,t; g, t1, t2, t3
appear in that order.

To the best of my knowledge, there is no known algorithm to compute the Koorn-
winder polynomials. Even for small partitions ), the expression of K, can be very com-
plicated. There is actually an explicit formula for polynomials corresponding to one-part
partitions A = (r) found by Hoshino, Noumi and Shiraishi [45]] (see Thm[4.4.2).

The Koornwinder polynomials satisfy many remarkable properties. First, they are
orthogonal polynomials which generalize the celebrated 5-parameter univariate orthogo-
nal polynomials of Askey and Wilson [6,58]]. To state this orthogonality property, let us
define the Koornwinder density

n (xﬂ;q)oo (xilxil;q)m
Ag = AK(X§qat;t0> cee 7t3) = H H3 Zt xi]_.q) H (t;:-tlffl%tl'Q) )
Ll ) 00

j=1 11lr=0 0o 1<j<k<n \"J

4.7)

where in the last product, all four combinations of signs are allowed. For complex param-
eters q,t, to, t1, t2, t3 of modulus strictly less than 1, one can define the following scalar
product on K [x*!]:

1 -1
Uﬂ%zmﬂqwﬂ@mX)AK@MT
= g0 Ak(x), @8

where T and dT are respectively the n-dimensional unit torus and the natural measure on
it defined in Def[2.4.4] Now we can state an equivalent definition of K.

Proposition 4.1.3. The K are the unique family of polynomials in K[x=1V such that:
1. K)\(x) = my(x) + > cyymy(x), and

p<A

2. (Kn K,) = 0if A4
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Proof. It suffices to prove that D is symmetric with respect to the scalar product, i.e.,

(DY f,g) = {f, DMg),

for every f,g € AB%. Let

+1.
Jj=1 Hr:O (trij q)oo 1<j<k<n (txjxk ’q>oo

so that A = AL (x)A%(x!). We have

A T 850 = et e [T (o I = o,

(=21 — qa? (1 — 2y2k)(1 — 21 /2p)

k=2

Thus

(a1(0) T, of (%)) A (%) = T, (F(x)Af(x)) -

Therefore

/T (01 ()T, of (%)) AL (x)g (x )AL ()T

n

Torq (f(0)A% (X)) g(x) Af(x71)dT

I I
T~

>

+

f(x) K(X)Twhq*l (g(x_l)A}L((X_l)) dT

FGx) (a1 (6 )Ty q19(x 7)) Af (%) A (3 )dT.

I
T

By interchanging z; and 3" , and summing over all of the obtained equations, we indeed
get the claimed symmetry of D, [

A key property of the Koornwinder polynomials that will be used to prove the bounded
Littlewood identities is the following BC,, Cauchy identity of Mimachi:

Proposition 4.1.4. [67]Forx = (x1,...,x,) andy = (y1, ..., Ym), we have

Z Km"—)\(x; q, ta t07 e 7t3)K)\’(y; t? q, th cee 7t3>

ACm™
=TI G+t ==t = @) " [ TIO -2 @)
J=tk=1 J=1 k=1

The proof of this theorem is long and involved, the interested reader is invited to
consult the original paper [67]]. Note that g and ¢ are exchanged in the second polynomial
in the sum. We will also need the explicit quadratic norm evaluation:
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Proposition 4.1.5. [76] The quadratic norm of Koornwinder polynomials with respect
to the Koornwinder density is

<K)\(’ q, ta tO) t17 tQa t3)7 K)\(? q, t) th tla t2a t3)>
(L,1)
_C;(Q; q,t) O (2" Blotytats; q, ) O (1", 1" *tolytats; ¢, t) [To<icj<s CUt"Mt5: 4, 1)
C (t g, )C+(t2n 2tO'[;lt2t3/q q, )OQAZ(t2n72t0tlt2t3;Q7t) 7

Nin)(% t; t07 tl, t2, tg) =

where all the notations are defined in Sec2.1]

It is known that all other Macdonald polynomials associated to classical root systems
can be obtained from the BC), Koornwinder polynomials. More specifically, we have

Proposition 4.1.6. [75/86|]] The A,,_1 Macdonald polynomial P\(q,t) is the highest order
term of K (note that P\(q,t) is homogeneous). The other Macdonald polynomials can
be obtained by specialising the parameters as follows.

1. For X a partition of length at most n,
PP (2.0, 15) = (w30, 0q"/2, 213%). (4.10)

2. For )\ a partition or a half-partition of length at most n,

P)EBMB")(‘,E; q, t7 t?) = K)\(Jf, q, t7 t2a q1/2)7 (411)
PP (11,1 t5) = K23, 1 ta, 1ag"/?), (4.12)
where
K (w35q,t; 2, 3)
Kz g, —1, _ql/27 to, t3) A\ is a partition,

K12 (239, t; —q, —q'? ty, t3) H( 2 71/2) A is a half-partition.

3. Let A be a (generalized) partition or a half-partition of length at most n, where
the part )\, can be negative but satisfies —\,_1 < X\, < \,_1. Denote \ =
(A, s A1, —=An). Then, we have

P (x;g,1) = PP (g, 1), (4.13)

if \, =0, and
P/\(D”’D”)(X; q.t) + PXED"’D")(X; q,t) = P/\(B"’B”)(X' q,t,1), (4.14)
PP (ks q,t) — PYPPY (x;q,1) = PO (x50, 8,2) ﬁ < S - 1/2> :
- (4.15)

if An 7# 0.
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I will not define what PiR’S) for a pair of admissible root systems (R, S) are. The gen-
eral construction is completely analogous to that of Koornwinder polynomials (by trian-
gularity with respect to the monomial symmetric functions and orthogonality with respect
to a well chosen density attached to the root system R). We can of course take the above
formulas as the definition for (R, S) = (B, B,), (B,,Cy), (Cy, By), and (D,,, D,,). The
interested reader should consult the book [63]] for a uniform treatment of all root systems
(including exceptional ones).

4.2 Virtual Koornwinder integrals

The virtual Koornwinder integrals are the main technical tools used by Rains and
Warnaar to prove new bounded Littlewood identities [75,76]. They are defined as follows.
For f € ABC define

I;(?)(f; q,t;to, t1, ta, t3) := [Ko(; q, t; to, t1, ta, t3)] f- (4.16)

Note that although Ky =1, }?) is not the constant term of f. Similarly, for f € A, define
IK(fa q, t? Ta t07 tla t27 t3> = K0(7 q, tv T7 th tl) t27 t3) fa (417)

where K is the infinite variable version of a lifting Qf K (see [[76, Sec.7] for details). If
the specialization of parameters hits the poles of of K, i.e., if

totitats = > NTIINT 2 (i, 4) € A,

then 7" must be specialized before other parameters. The relationship between the two
virtual integrals is:

[?)(fé ¢, tito, ti,ta, ts) = I (fiq,t,t" to, t1, ta, t3). (4.18)

Remind that if no confusion arises, we will omit writing the parameters. A corollary
of the orthogonality property is that:

Corollary 4.2.1. For q,t,ty, ..., ts of magnitude < 1, and f € AP,

L) =27 | Fe0MkbdT = (£,1)/(1,1), (4.19)
where
- (t, tot1tatst™™ % q) o
Z ={(1,1) = A dT = : : . 4.20
< ) > /" K(X) H (q’ tz’ Q)oo H0§r<s§3(t7”tstlil; q)oo ( )

i=1
The parameters are understood in a consistent way.

The evaluation of (1,1) is known as Gustafson’s integral [42]. In general, it is hard
to compute explicitly the virtual Koornwinder integrals. The known evaluations are as
follows.
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Theorem 4.2.2. (Rains and Vazirani [75, p.30], [78, Thm.4.1]) For every partition j, we
have

C)(T?q,1*) C, (qt;q,t%)
CP(qT?/t; q,12) C (%54, %)

I (Pu(;q,t); q,t, T; 2 +(qt)?) = x(1/even) 4.21)

where v = (i'/2)" = (i1, ps, - .. ) and x(peven) = 0 if 1’ is not even, i.e., at least one
part of 1 is odd, and equals 1 if i is even. Recall the definition of C’g’_ in Sec.

The proof of this theorem is based on the affine Hecke algebras. The next proposition
is due to Rains [[75} p.30]. It is a consequence of the recent works of Rains on multivariate
elliptic hypergeometric functions and identities.

Theorem 4.2.3. For every partition [,

I (P(;q,t);q,t, T; =1, —¢"/*, —t'/% —(qt)"/?)
COT: 42,7 O (g 2iq, 1)

— (—1)l (4.22)
(=1) C’g(—ql/zT/tl/?; q1/2, t1/2) C’;(tl/Q; q\/2, t1/2)
Two variants for / %) are available |75, Thm.3.4, Thm.3.5].
Theorem 4.2.4. For i a partition of length at most 2n, let
,[L = (,Ul — Mony - - -5 Hopn—1 — PJQn)
Then we have:
I}?) (Pu(xf, cooxEigt) gt 1, :I:t1/2)
= (=1 1Y (Pulat, . by £ 1, 1) g, 6 £, £t7)
A(2n) t oo~
_ )AL (q,t) if fuis e.ven 4.23)
0 otherwise,
where (1/2 == (u1/2, p2/2,...).
Theorem 4.2.5. For v a partition of length at most 2n + 1, let
U= (V1 — Vongls - - - Van — Vangl)-
Then we have
I[(?) (Pu(xli7 s 7xri17 17 q, t)? q, ta _17 ta itl/Z)
= (—1)”2”“]}(?) (Pl,(a;f, e ,:c,il, —1;q,t);q,t; 1, —t, itl/Q)
B A(VZ/’;H)(q, t) if U is even 4.24)
0 otherwise, '
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4.3 Bounded Littlewood identities

One fundamental problem in the theory of symmetric functions is calculating the tran-
sition matrix between two bases (one of them is often the Schur or Macdonald basis). Of
course, due to the great complexity of involved objects, it is hopeless to compute the full
transition matrix. However, we are only interested in those matrix coefficients which have
a nice and reasonably compact expression. Let us formalize the question

Problem: Let R be a symmetric polynomial, calculate the coefficients of the ex-
pansion of R in the Macdonald basis P, i.e. calculate c) such that

R:ZCAP)\-
A

Such an equation, particularly when R and c) are all reasonably simple, is called a
Littlewood identity. If the sum runs over a finite number of partitions, it is further called
a bounded Littlewood identity.

Lemma 4.3.1. Letx = (x1,...,2,) andy = (Y1, ..., Ym)- Then

(—1)‘“'[P)\(X, q, t)](ilj'l Ce Lﬁn)men,M(X; q, t, to, tl, tQ, tg)
:(_UW[K;/ (vit, @ to, tr, o, t3)] Py (y™3 1, q) (4.25)

Proof. Indeed, combining the Macdonald-Cauchy identity[2.4.4)and the Mamichi-Cauchy
identity 4.1.4] we obtain

S (=)@ ) Ko a (X5 . £ oty 1) K (Y3 8, g5 o, tr o, )

ACmn

= > ()P P(xiq.0)Pu(y*it.q)-

AC(2m)™

Equating the coefficients of Py (x; q,t) K,/ (y;t, ¢; to, t1, t2, t3), one finds the desired equa-
tion. [

Thus one can interchangeably do the computation in the bases P or K. Taking . = 0
in Eq.(4.23), one obtains

Corollary 4.3.2. For any partition ),

[Pa(x;q, )] (21 ... )" Kpn (%5, q, i to, 11, E2, t3)
=(—D)PM[Ko(y;t, g;to, t, ta, t3)] Py (yE; t, )
— (=D)L (Py(t, q): t, g to, tr, b, t3). (4.26)
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Rains and Warnaar [[75]] proved various bounded Littlewood identities which express
the decomposition of rectangular-shaped Macdonald polynomialsﬂ associated to B, C, D
root systems into those associated to A system. The implications of these identities in-
clude new combinatorial formulas for highest weight characters of affine Lie algebras,
new identities of Rogers-Ramanujan type associated with affine Lie algebras, and new
Kaneko-Macdonald-type hypergeometric identities.

Their Littlewood identities are stated in the following theorems. The reader is invited
to look at the discussions in |75, Ch.4] to know about the earlier identities of which these
identities are generalization.

The first bounded Littlewood identity of Rains and Warnaar is for Pf(n(’;"’B") (x;4q,t,qt).
In the next section, I will prove an extension to the case of near-rectangular polynomials
Pﬁf’_’ﬁ;ﬁ_l)r (x;q,t,qt); itis Thm4.4.5| It was conjectured by Rains and Warnaar in their

paper.

Theorem 4.3.3. For x = (x1,...,x,), m a nonnegative integer and a a complex number,

n

Z a”dd(k)bif’m(q, t)P\(x;q,t) = (H (1 + axj)> P,(,SL"’B")(X; q,t,qt), 4.27)
A

j=1
where

2m—a’ (s)+1tl’(s)

oa O 1 — q
)\;m((], t) = bAd(Q’ t) H 1— q2m—a’(8)tl’(8)+1‘

SEA
a’(s) odd

Note that b33, (q,t) = 0if Ay > 2m + 1, thus the sum is over partitions lying inside
the rectangular ((2m + 1)™). This explains the adjective "bounded". Also, for A an even
partition

o 1 — q2mfa’(s)tl’(s)
(;\a;m(q7 t) - b/\ <Q7 t) H 1 — q?m—a’(s)—ltl’(s)—i-l . (428)
SEA
a’(s) even

Proof. First, let us prove the case a = 0, in which Eq.(4.27) is equivalent to

m bt (q,t if \i ,
(_1)\,\|[[(( )(Px(t,q);t,q; j:ql/27j:(qt)1/2) _ /\,m(q ) if A1s e‘V6n
0 otherwise.
Following Thmwith (T, 1) = (t™, N), we have (—1)N T (Py(t, q): t, q: £¢"/2, £(qt)V/?)
vanishes unless A is even in which case it is equal to

C(()A/z)/(qm; t.q%) C(}/z)/(‘]ﬁ t,q%)

CO oy (@18 1,62) oy (6%, 42)

1. It means the polynomials indexed by rectangular Young diagrams.
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Now suppose that A is even, we show that this expression equals bAm(q, t). From the
definition, one has, for every partition v

C(a; q,t) = (—a)lg"e 00 (a™ s, q),
C,(a;q,t) = C, (at,q).

Thus

()M (Py(t, q)st, g; 42, £(qt)?)

2 CRula et t) Oy plati P t)

a <¥> CY (@' 2/t 4%, 1) Cf (g% 4%, 1)
1— q2m—2a'(s)tl’(s) 1— q2a(s)+1tl(s)+1

- H _ 2m2a/(s) 14U (s)+1 1 _ ~2a(s)+24(s)
sE)\/21 q t 1—g¢q t

1 — q2m—a’(s)tl’(s) 1— qa(s)tl(s)—i-l

- H _ 2m—a’(s)=14l'(s)+1 1 _ qa(s)+1+l(s)”
sy 1—gq ()=1¢l(s)+1 1 — gals)+1¢l(s)
a(s) odd

To save space, I did not put subscripts under the arm-length etc. It is understood that
when the product is over the boxes of a partition, the lengths are calculated with respect
to this partition. Thus in the last line, the lengths are calculated with respect to A, while
in the line before it, they are calculated with respect to \/2. The reader is advised to draw
a small example of an even partition ) to see the last equality.

Because A is even, odd arm-lengths correspond to even arm-colengths. Therefore, the
last product is indeed equal to b}, (¢,t) in the form given by Eq.([4.28). Thus the case

a = 0 of Eq.(4.27) is proved.
Now, for the case a arbitrary, note that

n n

H(1+axi) = a"e.(x1,...,xy,).

i=1 r=0
Therefore, by the e-Pieri rule Eq.(2.12), it suffices to show that
a® OB (g, t) = Y aMHy (g, bk (g. )

1 even
A/ vertical strip

Given ), there is a unique p satisfying the two conditions in the sum, i.e., u; = 2| \;/2].
Note that then |A\/pu| = odd(A). Thus, we are led to showing that

(@) = U3, (q, )b, (g, 1)
The m-dependent parts on both sides agree:

1— q2mfa’>\(s)tli\(s) 1— QQW—GL(S)tlL(S)
H 1— q2m—a’)‘(s)—1tl’)\(s)+1 - H 1 — qu*ah(S)*ltllﬂ(S)‘H

SEA seEp
a), (s) even a;,(s) even
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So it remains to show that

b())\a(Q7 t) = 7/11\/;1((]7 t)bza((L t)

This follows easily from the definition of these quantities. U

The second identity of Rains and Warnaar concerns P(i” 5n) n Subseci4.4.3| I obtain

2
some partial progresses towards the generalization to the near-rectangular case. For m a
positive integer and A a partition, let (ol stands for odd leg)

1 — qa(s)tl(s) 1— qua’(s)tl’(s)fl
b)‘m<q’ ) ’ H 1 — qa(s)—l-ltl(s)—l H 1— qm—a’(s)—ltl’(s)'
SEX SEA
1(s) odd U'(s) odd

We note that 03, (¢,t) = 0if Ay > m. Also note that unlike the case of 03, the m-
independent part of b"l;m is slightly different from the conventional .
Theorem 4.3.4. For x = (x4, ...,x,) and m a nonnegative integer,

> (g Prleia.t) = (1.2 E Py (i, t.1) 429)

2

where the sum is over partitions X C m" such that mi()\)EI isevenforl <i<m—1

The identity (4.29) can be dissected into two following identities:

Theorem 4.3.5. For x = (z1,...,x,) and m a nonnegative integer,
> @R, 1) = (@10 E P (i 0), (430)
N even
> (g OP(xiq,) = (21 ... 2,) P (X1, ). (4.31)
— (3)"
Alim

For m a positive integer and A a partition, let

1 — qm—a/(s)tl’(s)
_ el
b)\ m(Q’ ) - b>\ (q: t) H 1 — qm—a/(s)—ltl’(s)—H ’

SEA
U (s) even

Note that 5., (¢, t) vanishes unless A\; < m.

Theorem 4.3.6. For x = (x4, ...,x,) and m a nonnegative integer,

Z b)\ m(q7 )P)\(X; q, t) = (ml <. xn) 2 P((Bn)’Bn)(X q,t t) (432)
)\ 2

Furthermore, they proved the following generalization of the Kaneko identity (2.18])

2. Recall that m;(\) is the multiplicity of ¢ in A.
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Theorem 4.3.7. For x = (z1,...,x,) and m a nonnegative integer,
- 42 42y o (Bnycn) a2 42
D b€ )P 7 ) = (1. . 2) Pl (6 1, =), (4.33)
A 2
where
B B 1 — qm—a’(s)tl'(s)
b/\;m(Q7 t) T b)\ (q7 t) ]])\: 1— qm—a’(s)fltl’(s)Jrl
sE

They also proved two identities for the Hall-Littlewood polynomials whose g-analogues
are not known.

Theorem 4.3.8. For x = (z1,...,x,) and m a nonnegative integer,
> T by, by ) PAs t) = (w12 " P (x5 o, ) (4.34)
A <2m
Theorem 4.3.9. For x = (z1,...,x,) and m a nonnegative integer,
7R (i) Pa(xit) = (w1 ... 20) E P (x5, 1) (4.35)
/\1<m (7)

Here h&m)(a, b;q) is a certain generalisation of the Rogers-Szego polynomials; the
reader is invited to consult [75]] for details.

4.4 Near-rectangular bounded Littlewood identities

The bounded Littlewood identities in the previous section are decomposition of (R, S)
Macdonald polynomials indexed by rectangular partitions or half-partitions of maximal
length (which is the number of variables). A natural next step is to consider near-rectangular
(half-)partitions of maximal length, i.e., (half-)partitions m™ — 1" = (m"~"(m — 1)"). In
fact, Rains and Warnaar propose this question at the end of their paper. I would like to
thank Warnaar for suggesting to me that this question is doable.

Problem: Compute the decomposition number [Py] (z . . )msz S)lr

4.4.1 Preparatory results

First we transform this question into a computation of virtual Koornwinder integrals.
Let = (17) in Lem[4.25] we obtain

[Pa(x;q,t)[(w1 .. )" Kon_1r (X5, q, i to, 1, 2, T3)
= (=1D)PH K (y5t, g5 to, th, o, t3) P (Y55 ¢, @), (4.36)
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for A C (2m)".
Due to orthogonality, we have the following formula for a BC,, symmetric polynomial
[ (the parameters are understood in a consistent way):
(K F) _ (LEF) (K F)

B =R Ky T KoKy~ N,

Thus, we get

[Pr(x5q,t)[(21 .. 2n) " Kpn 10 (X3¢, t Lo, B, Ea, t3)
:(_1>\)\|+r ]§(m) (K(T‘) (ya t,q;to, 1,12, t3)P>\’ (yi7 t, q))

N((:;) (tu q; tOv tlv t27 t3>

. (4.37)

Our strategy is that if K, is simple enough, we can expand K ;) Py, in the Macdonald
basis and use the known evaluations of virtual Koornwinder integrals to proceed.

Remark. We must be careful in specializing the parameters. The rule of thumb is that we
should specialize only after having simplified every repeated factor. Sometimes, the order
in which we specialize the parameters does matter. We shall explicitly mention that in
necessary cases.

For example, we make the following remark concerning the specialization ¢t = ¢~
We shall see in a moment that it is more convenient to work with the following normalized
version of one-row Koornwinder polynomials

(¢:1),

(t; 1),

We also notice that N, ((:;) (t,q;to, 11,12, t3) always has the following factorization

£t o
<’)N()

(g;t),
where Né:?(t,q;to,tl,tg,tg) is finite at t = ¢~*. Of course, (¢t71;t), = 0 forr > 1
by definition, thus N, (¢,¢™%; to, t1, {2, t3) is not defined for » > 1. But with this new
normalization, we have

[r(yit, g to, tr, to, t3) i= Koy (y;t,q;:to, t1, t2, t3).

N((:L))(ta q;to, t1,t2,t3) = (t,q;to, t1, ta, t3),

[Pr(x5q, )] (21 ... 20) " Kn 10 (X5 q, E5 10, £, Lo, U3)
:(_1>|)\|+7’ ‘[é(m) (fT(Y7 ta q, t07 tla t2a t3)P>\’ (yia t: Q))

]\7((:;) (t,q;to, t1,ta, t3)

. (4.38)

Now, there is no problem in specializing ¢t = ¢!, for all r.
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The cases we are going to consider only require the following special evaluations of
the quadratic norm:
Lemma 4.4.1. 1. For (ty,t1,ty,t3) = (£t'/2, £(qt)'/?), we have
~ t2n q)
N (g, t; £, +(qt)/?) = _a), (4.39)
o )= i,

2. For (to,t1,ta,t3) = (£1, £t'/?), we have

(qrth 2,Q) (th 752n 17q )

(1) . /2y _
N (Q7t7i17it )_ <qrr—1t2n—17 )r( $2n— 1’ $2n— 2’q2>r'

(r)

(4.40)

Proof. We just need to apply the general formula. For the first identity, we get

N Gaots (2172, +(g1)1/?)

(g e, gt £V, £¢1 P ),
N (a"t;.q), (gt qt2" =1 q)oy
B (th’ q)

(>~ q),

Notice that there is a huge cancellation in the above product which is the result of straight-
forward computation. For the second identity,

N (g, 1, ££172)

- (qrt2n—27 zl:tn, j:tn—17 :l:tn—1/27 j:t”_l/Q; Q)r
( T—1t2n—1. ) <t2n—1 t2n—2;q)2r

_ (qrt2n Z,Q) (t2n t2n 1’q )

- (qr—thn—l’ Q)T(thn 1 gt2n—2; 612)7«'

Two nice particular cases are ¢ =t and ¢ = ¢ :

N (1, £1?) = 1
~(n 1 — 752n 1— t2n71
N((,’,,))(t_17t, :|:17 :ttl/Q) — < ) ( )

(1 — 207 (1 — g2n—r=1y’

Definition 4.4.1. Define the symmetric polynomial g,(x; g,t) by
[t = 5
J uxl, OO g'f’ Q7 )
=1 r>0

and the symmetric Laurent polynomial G,.(x; ¢, t) := g,(x;q,t).

Hoshino, Noumi and Shiraishi [45]] proved the following formulas for one-row Koorn-
winder polynomials:
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Theorem 4.4.2. [45] Let f,.(x;q,t;to,t1,ta,t3) := (L), Koy (x;q,t;to, t1, t2, t3). Then

(qv‘I)v'
we have - we denote the parameters by a, b, c, d to make the formula look nicer:
f(XQ7ta ZGTQkQIan)
k>0
2k+20<r

—ryl—n —2r42—2n k
90?5 0%), (6T ), (PR et ) (8
<q2, q2)k (ql—rtl—n/CQ; q2>k <q3—2rt2—2n/a262; q2)k 0/2
(/qt0), (@t oy 1 — g 22 (2] 441
( . ) ( 2—rt1—n/ 2. ) ) [p—— 2] (4.41)
q:9)1\q ¢ q 2k+1 q c

and

[r(x5q,t;a,b,¢,d)

b 1rt1—n d
= froisi(xq, 6 *a, iC)( /5 9); (1 ey fods 9):

(@ (a0 ac; ),

i+g<r

(@™ )i (=g T T ac; @)y i (¢ T AP @) i (t/b)’

(@22 Jabed: q),, (021 facs @) (g 70 acs gl

—d/c;q)i (¢t Jab; q); -

( : i IQ)_J(?_T t/a q?f (t/dy (4.42)

¢;q); (=gt Jac; q);

Fortunately, for special parameters which we need, the formula is significantly sim-
plified.

Lemma 4.4.3. We have
fr(x a6 £% £(qt) ) = Gr(xi ,1). (4.43)
Proof. According to the formula (@.41)), we have

£r(x q, t; 1Y% £ (qt)V?)

= Y Cmalxat )(1 )T )R Pk
. Vg% @)klgt @) (gr At 2”,q2)k

k,l>0
2k+2l§r

T e (f)l
(G ld" "t Qo 1—qTt™

4q
Because (1;q),, = 0 for n > 0 by definition, and (1; ¢)o = 1 by convention, only the term
with £ = [ = 0 survives. Thus we get the claimed equality. [

Lemma 4.4.4. We have the following identity

Jr (vig i1 £112) = Gilys g )+
Z Grooi(y;q,0) (q/t: )il 2727 ¢2), . 261 (gt — 1)(1 — q4—2r+4kt—2n)‘
o<k<|z]-1 T2 @) kg1 (@B ) p
——=L2
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Proof. According to the HNS formula, we have

fr(yiq.t; £1,£477)

t: 2 3 T 2—27’t—2n. 2
> Groakuly;at) (q/ g )k(l = 4 (37% 172n’q2)’“t2’“
k,1>0 (@% @)t ¢?)(g 2t 12k
2h+2<r

(1/‘]; Q)l(q—rzﬁ—n; q)%_” 1— q—r+2k+21t_n ;
(G )(@ ™ @)k =gt

Because of the factor (1/¢;q);, [ can only be 0 or 1. For these two values of [, the
following simplification takes place:

(@t ¢k UL I

(@t (@ @Qwn 1—gq 7t

=1,
for all k. Thus
fr(yiq.t 1, £t17?)

t 2 2 2rt72n. 2
Z GT_%(Y; q7t)(Q/ q )k<3 . 7q2)kt2k
(¢% @*) (P22 ¢2)y,

0<k<| 3]
+ a2 2-2ry—2n. /2 {2
- ¥ GT_Q_zk(y;q,t)Eqé’g)ilzé?) 2rt1—2”";]2)):' q
0<k<| 5] -1 N |

Finally, we can gather the two terms of each GG; together and get:

fr (via, i1, £67%) = Gy (yiq,1)—
S Grawlyiat) ( SRR PR — gt (1 — gtk
r— y Y 3— 2rt1—2n. 2 )
0<k<L§J 1 ( )k+1(q i q )kJrl p

Two particularly nice cases are t = gand t = ¢~ '

fr(yit t; £1,£8%) = G, (y;t,t) — Groa(yit, t),
fr(yst ™t £1,£6%) = G (y; t7,1).

4.4.2 Near-rectangular (C),, B,) bounded Littlewood identities

Having set up all the necessary tools, we can now give a proof for the following
conjectured formula of Rains and Warnaar, which is a generalization of Thm4.3.3|(which
corresponds to the case r = 0).

Theorem 4.4.5. For positive integers m, n and r an integer such that 0 < r < n, one has

> (G OPAK g ) = (21 )" PG (X5, qt), (4.44)

A
odd(\)=r
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where

1— q2m—a’)\ (s) tl’A (s)

?\?m,r(q7 t) = b())\a(% t) H
SEN/1T
a'\ (s)even

Proof. Following Eqs.(@.38)),.43), (¢.39), Eq.[.44) is equivalent to

_ q2m—a’)\ (s)_ltl/A (s)+1

. tq2mf m
(a8 g N vt ) Pyt 9)st s 0", £(qt) )

(> )r
b3 (45 1) if odd(\) = r,
0 otherwise,

for A\ C (2m)". Using the g-Pieri rule

oPv=" Y. $uxPu,
/A vertﬁ:al r-strip
we get
I (g,(y55t, @) Pu (5 8, 0)s t, 45 242, £ (gt)V?)
= D eunt q)1§< M (Pu(yt,q)st, ¢; "%, £(qt)V?)

u
/X vertical r-strip

Colg®™;t.q*) Gy (atit,¢%)
=2, e ) )
H, jeven » Uy v by
/X vertical r-strip

where v = (u/2)" = (p}, s, ... ). Note that the condition x is even is equivalent to
by = ph; fori=1,2....

Given )\, the two conditions in the sum uniquely fix p. More specifically, p; =
2[\;/2]. In particular, |/)| is the number of odd rows of A. Thus for the sum to be
non vanishing, the number of odd rows of A must be r. For such A we have

I3 (90 (y 558, 9) Py (™ 0, 1); 1, g5 1Y%, +(gt) V?)
Coq*™;t,q*) C, (qt;t,q%)

= @u /)\’(t Q)Co( 2m— 1t,t,q )C’V (q2,t,q )

In the proof of ThmM4.3.3] we have shown that

CY(g®™;t,q%) C, (qt;t, q?)

=b% t).
o ) O, (i) Y
Therefore we are left with proving that
tq2m_1;t r 0a 0a
O 020 1) = (0. ) @45

(q2m; t)r
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First we prove that

wx (@) (g, 1) = b (g, t). (4.46)
Indeed, we have
b)\(S'q, )
awv(t,q) = ¢ t) = 1
v (t,q) = ¢,x(q,t) S N
SE8 /N

where R,/ is the set of rows of 1 which intersect 42/ X. Consider such a row, and denote its
boxes from left to right by 1,2, ..., 2k. Note that this row of A contains boxes 1, ..., 2k —
1. Then the contribution of this row to ¢/, y ,(q,t) is (we will omit the parameters (g, t) for
conciseness)

ba(1) ... ba(2k — 1)
bo(1). .. bu(2k)

We see that by(2¢ — 1) = b,(2¢) for ¢ = 1,...,k. Furthermore b,(2)b\(4)... and
bu(1)b,(3) ... are exactly the contribution of this row to b$* and b7 respectively. Since
this is true for every row in 2/, and since the contributions of remaining rows to 03" and
bO! are equal, (4.46) is true.

It remains to prove that the factors containing m and r match. Indeed, we have

H 1— q2m a;, (s )+1tl (s) _ H 1— q2mfa£\(s)tl’>\(s)
1— q2m al,(s )tlﬂ( s)+ 1— 2m—a’)\(5)—1tl’)\(5)+1 :

sep SEX q
a;,(s) odd a), (s) even
Multiplying this with w indeed gives the m, r-dependent part of b, , (¢, ), which
is
H 1— q2mfa’)\(s)tli\(s)
_ 2m—a)\ (s)—14 (s)+1"
SEA/1T g AT
a), (s) even
The proof is therefore completed. 0

4.4.3 Near-rectangular (B, B,) Littlewood identity

Now we try to find the near-rectangular generalization of Thm/4.3.4] In this case, we
have to deal with the computation of

[fr(yit, ¢ £1,£¢") Py (y™'5t, q)
L (f (st a1, £0Y2) Py (v, q) i1 g+, 41?)

NGy (t g5 1, 2q1/2)

Following Lem4.4.4| the first step is to compute [é(m) (g1 (Y54 t,q) Py (yE't,q) it ¢ 1, £¢'?).
Although I cannot find a complete answer for this, I can characterize the condition under
which this quantity does not vanish and compute it for a special case.
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Theorem 4.4.6. We have

17 (gx (y*'5t,q) Py (y5t,0) st qs £1, £¢Y%) = 0

unless |\| + k is even and one of the two following sets of conditions holds (they are not
exclusive, however):

1. N\ — Xy < 1, A3 — Ay < 1,...and the number of pairs (Ay;_1,Ae;),i > 1 whose
difference is 1, denoted by d., satisfies d. < k. The subscript e is for "even"; the
reason will be explained in the proof.

2. M — A3 < 1, Ay — X5 < 1,...and the number of pairs (Ao, Aoit1),1 > 1 whose
difference is 1, denoted by d,, satisfies d, < k. The subscript o is for "odd".

Proof. Using the g-Pieri rule and ThmM4.2.4] we have

I8 (g (55 t,9) Py (y55,q) 1, ¢; %1, +¢'/?)
= > et IR (P (it q) it g £1,£4¢')

Hop1<2m

1/ X vertical k-strip
2m
= Y et AT (), (4.47)
o1 <2m
1/ X vertical k-strip
;Z’ even

where
/;, = (:ull - :u,2mv v 7M/2m—1 - M/2m7 0) )
and for v a partition or half-partition of length at most 7,

(qti—i=1, =i+, q2>yi_yj

@5,

APt = ]

1<i<j<n

If 1/ is even then |p| = |A| + k is even. So for the sum to be non zero, A and k& must
satisfy this condition.

Now, /' is even if and only if either ;' is even or ' is odd. Note that 1/ is even if and
only if p1 = po, 13 = pua, . ... And ' is odd if and only if o = ps, py = ps, . . .

Given ), let us analyze how a partition p satisfying three conditions in the sum of
Eq.(4.47) is obtained. We examine separately two cases.

1. Case 1: 4/ is even.

Because /) is a vertical strip, we must have Ay — Ay < 1, A3 — Ay < 1,.... We
must also have d. < k. Then, the condition that |\| 4 & is even implies that k — d is
even. We see that y is obtained by adding a box to each row \o; if Ay; = A1 — 1.
The remaining k& — d, boxes are added arbitrarily (but making p/\ a vertical strip)
to pairs A\y; = Ag; 1 (including pairs of empty rows).

For later use, we observe one case in which p is uniquely determined: d. = k. In
that case, p///2 = [\ /2].
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2. Case 2: ¢/ is odd, i.e. yf, . .., pb,, are odd.

In particular pf,, > 1, thus p; = 2m. Therefore A\; = 2m — 1 or 2m. And again,
because /) is a vertical strip, we must have Ao — A3 < 1, Ay — A5 < 1,.... We
alsohave d, < kand \; + k — d, is even. If A\; = 2m — 1, we add a box to it. The
way we add remaining boxes to the other rows of )\ is similar to the first case above.
For later use, we observe two cases in which p is uniquely determined: \; = 2m
and d, = k; or Ay = 2m — 1 and d, = k — 1. In both cases, we have 1//2 =
[N/2] + (1/2)*™.

In conclusion, the claim is proved. [

Remark. Note that a partition A can give rise to both even and odd p’ (there may be
many even and many odd). This is reason for which I can not figure out how to simplify
Eq.([.47). For example, consider m = 1 and & = 1. For A = (2, 1), we can get either
j=(22) or i = (2,12).

However, there is one case in which the sum in Eq.(@.47)) is simplified. It is the cases
where only even p’ arises, and is uniquely determined. For example this condition is
satisfied if d. = k.

Proposition 4.4.7. Suppose that d. = k. Then

m 2m
I (gr (v*5t.0) Py (y*1t.q) 18,41, 2¢'7%) = &, 0 (0. )AL (£.q),
where 1/ = 2[ N /2].

We want to transform the result to an expression without reference to p. At the mo-
ment, I can only do that for the following partitions:

Theorem 4.4.8. 1. Letay > ay > --- > a, > 0 be integers. Consider the partition
A= (a,a; — 1,as,a2 — 1,. .., a,,a, — 1). Then there is a unique partition |1 such
that 1 is even and 1/ X is a r-vertical strip, that is i = (aq, a1, az,as, ..., G, Q).
The consequence is that

I3 (g (v t,9) Py (55 t,q) 5,4 £1, +¢Y?)
1— q2mfa&(s)tl’>\ (s)

i 4.48
A (Qa ) g 1 — q2m—a;(s)—1tlﬁ\(8) +1 ( )
U'(s)even

where "ocl" stands for odd co-leg:

8. t) = ] oals;q.0).
l’(i?ff\dd
2. Let2m > ay > as > -+ > a, > 0 be integers. For the partition A = (2m, a1, a; —
1,...,a.,a, — 1), there is a unique partition | such that (' is odd and /) is a
r-vertical strip, that is 1 = (2m, aq, a4, . .., a,,a,). The consequence is that

I8 (g (55 t,9) Py (y55,q) 51, ¢; %1, +¢'/?)
1 — q2m—a’>\(s)tl’)\(s)—1
__gpecl
=b"(a:1) H 1 — gZn=ah (814 (s) (4.49)

SEA
U'(s)odd
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where "pecl” stands for positive even co-leg, i.e., 3rd, 5th,...rows:

Belgt) = [ balsiat).
SEA
'(s)=3,5,7,...

Proof. 1 will only give a proof for the first case. The second case is just a minor variation.
Denote v = (1 /2)’. By definition of ¢/, we have in this case

ba(s; 4, t)
/ Y )
e t) = —

& sy bu(siast)

1,(s) odd
We have
_ . 2m—a)l, 21!, 20, (s)+
(2m) . 1 q t t
Ay/ (t7 Q) - g 1— q2m—a 8)—1421],(s)+1 g 1— qal, )12l (s)

Under the 1-to-1 correspondence which associates to each box (i, j) € v the box (21, j) €
i, the second product of A,(?,m) (t,q) can be seen to be equal to

IT bu(sia.t)

sen
/
l#(s) odd

Furthermore, under the 1-to-1 correspondence which associates to each box (i, j) € v the
box (2i — 1, 7) € A, the first product in A(yz,m) (t,q) can be written as

1— q2m7alk(s)tli\(3)
H 1— q2m—a’>\(s)—1tl’)\(s) + 1

SEX
U’ (s)even

By combining these observations, one obtains the claimed identity (4.48)). O






KP tau functions

I follow closely the exposition of Kazarian and Lando in [55]]. Let V' be the infinite
dimensional vector space of semi-infinite Laurent series in one variable z. Elements of V'
are series of the form

—k —k+1
C_pZ "+ C_py17 .

The vector space V has the standard basis consisting of the monomials z*, k € Z.

Definition A.0.1. The semi-infinite wedge space A2 V (of charge 0) is the span of vectors
of the form

v, =2""AZTALL

where y is a partition and m; = pu; — ¢. Note that the condition that x is a partition is
equivalent to m; > —i forall 2 > 1, m; > my > ..., and m; = —: for all sufficiently
large .

Define a scalar product on A2 V by declaring that the basis {v,} is orthonormal.
A special role is played by the vacuum vector which corresponds to the empty partition

v@::z’IAz’2/\....

A more picturesque description for AZ V is available via the Maya diagrams and Dirac’s
sea. | refer the reader to [S0], where the link between the semi-infinite wedge and double
Hurwitz numbers is also discussed.

Let A be the algebra of symmetric functions. We consider the Schur functions s,
as functions, more precisely (formal) power series, of power sums pj (rather than the
more "primitive" variables on which p; depend). The p; will be used as variables for the
integrable PDEs.
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We have the following isomorphism, called the boson-fermion correspondence, be-
tween A ki V and A. For i € Z, denote by 2 the shift operator acting on V'

;:V—>V

2™y M

for m € Z. This action extends to the space A V by the Leibniz rule.
For a vector v € A%V, denote

(v) = (v, vg) .

Definition A.0.2. The boson-fermion correspondence is the following isomorphism:

BS:AZV — A (A.2)
v ( exp Z lrﬁz/\*i v ). (A.3)
gl
For i € Z., this correspondence takes the operator 2~ to the operator zai, and 7 to

the multiplication by p;. In fact, this correspondence is simply the 1s0morph1sm which
sends v) to s, for every partition \.

Now let us introduce directly the famous 7-functions of the KP hierarchy without
defining the equations for which they solve.

Definition A.0.3. Let 5,(z), f2(2), . .. be Laurent series in the variable z such that for all
¢ large enough,

ﬁl(Z) = Zii + Ci127i+1 -+ C1'2272'+2 + ...
The 7-function (corresponding to {;}) is defined as

7(p1,pa,...) == BS(BiAPaN...). (A4)

In other words, expand /51 A B3 A ... in the basis {v, }:

51/\52/\"'220,\%\-
A

Then,

T(p17p27"' ZCAS)\ p17p27"’>‘
A

1. For any operator g acting on V, define its (linear) action on A V in the following way:

G(H AT AL =g () A A4 NG () A (D
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An important family of 7-functions of the KP hierarchy which are closely related to
the combinatorics of the symmetric groups is the Orlov-Shcherbin family [73]]. For a set
of variables y;, ¢ € Z, and a partition p, let

Yu = H Ye(s)s

SEN

where ¢(s) is the content of the box s. Recall that if s is at row ¢ and column j, ¢(s) :=
Jj— i

Theorem A.0.1. The generating function

dim
Zyu (Iu>s,u(p17p27"')7

|
—~ |ul!
where the sum is over all partitions, is a T-function for the KP hierarchy.

Proof. It can be checked directly that this generating function is the 7-function corre-
sponding to the following [;:

1 & 27t
j=0
where ug = 1 and
1Ty, 1 >0,
_ )=l
U; = 0
1/ 11 v i<0
J=i+l






Gaussian integrals

Let A be a positive definite symmetric n x n matrix, and (, ) be the usual scalar product
in R", then the following famous identity holds

/ e 3SR dy  dp, = (27)™ (det A) V2 (B.1)

The integral on the left hand side is called a Gaussian integral. We will also need the
following variant (by a simple shifting of variables). Let b € R"”, then

/ e~ 2 Aea)t0n) gy dy, = e%(l”’érll’)(27r)”/2 (det A)™1/2. (B.2)

The measure dp = (27) /2 (det A)"/? e=2(A%2) . is called the Gaussian measure. The
matrix C' = A~ is called the covariance matrix, and we havel[]

<$1> = O, <JZZI’]> = CU
The pleasant feature of the Gaussian measure is that we can compute (f) for any
polynomial f in the following simple way. First, by symmetry, notice that if f(x) is

a monomial of odd degree then (f) = 0. Second, we can reduce the computation for
arbitrary polynomial to that of degree 2 by the Wick formula:

Theorem B.0.1. Let fi, ..., for be linear functions of x4, . .., x,. Then
(fi-. fo) = Z(fp1fq1> o Sads
where the sum is taken over all permutations p1qi - . . prqr of {1,2, ..., 2k} such that

p1<p2- <Pk P1<q1,-.-Pr < gk

1. Please do not confuse with the notation of the previous appendix. Here, () denotes the expectation
value with respect to the measure ds.
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For more details, the reader can consult for example the book [59].



Saddle point method

A comprehensive account can be found in [91]]. I only quote a theorem which is
relevant to this thesis. The saddle point method concerns Laplace-type integrals, which
are of the following form

J(oz)—/g(x)e_af(x)dx, (C.1)
D

where D is a possibly unbounded domain in R™ and « is a large positive parameter.
Assume that both f and g are infinitely differentiable in D. Furthermore, assume the
following conditions

— The integral J(a) converges absolutely for all o > .

— Forevery € > 0, p(€) > 0 where

p(e) =inf{f(x) — f(xo) :z € D and |x — zo| > €}.

o*f
H= <8x28xj ) r=x0

The second condition implies that the function f has a minimum at a unique point, say
xo. Under these assumptions, we have

— The Hessian matrix

is positive definite.

Proposition C.0.1. Laplace’s asymptotic expansion:
If xo is an interior point of D, then the integral J(«) has an asymptotic expansion of
the form

o
J(a) ~ emoF@0) Z cra R as o — o0,
k=0
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where the c;, are constants. In particular,

co = (2m)"* (det H) ™72 (o).



All-order expansion and the topological
recursion

One of the motivations behind our work on tensor models is to see whether the
Chekhov-Eynard-Orantin topological recursion, or a modified version of it, works in this
context as well. In fact, after the work presented in this thesis, Dartois and Bonzom
have succeeded in showing that the quartic melonic tensor model satisfies an extension
named the blobbed topological recursion proposed by Borot [12]. For the sake of com-
pleteness, in this appendix, I define this topological recursion in following [34]. The
reader is invited to look at this review article for much more information.

First, we recall some facts about Riemann surfaces.

Definition D.0.1. A spectral curve £ is a triple (L, x,y) where L is a compact Riemann
surface and x, y are two analytic functions on some open domains of L.
Definition D.0.2. A spectral curve (£, x,y) is called regular if two conditions hold
— the differential form dx has a finite number of zeros, all of which are simple,
— the differential form dy does not vanish at the zeros of dz.
From now on, let (£, z,y) be a regular spectral curve. Denote by a4, ..., a,, € L the

zeros of dx. They are also called branch points. Their simplicity condition implies that
for any z close to a;, there is exactly one point Z # z in the neighborhood of a; such that

z(Z) = z(2).

The point 7 is called the conjugate of z. A compact Riemann surface £ of genus g > 1|I|
can be equipped with a symplectic basis (not unique, but we will fix an arbitrary choice)

1. The letter g without bar will be reserved for the "genus" of the topological recursion; the two things
are unrelated
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of 2g non-contractible cycles such that
AlﬁB]:@J, AZﬂAJIO, BZQBJ:O

The surface £ has a g-dimensional vector space of holomorphic differential forms. There
exists a unique basis du, . . ., dug such that

% d’LLj = 5@]
A;

The corresponding Riemann matrix of periods 7 is defined to be

Ti,j = % de.
B;

This matrix is symmetric and its imaginary part is positive definite.
Proposition D.0.1. On L x L, there is a unique bilinear differential B(z1, z5) having one

double pole at z, = z and no other pole, and such that,

B(z1, 22) ~uy sy ( 5 +regular, andVi=1,...,7, ]{ B(z1,29) = 0.
A;

21 — 22)
The bidifferential B is called the Bergman kernel.

Definition D.0.3. For any 2z, € £ and any z close to a branch point, define the recursion

kernel
1 /Z :z B(z, ")

2 (y(2) — y(2))dx(2)’
where the path in the integral is taken in a small neighborhood of the concerned branch
point.

K(zo,2) = —

Now we have all the necessary notions to define the topological recursion. We are go-

ing to define recursively a sequence of symmetric meromorphic n-forms w (2154 2n)

on L& withn =1,2,... andg=0,1,2,....

Definition D.0.4. Let (£, z,y) be a regular spectral curve. Denote J = {z1,...,2,}.
Define

WO(2) 1= —y(2)da(2), Wi (z1,22) = B(z1, 22), (D.1)

and for2g —2+n >0,

g 1
oy, h —h) =
wflg_zl(zo, J) = Zf{_?as K (z9,2) wflﬂzl)(z, z,J) + Z ngm(z, I)w§£’+n2|l‘(z, J-I],

h=0 ICJ
(D.2)

where the leftmost sum is over all the branch points (zeros of dz). The apostrophe over
the rightmost sum means that we exclude the terms with (h, I) = (0,0) or (g, J).

Notice that Eq.(D.2)) is a recurrence in 2g —2+-n (of course this quantity is understood
to be associated to w')).
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The w'¥ satisfy many remarkable properties, one of which is that they are symmetric.
This is not obvious from the definition because, in Eq.(D.2), the first variable is treated
in a completely different way from others. The interested reader is invited to consult [34]
for more details.
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Résumé

Dans cette these, j'étudie trois sujets reliés : les modéles de
tenseurs, les nombres de Hurwitz et les polynémes de
Macdonald-Koornwinder. Les modéles de tenseurs géneralisent les
modeles de matrices en tant qu'une approache a la gravité
quantique en dimension arbitraire (les modéles de matrices donnent
une version bidimensionnelle). J'étudie un modéle particulier qui
s’appelle le modele quartique mélonique. Sa spécialité est qu'il
s’écrit en termes d’'un modeéle de matrices qui est lui-méme aussi
intéressant. En utilisant les outils bien établis, je calcule les deux
premiers ordres de leur 1/N expansion. Parmi plusieurs
intépretations, les nombres de Hurwitz comptent le nombre de
revétements ramifiés de surfaces de Riemann. lls sont connectés
avec de nombreux sujets en mathématiques contemporaines telles
que les modéles de matrices, les équations intégrables et les
espaces de modules. Ma contribution principale est une formule
explicite pour les nombres doubles avec 3-cycles complétées d’'une
part. Cette formule me permet de prouver plusieurs propriétés
intéressantes de ces nombres. Le dernier sujet de mon étude est
les polyndme de Macdonald et Koornwinder, plus précisément les
identités de Littlewood. Ces polynémes forment les bases
importantes de I'algébre des polyndmes symmétriques. Un des
problemes intrinséques dans la théorie des fonctions symmétriques
est la décomposation d’un polynéme symmétrique dans la base de
Macdonald. La décompostion obtenue (notamment si les
coefficients sont raisonablement explicits et compacts) est nommée
une identité de Littlewood. Dans cette thése, j'étudie les identités
démontrées récemment par Rains et Warnaar. Mes contributions
incluent une preuve d'une extension d’une telle identité et quelques
progres partiels vers la généralisation d’'une autre.

Mots clés

modeéles de tenseurs et matrices, nombres de
Hurwitz, fonctions symmétriques, polyndémes de
Macdonald-Koornwinder, identités de Littlewood.

Abstract

In this thesis, | study three related subjects: tensor models, Hurwitz
numbers and Macdonald-Koornwinder polynomials. Tensor models
are generalizations of matrix models as an approach to quantum
gravity in arbitrary dimensions (matrix models give a 2D version). |
study a specific model called the quartic melonic tensor model. Its
specialty is that it can be transformed into a multi-matrix model
which is very interesting by itself. With the help of well-established
tools, | am able to compute the first two leading orders of their 1/N
expansion. Among many interpretations, Hurwitz numbers count the
number of weighted ramified coverings of Riemann surfaces. They
are connected to many subjects of contemporary mathematics such
as matrix models, integrable equations and moduli spaces of
complex curves. My main contribution is an explicit formula for
one-part double Hurwitz numbers with completed 3-cycles. This
explicit formula also allows me to prove many interesting properties
of these numbers. The final subject of my study is
Macdonald-Koornwinder polynomials, in particular their Littlewood
identities. These polynomials form important bases of the algebra of
symmetric polynomials. One of the most important problems in
symmetric function theory is to decompose a symmetric polynomial
into the Macdonald basis. The obtained decomposition (in
particular, if the coefficients are explicit and reasonably compact) is
called a Littlewood identity. In this thesis, | study many recent
Littlewood identities of Rains and Warnaar. My own contributions
include a proof of an extension of one of their identities and partial
progress towards generalization of one another.

Key Words

tensor models, matrix models, Hurwitz numbers,
symmetric functions, Macdonald-Koornwinder
polynomials, Littlewood identities.
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